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MOAEJIb INMHAMUWUKNW TOHHEJIA MEJIKOI'O 3AJIO2ZKEHN 1
IIPU JEVICTBUU TPAHCIIOPTHBIX HATPY30K

JI. A. AnEKCEEBA, C. P. T'upHuc, B. H. YKPAUHEI]

Nucruryr Maremaruku MOuH PK
050010 Aymvarer yi. [Tymkuna, 125 alexeeva@math.kz
[TaBnogapckwmit roc. Yuusepcurer uMm. C. Topaiireiposa MOH PK
140008 TTaBmomap yu. Jlomosa, 64, vitnikukr@mail.ru

Ha mozenibHoit 3a/1a4€e 0 J03ByKOBOI HArpy3Ke, paBHOMEPHO JIBUXKYIIEHCS B/I0JIb KPYTOBOM TOHKOCTEHHOI
000JIOYKY B yIIPYTOM MOJIYIIPOCTPAHCTBE, UCCJIEIYETCS BINSHUE JTHEBHOM MOBEPXHOCTH HA HAIIPSXKEHHO-
nedopMUpPOBAHHOE COCTOSIHHE MACCHBA B OKPECTHOCTH IOJKPEIVIEHHOI'O TOHHEJIS MEJIKOTO 3aJI0KEeHHS.
Ha ocHoBe MeTo/1a HEIIOTHOTO pa3/leJIeHUsI TIEPEMEHHBIX U HHTETIPAJIBLHBIX PA3JIOYKEHUH IIOCTPOEHO aHAJ M-
THUYeCKoe pelrneHne 3amadu. Ha ero ocHOBe IpOBEJIEHBI YUC/IEHHBIE YKCIEPUMEHTHI /IS TOHHEJIST MEJIKOT'O
3aJI0yKeHUs] B 3aBHCHUMOCTH OT CKOPOCTH, I€PHUOa JBHXKYIIIENcs B HEM HArpy3Kd U IUVIYOHMHBI 3aJI07Ke-
HUsI. YCTAHOBJIEHO, YTO 3€MHAasl MMOBEPXHOCTH II0 Pa3HOMY BJIUSIET Ha HAIPSKEHHO-Ie(hOPMUPOBAHHOE
COCTOsTHWE TOHHEJISI HETJTyOOKOTO 3aJI0XKEHUsI TP JeWCTBAN JIBUXKYIUAXCS B HEM HArpy30K C PA3HBIMHU
nepuogamu. [Ipu oTHOCUTETEHO GOTBIINX EPUOIAX ITO BIUSHUE TOBOJBHO CYIIIECTBEHHOE, U C YBEJINUIe-
HMEM CKOPOCTH JIBUKEHUs HATPY3KU ycuaupaercsi. C yMeHbIIIEHUEM [TEPUOa HAIPY3KU BJIMSTHUE 3€MHOM
TIOBEPXHOCTU CTAHOBUTCS MEHEe 3aMETHBIM, U IIPU BeCbMa, MaJIbIX IIEPUO/IAX — HEOILY TUMBIM, HE3aBUCUMO
OT CKOPOCTU €€ JIBUKEHMUSI.

WccnenoBanne quHAMUKY TOHHEIEH U TPYyOOIPOBOIOB MEJIKOTO 3aJI02KEHUSI IIPU JAefICTBIUN TPaHC-
IIOPTHBIX Hany30K Ha OCHOBE MaT€MATUYECKUX MOﬂeHeI;,I OTHOCUTCHA K qI/ICHy aKTya.HbHI)IX HpO6.HeM
MEXaHUKHU 1ehopMUpPyeMoro TBepAoro rejia. Kak m3BecTHO, TaKue COOPYrKEHUsI OTHOCITCS K KJIACCY
HauboJIee PaCIpPOCTPAHEHHBIX MOA3EMHBIX KOHCTPYKIIUi, IMIHPOKO HCIOJb3YIOTCS B HAPOIHOM XO-
3siicTBe, IO3TOMY HEOOXOAUMO 3HATH UX IIOBEICHUE IIPHU PA3IUIHBIX JUHAMUYECKUX U CTATHIECKUX
BOS,ZLGI;'ICTBI/IHX JJISA O6eCHequHH nx IMpOYHOCTU N HaJAE?KHOCTHU IIPpU SKCH.HyaTaL[I/II/I.

Ha ocHoBe MeTOIOB MaTeMaTuIecKOro MOJAeINPOBaHns HanboJlee N3y YeHa JUHAMUKA, [TOI3€MHBIX
CcoopyXKeHnit raybokoro 3asoxkenusi. [logpobuast Oubmorpadus Aj1st 3TOro KJiacca 3a71a49 JaHa B MO-
norpacduu [1]. B Heil ke paccMOTpeH MUPOKUIi KJIACC MOJEIBHBIX CTAIIMOHAPHBIX 1 HECTAIIMOHAPHBIX
KPaeBbIX 3aJ1a4 JIJIsl U3yUeHus HanpsizkeHHO-echopmuposantoro cocrosiuus (HJIC) korcTpyKIun u
OKPYKAOIIEro MacCuBa Mpu Iudpakind ceiCMIIECKIX BOJH UJIM BO3JEHCTBUN TPAHCIOPTHBIX Ha-
rpy30K. MHOroBapuaHTHBIE YHCJIEHHbIE SKCIIEPUMEHTRI I pACYETHBIE JIaHHbIe paHee ObLIN IPOBEICHbI
B OCHOBHOM 0€3 yJeTa sIBJIEHUsI [IepPe0TParKeH!sT BOJIH Ha, JIHEBHON IOBEPXHOCTH.

Keywords: elastic semyspace, fine elastic shell, subsonic running loads, Lame’s
2000 Mathematics Subject Classification: 74B10
© JI. A. AnekceeBa, C. P. I'upuuc, B. H. ¥Ykpauner, 2008.



6 JI. A. AnekceeBa, C. P. I'mpuuc, B. H. Ykpauser

B nannoit pabore peraercs Moe/IbHAS 3a[a9a O TO3BYKOBOM HATPY3Ke, PABHOMEPHO JIBUXKYIIIEli-
CsI BJOJIb KPYT'OBOM TOHKOCTEHHON YIPYToil 000JIOYKH B YIIPYIOM IIOJIYIIPOCTPAHCTBE. Y YMTHIBAETCS
Biusinue csobouoii nosepxuoctu Ha HIIC maccuBa n 060s10uky BeaenacTeue 3hdekTa nepeorpazke-
HUsI BOJIH. [IpoBejieHbl YnC/IEeHHBIE SKCIIEPUMEHTHI Ha MOJIEJISIX PeasIbHBIX CpeJl U KOHCTPYKITHI JJTs
Pa3HbIX 3HAYEHUI CKOPOCTH, IIEPUOIA ABUXKYIIENHCS B TOHHE/IE€ HArPY3KU U TJIYOUHBI €r0 3aJI02KEHMUSI.

1. ITocTaHOBKa 3a/a4X B IOJABU>KHOI cCTeMe KOOpJAuHAT. PaccMoTpuM 6ECKOHETHO JI/THH-
HYIO KPYTOBYIO ITMJIMHJIPUIECKYIO TIOJOCTh PauycoM R B JIMHEHHO-YIIPYTOM, OJTHOPOJTHOM U U30TPOTI-
HOM TIOJIYIIPOCTPAHCTBE, MOAKPEIIEHHYIO TOHKOCTEHHON yIpyroi 060s09Koit Tosmuoit hg. B cuty
MaJjiocTu hg OyzaeM mojaraThb, 9T0 000/I09Ka KOHTAKTUPYET C OKPYrKaloIlneil yIpyroi cpemoi BI0Ib
cpenunHol moBepxHocTU. KoHTakT 000s109KM cO cpenoil mpunumaeM kKecTkuM. [lycrh B nekapTo-
BOIl cHCTeMe KOOPJWHAT OCh Z COBITQJAET C OCHIO IMOJIOCTH, MapaJsiiejbHOW CBOOOIHONW OT HATPY30K
IUIOCKO# I'paHmIle MOJyIPOCTPAHCTBA, a OCh T HEPIEHINKY/IIpHA K 9Toi rpanune: r < h, roe h —
paccTosTHUE OT OCH TOJIOCTH JI0 TPAHUIIBI TOJTYIIPOCTPAHCTBA.

B mamnpapjieHnu ocu IIOJIOCTU 10 BHYTPEHHEH IMOBEPXHOCTH ODOJIOUKH C ITOCTOSHHOM J103BYKOBOI
(MeHbIIel, YeM CKOPOCTh BOJIH CJABHUIA B CPeJie) CKOPOCTBIO ¢ JBuKercst Harpyska P = (P, Py, P,).
ITpu sTOM CoCTaBIIAIOINE HHTEHCHBHOCTU HArpy3ku Pj = P;(6, z — ct), T.e. ABJISIIOTCS CTAIMOHAPHDI-
MU B IOJBUKHOH IMUJIUHAPUIECKON CUCTEME KOOPJIMHAT, OCh KOTOPOi 1) = z — ct HAIIpaBJI€Ha BIOJIb
OCH TIOJIOCTH.

Tak Kax paccMaTpUBaeTCs YCTAHOBUBIIHUICS IIPOIECC, TO KApTUHA JiedopMaIuil crarnoHapHa 1o
OTHOIIIEHUIO K JABUXKYIIeics Harpy3ke. [loaTomy yao0HO mepeiiTu K MOABUXKHOM CHCTEME KOODIMHAT
(r,0,m). 3aech paccMaTpUBAIOTCS IEPUOMUECKIE 110 2 C IPOU3BOJILHO 3aBUCUMOCTBIO OT YIJIOBOMH
KOOP/IMHATHI HATPY3KU:

jjj (9777) =Py (9) eifn’ Dj (0) = Z Pnjei’rw? ] = T707777 (1>

n=—oo

e KoncranTa & onpejenser nepuoy, T = 27 /€ neficTByiomeit narpysku. B ciiydae Henepuoamaeckux
Harpy3ok npeobpasopanue @ypbe 10 1) IPUBOIUT K pelaeMoil 3/1ech 3ajade.

st onmcaHus JBUXKEHHUSI HOJIYIPOCTPAHCTBA BOCIOIL3YEMCS JUHAMHYECKAME yPABHEHUSIMU
TeOpUH YUPYTOCTH B IIOJBHXKHON cucTeMe KoopauHar [1]:

1 1 1
<M3 M82> graddivu + Ve Au o (2)
e U — TPEXMEPHBIH BEKTOP CMeIleHust yupyroit cpeast; My, = ¢/cp, My = c¢/cs — ancia Maxa; ¢, =
VAN+2u)/p, ¢s = \/1/p — CKOPOCTH PACIIPOCTPAHEHUST BOJH PACIIUPEHUs] — CXKATUS M CJIBUTA B
cpefie (cs < ¢p); A =2uv/(1—-2v); v, 1, p — coorBercTBeHHO KO3 dunuent [Tyaccona, Momyns ciBura
U IWIOTHOCTD cpeabl. Hucma Maxa (M), < M) xapakTepu3yOT CKOPOCTb JBIZKYIIEHCST HArPY3KH 110
OTHOIIEHWIO K JIBYM 3BYKOBBIM CKOPOCTSIM B ympyroit cpese. Ecmm Mg < 1 — Harpysku J03ByKOBBIE,
M, > 1 — cBepX3ByKOBbI€, JJIsi MEXK3BYKOBBIX (TPAHC3BYKOBBIX) HArpy3ok M, < 1, My > 1. Bnecsb
paccMaTpUBAETCs JTO3BYKOBOM CJIydail, XapaKTepHBIA 11 COBDEMEHHBIX TPAHCIIOPTHBIX HAIPY30K.

Jlnst onmcaHust IBUKEHHsT OOOJIOUKHU IIPUBJIEKAEM NPUOIMKCHHBIC YPABHEHHSA TEOPUU TOHKUX
060J109€K |2], KOTOPBIE B HOJBUXKHOMN CHCTEMEe KOODJIMHAT MMEIOT BUJL:

1 (1 — 1) poc? 82u0,7 1—1y 82u0,7 1 4 v 0%ugg v Qugy _ 1—1 (P — )
2410 on? 2R2 962 2R Ondd R On 2pphg T
1+ 82u0n (1 —1p) poc®\ 0%uog 1 0%ugg 1 Ougr 1—19
1 - 2 2 2 2 :7(P0_q9)7 (3)
2R 0nob 2 1o on R? 00 R? 00 2u0ho
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1y Ou 1 ou h2 11—y 2 9%u U 1—uy
Yo 0n+72 Oe—i-fOAA’LL[)r—’-( O)PD (2)7” 0;:_ D(PT_QT>-
R 877 R? 00 12 2;10 877 R 2/,1,0]7,0
3aech ugy, Ugg, Uor — HEpeMeleHHsl TOYeK CPEeJUHHOM IOBEepXHOCTU OOOJIOUKH; @, =

Ornl—p> 0 = Orol,—p >0 = Oprl,_p — COCTABJISIONINE PEAKIIUH OKPYKaromieil 060I0UKY CPe/pl,
0ij — KOMIIOHEHTLI T€H30pa HaIpsKeHuit B cpene (i, j = 1,0,r); 1o, (o, Po — COOTBETCTBEHHO KO-
durment Ilyaccona, MOMy/Ib cIBUTa U IJIOTHOCTDH MaTepuaJja 000J09KH.
Tak Kak IrpaHHIa IOJIyIPOCTPAHCTBa CBOOOIHA OT HAIPY30K, TO Ipu T = h
Ope = Ogy = Oy = 0. (4)
IIpu KecTKOM KOHTaKTe 000JIOUKU C MACCUBOM, UMEeM
Uj ’r:R = Uogj, J =1, 9,7“, (5)

rjae uj — KOMIOHEHTHI BeKTopa u. C raybmmoil mpu r — oo u — 0, T.e. mepeMenienus B cpeje
3aTyXaloT.

2. Pemtenne 3amaun. Ilorennmasnsr Jlame. [Ipeo6pasyem ypasuenue (3), BbIpasus u 4depes
norennuaist Jlame [3]
u = gradyi + rot (gaey) + rotrot (psey) . (6)

rje e, —opt ocu 7. M3 (3) u (6) cieayer, 9TO HOTEHIMAIBI (j YIOBIETBOPSIOT yPABHEHHIAM:

a .
Ay = M? 7;03 j=1,2,3. (7)

Baecs My = My, My = M3z = Mj, Bce M; < 1, T.XK. paccMaTpUBaeTCs JIO3BYKOBOI ciIydaii. 9To
XapaKTEePHO JI/TsT TPAHCIIOPTHBIX 33184, MTOCKOJIBKY CKOPOCTh 3BYKOBBIX BOJTH B YIIPYTO# cpejie MHOTO
6oJIbIIIe CKOPOCTEH COBPEMEHHBIX TPAHCIIOPTHBIX CPEJICTB.

[Torennuamns! ¢; OyjeM nCKaTh B BuJe IMEPHOITIECKIX (DYHKIHI 110 7):

oy (r,0,m) = @ (r,0) . (8)
[Moxcrasiss (8) B (7), moydum:
Ag®; —miE®; =0, j=1,2,3, (9)

rie Ao — aByMepHbIil onieparop Jlamraca, m? =1- Mj2, mi1 = my, Mo = M3 = M.

Hcnonb3yst 3akoH ['yKa MOYKHO IOJIyYUTh BBIPAYKEHUS W JIJIsl HAIPSYKEHUil 0y, B JIEKAPTOBOM
(I,m = z,y,n) u nmwmHapndeckoii (I,m = r,0,n) cucremax KoopiauHar Kak yHkium or ®;[1].
Taxmv obpasom, ms onpeenenusa kommnonenT HJIC maccuBa myzxHO Haiitn ;.

Tak Kak CKOpPOCTbH JIBUYKEHUS HAIPY3KU MEHbIIe CKOPOCTU PACIPOCTPAHEHUS BOJIH CABUTA B OKPY-
Karoreit 060s104Ky cpejie, 10 My < 1(mg > 0), u pemenusi ypapaenuii (9) MOXKHO HPeJICTABUTDH B

Buje [1]:

;= o) + o2, (10)
rie
(I)g-l) _ Z (lann (k‘j?“) ein07 (I)§2) _ / g (&C) exp (zy( + (l’ — h)m) dg.

Bnecw Ky (kjr) — bynkiun Maxgonanbia, kj = m;&; anj, 9;(§, () — HeusBecTHBIE KOI(DDUIITEHTHI
u PYHKINHU, TOJJICKAIINE ONPEICICHUIO.
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8 JI. A. AnekceeBa, C. P. I'mpuuc, B. H. Ykpauser

Kaxk nokazano B [1], npejcrasienue norernuasnos B popme (10) IPUBOIUT K CIIEYIONIUM BbIpa-
JKEHUAM JIJIsI TOTEHIINAIOB B JIEKAPTOBOI cHCTeMe KOOp/IMHAT:

o0

e i & AT
<I>j:/ 2fj D ani®u; + g5(€, Q)M e, (11)

s n=—00

N
TIae f] :1/C2+k2]2, <I>n] = <C;;fj> ’j: 1,2,3.

Bocnosnb3yemest rpanundabivMu yesoBusiMu (4), ¢ yuérom (11). Boeugensiss koaddunuenTsr npu
exp(iy§) u npupaBHUBAsL, B CUJLy IPOU3BOJILHOCTH Y, UX HYJIO, IOJYIUM CUCTEMY TPEX yDaBHEHWIA,
13 KOTOpOii BeipazkaeM ¢;(&, () depes Ko3bMUIMEHTDI Gy

3 A* o]
ZAjj 7hfk Z ankPnr. (12)
n=-—oco

k=1

Buy onpenenurens A, 1 ajiredpanvdecKuX JIOMOTHEHUN A;fk oupezenén B [1]. Tam ke nokasaHo,
qro A, — onpeaenanTeib Pajies, KOTOpbIid He 00pallaeTcst B HOJIb, €CJIN CKOPOCTh OeryIieil Harpysku
MEHBIIIE CKOPOCTH CR P3JIEEBCKOI BOJIHBI B IIOJIYIIPOCTPAHCTBE. B 3TOM ciiydyae Bce HOALIHTErpa/ib-
uele Gysxiuy B (10) HEIpepbIBHBI U JOCTATOYHO OBICTPO CTPEMSTCS K HYJIIO HA OECKOHETHOCTH.
ITosToMy MHTErpabl CYIIECTBYIOT U YIOBJIETBOPSIOT YCIOBUSAM 3aTyXaHus Ha OecKoHedyHocTH. Jljist
BuruKcsIeHnii naTerpasos (11) MOXKHO BOCHOJIB30BATHCSI OJIHUM M3 YUCIEHHBIX METOJOB MHTEIPUPO-
BaHHs, IPeJIBAPUTEILHO OIPEJeTUB KOI(DPUIUCHTEL Gy j.

st iopasieeBCKO CKOPOCTH JIBHKYIIElicsi HArpy3Ku cooTHorrenus (11) nepernuriyrcest B Bujie:

o0 3

et & (e—h)f; N Dk o hf iyC
@jz/ o7 By +eOTE Y e Z @ | €V dC.
VAN J p=—oco k=1 * n=-—oo
=S .
Bocnionmszosasmmcs pasnoxennem exp(ikrcosd) = > i"J, (kr) e npeacrasum (10), nc-
n=-—o0o
noJb3yst (12), B MUJIMHAPUYIECKOll crCTeMe KOOD/IMHAT:
oo
©;= Y (anjKn(kjr) + bojLn(kjr))e™,
n=-—o00
rae
boj =D D ampAnf, A= [ R de MU,
k=1 m=—o0 *

—00
In (o), In(...) — mumuapudeckne dynknun Beccesst eficTBUTENHHOIO U MHIMOTO apryMEHTA.
[Toncrapiidas HaiileHHbIe JJIs IIOT€HIMAJI0OB COOTHOIIEHUS B BLIPAXKEHUS JJIS U; U Oy, B JeKap-
TOBBIX U1 L[I/IHI/IHJIpI/ILIeCKI/IX KOOpILI/IHaTaX, HOJIyLH/IM HOBbBIE B]E)Ipa}KeHI/IH7 I'Jie HEU3BCCTHBIMU 6yﬂyT
TOJIBKO KO3(DPUIUEHTHI ay;. I olpejesienns IOCIeIHUX CJIeLyeT BOCIOIb30BATHC IPAHNIHLIME
ycaoBusimu (5). B ycraHOBHBIIEMCSI COCTOSIHUM JIJIsI [IepEMEIeHU TOYeK CPEeJMHHO TOBEPXHOCTH
06oJtouKY TIpu JieficTBur HArpy3ku (1), mveem:

Uag (0777) = UO] (9) €i£n> UO] (0) = Z uonjeineaj =T, 0777 (13)

n—=-—0oo

[Mogcrasnss (1) u (13) B ypaBHenus (3), JJis n-10 4IeHA PA3JIOKEHUST TOJLY TUM:

2 .
E1U0ny + Vo2n&otons — 2i10&0uonr = Go (Pran — @nn) »
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Mosesib MUHaAMUKE TOHHE ST MEJIKOTO 3aJI0KEeHUs [IPH JIeHCTBUH TPAHCIOPTHBIX HATPY30K 9

c. Mt 4n n i 2 w4 vk

200 0.71 0.47 0.16 0,020 0,000 | 0,000
400 0.76 0.54 0,20 0,026 0,001 0,000
600 0.86 0.73 0,31 0,048 0,002 0,000

800 1.12 1.67 1.16 0.185 0.011 0.000

Tab6.1: Haubosbiune nporudbl 3eMHON TTOBEPXHOCTH

Vo2n€oUony + E3Uone — 2intonr = Go (Prg — qnes) (14)

2iVO§0u0nn + 2inugpg + EQ%UOTLT =G (Pn'r - Qm") )

2 2 2 2 2 2 2 2 2 2 2772 2 2 2
Tie €1 = af — €p, €5 = By — €5, €3 = 5 — €0y €0 = vo1§5 My, S0 = ER, af = 265 + voin”, & = ER,
2 _ 2 2 2 2 (¢2 2)2 _ _ _ _
A5 = vonég + 2% 5 = X (G +n°)" +2, v = 1w, v2 = L+wo, Moo = 5, e = /50,
2 _ N3 G = vo1 R2 . _ _ _ _
X" =GRz U0 = T he oy PR T = R qn, = (Urn)naQnG = (070)ns Anr = (Trr)n-
Paspemast (14) orHOCHTEIHHO U0ng > Uonn> Uonr, HAXOIMM:
3 3 3
Uony Z Onj Uono do; Uonr Orj
Zonn_ Mp g :Z—P<— . - TIP g, 15
Go £ o ( nj an)a Go - 5, ( nj an)a Go - o, ( nj an) (15)
J= j= j=

Baech 0, = (e18983) — (£1&1)? — (€262)? + 2616283, 01 = (e263) — &3, 0y = &1&2 — E363, 0pg =
(€38 — &1&3), dg1 = 02, Ogo = (e183)% — &3, dgs = i(e3& — &2&3), Op1 = —Oy3, Opo = —Op3, Or3 =
(e182)? — §§, &1 = 2n, & = 2véo, §3 = vp28on; aua Py u q,j ungekc j = 1 cooTBeTCTBYeT MHICKCY
n,j=2—0,aj=3-r.

Honcrasmss (15) B (5) u npupasnubas kosbdurments psaios Oypoe-Beccens npu e | moryaum
OECKOHEUHYIO CHCTEMY JIMHEHHBIX aiare0pamdecKuxX ypaBHEHUl JJis onpeneaeHus Ko3(ppUIueHToB
@y j, KOTOPast IMeeT eIMHCTBEHHOE DellleHne, ecan eé onpenentenab A(E, ¢) He pasen Hymmo. [Tocres-
Hee BBIIOJIHIETCS IPU JOP3JICEBCKAX CKOPOCTIX JAEHCTBYIOMIEH HArpy3KH. PelleHue 3TOH CHCTEMbI
CTPOHJIOCH C HCIIOJIB30BAHIEM METOJIa [OCIEI0BATE/IBHBIX OTpaykenuit (eM.[1]).

3. Yucnennbie skcrnepuMeHThI. VccienyeM BimsiHue 36MHOI MOBEPXHOCTH HA HAIPSIKEHHO-
JTepOPMHUPOBAHHOE COCTOSTHME MACCUBA B OKPECTHOCTH TOMKPEIIEHHOTO TOHKOCTEHHOM 00meTKOM
TOHHEJISI, B 3aBUCUMOCTU OT CKOPOCTH ¢ u mepuoga 1 = 27/ Geryieil B HEM HOPMAaJIbHON Oce-
CUMMETPUIHON HATPY3KH C aMILIATyn0# P4, OKa3bIBAIOIIEl TaBIeHNE Ha TOBEPXHOCTH OOJETKN B
objiacTu HadaJia MOJBUXKHON CHCTEMBI KOODJAWHAT. B KadecTBe mpuMepa pacCMOTPUM TOHHENb pa-
mycom R = 1w, mpoxoaamuii B Maccuse ajesposmura (A = 1,688 - 103MIla, pu = 2,532 - 103MIla,
p=2,5-10%kr/M, ¢, = 1006,4m/c, cg = 917 M/c) Ha ruyGune h = 2R, moAKpeILIéH bl GeTOHHOI
obaenxoit (hg = 0,02m, vy = 0,2, po = 12,1 - 10°Ta, po = 2,5 - 103kr/n?).

B rabsune 1 npuBe/ieHbl YHCIIOBBIE 3HAYEHHsI HAMOOJIBIIMX NMPOrMOOB uk = ugu/Ps 3emuoit
HOBEPXHOCTH (MaKCHMAaJbHbIE AMIUIATY/ bl KOJIEOAHNI 36MHOI TOBEPXHOCTH B BEPTUKAJIBHON IJIOC-
KOCTH), B 3aBUCUMOCTH OT CKODOCTH C JIBUKeHUsI HArpy3ku u eé mepuoga 1. CoriacHO JIaHHBIM
TabJIUIbI Ha PHUC. 1 TOCTPOEHBI KPUBBIE, TIOKA3BIBAIOIINE 3aBUCHMOCTh MAKCUMAJIBHBIX aMILTHTY/T U,
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Komm. 8, rpan.
HIC 0 30 60 90 120 150 180
w | 1869 | 1510 | 0815 | 0335 | 0213 | 0298 | 0,358
2 | o | 0831 | 1346 | 2028 | 20 | 1425 | 0780 | 0.515
Op | -1500 | -1312 | -0942 | -0.654 | -0.537 | -0.538 | -0.554

T'h| hR

31 o 0444 | 0444 | 0444 | 0444 | 0444 | 0444 | 0444
w1 ae 0776 | 0776 | 0776 | 0776 | 0776 | 0776 | 0,776

Gm: -0.538 | -0.538 | -0538 | -0,538 | -053§ | -0,538 | -0538

2 0, 0174 | 0173 | 0173 | 0173 | 0,173 | 0173 | 0.173

Gog -0.014 | -0.014 | -0,014 | -0,014 | -0,014 | -0,014 | -0,014

04 gm: -1.043 | -1.042 | -1.040 | -1,040 | -1,040 | -1,040 | -1.040

»>] e 0173 | 0173 | 0173 | 0173 | 0,173 | 0173 | 0.173
Cag. -0014 | -0.014 | -0014 | -0.014 | -0014 | -0.014 | -0.014
' -1,040 | -1.040 | -1.040 | -1,040 | -1,040 | -1.040 | -1,040

Tab6.2: HIIC koHTypa HOIepevYHOro CeYeHusl TOHHEJIsI

KoJIeDAHUN 3eMHON TTOBEPXHOCTU B BEPTUKAJIBHON IJIOCKOCTH OT mepuojia 1’ mpu pa3HbIX CKOPOCTAX
narpysku. Kpusas 1 coorsercryer ¢ = 200 m/c, 2 - ¢ = 400 m/c, 3 - ¢ = 600 m/c, 4 - ¢ = 800
M/c. VI3 ananmsa pe3ysbraToB ciejyer, uro npu dpukcupoBanHoM 1’ u3 unTepBana w/4 < T < 47
yYBeJINUEHNE CKOPOCTU IPHUBOJMT K BO3PACTAHWIO MpOruboB. B To ke Bpemst jist j1r000# CKOpOCTH
JIBUPKEHUsI HAIPY3KHU C YMEHBIIIEHHEM [ePUoia MPOrubbl CTAHOBSATCS MEHBINEe (MCKIIIOYeHe HabIIo-
Jaercst Tosibko 1pu ¢ > 800m/c u 2 < T < 4w), mupu T' = w/4 m (T//h = 0,4), oHE HPAKTHYECKH
paBubl Hysi0. To 2Ke camoe, KaK HOKA3bIBAIOT PACYETHI, IPOUCXOIUT U C JAPYIMMH KOMIIOHEHTAMHI
HJIC 3emuoit moBepxHOCTH. B 3TOM Cilydae 3eMHAasi MOBEPXHOCTb HE OKA3bIBAET CYIIECTBEHHOTO BJIU-
sunst na H/IC maccuBa n Takoil TOHHETH MOYKHO PACCMATPUBATD KAK TOHHEb TIIYOOKOTO 3a7I02KEHUST
(3aryGJIeHHBIH TOHHEJIb), YTO XOPOIIO BUIHO M3 TabJIUIBI 2, TJe TPUBEJIEHBI PE3YJIbTAThl PACIETOB
HJIC koHTypa 1oliepedHoro cevdeHust jJanHoro u 3aruyosiaensoro (h/R >> 1) Touueseil B KOO/ u-
HaTHOI miockoctu xy, npu T'/h = 3, T'/h = 0,4 u ¢ = 800 m/c. B Tabsuie npuHSTH CIIeyIONIIe
obosnavenust: uy = uppr/Pa (M), 07 = 045/ Pa.

[Tpu nanbueiimem ymenbiierun nepuoga (T'/h < 0,4), Kak MOKa3aJu MPOBEJEHHBIE JJIS Pa3-
HBIX CKOPOCTEH JIBMKCHUS HATPY3KH PACUYETBHI, OT 3€MHON TOBEPXHOCTH HAYMHAET 00PA30BBIBATLCS
y2Ke Ilesiast 00JIaCTh MACCUBa C HYJIEBLIMH KOMIIOHEHTAaMM, KOTOpas IPHU JOCTATOYHO MAJIOM IIEPUO-
J1e OXBaTbIBa€T BeCb MaCCUB, 3a NUCKJIIOYCHHUEM He60.HleOI7I TOJIIIIUHBI CJIOA BOKPYT TOHHEJIA. TaKI/IM
00pa30oM, 3eMHasI TOBEPXHOCTH OKa3bIBAET HeonHakoBoe Biausune Ha HJIC Tonmesns merimybokoro 3a-
JIOXKEHHUSI [IPH JICHCTBUH JIBUKYIIIAXCA HAIPY30K € pa3HbIMU Ieprogamu. IIpu oTHOCHTE/IEHO OOJIBITIX
[IepUo/IaX 3TO BJIMSIHUE JTOBOJIBHO CYIIECTBEHHOE, U C YBEJIMYEHHEM CKOPOCTH IBUXKEHHUSI HATPY3KU
yeunmuBaercd. C yMeHbITeHNEeM [IePHOJIa HArPy3KU BJIMAHIE 3€MHON ITOBEPXHOCTU CTAHOBHUTCSI MEHEe
3aMETHBIM, U IIPU BECbMa MaJIbIX IIepuogax - HeOH_LyTI/IMbHVI7 HE3aBHUCHUMO OT CKOPOCTH eé JBUZKCHUA.
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Mogeb uHaMUKH TOHHE ST MEJIKOTO 3aJI02KEeHUS MTPY JIEHCTBUU TPAHCIOPTHBIX HATPY30K 11

Uy
14 — |
10 ad
% N\

aha 1 2z —'-——=..—-=:=..a= b,
| ﬁ%"“"'ﬁ. \\ T
I B e

3p 2p p p2  pd B

dp

Puc. 1: MakcumasibHble aMILIATYIbI KOJI€0aHNIT 3eMHOM TOBEPXHOCTH B BEPTUKAJIBLHON IJIOCKOCTH
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ABYXCTOPOHHUE OIEHKU IJIdd PEIIEHU OHOT'O
KJIACCA HEJIMHENMHBIX PASHOCTHBIX YPABHEHUII
BTOPOI'O ITIOPAJIKA

A. 3. AIUMATAMBETOBA, P. OITHAPOB

Espasuniickunit Harmonabublit yuusepcuter um JI.H.I'ymuiesa
010080 Acrana yiu. 2Kybanosa, 7 ainash 777@Qmail.ru
010080 Acrana yn. MywnaiitmacoBa, 5 o _ryskul@mail.ru

st perieHuit HEIMHEHHOTO PA3HOCTHOTO YPABHEHHUS BTOPOIO MOPSJIKA ITOJIYYEHBI JIByXCTOPOHHUE OICH-
KU, Ha OCHOBE KOTOPBIX JlaHO IIpeJieIbHOe IOBeJeHHe BCeX PelleHn.

1. Beegenmne. PaccMmoTpum HesmHeiiHOe pa3HOCTHOE ypaBHEHUE BTOPOIO HOPSIKa
2 2
Aay | Az P77 Azxy) = bygr|zp [P “2p41,k € Z, (1)

e Axg = Tpp1 — Tk, 1 < p < o0, {ag} ={ag : k € Z},{bp} = {bx : k € Z} — nonoxuresbubie
HOCTIEeIOBATEILHOCTH IHCeJI, / — MHOYKECTBO IEeJIBbIX YHCE.
ITpu p = 2 ypasaenue (1) craHOBUTCS JIMHEHHBIM PA3HOCTHBIM yPaBHEHHEM BTOPOI'O IIOPSIJIKA:

A(akA:Ek) = bk—&—ll‘k—kla keZ. (2)

B mocsiejiHue T0Jbl MHTEHCUBHO HCCJIEJLyeTCsl KadeCTBEHHOE II0BEJIEHNE DelleHuil ypaBHeHWi
(1),(2) (cm., nanpumep [1-6] u npuBeeHHbIE TAM CCHLIKH).

B pabore 6] Bce nenysieBble perenus: ypasaerust (1) pasduThbl Ha KJIACCHL 110 CBOHCTBY MOHOTOH-
HOCTH. A MMeHHO, ec M COBOKYIHOCTDL BCEX HEHYJIEBBIX pelenuii ypasHenus (1), To mMeer MecTo
pasyIoKeHHe:

M=M1{Jlmr{Jra (M, (3)

npuveM Bee Kiaccehl pasbuenust (3) Herycrble, rie

M 1= {{zx} : Az, > 0,Vk € Z},

I M 1= {{xr}:3In, € Z, Az, <0 npu k < ng, Axg, <0 npu k =n, u Azg > 0 upu k > ny},
TM |={{xr}:3In, € Z, Az, >0 npu k < ng, Axp > 0upu k =n, u Az <0 npu k > n,},
M |={{zk} : Az < 0,Vk € Z}.

Keywords: nonlinear difference equation, nonoscillatory solutions, monotone solutions, extremal solutions, limit
behavior
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JIByXCTOpOHHUE OIEHKY HEJIMHEHHBIX PA3HOCTHBIX YPABHEHUI BTOPOTO HMOPSIKA 13

O6oznauum uepe3 T M — MHOKECTBO BCeX TIOJIOKUTENbHBIX perenuil ypasuenus (1). ITokaskem,
gyro TMO\TM |=0, T MO | M1="M[1#0, T MOAM |="M |#0u TMNO\M 1= TM 1#0.
U3 ypasuenus (1) mmeem:

W1 | A1 [P A1 = a] Az P2 Azy, + bt [Tpg1 [P @41 (4)
—ak_1|A:ck_1|p72Aa:k_1 = —ak|Axk|p72Aa:k + bk|xk|p72xk. (5)

U3 (4) BeiTekaer, uro, ecaun xx > 0, Az, > 0 wm x < 0, Az, < 0 npu k = kg € Z, 10 3110
COOTHOIIIEHUSI COXPAHSIIOTCsI IpU Beex k > ko, a us (5) caexyer, uro, eciam xp > 0, Axy < 0 win
Tk <0, Az > 0 npu k = kg € Z, To 9T COOTHOIIEHNsT COXpaHsoTcs mpu Beex k < kg. [Toaromy
TMO T M |=0,mre. BoMuOKecTBe | M | Her nosoxkurebubix pemennii. Tak kak | M = — T M |
B CHJIy OJIHOPOJHOCTH ypaBHeHust (1), To B MHOXKecTBe | M | HeT OTpHIATEbHBIX DEIIeHHil, T.e.
tM [1# 0. B Teopeme 1 pabors [1| nokaszano, uro ypasnenue (1) umeer pemenue {zy} Taxkoe, 4To
x> 0, Az, < 0 upu k > 1. Torna us BhIIeCKa3aHHOIO ciexyer, 9o xx > 0, Axp < 0 mpu Bcex
k€ Z re. ™M |# (. Tlpumensis MeTOJBI JOKa3aTeIbCTBA TeopeMbl 1 paboTbl |1], jierko MoxkHO
JIOKa3aTh CyIIeCTBOBaHME pelleHust {xy} ypasHeHus takoe, uro xy > 0, Axy > 0 upu k < 1, Torga
JIst 3TOTO pellenns Bbinosngercsa Ty > 0, Axy > 0 upu Beex k € Z, T.e. "M 1 .

Takum obpazom, TM =TM 1 JTM || ™M |].

OCHOBHOII 1IEJIBIO HACTOAIIEH PADOTHI SIBJISETCSI TIOJIYI€HUE JBYXCTOPOHHEN OIEHKH JIJIsT PEIICHUST
{21} € *M u ero xBasu-pasnoctn {up = ap|Azy|P2Ar.}, 1 HA OCHOBE STHX OINEHOK H3ydCHHE
[IPEJIEIBHOTO TIOBEJICHUST STUX [T0CJIeI0BATEbHOCTEN].

Hanomunm [4], aro pemenue {x;} € TM Bospacramoimee B OKPeCTHOCTH +00 Ha3bIBAETCS pe-

ryssipHo BozpacraomuM (regularly increasing), ecim lim zp = +o0, 0 < lim u, < 00; cuiIbHO
k—+o00 k——4o0

BogpacraiomumM (strongly increasing), eciu klim T = klim up = +oo. Pemenne {z} € TM
——400 — 400

yObIBatoIee B OKPECTHOCTU +00 HA3BIBAETCsI Pery/isipHo paspymmatormum (regularly decaying), ecim

lim z; =0,—c0 < lim wuy < 0, cunbro paspymaromum (strongly decaying), ecsin
k——+oo k—+o00

lim wu; = lim z = 0. CuubHO Bo3pacTarolue, CUIbHO pa3pyliatoliye periennst ypasaerns: (1)
k—-+o00 k—-+o00
Ha3bIBAIOTCS SKCTPEMAJIBHBIMI PENTeHUSIMU.
CrpykTypa crarbu cienytorasi. B myakTe 2 chopMyIMpoBaHbl OCHOBHBIE PE3YJIBTATHI, & B IIYHKTE
3 IIPUBENIEHBI UX JOKA3aTEIbCTBA.
2. OcHOBHbIE PE3YJILTATHI.

st m < kg m10JI02KUM:

1—

s p s
— o . 1—]2/
= inf Z a + Z by,
Pk m+1<s<ko " ’
n=m+1 k=m+1

s s 1—p/ p—1

— . 1—p/

= inf Z a, P+ g b
¢m’k0 m<s<ko n ki1 ’
n=m k=m
1 1 _
e + o= 1.
B cayqae ko = +00 monaraeM @, 1o = O Y yoo = Upy- it m > ko onpenenum
m—1 l=p 1
+ . 1—p/
= inf E a + Z b
gpm’ko ko<s<m—1 k i
k=s k=s
m m 1—p/ p—1
+ : 1—p/
= inf Z a + Z b

¢m,k0 ko <s<m k k

k=s k=s

MATEMATUYECKUN YKYPHAJI 2008. Tom 8. Ne' 8 (29)



14 A. 3. Aymmmaramberosa, P. Oiinapos

IIpu kg = —oc momaraem QO;; —o0 = 907—;7 m, oo = djm

Teopema 1. [Tycmo {x} € TM |. Tozda das 1106020 m € Z umerom Mecmo oyenKu:

Al (o R s L e L
LTm+1

bis1¥ > In > b1 (g)

Um+1

Teopema 2. [Tycmo {x} € TM 1. Tozda das 1106020 m € Z umerom Mecmo ouenKu:

o /I xT +1 ! _
ap P (o)) 2 I = > P ()]

m
Tm

U 1 _
bW g > I = > b () 7

m

(9)

Teopema 3. I[Tycmov {x} € "M |1 u ko € Z maxoti, wmo Axy < 0 npuk < ko u Axy, > 0 npu

k > ko. Toeda daa m < kg umerom mecmo ouenku:

1—p _ /1 xr 1—p/ _ 1—p!
am p (Spm,ko)p 2 h’l Kn—:—l 2 am P (wm,ko) P )

um 1

> bm—&—l(@;%ko)i )

Om41Up 415, = I

Um+1

a das m > ko cnpasedauco:

1—p'/ + /1 Tm+1 1—p' + 1—p/
am P (me,ko )p Z ln T 2 a’m P (¢m’k0) P )
m

Um+1

1
bm+1¢;§+1,k0 > In > bm+1(<P;Ll,k0) .

m

(10)

(11)

(12)

(13)

U3 Teopem 1-3 Jlerko HOJMy4uTh Tpejie/ibHOE MoBejenue pemennit {xy} € *M upu k — —oo
u npu k — 4o00. Himke oxapakTepu3oBaHbI IIPeJIEJIbI klim xr = du lim ug = ¢, a upeeb

—-+00 k—+o00
nocsiegoBaresnbuocreit {z} u {ug} npu k — —oo xapakrepusyeM aHAJOIHYHBIM 00PA30M.

