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Ìàòåìàòè÷åñêèé æóðíàë. Àëìàòû. 2011. Òîì 11. � 3�4 (41, 42) . C. 5�13
ÓÄÊ 532.526WEIGHTED ESSENTIALLY NON-OSCILLATORY SCHEMESFOR SUPERSONIC AIR FLOW WITH PERPENDICULARHYDROGEN INJECTIONA.H. Abdalla, A. KaltayevDepartment of Me
hani
s, Al-Farabi Kazakh National University, Almaty, Kazakhstan050040, Almaty, 71 Al Farabi st, e-mail: amr.hassan1�hotmail.
omTwo-dimensional numeri
al model of the supersoni
 turbulent multi-spe
ies �ow with the perpendi
ularinje
tion of hydrogen from the slots lo
ated symmetri
ally on the lower and the upper walls of a 
hannelis 
onstru
ted. An algorithm is developed for solving the Favre-averaged Navier - Stokes equations forthe �ow of a thermally perfe
t multi-spe
ies gas based on the fourth order weighted essentially non-os
illatory (WENO) s
hemes. The e�e
t of the jet pressure ratio on the wall was 
ompared with theresults obtained by ENO s
heme (essentially non-os
illatory s
heme) and the experimental work.Transverse inje
tion into a supersoni
 
ross �ow has been en
ountered in many engineeringappli
ations ranging from s
ramjet 
ombustors and solid ro
ket motor or liquid engine thrust ve
tor
ontrol systems to high-speed �ight vehi
le rea
tion 
ontrol jets. E�
ient 
ombustion via mixingenhan
ement is the goal in s
ramjet fuel inje
tion systems, whereas in thrust ve
tor 
ontrol systemsand rea
tion 
ontrol jet appli
ations the obje
tive is to divert the main �ow in order to gain additionalside for
es. The di�
ulty of numeri
al modeling of the intera
tion of the transverse jet with asupersoni
 turbulent �ow is due to the fa
t that the use of s
hemes of order higher than one 
ausesos
illations in solutions and dis
ontinuities in 
omputed fun
tions.A 
onsiderable su

ess in solving the problem pointed were a
hieved by introdu
ing additionaldissipative terms in di�eren
e equations, whi
h re�nement the di�eren
e operators in the dis
ontinuityneighborhood [1, 2℄.Re
ently for solving this problem the monotone 
onservative s
hemes of higher order a

ura
ywithout introdu
ing arti�
ial dissipative terms, su
h as the TVD-s
heme (Total Variation DiminutionS
hemes) are using [3℄. The main disadvantage of the TVD-s
heme is that the solution in theneighborhood of a sho
k region has a

ura
y of the �rst order, as a result of a very strong spreadingof sho
ks stru
ture appearing in the �ow ahead of the jet. To over
ome this disadvantage a �nitedi�eren
e s
hemes of high order a

ura
y, su
h as the ENO-s
hemes (Essentially Non-os
illatoryS
hemes) and WENO-s
heme (Weighted Essentially Non-os
illatory S
hemes) are used.Keywords: Turbulen
e, supersoni
 �ow2010 Mathemati
s Subje
t Classi�
ation: 76F40
© A.H. Abdalla, A. Kaltayev, 2011.



6 A.H. Abdalla, A. KaltayevThe basi
 idea of WENO s
hemes is the same as the standard 
ell-average version of ENOs
hemes but the main di�eren
e is that, instead of 
hoosing one interpolating polynomial for theENO s
hemes re
onstru
tion, we use a 
onvex 
ombination of all 
andidates to a
hieve the essentiallynon- os
illatory property, while additionally obtaining one order of improvement in a

ura
y. Thisis done by introdu
ing weight 
oe�
ient to the 
onvex 
ombination.In this arti
le planar turbulent supersoni
 air �ow with a transverse hydrogen inje
tion from the
hannel walls is numeri
ally simulated based on the method developed for solving the Navier-Stokesequations for multi-
omponent gas mixture �ow. For the 
onvenien
e of 
omputation we 
onsiderthe inje
ting of the jet with the bottom wall. Flow s
heme is shown in Fig.1. The 
omputational 
odehas been developed on the basis of the fourth order weighted essentially non-os
illatory (WENO)s
hemes.
Fig.1. Flow diagram.Model equationsIn Cartesian 
oordinates two-dimensional Reynolds-averaged Navier-Stokes equations for N di�erentspe
ies �ow in 
onservation form are:

∂~U

∂t
+

∂
(

~E − ~Ev

)

∂x
+

∂
(

~F − ~Fv

)

∂z
= 0 , (1)

~U =




ρ
ρu
ρw
Et

ρYi




, ~E =




ρu
ρu2 + P
ρuw
(Et + P ) u
ρuYi




, ~F =




ρw
ρuw
ρw2 + P
(Et + P )w
ρwYi




,The 
omponents ~Ev, ~Fv are written in the form:
~Ev = (0, τxx, τxz, uτxx + uτxz − qx, Jix)T ,

~Fv = (0, τxz, τzz, wτxz + wτzz − qz, Jiz)
T ,

P =
ρT

γ∞M2
∞

(
N∑

i=1

Yi

Wi
),

N∑

i=1

Yi = 1, (2)
Et =

ρ

γ∞M2
∞

N∑

i=1

Yihi − P +
1

2
ρ(u2 + w2), (3)

hi = h0
i +

∫ T

T0

cPidT, cPi = CPi/W,Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



Weighted essentially non-os
illatory s
hemes for supersoni
 air �ow 7
τxx =

µ

Re
(2ux −

2

3
(ux + wx)), τxz = τzx =

µ

Re
(ux + wz), τzz =

µ

Re
(2uz −

2

3
(uz + wz)),

qx = (
µ

PrRe
)
∂T

∂x
+

1

γ∞M2
∞

N∑

i=1

hiJix, qz = (
µ

PrRe
)
∂T

∂z
+

1

γ∞M2
∞

N∑

i=1

hiJiz,

Jix = −
µ

ScRe

∂Yi

∂x
, Jiz = −

µ

ScRe

∂Yi

∂z
.Here the quantity Yi is the mass 
on
entration of the i -th 
omponent, the mass 
on
entration index

i = 1 
orresponds to O2 , i = 2 
orresponds to H2 and i = 3 
orresponds to N2 ; N = 3 is thenumber of 
omponents in the mixture of gases. The mass 
on
entrations of O2 , H2 and N2 aremembers in the ve
tor ~U of the system (1), the molar spe
i�
 heat CPi of the i− th 
omponentis given in terms of the fourth degree polynomial with respe
t to temperature whi
h 
onstants 
anbe found in the JANAF Thermo
hemi
al Tables [4℄, where Wi is the molar weight of the i− th
omponent, τxx, τxz, τzz, τzx are the vis
ous stress tensors and qx, qz are the heat �uxes, Jix, Jizare the di�usion �uxes (di�usion �uxes are de�ned from Fi
k's Law), Pr , Sc and Re are thePrandtl, S
hmidt, and Reynolds numbers, µ = µL + µt is the sum of the 
oe�
ients of the laminarand turbulent vis
osity, the Baldwin - Lomax model is used for determining µt .The system of equations (1)-(3) is written in a dimensionless form. The governing parametersare the entran
e parameters, the pressure and total energy are normalized to ρ∞u2
∞ , the enthalpy� to R0T∞/W∞ , the molar spe
i�
 heat � to R0 .The boundary 
onditionsThe boundary 
onditions have the following form:at the entran
e

Wi = Wi∞, P = P∞, T = T∞, u = M∞

√
γ∞R0T∞

W∞

, w = 0, Yi = Yi∞, x = 0, 0 ≤ z ≤ H;on the lower wallthe no-slip and adiabati
 wall 
onditions are imposed, i.e.
u = 0, w = 0, ∂T

∂z
= 0 and ∂P

∂z
= 0;on the jet

Wi = Wi0, P = nP∞, T = T0, w = M0

√
γ0R0T0

W0
, u = 0, Yi = Yi0, z = 0, Lb ≤ x ≤ Lb + h( n = P0/P∞ is the jet pressure ratio, P0 is the jet pressure, and P∞ is the �ow pressure. In theequations index ”0” refers to the jet parameters and ”∞” refers to the in�ow parameters);on the upper boundarythe 
ondition of symmetry is assumed, i.e.

w = 0, ∂u
∂z

= ∂T
∂z

= ∂P
∂z

= 0;on the out�owthe non-re�e
ting boundary 
ondition is taken [5℄.Method of solutionAs known that in the region near the wall where the boundary layer exists and at the jet levelthere is a di�eren
e in the values of parameters (Pressure, Temperature, et
.) between the �ow andinje
tion jet; this di�eren
e 
auses a large gradient in the region. For this reason a linear 
oordinatestransformation is used to in
rease the grid points in this region. For that the system of equations(1) is written in transformed new 
oordinate system form as following:
∂Ũ

∂t
+

∂Ẽ

∂ξ
+

∂F̃

∂η
=

∂Ẽv2

∂ξ
+

∂Ẽvm

∂ξ
+

∂F̃v2

∂η
+

∂F̃vm

∂η
, (4)Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



8 A.H. Abdalla, A. Kaltayevwhere −→
E v =

−→
E v2 +

−→
E vm , −→

F v =
−→
F v2 +

−→
F vm ( ”v2” refers to se
ond order derivative and ”vm”refers to se
ond order mixed derivative), Ũ = U/J, Ẽ = ξxE/J, F̃ = ηF/J, Ẽv2 = ξxEv2/J, Ẽvm =

ξxEvm/J, F̃v2 = ηzFv2/J, F̃vm = ηzFvm/J, J = ∂(ξ,η)
∂(x,z) is the Ja
obian of the transformation. Theparameters of 
oordinate transformation are as follows [6℄:

ξ(x) = K + 1
τ
arsh

[(
x
xc

− 1
)

sh(τK)
]
, η(z) = H

[
(β+1)−(β−1)

(
β+1

β−1

)1− z
a

]

[(
β+1

β−1

)1− z
a

+1

] ,
ζ(y) = K + 1

τ
arsh

[(
y
yc

− 1
)

sh(τK)
] , where K = 1

2τ
ln

[(
1 + (eτ − 1)xc

L

)/(
1 − (eτ − 1)xc

L

)] , β, τare the 
lustering 
oe�
ients with β, τ > 1 , a is the 
omputational region height in the new
oordinate system and xc is the point with respe
t to whi
h the 
lustering is done.In the paper [7℄ the approximation of 
onve
tion terms of (4) is 
arried out by using the ENOs
heme whi
h is 
onstru
ted a

ording to a prin
iple of Godunov's s
heme, and using Newton'spolynomial of third degree to interpolate the pie
ewise polynomial fun
tion. In this work the
onve
tion terms are approximated by using WENO s
heme 
onstru
tion te
hnique with the samebasi
 idea as ENO s
heme. However, in WENO s
heme instead of 
hoosing one interpolating polynomial,we use a 
onvex 
ombination of all 
orresponding polynomials. This is done by introdu
ing weight
oe�
ients to the 
onvex 
ombination. The WENO s
heme is 
onstru
ted for the system (4) byusing an a

urate �ux representation at ea
h nodal point and getting the modi�ed �uxes (will bede�ned later).The one step of the �nite di�eren
e s
heme for the integration in time of system (4) is presentedformally as:
∆Ũn+1 + ∆t[(Â+

ξ + Â−
ξ )

∂
−→
E M

∂ξ
+ (B̂+

η +B̂−
η )

∂
−→
F M

∂η
]−

−[
∂(Ẽn+1

v2 + Ẽn
vm)

∂ξ
+

∂(F̃n+1
v2 + F̃n

vm)

∂η
] = o(

△t2

2
) ,

(5)where (Â±
ξ , B̂±

η ) are the split normalized Ja
obian matri
es. They are given by
Â±

ξ = R(
1 ± sign(Λξ)

2
)R−1, B̂±

η = T (
1 ± sign(Λη)

2
)T−1 , (6)where R and T are the matri
es of the left and right eigenve
tors respe
tively and (Λξ, Λη) arediagonal matri
es of eigenvalues. Here −→

E M and −→
F M are 
alled the modi�ed �uxes ve
tors at nodalpoints (i, j) whi
h 
onsist of the original 
onve
tive �uxes ve
tors (

−→
E ,

−→
F ) and additional terms ofa high order of a

ura
y (

−→
E ξ,

−→
Dξ,

−→
E η,

−→
Dη) , i.e.

−→
E M

ij =
−→
E ij + (

−→
E ξ +

−→
Dξ)ij ,

−→
F M

ij =
−→
F ij + (

−→
F ξ +

−→
Dξ)ij . (7)For positive and negative eigenvalues λij the ve
tors (

−→
E ξ)ij and (

−→
Dξ)ij are represented in a 
onvex
ombination form as following:for positive eigenvalues λij > 0

(
−→
E ξ)ij =

α2ij∑2
k=0 αkij

(Eξ)i+ 1

2
j + (

1

2
)

α1ij∑2
k=0 αkij

((Eξ)i+ 1

2
j + (Eξ)i− 1

2
j) +

α0ij∑2
k=0 αkij

(Eξ)i− 1

2
j ,

(
−→
Dξ)ij =

α2ij∑2
k=0 αkij

∆+(Dξ)i+ 1

2
j+(

1

2
)

α1ij∑2
k=0 αkij

(∆−(Dξ)i+ 1

2
j+∆+(D̂ξ)i− 1

2
j)+

α0ij∑2
k=0 αkij

∆−(D̂ξ)i− 1

2
j ;Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



Weighted essentially non-os
illatory s
hemes for supersoni
 air �ow 9for negative eigenvalues λij < 0

(
−→
E ξ)ij =

α2ij∑2
k=0 αkij

(Eξ)i+ 1

2
j + (

1

2
)

α1ij∑2
k=0 αkij

((Eξ)i+ 1

2
j + (Eξ)i− 1

2
j) +

α0ij∑2
k=0 αkij

(Eξ)i− 1

2
j ,

(
−→
Dξ)ij =

α2ij∑2
k=0 αkij

∆+(D̂ξ)i+ 1

2
j + (

1

2
)

α1ij∑2
k=0 αkij

(∆−(D̂ξ)i+ 1

2
j+ (8)

+∆+(Dξ)i− 1

2
j) +

α0ij∑2
k=0 αkij

∆−(Dξ)i− 1

2
j ,where

(Eξ)i± 1

2
j = (Rsign(Λξ)R

−1)i± 1

2

[
I − ( ∆t

∆ξ
)(R|Λξ|R

−1)i± 1

2
j

2
]∆±Ẽij ,

(Dξ)i± 1

2
j = (Rsign(Λξ)R

−1)i± 1

2

[
[( ∆t

∆ξ
)(R|Λξ|R

−1)i± 1

2
j ]

2 − I

6
]∆±Ẽij ,

(D̂ξ)i± 1

2
j = (Eξ)i± 1

2
j + (Dξ)i± 1

2
j ,where αkij , αkij > 0 are de�ned as

αkij =
Ckij

(ε + ISi+kj)3
and αkij =

Ckij

(ε + ISi+kj)3
, (9)where C0ij = 1

12 , C1ij = 1
2 , C2ij = 1

4 , C0ij = 1
4 , C1ij = 1

2 , C2ij = 1
12 [8℄ and ISij is the smoothnessindi
ator of the solution and is de�ned by the summation of all average of square values of the sameorder di�eren
es; it is represented as

ISij = (
1

2
)[(∆Ũi−2j)

2 + (∆Ũi−1j)
2] + [∆2Ũi−2j ]

2 , (10)where ∆Ũij = Ũi+1j − Ũij and ∆2Ũij = ∆Ũi+1j − ∆Ũij .In order to avoid unde�ned values of αkij and αkij in (9) a small positive number 10−7 ≤ ε ≤

10−5 is added in the denominator. The other ve
tors (
−→
E η)ij and (

−→
Dη)ij are written similarly. Toget the impli
it algorithm for solving equation (5), the terms whi
h 
ontaining se
ond derivativesare presented in the form of two ve
tors: the ve
tors of the se
ond derivatives and the ve
torsof dissipative terms. The ve
tors of the mixed derivatives are approximated expli
ity with se
ondorder of a

ura
y [9℄. The 
onve
tion terms are linearized by using the homogeneity property. Afterapplying the fa
torization to the system (5) we have two operators:�rst step:

[I + ∆t[(Â+
1− 1

2
j
∆−(An

ξ )ij + Â−
i+ 1

2
j
∆+(An

ξ )ij) + ∆(
µtξ

2
x

ReJ
)ij∆(

1

Un
1

)ij ]]U
∗
ij = [RHSn

ξ + RHSn
η ]ij ,se
ond step:

[I + ∆t[(B̂+
1− 1

2
j
∆−(Bn

η )ij + B̂−
i+ 1

2
j
∆+(Bn

η )ij) + ∆(
µtη

2
z

ReJ
)ij∆(

1

Un
1

)ij ]]Ũ
n+1
ij = U∗

ij , (11)Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)
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(RHSn

ξ )ij = Â−
i+ 1

2
j
[(
−→
E ξ +

−→
Dξ)i+1j − (

−→
E ξ +

−→
Dξ)

ij ]n + Â+
i− 1

2
j
[(
−→
E ξ +

−→
Dξ)ij − (

−→
E ξ +

−→
Dξ)

i−1j ]n,here (
−→
E ξ)ij and (

−→
Dξ)ij are given in (8). The se
ond term (RHSn

η )ij is written similarly.The approximation of the �rst derivatives in the system (11) is 
arried out by using Upwinddi�eren
es of �rst order a

ura
y, and a 
entral di�eren
es of the se
ond order a

ura
y have beenused for the approximation of the se
ond derivatives. The system of the equations (11) is solvedwith respe
t to the ve
tor of thermodynami
s parameters by the matrix sweep, and the ve
tor ofmass 
on
entrations of the mixture is 
omputed by tridiagonal inversion. As follows from (6), it isne
essary to determine the Ja
obi matri
es 
omponents of the left and right eigenve
torsR, R−1, Tand T−1 . The Ja
obi matri
es whose 
omputation in the 
ase of a thermally perfe
t gas fa
es thedi�
ulties related to the expli
it determination of pressure in terms of the variables sought for. Oneof the ways to bridge over these di�
ulties was presented in [2℄. Similarly to this work, we introdu
ethe e�e
tive adiabati
 exponent of the gaseous mixture, namely
γ =

hsm

esm
, (12)where hsm =

∑Np

i=1 Yi

∫ T

T 0 CPi
dT and esm =

∑Np

i=1 Yi

∫ T

T 0 Cvi
dT are the enthalpy and the internalenergy of the mixture without regard for the formation heat and energy, T 0 is the standard formationtemperature, whi
h enables one to write the following expression for the pressure:

P = (γ − 1)[Et −
1

2
ρ(u2 + w2) − ρ

h0

γ∞M2
∞

] +
ρT 0

M2
∞W

. (13)It follows from the �rst equation of (3) that the temperature satis�es the following equation:
f(T ) = Et −

ρ

γ∞M2
∞W

(H̃(T ) − PT ) −
1

2
ρ(u2 + w2) = 0 . (14)where H̃(T ) is the moler enthalpy of the mixture of gases. The temperature is found by using theNewton-Raphson iteration pro

ess from (14).Numeri
al Results and Dis
ussionsThe following numeri
al experiment was performed to test the method: the sound hydrogenjet was inje
ted perpendi
ularly to the main air �ow in two-dimensional 
hannel through a slot ofwidth D = 0.1cm with spatial grid 241x181 and parameters: M∞ = 3.75 , M0 = 1 , Pr = 0.7 ,

Re = 62.73x106 , P∞ = 11090Pa , pressure ratio n = 10.29 , T0 = 800k and T∞ = 629.34k . The
hannel height and length were H = 15.2cm and L = 45cm , respe
tively. The slot was lo
atedat a distan
e of Lb = 33cm from the input se
tion. Figure 2 shows the pressure on the walls: "...-experimental data [10℄, 
urves 1, 2 � the numeri
al 
omputations obtained by WENO s
heme, andENO s
heme respe
tively. As seen from the �gure, the 
urve of the 
omputed results re
eived byWENO s
heme is more lower in the region ahead of the jet than the other two 
urves representingresults that obtained by the ENO s
heme (
urve 2) and "...experimental data [10℄. This di�eren
eexplaines by the dissipative 
hara
ter of WENO s
heme whi
h is more than in the 
ase of applyingENO s
heme. In general there is a good agreement between the three 
urves.
Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)
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Fig. 2. Pressure ratio distribution on the wall " � � � experimental data [10℄,
urve 1-WENO s
heme, 
urve 2- ENO s
heme.The next numeri
al experiment was done on a staggered spatial grid 241x181 with range ofparameters: 2 ≤ M∞ ≤ 4 ,M0 = 1 , Pr = 0.7 , 2 ≤ n ≤ 15 , T0 = 642 , T∞ = 800 , D = 0.1cm ,
H = 3.0cm , Lb = 5cm and L = 10cm . Figures 3 and 4 present the 
omputed results for the sound�ow of hydrogen (H2(Y2 = 1)) inje
ted perpendi
ularly to the air �ow plane (Oxygen O2(Y1 =
0.2) ), and Nitrogen N2(Y3 = 0.8) with Pressure ratio n = 10.26 , M∞3.75 and P∞ = 1000Pa .Figures 3 and 4 show the numeri
al results obtained by using WENO and ENO s
hemes.

Fig. 3. Isobars: a - WENO s
heme, b - ENO s
heme.
Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



12 A.H. Abdalla, A. Kaltayev

Fig.4. Ma
h number distribution: a - WENO s
heme, b - ENO s
heme.. The pressure and Ma
h number 
ontours (see Fig. 4, 
ontours of the lo
al Ma
h number M =√
u2+w2

c
, c = γP

ρ
is the lo
al sound velo
ity, with γ = CP

CV
, where CP is the lo
al spe
i�
 heatfor the 
onstant pressure and CV is the lo
al spe
i�
 heat for 
onstant volume) show that theoverall shape of the sho
kwave stru
ture is similar with the multi-
omponent gas �ow [7℄. In Fig.3the numeri
al experiment shows, that be
ause of de
eleration of the in
oming �ow, the pressureahead of the jet in
reases, and a bow sho
k wave is formed. In Fig.(3a), (4a) appearing the bowsho
k wave for WENO s
heme results is more wider than that of ENO s
heme results (Fig.(3b),(4b)). An oblique sho
k wave extra
ts to upstream from the bow sho
k wave. In addition to theseparation region, there is also a supersoni
 �ow region behind the oblique sho
k wave; subsequent�ow de
eleration is a

ompanied by emergen
e of a se
ond sho
k wave: barrel sho
k parallel to thejet axis. The separation sho
k wave, bow sho
k wave, and barrel sho
k wave interse
t at one pointto form a 
ompli
ated λ -shaped stru
ture of sho
k waves.Öèòèðîâàííàÿ ëèòåðàòóðà[1℄. Drummond J.P. Numeri
al solution for perpendi
ular soni
 hydrogen inje
tion into a du
tedsupersoni
 airstream, AIAA J., 1979, V. 17, � 5, P. 531 � 533.[2℄. Shun J.Sh. and Yun S. Numeri
al investigation of the �ows with 
hemi
al rea
tions basedon the LU-fa
tored s
heme 
onstru
ted by the method of the symmetri
 su

essive overrelaxation,Aerokosmi
h. Tekhnika, 1990, � 10, P. 102 � 113.[3℄. Grasso F. and Magi V. Simulation of transverse gas inje
tion in turbulent supersoni
 air�ows, AIAA J., 1995, V. 33, � 1, P. 56 � 62.[4℄. Kee R.J., Rupley F.M., and Miller J.A. CHEMKIN-II: a FORTRAN 
hemi
al kineti
 pa
kagefor the analysis of gas-phase 
hemi
al kineti
s, SANDIA Report SAND- 1989- 89-8009.[5℄. Poinsot T. J. and Lele S. K. Boundary Conditions for Dire
t Simulation of CompressibleVis
ous Flow, Journal of Computational Physi
s, 1992, V. 101, P. 104 � 129.[6℄. Anderson D.A., Tannehill J.C., Plet
her R.H. Computational �uid me
hani
s and heat transfer,New York, M
Graw-Hill Book Co., 1984, 609 p.[7℄. A.O. Beketaeva and A.Zh.Naimanova. Appli
ation of ENO(Essentially NonOs
illatory) S
hemefor modeling the �ow of a multi
omponent gas mixture, Journal of Computational Te
hnologies, 2007,V.12, � 4, P. 17 � 25.Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



Weighted essentially non-os
illatory s
hemes for supersoni
 air �ow 13[8℄. Liu X., Osher S., and Chan T. Weighted Essentially Non- os
illatory S
hemes, Journal ofComputational Physi
s, 1994, V. 115, P. 200 � 212.[9℄. Beketaeva A. O., Naimanova Zh. Numeri
al modeling of supersoni
 �ow with a transverseinje
tion of jets, J. Appl. Me
h andTe
hn. Phys., 2004, V.45, � 3, P. 367 � 374.[10℄. Chenault C.F., Beran P.S. Numeri
al Investigation of Supersoni
 Inje
tion Using a ReynoldsStress Turbulen
e Model, AIAA J., 1999, V.37, � 10, P.1257 � 1269.Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 15.08.2011 ã.
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ÏÐÅÄÅËÜÍÛÅ ÖÈÊËÛ Â ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌÀÕ

Ñ ÖÈËÈÍÄÐÈ×ÅÑÊÈÌ ÔÀÇÎÂÛÌ ÏÐÎÑÒÐÀÍÑÒÂÎÌ

Ñ. À. Àéñàãàëèåâ, Ø. À. Àéïàíîâ, Ò. Ø. Èìàíêóë

Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÊàçÍÓ èì. àëü-Ôàðàáè
050040, Àëìàòû, ïð.àëü-Ôàðàáè 71, e-mail: Serikbai.Aisagaliev@kaznu.kz

Ðàçðàáîòàíû ìåòîäû ïîñòðîåíèÿ ïðåäåëüíûõ öèêëîâ ïåðâîãî è âòîðîãî ðîäà è êðóãîâûõ äâèæåíèé
â ìíîãîìåðíûõ ôàçîâûõ ñèñòåìàõ. Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ
ïåðèîäè÷åñêèõ ðåøåíèé è ïðåäëîæåí ìåòîä èõ ïîñòðîåíèÿ ïóòåì ìèíèìèçàöèè ïîñëåäîâàòåëüíîñ-
òåé.

Ââåäåíèå

Ðàçâèòèå òåîðèè ñèñòåì ñ öèëèíäðè÷åñêèì ôàçîâûì ïðîñòðàíñòâîì (ôàçîâûõ ñèñòåì) áûëî
îáóñëîâëåíî âîçìîæíîñòüþ åå èñïîëüçîâàíèÿ äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè ñèíõðîííûõ è
àñèíõðîííûõ ýëåêòðè÷åñêèõ ìàøèí, ñèñòåì ôàçîâîé àâòîïîäñòðîéêè ÷àñòîòû (ÔÀÏ×) è ñà-
ìîñèíõðîíèçàöèè íåóðàâíîâåøåííûõ ðîòîðîâ [1�3]. Ñèñòåìû ÔÀÏ× â ïîñëåäíèå ãîäû øèðî-
êî ïðèìåíÿþòñÿ äëÿ óïðàâëåíèÿ òàêòîâûìè ãåíåðàòîðàìè öèôðîâûõ ñèãíàëüíûõ ïðîöåññî-
ðîâ, ìíîãîïðîöåññîðíûõ êëàñòåðîâ è äðóãèõ óñòðîéñòâ öèôðîâîé îáðàáîòêè èíôîðìàöèè [4].
Îñíîâíûå ïðèíöèïû îáùåé òåîðèè ôàçîâûõ ñèñòåì áûëè çàëîæåíû â ðàáîòå Ô. Òðèêîìè. [5],
ïîñâÿùåííîé èññëåäîâàíèþ óñòîé÷èâîñòè ñèíõðîííûõ ýëåêòðè÷åñêèõ ìàøèí. Â äàëüíåéøåì
ýòà òåîðèÿ ïîëó÷èëà ðàçâèòèå â ðàáîòàõ Ë. Àìåðèî, Ã. Çåéôåðòà, Ñ. Á¼ìà, Â.Ä. Õåéçà, à òàêæå
â èññëåäîâàíèÿõ À.À. Àíäðîíîâà, À.À. Âèòòà, Ñ.Ý. Õàéêèíà [6], Å.À. Áàðáàøèíà, Â.À. Òà-
áóåâîé [7] è äð. Ñîâðåìåííàÿ òåîðèÿ óñòîé÷èâîñòè ôàçîâûõ ñèñòåì ñôîðìèðîâàëàñü íà îñíîâå
ðàáîò Þ.Í. Áàêàåâà, À.À. Ãóæà, Ã.À. Ëåîíîâà è äð. [8�10]. Äàííàÿ ñòàòüÿ ïîñâÿùåíà îäíîìó èç
ìàëîèçó÷åííûõ àñïåêòîâ ýòîé òåîðèè, à èìåííî: âîïðîñàì ïîñòðîåíèÿ ïåðèîäè÷åñêèõ ðåøåíèé
äëÿ ìíîãîìåðíûõ ôàçîâûõ ñèñòåì.

1. Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì êëàññ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñëåäóþùåãî âèäà:

ẋ = Ax+Bϕ(σ, t), σ̇ = Cx+Rϕ(σ, t), t ≥ 0, (1)

ãäå A , B , C , R � ïîñòîÿííûå ìàòðèöû ïîðÿäêîâ (n × n) , (n × m) , (m × n) , (m × m)
ñîîòâåòñòâåííî, âåêòîð-ôóíêöèÿ ϕ(σ, t) = (ϕ1(σ1, t), . . . , ϕm(σm, t)) ÿâëÿåòñÿ ïåðèîäè÷åñêîé

Keywords: Dynamical system, phase system, cylindrical phase space, limit cycle
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ïî σ è íåïðåðûâíîé ïî ñîâîêóïíîñòè àðãóìåíòîâ (σ, t) . Ñèñòåìû âèäà (1), ãäå ïðàâûå ÷àñòè
óðàâíåíèé ÿâëÿþòñÿ ïåðèîäè÷åñêèìè ôóíêöèÿìè ïî óãëîâûì êîîðäèíàòàì σ = (σ1, . . . , σm) ,
â òåîðèè ñèíõðîíèçàöèè íàçûâàþò äèíàìè÷åñêèìè ñèñòåìàìè ñ öèëèíäðè÷åñêèì ôàçîâûì ïðî-
ñòðàíñòâîì èëè ïðîñòî ôàçîâûìè ñèñòåìàìè.

