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MATEMATUYECKAS 2KM3Hb

HKYMAINJIBJIAEB ACKAP CEPKYJIOBUY
(K 60-JIETUIO CO OHSI POXKJIEHUS)

JxymammibaaeBy Ackapy
CepkymoBuay 25  denpass
2016 roma ucnosaMIIOCH 60 JIeT
co nHA poxaeHus. JxKyma-
nuibiaes Ackap CepkysoBud,

aKaJIeMUK Harmmonanbnoi
Akanemun — Hayk  Pecry0-
gukn  Kaszaxcran,  HOKTOp

PU3NKO-MaTEMATHICCKUAX
HayK, mpodeccop, Ha IIpPOTs-
JKEHUU MHOTUX JIeT YCIEITHO
3aHNMAETCSI eJIarormde-
CKOI W HAy4YHOH JedTeJIbHO-
creo. Oxonumn B 1977 romy
MeXaHUKO-MaTeMaTUIECK i
dakyibrer MOCKOBCKOrO TOCYJAPCTBEHHOIO YHUBEPCUTETa C KPACHBIM JIU-
mwiomoM. Beut Jlennackum crunenguarom. B 1981 rogy B Maremarmyeckom
nucturyre AH CCCP zamumrun guccepralvio Ha COMCKAHUE YUEHOW CTENeHH
KauauaaTa Gusnko-mMaremMarudeckux Hayk. B 1988 romy B Jlemmurpaackom
ornenennn Maremarudueckoro uncruryra AH CCCP samwmTun muccepraliuio
Ha COUCKAHWE YYEeHOI CTeleHu JOKTOopa (pusmko-mMareMaTudecKkux Hayk. C
1980 roma pabortaer B Uucturyre Maremarnkn HAH PK.

B 1995-2003 rogax paboraj B pa3jIndHbIX HAYyIHO-UCCIEI0BATE/ILCKUX II€H-
Tpax u yHusepcurerax Epporibl, B yactHocTu, B ncturyTe BhICHINX HCCIIET0-
panuit (ITapuxk), Mucruryre Makca Ilnanka (Boun), MexrynaposHoM 1eH-
Tpe Teoperuyeckoil dbusuku (Tpuecr), uncruryre Pusca (Toponro), Kopo-
sesckoMm Mucruryre maremaruku Murrar-Jleduep (Crokronbm), Mucturyre




6 JIKYMAJINJIBJIAEB ACKAP CEPKYJIOBUY

Herorona (KsmGpumk), a takxke B yHuBepcurerax Mionxena, Busedenbia,
Kuoro, Crokronbsma u apyrux. Iosyuan rpanter @onga Copoca (mBazkibl),
@onga UHTAC (rpmkapt), Anonckoro PoHja MOIJIEPKKA HAYKH U TEXHO-
sgorun, Koponesckoii Axkanemun Hayk [Iseruu. Ilonyyan crunengun Ponmga
'ymGoabara (lepmanust) u cruneHno AMEPUKAHCKOIO MaTeMaTHIECKOro 06~
mectBa. HeoqHOKpaTHO HOJIyYa TOCY/IaPCTBEHHBIE HAYUYHbIE CTUIICH/IUN JIJIst
YUEHBIX M CIEIUAJUCTOB, BHECIINX BBIIAIONINICI BKJIAJ B Pa3BUTUE HAYKU U
rexuuku. Ou — jaypear [ocynapcrsennoit mpemun Pecniybsinku Kazaxcran B
obstactu Hayku u Texuauku 2011 rona, yaypear 25-0if MeXKIYHAPOIHON ITPEMUN
uM. ajb-Xope3mu Wcinamckoit Pecriybsiuku Upan 8 2012 rogy.

Ha mporsizkenun muorux jet Jxxymagunbaaes A.C. aurtaeT obIme Kypebl
110 IUCKPETHON MaTeMaTuke, quddepeHnuaibHoil reomeTpun u qudepeniim-
aJIbHBIM YPaBHEHUsIM, TI0 JIMTHEIHOI ajredpe U aHaJInTUIecKoit reomerpuu. KEro
METO/IbI TI0 IIPUBJICYEHUIO CTYIEHTOB K HayIHOH paboTe BbI3BaIM OOIBINTON WH-
tepec y cryznento. Tak, B 2004 r. u 2006 1. 110 onpocam CTYJIEHTOB OH OBLI
u3bpan cambiM Jiydrum npodeccopom KBTY. B 2007 roay mostyamt ocynap-
crBennblit rpant "Jlyummit mpenogosaTens Bysa'.

Jxymammibaaes A.C. apisieTcs npelcenareseM Kopu PeciybaukaHCKoi
MaTeMaTUIeCKON OJIMMIIMAIbI, HEM3MEHHBIM IIpejcenareaeM Kiopu 2KayTbi-
KOBCKUX OJINMITHA]T [0 MaTeMAaTHKE U UJIEHOM YKIOPU KOHKYPCa HAy IHBIX IIPOEK-
ToB Koproparuu Wares. [lox ero pykoBoacTBOM OBLIN 3aIINAIIEHBI 8 KaH I AT~
CKUX juccepTanuii, 1 y9eHUK 3aIUTII JOKTOPCKYIO JUCCEPTAIUIO, 2 YIEHNKA
— mokropa PhD. Cpeau ero y4eHMKOB €CThb Jiaypearbl MOJIOIAEYKHON IpeMUHI
"Napeia"u Hezapucumoit npemun "Tapman". B 1993 rogy on u ero koJureruu
1 yIEeHUKH ObLIN HarpaykjaeHbl crurenaueil porga Copoca, Kak JIydmnii KOJI-
JIEKTHB YUYEHBbIX, pabOTAINX B KPU3NCHOE BpeMsi B objiacTu Hayku. OH — aB-
TOp yUeOHMKA 10 JUCKPETHON MaTeMaTHKe, YIEH PEeIKOJIJIErNN PsIa Hay IHBIX
2Ky PHAJIOB.

Ixymamuibiaaes A.C. 3aHnMaeT aKTUBHYIO OOIMECTBEHHYIO TO3UIMo. Kro
BBICTYIJIEHUs] HA TEJIEBHUJIEHUU U B II€YaTH IOJIb3YIOTCS OOJBIION IOIYJIsAp-
HocThio. OcoObIii MHTEpPEC CPEIN MOJIOJECXKU BLI3BAJIU €r0 BLICTYIJICHUS Ha
JMCKYCCHOHHBIX Iepefadax kiayba "Kyisirode", "Bis aiircak", "Keskapac",
Tesie u pagno kommnanuit Kazaxcran n Xabap. OH Hammcasna deTbipe Hay<THO-
HIOITYJISIDHBbIE KHIKKHU JJIs JIeTell.

Jxymammibaaes A.C. npaxkiapl usbupaJcs gemyrarom Bepxosnoro Cose-
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K 60-y1eTrio co JIHA POXKIEHUSA 7

ta Pecrybimku Kazaxcran (1990-95 rr). Bymyun camMbiM MOJIOABIM JOKTOPOM
HayK, [E€PBBIl pPa3 OH MPOIIe] B JEIMyTAThI, KAK [PEJICTABUTE]b COBETa MO-
JIOABIX yUI€HBIX. BTOpoil pa3 OH yCIEITHO IIPOBE/ BBHIOOPHYIO KOMIIAHUIO II0
Kzpu1-OpiuHcKOMy TOPOJICKOMY OKPYTY W BBIUI'DaJ KOHKYypC u3 13 mpereH-
snentoB. On ObL1 oaUM u3 360 JenyTaTroB, IPUHUMABIINX CYIbOOHOCHBIE 3a-
koubl Pecrybsimku Kazaxcran. Oun npunuman leknaparnuio HezaBucumocrtu,
3akon o HezaBucumocTu, 1mepBy0 KOHCTUTYIUIO U 10CyJapCTBEHHBIE CHMBO-
Jbl: Tep0, diar u rumuasl Peciybnukn Kazaxcran. O npunumals ydactue B
BBIOOpE mepBoro npesuyenTta Pecnybsmku Kazaxcran, oH ObLIT IEpPBBIM IIPE/I-
cejaresieM caeTHoi komuccun Bepxosnoro Cosera nesapucumoro Kazaxcrama
U 3aMeCTUTeIeM KOMHUTEeTa 0 Hayke u obpasoBanuio Bepxosroro Cosera PK.
Kak wien komurera 1o Hayke U 0Opa30BaHMUIO, OH IPUHUMAJ AKTUBHOE ydYa-
crue npu npuHstun 3akoHoB PK 1o Hayke u obpazoBanuio. Coznanue doH1a
Bosamak 66110 IyHKTOM HOMED OIWH B €r0 IIPEABLIOOPHOI MporpaMMe U OH
ObLI UHUIUATOPOM CO3JaHUs STOTO (DOH/IA.

Ackap CepKyoBIY BIaEET TCTHIPHMSI I3BIKAMI: KA3aXCKUM, DYCCKUM, aH-
ruiickuM u HeMernkuM. OH — OTell 9eTBePhIX JeTel.

OcHOBHOe TI0JIe Hay4IHOI nesitesibHOCTH [>KyMaauiabaaeBa Ackapa Cepky-
JIOBUYA — TEOPUS HEACCOIMATUBHBIX ajirebp. B aToit obsractu um orybJImKoOBaHO
6ostee 80 pabor B m3BeCTHBIX pedepupyeMbIX 3anaTHbIX KypHasaax. [lo mgan-
HBIM AMepHUKaHCKOTO MaTeMaTudecKoro obIecTBa ero paboThl MUTHPYIOTCS
160 pa3 100 aBropamu. Ero naydnbie paboTbl B 3TOi 00J1aCTH HOJIYIUIN IITH-
POKOe MPU3HAHUE MATEMATUIECKON ODIIEeCTBEHHOCTH.

Konnexktus MHCTHTYTA MaTeMaTUKA ¥ MATEMATHIECKOTO MOJIENPOBAHUS
Kommurera nayku MOH PK xemaer JxymamunbaaeBy Ackap CepKynoBudy
KPEIKOI'0 3J0POBbsI, TOJITUX U CIACTIUBBIX JIET KU3HU, TTOJHBIX TBOPYECTBA U
CO3UJIAHNS, TIOKOPEHUsI BCEX BEPIIIUH U B HAYKE U B XKU3HU, CIACTbs U YCIIEXOB.

Penakuumonnas xosaerus "Maremarndeckoro xypHaJa"

OCHOBHBIE HAYYHBIE PE3V/IBTATBI U ITYBJIUKAIIUA
A.C. JI>KYMAIUIbJIAEBA

Hayumnsre nnrepecsr Jxxkymaaminbaaesa Ackapa Cepkyosuda pa3noobpas-
HbI: Teopus ayredp Jlu, Teopusi HEACCOIUMATUBHBIX aJIredp U KOMOMHATOPHUKA.
Nwm nonydenst dyHIaMeHTAIbHBIE PE3YIBTATHI B CJIELYIONUX HAITPABJICHUAX:

MATEMATUYECKUNA »KYPHAJI. — 2016. — T. 16, Ne 2



8 JIKYMAJINJIBJIAEB ACKAP CEPKYJIOBUY

1) xKoromosorndeckne pe3ynbrarhl (B dacTHOCTH, pertenne runore3sl Ce-
simrMana. OTMeTUM Tak»Ke BBIUUCJICHUS, CBA3aHHbIE ¢ 1TpobjieMoit Kaprana, u
BBIYUC/IEHUS TPETHEH I'PYIIILI KOTOMOJIOTH ¢ TPUBHAJIBHBIME KO3 duiimenTa-
)3

2) nosMHOMUAJIBHBIE TOXKIECTBa jud depeHnnaabHbIX onepaTopos (aaret-
pbl Bunbepra-Kormyssi, anrebpa Burra);

3) 0600IIEeHEbIE KOMMYTATOPBI 1Jist M bEPEHIMATBHBIX OLIEPATOPOB;

4) mpaBocuMMeTpuUecKre ajarebper (6a3uchl, ToxkIecTBa, aaredbpel Hou-
KOBA);

5) asreb6pbl, MOCTPOEHHBIE ¢ MOMOIIBIO M hEPEHIUATBLHBIX ONEPATOPOB
(amastor Teopembl Juress s anredbp Hosukosa);

6) aarebpbl, OCTPOEHHBIE € TIOMOIIBIO OIEPATOPOB MHTEIPUPOBAHUST (TOXK-
JectBa anarebpsl [lunbuena);

7) anrebpsr Jleiibuuna (ToxkmecTsa);

8) asrebpbl ¢ KOCOCHMMETPUIECKIM TOXKJIECTBOM CTEIeHH 3;

9) KOMMyTaTHBHBIE UKl 1 AJHa-aarebpsl;

10) anrebpbl ¢ KOCOCUMMETPHYECKUM TOXKJIECTBOM CTeleHN 4;

11) n-nueBckue anrebpsl (yeTaHOBJIEH psiJi CBOHCTB anrebp Puininmosa);

12) n-KoMMyTaTOPBI (UCC/IEI0BAHBI CBOCTBA II-KOMMYTATOPOB);

13) JiMeBbI 3JIEMEHTHI U KOMOMHATOPUKA IEPECTAHOBOK (OTMEYEHBI CBSI3U
Pa3JINIHBIX [TOJXOJIOB);

14) 6GUKOMMYTATUBHBIE AJITE€OPHI;

15) g-accocuMMeTpudecKue ajarebph;

16) crarucruka Ha nepecTaHoBkax (B pycse pasurust Teopem MakMaro-
ma u Poara-IllyTiienbepke yCcTaHOBIEHBI CBONCTBA PACIIPEIE/IEHUI TJIABHBIX
KOJIOB ¥ KOJIOB UHBEDPCHN ).

Ormernm HanboOJICE BaXKHBIE pE3y/IbTaThl. B ocHOBe Teopun ayrebp Jlu Ha
IToJIeM HYJIEBOI XapaKTEePUCTHUKHU JIEXKUT Teopema JleBu-MauibiieBa 06 oriern-
JisieMocTu pajukajia. OHa, B CBOIO OU€PE/Ib, CAEAYET U3 JIEMMbI YaiiTxea, Ko-
TOpasi TJIACHUT, 9TO KOTOMOJIOTHN TOJIYIIPOCTRIX ayredop Jlu ¢ koaddurmenramu
B HEIPUBOIMMOM MOJIyjle TPUBHAJBHBI, €CJIU MOJY/Ib HETpUBHUAJIEH. B ciydae
ITOJIOXKUTE/IHHON XapaKTePUCTUKU JieMMa, YaiiTxena HeBepHa. J[2xexobcoH m10-
KaszaJj, 4To Jiobas MojyJsspHas ajaredpa Jlu mmeer Hepas3IOKUMBIN MOJLYJIb.
CeymurMaH BBICKA3aJI THIIOTE3Y O TOM, UTO JI0Dasi MOJLYJISIpHAsT KOHETHOMEPHAsT
asirebpa JIu umeeT MOJyJIb ¢ HETPUBHAJIBLHON KoromoJiorueit. Jlxkymaminiaes
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K 60-y1eTrio co JIHA POXKIEHUSA 9

nokazast runoresy Cenurmana. OH IMOKa3aJl, 9TO KONOMOJIOTHYECKasl KapTHHA
B MOJYJISIPHOM cCJjiydae Oorade m WHTEpPECHee, UYeM B CJIyUae XapaKTePUCTUKHU
HyJsib. Codyc JIu BBE B paccMOTpeHre KOMMYTATOpbI H60jIee cTa JieT Hasal 1
HaXOXKJEHNE B HEM HOBBIX HETPHUBHUAJBLHBIX OIEpAIUil KaykKeTcsi OCODEHHO Y/Ir-
BuTeabHBIM. [locemame paboThl CBSI3aHBI C TOXKJECTBAMU AJIredp, MOCTPOEH-
HBIX C TOMOIIBI0 uddepeHIupPOBaHNs U UHTEIPUPOBAHU. ITH aJredpbl —
HOBBIE U 00J1a/IA0T HHTEPECHBIMU CBONCTBAMU, CBSI3AHHBIMU C HHTEI'PUPYEMBI-
Mu cuctemamu. Koromosornu n gedopMalnny MpaBOCUMMETPUYIECKIX aJarebp
— aKTUBHO pa3BUBaeMasi COBpeMeHHas objiacTh marteMaTuku. Padora Jlxyma-
JTAJIbIAEBa O KOTOMOJIOTHAX ITPABOCUMMETPUIECKHUX aaredp siBasIeTcst 0COOEHHO
nurupyemoii. Bosiee cra jter Haza Codyc Jlu 3aMernsi, 4T0 KOMIIO3UITUS JIBYX
BEKTOPHBIX TI0JIell HE 00sS3aTE/IbHO SABJISIETCST BEKTOPHBIM IIOJIEM, HO UX KOM-
MyTaTop — 00s3aTe/IbHO TAKOBOW. DTO HaOJIIOJIEHUE JIEXKUT B OCHOBE TEOPUHU
aysrebp u rpymm Jlu. Ackap J>KyMa uiblaeB 3aMeTHI, 9TO KOHCTPYKIws JIu
0000IIIaeTCss U Ha MHOTOMEPHBIN Cilydail. DTOT yIUBUTEIbHBIN (DAKT, OTKPHI-
oIl Yepe3 150 JieT mocie JIu, mokaspIBaeT, YTO MHOIOMEDPHBIE BepCUU aJredp
JIn momycTuMbl B TeOMeTpUr U (PU3UKE M ITO OHU MOTYT CJIY?KUTH NCTOIHHKOM
HOBBIX OTKPBLITHIA.

Aurebper HoBHKOBaA OIIpEJIEsISTIOTCST TOXKJIECTBOM [TPABOCUMMETPUITHOCTH
acconmaTopa U TOXKJIECTBOM JIEBOKOMMYTATUBHOCTHU. J[XKyMaInibIaeB Hada
U3yYaTh TOXKJIECTBA, aJredp MHOTOUYJIEHOB OTHOCUTEIHHO YMHOXKEHUHN, TTOCTPO-
€HHBIX C IOMOIIBIO oreparuii auddepeHnupoBannss U uHTerpupoBanns. OH
ITIOCTPOUJT PsiJ HOBBIX KJIACCOB ajirebp, obobimarorux aareopel Hopukosa. Ba-
suc Hxymamuiabaaesa-Jlodposia anredper HoBukoBa nMeoT Takyio 2Ke poJib,
aro u 6azucel Xosta u [lupmosa B anrebpax Jlu.
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MATEMATUYECKAS 2KM3Hb

KyﬂAPIBEPFEHOB KAHAT »KAH3AKOBUY
(K 60-JIETUIO CO JIHSI POXKJIEHUS )

—— Hcnonuunnocs 60 jer co mus
poxaenns KymnaitbeprenoBa Kama-
Ta 7KaH3akoBWYa, M3BECTHOI'O Ka-
3aXCTAHCKOTO MAaTEMATHUKa, JOKTO-
pa PpUBHKO-MaTeMaTHIECKUX HAYK,
npodeccopa. Kymaitbeprenos Ka-
nar 2KaH3aKoBUY pOIUJICS D HOsIO-
.~ pa 1955 roma B ropose YumkeHT
. KasCCP. B 1973 romy mnocrynui
Ha MeXaHWKO-MaTeMaTudecKuit da-
KyabTeT Kazaxckoro rocymapcrBen-

_‘ voro yausepcurera um. C.M. Kupo-
W I I Ba (KasI'V) u B 1978 roay oxomum1
Ll “\ €ro ¢ KpacHbIM JurioMoM. beit Jle-
auHCKUM crunerauaroM. B 1982 romxy B HoBocumbupckom rocymapCTBEHHOM
YHUBEPCUTETE 3AIUTUI JUCCEPTAINIO HA COUCKAHWE yIEHOH CTENeHU KaHJIU-
Jara pusnKo-MaTeMaTHIECKNX HayK, a B 1992 roay B UncruryTe MaTeMaTuku
CO PAH - juccepranuio Ha COUCKAHWE YYEHON CTENEHM JIOKTOpa (DU3MKO-
MareMaruieckux Hayk. C 1981 roga paboraer B ucruryTe Mmatemaruku HAH
PK, a c 2002 royia — B KazaxcTaHCKOM WHCTUTYTE MEHEIXKMEHTA, SKOHOMUKH U
nporuosuposanust (KUM3III). Kynaiibeprenos Kanar 2Kanzakosud Ha 1poTsi-
JKEHUU MHOTHUX JIET 3aHUMAETCS HAYIHON U IIeJarOrnIecKoil JesdTeIbHOCThIo. B
1990-2004 roax mpoBOAMJI HAYYHBIE UCCIEIOBAHNUS B PA3JINYHbIX YHUBEPCUTE-
tax EBporbl, B wactnoctu, B Yuusepcurere [lapmxk-7, Okcdopiackom yHuBep-
curere, YHusepcurere Jluaca. On siBjsiercst taypearom HezaBucumoit mpemun
"Tapaan" 3a 2001 rox. B 2011 romy HarpaxkiaeH cepeOpPsIHBIM 3HAUKOM CEMU-
napa "Aurebpa u Jloruka" (o0benunennblii cemunap HoBocubupckoro rocy-
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JapcTBeHHOro yHuBepcurera u MacTuryra maremaruku umenu C.JI. Cobosera
CO PAH).

Ha nporskennu muorux jier K.2K. Kynaiitbeprenos auraj Crenkypcsl 1mo
Teopun Moseseit u reopun rpynn B KasHY n AnMarunckoM rocy1apCTBEHHOM
yuupepcurere. B nacrosimee Bpemst B KMIMOII on yuraer Takne Kypchbl, Kak
Maremartuka jijist 6busneca u 9KOHOMUKH, MaTemaTuka Jjist I0pUCTOB.

Hayunas nesarembnocts K.2K. KymaiibeprenoBa cpszaHa, B OCHOBHOM, C
teopueii mogeseit. On onydsmkoBa 50 paboT B pedpeprupyeMbIX HAYIHBIX XKy -
Hajtax. [losryueHHbIE UM PE3YJIBTATHI MOy IUIU IPU3HAHUE CIIEIUAJICTOB.

Kosnektus MHcTUTyTa MaTeMaTUKA U MaTEMATHIECKOTO MOICTUPOBAHUS
Komurera nayku MOH PK xemnaer KynaitbeprenoBy Kanary 2Kanzakosuty
KPEIKOI0 37[0POBbs, JOJITUX U CIACTIUBBIX JIET KU3HU, TOJHBIX TBOPIYECTBA U
CO3UJIaHNUs, HEYracaeMoro MHTEPeca K HOBBIM 3a/[adaM, KOTOPbIE CTABHUT HIE€PE/]
HAMU XKW3Hb.

Penaknnonnast koserust "Maremarudeckoro XKypHaJa,"

OCHOBHBIE HAYYHBIE PE3VJ/IBTATHL U ITYBJIUKAIINU
K.2K. KVIAVNBEPTEHOBA

Vzyyaauch KOHCTPYKTUBHBIE MOJIEIHN HOJMHBIX Teopuii. [TocTpoena mosnas
paspemmuMasi TeOpHsi, UMEIOIIas POBHO JBE CUJIbHO KOHCTPYKTHUBH3UDPYEMbBIE
Mmozenu [1]; aro KoHTpacTupyer ¢ u3BecTHON TeopeMoit Boora o ToM, 4TO 10JI-
Hasl CIeTHAs TEOPHs He MOYKET MMETh POBHO JIBe CUeTHBbIC Mojesn. JlokazaHo,
YTO JIjIsA JTFOOOI0 HATYPAJBLHOIO YHC/IA N CYINECTBYET wi-KaTEeropuIHas TeOpus,
UMeIOIasi POBHO 1. KOHCTPYKTUBU3UpPYeMbIx Mogeseii [2]|. TTocrpoena cuibho
KOHCTPYKTUBU3UPYEMAasl OJIHOPOJHASI MOJIE/Ib, He SBJSIOmaicsa 3(MMeKTuBHO
OJIHOPOJIHO} HU B KaKOil KOHCTpYKTHBH3anuu [3|.

Nsyganmck omHopoanabie Mojenn. Pemrena mpobiema Keiiciepa u Mopaun
0 YHCJIe OJIHOPOJIHBIX MOJIeJIell B pasimIHbiX MOMHOCTAX [4]. OnpoBeprayTbt
runoresa [Ilegaxa 0 MOIHOCTH aGCOMIOTHO OJTHOPOHBIX MOJIENIEHT 1 HEKOTOPBIM
obpasom cesizaHHasi ¢ Heii runoresa Keiiciepa u Mopau [5].

BcecTropoHHe HCCiIe[0BATICH OHOPOHBIE MOJIeJIN CTabHIbHBIX Teopuii [6],
B TOM YHCJI€ OJHOPOJIHBIE MOJIEJIN OJTHOPA3MEPHOCTHBIX Teopuil [7], JoKaaIbHO
MOJLYJISIDHBIX Teopuii KoHeYHOro pasra (8], ciabo MuHHMaIbHBIX Teopuil [9).
Onucan CIEKTP OJHOPOJHBIX MOJIEIeH TOTAJIbHO TPAHCIEHIEHTHBIX HEMYJTh-
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tupasmepHocTHbIX Teopuii [10]. VceenoBanbl omHOpOHbIE MOiesn pu GoJiee
cs1aboM, UeM CTabHIbHOCTh TEOPHH, YCJIOBUH CTAOUIBLHOCTH JauarpaMMer [11].

Nsy4anuch rereputeckne aBroMmopdusMbl Mojesteir. Jlokazano, 9To Hero-
JBUZKHOE I10JI€ TeHEPUYECKOro aBTOMOPdU3Ma cenapabeIbHO 3aMKHYTOI'O TTOJIsI
SIBJISIETCSI PETYJISAPHO 3aMKHYTBIM U BBIUUC/IEHA ero abcosoTHas rpynmna [amya
[12]; sroT pesyabrar 0606IIAET COOTBETCTBYIONME pe3yabTaThl MakuHTaiipa
JJI ajaredpandecKn 3aMKHYTBIX mojieit. cceiietoBanbl reHepuiecKkne mocjie10-
BaTeJIHLHOCTH aBToMOphU3MOB [13|; OHM ObLIM PUMEHEHBI JIsi JOKA3aTe b-
CTBA CYIIECTBOBAHUS ILIOTHBIX CBOOOJHBIX HOJATPYIII CPYIIT aBTOMOP(MU3IMOB
OIHOPOAHBIX Mogeneit [14], aro monomnnsier pesynabrarsl Memteca u [lenaxa,
[IOJIYYE€HHbIE J1JIsl HACBIIIEHHBIX MOJeJIei.

UccnenoBasioch MOHSATHE O-MUHUMAJIBHOCTH W Pa3jIHdHble €ro obooIie-
HUs. YCHJEHBI Pe3y/abTarhl Mapkepa 0 MajbIX PaCIHIUPEHUAX MOoJeseit o-
MHUHUMaJIbHbIX Teopuii [15]. Beemeno u wusydeno monsitme ciaabo KBasu-o-
MUHUMaJIBHON Mojesn u Teopun [16]. Beegensr n usydensl pasindubie 0606-
[IEHUsT O-MUHUMAJIBHOCTH Ha YaCcTUUHbIe TTopsaku [17].

Nzydaaoch KJacCUYeCKoe IIOHSATHE MOJEJbHOIO KOMIIAHBOHA. 1loJIydeHbl
pesyabTaThl OOINEro BHAA O CYIIECTBOBAHUU M HECYINECTBOBAHUU MOJIEILHO-
ro KOMIIAHBOHA, JJIsl TEOPUil CTPYKTYP C BBLIEICHHBIM aABTOMOP(U3MOM, a TaK-
7K€ COOTBETCTBYIOIIIE Pe3yJIbTATHI J[JIsi HEKOTOPBIX KOHKPETHBIX CTPYKTYD [18].
Han orser Ha Bonpoc Kukuo n Ily6ou o cylmecTBOBaHUU MOJIEILHOIO KOMIIA-
HbOHA JId Teopun C-MUHMMAaJILHBIX MOJIe/Ieil ¢ BbLIe/IEHHBIM aBTOMOP(U3MOM
crienmasbHOrO Bua [19].

M3y4aauch BOIPOCHI OJHOPOIHOCTHU /1T KOHKPETHBIX AJreOpPanIecKuX CH-
creM. U3ydasack oJHOPOIHOCTD Jijist Mojysieii [20] u suneiinbix nopsiikos [21].
[Tocrpoena cueTHasi CTPOro 2-0HOPOJIHASL AUCTPUOYTUBHASI pereTka [22], Bo-
IIPOC O CyIIECTBOBAHUU KOTOPOii 6bLT nocTasiaen Makdepconom u JIpocrom.

[TonsiTHE OJHOPOJHOCTH M3YYaJIOCh C CAMBIX PasHBIX CTOPOH. B oTeeT Ha
Borpoc IlepeTaThbKIHA JOKA3aHO, YTO IIOHATHE OJHOPOIHOCTHU HE sABJISeTCs ab-
COJIIOTHBIM B CMbICJIe Teopun MHOXKecTB [23]. McciemoBacst Bopoc o coxpa-
HEHUU ¥ HeCOXPAHEHNU OJHOPOIHOCTH IIPU CIIENUAILHOM ODOTAIICHIH MOJIEJIH;
HOJIyY€HBI YCJIOBHSA, P KOTOPBIX OJHOPOIHOCTL Mojean M BaedeT OIHOpPOI-
HOCTBb Mojesnn MY, a Takrke MMOKa3aHO, 9TO B OOINEM C/Iydae OJIHOPOIHOCTH
mozesin M He BiiedeT opHOPOHOCTL Mogesn M1 [24].

Bsenieno obimee onsaTne HaACTPORKH HAJT MOJEIBIO, 000OIAOIIEe IIOHATHE
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HACJIECTBEHHO KOHEYHOUN HAJICTPOUKM, U MOJIYIeHbl Pe3YIbTATHl O MOITHOCTH
MHOXKECTB, UHTEPIPETUPYEMBIX B HAJICTPOIKE HAaJ| MOJIE/IBIO [25], anaorudHbe
pesyabratam FO.JI. Epriosa st Hac/ieICTBEHHO KOHEYHON HAJICTPOMKH.

Nsy1aioch CBORCTBO HE3ABUCUMOCTH JIJIsl TEOPHil IepBOTO mopsiaka. Ompo-
BeprayTa cuibHas (popma runoresnl [lemaxa o cymecTBoBaHnM OECKOHETHBIX
HEPA3JIUINMBIX ITOCIEI0BATEILHOCTEN B MOJIE/ISTX OOBIION MOIITHOCTA TEOPUi
6e3 cpoiicTa Hezasucumoctu [26]. [Tocrpoena Teopusi co CBOHCTBOM He3aBUCH-
MOCTH, aTOMHBIE (hOPMYJIbI KOTOPOI HE MMEIT CBOiicTBa HezaucumocTu |27,
YTO OIPOBEPraeT yTBepKIeHUe Ajepa.

OCHOBHBIE ITYBJIUKALIMU KYVIAUBEPITEHOBA K.2K.

1. Kynaitoeprernos K.2K Teopust ¢ 1ByMs CHIBHO KOHCTPYKTUBU3UPYEMBIMHI MO-
nessmu // Anrebpa u storuka. — 1979. — T. 18, Ne 2. — C. 176-185.

2. Kynaitbeprenos K.2K. O KOHCTPYKTHBHBIX MOJIEJISX HEPA3PEIIUMbBIX Teopuii //
Cubupckuit marem. xypuaia. — 1980. — T. 21, Ne 5. — C. 155-158.

3. Kynaitbeprenos K.2K. O6 adpdexrusno omuopopubix Mogessax,// Cubupckuit
mateM. Kyprai. — 1986. — T. 27, Ne 1. — C. 180-182.

4. Kynaiibeprenos K.2K. O uucie onHopoaabx Mojiesieii nosnoii reopun // Tpyzbt
WNucruryra marematnku CO AH CCCP. — 1988. — T. 8. — C. 77-92.

5. Kynaiibeprenos K.2K. O runorese [lenaxa // Anrebpa u soruka. — 1987. — T.
26, Ne 2. — C. 191-203.

6. Kudaibergenov K.Zh. Homogeneous models of stable theories // Siberian
Advances in Math. — 1993. — V. 3, Ne 1. — P. 1-33.

7. Kynaitoeprernos K.2K. O6 ogHOPOIHBIX MOIESIX OJHOPA3MEPHOCTHBIX TEOPUit
// Anrebpa u moruka. — 1995. — T. 34, Ne 1. — C. 61-78.

8. Kymnaitbeprernos K.2K. O6 0HOPOIHBIX MOJE/ISX JIOKAJBHO MOJYJISPHBIX TEO-
puii Koneynoro paura // Marem. tpyubt. — 2002. — T. 5, Ne 1, C. 74-83.

9. Kymnaiibeprernos K.2K. O6 0gHOPOIHBIX MOIE/IAX HEKOTOPBIX CJIa00 MIHIMAJIb-
ubIx Teopuit // Cubupckuii mareM. )KypuaJu. — 1999. — T. 40, Ne 6. — C. 1253-1259.

10. Kynaiibeprenos K.2K. O dgucie omHOpPOIHBIX MOJEseil TOTAIbHO TPAHCIIEH-
JIEHTHBIX HEMYJIbTUPa3MEOHOCTHBIX Teopuii // Ajrebpa u soruka. — 1991. — T. 30,
Ne 1. - C. 48-73.

11. Kyunaiibeprenos K.2K. Oxnopomibie Moienu u crabujibHble JAuarpamMmbl //
Cubupckuit marem. xypuaa. — 2002. — T. 43, Ne 5. — C. 1064-1076.

12. Kynaiitbeprenos K.2K. O mHenoasmkHOM 10JI€e T€HEPHUIECKOTO aBTOMOPGU3MA,
// Marem. tpynst. — 2001. — T. 4, Ne 1. — C. 25-35.

13. Kypnaitbeprenos K.2K. O renepuyeckux apromopdusmax // Marem. Tpybr. —
2003. — T. 6, Ne 1. — C. 1-23.

MATEMATUYECKUN KYPHAJI. — 2016. — T. 16, Ne 2



K 60-yteruto co qaus poxkaeHust 19

14. Kynaitbeprernos K.2K. O mIoTHBIX CBOOOIHBIX IIOATPYIIIIAX I'PYIIIBI aBTOMOP-
dbusmos // Marem. tpymer. — 2013. — T. 16, Ne 1. — C. 56-62.

15. Kynaiitbeprenos K.2K. Majible pacimuperust o-MIHUMAJIBHBIX TeOpUit u abco-
JuoTHas ogaopoauHocTh // Marem. Tpyapr. — 2007. — T. 10, Ne 1. — C. 154-163.

16. Kynaitbeprenos K.2K. Ciabo kBasu-o-munuMasbubie Mogesu // Marem. Tpy-
apt. — 2010. — T. 13, Ne 1. — C. 156-168.

17. Kynaiibeprenos K.2K. O60011eHIE O-MUHUMAJIBHOCTY HA YACTUYHBIE IOPSIIKH
// Marem. tpyzapr. — 2012, — T. 15, Ne 1. — C. 86-108.

18. Kudaibergenov K.Zh., Macpherson H.D. On model companions for structures
with an automorphism // Siberian Advances in Mathematics. — 2006. — V. 16, Ne 4.
- P. 1-15.

19. Kynaiiteprernos K.2K. C-MUHUMAIBHOCTD U MOJIeJIbHbIE KOMIIAaHBOHBI // Ma-
Tem. Tpyabl. — 2013. — T. 16, Ne 2. — C. 89-94.

20. Kynaitbeprenos K.ZK. O6 ognoponsocru B Mmogyiax // Marem. Tpymubt. — 2004.
- T. 7, Ne 1. — C. 83-90.

21. Kynaitbeprenos K.2K. O6 0HOPOTHOCTH M MAJIBIX PACIIUPEHUIX MOJEJIeit
Teopum JuHEHHOTO Topsiaka // Marem. tpyasr. — 2008. — T. 11, Ne 2. — C. 148-158.

22. Kynaiibeprenos K.2K. O cymiecrBoBaHUM CYETHON CTPOrO 2-0IHOPOIHON JIHC-
TpubyrusHoii pemerku // Marem. Tpyupr. — 2012. — T. 15, Ne 2. — C. 100-104.

23. Kynaiibeprenos K.2K. Oanopomsbie Mojie/ i 1 TeHEpUYECKHEe paciupenus [/
Cubupckuit marem. xypaaia. — 2000. — T. 41, Ne 4. — C. 811-821.

24. Kynaitbeprenos K.2K. O coxpaneHun u HapyIIeHUA OJHOPOJHOCTU IIPU CIIe-
nuaibHOM oboramenun // Marem. Tpyapt. — 2009. — T. 12, Ne 1. — C. 117-129.

25. Kynaiitbeprenos K.2K. O momHOCTH Ompene/imMbiXx MHOYXKECTB B HAJCTPOMKE
nag Moziesbio // Marem. tpymabt. — 2009. — T. 12, Ne 2. — C. 97-110.

26. Kynaitbeprenos K.2K. O cpoiicTBe HE3aBUCUMOCTH TEOPHil TIEPBOTO TOPSIIKA
U HepasJIMIuMbIX mocjesoBaresnbHoctrax // Marem. tpyapt. — 2011, — T. 14, Ne 1. — C.
126-140.

27. Kynaitbeprenos K.2K. O cBoiicrBe HE3aBUCUMOCTH U aTOMHBIX (bopMmysax //
Cubupckue saekTpoHnbie MareM. u3Bectus. — 2013. — T. 10. — C. 38-40.

MATEMATUYECKUNA »KYPHAJI. — 2016. — T. 16, Ne 2



MATEMATUYECKUN YKYPHAJI ISSN 1682-0525

2016. — Tom 16, Ne 2. — C. 20-32.
VIIK 512.554

EPKIH KOMMYTATUBTI n-AJITEBPAHBIH, KEVBIP
ATAIIITAPBIHJIATHI S, TOBBIHBIH KOPCETIJIIM/IEPI

Bb.K. 2KAXAEB

MaTemaTrka >xsHe MaTEMATUKALIK MOAENAEY NHCTUTYThI
050010, Anmatsl, Mywknn k., 125, e-mail: bekzat22@hotmail.com

Cyneiiman Hdemupen yHusepcuteTi
040900, KackeneH, Abbinaii xaH k., 1/1

AHHOTauma:  PKymbiCTa epkiH KOMMYTaTuBTi m-anrebpa S,-mMogynb peTiHae Ka-
pacTbipbinifaH. EpkiH kommyTaTusTi m-anrebpanbiy 6asuctik anementTepi TybGipai
HOHMNAHApP M-ap/ibl aFalTapMeH TyblHAATbINaAb. Epkin koMmyTaTueTi n-anrebpaHbiy
Kelibip m-apsbl aFawTapbiHbiH Syp-MOAY/bre XiKTeNyi TONbIFbIMEH CUMNATTaNFaH.

KinTTik ce3gep: n-apasl anrebpa, n-apnbl arawTtap, epkid anrebpa, S,-moayns, KocT-
Ka cangapsbl, JInttneya-Puuapacod koadbduymneHTTepi, MHAYKUNSNAHFAH MOAYNbAEP,
NA3TU3M, TONTapAbIH epmek kebelTiHgici (wreath product), TonTapapiH Tik keberTiH-
aici, rpadrapabiy asTomopdusmaep TobbI.

1. KIPICIIE

Anrebpansin, KembeiiHeepiH 3epTTey 3aMaHayd aareOpaHbIH, MaHBI3IbI
ecernrrepinin 6ipi. Bepinren anrebpanbis Kembeiineaep ecedi aaredOpaHbIH €PKiH
Opi MYJBTU-CHI3BIKTHI OOJTITIH Sy,-MOYIbIe KIKTEy ecebiHe ajIbIl Kesle/Ti.

Foubivpa xeitbip epkin anrebpasapiabiy, Sp-MOJyAbre XKikresayi Oesriii.
Mercanra, afftanbik FF5%0¢) F}fib, F,fmb CofikeciHIle epKiH acCOIMATUBTI, ep-
kin Jleitbmutr kome epkin [{uubuesn anrebpasapblHbIH MYyJIbTH-CHI3BIKTHI 0OTIK-
Tepi 6os1chH. OHIa 0y epKiH agredpaiapIblH My/IbTH-ChI3BIKTHI 0OKTEP] S)-
mogyib petiage CS,,-re nzoMopdoI.

AjiTaibik F#e epkin JIu anredpachbIHBIH MYJIBTU-CHI3BIKTHI 06T 60JICHIH.
Oma 6yJ1 epKiH ajrebpaHblH KeITipiaMeiTin (KikTeMeilTin) Sy, -Mo/TyIbepre
Kikremyl [1] 2KyMBICBIH/Ia TOJIBIFBIMEH CHITATTAJIFAH.

Kimiouesnie ciioBa: n-apuaas aarebpa, n-apHoe gepeso, cBo60gHag aarebpa, Sy -MOLyIIb,
gncira Kocrkn, kosagdummenrsr JlnrraByna-Pugapacona, nHIymupOBaHHBIE MOIYIIH,
IJI9TU3M, CIUIET€HHE IDYIIII, IPSIMO€e IPOU3BEAEHNE I'DYIII, IPYIIa aBTOMOPGU3MOB rpagda.

2010 Mathematics Subject Classification: 17A50, 05C05, 05C30, 20C30.

Funding: Kaszakcran Pecriy6mkacet 6itim skone FhubiM MuancTpiri, I'pant Ne 0828 /T'D.

© B.K. ZKaxaen, 2016.



Epkin kommyTaTusTi n-aaredpanbid, KeHOip ... 21

Adiranbik ngwm, F7°Y epkin 6bukommyTaTusTti Kone epkin HoBukos aJ-
rebpajiapblHbIH MYJIbTH-ChI3BIKTHI 06JjiikTepi 6osickin. Onpa Oy epkiH aJ-
rebpasiapbIHbIH, Sy -MOLY/IbIK KYPBLIBIMbI TOJILIFBIMEH [2], [3] 2KyMbICbIHIA CH-
TTaTTaJIFaH.

Epkin arTu-koMmMyTaTuBTi aarebpansia FE" MymbTH-CHIBBIKTEI OOJTiTiHIH,
Sp-MOIYBIIK KYPBLIBIMIAPHI TYBIHIATYIIBLIBIP caubl 1 < n < 7 Gosranma [1]
2KYMBICBIH/A 3€PTTEJINEH.

An M. Bremner-ain [5] MakamachlHga €pKiH aHTH-KOMMYTATUBTI N-apJibl
ANreOpaHbIH,  MYJITH-CBI3BIKTH 00T Sy,-MOJYIL PpEeTiHIe KAapaCTHIPHIITAH.
Mymnia 6ipaeit TunTi »kaxkimaJjiap imKi BEeKTOPJIbIK, KEHICTIK Kypaiibl }KoHe Sy-
MOy Th 601161, Keitbip TunTi Kakmagap yinH Sy,-MOAYIbIIK KYPBLIBIMBI TO-
JIBIFBIMEH CHUIIATTAIFaH.

By xyMmbIcTa €pKiH KOMMYTATUBTI N-apJIbl aIreOpanbl Sy,-MOJIYIb pETiHIe
KapacTeipambis. MyHaga ga 6ipaeit TumoTi »Kakiaap iki BEeKTOPJIBIK, KEeHICTiK
Kypaiiaer koHe S,-Moaynb. Keiibip 6ipseit TunTi KakimagapIad TYBIHIATHLT-
FaH BEKTOPJBIK KEHICTIKTEPl Sp-MOJy/ib PETIHJE KapaCThIPAMbI3 KOHE KiK-
TeIMeNUTiH MOMY/IbAEPiHIH eceTiKTepiH TOIBIFBIMEH CHIATTANMBI3.

2. BA3UC EPEXKECI

AHBIKTAMA: AjiTa/blK A BEeKTODJIBIK KEHICTIK 60JICHIH 2koHe A-qaw : A" — A
oneparusicer anbikTaaceia. Onga (A,w) ky0bi n-apsbl aarebpa Hemece n-
asirebpa Jien aTaiMpI3.

Erep n = 2 6osca KoHe TOMEHIET Tee-TeHIIK OPBIHIAICA,

w(a,b) =w(b,a),

ouga Oy anarebpanbl 2-apsbl HeMece OMHAPJIBI KOMMYyTaTHBTI ajrebpa memn
aTalMBI3.
Erep n = 3 6osca »XoHe TeMeHIer Tere-TeHIIK OPhIHIAICA,

w(a,b,c) =w(a,c,b) =w(b,a,c) =wb,ca) =w(cab) =w(eb, a),

onjia OyJ1 ajreOpaHbl 3-apJ/ibl HEMeCe TePHAPJ/bl KOMMYTAaTUBTI ajrebpa jemn
aTaniMbI3.

Erep n = k 6ojca koHe Ke3 KelreH o € Sk, VIIH TOMEHIEr Tele-TeH K
OPBIH/IAJICA,

w(ala az, ... ,(Ik) = w(aa(l)v Ag(2)s - - 7aa(k)))
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oHta OyJ1 anrebpanbl k-apJibl KOMMYTATUBTI ajaredpa Jem aTaiMbi3.

FF = FF(X) apxpuier epkin n-ap/asi KOMMyTaTHBT aareGpanbie, My IbTH-
CBI3BIKTHI BEKTODJIBIK, O6Jirin Oejrijeiimis, MyHIarbl k MOHOMIAFbl K-
Oeifrysiep CcaHbl HEMeECe N-apJ/bl KOMMYTATUBTI »Kakiiajap caHbl, X =

{al,ag,...,akn_(k_l)} opinTep HeMece TYBIHIATYIILLIAP KUBIHBL. By xKy-
Mmbicta k = 1,2, 3,4 TeH n-apJibl KOMMYTaTUBTI ajaredpajiap KapacThIPBLIAIBI.
Airranik X = {ay,as,...,a,} 60acom. Onma Fl BeKTOP/ILIK KemicTirinin

0a3mMCTIK d7EMEHTI TOMEHIEeriaeir MoHOMMeH bepinesi
(araz...ay).

Airranmik X = {a1,a2,...,a2,_1} 60acem. Onga F? BeKTOPJIBIK KeHicTi-
riHig 6a3MWCTIK 3JIeMEeHTTEePl TOMeHIerigeit MoHOMIapMeH bepiiei
(i @iy - ai,_ (ajy a5, - - - aj,))

MYHZIA 11 < Qg+ < ip—1 XKHE J1 < J2 -+ < Jn, Im,Jm € {1,2,3,...,2n — 1}.
Aittansik X = {a1,az,...,a3,_2} 6oncem. Oumga F° BeKTOPJIbIK KeHicTi-
riaig 6a3MCTIK 3JIEMEHTTEP] TOMEHIErigeit MOHOMIapMeH Oepiiei

Bipinrrmi Tarm:

(@iy @iy - - - @i,y (a4, @iy - - @, (ag, ag, -+~ ag,)))

MYHIA 17 < 42 0 < ip_1, j1 < Jo--r < Jn_1 XoHE ki < ko--- < ky,
Tms Jms km € {1,2,3,...,3n — 2}.

FExinmm Tuam:

(@iyaiy - - - @i,y ((aj,aiy - - - aj, ) (ag, Gry - - - ag, )

MyHJA 1] < f2- < lp-2, J1 < Jo- -+ < Jn, k1 < ko--- < ky xkome j1 < ki,
ims Jms km € {1,2,3,...,3n — 2}.

Aiiransik X = {a1,a2,...,a4n_3} 6oacem. Onga F¥ sexropisik kemicri-
rigin 6a3MCTIK 3JeMeHTTepl TOMEHIeriaeil MoHoMTapMeH bepitesi

Bipinrrmmi Tarm:

(ailaiQ R . (aj1 Ajo -+ - Qg4 (aklakz Crr Qg (ah ap - .- a'ln))))

MATEMATUYECKUI KYPHAJ. — 2016. — T. 16, Ne 2



Epkin kommyTaTusTi n-aaredpanbid, KeHOip ... 23

mysga i1 < g2 < o1, J1 < J2rcr < Jno1, k1 < koo < kpo1 KoHe
I <lo- <lny imyJms kmslm € {1,2,3,...,4n — 3}.

FExinmi Tam:

(@i iy - - - a4y o (@ Gy - aj,) Qe Ay - - - g,y (@ a1y - -+ ay,,)))
MyHJIA 1] < Go- < ip_2, J1 < Jorr < Jn, k1 < ko--+ < kp_1 koHe [} <
lo- <lny fmy Jms kmy bm € {1,2,3,...,4n — 3}.

Yimigm tamn:

(@i, iy - - @iy (@, QG - o (AR Oy - - Ok, ) (@ Qg - -+ ay,,)))
MyBRIA 1) < i <lpo1, J1 < Jorr < Jn2, k1 < koo <kp, by <loee- <y
x®oue ki < 1, im, jm, km, lm € {1,2,3,...,4n — 3}.