TeopeMa 4. ITyemo {x} € TM |. Ecau npu nexomopom k € Z

a)Za Y () =00, 3 buga(pm) = o0,

m=k
mo coomsemcmseHHo lim zp =0, lim wu; =0;
k——+o0 k——+o0
SR '—1 S - 1
b) Z am (@m)p < 00, Z berl(wm—&—l) < 00,
m=k m=k
mo coomsemcmeenno lim xp =d >0, lim wug =c<O0.
k——+o0 k—-+o00

TeopeMa 5. [lyemov {x} € +M T. Ecau npu nexomopom k € Z
a) Z am ” () = o0, Z b1 (i) ™! = o0,

mo coomeemcmeeHHO lim mk = oo7 lim wup = ooy
k—+o00 k—+o0
S~ 1P (P -1 5 +
b) Z am, (Spm)p < 00, Z bm+1wm < 00,
m=k . m=k )
mo coomeemcmeenno lim xp =d < oo, lim up =c < oo.
k——+o0 k——+o0

MATEMATUYECKUN KYPHAJI 2008. Tom 8. Ne' 8 (29)



JIByXCTOpOHHUE OIEHKY HEJIMHEHHBIX PA3HOCTHBIX YPABHEHUI BTOPOTO HMOPSIKA 15

+

+ ot +
3ameuanue. Eciu B yTBepXKIEHNU TeOpPeMBI O BBIpayKeHHe ¢, .7 3aMeHUM Ha g0m7k0,1/1m7k0

COOTBETCTBEHHO, TO MOJIyYMM XapakTepusanuto pemenuii {xy} € T M |1 npu k — +oo.

U3 Teopem 4 u 5 cyieyer, 9To yTBEPXKIACHUS a) B 000UX CIydasiX JAIOT JOCTATOYHBIE YCJIOBHST
CYIIECTBOBAHUSI SKCTPEMAJIbHBIX pertennii ypasaenus (1), a UMEHHO, yTBepXK/IeHHe a) TeopeMbl 4 —
CHUJIBHO PA3PYIIAIOIIETO DENIEHNs] U YTBEPKIEHHE a) TEOPEMbI 5 — CUJILHO BO3PACTAIONIETO DEIIeHNs]
ypasuenusi (1). Eciu BbinosHsieTcsi IepBoe yeJIoBUe U3 a) U BTOPOE YCJIOBUE U3 B) TeOpeMbl 4, TO
pemenne {xr} € TM | perynspHO paspyliaoiiee, a ec/u BBIIOJHSAETCs TIepBOe YCJIOBUE U3 a) U
BTOpOE yCJIOBUE U3 B) TeopeMbl 5, To permenne {x;} € TM | perynspHo BozpacTalolee.

3. JJoka3aTeJbCTBO OCHOBHBIX TEOPEM.

[TpeaBapuTeIbLHO JOKaXKeM HECKOJIBKO JIEMM, MMEIOIIMX CaMOCTOATEILHOe 3HAYCHHE.

JIemma 1. ITyemo {1} — pewenue ypasnwenus (1) maxoe, wmo xj > 0, Azy < 0 npu
k < ko < +o00. Toeda oasn aobux m < kg

', — /_ |ACE |
ap” (@m,ko)p b> TZ’ (14)
A
Bl o)™ (19
|| o

Hoxka3zarenscrsBo. IIycrs pemenne {zy} yaosierBopsier yciaosuio jgemmbl 1. Cymmupyst ypas-
uerne (1) or m o n — 1 < kg, noay<nm

n—1
an‘A$n|p72Amn - am|Axm’p72Axm = Z bk+1‘xk+1‘p717 (16)
k=m
mwin ¢ yaetom Az, < 0u Az, <0
n
am|Axm’p_1 = an|Axn|p_1 + Z bk|xk”p_1' (17)
k=m+1

[Tycts kg > s > n > m+ 1. YMuoxast 06e yactu (17) Ha a}fp/ u cymmupys nmo n ot m—+ 1 jio s,

a 3aTeM IIPUMEHsIsT HEPABEeHCTBO [ebepa, mmeem:

S

S S n
U | AT [P Z al P = Z a2 7P| Az, Pt + Z al=? Z bl Pt <

n=m+1 n=m+1 n=m-1 k=m+1
1 1 1 1
S ) S Y S S ) S I’y
— o/
(2 ) (3 aer) ¢ Y @ (X n) (3 wmr) <
n=m-+1 n=m-+1 n=m-+1 k=m+1 k=m+1
s s p s % s ﬁ
1—p' 1—p!
<UD a0 D a ™ Y b | D (arlAwkl? + byla?)
n=m-+1 n=m-+1 k=m+1 k=m+1
Orkyna
/7
s 1-p s p s
/ 1—p'
al | Az |P < Y oar + ) by D (ak|Axgl? + byl ). (18)
n=m-+1 k=m+1 k=m+1

MATEMATUYECKUN YKYPHAJI 2008. Tom 8. Ne' 8 (29)



16 A. 3. Aymmmaramberosa, P. Oiinapos

Teneps ypasuenue (1) yMHOXKUM Ha Tjy1 ¥ IpocyMMupyeM 1o k ot m 1o s — 1. Torna

s—1 s—1 s—1
> arn| Az PP Avp e — Y ap|Ang PP Azprgy = Y beplerl? (19)
k=m k=m k=m
nJjan
s s—1 s
Z ap| Az [P Azywy, — Z ag| Az P2 Az zyg = Z bz,
k=m+1 k=m k=m+1
s
as’A:Us ’p_2A5sts - am’Axm‘p_QAxmxm+l = Z (ak|A~7f'k|p + bk’xk”p)

k=m+1

Tak kak Azsts < 0 n Az, < 0, TO U3 TOC/IEIHETO PABEHCTBA UMEEM:
S
U | Az [P 1 > Z (ak| Azk|P + br|zk|P). (20)
k=m+1

U3 (18) u (20) caenyer:

S l—p S
et < anisenl e | 35 07) 4 3

n=m+1

nJjim

| Az, u o 2
<l ( Z a}z_p/) + Z b

k=m+1
Tak Kak s He 3aBHCHT OT M, TO U3 IOCJIEHEr0 HepaBeHcTBa nosmyanm (14). 13 (14) Berrekaer:

Tm+1 1, -
m Z Oy (Sﬁm,ko)

1—p/
Bosseng 06e qacTit 9TOr0 HEPABEHCTBA B CTEIEHD P — 1 U YMHOYKAsI Oy IeHHOE HEPABEHCTBO HA
bm+1, UMeeM:
-1
bm—&—l‘xm—s—l‘p
U | ALy [P

> b1 (0 )

Otrkysa B cuity ypaBHenus (1)

A | Az P2 A2,,)

A | Ay, [P1

-1

> bmt1 (‘P;Z,ko)

Tax Kak KBa3U-PAZHOCTD Uy, = G| A2, [P 2Az,, < 0 1 He y6bIBaET, TO
At = U1 — Um = [Um| = [umt1] = [[ums1| = [um|| = [Alun|| -

Cuie/loBaTe/IbHO, TI0CJIE/IHEE HEPABEHCTBO ecTh oleHKa (15). Jlemma 1 jokasaHa.

JIemma 2. ITycmo {1} — pewenue ypasnenus (1) maxoe, wmo xp > 0, Az < 0 npu
k < ko < +00. Tozda das ecex m < kg

A.me ) _ o
B2l 5 oot (g, )17 (21)

T m

MATEMATUYECKUN KYPHAJI 2008. Tom 8. Ne' 8 (29)



JIByXCTOpOHHUE OIEHKY HEJIMHEHHBIX PA3HOCTHBIX YPABHEHUI BTOPOTO HMOPSIKA 17

Au,,

U1

< b1V k- (22)

HokazaresabcTBo. [lycts m < n < k. [Ipumensis nepasenctso l'esibiiepa, mmeem:

1 1
n n n A n P
T = Z(l“z = Tit1) + Tp = Z |AZ;| + 2pt1 < (Z a; ? ) (Z ai|A$i|p) +Tpp1. (23)

i=m i=m i=m i=m

YmuokuM 06e actu (23) Ha byy1 W IPOCYMMHDYEM IO 1 OT M JI0 § < kg, a 3aTe€M IPUMEHUM
HepaBeHCTBO [enpaepa:

s s n . i n % s
re > b <3 b (z) (zam\p> +(zbn+1xn+l)g
n=m n=m i=m n=m

i=m
1 1 1
s s N7 s P s o s »
<3 b (z) (zal-mxm) +(zbn+1) (zbnﬂmﬂw) <
n=m i=m i=m n=m n=m
1

s Pos s v s %
1—p/
>~ n—+ i P n+1 7 7 i+1|Li+1 .
< (E b 1) g a + E b [(g (ai| Azi|P + bip1|z \p>]

i=m
Orkyna
s s 1-p' Pt s
<Y e+ (Z an) > (@il Azl + by |wi ). (24)
i=m n=m =m

B (19) samenss s — 1 na s, nmeeM:

s
CLs+1|ACEs+1|p_2ACCSJr1$s+l - am|A$m|p_2A$mxm = Z (ak‘Aka) + bk+1|xk+1|p)'
k=m
Otkyna, B ey Azgp1Zs41 < 01 Az, <0

S
A | Az [Py, > Z(ak\Apr + b1 |z |P). (25)

k=m

Us (24) u (25) mveem:

s s 1-p
b < am|Axm|p71:cm Z ail_p/ + <Z bn+1>

i=m n=m

1 p—1

njam
-1

S AN
1-p/ 1-p’ Lm
[ (Z bn+1> )
=m n=m
OTkyza, B cuily He3aBHCHMOCTH § OT n caemyer (21). B (21) zamensss m wa m + 1, nmeem

b1 | T [P
Amy1|Azmyr P71 T

bm+1 QJZ);’L-i-l,k’o .
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18 A. 3. Aymmmaramberosa, P. Oiinapos

Tax KaK b1 |Tmi1[P™! = Alam|Azm|P 2A2,,) = Ay, TO U3 TOCTEIHETO COOTHOMICHNS CJle-
ayer (22). Jlemma 2 jokaszana.

JIemma 3. ITyemo {z} — pewenue ypasnernus (1) maxoe, wmo x> 0, Az > 0 npu
k> ko > —oco. Tozda dasn ecex m > kg

/ ] Al’m

N (26)
m
_ Au
b1 (P ) 2 (27)
m

HoxkaszareasctBo. [lycrs {x}} — pemenne ypasuenus (1), yI0BIeTBOPSIONIEE YCIOBUIO JIEMMBI
3. Ilycre kg < n < m. Cymmupyst ypastaerue (1) mo k or n jo m — 1, umeem:

m—1
am|A$m‘p_1 = an|Axn|p_1 + Z bk+1|xk+1|p_1' (28)

k=n

1_ /
Yuuoxum o6e vactu (28) Ha a; © , IPOCYMMHUPYeM 10 1. OT § > kg 710 m — 1, a 3aTem, npuMeHsist
HepaBeHcTBO ['esibaepa, oIy dnM:

m—1 m—1 m—1 m—1
-1 1-p/ 2—p/ -1 1-p’ —1
am\Axm|p § :an P= E ap P ’Awn’p + E ap P § bk+1‘xk+1‘p <
n=s n=s n=s k=n

m—1 % m—1 o’ m—1 m—1 % m—1 P
g( ) (zanmnw) S (zbw) (zbk+1|xk+1|p) <
k=s k=s

‘H
=

n=s n=s n=s
m—1 m—1 Pm—1 % m—1 ;Tl/
o W
< Sk (Ea) S| [Stomians sttt
n=s n=s k=s n=s
Orkyna
m—1 I=p P'= m—1
’ o
dn < (S ) 4 Tna] Sesarinaiman. o
n=s k=s n=s
Hasee, ypasaenue (1) yMHOXKUM Ha Xgy1 U IpocyMmupyem 1o k ot s jo m — 1. Torua
m—1 m—1 m—1
Y anpa|Avp [P g = Y arl Az P ap = Y bz [P (30)
k=s k=s k=s
In
m—1
| A2 [P 2 — | Az P g = (ag]| Azl + b | 7).
k=s
CieroBaTe IbHO,
m—1
| Az P i > Y (| AP + bt [ 7). (31)
k=s
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JIByXCTOpOHHUE OIEHKY HEJIMHEHHBIX PA3HOCTHBIX YPABHEHUI BTOPOTO HMOPSIKA

19

Uz (29) u (31) umeem:

!
m—1 1—p m—1 p-l
/ 1 1—p'
al | Az |P < am|Azp [P, E a P + Z b1
k=s k=s

njimn

p'—1

1-p

—1 m—1
Az, VR o

s | () e Y s
m n=s k=s

OTKyza B cuily He3aBHCUMOCTH m oT s nosydnm (26). danee kak B siemme 2 u3 (26) mosrydaem

(27). Jlemma 3 nokaszaHa.

Jlemma 4. ITyemo {1} — pewenue ypasnenus (1) maxoe, wmo xy > o, Axg > 0 npu
k> ko > —o0. Toeda dan m > kg

Al’ 1—p' 1—p'
m Zamp( 7—:_1,/90) 4

)

Au,,

m

+
S bm+1¢m7k0 .

HokazareabcTBo. Ilycts kg < k < m. Kak B temme 2 nmeem:

m m - i m %
Tt 1 :ZAa:i—i—:ck < Zai P Zai\Axi\p + Tk
i=k i=k i=k

(32)

(33)

(34)

O6e gacru (34) ymHOXKHUM Ha by, mpocymmupyeMm 1o k ot s > ko 70 m, a 3areM, [PUMEHss

HepaBeHCTBO [eibiepa, Moy InM:

1 1
Tt Zbk < Z bi; (Z az-l_p/> ’ (Z ai|A93i!p> ' + Z bpry <
k=s k=s 1=k i=k k—=s
1 1 1 1
m m %% m P m I m P
< Zbk (Z a}_p/> <Z ai|Aa:i\p> + <Z bk> (Z bk‘l‘k|p> <
=S i=k k=s

k=s k=s

m P m m o m .
< (Z%) a3y b [Z(ai|A$i‘p+bi|l‘i|p)]p.

k=s i=s k=s =8
Orkyna
—1
m m 1-p P m
2P < al ™ + b (a;|Axil?P + bilzs|P)
m+1 = i k i i | Li|” ).
=5 k=s =5
Haunee, B coornomennn (30) s 3ameHnM Ha § — 1 1 €ro IpejcTaBuM B BUJie:
m m—1 m
-1 -1
g ag|AzxpP™ xy, — E ap| Az P xp = E bi|xk|?,
k=s k=s—1 k=s
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20 A. 3. Aymmmaramberosa, P. Oiinapos

OTKY/1a
m
| Az [P i1 — a5 1 |Axe [P wg = (ak | Azgl? + bl ).
k=s
CrenoBaTe/ibHO,
m
A | A2 P g1 =) (ap| Az P + by |2k |?). (36)
k=s

N3 (31) u (36) umeem:

1=5

m m 1-p
1 1—p/
xfm-l < am| Az [P T4 Zai LGN Zbk

nJjim
M —1

i i o Az
/ .
an” 1 a§p+<§ bk> ——
1=s k=s

)
Tm+1

JUIs BeeX m, s 1 ko < s < n. CienoBaresso, cupaseymso (32). U3 (32) kak B slemme 1 nosrydaem
(33). Jlemma 4 jokaszana.

,Z[OKaSaTe.TII)CTBO TeopeM 1-3. ,HHH IIOJIOZKUTEJIBHBIX W HEBO3PaCTAaIOUIUX IIOCJICI0BaTEIbHO-

creit {yi} mveem:
Ym Ym
A 1 dt
’ ym’:/dtg/:ln ym’
Ym Ym t Ym+1

Ym+1 Ym+1
‘A ‘ 1 Ym Ym dt
ym:/dtz/zln ym.
Ym+1 Ym+1 t Ym+1
Ym+1 Ym+1
CrenoBare/ibHO,
A A
Ym Ym+1 Ym+1
AnanorndHo, Jyisi HOJIOKUTEJIbHBIX 1 HEYOBIBAIOIINX HOC/Ie[0BaTebHOCTel {2 } nMeeM:
Az z Az
m < In m~+1 < m ) (38)

Zm+1 Zm Zm

[Mycrs {zp} € TM Takoe, uto Axy, < 0 npu k < kg < +o0. [locienosarenbuocts {y} yobiBaeT
upu —oo < k < kg, nosromy Ha ocnosanuu (37) miust m < ko umeem:

| Az, | < Tm < |Axm|

Tm Tm+1 Tm+1

Orkyna na ocHoBauuu (14) m (21) mmeem (10), ecmm kg < +oo u (6), ecim kg = +oo. Ilo-
CJIEJIOBATEJIbHOCTD KBa3W-PA3HOCTH {u)} OTpunareibHa u He ybObiBaeT npu —oo < k < ko, Torma
nocsiegioBaTesibHOCTh {|ug|} He Bospacraer nmpu —oo < k < kg, cienoBaresibro, st m < ko uveeM:

|Afum|] |Afwm|]
|t T |umga]
Orkyna B cuny (15) u (22) umeem onenky (11), eciu kg < 400 u onenky (7), eciu kg = +00.

Ananornuno, Ha ocaoBanun (38),(26),(32) u (27),(33) umeem coorsercrsenno (12) u (13), ecau k >
—o00, u (8) u (9), ecsin k = —oo. Teopembl 1-3 JoKa3aHbI.

U
<In m

Um+1

MATEMATUYECKUN KYPHAJI 2008. Tom 8. Ne' 8 (29)



JIByXCTOpOHHUE OIEHKY HEJIMHEHHBIX PA3HOCTHBIX YPABHEHUI BTOPOTO HMOPSIKA 21

HoxkazarenbcTBo TeopeMm 4-5. Ilycrs {z} € "M |. Torga Ha ocHoBaHUM TeopeMbl 1 UMEIOT
MecTo jiByxcroponnue onenku (6) u (7). Cymmupyst 9Tu COOTHOIEHUst 0 M oT k 10 n — 1, umeem:

n—1 n—1
DI (o e M s T L
m=k n m=k
n—1 u n—1
_ k N
Z bm+1wm+1 > In ui > Z bm+1(()0m)
m=k m=k

OTKy,ILa, COOTBETCTBECHHO

n—1 n—1
T); €Xp {— > ainp/(@m)pll} < zn < T exp {— > ap” (Tlfm)lp/} : (39)
m=k m=k

n—1 n—1
|ug| exp {— > bm+1(¢r}+1)} > un| > Jug| exp {— > bm+1(</9?n)_1} : (40)
m=k m=k

o0 o0
U5 (39) cenyer, uto, ecmn S am P ()P = 00,10 lim 2, =0mecmm 3 am? (p;)P "1 <

. m=k noteo m=k
oo, To lim z, =d> 0.
n—+o0o
oo
Towumo Taxwe u3 (40) mmeem, aTo, ecmm Y. byy1(p;,) "t = 0o, To lim |u,| =0, Te. lim u, =0
n—oo n—oo

m=k

[e.°]
u, ecimu Y, bpy1¥, 4 <00, To lim |u,| < oco. Ho, u,, <0 Vn € Z, nosromy cymecrnyer
m=k n—00

—oco<c<0u lim u, = c. Teopema 4 mokazana.
n—oo

AmamoruansiM 06pa3oM JIOKA3bIBAETCS TEOpEMa 5.
ITpu p = 2 u3 reopem 1-5 u u3 jgemMm 1-4 1oJIy9aeM COOTBETCTBYIONIUE YTBEPKICHUS JIJIsI JTAHET-
HOTO ypaBHeHUs (2), KOTOPbIe TOXKE SIBJISIFOTCsI HOBBIME JIJIsl ypaBHEeHUs (2).
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VIIK 517.946

CYHIECTBOBAHUWE 1N EJIMHCTBEHHOCTD
OBOBIIIEHHOI'O PEIIIEHN A HAYAJIBHO-KPAEBOU
SAIJAYN TJIAd YPABHEHUA JITNNODY3UU

OTHOCUTEJIbBHO JABJIEHNA ITIJIACTA

E. Ay>KAHU

Kazaxcknit HarmmoHaIbHBIN yHUBEpCUTET mMeHn atb-Papadbu
050012 Asnmarer yin.Macanau, 39/47

B mawnoOit pabore mpuBOaUTCST 0OOCHOBaHIE KOPPEKTHOCTH HAYAJIHLHO-KPAEBON 3aJa4u JJIsi JTBYMEPHO-
ro ypasHenus jquddy3un OTHOCUTEILHO JABJIEHUs NJIACTa IPU U3BeCTHOM X (cumraeM Kodddumnment
[IbE30IIPOBOHOCTH 38, IaHHBIM).

B meficTBuTE/ILHBIX YCIOBUSIX MOITHOCTD WK 3(pDEKTUBHAS TOJIINHA IIJIACTa h, MPOHUIIAEMOCTH
k, BSI3KOCTb (i ¥ JIpyTHUe [OKA3aTeJIn He SIBJIAIOTCH HMOCTOSHHBIME. [lo3TOMY, MMesi ITPOMBICIOBBIE
JAHHBIE O 3a00MHBIX JABJIEHUIX U Je0UTAX CKBAXKUH JJIsT KAKOTO-TO MOMEHTA BPEMEHU, MOXKHO OIIpe-
JIeJIATh TTapaMeTPhl IJIacTa B MPU3aDOWHBIX 30HAX W TEM CaMbIM OOJIErIHUTDL IPEJICTABIEHNE O Pac-
[peJIeIeHNH TIPOHUIIAEMOCTH B I1acre [1].

[IpencraBuM HEOIHOPOIHBIN IIJIACT, HAXOSIIUNACS B YCJIOBUSX YIIPYTOrO PEXKUMA C HEM3BECTHBIM

hk
napamerpom x(x1,x2) = M (x(z1,72) — k03D duUNUEHT BLE30IPOBOIHOCTH, [ — KO3~

s

dbunmenT cKUMaeMOCTH I71aCTa), HO M3BECTHBIMHU, HAIPUMED, [POMBICIOBBIMI JIAHHBIMU O JIaBJIe-
HUSX Ha KOHType nutauusa P, naBienusx Ha ckBaxkuunax Pic, Poco, ..., Pyo n neburtax ckpa-
KUH (1, G2, - , ¢ - C TOMOTIBIO TUX JAHHBIX MOXKHO OMPEIEINTD THIPOTUHAMATICCKIN TapaMeTp
X(21,22) 1wiacta B npu3abOiHBIX 30HAX CKBAXKUH U JAPYTUX TOUKAX HEOJHOPOHOIO ILIACTA B IPEI-
[TOJIO’KEHNN, 9TO BO BCell 00/1aCTU CyIECTBYeT JIMHEHHbIN 3aKOH (DUILTPAIINN.

UsBecTHO, uTO HedTHbIE MJIACTHI MPEJACTABIISAIOT 00Ol MOPHUCTYIO cpeiy (IIeCOK, MeCYaHuKH U
JIp.), UPOIUTAHHYIO HeDTHIO U HAXOMSIILYIOCS 10 GOIbINM JaBjieHueM. [loj BiausiHueM nepenaja
JIABJICHUN MEXKJIy KOHTYPOM HUTAHWS U CKBa)KUHAMH HE(MTHh TE€YET CKBO3b IMOPbBI IJIACTA K CKBa-
xkuaaMm. [Ipu aTom pacupesenenne nasienus P B i000i TOUKe IIaCTa YIOBIETBOPSIET YPABHEHUIO
muddysun. B Tex cirydasx, Korma MOIIHOCTD ItacTta h ObIBaeT HACTOJIBLKO MaJjioif, 9T0 M3MEHEHNEM
JIABJIEHUs 110 BEPTUKAJIBHOI OCH MOXKHO IpeHeOpeyb, IIPOCTPAHCTBEHHAs 3a/[a4a 110 OIIPEJIEJIEHUIO
JIABJIEHHsI TJIACTa CBOJUTCS K IJIOCKOI [1].

ITpuseieM ocTaHOBKY HPsIMOit 3a1a4n [2].

Keywords: generalization solution, diffusion equation, layer pressure
2000 Mathematics Subject Classification: 45D05
© E. Ay>xaunmu, 2008.



CymiecTBOBaHUE U €JIMHCTBEHHOCTH OOOOIIIEHHOI'O PeIleHnsT HAuaJIbHO-KPAEeBOi 38181 ... 23

VpaBHenune i JaBICHUs IPU YIPYTOM peXuMe (PUIbTPAIUN B IBYMEPHON MHOT'OCBSI3HOM 00-
gacTu §) MOXKeT OBITH 3aIIMCAHO CJIELYIONUM 00pa30M:

oP 0 0P 0 OP

i T S = Q. 1
ot 8x1X8x1 + 8$2X85L'2 v (331,.%2) < ( )

I'panngnele ycioBus 3a7anbl Ha rpanunax 0f); KakJoil CKBayKUHBI U Ha BHenHed rpanuie Of)
HedTsiHOTO IIIacTa € :

/xw 0ol =g, =T, (2)
09,
oP
o0

rae M — KOJIWIecTBO CKBaXKUH, 1) — PeIleHre CONPS?KEeHHOHN 3aa4M.
Jli1st 3aMBbIKAQHUS MOJEJIN 3aJIaeTCsl JaBJICHNE IIJIaCTa B HAYAJILHBI MOMEHT BPEMEHMU:

P(z,0) = Py(xz), x€. (4)
Kpowme Toro, 3ajaercs J1010JIHUTEIBEHOE YCJIOBUE:
P(a,t) = Po(a’, 1), (5)

rme z) = (le, HTJQ) — KOOpAMHATHI cKBaxKuH, Po(z?,t) — dakruueckue JaHHbIE B Pa3Hble MOMEHTHI
BpPEMEHM.
Bsenem B paccmorpenue yHKImoOHA

M nj

J =YY [Pe(a’ t;) — P(a? 1)) (6)

j=1 i=1

rae Po(x?,t) — (paKTquCKI/Ie nanuabie, P(x?)t;) — naHHble U3 BBIYUC/IEHUS HA j-ii CKBAyKUHE C
koopauHaTamu x’, j = 1,M , a n; — KonmdecTBo 3aMepoB Ha j-ii ckBaxkmuue. Pynkimonai (6)

MOXKHO MpeJICTaBUTh B BHe [1]:

T

M
— 1 2
J= Z e // Po(x,t) — P(x,t)]2dt di . (7)
5=1 0 99
Conpsizkennyto jyist (1) — (4) 3ajady 3anunieM B BuJIe:
oy 0 o 9
Q
ot " 0w Xour T om Now, 0 TEH 120 ®)
W(@,T) =0, z€Q, 9)
oY
i — 1
onloq 0, (10)
oy :
— =2(P - F =1,M. 11
oLy, =2~ FO)| G =T (1)
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24 E. Ayxann

[Tepsyto Bapuanuio dynknuonasa (7) MOXKHO 3alucaTh B BUJE:

//5 (a¢apx+5x) O OP(x + 6)

dtd
6:31 a$1 833‘2 81‘2 > T

Mo A Mo z OP(x + 0x)
X + 6x
+> 3 //5P2dtdl > 5 //x Sx)oY S . (12)
0

Tre; r
j=1 70 o0, =17 g 09,
Onpenenenne 1. O606meHHBIM pernenneM npsimoii 3agaqan (1) — (4) GyaeM HaszbIBATL (DYHKIIUIO
P ¢ L*([0,T] x Q) Taxyto, uro maaa mobbix dbynkmuit ¢ € H>1([0,T] x Q) , ynoaersopsronmx
yeaosusim (9)— (11), umeer MecTo paBeHCTBO
r oY o oY o oy
P —+4+ —x—+— dtd
// <8t T on o T oz X3$2> v
0 Q
M M T
+/P0¢(x,o)dx+Tqu —Z// dtdl—() (13)
Q j=1 =10 a0

st 3amaqan (1) — (4) cupaseyuBa cieyronias Teopema.

Teopema 1. Eciiu Py € L*(2) u ¢; — xoHeunble 4mucia, To HaualbHO-Kpaesast 3ajada (1) —
(4) mmeer equncTBenHOE 06O6MEHHOE pemmenue P, mpunaexamee npocrpanctsy L2([0,T] x Q)
npuyeM

1Pl z2qomxe) < C(T Z%H\Pollm ) (14)

HoxkaszareabcTtBo. O6e gactu ypaBaeHus (1) yMHOXKUM Ha P ¥ OIPOMHTErpupyeM 1o 06JIacTH

Q:

/_ 9 or 9 0P 0P
O0xy axl 0xo 8$2 ot

e~ g X g+ iy | Pz =0,

[Ipeobpasyem BbIpazkeHue

p( 2 0P 0 0PN _ 0 (p 0P\ 0 (p OP)
Oz X0z Oy N0y ) 0z \" X0z, ) T 0w \C Nozy ) X

Torna

(7)) + (52)

0 o 0 o 0
ﬂiatPQ‘P%Xaz*amXaZ)
(5) + (52)

—a(; (PX (;952) +

10
— | Py—dI' — P— P2+
/X w3 [ /{m

7=15q;

0 0 0
{i@tpz_axl(PXagi)_
X <g£)2+<gxp2>2 }dm—
+X (331031)2—1_(((32)2 }dw—%qj':O.
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CymiecTBOBaHUE U €JIMHCTBEHHOCTH OOOOIIIEHHOI'O PeIleHnsT HAuaJIbHO-KPAEeBOi 38181 ... 25

Orkyna

N

T
/PQ‘tde+//X (P2 + P2) dm_/Pde—FTZqJ
0 Q

Q

M
IPlleqommsy < C (T Y 0 + 1Pz - (15)
j=1

Tax kax ||P|lz2(0.1)x0) < C2llPlloomw @) » T

M

1Pllzqorixe) < Cs(T Y a5+ 1 Pollaqen ) - (16)
7=1

EnuncTBenHOCTH 0606II€HHOTO perenns caeayer u3 onenkn (14). Hdeiicreurensho, mpu Py = 0 u
qj = 0 mveem, aro |[Pllr201x0) = 0, crenoaremsro, P = 0. CymectsoBanue o6obmeHHOTo
pelleHns: MOYKHO 1oKa3aTh MerojoM [anepkuna. Teopema jjokazaHa.

Omnpenenenne 2. Oynxmmo ¢ € L2*([0,T] x Q) 6ygeMm HasbBaTh 0GOOIICHHLIM PEIICHIEM
conpszkennoit sagaan (8) — (11), ecom pyist mo6bx dbynkmit P € H2L([0, T]x Q) , yaosaeTsopstionx
yesoBusiM (2) — (4), uMeer MecTo PaBEeHCTBO

T
oP o 0P
_//1/,< - 8551_8 8x2)dtdx+
0
[ Soes] [2rh
+ [ Ple, T)Y(x, T)dx —T ) q;+ dtdl =0. (17)
Q J=1 J =10 20

J

Hust coupsizkennoit 3azaun (8) — (11) cupaseimBa cie/yromias Teopema.
Teopema 2. [lycte P € L%([0,T] x 09Q;), j = 1, M. Torna conpsikennast sagaua (8) — (11)
HMeeT eIMHCTBeHHoe 0600IeHHoe perenne ) , npuHa yiexkamee npocrpanctsy L2([0, T x Q) , npu-

qeM
M

19l 20, 77%2) < C D IIP = Pellrzqorixon,) - (18)
j=1

Teopema 2 noxasbiBaeTcsa aHajorndno Teopeme 1.
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I'PAHUYHBIE 3AJTAYN J1JIA
CIIEKTPAJIBHO-HAT'PY2KEHHOI'O OIIEPATOPA
TEIIJIOITPOBOIHOCTUN C ITPUBJIN2KEHVWEM JIMHUN
HATPY3KI K BPEMEHHOII OCHU B HYJIE UJIX HA

BECKOHEYHOCTMN. I

A. II. AxXMAHOBA, M. T. JI>DKEHAJIMEB, M. 1. PAMA3AHOB

Kapl'V um.E.A.Bykerosa MOH PK
100028 Kaparaupl yi. Y HUBEpCUTETCKAA, 28
WNucruryr marematnku MOH PK
050010 Asymvarsr yaIlymkuna, 125 dzhenali@math.kz
Kapl'V um.E.A.Bykerosa MOH PK
100028 Kaparauas! yi. YauBepcurerckasi, 28 ramamur@mail.ru

B nannoit pabore mpomosKaeTcs HaJibHelIllee WCCIEJOBAHME TIDAHUYHBIX 337a4 JJIs CIEKTPAJIbHO-
Harpy»KeHHbIX MapaboIMIeCKUX YpaBHEHUI B HEOTPAHUYEHHBIX ODJIACTSAX, KOT/[a MOPSIIOK MPOU3BOIHOM
B HAIPY’KEHHOM CJIATA€MOM COBIIAJIAET C MOPSAKOM JIudpepeHnnaabHOil YaCTH YPAaBHEHNUS U TOYKA Ha-
IPY3KHU [0 IPOCTPAHCTBEHHOM II€PEMEHHOMN JABIXKETCs 10 3aKoHy Z(t) = t¥, —oo < w < 1/2. B aroii
9acT pabOThI TPAHUYHBIE 33J]a9N CBOMATCS K Mape OCOOBIX WHTETPAJBHBIX YPABHEHUI TUITA YPABHEHUIMA
Bonbreppa 2-ro poma, mjs KOTOPBIX BBIOPAHBI COOTBETCTBYIOIINE XaPAKTEPUCTUIECKIE NHTErPAJIbHBIE
ypaBHEHUS.

Bsenenue. OcHOBHBIE BOIIPOCHI, BOSHUKAIOIIME B TEOPUU I'DAHUYHBIX 33124 /I8 yPaBHEHHIl B
YACTHBLIX IIPOU3BOJHBIX, OCTAIOTCS TAKOBLIMU 7K€ M B KPAEBBIX 3aJadax JJjIs HAIPY?KEeHHBIX ypaBHe-
HUil, KOTOpbIE B CBSI3U C PACIIUPSIIOMUMCA OObEMOM HMX IIPUJIOXKEHUH SIBJISIOTCH OObEKTOM HCCIIe-
JloBaHusi MHOTUX aBTopoB [1-5]. OaHako, HajMYMe HArPY’KEHHOIO OllepaTopa He BCerja M03BOJIsieT
IPUMEHHUTDH U3BECTHYIO TEOPUIO KPAEBhIX 33/1a49 K HArPY2KeHHBIM A depeHInaJIbHbIM Y PABHCHUSIM.

B mammoit pabore IpOmOIKAETCS MCCACAOBAHME TPAHMYHBIX 331349 JJIS  CIEKTPaJIbHO-
HAIPY?KEHHBIX MapabOIMIecKNX ypPaBHEHHMI B HEOIPAHMYCHHBIX O0IACTAX, KOTJA HMOPSIOK IIPOH3-
BOJIHOI B HAIDY>KEHHOM CJIATAEMOM COBIAIACT C MOPAIKOM JuddepeHIMaIbHONi YaCTH yPABHEHUS 1
TOYKA HAIPY3KH 110 IPOCTPAHCTBEHHOI lepeMenHoii (T(t) = t*) ABUKETCs ¢ IEPEMEHHON CKOPOCTHIO.
OuesuziHo, 9TO JMHUS HArPY3KU Z(t) = t¥, t > 0, npubamkaercs K BPEMEHHON OCH B HYyJIe, €CJIi
0 < w < 1/2; u na GeckoHewHOCTH, eci —o0 < w < 0.

Keywords: Loaded heat equation, eigenvalue problem, boundary value problem
2000 Mathematics Subject Classification: 35K05, 47A52, 65L15, 65N25
© A. . Axmanosa, M. T. Ixxeunanues, M. 1I. Pamasanos, 2008.
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B srom ciaydae, Kak ObLIO OTMeYEHO B paboTax [6—12|, mosiBJISIOTCS HEKOTOpPbIE HOBBIE CBOIi-
CTBa CIIEKTPAJIbHO-HAIDYKEHHOT'O b PEPEHIINATBLHOTO OllepaTopa, HAIIpUMep, IepBast KpaeBas 3a-
Jlada, [Tl TOJIyOTPaHUIeHHOH 00JIaCTH CTAHOBUTCSI HETEPOBOM, MpHUYEeM HHIEKC 3aa9d 3aBHCHT OT
3HaUEHUNl KO3 PUIMEHTa IPU HATPYKEHHOM CJIAraeMOM, 3THM U OObsICHSETCS BBEICHHE TEPMUHA
CNEKMPAALHO—HA2PYIHCENHBLY. Pazimaubie ciiydan, KOrja Harpy3Ka ypaBHEHUS OIIPEIEIIsIeTCsI CIeI0M
HCKOMOT'O DEIleHUs TPAHUYHON 3a/1a9u Ha JuHun T(t) = t“ u He siBJsteTCs Ca0bIM BO3MYIIEHIEM
ero juddepenipanbHoii YacTu, ObUIM ucciegoBanbl B paborax [6, 10-14]. B ykasauubix pabGorax
6putn u3ydens! caydan: w = 0 [10]; w =1/2 [11]; w =1 [12, 13]; 1/2 < w < oo [14].

U3 pe3ysbraToB UCC/IeI0BaHUIl, IPOBEJICHHBIX B JIAHHBIX paborax, ciejyer, 94To ecian  1/2 < w <
00, TO  IMAAOHNBIM TBJISETCA CJIydail w = 1, TO eCTb KapTHHA CIIEKTPA U BOIIPOCHI PA3PEITHMOCTH
IPAHUYHON 3a/[a9d B CIydae w > 1/2 cooTBEeTCTBYIOMIM 06pPa30M BIIOJIHE OHPEIE/ISIOTC KAPTHHON
CIIEKTPA U yCJOBUSAMU PA3PEITUMOCTU IMAAOHH020 Caydast w = 1.

3/ech MBI n3ydaeM BapUAHT JBUKEHUs] TOUYKH HAIPY3KH 110 3aKOHy Z(t) = t¥, mpudeM —oo <
w < 1/2, u nokaselBaeM, YTO JIsi HETO 9MAAOHHbM siBJIsieTcst caydaii ¢ w = 0. Takum obpasom,
€CJIM TOYKA HAIPY3KHU JBUZKETCS 10 CTEIIEHHOMY 3akony (Z(t) = t“), To HeoOXOAMMO pa3iIndaTh Tpu
BapHaHTa, TPU 00JIACTH W3MEHEHNSs TapaMeTpa w:

1. 1/2 < w < 00 - mpu 3TOM Bapuanre cayual w = 1 aseasemesa smanonmvim [14];

2. w=1/2 - sT0T CIryUail HeOOXOAUMO pacCcMaTpUBaTh OTIesbHO [11];

3. —o0 < w < 1/2 - B 9TOM BapmanTe, Kak MOKa3aHO B JAHHOI pabore, 9MasoHHbM ACAACTNCA
cayyat w = 0.

[Tpu uccaenoBanun ciaydas —o0 < w < 1/2 B pabore UCIOIB30BaHbI METObI (DYHKIIMOHAIBHO-

ro aHajim3a, Teopuu 0OOOIIEHHBIX (DYHKINH, KOMILUIEKCHOTO aHAJIN3a, OIEPAIMOHHOIO MCUUC/IEHUS,
muddepeHIaIbHbIX U NHTErPAIbHBIX ypaBHeHuil [18-26].

B nepsoit yactu paboThbl rpaHUYHbIE 33/[a491 CBOJATCS K [aPe 0COOBIX MHTEIPAJIbHBIX yDABHEHUT
Tuna ypasHenuit BosibTeppa 2-10 pojia, NI KOTOPBIX BBIOPAHBLI COOTBETCTBYIOIINE XAPAKTEPUCTH-
JecKue MHTerpaJibHble ypaBHeHusi. Bo BTOpOil yacTu, UCHOJIB3Yysd paHee MOJIyYeHHbIE PEe3yJIbTaThI
[0 UCCJIEIOBAHUIO XaPaKTEPUCTUIECKUX WHTEIPAJIBHBIX YpaBHEeHUit [27], naercs perieHne nexoHbIX
MHTErpaJbHBIX yPaBHEHUN MeTo/I0M peryisipusarnun Kapsemana-Bexkya.