Îïðåäåëåíèå 1. Ãîâîðÿò, ÷òî ñèñòåìà (1) èìååò ïåðèîäè÷åñêîå ðåøåíèå, åñëè ñóùåñòâóåò
÷èñëî T > 0 òàêîå, ÷òî x(t) = x(t+T ) , σ(t) = σ(t+T ) äëÿ ëþáîãî t ≥ 0 . Òàêîå ïåðèîäè÷åñêîå
ðåøåíèå ÷àñòî íàçûâàþò ïðåäåëüíûì öèêëîì ïåðâîãî ðîäà.

Îïðåäåëåíèå 2. Ðåøåíèå ñèñòåìû (1) íàçûâàåòñÿ ïðåäåëüíûì öèêëîì âòîðîãî ðîäà, åñëè
ñóùåñòâóþò ÷èñëî T > 0 è öåëîå ÷èñëî k 6= 0 òàêèå, ÷òî x(t) = x(t+T ) , σ(t+T ) = σ(t)+k∆
∀ t ≥ 0 , ãäå ∆ = (∆1, . . . , ∆m) > 0 � ïåðèîä ôóíêöèè ϕ(σ, t) , ò.å. ϕi(σi, t) = ϕi(σi + ∆i, t)
(i = 1,m) ∀ t ≥ 0 .

Îïðåäåëåíèå 3. Ãîâîðÿò, ÷òî ñèñòåìà (1) èìååò êðóãîâîå ðåøåíèå, åñëè ñóùåñòâóþò ÷èñëà
T > 0 , ε = (ε1, . . . , εm) > 0 òàêèå, ÷òî ïðè âñåõ t ≥ T âûïîëíÿåòñÿ íåðàâåíñòâî σ̇(t) ≥ ε .

Ñòàâÿòñÿ ñëåäóþùèå çàäà÷è.

Çàäà÷à 1. Íàéòè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ïðåäåëüíûõ öèêëîâ
ïåðâîãî ðîäà â ñèñòåìå (1) è ðàçðàáîòàòü ìåòîäû èõ ïîñòðîåíèÿ.

Çàäà÷à 2. Íàéòè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ïðåäåëüíûõ öèêëîâ
âòîðîãî ðîäà â ñèñòåìå (1) è íàéòè òàêèå ïðåäåëüíûå öèêëû.

Çàäà÷à 3. Íàéòè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ êðóãîâûõ äâèæåíèé
â ñèñòåìå (1) è íàéòè òàêèå ðåøåíèÿ.

Îáçîð íàó÷íîé ëèòåðàòóðû ïî ðåøåíèþ âûøåïåðå÷èñëåííûõ çàäà÷ ìîæíî íàéòè â ðàáîòàõ
[10, 11]. Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì íàó÷íûõ èññëåäîâàíèé, ïðèâåäåííûõ â [12�
15]. Èç-çà îãðàíè÷åííîñòè îáúåìà ñòàòüè íèæå ïîäðîáíî èçëîæåíî òîëüêî ðåøåíèå çàäà÷è 1.
Ðåøåíèÿ çàäà÷ 2 è 3 îñíîâàíû íà ðåøåíèè çàäà÷è 1.

2. Ïðèíöèï ïîãðóæåíèÿ

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

η =
(
x
σ

)
, A1 =

(
A O
C O

)
, B1 =

(
B
R

)
, P1 = (O, Im),

ãäå A1 , B1 , P1 � ïîñòîÿííûå ìàòðèöû ïîðÿäêîâ ((m+n)×(m+n)) , ((m+n)×m) , (m×(m+n))
ñîîòâåòñòâåííî; Im � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà (m×m) . Òåïåðü óðàâíåíèå (1) çàïèøåòñÿ
â âèäå

η̇ = A1η +B1ϕ(P1η, t), t ≥ 0. (2)

Åñëè ñèñòåìà (2) èìååò ïåðèîäè÷åñêîå ðåøåíèå (ïðåäåëüíûé öèêë ïåðâîãî ðîäà), òî η∗(t) =
= η∗(t + T∗) ∀ t ≥ 0 , ãäå T∗ � ïåðèîä. Òîãäà âäîëü ïåðèîäè÷åñêîãî ðåøåíèÿ âûïîëíÿåòñÿ
ðàâåíñòâî

p(t) = A1η∗(t) +B1ϕ(P1η∗(t), t) = p(t+ T∗) ∀ t ≥ 0.

Ïóñòü η∗(0) = η∗0 , òîãäà η∗(T∗) = η∗0 . Ïîñêîëüêó ïåðèîäè÷åñêîå ðåøåíèå îïðåäåëÿåòñÿ çíà-
÷åíèÿìè ôàçîâûõ êîîðäèíàò â ïðåäåëàõ ïåðèîäà, äëÿ ïîñòðîåíèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ
ñëåäóåò ðàññìîòðåòü çíà÷åíèÿ t ∈ I∗ = [0, T∗] . Òàêèì îáðàçîì, êàê ñëåäóåò èç ïîñòàíîâêè
çàäà÷è 1, íåîáõîäèìî: à) íàéòè âåêòîð η∗0 ; á) íàéòè ïåðèîä T∗ ; â) ïðîâåðèòü óñëîâèå p(t) =
= p(t+ T∗) ∀ t ≥ 0 .
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Îñíîâîé ïðåäëàãàåìîãî ïîäõîäà ê ðåøåíèþ çàäà÷è 1 ÿâëÿåòñÿ ïðèíöèï ïîãðóæåíèÿ, êîòî-
ðûé ïîçâîëÿåò ñâåñòè èñõîäíóþ çàäà÷ó ê çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ ñî ñâîáîäíûìè ïðà-
âûìè êîíöàìè òðàåêòîðèé.

Ðàññìîòðèì óïðàâëÿåìóþ ñèñòåìó ñëåäóþùåãî âèäà

ẏ = A1y +B1u(t), y(0) = y(T ) = η0, t ∈ I0 = [0, T ], (3)

u(·) ∈ L2(I0, Rm), (4)

ãäå η0 ∈ Rn+m � íåèçâåñòíûé âåêòîð, T � íåèçâåñòíûé ìîìåíò âðåìåíè.
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

W (0, t) =

t∫
0

e−A1τB1B
∗
1e
−A∗

1τ dτ, (5)

λ1(t, T, η0) = B∗1e
−A∗

1tW−1(0, T )(e−A1T − In+m)η0, (6)

N1(t, T ) = −B∗1e−A∗
1tW−1(0, T )e−A1T , (7)

λ2(t, T, η0) = eA1t[W (0, t)W−1(0, T )(e−A1T − In+m) + In+m]η0, (8)

N2(t, T ) = −eA1tW (0, t)W−1(0, T )e−A1T . (9)

Îáîçíà÷èì ÷åðåç rangQ ðàíã ìàòðèöû Q .

Ëåììà 1. Åñëè rangQ =
(
B AB . . . Am+n−1B
R CB . . . CAm+n−1B

)
= n +m , òî ìàòðèöà W (0, T ) ïîëî-

æèòåëüíî îïðåäåëåíà äëÿ ëþáîãî T > 0 .

Äîêàçàòåëüñòâî. Ëåãêî óáåäèòüñÿ â òîì, ÷òî rang (B1, A1B1, . . . , A
m+n−1
1 B1 = rang Q . Åñëè

rang Q = n+m , òî ñèñòåìà z∗Ak
1B1 = 0 (k = 0, 1, . . . , n+m−1) èìååò åäèíñòâåííîå ðåøåíèå

z = 0 , òàê êàê e−A1t =
n+m−1∑

k=0

αk(t)Ak , ãäå ôóíêöèè αk(t) (k = 0, n+m− 1) ëèíåéíî

íåçàâèñèìû. Óðàâíåíèå z∗A∗1B1 = 0 ðàâíîñèëüíî óðàâíåíèþ z∗e−A1tB1 = 0 , êîòîðîå òàêæå
èìååò åäèíñòâåííîå ðåøåíèå z = 0 . Òîãäà êâàäðàòè÷íàÿ ôîðìà

z∗W (0, T )z =

T∫
0

z∗e−A1tB1B
∗
1e
−A∗

1tz dt =

T∫
0

|z∗e−A1tB1|2dt.

Ïîñêîëüêó z∗W (0, T )z ≥ 0 ∀ z ∈ Rn+m è îáðàùàåòñÿ â íóëü òîãäà è òîëüêî òîãäà, êîãäà
z = 0 , òî îòñþäà ñëåäóåò, ÷òî W (0, T ) > 0 . Ëåììà äîêàçàíà.

Òåîðåìà 1. Ïóñòü rangQ = n + m . Òîãäà óïðàâëåíèå u(·) ∈ L2(I0, Rm) ïåðåâîäèò òðàåê-
òîðèþ ñèñòåìû (3), (4) èç ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ y(0) = η0 ∈ Rn+m â ñîñòîÿíèå
y(T ) = η0 ∈ Rn+m òîãäà è òîëüêî òîãäà, êîãäà

u(t) ∈ U = {u(·) ∈ L2(I0, Rm) | u(t) = v(t) + λ1(t, T, η0) +N1(t, T )z(T, v)
∀ v(·) ∈ L2(I0, Rm), t ∈ I0},

(10)

ãäå ôóíêöèÿ z(t) = z(t, v) , t ∈ I0 , ÿâëÿåòñÿ ðåøåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ

ż = A1z +B1v(t), z(0) = 0, t ∈ I0, (11)

v(·) ∈ L2(I0, Rm). (12)

Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3) ïðè óñëîâèè (4), ñîîòâåòñòâóþùåå óïðàâëåíèþ
u(t) ∈ U , îïðåäåëÿåòñÿ ïî ôîðìóëå

y(t, η0, T ) = z(t) + λ2(t, T, η0) +N2(t, T )z(T, v), t ∈ I0. (13)
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Äîêàçàòåëüñòâî. Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3), èñõîäÿùåå èç òî÷êè y(0) = η0

ïðè ëþáîì u(t) ∈ L2(I0, Rm) , ðàâíî

y(t) = eA1tη0 +

t∫
0

eA1(t−τ)B1u(τ) dτ, t ∈ I0.

Îòñþäà ïðè t = T èìååì

y(T ) = eA1T η0 +

T∫
0

eA1(T−t)B1u(t) dt.

Òîãäà èñêîìîå óïðàâëåíèå u(t) , äëÿ êîòîðîãî y(T ) = η0 , ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåãî
óðàâíåíèÿ:

T∫
0

eA1(T−t)B1u(t) dt = η0 − eA1T η0. (14)

Ïîñëå óìíîæåíèÿ ïðàâîé è ëåâîé ÷àñòåé ñîîòíîøåíèÿ (14) ñëåâà íà íåîñîáóþ ìàòðèöó e−A1T ,
ïîëó÷èì

T∫
0

eA1tB1u(t) dt = e−A1T (In+m − eA1T )η0. (15)

Ìîæíî ïîêàçàòü, ÷òî îáùåå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (15) èìååò âèä (10), ãäå λ1(t, T, η0) ,
N1(t, T ) îïðåäåëÿþòñÿ ôîðìóëàìè (5)�(7), à ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (3), ñîîò-
âåòñòâóþùåå óïðàâëåíèþ u(t) ∈ U , çàïèøåòñÿ â âèäå (13). Çäåñü λ2(t, T, η0) , N2(t, T ) îïðåäå-
ëÿþòñÿ ôîðìóëàìè (5), (8), (9). Òåîðåìà äîêàçàíà.

Âäîëü ïåðèîäè÷åñêîãî ðåøåíèÿ ñèñòåìû (2) âûïîëíåíî òîæäåñòâî p(t) = p(t+ T∗) , t ≥ 0 .
Ñëåäîâàòåëüíî, A1η∗(t)+B1ϕ(P1η∗(t), t) = A1η∗(t+T∗)+B1ϕ(P1η∗(t+T∗), t+T∗) , ãäå η∗(t) =
= η∗(t+T∗) , t ≥ 0 . Îòñþäà ñëåäóåò, ÷òî äëÿ çíà÷åíèé t ∈ I∗ = [0, T∗] äàííîå òîæäåñòâî èìååò
âèä B1[ϕ(P1η

∗
0, 0)− ϕ(P1η

∗
0, T∗] = 0 .

Ñ ó÷åòîì îñîáåííîñòåé ïåðèîäè÷åñêèõ ðåøåíèé èñõîäíàÿ çàäà÷à ìîæåò áûòü çàïèñàíà â
âèäå

η̇ = A1η +B1ϕ(P1η, t), η(0) = η(T ) = η0, t ∈ I0 = [0, T ], (16)

B1[ϕ(P1η0, 0)− ϕ(P1η0, T )] = 0, T ∈ R1, η0 ∈ Rn+m. (17)

Ëåììà 2. Ïóñòü rang Q = n + m . Òîãäà êðàåâàÿ çàäà÷à (16), (17) ðàâíîñèëüíà ñëåäóþùåé
çàäà÷å:

v(t) + λ1(t, T, η0) +N1(t, T )z(T, v) = ϕ(P1y(t), t), t ∈ I0, (18)

B1[ϕ(P1η0, 0)− ϕ(P1η0, T )] = 0, (19)

ż = A1z +B1v(t), z(0) = 0, t ∈ I0, (20)

v(·) ∈ L2(I0, Rm), η0 ∈ Rn+m, T ∈ R1, (21)

ãäå ôóíêöèÿ y(t) = y(t; 0, η0) , t ∈ I0 , îïðåäåëÿåòñÿ ïî ôîðìóëå (13).

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ: ìèíèìèçèðîâàòü ôóíêöèîíàë

J(v, η0, T ) =
T∫
0

|v(t) + λ1(t, T, η0) +N1(t, T )z(T )− ϕ(P1y(t), t)|2dt+

+|B1[ϕ(P1η0, 0)− ϕ(P1η0, T )]|2 → inf
(22)
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ïðè óñëîâèÿõ (20),(21).
Ââîäÿ îáîçíà÷åíèÿ

F0 = F0(v(t), η0, T, z(t), z(T ), t) = F0(q(t), T, t) = |v(t) + λ1(t, T, η0)+
+N1(t, T )z(T )− ϕ(P1y(t), t)|2, Φ(η0, T ) = |B1[ϕ(P1η0, 0)− ϕ(P1η0, T )]|2,

ôóíêöèîíàë (22) ìîæíî ïðåäñòàâèòü â âèäå

J(v, η0, T ) =

T∫
0

F0(q(t), T, t) dt+ Φ(η0, T ),

ãäå y(t) = z(t) + λ2(t, T, η0) + N2(t, T )z(T ) , t ∈ I0 , q(t) = (v(t), η0, z(t), z(T )) . Îáîçíà÷èì
X = L2(I0, Rm) × Rn+m × R1 . Äîïóñòèìûì óïðàâëåíèåì äëÿ çàäà÷è (22), (20), (21) ÿâëÿ-
åòñÿ òðîéêà ξ = (v, η0, T ) ∈ X . Ñëåäóåò îòìåòèòü, ÷òî à) ôóíêöèîíàë J(ξ) = J(v, η0, T ) ,
ξ ∈ X , îãðàíè÷åí ñíèçó, òàê êàê J(ξ) ≥ 0 ∀ ξ ∈ X ; á) çàäà÷à (22), (20), (21) ÿâëÿåòñÿ
çàäà÷åé îïòèìàëüíîãî óïðàâëåíèÿ ñî ñâîáîäíûìè ïðàâûìè êîíöàìè òðàåêòîðèé ñ íåñòàíäàðò-
íûì ôóíêöèîíàëîì; â) â îòëè÷èå îò èñõîäíîé çàäà÷è, óðàâíåíèå äâèæåíèÿ ñèñòåìû ÿâëÿåòñÿ
ëèíåéíûì.

Ïóñòü X∗ = {ξ∗ ∈ X | J(ξ∗) = inf J(ξ∗) = inf J(ξ) = J∗, ξ ∈ X} , ξ∗ = (v∗, η∗0, T∗) .

Òåîðåìà 2. Ïóñòü rangQ = n +m , ìíîæåñòâî X∗ 6= ∅ . Äëÿ òîãî, ÷òîáû êðàåâàÿ çàäà÷à
(16), (17) èìåëà ðåøåíèå, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû çíà÷åíèå J(ξ∗) = J∗ = 0 , ãäå
ξ∗ ∈ X � îïòèìàëüíîå óïðàâëåíèå äëÿ çàäà÷è (22), (20), (21). Åñëè J∗ = J(ξ∗) = 0 , òî
ôóíêöèÿ

η∗(t) = z(t, v∗) + λ2(t, T∗, η∗0) +N2(t, T∗)z(T∗, v∗), t ∈ I∗ = [0, T∗], (23)

óäîâëåòâîðÿþùàÿ óñëîâèþ p(t) = p(t + T∗) ∀ t ≥ 0 , ÿâëÿåòñÿ ïåðèîäè÷åñêèì ðåøåíèåì ñè-
ñòåìû (2).

Â ñëó÷àå J(ξ∗) = 0 âûïîëíåíû ñîîòíîøåíèÿ (18)�(21), η∗(t) = y∗(t) , t ∈ I∗ . Çàìåòèì, ÷òî,
åñëè J∗ = J(ξ∗) > 0 , òî ñèñòåìà (2) íå èìååò ïåðèîäè÷åñêîãî ðåøåíèÿ.

3. Ñóùåñòâîâàíèå ïåðèîäè÷åñêîãî ðåøåíèÿ

Êàê ñëåäóåò èç òåîðåìû 2, íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ñóùåñòâîâàíèÿ ïåðèîäè-
÷åñêîãî ðåøåíèÿ â ñèñòåìå (2) ÿâëÿåòñÿ J(ξ∗) = J∗ = 0 . Îäíàêî, áåç ýôôåêòèâíûõ ñïîñîáîâ
ïðîâåðêè óêàçàííîãî óñëîâèÿ òåîðåìà 2 íå ïðèãîäíà äëÿ ðåøåíèÿ ïðèêëàäíûõ çàäà÷. Íèæå
èçëîæåíû ñïîñîáû ïðîâåðêè óñëîâèé òåîðåìû 2, îðèåíòèðîâàíííûå íà ïðèìåíåíèå âû÷èñëè-
òåëüíîé òåõíèêè.

Ðàññìîòðèì îïòèìèçàöèîííóþ çàäà÷ó (22), (20), (21). Ïóñòü ïîñëåäîâàòåëüíîñòü {Tk} ⊂ R1

òàêîâà, ÷òî 0 < T1 < T2 < . . . < Tk < . . . . Òîãäà ðàññìàòðèâàåìàÿ îïòèìèçàöèîííàÿ çàäà÷à
äëÿ çíà÷åíèé T = Tk çàïèøåòñÿ â âèäå: ìèíèìèçèðîâàòü ôóíêöèîíàë

Jk(v, η0) =

Tk∫
0

F0k(q(t), t) dt+ Φk(η0) → inf (24)

ïðè óñëîâèÿõ
ż = A1z +B1v(t), z(0) = 0, t ∈ Ik = [0, Tk], (25)

v(·) ∈ L2(Ik, Rm), η0 ∈ Rn+m, (26)

ãäå q(t) = (v(t), η0, z(t), z(Tk)) , (v(t), η0) ∈ X1 = L2(Ik, Rm)×Rn+m .
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Òåîðåìà 3. Ïóñòü rangQ = n + m . Äëÿ òîãî, ÷òîáû ôóíêöèîíàë (24) ïðè óñëîâèÿõ (25),
(26) áûë âûïóêëûì, äîñòàòî÷íî, ÷òîáû

F0k(αq1 + (1− α)q2, t) ≤ αF0k(q1, t) + (1− α)F0k(q2, t) (27)

∀ q1 = (v1, η01, z1, z̄1), q2 = (v2, η02, z2, z̄2) ∈ Rm ×Rn+m ×Rn+m ×Rn+m,

Φk(αη01 + (1− α)η02) ≤ αΦ(η01) + (1− α)Φ(η02), (28)

∀ η01 ∈ Rn+m, η02 ∈ Rn+m,

ïðè âñåõ α ∈ [0, 1] .

Äîêàçàòåëüñòâî. Ìîæíî ïîêàçàòü, ÷òî ïðè âûïîëíåíèè íåðàâåíñòâ (27), (28) Jk(αv1 + (1 −
−α)v2, αη01+(1−α)η02) ≤ αJk(v1, η01)+(1−α)Jk(v2, η02) ∀ v1, v2 ∈ L2(I,Rm) , ∀ η01, η02 ∈ Rn+m .
Òåîðåìà äîêàçàíà.

Òåîðåìà 4. Ïóñòü rangQ = n+m , ôóíêöèè ϕ(σ, t) , Fok(q, t) , Φ(η) íåïðåðûâíû ïî ñîâîêóï-
íîñòè àðãóìåíòîâ âìåñòå ñ ÷àñòíûìè ïðîèçâîäíûìè ïî σ ∈ Rm , q ∈ Rm ×Rn+m ×Rn+m ×
×Rn+m , η ∈ Rn+m è âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

ϕ(σ + ∆σ, t)− ϕ(σ, t)| ≤ l1|∆σ|,
∥∥∥∥∂ϕ(σ + ∆σ, t)

∂σ
− ∂ϕ(σ, t)

∂σ

∥∥∥∥ ≤ l2|∆σ|,

|F0k(q + ∆q, t)− F0k(q, t)| ≤ l3|∆q|,
∥∥∥∥∂F0k(q + ∆q, t)

∂q
− ∂F0k(q, t)

∂q

∥∥∥∥ ≤ l4|∆q|,∣∣∣∣∂Φk(η + ∆η)
∂η

− ∂Φk(η)
∂η

∣∣∣∣ ≤ l5|∆η|,

ãäå li > 0 (i = 1, 5) � ïîñòîÿííûå Ëèïøèöà. Òîãäà ôóíêöèîíàë (24) ïðè óñëîâèÿõ (25),
(26) äèôôåðåíöèðóåì â ñìûñëå Ôðåøå â ëþáîé òî÷êå ξ = (v(t), η0) ∈ X1 , ãðàäèåíò J ′k(ξ) =
= (J ′k1(ξ), J

′
k2(ξ)) ∈ X1 âû÷èñëÿåòñÿ ïî ôîðìóëå

J ′k1(ξ) =
∂F0k(q(t), t)

∂v
−B∗1ψ(t), J ′k1(ξ) =

Tk∫
0

∂F0k(q(t), t)
∂η0

dt+
∂Φk(η0)
∂η0

, (29)

ãäå ôóíêöèÿ z(t) , t ∈ Ik , ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (25) ïðè v = v(t) , à ôóíêöèÿ ψ(t) ,
t ∈ Ik , � ðåøåíèåì ñîïðÿæåííîé ñèñòåìû

ψ̇ =
∂F0k(q(t), t)

∂z
−A∗1ψ, ψ(Tk) = −

Tk∫
0

∂F0k(q(t), t)
∂z(Tk)

dt. (30)

Êðîìå òîãî, ãðàäèåíò J ′k(ξ) , ξ ∈ X1 , óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

‖J ′k(ξ1)− J ′k(ξ2)‖ ≤ lk‖ξ1 − ξ2‖ ∀ ξ1, ξ2 ∈ X1. (31)

Äîêàçàòåëüñòâî. Ìîæíî ïîêàçàòü, ÷òî ïðèðàùåíèå ôóíêöèîíàëà

∆J = J(ξ + ∆ξ)− J(ξ) =

Tk∫
0

[∆v∗(t)
∂F0k(q(t), t)

∂v
+ ∆η∗0

∂F0k(q(t), t)
∂η0

+

+∆z∗(t)
∂F0k(q(t), t)

∂z
+ ∆z∗(Tk)

∂F0k(q(t), t)
∂z(Tk)

] dt+ 〈∆η0,
∂Φk(η0)
∂η0

〉+
6∑

i=1
Ri,
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ãäå |Ri| ≤ ci‖∆ξ‖2 , ci = const > 0 (i = 1, 6) . Îòñþäà ñëåäóåò ñîîòíîøåíèå (29), ãäå ψ(t) ,
t ∈ Ik , � ðåøåíèå ñèñòåìû (30). Äëÿ ãðàäèåíòà ôóíêöèîíàëà âåðíî íåðàâåíñòâî

‖J ′k(ξ1)− J ′k(ξ2)‖2 ≤ c7‖∆ξ‖2 + c8

Tk∫
0

|∆ψ(t)|2dt,

ãäå c7, c8 = const > 0 . Îòñþäà, ñ ó÷åòîì òîãî, ÷òî |∆ψ(t)| ≤ c9‖∆ξ‖ , c9 = const > 0 , ïîëó÷èì
óñëîâèå Ëèïøèöà (31). Òåîðåìà äîêàçàíà.

Ïóñòü ξ0 = (v0(t), η0
0) ∈ X1 � íåêîòîðàÿ ôèêñèðîâàííàÿ òî÷êà. Íà îñíîâå ôîðìóë (29)�(31)

ñòðîèì ñëåäóþùèå ïîñëåäîâàòåëüíîñòè:

vn+1 = vn − αnkJ
′
k1(ξn), ηn+1

0 = ηn
0 − αnkJ

′
k2(ξn) (n = 0, 1, 2, . . . ), (32)

ãäå αnk > 0 , 0 < ε0 ≤ αnk ≤ 2/(lk + 2ε) , ε > 0 , lk > 0 � ïîñòîÿííàÿ Ëèïøèöà èç (31).
Â ÷àñòíîñòè, ïðè ε = lk/2 çíà÷åíèå αnk = 1/lk = const > 0 .

Òåîðåìà 5. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4, ïîñëåäîâàòåëüíîñòè {vn} , {ηn
0 } îïðåäå-

ëÿþòñÿ ïî ôîðìóëå (32). Òîãäà
1) ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {Jk(vn, η

n
0 )} ñòðîãî óáûâàåò;

2) lim
n→∞

J ′k1(vn, η
n
0 ) = 0, lim

n→∞
J ′k2(vn, η

n
0 ) = 0 .

Äîêàçàòåëüñòâî. Äëÿ ëþáîãî ôèêñèðîâàííîãî k ìîæíî ïîêàçàòü, ÷òî

Jk(vn, η
n
0 )− Jk(vn+1, η

n+1
0 ) ≥ 1

2lk
‖J ′k(vn, η

n
0 )‖2 > 0 (n = 0, 1, 2, . . . ).

Îòñþäà ñëåäåò, ÷òî, åñëè J ′k(vn, η
n
0 ) 6= 0 , òî ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {Jk(vn, η

n
0 )} ñòðîãî

óáûâàåò. Òàê êàê ôóíêöèîíàë Jk(ξ) , ξ ∈ X1 , îãðàíè÷åí ñíèçó, òî ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü
{Jk(vn, η

n
0 )} îãðàíè÷åíà ñíèçó. Ñëåäîâàòåëüíî, ñóùåñòâóåò ïðåäåë lim

n→∞
Jk(vn, η

n
0 ) , îòêóäà ñëå-

äóåò, ÷òî lim
n→∞

[Jk(vn, η
n
0 )− Jk(vn+1, η

n+1
0 )] = 0 . Òîãäà lim

n→∞
J ′k(vn, η

n
0 ) = 0 . Òåîðåìà äîêàçàíà.

Òåîðåìà 6. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4, èìåþò ìåñòî íåðàâåíñòâà (27), (28),
ïîñëåäîâàòåëüíîñòü {ξn} = {vn, η

n
0 } ⊂ X1 îïðåäåëÿåòñÿ ïî ôîðìóëå (32), ìíîæåñòâî Λk =

= {ξ ∈ X1 | Jk(ξ) ≤ Jk(ξ0)} îãðàíè÷åíî. Òîãäà äëÿ ëþáîãî ôèêñèðîâàííîãî Tk > 0 âåðíû
ñëåäóþùèå óòâåðæäåíèÿ:

1) ìíîæåñòâî Λk ñëàáî áèêîìïàêòíî, ïîñëåäîâàòåëüíîñòü {ξn} ⊂ Λk ;
2) ìíîæåñòâî X∗

1 = {ξ∗ ∈ X1 | Jk(ξ∗) = inf
ξ∈X1

Jk(ξ)} 6= ∅ ;

3) ïîñëåäîâàòåëüíîñòü {ξn} ⊂ X1 ÿâëÿåòñÿ ìèíèìèçèðóþùåé,
ò.å. lim

n→∞
Jk(ξn) = Jk(ξ∗) = inf

ξ∈X1

Jk(ξ) ;

4) ïîñëåäîâàòåëüíîñòü {ξn} ⊂ X1 ñëàáî ñõîäèòñÿ ê òî÷êå ξ∗ ∈ X1 ,
ò.å. ξn

ñë→ ξ∗ ïðè n→∞ ;
5) ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà ñêîðîñòè ñõîäèìîñòè:

0 ≤ Jk(ξn)− Jk(ξ∗) ≤ c1/n, c1 = const > 0 (n = 1, 2, . . . );

6) äëÿ òîãî, ÷òîáû ñèñòåìà (2) èìåëà ïåðèîäè÷åñêîå ðåøåíèå, íåîáõîäèìî, ÷òîáû Jk(ξ∗) =
= 0 .
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4. Ïîñòðîåíèå ïåðèîäè÷åñêîãî ðåøåíèÿ

Ïîëàãàåì, ÷òî èçâåñòíû çíà÷åíèÿ T = T∗ = Tk , Jk(ξ∗) = 0 . Êàê ñëåäóåò èç òåîðåìû 6,
âûïîëíåíû íåîáõîäìûå óñëîâèÿ ñóùåñòâîâàíèÿ ïåðèîäè÷åñêîãî ðåøåíèÿ â ñèñòåìå (2). Çàìå-
òèì, ÷òî ïîñëåäîâàòåëüíîñòü {ξn} ñëàáî ñõîäèòñÿ ê òî÷êå ξ∗ . Äëÿ ïîñòðîåíèÿ ïåðèîäè÷åñêîãî
ðåøåíèÿ íåîáõîäèìî íàéòè ñëàáî ïðåäåëüíóþ òî÷êó ξ∗ .

