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ÀÊÀÄÅÌÈÊ AÍ ÊÀÇÑÑÐ
ÎÐÛÌÁÅÊ ÀÕÌÅÒÁÅÊÎÂÈ× ÆÀÓÒÛÊÎÂ

Îðûìáåê Àõìåòáåêîâè÷ Æàóòûêîâ ðîäèëñÿ â ìàå 1911
ãîäà â àóëå � 2 Êîóíðàäñêîãî ðàéîíà Êàðàãàíäèíñêîé îá-
ëàñòè (íûíå Àêòîãàéñêèé ðàéîí Êàðàãàíäèíñêîé îáëàñòè).
Ñ 1920 ïî 1930 ãîäû ó÷èëñÿ ñíà÷àëà â àóëüíîé, çàòåì â
øêîëàõ I è II ñòóïåíåé ãîðîäà Êàðêàðàëèíñêà. Â 1934 ãîäó
îêîí÷èë ôèçèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò Êàçàõñêîãî ïå-
äàãîãè÷åñêîãî èíñòèòóòà èìåíè Àáàÿ è êàê îòëè÷íèê ó÷åáû
áûë îñòàâëåí ïðè èíñòèòóòå â êà÷åñòâå àññèñòåíòà. Â äàëü-
íåéøåì ðàáîòàë ñòàðøèì ïðåïîäàâàòåëåì, äîöåíòîì, çàâå-
äóþùèì êàôåäðîé, äåêàíîì ôèçèêî-ìàòåìàòè÷åñêîãî ôà-
êóëüòåòà è çàìåñòèòåëåì äèðåêòîðà èíñòèòóòà ïî íàó÷íî-
ó÷åáíîé ÷àñòè.

Íàó÷íóþ äåÿòåëüíîñòü Î.À.Æàóòûêîâ íà÷àë â Ëåíèí-
ãðàäå. Â 1939 ãîäó îí ïîñòóïèë â àñïèðàíòóðó Ëåíèíãðàä-
ñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà. Åãî íàó÷íûì ðóêî-
âîäèòåëåì áûë èçâåñòíûé ìàòåìàòèê, ïðîôåññîð È.Ï. Íà-

òàíñîí. Íàó÷íûå èíòåðåñû Î.À. Æàóòûêîâà ôîðìèðîâàëèñü ïîä âëèÿíèåì òàêèõ èçâåñòíûõ
ó÷åíûõ-ìàòåìàòèêîâ, êàê Â.È. Ñìèðíîâ, Ë.Â. Êàíòîðîâè÷, Í.Ï. Åðóãèí, Í.À. Àðòåìüåâ è
äðóãèõ. Íî íà÷àâøàÿñÿ 22 èþíÿ 1941 ã. Âåëèêàÿ Îòå÷åñòâåííàÿ âîéíà íå ïîçâîëèëà ïðîäîë-
æèòü ó÷åáó â àñïèðàíòóðå ËÃÓ. Ñ 1941 ãîäà íà÷àëîñü ïëîäîòâîðíîå íàó÷íîå ñîòðóäíè÷åñòâî
Î.À.Æàóòûêîâà ñ ïðèåõàâøèì èç Êàçàíè â Àëìà-Àòó Ê.Ï. Ïåðñèäñêèì � ïðîäîëæàòåëåì íà-
ó÷íûõ èäåé ïî òåîðèè óñòîé÷èâîñòè âûäàþùåãîñÿ ðóññêîãî ìàòåìàòèêà À.Ì.Ëÿïóíîâà. Îí
ñòàíîâèòñÿ îäíèì èç àêòèâíûõ ó÷àñòíèêîâ íàó÷íîãî ñåìèíàðà ïî òåîðèè óñòîé÷èâîñòè, îðãà-
íèçîâàííîãî Ê.Ï. Ïåðñèäñêèì, è â 1944 ãîäó óñïåøíî çàùèùàåò êàíäèäàòñêóþ äèññåðòàöèþ
íà òåìó "Íåêîòîðûå âîïðîñû òåîðèè óñòîé÷èâîñòè äâèæåíèÿ â ñìûñëå Ëÿïóíîâà", â êîòî-
ðîé îáîáùåíû òåîðåìû Ëÿïóíîâà è ×åòàåâà î íåóñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, à òàêæå ïîëó÷åí ðÿä ðåçóëüòàòîâ, ðàçâèâàþùèõ
èññëåäîâàíèÿ ïî óñòîé÷èâîñòè ðåøåíèé ïðèñîåäèíåííûõ ñèñòåì.

Â íà÷àëå 1945 ãîäà â ñîñòàâå äåëåãàöèè êàçàõñòàíñêèõ ó÷åíûõ Î.À. Æàóòûêîâ ïðèáûâàåò â
Ìîñêâó äëÿ óòâåðæäåíèÿ ñòðóêòóðû è øòàòà Àêàäåìèè íàóê Êàçàõñêîé ÑÑÐ íà áàçå ñóùåñòâî-
âàâøåãî ôèëèàëà Àêàäåìèè íàóê ÑÑÑÐ. Â ýòîò ïåðèîä â Ìîñêâå è Ëåíèíãðàäå îí âñòðå÷àåòñÿ
ñ àêàäåìèêàìè È.Ì. Âèíîãðàäîâûì, Â.È. Ñìèðíîâûì, È.Ã. Ïåòðîâñêèì è äðóãèìè ó÷åíûìè
äëÿ îáñóæäåíèÿ ïðîáëåì è òåìàòèêè áóäóùåãî Ñåêòîðà ìàòåìàòèêè è ìåõàíèêè, îòêðûòèå êî-
òîðîãî íàìå÷àëîñü â ðàìêàõ áóäóùåé Àêàäåìèè íàóê Êàçàõñêîé ÑÑÐ è ãîðÿ÷î ïîääåðæèâàëîñü
ýòèìè ìàòåìàòèêàìè. 1 ìàðòà 1945ã. Ñåêòîð ìàòåìàòèêè è ìåõàíèêè áûë îòêðûò.

Ïåðâîå âðåìÿ Î.À.Æàóòûêîâ ðàáîòàåò ñòàðøèì íàó÷íûì ñîòðóäíèêîì, à ñ 1951 ãîäà �
çàâåäóþùèì Ñåêòîðîì ìàòåìàòèêè è ìåõàíèêè. Â ýòè ãîäû îí áîëüøîå âíèìàíèå óäåëÿë ïîä-
ãîòîâêå âûñîêîêâàëèôèöèðîâàííûõ íàó÷íûõ è ïåäàãîãè÷åñêèõ êàäðîâ äëÿ ðåñïóáëèêè. Ïî åãî
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èíèöèàòèâå è àêòèâíîì ó÷àñòèè â öåíòðàëüíûå íàó÷íî - èññëåäîâàòåëüñêèå ó÷ðåæäåíèÿ è ÂÓ-
Çû áûëè íàïðàâëåíû ìíîãèå ìîëîäûå âûïóñêíèêè ÂÓÇîâ ðåñïóáëèêè, îñîáåííî ÊàçÃÓ èì.
Ñ.Ì.Êèðîâà è ÊàçÏÈ èì. Àáàÿ. Ïîëó÷åííûå èìè â âåäóùèõ íàó÷íûõ öåíòðàõ çíàíèÿ, íàó÷-
íûå íàïðàâëåíèÿ ÿâèëèñü îñíîâîé äàëüíåéøåãî ðàçâèòèÿ êàçàõñòàíñêîé ìàòåìàòèêè. Ìíîãèå
èç íèõ âïîñëåäñòâèè ñòàëè èçâåñòíûìè ó÷åíûìè è ñîçäàëè ñâîè íàó÷íûå øêîëû. Íàó÷íûå
èññëåäîâàíèÿ Î.À.Æàóòûêîâà â îñíîâíîì ñâÿçàíû ñ òåîðèåé áåñêîíå÷íûõ ñèñòåì äèôôåðåí-
öèàëüíûõ ñèñòåì. Â åãî ðàáîòàõ äîêàçàíî ñóùåñòâîâàíèå ïåðèîäè÷åñêèõ ðåøåíèé áåñêîíå÷íûõ
ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé è îáîáùåíà êëàññè÷åñêàÿ òåîðåìà Ïóàíêàðå îá àíàëè-
òè÷íîñòè ðåøåíèÿ ïî ïàðàìåòðó. Ðàçâèâàÿ êëàññè÷åñêèå èäåè Ïóàññîíà è Ãàìèëüòîíà - ßêîáè
íà ñ÷åòíûå êàíîíè÷åñêèå ñèñòåìû Î.À.Æàóòûêîâ äîêàçàë ñïðàâåäëèâîñòü ïðèíöèïà íàèìåíü-
øåãî äåéñòâèÿ äëÿ ñèñòåì ñ áåñêîíå÷íûì ÷èñëîì ñòåïåíåé ñâîáîäû. Âàæíûé âêëàä ñäåëàë
Î.À.Æàóòûêîâ â òåîðèþ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâî-
ãî ïîðÿäêà. Èì ðàçðàáîòàí ìåòîä, ïîçâîëÿþùèé ïîëó÷èòü ïðåäñòàâëåíèå ðåøåíèé â ñëó÷àå
ñ÷åòíîãî ÷èñëà íåçàâèñèìûõ ïåðåìåííûõ. Ðàçâèâàÿ èññëåäîâàíèÿ àêàäåìèêà È.Ã.Ïåòðîâñêîãî,
Î.À.Æàóòûêîâ ðàññìîòðåë âîïðîñ î êîððåêòíîñòè çàäà÷è Êîøè äëÿ áåñêîíå÷íûõ ñèñòåì óðàâ-
íåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà äâóõ íåçàâèñèìûõ ïåðåìåííûõ. Èì óñòàíîâëå-
íû óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Êîøè äëÿ ñ÷åòíîé ñèñòåìû óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà êîíå÷íîãî ÷èñëà íåçàâèñèìûõ ïåðåìåííûõ îáùåãî âèäà. Ðàñ-
ïðîñòðàíÿÿ ïðèíöèï óñðåäíåíèÿ Í.Í.Áîãîëþáîâà â íåëèíåéíîé ìåõàíèêå íà ñ÷åòíóþ ñèñòåìó
äèôôåðåíöèàëüíûõ óðàâíåíèé, îí äîêàçàë îáîáùåííóþ òåîðåìó îá èíòåãðàëüíîé íåïðåðûâ-
íîé çàâèñèìîñòè ðåøåíèé îò ïàðàìåòðà. Äîêòîðñêóþ äèññåðòàöèþ íà òåìó "Èññëåäîâàíèÿ ïî
òåîðèè ñ÷åòíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé" Î.À.Æàóòûêîâ çàùèòèë â 1961 ãî-
äó. Î.À.Æàóòûêîâ â ñâîèõ òðóäàõ áîëüøîå âíèìàíèå óäåëÿë ïðèáëèæåííûì ìåòîäàì ðåøå-
íèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé è èõ ïðèìåíåíèþ â ïðèêëàäíûõ çàäà÷àõ. Îí îáîñíîâàë
ïðèìåíèìîñòü ìåòîäà îïåðàöèîííîãî èñ÷èñëåíèÿ äëÿ íàõîæäåíèÿ òî÷íîãî è ïðèáëèæåííîãî
ðåøåíèé áåñêîíå÷íûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Åãî èññëåäîâàíèÿ ïî ðàçâèòèþ
ìåòîäîâ óêîðî÷åíèÿ, ìàëîãî ïàðàìåòðà è óñðåäíåíèÿ ïîçâîëèëè ðåøèòü çàäà÷è òåîðèè êîëå-
áàíèé ñèñòåì ñ áåñêîíå÷íûì ÷èñëîì ñòåïåíåé ñâîáîäû è ìíîãèå ïðîáëåìû áåñêîíå÷íûõ ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ è èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé.

Íå ìåíåå âàæíûå ðåçóëüòàòû ïîëó÷åíû Î.À. Æàóòûêîâûì ïðè èññëåäîâàíèè óñòîé÷èâî-
ñòè èíòåãðàëüíûõ ìíîãîîáðàçèé áåñêîíå÷íûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Îáîáùåí
ïðèíöèï ñâåäåíèÿ Ëÿïóíîâà è îáîñíîâàíî èñïîëüçîâàíèå ïðåîáðàçîâàíèÿ Ëàïëàñà äëÿ ïîñòðî-
åíèÿ ðåøåíèé ñ÷åòíûõ ñèñòåì.

Ðÿä åãî ðàáîò ïîñâÿùåí ïðèìåíåíèþ ìåòîäà ôóíêöèîíàëüíîãî àíàëèçà ê èññëåäîâàíèþ
çàäà÷ êîëåáàíèé ðàñïðåäåëåííûõ ñèñòåì. Èññëåäîâàíèÿ Î.À. Æàóòûêîâà, ïîñâÿùåííûå êîëå-
áàíèÿì ïðÿìîëèíåéíîãî ñòåðæíÿ ñ ó÷åòîì ðàññåÿíèÿ ýíåðãèè â ìàòåðèàëå, èñïîëüçóþòñÿ ìíî-
ãèìè àâòîðàìè â êà÷åñòâå ïðèëîæåíèÿ ìåòîäîâ ôóíêöèîíàëüíîãî àíàëèçà ê çàäà÷àì êîëåáàíèé
óïðóãèõ ñèñòåì.

Î.À.Æàóòûêîâ âïåðâûå ðàññìîòðåë êðàåâûå çàäà÷è äëÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, ñîäåðæàùèõ ñ÷åòíîå ÷èñëî ïàðàìåòðîâ. Òàêèå çàäà÷è ÷àñòî âîçíèêàþò â òåîðèè óïðàâ-
ëåíèÿ ïðè ïåðåâîäå óïðàâëÿåìîãî îáúåêòà â îïðåäåëåííîå ïîëîæåíèå. Îñîáåííîñòü óïðàâëå-
íèÿ ñèñòåìàìè, îáëàäàþùèìè áåñêîíå÷íûì ÷èñëîì ñòåïåíåé ñâîáîäû, ñîñòîèò â òîì, ÷òî äëÿ
íèõ áåç äîïîëíèòåëüíûõ óñëîâèé íå èìååò ìåñòà ïðèíöèï ýêñòðåìàëüíîñòè. Äëÿ òàêèõ ñèñòåì
Î.À.Æàóòûêîâûì íà îñíîâå ëèíåàðèçàöèè íåëèíåéíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé
ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîñòè. Ýòî ïîçâîëèëî çàäà÷ó îïòèìàëüíîãî óïðàâëå-
íèÿ ðàñïðåäåëåííûìè ïàðàìåòðàìè ñâåñòè ê çàäà÷å äëÿ áåñêîíå÷íîé ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé.

Èì ðàçðàáîòàí êîíñòðóêòèâíûé ìåòîä èññëåäîâàíèÿ êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé è íà åãî îñíîâå ïðîâåäåí âñåñòîðîííèé àíàëèç ïîâåäåíèÿ ïåðèîäè-
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÷åñêèõ ðåøåíèé óðàâíåíèé ñ ìàëûì ïàðàìåòðîì â êðèòè÷åñêèõ ñëó÷àÿõ.
Â 1974 ãîäó Î.À. Æàóòûêîâ ñîâìåñòíî ñ Ê.Ã. Âàëååâûì îïóáëèêîâàëè ìîíîãðàôèþ "Áåñ-

êîíå÷íûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé". Öåííîñòü ýòîé ìîíîãðàôèè çàêëþ÷àëàñü
â òîì, ÷òî â íåé áûëè ñîáðàíû ïîñëåäíèå äîñòèæåíèÿ òåîðèè áåñêîíå÷íûõ ñèñòåì äèôôå-
ðåíöèàëüíûõ óðàâíåíèé è ìíîãèå èç íèõ ïðèíàäëåæàëè àâòîðàì. Âïåðâûå â ìîíîãðàôèè áûëè
èçëîæåíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèé äëÿ ëèíåéíûõ è íåëèíåéíûõ áåñ-
êîíå÷íûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé, òåîðåìû î íåïðåðûâíîé çàâèñèìîñòè ðåøåíèé
îò ïàðàìåòðà, î ïðîäîëæèìîñòè ðåøåíèé. Òàêæå âñåñòîðîííå èññëåäîâàëèñü êà÷åñòâåííûå âî-
ïðîñû áåñêîíå÷íûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì.

Êíèãà ïîëó÷èëà øèðîêîå ïðèçíàíèå íå òîëüêî â ÑÑÑÐ, íî è çà ðóáåæîì. Çà ýòó ðàáîòó
Î.À.Æàóòûêîâ â 1976 ãîäó áûë óäîñòîåí çâàíèÿ ëàóðåàòà Ãîñóäàðñòâåííîé ïðåìèè Êàçàõñêîé
ÑÑÐ â îáëàñòè íàóêè è òåõíèêè.

Íàó÷íûå ðåçóëüòàòû, ïîëó÷åííûå èì ïðè èññëåäîâàíèè íà÷àëüíûõ è êðàåâûõ çàäà÷ äëÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì, ïðèâîäÿòñÿ â ìîíîãðàôèÿõ ðàç-
ëè÷íûõ àâòîðîâ, îïóáëèêîâàííûõ â ÑÑÑÐ è çà ðóáåæîì. Òåîðåìû Î.À. Æàóòûêîâà îá óñðåä-
íåíèè è óêîðî÷åíèè ñ÷åòíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé, à òàêæå èõ ïðèëîæå-
íèÿ ê ðåøåíèþ çàäà÷ êîëåáàíèé óïðóãèõ ñèñòåì, îïèñûâàåìûõ óðàâíåíèÿìè â ÷àñòíûõ ïðî-
èçâîäíûõ ÷åòâåðòîãî ïîðÿäêà, ïðèâîäÿòñÿ â ìîíîãðàôèÿõ àêàäåìèêà Þ.À. Ìèòðîïîëüñêî-
ãî "Ìåòîä óñðåäíåíèÿ â íåëèíåéíîé ìåõàíèêå" (Êèåâ: Íàóêîâà äóìêà, 1971), "Àñèìïòîòè÷å-
ñêèå ìåòîäû ðåøåíèÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ" (Êèåâ: Âèùà øêîëà, 1979, ñîàâòîð
Á.È.Ìîñååíêîâ).

Âêëàä Î.À.Æàóòûêîâà â ðàçâèòèå ìàòåìàòè÷åñêîé íàóêè â ïîëíîé ìåðå îòðàæåí â ñáîðíè-
êàõ "Ìàòåìàòèêà â ÑÑÑÐ çà 40 ëåò", "Ìàòåìàòèêà â ÑÑÑÐ çà 50 ëåò", "Ìåõàíèêà â ÑÑÑÐ çà 50
ëåò", ïîäûòîæèâàþùèõ äîñòèæåíèÿ â îáëàñòè ìàòåìàòèêè è ìåõàíèêè, â "Èñòîðèè îòå÷åñòâåí-
íîé ìàòåìàòèêè" ñ äðåâíåéøèõ âðåìåí äî íàøèõ äíåé â ïÿòè òîìàõ, â êíèãå "Áèîãðàôè÷åñêèé
ñëîâàðü äåÿòåëåé íàóêè â îáëàñòè ìàòåìàòèêè".

Çà ôóíäàìåíòàëüíûå èññëåäîâàíèÿ â îáëàñòè òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé è çà
çíà÷èòåëüíûé âêëàä â ðàçâèòèå ìàòåìàòè÷åñêîé íàóêè îí â 1962 ãîäó áûë èçáðàí äåéñòâèòåëü-
íûì ÷ëåíîì Àêàäåìèè íàóê Êàçàõñêîé ÑÑÐ. Àêàäåìèê Î.À.Æàóòûêîâ áûë ó÷àñòíèêîì ìíî-
ãèõ êîíãðåññîâ, ñúåçäîâ, êîíôåðåíöèé, ñèìïîçèóìîâ, ïîñâÿùåííûõ îáñóæäåíèþ ñîâðåìåííûõ
ïðîáëåì ìàòåìàòèêè è ìåõàíèêè, ïðîõîäèâøèõ â Ñîâåòñêîì Ñîþçå è çà ðóáåæîì. Ïðèçíàíè-
åì íàó÷íîé è ïðàêòè÷åñêîé öåííîñòè ïðîâåäåííûõ Î. À. Æàóòûêîâûì èññëåäîâàíèé ÿâèëîñü
ïðèñâîåíèå åìó â 1974 ã. çâàíèÿ Çàñëóæåííîãî äåÿòåëÿ íàóêè Êàçàõñêîé ÑÑÐ.

Íàðÿäó ñ îãðîìíîé íàó÷íî-èññëåäîâàòåëüñêîé äåÿòåëüíîñòüþ àêàäåìèê Î.À. Æàóòûêîâ
óäåëÿë ïîñòîÿííîå âíèìàíèå ïîäãîòîâêå êàäðîâ ïî ìàòåìàòèêå è ìåõàíèêå. Ïîä åãî ðóêî-
âîäñòâîì çàùèùåíû 15 êàíäèäàòñêèõ äèññåðòàöèé. Áîëåå ïÿòèäåñÿòè ëåò îí íåïðåðûâíî âåë
ïåäàãîãè÷åñêóþ ðàáîòó. Åãî èíòåðåñíûå, ãëóáîêî ñîäåðæàòåëüíûå è ìàñòåðñêè ÷èòàåìûå ëåê-
öèè ñëóøàëè ñòóäåíòû ÊàçÏÈ, ÊàçÃÓ, ÊàçÏÒÈ, ÊàçÆåíÏÈ. Îí íàïèñàë ïåðâûé ó÷åáíèê ïî
ìàòåìàòè÷åñêîìó àíàëèçó íà êàçàõñêîì ÿçûêå, èçäàííûé â 1958 ãîäó, êîòîðûé ñòàë âàæíûì
ñîáûòèåì â æèçíè âûñøåé øêîëû Êàçàõñòàíà. Åãî îïûò ñîçäàíèÿ ó÷åáíèêà íà êàçàõñêîì ÿçû-
êå ñïîñîáñòâîâàë ïîÿâëåíèþ àíàëîãè÷íûõ ó÷åáíèêîâ íà íàöèîíàëüíûõ ÿçûêàõ â ðÿäå ñîþçíûõ
ðåñïóáëèê.

Î.À.Æàóòûêîâ áûë êðóïíûì ñïåöèàëèñòîì ïî èñòîðèè è ìåòîäîëîãèè ìàòåìàòèêè, ïî-
ñëåäîâàòåëüíûì ïîïóëÿðèçàòîðîì ìàòåìàòè÷åñêèõ çíàíèé. Òàê îí â 1978 ãîäó íàïèñàë êíè-
ãó "Ìàòåìàòèêà è íàó÷íî-òåõíè÷åñêèé ïðîãðåññ", ãäå â äîñòóïíîé ôîðìå áûëè èçëîæåíû
ìàòåìàòè÷åñêèå çàäà÷è, îêàçàâøèå ñóùåñòâåííîå âëèÿíèå íà íàó÷íî-òåõíè÷åñêèé ïðîãðåññ.
Î.À.Æàóòûêîâ âûïóñòèë íà êàçàõñêîì ÿçûêå ïåðâîå ó÷åáíîå ïîñîáèå ïî îáûêíîâåííûì äèô-
ôåðåíöèàëüíûì óðàâíåíèÿì â äâóõ ÷àñòÿõ (1950 è 1952 ãã.), î÷åðêè î âûäàþùèõñÿ ðóññêèõ
ìàòåìàòèêàõ (1956 ã.), êíèãè "Îò óñòíîãî ñ÷åòà ê ìàøèííîé ìàòåìàòèêå"(1959 ã.), "Èñòîðèÿ
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ðàçâèòèÿ ìàòåìàòèêè ñ äðåâíåéøèõ âðåìåí äî íà÷àëà XII âåêà"(1967 ã.), ó÷åáíîå ïîñîáèå äëÿ
ó÷èòåëåé "Ââåäåíèå â âûñøóþ ìàòåìàòèêó"(1984 ã.).

Àêàäåìèê Î.À. Æàóòûêîâ áûë ÷åëîâåêîì íåóñòàííîãî, ïëîäîòâîðíîãî òðóäà. Èì îïóáëè-
êîâàíî îêîëî 200 íàó÷íûõ, íàó÷íî-ïîïóëÿðíûõ, ìåòîäè÷åñêèõ ðàáîò, ó÷åáíèêîâ è ó÷åáíûõ ïî-
ñîáèé, æóðíàëüíûõ è ãàçåòíûõ ñòàòåé.

Óñèëèÿ Îðûìáåêà Àõìåòáåêîâè÷à Æàóòûêîâà ïî ðàçâèòèþ ìàòåìàòè÷åñêîé íàóêè â ðåñ-
ïóáëèêå, åãî íåóñòàííàÿ çàáîòà î ìîëîäûõ âûñîêîêâàëèôèöèðîâàííûõ êàäðàõ è åãî âûñîêèé
àâòîðèòåò ñðåäè ó÷åíûõ-ìàòåìàòèêîâ ïîçâîëèë â 1965 ãîäó íà áàçå Ñåêòîðà ìàòåìàòèêè è ìå-
õàíèêè îòêðûòü Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè Àêàäåìèè íàóê Êàçàõñêîé ÑÑÐ.

Ñ 1969 ïî 1985 ãîäû Î.À.Æàóòûêîâ âîçãëàâëÿë Îòäåëåíèå ôèçèêî-ìàòåìàòè÷åñêèõ íàóê,
çàíèìàÿ äîëæíîñòü àêàäåìèêà-ñåêðåòàðÿ è ÿâëÿÿñü ÷ëåíîì Ïðåçèäèóìà ÀÍ ÊàçÑÑÐ. Ìíîãèå
ãîäû îí ðóêîâîäèë Îáúåäèíåííûì ó÷åíûì ñîâåòîì, à çàòåì ñïåöèàëèçèðîâàííûì ñîâåòîì ïî
çàùèòå êàíäèäàòñêèõ äèññåðòàöèé. Áûë ïðåäñåäàòåëåì ïðîáëåìíîãî ñîâåòà ïî ìàòåìàòèêå ïðè
Îòäåëåíèè ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðåäñåäàòåëåì ìåòîäîëîãè÷åñêîãî ñåìèíàðà ïðè Èí-
ñòèòóòå ìàòåìàòèêè è ìåõàíèêè è ïðåäñåäàòåëåì íàó÷íî-ìåòîäè÷åñêîãî ñîâåòà ïðè ïðàâëåíèè
ðåñïóáëèêàíñêîãî îáùåñòâà "Çíàíèå" ïî ïðîïàãàíäå ôèçèêî-ìàòåìàòè÷åñêèõ çíàíèé.

Îí ÿâëÿëñÿ ðåäàêòîðîì ðÿäà òåìàòè÷åñêèõ ñáîðíèêîâ: "Äèôôåðåíöèàëüíûå óðàâíåíèÿ è
èõ ïðèìåíåíèå", "Ôóíêöèîíàëüíûé àíàëèç è ìàòåìàòè÷åñêàÿ ôèçèêà", ÷ëåíîì ðåäêîëëåãèè,
à çàòåì çàìåñòèòåëåì ãëàâíîãî ðåäàêòîðà æóðíàëà "Èçâåñòèÿ ÀÍ ÊàçÑÑÐ. Ñåðèÿ ôèçèêî-
ìàòåìàòè÷åñêàÿ", ÷ëåíîì ðåäêîëëåãèè æóðíàëà "Âåñòíèê ÀÍ ÊàçÑÑÐ". Ïîä åãî ðåäàêöèåé
âûïóùåí ðÿä ìîíîãðàôèé.

Îñîçíàâàÿ, ÷òî çàâòðà âóçîâñêóþ àóäèòîðèþ çàïîëíÿò ñåãîäíÿøíèå øêîëüíèêè, îí óäå-
ëÿë îñîáîå âíèìàíèå ñîâåðøåíñòâîâàíèþ ôèçèêî-ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ â øêîëàõ ðåñ-
ïóáëèêè, íåîäíîêðàòíî âûñòóïàë ñ äîêëàäàìè, ëåêöèÿìè ïî ïðîáëåìàì ïðåïîäàâàíèÿ ïåðåä
ó÷èòåëÿìè ã. Àëìà-Àòû è íà ðåñïóáëèêàíñêèõ ñîâåùàíèÿõ, êóðñàõ ïîâûøåíèÿ êâàëèôèêà-
öèè ó÷èòåëåé. Î.À.Æàóòûêîâ ïðèëîæèë íåìàëî óñèëèé äëÿ îðãàíèçàöèè Ðåñïóáëèêàíñêîé
ôèçèêî-ìàòåìàòè÷åñêîé øêîëû â ã. Àëìà-Àòå, êîòîðàÿ òåïåðü íîñèò åãî èìÿ. Îí íå ðàç âû-
ñòóïàë ïåðåä ó÷àùèìèñÿ ýòîé øêîëû ñ ïîïóëÿðíûìè ëåêöèÿìè ïî ýëåìåíòàðíîé ìàòåìàòèêå.
Ñåãîäíÿ íåìàëî âûïóñêíèêîâ ýòîé øêîëû ñòàëè èçâåñòíûìè ó÷åíûìè, çàíèìàþò îòâåòñòâåííûå
ãîñóäàðñòâåííûå ïîñòû è ïëîäîòâîðíî òðóäÿòñÿ íà áëàãî íåçàâèñèìîãî Êàçàõñòàíà.

Â ñâîå âðåìÿ ïî åãî èíèöèàòèâå â Àëìàòû áûëà îðãàíèçîâàíà Ìàëàÿ àêàäåìèÿ íàóê äëÿ
øêîëüíèêîâ, ïî÷åòíûì ïðåçèäåíòîì êîòîðîé îí áûë äîëãèå ãîäû.

Âûäàþùèéñÿ ó÷åíûé, çàìå÷àòåëüíûé ïåäàãîã, òàëàíòëèâûé îðãàíèçàòîð íàóêè, àêàäåìèê
ÀÍ ÊàçÑÑÐ, äîêòîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîð, ëàóðåàò Ãîñóäàðñòâåííîé ïðå-
ìèè ÊàçÑÑÐ Îðûìáåê Àõìåòáåêîâè÷ Æàóòûêîâ 16 ìàÿ 1989 ã. óøåë èç æèçíè.

Çà áîëüøèå çàñëóãè â ñîçäàíèè è ðàçâèòèè ìàòåìàòè÷åñêîé íàóêè, ïîäãîòîâêå íàó÷íî-
ïåäàãîãè÷åñêèõ êàäðîâ è â ñîâåðøåíñòâîâàíèè ôèçèêî-ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ â Êàçàõ-
ñòàíå Î.À.Æàóòûêîâ íàãðàæäåí Îðäåíîì Îêòÿáðüñêîé ðåâîëþöèè, äâóìÿ îðäåíàìè "Çíàê
Ïî÷åòà", ìíîãèìè ìåäàëÿìè, ãðàìîòàìè è Ïî÷åòíîé ãðàìîòîé Âåðõîâíîãî Ñîâåòà Êàçàõñêîé
ÑÑÐ.

Ñîâåò Ìèíèñòðîâ Êàçàõñêîé ÑÑÐ ïðèíÿë ïîñòàíîâëåíèå îá óâåêîâå÷åíèè ïàìÿòè ó÷åíîãî.
Èìÿ Î.À.Æàóòûêîâà ïðèñâîåíî Ðåñïóáëèêàíñêîé ôèçèêî-ìàòåìàòè÷åñêîé øêîëå â ã. Àëìà-
Àòå è ñðåäíåé øêîëå �1 â ã. Êàðêàðàëèíñêå. Óñòàíîâëåíà ìåìîðèàëüíàÿ äîñêà íà äîìå, ãäå
æèë Î.À.Æàóòûêîâ. Â ÿíâàðå 2005 ãîäà â ñòåíàõ Ðåñïóáëèêàíñêîé ôèçèêî-ìàòåìàòè÷åñêîé
øêîëû èìåíè Î.À.Æàóòûêîâà ïðîøëà Ïåðâàÿ ìåæäóíàðîäíàÿ æàóòûêîâñêàÿ îëèìïèàäà ïî
ìàòåìàòèêå è ôèçèêå, â êîòîðîé ó÷àñòâîâàëè îêîëî 200 øêîëüíèêîâ èç 15 ñòðàí. Â ýòîì ãîäó
óæå ñîñòîÿëàñü ñåäüìàÿ ìåæäóíàðîäíàÿ æàóòûêîâñêàÿ îëèìïèàäà ïî ìàòåìàòèêå, ôèçèêå è
èíôîðìàòèêå.

Â íàñòîÿùåå âðåìÿ íàó÷íûå èäåè è íàïðàâëåíèÿ Î.À. Æàóòûêîâà óñïåøíî ðàçâèâàþòñÿ
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åãî ó÷åíèêàìè è ïîñëåäîâàòåëÿìè.
Â ãîä 100-ëåòíåãî þáèëåÿ àêàäåìèêà Î.À.Æàóòûêîâà âñå ÿð÷å âèäíà åãî ðîëü â ñòàíîâëåíèè

è ðàçâèòèè êàçàõñòàíñêîé ìàòåìàòè÷åñêîé íàóêè è âûñøåãî îáðàçîâàíèÿ.

Ñïèñîê òðóäîâ Î.À. Æàóòûêîâà

1. Íåêîòîðûå òåîðåìû óñòîé÷èâîñòè äâèæåíèÿ, Èçâ. ÀÍ ÊàçÑÑÐ. Ñåð. ìàòåì. è ìåõ, 1947,
âûï. 1, Ñ. 88 � 100.

2. Çàäà÷à Êîøè äëÿ ñ÷åòíîé ñèñòåìû óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè, Èçâ. ÀÍ Êàç-
ÑÑÐ, Ñåð. ìàòåì. è ìåõ., 1949, âûï. 3, Ñ. 85 � 90.

3. Æàé äèôôåðåíöèàëäû© òå­äåóëåð. Æî¡àðû î©ó îðûíäàðûíà àðíàë¡àí î©óëû©, I-á°ëiì,
Àëìàòû, 1950, 52 á.

4. Îðûñ õàë©ûíû­ ´ëû ìàòåìàòèãi Àëåêñàíäð Ìèõàéëîâè÷ Ëÿïóíîâ, Àëìàòû, 1950.
5. Ìàòåìàòèêà æºíå îíû­ äàìóû, Àëìàòû, 1951.
6. Çàäà÷à Êîøè äëÿ ñ÷åòíîé ñèñòåìû óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè n-ãî ïîðÿäêà,

Èçâ. ÀÍ ÊàçÑÑÐ, Ñåð. ìàòåì. è ìåõ., 1951, âûï. 5, Ñ. 142 � 153.
7. Æàé äèôôåðåíöèàëäû© òå­äåóëåð. Æî¡àðû î©ó îðûíäàðûíà àðíàë¡àí î©óëû©, II-á°ëiì,

Àëìàòû, 1952.
8. Çàäà÷à Êîøè â ëèíåéíîì íîðìèðîâàííîì ïðîñòðàíñòâà, Èçâ. ÀÍ ÊàçÑÑÐ, Ñåð. àñòðîíî-

ìèè, ôèçèêè, ìàòåì. è ìåõ., 1952, âûï. 1, Ñ. 81 � 87.
9. Êîíñòàíòèí Ïåòðîâè÷ Ïåðñèäñêèé (Ê 50-ëåòèþ ñî äíÿ ðîæäåíèÿ), Óñïåõè ìàòåìàòè÷å-

ñêèõ íàóê, 1954, Ò. 9, âûï. 1, Ñ. 151 � 154.
10. Êðàòêèé îáçîð ðàçâèòèÿ òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-

íûìè. Ê 220-ëåòèþ ñî äíÿ ïîÿâëåíèÿ òåîðèè óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ, Âåñòíèê ÀÍ
ÊàçÑÑÐ, 1955, �7, Ñ. 4 � 19.

11. Ê âîïðîñó î ïîñòðîåíèè èíòåãðàëîâ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïî-
ðÿäêà ñ÷åòíîãî ìíîæåñòâà íåçàâèñèìûõ ïåðåìåííûõ, Èçâ. ÀÍ ÊàçÑÑÐ, Ñåð. ìàòåì. è ìåõ.,
1956, âûï. 4, Ñ. 48 � 69.

12. Îáîáùåíèå ñêîáîê Ïóàññîíà äëÿ ôóíêöèé ñ÷åòíîãî ìíîæåñòâà ïåðåìåííûõ, Ìàòåì. ñáîð-
íèê ÀÍ ÑÑÑÐ, Íîâàÿ ñåðèÿ, 1957, Ò. 43, âûï. 1, Ñ. 29 � 36.

13. Ïî ïîâîäó ðåøåíèÿ îäíîé çàäà÷è òåîðèè ôèëüòðàöèè, Èçâ. ÀÍ ÊàçÑÑÐ, Ñåð. ìàòåì. è
ìåõ., 1957, âûï. 6, Ñ. 46 � 50.

14. Ìàòåìàòèêàëû© àíàëèç êóðñû: Ïåäèíñòèòóòòàðäû­ ôèçèêà-ìàòåìàòèêà ôàêóëüòåò-
òåð3íå àðíàë¡àí î©óëû©, Àëìàòû, 1958.

15. Æàé ñàíàóäàí ìàøèíàëû© ìàòåìàòèêà¡à æåòó (Ìàòåìàòèêàíû­ äàìó òàðèõûíàí), Àë-
ìàòû, 1959.

16. Î ñ÷åòíîé ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé, ñîäåðæàùåé ïåðåìåííûå ïàðàìåòðû,
Ìàòåì. ñáîðíèê ÀÍ ÑÑÑÐ, Íîâàÿ ñåðèÿ, 1959, Ò. 49, âûï. 3, Ñ. 317 � 330.

17. Ê ïîñòðîåíèþ õàðàêòåðèñòèê óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ñ÷åò-
íîãî ìíîæåñòâà ïåðåìåííûõ íà îñíîâå ìåòîäà ðåäóêöèè, Èçâåñòèÿ âûñø. ó÷åá. çàâåäåíèé, Ìà-
òåìàòèêà, 1960, �3, C. 127 � 142.

18. Ðåøåíèå êðàåâîé çàäà÷è äëÿ áåñêîíå÷íîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé, Óêðàèíñêèé ìàòåìàòè÷åñêèé æóðíàë, 1960, Ò. 12, �2, Ñ. 157 � 164.

19. Î ðàñïðîñòðàíåíèè òåîðåìû Ãàìèëüòîíà-ßêîáè íà áåñêîíå÷íóþ êàíîíè÷åñêóþ ñèñòåìó
óðàâíåíèé, Ìàòåì. ñáîðíèê ÀÍ ÑÑÑÐ, Íîâàÿ ñåðèÿ, 1961, Ò. 53, âûï. 1, Ñ. 313 � 328.

20. Íåêîòîðûå âîïðîñû òåîðèè ñ÷åòíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé, Di�erential
Equations. Teil Appelications equadi�. Praga, 1962, Vol. 11, P. 72 � 73.

21. Ê øåñòèäåñÿòèëåòèþ Êîíñòàíòèíà Ïåòðîâè÷à Ïåðñèäñêîãî, Óñïåõè ìàòåìàòè÷åñêèõ íà-
óê, 1963, Ò. 18, âûï. 6, Ñ. 241 (ñîâìåñòíî ñ Ã.Í. Áàãàóòäèíîâûì).

Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 2 (40)



10

22. Ïðèíöèï óñðåäíåíèÿ â íåëèíåéíîé ìåõàíèêå ïðèìåíèòåëüíî ê ñ÷åòíûì ñèñòåìàì óðàâ-
íåíèé, Óêðàèíñêèé ìàòåìàòè÷åñêèé æóðíàë, 1965, Ò. 17, �1, Ñ. 39 � 46.

23. Ñ÷åòíûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé è èõ ïðèìåíåíèå, Äèôôåðåíöèàëüíûå
óðàâíåíèÿ, 1965, Ò. 1, �2, Ñ. 162 � 170.

24. Î ïðèìåíåíèè íåÿâíûõ ôóíêöèé ê ðåøåíèþ êðàåâûõ çàäà÷ äëÿ áåñêîíå÷íûõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé, Di�erential Equations, Teil Appelications equadi�, Bratislawa,
1966, Vol. 11, P. 48 � 50.

25. Ìàòåìàòèêàíû­ äàìó òàðèõû (Åðòå çàìàííàí 17 ¡àñûð¡à äåéií), Àëìàòû, 1967.
26. Êîìïëåêñ ñàíäàð æºíå îëàðäû­ ïðàêòèêàëû© ìà­ûçû, Àëìàòû, 1969.
27. Ðîëü ìàòåìàòèêè â ðàçâèòèè åñòåñòâîçíàíèÿ è òåõíèêè, Àëìà-Àòà, 1970.
28. Îá îäíîé çàäà÷å òåîðèè ôèëüòðàöèè, Èçâ. ÀÍ ÊàçÑÑÐ, Ñåð. ôèç.-ìàòåì., 1971, �3, Ñ.

37 � 39 (ñîâìåñòíî ñ À. Áóëåêáàåâûì).
29. Î ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îòêëîíÿþùèìñÿ

àðãóìåíòîì, Èçâ. ÀÍ ÊàçÑÑÐ, Ñåð. ôèç.-ìàòåì., 1972, �5, Ñ. 7 � 13 (ñîâìåñòíî ñ Â.Ã. Áðîäîâ-
ñêèì).

30. Ðàçâèòèå ôèçèêî-ìàòåìàòè÷åñêèõ íàóê â Êàçàõñòàíå, Âåñòíèê ÀÍ ÊàçÑÑÐ, 1973, �1,
Ñ. 36 � 43.

31. Áåñêîíå÷íûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, Àëìà-Àòà, 1974 (ñîâìåñòíî ñ Ê.Ã.
Âàëååâûì).

32. Èç èñòîðèè ðàçâèòèÿ ìàòåìàòèêè â Àêàäåìèè íàóê, Èçâ. ÀÍ ÊàçÑÑÐ, Ñåð. ôèç.-ìàòåì.,
1974, �3, Ñ. 1 � 7.

33. À©è©àòòû òàíûï-áiëóäåãi ìàòåìàòèêàíû­ ðîëi, Àëìàòû, 1975.
34. Ðîëü ìàòåìàòèêè â ïîçíàíèè äåéñòâèòåëüíîñòè, Àëìà-Àòà, 1975.
35. Î íåêîòîðûõ ðåçóëüòàòàõ èññëåäîâàíèé ïî òåîðèè áåñêîíå÷íûõ ñèñòåì äèôôåðåíöèàëü-

íûõ óðàâíåíèé, Applied mathematics, So�a, 1976, Vol. 11, �1, P. 35 � 42.
36. Î ðàçðåøèìîñòè ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ

îòêëîíÿþùèìñÿ àðãóìåíòîì, Bulletinal institutului politechnic din, Tasi tomul XXII (XXVI), Fase
3-4, Secjia 1 (Matematica, teoretica Fizica), 1976, P. 75 � 79.

37. Î ïðèìåíåíèè ìåòîäà óêîðî÷åíèÿ ê çàäà÷àì êîëåáàíèé óïðóãèõ ñèñòåì, Annuaire des
ecoley Superieures Mechanique technique, So�a, 1977, Vol. XII, 1-2-eme, P. 9 � 13.

38. Êðèâûå âòîðîãî ïîðÿäêà, Êâàíò, 1977, �8, Ñ. 22 � 26.
39. Ìàòåìàòèêà è íàó÷íî-òåõíè÷åñêèé ïðîãðåññ, Àëìà-Àòà, 1978.
40. Íåïðåðûâíàÿ çàâèñèìîñòü îò ïàðàìåòðà è óñòîé÷èâîñòè ðåøåíèé ñ÷åòíûõ ñèñòåì äèô-

ôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñëåäåéñòâèåì, Âåñòíèê ÀÍ ÊàçÑÑÐ, 1981, �11, Ñ. 57 � 62.
41. Ìåòîä áåñêîíå÷íûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â çàäà÷àõ êîëåáàíèé ñèñòåì

ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, Èçâ. ÀÍ ÊàçÑÑÐ. Ñåð. ôèç.-ìàòåì., 1982, �5, Ñ. 75 � 79.
42. Ôóíêöèîíàëüíî-àíàëèòè÷åñêèé ìåòîä â çàäà÷àõ åñòåñòâåííî-òåõíè÷åñêèõ íàóê, Äèôôå-

ðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèìåíåíèå, Ðóññå, 1982, Ñ. 298 � 309.
43. Îá îäíîé çàäà÷å äëÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà, Èçâ. ÀÍ

ÊàçÑÑÐ, Ñåð. ôèç.-ìàòåì., 1983, �3, Ñ. 31 � 34 (ñîâìåñòíî ñ Ä.Ñ. Äæóìàáàåâûì).
44. Îïûò ðàáîòû ôèçèêî-ìàòåìàòè÷åñêîãî îòäåëåíèÿ Ìàëîé àêàäåìèè íàóê øêîëüíèêîâ

Êàçàõñòàíà, Àëìà-Àòà, 1983 (ñîâìåñòíî Â.Ã. Ãðèùåíêî è Ã.Â. Áåëÿíñêîé).
45. Æî¡àðû ìàòåìàòèêà¡à êiðiñïå: Ì´¡àëiìäåðãå ê°ìåêøi ©´ðàë, Àëìàòû, 1984.
46. Ìàòåìàòèêà íà ñëóæáå íàó÷íî-òåõíè÷åñêîãî ïðîãðåññà, Àëìà-Àòà, 1984.
47. Äèôôåðåíöèàëäû© òå­äåóëåðäi­ ©îëäàíûëóû òóðàëû º­ãiìå, Àëìàòû, 1986.
48. Ìåòîä áåñêîíå÷íûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â çàäà÷àõ êîëåáàíèé ñèñòåì

ñ ðàñïðåäåëåííûìè ïàðàìåòðàìè, Óñïåõè ìåõàíèêè, 1986, Ò. 9, �1, Ñ. 65 � 91.
49. Ìåòîäû ìàòåìàòèêè â åñòåñòâåííî-òåõíè÷åñêèõ íàóêàõ, Àëìà-Àòà, 1987.
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50. Æàóòûêîâ Î.À., Äæóìàáàåâ Ä.Ñ. Ðåøåíèå êðàåâûõ çàäà÷ íà îñíîâå ìîäèôèêàöèè ìåòî-
äà Íüþòîíà-Êàíòîðîâè÷à, Èçâ. ÀÍ ÊàçÑÑÐ, Ñåð. ôèç.-ìàòåì., 1987, �5, Ñ. 19 � 29 (ñîâìåñòíî
ñ Ä.Ñ. Äæóìàáàåâûì).

