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ACUMIITOTUYECKHUE CBOMCTBA PEIIIEHI
PETYJ/INPYEMBIX CUCTEM B ITPOCTOM KPUTUYECKOM
CJIVUAE

C. A. Alicaranues, /1. I'. IITAHABAPOB

Kazaxckunit HarmmoHa/IbHBIN yHUBEPCUTET M. aib-Papadbu
050012 Asmarer yin. Macanau, 39/47 hapico@mail.ru

WccnenyroTcsa acCHMITOTHYECKHE CBOMCTBA PEIIeHNH HEJIMHEHBIX PEryJINPYEMBIX CUCTEM B IIPOCTOM KPH-
TudeckoM ciaydae. llosyden xpurepnit abCOIIOTHOM yCTOWYHBOCTH Ha OCHOBE OICHKHM HECOOCTBEHHBIX
MHTErPaJIioB Ha MHOXKECTBE PeIIeHUil JUHAMUYIECKON CUCTEMBI.

Buepsroie 3ajiaga ucciieioBanns abCOMIOTHON YCTONIUBOCTHU MOJIOYKEHIS PABHOBECHS PETYJIUPYe-
MBIX crcTeM ObLia mocrasiena B pabore A.U. Jlypse u B.H. Ilocraukosa. Ha ocHoBe BTOpOro meromia
JIsmyHoBa, myTteMm BBIOOpa dyukimn Jlsnynosa B Bume "kBagaparndnas dhopMa MIIOC THTETPA OT
nesmueitnoctn", AV, Jlypse [1] nomyunsn cucremy koneunsix ("paspematonux") ypaBHEHU U IO-
Ka3aJjl, 9T0 HaJIUIHe Yy HUX JeHCTBUTEIbHBIX PENIeHU JOCTATOYHO I abCOIOTHON yCTOWIHBOCTH
paccmaTpuBaeMoii cucrembl. OTHAKO, ITOJIYYeHUE YCJIOBUN aDCOMIOTHON ycToitunBocTu Metogom A 1.
Jlypbe jiist cucreM TPETHEro U BBIIIE MOPSIKA SBJISETCS OYeHb CJIOKHOM 3aja4eil. B cBsa3u ¢ arum
MOSIBUJICST PsifT paboT, B KOTOPBIX IPEJJIAraJUCh YIIPOIIEHHbIE KPUTEPUHU a0COJIOTHON YCTONIUBOCTH.
Cpenu HEX MOXKHO BblienTh paborel U.I. Masikuna, C. Jlepmena, A.M. Jlerosa.

JlaypHeiimmii TOUCK yCcJI0BHil aOCOIOTHON yCTOWYNBOCTH IIPUBEJT K IOSBJICHUIO YaCTOTHOIO KPH-
tepus, npejgioxkernoro B.M. ITonosbiv [2]. OcHoBOll ero meroja siBjsieTcsi M3ydeHHe YaCcTOTHON
XapaKTEePUCTUKU JINHEHHOI JacTu cucreMbl nuddepeHInajlbHbIX yPABHEHU 1 OleHKa HeCOOCTBEH-
HBIX HHTErpayioB or m3obpaxkenus Dypbe nenuneitnoit dbyukiuu. B ciaydae omgmoit HegumHeitHoCTH
YACTOTHBIN KPUTEPUN MMEeT TeOMETPUIECKYIO0 UHTEPIIPETAIUIO U €r0 JIErKO ITPOBEPUTD JIJI CUCTe-
MBI JIIOO0T0 TopsijKa. Jljisi cucTeM ¢ HECKOJIBKUME HEJIMHEHHOCTSIMUA U3-38 HAJUYUS B YCJIOBHUSIX Ia-
pameTpa, U3MEHSIOIErocsi B OECKOHEUHBIX IIPEJIesax, MPOBEPKa JaCTOTHOTO KPUTEPHUS CTAHOBUTCS
MPAKTUIECKU HEBO3MOXKHOIA.

B pa6orax C.A. Aficaramuesa [3], [4] npemiaraercss npuHINIINATIBHO HOBBI METOJ UCCIIEI0BA~
HUsi aDCOJIFOTHOM YCTONINBOCTH, OCHOBAHHBI! HA AlPUOPHBIX OIEHKAX HECOOCTBEHHBIX MHTEI'DAJIOB
BJIOJIb PEIIEHUH NCXOMHON CUCTEMBI, IOy IAEMbIX C YI€TOM CBONCTB HEeJIMHEHHON (DYHKIINN TI0CIE ee
[PEJICTABJICHUS B BUJE JIMHEHHON KOMOUHAIY (Hha30BBIX KOOP/IMHAT CUCTEMBI U UX IIPOU3BOJIHBIX.

Hannasi paboTa sIBJISIETCsI IIPOJIOJIZKEHNEM HayYHBIX HCCJIeI0BAHWMN, IPe/IoKeHHbIX B [3], [4].

Keywords: Asymptotical properties, regulated systems, equilibrium state
2000 Mathematics Subject Classification: 34B40
© C. A. Ajiicaranues, 1. I. IIlanazapos, 2009.



6 C. A. Ajicaraymes, /1. I'. [Illanazapos

ITocranoBka 3agadu. PaccmoTpuM ypaBHEHUsT IBUKEHUsT PETYIHPYEMON CUCTEMBI B IIPOCTOM
KPUTUIECKOM CJIydae:

i =Ar+ Byp(o), n=¢(0), o=Dz+En, (1)

z(0) =20, n(0)=mn tel=][0,00),

rine A, B, D, F — 110CTOSIHHBIE MATPUIILL HOPSAIKOB 1 X 1, M X M, M X N, M X M COOTBETCTBEHHO,
MaTpuua A — rypBulesa.
Oyukius (o) € C(R™, R™) sBjsieTcst 9JIeMEHTOM CJIEJIYIONIEro MHOYKECTBA

p(0) € ®o = {p(0) = (¢1(01); - -, om(om)) € C(R™, R™)] o)
2

0< (,Oi(O'Z‘)Ui < /1,01‘0'2 Vo, € Rl, 1= 1,m; (p(O) = O},

7

rie po = diag(pot, - - -5 om), Hoi > 0, @ = 1,m, — MOCTOSIHHAS MATPHUIIA IOPSIIKA 1M X M.
Jl1st perysmmpyeMbIX CHCTEM € OMDaHHYEHHBIME pecypcamu (byHKIMsT ¢(0) sIBJISIETCS 9IEMEHTOM
MHOKECTBa,
p(o) € @1 = {p(o) € Pg/|pi(0:)] < i, ¢; =const >0, 0 < <oo i=1,m}. (3)

[Mockonbky 0 = Di + En = Cx + Rp(o), C = DA, R= DB + E, 1o ypaBuenus jasuzxkenus (1)
BAIMITYTCS B BUJIE:

&= Ax+ Byp(o), ¢=Cx+ Rp(c), o= Dx+ En, (4)

z(0) =xg, 0(0)=0p, t€l, D=CA', E=R-CA'B.

[Tostoxkenne papHOBecusi cucreMbl (1) ompejesisiercst U3 pelieHns: ajaredpanvecKux ypaBHEHUN
Az, + By(ox) = 0, ¢(0x) = 0, 0 = Dz, + En,. = 0. Tak kax marpuna A rypsunesa, ¢(0) = 0,
TO B ciryuae, Korja E Heocobasi marpura, cucreMa (1) nmeer eMHCTBEHHOE MOJIOYKEHNE PABHOBECHSI
(xx =0, nx =0), rie o, = 0.

Onpepenienne 1. [osopam, wmo noaoscenue pasnosecus s = 0, . = 0 cucmemw, (1), (2)
(nubo (1), (3)) abcoarommo yemotivueo, ecau mampuyv, A,

A+ BuD BuE
Al(lu‘): ) 0</~’L</~’L0)
uD uE

eypeuyeenl, 20e = diag(p, ..., pm), 0 < p; < poi, @ = 1,m, u dan ecex p(o) € By (aubo p(a) €
®1) pewenue dudpeperyuanvrozo ypasnenus (1) obaadaem ceoticmeom tlingox(t; 0,x0,m0,9) = 0,
Jim (85 0, 20, 1m0, ) = 0, || < 00, [m0] < 00.

Onpepenenne 2. Kpumepuem abcomommnoti yemotvusocmu das cucmemos (1), (2) (aubo (1),
(3)) masvsaromes anrzebpauveckue uiu dpyaue CoOmHoweHuA, ceazviearowue mampuus (A, B, D,
E, 1p), npu 6vinosnenuu K0mopuir noiodscenue pasrosecus cucmemvs (. =0, 1. = 0) abcoaromno
Ycmotiuuso.

CraBurcst ciejiyromias 3aa4a; HaiiTu ajrebpandeckue KpuTepun abCOIOTHON yCTONINBOCTH T10-
nozkenus: paBHoBecust cucreM (1) — (2), (1) — (3).

OcHOBHBIE JIEMMBI.
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JIemma 1. ITyemo mampuyn R, E neocobuvie. Tozda ypasnenua dsuscenus (1) u exaroverue (2)
PAGHOCUABHDL CACOYIOULUM COOTVHOULEHUAM

i=[A-BR 'Clz+ BR'w, z(0)==xzp, tel, (5)

p(0) =R 'w—R 'Cxe®y, 17=¢(0), o=Dz+En, (6)
e2dew=0,C=DA, R—DB+ F.

HokazaTesbcTBO. B oTiimume oT mpeablaymux HCCIeI0BAHUNT aBTOPOB, HeJWHeHas (yHK-
must @(o) npexacrapisiercst B Gojiee YIPONIEHHOM BHJIE, YTO II03BOJISIET 3HAYUTEILHO OOJIErduTh
BCe mocjeyonme npeobpasosanus. Kak ciexyer usz (4) Bmosb pertenust cucrembl (1), (2) dyHk-
ma p(0) = R'w — R7'Cz, t € I, npuuem ¢(0) € ®y. Orciona ciemyer prmouenue (6) u
n=¢(o(t) =R 1wt)— R 1Cx(t), t € I, w(t) = &(t), t € I. Teneps aucdepenmuanbHOe ypaBHe-
ure (1) sammmercs B Buge (5).

JlemMa joKa3aHa.

JIemma 2. ITycmov mampuuve R, E neocobwe, Ty = diag(Ti1,Th2, ..., Tim), To = diag(Tsy,
Tooy ..., Tom), T5 = diag(T51, 52, . .., T3m), dynkyua @(o) € ®g. Tozda 6dosv pewenus cucmemo
(1), (2) cnpasedausa caedyrousasn ouenka HECOBCMBEHH020 UHMELPANG:

I = hmf{w IR Ty "R + R T)w(t) + w* (1) [-2R* ' Ty ' R™1C —

—>000

—R*'T\D — TLbR™'Clz(t) + w*(¢)[-R* T E]n(t) + 2*(t)[C*R*T1 E]n(t) +

o(T)
x*(t)[C*R*_lTl,ualR_lC + C*R*_lTlD]x(t)}dt < EO =+ Tlim f TQdU + (7)
44 lim [D(T) + En(T)]*Ty[Da(T) + En(T)] - § Do + Eng]'Ty [on T Eng.
2de
T 0, eciim Ty <0, 3(0) = p(o), ecmTy <0,
37 woTe, ecmu Ty >0, | (o) — poo, ecmu Ty >0,
o(0)
=— f o)Tydo, ecim Ty <0,

fo= (0

g = — f [QO(U) — MQJ]*TQdJ, ecoim Ty > 0.

0

HoxkaszareabcTBo. 113 Britouenust ¢(o) € Py ciaeyer, 9To CHpaBeIUBbI CIEIYIONNE COOTHO-

IITeHUd:
T o(T)
TIE)I;O ©*(o(t)Tao(t)dt = £4 +Tl£%o / ©*(0)Thdo, ecim Ty <0
0 0
T o(T)
Th_r)réo O (o (t)Tho(t)dt = b5 + jlgréo / ¢ (0)Tado + %TIEEOU*(T)MOTW(T)_
0 0

1
—50*(0)M0T20(0), ecan  Tp > 0;

©*(0)Tipg (o) — p*(0)Tio <0, Yo, o€ R™
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8 C. A. Ajicaraymes, /1. I'. [Illanazapos

Mycrs 7(t) = *(o(t))Tipg (o)) — ¢*(o(t))Tio(t) + ¢* (o (t))Tao(t), t € I. Torma

T o(T)
1 1
I = Tlim m(t)dt < o+ Tlim / @*(0)Tado + iTlim o (T T30(T) — 50*(0)T30(0).
0 0

Orcrona ¢ yaerom coornomenuii (5), (6) momy4anm orenky (7). Jlemma nokazana.

JIemma 3. Ilycmv mampuyse R, E neocobwe, Hy = Hi, Q = QF, Hi = Hf — mampuyw
nopadkos n X m,m X m,m X m coomeemcmeenno. Tozda eepnvt pasencmea:

I = Tim [ {2*())=2(A — BR-1C) HoJa(t) +w* (8) 2" B* Holo(t) t —
T—o0 (8)

= — lim 2*(T)Hox(T) + x{Hoxo,

T—o00

T
Iy = Jim / [ (O[-2R"'QIn(t) + 2" (D20 R QIn(t) }dt =
0

= — lim 7" (T)Qn(T) +15Q1o, (9)
—00
T
i = Jim [ {w*(1)[~2H1 Dle(t) + o (02 Eln(t) = o)
= —Tlim c*(TNHyo(T) + o5Qoy.
HokazareabcTBo. MmeeMm, aTo
T
—2Tlim *(t)Hox(t)dt = —Tlim «*(T)Hox(T) + x5Howo, (11)
0
T
~2Jim [ (6Qn(0)de = — tim 0 (TQu(T) + 15 Qo (12)
0
T
—ZTIim o*(t)Hyo(t)dt = —Tlim o (TYH10(T') + 05Qoyp. (13)

0

Orcioza ¢ yuerom coornontenuit (5), (6) ciemyror pasercrsa (8) — (10).
JlemMa JT0Ka3aHa.

JIemma 4. ITycmo mampuuse R, E neocobwe, Ty = diag(Ty1, Taz, - . ., Tam), Pynruus (o) € Py.
Tozda sdoav pewerus cucmemv, (1), (2) enpasedauso pasencmeso:
T T
Is = lim [ ¢*(o(t)Tyo(t)dt = — lim [ w*(¢t)Tyn(t)dt + Tlim N (T)Tyo(T) — nyTaop. (14)
—00

T—o0 T—o0

0 0
dokazarenbcTBo. [lockoabKy

T

d
Tlim a[n*(t)ﬂa(t)]dt = Tlirn n*(T)T4o(T) — nyTuaoo, TO
0
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T
lim [ ["(o(t)Tao(t) +n"(t)T4o(t)]dt = lim 1" (T)Ta0(T) — 15Ts00,

T—o0
0

rae 7(t) = p(o(t)). Orciona, ¢ yaerom Toro, urto 6(t) = w(t), t € I, momyaum pasercrso (14). Jlemma
JIOKa3aHa.

JIemma 5. I[Tycmo mampuuoe R, E neocobwie, Ty = diag(Ty1, Tya, - .., Tum), mampuya 6 nopadka
m X n maxas, wmo 0B = I,,, 2de I, — edunuvnas mampuuya nopsdxa m X m. Tozda cnpasediuso
paseHcmso:

T T
Is = lim [ ¢*(o(t)Tyo(t)dt = — lim [ [z*(t)A*0"Tyo(t) + w* (t)Tubx(t)|dt +
T—o00 T—o0 (15)
0 0
+ lim .CC*(T)Q*T4U(T) - xSQ*T40'0.

T—o00

HoxkaszarenbcTBo. Bons pemennst cucremst (1), (2) nmeem Toxkaectso &(t) = Az(t)+Bp(o(t)),
t € 1. YMHOXKasT JAaHHOE TOXKJIECTBO CJIeBa Ha MaTpuity 6 mopsiaka m X n, noxyanm 0z (t) = 0 Ax(t) +
o(o(t)), t € I, rne OB = I,,,. Ilycre Ty = diag(Tu1, Ta2, - - ., Tam). Torma

T
lim t)0*Tyo(t)|dt = lim x™(T)0"Tyo(T') — xp0* Tyop.

T—o00 T—o0
0

[TogpiaTErpaIbHYI0 PYHKIIUIO MOXKHO IPEJICTABUTH CJIELYIONTUM 00Pa30M:

A 0 Ty (B)]dt = & (OO Tao () + 2 (D0 Tyo (t) =

dt
=" (t)A* 0" Tyo(t) + ™ (o(t))Tao (t) + 2™ ()" Tyw(t), t €1,
rie 0(t) = w(t), %0 = 2* A*0* + p*(o (¢ )) x = x(t), t € I. Orcrona caenyer, uro ¢*(o(t))Tyo(t) =

= —a*(t) A" 0" Tyo(t) — x* ()" Taw(t) + & [x*(£)0*Tao (t)]dt, t € I. Unrerpupys 1o ¢ gammoe TOxXK1e-
crBo B npegernax or 0 go T, nosxyunm pasercrso (15). Jlemma jokasana.

JIemma 6. [Tycmov ewnoanensv. ycaosus aemm 4,5. Toeda edoav pewenus cucmemvr (1), (2)
CNPAsEdAUBO PABEHCTNEO:

T
Is = Tlim [W*(t)Tun(t) — x*(t)A*0*" Ty Dx(t) — x* (t) A*0* Ty En(t) — 2™ (t)0* Tyw(t)]dt = 16)
- 16
0
= z}lm n*(T)T4o(T) — nyTuoo — hm 2 (T)0* Tyo (T) + 50" Tyoo.

HoxkaszareabcrBo. 13 pasencrs (14), (15) caenyer, aro
— lim f (t)Tun(t) + lim n*(T)T4o(T) — niTaoo =
T—o0p T—o0

— lim f (t)A*O*Tyo (t) + w*(t)Ty0x(t)]dt + Tlim (1) Tyo (T) 4+ x50 Tyop.
—00

T—>OOO

Orcioia, ¢ yaerom toro, uro o = Dx + En, t € I, nonyunm pasercrso (16).
JlemMa jJoKa3aHa.

MATEMATUYECKUN YKYPHAJI 2009. Tom 9. Ne 1 (81)



10 C. A. Aiicaranues, /1. I'. [llarnazapos

JIlemma 7. ITycmo ewnoanens, ycaosus semm 1-6. Toeda edoav pewenusn cucmemvr (1), (2)
CNPaceorusa caedyrouLas OUeHKa HeCOOCMEENH020 UNMELPANG:

T
1 1
Iz = lim /{w*(t) (R T 'R+ §R’*<—1T2 + ETQR—I]w(t) + w*(t)[~T46 —
0
— 2R ' 'R™'C — R*'T1D — ToR™'C — 2R* ' B*Hy — 2H, D)x(t) +

+w*(t)[Ty — R*INE — 2H1E - 2R*'Q|n(t) + z*(t) [~ A*0*T4E + C*R* TV E +
+2C*R*1QIn(t) + * (t) [~ A*0*TyD + C*R* Ty g ' R~1C + C*R*'Th D —

—2(A — BR1O)*Holz(t)}dt < o + Jim U(fT)cﬁ*(a)ngo - (17)
— 00 0
= Jim @y (20 ) + s (2,

2de mampuua
s _ ( Ho+D*HyD — 3D*T3D + 56*TyD + 3 D*Tyf
- $|[-E*T3D + 2E*H,D — TyD + E*T, D)
$[-D*T3E + 2D*H\E — D*Ty + 0* T4 E] )

Q+ E*H\E — $E*T3E — T4E — JE*T, (18)

HokazarenbcTBo. Tak Kak BBIIOJHEHBI yeoBus jiemM 1-6, o Bepubl coornomenus (7) — (10),
(14) — (16). Cymmupyst HecobcTBeHHbIe UHTErpasibl, noayanM Iy = Iy + Iy + I3+ Iy + Ig, rie ¥ = 3*
oupezensiercs o dopmyite (18). Bamernm, aro (z*,7n*)2 < i > = —3[Dz + En|*T3[Dz + En] +
+ 2*Hox +n*Qn+ o*Hio — %n*T4J — %U*TM] + %x*&*ﬂa + %U*T49. Jlemma mokazana.

JIemma 8. ITyems mampuuyw R, E neocobwe, mampuyoe W, P = P*, Ts = diag(Ts1, Tso, . - -,
T5m) > 0, nopadkos m X n,m X m,m x m coomeemcmsenno, pynruus (o) € ®q. Toeda edoaw
pewerua cucmemv, (1), (2) sepro pasercmeo:

T
Iy = Tlggo/ {¢"(a(®))Plo(t) — ng (o ()] + [o(t) + Wa®)] Ts[5(t) +
0

T

+ Wa(t)dt = lim /{w*(t) [Ts — R* Pug ' R™Yw(t) + w*(t) 2TsW +
0

+ 2R ' Pug'R7IC + R*'PDx(t) + w* (1) [R* T PEn(t) +

+2* (1) [~C*R*PE|n(t) + 2*(t)[W*TsW — C*R* ' Pug ' R™1C —

— C*R*1PD]a(t)}dt. (19)

Hoxka3zareabcTBo. [10CKOIBKY BBIOJHEHBI YCJIOBUsT JeMMBbI 1, To BepHBbI ToxkjecTBa (5), (6),

rae 6(t) = w(t), t € I. Hoxcrasnas snauenne ¢(o(t)) = R~'w(t) — R~1Cx(t), o(t) = Dx(t) + En(t),
t € I, moxno nosyants pasencrso (19). Jlemma goxazama.

Jlemma 9. Hycmb 6DIMOAHEHDL YCAOBUA AEMM, 1-8u nycmv, KPOME mMo2o, 8bNOAHEHDL PAGEHCMNBEA.
1 1
po = [R*T5R — 52 R— 5R*TQ]—l(T1 + P), (20)

2R*'B*Hy + Ty + 2TsW + (215 — R*'Ty)C + (Ty — 2R*'Q)E~'D =0, (21)
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P+ Ty = R*[Ty — 2H\E — 2R*'Q|E~ 1, (22)
A O*TWE — C*Ty +2C*H1FE = 0, (23)
A*Hy+ HoA = —W*T5W — 2C*(T5C + 2H1D + 140 + 2T5)W —

— UT5C + 2H,D + Ty0 + 2T5W)*C — LA*0°TyD — LD*T40A. (24)
Tozda cnpasedrusa caedyrowan oueHka HeCOOCMBEHH020 UHMEZPAAA:
T
Iy = lim [{g"(0(t))Plo(t) — py (o ()] + [w(t) + Wa(t)] Tslw(t)+
—)OOO
o(T)
+ Wat)]dt < b+ lim [ §*(0)Tado — (25)
. z(T) xo )
— lim (z*(T),n*(T))% + (x5, m5)2 .
i (oo (1) )+ s (20
HokazarenbcrBo. U3 onenku (25) ciejmyer, uro HecobcrBeHHble uHTerpasbl Iy = Ig = Io.
CremoBaTe bHO,
1 1
Ts — R'Pug'R™ = R 'y 'R + 5RHTQ + §T2R’1, (26)
2T5W 4 2R*'Pug'R™'C + R*'PD = —~T40 — 2R*"'T1pg 'R™'C — R*'T\ D — (27)
—ToR™'C —2R*'B*Hy — 2H, D,
R*'PE=T,—- R 'IE — 2H,E — 2R*'Q, (28)
—C*R*'PE = —A*0*T4E + C*R*"'T\E + 2C*R*~'Q, (29)
W*TsW + C*R*_lPualR_lC — C*R*~'PD = —A*0*TyD + C*R*_lTluglR_lC + (30)

=+ C*R*ilTlD — 2(A — BRilc)*Ho.
Paccmorpum pasencrBo (26). YMmuoxkast cieBa Ha R* u cipasa Ha R, mosyduM:
* —1 —1 1 1 *
R*T5R — P,uo = TIMO + §T2R + §R Ts.
Torma (P + T1)pg U= R*TLR — %T YR — %R*Tg. Orcroma crenyer paserctso (20). ITockombky

npeobpasoBaHue Heocoboe, TO BEPHO 00pATHOE yTBep:KjeHue, T.e. u3 pasencrsa (20) caemyer (26).
Kak ciexyer u3 (26)

Puy' = R*TsR — Typy ' — %TQR — %R*Tg, P = (R'TsR — %TQR — %R*TQ)MO —T. (31)
Paccmorpum pasercrso (27). Tak kak (cm. (31))
2R* ' Puy'R™'C = 2R (R*T5R — Typg * — %TQR — %R*Tg)R‘lC =
= 2T5C — 2R* 'y 'R7'C — R*'TC — ToR™'C,
R*'PD = R YR*T5sRuy — Ty — %TQRMO — %R*TQMO)D =

1 1
= TsRuoD — R* T\ D — 5R*—lTQRMOD ~ 5 DooD,
TO U3 paBeHCTBa (27) uMeeM:

2R*'B*Hy + Ty0 + 2H D + 2T5W + (2T5 — R*~'T3)C +

+ (3R — LRIy R — LTy) oD = 0. (32)
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13 pasencrsa (28), ¢ y4eToM TOro, 4To

1 1
R*'PE = R YR*TsRug — T — 5 TR0 — SR Topuo) B =
1 1
= TsRuoF — R* T E — §R*_1T2RM0E = 5 DatoF,
IIOJIyYUM

1 1
Ty = TsRuoE — 5R*—szRM,E — 5o + 2H E + 2R*1Q. (33)

3 coornomenus (33) ciemyer, 94To
1 1
Ty —2H E —2R*'Q = (TsR — 5R**lTQR — 5TQ)MOE.

Torna R*(Ty —2H\E —2R*1Q)E~! = (R*TsR — %TQR - %R*TQ),UO = P+T| B culy paBeHcTBa
(31). Orcrona cienyer pasencrso (22). C apyroit cropoust, u3 (33) nveem Ty = (TsR— R*'THR —
D) poE+2H, E+2R*1Q. Torna TyE Lyt = (TsR— 1 R* 1T R—1To)+2H  pg ' +2RIQE g '
CretoBaTe ibHO,

1 1
TR - SRR — JTh = ThE ™y = 2Hipg " — 2R QE g (34)

U3 (32), (34), moayumm paseHcrso (21).
Paccmorpum pasencrso (29). ITockosbky (cm.(28))

—C*R*'PE = —-C*(Ty — R""'I\E — 2H|E — 2R*7'Q),

To u3 (29) crexyer pasercrso (23). Bepro obparHoe yTBep:kieHue o ToM, uTo u3 (23) ciemyer
paBeHCTBO (29).
Tak kak (cm. (31))

1 1
~C*R*'Puy'R7IC = —~C*R*HR*TsR — Tipy ' — 5Tl = 5R*Tg)R—lc =

1 1
= -C*"T5C — C*R* '"Tyuy "RIC + 5C*R*—lTZC + 5C*Tgﬁ—lc,

1 1
—C*R*'PD = —C*R* Y (R*T5 Ry — T — 5 TR0 — §R*TQMO)D =C*R*'Ty\D —

1 1
— C*(TsR — iR*_ngR = 5T = C*R*'T'D —

— CY(TyE ' pgt — 2Hpgt — 2R 'QE g oD =
= C*R*'T\D — C*(TyE~' — 2H, — 2R*'QE")D,

To u3 (30) ciemyer paBeHCTBO (24).

Ormernm, 4T0 BepHO 0OpaTHOe yTBep:Kaenue, T.e. u3 (20) — (24) caenyior pasencrsa (26) — (30)
B CIJIy HEOCOOCHHOCTHU IMPHUBEICHHBIX BLIIIE Ipeobpa3oBaHuil.

Takum obpaszom, u3 coornomenuii (20) — (24) cuenyer, uro Iy = Ig = Iy. Torga onenka (25)
HerocpeIcTBeHHO caeyer u3 (17). Jlemma nokasana.

Boi6op nogpiaTerpasbaoi hyHknun B jgeMmMe 9, Korga mMarpuria R Heocobast, KapJAnHAILHO OT-
JIMYAeTCs OT BUJIA HOJBIHTErpaJbHOll GyHKIun, ykazanuoit B semme 7 ([3], ¢.114), uro mo3sosisier
CYIIECTBEHHO PACIIIPUTEL 00JIacTh abCOJIOTHOI yCTOMYMBOCTHY, UCIOJIbL3Ys CBOMCTBA HEJIMHEITHOCTH.

JIemma 10. Ecau mampuuya A eypsuuesa, gynruus @(o) € 1, mo eeprvl oyenku:

lz(t)| < co, |2()| <c1, |o(t)<ce, Vt, tel,
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2de ¢; = const >0, 1 =0, 1, 2. Kpome mozo, dynrxyuu x(t), o(t), t € I, pasnomepro HenpepvieHbL.
JoxkaszarenbcrBo. Pemenne muddepennuanbaoro ypapuenns (1) mveer sun z(t) = eAltay +

¢

[ At By(a(r))dr, t € I, tne |[edt|| < cel@t®t Vit € I, a = max ReXj(A) < 0,¢c = c(e) =
0 VAN

const > 0,e > 0 — ckoJib yrojuo MaJoe uncyo. V3 Briodenus: p(o) € @1 caeayer, aro |p(o)| <

t
P, s = const > 0, Vt,t € I. Torna |z(t)] < ||e?]||zo| + [ HeA(t_T)H||B|Hg0(o’(7’))|d7 < ¢g, Vt,t € I.
0

t €1, 1o |a(t)] = ||C|||x(t)] + ||Rll|¢(c(t))] < c2, VE,t € I. U3 orpanumuennoctu &(t), 6(t), t € I,
CJIEYIOT paBHOMEpHAsl HeIpepbIBHOCTH yHKmit (1), o(t), t € I. Jlemma mokazana.

U3 (1) caenyer, aro |&(t)] < ||A|l|lz(t)] + || Bllex < c1, Vi, t € 1. Iockomnbky 6(t) = Cx(t) + Ro(o(t)),

AbGcoaroTHas yCTONYNBOCTbD.

Teopema 1. [Tycmb svinoanenv, Yeaosus aemm 1-8 u nycmo, xpome moeo:

1) Mampuyw, A, A1(p),0 < p < o, 2ypsuyessi;

2) Qynryus o(o) € 1 nenpepvisna no o,0 € R™;

3) Buinoanenw, pasencmea (20) — (24), mampuyw P = P* > 0,T5 > 0;

4) Mampuya Q1 = Q + E*H\E — LE*T3E — ATy E — JE*Ty > 0.

Tozda noaoorcenue pasnosecus cucmemvi (1), (3) abcomommo yemotueo.

HokazareabcTBo. Tak Kak BBITOJHEHB! yCa0BUst teMMbl 1-8 u paserncTsa (20) —
BejyimBa oleHka (25), tiae marpunsl P = P* > 0, T5 > 0. Bamerum, uro (o)
0< k(U) < Uo.

Torna o — pig t (o) = 0 — g Hk(o)o = [Im — ,ualk(a)]cr, e Iy, — iy "k(o) > 0. Crieiosaresho,
ecin Marpuna P = P* > 0, to npoussenenue ¢*(o)P[o — ,ualcp(a)] = 0*k(o)P[L, — uglk(a)]a >
0. Tak xak marpuia 75 > 0, To (w + Waz)*T5(w + Wzx) > 0, Vw € R™, Vo € R". Teneps onenka
(25) sanmmercs Tak:

(24), To crpa-
= k(o)o, tae

T
0< Hm /{w*(a(t))P[U(t) — g (o ()] + [w(t) + Wa ()] Ts[w(t) + Wa(t)dt <
0

o(T)

; — ; * * z(T) * x Zo
< — .
<o+ i [ 60 Tdo — tun (@) (10 )+ Gz (D). o)
0
[TockombKy
5(0) = ¢(0), ecmTy <0, 0, ecm T5 <0,
)= (o) — poo, ecmn Ty > 0, 571 woTe, ecomTh >0,
TO
o(T)
/ F(0)Todo <0, Vo(T) € R™. (36)

0
U3 ycnoBust TeopeMbl 1 cirejryeT, 9To BBIOJHEHBI yestoBust eMMbl 10, tiae dynknus ¢(o) € Py.
CaenoBarenbio, dbyukiuu x(t), o(t), t € I, papaoMepHo HenpepbiBHbl, Gyukiuu x(t), o(t), t € I,
OIpaHUYEHbI.
Kax cremyer us onenku (35), ecom marpuna Q1 = Q7 > 0, To dyukuus n(t), t € I, orpanudeHa.
B camowm neste, ecsin dyuknus n(t), t € I, Heorpanuvena, To

T
0< Thjgo/ {¢" (0 () Plo(t) — pg el (t)] + [w(t) + Wa ()] Ts[w(t)+ W (t))dt < —oo,
0
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B cuity orpanudenuoctu dyukuuu x(t), t € I, u nepasercrsa (36). Ho sroro e moxer 6biTh. 113

orpanmdennocru x(t), n(t), t € I, caeayer orpanndennocts dyukiwn o(t), ¢ € I. Torma us (35)
MMeeM:

T
0< lim / (e (o (t) Plo(t) — iy (o ()] +
0

+ [w(t) + Wa(t)]* Ts[w(t) + Wa(t)]dt < cc. (37)
U3 (37) cnexyer, aro
T
0< Tlg};o/ {¢"(a(®)Plo(t) — g (o (D)]}dt < oo, (38)
0

B cuy Toro, uto marpuna Ty > 0. Tak kak ¢*Plo — uy'y] = 0*Pi(0), tne Pi(o) = Pi(o) =
T
k(o) P[ILy, — g *k(c)] > 0 — nmaromanbras mMaTpuma, To n3 (38) mveem 0 < Tlim Jo*(t)Pi(o(t))x
xo(t)dt < oo, Pi(o(t)) > 0. Orciona, B cuily paBHOMepHO# HenpepbiBHOCTH byHKIMU 0(t), t € I,
nomyanm lim o(t) = 0. Tak kax ¢(0) = 0, To lim ¢(o(t)) = 0. Torma lim z(t) = 0 B cuty
T—o0 T—o0 T—oo
rypsunesoctu Marpurpl A. Ilockonmsky o(t) = Dx(t) + En(t), t € I, neocobass marpurna E, To
Tlim n(t) = 0. Hasee, o yciaosuio reopemsl Marpuiia Aj(u) rypsunesa. Ciie/1oBaTeIbHO, BBITOTHEHDI
—00

BCe yCJIOBUsI aOCOJIIOTHOM YCTORYIMBOCTH TPUBHAJILHOIO perieHusi cucreMsl (1), (3).
Teopema mokazana.

Teopema 2. ITycmov svinosnenvs Yycaosus semm 1-8, u nycmo, Kpome moezo:

1) Mampuuywve A, Ay(p), 0 < p < po 2ypsuyessl;

2) Oynryus (o) € Py nenpepuera no o,0 € R™;

3) Buinoanenw, pasencmea (20) — (24), mampuywn P = P* > 0,75 > 0;

4) Mampuya ¥ = ¥* > 0.

Toz0a noaoorcenue pasnosecus cucmemot (1), (2) abcomommo ycmotivueo.

HokazareabcTBo. 3ameTnM, 4ro B ciydae, Korjpa o(o) € Pg, dynrinus ¢(o) moxer ObITH
HeorpanndeHHoil. Cire0BaTe/IbHO, HE BBINOIHEHB! yejaoBust jgeMMbl 10. OHaKO, MOXKHO MOKA3aTh,
qro ecam Marpuiia 3 > 0, o byukuuun x(t), o(t), n(t), t € I, orpannveHsI.

B camom nerte, ecin dynknus o(t), t € I, Heorpanudena, To

o(T)
lim / ¢*(0)Tado = —o0, upu Th #0,

T—o0
0

z(T)
n(T)
caydasx umeeM 0 < Iy < —oo. Ho sroro He moxker 6biTh. CiesroBaressro dyukiwn x(t), o(t), n(t),
t € I, orpanuyennl. Torga orpanudena u cama byukuus ¢(o(t)), t € I, tne p(o) € Pq. Hasnee,
[IOBTOPHAS JIOKA3aTEIHCTBO TEOPEMbI 1, MOJIyYIUM YTBEPKICHUS HACTOSIIEH TeOpeMbI.

Teopema mokazana.

a ecim z(t), n(t), t € I, HEOrpaHUIEHHBI, TO —Tlim (:L’*(T),n*(T))Z( = —o0. B oboux
—00
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VIIK 539.3

OBOBIIIEHHHBIE PEINIEHN Y YPABHEHUI JIAME B
CJIVHAE BEI'YIHINX HAT'PY30K. YIAPHBIE BOJIHBI

JI. A. AJIEKCEEBA

WNucruryr Maremarukun MOuH PK
050010 Aymmarsr ya. [lymkuna, 125 alexeeva@math.kz

Wccnenyercs cucrema ypaHeHuit Jlame, onmchiBaionas ABUKEHHE YIPYTOil Cpeabl IPU JI03BYKOBBIX,
TPaHC- U CBEPX3BYKOBBIX CKOPOCTSIX JIBU2KEHUS MCTOYHUKA BO3MYIIEHUIT, U €e pellleHus] B IIPOCTPAHCTBE
00600IIEHHBIX BEKTOP-MYHKIMI. PaccMOTperbl BOIPOCH, CBSI3aHHBIE ¢ BO3HUKHOBEHUEM YIAPHBIX BOJIH,
KOTODble BO3HUKAIOT B CP€Jie IPH CBEPX3BYKOBLIX MCTOYHHKAX Bo3MyIleHuit. Ha ocHoBe Teopuu 0606-
[EHHBIX (DYHKIUN TPEJIOZKEH METOT ONPEIe/IEHNs] YCJIOBUM HA CKAYKU PEIIEHW U WX MPOU3BOJIHBIX HA
bpoHTAX YIAPHBIX BOJIH.