Ðàññìîòðèì ñëåäóþùóþ çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ: ìèíèìèçèðîâàòü ôóíêöèîíàë

Js(v, η0) =

T∗∫
0

F0(q(t), t) dt+ εs

T∗∫
0

[|v(t)|2 + |η0|2 + |z(t)|2 + |z(T∗)|2] dt+ Φ(η0) → inf (33)

ïðè óñëîâèÿõ
ż = A1z +B1v(t), z(0) = 0, t ∈ I∗ = [0, T∗], (34)

v(t) ∈ L2(I∗, Rm), η0 ∈ Rn+m, (35)

ãäå εs > 0 (s = 1, 2, . . . ) , lim
s→∞

εs = 0 .

Òåîðåìà 7. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4. Òîãäà ôóíêöèîíàë (33) ïðè óñëîâèÿõ (34),
(35) äèôôåðåíöèðóåì â ñìûñëå Ôðåøå â ëþáîé òî÷êå ξ ∈ X1 , ãðàäèåíò J ′s(ξ) = (J ′s1(ξ),
J ′s2(ξ)) ∈ X1 âû÷èñëÿåòñÿ ïî ôîðìóëå

J ′s1(ξ) =
∂F0(q(t), t)

∂v
+ 2εsv −B∗1ψ1, J ′s2(ξ) =

T∗∫
0

∂F0(q(t), t)
∂η0

dt+
∂Φ(η0)
∂η0

+ 2εsT∗η0, (36)

ãäå ôóíêöèÿ z(t) , t ∈ I∗ , ÿâëÿåòñÿ ðåøåíèåì ñèñòåìû (34), à ôóíêöèÿ ψ1(t) , t ∈ I∗ , �
ðåøåíèåì ñîïðÿæåííîé ñèñòåìû

ψ̇1 =
∂F0(q(t), t)

∂z
−A∗1ψ1 + 2εsz(t), (37)

ψ1(T∗) = −
T∗∫
0

∂F0(q(t), t)
∂z(T∗)

dt− 2εsT∗z(T∗). (38)

Êðîìå òîãî, ãðàäèåíò J ′s(ξ) , ξ ∈ X1 , óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

‖J ′s(ξ1)− J ′s(ξ2)‖ ≤ Ls‖ξ1 − ξ2‖ ∀ ξ1, ξ2 ∈ X1. (39)

Íà îñíîâå ñîîòíîøåíèé (36)�(39) ñòðîèì ïîñëåäîâàòåëüíîñòè

vn+1 = vn − αnsJ
′
s1(ξn), ηn+1

0 = ηn
0 − αnsJ

′
s2(ξn) (n = 0, 1, 2, . . . ), (40)

ãäå αns = 1/Ls = const > 0 .

Òåîðåìà 8. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 4, èìåþò ìåñòî íåðàâåíñòâà (27), (28),
ïîñëåäîâàòåëüíîñòü {ξn} ⊂ X ïîñòðîåíà ïî ïðàâèëó (40). Òîãäà äëÿ ëþáîãî εs > 0 (s =
= 1, 2, . . . ) âåðíû ñëåäóþùèå óòâåðæäåíèÿ:

1) ïîñëåäîâàòåëüíîñòü {ξn} ⊂ X1 ñõîäèòñÿ ê åäèíñòâåííîé òî÷êå

ξ∗s ∈ X∗
s = {ξ∗s ∈ X1 | Js(ξ∗s) = J∗s = inf

ξ∈X1

Js(ξ)},

ãäå ξ∗s = (v∗s, η∗0s) ∈ X1 � îïòèìàëüíîå óïðàâëåíèå äëÿ çàäà÷è (33)�(35);
2) ñïðàâåäëèâû ñëåäóþùèå îöåíêè ñêîðîñòè ñõîäèìîñòè:

0 ≤ Js(ξn)− Js(ξ∗s) ≤ c̄1/n, c̄1 = const > 0,

‖ξn − ξ∗s‖ ≤ c2/n, c2 = const > 0 (n = 1, 2, . . . ).
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Òåîðåìà 9. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 8, ïîñëåäîâàòåëüíîñòü {ξn} ⊂ X1 îïðåäå-
ëÿåòñÿ ïî ïðàâèëó (40). Òîãäà ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ:

1) ïîñëåäîâàòåëüíîñòü {ξ∗s} ⊂ X1 ñõîäèòñÿ ê ýëåìåíòó

ξ∗ ∈ X∗ = {ξ∗ ∈ X1 | J(ξ∗) = inf
ξ∈X1

J(ξ)},

ò.å. v∗s → v∗ , η∗0s → η∗0 ïðè s→∞ , ãäå ξ∗ = (v∗, η∗0) � îïòèìàëüíîå óïðàâëåíèå äëÿ çàäà÷è
(22), (20), (21);

2) åñëè çíà÷åíèå J(ξ∗) = 0 , òî ôóíêöèÿ η∗(t) = z(t, v∗) + λ2(t, T∗, η∗0) + N2(t, T∗)z(T∗, v∗) ,
t ∈ I∗ , óäîâëåòâîðÿþùàÿ óñëîâèþ p(η∗(t), t) = p(η∗(t + T∗), t + T∗) ∀ t ≥ 0 , ÿâëÿåòñÿ ïåðèî-
äè÷åñêèì ðåøåíèåì ñèñòåìû (2).

Äîêàçàòåëüñòâî òåîðåìû ñëåäóåò èç ñèëüíîé âûïóêëîñòè ôóíêöèîíàëà (33) ïðè óñëîâèÿõ
(34), (35) è ðåôëåêñèâíîñòè ïðîñòðàíñòâà X1 .

5. Ïðèìåð

Ðàññìîòðèì ñëåäóþùóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé:

ẋ1 = −x1 + ϕ(σ, t), ẋ2 = −x2 + x1, σ̇ = x1 + ϕ(σ, t), t ≥ 0, (41)

ãäå ϕ(σ, t) = t sinσ − t sin(sin t) + (3 cos t− sin t)/5 . Äëÿ äàííîé çàäà÷è

A =
(
−1 0
1 −1

)
, B =

(
1
0

)
C = (1, 0), R = 1, n = 2, m = 1.

Ââîäÿ îáîçíà÷åíèÿ

η =

x1

x2

σ

 , A1 =

−1 0 0
1 −1 0
1 0 0

 , B1 =

1
0
1

 , P1 = (0, 0, 1),

ñèñòåìó (41) çàïèøåì â âèäå

η̇ = A1η +B1ϕ(P1η, t), t ≥ 0. (42)

Íåîáõîäèìî íàéòè ïåðèîäè÷åñêîå ðåøåíèå ñèñòåìû (42).
à) Îïðåäåëèì ðàíã ìàòðèöû Q . Ïîñêîëüêó

Q =
(
B AB A2B
R CB CAB

)
=

1 −1 1
0 −1 −2
1 1 −1

 , detQ = 2,

òî rangQ = n+m = 2 + 1 = 3 . Ñëåäîâàòåëüíî, ìàòðèöà W (0, T ) > 0 äëÿ ëþáîãî T > 0 .
á) Âû÷èñëèì ìàòðèöó W (0, t) . Ìîæíî ïîêàçàòü, ÷òî

eA1t =

 e−t 0 0
te−t e−t 0

1− e−t 0 1

 , e−A1tB1B
∗
1e
−A∗

1t =

 e2t −te2t et(2− et)
−te2t t2e2t −tet(2− et)

et(2− et) −tet(2− et) (2− et)2

 .

Òîãäà W (0, t) =
t∫
0

e−A1τB1B
∗
1e
−A∗

1τdτ .

â) Âû÷èñëèì
λ1(t, 2π, η0) = B∗1e

−A∗
1tW−1(0, 2π)(e−2πA1 − I3)η0,
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N1(t, 2π) = −B∗1e−A∗
1tW−1(0, 2π)e−2πA1 ,

λ2(t, 2π, η0) = eA1t[W (0, t)W−1(0, 2π)(e−2πA1 − I3) + I3]η0,

N2(t, 2π) = −eA1tW (0, t)W−1(0, 2π)e−2πA1 ,

ãäå η0 = η(0) = (η10, η20, η30)ò .
ã) Âû÷èñëèì

w(t) = v(t) + λ1(t, 2π, η0) +N1(t, 2π)z(2π, v),

y(t) = z(t, v) + λ2(t, 2π, η0) +N2(t, 2π)z(2π, v), t ∈ [0, 2π].

ä) Îïòèìèçàöèîííàÿ çàäà÷à (22), (20), (21) ïðè T = 2π çàïèøåòñÿ â âèäå

J(v, η0) =

2π∫
0

|w(t)− ϕ(P1y(t), t)|2dt+ 8π2 sin2 η30 → inf (43)

ïðè óñëîâèÿõ
ż = A1z +B1v(t), z(0) = 0, t ∈ I∗ = [0, 2π], (44)

v(·) ∈ L2(I∗, R1), η0 ∈ R3, (45)

ãäå

B1[ϕ(P1η0, 0)− ϕ(P1η0, 2π)] =

−2π sin η30

0
−2π sin η30

 .

Ðåøåíèå îïòèìèçàöèîííîé çàäà÷è (43)�(45) èìååò âèä

x∗1(t) = (2 cos t+ sin t)/5, x∗2(t) = (3 sin t+ cos t)/10, σ∗(t) = sin t, t ≥ 0.

Âäîëü ïîëó÷åííîãî ïåðèîäè÷åñêîãî ðåøåíèÿ âûïîëíÿåòñÿ ðàâåíñòâî

p(t) =

 (cos t− 2 sin t)/5
(3 cos t− sin t)/10

cos t

 = p(t+ 2π).

Çàêëþ÷åíèå

Â ðàáîòå ïðèâåäåíû òåîðåòè÷åñêèå îñíîâû ïîñòðîåíèÿ ïðåäåëüíûõ öèêëîâ ïåðâîãî ðîäà
äëÿ äèíàìè÷åñêèõ ñèñòåì ñ öèëèíäðè÷åñêèì ôàçîâûì ïðîñòðàíñòâîì. Íàó÷íàÿ íîâèçíà ïî-
ëó÷åííûõ ðåçóëüòàòîâ ñîñòîèò â òîì, ÷òî ïðîáëåìà ïðåäåëüíûõ öèêëîâ ñâåäåíà ê ðåøåíèþ
êðàåâîé çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñïåöèàëüíîãî âèäà è ñîçäàíà êîíñòðóêòèâíàÿ òåî-
ðèÿ äëÿ ðåøåíèÿ òàêèõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ. Íà îñíîâå ïîëó÷åííûõ ðåçóëüòàòîâ
ìîãóò áûòü ðåøåíû çàäà÷è ïîñòðîåíèÿ ïðåäåëüíûõ öèêëîâ âòîðîãî ðîäà è êðóãîâûõ äâèæåíèé
â äèíàìè÷åñêèõ ñèñòåìàõ ñ öèëèíäðè÷åñêèì ôàçîâûì ïðîñòðàíñòâîì.
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ØÅÒÒIÊ ÅÑÅÏÒI� ØÅØIËIÌÄIÃI ÒÓÐÀËÛ
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�Ð Á�Ì Ìàòåìàòèêà èíñòèòóòû
050010, Àëìàòû, Ïóøêèí ê°ø., 125, e-mail: anarasanova@list.ru

Ôóíêöèîíàëäû© ïàðàìåòði áàð åêiíøi ðåòòi ãèïåðáîëàëû© òå­äåóëåð æ³éåñi ³øií øåòòiê åñåï
©àðàñòûðûëàäû. Æà­à áåëãiñiç ôóíêöèÿëàð åíãiçó íåãiçiíäå çåðòòåëiï îòûð¡àí åñåïòi­ øåøiëiìäiãi
æºé äèôôåðåíöèàëäû© òå­äåóëåð æ³éåëåði ³øií ïàðàìåòði áàð øåòòiê åñåïòåð ºóëåòiíå êåëòiðië-
ãåí. Áàñòàï©û áåðiëiìäåð òåðìèíiíäå ïàðàìåòði áàð øåòòiê åñåïòåð ºóëåòiíi­ æàë¡ûç øåøiìiíi­
áàð áîëóûíû­ æåòêiëiêòi øàðòòàðû òà¡àéûíäàë¡àí.

Ôóíêöèîíàëäû© ïàðàìåòði áàð ãèïåðáîëàëû© òå­äåóëåð æ³éåñi ³øií ìºíäåði õàðàêòåðè-
ñòèêàëàðäà áåðiëãåí øåòòiê åñåï Ω̄ = [0, T ]× [0, ω] îáëûñûíäà ©àðàñòûðûëàäû

∂2u

∂t∂x
= A(t, x)

∂u

∂x
+B(t, x)

∂u

∂t
+ C(t, x)u+D(t, x)µ(x) + f(t, x), (1)

u(0, x) = ϕ1(x), u(T, x) = ϕ2(x), x ∈ [0, ω], (2)

u(t, 0) = ψ(t), t ∈ [0, T ], (3)

ì´íäà u(t, x) = colon(u1(t, x), u2(t, x), ..., un(t, x)) � áåëãiñiç ôóíêöèÿ, µ(x) = colon(µ1(x), µ2(x),
..., µn(x)) � áåëãiñiç ôóíêöèîíàëäû© ïàðàìåòð, (n × n) -°ëøåìäi A(t, x), B(t, x), C(t, x) ,
D(t, x) ìàòðèöàëàðû, n -°ëøåìäi f(t, x) âåêòîð-ôóíêöèÿñû Ω̄ îáëûñûíäà ³çiëiññiç, n -°ëøåìäi
ϕ1(x) , ϕ2(x) , ψ(t) âåêòîð-ôóíêöèÿëàðû ñºéêåñ [0, ω] , [0, T ] àðàëû©òàðûíäà ³çiëiññiç äèôôå-
ðåíöèàëäàíàäû, æºíå ϕ1(0) = ψ(0) , ϕ1(0) = ψ(T ) êåëiñiì øàðòòàðû îðûíäàëàäû.

(1)�(3) ôóíêöèîíàëäû© ïàðàìåòði áàð øåòòiê åñåáiíi­ øåøiìi äåï (1) òå­äåóëåð æ³éåñií
æºíå (2), (3) øåòòiê øàðòòàðäû ©àíà¡àòòàíäûðàòûí (u(t, x), µ(x)) ôóíêöèÿëàð æ³áû àòàëà-

äû, ì´íäà u(t, x) ∈ C(Ω̄, Rn) ôóíêöèÿñûíû­
∂u(t, x)
∂x

∈ C(Ω̄, Rn) ,
∂u(t, x)
∂t

∈ C(Ω̄, Rn) ,
∂2u(t, x)
∂t∂x

∈ C(Ω, Rn) äåðáåñ òóûíäûëàðû áàð, àë µ(x) ∈ C([0, ω], Rn) .

Keywords: System of hyperbolic equations, boundary value problem, functional parameter, classical solution
2010 Mathematics Subject Classi�cation: 35R12, 35L20, 34B37
c© À.Ò.Àñàíîâà, 2011.
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�àðàñòûðûëûï îòûð¡àí (1)�(3) åñåái áåéëîêàë øåòòiê åñåïòåðãå æàòàäû, á´ë åñåïòåð ê°ïòå-
ãåí ¡ûëûìè å­áåêòåðäå çåðòòåëãåí (øîëó ìåí æ´ìûñòàðäû­ áèáëèîãðàôèÿñûí [1-3] ìîíîãðà-
ôèÿëàðûíàí ê°ðóãå áîëàäû). Ñîíûìåí ©àòàð, ôóíêöèîíàëäû© ïàðàìåòði áàð øåòòiê åñåïòåð
êåði åñåïòåð ñàíàòûíà äà æàò©ûçûëàäû [4].

Æà­àäàí v(t, x) =
∂u(t, x)
∂x

, w(t, x) =
∂u(t, x)
∂t

áåëãiëåóëåðií åíãiçiï (1) - (3) åñåáiíåí êåëåñi

ïàðà-ïàð åñåïêå ê°øåéiê

∂v

∂t
= A(t, x)v +B(t, x)w(t, x) + C(t, x)u(t, x) +D(t, x)µ(x) + f(t, x), (4)

v(0, x) = ϕ̇1(x), v(T, x) = ϕ̇2(x), x ∈ [0, ω], (5)

u(t, x) = ψ(t) +
∫ x

0
v(t, ξ)dξ, w(t, x) = ψ̇(t) +

∫ x

0

∂v(t, ξ)
∂t

dξ, (6)

(4)�(6) åñåáiíi­ øåøiìi (4) òå­äåóëåð æ³éåñií, (5) øåòòiê øàðòûí æºíå (6) ôóíêöèîíàë-
äû© ©àòûíàñòàðûí ©àíà¡àòòàíäûðàòûí {v(t, x), u(t, x), w(t, x), µ(x)} ôóíêöèÿëàð ò°ðòòiãi áî-
ëûï òàáûëàäû, ì´íäà v(t, x) ∈ C(Ω̄, Rn) t àéíûìàëûñû áîéûíøà ³çiëiññiç äèôôåðåíöèàëäà-
íàäû, u(t, x) ∈ C(Ω̄, Rn) , w(t, x) ∈ C(Ω̄, Rn) , µ(x) ∈ C([0, ω], Rn) .

Åãåð u , w ôóíêöèÿëàðû áåëãiëi äåï îéëàñà©, (4), (5) åñåái µ(x) ïàðàìåòð-ôóíêöèÿñû áàð
æºé äèôôåðåíöèàëäû© òå­äåóëåð æ³éåñi ³øií ©îñ í³êòåëi øåòòiê åñåïòåð ºóëåòi áîëàäû. �óëåò
ïàðàìåòðiíi­ ðîëií x àéíûìàëûñû àò©àðàäû.

(4)�(6) åñåáiíi­ øåøiìií � {v(t, x), u(t, x), w(t, x), µ(x)} ôóíêöèÿëàð ò°ðòòiãií òàáó ³øií
êåëåñi À àëãîðèòìi ´ñûíûëàäû.

0-©àäàì. a) u(t, x) = ψ(t) , w(t, x) = ψ̇(t) äåï ñàíàï, (4), (5) øåòòiê åñåïòåð ºóëåòiíåí
{v(0)(t, x), µ(0)(x)} æ´áûí òàáàìûç. b) (6) ôóíêöèîíàëäû© ©àòûíàñòàðûíàí v(t, x) = v(0)(t, x) ,
∂v(t, x)
∂t

=
∂v(0)(t, x)

∂t
áîë¡àíäà u(0)(t, x) ïåí w(0)(t, x) ôóíêöèÿëàðûí àíû©òàéìûç.

1-©àäàì. a) u(t, x) = u(0)(t, x) , w(t, x) = w(0)(t, x) äåï ñàíàï, (4), (5) øåòòiê åñåïòåð ºó-
ëåòiíåí {v(1)(t, x), µ(1)(x)} æ´áûí òàáàìûç. b) (6) ôóíêöèîíàëäû© ©àòûíàñòàðûíàí v(t, x) =

= v(1)(t, x) ,
∂v(t, x)
∂t

=
∂v(1)(t, x)

∂t
áîë¡àíäà u(1)(t, x) ïåí w(1)(t, x) ôóíêöèÿëàðûí àíû©òàé-

ìûç.
Ò ñ.ñ.
k-©àäàì. a) u(t, x) = u(k−1)(t, x) , w(t, x) = w(k−1)(t, x) äåï ñàíàï, (4), (5) øåòòiê åñåïòåð

ºóëåòiíåí {v(k)(t, x), µ(k)(x)} æ´áûí òàáàìûç. b) (6) ôóíêöèîíàëäû© ©àòûíàñòàðûíàí v(t, x) =

= v(k)(t, x) ,
∂v(t, x)
∂t

=
∂v(k)(t, x)

∂t
áîë¡àíäà u(k)(t, x) ïåí w(k)(t, x) ôóíêöèÿëàðûí àíû©òàé-

ìûç.
Ê°ðiï îòûð¡àíäàé, À àëãîðèòìiíi­ áàñòû ïóíêòi ôóíêöèîíàëäû© ïàðàìåòði áàð æºé äèôôå-

ðåíöèàëäû© òå­äåóëåð æ³éåëåði ³øií ©îñ í³êòåëi øåòòiê åñåïòåð ºóëåòiíi­ øåøiëiìäiãi áîëûï
îòûð. Ñîíäû©òàí (4), (5) øåòòiê åñåïòåð ºóëåòiíi­ øåøiìiíi­ áàð áîëóû, æàë¡ûçäû¡û æºíå
îíû òàáó ìºñåëåëåðií æåêå ©àðàñòûðó ©àæåòòiëiãi òóûíäàéäû.

Îñû ìà©ñàòòà êåëåñi ôóíêöèîíàëäû© ïàðàìåòði áàð ©îñ í³êòåëi øåòòiê åñåïòåð ºóëåòií
©àðàñòûðàéû©

∂v

∂t
= A(t, x)v +D(t, x)µ(x) + F (t, x), (t, x) ∈ Ω̄, (7)

v(0, x) = Φ1(x), v(T, x) = Φ2(x), x ∈ [0, ω], (8)

(7), (8) åñåáiíi­ øåøiìi äåï (7) æºé äèôôåðåíöèàëäû© òå­äåóëåð æ³éåñií æºíå (8) øàðòòû
©àíà¡àòòàíäûðàòûí, (v(t, x), µ(x)) ôóíêöèÿëàð æ´áûí àéòàìûç, ì´íäà v(t, x) ôóíêöèÿñû Ω̄
îáëûñûíäà ³çiëiññiç, t áîéûíøà ³çiëiññiç òóûíäûñû áàð, àë µ(x) ôóíêöèÿñû [0, ω] àðàëû¡ûí-
äà ³çiëiññiç.
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Àëäûìåí (7), (8) åñåáiíi­ øåøiëiìäiëiê øàðòòàðûí (7) òå­äåóiíi­ äèôôåðåíöèàëäû© á°ëi-
ãiíi­ X(t, x) ôóíäàìåíòàëäû© ìàòðèöàñûíû­ ê°ìåãiìåí òà¡àéûíäàéû©. Êåëåñi ò´æûðûì îðûí-
äû

1 òåîðåìà. Q(T, x) =
T∫
0

X(T, x)X−1(τ, x)D(τ, x)dτ ìàòðèöàñû áàðëû© x ∈ [0, ω] ³øií ©àé-

òàðûìäû áîëñûí. Îíäà (7), (8) ïàðàìåòði áàð øåòòiê åñåïòåð ºóëåòiíi­ æàë¡ûç øåøiìi �
(v∗(t, x), µ∗(x)) ôóíêöèÿëàð æ´áû áàð áîëàäû.

Øûíûìåí äå, (8) øàðòòû­ áiðiíøi v(0, x) = Φ1(x) ©àòûíàñûí åñêåðå îòûðûï, (7) òå­äåóëåð
æ³éåñi ³øií Êîøè åñåáiíi­ øåøiìií X(t, x) ôóíäàìåíòàëäû© ìàòðèöàñû àð©ûëû æàçàéû©:

v(t, x) = X(t, x)Φ1(x) +

t∫
0

X(t, x)X−1(τ, x){D(τ, x)µ(x) + F (τ, x)}dτ. (9)

Îñû (9) °ðíåãiíåí t = T áîë¡àíäà¡û v(t, x) ôóíêöèÿñûíû­ ìºíií òàóûï, îíû (8) øàðòòû­
åêiíøi ©àòûíàñûíà ©îéÿû©

Q(T, x) · µ(x) = Φ2(x)−X(T, x)Φ1(x)−
T∫

0

X(T, x)X−1(τ, x)F (τ, x)}dτ, x ∈ [0, ω]. (10)

Q(T, x) ìàòðèöàñû áàðëû© x ∈ [0, ω] ³øií ©àéòàðûìäû áîëñûí äåï æîðàìàëäàéû©. Îíäà (10)
ôóíêöèîíàëäû© òå­äåóëåð æ³éåñiíåí æàë¡ûç µ(x) ôóíêöèÿñûí àíû©òàï òàáà àëàìûç:

µ∗(x) = [Q(T, x)]−1

{
Φ2(x)−X(T, x)Φ1(x)−

T∫
0

X(T, x)X−1(τ, x)F (τ, x)}dτ
}
, x ∈ [0, ω]. (11)

Òàáûë¡àí (11) °ðíåãií (10) êåéiïòåìåñiíäåãi µ(x) ôóíêöèÿñûíû­ îðíûíà ©îéûï içäåëiíäi v(t, x)
ôóíêöèÿñûí òàáàìûç

v∗(t, x) = X(t, x)Φ1(x) +

t∫
0

X(t, x)X−1(τ, x)D(τ, x)dτ · [Q(T, x)]−1

{
Φ2(x)−

−X(T, x)Φ1(x)−
T∫

0

X(T, x)X−1(τ, x)F (τ, x)}dτ
}

+

t∫
0

X(t, x)X−1(τ, x)F (τ, x)}dτ. (12)

Ñîíûìåí, (7), (8) åñåáiíi­ æàë¡ûç øåøiìi � (v∗(t, x), µ∗(x)) ôóíêöèÿëàð æ´áû Q(T, x) ìàòðè-
öàñû áàðëû© x ∈ [0, ω] ³øií ©àéòàðûìäû áîë¡àíäà áàð áîëàäû (11) æºíå (12) ©àòûíàñòàðäàí
áiðìºíäi àíû©òàëàäû.

Åíäi (7), (8) åñåáií ôóíäàìåíòàëäû© ìàòðèöàíû ïàéäàëàíáàé øåøó æîëûí ©àðàñòûðàéû©.
Îë ³øií [5] æ´ìûñòà¡û ´ñûíûë¡àí òºñiëäi ©îëäàíàéû©.

�àéòàäàí (8) øàðòûíû­ áiðiíøi v(0, x) = Φ1(x) ©àòûíàñûí ©îëäàíûï (7) òå­äåóëåð æ³éåñi
³øií Êîøè åñåáiíi­ øåøiìií èíòåãðàëäû© ò³ðäå æàçàéû©

v(t, x) = Φ1(x) +

t∫
0

A(τ, x)v(τ, x)dτ +

t∫
0

D(τ, x)dτµ(x) +

t∫
0

F (τ, x)dτ. (13)

Îñûíäà¡û v(τ, x) ôóíêöèÿñûíû­ îðíûíà (13) ©àòûíàñûíû­ î­ æà¡ûí ©îéûï æºíå îñû ³äåðiñòi
ν (ν ∈ N) ðåò ©àéòàëàï êåëåñi °ðíåêòi àëàìûç

v(t, x) = Φ̃ν(t, x) +Gν(t, x, v) + D̃ν(t, x)µ(x) + F̃ν(t, x), (14)
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ì´íäà

Φ̃ν(t, x) =
{
I +

t∫
0

A(τ1, x)dτ1 +

t∫
0

A(τ1, x)

τ1∫
0

A(τ2, x)dτ2dτ1 + ...+

+

t∫
0

A(τ1, x)...

τν−2∫
0

A(τν−1, x)

τν−1∫
0

dτνdτν−1...dτ1

}
Φ1(x),

Gν(t, x, v) =

t∫
0

A(τ1, x)...

τν−2∫
0

A(τν−1, x)

τν−1∫
0

A(τν , x)v(τν , x)dτνdτν−1...dτ1,

D̃ν(t, x) =

t∫
0

D(τ1, x)dτ1 +

t∫
0

A(τ1, x)

τ1∫
0

D(τ2, x)dτ2dτ1 + ...+

+

t∫
0

A(τ1, x)...

τν−2∫
0

A(τν−1, x)

τν−1∫
0

D(τν , x)dτν ...dτ1,

F̃ν(t, x) =

t∫
0

F (τ1, x)dτ1 +

t∫
0

A(τ1, x)

τ1∫
0

F (τ2, x)dτ2dτ1 + ...+

+

t∫
0

A(τ1, x)...

τν−2∫
0

A(τν−1, x)

τν−1∫
0

F (τν , x)dτνdτν−1...dτ1.

(14) °ðíåãiíåí v(t, x) ôóíêöèÿñûíû­ t = T áîë¡àíäà¡û ìºíií òàáàéû© æºíå îíû (8) øàðòòû­
åêiíøi ©àòûíàñûíà ©îéûï êåëåñi ôóíêöèîíàëäû© òå­äåóäi àëàìûç

D̃ν(T, x)µ(x) = Φ2(x)− Φ̃ν(T, x)− F̃ν(T, x)−Gν(T, x, v), x ∈ [0, ω]. (15)

Ñîíûìåí, (v(t, x), µ(x)) ôóíêöèÿëàð æ´áûí � (7), (8) åñåáiíi­ øåøiìií òàáó ³øií (13) èíòå-
ãðàëäû© æºíå (15) ôóíêöèîíàëäû© òå­äåóëåðií, ÿ¡íè òå­äåóëåðäi­ ò´éû© æ³éåñií àëäû©.