1. ITocranoBku 3azad. Paccmorpum B obnactn @ = {x € Ry = (0,00), t € Ry} caemyromue
COIIpsAKEeHHBbIC I'DaHUYIHbIC 3a/la91 IJIgd CIIEKTPaJIbHO - HaI'PDY2KEHHOI'O YpaBHEHU A TEIIJIOIIPOBOAHOCTHU:

Up — Ugy + Aumc(xa t)|m:tw = fv
Lyu=f<+= (1)
u(z,0) =0, u(0,t) =0;

—Vp = Vg + A0 (2 —tY) ® /v(ﬁ,t)df =g,
Liv =g < 5

v(z,00) =0, v(0,t) =v(oco,t) = vy(c0,t) =0;

U COOTBETCTBYIOIIHE 0000IIEHHBIE CIIEKTPAJIbHbBIE 33/ IAMMU:

Up — Uy = — Mgy (T, 1) 13—
Lou = =AMz (2,1) pmpe == 0
= 0;

u(z,0) =0, u(0,t)
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Liv = —X-"(z — ) @ /v(g,t)dg —

0
00

V= Vg = —A -0 (2 — 1) ® /v(f,t)d&,

0

v(z,00) =0, v(0,t) = v(oo,t) = vy(00,t) =0;

rje, B OTJMYNE OT paHee U3YUEHHBIX CJIydaeB, mojaraeM, 4ro —oo < w < 1/2. Kosddunuenr npu
HATDY’KEHHOM cjiaraeMoM: A = A\j+iAg € C — ciekrpasbhblii napamerp, 6(x—t*) — nesbra-dyHKIs,
COCPEI0OTOUEHHAsST Ha OTKPBITON jimann & = t* obsractu (). Takxke mpemoaraeM, ITo

et f e Li(RY; Lo (RY)), et (2 + V1) g € Loo(RY; L1(RY)) — samamsvie ymkrm,

t oo
82
2w xQ//G(a:,g,t—T)f(f,T)dde € Li(Ry),

00 ot
t oo

2

g3/ 8x2//G(x,g,t—T)f(f,T)dng € Li(Ry),

00 ot

7070erf <2 V%) g(€, 7)dedr € Loo(Ry), (5)
t 0

2 a
erfa = ﬁ /exp(—zQ)dz,
0

dbyukuus Ipuna G(x, &, t) onpeensiercst bopmynoii

Gla,6.1) = Nl;t {exp (- (@ ;92) ~ exp <_(”CL§)2) } .

DyHKIMOHAJIBHBIE KIacchl % u ¥ Jyisl pelenuii rpanudHbix 3aja4 (1) u (2) coorBercrBeHHO,
a Takyke obsactu ompesesenusi oneparopos Ly u Ly*, Z(Ly) u Z(L\*) oupenenum cieryomum
00pasoM:

U = {u!ett“’(:v + VO, €T (g — ugy) € Ly(RYy; Loo(RY)), 't 2y (2, 8) et € Ll(R+)} :
(6)

[e.9]

¥V = vle 70, eV (@ + V) (00 + Vea) € Loo(RY; Ly (RE)), e t%/2 / v(€,t)dE € Loo(Ry)
0

2(Ly) = 2(Lo) = {u|u e %, u(z,0) =0, u(0,t) =0}, (8)

2(L3) = 2(Lg) = {vlve ¥, v(r,0) =0,
v(0,t) =0, v(oo,t) =0, vg(o0,t) =0}.
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[pannvnast 3aa4a (2) siBjsiercsi conpsizkeHHol K 3azade (1). JeiicrBuresnbho, cormacho (1) — (9)
nMeeM

< Lu,v >=<u,L*'v > Yue 2(L), Yve 2(L"). (10)

Bazaua 1. Tpebyemcs uccaedosamsv 0npocy, paspewumocmy eparuimse 3aday (1) u (2) npu ycao-
susazx (5) - (9).

Bamaua 2. Tpebyemca uccaedosamv — obobuwennve —cnexkmpasvrovie  3adawu  (3) u (4), mo
ecmv  onpedeaumn napov {, ux(x,t)} u {\, va(z,t)} npu yeaosuazx (6) — (9).

2. NuTerpasibHbie ypaBHEHUS KpaeBbIX 3a4a4. Cunras HarpyKeHHOe CjlaraeMoe B TpaHuI-
HOiT 3a/1a1e (1) BpeMeHHO M3BeCTHBIM, OOpaThM ee TuddepeHIalbHy0 9acTh. BytemM nmers:

t t oo
u(z,t) = —X [ erf (x) Uy (0, T) pp=redT + G(z, &t —7)f(§ 7)dedr, (11)
Jor (i e

o0
TaK Kak cupasemso pasenctso [ G(z, &, t)d¢ = erf (z/(2V/1)) .
0
Takum obpasoM, u3 coorHomenus: (11) cieayer, 4To Jyist HAXOXKJeHUsI pereHus 3ajaqdu (1)

JIOCTATOYHO OIPEJIETUTh HAIPYKEHHOE CJIAraeMoe Ugyy (T, t)‘wztw. s ero onpenenenus: npoudde-
peHnupyem obe dactu coorHorenus (11) o nepemMeHHOI & JBaXKJIbl U B HOJIYyYUBIIEMCsI DABEHCTBE
nostoxkuM x = t¥. Torma, eciu BBecTH cjemyromue 0003HAUEHUS:

fit) = 1732 gy (2, 8) |y
tw

— _( —t) tw_3/2 t2w
A= () e (i)

t oo
2
fi(t) = e'to=3/2. o3 | | Gla&t =) (& mdgdr :
0/ 0/

|z=tw
3 (11) mosrydnm mHTErpabHOE ypaBHEHUE

t
Roi = (1~ XK = i) -~ X [ Aalt )ir)dr = ), t e R (15)

0

Hautee, ecim BBeIEM 0003HATEHUST
p(t) = 1732 g (0,1) g, (12)
£\ w—3/2 w 2w
wien= () e (i) "
o t oo
= | O [ [Get-npenagr | (14)
00 |z=t«
1O u3 npejcrasienus (11) moaydum uHTErpasbHOE ypaBHEHUE

t
Koy = (I — MNKao)p = plt) — )\/%(t, T)p(r)dr = fi(t), t € Ry (15)

0
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Ham HeoGxomumo pemuth yparenie (15). OfHAKO JUTs €ro HCCIeI0BaHMs JOCTATOMHO PEITHTh
ypasHenue (15) B cuity cieytonero 3amedanus [17].

Bameuanune 1. ITycmo pewenue unmeepasvrozo ypasuenus ¢(t) + [ (6, 7)p(T)dr = f(t)
umeem eud o(t) = f(t) + [Z(t,7)f(T)dr. Toeda pewenue unmezparvnozo ypasnenus o(t) +

f%(t,T)j()gp(T)dT = f(t) daemca popmyaoti o(t) = f(t) + j%(t, T)gg(t)f(T)dT.

Bameuanue 2. 3amemum, 6 (14) wmo cymmupyemocmnv dymwyuu e fi(t) na Ry caedyem us
yeaosus (5) na f.

Takum 06pazoM, MbI IIEPEXOAUM K UCCJIeI0BAHNIO ypaBHerust (15) U ero COnpszKeHHOro ypaBHe-
Hust (20) (cM. Huke).

OrmeruM, 9To Aapo Ho(t, T) 06JaTAeT CIIEYIONMMU CBONCTBAMMU:

19, anpo Hs(t,7), 0 < T <t < 00, HENPEPHIBHO;

20, ampo Ha(t,7) =0, 0< T <t < oo;

30, aapo #5(t, T) nMeer cabyio 0COBEHHOCTD M CHPABEINBO HPEIeTLHOE COOTHOIICHNE:

t

threrl Ha(t, T)dr = 0. (16)
0

Hamune cpoiicrs 10, 20 apiserca ouesmaneiv. Tlokazkem crpaseymmBocTs coiictsa 39, Jleii-
CTBUTEJIHO, NIMEEM:

i [ # N,
o ) \7 o/m(t — )32 P\ Ta—r )T T

t
i, [ ()" e (i) oo |- (s o
= lim - . xp |— | —— T
o ) \1 vtz \oi—r) P \avi=r =

t
4 3\ 3 1 4 (3\%?
< Iim — . (2 o732, 3/2-w * Lem3/2 12w _
\tl—lgrloﬁ (2) ¢ t3/2+w/T dr = tl—lgrlof< > ¢ t 0 (17)
0

Baeck ucnosb3oBanbl yeaosust: 0 < 7 <t < 00, 3/2—w > 1 u HEpaBEHCTBO

2™ exp(—2") < (%)m/n Lemm/m

Vz > 0.

Ormerum, uto yeaosus 19 — 30 mveror mecto Taxske n s sapa Aa(t, 7).
asiee, aHAJIOTMYIHO PeJIyIUPYEM COIPSKEHHYIO KPaeByIo 3a1ady (2) K COOTBETCTBYIONIEMY UHTE-

rpaJibHOMY ypasHenuio. st sroro obparast auddepeHIaibuyo 9acTb B 3aga4e (2), aHajIornaHo
KakK ¥ B 3a/a4e (1) moryduM cie/iyioniee HHTErpajlbHOe COOTHOIICHHE:

Gz, &,7—1)d"(E—7™)® n, 7)dndédT + G(z, &7 —t)g(&, 7)dédT. (18)
y o[ ||
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Tenepsb unrerpupyst 06e yactu papercrsa (18) mo nepemernoit x ot 0 10 00 U BBOJIs 0003HAYEHIE

(e o]

o) =2 [ ol ),
0

IOJIyYIMM MHTErpaJibHOE yYypaBHEHUE!
[oe)
Koy = (1 — NK3)D = o(t) — A/jf;(f, DE(F)dr = G1(6), ¢ € Ry,
t

e UCIIOJIb30BaHbl CJICAYyIOoIne 0003HaAYECHU:

t T

N O R =]

51(75) — e—tt3/2—w . //erf <2\/%> g(é,T)dng.
t 0

Hastee, Kak u B ciiydae rpaHngHoil 3a1aun (1), BBojs obo3HaYeHHE

o0

wwzﬁQW-/mem,

0

[OJIyYUM MHTErpaJbHOe ypaBHEHHe:
o0
Kiv=(I-)K)r=v(t)— )\/Ji/g(r, tv(r)dr = gi(t), t € Ry,
t

IJIe UCIOJIb30BAHBI CJICAYIOIIINE 0003HATCHUS:

t ™

0= ()" g (i)

g1(t) = $3/2-w erf <§> g(&,7)dedr.
t/o/ 2T —t

OT]\IeTI/IM7 YTO 31eChb TaKz>Ke CITpaBeIJINB aHaJIOI' 3aMeYaHn A 1.

(19)

Bameuanue 3. 3amemum, Wmo cyuecmeennas ozpanuienrocmy gyrkuuu e tgy(t) (22) na Ry

caedyem u3 ycaosus (5) na Gynruyuro g.

Heo6xosuMo OTMETHTDB, YTO sIPO COLPSI?KEHHOrO HMHTerpasbHoro ypashenusi (20) dyHKuus

Ho(T,t) obasaer CaeLyonuM CBORCTBOM:

(23)
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HeitcrBUTEIbHO, TaK Kak t < 7 < 00, TO 9TO CJEIyeT U3 COOTHOIICHUI:

0o T 0o
[ P I
2y/(T — t)3/2 VT 4t —t)32 21—t
t
1 T 1
w-TY" Ar—1) gr - ™ p _< TV w-r“")d _
2 T—t} ’ HQ T—t ’Z At —1)32 " 2T —1 ’
0o 0o 1 T
2 2 1 w-TYT T4 —
—_~ Pldy 4+ — | . (T=8dr =1+ .7t
ﬁ/e z+ 7r/ N e T + 7(1)
0 t
o ) 7_2w
1 w= - t t
|J(t)‘:/‘w‘ . e 4T =1) g = T=—; dr = ——dx| =
T T—1 x x
t

1
< el 1 -/:c@—“’)—lu—x)%—ldx: M-B(l/Q—w, 1/2) - o712,

riae B(:,-) — 6era-dyukius Ditrepa.
TaxuMm obpaszomM, tlim |f(t)‘ =0 upn —o0 < w < 1/2. CrenoBaresbHo,
— 00
o 7_2w

7_0.)

: e AT —1t) gy —
tlilgo 2\/7?(7__15)3/2 e dr = 1.
t

PasencrBo (23) cupasemyuBo u Jyist siipa #a(7,t). D10 03HAYAET, YTO HOPMa HHTEIPAIBLHOIO
onepaTopa, JeHCTBYIOIEro B IIPOCTPAHCTBE CYINECTBEHHO OIDAHMYCHHBIX (YHKIMHA I Olpejiese-
MOTO siIpOM #5(T,t), paBHA eJAUHHIEC. DTO CYIIECTBEHHO oTinvaeT ypasHenue (20) or ypaBHeHHi
Bosbreppa Broporo pojia, Jyisi KOTOPBIX DeIleHne CYIIEeCTBYeT U eJINHCTBEHHO (COOTBETCTBEHHO U
st ypasuennust (20).

Ouermyiro, uto ypasrenue (20) (coorBercTBenHO ypapHenne (20)) SBIAETCS CONPSKCHHBIM HH-
TerpabHbIM ypasHenneM st (15) (coorBercrsenno st (15)).

Taxkum 06pa3oM, pelleHne CONpPsiKeHHBIX I'PAHUYIHbIX 3a/1a4 (1) u (2) cBeseHO K MCCIIe0BaAHUIO
Hapbl CONPsI?KEHHBIX NHTErPAIbHBIX ypasHenuit (15) u (20), KoTopble B JasibHeiimen 0y/1eM Ha3bIBaATh
UCTOOHDBLMU.

Bamevanue 4. Boobwe 2060ps, conpagrcennocmy eparuvnux 3aday (1) u (2) nonumaemesn 6
MOM CMBICAE, YIMO COOMBEMCMBYIOUWUE UM UHMeparbhbie ypasherua (15) u (20) asasomes co-
NPAHCEHHDIMU.
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HasnbHeiinee uccieqoBane paspelmMOCTH IpaHUYHBIX 3aa4 (1) u (2) npoBoauTces 1o ciery-
IoIeit cxeme:

— BBEJICHHE XapaKTEPUCTUIECKOIO MHTErPAIBLHOTO YPABHEHUsI, COOTBETCTBYIONIErO TJIABHOI 1a-
CTH si/Ipa HHTErpaJjibHOro orneparopa u3 (20), n ero conpsizKeHHOTO;

— WCCJIeJIOBAHKME BOIPOCOB PA3PEIIUMOCTH XapaKTEPUCTUIECKUX MHTErPAILHBIX yPABHEHUIT;

— u3yYeHHe Pa3pelnMOCTH WMHTerpaabHbiX ypaueruit (20) u (15) mMerosom peryssipusanuu
(Kapsiemana-Bekya) perenuii XxapakTepuCTHYECKUX HHTEIPAJIbHBIX YDaBHEHUIL;

— HCCJIeIOBaHNE PA3PEINMOCTH IpaHnIHbIX 33124 (2) u (1);

— nccreoBaHne 000OIIEHHBIX CIEKTPAIBHBIX 3aad (4) u (3).

3. XapakTepucTuieckne NHTErpajibHbIe yPaBHEHUsI. XapaKTEePUCTUIECCKUMUA WHTErPaIb-
HbIMK ypaBHeHusiMu Jist (15) 1 (20) Gy/1yT, COOTBETCTBEHHO, CJIe/IYOIIIe CONPSIKEHHbIE yPABHEHUSI:

t
K = (1= XK)u = ult) = X [ (6. 0ulr)dr = 7o), t € Ry (24)
0
Kiv=(I- K*)wv=v /Ji/ T)dr = g1(t), t € Ry, (25)
t
rje
£\ 1re/2 a3/2ra-1 o
%(7—, t) = (7‘) 2ﬁ(7a — ta)3/2 exp <_4(7'O¢—t04)) s a=1-— 2(&.}, (26)

npuveM, BCIOLY B JajibHeIeM GyieM yauThBaTh 1o, 910 o > 0, Tak Kak —o0 < w < 1/2.

OrmeTHM, 9TO sIZIPO XapaKTePUCTUIECKOro ypaBHenus £ (7,t) obiajaer TeMu e CBOHCTBAMU,
910 U AJIpo Ho(T,t), M, B 4ACTHOCTH, YTO OYEHb BaYKHO, JIJIsI HETO CHPABEJJIMBbI CJIC/LYOIIHE TIPe-
JeJTbHbIE COOTHOIIEHUS:

t o]

%ir%/e%/(t,T)dT =0, thm H (1, t)dr = 1. (27)
0 t

[Tposepum crpaBeyuBoCTh 9TUX paBeHcTB (v > 0). Mmeem

@ t

¢ 14a/2 3/2 a1 _— 3/2,-3/2
lim t () t ce A =T g < < (3/2) lim ¢! /dT =0,
t—0 T 2/m(te — 79)3/2 2w =0

0

TaK Kak ;
m/n
2™ exp(—2z") < (@) cemmm Yz > 0;
n
7 1+a/2 3/2 . La—1 SR
t—o0 T Qﬁ(Ta — ta)3/2

e dz = 1.

= lim

o a—1 92 1
ZH \/a —Z’dzz—@ @7 d ; \/»/ 1+1'
— 00 T 5 o
0 (1+4t‘1a-z2)2

ovra o 4 (ro — gy’

Hastee ormeTyM, Jijist TOro 4ToObI MHTErPAIbHOE ypaBHeHue (25) ObLI0 XapaKTePUCTHIECKUM, €r0
SJIPO JIOJIZKHO YJIOBJIETBOPATH CJIELYIONIAM JIBYM YCJIOBUSIM:
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19. Ono momxHO cBOMATHCS K "aTamonHoMy " ypaBHeRHIO (HHTErpaTbHOMY YPABHEHHIO, COOTBET-
cTByIOIEeMy ciydaio w = 0);
20, PasuocTb siaep

Ho(T,t) — H (1,1) = H(1,1)
JIOJZKHA 0071a/1aTh ¢1a00ii ocoberHoCThIO (Ipu ¢ — 00).
[Iposepum BbimoHenne yeious 10, [las storo B ypasrennn (25) MpomnsBesieM CIe/yTolIie 3a-

1 1
MEHbI HE3aBHCHMBIX [IEPEMEHHBIX: t = [ - t1]e, 7 = [a- T1] , u BBeJeM 00O3HAYCHMUSI:

1_1 1 _1_1 1 1 1
vit) =t 7w (o)), galt) =t g (Ja-ta]e), k(z) = 2 O <—42> L 23>0,
Tor/la ypaBHeHue (25) 3alMIIeTCs B BUJIE:
o0
Ko = (1= W% = () = X [ kn = t)(n)dn = (). (29)
ty

JeiicTBUTETBHO, UMEEM

[e.9]

[ s R
2wl —t)32 0 | A(r — 1)

t1

Y(t1) — A

] br)dr = ga(t). (20)

Hastee, coorBeTcTBeHHO, ypaBHeHue (24) NIpuHUMAET BUJL;:

1
o(tr) — )\0/ ONGUEEALE exp [_4(751 )

] p(r)dr = fa(th), (30)
e 1 2 1
5'#([a't1]é)a fo(t)) =ty 2 fi ([a-tl]i).

Tereps HePexoUM K JOKA3aTeILCTBY CIPABEIINBOCTH yeious 20, KOTopast CIepyeT U3 yTBep-
2KJEHUs ceyIoleil TeopeMbl.

Teopema 1. IIpu svinoanenuu ycaosuti o >0 v 0 <t < 7 < 00 uMeem MeCmo oUeHKa:

() - (7)< o) e[0T (31)

T—1

U 8bIMONHAECTNCA npedeﬂbnoe coomHowerue

Jim / | Ho(78) — A (7, )|dr = 0.
t

st rokasarebeTBa 9TOH TEOPEMbI, W JIsi TOro, YTOObI 0oJiee MpoIIe MOKa3aTh, TO YTO HMH-
TerpajibHoe ypasHenue (25) ¢ GECKOHEUHBIM IIPEJICJIOM MHTErPUPOBAHUS SIBJISIETCS XapaKTEPUCTHU-
dqecknM s ypasuenust (20), yuobuee csecru ypasuennst (20) u (25) K ypaBHEHHSIM Ha KOHEYHOM
npomexyTke (0,t). s sToro B nHTErpasbHbix ypasHenusx (20) u (25) npousseieM CIeyoIme 3a-
MEeHBI HE3aBUCHUMBIX IlepeMeHHbIX: ¢ = 1/t, 7 = 1/71. Torga onn 3anumIyTCsi, COOTBETCTBEHHO,
B BHJIE:

3/2 51

_*tl n)'t: T _ tieTf _
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t N 30
v (t1) )\/1 )\ 2 a3/2.t12 Ty o - tg T v d ) 33)
B t ' "eXp | = < | v (T1)dT1 = g1(71) -
' ty 2y/m(tg @)3/2 p Aty — 79) 1)aty = g1 (71
0

ITepeobosHadasi IepeMeHHbIe t] U T) Yepe3 ¢ U T COOTBETCTBEHHO M 0003Hauas sjIpa ypaBHEHHI
! !
(32) u (33) uepes A, (t,7) u A (t,T) COOTBETCTBEHHO, IIPEJCTABAM UX B BHJE:

Hy (t,7) = Py(t,7) exp{=Qu(t, 7). A (t,7) = P'(t,7) exp{—Q (1, 7)}, (34)

rjae

t27% . 1o / t-T¢
R @D =y
3/2 a1, ra -1 T

QI(tO‘ — 7'04)3/2’ Ql (t? T) = m.

OrMmerumM, 4TO IS sijep %/2 (t,7) u ya (t, T) TaK?K€ BBIIOJIHAIOTCA IPEIC/IbHbIE COOTHOIICHUS:

Py(t,T) =

/

P (t,T) =

t ¢
%in%/%,(ﬂ t)dr =1, }ir%/%/(t,T)dT =1, (35)
0 0

1 CIIpaBeJJInBa CJIEYIOIiasd

Teopema 2. I[Ipu o >0 u 0 <7 <t < 00 BHNOAHAEMCA OUEHKA:

A (7t) = 'sz (t,7) — A5 (7, t)’ < C(a) exp [—C(a)t 7 } , (36)

¢
U 6EPHO CAEIYIOUWEE COOMHOULEHUE 7%im%f | (t,7) — Ay (t,7)|dr = 0.
—vo

BravaJsie jJ0KaxKeM CJIELYIONIYIO JIEMMY:

Jlemma 1. Ilpu svinoamnernuu ycaio8ut meopemov, 2 cnpagediusvl CALOYOUUE HEPABEHCTEA:

w|R

(NI

t

Py(t,m) = |P'(t,7) = Py(t,7)| < O() ; (37)

t —

\]

Qo(t.7) = | Qy(t,7) — Q' (t,7)| < Ca(a) - . (38)

Hoxka3zareabcTBo jieMMmbl. [Tokaxkem cipasemuBoctsb (37). Vmeem

5% 7 [P (t7) - Py(t,7)| =

1
5 . o o321l Lo

t2—
WA= 2yt — )
Tt 153 . tl—a(ta _ 7_04)3/2 _o3/2.45 3. (t— 7_)3/2
NG T (t — 7372 (1o — 7a)3/2
flma(e — 79)3/2 _ 3/2. 1535 . (t —7)3/2
(t — 7—) . (to‘ _ 7-01)3/2

NI
[NI]e)

=t

v

w\»-‘
M\Q

Ta

RN
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().

) et (1 _ xa)3/2 _ 063/2(1 _ x)3/2 1 P'
T=z-t, 0<z< = . = .
2/ (1 —z)(1 —z2)3/2 2ym " °
OyuKus P(;(x) HeIpepbIBHA It BeexX 3HadeHuii x, 0 < < 1, HO uMeeT 0COOEHHOCTD pu = = 1.
[TosTomy BerauCIIM

1— 2 3/2
1 - a3/2 D E— 3_ 3«
. (1 —x)3/2 —a3/2(1 — 2)3/? . 1—zo I 1—z272 3|1 — «f
= = 111m == .
b (1—2)(1 — 22)3/2 zl -z 1| 1-g 2
Tenepsb sokarkem HepaseHCTBO (38). Mmeem
t-1¢ a-t*-Te

Ceah ) =

— =t- O<ax<l1
T e | R H

xa
==
0)

% 1 «
4 l—-z 11—z«

l1—2*—a+zo
(1—2z)(1—z%)

Oyukmas Qy(t, tr) = Qy(x) — Momoromma, Qq(
(0,1), numeer 0COOEHHOCTD JIAIIL B TOUKe T = 1.

= 0 u HelpepbIBHA JJIs BCeX 3HAYEHUI T €

Beranciimm
x| za— (% 4+ a—1) 1 .. a—oa-xo7!
im — = - lim _
e—1-0 4 | (1 —2)(1 —z%) 42-1-0|—(1 —2%) — az* (1 —x)
1 Y 1-a) a 292 I1—«f
= - lim = .
4r-1-0|a- 21+ (1—a) a2 2(1—2)+a- -xo7! 8

To ecrb, Cy = |1 — /8. Jlenma jokasama.

HokazareabcTBo Teopembl 2. [IpoBejem 10KazaTebCTBO JJisd TeX 3HAYEHUH IapamMerpa o 1
0<7<t< oo, npu KOTOpbIX Q' (t,7)— Q/Q(t,v') > 0. s suagennit mapamerpa o n 0 < 7 < t < 00,
17151 KOTOPBIX pasHocts Q (t,7) — Qy(t,7) < 0, mocraTodso Gyaer B JOKA3aTEIbCTBE MOMEHSThH

/ / / /
possimu bysaknnn Q (¢, 7) u Qy(t,7); P (t,7) u Py(t,T) cooTBETCTBEHHO.

’x’ (t,7) — Ay (t,7)

— [Pt r)exp (- (.7} - Bt ) exp{- Qe 7| =
=Pt r) e (=@ €} - Fi(e ) esp (- (.}
FPyt 7Y exp(=Q (1)} - Fi(t.7)exp{-Q (1.7} <

<[P - Bt ) exp{~Q' (1.7} + Py | exp(=Q (0.} - exp-Qi. )| | <

< ‘(P’u, 7) = Byt 7)) expl—Q (6, 7))+

+|Py(t, 7)

exp{—Q <m>}]<1 — exp(—Q)(t.7) + @’(m))\ <

< ’(Pl(tﬁ) — Py(t,7)) | exp{—Q'(t,7)} + Py(t,7) exp{~Q'(t,7)}.

(Qhier - @)
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Ucnonbays semmy 1 u coenyioree jsoitHoe HepaBencTso |15, ¢. 55]:
by 'ta_l(t—T) Sta_Ta < b2'ta_1(t_7-)v (39)
riae by = min{l, a}, be = max{l, a}, BHauase noaydaem
/ a-t*-7t¢ « te . ¢ a t-7¢
~-Q'(t, — B AR G B S =2t U
exp{—Q (t,7)} = exp { 4t — 79) } = &Xp { by 4te1l(t —71) } P { by 4(t—71) }

Hamee, nmeem

N]1)

Nj=

t . { a t-1¢ }
. X —_—— e — ;
Vi TPV a1

'(P’(m) = Pyt exp{-Q (7)) < O -

P2/(t’ 7-) ’ exp{—Ql (ta 7-)} <

o, PR a o7 a - | _
D ———————— .eX —_—— — .eX —_—— e —
= 2/7(t — 7)3/2 P T P -

B 1275 74 by (t—7) a t-7¢ {a tra} a t-r°

Q;(tv T) - Q, (t’ T)

—02'2\/7?-@—7)3/2' t-me-a by 8(t—7)

<

Takum obpazom, moJrydaem
[e% 1
t272 t-1¢
<C exp {—C . } .
t—T t—T1

/ ! ’
Berinosinenue nepasencrsa (36) o3nadaer, uro supo J (¢, 7) = o (X, 7)— (t, T) umeer ciaabyio
0COGEHHOCTD U CIPABEJJINBO CJICYIONIEE IPEIEIbHOE COOTHONICHHE

‘,%/(t,'r) — %,@,T)

N[

a_ 1 3 e
£33 t.ro t3-
lim [ —— -exp<—C'- T dr < lim/ ———dr =0,
t—0 t—1 (t—7) t—0 t—r
0 0

3HAUUT ypaBHeHUe (25) 1efiCTBUTEIbHO SIBJISIETCsI XapakTepucTudeckuM st ypasaenus (20). Takum
obpa3oM, TeopeMa 2, a TeM CaMbIM U TeopeMa 1, oKa3aHa.

Bakirouenue. B sroit wacTu paboThl paccMarpuBaeMble B paboTe I'DaHUIHbIE 33a9d JIst
CIIEKTPAJIbHO-HArPY2KEHHOTO yPaBHEHUS TEILIOIPOBOJIHOCTA ¢ TOYKONW HArPY3KH 1O IIPOCTPAHCTBEH-
HOiT mepemennoii (T(t) = ¥, —oo < w < 1/2), ABMKyIeiicst ¢ epeMeHHOii CKOPOCTBIO, CBEJEHBI
K Iape OCOOBbIX MHTErPaJIbHbIX ypaBHeHU# Tuna ypasHeHuit Bosbreppa 2-T0 poma, Hjsd KOTOPBIX
HaHJIeHbl COOTBETCTBYIOIIIE XapAKTEPUCTUICCKIE HHTEIPAIbHBIC YDABHEHHUS.
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YNCJIEHHOE MOJEJIMPOBAHUE NCTEYEHUN S
BCKUIIAIOIIEN YKUJTKOCTU

E. B. 3akup, C. JI. MAYCYMBEKOBA

KazHY umenn anp-Papabu
050012 Anmarsr yir. Macanam, 37/49 ked@math.kz

Paspaborana MeToauka mccie0BaHusT HECTAIIMOHAPHOTO BOJTHOBOTO MCTEYEHUST HACHIIEHHON KUIKOCTH
13 TPyOOIIPOBOIOB BHICOKOI'O [IaBJIEHUS [IPK aBapUitHO# pasrepMeru3aruu. s onucanus JBUKeHU 1a-
POKMIKOCTHON CMECH HMCIOJIb30BaHa IOMOIE€HHAsl MOJIEIb OJITHOCKOPOCTHOI'O HACBIIEHHOrO moToka. Vc-
xomHbIe audhepeHnnaIbHbIe YPABHEHUST MOJIE/IN TpeoOpa30BaHbl K BUJLY, MO3BOJISIONIEMY DellaTh UX
YUCJIEHHO IIPY MUHUMAJIBHBIX 3aTpaTax MAIIUHHOrNO BpeMeHu. Ha 0OCHOBe M3BECTHBIX PA3HOCTHBIX METO-
JIOB TIOCTPOEHBI AJTOPUTMbI UHTEIPUPOBAHUS ITUX ypaBHeHUi. MeTomuka anmpobupoBaHa Ha TECTOBOM
3a/1a49€e O IOpIIIHE.

AKTyaJIbHOCTB HCCJIEIOBAHUI BOJTHOBOI'O IIPOIECCA HCTEUCHUS BCKUIAIOIIET0 TEIJIOHOCUTE/IsT 00Y-
CJIOBJIEHA BO3PACTAIONINMEI TPEOOBAHUAMEU K 00ECIIEIeHNIO O€30IMaCHOCTHA COBPEMEHHBIX YHEPreTHIe-
CKIX YCTAHOBOK B aBAPUIHLIX YCIOBUAX SKCITyaTAIIUN. YCTAHOBJIEHIE 3aKOHOB U3MEHEHN S TapaMeT-
POB TEIJIOHOCHUTEJISI BO BpEMEHHN B KOHTYPaX BBICOKOTO JIABJIEHUS ITPU BHE3AITHON pa3repMeTu3aIiun
HEOOXO/IUMO JIJIsi pacdeTa JIOMOJHUTEIbHBIX HATPY30K U 9KCTPEMAJIbHBIX TEMIIEpATyp B KOHCTPYK-
IIMOHHBIX JIEMEHTaX KOHTYPOB, JIJIT TPOEKTUPOBAHNS YCTPONCTB JIOKAJIU3AIINH TTOCIEICTBUN aBapuu
u T. J. B umxKeHepHO! NpaKTUKEe pacdeT aBapUHHOIO MUCTEYEHUs] BHICOKOTEMIIEPATYPHOI'O TEILIO-
HOCHUTEJIsI TIPOBOJUTCsT OOBIYHO B paMKaX KBa3MCTAIMOHADHBIX MeTouuK [1-4|. V3ydenue nBuzkeHus
FETEPOTEHHBIX CMeCeHl ¢ yIeTOM MCXOIHON CTPYKTYPBI cMecHu U (PU3NIECKUX CBOHCTB (a3 CBA3AHO
C IpUBJICYCHUEM HOBBLIX [TAPAMETPOB U PEIICHUEM ypaBHEHU 0oJiee CIOXKHDBIX, YeM Te, C KOTOPBI-
MU [PUXOJUTCS UMETh B MeXaHUKe 0HOMAa3HbIX (TOMOreHHBIX) cpe. [Ipu arom seranbHOe ormca-
Hue BHYTPHU(DA3HBIX U MeK(Ma3HbIX B3ANMOJCHCTBUI B M€TEPONEHHBIX CPeJjiaX MOPOI0 IPE3BbIYAHO
CJIOKHO, U JIjIsI TIOJIy9IeHHs 0003PUMBIX Pe3y/IbTaTOB M WX MOHUMAHWS 3/1eCh OCODEHHO HEOOXOINMBI
pAIIMOHA/ILHBIE CXEMATH3AIUN, TPUBOJIAININE K 0DO3PUMBIM U peliaeMbiM ypaBHeHusM. [Ipobsema
aBapUITHON pa3srepMeTU3aINU CUCTEM C KUJKUM TEIJIOHOCUTEJIEM IIPU BBICOKOM JIaBJIEHUM U3yYeHA
JIAJIEKO HEJIOCTATOYHO. DTO OTHOCUTCS U K MEXAHMIECKOW CTOPOHE SIBJIEHUsI BOJIHOBOTO MCTEYEHUsI
BCKUIAIOMIEH YKUIKOCTH, COIPOBOXKIAIOIIEIOCT MHTECHCUBHBIMU (DA30BBIMU MPEBPAIICHUSIMU U TIe-
PECTPOHKON CTPYKTYPBI MTapOKUJIKOCTHOIO 1MoTOKa. Teopermdeckoe uccieoBanme Iej1ecoo0pasHo
[IPOBOJIUTH B HAIIPABJIEHUN aHAIN3a (PU3NKU MIPOIIECCa, IIOCTPOEHUS er0 MaTeMaTUuIeCKUX MOJIesieil u
pa3paboTKU MeTOJI0B YUCJIEHHOI'O0 WHTEIPUPOBAaHUS, ONUCHIBAIOIINX IIpoIiece ypaBHeHuil. B nannoit
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paboTe, UCIHOIB3YeTC TEPMOANHAMUYIECKPE PAaBHOBECHOE NMpub/mKkenue. Jlamna mocraHoBKa 3a1a4u,
npeacTapieHa 5p@EKTUBHAsT METOIUKA €€ YUCICHHOIO PEIleHusI U IPUBEIEHBI HEKOTOPhIE Pe3yJib-
TaTbl UCCJICJOBaAHMA.

ITocranoBka 3ama4n.

OcCHOBHBIE JIOIYINEHNUsI, UCIIOJIb3yeMble B MaTeMaTHIeCKON (DOPMYIUPOBKE 34 1a1H:

— JIBUKEHUE CPEeIIbl OJHOMEPHOE, BJIMSHUEM KOHCTPYKTHBHBIX OCOOEHHOCTEH TpyOOIpOBOIOB Ha
MPOIECC UCTEUEHUST MOXKHO IIpeHeOpedb;

— WX TEeMIIepaTypPbl TOXK/IECTBEHHO PABHBI TEMIIEPATYPE HACHIIIEHNS TP JTaHHOM JIABJICHNN;

— OTEepsSIMU Ha TpeHue, a Takxke apdekraMu pasaeacHust a3 P BCKUIIAHUHI U JIBUYKEHUH CMECH
MOXKHO ITpeHeOpedb.

B cuny nByx mocimennux gomyineHuit AByxdasnasi TapOoKUIKOCTHAS CMECh MOIEIUPYETCsT OTHO-
da3HOI CILIONTHOM cpeoil, COCTOSTHIE KOTOPOH B OOIIEM CIyUae OIPEIeISIeTCs IBYMsT HE3aBUCUMBIMU
IIEpEMEHHBIMI: JTABJICHUEM P U MACCOBBIM ITAPOCOJIEPKAHUEM X. Y DPABHEHUST COCTOSTHHSI 9TOM CPEJIbI
CTPOATCSI TI0 U3BECTHBIM YPAaBHEHUSIM COCTOsIHUS (a3 ¢ MCIOIb30BAHUEM OOBIUHBIX ITPEIT0IOKEHNN
006 aJIUTUBHOCTH TEPMOJUHAMUIECKUX (DYHKITHIL:

i(z,p) = (1 —2)i1(p) + ziz(p) = i1(p) + zl(p); V(p) = (1 —z)Vi(p) + zVa(p), (1)

rme i mw V — yIejabHbIE SHTAJbINSA U 00beM cMecH; | — yIeiabHas TeIIoTa IapooOpa30OBaHMSI;
MHAeKCAMU 1 1 2 OTMEeUYeHBI TapaMeTPhl KIUIKOCTHA U IMapa COOTBETCTBEHHO. Y PABHEHUSI COXPAHEHUS
MAaCChl U HMMIIYJIbCA U YpPaBHEHUE NPUTOKA TeIIa /I OJHOMEPHOI'0 HECTAIlMOHAPHOI'O JIBUXKEHUS
PaBHOBECHOM ITAPOYKUIKOCTHON CMECH B KaHaJIe IIOCTOSTHHOT'O CedeHus 0e3 yuera CUJI TPEHUs UMEIOT
CJAEYIOIIUNA BUJL:

dp  pdv _ o pdv  dp _

T PR T TR M (2)

di d
b =5 +0. (3)

rje p U v IUIOTHOCTH M CKOPOCTH cMecH; (Q — MHTEHCHMBHOCTH BHEITHErO IIPUTOKA TEILIa K €UHAIE
obbema cmecu. C ydaeToM ypaBHEHUs COXPAHEHUsT MACChl M3 ypaBHeHuil (3) mosyanM ypaBHeHUe st
OIIpe/Ie/ICHUsT JIABJIEHUST CMECH:

dp pa’dv

dt dz
e a u C 3aBUCAT OT MapaMeTpoB CMECH U BUja ypaBHeHUil cocrostamii. [Tosrydennast cucrema
ypasrenuit (2), (3), (4) 3amkHyTa 1 uMeer siBHbIH juddepenimaibablii BUJI, TTO3BOJISIONIUI OIpe-
JIETIATh [apAMEeTPhbl HECTAIHOHAPHOTO MAPOXKUIKOCTHOTO TOTOKA C IPOU3BOJIBHBIMU YDABHEHUSAMUI
cocrosinus (a3 6e3 NPUMEHEHHsT UTEPAIMOHHBIX POIELy].

+C, (4)

[Tycrs umeercst numHapuyecKuii cocy i (Kycok TpyGoIpoBo/ia) MOCTOSIHHONO HOIIEPETHOIO Cete-
HU JUIAHHON L, 3aIl0JIHEHHBIN HACBIIMIEHHONW YKMIKOCTBIO C JIaBJIeHHEM pg W TeMmieparypoit Ty =
Ts(po). B MmomenT Bpemenu t = 0 Iponcxo/iuT BHE3aIHAsI pasrepMeTnu3alis IPaBoro Topia (pas3pbB
nuadparmer). 2KHIKocTh B BBIXOTHOM CEYEHIN BCKUIIAET, 00pa3yrolias apoKiuIKOCTHAS CMECh [P~
XOJIUT B JIBUKEHUE U UCTEKAET C JaBICHUEM D, 3HATUTEIbHO MEHBIINM JIABJIEHUS Po. BHYTPb TPyObI
10 YKUJIKOCTHY TONIeT BOJIHA pa3psKeHHs. 3ajada pacdeTa HeCTAIMOHAPHOTO MPOIIECCa, COMMPOBOXK-
JAIOIIEr0 BHE3AITHYIO Pa3repMeTU3AINI0 TPYOOIIPOBOIA, 3aKII0YACTCSI B ONPEJEJICHIN 3aKOHOB U3-
MEHEHWsI JTaBJIEHUN, MapOCOIEePKAHNI W TeMIIepaTyp BO BPEMEHHU B Pa3JIMIHBIX CEIYEHUAX TPYOBI,
MaCCOBBIX pacXo/ioB a3 depe3 cedeHusl pasrepMeTU3ali U OOIIEro TEeMIIa OIMOPOXKHEHHUS COCYIA.
MaremaTuyecku OHa MPEJCTABJIsIET COOOM CMENTaHHYIO 3aJ1ady I CUCTeMbI JuddepeHInaIbHbIX
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YDABHEHUII B YaCTHBIX IPOU3BOAHBIX (2), (4) CO cireLyonuMy Hada bHBIMI U TPAHIIHBIMI YCIOBA-
AMH:

U(Z,O) =0, p(Z,O) = Po, T(Z,O) :Ts(p0)§ (5)
v(0,t) =0, p(L,t)=pe.