Maremarudaeckoe MOJIEJINPOBAHIE PA3HOOOPA3HBIX IIPOIECCOB, CBSI3AHHBIX C [T€PEJIBUXKEHNEM TPAH-
CTIOpPTa B Pa3/INYHBIX Cpejax, MO0 MepeMeleHneM TPAHCIIOPTUPYEMBIX TPY30B B TOHHEJISIX U TPY-
0OTPOBOIAX PA3INIHOTO HA3HAYUEHUsI, IPUBOJUT K PEIIEHUI0 KPAaeBhIX 3aJa9 MEXAHUKM CILIONTHBIX
cpen B Kjacce "berymux" byHKIHH, mapaMeTpUIeCKUX W aBTOMOJIETBHBIX TO PSTy MTEePEMEHHBIX.
[Tapamerp 3aaun — CKOPOCTH JBUXKEHUsT UCTOUYHUKA BO3MYIIEHUI B Cpeje — CYIIeCTBEHHO BJIMSIET
Ha TUT ypaBHEHUN MBUKEHMUsI, KOTOPBINA 3aBUCUT OT CKOPOCTEH PAaCIpPOCTPAHEHWS BOJH B CPEJIAaX,
TaK HA3BIBAEMBIX 38YK06bLL ckopocmedi. IX MoxkeT OBITh HECKOJIBKO B 3aBUCHMOCTHU OT BHJIa BOJIH.
Twun muddepeHnuaTbHbIX yPaBHEHUIT, OMMCHIBAIONTNX IBUKEHIE CPEJIbI, MEHSIETCS B 3aBUCAMOCTH OT
OTHOIIIEHUsI CKOPOCTU UCTOYHUKA BO3MYIIEHUH K 3BYKOBBIM cKOpocTsiM (umces Maxa). [Tosromy mpu-
XOJIUTCST CTPOUTD PEITEeHUsT CUCTEM YPABHEHUHN S/TUITHTICCKOTO, THIEPOOTMIECKOTO TN CMEITAHHOTO
TunoB. [Ipu 3TOM, KaKk U3BECTHO, IVIAJIKOCTh PEIIEHUIl CYIECTBEHHO 3aBUCUT OT IVIAJKOCTH IDAHMY-
HBIX (DYHKINN, KOTOPbIE 3aBUCIT OT TUIA [IEHCTBYIOMIX TOBEPXHOCTHBIX HATPY30K U MACCOBBIX CHI.

s dpusnaeckux 3a/1a9 TUIMIUIHBIMU SBJISIOTCS YJapHbBIE BO3JEHCTBUS, COCPEIOTOYCHHBIE Ha, [10-
BEPXHOCTAX U B TOYKAX CHUJIBI U T.II., KOTOPbIE€ HE OIIMUCBIBAIOTCA TVIQJIKMMU (byHKI_[I/IHMI/I yrILO6HbII>’I
METO/T JIJIst PEIIeHUsT TAKUX 3314 JIaeT alnapaT Teopun 00001eHHbx GyHKimii [1,2], KoTopslit mo3Bo-
JISIET CYIIECTBEHHO PACIINPUTH KJIACC M3YIAEMbIX ITPOIECCOB, UCIOIb3Ys CUHTYISPHbIE 0D00IICHHBIC
GYHKIUN JJIsT MOJIETMPOBAHUS HAOIIOIAEMBIX sIBJCHUN, B OCOOEHHOCTHU OIMCBHIBAEMBIX T'HITEPOOJIH-
YEeCKUMU WJIM CMEITaHHBIMU yPABHEHUSIME, JJIsi KOTOPBIX MaTeMaTHIecKasi TeOPHUsl KPAEBBIX 3aJad

Keywords: generalized decisions, elastic media, subsonic, transonic and supersonic velocities, moving source, shock
waves

2000 Mathematics Subject Classification: 74B05,35E05

© JI. A. Anekceesa, 2009.



O6o0bmenHble perieHust ypasaeHuii Jlame... 17

[IOKa eIlle HeI0CTAaTOYHO pas3BuTa. OCHOBHBIE HIEH METO/a OOOOIIEHHBIX (DYHKINN JJIS PENIeHUs
KpaeBbIX 3a/1a49 JIJIg BOJHOBBIX ypaBHeHU B N-MEpPHBIX IPOCTPAHCTBAX B Kjacce OEryIuxX pereHuii
paccmorpensl B [3,4]. 31ech 9T0T METO MCIOJIBL3YeTCsl [1J1s1 TI0CTPOEHHsI OO0OIIEHHBIX PeleHHH ypaB-
HeHuit JIame, OMUCHIBAIONINX JBUXKEHUE YIIPYTOM CpEbl, IPU JIO3BYKOBBIX, TPAHC- U CBEPX3BYKOBBIX
CKOPOCTSIX JIBUZKEHUST MICTOYHUKA BO3MYIIEHUN. PacCMOTPEHBI yiapHble BOJTHBI, KOTOPBIE BOZHUKAIOT
B Cpejle IIPU CBEPX3BYKOBBIX MCTOYHUKAX BO3MYINEHUN, W IIPEIIOKEH METO/I OIPeIe/IeHUs YCIOBUIA
Ha CKAYKHU PEIIeHuil U UX MPOU3BOMHBIX Ha (PPOHTAX YIAPHBIX BOJIH.

1. YpaBHeHUus JABU>KE€HUSI YOPYToii cpeabl. ¥YaapHbIe BOJIHBI. PaccMOTpUM U30TPOITHYIO
VIPYTYIO Cpely, 3alaHHyo mapaMmerpamu Jlame A, y, mioTHOCTBIO p. O603HAYUM U; — KOMIIOHEHTHI
BEKTOpa IepeMeNIeHnit u; 05, €;; — KOMIIOHEHTHI TeH30pa HalpsxKeHuil n jedopmaliyit, cBA3aHHbIe
zaxkonoM I'yka [5]:

o = Adivu d;; + 2 €45, (1)

1 (0u; Ouj . —
== 2% .4,k =1,N. 2
% 2{8xj+8:1:i} bJ @

Baech (x1,...TN) — JarpaHKeBbl JIEKAPTOBBI KOOPJMHATHI TOYEK yupyroii cpeisl. [Ipu N = 2
nedopmanus miaockast: uj = uj(x1,22,t), j = 1,2,u3 = 0; upu N = 3 — npoCcTpaHCTBEHHAs: Uj =
uj(xla r2,T3, t)? ] = 17 27 3.

VpaBHeHNs IBUXKEHUS CILIOIIHON Cpeibl

0oj B 0%u;

JUIst yOpyToit cpesipl, ¢ yaerom (1), (2), mpuBomasTcst K BUY:
L} (O, 00) (1) + Gi(x, 1) = 0, (4)

rie L{ — nmuddepeHiuaibHbIil oneparop Jlame:

-l (- 2)

c1 =+ (A+2u) /p, c2 = \/11/p — cKOpocTH pacnpocTpaHeHnsi OObEMHBIX U CABUIOBBIX BOJH B YIIPY-
roii cpesie (¢1 > ¢3), G; — 1€KapTOBBI KOOPJAUHATEHI OG'bEMHOI CHJIBI, 5{ = 0;; — cumsos1 Kponekepa,
An — oneparop Jlamnaca 8 RY. B (1) u sasee 10 IOBTOPSIONMIMCS HHICKCAM ITPOBOUTCS CyMMI-
posanue ot 1 10 N (mo06HO T€H30pHOI CBEpPTKE).

Cucrema ypasuenuii (4) ucciemosana B paborax I"U.Ilerpamens [6]. B cuny nonoxurenbHoit
OTIPEJICTIEHHOCTH YIIPYTOTO TIOTEHITHAJIA CPEJIbI, OHA SIBJISETCS CTPOro rumepbonmdeckoit. lerepmu-
HAHT ee XapaKTepPUCTUIECKON MaTpPUILbI

L={tlew}={(d-B) &g+ (e -w?)ol}
umeer 2N (¢ yueToMm KpaTHOCTH) JeificTBuTebHbIX KopHeit: 6 npu N = 3 (w/ ||£]| = £e1, £e2, £c2),

udnpu N =2: (w/||£|| = £e1, £e2). Bmecs £ = (&1, ..., En), [l =

[M'unepbosimyeckue cUCTEMBI JIONYCKAIOT PA3pbIBHLIE IO NPOU3BOIAHLIM perrenus. [loBepxHocTh
paspeisa F' B RVl = RN x t, —00 < t < 00, coBImagaer ¢ XapaKTepHCTHIECKOH TOBEPXHOCTHIO CH-
crembl. Eit coorBercTByeT BOIHOBOI (poHT Fy, KOTOPBIH BuKeTcs B npocTpancrse RY ¢ revenmem
BpPEMEHN.
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[ycrs v = {v1,...,UN, 4} — eIUHUYHBIA BeKTOp HOpMasu K F B RN+ yrosrersopstomnmit
XapaKTEepPUCTUIECKOMY yPaBHEHUIO:

det { (¢ — B) vivy + 055 (w3 = v7) } =0, IIvlly =

B cuty rumepbosmarocTn cucreMsl (4), 3T0 ypaBHEHHE MMeeT KOPHH
ve=teilvlly, §=1.2 (6)
Iosepxuocts Fy muxkercs B RY co ckopocTbio V, KOTOpast, KAK N3BECTHO, PABHA

Vi=—u/lviy- (7)

Uz (6),(7) cnenyer, uro Fy npuxkercss B npocrpanctse RY ¢ ommoil n3 3BYKOBBIX CKOPOCTeIi:
V=cwmV =cy.

Beenem 6oan060t BekTOp m = (M, ..., my) — 9T0 eIMHAYHBIH BeKTOp HOpMaJsu K dbpouTy F} B
RY npu dbuxcupoannoM ¢, HaIpaBJIeHHBIH B CTOPOHY ee pacipocTpanenus. B cuiy (7)

Vi

vl

m; =—Vv;/uv. (8)

Ob6o3nauuM vy = V4. TpeboBanne HeNPEPBIBHOCTH MI€PEMENTEHIIT IPU IIePEX0/ie Iepe3 BOJIHO-
BOIl (DPOHT, CBA3AHHOE C COXPAHEHUEM CILJIONIHOCTU CPE/JIbI,

[u]p, =0, (9)

OPUBOJUT K U3BECTHBIM KMHEMATUIECCKNUM YCJIOBUAM COBMECTHOCTHU pemeHHﬁ Ha BOJIHOBBIX Cl)pOHTaX

[6]:

ou; ou; R
[mja—i—V =0, 4,j=1,N, (10)
t ox;
ilr
(ycIoBHE HEIPEpPBIBHOCTH KacaTeJbHBIX Mpon3Boaubix Ha Fy ). Ilomumo storo u3 (4) cremytor nu-
HaMHU1IeCKHe yCJIOBUA COBMECTHOCTHU peLHeHI/Iﬁ Ha CprHTaX7 IKBUBAJICHTHBIC 3aKOHY COXPaHCHUA NUM-
yJIbCa B €ro OKpecTHOCTH [6]:

= 0. (11)

F

8“1'
ot

|:U¢jmj + pV —

Omnpenenenune. Boany na306em YIAPHOM, €CAU CKAYOK HANPANCENUT Ha PPOHME 60AHbL KOre-
uen: €; [oimylp, # 0, 2de €; — opmut xoopdurammnex oceli. Ecau [oi;m;]p = 0, mo 6oana cnabas
ynapHasi. Ecau [o;5m;] F, = 00, 604Ma CUIbHAA y/aPHAS.

Kak cienyer u3z (11), Ha dbpoHTaxX yJapHBIX BOJH IPOMCXOJAUT CKadoK ckopocreil. Ha dponrax
csabbIX yJapHBIX BOJIH HET CKadKa CKOPOCTell, HO BTOpble [IPOU3BO/IHbIE pelleHnii pa3pbiBHbL. Ciry-
Jail CHJIBHBIX yJAPHBIX BOJIH (B JAHHOM OIIPEJICTICHNN) B PEaJIbHbIX CPeJlax He Pean3yercs, T.K. IPpU
GOJIBINIX CKAYKaX HAlPsKEHUil cpejia paspyliaercs U mepecraer ObITh yupyroii. OjHaKO cuibHbIE
Y/IapHBIE BOJIHBI B YIPYI'HX CPeJaX MIPAIOT BAYKHYIO TEOPETUYECKYIO POJIb IIPH IIOCTPOCHHUN Delle-
HUIl PA3IMIHBIX KPaeBbIX 3ajad. K TakKoBbIM, B 9aCTHOCTH, OTHOCATCsI (DYH/IAMEHTAJIbHBIE DEIICHHs
ypaBuenuii (4).

2. Beryimue permtenusi ypasHeHuit Jlame. Huciaa Maxa. Ilycts cuira, neiictByrormast B cpe-
e, JBUZKETCsI € MOCTOSHHOMN CKOPOCTBIO ¢ BIOJIb KOOpAuHATHON ocu Xy ( jist y106CcTBa BBIKJIAIOK,
IIPOTUBOIIOJIOXKHO €€ HAIPABJIEHWIO) U B MOJBUXKHOI cucTeMe KOOD/MHAT He 3aBUCUT OT t:

G:G(:cl,...,a:N—i—ct). (12)
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Bynem nckarsb perrenus (4) Taxoii e CTPYKTYDBL:
u=u(xy,...,zN + ct), (13)

KOTOPBIE HA30BEM O€2yUjuMU.

Bsesiem nojsuzknyio cucremy Koopjaunar x' = (2f,...,2) = (z1,...,2N + ct). B HOBBIX nepe-
y y D 1 'y YN ’ ’ 1%

MEHHbIX YpaBHEHUA JBUXKEHUA MMEIOT BUJI:

2 2
{(C% - C%) Osn’aa’z + (ch - Cz@i’2> 5;}111 +G;=0, 4,j=1N. (14)
7 J N

B cuiny runep6oamaHOCTH MCXOAHON cHCTeMB, ypaBHeHus (14) Takyke MOI'YT UMEThb pPa3pbIBHbIE
pemenns. [Iycts F' moBepXHOCTL Pa3pblBa B IPOCTPAHCTBE IIEPEMEHHBIX X', I/le OHA HEHOBUKHA, 1
JIBIKYTIASICST C OJIHOM M3 3BYKOBBIX CKOpocTeit V' = ¢, ¢2 B IPOCTPAHCTBE IIEPEMEHHBIX (1, ..., TN ).
Uz (7) cnemyer, uro V = chy, tne h = (hy,...,hy) — emuanunas mopMaab K F B RY. 3uaunr,
OCKOJNIBKY ¢ = ¢;j/hy 1 |hy| < 1, Takme HOBEPXHOCTH MOTYT BOSHUKHYTb JIIIb IPU CBEPX3BYKOBBIX
CKOPOCTSX € 2 Cj.

Haszosem ckopocThb ¢ 0036yk0601, eciau ¢ < Co; MENHC36YK060T, ecln o < ¢ < €] U CBEPIL3BY-
Ko6ot, ecu ¢ > c¢1. CKOPOCTb HA3BIBAETCS NEPeot WIH 6Mopot 36yK060tl, eclu ¢ = ¢j, j = 1,2,
COOTBETCTBEHHO.

Iepermumenm ypasnenue (14), momenus ero Ha c2:

A\ 5 ) w = (M7 = M, )W+ M, A—ax% 0 [ Ui = —g;- (15)

Bnecw g; = ¢ 2G4, M; = c/c; — 1nena Maxa (My < Ma). Tlpu M; < 1(j = 1,2) narpyska
JI03BYKOBasl, CHCTEMa ypaBHEHMIT S/IJIMIITHYECKOr0 THIIA; €N Harpy3Ka cBepx3ByKoBast, M; > 1 (j =
1,2), cucremMa CTAaHOBUTCsI THIIEPOOJIMYECKOIT; €M CKOPOCTh MEK3BYKOBast (mpancasyrosas), My <
1, My > 1, To Tun ypasHeHuii runep6oJio-3suunTudeckuii. [Ipu 3ByKOBBIX CKOPOCTSIX ypaBHEHUSI
mapabosto-smunrudeckue, ecam Mo = 1, a nipu M7 = 1 craHoBsATCS apabOJIO-TUIEPOOTTIECKIMU.
[Tokazkem 910 jiajiee npu HOCTPoeHUN (YyHIAMEHTAJIBHBIX PellleHnil ypaBHeHuil (4).

Kunemarnueckue u JUHAMAYECKHC YCJIOBHsI COBMECTHOCTH DEINeHUil Ha pa3pbiBax B IPOCTPAH-
CTBe IIepeMeHHbIX, Kak ciaeayer u3 (9) — (11) ¢ yuaerom (13), npumyT BrI:

[u]p =0, (16)
[hz Ujyj —hj ui’N]F = 07 (17>
[Uijhj_l)02 hn UiaN]FZO, i,j=1,N. (18

31eck n gacro nasee uddepeHnupoBanne 1o T; 0003HAMACTCA MHIECKCOM j IIOCHIE 3aIdTOl B
obo3navennu QyHKIHUN.

Oupepnesienne. [Ipu ¢ > ¢y 6ydem nazwveamsv pewenue ypashenutd (14) KIacCHIeCKUM, €Al
OHO HENPEPVIBHO, d8astcv, duddeperuupyemo 6crody, 36 UCKAOUEHUEM BOAHOBBIL PPOHMOSE, UUCAO
KOTOPOLL KOHEWHO Ha a1060M 3amKHymom nodmmoscecmee 6 RY | na xomopwix ydosaemeoparomes
yeaosus wa ckauku (16) — (18).

Paccmorpum ypasraenusi (15) u ero perrenusi Ha MPOCTPAHCTBE OOOOIIEHHBIX (Y HKITHIA.

3. O600611IeHHbIe BeKTOP-DYHKIMN U UX NPOU3BOAHbIe. BHavae 1amM HEKOTOPbBIE OIIpe-
JleJieHust JiJIst ODODIIEHHBIX BEKTOP-(PYHKIHI, KOTOPbIE PACIIPOCTPAHSIIOT U3BECTHYIO TEOPHUIO 0006-
meHHbIX dbyHkumit [1,2] Ha npocrpaHcTBo BeKTOP-bYHKIHIL.

IIpocTpancTBo PUHATHLIX OecKOHeUHO—muddepeHnupyeMbiX M-MepHBIX BEKTOP-OYHKIMHA Ha
RN o6osnatum Dy (RY) = {p(z) = (¢1(2), ..., om(x)), ¢x € D(RY), k=1,M}, a uepe3
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W(RN) = {f = (fi,os fr1), fre D'(RN), k=1 M} — COOTBETCTBYIOIIEE eMY IIPOCTPAHCTBO 0000~

IIEHHBIX BEKTOP-(DYHKIMA — HEIPEPHIBHLIX JTHHEHAHBIX dbyHKiuonanos za Dy (RN): ( f p) =
M
= 5 (fiser), @r(@) € D(RN). Ecu f — nokaibuo nuTerpupyeMas BeKTOp-byHKIs, TO eif

COOTBETCTBYET perysspHast 0000IeHHas BeKTOP-(PYHKIMs f, KOTOpas ONpee/IseT CAeIyIONnii JIu-
HEUHBIN (DyHKITHOHA:

(f.0) / fo(@)on(@)der.dey, opnx) € DRY). (19)
k= 1

Ecin f mesnb3s npeacraBuTh B mHTerpaibHoM Buje (19), To f — cunrynspHas BeKTOp-QyHKIHS.
B kadecTBe npumMepa MpUBEJEM CHHIYJISIpHYI0 0600menuyo dbyHkimo a(r)ds(r), KoTopyo Ha-
3bIBAIOT "mpocmuim croem Ha noseprrocmu S

M
(a(z)ds(z Z / or(z)dS ().
F=15(w)

Baech BekTop-byakust o = {a(x),...,ap ()} onpesenena u uHTErpUpyeMa Ha MOBEPXHOCTU
S c RN. 3amernm, uro B ormmume or (19), mnrerpan Geperca me mo RV, a mo mosepxmoctu S.
Hastee 6ynem mpemosarars, uro DimS = N — 1, S HenpepbIBHA U UMeeT HElPEepbIBHYI HOPMaJlb

n(z) = (m(x),...,nn(2)), [n] =1.
Huddepentmpopanne Ha DM(RN ) olpejieJisieM, UCIIOJIb3Ysl IIPOU3BOHYIO 0600IIeHHO dyHK-
AU

M
(0°f,9) = (=1)(f,0%) = (=D (fi, 0%¢1), (20)
k=1

rae MYJIbTUUHIAEKC a = (al, ceny aN) orpenaessddeT 9aCTHYIO IIPOU3BOAHYIO

- glal N
=—— l|a| = aj.
ozt ..oz ll kzl k
Ecmu f(z) nuddepennupyema Bcoy, KpoMe MOBEPXHOCTH S, TO, KaK u3BecTHO [1,2],

f?j: f?j +n; [f]553($). (21)

Brech cieBa crouT 0000IIEHHAS IIPOU3BOIHASL 110 Zj B CMbICIe onpesesennst (20), a cipasa epBoe
ciaraemoe — o0bruHast npoussojHas. O4ueBuiHo, 9To (21) cupaBeuBo u Jisi 0GOOIIEHHBIX BEKTOD-
dyuknumii. Janee Oyaem Ha3bIBATH 0000IEHHBIE BEKTOP-(DYHKIUHA IPOCTO 0600UeHHbiMU DYHKIUSI-
M.

Pacemorpum na Dy (RY) muneitnbiit audbdepenimaibapii onepaTop ¢ MOCTOSHHBIMU K03hbu-
IHEHTAMHI

L(0s) = {Lij (3)} sy = {Z oﬂaaa} .
MxM
Onpenenenue. Hazosem U 0000IEHHBIM pelieHIeM Ju@@epenyuaibhozo ypasHeHus
L(0s)a= {Lf (8x)aj}Mx1 - {fi}Mxl =/
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(L D)) = (Lig (D) tgo00) = (i, L (o) 00) = (fo0) Vo € Dag(BY).

Brech conpsukennsiit onepatop L (0z) = (—1)'“0}“8?

a
Oupenenenne. Mampuua U(x) naswieaemces mampuuets Gyniamenmansvioi pewenut, ecau
oHa YI0BAEMBOPAET, MAMPUYHOMY YPLEHEHUIO

L@)0 = {Ly @) Uf @)} =) {o (22)

}MxM’

2de §(x) cumeyaapran §-Pyrryus:

(52)3%, on(2)) = (8(2), 6 () ) = (8(2), pi()) = i(0).

fcHo, aTo DyHIAMEHTAIBHBIE PEIIEHUsT OIPEIEIISIIOTCST ¢ TOYHOCTBIO 10 PEIIeHNsT OJIHOPOIHOTO
YPaBHEHUA.

Teopema 1. Ecau cyuwecmeyem ceepmrka
~ ~ ~ { Ak ~ } ’ 23
u=Uxf=1U; () * fr(z) . (23)

mo U aeasemcs obobuwentvm pewenuem ypasrenus L (0y) 4 = f.
HoxkaszareabcTBo. B cuity cpoiicra quddepentuposanust cepTku u ceeprku ¢ 0(x) [1,2 |:

L@ a=10) (U f) = (L@) ) f = {oks@)« i} =

Y. .
Ecmu Bxomsmue B cBepTKy 006001IeHHBIE (DYHKIME SIBJIAIOTCST PEryJIAPHBIMUA, TO OHU 3aIlNCHIBa-
FOTCsI B MHTETrPaJIbHOM (hopMe BUIA:

i=0sf={ [ U -hwdndyy p (24)
RN Mx1

Urak, 3nas mMarpuily pyHIaMEHTAJLHBIX PelieHuil cucreMmbl guddepeHnnaaibHbIX ypaBHEHHUH,
MOKHO CTPOUTH UX OOOOIIEHHBIE PEIeHus JJis Pa3HbIX MPaBbIX YacTell n3 Kjacca 0DODIIEHHBIX
dbyukimit. Kak sierko Bujiers B (24), peleHne Ipe/iCTaBiIsIeTCst B BUJE CyNepno3unuy (dyH/[aMeH-
TAJBHBIX PeIeHnil, pacupeieJieHHbIX Ha HocuTesre GyHKImN f(x), HHTEHCHBHOCTH KOTOPBIX OIIpe-
JejisieTcs ee 3HadeHweM. [103TOMy It TIOCTPOEHUSI PEIIeHUl, YA0BJIETBOPSIIONIUX OIPE I/ IEHHBIM
cBoiicTBaM Ha OECKOHEYHOCTH, CJIe/lyeT BHaYaJe CTPOUTH (DYyHIAMEHTAJbHbIE PEIIeHUs, YI0BJIETBO-
psIfoIye moIOOHBIM CBOMCTBAM.

4. YagapHble BOJHBI KaK 0O0O0OIIleHHbIE peIlleHns ypaBHEHU. YcjaoBUsA Ha (PPOHTAX.
[ycrs u(z') — kmaccudeckoe pemenne B RY, yaosnersopsiomee (17) — (18) ma KomewHom umciie
nosepxuocreit Tuna F'. O6osnaanm 4(x, 2) COOTBETCTBYIOINLYIO PErYIIsiPHYIO 0000IIEeHHY 0 (DyHKITHIO:
Wz, z) = u(2'), z = (2, ...,2%y_,), z = &y. Hompsysice (21), momy«mm:

06i; 0% .. Ou
— pc 4+ pG; = | osh; — pV* hy op+
8:69 a;ﬁv I orN | p
0 U whiyy + ik + wghd)lp ) — =0 {[uihy 1-6r) (25)
al’j ktkOg MU 5 31i) | p OF al’N iUN |p OF 5
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rie adp — IPOCTOoi ¢joii Ha F' |, IJIOTHOCTH KOTOPOI'O OIIPEIE/ISeTCs CKAYKOM lIepeMelleHnil Ha (ppoHTe
BOJIHBL. B cuity yciosuii Ha dbponTax yuapubix BosH (16) u (18), npasast gacts (20) obpaiaercs B
0, T.e. 0600IIeHHAsT (DYHKIWs U YIOBJIETBOPsieT TeM ke ypasHeHusiM (14), HO yxke B 0000IIEHHOM
CMBICJIE.

Orcrona ciaeayer mpocToil popMajIbHBIA CIIOCOO MMOJIyYeHHsT YCAOBUI Ha CKAYKHU PEIIeHH U UX
IPOM3BOJHBIX HA (DPOHTAX. YAPHBIE BOJIHBIL sIBJISIOTCSI 0OOOIIEHHBIMY PelieHusiMu ypasHeHuii (14),
[IO9TOMY JIOCTATOYHO IPUPABHATH IJIOTHOCTH HE3ABUCUMBIX CJIOEB HYJIIO, YTOOBI MTOJIYYUTDH YCJIOBUS
Ha CKavKU Ha (PPOHTAX YIAPHBIX BOJIH.

5. ®ynnamenTanbpHble penteHnsa. Marpuna I'puna. [Ipn pemmennn KkpaeBbIxX 3a/1a4 BaXKHYTO
POJIb AI'paloT pyHJaMeHTaJIbHbIE PEIlIeHNs], KOTOPbIe OINCBHIBAIOT JUHAMUKY CPeJIbl IIPH JefICTBUH CO-
CPEJIOTOUEHHBIX UCTOYHIUKOB PA3/IMIHOrO THIIA. 3JIeCh IIPUBEJIEM JiBa (DYHIAMEHTATbHBIX PEIeHusl,
KOTOPBIC UI'PDAIOT OYCHb BAXKHYIO POJIb IIPU IIOCTPOCHHUHU CUHTYJIAPHBIX I'PAHUYHBIX MHTErPaJIbHBIX
ypaBHEHHIl, pa3peaionux IepBylo U BTOPYIO KPaeBble 3aJIa4i TEOPUH YIPYTOCTH B ciydae Oery-
IUX HArpy30K. B mocsenyronmx craThbsX Mbl IIPUBEIEM DEIeHHe STUX 3aJlad BO BCEM JIUAIIA30HE
CKOpOCTEH IBUKYIIUXCA HAIPY30K, 38 UCKJ/IIOYEHUEM 3BYKOBBIX, IIPU KOTOPBIX CTAIlMOHAPHLIX peIlle-
HUII He CyIIECTBYeT.

PaccmoTpuMm U ,i — MaTpuIly (byHJIAMEHTAJIbHBIX DelleHuii ypaBHenust jpuzkenusi (14):

0 N (26)

Al (893,> U +6(2)6F =0,  i,j=
MoxHO TIoKa3aTh, 9TO OHa SABJIAETCS TeH30poM. Ecau oHa yI0BIETBOPSET YCIOBUAM 3aTyXaHUA
Ha OECKOHEYHOCTHU: Uf — 0, @f]ﬁ — O upu 2’ — oo, HazoBeM ee mensopom I'puna ypaBHEHUs
(14). Ilpu dbukcupoBanHOM k OH OIKCHIBAET MIEPEMEIIEHNs CPEJIbI MIPH JIEHCTBUE COCPEIOTOUECHHOM
CHJTBI, JIEWCTBYIOIIEH B HAIIPABIEHUN KOOPIUMHATHOMN ocn Xj, 1 Oeryieir co CKOPOCThIO € BIOJIb OCH
Xn.
JL1st IpOu3BOJIBHOM peryssipHoii cujibl G COOTBETCTBYIOIIEE PEITeHne NMeEeT BUJ CBEPTKU:

iy = U = g = / Uf (2 = y)gi(y)dy:...dyn. (27)
RN

[pusesem sug UF 11 pasmbix ckopocTeii ¢, KOTOPBIH MOTYHYeH ¢ HCNOIb30BaHIeM Tpeobpaso-
Banust Pypwe, nmerorero Bu [7]:
2
=i M56;5 R3S 1 1

ClelP - MEe) & \llelP - MBg llel® - MR

(28)

Orkyna ciaemyer

U} (x, 2) = M36] foo (||, 2) + (forsis (2]l 2) = fozoij (2], 2))

&y

e frm — OpUTHHAIBL (DYHKIUA [y, = TEP-MEEZ)
mSN

HOCTH 3aja4n u ducest Maxa (cm.[2]).

, BUJ] KOTOPBIX CYIIIECTBEHHO 3aBUCUT OT pa3Mep-

_ -1
Tax fom = <||§ ||2 — M%f%) . Jlerko BUIETH, 9TO 9TO TIpeobpazoBanne Pypbe HyHTAMEHTATH-
HOTO PEIIeHUs] YPaBHEHUS

. 02 form
ANflfom + (1 — Mgz)afg + 5(5[7)5(2) =0.
TN
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[Tpu 103BYKOBBIX CKOPOCTSIX 9TO ypaBHEHUE SKBUBAJIEHTHO JLINNITHIECKOMY ypaBHenuio Jlamiaca-
IIyaccona, mpu cBEpX3BYKOBBIX — BOJITHOBOMY YPABHEHUIO (ypaBHeHI/HO Jangambepa, mis N:2), upu
3BYKOBOI CKOPOCTHU II€PEMEHHAsI Z B YPABHEHUU MCUYE3A€T, YPABHEHHE CTAHOBUTCA MapPaOOITUICCKUM,
T.K. Pa3MEPHOCTb MPOCTPAHCTBA HA €JUHUILY BbIIle. UTO U onpeesieT TUIl ypaBHEHUMA (15), OoTMe-
YEeHHBIA BBIIIIE.

[Tpu nocrpoennn GyHIAMEHTAJILHBIX PEIIeH, IOMIMO YCJIOBHI 3aTyXaHUs PeIleHnit Ha 6ecKo-

HEYHOCTH, YUNTBIBAINCH yCJI0BUsT u3iydenust [4,7]:
||

z
upu My, < 1: fym = f f(k—l)m($7y)dy; upu My, > 10 fym = 0(2) ff(k—l)m(xay)dy7 k=1,2.
0 0
IIpocmpancmeennan 3adaua (N = 3). Ilpu no3BykoBbIx ckopoctsix (M < 1):
Ar for (2], 2) = (m |l2]® + 2°) 72, A fie = sen |z | In ((|2] + V5 /mu |2])
Ar for, = |2| In (2] + Vi) fmue ll2]) = ViF + s |15
pu 3BYKOBBIX cKopocTsix (My = 1):
21 for(llzll, 2) = =0(z) Inllz||, 27 fix = —0(2) In|lz]|, 27 fo = —26(z) In|lz|,
[IPU CBEPX3BYKOBBIX cKopocTsix (Mg > 1):
27 for(|l2ll 2) = 6(z — my, [[])(2* — m} [l]*) 7"/,
27 fi. = 0(z — my ||z]]) In ((z + sz_) /my; HxH) ,
2 for = 0(z — my [|z]]) (210 ((2 + V") /o [lz]]) = Vi) -
Bech BBeseHbl 0603HaueHust: 0 (z) — dyukuus Xesucaiija,
Vb= (4 mp )2 Ve = E =m0 6 =0z —my2]).
ITnockan 3adawa (N = 2). Ilpn no3ByKoBBIX CKOpOCTsiX (M) < 1):

2|

2rmy for (||, 2) = —ankJr, 2rmy fir = —|z|In V,;’ + |z| — mg|z|arctg———

)
my|z|

I

2mmy for = (ViF)? — 222) In V" + 1,52% — 2my || |2] arctg ‘

mix

pU 3BYKOBBIX CKOpocTsax (My = 1):
2fok(z|,2) = =0(2) 2], 2fik = 0(2) |z[, 2fok = 20(2) |z|;
[IPU CBEPX3BYKOBBIX cKopocTsx (M > 1):
2my for(|a], 2) = 0(z —my|z]),  2mpfie = (2 — my [2])0(z — my |z]),

dmy for, = (2 — my |2])?0(2 — my, |2]).

CaoiicrBa Tensopa U ucciieioanst B |7]. B mwiockom ciryuae renzop U zHa 6eCKOHEYHOCTH Heorpa-
HI9eH. B ¢BepX3ByKOBOM cirydae HOocuTeseM (DYHKIWi sBisieTcst KoHyc 2z > myl|z||. [locreanee sB-
JISIETCS  YCAOBUEM USAYHEHUA, T.K. U3 (PUBNIECKUX COOOParKEHMIl BHE TOIO KOHYCA II€PEMEICHMSI
VIPYTOil Cpelibl OTCYTCTBYIOT B CHJIy KOHEYHOCTH CKOPOCTHU PACIIPOCTPAHEHMsI BO3MYIIEHU, KOTO-
pasi He MOXKeT OBITh BBIIIE COOTBETCTBYIONIEH 3BYKOBOM JJIsl OIIPEIEJIEHHOrO TUIlla JedpopManmii. 3a-
METHM, 9TO 3THU yC.HOBI/ISI IIOABJIAIOTCA B peSy.HbTaTe IIOCTPpOECHU A PEHICHUA 3aJa91 JIJIgd O6'beMHOI>JI n
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24 JI. A. Anekceesa

CJIBUTOBOI cOCTaBJIsIIONIEll TeH3opa I'pruHa oT/IeJIbHO B 3aBUCUMOCTH OT CKOPOCTH OeryIieil Harpy3KH.
Ha nosepxuoctu z = myl|z|| B rpexmeprom ciryuae tersop I'puna uMeer 6eCKOHEUHYIO 0COGEHHOCTH
1 OIMCBIBAET CUJIBHYIO yAAPHYIO BOJIHY.

[TocTpoennbie TeH30pa 00JIAIAIOT CJEIYIONIUMEI CBOficTBaMu cummerpun: U ]’(:c, z) = UZ‘? (r,2) =

U J’-(—x, z). JIerko BbLIENSAIOTCsT OOBEMHBIE U CJIBUTOBBIE COCTABJISIIONTIE TeH30pa U:

U; = U;l + U}Q,
U;l = CiQfgl/ij, U;2 = 0525§f02 — V72f22,ij‘ (29)

!, ONMCBIBAET JeDOPMAIINU CXKATUS-PACTIKEHUsT, KOTOPhIE PACIIPOCTPAHSIOTCS B YIIPYTOU Cpejie

i1
i
€O CKOpOCTBIO ¢1 (0bBemHbie 6oanbL), a U o~ CIBUTOBBIE nedopmanun (cdeuzosvie 604HbL), KOTOPbIE
PaCIpPOCTPAHSAIOTCA MeJJIeHHee CO CKOPOCTDIO 3.

6. ®ynmameHnTagbHas Marpuna Hanpsokennii T7. Vcnonssys saxon I'yka (1), BBegem ren-
30pBI HAIIPSI2KEHUI, TOPOXK aeMble TeH3opoM ['puna:

Sk (w,2) = A6y 0m UL, + 1 (@-Uf + (%Uf) ;

¥(x,2,n) = Sf(:v,z)nj, Tg(ac,z,n) = —f;(:z:, Z,n).

(30)

BepHaa crenyromas Teopema.

T
Teopema 2. Tensop T acasemca 0b60bwernvim peuweHuem ypasHenus

Ag (a’lﬁ') j—‘Jk = _Kllc (a’ﬂ’:n) 5(.%'/),

20e K (Oy,m) = M)y + py (810 + 019,

HokazareascrBo: 3 (32), (1) mosmyunm: —Tz = f‘f = K!(0y,n) Ui (z,z). CirenosareisHo,
Ai (83?’) T]k = _Ag (ax/) F?g :'_Ag (8:10’) K]lg (3:1:'7 n) Ulj = _K]lc (az/a n) Ag (8:1:’) U]l(xv Z) =
= —K} (0, n) 05(z') = —K! (9,,n) 6(2'). Teopema noxasana.

TeH30p BBIYUCIAETCSI, UCHIOJIB3YsT COOTBETCTBYIONME (GOPMYJIBI 11.4, B 3aBUCUMOCTH OT PA3MEPHO-

CTH 33J]a91 U CKOPOCTH JBHXKEeHUs. AHAJIOTMYHO MOYKHO BBIJICINTH OOLEMHYIO U CABUIOBYIO COCTAB-
asmomue T (x,n) = T4 + TJ,. O onuceiBaer AnHAMEKY yupyroii cpejpl npu jeficTuu Geryuei

~ -

COCpe,ZLOTO‘IeHHOfI CHJIbI MYJIBTUIIOJIBHOI'O THIIA.

3akarouenne. [Ipeacrasiennbie byHIaMeHTAIbHBIE MATPHUIIBI MOKHO UCIIOJIb30BATh I M3Y-
YeHUs JUHAMUKU CPeJ, ¢ OEryImuMu Harpy3KaMu, PaciupelesIeHHBIMU 10 00beMy, TIOBEPXHOCTH WJIN
MIPSIMOM, UCITOJIB3YsT POPMYIy TEOpeMbI 1.