51. Æàóòûêîâ Î.À., Æàðêûíáàåâ Ñ., Æóêîâñêèé Â.È. Äèôôåðåíöèàëüíûå èãðû íåñêîëü-
êèõ ëèö (ñ çàïàçäûâàíèåì âðåìåíè), Àëìà-Àòà, 1988 (ñîâìåñòíî ñ Ñ. Æàðêûíáàåâûì è Â.È.
Æóêîâñêèì).

52. Ìåòîäû ìàòåìàòèêè â ïîçíàíèè äåéñòâèòåëüíîñòè. Ìàòåìàòèçàöèÿ íàóêè: ñîöèîêóëü-
òóðíûå è ìåòîäîëîãè÷åñêèå ïðîáëåìû, Àëìà-Àòà, 1990, Ñ. 61 � 86.

Ä.Ñ. Äæóìàáàåâ
Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ,
ã. Àëìàòû.
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×ËÅÍ-ÊÎÐÐÅÑÏÎÍÄÅÍÒ ÀÍ ÊÀÇÑÑÐ
ÅÍÃÂÀÍ ÈÍÑÓÃÎÂÈ× ÊÈÌ

Â íîÿáðå ýòîãî ãîäà èñïîëíÿåòñÿ 100 ëåò ñî äíÿ ðîæ-
äåíèÿ âûäàþùåãîñÿ ìàòåìàòèêà, ïîëîæèâøåãî íà÷àëî ðàç-
âèòèÿ òåîðèè óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè â Êà-
çàõñòàíå, ÷ëåí-êîððåñïîíäåíòà ÀÍ Êàçàõñêîé ÑÑÐ, Çàñëó-
æåííîãî äåÿòåëÿ íàóêè Êàçàõñêîé ÑÑÐ, äîêòîðà ôèçèêî-
ìàòåìàòè÷åñêèõ íàóê, ïðîôåññîðà Åíãâàíà Èíñóãîâè÷à Êè-
ìà.

Åíãâàí Èíñóãîâè÷ Êèì ðîäèëñÿ 12 íîÿáðÿ 1911 ãîäà â
ñåëå Óñòü-Ñèäèìè Õàñàíñêîãî ðàéîíà Ïðèìîðñêîãî êðàÿ â
ñåìüå æåëåçíîäîðîæíèêà. Â 1929 ã. ïîñëå îêîí÷àíèÿ ñåìè-
ëåòíåé øêîëû îí ïîñòóïèë â Íèêîëüñêî-Óññóðèéñêèé ïåäà-
ãîãè÷åñêèé òåõíèêóì íà ìàòåìàòè÷åñêîå îòäåëåíèå. Çàêîí-
÷èâ â 1932 ã. òåõíèêóì, îí ðåøèë ïðîäîëæèòü ó÷åáó, è â
ýòîì æå ãîäó Åíãâàí Èíñóãîâè÷ åäåò ñ Äàëüíåãî Âîñòîêà
â Ìîñêâó, â Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.
Ì.Â. Ëîìîíîñîâà, íà ìåõàíèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò.

Ïðè ïîñòóïëåíèè â ÌÃÓ îí ïðîÿâèë ñâîè íåçàóðÿäíûå ñïîñîáíîñòè è ìàòåìàòè÷åñêóþ ïîäãî-
òîâêó, è åãî çà÷èñëèëè â óíèâåðñèòåò. Çà êîðîòêèé ïðîìåæóòîê âðåìåíè îí ñòàíîâèòñÿ îäíèì
èç ëó÷øèõ ñòóäåíòîâ óíèâåðñèòåòà. Îí î÷åíü ìíîãî çàíèìàåòñÿ, ïîñåùàåò íàó÷íûå ñåìèíà-
ðû ïîä ðóêîâîäñòâîì À.Í.Òèõîíîâà è Ñ.Ë.Ñîáîëåâà, çíàêîìèòñÿ ñ íîâûìè ìàòåìàòè÷åñêèìè
íàïðàâëåíèÿìè, àêòóàëüíûìè ïðîáëåìàìè òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé.

Â 1937 ã. Å.È. Êèì ñ îòëè÷èåì çàêàí÷èâàåò ÌÃÓ. Ñ 1937 ã. ïî 1945 ã. ðàáîòàåò â Êûçûë-
Îðäèíñêîì ïåäèíñòèòóòå, çàíèìàÿ ðàçëè÷íûå ïðåïîäàâàòåëüñêèå è àäìèíèñòðàòèâíûå äîëæ-
íîñòè. Åãî ïåðâûå íàó÷íûå ðàáîòû ïîñâÿùåíû çàäà÷å Ãèëüáåðòà â ìíîãîñâÿçíûõ îáëàñòÿõ,
ïðåäëîæåííîé åìó Ñ.Ë. Ñîáîëåâûì. Â 1942 ã. îí çàùèùàåò êàíäèäàòñêóþ äèññåðòàöèþ ïî ýòîé
òåìå â Ó÷åíîì ñîâåòå Îáúåäèíåííîãî Óêðàèíñêîãî óíèâåðñèòåòà, íàõîäèâøåãîñÿ â òî âðåìÿ â
ã. Êûçûë-Îðäå â ýâàêóàöèè. Â 1943 ã. îí ïîëó÷àåò ó÷åíîå çâàíèå äîöåíòà.

Ñ 1945 ã. Å.È.Êèì ðàáîòàåò â Êàçàõñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå èì. Ñ.Ì. Êèðîâà â
ã. Àëìà-Àòå â äîëæíîñòè çàâåäóþùåãî êàôåäðîé ãåîìåòðèè. Â 1951 ã. ïåðååçæàåò â ã. Ðîñòîâ -
íà - Äîíó, ãäå ðàáîòàåò çàâåäóþùèì êàôåäðîé ãåîìåòðèè è äåêàíîì ôèçèêî-ìàòåìàòè÷åñêîãî
ôàêóëüòåòà ïåäàãîãè÷åñêîãî èíñòèòóòà.

Ñ 1953 ã. ïî 1956 ã. ïðîõîäèò äîêòîðàíòóðó Ìàòåìàòè÷åñêîãî èíñòèòóòà èì. Â.À. Ñòåêëîâà
ÀÍ ÑÑÑÐ â Ìîñêâå, åãî íàó÷íûé êîíñóëüòàíò � È.Í. Âåêóà. Â ýòîò ïåðèîä èì ðàçðàáàòûâàåòñÿ
òåîðèÿ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà � Ôðåäãîëüìà, êîòîðàÿ âïîñëåäñòâèè
íàõîäèò áîëüøîå ïðèìåíåíèå ïðè ðåøåíèè íà÷àëüíî�êðàåâûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâ-
íåíèé. Â 1959 ã. Å.È. Êèì çàùèùàåò äîêòîðñêóþ äèññåðòàöèþ "Îá îäíîì êëàññå ñèíãóëÿðíûõ
èíòåãðàëüíûõ óðàâíåíèé è íåêîòîðûõ çàäà÷àõ äëÿ êóñî÷íî-îäíîðîäíûõ ñðåä", â 1960 ã. ïîëó-
÷àåò ó÷åíîå çâàíèå ïðîôåññîðà.
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Ïîñëå îêîí÷àíèÿ äîêòîðàíòóðû ñ 1956 ã. ïî 1964 ã. Å.È. Êèì ðàáîòàåò çàâåäóþùèì êà-
ôåäðîé âûñøåé ìàòåìàòèêè Õàðüêîâñêîãî ïîëèòåõíè÷åñêîãî èíñòèòóòà. Òàì ïðîøëè õîðîøóþ
ìàòåìàòè÷åñêóþ øêîëó è ñòàëè ïðåêðàñíûìè ñïåöèàëèñòàìè â îáëàñòè óðàâíåíèé ñ ÷àñòíûìè
ïðîèçâîäíûìè ìîëîäûå ñïåöèàëèñòû èç Êàçàõñòàíà. Ñðåäè ïåðâûõ åãî ó÷åíèêîâ Ñ.À. Óñîëü-
öåâ, Ø.Ò. Èðêåãóëîâ, Ë.Ï. Èâàíîâà, Ñ.Í. Õàðèí, Â.Õ. Íè, Á.Á. Áàéìóõàíîâ, Ê.Ê. Êàáäûêàèðîâ,
Ì.Î. Îðûíáàñàðîâ, Ë.Æ. Æóìàáåêîâ è äðóãèå.

Â 1962 ã. Å.È. Êèì èçáèðàåòñÿ ÷ëåí-êîððåñïîíäåíòîì ÀÍ ÊàçÑÑÐ è â 1964 ã. ïåðååçæàåò
â ã. Àëìà-Àòó, ãäå â ïîëíîé ìåðå ïðîÿâëÿåòñÿ è ðåàëèçîâûâàåòñÿ åãî çàìå÷àòåëüíûé òàëàíò.
Ïî ïðèåçäå â Êàçàõñòàí Å.È. Êèì îñíîâûâàåò è âîçãëàâëÿåò ëàáîðàòîðèþ óðàâíåíèé ìàòå-
ìàòè÷åñêîé ôèçèêè â Èíñòèòóòå ìàòåìàòèêè è ìåõàíèêè ÀÍ ÊàçÑÑÐ è êàôåäðó óðàâíåíèé
ìàòåìàòè÷åñêîé ôèçèêè â Êàçàõñêîì ãîñóäàðñòâåííîì óíèâåðñèòåòå èì. Ñ.Ì. Êèðîâà. Îäíî-
âðåìåííî îí îðãàíèçîâûâàåò Îáùåãîðîäñêîé íàó÷íûé ñåìèíàð ïî óðàâíåíèÿì ìàòåìàòè÷åñêîé
ôèçèêè.

Íà ïðîòÿæåíèè ìíîãèõ ëåò îí ÷èòàåò îáùèå è ñïåöèàëüíûå êóðñû äëÿ ñòóäåíòîâ, àñïè-
ðàíòîâ â ÊàçÃÓ. Îí áûë áëåñòÿùèì ëåêòîðîì. Íà åãî ëåêöèÿõ âñåãäà áûëî ìíîãî ñëóøàòåëåé,
ñðåäè êîòîðûõ íå òîëüêî àñïèðàíòû, ñòóäåíòû ÊàçÃÓ, íî è ïðåïîäàâàòåëè äðóãèõ âóçîâ ã.Àëìà-
Àòû, Êàçàõñòàíà, íàó÷íûå ðàáîòíèêè.

Ðåãóëÿðíî â òå÷åíèå êàæäîãî ó÷åáíîãî ãîäà Å.È. Êèì ïðîâîäèò Îáùåãîðîäñêîé íàó÷íûé
ñåìèíàð, êîòîðûé ñûãðàë áîëüøóþ ðîëü â ñòàíîâëåíèè è ðàçâèòèè íàó÷íûõ èññëåäîâàíèé ïî
óðàâíåíèÿì ñ ÷àñòíûìè ïðîèçâîäíûìè.

Øèðîêà òåìàòèêà íàó÷íûõ èññëåäîâàíèé Å.È. Êèìà. Ýòî è ñèíãóëÿðíûå èíòåãðàëüíûå
óðàâíåíèÿ, è íà÷àëüíî�êðàåâûå çàäà÷è äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé, äëÿ óðàâíåíèé ñ ðàç-
ðûâíûìè êîýôôèöèåíòàìè, è íåëèíåéíûå çàäà÷è ñî ñâîáîäíûìè ãðàíèöàìè, è çàäà÷è â óãëî-
âûõ è âûðîæäàþùèõñÿ îáëàñòÿõ. Îñîáûé èíòåðåñ ó Å.È. Êèìà âñåãäà âûçûâàëè çàäà÷è, ê êî-
òîðûì íå ïðèìåíèìû îáùèå ìåòîäû èññëåäîâàíèÿ, êîòîðûå íå âêëàäûâàþòñÿ â îáùóþ òåîðèþ
è äëÿ ðåøåíèÿ êîòîðûõ íåîáõîäèìî ïðîÿâëÿòü èçîáðåòàòåëüíîñòü, ïðèìåíÿòü íåñòàíäàðòíûå
ïîäõîäû.

Ðàçðàáîòàííàÿ Å.È. Êèìîì òåîðèÿ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà-
Ôðåäãîëüìà ïîëó÷èëà äàëüíåéøåå ðàçâèòèå è ïðèìåíåíèå ïðè ðåøåíèè íà÷àëüíî-êðàåâûõ çà-
äà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé â åãî èññëåäîâàíèÿõ ñ ó÷åíèêàìè. Â ÷àñòíîñòè, ñîâìåñòíî
ñ Ë.Ï. Èâàíîâîé, Ê.Ê. Êàáäûêàèðîâûì, Â.Õ. Íè, Ë.Æ. Æóìàáåêîâûì, Á.Á. Áàéìóõàíîâûì,
Ñ.Å. Áàçàðáàåâîé è äðóãèìè áûëè èññëåäîâàíû ðàçëè÷íûå íà÷àëüíî � êðàåâûå çàäà÷è äëÿ
óðàâíåíèé è ñèñòåì ïàðàáîëè÷åñêîãî òèïà; ñ Å.Ì. Õàéðóëëèíûì, Ò.Â. Íåêðàñîâîé áûëè èçó÷å-
íû êðàåâûå çàäà÷ ñ ãðàíè÷íûìè óñëîâèÿìè, ñîäåðæàùèìè ïðîèçâîäíûå íåèçâåñòíûõ ôóíêöèé
âûñîêèõ ïîðÿäêîâ; ðàçðàáîòàíû ìåòîäû ðåøåíèÿ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ñ ðàç-
ðûâíûìè êîýôôèöèåíòàìè, êîòîðûå ýôôåêòèâíî èñïîëüçîâàëèñü ïðè ðåøåíèè çàäà÷ ñîïðÿ-
æåíèÿ Ì.À. Àáäðàõìàíîâûì, Ø.À. Êóëàõìåòîâîé, Ô.Ã. Áèðþêîâîé. Ñèíãóëÿðíûå èíòåãðàëü-
íûå óðàâíåíèÿ, ðàññìàòðèâàåìûå Å.È. Êèìîì, åñòåñòâåííûì îáðàçîì âîçíèêàëè ïðè ðåøåíèè
êðàåâûõ çàäà÷. Îñîáûé êëàññ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé ïîðîæäàåòñÿ êðàåâûìè
çàäà÷àìè â âûðîæäàþùèõñÿ îáëàñòÿõ ñ ïîäâèæíûìè ãðàíèöàìè è â óãëîâûõ îáëàñòÿõ. Â ýòîì
íàïðàâëåíèè Å.È. Êèìîì è åãî ó÷åíèêàìè Ñ.Í. Õàðèíûì, Ì.Î. Îðûíáàñàðîâûì, Ò.Å. Îìà-
ðîâûì, À.À. Êàâîêèíûì, Ã.È. Áèæàíîâîé, Ì.È. Ðàìàçàíîâûì, Ó.Ê. Êîéëûøîâûì ïîëó÷åí
ðÿä çàêîí÷åííûõ ðåçóëüòàòîâ ïî ðàçðåøèìîñòè òàêèõ çàäà÷. Ìíîãî âíèìàíèÿ Å.È. Êèì óäå-
ëÿë íåëèíåéíûì çàäà÷àì, çàäà÷àì ñî ñâîáîäíûìè ãðàíèöàìè, â ÷àñòíîñòè, çàäà÷å Ñòåôàíà ñ
âûðîæäåíèåì îáëàñòè â íà÷àëüíûé ìîìåíò âðåìåíè, äëÿ êîòîðûõ áûëè ðàçðàáîòàíû àñèìïòî-
òè÷åñêèå, àíàëèòè÷åñêèå ìåòîäû ðåøåíèÿ. Â ýòîì íàïðàâëåíèè ñ íèì ðàáîòàëè À.À. Êàâîêèí,
ß.À. Êðàñíîâ, Ã.È. Áèæàíîâà.

Â ëàáîðàòîðèè óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè Èíñòèòóòà ìàòåìàòèêè ÀÍ ÊàçÑÑÐ ïî-
ìèìî ôóíäàìåíòàëüíûõ èññëåäîâàíèé åñòåñòâåííî ñôîðìèðîâàëîñü äðóãîå íàïðàâëåíèå èññëå-
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äîâàíèé - ïðèêëàäíîå, êîòîðîå çàðîäèëîñü åùå â ãîäû ðàáîòû Å.È. Êèìà â ÕÏÈ. Âîçãëàâèë åãî
Ñ.Í. Õàðèí, íûíå àêàäåìèê ÍÀÍ ÐÊ. Ðàçðàáîòàííûå Å.È. Êèìîì ìåòîäû ðåøåíèÿ êðàåâûõ
çàäà÷ äëÿ óðàâíåíèé òåïëîïðîâîäíîñòè íàõîäÿò áîëüøîå ïðèìåíåíèå â ïðèêëàäíûõ çàäà÷àõ,
â ÷àñòíîñòè, â òåîðèè ýëåêòðè÷åñêèõ êîíòàêòîâ. Â ýòîì íàïðàâëåíèè èíòåíñèâíî ðàáîòàþò
Ä.Ó.Êèì, Ì.À. Ïåðåâåðòóí, Ñ.Ï. Ãîðîäíè÷åâ, À.Ò. Êóëàõìåòîâà, Þ.Ð. Øïàäè, Ñ.Ñ. Äîìàëåâ-
ñêèé è äðóãèå ó÷åíèêè Å.È. Êèìà è Ñ.Í. Õàðèíà.

Å.È. Êèìîì îïóáëèêîâàíî îêîëî 130 íàó÷íûõ ñòàòåé, ìíîãèå èç êîòîðûõ èçäàíû â öåíòðàëü-
íûõ ìàòåìàòè÷åñêèõ æóðíàëàõ, îäíà ìîíîãðàôèÿ ñîâìåñòíî ñ Ñ.Í. Õàðèíûì, Â.Ò. Îìåëü÷åí-
êî, ñäåëàíû äîêëàäû íà Ìåæäóíàðîäíûõ, Âñåñîþçíûõ, Ðåñïóáëèêàíñêèõ êîíôåðåíöèÿõ. Ïîä
ðóêîâîäñòâîì Å.È. Êèìà çàùèùåíî 36 êàíäèäàòñêèõ äèññåðòàöèé, 7 åãî ó÷åíèêîâ çàùèòèëè
äîêòîðñêèå äèññåðòàöèè.

Å.È.Êèì âåë áîëüøóþ îáùåñòâåííóþ ðàáîòó. Îí ÿâëÿëñÿ ÷ëåíîì Ïðîáëåìíîãî ñîâåòà ÀÍ
ÊàçÑÑÐ ïî ôèçèêî-ìàòåìàòè÷åñêèì íàóêàì, Ñïåöèàëèçèðîâàííîãî ñîâåòà ïî çàùèòå äèññåð-
òàöèé, ðåäàêöèîííîãî ñîâåòà Âñåñîþçíîãî "Èíæåíåðíî-ôèçè÷åñêîãî æóðíàëà", æóðíàëà "Èç-
âåñòèÿ ÀÍ ÊàçÑÑÐ. Ñåðèÿ ôèçèêî-ìàòåìàòè÷åñêàÿ".

Çà áîëüøèå çàñëóãè â ðàçâèòèè ìàòåìàòèêè â Êàçàõñòàíå, çà ïëîäîòâîðíóþ îáùåñòâåííî-
ïåäàãîãè÷åñêóþ äåÿòåëüíîñòü Å.È. Êèì áûë óäîñòîåí ïî÷åòíîãî çâàíèÿ "Çàñëóæåííûé äåÿòåëü
íàóêè ÊàçÑÑÐ", íàãðàæäåí Ïî÷åòíîé ãðàìîòîé Ïðåçèäèóìà Âåðõîâíîãî Ñîâåòà ÊàçÑÑÐ, çà-
íåñåí â Çîëîòóþ êíèãó ïî÷åòà Êàçàõñêîé ÑÑÐ.

Å.È. Êèì ñêîí÷àëñÿ 14 äåêàáðÿ 1994 ã. ïîñëå òÿæåëîé áîëåçíè. Îí ïðîæèë ïðåêðàñíóþ
æèçíü, íàïîëíåííóþ ðàáîòîé, òâîð÷åñêèìè èñêàíèÿìè. Ïðîôåññîð Å.È. Êèì ïîëîæèë íà÷àëî
ðàçâèòèÿ â Êàçàõñòàíå òåîðèè óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. Äåëî, êîòîðîìó îí ñëóæèë
âñþ ñâîþ æèçíü, æèâåò è ïðîäîëæàåò ðàçâèâàòüñÿ åãî ó÷åíèêàìè è ïîñëåäîâàòåëÿìè.

Ñïèñîê òðóäîâ Å.È. Êèìà
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íèêà, 1952, Ò. 16, �2, Ñ. 18 � 24.

2. Îá îäíîì êëàññå èíòåãðàëüíûõ óðàâíåíèé I ðîäà ñ ñèíãóëÿðíûì ÿäðîì, ÄÀÍ ÑÑÑÐ,
1953, Ò. 16, �2, Ñ. 1014 � 1019.

3. The propagation of heat in two dimensions in an in�nite inhomogeneous body, Akad. Nauk
SSSR. Prikl. Mat.i Meh., 1953, V. 17, �2, P. 43 � 47.

4. On a heat conduction problem for a system of bodies, Prikl. Mat. i Meh., 1957, V. 21, �5, P.
19 � 25.

5. Îá îäíîì êëàññå ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé. ÄÀÍ ÑÑÑÐ, 1957, Ò.113, �2, Ñ.
268 � 271.

Solution of a certain class of singular integral equations with line integrals, Dokl. Akad. Nauk
SSSR (N.S.), 1957, V. 113, P. 24 � 27.

6. A two-dimensional problem for heat and mass exchange in drying processes, Izv. Akad. Nauk
SSSR, Otd. Tehn. Nauk energet. Avtomat., 1959, �. 3, P. 79 � 85 (with L.P. Ivanova).

7. Îá óñëîâèÿõ ðàçðåøèìîñòè îäíîãî êëàññà èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ÄÀÍ
ÑÑÑÐ, 1959, T. 125, �4, Ñ. 723 � 726.

8. The mixed boundary value problem for a certain system of parabolic di�erential equations,
Dokl. Akad. Nauk SSSR, 1959, V. 126, P. 1183 � 1186 (with L.P. Ivanova).

9. Îá óñëîâèÿõ ðàçðåøèìîñòè íåêîòîðîé ãðàíè÷íîé çàäà÷è äëÿ îäíîé ïàðàáîëè÷åñêîé ñè-
ñòåìû, Äîêë. ÀÍ ÑÑÑÐ, 1961, Ò. 139. �4, Ñ. 795 � 798 (ñîâìåñòíî ñ Ë.Ï. Èâàíîâîé).

10. The temperature distribution in a piecewise homogeneous semi-in�nite plate, Dokl. Akad.
Nauk SSSR, 1961, V. 140, �2, P. 333 � 336 (with B.B.Baimuhanov).

11. Ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ðàçðûâíûìè êîýôôèöèåíòàìè, Äîêë. ÀÍ ÑÑÑÐ,
1961, Ò. 140, Ñ. 451 � 454 (cîâìåñòíî ñ Á.Á. Áàéìóõàíîâûì).
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12. Îá óñëîâèÿõ ðàçðåøèìîñòè îäíîé ãðàíè÷íîé çàäà÷è óðàâíåíèÿ òåïëîïðîâîäíîñòè, Äîêë.
ÀÍ ÑÑÑÐ, 1961,. Ò. 140, Ñ. 553-556 (cîâìåñòíî ñ Á.Á. Áàéìóõàíîâûì).
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ìèñÿ ïîäâèæíûì ãðàíèöàìè, Èçâ. ÀÍ ÊàçÑÑÐ, Ñåð. ôèç.-ìàò., 1984, �3, Ñ. 35 � 39 (ñîâìåñòíî
ñ Ó.Ê. Êîéëûøîâûì).

34. Îá îäíîé ëèíåéíî-íåêëàññè÷åñêîé çàäà÷å äëÿ äâóìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè
ñ ðàçðûâíûì êîýôôèöèåíòîì, Èçâ. ÀÍ ÊàçÑÑÐ, Ñåð. ôèç.-ìàò., 1986, �3, Ñ. 18 � 22 (ñîâìåñòíî
ñ Ì.Ê. Àáåíîâûì).

35. Óðàâíåíèå òåïëîïðîâîäíîñòè ñ ðàçðûâíûì êîýôôèöèåíòîì â îáëàñòè, âûðîæäàþùåéñÿ
â íà÷àëüíûé ìîìåíò âðåìåíè, Âåñòí. ÀÍ ÊàçÑÑÐ, 1986, �9, Ñ. 39 � 45 (ñîâìåñòíî ñ Ó.Ê.
Êîéëûøîâûì).

36. Î çàäà÷å ñ êîñîé ïðîèçâîäíîé äëÿ äâóìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè â ïîëóïî-
ëîñå, Èçâ. ÀÍ ÊàçÑÑÐ, Ñåð. ôèç.-ìàò., 1987, �5, Ñ. 17 � 22 (ñîâìåñòíî ñ Ì.Ê. Àáåíîâûì).

37. Ðåøåíèå îäíîãî êëàññà ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé, (×àñòü 1), Èçâ. ÀÍ Êàç-
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Ã.È. Áèæàíîâà
Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ,
ã. Àëìàòû.
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ÀÊÀÄÅÌÈÊ ÍÀÍ ÐÊ
ÓÌÈÐÇÀÊ ÌÀÕÌÓÒÎÂÈ× ÑÓËÒÀÍÃÀÇÈÍ

Óìèðçàê Ìàõìóòîâè÷ Ñóëòàíãàçèí ðîäèëñÿ 4 îêòÿáðÿ
1936 ã. â ï. Êàðà-Îáà Óðèöêîãî ðàéîíà Êóñòàíàéñêîé îá-
ëàñòè. Â 1953 ã. ïîñëå óñïåøíîãî îêîí÷àíèÿ øêîëû îí ïî-
ñòóïàåò íà ôèçèêî-ìàòåìàòè÷åñêèé ôàêóëüòåò Êàçàõñêîãî
ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì. Ñ.Ì. Êèðîâà è â 1958 ã.
çàâåðøàåò ó÷åáó ïî ñïåöèàëüíîñòè "ìàòåìàòèêà". Ñ 1958
ã. ïî 1964 ã. Ó.Ì. Ñóëòàíãàçèí ðàáîòàë àññèñòåíòîì, çà-
òåì ñòàðøèì ïðåïîäàâàòåëåì íà êàôåäðàõ âûñøåé àëãåáðû,
äèôôåðåíöèàëüíûõ óðàâíåíèé è âû÷èñëèòåëüíîé ìàòåìà-
òèêè ÊàçÃÓ. À â 1964-1965 ãã. áûë íàïðàâëåí ñòàæåðîì-
èññëåäîâàòåëåì â Âû÷èñëèòåëüíûé öåíòð ÑÎ ÀÍ ÑÑÑÐ â
ã. Íîâîñèáèðñêå.

Íà ôîðìèðîâàíèå íàó÷íûõ èíòåðåñîâ è æèçíåííûõ ïî-
çèöèé Ó.Ì. Ñóëòàíãàçèíà îêàçàëè âëèÿíèå èçâåñòíûå ó÷å-
íûå Ã.È. Ìàð÷óê, Ñ.Ê. Ãîäóíîâ, Ì.Ì. Ëàâðåíòüåâ, Í.Í.
ßíåíêî, Â.Ñ. Âëàäèìèðîâ è äð. Ïîä ðóêîâîäñòâîì àêàäå-

ìèêà Ã.È. Ìàð÷óêà Óìèðçàê Ìàõìóòîâè÷ çàùèòèë â 1966 ã. äèññåðòàöèþ íà ñîèñêàíèå ó÷åíîé
ñòåïåíè êàíäèäàòà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê íà òåìó "Ìåòîä ðàñùåïëåíèÿ äëÿ êèíåòè÷å-
ñêîãî óðàâíåíèÿ ïåðåíîñà" â Èíñòèòóòå ìàòåìàòèêè ÑÎ ÀÍ ÑÑÑÐ ïî ñïåöèàëüíîñòè 01.01.07
� âû÷èñëèòåëüíàÿ ìàòåìàòèêà. Â 1972 ã. Ó. Ì. Ñóëòàíãàçèí çàùèòèë äîêòîðñêóþ äèññåðòàöèþ
íà Ó÷åíîì ñîâåòå Èíñòèòóòà ìàòåìàòèêè ÑÎ AÍ ÑÑÑÐ íà òåìó "Ìåòîä ñôåðè÷åñêèõ ãàðìîíèê
äëÿ íåñòàöèîíàðíîãî êèíåòè÷åñêîãî óðàâíåíèÿ ïåðåíîñà èçëó÷åíèÿ" ïî ñïåöèàëüíîñòè 01.01.02
� äèôôåðåíöèàëüíûå óðàâíåíèÿ. Ñ 1970 ã. ïî 1978 ã. Ó.Ì. Ñóëòàíãàçèí � äîöåíò, ïðîôåññîð
è çàâåäóþùèé êàôåäðîé âû÷èñëèòåëüíîé ìàòåìàòèêè Êàçàõñêîãî ãîñóäàðñòâåííîãî óíèâåð-
ñèòåòà. Åãî íàó÷íûå ðåçóëüòàòû â ìàòåìàòè÷åñêîé òåîðèè ïåðåíîñà ñòàëè îñíîâîé ñîçäàíèÿ
ýôôåêòèâíûõ ÷èñëåííûõ ìåòîäîâ â êèíåòè÷åñêîé òåîðèè ïåðåíîñà, äèñòàíöèîííîì çîíäèðîâà-
íèè, ðàñ÷åòå ÿäåðíûõ ðåàêòîðîâ, çàäà÷àõ àòìîñôåðíîé îïòèêè. Ñîçäàííàÿ èì êàçàõñòàíñêàÿ
íàó÷íàÿ øêîëà ïî òåîðèè ïåðåíîñà (Ó.Ì. Ñóëòàíãàçèí è åãî ó÷åíèêè Í. Ñàõàíîâ, Ñ.À. Àòàí-
áàåâ, À.Ø. Àêèøåâ, Ã.Ê. Êàéøèáàåâà, À.Ñ. Ñàêàáåêîâ, Ã.Ì. Ñûäûêîâ, È.Ø. Èðêåãóëîâ, Ò.Ç.
Ìóëäàøåâ, Ñ. Ìèêà, Ê. Áîáîåâ è äð.) ïðîäîëæèëà èññëåäîâàíèÿ ïî òåîðèè ïåðåíîñà èçëó÷åíèÿ
è äèñêðåòíûì ìîäåëÿì óðàâíåíèÿ Áîëüöìàíà.

Â 1975 ã. Ó.Ì. Ñóëòàíãàçèí èçáðàí ÷ëåí-êîððåñïîíäåíòîì ÀÍ ÊàçÑÑÐ. Ñ 1978 ã. ïî 1989
ã. Ó.Ì. Ñóëòàíãàçèí âîçãëàâëÿåò Èíñòèòóò ìàòåìàòèêè è ìåõàíèêè ÀÍ ÊàçÑÑÐ. Çà âðå-
ìÿ ðóêîâîäñòâà èíñòèòóòîì èì ïðîâåäåíà áîëüøàÿ ðàáîòà ïî ñîâåðøåíñòâîâàíèþ íàó÷íî-
îðãàíèçàöèîííîé äåÿòåëüíîñòè è ìîáèëèçàöèè êîëëåêòèâà íà ðåøåíèå àêòóàëüíûõ çàäà÷ ôóí-
äàìåíòàëüíîãî è ïðèêëàäíîãî íàïðàâëåíèé ïî ìàòåìàòèêå è ìåõàíèêå Â 1983 ã. Ó.Ì. Ñóëòàí-
ãàçèí èçáðàí äåéñòâèòåëüíûìè ÷ëåíîì ÀÍ ÊàçÑÑÐ, ñ 1985 ã. ðàáîòàë àêàäåìèêîì-ñåêðåòàðåì
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Îòäåëåíèÿ ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, äàëåå èçáðàí âèöå-ïðåçèäåíòîì ÀÍ ÊàçÑÑÐ. Ñ 1988
ã. ïî 1994 ã. Ó.Ì. Ñóëòàíãàçèí � ïðåçèäåíò Àêàäåìèè íàóê Ðåñïóáëèêè Êàçàõñòàí. Îí � îðãà-
íèçàòîð è ðóêîâîäèòåëü ìåæèíñòèòóòñêîãî ìåæäèñöèïëèíàðíîãî ñåìèíàðà ïî Ýêîëîãè÷åñêèì
Ïðîáëåìàì ÐÊ. Îïðåäåëåíû áûëè ãëàâíûå íàïðàâëåíèÿ ñîâìåñòíûõ èññëåäîâàíèé ñ ó÷àñòè-
åì ìíîãèõ ÍÈÈ è îòäåëåíèé ÀÍ Ðåñïóáëèêè, ïîñòàâëåíû êîíêðåòíûå çàäà÷è ìàòåìàòè÷åñêîãî
ìîäåëèðîâàíèÿ ýêîëîãè÷åñêèõ ñèñòåì, ïðîáëåìû ÿäåðíîé áåçîïàñíîñòè, ñîçäàíèå êîñìè÷åñêîãî
ìîíèòîðèíãà îêðóæàþùåé ñðåäû äëÿ ðåøåíèÿ ýòèõ ãëîáàëüíûõ ýêîëîãè÷åñêèõ ïðîáëåì.

Ó. Ì. Ñóëòàíãàçèí èçáèðàëñÿ äåïóòàòîì Âåðõîâíîãî Ñîâåòà Êàçàõñêîé ÑÑÐ (1986-1990 ãã.) è
íàðîäíûì äåïóòàòîì Âåðõîâíîãî Ñîâåòà ÑÑÑÐ (1989-1991 ãã.). ßâëÿÿñü äåïóòàòîì Âåðõîâíîãî
Ñîâåòà Ðåñïóáëèêè, îí àêòèâíî ó÷àñòâîâàë â ðàáîòå Êîìèññèè ïî íàóêå è òåõíèêå, Êîìèññèè
Ñîâåòà Ìèíèñòðîâ Êàçàõñêîé ÑÑÐ ïî íàó÷íî-òåõíè÷åñêîìó ïðîãðåññó. Íåîäíîêðàòíî âûñòóïàë
íà ñåññèÿõ Âåðõîâíîãî Ñîâåòà Êàçàõñêîé ÑÑÐ è Ñîâåòà íàðîäíûõ äåïóòàòîâ ÑÑÑÐ ïî âîïðîñàì
áþäæåòà, î ðàçâèòèè íàóêè è äð. Âûåçæàë â ÑØÀ â ñîñòàâå äåëåãàöèè Êîìèòåòà çàùèòû ìèðà
ÑÑÑÐ â Êèòàé � â ñîñòàâå äåëåãàöèè Àêàäåìèè íàóê ÑÑÑÐ, â Èíäèþ � â ñîñòàâå äåëåãàöèè
ÑÑÑÐ.

Åãî íàó÷íàÿ äåÿòåëüíîñòü ïîëó÷èëà ïðèçíàíèå íå òîëüêî â Êàçàõñòàíå, íî è çà ðóáåæîì.
Àêàäåìèê Ó.Ì. Ñóëòàíãàçèí ïðèãëàøàëñÿ äëÿ ÷òåíèÿ ëåêöèé â âåäóùèå íàó÷íûå çàðóáåæíûå
öåíòðû è óíèâåðñèòåòû: ×åõèè (Êàðëîâñêèé óíèâåðñèòåò â Ïðàãå), Ôðàíöèè (Ïàðèæñêèé Óíè-
âåðñèòåò), Ïîëüøè (Ìåæäóíàðîäíàÿ ìàòåìàòè÷åñêàÿ øêîëà èì. Áàíàõà), ÑØÀ ( Ñòýíôîðä-
ñêèé è Ìýðèëåíäñêèé Óíèâåðñèòåòû), ßïîíèè (Êèîòñêèé Óíèâåðñèòåò), à òàæå â Øâåéöàðèþ.
Ñ 1991 ãîäà äî êîíöà ñâîåé æèçíè Ó. Ì. Ñóëòàíãàçèí âîçãëàâëÿë Èíñòèòóò êîñìè÷åñêèõ èññëå-
äîâàíèé. Îí óäåëÿë áîëüøîå âíèìàíèå ðàçâèòèþ îñíîâíûõ íàó÷íûõ íàïðàâëåíèé èíñòèòóòà,
ïîñòàíîâêå è ðåøåíèþ ñîâðåìåííûõ çàäà÷ â îáëàñòè òåîðåòè÷åñêèõ ïðîáëåì äèñòàíöèîííîãî
çîíäèðîâàíèÿ, êîñìè÷åñêîãî ìîíèòîðèíãà, êîñìè÷åñêîãî ìàòåðèàëîâåäåíèÿ. Ïîä åãî ðóêîâîä-
ñòâîì ñîçäàíû Âû÷èñëèòåëüíûé Öåíòð, ñòàâøèé îñíîâîé èíòåíñèôèêàöèè ïðèìåíåíèÿ ìàòå-
ìàòè÷åñêèõ ìåòîäîâ â ðàçëè÷íûõ îòðàñëÿõ íàðîäíîãî õîçÿéñòâà, Öåíòð ïðèåìà è îáðàáîòêè
êîñìè÷åñêîé èíôîðìàöèè, Öåíòð ãåîèíôîðìàöèîííûõ ñèñòåì.

Îäíèì èç ýôôåêòèâíûõ ìåòîäîâ ðåøåíèÿ êèíåòè÷åñêîãî óðàâíåíèÿ ÿâëÿåòñÿ ìåòîä ñôå-
ðè÷åñêèõ ãàðìîíèê. Øèðîêîå ïðèìåíåíèå ýòîãî ìåòîäà ê ðåøåíèþ çàäà÷ íåéòðîííîé ôèçèêè
è àòìîñôåðíîé îïòèêè âûçâàëî íåîáõîäèìîñòü êà÷åñòâåííî èññëåäîâàòü ñâîéñòâà äèôôåðåí-
öèàëüíûõ óðàâíåíèé, âîçíèêàþùèõ â ìåòîäå ñôåðè÷åñêèõ ãàðìîíèê, è ñõîäèìîñòü èõ ðåøå-
íèÿ. Îáîñíîâàíèå ýòîãî ìåòîäà äëÿ ïîëíîãî êèíåòè÷åñêîãî óðàâíåíèÿ äàíî â ðàáîòàõ Ó.Ì.
Ñóëòàíãàçèíà. Îí ñôîðìóëèðîâàë ãðàíè÷íîå óñëîâèå äëÿ ñèñòåìû óðàâíåíèé ìåòîäà ñôåðè-
÷åñêèõ ãàðìîíèê â ïðîèçâîëüíîì ïðèáëèæåíèè è ïîêàçàë ÷òî ãðàíè÷íûå óñëîâèÿ ÿâëÿþòñÿ
äèññèïàòèâíûìè. Íà îñíîâå ýíåðãåòè÷åñêèõ îöåíîê äîêàçàë ñóùåñòâîâàíèå è åäèíñòâåííîñòü
îáîáùåííîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñèììåòðè÷åñêèõ ñèñòåì óðàâíåíèé ìåòî-
äà ñôåðè÷åñêèõ ãàðìîíèê, à òàê æå ñõîäèìîñòü ýòîãî ìåòîäà. Îðèãèíàëüíûì âêëàäîì Ó.Ì.
Ñóëòàíãàçèíà â òåîðèþ ïåðåíîñà èçëó÷åíèÿ ÿâëÿåòñÿ òàêæå ïðèìåíåíèå è îáîñíîâàíèå ìåòî-
äà ðàñùåïëåíèÿ ê ñèñòåìå óðàâíåíèé ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê. Ðÿä èññëåäîâàíèé Ó.Ì.
Ñóëòàíãàçèíà ïîñâÿùåí äèñêðåòíûì ìîäåëÿì óðàâíåíèÿ Áîëüöìàíà. Íà äèñêðåòíûõ ìîäåëÿõ
ïîêàçàíà ñâÿçü ìåæäó êèíåòè÷åñêèìè óðàâíåíèÿìè Áîëüöìàíà è óðàâíåíèÿìè ãèäðîäèíàìè-
êè. Äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ íà÷àëüíîé çàäà÷è äëÿ äèñ-
êðåòíûõ óðàâíåíèé Áîëüöìàíà. Äëÿ ïðîñòåéøèõ îäíîìåðíûõ óðàâíåíèé Áðîäóýëëà ïîëó÷å-
íà òåîðåìà î ñóùåñòâîâàíèè ãëîáàëüíîãî ðåøåíèÿ çàäà÷è Êîøè. Èçó÷åíà ñòðóêòóðà óäàðíîãî
ôðîíòà íà êèíåòè÷åñêîé ìîäåëè è ñîîòâåòñòâóþùåé ìîäåëè óðàâíåíèÿ Íàâüå-Ñòîêñà. Ïîä ðóêî-
âîäñòâîì Ó.Ì. Ñóëòàíãàçèíà âûïîëíÿëèñü èññëåäîâàíèÿ ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèþ
ÿâëåíèé òåïëîïðîâîäíîñòè ñ íåêëàññè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè, ñîäåðæàùèìè ïðîèç-
âîäíóþ ïî âðåìåíè. Ñ ïîìîùüþ òàêèõ êðàåâûõ çàäà÷ îïèñûâàþòñÿ ïðîöåññû òåïëîïåðåíîñà
â ïîëóïðîâîäíèêîâûõ ñòðóêòóðàõ èíòåãðàëüíûõ ñõåì ïðè èõ èçãîòîâëåíèè è ýêñïëóàòàöèè, â
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ìåòàëëàõ ïðè èíäóêöèîííîì íàãðåâå è âûñîêî÷àñòîòíîé íàïëàâêå â ýëåìåíòàõ êîíñòðóêöèé
ðàçëè÷íûõ òåðìîïðåîáðàçîâàòåëåé. Ïðè ó÷àñòèè Ó.Ì Ñóëòàíãàçèíà ñîçäàí ïðîãðàììíûé êîì-
ïëåêñ "ÒÎÏÀÇ" � ñèñòåìíàÿ ìîäåëü çàãðÿçíåíèÿ ã. Àëìàòû, � â êîòîðîì ïðèâîäÿòñÿ îñíîâíûå
àñïåêòû ìîäåëèðîâàíèÿ è àíàëèçà çàãðÿçíåíèÿ àòìîñôåðû ãîðîäà. Êðîìå òîãî, èçó÷àþòñÿ ðàç-
ëè÷íûå ýêîíîìè÷åñêèå è ýêîëîãè÷åñêèå çàäà÷è ïðèêëàäíîãî õàðàêòåðà (ðàáîòà â êîìèññèè ïî
ñîöèàëüíî-ýêîíîìè÷åñêîìó è ýêîëîãè÷åñêîìó ñîòðóäíè÷åñòâó Ìåæãîñóäàðñòâåííîãî Ñîâåòà ïî
ïðîáëåìàì Àðàëüñêîãî ìîðÿ).

Çà öèêë ðàáîò ïî òåîðèè ïåðåíîñà Ó.Ì. Ñóëòàíãàçèí óäîñòîåí Ãîñóäàðñòâåííîé Ïðåìèè
ÑÑÑÐ çà 1987 ã., â 1989 ã. � ïðåìèè ÀÍ ÑÑÑÐ è ×åõîñëîâàöêîé ÀÍ, íàãðàæäåí Îðäåíîì Òðó-
äîâîãî Êðàñíîãî Çíàìåíè. Çà ïîäãîòîâêó íàó÷íîé ïðîãðàììû ïîëåòà ïåðâîãî êàçàõñòàíñêîãî
êîñìîíàâòà Ò.Ó. Àóáàêèðîâà àêàäåìèê Ó.Ì. Ñóëòàíãàçèí íàãðàæäåí Îðäåíîì Ëåíèíà. Ïîä åãî
ðóêîâîäñòâîì ñôîðìèðîâàíà è óñïåøíî ðåàëèçîâàíà ïðîãðàììà "ÏÎËÅÒ" ñ êîñìîíàâòîì Ò.
Ìóñàáàåâûì.

Ó.Ì. Ñóëòàíãàçèí ÿâëÿåòñÿ ó÷åíûì øèðîêîãî ïðîôèëÿ. Èì îïóáëèêîâàíî áîëåå 300 íàó÷-
íûõ ðàáîò: 6 ìîíîãðàôèé, ó÷åáíèêîâ, ñòàòåé íà êàçàõñêîì, ðóññêîì è àíãëèéñêîì ÿçûêàõ. Åãî
ìîíîãðàôèÿ "Äèñêðåòíûå íåëèíåéíûå ìîäåëè óðàâíåíèÿ Áîëüöìàíà" (Àëìà-Àòà, 1985) ïåðå-
âåäåíà íà àíãëèéñêèé ÿçûê. Áîëüøîå âíèìàíèå îí óäåëÿë ïîäãîòîâêå íàó÷íûõ êàäðîâ ïî ìà-
òåìàòèêå è òåõíèêå. Ïîä åãî íàó÷íûì ðóêîâîäñòâîì ïîäãîòîâëåíû 6 äîêòîðîâ è 25 êàíäèäàòîâ
íàóê.