YpasHenusi (2) nesiecoobpasHO IPUBECTH K JUBEPreHTHOMY BHLY:

dp  dpv _  dpv  I(pv* +p)
o To: " T T e

—0. (6)

st ontpeenieHust JaBJIeHNs NCIIOIL30BAHO YpaBHEHNe, 3alliCaHHoe B ""KBa3uuBepreHTHoM" BH-

e

90 L 0PV _ () g2
TP = (p—pa*)0v/dz + C. (7)

Yucaennas peajm3arus. /[is 9UCIeHHON pean3aIiy JJAHHON 3a/1a91 UCIIOJIb3yeM HesIBHYIO
cxemy Buma-Yopmunra. JTanubiii MeTo/I IpOTECTUPOBAH Ha CJIEILYIOME MOJIEILHON 3a1a43e: B TPy-
Oy ¢ mepBOHAYAJIBHO HEIOJBUYKHBIM Ta30M ¢ MoKazarejaeM ajauabarsl v = 1,4 u ¢ mapamerpamu
po, Tp BIBHUTaeTCst TOPIIEHb €O cKopocThbio V = 1,56ag. B MoMeHT Bpemenu, Korja MHUIUHUPOBAH-
Has yIapHas BoJiHa mporia H0) sdeek pa3HOCTHOHN CeTKHU, MOPINEHb OCTaHaBauBaeTcs. Heobxommumo
paccuuTarh Bo3HuKaromiee Tedenue. [lycrtb p, u, p, E — NJIOTHOCTb, CKOPOCTD, JABIEHUE W HOJIHAST
yJIeJIbHAsT SHEPTUs WJICaTbHOIO KAJOPHIECKAN COBEPIIEHHOrO ra3a ¢ mokasaTeaeM aauadbars vy . e-
HOJIb3yeM Oe3pa3MepHble TIepeMeHHbIe, TIPU 9TOM 3HaYeHUsl p, U, p, E OyjeM OTHOCUTH K 3HAYEHUSIM
po, @o, Do, Eo B HEeBoaMyIeHHOf 0bacTu Teuenus (ap-CKOpoCTb 3BYKa, a3 = ypo/po), COOTBETCTBEH-
HO. YpaBHEHUsI OJIHOMEPHOTO T€YEHUsI B YKA3aAHHBIX O€3Pa3MEPHBIX IEPEMEHHBIX UMEIOT CJIETYOIINi
" muBepreHTHBIN" BUT:

Op  Opu _ dpu  10p , Opuu

o T or U ot Thor ' om

=0, (8)
OpE  10pu  OpEu B u?

Vpasuenne Hapbe-CToKkca B BEKTOPHOI (hopMe MMeeT BHL:

oU  O0E(U)
ot + oz

B cxeme Buma-Yopmunra perreHne mojiydaroT yCTAHOBJIEHHEM 110 BPEMEHH B COOTBETCTBHHU CO
CJIYIOIIEN PA3HOCTHOU POPMYJIOiL:

Ang _ DAL D At 9

T 146050t 1+92&(U)+

~0. 9)

2 DAY Ol L - (a0 + (A1), (10)

An
(A"0) + 1+ 65 0t

rae
AU =U™M U

Ota 00IIast pasHOCTHast GOPMyJIa IIPU COOTBETCTBYIOIIEM BHIOOpE mapaMeTpoB #y u s OmuchIBaeT
MHOTrHE OOBIYHBLIE PA3HOCTHBIE CXeMbl. VICIOJIb3yeM HesaBHYIO cxeMy Oiurepa, npu 61 = 1, 6y = 0.
[Tpeo6pasyem (9), npumensst (10). [oaygaem:

0 0
A"U = At—(—A"E) + At—(—E" At)2. 11
U = At (—A"E) + AtS(~E") + O(At) (1)

DTO ypaBHEHUEe HEJUHEHHO, /s €ro JTMHEeAPU3AINN MCIOIb3yeM pasioxkenne B psn Teitmopa.

OE(U)
U

En+1 — E" 4+ ( > (ANU — Un+1 N Un) + O(At)Q (12)
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Ncnonib3yem citeyromiye mpe o/ I02KEeHIST:

e <3g(UU)>nUn+17 (13)
ar = (220) (14

rae [A]" — marpuna STko6u. [Ipusenem (16) K Buy cHCTEMbI BEKTOPHBIX yPaBHEHHUIA:

Aiyi—1 — Ciyi + Biyiy1 = —F;,

2Ax n S, 202,
(MU + (AU = -= U (15)

nyrrm+l
[A] U’—l (3 At

¢ At

P15

13

11

0,9

il

07

fl

0,5

x

0,3

»

0,1

»

010 0,1 0,2 03 04 0,5 0,6 07 0,8 0,8 i

il

Puc. 1: IIpodunu gasmennii: 1 - n=0, 2 - n=40, 3 - n=80, 4 - n=120, 5 - n=160.

[TostyaeHHble pe3yJIbTaThl, MPUBEIEHHBIE HA pUC. 1 (Mpoduan JaBjeHnii B pa3InIHble MOMEHTBI
BPEMEHN ), KAYeCTBEHHO COTTIACYIOTCSI ¢ pe3ysibraTaMu paboTe [6].
Taxkum obpasom, cucremy (6) — (7) 3amumiem B BekTopHOit dopme, caeays (9):

ou . oU AU

e + [A]% + [B]E =0,

rjae U - 3T0 BEKTOD, COCTOHHH/Iﬁ n3 CJIEAYIOMNUX 3JIEMEHTOB:

p
U=| pu |, (16)
p
|[A] — maTpuna Adxobu:
0 1 0
A= —v? 2v 1 |, (17)
_mop oy,
pop
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[B] — Mmarpuna cieyromero suia:

0 1 0
2 v(pa?—
[B] — _U(Pap P) (P 5 p) 0 ) (18)
0 0 v(pa®—p)

p

Pazpaborannast MeToINKa IPUMEHSIIACH K MCCJIEIOBAHNIO HECTAIMOHAPHOI'O BOJIHOBOI'O HCTEYe-
HUS HACHIIEHHON BOJBI U3 TPyOOIIPOBOIOB BBICOKOTO JaBjeHusd. VICrmoabp30Baainch cieayiomnme 6e3-
pa3MepHble IEpeMEeHHBIE:

D p v _ ta

_ _ _ _ < 2 Do
pP=— = v=— t = ) Z =7, Ay = —. 19
Po p ) . L L £0 (19)

[Tpodunu maBjieHus U CKOPOCTH CMECH IIPEACTABJIEHLI HA puUC. 2 U puc. 3. BumHo, 9T0 cMech
[IOCTEIIEHHO ITPUXO/IUT B JIBUYKEHHE: CKOPOCTh YBEJTUIUBACTCH, JABJICHUE 1a/1a€T.

2
1
0,8

1
F

0.6
04
0.2

0

0 0,2 oA 0,6 0,8 2

Puc. 2: llpocdnin nasmenns: B pasnuaabie MmoMmenThl Bpemenn: 1 - 0.0 ¢, 2-0.1¢,3-0.2¢,4-03¢,5-0.4¢c,6-0.5c.

0 0,2 0,4 0,6 0,8

4

Puc. 3: Ilpodunu ckopoctu B paziuanasie MmomenTs Bpemeru: 1 - 0.0 ¢, 2-0.1¢,3-0.2¢,4-0.3¢,5-04¢,6-0.5c.

HBl\leHeHI/Ie BO BpeMEHU JlaBJICHUA B PA3/IMYHBIX CEUYCHUAX KaHaJia JaHbl Ha PHUC. 4 qu 6JII/I}Ke
HAXOJUTCA TOYKA paspblBa, TeM MHTEHCUBHE NaJeHue JaBJICHHs, 9TO COIVIACYETCS C pe3yIbTaTaMu
paborsl [7].

JleTa/bHBI pacyeT IpoIecca HeCTAIMOHAPHOIO UCTEUeHMs BCKUIIAIONIEH KUJKOCTU MI03BOJIAET
U3y4aTh PasIUIHbIE CTOPOHBI SIBJICHHUE, BayKHBIE JJI MPAKTUKH, BBIYUCIATL 00ILyIo Maccy M, BbI-
TeKAIOLYI0 Yepe3 eUHUILY ILIOIAIU CedeHIH OOphIBa 32 33JlaHHOe BpeMs. PacueTHas 3aBUCHMOCTD
M(t) auist Tpy6onpoBoia peicTaBieHa Ha puc. 5.
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1,2 |
1
0.4
0,8

14
2

i uyii| aaa 30 400 n5 Ol

Puc. 4: Vzmenenne naBiaeHus B Pa3/JUIHBIX CedeHUsSX Kanama: 1 - 15 v, 2 - 10 M, 3-5 M, 4 - 2 M.

M, I5

-0, O 100 200 0 400 p 200

Puc. 5: Macca BbITeKaromeit cMecu.
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PesynbraTs! qanaoit paboTbl MOTYT OBITH HUCIIOJIB30BAHBI IIPU 0OPAOOTKE COOTBETCTBYIOIINX IKC-

HNEepUMEHTaJIbHBIX JAaHHBIX U CO3/[aHUU METOJUK pacdeTa IIPOIECCOB, COIIPOBO2K/IaIOITUX aBaprIHyIO
pa3repMeTnu3annuio CJI0ZKHBIX MHOT'O3JIEMEHTHBIX CUCTEM BBICOKOI'O JaBJICHMA.
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SAMEUYAHUNE OB NTHBAPMAHTHBIX OIIEPATOPAX
AJITEBPBI BENJIS

P. KAMInoAMor-IIITYPCBEPT

Mex mucrmnanHapHbIil HHCTUTYT MaTeMaTuku Y Huepcuter Komiuryrence
E-28040 Magpun rutwig@pdi.ucm.es

C 1noMoIIbI0 abTepHATHBHON (GOPMyJIBL JUlsl HHBAPUAHTHBIX oneparopos Kasumupa anre6pst so(p, q)
JTIOKA3HO, ITO MHBAPUAHTHI KOPUCOEIMHEHHOTO MIpeIcTaBIeans anrebpol Beiina W (p, ¢) npeacrasisior-
ca B uge IJ 7', tme I, J — unBapuanTsl momaarebpst 1so(p, q).

1 Bsenenue

N3BectHO, 9TO NpyToitl criocob KaaccuduKauy mpeacTasiennii aaredp JIu ocHoBaH Ha UCIIOIBL30B-
aHUN COOCTBEHHBIX 3HAYEHUH oreparopos KazuMupa uim MHBAPUAHTHBIX OTIEPATOPOB KOITPUCOETUHE-
HHOTO IIPEJICTABJIEHUsI. XOPOIIO U3BECTHHI TaKWe WHBAPUAHTHBIE OIEPATOPBI IMOJIYIIPOCTHIX ajaredp
JIu, a Takzke HEKOTOPBIX HEOJHOPOJHBIX ajarebp. B craresx [1,2] 6buin ucciaemoBanbl obmmast Gop-
Ma MHBApHAHTOB HEOIHOPOJHBIX aiarebp Iso(p,q) u anrebp Beis W (p,q). B wacrnocrn, Jdemuues
U Jpyrue JoKasaau B [2]|, 9ro panuoHasbHble nHBapHaHThl anrebpsl W (p, ) cTpouTesi TOIBKO 1O
oneparopam Kasumupa mnoganrebpst 1so(p, q).

B mammeit pabore, ¢ TOMOIIBIO aIbTEePHATHBHOM (DOPMYJIBI /I orlepaTopoB KazuMupa mceBaoopT-
OroHAJILHBIX ajiredp Jlu, Haiigena B sBHOM BUje MakcuMasbHas cucrema Cy, . .., Cp, anrebpandecku
HE3aBHUCUMBIX HWHBAPHAHTOB aJrebper Iso(p, q) Takast, 9T0 Bee omepaTtopbl Kasmmmpa mmMeror Ty ke
CcaMyIo CTENeHb OTHOPOIHOCTU IO MEPEMEHHBIM COOTBETCTBYIOIINM TPAHC/SIUAM. B gacTHOCTH, U3
9TOrO CJIEJIYET, YTO BCe MHBAPUAHTHI KOIIPUCOEINHEHHOTO [IPeJICTaBIeHHs aJIredphl Beitsst ipeacraBii-
AI0TCSI B BUIE Cinl.

[Tycrs ¢ — npousBosibHast anrebpa JIu, B = {X1,...,X,} — ee 6asuc, p* — npocrpancrso, iy-
anpHoe K 9. Uepes C°(p*) obo3HaumM mpocTpaHcTBO aHaauTHdeckux byHkimii Ha o*. Vmeercs
npezcrasiaenue anarebp @ : o — C(o*), koropoe Ha 6azuce B onpejessieTcst cieayonuM 00pa3oM:

~ 0
. _ Ok ;
Xi = Cyxy oz’ 1<i<n, (1)
rie {Czkj} — CTPYKTYpHBIN TeHsop B Oasuce B, {x1,...,x,} — KoopuuHarhl B 0* COLpsSI?KEHHBbIE K

6asucy B. Ananurndeckas Gynkims F Ha 0* Ha3biBaeTCst MHBADHAHTOM (KOIPHCOEMHEHHOIO TIPE/I-
crapjenns) anre6per o, ecmu F(x) = F(Ady(r)) ma mobwix x € ¢%,g € G (G — rpyma Jlu,
oTBevaroIIas aarebpe g.)
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IIpennoxenune 1. Qynuxuyua F(x1,...,x,) Ha 0° asasemcesa unsapuarmom anzebpov. JIu moada
U MoAbKO mozda, Koz2da

s 3}
XiF(x1,...,x,) = Ckxka—F(ml,...,xn):(), 1<i<n. (2)
T

Bamernm, 9T0 cucreMa (2) He 3aBucuT OT rpyunsl G mosToMy uHBapuantel Ad* cBS3aHBI ¢ caMoil
asrebpoit. [TosmHoMuasbHble pelleHns: ypaBHeHnit (2) COOTBETCTBYIOT KJIACCUYECKHM OIIEPATOPAaM
Kasumupa depes cuMMeTpu3anuio ux nepeMenHsix (em. Hanpumep [3,4]). Kak MoxHO s0Ka3aTh, 94T0
unciio N(9) NHBAPUAHTHBIX OIIEPATOPOB JaeTcst (hOPMyYJIOit:

N(p) = dimp — rank(ijxk). (3)
13 dopmyier (3) ciemyer, 9To 9ucyio k MOJMHOMUAJBHBIX PEIIEHUH OIpe/Ie/IseTcsl HePABEHCTBOM
k< N(o). (4)

B wacrHoCcTH, ecin g siBIsieTcst anrebpoii anrebpandeckoii rpymisl, To k = N(p).
Ounpenenenne 1. Anarumuveckas gynkyus F(x1,...,z,) Ha 0F nasweaemesa omuocumenn-
HOLM UHBAPUAHIMOM AA2€0PBL 9 M020a U MOALKO Mo2da, K020a

X,F=MNF, 1<i<n, (5)

20e X; onepamop npedcmasenu (1) u )\ YUCAOBOT, MHOHCUNEND.
Jlemma 1. Ilycmo X = aZC'k Tha— (% — Jugpepenyuarvnud onepamop npedcmasaenus (1) u

nycmo Fy, Fy € C®(0*) dynryuu makue, wmo
X(F)=MF, X(F)=F. (6)

Tozda pynxyus Fl)‘QF{ M ecmo PEULEHUE YPAGHEHUS

~

X(F)=0. (7)
lokazaTeabcTBo. st Kaxk ol mepeMeHHOl x; mMeeM

9 M OF A\ OF,

A2 =AYy A2 =1 _ =
8171' (Fl F2 ) - (Fl F2 )(Fl axz F2 8LUZ

u, cjieaoBaTe/IbHO,

~ B . _ A OF) A\ OFy
X(FPF™M) = alChap (R Ry M) (e — =2
(FP2Fy ) = o' Ol (FT B, )(F1 oz; 3%)

OF; -1, i
83:31') )\lf’ﬁf\”%/\1 1( Ck

= NPT VRN (A P — MFP2 M T (2 Fy) = 0.

0F,

_ Ao—1 —>\1 k
= )\QFl (a C 8:75]- )

IIpennoxenne 2. [Tycmv 0 — anzebpa Jlu, u nycmov o nodaszebpa xopazmeprocmu 1 makas,
YIMO UMEEM MECTNO CALIYI0ULEE MOAHCIECTNGO:

N(o) = N(e) - 1. (9)

Tozda scaxuti uHeapuarm ar2ebpov. 0 MAKICE ASAACMCA UHEAPUAHMOM nodaszebpvt 0. B wacmmnocmu,
cywecmeyem aremenm X C o maxoti, wmo

oC

o, =0 (10)
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48 P. Kammoamop-IIItypcbepr

das xastcdozo uneapuarma C anzebpor 0.
HokazarenbcTBo. U3 pabors! [5] ciemyer, 4To 4ucio HeOOXOIUMbIX BHY TPEHHUX Pa3MeTOK MH-
IyLIUIPOBAHHOIO IIPEJCTaBJICHUs aJrebphl 0 CBA3aHHOE C PeLyKIHeil 9o — 0, paBHAETCS

2n =dimpo+1— N@) +1—dimo— N(o)+2 =1—N(o)+1 >0,

! ~
rme | = N(p) — 1 — 9nciio nHBapUAHTOB aarebpbl 0, KOTOPbIE TOJBKO 3aBUCAT OT T'€HEPATOPOB
nojaarebpel o. Ilosromy cymecrsyer snemenT X € 0 KOTOpPBIi He IPUHAJJIEXKUT Iogajredope g.
Takum obpaszom, jJist Jio0boii naBapuanTbl C' UMeeT MeCTO PABEHCTBO

oC
— =0. 11
ox (11)
2 NuBapuanrst anredp [so(p,q) u W(p,q).
B macrosinem pasjesie Mbl HPUBOAUM aHAJIOr TeopeMbl [enbdanma [6] 11st HEOMHOPOIHBIX aJl-
rebp Iso(p,q). Basuc anrebpst JIu Iso(p,q) cocrout us %N(N + 1) reneparopos E,, = —E,,,pp,
YIOBJIETBOPSIONIUX II€PECTAHOBOYHBIM COOTHOIIEHUSM:

[E;un E)\cr] = g,u)\El/a + gMJE)\V - gl/)\EuU - gVO'E)\,LH

[Epvs Ppl = 9upPo — gupPus

B 6asuce {E,,, P,}, rie
g=diag(1,...,1,—-1,...,—1).

UsgectHo, uro N(Iso(p,q)) = [I’Sﬂ] muist kazkgoro N = p+ ¢ > 2 (cM. Hanpumep [1]).

ITpengyioxxenne 3. Makcumasvryio cucmemy HE3ABUCUMBIE UHBapUaHmMos Kasumupa anrzebpol
Iso(p,q) obpasyrom woapduyuenmor muozourerna P(T'), onpedesernozo no gopmyae:

P(T) = |Ap,q - TIdN| + T|(Ap,q)(N+1,N+1) - TIdN71|v (12)
20e
0 —gjjelj ... TgNNE1N plT
€911 - -- 0 ... —gnNejN  piT
Apg = J. . ) ) . ’ ]. (13)
61,Ng11 . gjjej,N e 0 pNT
—-pigu .- —pPigi; --- —PNgNN O

U (Apg)(N+1,N+41) — Munop mampuyw, Ap 4 N-20 nopadka, noyuarouutica us onpedesumens cviuep-
KusaHuem -0 cCmpoKy u j-20 cmoabua.

Jloka3aTesbcTBO 9TOro pedy/ibrara MOXKHO HaiTh B |7].

Anrebpa Beitnsg W (p, q) siBasieTcst pacimmpenneM HEOTHOPOTHO IICEBI00PTONOHAIBHON aarebps
Iso(p,q). Dra anredpa W (p, q) BBINISIAT CIEIYIOMUM 0OPA3OM:

[E;u/v E)\J] = gu)\Eua + guaE)\l/ - gl/)\E,uO' - gVO'E/\uv
[Epvs Ppl = 9up Py — gupPus
(D, Pp] =-b

B Gasuce {E,,, P,, D}, rae
g =diag(1,...,1,—1,...,-1).
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Omneparop aunartanun D KOMMYTHDPYET C BpAIEHUsIMUA U OIpeneserT audepeHImpoBanne paii-
kasia anrebpel Iso(p,q). A.Il. demuues u apyrue nokasanu B 2], uro oneparopsl Kasumupa C;
asrebpul 1so(p, q) sIBJISIIOTCST OTHOCUTEBHBIMU UHBApUAHTAMK ajireOpbl Beitsist:

[D,C] = NGy, 1<i < [PEEHT] (14)

rjie \; CTeneHnb OJJHOpOJHOCTU reHeparopos F,. B wacTtHOCTH, /1 Kaxkj0oro nnBapuanTa F' aaredpbt
Iso(p,q) umeer MECTO TOXKJIECTBO
oF
7 =
r.e. ynuknus F He 3aBucur or nepemennoii d. Torga cucrema (2) npumer Buj u3 %(N + 1)N ypas-
HEHUiT OTHOCUTEJILHO o aaredpsl 1so(p, ¢) u ypaBHeHMi

0,

N
D(F) := Zpig; = 0. (15)

=1

)\]' —\;
s sroro cdakra n semmbl 1 cienyer, o panuonasibusle gynkiun suga C;7C; " ynosiersops-
10T ypaBHenuio (15) u moromy siBisioTcst nHBapuanTamu aaredpst W(p, q). Yucmo nHBaprmaHTHBIX
oriepaTopoB ajredbpn Beitsis naerca mo dpopmyse

NW(p,q)) = [FH=]. (16)
IIpenmoxkenne 4. [lycmv m = [p+g_1] ,C1,y ..., Cpy unsapuarmos anzebpu Iso(p,q) us npeo-

aoorcernusn 1. Tozda cmenens odnopodnocmu A; = 2 das xaorcdozo 1 < i < m.
JokazarenbcTBo. HaM 10CTAaTOYHO ITOKA3aTh CJIELYIOMEE PABEHCTBO:

63
Op;Op;Op,

T)=0
Jutst iponsBoibHBIX 1 < 4,7,k < N. U3 dbopmyssr (12) nmeem

P(T) = |Apq — TIdn| + T|(Apq) (n41,n8+1) = TIdn-1].

Tak Kak omnpenenuTe b |(Ap7q)( N+1,N+1) — T1d N_1| HE 3aBUCHT OT EPEMEHHBIX D;, TO UMEET MECTO
PaBeHCTBO

-T ... —gjeyy ... —gyvnvein mT
€1,Ng11 --- YGjjEiN  --- =T pNT
-pig11 --- —Pi9%j --- —DPNgNN —T

C IIOMOIIIBIO ITOAXOAAIINX OII€ aHI/Iﬁ Ha /1 CTO.H6H341VH/I MaTpHUIbI A — TIdN 9TOT pe3yJibTaT MOXKHO
P,q ’
3alnmucaTb B (bOpMe

=T 0 ... —gnnein piT
BP(T) | 911€15 0 -+« TUNNEj N pjT
— +
Ipi : : : : : :
€e1,Ng11 - -- 0 =T pNT
-p1911 --- —0i59j; --- —DPNYgNN —T
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=T

—gjje1j --- —gnnein 0
4| g o T —gnnejN 63T
€1,Ng11 .- GjjCjN ... =T 0
—pgu - —Pig ..o “PNINN 0

[Ipomuddepenniupyem 310 PABEHCTBO €I1le pa3 Mo MEPEMEHHOI Py, TOIyIaeM PaBEHCTBO

-T ... 0 —gnnein piT
0 giei; ... 0 —gNNEjN pjT
— +
Opr | : : : : :
giiei,N ... 0 =T pnT
—p1g11 .- —0i9j; --- —DPNgNN T
-T —gjjelj . —gNNGLN 0
0 |guey ... T —gnnejN 0T
Opr | : : :
911617]\[ e gjjej’N e =T 0
—pig11 ... —DPj9j; --- —DPNYNN 0
=T e 0 —gueéir -.-- —YgNNE1IN 0
€15911 .- 0 ... =T —gNNE€;j N 0
— 2 . . . . . .
eugil .- 0 <o Quekl —gnnen  OT
e1Ng11 - -- 0 quein e =T 0
-pig11 ... —6i9j; -.. —mg9u --- —DPNgNN O

Paszjioxkus sTor olpeJaesjnTesIb 110 ]—My n 1mocJieJHeEMY CTOH6HaM, IIOJIyIUM

=T —gu€i --- —YgNNELN
—— =261 | ey ig11r - .. =T —gNNE; N| -
Opidp T T S
eiNgi1 .- .- quein =

92P(T)
W3 sroro cienyer, 9to QyHKIH Bpidpy, HE BABHCHT OT IEPEMEHHDIX P;. Torna
1

#PPT)
OpiOprOpm

u Jyist Kaxkioro omneparopa Kasumupa C; anrebpst Iso(p, q) Haiigem, 9To cTeneHb OJHOPOIHOCTH 110
nepeMeHHbIM P, paBHa 2.
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CanencrBue 1. [lycmv m = [%} ,C1, ., Oy — cucmema He3a8UCUMBLE UHBADUAHITVHDIL
onepamopos Kasumupa anzebpoi Iso(p, q). Oyrxyuu

F;=CiC7'Cy, 2<i<m, (18)

00pa3YI0M MAKCUMAADHYIO CUCTIEMY (N2E0PAUNECKU HE3AEUCUMBLT PAUUONANDHOIT UHEAPUAHINOE (-
eebpv. Betiaa W (p,q).

Beinuiem ocHOBHBIE oriepaTopst Jyist anredp W(p, q) ayst p+q = 4. B arom ciyaae N(W(p, q)) =
1. CoriacHO HpeIoKeHo 3, HHBApUAHTHI anrebp [so(p, q) BBIISIAT TakK:

4
Cl = Z guup?u
pn=1

Cr=-2 Z Gun9vv9pp(€pwpPpPreppeup + €upvDuPp€pvCup + EvppPyPpCurpup)+

p<v<p
+ Z gyugl/ueiy( Z gppp%)7
u<v pFEIY

rae g = diag(1,1,1,—1) wmm diag(1,1,—1,—1). Panuonaybubiii uaBapuanT aiaredbpsl Beiiist 3amu-
CBIBAETCSI B BUJIE
Ca
C=_——.
&
B wacTHOCTH, CTeleHb OJHOPOJHOCTH PAIMOHAIbHON nHBapHaHThl C' 110 HepeMeHHBIM P, paBHa
HYJTIO.
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VIIK 511

BUETOBO YPABHEHUE 22 + xy + y* = 22

C. III. KOXKErEJIbIUHOB

CemMurnajaTuHCKuit FocyﬂapCTBeHHBIIU/I neﬂarornqecxnﬁ UHCTUTYT

sagdulla@ok.kz

IMosyuena obmasi GopMyIa, OINUCHIBAIOIAs BCe HATYpPAJIbHBIE DEIIeHHs BUETOBA, ypaBHEHUsSI T° + Ty
+y? = 2%, @opMymEpyeTcst U JTOKA3BIBAETCS TEOPEMa 06 SKBUBAJIEHTHOCTH OOIIX (hOPMYJI BCEX HATY-
PAJIbHBIX PENIEHUI 3TOr0 YPaBHEHHUSI.

1. Hanomuuwm [1,7,8|, uTo BHETOBBIM ypaBHEHHEM Ha3bIBaeTCs JUO(GAHTOBO ypPABHEHUE
2 2 2
Tty +y =z, (1)

rie
x,y,z € N. (2)

Pertenne (x,y, z) BueroBa ypasuenus (1) ¢ ycioBueMm (2) Ha3bIBA€TCsI OCHOBHBIM, €CIH (X, Y, 2) =
1, Te. ecom x,y,z — B3aMMHO IIpocThle uncia. Hanpumep, perenne (24,11,31) BueroBa ypaBHEHUs
(1) ¢ ycioBueM (2) siBIsieTCsI OCHOBHBIM, Tak Kak (24,11,31) =1.

B [1, c. 246] npusenenst "Heomnpeenennpie 3a1aun u3 Tpakrara "Zetetica" Buera. Kuura IV".
Hecsirast 3a1aua sroit Kauru uMeer Buj| ypassenusi (1). O6 srom ypaBHeHun peub ujer u B [2| mogx
HasBanueM "JInodaHTOBO ypaBHEHUE HA YPOKE JIEHUHIPAICKOM IIKOJIbI" .

XOTst H3BECTHO 3HAUUTEILHOE YHUCJIO HATYPAJIbHBIX PEIIeHi BUeToBa ypasHenus (1), HaCKOJIbKO
HaM U3BECTHO, HE CYIIEeCTBYeT o0Ieil (hopMyJibl, OMUCHIBAIONIEH Bee 3Tu perenus. [losTomy Briosine
€CTEeCTBEHHOM sIBJISIETCSI TIOCTAHOBKA U PEIeHHe CJIeIyIONeil 3a1aum.

2. ITocranoBka 3azaun. Ilycrs {(z,y, 2)|(1) A(2)} — MHOXKeCTBO BCeX pelleHUil BHETOBA ypaB-
nenust (1) ¢ ycaouem (2). Tpebyercst HafiTh 06ILYI0 (DOPMYILY, OIUCHIBAIOILYIO BCE ITH DEIIEHHUsI.
[Tpu 5TOM CcTABUTCS 331844, YTOOBI TUCJIO METBIX MAPAMETPOB, BXOJAIINX B TAKYIO OOIIYI0 (POPMYITY,
He TPEBBIIIAJIO TPEX.

Jlyist perrieHnst MOCTABIEHHOM 381891 UCIOJIB3YIOTCs, 6€3 CHenuaJbHOr0 HAIOMUHAHMS KarKJIbIil
pas, ujen, MeToIbl U pe3y/brarThl pabor [3-8].

3. Imeror MecTo CJIe/IyIoNe TeOPEMBIL.

Keywords: diofant’s equations
2000 Mathematics Subject Classification: 34B15
© C. I1I. Koxereabauuos, 2008.
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Teopema 1. Bee pewenus suemosa ypasnenus (1) ¢ yeaosuem (2) noayuaromes us gopmyaot:

a2 + 2ab 2ab + 3b? a? + 3ab + 3b?
X (370,) b y (3’ (Z) ) z (3701) ) ( )
2de
k,a,be N, (a,b)=1. (4)

Kaotcdoe maroe pewenue suemosa ypasrenus (1) ¢ yeaosuem (2) onpedeasemes amum cnocobom
00HO3HAYHO.

IIpumep 1. Ecau k=11, a=3, b=1, mo ycrosue (4) sunoaneno. Tax xax (3,a) =3, mo
popmyaa (3) daem: x =55, y=33, z=7TT.

Teopema 2. Bce pewenus uemosa ypasuenus (1) ¢ yeaosuem (2) noayuaromes us Gopmyavi:

L 2cd + 3d° _ CH2d Pt 3ed + 3d° 5)
“Tee VT T g

20e
k,ce,deN, (¢,d)=1. (6)

Kaotcdoe maxoe pewenue suemosa ypashenus (1) ¢ ycarosuem (2) onpedeasemesn smum cnocobom
00HO3HAYHO.

IIpumep 2. Ecau k=3, c¢=2, d=3, mo ycrosue (6) svnoaneno. Tax xax (3,¢) =1, mo
dopmyna (5) daem: © =117, y =48, 2z =147.

Teopema 3. Bce pewenus suemosa ypasuenus (1) ¢ yeaosuem (2) noayuaromesn us Gopmysovt

a? —bv? 2ab + b? a? + ab + b?
T S L R L S 7
T Ga—b YT Ba—bn ~ B,a—b) (M)
2de
k,abeN, a>b, (ab)=1. 8)

Kaotcdoe maxoe pewenue euemosa ypasnenus (1) ¢ ycarosuem (2) onpedeasemesn smum cnocobom
00HO3HAHO.

IIpumep 3. Ecau k=4, a=5, b=2, mo ycirosue (8) eunoaneno. Tax xax (3,a —b) = 3,
mo gopmyaa (7) daem: r =28, y =32, z=>52.

Teopema 4. Bce pewenua suemosa ypasrenua (1) ¢ ycaosuem (2) noayuaromes us Gopmysol:

2cd + d? - d? A+ cd+ d?
S i N Y i S 9
TTEBe—ay YT "Be—ay ~ B,c—d) ®)
20e
k,e,deN, c¢>d, (¢,d)=1. (10)

Kaotcdoe maroe pewenue suemosa ypasrenus (1) ¢ yeaosuem (2) onpedeasemes amum cnocobom
00HO3HAYHO.

IIpumep 4. Ecau k=10, ¢=3, d=1, mo ycaosue (10) evinoanero. Tax xax (3,c—d) =1,
mo gopmyaa (9) daem: x =70, y =380, z=130.

Teopema 5. Bce pewenus uemosa ypasuenus (1) ¢ yeaosuem (2) noayuaromesn us Gopmyavt:

2ab — a? a’? — b? a? — ab + b?
S Y A B A S 1
TG —a) VT By T (B 20—a) (11)
20e
kya,be N, b<a<2b (a,b)=1. (12)
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Kaotcdoe maxoe pewenue suemosa ypasnenus (1) ¢ ycaosuem (2) onpedeasemes smum cnocobom
00HO3HAUHO.

Ipumep 5. Ecau k=7, a=4, b=3, moycaosue (12) evinoanero. Tax xax (3,2b—a) = 1,
mo gopmysa (11) daem: x =56, y =49, 2z =091.

Teopema 6. Bce pewenus euemosa ypasuenus (1) ¢ yeaosuem (2) noaywaromes uz gopmyaol:

- d? 2cd — ¢? c —cd + d?
S P S P e L Ml 1
T G2d—o VT B 2d—¢) T (32d—0¢) (13)
20e
k,e,deN, d<c<2d, (cd)=1. (14)

Kaotcdoe maxoe pewenue suemosa ypasrernua (1) ¢ yeaosuem (2) onpedeasemes amum cnocobom
00H03HAYHO.

IIpumep 6. Ecau k=6, c=5, d=4, mo ycrosue (14) evinoanero. Tax xax (3,2d—c) = 3,
mo gopmyaa (13) daem: x =18, y =30, z=42.

Teopema 7. Ecau umerom mecmo coomsememeenno ycaosus (4) — (14) (wemmnwe nomepa), mo
obwgue dopmyav, (3) — (13) (newemnue nomepa) scex pewenuti 6uemosa ypashernua (1) ¢ yeaosuem
(2) axeusasermmo.

IIpumep 7. Odro u mo osice pewenue (520,525,905) suemosa ypasuernus (1) ¢ yeaosuem (2)
noayvwaemcsa: ud gopmyav, (3) ¢ yeaosuem (4) npu k =5, a = 12 b = 7; us gopmyaw (5) ¢
yeaosuem (6) npu k=5, ¢ =17, d = 4; uz gopmyav (7) ¢ ycaosuem (8) npu k =5, a = 19,
b="T; us gopmyavs (9) ¢ yeaosuem (10) npu k=5, ¢ =11, d=4; us gopmyan (11) ¢ ycrosuem
(12) npu k=5, a=26, b=19 u us gopmysv, (13) ¢ ycaosuem (14) npu k=5, ¢=15, d = 11.

4. U1 Tenepb CTaHOBUTCs COBEPIICHHO OYEBUIHLIM KaKylo pojib B (bopMy/ax, JAIOIUX BCe Ha-
TypaJbHble pellleHns BueToBa ypasHenus (1), urpaior apudmerndeckue GyHKIUH, B 4aCTHOCTH,
npocreiinne apudmerndeckue byukuun (3,a), (3,a —0b), (3,2b—a).

5. JokasareabcTBO TeopeMmbl 1. 113 (1) ¢ ycroBuem (2) caemyer, ato

rT+y z+zw

9

z—x Y
rie z,y,z €N, max(z,y) <z y<z<z+z Iomoxunm, aro

r+y z+x a+b

15
rie
a,beN, (a,b)=1. (16)
s (15) ¢ ycaosuem (16) ciemyer, 4To
_a?+2ab _ 2ab+3b? (17)
T @+3ab+302 YT @1 3ab+302
rje
a,beN, (a,b)=1. (18)
ITosoxxmmM, 9TO
a® + 3ab + 3b°
=k— 19
T e )
rje
k,a,be N, (a,b)=1. (20)
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N3 (17) ¢ ycmosuem (18) u u3 (19) ¢ yenosuem (20) nosygaercs dopmyia (3) ¢ yeaosuem (4),
KOTOpasl sBJseTcss obiel dhopmyioil Beex pemenuit Buerosa ypasuenus (1) ¢ yeaosuem (2). Bes
0coboro Tpy/ia MOXKHO yOeIuThCsi B TOM, YTO 3HAYeHUs I,Yy,z u3 dbopmyssl (3) ¢ yciaosuem (4)
JIeHCTBUTENILHO YI0BJIETBOPAIOT BIETOBY ypashenuio (1) ¢ yeaosuem (2). Ilpu sToM HeTpyHO 3aMe-
TUTh, 9YT0 (X,Yy,2) = k, tae k € N. U rak kak (a,b) = 1, To Kax/j0e perienne (r,y,z) BUETOBA
ypasuenus (1) ¢ yciaoBuem (2) ompejessiercst 3ruM criocobom onHozHadHo. Teopema 1 nokasaHa.
JokazaTenbcTBa TeopeM 2 — 6 aHAJOTMIHBI JOKA3ATEIbCTBY TeOpPeMbI 1.

6. TokazaTesbCcTBO TeopeMbl 7. Cxema JT0Ka3aTeIbCTBa SKBUBaseHTHOCTH hopmyi (3) — (13)
(neuernble HOMepa) TakoBa: (3) = (5) = (7) = ... = (11) = (13) = (3).

Dopwmyma (5) caeayer uz dopmyst (3) upu k = k,

3d c

rae k,c,d €N, (c,d) =1. B camom jnene, tak kax k = k,

3 ) 3d(2¢ + 3d) 5  3c(c+2d) 5 3(c? + 3cd + 3d?)
2ab ="' 2ab+3b? = "——— " 3ab+3b% =
Bo T T Eer T Bor o T B.or

rae k,c,d € N, (c,d) =1, 10 uz dopmyusr (3) caenyer dopmyna (5). Popmyma (7) caemyer us
dopmyaet (5) npu k = k,

(3’ CL) =

3b a—"b
CcC = T, = T,
(3,a —b) (3,a —b)
e k,a,b €N, a>b, (a,b)=1. 31ech u B 1aJbHENIIIEM OUEBHIHBIE IPEOOPAZOBAHNS OILYCKAECM.
@opwmyma (9) caexyer uz dopmysst (7) mpu k = k,

c+2d c—d

(3,c—d)’ (3,c—d)’

rae k,c,d e N, c¢>d, (c,d)=1. Qopmyna (11) cremyer uz dopmynst (9) npu k = k,
2a—b 2b—a

C = —— =

(3,2b—a)’ (3,2b—a)’
e k,a,beN, b<a<2b (a,b)=1. ®opmyna (13) cieayer uz dbopmynst (11) npu k =k,
c+d 2c—d

(3,2d —¢)’ (3,2d —¢)’

rae k,c,d € N, d < ¢ < 2d, (¢,d) = 1. Hakonen, dopmyna (3) ciaenyer uz dopmyist (13) npu
k =k,

2a + 3b a+ 3b
c= , d= ,
(3,a) (3,a)
rae k,a,beN, (a,b)=1.
TaxumM 06pa3oM, IPH BBIIOJIHEHUN COOTBETCTBEHHO ycsoBuii (4) — (14) (uernble HOMepa) obrue
dopmysbr (3) — (13) (meuerHble HOMepa) SKBUBAJIEHTHBL. TeopeMa 7 SKBUBAJIEHTHOCTH JOKA3aHA.
7. Bamernm, 9TO YHCIIO HEIBbIX NapaMeTPOB, BXOISINX B Kaxk1yo n3 obmmx dopmyr (3) — (13)
(HeyeTHBIE HOMEPA) COOTBETCTBEHHO ¢ ycsoBueM (4) — (14) (ueTHble HOMEpA), He MIPEBBIIIAET TPEX.
8. 13 Teopem 1 — 7 oueBuiHBIM 00PA30M BBITEKAET
CuencrBue. Kaxas u3 ciieyonmx 5KBUBAJIEHTHBIX (DOPMYIL:

a? + 2ab 2ab + 3b> a? + 3ab + 3b?
T N\ 0 Y= —"15— =0 N (21)
(3,a) (3,a) (3,a)

€r =
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rie
a,beN, (a,b) =1, (22)
2cd + 3d? c® + 2cd c? + 3cd + 3d?
=, y = 0 z = 9 (23>
(3,¢) (3,0) (3,0)
rie
c,deN, (¢,d)=1; (24)
a’? — b? 2ab + b? a® + ab + b?
T= gy Y= oo, Z = (25)
(3,a —b) (3,a —b) (3,a—b)
rie
a,beN, a>b (a,b)=1,; (26)
2¢d + d? 2 —d? 2+ cd+ d?
37:7, yzi, 2277 (27)
(3,c—d) (3,c—d) (3,c—d)
rje
c,deN, ¢>d, (cd)=1; (28)
2ab — a? a? — b? a® — ab+ b?
T = a7 Y= 57" 2= e (29)
(3,2b—a) (3,2b—a) (3,2b—a)
rue
a,beN, b<a<?2b (a,b)=1; (30)
- d? 2¢d — 2 & —cd+ d?
T=——— Y=, 2= e, (31)
(3,2d — ¢) (3,2d — ¢) (3,2d — ¢)
rje
cdeN, d<c<2d, (cd)=1, (32)

siBsisieTcsi 001eit popMyIioii Becex OCHOBHBIX perteHuii Buerosa ypastenus (1) ¢ yciosuem (2). Ilpu
9TOM KazKJI0€ TAaKOE€ OCHOBHOE PENICHHE ONPEIENeTCs KasKIbIM U3 3TUX CIIOCOOOB OJHOZHATHO.