Eciu g — 10KaJbHO MHTErpUpyeMble (DYHKITUU C KOHETHBIM HOCUTEIEM, UTO TUIIMIHO Jjis (bu-
3WYECKUX 3aJad, B CHIy peryiasapHoctu U, pereHne nuMeeT BUI:

(2, 2) = / UF(2' — y)gr(y)dys...dyn.
suppG (y)

VenoBus Ha g MOXKHO OCJIA0UTH, €CJIU yIecTh acuMnTOTUKy U Ha 6ECKOHETHOCTH.

Ecnu Gerymiast cuyia cocpesioToueHa Ha IMJIMHJIPUYECKON MOBEPXHOCTH S, 00pa3yiolias KOTO-
poit mapaJsiesbHa OCH Z, TO €e MOXKHO OIMCATbL CHHTYIAPHONW (DYHKIHEH ¢ KOMIOHEHTAMHU (i =
gk (x, 2)ds(x, z). Torma perenune umeer BHI:

(2, 2) = / UE (2’ — y)gr(y)dS(y).

S
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O6o0bmenHble perieHust ypasaeHuii Jlame... 25

Ecmu Gerytmast cuia cocpeqoTodeHa Ha OCH Z, €6 MOXKHO OIUCATH CUHTYJIAPHON DYHKINEH § =
9k (2)d(z). Torma perenne nmeer BUIL:

a(x, 2) = / Ul (. 2 — y)gu(2)dz.
Rl

Vcnonb3yst Bug U B 3aBECUMOCTH OT PA3MEPHOCTH 3aJ1a91 U CKOPOCTH GeryIeil Harpy3Ku, MOXKHO
OJTyIUTh aHAJUTUICCKHEe POPMYJIBI JJIsi OIpEeJIe/ieHns epeMerenuii cpeabl. [lpu aTom 1 perre-
Hust, B cuity JieMMbl JTio6ya-Peitmona [1], 6yayT kiaccudeckumu.

B ciaydae CHHTYJISIDHBIX CHJI JAPYTOro BUJA IS IIOCTPOEHUsT OOOOIIEHHOTO PEIICHUsS CJIeLyeT
HCIIOIB30BATh (DOPMYJILY CBEPTKHU COTVIACHO €€ OIPEJIeJICHUIO Jisi 00001meHHbIx dynkmit (cm.[1,2]).
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O KOPPEKTHOI1 PA3PEIIINIMOCTU KPAEBOI 3AJTAYI C
JAHHBIMI HA XAPAKTEPUCTUKAX JIJISd CUCTEM
MHTETPO-IN®PEPEHIINAJILHEIX YPABHEHU
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PaccmarpuBaercs kpaeBas 3a1a9a ¢ JaHHBIMA Ha XaPAKTEPUCTUKAX JJIsi CHCTEM UHTETPO-TudDepeHIinaib-
HBIX yPaBHEHHUI T'MIepOOINIECKOr0 THIA. YCTAHOBJIEHA SKBHUBAJECHTHOCTH KOPPEKTHON PAa3pENnInMOCTH
paccMaTpUBaeMOil 3a/1a91 ¥ KOPPEKTHOW Pa3PeNInMOCTH CEMENCTBA JABYXTOYETHBIX KPAEBBIX 3304 JIJIst
UHTErpo-audpepeHnraabHbIX yPaBHEHHIA.

B obsactu 2 = [0, 7] % [0,w] paccmarpuBaeTcs Kpaepasi 3a/1a4a ¢ JJAHHBIMU Ha XapAKTePUCTHKAX
JUIsI cucTeMbl MHTerpo-and depeHnuaabibIX ypaBHeHuii THIepOoIMuecKoro THIIa BTOPOro HOPsIKa;

0%u ou ou
v A(t,a:)% + B(t,x)a +C(t,z)u+ f(t,x)+
T
—|—/|:K3(t,x,7‘) 8u((97; 7) + Kg(t,x,r)aug;w) + Ki(t,z, m)u(r, x)|dr, (1)
0
u(t,0)=0, telo,T], 2)
Po@) )y py ) O payugo,a) + 5o P g () U
+So(z)u(T, z) = p(x), x € [0,w], (3)

rae (nxmn) —wvarpunst A(t,x), B(t,z), C(t,z), n — Bexrop-byukuus f(t,x) SBJISIOTCS HEIPe-
poiBHbIME B 2, (n X n) — marpunsl K;(t,xz,7) senpepbiBabt Ha Q X [0,T], i =1,2,3,(n xn) —
marpunel Pj(z), Si(x), i =1,2,3, n — Bekrop-dyukius (x) HenpepbiBHbI Ha [0, w],

n

i=1,n i=1,n "

u(t, z)|| = max [u; (¢, )|, [||A(¢,2)|| = m?lz lai; (¢, z)],  lello = max, ()]l
Jj=1 ’

Keywords: system of integro-differential equations of hyperbolic type, boundary value problem with data on
characteristics, method of additional parameter’s introduction, correct solvability
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© A. T. Acanosa, 2009.



O KOPPEKTHOI pa3peItmMOCTA KPAeBoil 3a/1a49u C JJaHHBIMU Ha, XapaKTePUCTUKAX JJIA CUCTEM ... 27

- Lo, (1Kl = Ktz 7).
I1£1]1 (g};;dgﬁ\lf( o), [[Kill2 (t,x,f?é?{i[o,ﬂ” 1(t, 2, 7)||

[ycrs C(J, R™) — muoxkecTBo Hempepwieubix Ha J (J C RY wm J C R?) bynkmmit u: J —
R". Oynxmus u(t,r) € C(, R"), nMeromas 9acTHbIe TPOU3BOTHbIE auét,m) € C(Q,R"),
x
ou(t, x) 0u(t, x)

T C(Q,R"), pn C (2, R"), na3piBaeTcs KJIaCCHYIECKUM pelteHneM 3ajgadn (1) —
T

(3), ecau ona yuosiersopsier cucreme (1) npu Beex (¢, x) € 2 1 BBIIOJHEHBI KpaeBble ycJoBus (2),
(3).

B nacroseii craTbe u3ydaroTcst BOIPOCHI CYIECTBOBAHNUS, €MHCTBEHHOCTH KJIACCHIECKOTO pe-
IIEHNUsT KPAEBOM 3a/1a9¥ C JIAHHBIME Ha XapaKTePUCTUKAX JIJIsi CUCTEM WHTErpo-1uddepeHImaabHbIX
ypaBrenuit runepbomueckoro tuna (1) — (3). JokasbiBaercss yrBepxKeHne 06 SKBUBAJCHTHOCTH
KOPPEKTHOU Pa3pEenmMOCTA 3a1a491 (1) — (3) U KOPPEKTHOM pa3pelinmMOCTd CeMeNCTBa ABYyXTO4ed-
HBIX KPAeBbIX 3aJ1a4 JJIsi OOBIKHOBEHHBIX UHTErpo-iuddepeHnaaibHbIX ypaBHEHNI.

JlocTaTo4uHbIe YCJIOBHA CYIIECTBOBAHMS IIEPUOJAMYECKUX 0 BPEMEHHU C HepuojoM 1 penreHuii
cucreM UHTErpo-iudepeHnanbHbIX YPABHEHU ¢ YACTHBIMU ITPOM3BOIHBIMU C UMITYJIbCHBIM BO3-
JIeiCTBUEM yCTAHOBJIEHBI YNCJIEHHO-aHAJIUTHIECKUM MeTozoM B [1]. Bompocs! cymecrBoBanust Kiac-
CHYECKOI0 PelIeHus 3a1a49u ['ypea Jijist CHCTeM Harpy KeHHbIX THIEPOOIMYeCKUX yPaBHEHU N3y YeHbI
B |2]. HeslokasibHasi KpaeBasi 3a/1a4a ¢ JIAHHBIMU Ha XapaKTePUCTHKAX JJIs CUCTEM TUIePOOINIECKIX
ypasHenuii (1) 6e3 UHTErpaJbHOrO CJIaraeMoro pacCMOTpeHa B [3-5| MeTomoM BBeieHUs PyHKIHO-
HAJIBHBIX [TAPAMETPOB.

Beenem obosnauenusi v(t,x) = 8“(%;35) , w(t,x) = % u unepeiizem or 3amaun (1) — (3)
cyIe ytolell SKBUBAJIEHTHON 3a1a9e:

T
ZZ A(t,x)v —I—/Kg(t,x,T)v(T,x)dT—i-f(t, x)+
0
T
+B(t, 2)w(t, z) + C(t, x)u + / Kg £, T (T, ) + Kl(t,x,T)u(T,x)}dT, (4)
0
Py(z)v(0,x) + Sa(z)v(T, z) = p(x)—
—Pi(x)w(0,z) — Py(z)u(0,z) — Si(x)w(T, z) — So(x)u(T, z), z € [0,w], (5)
u(ta) = [vle.de,  wlta) - / ) g ©)
0 0

—~

B zagaue (4) — (6) ycaosue wu(t,0) = 0 yureno B coornommenusix (6). Tpoiika HerpepbIBHBIX

Q dbymkumit {v(t,x),u(t,z), w(t,z)} naseBaerca pemennem s3ajaqan (4) — (6), ecm byHKIMA
v(t,r) € C(Q, R") mmeer HempepbIBHYIO Ha () HPOU3BOAHYIO 1O ¢ U YJAOBJIETBODSIET OJHOTIADA-
METPUYECKOMY CeMEHCTBY JIBYXTOUEUHBIX KPAEBBIX 33144 JIJIs CHCTEM HHTerpo-inddepeHnnaibHbIX

ov(t,x)
ot

ypasrenwuii (4), (5), nne dbyukuun u(t,x), w(t,z) casansl ¢ v(t,z), dbyHKIMOHATBHBIMU
coorHoreHnsiMu (6).
Onpegnenenne 1. Kpaesasn sadaua (1) — (3) nasvieaemca xoppexmno paspeuumoti, ecau Oi4 s10-

oz f(t,z), p(x) ona umeem eduncmeennoe kaaccuveckoe pewenue u(t,x) u cnpasediuso mepa-

6EHCMB0 8 a
max ( [Jull, || o= 4 <
ox ot
ax(||f\|1, ||so|\o), (7)
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28 A. T. AcanoBa

2de koncmanwma K we sasucum om f(t,x), o(x).
OTlebHO PACCMOTPUM CEMEHCTBO JIBYXTOYEUHBIX KPAEBbIX 3a/1a4 JIJIsi CUCTEMbl HHTErpo-aud-
depeHInaIbHBIX YPABHEHUIA:

T
?9:: = A(t,r)v + /Kg(t,:c,r)v(T,x)dT + F(t,x), tel0, 7], ze€l0,w], veR", (8)
0

Py(z)v(0,x) + Sa(z)v(T, z) = (), x € [0,w]. 9)

Ilpn durcnposannsix = € [0,w] 3amada (8), (9) aBisgeTcs JIUHEHHON JBYXTOUEIHONH KpaeBoit
3ajtadeit i WHTErpo-anddepeHIalabHbIX ypaBHeHn. Bompock! cyIecTBOBaHUsT U e IUHCTBEHHO-
cru pemenns 3agaqan (8), (9) npu duxcuposannbix x € [0,w] uccaenosansl B padore [6]. B Heit
IPEJJIOZKEH METOJ UCCJIeI0OBAHMsI U PEIleHusl JTMHEHHOI By XTOUeuHON KPAaeBol 3a/1a4u JJisl CHCTe-
MbI HHTErpo-anddepeHnnanbHbIX YPaBHEHHI U II0JMy9YeH KPUTEPUil OJHO3HAYHON DPa3peInnMOCTH
paccMaTpUBAEMON 38 1aUH.

[Ipu usmenenun nepementuoit x ua |0,

W] TOJIyYMM CEeMeHCTBO JIByXTOUEUHBIX KPAeBbIX 3aJ1a4
Jist UHTErpo-nudpepeHITnaIbHbIX yPABHEHMIA.

Teopema. Kpaesas zadava (1) — (8) woppexmmo paspewuma mozda u moavko mozda, Ko20a
Koppexmmo paspewuma 3adava (8), (9).

HoxkaszareascTBo. [lycrs 3amaqa (1) — (3) koppekTHo paspentuma. Torga st m06bIx OyHKIHIT
f(t,x) € C(QR"), ¢(x) € C([0,w], R™) cymecrByer u(t,z) emuHcTBeHHOE pemienne 3agadn (1) —
(3) m g1 Hero crpaBeIMBO HepaBeHCTBO (7). VI3 HAIIMX NpEIONOKeHNiT CIe/IyeT OIeHKa

H d%u

otox

< Komax(|Ifl11 ll¢llo).
1

~ 3 ~
Ro = (Al + 1Bl + 11+ T 3 1Kl |2) K +1.
Hostomy cymectsyior U € L(C(Q, R™)), V € L(C([0,w ],R”),C(Q,R”))_, OIIPEIEJISTIONTIE Pe-
menne 3aga9u (1) — (3) — dyukmuio u(t,z) = U f(t,x) + Ve(x) u U; € L(C(, R™)),
2

_ 0
Vi € L(C(]0,w],R™),C(Q, R™)), i = 1,2, tae oneparopsr U = 92 ° U, U= oU,
2

otox

0
oV, Vh = oV aBnisiorces cyneprioduiiueit oneparopos juddepennupoanus u U,

= a

otox
V. bMeM napy dbyukuuit (F(t,x), ®(x)), npuHajexkamux npsaMoil cyMMe JIByX MPOCTPAHCTB
Z = (Q R™) 4+ C([0,w], R?) |7, ¢.162] ¢ nopmoit ||(F, ®)||; = maX(HFHl,H(I)HO). Iapy bymxmit
(f

(t,z),p(x)) n3 Z onpenenum u3 cucreM (QyHKIMOHATHHBIX YPaBHEHHIL:

ou(t, )

B(t,z) Y

T
+C(t +/ Kg tyx, T)w(r, z)+ K (t, z, 7)u(rT, CC):|dT—|—f(t,$) = F(t,z), (10)
0

olo) ~ P @) 20D (0, ) - ) 1)

riae u(t,x) — pemenne 3agaun (1) — (3) upu s1ux dyumusx f(t, ), ¢(z). Tak kak

— So(z)u(T, z) = ®(x), (11)

u(t,$)=0+/8Ut£ de = /Ulf (t,€) + Vip(€)]de,

0
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dult,z) o
. 55375 ) ge — / atag & ge = /[U2f<t,f>+vzso<s>}ds,
0

To mojcrasisia ux B (10), ( 1), mosyunm cucreMy MHTErpaJbHBIX ypasHenuili Bosibreppa Broporo
poJia orHocuTesibHO napbl dyukiwit (f(t, x), p(z)):

x

x T
f(t2) + B(t, ) / Uaf () + Vap(€)]de + / / Ko(t, 2, 7)[Usf (r.€) + Vap(€)|drdé+

0 0 0

x x T
+O(t, ) / ULF(8,€) + Vip(€))dE + / / Ky (62, UL (1, €) + Vigp(€)ldrde = F(t,z),  (12)
0 0 0

x

o(z) — Pl(w)/[U2f(t,§) + Va(§)] |t=0 d€ — S1(x /sz (t, &) + Vap(&)] li=1 d&—
0 0

x

_Py(a) / ULF(.€) + Vig(©)] oo dé — Solx) / ULF(6,6) + Vig(©)] oo dé = B(z),  (13)
0

0

(t,z) € Q, x € [0,w]. Upn usmenenmu t € [0,7] moaydUM OHOTAPAMETPIHIECKOE CEMeficTBO
CHCTeM MHTerpajbHbIX ypaBHeHuil BosbTeppa Broporo poja. Bass 3a HagaibHOE IPUOINZKEHEE Tapy
(F(t,x),®(z)) € Z, nocaeryroniye npubInKeHNsT OIPEJIEJIM U3 CUCTEM YDaBHEHHUIL:

f(k)<t7x) - F(t,.%')—
xz T

/ UafED (1, €) + Va1 (€))dé — / / Ko(t, 2, 7)[Unf® D (r,€) + Vag®= D (€))drde
0

x T
/ ULFE D (1,6) + Vig® D (€)]de — / / Kot o) [0 5D (7€) + Vig®D (6)]drde,
0 0 0
W (z) = d(2)+
Py (x / [UafED(8,€) + Voo™ D (E)] |10 dE + Si() / U2 f*D(t,€) + Voo™ ()] it dé+
0

T

+Py(a / UL f5 02,6 + Vig® ()] = d€ + So(2) / 0%, + Vie D ()] femr de,
0 0
k=1,2,.... HecaoXHO yCTaHOBUTD, 9TO IIOCJIEI0BATEILHOCTD AP (f(k) (t,z), k) (x)) upu k — oo

B HOpMe Z CXOJHUTCsI K €JMHCTBEHHOMY perenuto cucrembl (12), (13) — mape (f(t,x),¢(x)) € Z n
CIIPABEJIINBA ONEHKA:

max ||l lello) < Ky - max(|[Fllr, @]l ) (14)

e K1 = exp[2w x max([|| B[y + T||Ka||2] Ko + [||C] |1 + T/ K1|[2) K. [|| Prllo + 1110} Ko + [|| Pollo +
|1Sol 0] K)] -
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[Iycrs u(t,z) — pemenne 3agaun (1) — (3) upu Haitnennoit nape dyukuuii (f (¢, z), p(z)) . Torga
ou(t, x)

byukiua v(t, z) = Oyzer permenneM 3a1a4u (8) — (9) npu Beidpanuoii mape (F(t,x), ®(z)).

HeiicrBuresnbro, B cuiy (3), (10), (11) umeem:

ov 0%u ou

ou
ot~ orow ~ Abrlg, H Bt r) 5

+C(t,x)u+ f(t,x)+

T
+/ Ks(t,z,7) (; )+K2(t,x,7)‘9“((;"’5) + Ky (t,z, )u(r, )| dr =
T
0

T
= A(t,x)v + /Kg(t, z,T)v(r,x)dr + F(t,x),
0

Py()v(0,2) + Sa(z)v(T, z) = Py(x) a“gﬁ; 2 52(5'3)%(;;@

npu Beex (t,x) € Q, x € [0,w]. Ilpudem, u3 KoppekTHO#l paspemmvocTn 3agaqn (1) — (3) m
HepaseHcTBa (14) cieyer oleHka:

= ®(x),

oull  ~ _
loll = || ]| = & oo (110 ) < & - R - s (max (171 1) (15
1

YcraHOBUM €IMHCTBEHHOCTD pernennst 3a1aan (8) — (9). Ilycrs v(t,z) — pemenne 3agaqn (8) —
(9) mpu F(t,z) =0, ®(z)=0.
C nomompio v(t,x) u marpun, B(t,z), C(t,z), Kao(t,z,s), Ki(t,z,s), Pi(z), Py(z), Si(x),

So(x) mocrponm dbynxuun u(t, z) = [v(t,&)dE, f~(t,:c) =
0

T

x , l,
= =Bl) [ 25 ae—ci.a) 0/ ol )~ 0/ [Kalt, 7 0/ P g syt / - €)de]a

0 0

xT

Ao [ 2094 5100) [ 2L s o) [t e+ o) [ ol

0 0 0 0

TlokazkeM, uro dynkuus U(t,z) ssasercs pemennem sataun (1) — (3) npu f(t,x) = f(t,z),
o(z) = @¢(x) . U3 oupenenenus: dyuximn u(t, ) ciaepyer CylecTBOBaHUE HENPEPHIBHBIX YaCTHBIX
[POU3BOJHBIX [EPBOIO MOPSIKA

aagg; %) _ o(t.a) aazg;,x) _ / du(t, 5)(15, s (6.0) € &
0

u u(t,0) =0 upu t € [0,7]. YunreBas, uro v(t,z) — pemenne 3aaun (8) — (9) upu F(t,z) =0,
®(z) =0 umeem:

O*u(t,z)  Ov(t,x)

ou(t, ) N
otor Ot

ox

T
= A(t,x)v(t,x) + /Kg(t,x,r)v(r, x)dr = A(t, x)
0
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T
/K3 L@, T )d + B(t, )(%St ) 4 o, w)it +/K2 )dr+
0
oi(t, z) [ )
+ | Ki(t, 2, 7)i(r, x)dr — B(t,z) 2 ¢ Ko(t,z,7) 2002 g
/ N
T T _ _
- / Ki(t, z, 7)ii(r, 2)dr — L), / Kt >au((9;, %) dr 1 B(t, 2) 8“(;2 ) O, )it )+
0 0
[ di(rz) | [ ou(t,€) ;
+ | Ko(t,z,7) U T dr + | Ki(t,xz,7)u(r,x)dr — B G d¢ — C(t,z) [ v(t,&)de—
Jr S5 i [0
T x x »
/Kg(t,x,T)/avg;g)dédT/Kl(t,x,T)/v(T,f)dde:A(t,x)auéi;$)+
0 0 0 0

) dr+

T
1 / Ks(t,x,7) a“g; % 4 + B(t,2) a“gt’ % 4 ot 2yt ) + / Ks(t,z,7) 8“(82’ i

T
+/wamm@mm+ﬂmm
0

Py(z)—p — + 52(33)8ﬁ(;; z) _ Py(z)v(0,z) + Sy(z)v(T,z) =0 = _pl(x)aa(aota x)
—SI(Z') aa(g;, .73) — Po(x)ﬂ(o, 1‘) — S()(.%')ﬂ(T’ $) + Pl(af) aa(a(:; ZU) T Sl(.%') 8&(;;, x)
+P0($)a(07 CU) + So(x)ﬂ(T, x) =-P (x)M 8%2(T, ac)

T Sh (x)T — Py(x)u(0,z) — So(x)u(T, z)+
e O/ 200 e+ 51(0) 0/ W) de + Pyt 0/ (0, €)d€ + Si(2) 0/ o7, €)de =

= _P1($)(9ﬂ(8()t,ac) - Sl(x)ﬁﬂ(;;,x) — Py(x)u(0,2) — So(x)u(T, z) + ¢(x),

Te. dynkmus u(t, z) smasercs pemenue sanaun (1) — (3) wpu f(t,z) = f(t,z), ¢(z) = §(z).
Tak Kax
ou ~ _ ov(t, o%ul(t, ~ -
o(t,€) = “gz@ ~nJeo g, 20O gt(;f) = Uaf(t,€) + V23 (),

to mapa dyukuuit (f(t,x), p(z)), Mo MOCTPOEHUIO TpUHAJIEKAIAA Z , IBJSETCS PEIIEHINEM OJTHO-
POHOI CHCTEeMBI MHTErPAIbHBIX ypaBHenuii BojbTeppa BToporo poja:

x x

T
(%wﬂﬂmm/wﬁwa+WﬂM&+/mmaﬂ/wﬁh@+%am%M+

0 0 0
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T

T T
—|—C(t,fL‘) /[Ulf(t7§) + Vl@(ﬁ)}df + /Kl(t7$77_) /[Ul]?(Ta 5) + m&(g)]dde = Oa (:Eat) € Qa (16)
0 0 0

x x

5(x) - Pu(a) / U271, €) + Va3 (€)] oo dE — Sy (x) / (UaF (£, ) + Va@(©)] e dé—

0 0
_Pya /Ulftswlso( )] leeo d€ — So(x /Ulftswlso( Jler d€ =0, € [0,w]. (17)
0 0

B cuiy Toro, uro cucrema ypasuennit (16), (17) B npocrpancTse Z uMeeT TOJNBKO HyJeBOe
pemenne, noxyanm f(t,x) =0, ¢(z) =0 u

(t, x)
o¢

g Beex (t,xz) € Q. TakuM o6pasoM U3 KOppeKTHOi paspemmmoctn 3ajga4am (1) — (3) cremyer
KOpPEeKTHasl paspermumocTb 3a1a4u (8) — (9). Teneps npemomnoxkuM, 4o 3a1a4a (8) — (9) KoppeKTHO
paspermnma. B cuity sksuBasientaoctn 3azad (1) — (3) u (4) — (6) mocTaToduno MoKa3aTh KOPPEKTHYIO
paspermmmocTs 3a1a4u (4) — (6).

Pemenne zanaun (4) — (6) — rpoiiky dynkmit {v(t,z),u(t, z), w(t,xz)} naiigem merogoM moc-
JIeJIOBATeNIbHBIX TIPUO/IMKeHuit. 3a HyseBoe npubsmxkenue 1no u(t,x), w(t,x) BO3bMEM HyJIH, a
vO)(t, ) HaiizeM Kak perenue 3a1adi:

o(t,x) = = U f(t,2) + Vip(z) = U10 + V10 = 0

T
?;; = A(t,r)v + /Kg(t,x,T)v(T,x)dT—i- ft,x), (t,z)e€qQ, (18)
0
Py(z)v(0,x) + Sa(z)v(T, z) = p(z), =€ [0,w]. (19)

ITo npemmonoxkenmo 3agaqa (18), (19) mmeer exuacTrennoe pemenne v (¢, ) u

HU(O)HI < Ko max{Hlev H‘PHO}7

10u© f0tlly < (1Al + || Ks||a] Kz + 1) x

xmax{ [1£1]1, lello }-

Ecmr mssecranr uP =V (¢, 2), wh=D(t,z), o v¥(t,x) maitnem, permas samauy (4), (5), vie
B mpaBex uacrsx ypasmenmst w(t,z) = wF V() ult,z) = v*V(t,z), k = 1,2,.... pu
naiinennom v¥) (¢, ) cremyomue npubmKenns mo u(t,z), w(t, ) ONPEIETUM 3 COOTHOMIEHMIT

(6):

T

, G
W) = v+ [V Oegde i) =i+ [P
0 0
Cocrasum passocru AvF) (¢, ) = v®) (¢, 2) — oDt 2), AuP(t,2) = u®) (¢, 2) —uFV(t, ),
Aw®) (t,z) = w®) (t,z) — fw(k_l)(t,x) 7 JUIT HUX C IIOMOIIBIO KOPPEKTHOH Pa3pelnMOCTH 3213491
(8), (9) ycranoBuM oreHKU:

max(trerfg% | A*HD (¢, 2)|], tre%l}:; oA *+D (¢, x)/6t||>
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< max Ky, [||Al|1 + Kl 2] Ko + 1) max (|| Bl + || Kalle + 1C1ls + [ 1K1 |2

(k) (k)
[[P1]]o + [[S1llo + [[Pollo + HSOHO) maX()ﬁgf&}(] [[Aw'™ (¢, w)\l,tgfg;(] [[Au (t,x)H), (20)

)

(k) (k) <
max(tren[oa% 1Aw® 2)l|, e |14 (to)ll) <

< (k) k) _
< / e e (|0 (1, ), mase 10809 2,)/01]]) g (21)
0

Orcroza ciiejlyer OCHOBHOE HEPABEHCTBO:

(k+1) (k+1)
maX(tgf% 10D 1, 2)l], max (02 (t2)/01]]) <

< K % K (k) (k)
< e (R 1411+ (1Ko} + 1) - B[ maox (s [14009.€)], ma 1058001, €) /01 ) s
0

(22)
rie K3 = maX(HBHl + |[Kall2 + |[Cl|1 + [|K1ll2, [|Pillo + [|S1]lo + || Pollo + H50\|0> :

13 (22) BBITEKAECT PABHOMEPHAS CXOMUMOCTD TocteaoBarenbuocreii {v®) (¢, z)}, {9v®) (¢, 2)/0t}
B HopMme npoctpancta C(2, R*) npu k — oo . Torya paBHOMEpHAs CXOJMMOCTD MOCTEI0BATE -
nocreit {u®(t,z)}, {w®(t,2)} Berrexaer uz (21). TIpu srom npenenbubie dbynxmun v*(t, ),
Ov*(t,z)/0t, u*(t,r), w*(t,z) HenpepuiEbI Ha ) U Tpoitka dymrkmmit {v*(t,x), u*(t,x), w*(t,z)}
siBysiercs perrenneM 3agaiu (4) — (6). Mcenompsys onenkn (20) — (22), mosmyanm

mae ([[o* |l 1 [fw* 1) < Ky - max (1Ll ello ). (23)

rie Ky = max(ekf’[l + wmax(Ky, aKy + 1)), Ko[K3(1 + wmax (Ko, oKy + 1)) + 1]) ,

Ks = max(Ky, oKy + 1) - Ksw  u ne sasucur ot f, .
ITycrs reneps Tpoiika {v(t,z),u(t, z), w(t,z)} — pemenune 3ama«au (4) — (6), tne f(t,x) = 0,
o(x) =0 aust Beex (t,x) € Q. Torma u3 KoppekTHOit paspernmoctu 3aja4u (8), (9) u cooTHOIIEHMIT

(6) BeITeKaror paBencrsa v(t,x) =0, u(t,z) =0, w(t,z) =0 musa scex (t,z) € . Orcrona u u3
oneHKN (23) cieyer KoppekTHasi paspemmmoctsb 3a1a4an (1) — (3). Teopema 1 mokasana.
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VIIK 517.51

Ob OJJHOM TPEXBECOBOM NMHTEI'PAJIBHOM
HEPABEHCTBE

III. buaan

Wucruryr marematuku MOH PK
050010 r.Ammvarer  yuIlymkuna, 125  bilal@math.kz

HOJIy“IeHbI HeO6XO,H\I/IMI>Ie u J10CTaTOYHbIE YCJIOBHSA Ha BECOBbLIE (i)yHKL[I/II/I JJ1g1 BBIIIOJTHEHU S TPEXBECOBOT'O
NHTErpaibHOrO HEPpaBEHCTBaA

1. ITocranoBka 3aza4un. Ilycrs J = (a,b), —oo < a < b < o0, u(:), p(-),v(-) — HEOTpHUIIATEH-
uple u3Mepumblie Ha J dyuxmuu. [lycts K wHTErpaabHBI omepaTop BUIA:

= /m K(z,t)f(t)dt, (1)

¢ HeoTpunareapHbIM spoM K (z,t) (a < t < x < b), ynoBrersopsitomuM mpu a < t < s <z < b
YCJIOBHIO:

K(z,s) < K(x,t). (2)

O6osnaunm gepe3 @, = Qp(J, p, v, K) npocrpancTso usmepuMbix Ha J dyuxmumit f > 0, s
KOTODPBIX KOHEUYEH (PYHKITMOHAT

1fll@, = lofllp + 0K fllp, (3)
rae || - ||, — Hopma npocrpancTsa Ly, 1 < p < oo.
[Tpeanomnoxkum, aro dyuxmun fo(-) = (p(+))~ v Xi.(-), e p = o 1 X;.(-) — xapaxTepucTn-

geckast Gynkius uurepsaia (¢, z) C J, npunaexar Q. Torga us 2 ) 1 KOHeYHOCTH (3) BBITEKAIOT
cJle Iy IoIe MUHIMaJIbHbIe (HeoOXoMuMble) TpeboBanus Ha GyHKIun p, v, u K:

L
()

KOTOPbIE 6yﬂeM CUHUTATDHb BBIIIOJIHECHHBIMH.

p () = € L;?C, v(-) € Ly(t,b), v(-)K(-t) € Ly(t,b), Vt e J,

N3 nepaBencTBa

b T
K(x, s)/ F(t)dt < / K(z,0)f®)dt, a<s<z<b,

Keywords: Inequality, fractional derivative, characteristic function
2000 Mathematics Subject Classification: 42A10
© III. Buuasa, 2009.



O6 0JIHOM TPEXBECOBOM MHTErPaJIbHOM HEPABEHCTBE 35

BBITEKaloIero u3 (2), crenyer, aro f € Ly(a,t), t € J, qnsa moboro f € Q. Iosromy mist f € Q)
OIIpeJIe/IIM OIIePaTOp

Pf@) = [ fwy.

B pabore pemaercst 3aa4a MOJydIeHUsT HEOOXOMUMBIX U JIOCTATOYHBIX YCJIOBUN Ha (DYHKIIAKT
u, p, v, K, Ipu KOTOPBIX BLIITOJTHEHO HEPABEHCTBO

[uPflloo < C(llofllp + 0K flp), (4)

¢ korcranToit C' > 0, He 3aBucsmieii or f € Q. P. Oitnapos B cBoeit pabote [1], 060bmiast HepaBeHCTBO
Xapn [2]
[uPfllg < C(lofllp

Ha, TPEXBECOBOIl CJIydYail, paccCMaTpUBAJ aHAJOTUIHYIO 33/1a9y ¢ ¢ < 00, B HAIIEM CJIydae ¢ = OO.
2. BcriomorarenpHble yTBep2kaeHusi. Hepasenctso (4) BK/OUaeT B cebst HEKOTOPbHIE WHTE-
pecHble HEPABEHCTBA. DTOT PaKT MbI JIOKAXKEM B BUJIE JIEMMBI.

Jlemma. ITycmo 6 (4)

K(z,s) = F(la)(ar—s)a_17 a>1, Kf=g.

Tozda nepasencmso (4) 5K6u6aAEHMHO HEPABEHCMBY

lug* Vllee < C(lloglp + loglly), (5)

2de g\ — dpobroe npoussodnan dynryuu g nopadka o > 1 6 emwvicae Pumana-Jluysunis.
HokazaTesbcTBO. Bocmosb3yemcest BBIKIaIKaMI OTHOCUTEIBHO APOOHOTO mudhepeHnpoBanms
U MHTerpupoBaHus u3 [3|.

Urak, 110 yc/I0BUIO
1 T
i [ @ s = gla), )
MpI TOJIKHBI ITI0KA3aTh, YTO

f(z) = DS, g(x) = g\ (),

rae Dy, — oneparop apobnoro auddepeHnuposanusa Hopsaaka . s aroro nojeiicrsyem omneparo-
pom D§, ma obe yacru pasencrsa (6) T.e.

2 e / “(& — )27 f(s)ds = DE, g(x).

N
Dng : Igjrf(x) = Dngg(a?), (7)

rae Iy, — omepaTop JpoOHOrO MHTErpUpoBaHHs Hopsajaka «. Tak Kak 4mciao o > 1, ero MoxKHO
3alncaTh KaK CyMMYy IeJIoif i 1pobnoit qacreii: o = [a] 4+ {a}, Torma nepasencrso (7) 3amumercst B
BUJIE:

pleitied . fledHed py — peg(a). (8)

Korza o — 1iesio0e umciio, T.e. B ciaydae o = [a, mo apobHOii npousBo(Hoi nopsiaka a[a]) 6yaem
HOHUMATEL 0ObIYHOE IuddepeHInPOBAHIE:

o) _ d
ot 4z
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CieroBaTelIbHO,

d [o] N d [a] -1 e
ppas o () piy— () o

U mepasencrso (8) numeer BuI:

d[a} +1 1—{« al+{a o
dz[a]+1fa+{ e @) = Dy g.

,Haﬂee, IIOJIb3Y4Ch CBOIICTBOM orrepaTopa ,HpO6HOFO NHTErpupoOBaHUA, UMEECM:

dled+1 la]+1
dlal 1 a—d f(z) = a+g

[To uzBecTHON dopMyJie OTCIO/IA CIEIYET, 9TO
f(z)=Dgig=g"

JlemMa oKa3aHa.
ITosioxxum

o) = | int 3 ([0 was) o ( /tbv%)Kp(m)dgC); ,

o(z)supu(t), A=supA(z).

t>z z>a

BN
—~~
N
~—
I

[Mumem A < D, eciu cymecrByer nocrosgaaass C' > 0, MOXKeT ObITh, 3aBUCIINAA OT P, U UMEET
MecTo HepaBeHcTBO A < C'D. Coornomenne A < D osnadaer, uro A < D < A.
3. OcHoBHbBIE pe3yabraTbl. lIMeer MecTo

Teopema 1. ITyemv 1 < p < ¢ = o0 u K — onepamop 6uda (1) ¢ neompuyamesvrvim 50-
pom K(z,s), ydosaemeopsaroujum ycaosuto (2). Toeda nepaserncmeo (4) evinosrero mozda u moavko
mozda, xo2da A < 0o, npu amom A < C, 2de C' — naumenvwas xonemanma 6 (4).

HoxkazarenscrBo. Heobxomumocts. Ilycrs s Bcex f € () BbIOMHEHO HepaBeHCTBO (4) ¢

/
HanMenbieii koucrauroit C' > 0. Ilycrs (¢, 2) C J. B (4) momoxum fo(-) = pP () Xy .(+) € Qp. Ton-
craisist GyHKIWIO fo(+) B IpaByIO U JIEBYIO YaCTH HEPABEHCTBA (4) M MPON3BO/SA COOTBETCTBYIOIIIE
BBIYKCJIEHUs] ¥ OIEHKH, Oy/leM MMeTb Hy KHbIIl HaM pe3ysbraT. Tak Kak

N 0, a<x<t
0 [ s = S ute) 757 (s, 1w s,

xftpp ds, x>z,

JuP foll = sup(i /fo )ds) / pP (s)ds supu(z), (9)

x>z

losall = | p-p'<s>ds)’1’, (10
10K foll, = / </ K(x,5)p '(s)ds>pdx+
+/vap(:c) </tzK(x,s)p_ /(s)ds> dz)b < (/t P(2) K7 (1) </txp_p,(s)ds>pdx—|—
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+ </t p-p'(s)ds>p/vap(:c)m(x,t)dx)i < /:p‘p'(s)ds </tbv”(:c)K”(:v,t>dw>;~ (11)

[Moncrasiss nomyuennsie onenkn (9), (10), (11) B (4), umeem:

supu(z) < C (/t pp'(s)ds)pl' n </tb vp(x)Kp(x,t)dx>;

OTkyma, B culy HE3aBUCUMOCTH JIEBOM dacTh oT t,a < t < z,

supu(z) < Co1(2) u A(z) < C npuBcex z >0, Te.

x>z

A< C < oo. (12)

Hocrarounocrs. Ilycrs A < co. s k € Z onpenenum MHOXKeCTBO T}

Tk:{a:>a:/:f(s)d822k}.