Mprcasbr:
Aiiranbik X = {a,b} Goacwin. Ouga F) xenicririnin 6aszucrix saementrepi

(ad)

00J1aTHI.
Aiiranbik X = {a,b,c} 6oscein. Oupa F2 xenicririnin 6asucrik snement-
Tepi

(a(be)), (b(ac)), (¢(ad))

00JIa TR
Aitranpik X = {a, b, c,d} 6oacem. Ouma Fy KeHicTirigin 6a3uCcTiK s1eMenT-
Tepl

(a(b(cd))), (a(c(bd))), (a(d(be))), (b(a(ed))), (b(c(ad))), (b(d(ac))),

(¢(a(bd))), (¢(b(ad))), (c(d(ab))), (d(a(be))), (d(b(ac))), (d(c(ab))),
((ad)(cd)), ((ac)(bd)), ((ad)(be))

00JTaTHI.
Asrraneix X = {a,b,c} 6oncem. Onna Fi KemicTiridin 6asmcTik smeMenT-
Tepl

(abc)

MATEMATUYECKUNA KYPHAJI. — 2016. — T. 16, Ne 2



24 B.K. 2KAXAEB

00IaIhI.
Airrameik X = {a,b,c,d, e} Goncem. Onma F2 KemicTirinin 6a3mcTik s/me-
MeHTTepi

(ab(cde)), (ac(bde)), (ad(bee)), (ae(bed)), (be(ade)),
(bd(ace)), (be(acd)), (cd(abe)), (ce(abd)), (de(abe))

00.1a,/1b1.
Kes kearea n > 1 xome k > 1 ymin Fﬁ BEKTOPJIBIK KEHICTITiHIH OJIIeMi
ToMenzeri popMysIaMen ecenTeine

(kn)!
Kl(nh)k
By dopmynanbis gosteneyi [5] KyMbicTa Kerripilires.

F,]f KEHICTIriHiH op 3/1emMenTiHe k imKi TebeeH TypaThliH N-apJ/ibl HOHILIAHAD
Oostran TYOIpJ/Ii aramTapabl Coifikec KOrora 00J1aIbl.

Mpicasi: Erep (abe) € Fi Gouca, onjia

a b c

(abc) <—>\£/ .

Erep (ab(cde)) € F3 Gonca, onma

c d e
a b
(ab(cde)) +»

Erep (ab(cd(efg))), (a(bed)(efg) ) € F3 6onca, onya

c d d

a b
(ab(cd(efg))) <> a(bed)( efg

Erep (ab(cd(ef(ghi)))), (a(bed)(ef(ghi))), (ab(c(def)(ghi))) € Fi 6omca,

OH/IA,

b ¢c d e
(ab(cd(ef(ght))) a(bed)(ef(ghi))) W
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d e h 1
C

a b

(ab(c(de f)(ghi))) <

Conbiven Fﬁ BEKTOPJIbIK KEHICTIrMI3JIiH, 3/1eMeHTTEP]

N

TUTITI aFaIlilied TYBIHAATHIIFaH. MyH/Ia TYNTEH TTHIKKAH KAMBIPAKTAp CAHBI
n-Te TEeH.
An Fg BEKTOPJIBIK KEHICTITMI3IiH 3JIeMeHTTepl

TUMT] araiimed TysHAaTbLFaH. MyHma Gipiam imki Tebeaen (Tym) MIBIKKAH
JKambIpaKkTap CaHbl N — 1, aj1 eKifIi irmKi TebeIeH MBIKKAH »KaMbIPAaKTap CAHbBI
n-Te TeH.

An FS BEKTOPJIbIK KEHICTIIMI3/IiH, 3/ieMeHTTepl

TUITI afalllTapMeH TybIHIATBLIFAH. 1] KoHe Th arairrapbIMEH TYBIHIATHI-
JIPAH BEKTOPJIBIK KeHicTiKTepiMiz cotikecinme M1, M2 apksuis! Gesrieiiik.
Mynma MTt yen M2 Kubiblcy sl 60C KUBIH JKoHe HHBAPUAHTTDI IIITK] KEHICTIK-
rep. CoHBIKTAH FT?L’ KEHICTIrH

FP=M" oM™

apKBLIBI 2ka3a amambr3. Mymma T GipiHim THUOTI arallbIHBIH, OipiHmi imKi Te-
Gecinen (TynTeH) MIBIKKAH YKanbpakTap canbl n— 1, an exkinmi imki rebecinen
IIBIKKAH 2KAIlbIpaKTap CaHbl n — 1, aj ymniHmn imki TebeciHeH IIBIKKAH Ka-
MBIPAKTAP CAHBI N-r€ TeH. 15 eKiHIi TunTi aramblHbiH Oipini ki Tebecinen
(TYnTeH) MIBIKKAH XKAMBIPAKTAD CAHBI 1 — 2, /1 eKIHIII iMKi TeOeCiHeH MIBIKKAH
JKaIbIPaKTap CaHBbI 7, aJI VIINHIM MKl TeOeCiHEeH MBIKKAH KAITbIPAKTap CAHbI
n-re TEeH.
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A FiLl BEKTOPJIbIK KEHICTIrMI3/IiH 3JIeMeHTTeP]

TUIT] aramrapMed TybiHAaTbLIraH. 11, Th xxone T3 aramrapbIMeH TYbIHIATHLI-
PaH BEKTOPJIBIK KeHicTikTepiMizzi coiikecinme M1t M2 sxome M3 apkmian:
Gesrineitix. Mymma - M1, M™2 jxone M™® BeKTOpPJIBIK KeHiCTIKTEpiHIH 03apa
KUBLIBICYBI O0C KWBIH YKoHEe WHBAPUAHTTHI iKi KeHicTikTep. COHIBIKTAH Fﬁ
KEeHICTITIH

4 Ty T T3
FA=MD o MP oM
APKBIJIBI 2Ka3a aJJIaMbI3.

3. HEr13r1 HoTUKEJIEP

Herizri Teopemanbl Kejrripmec HypbIH, CHMMETPHUSJIBIK TONTHIH BEKTODPJIBIK
KEHICTIKKe 9CepiH aHbIKTAIl a/1aiibiK. ByJ XKyMbICTa TOITHIH 9Cepi TAOUFH TYP/Ie
ampikTasran. Mpicasnl, aiftansik m = (ajas(asasas)) € Fy, o = (123)(45) €
S5 OOJICHIH, OHJIA DCep TOMEHIET Tl aHBIKTAIA b

o(m) = (agas(aiasay)).

Ennai merisri noTmkemepai KeaTipeiik.

TEOPEMA: Ajitansik n = 1,2,3, ... 6oacerr. Onga

a) Fl =g

b) F 2= @yon K/\(nm—l)s)\7

c) Fp= Dre3n—2(Kxmm—1,n—1) + 2ieo CZ\n_Q)(2n—2i,2z‘))S/\7

d) Fé = (K)\(n,nfl,nfl,nfl) + K)\(n,n,nfl,n72) +
Z?;OQ 250 CE\Qn—3—z‘,i)(2n—zj,2j))S/\ bourapr,

myngarel Ky, — Kocrka caner, ¢ y — JnrraBys-Padapicon K03 purrenti.

Kocrka camgapsr xoue Jlurtiasya-Puuapacon kosddunmentrepl kaitibl
MOJIIMETT] TOMBIFBIPAK, [6] 2KYMBICBIHAH KOPYT€e 0OJIaIbI.
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JOJIENIEYI:

a) Bip Tebesien MIBIKKAH YKAMBIPAKTAP/IBIH OPBIH aybICTHIPYBI JKoHe Bip To-
6e,ueH MBIKKAH TEH, 1K1 atralllTap/IblH OPbIH aybICTBIDYbI MOHOMHBIH TOJITHIPbI-
aybia (6asuc epexkeci) esreprmeiizi. Jlemek, ToMen/eri n-KambIpakTaH Typa-

T="

CHMMeTpHAIap TOObI HeMece T-HbIH aBTOMOP(MU3MIED TOOLI

ThIH TYOIPJI aramThiy

T(T) = S,

Typiue anbikTaa 6. MyH/Ta JKambIpakTap canbl n-re TeH. OHma S,-MOIybre
KIKTeTyl TOMeHeri hopMyIaMeH ecenTe TiHe

Indg (S™),
myngarst S (n) F n Genikreyine coiixec kenerin Inext Moy [6]. demex

Fle st

TyOipJil araibiMeH TybIHAATHLIFAH. MyH/a JKamblpakTap caubl 2n — l-re TeH,.

b) F? BeKTOP/ILIK KeHiCTiri

Byn T 1ybipni arambiabi, aBroMmopdusmMaep To0bI
F(T) = Sn X Sn—l

TypiHge aHbIKTaaaabl. Myamarel G X H gerenimiz G Men H TonTapbIHBIH TiK
kobeiiringici (direct product). Onna F? kenicririnin So,_1-Moysibre xikreyi
TeMeH/1eri (popMyIaMeH ecenTesiHe/i

Indgnd (8™ @ sy,

Arum

Fsg @ K)\(n,n—l)s)\-
AF2n—1
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c) F3 Bexropbik kenicriri

TyGipsi aramrapeiMen TybiHAaTHIFAH. MyHaa 17 men Th aramTapbIiHbIH Ka-
npipakTap caubl 3n — 2-re TeH. 11 men Th TybipJi aramrrapblHBIH aBTOMOP-
dusmaep TOOBI ColiKeciHIe

F(Tl) = Sn X Sn—l X Sn_l, F(Tg) = SQ[Sn] X Sn_g

Typinje abiKTanaabl . Mysagarel G[H] nerenivis G men H TonTapblHbIH 6p-
Mex kebeiirinici (wreath product). Ouga Mt kenicririnin S3,_o — Momy/bre
KIKTeyl TOMeH/Ieriieil ecenreinei

A3 s, , (57 @ 50D @ 5inY)

Arun

M = @ K)\(n,nfl,nfl)SA'
AF3n—2

An M™2 genicririnin S3n—9-MOJIyJIbIe 2KIKTeJIyl TeMeH IeriTeil ecenretinei

S3n— n n n—
Indgigh,s, (8™ @5 @ s02).

[7] xymbICTA

Indngsn] (8™ @ sy = §n) gy §n=22) g gn=44) g

mTH3M GOopMyIackl mosenaeHred. CoHIbIKTaH

M™ = @ (Cf\n—Z)(Qn) + C?n—Q)(Qn—Q,Q) + Cf\n—Z)(Qn—4,4) +.. )S)\
AF3n—2

Jewmexk,
Fy=M" oM™
n

= @ (Kx(nn—1,n—1) + c?n—Z)(Zn) + Ci\n—2)(2n—2,2) + c?n—Z)(Zn—4,4) +...)8M
AF3n—2
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d) F2 Bexropubk Kenicriri

1y0ipJii aramrapeiven TybiagaTbiran. Mysaga 17, T xone T3 aramrrapblHbIH
KambIipakTap canbl 4n — 3 Gosmaget. 11, Th xome T3 TyOipsi aramrapbiHBIH
aBToMOpduU3MIEp TOOBI ColiKeciHIIe

F(Tl) = Sn X Sn,1 X Sn,1 X Snfl, F(Tz) = Sn X Sn X Snfl X Sn,Q,
P(TQ) = SQ[Sn] X Sp—1 X Sp—2

Typimme anbikTasaael. Omma M v gewnicririnin S4n—3-MOIYJIbIE XKIKTEIyl Te-
MeHJIeriieil ecerrresine i

Indg" 2 s s (S @80D g gl g gty
Aran
M = @ Kxnn—1n—1,0-1)5"
AFdn—3
00JTaTHI.

M™2 kenicririnin S4n—3-MOJIyJIbTe JKIKTeJIyl TeMeH Ieriieil ecenrerine

Indg" 2 o s (8™ ®8M@snh g gh-2)
Arum
MT2 = @ K/\(n,n,n—l,n—Q)S)\
A-dn—3
60J1a 5.

A M3 kenicririnin S4n—3-MOJIyJIbTE XKIKTEIyl TOMEHIeri el ecenrerine i

Sin n n n—1 n—2
Indsg[ss’]xsnilxsn72(5( ) ® S( ) ® S( ) ® S( ))

Bisre

Indgzy[lsn](s(n) ® S(n)) _ S(Qn) ® S(2n—2,2) ® S(2n—4,4) @ ...
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30 B.K. 2KAXAEB

mwTH3M (HPOPMYJIACHL KOHE

Ind%:—?) (S(nfl) ®S(n72)) — S(2n73) @S(anll,l) @S(2n75,2) ®- - '@S(nfl,nf2)

—1 ><Sn72

dopmyacer 6erii.

CoHgpIKTaH
T b A by
M = EB (C(2n—3)(2n) + Can-3)2n—22) T C2n-3)(2n—a,0) T - -+
A-dn—3
A A by
tCon—a1)2n) T C2n—4,1)(2n-2,2) T C2n—4,1)(2n—4,4) T -+~

+ _ + _
+CZ\2n—5,2)(2n) + 0?271—5,2)(271—2,2) + CE\2n—5,2)(2n—4,4) +.
-+ Cf\n—l,n—z)(Qn) + Cf\n—1,n—2)(2n—2,2) + Cf\n—l,n—Q)(zn—4,4) +...)8% =

n—2
= (Z Z C?Zn—3—i,i)(2n—2j,2j))S)\'

i=0 §=0
Hewmex,
Fp=MloM? oM™ =
n—2
= (Kk(n,n—l,n—l,n—l) + K)\(n,n,n—l,n—Q) + Z Z C?2n—3—i,z')(2n—2j72j))SA' O
i=0 j=0

I'padrapapin aBToMopdu3MIep TOOBI MEH TONTAPILIH OpMeK KoOeATiHici
(wreath product) Typansr momimerrepai [8],[9] KymbicTapbIHAH TOJIBIFBIPAK,
Kepyre 60J1aIbl.

Mbgrcaspr: Aiitanbik n = 3, k = 2 6oscbin. Onma F32 KEHICTIri

T —y/ JKaHe N

TyGipJ/Il araimTapbiMeH TYbIHIATHLIAIbI. Jlemexk,
F2=MD oM™,

MYHIarbI

M = @K/\(S,QQ)S)\ =
AFT
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S(7) D 23(6,1) D 35(5,2) @ S(5,1,1) D 25(4,3) D 25(4,2,1) D 5(3,3,1) D 5(3,2,2)’

M™ = Py + Q)" =
A7

— 5(7) @ 5(671) EB 5(572) @ S(473) @ 5(47271)_
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Kaxaes B.K. I[IPEJCTABJIEHUA T'PVIIIIBL S,, HA HEKOTOPBIX
JEPEBbSX B CBOBOJHOI KOMMYTATUBHON n-AJITEBPE

B pabore cBobomHasg KOMMYTATHUBHAS M-apHad ajaredpa paccMaTpUBAET-
csT KakK Sp-Mojy/1b. BasucHbie 37eMeHThl ¢CBOOOIHOW KOMMYTATUBHOMN N-apHOit
aJIredphl MOPOKTAIOTCS HOH-TLJIAHAPHBIMU N-apHBIMU JepeBbsiMu. [1ogHOCTBIO
OTMCHIBAIOTCST Sp-MOJIY/IbHBIE PABIOKEHUSI HEKOTOPBIX N-apPHBIX JEPEBHER B
CBODOTHON KOMMYTATUBHO n-ajrebpe.

Zhakhayev B.K. REPRESENTATIONS OF S,, ON SOME TREES IN
FREE COMMUTATIVE n-ALGEBRA

In this work free commutative n-ary algebra is considered as S,-module.
Basic elements of free commutative n-ary algebra are generated by non-planar
n-ary trees. Sy,-module decompositions of some n-ary trees in free commutative
n-algebra are fully described.
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paccMaTpuBaeMoe Kak spo MOPGU3Ma TPYIIOBBIX CXeM, 0003HATALTCS depe3
G1. dnpa mopduzma @pobernyca maa B, U u T cooTBeTCTBEHHO 0003HAYTA~
forcst uepes By, Uy u Th. UzBecrHo, 9T0 Teopust npejcrapienuns G u Teopus
npescTaBiaenns aareOps! JIu g rpynnsl G 9KBUBAJIEHTHEI.

O6o3naunm uepes ® cucremy kopueit rpynust G orHocurensro (G,T).
MHO>KECTBO TOJIOKUTETLHBIX U OTPUIATETbHBIX KOPHEN COOTBETCTBEHHO 0003~
HaunM gepes T u &~ w nmycTs A — MHOXKECTBO IPOCTBIX KopHeit. JIjis cucreMbl
KOpHEe# panra ! mycTb a,- -+, — IPOCTBIE KOPHU U A1, - -+ , A\j — PYHIAMEH-
TasbHble Beca. ODO3HAYNM TEJIOUMCIEHHYIO PEIIETKY BECOB, MOPOXKICHHYIO
dyumamentanbabivu Becamu, depe3 X (1) (ajjuTuBHas Tpymna XapakTepoB
makcumanbaoro topa 1) n nycrs X4 (7)) — MHOXKECTBO JIOMMHAHTHBIX BECOB,
X1(T) — MHOXKECTBO OrpaHWYEHHBIX BECOB.

CrasrsipHO€e TTPOM3BEIEHNE HA €BKINI0BOM mpocTpancTse [, mopox gernoe
cucremoii kopueit ¢, o6osuavaercs uepes (, ). Ipoiicreennbiv K a € $ KopHem
apiisiercst oY = <23>.

[Mycts (vg — MAKCUMATBHBIN KOPEHb U (Y9 — MaKCAMAJIBHBIN KOPOTKUH KO-
penb. Jleiicteue rpynner Beitng W ocuncremsr @ ma rpynmy xapakrepos X (7))
ompejieNigeTcs 1o MpaBuiIy Sq(A) = A — (A, aV)a, tae s, € W, a € ®. Ecrm
0003HAYUTH TIOJIYCYyMMY MOJIO2KUTE/IHbHBIX KOPHE Yepe3 p, TO Apyroe jeiicTBue
rpynmnbl Beiiis, 9acTo mcno/ib3yeMoe B TEOPUM IPEJCTABICHU, 3a/a€TCs 110
dbopmyme w- A =w(A+ p) — p, te w € W, A € X(T).

Addunnag rpynna Beitna W), nopoxraerca Bcemu adbUHEBIMI OTpazKe-
HUSMHI Sq np, TJ€ @ € &, n € Z. B gambHeiimeM MBI OyIeM II0Ib30BATHCS
neiicrsuem W), na X (T'), onpenensembim hopMysoii

Sanp * A=A— <)\ + p, OZV>OA + npa.

Hna moboro A € X(T) cymecrByer ommomepHblii B-momynb ky n
untytmposanubiit G-mouyas HO(X) = Ind(ky); H(\) # 0 rorma u momKo
rorypa, korga A € X4 (7). Ilyers V(A) — momyns Beiing max G co crapmmm
Becom A, Torma HO(N) & V(—woA)*, T.e. nnmymmposanssrii Moxyms HO(N) as-
nstercs G-Moyiem, 1BOHCTBeHHBIM MO TI0 Beiist co crapmmm Becom —wg(A).
IIpu srom mpoctoit G-moxyms L(A) 6yaer mpoctsiv moxoszem HC () mmu mpo-
crbiM bakTop-mogysiem V(A) no makcumanabHOMY mogmMoydo [1, m. 5.7].

IMycrs V' — pammonanwvubiit G-moaysns. O6o3nadum vepes 748 Kpy4eHue
®pobennyca V cremenu . Bosiee Toro, cymecTByer eIMHCTBEHHBIH 7 > 1 TaKoii,
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aro V) ecrn G-monynb, #Ha KoTopoM (1 JefiCTByeT HEeTPUBUAILHO.

Ecim Bec v jeXXuT B 3aMBIKAHUN HUXKHETO (DYHIAMEHTAIHLHOTO AJbKOBA
acddunnoit rpynnsr Beitig, To s Hero OyieM HCHIOJB30BATH 3aIUCh U€PE3
dyHIaMeHTAJIBHBIE Beca: ¥ = MiA] + Male, Tae A1, Ao — PyHIaMEHTAJIBHBIE
Beca m my,mg € ZZ.

B ocHoBHOM, wuCCeI0BaHUS KOTOMOJIOTHN TMPOCTBIX MOJIYJeH MTPOCTHIX
O/THOCBSI3HBIX aJIredpanmdecKkux rpymnn u ux aaredbp JIu B moI0KuTeIbHON Xa-
PaKTEPUCTUKE MPOBOJIWINCH B CJIEIYIOIIEH MOCIe/I0BATETHHOCTH:

1) Bbruncsienne H™(u, k);

2) Boruuciaenune H™(By, ky);
3) soranciaenne H™(G1, H'(\));
4) Beraucaenne H" (g, HO(N));
5) omucamue cTpykrypsr HO(\);
6) seruncienue H™ (G, L(\));

7) serunciaenne H™(g, L(A)).

1.2. Hag mostem xapakrepuctuku Hyab H™(u, k) 6611 Berancten B, Kocran-
tom B [2]. B nosioxkurenbhoit xapakrepucruke, eciu p > h, riae h = (p,ay) +1
— gncyo Kokcrepa, u3 pesysabpraros pabor 9. M. @pumrangepa u b. Ix. TTap-
masst [3], I1. Tloo u Txx. Tunoyuna [4] ciaexyer, uro dpopmasibHbIe XapakTe-
PBI 9THX KOTOMOJIOTHYIECKUX TPYII COBIAIAIOT C (DOPMATHHBIMEU XaPAKTEPaA-
MU COOTBETCTBYIONIUX T'PYII XapAKTEPUCTUKN HYJIb. B MAJbIX XapaKTepPUCTH-
KaX M3BECTHBI TOJIHKO CTPYKTYPhI MaJIbIX KOIOMOJIOTMYECKnUX rpyin [ l(u, k)
u H?(u, k). H'(u, k) nommoctsio soraucaens: E. K. Slanerom B [5]. na mecrre-
MUATBHBIX XapaKTEPUCTUK T0JsT H 2 (u, k) ObLI OnMCAH B JMCCEPTALME ABTOPA
|6] m momonmens B paborax K. II. Bemnnena, /1. K. Hakano u K. Ilumrena |7]
(p > 2), K. B. Paiita [8] (p = 2).

Jlist GO/IbIINX XaPaKTEPUCTHUK 110Jsl, KOrja P > h, HaYa/bHblE TPU Talla
peam30BaHbI MTOJTHOCTHIO B N3BeCTHRIX paborax X. X. Ammepcena n E. K. du-
nena [9], 9. ®pugangepa n B. Mapmasnia [10], C. Kymapa, H. Jlaypunena
u /Ix. Tomcena [11]. B Mapix XapakTepuCTUKAX I0JI BBIYUC/ICHUS TPOBO/IH-
smck giad n = 1, 2. Koromosiornyueckue rpyiiibt

H'(u,k), H'(B1,ky), H'(G1,H'(\)) = H' (g, H()))

serancaenst B, K. fnmenom B 5] 17151 BCex MOIOKNTENBHBIX XaPAKTEPUCTHK.
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BTOpre prl‘[l‘[bl KOromMoJiorum
H?(u, k), H*(By,ky), H*(Gy, H°()\))

Berancsensl B qucceprarmn 111. IT1. 6paesa [6] (mecmerpraabHble TOJIOKATETb-
uwie xapakrepuctuku) u B paborax K. I1. Bengena, /1. K. Hakano n K. TTun-
nena [7] (p > 2), K. B. Paiita [8] (p = 2).

B obmem ciyuae, crpykrypa koromosiorun H™(g, HY(\)) mamno nsydensr.
Kax yxe ormedanoch Boimte, Koromonormit H(g, H°()\)) Beramciens! mosHo-
croio E. K. fIuuenom B [5]. Ipyrue pesyiabrarsl CBsi3aHbl ¢ KOHKPETHBIMU MO-
JLYJISIMTL.

Hambosiee 1mpocTeiM sBjsiercs ciaydaii, korya HO(A) sisisierca nenpuso-
auMbIM G-MosysieM. XOpoIIo W3BeCTHO, 9To orpanmaenusiii G-momyms HO(N)
HELPUBOJIUM, €CJIM A JIEXKUT BHYTPU HUKHEr0 (PyHJAAMEHTAIbHOIO aJIbKOBA.
Torga xoromomornst H™(g, HY(\)) merpusmaibia TOIBKO B CIEIYIONNX CITy-

YAgX:
e A=p-2) A\ ud=A4;,p>2;
e \=0.

[Tepsroiit ciry4gait COOTBETCTBYET KJIACCHIECKON MPOCTON TPEXMEPHOit aared-
pe Jlu sly(k) u ee koromonorun ¢ kospdummentamu 8 HO((p—2)\1) s H°(0)
u nosiHoctbio onucan A. C. xymaguiabiaessiv npu p > 3 [12].

[Iycts A = 0. IlepBas rpyrmma KOroMoJiOruii TPUBUAJIHLHOTO OJJHOMEDPHOTO
Mozysist ospobo pacemorpena B [5]. Koromosorns H?(g, k) sxsusasientna
MPOCTPAHCTBY KJIACCOB SKBUBAJEHTHBIX MEHTPAJBHBIX PACITUPEHUi aarebps!
Jlu g. Dru Koromosoruu Beraucsensl Bau jep Kastenom [13] u . 1. W6pa-
eBbIM [14].

Crayuait A = g Tak)Ke MPEICTBANIAET 0COOBI MHTEPEC B CBSI3U C CTPYKTYP-
HBIMHW BOITPOCaMM 1 BOTITPOCaMM K.}'Ia,CCI/I(bI/IKa,L[I/H/I KOHEIHOMEPHBIX MOAY/IAPHBIX
anre6p JIu. [leiicTBuTenbHO, HeTpyAHO 3aMeTuTh, ato HY(\) mzomopden xo-
MIPUCOEIMHEHHOMY MOJYJII0 g*. A Tak»Ke m3BeCTHO, 9TO g = ¢, ecau g — mMpo-
crag amrebpa Jln. Torma xoromomormn H' (g, H(ap)) m H?(g, H’(ap)) coot-
BETCTBEHHO MOTYT ObITh HHTEPIPETUPOBAHBI KAK ITPOCTPAHCTBA BHEITHUX Aud-
depennupoBanuil u JIOKAJbHBIX Jedopmariuii aaredpet JIu g. Ouu u3yvanuco
B paborax P. Buoka [15], B. FO. Beiicdesiepa n B. I'. Kaua [16], A. H. Pyja-
koBa [17], A. C. Ixymamunsmaesa [18], C. A. Kupunnosa, M. U. Ky3snenosa
u H. I'. Hebouko [19, 20, 21] u HII. II. Ub6paesa [22|. CornacHo pe3sysbra-
Tam 3Tux paboT s MPOoCToit Kaaccuveckoit anrebpn JIn g (dakropanrebpo
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JIn uckmouarorcst) koromostorun H (g, H(ag)) n H?(g, H(ay)) Tpusuabb
kpome caydas, korma H2(g, H(ap))™Y = HO(\) mns xnaccmaeckoii amre6-
pot JIu tuma Bo maj ajredpanmdecku 3aMKHYTHIM II0JIEM XaPAKTEPUCTUKU 3.
3amerum, uTo npoctas dpakropairedpa JIu Kaaccuueckoit Moy IAPHOI aareo-
pot JIu mo nentpy coorsercrByer npocromy momynio L(ag) wag G u Gyumer
paccMOTpeHa HUXKE B CBA3M C KOI'OMOJIOTUSIMU ITPOCTBIX MO/LYyJIEH.

O cTPYKTYPE Mojavist HY(A). Ilycrs V(M) — moxyan Beitng max G co
crapumy Becom A, tora HO(A) =2 V(—wg(A))*
ayms HY(\) asnsercs G-momysem, ABOHCTBEHHBIM MOymio Beitnsa co crap-
M Becom —wp(A). Coruacuo [23, acrs 11, 1. 4.14] koromosiorun oHOCBsI3-
HBIX [IPOCTBIX asre0pamdecKux rpymnn u ux anredp Jlu mazg anrebpanmdecku 3a-

, T.e. MHIYIUPOBAHHBIN MO-

MKHYTBIM [IOJIEM HOJIO2KUTETbHON XapaAKTEPUCTUKE ¢ KOIMDPUIIMEHTAMEU B [IPO-
CTBIX KOHEYHOMEPHBIX MOIYJISIX 3aBUCAT OT CTPYKTYp Mozayis Beitas. Kiac-
cudukanmsg KOHETHOMEPHBIX TPOCTHIX Momayselt Obuta nmomydera K. [llesase
[24] (cm. Taxxke [23, wacrs 1T, n. 2.7]). Kaxapiit npocToii Mopyib 0HO3HAYHO
(¢ TouHOCTBIO 710 M30MOpPGU3MA) OMPEIEIIeTCs CBOUM CTapiIM BecoM. Ero
MOKHO OTIHCATh KakK (hakTOp-Momysib Mo Ty/ast Beitas cooTBeTcTByIommero crap-
IIIEr0 Beca 10 MaKCUMAaJIbHOMY TOAMO Ty 0. B obIrem ciiydae xapakTepbl Ipoc-
TBIX MOJLYJI€H U3BECTHBI JIJI JOCTATOYHO OOJIBINUX XapaKTEePUCTUK ToJIst. JLjist
OIPOGHOr0 O3HAKOMJIEHUST MOXKHO m3ydnTh paborsr k. Jlocrura [25, 26],
X. Angiepcena, E. K. fnnena u B. Bepress [27], M. Kamusapa n T. Tanucaku
[28, 29|, M. Kaxnana u /Ix. JIrocrura |30, 31|, P. Bespykasuukosa, 1. Mup-
kosuya u JI. Pymbiauna [32], II. @ubura [33, 34] u nepasuue konrpupumeps: I
Bunbsmcona x rumorese Jlroctura B 607bmnX XapakTepuCcTUKax. sIBHOE Omn-
CaHUe CTPYKTYPbI Mo Ty Teil Beiiist moryueHo ubo A1 MaabIX aaredpandecKux
rpymi, ub0 i HeKOTOPBIX KJiaccoB mosyJeit Beitns. IIpocTeie Mmomymn masx
S Ly 6b1m onmcanbl A, H. Pynakosbiv u U. P. [lacdapesudenm [35], P. Kapre-
pom u . Kuaitnom [36]. Komnosunmonnsie dbakropsr momysist Bedins mas SLs
u Spy wactuuno Beruuciaensl B, Bpagenom B [37]. g anrebpanteckux rpymm
Sps(p > 0), G2 (p>5)uSLy(p > 3) xapakTepsl 1 CTPYKTYPa MaKCUMATLHBIX
ogMoyaeit Moayneit Beitna, cTrapiime Beca KOTOPBIX CUJIBHO CBIA3AHBI C J0-
MUHAQHTHBIMI BECAMU BHYTPHU HUYKHETO (PYHIAMEHTAJIBHOIO abKoBa adduH-
uoit rpynnsl Beitng, seruucienst E. K. fumnenom coorBercrBenHo B paborax
[38, crp.139-141], [39, crp.294-298] (3amerum, 4TO HPOCTHIE MOJY/IM OIDAHM-
YEHHBIMU CTAPIIMMU BECAMHU HE MCUEPIHIBAIOTCS dTuMu Mojyaamu). Coryaait
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p = 3 auist rpynnbl G onucan T. Cupunrepom B padore [40]. Moysn Beiiis ¢
IPOCTBIMU MAKCUMAIBHBIMHU TIOJIMO/TYJISIME 1oJ1y4eHbl B paborax E. K. duena
[41] n Tx. O’Xssuiopan [42, reopema 1.3]. Komnosunuonubie dhakTopbl MOLy-
neit Beitns wag Spy, co crapmmvu (pyHIaMeHTaIbHBIMA BECAMU BBIYUC/IEHBI B
paborax A. Ilpemera u 1. Cynpynenxo [43], A. M. Ajamosuua [44].

Koromonornu H™(G, L())). IlonHoe omucammne KOTOMOJOTHIA TPOCTBIX
MOJIyJIel TIOJIYy9eHbI JINOO JJIsi MAJIBIX TPYII, JU0O 1 HEKOTOPBIX MAJIBIX MO-
nyneit. Hampumep, BeramcieHsl Koromosioruu mepsoii crenenn SLy (9. Koaiin
[45]), SL3 (C. Wexus [46]), Spy (dx. We [47]), Go, p > 13 (dx. Jny, Tx. He
[48]), SO7 (L. III. 6paes [49]); xoromosnorun Bropoii crenemn SLo u SLs
(d. Crioapr [50], [51]), Spa, p > 7, G2, p > 7 u SO7 (III. I11. Ubpaes [52],
[53], [54]). Koromosorunm mpocTBIX MOmyseil TpeTbeil CTelmeHH ONUCAHBI IS
SLy, p > 3 (II. II. Ubpaes [55]), SLz, p > 3, Spa,p > 5 u Ga,p > 11
(A. C. Ixymamunbaaes, 111, I11. 6paes [66]). [Ipivepsl HeTpuBUaIbHBIX Tpe-
ThUX KOTOMOJIOTHI POCTBIX MOJLyJieit cogepxkarcs B pabore k. O’ Xsjiopan
[42, npemr. 2.1], B KOTOPO# ONMcaHbl KOTOMOJIOTHY TTPOCTHIX MOJLYJIEH, CBS3aH-
HBIE C MOy IAMHU Beiiist ¢ MpOCTBIMI MaKCHMATBHBIMU TOAMOJLYISIME B 00IaCTH
OTPaHNYEHHBIX BECOB.

B obmem ciyuae miaimmme KOroMOJIOruy IPOCTBIX MOy i€l W3BECTHBI MO0
JUI JIOCTATOYHO OOJIBIINX XaPAKTEPUCTUK 110, JUOO [I/isi HEKOTOPBIX KJIAC-
COB TIPOCTBIX MOJIyJIeHl MAaIbIX pazMepHocTeil. POPMY/Ibl BEIUUCIECHUSA PACIITH-
peHus MPOCTHIX MOJYJieli, BK/IF0Yasl TPUBUAJbHBINA OJHOMEDPHbBIH MOJY/b, I0-
ayqensl X. Angepcenom [56], K. Bengenem, 1. Hakano u K. IMTuiienom B
[57, Teopema 2.5| ayst Goabinux xapakrepuctuk p > 3h — 3, rue h — aucio
Koxkcrepa. Koromosoruu mepBoit cTeneHn MpoCcTHIX Moayieit Hag Spa, ¢ GyH-
JaMEHTAJIBHBIMU CTApIIUMu BecaMu Bhiancyenbl B paborax A. C. Knemesa u
k. [lera [58, 59|. IlepBbie KOTOMOJIOrHH IPOCTHIX MOJLY/IEH ¢ MUHUMATbHBIMI
JIOMMHAHTHBIMKA CTapIIMMKU Becamu ObLiv Bbluncienbl . Kiaitnom, B. Ilap-
masiom u JI. CxorTom [60, 61]. B [62] Ko/TeKTHBOM aBTOPOB TOC/IEAHMIT pe-
3yJIbTAT OBLJI PACIIUPEH JJIs BCEX JIOMUHAHTHBIX CTAPIINX BECOB, MEHBIITUX WU
paBHBIX (PUKCUPOBAHHOMY (PYHIAMEHTATLHOMY BECY, 33 UCKJIFOUeHUEM HEKOTO-
PBIX MaJIbIX XapPaKTEPUCTHUK I0JIsl, 3aBUCSIIUX OT TUIIOB CHUCTEM KOpHei. Pas-
BUBAas METOJUKY, TPUMEHEHHYIO B IIPeblayIneil pabore, TeMu Ke aBTOpaMu
ObLIM TIOJIYyYEHbl aHAJIOTUIHBIE PE3YJIBTATHI JIisi BTOPBIX IPYII KOTOMOJIOIUit
[63]. B pabore Ixx. MakHuHua BbIYHCIEHBI BTOPblE KOTOMOJIOTHH MPOCTHIX
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MO/LyJI€fi, PA3MEPHOCTH KOTOPBIX He MPEBBIIIAI0T XapaKTePUCTHKY 1mos [64].

Koromosiorun H"(g, L(\)). 9Tu KOroMoioruu U3BeCTHBI TOJIBKO JIJIsl aJl-
rebp JIu panra 1 u 2, a Takke Jijig HEKOTOPBIX MPOCTHIX MoyJieir. Koromosio-
run g = sla(k) ¢ koadpdpunuenTamMu B IpoCTBIX MOYIAX IPH P > 3 BHIYUACIEHBI
A.C. Ixxymaauibuaessiv [12]. B xapakrepucruke p = 3 KOroMoJI0ruu HeTpu-
BHAJIBHBI TaKzKe j1st mpocTeix Moayiaein L(0) = HO(0) =2 k u L(\) = HO(\y).
Ananorununbie Borauciaenus Koromosoruun g = sl3(k) ¢ kosddbunmenramu B
MPOCTHIX MOAYAAX pu p > 3 Obum npogenanst [I1. I11. M6paesbiv (He omy6-
JITKOBAHO). BTOpBIE KOTOMOJIOTUH TIPOCTHIX MOJIYJI€di /1T KJTACCUIECKUX AIre6p
JIu panra 2 66 Beranciaensl A. C. Jlxkymamguisgaessiv u 1. I, M6paesbim
[65] (c mcupasienusamu B (66, 1.2]).

Koromostoruu H'(g, L(\)) uzsecrnn B ciepyromux ciaydasx (B. K. Snnen
u I1I. III. U6paes):

o b= AQ,Ag, p > 3un=1 [5, 6.10)];

® XapaKTEePUCTKA MO/ He CIETHAIbHA U He JEeJUT WHJIEKCA CBI3aHHOCTH,
A — kpoxorHbiit Bec |5, npe1.4.9(b)],;

o d=A;u e {p\ —ai,p\ — o} [5, npenn.4.10(b)];

e & =Gy up=2|5 npenr.5.3|;

e d =Gy, p=3u =X [5 npeun.5.10];

e d=C),l>1,p=2u =05 npenn.6.2|;

e d=A;, p=2u =X\ [5, upenn.6.4(a)];

e d=A;,1>2p=2ulec {2, N_2} [5, upenu.6.4(b)];

e d=A3, p=2u X=X\ [5, upenn.6.4(c)|;

e d=A nuA=r\,0<r<pl5 npern.6.5;

en=1u\=qp |5, mperr.6.6];

o \=qp [5, npenn.6.7 - 6.9];

o \=55,p -0up>h |14, npenn.3.1|.

IIycrs g — xnaccudaeckas anredpa JIu max aaredbpamdecku 3aMKHYTHIM 10~
neMm k xapakrepuctukn p > 0 n Cy — ee meHTp.

JIEMMA 1. Ilycrs g — npocrasi paxkTopasrebpa Jlu aarebpor Jlu g mo meHTpy
Cy. Torna H"(g,9) = H"(g,9).

JIOKABATEJILCTBO. B mpocTpancTBe § MOKHO BBECTH CTPYKTYPY MOZYJIA HAT,
anrebpamu JIu Cy, g u g :
Cy xg— g, (c,a) — p(c)a, tne p — wenymnenast nneiinas dopma ma Cgy;
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gxg—g, (a1,a2) — la1,a2], a1 €9, a2 € 7;
gxg— g (a,a2) — [ai,a2], a1, G2 € 7.
KOpOTKaH TOYHaA HOC.He’Z[OBaTe.HbHOCTb KO]_[eHH])IX KOMIIJIEKCOB

0= (C7(C4,9),d) = (C*(g,8),d) = (C7(g,9),d) = 0

,Zl;aeT ,Z[.}II/IHHy}O TO‘{HyIO KOFOMO.HOFI/I‘IGCKyIO HOCJIG,ZLOB&TGJII)HOCTI)
-+ — H%Cy,9) — H'(3,9) — H'(9,9) = H(Cg,8) — -

Tak kax H7(Cy,g) = 0 ana scex j > 0 [67, memma 4.2], To u3 TodHO-
CTH TIOCJIeHel JIIMHHON KOrOMOJIOIMYECKO I10CIe10BaTe/IbHOCTH CIeAyeT, 4YTO
H"(g,9) = H"(g,9). Jlemma 1 mokazana.

Cormacno Jlemme 1 Boranciaenne xoromosiornu H™(g,§) npuBogurcs
Kk Beraucaennio H™(g,g). Koromomormn H'(g,§) Bbumciaensl B paborax
J. C. Tlepmsixosa [68] u B [14, npesn.4.2]. Koromonoruu H2(g,§) Boruucie-
ubl B pabore H. I'. Yebouko [21].

2. Koromosnorun H™(u, k)

OcuoBoii Merouku Boraucaenus Koromoyorun H" (G, L(\)) u H"(g, L()\))
sIBJIsIeTCst CTpyKTypa Koromosiorun H™(u, k).

TEOPEMA 1 (3, 4]. Eciin p > h—1, 10 nmeror Mecro ciejyromne n30Mopghu3M
T-momyneii:

H'(wk)= @ -w-o.

weW, l(w)=n
B MasbIx XapaKTepucTUKax pe3yJIbTaThl MOJIydeHbl Ajisa n = 1, 2.

[IPEATTONKEHUE 1 [5, npemr. 2.1|. Hmeror MecTo ciemyroriie H30MOpGH3M
B-moyneii:
H'(Uy, k) = H' (u,k) 2= (u/[u,u])".

[Ipemnoxxenne 1 mokazaHO /I BCeX XapaKTEPUCTHUK ToJsi. Ecim p > 3,
TO BTOPOil m30MOPGU3M XOpOIo m3BeCcTHBIN dakT. IlepBoiii nzomopdusm u
YTBEPXKJAEHUA CJICAYIOIIEro MPEeJIOXKeHUd MOXKHO JIETKO IIOJIyYUTh, HUCIIOJIb-
3yd MepBBbI KBaJ[PAHT CHEKTPAJbHOI mocsenoBaresbuocTu Ppuianiepa—
ITapurasis N
By = 8w @ HI(u, k) = H*(Uy, k).
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[TPENJIOXKEHUE 2 [6, 3, 4|. Ecotn p > 3, T0 HMEIOT MECTO CJIEYIOIHE H30MOD-
¢puzm T'-moymeii:

H?(u, k) = @ —w - 0.

weW, l(w)=2

Takum obpazom, ecaiu p > 3, 1o corsacuo [Ipegnoxennsm 1 u 2 Teopema 1
BepHa u ipu 1 = 1, 2. B xapakTepucTukax p = 2 U p = 3 MOABJSIOTCS J10-
nosiHuTesbHbIe 2-Kouukabl. OHn nosydensl B paborax [6, 7, 8]. Ecau p = 3, 1o
JTOTIOTHUTEJIHHBIE KIACCH HETPUBUAIBHBIX KOIMKJIOB UMEIOTCA B CJIEIYIOTIX
Cydasax:

S =DB,1>3: ap_9+ 20,1+ 3ay;

O =0C,1>3: an_o+3a,_1+ ap;

D =Fy: a1+ 209 + 3as, as + 3as + ay;

® =Gy 3ag + as, 3aq 4 3as, 6 + 3as, 4o + 3as.

B ciydae xapakTepucTuKy p = 2 JOMOJHATEIBHBIE KJIACCHI KOTTUKJIOB MOZK-
HO HaiiTn B paborax |6, reopema 2.1| (HecmenmasbHbIE XapaKTepUCTHKM) |8,
nputoxkerne Al.

3. Koromonorun H"(G, L(X))

Hnst  Berauciaenns  koromosioru#t  L(A)  mcnonb3yercss  crieKTpaiabHas
nocaeoBaTe pHOCTE JInunona-Xoxmmisga-Ceppa OTHOCHTENBHO paCIIHpe-
must rpymn 1 — G = G — G/GY — 1

EY = HY(G/G', HI (G, L(\))) = H™(G, L(\)). (1)
Cornacuo Cammusany [69, m.1, c. 768]
HY (G/G', H(G', L(\)) = HY(G, H (G, L(\)).
CremoBarenbHO,
EY =~ HY(G, H(G', L(\)Y). (2)

IMycrs X1(T') — MHOXKECTBO OrPAHUYEHHBIX JOMUHAHTHBIX BeCOB. Ecmm A €
X (T), To ero moxno npeacrasuts B Buge A = A’ + pu, tme \° € X1(T), pu €
X (T) u o Teopeme Creiinbepra o Tenzoprom nponssegennn L(\) = L(A\) ®
L), Torma HI(GY, L(\)Y = HI(GY, L(A%) @ L)), Tak kak gs
G-mopyneit V- u W umeer mecro nzomopdusm G-mouyseii [69, 1.1, c. 767]

H(GH VoW =g v)ewD,
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TO

HI(GY, L)Y = gI(G L)Y @ L(w).

Hcnonn3ys moiyueHHbiii n30Mopdu3M st Hj(Gl,L(/\))(*l) B dopmyne (2),
TIOJTY \INM

EY ~ HY(G, H(G', L(\*)"Y @ L(y)). (3)

Eciu EXY™ — crabuibHoe 3HavdeHue T0YKM (N, M)  ClHEKTPaJbHOI
nocseoBarenbaocTn (1), To

H"(G,L(\) = € EL. (4)

i+j=n

Meroauka Burancsienus koromoaorun H™ (G, L(\)), ocHoBanuHas Ha Gop-
mynax (3) m (4), Bnepsbie Obuta npumenena . @puanangepom n B. Tlap-
MIAJIIOM I BhIYucsenusa Koromosoruit H™(G, V(l)), rome G — omHOCBA3HAA
mpocTast anredpandeckas TPYIIa HaJ TOJeM TOJ0KUTETHFHON XapaKTEPUCTH-
K, 1 V — KOHEIHOMEPHBIN PAIHOHATBHBIN (G-MOYb, TOMYCKAIONTAH XOPOIITYTO
dunsrpanuro [10].

OmpenmennM caeayromnme MHOKECTBA, MPOCTHIX KOHETHOMEPHBIX (G-MOTy e

M(A°) = {L(N) | Bt (L), L)) # 0, A € X4 (T)}, A € Xu(T);

M; = {L(X° + pp) | B3~ = BTG, HY(GY, L)Y @ L(w) # 0,
NeX\(T), pe X (T)},i=0,1,2;
Ny ={L(\° +pp) | By ™ = B> (G HY(GY L)Y @ L(w)) # 0,
Ne X(T), pe X (T)},i=0,1,2,3.

B caydae oJHOCBSIZHBIX MPOCTBIX AAreOpamvdecKux TPYIIN paHra 2 sBHBIE
omucanuss muoxkects M (u), u® € X1(T), M;,i = 0,1,2; N;, i = 0,1,2,3,
N3BECTHBI.

I[ycte G = SL3s u p > 3. [opsinok dyHIaMEHTAJIBHONW TPYIIIBI CHCTE-
Mbl R pasen |r| = 3. IlosTomy B 06/1aCTH OTpAHMYEHHBIX BECOB CYIIECTBYIOT
|W|/|m| = 2 anbkosa adbdunuoit rpyumnsr Beitns W)y, O6oznaunm ux vepes Cy
u Cy. Torna

Ci={veX(T)|0< v+p,a)<panaseexa € R},

Co = {wo(v) = s5,p - V|v € Ci}.
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IIycte G = Spy u p > 5. B objacru orpaHrveHHBIX BECOB CYIIECTBYIOT 4
anbKoBa adduunoit rpynns! Beiing W,. O6oznaunm ux gepez C1, Ca, C3 1 Cy
[38, c. 139]. Torua

Ci={reX(T)|0<{v+pa’)<parascexa € R},

Co = {wo(v) = sg,p - V|V € C1},

C3 = {w1(v) = 55, pSaz,0 - V|V € C1},

Cy = {w2 (V) = 55, pSaz,05a:,0 - V|V € C1}.

Bynem paccMaTpuBaTh 9JIEMEHTHI ellle JBYX aJbKOBOB, HE BXOIAIIMX B 00-
JIaCTh OTPAHUYEHHBIX BECOB!

Cs = {BO(V) = Sag,pSas,08a0,p " V | Ve Cl}’

Cs = {00(V) = say,pSas,08a1,050p " V|V € C1}.