IIpumep 8. O 10 1 TO )K€ ocHoBHOe pertenne (104,105, 181) Buerosa ypasHenus (1) ¢ ycioBuem
(2) mosyaaercsi: u3 popmyiist (21) ¢ yenosuem (22) npu a = 12, b = 7; u3 dopmyust (23) ¢ yeaosuem
(24) upu ¢ =7, d = 4; uz dopmyssl (25) ¢ yeaosuem (26) npu a =19, b= 7; u3z dopmysr (27)
c yesoueM (28) npu ¢ = 11, d = 4; u3 bopmynst (29) ¢ ycaosuem (30) npu a = 26, b =19 u u3
dbopmyist (31) ¢ yenosuem (32) mpu ¢ = 15, d = 11.
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VIIK 510.6

REFINED DEFINITIONS FOR FINITARY AND INFINITARY
SIMILARITY RELATIONS OF THEORIES
Part 2: Cartesian interpretations and the definition to Finitary list

M. G. PERETYAT’KIN

Institute of Mathematics, Almaty
050010 Kazakhstan Almaty, 125 Pushkin Street, mikhail peretyatkin@predicate-logic.org

In this series of papers, Finitary list ACL also called algebraic Cartesian list and Infinitary list MQL
also called quasi-exact list are considered. They play an important role in investigations of expressive
power of first-order Predicate Logic. The series is attended to give definitions for these base concepts
and study their main properties in maximum laconic form.

In this work, special classes of interpretations are defined important for finitely axiomatizable theories,
and formal definition for Finitary list is given.

Base concepts used in the work can be found in [1]-[4]. The set of all formulas of signature
o is denoted by FL(c), while SL(0) is the set of all sentences (closed formulas) of signature o.
For X C FL(0), entry [X], means a theory in signature o generated by X as the set of axiom.
Tarski-Lindenbaum algebra of sentences of theory T is denoted by £(T).

1. Types of first-order definability in Logic. Let T be a theory in signature o, and let
P™, ¢ be also given such that ¢/ C o, and P™ € o~ 0’. Predicate P is called first-order definable
in T relative to o', if there is a formula p(z1, ..., Z,,) in FLy,(0’) such that

T+ (Ve1...2m) [P(xl, ey ) > (1, ...,xm)}.

Predicate P is called 3 N V-definable in T relative to o', if there are formulas 6(x1, ..., z,,) and
0 (1, ..., xm) in FLy(0'), such that 0(xq,...,zy,) is F-formula, 6'(z1, ..., ) is V-formula, and two
following conditions are satisfied:

T+ (Vxl...xm)[P(xl, ey ) > O(q, ...,xm)],
T+ (Vxl...xm)[P(xl, ey Tyy) = 0 (21, ,:pm)}

Particularly, formula (Vzy...2,) [0(1‘1, ey ) > 0 (21, .., xm)] must by true in the theory.
A function symbol f¥ € oo’ is definable in T relative to o', if its graphic

Py = {(xo, 21, ..., k) | o = f(x1, ..., 2%)}

Keywords: first-order logic, theory, model, interretation, algorithm
2000 Mathematics Subject Classification: 03B10
© M. G. Peretyat’kin, 2008.



Refined definitions for Finitary and Infinitary similarity relations of theories 59

is definable in T relative to o’. A function symbol f* € o~¢’ is 3N V-definable in T relative to o,
if its graphic is 3 N V-definable in T relative to o’.

A constant symbol ¢ € o~ ¢’ is definable in T relative to ¢’, if unary predicate distinguishing
the constant

FPe={(0)}

is definable in T relative to ¢’. A constant symbol ¢ € o~¢’ is 3N V-definable in T relative to o’, if
unary predicate distinguishing the constant is 3 N V-definable in T relative to o’.

Really, there are two levels of definability in Logic. The first level is called radical-logical or
briefly model. It does not assume any limitations on used formulas. Second more thin level is called
model-algebraic or briefly algebraic. At this level 3 N V-type of first-order definability is used.

2. Isomorphisms of theories. We define two natural versions of concept of an isomorphism
between theories. The theories T' and S are called first-order equivalent or isomorphic (written as
T =~ S) if S can be obtained from T by a finite number of operations of renaming signature symbols
and by adding and eliminating those signature symbols, that can be first-order definable relative to
other signature symbols.

The theories T and S are called first-order 3NY-equivalent or algebraically isomorphic (written as
T =, S) if S can be obtained from T by a finite number of operations of renaming signature symbols
and by adding and eliminating those signature symbols that can be first-order 3NV-definable relative
to other signature symbols.

Lemma 2.1. T =, S =T ~ S for any theoriesT' and S.

PROOF. Immediately.

Lemma 2.2. Let T be a theory in signature o, and S be a theory in signature 7. By simple
renaming signature symbols of theory S, construct theory S’ in signature 7" such that c N7 = &
(then, S =, S"). The following assertions hold:

(a) T ~ S if and only if there is a theory H in signature o Ut’ such that T =H [ o, S'=H | 7/,
each symbol in 7' is first-order definable in H relative to o, and each symbol in o is first-order
definable in H relative to 7'.

(b) T =, S if and only if there is a theory H in signature cUT’ such that T = H [ o, S"=H | 7/,
each symbol in 7' is ANV-definable in H relative to o, and each symbol in o is 3N V-definable in H
relative to 7'.

PROOF. Immediately.

In case of an isomorphism, signature symbols of each theory are definable by formulas in other
theory. So, these two theories are indiscernible by any properties definable on the basis of the
structure of first-order definable relations. Therefore, in model-theoretic investigations the isomorphic
theories are considered as two copies of the same theory. But sometimes properties depending on
the choice of a signature are considered, for example, the model completeness property. In such
a situation, theories are considered up to I N V-definable equivalence, affected to more delicate
properties of a theory.

3. Model-theoretic properties. Denote by C the class of all complete theories of any
enumerable signatures. By a model property we mean a class p of complete theories of enumerable
signatures that is closed under isomorphisms of the form

TorTi = (Ty e pe Ty €p), forall Ty, Th € C.

By an algebraic property we mean a class p of complete theories of enumerable signatures that is
closed under isomorphisms of the form

To ~, 11 = (T(] epe T e p), for all Ty, Ty € C.

We denote by ML the set of all model properties and by AL the set of all algebraic properties. A
subset L C ML is called a list of model properties, and a subset L C AL is called a list of algebraic
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properties. The inclusion ML C AL is obvious. This inclusion is proper, that follows from the fact
that the property "model completeness” is included in the difference of these sets. It follows from
the inclusion ML C AL that any model list can be regarded as an algebraic list. We say that L is a
list of model-theoretic properties or simply a list, if L is either a list of model properties or a list of
algebraic properties

4. Semantic similarity of theories over a list. An arbitrary theory T' can be characterized
by Tarski-Lindenbaum algebra £(7T') presenting structure of its extensions together with description
of model-theoretic properties of all complete extensions 7" of T'.

Turn to formal definition.

Let L be a list of model-theoretic properties. For two theories T' and S, entry T' =, .S will denote
that there is a recursive isomorphism p : £(T') — L£(S) between the Tarski-Lindenbaum algebras of
these theories such that for any complete extension T” of the theory T and corresponding complete
extension S’ of the theory S, S" = u(T"), the theories 77 and S” have identical properties in terms
of this list L, i.e., we have

(Vpe L) [T’ has property p < S’ has property p].

If T =1 S holds according to this definition, the theories T' and S are called semantically similar
over the list L.

Notice that, the relation of semantic similarity of theories over a list of model-theoretic properties
is in fact rather natural. Ordinarily, a question about existence of a theory with predefined properties
suggests some structure of completions or just quantity of complete extensions of the theory satisfying
some predefined model-theoretic properties for each of the completions. Such meaning exactly
corresponds to the concept of semantic similarity introduced above.

5. Interpretations of theories. Consider two theories Ty and T} of signatures respectively
oo and o1. An ordinary concept of interpretation of theory Ty in theory 77 on the set distinguished
by a unary predicate U(x) is used. As the region U(z), a first-order definable relation is admitted
as well. The region for Tj is represented in 77 by the elements distinguished by formula U(z) with
ordinary equality. The interpretation is determined by a mapping of signature symbols of theory T
into formulas of theory 77 with the corresponding number of free variables and with the restriction of
these free variables on U(z). Namely, n-ary predicate is mapped into a formula with n free variables,
n-ary function into a formula with (n+1) free variables, while a constant into a formula with one free
variable. By the induction, the pointed mapping is expanded up to a mapping I : FL(og) — FL(01).
Thus, both a formula ¢ € FL(0g) and its image I(p) € FL(01) have the same number of free
variables.

Let I be an interpretation of theory Ty of signature og in the region U(x) of theory T, and let 9
be an arbitrary model of theory 7. By virtue of the interpretation I, it is possible to determine on
the first-order definable set U(9) all predicates, functions and constants of signature oy, and as a
result, some model 9t = (U (M), 0g) will be obtained, which is called model kernel for 9 with respect
to I, and for it, we use denotation 9t = K;(9), as well as more simple denotation 9 = K(9), when
the interpretation I is assumed by the context. It is supposed, that each considered interpretation I
satisfies at least one of the following two conditions, which, actually, are equivalent with each other:

Ty = Th{K(9M)|9M € Mod(T})}, (5.1)
ToF e T I(p), forall p € SL(0y). (5.2)

One should note, that the following condition

Mod(Tp) = {K(9)[9 € Mod(T1)} (5.3)
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is more strong than the requirement (5.1). If the condition (5.3) is satisfied, the interpretation I is
called mod-free. An interpretation I of a theory Ty of signature og in a theory T3 is called effective,
if the mapping ¢ — I(p), ¢ € FL(0y), is effective, that is, if it is defined by a recursive function on
Godel numbers.

The following important statement is true:

Lemma 5.1. Let I be an interpretation of a finitely axiomatizable theory Ty of a finite signature
oo in a theory T1. Then, I is an effective interpretation.

PROOF. A finite number of signature symbols of theory Ty is mapped into formulas of theory
T1, and by the induction, this mapping is expanded up to the interpretation I. This implies, that I
is effective.

Given an interpretation I of theory Ty in region U(z) of theory Ti. I is called 3NV-presentable or
algebraic interpretation, if the following conditions are satisfied: (a) relation U(x) is 3 N V-definable
in theory Ti; (b) I-images of all signature predicates, functions and constants of theory T are
3N V-definable in theory 77.

6. Iso—stone interpretations. An interpretation I of a theory Ty in a theory T} is called
Iso-Stone, if the following conditions hold:

interpretation I is effective, (6.1)

K(mo) = K(ml) < My =My, for all My, My € MOd(Tl). (6.2)

Give some equivalent reformulations of requirement (6.2).

Lemma 6.1. Let [ be an interpretation of a theory Ty of signature g in a theory Ty1. Then, the
following assertions are equivalent:

(a) K(ON) = K(MV) < M =0, for all MM € Mod(Th),

(b) K(ON) = K(M') = M =M, for all M, M € Mod(Th),

(c) K(ON) X K(M) = M =M, for all M, M € Mod(Ty),

(d) the set {I(p)|¢ € SL(00)} is a generating set for Tarski-Lindenbaum algebra L(T}).

PROOF. The relations (a)<(b) and (d)=-(b)=-(c) are obvious.

(c)=>(b) Suppose that (c) is the case. Given countable models 9t} and 9y of theory T such
that K(91;) = K(92). It is required to prove that 9t = M. Build countable elementary extensions
My < M) and My < MY, whose kernels are homogeneous models. For this, standard construction is
applied for homogeneous model as union of elementary w-chain of models, realizing currently occurred
types over finite tuples at each step. Apply this construction to both models K(9t;) and K(9ts),
performing the two processes parallelly; moreover, types occurred in one of the processes should be
passed in another process. As a result, models M) and M, will be constructed whose kernels are
homogeneous models with identical sets of realized in them types. Thus, we have 9] = 9, and by
(c) we obtain required 9t = My .

(b)=(d) can be established with the help of Lemma 0.3.2 in [4].

Lemma 6.1 is proved.

Consider the major property of an Iso-Stone interpretation.

Lemma 6.2. Let I be an Iso-Stone interpretation of a theory Ty of signature og in a theory T1.
Then, the mapping p from L(Ty) into L(T1), defined by the following rule

pleln) = [(@)ln, » € SL(o), (6.3)

s a recursive isomorphism between the pointed Tarski-Lindenbaum algebras.

PRrOOF. It follows from the condition (6.2) for I, that defined in such way mapping p is an
injective homomorphism from £(7p) into £(77), that is, it is an isomorphic embedding. By Lemma
6.1 (a,d), the set {I(p)|¢ € SL(0p)} is a generating set for Tarski-Lindenbaum algebra £(77). Thus,
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p is a mapping “onto”, and therefore it is an isomorphism. Its recursiveness is supplied with (6.1),
which is supposed given by the conditions of lemma.

Conditions (6.1) and (6.2) provide, in some sense, a recursive isomorphism between Stone spaces
of corresponding Tarski-Lindenbaum algebras. This explains the fact of choice of the term "iso-stone
interpretation”.

Thus, one can consider iso-stone interpretation as semantic similarity

Let an iso-stone interpretation of a theory Tp in a theory 77 be given, and let p : £(Ty) — L(T1)
be a recursive isomorphism of corresponding Tarski-Lindenbaum algebras, defined by rule (6.3). We
say that interpretation I preserves a list of model-theoretic properties L, if the pointed isomorphism
1 preserves this list L.

7. Model bijective interpretations. An interpretation I of a theory Ty in a theory 77 is
called model bijective, if for it, the operator of passage to the model kernel M — K(9M) is a one-
to-one correspondence between isomorphism types of models of theories T7 and Tp, that is, if the
following relations hold:

Mod(Tp) = {K(OM)|9M € Mod(Th)}, (7.1)
KOM) =2 KOM) < MM, for all M, M € Mod(Ty). (7.2)

Notice that, by the definition, every model bijective interpretation is a mod-free interpretation.
An interpretation I of a theory Tj in a theory T3 is called auto-free, if the following condition is
satisfied:

For any model M of theory 11, an arbitrary automorphism of the kernel (7.3)
e KOn) — K(M) can be extended to an automorphism p* : 9 — M of the
whole model.

Notice that conditions (7.2) and (7.3) looks as like, but actually they are independent.

The following properties of the interpretations take place:

Lemma 7.1. Let I be a model bijective interpretation of theory Ty in region U(x) of theory T1,
and I s effective. Then, the following assertions hold:

(a) I is an iso-stone interpretation,

(b) [[K(M)|| < w < ||M|| < w, for all M € Mod(T1),

(c) [IKOM)|| = ||9]|, for any infinite model M € Mod(Ty).

PROOF. Statement (a) is a consequence of Lemma 6.1 (a,c), providing condition (6.2) for model
bijective interpretation, while the condition (6.1) is supposed by our lemma. Parts (b) and (c) are
consequence of the property of non-two-cardinality of universe over U(z) in theory 77, that must be
true by virtue of model bijectiveness of the interpretation 1.

Let I be a model bijective interpretation of theory Ty in theory T7. By the definition, the operator
M — K(IM) is one-to-one correspondence between models of theory T and models of theory Tp. In
view of its bijectiveness, there is an inverse to it operator M — E;(N) of transformation of models
of theory Ty in models of theory 17, which is called envelope operator for the interpretation I. Brief
notation E(M) is used instead of complete E;(91), when the interpretation I is defined by context.

Thus, we have the following interdependencies of these operators for any model bijective interpretation:

K(E(M)) = N, for all N € Mod(Ty), (7.4)
E(K(9M)) = M, for all M € Mod(T). (7.5)

Notice that, an envelope operator 91 — E() may be defined for other types of interpretations,
which is supposed to yield a prime and minimal model of theory 77 over |M|. In such common
situation, just condition (7.4) is satisfied, while (7.5) is not the case.
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A technical fact.
Lemma 7.2. Let I be an auto-free interpretation of theory Ty of signature o in region U(x) of
theory Ty of signature 7. Let p(x1, ...,x,) be a formula of signature T such that

Ty, .,zn) = U(x) Ao AU ().
Then, there is a formula 1 (z1, ..., xy) of signature o such that
T F oz, .y xn) < Th(z1, ..., ).

ProoF. Condition (7.3) provides application of Craig first-order definability theorem. This gives
required statement.

8. Isomorphism of theories as an interpretation. Isomorphisms of theories defined in
Section 2 are in fact interpretations of some particular form introduced below.

An interpretation I of a theory Tp in region U(z) of a theory T} is called total if (Vz)U(x) is
satisfied in T7. An interpretation I of a theory Tg in theory 17 is called first-order definable equivalence
or isomorphism, if I is total, and there is an interpretation I’ of theory T} in theory Ty such that
I and I’ are mutually inversive interpretations (here, I’ must be also total). The interpretation I is
called first-order 3 NV-definable equivalence, or 3 N V-isomorphism if I is total and there is a 3N V-
presentable interpretation I’ of theory 7% in theory Ty such that I and I’ are mutually inversive
interpretations.

Lemma 8.1. Let an interpretation I : Ty — Ty be given which is isomorphism (i.e., first-order
definable equivalence). Then, I is a model bijective auto-free interpretation.

PRrOOF. Immediately.

9. Singleton extension. Describe some simple operation over models, which in fact is natural.
Let a signature o be given, and let

7= {(c1,C2, ..., Cs) (9.1)

be some finite sequence of new constant symbols.
Starting from 2¢ and an arbitrary model 90t of signature o, describe a procedure of construction
of a model My = M(5¢) of the following signature

o1 =ocU{ULULU),... .U}, (9.2)

where predicate symbols U and U; are not included in o. The universe set of model M (s) is the

following
|9ﬁ1|:‘9ﬁ|UA1UA2U...UAS, (9.3)

and it is supposed, that all sets in the right-hand side of (9.3) are pairwise disjoint, while the
cardinality of each set Ay is equal to 1. The symbols of signature o; are defined on the set |9t;| as
follows.

1. The predicates, functions and constants of signature o in part |97 of (9.3) are defined just in
the same way, as they were defined in model 9. In remaining, they are determined trivially.

2. EU(a) & ac M.

3. 9 ): Uk(a) & a € Ayg.

4. Constant ¢y, is assigned in 9t to the only element from Uy.

Description of model 9t; is completed

The model My = (32 is called singleton extension of model M by means of n new constants
Cl, ..., Cn, and is often denoted by M{cq, ..., cn).

Now, expand this operation over models on theories. Let T be a theory of signature o. Fix
signature (9.2) which is used in construction of singleton extension. Define theory T” as follows

T' = Th(K), K = {Mlcy, ..., cp) | M € Mod(T)}.
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It is called a singleton extension of theory T with n elements, and is denoted by T(cq, ..., ¢p). One
can check that, up to algebraic isomorphism, this theory has the following form

T(Cl, ‘..,Cn> T o1 d..eT)
—_———

n times

where T} is a theory in signature {=} determined by a single axiom (3z)(Vz)(z = z), i.e., T} is
theory of the only model of cardinality 1.
10. Cartesian extension. Now, describe some more complicated operation over models.
Let a signature o be given, and let

= (1", 052, ..., 00°) (10.1)
be some finite sequence of formulas of signature o, where @y is a formula with my free variables
Z1,22,...,Tm,. In entry ¢ (T) we assume, that Z is a tuple of variables of corresponding length.

Starting from sz and an arbitrary model 9 of signature o, describe some procedure of construction
of a model My = Mi(5¢) of the following signature

o =ocU{UL UL UL, ..., U U{Km™M* KMty (10.2)
where symbols U, U;, and K; are not included in o. The universe set of model M(s¢) is the following
]9)?1]:\931\UA1UA2U...UAS, (10.3)

and it is supposed, that all sets in the right-hand side of (10.3) are pairwise disjoint, while the
cardinality of each set Ay is equal to the cardinality of the family of tuples T of length mg, on which
formula ¢ (7) is true in M. All symbols of signature o1 are defined on the set |9%;| as follows.

1. Predicates, functions and constants of signature o in part |9t of (10.3) are defined just in the
same way, as they were defined in model 9t. In remaining, they are defined trivially.

2.9 EU(a) & ac M.

3. My ’: Uk(a) S a € Ag.

4.9 = Ki(ai,...,am,,a) = U(a1) A ... ANU(am,) N Ug(a).

5. M = Ki(ai, ..., am,, a) = M = gr(ar, ..., am, ).

6. In model My, predicate K}, represents a one-to-one correspondence between the set of tuples
ep(M) ={a | M = px(a)} and the set Ay, = Up(M1).

Description of model 90t is complete.

The model M = M) is called Cartesian extension of model M by means of formulas 7™,
05?0 and is denoted by M|, ph2, ..., @),

Now, expand this operation over models on theories. Let T" be a theory of signature o. Fix
signature (10.2) used for extensions of models, and define theory T” as follows

T' = Th(K), K = {M() | M € Mod(T)}.

It is called Cartesian extension of theory T' with s formulas pointed in tuple (10.1), and is denoted
by T(p]", @52, ..., ¢T=) or briefly by T(s). Notice that, if a formula ¢y, is identically false in 9,
then the set on which the predicate Ug(z) is true in 9 is empty.

An important fact:

Lemma 10.1. Operation of constant extension, both for models and theories, is a particular case
of corresponding operation of Cartesian extension.

PROOF. In described operation the case mp = 0 is admissible. In this case, the formula ¢y is a
sentence, and the set distinguished by the predicate Uy (z) in 9y either consists of a single element or
is empty depending on whether the sentence . is true or false in 9. Particularly, if ¢ is a sentence
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identically true in 7', models of T{y) include exactly one additional element. Thus, we have for a
sequence of n identically true sentences 1, ..., pn:

T{p1, ..., on) =g Tlc1, ..., Cp). (10.4)

This immediately gives required statement.

11. Cartesian-quotient extension. Now, introduce some more common version of Cartesian
extension.

Let a signature ¢ be given, and let

i <‘p;n1/51,§0;n2/52,. . .,‘p;ns/gs> (111)
be a sequence of 25 formulas, where ¢, is a formula of signature o with my, free variables x1, ..., zpn,,
while ¢, is a formula with 2my, free variables y1, ..., Ym,, 21, - -, Zm,. In entries v (T) and (7, Z) it

is assumed that T, 7, and Zz are sequences of variables of corresponding lengths. Number s is called
length of the sequence (11.1), and is denoted by Len(s¢). For all k € {1,...,s} we set

1 (7, 2) = [or (1) & (2)&er (7, 2) &Equiv (e, ¢r)]
V ek (y)&pr(z)& - Equiv (ex, ¢r)],

where Equiv (g, @) denotes a sentence of signature o stating that ¢y is an equivalence relation on
the set of my-tuples satisfying .

Starting from s given in (11.1) and an arbitrary model 9% of signature o, describe some procedure
of construction of a model My = M(5¢) of the following signature

or=ocU{X),..  XOYu{UutUul,... U U{KMH KMty (11.2)
where symbols X;, U, U;, and K; are not included in ¢. The universe of this model is the following
|9ﬁ1| = ‘93?|UA1UA2U...UAS, (11.3)

and it is supposed, that all sets in the right-hand side of (11.3) are pairwise disjoint, while the
cardinality of each set A is equal to the cardinality of quotient-set of the set of mp-tuples satisfying
¢, modulo equivalence relation presented by formula ¢} in 9. All symbols of signature o are defined
on the set 9y as follows.

1. In part |91, predicates, functions and constants of signature o are defined exactly in the same
way as they were defined in model 9. In remaining, they are defined trivially.

229 EU(z) & x e |M.

3.M E Uk<1‘) S ax e Ag.

4.9 = Ki(ar,...,am,,a) = U(ar) A ... ANU(am,) N Uk(a).

5.9 = Ki(ai, ..., am,,, a) = M = op(al, ..., am, ).

6. In the model 93, the predicate K}, realizes a one-to-one correspondence between the quotient
set #k(M) /o and the set A = Uy ().

7. M = Xy — Equiv(eg, ¢k)-

Description of the model 9t; is complete.

The model M) is called Cartesian-quotient extension of model M by means of tuple of formulas
.

One can expand this operation over models on theories. Let T be a theory of signature o. Fix
signature (10.2) used for extensions of models, and define theory 7" as follows

T' = Th(K), K = {M{») | M € Mod(T)}.
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It is called Cartesian-quotient extension of theory T' by means of formulas pointed in tuple (11.1),
and is denoted by T'(sx). Notice that, nulary predicates X; in signature (11.2) are important in
extension operation of theory T'(s¢), while in construction of Cartesian-quotient extension of model
M(s) they do not matter.

An important fact:

Lemma 11.1. Operation of Cartesian extension, both for models and theories, is a particular
case of corresponding operation of Cartesian-quotient extension.

PROOF. Operation of Cartesian extension is obtained from operation of Cartesian-quotient
extension when, as equivalences ¢;, simple equation § = Z of tuples is taken. As for operation
of constant extension, it is particular case of operation of Cartesian extension by Lemma 10.1.

REMARK. Hereafter, just class of Cartesian-quotient extensions is studied. In view of Lemma
10.1 and Lemma 11.1, obtained results will also be valid for subclasses of singleton extensions and
Cartesian extensions.

12. Determinancy of the extension operations. Constructions of extension of models
and theories have some arbitrariness in choice of signature and universe set. Nevertheless, the
following important properties concerning the introduced operations take place:

Lemma 12.1. For a fized choice of signature (11.2), Cartesian-quotient extension IM(x) of a
model M is defined uniquely, up to an isomorphism over M. The same is also true for singleton
extension and for Cartesian extension.

PRrROOF. Immediately from the description of the construction.

Lemma 12.2. Let T be a theory of signature o. Independently of choice of signature (11.2) for
operation of extension of a model, Cartesian-quotient extension T (s¢) of theory T is defined uniquely,
up to an algebraic isomorphism. The same is also true for singleton extension and for Cartesian
extension.

PRrROOF. Immediately from the description of the construction.
Now, prove the following important fact.

Theorem 12.3. Let T' be a theory of a finite signature o, and a sequence of formulas s be given
as in (11.1). Cartesian-quotient extension T(s) of theory T is finitely axiomatizable if and only if
T is finitely axiomatizable.

PrOOF. Construction of theory S = T(s) is described by requirements 1-7 of Section 11, which
can easily be presented by a finite set of first-order formulas; moreover, axioms of T" are also imported
in T(sc). Therefore, if T is finitely axiomatizable, theory T(s¢) is finitely axiomatizable as well.

13. Cartesian-quotient interpretations. Given a theory T of signature o and a tuple
(11.1). Cartesian-quotient extension T'(s¢) of theory T is constructed in some direct manner from 7'
and s. In this construction, some natural interpretation I, of theory T in theory T'(s) is defined,
which is called special Cartesian-quotient interpretation, and is often denoted by I when T and s
are clear from context. Region of interpretation I for theory T is defined by formula U(x) in theory
T(s¢); moreover, atomic formulas of theory T are mapped in the same formulas of signature oy of
theory T'(s¢) with restriction on the region U (x).

Lemma 13.1. Any special Cartesian-quotient interpretation I : T — T{3¢) is 3N V-presentable,
model bijective and auto-free.

PROOF. Immediately from the construction.

Let theories T' and S be given. An interpretation J : T' — S is called Cartesian-quotient
interpretation, if up to INV-presentable isomorphism of theories, it coincides with a special Cartesian-

quotient interpretation, namely, if there is a finite tuple s of the form (11.1) and an INV-presentable
isomorphism FE of theories, such that the following diagram is commutative:
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J

T ——— S

IT% @1
T(5)

Lemma 13.2. Any Cartesian-quotient interpretation J : T — S is 3 N V-presentable, model
bijective and auto-free.

PROOF. Immediately from Lemma 13.1.

Note that the definitions given above and statements of Lemma 13.1 and Lemma 13.2 are
applicable to more simple types of extensions. As a result, classes of singleton interpretations and
Cartesian interpretations are naturally appeared.

14. Decomposition property. Study recurrent applying of operation of extension for theories.
First, consider base case when just one additional member is added to a tuple of formulas.

Lemma 14.1. Let a theory T of signature o be given, and a tuple of formulas (11.1) be also
giwven. The following assertions are satisfied:

(a) For any two formulas (p:ﬁfl and €541 of signature o suitable as additional members to the
tuple (11.1), there is a couple of formulas ¢™ and € of an appropriate signature, such that the
following takes place:

TP oy o 57 fogs T o) 0 (T fers s 98 1)) 67 )

(b) For any two formulas ¢, and € of a suitable signature applicable for theory pointed below, there

is a couple of formulas gogj'ffl and €511 of signature o, such that the following takes place:

(T<('0;m/617 EAS) (p;"ls/gs>> ((pm/5> ~a T<S0Inll /517 A SDgns/é's? (pgrzrl/gs-ﬁ-l)

PROOF. Part (a) is obvious enough. Part (b) represents some natural principle that first-order
definability in models of theory T(s) can be reduced to definability in models of source theory 7.
Idea of the proof is actually simple, but its realization seems to be technically complicated. Details
are omitted.

Now, principal decomposition statement is presented:

Lemma 14.2. Let a theory T of signature o be given, and a tuple of formulas s of the form
(11.1) be given, whose length is s. Then, there is a sequences of tuples »y, k = 1,2,...,s, having
lengths Len(s,) = 1, such that the following is hold:

T(s¢) moq T(3e1)(3e2)...(55).

PROOF. Immediately from Lemma 14.1.

15. Cartesian list. Give definition for algebraic Cartesian list ACL, also called Finitary list.

By Cp, denote the class of all complete theories of arbitrary finite signatures, while C denotes
the class of all complete theories of arbitrary enumerable signatures.

Two following versions of the definition are available:

DEeF°. [Bast DEerINITION| List ACL® consists of those model-theoretic properties p C Cy, which
are preserved by each interpretation Iz ,. : T' — T'(s¢) for an arbitrary finitely axiomatizable theory T
of a finite signature o and an arbitrary finite tuple s = (p]"*, 5", ..., ¢T*) of formulas in signature
0. Model version MCL® is defined by the rule MCL® = ACL° N ML.

DEF. [ExTENDED DEFINITION| List ACL consists of those model-theoretic properties p C C, which
are preserved by each interpretation It : T — T(s) for an arbitrary recursively axiomatizable

theory T of an enumerable signature o and an arbitrary finite tuple s = (o], @52, ..., @T) of
formulas in signature o. Model version MCL is defined by the rule MCL = ACL N ML.
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Notice that, by virtue of Lemma 14.2, it is enough to use extensions T(») with Len(s¢) = 1 in
the definitions. Give some characterization to the lists ACL® and ACL. On the sets Cy and C define
the following equivalence relations:

T ~ T = dfn (Elﬁm'te %1%2)[T1<%1> g T2<%2>], Ty, T € Cg, (15.1)

T ~1T5 < dfn (Hﬁnite %1%2)[T1<%1> g T2<%2>], T,T, € C. (152)

The following statement takes place.
Lemma 15.1. Let a model-theoretic property p € AL be given. Then, the following relations hold:

peACL° & (p CCo) NV T € Co)[T1 ~ Ty = (Th € p&= T € p)l, (15.3)

pe ACL & (p - (C) A (\V/TlTQ € (C)[Tl ~ Ty = (Tl epslhe p)] (15.4)

PROOF. First, consider (15.3). If the right-hand condition of relation (15.3) is true, then p € ACL®
by the definition of this list.

Now assume, that the property p C Cy is such that, the right-hand condition in (15.3) is false.
Then, one can find two theories 77,75 € Cy of finite signatures respectively o1 and o3, and finite
tuples s¢1, 20 such that 17 (sr1) =, To{s0), but

TiepeThdp. (15.5)
Consider a theory T' € Cy such that T' =, T1(301) =, To(s). It follows from (15.5) that
[T1€p<:>T¢p]\/[T2€p<=>T¢p]. (15.6)

Assume, that first summand in (15.6) is true. In such case, the interpretation I ,, : 11 — T1(s¢)
does not preserve property p. Denote by H the theory of signature oq, determined by empty set
of axioms, that is, predicate calculus of signature 1. Then, the property p is not preserved by the
interpretation Iy ., : H — H(s5¢1). Therefore, p ¢ ACL® by the definition of this list. Another case,
when the second summand in (15.6) is true, is considered with symmetrical reasoning.

Another statement (15.4) can easily be proved by the same scheme.

Now, we obtain principal property:

Theorem 15.2. Let T and S be theories of finite signatures. Then, the following is satisfied:
T=acre ST =01 S.

PROOF. Immediately from Lemma 15.1.

Theorem 15.2 together with Lemma 15.1 show that relation =p;cre is defined on the class of
all theories of finite signatures, while =70, is just expansion of the relation =p;cr0 on wider class
of theories of any enumerable signatures. Although this relation is attended for application in the
class of theories of finite signatures, for the sake of convenience, more common relation =4¢y, is
considered as Cartesian similarity relation.

16. Exact interpretations. Define one more class of interpretations.

Given an interpretation I of theory Ty in region U () of theory T}. I is called an ezact interpretation
if the following conditions, excepting for (¢’), are satisfied:

Reference_Block (16.1)

(a) Interpretation I is effective.

(b) Interpretation I is model bijective.

(c) FEach element a in any model M € Mod(Ty) is first-order definable over the set U(IMN).

(c') Each element a in any model M € Mod(Ty) is first-order definable over the set U(9M) by
means of some I-formula.
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(d) For any model MM of theory T1, an arbitrary automorphism of the kernel p: K(9) — K(IN)
can be extended to an automorphism p* : M — I of the whole model.

End_Ref

Interpretation [ is called 3-exact or briefly e-exact interpretation, if all parts of the condition
(16.1) are satisfied, including also (¢).

An obvious fact:

Lemma 16.1. Fach e-exact interpretation is an exact interpretation.

PROOF. Immediately by the definitions.

The following properties of exact interpretations take place:

Lemma 16.2. Let I be an exact interpretation of theory Ty in region U(x) of theory T, then
the following assertions are satisfied:

(a) I is model bijective interpretation;

(b) I is iso-stone interpretation;

(c) ||| < w = ||KM)|| < w, for all M € Mod(T});

(d) [[M]] = w = [[KE)[| = [|2]], for all M € Mod(T1);

PRrOOF Conditions (a) and (b) in (16.1) provide that I is an effective model-bijective interpretation.
Lemma 7.1 provides that this interpretation is iso-stone and Parts (c) and (d) take place.

17. Exact and Cartesian interpretations. The following result establishes close connection
between concepts of a Cartesian-quotient interpretation and an exact interpretation.

Theorem 17.1. Let I be an interpretation of theory Ty in region U(x) of theory Ty. The following
assertions hold:

(a) Any Cartesian-quotient interpretation is an exact interpretation.

(b) Let J be an exact interpretation of theory T of signature o in region U(x) of theory S of
signature 7. There exists a sequence of formulas of signature o

s = {1 Jeyy 057 fegy ooy P8 fe) (17.1)

and an interpretation E from T'(3¢) to S which is isomorphism of the theories such that the following
diagram is commutative:

r—J g
IT,>« /E4
T (5)

PROOF. (a)—(b) One can easily check that all requirements in the definition of an exact interpretation
are held for any Cartesian interpretation.

(b)—(a) Let an interpretation J be given that satisfies demands of Part (b). We also suppose
that U(x) is a predicate in o, and 0 N7 = &. By the definition of interpretation .J, all predicate,
function and constant symbols of signature o are mapped on some formulas ¥, ¥/, ¥ of theory S
in signature 7 of corresponding arity. Include in S all o-symbols together with their expression via
formulas of signature 7 corresponding to interpretation I as follows:

Py(z) < %(2), P, € o, ¥y(z) € SL(7), (17.2)
y=F(z) o ¥(yz), freo ¥i(z)E SLr),
x =cs o V! (x), cs € o, V! (x) € FL(1),

obtaining new theory S’ in signature o U 7, such that S’ is an extension of theory S.

Since any element a in any model 9t of theory S is first-order definable over U (), by the
compactness theorem, there exists a finite set of formulas A\ (z,Z1), Aa(x,Z2), . . ., Am (2, Zm) € SL(7),
Len(z;) = k;, realizing the first-order definability in such manner that any element a in any model
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M of theory S is first-order definable over U (9) by means of one of these formulas. More precisely,
the following conditions are satisfied for all 4,5, 1 < 4,5 < m:

Xi(z, 21,0, 28,) — U (2)&U(21)& ... &U (2,), (17.3)
)\z(:r,z)&)\z(y,z) —> T =1y,

(Vz)[-U(x) — (Fz1) M (2,21) V...V (TZm) A (2, Z0) ],

(Fzo) iz, Zi) — (V25)-A(2,Z5), i #J.

First, a sequence A, i = 1,...,m, is chosen matching the first three properties. Correcting the initial
formulas, we obtain a sequence \;, i = 1, ..., m, satisfying all the demands in (17.3).
Extend signature o U 7 of theory S’ by new predicate symbols

LfiJrl, R’?i

7

E? Ul 1<i<m, (17.4)
and extend theory S’ by the following new axioms for all i obtaining as a result a theory S*:

Li(x E) — )\i(l’,z), (175)

where formulas ¢; and e; are found with the help of Lemma 7.2, taking into account the fact
that interpretation J is auto-free. Notice that requirements (17.5) exactly follow the definition of
Cartesian-quotient extension of a model of signature o defined in region U(x). Particularly, the
restriction of theory S* to signature

N

m=oU{LF RN B2 Ul 1<i<m) (17.6)

is isomorphic to T'(s), where 3 = (¥1/c), ..., Pm/e ).

In theory S*, both o-symbols and new predicates (17.4) are first-order definable relative to
signature 7. Now, prove the converse assertion, that in S*, all symbols of signature 7 are first-order
definable relative to symbols (17.6). Consider a model 9t* of theory S*. Let 91 be restriction of It*
to signature 7, while 9 be restriction of 91* to signature 7. Since the interpretation .J is exact, any
automorphism g of kernel K(901) in signature o can be extended to an automorphism y’ of the whole
model M, and such extension is unique by virtue of Part (c) in definition (16.1); moreover, extra
predicates from 7 are also preserved by ' because they are first-order definable relative to o. On the
other hand, indicated automorphism p of 9 | U(x) in signature o can be extended in unique way
to an automorphism g of the model 9 in signature 7 because M’ represents Cartesian-quotient
extension over 9" | U(z). The uniqueness provides that actually p/ = p” in this situation. This
shows that models 9* and M’ admit the same collection of automorphisms. From this, it is possible
to show that Craig definability theorem is applicable here. Therefore, predicates of signature 7 are
first-order definable in S* with respect to symbols of w. As a result, we have obtained a sequence
(17.1) together with the required isomorphism E.

18. Scheme of similarity relations and lists. The family of similarity relations and
corresponding lists of model-theoretic properties is presented schematically in Fig. 18.1. Arrows
are directed towards stronger relations and indicate relatively wider lists of properties. The right
column contains algebraic versions of lists and similarity relations, while the left column represents
their model versions. Three lists and similarity relations are mostly important in problematic of
expressive possibilities of Predicate Logic. They are marked as "Finitary”, "Infinitary”, and "Surface”.
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Two upper relations =~ and =2, are relations of isomorphism for theories, where &~ means model
isomorphism or simply isomorphism, while ~, means algebraic isomorphism or 3 N V-presentable
equivalence between two theories. They are defined in Section 2. Although ~ and &, are not similarity
relations, they are included in the scheme for the sake of completeness.

Relations =; and =,; are similarity relations over full list ML of model properties, and respectively
over full list AL of algebraic properties, see Section 3 and Section 4. Relation =; is called local
isomorphism, while relation =,; is called local algebraic isomorphism.

The list ASL contains those algebraic properties that are preserved by natural interpretations
form T to T'(c) for any recursively axiomatizable theory T'. The list MSL is defined by rule MSL =
ASL N ML. The relations =,; and =, are defined as semantic similarities over the lists ASL and
MSL.

The list ACL contains those algebraic properties that are preserved by Cartesian interpretations
form T to T'(p) for any recursively axiomatizable theory T' of an enumerable signature o and any
formula ¢ € FL(0). The list MCL is defined by rule MCL = ACL N ML. The relations =,. and =,
are defined as semantic similarities over the lists ACL and MCL.

The list ADL contains those algebraic properties that are preserved by Cartesian-quotient interpre-
tations form T to T(¢™ /-2m) for any recursively axiomatizable theory T of an enumerable signature
o and any formulas ¢,e € FL(o) of appropriate arities. The list MDL is defined by rule MDL =
ADL N ML. The relations =,4 and =4 are defined as semantic similarities over the lists ADL and
MDL.

Algebraic isomorphism
Algebraic local isomorphisi

Algebraic singleton similar
MSL Singleton similarity
Algebraic Cartesian simila
. o (Finitary similarity)

MCL Cartesian similarity
Algebraic quotient Cartesi:

MDL Quotient Cartesian s-y

MQL Quasi-exact similarity
(Infinitary similarity)

HL Hanf’s similarity (Surface similarity)

Fig.18.1. Scheme of similarity relations of theories and correspor

The list MQL contains those model properties that are preserved by quasi-exact interpretations
(see [4]) between recursively axiomatizable theories, while AQL is algebraic version of this list. The
relations =, and =, are defined as semantic similarities over the lists MQL and AQL.

The list HL is supposed to be &. The relation =y, is defined as semantic similarity over the empty
list. It is called Hanf isomorphism because William Hanf was the first investigator who studied such
relations between theories, and just in connection with the problem of expressive power of finitely
axiomatizable theories.

Establish inclusions by hierarchy in the scheme of lists.