[Monoxkum xp = inf T}, eciiu Ty, # 0 u oo = inf T}, ecsin Ty, = 0. B cuty Toro, uro HenmpepbIBHAST
dyukius Pf mwe yobiBaer u
lim Pf(z) =0,

r—a

To 28 = f;’“ f(s)dsupu —oo < k < N < 00, T} < Tpp1 1 UZ-[",U'L',SCZ'+]_] = [a,b], [z, xip1]) N]xj, Tjg1] =
0, ecnu @ # j. VI3 onpejiesieHnst mocie[0BATEIbHOCTH { Tk } JIEPKO BUJIETh, ITO

oF < Pf(x) <281 2y <z < apq, (13)

2 =P = [ f(s)ds (14)

[Tpumensist (13) u (14), nupoBejeM ciielyIONye ONEHKHU:

sup u(a:)/ f(s)ds <281 sup  w(z) < 28 sup u(z) =

rp<r<Tpi1 T <r<Tpi1 Tp<x

= 2k*! (‘P(xk) sup u(a?)> o~ ) = 25 Az )™ () <

. </tb vp(m)Kp(x,t)dmf <

AW

Tk ’ -
< 9k+1 3 -p
<2 /1a<}£ka <;/[ P (5)(18>
Tk ’ a
< A |2k / p P (s)ds
Tp—1
_ 1
Tk Th / Tp—1 b P
=A 4/ f(s)ds / p P (s)ds +8/ f(s)ds / VP (z)KP(x, x)—1)dx
Th—1 Th—1 Tk—2 Th—1
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[Tpumensist HepaBeHncTBo l'estbiepa, MOy IIM:

[ st ( [ p‘f”(s)@) e
< ( [ Ip(S)f(S)!”d8> ( / j’“lppks)ds)_; ( [ pp'<s>ds> '
=< [ s |pds> < ( / )1 Pds)” =l (16)

N3 ycinoBust TeopeMbl nMeeM:

/;:1 F(s)ds </zi1 P () K7z, xk_l)dx> < (/ﬂ:l () (/:21 K(z, s)f(s)ds)p dx) : <
g([:1#@0(4:2Kﬁmﬂﬂﬁﬁ>im>;g(Zf#@ﬁ(LxK@mﬂﬂQw>%M>;=HvKﬂp

B =

S =

(17)
[Moxcrasasist onenknu (15) u (16) B (14), mosyuanm:
swp (o) [ f(s)ds < 8AQ Sl + [0 ) (18)
T <T<Tpy1 a
Tak Kak . .
uP flloe =supu(e) [ f(s)ds =sup  swp (o) [ f(s)ds, (19
r>a a k zp<ex<zpi1 a

To u3 (17) u (18) nmeem

[uPflloo < 8A(llpfllp + lvK flp),

T.e. HEpaBeHCTBO (4) BBINOJIHEHO U Jijisi HamMeHblneli koHcranTbl C' B (4). VMeer Mecto oneHKa
C < A, koropas Bmecte ¢ (12) maer ornenky A =< C. Teopema mokazana.

Herpyauao 3aMeTuth, uro hyHKIUs ©(+) He yObIBaeT, MO9TOMY KOHEYHOCTH BeJUYUHBI A 3aBucuT
or noseJienus dbyuknun A(-) Ha Koniax uarepsasa J. CieroBaTeabHO CIIpaBeinBa

Teopema 2. ITycmv svinoanens, yeaosus meopemuv, 1. Tozda nepasercmeo (4) evnoarerno mozda
U MOoAbKO moeda, Kozda

z—a

lim A(z) < oo, liin})A(z) < 0. (20)

B kaugectBe npuMepa pacCMOTPUM HEPaBEHCTBO!

127%™ [l so.0.00) < CUIZTG™ [l 10.00) + 127 p. 0,00 ) (21)

g™ >0, ¢P0)=0, ,0<i<n-—1.

[Tpumensis Teopemy 2 numeem
YrBepxkaenue 1. Ilyemv 1 < p < q = oo. Toeda nepasencmeo (21) cnpasedauso moezda u
moavko moezda, x020a

1
B0, Atn—os <0, (22)
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O6 0JIHOM TPEXBECOBOM MHTErPaJIbHOM HEPABEHCTBE 39
u
1 1
B-Azn-1+% mpm 4>t (23)
p p
1 . 1
max{y,A+n}>pF+1——->min{y,A\+n} upu v < —. (24)
p p
HeiicTurensio, B namewm npumepe u(z) = 27, p(z) = 27, v(z) = 2, ,J = (0,00), K(x,5) =
ﬁ (x—s5)"1. Tlosromy yciosue (22) BhITEKaeT U3 KOHEIHOCTH MHTEPAJIOB, BXOISAIINX B BHIPAKEHIE
A(-):

s (o) o ([

KOTOPOE JIJIsl HAIIETO IIPUMepa BLITVISINUT CJICIYIONINM 00pa30M:

1
T

1
z , — 1 b ?
= | i —P P _— Ap (.. _ 4\(n=1)p
A(z) agtliz (/t x dm) + ) (/t xP(x —1t) dx)

-1

sup 1‘6.
x>z

Yr06Bl HOKA3aTh NPH KAKAX 3HAYEHMSIX IapaMeTrpoB (3,7 U A HepaBeHCTBO (21) BBIIOJIHEHO 1
MMeeT MeCTO KOHETHOCTB IpeesioB (20), JOCTaTOYHO yCTaHOBUTH MoBeieHne (DYHKINNA ((-) B OKPECT-

"Hoctu Todek 0 1 oo.

CDYHKLLI/IIO (10_1 MO2KHO 3alluCaTb B BHUJE:

—1 .
= inf T
oE) = Il T ),

1
z , o An—L
T(z,t) = (/ s P ds) I Cg_l,
t

1
Cgfl = </ sAp(s — l)p("l)ds) ! .
1

1

rie

JleficTBUTEILHO, €C/Ii BO BTOPOM HMHTErpaJje, BXOALAIIEM B ¢+, ITPOU3BECTU COOTBETCTBYIOIIYIO 3a-

MEHy, TO IIOJIy9UM JaHHO€ IIpeJCTaBJ/ICHUE:

(/ 2 (x — t)(”_l)pdac> =|x=st |=
t dx = td

% % An—- t
/ (St))\pt(n—l)p—l—l(s - 1)(n—1)pd8 - o / SAP(S o 1)(n—1)pd8
1 1

IIycrs v < i. Torma HECTIOKHO YCTAaHOBUTH, UTO

1 1
el 2) =z ¥+ Pl

[Iyct v = }%. Paccmorpum mBa ciyuast 2 < 1 m 2z > 1.
ITpu z < 1 cupasenuBo:

An—-L An—-L
ST Cp <o Mz)<T(ze'2) < 2 M

(25)
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T.C.

An—
p M) <2 e (26)
Ecin packpbith snauenne T'(z, e~12), To GyjieT 04eBHIHBIM JaHHOE TIPEJICTABIICHIE.
ITpu z > 1
1 >\+n—%
_1 »
o <T(z,Vz) < |z ¥ 4277,
1
@1 > min {0i<rtl£1T(z,t), 1i<rt1£ZT(z,t)} > min{l,|Inz| # } .
[TosTomy st rocTaTouHo GosIbmuX 2 > 1
1
o l=|lnz| . (27)

371ech B IIEPBOIi cepuy HEPABEHCTB JIeBasi 9acTh CJEIYeT U3 ONPEeIe/IeHNUs, a IpaBasi YacTh sIBJIsI-
eTCs Pe3y/IbTATOM BBIUHCJIEHUsI MHTEerpaJia npu z > 1. Bo BTopoil cepun HEPABEHCTB aKTyaJIbHOCTD
JIEBOI BepXHell JacTu 04eBUHO BbIpucoBbiBaercs upu z € (0, 1].

IIycts v > i. Torna nmpu z < 1

An—-2 1 Afn—L
C;l_lz e <o l(2) < T(z, 52) <

CrenoBare/ibHO,

L
)= T (28)

AS)

[Ipu z > 1 umeem:

. 'Y_L/ )\+7’L_L/ -1 1
1 f qt t <T(1, - 1.
SRR S C R

Orkyna
o Hz) < 1. (29)

Tak xak A(z) < 2%¢(2), To upn v < L uz (22), (25) cremyer, uro (20) umeer MecTo TOrIA U

p
TOJIBKO TOT/Ja, KOTIa

1 1
5—min{’y—,,)\+n—,}20,
b p

1 1
ﬁ—max{’)/—m)\“‘n—/}ﬁ(L
p p

orkyna cueayer (24). Ecom v > 1%’ To u3 (22), (27), (29) umeem:

lim A(z) =0,

Z—00

a u3 (22), (26), (28) cuemyer, 9T0 KOHEIHOCTH IPEJEIA

lim A(z)

z—0

SKBHUBaJIeHTHA HepaBeHCTBY (23). ClpaBeyInBoCTh yTBEpXKIeHUsT 1 yCTaHOBJIEHA.
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MATEMATUYECKUN KYPHAJI 2009. Tom 9. Ne 1 (31)



O6 0JIHOM TPEXBECOBOM MHTErPaJIbHOM HEPABEHCTBE 41

2. Xapau I., JIutasyT ., Ilosma I'. Hepasencrsa. M., 1948.
3. Camko C.I., Kun6ac A.A., Mapuges O.U. VHTerpaJibl 1 IPOU3BOIHBIE JPOOHOIO ITOPSIIKA
1 HEKOTOpBIe X npuiaoxkenusi. Murck, 1987.

Hocmynuaa 6 pedaxyuro 06.03.2009e.

MATEMATUYECKUN YKYPHAJI 2009. Tom 9. Ne 1 (81)



MATEMATUYECKUN YKYPHAJL. Aamamor. 2009. Tom 9. Ne 1 (31) . C. 42 — 46

VIK 517.968.72

K TEOPUUN KPAEBBIX 3AJIAY 1JI
MHTETPO-AN®PEPEHIINAJILHEIX YPABHEHI

. C. JI?>KYMABAEB

NMucturyr Maremarukn MOuH PK
050010 Asyimarsr yi. ITymkuna, 125 dzhumabaev@list.ru

HOJIy‘{eHbI H806XOH\I/IMI>IG U 10CTAaTOYHBbIE YCJIOBUA PA3PEHINMOCTU JINHEHHOM KpaeBoﬁ 3aJa4U JIJ1sd UHTEerpo-
,ELI/Id)(l)epeHLLI/Ia,JIBHOFO yYpaBHEHUA U NPEIJIOKEH METO HaXOXKICHUA ee peH.IeHHfI.

Ha [0,7] paccmarpuBaercsi Kpaepast 3a/iada:

T
G = A+ [ Kt iw),  se R M
0
Bx(0) + Cz(T) =d,  deR", (2)

riae (n x n)-marpunst A(t), K(t,s) meupepsiBabl coorBercrBenno Ha [0,7], [0,7] x [0,T], f(t)
Henpepbieaa Ha [0, 7] .
[lesbio paboThI ABJISETCA HAXOXKJICHHE HEOOXOJMMBIX U JIOCTATOYHBIX YCJOBUII pa3peImmMOCTh
sagiaun (1), (2) u nocrpoenue ee pereHuii.
N
ITo mary h > 0: Nh =T npoussenem pasbuenne [0,7) = |J[(r — 1)h,rh) u or 3amaau (1),
r=1
(2) mepeiizieM K 9KBHBAJIEHTHOI MHOIOTOYEYHOI KPaeBoOil 3a/a1e ¢ mapaMeTpOM:

du, N
= A0 A+ [ KEls) s+ @, te (- Dhoh), ()
I=NG=1)h
ur[(r —1)h] =0, r=1,N, (4)
B/\1+C)\N+CteliTH_10uN(t) =d, (5)
Ap+ lm wy(t) — A\py1 =0, p=1,N—1. (6)

t—ph—0

Keywords: integral differential equations, linear boundary value problem, solvability, necessary and sufficient
conditions
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Pemennem 3aaun (3) — (6) siBistercs mapa (A*, u*[t]) , rue cucrema dyukumit w*[t] = (uj(t), u3(t),
., Uy (t)) sBsiercs perenueM crerabHOM 3ataau Koy st uaTerpo-anddepeHnuaibHbiX ypas-
wenuii (3), (4) upu A = X* = (A}, A5, .., A\Yy) € R™V y ipu 9TOM 3HAMEHNN TAPAMETPA, YIOBJIETBOPSI-
10T KpaesoMmy ycsosuio (5), yeiaoBusim ckiensanns (6). Ecau (A*, u*[t]) — pemenne 3amaqau (3) — (6),
to dyuxnus z*(t), onpenensemas ua [0,7] pasencrBamu: x*(t) = N5+ wi(t), t € [(r — 1)h,rh),
r=1,N, «*(T)= Ay + t_l}jgl Ou*N(t) , Oyzer pemenneM 3anaan (1), (2).

Ucnonbzyss X (t) — dynmamenranbuyio marpuiy auddepernuanbhoii yactu (1), or creruaib-
Hoit 3ayaun Kommm (3), (4) nepeiijieM K 95KBUBAJEHTHON CHCTEMe WHTErPAJIbHBIX YPaBHEHMIA:

t t

N jh
() = X (1) / X‘l(n)A(n)dﬁ/\r—l—X(t)/ Z/ (71, 8)[u; () + A;)dsdri+

(r—=1)h (r—=1)h

t
X (1) / X Ur)f(rm)dn,  ter—Uhrh), r=TN, (7)
(r=1)h

B (7) upennonaras t = 7, ymHoxkasi obe yactu Ha K (t,7), uarerpupysi no 7 Ha [(r — 1)h,rh],
CYyMMHpY$ JIeBble 1 IpaBble YacTU [0 T, HOJIydaeM:

N Th N Th T N b
> / K(t,m)up(r)dr = / K(t,7)X () / X)) / K (71, s)u;(s)dsdrdr+
=L 1)n =Ll (r=1)h =G o
N Th . N
+Z K(t,7)X (1) / Xl(Tl){A(Tl))\r-i-Z K(71,5)dsA; —|—f(7'1)}d7'1d7’, t €10,7).
=1 1h (r=1)h =1
(8)
Beensa obosnadenus:
Nk rh r
a(ht) =3 / K(t,s)uy(s)ds,  My(hit) = / K(t,7)X(r) / XY (r1) A(r1)dridr+
=G 0 (r—1)h (r—1)h
N jh T rh
+Z / K(t,7)X(7) / X(n) / K(11,s)dsdrdr,
=G on (=1 (r=1h

T

F(h,t) :ivj 7 K(t,7)X / X~ (m) f(n)dndr,

(J=Dh

ypaBHeHUe (8) 3amuiiem B BUJIE:

N jh T N
Z / / X Yr)®(h, T1)dT1dT+Z M, (h,t)\,+F(h,t), t € [0,T].
I=LG=0n G~k =
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IIpu BeiGpannom h > 0: Nh =T ma [0,7] x [0,T] menpepoisnyio o t € [0,7] u Kycowdmo-
HenpepoiBayto 110 7 € [0,T] (n x n) — marpuiy K (h,t,7) onpejeiisieM paBeHCTBAMU:

K(h,t,T) /Kts s)dsX (1),

€l(j—Dh,jh), j=1,N, K(h,t,T)=0, t € [0,T].

TOF,H& (9) 3allUCbIBAECTCs B BU€ MHTEI'PDAJIbHOI'O YPpaBHEHU A (Dpe,ILI‘OJIbMa BTOPOI'O poaa:
T
(/Kh¢7 (h,7)dr + M(h, A+ F(h,t),  t€0,T], (10)
0

rme M(h,t) = (M, (h,t)), » =1, N, marpuna pasmepnoctu n X nN, A= (A1, X, ..., A\y) € R™V.

Jlemma. ITycmw 3adanv, h>0: Nh=T, A € R u nenpepuisnan na [0,T] sexmop-gynruyus
f(t). Toeda:
a) ecau cucmema pyrkyud ut] = (ui(t), ua(t), ...,un(t)) — pewenue cneuua,/Lme'Z sadauu Kowwu

N
(3), (4), mo nenpepuisnasn na [0,T] eexmop-gynryus ®(h,t) = 3 f K(t, s)u;(s)ds ydoene-
J=1(j-1)h
meopsem unmezparvromy ypasrenuro (10).
6) ecau P(h,t) — pewenue unmezparvhozo ypaswenus (10), mo cucmema Pynruyui ult] =
(uy(t),u2(t),....,un(t)) c aremernmamu

t jh
/ X Y1) A(T)drdT )\, —l—ZX / X~ / K(7,s)ds\j+
(r—1)h (r—1)h (J—-1)h

+X(t) / X)) f(r)dr + X (1) / XY n)®(h,7)dr,  te|(r—1)h,rh), r=1,N,
(r—1)h (r—1)h

6ydem peweruem cneyuasvhot 3adawu Kowu (3), (4).

[Tar h>0: Nh =T upu KOTOPOM OJHOPOHOE UHTEIrPAJIHHOE ypPABHEHHE
T
/KhtT (h,T)dT (11)
0

MMeeT TOJIbKO TPHBHAIBHOE DEIlleHne, Ha30BeM PEryJisipHbIM IaroM pasduenusi uarepsaia [0, 7] .
MHO2KeCTBO perysspHbIX maros pasouenus: narepsasa [0,7] obosuatnm depe3 w([0,T]). Kak cie-
JlyeT u3 pesysbraroB [1| mpum Hammx mpejnosioxkeHusix orHocutenabHo A(t), K(t,s) MHOXKECTBO
w([0,T]) memycro.

[penmosnoxkum, uro h > 0 : Nh = T upunamiexur w([0,7]). Torma ypasuenne (10) omHo-
3HAYHO PAa3PEIINMO ¥ ero eIMHCTBEenHoe penrenne npu 3aganusix A € R™MY | F(h,t) € C([0,T], R™)
[PEJICTABIISIeTCs] B BUJIE:

T
®(h,t) = M(h, )\ + F(h,t) +/r (h,t,s, )[M(h,s)A+ F(h,s)lds, t€[0,T), (12)
0
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rae I'(h,t,s,1) — pesoaneHTa ®perosbma nHTErpasibHOro ypasaenus (10).

B (7) Bmecro Z f K(t,s)uj(s)ds nmoncrapmss mpasyio dacTb (12), mosydaem:
I=1(G=1h

t

t
() = X (1) / XU(r)A(r)drA, +ZX / X ()M, (h, 7)drA+
=1 (r=1)h

(r=1)h
t
+X(t) / XYr)F(h,7)dr,  te[(r—1)h,rh), r=1N, (13)
r~1)h
e
jh T
M;(h,t) = / K(t,s)ds+Mj(h,t)+/F(h,t,s, 1)M;(h, s)ds,
(G=Dh 0
T
F(h,t) = f(t) + F(h,t) +/F(h,t,s,1)F(h, s)ds.
0
U3 (13) oupenesnsist tl}%n_ o UN (t), t_l);%l_o up(t), p=1,N — 1, u UM COOTBETCTBYIONINE BbIpazke-

HUSI [IOJICTABIISIS B KpaeBble ycsoBus (5), yeiaoBus ckiensanus (6), ymaoxkast obe qactu (5) na h > 0,
HOJIyYaeM JINHEHYIO CHCTeMY YDaBHEHUil OTHOCHTEIbHO BBEJEHHBIX APAMeTpoB A, , r = 1, N :

N-1 e
h[B+CX(T) / XY(r) M (h, T)dT]A1+hCZX /X )M (h, 7)dT N+
k=2
T
+hC{I+X(T) / X—l(T)[A(T)+J\7N(h,7)]d7}AN:hdhCX(T) / XY7)F(h,7)dr, (14)
T-h T—h
p—1 ph
S X(ph) / X)W (h, T)dmk+{1+x ph) / X~ )[A(T)H\?p(h,f)]df}xp—
F=1 (p—1)h

—[I—X<ph> / X7 (r) My (b, T)]df]mﬁ Z (ph) / X ()M, m)dr N =

(p—1)h k=p+2 (p—1)h
ph
— X (ph) / X Yr)F(h,7)dr, p=1,N—1, (15)
(p—1)h

riae I — eIMHUYHAA MaTpUIla pasMepHocTu n . Matpuity pasmeproctu nN XnN , COOTBETCTBYIOILYIO
seBoit gacru cucreM (14), (15), obosnauus uepes Q*(h), Ty cucremy 3amuiieM B BHJIE:

Q*(h)A=—F*(h), XeR"™W, (16)

e F*(h) = (—hd+hcx f XNr)F(h,7)dr, X (h) [ X~ \(r)E(h, 7)dr,

O —>
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2h . (N=1)h . ’
X@2h) [ XY ) F(h,7)dr, .. X[(N - 1Dh] [ XY r)F(h, T)dT) e RN .
h (N=2)h

Nmeror MecTo cJleAyonme yTBep2KIAeHUAd.

Teopema 1. Ecau cywecmeyem h € w([0,T]) : Nh = T, npu xomopom mampuya Q*(h) :
R™W — R"W  o6pamuma, mo sadaua (1), (2) 0dnosnauno paspewiuma.

Teopema 2. Ecau 3adaua (1), (2) odnosnauno paspewuma, mo daa mobozo h € w([0,T]) mam-
puya Q*(h) umeem obpamuyro.

Teopema 3. IIpu h € w([0,T]): Nh=T 603m001CHbL AUWD 064 CAYUAA:

a) det@Q*(h) #0 das scex h € w([0,T]);

6) detQ*(h) =0 das ecex h € w([0,T]).

B cayuae a) 3adava (1), (2) odnosnauno paspewuma. B caywae 6) sadava (1), (2) paspewuma
mozda u moavko moeda, koeda sexmop F*(h) € R™ | cocmasaennvidi us sadanmoti napo, (f(t),d),
f(t) € C([0,T],R"™), de€ R", opmozonasen x adpy mpancnonuposarnot mampuyv, [Q*(h)]', m.e.
ona VO € Ker[Q*(h)]" enpasedauso pasencmeo (F*(h),0) =0, 2de (-,+) — ckaasproe npoussederue

8 RnN

Haxoxienne perenns 3agaqan (1), (2) ocymecrsisiercst ciemyromuM obpasom. V3 mHOXKeCTBA
w([0,T]) BeiGuUpaercs mar pasbuenusi uarepsasia h > 0: Nh =T u 110 UCXOJHBIM JAHHBIM 3a/[A41
(1), (2) cocrapasitorcss (nN x nN) — marpuna Q*(h) u nN — Bekrop F*(h).

Eciim marpuna Q*(h) obparunma, To pemasi cucremy (16), HAXOMM €JIMHCTBEHHOE €€ PEIeHIe
X = —[Q ()] F*(h).

IIpu naiinennom snadenun napamerpa A* = (A}, A5, ..., A\y) € R™V permas crienpaabuyio 3a1ady
Kommu (3), (4), maxomum cucremy dynknmit u*[t] = (uj(t),us(t),...,uy(t)). o mape (A*,u*[t])
pasencrBamu: z*(t) = A+ ui(t), t € [(r — 1)h,rh), » = 1,N, «*(T) = Xy + tlijmou}‘v(t)

oupejensiercs pemenue 3agaau (1), (2) — byukius z*(t) .
Ecin marpuna Q*(h) He nmeeT 00pATHYIO, TO HAXOIATCS BCE PEIIEHUsT OTHOPOIHOM CUCTEMBI

Q1) =0

u cocrasisiercss Ker[Q*(h)]’. Tlposepsiercsi oproronanbHocts BekTopa F*(h) k sapy [Q*(h)] .
IIpu BBIIOMHEHUH TOrO yCJIOBHs pemtaercst cucreMa (16). st KaxkaIoro pemteHust 9Toil CHCTEMBI
HAXO/IUTCsI COOTBETCTBYIOIIEE pellerne crenuaabaoil 3amaan Komm (3), (4) u mo HUM onpeessiercst
perterne ucxoHoi 3azaqu (1), (2). Yucio pemennit 3agaun (1), (2) 3aBucur OT YmC/Ia penieHui
ypasHuenus (16).

Ecnu ycnosue oproronansroctu F*(h) x Ker[Q*(h)] He BBIIOIHSIETCS, TO PEIIEHUE 33121
(1), (2) me cymecTByer.

B [1] Ha ocnoBe MeTO/A TApAMETPU3ANUHT 2] yCTAHOBJICH KPUTEPHIT OJHO3HAUHON PA3PEIINMOCTH
zagaqn (1), (2).

IlnTupoBaHHasi tuTEpaTypa

1. Jxymabaes [I.C. // Marem xypuas. 2008. T. 8 Ne 2. C. 44 — 48.
2. Mxymabaes [I. C. // ZKypnau Bbranci. marem. n MareMm. ¢huz. 1989. T. 29, Ne 1. C. 50 — 66.
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O YNCJIEHHOM PEIIIEHUN OTHO 'PAHUYHOU
OBPATHOW 3AJTAYU ®UNJIBTPAIINN JIBYXPA3ZHOI
KMIKOCTU

III. 2K. MYCUPAJIUEBA

Kaszaxckuit HallMOHAJILHBIN yHUBEPCUTET UM. ajb-Dapadbu
050012 Asmarsr yi. Macanuu, 39/47 MussiraliyevaSh@mail.ru

PaspabarbiBaeTcsi YUCTIEHHBIN METOJ, JJIsl OMPEIEIeHUs] HEM3BECTHOTO TPAHUYHOIO YCJIOBUSI JIJISI MOJIe-
s Panmonopra-Jluca, onuckrBaroriei mportecc GuabTpanun AByX(MAa3HON KUIKOCTH B TOPUIOHTATHHOM
mwiacre. Ha ocHOBe YMCJIEHHBIX 9KCIIEPUMEHTOB aHAJIM3UPYIOTCS BO3MOXKHOCTHU MCIIOIHL30BAHUS JIAHHOI'O
MeTOJIa.

Mogenn Panmonopra-Jluca, onucbisaiorast mporece (puibrpanun 1By Xdas3Hoi KUJIKOCTH B TOPHU-
30HTAJILHOM ILJIACTE, SIBISETCS OHOM 13 HamboJiee yIoTped/IsieMblX B KOMIIBIOTEPHBIX TEXHOJIOIHAX
HedTe100bI9u MoJIes el (brIbTpanun JIByxdas3Hoii xkujakoctu. OIHAKO, IPU BBITOJHEHUN YUCTIEHHBIX
pacueToB, Kak nokasano Konosasoseim A. H. [1], 3a cuer obpainenust B Hy/b (DYHKIMHA OTHOCUTE b~
HBIX (hA30BBIX IIPOHUIIAEMOCTEN €CTECTBEHHBIE TPAHUYHBIE YCJIOBUS SIBISAIOTCS TLJIOXO OOYCIOBJIEHHbI-
MU (TPaMeHThl B OKPECTHOCTH CKBAYKUHBI CTAHOBSATCS OECKOHEUHO GoJibiuMu). B cuity aroro Heob-
XOJIMMO pa3pabaTbIBaTh YUCACHHBIE METO/bI PEIICHI 3aa91, yIUTHIBAIONIIE JaHHYI0 OCOOEHHOCTD.
B pa6orax Bouaposa O. B. 2], Monaxosa B. H., ZKywmarynosa B. T. [3] npeanoxeno npumensTh
mozenb bakies-JIeBeperTa B OKpecTHOCTH HOOBIBAIOIIEH CKBAYKIHBI.

3BecTHO, ITO Ha NPaBoil TpaHule (pUIBTPAIMOHHON 00JIACTH MOTYT ObITh peaJn30BaHBI pa3-
JIMYHBIE TPAHIYIHbIe PeKUMBL. IIpe/osarasi, 4To Ha HarHeTATeIbHOI CKBayKiHe (Ha JICBOI I'DaHHUIIE)
M3BECTHO JIBA IPAHUIHBIX YCJIOBUS, pa3padaThIBACTCA TUCIEHHDBII METOJ JJIA ONPEIEICHUsT PEeHns
Ha SKCILIYyATAIIMOHHON CKBasKUHE.

IlocranoBka 3agaum. Mogens Panmornopra-Jluca, onuceiBaromias dpuibrpanuio AByxda3Hoi
JKUJIKOCTH B OTCYTCTBUY MaCCOBBIX CHJI TIPU 3aJlaHHOM CyMMapHOM pacxoze da3, umeer Bus [4,5]:

o = g (xOee g ) + 05 - oe(©). )

rIe

Keywords: inverse boundary problem, two-phase fluid flow in a porous medium, the local regularization method.
2000 Mathematics Subject Classification: 34B40
© MLI. 2K. Mycupanuesa, 2009.
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_ 1AL d Ja(s) :
wls) = B fa(s) +,u0f1(8)’w( ) ds [fQ(S) +”0f1(8)] 7
LV L fi(s)fa(s)f(s) .

= ——----- W(S) = —_—
? ?

ocost/nky B fa(s) + pofi(s)
S — HACBINMEHHOCTh HecMaduBaolieit (pa3oit, k — IPOHUIIAEMOCTb, i1, (b2 — BI3KOCTH HECMAaIUBAIOIIEi
u cMaduBaioreii das, po = 2 \p1, fi(s) — orHocureabHbIe ha30BBIE MPOHUIIACMOCTH, 0 — MezK(a3HOe
HaTsKEHNe, N — MOPUCTOCTh, 6 — KpaeBoii yro, V — cymmapHbiii pacxon ¢as, S, s* — ocraTouHble
Hedre- U BogoHaCkIIeHHOCTH, f(S) — dynKimsa JleBeperTa.

x Vit k(&)

fZE,TZm,X(f): ko

— Gespa3MepHbIe TIepeMeHHbIe, TJie kj — XapaKTepHast IPOHUIAEMOCTh, L — XapakTepHas JIJINHA TL1a-
cTa.
[Tpu sToM byHKIMOHAIBHBIE TADAMETPBI UMEIOT CJIEJYIONue cBoiicTBa [4]:

1) 0< (flaf?) <1 pu s € (8*78*)7f1(5*)7f2(8*) = Oa

2) (f1s, f2s, Pes) € C(G) rae G — 3aMkHyTast 061aCTH B IPOCTPAHCTEE IEPEMEHHBIX (I, §), TIpHYeM
Mt < (/‘Lla,u?apcs) <M,M > 0;

— __Vnof(s) =1
3) [in(a,b)| < Mo(M), tne a = Vrpr (fotpofr)’ b= frmn

[Tycrs ma Bxome B maact (£ = 0) ¢ momenTa 7 = () Ipu MOCTOSTHHOM pacxoie V HocTymaeT TOJIbKO
cmaudnBatonias dasza. Torjga umeem ciiejrytoniee rpanndaoe ycjiosue npu € = 0:

9s __ Buw  [(s) dx(§)
o5 f'(s)fals) ~ f'(s) dE 7

pu £ = 1 cTaBUM CJIeLyIolIee yCJIOBUE:

x(€) (2)

s(1,7) =n(7) (3)

1 Ha4daJIbHOE YCJIOBUE

5(£,0) = s0(§)- (4)

Bynem paccmarpuBaTh rpaHUYHYIO 0OPATHYIO 33124y, KOTOpas XapaKTePU3yeTcs: TeM, 4TO I'pa-
HUYHOE YCJOBHE Ha UpaBoii rpanuie He 3anaHo (dyukuus 1)(7) memssecrna). [Ipu sTom 3amano
JIOTIOJTHUTEJIBHOE YCJIOBUE Ha, JIEBOU T'PaHUIIE

s(0,7) = a(r). (5)

Borpoch! cyriecTBoBaHust U CBOCTBa 000OIIEHHOIO PEIIeHUs MPsAMON 3aJa4i PAaCCMOTPEHBI B
paborax Asekceesa I. B., Xycuyraunosoit H. B. [6] 1 Monaxosa B. H. [4].

I3BeCTHO, 9TO XapaKTepHOH OCOGEHHOCTHIO OOPATHBIX 3aJ[ad SIBJISAETCsI HEKOPPEKTHOCTD MCXOJI-
HOI IIOCTAHOBKH, 9TO TpebyeT paspaboTKH CHENUAIbHBIX MATEMATHIECKUX METO/IOB U BbIIUC/INTE b
HBIX aJiIropuT™MoB [7,8]. Bopocs! cyrecTBoBaHusl, €JIMHCTBEHHOCTH, YCTORINBOCTH PEIEHUH JIJIsl JIU-
HEHBIX OJIHOMEPHBIX O0OpaTHBIX I'PDAHMYHBIX 334 paccMorpenbl B [9]. Bompock! cyriecrBoBanmsi,
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€IMHCTBEHHOCTH, YCTONYINBOCTU PEIIeHUH /I HeJIMHEWHBIX U JIjIs MHOTOMEPHBIX 3a/1a9 B TIOI0OHBIX
ITOCTAHOBKAX OCTAIOTCSI OTKPBITHIMU.

Yucnennsbrit MeTon perieHusi. [1o BpeMenu BBesieM ceTky ¢ y3aamu 7, = nh,,n = 0,1, ..., No;
h; = T/Nyp. Banaay (1) — (5) Gymem pemath Ha Kaxkgaom dukcuposanrom ciaoe 771, Jlgs sToro
[IPEJIBAPUTEIBHO ITPOBEMIEM JUCKPETUBAINIO 110 BPEMEHH:

s—s" 0 s ds 0 an AX ()
I :afg(x(f) o(s") §)+¢( )a—f—a—g(w(s )Tg

Iliist ompeneseHnsl TPAHUYHONO YCJIOBUsI Ha IpaBoil rpanuie OyiaeM HCIOJIb30BATH METOJH pe-
ryaspusanun Tuxonosa A. H. Ha kaxkaom BpeMeHHOM cjioe. Takum o0Opa3oM, HIMETCST MUHUMYM
CJIEIYIONIEro (PYyHKIIMOHAIA:

)- (6)

T = (s"TH0) = " + a(n" ) (7)
IIpencrasum pemmenue 3agaau (1) — (5) B Bue:
Sn+1 _ Zn—i—l +wn+1 (8)

Brech 2" T1(€) ecth pemtenme cerounoit 3a1auH:

- el )+ uen E - e ), Q
0z B
%" = kpf Y
z(1) = 0, (11)
) = 5. (12)
s (8) u (9) — (12) s w™H(€) umeenm:
2 = ORI, (13
T = o (14)
w(1) = 7", (15)
=€) = 0. (16)
Jtst pernienust 3aa4u MOy YUM CJIe/LyIOIIee TIPe/ICTaBICHIE:
@ (€)= q(€)n", (17)
rae ¢(§) ecTb peleHne CIeayoOIei 3a1adu:
q 0 dq 0q
he = e X&) ge) + (s 56 (18)
dq
20 = 0 () =1 (19)
[Moxcranoska (8), (17) B (7) maer
J(nn+1) — <2n+1(0) 4 q(o)nn+1 _ an+1>2 4 a(nn+1)2. (20)
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50 1. 2K. MycupaJsiuesa

Munanmywm (7) mocturaercst mpu
(2" F1(0) + q(0)n" ™ = a"")q(0) + a(y™t!) = 0.
Tem cambIM JIJIsi TPAHUYHOTO yCJIOBUS HA IIPABOi MPAHUIIE MOy IHM:
" = q(0) (@™ = 2"H0)) /(e + ¢*(0)). (21)

[TepeiimeM K BOIPOCY MOCTPOEHUS PA3HOCTHBIX CXeM. IlycTh 00/IaCTh M3MEHEHHs! apryMeHTOB
(&,7) ectb npsmoyrosibhauk (0 < € < 1,0 < 7 < T). IMocrpoum Ha orpeske (0 < £ < 1) cerky
& = ih,i = 0,1,...,N, ¢ marom h, h = 1/N u cerky 7, = nhy,n = 0,1,..., No;h; = T/Ny na
orpeske 0 < 7 < T. B pnanbneiiniem OyemM MoJb30BaTHCA PABHOMEPHOI CETKOM 110 epeMeHHoil & u
HEpaBHOMEPHOI 10 TIepeMEeHHOI T — Yepe3 ONpeIe/ICHHOe YNCJIO MAaros A, OyJeT yJIBauBaThCs.

Kpaesas 3amada (9) — (12) annpokcuMupoBasach CJeiyromeil HesiBHOI Pa3HOCTHOl CXeMOii:

1
ﬁ[Xz‘+1/2%0(5?+1/2)(Z?4:r11 - ZZLH) - Xi—l/Q‘P(S?—l/Z)(zszrl - Z?_Jrll)} +

1 1
n—+ n+ 1

Z; -z n n
+¢(3?)% - ﬁ[w(siﬂ/z)(xz‘ﬂ = Xi) — W(Si—l/Q)(Xi - Xi-1)] =

n+l _ _n+l
0

y B By f(s?/2) X1 — X0
1/2 - n n n ’
/ h f,<31/2>f2(31/2) f/(81/2) h

st amcnennoro pemenus 3a1a4 (9) — (12) n (13) — (16) ucnosnb3oBam MeTox Iporouku. s
HAXOKJIEHUsI pellleHrsi 0OpaTHON 3a/aun peraloTcs jBe crangaprabe 3agaan (9) — (12) u (13) —
(16), naxomurcst ", n = 1,2, ..., N, o dopmyJe (21), mocjie 4ero HCKOMOe pelieHne mpeIcTaBIsieTcst
B BUJIE:

s"THE) = 2"THE) + q(n™ T

Yucnennsrit anamms. 1o u3io;keHHOMY BbIIIe aJrOPUTMY ObLIM IIPOBEJEHBI YUCIEHHBIE Pacye-
Tol. 1Ipy BBIMHCICHRAX NCIIOIB30BAIICH CIeLyIONIe BAIbI KPUBBIX OTHOCHTEJIBHBIX (Pa30BBIX IIPO-
HUIAEMOCTE U KaIlMIJIIPHOTO JaBieHnst [5:

fi(s) = 1,4256(s — 0,216), f2(s) = 1,6329(0,7 — s)?,
f(s) = 0,05669(0,7 — s)~2 —0,242.

Hauasbnas HedrenacelenHocTs pasasiack s° = 0,68 ; mar no ocu & - h = 0,005. Ilar 1o
Bpemenu B3siu paBHbiM h = 0.001.