[ycte G = G2 uw p > 7. B objacTn OrpaHUYeHHBIX BECOB CYIIECTBYIOT
12 anbrosa addunnoit rpynnsr Beitns W,. Crenyst Auneny (38, c. 139-140],
0003HAINM UX gepes 01 - Cg, 011, 013, 015, 016- A.HbKOBbI Cg, 010, 012, 014 He
BXOAAT B 00J1aCTh OI'PAHUYEHHBIX BECOB. PaccMoTpuMm Ciiegyromme 3/ieMeHThI
W,

W0 = S50, W= 550 pSar,00 W2 = Sag pSar,08a2,00 W = Sao pSai,08az,05a1,05
wt = S&g,pSa1,05a2,05a1,05a2,05 w® = S&g,pSa1,08a2,05a1,08a2,05a1,0-

Torma mo ompeieeHUIO

Ci={veX(T)|0<{v+pa’)<pamascexa € RT},

Cito ={wi(v) =w" - v|veCi},i=0,1,2,3;

C’gz{ﬁo()—ww v|v el
Cr={w(v) =w*-v|veC};
08:{50(1/)—211’(0 v veCl
Cy = {UJ5(V V|U S 01}

) =
ng+9—{(5(l/)—ww viveCi},i=1,2,3;
Coiv10 = {7i(v) =wdw'-v|ive Cy},i=0,1,2;
Ci6 = {B1(v) = wrww® - v|v € C1}.
Mg Takke Oyem paCCManI/IBaTb DJIEMEHTBI CJIE/YIONINX JIBYX AJIbKOBOB:

Cir = {13(v) = w'w? -v|v e C1}, Cis = {fao(v) = w’wu® - v|v e Ci}.

3.1. PACIINPEHUSA TIPOCTHLIX MOJVJIEN 1 G. dnsa anrebpandecknx
TDYIII paHTa 2 M3BECTHBI CIEAYIONNE PE3YIbTATEI.

[TPENIOKEHUE 3 [51]. IIycre G — opHOocBsi3HAs npocTasi ajaredpandeckast
rpymma SLs Hajg aareOpandeckn 3aMKHYTHIM MoJIeM k XapaKTEePUCTHKH P > 3,
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A0 € {0, A1, Ao, g}, € X (T), M\, N2 — pynnamvenrasusie Beca. Torma

k, ecmr p € M(\0);
0 B OoCTaNBHBIX CIyIasX,

Batb(LO0), £u) = {

M(0) = {L(wo(0))™, L(wo((p=3)A2)) V@ L(A) Y, Liwo (p=3)M)) W@ L(A) ™, > 0},
M(\) = {L(wo(A1)), Lwo((p—4)A2))®L(A)W, L(wo((p—4)M+X))®L(A9) M }U
UH{L(A) ® LMW L(v) € M(0)},
M(A2) = {L(v)" | L(7v) € M(A)},
M(ag) = {L(wo(A1 + A2)), L{wo(M + (p—5)A2)) ® L(A)W,
L(wo((p = 5)\1 + A2)) @ L(Aa) M} U{L () ® L(v)™V | L(v) € M(0)}.

[IPEAJIOKEHUE 4 [47]. Ilycts G — 0QHOCBsI3HAS HPOCTasl ajrebpamdecKasi
rpymia Spy Ha aaredpandecKku 3aMKHYTHIM M0J1eM k XapaKTepUCTHRKH P > b,
A€ {0, A1, Mo, 0} 1 € X (T), M, A2 — pymaamenraipusie seca. Torma

k, ecmr p € M(\);
1 0 ~ ) )
Eate(LOV), L(w) = { 0 B ocraJbHBIX CJIy4dasix,
e

M (0) = {L(wo(0)"), L(w2(0)) V@L(A2) "V, L{wn ((p—4)A1) VO L(A) ", > 0},

M(M) = {L{wo(M)), L(wa(M)) @ L), Lwn((p = 5)A1)) @ L(A) MU
U{L() @ L)W | L(p) € M(0)},
M(X2) = {L(wo(A2)), L(wa(X2)) @ L(A2) Y, L(wi ((p—6)A1 + X)) @ L(A) P JU
U{L(2) ® L)V | L(p) € M(0)},
M (ap) = {L(wo(a)), L(wa(ao)) @ L(A2), L{wi((p — 6)A1)) @ L(A) MU
U{L(ao) @ L(p)V | L) € M(0)}.
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ITPEANOXKEHUE 5 [48, 53]. ITycrs G — oHOCBsA3HAS HPOCTast aarebpandecKast
rpynna G HaJ anrebpamdecKH 3aMKHYTBIM mo1eM k xapakrepuctuxu p > 7,
A€ {0,A1, Mo} m € X (T), M, Mo — pyrnamenransusie seca. Torma

k, ecmu p € M(X\0);

0 B ocrajsibHBIX CiIy4asix,

Batb (L), L) = {
e

M(0) = {L(wo(0)"), L(63(0)"), L(55(0))") @ L(Aa) "+,
L(ws(0)") @ L)Y, L(61(0)™) @ L)Y, 7 > 0},

M(\) = {L(wo(A1)), L(33(A1)), L(83(A1)) @ L(Aa) ™, Lwa(Ar)) ® LAY,
L(5i(\) @ LMY ULL(M) @ L) | L(g) € M(0)},

M(A9) = {L(wo(h2)), L(83(ha)), L(33(h2)) ® L(Aa) V), Liwa(Xa)) ® L(A)™M,
L(51(M2)) ® L(A) MY U{L(A9) @ L(p) D | L) € M(0)}.

3.2. BTOPBIE KOTOMOJIOI'UU TTPOCTHIX MOJVJIEN JIJid G. DT KOroMo-
JIOTWH TIOJTHOCTBIO OMHUCAHBI Jjid rpynm paura 1 u 2.

TEOPEMA 2 |51]. IIycte G — oxHOCBsI3HAs TpocTas aarebpamdecKkas TPYIIIa
S L3 najp anrebpandeckn 3aMKHY ThIM 110J1eM Kk xapakrepuctuku p > 3 u L(\) —
npocroii G-moynp co crapmmum secom A € X1 (T), \1, A2 — pymaamenranbabie
Beca. Torma

k, ecomm \ € U?:o M;,

0 B ocrajsbHbIX Cirydasix,

(G.ro) = |

e
My = {L(ao)™, L((p — 3)A1) ® L)W, L((p — 3)A1) ® L(M) MY,

My = {L(wo(0)) ® L(1)V | L(p) € M(0)}U
U{L(wo((p — 3)M\1)) ® L(p)M | L(p) € M(A2)}U
U{L(wo((p — 3)A2)) ® L(1)M | (1) € M(M\)},

Mo = {L(1)D | L(p) € My U My, d > 1}.
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TeEOPEMA 3 [52]. IIycrs G — ogHOCBsI3HAs IpocTas ajarebpandeckas IpyIia
Sp4 Hax anrebpamvyecKn 3aMKHYTBIM 1101eM k Xapaktepucturu p > 5 u L(\) —
npocroit G-moynp co craprumm secom A € X (T), A\, A2 — pynaamenranbmbe

Beca. Torma
k, ecam A\ € U?:o M;,

0 B ocrajIbHBIX cJIydadx,

H*(G,L(\)) = {

riae
My = {L(c0), L(wo((p — 1)) ® L)W, L(wi(0)),
A1

L(w1(0) ® L(A2), Liwz((p — M) ® (Al)(l)}
M = {L(wo(0)@L(1) M | L(p) € M(0)}{L(wa(0))®L(1)V | L) € M(A2)}U
U{L(wi((p = HM) @ L)V | L) € M(A1)},
Mo = {L(1)'V | L(p) € My UMy, d > 1}.
TEOPEMA 4 [53|. IIycte G — oxHOCBsI3HAS TIpocTast aarebpandecKkas TPYIIa
G2 Haj anrebpandecku 3aMKHYTHIM 1oJieM k xapakrepuctuku p > 7 u L(A) —

npocroii G-moyb co crapimm Becom A € X4 (T), A1, A2 — pyHgamenTaibabe
Beca. Torna

{ k, ecmn A € Uy M \ {L(51(0))@), d > 0},
H*(G,LN) =< kak, ecmm A e {L(31(0)@, d >0},

0 B ocra/sibHBIX C/Iydasix,

rie
My = {L(X2)M, L(w1(0)), L(ws(0)) ® L(A1)M, L(5(0)) ® L(A1)V, L(52(0)),

L(55(0)) ® L(M)M, L(82(0)) ® L(A2)M, L(B1(0)), L(B1(0)) ® L(A2)™M},

)L()™M | Ln) € M(O)}U{L(W4(0))®L(H)(1) | L(p) € M(A)}U

W L) € M) YU{L(83(0)@L() M | L) € M(0)UM (X))},
Mo = {L()" | L(n) € My U My, d > 1}.

3.3. Koromoyiorun H3(G, L())). D1u KOroMOJIOrHH IIOJIHOCTBIO OMACAHBI
JUIST TIPOCTBIX aarebpandecknx TPy panra 2.

MATEMATUYECKWI KYPHAJ. — 2016. — T. 16, Ne 2



O koromoJsioruu ajredpanvdecKux rpymm u ux ajaredop Jlu ... 47

TEOPEMA 5 [66]. Ilycrs G — ogHOCBsI3HAst npocTasi ajarebpandeckas IpyIia
SLs maj amrebpamdecKkn 3aMKHYTBIM 11oeM k xapaxrtepuctuku p > 3 u L()\)
— npocrori G-mouyib. Torma

k, ecan L(N) € U2 g Ni \ {L(w(0))®) ® L(ag)*tD, s > 0};
H(G,L(\) =< kak, ecmn LX) € {L(wo(0)® @ L(ag)tD, s > 0}

0 B ocTagbHBIX CIAyIaIX.

TEOPEMA 6 [66]. ITycte G — oaHOCBsI3HASI TIpOCTas ajrebpamdecKkas rpyIIa
Spy mam anrebpamyeckn 3aMKHYTHIM 1osieM k xapakrepuctuku p > 5 u L()\)
— npocroit G-moaynn. Torna

k, ecmu L(X\) € U?:o Ni;

0 B ocraJ/ibHBIX CiIydasixX.

H%&Lu»%{

OmpeesimM CIeyIonne MHOKECTBA TPOCThIX (G-MoTy e
Lz = {L(31(0)) ® LX)V, L(61(0)) ® L(M)W, L(53(0))},

Ly = {L(51(0)) ® L)V | L(p) € M(0)},
Ly = {L(wo(0)) ® L(1(0))**?), d > 0}u
U{L(1) ® LAY @ L(81(0) ) | = w4(0),61(0), d > 0}U
U{L(33(0))@L(Ag) V@ L(B1(0)) ), d > 0}U{L(35(0))@L(B1(0))**?, d > 0},
Lo={L(w)® | L(p) € U, Li, s > 1}.

Ucnonsays 5t 0603HAYUEHUsI, MBI MOXKeM Terepb chOpMyJIUupOBATH OCHOB-
HO#I pe3y/ibTaT HACTOSIINEH PaboTh! Jjist rpymnbl Tuna Ga.

TEOPEMA 7 [66]. ITycrb G — oanoCBsi3HAS IpOCTasi ajredpamvecKkas rpya
G4 maj anrebpamdeckn 3aMKHYTHIM 11osieM k xapaxrepucrukn p > 11 m L(\)
— npocroii G-momynn. Torna

k. ecmm L(A) € Uig Ni\ Ui Li;
HYG,L\) 2 ¢ kok, ecmn L) €, Li;

0 B ocTagpHBIX CIydasX.
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4. Koromonorun H"(g, L()))

B kareropnu orpaHnueHHbIX MOJyJIei Teopus mpeacTasaenuii G i Teopust
npejcrasaennii anarebpsl Jlu g sxkBuBasentusl [23, wacts I, m. 9.6]. Caemo-
BATEIHLHO, KOTOMOJIOIMH OTPAHIYEHHOT0 MOay/Is a1t G u coorBercTByromie
OoTrpaHUYeHHbIe KOoroMmoJioruu aaredpsl Jlu g takke skBuBasieHTHBI. OTpaHu-
YeHHbIe KOroMoJioruu aaredp Jln jjis orpannyeHHbIX MOyl OblIn BBEIEHBI
Xoxumapgom B [70]. B sroit xe pabore Obl1a mOCTpOEHA TOUHAS MOCIETO-
BaTEJIbHOCTH, YCTAHABJIMBAIONIAS CBA3b MEXK/ly OUPDAHUYEHHBIMU U OOBIYHBIMU
KoromoJjiorusivu ajredp Jlu. V3ectHo, aro ocobble MOIY/ I (MOLY/IN C HETPU-
BUAJIbHBIME KOIOMOJIOIMSIMU) OrpaHndeHHbIX aarebp Jlu orpanuyens: [12]. ITo-
9TOMY TIOC/IE/IOBATETHHOCTh XOXIIUIbIa TaKyKe YCTAHABIMBAET CBSI3b MEKY
koromostorusamu Gl ¢ KoabdunmenTaMm B OrpaHnaeHHBIX MOJLY/ISAX U COOTBET-
CTBYIOIIMME Koromojtorusivu aarebpsr JIu g rpynner G. st gi060it orpaHu-
ueHHOM ajarebpsl Jlu cymecTByer 1o KpaiiHeil Mepe OQMH MOIY/b C HETPUBU-
aJIbHOI 0BBIYHON BTOPOIT KOromosorueii [71].

TEOPEMA 8 [12]. ITycrs g = Ay (p > 2) u V — HenpuBogumblii §-MOIYJIb.
Torma H?(g,V) = 0, KpoMe CIeIYIONIIX CTyIaeB:

Hl(g7 L((p_Q))\l)) = H2(97 L((p_2))\1)) = L(Al)(l)a Ho(ga k) = H3(ga k) =k.

TEOPEMA 9 [65, 66]. Ilycrb g = As, Ba, G2 (p > h) u V — Heupusojumplii
g-moyap. Torma H?(g,V) = 0, KpoMe ci1eyIommmx cIyIaes:
() 8 = s, H2(5. L((p—3)\)) = LD, H2(g, L((p—3)h2)) = L) V:
(b) g = By, H*(g, L((p — 3)\1 + 2X2)) = L(A\)W & L(0)W),

H?(g, LA+ (p — 4)X2)) = L(X2)W, H2(g, L((p — 2)(\ + A2))) = L(A2) Vs
(c) g = Ga, H?(g, L((p — 6)\1 + A2)) = L(0)D),
H2(g, L((p — 5)M1 + 2)22)) = L)W,

H?(g, L(4M\ + (p — 3)A2)) = LAWY & L)W & L(0)V,
H*(g, L(3\1 + (p — 4)X2)) 2 L(\) W,
H(g, L((p — 2)(A1 + X2))) = L(A)P & L)V & L(0)™.
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CormacHo 3TOH Teopeme B CJaydae HETPUBHAIHHOTO MPOCTOTO OTPAHWYIEH-
HOTO MOJIyJIsl COOTBETCTBYIOIIIE BTOpbIe KoroMosorun G u g coBmaaror.
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bl6wipaes HI.III. OH, CUITATTAMAJATHI AJITEBPAJIBIK TOIITAP
MEH OJIAPIBIH JI1 AJITEBPAJIAPBIHBIH KOI'OMOJIOTUAJTAPBI
TYPAJIBI

On, cunarraMagarsl aJIredpaJibik TonTap MeH oJapiabliH JIu anredpaJiapbl-
HBIH, KOTOMOJIOTHSIIBIK, TEOPUSICHI Ka3ipri aarebpagarbl KAPKLIHIBI 3ePTTEIII
JKaATKAH OaFBITTHIPABIH, 6ipi 6ok canamaabl. KenTered MaHbI3IBI KOHE Kbi-
BBIKTHI HOTHKeJIep aJblHFaH. Makaaamga OH CHIaTTaMajIbl aJaredpasblK, TYHbI-
KTaJIFaH epicTeri »Koif 6ipbaitlaHBICTBI aaredpasibiK TOMTAP MeH oJapabiH JIn
anredpaapblHbIH KapallaibiM MOJY/IbIEPIHIiH KOTrOMOJJIOIAIAPBIHBIH TaMYbl-
HBIH, HET13T1 HOTHXKEJIEPIHE TI0JIY KACAJFAH.

Ibraev Sh.Sh. ON THE COHOMOLOGY OF ALGEBRAIC GROUPS
AND THEIR LIE ALGEBRAS IN POSITIVE CHARACTERISTIC

The cohomology theory of algebraic groups and their Lie algebras in
positive characteristic is one of the intensively studied areas of the modern
algebra. There are a lot of important and interesting results. In this paper
we give a short overview of the main results of the cohomology theory of
simple modules for simple and simply connected algebraic groups and their
Lie algebras over an algebraically closed field of positive characteristic.
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B macrosimux 3amMeTKax Mbl PACCMOTPHUM PsiJi BOIIPOCOB O MAMUJIBTOHOBBIX
asirebpax Jlu Ha TOJIEM XapaKTEPUCTUKHU 2, UMEIOIUX, B 9aCTHOCTH, OTHO-
menre K QUIBTPOBAHHBIM JedOopMalugaM IpaayupoBanubix aaredp Jlu. Un-
Tepec K TakuM ajrebpam oOyC/IOBJI€H psi/IoM HpuyuH. Bo-mepBbiX, HAJI 1O-
JIEM 9YETHON XapPaKTEPUCTUKU CYIIECTBYIOT HEOOBIYHBIE TaMUJIBTOHOBBI AJIred-
PbI — HEAJIbTEPHUPYIOIIKE, COOTBETCTBYIOIIIE CUMMETpUYecKuM juddepeniiu-
asibHbIM (popmam. Cepust rpajlyupoBaHHbiX ajaredp Jlu takoro tuna 6sLia mo-
crpoena B pabore [5]. Bo-Bropsix, nocrpoenne dbuiabrposaHbix gedopmanmii
TPaJyupOBAaHHBIX aaredp Jlu u ux peanmsaiuil sBJsIETCS COCTABHON YaCTHIO
po0IeMbl KJIaCcCU(UKAIINYT TTPOCTHIX MOAyAdpHbIX aarebp Jlu. Kpowme Toro,
TaMUJIBTOHOBBI aareOpnl Jlu aBSIOTCS OHOM M3 YHUBEPCAJIbHBIX MaTEeMaTH-
YECKUX CTPYKTYP, UMEIOIIEl BayKHOE 3HAUYEHUE B MATEMATHKE. Y IUBUTETHHBIM
o0pazoM OHU HAXOJAT MIPUMEHEHHUE JIaxKe B JAJEeKUX, HA MMePBbIil B3IJIA, 0bJIa-
crsax. Tak, nocie pabor A. IlTanesa u E.M. Benbmanosa (6], [7], nocssimennbix
TUIIOTE3aM O KOKJIACCaX, TaMUIBTOHOBBI ajiredbpbl JIu crajum urparbh BayKHYIO
pPOJIb B TEOpUM KOHEYHBIX P-UPYII U HPO-p-Upyii. PaszBurne TeXHUKHU, CBsi-
3aHHOi ¢ ajrebpamu Jlu, TpUBEO K BOBHUKHOBEHUIO HOBOT'O HAIIPABJIEHUs B
TeOpUHN IpajyupOBaHHBIX aare6p JIu ma moagvu xapakrepuctuxu p ([8]-]9]).
Ocobwiit mHTEpEC B 9TOW 00ACTH TPEJCTABISIOT MPOCTHIE MOIYJISIPHBIE AJI-
rebpor Jlu, momyckarorue HeBbIpoXkIeHHOe nuddepenimpopanne. C yueTom
k1accuuKanmm mPOCTHIX MOYIAPHBIX anrebp JIu xapakrepucruku p > 3 (P.
Baok, P. Buncon, I'. Illtpazge, A. Ilpemer u np.) Bce mpocteie anreOpsr Jlu
XapPaKTEPUCTUKA P > 3, WMEIOINe HEBBIPOXKIAEHHBIE arudhepeHnnpoBanns, K
HacTogmeMy Bpems u3BecTHBI (cM. [10]-[12]), Takxe Kak u cpexn anrebp Tex
’Ke THUTOB B CJIyYae XapaKTEePUCTUK 2 U 3.

Heasiprepuupytorme raMuaibTOHOBBI airedpol JIu HHTEHCUBHO HMCCJIE€10Ba-
mack mkosoit 1. Jlefireca (S. Bouarrouj, U. Yier, M. Messaoudene, IT. T'pos-
man, A. JleGenes, 1. Ilenouknna) B HAPABIEHUH PACIIPOCTPAHEHUS UJEH U
MeToI0B Teopuu cynepauredp JIu ma ciaywait anredp Jlu gernoit xapaxkrepu-
CTUKU. BBIT TOCTPOEH KOMILIEKC CUMMeTPpUIecKux uddepeHImaibHbXx (hopm
B DPA3/IeJIEHHBIX CTEMEHsIX, ITO MPUBEI0 K 60Jiee eCTECTBEHHOMY OTPeIeTeHITO
rPaIyupOBAHHBIX HEAJTHTEPHUPYIONUX TAMUILTOHOBBIX ajaredbp Jlu, mposemen
aHaJIN3 HeaJbTEePHUPYIONINX aaredp ¢ TOYKHU 3peHust npojosrkennii Kaprana,
pPacCMOTpeHbl HeKOTOpBIe anrebpsl Bommaenko (cum. [13]-[15]).

B macrosmux 3aMeTkax maercss 00IIee reoMeTPUIecKOe, T.e. HE3aBUCSIIIEe
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OT KOOPJWHAT WU, WHAYE, OT KOHKPETHBIX 00PA3yIOMmX aaredpbl pas3jiesieH-
HBIX CTeleHell, olpe/ie/ieHne KOMILIEKCA Pa3/e/IeHHbIX CTeleHeil cuMMeTpuye-
ckux guddepennnanbabix ¢opm. EcrecTBeHHOCTD pa3ieeHHbIX, a HE 00bIU-
HBIX cTerneHed g quddepeHnuaababiX GopM 00bICHIETCH HATUINEM CTPYK-
Typbl asnrebpor Xonda Ha cuMmmerpudeckoii aarebpe csoboguoro A-mopyna W
CHeuabHbIX AuddepeHnnpoBaHuil CXOTHON ajiredpbl pas3/ie/IeHHbIX CTelle-
neit A = A(n : m). Mbl BbluucasgeM KOrOMOJOIMM KOMILIEKCA CUMMETPUYe-
cknx guddepennnaabasix dopm. Jlamee maercst ompenenernie oOIMIMX Heah-
TEePHUPYIONINX TaAMUJIBTOHOBBIX (DOPM ¥ COOTBETCTBYIOIUX ajrep Jlu. Umes
TeOMETPHU3AINY HEKJIACCUIECKUX TTPOCTHIX MOIYJIAPHBIX aaredbp Jlu paszpabda-
THIBAJIACH MEPBBIM ABTOPOM C KOHIA 80-X T0/0B, HAUMHAA C PACCMOTPEHUS
areOpbl pa3/Ie/IeHHBIX CTEeHeN KaK eCTeCTBEHHOIW CTPYKTYPbI, CBIBAHHONI C
pacrpe/ie/IeHusIMU HaJ[ aaredpoii Cpe3aHHbIX MHOrOWIeHOB |16]. Bosbimoe Biwm-
sTHUe 371ech okasaJa pabora B.I'. Karma o duabrpoBanabix anredpax JIu xap-
TaHOBCKOro Tumna [17|, B KOTOpoii 6bLI0 MOKa3aHO, 9TO BCe (DUIBTPOBAHHBIE
nedopmaruu aaredp Jlu KapraHOBCKOrO THIIA, COOTBETCTBYIOIIMX CTAHIAPT-
HbIM JuddepennuaababiM hopMaM, ABJIAIOTCH aaredpaMu, COOTBETCTBY O~
Mu Gosiee obmmM opmam Toro ke Buma. g ramMuabToHOBBIX asrebp Jlm
FeOMeTpI/IquKI/Iﬁ TTOAXO0A TTO3BOJINJI BBIJECJINTH MHBAPUAHTHBIEC XapPaKTEPUCTH-
KU TaMUJIBTOHOBOI (DOPMBI C TOJUHOMHUAIBHBIMEU KOI(DMDUITHEHTAMY, OIpe/Ie-
JISTOIINE KJIACC n30MOpPU3Ma, ODIIMX TaMUJIBTOHOBBIX ajredbp JIu, — 3HaveHme
dopwmbl B HYJTe U ee Koromostorudeckuii kiaace [18]. TlosHocThio 3amauy Kraccu-
dukannu ramuibrorosbix dopm penma C.M. Ckpsibun (cm. [19] pas caygas
HOJIMHOMUAJBHBIX (hOpM). 37€Ch Mbl yCTAHABIUBAEM MPOCTOTY OOIINX HEAJb-
reprupytonwmx aaredp Ju P(n : m,w) B crabunbaoMm ciayuae m # 1.

[Tocneausist 9acTh 3aMETOK MTOCBSIIEHA TOCTPOCHUIO HEBBIPOXK JEHHBIX JTHd-
depeHInpoBaHIil HEAJTBTEPHUPYIOIINX TAaMUJIBTOHOBKIX aJrebp JIn. 3mech mpu-
BOJUTCS OOIIAasl KOHCTPYKIINS, OCHOBAHHAS HA ONUCAHUY MAKCHMAJILHEIX TOPOB
anre6pel W [20]. Paznoxkenne neansreprupyioreii aare6ps! JIn Ha KOpHeBbIe
IPOCTPAHCTBA OTHOCUTEILHO HEBBIPOXKIEHHOIrO IuM@EpeHIIupOBAHNAS YKA3LI-
BaeT Ha CBs3b HeaJbTepHupyomux aaredp ¢ aarebpamu Bioka [21]. TToxpo6-
HOe WCCJIe/IoBanune o0IuX Hea bTepHupyomux ajaredp Jlu 6yaer uzmoxeHo B
IOCJIETYIOIIUX PADOTAX.

Bcerogy B pasbneitiem ocuoBaoe moJie F' npemmosiaraercs ajiredpandecku
3aMKHYTHIM XapaKTEPUCTUKN p = 2.
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2. CUMMETPUYECKUE JANOPEPEHIIMAJIBHBIE ®@OPMBbI

Hazx mostem xapakTepucTukn 2 KOMILIEKC CUMMETPUIECKUX AuddepeHIin-
ambHBIX Gopm moctpoern B [13], [15]. 3mech MBI WCIONB3YeM 3EMEHTAPHYIO
Texauky ayaredp Xormda st 000CHOBaHUSA CTPYKTYPbhI aaredpbl pa3 e/ IeHHbIX
creneneii. [Iycte W = W(n : m) — anrebpa Jlu cnemmanbubix auddepenmnn-
posanwuii anrebpol pasjenennbix creneneit A = A(n : m). O6o3naunm vepes
S(W) = 8% 4 81 4 82 4 ... cummerprecKyio aarebpy cBoGOIHOTO A-MOTyIIs
W' co cranpapraoii rpagayuposkoii. Ha S(W) umeercs crpykrypa anreGpbt
Xonda wax A ¢ xkoymuoxkennem 0(D) = D ® 1 4+ 1 ® D, anTunonaabHbIM
orobpaxkenunem S(D) = —D u koexunnneit €(D) = 0, D € W. IIpocTpancTso
Qs, apoiicreennoe k S(W) m cocrosmee n3 muHeHHbIX (DYHKIIMOHAIOB, HEMPe-
PBIBHBIX OTHOCHTENHHO M- UIEeCKON TOMOJOTHH, T M — SIPO €, ABIAETCS
KOMMYTATHBHOI anrebpoii pasgenenubix crerneneii. Hanpumep, ans 6aszmuca A-
Moyt W, cOCTOSINEro m3 YacTHBIX MPOM3BOIHBIX 01, . . ., Oy, TOJydaeM Ha-
suc 0% = 07! - - - 0% cummerpuyueckoii anre6psr S(W) u jgpoitcreennbrii 6asuc

dz®) = dxgﬁl) e dg:,(l n) anrebpor (g,

PROPRE N (0‘ + 5) 10 +B)
(0%

Jna f € A nomaraem (fdz;)®) = fkdwl(-k) U PaCIpOCTpaHsSeM OIEepaInn
BO3BEJEHUsI B Pa3/le/IeHHbIE CTEIEHW Ha [IPOU3BOJibHbIE 1-POpPMBI TAK, 9TO-
GBI BBIIOTHSIOCH COOTHOMmeHMe (wy + wo)®) = Z];:o w%s)wgk_s). OueBu/iHO,
O = S + S* 4 82 1 .| — rpagymposanmas anrebpa, S%* = Ae, € — equ-
auna B (s 1 B JanbHeiimem obosradaerca gepes 1. Io onpenenenuio cnmmer-
puyeckomy k-smueitnomy mag A orobpaxenuio ¥ u3z W B A coorrercrByer
eamHCTBeHHOE A-sHHeiinoe oTobpazkerne ¢ € S**. Takum obpaszom, S** mozx-
HO paccMaTpmBaTh Kak A-MOJy b CMMMeTpMYecKnx k-nonunuaeidnbix Hag A
orobpazkennit m3 W B A. Hamomuum, 9T0 ymMHOXKEHHE B (25 CONPAKEHO KO-

ymuoxennio 8 S(W), B wacruoctn, s 1-bopm wi, wo € ST
wiwz(D1, D2) = w1®@wa(6(D1D2)) = w1@we((D1®@14+1®D1)(De®@1+1®Ds)) =

=w Q@wa(D1D2®1+ Dy ® Dy+ Dy ®@ Dy +1® D1D3) =
= CUl(Dl)OJQ(DQ) + w1 (DQ)OJQ(Dl).
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Ipu p = 2 nonyuaem w? = 0. dus 1-popmer w, Di,...,D, € W, MoxHO
Dy) = w(Dy)...w(Dy).
Agrebpa Jlu W /:LeHCTByeT crangaprabiv o0pazom na S(W) u ma aBoii-
ctBenrnoM Mogmyite (2s. Ilpu p = 2 ompenenen Bremauit nuddepentmarn d, Ko-
TOpBIH aBagerca auddepennupoBanneM anredpnr (2g:

nokazarb, aro wF (D, ...

df(D) = D(f), D e W, d(w®) = w* Yy, d? =

HaJ mosieM XapakKTepUCTHKUA 2 MbI PACCMATPUBAEM KOCOCHMMETPUYECKHe
dopmbr kKak cummerpuveckne dbopmbl takue, uro w(Di,...,Dg) = 0, ecim
D; = Dj; nna nekoropeix i@ # j. Ilosromy kommrexc (€25, d) comepxur B
Ka4eCTBe M0JKOMILIEKCA CTaHapTHblil komiuieke jae Pama (£2, d) naz aareGpoit
pasgenennbix creneneit A. JIns cnvmverpruecknx auddepernmanbabix hopm
TakKe nMeeT Mecto hopmysia romoronnn Kaprana:

Dw = (dw)sD + d(wiD).

TeEOPEMA 1. Ilyctp x;, @ = 1,...,n, — craHgapTHBIE MTEPEMEHHBIE aJre0-
pbl pazpenennsix cremeneii A = A(n : m) maxg nomem F xapakrepuctuku
2 7 = 27D
, Ly = X

¢opm mag A, B(n) — rpajgyupoBannas ajrebpa pasJeJIeHHBIX CTEHeHed HaJ
noaem F or mepemennpix (dxi)@), i=1,...,n, crenenn 2, (2, d) — KomLIeKC
ne Pama mag A.

i) Kouibijo koromosiornii H*(§)s) siBiisiercsi TeH30pHBIM [POU3BEEHUEM DALY~

HPOBaHHBIX aJjrebp

, (Qs, d) — kKommrekc cummverpuueckux auchbepenmmarbabIx

H*(Qs) = B(n) @p H*(),

)
iii) HY(Qs) =< [@idxi), i =1,...,n >,
iv)H?(Qs) =< [(dz;)?)], i = 1,...,n, [Fizjdrdr;], 1 <i<j<n>.

13 crpoenust kommiekca (§s, d) monyuaem i). Temepn Jierko naiitu psij
Ilyankape komriekca {g:

= dimH(Q)t' = (1—-1)"

>0

OoTKyza coaeayer ii). iii)-iv) csaeayior wum3 1) m XOpOWIO W3BECTHOTO OIM-
carmsa koromojiormit  gme Pama wmajg aarebpoit  pasaeseHHBIX  CTemeHeit:
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H¥Q) =< [XpdX;), T = {ir,...,ix} C {1,...,n}, i1 < ... < i >
311ech X[:ﬁl‘izk, dX[:dCL‘Zldl'lk

SAMEYAHUE. Onucanue koromosioruit e Pama Haj aaredpoil pas3/ieseHHbIX
cTereHeil MOXKeT ObITh TOJIYYeHO W3 JieMMbl [lyaHKape u W3BECTHO, O Kpaii-
Heit mepe, ¢ 70-x romoe XX Beka. Hampumep, B KaHINIATCKON JUCCEPTAITNN
4.C. Kppuroka (1978) BeIqmcIeHb KOTOMOJIOTHE IOJKPYIEHHOrO (B YACTHO-
cru, CranjaprHoro) Komiuiekca jge Pama [22, JIemma 1.1]. B kauecrse cebliku
MokHO ykazarh Monorpadwuio X. ITIrpase [23, Proposition 6.4.4], rue pacemar-
PHUBAETCs CIydaii YeTHOrO YHC/Ia ePeMeHHBIX, YTO HEeCYIeCTBEHHO.

3. TAMUJIbLTOHOBBI AJITEBPHI JIu

lamuapTOHOBOI (hopMOIt HAT TIOJIEM XapaKTEepUCTUKU 2 OyaeM Ha3bIBATH
CIMMETPUIECKYI0 3aMKHYTYI0 2-hopMy w HaJ anrebpoil pasmeseHHBIX CTe-
meneit A = A(n @ m), w = Y, wijdr it w; € A Ormermm, 910 MBI
paccMarpuBaeM KocoCHMMeTpudecKue (DOPMbI KaK 9aCTHBIN Caydail cuMmer-
pudeckux (opm. Cummerpudeckasi, HO He KOCOCHMMeTpudeckas dopma Oy-
JleT Ha3bBaThCs Heasbrepuupyomeit. [Iycrs a;; = w;j(0) — cBoGoaHbIil wien
MHOrO4YTeHa wjj, w(0) — cuMmmerpudeckas auddepennuansaas dopma ¢ 10-
crosiuabiMu Kodbdunpmentamu a;5. Cornacuo teopeme 1 iii) 2-bopma w 3a-
MKHYTa TOT/Ia U TOJIbKO TOI/Ia, KOTJIA Wi = Qj; U KOCOCUMMeTpudeckas ¢popma
di<i w;jdaEtei) zankmyTa. Marpuua dopmer w B Gasuce {9} cBoGommoro A-
vogynst W = W(n : m) nveer Bun (w) = (w(0;,05)) = (wij), wij = wj; pn
¢ > j. PopMa HEBBIPOXKIEHA, €C/U ee MaTpuiia obparuma. HeBeIpOK IeHHOCTD
w paBHOCUIbHA HeBBIPOKAeHHOCTH w(0). Kak m3secTHo, HEBBIPOXK IeHHAST CHM-
MeTpudeckas popMa Ha BEKTOPHOM TPOCTPAHCTBE HAJT COBEPIIIEHHBIM ITOJIEM
XapaKTEPUCTUKHA 2B KOCOCUMMETPUIECCKOM CJiydae JOMyCKaeT CHUMILJICKTUYe-
ckuii 6a3ucC ¥ TPOCTPAHCTBO Y€THOMEPHO, & B HEAJTbTEPHUPYIOIIEM CJyIae — Op-
rToHopMupoBanublii 6azuc [20]. ITosromy Gygem cunrars, 9ro JnHeiHAsT YaCTh
w(0) cummerpuaeckoit nuddepernuanbHOl GOpMBI W MMeEET KAHOHMIECKHi
BH/I.

Tamuibronosa airebpa JIu P(n : m,w) cOCTOUT U3 BEKTOPHBIX LOJIEil,
COXPAHSIONUX HEATbTEPHUPYIONLYI0 TAMEIBTOHOBY dopmy w, P(n : m,w) =
{D € W(n : m)| Dw = 0}. Tak ke, Kak B KJIaCCHY€CKOM CJydae, raMuJjib-
TOHOBO BekTOpHOE Tose D € P(n : m,w) ONpeensieTcsi raMmIbTOHMAHOM
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% omi) . .
Fe A=A+ < l'l( ), i = 1,...,m >, KOTOPBIil ONpeIeIeH C TOYHOCTHIO
JI0 KOHCTAHTHI,

n
D=Dp= Y @;dF0;.

,j=1

[Dr, Dg] = D(pcy, {F,G} = Dp(G) = Z wi;0i F0;G.

1,7=1

Brecs (@ij) = (wij)~'. Anre6pa Jlu P(n : m,w)) OTOXKIECTBIACTCH C MPO-
crpancrsom A/F co cxobkoit ITyaccona {F,G}. Ormerum, 410 st Heaib-
TepHUpYIOMEH raMmIbToHoBOH (opmer anrebpa Ilyamkape (A, {, }), BooG-
Ile TOBOPS, ABJseTCA anreOpoit Jleiibuura, mo me agrebpoit Jiu. Anrebpa Jlu
if’(n : m,w) nmeer BUIBTPANNIO, WHIYIMPOBAHHYIO €CTECTBEHHO (huibTpa-
nueit aarebpsr W. CooTBeTcTByOMIAS aCCOIMUPOBAHHAS TPAJYUPOBAHHAS aJI-
rebpa JIn mzomopdua rpagynposannoii aarebpe Jlu P”(n : m) paborsr [5].
Asrebpa Jlu P(n : m,w) = A/F aisgercsa uueanoM KOpa3MepHOCTH 1 B aJl-
re6pe P(n : m,w), 415 KOTOPOro acCONMMPOBAHHAsSA IPA/LyNPOBAHHAS AIrebpa
JIn mzomopdua anrebpe Jlu P(n : m). Crexyromas Teopema gBISETCS HEINO-
CPEJICTBEHHBIM CJle/icTBUEM TeopeMbl 2.2 paborsl [5].

TEOPEMA 2. Ilycrs w — 3aMKHYTasT HEBBIPOXKI€HHAS HEAJIbTEPHUDYIONIAsT T'a-
MmapTOHOBa (popma. Ecomm m # 1, To P(n : m,w) — mpocras aarebpa Jln
Ppa3zMepHOCTH olml _ 1.

Paccmorpum npumMepbl HEAJBTEPHUPYIONUX TAMUIBTOHOBBIX ajredp Jlu
ansg Maneix n umom = 1. Jlerko mpOBEpUTH HEIOCPeACTBeHHO, uro P(2
1,w), w= (dr1)? + (dw2)? + z179d2x1dT2 — HpOCTAs TPexmepHas anrebpa Jlu,
n3oMopdHasa aTbTEPHUPYIONIEH TaMUIBTOHOBOM anrebpe H (2 : 1,W), coorser-
creymoueit popme @ = (14 x122)dr1drs a Takke anrebpe Jiu W (1 : 2)". Ilycrs
n=3 m=(1,1,1),

w = dl‘ld$2 + d.xi(f) + axlxgd:clda:g + b$13§‘3d$1d.7}3 + C$21‘3d.%’2d33‘3,

0 1+ ariro bl’ll‘g
(w)=1 1+ azxixe 0 crory |,
brixs CTox3 1
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0 1+ arixy CITroIs
wl= 1+ azrizo 0 brixs
CTox3 brixs 1

Monyuaem anrebpy P(3,1,w) pazmeproctu 7 ¢ yMHOXKEHHEM

{f,9} = (1 + az122)(01 fO29 + 02 fO19) + cxow3(01 fO39 4+ O3 f019)+
+bx123(02f039 + 03 f02g) + 03 fOsg.

Brrunciennsi, BBIMTOJHEHHBIE BTOPBIM ABTOPOM, TIOKA3BIBAIOT, ITO ecau b # 0
um ¢ # 0, to P(3,1,w) — npocras anrebpa JIn. CornacHo KOMILIOTEPHBIM
BBIUUCJICHUSIM, TPOBEIeHHBIM B. Diik [25], 31mech, Kak u B caydae n = 2, HOBBIX
npocTeix aarebp Jlu met.

4. HEBbIPO)KILEHHbIE JANOPEPEHIIMPOBAHUA HEAJIBTEPHUPYIOLINX TI'A-
MUJIbTOHOBBIX AJICEBP JIn

Bormpoc o cymiecTBoBaHUN HEBBIPOXKIEHHBIX JTuddEPEHITNPOBAHUN airedp
JIn kapranosckoro tuna (u aare6p MenuksiHa), B 9aCTHOCTH, FraMHUIBTOHOBBIX
ayiredbp JIu, COOTBETCTBYIONUX KOCOCUMMETPUUECKUM TaMUJIBTOHOBBIM (hOp-
MaM, paccMarpuBascs B paborax [10]-[12]. Beuio jokazano, 410 raMuibroHOBa
ajirebpa JIOMyCKaeT HEBBIPOK ieHHoe qud depeHiinpoBanme Torja U TOJIbKO TO-
IJ1a, KOIJIa KOMOMOJIOTHYIECKUH KJIaCC COOTBETCTBYIOINIEH raMuJIbTOHOBOM (hop-
MBI ) Gj;T;T; HeBBIPOXKIeH, T.e. det(a;;) # 0.

B kagectBe npumepa, npuBeieM MOCTPOEHUE HEAJTLTEPHUPYIONINX T'aMUTh-
TOHOBBIX ayredOp JIu xapakTepucTuku 2, JOMyCKAIOIINX HEBBIPOXKIEHHOE TUd-
dbepennmposanue. Cornacuo [12] anrebpa JIu L momyckaer HEBBIPOXKIEHHOE
nuddepeHnmpoBaHne TOTIa W TOJBKO TOTHa, Korma p-aarebpa JIu DerlL co-
JIepKUT Top 1 MaKCUMAJIBHONW pa3MEpPHOCTH, BCE BeCa KOTOPOro B ajredpe L
OTJIMYHBI OT HYJIA. HO TOCTPOEHWIO HEAJIBTEPHUPYIOINE IMaMUJIBTOHOBBI a.HFe6-
pbl JIu ABAI0OTCS TPaH3UTUBHBIMU Hogaarebpamu are6pst JIu W = W(n : m).
[TosToMy ecTecTBEHHO HadaTh MOCTPOEHUE C MAKCUMAJIBHOIO TOpa ajredpsb
W. lloiHoe omnucanme MaKCUMAJIBHBIX TOPOB B pP-3aMbIKaHuu ajreOper Jlu
W = W(n : m) unouaydeno B [20]. Cuenyss reopeme 4 [20], BoiGepem 3a-

MKHYTBIe 1-bopMBI Wi,...,w, € QY (A) max A = A(n : m) taxme, uTO
{w1(0),...,w,(0)} obpasyror Gasuc npocrpancrsa Q2(0), a X KIACCH KO-
romostoruii {[wi],. .., [ws]} — Gasmc mepwoit rpynmer koromosormit me Pama
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H'(Q). Ouesumno, {wi,...,wp} — 6asuc cobogmoro A-momyas Q. Iycrs
{D1,...,D,} — npoiicrennsiii 6azuc A-momyna W, V — nuneitnas 060/1049-
Ka 9Toro 6asuca naj noteM F. Cormacuo teopeme 4 [20] V' — abenesa Tpan-
surTuBHag nonaarebpa B W u ee p-3ampbikbimue V B DerW gpigerca TOpoM
MaKCUMaJIbHON pazmepuocTu |m| = my + - - + my,. Kpome roro, anrebpa un-
BapHAHTOB TOpa V cocrouT u3 Koucrant, Ay = F. B wactrocru, Bce mudde-
pernuposanust D; nosrynpoctbl u anrebpa A sapisercs npsaMoit CymMmoit ogHO-
MEpPHBIX BECOBBIX TOMPOCTPAHCTB OTHOCUTEILHO V| BCe Beca 0OpasyroT 3J1e-
MeHTapHYIo abeesy rpymmy I mopsaxa ¢ = 2™ A = ®gerAgp (mompobio-
cru cm B [20]). Ouwesnamo, Top V comepskut snement D takoii, ato DI = D,
Ag = Ap,D|a, =b-id, beF,.

[Tepeiigem K TOCTPOEHWIO HEATHLTEPHUPYIONIEH MAMUIBTOHOBONW aIre€OphI
JIn. Honoxnm w = w§2) + ...+ wg), TOrJIa W — HEAJTHTEPHUPYIONIAsd MaMUIb-
trorosa dhopma u P(n : m,w)) =V & P(n : m,w). YMmuoxenune B P(n : m,w)
MOXKHO 3alUCATh TAK:

{F.G} = Z D;i(F)Di(G).
i—1

Aunrebpa JIu P(l)(n : m,w) — npocras aarebpa JIu ¢ HEBBIPOXK JeHHBIM ud-
depernuposanmem D. [leiictBurensho, Boibepem 6asuc {up} 8 A/F,

A/F = @pepAp, Ap =< up > .

Tax xax D comepxurca B p-060y049ke adereBoit mogaaredper V. C ]S(n tm,w),
a npu oroxaecrsienun P(n : m,w) ¢ A/F npucoesuHeHHoe neicTBEe d16-
MEHTOB u3 V COBIAJaeT ¢ JAeHCTBHEM COOTBETCTBYOMUX AuddepeHImpoBa-
it w3 V. C W wa A/F, 10 u 31eMenTsl n3 p-obosioukn V IeficTBYIOT Ha
P(n : m,w), kKak Ha coorercTByiomue ramuabronnansl: (D, Dg] = Dpqy.
Hpyruvn cnosavm, mias up € P(n @ m,w)D(up) = buy, cnemosarensuo, D —
HeBBIPOKAeHHOE muddepenupoBanne. B 3Ty cxemy BK/IIOYAIOTCA TaKKe Tpa-
ayuposanubie anreopsr Jlu P(n : m). HefictBurensno, crangaptayio (hopmy
w = (dz1)® + ... + (dr,)? moxno samucars B Buge w = (wi)® + ... +
(on)®, wi= (1 +2" )
cTpyKTypy anrebper Kammamckoro [26] ma P (n : 1), xak mokasano B [5].

B 6asuce {up} ymnoxenne B P(n : m,w) 3amaerca npasuiaom {ug, up} =
f(a,b)uqyp, rie f(a,b) — cimmerpuueckas dbynknus wa Fy co smavennsavm B F.

dx;. OrMerum, 94T0 Jist ciiydast m = 1 mojiydaem
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Mozker okazaTscst, aro dyuxius f(a,b) 6uaymrusna u rorma P (n @ m,w) -
anrebpa Bioka [21]. CBsa3b Mexk 1y HeaJbTePHUPYIONIEH raMIIBTOHOBOM (hop-
MOt w u coorBercTByommMu eit ynknusvu f(a,b) ssaserca 6o1ee TOHKUM
BOTIPOCOM.
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Kysnemos M.I1., Kongparsesa A.B., Ye6ouxko H.T. 2*¥ CUTTATTAMACHI-
HBIH TAMUJIBTOH/IbBL JI1 AJITEBPAJIAPBI TYPAJIBI

Ilomuuommanaer Ko3hduimenTTepi 6ap KaJAMbl TAMUJIBTOHIBIK (opMa-
JIapra COMKeC KeJIeTIH XKYI CATTaTTAMA/Ibl aJIMACTIANTHIH TaMUIbTOHIL JIn aJi-
rebpajiapbIHBIH HHBAPUAHTTHI TYPFBIBBLIYRI KeaTipiaeai. Cummerpusiibl qud-
depermaaabk GopMaIapIbIH ANBIPHLIFAH AOPEKEIEPIHIH KEIIeHIHIH KOro-
Mostorusijiapbl ecenresinesi. Cy3riieHren ajMacnalThiH raMuibTOHbI Jlu af-
reOpaJjiapbIHBIH MBICAIIAPBI, aTall alTKaHIa, asfbiHOaran auddepeHinaiga-
VBl PYKCAT eTeTiH ajrebpajiap KapacThIPbLIA b

Kuznetsov M.I., Kondratyeva A.V., Chebochko N.G. ON HAMILTONIAN
LIE ALGEBRAS OF CHARACTERISTIC 2*

The invariant construction of nonalternating Hamiltonian Lie algebras of
even characteristic is given. Cohomology of complex of divided powers of
symmetric differential forms is calculated. The examples of simple filtered
nonalternating Hamiltonian Lie algebras including those admitting non-
singular derivations are considered.
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pseudo-planar functions.
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1. INTRODUCTION

Bent functions were introduced by Rothaus [1] but were already studied by
Dillon [2] as difference sets. A bent function is a Boolean function with an even
number of variables which achieves the maximum possible distance from affine
functions [3]. Bent functions have relations to coding theory, cryptography,
sequences, combinatorics and designs theory |3, 4, 5].

Dillon [2] introduced bent functions related to partial spreads of Fa,, X Fap,.
He constructed bent functions that are constant on elements of a spread. This
approach was further studied in [6, 7]. Dillon also introduced a class H of bent
functions that are linear on elements of a Desarguesian spread. In [8] it is shown
that there is one-to-one correspondence between these bent functions and oval
polynomials (o-polynomials) from finite geometry. In [9, 10] this approach was
extended to other types of spreads, and bent functions which are affine on the
elements of spreads, were studied. In this paper we study bent functions which
are linear on elements of spreads and calculate their duals.
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The paper is organised as follows. We firstly recall in Section 2 definitions
and notations concerning semifields, spreads and bent functions. Next, in
Section 3 we investigate bent functions which are linear on the elements of
spreads. In Section 4 we consider bent functions related to pseudo-planar
functions. Finally, in Section 5 we study equivalence of bent functions obtained
from isotopic semifields. In particular, we show that semifields isotopic to finite
fields produce EA-equivalent bent functions.