Theorem 18.1. Let =1 and =5 be relations depicted in the scheme such that the second relation
is located higher than the first one in the scheme with respect to arrows, while L1 and Lo be
corresponding lists. Then, the inclusions =120=9 and L1 C Lo are satisfied.
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PROOF. Most of these inclusions were considered in this paper. As for the case of Infinitary list
and corresponding similarity relation, this question is considered later in the series of papers.

References

1. W.Hodges, A shorter model theory. Cambridge, 1997.
2. H.J.Rogers, Theory of Recursive Functions and Effective Computability. New York, 1967.
3. M.G. Peretyat’kin // Algebra and Logic. 1992. V.31, Nel. P.47 — 73 (Russian).

4. M.G. Peretyat’kin, Finitely axiomatizable theories. New York, 1997. Russian equivalent in:
Finitely axiomatizable theories. Novosibirsk, 1997.

Received at 10.07.2008.

MATEMATUYECKUN KYPHAJI 2008. Tom 8. Ne' 8 (29)



MATEMATUYECKUNA KYPHAJL. Aamamor. 2008. Tom 8. N 3 (29). C. 78 — 17

VIIK 517.938

CBOIVICTBA IIOKA3ATEJIEN JIMHENMHBIX
INOPEPEHIIMAJIBHBIX CUCTEM C
HEOTPUIIATEJIbHBIMU MATPUITAMU

, A. A. CEUTOBA

’ M. 1. PAXUMBEPJIVEB

WNucruryr maremarnku MOH PK
050010 r.Asmmarer  yuIlymkuna, 125 function05@mail.ru

YcTaHOBIIEH KJ1acC TUHENHBIX AUdDEPEHITNATBHBIX CUCTEM, HA KOTOPOM BEPXHIE OCOObIH U IIEHTPAIbHbIH
OKa3aTes Il HENPEPBIBHBIE, & CTAPIINIA MOKA3ATE b MTOJIyHENPephIBHAS (DYHKIUH.

Nsyuaercst 3aBUCUMOCTh aCUMIITOTHYECKUX CBOMCTB JIMHEHHBIX AUdPepeHInaIbHbIX CHCTEM OT
BOBMYIIEHUSA KOIPMUIIMEHTOB CUCTEMBI IIPH YCJIOBUM, 9TO KOI(PPUIIUEHTHI CUCTEMbBI BO3MYIIAIOTCS
pazauuHbiM oOpa3oM. PasBuBaercs Teopus mokazaresein JIsmynoBa manddepeHnaaIbHbIX CUCTEM C
HEOI'PaHWMYEHHO JIMHEHOH YacThio. PaccMaTpuBaioTcst JUHERHbIE CHCTEMBI

= A(lt)z, x€ R", (1)
riae A(t) — HenpepbiBHasi MarpuyHas GyHKus Ha [0, + 00) ¢ yciaoBuem

supl|A(#)[| < +o0.
t

[Tycts M, — MeTpuuecKoe IIPOCTPAHCTBO JIMHEHHBIX cucteM (1) ¢ MeTpuKoi

p (4, B) = sup||A(t) - B(t)l|

(cucremy (1), kKak sstement npocrpanctsa M, oboznadaem cumsoaom A), X (¢, 7, A) — oneparop Ko-
i cucremsl (1). M3yuatorcst cBoiicTBa yCTORYMBOCTH BEPXHUX 0COOOI0, IEHTPAJILHOIO HOKa3aTe el
U crapiiero nokasaress JIsmynosa cucrem (1) ¢ meorpurarensubivu MaTpuramn A(t).

OcHoBHBIE 00IIE CBEACHUS U3 TeOPUH HoKasaTeeil JIsmyHoBa, HCIoIb3yeMble 3/1eCh, COIEPIKAT-

csa B Kuure [1].
1. Ocob6bie mokasarenu. BepxauMm 0coObIM TOKazaTeseM cucteMbl (1) Ha3bIBaeTCsA YUCIO

Qo(A) = Tim —

t—toot — T

In[|X(t, 7, A)].

Keywords: indicator, semicontinuous function
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st ucenemoBanust ycroitamBoctn mokaszaress (2g(A), 9TO O3HAYAET €r0 HENPEPLIBHOCTH KaK
dbyukumn, 3ajanHoil Ha MeTpuyeckoM mpocTpaHcTBe My, B [2| BBeleHA acHMITOTHYECKAs XapaK-
TepucTHKa cucreMsl (1) — nokasaress 1p(A). B sxBuBasenTHOl dhopmMe 0OH MOKeT OBITH OLpeiesIeH
caemyomum obpazom. s gobeix N > 0, ¢ € N, obosnaunm depes sg\, orpesok [Ni, N(i + 1].
Byzem rosoputk, uro jyisi januoro i cucrema (1) obiajgaer ceoiicrBom (k, ) — pasjeseHHOCTH Ha
sﬁv mast k€ {1,...,n—1} u a > 0, ecsiu mpocrpancTBO R MOXKHO Tak IPEJCTABUTH B BHJIE MPIMOii
CYMMBI JIBYX HofpocTpancTs Rf u R"™F uro mo6uie nenyessie penterns cuctembl (1) 21(t), 2(t),
c yenosuem z1(Ni) € R"F, x9(Ni) € RE, ynosnersopstior nst Beex ¢, 7 € sV, t > 7, nepasencrsy:

a(t—T)

GG

lza (I N2~

Onpenemnm byukmmo o (t, 7, A). lyers di(X) > ... > d,(X) — cuHTYISpHBIE YHUCIA MATPUITHT
1

S
X. Jnst,r € sV, t > 7, nonaraem oY (t,7, A) = [] dj(X(t,7))] /s, ecru ast mammoro i cucrema
J=1
(1) obmamaer croiicrBom (k, ) — pas3mesieHHOCTH NP k = S, a I MEHBIIUX k 9TUM CBOHCTBOM He
06J1a/1a€T; €CJI JKe TO CBOJICTBO He BBINOJIHSIETCsI HU IPU KakuX k, To cauraem, 910 § = n. B Tom
cirydae, Korja t, 7 IPUHAJJIEXKAT Pa3HbIM OTPe3KaM ng , TO €CTb T € SZN ,t € sé-v ,i<g,mpuj=1+1
HoJjiaraem:

N (t, 7, A) = ol (t,Nj, A)pl (Nj, 7, A),

HnHave:

N (t, 7, A) = N (t, Nj, A)pl (N, N(j — 1), A)...pN (N (i + 1), 7, A).

ITokazaresns 1(A) onpemensiercss paBeHCTBOM:

. . S T NP
mM%&%N?%Mjﬂwmkﬂgam%@ﬂ@1WA)

Corutacuo [1] dyuxims Qy = Qo(A) nonysenpepsiBra cepxy. Hasmame Touek ee paspblBHOCTI
ycranosiieHo B [3]. Hemocpescrsenno u3 onpejenenust nokasareseii (2o, 7y BBITEKAET HEPABEHCTBO
Qo(A) > no(A). Uz [4] crenyer, uro dyukuus Qy = Qo(A) wenpepsiBaa Ha M, B TOouke A TOrIa
1 TOJIKO TOTJIA, KOTJIa BBIMOJIHsETCs paBeHcTBo (29(A) = no(A). Pacemorpum mogvuoxkectso Ky B
M,, cucrem (1) ¢ ornenennsiMu oT Hyns Kodddunuentamu a;;(t) marpur A(t), T.e. A € K, ecim
7%1>1(f) a;j(t) > 0 st Beex 4, j. U3 [5] BeiTekaer, uro cucremsr u3 K| 06/1aal0T CBORCTBOM 9KCIIOHEH-

[UAJIbHO pasjenenHocT uHaekca n — 1 (em. [6]), cienoBaresnbho, cormacHo Teopeme 15.2.1 u3 [1]
OHM BXOJIAAT BO MHOXKECTBO TOUYEK HempepbiBHOCTH byHKImU Qo = Qo(A), mosromy Qp(A) = no(A)
na K. Paccmorpum teneps B M, MmuoxkectBo K, siBJsionieecsd 3aMbikanneM MHoxkecTBa K. Hepa-
BercTBo A > 0 6yzner osnavarh, uro A € K. IlokaxeMm, 4to Ha K CyImIeCcTBYIOT TOYKH pa3pbIBa
dbyuximu Qy = Qo(A). fAcno, uTo KOCTATOUHO OrpaHUYUTHCs ciaydaeM n = 2. Paccmorpum npumep
CHCTEMBI, KOTODBIi siBJIsieTcs Buon3MenenneM npumepa B.M. Mumonnmkosa u3 (3.

an=ro( 5 ).

1 upu k9% <t < k98 4+ 96—
£(t) = s — Joboe HATypajbHOE,

k — roboe 1esoe,

0 mnpu ocTaabHBIX t.

IIycTp

e
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o ¢
Torya cucrema (1) ¢ nanHoit marpuneii A(t) — nuaronanbuas u Qo(A) = . linc}r = [2f(s)ds. Dra
—T—+00 h

BeJIMYMHA B Cuity 3aanus f(t) mosoxkurenbaa. HemocpencTBenno u3 onpe/iesieHnst moKa3aTess 1
crenyer, ato Qo(A) = 2n9(A). Hosromy Q(A) > no(A). Dro oznauaer, uro A ma K sBisiercs
TouKoii paspeiBa dyHKImu Qo = Qo(A). Paccmorpum renepnb noBejieHne GbyHKIUM, KOTOPas SBJIsl-
ercst orpanndenneM dbyuknun Qo = Qg(A) Ha MHOKecTBO K. B 9T0M Ccitydae HENPEPBIBHOCTH TOM
dbyHKIME BO3MOXKHA U IIPH BbIIOIHEHHN HepasencTsa 2o(A) > no(A).

Teopema 1. Ozpanuuernue gynxuyuu Qo = Qo(A) na mmoocecmso K ecmov nenpepoviehasn dym-
YUA.

HokazarenscrBo. omnycrum, uro orpanndenne yukinuu g = Qp(A) Ha MHOXKecTBO K —
paspbiBHas B HeKOTOPOit Touke A dyukius. Tak kak dynkiums Qo = o(A) nosyHenpepsiBHA CBEPXY
Ha My, TO, IO TIPE/ITOIOKEHUTO, HE SIBJISICTCS TIOJYHEIIPEPBIBHON CHU3Y, 3HAYHT, CyIIecTByeT € > 0,
JIUIsE KOTOpOro 1pu BesgkoM d > 0 B 6 — okpectHocTn A naiijercsas B Takoe, 9To

Qo(A) >Q0(B)+€ (2)

[Mokaxkem, uro dyukius y = Qp(A) obimagaer cBORCTBOM MOHOTOHHOCTH, TO €CTh u3 Ap >
Ag > 0 caemyer Qp(A1) > Qo(Az). HeiictBuresnbho, B CHILy M3BECTHOIO HPEICTABICHUS MATPUITBI
Kommu X (¢, 7, A) cucremsr (1) B Buge:

t t t1
X(t,7,A) = E+ /A(tl)dtl + /A(tl)dtl/A(tg)dtg T

u3 mepasencrBa A; > Ay > 0 BwiTekaer Hepasenctso X (t,7,A1) > X(t,7,A2) > 0, mosromy
X (¢, 7, A1)[| > ([ X (¢, 7, A2)|| 1, cnenosarenso, Qo(A1) > Qo(A2).

O6o3HaunM uepes I MaTpuily, Bce j1eMeHTbl KOTopoil pasubl 1. [IpejcraBum pasnocrs o(A) —
Qo (B) B BUE:

Qo(A) — QQ(B) = [Qo(A) — Qo(A + SI)] + [Qo(A + SI) — Qo(B + SI)] + [Qo(B+
+sI) — Qo(B)), (3)

rJe § — HEKOTOpOe MOJIOXKHUTEeIbHOe dncyio. Tak Kak A + s > A, B + sl > B, TO BbIpayKeHHUsI,
CTOSAIIIME B TEPBOIl U TpeThell KBAJIPATHBIX CKOOKaX, HEMOJOKUTEeNbHBL. [losTomy u3 (3) BBITEKAET
HEPaBEHCTBO:

Qo(A) —Q(B) < Qo(A+sl) —Qo(B +sl).

HAcno, aro p(A+sI,B+sl) = p(A,B)u A+ sl € K, B+ sl € K, snaunt, A + sI — Touka
nenpepoiaocTu hyukmun Qy = Qo(A). osromy cymecrsyer takoe § > 0, uro s jo6oro B u3 §
— OKpecTHOCTH A BBIMOHSIETCST HEPABEHCTBO:

1Q0(A + sI) — Qo(B + sI)| < % (4)

C apyroii cToponbl, BbIOHpasi B coriacHO pe/IosiozKeHno o paspbiBaocTu Gyukimu y = Qo(A)
B Touke A, B cuity (2), (4) mosyyaeM npoTHBOpPEYHMBLIE HEPABEHCTBA:

e < Qo(A) — Qo(B) < Qo(A+ sI) — V(B + sI) <

| ™

[MosTomy npejosioxkenne 0 pa3pbiBHOCTH orpanuyenust gy o = Qp(A) ma MHOKEeCTBO K
HeBepHO. Teopema joka3aHa.
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2. IlenTpanbHbIe MOKa3aTeau. BepxHnuM IeHTpaIbHBIM HOKa3aTeeM cucTeMbl (1) HasbiBaeTest
YUCIIO

m

o 1
O(A) = Tgxfwmg%wgmn)((w, (k—1)T,A)].

[TpuBenem onpenenenue nokasaress (1(A), SKBUBAJIEHTHOE BBEJCHHOMY B [7]:

— 1
p(A) = lim  lim lim —
a—0 N-T— 400 M+ Tm

m
> Il (T, (i — )T).
k=1
[Tokazaresb p(A) xapakrepusyer nosejenue nokazaress (2(A) B caemyroriem cmbicie. CorracHo
[2] dyuxmus Q = Q(A) nonyHenpepbiBHa cBepxy. PaspblBHOCTB ee TakkKe, Kak n QyHKiun o =
Qo (A) ycranossena B [3|. VI3 onpeenenns mokasareseit (2, (1 BeITeKaeT HepaseHCTBO 2(A) > pu(A).
B [8] mokazano, uro dyukuus Q@ = Q(A) Henpepsiaa Ha M, B Touke A TOrJa M TOJBKO TOLJA,
KOT/[a BbInoJiHsgeTcs paBeHcTBO (A) = u(A). VI3 sxcrioneHa bHoOi pa3IeleHHOCTH HHeKea 1 — 1
cucrembl (1) u3 reopembr 15.2.1 u3 [1] oHM BXOJAAT BO MHOXKECTBO TOYEK HENPEPBIBHOCTH (DYHKIUU
Q = Q(A). Pacemorpum nosesienne dbyHKIN, KOTOpas siBJsgeTcst orpanndenneM dyHskimm 2 = (A)
Ha MHOXKecTBO K. DTa (yHKImMs 00sagaeT CBOMCTBOM, aHAJOIMYHBIM CBOMCTBY (yHKIuu o =
Qo(A), To ecrb ona HenpepsbiBHa, xoTst 2(A) > p(A). Anasornaao Teopeme 1 JTOKa3bIBALTCH.
Teopema 2. Ozpanuuenue gynryuu Q = Q(A) na mmnoorcecmeo K — nenpepuienas Gynruus.
3. Crapmnii mokazaresab. Crapmuii okasaresb JIsyHOBa 3aaeTcsl CIIeIyoIeir popMyJIoit:

A(A) = Tm Sin | X(¢,0,4)].
t—+oot

A = A(A) — paspbiBaasi GYHKIUS U ee CBOHCTBO, KakK DPa3spbIBHON (DYHKIUH, OTINIAETCS OT
cpoiict dyukumii Qg = Qp(A4), Q = Q(A), Koropsle, SIBJISISICH HOIYHEIPEPBIBHBIME, IIPHHAJIEXKAT
nepsomy kiaccy bapa. @yukuus A = A(A) xapakrepusyercsi MPUHAJJIE]KHOCTHIO CTPOIO BTOPO-
My kiaccy Bapa (cm. [9,10]). Veranosum cpoiictBo ee orpanmdenusi Ha K. ITokaxkem, uro Ha K
CYIIECTBYIOT TOYKHU pa3pbiBa 370 (yHKmmu. JIjIst 3TOro paccMOTpUM HEKOTOPOE BHIOU3MEHEHHE
npumepa 13.5.1 u3 [1] upu n = 2. K nocrpoennoii B [1] marpuie cucremst (1) npubaBum maTpuity
wE. Tonyanm marpuity

At) = < 0 (sinmv) v )

dcno, uro A € K. Tak kak yBeJUYEHHE JJIEMEHTOB JIMAIOHAJN MATPUIBl cucreMbl (1) Ha 7
YBETMUIMBAET MOKa3aTean JISmyHOBa M TEHTpaIbHbIE MOKA3ATeNn HA 7, He M3MEHss WX CBONCTBA
HENPEPBIBHOCTH, TIOJIYHETPEPBLIBHOCTH U PA3PBIBHOCTH, TO BCE BBIBOJLI 00 9TUX CBOWCTBAX, KOTOPI-
mu obsiasaer cucrema u3 [1], umeror mecto u st gaHHON cucrembl. [lostomy umeem A(A) = T,
Q(A) = 7+ 1. Paccmorpum Bo3aMyIIeHHYIO cucreMy Ag, KOTOpast moJIydaeTcst U3 cucreMbl A npubas-
JIEHHEeM K BHEJMATOHAJLHBIM 3JIEMEHTaM ee MaTpuIilbl Hekoroporo € > 0. Torma A; € K, mosromy
9Ta CHCTEMa YJIOBJIETBOPSIET YCIOBHUIO IKCIOHEHIMATLHON pasieseHHocTn wHjekca 1. Jis raxoii
cucrembl BblnoHsiercs: paBeHcTBO A(A:) = Q(A:). Orcroga, yuuTsiBas MOHOTOHHOE HeyObIBaHME
dbynkmun Q = Q(A), npuxoaum K HepaBenctBy A(A:) > 1+ m npu jo6om £ > 0, 9TO MOKa3BIBAET
paspbiBHOCTb orpanndenusi dbyukiun A = A(A) Ha MHO)KecTBO K. YTOYHUM XapaKTep ee pa3pbiB-
HOCTH.

Teopema 3. Ozparuuenue gynxyuu A = A(A) na mnootcecmeo K — noaynenpepvisnan crudy

PynKyUA.
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JlokazareabCTBO TEOPEMBI OCHOBBIBACTCS HA MPENONOKEHNN, ITO Orpanndenne GyHKIH A =
A(A) na muoxkecrBo K He siBJIsIeTCsl [IOJyHENPEPLIBHON CHU3Y B HekoTopoil Touke A. Tasee, uc-
1oJib3ysi MOHOTOHHOCTH byHkmu A = A(A), KaKk U Ipu JOKA3aTEIHCTBE TEOPEMbI 1 IIPUXOIUM K
IIPOTUBOPEYNUBBIM HEPABEHCTBAM.

3aMeTuM, 9TO yTBEPIKJIEHUS BCEX TEOPEM CIIPABEJIUBbI, €CJIM BMECTO MHOYKeCcTBa K paccMoTpeTh
MHOXKECTBO cHCTeMbl (1) ¢ HeoTpuIaTeJbHBIMI BHEINATOHAIBHBIMU KOd(hMUIMEeHTaMI UX MaTPHIIL.
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OB O/THOM KPAEBOW 3AJTAYE J1JId
IMOJIMAHAJINTUNYECKUX ®YHKIIUN, IIPUBOJIIIENCYI K
KPAEBOI 3AJTAYE I'JIBBEPTA

C. 3. CAITIAKOBA

Kazaxckuit Harmonasnsusiit Yuusepcurer nmenu aib-Dapabu
050012 Asmarer yi. Macanau, 39/47 SapakovaS@mail.ru

B manHoit pabore paccMaTpuBaeTcst 3aa9a OMpPeesIeHusl TOJTHAHATUTHIECKON (DyHKIINN, KOTOpasl MpU-
BOJIUTCS K M3BECTHOH 3ajade ['mibnbepra fia anamuTndeckunx yuknunit. B 3aBucuMocTr OT MHIEKCOB
dYHKIUN, 3aJaHHBIX Ha TPAHUYHBIX YCIOBUSIX, TOJYYEHbl SBHBIE BUJIBI PEIIECHUIA.

HOI[ yCTOﬁqHBbIMH T'PaHUYIHBIMU YCJIOBUAMU [JId YPaBHEHUNA 2n—ro IopdaKa ITOHMMAIOT TaKue
IPAHUYHBIE YCJIOBHs, KOTOPbIE COIEPXKAT JaHHY0 (DYHKIWS U €€ IPOU3BO/IHbIE, HOPSIOK KOTOPBIX He
npesbimaer n— 1. CjenoBaresibHO, KaK U PeIlleHre BCIKOrO YPaBHEHUsI JITUITUIECKOT0 TUIA 2711—T0
HOPSIJIKA, HOJUrapMOHIYIecKast (DYHKIMSI OIIPEIeISIeTCs] 33 JaHIeM Il He3aBIUCHMBbIX YCJIOBUIA, HOPSIIOK
[POU3BOIHBIX HE IPEBBIIIAECT 1 — 1. DTU yCJIOBUS MOTYT OBITD JIaHBI B 0YEHb PAa3HOOOPA3HBIX (POpMax
[1]. Bmecs MBI paceMoTpUM 33718y 00 ONIpE/IeJIeHNH PENEHNsT «TPUAHATUTHYECKOTO» YPABHEHUS B
obmactu D = {|z]| < 1}:

OF .
93058 0, F=u(z,y) +iv(z,y), (1)
[0 KPaeBbIM yCJI0BHsAM Ha rpaxuie L = {|z| = 1}
ou ov
au+biv=0, as=— +bo— =0, azAu+b3Av =0, (2)
on on

riae ag, by, k = 1,2,3 — 3amanmble Ha rpanune JAefiCTBUTEIbHbIE (QDYHKIUH, YAOBIETBOPSIONINE Ha

koHType L ycsoButo lesibiiepa. 3ajiaua B Takoil OCTAHOBKE BIIEPBble paccMaTpuBajach B pabore

[2]. OrmeTHM, 4TO METOJ PelleHns 3a/1a41, HCIOIb3YEMbIii B JJaHHON paboTe, OTJIMYAETCs OT METO/A

perernst B [2|. B macrosimeit pabore 3amada (1), (2) cBoguTest K TpeM KpaeBbIM 3aiadaM [ uiabbep-

Ta OTHOCHTEJILHO aHAJIUTHYCCKUX (DYHKIWMil, aHajmnTHIecKue (DYHKIMM, BXOJMAINIME B 5TH KPAeBble

381891, OILIPEJIETISAIOTCS TOCJIeI0BATENIbHO 1 perterne 3a1a4an (1), (2) maercs B 3aMKHYTON opMme.
Ucxogist u3 001Iero 1peicTaBieHus MoJnaHajnTuaeckoi dynknuu [3]:

F-u(my)+zv:ﬂy:z (3)
k=0

Keywords: polyanalytic functions, Hilbert’s problem, analytical functions, boundary problem.
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[TOCJIE HEC/IOYKHBIX TPe00Pa30BaHMI, MOy INM CJIEIYIOIIee IPEICTABICHNE TPUAHAIUTHICCKON (DYyHK-
IUN:

F(2) = @o(2) + (|2 = De1(2) + (21> = 1)%¢a(2), (4)

rie vo(z), ¢1(2), p2(z) — Tpou3BoIbHBIE aHAIUTHIECKUE (DYHKIIUIL.
'panuunbie ycaosus (2) npeobpasyeM cauTasi, HeOrpaHUIUBAast OOIIHOCTH, ITO

aZ(s)+bi(s)=1, k=1,2,3. (5)
Torna

F(2) _u+tiv
a1 (Z) + by (Z) N aj + iby

= (a1 — iby)(u + ) = aju + byv + i(a1v — byu).

CrenoBaresbHO, epBoe ycsoBue B (2) 3annchbBaeTcs B BUJE:

oy
Re{ MOER0 } =0 ©)

AnanornanbiM 06pa30M, BTOpOe TPAaHUIHOE YCJIoBUE B (2) HpUHUMAET BUJL:

t'F,—it Fy |
el oty | = "

a TpeThe yCJIOBHE B (2) MEPEXOUT B CJIE/IyIOIIee:

el iy~ )

Taxum obpaszom, mojcrasiss (4) B rpannansle yeaosust (6) — (8), Mbr mpuxogumM ot 3aaadn (1),
(2) k coemyromum TpeM 3ajzadaM ['mibbepra jyist onpejiesieHns aHAIUTHIeCKUX byHKIui ©o(2),
p1(2) 7 oal2):

Tpebyercst oupenesuts ananurudeckue GyHxkunn ©o(z), ¢1(z) 1 p2(z) B obmactu D = {|z] < 1},
Y/IOBJIETBOPSIIOIIHE CJIE/IYIOIINM I'PAHIIHBIM yCJIoBuUsM Ha rpanune L = {|t| = 1}:

e\ [itehn) ) — (e |
R{a1<t <t>} 0 R{ } 0

)+ iby az(t) + iba(t)

p1(t) + 1 (8) + 202(t) |
Re{ as(t) + ibs () }‘0'

(9)

’itt’(ag (t)+’ib2 (t)) _ Al (t), as (t);ibg (t) _ A2 (t),

Ecsin BBecTu obosnavenus ay(t) + iby(t) = Ag(t), o

t ol (t — 1 (t)—t) (¢ .
fi(t) = Re%, fa(t) = Re%, TO JJIsi ONpEJIeJIeHUs aHATUTUICCKUX (DyHKIUT
©v0(2), 1(2) 1 @a(z) moayunm ciemyromme 3agaun ['uasbepra.

Oupejennm anaiurudeckne Gyuximn @i (z), k = 0, 1, 2, B obmactu D = {|z| < 1} no rpanny-

HBIM 3HauYeHusIM Ha KoHType L = {|t| = 1}:

ST R o SRS ) S

DTH 3372490 HYKHO DEIIUTH [OCTIeI0BaTeIbHO, Tak Kak f1(t) 3aBucur ot ¢o(t), f2(t) 3aBucur
or ¢1(t). ITocsie Toro Kak pemmM HepByio 3ajady, HaiijgeHHoe ¢o(t) nomcrasum B f1(t), B pesyibra-
te fi(t) craHoBUTCs M3BeCTHON (byHKIMEH. AHAJIOIMYHO, [IOCIe TOIO KaK PEIIUM BTOPYIO KPaeBYIO

MATEMATUYECKUN YKYPHAJI 2008. Tom 8. Ne' 8 (29)



80 C. 3. Canakosa

3aiady, HaiijeHHyo GyHKIMIO ¢1(t) mogcraBuM B fo(t) U MBI IOIyYaeM 3ajady yKe ¢ U3BECTHOMN
npaBoii gacrbio fo(t).

[Iycrs 3¢9 = Ind Ao(t), sa0 = Ind A1 (t), 20 = Ind Aa(t) u po(t), p1(t), p2(t) — perynsipusyrorme
muokuTesnn dyuxiwn Ag(t), Ai(t) u Aa(t) coorsercrsernno. 1o onpenenennto

pi(8)Ap(s) = e ) = g gin(@y)tivn(zy)) — pa gmw(@y) giwn(@y) | =0, 1, 2. (11)

Bz4B orcioyia Moy u apryMeHTbl 00eUX YacTeil, MOJIyYnM:

B || e~ w(s)

pr(s) = W’ (12)
wi(s) = arg{t "* A(s)} = arctgm — » argt. (13)
Torma
8 B [ ImAg(s)
Y(s) =8 arCtgiReAk(s) s argt| , (14)

rae S — oneparop Isapra [4].
Hns onpenesennst anagnTudeckoil byHKIUU ©o(z) B €IUHUYHOM KpyTre, PEIIUM OHOPOIHYIO
zagady 'mapbepra 1o rpaHMYHOMY 3HAMEHMIO:

Re{j‘;g } = 0. (15)

Henst 06e uactu paerctsa (15) Ha peryispusyronuii MHOKITEIb DyHKINN Ag(t), mpuBemem ero

Re{%(t)} = 0. (16)

+2%0 ei70(t)

K BUJLY

B zaBucnMocTu ot 3Haka NHIEKCa )y paCCMOTPHUM OT/I€/JIbHBIE CJIydan:

19, 34 = Ind Ap(t) = 0. Torya xpaesoe yciosue (16) Gyer ycmosuem samaqn Jlupuxie.
B cuity emuHCTBeHHOCTH pereHusi 3ajadu Jupuxie GyjeM uMeTb B €JIMHUYHOM Kpyre D

Re{ “o(2) } =0,

e0(2)

. ivo(z
vo(2z) = iage 0( ), (17)
rie o — JeHCTBUTe/bHAS TOCTOSHHAS.

20, 349 > 0. Torma xpaesoe yciopue (16) sBiseTcss ycaoBmeM Tak HasbiBaemoil samaam Ag [4].
CuiesioBaresibHO, perenne 3a1aun (16) Gyaer

po(z) = 27010 Qq(2), (18)
rie Qo(z) onpegensiercs: hbopmyloii
Qo(z) =iag + » _ (Crzt — Crz ")), (19)
k=1

3mech o — TPONU3BOJIbHAS JEHCTBUTEIbHAS TIOCTOSTHHAST, 7 — TTOPSIZIOK MTOJIIOCA, €CJTN JIOTYIIEeH
[IOJTIOC JIJIsI aHAJUTUYIECKUX (DyHKIUU opsijika He Bhie n. CjenoBaTesibHO, 3ajad9a UMeeT
23 + 1 nuHENHO HE3aBUCUMBIX PEITEeHMIA.
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30,

50,

6°.

»y < 0. B arom ciyuae pemenne 3ajgaqau (15) B anasuTudeckux (GyHKIUSX HE CYIIECTBYET.
Ho, eciim B KadecTBe J0IyCTUMBIX QYHKINN Oparh DYHKIMH, UMEIOIIHEe B €IUHUIHOM KpyTe
HE MeHee — 3 II0JIIOCOB, TO 3a/la4a UMeeT pelleHHe.

Hamee, pemum 3a1a9y 00 OIpeaeIeHNN AHAJUTHIECKON (DYHKIINY 110 KPAeBOMY YCJIOBUIO:

p1(t)
R = fi(t 20
)] (20
siech f1(t) 3aBucur or amasmTHyueckoil dyHKIuM @o(t), onpeensemoit mo dopmyaam (17),
(18).

AmnajiorndHo, Kak 9TO JIeJ1ajloch B npeablyiieil 3agade (15), pasmesum obe 9acTu KpaeBoro
YCJIOBHs Ha PeryJsipusyomuii MEOKuTe b (pyHKimu Aq(t), Toraa s onpeiesieHusi aHATUTH-
qeckoil byHKIMN ¢1(2) B €IMHIYIHOM KPyTe UMeeM:

Re{‘“.(t)(t)} = [t] 713 £ (s). (21)

e

B,HGCI) TaK2Ke B 3aBUCUMOCTHU OT 3HaKa 1 pacCMaTpHuBaeM TPHU CJy4dasd.

. s = 0. KpaeBoe yciioue (21) 6yuer ycinosuem 3anaun lupuxie u 6epsi or obenx gacreit

ouneparop Isapua S [4], mosyaum
p1(2) = €M [S( 1) f1(s5)) + ). (22)

»1 > 0. Kpaepoe yciosue (21) 6yzer ycioBueM, Tak HasbiBaeMoii 3aja4u A [4], u Ha ocHOBaHUM
pertenus 3a1aun A, mosyaum obmiee pemenne 3agaqan (20) B Buje:

p1(2) = 22 [S(|t e O fi(s) + Qu(2)] (23)
21 < 0. B aToMm ciydae mocTymiasi aHAJOTHYIHO HIPEIBIAYIIEMY CJIYyYai0, MOy IIM

o1(z) = 27em® [S(|t|_"1ew1(s) £1(s)) + z'o} . (24)

Taxk kax B 9710if bopMysie nuMeeTcst MHOKUTENb 2* | To (yHKIus p1(z), onpenessiemas Gop-
MyJ0ii (24), MOYXKET UMETDb IMOJIIOC MOPATKA — s¢1. UTOOBI MOJyYNTh AHATUTHICCKOE DEIICHUe
HeobxoauMo B (24) nonoxuts C' = 0 u norpeboBaTh, 9T06bI (DYHKIUS

S(t| 71 ) fi(s)

uMesia HyJib IOpsJIKa —J¢] B HadaJie KOOpAuHAT. Pa3jiokuB (PYyHKIUIO B Hada/le KOOPIUHAT,
JIETKO TTOKa3aTh, YTO PE3YJbTAT JAET, KaK MOXKHO —23¢1 — 1 ycjoBuit. YTobb! pernieHne 66110
BOBMOXKHBIM HEOOXOJIMMO U JOCTATOYHO, ITOOBI CBOOOIHBIHN IJI€H YIOBICTBOPSI 3TUM —227] — 1
YCJIOBUSIM PA3PEIIMMOCTH.

Tperbst 3a1a1a 00 ONPEJIEICHUN AHATUTUIECKON (DYHKINH @2 (2) M0 TPAHMYHOMY YCJIOBHUIO

@a(t) |
Re{ Az(t)} — B (25)

pemaeTcst Tak ke Kak 3agada (20) mo dopmysnam (22), (23), (24), TOJBKO MEHSIETCS HOMEP
MH/JIEKCA!
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70,
=0, 10 o(z) = e2E[S(2) fy(s)) + i) (26)
80, 35 > 0, ToO
p2(2) = 22 PES([t] 722 fo(s)) + Qa(2)]. (27)
99, 25 <0, TO
pa(2) = 272 PP [S([t] 722 fo(s)) +iC]. (28)

Takum obpasoM, pelieHne 3aJa49n 3aBUCAT OT 3HaKa MHIEKCOB (PYHKIINM, 38 IaHHBIX Ha IPAHUIIE.
B gacTHOCTH, €ciin BCe MHIEKCHI >, ], 2 HOJOKUTEJIbHBI, TO perenue 3agaun (1), (2) umeer Bu:

F(z) = 270¢P)Qo(2) + (|2 = 1)271M O[S (1|71 f1(s)) + Q1(2)] +
+ (|27 = 12272 E[S (87262 fo(s)) + Qa(2)].
B cuny Toro, uro gjsa epunuanoro kpyra oneparop IlIsapiia coBmagaer ¢ uarerpasom IllBapriia,

o1y dbopmyrny u dopmyist (22) — (24), (26) — (28) B ciaydyae eIUHUIHOTO KPyTra MOXKHO IPEJICTABUTD
CJIETYIOIIM 00pa30M:

(29)

1. Ecm 5, =0, k=1,2, T0o

2T .
] 1 io
or(2) = ezvk(z)[%/ e £, (o) Zi“ i_ zda + iag). (30)
0
2. Ecmu 2, > 0, k=1,2, 10
1 27 .
— % (R [Z [| owk(0) €7tz 1
ou(2) = e [ e 0) T+ Que)) (31)
0
3. Ecmm », <0, k=1,2, T0
1 2T .
— ot k(%) wi(0) e’ +2 2
ou(z) = e [ o) g 0) S 2 (32)
0
rie ¢r(z) = uk(z, y) + ivk(z,y),
7 ImAy(o) '
mAL(o e’ +z
" (2) 271/ [arc 8 ReAy(0) %kg} T
0

Y (2) = wi(z, y) + iwg(z,y), Qr(z) =iay + Z (Cj27 — Cjz77).

j=1
B cayuae 3) juist paspemmmoct 3aja9u GbyHKIUT
o7 27
0 0

k=12,
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JIOJKHBI UMETh HYJIb MOPsiJIKAa —3¢f, B HadaJjie KoopjuHat. Pazyiaras mx B CTENEHHON P B OKPECT-
HOCTHU HAYAJIa U TPUPABHUBAS HYJIIO [I€PBbIE — 3¢ KOIDMOUIUEHTOB, TOJIYIUM:

27

1 .

L / e 0) £ ()6 dr = 0,
0

WIN B JIefiCTBUTENIBHON dopMme

2m
1
27T/e“’k(”)fk(o) cosmodo = 0,
0
2
LI e -
— [ €Y%\ fi(0) sinmodo = 0,
2

0

m=0,1,2, ..., —1, (34)

m=0,1,2,...,—s— 1.

Dopmyast (35) mator —2¢, — 1 yCeaoBuil pa3permMoCcTi, KOTOPBIM JIOJIZKHBI YI0OBJI€TBOPATH CBO-
0O/IHbIE YJIEHBI JJIsl TOTO, YTOOBI HEOHOPOIHA 3a4a4a [ miIbbepTa ¢ OTPUIATEIbHBIM HHIEKCOM ObLIa

pasperuma.
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O CBOIICTBAX PEIIIEHUI HEKOTOPOI'O KJIACCA
JANOPOEPEHIINMAJIBHBIX OITEPATOPOB C OIIEPATOPHBIM
KO®OPUITMEHTOM

7K. A. CEPUKBAEB

080000 Tapa3z ysi. Acumosa, 28 szhcit@rambler.ru

Paccmorpen kimacc muddepeHnpaabHbIX OIepaTopoB BTOPOIO IMOPSKa C IEPEMEHHBIM OII€PATOPHBIM
ko3ddurmenTom. Jlokazana pa3meMMOCTb U CyIIECTBOBAHUE OOPATHOrO OIepaTopa.

Oco0blIit mHTEpEC ¢ MPUKJIAIHON TOUKHU 3PEHUS [IPEJICTABJISET UCCAEIOBAHUE HEIOyOrPDAHUIEH-
HBIX AuddepeHnualbHbIX YPABHEHU C IEPEMEHHBIM OIIEPATOPHBIM KO3(MDMUITHEHTOM, BO3HUKAIOTUH
npu ucciaenoBanny JuddepeHIuaabHbIX YPABHEHU THIepOOJMIeCKOro U CMEIIAHHOro TUIOB [1].

CymecTBOBaHNE, €IMHCTBEHHOCTD, TVIAJKOCTh PENIEHUi U CIIeKTPaJIbHbIE CBOMCTBA TOJIyOI'DAHU-
YeHHBIX UM dEPEHITUATBHBIX OIIEPATOPOB UCCIEIOBAHBI U JIJIsi HUX MOJIyYeHbl (DyHIAMEHTAIbHBIE
pesyibrars! B paborax B.M. Jlesurana [2]|, A.I. Kocriouenko (3], M. Orenbaesa (4] u ap.

B ciyuae, korma gudpdepennnaabHbI omepaTop HEMOJyorpaHnIeHHbIH, n3yden B paborax M.B.
Mypar6ekosa [5], K.H. Ocnanosa [6], A. Torouyesa [5|, A. Buprebaesa [7| u np. B srux paborax
ObLIn mcciieoBanbl auddepeHIuabable YPaBHEHUS HEIETHOTO OPs/IKa B HEOIPAHUIEHHBIX 00,18~
CTSIX.

IIycte H — abcrpakTHOe cemnapabesibHoe mpocTpaHcTBo ['misbepra. ObosHaunMm wepes Hp =
Ly(—1,1, H) runsbepToBo IPOCTPAHCTBO, 1oy dentoe nomnosmenneM C5°((—1,1), H) — MHOXKecTBa
(bUHUTHBIX GECKOHEYHO IVIaJKuX BeKTOp dyHKIuii, onpejeneHHbix Ha R(—1,1) co sHauennem B H |

1/2
o Hopme ||u(y)l|y, = < I Nuy)|l de) , COOTBETCTBYIOMIEil CKAJISIPHOMY HPOU3BEEHUIO

<u(y),v(y) >g,= f<u (y) >g dy.
Paccmorpum ,HI/ICb(bepeHU,I/IaJIbeIfI oriepaTop
Lu = —u"(y) + k(y) A(y)u + ia(y) A% (y)u + c(y)u, (1)

oupeseennsii a Muoxkecrse C3°((—1,1), H) . Sampikanne L B Hopme Hp Taxzke 0003HAYNM Yepe3
L. 3necs A — MOJI0KHUTETHHO ONIPE/IeIEHHbIIT CAMOCONPSI?KEHHBI OIIEPATOD, 3aBUCSIINIT OT TepeMeH-
HOit B rHILGEPTOBOM IIpocTpancTBe H ¢ BIIOJIHE HElPepBIBHBIM OOPATHBIM OLepaTopoM, o € [3,1),

Keywords: differential operators, operator coefficient, boundary divisibility and existence of reverse operator
2000 Mathematics Subject Classification: 35L.20
© 2K. A. Cepuxkbaes, 2008.
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k(y) — Kycouno-HenpepbiBHas u orpanudenHas dyukuus B [—1,1], k(0) = 0 u yk(y) > 0 upm
y#0.

Teopema 1. ITycmv 8vinosHers, YCAOBUA:
i) la(y)] > do >0, c(y) >0 >0 — nenpepwisnvie gyrnryuu 6 [-1,1];
iW) sup [k(y)(Aly) =A@y, - o5 <o(1) , mpu A>>1;
yye[-1.1]
i) sup[[(4%(y) — A%(5)(A%() + VXE) !
gzye[_l)l]
Tozda dasn onepamopa L + NE npu docmamouno 6osvwur X > 0 cywecmeyem o2parudermvil
obpammvit onepamop (L + )\E)_l .

<o(l), npu A >>1.
Hy

Teopema 2. I[Tycmsb svinoanenv ycaosus i)-iii). Toeda das mobozo u € D(L) cnpasedrusa oyer-
wa |[u' ()|, + lia(y) A%l g, + lle(y)ull g, < clllulg,.