Åãåð µ(x) ôóíêöèÿñû áåëãiëi áîëñà, îíäà (13) èíòåãðàëäû© òå­äåóiíåí v(t, x) ôóíêöèÿñûí
òàáó¡à áîëàäû, êåðiñiíøå, åãåð v(t, x) ôóíêöèÿñû áåëãiëi áîëñà, îíäà (15) ôóíêöèîíàëäû©
òå­äåóiíåí µ(x) ôóíêöèÿñûí òàáà àëàìûç. Åêi ôóíêöèÿ äà áåëãiñiç áîë¡àíäû©òàí, (7), (8)
åñåáiíi­ øåøiìií � (v(t, x), µ(x)) ôóíêöèÿëàð æ´áûí òàáó ìà©ñàòûíäà èòåðàöèÿëû© ³äåðiñ
©îëäàíûëàäû æºíå êåëåñi Â àëãîðèòìi ´ñûíûëàäû:

0-©àäàì. a) D̃ν(T, x) ìàòðèöàñû áàðëû© x ∈ [0, ω] ³øií ©àéòàðûìäû äåï æîðàìàëäàï
æºíå v(t, x) = v0(t, x) = T−t

T Φ1(x)+ t
T Φ2(x) äåé îòûðûï, (11) ôóíêöèîíàëäû© òå­äåóëåð æ³éå-

ñiíåí µ(0)(x) àë¡àø©û æóû©òàóûí áiðìºíäi àíû©òàé àëàìûç:

µ(0)(x) = [D̃ν(T, x)]−1
{

Φ2(x)− Φ̃ν(T, x)− F̃ν(T, x)−Gν(T, x, v0)
}
, x ∈ [0, ω].

b) (13) èíòåãðàëäû© òå­äåóiíåí µ(x) = µ(0)(x) áîë¡àíäà v(0)(t, x) ôóíêöèÿñûí òàáàìûç.
1-©àäàì. a) (11) ôóíêöèîíàëäû© òå­äåóëåð æ³éåñiíäå v(t, x) = v(0)(t, x) äåï åñåïòåï,

µ(1)(x) ôóíêöèÿñûí àíû©òàéìûç. b) (13) èíòåãðàëäû© òå­äåóiíåí µ(x) = µ(1)(x) áîë¡àíäà
v(1)(t, x) ôóíêöèÿñûí òàáàìûç.

Ò ñ.ñ.
k-©àäàìäà (µ(k)(x), v(k)(t, x)) ôóíêöèÿëàð æ´áûí òàáàìûç.
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Êåëåñi ò´æûðûì (7), (8) åñåáiíi­ æàë¡ûç øåøiìiíi­ áàð áîëóûíû­ æåòêiëiêòi øàðòòàðûí
áåðåäi, á´¡àí ©îñà ´ñûíûë¡àí àëãîðèòìíi­ æ³çåãå àñóûí æºíå æèíà©òûëû¡ûí ©àìòàìàñûç
åòåäi.
2 òåîðåìà. �àíäàé äà áið ν, ν ∈ N, ³øií D̃ν(T, x) ìàòðèöàñû áàðëû© x ∈ [0, ω] ³øií
©àéòàðûìäû áîëñûí æºíå êåëåñi òå­ñiçäiêòåð îðûíäàëñûí

a) ||[D̃ν(T, x)]−1|| ≤ γν(T, x),

b) qν(T, x) = γν(T, x) · T
[
eα(x)T −

ν∑
j=0

α(x)T ]j

j!

]
≤ χ < 1,

ì´íäà γν(T, x) - î­, x ∈ [0, ω] áîéûíøà ³çiëiññiç ôóíêöèÿ, χ− const.
Îíäà (7), (8) åñåáiíi­ æàë¡ûç øåøiìi áàð áîëàäû.
Îñû òåîðåìàäàí áàñòàï©û (1) - (3) øåòòiê åñåái ³øií êåëåñi ò´æûðûì øû¡àäû.

3 òåîðåìà. �àíäàé äà áið ν, ν ∈ N, D̃ν(T, x) ìàòðèöàñû áàðëû© x ∈ [0, ω] ³øií ©àéòàðûìäû
áîëñûí æºíå 2 òåîðåìàíû­ a), b) òå­ñiçäiêòåði îðûíäàëñûí.

Îíäà (1)�(3) øåòòiê åñåáiíi­ æàë¡ûç øåøiìi áàð áîëàäû.
2-3 òåîðåìàëàðäû­ äºëåëäåói [5] æ´ìûñòà¡û ñºéêåñ òåîðåìàëàðäû­ äºëåëäåóiíå ´©ñàñ æ³ð-

ãiçiëåäi.
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ÓÄÊ 517.5 ÀÍÈÇÎÒ�ÎÏÍÛÅ ÊËÀÑÑÛ ÌÍÎÆÈÒÅËÅÉÀ. À. Äæóìàáàåâà, Í. Ò. ÒëåóõàíîâàÅâðàçèéñêèé Íàöèîíàëüíûé óíèâåðñèòåò èìåíè Ë.Í.�óìèëåâà010010, Àñòàíà, óë.Ìóíàéòïàñîâà 7, e-mail: jumabaeva2010�yandex.kz, tleukhanova�rambler.ruÂ ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïðèíàäëåæíîñòè ìíîæèòåëÿ ϕ êëàññó M

p̄1q̄1
p̄0q̄0

. Ýòè óñëî-âèÿ âûðàæåíû â òåðìèíàõ àíèçîòðîïíûõ ïðîñòðàíñòâ Ëîðåíöà è ñåòåâûõ ïðîñòðàíñòâ. Ïîñòðîåíïðèìåð, ïîêàçûâàþùèé òî÷íîñòü ñîîòâåòñòâóþùåé òåîðåìû âëîæåíèÿ.Ïóñòü f ∈ L2([0, 1]2) � �óíêöèÿ è {ak̄(f)}k̄∈Z2 � ïîñëåäîâàòåëüíîñòü åå êîý��èöèåíòîâÔóðüå ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå {e2πi(k̄,x̄)}k̄∈Z2 . p̄ = (p1, p2), q̄ = (q1, q2) . Çàïèñü 1̄ ≤
≤ p̄, q̄ ≤ ∞ áóäåò îçíà÷àòü, ÷òî 1 ≤ pi, qi ≤ ∞, i = 1, 2.Áóäåì ïðåäïîëàãàòü, ÷òî �óíêöèÿ f îáëàäàåò ñâîéñòâàìè, äîñòàòî÷íûìè, ÷òîáû ïîñëåäî-âàòåëüíîñòü {ak̄(f)} ïðèíàäëåæàëà êëàññó lp̄q̄ .Âîçüìåì �óíêöèþ ϕ ∈ L1([0, 1]2) . �àññìîòðèì îòîáðàæåíèå

Tϕ : {ak̄(f)} → {ak̄(fϕ)},ãäå {ak̄(fϕ)}k̄∈Z2 � ïîñëåäîâàòåëüíîñòü êîý��èöèåíòîâ Ôóðüå �óíêöèè fϕ , k̄ = (k1, k2) ∈
∈ Z

2 , x̄ = (x1, x2) ∈ R
2, (k̄, x̄) = k1x1 + k2x2 .Áóäåì ãîâîðèòü, ÷òî �óíêöèÿ ϕ ïðèíàäëåæèò êëàññó M p̄1q̄1

p̄0q̄0
, åñëè ëèíåéíûé îïåðàòîð Tϕîãðàíè÷åí èç lp̄0q̄0

â lp̄1q̄1
è

‖ϕ‖
M

p̄1q̄1
p̄0q̄0

= ‖Tϕ‖lp̄0q̄0
→lp̄1q̄1

.Çàäà÷à çàêëþ÷àåòñÿ â íàõîæäåíèè ãëàäêîñòíûõ è ìåòðè÷åñêèõ õàðàêòåðèñòèê �óíêöèè ϕ ,ãàðàíòèðóþùèõ îãðàíè÷åííîñòü îïåðàòîðà Tϕ èç lp̄0q̄0
â lp̄1q̄1

.Â ñëó÷àå, êîãäà p0 = p1 = q0 = q1 , ýòà çàäà÷à ðàññìàòðèâàëàñü â ðàáîòàõ Ñ.Á.Ñòå÷êèíà [1℄,È.È.Õèðøìàíà [2℄, Ñ.Ë.Ýäåëüøòåéíà [3℄, Ì.Ø.Áèðìàíà è Ì.Ç.Ñîëîìÿêà [4℄, �.Å.Êàðàäæîâà [5℄è äðóãèõ.Â íàñòîÿùåé ðàáîòå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïðèíàäëåæíîñòè ìíîæèòåëÿ ϕ êëàññó
M p̄1q̄1

p̄0q̄0
. Ýòè óñëîâèÿ âûðàæåíû â òåðìèíàõ àíèçîòðîïíûõ ïðîñòðàíñòâ Ëîðåíöà è ñåòåâûõ ïðî-ñòðàíñòâ. Ïîñòðîåíû ïðèìåðû, ïîêàçûâàþùèå òî÷íîñòü ñîîòâåòñòâóþùèõ òåîðåì âëîæåíèÿ.Ïóñòü p̄ = (p1, p2), q̄ = (q1, q2) � âåêòîðû, òàêèå, ÷òî åñëè 0 < qj < ∞ ,òî 0 < pj < ∞ ,åñëè æå qj = ∞ , òî 0 < pj ≤ ∞, j = 1, 2. Â äàëüíåéøåì áóäåì ñ÷èòàòü, ÷òî âåêòîðû p̄ è q̄óäîâëåòâîðÿþò ýòèì óñëîâèÿì.Keywords: Fourier series, multipliers,anisotropi
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Φp̄q̄(ϕ) =




∞∫

0




∞∫

0

|t
1

p1

1 t
1

p2

2 ϕ(t1, t2)|
q1

dt1
t1




q2
q1

dt2
t2




1

q2

, (1)çäåñü âûðàæåíèå (
∫∞
0 (F (t))q dt

t
)

1

q ïðè q = ∞ ïîíèìàåòñÿ, êàê sup
t>0

F (t).Ïîä îáëàñòüþ îïðåäåëåíèÿ �óíêöèîíàëà Φp̄q̄ áóäåì ïîíèìàòü ìíîæåñòâî âñåõ îïðåäåëåí-íûõ íà (0,∞)2 ìîíîòîííî íåâîçðàñòàþùèõ ïî êàæäîìó àðãóìåíòó �óíêöèé ϕ(t1, t2) , äëÿêîòîðûõ êîíå÷íà âåëè÷èíà (1).Ïóñòü µ � ëèíåéíàÿ ìåðà Ëåáåãà, S � ìíîæåñòâî âñåõ èçìåðèìûõ ïîäìíîæåñòâ e èç [0, 1]òàêèõ, ÷òî 0 < µe < ∞. Ôèêñèðîâàííîå ñåìåéñòâî ìíîæåñòâ M ⊂ S íàçîâåì ñåòüþ â [0, 1] .Ïóñòü M1, M2 � ñîîòâåòñâåííî ñåòè â [0, 1] . �àññìîòðèì ñåìåéñòâî ìíîæåñòâ M â [0, 1]2 âèäà
M = {e = e1 × e2 ⊂ [0, 1]2 : ej ∈ Mj , j = 1, 2.},ò.å. M = M1 × M2 , êîòîðîå áóäåì íàçûâàòü ñåòüþ â [0, 1]2 . Äëÿ �óíêöèè f(x) = f(x1, x2) ,èíòåãðèðóåìîé íà êàæäîì e èç M , îïðåäåëèì �óíêöèþ

f̄(t; M) = f̄(t1, t2; M) = sup
|ej |>tj ,e∈M

1

|e|

∣∣∣∣
∫

e

f(x)dx

∣∣∣∣ ,çäåñü e = e1 × e2, |ej | = µej , |e| = |e1| · |e2| .Ïóñòü 0 < p̄ = (p1, p2), q̄ = (q1, q2) ≤ ∞ . ×åðåç Np̄q̄ îáîçíà÷èì ìíîæåñòâî âñåõ �óíêöèé f ,äëÿ êîòîðûõ
‖f‖Np̄q̄(M)

= Φp̄q̄(f̄(.; M)) < ∞.Ïóñòü f(x1, x2) � èçìåðèìàÿ �óíêöèÿ, çàäàííàÿ â [0, 1]2, ∗ = (j1, j2) � íåêîòîðàÿ ïåðåñòà-íîâêà ïîñëåäîâàòåëüíîñòè ÷èñåë {1, 2} . ×åðåç f∗(t) = f∗j1
,∗j2 (t1, t2) îáîçíà÷èì �óíêöèþ, ïî-ëó÷åííóþ ïðèìåíåíèåì íåâîçðàñòàþùåé ïåðåñòàíîâêè ïîñëåäîâàòåëüíî ïî ïåðåìåííûì xj1 , xj2â [0, 1]2 , ñîîòâåòñòâóþùåé âåêòîðó ∗ = (j1, j2) (ñì.[6℄). Ïðîñòðàíñòâî L∗

p̄q̄([0, 1]2) îïðåäåëÿåòñÿ,êàê ìíîæåñòâî �óíêöèé, äëÿ êîòîðûõ
‖f‖L∗

p̄q̄([0,1]2)

= Φp̄q̄(f
∗(.)) < ∞.Åñëè ∗ = (1, 2) , òîãäà ïðîñòðàíñòâî L∗

p̄q̄([0, 1]2) áóäåì îáîçíà÷àòü ÷åðåç Lp̄q̄([0, 1]2) . Àíàëîãè÷-íî îïðåäåëÿþòñÿ äèñêðåòíûå ïðîñòðàíñòâà np̄q̄ è l∗p̄q̄ .Åñëè Wj � íåêîòîðûå �èêñèðîâàííûå ñåìåéñòâà êîíå÷íûõ íàáîðîâ ej ìóëüòèèíäåêñîâ èç
Z, j = 1, 2, òî ñåìåéñòâî W = W1 × W2 ïîäìíîæåñòâ Z

2 íàçîâåì àíèçîòðîïíîé ñåòüþ â Z
2 .×åðåç np̄q̄(W ) áóäåì îáîçíà÷àòü ñëåäóþùèé êëàññ:

{{ak̄}k̄∈Z2 : ‖a‖np̄q̄(W ) =




∞∑

k2=1

k
q2
p2

−1

2




∞∑

k1=1

k
q1
p1

−1

1 (āk1k2
(W ))q1




q2
q1




1

q2

=

= Fp̄q̄({āk(W )}) < ∞},çäåñü
āk̄(W ) = sup

|ej |>kj ,e∈W

1

|e|

∣∣∣∣∣
∑

k∈e

ak

∣∣∣∣∣ ,Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



32 À. À. Äæóìàáàåâà, Í. Ò. Òëåóõàíîâàãäå |e| � êîëè÷åñòâî ýëåìåíòîâ ìíîæåñòâà e = e1 × e2 , à |ej | � êîëè÷åñòâî ýëåìåíòîâ ej ,
j = 1, 2 .Ïóñòü ∗ = (j1, j2) , îïðåäåëèì ïðîñòðàíñòâî

l∗p̄q̄ = {{ak̄}k̄∈Z2 : ‖a‖l∗p̄q̄
= Fp̄q̄({a

∗
k}) < ∞},ãäå a∗

k̄
= a

∗j1
∗j2

k1k2
� íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ïîñëåäîâàòåëüíîñòè {ak̄}k̄∈Z2 , âçÿòàÿ ïîñëå-äîâàòåëüíî ïî ïåðåìåííûì kj1 , kj2 . Ýòî ïðîñòðàíñòâî áûëî ðàññìîòðåíî â ðàáîòå [7℄.Äëÿ äîêàçàòåëüñòâà îñíîâíûõ ðåçóëüòàòîâ íàì ïîíàäîáÿòñÿ ñëåäóþùèå òåîðåìû èç ðàáîò[7℄, [8℄, êîòîðûå ñ�îðìóëèðóåì äëÿ äâóìåðíîãî ñëó÷àÿ.Òåîðåìà À([7℄). Ïóñòü p̄ = (p1, p2), p̄′ = (p′1, p

′
2), 1̄ < p̄ < 2̄, 1

pi
+ 1

p′i
= 1, i = 1, 2 , ∗ = (2, 1).Åñëè f ∈ L∗

p̄q̄([0, 1]2), òî ïîñëåäîâàòåëüíîñòü å¼ êîý��èöèåíòîâ Ôóðüå a = {ar̄}r̄∈N2 ïðèíàä-ëåæèò lp̄′q̄ è âåðíî íåðàâåíñòâî



∞∑

k2=1

k

q2
p′
2

−1

2




∞∑

k1=1

k

q1
p′
1

−1

1 (a∗1∗2

k1k2
)q1




q2
q1




1

q2

< c‖f‖L∗

p̄q̄
.Òåîðåìà B([7℄). Ïóñòü p̄ = (p1, p2), p̄′ = (p′1, p

′
2), 2̄ < p̄ < ∞, 1

pi
+ 1

p′i
= 1, i = 1, 2, ∗ = (2, 1).Åñëè ïîñëåäîâàòåëüíîñòü a = {ar̄}r̄∈N2 ïðèíàäëåæèò lp̄′q̄ , ò.å.

A =




∞∑

k2=1

k

q2
p′
2

−1

2




∞∑

k1=1

k

q1
p′
1

−1

1 (a∗1∗2

k1k2
)q1




q2
q1




1

q2

< ∞,òîãäà ðÿä ∑
r∈Z2

are
2πi(r̄,x̄) ÿâëÿåòñÿ ðÿäîì Ôóðüå íåêîòîðîé �óíêöèè f èç L∗

p̄q̄([0, 1]2) è ‖f‖L∗

p̄q̄
≤

≤ cA.Ïóñòü E = {ε = (ε1, ε2) : εi = 0 èëè εi = 1, i = 1, 2} � âåðøèíû äâóìåðíîãî åäèíè÷íîãîêóáà. ×åðåç (Lpε,r; ε ∈ E)θ̄q̄ îáîçíà÷àåòñÿ èíòåðïîëÿöèîííîå ïðîñòðàíñòâî äëÿ ñåìåéñòâà ïðî-ñòðàíñòâ Lp̄ε,r̄ , ε ∈ E , îòíîñèòåëüíî èíòåðïîëÿöèè àíèçîòðîïíîãî ìåòîäà ñ ïàðàìåòðàìè θ̄, q̄([7℄,[8℄).Òåîðåìà Ñ([8℄). Ïóñòü 1̄ ≤ p̄0 = (p0
1, p

0
2) < p̄1 = (p1

1, p
1
2) ≤ ∞, ε ∈ E, p̄ε = (pε1

1 , pε2

2 ), 0 < r̄ =
= (r, r) ≤ ∞, 0 < q̄ = (q1, q2) ≤ ∞, ∗ = (j1, j2) ëèáî (1, 2) , ëèáî (2, 1) . Òîãäà

(Lp̄εr̄(Ω); ε ∈ E)θ̄q̄∗ = L∗
p̄q̄(Ω),ãäå 0 < θ̄ = (θ1, θ2) < 1, 1

p̄
= 1−θ̄

p̄0
+ θ̄

p̄1
.Òåîðåìà D([7℄). Ïóñòü 2 < p < ∞, p′ = p

p−1 , 0 < q < ∞, f ∼
∑

k∈Z2

ake
2πi(k̄,x̄) .à) Åñëè M0 � ìíîæåñòâî âñåõ ïðÿìîóãîëüíèêîâ â [0, 1]2 ñî ñòîðîíàìè, ïàðàëëåëüíûìèîñÿì êîîðäèíàò, òîãäà

‖f‖Np′q(M0) ≤ c‖a‖lpq
,ãäå êîíñòàíòà ñ çàâèñèò òîëüêî îò ïàðàìåòðîâ p è q .b) Åñëè W0 � ìíîæåñòâî âñåõ ïðÿìîóãîëüíèêîâ â N
2 , òîãäà

‖a‖np′q(W0) ≤ c‖f‖Lpq [0,1]2 ,ãäå êîíñòàíòà ñ çàâèñèò òîëüêî îò ïàðàìåòðîâ p è q .Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



Àíèçîòðîïíûå êëàññû ìíîæèòåëåé 33Òåîðåìà 1. Ïóñòü 1̄ < q̄ < 2̄ < p̄ < ∞, 0̄ < h̄ ≤ ∞, 1̄ < r̄ < ∞, ∗ = (2, 1) è 1
r̄

= 1
q̄
− 1

p̄
.Òîãäà èìååò ìåñòî âëîæåíèå

L∗
r̄∞ →֒ M p̄h̄

q̄h̄
.Äîêàçàòåëüñòâî. Ñíà÷àëà äîêàæåì ñëó÷àé, êîãäà h̄ = (1, 1) . Äëÿ ýòîãî ïîñëåäîâàòåëüíî èñ-ïîëüçóåì òåîðåìó À, íåðàâåíñòâî �åëüäåðà è òåîðåìó Â, ïîëó÷èì

‖a(fϕ)‖lp̄1̄
=




∞∑

k2=1

k
1

p2
−1

2




∞∑

k1=1

k
1

p1
−1

1 a∗1∗2

k1k2
(fϕ)




 < c‖fϕ‖L∗

p̄′1̄
=

= c1




1∫

0




1∫

0

t
1

p1
′
−1

1 t
1

p2
′
−1

2 (fϕ)∗2∗1(t1, t2)dt1


 dt2


 ≤

≤ c2




1∫

0




1∫

0

t
1

p1
′
−1

1 t
1

p2
′
−1

2 f∗2∗1(t1, t2)ϕ
∗2∗1(t1, t2)dt1


 dt2


 ≤

≤ c2

(
sup

t1>0,t2>0
t

1

r1

1 t
1

r2

2 ϕ∗2∗1(t1, t2)

)


1∫

0




1∫

0

(t
1

q1
′

1 t
1

q2
′

2 f∗2∗1(t1, t2))
dt1
t1


 dt2

t2


 =

= c2‖ϕ‖L∗

r̄∞
‖f‖L∗

q̄′1̄
≤ c3‖ϕ‖L∗

r̄∞
‖a(f)‖lq̄1̄

,ãäå 1
p̄′

= 1
r̄

+ 1
q̄′
.Òàêèì îáðàçîì, ïîëó÷èëè, ÷òî

‖a(fϕ)‖lp̄1̄
≤ c‖ϕ‖L∗

r̄∞
‖a(f)‖lq̄1̄

. (2)Òåïåðü ïðèìåíèì èíòåðïîëÿöèîííûå òåîðåìó Ñ, ãäå áàçîâûìè áóäóò íåðàâåíñòâà òèïà (2),
r � �èêñèðîâàííûé, à ïàðàìåòðû

p̄00 = (p0
1, p

0
2), p̄11 = (p1

1, p
1
2), p̄01 = (p0

1, p
1
2), p̄10 = (p1

1, p
0
2),

q̄00 = (q0
1, q

0
2), q̄11 = (q1

1, q
1
2), q̄01 = (q0

1, q
1
2), q̄10 = (q1

1, q
0
2)âûáåðåì òàê, ÷òîáû âûïîëíÿëèñü ñëåäóþùèå ðàâåíñòâà:

1

r̄
=

1

q̄ij
−

1

p̄ij
, i = 0, 1, j = 0, 1.Èìååì

‖a(fϕ)‖lp̄001̄
≤ c‖ϕ‖L∗

r̄∞
‖a(f)‖lq̄001̄

,

‖a(fϕ)‖lp̄111̄
≤ c‖ϕ‖L∗

r̄∞
‖a(f)‖lq̄111̄

,

‖a(fϕ)‖lp̄011̄
≤ c‖ϕ‖L∗

r̄∞
‖a(f)‖lq̄011̄

,

‖a(fϕ)‖lp̄101̄
≤ c‖ϕ‖L∗

r̄∞
‖a(f)‖lq̄101̄

.Èñïîëüçóÿ èíòåðïîëÿöèîííóþ òåîðåìó Ñ, ïîëó÷èì
‖a(fϕ)‖lp̄h̄

≤ c‖ϕ‖L∗

r̄∞
‖a(f)‖lq̄h̄

.Òåîðåìà äîêàçàíà.Ïîêàæåì òî÷íîñòü ïîëó÷åííîãî ðåçóëüòàòà.Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



34 À. À. Äæóìàáàåâà, Í. Ò. ÒëåóõàíîâàÒåîðåìà 2. Ïóñòü 1̄ < q̄ < 2̄ < p̄ < ∞, 0̄ < h̄ ≤ ∞, 1̄ < r̄ < ∞ è 1
r̄

= 1
q̄
− 1

p̄
. Äëÿ ëþáîãî

ε̄ = (ε, ε) , ãäå ε > 0 , íàéäåòñÿ ϕ ∈ L∗
r̄−ε̄,∞ , íî ϕ /∈ M p̄h̄

q̄h̄
.Äîêàçàòåëüñòâî. Ïóñòü α1 è α2 óäîâëåòâîðÿþò íåðàâåíñòâàì

αi >
1

(ri − ε)′
= 1 −

1

ri − ε
, βi >

1

qi
, αi + βi < 1 −

1

ri
+

1

qi
, i = 1, 2.Âûáåðåì ïîñëåäîâàòåëüíîñòè b = {bk̄}k̄∈Z2 , a = {ak̄}k̄∈Z2 ,

bk̄ =
1

(|k1| + 1)α1(|k2| + 1)α2
, ; ak̄ =

1

(|k1| + 1)β1(|k2| + 1)β2
,

(a ∗ b)m̄ =
∞∑

k1=−∞

∞∑

k2=−∞

1

(|k1| + 1)β1(|k2| + 1)β2(|k1 − m1| + 1)α1(|k2 − m2| + 1)α2
≈

≈

∫

R

∫

R

dx1dx2

|x1|β1 |x2|β2 |x1 − m1|α1 |x2 − m2|α2
,

I =

∫

R

∫

R

dx1dx2

|x1|β1 |x2|β2 |x1 − m1|α1 |x2 − m2|α2
=

= |m1|
−α1−β1+1|m2|

−α2−β2+1

∫

R

∫

R

dy1dy2

|y1|β1 |y2|β2 |y1 − y0
1|

α1 |y2 − y0
2|

α2
,ãäå y0

1 = m1

|m1| , y0
2 = m2

|m2| ïî ìîäóëþ ðàâíû 1, ïîýòîìó èíòåãðàë íå çàâèñèò îò m1, m2 ;
a ∗ b ∼

{
(|m1| + 1)−α1−β1+1(|m2| + 1)−α2−β2+1

}∞

m1,m2=−∞
,

‖a∗b‖lp̄h̄
=




∞∑

m2=−∞
|m2|

h2
p2

−1

( ∞∑

m1=−∞
|m1|

h1
p1

−1
((|m1| + 1)−α1−β1+1(|m2| + 1)−α2−β2+1)h1

)h2
h1




1

h2

=

=

( ∞∑

m2=−∞
|m2|

h2
p2

−1
(|m2| + 1)(−α2−β2+1)h2

) 1

h2

( ∞∑

m1=−∞
|m1|

h1
p1

−1
(|m1| + 1)(−α1−β1+1)h1

) 1

h1

∼

∼

( ∞∑

m2=−∞
|m2|

h2
p2

−1+(−α2−β2+1)h2

) 1

h2

( ∞∑

m1=−∞
|m1|

h1
p1

−1+(−α1−β1+1)h1

) 1

h1

,îòêóäà ñëåäóåò, ÷òî a ∗ b /∈ lp̄h̄ è, â òî æå âðåìÿ, ϕ =
∑

k̄∈Z2

bk̄e
2πi(k̄,x̄) , ϕ ∈ L∗

r̄−ε̄,∞ è {ak̄} ∈ lq̄h̄ .Òåîðåìà 3. Ïóñòü 1 < q < 2 < p < ∞, 1 < r < ∞, 1
r

= 1
q
− 1

p
, q′ = q

q−1 , G � ìíîæåñòâîâñåõ ïðÿìîóãîëüíèêîâ â [0, 1]2 , òîãäà èìååò ìåñòî íåðàâåíñòâî
sup
Q∈G

1

|Q|1−
1

r

∫

Q

ϕ(x)dx ≤ ‖ϕ‖M
p
q
≤ sup

t1>0, t2>0
t

1

r

1 t
1

r

2 ϕ(t1t2).Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



Àíèçîòðîïíûå êëàññû ìíîæèòåëåé 35Äîêàçàòåëüñòâî. Ïóñòü ϕ ∈ Mp
q , Q = Q1 × Q2 � ïðîèçâîëüíûé ïðÿìîóãîëüíèê â [0, 1]2,

f0(x1, x2) = χQ(x1, x2) � õàðàêòåðèñòè÷åñêàÿ �óíêöèÿ ïðÿìîóãîëüíèêà Q . Çàìåòèì, ÷òî
‖ak̄(f0)‖lq ∼ ‖f0‖Lq′

∼ |Q|
1

q′ . (3)Ïî òåîðåìå D , ó÷èòûâàÿ âëîæåíèå Npq0
→֒ Npq1

ïðè q0 < q1 è ñîîòíîøåíèå (3), èìååì
‖ϕ‖M

p
q

= sup
f 6=0

‖f̂ϕ‖lp

‖f̂‖lq

≥
‖f̂0ϕ‖lp

‖f̂0‖lq

≥ c
‖f0ϕ‖Np′p

|Q1|
1

q′ |Q2|
1

q′

=

=
c

|Q1|
1

q′ |Q2|
1

q′

∞∫

0

∞∫

0


t

1

p′

1 t
1

p′

2


 sup

|Wj |≥tj ,W∈G

1

|W |

∫

W∩Q

f0ϕdx




p

dt1
t1

dt2
t2




1

p

≥

≥
c1

|Q1|
1

q′ |Q2|
1

q′

sup
t>0

t
1

p′

1 t
1

p′

2


 sup

|Wj |≥tj ,W∈G

1

|W |

∫

W∩Q

f0ϕdx


 ≥

≥
c1

|Q1|
1

q′
− 1

p′ |Q2|
1

q′
− 1

p′


 sup

W∈G

1

|W1||W2|

∫

W∩Q

f0ϕdx


 ≥

≥
c1

|Q1|
1

q′
+ 1

p |Q2|
1

q′
+ 1

p

∫

Q

f0ϕdx =
c1

|Q1|
1

q′
+ 1

p |Q2|
1

q′
+ 1

p

∫

Q

ϕdx.Â ñèëó ïðîèçâîëüíîñòè âûáîðà îòðåçêà Q ïîëó÷èì
‖ϕ‖M

p
q
≥ c sup

Q∈G

1

|Q|1−
1

r

∫

Q

ϕdx,ãäå 1
r

= 1
q
− 1

p
. Äîêàçàòåëüñòâî âåðõíåé îöåíêè ñëåäóåò èç òåîðåìû 1 è âëîæåíèÿ lqq →֒ lqp ,

q < p . Èç òåîðåìû 1 èìååì
‖a(fϕ)‖lph

≤ c‖ϕ‖Lr∞
‖a(f)‖lqh

.Ïðè h = p

‖a(fϕ)‖lp ≤ c‖ϕ‖Lr∞
‖a(f)‖lqp

≤ ‖ϕ‖Lr∞
‖a(f)‖lqq

= ‖ϕ‖Lr∞
‖a(f)‖lq ,ò.å.