2. PRELIMINARY CONSIDERATIONS AND NOTATIONS

Let Fpm and IF,, be finite fields of orders p™ and p respectively. Consider
Fpm x Fpm as a 2m-dimensional vector space over F,,. A spread of Fpm x Fpm
is a family of p™ + 1 subspaces of dimension m such that every nonzero point
of Fym x Fym lies in a unique subspace.

Spreads can be constructed using (pre)-semifields [11]. A presemifield
(S, 4, %) is a vector space under operation +, with additional operation x,
satisfying the following axioms:

(Sl)zx(y+z)=x*xy+zxxzand (x+y)*xz=x*xz+yx*z forall z, y,
z€S.

(S2) zxy =0 implies z = 0 or y = 0.

Presemifield is a semifield if it has a multiplicative identity. One can define
a presemifield S by taking elements of a finite field F), and introducing new
multiplication operation * :

TxyY=1xY+ Zaij(inij + x2jy2i)‘
1<J

Two presemifields (S, +,*) and (S’,+, %) are called isotopic if there exist
three bijective linear mappings L, M, N : S — S’ such that

L(x xy) = M(x)* N(y)

for any z,y € S. If M = N then presemifields are called strongly isotopic.
Every presemifield is isotopic to a semifield.

Let F' =, a finite field of p" elements. We define a Fp-bilinear form B :
FxF — F,by B(z,y) = Tr(zy), and an alternating form on (F' x F) x (F x F)
by

<(:‘Ca y)v (:LJ7 y,)> = B(l’, y,) - B(yv :‘C/)'
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Let S = (F,4+,*) be a presemifield with respect to operation . Dual
presemifield S¢ = (F, +, %) is defined by operation

TxY =Yk T.

With presemifield S = (F,+,*) one can associate a spread, a collection
of subspaces {(0,y) | vy € F} and {(z,z*z) | m € F}, z € F. Transpose
presemifield S! = (F,+,0) of the presemifield S is defined as a presemifield
whose associated spread is orthogonal (dual) to the spread of S with respect
to the alternating form (-, -), that is,

((@,2%2),(y,yoz)) =0
for any z,y,z € F. It is equivalent to
B(z,yoz) = B(x*z,y).

A presemifield is called symplectic, if its associated spread is symplectic
(that is, every subspace from spread is isotropic with respect to the alternating
form (-,-)). This means

0= {((z,x02),(y,yoz2))=B(x,yoz)— B(xozy)
for any z,y, z € F. Equivalently,
B(z,yoz)=B(xozy) (1)

for any z,y,z € F.

Using operations S? and S* one can get at most 6 isotopy classes of
presemifields, which is called the Knuth [12, 13] orbit KC(S) of the presemifield
S:

K(S) = {15, [59), [5], [S™, [5"), [5%] = [5""]}.

A presemifield S = (F,+, %) is called commutative, if the operation * of
multiplication is commutative. A presemifield S is commutative if and only if
S = 8% and a presemifield S is symplectic if and only if S = S*. Therefore,
Knuth orbit of a commutative (symplectic) presemifield contains at most three
classes. If presemifield S is commutative then S*@ is symplectic, and if S is
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symplectic then S% is commutative. If presemifield S is commutative then its
transpose S* is dual to symplectic presemifield S*¢.

If L: F — FisalFylinear map, its adjoint operator L* with respect to the
form B is defined as a unique linear operator satisfying the following condition:

B(L(x),y) = B(z,L*(y)), forall z,y € F.

Equality (1) means that all right multiplication mappings R.(z) = z o z of
a symplectic presemifield are self-adjoint with respect to B.

Starting from a symplectic presemifield (F,+,0), one can construct a
commutative presemifield in the following way [14, 15]. Consider the linear
map L, : F — F, L,(x) = zoz. Let L} be the adjoint operator of L, with
respect to the form B:

B(zow,y) = B(L:(2),y) = B(z, L(y))-
We introduce new operation * by
zxy = Li(y),
S0
B(zox,y) = B(x,z xy).

Then (F,+,*) is a commutative presemifield. Similarly, starting from
commutative presemifield (F,+,*) and putting L,(x) = z % =, one can get
a symplectic presemifield (F,+,o):

B(zx2,y) = B(Lz(2),y) = B(x, L;(y)) = B(x,z 0y).

From now on we consider only even characteristic case and put F' = [Fp,
the Galois field with 2™ elements. Let 5 be the Fa-vector space of dimension
n. We shall endow F5 with the structure of field Fan. A Boolean function on
Fan is a mapping from Fan to the prime field Fo.

If f is a Boolean function defined on Fan, then the Walsh transform of f
is defined as follows:

Wf(u) _ Z (_l)f(:r:)-i-Tr(ux)'

zEFon
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Bent functions can be defined in terms of the Walsh transform as follows.
Let n be an even integer. A Boolean function f on Fan is said to be bent if its
Walsh transform satisfies W (u) = £2"/2 for all u € Fan.

Given a bent function f over Fon, we can always define its dual function,
denoted by f, when considering the signs of the values of the Walsh transform
Wy (u) of f. More precisely, f is defined by the equation:

(122 = Wy (a).

The dual of a bent function is bent again, and f=r.

Boolean functions f, g : Fan — Fy are extended-affine equivalent (in brief,
EA-equivalent) if there exist an affine permutation L of Fon and an affine
function £ : Fon — Fy such that g(z) = (f o L)(x) + £(x).

If Boolean functions f and g are EA-equivalent and f is bent then g is bent
too.

The bivariate representation of Boolean functions makes sense only when n
is an even integer, which is the case for bent functions. For n = 2m we identify
Fon with Fom X Fom and consider the input to f as an ordered pair (z,y) of
elements of Fam. The function f being Boolean, its bivariate representation
can be written in the (non unique) form f(x,y) = Tr(P(x,y)), where P(z,y)
is a polynomial in two variables over Fom. In this paper we shall only consider
functions in their bivariate representation.

3. SPREADS AND BENT FUNCTIONS

We recall the construction of bent functions from [16]. Let L, : Fam — Fom
be a linear function for any z € Fom. Consider a spread whose elements are
the subspace {(0,y) | y € Fam} and 2™ subspaces {(x,L.(z)) | © € Fam}.
These subspaces form a spread if and only if the mapping z — L,(z) = y
is a permutation of Fam. Denote by 'y the inverse of this bijection, that is,
I';(y) = z. A Boolean function on Fom x Fom is linear on the elements of the
spread if and only if there exists a function G : Fam — Fam and an element
1 € Fam such that, for every y € Fam,

f(0,y) = Tr(uy), (2)

and for every x,z € Fam,

[z, L(x)) = Tr(G(z)z). (3)
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Up to EA-equivalence, one can assume that g = 0. Indeed, one can add
the linear function g(z,y) = Tr(py) to f; this changes p into 0 and G(z) into
G(z) + L%(u), where L is the adjoint operator of L, since for y = L,(x) one
has Tr(py) = B(p,y) = B(p, Lo(x)) = B(L%(p), x) = Tr(L%(p)z).

We take p = 0 in expression (2), and relation (3) becomes

f(z,y) = Tr(G(2)x) = Tr(G(Tx(y))z). (4)

We recall that a function H : F — F is called 2-to-1, if preimage H '(y)
of any element y € F' consists of 0 or 2 points.

THEOREM 3.1 ([|16], Theorem 2). Consider a spread of Fom x Fom whose
elements are 2" subspaces of the form {(x, L,(x)) | © € Fom}, where, for every
z € Fam, function L, is linear, and the subspace {(0,y) | y € Fam}. For every
x € F5,., let us denote by I'y the inverse of the permutation z — L.(z) = y.
A boolean function defined by equation (4) is bent if and only if G is a
permutation and, for every b # 0 the function G(z)+ L%(b) is 2-to-1, where L}
is the adjoint operator of L.

An example of such function G(z) was introduced in [9] in a particular
case of spreads related to symplectic semifields. We calculate the dual of the
corresponding bent function.

THEOREM 3.2 [24]. Let (F,+,0) be a symplectic presemifield, and (F,+, x) be
its corresponding commutative presemifield. Consider a spread of Fom X Fam
whose elements are subspaces {(0,y) | y € Fam} and {(z,zo0z) | x € Fam},
z € Fom. For every x € I, denote by I'y the inverse of the permutation
z+— zox =y, and put G(z) = z * z. For every ¢ € Fom, let Z. be the image
of the map z — z * (z + ¢), and x. be the characteristic function of the set
Z. x {c}. Then a boolean function defined by equation (4) is bent, and its dual

function is
f =1+ Z Xc-
ceFym

Denote R;(z) = zoxz = y. Let I';, = R,' be the inverse function, so
z = R;!(y). Let G(z) = z * z. Then function from (4) can be rewritten as

flz,y) =Tr(G(z)z) = B(z* z,x) = B(z,z0x) =
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= B(z,y) = B(T'2(y),y) = Tr(R,; (v)y). (5)

If the multiplication * in a commutative presemifield (F,+, %) is given by

pry=ay+y ay(a®y” +a”y”)
1<j

then G(z) = z x 2 = 22.
Now we consider spreads of symplectic presemifields and present a result
similar to Theorem 3.

THEOREM 3.3 [24]. Let (F,+,0) be a symplectic presemifield. Consider a
spread of Fom x Fom whose elements are subspaces {(0,y) | y € Fam} and
{(z,x0z2) |z € Fam}, z € Fam. For every x € F3.., denote by Iy the inverse of
the permutation z — x o z = y, and put G(z) = /z. For every ¢ € Fom, let Z.
be the image of the map z — \/z + co z, and X, be the characteristic function
of the set Z. x {c}. Then a boolean function defined by equation (4) is bent,
and its dual function is
f =1+ Z Xe-

c€Fom

We recall that, in case of finite fields F, a function G(x) : F — F is an
o-polynomial if G is a permutation and G(x) + xb is a 2-to-1 function for any
nonzero b. We call a function G : F — F an o-polynomial for the presemifield
S = (F,+,x) if G is a permutation and G(x) + x * b is a 2-to-1 function for
any nonzero b. Consider affine semifield plane {(z,y) | z,y € F}. If G(z) is
o-polynomial then "curve"y = G(z) intersects with "line"y = = x b + a in one
point if b =0, and 0 or 2 points if b # 0.

THEOREM 3.4 [24]. Let S = (Fam, +, *) be a presemifield, and St = (Fam, +,0)
be its corresponding transpose presemifield. Let G : Fom — Fom be a linear o-
polynomial for the presemifield S. Then the adjoint map G* is an o-polynomial
for the presemifield S°.

EXAMPLE 3.1. Recall the construction of Kantor-Williams presemifields |14,
17]. Let F =TFam and let m > 1 be odd. Let F'= Fy D Fy D --- D F, be chain
of subfields, T; be trace map from F' to F;, and (; € F*. The commutative
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Kantor presemifield is given by operation

n n 2
a»y:xy+<x§)n@w+y§:ﬂ@m0
=1 =1

and the corresponding Kantor-Williams symplectic presemifield is given by

operation
n n
m—1
voy=azy+y*" Y Ti(Gr)+ > GTi(wy
i=1 i=1

If we take G(2) = 2z * z = 22, then function f(x,y) = Tr(T(y)y) is bent. This
expression is in implicit form, to make it explicit we have to find the explicit

expression for I';(y). Let us calculate ', for the simplest case n = 1. Denote
T= Tl, F1 = ]sz, C = Cl- Then

zox = zx + V2T ((z) + (T (2/x) =y,

i=2 4 fT(Cz) + gT(z\/@,

T 2
) 1ca) + 7T ()

T(v/m) = T(0) 4 7(c) + TV T ().

7(¢2) = T(Y) + 7

Therefore,
[T(“2) +1T(C2) + T()T(zyz) = T(),
1-T(Cz) + [T(SE)+1T(2v7) = T(22).
Determinant of this linear system is equal to
N ]
7(¢2) = T(COmES) + 11+ (1),

Tuwm:nﬁifw%1<“f>+1T<:
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Therefore,
=2 = L+ Y (1T e e )
£ (1) e 1)),

For the general case we could use Theorem 4 below.

REMARK 3.1. For finite fields an o-polynomial corresponds to a hyperoval. It
is generally known that the function G(z) = z * z from Theorem 3 determines
a hyperoval for commutative semifield planes (see, for example, [18]). The
function G(z) = y/z from Theorem 3 corresponds to hyperovals for semifields
which are transpose to commutative semifields (and equivalently they are dual
to symplectic semifields [14, 15] ).

REMARK 3.2. Computations show that for the case of Knuth [12] commutative
presemifield (Fqs, +, %), where the product is given by

TRy =1TY + xQTr(y) + QQTT({L’),

the functions G1(z2) = 2%, Ga(x) = z + 22 + 2% and G3(x) = 22 + 2* + 28
give other examples of o-polynomials. The corresponding Kantor-Williams
symplectic presemifield (Fys,+,0) is given by operation

m—1

xoy:xy—i—yzmilTr(x) + Tr(zy ).

Then by Theorem 3 the adjacent maps G3(z) = 2%, G5(z) = 2z + 28 + 216
and G%(2) = 2* + 28 + 216 give examples of o-polynomials for the transpose of
Knuth presemifield (i. e. dual presemifield of the mentioned Kantor-Williams
symplectic presemifield).

REMARK 3.3. In the finite field case, if G(z) is an o-polynomial, then the
function G~1(z) is an o-polynomial as well [8]. Using examples from Remark 2
we see that, in general, in case of proper semifield, i. e. a finite semifield which
is not a field, the polynomial G~!(2) might not to be o-polynomial neither for
the semifield or its transpose.
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4. PSEUDO-PLANAR FUNCTIONS

Commutative semifields of odd characteristics are in one-to-one
correspondence with planar functions [11]. There are no planar functions over
fields of even characteristic, however one can define modified planar functions
which carry similar properties in some sense [19, 20]|. Let F' be a finite field of
characteristic two. We call a function f : F' — F pseudo-planar if the map

= f(r+a)+ f(x) +az

is a permutation of F' for each a € F™*.

THEOREM 4.1 ([4], Theorem 9). Let F' be a finite field of characteristic two.
1. If (F,+, %) is a commutative presemifield with multiplication given by

x*y:xy—FZaij (2 Wy +w2jy2)
i<j

then f(z) = >_,; aijz®*% is a pseudo-planar function and zxy = xy + f(x +
y)+ f(z) + F(y).

2. If (F,+,%) is a commutative presemifield then there exist strongly
isotopic commutative presemifield (F, 4+, *) and pseudo-planar function f such
that ¢ xy = zy + f(x + y) + f(x) + f(y). Therefore, up to isotopism, any
commutative semifield can be described by pseudo-planar functions.

3. Let f be a pseudo-planar function. Then (F,+,x*) with multiplication
zxy =ay+ f(zx+y)+ f(x) + f(y) is a presemifield if and only if f is a
quadratic function.

Since every commutative presemifield can be obtained from a pseudo-planar
function, we study now spreads and related bent functions from the viewpoint
of pseudo-planar functions.

THEOREM 4.2. Let f(z) = Za,;iji*Qj be a pseudo-planar function, a;; = 0
for all i. Then the operation

x*y::cvaZaiJ 22y +x2jy2)

defines the corresponding commutative presemifield (S,+,%), and the
operation

J i—J J i J—1 7
xoy—xy+zz 220 +Za2 220
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defines the corresponding symplectic presemifield (S, +, o).
PROOF. Expression for x * y follows from Theorem 4. Furthermore,

B(z*z,y) = B( szrZaij xzizzj +x2jz2i) y) =
= Tr( xzy—i—ZaU z?'z y—l—aczjz2 )y) =
= Tr(z:cy—l—zZa” 2 JyQJ—i—zZa 2?2 =

= zxy+2a 22]2]+Za212J121).

Therefore,

:on—xy—l—ZaQJ 2 J2J+ alQ]zng 1y22 |:|
In the following we study appropriate bent functions for all remaining
known pseudo-planar functions [21].

EXAMPLE 4.1. Let us consider pseudo-planar function f(x) = akaH, m = 2k,
a € I3, Try(a) = 0, where Ty, is the trace function from For to Fa (see [19]).
By Theorem 4 corresponding commutative presemifield gives G(z) = 2%z = 22
and we also get symplectic presemifield with operation

roy=2xy+ a:L"Qkka + a:UQky.

If 2oz =22 +a22 22" + a2z = y, then
2k 2k
rz + (azx® +ax)z® = vy,
(aa:2k +azr)z + a2 2 = 2
Therefore,
2k
Yy ax® +ar
k k
To(y) =2 = v v _ 2%y + (a2 + az)y?
’ x az? + ax a2+ (ax2k + ax)?
ar? + ax 2
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)

Symplectic presemifield S = (F,+,0) from this example is isotopic to a
finite field. We show now that corresponding bent function is EA-equivalent to
a bent function obtained from a finite field.

We recall that quadratic equation at?+4bt+c = 0 has two roots in For if and
only if b # 0 and Try(ac/b?) = 0. Therefore, quadratic equation at>+t+a = 0
has two roots and we denote one root by e, so ae? + e+ a = 0. Denote p = 2F
and define

22"y + (a2 + az)y?"
221 4 (az?* + ar)?

fz,y) =Tr(Te(y)y) = Tr <

L(z) = ex + 2*,
M(x) = ax + g:vp,
e
N(z) = e’z + z*.
Then

L(zoy) = L(zy+ axly’ + azly) =
= e(zy + az’y” + axPy) + (2Py” + azy + axy’) =
= (e+a)xy+ (ea + 1)zPy’ + eax’y + azyP,

M(x)- N(y) = (az + Za*)(c%y + ) =
= ac’zy + gxpyp + eaz’y + axy’.
Therefore, M, N, L is an isotopism from S = (F,+,0) into the finite field F":
L(xoy) = M(z)- N(z).

We see that M* = M since B(M*(z),y) = B(z, M(y)) = B(z,ay+2y’) =
Tr(z(ay+2y?)) = Tr((ax+ 2a”)y) = Blax+ ¢xf,y). Then (M*)~! = L since

LM*(z) = L(ax + gm”) = e(ax + gacp) + (ax + 2:t:”) = z.
e e e
Comnsider a bent function

I(e,y) = B(z,y) = B(.y).
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Since
_ 4 1
sor= LG N@) =y 2= ML),
we have 1
fw,y) = B(z,y) = B(M_IN(m)L(y),y) =
= By 0 1) ) = Bl L), 6).

So the maps x — N(z), y — L(y) determine EA-equivalence of functions f
and f.

ExAaMPLE 4.2. Consider pseudo-planar function f(x) = am22k+24k, m = 6k,
a € F3m, a is a (4k — 1)-th power but not a 3(4* — 1)-th power [22]. Denote
p = 2%¢ By Theorem 4 corresponding commutative presemifield gives G(z) =
z %z = 22 and we also get symplectic presemifield with operation

roy=uaxy+ apzac'oyp2 + apxpzyp.

2 2 2
If zox = zx + a” 2Pz + a2z xP =y, then

2 2 2
zz + aPaf 2P 4+ afzfr = vy,
2 2 2
a’” xz + xPzP 4+ axzk = yP,
2 2 2
a’xPz + arz? + xf P =y,
Therefore,
2 2
y a’xf alxf
yP xf ax
2 2
yP ax x’
Fx(y) =z = > D) =
T a’ xf  afx’
2 2
af xf xP ax
2
afx’ ax xP

2 2 2 2 2 2
(%22 4 PP )y + (a' P21l 4 af 227 )yl + (aP2? + o' TP 2P yP
a2x3 + a2Pz3P + a2 307 4 gltote?

flz,y) =Tr(Tx(y)y) =
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2 2 2 2 2 2
(a%2? 4 PP )y + (a' P21 HP 4 aP 227 )yP + (aPz? + o' TP 2P yP y
a?x3 + a2Pz3P + a2 307 4 gltote? '

:TT(

EXAMPLE 4.3. We consider pseudo-planar function f(z) = 22 4 x22k+2k,
m = 3k, k # 2 (mod 3) (see [23]). Denote p = 2¥. By Theorem 4 the
corresponding commutative presemifield gives G(z) = z * 2 = 22 and the
symplectic presemifield is given by operation

zoy=ay+2"(y+y" )+ 27 (v +y).

If zox = zx + 2P(x + 2°) + 27" (2P + 2°°) = y, then

vz 4+ (z+aP)r + (2P 4P = vy,
(z+2)z + a2+ (w4a) = P,
(P + wPQ)z + (z+a2P)zk + P yPQ,
Therefore,
y o+ a2’ 2P+ P’
y” xf x + xf
yp2 x + xz” a
Fx(y) =z = 2 2 =
x T+ xf xf 4P
z + at’ xP x + xf
P+ 2P x4 af 2

2 2 2 2 2
(22 4+ 22 + PP )y + (21 7P + 220 + 2277 2P TP )y + (22 + 1P+ 21T 4 22P)yP
x3 4 x3P + 230 4 1420 4 32407 4 gp+20% 4 gliptp?

)

flzyy) = TrTx(y)y).

EXAMPLE 4.4. Let us consider pseudo-planar function f(z) = g2l g 222k
m = 3k, k Z 1 (mod 3) (see [23]). Denote p = 2¥. By Theorem 4 corresponding
commutative presemifield gives G(z) = z * z = 22 and the symplectic

presemifield is given by operation

zoy=ay+a’(y" +v” )+ 2" (y +v).
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If zox = 2z + 2°(aP + ") + 2" (z + 2f) = y, then

2z + (@P+a2)zr + (z+a2P) = vy,
(zP 4+ xPQ)z + xPzP + (x4 3:”2)2'”2 =y,
(z42P)z + (z427)z" + a2 = P,
Therefore,
y o xP+ 2z + 2P
yP x’ T+ 2t
ypz . pr .’L‘p2
Ia(y) =2= 5 =

T L S N R S

P + I zP T+ P’
T+azP  x+ar z’

2 2 2 2 2 2 2 2
(22 4+ 227" + 2PTP )y + (22 + 2P 4 22 4 2Py 4 (2% 2P PP 207 )yp
@3 + 230 + a30% 4 x2+p 4 g1+20% | g20+0° 4 gltotp? ’

flxy) = TrT(y)y).

EXAMPLE 4.5. Consider a function f(z) = a2 12l g g (@) 20 gy
3k. It is pseudo-planar [23] if and only if

TT%k((a22k+2k +a—22k—2k—2)(a2k+1 +62k—1)62k+2 +a2’€—2%63 +e)#£0

for all € € F3;,, where Tr,?;k is the trace function from Fosr to For .
Denote p = 2¥. By Theorem 4 corresponding commutative presemifield
gives G(r) = z * x = 2% and we get symplectic presemifield with operation

zoy = zy+aTPrly’ + a1+p2xp2y + a7(1+p2)xp2yp2 + af(Hp):cpzy =
= ay+ (a' TPy + a*(Hp)y)x'o + (a1+p2y + a*(1+p2)y”2)x”2.

Therefore,

zox = w2+ (aPaf + a0 g) 2P 4 (a1 e om0 =y
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and then

xz 4 (a'TPaP 4+ o= 4P z) 2P 4 (a*tP’z + cf(lJrF’Q):cf’Q)zP2 =,
(al_"pxp + a_(1+p)x)z _|_ xpzp _|_ (ap+p2xp2 + a_(p+p2)xp)zp2 f— yp7

Denoting
2 2 2
x a1+p$p _|_ a_(1+p)m a1+p x + a_(1+p )l'p
A= qltrgr 4 o= (1+0)g P aPtP 2P 4 q—(otp) e
At g 4 q=AH2) o gpte® 20 4 o= (p+0?) o P’
2 2 2
y altPeP 4 = (te)g TP 4 a4 ) e
A= y° P altP° P 4 q—(pt®) gp
yﬂ2 aPtP’ P 4 q—(otp®) pp 2P’
we have
T ( ) det(Al)
W= qet(A)

f(x,y) =TrTs(y)y).

Now we consider the general case. Let f(z) =3, _; aij$2i+2j be a pseudo-
planar function and let (F,+,0) be the corresponding symplectic presemifield.
Let L,(x) = z ox. Let us to find the compositional inverse I'; of the map
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L,:zw~ L,(z) =y. One has

m—j om+i—j m—j m—i 9j—i m—i
zox:zz—i—g afj 22 a2 —i—E a2 22 ? =

i<j 1<j
2m7j 25 Qm*j 2777.72’ 28 mei
=zx + Z s _myj % T + Z Ajips? T =
1<j<m—-1 0<i<m-—2
1<s<m-1 1<s<m-1
s+j>m s+i1<m-—1
2t 2s 2t 2t 25 2t
=zx + Z Ut m—t?” T + Z Opp—t s4m—t? L& =
1<s<m-1 1<s<m-1
1<t<m-1 2<t<m
t<s t>s+1
m—1
2t 28
:SZZZ-i-Z Z as t,m— t‘T + Z m t,s+m—tT Z
s=1 1<t<s s+1<t<m

We have to get z from the equation z o x = y. Denote

b():l‘,

2t
z:astmtaj + Z mts-l—mtx? I<s<m-1

1<t<s s+1<t<m
Then
21 22 2m—1
boz + b1z +b9z® 4+ - +bp_12 =q.
Therefore,
b() b1 bg N bm_1 z Yy
1 1
bfg_l l;% bi . bfg_Q 222 yZ2
2 2 2 2 2 — 2
bm—2 bm bO te bm—3 z - Y
277171 2'm71 27n71 2m71 Qm—l 2mfl
by b3 b3 o b z Yy
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Denote

bO bl b2 . e bm_l

B BB B

A - bgn_2 b,'2,n_1 b% e bgn_g 5

b%m—l b%m—l bgm—l o b%m—l

Y by by cee bm1

y22 bzg bi . bg’;—Q

A = yr b, W ... b3,

yér};l bg'inil bgall bgnlil

Then det(A)
€ 1
T, = —
) = Gurc) (6)

The above discussion leads to the following result.

THEOREM 4.3. Let f(x) =3, _; az-ij”j be a pseudo-planar function. Then
the operation

om—j om+i—j om—j om—i 9j—i gm—i
xoy:xy—i-g aj; X Y —I—E a;; Ty
1<j 1<j

defines the corresponding symplectic presemifield (F,+,0). Consider a spread
of Fom x Fom whose elements are the subspace {(0,y) | y € Fom } and subspaces
{(z,z0z) |z € Fam}, z € Fam. Then the Boolean function defined by (3) and

(6) is bent.
5. EQUIVALENCE OF BENT FUNCTIONS

In this section we consider equivalence questions. We study weather we get
EA-equivalent bent functions if we change symplectic semifield to an isotopic
symplectic semifield. We recall some facts from [24]. Let § = (F,+,5) and
S = (F,+,0) be isotopic symplectic presemifields:

L(xdy) = M(x) o N(y),

B(zoy,2) = B(z,z0y),
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B(xdy, z) = B(z, 256y).

For the sake of readability, let us denote by L the adjoint operator of L. Then
we have

Therefore, N
L7 (M(x) o N(y)) = M(L™}(x) o N(y)),

M(x) o N(y) = LM(L™}(x) o N(y)).
Denoting ¢ = ML, a = L™'(z), b = N(y), we have

o) ob = plaob)
Define
K*(S) ={¢ € Endg, () | ¢(a) ob=@(aob) for all a,b € S}.

So we proved the following

LEMMA 5.1. Let S be a symplectic presemifield with respect to a form (-,-).
Let S and S be isotopic presemifields with isotopism (M,N,L). Then S is
symplectic with respect to the form (-,-) if and only if ML € K*(S).

We recall that the left nucles of a semifield (S, +,0) is defined as

N(S)={ceS|co(xoy)=(cox)oy forall z,y € S}.

LEMMA 5.2. Let S be a symplectic semifield, ¢ € Ni(S), L.(y) = coy. Then
the map ¢ = L. is self-adjoint with respect to the form B, that is, ¢ = .
Proor. We have

B(z,¢(y)) = Ble(x),y) = B(cox,y) = B(c,yox) = Bco (yox),1) =
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= B((coy)ox,1) = B(coy,x) = B(xz,coy).

Hence ¢(y) = coy = ¢(y), which completes the proof. O
An immediate consequence is the following.

COROLLARY 5.1. Let S be a symplectic semifield, ¢ € Ni(S), L.(y) = coy.
Then
K*(S) D {L.|ce Ni(S)}.

PROOF. Let ¢ € Ni(S). We have L¢(a)ob = (coa)ob = co(aob) = Lc(aod) =
L.(aob), according to Lemma 5. O
The previous lemma shows that the set K*(.9) is a nonzero subspace.

Consider bent function

f(z,y) = B(z,y) = B(R; ' (y),y).

Since

zor =L (M(2)oN(z)) =y, z=M 'Ry, Ly),

we have

~

f(a,y) = B(z,y) = BIM 'Ry, L(y),y) = B(Ry,, L(y), M~} (y)).

It seems that in general functions f and f should not be EA-equivalent,
but it does hold under some suitable assumption:

COROLLARY 5.2. If LM = id then f and f are EA-equivalent bent functions.
PrROOF. We have

f(x,y) = B(Ryy, L(y), M~ (y)) =

= B(RyL,, L(y). (LI1) "' L(y)) = B(Ry}, L(y). L)),

so the maps x — N(x), y — L(y) determine EA-equivalence of functions f
and f. O
Now we consider the case of presemifields isotopic to finite fields.

THEOREM 5.1. Let S = (F,+,_6) be a symplectic presemifield isotopic to a
finite field S = (F,4+,0). If LM = X -id for some A\ € F then f and f are
EA-equivalent bent functions.
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PrROOF. Let S = (F,+,0) is a finite field F. Let’s calculate the subspace
K*(F). Let linear function ¢ be defined by linearized polynomial

m—1
@(a) - Z Bia )
i=0
where 3; € F. We show that
m—1 3 )
pla)=>_ 8" a
i=0

Indeed,

For p € K*(S) = K*(F) we have

which means
m—1 m—1 ) )
S B o= 8" ()"
i=0 i=0
Then we have 5; = 0 for all i # 0, hence ¢(a) = ¢(a) = Spa. Therefore,
KT (F)={\-id | X\ € F}.

Now we consider the function f(m, y). Since LM € K+ (F) we have LM =
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ML = \-id for some X € F. Let A™! = a2. Then we have

f(e.y) = BRY, Ly), 17 (y))
= B(Ry,, L(y). (LA) ' L(y))
_ B(r; N (). 02 L(y))

1
N(z)

= B(+7= - aL(y),aL(y)),

so, the maps « — N(z), y — aL(y) determine EA-equivalence of functions f
and f. O
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O6aixansikos Kamar Cepikymer 2KAPTBIJIAN ©OPICTEPJIEH TYBLIH-
JATAH KABATTACYJIAP >KOHE BEHT-OYHKIINAJIAP

Byn makamaga ad@UHIIK KA3BIKTHIKTAPBIHBIH Ka0ATTACYIAPBIHBIH, 316~
MEHTTEPIHE CBIBBLIKTHI O0JaThiH OeHT-QyHKIuIapAsl 3eprreiimiz. CoHBIH
immisge, 6i3 CUMILIEKCTIK YKapThLIail OpicTep/eH TybIHIaFaH KabaTTacyrapMeH
GaitiaHbiCKaH OeHT-QYHKIMIapAbl KapacTbipambis. CoHBIMEH KaTap, 6i3 MyH-
Jait QyHKITUSIaPbI ICEBI0-TLIAHAPJIBl (DYHKIIUAIAD TYPFHICHIHAH 3€PTTEMI3.

Abayxamukos Kamar Cepukosnu PACCJIOEHI A, TTOPOKIEHHBIE
MMOJIVIIOJIAMU 1 BEHT-OYHKITUN

B nannoit pabore Mbl uccienyem OeHT-DYyHKINUM, JUHEHHbIE HA 3J/IEMEH-
Tax paccaoenuit B adpdunubix maockocTax. B wacraocTH, MBI n3ydaem OeHT-
dyHKIINM, CBSI3aHHBIE C PACCIOEHUSIMU, TIOPOXKIEHHBIMUA CHMITIEKTHIECKUMU
mosynoasmu. Mel Takke uzydaeM Takwe (DYHKIIUU C TOUKYM 3PEHUS TICEBIO-
TTAHAPHBIX (DYHKITHA.

MATEMATUYECKUNA KYPHAJI. — 2016. — T. 16, Ne 2



MATEMATUYECKUN YKYPHAJI ISSN 1682-0525

2016. — Tom 16, Ne 2. — C. 90-103.
VJIK 29.05.33 + 29.05.03

MAXWELL EQUATIONS, THEIR HAMILTONIAN
AND BIQUATERNIONIC FORMS
AND PROPERTIES OF THEIR SOLUTIONS

L.A. ALEXEYEVA

nstitute of Mathematics and Mathematical Modeling
050010, Almaty, Pushkin street, 125, e-mail: alexeeva@math.kz

Annotation: The properties of system of Maxwell equations (MEgs.) of classic
electrodynamics are considered and some imperfection of them are discussed.
Their modification on the basis of a hamiltonian and biquaternionic form has been
offered, which gives the connected hyperbolic system. This system liquidates these
shortcomings. Solutions of modified MEqs are constructed, which possess some new
properties. In particular, the electromagnetic waves are considered, which describe
longitudinal electromagnetic waves of different polarization. Such waves are observed
in nature but don't be described in classic electrodynamics. By use distribution theory
the shock EM-waves with jump of tension on wave fronts are considered and conditions
on fronts of shock waves are presented.

Keywords: Maxwell equations, biquaternions, biwave equation, electromagnetic wave,
shock EM-wave.

Processes of electromagnetic waves diffraction are described by the Max-
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problems of electrodynamics and electrical equipment.

Fine property of these equations is an opportunity to write down them
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Maxwell equations,their hamiltonian and biquaternionic forms... 91

by use the hamiltonian form. From this form it is easy to make a transition
to a biquaternionic form MEqgs in which this system is equivalent to one
biquaternionic wave equation. This feature is noticed long ago and many works
are devoted to representation of MEqs in algebras of hypercomplex numbers
[1-6]. However, all these equations possess a number of mathematical features
which do this system poorly connected and of a mixed hyperbolic-elliptic type,
that contradict the wave nature of distribution of electromagnetic waves in
environments. Besides they don’t describe longitudinal electromagnetic waves,
which are observed in practice. Therefore various attempts of improvement of
this system for the description of the observed electromagnetic phenomena are
made |7-8|.

In this article some imperfection of the system of Maxwell equations
(MEgs.) are discussed and their modification on the basis of a biquaternionic
form of these equations has been offered, which liquidates these shortcomings.
Introduction of scalar a-fields in biquaternion of intensity of electromagnetic
field (EM-field) allows to unite the vector and scalar MEgs in one connected
system 8 equations. Modified Maxwell equations are the new strong hyperbolic
system and we construct their solutions by use biquaternionic potentials and
generalized function theory [9].

Solutions of modified MEqs possess the different new properties which
are considered here. In particular, they describe longitudinal electromagnetic
waves. Also longitudinal EM-waves of different polarization for the modified
Maxwell equations are constructed and some of their properties are described.
Moreover, the shock EM-waves with jump of tension on wave fronts are
considered and conditions on fronts of shock waves are presented.

1. MAXWELL EQUATIONS

The classic system of Maxwell equations has the form:

rot B = —%—B,
o0 ()
H=—+
rot 5 TI (@),

divD = p¥(x,t), D=c¢E,
divH=0, B=uH,
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x € R3, t € R'. Here electric conductivity ¢ and magnetic permeability p are
constants in isotropic EM-medium. Vectors E, H are the tentions of electric and
magnetic fields, B is magnetic induction, D is electric displacement, j¥(x,t)
is the density of electric currents, p¥ is the density of electric charges.

In the theory of boundary value problems of electrodynamics the symmetric
form of MEqs is commonly used which is invariant to exchange

F+— H, —eopu
symmetric form of Maxwell equations:
—eOE +rotH = j¥(z,t), p 0,H +rotE = j7(x,t), (3)
edivE = pP(x,t), —p divH = p"(z,1). (4)
It’s equivalent to MEqs when magnetic charges and currents are equal to zero:
p=0, j"=0. (5)
The divergence in MEqs (3) gives charges conservation law:

E H
%;+me:o,(?t+me:0 (6)

Note that vectorial equations (3) of this system aren’t connected with scalar
equations (4). They are sufficient for determination EM-field, if electric currents
are known.

2. VECTORIAL MAXWELL EQUATIONS FOR CURRENTS.
SHOCK ELECTROMAGNETIC WAVES AND THEIR PROPERTIES

Matrix form of two vectorial MEqs for electric currents are written in the

form:
M(az,ao(f,):(_?l u§1> <ff>:(§ff>

0 —03 0Ob 1 0 O
o= 9 0 - |, I=[010]. (7)
-0y O1 0 0 0 1
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From here follow that by given (known) currents this system is closed relative
FE, H and sufficient for their definition. It is hyperbolic and its characteristic
equation has the form

2/ 2/ 2 2 2 212
vi(vi/e® —vi —vy —v3)” =0, (8)
where light speed ¢ = \/% , (v, ) 2 (11, 12,13, 1) is a normal to characteristic

surface F' in Minkowski space M . Consequently we have two type of conditions
on F:

vi=0 or (V)c*—vi—vi—13)?=0. (9)

In the first case, any fixed Lyapunov’s surface (F(x) = const) in R? is
characteristic surface and Cauchy problem for this system doesn’t resolved
in its vicinity.

In the second case, it defines a moving surface F; in R? and the solutions
of (7) can have jumps of intensities ([E]|r,[H|r) of EM-fields on F . Such
waves are called shock EM-waves. Vector v = (v1, 19, 3) is a normal to a wave

front Fy in R, which is moving with light speed . Wave vector m = v/ |lv| is
directed towards the front movement and from (9) it follows

el

In the space of distributions the classical decision of (7) (considered as
generalized vector-function u ) satisfies the following system [10]:

M+ (2 +1)°°G [u]p 6p(z,t) = J, (10)
0 —ms mo
G= < 6;I —FCI ) 5 I'= ms3 0 —ma 5
H —1my mq 0

E jE> v
U= , J= g , m=_—:.
<H> (JH [l

Here singular generalized function [u]pdp(z,t) is a simple layer on F
(generalized singular function), gap [u|r is a vectorial density of simple layer.
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It follows from (10) that @ is the generalized solution of Eqs.(7) only if
this density is equal to 0. Then the next conditions on EM- waves fronts are
performed:

Gij [uJ]F = 0, i,j = 1,2,3.
7=1

From here next corollaries follow.
COROLLARY 1. On fronts of shock EM-waves the gaps of intensities satisfy the
next conditions:

Blr, = /2 g, x m, = [ 181y, xom

Here the sigh ” x ” denotes the vector product.
COROLLARY 2. Shock electromagnetic waves are transverse:

(E), ym) = 0, ([H], ,m) = 0.

About construction of solutions of Maxwell Egs (7) and solving the boundary
value problems for them see [10, 11].

3. SCALAR MAXWELL EQUATION FOR CHARGES. COULOMB’S POTENTIAL

Maxwell equations for electric charges have the next form:

ediv E = pP(x, 1),

11
divH =0. (11)

From the second equation follow that magnetic charges don’t exist.
If to enter potentials of E-field:

E =gradu+rotU
then from the first Eq.(11) follow the elliptic equation for Coulomb’s potential

. Au = pP(x,t), (12)
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where A is Laplace operator. If the support over x of p(z, 7) is limited, we get
from (12) its damped on infinity solution [9]:

1 Byt
u(w,t) = —— / Py )dyldygdyg. (13)
|y — ||

supp p(y)
But it contradicts to wave nature of EM-wave expansion at alternating electric
charges. By this cause this equation is usually used only for description of
static electric fields generated by static charges p(z).

4. BIQUUATERNIONS, BIWAVE EQUATION

So, you see that classic system of MEqs is not connected and not hyperbolic.
Here we’ll give biform of MEgs following to [4]. For this purpose we give some
definitions from biquaternions algebra [12].

We consider the functional space of biquaternions (Bgs.) in Hamilton’s form
of quaternions representation [13]:

BM) ={F = f(r,z) + F(,2)}

on Minkowski space M = {(r,z) : z = 2?21 zje;}, f(r,x) is a complex
functions , F(7,z) is a three-dimensional complex vector-function. They
are locally integrable and differentiable on M or, in general case, they are
generalized functions [9]; 1, e, e2,e3 are the basic elements in biquaternions
algebra.

Summation and multiplication on B (M) have the forms:

F+B=(f+F)+(b+B)2(f+b)+ (F+B),

FoB=(f+F)o(b+B)2 fb— (F,B)+ fB+bF +[F, B,
where

3 3
(F,B) =) FyBy, [F,Bl= Y euFjBe,
k=1 g,k d=1
are usual scalar and vector products in R, €;k 1s a symbol of Leavy-Civitta.
We denote
f=scalF, F = VectF.
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This algebra is associative but not commutative. We call
mutual biquaternion F~ = f — F,

complexconjugate F = f + F,

conjugate F* = f — F.

4.1 MUTUAL BIGRADIENTS AND THEIR PROPERTIES

We will use the differential operators (mutual bigradients):

VEB2 (8, £iV)o (b+ B) 2 0:bFi(V,B) £iVb+d,B +i[V, B

V*B =0.bFidivB +igradb+ 8,B + irotB.

Their composition poses the useful property:
VIV =V V' =082-A=0 (dalambertian),

which gives possibility easy to construct the solutions of biquaternionic wave
equation(biwave Eq.)

VIB=G = 0OB=VG. (14)

The solutions of (14) are presented in the form

B=V ($*G)+ B’ =V" / G =D g0 gy + B0 (15)
e Arlly — x|
Y—T||ST

where the first summand is the convolution G(x,7) with the fundamental
solution of D’Alembert equation

= (dm [|z]) 71 (r — [l])).
Singular function v (z, ) is the simple layer on light cone (1 = ||z||):
D¢ = 6()é (),

BY is arbitrary solution of homogeneous D’Alembert equation.
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5. BIQUATERNIONIC AND HAMILTONIAN FORM OF MEQS

If to introduce the biquaternions of EM-field:
EM:-tension
A=0+A=eE+iy/uH,
charge-current
O = (ip+J) =ip" /Ve + s,
energy-impuls
E=0,5A"0A=0,5(4,4)—0,5[A,A] =W +iP,

where
1
W = 3 (5 1E|* 4 u HHH2> is adensityofenergyof EM — field,

P = ¢ ' [E, H] is Pointingvector,

then the Maxwell equations can be written in the form of the biwave equation:
Biquaternonic form of Maxwell equations

VA =-6. (16)

From here it follows that charges and currents are physical manifestation of

the bigradient of tension of EM-field! At their absence bigradient of tensions
is equal to zero!

If to write the scalar and vector part of (16) separately, we get
Hamiltonian form of Maxwell equations [14]:

divA = p,

—0;A —irot A = J. (a7)
If to take mutual bigradients from (16) we get the wave equation for A:
0A=-V 6.
From here it follows (as scalA = 0) well known charges conservation law:
Orp+divJ =0, (18)
and wave equation for tensions:
OA=—Vp—08,J+irot . (19)
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6. GGENERALIZED SOLUTIONS OF MEQS BIFORM

Solutions of MEgs biform are

A=V (x0)+ A% (20)
where spinor A° is arbitrary solution of homogeneous Maxwell equation:
3
A=Vl iy VT (Pley), (21)
j=1
Oy =0, j=0,1,2,3,4, (22)
W = [P©exp(-il.) il 1) derdsadss VI(E) € La(RY)

R3
As for Maxwell equations scalA = 0 then for potentials ¢/ we have
Lorentz calibrations:

3
O = 9.
j=1
Let consider some examples of spinors.
1. Plane waves in the direction of a vector e are generated by the potentials

P2, 1) = fle,x) = 7), el =1,

where f(7) is arbitrary generalized function.
2. Elementary harmonic spherical w-spinor, w is a frequency of vibration.
Its potentials in spherical coordinates (7,6, ¢) ) is

Wi (n, k1) = j(r)Pl(cos 0)e#=m),

Jn are spherical Bessel functions, P,i are associated Legendre polynomials.
3. Spinors field

3
AP =V S0 40> e x C(r,m) VCO(1,).

j=1

Here C(7,x) are arbitrary biquaternions which admit such convolutions.
So, there are EM-fields without electric charges and currents.
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7. MAXWELL-DIRAC EQUATIONS AND THEIR PROPERTIES

We introduce a complex scalar field

ia1 a9

a(t,z) = N (23)
in the tension Bq. of EM-field
A=a+A (24)
and gravymagnetic charge and currents pf, j# in ©:
O =ip+J, (25)
ot pf 5. .
p=%+zﬁ, J=/uj" +iveir.

Then the biform of MEgs. (16) conserves the kind but its hamiltonian form

is changed. It contains scalar a-field which is connected, to the system:
Ora —divA = —p,
Ny g (26)
0;A + grada +irot A = —J.

It is the hyperbolic system of differential equations and its solutions can be
presented in the form:

3
a=—id (bxp)+iYy

j=1
5 | s (27)
A =iV (Y*p)— (xJ),r+irot (Y J)+ iZ@TWej + rotzw]ej.
j=1 Jj=1
From hamiltonian form (25) it’s easy to get the connective system of
Maxwell-Dirac equations
)
rotH — ear T c*grad oy = j¥,
oH .
rotkl + uﬁ —c“grad ag = j°7, (28)

edivE + 0oy = pE,
—pdivH + dyon = pH.
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We call this system so because its differential operator coincides with
differential part of Dirac equations [15|. The solutions of this system can be
obtained from (27) if to write separately their real and imaginary parts.

8. PLANE SPINORS OF DIFFERENT POLARIZATION

consider some plane waves generated by scalar potentials of the kind:

Q)Z)J = f(n)a n= (k,l?) _Wt> ||k” = w,

where f is arbitrary function which describes the plane wave, moving in the
direction of wave vector k with speed ¢ = w/||k|| = 1. They are the solutions of
classic homogeneous wave equation. On its base it’s easy to build plane waves
of different polarizations.

1. Longitudanal magnetic wave in direction H:

AY =V Y0 = (0, —iV) (f () +0) = —wf' (1) —ikf ().
2. Longitudanal electric wave in direction E:
AY =V Y0 = (0, —iV) (if (1) +0) = —wf' (n) = kf' ().
3. Tesla’s wave - EM-wave in direction E with torsion component H:
Al = (0, —iV) (0+ f(n) er) = ki f' (n) —werf' (n) —ikseaf' (n) + ikzesf’ (1)
as (F,H) =0 and

wkq

(B0 =21 ). <H,k>=( Fsk | Kska

VB VR

4. Torsion wave - EM-wave in direction H with torsion component F.

)f’<n>=0-

Al =V ¢le; = (9, —iV) (0+if (n) e1) = iwer f' (n)+kseaf' (n)—kaesf (n),

_ why _ -
(H7k)_ \/ﬁf (77)7(E7k) 0, (E7H) 0.

Here waves, names correspond to the ones in paper [8, Etkin V.A.].
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9. SHOCK EM-WAVE AND CONDITION ON WAVE FRONT

The equation for such waves in the distribution space is as follows:
VPA =0+ {v [ap+([Alp,v) —ive [Alp +v X [Alp + i[a] p v} O

To be generalized solutions of (16) the second part in the right side must be
equal to 0. By analogy to (9) we get
Conditions on fronts of EM-waves:

( [A]F.r ,m) = [a]FT7 [A]FT =1im X [A]FT - [Q]FT m.
EM-waves are transverse only if [a]p = 0 , i.e when a-field is continues.
10. CONCLUSION

Biform of Maxwell equations (16) constructed here is mathematically and
physically inherently consistent. But it is unclosed. How to close this system
by use the material equations for charges and currents see [16, 17].

In paper [16] it was shown that g, jg describe the gravymagnetic charges
and currents and there the biwave equation is constructed for free charges and
currents, which encloses the system for their definition.