Ñïèñîê òðóäîâ Ó.Ì. Ñóëòàíãàçèíà

1. Ñïåêòðàëüíàÿ è ïðîñòðàíñòâåííàÿ àòìîñôåðíàÿ êîððåêöèÿ äàííûõ äèñòàíöèîííîãî çîí-
äèðîâàíèÿ ñî ñïóòíèêà "terra/modis" , Îïòèêà àòìîñôåðû è îêåàíà, 2007, ò.20, �3, Ñ. 258 � 261
(ñîâìåñòíî ñ À.Õ. Àõìåäæàíîâûì è äð.).

2. Äèñòàíöèîííàÿ äèàãíîñòèêà ñîñòîÿíèÿ è ôóíêöèîíèðîâàíèÿ çåðíîâûõ àãðîöåíîçîâ â ñå-
âåðíîì Êàçàõñòàíå, Îïòèêà àòìîñôåðû è îêåàíà, 2005, Ò. 618, �12, Ñ. 1088 � 1103 (ñîâìåñòíî
ñ À.Ã. Òåðåõîâûì è Í.Ð. Ìóðàòîâîé).

3. Ê âîïðîñó î âëèÿíèè çàïóñêîâ êîñìè÷åñêèõ îáúåêòîâ ñ êîñìîäðîìà Áàéêîíóð íà ñîñòîÿ-
íèå ðàñòèòåëüíîñòè ñîïðåäåëüíûõ òåððèòîðèé ïî äàííûì noaa/avhrr, Ñîâðåìåííûå ïðîáëåìû
äèñòàíöèîííîãî çîíäèðîâàíèÿ Çåìëè èç êîñìîñà, 2005, Ò. 2, �2, Ñ. 294 � 296 (ñîâìåñòíî ñ Í.Ð.
Ìóðàòîâîé è À.Ã. Òåðåõîâûì).

4. Äèàãíîñòèêà òîïîãðàôèè ñåâåðî-âîñòî÷íîãî ïîáåðåæüÿ êàñïèéñêîãî ìîðÿ â çîíå ñãîííî-
íàãîííûõ ÿâëåíèé íà áàçå äàííûõ terra/modis, Ñîâðåìåííûå ïðîáëåìû äèñòàíöèîííîãî çîí-
äèðîâàíèÿ Çåìëè èç êîñìîñà, 2005, Ò. 2, �2, Ñ. 297 � 301 (ñîâìåñòíî ñ Í.Ð. Ìóðàòîâîé, À.Ã.
Òåðåõîâûì è Í.Þ. Öû÷óåâîé).

5. Êîíòðîëü ñåâîîáîðîòà ïàõîòíûõ çåìåëü ñåâåðíîãî Êàçàõñòàíà ïî äàííûì terra/modis,
Ñîâðåìåííûå ïðîáëåìû äèñòàíöèîííîãî çîíäèðîâàíèÿ Çåìëè èç êîñìîñà, 2005, Ò. 2, �2, Ñ. 302
� 307 (ñîâìåñòíî ñ Í.Ð. Ìóðàòîâîé è À.Ã. Òåðåõîâûì).

6. Îïûò ôóíêöèîíèðîâàíèÿ è ïåðñïåêòèâû ðàçâèòèÿ ñèñòåìû êîñìè÷åñêîãî ìîíèòîðèíãà
÷ðåçâû÷àéíûõ ñèòóàöèé â Êàçàõñòàíå, Ñîâðåìåííûå ïðîáëåìû äèñòàíöèîííîãî çîíäèðîâàíèÿ
Çåìëè èç êîñìîñà, 2004, Ò. 1, �2, Ñ. 90 � 97 (ñîâìåñòíî Ë.Ô. Ñïèâàêîì è äð.).

7. Îöåíêà ñàíèòàðíîãî ñîñòîÿíèÿ ñåëüñêîõîçÿéñòâåííûõ óãîäèé ñ ïîìîùüþ äàííûõ äèñòàí-
öèîííîãî çîíäèðîâàíèÿ, Ñîâðåìåííûå ïðîáëåìû äèñòàíöèîííîãî çîíäèðîâàíèÿ Çåìëè èç êîñ-
ìîñà, 2004, Ò. 1, �2, Ñ. 286 � 290 (ñîâìåñòíî ñ Í.Ð. Ìóðàòîâîé, Ð. Äîðàéñâàìè è À.Ã. Òåðåõî-
âûì).

8. Èñïîëüçîâàíèå êîñìè÷åñêîãî ìîíèòîðèíãà â ïëàíèðîâàíèè è ïðîãíîçèðîâàíèè ïàðàìåò-
ðîâ çåðíîâîãî ïðîèçâîäñòâà, Ñîâðåìåííûå ïðîáëåìû äèñòàíöèîííîãî çîíäèðîâàíèÿ Çåìëè èç
êîñìîñà, 2004, Ò. 1, �2, Ñ. 291 � 297 (ñîâìåñòíî ñ Í.Ð. Ìóðàòîâîé è À.Ã. Òåðåõîâûì).
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9. Spherical harmonics method in the problem of radiative transfer in the atmosphere-surface
system, Journal of Quantitative Spectroscopy and Radiative Transfer, 1999, T. 61, �3, P. 393 � 404
(with T.Z. Muldashev, A.I. Lyapustin).

10. Monitoring of temperature anomalies in the former Semipalatinsk nuclear test site, Comptes
rendus de l'Academie des sciences. Serie IIb, mecanique, physique, astronomie, 1998, V. 326, �. 2,
P. 135 � 140 (with E.A. Zakarin, L.F. Spivak, O.P. Arkhipkin, N.R. Muratova, A.G. Terehov).

11. Ñîñðåäîòî÷åííàÿ åìêîñòü â çàäà÷àõ òåïëîôèçèêè è ìèêðîýëåêòðîíèêè, Êèåâ, Íàóêîâà
Äóìêà, 1992, 296 c (ñîâìåñòíî Ð.Æ. Åðæàíîâûì, Þ.Ì. Ìàòñåâèòûì, Â.Ï. Øåðûøåâûì).

12. Àñèìïòîòèêà ðåøåíèÿ êðàåâîé çàäà÷è äëÿ íåñòàöèîíàðíîé ñèñòåìû óðàâíåíèé ìåòî-
äà ñôåðè÷åñêèõ ãàðìîíèê, Æ. âû÷èñë. ìàòåì. è ìàòåì. ôèç., 1989, Ò. 29, �2, Ñ. 294 � 298
(ñîâìåñòíî ñ Ã.Ê. Êàéøèáàåâîé) (transl. Sultangazin U.M., G. K., Asymptotic behavior of the
solution of a boundary value problem for a nonstationary system of equations of the method of
spherical harmonics, U.S.S.R. Comput. Math. and Math. Phys., 1989, V. 29, �. 1, P. 204-207 (with
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Î ÊÎÝÔÔÈÖÈÅÍÒÀÕ ÐÀÇËÎÆÅÍÈß ÏÎ
ÎÐÒÎÏÎÄÎÁÍÎÉ ÑÈÑÒÅÌÅ È ÍÅÐÀÂÅÍÑÒÂÅ ÐÀÇÍÛÕ

ÌÅÒÐÈÊ
Ã. Àêèøåâ

Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.Å.À. Áóêåòîâà
470074, Êàðàãàíäà, óë. Óíèâåðñèòåòñêàÿ, 28, e-mail: akishev@ksu.kz

Â íàñòîÿùåé çàìåòêå äîêàçàíû îöåíêà êîýôôèöèåíòîâ ðàçëîæåíèÿ ïî îðòîïîäîáíîé ñèñòåìå ýëå-
ìåíòîâ ïðîñòðàíñòâà Ëîðåíöà è íåðàâåíñòâî ðàçíûõ ìåòðèê äëÿ ïîëèíîìîâ ïî ñ÷åòíîé îðòîïîäîá-
íîé ñèñòåìå.

Íàïîìíèì íåîáõîäèìûå îïðåäåëåíèÿ.
Ïóñòü X � σ-êîíå÷íîå èçìåðèìîå ïðîñòðàíñòâî ñ íåîòðèöàòåëüíîé ìåðîé ν. Äëÿ âñÿêîé

ν�èçìåðèìîé ôóíêöèè f ÷åðåç f∗ îáîçíà÷èì åå íåâîçðàñòàþùóþ ïåðåñòàíîâêó (ñì. [1], ñòð.
15�17). ×åðåç Lp,θ(X), 1 < p < +∞, 1 ≤ θ ≤ +∞, îáîçíà÷èì ïðîñòðàíñòâî Ëîðåíöà, ñîñòîÿùåå
èç âñåõ ν�èçìåðèìûõ ôóíêöèé f, äëÿ êîòîðûõ

‖f‖p,θ =
( ν(X)∫

0

(f∗(t))θt
θ
p
−1

dt

) 1
θ

< +∞.

Â ÷àñòíîñòè, Lp,p(X) = Lp(X) � ïðîñòðàíñòâî Ëåáåãà ñ íîðìîé

‖f‖p =
(∫

X
|f(x)|pdν

) 1
p

< +∞, 1 ≤ p < +∞.

Â äàëüíåéøåì C(q, r, p) îçíà÷àåò ïîëîæèòåëüíûå âåëè÷èíû, çàâèñÿùèå îò óêàçàííûõ â ñêîá-
êàõ ïàðàìåòðîâ.

Ò.Ï.Ëóêàøåíêî [2,3] ââåë îïðåäåëåíèå ñèñòåìû ðàçëîæåíèÿ ïîäîáíîé îðòîãîíàëüíîé ñ íåîò-
ðèöàòåëüíîé ìåðîé. Áóäåì ðàññìàòðèâàòü ñ÷åòíóþ îðòîïîäîáíóþ ñèñòåìó {ϕn}n∈N ⊂ L2(X)
([3], ñòð. 58), f̂(n) � êîýôôèöèåíòû ðàçëîæåíèÿ ïî îðòîïîäîáíîé ñèñòåìå ôóíêöèè f, N � ìíî-
æåñòâî íàòóðàëüíûõ ÷èñåë.

Äëÿ òðèãîíîìåòðè÷åñêèõ ïîëèíîìîâ

Tn(x) =
n∑

k=−n

bke
ixk

Keywords: Similar to orthogonal systems, the space Lorentz, an inequality of di�erent metric
2010 Mathematics Subject Classi�cation: 42A10
c
 Ã. Àêèøåâ, 2011.
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èçâåñòíî ñëåäóþùåå íåðàâåíñòâî Äæåêñîíà-Íèêîëüñêîãî (ñì.[4], ñòð. 133):

‖Tn‖q ≤ 3n
1
p
− 1

q ‖Tn‖p, 1 ≤ p < q ≤ +∞. (1)

Â íàñòîÿùåå âðåìÿ èìåþòñÿ ìíîãî÷èñëåííûå îáîáùåíèÿ íåðàâåíñòâà (1) (ñì. áèáëèîãðàôèþ
â [4-10]). Â ÷àñòíîñòè, íåðàâåíñòâî (1) íà ïðîñòðàíñòâà Ëîðåíöà ðàñïðîñòðàíåíî Í.Â.Øâåëèäçå
[6], Ë.À. Øåðñòíåâîé [7]. Íàïðèìåð, â [7] äîêàçàíî íåðàâåíñòâî

‖Tn‖p,θ ≤ C(p, q, θ) (ln(1 + n))
1
θ
− 1

q ‖Tn‖p,q, (2)

ãäå 0 < θ < q < +∞.

Ýòî íåðàâåíñòâî íà ìíîãîïàðàìåòðè÷åñêîå ïðîñòðàíñòâî Ëîðåíöà îáîáùåíî Ê.À. Áåêìà-
ãàíáåòîâûì è Å.Ä. Íóðñóëòàíîâûì [9].

Â ýòîé ñòàòüå äîêàæåì îáîáùåíèå íåðàâåíñòâà (2) äëÿ ïîëèíîìîâ ïî ñ÷åòíîé îðòîïîäîáíîé
ñèñòåìå. Äîêàçàòåëüñòâî îñíîâàíî íà ñëåäóþùåì óòâåðæäåíèè.

Òåîðåìà 1. Ïóñòü ñ÷åòíàÿ îðòîïîäîáíàÿ ñèñòåìà {ϕn}n∈N ïðè íåêîòîðîì r ∈ (2, +∞] óäî-
âëåòâîðÿåò óñëîâèþ

‖ϕn‖r ≤ Mn, ∀n ∈ N,

è ñóùåñòâóåò ÷èñëî M0 òàêîå, ÷òî 0 < M0 ≤ Mn ∀n ∈ N. Òîãäà äëÿ ëþáîé ôóíêöèè f ∈
L2,q(X, ν), 2 < q ≤ ∞, èìååò ìåñòî íåðàâåíñòâî

[ n∑

k=1

|f̂(k)|2
]1/2

≤ C(q, r,M0) ·
(

ln(1 +
n∑

j=1

M2
j )

) 1
2
− 1

q

‖f‖2,q

äëÿ n ∈ N.

Äîêàçàòåëüñòâî. Ïóñòü f ∈ L2,q(X). Ýòó ôóíêöèþ ìîæíî ïðåäñòàâèòü â âèäå f(x) = f1(x) +
f2(x), ãäå

f1(x) =
{

f(x), åñëè |f(x)| ≤ f∗(τ),
0, åñëè |f(x)| > f∗(τ);

f2(x) = f(x)− f1(x), 0 < τ < ν(X).

Òîãäà â ñèëó íåðàâåíñòâà Ìèíêîâñêîãî èìååì

[ n∑

k=1

|f̂(k)|2
]1/2

≤
[ n∑

k=1

|f̂1(k)|2
]1/2

+
[ n∑

k=1

|f̂2(k)|2
]1/2

. (3)

Äîêàæåì, ÷òî êàæäàÿ èç ôóíêöèé f1 è f2 óäîâëåòâîðÿåò íåðàâåíñòâó

[ n∑

k=1

|f̂i(k)|2
]1/2

≤ C(q, r)
(
ln(1 +

n∑

k=1

M2
k )

) 1
2
− 1

q ‖f‖2,q. (4)

Â ñèëó ðàâåíñòâà Ïàðñåâàëÿ äëÿ îðòîïîäîáíîé ñèñòåìû (ñì. [2]) è íåðàâåíñòâà Ãåëüäåðà ñ
ïîêàçàòåëåì q

2 > 1 äëÿ ôóíêöèè f1 èìååì

n∑

k=1

|f̂1(k)|2 ≤ ‖f1‖2
2 ≤

∫ ν(X)

τ
f∗

2
(t)dt ≤ ‖f‖2

2,q

[
ln

ν(X)
τ

]1− 2
q
. (5)
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Ïîëîæèì τ = ν(X)(
1+
Pn

j=1 M2
j

) r
r−2

. Òîãäà äëÿ ôóíêöèè f1 èç ôîðìóëû (5) ïîëó÷èì:

[ n∑

k=1

|f̂1(k)|2
] 1

2 ≤ (
r

r − 2
)

1
2
− 1

q

(
ln(1 +

n∑

k=1

M2
k )

) 1
2
− 1

q ‖f‖2,q. (6)

Äëÿ ôóíêöèè f2 ∈ Lr′(X) ïî îïðåäåëåíèþ êîýôôèöèåíòà ðàçëîæåíèÿ è íåðàâåíñòâó Ãåëü-
äåðà (2 < r < +∞) èìååì

|f̂2(k)| =
∣∣∣
∫

X
f2(x)ϕk(x)dν

∣∣∣ ≤ ‖f2‖r′‖ϕk‖r ≤ Mk‖f‖r′ .

Ñëåäîâàòåëüíî,
n∑

k=1

|f̂2(k)|2 ≤ ‖f2‖2
r′

n∑

k=1

M2
k . (7)

Òàê êàê ïî óñëîâèþ q ∈ (2,+∞), òî ó÷èòûâàÿ, ÷òî f∗ íå âîçðàñòàåò è t
q
2
−1 íå óáûâàåò, áóäåì

èìåòü
‖f‖2,q ≥

[∫ x

x/2
f∗

q
(t)t

q
2
−1dt

]1/q
≥ f∗(x)(

x

2
)

1
2

äëÿ ëþáîãî x ∈ (0, ν(X)]. Ïîýòîìó èç îöåíêè (7) ñ ó÷åòîì óñëîâèÿ r ∈ (2, +∞] ïîëó÷èì
n∑

k=1

|f̂2(k)|2 ≤
n∑

k=1

M2
k

[∫ τ

0
f∗

r′
(t)dt

]2/r′
≤

≤
n∑

k=1

M2
k‖f‖2

2,q

[∫ τ

0
(
t

2
)−

r′
2 dt

] 2
r′ = 2(

2
2− r′

)
2
r′ ‖f‖2

2,qτ
2( 1

r′−
1
2
)

n∑

k=1

M2
k .

Îòñþäà ó÷èòûâàÿ, ÷òî τ = ν(X)(
1+
Pn

j=1 M2
j

) r
r−2

, ïîëó÷èì

[ n∑

k=1

|f̂2(k)|2
] 1

2 ≤
√

2(
2

2− r′
)

1
r′ ‖f‖2,q

( ν(X)
(
1 +

n∑
k=1

M2
k

) r
r−2

) 1
2
− 1

r
[ n∑

k=1

M2
k

] 1
2 ≤

≤
√

2(
2

2− r′
)

1
r′ ‖f‖2,q

(
ν(X)

) 1
2
− 1

r
. (8)

Òàê êàê
∑n

j=1 M2
j > M2

1 > 0, òî ïî ñâîéñòâó ëîãàðèôìè÷åñêîé ôóíêöèè èìååì:

1 = log1+M2
1
(1 + M2

1 ) < log1+M2
1
(1 +

n∑

j=1

M2
j ) =

ln(1 +
∑n

j=1 M2
j )

ln(1 + M2
1 )

.

Ïîýòîìó èç íåðàâåíñòâà (8) äëÿ ôóíêöèè f2 ïîëó÷èì

[ n∑

k=1

|f̂2(k)|2
] 1

2 ≤
√

2(
2

2− r′
)

1
r′ ‖f‖2,q

( ν(X)
(
1 +

n∑
k=1

M2
k

) r
r−2

) 1
2
− 1

r
[ n∑

k=1

M2
k

] 1
2 ≤

≤
√

2(
2

2− r′
)

1
r′ ‖f‖2,q

(
ν(X)

) 1
2
− 1

r ≤
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≤
√

2(
2

2− r′
)

1
r′ ‖f‖2,q

(
ν(X)

) 1
2
− 1

r
( 1

ln(1 + M2
1 )

) 1
2
− 1

q
(
ln(1 +

n∑

k=1

M2
k )

) 1
2
− 1

q
.

Òåì ñàìûì ñ ó÷åòîì (6) íåðàâåíñòâî (4) äîêàçàíî. Òåïåðü èç ñîîòíîøåíèé (3) è (4) ñëåäóåò, ÷òî
[ n∑

k=1

|f̂(k)|2
] 1

2 ≤ C(q, r,M1)‖f‖2,q

(
ln(1 +

n∑

j=1

M2
j )

) 1
2
− 1

q
.

Òåîðåìà äîêàçàíà.

Òåîðåìà 2. Ïóñòü ñ÷åòíàÿ îðòîïîäîáíàÿ ñèñòåìà {ϕn}n∈N óäîâëåòâîðÿåò óñëîâèþ òåîðåìû
1.

1) Åñëè 1 < p < 2, òî äëÿ ëþáîãî ïîëèíîìà

fn(x) =
n∑

k=1

ckϕk(x)

âûïîëíÿåòñÿ íåðàâåíñòâî

‖fn‖2,p ≤ C(p)‖fn‖2

(
ln(1 +

n∑

k=1

M2
k )

) 1
p
− 1

2

.

2) Åñëè 2 < p < q < +∞, òî

‖fn‖2,p ≤ C(p, q)‖fn‖2,q

(
ln(1 +

n∑

k=1

M2
k )

) 1
p
− 1

q

.

3) Åñëè 1 < p < 2 < q < +∞, òî

‖fn‖2,p ≤ C(p, q)‖fn‖2,q

(
ln(1 +

n∑

k=1

M2
k )

) 1
p
− 1

q

.

Äîêàçàòåëüñòâî. Äëÿ ïðîñòðàíñòâà Ëîðåíöà èçâåñòíî ñîîòíîøåíèå

‖f‖θ,p ³ sup
‖g‖θ′,p′

∣∣∣∣
∫

X
f(x)g(x)dν

∣∣∣∣ , (9)

ãäå 1 < p, θ < +∞, 1
p + 1

p′ = 1 1
θ + 1

θ′ = 1.
Ïðèìåíÿÿ íåðàâåíñòâî Ãåëüäåðà è òåîðåìó 1, ïîëó÷èì

∣∣∣∣
∫

X
fn(x)g(x)dν

∣∣∣∣ =

∣∣∣∣∣
n∑

k=1

ckĝ(k)

∣∣∣∣∣ ≤
(

n∑

k=1

|ck|2
) 1

2
(

n∑

k=1

|ĝ(k)|2
) 1

2

≤

≤ ‖g‖2,p′

(
ln(1 +

n∑

k=1

M2
k )

) 1
2
− 1

p′
(

n∑

k=1

|ck|2
) 1

2

=

= ‖g‖2,p′

(
ln(1 +

n∑

k=1

M2
k )

) 1
p
− 1

2
(

n∑

k=1

|ck|2
) 1

2

.
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Òåïåðü ïîëüçóÿñü ðàâåíñòâîì Ïàðñåâàëÿ è ñîîòíîøåíèåì (9) ïðè θ = 2, îòñþäà ïîëó÷èì

‖fn‖2,p ≤ C(p)‖fn‖2

(
ln(1 +

n∑

k=1

M2
k )

) 1
p
− 1

2
(

n∑

k=1

|ck|2
) 1

2

.

Ïåðâûé ïóíêò òåîðåìû äîêàçàí.
Äîêàæåì âòîðîé ïóíêò. Â ïðîñòðàíñòâå Ëîðåíöà Lp,θ(X) ñïðàâåäëèâî íåðàâåíñòâî (ñì. [11],

ñòð. 491):

‖fn‖2,p ≤ ‖fn‖
1
2−

1
p

1
2−

1
q

2,q ‖fn‖
1
p− 1

q
1
2−

1
q

2,2 (10)

ïðè 2 < p < q < +∞.

Òàê êàê 2 < q < +∞ è L2,2(X) = L2(X), òî ïî òåîðåìå 1

‖fn‖2 =

(
n∑

k=1

|ck|2
) 1

2

≤ C(p)‖fn‖2,q

(
ln(1 +

n∑

k=1

M2
k )

) 1
2
− 1

q

.

Ïîýòîìó èç íåðàâåíñòâà (10) ïîëó÷èì

‖fn‖2,p ≤ C(p, q)‖fn‖
1
2−

1
p

1
2−

1
q

2,q



‖fn‖2,q

(
ln(1 +

n∑

k=1

M2
k )

) 1
2
− 1

q





1
p− 1

q
1
2−

1
q

=

= C(p, q)‖fn‖2,q

(
ln(1 +

n∑

k=1

M2
k )

) 1
p
− 1

q

äëÿ 2 < p < q < +∞. Ýòèì âòîðîé ïóíêò òåîðåìû äîêàçàí.
Ïóñòü 1 < p < 2 < q < +∞. Òàê êàê 1 < p < 2, òî â ñèëó ïóíêòà 1) áóäåì èìåòü

‖fn‖2,p ≤ C(p, q)‖fn‖2

(
ln(1 +

n∑

k=1

M2
k )

) 1
p
− 1

2

=

= C(p, q)

(
ln(1 +

n∑

k=1

M2
k )

) 1
p
− 1

2
(

n∑

k=1

|ck|2
) 1

2

. (11)

Ïî óñëîâèþ òåîðåìû 2 < q < +∞. Ïîýòîìó â ñèëó òåîðåìû 1 èç (11) ïîëó÷èì

‖fn‖2,p ≤ C(p, q)

(
ln(1 +

n∑

k=1

M2
k )

) 1
p
− 1

2
(

ln(1 +
n∑

k=1

M2
k )

) 1
2
− 1

q

‖fn‖2,q =

= C(p, q)

(
ln(1 +

n∑

k=1

M2
k )

) 1
p
− 1

q

‖fn‖2,q.

Òåîðåìà äîêàçàíà.
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Çàìå÷àíèå 1. Òåîðåìû 1, 2 àíîíñèðîâàíû â [12]. Íåðàâåíñòâî ðàçíûõ ìåòðèê â ïðîñòðàí-
ñòâàõ Ëåáåãà äëÿ ïîëèíîìîâ ïî îðòîíîðìèðîâàííîé ñèñòåìå {ϕn}n∈N, ïðè íåêîòîðîì r ∈
(2, +∞] óäîâëåòâîðÿþùåé óñëîâèþ

‖ϕn‖r ≤ Mn, ∀n ∈ N,

äîêàçàíî â [13].
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ÑÎÁÑÒÂÅÍÍÛÅ ÔÓÍÊÖÈÈ ÑÏÅÊÒÐÀËÜÍÎÉ
ÑÌÅØÀÍÍÎÉ ÇÀÄÀ×È ÄËß ÎÄÍÎÃÎ ÊËÀÑÑÀ

ÌÍÎÃÎÌÅÐÍÛÕ ÃÈÏÅÐÁÎËÎ-ÏÀÐÀÁÎËÈ×ÅÑÊÈÕ
ÓÐÀÂÍÅÍÈÉ

Ñ. À. Àëäàøåâ

Àêòþáèíñêèé Ãîñóäàðñòâåíûé Óíèâåðñèòåò èì. Ê. Æóáàíîâà
030000, Àêòþáèíñê, óë. Áðàòüåâ Æóáàíîâûõ, 263

Â ðàáîòå ïîêàçàíî, ÷òî â öèëèíäðè÷åñêîé îáëàñòè ñïåêòðàëüíàÿ ñìåøàííàÿ çàäà÷à äëÿ îäíîãî êëàñ-
ñà ìíîãîìåðíûõ ãèïåðáîëî-ïàðàáîëè÷åñêèõ óðàâíåíèé èìååò áåñ÷èñëåííîå ìíîæåñòâî ñîáñòâåííûõ
ôóíêöèé.

Òåîðèÿ êðàåâûõ çàäà÷ äëÿ ãèïåðáîëî-ïàðàáîëè÷åñêèõ óðàâíåíèé íà ïëîñêîñòè õîðîøî èçó-
÷åíà [1]. Íàñêîëüêî íàì èçâåñòíî èõ ìíîãîìåðíûå àíàëîãè èññëåäîâàíû ìàëî [2].

Ïóñòü Ωαβ � öèëèíäðè÷åñêàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà Em+1 òî÷åê (x1, ..., xm, t),
îãðàíè÷åííàÿ öèëèíäðîì Γ = {(x, t) : |x| = 1}, ïëîñêîñòÿìè t = α > 0 è t = β < 0, ãäå |x| �
äëèíà âåêòîðà x = (x1, ..., xm).

Îáîçíà÷èì ÷åðåç Ωα è Ωβ ÷àñòè îáëàñòè Ωαβ, à ÷åðåç Γα, Γβ � ÷àñòè ïîâåðõíîñòè Γ, ëåæàùèå
ñîîòâåòñòâåííî â ïîëóïðîñòðàíñòâàõ t > 0 è t < 0; σα � âåðõíåå, à σβ � íèæíåå îñíîâàíèå
îáëàñòè Ωαβ . Ïóñòü äàëåå S � îáùàÿ ÷àñòü ãðàíèö îáëàñòåé Ωα, Ωβ, ïðåäñòàâëÿþùåå ìíîæåñòâî
{t = 0, 0 < |x| < 1} â Em.

Â îáëàñòè Ωαβ ðàññìîòðèì ñìåøàííî ãèïåðáîëî-ïàðàáîëè÷åñêèå óðàâíåíèÿ

γu =





∆xu− utt +
m∑

i=1
ai(x, t)uxi + b(x, t)ut + c(x, t)u, t > 0,

∆xu− ut +
m∑

i=1
di(x, t)uxi + e(x, t)u, t < 0,

(1)

ãäå γ− äåéñòâèòåëüíîå ÷èñëî, ∆x � îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, ..., xm, m ≥ 2.
Â êà÷åñòâå ìíîãîìåðíîé ñïåêòðàëüíîé ñìåøàííîé çàäà÷è ðàññìîòðèì ñëåäóþùóþ
Çàäà÷à 1. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωαβ ïðè t 6= 0 èç êëàññà C(Ωαβ)∩

∩C2(Ωα ∪ Ωβ), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u
∣∣∣
σα

= 0, u
∣∣∣
Γ

= 0. (2)

Keywords: Functions, mixed problem, multidimensional equations
2010 Mathematics Subject Classi�cation: 35E99
c
 Ñ. À. Àëäàøåâ, 2011.
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Â äàëüíåéøåì íàì óäîáíî ïåðåéòè îò äåêàðòîâûõ êîîðäèíàò x1, ..., xm, t ê ñôåðè÷åñêèì
r, θ1, ..., θm−1, t, r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π, i = 2, 3, ...,m− 1.

Ïóñòü
{
Y k

n,m(θ)
}− ñèñòåìà ëèíåéíî íåçàâèñèìûõ ñôåðè÷åñêèõ ôóíêöèé ïîðÿäêà n, 1 ≤ k ≤

kn, (m−2)!n!kn = (n+m−3)!(2n+m−2), θ = (θ1, ..., θm−1), W l
2(Dε), l = 0, 1, ..., � ïðîñòðàíñòâà

Ñîáîëåâà.
Èìååò ìåñòî [3]

Ëåììà. Ïóñòü f(r, θ) ∈ W l
2(S). Åñëè l ≥ m− 1, òî ðÿä

f(r, θ) =
∞∑

n=0

kn∑

k=1

fk
n(r)Y k

n,m(θ), (3)

à òàêæå ðÿäû, ïîëó÷åííûå èç íåãî äèôôåðåíöèðîâàíèåì ïîðÿäêà p ≤ l − m + 1, ñõîäÿòñÿ
àáñîëþòíî è ðàâíîìåðíî.

×åðåç ãk
in(r, t), ak

in(r, t), b̃k
n(r, t), c̃k

n(r, t), d̃k
in(r, t), dk

in(r, t), ēk
n(r, t), ρk

n, îáî-
çíà÷èì êîýôôèöèåíòû ðàçëîæåíèÿ ðÿäà (3), ñîîòâåòñòâåííî ôóíêöèé
ai (r, θ, t) ρ (θ) , ai

xi
r ρ, b (r, θ, t) ρ, c (r, θ, t) ρ, di (r, θ, t) ρ, di

xi
r ρ, e(r, θ, t)ρ, ρ(θ), i = 1, ..., m,

ïðè÷åì ρ(θ) ∈ C∞(H), ãäå H � åäèíè÷íàÿ ñôåðà â Em.

Ïóñòü ai(x, t), b(x, t), c(x, t) ∈ W l
2(Ωα), di(x, t), e(x, t) ∈ W l

2(Ωβ) ⊂ C(Ωβ), l ≥ m + 1, i =
1, ..., m.

Òîãäà ñïðàâåäëèâà
Òåîðåìà. Çàäà÷à 1 äëÿ êàæäîãî γ èìååò áåñ÷èñëåííîå ìíîæåñòâî ñîáñòâåííûõ ôóíêöèé.
Äîêàçàòåëüñòâî. Â ñôåðè÷åñêèõ êîîðäèíàòàõ óðàâíåíèå (1) â îáëàñòè Ωα èìååò âèä:

L1u = urr +
m− 1

r
ur − 1

r2
δu− utt +

m∑

i=1

ai(r, θ, t)uxi + b(r, θ, t)ut + c(r, θ, t)u = γu, (4)

δ ≡ −
m−1∑

j=1

1
gjsinm−j−1θj

∂

∂θj

(
sinm−j−1θj

)
, g1 = 1, gj = (sinθ1...sinθj−1)2, j > 1.

Èçâåñòíî [3], ÷òî ñïåêòð îïåðàòîðà δ ñîñòîèò èç ñîáñòâåííûõ ÷èñåë λn = n(n + m−
−2), n = 0, 1, ..., êàæäîìó èç êîòîðûõ ñîîòâåòñòâóåò kn îðòîíîðìèðîâàííûõ ñîáñòâåííûõ ôóíê-
öèé Y k

n,m(θ).
Èñêîìîå ðåøåíèå çàäà÷è 1 â îáëàñòè Ωα áóäåì èñêàòü â âèäå:

u(r, θ, t) =
∞∑

n=0

kn∑

k=1

ūk
n(r, t)Y k

n,m(θ), (5)

ãäå ūk
n(r, t) � ôóíêöèè, ïîäëåæàùèå îïðåäåëåíèþ.

Ïîäñòàâèâ (5) â (4), óìíîæèâ çàòåì ïîëó÷åííîå âûðàæåíèå íà ρ(θ) 6= 0 è ïðîèíòåãðèðîâàâ
ïî åäèíè÷íîé ñôåðå H, äëÿ ūk

n ïîëó÷èì [4-6]

ρ1
0ū

1
0rr − ρ1

0ū
1
0tt +

(
m− 1

r
ρ1
0 +

m∑

i=1

a1
i0

)
ū1

0r + b̃1
0ū

1
0t + c̃1

0ū
1
0−

−γρ1
0ū

1
0 +

∞∑

n=1

kn∑

k=1

{
ρk

nūk
nrr − ρk

nūk
ntt +

(
m− 1

r
ρk

n +
m∑

i=1

ak
in

)
ūk

nr + b̃k
nūk

nt+

+

[
c̃k
n − λn

ρk
n

r2
+

m∑

i=1

(ãk
in−1 − nak

in)

]
ūk

n − γρk
nūk

n

}
= 0.

(6)
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Òåïåðü ðàññìîòðèì áåñêîíå÷íóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

ρ1
0ū

1
0rr − ρ1

0ū
1
0tt +

m− 1
r

ρ1
0ū

1
0r = γρ1

0ū
1
0, (7),

ρk
1ū

k
1rr − ρk

1ū
k
1tt +

m− 1
r

ρk
1ū

k
1r −

λ1

r2
ρk
1ū

k
1 =

= γρk
1ū

k
1 −

1
k1

(
m∑

i=1

a1
i0ū

1
0r + b̃1

0ū
1
0t + c̃1

0ū
1
0

)
, n = 1, k = 1, k1,

(8)

ρk
nūk

nrr − ρk
nūk

ntt +
m− 1

r
ρk

nūk
nr −

λn

r2
ρk

nūk
n =

= γρk
nūk

n −
1
kn

kn−1∑

k=1

{
m∑

i=1

ak
in−1 ūk

n−1r + b̃k
n−1ū

k
n−1t + [c̃k

n−1+

+
m∑

i=1

(ãk
in−2 − (n− 1)ak

in−1)]ū
k
n−1

}
, k = 1, kn, n = 2, 3, ... .

(9)

Ñóììèðóÿ óðàâíåíèå (8) îò 1 äî k1, çàòåì óðàâíåíèå (9) îò 1 äî kn, à çàòåì ñëîæèâ ïîëó-
÷åííûå âûðàæåíèÿ âìåñòå ñ (7), ïðèõîäèì ê óðàâíåíèþ (6).

Îòñþäà ñëåäóåò, ÷òî åñëè
{
ūk

n

}
, k = 1, kn, n = 0, 1, ..., � ðåøåíèå ñèñòåìû (7)�(9), òî îíî

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (6).
Íåòðóäíî çàìåòèòü, ÷òî êàæäîå óðàâíåíèå ñèñòåìû (7)�(9) ìîæíî ïðåäñòàâèòü â âèäå:

ūk
nrr − ūk

ntt +
m− 1

r
ūk

nr −
λn

r2
ūk

n − γūk
n = f

k
n(r, t), (10)

ãäå f
k
n(r, t) îïðåäåëÿþòñÿ èç ïðåäûäóùèõ óðàâíåíèé ýòîé ñèñòåìû, ïðè ýòîì f

1
0(r, t) ≡ 0.

Äàëåå, ó÷èòûâàÿ îðòîãîíàëüíîñòü ñôåðè÷åñêèõ ôóíêöèé Y k
n,m(θ) ([3]), èç êðàåâîãî óñëîâèÿ

(2) â ñèëó (5) áóäåì èìåòü

ūk
n(1, t) = 0, ūk

n(r, α) = 0, k = 1, kn, n = 0, 1, ... . (11)

Â (10), (11) ïðîèçâåäÿ çàìåíó ūk
n(r, t) = r

(1−m)
2 uk

n(r, t), ïîëó÷èì

ūk
nrr − ūk

ntt +
λn

r2
uk

n − γuk
n = fk

n(r, t), (12)

ūk
n(r, α) = 0, uk

n(1, t) = 0, k = 1, kn, n = 0, 1, ... , (13)

λ̄n =
((m− 1)(3−m)− 4λn)

4
, fk

n(r, t) = r
(m−1)

2 f̄k
nn(r, t).

Ðåøåíèå çàäà÷è (12), (13) èùåì â âèäå:

uk
n(r, t) =

∞∑

s=1

RS(r)TS(t), (14)

ïðè ýòîì ïóñòü

fk
n(r, t) =

∞∑

S=1

as(t)RS(t). (15)
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Ïîäñòàâëÿÿ (14) â (12), (13), ñ ó÷åòîì (15) ïîëó÷èì

Rsrr +
λn

r2
Rs + (µ− γ)Rs = 0, 0 < r < 1, (16)

Rs(1) = 0, |Rs(0)| < ∞, (17)

Tstt + µTs = −as(t), t > 0, (18)

Ts(α) = 0. (19)

Îãðàíè÷åííîå ðåøåíèå çàäà÷è (16), (17) èìååò âèä [7]:

Rs(r) =
√

rJν(µsr), (20)

ãäå ν = n + m−2
2 , Jν(z) � ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà, µs � åå íóëè, µ = γ + µ2

s.
Îáùåå ðåøåíèå óðàâíåíèÿ (18) ïðåäñòàâèìî â âèäå [7]:

TS(t) =





c1s ch t
√
|µ|+ c2s sh t

√
|µ|+ ch t

√
|µ|√

|µ|
t∫
0

as(ξ) sh
√
|µ|ξdξ−

−sh t
√
|µ|√

|µ|
t∫
0

as(ξ) ch
√
|µ|ξdξ, µ < 0,

c1s + c2st +
t∫
0

ξas(ξ)dξ − t
t∫
0

as(ξ)dξ, µ = 0,

c1s cos t
√
|µ|+ c2s sin t

√
|µ|+ cos t

√
|µ|√

|µ|
t∫
0

as(ξ) sin ξ
√
|µ|dξ−

−sin t
√
|µ|√

|µ|
t∫
0

as(ξ) cos ξ
√
|µ|dξ, µ > 0,

c1s, c2s � ïðîèçâîëüíûå íåçàâèñèìûå ïîñòîÿííûå, óäîâëåòâîðèâ êîòîðûå óñëîâèþ (19), ïîëó÷èì

TS(t) =





c2s(sh t
√
|µ| − thα

√
|µ| ch t

√
|µ|) +

ch t
√
|µ|√

|µ| (
t∫
0

as(ξ) sh
√
|µ|ξdξ−

−
α∫
0

as(ξ) sh
√
|µ|ξdξ) +

tg α
√
|µ| ch t

√
|µ|√

|µ|
α∫
0

as(ξ) ch
√
|µ|ξdξ−

−sh t
√
|µ|√

|µ|
t∫
0

as(ξ) ch
√
|µ|ξdξ, µ < 0,

c2s(t− α)−
α∫
0

ξas(ξ)dξ + α
α∫
0

as(ξ)dξ +
t∫
0

ξas(ξ)dξ − t
t∫
0

as(ξ)dξ, µ = 0,

c2s(sin t
√
|µ| − tg α

√
µ cos t

√
µ) +

cos t
√
|µ|√

|µ| (
t∫
0

as(ξ) sin
√
|µ|ξdξ−

−
α∫
0

as(ξ) sin
√
|µ|ξdξ) +

tg α
√
|µ| ch t

√
|µ|√

|µ|
α∫
0

as(ξ) cos ξ
√
|µ|dξ−

−sin t
√
|µ|√

|µ|
t∫
0

as(ξ) cos ξ
√
|µ|dξ, µ > 0.

(21)

Ïîäñòàâëÿÿ (20) â (15), ïîëó÷èì

r−
1
2 fk

n(r, t) =
∞∑

s=1

as(t)Jν(µsr), 0 < r < 1. (22)
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Ðÿäû (22) � ðàçëîæåíèå â ðÿä Ôóðüå-Áåññåëÿ ([8]), åñëè

as(t) =
2

[Jν+1(µs)]2

1∫

0

√
ξfk

n(ξ, t)Jν(µsξ)dξ, (23)

µs, s = 1, 2, ..., � ïîëîæèòåëüíûå íóëè ôóíêöèé Áåññåëÿ, ðàñïîëîæåííûå â ïîðÿäêå âîçðàñòàíèÿ
èõ âåëè÷èíû.

Èç (20), (21) ïîëó÷èì ðåøåíèå çàäà÷è (12), (13) â âèäå:

uk
n(r, t) =

∞∑

s=1

√
rTs(t)Jν(µsr), (24)

ãäå as(t) îïðåäåëÿåòñÿ èç (23).
Ñëåäîâàòåëüíî, ñíà÷àëà ðåøèâ çàäà÷ó (7), (11) (n = 0), à çàòåì (8), (11)(n = 1) è ò.ä.,

íàéäåì ïîñëåäîâàòåëüíî âñå ūk
n(r, t), k = 1, kn, n = 0, 1, ... .

Èòàê, â îáëàñòè Ωα ïîêàçàíî, ÷òî
∫

H

ρ(θ)(L1u− γu)dH = 0. (25)

Ïóñòü f(r, θ, t) = R(r)ρ(θ)T (t), ïðè÷åì R(r) ∈ V0, V0− ïëîòíà â L2((0, 1)),ρ(θ) ∈ ∈ C∞(H) �
ïëîòíà â L2(H), à T (t) ∈ V1, V1− ïëîòíà â L2((0, α)). Òîãäà f(r, θ, t) ∈ V, V = V0 ⊗ H ⊗ V1 �
ïëîòíà â L2(Ωα) ([9]).

Îòñþäà è èç (25) ñëåäóåò, ÷òî
∫

Ωα

f(r, θ, t)(L1 − γ)udΩα = 0

è
L1u = γu, ∀(r, θ, t) ∈ Ωα.

Äàëåå èç (5), (24) ïðè t −→ +0 áóäåò èìåòü

u(r, θ, 0) = τ(r, θ) =
∞∑

n=0

kn∑

k=1

r
(1−m)

2 τk
n(r)Y k

n,m(θ), (26)

τk
n(r) =

∞∑

s=0

√
rTs(0)Jν(µsr).

Òàêèì îáðàçîì, ìû ïðèøëè â îáëàñòè Ωβ ê ïåðâîé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ

L2u ≡ urr +
m− 1

r
ur − 1

r2
δu− ut +

m∑

i=1

di(r, θ, t)uxi + e(r, θ, t)u = γu, (27)

ñ óñëîâèÿìè

u
∣∣
s

= τ(r, θ), u
∣∣
Γβ

= 0. (28)

Ðåøåíèå çàäà÷è (27), (28) áóäåì èñêàòü â âèäå (5).
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Ïîäñòàâëÿÿ (5) â (27), áóäåì èìåòü

ρ1
0ū

1
0rr − ρ1

0ū
1
0t +

(
m− 1

r
ρ1
0 +

m∑

i=1

d1
i0

)
ū1

0r + ẽ1
0ū

1
0 − γρ1

0ū
1
0+

+
∞∑

n=1

kn∑

k=1

{
ρk

nūk
nrr − ρk

nūk
nt+}+

(
m− 1

r
ρk

n +
m∑

i=1

dk
in

)
ūk

nr+

+

[
ẽk
n − λn

ρk
n

r2
+

m∑

i=1

(d̃k
in−1 − ndk

n)

]
ūk

n − γρk
nūk

n

}
= 0.

(29)

Òåïåðü ðàññìîòðèì áåñêîíå÷íóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé

ρ1
0ū

1
0rr − ρ1

0ū
1
0t +

m− 1
r

ρ1
0ū

1
0r = γρ1

0ū
1
0, (30)

ρk
1ū

k
1rr − ρk

nūk
1t +

m− 1
r

ρk
1ū

k
1r −

λ1

r2
ρk
1ū

k
1 =

= γρk
1ū

k
1 −

1
k1

(
m∑

i=1

d1
i0ū

1
0r + ẽ1

0ū
1
0

)
, n = 1, k = 1, k1,

(31)

ρk
nūk

nrr − ρk
nūk

nt +
m− 1

r
ρk

nūk
nr −

λn

r2
ρk

nūk
n = γρk

nūk
n−

− 1
kn

kn−1∑

k=1

{
m∑

i=1

dk
in−1ū

k
n−1r + [ẽk

n−1 +
m∑

i=1

(d̃k
in−2 − (n− 1)dk

in−1)]ū
k
n−1

}
,

k = 1, kn, n = 2, 3, ... .

(32)

Ñóììèðóÿ óðàâíåíèå (31) îò 1 äî k1, çàòåì óðàâíåíèå (32) îò 1 äî kn, à çàòåì ñëîæèâ
ïîëó÷åííûå âûðàæåíèÿ âìåñòå ñ (30), ïðèõîäèì ê óðàâíåíèþ (29).