‖ϕ‖M
p
q
≤ sup

t1>0t2>0
t

1

r

1 t
1

r

2 ϕ(t1t2) ,òåîðåìà äîêàçàíà. Öèòèðîâàííàÿ ëèòåðàòóðà[1℄. Ñòå÷êèí Ñ.Á. Î áèëèíåéíûõ �îðìàõ, ÄÀÍ ÑÑÑ�, 71, 1950, � 3, Ñ. 237 � 240.[2℄. Hirshman I.I. On multiplier transformations, Duke Math.J., 26, 1959, � 2, P. 221 � 242.[3℄. Ýäåëüøòåéí Ñ.Ë. Îãðàíè÷åííîñòü ñâåðòêè â Lp(Zm) è ãëàäêîñòü ñèìâîëà îïåðàòîðà,Ìàò. çàìåòêè, 22, 1977, � 6, C. 873 � 884.[4℄. Áèðìàí Ì.Ø., Ñîëîìÿê Ì.Ç. Êîëè÷åñòâåííûé àíàëèç â òåîðåìàõ âëîæåíèÿ Ñîáîëåâà,ïðèëîæåíèå ê ñïåêòðàëüíîé òåîðèè, Â.: X ìàò.øêîëà, Êèåâ, 1974, Ñ. 5 � 189.Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



36 À. À. Äæóìàáàåâà, Í. Ò. Òëåóõàíîâà[5℄. Êàðàäæîâ �.Å. Òðèãîíîìåòðè÷eñêàÿ ïðîáëåìà ìíîæèòåëåé, Êîíñòðóêòèâíàÿ òåîðèÿ�óíêöèé'81, Ñî�èÿ, 1983, Ñ. 82 � 86.[6℄. Blozinski A.P. Multivariate rearrangements and Bana
h fun
tion spa
es with mixed norms,Trons. Amer. Math. So
., 1981, V.263, � 1, P. 149 � 167.[7℄. Íóðñóëòàíîâ Å.Ä. Î êîý��èöèåíòàõ êðàòíûõ ðÿäîâ Ôóðüå èç Lp− ïðîñòðàíñòâ, Èçâå-ñòèÿ �ÀÍ, 2000, Ò.64, �1, Ñ. 95 � 122.[8℄. Íóðñóëòàíîâ Å.Ä. Èíòåðïîëÿöèîííûå òåîðåìû äëÿ àíèçîòðîïíûõ �óíêöèîíàëüíûõïðîñòðàíñòâ è èõ ïðèëîæåíèÿ, Äîêëàäû �ÀÍ, 2004, Ò.394, � 1, C. 1 � 4Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 09.06.2011 ã.
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ÏÎ ÄÎÏÎËÍÈÒÅËÜÍÎÉ ÈÍÔÎÐÌÀÖÈÈ
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Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÊàçÍÓ èìåíè àëü-Ôàðàáè
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Äëÿ íåîäíîðîäíûõ ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïåðåîïðåäåëåííûìè äâóõòî-
÷å÷íûìè êðàåâûìè óñëîâèÿìè ðåøàåòñÿ çàäà÷à âîññòàíîâëåíèÿ ðåøåíèé è ñïåöèàëüíûõ ïðàâûõ
÷àñòåé. Ïðè ýòîì óäàåòñÿ âûïîëíèòü ïîëíîå îïèñàíèå âñåâîçìîæíûõ äîïóñòèìûõ ïðàâûõ ÷àñòåé.

1. Îñíîâíîé ðåçóëüòàò è åãî îáñóæäåíèå

Ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèè ïåðâîãî ïîðÿäêà

dy

dt
= A(t)y + B(t)ν(t) + µ(t), t ∈ I = [t0, t1], (1)

ïðè óñëîâèÿõ

α1y(t0) + β1y(t1) = b, (2)

α2y(t0) + β2y(t1) = a, (3)

ãäå A(t), B(t) � çàäàííûå ìàòðèöû ñ êóñî÷íî-íåïðåðûâíûìè ýëåìåíòàìè ïîðÿäêîâ (n × n),
(n × m) ñîîòâåòñòâåííî, µ(t), t ∈ I , � çàäàííàÿ n -ìåðíàÿ ôóíêöèÿ ñ êóñî÷íî-íåïðåðûâíûìè
ýëåìåíòàìè, ν(t) = (ν1(t), . . . , νn(t)) � èñêîìàÿ âåêòîð-ôóíêöèÿ, ìîìåíòû âðåìåíè t0, t1 ôèê-
ñèðîâàíû, y(t0) = y0, y(t1) = y1 ∈ Rn � çàäàííûå âåêòîðà. Ïðåäïîëàãàåì, ÷òî

1) ðàíã ìàòðèöû (α1, β1) ðàâåí n,
2) îäíîðîäíàÿ çàäà÷à dy

dt = A(t)y, α1y(t0)+β1y(t1) = 0 èìååò òîëüêî òðèâèàëüíîå ðåøåíèå.
Îòìåòèì, ÷òî çàäà÷à òèïà (1) � (3) âîçíèêàåò â ðàçëè÷íûõ ðàçäåëàõ ìàòåìàòèêè. Âî-ïåðâûõ,

ðàññìàòðèâàåìàÿ çàäà÷à (1) � (3) ìîæåò áûòü èíòåðïðåòèðîâàíà, êàê îïðåäåëåíèå ïðàâîé ÷à-
ñòè íåîäíîðîäíîãî óðàâíåíèÿ (1) ïî äîïîëíèòåëüíîé èíôîðìàöèè. Â òàêîì ñëó÷àå çàäà÷à (1)
� (3) ïðåäñòàâëÿåò ñîáîé òàê íàçûâàåìóþ îáðàòíóþ çàäà÷ó, îáçîð ïî êîòîðîé èìååòñÿ â íåäàâ-
íî èçäàííîé ìîíîãðàôèè Ñ.È. Êàáàíèõèíà [1]. Âî-âòîðûõ, ðàññìàòðèâàåìàÿ çàäà÷à (1) � (3)
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ïðåäñòàâëÿåò ñîáîé ïåðåîïðåäåëåííóþ êðàåâóþ çàäà÷ó äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé. Â òàêîì ñëó÷àå âàæíî çíàòü äîâîëüíî îáùèå óñëîâèÿ ðàçðåøèìîñòè çàäà-
÷è (1) � (3). Òåîðèÿ ïåðåîïðåäåëåííûõ çàäà÷ îñâåùåíà â ðàáîòå Ï.È. Äóäíèêîâà [2]. Â-òðåòüèõ,
ðåøåíèå çàäà÷è (1) � (3) ìîæåò ïðåäñòàâëÿòü èñõîäíûé øàã ïðè ðàçðàáîòêå àëãîðèòìîâ ðåøå-
íèÿ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ïðè çàäàííûõ A(t), B(t), µ(t), α1, β1, α2, β2, a, b. Ïîäîáíûé ïîäõîä ïðè β1 = 0, α2 = 0 äåòàëüíî
ðàçðàáîòàí â ðàáîòàõ [3 - 5]. Àíàëîãè çàäà÷ (1) � (3) äëÿ àáñòðàêòíûõ îïåðàòîðíûõ óðàâíåíèé
è óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ìîæíî íàéòè â ðàáîòå [6].

Îñíîâíîé ðåçóëüòàò äàííîé ðàáîòû ñôîðìóëèðîâàí äëÿ ñëó÷àÿ ïîñòîÿííîé ìàòðèöû A,
õîòÿ ëåãêî ïåðåôîðìóëèðîâàòü åãî äëÿ íåïðåðûâíîé ìàòðèöû.
Òåîðåìà. Åñëè w(t) ∈ L2(0, t1), òî ìíîæåñòâî

T =
{

ν(t) = w(t) + B∗χ∗

 t1∫
0

χ(τ, t1)B∗(τ)χ∗(τ, t1)dt

−1

(ξ − z(t1))
}

äàåò ïîëíîå îïèñàíèå òàêèõ ôóíêöèé ν(t), ò.å. ñóùåñòâóþò ðåøåíèÿ óðàâíåíèÿ (1) ñ óñëî-
âèÿìè (2) è (3), ãäå

χ(τ, t1) =
(
β2e

A(t1−τ) −
(
α2E + β2e

At1
) (

α1E + β1e
At1

)−1
β1e

A(t1−τ)
)

, (4)

ξ = a−
∫
0

eA(t1−τ)µ(τ)dτ −
(
α2E + β2e

At1
) (

α1E + β1e
At1

)−1

b−
t1∫

0

eA(t1−τ)µ(τ)dτ

 . (5)

Ñïðàâåäëèâî òàêæå îáðàòíîå óòâåðæäåíèå.
Åñëè âûïîëíÿþòñÿ òðåáîâàíèÿ (2), òî çàäà÷à (1) � (3), âîîáùå ãîâîðÿ, ïåðåîïðåäåëåíà,

ò.å. v(t) â ïðàâîé ÷àñòè óðàâíåíèÿ (1) íå ìîæåò áûòü ïðîèçâîëüíîé è âûáèðàåòñÿ ñîãëàñíî
òåîðåìå.
Çàìå÷àíèå. Â òåîðåìå äàíî ïîëíîå îïèñàíèå óïðàâëåíèé ν(t), äëÿ êîòîðûõ ðåøåíèå çàäà÷è
(1) � (3) ñóùåñòâóåò. Ïðè÷åì óêàçàíî, ÷òî ñåìåéñòâî òàêèõ óïðàâëåíèé ν(t) çàâèñèò îò
ïðîèçâîëüíîé êâàäðàòè÷íî-ñóììèðóåìîé ôóíêöèè.

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ è äîêàçàòåëüñòâî òåîðåìû

Äëÿ äîêàçàòåëüñòâà òåîðåìû âîñïîëüçóåìñÿ ñëåäóþùèìè ëåììàìè.

Ëåììà 1. Ïóñòü çàäàíû A(t), B(t), µ(t), ν(t) è ÷èñëà α1, β1, b. Òîãäà ðåøåíèå óðàâíåíèÿ (1),
óäîâëåòâîðÿþùåå óñëîâèþ (2), èìååò âèä

y(t) = eAt
(
α1E + β1e

At1
)−1

b− β1

t1∫
0

eA(t1−τ)B(τ)ν(τ)dτ + β1

t1∫
0

eA(t1−τ)µ(τ)dτ

 +

+

t∫
0

eA(t−τ)B(τ)ν(τ)dτ + β1

t∫
0

eA(t−τ)µ(τ)dτ,

(6)

åñëè ìàòðèöà
(
α1E + β1e

At
)
íå ÿâëÿåòñÿ âûðîæäåííîé.
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Äîêàçàòåëüñòâî ëåììû 1. Îáùåå ðåøåíèå ñèñòåìû (1) èìååò âèä

y(t) = eAty0 +

t∫
0

eA(t−τ)B(τ)ν(τ)dτ +

t∫
0

eA(t−τ)µ(τ)dτ. (7)

Èç óñëîâèÿ (2) èìååì

α1y0 + β1

eAt1y0 +

t1∫
0

eA(t1−τ)B(τ)ν(τ)dτ +

t1∫
0

eA(t1−τ)µ(τ)dτ

 = b, (8)

îòêóäà

y0 =
(
α1E + β1e

At
)−1

b− β1

t1∫
0

eA(t1−τ)B(τ)ν(τ)dτ + β1

t1∫
0

eA(t1−τ)µ(τ)dτ

 . (9)

Ïîäñòàâëÿÿ âûðàæåíèÿ (9) â ñîîòíîøåíèå (7), ïîëó÷èì ôîðìóëó (6). Ëåììà 1 ïîëíîñòüþ äî-
êàçàíà.

Ëåììà 2. Ïóñòü çàäàíû A(t), B(t), µ(t), ν(t) è ÷èñëà α1, β1, α2, β2, a, b. Òîãäà

t1∫
0

χ(τ, t1)B(τ)ν(τ)dτ = ξ, (10)

ãäå χ(τ, t1) è ξ îïðåäåëÿþòñÿ âûðàæåíèÿìè (4) è (5).

Äîêàçàòåëüñòâî ëåììû 2. Àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ èç óñëîâèÿ (3) èìååì

α2y0 + β2

eAt1y0 +

t1∫
0

eA(t1−τ)B(τ)ν(τ)dτ +

t1∫
0

eA(t1−τ)µ(τ)dτ

 = a , (11)

îòêóäà

(
α2E + β2e

At1
) (

α1E + β1e
At1

)−1

β1

t∫
0

eA(t1−τ)B(τ)ν(τ)dτ + β1

t1∫
0

eA(t1−τ)µ(τ)dτ

 +

+β2

t∫
0

eA(t−τ)B(τ)ν(τ)dτ = a− β2

t1∫
0

eA(t−τ)µ(τ)dτ.

Èñïîëüçóÿ ðàâåíñòâà (4), (5) è (11), ïîëó÷èì (10). Ëåììà 2 äîêàçàíà ïîëíîñòüþ.
Äîêàçàòåëüñòâî òåîðåìû. Ñíà÷àëà íåèçâåñòíóþ ôóíêöèþ ν(t), óäîâëåòâîðÿþùóþ óðàâíå-
íèþ (10), èùåì â âèäå

ν(t) = B∗(τ)χ∗(τ, t1)C ,

ãäå C � ïîñòîÿííûé âåêòîð. Òîãäà âûðàæåíèå (10) ïðåîáðàçóåòñÿ ê âèäó

t1∫
0

χ(τ, t1)B(τ)B∗(τ)χ∗(τ, t1)dτC = ξ. (12)
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Îòñþäà ïðè ïðåäïîëîæåíèè, ÷òî
t1∫
0

χ(τ, t1)B(τ)B∗(τ)χ∗(τ, t1)dτ � íåâûðîæäåííàÿ ìàòðèöà, íà-

õîäèì

C =

 t1∫
0

χ(τ, t1)B(τ)B∗(τ)χ∗(τ, t1)dτ

−1

ξ . (13)

×àñòíîå ðåøåíèå íåîäíîðîäíîãî óðàâíåíèÿ (11) èìååò âèä

ν(τ) = B∗(τ)χ∗(τ) ·

 t1∫
0

χ(τ, t1)B(τ)B∗(τ)χ∗(τ, t1)dτ

−1

ξ . (14)

Òåïåðü îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

t1∫
0

χ(τ, t1)B(τ)u(τ)dτ = 0

èùåì â âèäå
u(t) = ω(t) + σ(t) , (15)

ãäå ω(t) � ïðîèçâîëüíàÿ âåêòîð-ôóíêöèÿ, σ(t) � íåèçâåñòíàÿ âåêòîð-ôóíêöèÿ. Èç óðàâíåíèÿ
(14) ñëåäóåò, ÷òî

t1∫
0

χ(τ, t1)B(τ)σ(τ)dτ = −
t1∫

0

χ(τ, t1)B(τ)ω(τ)dτ . (16)

Íåòðóäíî ïîíÿòü, ÷òî

Z1(t) =

t1∫
0

χ(τ, t1)B(τ)ω(τ)dτ ,

ãäå Z1(t) � ðåøåíèå çàäà÷è
dZ

dt
= AZ + Bω ,

α1Z(0) + β1Z(t1) = 0 .

Òîãäà àíàëîãè÷íî òîìó, êàê ðåøèëè óðàâíåíèå (10), èç ñîîòíîøåíèÿ (16) ïîëó÷àåì

σ(τ) = −B∗(τ)χ∗(τ)

 t1∫
0

χ(τ, t1)B(τ)B∗(τ)χ∗(τ, t1)dτ

−1

Z1(t) .

Çíà÷èò,

u(t) = ω(τ)−B∗(τ)χ∗(τ)

 t1∫
0

χ(τ, t1)B(τ)B∗(τ)χ∗(τ, t1)dτ

−1

Z1(t) .

Â èòîãå ïîëó÷èì, ÷òî

ν(t) = ω(τ) + B∗(τ)χ∗(τ)

 t1∫
0

χ(τ, t1)B(τ)B∗(τ)χ∗(τ, t1)dτ

−1

(ξ − Z1(t)) .
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ÓÄÊ 532.526×ÈÑËÅÍÍÎÅ ÈÑÑËÅÄÎÂÀÍÈÅ ÎÁÒÅÊÀÍÈß ÄÂÓÕÏ�ÅÏßÒÑÒÂÈÉ, �ÀÑÏÎËÎÆÅÍÍÛÕ ÒÀÍÄÅÌÎÌ,ÏÎÒÎÊÎÌ ÑÆÈÌÀÅÌÎ�Î �ÀÇÀÑ.Ä. ÌàóñóìáåêîâàÊàçàõñêèé Íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè050040, Àëìàòû, ïð.àëü-Ôàðàáè 71, e-mail: smausumbekova�mail.ruÂ ðàáîòå ìîäåëèðóåòñÿ ïðîöåññ îáðàçîâàíèÿ è âçàèìîäåéñòâèÿ âèõðåé ïðè îáòåêàíèè ïîñëåäîâà-òåëüíî ðàñïîëîæåííûõ òåë ïîòîêîì ñæèìàåìîãî ãàçà. ×èñëåííî èññëåäîâàíû âëèÿíèÿ ðàññòîÿíèéìåæäó ïðåïÿòñòâèÿìè íà ñòðóêòóðó òå÷åíèé. Äëÿ ïîâûøåíèÿ àïïðîêñèìàöèè äèíàìè÷åñêèõ õà-ðàêòåðèñòèê íà ïðåïÿòñòâèè ïðèìåíÿåòñÿ ëèíåéíàÿ è áèëèíåéíàÿ èíòåðïîëÿöèè. Ïðèâîäÿòñÿ êà-÷åñòâåííûå ñðàâíåíèÿ èçìåíåíèÿ êîý��èöèåíòà ïîäúåìíîé ñèëû ñ ÷èñëåííûìè ðàñ÷åòàìè äðóãèõàâòîðîâ. Ââåäåíèå�àçðóøåíèÿ òåïëîîáìåííûõ àãðåãàòîâ, êîòîðûå íåïîñðåäñòâåííî ñâÿçàíû ñ âèáðàöèÿìè,âîçáóæäàåìûìè ïîòîêîì, çà÷àñòóþ ïðèâîäÿò ê ìíîãî÷èñëåííîìó ïðîñòîþ ýíåðãåòè÷åñêèõ óñòà-íîâîê. Ïðè÷èíó âîçíèêíîâåíèÿ âèáðàöèé îáû÷íî ñâÿçûâàþò ñ îäíîé èç ñëåäóþùèõ ïðè÷èí:ñðûâîì âèõðåé èìïóëüñíîé òóðáóëåíòíîñòè, ãèäðîóïðóãîé íåóñòîé÷èâîñòüþ, çàâèñÿùåé îò ðå-æèìà êîëåáàíèé. Êîãäà ÷àñòîòà ñðûâà âèõðåé ïðèáëèæàåòñÿ ê ÷àñòîòå ñîáñòâåííûõ ïîïåðå÷-íûõ àêóñòè÷åñêèõ êîëåáàíèé îãðàíè÷åííîãî îáúåìà â ïîïåðå÷íîì íàïðàâëåíèè (ò.å. àêóñòè-÷åñêîé ìîäû, ñâÿçàííîé, ãëàâíûì îáðàçîì, ñ äâèæåíèåì àêóñòè÷åñêîé ñðåäû â íàïðàâëåíèè,ïåðïåíäèêóëÿðíîì êàê ê îñè òðóá, òàê è ê íàïðàâëåíèþ ïîòîêà, è çàòóõàþùåé âíå ïó÷êà),ìîæåò íàñòóïèòü ðåçîíàíñ. Îñíîâíóþ ÷àñòü ñîîðóæåíèé òàêèõ, êàê òðóáû òåïëîîáìåíà, îõëà-æäàþùèå ñèñòåìû àòîìíûõ ýëåêòðîñòàíöèé, ìîðñêèå ïëàò�îðìû, äûìîâûå òðóáû, ýëåêòðè-÷åñêèå êàáåëè è ò.ä., �îðìèðóþò öèëèíäðû ñ êðóãîâûì ñå÷åíèåì. Óïîìÿíóòûå êîíñòðóêöèèïîäâåðãàþòñÿ âîçäåéñòâèþ ïîòîêà âîçäóõà èëè âîäû, ñëåäîâàòåëüíî, âûðàáàòûâàþò âîçáóæ-äàåìûå ïîòîêàìè âèáðàöèè, êîòîðûå ïðèâîäÿò ê ðàçðóøåíèþ êîíñòðóêöèè. ×òîáû èçáåæàòüýòó ñèòóàöèþ è óëó÷øèòü äèçàéí êîíñòðóêöèé, íåîáõîäèìî ïîíèìàòü äåòàëè âçàèìîäåéñòâèÿ"ïîòîê - êîíñòðóêöèÿ". Ýòè çíàíèÿ ìîãóò áûòü óëó÷øåíû ýêñïåðèìåíòàëüíûìè è ÷èñëåííûìèìîäåëÿìè. Â ïðîøëûõ äåñÿòèëåòèÿõ íåñæèìàåìûå òå÷åíèÿ âîêðóã îäíîãî öèëèíäðà õîðîøîèçó÷àëèñü è ñåé÷àñ ðàññìàòðèâàþòñÿ, êàê êëàññè÷åñêèé ñëó÷àé äëÿ îáîñíîâàíèÿ íîâûõ ÷èñ-ëåííûõ ñõåì. Ñ òî÷êè çðåíèÿ ãåîìåòðè÷åñêîé êîí�èãóðàöèè, òå÷åíèå âîêðóã äâóõ öèëèíäðîâKeywords: Turbulen
e, interpolation, obsta
le tandem2010 Mathemati
s Subje
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×èñëåííîå èññëåäîâàíèå îáòåêàíèÿ äâóõ ïðåïÿòñòâèé 43ìîæåò ðàññìàòðèâàòüñÿ, êàê ðàñøèðåííûé ñëó÷àé èçîëèðîâàííîãî öèëèíäðà. Íåñìîòðÿ íà ýòî,ñîîòâåòñòâóþùàÿ çàäà÷à èìååò ñâîè òðóäíîñòè, ñâÿçàííûå ñ âçàèìîäåéñòâèåì òå÷åíèé ìåæäóïðåïÿòñòâèÿìè. Ïîëîæåíèå êàæäîãî ïðåïÿòñòâèÿ â ïîòîêå îòíîñèòåëüíî ñîñåäíèõ îïðåäåëÿåòâîçìóùåíèÿ è èçìåíåíèÿ, âíîñèìûå â ïîòîê ïåðåä ïðåïÿòñòâèåì è çà íèì. Ââèäó èíòåðåñà êõàðàêòåðèñòèêàì òå÷åíèÿ, èññëåäîâàíèå òå÷åíèé âîêðóã ïàðû öèëèíäðîâ îñòàåòñÿ àêòóàëüíûì.Ïîñòàíîâêà çàäà÷è�åîìåòðè÷åñêîå ïîëîæåíèå äâóõ öèëèíäðîâ â îáùåì ñëó÷àå ìîæíî ðàçäåëèòü íà: ðàñïîëî-æåííûå ïàðàëëåëüíî, òàíäåìîì è â øàõìàòíîì ïîðÿäêå â ñîîòâåòñòâèè ñ íàïðàâëåíèåì ñâî-áîäíîãî ïîòîêà. Ýòè ðàñïîëîæåíèÿ ýêñïåðèìåíòàëüíî è ÷èñëåííî èçó÷àëèñü ìíîãèìè èññëåäî-âàòåëÿìè [1-4℄. Îäíàêî, îñíîâíîå âíèìàíèå ïðè ýòîì îáðàùàëîñü íà âíîñèìûå êîíñòðóêöèåéâîçìóùåíèÿ â ïîòîêå. Ïî÷òè ñîâñåì íå óäåëÿëîñü âíèìàíèÿ äèíàìè÷åñêèì õàðàêòåðèñòèêàìêîíñòðóêöèé è èõ âëèÿíèþ íà òå÷åíèå âíèç ïî ïîòîêó. Äëÿ îïðåäåëåíèÿ ãèäðîäèíàìè÷åñêèõñèë íåîáõîäèìî çíàòü ðàñïðåäåëåíèå äèíàìè÷åñêèõ õàðàêòåðèñòèê íàòåêàþùåãî ïîòîêà, òî åñòüðåøàòü ïîëíóþ ñèñòåìó óðàâíåíèé Íàâüå-Ñòîêñà. Äëÿ îïðåäåëåíèÿ ýòèõ ñèë ïîñòàâèì çàäà÷óîáòåêàíèÿ îäèíî÷íîãî ïðåïÿòñòâèÿ, äâóõ òåë, ðàñïîëîæåííûõ òàíäåìîì, à òàêæå ðàñïîëîæåí-íûõ âåðòèêàëüíî, ïîòîêîì ñæèìàåìîãî òóðáóëåíòíîãî ãàçà â ïîëå ñèëû òÿæåñòè (áåç ó÷åòàñèë Êîðèîëèñà) â îãðàíè÷åííîé îáëàñòè Ω1 ∈ R2 ñ ãðàíèöåé S. Çàäà÷à ñâîäèòñÿ ê ðåøåíèþñëåäóþùåé ñèñòåìû íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ:
ρ
dV

dt
= −

1

Fr
ρez −

1

γM2
∇P + K∆V , (1)

ρ
dT

dt
=

γ − 1

γ

dP

dt
+ K∆T , (2)

∂ρ

∂t
+ div ρV = 0 , (3)
P = ρRT . (4)Óðàâíåíèÿ (1)-(4) çàïèñàíû â áåçðàçìåðíîé �îðìå. Â êà÷åñòâå ïàðàìåòðîâ îáåçðàçìåðèâàíèÿïðèíÿòû õàðàêòåðíûå âåëè÷èíû äëÿ ðàññìàòðèâàåìîãî òå÷åíèÿ: âûñîòà ðàññìàòðèâàåìîé îá-ëàñòè H, ìàêñèìàëüíàÿ ñêîðîñòü íåâîçìóùåííîãî ïîòîêà V0, òåìïåðàòóðà T0, ïëîòíîñòü ρ0 íàâõîäå, ìàñøòàá âðåìåíè t0. Çäåñü

Fr = V 2
0 /gH� ÷èñëî Ôðóäà,

M =
V0

(γRT0)
1/2� ÷èñëî Ìàõà. �ðàíè÷íûå óñëîâèÿ�àññìàòðèâàåìàÿ ïðîáëåìà ðåøàåòñÿ ïðè ñëåäóþùèõ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèÿõ:â íà÷àëüíûé ìîìåíò âðåìåíè ãàç íàõîäèòñÿ â ñîñòîÿíèè ïîêîÿ, íà÷àëüíîå ðàñïðåäåëåíèå òåì-ïåðàòóðû ïî÷òè íå èçìåíÿåòñÿ ñ âûñîòîé: T = 1 − mz, m = 0.01. Íà âõîäå çàäàí ëèíåéíûéðîñò ïîëÿ ñêîðîñòåé ïî âðåìåíè. Íà íèæíåé è âåðõíåé ãðàíèöàõ óñëîâèÿ äëÿ ïîëÿ ñêîðîñòåéñîâïàäàþò ñ óñëîâèÿìè íà âõîäå è äëÿ òåìïåðàòóðû èìåþò âèä

∂T

∂z
= 0.Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)
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u = 0, w = 0, T = 1 − mz. (5)Íà âûõîäå ïðèíÿòû ìÿãêèå ãðàíè÷íûå óñëîâèÿ:
w = 0,

∂u

∂x
= 0,

∂T

∂x
= 0. (6)Ìåòîä ðåøåíèÿÎñíîâíûå òðóäíîñòè, âîçíèêàþùèå ïðè ÷èñëåííîì èíòåãðèðîâàíèè ñèñòåìû (1)-(8) äëÿ ìà-ëûõ ÷èñåë Ìàõà, óêàçàíû è èññëåäîâàíû â ðàáîòàõ [5,6℄. Ïðè ðåøåíèè óðàâíåíèé Íàâüå-Ñòîêñàâîçíèêàåò íåîáõîäèìîñòü òî÷íîãî óäîâëåòâîðåíèÿ ãðàíè÷íûõ óñëîâèé íà ïðåïÿòñòâèè. Òî÷íîåóäîâëåòâîðåíèå ãðàíè÷íûõ óñëîâèé íà ïðåïÿòñòâèè âëèÿåò íà îïðåäåëåíèå ñèë, äåéñòâóþùèõñî ñòîðîíû æèäêîñòè íà òåëî. Èçâåñòíû ïîäõîäû ê ðàçðåøåíèþ ýòèõ ïðîáëåì. Íàèáîëåå ý�-�åêòèâíûìè ñðåäè íèõ ìîæíî íàçâàòü ìåòîä âèðòóàëüíûõ ãðàíèö [6℄, ìåòîä �èêòèâíûõ îá-ëàñòåé [7℄, îòëè÷àþùèéñÿ ïðîñòîé ðåàëèçàöèåé. Â äàííîé ðàáîòå âî èçáåæàíèå òðàäèöèîííîãîïðåîáðàçîâàíèÿ óðàâíåíèé â ñèñòåìó êîîðäèíàò, ñâÿçàííóþ ñ ïðî�èëåì îáòåêàåìîãî ïðåïÿò-ñòâèÿ, äëÿ ðåøåíèÿ ñèñòåìû (1)-(8) ïðèìåíÿåòñÿ ìåòîä �èêòèâíûõ îáëàñòåé ñ ïðîäîëæåíèåì ïîìëàäøèì êîý��èöèåíòàì. Äëÿ èñêëþ÷åíèÿ òðóäíîñòåé, âîçíèêàþùèõ ïðè ÷èñëåííîì èíòåãðè-ðîâàíèè èñõîäíîé ñèñòåìû óðàâíåíèé äëÿ ìàëûõ ÷èñåë Ìàõà, èñïîëüçîâàíà ìîäåëü ãèïîçâóêî-âûõ òå÷åíèé [8℄. Äëÿ ïîâûøåíèÿ ïîðÿäêà àïïðîêñèìàöèè äèíàìè÷åñêèõ õàðàêòåðèñòèê ïîòîêàâ ðàáîòå ïðèìåíÿåòñÿ ëèíåéíàÿ è áèëèíåéíàÿ èíòåðïîëÿöèè äëÿ ïåðåîïðåäåëåíèÿ çíà÷åíèéñêîðîñòåé íà ïðèãðàíè÷íûõ òî÷êàõ ñ ó÷åòîì òî÷íîãî óäîâëåòâîðåíèÿ ãðàíè÷íûõ óñëîâèé íàïðåïÿòñòâèè. Íà ðèñ.1(à, á) ïîêàçàíû ïðèìåðû èñïîëüçîâàíèÿ áèëèíåéíîé è ëèíåéíîé èíòåð-ïîëÿöèé ñîîòâåòñòâåííî. Íà ðèñ.1 P1 � òî÷êà, â êîòîðîé ìû õîòèì óäîâëåòâîðèòü ãðàíè÷íûìóñëîâèÿì ïðèëèïàíèÿ, U1, ũ2, ũ3, ũ4 � èçâåñòíûå ñêîðîñòè â ÷åòûðåõ òî÷êàõ, îêðóæàþùèõ òî÷-êó P1. P1 îïðåäåëÿåòñÿ, êàê òî÷êà ïåðåñå÷åíèÿ âèðòóàëüíîé ãðàíèöû è íîðìàëè ê ïîâåðõíîñòèòåëà, ïðîõîäÿùåé ÷åðåç òî÷êó ïåðåîïðåäåëåíèÿ U1. Êîãäà íàçâàííûå òî÷êè íàõîäÿòñÿ âíå òåëà,êàê ïîêàçàíî íà ðèñ. 1(à), ñêîðîñòü U1 îïðåäåëÿåòñÿ èç áèëèíåéíîé èíòåðïîëÿöèè.