In paper [17] the system of biwave equations were constructed, which
describe electro-gravimagnetic interaction of mass, charges and currents on
the base of analogues of Newton laws. There it was shown that a scalar a-field
describes property of resistance-absorption of electro-gravimagnetic field to the
movement of external electric and gravimagnetic charges and currents.
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Asiexceesa J.LA. MAKCBEJII TEHIEVJIEPI, OJIAPIBIH TAMU/Ib-
TOH/IBL KOHE BUKBATEPHIOH/IBI ®OPMAJIAPHI MEH IIEIIIM-
JTEPIHIH KACIETTEPI

Knaccukanbik smekTpoanHaMuKaHbiE MakcBe/T TeHIeyaepiHin Kacuer-
Tepi KapacThIPBLIAIBI KOHE OJIAPJBIH Keibip KeMImIiKTepi TaaKbLIaHA b
MaxkcBesir TeH ey/aepiHiH raMUuIbTOHILI KOHE OMKBAPTEHUOHIBI (hOpPMATIAPHI
HeriziH/geri ochbl TeHAEYAePHiH MOMAMMDUKAIUICH YCHIHBLIFAH, OJI aTaJFaH KeM-
MITIKTEP OPBIH AJMAMTHIH OaillaHbICKAH TeHjeysaep xkyiecin Oepemi. Moau-
dbuKannAIaHralH TeHIeyIepain bipKkaTap »KaHa KACHeTTep Il MeJTeHIeH IIeIiM-
Jlepl TYpFBI3bLIFAH. Aran alTKaHIa, OJap iC XKy3iHjge OakblIaHATHIH, Oipak
KJIACCUKAJIBIK, 3/IEKTPOIMHAMIKA/TA TYCIHIKTEMECIH TaIlllaraH, opaIyaH MoJIap-
JIaHFaH OOMJIBIK 9JIEKTPOMAIHUTTIK TOJKbBIHIAP/IbI CuliaTTail aiajpl. COHbIMEH
KaTap, TOJKbIH OAFbITHIH/IA JEKTPJIK KOHE MATHUTTIK KEPHEYJ/IITHIH aKbIPJIbI
cekipici 6ap COKKBLIBI 3JIEKTPOMATrHUTTIK TOJKBIHIAD KapacToipbuiran. [1le-
MMAEPIiH TYPFBI3yFa KaANbLIaHFaH (QYHKIUIIAD TEOPUSICHI MaliTalaHbLIa-

JIBI.

Anexceea JILA. YPABHEHUA MAKCBEJIJIA, UX TAMUJIBTOHOBA
1 BUKBATEPHUOHHAS ®OPMBI I CBOIICTBA NX PEIIEHUII

PaccmarpuBarorca cBoiicTBa ypaBHeHnit MakcBenana KIacCHIeCcKO#N 3J1eK-
TPOAMHAMUKY U 00CYK/IaI0TCs UX HEKOTOPhIe HegocTarku. [Ipesioxena moam-
dukarnus ypaBHenuit MakcBeJia Ha OCHOBE TAMUJ/IBTOHOBO U OUKBATEPHUOH-
HOI POPM ITUX ypaBHEHUT, KOTOPAs JTaeT CBA3AHHYIO CUCTEMY YPAaBHEHUI, JIvi-
HIEHHYTO 3TUX He0CcTaTKOB. IlocTpoensl perenus: MOnuPUITMPOBAHHBIX YPaB-
HEHUl, KOTOpbIe 00/1aIal0T PSIOM HOBBIX CBOMCTB. B wacTHOCTH, OHE MOTYT
OINMCBIBATH MPOJOJIBHBIE 3JIEKTPOMArHUTHBIE BOJIHBI PA3JIUIHON MMOJIAPA3AINN,
KOTOpbIE HADJIIOTAIOTCS HA MPAKTUKE, HO HE HAXOJAT OObICHEHWS B KJIACCHU-
9eCKOil JIeKTPOuHAMUKE. PACCMOTPEHBI TaKXKe yIapPHbBIE DJIEKTPOMATHUTHBIE
BOJIHBI C KOHEYHBIM CKQUKOM 3JIEKTPUYCCKON 1 MAarHUTHON HAIPAXKEHHOCTEA Ha
dponTe BosHbL. 15t TOCTpOEHUST PEITeHnit UCIOIB3YeTCd TeOPUs 000OIEHHBIX

dyHKIHIIL.
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1. INTRODUCTION

In this paper we study 1-formulas and I1-types in theories with an (-
definable binary relation of linear order (ordered theories). Denote by N a
countable saturated model of a given linearly ordered theory. For two formulas
H(z) and ©(x) such that H(N) C O(N) we can introduce in a natural
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convex equivalence of 1-formula in others 1-formulas. In particular, we give
a description of 1-formulas for the class of small ordered theories with the
property of finiteness of discrete chains of convex equivalences of two arbitrary
1-formulas (Theorem 2). As a corollary we obtain that restriction of a small
ordered theory with few countable models to a signature of a pure linear order
is No-categorical (Corollary 5).

Let A be a subset of a saturated enough model N of T. The analysis of
one-types is based on using the properties of A-definable family of 1-formulas
(Points A, B), of 2-formulas (Point C) and properties of interactions of one-
types (Point D). Taking into consideration the points A, B, C it is possible to
show the existence of 18 kinds of one-types in ordered theories. The properties
of 1-formulas permits to give an example complete ordered theory with two
non-orthogonal 1-types one is definable, second is non-definable (Theorem 6).

2. THE PROPERTIES OF LINEAR ORDERS DEFINED ON THE CLASSES OF
CONVEX EQUIVALENCE OF 1-FORMULA

A complete countable theory T is called small if ||J,,., Sn(T)| = w, where
Sn(T) is the set of all n-types over (). A complete countable theory T has a few
number of countable models if the number of countable non-isomorphic models
I(T,w) is less than 2¥. It is clear that a theory with few countable models is
small.

Notice that for any countable model M of a small theory T, for any finite
A C M, |S1(A)] < w there is countable saturated model N(M < N). Here,
S1(A) is the set of all one-types over A. Always, in Section N will stand for
a countable saturated model of given small theory. We will consider ordered
theories and we will suppose that < is an ()—definable relation of linear order.

Often we will write first order formulas through relations on definable sets.
For example:

z < H(N) =Vy(o(y) — x <y),

r € (B1,82) = P <z < fo,
S(N)NO(N) # 0 = N = 3(6(z) A 0(x)),
H(N) <O(N)t =N EVt(Vy(0(y) —» y < t) = Vz(d(z) = x < t)).

For any A C N (not necessary definable) denote

At :={yeNNa€ A: N Ea<~y};
A7 :={yeNNac A: N E=~v<a}.
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Let A, BC N. Then A C Bmeans AC Band A# B.Let AC B. Ais
said to be is convex in B, if Vo,y € A(x <y),Vz€ Bz <z<y—z€ B). If
A is convex in N, we say that A is convex.

Let B be an ordered set and I' be a family of convex subsets of B such that
VCy # Cy € T,C1NCy = (. Then T is an ordered structure with the following
ordering <<

V01,02 el [Cl <€y < Vx e Cl,Vy S Cg(l‘ < y)]

Denote R4 := {¢(z)|¢(x) is an A-definable 1-formula (i.e. 1-formula with
parameters from A), such that N = Jy(¢p(N) < y)}.
Let ¢,% € R4, then put

[¢ <r ¥ = Y(N)" CH(N)];
[ ~rtp = H(N)T =o(N)T];

and denote ¢/ ~:= {0 € RO ~, ¢}, Ra/ ~p:={d/ ~r |¢ € Ra}.
Denote L4 = {¢(z)|p(xz) be an A-definable 1-formula, such that N =
Jy(y < ¢(N))}. Let ¢,9 € Ly, then put

(¢ <1 == d(N)” CY(N)7];
(¢~ = d(N)™ =(N)7]

and denote ¢/ ~;:= {0 € La|®© ~; ¢}, Ra/ ~i:={¢/ ~i |¢ € La}.

PrROPOSITION 1. Let T be a small ordered theory, A be a finite subset of
a model of T. Then (Ra/ ~y;<,) and (La/ ~;<;) do not contain dense
intervals.

Let A be a finite subset of a saturated model N of a small theory 7" with an
()-definable relation of a linear order, H(z) and ©(z) be A-definable 1-formulas
such that H(N) C O(N). Define

Eue(z,y) =H@) NHy)N(zr <y—=Vz((x <z2<yAnO(z)) = H(2))) A
(y<z—=Vz(ly<z<zAO(2) = H(2))).

Ene(z,y) is an A-definable relation of equivalence on H(N) such that
any Epe-class is convex in ©(N). This equivalence is said to be the convex
equivalence of H(x) in ©(z). On the set of all Ey o-classes {Eno(N,o)|a €
H(N)} there is A-definable linear order <¢ such that for any a,f €
H(N),E(N,a) # E(N,f) the following holds:
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Eneo(N,a) <¢ Ege(N,pB) iff Vy € Ege(N,a),V0 € Egeo(N, ) we have
N =~ <.
Let ¢(x) and 9(z), ©(z) be A-definable formulas such that

¢(N) N P(N) =0, ¢(N) Up(N) € O(N).

We say that ¢(x) is a dense subformula of ©(x) if the A-definable relation
of equivalence Eye(x,y) on ¢(N) satisfies the condition of density, i.e. the
order on the set of these Ey4 g-classes is dense: Va,b € ¢(INV)

(Epo(x,a) <¢ Ego(x,b) = Jc € ¢(N)(Epo(N,a) < Eyo(N,c) <°
Eyo(N,b))).

We say that ¢(z) and ¢(x) are mutually dense in O(z) if ¢(x) and ¢ (x)
are dense subformulas of O(z) and for every two Eye-classes (Eyo(z,a),
Eye(x,b), Ego(N,a) <¢ Ego(N,b)) there is Ey o-class such that

Ed,,@(N, a) <€ Ewy@(N, C) <¢ qu’@(N, b)

and the same is true for two different arbitrary E, g-classes.

Notice, that if ¢(x) is dense subformula of ©(z) then —¢(z) A O(x) is
dense subformula of ©(x) and the pair of formulas ¢(z) and —¢(z) A O(x) are
mutually dense in ©(x).

Introduce [1] the notion of a convex hull (closure) of a one-formula ¢(x):

¢°(x) := Fy1Fya(d(y1) A d(y2) Ay <z < ).

Fact 1. Let ¢(x) and ¥ (x) be two one-formulas which are mutually dense in
a formula ©(x). Then the formulas ¢ and ) are mutually dense in the formula

¢ () Npt(x) N O (x).

In this Section for any A Cgpite N, for any A-definable one-formulas H(x),
O(z), (H(N) C ©(N)) we will study the properties of a linear order of

{Eme(N,a)la € H(N)}; =, <%).

The following A-definable formulas D§[H,O](z), D¥[H,©](x) determine
the first and last convex subsets of finite discrete chains of fixed length k£ < w
of convex Ep o-classes.
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Let k(1 < k < w), then denote

Dg[H, @] (.CI}) = H(.CC) Adxy--- E|£L'k_1(/\iH(.%'i) A
EH@(N .CL‘) <€ EH7@(N,.T1) <6 o€ EH@(N, xk_l) /\Vt((H(t) VAN
Epge(N,x) <¢ Ege(N,t) <¢ Egeo(N,rr-1) — Vick1Eme(N,t) =
Eno(N,2)) AVH(H() A Ero(N,t) <¢ B o(N,z)) — 32(H(2) A
EH@(N t) <€ EH@(N Z) <€ EHe(N a:))]/\Vt[ (t)
EH@(N Tp—1) <° EH(—)(N t)) — Jz(H(z )/\EH@(N Th— 1) <€ EH@(N Z)
Ere(N,1)];

le[H, @] (a;) = H((I}) Adxq--- ka,l(/\iH(xi) VAN
Ene(N,z1) <¢--- < Egeo(N,zx-1) < Egeo(N,z) ANVt((H(t) A
EH@(N xl) < EH’@(N, t) <€ EH7@(N,.I') — \/1<i<kz—1EH,9(N, t) =
Ene(N,zi) AVH(H(t) A Eno(N,x) <¢ Enge(N,t)) — 32(H(z) A
Ene(N,z) <¢ Eyo(N,2) <¢ Em.o(N,t)] AVEH() A
Ene(N,t) < Eno(N.z1)) — 32(H(2) A Ege(N,t) <¢ Eyo(N,z) <
Eno(N,21)]

The next observation follows from the above definition:

OBSERVATION 1. (i) i € {0,1}, V o« € DEFH,0)(N), Ene(N,a) C
DE[H, B](N).

(i) ({Ene(N,a)l o € DfIH,O|(N)}; <) = ({Ege(N,a)l a €
D¥[H,©](N)}; <€) and this isomorphism is A-definable.

(iii) 1 < k < w, D¥[H,©](N) N DE[H,0](N) = 0.

(iv) 1 <k #k <w; i,j €{0,1}, DF[H,©](N)n D¥[H,0)(N) = 0.

Denote for every 1(0 < I < w), 2 := {7|7 = (1(1),7(2),...,7(])),
7(1),7(2),...,7(1) € {0,1}}, 2<¥ := |, 2" and
29 :={rlr=(r(1),...,7(n)y ... Jn<w, 7(n) € {0,1}}.

Define by induction on [ (0 < I < w), for any k (1 < k < w), for any

€ (w\{0,1})! :={< n1,...,n > |n; €w\ {0,1}}, for any 7 € 2!, the family

of A-definable 1-formulas.

I=1 F¥[H,0,1](z) := D§[H,0](z), FF[H,0,1](z) := D}[H, ©](x).

I+1 Suppose for o € (w\ {0,1})! | for 7 € 2!, FO[H,O,1|(x) is defined.
Then VE(1 < k < w), Vi € {0,1} put

FoF[H, 0,1+ 1](z) := DF(F?[H,©,1],0)(z).

ExampLE. Let (C; =, <) be an arbitrary linearly ordered structure. Define
N¢ := (N;=,<1) in the following way
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N:=Cx ({I,II,IIIYUQU{IV,V,VI})U(C x C)p x Q x {I,II,III}.

Here, (C' x C)p := {(c1,¢2)|c1,c2 € C,C =1 < ca ATy <y < e2)}
and @ is the set of all rational numbers.

We assume that I < Il < IIl < Q < IV <V < VI and <1 is a
lexicographical linear order on C' x ({I,II,II1} UQU{IV,V,VI}) as well as
on (CxC)pxQx{I,II,I11}. To finish the definition of the relation of order on
N we define the relation between elements of C'x ({I, 1, IT1}UQU{IV,V,VI})
and (C x C)p x Q x {I,II,IIT}.

For every c € C,q € Q, (c1,¢2) € (C x C)p we assume

N¢ ): (C,I) <1 (C,II) <1 (C,III) <1 (c,q) <1 (C,IV) <1 (C, V) <1
(C, VI)A (Cl,VI) <1 (Cl,CQ,q,I> <1 (Cl,CQ,Q,II) <1 (Cl,CQ,q,III) <1 (CQ,I).

Consider the following definable sets:

Flr=x,2=2,1)(N)=Cx {I}UC x {IV}U(C x C)p x Q x {I},

Filz=x,2=2,1)(N)=C x {III}UC x{VI}U(C x C)p x Q x {III},

(
FRlr =22 =1,2|(N) = C x {I},
FRlz=x,2=12,2)(N)=C x {IV},
FRlr=x,2=12,2)(N)=C x {III},
FRlx=z,0=12,2](N)=C x {VI}.

It is clear that (F[zr = z,7 = x,1](N); <1) & (Fj[z = 7,2 = 2, 1](N); <1)
and for every 7,7’ € 22,
(FPle =2 =2,2)(N);<1) = (F?[z = 2,2 = 2, 2](N); <1).

OBSERVATION 2. For any A-definable formulas H(z) and ©(x) such that
H(N) Cc ©(n),Vl < w, Vo € (w\ {0,1})!, ¥r € 2! the following is true:

(i) Va € FZ[H,0,1|(N), Ege(N,a) C FZ[H,0,1|(N)

(ii) Vk < w,Vi € {0,1}, FF[H, 0,1+ 1](N) C F[H,0,1](N),

Fo[H,0,1+1)(N) N EF2F[H, 0,1+ 1](N) =

(iii) ({Epe(N,a)la € FIF[H, 0,1+ 1](N)}; <€) =
({Ege(N,a)la € FF[H,0,1 + 1](N)}; < and this isomorphism is A-
definable.

(iv) Vk # K < w,Vi, j € {0,1} FF[H, 0,1+ 1)(N)NFZF [H,0,1+1](N) =
0.

PROPOSITION 2. Let T be a small ordered theory. Let H(x),©(x) be A-
definable formulas such that H(N) C ©(N). Then the following holds:

(i) VI < w,Vo € (w\ {0,1})!, v € 2! the following is true:

If F2[H,0,1(N) # 0 then Y7’ € 2!, F9[H, ©,1](N) # 0,
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FO[H,©,1)(N) N F5[H,0,(N) =
({Eno(N,a)|a € FZ[H,O,[(N)}; <
{Eue(N,a)la € F7[H,O,1(N)

0;
c> o~
;<)
(i) 3lp < w, such that VI > lg,Vo € (w )\ {0,1}),vr € 2!
F7[H,0,1)(N) = 0.

PrROOF OF PROPOSITION 2. (i) It follows from the definition of F?[H, ©,1](x)
and Observation 2.

(ii) If we suppose that such ly does not exist then we obtain a contradiction
with our assumption that 7' is small. Indeed, then there is an w-consequence
of natural numbers o :=< ny,na2,...,ny, -+ >y, (N € w\ {0,1}) such that

VI < w,Vr €2, FCW[H, 0,1](N) # 0,

where o(l) =< nq,...,n; > . This means by (i) that we have 2* one-types
over A. O
Let H(x), Hi(x),...,H,(x),0(x) be A-definable 1-formulas such that

H(N), Hy(N), ... H (N) € ON), i j <nt1,
Hy(N) N Hy(N) =0, H(N) 1 Hy(N) =
Let I,l1,...,l, €w;o € ( \{0,1)} i <n,0; € (W\{0,1)li; 72l i<n, e
2,

Introduce by induction on 7 < n the notion of an A-definable 1-formula
Feovon[H,©;Hy, ..., Hys L1y, .o L] (2):

TT1...Ty

Fo\[H,©; Hy;l,h)(x) == FOUFI[H, 0,1, HV Hy,li)(x),

FPov-9i[H,0; Hy, ..., Hi Ly, .. L] () o=
F%Z[Fqc—rgl Tflll[H o; Hl,...,Hi_l;l,ll,...,li_l],H\/Hi,li](x) for i < n.

PROPOSITION 3. Let T be a small ordered theory. Let H(x), Hi(z), ...,
H,(z),©(x) be A-definable 1-formulas such that H(N), H{(N), ..., H,(N) C
O(N), Yi # j, Hi(N)NHj(N) =0, H(N)N H;j(N) = (. Then the following
holds:

() Vi, ... 0, <w,Vi<n,Vo e (w)\{0,1})!,Vvr € 2!,
Vo, € (w\ {0,1})%,Vr; € 2! the following is true:

If F20 o0 [H,©; Hy, ..., Hy; L1, ... 1) (N) # 0 then V1’ € 21, Vi < n,

vr! € 2k F""l__”"[H O:; Hl,...,Hn;l,ll,...,ln](N) £ 0, and if T # 7' or

there eXists i < n such that 7; # 7/ then
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Foion[H,0; Hy,. .., Hy L1y, L (NN
Fo7 00 [H,©; Hy, .o Hys L1y, 1] (N) = 0,
1"

(ii) Jly < w, such that Vi, 1y, ..., 1, < w, if
[ >lgVIi>1lgV---Vi, >

then Vi < n,Yo € (w\ {0,1})},
vr € 2L,Vo; € (w\ {0,1})%,¥r; € 2h,
Foov-on[H ©: Hy, ..., Ho; L1y, ... 1)(N) = 0.

TT]...Tn

PROOF OF PROPOSITION 3 (i) It follows from definition of FZ[H,©,[|(x) and
Proposition 2(4)

(ii) It follows from the proof of Proposition 2(ii). O

We say that an ordered theory T has the property of finiteness of discrete
chains of convex equivalences (FDCCE) if for any finite A C N, for every two
one-A-formulas H(x),O(x) such that H(N) C O(N), every discrete chain of
convex Fp o-classes is finite.

It follows from the compactness theorem that if an ordered theory T has
the FDCCE property then for any two formulas H(x,y) and ©(z, z), there is
a natural number k < w such that for any a,b € N, if H(N,a) C ©(N,b) then
every discrete chain of convex Ep(, 3y g(4,5)-Classes has cardinality less or equal
to k ([2]).

Recall, that an ordered structure M is weakly o-minimal [3] if for any
M-definable 1-formula H(z) the structure ({Ex 4=z (M, a)la € H(M)}; <°) is
finite and M is o-minimal |4] if this structure is finite and every such convex
Ep y—g-class is an interval (opened, closed, semi-closed) or a singleton. An
ordered theory T is weakly o-minimal [3], if any model of T" is weakly o-minimal.

It follows from the definition that any weakly o-minimal theory has the
FDCCE property.

In [5] the following notion was introduced:

DEFINITION 1. An A-definable increasing (decreasing) on B 2-formula ¢(x,y)
is a quasi-successor on B, if Va € B, 33 € ¢(a, N) N B,

¢(8, N) \ ¢(a, N) # 0.
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TueOREM 1. [5] Let A be a finite subset of a countable saturated model N of
a small ordered theory T, p € S1(A), ¢(x,y) be an A-definable quasi-successor
on p(N). Then T has 2“ countable non-isomorphic models.

COROLLARY 1. If T is a complete ordered theory with a few number of
countable models then T has the FDCCE property.

PrOOF OF COROLLARY 1. Towards a contradiction suppose that there exist
two one-formulas H(z) and O(z) (H(N) C ©(N)) with an infinite chain of
convex Ep g-classes. Then a formula-quasi-successor can be constructed, and
by the Theorem 1 T has 2“ countable models. U

COROLLARY 2. IfT is an ordered, non weakly o-minimal theory having weakly
o-minimal model, then T has continuum countable models.

Let ¢1(x), p2(x) be two A-definable one-formulas. Then for every k(1 < k <
w), for every i(0 < i < k+1) define an A-definable one-formula ¢ () <, ¢2()
by induction:

$1(2) <, d2(x) = Df[¢1(2) A d2(), $2(2)](2);

0 < i < k+1, ¢gr(x) < d2(x) = Fz1,...,z6(Ajcr((P1 A ¢2)(z5) A
By no o (T, Tj1) Ay < xj41) ADEG1 A da, o] (1) A DF[d1 A da, da] (1) A
Egy Ao (T, i) AVY((1(Y) A 92(Y)) = Vo<j<k+1y = T5);

$1(2) < d2(x) = DY[¢1(2) A d2(), $2(2)] ().

Let Fy(z), Fo(2') be two 1-formulas, E?(x,y), E2(2',y’) be two definable
relations of equivalence on Fi(N) and F»(N) respectively. We say that formulas
Fy and F, are mutually attached, if there exists 2-formula L?(x, z’) such that
A2’ L(z,2") = Fi(z), JzL(z,2’) = F5(2’) and the following holds:

= Vava![(F1(z) A Fo(a') A L2 (z, ")) = YyVy' (Ef(z,y) A E3 (2, y')) —
L2 (y.y))).

It follows from definition that for any ¢1(x), ¢2(z), for any k < w, for any
i,7 < k two 1-formulas ¢1 ()<}, ¢2(x) and ¢1(x) <, $2(z) are mutually attached.

We say that the formula H(Z) divides the formula ©(Z) if the following is
true:
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= 3E(H(x) A O(@) A FG(-H(G) A 0(D)).

Suppose that the formula H(z) divides the formula F(z) and E? is a
relation of equivalence on F(N). We say that the formula H respects the
relation of equivalence E?, if the following holds:

= Vavy((F(x) A Fly) A E*(2,)) = (H(z) <= H(y))).

PROPOSITION 4. Let Fy(z) and Fy(z') be mutually attached one-A-formulas.
If there exists one-A-formula H(x) such that H(x) divides Fy(x) and respects
the relation of equivalence E? on Fy(N) then there exists one-A-formula H'(z')
such that H' divides Fy and respects E5. Moreover, if two mutually attached
one-formulas Hy and Hy divide Fy and respect Ef then there exist two mutually
attached one-formulas H| and H} that both (H}, H)) divide F5 and respect
E3.

We will denote the formula H’ from Proposition 4 by
Att(F} E%, Fs E3; L% H') = H'. So, the logical operation defined on
three one-formulas and three two-formulas with above conditions has as a
result a one-formula.

Let B be an ordered structure, C' C B be a convex subset. There is a
partition of all convex subsets into 10 next parts, kinds of convexity. For some
a # b € B consider:

1. C = (a,b) is ab open interval. We will write Kind(C') = (oi, 0i);

2. C = [a,b] is a closed interval. We will write Kind(C) = (ci, ci);

3. C =[a,b) is a semi-closed interval. We will write Kind(C') = (ci, 0i);

4. C = (a,b] is a semi-closed interval. We will write Kind(C) = (oi, ci);

5. C = [a,.) is a convex set with infimum and without supremum. We will
write Kind(C) = (ci, ¢);

6. C = (.,b] is a convex set with supremum and without infimum. We will
write Kind(C) = (¢, ci);

7. C = (a,.) is a convex set with infimum which does not belong to the set

and without supremum. We will write Kind(C) = (o1, ¢);
8. C = (.,b) is a convex set with supremum which does not belong to the
set and without infimum. We will write Kind(C) = (c, 0i);

9. C' = (.,.) is a convex set without supremum and infimum. We will write
Kind(C) = (¢, c);
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10. C = [a, a] is a singleton. We will write Kind(C) = (ci, ci,=).

Denote by K C a set of all kinds of convexity. Notice that |KC| = 10 and if
C'is definable in Language {=, <} then any kind of convexity is definable.The
last is also true if B is a family of disjoint convex sets and relation of order is
<C.

Let A be a finite subset of a saturated model IV of a small theory T with an
(-definable relation of a linear order, H(z) and ©(z) be one-A-formulas such
that H(N) C O(N). Consider family of Ey e-classes of convex equivalence.
Since any kind of convex set is definable, denote by F'(z) a one-A-formula such
that F'(N) is definable set of convex Ep g classes having Kind of convexity
(ci,ct). Then denote Fi(z) := F(z) A—3y(y < e AF(y) NEne(z,y)), Fr(x) =
F(x)AN—3y(z < yAF(y) NEneo(x,y)), Fn(x) := F(x) N—Fj(z) N\—F,(z). The
formulas Fj(x), F.(z) and F),(z) are mutually attached because for any element
a from Fj(N) there exists only one element b € F,.(IN) such that = Ege(a,b).
Thus Kind of Convexity (ci,ci) gives three mutually attached one-formulas,
other cases of Kind of Convexity containing ci give the pairs of mutually
attached formulas. More exact, for any one-formula F'(z) containing convex
E-classes the same Kind of convexity we have F'(z) = (Fi(z)V Fp(x) V Fp()).
So, we have three logical operations for the formula F'(z), such that any two
results give mutually attached pair of one-formulas. The same consideration
give us three logical operations Fi, Ft m, F., on the formulas containing <“-
convex sets of convex E-classes.

Let H =< Hy, Ha, ..., H;, > be a finite sequence of convex 1-formulas (into
some formula K(z)) such that

Hl(N) <€ HQ(N) <€ ... <° Hk(N)

and u € KC¥ then we say that H satisfies p if for any i(1 < i < k) we
have p(i) = Kind(H;(N)) and denote it by u(Hy, Ha,..., H;). Notice that
w(Hy, Ho, ..., Hy,) is definable.

Let ¢1(x), ¢2(z) be two one-A-formulas. Then for every k(1 < k < w), for
every i(0 < i < k), for any u € KC¥ define an one-A-formula as ¢1(x) <"
$2(2) = ¢1(x) <} P2(2) A (b1 (@) G $2(2), ..., d1(w) I} $a(2)).

It follows from definition that ¢1(x) < ¢2(z) = Vud1(z) G* do().
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PROPOSITION 5. Let ¢1(x), p2(x) be two one-A-formulas, k < w, i(1 <i < k).
Suppose for some p € KC* one-A-formula ¢1(x) <" ¢o(z) divides one-A-
formula ¢1(x) <, ¢p2(x) then the following holds:

(i) for any j(1 < j < k), é1(x) " 62(x) divides ¢1(z) <} da(x).

(ii) there exists /' € KC¥, i/ # u such that ¢1(x) 42”/ ¢o2(x) divides one-
A-formula ¢ (z) < ¢o(z).

PROOF OF PROPOSITION 5 ‘

(i) Notice that two one-formulas ¢1(z) <, ¢o(x) and ¢1(z) < ¢a(z) are
mutually attached. ‘

(ii) Since the set of realization of one-formula ¢1(z) < o) A= (¢ (z) <"
¢2(x)) in N is not empty set and because ¢1(x) <}, ¢a(x) is equivalent to
disjunction by all i, we have the existence of such p/'. O

We say that the set of A-definable one-formulas I' C F(A) is a BH-algebra
if it is closed under the following logical operations: A, V, =, <, <" (0 < i <
k1 <k <w,p€ KCF), Att, F, Frp, Fry Fugy Fon, Fop, ¢°.

Notice that if we take finite family of formulas with one free variable
and close it under the standard logical operations A, V. —,— and the logical
operation ¢° we obtain finite family of non equivalent one-formulas and
in the condition of a small theory the second part of Proposition 4 do
not give the possibility to use infinitely many times the logical operations
<, <, Att, Fy, Fry, Fr, Fog, Fom, For.

Thus by using the Proposition 2, Proposition 3, Proposition 4 and
Proposition 5 we can formulate the following theorem:

THEOREM 2. Let T be a small ordered theory with the FDCCE property, A
be a finite subset of a countable saturated model N of the theory T. Then
for every finite set of A-definable one-formulas {¢1(z),...,¢n(x)},n < w the
BH-algebra generated by this set is finite.

We say that an ordered theory T is a theory of a pure order if it is a theory
of the language L = {=, <}.

THEOREM 3. Let T' be a small theory of a pure order. Then T is w-categorical
if and only if T' has the FDCCE property.

PrROOF OF THEOREM 3. If the theory T' is w-categorical, then it has a few
number of countable models and consequently, T" has the FDCCE property.
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Let the theory T has the FDCCE property. Then there exist natural
numbers ny, na, ..., g (1 < np < ng < ... < ng < w) such that any discrete
chain of elements lies in discrete chain of elements of a length n; for some 7 < k.
Denote by Fj,(z) (1 < j < n;) a formula which distinguishes j-th element in
the chains of length n;.

Also denote

Flz)=Vyly<z—Iz(y<z<a)A(zr<y—Iz(zx < z<y)).

Consider kind of convexity of Ep(y) ,—. (7, y)-classes. There are 10 definable
cases. Suppose that all convex classes of F(x) in = x are the same kind
of convexity. Consider the partition F(z) on three parts (left, middle, right)
F(z) = F(x) V Fy(x) V F.(2).

In any case for arbitrary a € F(N), if Ep)e—(N,a) # 0 then
|EFl(a:),x:r(N’ a)| =1land if EFT(Z),CE:JC(N7 a) # {0 then |EFT(;75),3::$(N7 a)| =1
If Er,, (2)0=2(N,a) # 0 then Ef, (3)2—2(N, ) is infinite dense subset of N.
In this case, for any n < w, for any a < as < ... < apn, for any ;1 <
B2 < ... < B, for any subset B C N, if {a1,an, B1, 00} C Ep,,(2),0—(N, @),
BN EFm(x),x::v(Na a) = (), then tp(ay, ag,...,an|B) = tp(ﬁl,,@7...,,3n|B).
Indeed, since EF,, (y)z—(V, @) is countable dense convex subset without ends
there is automorphism f of N such that for any 1 < j <n f(a;) = f; and for
any be N \ EFm(z),;B:a:(N? Oé), f(b) =b.

Thus without constants from Ep, (;).—»(IV,a) for any one-N-formula
H(z), if H(x) divides F,,(z), then H(x) respects the relation of convex
equivalence Er, (1) 2=z (7, Y)-

Applying to the obtained finite set of formulas the following operations:
AV, =<, (0 <i<k,1<k<wpe€ KCF),Att, By, F, By, Feyy Fem,

F, ., ¢¢; we obtain a BH-algebra which is finite by the Theorem 2. Thus there is
a finite set {A1(z), ..., Ap(z)} of atomic formulas of BH-algebra considered as
Boolean algebra. For any atom of BH-algebra A;(z) there are four possibities:

(i) A;(N) is convex and |A;(N)| = 1.

(ii) A;(N) is convex and (A;(N);<) is a countable dense order without
endpoints.

(iii) There is convex set O(x) such that 4;(z) is a dense subformula of O(x)
such that any convex Ey,(y) e(z) (T, y)-class is singlton.

(iv) There is convex set O(x) such that A;(z) is a dense subformula of O(x)
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such that any convex E4,(z).0(z) (x,y)-class is countable dense order without
endpoints.

Notice that in constructed finite B H-algebra there is a partition of N on
finite number of definable convex subset. For any definable minimal convex
subset there exists partition of this convex set on finite number of atomic
formulas A;(z) mutually attached and mutually dense.

Now take two arbitrary countable models M; and Ms of the theory T.
These two models have the same sets {A;} of atomic formulas. Since any two
dense linear orders without endpoints are isomorphic we can construct step by
step an order-preserving bijection between M; and Ms. U

COROLLARY 3. Let T be an w-categorical theory of a pure order. Then T is
finitely axiomatizable.

PRrROOF OF COROLLARY 3 Description of a BH-algebra constructed in the proof
of the Theorem 3 constitute axioms of the w-categorical theory. U

COROLLARY 4. Let T be a non-w-categorical small theory of a pure order. Then
there is (-definable 1-formula ¢ () such that for some two elements «, 3 € ¢(N)
(a < B), (a, B) N p(N) is an infinite discrete chain.

In the articles [6] and [7] the following was discussed:

COROLLARY 5. Let T be a small ordered theory with a few number of countable
models. Then the restriction T' := T | {=,<} of T to a pure linear order is
w-categorical.

PROOF OF COROLLARY 5 Since T' has a few number of countable models,
it follows from the Corollary 1 that T has the FDCCE property and so do T”.
Hence, by the Theorem 3 T" is w-categorical. O

3. ONE-TYPES IN ORDERED THEORIES

Let A be a subset of a saturated model IV of T'. The analysis of one-types is
based on the using the properties of A-definable family of 1-formulas (Points A,
B), of 2-formulas (Point C) and properties of interactions of one-types (Point
D).
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Point A Let ¢(x),O(x) be the A-definable formulas. We say that ¢(x) is
convex in O(zx) if ¢(x) is subformula of ©(x)(¢p(N) C ©(N)) and for every

a, € ¢(N)
(a<pB=>VyeBON) a<y<p—ved(N))).

We say that ¢(z) is convex if ¢(z) is convex in z = z.
Let p € S1(A),©(x) € p. Then denote

I'yo(z) :={o(z) € p|¢p(x) is convex in O(z)}.
We say that p is quasirational to the right if I'), o(N)*T = ¢(N)™ for some
o(z) € T'polz).
We say that p is quasirational to the left it I', (N)™ = ¢(N)~ for some
o(z) € T'polz).
Notice, that I'p, ©(N) is convex subset in O(N).
Let p := tp(y]|A), ©(x) € p. Then denote

tp°(v]A, ©)(x) :==T)e(x).

CrLAM 1. If for some ©(z) € p,¢(z) € Tpe(x),Tpo(N)T = ¢(N)*t then for
any ©'(z) € p there exists ¢'(x) € I'p e such that I')ye/(N)T = ¢'(N)T =
d(N)T =p(N)*. The same is true for T o(N)~.

Al. We say that p is quasirational if either p is quasirational to the left
and non-quasirational to the right or p is quasirational to the right and non-
quasirational to the left.

A2. We say that p is bi-quasirational if p is quasirational to the right and
quasirational to the left.

A3. We say that p is irrational if p is non-quasirational and p is non-bi-
quasirational.

Notice that in weakly o-minimal theory I'y ,—(N) = p(NN) for every one-
type and every bi-quasirational one—type is isolated.

Point B. Let ©(z) be an A-definable 1-formula from one-type p € S1(A),
A be a finite subset of N.

Consider K0 := {=¢(2)|(O(z) A ¢(z)) € p and for Egnee(z,y) there
exists infinite set {a;jla; € TI'ye(N),i < w} such that Egre.e(N,a;) N
Eypno(N,aj) =0 for i # j < w},
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Kg@ = {¢(x) € Kpo| ({Fpro,0(V,a:)|i < w,a; are from definition of
K, e}; < is dense order}.

Notice, that for every ©(x),¢(x), ({Egro,0(N,a)la € O(N)}; <) is
densely ordered structure iff ({E-gro0(N,a)la € O(N)}; <) is densely
ordered structure.

B1. We say that p is convex in some formula ©(z) € p if Kpe = 0. In this
case I'p o(IN) = p(N) and I'p, O(N) is convex in O(N).

If p € Si1(A) is convex in some formula, we say that p is convez.

B2. We say that p is non-convex, if for every ©(z) € p Kp o # 0.

Consider an arbitrary —¢(z) € K, g for non-convex one-type p € Si(A)
and an arbitrary ©(z) € p. Let aw € (=¢(N) NT'p e(N)).

Denote F:(z)/\@(l’, Q) = E_@/\@’@(N,Oé) < A Vy((E_@/\@?@(N,Oé) <y <
z A O(y)) = ¢(x)) and

Fi(b/\@(x,a) = E_@/\@,@(N, a) > x A Vy((E_.(z)/\@,@(N, a) >y > N
O(y)) = ¢(z)).

B2.1. We say that a non-convex p € S1(A) (A Crinite IN) is strictly
non-convex if there exists ©(x) € p such that for every A-definable ¢(z)
such that ©(x) A ¢(x) € p, for (some) every o € ¢p(N) NTpe(NN) we have
(") Flypo(N,a) =0V FT o (N,a) Np(N) = 0 and

FlyoN,a) =0V L, o(N,a)Np(N) = 0.

B2.2. We say that non-convex p is limite of infinite family of mutually dense
A-definable 1-formulas if it is non-strictly non-convex i.e.

for very ©(z) € p there is A-definable ~¢(x) € K, g such that
Va € 6(N) N Tpo(N), +(*).

CLAIM 2. Suppose =(*) then if F'; (N, ) Np(N) # 0,
Fly (N, 0) N p(N) = 0

PrOOF OF CrAIM 2. Consider A-definable 1-formulas S7,,q(z) = Ty

(Fjw\e(x,y) A©g(y)) and SL¢A@(35) = EIy(FLW\@(a:,y)/\ ©o(y)) with Oo(y) €
p(y). We can find ©g such that S7,,q(N) N SL¢A@(N) = (). Then we have
ST yne(z) € p and SL¢A9(x) Zp. O

Point C. Notice that I') o (IV)(N) N Kpe(N) = p(N).

We consider the ordered structure (p(N); <).

We say that an A-definable 2-formula ¢(z,y) is convex to the right in p(N)
if Vao € p(N), VB € ¢(N,a) Np(N) we have
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(a<Band Vy € p(N)(a <y < B —=v€d(N,a))).

It is clear that for every A-definable 2-formula ¢(x,y), if ¢(z,y) is convex
to the right in p(N) then ¢(z,y) is convex to the right in some ©4 € p.

The definition of convex to the left in p(N) A-definable 2-formula is
analogous.

Denote V() := {v € p(N)| There exists a convex to the right in p(N), A-
definable 2-formula ¢(x,y) such that v € ¢(N, ) or there exists a convex to
the left in p(N), A-definable 2-formula ¢(z,y) such that v € ¢(N, )}, V()
is said to be neighbourhood of o in p.

C1. We say that o € N\ A is solitary over A if for p := tp(a]A) we have
|Vp(a)| =1 and in this case we say that p € S1(A) is solitary because it is true
for any element 3 € p(N).

We say that p € S1(A) is quasisolitary if V,(c) is (A U {a})-definable.

C2. We say that p € S1(A) is semi-quasisolitary if either V,(a) is (AU
{a})-definable and V,(a)~ is non-definable or V(o)™ is (A U {a})-definable
and V,(a)™ is non-definable.

(3. We say that p € S1(A) is social if Va € p(N), V,(a)t and V()™ are
both non-definable.

Thus, taking into consideration the points A, B, C it is possible to show the
existence of 3*3*2=18 kinds of one-types in small ordered theories (in further
we show non-existence C2 for theories such that any one-type over finite set is
convex i.e. of kinds bf B1).

Point D. Let p,q € S1(A). The type p is said to be weakly orthogonal to g
(p LY q) if if p(z) U ¢(y) is complete two-type over A [8].

We say that p is almost orthogonal to q (p L q) if there is no any A-
definable formula H(x,y) such that

Va € p(N),0 # H(N,«) C q(N).

We say that p is densely orthogonal to ¢ ( p L% q) if p and ¢ are non
mutually dense in some O(x) i.e. there do not exist ¢1(x), p2(x) such that
—¢1(z) € Kpo, ¢2(y) € Kgo and ¢1 and ¢ are mutually dense in ©O(N).

We say that p is splitely orthogonal to q (p L® q) if there is no A-definable 2-
formula H (z,y) such that Vo € p(N), H(N,a)Ng(N) # 0, H(N,a)tNg(N) #
0.
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Let p,q € S1(A),p L® q by A-definable 2-formula H(x,y). Then for some
a € p(N) let Ho(z, ) be an (AU {a})-definable formula such that

Ho(N,a) = (H(N,a)")".

Then the following holds: H(Np,«) Ng(N) # 0, Ho(N,a)” Ng(N) # 0.

We say that Ho(z) is left frontier of H. Thus also we can define split e ly
orthogonality by left frontier of formula H.

Notice that

1) any one of last three kinds of non-orthogonality of two one-types implies
non-weakly orthogonality of these two types;

2) in weakly o-minimal theory the notion of weakly orthogonality of two
one-types coincides with notion of split ely orthogonality, because the notion
of densely orthogonality without sense;

3) in o-minimal theory the notion of weakly orthogonality coincides with
notion of almost orthogonality [4], [9], [10], [11].

THEOREM 4. Let p,q € S1(A),p £® q. Then
p is bi-quasirational iff q is bi-quasirational.

From the definition of almost orthogonality of one-types it follows

FACT 2. Let A be a subset of a |A|*-saturated model N of a complete theory
T, p,q € S1(A) be the one-type over A such that p is isolated and q is non-
isolated. Then p 1L° q.

So, we will use these three kinds of orthogonality to describe the interactions
between one-types and during in constructions of models.

DEFINITION 2. Type p is definable if and only if Vo (z,y) F,(y, a), such that
A 4y(ba) & p(z,b) €p

Fact 3. Let p,q € S1(A). p is weakly orthogonal to q (p L% q) if for any
H(x,y,a),a € A, for any o € p(M") the following holds:

[H(M',a,a)Ng(M')# 0= qM') C HM ,a,a)).
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Let T be a weakly o-minimal theory, p € S1(A),A C N, N be |A|*-
saturated model T. Any a-definable set ¢(N,a) C N is union finite number
a-definable convex sets ¢(N,a) = ¢1(N,a)U...Up, (N, a), consequently for any
¢(z,7), for any a € A the following: ¢(z,a) € p < Ji(1 <i < n)¢i(z,a) €
p. Thus p(N) = Ny (z,aep)@(N, @) = Ng(z,acp) (N, @) and the set of realizations
of p in any model of T is convex set [3], [12]. If two 1-types q,p € Si(A) are
non-weakly orthogonal there is by Fact 3 2-A-formula H(z,y) such that for
any a € ¢(N), H(N,a)Np(N) # 0 and ~H(N,a)Np(N) # 0. We can suppose
that for any o, H(z,«) € R(Aa) and H(z,«) ¢ L(A«a)). We say, that H(z,y)
is monotone increasing (decreasing) 2-formula on ©(N), if b,¢ € JzH(z, N)
and b < ¢ then H(N,c)™ C H(N,b)*. By [13], [14], [15], [16], [17] it follows
that H(x,y) is monotone 2-formulas on some convex 1-A-formula O(y) € q.

Suppose ¢ £ p, H(x,y,a) is monotone increasing on convex O(y,a) € ¢
and q is definable. Consider arbitrary formula ¢(z, ) and b € A. Then ¢(z,b) €
p = I <y <y A0y AO(y) A # (H(N,y2) \ H(N,y1) C
¢(N,b)) € q). Since q is definable the last is equivalent to = (b, a,c), here
¢ € A. Thus if ¢ is definable then p is definable and because the relation Y% is
symmetric we have

THEOREM 5. [14] Let T' be an weakly o-minimal theory. For any model M of
theory T, AC M , p,q € S1(A), if p L™ q then p is definable if and only if q
is definable

In contrast with weakly o-minimal theory we have

THEOREM 6. There exist a linearly ordered structurel M = (M; =, <, E? S?),
infinite set A C N, two one-types over A, p,q € S1(A) such that p L* q, p is
definable and q is non-definable.

PROOF OoF THEOREM 6. Let R be a set of all real numbers, ) be a set of all
rational numbers, B = {f, € R\ Q|a € Q} be algebraic (linear) independent
set of irrational numbers indexed by all rational numbers. Pose

Let M = UaeqCla. Then the following hold:
(i) For any a #v € Q, CoNCy = 0.
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(i) For any a,b € M, for any a € Q if (R;=,<) = a < b then there is
¢ € Cy such that (R;=,<) Fa<c<b.
Define structure < M;=,<,E? 5% >. For any a,b € M, M |Fa <b <=
REa<hb.
M = E*(a,b) <= 3a € Q,a € Cy,b € C,.

M E S%(a,b) <= Ja€Q,a€Ch,IyeQ,bEC,QEa<n.

From definition of the structure (M;=, <, E? 5% >) it follows that the
binary relation E? is a relation of equivalence on M, binary relation S? is a
relation of linear order on the set of E?-classes and this order is dense order
without ends.

Let A be an infinite subset of M such that A is subset of open interval
(1,0) if it consider as subset of set all real numbers R with next condition: for
any o € @, |Co N A| = 1. Denote by a, the element from this intersection.
Consider locally consistent set of A-1-formulas r = {a < z|a € A}. Consider
for arbitrary a € Q its extension p, = r U {E?(x,a,)}. For any a € Q, 1-type
Pq is definable and if A has maximal element then r and p, are isolated. If A
has not maximal element then p, is non-isolated.

Let § € R\ Q. Define 1-type over A, g5 = r U {S%*(aa, ) A S%(2,a,)|R |
a < § <~} Forany 0 € R\ Q 1-type gs is non-definable.

Fix §(0) € R\ Q. Consider arbitrary realization of psi) = bs()- Any pa
has two extensions over AU {bs(0)}: Pa U{x < bs(0)} and pa U{z > bs(}. This
means g5y L Pa- O
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Baiizxkarnos B.C., Baiizxanos C.C., Caynebaesa T., 3ambapuas T.C. PET-
TEJITEH TEOPUAJTAPIATHI BIP-@OPMYJIAJIAP MEH BIP-TUIITEP

Maxkanaga Kedimik perTiH (-aHBIKTaaran KaThIHACK Oap TeopHaIap
Kapairan. JleHec SKBUBAJIEHTTLIIKTEri Ke3 KeIreH JUCKPEeTTI peTr ca-
HBI aKBIPFBI Killli TEOpPUsLIAPhl 3epTTereH. l-tuntepnid OepiareH xikTe-
yi 2-bopmynanapasiy Kacuerrtepinge, 1-GpopMynapabiH aHBIKTAJIFAH TYKbIM-
JIaCTapBbIHJIA KoHEe 1-TUNTEP/IH pEeKeTTecy KACUEeTTEPiHe HeTi3/Ie/reH.

Baiizxanos b.C., Bainkanos C.C., Caynebaesa T., 3ambapuas T.C. OINH-
OOPMVYJIBI I OJANH-TUITHI B YITOPAJOYEHHBIX TEOPUAX

B craThe paccMOTpeHb Teopun ¢ (-onpeeMMbIM OTHOIIEHHEM JIMHEHOTO
nopsaka. VI3yuensl Mmajible Teopun, Jijisd KOTOPBIX JII000# AUCKPETHBIN 0P 10K
Ha BBITYKJIBIX 9KBUBAJIEHTHOCTAX KOHECYEH. ,HaHa K.H&CCI/I(l)I/IKaL[I/IH 1—TI/IHOB7 ocC-
HOBaHHAS HA CBONCTBAX 2-OPMYJI, OIPEJSTUMBIX ceMeiicTB 1-dopMyst u cBO-
CTBaX B3aUMOAEUCTBUS |-TUTIOB.
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Annotation: Algebras with the polynomial identity (z1,22,x3) = (x1,x3,22), where
(z1,22,23) = mi(x2w3) — (r1m2)xs is the associator, are called right-symmetric.
Novikov algebras are right-symmetric algebras satisfying additionally the polynomial
identity x1(z2x3) = z2(z123). We consider the free right-symmetric algebra F4(R)
and the free Novikov algebra Fy(91) freely generated by Xq = {z1,...,xq} over a
filed K of characteristic 0. The general linear group GL4(K) with its canonical action
on the d-dimensional vector space K X4 acts on F4(R) and Fy() as a group of linear
automorphisms. For a subgroup G of GL4(K) we study the algebras of G-invariants
Fy()C and F4(M)C. For a large class of groups G we show that the algebras F;(97)¢
and Fy(M)C are never finitely generated. The same result holds for any subvariety
of the variety & of right-symmetric algebras which contains the subvariety £ of
left-nilpotent of class 3 algebras in .