Îòñþäà ñëåäóåò, ÷òî åñëè
{
ūk

n

}
, k = 1, kn, n = 0, 1, ....− ðåøåíèå ñèñòåìû (30)�(32), òî îíî

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (29).
Íåòðóäíî çàìåòèòü, ÷òî êàæäîå óðàâíåíèå ñèñòåìû (30)�(32) ìîæíî ïðåäñòàâèòü â âèäå:

ūk
nrr − ūk

nt +
m− 1

r
ūk

nr −
λn

r2
ūk

n − γūk
n = ḡk

n(r, t), (33)

ãäå gk
n(r, t) îïðåäåëÿþòñÿ èç ïðåäûäóùèõ óðàâíåíèé ýòîé ñèñòåìû, ïðè ýòîì g1

0(r, t) ≡ 0.
Â (33) ïðîèçâåäÿ çàìåíó ïåðåìåííûõ ūk

n(r, t) = r
(1−m)

2 ūk
n(r, t), ïîëó÷èì

Luk
n ≡ uk

nrr − uk
nt +

λ̄n

r2
uk

n − γuk
n = gk

n(r, t), (34)

ïðè ýòîì êðàåâîå óñëîâèå (28) ñ ó÷åòîì (26) çàïèøåòñÿ â âèäå:

uk
n(r, 0) = τk

n(r), uk
n(1, t) = 0, k = 1, kn, n = 0, 1, ... , (35)

gk
n(r, t) = r

(m−1)
2 ḡk

n(r, t).

Ðåøåíèå çàäà÷è (34), (35) èùåì â âèäå:

uk
n(r, t) = uk

1n(r, t) + uk
2n(r, t), (36)
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ãäå uk
1n(r, t) � ðåøåíèå çàäà÷è

Luk
1n = gk

n(r, t), (37)

uk
1n(r, 0) = 0, uk

1n(1, t) = 0, 0 < r < 1, t < 0, (38)

à uk
2n(r, t) � ðåøåíèå çàäà÷è

Luk
2n = 0, (39)

uk
2n(r, 0) = τk

n(r), uk
2n(1, t) = 0, 0 < r < 1, t < 0. (40)

Ðåøåíèå âûøåóêàçàííûõ çàäà÷ èùåì â âèäå:

uk
n(r, t) =

∞∑

s=1

Rs(r)Vs(t), (14′)

ïðè ýòîì ïóñòü

gk
n(r, t) =

∞∑

s=1

ds(t)Rs(r), τk
n(r) =

∞∑

s=1

esRs(r). (41)

Ïîäñòàâëÿÿ (14′) â (37), (38), ñ ó÷åòîì (41) ïîëó÷èì çàäà÷ó (16),(17) è çàäà÷ó

Vst + µVs = −ds(t), Vs(0) = 0,

êîòîðûå èìåþò ñîîòâåòñòâåííî ðåøåíèÿ (20) è

VS(t) = −
t∫

0

ds(ξ) exp[−µ(t− ξ)]dξ. (42)

Äàëåå èç (20), (26), (41) ïîëó÷èì

r−
1
2 gk

n(r, t) =
∞∑

s=1

ds(t)Jν(µsr), 0 < r < 1, (43)

es = Ts(0). (44)

Ðÿä (43) � ðàçëîæåíèå â ðÿä Ôóðüå -Áåññåëÿ, åñëè

ds(t) =
1

[Jν+1(µs)]

2
1∫

0

√
ξgk

n(ξ, t)Jν(µsξ)dξ, (45)

µs, s = 1, 2, ..., � ïîëîæèòåëüíûå íóëè, ðàñïîëîæåííûå â ïîðÿäêå âîçðàñòàíèÿ èõ âåëè÷èíû.
Èç (20), (42) ïîëó÷èì ðåøåíèå çàäà÷è (37), (38) â âèäå:

uk
1n(r, t) = −

∞∑

s=1

√
r





t∫

0

ds(ξ) exp[−(γ + µ2
s)(t− ξ)]dξ



Jν(µsr), (46)

ãäå ds(t) îïðåäåëÿåòñÿ èç (45).
Äàëåå, ïîäñòàâëÿÿ (14) â (39), (40), áóäåì èìåòü

Vst + (γ + µ2
s)Vs = 0, t < 0,

ðåøåíèåì êîòîðîãî ÿâëÿåòñÿ
Vs(t) = exp(−(γ + µ2

s)t). (47)
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Èç (20), (47) ñ ó÷åòîì (44), ïîëó÷èì

uk
2n(r, t) =

∞∑

s=1

√
rTs(0)Jν(µsr) exp(−(γ + µ2

s)t). (48)

Ñëåäîâàòåëüíî, ñíà÷àëà ðåøèâ çàäà÷ó (30), (35) (n = 0), à çàòåì (31), (35) (n = 1) è ò.ä.,
íàéäåì ïîñëåäîâàòåëüíî âñå ūk

n(r, t) èç (36), ãäå uk
1n(r, t), uk

2n(r, t) îïðåäåëÿþòñÿ èç (46), (48)
k = 1, kn, n = 0, 1, ... .

Èòàê, â îáëàñòè Ωβ èìååò ìåñòî
∫

H

ρ(θ)(L2u− γu)dH = 0. (49)

Ïóñòü f(r, θ, t) = R(r)ρ(θ)T (t), ïðè÷åì R(r) ∈ V0, V0− ïëîòíà â L2((0, 1)),ρ(θ) ∈ ∈ C∞(H)−
ïëîòíà â L2(H), à T (t) ∈ V1, V1− ïëîòíà â L2((β, 0)). Òîãäà f(r, θ, t) ∈ ∈ V, V = V0 ⊗H ⊗ V1−
ïëîòíà â L2(Ωβ).

Îòñþäà è èç (49), ñëåäóåò, ÷òî
∫

Ωβ

f(r, θ, t)(L2u− γu)dΩβ = 0 è L2u = γu, ∀(r, θ, t) ∈ ∈ Ωβ.

Òàêèì îáðàçîì, ðåøåíèåì çàäà÷è 1 â îáëàñòÿõ Ωα è Ωβ ÿâëÿþòñÿ ôóíêöèè

u(r, θ, t) =
∞∑

n=2

kn∑

k=1

∞∑

s=1

n−ρr
(2−m)

2 Ts(t)Jν(µsr)Y k
n,m(θ), t > 0,

u(r, θ, t) =
∞∑

n=2

kn∑
k=1

∞∑
s=1

n−ρr
(2−m)

2 {Ts(0) exp(−(γ + µ2
s)t)−

−
t∫
0

ds(ξ) exp[−(γ + µ2
s)(t− ξ)]dξ}Jν(µsr)Y k

n,m(θ), t < 0,

(50)

ãäå Ts(t) îïðåäåëÿþòñÿ èç (21).
Ó÷èòûâàÿ ôîðìóëó ([8]) 2J ′ν(z) = Jν−1(z)− Jν+1(z), à òàêæå îöåíêè [8, 3]

|Jν(z)| = 1
Γ(1 + ν)

(z

2

)ν
,

|kn| ≤ c1n
m−2,

∣∣∣∣∣
∂q

∂θq
j

Y k
n,m(θ)

∣∣∣∣∣ ≤ c2n
m
2
−1+q, c1, c2 = const, j = 1,m− 1, q = 0, 1, ... ,

Γ(z)− ãàììà-ôóíêöèÿ, íåòðóäíî ïîêàçàòü, ÷òî åñëè p > 3m
2 , òî çàäà÷à 1 äëÿ êàæäîãî γ èìå-

åò áåñ÷èñëåííîå ìíîæåñòâî ñîáñòâåííûõ ôóíêöèé âèäà (50) è ïðèíàäëåæèò èñêîìîìó êëàññó
C(Ω̄αβ) ∩ C2(Ωα ∪ Ωβ).
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Ìåòîäîì ðàçäåëåíèÿ ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè îñíîâíîé ïî êëàññèôèêàöèè
À.Ñ. Ãàëèóëëèíà îáðàòíîé çàäà÷è â êëàññå ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ ñèñòåì Èòî ïåð-
âîãî ïîðÿäêà ñî ñëó÷àéíûìè âîçìóùåíèÿìè èç êëàññà âèíåðîâñêèõ ïðîöåññîâ è âûðîæäàþùåéñÿ
îòíîñèòåëüíî ÷àñòè ïåðåìåííûõ äèôôóçèåé.

Ââåäåíèå

Îñíîâû òåîðèè è îáùèå ìåòîäû ðåøåíèÿ îáðàòíûõ çàäà÷ äèôôåðåíöèàëüíûõ ñèñòåì ðàçðà-
áîòàíû â [1-7 è äð.] äëÿ äåòåðìèíèðîâàííûõ ñèñòåì, óðàâíåíèÿ êîòîðûõ ÿâëÿþòñÿ îáûêíîâåí-
íûìè äèôôåðåíöèàëüíûìè óðàâíåíèÿìè (ÎÄÓ). Òàê, â ðàáîòå Åðóãèíà [1] ñòðîèòñÿ ìíîæåñòâî
ÎÄÓ, êîòîðûå èìåþò çàäàííóþ èíòåãðàëüíóþ êðèâóþ. Ýòà ðàáîòà, âïîñëåäñòâèè, îêàçàëàñü
îñíîâîïîëàãàþùåé â ñòàíîâëåíèè è ðàçâèòèè òåîðèè îáðàòíûõ çàäà÷ äèíàìèêè ñèñòåì, îïèñû-
âàåìûõ ÎÄÓ. Â ðàáîòàõ [2-7] èçëîæåíû ïîñòàíîâêà, êëàññèôèêàöèÿ îáðàòíûõ çàäà÷ äèôôåðåí-
öèàëüíûõ ñèñòåì è èõ ðåøåíèå â êëàññå ÎÄÓ. Ñëåäóåò îòìåòèòü, ÷òî îäèí èç îáùèõ ìåòîäîâ
ðåøåíèÿ îáðàòíûõ çàäà÷ äèíàìèêè â êëàññå ÎÄÓ � ìåòîä êâàçèîáðàùåíèÿ ïðåäëîæåí â ðàáîòå
[7], ïîçâîëÿþùèé ïîëó÷èòü íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè. Íî íàðÿäó ñ
óêàçàííûì ìåòîäîì òàì æå ïðåäëàãàþòñÿ ìåòîä ðàçäåëåíèÿ è ìåòîä ïðîåêòèðîâàíèÿ äàþùèå,
âîîáùå ãîâîðÿ, ëèøü äîñòàòî÷íûå óñëîâèÿ ðàçðåøèìîñòè îáðàòíûõ çàäà÷, íî ïîëåçíûå äëÿ
êîíêðåòíûõ ïðèêëàäíûõ îáðàòíûõ çàäà÷.

Â ðàáîòàõ [8-10] îáðàòíûå çàäà÷è äèíàìèêè ðàññìàòðèâàþòñÿ ïðè äîïîëíèòåëüíîì ïðåäïî-
ëîæåíèè î íàëè÷èè ñëó÷àéíûõ âîçìóùåíèé èç êëàññà âèíåðîâñêèõ ïðîöåññîâ è, â ÷àñòíîñòè,
ìåòîäîì êâàçèîáðàùåíèÿ ðåøåíû: 1) îñíîâíàÿ îáðàòíàÿ çàäà÷à äèíàìèêè � ïîñòðîåíèå
ìíîæåñòâà ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà òèïà Èòî, îáëà-
äàþùèõ çàäàííûì èíòåãðàëüíûì ìíîãîîáðàçèåì; 2) çàäà÷à âîññòàíîâëåíèÿ óðàâíåíèé

Keywords: Inverse problems, stochastic di�erential equation, integral manyfold
2010 Mathematics Subject Classi�cation: 34K29,60H10
c
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äâèæåíèÿ � ïîñòðîåíèå ìíîæåñòâà óïðàâëÿþùèõ ïàðàìåòðîâ, âõîäÿùèõ â çàäàííóþ ñèñòåìó
ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà òèïà Èòî, ïî çàäàííîìó èí-
òåãðàëüíîìó ìíîãîîáðàçèþ; è 3) çàäà÷à çàìûêàíèÿ óðàâíåíèé äâèæåíèÿ � ïîñòðîåíèå
ìíîæåñòâà çàìûêàþùèõ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà òèïà
Èòî ïî çàäàííîé ñèñòåìå óðàâíåíèé è çàäàííîìó èíòåãðàëüíîìó ìíîãîîáðàçèþ.

1. Ïîñòàíîâêà çàäà÷è. Îáùàÿ çàäà÷à ïîñòðîåíèÿ ñòîõàñòè÷åñêèõ óðàâíåíèé

Ïóñòü çàäàíî ìíîæåñòâî

Λ(t) : λ(y, z, t) = 0, ãäå λ ∈ Rm, λ = λ(y, z, t) ∈ C121
yzt . (1)

Òðåáóåòñÿ ïîñòðîèòü óðàâíåíèå äâèæåíèÿ â êëàññå ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé Èòî ïåðâîãî ïîðÿäêà âèäà

{
ẏ = f1(y, z, t)
ż = f2(y, z, t) + σ(y, z, t)ξ̇

(2)

òàê, ÷òîáû ìíîæåñòâî (1) áûëî èíòåãðàëüíûì ìíîãîîáðàçèåì óðàâíåíèÿ (2). Çäåñü y ∈ Rl,
z ∈ Rp, l + p = n; ξ ∈ Rk, σ(x, ẋ, t) � ìàòðèöà ðàçìåðíîñòè (p × k),

{
ξ1(t, ω), ..., ξk(t, ω)

}
�

ñèñòåìà íåçàâèñèìûõ âèíåðîâñêèõ ïðîöåññîâ.
Áóäåì ãîâîðèòü, ÷òî íåêîòîðàÿ ôóíêöèÿ g(y, z, t) èç êëàññà K, g ∈ K, åñëè g íåïðåðûâíà

ïî t è ëèïøèöåâû ïî y è z â îáëàñòè

UH(Λ) =
{
x = (y, z) : ρ

(
x,Λ(t)

)
< H, H > 0

}
. (3)

Ïðåäïîëàãàåòñÿ, ÷òî âåêòîð-ôóíêöèè f1, f2 è (p × k)-ìàòðèöà σ èç êëàññà K, ÷òî îáåñ-
ïå÷èâàåò â (3) ñóùåñòâîâàíèå è åäèíñòâåííîñòü äî ñòîõàñòè÷åñêîé ýêâèâàëåíòíîñòè ðåøåíèÿ(
y(t)T , z(t)T

)T óðàâíåíèÿ (2) ñ íà÷àëüíûì óñëîâèåì
(
y(t0)T , z(t0)T

)T = (yT
0 , zT

0 )T , ÿâëÿþùåãîñÿ
íåïðåðûâíûì ñ âåðîÿòíîñòüþ 1 ñòðîãî ìàðêîâñêèì ïðîöåññîì [11].

Ïîñòàâëåííàÿ çàäà÷à:
1) â ñëó÷àå îòñóòñòâèÿ ñëó÷àéíûõ âîçìóùåíèé (σ ≡ 0) äîñòàòî÷íî ïîëíî èññëåäîâàíà â ðàáîòàõ
[2-7];
2) îáîáùàåò ðàññìîòðåííóþ â [8] çàäà÷ó ïîñòðîåíèÿ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé Èòî âòîðîãî ïîðÿäêà

ẍ = f(x, ẋ, t) + σ(x, ẋ, t)ξ̇ (2′)

ïî çàäàííîìó ìíîæåñòâó

Λ(t) : λ(x, ẋ, t) = 0, ãäå λ ∈ Rm, λ = λ(x, ẋ, t) ∈ C121
xẋt (1′)

òàê, ÷òîáû ìíîæåñòâî (1′) áûëî èíòåãðàëüíûì ìíîãîîáðàçèåì óðàâíåíèÿ (2′);
3) èíûì ìåòîäîì, à èìåííî, ìåòîäîì êâàçèîáðàùåíèÿ ðåøåíà â [12].

Â äàííîé ðàáîòå îñíîâíàÿ îáðàòíàÿ çàäà÷à ïðè íàëè÷èè ñëó÷àéíûõ âîçìóùåíèé � çàäà-
÷à ïîñòðîåíèÿ ñòîõàñòè÷åñêîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïîðÿäêà òèïà Èòî ïî
çàäàííûì ñâîéñòâàì äâèæåíèÿ ðåøàåòñÿ ìåòîäîì ðàçäåëåíèÿ. Â òåðìèíàõ êîýôôèöèåíòîâ ïî-
ëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ çàäàííîãî èíòåãðàëüíîãî ìíîãîîáðàçèÿ ó ïîñòðî-
åííîãî ìíîæåñòâà óðàâíåíèé.

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïîñòðîåíèÿ ñèñòåìû óðàâíåíèÿ (2) ïî çàäàííîìó èíòå-
ãðàëüíîìó ìíîãîîáðàçèþ (1) ïî ïðàâèëó Èòî äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè [11, ñ.201]
λ = λ(y, z, t) â ñëó÷àå âèíåðîâñêîãî ïðîöåññà èìååì

λ̇ =
∂λ

∂t
+

∂λ

∂y
f1 +

∂λ

∂z
f2 + S +

∂λ

∂ż
σξ̇, (4)
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ãäå S =
1
2

∂2λ

∂z∂z
: σσT , à ïîä ∂2λ

∂z∂z
: D, ñëåäóÿ [11], ïîíèìàåòñÿ âåêòîð, ýëåìåíòàìè êîòîðîãî ñëó-

æàò ñëåäû ïðîèçâåäåíèé ìàòðèö âòîðûõ ïðîèçâîäíûõ ñîîòâåòñòâóþùèõ ýëåìåíòîâ λµ(y, z, t)
âåêòîðà λ(y, z, t) ïî êîìïîíåíòàì z íà ìàòðèöó D

∂2λ

∂z∂z
: D =




tr
( ∂2λ1

∂z∂z
D

)

...

tr
(∂2λm

∂z∂z
D

)




è ââîäÿòñÿ ïðîèçâîëüíûå òèïà Í.Ï.Åðóãèíà [1] m- ìåðíàÿ âåêòîð-ôóíêöèÿ è (m×k)- ìàòðèöà
Â, îáëàäàþùèå ñâîéñòâîì A(0, y, z, t) ≡ 0, B(0, y, z, t) ≡ 0:

λ̇ = A(λ, y, z, t) + B(λ, y, z, t)ξ̇. (5)

Ñðàâíèâàÿ óðàâíåíèÿ (4) è (5), ïðèõîäèì ê ñîîòíîøåíèÿì




∂λ

∂t
+

∂λ

∂y
f1 +

∂λ

∂z
f2 + S = A,

∂λ

∂z
σ = B.

(6)

Ñëåäóÿ ìåòîäó ðàçäåëåíèÿ [7, c.21], ïðåäâàðèòåëüíî ìàòðèöû ∂λ

∂z
, σ è âåêòîð-ôóíêöèþ f2 ïðåä-

ñòàâèì â âèäå:
∂λ

∂z
= (G1, G2), σ =

(
σ′

σ′′

)
, f2 =

(
f ′2
f ′′2

)
,

ãäå G1 åñòü ìàòðèöà ðàçìåðíîñòè (m×m), G2 � (m× (p−m))-ìàòðèöà, σ′ � (m× k)-ìàòðèöà,
σ′′ � ((p−m)× k)-ìàòðèöà, f ′2 � m-âåêòîð, f ′′2 � (p−m)-âåêòîð.

Òîãäà ñèñòåìó (6) ìîæíî ïåðåïèñàòü â âèäå:




G1f
′
2 + G2f

′′
2 = A−

(
∂λ

∂t
+

∂λ

∂y
f1 + S

)
,

G1σ
′ + G2σ

′′ = B.

(7)

Ïðåäïîëîæèì, ÷òî det G1 6= 0, òîãäà ðåøåíèå äàííîé ñèñòåìû (7) ìîæíî ïðåäñòàâèòü â
âèäå:

f ′2 = G−1
1

(
A−

(
∂λ

∂t
+

∂λ

∂y
f1 + S

)
−G2f

′′
2

)
, (8)

σ′ = G−1
1 (B −G2σ

′′). (9)

Ñëåäîâàòåëüíî, ñïðàâåäëèâà
Òåîðåìà 1. Äëÿ òîãî ÷òîáû ìíîæåñòâî (1) áûëî èíòåãðàëüíûì ìíîãîîáðàçèåì ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé (2) äîñòàòî÷íî, ÷òîáû âûïîëíÿëèñü ñëåäóþùèå óñëîâèÿ:
1) êâàäðàòíàÿ ïîäìàòðèöà G1 ìàòðèöû ∂λ

∂z
áûëà íåâûðîæäåííîé det G1 6= 0;

2) ïðè ïðîèçâîëüíî çàäàííûõ f1, f
′′
2 ∈ K ïåðâûå m êîîðäèíàò f ′2 âåêòîðà f2 èìåëè âèä (8);

3) ïðè ïðîèçâîëüíî çàäàííûõ σ′′ ∈ K ïîäìàòðèöà σ′ ìàòðèöû σ èìåëà âèä (9).
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2. Ëèíåéíûé ñëó÷àé ñòîõàñòè÷åñêîé îáùåé çàäà÷è

Ïî çàäàííîìó ëèíåéíîìó ìíîæåñòâó

Λ(t) : λ ≡ G1(t)y + G2(t)z + l(t) = 0, λ ∈ Rm, y ∈ Rl, z ∈ Rp, (10)

òðåáóåòñÿ ïîñòðîèòü ëèíåéíóþ ïî ñíîñó ñòîõàñòè÷åñêóþ ñèñòåìó óðàâíåíèé ïåðâîãî ïîðÿäêà ñ
âûðîæäåííîé ïî ÷àñòè ïåðåìåííûõ äèôôóçèåé âèäà:

{
ẏ = Φ1(t)y + Ψ1(t)z + b1(t)

ż = Φ2(t)y + Ψ2(t)z + b2(t) + T ξ̇
, (11)

äëÿ êîòîðîé ìíîæåñòâî (10) ÿâëÿëîñü áû èíòåãðàëüíûì ìíîãîîáðàçèåì, ò.å. ïî çàäàííûì ìàò-
ðèöàì G1(t), G2(t) è m-ìåðíîé ôóíêöèè l(t) îïðåäåëèòü ìàòðèöû Φ1(t), Φ2(t), Ψ1(t), Ψ2(t) è
âåêòîð-ôóíêöèè b1(t) è b2(t), à òàêæå ìàòðèöó T (t) òàê, ÷òîáû äëÿ ïîñòðîåííîé ñèñòåìû óðàâ-
íåíèé (11) çàäàííûå ñâîéñòâà (10) ÿâëÿëèñü èíòåãðàëüíûì ìíîãîîáðàçèåì.

Â ðàññìàòðèâàåìîé çàäà÷å óðàâíåíèå âîçìóùåííîãî äâèæåíèÿ (4) èìååò âèä:

λ̇ = Ġ1(t)y + Ġ2(t)z + l̇(t) + G1(t) [ Φ1(t)y + Ψ1(t)z + b1(t) ]

+G2(t) [Φ2(t)y + Ψ2(t)z + b2(t)] + G2T ξ̇,
(12)

à, ñ äðóãîé ñòîðîíû, ñ ïîìîùüþ ïðîèçâîëüíîé âåêòîð-ôóíêöèè Åðóãèíà A = A1(t)λ è ìàòðèöû-
ôóíêöèè B1(λ, y, z, t) ñî ñâîéñòâîì B1(0, y, z, t) ≡ 0 èìååì

λ̇ = A1λ + B1ξ̇. (13)

Îòñþäà èç ñîîòíîøåíèé (12) è (13) ñëåäóþò ðàâåíñòâà




Ġ1(t)y + Ġ2(t)z + l̇(t) + G1(t)Φ1(t)y + G1(t)Ψ1(t)z + G1(t)b1(t)+

+G2(t)Φ2(t)y + G2(t)Ψ2(t)z + G2(t)b2(t) = A1 [G1(t)y + G2(t)z + l(t)],

G2(t)T (t) = B1,

êîòîðûå ïðåîáðàçóþòñÿ ê âèäó




G2(t)Φ2(t) = A1G1(t)− Ġ1(t)−G1(t)Φ1(t),

G2(t)Ψ2(t) = A1G2(t)− Ġ2(t)−G1(t)Ψ1(t),

G2(t)b2(t) = A1l(t)− l̇(t)−G1(t)b1(t),

G2(t)T (t) = B1.

(14)

Äëÿ ïðèìåíåíèÿ ìåòîäà ðàçäåëåíèÿ [3, ñ.21] ïðåäâàðèòåëüíî ââåäåì îáîçíà÷åíèÿ M1 =
= A1G1(t)−Ġ1(t)−G1(t)Φ1(t), M2 = A1G2(t)−Ġ2(t)−G1(t)Ψ1(t), M3 = A1l(t)− l̇(t)−G1(t)b1(t)
è, äàëåå, ñèñòåìó (14) ïðåäñòàâèì â âèäå:





G ′
2Ψ

′
2 + G ′′

2 Ψ′′
2 = M1,

G ′
2Ψ

′
2 + G ′′

2 Ψ′′
2 = M2,

G ′
2b2(t)′ + G ′′

2 b3(t)′′ = M3,

G ′
2T

′ + G ′′
2 T ′′ = B1,

(15)
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ãäå ìàòðèöû G2, Φ2, Ψ2, T è âåêòîð-ôóíêöèÿ b2(t) ðàçáèòû íà ñîîòâåòñòâóþùèå ïîäìàòðèöû:

G2 = (G ′
2, G

′′
2), Φ2 =

(
Φ′2
Φ′′2

)
, Ψ2 =

(
Ψ′

2

Ψ′′
2

)
, T =

(
T ′

T ′′

)
, b2(t) =

(
b′2(t)
b′′2(t)

)
,

ãäå G ′
2 � ìàòðèöà ðàçìåðíîñòè (m × m), G ′′

2−(m × (p − m)), Φ′2−(m × l), Φ′′2−((p − m) × l);
Ψ′

2−(m×p), Ψ′′
2−((p−m)×p); T ′−(m×r), T ′′−((r−m)×r); b′2(t)− m � âåêòîð-ôóíêöèÿ, b′′2(t)−

(p−m) � âåêòîð-ôóíêöèÿ.
Ïðåäïîëîæèì, ÷òî det G ′

2 6= 0, òîãäà èç (15) ñëåäóþò ñîîòíîøåíèÿ




Φ′2 = (G ′
2)
−1(M1 −G ′′

2 Φ′′2(t)),
Ψ′

2 = (G ′
2)
−1(M2 −G ′′

2 Ψ′′
2),

b′2(t) = (G ′
2)
−1(M3 −G ′′

2 b′′(t)),
T ′ = (G ′

2)
−1(B1 −G ′′

2 T ′′).

(16)

Ñëåäîâàòåëüíî, èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå:
Òåîðåìà 2. Äëÿ òîãî ÷òîáû ëèíåéíîå ìíîæåñòâî (10) áûëî èíòåãðàëüíûì ìíîãîîáðàçèåì
ñèñòåìû ëèíåéíûõ ïî ñíîñó äèôôåðåíöèàëüíûõ óðàâíåíèé (11) äîñòàòî÷íî, ÷òîáû âûïîëíÿ-
ëèñü ñëåäóþùèå óñëîâèÿ:
1) êâàäðàòíàÿ ïîäìàòðèöà G ′

2 ïðÿìîóãîëüíîé ìàòðèöû G2 îáëàäàëà ñâîéñòâîì detG ′
2 6= 0;

2) ïðè ïðîèçâîëüíî çàäàííûõ íåïðåðûâíûõ ìàòðèöàõ Φ1, Φ′′2, Ψ1, Ψ′′
2 T ′′ ìàòðèöû Φ′2, Ψ′

2, T ′

è ïåðâûå m êîîðäèíàò b′2 íåïðåðûâíîé âåêòîð-ôóíêöèè b2 èìåëè âèä (16).
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ÏÎËÓËÈÍÅÉÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

ÂÒÎÐÎÃÎ ÏÎÐßÄÊÀ
Ñ. Å. Êóäàáàåâà, Ð. Îéíàðîâ

Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì Ë.Í.Ãóìèëåâà
010008, Àñòàíà, óë. Ìóíàéòïàñîâà, 5, e-mail: rakhimova.salta@mail.ru, o_ryskul@mail.ru

Ñ ïîìîùüþ âàðèàöèîííîãî ìåòîäà ïîëó÷åíû êðèòåðèè ñîïðÿæåííîñòè è îñöèëëÿòîðíîñòè ïîëó-
ëèíåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (ρ(t)|y′(t)|p−2y′(t))′ + v(t)|y(t)|p−2y(t) = 0 íà I = (a, b),
−∞ ≤ a < b ≤ ∞, 1 < p < ∞, ãäå ρ > 0 è v - íåïðåðûâíûå ôóíêöèè íà I.

1. Ââåäåíèå
Ïóñòü I = (a, b), −∞ ≤ a < b ≤ ∞, 1 < p < ∞, 1

p + 1
p′ = 1. Íà èíòåðâàëå I ðàññìîòðèì

ïîëóëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà

(ρ(t)|y′(t)|p−2y′(t))′ + v(t)|y(t)|p−2y(t) = 0, (1)

ρ è v - íåïðåðûâíûå ôóíêöèè íà I è ρ(t) > 0, t ∈ I.
Ôóíêöèþ y : I → R íàçîâåì ðåøåíèåì óðàâíåíèÿ (1), åñëè îíà âìåñòå ñ ρ(t)|y′(t)|p−2y′(t)

ëîêàëüíî àáñîëþòíî íåïðåðûâíà íà I è óäîâëåòâîðÿåò óðàâíåíèþ (1) ïî÷òè âñþäó (ï.â.) íà I.
Òî÷êó t0 ∈ I íàçîâåì íóëåì ðåøåíèÿ y(t), åñëè y(t0) = 0.
Íåòðèâèàëüíîå ðåøåíèå óðàâíåíèÿ (1) íàçûâàåòñÿ îñöèëëÿòîðíûì ïðè t = b (t = a), åñëè

îíî èìååò áåñêîíå÷íîå ÷èñëî íóëåé, ñõîäÿùèõñÿ ê b (a).
Óðàâíåíèå (1) íàçûâàåòñÿ îñöèëëÿòîðíûì ïðè t = b (t = a), åñëè âñå åãî íåòðèâèàëüíûå

ðåøåíèÿ îñöèëëÿòîðíû ïðè t = b (t = a).
Òî÷êè t1, t2 ∈ I íàçûâàþòñÿ ñîïðÿæåííûìè òî÷êàìè ïî îòíîøåíèþ ê óðàâíåíèþ (1), åñëè

îíè ÿâëÿþòñÿ íóëÿìè íåêîòîðîãî íåòðèâèàëüíîãî ðåøåíèÿ y(t) óðàâíåíèÿ (1).
Ïóñòü I0 ⊆ I çàìêíóòûé, îòêðûòûé èëè ïîëóîòêðûòûé èíòåðâàë.
Ñëåäóÿ îïðåäåëåíèÿì èç [1] óðàâíåíèå (1) íàçîâåì ñîïðÿæåííûì íà I0, åñëè ñóùåñòâóåò

íåòðèâèàëüíîå åãî ðåøåíèå, èìåþùåå ïî êðàéíå ìåðå äâà íóëÿ íà I0, â ïðîòèâíîì ñëó÷àå
óðàâíåíèå (1) íàçûâàåòñÿ áåçñîïðÿæåííûì íà I0.

Êà÷åñòâåííûå ñâîéñòâà óðàâíåíèÿ (1), îñîáåííî âîïðîñû îñöèëëÿòîðíîñòè, äîñòàòî÷íî õî-
ðîøî èçó÷åíû â ñëó÷àå çíàêîïîñòîÿííîé ôóíêöèè v; ïîëó÷åííûå ðåçóëüòàòû ïîäûòîæåíû â
êíèãå [1].

Keywords: Half-linear di�erential equation,conjugate points, oscillation criteria,variational method
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Îäíàêî ìàëî èññëåäîâàíû âîïðîñû ñîïðÿæåííîñòè è îñöèëëÿòîðíîñòè óðàâíåíèÿ (1), êîãäà
ôóíêöèÿ v ìîæåò áûòü çíàêîïåðåìåííîé.

Â äàííîé ðàáîòå íà îñíîâå âàðèàöèîííîãî ïðèíöèïà [1,2,3] èññëåäîâàíèÿ îñöèëëÿöèîííûõ
ñâîéñòâ óðàâíåíèÿ (1) äàþòñÿ íîâûå êðèòåðèè ñîïðÿæåííîñòè è îñöèëëÿòîðíîñòè óðàâíåíèÿ
(1), ïðè÷åì íà çíàê ôóíêöèè v íå ñòàâèì îãðàíè÷åíèÿ.

Îòìåòèì, ÷òî ïðè p = 2 óðàâíåíèå (1) ïðèâîäèòñÿ ê ëèíåéíîìó óðàâíåíèþ Øòóðìà�
Ëèóâèëëÿ (

ρ(t)y′(t)
)′ + v(t)y(t) = 0. (2)

Õîòÿ âîïðîñàì ñîïðÿæåííîñòè è îñöèëëÿòîðíîñòè óðàâíåíèÿ (2) ïîñâÿùåíî áîëüøîå ÷èñëî
ðàáîò, íèæå èç îñíîâíûõ ðåçóëüòàòîâ ïðè p = 2 ìîãóò áûòü ïîëó÷åíû íîâûå ïðèçíàêè ñîïðÿ-
æåííîñòè è îñöèëëÿòîðíîñòè äëÿ óðàâíåíèÿ (2).

2. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ
Ïóñòü 1 ≤ p < ∞ è AC

◦
p,ρ (I) ñîâîêóïíîñòü ëîêàëüíî àáñîëþòíî íåïðåðûâíûõ íà I ôóíêöèé

f ñ êîìïàêòíûìè íîñèòåëÿìè suppf ⊂ I, äëÿ êîòîðûõ
b∫
a

ρ(t)|f ′(t)|pdt < ∞.
Èç îïðåäåëåíèÿ ñîïðÿæåííîñòè è îñöèëëÿòîðíîñòè óðàâíåíèÿ (1) â ñèëó òåîðåìû Øòóðìà

[1] î ÷åðåäîâàíèè íóëåé ðåøåíèé óðàâíåíèÿ (1) ëåãêî âûòåêàåò

Òåîðåìà A. Óðàâíåíèå (1) îñöèëëÿòîðíî ïðè t = b (t = a) òîãäà è òîëüêî òîãäà, êîãäà äëÿ
ëþáîãî T ∈ I óðàâíåíèå (1) ñîïðÿæåíî íà [T, b) ((a, T ]).

Èç âàðèàöèîííîãî ïðèíöèïà [1] â êà÷åñòâåííîé òåîðèè ïîëóëèíåéíûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñëåäóåò

Ëåììà À. Ïóñòü 1 < p < ∞ è a ≤ α < β ≤ b. Óðàâíåíèå (1) ñîïðÿæåíî íà (α, β) òîãäà è
òîëüêî òîãäà, êîãäà ñóùåñòâóåò ôóíêöèÿ f0 ∈ AC

◦
p,ρ (I) òàêàÿ, ÷òî

β∫

α

[ρ(t)|f ′0(t)|p − v(t)|f0(t)|p]dt ≤ 0.

3. Îñíîâíûå ðåçóëüòàòû
Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ. Äëÿ a ≤ α < β ≤ b è c, d ∈ (α, β) ïîëîæèì

Φ−(α, c) = inf
α<z<c







c∫

z

ρ1−p′ds




1−p

−



c∫

z

ρ1−p′ds



−p c∫

z

v(t)




t∫

z

ρ1−p′ds




p

dt


 ,

Φ+(d, β) = inf
d<z<β







z∫

d

ρ1−p′ds




1−p

−



z∫

d

ρ1−p′ds



−p z∫

d

v(t)




z∫

t

ρ1−p′ds




p

dt


 ,

ϕ−(α, c) = inf
α<z<c







c∫

z

ρ1−p′ds




1−p

+

c∫

z

v−(t)dt


 ,

ϕ+(d, β) = inf
d<z<β







z∫

d

ρ1−p′ds




1−p

+

z∫

d

v+(t)dt


 ,
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ãäå v±(t) = max{0, ±v(t)}.
Òåîðåìà 1. Ïóñòü a ≤ α < β ≤ b. Åñëè ñóùåñòâóþò òî÷êè c, d : α < c < d < β òàêèå, ÷òî

d∫

c

v(t)dt > Φ−(α, c) + Φ+(d, β), (3)

òî óðàâíåíèå (1) ñîïðÿæåíî íà (α, β).

Ñëåäñòâèå 1. Ïóñòü a ≤ α < β ≤ b. Åñëè ñóùåñòâóþò òî÷êè c, d : α < c < d < β òàêèå,
÷òî

d∫

c

v(t)dt > ϕ−(α, c) + ϕ+(d, β), (4)

òî óðàâíåíèå (1) ñîïðÿæåíî íà (α, β).
Äîêàçàòåëüñòâî òåîðåìû 1. Ïóñòü α < c < d < β è âûïîëíåíî (3). Òîãäà ïî îïðåäåëåíèþ
èíôèìóìà ñóùåñòâóþò òî÷êè z− ∈ (α, c) è z+ ∈ (d, β) òàêèå, ÷òî èìååò ìåñòî íåðàâåíñòâî

d∫

c

v(t)dt ≥



c∫

z−

ρ1−p′ds




1−p

−



c∫

z−

ρ1−p′ds



−p c∫

z−

v(t)




t∫

z−

ρ1−p′ds




p

dt+




z+∫

d

ρ1−p′ds




1−p

−




z+∫

d

ρ1−p′ds




−p
z+∫

d

v(t)




z+∫

t

ρ1−p′ds




p

dt

èëè 


c∫

z−

ρ1−p′ds



−p c∫

z−

v(t)




t∫

z−

ρ1−p′ds




p

dt +

d∫

c

v(t)dt+




z+∫

d

ρ1−p′ds




−p
z+∫

d

v(t)




z+∫

t

ρ1−p′ds




p

dt ≥



c∫

z−

ρ1−p′ds




1−p

+




z+∫

d

ρ1−p′ds




1−p

. (5)

Ââåäåì ôóíêöèþ

f0(t) =





0, a < t < z−,(
c∫

z−
ρ1−p′ ds

)−1
t∫

z−
ρ1−p′ ds, z− ≤ t ≤ c,

1, c < t < d,(
z+∫
d

ρ1−p′ ds

)−1
z+∫
t

ρ1−p′ ds, d ≤ t ≤ z+,

0, z+ < t < β.

Î÷åâèäíî, ÷òî f0 ∈ AC
◦

p,ρ (α, β). Âû÷èñëèì èíòåãðàëû
β∫
α

ρ(t)|f ′0(t)|pdt è
β∫
α

v(t)|f0(t)|pdt:

β∫

α

ρ(t)|f ′0(t)|pdt =

c∫

z−

ρ(t)|f ′0(t)|pdt +

d∫

c

ρ(t)|f ′0(t)|pdt +

z+∫

d

ρ(t)|f ′0(t)|pdt =
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


c∫

z−

ρ1−p′ds



−p c∫

z−

ρ(t)ρp(1−p′)(t)dt +




z+∫

d

ρ1−p′ds




−p
z+∫

d

ρ(t)ρp(1−p′)(t)dt =




c∫

z−

ρ1−p′ds




1−p

+




z+∫

d

ρ1−p′ds




1−p

, (6)

β∫

α

v(t)|f0(t)|pdt =

c∫

z−

v(t)|f0(t)|pdt +

d∫

c

v(t)|f0(t)|pdt +

z+∫

d

v(t)|f0(t)|pdt =




c∫

z−

ρ1−p′ds



−p c∫

z−

v(t)




t∫

z−

ρ1−p′ds




p

dt +

d∫

c

v(t)dt+




z+∫

d

ρ1−p′ds




−p
z+∫

d

v(t)




z+∫

t

ρ1−p′ds




p

dt. (7)

Èç (5), (6) è (7) ñëåäóåò, ÷òî

β∫

α

v(t)|f0(t)|pdt ≥
β∫

α

ρ(t)|f ′0(t)|pdt,

òî åñòü

β∫

α

[ρ(t)|f ′0(t)|p − v(t)|f0(t)|p]dt ≤ 0

äëÿ f0 ∈ AC
◦

p,ρ (α, β). Ïîýòîìó ïî Ëåììå À óðàâíåíèå (1) èìååò ñîïðÿæåííûå òî÷êè íà (α, β).
Òåîðåìà 1 äîêàçàíà.
Äîêàçàòåëüñòâî ñëåäñòâèÿ 1. Äëÿ ëþáîãî z ∈ (α, c) èìååì




c∫

z

ρ1−p′ds




1−p

+

c∫

z

v−(t)dt ≥




c∫

z

ρ1−p′ds




1−p

+




c∫

z

ρ1−p′ds



−p c∫

z

v−(t)




t∫

z

ρ1−p′ds




p

dt ≥




c∫

z

ρ1−p′ds




1−p

−



c∫

z

ρ1−p′ds



−p c∫

z

v+(t)




t∫

z

ρ1−p′ds




p

dt+




c∫

z

ρ1−p′ds



−p c∫

z

v−(t)




t∫

z

ρ1−p′ds




p

dt =




c∫

z

ρ1−p′ds




1−p

−
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


c∫

z

ρ1−p′ds



−p c∫

z

(v+(t)− v−(t))




c∫

t

ρ1−p′ds




p

dt =




c∫

z

ρ1−p′ds




1−p

−



c∫

z

ρ1−p′ds



−p c∫

z

v(t)




c∫

t

ρ1−p′ds




p

dt.

Ñëåäîâàòåëüíî, ϕ−(α, c) ≥ Φ−(α, c), àíàëîãè÷íî, ϕ+(α, c) ≥ Φ+(α, c). Ïîýòîìó èç (4) ñëåäóåò
(3), òîãäà ïî òåîðåìå 1 óðàâíåíèå (1) ñîïðÿæåíî íà (α, β). Ñëåäñòâèå 1 äîêàçàíî.

Òåïåðü ïðèìåíÿÿ òåîðåìó 1 óñòàíàâëèâàåì ñëåäóþùèå óòâåðæäåíèÿ, óñòàíàâëèâàþùèå îñ-
öèëëÿòîðíîñòü óðàâíåíèÿ (1) ïðè t = b.

Òåîðåìà 2. Ïóñòü
b∫
d

ρ1−p′(s)ds < ∞, d ∈ I, è ñóùåñòâóåò

lim
y→b

y∫

d

v(t)




y∫

t

ρ1−p′(s)ds




p

dt =

b∫

d

v(t)




b∫

t

ρ1−p′(s)ds




p

dt. (8)

Åñëè äëÿ ëþáîãî c ∈ I

lim
d→b

sup







b∫

d

ρ1−p′ds




p−1 d∫

c

v(t)dt +




b∫

d

ρ1−p′ds



−1 b∫

d

v(t)




b∫

t

ρ1−p′ds




p

dt


 > 1, (9)

òî óðàâíåíèå (1) îñöèëëÿòîðíî ïðè t = b.
Äîêàçàòåëüñòâî. Äëÿ c ∈ I ïî îïðåäåëåíèþ lim sup ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {dk}∞k=1 ⊂
(c, b) ñõîäÿùàÿñÿ ê b òàêàÿ, ÷òî ïðè k ≥ k0 ≥ 1




b∫

dk

ρ1−p′ds




p−1
dk∫

c

v(t)dt +




b∫

dk

ρ1−p′ds




−1
b∫

dk

v(t)




b∫

t

ρ1−p′ds




p

dt > 1. (10)

Áåðåì k0 ñòîëü áîëüøèì, ÷òîáû äëÿ α ∈ (a, c) åùå âûïîëíÿëîñü íåðàâåíñòâî



b∫

dk

ρ1−p′ds




p−1
dk∫

c

v(t)dt +




b∫

dk

ρ1−p′ds




−1
b∫

dk

v(t)




b∫

t

ρ1−p′ds




p

dt >

1 +




b∫

dk

ρ1−p′ds




p−1

Φ−(α, c)

ïðè k ≥ k0, òàê êàê lim
d→b

b∫
d

ρ1−p′ds = 0.

Îòêóäà

dk∫

c

v(t)dt >




b∫

dk

ρ1−p′ds




1−p

−




b∫

dk

ρ1−p′ds




−p
b∫

dk

v(t)




b∫

t

ρ1−p′ds




p

dt + Φ−(α, c). (11)
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Â ñèëó óñëîâèÿ
b∫

dk

ρ1−p′(s)ds < ∞ è (8) èìååì




b∫

dk

ρ1−p′ds




1−p

−




b∫

dk

ρ1−p′ds




−p
b∫

dk

v(t)




b∫

t

ρ1−p′ds




p

dt ≥ Φ+(dk, b).

Ïîýòîìó èç (11) ñëåäóåò
dk∫
c

v(t)dt > Φ−(α, c) + Φ+(dk, b), k ≥ k0.

Â ñèëó ïðîèçâîëüíîñòè c ∈ I è α ∈ (a, c) ýòî îçíà÷àåò, ÷òî óðàâíåíèå (1) â ñèëó òåîðåìû 1
èìååò ñîïðÿæåííûå òî÷êè íà (α, b) äëÿ ëþáîãî α ∈ I, ñëåäîâàòåëüíî, ïî òåîðåìå À óðàâíåíèå
îñöèëëÿòîðíî ïðè t = b. Òåîðåìà 2 äîêàçàíà.

Ðàññìîòðèì òåïåðü ñëó÷àé
b∫

d

ρ1−p′ds = ∞, d ∈ I. (12)

Ïîëîæèì

lim
d→b

d∫

c

v(t)dt =

b∫

c

v(t)dt, c ∈ I. (13)

Òåîðåìà 3. Ïóñòü âûïîëíåíî óñëîâèå (12), à òàêæå ñóùåñòâóþò è êîíå÷íû ïðåäåëû (8) è

(13).
Åñëè

lim
α→b

sup
b>c>α







c∫

α

ρ1−p′ds




p−1 b∫

c

v(t)dt +




c∫

α

ρ1−p′ds



−1 c∫

α

v(t)




t∫

α

ρ1−p′ds




p

dt


 > 1, (14)

òî óðàâíåíèå (1) îñöèëëÿòîðíî ïðè t = b.
Äîêàçàòåëüñòâî. Èç (14) íà îñíîâàíèè îïðåäåëåíèÿ ïðåäåëà è ñóïðåìóìà ñëåäóåò, ÷òî ñóùå-
ñòâóåò α0 ∈ I.