BcnomorarenpHbIe JIeMMbI U HepaBeHCTBa
Paccmorpum oneparop
Lu = —u"(y) + k(y)tu + ia(y)tu + c(y)u,

onpenenennelii Ha MuO)kecTtBe C§°(—1,1), me d < t < oo, d > 0. Ormernm, 9TO omeparop I
JIOIyCKAaeT 3aMbIKAHIE, KOTOPbIE TaKKe 0003HAMUM depe3 [y .

JIemma 1. [Tyemsv evinoanero ycaosue i). Tozda:
a) |[lyully = t%6ollully, we D) ;

6) cllteully > ('l + ||v/elwu| ) . ue D@),
8) onepamop ly MaKcumaivho JUCCUNAMUBEN.

HoxkaszarenscrBo. s moboro u € C3°(—1,1) umeem:

1 1

|< Ly, ity >| = /ltuitudy = / (—u” + k(y)tu + ia(y)t®u + c(y)u) itu dy =
“1 “1

1
= / (—u(=i)t i+ k(y)* (=) ul* — Pa(y)t ul? + o(y) lul*(=i)t) dy =
21

1

1
= =it [ ||o/|* + ()t + c)ul?| dy + [ aly)tt |ul*dy].
/! o]

N3 nocsteinero paBeHCTBA, UCIOB3Y HepaBeHCTBO Koru-ByHIKOBCKOr0, JIETKO TOJIyIUTh Hepa-
BEHCTBO:

1
mwwwzw“/@W@zw“mw@
21

NJIn

el > €263 [ull3-

Takum 06pazoM, IMyHKT a) JieMMbl 1 JIOKa3aH.
Hastee, 1y1st 10Ka3aTeIbCTBA MMyHKTA 0) COCTABAM KBAJPATHIHYIO (GOPMY:
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86 2K. A. Cepukbaen

1
< lu,u>= [ [(—u” + k(y)tu + ia(y)|[t|"u + c(y)uludy, roe u e CF°(—1,1).
=

Nuarerpupys nocyennee paBeHCTBO, HAXOIIIM:

1
<t | =| [ [l + (tk(o) + 1ta(w) + c(o)]jufdy |
1

CetoBaTe/IBHO,
1
2
ol Wl = | [ [laf? + (6k(0) + )]l
1

OTCIO,ZLa,, HCIIOJIb3Yd HEPABEHCTBO KOLHI/I, nMeeM:

1 1
1 € 2
oo lltelly + 5 lul® > / o+ ew)) | [uldy - / tlk(y)lul*dy.

—1 —1
U3 mocseHero nepaBeHCTBa Ha OCHOBAHWUU YCJIOBUS 1) OyeM HMETh:

1 1

pelltl = 5 [ [l + et ludy — [ k).

-1 -1

Ucrnonb3yst HEpaBEHCTBO a), TOJLYIUM:

eliteully = (||, +||v/elw)u]|).

Takum o6pazoM, IyHKT 6) JaHHON JleMMbI Toka3aH. Jljisi 1oKa3aTe/IbeTBa My HKTA B) HEOOXOAUMBI
CIIeIyIOIINe JIEMMBI.

JIemma 2. [Tyemov ewinoaneno ycaogue i), mozda cywecmeyem Henpepuiehvil 06pammsil onepa-
mop 171, onpedesermii 6 Lo(—1,1).

HokazarenbcTBo. Unterpupys mo gactaMm < lyu,u > ¥ UCHOJB3ys HepaBeHCTBO Kormwm, i
Bestkoro u € D(l;) mosty<mM:

1 1
< leuyu>| = | [ [0+ (th(y) + italy) + c(v) ||uldy| > | [ a(y)t®]ul*dy|.
J o]

B cuty ycnosus 1):

1
[leullllull = [< lu,w >[ > /tala(y)HUIzdy > t%Go|lull3,

-1

ve. [lully > clully.
Temnepp moKaykeM, 9To U3 mioTHOCTH MHOXKecTBa [ D(l;) B Lo(—1,1), Oymer ciaemoBaTh, 9TO
orepaTop l; MMeeT HelmpepbIBHBIH 06paTHBIi omeparop [; | . Mbl J0KazKeM 5TO OT HPOTHBHOTO.
Honycrum, aro muoxkecrso [y D(l;) ne siBasiercs niotabiM B Lo(—1, 1) . Torga cymecrsyer s1e-
MeHT v € Lo(—1,1), v # 0, Takoit, uro < lyu,v >= 0, mas Becex u € D(ly) . Unmeem < lyu,v >=
=<u,ljv>=0.
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D10 o3Hauaer, uto l[jv = —v" + k(y)tv +ia(y)t*v+c(y)v = 0 B cMBICIIe TEOpUH pacIpeiesieHnii.
Hastee, usz orpanndyennocru u HenpepbiHocTr Gyukuuit a(y), k(y), c(y) wa orpeske (—1,1) cuemyer,
aro (k(y)t + ia(y)t* + c(y))v € La(0,1), cremosarensno, v” € Ly(—1,1).

15t 3aBepIennst 10Ka3aTebCTBa JJOCTATOUHO YOEIUTHCSI B TOM, 9TO 3jieMeHT v € Lo(—1,1), v #
0, auist koroporo [fv = 0 npunajiuexur D(ly), re. v(—1) =wv(1) =0.

B sTOM MOXKHO yOeUThCS, MHTErPUPYS 10 TACTAM BBIPAKEHUE:

P 1
0=<wﬁv>=/ﬁ[Mw(w@)mﬁww+dwwuy:/MM@+
—1 1

1

1 1 1
+/ (tk(y) + it“a(y) + c(y))uvdy = /ud5’+/(tk(y) +it%a(y) + c(y))uvdy = —u@'}l_l—i-/ﬁ'dzﬁ-

-1 -1

1
+ [ (tk(y) +it%a(y) + c(y))uvdy = | v'du+ [ (tk(y) + it%a(y) + c(y))uvdy =
/ [ ]

1 1 1
:/QW@+/ﬁum+mqw+mmw@:/yw+/ﬁmm+wmw+mmm@:
—1 -1 -1 -1
1 1
—ulol'y + oy [ (thy) + it*aly) + cl)usdy = u'e]! +
21 21

1
ﬁ/kwwww@ymmmm+dwmm@:wm;+<hmuz
21
rae u € D(ly).

B cuny npeanonoxkenus < lyu,v >= 0, caenyet, uro u' 17}1 1 = 0. I3 npousBosnbHOCTH DYHKIUH

u caeayer, uro v(—1) = v(1) = 0. Takum obpazom, v” € La(—1,1), v(—1) =v(1) =0.
Tenepb HAM OCTAJIOCH JIOKA3ATh CJICJLYIONIee HEPABEHCTBO:

1T vlly = %0 ][vl],-

[t 9TOr0 CocTaBNM CKAISPHOE NIPOU3BEJIEHNIE, HHTEIPUPYEM €ro 10 YaCTsAM, W, yIUThIBast Ipa-
unanble yeiaosust v(—1) =v(l) =0, 9(—1) =o(1) = 0, mosmyqanm:

1
< o, >| = / [ + (th(y) — it®a(y) + c(y))olody| =
1

1

1
- / [0/ + (th(y) — ita(y) + c())[ody| > / it a(y)lvf*dy|
1 1

Ucnonb3ysa nepasenctso Komu-ByHnsakoBckoro, nmeem:

1TEvlly = cflolly-
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Hanee, u3 v =0 cnexyer, uro v = 0. Takum 006pa3omM, MbI IPUILJIA K IPOTHBOPeUHIO. JlemMma
2 J0Ka3aHa MTOJHOCTLIO.

JIemma 3. ITycmo swvinoaneno ycaosue i). Tozda cnpasediusv, nepasencmea:
a) H(lt +)‘E)_1H < )\16/2 ;
6) || e+ 2B)7| < 5t

HoxkaszareabcTBo. st soboro u € D(l;) mmeem:

1
< (It + A\E)u,u >= / [—u” + k(y)tu + it%a(y)u + c(y)u + \Eu]tudy.
1

Jlajee, UHTErpUpysl O YACTIM, MOy IUM:

1 1
|< (It + A\E)u,u >| = / ’u"Qdy + / [k(y)t +it%a(y) + c(y) + )\E]|u]2dy ) (2)
1 el

B cuiy Toro uro, |a(y)| > dp > 0, crenyer:

2
H(lt+/\E)UH§Zt2a[ min \a(yﬂ] a3 (3)
ye[le]

C apyroii CTOPOHBI, U3 HEpaBeHCTBA (2), IMyTeM HCIOJIL30BaHus HepaBeHCTBa Koim, Heca0KHO
MOy YU Th:

1 1

(e MY = [ [+ (ely) + A= Slulldy — [ dkiw)llafds
—1 -1

L
2e

a yUUTBIBasl YCJIOBHE 1), HMeeM:

1 1
oot 3Byl = [ 11+ (etw) + Nulldy — [ ekl
—1 —1

O6beuHsst OC/Ie/IHee HEPABEHCTBO ¢ HEPABEHCTBOM (3), MOJIY IHM:

_ c
@l + AB)ull; > Njull* nm [+ AE)7H| < 575
Hastee, n3 HepaBeHcTBa (2) B CHJIy IMyHKTA &) JEMMbI HAXOJIM:
1 1
c 2 12 2 2
\ﬁH(ltﬂL)\E)UIIg Z/HU| + (e(y) + A)lul ]dy—/tlk(y)llu dy. (4)

-1 -1

YmuO)Kas 00e yacTu HepaBeHCTBa (3) Ha % , TIOJIyYeHHOEe 00beiuHsis ¢ (4), HoJTyIuM:

c(e d
QH(lt + AE)ull3 > Hu'H;HJIH de(lt +AE)7!

VA

[Tocteinee HEPaBEHCTBO JMOKA3BIBAET JIEMMY 3.

< C
— A\l/4°
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Paccmorpum omeparop
(Lj + AE)u = u+ k(y)A(y;)u + ia(y) A% (yi)u + c(y)u,

onpezenennsiii #Ha muoxecrse C§°((—1,1), H). Oneparop L; + AE 1omyckaer 3aMbIKaHHE, 3aMbl-
KaHnne Takxke obosHaunM depes L; + AE .

Jlemma 4. ITyemo sunoaneno ycaosue i). Toeda cywecmeyem ozparusennviti obpammwill onepa-
mop (L; + AE)~! onepamopa (L; + AE) .

HoxkazarenscrBo. O6o3HaunM 1epe3 {e,} IOJHYIO OPTOHOPMUPOBAHHYIO CHCTEMY COOCTBEH-
HBIX BekTOpoB oneparopa A . Torna mo6oit snement u(y) € Hy MOXKHO IPEJCTAaBUTh B BHJIE:

[e¢)
= Z Unp, (y)en7
n=1

2 < 2
npmwaes [u(y)||3;, = Zluun(y>Hz~
n=
Torna

m
(Lj + A\E)u Z (In + AE)unen,
n=1

m
L .
T Um = Y. Un€n, Um—u, Ipa m — o0, lyu = —u” + k(y) Ay + ia(y) A\ou + c(y)u.
n=1
Harmee, crrpaBeI;TMBOCTD YTBEPKICHUsT CIeayeT u3 jeMMm 1 u 2.

JIemma 5. ITyemo evinoaneror ycaosus i), A > 0. Toeda cnpasedrusa oyerka:

25+ 38) ], < =

HokazarenbcTBo. U3 stemmbl 4 cieyeT, UTO

o0

(Li+ AE) ' f =D (In+ AE) ™ fuen.

n=1

Orcrona ||(L; + AE)_linh = 21 [ )‘E)_lanHl :

Jajee, MOIB3ysCh JIeMMO#l 3 TIOJIydaeM, 4TO

L5+ AE) " £, < sup [+ AB) 7[5, 113, < 5111,

[TocieiHee HEPABEHCTBO JOKA3BIBACT JIEMMY 5.
dokazaresbcTBO Teopem 1-2.
Paccmorpum ypasaerune

—u" + k(y)A(y)u + ia(y) A%(y)u + c(y)u + Au = f (5)

—u" +k(y) Ay u+ia(y) A% (y;)u+ c(y)u+ du+k(y) (Aly) — Ay;))u+ia(y) (A%(y) — A (y;))u = f.

(6)
Monoxum Liju + Au = —u” + k(y)A(y;)u + ia(y) A% (y;)u + c(y)u + Au, y; € [—1;1].
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Orcrona ciieyer, 910
Lju+ M+ k(y)(A(y) — A(y;))u + ia(y) (A% (y) — A%(y;))u = f. (7)

O6osnaunm Lju+ Au=v, u=(L;+ \E)™!
Torga ypasuenue (7) npumer BHI:

v+ k(y)(Aly) — A(y;))(Lj + AE) "o +ia(y)(A%(y) — A%(y;))(L; + AE)lv=f € Hi.  (8)

Hpesmosnozxum, ato orepatopst k(y)(A(y) — A(y;))(L; +AE)™L | da(y)(A%(y) — Ao‘(yj))( +AE)E
orpanunyenbl 3 Hy B Hy u massl no sHopme. Torja us (8) cieayer, uro u = (L ]+/\E) v,v=A f
pre A=(E+B)", B=k(u)(Aly) - Alyy))(L; + AE)~ + ia(y)(4°(y) - A°(y))(L; + AE)!

Urak, ocraercst jokazath, uro oneparopbl k(y)(A(y) — A(y;))(L; + AE)™L, ( V(A% (y ) -
A%(y;))(Lj + AE)™! orpannvenst us H; B Hy 1 MaJbl 110 HOpMe.

JIemma 6. [Tycmov evinoanervs yeaosus 1)-iii). Toeda npu A >> 1:
k@) (Ay) = A@w)) (Lj +AE) "y, < o1).

JlokazaTeJbCTBO.
) (Al) = AL+ 3B oy, = [ () (AW) = ALy + 7)oy <

1

</!k(y)(A(y)—A(yj))IILHH i+ AE)” vHde<ys[1_111>HHk( V)(Ay) — A) 3 <

1

></H( HAE) |2 dy = sup k() (A®y) — Al Iyl (L + AE)” ) 1ol g vl g, -
S yel-1,1]

Orcroga

1
[k() (Aly) = A))(Lj + AE) 0|l < sup [[k()(A®Y) = Al g - —=
[7171] \/X
[TocsieiHee HEPABEHCTBO, B CUJLY YCJIOBHS i), JIOKa3bIBaeT JeMMy 6.

JIemma 7. ITyemsv evinoanero yeaosus i)-iii). Toeda npu X >> 1 :

lia(y) (A%(y) — A% () (Li + AE) o], < o(1).

JloKa3aTeJabCTBO.
Hm V(A% (y) — A%(y;))(L; + AE)™ UHH

2

= Hia(y)(A“(y) — A%(y)(A%(y;) + VAE) (A% (y;) + VAE)(L; + AE)_lv‘

Hy
1
B / Hia(y)(z‘l“(y) — A%(y;))(A%(y;) + \FAE)_IHQ

-1

: H(Aa(yj) +VAE)(Lj + )\E)_lij{dy <

—
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1

< sup [ia(u)(A°() ~ A° @) w5) + VAE)” . / (A%(55) + VAB)(L; + 2B) o dy =

= sup [fia(u)(A%(y) — A%() (A" (w) + VAE)" 2

(A%(y;) + VAE)(L; + )\E)_lv‘
yE[—l,l]

HHHH Hy

Orcrona

[ia(y)(A%(y) — A% () (Lj + AE) "0l < sup lia(y) (A% (y) — A (7)) (A% (y;)+
)

VAR A% + VAB) (L + AB) |

Hi—H;

Takum 06pazoM, MBI BUJUM, YTO HAM HEOOXO/IMMO OIEHUTH CJIE/LYIONLYI0 HOPMY:

H(A“(j) +VAE)(L; + AE)_l‘

Hi—H;

JIJ1s ONeHKH 3TOit HOPMBI PACCMOTPUM OIEPATOP
(Lj + AE)u = —u"(y) + k(y) A(y;)u + ia(y) A% (y;)u + c(y)u,

onpenenennstit va C§°((—1,1),H).
IIycts 1,(j) — opToHOpMHUpOBaHHAasI cuCTeMa COOCTBEHHBIX (yHKImiI omepaTtopa A(y;), Torma
CIIpaBEe/INBLI PA3JIOXKECHHS:

= @), un(y) = (.1 (i)n,
n=1

Lntn + My = —u" 4+ k() Mn (5t + ia(y) NS () un + c(y)tn + Mg,
U3 pesynbraros paboret M.B. Mypar6ekosa [8], ciemyer:

[(n + AE)un| = Apdllunll;

| + AE)un|| = VA|Jtn]|.

OObeauHsIst 3TU JIBA HEPABEHCTBA, UMEEM:
(c+ D|(ln + AE)un|l > (X6 + V) ||un -

Hecnoxxno naiiru:

- [(In + AE)""ul] [ c
(In + \E)7Y| < sup = sup .
I I o Tl v T+ ABJl = 3 + v
oo
[Tycts v € Hy, Torja cnpaBeiinBo Ciaeayiomee pasioxenne: v =y Up(y)l, (7).
n=1
Orcrona nmeem:
o
(Lj + AE) 0 =) (Inj + AE) on(y)ln(4)-
n=1

Tenepb pacnumeM CJIeIyronree ,H,GI/ICTBI/IGZ

(A () + VAE)(L; + AE)~ v = (A%(y) + VA Ei (o + AE) 0 ()l () =
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= Z )‘g(ln,j + /\E)ilvn(y)ln(j) + Z \&(lmj + )‘E)ilvn(y)ln(j) =

n=1 n=1
00
Z (An + \F nj + )‘E)_I'Un(y)ln(])
n=1
Jamee, pacCMOTPHM CKAJISPHOE IIPON3BEICHIE

|42 y) + VABY(L; + )\E)_IUH; _

—<i XY+ V) (Inj + AE) ! i A A VA g+ AE) on(y)la () > -
n=1 n=1

1

3 (A2 + V)2 / [ty + AE) Lo (y)|dy =
n=1

-1
=37 8+ V|l + AE) 0[5, < D7 OF + VAl + AE) 3y, o, -
n=1 n=1

Orcroa oty aum, 910

|42 + VAB) @+ AE)

2 [o.¢]
< z O+ VAP ol < 3 el =
n=1

nJjim

A (w5) +VAB) (L, + )| P (11)

H,

U3 nmepasencts (9), (11) u ycsioBus ii) ciejyer 10Ka3aTe bCTBO JIEMMBI 7.

dokazareabcTBo Teopem 1 m 2.

[Tosb3ysich iemmamu 6 u 7, u3 HepaBeHCTBa (8) MOJYUINM Jl0Ka3aTes beTBO TeopeMbl 1. Teopema
2 MOKa3bIBaeTCs aHAJIOTUIHO.
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NCITIOJIbBSOBAHUE O/IHOI'O METO/JIA
NMHTEJIJIEKTYAJIbBHOI'O OBYYEHNUA J1JI4
MOAEJINMPOBAHUNA 1 TIEHTUOUNKAILINN ITAPAMETPOB

OBMOTOK CHJIOBBIX TPAHC®OPMATOPOB

A M. IuateMupos !, I B. IIIUHTEMUPOBA 2, Ac. M. IIIUHTEMUPOB 2

1 JIusepnyabckuil yHUBEpCHTET
r. JIuBepmynn, Benukobpuranust e-mail: almas-shintemirov@yandex.ru
2 Tlasnomapckuii rocynapcrsennbiii yausepceurer nvenn C. Topaiirbsiposa
e-mail: GulShin@inbox.ru, askhat2000@yandex.ru

B naumoit pabore npejiaraercst MaTeMaTAIecKas MOZENb JUCKOBO OOMOTKY CHJIOBOTO TPaHC(HOPMATO-

pa quist wacroraoro ananmsa (1A) Ha ocHOBe Teopuu GErymux BOJH M MHOTOIIPOBOJIHBIX HETIEH ¢ pacipe-
nenenabivu napaverpamu (ITPID). Mozgens ucnosb3yercs Ui MOy IeHHs] YACTOTHBIX XAPAKTEPUCTUK
obmoTku TpaHchopMaTopa. VnenTndukanys pacupeeeHHbIX 1apaMeTPOB MOJIEIN BBIITOJIHAETCSI C [0~
MOIIBIO METOJa WHTEJIEKTYaJIbHOTO OOYHUeHUsI Ha OCHOBE AJOPUTMAa OINTHMHU3AINN IOBEIJEHUS CTau C
naccusubiM ckoruienneMm (AOIICIIC).

1. Beeaenune. CujioBble TpaHCHOPMATOPHI ABJISIIOTCA OJHUMU M3 CAMBIX JTOPOTOCTOSINMX DJIe-
MEHTOB 9HEPIreTUYICeCKUX CHUCTEM. I/IX COCTOAdHUE BJINAET HA yCTOﬁqHBOCTb " HaJEe2KHOCTH 9HEPIroCHu-
crembl B 1iejoM. OHEIM U3 3apeKOMEHI0BABIINX cebsl METOIOB MOHHUTOPHHIA COCTOSTHHSA OOMOTOK
TPancHOPMATOPOB SIB/ISIETCS AHAJIN3 UX aMILITUTYIHO U (Pa30-IaCTOTHBIX XaPAKTEPUCTHUK, KOTOPLIE
[PEICTABJISIOT COOOI OTHOIIIEHNE BXOAHOIO U BEIXOAHOIO CUI'HAJIOB C TEPMUHAJIOB OOMOTKH IIPU HAJIO-
JKEHMM CUHYCOUJIAJILHOTO CUIHAJIA, [IEPEMEHHOM YacTOThl B IIIMPOKOM IUAIIA30HE YacTOT J0 HECKOJIb-
kux MI'n. Ha npakTuke nsmepsieMble YaCTOTHBIE XapPaKTEPUCTUKHI UCIIOIL3YIOTCS /ISl BU3YAILHOTO
CpaBHEHMSI C 3TAJIOHHBIMM XapaKTEPUCTUKAMU B IEJISIX BBLISIBJICHHSI ITOTEHIIMAJILHBIX IIOBPEXKICHUIA
0OMOTKH TpaHchOopMaTopa.

OyH U3 Cr1ocoboB MOJEIUPOBAHUsST 0OMOTOK TPaHCHOPMATOPOB OCHOBBLIBAETCS HA IPUMEHEHUI
TEOPUU MHOTOIIPOBOJIHBIX TIEMell ¢ pacupe/ieJieHHbIMU apamerpamu [1-3|, koropasi panee ObLia uc-
HOJIb30BaHA JIIsl aHAIN3a JIeKTpudeckux MamuH [4]. Kaxkpiii BUTOK 06MOTKH MOJEIUPYETCs KAk

Keywords: a mathematical model, an intelligent learning technique
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oraesbHas JunHHAas Juaus (aByxmnposognas [IPII), aro memaer smu Moen CI0KHBIME 71T HCIOTTb-
30BaHUs B CJIydae aHAJIN3a OOMOTKE C OOJIBINIUM YHCJIOM BUTKOB [5-9].

st akKypaTHOTO MOJICJTUPOBAHUS YaCTOTHBIX XapAKTEPUCTUK 0OMOTOK TPaHchOpMaTOpPOB HEOO-
XOJIMMO TOYHOE OTIpe/IeIeHre mapaMeTpoB Mozean. OHAKO B TPOU3BOJICTBEHHBIX YCIOBUIX HE BCETIA
BO3MOKHO MPOU3BECTHU JIONOJHUTEIHHBIE U3MEPEHUS] NeOMETPUIECKUX PA3MEPOB WJIM CBOHCTB U30-
JISITIIH OOMOTOK TPaHCHOPMATOPOB [IJIsI ITOCJIEIYIONIEr0 PACcIeTa IapaMeTPOB MOJICIIH.

B mocniesinee Bpemst Hava M MCIOJIB30BATHCA AJITOPUTMBI SBOJIOIMUOHHBIX BBIMUCICHUN JIJIsI OII-
TUMU3AIMOHHBIX 334 ¢ HENOJHON nmHdopMalyeil, B KOTOPbIX TPa/UIMOHHbIE I'PAIUEHTHBIE AJII0-
PUTMBI ONITUMU3AINNA HE MOTJIH Obl ObITH IIPUMEHEHBI. BBIIO MpeJJIOZKEHO MHOYKECTBO CTOXACTUYIE-
CKUX BBIYHMCJIUTENHHBIX METOJIOB, TaKue KakK aJrOPUTM 3BOJIOIMOHHOIO Hporpammuposanus [10],
renerudeckue aaropurmbl (I'A) [11,12] u apyrue, paspaboraHHble HA OCHOBE MOJECJIUPOBAHUS OHO-
Jorntecknx mporeccoB. OMHAKO, MaHHBIE AJTOPUTMBI MOTYT 3aHUMATH 3HAYUTE]LHOE BPEMS JIJIsT
BBIYUCJIEHU B CJIydasX, KOIJa HEOOXOIUMO OINTUMU3UPOBATH OOJIBIIOE YUCIIO TIePEMEHHbIX.

JaJibHeidinme uccyieIoBaHus IPUBEJA K pa3pabOTKe aJropuTMa ONTHMU3AIUNA HOBEJICHUS CTan
(aurut. particle swarm optimizer) (AOIIC) Ha ocHOBe HAOJIIOJEHWI COIMAJIBLHOIO TIOBEJEHUS IPYIII
JKUBOTHBIX, TAKMX KaK COMBAIOIIMECs B KOCAKU PBIObI uiu crau ntuil. 1lo cpaBHeHUIO ¢ Jpyrumun
croxactudeckumu Merogamu, AOIIC nokazas cpaBHUTEIHHYIO WU JIyUITyIO 3bMOEKTHBHOCTD TOUC-
K& PEIIeHUil ¢ BBICOKOI CKOPOCTBHIO CXOJIMMOCTHU IIPU aHAJIN3€ HEKOTOPBIX TSAXKEJIbIX OINTUMU3AIMOH-
HBIX 3371249 [13,14]. AsiropurM HaIes MUPOKoe IIPUMEHEHUE JIJIsl PEIeHUsT PA3INIHbIX HHKEHEPHBIX
3aJ1a4, B YaCTHOCTHU Il MUHMMU3AIMA 110Tephb [15] uiam onTuMaabHOrO KOHTPOJIS HAIIPSIZKEHUEM U
PEaKTUBHOI MOIIHOCTBIO |16] B 9HEpreTnyeckoit cucreme.

B nannoit crarbe npejiaraercsi yrpoIneHHas MoJie/ib 00MOTKU TpancdopMaTopa, KOTopas Hc-
[OJTB3YEeTCs JIJTsl MJIEHTU(DUKAIIMYA TTapaMETPOB JIMCKOBOM 00MOTKE ¢ mmomoIbio rubpuinoro AOIIC ¢
[TACCUBHBIM CKOILIeHHeM. [IpUBOIATCS Pe3ysIbTaThl MOJIEJIUPOBAHUS JIJIs UCCJIEIOBAHUS ITIOTEHIINAIA
[IpeJIaraeMoro OINTUMHUIAITHOHHOTO TIOIXO/IA.

2. MaremaTrundyeckass MOZeJb OOMOTKM TpaHcdopMaTopa. 3HaduTeIbHas 4acTh 0OMOTOK
BBICOKOI'O HAIIPSI?KEHHSI CUJIOBBIX TPAHC(HOPMATOPOB BBIIOJIHSIOTCS IUCKOBBIMHI, B KOTOPBIX KaXKJIbIi
JIICK COCTOUT U3 OIIPEIEJIEHHOr0 YUC/Ia BUTKOB, HAMOTaHHBIX B pa/inabHOM HalpasiaeHuu. Ha npak-
TUKE JIMCKOBbIE OOMOTKM M3TOTABINBAIOTCSI TAKUM 0Opa30oM, 4TOOBI 00ECIeYnBaTh TEUYEHHE TOKA B
OJIHOM HAITpaBJIEHUHU JIJIsl BCEX JUCKOB 0OMOTKU. B HEKOTOPBIX TpaHchopMaTopax yCUJIECHUE M30JIs-
MM KOHEYHBIX JMCKOB OOMOTOK ITPUBOJUT K YMEHBINEHUIO 9HC/Ia BUTKOB B 3TUX JuCKax. [loaTomy,
ob1ast JUIMHA, IPOBOJHUKA B KOHEYHBIX JIMCKaX OOMOTKH II0JIy9aeTCsl MEHBIIE YeM B JUCKAX CPEJIHE
qacTu 0OMOTKHU. B mamnoit pabore jIsl yIpoImeHns MPUHUMAETCS PaBHasd JINHA ITPOBOJHUKOB BO
BCEX JIMCKaX OOMOTKH.

JLj1st MaTeMaTHIECKOr0 OIIMCAHMST PACIPOCTPAHEHNsT CUIHAJIA BIIOJIb KAXKI0T0 JIUCKA, ITPUMEHIETCS
MaTeMaTHIecKasi MOJIe/Ib OJHOPOIHON oHOCI0MHO o6MoTKu [17-19]. TIpunumast ciesyromume 060-
3HaYEHUsI JIJIsI YIEJIbHBIX JIEKTPUIECKUX [TapaMeTpOB Ha €INHUILY JJIMHBI IPOBOIHUKA U 3JIEMEHTOB
U3MEPUTENBHON TEeNn:

Cs  cpenHsist MEXKBUTKOBasI €eMKOCTD; C  cpenHsiss eMKOCTH OTHOCUTEJILHO 3E€MJIN;
Cq cpemHsis MEXKINCKOBAsI EMKOCTD; L cpennsisi HIYKTUBHOCTD;
r cpejiHee CONPOTUBJICHUE; g  CpelHss MEXKBUTKOBas IPOBOJIUMOCTD;
(G cpenHsIsSI MPOBOJNMOCTD Ha 3€MJIIO; G4 cpemHsiss MeXKIUCKOBasl IIPOBOIUMOCTD;
l JJIMHA TIPOBOJIHUKA B KAXKJIOM JIUCKE; 1 ODIee YUCJIO JIUCKOB;

a

Zout COMPOTHUBJIEHNE BBIXOIHOTO JJINHA BUTKA,

NU3MEpUTEJIbHOT'O Ka6eJIH,

B3aMMOCBS3b MEXKIy HAIPS2KEHUIMU U TOKaMu B 0OMOTKe TpaHcdOpMaTopa B 4aCTOTHOH objacTu

MATEMATUYECKUN KYPHAJI 2008. Tom 8. Ne' 8 (29)



Ucrnionb3oBanue 0JIHOTO METO/Ia NHTEJUIEKTYAJIHLHOTO 00y UEHUS JIJI MOJIE/INPDOBAHMUSL. .. 95

MOXKeT ObITh IpeJcTaBIeHa B MaTpuaHoii dopme [18]:

% o) = |-v o |16m)) @

rae Z = diag (21, Zo, ..., Zy) u

Yy —Q12 0 . 0 7
1+a2Z1Ys1  14a2Z1Ya
—Q12 Ya —Q23 0
1+a2Z5Yse  1+a2Z3Ys2 1+a2Z5Ys2
Y = : . . (2)
0 —Q(n-2)(n-1) Y, 1 —Q(n-1)n
1+a2Zn—1Yn—1) 1462Zn_1Ys—1) 1+a2Zn_1Y(n_1)
0 . 0 Qe D
L 1+a22nyén 1+a22nyén -

CormnporuBjieHusT ¥ TPOBOAMMOCTH Z, Y, Yy KaKIIOro JUCKa W MEXKJIUCKOBBIE ITPOBOIUMOCTH ()
Ha €JIMHUILY JIJINHBI ITPOBOJIHUKA OIIPEJIEJITIOTCS KaK:

Zi=Lis+r; n Y=Cgs+g; mua i=1,...,n; (3)

Y = (Ci + Cqi-1)i + Caiir1)) $ + (Gi + Gag-1)i + Gai(ir1))s

Qi-1)i = Cai—1)i s + Gai-1)is  Qiti+1) = Cai(i+1) 8 + Gai(i+1) (4)
o 1 =2, ..., n—1;

Y1 = (C1 + Ca12) s + (G1 + Gaia); (5)

Yy = (Cn 4+ Can—1yn) 5 + (Gn + Gan—1)n)- (6)

B 1aHHBIX BhIpaXKeHUsAX § 0003HaYaeT onepaTop npeobpasosanus Jlamiaca u r — IpOCTpaHCTBEHHAST
KoopuHaTa. Kaxkiplil IMCK nMeeT CBOM COOCTBEHHbIE TTapaMeTPhl, 0003HaYaeMble COOTBETCTBY FOIIUM
HOMepoM Jucka. Takum obpasom, Up(s,0), I1(s,0) u Uy(s,l), I,(s,l) obo3Havaror HampsizKeHusl U
TOKN B HAYAJILHOI ¥ KOHEYHOH KOHIAX OOMOTKHM B 9aCTOTHOI 06J1acTH, T.¢. B Toukax - = () mepBoro
Uz = | n-ro IUCKOB.

Pemenne marpuunoro ypasaenust (1) Jyisi HANPsKEHUI U TOKOB B KOHIIAX OOMOTKH, T.e. IIPU
x =0 wu x = [, nosydaercst B HUXKe puBeJeHHOi dopme |[3]:

1) =20 [xi) | "

rje @ — MaTpura napaMeTposB Ieln MopsaKa 2n X 21, KOTopasi MOXKET ObITh BbIYUC/ICHA YUCICHHBIM
MEeTOJIOM C HCIIOJIb30BaHUEM (DYHKI[MU MATPUIHON SKCIOHEHTHI [3].

C 1e/1bI0 OJIyYeHUsT BhIParXKeHHsl JIJIst epeaaTodnoi byHKimun o6MoTKY npu YA mpuMeHsoTes
cJlejlytolye rpaHuyHble yeaosus [4,5]:

Ui+1(8,0) = Ui(S,l) n IZ'_H(S,O) = Ii(S,l) JLJILL 1= 1, ey, — 1. (8)

Kax ciencrsue, marpuunoe ypasuenue (7) npeobpasosbiBaercst B dbopmy [4,6]:

_Ul(S,O)_ _11(8,0)_
UQ(S,O) 0
: = Q(l) o (9)
U,(s,0) 0
| Un(s,1) | | 1n(s,1) ]
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rie Q(1) — marpuna nopsiaka (n+ 1) x (n 4+ 1).
YuuThiBasi COIPOTUBJICHIE U3MEPUTEIBHOIO Kabessi B KOHIe OOMOTKH B BHJIE:

Un(8,1) = ZoutIn(s,1), (10)

nepejarognas dbyHKIus 06MOoTKE Tpancdopmaropa npu YA onpesessieTcss Kak OTHOIIEHUE HAIIPsi-
wenuit Uy (s,1) u Uy(s,0) [6]:
Q(n—l—l,l)Zout

H(s) = .
Q1) (Zout = Qns1n41)) + Q1) Qns1,)

(11)

Kax npasuso, npu YA anamusupyiorcst jorapudMudecKie aMIIATYIHO-9aCTOTHBIE XapaKTe-
pucrukn B Buge 20log;o(|H (jw)|) B senmbenax (aB), mpu 9TOM IPOM3BOAUTCS 3aMEHA OLEPATODA
Jlammaca s = jw ay1st pacdera XapaKTEPUCTUK B 9aCTOTHOI 00JIACTH.

3. Meroa unTes/UIeKTyasibHOTO 00yueHusi ¢ ucnojbp3oBanuem AOIICIIC. AOIIC ssis-
eTCsl AJITOPUTMOM SBOJIIOIMOHHBIX BBIYUCJIEHNUIT ¢ ncnosb3oBanueM nomyssanuit [13,14]. Hecmorps Ha
MIUPOKOE TPUMEHEHHUE [IJIsi PEIICHUs ONTUMUBAIMOHHBIX 38/1a4, TOCIEHUE UCCACIOBAHUS TOKA3bI-
BatoT, 4T0, x0Tt AOIIC mpeBocxoauT Ipyrue 3BOJIIOIUOHHBIE AJITOPUTMBI Ha HAUAJIBHBIX UTEPAIUIX,
OH He CTAHOBUTCH 3D PEKTUBHEE ¢ BOZpACTAHUEM UX dncja. [109ToMy ObLIO TPEII0XKEHO JTOTOTHUTh
ero Mojesibio naccuBHoro ckortenusi [20]. Anamus nosoro rubpugsoro AOIIC ¢ maccuBHBIM CKOII-
aenneM (AOIICIIC) nokasas, aro oH siBisiercst 6osiee 3(hHEeKTUBHBIM, YeM CTAHJIAPTHBINA aJrOPUTM
Ipu penreHrn MHOI'OMO/IEC/IbHBIX 1 MHOT'OMEPHBIX OIITHMH3aIlMOHHBIX 3a/1a4.

CraHgapTHBIA ajJropuTM onTuMmusaiuu noBeaenus cram. Tak kak AOIIC mpejgcrasisier
cobOoit aJIrOPUTM Ha OCHOBE IOMYJISIIIUN, OH CXOJEH C APYTUME SBOJIOIUOHHBIMUA aJrOPUTMAMM, Ta-
kuMu Kak, Hanpumep, ['A. Takum 06pas3oM, BEIMHUCIATETBHAS CHCTEMa WHUITHAIA3UPYET HATATBHY IO
MOIYJIAIMIO CAYYAHBIX PEIleHri W UINeT ONTUMAaJbHOe pelleHre IIyTeM OOHOBJIEHHSI IOKOJIEHUM.
Oprako, B orsimune or ['A, AOIIC He mMeeT 3BOJIIOIIMOHHBIX OIEPATOPOB, TAKUX KaK CIAPUBAHUE U
MYTaIlNsT; TPOU3BOAUTCS OOHOBJIEHHE CKOPOCTH W ITAMSITH YaCTHUIl, ITO JIETAJIHHO PACCMATPUBAETCS
HIUXKE.

[Tpunnun paboThr aAropuTMa MOXKHO 00BSICHUTE Ha CJIEIYIOMEM IIPUMEpPEe: NUMEeTCsI TPYIIa IITHII,
XAOTUYIHO UIIYIIUX MUILY HA yIacTKe MECTHOCTHU, IJie TOJbKO MMeeTCsi OJUH KyCcOoK nuiu. Bee mru-
Ikl He 3HAIOT TJ/I€ HAXOIUTCS IUINA, HO OHU MOTYT OIEHUTH PACCTOSHHE JO IUIIH Ha KaXKJIOM HUTe-
pamonHoM Iiare. Takum oOpazoM, Jiydliasi CTpaTerus MOUCKa IHUIU — 3TO CJIEOBATH 3a MTHUIEH,
HaxoJsiIelicst OmKe octaibHbIX K Hell. B AOIIC noreHIua/ibHbIe pelieHnsi, Ha3bIBAEMbIE YA CMU-
YAMU, ABJISIOTCS “TITUIAME, TIEPEIBUTAIOIIMMUCH B IPOCTPAHCTBE MOUCKA. JaCTHUIBI JIBUTAIOTCS B
IIPOCTPAHCTBE IIOMCKA, CJEIys 3a TEKyIlleil ONTUMAaJbHON YacTuIe.

AOTIC uHHUIMAII3IPYET MHOXKECTBO (NONYAAUWI0) CAYIAHBIX pellieHnil (YaCTUI]) ¥ UIIET ONTH-
MaJIbHOE PeIlleHne IIyTeM OOHOBJIEHUSI aTPUOYTOB YaCTHIl Ha KaXKJI0M uTeparnonaoM mare. Ha k-om
nreparmonHoM mare, riae k = 1, ..., K mw K — o0Ilee 9uc/I0 UTEPAIMOHHBIX IIAroB, i-s1 JaCTHUIA
UMEET CJEIYIONe aTpudyThI:

® TEKYIIYIO IO3UIUI0 B N-MEpHOM MPOCTPAHCTBE PEIICHUIN:

Xik:(a:f’l,...,xk ...,xﬁN); xﬁne[tn,dn]nl < n < N,

,mo

rie t, u d, 0003HAYAIOT HUKHIOIO M BEPXHIOK I'PAHUIIBI JJIsT N-T'0 ITPOCTPAHCTBEHHOIO U3Mepe-
HUsI COOTBETCTBEHHO;

e TekymIyio cKopocTh (GbicTpory Toncka) ViF = (vF ... vk L ok ;), KOTOpasi OrpaHnYNBACT-
b bl K
sl MaKCHMaIbHOM ckopocTbio ViF, = (vk oo o ok ok ).
) ? ]
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Ha kaxkgoM uTeparmoHHOM ITare 9acTHUIlbl OOHOBJISIETCSI COTVIACHO CJIEAYIONIEMY YPABHEHUIO:

‘/ik+1 _ U)V;k + 017"1(P¢k _ X’Lk) —+ 02T2(ng — sz), (12)
X = xFpyit (13)

riae P; — syqmas npeabliyinas MO3UNUs i-#i JacTuibl (Takzke M3BecTHas Kak pbest), P, — nyamas
ry106aJIbHAST TIO3UIIUSI CPEJIA BCEX YACTHIL B MOIYJIANMN (TaKyKe M3BecTHasi Kak gbest). OHU BbIpazka-
IOTCH CJEIYIOINMHI YPABHCHUASMMT:

P f(Xy) 2P,
Pl‘{Xi L (X)) <P, 14)

Py e{Po, P1,..., P}l f(Py) = min(f(F), f(P1), ..., f(Pm)), (15)

rae f — onTuMu3upyIomas QYHKINsI, 7 — 9UCJI0 YACTUIL B MOIYJ/ISIIAN, '] U 7o — CAydaiiHble 9ucia,
reHeprupyeMble BBIUUCINTENIbHOI cucremoil B maTepBadte [0, 1], n w — BecoBoii KoaddunueHT, KOTOPHIit
06bIaHO BeIGHpaercs B uaasoue [0,1].