ObparHyo 3a/ady pelragn B pexKuMe KBa3upeasbHOro sKkcrepumMenTa. CHavdaja IUCIEHHO pe-
maeM npsMyio 3ajgady (1) — (2), (4) co coeayiomumu ycaoBusIME Ha IIpaBoii rpanuie [5]: a) mycrb
7/ — MOMEHT TIpopbIBa BOJBI Ha J00bIBaIomel ckpaskune. Torma npu 7 < 7’ :

9s B f(s) dx(©)
9~ PR Fs) de

—x(¢)
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npu 7 > 71 s(1,7) = ss,

0s

e ="

Tem caMbIM TeCTHPOBAJINCH 2 BUA YCJOBUiI. B mepBoMm ciaydae Ha BBIXOJE U3 ILJIACTA 3aJAHBI
KpaeBble YCJIOBUsI, cOOTBeTcTByomue "KoHieBomy" addekry. JIaHHBINH 9KCIIEPUMEHTATBLHO YCTAHOB-
JIEHHBIH (haKT 3aKTIOIACTCST B TOM, UTO CMATUBAIONAsT pa3a He BHITEKAET U3 THIPOMUILHOTO TIacTa
JIO TeX TOp, MOKa HACKIIMEHHOCTh €10 Ha, BBIXO/IE He JIOCTUTaeT MAaKCUMAJIHLHO BO3MOYKHOTO 3HAUEHUSI
1 — 84 , TIE S« — OCTATOYHAST HACBHIMIEHHOCTh HeCMadnBaromiell ¢aspl. Bo BropoMm ciiydae mpeanoia-
rajioch, YTO KUJIKOCTH M3BJIEKAIOTCS COOTBETCTBEHHO WX MOJBHKHOCTH [1].

Ha pucynkax 1-5 mokazaHbl pe3yJbTAThl YUCJACHHBIX IKcIepuMeHTOB. Ha pucynke 1 mokasan
pe3yJIbTaT COOTBETCTBYIONINI IIEPBOMY KpaeBoMy ycjioBuio. Ha Bcex pUCyHKax CILIONIHAS JIMHUS CO-
OTBETCTBYET YUCJIEHHOMY perienuto npsimoii 3agaun (1),(2),(4) npu £ = 1 ¢ rpaHUYHBIM yCIOBHEM
tuna a) jmbo b). [lyHKTUpHAsT TMHKUST COOTBETCTBYET HAlJIEHHOMY YNCJIEHHHOMY DEIeHUI0 06paTHOM
rpannvHoi 3a1a4un. Kak BUIHO U3 PUCYHKA, OCYIIECTBJIEH IIPOPBIB BOJIBI HA SKCILIYATAIIMOHHON CKBa~
JKMHE U COOTBETCTBEHHO OOJIbIINE OCIM/UIAIMNA Ha MOMEHT BpeMenu T > 7'. TouHOCTL onpejenenus
7 JI0 MOMEHTa IIpOpbIBa BoAbI coctasasger 1078 npu snavenun dbynxumonana 1076 . Iocte mpopsi-
Ba BOJ[bI TOYHOCTH BCJIEJICTBUU MaJIOCTH (DYHKITUI OTHOCUTEIBHBIX ITPOHUIIAEMOCTEH YXYIIIAETCsT JI0
102 . Ilpu peajm3aIuy BTOPOrO BapHaHTa KPAEBOI'O YCIOBHs mMeeM TounocTh 1078 Ha Bce BpeMs
SKCILTyaTalll! ILIACTa.

s onpesesieHns BINSHUS TOTPENTHOCTEH B 3a/JaHUH JIOTIOJTHUTE/IBHBIX YCIOBHI, B MOIyYeHHOE
CETOYHOE DellleHue Jlajiee BHeCeM CIIyJaifHble BO3MYIICHU:

as(1) = a(r) +20(o(1) — 0,5),

rje o(7) — HopMaJibHO pactpesesentas or 0 o 1 caydaiinasi BeumanHa.

Ha pucynke 2, 3 nobparkeHbl 3HAUEHUsT Ha TPABOW IPAHUIE MPU BHECEHUN BO3MYIIEHUI ¢ § =
le —4 u § = le — 5. Ha pucynke 4 nokasaHbl pe3ybTATHI JJIsi KPAEBOIO YCJIOBUsI C KOIEBBIM
spdexkTom. 3mech n3-3a MIOXOH 00YCIOBIEHHOCTH CAMOTO KPAeBOTO YCJIOBUSI AMILIATY/Ia KOJIeOaHi
BBIIIIE TIPU CTPEMJIEHUN 3HAYEHUsI HACBIIEHHOCTH K Ipefebaomy. CpaBHUBasi pUCYHKHU 3 1 4 MOXKHO
3aMETUTh, UTO JJIsT KPAEBOTO YCJIOBUS THIIA b mMeeM GoJtee KaIeCTBEHHYIO KAPTHHY BOCCTAHOBJICHUST
FPAHUYHBIX 3HAYCHUI IPEJJIOKEHHBIM aaropuTMoM. Kak moka3bBaroT pacieTsl, aJTOPUTM JOBOJIBHO
9JYBCTBUTEJIEH K YPOBHIO HOI‘peH_IHOCTeI/UI. PeKOMeHﬂyeTCH opeaBapuTeJIbHO CIVIa?KUBaTh OCHUJIJIAIINN
BO BXOJIHBIX JaHHBIX. TakuMm 006pa3oM, yOpaB BRICOKOYACTOTHBIE KOJIEOAHNUsI, MOXKEM MOJIYIUTH OoJiee
KavueCTBEHHBIE U TOYHBIE PE3YJIbTATHI J1axKe Ipu OoJibilieM 3Hadennn ¢ . Ha pucyHke 5 n300parkeHbl
3HAYEHUsT Ha MTPABOit TPAHUIE P BHeCeHNH BoaMytneHnit ¢ § = le — 3. Ho TouHOCTD permenust 37eCh
OCTaeTCsT B IpeJiesiax JOIMyCTUMOI'0, TaK KaK BXOJHBIE JTaHHBIE ObLIN 00pabOTaHbl YKa3aHHBIM BHIIIE
€110coboM.

3akJiroueHue.

st omHOMEpHOH Moen PUIBTPAIIN ABYX(DA3HON KUJIKOCTH Pa3padoTaH IUCTEHHBIH METO 10
OIIPEJICJICHNIO I'PAHNYHOIO PeXKUMa Ha IKCIJIyaTAllMOHHON CKBakKUHE IIPU 3a/[aHHOM JOLOJIHUTE/Ib-
HOM YCJIOBUU Ha, HAarHETaTeJIbHOU cKBakuHe. [IpoBejieH TIaTebHbINH aHAJIN3 YNCJIEHHBIX PACIEeTOB,
COIIPOBOK IAEMBI TpaduIecKoil 1 TecToBOi mHpOpMaIineil. BrimoaHeHHBIE YUCTIEHHBIE PACIeThI 0~
Ka3bIBaIOT BO3MOXKHOCTb MCHOJIb30BAHUS JAHHOI'O METO/Ia JIJId OlIpeJleJIeHUA IPAHUYHOI'0 PEXKUMAa C
XOPOIIEA TOYHOCTBIO.
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s 0,7 -
0,6
0,5
0,4 -
0,3
0,2 -

0,1 -

0 T T T T T T T T T
0 o1 02 03 04 05 06 07 08 09

Puc.1. Pemenne obparHoii 3a1a41 Ha MOMEHT IIPOPBIBA BOJIbI

0,4 T T T T T T T
0 0,1 0,2 0,3 0,4 0,5 0,6 0,7

Puc.2. Pemenne o6parroit 3amaum mpu 6 = 107*
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s 0,7 -

0,65 -

0,6 -

0,55 -

0,5 -

0.45 -

0,4 T T T T T T T
0 0.1 0,2 0,3 0.4 0,5 0.6 0.7

Puc.3. Pemenue oGparroit 3amaau mpu § = 1075

s 0,7 -
0,65 -
0,6 -
0,55 -
0,5 -

0,45 -

0,4 T T T T T T T T T 1
0 01 02 03 04 05 06 o07 08 09
t

Puc.4. Pemenune obpaTHoit 3amaun npu 6 = 1075(KpaeBoe YCJIOBUE C KOHIIEBBIM 3(HEKTOM 0 MOMEHTa IIPOPHIBA
BO/IBL)
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s 0,7 -
0,65
0,6 1
0,55 -
0,5

0,45 -

0,4 T T T T T T T T T 1
0 o1 02 03 04 05 06 07 08 09

Puc.5. Pemenne oGparroit 3ajaum npu § = 1073
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MATEMATNYECKOE MOJAEJINMPOBAHUE
TYPBYJIEHTHOI'O 'TOPEHIN4 B CJIO2ZKHOM KAHAJIE

A. K. HAIMAHOBA

Wucruryr marematukn MOuH PK
050010 Asvatrer yi. [Tymkuna, 125 ked@math.kz

[Tpenaraercss MaTeMaTudeckasi MOJEb TYPOYJIEHTHOIO PEArMPYIOIIEro TEYEHUs MHOTOKOMIIOHEHTHOMN
ra30BOil cMecH B TpeXMepHOM KaHaJje. MomempoBaHre OCHOBBIBAETCST HA OCPETHEHHBIX 110 PeifHobacy
ypasaenusix HaBbe-Crokca, 3aMKHYTBIX k — £ MOZEJIBIO TypPOYJIEHTHOCTU. BhIsSIBIICHBI OCOOEHHOCTH IPO-
CTPAHCTBEHHON CTPYKTYPbI TEUYEHUN PEArUPYIONINX T'a30B B 3aBUCUMOCTH OT BXOHOI'O 3HAYEHMsSI CKOPO-
CTH BTOPUYIHOTO BO3/YXA.

N3y4enune mporeccoB mepeMeInBanns, FOPeHus, a TaKxKe OIpeeseHne IMOoJieil TeMIepaTyphl,
CKOpOCTe#l, KOHIIEHTPAIUN KOMIIOHEHT C YI€TOM KMHETUKH IIPOIecca, opeesenne (popMbl dakesia,
I'paHUIbI 30HbI CMEHICHUSA U XapaKTepa Te€YEeHHsd — BCE 9TU BOIIPOCHI, UMEIOIINE BazKHOE€ IIpaKTHU4e-
CKO€ 3HAUEHUE, SBJISIOTCS BECbMa CJIOKHBIMU B IIJIAHE MaTEMaTUIECKOro MojenpoBaHus. OCHOBBI
Teopun TYPOYJIEHTHBIX PEarupyIonux TeUeHn MHOTOKOMIIOHEHTHBIX CMeceil pacCMOTPEHbI B paboTe
Bymuca JI. A. u ap. [1], B KoTOpOii M3maraioTcs pasiandHbe MyTH PENIeHust MPOOIeMbl TypOyIeHT-
HOI'O TOPEHUs IPEIBAPUTEILHO HEIePEeMEIIaHHbIX I'a30B. TeopeTudecKue pacdeTbl TypPOyIeHTHBIX
dakesI0B TPOU3BOIMINCH HA OCHOBE yPABHEHMIT OIPAHUYHOIO CJIOS, ¥ OCHOBHBIE XapaKTEPUCTUKHU
dakesia opeIeIIsiINCh C TIOMOIIBIO HHTErPAJIbHBIX cOOTHOMIEHU. Clie/lyeT OTMETUTh TaKKe paboThI
Xomxkuesa C. [2|, ZKymaesa 3. II1. [3], rue pacemarpuBaercst quddys3uonnblii dhakes B AByMEPHOI
U TPEXMEPHOI MMOCTAHOBKE, OJHAKO ITPU MATEMATHIECKOM MOJIEJIMPOBAHUU UCXOIHBIMU IIPUHSITHI A~
pabosmmsoBanHble ypaBHeHust Hapbe-CTOKCA, He TIO3BOJISIONIIE PelaTh MpobIeMy TedeHnsT pearupy-
IOIUX a30B B 00/IACTIX ¢ BUXPEBBIMU 30HAMHU. B CBS3W ¢ 9TUM B HACTOsIIIEe BPEMsi HHTEHCUBHO
Pa3BUBAIOTCA KaK METOJIbl MaTEMATUYICCKOTI'0O MOJIEJINPOBaHUA pearupyronmnux Te‘IeHI/II.;'I7 TaK U CIIOCO-
OBl X YUCJCHHOI'O PEIeHUs Ha OCHOBE TOJIHBIX TpexMmepHbix ypaBHeHuii Hasbe-Crokca. Hanbosee
YCIIEITHOM siBJIsieTcst MoJIesib JIykBua u ap. [4], ofHaKo OHa MOCTPOeHa Ha OCHOBE OBICTPON KUHETH-
ku. B pabore Crankosa I1., Tonmoposa /1. [5| Ha ocHOBe ABYXCTaAMIHOM KMHETHKI MPOBEIECHBI TOJIBKO
TECTOBBIE PACUYETHI IIPEIaraeMoii MaTeMaTuIecKoit Mojiesu. 1leabio manHoit paboThl SIBIASIETCS TUC-
JIEHHOE MOJIEJIMPOBAaHUE ITPOCTPAHCTBEHHOIO IOPEHMS I'a30BO3/IyIIHON CMEeCH U U3yYeHUEe BJIUSAHUS
BJyBa BTOPUYHOI'O BO3/IyXa Ha IPOIECC TOPEHUS B TPEXMEPHOM KAHAJIE C YCTYIIOM.

Keywords: turbulence, subsonic flow, multicomponent gas, combustion, chemical reaction
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IlocranoBka 3amaumn. PaccmarpuBaercs BAyB TypOy/IEHTHON XUMUYIECKN PEArnpyIoIiei ra3o-
Boit cmecu (CHy, CO, CyHy, Hy, N3) B TpexmepHblii Kanau ¢ yerynamu. CxeMa TedeHnst MoKa3aHa

Ha pHUCyHKe 1.
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Puc. 1: Cxema Teuenns

Tpexmepubie ocpemrennbie Mo Peitnonbiacy ypasuennsi HaBoe-CTokca m ypaBHEHHS T€peHOCa
KOMIIOHEHT pearupyroleil cMecH, 3alicaiible OTHOCUTEILHO JIEKapTOBON CHCTEMbBI KOODIMHAT, HMe-

10T BUJIL;
dp o
O o (o)) = =V - | oDV (22| + ¢
ot " ReS m
d(pii) L L1 2 p
5 + V- (putl) =V - o (1) pVP V<3pk>+FT,
I - -1 .
MJrV (puI):V-JfLPV-ﬁprJrQC,
ot y
O(pk) oy L M 2 7 2 Vil
T + V - (puk) Rev [(Prk Vk pkN - i+ (y— 1) M?0 : Vi — pe,
9(pe)
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v = AT _2v.7F) = __K _ pD pm
3nech o (U) = £ ([Vu—l— (Vi) } 5V uE), J=—mmVT Resc%:hmv 2 ).
JlotomHuTE/IbHBIE YJIEHBI, 00ECIIEUNBAIONINN TPUTOK MACCHI U SHEPIUU 3a CUYET XUMHUIECKUX Pe-
aKIuil, UMEIOT BUJ;

pfn =Wn Z Da, (bmr - am?’) Wry Qc = Z Da, Z (amr - bmr) (Ah?)mwr’ (1())

amr bm'r
e wp = kg [] (Iﬁ,’;"n) — Ky [1 (&—’;) — CKOPOCTb KHUHETUYECKON PEaKIn, Gy, Dy — CTEXHO-
m m

MeTprdeckne KosbdurmenTsl, k¢ = A exp (—E¢/RoT), ky = Apy exp (—Epr/RoT') — KOHCTAQHTEI
CKOPOCTEl XUMUIECKHUX PEaKIuii, OolpeIe/eHnble 10 3aKOHy AppeHnyca, (Ah?) — Teriora obpa-
m

30BaHUSI M-t KOMIOHEHTHI, Da, — anciao Jamgénepa r-it peakimm, WHIEKC © — TUCI0 PEeaKImid, m
— YMCJIO KOMIIOHEHT, k — KHHETUYIeCKas dHEPrusl TypOyJIeHTHOCTH, £ — CKOPOCTh JUCCUIIAINNA KIHE-
THUYIECKON 3Heprun TypOyaeHTHOCTH. J[jis 3aMBIKAHUS UCXOMHONW CUCTEMbI YPABHEHUN HCIIOJIb3YeTCs
MOJEb TYPOYJIeHTHOCTH, KOHCTAHTBI KOTOPOI CJIeIyIOoIIne:
¢y =0.09; ¢ =1,44; ¢, =1,92; c;=-1,0; f;r =1,0; P;r =1,3; c¢s=1,50.

Cucrema (1) — (10) 3anmcana B 6e3pasmepHoii popme B 00MEIPUHATHIX 0b03HaMeHNAX. B Kate-
crBe 6e3pa3MepHBIX IIapaMeTPOB IIPUHATHI IapaMeTPhl CTPYH.

HavanbHble 1 rpaHu4dHble yCaoBHUs. B Hada/bHBII MOMEHT ra3 (BO3J/yX) HAXOJUTCS B CO-
CTOSIHUU ITOKOsI, pacipejie/ieHie TeMIIEpaTypPbl IIOCTOSHHO, KHHETHIECKash SHEPIusl TYPOyJIeHTHOCTH
U MacIITad TypOYJIEHTHOCTU TAKKe MTOCTOSHHBI:

u=v=w=0, pn=_(m),, T=1 k=0 [1=0. (11)
Ha Bxojie BO BHyTpeHHel 4acTu coiuia 3aaercst razosasi cmech (C'Hy, No, CoHo, Hy, CO):
u=1 v=0 , w=0, p=1, T=1, k=ky [=ly, (12)
BO BHEIIIHEl 9aCTh COIIA — OKUCJIUTENb — BTOpUIHbIi Bo3ayx (O, Na):
u=my, v=0, w=0, pm=m)g, LT =mr, k=ky, =1l

3/1ech WHIEKC g 03HAYAET ra3, WHACKC air — OKUCIUTENb (BTOPHIHBINA BO3/IYX).

Ha crenkax Jijisi 1M0Jisi CKOPOCTH W TeMIIepaTypbl 3ajaeTcs TYpOYJeHTHBI 3aKOH CTEHKHU, TaH-
TeHIMAIbHAST KOMIIOHEHTA CKOPOCTEHl KOTOPOTO OIMpee/IsieTcsT MPUOINYKEHHBIM COOTHOIIIEHNEM, O~
JIYU4EHHBIM C [IOMOIIIbIO JIOrapuMUIecKOro Mpoduiisi, 1 CTEeHHbIM 3aKOHOM aHajorudno [6]. s
KAHETHIECKO 3Heprun TypOyJIEHTHOCTH, KOHIIEHTPAIINil KOMIIOHEHT I'a3a BBIIOJIHSIETCS YCJIOBAE OT-
CYyTCTBHS IIOTOKa Yepe3 cTeHKy. Ha BbIXoJe 3a/1af0TCst MSATKHE TPAHUIHBIE YCJIOBUS.

Onucanre XUMUYIECKOTO pearnpoBaHust ra3obix kommoneHToB CHy, CO, CoHy, Ho ¢ BO3MIY-
XOM IPOBOJIUTCsT Ha OCHOBE XuUMH4ecKoit Mogenu [6]. Takum obpasom, ucnosb3syemast B pabore Mo-
JIeJTb XUMHUYIECKH Pearupyroliero rasa, BKIIaeT nepaTh KomnonenTos: C'Hy, No, CoHo, Ho, CO, Oo,
CO,, NO, H50.

CHy+ 209 = CO5 + 2H50,
Oy + 2Ny = 2N +2NO,

MATEMATUYECKUN YKYPHAJI 2009. Tom 9. Ne 1 (81)



58 A. K. Haiimanosa

209 + Ny = 20 + 2NO,
200 + Oy = 200,
205 Hs + 305 = 2H>0 + 4CO,
O3+ 2Hy < 2H50.

Oupejiesienne ckopocTu xuMuydeckoit peaknuu. CorsiacHo pabore [6] cCKOpOCTh XMMUYECKOl peak-
IUU W, BBIUUCISAETCH B IPEIIOJOKEHNN, 9TO /I PEAKIUil 7 KaxKIbli y4aCTBYIONMI KOMIIOHEHT
SIBJIAETCST JTMOO WHEPTHBIM (dpyr = bpyy), MO0 TOSBJISIETCST TOJIBKO HA OJHOI CTOPOHE peakIuu
(@mprbmy = 0). Bamuiem BeJUYIUHY CKOPOCTH XUMUYecKoil peakiuii (11) ciemyomum o6pasom:

Wy = er - Qbry (13)

Amr bmr
e Qe = k5, T (4 )™ Qo =i T ()
m m

Torna npurok Maccer pf, u3 (10) 6yzer nmers Bu:
P%L = mZDar (bmr _amr) (er _Qb'r)‘
T

Hanee, mpeaBapuTeIbHO IPOBEPUM KOMIIOHEHTDI, 3HAYEHNE KOTOPBIX yMEHBLIIAETCs, B COOTBET-
CTBUHI C YYUTBIBAEMOIl peakiueil ¢ TeM, 4TOObI OIIPEIeIUTh KOMIIOHEHT ¢ MAHUMAJILHBIM 3HAYCHUEM
Wi (bmr — @mr) (fr — Q) / pm, 1 mpucsonm emy unyiexe K, r.e. W (b — agr) (Qpr — Q) / pic-
Cire1oBaTEILHO, 3TO BBIPAXKEHHE ABJIAETCS CAMBIM OHNACHBIM U3 CYMMBI BKJIAJIOB CKOPOCTEl XUMH-
YECKUX PEeaKInil, KOTOPOe MOYKET IPHBECTU K OTPHUIATEJLHOMY 3HAYEHHIO IIOTHOCTH. ITocse 1gero
PACCUUTBLIBAETCA U3MEHEHHE XapaKTePHOIro KOMIIOHEeHTa cMecn K :

(Pr)i = (PR
Al = DCLTWK (bK,n - CLKT) (er - Qbr) . (14)
nJjim
(pK)%:l = (pK)Zk + AtDa, Wy (erer + arr Q) — AtDa, Wi (bgr Sy + aKerr) . (15)

Bsenem cienyrorime 0603HaIEHUS:

AT = (pK)Zk + AtDarWK (bK'err + aKrQbr) )

Ap = (pK )i, + AtDar Wk (brr Qe + arrQpr) -

C yuerom koroporo (17) 3amumiercst B Buje:
(o) = Mr = (A = (pr)je) - (16)

[Tocne smneapusanuu ypasrenue (18) umeer Bu:

+1 +1
wl_ (A n Y\ (P )ik A A (PK )i 1
(or )iz = Ar — (Ap — (PK)ijn o), AT T A e +(PK)ijk
1) )
n3 KOTOPOTO CJIeayeT, 9TO
A
1 T
(pr)ise = E(pK)?jk' (17)

Eciin yuects, uro ypaBuenue (16) 3anucbiBaeTcst TaKXKe B BHJIE:

1
(e )iz — (P i

At

= DCLTWK (er — aKr) wm
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MOy IUM, 9TO CKOPOCTh XUMHUYIECKOI peaKIun (pK)ZJ,gl B (17), oupezessiercsi cieiyomuM o6pa3oM:

_ (pK)Zk (ﬁ—; B ) (18)
-~ AtWk (brr — k)’

wy

Takum 06pa3oM, B 4jieHax, 00yCIOBIEHHBIX XUMUYecKuME peakiusMu (10), cKopocTh peakiun
OyJleT OnpeesaThCs JIMHeapU30BaHHbIM Bhipazkeruem (18).

AHanus pe3ysibTaTOB YMCJIEHHOTO pellleHus 3aaa4u. Pelienne mocTaBjieHHON 3a1a49u OCy-
IIECTBJISAIOCH aJIFOPUTMOM, U3JI02KEeHHBIM B padore |7]. KommaecTBo KOHTPOIBHOrO 06'beMa coCcTaBIsi-
er 127756. UncaeHHBIN pacdeT MPOBOINIICS IIPH CJIEAYIONINX 3HAUYEHNISIX XapaKTePHBIX TapaMeTpPOB:
my =1, w =24, tne my, = “{f — OTHOIIIEHNE CKOPOCTU OKHUCJIUTEJsI K CKOPOCTH I'a30BOH cMecH,

w= ngw — OTHOIIIEHIE TeMIIEpaTyphbl Fa30BOI cMecH K TeMIieparype okucauress. Jlagee m,, Ha3bIBa-
€TCsl TIapaMeTPOM CIIyTHOCTH, a w — MapaMeTpoM TemiepaTrypbl. Boicota kanana L, = 35, mupuna
L, = 10, rnybuna L, = 5. Pazmepnl IpsAMOYToOILHOIO OTBEPCTUS CJIe/IyIOHe: JJis Ta30BBIX KOM-
noHeHTOB (BHyTpenuee) I, = 1,1, = 0.9 , 1/ BTOPHYIHOTO BO3/yXa, T.e. OKUC/INTEs, (BHEIIHee)
d, = 3.3, dy = 2.6. Hauajbuple JaHHble: KHHeTH4YecKad sHeprus TypOynentnoctn kg = 0.0036,
macmrab et g = 0.1. CocTab BiryBaeMbIX Ta30BBIX KOMIIOHEHTOB [IPUBEJIEH B CJIEIYIOMEM BUJIE:
CH, =0.11, CoHy =041, CO = 0,411, Hy = 0.017, Ny = 0.421.

Bausinue BxomHOT0 3HaYEHUS CKOPOCTU BTOPUIHOTO BO3/IyXa Ha XaPAKTEPUCTUKU BOCILIAMEHEHU ST
OBLI0 U3YyYEHO I ImapaMeTpoB ciyTHocTH B guaraszone 0 < m, < 1.5. Ha pucynke 2 B II0CKO-
CTSX TY U TZ CUMMETPHUHU CTPYU IMPUBEJEHBI MI0JIsI BEKTOPA CKOPOCTEH il MapaMeTpPOB CIIyTHOCTU
0 < my < 1.5. I3 BBIYUCIUTETHHOTO SKCIIEPUMEHTa BUJIHO, UTO B juanasone 0 < m, < 0.5 Hagm4ne
nperpaJibl (CTEHKN) MPUBOIUT K GOKOBOMY PACTEKAHUIO Ta30BOil cMecH (PUCYHOK 2a-B, B IJIOCKOCTH
xy). B pesymbrare 9T0Or0 MponcxoauT 00pa3oBaHue JABYX 3aCTOMHBIX 30H, KAK Y CTEHKH, IPUMBIKA-
Io1meli K ¢Tpye, Tak Uy BHemmHeil. [lpu sroM ciiejyer, 4ro 4acTh moToKa cHocurcs Beepx (Puc.2a-B
(ceBa), B IJIOCKOCTH X2), 9TO U MIPUBOJUT K YCKOPEHUIO TEUEHUsI B 0OJIACTH BBIIIIE BJYBae€MOil CTPYH,
T.C. B BEpXHeH 4acTU yCTPOHCTBA.

YucneHHble 3KCIIEPUMEHTBI ¢ OOJIBIIUME 1M, IPUBEJIEHbI Ha PUCYHKax 2r-e. VI3 rpadukos 2r-e
(B IJIOCKOCTH XY) 9E€TKO MPOCJIEKUBAETCsI, YTO BTOPUIHBIN BO3/LyX, C OJHON CTOPOHBI, PACIIUPSIET-
csI KaK CBOOO/HAsT CTPYd B OIPAHHMYEHHOM IIPOCTPAHCTBE, C JAPYTOM, C:KUMAET BIyBaeMyIO ra30BYIO
cMech, u Kak BujHO (Puc.21-e, B mutockocTu xy) Hammdre GOKOBOI CTEHKU He [IPUBOIUT K 3aMETHOMN
[IOTEPE €ro UMILYJIbCA. DTO U SABJISETCS IPUINHOM "3axsonbiBanus" BOyBaeMoil ra30Boil cMecH U CHO-
ca €ro He TOJIbKO BBEPX, HO M BHU3, UTO U JIEMOHCTPUPYET PUCYHOK 2j-€ (B myIockocTu 2z). Takum
06paszoM, yCKOpsieTCsl He TOJIBKO MOTOK BBIIIE CTPyH (KaK OBLIO yKa3aHO paHee), HO U 0OJACTh HIKE
crpyu mpuobperaeT 3aMeTHBIH mMITyjbc. Ha prucyHKax 3a-e IpHUBEIEHBI paclpelesieHus] TeMIepa-
TYpbl (B IWIOCKOCTSIX Tz U LY CUMMETDHH CTPYU) B 3aBHCHUMOCTH OT M. Kak cjeiyer u3 pucyHka
3a, B IJIOCKOCTH Tz MOPEHHUE IIPOUCXOIUT 110 BCeil 00JIaCTU YCTPOICTBA BILUIOTH 10 BBIXOIHON I'DAHU-
upl. [Ipu mapamerpax cuyrnoctu 0.2 < m,, < 0.5 obyracTh cropanus JOCTUTAET a3POIUHAMUIECKOTO
BBICTYTIAa BJIOJIb BHemHell crenku (Puc.36-8, B miockoctu xz). OHAKO pacdeThl B JIMANA30HE [TOKA-
BBIBAIOT, UYTO KAUECTBEHHAS KapPTHHA BOCILIAMEHEHUS MEHSETCS. BUIHO, 9TO 30HA MOPEHUsT OTXOIUT
OT BHEIIHEH CTeHKM U cMernaercs K 1nenTpy (Puc.3r-e, B miockocTu £z), mpudeM ¢ yBEJUICHHEM 111,
CJIBUTAETCsI HE TOJBKO K IEHTPY, HO MIPOUCXOUT 3aMeTHasl ero jokaausanus (Puc.3r-e, B 1iockocTu
xy). Beimeomncantoe moTBepKaeT KApTHHA PACIIPE/ICICHNsT KOHIIEHTPAIIME KOHETHOTO MTPO/IYKTa
B IUIOCKOCTU XY CUMMETPHUH CTPYH, IJe IpuBeieHbl obpaszoanust COs JJisi pA3JIMIHBIX 1M, U 30HbI
MHTEHCHBHOT'O €T0 BBIJIEJICHNs], & MIMEHHO, JIMHIA MaKCHMAJIbHBIX ero 3Hadenuii (Puc.4). {nsa mapa-
Merpa M, = 0 06/IaCTh MAKCHMAJIBHOIO CrOPAHUs IPOUCXOIUT B 3ACTONHONM 30HE, COOTBETCTBEHHO
31ech HabutoaeTcst Hanbodbinee obpasosanne C'Oq(Puc.4a), rorna kak B quamazone 0.1 < m, < 0.3
KapTUHa 0Opa30BaHUsl JBYOKHUCH YIJIEPOJa MHAasl, 37€Ch €r0 MaKCUMyMbl — B CJIO€ CMEIIEHUs U JI0-
xoaT jio BHemHeil crenku (Puc.46-v). dus amanasona 0.5 < m, < 1.2 MaKCUMyMbl KOHEYHOT'O
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IPOJIYKTa, PACIIUPSsICh, CIBUTAIOTCA K 1eHTpy ycrpoiicrBa (Puc.4i-xk). 13 stux rpadukos BbITe-
kaer, uro juist 0.1 < m, < 0.3 30Ha BOCIJIAMEHEHHs NPUOOPETAET BLITAHYTYIO IIOJKOBOOOPA3HYIO
dopmy, a B mmamazone 0.8 < m, < 1.2 ¢ yBejaumvueHumeMm mapamMerpa CIIYTHOCTHU IIOIKOBOOOpa3HAas
dopma yKopaunBaeTcs, HO cTaHOBUTCs Impe. Takum obpasoM, u3 koudurypaimu COs cjeryer, 4To
jumHa "dakena" jocruraer npasoii crenku (Puc.46-r), a npu jJasbHelineM yBeJIndeHnn IPUBO/AT
K YMEHbIIEHUIO JINHbI obaactu ropenus (Puc.4i-2k), 9To coryacyercss ¢ 4uC/AEHHBIMU PacdeTaMu
Xopkuesa 2| u sKCIIepIMeHTaIbHBIMI JJAHHBIME aBTOPOB paboThl [1], mpoBeieHHBIX Jist (akesa B
CILyTHOM IOTOKe. BJIusiHue CKOPOCTH BTOPUYHOIO BO3/yXa Ha MPOIECC TOPEHHs MOYKHO TaKKe Ha-
OJIoaTh U3 JIMHAU MAKCUMAJIbHBIX 3HAYEHHUH [apaMeTpPOB TEUEHHH, Ile Ha PUCYHKE D IPHUBEICHDBI
MaAKCUMYMbI CKOPOCTH, TEMIIEPATYPHI ¥ KOHIEHTPAIMHA KOHETHOTO MPOJLYKTa B 3aBUCUMOCTU OT My,.
VBeuuenue napaMerpa CIlyTHOCTH MPUBOAUT K BOJHOOOPA3HOMY U3MEHEHUIO MAKCUMYMa IIPOI0JIb-
Hoit ckopoctu (Puc.5a). Binsinue m,, Ha MakcuMyM TeMIepaTyp W PacIpe/iesieHne KOHICHTPAINN
CO3 nesnaunrensho (Puc.56-).

a)

&)

El

]

)

a) my, =0, 6) my, =0,2,8B) my =0,51) my =0,8, 1) my, =1,2

Puc. 2: TTose BekTOpa CKOPOCTH B BEPTUKAJIBLHOW U TOPU3OHTAJIBLHON IJIOCKOCTSAX CUMMETPHUHU CTPYHU
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6)

o)

a) my, =0, 6) my, =0,2, B) my =0,5,1) my =0,8, 1) my =1,2

Puc. 3: Tlose Temneparypbl B BEPTUKAJILHON M FOPU30HTAIBLHON IIJIOCKOCTIX CHMMETPUU CTPYH
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a) my, = 0; 6) my, = 0.1; B) my, = 0.2; r) my, = 0.3; 1) my, = 0.5; e) m, = 0.8; k) m, = 1.2

Puc. 4: 3ona unrencuproro Boiuenernst C'Oo IpHU pa3HBIX IapaMeTpax CIyTHOCTH
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Puc. 5: MakcumasibHble 3HaUEHHsI CKOPOCTH (a), Temueparypbl (6) U KOHIEHTPAIM KOHEUHOTO TIPO-
nykra COy (B)
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JMHAMPKA CUCTEM HA IIUKJINMYECKNX
NMHBAPNAHTHBIX MHOKECTBAX

1. H. ITAHKPATOBA

WNucruryr maremarukn MOH PK
050010 r.Ammarer  yuIlymkuna, 125  irina.pankratova@math.kz

YcTaHOB/IEHBI CBOMCTBA HETUITMIHOCTH JUHAMUKH, 3aBI/ICHH_[eI‘/JI OT MaKCUMAJIbBHOT'O YUCJIa IIapaMeTpPOB, U
TUIIMNIHOCTHU O,I[HOHa,paMeTpI/I‘IECKOfI JANHAMHUKHU B ceMencTBe paccMaTPpUBaEMbIX CUCTEM.

BBenenne. PaccmarpuBaercss auHammdecKast cucreMa F™, mopokaeHHast oTobpaxkenmeMm F :
L" — L", Fr = ®(x)Ax, rue L™ — n-MepHOe JIMHEHOE HOPMUPOBAHHOE IIPOCTPAHCTBO, A — n X n-
marpuna, ¢(x) — crkansgpuas ynknus. B kadecTse dazoBoro mpocrpancTsa cucreMsl F™ Boibupa-
ercst koMnakT K) = {z € L" | 2 > 0, ||z|| < a, a > 0} (z > 0 oznaugaer 1 > 0,..., 2, > 0 u ||z
— HOpMa (ymHa) BekTOpa x). Yemoeus: ®(z) > 0 menpepsisaa B K, A > 0 (a;; > 0 Vi,j = 1,n)
u ||A|| < a/C obecreunBaoT HHBAPHAHTHOCTH OTHOCHTEIBHO OTOGparkenusi F muoxectsa K™ [1].
Buecs C = max O (x)||z]| u ||A| — Hopma marpuipl A, corsacoBaHHasi ¢ BEKTOPHOI HOPMOIi 1Ipo-

x

a

crpaHcTBa L".

st cucremsr F' ycTaHOBJIEHO, YTO ee JUHAMHKA BO BceM (pa3oBoM IpocrpaHcTse K[! onpeie-
JIgeTcA IOBeJIeHIeM ee TPaeKToOpuil Ha IUK/INYeCKIX MHBApPUAHTHBIX MHOXKecTBax M, C K/ oTo0-
paxkenusi F' KOHEYIHOro 1iepuofa p > 1, comepkalux Bce w — IpeJebHbIe MHOXKECTBA cucTeMbl 7.
Pacnonoxkenne muoxkects M, B K] 1 X nepuobl OIpeesaioTcs TUHeRHOI YacTbio 0TOOpasKeHA
F (marpuneit A > 0) u nme 3aBucar or Buga dyuknun ®(x) [1,2|. Ilepuox p > 1 muokecTBa M),
COBITAJIACT C KOJUIECTBOM I[MAPAMETPOB, KOTOPBLIMH MOYKET OBbITH OIHUCAHA IUHAMUKA CUCTeMbl F™
ua MHOkecTBe M,,. ITockospky B K BO3MOXKHO CyIIECTBOBAHIE HECKOJIBKUX (I JayKe KOHTHHYYMa)
MHOKeCTB M), ¢ pasHBIMH IEpHOJAMU P U B PA3HBIX HaCTAX (Pa30BOro IPOCTPAHCTBA cUCTeMbl I,
TO ee JIMHAMUKA OIpeiesisieTcsi HA0OpaMu apaMeTpOB, TOUHEE, STU HADOPDI IAPAMETPOB OIUCHIBAIOT
JMHAMUKY TIEJIOT0 KJjiacca cucrteM F™ ¢ marpureit A, T.K. mapaMeTpbl He 3aBUCAT OT BUJA (DYHKIUU
d(x).

Bosnukaer Bonpoc o HanbosbieM nepuoje (> 1) npu n > 1 NUKINIeCKUX WHBAPUAHTHBIX MHO-
skecTB M), cemeiicTBa n-MepHBIX oToOpakenmii F'. OTBeT Ha 3TOT BOIPOC IO3BOJIAET ONPEIEIUTH
MaKCUMAaJIbHOE YHCJIO TapaMeTPOB, KOTOPBIMUA MOXKET OBITh ONUCAHA JUHAMUKA CUCTeMBbI F™.