Äëÿ âñåõ α > α0 ñóùåñòâóåò c ∈ (α, b) òàêîå, ÷òî



c∫

α

ρ1−p′ds




p−1 b∫

c

v(t)dt +




c∫

α

ρ1−p′ds



−1 c∫

α

v(t)




t∫

α

ρ1−p′ds




p

dt > 1.

Îòêóäà

b∫

c

v(t)dt >




c∫

α

ρ1−p′ds




1−p

−



c∫

α

ρ1−p′ds



−p c∫

α

v(t)




t∫

α

ρ1−p′ds




p

dt. (15)

Èç ñóùåñòâîâàíèÿ (13) è èç (15) ñëåäóåò, ÷òî íàéäåòñÿ d ∈ (c, b) òàêîå, ÷òî

d∫

c

v(t)dt >




c∫

α

ρ1−p′ds




1−p

−
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


c∫

α

ρ1−p′ds



−p c∫

α

v(t)




t∫

α

ρ1−p′ds




p

dt ≥ Φ−(α, c). (16)

Èç (12) ñ ó÷åòîì êîíå÷íîñòè (8) èìååì

lim
y→b







y∫

d

ρ1−p′ds




1−p

−



y∫

d

ρ1−p′ds



−p y∫

d

v(t)




y∫

t

ρ1−p′ds




p

dt


 = 0,

ïîýòîìó Φ+(d, b) ≤ 0. Òîãäà èç (16) ñëåäóåò, ÷òî äëÿ ëþáîé α ≥ α0 ñóùåñòâóåò α < c < d < b è
d∫
c

v(t)dt > Φ−(α, c)+Φ+(d, b). Ýòî ïî òåîðåìå 1 îçíà÷àåò, ÷òî óðàâíåíèå (1) ñîïðÿæåíî íà (α, b)

äëÿ ëþáîãî α ∈ (α0, b). Ñëåäîâàòåëüíî, ïî òåîðåìå À óðàâíåíèå (1) îñöèëëÿòîðíî ïðè t = b.
Òåîðåìà 3 äîêàçàíà.

Àíàëîãè÷íî èìååì ñëåäóþùèå äâå òåîðåìû, óñòàíàâëèâàþùèå îñöèëëÿòîðíîñòü óðàâíåíèÿ
(1) ïðè t = a.

Òåîðåìà 4. Ïóñòü äëÿ c ∈ I âûïîëíåíî
c∫

a

ρ1−p′(s)ds < ∞

è ñóùåñòâóåò ïðåäåë

lim
z→a

c∫

y

v(t)




t∫

y

ρ1−p′ds




p

dt =

c∫

a

v(t)




t∫

a

ρ1−p′ds




p

dt < ∞.

Åñëè äëÿ ëþáîãî d ∈ I

lim
c→a

sup







c∫

a

ρ1−p′ds




d∫

c

v(t)dt +




c∫

a

ρ1−p′ds



−1 c∫

a

v(t)




t∫

a

ρ1−p′ds




p

dt


 > 1,

òî óðàâíåíèå (1) îñöèëëÿòîðíî ïðè t = a.

Òåîðåìà 5. Ïóñòü äëÿ c ∈ I âûïîëíåíî óñëîâèå
c∫

a

ρ1−p′(s)ds = ∞

è ñóùåñòâóåò ïðåäåë

lim
c→a

d∫

c

v(t)dt =

d∫

a

v(t)dt < ∞, d ∈ I.

Åñëè

lim
β→a

sup
a<d<β







β∫

d

ρ1−p′ds




p−1
d∫

a

v(t)dt +




β∫

d

ρ1−p′ds



−1 β∫

d

v(t)




β∫

t

ρ1−p′ds




p

dt


 > 1,
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òî óðàâíåíèå (1) îñöèëëÿòîðíî ïðè t = a.
Çàìå÷àíèå 1. Ïðè óñëîâèå v(t) ≥ 0 äëÿ äîñòàòî÷íî áîëüøèõ çíà÷åíèÿõ t â ìîíîãðàôèè [1]
äîêàçàíû äâå òåîðåìû (Theorem 3.1.4 è Theorem 3.1.6), ãäå ñîîòâåòñòâåííî â óñëîâèÿõ

lim
x→∞ sup




∞∫

x

ρ1−p′ds




p−1 x∫

c

v(t)dt > 1, (17)

lim
x→∞ sup




∞∫

x

ρ1−p′ds



−1 ∞∫

x

v(t)




∞∫

t

ρ1−p′ds




p

dt > 1 (18)

äîêàçàíà îñöèëëÿòîðíîñòü óðàâíåíèÿ (1) ïðè t = b = ∞.
Î÷åâèäíî, êàæäîå èç óñëîâèé (17) è (18) ïðè v(t) ≥ 0 äëÿ áîëüøèõ t > 0 âëå÷åò óñëîâèå (9)

ïðè b = ∞, íî îáðàòíîå, âîîáùå ãîâîðÿ, íåâåðíî.
Ïîýòîìó óòâåðæäåíèå òåîðåìû 2 ñèëüíåå, ÷åì óòâåðæäåíèÿ òåîðåì 3.1.4 è 3.1.6 èç [1].

Çàìå÷àíèå 2. Â óñëîâèÿõ òåîðåìû 3 ïðè b = ∞ â òåîðåìàõ 3.1.2 è 3.1.7 èç [1] ñîîòâåò-
ñòâåííî ïîêàçàíî, ÷òî åñëè

lim
x→∞ sup




x∫

c

ρ1−p′ds




p−1 ∞∫

x

v(t)dt > 1

è 


x∫

c

ρ1−p′ds



−1 x∫

c

v(t)




t∫

c

ρ1−p′ds




p

dt ≥ 0 (19)

äëÿ áîëüøèõ x > 0,

lim
x→∞ sup




x∫

c

ρ1−p′ds



−1 x∫

c

v(t)




t∫

c

ρ1−p′ds




p

dt > 1

è 


x∫

c

ρ1−p′ds




p−1 ∞∫

x

v(t)dt ≥ 0 (20)

äëÿ áîëüøèõ x > 0, òî óðàâíåíèå (1) îñöèëëÿòîðíî.
Î÷åâèäíî, ÷òî èç êàæäîãî óñëîâèÿ (19) è (20) âûòåêàåò óñëîâèå (14) òåîðåìû 3. Òàêèì

îáðàçîì, óòâåðæäåíèå òåîðåìû 3 øèðîêî îáîáùàåò óòâåðæäåíèÿ òåîðåì 3.1.2 è 3.1.7 èç [1].
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ÎÁ ÎÄÍÎÉ ÒÐÅÕÌÅÐÍÎÉ ÇÀÄÀ×Å Â ÐÀÇÐÀÁÎÒÊÅ
ÍÅÔÒßÍÎÃÎ ÎÁÚÅÊÒÀ
Ì. Æ. Ìóêèìáåêîâ, Ê. Á. Øåðêåøáàåâà

ÊàçÍÓ èì. àëü-Ôàðàáè
Àòûðàóñêèé èíñòèòóò íåôòè è ãàçà
050012, Àëìàòû, óë. Ìàñàí÷è, 39/47

060002, Àòûðàó, óë. Àçàòòûê, 1, e-mail: bagit@mail.ru
Â ðàáîòå èññëåäóåòñÿ òðåõìåðíàÿ çàäà÷à íåèçîòåðìè÷åñêîé ôèëüòðàöèè â ðàçðàáîòêå íåôòÿíîãî
ìåñòîðîæäåíèÿ âòîðè÷íûì ìåòîäîì. Ïðåäëàãàåòñÿ âû÷èñëèòåëüíûé àëãîðèòì äëÿ ðåøåíèÿ äàííîé
çàäà÷è. Ïðåäëàãàåòñÿ ìåòîä èññëåäîâàíèÿ èçìåíåíèÿ çàáîéíîãî äàâëåíèÿ è òåìïåðàòóðû.

Â óñëîâèÿõ áûñòðîãî ðàçâèòèÿ íåôòåãàçîâîé ïðîìûøëåííîñòè îñòðî âñòàåò âîïðîñ î êà÷å-
ñòâåííîì àíàëèçå ýôôåêòèâíîñòè ðàçðàáîòêè íåôòÿíûõ îáúåêòîâ ñ ïðèìåíåíèåì ñîâðåìåííûõ
ìåòîäîâ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ïëàñòîâûõ ïðîöåññîâ. Äëÿ óâåëè÷åíèÿ íåôòåîòäà-
÷è ïðèìåíÿþò âòîðè÷íûå ìåòîäû, êîòîðûå ïîçâîëÿþò óëó÷øèòü ôèçè÷åñêèå, ôèëüòðàöèîííî-
åìêîñòíûå õàðàêòåðèñòèêè íåôòÿíîãî ïëàñòà [1-6]. Ê òàêèì ìåòîäàì îòíîñÿòñÿ òåïëîâîé ìåòîä
âîçäåéñòâèÿ, à èìåííî íàãíåòàíèå âîäû ñ ðåãóëèðóåìîé òåìïåðàòóðîé.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ òðåõìåðíàÿ çàäà÷à ìîäåëèðîâàíèÿ äâóõôàçíîé íåèçîòåð-
ìè÷åñêîé ôèëüòðàöèè â ðàçðàáîòêå ìåñòîðîæäåíèÿ íåôòè ñ ó÷åòîì öèêëè÷åñêîãî çàâîäíåíèÿ.
Ïîäîáíûå çàäà÷è âîçíèêàþò â ïðîöåññå ýêñïëóàòàöèè íåôòÿíûõ çàëåæåé, êîãäà îáû÷íîå çàâîä-
íåíèå äëÿ íèõ ñòàíîâèòñÿ ìàëîýôôåêòèâíûì è ïðèõîäèòñÿ èñêàòü äîïîëíèòåëüíûå ñïîñîáû ïî
óâåëè÷åíèþ íåôòåîòäà÷è ïëàñòà. Ìîäåëèðóåìîå ìåñòîðîæäåíèå ñîñòîèò èç âîäíîé, íåôòÿíîé
çîíû è ñåòè íàãíåòàòåëüíûõ è äîáûâàþùèõ ñêâàæèí ñîîòâåòñòâåííî. Ïðè ðàñ÷åòå òåõíîëîãè÷å-
ñêèõ ïîêàçàòåëåé äàííîãî òåõíîëîãè÷åñêîãî ïðîöåññà â ðàçðàáîòêå íåôòÿíûõ ìåñòîðîæäåíèé
èñïîëüçóåòñÿ ïðèáëèæåííàÿ ìåòîäèêà, îñíîâàííàÿ íà ðåøåíèè íåëèíåéíîé çàäà÷è òðåõìåðíîé
ôèëüòðàöèè â ñèñòåìå ñêâàæèí. Â ðàáîòå ïðåäëàãàåòñÿ âû÷èñëèòåëüíàÿ ñõåìà äëÿ îïðåäåëåíèÿ
ïîëåé äàâëåíèé ôëþèäîâ, òåìïåðàòóðû ïëàñòà è íàñûùåííîñòåé ôàç.

Ìàòåìàòè÷åñêàÿ ìîäåëü òåïëîâîãî ìåòîäà âîçäåéñòâèÿ íà íåôòÿíîé ïëàñò ñ ó÷åòîì ïðîèç-
âîëüíîãî ðàñïîëîæåíèÿ ôîíäà íàãíåòàòåëüíûõ è äîáûâàþùèõ ñêâàæèí, îñíîâàííàÿ íà òðåõ-
ìåðíîé íåèçîòåðìè÷åñêîé äâóõôàçíîé ôèëüòðàöèè Ìàñêåòà-Ëåâåðåòòà ñ ó÷åòîì êàïèëëÿðíûõ
ñèë, èìååò ñëåäóþùèé âèä:

m
∂(ρs)

∂t
+ div(ρW ) =

N1∑

i=1

QB,hiδ(x−xhi, y− yhi, z− zhi)−
N2∑

i=1

QB,∂iδ(x−x∂i, y− y∂i, z− z∂i), (1)

Keywords: Nonithotermal �ltration
2010 Mathematics Subject Classi�cation: 74H10
c
 Ì. Æ. Ìóêèìáåêîâ, Ê. Á. Øåðêåøáàåâà, 2011.
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m
∂(ρs)

∂t
+ div(ρW ) = −

N2∑

i=1

QHiδ(x− x∂i, C − C∂i, z − z∂i), (2)

WB = −k
fB

µB
∇(pB + ρBgz), WH = −k

fH

µH
∇(pH + ρHgz), (3)

pH − pB = pkap(sB, T ), sB + sH = 1, (4)

∂

∂t
[(m sBcBρB + m sHcHρH + (1−m)cÏρÏ)T ]+

+div[(ρBcBWB + ρHcHWH)T ] = div[m (sBλB + sBλH) + (1−m)λÏ)∇T ]+

+
N1∑

i=1

Qòåïëî,hiδ(x− xhi, y − yhi, z − zhi)−
N2∑

i=1

Qòåïëî,∂iδ(x− x∂i, y − y∂i, z − z∂i). (5)

Çäåñü sB,sH � íàñûùåííîñòü âîäû è íåôòè ñîîòâåòñòâåííî; pB,pH � äàâëåíèå âîäû è íåôòè
ñîîòâåòñòâåííî; T � òåìïåðàòóðà ïëàñòà; k � àáñîëþòíàÿ ïðîíèöàåìîñòü ïëàñòà; m � ïîðèñòîñòü
ïëàñòà; ρB, ρH � ïëîòíîñòü âîäû è íåôòè ñîîòâåòñòâåííî; fB, fH - îòíîñèòåëüíûå ôàçîâûå ïðî-
íèöàåìîñòè âîäû è íåôòè ñîîòâåòñòâåííî; µB, µH � âÿçêîñòü âîäû è íåôòè ñîîòâåòñòâåííî;
cB,cH ,cÏ � êîýôôèöèåíò òåïëîåìêîñòè âîäû, íåôòè è ïîðîäû ñîîòâåòñòâåííî; λB,λH ,λÏ � êî-
ýôôèöèåíò òåïëîïðîâîäíîñòè âîäû, íåôòè è ïîðîäû ñîîòâåòñòâåííî; g � óñêîðåíèå ñâîáîäíîãî
ïàäåíèÿ; QB,hi,QB,∂i � ïðèâåäåííûå äåáèòû âîäû íà íàãíåòàòåëüíûõ è äîáûâàþùèõ ñêâàæè-
íàõ ñîîòâåòñòâåííî; QHi � ïðèâåäåííûå äåáèòû íåôòè íà äîáûâàþùèõ ñêâàæèíàõ; Qòåïëî,hi,
Qòåïëî,∂i � ïðèâåäåííûå ðàñõîäû êîëè÷åñòâà òåïëà íà íàãíåòàòåëüíûõ è äîáûâàþùèõ ñêâà-
æèíàõ ñîîòâåòñòâåííî; (xhi, yhi, zhi) � êîîðäèíàòû i-îé íàãíåòàòåëüíîé ñêâàæèíû; (x∂i, y∂i, z∂i)
� êîîðäèíàòû i-îé äîáûâàþùåé ñêâàæèíû; N1,N2 � êîëè÷åñòâî íàãíåòàòåëüíûõ ñêâàæèí è
äîáûâàþùèõ ñêâàæèí ñîîòâåòñòâåííî.

Â êà÷åñòâå íà÷àëüíûõ óñëîâèé áåðóòñÿ íà÷àëüíûå ðàñïðåäåëåíèÿ äàâëåíèÿ íåôòè è òåì-
ïåðàòóðû ïëàñòà; îñðåäíåííûå ïî ìîùíîñòè íàñûùåííîñòè âîäû, íåôòè â íà÷àëüíûé ìîìåíò
âðåìåíè:

(pH , T )|t=0 = (p0
H , T 0), (sB, sH)|t=0 = (s0

B, s0
H). (6)

Íà ãðàíèöàõ îáëàñòè òå÷åíèÿ çàäàþòñÿ ñëåäóþùèå óñëîâèÿ:

(WBn;WHn)
∣∣ = 0, (

∂T

∂n
+ αT )

∣∣∣∣ = αT∞. (7)

Âû÷èñëèòåëüíûé àëãîðèòì. Äëÿ ðåøåíèÿ äàííîé çàäà÷è ïðåîáðàçóåì íàøó ñèñòåìó,
ò.å. ïðèâåäåì óðàâíåíèÿ (1) è (2) â âèä äëÿ óäîáíîé ÷èñëåííîé ðåàëèçàöèè:

m(
∂ρ

∂t
sB+ρ

∂s

∂t
)+div(ρWB) =

N1∑

i=1

QB,hiδ(x−xhi, y−yhi, z−zhi)−
N2∑

i=1

QB,∂iδ(x−x∂i, y−y∂i, z−z∂i),

(8)

m(
∂ρH

∂t
sH + ρH

∂sH

∂t
) + div(ρHWH) = −

N2∑

i=1

QH,∂iδ(x− x∂i, y − y∂i, z − z∂i), (9)
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çäåñü

ρB = ρ0
Be(βPB(pB−p0)−βTB(T−T 0)), ρH = ρ0

He(βPH(pH−p0)−βTH(T−T 0)),

pkap(sB, T ) = γ(T )
√

m

k
J(sB), (10)

ãäå ρ0
B, ρ0

H � íà÷àëüíàÿ ïëîòíîñòü âîäû è íåôòè, βPB, βPH � êîýôôèöèåíò ñæèìàåìîñòè âîäû
è íåôòè, βTB, βTH � êîýôôèöèåíò òåðìè÷åñêîãî ðàñøèðåíèÿ âîäû è íåôòè, p0 � íà÷àëüíîå
äàâëåíèå ïëàñòà, T 0 � íà÷àëüíàÿ òåìïåðàòóðà ïëàñòà, γ � êîýôôèöèåíò ïîâåðõíîñòíîãî íàòÿ-
æåíèÿ, J � ôóíêöèÿ Ëåâåðåòòà.

Çäåñü m � ïîðèñòîñòü ïëàñòà, k � àáñîëþòíàÿ ïðîíèöàåìîñòü ïëàñòà, H � òîëùèíà ïëàñòà.

∇pB = ∇pH − ∂pkap

∂sB
∇sB − ∂pkap

∂T
∇T,

∂pkap

∂sB
< 0,

∂pkap

∂T
< 0 (11)

èëè

1
ρB

m(
∂ρB

∂pB

∂pB

∂t
+

∂ρB

∂T

∂T

∂t
)sB + m

∂sB

∂t
+

1
ρB

div(ρBWB) =

=
1

ρB

N1∑

i=1

QB,hiδ(x− xhi, y − y=i, z − zhi)− 1
ρB

N2∑

i=1

QB,∂iδ(x− x∂i, y − y∂i, z − z∂i).

1
ρH

m(
∂ρH

∂pH

∂pH

∂t
+

∂ρH

∂T

∂T

∂t
)sH + m

∂sH

∂t
+

1
ρH

div(ρHWH) =

= − 1
ρH

N2∑

i=1

QH,∂iδ(x− x∂i, y − y∂i, z − z∂i).

Òàê êàê pH − pB = pkap(sB, T ), èñïîëüçóÿ ñîîòíîøåíèå sB + sH = 1 è èç (10), (11), ðàñêëà-
äûâàÿ ïî êîìïîíåíòàì, ïîëó÷àåì óðàâíåíèå äëÿ äàâëåíèÿ íåôòè:

m(βPBsB + βPHsH)
∂pH

∂t
−mβPBsB

∂pkap

∂sB

∂sB

∂t
−mβPBsB

∂pkap

∂T

∂T

∂t
− (mβTBsB + mβTHsH)

∂T

∂t
−

−(
1

ρB
k

fB

µB

∂ρB

∂x
+

1
ρH

k
fH

µH

∂ρH

∂x
)
∂pH

∂x
+

1
ρB

k
fB

µB

∂ρB

∂x

∂pkap

∂sB

∂sB

∂x
+

1
ρB

k
fB

µB

∂ρB

∂x

∂pkap

∂T

∂T

∂x
−

−(
1

ρB
k

fB

µB

∂ρB

∂y
+

1
ρH

k
fH

µH

∂ρH

∂y
)
∂pH

∂y
+

1
ρB

k
fB

µB

∂ρB

∂y

∂pkap

∂sB

∂sB

∂y
+

1
ρB

k
fB

µB

∂ρB

∂y

∂pkap

∂T

∂T

∂y
−

−(
1

ρB
k

fB

µB

∂ρB

∂z
+

1
ρH

k
fH

µH

∂ρH

∂z
)
∂pH

∂z
+

1
ρB

k
fB

µB

∂ρB

∂z

∂pkap

∂sB

∂sB

∂z
+

1
ρB

k
fB

µB

∂ρB

∂z

∂pkap

∂T

∂T

∂z
=

=
∂

∂x
(k

fB

µB

∂pH

∂x
) +

∂

∂y
(k

fB

µB

∂pH

∂y
) +

∂

∂z
(k

fB

µB

∂pH

∂z
) +

∂

∂x
(−∂pkap

∂sB

∂sB

∂x
) +

∂

∂y
(−∂pkap

∂sB

∂sB

∂y
)+
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+
∂

∂z
(−∂pkap

∂sB

∂sB

∂z
) +

∂

∂x
(−∂pkap

∂T

∂T

∂x
) +

∂

∂y
(−∂pkap

∂T

∂T

∂y
) +

∂

∂z
(−∂pkap

∂T

∂T

∂z
)+

+
1

ρB
k

fB

µB
ρBg +

1
ρH

k
fH

µH
ρHg +

∂

∂z
(k

fB

µB
ρBg) +

∂

∂z
(k

fH

µH
ρHg)+

+
1

ρB

N1∑

i=1

QB,hiδ(x− xhi, y − yhi, z − zhi)− 1
ρB

N2∑

i=1

QB,∂iδ(x− x∂i, y − y∂i, z − z∂i)+

+
∂

∂x
(k

fH

µH

∂pH

∂x
) +

∂

∂y
(k

fH

µH

∂pH

∂y
)− 1

ρH

N2∑

i=1

QH,∂iδ(x− x∂i, y − y∂i, z − z∂i). (12)

Â îáëàñòè 0 ≤ x ≤ lx, 0 ≤ y ≤ ly, 0 ≤ y ≤ lz, 0 < t ≤ T ââåäåì ñëåäóþùóþ ðàçíîñòíóþ ñåòêó,
ãäå xi+1 = xi + hx, yj+1 = yj + hy, zk+1 = zk + hz, t0 = 0, tn = tn−1 + ∆tn, (i = 0, ..., NX , j =
0, ..., NY , k = 0, ..., NZ , n = 0, ..., M), ãäå ∆t0 = const (∆t0 � çàäàâàåìûé íà÷àëüíûé øàã).

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

a2X = −(
1

ρB
Hk

fB

µB

∂ρB

∂x
+

1
ρH

Hk
fH

µH

∂ρH

∂x
), a2Y = −(

1
ρB

Hk
fB

µB

∂ρB

∂y
+

1
ρH

Hk
fH

µH

∂ρH

∂y
),

a2Z = −(
1

ρB
Hk

fB

µB

∂ρB

∂z
+

1
ρH

Hk
fH

µH

∂ρH

∂z
),

a3X =
1

ρB
Hk

fB

µB

∂ρB

∂x

∂pkap

∂sB
, a3Y =

1
ρB

Hk
fB

µB

∂ρB

∂y

∂pkap

∂sB
, a3Z =

1
ρB

Hk
fB

µB

∂ρB

∂z

∂pkap

∂sB
,

a4X =
1

ρB
Hk

fB

µB

∂ρB

∂x

∂pkap

∂T
, a4Y =

1
ρB

Hk
fB

µB

∂ρB

∂y

∂pkap

∂T
, a4Z =

1
ρB

Hk
fB

µB

∂ρB

∂z

∂pkap

∂T
.

Òîãäà óðàâíåíèå äëÿ äàâëåíèÿ çàïèøåòñÿ ñëåäóþùèì îáðàçîì:

m(βPBsB+βPHsH)
∂pH

∂t
−mβPBsB

∂pkap

∂sB

∂sB

∂t
−HmβPBsB

∂pkap

∂T

∂T

∂t
−(HmβTBsB+HmβTHsH)

∂T

∂t
+

a2X
∂pH

∂x
+ a2Y

∂pH

∂y
+ a2Z

∂pH

∂z
+ a3X

∂sB

∂x
+ a3Y

∂sB

∂y
+ a3Z

∂sB

∂z
+ a4X

∂T

∂x
+ a4Y

∂T

∂y
+ a4Z

∂T

∂z
=

=
∂

∂x
(Hk(

fB

µB
+

fH

µH
)
∂pH

∂x
) +

∂

∂y
(Hk(

fB

µB
+

fH

µH
)
∂pH

∂y
) +

∂

∂z
(Hk(

fB

µB
+

fH

µH
)
∂pH

∂z
)+

+
∂

∂x
(−∂pkap

∂sB

∂sB

∂x
) +

∂

∂y
(−∂pkap

∂sB

∂sB

∂y
) +

∂

∂z
(−∂pkap

∂sB

∂sB

∂z
) +

∂

∂x
(−∂pkap

∂T

∂T

∂x
)+

+
∂

∂y
(−∂pkap

∂T

∂T

∂y
) +

∂

∂z
(−∂pkap

∂T

∂T

∂z
) +

1
ρA

k
fB

µB
ρAg +

1
ρH

k
fH

µH
ρHg +

∂

∂z
(k

fB

µB
ρBg)+

Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 2 (40)



54 Ì. Æ. Ìóêèìáåêîâ, Ê. Á. Øåðêåøáàåâà

+
∂

∂z
(k

fH

µH
ρHg) +

1
ρB

N1∑

i=1

QB,hiδ(x− xhi, y− yhi, z − zhi)− 1
ρB

N2∑

i=1

QB,∂iδ(x− x∂i, y− y∂i, z − z∂i)−

− 1
ρH

N2∑

i=1

QH,∂iδ(x− x∂i, C − C∂i, z − z∂i).

Äëÿ ðåøåíèÿ äàííîãî óðàâíåíèÿ èñïîëüçóåì ñõåìó ðàñùåïëåíèÿ ïî ëîêàëüíûì ïåðåìåííûì
[3].

Ñõåìà ðàñùåïëåíèÿ äëÿ óðàâíåíèÿ äàâëåíèÿ ïî íàïðàâëåíèþ x áóäåò èìåòü ñëåäóþùèé
âèä:

hxhyhzmijk(βPBsn
B ijk + βPHsn

H ijk)
p

n+1/3
H ijk − pn

H ijk

τ
=

= hyhz(((k(
fB

µB
+

fH

µH
))n+1/3

i+1/2jk)
(pn+1/3

H i+1jk)− (pn+1/3
H ijk )

hx
−((Hk(

fB

µB
+

fH

µH
))n+1/3

i−1/2jk)
(pn+1/3

H ijk )− (pn+1/3
H i−1jk)

hx
),

ïî íàïðàâëåíèþ y áóäåò èìåòü ñëåäóþùèé âèä:

hxhyhzmijk(βPBsn
B ijk + βPHsn

H ijk)
p

n+2/3
H ijk − p

n+1/3
H ijk

τ
=

= hxhz((k(
fB

µB
+

fH

µH
))n+2/3

ij+1/2k

p
n+2/3
H ij+1k − p

n+2/3
H ijk

hy
− (Hk(

fB

µB
+

fH

µH
))n+2/3

ij−1/2k

p
n+2/3
H ijk − p

n+2/3
H ij−1k

hy
),

ïî íàïðàâëåíèþ z áóäåò èìåòü ñëåäóþùèé âèä:

hxhyhzmijk(βPBsn
B ijk+βPHsn

H ijk)
pn+1

H ijk − p
n+2/3
H ijk

τ
+hxhyhzmijkβPBsn

B ijk(−
∂pkap

∂sB
)n
ijk

sn+1
B ijk − sn

B ijk

τ
+

+hxhyhzmijkβPBsn
B ijk(−

∂pkap

∂T
)n
ijk

Tn+1
ijk − Tn

ijk

τ
−hxhyhz(mijkβTBsn

B ijk+mijkβTHsn
H ijk)

Tn+1
ijk − Tn

ijk

τ
+

+hyhxhz(a2X)n
ijk(

∂pH

∂x
)n
ijk + hxhyhz(a2Y )n

ijk(
∂pH

∂y
)n
ijk + hxhyhz(a3X)n

ijk(
∂sB

∂x
)n
ijk+

+hxhyhz(a3Y )n
ijk(

∂sB

∂y
)n
ijk + hxhyhz(a4X)n

ijk(
∂T

∂x
)n
ijk + hxhyhz(a4Y )n

ijk(
∂T

∂y
)n
ijk+

+hxhyhz(a2Z)n
ijk(

∂pH

∂z
)n
ijk + hxhyhz(a3Z)n

ijk(
∂sB

∂z
)n
ijk + hxhyhz(a4Z)n

ijk(
∂T

∂z
)n
ijk =

= hxhy(((Hk(
fB

µB
+

fH

µH
))n+1

ijk+1/2)
(pn+1

H ijk+1)− (pn+1
H ijk)

hz
−((Hk(

fB

µB
+

fH

µH
))n+1

ijk−1/2)
(pn+1

H ijk)− (pn+1
H ijk−1)

hz
)+
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+hyhz((−∂pkap

∂sB
)n
i+1/2jk

sn
B i+1 jk − sn

B ijk

hx
− (−∂pkap

∂sB
)n
i−1/2jk

sn
B ijk − sn

B i−1jk

hx
)+

+hxhz((−∂pkap

∂sB
)n
ij+1/2k

sn
B ij+1k − sn

B ijk

hy
− (−∂pkap

∂sB
)n
ij−1/2k

sn
B ijk − sn

B ij−1k

hy
)+

+hxhy((−∂pkap

∂sB
)n
ijk+1/2

sn
B ijk+1 − sn

B ijk

hz
− (−∂pkap

∂sB
)n
ijk−1/2

sn
B ijk − sn

B ijk−1

hz
)+

+hyhz((−∂pkap

∂T
)n
i+1/2jk

Tn
i+1jk − Tn

ijk

hx
− (−∂pkap

∂T
)n
i−1/2jk

Tn
ijk − Tn

i−1jk

hx
)+

+hxhz((−∂pkap

∂T
)n
ij+1/2k

Tn
ij+1k − Tn

ijk

hy
− (−∂pkap

∂T
)n
ij−1/2k

Tn
ijk − Tn

ij−1k

hy
)+

+hxhy((−∂pkap

∂T
)n
ijk+1/2

Tn
ijk+1 − Tn

ijk

hz
− (−∂pkap

∂T
)n
ijk−1/2

Tn
ijk − Tn

ijk−1

hz
)+

+
N1∑

p=1

(QB, hp)nωnagn
ijk −

N2∑

p=1

((QB, ∂p)n + (QH,∂p)
n)ωdob

ijk ,

ãäå ωnagn
ijk =

{
1, xi = xnagn, y = ynagn, z = znagn

0
, ωdob

ijk =
{

1, xi = xdob, y = ydob, z = zdob

0
.

Áóäåì ðåøàòü ïîëó÷åííûå óðàâíåíèÿ ïîñëåäîâàòåëüíûì ïðèìåíåíèåì ìåòîäà ïðîãîíêè ñ
ëèíåàðèçàöèåé íåëèíåéíûõ ÷ëåíîâ. Àíàëîãè÷íî ðåøàþòñÿ óðàâíåíèÿ äëÿ òåìïåðàòóðû è íà-
ñûùåííîñòè âîäû. Óñëîâèÿ óñòîé÷èâîñòè è ñõîäèìîñòè ìåòîäà âûïîëíÿþòñÿ.

Çàòåì, ïî âû÷èñëåííûì äàâëåíèÿì, òåìïåðàòóðå, íàñûùåííîñòè âîäû, íåôòè è èõ ïëîò-
íîñòè íàõîäÿòñÿ èíòåãðàëüíûå ïîêàçàòåëè ðàçðàáîòêè ìåñòîðîæäåíèÿ: íåôòåîòäà÷à, îáâîä-
íåííîñòü, íàêîïëåííàÿ äîáû÷à íåôòè è äðóãèå ïîêàçàòåëè íà çàäàâàåìûé ìîìåíò âðåìåíè
ðàçðàáîòêè.

×èñëåííûé ðåçóëüòàò. Äëÿ ÷èñëåííûõ ðàñ÷åòîâ ðàññìàòðèâàþòñÿ ðàçëè÷íûå âàðèàíòû
ðàçðàáîòêè ìåñòîðîæäåíèé ñ ðàçëè÷íûìè ôîðìàìè çàëåãàíèÿ óãëåâîäîðîäíûõ ñêîïëåíèé íà
ìåñòîðîæäåíèÿõ Çàïàäíîãî Êàçàõñòàíà.

Äàííûå áðàëèñü â ñëåäóþùåì âèäå: ïîðèñòîñòü ïëàñòà m = 0, 65; òåïëîåìêîñòü: cH = 3, 7
êÄæ/êã 0C � íåôòè, cB = 5, 1 êÄæ/êã 0C � âîäû, cQ = 1 êÄæ/êã 0C � ïîðîäû, òåïëîïðîâîä-
íîñòü: λB = 0, 81 Bò/ì0C � âîäû, λH = 0, 21 Bò/ì0C � íåôòè, λQ = 2, 43 Bò/ì0C ïîðîäû,
ïëîòíîñòü ρ0

B = 1000 êã/ì3 � âîäû, ρ0
H = 820 êã/ì3 � íåôòè, ñæèìàåìîñòü: βPB = 0, 00046

1/ÌÏà � âîäû, βPH = 0, 001 1/ÌÏà íåôòè, òåðìè÷åñêîå ðàñøèðåíèå: βTB = 0, 00108 1/0C �
âîäû, βTH = 0, 00110 1/0C � íåôòè [3].

Ïîääåðæèâàåìîå äàâëåíèå íàãíåòàíèÿ íà íàãíåòàòåëüíîé ñêâàæèíå áðàëîñü ðàâíîé 90 àòì.
èëè 9 ÌÏà, íà äîáûâàþùåé ñêâàæèíå áðàëîñü ðàâíîé 5 ÌÏà. Íà÷àëüíîå ïëàñòîâîå äàâëåíèå
ðàâíî 7 ÌÏà, íà÷àëüíàÿ òåìïåðàòóðà ïëàñòà ðàâíà 500 C ãðàäóñîâ ïî Öåëüñèþ. Òåìïåðàòóðó
çàêà÷êè áðàëè ðàâíîé 900 C ãðàäóñîâ ïî Öåëüñèþ.

Îòíîñèòåëüíûå ôàçîâûå ïðîíèöàåìîñòè äëÿ âîäû è íåôòè èìåþò ñëåäóþùèé âèä:

fB(s) =
{

0, 0 ≤ s ≤ 0, 2,

( s−0,2
0,8 )3, 0, 2 < s ≤ 1,

fH(s) =
{

1, 0 ≤ s ≤ 0, 2,

(1−s
0,8 )3, 0, 2 < s ≤ 1.

Êàïèëëÿðíîå äàâëåíèå èìååò ñëåäóþùèé âèä:
pkap = a(0.072

s − s
2 + 0.391), ãäå a = 3.5 · 106.
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Â íà÷àëüíûé ìîìåíò âðåìåíè íàñûùåííîñòü âîäû ðàâíà íóëþ.
Çàâèñèìîñòè äëÿ âÿçêîñòåé âîäíîé, íåôòÿíîé ôàç èìåþò ñëåäóþùèé âèä:

µB =
(970− T )

(26, 5T + 421)
, µH = 191989T−2,0535.

Çàâèñèìîñòè ïëîòíîñòè âîäû è íåôòè îò äàâëåíèÿ è òåìïåðàòóðû áóäåì áðàòü â ñëåäóþùåì
âèäå:

ρB = ρ0
B exp[βPB(p− p0)− βTB(T − T 0)], ρH = ρ0

H exp[βPH(p− p0)− βPH(T − T 0)],

ãäå βPB, βTB � êîýôôèöèåíòû ñæèìàåìîñòè äëÿ âîäû è íåôòè ñîîòâåòñòâåííî, à βPH , βPH �
êîýôôèöèåíòû òåðìè÷åñêîãî ðàñøèðåíèÿ äëÿ âîäû è íåôòè ñîîòâåòñòâåííî.

Íà ðèñóíêàõ 1, 2 ïðèâåäåíû ãðàôèêè äàâëåíèÿ, âîäîíàñûùåííîñòè ïëàñòà äëÿ ñðåäíåé
ñòàäèè ðàçðàáîòêè ïëàñòà.

Ðàñ÷åòû ïîçâîëÿþò íàõîäèòü äèíàìè÷åñêèå ïàðàìåòðû ïëàñòà äëÿ ïðîèçâîëüíîãî ðàñïî-
ëîæåíèÿ ñêâàæèí, ïðîãíîçèðîâàòü òåõíîëîãè÷åñêèå ïîêàçàòåëè äîáû÷è íåôòè â ïðîèçâîëüíîé
ñèñòåìå ñêâàæèí äëÿ ðàçëè÷íûõ ôèëüòðàöèîííî-åìêîñòíûõ ïàðàìåòðîâ íåôòÿíîãî ïëàñòà.

Ðèñ. 1: Ðàñïðåäåëåíèå äàâëåíèÿ ïëàñòà äëÿ ñðåäíåé ñòàäèè ðàçðàáîòêè ìåñòîðîæäåíèÿ (îñü
z = 0.5).

Ðèñ. 2: Ðàñïðåäåëåíèå âîäîíàñûùåííîñòè ïëàñòà äëÿ ñðåäíåé ñòàäèè ðàçðàáîòêè ìåñòîðîæäå-
íèÿ (îñü z = 0.5).
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Ïðåäëàãàåòñÿ ìîäèôèêàöèÿ ñõåìû ýëåêòðîííîé öèôðîâîé ïîäïèñè Ýëü-Ãàìàëÿ íà áàçå íåïîçèöè-
îííûõ ïîëèíîìèàëüíûõ ñèñòåì ñ÷èñëåíèÿ.

Ðàçðàáîòêó êðèïòîãðàôè÷åñêèõ ñðåäñòâ çàùèòû èíôîðìàöèè ñ îòêðûòûì êëþ÷îì íàçû-
âàþò âåëè÷àéøèì ñîáûòèåì â èñòîðèè êðèïòîãðàôèè [1]. Óèòôèëä Äèôôè (Whitfeld Di�e) è
ÌàðòèíÕåëëìàí (Martin Hellman) â 1976 ã. ðàçðàáîòàëè ìåòîä, êîòîðûé îòëè÷àëñÿ îò âñåõ èç-
âåñòíûõ ðàíåå ïîäõîäîâ â êðèïòîãðàôèè [2]. Äî åãî ïîÿâëåíèÿ ïðè ñîçäàíèè ïðàêòè÷åñêè âñåõ
êðèïòîãðàôè÷åñêèõ ñèñòåì ïðèìåíÿëèñü ïîäñòàíîâêè è ïåðåñòàíîâêè [3-7]. Ðîæäåíèå êðèïòî-
ãðàôèè ñ îòêðûòûì êëþ÷îì ñåðüåçíî ïîâëèÿëî íà äàëüíåéøåå ðàçâèòèå ñðåäñòâ êðèïòîãðà-
ôèè, ò. ê. àëãîðèòìû êðèïòîãðàôèè ñ îòêðûòûì êëþ÷îì èñïîëüçóþò ìàòåìàòè÷åñêèå ôóíêöèè,
îòëè÷íûå îò ïîäñòàíîâîê è ïåðåñòàíîâîê, à òàêæå ÿâëÿþòñÿ àñèììåòðè÷íûìè � â íèõ èñïîëü-
çóþòñÿ äâà ðàçíûõ êëþ÷à ïðè çàøèôðîâàíèè è ðàñøèôðîâàíèè. Ýòî îòëè÷àåò èõ îò ìåòî-
äîâ òðàäèöèîííîãî (ñèììåòðè÷íîãî) øèôðîâàíèÿ, ãäå ïðåäïîëàãàåòñÿ òîëüêî îäèí ñåêðåòíûé
êëþ÷. Â àñèììåòðè÷íûõ êðèïòîñèñòåìàõ îäèí èç êëþ÷åé îñòàåòñÿ â ëè÷íîì ïîëüçîâàíèè, à
äðóãîé îòêðûò äëÿ âñåõ. Íàëè÷èå äâóõ êëþ÷åé ïîçâîëÿåò ðåàëèçîâàòü òðè ðàçëè÷íûõ âèäà
êðèïòîãðàôè÷åñêèõ ñõåì: 1) çàøèôðîâàíèå/ðàñøèôðîâàíèå � îòïðàâèòåëü øèôðóåò ñîîáùå-
íèå ñ èñïîëüçîâàíèåì îòêðûòîãî êëþ÷à ïîëó÷àòåëÿ; 2) ýëåêòðîííàÿ öèôðîâàÿ ïîäïèñü (ÝÖÏ) �
îòïðàâèòåëü "ïîäïèñûâàåò" ñîîáùåíèå ñ ïîìîùüþ ñâîåãî ëè÷íîãî êëþ÷à (ïîäïèñü ïîëó÷àþò â
ðåçóëüòàòå ïðèìåíåíèÿ êðèïòîãðàôè÷åñêîãî àëãîðèòìà ê ñîîáùåíèþ èëè ê íåáîëüøîìó áëîêó
äàííûõ, ÿâëÿþùåìóñÿ ôóíêöèåé ñîîáùåíèÿ); 3) îáìåí êëþ÷àìè � äâå ñòîðîíû âçàèìîäåéñòâó-
þò, ÷òîáû îáìåíÿòüñÿ ñåàíñîâûì èëè ñåêðåòíûì êëþ÷îì (â ýòîì ñëó÷àå ìîãóò ïðèìåíÿòüñÿ
ðàçíûå ïîäõîäû ñ ïðèìåíåíèåì ëè÷íûõ êëþ÷åé îäíîé èëè îáåèõ ñòîðîí). Èäåÿ ïðèìåíåíèÿ ìå-
òîäîâ êðèïòîãðàôèè ñ îòêðûòûì êëþ÷îì âîçíèêëà èç ïîïûòîê íàéòè ðåøåíèå äâóõ èç íàèáîëåå
ñëîæíûõ ïðîáëåì, âîçíèêàþùèõ ïðè èñïîëüçîâàíèè ñèììåòðè÷íîãî øèôðîâàíèÿ [2]. Ïåðâàÿ
ïðîáëåìà � ðàñïðåäåëåíèå êëþ÷åé, êîòîðîå ïðè ñèììåòðè÷íîì øèôðîâàíèè òðåáóåò, ÷òîáû îáå
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ó÷àñòâóþùèå â îáìåíå äàííûìè ñòîðîíû ëèáî óæå èìåëè îáùèé êëþ÷, êîòîðûé êàêèì-òî îá-
ðàçîì áûë èì äîñòàâëåí, ëèáî èñïîëüçîâàëè óñëóãè íåêîòîðîãî öåíòðà ðàñïðåäåëåíèÿ êëþ÷åé.
Ó. Äèôôè ñ÷èòàë, ÷òî âòîðîå èç ýòèõ òðåáîâàíèé ïðîòèâîðå÷èò ñàìîé ñóùíîñòè êðèïòîãðàôèè
� âîçìîæíîñòè îáåñïå÷èòü ïîëíóþ ñåêðåòíîñòü âàøåé ñîáñòâåííîé êîððåñïîíäåíöèè. Âòîðàÿ
ïðîáëåìà, íå ñâÿçàííàÿ ñ ïåðâîé � ïðîáëåìà "ýëåêòðîííûõ öèôðîâûõ ïîäïèñåé". Èñïîëüçî-
âàíèå êðèïòîãðàôèè ïîëó÷èëî î÷åíü øèðîêîå ðàñïðîñòðàíåíèå íå òîëüêî â îáëàñòè âîåííîãî
äåëà, íî è â îáëàñòè êîììåðöèè è ÷àñòíûõ êîììóíèêàöèé. Â ñâÿçè ñ ýòèì âîçíèêëà íåîáõîäè-
ìîñòü èìåòü äëÿ ýëåêòðîííûõ ñîîáùåíèé è äîêóìåíòîâ ïîäïèñè, ýêâèâàëåíòíûå èñïîëüçóåìûì
â áóìàæíûõ äîêóìåíòàõ. Ñ ïîìîùüþ òàêîé öèôðîâîé ïîäïèñè îáå ñòîðîíû ìîãëè áû óáåäèòüñÿ
â òîì, ÷òî öèôðîâîå ñîîáùåíèå áûëî îòïðàâëåíî äàííûì êîíêðåòíûì ëèöîì. Èìåííî â ñôåðå
óïðàâëåíèÿ êëþ÷àìè è ïðèëîæåíèÿõ ýëåêòðîííîé öèôðîâîé ïîäïèñè â íàñòîÿùåå âðåìÿ íàøëî
ñâîå ïðèìåíåíèå øèôðîâàíèå ñ îòêðûòûì êëþ÷îì.