['mobanbHbIfl TOUCK JOCTUTAETCH OOJIBIIUM BECOBBIM KO3(M(MUIIMEHTOM, B TO BpeMs KaK MEHb-
mnit KoapuimeHT HAIPaBIeH Ha JIOKAJIBHBIN JeTAJIbHBIA MMOUCK TEKyIneil 00/1acTi IIpOCTPaHCTBA
pemenuii [21]. Takum ob6pazom, Tak Kak BecoBoil koaddurmenT w obecrednBaer GagaHC MEKILY
BOBMOXKHOCTSIMHU TJI00AJIBHOTO W JIOKAJBHOIO IOWCKA PEIeHuil, OT HEero 3aBUCAT CBOWCTBA CXOJIH-
moct AOIIC u ero crnocobHOCTh K HAXOXKJIEHHUIO JIyUIIero OINTUMAaJbHOro perrenusi. IlocTosiHHbIE
YCKOpeHUA €1 U Co KOHTPOJIMPYIOT ABU2KECHUA TaCTUIbI Ha KaKJ/I0M UTEPAIMOHHOM IIare. BGKTOp
MaKCHUMAJIbHBIX CKOPOCTel Vinax 3a8J1aeTcsd KaK IMOJIOBUHA JJIMHBI TPOCTPAHCTBA TOUCKA!

Vinax = (D - T)/Qv (16)

rne D u T — BeKTOPBI BepxHel U HUXKHEH IPaHUIl MPOCTPAHCTBA PEIIEHUH 110 KaXKJIOMY ITPOCTPaH-
crBenHoMy u3Mmepenuto: D = (dy,...,dp,...,dy) u T = (t1,...,tn, ..., tN).

AOIIC c naccuBubiMm ckoruieanem (AOIICIIC). C nenbio yuyuiienus: 3bhEKTUBHOCTH T10-
MCKa OBITIO TMPEJIOKEHO MOJIEPHU3NPOBATH AJTOPUTM IYTEM BHEIPEHUS MOJEIN MACCUBHOTO CKOTI-
Jienusi. VI3BeCTHO, 9TO MHIUBULYYMBI B IPYIIIE MOTYT PEArnpoOBaTh 6€3 MPSIMOTO MOJIyIeHUs YIIPaB-
JISTIOIIUX CUTHAJIOB OT OKPYJKAIOIIel CpeJibl, TaK KaK OHM MOTYT BOCIPUHUMATEH HEOOXOIUMYIO WH-
dopmanuio or cBoux cocejieit, Hanpumep, uHopmanuo 06 ux nosejenun u ckopocru [22]. Takoii
[IePEHOC NHGPOPMAIMH UCIIOIB3YeTCsl B YIIPOIIEHHON (hopMe B MOJIE/IN TIACCHBHOTO CKOTLIeHNs. Takmm
obpazoM, rubpuaabit AOIIC ¢ macCUBHBIM CKOIIJIEHHEM MOYKET GBITH OTMCAH CJIEIYIONIM 06pa3oM

[20]:

VI = wVF e (PF — XF) + cora(PY — XF) + cars(RY — X[); (17)
XikJrl _ sz + V'ikJrl7 (18)

rne R; — ciayuaiino BbIOpaHHAsT U3 MOMYJIAINE YACTUIA, C3 — KOI(PDUIIMEHT TaCCUBHOTO CKOILJIEHUST
U T3 — CJIydaiiHoe 9HCII0, TeHepupyeMoe BBIYUCIUTEbHON crcTemoii B naTepsade [0, 1].

DurHecc-byHKIUst, ucnosibdyemast ajiss AOIICIIC ontumuzanuu. B kadecrse onrumu-
supytorelt GyHKmn uin purHecc-pYHKINE 11 nHTeekTyaabaoro ooydennst AOIICIIC ncmons-
3yeTcsi OIMMOKA MEXKJTy ITAJOHHBIMU YACTOTHBIMY XapPAKTEPUCTUKAMU M XaPAKTEPUCTUKAMU MOJIETN
¢ mapamerpamu, nojayderabiMu ¢ moMornbio AOIICIIC. TakuMm obpaszoMm, MUHUMUBAIUSA (PUTHECC-
GYHKIME BeeT K WACHTU(DUKAINN apaMeTpOB MOJIETH, TPU KOTOPBIX XAPAKTEPUCTUKU MOJICITH
MPUOIHKAIOTCST K 9TAJIOHHBIM.
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Tabsuna 1: ITapamerps! nuckoBoii oo6MoTkE Tpancdopmaropa (ckomuposaso us [9])

ITapameTrp ‘ CumBoJ ‘ 3HadyeHUue ‘
YHucjo auckos 18
Yucsio BUTKOB B JINCKE 10
[IwpwHa mpoBOIHUKA, MM 6,95
Bricora nmpoBogHuka, MM 11,2
Cpenusist 1inHa BUTKA, MM 1,4828
TomnmuHa MeXKBUTKOBOM M30JISIIIAN, MM d 3
OTHOCHUTENbHAS JTUIIEKTPUIECKAST
MPOHUIIAEMOCTH MEYXKBUTKOBOHN M30JIAIINHI Er 3,5
[TposogumocTs nposogHuKa, CumeHc /M o 3x1077
MexxBuTKOBast eMKOCTh, 1P /M Cs 120
MexauckoBast eMKOCTh, 1D /M Cq 10
Emkocts orHOCHTEIbHO 3eMin, 1D /M C 15

Jlns KaxKIoi 9acTUIlbl CYMMAPHYIO BEJIMYUHY (DUTHECCA MOXKHO BBIPA3UTH KaK
M
f = Ho(wy) = Hwj)l, (19)
j=1

re Ho(w;) n H(w;) € R! — sranonmbie 1 onTUMH3HPYeMble JacTOTHbIC XapaKTePUCTHKH Ha, JaCTOTe
wj, j=1,---, M u M — gucno To4ek, ucronbsyemerx ajsg odydenns AOIICIIC.

4. MoaenupoBaHue u AUCKycCUsi. B KadecTBe mnpumepa HapaMeTpbl JUCKOBOH OOMOTKH
rTpancdopMaropa, npejcrasieHabie B (9] u rabiurie 1, UCHONB3YIOTCS JUIsl IOy Y€HUsT IaCTOTHBIX
XapaKTEePUCTUK MOJen 0OMOTKU. Tak Kak IPEJIoaraeTcs, 4To I'e€OMETPUYECKUE [TapaMeTphbl U
CBOICTBa MPOBOJHUKA W U30JIAINA OOMOTKH TpaHCHOpMATOpa SIBJISIFOTCST U3BECTHBIMU, TO WHJIYK-
TUBHOCTU OOMOTKHU L, CONPOTHUBJIEHUs] T U TPOBOAUMOCTH (G PaCCUUTHIBAIOTCS B COOTBETCTBUU C
[5,8], ucrosb3yst mapamerpsl B Tabime 1.

Takum 0b6pa3oM, B uiieHTH(MUKAINKT HYXKJIAIOTCA TOJBKO 3 ITapaMeTpa: MeXKBUTKOBBIE, MEXKIHC-
KOBBbIE €MKOCTH U €MKOCTH OTHOCHTEJIbHO 3eMjiu. lIpuHuMasi 0003HaveHus mapamMeTpoB OOMOTKH,
npusejienanie B Tabnune 1, kaxkgas dacruia AOIICIIC moxker ObITh BbIpaskKeHa KaK BEKTOD €M-
kocreit X; = (Cs, Cyq, C). Iomyuaercst Tpexmeproe npocrpancTso pemennii (N = 3), B KoTopoM
paccMaTpUBAIOTCS BO3MOXKHBIE KOMOWHAIINN 3HAYEHUN MIEHTU(MUIINPYEMBIX TapaMeTpoB. BepxHue
U HUZKHUE TPAHUIBI IIPOCTPAHCTBA PEIIeHuii 3a/1ai0Tcs B quanas3one +50 % oT 9TajOHHBIX 3HAYeHU
COOTBETCTBYIOIIUX N1apaMeTPOB, ydyacTByomux B uieHTudukamun: D = (1.5 % 120, 1.5 % 10, 1.5 * 15)
u®/mu T = (0.5%120,0.5 % 10,0.5 % 15) u® /.

s maenTudgUKAIUYT TapaMeTPOB MOIEN OOMOTKY TPaHCHOPMATOPA BBITIOJIHAIOTCS CJIELYIOIIIE
HIAru:

® UCIIOJIB3Ysl TapAMeTPhl U3 TabJuIBl 1, ¢ moMoIibio ypasHenus (11) paccunTbIBAIOTCS TAJIOH-
HbIE YaCTOTHBIE XaPaKTEPUCTUKN MOJIen JJid dacToT B guanazone ot 10 Hz no 3MHz;

® CreHepHupOBaHHBIC 9TAJIOHHbBIC YaCTOTHbIC XapaKTECPUCTUKN COXPaHAIOTCA KaK JaTaceT IdJIsd O6y—

venus AOIICIIC;

e soinostasiercst porece obyuenuss AOIICIIC, Ha kaxk1oM mrare KOTOpOTro OOYUAIOIIHIA JIaTACeT
CPABHUBAETCST C COOTBETCTBYIOMINMHU 3HAYEHUSIMA MOJEIMPYEMBIX TaCTOTHBIX XaPAKTEPUCTUK
JUIT OJTHAX W TeX K€ YaCTOTHBIX TOUYEK. PacCUUTBIBAIOTCS MOJEIUPYEMbIE XapaKTEPUCTHKH,
HCIIOJIB3YsI TIapaMeTpbl MOJIEH, MoJIydeHHble B mporecce obyderuss AOIICIIC.
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Amvnnutyga, ab

-35 . 3TanoHHble 1
. . VAEHTUMULMPOBAHHBIE

0.5 1 1.5 2 25 3
YactoTa, Ny x 10

Puc. 1: CpaBrenne 9acTOTHBIX XapakTepucTtuk mocye obyuenus AOIICIIC.

Ucnonwszys caemyromue napamerpbl AOIICIIC:

pa3mMep nonyssdiun m = 80 JacTwuil;
KOJIMYIECTBO UTepanuonusix maros K = 1000;
IIOCTOsIHHBIE YCKOpeHud ¢; = cg = 0.5;
BecoBoit koaddurment w = 0.8,

6bLta mposesieHa naeHTHhUKaNMs cieayonux napamerpos mogenn: Cy = 123.2 n® /M, Cq = 9.8
n®/m u C = 14.6 u® /M, 94T0 ABIAIOTCS TOCTATOTHO OJU3KUM K COOTBETCTBYIOIIUM IIPEYCTAHOB-
JICHHBIM 3HaYe€HUAM B Tadsure 1.

Ha puc. 1 npejcraBiensbl 3TaJOHHbIE YACTOTHBIE XapPAKTEPUCTUKU MOJIETH U XapaKTePUCTUKH,
[IOJIyY€HHBIE TOJIYYEeHHBIE B PE3Y/IbTaTe UCIOJIb30BaHUS UIeHTU(MUIMPOBAHHBIX ¢ momorbio AOIT-
CIIC mapamerpoB. CpaBHUTEIHHBIH AHAINS3 XapAKTEPUCTHUK TTOKA3BIBALT, ITO HACHTU(DUIMPOBAHHDIE
[apaMeTpPhl MO3BOJISIOT MMOJIYYUTh JOCTATOYHO OJIN3KME K ITAJOHHBIM YaCTOTHBIE XapaKTEPUCTUKU
¥ MOT'YT OBITb NPUHSATHI B KAYECTBE PACUCTHBIX MAPAMETPOB MOIEJIN.

5. BeiBoapl. B mannoii pabote mpejicTaBieHa YIIPOIIEHHAS MATEMATUIECKas MOJIEIb TUCKO-
Boil 0OMOTKM TpanchopMaTopa i YaCTOTHOTO aHaIu3a. KaxKJiblii JUCK OOMOTKHU OIMCHIBAETCS
ypaBHEHUSIMU OeryIieil BOJIHBI, KOTOPbIE 3aTeM OOBLEeIUHSIIOTCS B MaTpUUIHON (popme. DTo 1mMO3BO-
JIeT 3HAYUTEJHHO COKPATHUTDH IOPSIOK MOJEH, KOTOPBIH OIPEIesISeTcsl TOJBKO YUCIOM JUCKOB B
MOJIEJTUPYyEMOit 0OMOTKE.

[Ipemraraercst HOBBIT METOJL OIIPEJIEIEHIS IAPAMETPOB MOJEH 0OMOTKHI TPaHC(HOPMATOpa ¢ UC-
mosibzoBanneM AOIICIIC. O6yuenne AOTICIIC mokaszaio yIoBIETBOPUTENBHYIO 3D (DEKTUBHOCTE B
poriecce UAeHTU(MUKAIIIHN C UCIOJIB30BaHUEM ITAJTOHHBIX YACTOTHBIX XapaKTepucTuk. Hesnaaure ib-
HbIE OTJINYUS MEXK/y WICHTUMUIIMPOBAHHBIMU U IIPEJ/IYyCTAHOBJIEHHBIMU [IApAMETPAMU HE YUUTHIBA-
FOTCsI HA IIPAKTHKE, TO3TOMY MOXKHO ITPE/IITIOJIOKUTH, YTO METO/T IEHTHU(DUKAIINYA MOXKET Jajiee ObITh
HCIIOJIL30BAH JIJIs HAXOXKJICHUS ITapaMEeTPOB MOJIEIN 0OMOTOK TPaHC(POPMATOPOB B IEJIAX JETEKTH-
POBaHMS MOTEHITUAJIBHBIX MEXAHUICCKUX TePOPMAIIHIA.

B nanmnoit pabore paccMaTpuBaeTCs TOJIHKO MPUMED OIIPEJIEJIEHUs [APAMETPOB MOJIENH, C UC-
[IOJTh30BAHUEM MOJIEJINPYEMBIX XapaKTEPUCTUK B KAYeCTBe ITAJOHHBIX. Ha mpakTuke peajibHbIe Ua-
CTOTHBIE XaPAKTEPUCTUKH JIOJ?KHBI UCIIOJIb30BATHCS /IS MIeHTU(DUKAIINY [TapaMeTPOB M CPABHEHUS.
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DT0 MOXKET IPHUBECTH K PACIINPEHUIO YUC/Ia MapaMeTPOB IJIsT UIAEHTU(MUKAIMA B caydae naedeKT-
HOI'O COCTOSIHUST OOMOTKH, IIPUBOISIIIEr0 K HEPABHOMEPHOMY pPacCIpeIe/IeHUI0 3HAYEHIH TapaMeTpoB
Mozenu. /lanuble HAIIpaBIeHns OYIyT Jajee UCCIeI0BaThCs B OyayIuX padboTax aBTOPOB.
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XPOHUKA

MAPAT NCVMTAJIMEBNY PAXUMBEP/IIEB

Hayka u obmmecreennocts Kazaxcrana u crpan CHID
MIOHECIN HeBocroaHuMyio yrpary. Ha 64-M romy »kuzuu
CKOPOIIOCTUKHO CKOHYAJICS JIOKTOD (DU3UKO-MaTeMaTHIec-
KuxX Hayk, rnpodeccop Mapar Ucumramuesny Paxumbep-
JIeB, KPYIIHbII YIeHbI B 00JIACTH KAIeCTBEHHON Teopuu
nuddepeHnnaabHbIX YPABHEHUN U TPUJIO2KEHUT.

M.U. Paxumbepanes poauica 30 supaps 1945 roga B
ropojie 3aiican Bocrouno-Kazaxcranckoit objiactu B ce-
Mbe BOeHHOCTykKarero. V3 mectu 6paTheB OH OBbLT UeT-
BepThIM. Ilocse okoHYaHUsT cpeHeil MKoJbl B ['ypheBe B
1962 romy Ha4YaJl CBOIO TPYJIOBYIO JIESTEJILHOCTD HA dJIEK-
TPOCTAHINY, PabOTas B JIOJKHOCTAX MOTOPHUCTa U Ma-
muaucTa KoTiaa. B 1964 romy mocTynmi Ha MeXaHUKO-
MaremaTudeckuii paxyabreT MOCKOBCKOTO rocyapCTBeH-
Horo yHuBepcureta uM. M.B. JlomoHocoBa Ha oTmeneHune
MaTeMaTUKU.

B MI'Y ¢ Tperpero Kypca OH HaYaJ 3aHUMATbCsS Ha-
YUHO# paboToli, crenuaan3upysich Ha Kadeape auddepeHnnaibHbx ypapHeruil. [locie okoHIaHMsT
MI'Y B 1969 romy 6n11 pekomenioBan B actuparypy MI'Y, rae o pykosojgcrsom B.M. Musinon-
mukoBa u H.X. PozoBa nm ObLia BbIIOJIHEHA KaHugaTcKast guccepramnus "OO6 ycToWduBOCTH 0CO-
OBbIX IOKa3aTesell U 3aMbIKAHNNA MHOXKECTBA JIMHEHHBIX CHCTEM C 9KCIIOHCHIINAJIBbHOI auxoTroMueil ".
SBamura cocrosiiach B Mapre 1975 roma Ha muccepTalmoOHHOM coBere mMexmara MI'Y, Ha Koropoit
oduImaIbHbIE ONIIOHEHTHI, JOKTOpa (usz-mat. HayK .B. Anocos n HO.C.BormaHoB BBICOKO OIEHUIN
OpHUTMHAJIbHBIE PE3YJIBTATHl MOJIOJOIO YIEHOTO W B JAJIbHEHIIeM UX CBA3bIBAJIA TEIjiasi ApyxKOa u
COTPYTHUIECTBO.

B yauBepcuTere OH aKTUBHO 3aHUMAJICHA U 0bmecTBeHHON pabdoroit. B 1970-72 rr. nBaxk bl u3-
ObupaJicst 0cBOOOXKIEHHBIM CeKpeTapeM KOMCOMOJIBCKOM opranuzannu mexmata MITY.

[Tocsie okonvanusi actupanTypbl B 1974 romy Paxumbepnes 6nu1 paciipejened B Mucturyr ma-
remarukn u Mexanuku AH Kazaxckoit CCP. B 1991-1995 rr. oH — 3aBeaytomuii taboparopun u
3aMeCTUTEb TUPEKTopa 1Mo Hayke VHcruryra Kocmuiaeckux uccaegopannit HAH PK. B 1996 roxy
Bepayiicst B Macturyr marematuku MOH PK, rie paboras 3apemyromnium jabopaTopueii JuHaMIIe-
CKUX CHUCTEM JI0 TOCJICTHUX JTHEi.

JlokTOpCKyIO Juccepraiuio Ha TeMy "YCTOWYuBOCThE U pacipejiesienne nokasareseii JIsoyrosa"
samuTua B 1992 rony B MuHcke Ha aucceprannoHHoM coBere MHcTuTyTa Maremaruku AH Bena-
pycun (Hayusblii Koucysabrant B.M.Muwumnonmukos, onmounentst: FO.JI. Tamenxuit, H.A. 130608,
E.JI. Toukos, Bexymas opranusanust — Cankr-ITerepOyprekuii rocy 1apCTBeHHbLH YHIUBEPCUTET ).



102 Mapat Ucnmranunesuy Paxumbepinen

Mapar HcumranneBrd ObLT aKTUBHO PAOOTAIOIIMM U BHICOKOIIUTHPYEMBIM yaeHbIM. OH — aBTop
6osiee 120 HayuHbix pabor. OCHOBHBIE HAyYHBIE PE3YJIBTATHI UM IOJIyUeHBl B CJIEYIONUX HAIIPAB-
JICHUAX: 9KCIIOHCHIINAJIbHO JUXOTOMUYICCKNE CUCTEMbI 1 rpy6ble CcBOMCTBaA HEOJHOPOIHBIX JINHEHBIX
i depeHnnaabHbIX CUCTEM, KPUTEPUil BBITOJIHUMOCTH ycjaoBus lleppona; BBejieHUE U u3ydeHHE
KJIACCOB JINHENHBIX CUCTEM C Pa3/IMIHbIMHA CBOMiCTBaAMU I‘py6OCTI/I ACUMIITOTUYECKOI'O ITOBCJCHUA UX
pellennii, uccieJ0Banne MEHTPAIbHBIX HOKa3aTeeil KaK Pa3pbIBHBIX (PYHKIIUN [IaAPAMETPOB CHUCTE-
MBI, U3YUEHIE BOIIPOCa O O3IPOBCKOIl KjiaccuduKaiuy rnokasaresieit JIamyHnoBa Kak pa3pbIBHBIX (DYHK-
11, ONUCAHUE paCIpejiesieHns] 3HaYeHnil nmokas3areseil JIsmyHoBa BOJIM3M UX TOYEK Pa3PHIBOB Kak
GYHKIINI CUCTEMBI B PA3JINIHBIX CUTyalusix. VIM JaHO OIUCaHNe 3aMBbIKAHIS MHOXKECTBA, JIMHEHHBIX
CUCTEM C SKCIOHEHIINATIBHON JIMXOTOMUEN B METPUYECKOM IIPOCTPAHCTBE CHCTEM C PABHOMEPHOI MeT-
PUKOI, OIMMCAHO OTKPBITOE SIIPO MHOXKECTBA HEOTHOPOIHBIX CUCTEM, UMEIOIINX XOTs ObI OJIHO Orpa-
HUYEHHOEe DellleHne; pellena 3a/ia4da pacipeiesieHus nokasarese JIsamyHoBa epnojindeckux CUCTeM
OTHOCHUTEJILHO MAJIBIX B CPEJIHEM BO3MYIIEHUN K03 MUIUEeHTOB cucreMbl. [ljist psijia cucTeM perreHbl
3aJ1a9M O JIOKAJU3AINN CIIEKTPa [ToKa3aTe el Ha OCHOBe WX BEKTOPHOIO IpejcrasiieHus. VM ycra-
HOBJIEHA CTpOras IIPUHAJIEXKHOCTb BTOPOMY Kitaccy bapa nokazaresieil muHeHbIX TuddepeHnaib-
HBIX CUCTEM U ypaBHeHuit. MI3yueHnl 9KCIOHEHITHAILHO Pa3/eIeHHbIE I PABHOMEDPHO Hepa3/Ie/eHHbIe
roMOMOP(MU3MBI BEKTOPHBIX PACCIOEHUN JTUHAMUYECKUX CUCTEM, BBEJICHO ITOHSTHE CUJILHO ITOJIOXKU-
TEeJIbHOTO TOMOMOP(HU3MA U YCTAHOBJIEHA €r0 SKBUBAJEHTHOCTH SKCIIOHEHITUAJBHON pa3/ieIeHHOCTH
¢ mHJEKCOM 1 — 1 (n — pasMepHOCTb BEKTOPHOTO PaccjioeHus), a st (n — k)-oif BHenHeil crenenn
roMoMopdu3Ma — 3KBUBAJEHTHOCTH IKCIIOHEHIIMAIBHON pPa3/IeIeHHOCTH C UHIEKCOM k; TOJIYIeHbI
K03 durnenTHbIe TPU3HAKY SKCIIOHEHITUAJILHON PA3/IEIEHHOCTH JIMTHEWHBIX CHCTEM ITPOU3BOJILHOTO
WHJIEKCA; [TOKA3aHO, YTO 3aMbIKAHUE MHOXKECTBA CHCTEM C SKCIIOHEHIUAJIBHONU OJIM30CTHIO COBIIA/IA~
€T ¢ MHOKECTBOM PABHOMEDHO Hepas/leJIEHHbIX cucTeM. VM mosydens! pacipe/esenus mokasaresieit
JIstryHOBA JIJTs1 JTMHEHHBIX PACITUPEHIH JIMTHAMUIECKON CUCTEMbBI HA TOPE, YCTaHOBJICHBI HEOOXOIUMbIE
U JIOCTATOYHBIE yCJIIOBUA PABHOMEPHON 3KCIIOHEHIIMAJIBHON pa3/ie/IeHHOCTH JIUHEHHOTO PACIIPEHNST
JIMTHAMUAYECKON CUCTEMbI HA BEKTOPHOM PACC/IOCHUM B T€PMUHAX ITOCJONHOMN CUJIBHOU ITOJIOXKUTE/b-
HOCTHU CEMENCTBA a/BTOMOp(bI/I3MOB7 TOPOXKIAI0OIIETO JUHAMNYIECKYIO CUCTEMY Ha.I'?'I,ZLeHbI JOCTaTOYHbIC
YCJIOBHS YCTORYUBOCTU CTAPIIErO MOKA3aTeN sl CeMeicTBa aBTOMOP(MU3MOB BEKTOPHOI'O PACCIOCHUS;
YCTaHOBJIEHBI TUIINYIHbIC CBOICTBAa OJJHOITapaMeTPUIeCKOro ceMelcTBa JNHEeHHbBIX ,ZLI/ICb(bepeHHI/IaJH)—
HBIX ypaBHEHU pu OUdypKalUsaX IKCIOHEHIINATBHON yCTOWINBOCTH; HAIEHBI YCJIOBUS PA3pEIn-
MOCTHU KPaeBBIX 3aJad JIjIsl JIUHEHHBIX 1 DepeHITnalbHbIX yPABHEHNH IPU UX BO3MYIIEHUHN U JIP.

[ox saugamem ¥Y.M. Cysnranrazmia CyIiecTBEeHHBIE pe3yabTarhl moaydennl M. M. Paxumbepmue-
BBIM B COTPY/IHIYECTBE C HUM U C yUeHUKAMU IIPU U3y UYE€HUN CBOMCTB JUCKPETHBIX ypaBHEeHUN BobIi-
MaHa B IPOCTPAHCTBEHHO OJIHOPOJIHOM CJIydae: UCC/IeIOBaHA YCTOWIMBOCTE ITOJIOYKEHUST PABHOBECHSI,
JIAHO OIMCAHWE WHBAPUAHTHBIX MHOXKECTB, YCTAHOBJIEHBI YCJIOBUS TOIOJIOIMYECKOi u Jguddepen-
UpyeMOl SKBUBAJIEHTHOCTH MPOCTPAHCTBEHHO OJHOPOIHBIX MOJIEJIeil; n3ydeHbl 6udypKaIMOHHbIE
CBOfICTBa MHOTOMEDHBIX AHAJIOIOB HEJUHEHHBIX JIOTUCTUYECKUX YPaBHEHU; pa3paboTaHbl MaTeMa-
THYECKHE MOJIEJIN OMOJIOTMIECKUX IOMYJISIIIUi, KOTOPhIe HAIIU IPUMEHEHUE IIPU PEIIeHUH Psiia
HPUKJIAJHBIX 33/a4, B 9aCTHOCTH, IPU U3YyUYEHUH JUHAMHUKH TOIYJIAIANA CAfirakoB U CcapaH4dd Ha
Teppuropun Kazaxcrana u ip.

MHoro BpeMeHU OH Y/IeJisll PEoIaBaTeIbCKOi JiesiTesibHOCTH, Oosiee 30 JieT Ha YCJIOBUSX COB-
MECTHUTEIHCTBA MPEeroiaBajl Ha MeXaHHnKo-MareMaTudeckoM (axkynbrere KasHY um. Asibp-Qapabu,
quTaj o0mumit Kypc 1o aud pepeHnuaabHbIM YPaBHEHUSIM CTYACHTAM MeXMaTa U OPUTHHAJIBHBIE CIIe-
[UAaJIbHBIE KyPChI 110 KadecTBeHHO# Teopuu /1Y u Teopun junammdeckux cucreM. [log ero pykosoji-
CTBOM 3aIlUINEHO 7 KaHIUJIATCKUX IUCCEPTAIUil, [IOINOTOBJIEHBI JBe ITOKTOpCcKue. 2Kajb, 94To emy
HE IIpuJeTCsd ITOPpaJ0oBaThCA Ha UX 3allluTaX.

Mapar McuMrajmeBud IMOCTOSTHHO 3aHUMAJICSI HaydHON 3kcmepru3oit: wien [Ipesummnmyma BAK
PK (1998-2000), uieH auccepTallmOHHOIO COBETa IO 3allUTe JIOKTOPCKUX Jucceprarmii mpu M
MOH PK u ero ydensrit cekperaps (1992-2000rr.), ¢ 2001 mo 2004 — 3amecTHTE b IIpEJCEIATE-

MATEMATUYECKUN KYPHAJI 2008. Tom 8. Ne' 8 (29)



Mapat Ucumranunesuy Paxumbepinen 103

Jist, ¢ 2004r. — npencenaress sToro coera. C 1978 r. — pedepenT pedeparuBHbIX KypHaaoB "P2K
Maremaruka", "Mathematical Review", nmocrosinublit penenzenT xypuasos " luddepennnaabubie
ypasuenust", "lzsecrust HAH PK. Cepusi pusuko-maremarnydeckas" u jgp. OH ObLI OJHUM U3 Op-
raHM3aTOPOB W 3aMECTUTEIEM TJIABHOTO penakTopa "Maremarndaeckoro kypuasa'. Ymen Amepu-
KaHCKOro mareMarudeckoro obmecrsa (AMS) ¢ 1978 r. Muorue KaH/ujarcKue u JIOKTOPCKUE JHC-
cepranuu B CHI' 1o kauecTBennoit Teopun auddepeHnuaibHbIX YPaBHEHNN TPOXOIUIN Yepe3 Hero
KaK OIMOHEHTa WJIU KCIEPTa BEIyIIell OpraHu3aIluu. JKCIEPT IoCyIapCTBEHHON sKcepTu3bl PK
HAYIHO-UCCJIE0BATE/ILCKIX TPOEKTOB ¢ MOMEHTa, ee 00Pa30BaHUs.

Bosbioe mecto B xkm3nu M.M.PaxumbepineBa 3aHuMasia HayIHO-OpPraHU3aIMoOHHas paboTa. B
1996-97 rr. OH HUCIOIHST 00SI3aHHOCTH aKajdeMuKa-cekperapss OraesreHust (PU3NKO-MAaTEMATHIECKIX
mayk HAH PK| ¢ 1997 mo 2004 1. siBasijicst npejicefiaresieM CeKinu (PU3UKO-MATEMATHIECKUX HAYK
paboueit rpynnsl Beiciieit HayaHo-TexHnIecKoit komuccuu mpu Ilpasurenscree PK, ¢ 1997 mo 2008
IT. — HAy4YHBI PYKOBOJUTENIb TPEX peciybjuKanckux mporpamm (1997-2005rr.) u ojHON 1OAnpo-
rpammbl (2006-2008 1r.) dyHIaMeHTaIbHbIX uccIegoBanuii 110 aud epeHnuaibHbIM yPaBHEHUSIM
U ypaBHEHUSIM MaTeMaTHIeCKoil (bu3uku. 3a HayIHO-IEJATOTHYIECKYI0 U HAYYHO-OPIaHU3aTOPCKYTO
negarenbaocTb B 2005 romy oH ObLI Harpak/ieH TpaBUTEIbLCTBeHHON Menasbio PecryOinku Kazax-
CTaH.

A B >Ku3HU OH OBLT CKPOMHBIM, JTOOPBIM U OT3BIBUMBBIM, C [TOPA3UTE/IBHBIM TyBCTBOM FOMOpA U B
TO 2Ke BpeMsi ObLT TBEP/ U IPUHITUIINAJIEH, KOT/Ia TOTO TpeboBaJin obcTosiTesibeTBa. CBeTiias maMsTh O
Mapate Vcumranmunesuyie PaxumbepaueBe — KPYITHOM yYE€HOM U II€JIarore, IpeKpacHOM OPraHn3aTope
U PYKOBOJIUTEJIE, U [IPOCTO 3aMEYATETHHOM YEI0OBEKE — HABCErJ[a OCTAHETCH B CEP/IAX ero POJIHBIX,
Ipy3eil, yIeHUKOB, KOJIJIET U BCeX, C KEM OH COIIPUKACAJICI B T€UEHUE CBOEH SPKOW U MHOTOIPAHHO
JKU3BHU.

Pedaxuuonnasn xosrezusn
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PE®PEPATBI — ABSTRACTS

YIK: 539.3 2000 MSC: 74B10

Alexeyeva L. A, Girnis S. R, Ukrainets V. N. Simulation of dynamics
of small depth tunnels by the action of transport loads// Mathematical journal. 2008. Vol. 8.
Ne 3 (29). P.5 - 11.

On the model problem on the load, which moves with constant speed along circular thin elastic
shell in elastic semyspace, influence of free surface on the stress-strain state of tunnel’s shell and
surrounding medium is investigated. The analytic solution of the problem has been obtained. Nume-
rous researches have been performed for different values of speed of transport loads, their period
and depth of tunnel. As a result of researches it was set that surface exerts unequal influence upon
deflected mode of shallow batter tunnel under action of moving loadings with various periods inside.
This influence is rather substantial under relatively big periods and under an extension rate of
movement is also enhancing. An influence of surface becomes less visible under decrease of loading
periods, and it becomes non perceptible even under small periods irrespective of rate of its movement.

References — 3.

YIK: 539.3 2000 MSC: 74B10

Anexceena JI. A., Tupuuc C. P., Ykpaunen B. H. Tpancnoprroiy
JKYKTEMeJIEP 9Cep eTKEeH/Ie casi3 TOHHEeJIiH AuHaMuKachk! // Maremarukasbik kypHast. 2008.

T.8. N 3 (29). B.5 — 11.

CepuiMi >kapTbliail KEHICTIKTE »KYyKa KaObIpraJibl KadaT 60HbIMEH OIpKAJIBIITHI KO3FAJLIC »Ka-
CAMTBIH >KBLIIAMIBIKKA JeHIHT1 XKYKTeMEHIH, MOJEIbIIK ecebinge OeTTiH cas3 TOHHEIbIIH KePHEeYTiK-
nedopMalusIaHFaH XKaraaiibiHa bIKITAJbI 3epPTTENIi. TONBIK eMec afiHbIMAJIaPIbIH OOJIIIeKTey o Iici
JKOHE WHTETPAJIJIBIK, »KYKTEY apKbLIbl €CEeNTiH, aHAJATUKAJBIK, MeNTiMi KypacTeIpblabl. [lenmiMHiH,
HeTi3iHe casi3 TOHHEJb VIiH »KbLIIAMIBIKKA, IMIHIEr »KYKTeMeHiH epuo/ibiHa OaflTaHbICThI XKar-
naiiyiap YIIiH CaHIBIK SKCIIEPUMEHTTED KONbLIIbI.

2Kep 6Geti immipgeri »KyKTeMeHIH IepUobIHa OallyIaHbICTBI Cast3 TOHHEJIIH KepHeYJIiK-1edop-
MallUsiTaHFaH KAJIbIHA OPTYPJi ocep erTerini Oaiikamambl. [leproabl cambICTBIpMAIbBl VAKEH OOJFaH
JKarjaiiia bIKIaJIbl VIKEH, YKOHE >KbLIJAMJIBIK, apTKAH CaiiblH apTa Tycedi. 2KyKTEeMeHiH MepUoIbl
azaiffaH cailbIH »kKep OeTiHiH ocepi azasl Tycemi, »KoHe e oTe a3 MePHOATAP VIMH KBLIIAMIBIKKA
bailTaHbICChI3 bafiKaIMai bl

Bbuba. — 3.

YIK: 517.9 2000 MSC: 39A10

Alimagambetova A. Z., Oinarov R. Two-sided estimates for the solutions
of a class of the second order non-linear difference equations // Mathematical journal.
2008. Vol. 8. Ne 3 (29). P.12 — 21.
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Two-sided estimates are obtained for the solutions of the second-order non-linear difference
equation:
A(ag| Az P2 Axy) = by | g1 [P *2p11, k € Z,

with the positive coefficients. Moreover, on the base of these estimates limit behaviors of all solutions
are given.
References — 6.

YIK: 517.9 2000 MSC: 39A10

Anumaramberoa A. 3., Oitrapos P. ExiHuii peTTi ChI3BIKTBI €eMec alipbIM-
JBIK TE€HJeyJIep KJIACCHIHBIH, IEMHIiM/IePiHiH eKi »KaKTbhIK 6arasaysapsbt // Maremarukaibik
kypaast. 2008. T. 8. Ne 3 (29). B.12 — 21.

Kesneci Typaeri on tanbaibl KO3 UIMEHTTI CHI3BLIKTBI €MeC eKiHI PeTTi alfpPhIMIBIK TeHIeYIiH
A(ak‘Aka)iQAxk) = bk+1|l‘k+1|p72l‘k+1, keZ,

mIermiMIepine exi »KakThIK Oarajaysap aJbIHFaH YKoHE COJIApPIbIH Heridimae 6apJ/iblK IIeNiMIep/IiH,
IIEeKTIK e3repici Gepiirew.

Bubi. — 6.

VIK: 517.946 2000 MSC: 45D05

Auzhani E. Existence and uniqueness of the generalization solution of the initial
and boundary value problems for diffusion equation about layer’s pressure // Mathemati-
cal journal. 2008. Vol. 8. Ne 3 (29). P.22 — 25.

In this work we prove the existence and uniqueness of the generalization solution of the initial
and boundary value problems for diffusion equation about layer’s pressure.
References — 4.
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In this work we continue a investigation of the boundary value problems for spectrally loaded
parabolic equations in unbounded regions. The order of the derivative in the loaded summand is
equal to that of the differential part of the operator. The space variable loading point moves in an
law Z(t) = t¥, —oo < w < 1/2. In this part of work the boundary value problems reduce to pair
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The numerical algorithm for calculation of the non-stationary wave expiration of a subcooled
liquid from pipelines of a high pressure is offered. For the description of movement liquid-vapor mixes
the homogeneous model of the one-speed sated stream is used. The initial differential equations of
model are numerical-
ly solved by means of Beam - Warming scheme. The method is approved on a test problem about
the piston.
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With the help of alternative formula for the invariant operators of the algebra Iso(p,q) proved
that the invariants of the coadjoint representation of the Weyl algebra W (p, ¢) can be written in the
form IJ~!, where I, J are invariants of the subalgebra Iso(p, q).
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W (p, q) Beitn anreGpachiubin 6ipereii KochLIran KopceTimiMinin unapuanTTapsl 1.J -1 Typimme
ka3blaybl so(p, q) Kasumup anre6pachlHbIH HHBADUAHTTH OIIEPATOPJIAPBIHBIH AJIBTEPHATUBTHI (hOp-
MyJTasIapbl apKbLIbL goresaen . Mynna I, J — uaBapuantaps! so(p, q) imki agrebpacbiHa KATHICTHIL.
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General formula is obtained describing all the natural solutions Viete’s equation. The theorem
on eqivity of general formulies all the natural solutions this equation is formulated and proved.
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Tizberine KapacTblibipaabl. Ouap OipiHIm perTi HpeauKkaTTap JOrMKACHIHIA aflKbIH MyMKIHIIKTEeP-
i 3eprTeyie MaHbI3Abl POJIb aTKapabl. ByJr Ti30eKTiH Herisri pojii »KoHe MaKCHUMAJIIbl ChIIbLIFaH
MOTIH/II KOJIJJAHA OTBHIPBII OCHI HETIi3/Ii TyCiHiKTepre aHbIKTaMa Oepyse.

ZKymMbIcTa aKbIPJIbl AKCUOMATTAY TEOPUSICHIHBIH, CHTHATYPAChl MEH KYPBLIBIMIAPBIH KEITIPY Y-
JicTepiHiH KaJIbl UOEsIChl KeATipiieni coHbIMeH Oipre (bMHUTAPIIBI XKoHEe MHMUHATAPJIBI Ti3iMaep
VIIH J19J1 aHBIKTaMaJIapbl Oepies.
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The class of the linear differential systems are established where super special and central
indicators are continuous functions and the senior indicator is a semicontinuous function.
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(29). P.78 — 83.

In this work is considered the problem of determination polyanalytic functions, which is reduced
to well-known Hilbert’s problem for the analytical functions. Depending on indexes of functions,
which given on boundary conditions, are received explicit forms of solutions.
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Serikbayev Zh. A. About properties of decisions of some class of differential
operators with operator coefficient// Mathematical journal. 2008. Vol. 8. Ne 3 (29). P.84 — 92.

The class of differential operators of the second order with variable operators coefficient is
considered. Divisibility and existence of reverse operator is proved.
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AjtHbIMAJIBI onlepaTopJIbl KoaddunmenTTi exinmi perri muddepeHnnaiblK TeHIeyaep KIacChl
KapacTBIPBLIBII KEPi OIepaTopblH 6ap O0JIyhl KOHE OIEPATOPILIH OOJIIKTEHY1 J0JIe/IIeHTeH.
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plication of Particle Swarm Optimiser with Passive Congregation for Modelling and
Parameter Identification of Transformer Winding // Mathematical journal. 2008. Vol. 8.
Ne 3 (29). P.93 — 100.

The paper presents a mathematical model of disc-type transformer winding for frequency respon-
se analysis (FRA) based on traveling wave and multiconductor transmission line theories. The model
is applied to the FRA simulation of a transformer winding. In order to identify the distributed
parameters of the model, an intelligent learning technique, rooted from particle swarm optimiser
with passive congregation is utilized.
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