Wccnenopanus mokKasajid, 9TO HanboIbIMINi Iepro MHOXKeCTB M), MOKeT ObITh He TOJIbKO 0O0JIb-

2

Ie 1 — pa3MepHOCTH (ha30BOTO TMPOCTPAHCTBA, HO U OOJIBINTE N° — YHC/Ia JTEMEHTOB MaTPHUILl A, 8-

.HHIOHLGIZCﬂ ManI/IL[eﬁ ITapaMeTpoOB. PeSy.JIbTaTbI IPOBEIECHHDBIX I/ICCJ'IG,ILOB&HI/IIL/’I n X JOKa3aTeJIbCTBO

Keywords: Dynamical system, nonnegative matrix, invariant set, typical property
2000 Mathematics Subject Classification: 74J05
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TMIPUBEJICHBI B HACTOSIIEH CTAThe, B KOTOPOI OIPEIeIeHO MHOXKECTBO cucTeM F™ MMEIOIX MHO-
»kecTBa, M), HanbobIIero nepuosia, u JaHa mpocrad (popMysia JJid ero BBIYUCJICHUs, yCTaHOBICHBI
CBOMCTBA HETHIIMYHOCTH JIMHAMUKH, 3ABUCSIIEIl OT MAKCUMAJILHOIO YncJia napaMerpos (pu n > 1),
U TUMWYHOCTH OJHOMAPAMETPUYECKOH JUHAMUKHU B ceMeiicTBe cucteM F™. Ilpu 5TOM THIUIHOCTH
[OHUMAETCsI ¢ METPUYECKOIl TOUKM 3peHusi (B CMbICIe Mepbl Jlebera, BBEJEHHON B IPOCTPAHCTBE
napamMeTpoB — KodddunmenToB Mmarpuibl A).

1. IlapameTpbI cuCTEMBI HA IUKJINYECKNX MHBAPUAHTHBIX MHOKecTBax. CoriacHO ompe-
nenenmio (cM. [1]) MHOXKecTBO M), COCTOUT U3 OJHOTO OTPE3KA JIyda JJIMHBI ¢ BIOJIb HEOTPUIATE b-
HOTO COBCTBEHHOTO BeKTOpa MaTpuilbl A > 0, COOTBETCTBYIONIETO COOCTBEHHOMY 3HaUeHUIO A > ()
MaTpUIbl A, ¥ KOHTUHYyMa WHBAPUAHTHBIX OTHOCUTEIHLHO OTOOparkeHus: F' MHOXKECTB, COCTOSIIIIUX
M3 P OTPE3KOB JIydell JJTUHBI ¢ BJIOJIb COOCTBEHHBIX BEKTOPOB MATPUIIBI AP COOTBETCTBYIONTNX IUCTY
AP IUKJIMIeCKH TEePeXOsIuX IPYyT B Apyra moj aeficTBueM oTobpaxkeHust F, — MHUKJIOB OTPE3KOB
Jydeit Koneunoro mepuoga (p > 1). Ilpu p > 1 nust sroboro x € M, Touka x, Tpaextopust F'x u ee
W- TIpeJieJIbHOEe MHOYKECTBO WX IIPUHAJIIE’KAT OJHOMY U TOMY »Ke IIMKJIy OTPe3KOB Jiyueii J, C M,
[eprojia P WK OJJHOMY OTPe3Ky Jiyda (MHOXKecTBYy M7 nepuosa 1).

ITycrs orobpazkenne F' umeer muoxkecTBo My, p > 1, n e € My, — coOCTBEHHBIl BEKTOP MaTPHUIIBI
A, coorBercTByIonmii cobecrBenHoMy 3HadeHHIO A > 0, |le|| = 1.

IIycTs € — IpPOM3BOJIBHBIN BeKTOp U3 M), OTINYHBIA OT COOCTBEHHOTO BeKTOpa e, |le1] = 1.
Ompenenm ciiemyromue BeKTOPHI €2, . . . , €, PEKYPPEHTHO PaBEHCTBAMH

e; = ||Aei—1|| " Aei—1, i=2,p.
O6osnaunm \; = ||Ae’||. Cormacuo crpykType MHOXKecTBa M), NMeeM CJIeyIoIine COOTHOIICHHUSI:

Ae; = Ai€iy1, t=1,p—1, Aep = )\pel-

ITycrs © € M, — To4Ka Ha Jyde BJIOJIb BEKTOpa €]. UTOObI UCKIIIOMUTH TPUBHAJLHBIHA CIIydail,
nosioxkuM x # 0, rorna x = yey, y € (0, a]. VI3 npuBeieHHBIX BbIIIE COOTHOIIEHU{T CJIEJIYeT, 9TO TPACK-
ropust F™x npuHajiesKuT MHOXKeCTBY .Jp,, OTPe3KH JIyuell KOTOPOIro PACIIOIOKEHbI BJIOJIb BEKTOPOB
€1,...,€p. Beraucmum sexrop Fo. meem

Fx = ®(x)Az = A\ P(yeq)yes.

Borumcimm nanee sekrop Flx, urepupys orobpaskenne I i pas. B pesymbraTe mosrydmM:
i
Flo = [[ @(F" o)A'c = ®i(yer)yeirs, i=2,....p—1,
k=1

rie ®;(x) = [[hy Me@(FF12). TIpu i = p mveem

FPy = ®,(x)z,
rie dynxius @y (x) = AP [[P_, ®(F*~1z) sasucut or p uncen i, ..., \p, CBABAHHBIX COOTHONIEHHEM
P

H/\i:)\p.

B wacrHocTH, s ckausipabix Gynuknuii ®(||z|]) merpyano nokasars, uro orobpaxenue FP mpu-
HUMaEeT BH/JI CYNEPIO3UIUE OJHOMEPHBIX oTobpazkenuii ¢y, oy = AP (y)y, y € I, = [0, a]:

Fp:gbApo...oqﬁAl.
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ITpu A = 0 nunamuka cucrembl F'™ ma M), TpuBna/bHa: 3a KOHEUHOE YHCII0 HTePaIii TPAeKTOPUI
cucrembl F™ nonagator B Touky x = 0. IIpu A > 0 umeem \; > 0, i = 1, p.

IIpu paccmorpennn cucremer F'™ na muoxecrse J, C My (p > 1), comepxaliem TOUKy &, JIyd
BIOJIb BEKTOpa €1 siBjsiercss "ecrecrBeHHBbIM" ceyenueM Ilyankape, a p- ast urepanus FP orobparke-

Hua [’ Ha HeM — oToOpazKeHneM II0CTIeJOBaHIsA 0ToOpazkeHns F', 3aBUCAIINM OT P THCT Af, ..., Ap.
ITpu paccmorpenun cucrembl F'™ na Bcem mMHOKecTBe M), uncia Ay, ..., A\, CTAHOBATCH I1apa-
MeTrpaMu u orobpazkenue FP saBucuT oT A1, ...,A,, Kak or mapameTpos. Ilapamerper A1, ..., A,

ONpeseNIAI0T TUHAMHUKY cHCTeMbl [ na MHOMKecTBe M), I caMy OIPeJe/IAIOTCs CTPYKTYPOil MHOKe-
crBa M.

IIpu p = 1 muoKecTBO M7 PaCIOIONKEHO Ha COOCTBEHHOM HAIPaBJICHUM MaTpPHUIbl A, cOOTBET-
CTBYIOIIEM cOOCTBeHHOMY 3HadeHuto A > 0. st moboro © € M

Fx = \0(x)x,

T.€. IuHaMuKa cucreMbl F"" Ha My siBisieTcsi OJiHONApaMEeTPUYIECKOil (3aBUCUT OT OJJHOTO HapameTpa
A). Muoxkecrso My C M, upu p > 1 MOKHO Ha3BaTh "MHUMBIM" IIMKJIOM OTPE3KOB JIydeil Ieprosia
P C COBHAJAIONIMMHI OTPe3KaMM JIydeil, Jyisd KOTOPOro Ap = ... = A, = A

Taxum obpazom, qunaMmuka cucrembl [ B K[ onpesiesgeTcs HabopaMu HapaMeTPoB A1, ..., Ap,
XapaKTEePHBIME JJIsT 9TO crucTeMbl. [[09TOMY ecTecTBEHHO Ha3BATH TaKWe MapaMeTpbl "eHympenmu-
mu" napamempamu cucmemuv (B otimane or "BHemHuX" napaMeTpoB — Ko3bdUIUEHTOB MATPUIIbI
A). Habopsl napamMeTrpoB ONpPeJIesISIFOTCs OJIHO3HAYHO CBOHCTBAME MaTpullbl A, T.e. npu dbukcupo-
BAHHBIX 3HAYCHUX "BHEMTHUX'" MapaMeTpoB, H MOTYT OTJIMIATHCI MEXKTy CODOM KaK O KOJUIECTBY
BXOJIAINIUX B HUX MAPAMETPOB, TAK U O 0OJTACTH WX 3HAYCHUI.

2. Onpesiesienne HaNBOJIBINIETO TTEPUOIA MUKJINIECKNX NHBAPUAHTHBIX MHOX)KecTB. Co-
riacHo 2] (em. takzke [1,3]) st Beex mm mourn Jyuist Beex (o Mepe) © € K w- npejiesibHble MHOKe-
cTBa TpaekTopuit F'x cucrembl [ pacnosioxkenbl Bo MHOKecTBaxX M), collepKalliux coOCTBEeHHbIE
BEeKTOPBI MaTputibl A > 0, COOTBETCTBYIOMINE MAKCUMATHLHOMY COOCTBEHHOMY 3HadYeHuio A > (0 maT-
punit A ([4], ¢.334). Tlosromy Gyiiem onpesensaTs Hanbobwii epuoy, p* > 1 (npu n > 1) umeHHO
stx MHOXKecTB M),. Ilockompky npn A = 0 Marpuna A ABjgeTcsS HUJILIOTEHTHOM, T.e. Al =0 nna
HeKkoToporo ¢t > 1, To B gasnbreiinieM nosaraem A > 0. PaccMorpum Bo3MOXKHBIE BUIBI MATPUIIB A.

[Tycrs A — HepasnokuMmas Marpuiia uHiekca nvupuvurusHoctu h ([4], ¢. 355). Torma vHan6ossb-
it nepuos MuokectBa M), paser max{h | 1 < h <n} =n.

ITycrs A — passokuMmast MaTpuIia KBasuauaronaabaoro suia ([4], c¢. 354), A = {4, Ao, ..., As},
rae A; > 0 — HepasoKmuMasg KBaJ[paTHas MaTpHIa HHJEKCa IMIpUMHTHBHOCTH h; > 1, j = 1,5,
s > 1. O6oznaanm 1epe3 HOK(l, m) nanmensiee obmiee kparnoe uncen [ u m. 113 [1] (cm. memma 2)

ciejyer, 4ro oTobpazkenue F' mmeer MHOMKecTBa M), HambOOJIBIIErO IIEPHOAA, €CAM BCE MATPHUIIBI
Aj MMEIOT YHCIO A CBOMM XapaKTEPUCTHUICCKHM 4HCIOM, j = 1,s. B arom ciaydae marpuna A
UMeeT IMOJIOKUTEBHBI COOCTBEHHDI!I BEKTOP, COOTBETCTBYIONIUI IUCIy A, 1 HaMOOJIBINUI Tepuosy
muoxxectsa M, pasen HOK(h; | j =1,...,s).

[Tycrs A — HopmasibHast hopma paziioxumMoit Marpuils! (|4, ¢. 351) HeKBa3uMArOHAJIBHOIO BUJIA,
I HEPA3JIOKIMbIe KBaJPATHbIE MATPHUIBL A HH/EKCa IMIPIMUTUBHOCTH fj > 1 pacosiozxKeHsl BJOJIb
muaroHanu, j = 1,s, s > 1. Ecau 9ucay A COOTBETCTBYeT IIOJIOXKUTEIbHbI COOCTBEHHBIN BEKTOD
marpurpsl A, To cormacuo Teopeme 7 ([4], ¢. 353) TOIBKO M30MPOBAHHBIE GJIOYHBIE MATPHILB BIIOJIb
JaroHaJjil UMEIOT 9Y1CJ/IO )\ CBOUM XapaKTEPpUCTUYICCKUM YHUCJIOM U 3HAYUT, Ha,I/I6OJIbH_H/Iﬁ IIepuo/ MHO-
sxectBa M), menbrne, vem HOK(h; | j = 1,...,s). Ecan gncay A cooTBeTcTByeT HEOTPUIATEIBHbIN
COOCTBEHHBII BEKTOpP MaTpHUIbI A, TO OH NPUHA/JIEKUT WHBAPUAHTHOMY KOODIUHATHOMY IIOJIIPO-
CTPaHCTBY MaTPHIEI A, B KOTOPOM PacHosIozKeHo u camo MHoxKecTBo M),. Cpeqm marpur Ay, ..., A
CYIIECTBYIOT MaTpUIpl (< §), COOCTBEHHBIM 3HAYEHUSIM KOTOPBIX COOTBETCTBYET STO OAIPOCTPAH-
CTBO U, 3HAYNUT, HanbouibImii mepros muoxkecrsa M, 6yner mensbie, vem HOK(h; | j =1,...,s).
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st Beex apyrux Bugos Marpuinsl A > 0 (marpura A nMeer BHJ, Pa3/IOXKIMON MAaTPHUILBI, HO Cpe-
I MAKCHMAJIbHBIX COOCTBEHHBIX 3HAUeHUH Marpuil A; Moryr ObITh HyleBble, j = 1, s) HanbObIIMIT
nepuoz, MuOKecTB M), Oyner menbine, vem HOK(h; | j =1,...,s). (Cayuait s = 2 cm. B [3].) IIycrs

p* :maxrr%LaxHOK(hj lj=1,...,8), 1<s<n.
S j

Yucso p* sBiasiercst uckoMbiM. Jljist ro6oro n > 1 gucyo p* > 1 eIMHCTBEHHO, HO HEOTHOZHATHO
OIIPEIEIACTC KBA3HINAIOHAIBLHBIM BUJIOM MaTpHUInLl A.

IIpumep 1. st n = 6 p* = n u gocTuraercs Ha KBa3UIUArOHAJLHBLIX MAaTpHUIax A, y KOTOPBIX:
1) s = 1, hy = n (HepasnoKUMasi MATPHUIA UHIEKCA UMIPUMUTUBHOCTH n); 2) § = 2, hy = 3, hy = 2;
3) s =3, h1 =3, hg =2, hg = 1, a TakyKe Ha MaTPUIAX, OJYyICHHBIX U3 JAHHBIX I€PECTAHOBKOI
JMArOHAJIBHBIX GJIOKOB M TpaHCHOHupoBaHueM. I1pu srom marpuipst A, j = 1, s, IMEIOT O{1HAKOBbIE
MaKCHUMaJIbHbIE COOCTBEHHbIE 3HAUEHUSI.

OugeBusHO, 9TO P* €cTh (PyHKIMS OT 1 ¥ 06JIaIaeT CASLYIONIUM CBOMCTBOM.

CsoiictBo 1. Oynknus p* = p*(n) aBisercs neybbBatoneil OyHKIHEI.

HeiicrBuresibao, ¢ pocToM n p*(n) MOXKeT TOIBKO Bo3pacTaTh. OIHAKO, CYIIECTBYIOT 1 TAKUE, YTO
p*(n) = p*(n + 1). Haupumep, kak HerpyaHo yoeaurnest, p*(5) = p*(6) = 6 u p*(10) = p*(11) = 30.

Yro0BI OIpese/nTh p*, JOCTATOYHO HOA0OPATh B3AUMHO IIPOCTHIE YHC/A, B CYMME He IIPEBBIIIa-
IOIUE 7, ¥ BBIYUCIUTH UX IpousBejieHue. JlommycTum, 9T0 Haii/IeHbl § B3aMMHO IIPOCTBIX 4ucel hyj,
s > 1, mpousBeieHne KOTOPBIX sIBJIsieTCs HaumbobImM. Torma

p* =HOK(h; | j=1,...,5) =[] hy- (1)
1

(B nmanHoit pabore He mpejiaraeTcst METOJ| BBIYUCICHUS YHUCIa P*, T.K. 9TO NPEJMET TEOPUH
ontuMmusaruu. Jlocrarouno ykazaTb, YTO TaKO€ UUCJIO CYIIECTBYET, U IPUBECTU MPOCTYIO POpMYyTy
JUUIST €10 BBIYHMCJICHMS. )

IIpumep 2. st n = 18 p* = 210 u gocTUraercsi, B 9aCTHOCTH, Ha KBa3UIUATOHAJIBHON MATPHUIE
A, y xotopoit s = 3, hy = 7, hg = 6, h3 = 5 u Bce marpunnsl A;, j = 1,5, IMEIOT OJWHAKOBBLIE
MaKCUMaJIbHble COOCTBEHHbBIC 3HAYCHUSI.

Takum 00pa30M, yCTAHOBJIEH CJIEIYIONINN PE3YJIbTAT.

Teopema 1. Hauborvwiuii nepuod p* mrosicecme My, umerom cucmemnve F™ ¢ mampuyamu xea-
3UUALOHAADHO020 UG, Y KOMOPHLL HEPASAONHCUMBIE KEAOPATMHIE MAMPUYDL, CMOAWUE HA 2A06HOT
dua2oHANU, UMENM 00UHAKOBYIE MAKCUMAALHYIE cobemeentvie 3naverus (> 0), npu amom wucao p*
onpedeanemesa dopmyaois (1).

DJieMeHTapHbIE BLIYUCICHUS [Iepuoja p* npu He odeHb 6osibiux 3HadeHusx n (< 20) no3Bosmim
YCTaHOBHTH €IIe OJIHO CBOHCTBO dyHKIWH p*(n).

CsoiicTBO 2.

=n,n <4,
p*{ <n?d<n<18,
>n?,n > 18.

HoxkaszareascTrBo. Oupegennm p* 1o dopmyste (1). Cayuait n < 4 He BbI3bIBaeT 3aTPY/IHEHHUIA.
Hauunas ¢ n > 4, p* > n. nsa cayuas 4 < n < 18 umeem p*(5) = 6 u p*(18) = 210 (upumep 2);
oCTaeTcss BOCHOJIb30BaThes cBoiicrBoM 1 dyukimm p*(n). Hamee Boramcisiem p*(19) = 420, B TO
Bpemsi Kak n’? = 361. 3madenne p* = 420 jocTUraeTcs, B YaCTHOCTH, Ha MATPHIIC (cM. Teopemy 1),
y Kotopoit s =4, hy =3, ho =4, hg =5, hy =T.

CoryiacHO CBOWCTBY 2 JijIsi TIOJIHOTO OIUCAHUS JUHAMHUKH cucTeMmbl F' pasmeproctu n > 19
"BHyTpeHHUX" TapaMeTpoB CTAHOBUTCS DOJibIe, YeM "BHemHuX" mapaMeTpoB.
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3. Tunnunbie cBolicTBa AMHAMUKM. [lycTh oTOOparkenme F umeer MUKITIECKOe NHBAPUAHT-
HOe MHOKeCTBO My,«. Pacrosoxenne w-npeaebHbIX MHOYKECTB CUCTEMbl Fmp K o naer

Yreepxkaenne. [lycmv My — yuxiuieckoe un6apuaHmHoe MHOIHCECTNE0 0MOOPAAHCENUA F. To-
2da w-npedeavHvle MHONCECTNGG CUCTILEMDL Fm PACTLONOMHCEHDL 6 UUKAUGCCKUT UHBADUGHIMHIT MHO-
HCECTNBAT 0MOOPAIHCEHUSA F , NEePUOdvL KOMOPHLLL 06PA3YI0M MHOHCECTNEO NONAPHO PASNUNHVIL YUCEN
euda {1,HOK(h;, | ju € {1,...,s}, 1<u<t t=1,...,5)}

YTBep:KieHne OCHOBAHO Ha JOKA3aTeIbCTBE MOTyIeHHBIX B [1] (cM. jemma 2) pe3ysbraToB s
MaTpuilbl A KBa3uararoHajabHOO BUIA.

CdopmynupyeMm B BHe TEOPEM CBOMCTBa AUHAMUKM, BOSHUKAIOIIEH B cucreme F™.

Teopema 2. Ilycmv My« — yukiuueckoe UHEAPUAHIHOE MHOHCECTNEO 0MOOPAXHCEHUA F. Huna-
muka cucmemv, F™ ne asasemes munuunor.

dokazaTesabcTBO. B mpocTpancTse mapamMeTpoB R™ cucrembt F™ 00pa3yoT MHOXKECTBO HYyJIe-
BOIl MepBI: 3JIeMEHTHI MATPUIL IIpU 1 > 1 pacioyiokeHbl B mpocTtpaucTse R™ rme m =n upu s = 1
um<3yj nJQ < n? npu s > 1, n; — pasmeprocTs MaTpunsl A;, j = 1, s.

Teopema 3. Jlaa cemeticmsa cucmem F™ odnonapamempureckan OUHAMUKA ABAACNCA MUNUY-
HOT.

lokazaTesbcTBO. B mpocTpaHCcTBe mapamMeTrpoB MHOXKECTBO cucTeM F™ ¢ MOTOXKUTETbHBIMI
MaTPHUIAMHI MMEET MOJHYIO Mepy (3a MCKIIIOYEHNEeM MHOXKECTBA MEepbl Hy/Tb, PACIOJIOKEHHOTO B MO/
npoctpancTe pasmeproctn n? — 1). Orobparkenne F ¢ marpumeit A > 0 mMeeT eMHCTBEHHOE
MHOKecTBO M7, Ha KOTOPOM JWHAMUKa cHCTeMbl I ompeesercsa OgHIM IapaMeTpPOM.

W3 mosyueHHbIX pe3y/IbTATOB CJIEAYeT Psili yTBEPKIACHUM yId ciaydas n < 4.

Caencreue 1. Ilycmo n < 4. Juuamura cucmemor F™ 6 K[! sasucum we bonee, wem om n
napamempos.

IleiicTBUTEILHO, B 9TOM CJIydae COIJIACHO CBOMCTBY 2 p* = n u Marpuua A sBisercs Hepasiio-
JKIMOT NHIEKCa UMIIDUMUTUBHOCTH 70 C 1 HE PaBHBIMU Hy.HIO QJIEMEHTaMU.

Caenctue 2. [Iycmv 1 < n < 4. Jlas cemeticmsa cucmem F™™ n- napamempuveckas OuHaMura
HE ABAACMCA MUNUYHOU.

Orimane yTBep:KAenuil ciaecTsus 2 u TeopeMbl 1 st ciydas 1 < n < 4 B Tom, uro M, = K,
T.e. BO BceM (pa30BOM IpocTpaHcTBe K[ nuHamuka cucreMel F'" gaBigercs n- napaMeTpPHYECcKO.

Bakirouenne. COrIacHO IOy YeHHBIM PE3yJIbTaTaM MOXKHO CJeJIaTh CJIe/LYIOIIIe BHIBOJIBL.

1. ITeprop! MUKINIECKUX MHBAPUAHTHBIX MHOXKECTB MOI'YT OBITH TAKUME OOJIBIIUMHU, Y9TO HPU
IUCJIEHHOM SKCIEPHMEHTE TPY/HO ONPEIeINTh THII JUHAMUKE cucreMbl. Hammpumep, cncrema 23 -ro
nopsiyika (n? = 529) umMeer MUK/IMYECKOe HHBAPUAHTHOE MHOMKECTBO (BOZMOMKHO, He HAHGOJIBITIEro)
nepuona 840 (s =4, hy =3, hg = 5, hg = 7, hy = 8). Jlaxxe B ciydae mpoCcTOil TUHAMHUKHU CHCTEMBI
(aTTpakTOpBI HAa BCEX OTPE3KaX JIydeil — HEHO/BUAKHBIC TOUKH), €€ CJIOXKHO IPOCJIEUTh IHCIIEHHO.

2. ]Iyt TIOJTHOTO ONUCAHUS JMHAMUKN CHCTEM HEOOXO/MMO IIPOBOJUTE P- HAPAMETPUIECKHE HC-
CJIeJIOBAHUS] 3ABUCUMOCTH JIMHAMUKHU, TJe p = 1,p*, NMOCKOJbKY B CeMeHCTBE M- MEPHBIX CHCTEM
[PUCYTCTBYIOT BCE BUJIBI P- IIAPAMETPUYECKOI 3aBUCHMOCTHU JIMHAMUK.
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REFINED DEFINITIONS FOR FINITARY AND INFINITARY
SIMILARITY RELATIONS OF THEORIES

Part 3: Scheme of standard transformations of theories,
and signature reduction procedures

M. G. PERETYAT KIN

Institute of Mathematics, Almaty
050010 Kazakhstan, Almaty, 125 Pushkin Street, mikhail peretyatkin@predicate-logic.org

In this series of papers, Finitary list ACL also called algebraic Cartesian list and Infinitary list MQL
also called quasi-exact list are considered. They play an important role in investigations of expressive
power of first-order Predicate Logic. The series is attended to give definitions for these base concepts
and study their main properties in maximum laconic form.
In this work, general scheme of transformations of theories is introduced, and detailed description of
primitive stages for signature reduction procedures is given.

Base concepts used in the work can be found in [1]-[4], GRE means an extension of Graph theory
in signature {I"?} defined in [3|, lists ACL, MCL, AQL and corresponding similarity relations are
defined in [4].

A finite signature is called rich, if it contains at least one n-ary predicate or functional symbol
for n > 2, or two unary functional symbols. By FL(o), we denote the set of all formulas of signature
o, while SL(0) is the set of all sentences of signature o. A signature o is called enumerable, if the
set F'L(o) admits a Godel enumeration. Only enumerable signatures are considered. Marks fin/inf
are used to specify type of signature, finite or infinite, in signature reduction procedures.

Based on Post enumeration of recursively enumerable sets W,,, n € N, we construct an effective
enumeration for the class of all recursively axiomatizable theories as follows. Let o be an enumerable
signature. We fix a G6del enumeration @;, i € N, for all sentences in the signature . If a theory T
in the signature o is defined by the set of axioms {®; | i € W,,}, then m is called the recursively
enumerable index or simply index of the theory T'. There is an alternative definition. Using the same
set of axioms {®; | i € W,,,} we construct a theory 7" in the signature ¢’/ C o, where o’ contains
only those symbols from o that occur in formulas of the sequence @;, i € W,,. The number m is
called a weak recursively enumerable index or simply weak index of the theory T”. Using weak indices
with some very large enumerable signature (including infinitely many constants and infinitely many

Keywords: first-order logic, theory, model, interretation, algorithm
2000 Mathematics Subject Classification: 03B10
© M. G. Peretyat’kin, 2009.



72 M. G. Peretyat’kin

predicates and functions of each arity), we obtain an effective enumeration of the set of all possible
recursively axiomatizable theories of any enumerable signatures.

1. Transformations of theories. Alongside with the concept of an interpretation, there
is similar concept of a transformation of theories. A transformation J is defined on some class of
theories ¥, and for each theory T' € ¥, J(T) yields a pair (I’,T"), where T” is a theory from some
other class ', while I’ is an interpretation of given theory T in the obtained theory T”. In this case,
we say, that J is transformation from class T into class T'. Ordinarily, both classes ¥ and ¥’ are
directly specified, and the interpretation I’, defined from a transformation .J, should satisfy to some
known requirements to supply the transmission from 7" to 7" some beforehand planned properties.

2. Scheme of primitive transformations. We describe a complex of special transformations
of theories used in signature reduction procedures (and constructions). We call them primitive or
standard transformations. Actually, some of the transformations represent known signature reduction
methods repeatedly described in plenty of papers. In this chapter, they are described as an integrated
complex, and provided with exact conditions for maximum wide region of applications.

——> preserves ACL or la

T . o€
—in any signature —— > preserves MCL or le

oP

4

wemmmni> preserves list AQL

[OTfm any signature
3

[OTfin an infinite o
3

[g—m a finite signature
T

Fig.2.1. Scheme of primitive signature transformations

@ — entrance of procedure of transformation among finite rich signat-
@®@®@ — entrances of reduction of r.e. signature to finite rich signature
@@®© — exit points of all procedures, depending of required finite rich sig
Complete scheme of primitive transformations is given in Fig. 2.1. There are 4 input nodes and
3 output nodes. Various paths from input to output cover all possibilities available for signature
reduction procedures.

3. Eight primitive transformations. Now consider the elementary transformations in
detail.

First elementary transformation:

Theorem 3.1. [Stage oP] Let T be a theory in an arbitrary (fin/inf) signature o. One can
construct a theory S in a pure predicate (fin/inf) signature T, of the same cardinality as o has,
together with an interpretation I : T — S, which is algebraic isomorphism of theories (preserving
full algebraic list AL of model-theoretic properties), such that the following assertions hold:

(a) T is r.a. < S is r.a.; moreover, in the case when T is r.a. theory, indices to both S and I
can be found effectively in an index of the source theory T,

(b) T is f.a. < S is f.a.; moreover, in the case when T is f.a. theory, both a Gddel number to S
and an index to I can be found effectively in a Godel number of the source theory T.

PROOF. The predicate symbols of signature o are passed to 7 without any modification, every n-
ary function of o is transformed in (n+ 1)-ary predicate in 7, while each constant of ¢ is transformed
to a unary predicate in 7. The axioms of theory T are naturally transformed to axioms of signature
7. Obviously, this description yields a theory S and an interpretation I : T — .S which is an algebraic
isomorphism of theories. One can easily check that all the requirements for obtained S and I are
satisfied.

Second elementary transformation:
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Theorem 3.2. [Stage oP] Let T be a theory in an arbitrary (fin/inf) signature o. One can
construct a theory S in a pure predicate (fin/inf) signature T, of the same cardinality as o has,
together with an interpretation I : T — S, which is algebraic isomorphism of theories (preserving
full algebraic list AL of model-theoretic properties), such that the following assertions hold:

(a) T is r.a. < S is r.a.; moreover, in the case when T is r.a. theory, indices to both S and I
can be found effectively in an index of the source theory T,

(b) T is f.a. & S is f.a.; moreover, in the case when T is f.a. theory, both a Gddel number to S
and an index to I can be found effectively in a Gddel number of the source theory T.

PROOF. The transformation is defined for any theory T of a signature o, and as a result, it gives
a theory S of an infinite pure predicate signature 7. Similarly to previous theorem, the predicate
symbols of o are passed to 7 without any modification, every n-ary function of ¢ is transformed
in (n 4 1)-ary predicate in 7, while each constant of o is transformed to a unary predicate in 7.
Additionally, an infinite set of new predicates PJ', n € N, is added. The axioms of theory T are
naturally transformed in axioms of theory S of signature 7, while new predicates must be defined
trivially. It is obvious, that obtained interpretation I : T — S is an algebraic isomorphism of theories.
Moreover, one can use weak indices for input theory T, while destination theory S is defined by
normal index, and interpretation [ is also found effectively. One can check that all the requirements
for S and I are satisfied. Third elementary transformation:

Theorem 3.3. [Stage o&] Let T be a theory in an arbitrary enumerable signature o. One can
construct a model complete theory S in a pure predicate infinite enumerable signature T together with
an interpretation I : T — S, which is isomorphism of theories (preserving full model list ML), and
the following s satisfied: T is r.a. < S is r.a.; moreover, in the case when T" is r.a. theory, indices
to both S and I can be found effectively in a weak index of the source theory T .

PROOF. Let a theory T of signature o be given. Define signature 7 as follows

T ={Py(x1,...,x0n) | p(x1, ..., Tn) € FL(0)},
after that, define an auxiliary theory S’ in signature o U 7 by the following set of axioms
Y =TU{(Va1,..; ) (Pp(1, s Tn) < @(T1, ..., Tn)) | @(21, ..., 3n) € FL(0)},
and finally, define resulting theory S as follows
cf(T)=S=X|r.

Transformation from T to X' is well known in model theory as full first-order enrichment of
the theory T'. In given operation ¢&, we additionally eliminate any symbols of source signature o,
adapting the same title full first-order enrichment to the whole operation S = o€(T).

One can see, that both steps in the chain

T— XY +— S

are first-order invertible transformations, and therefore, c€(T") results in a theory S which is model
isomorphic to T'. By the construction, obtained theory S admits quantifier elimination, and therefore,
S is model complete. Obviously, we can use weak r.e. indices for source theory T, while resulting
theory is defined by normal r.e. index, and all other requirements for obtained S and I are satisfied
as well.

Fourth elementary transformation:

Theorem 3.4. [Stage Enrich] Three following statements are held:
1: Let T be a theory in signature {P?}, and T be any finite rich signature including at least
one n-ary predicate R"™ for n > 2 (and anything more). One can construct a theory S in signature
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T together with an interpretation I : T — S, which is a singleton interpretation (particularly, I
preserves algebraic singleton list ASL).

2: Let T be a theory in signature {f(z),g'(x)}, and T be any finite rich signature including at
least two unary functions (and anything more). One can construct a theory S in signature T together
with an interpretation I : T — S, which is a singleton interpretation (particularly, I preserves
algebraic singleton list ASL).

3: Let T be a theory in signature {f*(z,y)}, and T be any finite rich signature including at
least one n-ary function for n > 2 (and anything more). One can construct a theory S in signature
T together with an interpretation I : T — S, which is a singleton interpretation (particularly, I
preserves algebraic singleton list ASL).

In each of these cases the following assertions are held:

(a) T is r.a. < S is r.a.; moreover, in the case when T is r.a. theory, indices to both S and I
can be found effectively in an index of the source theory T,

(b) T is f.a. < S is f.a.; moreover, in the case when T is f.a. theory, both a Gddel number to S
and an index to I can be found effectively in a Godel number of the source theory T.

Moreover, if T is any finite rich signature, then, at least one of the cases 1, 2, or 3, is applicable
to the signature T, and the case applicable can be found effectively in given signature T.

PROOF. The transformation is an enrichment of theory T of given finite signature o (being
minimal among rich signatures) to a larger signature 7. For instance, one binary predicate P(x,y)
can be represented in any finite "larger" signature, for instance, 7 = {R?,...}, where there may be
any additional predicate, functional and constant symbols instead of dots.

First, consider mostly complicated case when ¢ includes at least one constant symbol, say c. In
this case, the region of the interpretation is defined by formula U (x) = (z # ¢), the I-image of atomic
formula P(z,y) € FL(0) is set to be the formula R(z,y,y) A U(x) A U(y); moreover, all symbols of
7~{R3} are defined trivially (as for constants in 7, they may be assigned to ¢). In addition to these
demands, formulas of the form I(®), ¢ is an axiom of the theory T, are also included in resulting
theory S. In this case, interpretation I : T'— S is a constant extension.

In more simple case when 7 includes none constants, take identically true formula U(z) = (z = x)
as the domain of interpretation I, and then the same construction is applied. In this case, we obtain
an interpretation I : T' — S which is algebraic isomorphism, an thus, it can be considered as a
constant extension with a tuple of constants of length 0.

Other cases of signatures ¢ and 7 are considered similarly. Fifth elementary transformation:

Theorem 3.5. [Stage K] Let T' be a theory in a finite pure predicate signature
o={P", P, ... P"} (3.1)

One can construct a theory S in signature T = {I'?} extending graph theory GRE together with
an interpretation I : T — S, which is Cartesian interpretation (particularly, I preserves Finitary
list ACL). Moreover, the following assertions hold:

(a) S is r.a. & T is r.a.; moreover, in the case when T is r.a. theory, indices to both S and I
can be found effectively in an index of the source theory T,

(b) S is f.a. < T is f.a.; moreover, in the case when T is f.a. theory, both a Gddel number to S
and an index to I can be found effectively in a Gddel number of the source theory T.

Sixth elementary transformation:

Theorem 3.6. [Stage 7] Let T be a theory in an infinite pure predicate signature
o={P", P, ... P"™, .} (3.2)

One can construct a theory S in signature T = {I'?} extending graph theory GRE together with
an interpretation I : T — S, which is algebraic quasi-exact interpretation (particularly, I preserves
algebraic Infinitary list AQL), and the following assertions hold:
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(a) S is r.a. & T is r.a.; moreover, in the case when T is r.a. theory, indices to both S and I
can be found effectively in an index of the source theory T .

PrOOF for Theorem 3.5 and Theorem 3.6 is done parallelly.

Common part for both theorems:

Starting from a model 91 of signature o, we construct some new model 9t = E() of graph theory
GRE in signature {I"2}, inside which the source model 9 is 3N V-presentable in some regular manner.
For this, the following procedure is applied (schematically presented in Fig. 3.1). Define |9| to be
equal to the union of three following pairwise disjoint sets U UC U D, such that D = {dp,dy,...,ds}
is a seven-element set, U is a set of the same cardinality as [N|, and h : [N| — U is a fixed bijection,
while the set C is specified later. The construction provides that, these parts U, C, D are first-order
definable by means of special formulas U(x), C(z), D(x), which are specified later.

Me MOd(S) Domain of the ds A

unique
finite (
structure do A

Domain of coding configurations

(t) ()

n+2

pa iy
M Mod(T) Co
o o o o o o — ! )y s s )
a1 a2 as b1 bo b3 I all a/2 ag bll b/2
P(a1,a2,a3) TP(b1,b2,b3) —> | Domain of the interpretation

Fig.3.1. Reduction of a pure predicate signature to graphs

Proceed to the definition of I'-links on the set |9.

At first stage, define I'-links on U U C. According to our construction, predicates of signature
either (3.1) or (3.2) are interpreted in the domain U, while the truth values of the predicates are
encoded by means of special configurations in extra domain C' as it is schematically shown in Fig. 3.1.
Denotation

E(n,m,v), 1<n, 0<m, ve{t, £}

stands for the form of configuration corresponding to predicate P, (x1, ..., %) of signature (3.1) or
(3.2), where:

n is index of the predicate; the value n+ 2 represents lengths of prime chains in the configurations
for this predicate,

m is arity of the predicate; this value is equal to the number of lags (supports) of configurations
for this predicate,

v € {t,f} represents the truth value of the predicate on a tuple; value of this parameter causes
in two different structure form of configurations.

For instance, two configurations presented in Fig.3.1 correspond to the following values of
parameters: n = 1, m = 3; moreover, the first configuration labeled as (t) represents case v = t, i.e.,
true, while the second one labeled as (f) represents case v = £, i.e., false.