Keywords: Free right-symmetric algebras, free Novikov algebras, noncommutative
invariant theory.

1. INTRODUCTION

In this paper we fix a field K of characteristic 0 and consider nonassociative
K-algebras. An algebra A is called right-symmetric if it satisfies the polynomial
identity

(.I'l,:L'Q,ZI}g) = (.%'1,.2133,2122), (1)
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where (z1, z2,23) = x1(x223) — (x122)x3 is the associator, i.e.,
(a1,a2,a3) = (a1, as,az) for all ay,as,as € A.

A right-symmetric algebra is Novikov if it satisfies additionally the polynomial
identity of left-commutativity

r1(z223) = T2(T173). (2)

We denote by 9 and D1 the varieties of all right-symmetric algebras and
all Novikov algebras, respectively. For details on the history of right-
symmetric and Novikov algebras we refer to the introductions of the paper
by Dzhumadil’daev and Lofwall [1] and the recent preprint by Bokut, Chen,
and Zhang [2]. The origins of the right-symmetric algebras can be traced
back till the paper by Cayley [3] in 1857. Translated in modern language,
Cayley mentioned an identity which implies the right-symmetric identity for
the associators and holds for the right-symmetric Witt algebra in d variables

0
W = {Z fig | fi€ K[Xd]}
i=1 ’

equipped with the multiplication

B o\ _(,0fi\ o
(a:) (2 ) = (532, o

Cayley also considered the realization of W;™™ in terms of rooted trees. Later
right-symmetric algebras were studied under different names: Vinberg, Koszul,
Gerstenhaber, and pre-Lie algebras, see the references in [1]. The opposite
algebras of Novikov algebras (satisfying the left-symmetric identity for the
associators and right commutativity) appeared in the paper by Gel’fand and
Dorfman [4]. There the authors gave an algebraic approach to the notion of
Hamiltonian operator in finite-dimensional mechanics and the formal calculus
of variations. Independently, later Novikov algebras were rediscovered by
Balinskii and Novikov in the study of equations of hydrodynamics [5], see also
the survey article by Novikov [6]. (Due to the contributions in [4, 5] and [6]
Bokut, Chen, and Zhang [2] suggest to call these algebras Gel’fand-Dorfman-
Novikov algebras. We shall continue to keep the name Novikov algebras.) An
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example of a Novikov algebra is the right-symmetric Witt algebra W;™™ in
one variable. In a series of papers, see, e.g., [1, 7, 8] Dzhumadil’daev, with
coauthors or alone, has studied free right-symmetric and free Novikov algebras,
with applications to nonassociative algebras with polynomial identities.

In commutative invariant theory one usually considers the general linear
group GL4(K) with its canonical action on the d-dimensional vector space
Vi with basis {e1,...,eq}. This induces an action on the polynomial algebra
K[X4] = K[x1,...,z4] in d variables

9(f()) = flg7'(v), g€ GLa(K),v € Vg,

where the linear functions z; : V; — K are defined by
xi(ej)zdij, i,j:1,...,d,

and ¢;; is the Kronecker symbol. For our noncommutative considerations it is
more convenient to suppress one step and, replacing V' with its dual space V*,
to assume that GL4(K) acts canonically on the vector space K X; with basis
X4 ={z1,...,24}. Then, identifying the polynomial algebra K[X4] with the
symmetric algebra of KX, we extend diagonally this action of GL4(K) on
K[Xq]:

9(f(Xa) = g(f (21, 7)) = F(g(1), - 9(5a)), (3)

g€ GLy(K), f(Xg) € K[Xg]. In this way GLg4(K) acts as the group of linear
automorphisms of K[Xy]. For a subgroup G of GL4(K) the algebra of G-
invariants is

K[X4)¢ ={f € K[Xd] | g(f) = f for all g € G}.

This is a Z-graded vector space and its Hilbert (or Poincaré) series is the formal
power series
H(K[X4)% 2) = dim(K[Xg]%)nz",
n>0

where (K[X4]%), is the homogeneous component of degree n in K[X4]C.
The following are among the main problems related with the description of
the algebra K[X4]¢ for different groups or classes of groups G. For details
concerning also computational and algorithmic problems see [9] or [10].
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e Is the algebra K[X4“ finitely generated? This problem was the
main motivation for the Hilbert 14th problem in his famous lecture
“Mathematische Probleme” given at the International Congress of
Mathematicians held in 1900 in Paris [11]. It is known that K[X4]¢ is
finitely generated for finite groups (the theorem of Emmy Noether [12]),
for reductive groups (the Hilbert-Nagata theorem, see e.g., [13]), and for
groups close to reductive (see e.g., Grosshans [14| and HadZiev [15]). The
first example of an algebra of invariants K[X4]¢ which is not finitely
generated is due to Nagata [16].

o If K[X4|® is finitely generated, describe it in terms of generators and
defining relations. In different degree of generality this problem is solved
for classes of groups. For example, the theorem of Emmy Noether [12]
gives that for finite groups the algebra K|[X,4]¢ is generated by invariants
of degree < |G]. Also for finite groups, the Chevalley-Shephard-Todd
theorem [17, 18] states that the algebra K[X,4]“ is isomorphic to the
polynomial algebra in d variables (i.e., it is generated by a set of d
algebraically independent invariants) if and only if G is generated by
pseudo-reflections.

e Calculate the Hilbert series H(K[X,4]%, z). For finite groups the answer
is given by the Molien formula [19]

1 1
H(K[X]% ) = =3 ———.
|G| = det(1 — gz)
The analogue for reductive and close to them groups is the Molien-Weyl
integral formula [20], see also [21].

In noncommutative invariant theory one replaces the polynomial algebras
K[X4] with other noncommutative or nonassociative algebras still keeping
some of the typical features of polynomial algebras. One such feature is the
universal property that for an arbitrary commutative algebra A every mapping
X4 — Ais extended to a homomorphism K[X;] — A. In the noncommutative
set-up the class of commutative algebras is replaced by an arbitrary variety
of algebras U and instead on K[X4]“ one studies the algebra of G-invariants
Fy(0)% of the d-generated relatively free algebra Fy() in 9, d > 2. For a
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background see the surveys [22, 23]. Comparing with commutative invariant
theory, when K[X4]“ is finitely generated for all “nice” groups, the main
difference in the noncommutative case is that Fz(2) is finitely generated quite
rarely. For a survey on invariants of finite groups G acting on relatively free
associative algebras see [22, 23] and [24]. For finite groups G' # (1) and varieties
of Lie algebras Fy(0)% is finitely generated if and only if 9 is nilpotent, see
[25, 26].

Concerning the Hilbert series of Fy(2)Y, for G finite there is an analogue
of the Molien formula, see Formanek [22]. Let

H(Fd(‘li), VARRRES) Zd) = Z dim Fd(%)(nl,,..,nd)z?l s ng

sz

be the Hilbert series of Fy(0) as a multigraded vector space. It is equal to the
generating function of the dimensions of the vector spaces (), ... n,) of the
elements in Fy(0) which are homogeneous of degree n; in x;. If £1(g), . .., &4(9)

are the eigenvalues of g € G, then the Hilbert series of the algebra of invariants
Fy(0)¢

H(F4(0)% 2) e ZH Fa(0);61(9)2, - - Lal9)2)-

geG

There is also an analogue of the Molien-Weyl formula for the Hilbert series of
F;(20)% which combines ideas of De Concini, Eisenbud, and Procesi [27] and
Almkvist, Dicks, and Formanek [28]. Evaluating the corresponding multiple
integral one uses the Hilbert series of F,;(*0) instead of the Hilbert series of
K[X4]
o
H(K[Xg),z1,....20) =[]

1*21"

i=1

We refer to [29] for other methods for computing the Hilbert series of Fy(20)%
when G is isomorphic to the special linear group SL,,(K) or to the group
UT(K) of the m x m unitriangular matrices.

In this paper we study invariant theory of relatively free right-symmetric
and Novikov algebras. Let £ be the variety of right-symmetric algebras which
are left-nilpotent of class 3, i.e., £ is the subvariety of R satisfying the
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polynomial identity
wl(.%'gltg) =0. (4)

For a large class of subgroups G of GLy4(K), G # (1), d > 1, we show that
Fy()¢ is not finitely generated for any variety U containing £. More precisely,
let A; = K[Xg4]+ be the algebra of polynomials without constant term and let
(Ag)¥ = (K X4) be the vector space of linear polynomials fixed by G. Clearly,
(A2)% is a K[(Aq){'l-module. If (A2)¢ is not finitely generated as a K[(Aq){]-
module, then F;(20) is not finitely generated for any 2 containing £. The
class of such groups G contains all finite groups. It contains also the classical
and close to them groups under some natural restrictions on the embedding
into GL4(K). In particular, if (44)f = 0 and (A42)¢ # 0, then F;(0)% is not
finitely generated. Results in the same spirit hold if we replace the polynomial
algebra K[X,] with the free metabelian Lie algebra Fy(A%) = Lq/L!}, where
Ly is the free Lie algebra freely generated by X, and 2 is the variety of all
metabelian (solvable of class 2) Lie algebras. If (KX4)¢ = (44)¢ = 0 and
dim F3(A%)¢ = oo, then again F;(0) is not finitely generated.

2. PRELIMINARIES

We fix a field K of characteristic 0. All vector spaces and algebras will be
over K. Let
F(X)=K{X}=K{z1,z9,...}

be the (absolutely) free nonassociative algebra freely generated by the
countable set X = {x1,x9,...}. Recall that the polynomial f(z1,...,2,,) €
K{X} is a polynomial identity for the algebra A if f(ai,...,am) = 0 for all
ai,...,am € A. The class of all algebras satisfying a given set U C K{X} of
polynomial identities is called the variety of associative algebras defined by the
system U. If U is a variety, then T'(0) is the ideal of K{X} consisting of all
polynomial identities of U. Let X4 = {x1,...,24} C X. Then the algebra

Fo(0) = K{ay, ... xa}/(K{xy, ..., 2a} N T (D)) = K{Xq}/(K{Xa} NT(V))

is the relatively free algebra of rank d in 2. We shall denote the generators
of Fy(0) with the same symbols X4. The ideals K{X4} N T(V) of K{X}
are preserved by all endomorphisms ¢ of K{Xy}, i.e., o( K{X4} NT(V)) C
K{X4}NT (V). In particular, GL4(K)(K{X4}NT(V)) = K{X4}NT (V). Here
the general linear group G Ly(K) acts canonically on the vector space K X; with
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basis Xy and this action is extended diagonally on the whole F;;(0) as in (3).
Hence F;(0) has a natural structure of a GL4(K)-module. For a background
on representation theory of GLi(K) see, e.g., [30, 21]. Since char(K) = 0, the
algebra F;(20) is a direct sum of irreducible GL4(K)-modules and

Fu() = 3 mA (@) Wa(N),

where Wy(\) is the irreducible polynomial GL4(K)-module corresponding to
the partition A = (A1,...,\g), A1 > -+ > Ng > 0, and m)(0) is the
multiplicity of Wy(\) in the decomposition of Fy(*0). Then the Hilbert series
of Fy(0) is

H(Fy(D),21,..,2a) = Y ma(D)Sx(z1, - .-, 2a),

where Sy(z1,...,2q) is the Schur function corresponding to A. Since the Schur
functions form a basis of the vector space K[X4]°" of symmetric polynomials
in d variables, the Hilbert series H (Fy(0), 21, . . ., 24) determines the GLg(K)-
module structure of F;(0).

In the sequel we shall need some well known information for two relatively
free algebras: the polynomial algebra K[X,] and the free metabelian Lie algebra
Fy(A?) = Lg/ LY.

LEMMA 1. (i) The GL4(K)-module structure of the polynomial algebra K[X ]
is

K[Xq] =) Wa(n).

n>0
(ii) The free metabelian Lie algebra Fy(A?) has a basis
{a:i, [[ . [mil,xiz],.. .],:cin] | i,ij = 1,.. . ,d,il >4 < - < Zn}

The G Lg(K)-module structure of Fy(2A?) is

Fy(%) = Wy(1) + ) Wa(n —1,1).

n>2

Part (i) of the lemma is well known. Part (ii) is also well known, see e.g.,
[31, §52, pp. 274-276 of the English translation] for the basis of Fy(?) and
[32, the proof of Lemma 2.5] for its GL4(K)-module structure.
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The product of two Schur functions Si(z1,...,24)Su(21,...,24) can be
expressed as a sum of Schur functions using the Littlewood-Richardson rule. A
very special case of this rule is the Branching theorem, when p = (1). It states
that

S)\(Zl,. . .,Zd)S(l)(Zl, . ,Zd) = ZSV(Zl, . ,Zd), (5)

where the sum runs on all partitions v = (v1,...,14) obtained by adding 1
to one of the components \; of A = (A\1,...,Ag). In other words, the Young
diagram of v is obtained by adding a box to the diagram of A. Since the product
of two Schur functions corresponds to the tensor product of the corresponding
irreducible GL4(K)-modules, we obtain equivalently

Wa(\) @ Wa(1) = > Wa(v), (6)

with the same summation on v as in (5).

If G is a subgroup of GL4(K), then the GLg4(K)-action on the irreducible
G Lg(K)-module Wy(\) induces a G-action on Wy(\). Let W4(\)€ be the vector
space of the elements of Wy(\) fixed by G, i.e., of the G-invariants of Wy(\).
If W is a graded GL4(K)-module with polynomial homogeneous components,

W=PWe, W= ma(k)Wa(N), (7)
k>0 A

then its Hilbert series is

HW,21,...,2q,2) = Z Z dim(Wi) (ny,n) 210 - 20 P
k>0 \n:>0 (8)

- Z Zm/\(k)s/\(zl, oy 29)72"

k>0 X

LEMMA 2. Let W be a graded G Ly( K )-module with polynomial homogeneous
components, as in (7), and let G be a subgroup of GLq(K). Then the Hilbert
series of the G-invariants of W
HW, 2) =Y dim W2
k>0

is determined from the Hilbert series (8) of W.
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ProoOF. We follow the main ideas of the recent preprint [33] which contains
more applications in the spirit of the lemma. Since the dimension of Wz(\)¢
depends on Wy(A) only, and the Schur functions Sy(z1,...,24) are in 1-1
correspondence with the modules Wy()\), we conclude that dim Wy(A\)€ is a

function of Sx(z1,...,24). This immediately completes the proof because
HWY,2) =) (Z my (k) dim Wd()\)G> 2F.
E>0 \ A

The proof of the next statement can be found in [34, Proposition 4.2] in
the case of homomorphic images of the free associative algebra K (Xg). The
proof in the case below is exactly the same.

PROPOSITION 1. Let I be an ideal of the relatively free algebra Fyq(20) of the
variety 20 and let I be preserved under the G Lq(K)-action on F4(20). If G is a
subgroup of GL4(K), then every G-invariant of the factor algebra F;(20)/I can
be lifted to a G-invariant of Fy(20), i.e., under the canonical homomorphism

m: Fg(0) — Fa(2W)/1

Fy(MW)% maps onto (Fy(20)/I)¢. In particular, if % is a subvariety of the
variety 20 and 7 : Fg(20) — Fy(*0), then

m(Fy(20)%) = Fy(1)“.

For more details on varieties of algebras (in the associative case) and the
applications of representation theory of GL4(K) to Pl-algebras we refer to the
book [35].

3. THE MAIN RESULT

Let £ be the subvariety of the variety of right-symmetric algebras R defined
by the identity (4) of left-nilpotency of class 3. Since the identity (2) of left-
commutativity is a consequence of (4), £ is also a subvariety of the variety
I of Novikov algebras. Working in £, the only nonzero products are left-
normed. We shall omit the parentheses and shall write aqas - - - a, instead of
(---(ar1a2) -+ )ay and alaéC instead of aj ay - - - as.

——

k times
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LEMMA 3. (i) The relatively free algebra F;(£) has a basis
{ziywiy - x, |11 =1,...,d, 1<ipg<---<ip, <d}. (9)
(ii) The GL4(K)-module structure of Fy(£) is

Fy(8) = Wa(1) + > (Wa(n) + Wa(n — 1,1)). (10)

PROOF. (i) Modulo the identity (4) the right-symmetric identity (1) reduces
to
T1T2T3 = T1X3L2. (11)

Hence £ satisfies the identity
T1T2 " Tn = T1T6(2) """ To(n)y O S Sn,O'(l) =1,

and the algebra F;(£) is spanned as a vector space on the elements (9). In
order to show that (9) is a basis of Fy(£) it is sufficient to construct an algebra
A in £ which is generated by ay,...,aq and has a basis

{ajai* - -ay? |1 =1,...,d, n; >0} (12)

Since A is a homomorphic image of F;;(£), this would imply that (9) is a basis of
F;(£). Consider the vector space A with basis (12) and define a multiplication
there by the rule

ni ng _ ni nj+1 nqg
(aiay* -+ ag?) xa; = azayt --a;” T ay?,

(ajal* -+ -ay®) * (azay™ -+ - ay'*) =0, if m; > 0 for some j.

Obviously A satisfies the identities (4) and (11), and hence belongs to £.

(ii) For n > 2 we divide the basis elements from (9) in two groups. The
first group contains the monomials x;, z;, - - - ;, with 43 < 42 and the second
group the monomials with ¢; > i2. Obviously, the monomials in the first group
are in 1-1 correspondence with the monomials of degree > 2 in K[X,]. By
Lemma 1 (ii), the same holds for the monomials from the second group and
the elements of degree > 2 in Fy(A?). Hence the Hilbert series of Fy(£) is a
sum of the Hilbert series of the algebra of polynomials without constant term
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and the commutator ideal of the Lie algebra Fy(A2). Now the proof follows
from Lemma 1.

The construction in the proof of Lemma 3 (i) suggests that the algebra
F;(£) has the structure of a right K[Xg4]-module with action defined by

(zpt -+ wgng)o(a P -+ 2l h) = wpr P gty =1 d ng,my > 0.
Clearly, the ideal F2(£) of the elements in Fy(£) without linear term is a
K[X4]-submodule. We shall denote by (Ag)1 the vector space KX, and shall
identify K[Xy] and K[(Ag)1].

The following theorem and its consequences together with the examples in
the next section are the main results of the paper.

THEOREM 1. Let U be a subvariety of the variety R of all right-symmetric
algebras and let U contain the variety £ of left-nilpotent of class 3 algebras
in R. If G # (1) is a subgroup of GL4(K) such that the ideal F3(£) of the
algebra of invariants Fy(£)® is not finitely generated as a K[(A4)$]-module,
then the algebra of G-invariants Fy(0)® is not finitely generated.

PROOF. By Proposition 1 the canonical homomorphism Fy(0) — F;(£) maps
Fy(0)% onto Fy(£)¢ and if Fy()Y is finitely generated, the same is Fy(£)C.
Hence it is sufficient to show that Fy(£)“ is not finitely generated. Therefore
we may work in Fy(£) and assume that F;(£)¢ is finitely generated. As a
vector space Fjy(£)% is a direct sum of the invariants of first degree (K X4)® =
(Ad)? and the invariants F2(£)¢ without linear term. We may assume that
Fd(ﬂ) is generated by U = {u1,...,ux} C (A9)§ and W = {wy,...,w;} C
F2(£)%. Since Fy(£)“F2(£)¢ = 0, the only nonzero products of the generators
of Fy(£)9 are upuy, - - - Uy, , and wyti, - - - Uy, , m > 0. Hence KU = (A4)¢,

Fd ZUMUMOK[(Ad +quoK(Ad) ]
=1 7j=1

and F2(£)% is a finitely generated K [(Aq){]-module which is a contradiction.
COROLLARY 1. Let Ay = K[Xy4|+ be the algebra of polynomials without
constant term and let G be a subgroup of GL4(K). If (A2)Y is not finitely

generated as a K[(Ag)$]-module, then Fy(0)¢ is not finitely generated for
any variety U containing £.
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PROOF. By the Branching theorem (6)
Wiln —1,1) @ Wy(1) = Wa(n,1) ® Wy(n — 1,2) @ Wy(n —1,1,1).  (13)

Consider the GLy(K)-module decomposition of Fy(£) given in Lemma 3 (ii).
Since Fy(L£)F7(£) = 0, the only nonzero products Wy(A)Wy(u) with A or u
equal to (n —1,1), n > 2, come from

Wd(n—l, 1)Wd(1) = Wd(n—l, 1)Fd(£) = Wd(n—l, 1)(KXd) = Wd(n—l, 1)(Ad)1.

This is a homomorphic image in Fj;(£) of Wg(n —1,1) @ x Wy(1). By (13) we
derive that Wy(n — 1,1)Fy(£) C Wy(n,1). This implies that

I=) Wy(n—1,1) C Fy(2)
n>2

is an ideal of F;(£) and the GL4(K)-module structure of the factor algebra is

Fy(2)/T =) Waln) = Ag.

n>1

Hence the algebras F;(£)/I and A; have the same Hilbert series and by
Lemma 2 the same holds for their algebras of invariants. Since (AZ)G is not
finitely generated as a K[(A4){]-module, the same is true for the K[(Aq){]-
module F2(£)/I. By Proposition 1, the K[(A4){]-module F7(£) is not finitely
generated and the application of Theorem 1 completes the proof.

COROLLARY 2. Let Fy(?) be the free metabelian Lie algebra and let G be a
subgroup of GLy(K). If (KX3)¢ = (Ag)f = 0 and dim Fy(A%)% = oo, then
Fy()€ is not finitely generated for any variety 0 containing £.

PROOF. Since (K X4)% = (A4){ = 0 we obtain that F;(£)¢ = F2(£)“. Hence
the algebra Fy(£)® is with trivial multiplication and the finite generation
is equivalent to the finite dimensionality. As a GLg(K)-module Fy(2A?)
is a homomorphic image of Fy(£). Hence the vector space Fy(22)¢ is a
homomorphic image of F;(£)¢. This implies that dim F7(£)¢ = oo, i.e., both
the algebras F;(£)¢ and Fy() are not finitely generated.
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REMARK 3.1. In Corollary 2 we cannot remove directly the restriction
(KX4)¢ = 0, as in Corollary 1, because the GL4(K)-submodule I =
Yoo Wa(n) of Fy(£) is not an ideal. For example, one can show that
W4(2)(K Xgq) = Wq(3) @ W4(2,1). Hence we cannot use the property that the
Lie algebra Fy(2)¢ is not finitely generated to show that the algebra Fy(£)
is also not finitely generated. On the other hand, we do not know examples
of groups G when (K X4)¢ = 0, K[X4)® = K, and dim F;(2?)¢ = co. Such
an example would show that we may apply Corollary 2 when we cannot apply
Corollary 1.

4. EXAMPLES

All examples in this section use the following statement which is a
consequence of Corollary 1.

PROPOSITION 2. If for a subgroup G of GL4(K)
transcend.deg(K[X,4]¢) > dim(K X4)¢,

then the algebra Fy(20)¢ is not finitely generated for any variety 0 containing
L.

PROOF. Let t = transcend.deg(K[X,4]%). Since K[X4]¢ is graded, we may
choose t algebraically independent homogeneous elements in AG = (K[X,4],)C.
If m = dim(KX,)%, changing linearly the variables X; we assume that
(KX4)% has a basis X, = {21,...,2,} and K[(44)¢] = K[X,,]. Since
t > m, we obtain that ((A4)?)¢ contains an element f(Xg), such that the
system X, U{f(Xy)} is algebraically independent. Hence the K[X,,]-module
generated by the powers f*(Xg4), k = 1,2,..., is not finitely generated. Now
the proof follows from Corollary 1.

3.1. FINITE GROUPS.

THEOREM 2. Let G be a finite subgroup of GL4(K) and G # (1). Then the
algebra Fy(°0)€ is not finitely generated for any variety 90 containing £.

PRrROOF. It is well known that for a finite group G

transcend.deg(K[X4]¢) = transcend.deg(K[X,]) = d. (14)
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For self-containedness of the exposition, every element f(Xy) € K[X,] satisfies
the equation

up(z) = [ (2 = 9(f(Xa))) = 2/ — 121971 4 02219172 — . £ ¢
geG

where the coefficients ¢ are equal to the elementary symmetric polynomials
in {g(f(X4)) | g € G}. Hence ¢ € K[X,4]% and as a K[X4]%module K[X,] is
generated by

it eyt 0<a; < |G

The finite generation of the K[Xy4]“-module K[X,] implies (14) and the
theorem follows from Proposition 2.

3.2. REDUCTIVE GROUPS. If G C GL4(K) is a reductive group then there
exists a G-submodule W of K X4 such that K Xg = (KX4)% @ W.

PROPOSITION 3. In the above notation, if K[W]% # K, then Fy(0)% is not
finitely generated for all U containing £.

PROOF. Since the elements of K[W] cannot be expressed as polynomials in
(K X4)%, the condition K[W]¥ # K implies that

transcend.deg( K[X,4]%) = dim(K X4)%+transcend.deg( K[W]¢) > dim(K X,4)¢

and this completes the proof in virtue of Proposition 2.
EXAMPLE. For each k > 1 there is a unique irreducible rational k-dimensional
SLy(K)-module Wy. Let the subgroup G of GL4(K) be isomorphic to SLy(K)
and

KXqg =Wy, & O Wy,

as an SLy(K)-module. It is well known that if ky > 3, then K[W},| contains
nontrivial SLy(K)-invariants. Similarly, K[Wy @ W5]32(E) - K. Hence the
only cases when K[X492(F) = K[(KX)5"2F)] arek) =2, kg =--- =k, = 1
when K[X4)52(K) = K[(K X)) =2 K[X4 1] and ky = - -+ = k, = 1 with
the trivial action of SLy(K) on K X4 (and the latter case is impossible because
G = SLy(K) is a nontrivial subgroup of GLy4(K)).

3.3. WEITZENBOCK DERIVATIONS. A linear operator § of an algebra A is a
derivation if

d(uv) = 0(u)v +ud(v), wu,v € A.
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If U is a variety of algebras, then every mapping 0 : Xy — F4(*U) can be
uniquely extended to a derivation of Fj(¥) which we shall denote by the
same symbol . If § is a nilpotent linear operator on K X, then the induced
derivation is called a Weitzenbock derivation. Weitzenbock [36] proved that in
the case of polynomial algebras the algebra of constants

K[Xq) = {f(Xa) € K[X4] | 6(f(Xa)) = 0}

is finitely generated. Details on the algebra of constants K[X4]® can be found
in the book by Nowicki [37]. For varieties U of unitary associative algebras
(and § # 0) the algebra Fy(%)° is finitely generated if and only if U does not
contain the algebra T5(K) of 2 x 2 upper triangular matrices, see [38, 34|. Up
to a change of the basis of K Xy the Weitzenbock derivation § is determined by
the Jordan normal form J(§) of the linear operator ¢ acting on K X,. Since ¢
acts nilpotently on K X4, the matrix J(J) consists of Jordan blocks with zero
diagonals.

PROPOSITION 4. Ifd > 2 and the Jordan normal form J(§) of the Weitzenbéck
derivation consists of less than d — 1 blocks, then the algebra Fy(%0)° is not
finitely generated for any variety *0 containing the variety £.

PRrROOF. Since ad, o € K, is nilpotent on KXy, it is a locally nilpotent
derivation of Fy(®0), i.e., for every f(Xg) € Fy(U) there exists an n > 1
such that ()™ (f(X4)) = 0. Hence

ad  (ad)?
exp(ad) =1+ T + 51

is a well defined linear automorphism of F,;(0). It is well known that the group

{exp(ad) | « € K}

is isomorphic to the unipotent group UT5(K) and
Fy()° = Fy()V"00,

If the matrix J(J) consists of p blocks, then the dimension of the vector space
(K X4)? of the linear constants is equal to the number of the blocks p. Reading
carefully [37, Proposition 6.5.1, p. 65] we can see that

transcend.deg(K[X,4)°) = d — 1
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which is larger than p = dim(KXd)‘s. Now the proof follows from Proposition
2 applied for UT,(K) C GL4(K).

REMARK 4.2. If in Proposition 4 the Jordan normal form of § consists of d — 1
blocks, then the algebra of constants K[X,]° is generated by linear constants.
In this case we may assume that §(x1) = xo and §(z;) = 0 for i = 2,...,d.
It is easy to see that Fy(£)° is generated by x1xy — Tox1, 29, ..., x4. We do
not know how far can be lifted to Fy(0) the finite generation property of the
algebra of constants and do not have a description of the varieties 0 containing
£ such that the algebra Fy(%0)? is finitely generated.
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Hpencku B.C. EPKIH OH-CUMMETPUAJIBI AJITEBPAJIAP MEH
HOBUKOB AJITEBPAJIAPBIHA KATBICThl MHBAPUAHTTAP TEO-
PUACHI

(x1; x2; x3) = (x1;x3; x2) nosmHOMuMasIbl Tere-TeHiri Gap aarebpa-
Jap OH-CHMMETDHAIBl ajarebpasap Jem aramagbl, MyHma (x1; x2; x3) =
x1(x2x3)..(x1x2)x3 - accoumarop Gosbin Tabbuia bl HoBukoB asrebpasaps
- 6ys koceivima x1(x2x3) = x2(x1x3) mosmHOMUAIABI Tele-TeH [NH KaHAFaT-
TAH/IBIPATHIH OH-CUMMEeTPHUsLIbL ajiredpasiap 6osbin Tadbbriagel. biz 0 cumarra-
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epkin on-cummerpusiibl Fd(R) anrebpacein xone epkin Fd(N) Hosukos as-
redOpacelH KapacThlpaMmbl3. d-esmremi ChI3bIKTEI KXd KeHicTiriHe KaHOHIBIK
ocepi 6ap TosbiK cbi3bKTHl GLA(K) 10661 FA(R) Men FA(N) cbizbikrsl aBro-
mzumopduzmaep 10661 peringe ocep eremi. GLA(K) rtobeiabiy G imki ToObI
yuiin 6i3 Fd(R)G xone FA(N)G G- unsapuanrtrap aaredpacbiH 3eprreiimis.
g 6osbinoro kjacca rpymin G TONTApPBIHBIH KOITEreH KjacTapbl VImiH 6i3
mbl nokasbiBaeMm, 4ro ajurebpsl FA(R)G xone FA(N)G asrebpasapsl emika-
IMaH aKbIPJIbl TyBIHIAFaH ajredpaiap ekeHiH kepcereMmis. OcblHIail HOTHKE
OH-CUMMeTpusiibl aarebpanapasis R kenbeitnenerinin R-meri anredbpaJiapabii
3 COJI-HWJIBITOTEHTTI KJIACKIHBIH L irKikenbeiine 1irin KaMTuThIH 9poip imKike-
mbeiiHe ik VIMH 1€ OPBIHIBI DOJIIH.

Hpenckn B.C. TEOPIIA MHBAPUAHTOB OTHOCUTEJ/IBHO CBO-
BOIHBIX IMTPABO-CUMMETPNMYECKUX AJITEBP U AJITEBP HOBU-
KOBA

Asrebpbl ¢ MOMHOMUAIBHBIM TOXKAECTBOM (X1,x2,23) = (z1,73,22),
rne  (x1,x9,x3) = wi(xow3) — (r1m2)xs — accommarop, HA3BIBAIOTCS
npaso-cuMMerpuaeckuMu. Anre6pel HoBUKOBA — 9T0 MPaBO-CUMMETPUIECKIE
anreOphl, JIOTOMHATENLHO  YIOBIETBOPSIONAE TOJTHHOMHUATLHOMY — TOKJIe-

crBy x1(xex3) = xa(z1w3). Mbl paccmaTpuBaeM CBOGOIHYIO TIPABO-
cummerpuaeckyto anredopy Fy(R) m cBobomnyio anrebpy Hosukosa Fy(M) ¢
MHOYKECTBOM CBOOOMHBIX mopoxkpaomux Xg = {x1,...,x4} #ag nomem K

xapaxrepuctuku 0. IMonnas nuneiinas rpynna GLg(K) ¢ ee kanoHMmIecKuM
JeiicteueM Ha d-MepHOe JuHeiiHOoe mpocTpancTtBo K Xy meiicrByer ma Fy(fR)
u Fy(M) xak rpynma juseiinbix asromopdusmos. Jng noarpynnsr G rpyn-
met GLg(K) bt m3ydaem anre6py G-mmsapmantos Fy(R)C u Fy(M)C. s
6osbImoro Kiracca rpymn G Mbl okazbiaem, uto anredpnr Fy(R)E u Fy(M)¢
HUKOI/IA HE $IBJIAIOTCA KOHEYHO MOpOKeHHbIME. Takoii->ke pe3y/jbraT BepeH
JIJIST KAXKI0T0 MOAMHOT000pa3us MHOT00Opasus R mTpaBo-CUMMETPUIECKUX aJl-
rebp, KOTOpOe COMEPKUT MOAMHOTO0Opasue £ JeBO-HUIBIIOTEHTHBIX KJIAcca 3
ayrebp u3 R.
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Annotation: We consider a class of anti-commutative algebras embeddable into
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1. INTRODUCTION

One of the most common problems in algebra is a description of the class
M) of algebraic systems obtained from a given class M by means of new
operations on the same base set. These operations are assumed to be expressed
in some way (denoted as w) via the initial operations of the class M. In what
follows, we will only consider linear algebras, i.e., linear spaces equipped with a
family of polylinear operations in arbitrary number of arguments. An algebra
of the form A“), A € M, is supposed to be the same linear space A equipped
with new family of operations.

For example, if M = As is the variety of all associative algebras with
multiplication p : (x,y) — zy then the new commutator operation [z,y] =
xy — yx on the space of algebra A € As turns A into a Lie algebra A,

Moreover, every Lie algebra may be embedded into an appropriate A,
A € As, therefore, S(As(7)) is a variety (equal to Lie). Here S(K) stands for
the class of all subalgebras of all algebras from the class K. In the sequel, we
will denote by H(K) the class of all homomorphic images of algebras from K.
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On the other hand, it is well known that the anti-commutator operation
z oy = xy 4+ yr turns an algebra A € As into a Jordan algebra AF), but
S(AS(+)) is not a variety: this class is not closed with respect to homomorphic
images [1].

Generally speaking, let M and N be two varieties of linear algebras defined
by polylinear identities. Then an algebra A € M may be represented as a
morphism from the operad Cyq governing the variety M (see [2]) to the multi-
category of Vec of linear spaces [3]:

A : Cpy — Vec.

Every morphism of operads w : Cyr — Caq naturally defines a functor M — N
AW ey S O A Vec.

The kernel of w in Cpr is the collection of those polylinear identities in the
variety N that hold on all algebras of the form A« A e M.

Algebras of the class S(M“)) are called special N-algebras (relative to the
morphism w). Denote the closure of this class with respect to homomorphic
images by S@N.

For every triple (M, N, w) as above, one may pose the following questions.

e Find the kernel of w in Cyr, or at least determine whether it is trivial.
The operad Cy/Kerw governs the variety SN

e Whether S(M®)) coincides with N2

e If the previous question meets negative answer, decide whether
S(M@)) C N is a variety.

The first two questions are known as the problem of finding special
identities and speciality problem. A study of functors of this type as well
as a study of speciality problems was performed, in particular, in [4]. To
solve the last question it is enough to check whether we have SWN =
S(M©)) (since the Cartesian products preserve speciality). A general method
of counterexample construction (non-special homomorphic images of special
N-algebras) is given by the following analogue of P.M. Cohn’s lemma [1].
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Let X be a set, and let M(X), N(X) be the free algebras (generated by
X) in the varieties M, N, respectively. Denote N, (X) the subalgebra in the
N-algebra M(X)®) generated by X. For a subset B C N,,(X) denote I,(B)
and I(B) the ideals of N, (X) and M(X) generated by B.

LEMMA 1. Algebra N,(X)/1,(B) is special relative to the morphism w if and
only if I,(B) = I(B) N N, (X).

The proof is completely similar to what is stated in [5, Ch. 3|.

If S(M©) and N coincide then there is a more precise question on the
properties of the triple (M, N,w): whether this triple has PBW-property [6],
i.e., whether an analogue of the Poicaré—Birkhoff—Witt Theorem holds for
the universal enveloping algebra U, (L) € M, L € N. As shown in [6], the
PBW-property allows to transfer many combinatorial properties from M to
N.

In the present work we consider a series of varieties obtained from classical
varieties As, Com, and Lie of associative, associative-commutative, and Lie
algebras by means of splitting procedure. The classes obtained are related
with Novikov algebras and with Tortken- and Tortkara-algebras introduced by
A.S. Dzhumadil’daev.

2. SPLITTING OF OPERADS AND CORRESPONDING MORPHISMS

Denote by Perm the variety of associative algebras satisfying the identity
xryz = yxz 7).

Let M be a variety of algebras with one bilinear operation of multiplication
w: (z,y) — zy defined by a family of polylinear identities. Denote by Caq the
operad governing the variety M.

DEFINITION 1 (|8]). Denote by preM the class of linear spaces A equipped
with two bilinear operations py : (z,y) — x =y and pu< : (z,y) — x < y such
that for every algebra P € Perm the space P ® A relative to the operation

(pRa)(g®b)=pg@a>>b+qgp®a<b, p,qeP, abecA, (1)
belongs to the variety M.

It follows immediately from definition that preM is a variety, its defining
identities may be obtained from the defining identities of M by comparing
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similar terms in the expression
t(p1®a17'~7pn®an):07 pZGP, CLZ‘GA,

where t(x1,...,xy) is a defining identity of M. Here it is enough to choose P
equal to the free Perm-algebra generated by countable set {pi,p2,...}. The
same identities are obtained as a result of the splitting procedure described in
[9], [10].

ExaMpPLE 1 (Pre-associative algebras). For M = As, the class of pre-
associative algebras consists of linear spaces equipped with two operations >
and < such that

x=(y=2)=(x=y)=z+(z<y) > z,
x=(y<z)=(x>y) <z (2)
r<y=2)+r<y<z2=@@<y) <=z
This is exactly the system of defining identities of dendriform di-algebras [11].

ExAMPLE 2 (Pre-commutative algebras). For M = Com, the class of pre-
commutative algebras is defined by the identities 2 and

rT>yYy=9y<2x.
These identities, being rewritten in terms of one product zoy =z = y (z <
y =y ox), turn into single expression
zo(yoz)=(zoy)oz+(yor)or. 3)
This is the definig identity of the class of Zinbiel algebras [11].
Note that (3) implies
zoly,z]+yolz,x]+zo[x,yl =0, (4)
where [z,y] =zoy—youx
EXAMPLE 3 (Pre-Lie algebras). For M = Lie, the class of pre-Lie algebras
is defined by identities
T-y=-y=<uz,
z-(y=2z)—y=(x=2)=(x>y+z<y)z,
r-(y<z)—y<(x=z+zx<2)=(@>y) <z
r<(y<z+y=z)—y=(r=<2) =<y <=z
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Relative to the operation x oy = = < y these identities turn into single
expression

zo(yoz)—(woy)oz=wo(z0y) — (xoz)oy.

This relation defines the variety of right-symmetric algebras [12|-[14].

The study of splitting varieties is essentially motivated by their relation to
Rota—Baxter operators. The latter represent constant solutions of the classical
Yang—Baxter equation (CYBE) on semisimple finite-dimensional Lie algebras
[15].

Namely, a Rota—Baxter operator on an algebra U is a linear operator
R : U — U such that

R(u)R(v) = R(R(u)v) + R(uR(v)), wu,veU.

THEOREM 1 ([10]). 1. An algebra A € M with a Rota—Baxter operator R
is a system of the class pre M relative to the operations

a>b=R(a)b, a<b=aR(b), a,becA.

2. Every algebra B € pre M embeds into an appropriate algebra A € M
with a Rota—Baxter operator.

This theorem implies every algebra A € pre M to be embedded into
its universal enveloping M-algebra with a Rota—Baxter operator. Standard
universal algebra reasonings allow to derive the main result of [16] (where it
was proved for M = As).

COROLLARY 1 |c.f. with [16]]. The universal enveloping Rota—Baxter M-
algebra of the free pre M-algebra is isomorphic to the free system in the
variety of M-algebras with Rota—Baxter operator.

COROLLARY 2. For a binary quadratic operad Cyq we have Cpre M = Cpre Lie ®
Cam, where e stands for the black Manin product of operads [2], [17].

Definition 1 implies that for every algebra A € pre M with operations >,
< the same space A is an algebra of the variety M relative to the product

axb=a>=b+a=<b.
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Indeed, it is enough to consider P = k € Com C Perm. The M-algebra
obtained is denoted by A®),

Therefore, we have a morphism of operads Far — Fpre M inducing the
functor (%) : pre M — M, A — AX).

THEOREM 2. Let M = As, Lie. Then the triple (pre M, M, (x)) has the PBW-
property.

For M = Lie, this statement was proved in [18], where the Grobner—
Shirshov bases method was developed for the class pre Lie: there is a basis
of the universal enveloping Lie algebra of a pre-Lie algebra L that does not
depend on the multiplication table of L.

The same approach was developed in pre-associative case in [19], where
the Grobner—Shirshov bases theory for pre-associative algebras was developed.
Calculation of bases of universal envelopes shows the triple (pre As, As, (x))
has the PBW-property.

3. SPLITTING MORPHISMS OF OPERADS

Let M, N be two varieties of linear algebras, and let w : Cyr — Caq be
a morphism of the corresponding operads; w induces the functor M — N,
A +— AW Then there exists a morphism pre w : Cpre N — Cpre M inducing
the functor pre M — pre N, A — AP« compatible with the splitting
procedure:
(p®A)(W) = P AlPrew)

for A € pre M, P € Perm.

EXAMPLE 4. Let N/ = Lie, M = As, and let w be the morphism sending x1x2
to [x1,x2] = 122 — w2x;. The induced functor turns an associative algebra
into its commutator Lie algebra. Consider P = Perm(p,q,...), A € pre As,
and compute

P®a,qg@b=pg@(a<b—b>a)+qp®(a>b—>b=a)
for a,b € A. Obviously, the morphism pre w maps z1 < x2 to [z1 < x2] = z1 <

x9 —x9 > x1 and x1 = Ty to [T1 = 2] = x1 = x9 — o < 1. These operations
are related to each other: [x1 < x3] = —[z2 > x1].
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ExampLE 5. Let Diff be the variety of differential algebras, i.e., associative
and commutative algebras with a derivation 0. Consider the functor sending
A € Diff to a system with new binary operation -y = d(x)y. It is well-known
that this new operation satisfies Novikov algebra axioms:

(a:,y,z) = ($,Z,y), $(y2’) = y(l‘Z) (5)

Splitting of the corresponding morphism of operads allows to construct a
functor from the variety of pre-commutative algebras with a derivation 0 to
the variety pre Nov, whose defining identities may be obtained from (5) in a
procedure described by Definition 1. This functor is described by the following
relations:

z=-y=0)y, x<y=yod(x).

Splitting morphisms of operads are compatible with embeddings into
algebras with Rota—Baxter operators: if A € pre M, A C B, where B is a
M-algebra with a Rota—Baxter operator R then R is a Rota—Baxter operator
on B&) € N and APre «) C BW),

On the other hand, the properties of pre w may differ from the properties
of w. Even if w : Cyy — Cpq is a “nice” morphism in a sense that S(M“))
coincides with A, the splitting morphism pre w may have a nonzero kernel.

For example, consider the variety Do of associative algebras with a
derivation 0 such that 82 = 0, over a field of characteristic # 2. The morphism
w : x1x2 — 1 0 g = J(r1x2) induces a functor from Dy to the variety N3 of
all 3-nilpotent algebras. Indeed, it is easy to see that z o (yoz) = (xoy)oz
for all x,y,z € A € D-.

LEMMA 2. For every algebra N € N3 there exists its envelope from Ds.

PROOF. Let X be a basis of N, and let Y be a basis of N? such that Y C X.
Denote by z oy € kY, 2,y € X, linear forms determining the multiplication
in N. Add a new variable p ¢ X and consider associative algebra defined by
generators and relations as follows:

A=As(X,p|pry —ayp—x oy, pup, u € X", z,y € X).

Here X™ denotes the set of all (including empty) words in the alphabet X.
The algebra A may be considered as a system in Dy assuming d(a) = pa — ap.

MATEMATUYECKUNA KYPHAJI. — 2016. — T. 16, Ne 2



152 P.S. KOLESNIKOV

Moreover, N — AW To prove injectivity of this homomorphism it is enough
to find a Grobner—Shirshov basis (see, e.g., [20]) of the ideal I of As(X,p)
generated by pxy — xyp — x o y, pup. It is not hard to see that the confluent
system of relations is obtained by adding puy and yup, y € Y, u € X*. Hence,
INnkX = {0}, i.e., N embeds into A.

Consider the splitting morphism. The variety pre N3 is defined by a family
of six identities obtained from (x o y) o z, z o (y o z) as shown in Definition 1:

(X <0Y+T=0Y) =02, (T6Yy) <62, (T<60y) <02,
T o (Y =0 2), Tro (Y =<o2), o (Yy=<o2z4+y>o2).

(6)

Variety pre Dy consists of systems with two binary operations satisfying (2)
and with a derivation O (relative to the both operations), such that 6% = 0.
The functor induced by morphism pre w turns A € pre D into AP @) with
operations

Ty =0x>y), T<.y=0(x=<y).

Here, in particular, <, (y >0 z) = 0, but this identity does not follow from
(6). Therefore, 0 # x1 < (z2 = x3) € Ca;, belongs to the kernel of pre w.

4. COMMUTATOR PRE-COMMUTATIVE ALGEBRAS

In this section, we consider commutator algebras of pre-commutative
(Zinbiel) algebras. Recall that the variety pre Com consists of linear spaces
equipped with one bilinear operation satisfying the identity

z(y2) = (zy)z + (yz)z.

A basis of the free algebra Z,, = pre Com(zy,x2,...,2Z,) is given by all
monomials of the form (... ((zj,@iy)Tiy) - .- i, ), k> 1, 41,... ik € {1,...,n}.

As above, let A7) stands for the commutator algebra of A € pre Com.
Denote by K the class of all subalgebras of all algebras A(7). It was mentioned
in [21] that all algebras in K satisfy (besides anti-commutativity) the identity

[([t1, to], [tas ta]] + [[t1, ta], [ta, to]] — [J(t1,t2, t3), ta] — [J(t1, s, t3), t2] = 0, (7)

where J(z,y,z) = [[z,y], 2] + [y, 2], 2] + [[2, 2], y] is the Jacobian of elements
in an anti-commutative algebra.
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Following [21], let us call tortkara-algebra an anti-commutative algebra
with operation [-,-] satisfying (7). Denote by Tort the class of all tortkara-
algebras. Then K is the class of all special Tort-algebras relative to the
morphism (—): Tortkara = S(pre Com(—)).

THEOREM 3. The algebra Zi_) € K has a homomorphic image A ¢ K.

PRrOOF. Use notations from Lemma (1). Consider B = {f1,..., f1}, where

fl = [xl, [.’E3,ZE4H, f2 = [3727 [$3,$4H, f3 = [xSa ['r].amZ]]a f4 = [.’E4, [1'1,1'2]].

Relation (4) for z = [z1, 22|, y = x3, 2 = x4 implies [z1, x2|[z3, 24| € [(B).
Analogously, for © = [z3,x4], y = 1, 2 = x2 we obtain [x3, z4][x1, 22| € I(B).
Therefore, f = [[x1, 72], [v3, 24]] € I(B) N Tort_y(x1,z2, 73, 74).

On the other hand, if f belongs to the ideal I(_)(B) then

[ = ailze, fi] + aalx1, fo] + az[zs, f3] + aulxs, fi] (8)

in Zi_) for some a; € k (it follows from the homogeneity of all elements).
However, it is not hard to show that f, [ze, fi], [z1, f2], %4, f3], [z3, f4] are
linearly independent in Z4. Indeed, if they were linearly dependent then so
are their images in every homomorphic image of Z4. Consider, for example,
the commutative algebra tk(t] with Rota—Baxter operator t" — 1¢" and
associated pre-commutative algebra with operation ¢"¢" = %t”*m. Evaluating

(8) with z; = "™ for arbitrary m; > 1, ¢ = 1,...,4, we obtain a set of
conditions on the constants «1,...,a4. To obtain a3 = --- = a4 = 0, it is
enough to consider the following values (mq,...,mq): (1,1,1,m), (1,m,1,1),

(1,m,1,m), (2,m,2,m), where m > 1.
COROLLARY 3. The class of all special Tort-algebras is not a variety.

It worths mentioning that an analogous approach shows the class of
subalgebras of anti-commutator algebras for pre-commutative algebras is
not a variety. As above, let Z; stand for the free pre-commutative algebra

pre Com(x) in one generator. Anti-commutator algebra Z§+) is also generated

by x relative to the operation a o b = ab + ba. It is not hard to note that Z{Jr)
as a commutative algebra is isomorphic to the ideal tk[t] of the polynomial

algebra. Denote by A the class S(pre Com(“‘)).
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THEOREM 4. Algebra Z{H has a homomorphic image H ¢ A.