Ñèñòåìû (ñõåìû) ÝÖÏ âêëþ÷àþò àëãîðèòì âû÷èñëåíèÿ (ôîðìèðîâàíèÿ) öèôðîâîé ïîäïè-
ñè è àëãîðèòì åå ïðîâåðêè. Âûäåëÿþò òðè îñíîâíûå ãðóïïû ðàçíûõ ïîäõîäîâ ñîçäàíèÿ ñõåì
ÝÖÏ íà îñíîâå: 1) ñèñòåì øèôðîâàíèÿ ñ îòêðûòûìè êëþ÷àìè, 2) ñïåöèàëüíî ðàçðàáîòàííûõ
àëãîðèòìîâ âû÷èñëåíèÿ è ïðîâåðêè ïîäïèñè, 3) ñèììåòðè÷íûõ ñèñòåì øèôðîâàíèÿ. Â îñíîâå
èçâåñòíûõ ñèñòåì ÝÖÏ ëåæàò àëãîðèòìû RSA (Rivest-Shamir-Adleman), Ýëü-Ãàìàëÿ (ElGamal)
è DSA (Digital Signature Algorithm), ðàçðàáîòàííûõ íà áàçå êðèïòîñèñòåì ñ îòêðûòûì êëþ÷îì.
Êî âòîðîé ãðóïïå îòíîñÿòñÿ ðàçðàáîòêè ïî ñîçäàíèþ àëãîðèòìîâ øèôðîâàíèÿ, ôîðìèðîâàíèÿ
ÝÖÏ è îòêðûòîãî ðàñïðîñòðàíåíèÿ ñåêðåòíûõ êëþ÷åé íà áàçå íåïîçèöèîííûõ ïîëèíîìèàëü-
íûõ ñèñòåì ñ÷èñëåíèÿ (ÍÏÑÑ), ðåçóëüòàòû êîòîðûõ âûÿâèëè âîçìîæíîñòü ïîñòðîåíèÿ íàäåæ-
íûõ àñèììåòðè÷íûõ êðèïòîãðàôè÷åñêèõ ñèñòåì ñ èñïîëüçîâàíèåì ÍÏÑÑ [8�10]. (Îòìåòèì,
àëãîðèòìû è ìåòîäû, ðàçðàáîòàííûå íà áàçå ÍÏÑÑ, íàçûâàþò íåòðàäèöèîííûìè. Ñèíîíèìû
ÍÏÑÑ � ñèñòåìû ñ÷èñëåíèÿ â îñòàòî÷íûõ êëàññàõ ñ ïîëèíîìèàëüíûìè îñíîâàíèÿìè, ìîäóëÿð-
íàÿ àðèôìåòèêà.) Â ñâÿçè ñ ýòèì ïðîâåäåíî ïîñòðîåíèå íåòðàäèöèîííîé (ìîäèôèöèðîâàííîé)
ñõåìû öèôðîâîé ïîäïèñè Ýëü-Ãàìàëÿ, â êîòîðîé èñïîëüçîâàíû óêàçàííûå ïåðâûå äâà ïîäõîäà
ïðè ðàçðàáîòêå ÝÖÏ.

Ñõåìà öèôðîâîé ïîäïèñè Ýëü-Ãàìàëÿ îñíîâàíà íà ñëîæíîñòè çàäà÷è âû÷èñëåíèÿ äèñêðåò-
íûõ ëîãàðèôìîâ. Ïóñòü p � ïðîñòîå ÷èñëî è α � ïðèìèòèâíûé ýëåìåíò ïîëÿ Zp . Âûáèðàåòñÿ
ñëó÷àéíîå ÷èñëî a â èíòåðâàëå 1 6 a 6 p− 2 è âû÷èñëÿåòñÿ çíà÷åíèå β = αa mod p . ×èñëî
a ÿâëÿåòñÿ ñåêðåòíûì êëþ÷îì, à òðîéêà ÷èñåë (p, α, β) � îòêðûòûì êëþ÷îì.

Àëãîðèòì ôîðìèðîâàíèÿ öèôðîâîé ïîäïèñè äëÿ ñîîáùåíèÿ M ñîñòîèò â ñëåäóþùåì:
1. âûáèðàåòñÿ ñëó÷àéíîå öåëîå ÷èñëî r , 1 6 r 6 p− 2 ;
2. âû÷èñëÿåòñÿ γ = αr mod p ;
3. íàõîäèòñÿ δ = (x− aγ)r−1 mod (p− 1) , ãäå x = M ;
4. ýëåêòðîííàÿ öèôðîâàÿ ïîäïèñü îïðåäåëÿåòñÿ ïàðîé ÷èñåë (γ, δ) .
Äëÿ âûÿâëåíèÿ ïîäëèííîñòè öèôðîâîé ïîäïèñè àëãîðèòì ïðîâåðêè ÝÖÏ îñóùåñòâëÿåò:
1. âû÷èñëåíèå ñðàâíåíèÿ βγγδ ≡ αx mod p ;
2. àíàëèç ïîëó÷åííîãî ñðàâíåíèÿ: åñëè îíî îêàçûâàåòñÿ âåðíûì, òî ýëåêòðîííàÿ ïîäïèñü

ïðèíèìàåòñÿ, åñëè æå íåò, òî ÝÖÏ îòâåðãàåòñÿ.
Îñíîâíûì äîñòîèíñòâîì òàêîé ñõåìû ÝÖÏ ÿâëÿåòñÿ âîçìîæíîñòü âûðàáîòêè öèôðîâûõ

ïîäïèñåé äëÿ áîëüøîãî ÷èñëà ñîîáùåíèé ñ èñïîëüçîâàíèåì îäíîãî ñåêðåòíîãî êëþ÷à. Ïðè ýòîì
ïîïûòêà êîìïðîìåòàöèè ñõåìû ñòàëêèâàåòñÿ ñ íåîáõîäèìîñòüþ ðåøåíèÿ ñëîæíîé ìàòåìàòè-
÷åñêîé çàäà÷è, ñâÿçàííîé ñ íàõîæäåíèåì ðåøåíèé ïîêàçàòåëüíûõ óðàâíåíèé, â ÷àñòíîñòè, ñ
íàõîæäåíèåì çíà÷åíèÿ äèñêðåòíîãî ëîãàðèôìà â ïîëå Zp .

Íà îñíîâå ñèñòåìû öèôðîâîé ïîäïèñè Ýëü-Ãàìàëÿ ïîñòðîåíû äðóãèå ñõåìû ÝÖÏ, âî ìíî-
ãîì ñõîäíûå ïî ñâîèì ñâîéñòâàì ñ ïîäïèñüþ Ýëü-Ãàìàëÿ. Ñóòü ýòèõ ñõåì ÝÖÏ çàêëþ÷àåòñÿ â
ïðîâåðêå ñðàâíåíèÿ âèäà αAβB ≡ γC mod p . Â ýòîì ñðàâíåíèè òðîéêà ÷èñåë (A, B, C) ñîâ-
ïàäàåò ñ îäíîé èç ïåðåñòàíîâîê ÷èñåë ±x , ±δ è ±γ ïðè ñîîòâåòñòâóþùåì âûáîðå çíàêîâ.
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Äëÿ ñõåìû Ýëü-Ãàìàëÿ ýòà òðîéêà ÷èñåë ïðèíèìàåò ñëåäóþùèå çíà÷åíèÿ: A = x, B = −γ
è C = δ . Àíàëîãè÷íî ïîñòðîåíû ñòàíäàðòû ýëåêòðîííîé öèôðîâîé ïîäïèñè ÑØÀ è Ðîññèè.
Â àìåðèêàíñêîì ñòàíäàðòå DSS (Digital Signature Standard, 1991 ã.) èñïîëüçóþòñÿ ñëåäóþùèå
çíà÷åíèÿ ýòèõ ÷èñåë: A = x, B = γ è C = δ . Â ðîññèéñêîì ñòàíäàðòå ÃÎÑÒ Ð 34.10-94 òðîé-
êå (A, B, C) ñîîòâåòñòâóþò èõ çíà÷åíèÿ (−x, δ, γ) . Â Ðåñïóáëèêå Êàçàõñòàí ãîñóäàðñòâåííûì
ñòàíäàðòîì ÑÒ ÐÊ 1073-2007 îïðåäåëåíû ÷åòûðå óðîâíÿ áåçîïàñíîñòè [11]. Â ñîîòâåòñòâèè ñ
óñòàíîâëåííûìè â íåì òðåáîâàíèÿìè ê ñðåäñòâàì êðèïòîãðàôè÷åñêîé çàùèòû èíôîðìàöèè
ïåðâîãî, âòîðîãî, òðåòüåãî è ÷åòâåðòîãî óðîâíÿ äëèíà êëþ÷à ÝÖÏ äîëæíà áûòü íå ìåíåå 60,
100, 150 è 200 áèò ñîîòâåòñòâåííî.

Ðàññìîòðèì ïðîöåäóðó ïîñòðîåíèÿ ñõåìû ýëåêòðîííîé öèôðîâîé ïîäïèñè äëèíû Nk áèò
äëÿ ïîäïèñûâàåìîãî ýëåêòðîííîãî ñîîáùåíèÿ M äëèíû N áèò (Nk ¿ N ) ñ èñïîëüçîâàíèåì
íåïîçèöèîííîé ïîëèíîìèàëüíîé ñèñòåìû ñ÷èñëåíèÿ.

Ïðè ðàçðàáîòêå íåòðàäèöèîííîãî àëãîðèòìà ôîðìèðîâàíèÿ ÝÖÏ íà îñíîâå ñõåìû Ýëü-
Ãàìàëÿ âìåñòî ýëåêòðîííîãî ñîîáùåíèÿ M èñïîëüçóåòñÿ õýø-çíà÷åíèå, êîòîðîå âû÷èñëÿåòñÿ
â íåïîçèöèîííîé ñèñòåìå ïóòåì ââåäåíèÿ èçáûòî÷íîñòè. Ïðåäëàãàåìûé àëãîðèòì ñîñòîèò èç
òðåõ îñíîâíûõ ÷àñòåé: â ïåðâûõ äâóõ ïðîèçâîäèòñÿ ïîñòðîåíèå íåïîçèöèîííîé ïîëèíîìèàëüíîé
ñèñòåìû ñ÷èñëåíèÿ è âû÷èñëåíèå õýø-çíà÷åíèÿ, à â òðåòüåé � ñîáñòâåííî âû÷èñëåíèå ÝÖÏ ñ
èñïîëüçîâàíèåì àëãîðèòìà öèôðîâîé ïîäïèñè Ýëü-Ãàìàëÿ.

Âíà÷àëå (ïåðâûé ýòàï) îñóùåñòâëÿåòñÿ ôîðìèðîâàíèå ÍÏÑÑ. Äëÿ ýòîãî âûáèðàåòñÿ ñèñòå-
ìà åå ðàáî÷èõ îñíîâàíèé íàä ïîëåì GF(2) ñòåïåíè m1, m2, . . . , mS ñîîòâåòñòâåííî, êîòîðûå
ñîñòàâëÿþò îäíó ñèñòåìó ðàáî÷èõ îñíîâàíèé. Îñíîâíûì ðàáî÷èì äèàïàçîíîì ÍÏÑÑ ÿâëÿåòñÿ
ìíîãî÷ëåí P (x) = p1(x)p2(x) . . . pS(x) ñòåïåíè m = m1 + m2 + . . . + mS . Ðàáî÷èå îñíîâàíèÿ
íåïîçèöèîííîé ñèñòåìû âûáèðàþòñÿ èç ÷èñëà íåïðèâîäèìûõ ìíîãî÷ëåíîâ ñòåïåíè íå áîëüøå
N , óäîâëåòâîðÿþùèõ àëãåáðàè÷åñêîìó óðàâíåíèþ:

k1m1 + k2m2 + . . . + kSmS = N. (1)

Èç ýòîãî óðàâíåíèÿ íàõîäÿòñÿ íåèçâåñòíûå êîýôôèöèåíòû ki , îïðåäåëÿþùèå ÷èñëî âûáèðàå-
ìûõ â êà÷åñòâå îñíîâàíèé íåïðèâîäèìûõ ïîëèíîìîâ ñòåïåíè mi , 0 6 ki 6 ni, ni � ìíîæåñòâî
âñåõ íåïðèâîäèìûõ ìíîãî÷ëåíîâ ñòåïåíè mi, 1 6 mi 6 N, S = k1 +k2 + . . .+kS � êîëè÷åñòâî
âñåõ âûáðàííûõ îñíîâàíèé. Ïîëíûå ñèñòåìû âû÷åòîâ ïî ìîäóëÿì ìíîãî÷ëåíîâ ñòåïåíè mi ñî-
äåðæàò âñå ìíîãî÷ëåíû ñ äâîè÷íûìè êîýôôèöèåíòàìè ñòåïåíè íå âûøå mi − 1 , äëÿ çàïèñè
êîòîðûõ íåîáõîäèìî mi áèò. Óðàâíåíèå (1) îïðåäåëÿåò êîëè÷åñòâî S îñíîâàíèé, âû÷åòû ïî
êîòîðûì ïîêðûâàþò äëèíó ïîäïèñûâàåìîãî ñîîáùåíèÿ. Äëÿ âûïîëíåíèÿ Âåëèêîé êèòàéñêîé
òåîðåìû âñå ðàáî÷èå îñíîâàíèÿ âûáèðàþòñÿ ðàçëè÷íûìè.

Òîãäà ñîîáùåíèå M äëèíîé N áèò èíòåðïðåòèðóåòñÿ êàê ïîñëåäîâàòåëüíîñòü îñòàòêîâ
α1(x), α2(x), . . . , αS(x) îò äåëåíèÿ íåêîòîðîãî ìíîãî÷ëåíà F (x) ñòåïåíè ìåíüøå m íà ðàáî-
÷èå îñíîâàíèÿ p1(x), p2(x), . . . , pS(x) ñîîòâåòñòâåííî è çàïèñûâàåòñÿ â íåïîçèöèîííîì âèäå â
âèäå ïîñëåäîâàòåëüíîñòè âû÷åòîâ:

F (x) = (α1(x) , α2(x) , . . . , αS(x)), (2)

ãäå F (x) ≡ αi(x) mod pi(x), i = 1, S. Â âûðàæåíèè (2) âàæåí òàêæå è ïîðÿäîê ðàñïîëîæå-
íèÿ âûáðàííûõ îñíîâàíèé. Íåïîçèöèîííîå ïðåäñòàâëåíèå (2) ìíîãî÷ëåíà F (x) ÿâëÿåòñÿ åäèí-
ñòâåííûì. Â âûðàæåíèè (2) îñòàòêè α1(x), α2(x), . . . , αS(x) âûáèðàþòñÿ òàê, ÷òîáû ïåðâûì l1
áèòàì ñîîáùåíèÿ ñîîòâåòñòâîâàëè äâîè÷íûå êîýôôèöèåíòû îñòàòêà α1(x) , ñëåäóþùèì l2 áè-
òàì � äâîè÷íûå êîýôôèöèåíòû îñòàòêà α2(x) è òàê äàëåå, ïîñëåäíèì lS äâîè÷íûì ðàçðÿäàì
ñòàâÿòñÿ â ñîîòâåòñòâèå äâîè÷íûå êîýôôèöèåíòû âû÷åòà αS(x) . Âû÷èñëåíèå (âîññòàíîâëå-
íèå) ìíîãî÷ëåíà F (x) â ïîçèöèîííîì âèäå ïðîèçâîäèòñÿ ïî ôîðìóëå, èñïîëüçóåìîé â ñëó÷àå
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îáðàáîòêè, õðàíåíèÿ è ïåðåäà÷è èíôîðìàöèè:

F (x) =
S∑

i=1

αi(x)Bi(x), ãäå Bi(x) =
P (x)
pi(x)

Mi(x) ≡ 1(mod pi(x)), i = 1, S. (3)

Çàòåì (âòîðîé ýòàï) ïðîèçâîäèòñÿ õýøèðîâàíèå (ñæàòèå) ñîîáùåíèÿ îò äëèíû N äî äëèíû
Nk áèò. Äëÿ ýòîãî ÍÏÑÑ ðàñøèðÿåòñÿ íà èçáûòî÷íûå (äîïîëíèòåëüíûå) îñíîâàíèÿ pS+1(x),
pS+2(x), . . . , pS+U (x) . Ñòåïåíè è ÷èñëî íåïðèâîäèìûõ ìíîãî÷ëåíîâ, èñïîëüçóåìûõ ïðè èõ âû-
áîðå, îáîçíà÷èì a1, a2, . . . , aU è d1, d2, . . . , dU ñîîòâåòñòâåííî. ×èñëî âûáðàííûõ èçáûòî÷-
íûõ îñíîâàíèé èç íåïðèâîäèìûõ ìíîãî÷ëåíîâ ðàçëè÷íûõ ñòåïåíåé, íå ïðåâûøàþùèõ çíà÷åíèÿ
Nk , â ýòîì ñëó÷àå îïðåäåëÿåòñÿ èç àíàëîãà óðàâíåíèÿ (1):

t1ai + t2a2 + . . . + tUaU = Nk, (4)

ãäå 0 6 tj 6 dj , 1 6 aj 6 Nk, j = 1, U, tj � ÷èñëî âûáðàííûõ äîïîëíèòåëüíûõ îñíîâàíèé
ñòåïåíè aj . U = t1 + t2 + . . . + tU � ÷èñëî âûáðàííûõ äîïîëíèòåëüíûõ îñíîâàíèé ñèñòåìû.
Èç óðàâíåíèÿ (4) íàõîäÿòñÿ U îñíîâàíèé ñèñòåìû, çàïèñü âû÷åòîâ ïî êîòîðûì ïîêðûâàåò
õýø-çíà÷åíèå äëèíîé Nk áèò.

Ñèñòåìà äîïîëíèòåëüíûõ îñíîâàíèé ôîðìèðóåòñÿ íåçàâèñèìî îò âûáîðà ðàáî÷èõ îñíî-
âàíèé p1(x), p2(x), . . . , pS(x), íî â äàííîì àëãîðèòìå ñðåäè U èçáûòî÷íûõ îñíîâàíèé ìî-
ãóò áûòü è ñîâïàäàþùèå ñ íåêîòîðûìè èç ðàáî÷èõ. Çàòåì âû÷èñëÿþòñÿ èçáûòî÷íûå âû÷å-
òû αS+1(x), αS+2(x), . . . , αS+U (x) îò äåëåíèÿ âîññòàíîâëåííîãî ìíîãî÷ëåíà F (x) íà äîïîë-
íèòåëüíûå îñíîâàíèÿ pS+1(x), pS+2(x), . . . , pS+U (x) . Òîãäà õýø-çíà÷åíèå ìîæíî èíòåðïðåòè-
ðîâàòü êàê ïîñëåäîâàòåëüíîñòü ýòèõ âû÷åòîâ:

h(F (x)) = (αS+1(x), αS+2(x), . . . , αS+U (x)); (5)

ãäå h(F (x)) ≡ αS+j(x)(mod pS+j(x)), j = 1, U. Èç äëèí âñåõ èçáûòî÷íûõ âû÷åòîâ ñêëàäûâà-
åòñÿ äëèíà õýø-çíà÷åíèÿ (5).

Ðàáî÷èå è èçáûòî÷íûå îñíîâàíèÿ ÿâëÿþòñÿ çàêðûòûìè (ñåêðåòíûìè) êëþ÷àìè.
Òðåòèé ýòàï � âû÷èñëåíèå ýëåêòðîííîé öèôðîâîé ïîäïèñè íà áàçå êðèïòîñèñòåì ñ îòêðû-

òûìè êëþ÷àìè ñ èñïîëüçîâàíèåì ïîëó÷åííîãî õýø-çíà÷åíèÿ. Äëÿ ýòîãî ôîðìèðóåòñÿ íåïîçèöè-
îííàÿ ïîëèíîìèàëüíàÿ ñèñòåìà ñ÷èñëåíèÿ äëÿ õýø-çíà÷åíèÿ, îñíîâàíèÿìè êîòîðîé âûáèðàþò-
ñÿ íåïðèâîäèìûå ìíîãî÷ëåíû ñòåïåíè íå âûøå Nk . Îáîçíà÷èì ýòè îñíîâàíèÿ r1(x), r2(x), . . . ,
rW (x), à ñòåïåíè è ÷èñëî íåïðèâîäèìûõ ìíîãî÷ëåíîâ, èñïîëüçóåìûõ ïðè âûáîðå ýòèõ îñíîâà-
íèé, ñîîòâåòñòâåííî b1, b2, . . . , bW è l1, l2, . . . , lW . Âûáèðàþòñÿ îíè èç óñëîâèÿ âûïîëíåíèÿ
ñëåäóþùåãî óðàâíåíèÿ (àíàëîãà óðàâíåíèÿ (1)):

v1b1 + v2b2 + . . . + vW bW = Nk; (6)

ãäå 0 6 vj 6 lj , j = 1, W � íåèçâåñòíûå êîýôôèöèåíòû; vj � ÷èñëî âûáðàííûõ îñíîâàíèé
ñòåïåíè bj , 1 6 bj 6 Nk, W = v1 + v2 + . . . + vW � êîëè÷åñòâî îñíîâàíèé, èñïîëüçóåìûõ ïðè
âû÷èñëåíèè öèôðîâîé ïîäïèñè. Èç óðàâíåíèÿ (6) íàõîäÿòñÿ W îñíîâàíèé ñèñòåìû, çàïèñü
âû÷åòîâ ïî êîòîðûì ïîêðûâàåò õýø-çíà÷åíèå äëèíû Nk . Îñíîâíîé äèàïàçîí â ýòîé ÍÏÑÑ
çàäàåòñÿ ìíîãî÷ëåíîì R(x) = r1(x)r2(x) · · · rW (x) ñòåïåíè b = b1 + b2 + . . . + bW .

Â ïîñòðîåííîé íåïîçèöèîííîé ïîëèíîìèàëüíîé ñèñòåìå ñ÷èñëåíèÿ õýø-çíà÷åíèå (5) äëèíîé
Nk áèò èíòåðïðåòèðóåòñÿ êàê ïîñëåäîâàòåëüíîñòü îñòàòêîâ h1(x), h2(x), . . . , hW (x) îò äåëåíèÿ
íåêîòîðîãî ìíîãî÷ëåíà H(x) íà îñíîâàíèÿ r1(x), r2, . . . , rW (x) ñîîòâåòñòâåííî è ïðåäñòàâëÿ-
åòñÿ â íåïîçèöèîííîì âèäå:

H(x) = (h1(x), h2(x), . . . , hW (x)), (7)
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ãäå H(x) ≡ hj(x)(mod rj(x)), j = 1, W .
Äàëåå âûïîëíÿåòñÿ ïðîöåäóðà ïîëó÷åíèÿ ÝÖÏ, ðàçðàáîòàííàÿ íà îñíîâå öèôðîâîé ïîäïè-

ñè Ýëü-Ãàìàëÿ. Äëÿ êàæäîãî îñíîâàíèÿ rj(x) âûáèðàåòñÿ ïðèìèòèâíûé ýëåìåíò (ìíîãî÷ëåí)
θj(x) èç ïîëíîé ñèñòåìû âû÷åòîâ ïî ìîäóëþ rj(x), ò. å. ñòåïåíè ïðèìèòèâíûõ ìíîãî÷ëåíîâ
θj(x) ìåíüøå bj , j = 1, W . Â ñîîòâåòñòâèè ñ ïðåäñòàâëåíèÿìè (2), (5) è (7) ýòè ïðèìèòèâ-
íûå ýëåìåíòû θj(x) òàêæå èíòåðïðåòèðóþòñÿ êàê îñòàòêè îò äåëåíèÿ íåêîòîðîãî ìíîãî÷ëåíà
PR(x) íà îñíîâàíèÿ r1(x), r2(x), . . . , rW (x) ñîîòâåòñòâåííî:

PR(x) = (θ1(x), θ2(x), . . . , θW (x)),

ãäå PR(x) ≡ θj(x)(mod rj(x)), j = 1, W .
Îñíîâàíèÿ r1(x), r2(x), . . . , rW (x) è ïðèìèòèâíûå ýëåìåíòû θ1(x), θ2(x), . . . , θW (x) � òàê-

æå çàêðûòûå êëþ÷è.
Äëÿ âîññòàíîâëåíèÿ ïîçèöèîííîãî âèäà ìíîãî÷ëåíîâ íàõîäÿòñÿ áàçèñû ÍÏÑÑ â ñîîòâåò-

ñòâèè ñ âûðàæåíèåì (3). Äëÿ ýòîãî îïðåäåëÿþòñÿ ïîëèíîìû Rj(x) ≡ R(x)
rj(x)

(mod rj(x)), ãäå j =

1, W . Äëÿ íèõ íàõîäÿòñÿ èíâåðñíûå ìíîãî÷ëåíû R−1
j (x) : R−1

j (x) ·Rj(x) ≡ 1(mod rj(x)), ãäå

j = 1, W . Òîãäà áàçèñû îïðåäåëÿþòñÿ ïî ñëåäóþùèì âûðàæåíèÿì Bj(x) ≡ R−1
j

R(x)
rj(x)

(mod rj(x)).

Ìíîãî÷ëåíû Bj(x) òàêæå îòíîñÿòñÿ ê çàêðûòîé èíôîðìàöèè.
Çàòåì ïðîèçâîäèòñÿ âû÷èñëåíèå öèôðîâîé ïîäïèñè.
1. Âûáèðàåòñÿ ñëó÷àéíîå ñåêðåòíîå ÷èñëî (êëþ÷) g1 â èíòåðâàëå 1 < g1 < 2b .
2. Íàõîäèòñÿ íîâûé ýëåìåíò (ïîëèíîì) � îòêðûòûé êëþ÷ β(x) :

β(x) = (β1(x), β2, (x) . . . , βW (x)), ãäå βj(x) ≡ θg1
j (x)(mod rj(x)), j = 1, W .

3. Îïðåäåëÿåòñÿ äðóãîå ñëó÷àéíîå ñåêðåòíîå ÷èñëî (êëþ÷) g2 â èíòåðâàëå 1 < g2 < 2b .
4. Âû÷èñëÿåòñÿ ìíîãî÷ëåí γ(x) :

γ(x) = (γ1(x), γ2(x), . . . , γW (x)), ãäå γj(x) ≡ θg2
j (x)(mod rj(x)), j = 1, W .

5. Ñ èñïîëüçîâàíèåì õýø-çíà÷åíèÿ â âèäå (7) âû÷èñëÿåòñÿ ïîëèíîì δ(x) :

δ(x) = (δ1(x), δ2(x), . . . , δW (x)), ãäå δj(x) ≡ [hj(x)− (γj(x))2g1 ](mod rj(x)), j = 1, W .

6. Ýëåêòðîííîé öèôðîâîé ïîäïèñüþ äëÿ ñîîáùåíèÿ M ïîëàãàåòñÿ ïàðà ìíîãî÷ëåíîâ (γ(x),
δ(x)) .

Ïðè ïðîâåðêå ïîäëèííîñòè öèôðîâîé ïîäïèñè îïðåäåëÿåòñÿ ïðàâèëüíîñòü âûðàæåíèÿ:

(β(x))g2(γ(x))g1 + δ(x) = H(x), ãäå (βj(x))g2(γj(x))g1 + δj(x) ≡ hj(x)(mod rj(x)), j = 1, W .

Åñëè ýòîãî ñðàâíåíèå âûïîëíÿåòñÿ, òî ïîëó÷åííàÿ ÝÖÏ ñ÷èòàåòñÿ ïîäëèííîé. Â ñîîòâåòñòâèè
ñ îïåðàöèÿìè íåïîçèöèîííîé ñèñòåìû ñ÷èñëåíèÿ âñå îïåðàöèè, â òîì ÷èñëå è âîçâåäåíèÿ â
ñòåïåíü, ìîãóò âûïîëíÿòüñÿ ïàðàëëåëüíî ïî ìîäóëÿì íåïðèâîäèìûõ ïîëèíîìîâ, âûáðàííûõ
â êà÷åñòâå îñíîâàíèé èñïîëüçóåìûõ â àëãîðèòìå ÍÏÑÑ. Òàêèì îáðàçîì, ðàçðàáîòàííûé ìî-
äèôèöèðîâàííûé àëãîðèòì ôîðìèðîâàíèÿ ÝÖÏ ïðåäñòàâëÿåòñÿ â âèäå òðåõ âçàèìîñâÿçàííûõ
áëîêîâ (ýòàïîâ):

1. ôîðìèðîâàíèå íåïîçèöèîííîé ïîëèíîìèàëüíîé ñèñòåìû ñ÷èñëåíèÿ äëÿ ïîäïèñûâàåìîãî
ñîîáùåíèÿ: âûáîð ñèñòåìû ðàáî÷èõ îñíîâàíèé äëÿ ñîîáùåíèÿ äëèíû N áèò è îïðåäåëåíèå
ïîðÿäêà èõ ðàñïîëîæåíèÿ;

2. õýøèðîâàíèå ïîäïèñûâàåìîãî ñîîáùåíèÿ äëèíû N áèò äî äëèíû Nk áèò ïóòåì ââåäåíèÿ
ñèñòåìû èçáûòî÷íûõ îñíîâàíèé ñ ó÷åòîì èõ ïîðÿäêà ñëåäîâàíèÿ;
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3. âû÷èñëåíèå ñîáñòâåííî ýëåêòðîííîé öèôðîâîé ïîäïèñè íà áàçå êðèïòîñèñòåì ñ îòêðûòûì
êëþ÷îì ñ èñïîëüçîâàíèåì ïîëó÷åííîãî õýø-çíà÷åíèÿ.

Êðèïòîñòîéêîñòü ïðåäñòàâëåííîãî àëãîðèòìà ôîðìèðîâàíèÿ ÝÖÏ õàðàêòåðèçóåòñÿ ïîëíûì
êëþ÷îì, îïðåäåëÿåìûì ïðîöåäóðàìè âûáîðà ïîëèíîìèàëüíûõ îñíîâàíèé íåïîçèöèîííûõ ñè-
ñòåì íà êàæäîì èç ýòàïîâ ôîðìèðîâàíèÿ öèôðîâîé ïîäïèñè, ïðèìèòèâíûõ ìíîãî÷ëåíîâ è
ñëó÷àéíûõ ñåêðåòíûõ ÷èñåë.
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Äëÿ âûðîæäàþùåãîñÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà â êîíå÷íîé îáëàñ-
òè Ω, îãðàíè÷åííîé åãî õàðàêòåðèñòèêàìè è îòðåçêîì AB : 0 ≤ x ≤ 1, èññëåäîâàíû çàäà÷à Ãóðñà è
âòîðàÿ çàäà÷à Äàðáó. Äëÿ ðàçëè÷íûõ çíà÷åíèé ïàðàìåòðîâ îïåðàòîðà Ýðäåéè-Êîáåðà, âûïîëíÿþ-
ùåãî ðîëü íàãðóçêè, äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü ýòèõ çàäà÷.

1. Â ïîñëåäíèå ãîäû áëàãîäàðÿ óñèëèÿì À.Ì. Íàõóøåâà è åãî ïîñëåäîâàòåëåé, à òàêæå
Ì.Ò. Äæåíàëèåâà è ó÷åíèêîâ åãî íàó÷íîé øêîëû, òåîðèÿ íàãðóæåííûõ óðàâíåíèé ïîëó÷èëà
äàëüíåéøåå ðàçâèòèå. Íàãðóæåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì ïîñâÿùåíû ðàáîòû Â.Ì.
Áóäàêà, À.Ä. Èñêåíäåðîâà [1], À.Ì. Íàõóøåâà [2], Ì.Õ. Øõàíóêîâà [3], Â.Ì. Êàçèåâà [4], À.Ì.
Krall [5], È.Ñ. Ëîìîâà [6] è äð. Â îáçîðíîé ñòàòüå À.Ì.Íàõóøåâà [7] ïîêàçàíà ïðàêòè÷åñêàÿ è
òåîðåòè÷åñêàÿ âàæíîñòü èññëåäîâàíèé ïî íàãðóæåííûì óðàâíåíèÿì. Ì.Ò. Äæåíàëèåâ â ñâîåé
ìîíîãðàôèè [8] îòìå÷àåò ïîòðåáíîñòü â èçó÷åíèè íàãðóæåííûõ óðàâíåíèé:
à) ïðè ïðèáëèæåííîì ðåøåíèè èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé,
á) ïðè èññëåäîâàíèè íåêîòîðûõ îáðàòíûõ çàäà÷,
â) ïðè ëèíåàðèçàöèè íåëèíåéíûõ óðàâíåíèé,
ã) ïðè ñîîòâåòñòâóþùåì ïðåîáðàçîâàíèè íåëîêàëüíûõ êðàåâûõ çàäà÷,
ä) ïðè èçó÷åíèè íåêîòîðûõ çàäà÷ îïòèìàëüíîãî óïðàâëåíèÿ,
å) ïðè ìîäåëèðîâàíèè ïðîöåññîâ ôèëüòðàöèè, à òàêæå óïðàâëåíèÿ è ðåãóëèðîâàíèÿ óðîâíÿìè
ãðóíòîâûõ âîä,
æ) ïðè ìîäåëèðîâàíèè ïðîöåññîâ ïåðåíîñà ÷àñòèö.

Â ðàáîòàõ À.Ì. Íàõóøåâà [2] è Â.Ì. Êàçèåâà [4] èçó÷àëèñü çàäà÷è Äàðáó è Ãóðñà äëÿ
íàãðóæåííîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ, êîòîðîå ñîäåðæàëî äðîáíûå ïðîèçâîä-
íûå îò ñëåäîâ èñêîìîé ôóíêöèè, îïðåäåëÿåìûìè â ñìûñëå Ðèìàíà-Ëèóâèëëÿ, à â íàøèõ ðà-
áîòàõ [9], [10] â êà÷åñòâå íàãðóçêè èñïîëüçîâàëñÿ îáîáùåííûé îïåðàòîð äðîáíîãî èíòåãðî-
äèôôåðåíöèðîâàíèÿ â ñìûñëå Ì. Ñàéãî [11].
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Â íàñòîÿùåé ðàáîòå ðàññìîòðåíû çàäà÷è Ãóðñà è Äàðáó äëÿ íàãðóæåííîãî óðàâíåíèÿ Ãåë-
ëåðñòåäòà, ãäå ðîëü íàãðóçêè âûïîëíÿåò îïåðàòîð â ñìûñëå Ýðäåéè-Êîáåðà [12], [13].

2. Ïóñòü Ω � êîíå÷íàÿ îáëàñòü åâêëèäîâîé ïëîñêîñòè òî÷åê (x, y), îãðàíè÷åííàÿ õàðàêòå-
ðèñòèêàìè AC : ξ = 0, BC : η = 1, ãäå

ξ = x− 2
m + 2

(−y)
m+2

2 , η = x +
2

m + 2
(−y)

m+2
2 , (1)

îïåðàòîðà
L(u) = uyy − (−y)muxx, m = const > 0 (2)

è îòðåçêîì AB : 0 ≤ x ≤ 1 ïðÿìîé y = 0. Â äàëüíåéøåì ÷åðåç I áóäåì îáîçíà÷àòü åäèíè÷íûé
èíòåðâàë (0, 1), à ÷åðåç Ω çàìûêàíèå Ω.

Â îáëàñòè Ω ðàññìîòðèì íàãðóæåííîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïî-
ðÿäêà ñ îïåðàòîðîì Ãåëëåðñòåäòà (2) â ãëàâíîé ÷àñòè

L(u)− µEa,b
0+u(x, 0) = f(x, y), (3)

ãäå µ � äåéñòâèòåëüíàÿ êîíñòàíòà, (Ea,b
0+ϕ)(x) � îïåðàòîð Ýðäåéè-Êîáåðà, îïðåäåëÿåìûé ôîð-

ìóëîé

(Ea,b
0+ϕ)(x) =

x−a−b

Γ(a)

x∫

0

(x− t)a−1tbϕ(t) dt, a > 0. (4)

Íèæå ïîä ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (3) â îáëàñòè Ω áóäåì ïîíèìàòü ôóíêöèþ
u(x, y) ∈ C2(Ω), óäîâëåòâîðÿþùóþ óðàâíåíèþ (3) â îáëàñòè Ω.

Çàäà÷à Ãóðñà. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå u(x, y) óðàâíåíèÿ (3) èç êëàññà
C(Ω), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u|AC = ϕ1(x), x ∈
[
0,

1
2

]
, (5)

u|BC = ϕ2(x), x ∈
[
1
2
, 1

]
, (6)

ïðè÷åì
ϕ1

(
1
2

)
= ϕ2

(
1
2

)
.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå

Òåîðåìà 1. Ïóñòü ïðàâàÿ ÷àñòü óðàâíåíèÿ f(x, y) ∈ C(Ω) ∩ C3(Ω), à äëÿ ôóíêöèè ϕ1(x) è
ϕ2(x) ñïðàâåäëèâû ðàâåíñòâà

ϕ1(x) = xδ1ϕ1(x), δ1 ≥ 1− 2β, (7)

ϕ2(x) = (1− x)δ2ϕ2(x), δ2 ≥ 1− 2β, (8)
ãäå

ϕ1(x) ∈ C1

[
0,

1
2

]
, ϕ2(x) ∈ C1

[
1
2
, 1

]
, ϕ1

(
1
2

)
= 0, (9)

(2m + 4)β = m, 0 < β <
1
2
.

Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 2 (40)



66 Î. À. Ðåïèí, À. Â. Òàðàñåíêî

Òîãäà çàäà÷à Ãóðñà (3), (5), (6) ðàçðåøèìà è ïðèòîì åäèíñòâåííûì îáðàçîì, åñëè

b > 0, a >





m

m + 2
, 0 < m ≤ 4,

m + 4
2(m + 2)

, m > 4.
(10)

Äîêàçàòåëüñòâî. Óðàâíåíèå (3) è êðàåâûå óñëîâèÿ (5), (6) â õàðàêòåðèñòè÷åñêèõ êîîðäèíàòàõ
(1) ïðèíèìàþò âèä:

EV = Vξη +
β

η − ξ
(Vξ − Vη) =

γ0

(η − ξ)4β

[
µ(Ea,b

0+τ)(ξ) + F (ξ, η)
]
, V (ξ, ξ) = τ(ξ); (11)

V (0, η) = ϕ1

(η

2

)
= f1(η), η ∈ I, (12)

V (ξ, 1) = ϕ2

(
1 + ξ

2

)
= f2(ξ), ξ ∈ I, (13)

ãäå
f1(1) = f2(0) = 0, V (ξ, η) = u

[
ξ + η

2
,−(

η − ξ

2− 4β
)1−2β

]
,

F (ξ, η) = f

[
ξ + η

2
,−(

m + 2
4

)1−2β(η − ξ)1−2β

]
, γ0 = −1

4
(2− 4β)4β.

(14)

Îïèðàÿñü íà èçâåñòíûå ñâîéñòâà ôóíêöèè Ðèìàíà (ñì., íàïðèìåð, [14])

R (ξ1, η1; ξ, η) = (η1 − ξ1)
2β [(η − ξ1) (η1 − ξ)]−β F

(
β, β; 1;

(ξ − ξ1)(η1 − η)
(ξ − η1)(ξ1 − η)

)
(15)

äëÿ óðàâíåíèÿ EV = 0, íåòðóäíî óñìîòðåòü, ÷òî ëþáîå ðåøåíèå V (ξ, η) çàäà÷è Ãóðñà (12), (13)
äëÿ óðàâíåíèÿ (11) ñ ó÷åòîì f1(1) = 0 ïðåäñòàâèìî â âèäå:

V (ξ, η) = Φ(ξ, η) +

ξ∫

0

[
f
′
2(t)−

βf2(t)
1− t

]
R (t, 1; ξ, η) dt−

1∫

η

[
f
′
1(t) +

βf1(t)
t

]
R (0, t; ξ, η) dt,

ãäå

Φ(ξ, η) = γ0


µ

ξ∫

0

Ea,b
0+τ(t) dt

η∫

1

R (t, s; ξ, η)
(s− t)4β

ds +

ξ∫

0

dt

η∫

1

F (t, s)R (t, s; ξ, η)
(s− t)4β

ds


 ,

(ξ, η) � ïðîèçâîëüíàÿ òî÷êà îáëàñòè ∆ = {(ξ, η) : 0 < ξ < η < 1} � îáðàçà îáëàñòè Ω ïðè ïðåîá-
ðàçîâàíèè (x, y) → (ξ, η).

Ïðèíèìàÿ âî âíèìàíèå (15), ïåðåõîäÿ ê ïðåäåëó ïðè η → ξ, ó÷èòûâàÿ, ÷òî F (β, β, 1; 1) =
Γ(1−2β)
Γ2(1−β)

, ïîëó÷èì óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîé ôóíêöèè τ(ξ)

τ(ξ) + λ

ξ∫

0

Ea,b
0+(τ)dt

(ξ − t)β

1∫

ξ

ds

(s− t)2β(s− ξ)β
= g(ξ), (16)

ãäå
λ = γ0µ

Γ(1− 2β)
Γ2(1− β)

,
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g(ξ) =
Γ(1− 2β)
Γ2(1− β)




ξ∫

0

f
′
2(t)(1− t)− βf2(t)

(1− t)1−2β(1− ξ)β(ξ − t)β
dt+

+

ξ∫

1

f
′
1(t)t + βf1(t)

t1−2βξβ(t− ξ)β
dt + γ0

ξ∫

0

dt

ξ∫

1

F (t, s)(s− t)−2β

[(ξ − t)(s− t)]β
ds


 .

(17)

Ðàññìîòðèì èíòåãðî-äèôôåðåíöèàëüíûé îïåðàòîð

Lτ(ξ) =

ξ∫

0

Ea,b
0+(τ)dt

(ξ − t)β

1∫

ξ

ds

(s− t)2β(s− ξ)β
.

Ïîêàæåì, ÷òî

Lτ(ξ) =

ξ∫

0

τ(s)G(ξ, s) ds (18)

è èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 1. Åñëè b > 0, òî ñïðàâåäëèâà îöåíêà

|G(ξ, s)| ≤





const · (1− ξ)1−3β

ξa(ξ − s)β−a
, β <

1
3
(m < 4), a > 2β,

const

ξa(ξ − s)
1
3
−a

[
(ξ − s)ε(1− ξ)−ε + 1

]
, β =

1
3
(m = 4), a >

2
3
, 0 < ε < 1,

const

ξa(ξ − s)4β−1−a
, β >

1
3
(m > 4), a > 1− β.

(19)

Îñóùåñòâëÿÿ çàìåíó ïåðåìåííîé s = 1− (1− ξ)z, èñïîëüçóÿ ôîðìóëó èíòåãðàëüíîãî ïðåä-
ñòàâëåíèÿ ãèïåðãåîìåòðè÷åñêîé ôóíêöèè [15]

F (a, b; c; z) =
Γ(c)

Γ(b)Γ(c− b)

1∫

0

tb−1(1− t)c−b−1(1− zt)−a dt,

Rec > Rea > 0, |arg(1− z)| < π,

(20)

ïîñëå çàìåíû ïîðÿäêà èíòåãðèðîâàíèÿ ïîëó÷èì, ÷òî âûðàæåíèå Lτ(ξ) ïðåäñòàâèìî â âèäå (18),
à ôóíêöèÿ G(ξ, s) îïðåäåëÿåòñÿ ôîðìóëîé

G(ξ, s) =
(1− ξ)β

(β − 1)Γ(a)

ξ∫

s

t−a−b(ξ − t)−β(1− t)−2β(t− s)a−1sbF (2β, 1; 2− β;
1− ξ

1− t
) dt. (21)

Ïóñòü
β <

1
3
(m < 4), b > 0, a > 2β. (22)

Òîãäà èç ðàâåíñòâà (21) ïîñëå çàìåíû ïåðåìåííîé t = ξ − (ξ − s)z ïîëó÷èì îöåíêó

|G(ξ, s)| ≤ M1

(1− β)Γ(a)
ξ−a−b(1− ξ)1−3β(ξ − s)a−β×
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×
1∫

0

z−β(1− z)a−1

(
1− ξ − s

ξ
z

)−a−b (
1− s− ξ

1− ξ
z

)−2β

dz =

=
M1Γ(1− β)

(1− β)Γ(a + 1− β)
ξ−a−b(1− ξ)1−3β(ξ − s)a−β×

×F1(1− β, a + b, 2β; a + 1− β;
ξ − s

ξ
;
s− ξ

1− ξ
),

ãäå
M1 = sup

0≤ξ≤1
F (2β, 1; 2− β;

1− ξ

1− t
),

F1(α, β, β
′
; γ; x, y) =

∞∑

m,n=0

(α)m+n(β)m(β
′
)n

(γ)m+nm!n!
xmyn =

=
∞∑

m=0

(α)m(β)m

(γ)mm!
xmF (α + m,β

′
; γ + m; y)

� ãèïåðãåîìåòðè÷åñêèé ðÿä Àïïåëÿ [15].
Â ñèëó óñëîâèé (22), ñâîéñòâ ôóíêöèè Àïïåëÿ è ôîðìóëû àâòîòðàíñôîðìàöèè äëÿ ãèïåð-

ãåîìåòðè÷åñêîé ôóíêöèè Ãàóññà

F (a, b; c; z) = (1− z)c−a−bF (c− a, c− b; c; z), |arg(1− z)| < π, (23)

ïîëó÷àåì îêîí÷àòåëüíóþ îöåíêó

|G(ξ, s)| ≤ const · (1− ξ)1−3β

ξa(ξ − s)β−a
,

ãäå const çàâèñèò òîëüêî îò β, a è b.
Ïóñòü òåïåðü 1

3 < β < 1
2(m > 4), b > 0, a > 1− β.

Íà îñíîâàíèè ôîðìóëû (23) ìîæíî çàïèñàòü

F (2β, 1; 2− β;
1− ξ

1− t
) =

(
ξ − t

1− t

)1−3β

F (2− 3β, 1− β; 2− β;
1− ξ

1− t
).

Ïóñòü M2 = sup
0≤ξ≤1

F (2− 3β, 1− β; 2− β; 1−ξ
1−t ).