�èñ. 1: Ñõåìàòè÷åñêàÿ äèàãðàììà äëÿ èíòåðïîëÿöèè: à) áèëèíåéíàÿ èíòåðïîëÿöèÿ, á) ëèíåéíàÿèíòåðïîëÿöèÿ.�àññìîòðèì ëèíåéíóþ èíòåðïîëÿöèþ 2-ãî ïîðÿäêà. Íà ðèñ.2 ïðèâåäåíî ðàñïîëîæåíèå òî÷åêèíòåðïîëÿöèè äëÿ ñëó÷àÿ
0 < h ≤ yA, h = C

′

P2, yA = AP2 ,

Uk
1 = −ũk

C
′ C

′

2P2 = P2C ,Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)
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P2 � òî÷êà, ãäå ñòàâèòñÿ óñëîâèå ïðèëèïàíèÿ,

f(x0) = 0, f(x) = ũk
C

′ , x = h, x1 = yA, 0 ≤ ũ ≤ ũk
C′ ≤ ũk

A, ∆ = ũk
A, x − x0 = h,

h = yA, ũk
c′ = 0 +

h

yA
ũk

A =
h

yA
ũk

A,ñëåäîâàòåëüíî, Uk
1 = − h

yA
ũk

A ïðè 0 ≤ h ≤ yA.

�èñ. 2: �àñïîëîæåíèå òî÷åê èíòåðïîëÿöèè äëÿ ñëó÷àÿ 0 ≤ h ≤ yA .Îïðåäåëèì Uk
i ñ èñïîëüçîâàíèåì ëèíåéíîé èíòåðïîëÿöèè äëÿ ñëó÷àÿ yA < h < yB.Íà ðèñ.3 ïðèâåäåíî ðàñïîëîæåíèå òî÷åê èíòåðïîëÿöèè äëÿ ñëó÷àÿ h = C

′

P2, yA = AP2 ,
ũk

A ≤ ũk
C′ ≤ ũk

B ,
f(x) = ũk

C′ , f(x0) = ũk
A, f(x1) = ũk

B, ∆ = ũk
B − ũk

A, x = h, x0 = yA, x1 = yB,ñëåäîâàòåëüíî
Uk

1 = −
(yB − h) ũk

A + (h − yA) ũk
B

yB − yA
,

ũk
C′ = ũk

A + h−yA

yB−yA

(
ũk

B − ũk
A

)
= ũk

A

(
1 − h−yA

yB−yA

)
+ h−yA

yB−yA
ũk

B =

= ũk
A

(
yB−yA−h+yA

yB−yA

)
+ h−yA

yB−yA
ũk

B = yB−h
yB−yA

ũk
A + h−yA

yB−yA
ũk

B =

=
(yB − h) ũk

A + (h − yA) ũk
B

yB − yA
,îòêóäà

Uk
1 =

{
− h

yA
ũk

A,≤ h ≤ yA

−
(yB−h)ũk

A
+(h−yA)ũk

B

yB−yA
, yA < h < yB

}
.�åçóëüòàòû ðàñ÷åòîâ è èõ àíàëèçÑ öåëüþ èçó÷åíèÿ âîçìîæíîñòåé è ñâîéñòâ âû÷èñëèòåëüíîãî àëãîðèòìà è îïðåäåëåíèÿ çíà-÷åíèé ñâîáîäíûõ ïàðàìåòðîâ àâòîðàìè áûëè ïðîâåäåíû ðàñ÷åòû îáòåêàíèÿ îäèíî÷íîãî öè-ëèíäðà, äâóõ öèëèíäðîâ, ðàñïîëîæåííûõ òàíäåìîì è ðÿäîì ïîïåðåê, ïîòîêîì âÿçêîãî ãàçà.Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



46 Ñ.Ä. Ìàóñóìáåêîâà

�èñ. 3: �àñïîëîæåíèå òî÷åê èíòåðïîëÿöèè äëÿ ñëó÷àÿ yA < h < yB.�àñ÷åòíàÿ ñåòêà ñîñòîèò èç (858õ641) ÿ÷ååê ñ øàãàìè hx = 0, 035 , hz = 0, 025 , τ = 0, 0025.Â êà÷åñòâå ïðåïÿòñòâèÿ áûëî ïðèíÿòî z = c±
(
b2 − x2/a2

)
1/2 − öèëèíäðè÷åñêîå òåëî êðóãëîãîñå÷åíèÿ, ãäå c = 0, 75, a2 = 0, 04, b2 = 0, 04. Íà ðèñ.4 ïðèâåäåíû ëèíèè òîêà è çàâèõðåííî-ñòè ñîîòâåòñòâåííî, ïîëó÷åííûå ïðè îáòåêàíèè îäíîãî ïðåïÿòñòâèÿ ïîòîêîì ñæèìàåìîãî ãàçàñ ïðèìåíåíèåì ëèíåéíîé èíòåðïîëÿöèè äëÿ òî÷íîãî óäîâëåòâîðåíèÿ ãðàíè÷íûõ óñëîâèé íàïðåïÿòñòâèè (Re = 100, M = 0, 026, Fr = 0, 007, m = 0.01) äëÿ ðàçëè÷íûõ ìîìåíòîâ âðåìåíè.Âèäíî, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè îáðàçóþòñÿ âèõðè ïðîòèâîïîëîæíûõ çíàêîâ. Çàòåìâèõðè, îòîðâàâøèñü îò òåëà è óâåëè÷èâàÿñü â ðàçìåðàõ, âûòÿãèâàþòñÿ â íàïðàâëåíèè ïîòîêà.�àñïðåäåëåíèÿ çàâèõðåííîñòè è ïîëÿ ñêîðîñòåé ïîêàçûâàþò îáðàçîâàíèå âèõðåâîé äîðîæêè çàòåëîì.

�èñ. 4: Êàðòèíà òå÷åíèÿ ïðè îáòåêàíèè îäíîãî öèëèíäðà ïðè t=30, 45 áåç èíòåðïîëÿöèè.Íà ðèñ.5 òàêæå ïðèâåäåíû ëèíèè òîêà è çàâèõðåííîñòè áåç ïðèìåíåíèÿ èíòåðïîëÿöèè äëÿïîâûøåíèÿ òî÷íîñòè óäîâëåòâîðåíèÿ ãðàíè÷íûõ óñëîâèé íà ïðåïÿòñòâèè. Êàê âèäíî èç ðè-ñóíêîâ, êà÷åñòâåííûõ èçìåíåíèé íå íàáëþäàåòñÿ, îäíàêî, èìååòñÿ êîëè÷åñòâåííîå ðàçëè÷èå âêîý��èöèåíòàõ ïîäúåìíîé ñèëû. Âàæíî îòìåòèòü, ÷òî ïðè äîñòàòî÷íî ìàëîì çíà÷åíèè ïàðà-ìåòðà ìåòîäà �èêòèâíûõ îáëàñòåé îáà ïîäõîäà ïðèâåëè ê èäåíòè÷íûì è óñòîé÷èâûì ðåçóëü-òàòàì. Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)
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�èñ. 5: Êàðòèíà òå÷åíèÿ ïðè îáòåêàíèè îäíîãî öèëèíäðà ïðè t=45 ñ ïðèìåíåíèåì èíòåðïîëÿöèèÍà ðèñ.6 ïðèâåäåíà çàâèñèìîñòü êîý��èöèåíòà ïîäúåìíîé ñèëû îò âðåìåíè ïðè îáòåêà-íèè îäíîãî öèëèíäðà ñæèìàåìûì ãàçîì. Âèäåí ïåðèîäè÷åñêèé õàðàêòåð òå÷åíèÿ. Ïîëó÷åííûåðåçóëüòàòû ñðàâíèâàëèñü ñ ðàñ÷åòàìè [5℄. ×èñëåííûå ðàñ÷åòû ïîêàçàëè, ÷òî ìàêñèìàëüíîåçíà÷åíèå êîý��èöèåíòà ïîäúåìíîé ñèëû ïðè îáòåêàíèè îäíîãî ïðåïÿòñòâèÿ ðàâíî 0.286, ÷òîñîîòâåòñòâóåò ðàñ÷åòàì [6℄.

�èñ. 6: Çàâèñèìîñòü êîý��èöèåíòà ïîäúåìíîé ñèëû îò âðåìåíè ïðè îáòåêàíèè îäíîãî ïðåïÿò-ñòâèÿÊàðòèíû îáòåêàíèÿ äâóõ öèëèíäðîâ, ðàñïîëîæåííûõ íà ðàññòîÿíèè ℓx = 2 d, ïðèâåäåíûíà ðèñ.7 (Re = 100, M = 0, 026, Fr = 0, 007, m = 0.01) äëÿ ðàçëè÷íûõ ìîìåíòîâ âðåìåíè.Âèäíî, ÷òî â íà÷àëüíûé ìîìåíò âðåìåíè, àíàëîãè÷íî îáòåêàíèþ îäèíî÷íîãî òåëà, çà êàæäûìòåëîì îáðàçóþòñÿ âèõðè ïðîòèâîïîëîæíûõ çíàêîâ. Çàòåì ïîòîê, îòîðâàâøèéñÿ îò ïåðåäíå-ãî òåëà, ïðèñîåäèíÿåòñÿ êî âòîðîìó, â ðåçóëüòàòå ÷åãî çàòðóäíÿåòñÿ ñõîä âèõðåé ñ ïåðåäíåãîòåëà, ïðîèñõîäèò çàìûêàíèå îáëàñòè, ñîñòîÿùåé èç ïåðåäíåãî òåëà, ñëåäà çà íèì è âòîðîãîïðåïÿòñòâèÿ, è, êàê ñëåäóåò èç ðèñóíêà, îñóùåñòâëÿåòñÿ îáòåêàíèå îäíîãî øèðîêîãî ïðåïÿò-ñòâèÿ. È â ýòîì ñëó÷àå âèõðè, �îðìèðóþùèåñÿ çà âòîðûì ïðåïÿòñòâèåì, õàðàêòåðèçóþòñÿçíà÷èòåëüíûìè ãîðèçîíòàëüíûìè ðàçìåðàìè.Íà ðèñ.8 ïðèâåäåíà çàâèñèìîñòü êîý��èöèåíòà ïîäúåìíîé ñèëû îò âðåìåíè ïðè îáòåêàíèèäâóõ ïðåïÿòñòâèé, ðàñïîëîæåííûõ òàíäåìîì. Êàê âèäíî èç ðèñóíêà, ìàêñèìàëüíûå çíà÷åíèÿêîý��èöèåíòîâ çà ïåðâûì (0,331) è âòîðûì (1.591) ïðåïÿòñòâèÿìè îòëè÷àþòñÿ ñóùåñòâåííî.Çàêëþ÷åíèåÍà îñíîâå ÷èñëåííûõ ýêñïåðèìåíòîâ ïðîâåäåíî ñðàâíåíèå ÷èñëåííûõ ðåçóëüòàòîâ çàäà÷èîáòåêàíèÿ ïðåïÿòñòâèé, ðàñïîëîæåííûõ òàíäåìîì, ïîïåðåê ïîòîêó, ïîëó÷åííûõ ñ ïðèìåíåíè-åì èíòåðïîëÿöèè è áåç èíòåðïîëÿöèè äëÿ îïðåäåëåíèÿ äèíàìè÷åñêèõ õàðàêòåðèñòèê âáëèçèÌàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



48 Ñ.Ä. Ìàóñóìáåêîâà

�èñ. 7: Êàðòèíà òå÷åíèÿ ïðè îáòåêàíèè äâóõ öèëèíäðîâ

�èñ. 8: Çàâèñèìîñòü êîý��èöèåíòà ïîäúåìíîé ñèëû îò âðåìåíè ïðè îáòåêàíèè äâóõ ïðåïÿò-ñòâèé
Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)



×èñëåííîå èññëåäîâàíèå îáòåêàíèÿ äâóõ ïðåïÿòñòâèé 49ïðåïÿòñòâèÿ. Íà ïðèìåðå îïðåäåëåíèÿ êîý��èöèåíòîâ ïîäúåìíîé ñèëû ïîêàçàíî, ÷òî ïðè âû-áîðå äîñòàòî÷íî ìàëîãî çíà÷åíèÿ ïàðàìåòðà ìåòîäà �èêòèâíûõ îáëàñòåé ïîëó÷åííûå ÷èñëåí-íûå ðåøåíèÿ ïðè îáîèõ ïîäõîäàõ èäåíòè÷íû. Ïîëó÷åíî òàêæå óäîâëåòâîðèòåëüíîå ñîãëàñèå ñðåçóëüòàòàìè äðóãèõ àâòîðîâ. Öèòèðîâàííàÿ ëèòåðàòóðà[1℄. Zdravkovi
h M.M. Review of �ow interferen
e between two 
ir
ular 
ylinders in variousarrangements, Journal of Fluid Engineering, 1977, V.99, P. 618 � 633.[2℄. Bearman P.W., Wad
o
k A.J. The intera
tion between a pair of 
ir
ular 
ylinders normal toa stream, Journal of Fluid Me
hani
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al Methods in �uids, 1999, V.31, P. 1087 � 1120.[5℄. Ëàïèí Þ.Â., Ñòðåëåö Ì.Õ. Âíóòðåííèå òå÷åíèÿ ãàçîâûõ ñìåñåé, Ì.: Íàóêà, 1989, 368 ñ.[6℄. Kim J., Kim D., Choi H. An immersed-boundary �nite-volume method for simulations of �owin 
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s, 2001, V.171, P. 132 � 150.[7℄. Âàáèùåâè÷ Ï.Í. Ìåòîä �èêòèâíûõ îáëàñòåé â çàäà÷àõ ìàòåìàòè÷åñêîé �èçèêè, Ì.:Ì�Ó, 1991, 156 ñ.[8℄. Àëèåâà Á.Ê., Íàéìàíîâà À.Æ. ×èñëåííîå ìîäåëèðîâàíèå ÿâëåíèÿ ðåçîíàíñà â äîðîæêåòèïà Êàðìàíà, Âû÷èñëèòåëüíûå òåõíîëîãèè, 2004, Ò.9, Ñ. 193 � 2004.[9℄. Braza M., Chassaning P, Minh H. Numeri
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ity �elds near wake of 
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ular 
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s, 1986, V.165, P. 1087 �1120.[10℄. Liu C., Zheng X., Sung C.H. Pre
onditioned multigrid methods for unsteady in
ompressible�ows, Journal of Computational Physi
s, 1998, V.139, P. 132 � 150.Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 07.07.2011 ã.
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Â ðàáîòå äîêàçàíî ñóùåñòâîâàíèå ãëîáàëüíîãî ïî âðåìåíè ðåøåíèÿ íà÷àëüíî�êðàåâîé çàäà÷è äëÿ
îäíîìåðíîé íåëèíåéíîé ñèñòåìû ìîìåíòíûõ óðàâíåíèé Áîëüöìàíà âî âòîðîì ïðèáëèæåíèè â ïðî-
ñòðàíñòâå ôóíêöèé, íåïðåðûâíûõ ïî âðåìåíè è ñóììèðóåìûõ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì.

Ìîìåíòíûå óðàâíåíèÿ Áîëüöìàíà ÿâëÿþòñÿ ïðîìåæóòî÷íûì ìåæäó Áîëüöìàíîâñêèì (êè-
íåòè÷åñêàÿ òåîðèÿ) è ãèäðîäèíàìè÷åñêèì óðîâíÿìè îïèñàíèÿ ñîñòîÿíèÿ ðàçðÿæåííîãî ãàçà
è îáðàçóåò ðàíåå íåèçó÷åííûé êëàññ íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Â áîëü-
øèíñòâå âñòðå÷àþùèõñÿ çàäà÷ ãàçîâîé äèíàìèêè íåò íåîáõîäèìîñòè èñïîëüçîâàòü äåòàëüíîå
ìèêðîñêîïè÷åñêîå îïèñàíèå ãàçà ñ ïîìîùüþ ôóíêöèè ðàñïðåäåëåíèÿ. Ïîýòîìó åñòåñòâåííî ïî-
èñêàòü ìåíåå äåòàëüíîå îïèñàíèå, èñïîëüçóÿ ìàêðîñêîïè÷åñêèå ãèäðîäèíàìè÷åñêèå ïåðåìåííûå
(ïëîòíîñòü, ãèäðîäèíàìè÷åñêóþ ñêîðîñòü, òåìïåðàòóðó).

Åñëè óìíîæèòü îáå ÷àñòè óðàâíåíèÿ Áîëüöìàíà íà áàçèñíûå ôóíêöèè, îáðàçóþùèå ïîëíóþ
ñèñòåìó, è ïðîèíòåãðèðîâàòü ïî âñåì ñêîðîñòÿì ìîëåêóë, òî ïîëó÷èòñÿ áåñêîíå÷íàÿ ñèñòåìà
óðàâíåíèé, êîòîðîé äîëæíà óäîâëåòâîðÿòü ôóíêöèÿ ðàñïðåäåëåíèÿ. Ýòà áåñêîíå÷íàÿ ñèñòå-
ìà óðàâíåíèé ýêâèâàëåíòíà óðàâíåíèþ Áîëüöìàíà â ñèëó ïîëíîòû áàçèñíûõ ôóíêöèé. Îáùàÿ
èäåÿ òàê íàçûâàåìûõ ìîìåíòíûõ ìåòîäîâ ñîñòîèò â òîì, ÷òîáû óäîâëåòâîðèòü òîëüêî êîíå÷-
íîìó ÷èñëó ìîìåíòíûõ óðàâíåíèé. Ìîìåíòíûå óðàâíåíèÿ ÿâëÿþòñÿ íåëèíåéíûìè äèôôåðåí-
öèàëüíûìè óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà. Òèï ñèñòåìû óðàâíåíèé,
à ñëåäîâàòåëüíî, õàðàêòåð ñîîòâåòñòâóþùåé ýòîé ñèñòåìå ãðàíè÷íîé çàäà÷è, î÷åâèäíî, îïðåäå-
ëÿþòñÿ äèôôåðåíöèàëüíûìè ÷àñòÿìè ìîìåíòíûõ óðàâíåíèé, ïîëó÷àþùèõñÿ èç äèôôåðåíöè-
àëüíîãî îïåðàòîðà Áîëüöìàíà. Ìîìåíòíàÿ ñèñòåìà óðàâíåíèé, çàïèñàííàÿ äëÿ íåñòàöèîíàðíî-
ãî îäíîìåðíîãî íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà, ÿâëÿåòñÿ êâàçèëèíåéíîé ãèïåðáîëè÷åñêîé
ñèñòåìîé óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ.

Â [1] ïðèâåäåíà ñèñòåìà ìîìåíòíûõ óðàâíåíèé Áîëüöìàíà è äîêàçàíà òåîðåìà î ñóùåñòâî-
âàíèè è åäèíñòâåííîñòè ëîêàëüíîãî ïî âðåìåíè ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñèñòåìû

Keywords: Moment system of Boltzmann equations, global solution, onedimensional nonlinear system
2010 Mathematics Subject Classi�cation: 35F30
c© À. Ñàêàáåêîâ, Ä. Àóæàíè, 2011.
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ìîìåíòíûõ óðàâíåíèé Áîëüöìàíà â ïðîñòðàíñòâå ôóíêöèé, íåïðåðûâíûõ ïî âðåìåíè è ñóììè-
ðóåìûõ â êâàäðàòå ïî ïðîñòðàíñòâåííûì ïåðåìåííûì. Â [2] äîêàçàíî ñóùåñòâîâàíèå ãëîáàëü-
íîãî ïî âðåìåíè ðåøåíèÿ íà÷àëüíîé çàäà÷è äëÿ îäíîìåðíîé ñèñòåìû ìîìåíòíûõ óðàâíåíèé
Áîëüöìàíà âî âòîðîì ïðèáëèæåíèè â ïðîñòðàíñòâå ôóíêöèé, íåïðåðûâíûõ ïî âðåìåíè è ñóì-
ìèðóåìûõ ïî ïðîñòðàíñòâåííûì ïåðåìåííûì.

Ðàññìîòðèì îäíîìåðíóþ íåëèíåéíóþ ñèñòåìó ìîìåíòíûõ óðàâíåíèé Áîëüöìàíà âî âòîðîì
ïðèáëèæåíèè [1]:
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)
� êâàäðàòè÷íàÿ ôîðìà, ϕ00, ϕ01, ϕ02, ϕ10 � ìîìåíòû ôóíê-

öèè ðàñïðåäåëåíèÿ ÷àñòèö, σ0, σ2, α � ïîñòîÿííûå.
Äëÿ óðàâíåíèÿ Áîëüöìàíà âûïîëíÿþòñÿ çàêîíû ñîõðàíåíèÿ ìàññû, èìïóëüñà è ýíåðãèè,

à òàêæå H�òåîðåìà Áîëüöìàíà. Ñèñòåìà óðàâíåíèé (1) ñîäåðæèò òðè îäíîðîäíûõ óðàâíåíèÿ,
êîòîðûå ñîîòâåòñòâóþò çàêîíàì ñîõðàíåíèÿ ìàññû, èìïóëüñà è ýíåðãèè. Ìîìåíòíûå óðàâíåíèÿ
(1) îáëàäàþò íåêîòîðûìè âíóòðåííèìè ñâîéñòâàìè, àíàëîãè÷íûìè çàêîíó ñîõðàíåíèÿ ìàññû
è H�òåîðåìå Áîëüöìàíà.

Ñèñòåìó óðàâíåíèé (1) ïðèâåäåì ê êàíîíè÷åñêîìó âèäó. Äëÿ ýòîãî áóäåì íàõîäèòü ñîá-
ñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå âåêòîðû ìàòðèöû
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√

2,−1/
√

6,−
√

2/3, 1/3).

Ñ ïîìîùüþ îðòîãîíàëüíîãî ïðåîáðàçîâàíèÿ ñèñòåìó óðàâíåíèé (1) ïðèâåäåì ê âèäó

∂

∂t


ψ1

ψ2

ψ3

ψ4

+
1
α

∂

∂x


0
0√
3ψ3

−
√

3ψ4

 =
σ2 − σ0

6
√

2


0√

10(Dθψ, θψ)
−2(Dθψ, θψ)
−2(Dθψ, θψ)

 , t > 0 , x ∈ [−a, a], (2)

ãäå ψ = (ψ1, ψ2, ψ3, ψ4) ,

(Dθψ, θψ) =

[√
2
5
ψ1 −

1√
6

(
2
√

2√
5
ψ2 + ψ3 + ψ4

)][√
5

3
ψ2 −

√
2

3
(ψ3 + ψ4)

]
− (ψ4 − ψ3)2

2
√

3
,
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D =


−1/

√
3 0 0 0

0 0 1/2 0
0 1/2 0 0
0 0 0 0

 , θ =


0 0 −1/

√
2 1/

√
2√

2/5 −2/
√

15 −1/
√

6 −1/
√

6
0

√
5/3 −

√
2/3 −

√
2/3√

3/5 2
3

√
2√
5

1/3 1/3

 ,

θ � ìàòðèöà, ñîñòàâëåííàÿ èç ñîáñòâåííûõ âåêòîðîâ ìàòðèöû A .

Äëÿ ñèñòåìû óðàâíåíèÿ (2) çàäàäèì íà÷àëüíûå óñëîâèÿ:

ψi(0, x) = ψ0
i (x), x ∈ [−a, a], i = 1, 4, (3)

è ãðàíè÷íûå óñëîâèÿ:

ψi(t,−a) = ψi(t, a), i = 3, 4, t > 0, (4)

ãäå ψ0
i (x) � çàäàííûå íåîòðèöàòåëüíûå ôóíêöèè, ψ3(t, a) è ψ4(t,−a) � íåïðåðûâíûå, íåîò-

ðèöàòåëüíûå ôóíêöèè ïðè t ∈ [0, T ].
Äëÿ çàäà÷è (2)�(4) ñïðàâåäëèâà òåîðåìà.

Òåîðåìà. Ïóñòü íà÷àëüíûå ôóíêöèè óäîâëåòâîðÿþò óñëîâèÿì

ψ0
i ∈ L1[−a, a], ψ0

i ≥ 0 ∀x ∈ [−a, a],
a∫

−a

ψ0
i | lnψ0

i |dx <∞ (5)

è âûïîëíÿåòñÿ ãðàíè÷íîå óñëîâèå (4). Òîãäà çàäà÷à (2) � (4) èìååò íåîòðèöàòåëüíîå ðåøåíèå,
ïðèíàäëåæàùåå ïðîñòðàíñòâó C([0, T ]; L1[−a, a]) ; áîëåå òî÷íî: C([0, T ]; L1 lnL1) , ïðè÷åì

sup
t∈[0,T ]

a∫
−a

(
4∑
i=1

ψi(1 + | lnψi|)

)
dx <∞ , 0 < T <∞. (6)

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ïðîâåäåì ïî ìåòîäèêå ðàáîò [3�5]. Íåòðóäíî äîêàçàòü, ÷òî
ðåøåíèå çàäà÷è (2)�(4) íåîòðèöàòåëüíî, åñëè íà÷àëüíûå ôóíêöèè ψ0

i ≥ 0 ∀x ∈ [−a, a]. Äëÿ
ñèñòåìû óðàâíåíèé (2) âûïîëíÿåòñÿ àíàëîã çàêîíà ñîõðàíåíèÿ ìàññû:

∂

∂t
(ψ1 + 4ψ2 +

√
10ψ3 +

√
10ψ4) +

1
α

∂

∂x

√
30(ψ3 − ψ4) = 0,

îòêóäà

d

dt

a∫
−a

(ψ1 + 4ψ2 +
√

10ψ3 +
√

10ψ4)dx+
1
α

√
30(ψ3 − ψ4)

∣∣∣a
−a

= 0.

Ó÷èòûâàÿ íà÷àëüíîå óñëîâèå (3) è ãðàíè÷íîå óñëîâèå (4), ïîëó÷èì

a∫
−a

[ψ1 + 4ψ2 +
√

10(ψ3 + ψ4)]dx =

a∫
−a

[ψ0
1 + 4ψ0

2 +
√

10(ψ0
3 + ψ0

4)]dx ∀t > 0. (7)

Èç ðàâåíñòâà (7) ñëåäóåò, ÷òî ðåøåíèå çàäà÷è (2)�(4) ïðèíàäëåæèò ïðîñòðàíñòâó
C([0,∞]; L1[−a, a]) ïðè óñëîâèè, ÷òî ψ0

i ∈ L1[−a, a]. Êðîìå òîãî, äëÿ ñèñòåìû óðàâíåíèé (2)
âûïîëíÿåòñÿ àíàëîã Í-òåîðåìû Áîëüöìàíà:

∂

∂t
(ψ1 lnψ1 + 4ψ2 lnψ2 +

√
10ψ3 lnψ3 +

√
10ψ4 lnψ4) +

1
α

∂

∂x

√
30(ψ3 lnψ3 − ψ4 lnψ4) ≤ 0. (8)
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Ãðàíè÷íîå óñëîâèå (4) ýêâèâàëåíòíî ñëåäóþùåìó óñëîâèþ:

ψ3 lnψ3

∣∣∣
x=a

= ψ3 lnψ3

∣∣∣
x=−a

è ψ4 lnψ4

∣∣∣
x=a

= ψ4 lnψ4

∣∣∣
x=−a

.

Òîãäà èç íåðàâåíñòâà (8) ïîëó÷èì îöåíêó

a∫
−a

[ψ1 lnψ1 + 4ψ2 lnψ2 +
√

10(ψ3 lnψ3 + ψ4 lnψ4)]dx ≤

≤
a∫

−a

[ψ0
1 lnψ0

1 + 4ψ0
2 lnψ0

2 +
√

10(ψ0
3 lnψ0

3 + ψ0
4 lnψ0

4)]dx ∀t.