PROOF. Use notations of Lemma (1). Consider the set B = {f} in Z£+), where
f=zo0x—2 =222 —2x.

It follows from (3) that
1 1

ie,xel(B)ulI(B)=2.
On the other hand, the image of ideal J(1y(B) in tk[t] is generated by t*—t,
so it is a proper ideal and I(4)(B) # I(B).

REMARK. The kernel of the morphism (4) is obviously trivial (otherwise, all
algebras of the form pre Com™) belong to a proper subvariety of Com, but all
such varieties are nilpotent).

5. OPEN QUESTIONS

1. Let w : Cyr — Cn be a morphism of operads governing varieties N
and M. Example 3 shows that the variety generated by special (relative to
pre w) pre N-algebras may not coincide with the splitting class of the variety
generated by special (relative to w) N-algebras. Note that in Example 3 the
triple (M, N,w) does not meet the PBW-property in the sense of [6]. This
circumstance causes the following questions.

e Whether
SPre Winre N = pre SWN

provided that (M, N,w) is a PBW-triple?

e Whether (pre M,pre N,pre w) is a PBW-triple provided that so is
(M, N, w)?

2. Consider the morphism (—) and the corresponding functor pre Com —
Tortkara. The following questions remain open.
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o Wheher the kernel of this morphism is trivial? In other words, we are
interested in polylinear identities that hold on all algebras in pre Com(™)
but does not follow from anti-commutativity and tortkara-identity (7) (an
analogue of the Glennie identity on Jordan algebras)?

e Does there exist a simple non-special Tort-algebra (an analogue of the
simple exceptional Jordan algebra, Albert algebra)?

e What is the maximal number of generators n for which all homomorphic
images of Tort(_)(x1,...,2,) are special? Theorem 3 states n < 4.

3. Recall that the variety of Novikov algebras Nov is defined by identities
(5). A basis of the free Novikov algebra was found in [22]. For A € Nov, let
A™) denote the anti-commutator algebra of A, z oy = zy + yz. Denote by A
the class of all subalgebras of all algebras A(T), A € Nov.

It was shown in [23] that all algebras in A satisfy (besides commutativity)
the identity tortken:

(tl,tQ,tg) oty + (tl OtQ) o (tg Ot4) — (tl Ot4) o (tg Otg) — (tl,t4,t3) oty = 0. (9)

Following |23], call commutative algebras with identity (9) by Novikov—Jordan
algebras (NJ). Consider the morphism (+) and the corresponding functor
Nov — NJ. Special NJ-algebras relative to (+) are subalgebras of anti-
commutator algebras of Novikov algebras.

The following questions remain open.

e What are the generators (as of operadic ideal) of the kernel of (4)? In
other words, we are interested in those polylinear identities of NJ-algebras
that imply all other identities holding on the class Nov(*). One of such
identities (besken) was found in [24].

e Whether the class of all special NJ-algebras is a variety?
e Does there exist a simple non-special NJ-algebra?

e What is the maximal number of generators n, for which all homomorphic
images of NJ(j)(x1,...,2,) are special?
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4. Since the class of Novikov algebras is embedded into the variety pre Lie,
the commutator morphism (—) determines a functor Nov — Lie. As it was
mentioned in [24], all algebras in the class Nov(~) satisfy the identity

Z (_1)0[1'0(1)’ [330(2), [xa(B)v [xa(4)a $5HH =0.

oESy
This causes the following questions.
e Describe the kernel of (=) : Criec = CNoy-

e Whether S(Nov(7)) is a variety?
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Konecunkos I1.C. AJIIBIHFBI-KOMMYTATUBTI AJITEBPAJTAPZIBIH
KOMMVYTATOPJIBI AJITEBPAJTAPBI

Byn xkymbicTa KOMMYTaTOp KOOEHTIHIICI apKBLILI Mpe-KOMMYTATUBTI aJl-
rebpanapra ([luabuias anrebpasapeiHa) eHri3iTeTiH aHTHKOMMYTATHBTI aJl-
rebpajap KJaachl KapacThIPBLIAAbl. Byl KIacTeiH KembeitHe 60JIMaNTHIH/IbI-
ol gosenmensmi. oo comail, aHTH-KOMMYTAaTOp KOOEHTIHIICI apKBLIbI IMpe-
KoMMyTaTuBTI ajrebpanapra (Ilunbuib anarebpasapbiHa) €HTi3LIEeTIH KOMMY-
TATUBTI ajaredpasap KJaachl KembeitHe 60IMaANTHIHIBIFBI TOJIEITEH/TI.

Konecaukos I1.C. KOMMYTATOPHBIE AJITEBPBI IIPE-
KOMMYTATUBHBIX AJITEBP

PaCCManI/IBaeTCH KJIacCC aHTI/IKOMMyTa.TI/IBHbIX a.HFe6p, BKJIQ/IbIBAIOIITNXCA
B IIpe-KOMMYTaTHBHBIE aareOpsl ( areOpsl LInHOMIsST) OTHOCHTETEHO KOMMY Ta-
ropa. JJokazaHo, 4T0 3TOT KJIACC HE siB/ISeTCs MHOrooOpas3ueM. AHaI0rnIHbIM
00pa30M MOKA3BIBAETCA, UTO KJIACC KOMMYTATHBHBIX airedp, BKJIAIbIBAIOIIIIX-
CsI B IPe-KOMMYTATHUBHBIE aJIreOphl OTHOCUTEIHHO aHTH-KOMMYTaTOpa, TOXKE He
SIBJISTETCST MHOTOOOpas3neM.
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Abstract: The Amitsur-Levitzki identity for matrices was generalized in several
directions: by Kostant for simple finite-dimensional Lie algebras, by Kirillov (with
Kontsevich, Molev, Ovsienko, and Udalova) for simple vectorial Lie algebras with
polynomial coefficients, and by Gie, Pinczon, and Ushirobira for the orthosymplectic
Lie superalgebra osp(1|n). Dzhumadildaev switched the focus of attention in these
results by considering the algebra formed by antisymmetrizors and discovered a
hidden supersymmetry of commutators. We overview these results and their possible
generalizations (open problems).
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1. INTRODUCTION

Hereafter, the ground field is C, although several statements are true over
fields K of characteristic p > 2. We are thankful to A. Dzhumadildaev for help
and inspiring comments.

1.1 ON AN EXPERIENCE OF SUPERIZING

Consciously superizing various notions and statements since 1971, people
observed that there are, usually, several ways and results of superizations:
a straightforward one (usually, not a breath-catching one) and one or
several other, often quite amazing, ways bringing up totally new notions
(examples: the Poisson and anti-brackets, the supertrace and the queer trace
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on supermatrices, and the "quasi-classical limit" of these traces, and the
corresponding superdeterminants, see |1| and [2], 476 p.).

A difficulty to be able to superize something by at least one method (to say
nothing of several) usually indicates that we do not understand, actually, even
the allegedly well-understood "nonsuper" situation. A prime example is the
integration theory on supermanifolds, which is still far from being completely
constructed, see [1] and [3]. Other examples are two somewhat related topics
expressed by the following two theorems:

THEOREM 1.2 (Cayley-Hamilton). Every n X n-matrix X satisfies its
characteristic polynomial

det(X — Al,) = 0. (1)

Its first superization is due to Yastrebov [4]. For various (seemingly completely
unrelated) super versions of the Cayley-Hamilton Theorem, see |5, 6, 7, 8, 9].

THEOREM 1.3 (Amitsur-Levitzki). Let C' be a commutative and associative
algebra. For any Xi,...,X, € Mat(n; C), define antisymmetrizors a, by
setting

ar(Xl, cee ,X,») = Z (_1)sign UXU(D oo Xa(r)- (2)
O'EGn

Then the Amitsur-Levitzki Identity (ALI) takes place:
ar(X1,...,X,) =0 for any r > 2n. (3)

An interesting paper [10] was allegedly the final word concerning superization
of ALI, but later a no less interesting paper [11] appeared. In this note, we also
discuss superizations of ALI; for the proof of the classical ALI with the help
of a Grassmann superalgebra, see §5.

1.3.1 AMITSUR-LEVITZKI TYPE THEOREM FOR VECTORIAL LIE
ALGEBRAS

A.A. Kirillov formulated the following analog of the Amitsur-Levitzki
theorem, for its proof, see Preprints of Keldysh Inst. of Applied Math. in
1980s; for a translation of one such preprint, see [12]; the other preprints with
related results by Kirillov, Kontsevich and Molev had not been translated;
Molev reviewed them in [13].
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THEOREM ([14]). Let g be a simple Lie algebra of vector fields over a field of
characteristic 0. Let

Ay, .z) = Y (=1 %ad, .. ady,,. (4)

€Sk

For any 1, ...,z € g, the identity Ag(z1,...,z;) =0 holds
a) for k > (n+1)? if g = vect(n),

b) for k > n(2n +5) if g = h(2n),
c)fork>2n%+5n+5ifg="%€02n+1).

1.4. FACTS THAT INSPIRED US
Let vect(n) be the Lie algebra of vector fields (for simplicity, with
polynomial coefficients).

FacT. The product of two vector fields is not a vector field (unless is equal
to 0), but their commutator always is.
(5)

In [16], Dzhumadildaev revealed a hidden supersymmetry of this well-
known Fact(5) and posed a problem natural from this super point of view:
quest for "higher" supersymmetries on the good old Lie algebras. Let us recall
the less popular definitions and Dzhumadildaev’s construction.

Dzhumadildaev called the antisymmetrizor (2) of vector fields

X1,...,Xny € vect(n) an N-commutator if an(Xi,...,Xn) € vect(n)
for any Xj,...,Xy € vect(n) and ay does not vanish identically. If
an(Xi,...,Xn) is an N-commutator, the number N = N(n) is said to be
critical.

The N-commutator is subcritical if Ay(X1,...,Xn) = an(adx,,...
...,adx, ) is multiplication by a function for any Xj,..., Xy € vect(n). For

example, in [12], it is shown that for vect(1), the antisymmetrizor ag acts as
an operator of multiplication by a function:

ry x2 T3
as(adx,,...,adx,)(Y) = —2det [ 2} zf, z§ |- Y, (6)
] xf xh

where X; = wi(t)% fori=1,2,3, f' := %, and Y = y(t)%.
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1.4.1. PROBLEMS
1) Is the following analog to the case for n = 1 true?

If AN(Xl, ... ,XN) =0, then degAN_l(Xl, ... 7XN—1) =0.

2) The number N(n) = 2 is always critical for any n; we will call it the
standard critical number. In [16], Dzhumadildaev conjectured that the numbers
N(n) = (n+1)? -3 are also critical for n > 1, proved the conjecture for n = 2
and 3, and raised a natural problem: List all critical numbers. The problem
is open, except n = 3, where Dzhumadildaev established that N = 10 is also
critical, and there are no more critical numbers.

Before we start considering this problem, let us discuss one more of
Dzhumadildaev’s results. To present it, we need one more fact. Although we
are sure that this fact was known since at least 1960 s (for example, to I. Kantor
and/or M. Gerstenhaber), the first reference we know is due to Dzhumadildaev
[17]:

FAcT. The antisymmetrizors form an algebra with respect to the product
defined to be

(ap *ar) (X1, .., Xpqi-1) =
Z sign(a) ak(al(XU(l) cee Xa‘(l))7 Xg(lJrl) cee Xg(k+l,1)). (7)

0 € Skp4i—1 such that
o(l) <---<o(l) and
oc(l+1) < - <o(k+1-1)

More precisely, we have ([17])

0 if k,1 are even,
Qg * ap = kak—i—l—l if [ is Odd, (8)
apyi—1  if lis even and k is odd.

Thus, the antisymmetrizors define a Z-graded superring A = @A;, where

A; = Span(a;), such that Az = @®  A; and the product of any two
i=1 mod 2
odd elements of A7 = @®  A; is zero. Clearly, A can be considered
=0 mod 2

as a superalgebra over any field. What is the meaning of the superring or
superalgebra A?
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1.5. DZHUMADILDAEV’S APPROACH TO ANTISYMMETRIZORS

In a series of papers, Dzhumadildaev changed the emphasis of the
interpretation of the result by Amitsur and Levitzki from the search of the
identity of the least order to the description of the superalgebra or the
superring constructed from the antisymmetrizors in the classical Lie algebras.
This approach revealed a hidden relation of the commutators with a certain
universal odd superderivation. We overview various possible generalizations of
Dzhumadildaev’s result.

Let F be an associative commutative algebra, A = End F the associative
algebra of its endomorphisms, and Ay, the Lie algebra constructed by replacing
the associative product by the bracket. If F = K[zy,...,z,], one can identify
the elements of End F with differential operators. If End F is considered as
associative algebra, its elements satisfy no identity except associativity. The
Lie algebra L = Der F is a Lie subalgebra of (End F)r naturally identified
with the Lie algebra vect(n) of vector fields with polynomial coefficients.

Among numerous irreducible representations of L (for their overview, super
setting including, see [15]), there are two "smallest" ones: in the space of
functions (or, more generally, A-densities) and the adjoint representation.

Initially, people were interested in polynomial identities in the adjoint
representations, see Theorem 1. Dzhumadildaev considered polynomial
identities in the '"smallest" representation, which for wvect(n) is the
representation in the space of functions F. It is very interesting to generalize
Dzhumadildaev’s approach on the representations in the space of A-densities,
which is a rank 1 module over the algebra F generated by the A-th power of
the volume element with the following vect(n)-action (here A € C is fixed):

X(f vol™) = (X(f) + fA div(X)) vol* for any f € F and X € vect(n).

It seems that this approach is more natural than the initial one for the
following reasons:

1) If one knows identities in the "natural" representation (of the smallest
dimension or — for infinite-dimensional algebras — its analog), then it is easy
to construct identities in other representations, in particular in the adjoint

In Geometry, F is the algebra of functions on an n-dimensional manifold; it is interesting
to generalize Dzhumadildaev’s approach to such cases, e.g., to the algebra of Laurent
polynomials, i.e., the algebra of functions on the torus.
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representation. For example, a,2,9, 1 = 0 is identity in the space of functions
F, and since ady = rx —lx, where rx and [x are right and left actions in F| it
is easy to deduce that a,29,,1 = 0is an identity in the adjoint representation
of vect(n).

2) If ay = 0 is identity, then one can ask if the "pre-identity" an_1 is a
new operation on vect(n).

To consider ay_1 as a multi-operation on vect(n) is meaningless: ay_1
maps AN loect(n) to the whole A = End F, not just to vect(n).

Dzhumadildaev suggested to consider any on the space of differential
operators, making the question "is the pre-identity ay_1 a new operation on
pect(n)?" meaningful: in some special cases ay_1 maps ANV "loect(n) to vect(n)
once again!

Now consider eq. (6). It means that 3-antisymmetric sum of the adjoint
derivations on vect(1) is a multiplication operator (not the adjoint operator).
Certainly, it is an interesting observation, but it is another topic. It has no
connection with N-commutators: in this setting to speak about N-commutator
is meaningless. Under the natural action

a3(X1, X9, X3) =0 is an identity.

Let us retell Dzhumadildaev’s comments on observations due to Kirillov,
Molev, Razmuslov, Bergman, and others on identities in vect(n). The identities

ay =0 if N> (n+1)2 for vect(n)
ay =0 if N >n(2n+5) for h(2n)

are not of the smallest degree. Moreover, these are "easy" identities. For
example, for the Lie algebra h(2) of Hamiltonian vector fields in two
indeterminates, there are two identities in degree 7. Kirillov’s identity is
not minimal and it is a consequence of these two identities. A similar
situation with vect(n). Dzhumadildaev conjectured that the minimal identity
for representation of vect(n) in the space of functions is of degree (n + 1)2 — 2
whereas the degree of Kirillov’s identity is (n + 1)2.

1.6. ANTISYMMETRIZORS FOR SIMPLE FINITE DIMENSIONAL LIE
ALGEBRAS. EXPONENTS

The classical Amitsur-Levitzki theorem states that as, = 0 is the minimal
identity for gl(n). For o(2n + 1) and sp(2n), the minimal identity is a4y, = 0;
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for 0(2n), the minimal identity is a4,—2 = 0 (see [18, 19, 20]). Dzhumadildaev
formulated the following theorem (known for the serial algebras) and gave
explicit formulas for 10-antisymmetrisors in terms of the Chevalley basis for
the 7-dimensional representation of go.

THEOREM([21]). Let A(g) be the algebra with respect to (8). Then

A(sl(n)) = Span{ag, | k=1,2,...,n — 1},

in particular, agr11 = 0 for any k;
A(o(2n+1)) = Span({agx+1 | k= 1,2,...,n — 1}U
Ufagpn |k =0,1,2,...,n — 1}),
A(sp(2n)) = Span({aqx+1 | k=1,2,...,n —1}U
W{aggs2 | £ =0,1,2,...,n—1}), (9)
A(o(2n)) = Span({agx+1 | k=1,2,...,n —1}U
U{agpso | £ =0,1,2,....,n — 2} U{agn—2}),
A(g2) = Span({ag; aig}).

1.6.1. PROBLEM
1) The indices of the antisymmetrizors are doubled exponents of the
respective Lie algebras in the cases sl(n) and ga, but not for o or sp:

The Coxeter group or Lie algebra its exponents m;
A, orsl(n+1) 1,2,3,...,n
B, oro(2n+1)
forn > 2 1,3,....2n—1
Cy or sp(2n)
D, or o(2n 1,3,...,2n—-3; n—1
@ (2n) (10)
157 or go 1,5
F4 or f4 1,5,7,11
Es or ¢ 1,4,5,778,11
E7 or er 1,5,7,9,11,13,17
Es or eg 1,7,11,13,17,19, 23,29

What is precisely the relation between the indices of the nonvanishing
identically operations a; and the exponents?
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2) For the matrix realizations in the irreducible module R(m1) of the least
dimension (see the right column in table (11)), is the following conjectural left
column in table (11) correct?

A(fa) = Span({az2, a0, aia, a22}) dim R(71) = 26

A(es) = Span({az, as, aio, aia, ais, G22}) dim R(m1) = 27 (1)
A(er) = Span({a2, aio, aia, ais, a2, ags, aza}) dim R(m1) = 56
A(es) = Span({a2, aia, a22, azs, asa, ass, ass, ass}) | dim R(m) = 248

3) Clearly, the algebras A(g) may depend on the realization of g, i.e., on
the representation. And this does happen: the algebras A(sl(4)) (corresponding
to R(m1)) and A(0(6)) (corresponding to R(ms)) are different. Theorem 1
corresponds to matrix realizations of the Lie algebras g in the irreducible
module of the least (except for 0(6)) dimension.

1.6.1A. CONJECTURE. For the Lie algebras with the natural matrix
realization, the above approach is reasonable. However, it seems no less
reasonable to consider Lie algebra g embedded into their universal enveloping
algebras and look for k-commutators on g inside U(g), not inside a particular
representation. For the finite-dimensional simple Lie algebras, only k = 2
remains.

The proof of Theorem 1 is based on the particular cases of Lemma 2 and
[19, 20].

2. SUPERIZATIONS OF THEOREM 1

First, let us superize the notions involved. For details of superization, see
[1]; we only recall here some basics. The supermatrices are considered in the
standard format. The associative algebra Mat(n) of n x n matrices has two
super analogs: Mat(n|m) and

Q(n) = {X € Mat(n|n) | [X,J] =0 for the odd invertible operator J} =

{(g lj) | A,B € Mat(n)} . (12)

Accordingly, the general linear Lie algebra gl(n) has two superanalogs: the Lie
superalgebras gl(n|m) and q(n) obtained from the associative superalgebras
Mat(n|m) and Q(n), respectively, by replacing the dot product by the super-
bracket.
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On g(n), the queer trace is defined:

A B
gtr : B A — trB. (13)

The Lie superalgebra sq(n) is the subalgebra of q(n) consisting of queertraceless
supermatrices.

The Lie superalgebras osp(n|2m) and pe(n) preserve the nondegenerate
symmetric bilinear form (even and odd, respectively) whose Gram matrices are
diag(1n, Jom), where Jon, = antidiag(lm, —1y), and J,|, = antidiag(l,, —15),
respectively (i.e., Jyj, coincides with Jp, but is odd). The same Lie
superalgebras preserve antisymmetric nondegenerate bilinear forms. The
supermatrix X is said to preserve the bilinear form B if

BX + (_1)p(X)p(B)XstB =0,

where the supertransposition st describing the matrix of the dual operator, see
[1], is defined as follows (in the standard format):

ot - A B . At -t
“\C D Bt D' )"
Thanks to linearity, it suffices to consider only homogeneous with respect to
parity elements.
For the composition Xj...Xp of any k& operators Xi,...,Xg

(supermatrices or vector fields, or whatever) of parities P = (p1,...,px) €
(Z./27)F, define its antisymmetrizor to be

an(Xy,..., Xn) =Y sign(s, P) X,y - . Xy, (14)

seESN

where sign(s, P) = sign(s)sign(s’) and s’ is the permutation induced by s
on the ordered subset of odd elements among Xi,..., X;. In other words, if
x1,...,T) are elements of a supercommutative superalgebra whose respective
parities are p; + 1,...,pr + 1, then Ty(1) - To(k) = sign(s, P)x1...xx. One
can express sign(s, P) in another form, more convenient for computations. We
define

sign(s, P) = 11 (—1)Pipi, (15)

1<i<j<k,  s(i)>s(j)
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Define the composition of permutations by setting
51082 = (s1(s2(1)),...,s1(s2(k))).
The function sign(s, P) is a 1-cocycle on Sy ([22]):
sign(siosg, P) = sign(s1, P)sign(sz2, s1(P)), where s1(P) = (ps,(1),- - > Ps1(k))-

LEMMA 2.1. The Lie superalgebra sl(m|n) is closed under the ag for any
m,n > 0 andl > 0. Moreover, ag (X1, ..., X)) € sl(m|n) for any X1,..., X9 €
Mat(m|n). For mn = 0, the nonvanishing identically operations aj are listed
in Theorem 1.
PROOF. We need to prove that strag(Xy,...,X9) =0. Let P = (p1,...,pa)
be the vector of parities of X1,..., Xo.

For s € Sy, set ' = (s(2),...,s(20),s(1)) (i.e., s = s o sp, where sg =
(2,...,2l,1). Then the terms in the sum (14) corresponding to s and s’ have
opposite supertraces:

sign(s’)sign(s’, P)str(Xy (1) .- Xo (o)) =
sign(s)sign(so)sign(s, P)sign(so, s(P))str(Xy) - - - Xy Xs1)) =
—(=1)Pr P2t FP2)gion (s)sign (s, P)x

(_1)1)3(1)(Ps(2)+"'+Ps<zz))Str((_1)Ps(1>(Ps(2)+"'+Ps(zl))Xs(1) B -Xs(QZ)) —

—sign(s)sign(s, P)str(Xg) - .- X))

Since 2l — the order of sg — is even, S9; can be represented as the disjoint union
of two sets of equal cardinalities; and the set of elements of Sy; can be divided
in pairs of the form (s,s o sg). Thus, the total supertrace of the sum (14) is
equal to 0.

LEMMA 2.2. The Lie superalgebras osp(m/|2n) and pe(n) are closed under ay,
for k =41+ 1 and 4l + 2 for any m,n,l > 0.

For osp(m|2n) and mn = 0, the nonvanishing identically operations ay, are
listed in Theorem 1; for osp(1|2n), we have a4, = 0 ([10]). For osp(m|2n) and
mn # 0 but not 0sp(1]2n), and for pe(n), the ay, for k = 4141 and 41+ 2 never
vanish identically.
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PRrROOF. Let B be the Gram matrix of the bilinear form. Let Xq,..., X €
aut(B) be of parities p1,...,pg. Then BX; + (—1)Pi X' B = 0, and we need to
show that

Bap(X1,..., Xp) + (1P FPeq (X .. X)) B = 0.

Set s! = (k,k —1,...,1). Then we can rewrite (14) as

ap(X1,...,Xp) = Y sign(so s!)sign(so s, P)X (50s7)(1) - - - X (s05T) (k) =

SESK
EZ; sign(s)sign(s!)sign(s, P)sign(s’, s(P) Xg) - - Xs01)-
SESK
Since
BXs(k) - Xs(l) = —(—1)p5(k)X§€k)BXS(k_1) N Xs(l) =...
= (_1)k+p1+-~~+ka;9€k) » 'Xssfl)Bv
we have

Bak(Xl,...,X ) =
. . I\ s . I k
> sign(s)sign(s’)sign(s, P)sign(s’, s(P))(—1)~ Pt +re X5t

X3t B
(k) s .
SESK

(1)
On the other hand,

(Xoq) - - Xogr))™" = sign(s’, s(P) X3 - - X3,

S0
ak(Xl, ey Xk)StB =
=) sign(s)sign(s, P)sign(s’, s(P)) (=P P Xy L X5 B
s€Sk
The two sums are opposite if sign(s’)(—1)¥ = —1, and then

Bak(Xl, ‘e ,Xk) + (_1)p1+---+pkak(X1’ ce ,Xk)StB =0.

Since sign(s’) = (=1)¥/2 this is true for k = 41 4+ 1,4l + 2.

PROBLEM 2.2.1. What is the analog of Lemma 2 for spe(n)?
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LEMMA 2.3. The Lie superalgebra q(n) is closed under ay and sq(n) is closed
under asj, for any n and k.
PROOF. The associative algebra Q(n) is closed with respect to the dot product;
hence the result about q.

Since qtr(XY) = (=1)PCPV)gtr(Y X) (= gtr(Y X), since X and Y should
be of different parities in order to have ¢tr(XY) # 0) and so the same
arguments as for sl are applicable.

QUESTIONS 2.4. What is the super analog of eq. (8) for the super-
antisymmetrizor (14)7

3. VECTORIAL LIE ALGEBRAS

3.1. vect(n). In [23], Feigin and Fuchs proved, among other things, that for
n = 1, the only critical pair is the standard one: (1, 2).

In [16], Dzhumadildaev showed that for n = 2, the complete list consists
only of the standard pairs (2,2) and (2,6). The precise expression of the 6-
commutator is as follows. The 6-tuple (X1, X2, X3, X4, X5, X¢), where X; =
u;,101 + U202 for i =1,...,6, goes to

u1,1 u2,1 us,1 U4,1 us,1 Uue,1
U1,2 Uu2,2 us,2 U4,2 Us,2 Ue,2
32u1,1 Oouz,1 a2u3,1 32u4,1 Oaus,1 32u6,1 Oy — )
O1ui,2  Oiuge  Oruse Oiruse Oiuse  Oi1ue2 1 () 2+
32’&1,2 32712,2 82’&3,2 32u4,2 32“5,2 82U6,2
822161,2 8%”2,2 322u3,2 322U4,2 8%”5,2 53%,2
Ui, Uu2,1 us,1 U4,1 Us,1 Ue,1
Uu1,2 u2,2 us,2 U4,2 Uus,2 Ue,2
+ Or1u1,1 a1u2,1 Orus;1  Orugnn 31u5,1 Orue,1 o _( )8+
Oour,1 Oaug,i  Oauz  Oaua,r Oaus,i Oauen 1 e )O2
(92U1,2 82’&2,2 32“3,2 (92U4,2 82U5,2 82’&6,2
afum 8%'“2,1 8%103,1 3%”4,1 8fu5,1 8%“6,1
Uu1,1 U211 us,1 Uq,1 Us,1 ue,1
Uu1,2 u2,2 us,2 U4q,2 us,2 ue,2
+ 31u1,1 31U2,1 31u3,1 31u4,1 31u5,1 31u6,1 61—(...)(92—
32u1,1 (92U2,1 32u3,1 32u4,1 82u5,1 5‘2u6,1
Orui2  Oruz2  Orus2 Orusz Oirus2 Oiue
O3ure  O3usn O3uss Ojuss Osusz Ojuee
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Uu1,1 u2,1 us,1 U4,1 us,1 ue,1
U1,2 u2,2 u3s,2 U4,2 Us,2 Uue6,2
2 O2u1,1 Oaus,1 O2u3,1 02,1 O2us,1 O2ue,1 o )
B ) ) B ) B B 1= ()02
1U1,2 1U2,2 1U3,2 1U4,2 1U5,2 1U6,2
O2u1,2 Oa2u2,2 O2u3,2 O24,2 O2us,2 O2us,2
Oi2u1,1 Oigu2,1 Oiouz;n Oiaua,r Oious,1 Oi2uUs,1
U1, 1 u2,1 U3, 1 U4,1 Us,1 Ue,1
u1,2 u2,2 u3,2 U4q,2 us,2 U6,2
81U1,1 31u2,1 alus,l 81u4,1 31u5,1 81U6,1
-2 o — ()82—|-
Oou1;r Oquz1 Oausy Oausn Oous;y Oqust
O1u1,2 O1uz,2 01u3 2 O1u4,2 O1us,2 O1u6,2
(912u1,1 312U2,1 812u3,1 312u4,1 812u5,1 312u6,1
u1,1 u2,1 us,1 U4,1 Us,1 ue,1
u1,2 Uu2,2 us3,2 U4q,2 Uus,2 ue6,2
3 (91U1,1 31’“2,1 31U3,1 (91714,1 31U5,1 31’&6,1 a 8
g P P) P P P 1= ()02
1U1,2 1U2,2 13,2 1U4,2 1U5,2 1U6,2
O2ui2  Oouzs Osuzz Oouss Oousa  Oaue2
2 2 2 2 2 2
82U171 82uQ,1 Bgug,l 82114471 82’M571 82u6,1
U1,1 U2,1 u3,1 U4q,1 Us,1 Uue6,1
u1,2 u2,2 u3,2 Uyq,2 Us,2 ue,2
O1u1,1 Or1uz2,1 Or1us,1 Or1u4,1 Orus,1 Orue,1
—2 01 — (...),
Oau1 1 O2uz2 1 O2us3 1 Oauig,1 O2us,1 Oau 1
32u1,2 62U2,2 82u3,2 32u4,2 62U5,2 32u6,2
Or2u1,2  Orau22 Orausz  Oiouse  Oious2  OlaUs2
where the coefficient of 0y is obtained from that of 0; by interchanging the

subscripts 1 and 2 if there is only one subscript, only second subscripts 1 and
2 when dealing with w;;.

3.2. HOwW TO WRITE THE k-COMMUTATOR FOR ANY n?

Let Xl, ceey

a=(ay,...

X, € vect(n) with coefficients u; ; (i.e., X; =

> i ;05). Let

1<j<n

,ar), where the a; are integers 1 to n, let (b;;) be a k xn matrix with

elements in Z>o; let D((a;), (b)) be the determinant of the k x k matrix whose
(i, 4)-th slot is occupied by 8?“...621‘7111]-,%. Considering the k-commutator of
the fields X1, ..., Xi as a differential operator, its 1-st degree component is
equal to

YYy . ZD

ap=1s1=2s2=3 sp_1=k

> B O

1<i<k—1

(16)

az

DS
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where the E%J are matrix units.

Accordingly, if the k-commutator is a first order operator, then (16) is its
expression. Unfortunately, this expression is not user-friendly: first, it is longish
(n* x (k—1)! summands) which even for n = 2,k = 6 is > 7000), second, it is
very redundant: some of the summands vanish, some are equal to each other,
some are equal in absolute value but are of different signs (so there are just 14
distinct types of summands for n = 2, not > 7000).

In [24], Dzhumadildaev showed that for n = 3, in addition to the standard
pairs (3,2) and (3,13), there is exactly one more critical pair, (3, 10).

3.3. THE OTHER SERIES OF SIMPLE VECTORIAL LIE ALGEBRAS WITH
POLYNOMIAL COEFFICIENTS

It is equally natural to list all critical pairs for the other types of simple
vectorial Lie algebras. For these Lie algebras, only the pairs (n,2) will be called
standard.

For the Lie algebras svect(n) of divergence-free vector fields,
Dzhumadildaev proved [16, 24| that the only nonstandard critical pairs
are (2,5) and (3,10) (for n = 2 and 3, respectively). Since svect(2) ~ h(2)
the result for this Lie algebra might be pertaining to the Hamiltonian series,
rather than to the divergence-free one.

For the Lie algebras h(2n) of Hamiltonian vector fields, Dzhumadildaev
proved [16] that the only nonstandard critical pair for n = 1 is (2,5). In terms
of generating functions in p and ¢, the 5-commutator is proportional to the
following beautiful map

aq(fl) aq(f2) aq(fii) aq(ﬁl) aq(fS)
ap(fl) ap(fZ) ap(fS) 8p(f4) ap(f5)

(f1, fos fa, fa, f5) > det | 02(f1)  0p(f2)  95(fs)  Op(fa)  Op(fs) (17)
0j(f)  0i(f2)  0i(fs)  9i(fa)  O(fs)

Dzhumadildaev’s arguments are somewhat involved and lengthy, and the
reader is sometimes mystified by typos, but the underlying idea is very simple
and brought to the title of [24]: it is a certain odd derivation of a certain
superalgebra associated with the problem, which is in the heart of this matter.

PrROBLEM 3.3.1. What are the N-commutators for the Lie algebra of contact
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vector fields ¢(2n +1)7

4. THE UNIVERSAL ODD DERIVATION AND N-COMMUTATORS

Let L be a Lie (super)algebra, U(L) its enveloping algebra, II the
change of parity functor. Take the associative supercommutative superalgebra
K = S (II(L)); in particular, if L is purely even, then K is a Grassmann
superalgebra. In L, select an arbitrary basis B and set

D= Tbebe K&LCKaU(L).
beB

LEMMA 4.1. The N-commutator on L yields an element of L if and only if

DY € K ® L. The N-commutator does not vanish identically if and only if
DN £ 0.
In particular, for L C vect(n) = der(K[z]), we clearly have

D e K® L C vect(n|n) = ver(K[z, I(x)]).

The N-commutator on L yields an element of L if and only if DV € vect(n|n) =
ver(K[z, II(2))]).

COMMENT. For superspaces, the following modification of Fact (5) takes place:

Fact. The product of two nonproportional odd vector fields is usually not
a vector field, but the square of any odd field is always a vector field.

(18)
Fact (5) is, therefore, a corollary of Fact (18) for N = 2. This is the hidden
supersymmetry of the anticommutator mentioned in the title of the paper.

CONJECTURE 4.1.1. We only considered Lie superalgebras of vector fields
with polynomial coefficients. We conjecture that the answer will be same for
any type of coefficients (at least, if polynomials are dense in the space of
coefficients).

4.2. DISCUSSION AND SETTING OF THE PROBLEM

Usually, attempts to superize a problem or a notion reveal two roads: a
straightforward one (not of much interest) and a totally unexpected one. Let
us, therefore, consider Dzhumadildaev’s problem (describe all critical pairs)
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for all simple Lie superalgebras of vector fields (with polynomial coefficients to
begin with) and see where it will lead us.

To begin with, let us recall steps of Dzhumadildaev’s proof.

Let [ be the length function on Diff,, defined by Dzhumadildaev, namely:

U(Miy, 0y del®) .. (0, o delP®)) := k.

Let us extend [ to a grading (Dzhumadildaev’s definition is slightly different but
equivalent). Note that the possibility of such extension is a little less evident
than in the case of £,, because the elements Mij 0 delé3 do not supercommute.

Let X1, ..., Xk be some abstract vector fields (considered as variables here)
of n indeterminates. Define the following map F' from Diffg€ ! to the algebra of
differential operators (of arbitrary degree) in n indeterminates:

F((nih aldellf) s (nikv akdelg)) =

= (—1)7EE)((del™ X (), 4, )del™) . ((del™ Xypy, 5, )del®).
SESK

Here (del® X ;) ;,) is a function, (del®™ X, ij)delﬁf is a differential operator
(possibly of zero degree, if 3; = 0), and the whole term is the composition of
differential operators.

STATEMENT 4.3. The map F is faithful.

The idea of a proof: the map preserves commutation relations. Note that

a) F(D") is just the k-commutator of the X; (considered as a differential
operator of arbitrary degree);

b) the map F' preserves the degree of the differential operator (for generic
Xi).

So the k-commutator is of degree 1 for any X if and only if deg D* = 1.

5. APPENDIX: A PROOF OF THE CLASSICAL AMITSUR-LEVITZKI IDENTITY

Let A be a supercommutative superalgebra and X € Mat(n|0; A)7. It is
clear that X" = 0 for any r > n?. It turns out that r may be diminished
considerably.

PROPOSITION 5.1. X?" = 0 for X € Mat(n|0; A)5.
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First of all, let us discuss what does this identity mean from the "ordinary" ,
i.e., nonsuper, algebra point of view. Let C' be commutative algebra and
X1,..., X, € Mat(n; C). Set A = C[&1,...,& ], where the & are odd and
let X :=> &X; € Mat(n|0; A)i. Clearly,

X' =ap(X1,..., X6 & (19)

where a,(X1,...,Xr) = ce. (=1 X0 .. Xor)-
Hence, Proposition 5 implies the Amitsur-Levitzki identity (3).

EXERCISE. The Amitsur—Levitzki identity implies Proposition 5.

PROOF OF PROPOSITION 5. Set Y = X?2. The elements of Y belong to the
commutative algebra Ay, and therefore, we may consider the characteristic
polynomial P(\) = det(Al,, — Y) with coefficients in Ag. Let us prove that
P(\) = A" Since the Cayley-Hamilton theorem implies P(Y) = 0, we have
Y™ = 0, i.e.,, X?® = 0. We will prove that P(A\) = A" by three different
methods.

1) If char k = 0, then the coefficients of P(\) can be expressed in terms of
tr Y7 for r = 1,2,.... Therefore, it suffices to verify that tr Y™ = 0. Indeed,

tr Y =str X* =str X - X7 = —str X* 1. X = —tr Y. (20)

Hence, tr Y" =0forr=1,2,....

2) Let us show that P(\)? = A?". If 2 is invertible in A, we see that
P(\) = A". We have to show that det?(1,, — AX?) = 1. This follows from
a more general statement.

LEMMA. Let U € Mat (p x ¢; A) and V € Mat (q X p; A) be matrices whose
entries are odd elements of A. Then

det (1, — UV) =det (1, — VU)™ .. (21)

This proof is due to J. Bernstein, 1975. At about the same time V. Drinfeld also noticed
the equivalence proved here.
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I
(1, U , A B\" (D C
Proof. Let Z = ( Vo1, ) € GL(plg; A) and (C’ D) = < B A>'
From [1] we know that Ber Z! = (Ber Z)~!, so Ber Z! = det(1, — VU)
because Ber Z = det (1, —UV).

3) Let Z = ( ;;( )iX ) C GQ(n; A[A]). From [1] we know that Ber Z =

1. But Ber Z = det (1, — A\2X?), hence, det (1, — A2Y) = 1, and we have
det (1,, — AY) = 1. Thus, det (A1, —Y) = A",

5.2. HOw TO SUPERIZE THE CAYLEY-HAMILTON THEOREM?

The degree of the polynomial equation (which) a given nxn matrix satisfies
can be diminished even more compared to what is given by the Amitsur-
Levitzki identity (Cayley—Hamilton theorem, see (1)).

PROBLEM 5.2.1. The analog of the Cayley-Hamilton theorem for supermatrices
was unknown, except for small values of n (equal to 2 or 1|1), until recently.
Now we have a conjectural formula suggested by the study of quantum algebras
and passage to the appropriate "super" limit [9)].
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Auekceit Jlebenes, Amurpuit Jletirec CKOBKU JIZKYMA JINJIb/ITAEBA:
CKPBITAYA CYITEPCUMMETPIA KOMMYTATOPOB U TOZ2KJIECTBA
AMUITYPA-JTEBUITKOI'O

Toxx mecteo Amurtypa-JleBurkoro st marpuil ObLIO 0606IIEHO B HECKOIh-
KX HampapjeHusx: KocTaHTOM i MPOCTBIX KOHEYHOMEPHBIX aaredp Jlu,
Kupunnoseim (¢ Konnesuuem, Mosesbiv, OBcuenko u Yaanosoii) jyst mpo-
cThIX ajarebp JIu BEKTOPHBIX MMOJiel C MOJUHOMUATHHBIMU KO(MDOUITHEHTAME
u I'me, Iluak30HOM U YmmpoObupoil g OPTOCUMILIEKTUIECKONH Cyrepasred-
pot JIu 0sp(1|n). Kymaguibaaes CABUHYI HEHTD UHTEPECA B STUX PE3Y/IbTa-
Tax, PacCMOTPEB ajredpy, 00pPa30BaHHYIO AHTUCHMMETPU3ATOPAMU, U OTKPBLI
CKPBITYIO CYIIEPCUMMETPHUI0 KOMMYTaTOpoB. MBI slaeM 0030p 3TUX PE3Y/IbTATOB
U paccMaTpUBaEM MX BO3MOXKHBIE 0000mIeHus (OTKPbITBIE TPODOIEMDI).

Ausekceit Jlebenes, dvurpuit Jleitrec 2K¥YMAILITAEBTIH »KAKIITA-
JIAPBl: KOMMYTATOPJIAP/IBIH ?KACBIPBIH CYIIEPCUMMETPU -
Chl KOHE AMUITYP-JIEBULIKNIIIIH TEIE-TEH/IIKTEPI

Matrpurnaiap yiiia Avuiyp-JleBunkniigis reme-reniri 6ipaerie GarbrrTap-
Jla YKaJIIbLIAHFAH 00/TaTHIH: Kol akbIpJbieneM Jlu ajgrebpanaps: yirin Ko-
CTaHT, TTOJIMHOMHUAIIBI KOIDDUImeHTTEPl 6ap BEKTOPIBIK OPiCTepIaiH XKoit JIu
anrebpasapel ymin Kupumios (Konmesud, Moses, OBcuenko kone Ymajio-
Bamen Oipre), an 0sp(lin) oprocummexkcri Jlu cynepanrebpacer ymiin ['ue,
[Iunk30H )koHe YImpodbupa kacaabl. 2K yMaiaiaes aHTHCUMMETPUZATOPJIAP-
JlaH KYPBLIFaH ajaredpanbl KAPaCThIPI 0y HOTUKEJIEPIeri MyJI/1e OPTa/IbIFbIH
JKBL/IZKBITTHI 2KOHE KOMMYTATOPJIAP/IbIH, )KACBIPBIH CyIEPCUMMETPUSICHIH aIlThI.
Bi3 ocbr HoTHMIKETEPTE IOy YKACAMBI3 YKOHE OJIAP/IBIH MYMKIH JKAJIIBLIAYIa-
PBIH (QIBIK MOCEesIenep i) KapacThipaMbl3.
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Annotation: For about a century, a great challenge for theoretical physics consisted
in understanding the role of quantum mode of description of our Universe (“quantum
gravity"). Einstein space—times on the scale of observable Universe do not easily submit
to any naive quantization scheme. There are better chances to concoct a satisfying
quantum picture of the very early space-time, near the Big Bang, where natural scales
of events like inflation extrapolated from current observations resist any purely classical
description and rather require quantum input. Many physicists and mathematicians
tried to understand the quantum early Universe, sometimes unaware of input of the
other community. One of the goals of this article is to contribute to the communication
of the two communities. In the main text, | present some ideas and results contained
in the recent survey/research papers [1] (physicists) and [2], [3] (mathematicians).
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INTRODUCTION AND SURVEY

0.1. RELATIVISTIC MODELS OF SPACE-TIME: MINKOWSKI SIGNATURE.
Most modern mathematical models in cosmology start with description of
space-time as a 4-dimensional pseudo-Riemannian manifold M endowed with
metric

ds® = Zgikdmidxk

of signature (4, —, —, —) where + refers to time-like tangent vectors, whereas
the infinitesimal light-cone consists of null-directions. Each such manifold is a
point in the infinite-dimensional configuration space of cosmological models.

Kimtouesnie ciioBa: Bousmoii Bapeis, kocmosiormaeckue mogesn Bosmxu IX, reoiesu-
JeCKHH OHIIIHADT.
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Basic cosmological models are constrained by Einstein equations
1
Rik — 5 Rgin + Agin = 8nG Tk

and /or additional symmetry postulates, of which the most essential for us here
are the so called Bianchi IX space-times, here with symmetry group SO(3), cf.
[4] and [5] for a recent context.

In this model, the space—time is fibered over the semi-axis of a global
(“cosmological”) time ¢. Fibres are homogeneous spaces over SO(3), and the
negative Einstein metric —ds? induces on them a metric of constant curvature.
In order to write ds® in convenient coordinates, we choose a fixed time-like
geodesic (“observer’s history”) along which ds? is dt?, and coordinatize each
space section at the time ¢ by the invariant distance r from the observer and
two natural angle coordinates 6, ¢ on the sphere of radius r. By rescaling the
radial coordinate, we may assume that the curvature constant k takes one of
three values: k = £1 or 0.

This rescaling produces the natural unit of length, when k # 0, and the
respective unit of time is always chosen so that the speed of light is ¢ = 1.

The Friedman-Robertson-Walker (FRW) metric is then given by the
formula

ds® == dt? — R(t)? +7r2(d6? + sin®0 dp?) (0.1)

1 — kr2

0.2. INPUT OF OBSERVATIONS. One of the most counter-intuitive
discoveries of the XX-th century cosmology was the “observability” of
cosmological time ¢ and possibility to estimate its natural scale (“age of our
Universe”). We now know that it is about 14 - 10° years, or five million
times longer than the age of human civilisation. Together with considerable
homogeneity of the observable space section (local metric disturbances caused
by galaxies are counted as negligible) this gives considerable weight to the
results of mathematical studies of Bianchi IX SO(3)-models.

A robust version of observable global time is the inverse temperature 1/kT
of the cosmic microwave background (CMB) radiation. It is accepted that the
current value of it measures the global age of our Universe starting from the
time when it stopped to be opaque for light, about 38 - 10* years after the Big
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Bang. Near the Big Bang our Universe was extremely hot, and its evolution is
measured by its cooling.

Another version of time is furnished by measurements of the redshift
of “standard candles” in observable galaxies, thus putting their current
appearance on various cosmological time sections of our Universe (Hubble’s
Law).

Remarkably, generally accepted physical pictures of the Universe involve
also unimaginably small periods of cosmological time: between 1074° and 10730
seconds after the Big Bang the radius of space sections has grown 103 times
(“inflation era”), with speed many orders of magnitude exceeding the speed of
light. The inflation period is postulated in order to explain the homogeneity
of space-time sections of observable Universe (on the scale where galaxies are
negligible perturbations).

Last but not least: dynamical equations which must be satisfied by metrics
of space-time are defined by the choice of Lagrangian (or Hamiltonian as soon
as cosmological time variable is introduced). Besides the metric curvature,
this Lagrangian may contain contributions from (models of) massive matter,
electro-magnetic field etc. Observations led to the picture of the so called “dark
matter” and “dark energy” participating only in gravitational interaction. Their
cosmological influence far exceeds that of usual matter, say, content of galaxies.
In particular, non—vanishing Einstein’s cosmological constant A responsible for
the “dark energy” effect must explain the observable accelerating expansion of
the Universe.

For more details, see [6], [7].

0.3. PRIMEVAL CHAOS: GOING BACKWARDS IN TIME. As we have already
stressed, in mathematical models of general relativity, the notion of time is
local: along each oriented geodesic whose tangent vectors lie inside respective
light cones, the differential of its time function dt is ds restricted to this
geodesic. Applying this prescription formally, we see that even in a flat space-
time, along space-like geodesics time becomes purely imaginary, whereas light-
like geodesics along which time “stays still”, form a wall. The respective wall-
crossing in the space of geodesics produces the Wick rotation of time, from
real axis to the pure imaginary axis. Along any light—like geodesic, “real” time
stops, however “pure imaginary time flow” makes perfect sense appearing e. g.,
as a variable in wave-functions of photons.
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In the main text, we will describe models (suggested in [2]-[3]) in which
cosmological time becomes imaginary also at the past boundary of the universe
t = 0. However, in these models the reverse Wick rotation does not happen
instantly. Instead, it includes the movement of time along a random geodesic
curve in the complex half plane endowed with its standard hyperbolic metric.

Moreover, the set of all such geodesics (modulo a subgroup of PSL(2, 7))
is endowed with much studied invariant measure, and we regard the resulting
classical statistical system as an approximation to an (unknown) quantum
description of the early Universe.

Our primary motivation (cf. [2]) was the desire to explain the pure formal
coincidence of the dynamics of two very different systems:

A. Mixmaster Universe. In this model, one studies Bianchi IX SO(3) with
metric that in appropriate coordinates takes form ds?> = dt? — a(t)dz? —
b(t)dy? —c(t)dz?, t > 0. It turns out that the respective Einstein equations have
a family of Kasner’s exact solutions a(t) = tP*,b(t) = tP», c¢(t) = tP<. Moreover,
mathematical methods of qualitative studies of dynamical systems suggest that
a generic solution of the relevant Einstein equations, traced backwards in time
towards the Big Bang moment ¢ = 0, can be approximated by an infinite
sequence of Kasner’s solutions.