Ïîñòóïàÿ äàëåå ñîâåðøåííî àíàëîãè÷íî ñëó÷àþ β < 1
3 , íåòðóäíî óáåäèòüñÿ â ñïðàâåäëè-

âîñòè îöåíêè äëÿ G(ξ, s).
Ðàññìîòðèì îñòàâøèéñÿ ñëó÷àé, êîãäà β = 1

3(m = 4).
Âîñïîëüçîâàâøèñü èçâåñòíîé ôîðìóëîé (ñì., íàïðèìåð, [15], [16])

F (a1, b1; a1 + b1; z) =
Γ(a1 + b1)
Γ(a1)Γ(b1)

F (a1, b1; 1; 1− z) ln
1

1− z
+ 0(1) =

= − 1
B(a1, b1)

ln(1− z)
[
1 + 0

(
1

ln(1− z)

)]
,

ãäå |arg(1 − z)| < π, z → 1, a1, b1 6= 0, 1, 2, · · · , 0(1) � îãðàíè÷åííàÿ â I × I âåëè÷èíà, áóäåì
èìåòü

F (
2
3
, 1;

5
3
;
1− ξ

1− t
) =

2
3

(
1− ξ

1− t

)− 2
3

ln
1− t

ξ − t
+ 0(1). (24)
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Òàê êàê â îêðåñòíîñòè z = 0 ñïðàâåäëèâî íåðàâåíñòâî

| ln z| < z−ε, 0 < ε < 1, (25)

òî, îïèðàÿñü íà ôîðìóëó (21), ñ ó÷åòîì ñîîòíîøåíèé (24), (25) è ôîðìóëû (23) ïðè b > 0 è
a > 2

3 óáåæäàåìñÿ â ñïðàâåäëèâîñòè îöåíêè (19) äëÿ ôóíêöèè G(ξ, s) ïðè β = 1
3 .

Âåðíåìñÿ ê ïðàâîé ÷àñòè g(ξ) óðàâíåíèÿ (16), îïðåäåëÿåìîé ôîðìóëîé (17). Ïîñêîëüêó ïî
óñëîâèÿì òåîðåìû 1 f(x, y) ∈ C(Ω) ∩ C3(Ω) è âûïîëíÿþòñÿ ñîîòíîøåíèÿ (7)�(8), òî ìîæíî
óòâåðæäàòü, ÷òî g(ξ) ∈ C(I) ∩ C2(I).

Ïðèíèìàÿ âî âíèìàíèå ïðåäñòàâëåíèå (18) è îöåíêó (19) äëÿ ôóíêöèè G(ξ, s), çàêëþ÷à-
åì, ÷òî óðàâíåíèå (16) ÿâëÿåòñÿ èíòåãðàëüíûì óðàâíåíèåì Âîëüòåððà âòîðîãî ðîäà ñî ñëàáîé
îñîáåííîñòüþ â ÿäðå, êîòîðîå îäíîçíà÷íî è áåçóñëîâíî ðàçðåøèìî â ïðîñòðàíñòâå C(I) è åãî
ðåøåíèå τ(ξ) ∈ C2(I). Òåîðåìà 1 äîêàçàíà.

Çàäà÷à Äàðáó. Îïðåäåëèòü â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ (3) èç êëàññà C(Ω)∩C1(Ω∪I),
óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

uy(x, 0) = v(x), x ∈ I; u|AC = ϕ(η), η ∈ I. (26)

Áóäåì ïðåäïîëàãàòü, ÷òî

f(x, y) ∈ C(Ω) ∩ C3(Ω), ϕ(η) ∈ C1(I) ∩ C2(I), D2β−1
0x v(x) ∈ C(I) ∩ C2(I), (27)

ãäå D2β−1
0x f � îïåðàòîð äðîáíîãî èíòåãðèðîâàíèÿ â ñìûñëå Ðèìàíà�Ëèóâèëëÿ [13].

Ñïðàâåäëèâà

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ m > 0, a > 4β− 2, b > 0. Òîãäà çàäà÷à Äàðáó âñåãäà
ðàçðåøèìà è ïðèòîì åäèíñòâåííûì îáðàçîì.

Äîêàçàòåëüñòâî. Óðàâíåíèå (3) â êîîðäèíàòàõ (ξ, η) ïðèíèìàåò âèä (11), à êðàåâûå óñëîâèÿ
(26) ïåðåïèøåì ñëåäóþùèì îáðàçîì:

[
(η − ξ)2β(Vη − Vξ)

]
η=ξ

= −
(

4
m + 2

)2β

v(ξ), ξ ∈ I, (28)

V |ξ=0 = ϕ(η), η ∈ I. (29)
Ïóñòü ñóùåñòâóåò ðåøåíèå V (ξ, η) çàäà÷è Äàðáó (28), (29) äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî

óðàâíåíèÿ (11) â îáëàñòè ∆ = {(ξ, η) : 0 < ξ < η < 1}, ÿâëÿþùåéñÿ îáðàçîì îáëàñòè Ω ïðè
ïðåîáðàçîâàíèÿõ (1).

Òîãäà îíî óäîâëåòâîðÿåò óðàâíåíèþ

V (ξ, η) + γ0µ

ξ∫

0

dξ1

η∫

ξ1

Ea,b
0+(τ)

(η1 − ξ1)4β
H(ξ1, η1; ξ, η) dη1 =

=
γ

2

(
4

m + 2

)2β
ξ∫

0

v(ξ1) [(ξ − ξ1)(η − ξ1)]
−β dξ1+

+

η∫

0

[
ϕ
′
(η1) + β

ϕ(η1)
η1

]
H(0, η1; ξ, η) dη1 + γ0

ξ∫

0

dξ1

η∫

ξ1

F (ξ1, η1)
(η1 − ξ1)4β

H(ξ1, η1; ξ, η) dη1,
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ãäå H(ξ1, η1; ξ, η) � ôóíêöèÿ Ãðèíà-Àäàìàðà (ïî òåðìèíîëîãèè Ãåëëåðñòåäòà) èëè Ðèìàíà-
Àäàìàðà çàäà÷è (28), (29) äëÿ îïåðàòîðà EV , îïðåäåëÿåìàÿ ôîðìóëîé [17]

H(ξ1, η1; ξ, η) =
{

(η1 − ξ1)β(η − ξ)−βF (β, 1− β; 1;σ), η1 ≥ ξ,
γ(η1 − ξ1)2β(ξ − ξ1)−β(η − η1)−βF (β, β; 2β; 1

σ ), η1 ≤ ξ,

σ =
(ξ − ξ1)(η − η1)
(η1 − ξ1)(η − ξ)

, γ =
Γ(β)

Γ(2β)Γ(1− β)
.

Ïåðåõîäÿ ê ïðåäåëó ïðè η → ξ, 0 < ξ < 1, è ïðèíèìàÿ âî âíèìàíèå, ÷òî V (ξ, ξ) = τ(ξ),
áóäåì èìåòü

τ(ξ) + γ1

ξ∫

0

(Ea,b
0+τ)

(ξ − ξ1)4β−1
dξ1 = Ψ(ξ), (30)

ãäå
γ1 = γ0µγB(1− 2β, 1− β),

Ψ(ξ) =
γ

2

(
4

m + 2

)2β
ξ∫

0

v(ξ1)(ξ − ξ1)−2β dξ1+

+γ0γ

ξ∫

0

(ξ − ξ1)−β dξ1

ξ∫

ξ1

F (ξ1, η1)(η1 − ξ1)−2β(ξ − η1)−β dη1+

+γξ−β

ξ∫

0

[
ϕ
′
(η1) + β

ϕ(η1)
η1

]
(ξ − η1)−βη2β

1 dη1.

Â ñèëó óñëîâèé (27) ôóíêöèÿ

Ψ(ξ) ∈ C(I) ∩ C2(I).

Ðàññìîòðèì îïåðàòîð

(Tτ)(x) = γ1

x∫

0

(x− t)1−4βEa,b
0+τ(s) dt.

Íà îñíîâàíèè ôîðìóëû (4) èìååì

(Tτ)(x) =
γ1

Γ(a)

x∫

0

(x− t)1−4βt−a−b dt

s∫

0

sb(t− s)a−1τ(s) ds.

Ïðèìåíÿÿ ôîðìóëó ïåðåñòàíîâêè Äèðèõëå è ñîîòíîøåíèå (19), ïîñëå ñòàíäàðòíûõ âû÷èñ-
ëåíèé ïîëó÷èì

(Tτ)(x) = γ1
Γ(2− 4β)

Γ(a + 2− 4β)

x∫

0

τ(s)K(x, s) ds,

ãäå
K(x, s) = x−a−bsb(x− s)a+1−4βF (a + b, 2− 4β; a + 2− 4β;

x− s

x
).
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Òàê êàê b > 0, òî ôîðìóëà (23) äàåò íàì ïðàâî çàïèñàòü K(x, s) â âèäå:

K(x, s) = x−a(x− s)a+1−4βF (2− 4β − b, a; a + 2− 4β;
x− s

x
).

Òàêèì îáðàçîì, â ñèëó óñëîâèé òåîðåìû 2 çàêëþ÷àåì, ÷òî îïåðàòîð (Tτ)(x) ÿâëÿåòñÿ îïå-
ðàòîðîì Âîëüòåððà â ïðîñòðàíñòâå C(I) ôóíêöèé τ(x) ñ íîðìîé ||τ(x)|| = max

x∈I
τ(x).

Ñëåäîâàòåëüíî, óðàâíåíèå (30) èìååò åäèíñòâåííîå ðåøåíèå τ(x) ∈ C(I) è åãî ìîæíî íàéòè
ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ìîæíî òàêæå ïîêàçàòü, ÷òî τ(x) ∈ C2(I).

Èòàê, çàäà÷à Äàðáó ýêâèâàëåíòíî ðåäóöèðóåòñÿ ê çàäà÷å Êîøè

u(x, 0) = τ(x), x ∈ I, uy(x, 0) = v(x), x ∈ I,

äëÿ óðàâíåíèÿ
L(u) = f(x, y) + µ

(
Ea,b

0+τ
)

(x).

Êàê èçâåñòíî [14], ôóíêöèÿ Ðèìàíà ïîçâîëÿåò â êâàäðàòóðàõ âûïèñàòü ðåøåíèå ýòîé çàäà÷è

u(x, y) =
Γ(2β)
Γ2(β)

1∫

0

τ

[
x +

2
m + 2

(−y)
m+2

2 (2t− 1)
]

(t− t2)β−1 dt+

+
Γ(2− 2β)
Γ2(1− β)

y

1∫

0

v

[
x +

2
m + 2

(−y)
m+2

2 (2t− 1)
]

(t− t2)−β dt+

+γ0

η∫

ξ

dξ1

η1∫

ξ1

R(ξ1, η1; ξ, η)
(η1 − ξ1)4β

[
µEa,b

0+(τ) + F (ξ1, η1)
]

dη1.

Àâòîðû ãëóáîêî áëàãîäàðíû ðåöåíçåíòó çà öåííûå çàìå÷àíèÿ è ïîëåçíûå ñîâåòû.
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BOUNDEDNESS AND COMPACTNESS CRITERIA OF A
CERTAIN CLASS OF MATRIX OPERATORS

Zh. Taspaganbetova, A. Temirkhanova

The L.N. Gumilyov Eurasian National University
010008, Astana, Munaitpasov st., 5, e-mail: zhanara.t.a@gmail.com, ainura-t@yandex.ru

Necessary and su�cient conditions for the boundedness and the compactness of matrix operator (Af)j :=
∞P

i=j

ai,jfi, ai,j ≥ 0 from weighted space lp,v into weighted space lq,u, in the case 1 < p ≤ q < ∞ are

obtained.

1. Introduction
Let 1 < p, q < ∞, 1

p + 1
p′ = 1 and u = {ui}∞i=1, v = {vi}∞i=1 be sequences of positive real numbers,

which in the sequel we shall call weight sequences. Let lp,v denote the space of sequences f = {fi}∞i=1

of real numbers such that

‖f‖p,v :=

( ∞∑

i=1

|vifi|p
) 1

p

< ∞.

Moreover, let (ai,j) be a non-negative triangular matrix with entries ai,j ≥ 0 for i ≥ j ≥ 1 and
ai,j = 0 for i < j.

We consider the estimate of the following form

‖Af‖q,u ≤ C‖f‖p,v, ∀f ∈ lp,v, (1)

with a positive �nite constant C independent of f ; here the matrix operator A is de�ned by

(Af)i :=
i∑

j=1

ai,jfj , i ≥ 1, (2)

or

(Af)j :=
∞∑

i=j

ai,jfi, j ≥ 1. (3)

Keywords: Inequalities, discrete Hardy-type inequalities, weights, matrix operators
2010 Mathematics Subject Classi�cation: 26D15, 47B37
c
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When one of parameters p or q is equal to 1 or ∞, necessary and su�cient conditions of the
validity (1) with the exact value of the best constant C > 0 were obtained in [1]. When 1 < p, q < ∞,
general estimates of the type (1) are not established yet. Estimates of the type (1) are studied under
some assumptions on entries of the matrix.

When ai,j = 1, i ≥ j ≥ 1, operators (2), (3) coincide with the discrete Hardy operators of the

forms (A0f)i :=
i∑

j=1
fj , (A0f)j :=

∞∑
i=j

fi, respectively, and information about generalization of the

original forms of the discrete and continuous Hardy inequalities can be found in a member of books,
see e.g. [2].

In [3], [4] necessary and su�cient conditions for the validity (1) were obtained for 1 < p, q < ∞
under the following assumption: there exists d ≥ 1 such that the inequalities

1
d
(ai,k + ak,j) ≤ ai,j ≤ d(ai,k + ak,j), i ≥ k ≥ j ≥ 1 (4)

hold.
A sequence {ai}∞i=1 is called almost non-decreasing (non-increasing), if there exists c > 0 such

that cai ≥ ak (ak ≤ caj) for all i ≥ k ≥ j ≥ 1.
In [5] estimate (1) was studied under the assumption that there exist d ≥ 1, a sequence of positive

numbers {ωk}∞k=1 and a non-negative matrix (bi,j), whose entries bi,j are almost non-decreasing in i
and almost non-increasing in j such that

1
d
(bi,kωj + ak,j) ≤ ai,j ≤ d(bi,kωj + ak,j), (5)

for all i ≥ k ≥ j ≥ 1.

In this paper we consider inequality (1) under the following assumption:
Assumption A. There exist d ≥ 1, a sequence of positive numbers {ωk}∞k=1 and a non-negative
matrix (bi,j), where bi,j is almost non-decreasing in i and almost non-increasing in j such that the
inequalities

1
d
(ai,k + bk,jωi) ≤ ai,j ≤ d(ai,k + bk,jωi), (6)

hold for all i ≥ k ≥ j ≥ 1.

Let ai,j = (bi − dj)
α, α > 0, if i ≥ j ≥ 1, where the sequences {bi}∞i=1 and {di}∞i=1 such that

bi ≥ dj , if i ≥ j ≥ 1. If, in addition, {bi}∞i=1 is a non-decreasing sequence, then the entries of the
matrix (ai,j) satisfy condition (5). That means ai,j ≈ (bi − bk)

α +ak,j , i ≥ k ≥ j ≥ 1. But in general,
the entries ai,j do not satisfy condition (6). If {di}∞i=1 is a non-decreasing sequence and {bi}∞i=1 is an
arbitrary sequence, then the entries ai,j satisfy the condition (6), but in general, for the entries of
the matrix (ai,j) the condition (5) does not hold.

Thus, conditions (5), (6) include the condition (4) and complement each other.
We also note that from (6) it easily follows that

dai,j ≥ ai,k, (7)

dai,j ≥ bk,jωi, (8)

for i ≥ k ≥ j ≥ 1.
A continuous analogue of (5)-(6) was considered by R.Oinarov in [6].
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Convention: The symbol M ¿ K means that M ≤ cK, where C is positive and depends only
on unessential parameters. If M ¿ K ¿ M , then we write M ≈ K.

For the proof of our main theorem we will need the following well-known result for the discrete
weighted Hardy inequality (see [2], [7]) and the criteria of precompactness of sets in lp(see [8], p.32).
For better presentation let us state these results here:
Theorem A. Let 1 < p ≤ q < ∞. Then the inequality




∞∑

j=1




∞∑

i=j

ωifi




q

uq
j




1
q

≤ C

( ∞∑

i=1

|vifi|p
) 1

p

, 0 ≤ f ∈ lp,v, (9)

holds if and only if

H1 := sup
n≥1




n∑

j=1

uq
j




1
q ( ∞∑

i=n

ωp′
i v−p′

i

) 1
p′

< ∞.

Moreover, H1 ≈ C, where C is the best constant in (9).

Theorem B. Let T be a set from lp, 1 ≤ p < ∞. The set T is compact if and only if T is
bounded and for all ε > 0 there exists N = N(ε) such that for all x = {xi}∞i=1 ∈ T the inequality

∞∑

i=N

|xi|p < ε

holds.

2. Main results
2.1. Boundedness of the matrix operators
Theorem 1. Let 1 < p ≤ q < ∞ and the entries of the matrix (ai,j) satisfy Assumption A. Then
estimate (1) for the operator de�ned by (3) holds if and only if B = max{B1, B2} < ∞, where

B1 = sup
k≥1




k∑

j=1

uq
j




1
q ( ∞∑

i=k

ap′
i,kv

−p′
i

) 1
p′

and

B2 = sup
k≥1




k∑

j=1

bq
k,ju

q
j




1
q ( ∞∑

i=k

ωp′
i v−p′

i

) 1
p′

.

Moreover, B ≈ C, where C is the best constant in (1).
Proof. Necessity. Let us assume that (1) holds for a �nite constant C. Let 1 ≤ r < K < ∞ and take
a test sequence f̃ = {f̃s}∞s=1 such that f̃s = ωp′−1

s v−p′
s for r ≤ s ≤ K and f̃s = 0 for s < r or s > K.

Applying to the test sequence the right hand side of (1), we have

‖f̃‖p,v =

( ∞∑

s=1

|vsf̃s|p
) 1

p

=

(
K∑

s=r

ωp′
s v−p′

s

) 1
p

. (10)
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On the other hand, substituting f̃ in the left hand side of inequality (1) and using (8) we have

‖Af̃‖q,u =




∞∑

j=1




∞∑

s=j

as,j f̃s




q

uq
j




1
q

≥ (11)

≥



r∑

j=1

(
K∑

s=r

as,jω
p′−1
s v−p′

s

)q

uq
j




1
q

≥ 1
d




r∑

j=1

bq
r,ju

q
j




1
q (

K∑
s=r

ωp′
s v−p′

s

)
.

From (1), (10) and (11) it follows that



r∑

j=1

bq
r,ju

q
j




1
q (

K∑
s=r

ωp′
s v−p′

s

) 1
p′

¿ C

for all r ≥ 1. Since r ≥ 1 is arbitrary, passing to the limit as K →∞ we obtain

B2 ¿ C. (12)

Now for 1 ≤ r < M < ∞ we assume that f̂ = {f̂s}∞s=1, where f̂s = ap′−1
s,r v−p′

s for r ≤ s ≤ M ,
and f̂s = 0 for s < r or s > M . Substituting f̂ in the left hand side of inequality (1) and using (7)
we �nd that

‖Af̂‖q,u =




∞∑

j=1




∞∑

s=j

as,j f̂s




q

uq
j




1
q

À



r∑

j=1

uq
j




1
q (

M∑
s=r

ap′
s,rv

−p′
s

)
. (13)

For the right hand side of (1) it yields that

‖f̂‖p,v =

( ∞∑

s=1

|vsf̂s|p
) 1

p

=

(
M∑

s=r

ap′
s,rv

−p′
s

) 1
p

. (14)

According to (1), (13), (14) and since r ≥ 1 is arbitrary, passing to the limit as M → ∞ we have
B1 ¿ C, which together with (12) gives that

B = max{B1, B2} ¿ C. (15)

The proof of the necessity is complete.
Su�ciency. Let B < ∞ and 0 ≤ f ∈ lp,v.

For all j ≥ 1 we de�ne the following set:

Tj = {k ∈ Z : (d + 1)−k ≤ (Af)j},

where d is the constant from (6) and Z is the set of integers. We assume that inf Tj = ∞, if Tj = ∅ and
kj = inf Tj , if Tj 6= ∅. For the avoidance of the trivial case we suppose that (Af)1 6= 0. Without loss
of generality we may assume that ai,j is non-increasing in j, otherwise we take ai,j ≈ ãi,j = sup

j≤k≤i
ai,k.

Therefore kj < kj+1. If kj < ∞, then

(d + 1)−kj ≤ (Af)j < (d + 1)−(kj−1), j ≥ 1. (16)
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Let m1 = 0, k1 = km1+1 and M1 = {j ∈ N : kj = k1 = km1+1}, where N is the set of
natural numbers. Suppose that m2 is such that supM1 = m2. Obviously m2 > m1 and if the
set M1 is upper bounded, then m2 < ∞ and m2 = maxM1. Let us inductively de�ne numbers
0 = m1 < m2 < . . . < ms < ∞, s ≥ 1. To de�ne ms+1 we assume that ms+1 = supMs, where
Ms = {j ∈ N : kj = kms+1}.

Let N0 = {s ∈ N : ms < ∞}. Further, we assume that kms+1 = ns+1, s ∈ N0. From the de�nition
of ms and from (16) it follows that, for s ∈ N0,

(d + 1)−ns+1 ≤ (Af)j < (d + 1)−ns+1+1, ms + 1 ≤ j ≤ ms+1, (17)

and
N =

⋃

s∈N0

[ms + 1,ms+1), where [ms + 1,ms+1) ∩ [ml + 1,ml+1) = ∅, s 6= l.

Therefore

‖Af‖q
q,u =

∑

s∈N0

ms+1∑

j=ms+1

(Af)q
j uq

j . (18)

We assume that
ms+1∑

j=ms+1
= 0, if ms = ∞.

There are two possible cases: N0 = N and N0 6= N.

1. If N0 = N, then we estimate the left hand side of (1) in the following way:
At �rst, for s ∈ N, by using (17), (6) and the inequality −ns+3 + 1 ≤ −ns+1 − 1, which follows

from ns+1 < ns+2 < ns+3, we can estimate the value (d + 1)−ns+1−1 as follows:

(d + 1)−ns+1−1 = (d + 1)−ns+1 − d(d + 1)−ns+1−1 ≤ (19)

≤ (d + 1)−ns+1 − d(d + 1)−ns+3+1 < (Af)ms+1
− d (Af)ms+3

=

=
∞∑

i=ms+1

ai,ms+1fi − d

∞∑

i=ms+3

ai,ms+3fi ≤

≤
ms+3∑

i=ms+1

ai,ms+1fi +
∞∑

i=ms+3

[ai,ms+1 − dai,ms+3 ]fi ≤

≤
ms+3∑

i=ms+1

ai,ms+1fi +
∞∑

i=ms+3

[d(ai,ms+3 + bms+3,ms+1ωi)− dai,ms+3 ]fi =

=
ms+3∑

i=ms+1

ai,ms+1fi + dbms+3,ms+1

∞∑

i=ms+3

ωifi.

Now by using (17) and (19), we can estimate the sum on the left hand side in (1) in the following
way:

∑

s∈N

ms+1∑

j=ms+1

(Af)q
j uq

j <
∑

s∈N

ms+1∑

j=ms+1

(d + 1)(−ns+1+1)quq
j (20)

= (d + 1)2q
∑

s∈N
(d + 1)(−ns+1−1)q

ms+1∑

j=ms+1

uq
j
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¿
∑

s∈N




ms+3∑

i=ms+1

ai,ms+1fi + dbms+3,ms+1

∞∑

i=ms+3

ωifi




q

×
ms+1∑

j=ms+1

uq
j ¿

∑

s∈N




ms+3∑

i=ms+1

ai,ms+1fi




q
ms+1∑

j=ms+1

uq
j

+
∑

s∈N
bq
ms+3,ms+1




∞∑

i=ms+3

ωifi




q
ms+1∑

j=ms+1

uq
j := S1 + S2,

where

S1 =
∑

s∈N




ms+3∑

i=ms+1

ai,ms+1fi




q
ms+1∑

j=ms+1

uq
j

and

S2 =
∑

s∈N
bq
ms+3,ms+1




∞∑

i=ms+3

ωifi




q
ms+1∑

j=ms+1

uq
j .

To estimate S1 we apply H�older's and Jensen's inequalities and �nd that

S1 ≤
∑

s∈N




ms+3∑

i=ms+1

ap′
i,ms+1

v−p′
i




q
p′ ms+1∑

j=ms+1

uq
j




ms+3∑

i=ms+1

|fivi|p



q
p

(21)

≤


sup

k≥1




k∑

j=1

uq
j




1
q ( ∞∑

i=k

ap′
i,kv

−p′
i

) 1
p′




q

∑

s∈N




ms+3∑

j=ms+1

|fivi|p



q
p

≤ Bq
1


∑

s∈N

ms+3∑

i=ms+1

|fivi|p



q
p

¿ Bq
1‖f‖q

p,v.

We introduce the sequence {∆j}∞j=1 such that ∆j = bq
ms+3,ms+1

ms+1∑
i=ms+1

uq
i , j = ms+3 and ∆j = 0,

j 6= ms+3, s ∈ N. Hence, we can rewrite S2 in the following form:

S2 =
∑

s∈N




∞∑

i=ms+3

ωifi




q

bq
ms+3,ms+1

ms+1∑

i=ms+1

uq
i =

∞∑

j=1




∞∑

i=j

ωifi




q

∆j . (22)

Thus, by Theorem A, we have

S2 ¿ H̃q
1‖f‖q

p,v, (23)

where

H̃1 = sup
k≥1




k∑

j=1

∆j




1
q ( ∞∑

i=k

ωp′
i v−p′

i

) 1
p′

. (24)
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Since, by Assumption A, bi,j is almost non-decreasing in i and almost non-increasing in j, we �nd
that

k∑

j=1

∆j =
∑

ms+3≤k

bq
ms+3,ms+1

ms+1∑

i=ms+1

uq
i ¿ (25)

¿
∑

ms+3≤k

ms+1∑

i=ms+1

bq
k,iu

q
i ≤

k∑

i=1

bq
k,iu

q
i .

By combining (23), (24) and (25), we obtain that

S2 ¿ Bq
2‖f‖q

p,v. (26)

Thus, from (20), (21) and (26) it follows that

‖Af‖q,u ¿ B‖f‖p,v, f ≥ 0, (27)

i.e inequality (1) is valid and we see that the best constant in (1) C ¿ B.

2. Let now N0 6= N, i.e. maxN0 < ∞ and N0 = {1, 2, ..., s0}, s0 ≥ 1. Therefore, ms0 < ∞ and
ms0+1 = ∞. We assume that

n∑
s=k

= 0, if k > n and
n∑

s=k

=
n∑

s=1
, if k ≤ 0. We have two possible cases:

ns0+1 < ∞ and ns0+1 = ∞. We consider these cases separately:
1) If ns0+1 < ∞, then from (18) it follows that

‖Af‖q
q,u =

∑

s∈N0

ms+1∑

j=ms+1

(Af)q
j uq

j =
s0∑

s=1

ms+1∑

j=ms+1

(Af)q
j uq

j = (28)

=
s0−3∑

s=1

ms+1∑

j=ms+1

(Af)q
j uq

j +
s0∑

s=s0−2

ms+1∑

j=ms+1

(Af)q
j uq

j = I1 + I2.

If I1 6= 0 then we estimate I1 using (19) and the previous proof for the case N0 = N . Hence we get

I1 ¿ Bq‖f‖q
p,v. (29)

By using (17) and applying H�older's and Jensen's inequalities, we obtain the following estimate

I2 =
s0∑

s=s0−2

ms+1∑

j=ms+1

(Af)q
j uq

j <

s0∑

s=s0−2

ms+1∑

j=ms+1

(d + 1)(−ns+1+1)quq
j = (30)

= (d + 1)q
s0∑

s=s0−2

(d + 1)−ns+1q

ms+1∑

j=ms+1

uq
j ¿

s0∑

s=s0−2

(Af)q
ms+1

ms+1∑

j=ms+1

uq
j

=
s0∑

s=s0−2




∞∑

i=ms+1

ai,ms+1fi




q
ms+1∑

j=ms+1

uq
j ≤

≤
s0∑

s=s0−2







∞∑

i=ms+1

ap′
i,ms+1

v−p′
i




1
p′




ms+1∑

j=ms+1

uq
j




1
q




q 


∞∑

j=ms+1

|vifi|p



q
p
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≤


sup

k≥1

( ∞∑

i=k

ap′
i,kv

−p′
i

) 1
p′




k∑

j=1

uq
j




1
q




q 


s0∑

s=s0−2

∞∑

j=ms+1

|vifi|p



q
p

¿ Bq
1‖f‖q

p,v.

From (28), (29) and (30) we have (27).

2) If ns0+1 = ∞, which means that kms0+1 = ∞, then we have kj = ∞ and Tj = ∅ for j ≥ ms0+1,

i.e. (Af)j = 0, if j ≥ ms0+1 and (Af)j =
ms0∑
i=j

ai,jfi, 1 ≤ j ≤ ms0 . Therefore, m2 < ∞ and s0 ≥ 2.

Then from (18) we have

‖Af‖q
q,u =

∑

s∈N0

ms+1∑

j=ms+1

(Af)q
j uq

j =
s0−1∑

s=1

ms+1∑

j=ms+1

(Af)q
j uq

j . (31)

In the similar way from (31) we obtain (27), which together with (15) gives C ≈ B.
The proof is complete.

Inequality (1) holds if and only if the following dual inequality

‖A∗g‖p′,v−1 ≤ C‖g‖q′,u−1 , g ∈ lq′,u−1 , (32)

holds for the conjugate operator A∗, which coincides with operator de�ned by (2). Moreover, the
best constants in (1) and (32) coincide.

Therefore by using Theorem 1 with p′, q′, v−1 and u−1 replaced by q, p, u and v, respectively, we
obtain the following dual version of Theorem 1:
Theorem 2. Let 1 < p ≤ q < ∞ and the entries of the matrix (ai,j) satisfy Assumption A. Then
the estimate (1) for the operator de�ned by (2) holds if and only if B∗ = max{B∗

1 , B∗
2} < ∞, where

B∗
1 = sup

n≥1




n∑

j=1

v−p′
j




1
p′ ( ∞∑

i=n

aq
i,nuq

i

) 1
q

and

B∗
2 = sup

n≥1




n∑

j=1

bp′
n,jv

−p′
j




1
p′ ( ∞∑

i=n

ωq
i u

q
i

) 1
q

.

Moreover B∗ ≈ C, where C is the best constant in (1).

2.2. Compactness of the matrix operators
Now we state our compactness result for the operator (2) acting from lp,v into lq,u.
Theorem 3. Let 1 < p ≤ q < ∞ and the entries of the matrix (ai,j) satisfy Assumption A. Then
the operator de�ned by (2) is compact from lp,v into lq,u if and only if

lim
r→∞(B∗

1)r = 0, (33)

lim
r→∞(B∗

2)r = 0, (34)
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where

(B∗
1)r =




r∑

j=1

v−p′
j




1
p′ ( ∞∑

i=r

aq
i,ru

q
i

) 1
q

,

(B∗
2)r =




r∑

j=1

bp′
r,jv

−p′
j




1
p′ ( ∞∑

i=r

ωq
i u

q
i

) 1
q

.

Proof. Necessity. Let the operator (2) be compact from lp,v into lq,u. For all r ≥ 1 we introduce the
following sequence:

gr = {gr,j}∞j=1 : gr,j =
fr,j

‖fr‖p,v
,

where fr = {fr,j}∞j=1: fr,j =

{
v−p′
j , 1 ≤ j ≤ r,

0, j > r.

It is obvious that ‖gr‖p,v = 1. Since the operator (2) is compact from lp,v into lq,u, it yields that
the set {uAg, ‖g‖p,v = 1} is precompact in lq. Hence from criteria on precompactness of the sets in
lp (see Theorem B) we conclude that

lim
r→∞ sup

‖g‖p,v=1

( ∞∑

i=r

uq
i (Ag)q

i

) 1
q

= 0. (35)

Moreover, by using (7) we have that

sup
‖g‖p,v=1

( ∞∑

i=r

uq
i (Ag)q

i

) 1
q

≥
( ∞∑

i=r

uq
i (Agr)

q
i

) 1
q

= (36)

=




∞∑

i=r

uq
i




i∑

j=1

ai,j
fr,j

‖fr‖p,v




q


1
q

≥



∞∑

i=r

uq
i




r∑

j=1

ai,j
fr,j

‖fr‖p,v




q


1
q

≥

≥ 1
d




∞∑

i=r

uq
i




r∑

j=1

ai,rv
−p′
j




q


1
q



r∑

j=1

v−p′
j



− 1

p

=

=
1
d

( ∞∑

i=r

uq
i a

q
i,r

) 1
q




r∑

j=1

v−p′
j




1
p′

=
1
d
(B∗

1)r.

Obviously, (33) follows from (35) and (36).
To prove (34) for all r ≥ 1 we introduce the following sequence

g̃r = {g̃r,j}∞j=1 : g̃r,j =
f̃r,j

‖f̃r‖p,v

,

where f̃r = {f̃r,j}∞j=1: f̃r,j =

{
bp′−1
r,j v−p′

j , 1 ≤ j ≤ r,

0, j > r.

Using (8) in (35) we �nd that

Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 2 (40)



82 Zh. Taspaganbetova, A. Temirkhanova

sup
‖g‖p,v=1

( ∞∑

i=r

uq
i (Ag)q

i

) 1
q

≥



∞∑

i=r

uq
i




i∑

j=1

ai,j
f̃r,j

‖f̃r‖p,v




q


1
q

≥ (37)

≥



∞∑

i=r

uq
i




r∑

j=1

ai,j
f̃r,j

‖f̃r‖p,v




q


1
q

≥

≥ 1
d




∞∑

i=r

uq
i




r∑

j=1

br,jωif̃r,j




q


1
q



r∑

j=1

bp′
r,jv

−p′
j



− 1

p

=

=
1
d

( ∞∑

i=r

ωq
i u

q
i

) 1
q




r∑

j=1

bp′
r,jv

−p′
j




1
p′

=
1
d
(B∗

2)r.

According to (35) and (37) we obtain (34) and the proof of necessity is complete.
Su�ciency. Assume that (33) and (34) hold. Then, by Theorem 2, the operator (2) is bounded

from lp,v into lq,u. Consequently, the set {uAf, ‖f‖p,v ≤ 1} is bounded in lq. Let us show that this
set is precompact in lq. By the criterion of precompactness of the sets in lq (see Theorem B), the
bounded set {uAf, ‖f‖p,v ≤ 1} is compact in lq, if

lim
r→∞ sup

‖f‖p,v≤1

( ∞∑

i=r

uq
i | (Af)i |q

) 1
q

= 0. (38)

For all r > 1 we assume that ũ = {ũi}∞i=1: ũi =
{

0, 1 ≤ i ≤ r − 1,
ui, r ≤ i.

.
Then, by Theorem 2 we have that

sup
‖f‖p,v≤1

( ∞∑

i=r

uq
i | (Af)i |q

) 1
q

= sup
‖f‖p,v≤1

( ∞∑

i=1

ũq
i |(Af)i|q

) 1
q

¿ B̃∗(r), (39)

where
B̃∗(r) = max{B̃1

∗
(r), B̃2

∗
(r)},

B̃1
∗
(r) = sup

n≥1




n∑

j=1

v−p′
j




1
p′ ( ∞∑

i=n

aq
i,nũq

j

) 1
q

,

B̃2
∗
(r) = sup

n≥1




n∑

j=1

bp′
n,jv

−p′
j




1
p′ ( ∞∑

i=n

ωq
i ũ

q
j

) 1
q

.

Since ũi = 0 when 1 ≤ i ≤ r − 1 we have

B̃1(r)∗ = sup
n≥r




n∑

j=1

v−p′
j




1
p′ ( ∞∑

i=n

aq
i,nuq

i

) 1
q

= sup
n≥r

(B∗
1)n , (40)
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B̃2
∗
(r) = sup

n≥r




n∑

j=1

bp′
n,jv

−p′
j




1
p′ ( ∞∑

i=n

ωq
i u

q
i

) 1
q

= sup
n≥r

(B∗
2)n . (41)

From (33), (34), (40) and (41) we �nd that

lim
r→∞ B̃1

∗
(r) = lim

r→∞ sup
n≥r

(B∗
1)n = lim

r→∞ (B∗
1)r = 0,

lim
r→∞ B̃∗

2(r) = lim
r→∞ sup

n≥r
(B∗

2)n = lim
r→∞ (B∗

2)r = 0.

Hence, by using (39) we obtain (38) and the proof is complete.

Since the compactness of the operator (2) from lp,v into lq,u is equivalent to the compactness of
the operator (3) from lq′,u−1 into lp′,v−1 , then if we replace q′ by p, p′ by q, u−1 by v, and v−1 by u
from Theorem 3 we have the following statement of the compactness of the operator (3) from lp,v

into lq,u:
Theorem 4. Let 1 < p ≤ q < ∞ and the entries of the matrix (ai,j) satisfy Assumption A. Then
operator (3) is compact from lp,v into lq,u if and only if

lim
r→∞(B1)r = 0, (42)

lim
r→∞(B2)r = 0, (43)

where

(B1)r =




r∑

j=1

uq
j




1
q ( ∞∑

i=r

ap′
i,rv

−p′
i

) 1
p′

,

(B2)r =




r∑

j=1

bq
r,ju

q
j




1
q ( ∞∑

i=r

ωp′
i v−p′

i

) 1
p′

.

3. Application of the main results
Our main results can be used to derive other inequalities. We consider an additive estimate of the
form

‖Af‖q,u ≤ C (‖f‖p,v + ‖A0f‖p,ρ) , ∀f ≥ 0, (44)

where the matrix operator A is de�ned by (2) and the Hardy operator A0 is de�ned by (A0f)i :=
i∑

j=1
fj , i ≥ 1.

We assume that the weight sequences v and ρ satisfy the following conditions

vk > 0, k ≥ 1,
∞∑

k=1

ρk < ∞.
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We denote by ∆ϕi = ϕi − ϕi−1 and for n ≥ 1 we de�ne

ϕn =



 min

1≤k≤n




(
n∑

i=k

v−p′
i

)− 1
p′

+

( ∞∑

i=k

ρp
i

) 1
p








−1

, ϕ0 = 0.

In [9] the following statement was proved, in which the equivalence of three-weighted inequality
(44) and inequality (1) was established:
Theorem C. Let 1 < p, q < ∞ and the entries of the matrix (ak,i) of the operator A are non-negative
and non-increasing in i, i.e. ak,i+1 ≤ ak,i, if k ≥ 1, i ≥ 1. Then inequality (44) holds if and only if
the inequality

( ∞∑

k=1

ωq
k

(
k∑

i=1

ak,ifi

)q) 1
q

≤ C̃

( ∞∑

k=1

fp
k

(
ϕp′

k − ϕp′
k−1

)1−p
) 1

p

, f ≥ 0, (45)

holds. Moreover, C ≈ C̃, where C and C̃ are the best constants in (44) and (45), respectively.

By Theorem C, we obtain the following statement:
Theorem 5. Let 1 < p ≤ q < ∞ and the entries of the matrix (ai,j) satisfy Assumption A. Then
inequality (44) holds if and only if D = max{D1, D2} < ∞, where

D1 = sup
k≥1

ϕk

( ∞∑

i=k

aq
i,ku

q
i

) 1
q

and

D2 = sup
k≥1




k∑

j=1

bp′
k,j∆ϕp′

j




1
p′ ( ∞∑

i=k

ωq
i u

q
i

) 1
q

.

Moreover D ≈ C, where C is the best constant in (44).
Proof. We denote sup

j≤k≤i
ai,k = ãi,j . Obviously

ai,j ≤ ãi,j . (46)

According to (7) we have

dai,j ≥ sup
j≤k≤i

ai,k = ãi,j . (47)

From (46) and (47) it follows that ai,j ≈ ãi,j . We consider the following matrix operator
(
Ãf

)
i
=

i∑
j=1

ãi,jfj , i ≥ 1, which is equivalent to the operator A, i.e. (Af)i ≤
(
Ãf

)
i
≤ d (Af)i or (Af)i ≈

(
Ãf

)
i
for all f ≥ 0, i ≥ 1. Then inequality (44) is equivalent to

‖Ãf‖q,u ≤ C1 (‖f‖p,v + ‖A0f‖p,ρ) , ∀f ≥ 0. (48)

Moreover, C ≈ C1, where C and C1 are the best constants in (44) and (48), respectively. It is easy
to see that the entries of the matrix (ãi,j) satisfy the condition ãi,j ≥ ãi,k, i ≥ k ≥ j ≥ 1. Then
according to Theorem C inequality (48) holds if and only if the inequality

( ∞∑

k=1

uq
k

(
k∑

i=1

ãk,ifi

)q) 1
q

≤ C2

( ∞∑

k=1

fp
k

(
∆ϕp′

k

)1−p
) 1

p

, ∀f ≥ 0, (49)
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holds. Moreover, C1 ≈ C2, where C2 is the best constant in (49).

Since (48) is equivalent to inequality (44), (49) is equivalent to inequality (44). By Theorem 2,
inequality (49) (and, thus, (48) and (44)) holds if and only if D = max{D1, D2} < ∞.

The proof is complete.
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ÓÑËÎÂÍÎ ÊÎÐÐÅÊÒÍÛÅ ÇÀÄÀ×È ÄÂÓÌÅÐÍÎÉ
ÀÊÓÑÒÈÊÈ È ÒÅÏËÎ � È ÌÀÑÑÎÏÅÐÅÍÎÑÀ

Ñ. Å. Òåìèðáîëàò

ÊàçÍÓ èì. àëü-Ôàðàáè
050012, Àëìàòû, óë. Ìàñàí÷è, 39/47, e-mail: Saya.abil@list.ru

Ê àíàëèçó êðàåâûõ çàäà÷ ïðèìåíÿåòñÿ íîâûé ïîäõîä, â îñíîâå êîòîðîãî ëåæàò èíòåãðàëüíûå ïðå-
îáðàçîâàíèÿ Ôóðüå-Ëàïëàñà è íåêëàññè÷åñêèå ðåøåíèÿ âûðîæäåííîé ñèñòåìû ëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé. Ïóòåì àíàëèçà ãðàíè÷íîãî óñëîâèÿ âûäåëÿþòñÿ íåêîððåêòíûå âàðèàíòû
ïîñòàíîâêè, çàòåì äîêàçûâàåòñÿ èõ óñëîâíàÿ êîððåêòíîñòü, èññëåäîâàíèå çàâåðøàåòñÿ ïîëó÷åíèåì
ðåøåíèÿ ïîñëåäíèõ. Ðåøàþòñÿ çàäà÷è òåïëî � è ìàññîïåðåíîñà è àêóñòèêè.

1. Î ìåòîäå
Ìåòîä ñîñòàâëåí èç äâóõ õîäîâ � ïðÿìîãî è îáðàòíîãî, è êàæäûé õîä, â ñâîþ î÷åðåäü, ñîñòîèò
èç çàäà÷ òðåõ óðîâíåé. Ïåðâûé óðîâåíü ïðÿìîãî õîäà � ýòî èñõîäíàÿ çàäà÷à. Îíà ïîñëå ïðè-
ìåíåíèÿ èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ëàïëàñà-Ôóðüå ñòàíîâèòñÿ çàäà÷åé âòîðîãî óðîâíÿ �
êðàåâîé çàäà÷åé äëÿ ïàðàìåòðèçîâàííîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé (ÎÄÓ), à ïîñëåäíÿÿ ïåðåõîäèò ê òðåòüåìó óðîâíþ � ê èññëåäîâàíèþ îäíîçíà÷íîé ðàçðå-
øèìîñòè ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (ñ.ë.à.ó.).

Çàäà÷à ñ÷èòàåòñÿ êîððåêòíîé, åñëè ñ.ë.à.ó îäíîçíà÷íî ðàçðåøèìà, îíà òàê æå êîððåêòíà,
êîãäà îïðåäåëèòåëü ñèñòåìû ðàâåí íóëþ, íî åñëè ïðè ýòîì ðåàëüíàÿ ÷àñòü ïàðàìåòðà p �
ïðåîáðàçîâàíèÿ Ëàïëàñà îãðàíè÷åíà ñâåðõó (Re p ≤ a0, a0 > 0), ïîñêîëüêó â äàííîì ñëó÷àå
ïðèìåíèìî îáðàòíîå ïðåîáðàçîâàíèå Ëàïëàñà, à åñëè èíà÷å (Re p À 1 � ñêîëü óãîäíî áîëüøàÿ),
òî íàðóøàåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü, ò.å. çàäà÷à íåêîððåêòíà.

Ðåøåíèå âûðîæäåííîé ñ.ë.à.ó. � ïåðâûé óðîâåíü îáðàòíîãî õîäà, ñ åãî ïîìîùüþ îïðåäå-
ëèòñÿ ðåøåíèå çàäà÷è äëÿ ÎÄÓ, ïîñëå ÷åãî ïóòåì îáðàùåíèÿ (ïðèìåíåíèÿ îáðàòíûõ ïðåîáðà-
çîâàíèé) ïîñëåäíåãî íàõîäèòñÿ ðåøåíèå èñõîäíîé çàäà÷è. Çàìåòèì, ÷òî îáðàùåíèå íå âñåãäà
îñóùåñòâëÿåòñÿ îáû÷íûì îáðàçîì, ïîýòîìó ïðåäëîæåí íåñòàíäàðòíûé ïóòü âû÷èñëåíèÿ: ñî
ñâîáîäíûìè ïàðàìåòðàìè ïðîèçâîäÿòñÿ ñîîòâåòñòâóþùèå îáðàòíûå ïðåîáðàçîâàíèÿ, à êîãäà
ïàðàìåòðû ïðåîáðàçîâàíèÿ íåñâîáîäíûå èñïîëüçóþòñÿ èíòåãðàëû ïðÿìûõ ïðåîáðàçîâàíèé.