(9)

Óìíîæèì ïåðâîå óðàâíåíèå ñèñòåìû (2) íà x2 , âòîðîå � íà 4x2 , òðåòüå � íà
√

10(x−
√

3
α t)

2 ,

÷åòâåðòîå � íà
√

10(x+
√

3
α t)

2 , ñëîæèì è ïðîèíòåãðèðóåì ïî [−a, a]× (0, t) :

a∫
−a

t∫
0

[
∂

∂τ
(x2ψ1 + 4x2ψ2) + (

∂

∂τ
+
√

3
α

∂

∂x
)
√

10(x−
√

3
α
τ)2ψ3+

+(
∂

∂τ
−
√

3
α

∂

∂x
)
√

10(x+
√

3
α
τ)2ψ4

]
dxdτ =

σ2 − σ0

6
√

2

a∫
−a

t∫
0

[4
√

10x2−

−2
√

10(x−
√

3
α
τ)2 − 2

√
10(x+

√
3
α
τ)2](Dθψ, θψ)dxdτ.

Îòñþäà ïîñëå èíòåãðèðîâàíèÿ ïîëó÷èì

a∫
−a

[
x2ψ1 + 4x2ψ2 +

√
10(x−

√
3
α
t)2ψ3 +

√
10(x+

√
3
α
t)2ψ4

]
dx =

=

a∫
−a

x2(ψ0
1 + 4ψ0

2 +
√

10ψ0
3 +

√
10ψ0

4)dx+
12a

√
10

α

t∫
0

(ψ3

∣∣
x=a

+ ψ4

∣∣
x=−a)τdτ− (10)

−σ2 − σ0

6
√

2
12
√

10
α2

a∫
−a

t∫
0

τ2(Dθψ, θψ)dxdτ.

Ó÷èòûâàÿ âòîðîå óðàâíåíèå ñèñòåìû (2), ðàâåíñòâî (10) ïåðåïèøåì â âèäå

a∫
−a

[
x2ψ1 + 4x2ψ2 +

√
10(x−

√
3
α
t)2ψ3 +

√
10(x+

√
3
α
t)2ψ4

]
dx =

=

a∫
−a

x2(ψ0
1 + 4ψ0

2 +
√

10ψ0
3 +

√
10ψ0

4)dx+ (11)

+
12a

√
10

α

t∫
0

(ψ3

∣∣
x=a

+ ψ4

∣∣
x=−a)τdτ −

12(σ2 − σ0)
α2

a∫
−a

t∫
0

τ2∂ψ2

∂τ
dxdτ.
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Ê ïîñëåäíåìó èíòåãðàëó â ïðàâîé ÷àñòè ðàâåíñòâà (11) ïðèìåíÿåì ôîðìóëó èíòåãðèðîâàíèÿ
ïî ÷àñòÿì:

a∫
−a

t∫
0

τ2∂ψ2

∂τ
dxdτ = t2

a∫
−a

ψ2dx− 2

a∫
−a

t∫
0

τψ2dxdτ. (12)

Ó÷èòûâàÿ (12), ðàâåíñòâî (11) ïåðåïèøåì â âèäå

a∫
−a

[
x2ψ1 + 4x2ψ2 +

√
10(x−

√
3
α
t)2ψ3 +

√
10(x+

√
3
α
t)2ψ4

]
dx+

√
2(σ2 − σ0)
α2

a∫
−a

t2ψ2dx =

=

a∫
−a

x2(ψ0
1 + 4ψ0

2 +
√

10ψ0
3 +

√
10ψ0

4)dx+ (13)

+
12a

√
10

α

t∫
0

(ψ3

∣∣
x=a

+ ψ4

∣∣
x=−a)τdτ +

2
√

2(σ2 − σ0)
α2

a∫
−a

t∫
0

τψ3dxdτ.

Îòñþäà, ïðèìåíÿÿ (6), ïîëó÷èì ñëåäóþùóþ îöåíêó:

a∫
−a

[
x2ψ1 + 4x2ψ2 +

√
10(x−

√
3
α
t)2ψ3 +

√
10(x+

√
3
α
t)2ψ4

]
dx ≤

≤ a2

a∫
−a

[ψ0
1 + 4ψ0

2 +
√

10ψ0
3 +

√
10ψ0

4]dx+
12a

√
10

α

t∫
0

(ψ3

∣∣
x=a

+ ψ4

∣∣
x=−a)τdτ+ (14)

+
2
√

2(σ2 − σ0)
α2

T

a∫
−a

(ψ0
1 + 4ψ0

2 +
√

10ψ0
3 +

√
10ψ0

4)dx.

Çàìåòèì, ÷òî äëÿ ëþáîé íåîòðèöàòåëüíîé ôóíêöèè F èìååò ìåñòî ðàâåíñòâî [1, 3]:

a∫
−a

F | lnF |dx =

a∫
−a

F lnFdx− 2
∫
F lnF

∣∣∣
F≤1

dx (15)

è

−2
∫
F lnF

∣∣∣
F≤1

dx ≤ 2

a∫
−a

x2Fdx+ C, (16)

ãäå C � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, íåçàâèñÿùàÿ îò F . Ïðèìåíÿÿ íåðàâåíñòâî (16) ê ôóíê-
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öèÿì F = ψ1(t, x), F = ψ2(t, x), F = ψ3(t, x−
√

3
α t), F = ψ4(t, x+

√
3
α t), ïîëó÷èì

−2
∫
ψ1 lnψ1

∣∣∣
ψ1≤1

dx ≤ 2

a∫
−a

x2ψ1dx+ C1,

−2
∫
ψ2 lnψ2

∣∣∣
ψ2≤1

dx ≤ 1
2

a∫
−a

4x2ψ2dx+ C2,

−2
∫
ψ3 lnψ3

∣∣∣
ψ3≤1

dx ≤ 2√
10

a∫
−a

√
10(x−

√
3
α
t)2ψ3dx+C3,

−2
∫
ψ4 lnψ4

∣∣∣
ψ4≤1

dx ≤ 2√
10

a∫
−a

√
10(x+

√
3
α
t)2ψ4dx+C4.

(17)

Èñïîëüçóÿ (15), ïîëó÷èì ñëåäóþùåå ðàâåíñòâî:

a∫
−a

(ψ1| lnψ1|+ 4ψ2| lnψ2|+
√

10ψ3| lnψ3|+
√

10ψ4| lnψ4|)dx =

=

a∫
−a

(ψ1 lnψ1 + 4ψ2 lnψ2 +
√

10ψ3 lnψ3 +
√

10ψ4 lnψ4)dx−

−2
(∫

ψ1 lnψ1

∣∣∣
ψ1≤1

dx+
∫
ψ2 lnψ2

∣∣∣
ψ2≤1

dx+
∫
ψ3 lnψ3

∣∣∣
ψ3≤1

dx+
∫
ψ4 lnψ4

∣∣∣
ψ4≤1

dx

)
.

Îòñþäà íà îñíîâàíèè ñèñòåìû íåðàâåíñòâ (17) ïîëó÷èì

a∫
−a

(ψ1| lnψ1|+ 4ψ2| lnψ2|+
√

10ψ3| lnψ3|+
√

10ψ4| lnψ4|)dx ≤

≤
a∫

−a

(ψ1 lnψ1 + 4ψ2 lnψ2 +
√

10ψ3 lnψ3 +
√

10ψ4 lnψ4)dx+ (18)

+2

a∫
−a

[
x2ψ1 + 4x2ψ2 +

√
10(x−

√
3
α
t)2ψ3 +

√
10(x+

√
3
α
t)2ψ4

]
dx.

Òîãäà èç (9), (14), (18) èìååì îöåíêó

a∫
−a

(ψ1| lnψ1|+ 4ψ2| lnψ2|+
√

10ψ3| lnψ3|+
√

10ψ4| lnψ4|)dx ≤

≤
a∫

−a

(ψ0
1 lnψ0

1 + 4ψ0
2 lnψ0

2 +
√

10ψ0
3 lnψ0

3 +
√

10ψ0
4 lnψ0

4)dx+

+2a2

a∫
−a

(ψ0
1 + 4ψ0

2 +
√

10ψ0
3 +

√
10ψ0

4)dx+ (19)
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+
24a

√
10

α

t∫
0

(ψ3

∣∣
x=a

+ ψ4

∣∣
x=−a)τdτ+

+
4
√

2(σ2 − σ0)
α2

T

a∫
−a

(ψ0
1 + 4ψ0

2 +
√

10ψ0
3 +

√
10ψ0

4)dx.

Â ïðàâîé ÷àñòè (19) ïåðåõîäèì ê àáñîëþòíîé âåëè÷èíå ëîãàðèôìîâ:

a∫
−a

(ψ1| lnψ1|+ 4ψ2| lnψ2|+
√

10ψ3| lnψ3|+
√

10ψ4| lnψ4|)dx ≤

≤
a∫

−a

(ψ0
1| lnψ0

1|+ 4ψ0
2| lnψ0

2|+
√

10ψ0
3| lnψ0

3|+
√

10ψ0
4| lnψ0

4|)dx+

+2

a∫
−a

(ψ0
1 lnψ0

1

∣∣∣
ψ0

1≤1
+ 4ψ0

2 lnψ0
2

∣∣∣
ψ0

2≤1
+
√

10ψ0
3 lnψ0

3

∣∣∣
ψ0

3≤1
+
√

10ψ0
4 lnψ0

4

∣∣∣
ψ0

4≤1
)dx+ (20)

+2a2

a∫
−a

(ψ0
1 + 4ψ0

2 +
√

10ψ0
3 +

√
10ψ0

4)dx+
24a

√
10

α

t∫
0

(ψ3

∣∣
x=a

+ ψ4

∣∣
x=−a)τdτ+

+
2
√

2(σ2 − σ0)
α2

T

a∫
−a

(ψ0
1 + 4ψ0

2 +
√

10ψ0
3 +

√
10ψ0

4)dx.

Âûáðîñèâ âòîðîå îòðèöàòåëüíîå ñëàãàåìîå â ïðàâîé ÷àñòè ïîñëåäíåãî ñîîòíîøåíèÿ, óñèëèì
íåðàâåíñòâî (20):

a∫
−a

(ψ1| lnψ1|+ 4ψ2| lnψ2|+
√

10ψ3| lnψ3|+
√

10ψ4| lnψ4|)dx ≤

≤
a∫

−a

(ψ0
1| lnψ0

1|+ 4ψ0
2| lnψ0

2|+
√

10ψ0
3| lnψ0

3|+
√

10ψ0
4| lnψ0

4|)dx+

+2a2

a∫
−a

(ψ0
1 + 4ψ0

2 +
√

10ψ0
3 +

√
10ψ0

4)dx+ (21)

+
4
√

2(σ2 − σ0)
α2

T

t∫
0

(ψ0
1 + 4ψ0

2 +
√

10ψ0
3 +

√
10ψ0

4)dx+

+
24a

√
10

α

t∫
0

(ψ3

∣∣
x=a

+ ψ4

∣∣
x=−a)τdτ.

Èòàê, åñëè íà÷àëüíûå ôóíêöèè ψ0
i óäîâëåòâîðÿþò îãðàíè÷åíèÿì (5) è âûïîëíÿåòñÿ ãðàíè÷-

íîå óñëîâèå (4), òî â ñèëó (6) è (21) ðåøåíèå çàäà÷è (2)�(4) ïðèíàäëåæèò ïðîñòðàíñòâó
C([0, T ];L1[−a, a]) ; áîëåå òî÷íî: ψ ∈ C([0, T ];L1 lnL1) .
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Êàæäîå óðàâíåíèå ñèñòåìû (2) èíòåãðèðóåì ïî õàðàêòåðèñòè÷åñêîìó íàïðàâëåíèþ:

ψ1(t, x) = ψ0
1(x),

ψ2(t, x) = ψ0
2(x) +

σ2 − σ0

6
√

2

t∫
0

√
10(Dθψ, θψ)(τ, x)dτ,

ψ3(t, x) = β(t0 − t)ψ0
3

(
x−

√
3
α
t
)
− σ2 − σ0

6
√

2

t∫
0

2(Dθψ, θψ)
(
τ, x−

√
3
α

(t− τ)
)
dτ,

(22)

ψ4(t, x) = β(t0 − t)ψ0
4

(
x+

√
3
α
t
)
− σ2 − σ0

6
√

2

t∫
0

2(Dθψ, θψ)
(
τ, x+

√
3
α

(t− τ)
)
dτ,

ãäå β(t) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ îáëàñòè (0,+∞) ,

t0 = t0(x) = sup{t > 0, x±
√

3
α
s ∈ [−a, a], 0 < s < t}.

Ââåäåì îáîçíà÷åíèÿ:

ψ̃i(t, x) = ψi(t, x)− ψ0
i (x), i = 1, 2,

ψ̃3(t, x) = ψ3(t, x)− β(t0 − t)ψ0
3

(
x−

√
3
α
t
)
, (23)

ψ̃4(t, x) = ψ4(t, x)− β(t0 − t)ψ0
4

(
x+

√
3
α
t
)
.

Òîãäà ñèñòåìó óðàâíåíèé (22) ìîæíî çàïèñàòü â âèäå

ψ̃i(t, x) = Q−1
i (ψ̃ + ψ0, ψ̃ + ψ0), i = 1, 2, 3, 4,

èëè â âåêòîðíîé ôîðìå

ψ̃(t, x) = Q−1(ψ̃ + ψ0, ψ̃ + ψ0), (24)

ãäå ψ̃ = (ψ1, ψ2, ψ3, ψ4)′, Q−1 = (Q−1
1 , Q−1

2 , Q−1
3 , Q−1

4 )′, Q−1
1 = 0, Q−1

i (ψ̃ + ψ0, ψ̃ + ψ0) �
èíòåãðàëüíûé îïåðàòîð, ñòîÿùèé â ïðàâîé ÷àñòè ñèñòåìû (22), ïðè÷åì âìåñòî ψ1, ψ2, ψ3, ψ4

ïîñòàâëåíû èõ çíà÷åíèÿ èç (23). Âìåñòî óðàâíåíèÿ (24) ðàññìîòðèì ñëåäóþùåå èíòåãðàëüíîå
óðàâíåíèå:

ψε =
Q−1(ψε + ψ0, ψε + ψ0)

1 + ε‖Q−1(ψε + ψ0, ψε + ψ0)‖C([0,T ];L1[−a,a])
≡ Lψε , (25)

ãäå 0 < ε < 1 .
Ñïðàâåäëèâà ñëåäóþùàÿ ëåììà.

Ëåììà. Èíòåãðàëüíîå óðàâíåíèå (25) èìååò â øàðå

S(0, N) =
{
ψε ∈ C([0, T ];L1[−a, a]) : ‖ψε‖C([0,T ];L1[−a,a]) ≤ N =

1√
ε

}
õîòÿ áû îäíî ðåøåíèå.

Ëåììà äîêàçûâàåòñÿ ïî ìåòîäèêå, ïðèâåäåííîé â [1�5].
Óðàâíåíèå (25) ýêâèâàëåíòíî çàäà÷å:

∂ψ1ε

∂t
= 0,
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∂ψ2ε

∂t
=

σ2 − σ0

6
√

2

√
10(Dθψε, θψε)

1 + ε‖Q−1(ψε + ψ0, ψε + ψ0)‖C([0,T ];L1[−a,a])
,

∂ψ3ε

∂t
+

1
α

∂

∂x

√
3ψ3ε =

σ2 − σ0

6
√

2
(−2)(Dθψε, θψε)

1 + ε‖Q−1(ψε + ψ0, ψε + ψ0)‖C([0,T ];L1[−a,a])
, (26)

∂ψ4ε

∂t
− 1
α

∂

∂x

√
3ψ4ε =

σ2 − σ0

6
√

2
(−2)(Dθψε, θψε)

1 + ε‖Q−1(ψε + ψ0, ψε + ψ0)‖C([0,T ];L1[−a,a])
,

(t, x) ∈ (0, T ]× [−a, a] ,

ψiε(0, x) = ψ0
i (x), x ∈ [−a, a], i = 1, 4, (27)

ψiε(t,−a) = ψiε(t, a), i = 3, 4, t > 0. (28)

Â ñèñòåìå (26)�(28) ïåðåõîäèì ê ïðåäåëó ïðè ε→ 0 . Òîãäà è ïîëó÷èì óòâåðæäåíèå òåîðåìû.
Òåîðåìà äîêàçàíà.
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Èíñòèòóò Ìàòåìàòèêè ÌÎÍ ÐÊ
050010, Àëìàòû, Ïóøêèíà, 125, e-mail: v_gulmira@mail.ru

Íàéäåíû îöåíêè ïîðÿäêîâ óáûâàíèÿ êîýôôèöèåíòîâ Ôóðüå ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå ôóíê-
öèé èç ïðîñòðàíñòâ Ñ.Ë. Ñîáîëåâà, Ñ.Ì. Íèêîëüñêîãî, Î.Â. Áåñîâà (1 < p < 2) ïðè ñóììèðîâàíèè
ìåòîäîì Ïóàññîíà.

Â çàìåòêå ïðèâåäåíî äîêàçàòåëüñòâî ðåçóëüòàòîâ, àíîíñèðîâàííûõ â [1�4].
Ââåäåì íåîáõîäèìûå îïðåäåëåíèÿ. Ïîñëåäîâàòåëüíîñòü äåéñòâèòåëüíûõ ÷èñåë Sν íàçû-

âàåòñÿ ñóììèðóåìîé â ñìûñëå Ïóàññîíà ((A, l), l > 0) ê ÷èñëó S, åñëè

lim
ρ→1−

∞∑
ν=0

∆ρνl
Sν = S, 0 < ρ < 1, ∆bn = bn − bn+1, n = 0, 1, 2, ... .

Áóäåì ãîâîðèòü, ÷òî 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ

f(x) ∼
∞∑

k=−∞
cke

ikx

ïðèíàäëåæèò ïðîñòðàíñòâó Ñ.Ì. Íèêîëüñêîãî H
(r)
p , 1 ≤ p ≤ ∞, r = r + α, 0 < α ≤ 1, r ≥ 0 �

öåëîå ÷èñëî, åñëè f(x) èìååò r-óþ ïðîèçâîäíóþ òàêóþ, ÷òî f (r)(x) ∈ Lp è

‖f (r)(x + h)− 2f (r)(x) + f (r)(x− h)‖p ≤ |h|α,

ïðè÷åì â ýòîì íåðàâåíñòâå äëÿ 0 < α < 1 âòîðóþ ðàçíîñòü ìîæíî çàìåíèòü ïåðâîé. À.Ô. Òèìàí
è Ì.Ô. Òèìàí â 1950 ã. ïîêàçàëè (ñì. [5]), ÷òî, åñëè 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ

f(x) ∼
∞∑

k=−∞
cke

ikx

Keywords: Fourier series, Cesaro numbers, linear summation method, trigonometric system, Poison method,
asymptotic behavior
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ïðèíàäëåæèò êëàññóH
(r)
p , òî åå êîýôôèöèåíòû íåîáõîäèìî óäîâëåòâîðÿþò óñëîâèþ (1 < p < 2):

(
∞∑

|k|=n+1

|ck|p · |k|p−2)
1
p = O(

1
nr

), n →∞. (1)

Â [1, 2] è äð. îïðåäåëåíû ïîðÿäêè ñòðåìëåíèÿ ê 0 êîýôôèöèåíòîâ Ôóðüå ôóíêöèé èç êëàññîâ

H
(r)
p â ñëó÷àå, åñëè ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè ïîíèìàåòñÿ â ñìûñëå Λ-ìåòîäîâ (×åçàðî,

Ðèññ, Çèãìóíä).
Â íàñòîÿùåé çàìåòêå óñòàíîâëåíû ïîðÿäêè óáûâàíèÿ ê 0 ìîäóëåé êîýôôèöèåíòîâ Ôóðüå â

ñëó÷àå, êîãäà ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè ïîíèìàåòñÿ â ñìûñëå îáîáùåííîãî ìåòîäà ñóì-
ìèðîâàíèÿ (A, l), l > 0. Ïðè l ≥ 1 ýòî áîëåå ñèëüíûé ìåòîä, ÷åì ðàññìîòðåííûå íàìè Λ-ìåòîäû.
Ïóñòü l = 1, cn � êîýôôèöèåíòû Ôóðüå ôóíêöèè f(x) ∈ Lp.

Òåîðåìà 1. Ïóñòü f(x) ∈ H
(r)
p (1 < p < 2, r > 0). Ïðè ρ → 1− ïîñëåäîâàòåëüíîñòü {|cn| ·

nβ}∞n=0 ñóììèðóåòñÿ ê 0 ìåòîäîì (A, 1) äëÿ β ∈ (r − 1
p , r + 1

q ), 1
p + 1

q = 1.

Äîêàçàòåëüñòâî. Òàê êàê
∞∑
0

=
N∑
0

+
∞∑

N+1

,

òî ïîëàãàÿ N = [ 1
1−ρ ], [y] � öåëàÿ ÷àñòü y (ñì. [6]), èìååì

(1− ρ)
∞∑

k=0

|ck| · kβ · ρk = (1− ρ)
N∑

k=0

|ck| · kβ · ρk + O((1− ρ)r+1), ρ → 1−

(â ñèëó (1)). Ïðèìåíèâ íåðàâåíñòâî Ãåëüäåðà, ïîëó÷èì

(1− ρ)
N∑

k=0

|ck| · kβ · ρk ≤ c(1− ρ)[
∞∑

k=0

|ck|p · k
p−2

p
·p]

1
p · [

∞∑
k=0

(ρq)k · k(β·p−r·p+2−p
p

)q]
1
q + O((1− ρ)r+1) =

= c(1− ρ){
∞∑

k=0

(ρq)k · k
β·p−r·p+2−p

p
· p
p−1 }

p−1
p + O((1− ρ)r+1) =

= c(1− ρ)(1− ρ)[
β·p−rp+1

p−1
]
1−p

p

+ O((1− ρ)r+1) =

= c(1− ρ)1−β+r− 1
p + O((1− ρ)r+1) = c(1− ρ)r+ 1

q
−β + O((1− ρ)r+1) → 0 ïðè ρ → 1,

êîãäà r + 1
q − β > 0 ⇔ β < r + 1

q .
Ïðè ïîäñ÷åòàõ ìû âîñïîëüçîâàëèñü ðàçëîæåíèåì â ñòåïåííîé ðÿä ôóíêöèè 1− ρq â îêðåñò-

íîñòè òî÷êè ρ = 1, òåîðåìîé ×åçàðî î ðàâíîñõîäèìîñòè ñòåïåííûõ ðÿäîâ∑
ν

Aα
ν · xν è

∑
ν

να · xν , α > −1,

ãäå Aα
ν � ÷èñëà ×åçàðî, è èçâåñòíûì ðàçëîæåíèåì

1
(1− ρ)α+1

=
∞∑

ν=0

Aα
ν · ρν , |ρ| < 1, α > −1.

Èç íåðàâåíñòâà α > −1 ñëåäóåò äðóãîå îãðàíè÷åíèå íà ïàðàìåòðû β, p, r:

β · p− r · p + 2− p

p− 1
> −1 ⇔ β > r − 1

p
.
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Òåîðåìà äîêàçàíà ïîëíîñòüþ.

Äëÿ áîëåå ñëàáûõ ìåòîäîâ (×åçàðî, Ðèññ, Çèãìóíä) ñ ïîêàçàòåëåì α â [1, 2] áûëî èñïîëüçî-
âàíî äîïîëíèòåëüíîå óñëîâèå α > 1

p , ÷òî ñâÿçàíî ñ ïðèìåíåííûì ìåòîäîì äîêàçàòåëüñòâà.

Íàïîìíèì, ÷òî 2π-ïåðèîäè÷åñêàÿ ôóíêöèÿ

f(x) ∼
∞∑

k=−∞
ck eikx

(ck � êîýôôèöèåíòû Ôóðüå â êîìïëåêñíîé ôîðìå) ïðèíàäëåæèò êëàññó W
(0)
1
p

, åñëè ôóíêöèÿ

f(x) ∼
∞∑

k=−∞
ck[ln(|k|+ 1)]

1
p eikx ∈ Lp[0, 2π].

Èçâåñòíî [5], ÷òî åñëè f(x) ∈ W
(0)
1
p

, òî åå êîýôôèöèåíòû íåîáõîäèìî óäîâëåòâîðÿþò óñëîâèþ

∞∑
k=−∞

|ck|p(|k|+ 1)p−2ln(|k|+ 1) < ∞, 1 < p < 2. (2)

Òåîðåìà 2. Ïóñòü f(x) ∈ W
(0)
1
p

, 1 < p < 2. Òîãäà ïðè ρ → 1− ïîñëåäîâàòåëüíîñòü {|cn|·nβ}∞n=0

ñóììèðóåòñÿ ê 0 ìåòîäîì (A, 1) äëÿ β ∈ (0, 1
q ).

Äîêàçàòåëüñòâî. Áóäåì èñïîëüçîâàòü íåîáõîäèìîå óñëîâèå (2). Ïðèìåíÿÿ íåðàâåíñòâî Ãåëü-
äåðà, ïîëó÷èì

(1− ρ)
∞∑

k=0

|ck| · kβ · ρk = (1− ρ)
∞∑

k=0

|ck| · k
p−2

p · ln
1
p (k + 1)ρk · kβ · k

2−p
p · ln−

1
p (k + 1) ≤

≤ c(1− ρ){
∞∑

k=0

(ρq)k · k(β+ 2−p
p

)q}
1
q = c(1− ρ){ 1

(1− ρ)βp+1
p−1

}
p−1

p = c(1− ρ)1−
1
p
−β = c(1− ρ)

1
q
−β → 0

ïðè β < 1
q , ρ → 1− .

Â ïðîìåæóòî÷íûõ âûêëàäêàõ èñïîëüçîâàíà òåîðåìà ×åçàðî î ðàâíîñõîäèìîñòè ñòåïåííûõ
ðÿäîâ ∑

ν

Aα
ν · xν è

∑
ν

να · xν , α > −1,

ãäå Aα
ν � ÷èñëà ×åçàðî, è èçâåñòíîå ðàçëîæåíèå

1
(1− ρ)α+1

=
∞∑

ν=0

Aα
ν · ρν , |ρ| < 1, α > −1.

Äëÿ áîëåå ñëàáûõ Λ-ìåòîäîâ ñ ïîêàçàòåëåì α (Ðèññ, ×åçàðî, Çèãìóíä) â àíàëîãè÷íîé òåîðå-

ìå èñïîëüçîâàíî äîïîëíèòåëüíîå óñëîâèå α > 1
2 (ñì. [1, 2]). Ïóñòü f(x) ∈ B

(0)
p , 1 < p ≤ 2.

Íåîáõîäèìûì óñëîâèåì ïðèíàäëåæíîñòè ôóíêöèè ýòîìó êëàññó ÿâëÿåòñÿ ñëåäóþùåå:

∞∑
k=−∞

|ck|p(|k|+ 1)p−2ln(|k|+ 1) < ∞. (3)
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Òåîðåìà 3. Ïóñòü f(x) ∈ B
(0)
p , 1 < p ≤ 2. Òîãäà ïðè ρ → 1− ïîñëåäîâàòåëüíîñòü {nβ|cn|}

ñóììèðóåòñÿ ê 0 ìåòîäîì (A, 1) äëÿ β ∈ (0, 1
q ).

Äîêàçàòåëüñòâî. Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà ê óñëîâèþ (3), ïîëó÷èì

(1− ρ)
∞∑

k=0

|ck| · kβ · ρk =
∞∑

k=0

|ck| · k
p−2

p · k
2−p

p · ln
1
p (k + 1) ln

− 1
p (k + 1) · kβ · ρk ≤

≤ c(1− ρ)
∞∑

k=0

k
2−p

p
·q

ln
− q

p · kβ·q (ρq)k ≤ c(1− ρ){
∞∑

k=o

k
( 2−p

p
+β)q · (ρq)k}

1
q =

= c(1− ρ){ 1

(1− ρ)2−p+β·p+p−1
p−1

}
p−1

p = c(1− ρ)1−
1
p
−β = c(1− ρ)

1
q
−β → 0 äëÿ β ∈ (0,

1
q
), ρ → 1− .

Äëÿ áîëåå ñëàáûõ Λ-ìåòîäîâ â àíàëîãè÷íîé òåîðåìå ïîíàäîáèëîñü òðåáîâàíèå α > 1
p (ñì.

[1, 2]). Çàìåòèì, ÷òî, íåñìîòðÿ íà ñîâïàäåíèå ðåçóëüòàòîâ â òåîðåìàõ 2 è 3, ïðîñòðàíñòâà B
(0)
p

è W
(0)
1
p

ñîâïàäàþò ëèøü ïðè p = 2, äëÿ äðóãèõ çíà÷åíèé p ∈ (1,∞) � íåò.
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ÕÐÎÍÈÊÀ

ÇÀÑÅÄÀÍÈÅ ÑÅÌÈÍÀÐÀ ÏÎ ÓÐÀÂÍÅÍÈßÌ
ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÔÈÇÈÊÈ È ÔÓÍÊÖÈÎÍÀËÜÍÎÌÓ

ÀÍÀËÈÇÓ

Â ïåðèîä ñ àâãóñòà 2010 ã. â Èíñòèòóòå ìàòåìàòèêè ÌÎÍ ÐÊ ïðîâîäèëñÿ íàó÷íûé ñåìèíàð

ëàáîðàòîðèé óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè è ôóíêöèîíàëüíîãî àíàëèçà è åãî ïðèëîæå-

íèé.

Çàñåäàíèå 19 àâãóñòà 2010 ã.

Ä.Ò.Àæûìáàåâ "Ïîñòðîåíèå ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé â

ôîðìå Ëàãðàíæà, Ãàìèëüòîíà è Áèðêãîôà ïî çàäàííûì ñâîéñòâàì äâèæåíèÿ" (Àê-

òþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê. Æóáàíîâà, ã.Àêòîáå).