By means of given bijection h : || — U, temporarily transfer predicate structure of model
9 on the set U. Consider my-ary predicate P/' of signature ¢ and get any tuple of elements

a1,a2,...,0m, € U. In the case when P,(a1,as,...,an,) is true, with the help of elements from
C' and I'-links, construct over the tuple (a1, as,...,an,) a configuration of the form E(n,my,,t).
In the other case, when P, (a1, as,...,an,) is false, construct over this tuple a configuration of the

form E(n,my,,f).
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Configurations for different predicates, as well as configurations for the same predicate but for
different tuples, should not have common elements in C', but they may have shared elements in U.
For each predicate P, € o and each tuple of elements from U of length m,,, there should be exactly
one configuration, either of the form (t), or of the form (f), in accordance with the truth value of
this predicate in this tuple. Now, define domain C' as the set of elements of all coding configurations,
excluding from them U-elements.

Now, define I'-links on the set D and between sets D and U U C. On the set D, determine
structure of a seven-element graph which form is depicted in the upper part in Fig. 3.1. For this
aim, denote by

@(Zo, 21wy ZG)

a primitive quantifier-free formula of signature o, = {I"?} which describes atomic diagram of this
I'-structure under the assumption that the value of z; is assigned to d;. Then, introduce denotations
for the following formulas:

DZ(ZE) = (320 e 26)[@(20, ceey 26)&(ZII = Zi)], 1<,
D(xz) = Do(z) V...V Dg(x).

Define I'-links between sets D and U UC as follows. For an arbitrary element z in U UC, we set

)
Ir( ) < (z € C)&(x have valency 3 within region C'),
ngg,x; < (x e O)&(Fy) (F(:U,y)&U(y)),
I

Finally, define I" to be false on all those pairs of elements in [9t| which were not involved in the
description above, and eliminate temporarily defined predicates of signature o on the set U. On this,
construction of the model 9t = E(MN) of signature o, = {I'?} is complete.

Study properties of models E(DM) obtained by the construction.

Construction guarantees uniqueness of realization of the formula @, presenting atomic diagram
of special seven-element graph, which we denote by G7. Valency of each element among dy, di, da,
ds, dyg, and ds is 4 or larger, while none of the elements can have such valency in other parts of the
model E(). As for dg, role of this element is to provide that graph G7 itself is rigid, i.e., admits none
non-trivial automorphisms. As a result, each of the formulas D;(x), ¢ € {0,1,...,6}, distinguishes
exactly one element in model E(DM), M € Mod(o); moreover, these seven elements are different, and
thus, formula D(x) distinguishes exactly 7 elements in this model.

Using elements of D(x) as pivots, one can distinguish other regions in the model. The following
formulas

Dy(z) N T'(z,x)], (3.3)

Distinguish domains U and C involved in the description above, while Cy(z) distinguishes the
elements of configurations directly I'-linked with elements of U. It is immediately provided by the
definition of I'-links in the model.

Notice that, construction of E(1) admits some arbitrariness in choice of the domain sets U, D, V/,
bijective function h, etc. Nevertheless, the resulting model is defined uniquely up to isomorphism,
that formally looks as follows. Let 91 be a model of signature ¢ and two independent realizations
of the construction are performed, which use domains and mappings D', U’,C’, b/ : t — U’, and
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D" U",C", n' M — U”, resulting in two models M’ and 9M”. Then, there is an isomorphism
w9 — M” such that the following diagram is commutative:

h’ U’Cﬂf’ (3.4)
n H
hNU//C m//

Moreover, u(D') = D", n(C") = C”, u(U’) = U” take place. Emphasize that, basic idea of the
construction is subordinated to achieve this key property.
Now, turn to the definition of a theory S and an interpretation I.
Define S as the theory of the class of all models of the form E(M) for all models N of given
theory T, i.e.,
S = Th{E(M) | M € Mod(T)}.

Domain U(x) of interpretation I of theory T in theory S is defined by formula (3.3). Equality
relation (x = y) of theory T is interpreted by an ordinary equality relation restricted in the domain:

ez, y) =U(x) NU(y) Az =y). (3.5)
Atomic formula P, (z1,x2,...,%m,) of theory T is mapped onto a formula of signature o, =
{I"?} asserting inclusions U(z;), 1 < i < my, and existence over the tuple (z1,%2,...,Zm,) of a

configuration of form (t) corresponding to the predicate P,. By induction, extend the mapping up
to a transformation I : FL(oc) — FL(o,), which is just required interpretation I of theory T" in
theory S.

As a result of the construction, starting with input parameter T, we have obtained a pair of
objects: a theory S and an interpretation I : 7' — S. Below, K(9t) denotes kernel-model of M €
Mod(S), determined by interpretation I from the model 9, which is defined in Section 5 of [4].

Claim A. Interpretation I is 3N V-presentable.

PROOF. The following expressions for the domain set U(x) take place:

U(z) < (320...26)[P(20, ...y 26) NT # 2o A ... N # 26 A (20, )],
-U(x) < (F20...26)[P(20, ..y 26) AN (= 20 V ... V& = 2z6) A =L (20, x)].

Also, the following expressions represent predicate symbols of T’ via signature {I"?} in theory S':

P(xi,....xm) <« U(@) A ANU(zp) A (32) CE(21, -0, Tm, 2),
“P(x1, .y Tim) < U(@) Ao AU (@) A (32) Ch(@1, ooy Ty 2)4

where C} and C;:f, are atomic diagrams of configurations for m-ary predicate P € o of types
respectively t and f. As for I-image e(x,y) of the equality relation = defined in (3.5), it can be
easily presented in both V-form and 3-form.

Thus, 3 N V-presentability of the interpretation I is established.

List axioms of theory S. They include the following requirements, where axiom 14° depends of
the case of signature fin/inf, while the other axioms are common for both cases.

1°. (Vz)=I'(z,z), and (Vz)(Vy)[['(z,y) < I'(y,x)].

2°. Formula D(x) distinguishes exactly seven elements presenting unique seven-element tuple of
realization for the formula @(zo, ..., 2¢).

3°. Formulas U(z), C(z), D(z) determine a partition of the universe set in three nonempty parts.

4°. U(z) NU(y) — I (z,y).

5°. Any element x from C has the valency 2 or 3 within the domain C.

6°. (Vz)[Co(z) « ~D(x)&(32)(D2(2)&I (2, z))].

7°. An element z has the valency 2 within the domain C if and only if ~D(xz)&(32)[(D2(2) V
D3(2))&I'(z,z)].
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8°. An element z has the valency 3 within the domain C if and only if = D(z)&(32) D1 (2)&I'(z, ).

9°. If Cy(x), then = has the valency 2 within the domain C.

10°. Co(x) A I'(x,y) A C(y) — y has the valency 2 within the domain C.

11°. If C(x), C(y), I'(z,y), and x has the valency 3 within the domain C, then y has the valency
2 within the domain C.

12°. For any predicate P € o and any tuple of elements in U of corresponding size, in the domain
C, there is exactly one coding configuration either of the form (t) or of the form (f), such that its
form corresponds to this predicate over this tuple according to given above description.

13°. Any two different coding configurations (concerning to different predicates or to different
tuples of the same predicate) do not have common elements in the domain C.

14(fin)°. Any element z in the domain C belongs to a coding configuration.

14(inf)°. Consists of two following schemas of axioms: (a) Let n € N, and let zg, z1, ..., 2, be
elements in C having valency 2 in C' such that I'(z;, x;11) is hold for i = 0,1, ...,n—1. Then, xy # x,.
(b) For each n € N the following is satisfied: Let xq, z1, ..., z,, be elements in C' such that either of
zo and x, has valency 3 in C' or belongs to Cy, while the other elements x1, ..., z,_1 have valency
2in C, and I'(x;,x;41) is hold for ¢ = 0,1, ...,n — 1. Then, the chain xy, ..., z, belongs to a coding
configuration of corresponding size n for its primitive chains.

15°. Statement I(¢p) is satisfied, for any sentence ¢ € SL(o) which is an axiom of the theory T.

System of axioms is complete.

Claim B. Azioms 1°-15°, including both 14(fin)° and 14(inf)°, hold in E(M) for any model
N € Mod(T).

ProOOF. By immediate checking.

COMMON PART ENDS.

PROOF following below is concerned to Theorem 3.5 only.

Prove that these axioms indeed represent theory S.

Claim C. Let 9 be any model of signature {I'?}. The following claims are equivalent:

(a) 9 =1°-13°,14(fin)°,15°,

(b) there is a model M € Mod(T') such that M = E(N).

PROOF. (a)=>(b) Let the axioms be satisfied in a model 9 of signature {I'?}. One can see, these
axioms represent formal requirements that exactly correspond to informal description of construction
E(M), M € Mod(o). Moreover, axiom 15° requires that 9% must be a model of source theory 7'
Performing the construction with this model 91, we obtain that E(91) = 90 is satisfied with 91 €
Mod(T). (b)=(a) Is checked immediately.

Claim D. Both theory S and interpretation I are constructed effectively by given index/Gddel
number of source theory T. Moreover, in finite case (3.1), theory S is f.a. < T is f.a., and in both
cases, theory S is r.a. < T is r.a.

PROOF. Immediately from the definition of interpretation I and form of axioms of theory T'.

Claim E. The following assertions hold:

(a) K(E(M)) =N, for all M € Mod(T).

(b) E(K(9)) = M, for all M € Mod(S).

PRrROOF. This claim is an immediate consequence of the construction. Claim F. Let 9, and
My be any two models of theory S. Any isomorphism of their kernels p : K(9) — K(9M2) can be
expanded to an isomorphism p* : My — Mo such that pu C p*.

PROOF. This claim is provided by isomorphism pointed in (3.4).

Claim G. Interpretation I is an exact interpretation of theory T in domain U(z) of theory S.

PROOF. Check the conditions listed in (16.1) of [4]. Effectiveness is obvious. Model bijectiveness
is established in Claim F. Let an element a in MM = E(M), M € mod (T), be given. For (c), it is
required to prove that a € acl(U(OM)). If U(a) V D(a), a € acl(U(9M)) is satisfies trivially. Consider
remainder case C(a). There is a configuration C of some type T over a tuple ¢ € U (), such that
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a € C, moreover, there is the only such configuration. Take a formula ¢(z, z) stating that « belongs
(in particular position) to a configuration of type T over a tuple z in U(z). Then, ¢(z,¢) is held
for = a, and this provides that a € acl(¢), resulting in a € acl(U(9)). Condition (d), that
each automorphism p : K(91) — K(91) can be extended to an automorphism p' : 9t — M is a
consequence of Claim F.

Claim H. Interpretation I is a Cartesian interpretation.

PROOF. By Claim A, interpretation I is exact, then by Lemma 17.1 in [4], there is a tuple of

formulas s and a model isomorphism F such that the following diagram is commutative
I

T —— S

IT,>« /é
T(5)

By Claim F, interpretation I is 3 N V-presentable, therefore, isomorphism [ is actually algebraic
isomorphism, and therefore, F is algebraic isomorphism as well. Then, by the definition, I is a
Cartesian interpretation. By this, all requirements of Lemma 3.5 are completely proved.

PROOF following below is concerned to Theorem 3.6 only.

Instead of categorical statement 14(fin)°, some more weak demand 14(inf)° is posed in the case
of infinite signature (3.2). Its Part (a) prohibits any cycles among elements of valency 2 in C', while
Part (b) prevents any other cyclic formations among any elements of C' including elements of valency
3 and elements of Cj.

M e Mod(S) |Lomamofthe g,
finite >
structure A

Domain of coding configurations

~<o0—0—0—0—0>
(b) (c)
(t) ¢))

ety |
M e Mod(T) Co- k‘{i)

o o o o o o — ! ! [ )y
ar a2 as by b2 b3 I ay ay ay a by by
P(a1,a2,a3) P(b1,b2,b3) |5

Domain of the interpretation

Fig.3.2. Reduction of an infinite predicate signature to grapl

General form of a model is schematically presented in Fig. 3.2. A model of theory S consists
of three sets described above, where region C includes all required coding configurations. Besides,
nonstandard formations of tree following types can appear: (a) an element @ in U(x) which is I'-
linked to an element of valency 2 in Cy(z) generating two infinite chains of elements of valency 2 in
C; (b) an infinite chain of elements of valency 2 in C' without cycles; (c¢) an element of valency 3,
generating three infinite chains formed with elements of valency 2 in C. By virtue of Compactness
Theorem, any number of fragments of types (b) and (c) may appear in a model, and for any element
a € U there may appear any set of fragments of type (a) over the element a.

An envelope operator E is defined for 9 € Mod(T) as described above, yielding a model E(91)
of theory S without nonstandard fragments. The equality K(E(91)) = M, 91 € Mod(T), is obviously
satisfied, while inverse equality E(K (1)) = 9t is not the case for models of theory S.

Claim 1. In the case of an infinite enumerable signature (3.2), the following assertions hold:

(a) T is r.a. & S is r.a.,

(b) in the case when T is r.a. theory, interpretation I is effective; moreover, indices to both theory
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S and interpretation I can be found effectively in an index of the source theory T.

PROOF. Immediately from the construction.

Concepts of an immersing interpretation and a quasi-exact interpretation are used below, which
will be studied in next parts of the series (if required, the definitions are available in [2]).

Claim J. In the case of recursively aziomatizable theory T of an infinite enumerable signature
(3.2), the following assertions hold:

(a) interpretation I is iso-stone,

(b) interpretation I is immersing,

(c) interpretation I is quasi-exact.

PROOF. (a) Take any complete extension 7" of theory T, and consider theory S’ = SU{I(®) | ¢ €
T'}. Using back-and-force Ehrenfeucht method, it is possible to prove that the theory S’ is complete.
Obviously, this gives required statement. Parts (b) and (c) are considered in a forthcoming paper of
the series.

Notice that, if theory S is constructed by procedure IG from theory 7', then T is model complete
< S is model complete. This is an immediate consequence of the fact, that I is an immersing
interpretation.

Claim J together with Claim A provide all demands of Theorem 3.6.

Thus, both Theorem 3.5 and Theorem 3.6 are completely proved.

Seventh elementary transformation:

Theorem 3.7. [Stage U] Let T be a theory in signature {I'?}, such that T is an extension of
Graph theory GRE. One can construct a theory S in signature T = {f1(z),g"'(z)} together with an
interpretation I : T — S, which is Cartesian interpretation of theories (particularly, I preserves
Finitary list ACL), and the following assertions hold:

(a) T is r.a. < S is r.a.; moreover, in the case when T is r.a. theory, indices to both S and I
can be found effectively in an index of the source theory T,

(b) T is f.a. < S is f.a.; moreover, in the case when T is f.a. theory, both a Gddel number to S
and an index to I can be found effectively in a Godel number of the source theory T.

PROOF. Starting from an arbitrary model ¢ of graph theory of signature o = {I"?}, we build a
model M = E(N) of signature 7 = {f!, g'}, in which M is first-order definable in some regular way,
as it is shown in Fig. 3.3.

Mme MOd(S) Domain of coding configurations

ORE (1) fu
N e Mod(T) /Ly /Lv
7% JAN

° ° ° ° —_— f ) f ,
a b c d I a b ¢ d
I'(a,b) I (c,d) —> | Domain of the interpretation

Fig.3.3. Reduction of graphs to a couple of unary functions

We set |9| to be equal to union of two disjointed sets U U C, where U is a set of the same
cardinality as |91, while the set C is specified later. Choose a bijection h : |9| — U, and temporarily
transfer predicate structure of model 91 on the set U in accordance with h. Truth-values of predicate
I'? on elements in domain U(x) are coded in model 90 by special coding configurations in the region
C, available in two forms (t) and (f), i.e., true and false. Each configuration is defined over a pair
of non-equal elements (p, ¢) from U, and consists in area C' of two elements, as it is shown in Fig. 3.3.
Over such a configuration, the functions f(x) and g(z) are defined by the following rule:

framymded; (@) =0,  giumvedeod gl () =2,
giom b ol gl (z) = 2, Frued e ds f ) =2,
g:y—b =V g7 y) =2, frv=ded; f[flv)=92
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According to the rule, coding configurations over (p, ¢) and (g, p) differ with each other. Different
coding configurations should not be intersected in C', but they may have common elements in U. For
each pair of different elements (p, ¢) from U, there should exist exactly one configuration, either of
the form (t) or form (f), depending of the truth-value of predicate I" on the given pair. Now, we let
C to be the set of elements of all possible coding configurations, excluding from them U-elements.
Thus, C consists of 2a(a — 1) elements, where « is the cardinality of the set |9t|. Finally, we erase
temporarily introduced structure of model 9 on the set U, and the construction of model Mt = E(I)
of signature 7 = {f1, g'} is completed.

Now define theory S as follows S = Th{E(M)|M € Mod(T")}, and turn to definition of an
interpretation I : T'— S. The region of the interpretation is determined by the formula

Ule) = [f(z) =z A glz) = 2],

Atomic formula I'(x,y) of signature o is mapped on the formula of signature 7 stating that
U(z)AU(y) and there is a configuration of the form (t) over the tuple (z, y). By induction, we expand
this mapping up to transformation I : FL(oc) — FL(7), which is just the required interpretation
of theory T in theory S. Notice that, the formula C(x) = —U(x) determines region for coding
configurations in the theory S.

Write out axioms of theory S. They include the following sentences, where formulas C*(a, b, z, y)
and C*(c,d,u,v) represent diagrams of configurations of types (t) and (f) defined above, while
C(e,d,u,v) = C*(c,d,u,v) VvV C¥c,d,u,v).

1°. (32)U (),
2°. (Vay)[U(2) NU(y) A (z # y) < (Fuo)C(z,y,u,v)],
3°. (Vzyuvwt)[C(z, y,u,v) AC(z,y,w,t) — (u,v) = (w,1)],
4°. (Voyuvz'y'u'v') [C(x, y, u,v) AC(2,y',u/, ") A (z,y) # (2, y) — {u,v} N {0} = ],
5°. (V2)[U(2) — Gayw)[C(x,y, u,v) A z € {u,v}]],
6°. I(y), for any sentence ¢ € SL(c) which is an axiom of the theory 7'

One can check that this set of axioms indeed determines the theory S. By the construction,
interpretation I is a Cartesian interpretation. Proof is similar to that given in Theorem 3.5. As a
result, we obtain all the required statements.

Proof of Theorem 3.7 is complete.

Eighth elementary transformation:

Theorem 3.8. [Stage Bi] Let T be a theory in signature {I'?}, such that T is an extension
of Graph theory GRE. One can construct a theory S in signature 7 = {f?(x,y)} together with an
interpretation I : T — S, which is Cartesian interpretation of theories (particularly, I preserves
Finitary list ACL), and the following assertions hold:

(a) T is r.a. < S is r.a.; moreover, in the case when T is r.a. theory, indices to both S and I
can be found effectively in an index of the source theory T,

(b) T is f.a. & S is f.a.; moreover, in the case when T is f.a. theory, both a Géidel number to S
and an index to I can be found effectively in a Gddel number of the source theory T.

PROOF. Starting from a model M of given theory T of signature o = {I"?}, we build a model
M = E(M) of signature 7 = {2}, in which this model M is first-order definable in some regular
manner. At a whole, the scheme of the transformation is similar to earlier considered.

We set |91 to be equal to the union of two disjointed sets U U D, where U is the set of the same
cardinality as |9t|, while the set D consists of two elements dy and d;. For the construction of the
model 9M, by means of a bijection h : [N| — U, we temporarily transfer structure of model 91 onto
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the set U. Define the function f(x,y) on the set |91| as follows:

f(dOadO) — dl,

f(do,dr) = f(di,do) = f(d1,dr) = do,

f(x,y) =do, for all x,y € U such that ~I'(x,y),
f(z,y) = dy, for all z,y € U such that I'(z,y),
f(x,y) = do, for all other cases.

After that, erase temporarily defined structure of model 9t on the set U, and the construction of
model M = E(M) of signature 7 = {f2} is complete.
Consider the following quantifier free formulas in signature {f?}:

D(x) = [z = f(f(%fv),f(x,w))],
Do(z) = [z = f(=, f(z,2))],
Dy(z) = D(x )AﬂDo( )-

One can check that formula D(z) distinguish in the model ¢ two-element set {do, d; }, and it is
satisfied

Do(w) < (CII = do), Dl(a:) < (:IZ = dl).

Thus, the construction provides the uniqueness of realization of formulas Dy(z) and D (y),
distinguishing either of the special elements dy and d; in the model Mt = E(N).

Now define theory S in the form S = Th{E(M)|M € Mod(T)}, and turn to definition of an
interpretation I : T'— S. The region of the interpretation is defined by the formula

U(z) = [z # f(f(z,2), f(z,2))],

which obviously satisfies the condition U(x) <> —D(x). Atomic formula I'(x,y) of signature o is
mapped on the formula of signature 7 stating

Ux) NU(y) A (x #y) A Di(f(z,y)).

By induction, expand this mapping up to transformation I : FL(c) — FL(7), which is just the
required interpretation of theory 7" in theory S.
Write out axioms of theory S formally. They include the following sentences:

1°. (32)(Yy)[Do(z) A (Do(y) — (y = 2))],

°. (3z)(Vy) [ D1(z) A (Di(y) — (y = )],
30 (3z) U(z),
4°. (Vay)[f ( y) = f(y, )],
5°. (Vz)[Do(z) — D1(f(z,2))],
6°. (Vay)[D ( ) A (z #y) — Dol(f(z,y))],
7°. (Vay) [Di(z) — Do(f(z,y))],
8°. (Vay) [=D(z) A =D(y) — D(f(x,y))],

9°. I(y), for any sentence ¢ € SL(o) which is an axiom of theory T.

One can check that this set of axioms indeed determines the theory .S introduced earlier as theory
of a class of models. By the construction, interpretation I is a Cartesian interpretation (actually,
Singleton interpretation). As a result, we obtain all the required statements.

Theorem 3.8 is proved.

4. Main signature reduction statements. Now, we can formulate statements presenting
integrated signature reduction procedures. They are assembled as compositions of appropriate sequences
of primitive transformations.
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First, consider the finite version.

Theorem 4.1. [Finite-to-finite transformation] Let T be a theory in a finite signature o, and T be
an arbitrary finite rich signature. One can construct a theory S in signature T together with an
interpretation I : T — S, which is Cartesian interpretation (particularly, I preserves Finitary list
ACL). Moreover, the following assertions hold:

(a) T is f.a. < S is f.a.; moreover, in the case when T is f.a. theory, both Géidel number to S
and indez to I can be found effectively in a Gddel number of the source theory T

(b) T is r.a. < S is r.a.; moreover, in the case when T is r.a. theory, indices to both S and I
can be found effectively in an index of the source theory T .

PrROOF. Enter at node 1 in the scheme given in Fig. 2.1 and pass through it finalizing at that of
nodes A, B, or C, which can yield required finite rich signature o.

Considering other input nodes in Fig. 2.1, we obtain three final statements on signature reduction
procedures. All of them (including Theorem 4.1) are presented by complete specifications in Table 4.1
below, where it is supposed that index of resulting interpretation I is obtained effectively by either
index or Godel number of input theory 7" in all these cases, while m.c. means "model complete”.

Table 4.1. Signature reduction procedures obtained from scheme in Fig. 2.1.

Ir{l(%let Input theory Output theory

[case] o T index T S mdex
(a; any — any —

1 fin r.a. norm. r.a. norm.
f) f.a. Godel any f.a. Godel
aj . any — given any J—

2 inf finite
[r; r.a. norm 5 r.a. norm

rich

3 (a any any — signa- any _
r r.a. weak ture T.a. norm
ta; any — m.c. —

4 any
r r.a. weak r.a4m.c.| norm

Notice that, Entry 1 in Table 4.1 provides finite signature transformation declared in Claim
2.1 in [3], while Entry 2 provides infinite-to-finite signature reduction procedure declared in Claim
2.2 in [3]. As for subsequent entries, they provide alternative versions of infinite-to-finite signature
reduction procedure over weak indices yielding a model complete theory in case of entry 4.
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O PEIIIEHNN OBPATHOM CTOXACTUYECKOMN 3AJAYN
SAMBIKAHUA METOJ0M PA3AEJIEHN A

M. 1. TIEYBEPI'EHOB

Wucruryr marematuku MOH PK
050010 Asmarser yuIlymkuna,125 marat207@math.kz

PaccmarpuBaerca ogna n3 obpaTHBIX 3a/1a9 JUHAMUKY — 33/a9a 3aMbIKAHUS B KJIACCE CTOXACTUYIECKUX
muddepeHIMaNTbHBIX YPABHEHUN BTOPOro Topsiika Tuma VTo mo 3aJjaHHOMY MHTErpaJbHOMY MHOTO00-
Pa3uio, HE3ABUCSAIIEMY OT CKOpocTeil. MeTomoM pa3/iesieHus Moy YeHbl JOCTATOYHbIE YCIOBUS CYIIeCTBO-
BaHUs 33/ JaHHOIO MHTEIPAJILHOIO MHOr000pa3us JOCTPOEHHON CUCTEMBI CTOXaCTHIeCKUX anddepeHnn-
abHBIX ypasHeHnnit. OTaeabHO HCCIEAYIOTCS OOIIMIA JINHEHHBIM U CKAJISIPHBIN HEJUHEHHBIA CIydan IIo-
CTaBJIEHHOHN 3aJIaYu.

B pabore Epyruna [1] crpourcs MHOKeCTBO 0OBIKHOBEHHBIX i depeHIMalbHbIX yPaBHEHUI,
KOTOpbIE UMEIOT 33/IAHHYI0 HHTEIPAJIbHYIO KPUBYIO. DTa paboTa BIOCIEJICTBHH OKA3ajaCh OCHOBO-
moJiararorieil B CTAHOBJIEHUU W PA3BUTUU TEOPUU OOPATHBIX 3aJad JMHAMUKK CHCTEM, OIHUCHIBAE-
MBIX OOBIKHOBeHHBIME Juddepennmanbabivu ypasaenusmu (OLY) [2, 3 u ap.|. Creayer ormernTs,
YTO OJWH U3 OOIIMX METOJIOB PelleHusl 0OpaTHBIX 3aja4 auHaMuku B Kiaacce OLY — merosn KBasu-
obpallieHus IpeJIokeH B paboTre [3], mo3BoJIsIeT MOTyYUTh HEOOXOAUMbIE U JOCTATOUHBIE YCJIOBUS
pasperuMocTu. Hapsisiy ¢ yKa3aHHBIM METOJIOM TaM Ke IIPEJIararTcs MeTOJ Pa3IeJIeHUsI U METOJ
[IPOEKTUPOBAHMUS, JAIOIINE, BOODIIE TOBOPS, JIUIIL JOCTATOYHBIE YCIOBUS PAa3PENINMOCTH 0OPATHBIX
38194, HO TOJIE3HbIE JIsT KOHKPETHBIX MPUKJIATHBIX OOPATHBIX 3a/ad.

1. IlocranoBka 3amaum. Ilycrs 3amano croxacTudeckoe quddepeHnnaibHOoe YypaBHEHNE BTO-
poro nopsinka tuta Mro

&= fi(z,z,u,a,t) + o1(z, ,u,u,t)E, reR", ¢eRF (1.1)

Tpebyercst JOCTPOUTH 3aMbIKAIONINE ypaBHeHUsl (HAIIPUMED, OINUCHIBAIOIINE BCIIOMOTATEbHbIE
yCTpOiicTBa)

i = folx, &, u,u,t) + oo(x, T, u, 0, t)E, ue R, (1.2)

110 3a/IaHHBIM YaCTHBIM HHTEIr'paJiaM

A(t) : Mz, u,t) =0, rme A€ R™, A= Nz, u,t) € C?22, (1.3)

Tzut
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Baech 01 — Marpuna pasmeproctu (n X k), o2 — (r x k), a {&(t,w),...,&(t,w)} — cucrema
HE3aBUCUMBIX BHHEPOBCKHUX HPOIECCOB [4], 3ajiaHHast Ha HEKOTOPOM BEPOSITHOCTHOM HPOCTPAHCTBE
(Q,U,P).

WNnade roeops, 110 3ajiauubiM f1,01 U A TpeOyeTcsi ONPeenTh BEKTOP-DYHKINIO fo U MATPHUILY
09 TaK, 9To0bl MHOXKeCTBO (1.3) 6BLIO MHTErpaJIbHBIM U1l COBMECTHOl cucreMbl ypasHeHuii (1.1),
(1.2).

[Ipemmonaraercst, 49ro Bekrop-dbyukimn  fi(x, &, u,u,t),  fa(z,T,u,4,t) u MaTpUIBI
oi1(z,&,u,u,t), oo(x,&,u,u,t) HeNpepbIBHBI N0 ¢ W JIUIIIHAIEBB! 10 T, U, &,U B 00JACTH

Un(A) = {z= (2", 2", a7, a1 p(2,A(t)) < H, H > 0}, (1.4)

qro obecrieunBaer B (1.4) cymiecTBOBaHUE U €JIUHCTBEHHOCTD JI0 CTOXACTUYECKON SKBUBAJIEHTHOCTU
pemennst z(t) cucrems! ypasuennii (1.1), (1.2) ¢ mHaganbabIM yeaoBueM z(tg) = 2o, SIBJISIIOIIETOCH
HEIPEPLIBHBIM € BEPOSITHOCTHIO 1 CTPOro MapKOBCKUM IpolieccoM [4].

YKazaHHas 3a/1a4a:

1) B caygae orcyTeTBus CiydaiiHbIX BosMmytleHuit (o1 = 0, 02 = 0) 0CTATOYHO HOJIHO UCCIIe-
JoBaHa B paborax [2,3],

2) B caayuae, korga o1 0, o2 # 0 u ¢ 3aganabiMu coiicrBamu Buya A(t) @ Nz, &, u,4,t) =0,
ANER™, X=Xz, &,u,1u,t) € C1212L nerojom kBasuobpammenust permena s [5).

st perennst ocTaBIeHHON 3a/@un [0 HPABUILy cToOXacTHdeckKoro juddepennuposannst ro
[4, ¢.204] cocraBisiercst ypaBHEHHE BO3SMYIIEHHOTO JBUKCHHSL:

P e S S 0 S0 S 2 S
~ 02 T otor” T oton" T \ozor " ozou " owox )"

+< PN PN P > o (1.5)

oudt Tt oudzx Y oudu ut ox (fl + 01§> + ou (f2 + UZS) ’

Brenem nponssombbie dbynximn Epyruna [1]: m -mepuyto Bekrop-bynximmo A(A, N, x, &, u, 1, t)
u (m x n)—warpuny B\ z,%,u,4,t) co csoiicreBom  A(0,0,z, %, u, 0, t) = 0,
B(0,0,x,4,u,u,t) =0 u rakue, 9TO UMEET MECTO PABEHCTBO

A=Az, &, u,0,t) + B, @, &, u, 0, 1)E. (1.6)

Orcrona, cpasuuBas ypashenus (1.5) u (1.6) mpuxoguM K COOTHOIIEHUSIM:

@fiA_@_a%,_a?A,_ PN r PN AN L
oul? " o2~ otor.  otou" \ozot " owou " ooz )"
3 W5 WY O
B , : . OA 1.7
(auat” oudzr " 8u8u>u azlt (1)
oA _p_0A
8u02_ 8:001’

13 KOTOPBIX HYKHO OIPEJIEIUTh BEKTOP-PYHKINIO fo W MATPHILY O3 .
Pacecmorpum pemenne cucrembr (1.7) merozom pasjesenusi. It 970ro npegiBapuTeIbHO MAT-

PUIBL > -, 02 T BEeKTOP-PYHKIMIO fo IPEICTABUM B BHJIE o (F1,F»), o9 = (dh,0Y), fa =

= (AT T, tne Fi— (m x m)marpuna n torma coorsercrenno Fy— (m x (r —m)), oh—

(m x k), of— ((r—m) x k) marpunpi.
Torna cucremy (1.7) MOXKHO Hepenucarb B BUJIE:

Flfé_‘_FQf// :Avv
F10/2 + FQO'éI = B,
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o A A— 0?\ 82>\$_ 82)\11— 0%\ g, 0%\ YT 0%\ . 0%\ YT 82)\+
ia at2 T otox” otou” \owot | Oxdu | Owdx oudt " Oudw
9%\ o\
- T
- N
i 8u8u> fl’ oz Y
Ecnu Hpe,ILHOJIO}KI/ITb detFy # 0, TO pellleHue JTAHHOW CHCTEMBI MOYKHO IIPEJCTABUTH B BHUJIE:
fs=F Y (A= Rfy), (1.8)
oy = F7Y(B — Fyol)). (1.9)

CemoBaTe/IbHO, CIIPABEIINBA

Teopema 1. /[aa mozo wmobv, muosrcecmso (1.3) npu sadarnnot cmpyxkmype (1.1) 6viao urmee-
PANOHOIM MHO2000pa3UEM cucmemsbt JuP@hepenyuarvnulr ypasrenut emopozo nopadka muna Umo
(1.1), (1.2) docmamouro, wmobu

o\
1) xeadpammnasn noomampuya Fy npamoyzorvhol mampuiyos 0 obaadana ceoticmeom detFy #
U
40,
2) nepswe m Komnonenm eexmop-dynkuyuu fo u (m X k) nodmampuua oh mampuuys, oo
samuvikarouse2o ypasnenus (1.2) umeau coomseememsenno eud (1.8) u (1.9).

2. JIuHelHBIN ciryvuall cToOXacTU4YecKoil 3aadm 3ambIKaHusd. [lo 3amannomy smHeitHOMYy
[0 CHOCY CTOXaCTUYIeCKOMY JuddepeHInajIbHOMY yPABHEHUIO BTOPOTO HopsiiKa Tura MTo

i =®1(t)x + Po(t)d + P3(t)u+ Pa(t)i+ @(t) + T1(t)E, =€ R, (2.1)
TpebyeTcsi TOCTPOUTH JIMHEHHOE TI0 CHOCY 3aMBIKAoIlee CTOXaCTHIECKOe YPaBHEHIE
i = Wy (t)x + o (t)d + U3 (t)u + Uy(t)u 4 1(t) + To(t)E, u e R, (2.2)
TakK, LITO6bI 3a/JaHHOe JIMHEeITHOe MHOXKECTBO
A(t) : A=Gi(t)x+ Ga(t)u+1(t) =0, XeR™, (2.3)

ObLIO0 NHTErPATBHBIM JIJIsI CUCTeMbl ypaBHeHuit (2.1), (2.2).

Nnade rosops, mo saganubiM Gp(t), Ga(t), @i(t), Pao(t), P3(t), P4(t), Ti(t), T> u 3a-
JIAHHBIM BeKTOp-byHKImaM ¢(t), [(t) Tpebyercs ompemermnts (r x n)— marpunst Vi(t), Wa(t),
(r x r)—marpunpst W3(t), W4(t) u r— mepnyto Bekrop-byHkuuio ¥(t), a rakxke (r X k)— MaTpuiy
T5(t) rak, arobbl obecrednTs /s cucTeMbl (2.1), (2.2) HHTerpaabHOCTD CBOMCTB ABIzKeHns (2.3).

B paccmarpuBaemoii 3a/iaue ypaBHEHHE BO3MYIIEHHOIO JBHKEHUsI MMEET BUJI:

A =Gz +2G, + Gy <<I>1(t):z: + Do (t)d 4+ P3(t)u 4+ Py(t)i + o(t) + Tl(t)é) + G (U (t)z+

+ Wy (t)d + Usg(t)u + Ua(t)a + (L) + TQ(t)é) + 2Go0 + 1(t) + Gou, (2.4)

a, C IPyroil CTOPOHBI, YpaBHEHUE BO3MYIICHHOIO JIBUKEHHUSA C ITOMOIILIO MPOU3BOILHBIX (DyHKIUIA
Epyruna H. I1. 1] — BekTop-dynkmmit Aj(t)A, Ag(t)}\, roe A1, As — KBagpaTHbIEe MATPUILI HOPSII-
ka m, u (n X k)— marpuns-dynkmun B = B(A\, A, x, &, u, @, t) co cBORCTBOM B(0,0,z,&,u,u,t) =
0, umeeT BU:

A=A A+ Ash+ B\ N, 2, &, u, 0, t)E. (2.5)

Torya u3 ypasaenuit (2.4) u (2.5) ¢ yueroMm TOro, 410

A\ = A1 (Gi(t)z + Ga(t)u +1(1)),
Asd = Ay (G1(t)x + G1(t)3 + Ga(t)u + Ga(t)u + (1))
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CJIEAYIOT COOTHOIIIECHUA:

Gz +2G13 + G1(D1(t)x + Bo(t)d + P3(t)u + Pa(t)i + @(t)) + 2Gou + (1) + Gout
+Go (\I_fl(t):n + Ua(t)d + Wa(t)u + Pa(t)i + ay(t)) = A1 (G1(t)x + Go(t)u+1(t))+
+A2(G1(t)z + G1 ()i + Go(t)yu + G2 (t)u+1(t)),  Gi\Ti + GoTh = B,

KOTOpBIE MTPeodpa3yoTcst K BULY:

GV = A1G1 + AGy — G — G119y,
GaWy = AsGy + 2G — G Do,

G2V3 = A1Go + AsGy — G103 — Go,
GoVUy = AyGo + 2(;2 — G1Dy,

Gatp(t) = Arl(t) + Aal(t) — Gro(t) — (1),
GoT5, = B — G173

\

Jjist npuMenenus MeTosia pasjienenus [3, ¢.21] npexpapuTenpho BBeneM obosHauenms N =
= A1Gy + A3Gy — Gy — G1®1, Ny = A3Gy +2G — G1®a, N3 = A1Ga + AyGy — G1P3 — G,
Ny = AsGo+2Go — G Dy, L(t) = Ayl(t)+ Aal(t) — Grp(t) — l( ), B=B- G111 u, majee, cucremy
(2.6) mpejicTaBUM B BH/IE:
GiU) + GYU = Ny,
GiUL + GYUY = Ny,
GiUY% + GYUS = N3,
GV + GyU = Ny,
Gay/(t) + Gy 9"(t) = L(b),
G4T, + G4TY = B,

(2.7)

rae marpunbl G u W,(i = 1,2,3,4) paséursl Ha coorBercrBytomue noaMarpuns: G = (G4, GY),
G — marpuna pasmeproctu (m x m), GiJ— (m x (r —m)), ¥i— (m xn), ¥i— ((n—m) x n);
W (mxn), Wi ((n—m) xn); W (mxn), Wi— ((n—m) xn); Wy (mxn), Wi ((n
—m) X n); '(t)— m-sexrop, ¥’ (t)— (r — m)-BekTOD.