Òàêèì îáðàçîì, â ñòàòüå èññëåäóþòñÿ ñìåøàííûå çàäà÷è â îáëàñòè D = (t > 0, x > 0, y ∈
R) ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Èùåòñÿ ðåãóëÿðíîå ðåøåíèå, ó êîòîðîãî ñóùåñòâóþò âñå
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ïðîèçâîäíûå, íåîáõîäèìûå äëÿ ïîäñòàíîâêè â ñèñòåìó óðàâíåíèé è ãðàíè÷íûå äàííûå, êðîìå
òîãî, òðåáóåòñÿ ïðèìåíèìîñòü èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ôóðüå ïî y è Ëàïëàñà ïî t ê
ðåøåíèþ è ïðàâûì ÷àñòÿì íà÷àëüíûõ è ãðàíè÷íûõ äàííûõ.

Êðîìå êîíñòðóêòèâíîñòè, ïðåèìóùåñòâî ìåòîäà åùå è â òîì, ÷òî ÿâíî çàïèñûâàþòñÿ óñëî-
âèÿ ðàçðåøèìîñòè è âèä ðåøåíèé. Èç ïîñëåäíåãî íåïîñðåäñòâåííî ìîæíî ïîëó÷èòü îöåíêó
óñòîé÷èâîñòè ðåøåíèÿ.

Öåëü ðàáîòû � ïóòåì àíàëèçà ãðàíè÷íûõ óñëîâèé äâóìåðíûõ êðàåâûõ çàäà÷ òåïëî-è ìàñ-
ñî ïåðåíîñà è àêóñòèêè ñ ïîìîùüþ èçëîæåííîé ìåòîäèêè óêàçàòü íåêîððåêòíî ïîñòàâëåííûå
âàðèàíòû çàäà÷, à çàòåì äîêàçàòü èõ óñëîâíóþ êîððåêòíîñòü. Ïðè ýòîì áóäóò ïðèñóòñòâîâàòü
òàêèå ýëåìåíòû:

• Ìíîæåñòâî P0, ñîñòîÿùåå èç íóëåé äåòåðìèíàíòà ãðàíè÷íûõ ñ.ë.à.ó., äëÿ êîòîðûõ èìååò
ìåñòî îñíîâíîå òðåáîâàíèå íåêîððåêòíîñòè (Rep >> 1).

Èç ìíîæåñòâà P0 ñëåäóþò:
• Îáëàñòü íåêîððåêòíîñòè O.
• Óñëîâèå íåêîððåêòíîñòè H ñ îïðåäåëåííûìè òèïàìè.

2. Çàäà÷à òåïëî � è ìàññîïåðåíîñà
Ðàññìîòðèì â îáëàñòè D = (t > 0, x > 0, y ∈ R) ñèñòåìó òåïëî � è ìàññîïåðåíîñà, çàäàííóþ â
îäíîé èç ñâîèõ êàíîíè÷åñêèõ ôîðì:

ut = a∆u + ∆ϑ, ϑt = a∆ϑ, a > 0. (1)

Íàéòè âåêòîð-ôóíêöèþ (u, ϑ) ∈ C2(D) ∩ C1(D), óäîâëåòâîðÿþùóþ ñèñòåìå (1) â D, îäíî-
ðîäíîìó íà÷àëüíîìó óñëîâèþ

u(0, x, y) = 0, ϑ(0, x, y) = 0, t = 0, x > 0, y ∈ R, (2)

è íåîäíîðîäíîìó ãðàíè÷íîìó óñëîâèþ

α0ux + α1ϑx = ϕ1(t, y), β0u + β1ϑ = ϕ2(t, y), t > 0, x = 0, y ∈ R. (3)

Ïðè ýòîì òðåáóþòñÿ âûïîëíåíèå óñëîâèÿ ãëàäêîñòè

ϕ1 ∈ C(D̄), ϕ2 ∈ C1(D̄),

ïðèìåíèìîñòü ê ðåøåíèþ (u, ϑ) è ôóíêöèÿì (ϕ1, ϕ2) èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ôóðüå ïî
y è Ëàïëàñà ïî t, óñëîâèå íåâûðîæäåííîñòè (ëèíåéíàÿ íåçàâèñèìîñòü) ãðàíè÷íûõ äàííûõ:

rank

∣∣∣∣
α0 α1

β0 β1

∣∣∣∣ = 2. (4)

Ïîñëå ïðèìåíåíèÿ èíòåãðàëüíûõ ïðåîáðàçîâàíèè Ôóðüå-Ëàïëàñà èç çàäà÷è (1)�(3) ïðèäåì
ê êðàåâîé çàäà÷å äëÿ ÎÄÓ:

pũ = a(ũ′′ − ω2ũ) + ϑ̃′′ − ω2ϑ̃, pϑ̃ = a(ϑ̃′′ − ω2ϑ̃), x > 0, (5)

α0ũ
′ + α1ϑ̃

′ = ϕ̃1(p, ω), β0ũ + β1ϑ̃ = ϕ̃2(p, ω) ïðè x = 0. (6)
Îáùåå ðåøåíèå ñèñòåìû (5)

ũ =
(
C1 +

px

2a2λ
C2

)
e−λx, ϑ̃ = C2e

−λx, λ =
√

p

a
+ ω2, (7)
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ïîäñòàâèâ â ãðàíè÷íûå ðàâåíñòâà (6), ïðèäåì ê ñ.ë.à.ó

α0λC1 +
(
α1λ− α0p

2a2λ

)
C2 = ϕ̃1, β0C1 + β1C2 = ϕ̃2. (8)

Ïðèðàâíÿåì äåòåðìèíàíò ê íóëþ

p(χ− δ) = aδω2, (9)

ãäå χ = α0β0

2a , δ = α1β0 − α0β1.
Îïðåäåëèì (p, ω) êîðíè ðàâåíñòâà (9):

1) ïóñòü χ = 0 è δ = 0, òîãäà p è ω � ëþáûå;

2) p = γ2ω2, ω 6= 0, ãäå γ2 = aδ
(χ−δ) ;

3) åñëè, χ = δ 6= 0 òî p � ëþáàÿ è ω = 0.

Îòñþäà ñäåëàåì ñëåäóþùåå çàêëþ÷åíèå:

• Ñëó÷àé 1) (δ = χ = 0) ïðîòèâîðå÷èò òðåáîâàíèþ (4).

• Îáëàñòüþ íåêîððåêòíîñòè O ÿâëÿåòñÿ óãîë χ ≥ δ > 0 íà ïëîñêîñòè êîýôôèöèåíòîâ (χ, δ).

• Ìíîæåñòâî íóëåé òàêîå:

P0 =

{
p = γ2ω2, ïðè ýòîì ω ñâîáîäíà è χ > δ > 0;
p− ëþáàÿ è ω = 0, êîãäà χ = δ 6= 0.

• Ïðèñóòñòâóþò äâà òèïà íåêîððåêòíîñòè:

H =

{
êîðíåâîå : p = γ2ω2, γ 6= 0, ω − ñâîáîäíà;
êîýôôèöèåíòíî�êîðíåâîå : χ = δ 6= 0, p− ëþáàÿ ω = 0.

2.1. Ðåøåíèå íåêîððåêòíûõ çàäà÷

Ðåøàåì çàäà÷ó (1)�(3), êîãäà èìååò ìåñòî óñëîâèå H â îáëàñòè O. Ïîñêîëüêó ó âûðîæ-
äåííîé ñ.ë.à.ó. îïðåäåëÿåòñÿ íîðìàëüíîå ðåøåíèå, òî ñîîòâåòñòâóþùèå åìó ðåøåíèÿ çàäà÷ èç
äðóãèõ óðîâíåé òàê æå íàçîâåì íîðìàëüíûìè.
Òåîðåìà 1. Íîðìàëüíîå ðåøåíèå çàäà÷è (1)�(3) óäîâëåòâîðÿåò ñèñòåìå, íà÷àëüíîìó óñëî-
âèþ, ãðàíè÷íûå ðàâåíñòâà èìåþò äðóãèå ïðàâûå ÷àñòè, ïðè ýòîì òðåáóåòñÿ âûïîëíåíèå
óñëîâèé ðàçðåøèìîñòè.

Ðåøåíèå çàäà÷è íà ëó÷å δ = χ.

• Ïðè óñëîâèè ðàçðåøèìîñòè

β0ϕ̃1(p, 0) = −α0

√
p

a
ϕ̃2(p, 0), (10)

îïðåäåëèì íîðìàëüíîå ðåøåíèå ñ.ë.à.ó. (8)

CH =
(β0, β1)

β2
ϕ̃2(p, 0), β2 = β2

0 + β2
1 .
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• Ðåøåíèå çàäà÷è (5), (6) äëÿ ÎÄÓ âîññòàíîâèì ïî ôîðìóëå (7) ñ ó÷åòîì êîýôôèöèåíòîâ
CH . Îíî óäîâëåòâîðÿåò ñèñòåìå (5), à ãðàíè÷íûå ðàâåíñòâà (6) âûïîëíÿþòñÿ íà ëó÷å
δ = χ, êîãäà èìååò ìåñòî óñëîâèå ðàçðåøèìîñòè (10).

• Ðåøåíèå èñõîäíîé çàäà÷è (1)�(3).
Âû÷èñëèì îðèãèíàë óñëîâèÿ ðàçðåøèìîñòè

β0ϕ1(t, y) = − α0√
a
∂

1
2
t [ϕ2(t, y)] èëè α0ϕ2(t, y) = −β0

√
aJ

1
2 (ϕ1), (10')

ãäå ∂
1/2
t è J1/2 � äðîáíûå äèôôåðåíöèðîâàíèå è èíòåãðèðîâàíèå;

• ϕ̃2(p, 0)e−λx ⇒ −2a∂x

∫ t
0 ϕ0

2(τ)Ea(t− τ, x)dτ ≡ P (t, x, y),
çäåñü è äàëåå
ϕ0

2(t) =
∫
R ϕ2(t, y)dy, Ea(t, x) � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut = auxx;

• p[ϕ̃2(p, 0)e−λx · 1
λ ] ⇒ ∫ t

0 dτ
∫
R P ′

τ (τ, x, z)Ea(t− τ, z − y)dz ≡ Q(t, x, y).

Íàïèøåì "ðåøåíèå" çàäà÷è (1)�(3)

uH =
1
β2

[β0P (t, x, y) +
β1x

2a2
Q(t, x, y)], ϑH =

β1

β2
P (t, x, y). (11)

Íåïîñðåäñòâåííûì âû÷èñëåíèåì ëåãêî óáåäèòüñÿ â òîì, ÷òî âåêòîð (11) óäîâëåòâîðÿåò ñè-
ñòåìå (1), íóëåâîìó íà÷àëüíîìó óñëîâèþ (2).

Îïðåäåëèâ çíà÷åíèÿ ôóíêöèè ïðè x = 0

P (t, 0, y) = ϕ0
2(t), Pt(t, 0, y) = ∂tϕ

0
2(t), Px(t, 0, y) =

−1√
a
∂

1
2
t [ϕ0

2(t)], Q(t, 0, y) = ϕo
2(t),

âû÷èñëèì ãðàíè÷íûå ðàâåíñòâà:
{

β0uH + β0ϑH = P (t, 0, y) =
∫ t
0 ϕ2(x, y)dy,

α0∂xuH + α1∂xϑH = vϕ1(t, y) + µJ
1
2 [ϕ1

0(t)],

ãäå v = (α0β0+α1β1)
α0β2 , µ = −β0β1

2β2a
3
2
, ìåæäó êîýôôèöèåíòàìè ñóùåñòâóåò ñîîòíîøåíèå

α0β0 = 2a(α1β0 − α1β1).

Ðåøåíèå çàäà÷è â óãëå χ > δ > 0 (p = γ2ω2, ω 6= 0).
Òåïåðü íîðìàëüíîå ðåøåíèå ñ.ë.à.ó. (8)

CH =
(β0, β1)

β2
ϕ̃2(γ2ω2, ω) (12)

îïðåäåëÿåòñÿ ïðè óñëîâèè ðàçðåøèìîñòè

α0ϕ̃2(γ2ω2, ω) = − β0
√

a√
γ2 + a

ϕ̃1(γ2ω2, ω)
ω

.

Çàéìåìñÿ ïåðåâîäîì
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• ϕ̃2(p, ω)|p=γ2ω2

Φ−ω (y)⇒ ϕ̄2(γ2ω2, y) ∆=
Ë+

t (p)

∫∞
0 ϕ2(t, y)e−(γω)2tdt ⇒

⇒ 1
2γ
√

π

∫∞
0 ϕ2(t, y)Eγ2(t, y)dt = ϕ1

2(y),

òàê êàê Φ−ω [e−γ2t·ω2
] = Eγ2(t, y).

• ϕ̃2(γ2ω2, ω) · 1
ω ⇒ π

2

∫∞
0 ϕ̄1(γ2ω2, y − z)dz = π

2

∫∞
0

∫∞
0 ϕ1(t, y − z)e−(γω)2tdtdz.

Íàïèøåì îðèãèíàë óñëîâèÿ ðàçðåøèìîñòè

∂yϕ2(t, y) = − π
√

a

2α0

√
γ2 + a

ϕ1(t, y). (13)

Äàëåå,

• ϕ̃2(γ2ω2, ω) · e−λx ⇒ −2a∂x

∫∞
0 dτ

∫
R ϕ1

2(z)Ea(t− τ, x, y − z)dz ≡ P1(t, x, y).

• p[ϕ̃2(γ2ω2, ω) · e−λx · 1
λ ] ⇒ ∂t[P1(t, x, y) ∗Ea(t, y)] =

=
∫
R P1(τ, x, z)Ea(t, y − z)dz ≡ Q1(t, x, y).

Î÷åâèäíî, ÷òî P1(0, x, y) = 0, Q1(0, x, y) = 0, P1(t, 0, y) = ϕ1
2(y).

Ðåøåíèå çàäà÷è (1)�(3) îïðåäåëèì ïî ôîðìóëå (11) ïóòåì çàìåíû P è Q íà P1 è Q1.
Âû÷èñëèì

Q1(t, 0, y) =
∫

R
ϕ1

2(z)Ea(t, y − z)dz,

∂xP1 = −2a
∫
R ϕ1

2(z)dz
∫ t
0 ∂2

xEa(t− τ, x, y − z)dτ =
= −2

∫
R ϕ1

2(z)dz
∫ t
0 (∂t − a∂2

y)Ea(t− τ, x, y − z)dτ =
= −2

∫
R ϕ1

2(z)Ea(t− τ, x, y − z)dτ + 2a
∫ t
0 dτ

∫
R ∂2

zϕ1
2(z)Ea(t− τ, x, y − z)dτ.

∂xP1(t, 0, y)=−2a
∫
R ϕ1

2(z)Ea(t, 0, y − z)dz+2a
∫ t
0 ∂2

xϕ1
2(z)dz

∫ t
0 Ea(t− τ, 0, y − z)dτ =

= −2
∫
R ϕ1

2(z)Ea(t, 0, y − z)dz.

Îïÿòü äîñòàòî÷íî ïðîâåðèòü ãðàíè÷íûå ðàâåíñòâà
{

β0uH + β1ϑH = ϕ1
2(y) =

∫ t
0 ϕ2(t, y)Eγ(t, y)dy,

α0∂xuH + α1∂xϑH = δ1∂xP1(t, 0, y) + µ1Q1(t, 0, y),

çäåñü êîíñòàíòû
δ1 =

α0β0 + α1β1

β2
, µ1 =

α1β1

2aβ2
.

Òåîðåìà 1 äîêàçàíà.

3. Çàäà÷à äâóìåðíîé àêóñòèêè
Âîçüìåì ñèñòåìó, îïèñûâàþùóþ â äâóìåðíîì ñëó÷àå ðàñïðîñòðàíåíèå çâóêîâûõ âîëí â

ïîêîÿùåéñÿ ñðåäå,
(
ρm2

)−1
dt + ux + vy = 0, ρut + dx = 0, ρvt + dy = 0, (t > 0, x > 0, y ∈ R) = D. (14)

Ó âåêòîðà U = (d, u, v) êîìïîíåíòû u, v � ñêîðîñòè âîçìóùåííîé ñðåäû; d � äàâëåíèå â
äàííîé ñðåäå; ρ � åå ïëîòíîñòü, m � åå ñæèìàåìîñòü; êîíñòàíòû ρ, m > 0.
Çàäà÷à: Èùåòñÿ ðåøåíèå u ∈ C1(D)

⋂
C(D̄) ñèñòåìû (14) ñ çàäàííûì íà÷àëüíûì äàííûì íà

ïëîñêîñòè t = 0, x ≥ 0, y ∈ R,
U (0, x, y) = f (x, y) (15)
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è ñ ãðàíè÷íûì ðàâåíñòâîì ïðè x = 0, t ≥ 0, y ∈ R,

`U = d + aρu + bρv = ϕ (t, y) , ab 6= 0. (16)

Åñòåñòâåííî, äîïîëíèòåëüíî òðåáóåòñÿ ïðèìåíèìîñòü èíòåãðàëüíûõ ïðåîáðàçîâàíèé Ôóðüå-
Ëàïëàñà ê âåêòîðó U(t, x, y) è ê ôóíêöèÿì f(x, y) è ϕ(t, y) èç ïðîñòðàíñòâà C(D̄).

Äàííàÿ çàäà÷à ýêâèâàëåíòíà ñëåäóþùåé ñìåøàííîé çàäà÷å â D äëÿ âîëíîâîãî óðàâíåíèÿ
[1]:

¤W ≡ (∂2
t −m2∆)W (t, x, y), W (0, x, y) = f0(x, y), Wt(0, x, y) = f(x, y), (0)

(Wt − aWx − bWy) = ϕ(t, y) ïðè x = 0.

Çàäà÷à (0) èçó÷åíà ìíîãèìè àâòîðàìè ïîä ðàçíûì óãëîì çðåíèÿ, íî íè îäèí èç íèõ íå ñîâïàäàåò
ñ íàøèì ïîäõîäîì è íàøåé öåëüþ. Â ðàáîòå [2] ïîëó÷åíî êîýôôèöèåíòíîå óñëîâèå íåêîððåêò-
íîñòè, èëè, òî æå ñàìîå, îïèñàíà îáëàñòü íåêîððåêòíîñòè O íà ïëîñêîñòè êîýôôèöèåíòîâ (a, b):

O =

{
a + m = 0 − ïðÿìàÿ,
(a2 + b2 < m2, a < 0) −ïîëóêðóã ≡ dm

è îäíîâðåìåííî äîêàçàíî, ÷òî çàäà÷à âíå O êîððåêòíà.
Òåîðåìà 2. Íà ïðÿìîé a + m = 0 íîðìàëüíîå ðåøåíèå çàäà÷è (14)�(16) óäîâëåòâîðÿåò ñè-
ñòåìå, íà÷àëüíîìó óñëîâèþ, ãðàíè÷íîå ðàâåíñòâî èìååò èíóþ ïðàâóþ ÷àñòü, ïðè ýòîì òðå-
áóåòñÿ âûïîëíåíèå óñëîâèÿ ðàçðåøèìîñòè.

3.1. Ìåòîä ðåäóêöèè

Äåéñòâóÿ èíòåãðàëüíûìè ïðåîáðàçîâàíèÿìè, èìååì ÎÄÓ

Ẇ (x) = A (p, ω) W (x) + Φ (x, ω) , x > 0, (17)

ñ ãðàíè÷íûì ðàâåíñòâîì ïðè x = 0

`W (0) ≡
(

1− iωb

p

)
w1 (0) + aρw2 (0) = ϕ̃ (p, ω)− bρ

p
f̄3 (0, ω) , (18)

ïðè ýòîì òðåòüÿ êîìïîíåíòà âûðàæàåòñÿ ÿâíî

w3 = ṽ (x) = − iω

ρp
w1 (x) +

1
p
f̄3 (x, ω) , x ≥ 0. (19)

Çäåñü è âñþäó âîñïîëüçóåìñÿ îáîçíà÷åíèÿìè

Φ(x, ω) =

[
ρf2
f1

ρm2 − iω
ρ f3

]
, A (p, ω) =

[
0 −ρp
− r

mR 0

]
, r2 = p2 + ω2m2, Re r > 0, R =

r

ρmp
,

f j = f j(x, ω) =
∫

R
fj(x, y)eiωydy

∆=Φ+
y (ω)fj(x, y), j = 1, 2, 3.

Âû÷èñëèâ ó ìàòðèöû A (p, ω) ñîáñòâåííûå ÷èñëà λ± = ± r
m è îòâå÷àþùèå èì ñîáñòâåííûå

âåêòîðû z± = (1,±R), íàïèøåì ðåøåíèå îäíîðîäíîé ñèñòåìû

W 0 (x) = C̃ (p, ω) z−eλ−x, (20)

ãäå êîýôôèöèåíò C̃ (p, ω) îïðåäåëÿåòñÿ èç àëãåáðàè÷åñêîãî óðàâíåíèÿ

F (p, ω) C̃ (p, ω) = ϕ̃ (p, ω)− bρ

p
f̄3 (0, ω) , F (p, ω) = 1− iωb

p
+

ar

mp
. (21)

Èçó÷èâ íóëè ôóíêöèè F (p, ω), çàêëþ÷èì:
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Ëåììà 1.

• îáëàñòü íåêîððåêòíîñòè ñîâïàäàåò ñ âûøåóêàçàííîé O;

• ìíîæåñòâî íóëåé ñëåäóþùåå:

P0 =

{
p− ëþáîå è ω = 0, íà ïðÿìîé a = −m < 0;
p = αω, ω 6= 0, â ïîëóêðóãå dm,

ãäå α = δθ + iε, θ = signω.

• H îïðåäåëåíî äâóìÿ òèïàìè:
êîðíåâîå � ïàðàìåòðû p è ω çàâÿçàíû: p = δ |ω|+ ωiε.
êîýôôèöèåíòíî-êîðíåâîå: a = −m, ω = 0, p � ëþáîå.

3.2. Ðåøåíèå íåêîððåêòíîé çàäà÷è (îáðàòíûé õîä)

Çàéìåìñÿ çàäà÷åé ñ óñëîâèåì P0 = (a + m = 0 è ω = 0).
Ëåììà 2. Íîðìàëüíîå ðåøåíèå àëãåáðàè÷åñêîãî óðàâíåíèÿ (21) ïðè óñëîâèè ðàçðåøèìîñòè

pϕ̃(p, 0) = bρf3(0, 0) (22)

îïðåäåëÿòñÿ â âèäå
C̃(p) =

ip

b
∂ωϕ̃(p, 0)− ρ i∂ωf3(0, 0), ω = 0. (23)

Ôîðìàëüíî èç (21) íàõîäèì

C̃ (p, ω) =
pϕ̃ (p, ω)− bρf̄3 (0, ω)

pF (p, ω)
.

ßñíî, ÷òî äðîáü èìååò ñìûñë òîëüêî òîãäà, êîãäà åå ÷èñëèòåëü íà ìíîæåñòâå P0 îáðàùà-
åòñÿ â íóëü. Ýòî òðåáîâàíèå è åñòü èñêîìîå óñëîâèå ðàçðåøèìîñòè (22). Ðàñêðûâ ïîëó÷åííóþ
íåîïðåäåëåííîñòü ïî ïðàâèëó Ëîïèòàëÿ ïî ïåðåìåííîé ω, ïîëó÷èì çíà÷åíèå (23).
Ëåììà 3. Íîðìàëüíîå ðåøåíèå WH(x) êðàåâîé çàäà÷è äëÿ ÎÄÓ óäîâëåòâîðÿåò ñèñòåìå (17),
à ãðàíè÷íîå ðàâåíñòâî (18) èìååò ìåñòî òàì, ãäå îïðåäåëåí êîýôôèöèåíò C̃(p).

Ðåøåíèå çàäà÷è äëÿ ÎÄÓ èùåì â âèäå:

WH(x) = W 0
H(x) + W 1(x), (24)

ãäå
W 0

H(x) = C̃(p)z−eλ−x (21')
� îáùåå ðåøåíèå îäíîðîäíîé ñèñòåìû, à åå ÷àñòíîå ðåøåíèå W 1(x) íàéäåì ñ ïîìîùüþ ìàòðèöû
Ãðèíà [3, c. 67]

W 1 (x) =
∫

R
Φ(s, ω)G(x− s)ds. (25)

Òîãäà, ñëàãàåìûå èç (24) ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷

Ẇ 0 (x) = AW 0 (x) , `W 0 (0) = ϕ̃ (p, ω)− bρ

p
f̄3 (0, ω) . (26)

Ẇ 1 (x) = AW 1 (x) + Φ (x, ω) , `W 1 (0) = 0. (27)
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3.3. Ðåøåíèå èñõîäíîé çàäà÷è

Âîññòàíîâèì îáðàçû ũj ïî ôîðìóëàì (19), (21′), (25)

Ũ =




d̃
ũ
ṽ


 = C̃ (p) e

−rx
m




1
r

ρmp

− iω
ρp


 +




w1
1 (x)

w1
2 (x)

− iω
ρp d̃ (x) + f̄3(x,ω)

p


 = Ũ0 + Ũ1.

Ëåììà 4. Âåêòîð U0 óäîâëåòâîðÿåò ñèñòåìå (14), íóëåâîìó íà÷àëüíîìó óñëîâèþ (f ≡ 0)
(15) ïðè ëþáîé ôóíêöèè C(t).

Âû÷èñëåíèå âåêòîðà U0 =
(
d0, u0, v0

)
=

∫∫
C(τ)qj(t− τ, x, y − z)dzdτ , ãäå

q̃1 (p, x, ω) = e−rx/m = −m∂xq̃0 (p, x, ω) ,

q̃2 (p, x, ω) =
1

ρm

(
r

p
e−rx/m

)
=

m

ρ
∂2

x (q̃0/p) ,

q̃3 (p, x, ω) = −1
ρ

(
iω

p
e−rx/m

)
=

iωm

ρ
∂x (q̃0/p) ,

çäåñü q̃0 (p, x, ω) = e−
rx
m

r ⇒ q0 (t, x, y) =





1

π
√

m2t2−x2−y2
, êîãäà mt <

√
x2 + y2,

0, åñëè èíà÷å.
Íîñèòåëü ôóíêöèè q0 îáîçíà÷èì áóêâîé

K =
{
x2 + y2 < m2t2, t > 0

}
.

Íàïèøåì âåëè÷èíû qj

q1 (t, x, y) = −m∂xq0 (t, x, y) , q2 =
m

ρ
∂2

x

∫ t

0
q0 (τ, x, y) dτ, q3 =

m

ρ
∂2

xy

∫ t

0
q0 (τ, x, y) dτ

è êîìïîíåíòû u0
j

d0 = −m∂xQ, u0 =
m

ρ
∂2

x

∫ t

0
Q (τ, x, y) dτ, v0 =

m

ρ
∂2

xy

∫ t

0
Q (τ, x, y) dτ,

ãäå Q (t, x, y) =
∫∫

K C (τ, z) q0 (t− τ, x, y − z) dzdτ .
Ñðàâíèâàÿ èõ, íàõîäèì

u0
t = −1

ρ
d0

x è v0
t = −1

ρ
d0

y.

Òåì ñàìûì, äëÿ âåêòîðà U0 =
(
d0, u0‘, v0

)
ñïðàâåäëèâû äâà óðàâíåíèÿ ñèñòåìû (14), à òðåòüå

ñâîäèòñÿ ê âîëíîâîìó óðàâíåíèþ îòíîñèòåëüíî d0.
Â ðàáîòå [4] ïîêàçàíî, ÷òî ôóíêöèÿ Q(t, x, y) áóäåò ðåøåíèåì çàäà÷è èçëó÷åíèÿ äëÿ âîëíî-

âîãî óðàâíåíèÿ

¤Q = 0, Q(0, x, y) = ∂tQ(0, x, y) = 0, ∂xQ(t, 0, y) = −C(t, y).

Èòàê, ñïðàâåäëèâà ëåììà 4.
Çàéìåìñÿ ãðàíè÷íûì óñëîâèåì

• Λ−p Φ−ω [i p∂ωϕ̃(p, 0)] = C0+∂t

∫
R yϕ(t, y)dy = C0+ψ′(t), ãäå ψ(t) =

∫
R yϕ(t, y)dy, ψ(0) = C0.
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• ∂ωf3(0, 0) ⇒ ∫
R yf3(0, y)dy = C3.

Îðèãèíàë óñëîâèÿ ðàçðåøèìîñòè: (22) áóäåò òàêèì
∫

R
[ϕ(0, y) + ϕ′t(t, y)]dy = bρ

∫

R
f3(0, y)dy. (23')

Óñëîâèþ, â ÷àñòíîñòè, óäîâëåòâîðÿþò íå÷åòíûå ïî y ôóíêöèè

Φ(t, y) = ϕ′t(t, y) + ϕ(0, y)− bρ f3(0, y)

èç ïðîñòðàíñòâà L(R). Çíà÷èò ìíîæåñòâî ðàçðåøèìîñòè íåïóñòîå.
Íàïèøåì îðèãèíàë êîýôôèöèåíòà C̃ (p):

C (t) =
C0 + ψ′ (t)

b
− ρC3 6= 0,

è ôóíêöèþ
Q (t, x, y) = (t− x

m
) + ϕ(t− x

m
)− C0, ïðè x < mt.

Îïðåäåëèâ êîìïîíåíòû

d0 =
1
b

(
C0 + ψ′

(
t− x

m

))
− ρC3, u0 =

ψ′(t− x
m)

bρm
, ϑ0 = 0,

âû÷èñëèì ãðàíè÷íîå óñëîâèå

d0 −mρu0 + bρϑ0 =
1
b

∫

R
[ϕ′t (t, y)− ϕ(0, y) + yϕ(0, y)]dy.

Ëåììà 5. Äëÿ âåêòîðà U1 âûïîëíÿþòñÿ ñèñòåìà (14), íåîäíîðîäíûå íà÷àëüíûå äàííûå (15)
è îäíîðîäíîå ãðàíè÷íîå óñëîâèå (ϕ ≡ 0)(16).
Äîêàçàòåëüñòâî ñëåäóåò èç ôîðìóëû (25) è çàäà÷è (27), òàê êàê ïðè ïåðåõîäå îò W 1 ê U1

ïðèìåíÿþòñÿ îáðàòíûå ïðåîáðàçîâàíèÿ â ñòàíäàðòíîì âèäå.
Îáúåäèíèâ ëåììó 4 ñ ëåììîé 5 ïðèäåì ê äîêàçàòåëüñòâó òåîðåìû 2.

Öèòèðîâàííàÿ ëèòåðàòóðà
[1]. Ãîäóíîâ Ñ.Ê. Óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè, Ì., 1971.
[2]. Ãîäóíîâ Ñ.Ê., Ãîðäèåíêî Â.Ì. Ñìåøàííàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ, Òðóäû

ñåìèíàðà àêàäåìèêà Ñ.Ë. Ñîáîëåâà, 1977, P. 5�31.
[3]. Ãîäóíîâ Ñ.Ê. Îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöè-

åíòàìè. Êðàåâûå çàäà÷è, Íîâîñèáèðñê, 1994.
[4]. Òåìèðáóëàòîâ Ñ.Å. Çàäà÷à ñ íàêëîííîé ïðîèçâîäíîé äëÿ âîëíîâîãî óðàâíåíèÿ, Ñèáèð-

ñêèé ìàòåì. æóðíàë, 1980, Ò. 21, � 5, P. 78 � 87.

Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 16.02.2011ã.

Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 2 (40)



Ìàòåìàòè÷åñêèé æóðíàë. Àëìàòû. 2011. Òîì 11. � 2 (40). P. 95 � 98

ÐÅÔÅÐÀÒÒÀÐ � REVIEWS

ÓÄÊ: 517.518 2010 MSC: 42A10
À©ûøåâ �. Îðòîãîíàëäû©©à ´©ñàñ æ³éå áîéûíøà æiêòåó êîýôôèöèåíòòåði æºíå

ºðò³ëi ìåòðèêàäà¡û òå­ñiçäiêòåð // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 2 (40). Á. 22
� 27.

Ìà©àëàäà ôóíêöèÿëàðäû îðòîãîíàëü æ³éåãå ´©ñàñ æ³éå áîéûíøà æiêòåó êîýôôèöèåíò-
òåðiìåí îíû­ Ëîðåíö êå­iñòiãiíi­ ì°ëøåðiíi­ àðàñûíäà¡û áàéëàíûñ æºíå ñàíàëûìäû îðòîãî-
íàëü æ³éåãå ´©ñàñ æ³éå áîéûíøà ê°ïì³øå ³øií ºðò³ëi ìåòðèêàäà¡û òå­ñiçäiêòåð äºëåëäåíãåí.

�äåáèåòòåð òiçiìi � 13.
Akishev G.On coe�cients of expansions with respect to systems similar to orthogonal

systems and an inequality of di�erent metric // Mathematical journal. 2011. Vol. 11. � 2
(40). P. 22 � 27.

In the paper the estimate of the coe�cients of expansions with respect to systems similar
to orthogonal systems elements in Lorentz space and an inequality of the di�erent metrics for
polynomials with respect a countable system similar to orthogonal one are proved.

References � 13.

ÓÄÊ: 517.956 2010 MSC: 35E99
Àëäàøåâ Ñ.À. Ê°ï °ëøåìäi ãèïåðáîëî-ïàðàáîëàëû© òå­äåóëåðäi­ áið êëàñû ³øií

ñïåêòðëû© àðàëàñ åñåïòi­ ìåíøiêòi ôóíêöèÿëàðû // Ìàòåìàòèêàëû© æóðíàë. 2011.
Ò. 11. � 2 (40). Á. 28 � 36.

Æ´ìûñòà ê°ï °ëøåìäi ãèïåðáîëî-ïàðàáîëàëû© òå­äåóëåðäi­ áið êëàñû ³øií öèëèíäðëiê
àéìà©òà ñïåêòðëû© àðàëàñ åñåïòi­ ìåíøiêòi ôóíêöèÿëàðû øåêñiç ê°ï åêåíäiãi ê°ðñåòiëãåí.

�äåáèåòòåð òiçiìi � 9.
Aldashev S.A. Eigenfunctions of the spectral mixed problem for one class of the

multidimensional giperbolo-parabolic equations
// Mathematical journal. 2011. Vol. 11. � 2 (40). P. 28 � 36.
In a paper it is shown that a spectral mixed problem for a class of the multidimensional giperbolo-

parabolic equations has an uncountable set of eigenfunctions.
References � 9.

ÓÄÊ: 517.925.5:519.216 2010 MSC: 34K29,60H10
Èáðàåâà Ã.Ò., Òiëåóáåðãåíîâ Ì.Û. Àç¡ûíäàëàòûí äèôôóçèÿñû äèôôåðåíöèàëäû©

æ³éåëåðäi­ íåãiçãi êåði åñåáiíi­ øåøiìi òóðàëû // Ìàòåìàòèêàëû© æóðíàë.
2011. Ò. 11. � 2 (40). Á. 37 � 41.



96 Ðåôåðàòòàð � Reviews

Âèíåð ³ðäiñòåði êëàñûíäà êåçäåéñî© ò³ðòêiëi æºíå àç¡ûíäàëàòûí äèôôóçèÿñû áiðiíøi
ðåòòi Èòî ñòîõàñòèêàëû© äèôôåðåíöèàëäû© æ³éåëåðiíi­ êëàñûíäà À.Ñ. Ãàëèóëëèí
êëàññèôèêàöèÿñû áîéûíøà íåãiçãi êåði åñåïòi­ øåøiëiìäiãiíi­ æåòêiëiêòi øàðòòàðû
á°ëó ºäiñiìåí àëûíäû.

�äåáèåòòåð òiçiìi � 12.
Ibraeva G.T., Tleubergenov M.I. On the solving of basic inverse problem of di�erential

systems with degenerated di�usion by the division's method // Mathematical journal. 2011.
Vol. 11. � 2 (40). P. 37 � 41.

With the help of a division method there are obtained the su�cient conditions of a solvability
of basic (according to A.S. Galiullin classi�cation) inverse problem in the class of Ito stochastic
di�erential systems of �rst order with random disturbances from Wiener class and which is
degenerating with respect on concerning a part variables di�usion.

References � 12.

ÓÄÊ: 517.925 2010 MSC: 39A10
�óäàáàåâà Ñ.Å., Îéíàðîâ Ð. Æàðòûëàé ñûçû©òû åêiíøi ðåòòi äèôôåðåíöèàëäû©

òå­äåóäi­ ò³éiíäåñòiëiãi ìåí òåðáåëiìäiëiãi // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 2
(40). Á. 42 � 49.

Âàðèàöèÿëû© ºäiñòi ©îëäàíà îòûðûï æàðòûëàé ñûçû©òû åêiíøi ðåòòi äèôôåðåíöèàëäû©
òå­äåóäi­ I = (a, b), −∞ ≤ a < b ≤ ∞, 1 < p < ∞,

(ρ(t)|y′(t)|p−2y′(t))′ + υ(t)|y(t)|p−2y(t) = 0,

ò³éiíäåñòiëiãi ìåí òåðáåëiìäiëiãiíi­ øàðòòàðû àëûí¡àí, ì´íäà¡û ρ > 0 æºíå v � I-äå ³çiëiññiç
ôóíêöèÿëàð.

�äåáèåòòåð òiçiìi � 3.
Kudabaeva S.Y., Oinarov R. Conjugacy and oscillation of half-linear second-order

di�erential equations // Mathematical journal. 2011. Vol. 11. � 2 (40). P. 42 � 49.
With the help of the variational method there are obtained the necessary and su�cient conditions

of the conjugacy and oscillation for the half-linear di�erencial equation

(−1)n(ρ(t)|y(n)|p−2y(n))(n) − v(t)|y|p−2y = 0

on I = (a, b), −∞ ≤ a < b ≤ ∞, 1 < p < ∞, where ρ and v are continuous functions.
References � 3.

ÓÄÊ: 532.5:519.8 2010 MSC: 74H10
Ìóêèìáåêîâ Ì.Æ., Øåðêåøáàåâà Á.Ê.Ì´íàé êå­ îðíûí °­äåóäå öèêëìåí ñó æiáåðó

åñåái // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 2 (40). Á. 50 � 57.
Áåðiëãåí æ´ìûñòà ì´íàé êåíîðûíäà¡û åêiíøi ºäiñïåí °­äåóäi­ èçîòåðìèÿëû© åìåñ ôèëü-

òðàöèÿñûíû­ ³ø °ëøåìäi åñåái çåðòòåëåäi. �îéûë¡àí åñåïòi øû¡àðó íåãiçiíäå ñàíäû© àëãîðèòì
©´ðûëäû. �­¡ûìà ò³áiíäåãi ©ûñûì ìåí òåìïåðàòóðà °çãåðiñií çåðòòåó ºäiñi ´ñûíûë¡àí.

�äåáèåòòåð òiçiìi � 6.
Mukimbekov M.Zh., Sherkeshbaeva B.K. On a three�dimensional problem arizing in

working out of oil deposit // Mathematical journal. 2011. Vol. 11. � 2 (40). P. 50 � 57.

Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 2 (40)



Ðåôåðàòòàð � Reviews 97

In this work the three�dimensional problem of nonithotermal �ltration in oil �eld elaboration
by secondary method is considered. Numerical algorithm for solving of this task is o�ered. The is
o�ered the method of research of change bottomhole pressure and temperature.

References � 6.

ÓÄÊ: 004.056.5 2010 MSC: 94A60, 11T71, 14G50
Íûñàíáàåâà Ñ.Å. Ìîäóëÿðëû© àðèôìåòèêà íåãiçiíäåãi àøû© êiëòòi ýëåêòðîíäû

ñàíäû© ©îëòà­áà æ³éåñi // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 2 (40). Á. 58 � 63.
Ïîçèöèÿëû åìåñ ïîëèíîìäû ñàíàó æ³éåñi íåãiçiíäå Ýëü-Ãàìàëü ýëåêòðîíäû ñàíäû© ©îë-

òà­áàñûíû­ ñ³ëáåñií ìîäèôèêàöèÿëàó ´ñûíûëàäû.
�äåáèåòòåð òiçiìi � 11.
Nyssanbayeva C.E. Public-Key Electronic Digital Signature System Based on Modular

Arithmetic // Mathematical journal. 2011. Vol. 11. � 2 (40). P. 58 � 63.
Modi�ñàtion of El�Gamal electronic digital signature scheme on the base of non-positional

polynomial notations is o�ered.
References � 11.

ÓÄÊ: 517.956.223 2010 MSC: 45J05
Ðåïèí Î.À., Òàðàñåíêî À.Â. Åêiíøi ðåòòi æ³êòåëãåí èíòåãðî-äèôôåðåíöèàëäû©

òå­äåó ³øií Ãóðñà æºíå Äàðáó åñåïòåði // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 2
(40). Á. 64 � 72.

À©ûðëû Ω àéìà¡ûíäà åêiíøi ðåòòi °çãåøå èíòåãðî-äèôôåðåíöèàëäû© òå­äåó ³øií, îíû­
ñèïàòòàìàñûìåí æºíå AB êåñiíäiñiìåí: 0 ≤ x ≤ 1 øåêòåëãåí, Ãóðñà åñåái æºíå åêiíøi åñåï
Äàðáó åñåái çåðòòåëãåí.Æ³êòåëãåííi­ ðîëií îðûíäàéòûí Ýðäåéè-Êîáåð îïåðàòîðûíû­ ºðò³ðëi
ìºíäåði ³øií, îñû åñåïòåðäi­ áiðìºíäi øåøiìäiëiãi äºëåëäåíäi.

�äåáèåòòåð òiçiìi � 17.
Repin O.A., Tarasenko A.V. The Goursat and Darboux problems investigated for a

loaded integro-di�erential equation of the second order // Mathematical journal. 2011.
Vol. 11. � 2 (40). P. 64 � 72.

The Goursat and the second Darboux problems for a loaded integro-di�erential equation of
second order in a �nite domain Ω, bounded by its characteristics and the segment AB : 0 ≤ x ≤ 1
are investigated. Unique solvability of these problems has been proved for various values of the
parameters of the operator Erdelyi-Kober acting as its load.

References � 17.

ÓÄÊ: 517.51 2010 MSC: 26D15, 47B37
Òàñïàãàíáåòîâà Æ.À., Òåìiðõàíîâà À.Ì. Ìàòðèöàëû© îïåðàòîðëàðäû­ áið êëàññû-

íû­ øåíåëãåí æºíå êîìïàêòû áîëó êðèòåðèéëåði // Ìàòåìàòèêàëû© æóðíàë. 2011.
Ò. 11. � 2 (40). Á. 73 � 85.

Ñàëìà©òû lp,v êå­iñòiãiíåí ñàëìà©òû lq,u êå­iñòiãiíå ºñåð åòåòií (Af)i :=
i∑

j=1
ai,jfj æºíå

(Af)j :=
∞∑
i=j

ai,jfi, ai,j ≥ 0 ìàòðèöàëû© îïåðàòîðëàðûíû­ 1 < p ≤ q < ∞ áîë¡àí æà¡äàéäà

øåíåëãåí æºíå êîìïàêòû áîëóûíû­ ©àæåòòi æºíå æåòêiëiêòi øàðòòàðû àëûí¡àí.

Ìàòåìàòè÷åñêèé æóðíàë 2011. Òîì 11. � 2 (40)



98 Ðåôåðàòòàð � Reviews

�äåáèåòòåð òiçiìi � 9.
Òàñïàãàíáåòîâà Æ.À., Òåìèðõàíîâà À.Ì. Êðèòåðèè îãðàíè÷åííîñòè è êîìïàêòíîñòè

îäíîãî êëàññà ìàòðè÷íûõ îïåðàòîðîâ // Mathematical journal. 2011. Vol. 11. � 2 (40). P.
73 � 85.

Ïîëó÷åíû êðèòåðèè îãðàíè÷åííîñòè è êîìïàêòíîñòè ìàòðè÷íûõ îïåðàòîðîâ (Af)i :=
i∑

j=1
ai,jfj è (Af)j :=

∞∑
i=j

ai,jfi, ai,j ≥ 0 èç âåñîâîãî ïðîñòðàíñòâà lp,v â âåñîâîå ïðîñòðàíñòâî

lq,u, â ñëó÷àå êîãäà 1 < p ≤ q < ∞.
References � 9.

ÓÄÊ: 517.956 2010 MSC: 35E99, 35K20, 35L50
Òåìèðáîëàò Ñ.Å. Øàðòòû ©èñûíäû åêi °ëøåìäi àêóñòèêà æºíå æûëó ìåí ìàññà

òàñûìàëäàó åñåïòåði // Ìàòåìàòèêàëû© æóðíàë. 2011. Ò. 11. � 2 (40). Á. 86 � 94.
Ôóðüå-Ëàïëàñ èíòåãðàëäû© ò³ðëåíäiðóëåði ìåí í´©ñàíäû ñûçû©òû àëãåáðàëû© òå­äåóëåð

æ³éåñiíi­ øåøiìäåðií òàáó ºäiñòåðiíi­ íåãiçiíäå ©´ðàñòûðûë¡àí æà­à ºäiñ ©îëäàíûëûï øåêà-
ðàëû© åñåïòåð çåðòòåëåäi. Øåêàðàëàëû© øàðòòàð òàëäàíûëûï ©èñûíñûç åñåïòåð ê°ðñåòiëåäi,
îëàðäû­ øàðòòû ©èñûíäûëû¡û äºëåëäåíiï øåøiìäåði æàçûëàäû. Æûëó ìåí ìàññà òàñûìàë-
äàó æºíå àêóñòèêà åñåïòåði øû¡àðûë¡àí.

�äåáèåòòåð òiçiìi � 4.
Temirbolat S.E. Conditionally well-posed two-dimensional acoustics, heat and mass

transfer problems // Mathematical journal. 2011. Vol. 11. � 2 (40). P. 86 � 94.
A new approach to an analysis of boundary value problems is applied, which is based on the

Fourier-Laplace integral transformations and non-classical solutions of a degenerate system of linear
algebraic equations. Ill-posed cases of the statements of the problems are extacted by an analyzing
of boundary condition, then conditionally well-posedness of them is proved. Studying is completed
with �nding solution of the problem. Problems of acoustics, heat and mass transfer are solved.
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