Äîêëàä ïîñâÿùåí ïîñòðîåíèþ ìíîæåñòâà ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé

ëàãðàíæåâîé, ãàìèëüòîíîâîé è áèðêãîôèàíîâîé ñòðóêòóðû ïî çàäàííîìó èíòåãðàëüíîìó ìíî-

ãîîáðàçèþ. Ðàíåå â ðàáîòàõ À.Ñ. Ãàëèóëëèíà, Â.Ì. Òóëàäõàðà è äð. çàäà÷è ïîñòðîåíèÿ äèô-

ôåðåíöèàëüíûõ óðàâíåíèé â âèäå óðàâíåíèé Ëàãðàíæà, óðàâíåíèé Ãàìèëüòîíà è óðàâíåíèé

Áèðêãîôà ïî çàäàííûì ñâîéñòâàì äâèæåíèÿ ðàññìàòðèâàëèñü â êëàññå îáûêíîâåííûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé áåç äîïîëíèòåëüíîãî ïðåäïîëîæåíèÿ î íàëè÷èè ñëó÷àéíûõ âîçìóùå-

íèé. Â ðàáîòå íà îñíîâå ìåòîäà Í.Ï. Åðóãèíà è ìåòîäà êâàçèîáðàùåíèÿ ïðè íàëè÷èè ñëó÷àéíûõ

âîçìóùåíèé èç êëàññà âèíåðîâñêèõ ïðîöåññîâ ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ

ïðÿìîãî è êîñâåííîãî àíàëèòè÷åñêèõ ïðåäñòàâëåíèé ñèñòåìû óðàâíåíèé â ôîðìå Ëàãðàíæà,

Èòî, Ãàìèëüòîíà è Áèðêãîôà ïî çàäàííîìó èíòåãðàëüíîìó ìíîãîîáðàçèþ ïðè íàëè÷èè ñëó-

÷àéíûõ âîçìóùåíèé.

Çàñåäàíèå 26 àâãóñòà 2010 ã.

Ê.È.Óñìàíîâ "Êîððåêòíàÿ ðàçðåøèìîñòü êðàåâîé çàäà÷è äëÿ èíòåãðî-äèôôå-

ðåíöèàëüíîãî óðàâíåíèÿ ñ íàãðóæåíèÿìè" (Ìåæäóíàðîäíûé Êàçàõñêî-Òóðåöêèé óíè-

âåðñèòåò èì. Õ.À.ßcñàóè, ã.Òóðêåñòàí).

Äîêëàä ïîñâÿùåí ëèíåéíûì äâóõòî÷å÷íûì êðàåâûì çàäà÷àì äëÿ èíòåãðî-äèôôåðåíöèàëü-

íûõ óðàâíåíèé, ñîäåðæàùèõ ïðîèçâîäíûå îò ðåøåíèÿ â èíòåãðàëüíûõ ÷ëåíàõ, èíòåãðî-äèô-

ôåðåíöèàëüíûõ óðàâíåíèé ñ íàãðóæåíèÿìè è íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Ïðåäëàãàåòñÿ âàðèàíò ìåòîäà ïàðàìåòðèçàöèè äëÿ ëèíåéíîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è äëÿ

èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ íàãðóæåíèÿìè, êîãäà îáà êîíöà èíòåðâàëà ÿâëÿþòñÿ

òî÷êàìè íàãðóæåíèÿ. Óñòàíîâëåíà âçàèìîñâÿçü ìåæäó êîððåêòíîé ðàçðåøèìîñòüþ ëèíåéíîé

äâóõòî÷å÷íîé êðàåâîé çàäà÷è äëÿ ñèñòåì èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ñîäåðæàùèõ

ïðîèçâîäíûå îò ðåøåíèÿ â èíòåãðàëüíûõ ÷ëåíàõ, è àïïðîêñèìèðóþùåé åå êðàåâîé çàäà÷åé

äëÿ ñèñòåì èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íàãðóæåíèÿìè. Äëÿ ïîñëåäíåé çàäà÷è â

òåðìèíàõ êðàåâîé çàäà÷è äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïîëó÷åíû íåîáõî-

äèìûå è äîñòàòî÷íûå óñëîâèÿ êîððåêòíîé ðàçðåøèìîñòè. Íàéäåíû êîýôôèöèåíòíûå ïðèçíàêè
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êîððåêòíîé ðàçðåøèìîñòè ëèíåéíîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è äëÿ îäíîãî êëàññà ñèñòåì

èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ñîäåðæàùèõ ïðîèçâîäíûå îò ðåøåíèÿ â èíòåãðàëüíûõ

÷ëåíàõ. Ïðèâîäÿòñÿ èëëþñòðèðóþùèå ïðèìåðû.

Çàñåäàíèå 09 ñåíòÿáðÿ 2010 ã.

Ñåèëõàíîâà Ð.Á. "Çàäà÷è Äàðáó ñ îòõîäîì îò õàðàêòåðèñòèêè è ñîïðÿæåííûå

èì çàäà÷è äëÿ âûðîæäàþùèõñÿ ìíîãîïåðåìåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé"

(ã.Àêòîáå).

Çàñåäàíèå 14 ñåíòÿáðÿ 2010 ã.

À.À.Òåíãàåâà "Îá óñëîâèÿõ áàçèñíîñòè ñèñòåì ñîáñòâåííûõ ôóíêöèé îáîáùåí-

íûõ ñïåêòðàëüíûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé" (Þæíî-

Êàçàõñòàíñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò èì. Ì.Î.Àóåçîâà, ã.Øûìêåíò).

Èçëîæåíû ðåçóëüòàòû èññëåäîâàíèé ñïåêòðàëüíûõ ñâîéñòâ îáîáùåííûõ ñïåêòðàëüíûõ çà-

äà÷ äëÿ îïåðàòîðà äâóêðàòíîãî äèôôåðåíöèðîâàíèÿ è îäíîìåðíîãî îïåðàòîðà Øðåäèíãåðà.

Ïðîâåäåíî èññëåäîâàíèå äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ â ñëó÷àå îïåðàòîðà äâóêðàòíîãî äèô-

ôåðåíöèðîâàíèÿ è ïîëó÷åíû óñëîâèÿ áàçèñíîñòè â òåðìèíàõ êîýôôèöèåíòîâ êðàåâûõ óñëîâèé.

Â ñëó÷àå îïåðàòîðà Øðåäèíãåðà ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñ òðèãîíîìåò-

ðè÷åñêèì ðÿäîì Ôóðüå ñîîòâåòñòâóþùèõ ñïåêòðàëüíûõ ðàçëîæåíèé.

Çàñåäàíèå 21 ñåíòÿáðÿ 2010 ã.

Ñ.Ì.Òåìåøåâà "Ìåòîä ïàðàìåòðèçàöèè èññëåäîâàíèÿ è ðåøåíèÿ íåëèíåéíûõ

êðàåâûõ çàäà÷" (Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ, ã.Àëìàòû).

Äîêëàäûâàëèñü îñíîâíûå ðåçóëüòàòû äèññåðòàöèè ïî èññëåäîâàíèþ íåëèíåéíûõ êðàåâûõ

çàäà÷ è ïîñòðîåíèþ ïðèáëèæåííûõ ìåòîäîâ íàõîæäåíèÿ èõ ðåøåíèé. Äëÿ ñèñòåì îáûêíîâåí-

íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ðàññìàòðèâàþòñÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à è çàäà÷à

íàõîæäåíèÿ îãðàíè÷åííîãî íà âñåé îñè ðåøåíèÿ. Äëÿ ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé ñî

ñìåøàííîé ïðîèçâîäíîé èçó÷àåòñÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à ñ óñëîâèÿìè íà õàðàêòåðèñòè-

êàõ. Êðàåâûå çàäà÷è èññëåäóþòñÿ è ðåøàþòñÿ ìåòîäîì ïàðàìåòðèçàöèè. Ïîñòðîåíû àëãîðèòìû

íàõîæäåíèÿ ðåøåíèé ðàññìàòðèâàåìûõ çàäà÷ è â òåðìèíàõ èñõîäíûõ äàííûõ ïîëó÷åíû óñëî-

âèÿ èõ ñõîäèìîñòè. Äëÿ íåëèíåéíîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è ñ íåïðåðûâíî äèôôåðåí-

öèðóåìûìè ïðàâîé ÷àñòüþ äèôôåðåíöèàëüíîãî óðàâíåíèÿ è ôóíêöèåé êðàåâûõ óñëîâèé äàíà

ìîäèôèêàöèÿ èçâåñòíîãî îïðåäåëåíèÿ èçîëèðîâàííîãî ðåøåíèÿ. Îïðåäåëåíèÿ èçîëèðîâàííûõ

ðåøåíèé ââåäåíû òàêæå äëÿ çàäà÷è íàõîæäåíèÿ îãðàíè÷åííîãî íà âñåé îñè ðåøåíèÿ ñèñòåìû

îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ñåìåéñòâà äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ ñè-

ñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è íåëèíåéíîé íåëîêàëüíîé êðàåâîé çàäà÷è

äëÿ îäíîãî êëàññà ñèñòåì íåëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñî ñìåøàííûìè ïðîèçâîäíû-

ìè. Óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ èçîëèðîâàííûõ, â ñìûñëå

îïðåäåëåíèÿ, ðåøåíèé èññëåäóåìûõ çàäà÷. Ïîñòðîåíû ñèñòåìû óðàâíåíèé îòíîñèòåëüíî ââåäåí-

íûõ ïàðàìåòðîâ, ïîçâîëÿþùèå îïðåäåëèòü íà÷àëüíûå ïðèáëèæåíèÿ èçó÷àåìûõ êðàåâûõ çàäà÷.

Äîêàçàíà ðàçðåøèìîñòü ýòèõ ñèñòåì óðàâíåíèé ïðè ñóùåñòâîâàíèè èçîëèðîâàííûõ ðåøåíèé è

ïðåäëîæåí ìåòîä íàõîæäåíèÿ èõ ðåøåíèé.

Çàñåäàíèå 22 ñåíòÿáðÿ 2010 ã.

Á.À.Øàëäûêîâà "Ãðàíè÷íûå çàäà÷è äëÿ ñïåêòðàëüíî-íàãðóæåííîãî óðàâíåíèÿ

òåïëîïðîâîäíîñòè ñî ñòðîãî ìîíîòîííûì çàêîíîì äâèæåíèÿ íàãðóçêè" (Êàðàãàí-

äèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Å.À.Áóêåòîâà, ã. Êàðàãàíäà).

Çàñåäàíèå 07 îêòÿáðÿ 2010 ã.

Ìàòåìàòè÷åñêèé æóðíàë
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Æ.Ì.Êàäèðáàåâà "Íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ ñèñòåì íàãðóæåííûõ ãè-

ïåðáîëè÷åñêèõ óðàâíåíèé ñî ñìåøàííîé ïðîèçâîäíîé" (Èíñòèòóò ìàòåìàòèêè ÌÎÍ

ÐÊ, ã.Àëìàòû).

Äîêëàäûâàëèñü îñíîâíûå ðåçóëüòàòû äèññåðòàöèîííîé ðàáîòû ïî èññëåäîâàíèþ ñåìåéñòâà

ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ äëÿ ñèñòåì ëèíåéíûõ íàãðóæåííûõ îáûêíîâåííûõ äèôôåðåí-

öèàëüíûõ óðàâíåíèé, ïîëóïåðèîäè÷åñêîé êðàåâîé çàäà÷è äëÿ ñèñòåì íàãðóæåííûõ ãèïåðáîëè-

÷åñêèõ óðàâíåíèé è ïîñòðîåíèþ ïðèáëèæåííûõ ìåòîäîâ íàõîæäåíèÿ èõ ðåøåíèé. Ïîëó÷åíû

êîýôôèöèåíòíûå êðèòåðèè êîððåêòíîé ðàçðåøèìîñòè èññëåäóåìûõ çàäà÷.

Çàñåäàíèå 14 îêòÿáðÿ 2010 ã.

À.Å.Èìàí÷èåâ "Ìåòîä ïàðàìåòðèçàöèè ðåøåíèÿ ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è

äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé" (Àêòþáèíñêèé ãîñóäàð-

ñòâåííûé óíèâåðñèòåò èì. Ê.Æóáàíîâà, ã.Àêòîáå).

Â äîêëàäå èçëîæåíû ðåçóëüòàòû ïî ðàçâèòèþ ìåòîäà ïàðàìåòðèçàöèè íà ìíîãîòî÷å÷íûå

êðàåâûå çàäà÷è äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, ïîñòðîåíèþ àëãî-

ðèòìîâ íàõîæäåíèÿ ðåøåíèé è íàõîæäåíèþ êîýôôèöèåíòíûõ óñëîâèé ðàçðåøèìîñòè èññëåäó-

åìûõ çàäà÷. Óñòàíàâëèâàþòñÿ óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè ëèíåéíûõ ìíîãîòî÷å÷íûõ

êðàåâûõ çàäà÷ äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è ñóùåñòâîâàíèÿ ðå-

øåíèé íåëèíåéíûõ ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëü-

íûõ óðàâíåíèé â òåðìèíàõ èñõîäíûõ äàííûõ, à òàêæå ïðåäëàãàþòñÿ àëãîðèòìû èõ íàõîæäåíèÿ.

Çàñåäàíèå 19 îêòÿáðÿ 2010 ã.

À.Ñ.Áàåãèçîâà "Îáîáùåííûå ðåøåíèÿ çàäà÷ äëÿ âîëíîâûõ óðàâíåíèé è èõ ñâîé-

ñòâà" (Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, ã.Àñòàíà).

Çàñåäàíèå 20 îêòÿáðÿ 2010 ã.

Ä.Á.Áàçàðõàíîâ "Èññëåäîâàíèå ïðîñòðàíñòâ ôóíêöèé ñìåøàííîé ãëàäêîñòè è

âîïðîñû ïðèáëèæåíèÿ îïåðàòîðîâ" (Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ, ã.Àëìàòû).

Çàñåäàíèå 28 îêòÿáðÿ 2010 ã.

Ð.Ó.Æàõèíà "Ïîñòðîåíèå ðåøåíèé ñïåöèàëüíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-

íåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà, ñâÿçàííûõ ñ äîïóñòèìûìè äèôôå-

ðåíöèàëüíûìè óðàâíåíèÿìè" (Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê.Æóáà-

íîâà, ã.Àêòîáå).

Â äîêëàäå èçëîæåíû ðåçóëüòàòû ïî ðàçâèòèþ ìåòîäà Ôðîáåíèóñà-Ëàòûøåâîé äëÿ èññëå-

äîâàíèÿ ðàçëè÷íûõ ñïåöèàëüíûõ êëàññîâ ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â

÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà, ñâÿçàííûõ ñ äîïóñòèìûìè äèôôåðåíöèàëüíûìè óðàâ-

íåíèÿìè. Ïîêàçàíû âîçìîæíîñòè ïðèâåäåíèÿ óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà ê ñèñòåìå äâóõ

äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà. Ïîëó÷åíû íåîáõî-

äèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ íîðìàëüíûõ, íîðìàëüíî-ðåãóëÿðíûõ ðåøåíèé è

êîíå÷íûõ ðåøåíèé ñèñòåì, ñâÿçàííûõ ñ îäíèì äîïóñòèìûì äèôôåðåíöèàëüíûì óðàâíåíèåì.

Ïîêàçàíà ñâÿçü âûäåëåííûõ êëàññîâ ñèñòåì ñ êîíêðåòíûìè íîðìàëüíûìè ôîðìàìè äîïóñòè-

ìûõ óðàâíåíèé.

Çàñåäàíèå 01 íîÿáðÿ 2010 ã.

À.Ø.Øàëäàíáàåâ "Ñïåêòðàëüíûå ðàçëîæåíèÿ ðåøåíèé êîððåêòíûõ è íåêîð-

ðåêòíûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ íåêîòîðûõ êëàññîâ äèôôåðåíöèàëüíûõ óðàâ-

íåíèé" (Þæíî-Êàçàõñòàíñêèé Ãîñóäàðñòâåííûé Óíèâåðñèòåò èì. Ì.Î.Àóåçîâà, ã.Øûìêåíò).

Äîêëàä ïîñâÿùåí ââåäåíèþ è îáîñíîâàíèþ íîâîãî ìåòîäà ðåøåíèÿ êîððåêòíûõ è íåêîððåêò-
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íûõ çàäà÷ äëÿ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè åäèíûì ìåòîäîì ñïåêòðàëüíûõ ðàçëîæåíèé,

ñâÿçàííûõ ñ ñàìîñîïðÿæåííûìè îïåðàòîðàìè. Äëÿ èññëåäîâàíèÿ êîððåêòíûõ çàäà÷ øèðîêî

ïðèìåíÿþòñÿ ìåòîäû ñïåêòðàëüíîãî àíàëèçà îïåðàòîðîâ. Îäíàêî, èõ îáëàñòü ïðèìåíèìîñòè

(íàïðèìåð, âàðèàöèîííûõ ìåòîäîâ) îãðàíè÷èâàåòñÿ, â îñíîâíîì, ïîëóîãðàíè÷åííûìè îïåðàòî-

ðàìè. Îòìå÷åíî, ÷òî ñëó÷àé íåïîëóîãðàíè÷åííûõ îïåðàòîðîâ ìåíåå èçó÷åí è ïîýòîìó ñîçäàíèå

è ðàçðàáîòêà ìåòîäîâ, ïðèãîäíûõ äëÿ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè ñ íåïîëóîãðàíè÷åííûìè

îïåðàòîðàìè, ïðåäñòàâëÿåò ñóùåñòâåííóþ ìàòåìàòè÷åñêóþ ïðîáëåìó.

Çàñåäàíèå 04 íîÿáðÿ 2010 ã.

À.À.Àíèÿðîâ "Ðåçîëüâåíòû êîíå÷íîìåðíûõ âîçìóùåíèé êîððåêòíûõ çàäà÷ äëÿ

îïåðàòîðà Ëàïëàñà" (Ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé èíñòèòóò Ñåìåé, ã.Ñåìåé).

Â ðàáîòå äëÿ óðàâíåíèÿ Ïóàññîíà â êðóãå ïîñòðîåíû êîíå÷íîìåðíûå âîçìóùåíèÿ çàäà÷è

Äèðèõëå, êîòîðûå ïðè ýòîì êîððåêòíî ðàçðåøèìû. Ñ ïîìîùüþ òåîðèè ðàñøèðåíèé îïåðàòîðîâ

èçó÷àåòñÿ ðàçðåøèìîñòü êðàåâûõ çàäà÷ â îãðàíè÷åííîé îáëàñòè.

Çàñåäàíèå 11 íîÿáðÿ 2010 ã.

1. À.Î.Ñóëòàíáåêîâà "Î ïîêàçàòåëÿõ Ëÿïóíîâà ëèíåéíûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé ñ ïàðàìåòðîì" (Óíèâåðñèòåò Ìåæäóíàðîäíîãî Áèçíåñà, ã.Àëìàòû).

Äîêëàä ïîñâÿùåí îäíîìó èç îñíîâíûõ íàïðàâëåíèé êà÷åñòâåííîé òåîðèè äèôôåðåíöèàëü-

íûõ óðàâíåíèé � òåîðèè óñòîé÷èâîñòè, îäíèì èç ðàçäåëîâ êîòîðîé ÿâëÿåòñÿ òåîðèÿ ïîêàçàòåëåé

Ëÿïóíîâà. Ñ òî÷êè çðåíèÿ êëàññèôèêàöèè ïî Áýðó èññëåäóþòñÿ ïîêàçàòåëè Ëÿïóíîâà è âåðõ-

íèå ãåíåðàëüíûå ïîêàçàòåëè îäíîïàðàìåòðè÷åñêèõ ñåìåéñòâ îáûêíîâåííûõ ëèíåéíûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà. Äîêàçûâàåòñÿ ñòðîãàÿ ïðèíàäëåæíîñòü ïîêàçàòåëåé

Ëÿïóíîâà è âåðõíèõ ãåíåðàëüíûõ ïîêàçàòåëåé âòîðîìó áýðîâñêîìó êëàññó, êàê ôóíêöèé ëè-

íåéíîãî ïàðàìåòðà, à òàêæå óñòàíàâëèâàþòñÿ êîýôôèöèåíòíûå ïðèçíàêè èõ íåïðåðûâíîñòè.

2. Î.À.Àóåëáåêîâ "Çàäà÷è òåïëî è ìàññîîáìåíà áåç óñëîâèÿ äîïîëíèòåëüíîñòè"

(Êàçàõñêèé ãîñóäàðñòâåííûé æåíñêèé ïåäàãîãè÷åñêèé èíñòèòóò, ã.Àëìàòû).

Çàñåäàíèå 12 íîÿáðÿ 2010 ã.

Ñ.Ñ.Æóìàòîâ "Êà÷åñòâåííûå ñâîéñòâà ïðîãðàììíîãî ìíîãîîáðàçèÿ íåÿâíûõ

äèôôåðåíöèàëüíûõ ñèñòåì" (Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ, ã. Àëìàòû).

Äîêëàä ïîñâÿùåí ðàçðàáîòêå ìåòîäà èññëåäîâàíèÿ êà÷åñòâåííûõ âîïðîñîâ äèôôåðåíöè-

àëüíûõ ñèñòåì â îêðåñòíîñòè çàäàííîãî ìíîãîîáðàçèÿ. Âûäåëåí êëàññ íåÿâíûõ äèôôåðåíöè-

àëüíûõ ñèñòåì, èññëåäîâàíèå êîòîðûõ ïðîâîäèòñÿ ìîäèôèêàöèåé ìåòîäà ôóíêöèé Ëÿïóíîâà,

óñòàíîâëåíû óñëîâèÿ, ïîçâîëÿþùèå ðåøèòü îáðàòíûå çàäà÷è ïîñòðîåíèÿ ñèñòåì îáûêíîâåííûõ

äèôôåðåíöèàëüíûõ óðàâíåíèé ïî çàäàííîìó ìíîãîîáðàçèþ. Ðåøåíû çàäà÷è ñèíòåçà äèôôå-

ðåíöèàëüíûõ ñèñòåì, îáëàäàþùèõ çàäàííûì êà÷åñòâîì â îêðåñòíîñòè ïðîãðàììíîãî ìíîãîîá-

ðàçèÿ.

Çàñåäàíèå 18 íîÿáðÿ 2010 ã.

1. Å.Ê.Êóðìàíãàëèåâ "Ìíîãîïåðèîäè÷åñêèå ïî ÷àñòè ïåðåìåííûõ ðåøåíèÿ ñè-

ñòåì óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ îò ñ÷åòíîãî ìíîæåñòâà ïåðåìåííûõ" (Àê-

òþáèíñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé èíñòèòóò, ã.Àêòîáå).

2. Â.Â.Âåðáîâñêèé "Ìåòîäû òåîðèè ñòàáèëüíîñòè â èññëåäîâàíèè óïîðÿäî÷åí-

íûõ ñòðóêòóð" (Èíñòèòóò ïðîáëåì èíôîðìàòèêè è óïðàâëåíèÿ ÌÎÍ ÐÊ, ã.Àëìàòû).

Ó÷åíûé ñåêðåòàðü ñåìèíàðà Æ.Ê.Äæîáóëàåâà
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tions solvability of the problem isredu
ed to the solvability of a family of boundary value problems with parameter for the systemsof ordinary di�erential equations. Su�
ient 
onditions of the existen
e of a unique solution of thefamily of boundary value problems with a parameter in terms of initial data are obtained.Referen
es � 5.ÓÄÊ: 517.5 2010 MSC: 42B15Æ´ìàáàåâà À.À., Òëåóõàíîâà Í.Ò. Àíèçîòðîïòû© ê°áåéòêiøòåð êëàñû // Ìàòåìàòè-êàëû© æóðíàë. 2011. Ò. 11. � 3-4 (41, 42). Á. 30 � 36.Æ´ìûñòà ϕ ê°áåéòêiøiíi­ M p̄1q̄1

p̄0q̄0
êëàñûíà òèiñòiëiãiíi­ æåòêiëiêòi øàðòòàðû àëûí¡àí. Á´ëøàðòòàð àíèçîòðîïòû Ëîðåíö êå­iñòiãi æºíå àíèçîòðîïòû òîðëû êå­iñòiêòåð òåðìèíiíäå °ð-íåêòåëãåí. Ñºéêåñ ñàëûíó òåîðåìàñûíû­ äºëäiãií ê°ðñåòåòií ìûñàë ©´ðûë¡àí.�äåáèåòòåð òiçiìi � 8.Jumabayeva A.A., Tleukhanova N.T. Anisotropi
 
lasses of multipliers // Mathemati
aljournal. 2011. Vol. 11. � 3-4 (41, 42). P. 30 � 36.Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 3�4 (41, 42)
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ient 
onditions of a belonging multiplier ϕ to the 
lass M p̄1q̄1

p̄0q̄0
. These
onditions are expressed in terms of Anisotropi
 Lorentz spa
es and Net spa
es. We also 
onstru
texample showing the a

ura
y 
onstants obtained for 
orresponding embedding theorems.Referen
es � 8.ÓÄÊ: 5197.9 2010 MSC: 34B40Èìàí©´ë T. Ø. �îñûìøà à©ïàðàòòàð áîéûíøà äè��åðåíöèàëäû© òå­äåóëåðæ³éåñiíi­ î­ æà¡ûí ©àëïûíà êåëòiðó ìºñåëåëåði // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11.� 3-4 (41, 42). Á. 37 � 41.Øàìàäàí òûñ àíû©òàë¡àí åêi í³êòåëi øåòòiê øàðòòàðû áàð ñûçû©òû äè��åðåíöèàëäû©òå­äåóëåðäi­ áiðòåêòi åìåñ æ³éåëåði ³øií îëàðäû­ øåøiìäåði ìåí àðíàéû î­ æà©òàðûí ©àë-ïûíà êåëòiðiëó åñåái øåøiëåäi. Ñîíûìåí ©àòàð, áàðëû© ì³ìêií ©îëàéëû î­ æà©òàðäû­ òîëû©ñèïàòòàìàñû ´ñûíûëàäû.�äåáèåòòåð òiçiìi � 6.Imankul T. Sh. The restoration of the right-hand side of the system of di�erentialequations on additional information // Mathemati
al journal. 2011. Vol. 11. � 3-4 (41, 42). P.37 � 41.The problem of re
onstru
ting solutions and right-hand sides is solved for the inhomogeneoussystems of nonlinear di�erential equations with the rede�ned two-point boundary 
onditions. A
omplete des
ription of all possible available right-hand sides is given.Referen
es � 6.ÓÄÊ: 532.526 2010 MSC: 76F40Ìàóñûìáåêîâà Ñ.Ä. �àòàð ò´ð¡àí åêi á°ãåòòi ñû¡ûëàòûí ãàç à¡ûíû àð©ûëû îðà¡û-òó ïðîöåñií ñàíäû© åñåïòåó // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 3-4 (41, 42). Á. 42 �49. Æàçû© äûáûñ©à äåéiíãi òóðáóëåíòòi ãàçäû­ á°ãåòòåð áîë¡àíäà¡û ñàíäû© ìîäåëi ê°ìåãi-ìåí ©´éûíäàðäû­ ïàéäà áîëóû ìåí °çàðà ºðåêåòòåñói, äåíåëåðäi­ àðà ©àøû©òû©òàðûíû­ à¡ûñ©´ðûëûìûíà ºñåð åòói ³äåðiñi çåðòòåëåäi. Á°ãåòòåãi äèíàìèêàëû© ñèïàòòàìàëàðäû­ àïïðîêñè-ìàöèÿñûí àðòòûðó ³øií ñûçû©òû© æºíå áèñûçû©òû© èíòåðïîëÿöèÿëàð ©îëäàíûëàäû. Íºòè-æåëåðäi­ áàñ©à àâòîðëàðäû­ íºòèæåëåðiìåí ñàïàëû© ñàëûñòûðìàëàðû êåëòiðiëãåí.�äåáèåòòåð òiçiìi � 10.Mausumbekova S.D. Numeri
al study of �owover of two obsta
les lo
ated in tandem,by the �ow of gas 
ompressed // Mathemati
al journal. 2011. Vol. 11. � 3-4 (41, 42). P. 42 �49. The pro
ess of formation and intera
tion of whirlwinds at the presen
e of obsta
les is investigatedby the numeri
al model of turbulen
e gas. An in�uen
e of distan
es between bodies on thestru
ture of 
urrent is studied. The linear and belinear interpolations are applied for the in
reasingapproximation of dynami
s 
hara
teristi
s on the obsta
le. The 
omparison of qualitative resultswith the results of the other authors are given.Referen
es � 10.
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al journal.2011. Vol. 11. � 3-4 (41, 42). P. 50 � 58.We have proved the existen
e of the global on time solution of the initial and boundaryvalue problem for onedimensional nonlinear system of Boltzmann's moment equations in se
ondapproximation, in the spa
e of fun
tions whi
h are 
ontinuous by time and summarable by spa
evariables.Referen
es � 5.ÓÄÊ: 517.51 2010 MSC: 42A10Ôàëàëååâ Ë.Ï. Ò³ðëi êå­iñòiêòåðäåãi �óíêöèÿëàðäû­ Ôóðüå êîý��èöèåíòòåðií©îñûíäûëàóäû­ ³çäiêñiç òºñiëäåði òóðàëû // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 3-4(41, 42). Á. 59 � 62.Ñ.Ë.Ñîáîëåâ, Ñ.Ì.Íèêîëüñêèé, Î.Â.Áåñîâ (1 < p < 2) êå­iñòiêòåðiíäåãi �óíêöèÿëàðäû­òðèãîíîìåòðèÿëû© æ³éåëåði áîéûíøà Ôóðüå êîý��èöèåíòòåðií Ïóàññîí ºäiñi áîéûíøà ©î-ñûíäûëà¡àíäà¡û êåìó ðåòòåðiíi­ áà¡àëàðû òàáûëäû.�äåáèåòòåð òiçiìi � 6.Falaleev L.P. On 
ontinuous methods of summation of Fourier 
oe�
ients of fun
tionsfrom di�erent spa
es // Mathemati
al journal. 2011. Vol. 11. � 3-4 (41, 42). P. 59 � 62.Estimations of orders of a de
rease of the Fourier 
oe�
ients by trigonometri
 system of thefun
tions from the S.M.Nikolskii, S.L.Sobolev and O.V.Besov spa
es (1 < p < 2) by Poisson methodsof summations are given in the paper.Referen
es � 6.
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