[Tpeanonoxkum, uro detG4 # 0, Torma uz (2.7) cJeLYIOT COOTHOIIEHUSL:

\IJ, (Gé) 1(]\]1 Gé,\IJH),
W) = (Gg)H (N2 — G3'0Y),
R 28
= (G3) ™ (Ns — G'VY),
Y'(t) = (G3)H(L(t) — G3Y"(1)),
| T3 = (G3) "M (B - GyTy).

CreoBaTeIbHO, IMEET MECTO CJIEJIYIONIee YTBEPXK IeHNE.

Teopema 2. Jlas mozo wmobv aunetinoe muootcecmeo (2.3) npu 3adanhnol sunelinot cmpyk-
mype (2.1) 6b.00 UHMEPANDHYM MHO2000PAZUEM CUCTIEMBL AUHETHOIT JUPPEPEHUUANLHBIT Ypasrie-
nuti 6mopozo nopadka muna Umo (2.1), (2.2) docmamouno, wmobw, keadpamnasn nodmampuya G4
npamoyzononoti mampuuyse Go obaadana ceoticmeom detGh # 0 u uckomwme (1 X n)— mampuyvl
Ui(t), Wa(t), (r xr)—mampuyv, Y3(t), Wu(t) u r— mepras sexmop-pynruus P(t), a maxorce
(r x k)— mampuua Ts(t) onpedeasruce uz (2.8).
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3. CxkaJsipHBIII HeJIMHEHHBIN ciydail cToXacTudyecKoil 3ajaum 3aMblKaHus = € R
u € R'. TlycTb 10 33 aHHOMY MHOMKECTBY

A(t) : n(z,u,t) =0, ne R, (3.1)

U CKaJIAPHOMY CTOXaCTUYECKOMY YPaBHEHHIO

Z.I:’:Vl(ib‘,i',u,’d,t)+’)/1(£E,i},u,ﬂ,t)£ (32)

Tpe6yeTC${ MIOCTPOUTDH 3aMBbIKaIOIIEe CTOXaCTUIECKOE YpaBHEHUE

i = vo(x, T, u,u,t) + vo(x, &, u, u,t)§ (3.3)

Tak, 4Tobbl COBMECTHasl cucrema ypasHenuii (3.2), (3.3) umesa uHTerpajbHOoe MHOrOOOpa3ue BUJIA
(3.1), T.e. obparTHas cTOXACTUYECKAs! 331498 3aMbIKAHUS B JAHHOI MOCTAHOBKE 3aKJII0UAETCS B OLPEe-
nejieaun vo(x, &, u, u,t) u yo(x, &, u,u,t), obecneunsaronmx cucreme (3.2), (3.3) MHTErpasbLHOCTD
muoxecrsa A(t) (3.1).

ITo npasusty croxacruaeckoro nuddepeniuposanust Vto [4] cocraBum ypasHeHune BO3MYIEHHOTO
JIBUZKEHUsI OTHOCUTEJHLHO MHOXKecTBa A(t) :

L 0 9P 0% . 0*n.y. . On :

=%zt [Bm@t tozout T @x}x t o [”1 + 715}*

+[a277 + a277¢+82"u}u+8”[u + 9| + Oy Oy (3.4)
dudt ' oudzr. | ou ou 2T T Btart T drou™ '

Hanee, cinenyst [1], BBesem dyukunu a = a(n,n, z, &, u,u,t) u b =b(n,n,x, &, u,0,t) Takue, 9ro
a(0,0,z, 2, u,u,t) = b(0,0,x, &, u,4,t) =0 1 uMeeT MECTO CJIEJYIOIIee PABEHCTBO:

7‘7 = a/(777 7;’7 x? i? u? u? t) —"_b(n? /':]7 x? j:.7 u7 1:[/7t)§' (35>

U3 ypasuenwuii (3.4), (3.5) cieayor COOTHOIIEHMS:

o P 0 . 0P P On., Pn., On

T T T TR T T T TR TA
o an '
%’Yz =0- ({Tx’h

on
Orcroma u3 (3.6) B Ipe/IIOIOKEeHIH, UTO BBIIOJIHsIETCS yeiaoBue — # 0, uckoMble QyHKIMN Vo

ou

u 72, obecriednBarolye NHTErpaJibHOCTb CBOACTB (3.1), onpe/ensrces B Buje:

vy = (@)71@ CE0 0 Oy O oy O Oe O 8771/1)
ou ot? dzot dzdu Oudt  Ox? Ou? or /)’

(50) (o= 50)

2= |7 — ="

K ou 63:7

3akarouenune. Takum oO6pa3oM, METOIOM pa3je/IeHusI B OOINeil HeIMHEeHHOMN, TMHEHHOW 1 CKa-

JIE{pHOﬁ HeJII/IHefIHOﬁ IIOCTaHOBKaX pemeHa CTOXaCTHYeCKasd 3aJa4da 3aMbIKaHUsd B Hpe,ZLIIO.)'IO)KeHI/II/I7
YTO 3a/JaHHbIC CBOWCTBA HE 3aBUCAT OT CKOPOCTEil.
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VIIK 517.51

ATITIPOKCUMAIINSA ®YHKIIN OIIEPATOPAM,
IIOCTPOEHHLIMU I10 ¢-JIAKYHAPHOI
ITOCJIEJOBATEJIBHOCTU

JI. II. DAJIATIEEB

Mucruryr maremaruku MOH PK
050010 r.Anmarsr yaIlymkuma, 125.

IIpuBenena orernka koHCTaHT JlebGera MATPUIHBIX OMMEPATOPOB, MIOCTPOEHHBIX TI0 JIAKYHAPHBIM TOCJIEI0-
BaTeabHOCTAM cyMM DPypbe U M3ydeHbl UX allpOKCUMATUBHBIE cBOiicTBa B Cor 1 Lff .

XopoIo u3BecTeH Kjaaccuueckuil pesysbrar A. Jlebera:

17@) = Sulf. )l < 5 Ea(7)I(Cln+ 1),

C>0, C=const., E,(f) — Beauunna nanaydiiero npubmmkenuss Gyakuun f € Cor TPUTOHOMET-
PHYECKUMHE TIOJMHOMAMH Opsijika He Bbimie n, Sy,(f,z) — dacTHas cymma psyia Pypoe.

[Tycrs pspn @ypoe vekoropoii dyukiwu f(x) € Loy paspekeH IO HEKOTOPOI CTPOro Bo3pacTa-
IOIIeH 110CIIeIoBATEIBHOCTH {1y }7° ) HATYDPAJIbHBIX YHCEI, T.€. UMEeeT BHL:

ZAM (z),

k=0

e Ap(x) = aoéf) , An(x) = an(f) cosnz + by (f)sinnz, n € N.

C. H. BepHuimreitn jgokazaj, 9To ecjm

Nk41
Nk

=2pp+1, pr€N,

TO JIJIsL HEIIPEPBIBHON (DYHKITUH ¢ Pa3psizKeHHBIM psoM Pypbe, UMEIONUM OTJINYHbIE OT HYJIS JIUIIIH
koadbdurmenTsr ¢ Homepamu {ng} , HauydIee TPUOIMZKEHNe TPUTOHOMETPUIECKUMU TTIOJIMHOMAMHU
JIaeTCs 4acTHOM cymMoii paia Dypre.

Keywords: Fourier series, Lebesgue constants, lacunarity, Cesaro numbers, linear methods of summation, uniform
metric.
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C. B. Creuknn nokasas, 4ro eciam {ny} JaKyHapHa 10 Ajgamapy, T.e. CyIIECTBYET BEIeCTBEHHOe
quciao A > 1, Takoe, 9TO

Hkt1 =2\ keN, To “f(«T) - Snk(x)HCQW = O(Enk)7 k — oo.

ng

B pa6orax I. A. ®omuna [1], [2| uccienoBammeh TpUOINKEHUST YaCTHBIMI CyMMaMI IS (-
JIAKyHApHBIX PsJOB, T.€. B ClIydae, KOraa

Nk41
2 ]- + TR
Nk o(k)

rie (k) -mosoxkuresnbraasi, HeyObIBatoras yHKIHs, TaKast, 9TO

(1)

o(n+p)—pn)<p, n,peN. (2)

Bormpocsr peryssippocTn (OrpaHHIEHHOCTH HOPM COOTBETCTBYIOIIUX OIIEPATOPOB) JIMHEHHBIX Me-
TOJIOB CYMMUPOBaHus psajoB Oypbe i pasjIndHbIX HOCIeI0BATeIbHOCTE Ng # k HM3ydajuch B
paborax P. Camema, JIxx. Hetomena, C. A. Tensikosckoro, P. M. Tpury6a, E. C. Besmmuckoro, ¢. C.
Byrposa u jp.

B pab6orax (3], [4] usyuasmuce mocraTodHble YCIOBHS PETYISPHOCTH M AIIIPOKCUMATHBHBIE CBOIi-
CTBa& JIMHENHDBIX METOI0B CyMMI/IpOBaHI/IH PAI0B CDypbe Pa3pPAXKEHHBIX IIO ITOCJIe10BaTe/JIbHOCTU MH-
nexcos Buga ny = [KInPk], v>1, BeR.

Meronom maremarndeckoil maaykimu no p € N g kaxmgoro n € N us (1), (2) nokaseiBaercs:

Nk - p
Nhyp — Nk = p € N. (3)
p(k)’
[Iycrs {nip} — @-nakyHapHas HOCJEJI0BATEIBLHOCTH MHIEKCOB, Sp, — YacTHBIE CyMMBI psJia

®ypbe no Tpuronomerpudeckoil cucreme dpyukmuii f € Cor, A = H)\,(Cn)H, k=01,...,.N, N =

1,2,..., /\éN) =0, k> N — HmKHss TpeyrojbHash MATPUIA BelmeCTBEHHbIX unces. [lycrs

N
Un(f. A z) =3 ANYS,, (f),
k=0

A =0 A Ay = A 1, N =2

— MUHEeHHBIN MaTPUIHBII OIIepaToOpP, HOCTPOEHHDIH 0 ITO/IIOC/IEIOBATEILHOCTAM Sy, (f) (B masmbmeii-

N
II1eEM BEPXHUE MHIEKCHI 9JIEMEHTOB MaAaTPUIIbL €M OIIYCKaTb, IIOJIarasd = . O3HaAYUM
il ust A Gy y ; A,(c = \p). 06

||UN(f> A, x)||C[0,27r]—>C[O,27r} = ||UNH

B [3], [4] nokasano, kak orpanumuenHocTb Lj-HOpM omeparopoB Un(:) MoxkKeT 6bITH HCIOIB30-
BaHa /I HAXOXKJIEHUsST CKOPOCTU MPHUOJIMKEHNST HA MOIK/IACCAX HEMPEPBIBHBIX (DyHKITHIA.
B [5] 6bL1a anoHCHpOBaHA CJleLyIONIas

Teopema 1. Ilpu v >1

1
1 2

N 2 1 N N (p%(k)
||UN|]<C{N-Z(AAk)2} +CIn > (AN ————— 1 . (4)
k

1 1
-0 k=0 5;2 no v — k|7
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HokazarenbcTBo. Byjem ucnonb3oBarh HeKoTopble Bbrunciaenusi pabor [3] u [4]. IIpumenss

CTaH/IapTHbIE OIE€HKU, UMEEM:

7LN
</

sin(ny + )t

ZA)\ksm ng + % ZA)\ksm ng + 3)t i

Un|l <
H NH = 251n

dt = I + I,

VLN N

C/Zm)\k <nk+ )dt CZ|AAk| {Némk }2.

Bes ucnonb3oBanus sisroro Buga {ng} B [4], ¢.438, mokazano, 4ro

N 2
1/v§: 2 1
k=0 v

Ucnonb3yst (3), moryanm:

nylv — k|
|nk_n|>77 V,k€Z+,
Y (k)
9TO B CUJIy BO3pacTaHusi {ng} u OyHKIUM ¢ gaer
1 0 (k) 1 "
S : y 1% .
‘nk—ny|1/7 nlll/’Y ‘k—y|1/’7

YauThIBast OIEHKY At [} , TIOJy9UM yTBEPIKEHIe TEOPEMBL.
IMycrs (k) =k, v =[], v > 1, [y] — menasg gacrs y. Tak xax

N Notl N k-1 N
Zka% PR N — o0, a>—1, Tous Z:Z+ Z +C =
k=1 v=0 v=1 v=k+1
v#k
S -3 —241 -1+
S kvl v<c<kv +(N—Fk) 7 ) (5)
=
1 1 1 1 1
[TockosbKy ’V—k’—lﬂ/]k—u\, 0 - S %—i——\k—ﬂ Tor/a
N 1 N 1 N
k~ k kv|k —v
<y Loy Blk=d
v=1 V|V — k|5 v=1 klk —v|> v=1vk kulk —v|7
v v#k
N gt Nt
<oy Moy (6)
= |k —v|~ v vk — vl
v#k 1%
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_1
Bameuast, uro "syipo" B coorercrBytomeii onerke f. C. Byrposa (N — k)l vkY " umMmeeT BUL

1
(% — )77, yunrssas onenku (5), (6), momyunn cieacTBie (1?]-17]):

lun]| < C{N i(m@?}% + C{nN i(mm <1 (N - k)liki1> }

k=0 k=0

B pa6otax [6]-[8] npuseeno u ucnonnzosano "pasnomommoe"  yrepzenue aa ny = [k°], 5 >

0:
n 1
2
011 < M)+ € (3 |ANS7) "+
k=0
n k—I 1
— 2
Ot ZA)\k Z INY [cos(d arctg(k (sl)) _ cos(darctg(k +1 —|—5l))]
=0 1=0 1+ (k—-1)%)2 1+ (k+141)%):
‘ n n |AAk|
M) =min Sionl, B e )
k=0 k=0
PaccMOTpUM erre O/IuH IIpUMep UCIIOIb30BAHUS TEOPEMBI 1.
[Mycrs w(k) =k, n, =1-v, l €N, v=1,2,.... Ilpumenss dopmyuy Jlarpanxka f(b)— f(a) =
1 1
1(€)(b—a) x pasaocTn — — — u pasgenssa caydan € € [1,k—1], £ € [k + 1, N|, nomyqanm:
vy kv
1 Cc Clk-v
sy < I + |7l’7 v > 1. (7)
vy kv k-v~v
[Moncrasiss (7) B (4), moaydum:
N 1
k 1 Clk —
3 71{1+|1’”}=21+22, 8)
=1 |k —v|v Lk~ k-v~
k#v
1—-1 1-1
Y=k v+ (N—Fk) 7, (9)
Se=C k"7 +C kTN — k|- (10)

Paccmarpusasg ciaraembie B pasenctsax (8) — (10) ans k < [§] n k € [§, N], nomy«mm npocroe
JIOCTATOYHOE YCJIOBUE CXOAMUMOCTHU JINHEHHBIX CPEJIHUX, COCTABJIEHHBIX 1O JIAKYHAM N, = |- v, | €
N, v=12 ...

al 2
1Ux11 < {C NS ANE (BT (V= k) N ki)} T

N
+ {C NS (AN (kl‘% F(N—RB N k—i)}

1—1 1—1 _1
Bamensis ciaaraembie k- v, (N —k) "7, N, k™7 coorBercrBytonmmu ducjaamu dezapo
1

1—1 1—1 1
Ay 7y An AJIV, A}, m nconbsysa Gopmyy

n
AGTATE =N AXAD o, B at B> -,
k=0
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94 JI. TI. ®anasees

naiinem, aro (C,«) — cpexnue OymyT perysisipHbIMA [ JakyH Buga [-v, [ € N, v =1,2,..., upn
1

o> 5
2

1. AnmpokcuMmariusg OYyHKIUN MATPUIHBIMU OIIEPATOPAMU, MOCTPOEHHBIMU II0 -
JakyHapHOM mocJjiegoBareJbHOCT B MeTpuke Co.

I[TpeiosiozKuM, 9To BhIpazKeHHe, CTosIINee B IIpaBoii yacTu HepaBeHCTBa (4), orpanundeno. IToka-
2KeM, UTO ( -JJAKYHAPHOCTDH MOCJAEIOBATEILHOCTH YaCTUIHBIX CyMM paga Pypbe rapaHTUPYeT OmIpe-
JeJIEHHYIO0 CKOPOCTh CXOIMMOCTH HA IOJIK/IACCAX HEIIPEPBIBHBIX (PYHKITUI.

ITycTb

Ly(a) = f:lLlp IUN(f, A 2) — f(2)] cor-
ipa

Teopema 2. Ilpu v > 1, 0 < a <1 cnpasedauso acumnmomuueckoe pasencmeo (N — o0) :

( 1 1
O<a>, 0<a< —,
ny 27’

(11)

HokazareascrBo. [To cxeme jokazaresbcrBa TeopeMbl 1 (e, rakxe [4], crp. 441) umeem:

1

TIE sin(n, + )t
U (f. M) = ()] < C/ta oAy, TR gy
0 I/ZO
sin(n, + —)
/ tl «a dt = I3+ I47
nN
1
N 1 "N . N )
v=0 s NS =0
N 2
=AY @npy =
N = n
3aMeTum, 9TO
O(nl 20‘) 0<ax< L
T N ’ 27’
dt 1
= — ]. = —
AN(OQFY) / t]- 2a+% O( nnN) « 2’}/’
nN 1
nn 1 kS < 1
( )7 2,7 <
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Arnmpokcumariust PYHKIHI orlepaTopaMiu, ITOCTPOEHHBIME 110 (0 -JIAKYHAPHOH ocje0BaTe ibHOCTH 95

ITo amanorun ¢ omenkoi I :

N

I, <C

Ay | 17 1N\ 2 1 A
<C ]1V n]\[/'A)\,,sin <nN+2> t’ -t’lv Lat <C iv .
ny

YuurbiBas onenky I3 omneparopos Upn(-), mocTpoeHHbIX 110 cymmam Pypbe ¢ ¢ -JIaKyHAPHBIMU
HOMepami, oreHka (11) mokasana.

2. Annpokcumaiiusa PYHKIUE MaTPUYHBIMU OIIEPaTOpPaMu, IMOCTPOEHHBIMHU II0 (-

JIaKyHapHOﬁ IIocJjie10BaTeJIbHOCTHA B Lp.

[Iycrs f(x) € H,(,a), p>1, e wy(f,t) <C-t% 0<a<1l C >0, C=const.B cuny
0000111eHHOI0 HepaBeHCTBA MUHKOBCKOTO 110JTy YaeM:

N : 1
Z A, sin(ng —i— 5)t

. dt <
—1 S1n 5

[Ux (.2 2) = f@lp < € [5G+ 1)~ F@ly

AN
/*/
0 _m

nN

1Y | wp(t)
— dt <
<nk + 2> P

sm (g, + 5)t
tl a

smn —|—
T dt = I3 + I,.

1
/N
0

[ToBTOpsisi MpebLIYIIIE PACCYZKICHUS, BUJIUM, 9TO IIPH OTPAHMYEHHOCTH HpPaBoil yactu B (4)
onenka (11) coxpansier cBoil BUI.
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VIK: 517.938 2000 MSC: 34B40

Aisagaliyev S. A., Shanazarov D. G. Asymptotical properties of the solu-
tions of regular systems in the simple critical case// Mathematical journal. 2009. Vol. 9. Ne 1
(31). P. 5 - 15.

Asymptotical properties of the solutions of nonlinear regular systems in the simple critical case
are regarded. On the base of estimation of improper integrals on the set of solution of the dynamic
system the criterion of absolute stability is obtained.

References — 11.

YIK: 517.938 2000 MSC: 34B40

Aficaranmuen C. A., lManmaszapos . I'. 2Koii KpuTuKaJIbIK >Karaaiigarbl pe-
TTEJeTiH XKyiiejep mienriMIepiniy, aCUMITOTUKAIBIK, KacuerTepi // MaremMarukajbik Kyp-

nay1. 2009. T. 9. Ne 1 (31). B. 5 — 15.

Maxkastasia Kol KPUTUKAJBIK, KarIalilarbl CHI3LIKTBI €MeC PeTTEeNIeTIH Kyiieaep MIeniMIepiHiy
ACUMIITOTUKAJBIK KACHETTEP] 3epTTereH. JInHaMIKaIbIK XK Yyife TenTiMIepl >KIbIHBIHIaF bl MEHTITIKCI3
UHTErpaJIIAPIbIK, Oaragaybl Heri3inge abCcoIOTTI OPHBIKTHIILIK, KPUTEPUili aIbIHFaH.

Bubn. — 11.

VIK: 539.3 2000 MSC: 74B05,35E05

Alexeyeva L. A. The generalized decisions of the Lama’s equations in the case
of running loads. The shock waves// Mathematical journal. 2009. Vol. 9. Ne 1 (31). P. 16 — 25.

The system of Lama’s equations is investigated, describing the motion of the elastic media under
subsonic, transonic and supersonic velocities of the moving source of distributions, and its decisions
in space of generalized vector-functions. The questions are considered connected with arising shock
waves, which appear in ambience under supersonic source of distributions. On base of the generalized
functions theories the method of the determination of the conditions on gaps of the decisions and
their derivatives on shock waves fronts is offered.

References — 7.

YIK: 539.3 2000 MSC: 74B05,35E05

Anexkceena JI. A. 2KyripMmesi >KyKTemeJsep acep eTKeH karaaiigarel Jlame TeH-
AeyJiepiniy, kajnbuianran menriMmaepi. Cokna ToskbiHgap // Maremarukaibik KypHAaJL.
2009. T. 9. Ne 1 (31). B. 16 — 25.
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KozapIpraii ke3iHiH KO3FaJIbICBIHBIH, TPAHC- 2KOHE JIBIOBICTAH YKOFAPFbI YKbIIJIAMJIBIKIIEH KO3Fa-
JIATBIH CEepHiM/Ii OpTaHbl cypeTTeiiTin Jlame TeHmeynepinin »Kyiieci 3epTTeJIreH KOHe OHDLIH, KaJIIbI-
JIAHTAH BEKTOP (PYHKIUSIAD KeHicTirinmeri memnrimaepl KapacToipbliran. JIbiObicTan KOFaphl 2KbLI-
JIAMJIBIKIIEH KO3FAJIATBIH YKYTipMesti KyKTeMeJiep 9cep eTKeHJe Haiia O0JaThlH COKIIA TOJTKBIHIAD
maiizia 0osrybiMeH OailjIaHbICTBI CyPaKTap KapacThIphLaraH. ZKaanbluianran pyHKIUIIAD TeOPUIChI-
HBIH, HETi3iHIe COKITa TOJKBIHIAD (DPOHTLIHBIH, TYBIHILICHIHBIH, YKoHe IMIeIIiMIep CeKipiCiHiH MapThIH
AHBIKTAUTHIH 9/IIC YCHIHBLIFAH.

Bubma. — 7.

VIK: 517.968.7 2000 MSC: 45K05, 35L20

Asanova A. T. About correct solvability of boundary value problem with data
on characteristics for systems of integro-differential equations of hyperbolic type //
Mathematical journal. 2009. Vol. 9. Ne 1 (31). P. 26 — 33.

A boundary value problem with data on characteristics for systems of integro-differential equati-
ons of hyperbolic type is considered. Equivalence of correct solvability of considering problem and
correct solvability of family two-point boundary value problem for integro-differential equations is
established.
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VIK: 517.968.7 2000 MSC: 45K05, 35L20

Acanosa A. T. TI'mmepGojiajblK TeKTeC MHTErpaJabIK-Aud dpepeHinaigblK TeH-
aeyjep kyiiegepi yIIiH MaJjiiMeTTepi xXxapakTepucTukaJjapAa OepijiireH MIeTTiK ecemTiH,
KOppeKTiJi menrimimainiri Typasst // Maremarukansik kypaasi. 2009. T. 9. Ne 1 (31). B. 26 —
33.

['unepbostanbIK TEKTeC MHTETrPAJIIBbIK-TuddepeHnaaIblK TeHaeyIep Kyienepi yImiH MoiMeT-
Tepi XapaKTepucTuKagap/ia bepiren merTik ecern KapacTbhIpbLia bl. KapacTbIpbUIbIIT OTBIPIaH ecer-
TiH, KOPPEKTI/I mermimiMIiIiri mHTerpasiibi-1uddepeHnraiIbK, TeHIeYIep YIIH KOC HYKTe MeTTiK
ecerTep dYJIETIHIH, KOPPEKTiIl MeNIM/IIIriHe Tapa-Tiap eKeH/ I TaraibIHa/raH.

Bubma. — 7.

YIK: 517.51 2000 MSC: 42A10

Bilal SH. One three-weight integrated inequality// Mathematical journal. 2009. Vol. 9.
Nel (31). P. 34 — 41.

The necessary and sufficient conditions on weight functions for performance of a three-weight
integrated inequality are received.
References — 3.

VAK: 517.51 2000 MSC: 42A10

Bumaa III. Yuopkyrenai mHTErpas TeHCI3AIK Typasbl// MaremaTukasblK KypHaI.
2009. T. 9. Ne 1 (31). B. 34 — 41.
YunKyreuai uHTEerpasl TeHCI3IiKTiH OPBIHIAIYBI VIIiH KyTeH (DYHKIUIIapFa KONBIIATHIH KAXKeT-

Ti YKOHE KETKIJIKTI MapTTap aJIbIHIBI.
bBubn. - 3.
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Dzhumabaev D. S. To the theories of boundary value problems for integro-
differential equations// Mathematical journal. 2009. Vol. 9. Ne 1 (31). P. 42 — 46.

The necessary and sufficient conditions of solvability for linear boundary value problem for the
integro-differential equations are obtained and the method of finding its solutions is proposed.
References — 2.

VIK: 517.968.72 2000 MSC: 45J05

Kymabaes 1. C. Wuarerpanapik-anddepeHnaiablK TeHAeyJiep YIIH MIeTTiK
ecentep TeopusicbiHa// Maremarukannik xypraaa. 2009. T. 9. Ne 1 (31). B. 42 — 46.

Nurerpanabik-andepeHIuaiablK, TeHIey YIIH ChI3bIKTHI MIEeTTIK €CeITiH MeniiMIriHig Ka-
JKETTI 2KOHE YKETKIJIKTI MapTTapbl ajbIHFaH 2KOHE OJIapIbIH, IeNniMIepid Taby 91ici YChIHBLIFaH.
Buba. — 2.

YIK: 519.6:532.546 2000 MSC: 34B40

Mussiraliyeva Sh. Zh. About the numerical solution of one boundary prob-
lem of a filtration of a two phase fluid // Mathematical journal. 2009. Vol. 9. Ne 1 (31). P.
47 — 54.

The numerical method of the identification the unknown boundary condition for the Rapoport-
Leas Model describing the process of a filtration Two-Phase Fluid horizontal layer is developed. On
the basis of numerical experiments the performance capabilities of this method are analyzed.

References — 9.

VIK: 519.6:532.546 2000 MSC: 34B40

Mycipanuerpa [II. 2K. Eki dazanablK CyWBIKTBIKTBIH CY3TijJieHy ecebi YIImiH Ie-
KapaJiblK, Kepi ecenti canzapik 1rerry,// Maremarukanbik kypuaa. 2009. T. 9. Ne 1 (31). B.
47 — 54.

Exi dazasblk CyIBIKTBIKTBIH CY3TijIeHy mpolecin cunarraiiteia Parmonopr-Jluc mojenine tre-
KapaJIblK, IIAPTThl AHBIKTAY YIMH CAHJBIK OJIC YCHIHBLIAIbI. YaKBIT OOfbIHINA op Kabarta Tuxo-
HOB PEryJsipu3aliusi Tocijii Kosimanbliabl. CaHIbIK SKCIIEPUMEHTTED KOMEriMeH TOCLIIIH KOJIIaHbI-
JIy MYMKIHIKTEP] TaJIKbLIaHa bl ['paduKaIbiK 2KoHe TECTITIK MOJIIMETIIeH »KAOAbIKTAIFAH CAHJIBIK,
anasu3 )acayrad. OPBIHIAJFAH CAHJIBIK ecenTeyiep OyJI ToCIl KaKChl JIOJUIIKIIEH KOJIIaHyFa 0o-
JIATBIHIBIFBIH T9JICT eI,

Bubma. — 9.

VIK: 662.92 2000 MSC: 76F40
Naimanova A. Zh. Mathematical modelling of turbulence combustion in the
complex channel // Mathematical journal. 2009. Vol. 9. Ne 1 (31). P. 55 — 64.

The mathematical model of reacting flow of a multicomponent gas in the three-dimensional
channel is constructed. The simulation is based on the Reynolds-averaged Navie-Stokes equations,
with using of the k — e turbulence model. The features of spatial structure of the reacting flow are
investigated depending on entrance speed of secondary air.

References — 7.

VIK: 662.92 2000 MSC: 76F40

Haiimanosa A. 7K. Kypaeni kanangapaarsl TypOyIeHTTI »KaHyIbl MaTeMaTUKA-
JIBIK, Mogesibaey// Maremarukasbik »xypaai. 2009. T. 9. Ne 1 (31). B. 55 — 64.
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Y esmrem i KaHAIIAFBI KOIIKOMIIOHEHTTI T'a3 KOCITaJaPhIHBIH TYPOYJIEHTTI PEAKITUSIIBIK, AFbIHbI-
HBIH, MaTeMaTHKAaJbIK MOJIe/l YChIHbLIaAbl. Moaenbaey k — € TypOy/IeHTTIK MOJeiMeH TYHbIKTaIraH
Peitrnonb e GoiibiaIIa opramaianaspbrad Habe-CTOKC TeH ieyiepiHe Herizearen. Peakiusiibk,
ra3 arbICTapbIHBIH KEHICTIKTIK KYPbLIBIMBIHBIH KOCBIMINA aya >KbLIIAMIBIFBIHBIH OACTAIIKBl MOH-
JepiHe TOyesJIUIITIHIH epeKIe/iKTepl aHbIKTaJFaH.

Bubma. — 7.

YIK: 517.9 2000 MSC: 37C05, 39A05, 65P30

Pankratova I. N. Dynamics of the systems on cyclic invariant sets // Mathe-
matical journal. 2009. Vol. 9. Ne 1 (31). P. 65 — 70.

Atypical property of dynamics depending of maximum parameters and typical property of one
parameter dynamics of the family of the systems under consideration is proved.
References — 4.

YIK: 517.9 2000 MSC: 37C05, 39A05, 65P30

[TankpaTtora VM. H. Ilukaai mHBaAapMaHTTBI >KHUBIHJIAFBI >KYieJiepaiH AuHAMU-
kacel // Maremarukaisik »kypaas. 2009. T. 9. Ne 1 (31). B. 65 — 70.

[Tapamerpiepin MaKCUMaJIIbI CAHBIHAH YKOHE KAPACTBIPBLILII OTBIPFaH Kyite oyseriaaeri 6ip
napaMerpJi THOTICiHEH TOye il OOJIATHIN JUHAMUKAHBIH TUITIK €eMeC KACUeTi TarailblHIa /bl
Bubn. — 4.

YIK: 510.6 2000 MSC: 03B10

[Mepergarrxkuu M. I'. Cxema crangapTHbIX NMpeoOpa30BaHUiI TeOpUil U MpoIle-
aypbl peaykiuu curdHaryp. Hacre 3: Cxema cTaHgapTHBIX NpPeobpa3soBaHUU Teopuil u
npoueaypsbl pegakmuu cursaryp // Mathematical journal. 2009. Vol. 9. Ne 1 (31). P. 71 — 83.

B cepun u3 mecko/gbkux paboT paccMaTpuBaeTcs (GUHUTAPHBIA CIUCOK TEOPETHKO-MOE/THLHBIX
coiicte ACL, HaspiBaeMbIit aszebpauseckum Jexapmosvim CIIUCKOM, a TaKKe WH(MUHUTAPHBIN CITH-
cok MQL, nazbiBaemblil k6a3u-mourvim crimckoM. OHI UIPAIOT BAXKHYIO POJIb B UCCJIEOBAHUU BbI-
pPa3UTEIbHBIX BO3MOXKHOCTE JIOTUKH IIPEIUKATOB IepBOro mnopsijika. OCHOBHA 11eJIb CEPUU COCTOUT
B TOM, YTOOBI JIATh OIpeJeIeHNs 3TUX 0A30BbIX MOHSITHI U U3YYUTh WX BAaKHEHIIIHEe CBOWCTBA, MC-
[IOJIB3Y$l OT/IEJILHBI MaKCUMAJIbHO CXKATBIN TEKCT.

B mamnoit pabore omnpejesieHa o0Iasi cxema mpeobpa30BaHuil TEOPUil U OMUCAHBI JIEMEHTAPHBIC
ATy U3 KOTOPBIX COOMPAIOTCS MPOIEIYPhl PEAYKIIMN CUTHATYP.

References — 4.

YIK: 510.6 2000 MSC: 03B10

[Teperarskun M. I'. Tazaprbuiradn (puHUTAPJIBI >K9HE MHPUHUTAPJIBI KaTHa-
CTapabIH YKCAC TeopusijiapAblH aHbIKTaMasiapbl. Tapay 3: TeopussiapJblH CTaH/IAPTTHI
TYPJIeHAipyJIepiHiH cXeMachl >koHe CUTHATY PpaJiapAblH PeayKIINsIChIHBIH ITPOIEeIy PAIaphbl
// Maremarukasbik, xypaai. 2009. T. 9. Ne 1 (31). B. 71 — 83.

Anrebpannik Hekapr Tizimi gen atajgarbid A CL TeopusiIbIK-CyI0eiK KacueTTepiHiy puHITap-
JIBL Ti3imMi MeH Oipre xeasu-das TiziMmi serr arasarein M QL naduHuTapIIBL Ti3iMi GipiTaMa KyMbicTap
Ti36erine Kapacrolpbliaabl. OJiap OipiHInl perTi npesukaTTap JOIMKACHIH A alKbIH MyMKIHIIKTEep-
Ji 3epTrTeylie MaHBI3AbI POJIb aTKapalbl. Byl Ti30eKTiH Heri3ri posi »KoHe MaKCUMAaJIIbl ChIFbLIFAH
MOTIHJI KOJIJIAHA OTBIPBIIT OChI HETI3TiH TYCiHIKTEpre anbiKTaMma bepyie.
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2KyMbIcTa TEOpUSAHBI TYPJICHIIPYIIH KA YTICI eHridiieal XKoHe CUrHATY PaHbI KeJITipy Cy0i-
ciHiH KapamaiibiM OybIHIAPBIHBIH, erKefi-TerKeilyii cyperreyi 6epiie/.
buba. — 4.

VIK: 517.925.5:519.216 2000 MSC: 34K29,60H10

Tleubergenov M. I. On the solving of inverse stochastic closure’s problem by
division method // Mathematical journal. 2009. Vol. 9. Ne 1 (31). P. 84 — 89.

One of the inverse problems of dynamics - the closure’s problem by given properties of motion,
no depending from velocities, into the class of stochastic differential Ito’s equations of second order is
considered. The sufficient conditions of the existence of given integral manifold of constructed system
of stochastic equations are received by division method. The general linear and scalar nonlinear cases
of posed problem are separately investigated.
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Tineybeprenos M. bl. BeJsikrey oaici OoifbIHIIIA KepPi CTOXACTUKAJIBIK, TYMHbI-
KTay ecebGiHiH mrernimi Typasnbr// Maremarukaibik xkKypraia. 2009. T. 9. Ne 1 (31). B. 84 — 89.

ZKeLnmaMapIKTapIad Toyesci3 bepiaren kacuerTepi OoiibiHIa ITO TunTec exiHmm peTTi cToxXa-
CTUKAJBIK Auddepennualiibl TeHaeyIep KIaChlHIa JUHAMAKAHBIH Kepi ecenTepinin, 6ipi - TyfAbIKTa-
J1y ecebi KapacTeIpbliagbl. CroxacTHKabIK AuddOepeHnnaliiblK TeHIeyAepIiH KypbLIFal »KyHeCiHiH,
Oepinren mHTErpasaIbl Koroeiinecinin 6ap 00Ty BIHBIH XKETKITIKTI mapTTapbl O6JIIKTEY 9/TiCiMeH ajIbl-
nrad. Koiiblran ecenTis, >KaJIlbl ChI3bIKTHI YKOHE CKAJISIP ChI3BIKCHI3 YKaraaiiaapbl 60J1eK 3epTTeIe.

Bubma. — 5.

YIK: 517.51 2000 MSC: 42A16

Falaleev L. P. On the approximation of function of operators which are based
on lacunar sequenes// Mathematical journal. 2009. Vol. 9. Ne 1 (31). P. 90 — 95.

Estimations of Lebesgue constants of matrix operators constructed on lacunarity sequences of
Fourier sums are obtained and their approximation properties in Cs,; and LZ%” are studied.
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OaraJjiay KeaTipiiared >kone ojapibid, Cor MeH L}%’r KEHICTIKTepiH/e KYbIKTay KAaCHeTTepl KapacThl-
pbLIFaH.
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ETEXtex-daiiyiom cTaThby WK MEPECTATH €ro SJIEKTPOHHON 110YTo# e-mail: journal@math.kz
(cm. obpazer; odopmitennst crarbu B http: / /www.math.kz/ B paszuesne "Maremarnueckuii
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— ne 6osee 1/4 crp. (0,5 MammMHONUCHOI CTp.).

6. HymepoBanubie (hpopMyJIbl clie/lyeT MUCATh B OTJAEIbHON CTPOKE.

7. CHncok JuTepaTyphbl COCTABIISIETC II0 MTOPSIIKY CCBLIOK B TeKcTe. IIpu cebliike Ha MOHOTPAdUIO
HEeOoOX0/IMMO yKa3arh crpanuily (Hampumep, [1, ¢.45]). Cebuiku Ha HeonyOJIMKOBaHHBIE PAOOTHI
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