B. Hyperbolic billiard. The relevant dynamical system is the hyperbolic
billiard on a standard fundamental domain for PSL(2,Z) (or a finite index
subgroup), encoded in the Poincaré return map with respect to the boards of
this billiard: see [1], [3], [8], [9]-

However, accommodating Mixmaster Universe in the hyperbolic billiard
picture seems to require an analytic continuation of Kasner’s solutions. It is
not known, and according to some computer assisted studies, time in Kasner’s
models does not admit the necessary analytic continuation involving space-like
coordinates as well, cf. [10].

In [3], we avoided this obstacle by looking at the geometry of space—
times from the perspective of imaginary time axis. This means that we start
with space-times with metrics of the Euclidean signature (4, +,+,+). In the
framework of cosmology, they correspond to Bianchi IX SU(2)-symmetric
space—times, where all coordinates generally can take complex values, so that
it makes sense to trace time flow along the relevant geodesics.
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0.4. RELATIVISTIC MODELS OF SPACE-TIME: EUCLIDEAN SIGNATURE.
In these models, space-times satisfying a complexified version of Einstein
equations are Bianchi IX four-dimensional manifolds, fibered over domains of
complex plane of time, whose fibres are SU(2)-homogeneous spaces (rather
than SO(3)-homogeneous spaces in the cases of Minkowski signature). By
analogy with Yang-Mills instantons, they are sometimes called gravitational
instantons.

More precisely, consider the SU(2) Bianchi IX model with metric of the
form
o? 03 o2
=F(a?+5+35+2). 0.2
o= F (e e 75 0:2)
Here 11 is the relevant version of the cosmological time, (0;) are SU(2)-invariant

forms along space-sections with do; = o; A o}, for all cyclic permutations of
(1,2,3), and F' is a conformal factor.

By analogy with the SO(3) case and metric dt? — a(t)?dz? — b(t)?dy® —
c(t)?dz?, in the main text we will treat W; (as well as some natural monomials
in W; and F) as SU(2)-scaling factors.

It is important that, contrary to the SO(3)-case, generic anti-self-dual
Einstein metrics (solutions of Einstein equations) in the SU(2)-case can be
written explicitly in terms of elliptic modular functions whereas their chaotic
behaviour along geodesics in the complex half-plane of time becomes only a
reflection of the chaotic behaviour of the respective billiard ball trajectories.

A natural quantisation scheme of gravitational instantons involves non-
commutative deformations of their toric space sections. Focussing on this
quantisation scheme, in [3] we gave additional arguments about relationship
between Mixmaster chaos and quantum mechanics of the Big Bang, but this
time not involving Kasner’s solutions at all: see section 2 of the main text.

0.5. BOUNDARIES OF SPACE-TIMES. The statement invoked above that
the generic SO(3) space-times traced back to ¢ — 0 can be approximated
by an infinite sequence of Kasner’s solutions is mathematically formulated
and proved by counsidering a partial compactification of the respective phase-
spaces and studying the geometry of separatrices on the boundary of a partial
compactification of these phase spaces: see [11], [12].
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Another type of boundaries was considered in [2]|, where we tried to produce
algebraic-geometric models of Roger Penrose’s “aeons”: see [13] and [14]-[16].
According to his scheme, the moment ¢ = 0 of our cosmological time might
have been preceded by evolution of another Universe, the cold death of which
was a prequel of our Big Bang. According to Penrose, conformal classes of the
respective metrics furnish a continuous transition from the previous aeon to
the next one.

Since a conformal change of the metric does not change the relevant
light cone in the tangent space at any point of space-time, we suggested
in [2] matching pairs of boundaries between aeons, in which the projective
compactification of cold Minkowski space-time of previous aeon matches the
blown up divisor over the Big Bang point of the next aeon.

kK

Cosmology has its own singular place in the body of scientific knowledge:
the same quest for the meaning of Universe influences philosophy, poetry, faith
(cf. two remarkable books [17], [18] about life, faith and research of Canon
Georges Lemaitre, the first discoverer of Hubble’s Law and Big Bang picture).
I will therefore close this introduction quoting the wonderful lines by Steven
Weinberg (|19]):

As I write this I happen to be in an airplane at 30,000 feet, flying over
Wyoming en route home from San Francisco to Boston. Below, the earth looks
very soft and comfortable—fluffy clouds here and there, snow turning pink as the
sun sets, roads stretching straight across the country from one town to another.
It is very hard to realize that this is just a tiny part of an overwhelmingly hostile
universe. It is even harder to realise that this present universe has evolved from
an unspeakably unfamiliar early condition, and faces a future extinction of
endless cold or intolerable heat. The more the universe seems comprehensible,
the more it also seems pointless.

But if there is no solace in the fruits of our research, there is at least some
consolation in the research itself. Men and women are not content to comfort
themselves with tales of gods and giants, or to confine their thoughts to the
daily affairs of life; they also build telescopes and satellites and accelerators,
and sit at their desks for endless hours working out the meaning of the data
they gather. The effort to understand the universe is one of the very few things
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that lifts human life a little above the level of farce, and gives it some of the
grace of tragedy.
Steven Weinberg. “The first three minutes.”

1. COSMOLOGICAL TIME, ELLIPTIC INTEGRALS, AND UPPER COMPLEX HALF-
PLANE

1.1. MINKOWSKI SIGNATURE: LATE UNIVERSE. Following [4] and [5], we
consider the cosmological time at the late stage of the FRW model (0.1).

It is convenient to replace r in (0.1) by the third dimensionless “angle”
coordinate y := r/R(t). Then (0.1) becomes

ds® := dt? — R(t)? [dxg + 52 (x)(d6? + sin*0 d¢2)] , (1.1)

where Si(x) = sin x for k = 1; x for k = 0; and sinh x for k = —1.

This rescaling produces the natural unit of length, when k& # 0, and the
respective unit of time is always chosen so that the speed of light is ¢ = 1.

Dynamic in this model is described by one real function R(t): it increases
from zero at the Big Bang of one aeon to infinity.

We scale R(t) by putting R = 1 “now”, as in [4]. Notations in [4] slightly
differ from ours. In his formula for metric (2), r is our x, and f(r) is our
Sk(x)-

This function is constrained by the Einstein-Friedman equations (here with
cosmological constant A = 3), which leads to the introduction of the elliptic
curve given by the equation in the (Y, R)-plane

Y2=R'+aR+b (1.2)

(see [4], equation (3), and [5], eq. (9), where their S is the same as our R).

Besides the proper time ¢, and the scale factor R(t), global time may be
measured by its conformal version 7, which according to, formula (3), may be
given as the Abelian integral along a real curve on the complex torus, Riemann
surface of the elliptic curve (1.2):

RO 4R
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Physical interpretation of the coefficients a,b as characterising matter and
radiation sources in Einstein equations for this model for which we refer
the reader to [4] and [20], shows that in principle a,b also depend on time.
Then (1.2) describes a family of elliptic curves parametrized in a way that is
classic and well known to algebraic geometers. In particular, cosmological time
variable moves along one of the versions of base families of elliptic curves.

Universal families of elliptic curves are parametrized by upper complex
half-plane and its quotients (modular curves), and we see now that a family
of elliptic curves (1.2) naturally emerges in the description of a late stage
of evolution of the FRW model. In a pure mathematical context, the reader
is invited to compare our suggestion with the treatment of the Painlevé VI
equation in [21] and the whole hierarchy of Painlevé equations in [22].

Now we will discuss a totally different way in which the chaotic evolution in
Mixmaster early Universe leads to the appearance of modular curves as well.

1.2. MINKOWSKI SIGNATURE: EARLY UNIVERSE AND MIXMASTER CHAOS.
As a model of the early universe emerging after the Big Bang we take here the
Bianchi IX space-time, admitting SO(3)-symmetry of its space-like sections.
We will choose coordinates in which its metric takes the following form:

ds® = dt* — a(t)*dz® — b(t)?dy® — c(t)*d2?, (1.4)

where the coefficients a(t), b(t), c(t) are called scaling factors. A family of such

metrics satisfying Einstein equations is given by Kasner solutions,
a(t) =tP1) b(t) = P2, c(t) =t (1.5)

in which p; are points on the real algebraic curve

ZPiZZP? = 1. (1.6)

These metrics become singular at ¢ = 0 which is the Big Bang moment.

Around 1970, V. Belinskii, I. M. Khalatnikov, E. M. Lifshitz and
I. M. Lifshitz argued that almost every solution of the Einstein equations
for (1.4) traced backwards in time t — +0 can be approximately described
by a sequence of solutions (1.5) or equivalently, of points (1.6): see [23] for a
later and more comprehensive study. The n—th point of this sequence begins
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the respective n—th Kasner era, at the end of which a jump to the next point
occurs, see below.

A mathematically careful treatment of this discovery in [11] has shown
that this encoding is certainly applicable to another dynamical system which
is defined on the boundary of a certain compactification of the phase space of
this Bianchi IX model and in a sense is its limit.

Construction of this boundary involves a nontrivial real blow up at the
t = 0, see details in [12]. The resulting boundary is an attractor, it supports
an array of fixed points and separatrices, and the jumps between separatrices
which result from subtle instabilities account for jumps between successive
Kasner’s regimes, corresponding to different points of (1.6).

In what sense this picture approximates the actual trajectories, is a not
quite trivial question: cf. the last three paragraphs of the section 2 of 23],
where it is explained that among these trajectories there can exist “anomalous”
cases when the description in terms of Kasner eras does not make sense, but
that they are, in a sense, infinitely rare. See also the recent critical discussion
in |10].

Here are some details of the classical description.

(a) Continued fractions. We denote by Z, resp. Z,, the set of integers,
resp. positive integers; (), resp. R is the field of rational, resp. real numbers.
For z € R, we put [z] := rmaz {m € Z|m < z}. Irrational numbers z > 1

admit the canonical infinite continued fraction representation

1
x:ko—i-il:: [ko,kl,kg,...], ks € Z4 (17)
in which ko := [z], k1 = [1/(x — ko)] etc. Notice that our convention differs

from that of [23]: their [ki, k2, ...] means our [0, k1, k2, ...].
(b) Transformation T. The (partial) map T : [0,1]2 — [0,1]2 is defined by

Fiwn o (3 3] yrim) (18)

+1
If both coordinates (z,y) € [0,1]? are irrational (the complement is a subset
of measure zero), we have for uniquely defined ks € Z:

Tr = [O,ko,k‘l,k‘z,...], Yy = [0,]{2,1,]{3,2,...].
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Then

|
y+[1/z]  ko+y

1 1
[ |: :| :[0’k17k27-.-]7 :[O,ko,kf]_,k72,...].
z T

On this subset, T is bijective and has invariant density

dx dy
rin2- (1 + zy)?

(cf. [24]). Thus we may and will bijectively encode irrational pairs (z,y) €
[0, 1]2 by doubly infinite sequences

(k‘) = [...I{Z,Q,kfl,k‘,o,k‘l,kg,.‘.],ki €z

in such a way that the map T above becomes the shift of such a sequence
denoted T"
T(k)s = kst1. (1.9)

(c) Continued fractions and Mixmaster chaos. Any point (pa, py, pe) in (1.6)
can be obtained by choosing a unique u € [1, o0], putting

. vy W, _ _l+tu o
P T g € VB0 = e € 0273
u 1
(u) . _ M € [2/3,1] (1.10)

3T 14w+l

and then rearranging the exponents pgu) < pgu) < pgu) by a bijection (1,2,3) —

(a,b,c).

As we have already explained, a “typical” solution v of Einstein equations
(vacuum, or with various energy momentum tensors) with SO(3)-symmetry
of the Bianchi IX type, followed from an arbitrary (small) value typ > 0 in the
reverse time direction ¢ — +0, oscillates close to a sequence of Kasner type
solutions.

Somewhat more precisely, introduce the local logarithmic time 2 along
dt

aoc

this trajectory with inverted orientation. Its differential is d§2 := , and
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the time itself is counted from an arbitrary but fixed moment. Then Q — 400
approximately as —logt as ¢ — 40, and we have the following picture.

As Q = —logt — +00, a “typical” solution = of the Einstein equations
determines a sequence of infinitely increasing moments g < 01 < --- <, <
. and a sequence of irrational real numbers u, € (1,400), n=0,1,2,....

The time semi-interval [Q,,,+1) is called the n—th Kasner era for the
trajectory v (in [1], our eras are called epochs). Within the n-th era, the
evolution of a, b, ¢ is approximately described by several consecutive Kasner’s
formulas. Time intervals where scaling powers (p;) are constant are called
Kasner’s cycles (in [1], our cycles are called eras).

The evolution in the n—th era starts at time €2, with a certain value u =
Uy > 1 which determines the sequence of respective scaling powers during the
first cycle (1.10):

B u 14w o u(l4u)

p1 = ltutu? P2 = Ttutu? p3 = T+ ut w2
The next cycles inside the same era start with values v = u, — 1, u, —
2,..., and scaling powers (1.10) corresponding to these numbers, rearranged

corresponding to a bijection (1,2,3) — (a,b,c) which is in turn identical
to the previous one, or interchanges b and ¢ (see [1] or [25] for a modular
interpretation).

After ky, := [uy] cycles inside the current era, a jump to the next era comes,
with parameter
1

o Tad Tl (1.11)

Un4+1 =

Moreover, ensuing encoding of ~+’s and respective sequences (u;)’s by
continued fractions (1.7) of real irrational numbers z > 1 is bijective on the
set of full measure.

Finally, when we want to include into this picture also the sequence of
logarithmic times {2, starting new eras, we naturally pass to the two—sided
continued fractions and the transformationn 7'. Here are some details.

(d) Doubly infinite sequences and modular geodesics. Let H = {z €
C, rImz > 0} be the upper complex half-plane with its Poincaré metric
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|dz|?/|rIm z|%. Denote also by H := HU{QU{oc}} this half-plane completed
with cusps.

The vertical lines rRe z = n,n € Z, and semicircles in H connecting pairs
of finite cusps (p/q,p’/q') with p¢’ —p'q = 1, cut H into the union of geodesic
ideal triangles which is called the Farey tessellation.

Following (8], [9], consider the set of oriented geodesics 8’s in H with ideal
irrational endpoints in R. Let 8_s, resp. Bo be the initial, resp. the final point
of 8. Let B be the set of such geodesics with S_o, € (—1,0), B0 € (1,00). Put

B—Oo:_[oak()ak—lak—%'“]: /BOOZ [k17k27k37"']7 k’L €Z+, (112)
and encode g by the doubly infinite continued fraction
[...k_o,k_1,ko,k1,ka,...]. (1.13)

The geometric meaning of this encoding can be explained as follows. Consider
the intersection point = x(f) of 5 with the imaginary semiaxis in H. Moving
along 8 from x to S, one will intersect an infinite sequence of Farey triangles.
Each triangle is entered through a side and left through another side, leaving
the ideal intersection point (a cusp) of these sides either to the left, or to the
right. Then the infinite word in the alphabet {L, R} encoding the consecutive
positions of these cusps wrt 8 will be LFt R¥2 Lk Rka _ Similarly, moving from
B_oo to x, we will get the word (infinite to the left) ... LF-1 Rko,

We can enrich the new notation ...LF-1RFLF Rk2Lks Rks (called
cutting sequence of our geodesic in [9]) by inserting between the consecutive
powers of L, R notations for the respective intersection points of § with the
sides of Farey triangles. So z¢ := 2 = () will be put between R* and L*',
and generally we can imagine the word

o LFrg (RFox LMz RF2 o LR pa RFS (1.14)

Since the Farey tessellation is acted upon by the modular group PSL(2, Z)
and its hyperbolic extension including orientation changing isometries of H, we
may present another version of the geometric description of geodesic flow. This
is an equivalent dynamical system which is the triangular hyperbolic billiard
with infinitely distant corners (“pockets”): see [1], [3], [8], [9]-
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Here we use the term “hyperbolic” in order to indicate that sides (boards)
of the billiard and trajectories of the ball (“particle”) are geodesics with respect
to the hyperbolic metric of constant curvature —1 of the billiard table. This is
not the standard meaning of the hyperbolicity in this context, where it usually
refers to non—vanishing Lyapunov exponents.

(e) PROPOSITION. All hyperbolic triangles of the Farey tessellation of H
are isomorphic as metric spaces.

For any two closed triangles having a common side there exists unique
metric isomorphism of them identical along this side. It inverts orientation
induced by H. Starting with the basic triangle A with vertices {0, 1,i00} and
consecutively using these identifications, one can unambiguously define the
mapb: H — A,

Any oriented geodesic on H with irrational end—points in R is sent by the
map b to a billiard ball trajectory on the table A never hitting corners.

All this is essentially well known since at least [8].

It is also worth noticing that although all three sides of A are of infinite
length, this triangle is equilateral in the following sense: there exists a group
Sg of hyperbolic isometries of A acting on vertices by arbitrary permutations.
This group has a unique fixed point p := exp(7wi/3) in A, the centroid of A.

In fact, this group is generated by two isometries: z — 1—z~! and symmetry
with respect to the imaginary axis.

Three finite geodesics connecting the centre p with points 7,1 + ¢, %
respectively, subdivide A into three geodesic quadrangles, each having one
infinite (cusp) corner. We will call these points centroids of the respective sides

of A, and the geodesics (p, i) etc. medians of A.
Each quadrangle is the fundamental domain for PSL(2, Z).

(f) Billiard encoding of oriented geodesics. Consider the first stretch of the
geodesic 8 encoded by (1.14) that starts at the point xg in (0, i00). If kg = 1,the
ball along [ reaches the opposite side (1,i00) and gets reflected to the third
side (0,1). If kg = 2, it reaches the opposite side, then returns to the initial
side (0,700), and only afterwards gets reflected to (0, 1).

More generally, the ball always spends kg unobstructed stretches of its
trajectory between (0,i00) and (1,i00), but then is reflected to (0,1) either
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from (1,700) (if ko is odd), or from (0, i00) (if ko is even). We can encode this
sequence of stretches by the formal word oo*® showing exactly how many times
the ball is reflected “in the vicinity” of the pocket 0o, that is, does not cross
any of the medians.

A contemplation will convince the reader that this allows one to define
an alternative encoding of § by the double infinite word in three letters , say
a, b, ¢, serving as names of the vertices {0, 1,i00}.

(g) Kasner’s eras in logarithmic time and doubly infinite continued
fractions. Now we will explain, how the double infinite continued fractions
enter the Mixmaster formalism when we want to mark the consecutive Kasner
eras upon the ¢—axis, or rather upon the Q-axis, where Q := — rlog [ dt/abc

In the process of construction, these continued fractions will also come with
their enrichments.

We start with fixing a “typical” space-time v whose evolution with ¢ — +0
undergoes (approximately) a series of Kasner’s eras described by a continued
fraction [ko, k1, k2, .. .], where ks is the number of Kasner’s cycles within s—th
era [, Qs41). We have enriched this encoding by introducing parameters
which determine the Kasner exponents within the first cycle of the era number
s by (1.5). A further enrichment comes with putting these eras on the -axis.
According to [11], [12], [23], if one defines the sequence of numbers d5 from the
relations

Qg1 = [1+ dsks(us + 1/{us})]Qs,

then complete information about these numbers can be encoded by the
extension to the left of our initial continued fraction:

[...,k_1,ko, k1, ko, ...] (1.15)
in such a way that
0s =l /(x] +a7)

where
vf =10,ks ksy1,. 0], x5 =[0,ks_1,ks—2,...]. (1.16)

The following result established in |3]| shows that cosmological time can be
approximately measured in terms of geodesic length of path of the billiard
ball.
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1.3. THEOREM. Let a “typical” Bianchi IX Mixmaster Universe be encoded
by the double-sided sequence (1.15). Consider also the respective geodesic in
H with its enriched encoding (1.14).

Then we have “asymptotically” as s — 00, s € Z:

s—1

rlog Qs /Qp =~ 2 Z rdist (xa,, Tor+1), (1.17)
r=0

where rdist denotes the hyperbolic distance between the consecutive
intersection points of the geodesic with sides of the Farey tesselation as in
(1.14).

The formula (1.17) shows that the distance measured along a geodesic can
be compared to (doubly) logarithmic cosmological time.

During the stretch of time/geodesic length which such a geodesic spends in
the vicinity of a vertex of A, the respective space—time in a certain sense can
be approximated by its degenerate version, corresponding to the vertex itself,
and this will justify considering below the respective segments of geodesics as
the “instanton Kasner eras”.

1.4. RIEMANNIAN SIGNATURE: BIANCHI IX MODELS WITH SU(2)-
SYMMETRY. Consider the SU(2) Bianchi IX model with metric of the form

2 2 2
—F a2+ 2L 2 %) 1.18
o= F (e T 75 (118)

Here p is cosmological time, (o;) are SU(2)-invariant forms along space—
sections with do; = o A oy for all cyclic permutations of (1,2,3), and F
is a conformal factor.

By analogy with the SO(3)-case and metric dt? — a(t)?dx? — b(t)%dy® —
c(t)?dz?, we may and will treat W; (as well as some natural monomials in W;
and F') as SU(2)-scaling factors.

However, contrary to the SO(3)-case, generic solutions of Einstein
equations in the SU(2)-case can be written explicitly in terms of elliptic
modular functions, whereas their chaotic behaviour along geodesics in the
complex half-plane of time is only a reflection of the chaotic behaviour of
the respective billiard ball trajectories.
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We will use explicit formulas given in [26], where they were deduced from
the basic results of [27]. The central role in them is played by theta-functions
depending on the the complex arguments iy € H, z € C, with parameters
(p, q) called theta—characteristics:

Yp, q](z,ip) == Z exp{—m(m + p)*u + 2mi(m + p)(z + q)}. (1.19)
meZ

It can be expressed through the theta-function with vanishing characteristics:

I[p, q)(z,ip) = exp {—mp’u + 2mipq} - 9]0,0](z + pip + q, ip). (1.20)

All these functions satisfy classical automorphy identities with respect to the
action of PGL(2,Z).

THEOREM 1 (|26], [27], [28]). Put
Olp, ] == Vp, ¢](0,ip) (1.21)

and
Uy :=9[1/2,0], 93 :=3[0,0], ¥4 :=9[0,1/2]. (1.22)

(A) Consider the following scaling factors as functions of ;1 with parameters
(P, q):

. ) . )
C2 7 ) e™PYp, q ’
)
pE— DY P B 1.2
W3 5 V23 I ) (1.23)

Moreover, define the conformal factor F' with non-zero cosmological constant

A by

2
oo 2 el (1.24)

A (Llog ¥p, ¢])?’
The metric (1.18) with these scaling factors for real 1 > 0 is real and satisfies

the Einstein equations if either

1
A<0,peR,qe§+iR, (1.25)

MATEMATUYECKUNA KYPHAJI. — 2016. — T. 16, Ne 2



196 Yu.l. MANIN

or
1
A>0,q€R,p€§—|—iR. (1.26)
(B) Consider now a different system of scaling factors
1 d 1 d
Wi = +2—log o, W§ = + 2—Ilog V3,
VT g Tdp BT T g T B
1 d
!/
= + 2—Ilog? 1.27
BT v q dp B (1.27)
and
F' = —C(p+ q0)* WiW3 Wy, (1.28)

where qo,C' € R, C' > 0. The metric (1.18) with these scaling factors for real

1 > 0 is real and satisfies the Einstein equations with vanishing cosmological
constant.

We will now consider values of i € A C H in the vicinity of ico but not
necessarily lying on the imaginary axis. Since we are interested in the instanton
analogs of Kasner’s solutions, we will collect basic facts about asymptotics of
scaling factors for ¢ — ¢00.

For brevity, we will call a number r € R general, if r ¢ Z U (1/2+ Z).

For such r, denote by (r) € (—1/2,0) U (0,1/2) such real number that
r 4+ mo = (r) for a certain (unique) mgy € Z.

THEOREM 2. The scaling factors of the Bianchi IX spaces listed in Theorem
1.5 have the following asymptotics near p = +00:
(i) For A = 0:

T 1
/N——7 ,N /r\J .
vy e

(1.29)

(ii) For A < 0 and general p:
Wi~ —m(p) exp{mi((p) = p)}, Wa ~ £Ws,

W3 ~ =2mi(p+1/2) - exp {misgn (p)q} - exp{mp([(p)| — 1/2)}.  (1.30)
(iii) For A > 0, real ¢ and p = 1/2 + ipg, po € R:
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1
Wi ~ 7po tan{m(q — pop)} — > Wy ~ —Wjs,

W3 ~ 2mpg - (cos m(q — pop)) . (1.31)

Theorem 1.6 (proved in [3]) shows that for general members of all solution
families from [26], after eventual sign changes of some W;’s and outside of the
pole singularities on the real time axis, we have asymptotically Wo = Wiy,
Wy # Wa.

In the next section, we will show that precisely such a condition allows
one to quantize the respective geometric picture in terms of Connes—Landi
[29]. This gives additional substance to our vision that chaotic Mixmaster
evolution along hyperbolic geodesics reflects a certain “dequantization” of the
hot quantum early Universe.

1.7. GRAVITATIONAL INSTANTONS AND PAINLEVE VI

Hitchin’s classification of gravitational instantons that led to Theorem 1.5
was based upon the reduction of the relevant Einstein equations to a Painlevé
VI equation. We will briefly recall basics facts about them; see [22] for a more
general context.

Equations of the type Painlevé VI form a four-parametric family. Denote
parameters (o, 3,7,9), and the independent variable by ¢. The corresponding
equation for a function X (¢) looks as follows:

EX 11 1 1 N aX) 1 1 Y dX
a2 2\X X-1 X—t dt t t—1 X —t) dt
X(X —1)(X 1) t t—1 t(t —1)

— 5 .
ri—e |CT P T e PO — e

Gravitational instantons correspond to the case

1 113

(a>677a 5) = (év _ga ga é)

Solutions in elliptic functions of this equation describe Bianchi IX space-
times with SU(2)-symmetry: see |27].
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One more interesting case is (a,f3,7,d) = (%, 0,0, %) According to
B. Dubrovin, a specific solution of this equation describes “the mirror of P?”
in a general context of Mirror Symmetry.

In 1907, R. Fuchs has rewritten PVI in the form

22 d 11 &Y dz
tH(1—1t) t(1—t)dt2+(1—2t)dt—4]/oo N CECEDR
Y - 1Y 1 - 1Y
:aY+ﬁ§(,2+’Y((§(_)1)2+(5_ z)t((;(_t))Q (1.32)

Here he enhanced X := X (¢) to (X,Y) := (X (¢),Y (t)) treating the latter pair
as a section P := (X(t),Y(t)) of the generic elliptic curve E = E(t) : Y? =
X(X —-1)(X —1).

Up to a simple change of notations, the abelian integral fO(OX’Y) in (1.32)

can be directly identified with the abelian integral fOR(t) in (1.3) so that this
integral is a version of cosmological time. The meaning of the right hand side
of (1.32) was clarified in my paper [21]. After having noticed that Painlevé VI
can be written on any one—dimensional family of elliptic curves (its dependent
variable becoming a (multi)section of such a family), I have applied this remark
to the analytic family E. := C/(Z + Z7) — 7 € H. Denoting by z a fixed
coordinate on C, we can rewrite (1.32) in the form

3

d?z 1 T;
0

Here (a, ..., a3) = (a, —f,7, % —9), (To, T1,T5,T3) := (0,1,7,1 + 1), and

1 1 1
p(z7) = 22 + (m,n)z:#(w) ((z —m7 —n)? B (m7 + n)2> '

Moreover, equation of the generic elliptic curve becomes

p=(2,7)% = 4(p(2,7) — (7)) (p(2,7) — e2(7))(p(2,7) — e3(7))

where
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so that e; +e2 +e3 = 0.

Since PGL(2, Z) acts on the total space of this family, the “time variable”
7 (an abelian integral along closed path on a curve) can be restricted to the
fundamental domain of this group or its finite index subgroup, and this leads
to the hyperbolic billiard picture.

2. QUANTUM BiG BANG?

2.1. CANONICAL QUANTISATION OF THE BILLIARD SYSTEM AND MAASS
FORMS. The most straightforward way to produce from the Mixmaster chaotic
system its quantum version consists in applying canonical quantisation to the
billiard ball moving in one of the version of hyperbolic billiard table discussed
above.

This immediately leads to the consideration of Maass wave functions:
eigenvectors ¥ of the Laplace-Beltrami operator on the hyperbolic half-plane,
invariant with respect to an appropriate subgroup of the (extended) modular
group. They play now role of quantum wave-functions of early hot Universe.

We refer to [1], sec. VI and VII, for a detailed discussion of this quantisation
scheme and relevant references. See also [30].

Below we will discuss a different quantisation scheme, developed in the
framework of non commutative geometry (cf. [29]). We will then connect it
with the complex geometry of gravitational instantons, described in subsections
1.4-1.6 above. This was done in our article [3].

2.2. THETA DEFORMATIONS. In Section 5 of [2] we showed that the
gluing of space-times across the singularity using an algebro-geometric blowup
can be made compatible with the idea of spacetime coordinates becoming
noncommutative in a neighborhood of the initial singularity where quantum
gravity effects begin to dominate.

This compatibility is described there in terms of Connes-Landi theta
deformations [29] and Cirio-Landi-Szabo toric deformations [31]-[33] of
Grassmannians.

It turns out that the Bianchi IX models with SU(2)-symmetry can be made
compatible with the hypothesis of noncommutativity at the Planck scale, using
isospectral theta deformations.

The metrics on the S3 sections, in this case, are only left SU(2)-invariant.
It turns out that among all the SU(2) Bianchi IX spacetime, the only ones
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that admit isospectral theta-deformations of their spatial S3-sections are those
where the metric tensor
Waw wiw wiw

2W3 o2 1Ww3 o2 12 2

2.2
Wy 1+w2 2+w303 (2.2)

g = wiwaws dp® +

is of the special form satisfying wy # wy = w3 (the two directions o2 and o3
have equal magnitude). In these metrics, the S sections are Berger spheres.
This class includes the general Taub-NUT family [34], [35], and the Eguchi—
Hanson metrics [36], [37]. The theta-deformations are obtained, as in the case
of the deformations S of [29] of the round 3-sphere, by deforming all the tori
of the Hopf fibration to noncommutative tori.

In other words, a Bianchi IX Euclidean spacetime X with SU(2)-symmetry
admits a noncommutative theta-deformation Xy, obtained by deforming the
tori of the Hopf fibration of each spacial section S® to noncommutative tori, if
and only if its metric has the SU(2) x U(1)-symmetric form

2
w
g = wiwi dp® + —w?’ o} +wy (05 + 2). (2.3)
1

(see |3], Proposition 4.2).

This is in stark contrast with the situation described in [38], where
(Lorentzian and Euclidean) Mixmaster cosmologies of the form

Fdt? + a(t)?de® 4 b(t)2dy® + c(t)?d2?

were considered, with T3-spatial sections, which always admit isospectral
theta-deformations (see also [39], [40]).

We have recalled in the previous section how the general self-dual solutions
(with w; # wg # w3) can be written explicitly in terms of theta constants
[26], and are obtained from a Darboux-Halphen type system [41]. In the case
of the family of Bianchi IX models with SU(2) x U(1)-symmetry, this system
has algebraic solutions that give

1 MW — Mk
s 1= po’ o (1 — po)?’ @4

with singularities at p. (curvature singularity), po (Taubian infinity) and
oo (nut). The condition u. < pop avoids naked singularities, by hiding the
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curvature singularity at p, behind the Taubian infinity, see the discussion in
Section 5.2 of [41].

Consider the operator

1 .
iXT X +iXs
= — A
Dg =~ < Xo—iX; —1X ) ’ (2:5)

where {X1, X9, X3} constitute a basis of the Lie algebra orthogonal for the
bi-invariant metric. Assume moreover that the left-invariant metric on S® is
diagonal in this basis, with eigenvalues {w?/wy, w1, w1}, with w = wy = ws
and A = w/wq, and where the w; are as in (4.4). Consider also the operator

1 [ of0 1 1wy
D_1/2<7 (&u+2<w+2w1)>+wl DB‘)\:wwl). (2.6)

wy “w
2.3. PROPOSITION. The operators D of (2.6) give Dirac operators for
isospectral theta deformations of the SU(2) x U(1)-symmetric space-times.

As in [38], the Dirac operator of Proposition 2.3 can be seen as involving
an anisotropic Hubble parameter H. In the case of the metrics of [38] this was

of the form '
1({a b ¢
H=-[-4+-+-
3<a+b+c>

with a, b, ¢ the scaling factors in (2.3).

In the case of the SU(2) Bianchi IX models, the anisotropic Hubble
parameter is again of the form H = %(Hl + Hy + Hj3), where now the H;
correspond to the three directions of the vectors dual to the SU(2)-forms o; in
(2.2). For a metric of the form (2.3), or equivalently

g = uw dp® + N 0% + vl + ulol,

we take the anisotropic Hubble parameter to be

1 [aN+ur 4 1 o A
H—3<m+2u>—3<3u+x>’

v  lw A W wy

v 2w AN w  wp

where
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so that L/ »
w w1
H=-|—4+=-—

3 (w+2w1)’

so that we can write the 4—dimensional Dirac operator in the form

1 a 3
D=~"—(=—+ZH)+Dp,
uw \ Oy 2

where Dp = (wiﬂ/w) Dp|y— is the Dirac operator on the spatial sections
wy
S3 with the left SU(2)-invariant metric.

Notice that in the construction above, we have considered the same
modulus @ for the noncommutative deformation of all the spatial sections S3 of
the Bianchi IX spacetime, but one could also consider a more general situation
where the parameter 6 of the deformation is itself a function of the cosmological
time w.

This would allow the dependence of the noncommutativity parameter 6
on the energy scale (or on the cosmological timeline), with § = 0 away
from the singularity where classical gravity dominates and noncommutativity
only appearing near the singularity. Since a non-constant, continuously
varying parameter 6 crosses rational and irrational values, this would give
rise to a Hofstadter butterfly type picture, with both commutativity (up
to Morita equivalence, as in the rational noncommutative tori) and true
noncommutativity (irrational noncommutative tori), cf. also [42].

Another interesting aspect of these noncommutative deformations is the
fact that, when we consider a geodesic in the upper half plane encoding Kasner
eras in a mixmaster dynamics, the points along the geodesic also determine
a family of complex structures on the noncommutative tori 7, 92 of the theta-
deformation of the respective spatial section.
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Manun FOpuit Usanyinsr 2KAJIPAH 2KOHE HAKTHI YAKBIT APAJIBI-
PBIHJA: KAHJAN TEOMETPUSIJIAP YJIKEH 2KAPBILJIBIC MAHBIH-
JIATHI FAJTAMJIBI CUIIATTATIIBI?

CoHFbI »KY3 >KbLJI 1IIIHJIe TeOPUAIBIK, (DU3MKAHBIH 6acThl Mace e/ iepiniy, 6ipi
CAJTBICTBIPMAJIBLIBIKTBIH KAJIIbl TEOPUACH MEH KBAHTTBIK TEOPHUSHBIH Oipiryi
OOJIBITT OTBHIP, OJ1 aTan afTKAHA, epTeaeri FaJaMHBIH KYPBLIBIMBI MEH 3BO-
JIIOTIUSCHIH YFBIHY YIINH 2KOHE OHBIH OYTIHTI KarJaliblHa KOIly YIMH KarKerT.
By maka/aHbIH MaKCcaTTAPBIHBIH 6Pl - OCHI MOCeIeMeH affHAIBICATHIH (DU3UK-
Tep MEH MATeMAaTHUKTEPIiH BIKIIAIIACYBIHA YJIeC KOCYy OOJIBI caHa aabl. 2Ky-
MBICTBIH Ma3MYHIBI 06JIiri epremeri "Ta3a KBAHTTHIK' CATHLIIAH DUHIITEHH
TeH/IeyiMeH aHBIKTAIATHIH, Ka3ipTi 3aMaHFbl KIACCUKAJIBIK, IBOJIIOIUSIFA KOIITY
MOJIEJIH TYPFBI3YIaH TYPaIb.

Manwuu FOpwuit Usanosna MEZK/TY MHVMBIM 1 BEIIECTBEHHBIM
BPEMEHEM: KAKNWE T'EOMETPUI OIINCBIBAIOT BCEJIEHHYIO
BBJIN3U BOJIBITIOI'O B3PBIBA?

B Teuenme mocsegHux crTa JeT, OAHON W3 IMEHTPAJIHHBIX 3379 TEOPEeTHIe-
CKOil (DU3UKM OCTAETCs COoeMHEeHne ODIeil TeOPUU OTYOCUTEIHHOCTH U KBaH-
TOBOI Teopuu, HEOOXOUMOE, B 9aCTHOCTH, JIJid MIOHUMAHUs CTPYKPYPBI U 9BO-
Jioniuu panueit Beestennoit u mepexosia K ee HblHelTHeMY cocTogauio. OHa u3
1ieJieit 9TOM CTaThy - BHECTH BKJIAJ] B COTPYAHUYECTBO (DUBUKOB U MATEMATHUKOB,
3aHUMAONIUXCs 1oit npobsemoit. CojepxkarebHas 4acTh pabOThl COCTOUT B
TTOCTPOEHUN MOJIEN Tepexojia oT paHHeil "dumcTo kBaHTOBOI'"das3wl K COBpe-
MEHHOW KJIACCUYECKOH IBOJIIOIIH, OTIPEIe/sIeMOil ypaBHeHneM DHITeHa.
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polynomials g of special type on 2m + 1 variables constructed by the author in [1],

where m > ["31%5”]
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1. INTRODUCTION

Let V Denote by V,, the subvariety of V generated by the V-free algebra on
n free generators; then we have

VlgVQQQVngy V:Unvn'

A minimal number n for which V, =V (if such a number exists) is called the
basic rank of the variety V and is denoted as r,(V) (see [2]). If V # V), for any
n then the basic rank of V is called to be infinite.

It was first shown by A.l. Malcev that the basic rank of the variety of
associative algebras is equal to 2 [3, p. 331]. A.I. Shirshov proved that the same
result is true for the variety of Lie algebras |4] and the variety generated by the
special Jordan algebras [5]. In [6, problem 1.159], A.I. Shirshov posed a problem
on the basic rank of the varieties of alternative Alt, Jordan Jord, Malcev Mal,

Kimiouesrnie ciioBa: Asrebpa Masbuesa, 6asucHslii panr, cymnepairebpa, KOCOCHMMET-
PHUYHbBIE TOXK/I€CTBA.
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and other algebras. In [1] the author constructed a series of multilinear skew-
symmetric polynomials g,, on 2m+1 variables over a field of characteristic # 2
which vanish in any n-generated alternative or Malcev algebra for m > [”355”],
but do not vanish in free alternative and free Malcev algebras of infinite rank.

In particular, this implies that 7,(Alt) and rp(Mal) are infinite.

Here we prove more general result for Malcev algebras. Namely, let N =
3+ Cl+C? + 3, then EVERY multilinear skew-symmetric polynomial on
more then IV variables vanishes in any n-generated Malcev algebra.

Observe that in case of Lie algebras any skew-symmetric multilinear
polynomial on 3 or more variables vanishes in any Lie algebra. In case of
Malcev algebras, the condition of finite generation cannot be omitted since the
polynomials g,, mentioned above do not vanish in the free Malcev algebra of
infinite rank for any m.

For the proof, we use the properties of the polynomials gy, from [1| and the
base of the free Malcev superalgebra on one odd generator constructed in [7].

Throughout the paper, if otherwise is not stated, all algebras are considered
over a field of characteristic 0.

2. SKEW-SYMMETRIC ELEMENTS AND ONE-ODD-GENERATED
SUPERALGEBRAS

Let us recall the definition of a superalgebra in a given variety of algebras
V. In general, a superalgebra A is just a Zo-graded algebra: A = Ay & Aq,
where A;A; C Aifj(mod2)- Let G = alg(l,e1,...,en,...|eie; = —eje;) be the
Grassmann superalgebra, where Gq is spanned by 1 and the even products
€i1€iy €y, 1 < 11 < ig < .-+ < iy, k even, and G is spanned by the odd
products e;, e, - -€;,, 1 < i1 < ig < --- < i, k odd. Then a superalgebra
A = Ay + A is called a V-superalgebra if its Grassmann envelope G(A) =
Go ® Ag + G1 ® Ay, considered as an algebra, belongs to V.

When working with superalgebras, we always assume that considered
elements are homogeneous, that is, even (belonging to Ag) or odd (belonging
to Ap). If the defining identities of the variety V are known, one can easily
write down the defining super-identites for the variety of V-superalgebras. For
example, an algebra A is called alternative (see [8|) if it satisfies the identities

(J:ay?y) = O’ (x,x,y) = 07
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208 I. SHESTAKOV

where (z,y,z) = (zy)z — x(yz) denotes the associator of the elements x,y, z.
Now, a superalgebra A = Ay @& A; is called an alternative superalgebra if it
satisfies the super-identities

(l‘a y,Z) + (_1)|sz|(ajv Zay) =0,
(:L‘a Y, Z) + (_]—)lﬁHy'(yvl'v Z) =0,

where |u| = i if u € A; denotes the parity of a homogeneous element u. An
algebra M is called Malcev algebra if it satisfies the identities

zx =0,
J(x,zy,z) = J(x,y, 2)x,

where J(z,y, z) = (zy)z + (y2z)z + (2x)y denotes the Jacobian of the elements
x,y, 2. Clearly, every Lie algebra is Malcev algebra. If A is an alternative
algebra then the commutator algebra A=) obtained by introducing on the
vector space A a new product [x,y] = zy — yx is a Malcev algebra.

Now, a superalgebra M = My & M is called a Malcev superalgebra if it
satisfies the super-identities

zy 4 (=1) Wy = 0,
J(,ty, z) + (=) (¢, 2y, 2) =
= (=DIHWHED g (g, 2)t + (= 1) WD gy 2)a.

As for usual (non-graded) algebras, the commutator superalgebra A=) for
an alternative superalgebra A, with the product given by super-commutator
[z,9]s = 2y — (=1)*¥lyz is a Malcev superalgebra.

For a variety V, denote by V[X;Y] the free V-superalgebra over a field F
generated by a set X of even generators and a set Y of odd generators.

Recall some results on relation between the space of skew-symmetric
elements in the free V-algebra of countable rank V[X;(] and the free V-
superalgebra V[0; z] generated by one odd element x (see |7, 9, 10]).

Let u(z) be a homogeneous of degree n element from V|[(); z|. Write u(x)
in the form u(z) = v(z,x,...,x) where v(z1,...,x,) is a multilinear element.
Set

(Skew U)(.’El, L2,. .. axn) = Z (_1)Sgnov($0'(l)7xcr(2)7 s xo(n))‘
oEX,
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For example, if u = zz then (Skewu)(z1,x2) = [z1,22]; if v = (xx)z then
(Skew u)(z1, w2, 3) = 3, ex, (—1)7" 7 (25(1)To(2)) To (3)-

PRrROPOSITION 1. [9, 7, 10]. Let F be a field of characteristic 0. The map
u — Skewu establishes an isomorphism between the linear space V[0; x| and
the space of skew-symmetric elements in the free V-algebra V[X] = V[X; 0],
where X = {z1,22,...,%n,...}. In particular, u(x) = 0 in the superalgebra
V[0; x] if and only if Skew u = 0 in the free V-algebra V[X].

Let M = Mal[0;z] be the free Malcev superalgebra generated by an
odd generator x. The following theorem summarizes some properties of the
superalgebra M proved in [7].

THEOREM 1 [7] (i) The superalgebra M has a base formed by the elements
k’ :E4k:$2, :L‘4k+1$2, k, > O, (1)

where 't = iz,
(74) The nonzero products of basic elements are given by

gt x =2t
Ak+2—i i - Ak 2 -
x cxt=—(=1)"2 ™% i > 1,
L i(i—1) )
.%'4k+3 it — _(_1)72 {B4k+1{122, i>1,

In [1] the author introduced the following series of multilinear skew-
symmetric polynomials g,, on 2m 4+ 1 variables:

g1(z1, 22, x3) = J (1, 22, 23),

and if the skew-symmetric polynomial g,,—1(x1,...,Z2m—1) is already defined,
gm(iﬂl, e ,£E2m+1) =
= Z (_1)i+j+kgm—1('](xi7xj7:1:k)7x17'"7£i7£j7:ik7"'7x2m+1)7
1<i<j<k<2m+1

where Z; means that this variable is absent. It is clear that the polynomial g,
is skew-symmetric on the variables x1,...,Zom+1-
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THEOREM 2 [1]. The polynomial gy, is a nonzero element in the free Malcev
algebra of countable rank but it vanishes 1n any n-generated Malcev algebra
over a field of characteristic # 2 for m > [” +5”].

LEMMA 1. For any m > 0 there exist Quy, o, fm € F such that a,,al, # 0
and
gom = amSkeW(m4m+l)v (2)

Goma1 = Skew(al, x ™3 4+ g xim T 1g?). (3)

PROOF. The element g, is a skew-symmetric polynomial on 2m+-1 variables in
the free Malcev algebra Malc[X]. By Proposition 1, there exists a homogeneous
element © € M of degree 2m+1 such that g, = Skewu. Comparing the degrees
of elements from the base (1) of M, we see that for m even u = ax?"*+! and
for m odd u = o/2?"+! + x?" 122 for some «a,a/, € F. Since g,, # 0 in
Malc[X], it is clear that a # 0. Furthermore, it was proved in [1] that g,
does not vanish in the free metabelian Malcev algebra of countable rank. Since

Skewz?™ 122 = 0 in any metabelian algebra, we have that o/ # 0. U

COROLLARY 1. For any m > 0 there exist Ly, Il,,, Vm € F such that 1,1, # 0
and

Skew(w4m+1) = lmgom, (4)

Skew(x4m+2) = :l:lm Z(—l)lﬁmm(l’l s ajia s >$4m+1)xi> (5)

%

Skew(x 4m+3) =1 gomi1+

+sz z+j92’m l‘l,...,«’Ei,i‘j,...,$4m+3)[$i,$]‘], (6)
1<j
Skew(z ™) = £, > " (=1) goms1 (21 - Fiy - Tamga) T (7)

%

PROOF. The first equality follows from (2). For the second and the third, note
first that

Skew(z*x) :I:Z )iSkew (xF) (@1, ..., &4, ..., Tpa1)Ti, (8)
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Skew(z"2%) = £ “(=1)"Skew(z") (z1, ..., &i, &g, .., wpp) [, 2] (9)
1<J

Now, (5) follows from (8) and (4), and (6) follows from (3), (9) and (4).
Finally, by Theorem 1 we have (z¥22)z = 0 in M, therefore

Skew (2™ ) = Skew (4™ 3z) =

=+ Z(—l)iSkeW(l‘4m+3)($1, e ,i’i, . ,l’4m+4)$i

%

by_(3) -
Y + Z l ggm+1 +7mSkeW( 4m+1$2))(x1, RN 7 ,x4m+4)xi
=+ Z l ggm+1 L1y - ,i’i, ce ,l’4m+4):l,‘i iimSkew((x4m+lx2)x)

== E 192m+1 T,y iy oy Tdmsd) T

g

Now we can prove our main result.

THEOREM 1. Every skew-symmetric multilinear polynomial on more then
N(n) = 4+ Cl+C2+C3 variables vanishes in any n-generated Malcev algebra.

PROOF. Let f = f(x1,...,x) be a skew-symmetric polynomial from M al[X]
on k > N(n) variables. By Proposition 1, there exists a homogeneous of degree
k element u(x) € M for which f = Skewu. In view of base (1), have u(x) =
az® 4 B2F222 for some «, B € F, where 3 # 0 only if k € {4m + 2,4m + 3}.
Let M,, be the free Malcev algebra of rank n. By [1], gs = 0 is an identity in
M, when 25 +1 > 1+ C}! + C2 + C} = N(n) — 3. By Corollary 1, Skewz*
vanishes in M, for k > N(n) — 1. Finally, for ¥ = 4m + 2,4m + 3 we have by
(), (4)

Skew(z*"a?) =1, 1 Y H(gam-1(1 ..., &i &g, &y, - Tam2) i) [, 2],
v

Skew( 4m+1 2 Z :|:g2m . ,.if‘i, ij, ey x4m+3)[$i, {L‘j],
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which proves that Skew(z*z?) vanishes in M, for k > N(n), finishing the
proof. U

It is natural to ask whether a similar result could be proved for alternative
algebras, namely:

Is it true that there exists a natural natural number N such that every
multilinear skew-symimetric identity on more then N variables which vanishes
in the free associative algebra, vanishes in any n-generated alternative algebra?

Using the results of [1] and [11], one can prove that the question above
reduces to a question on a particular identity:

Is it true that there exists a natural natural number N such that any n-
generated alternative algebra satisfies the identity

Z(—l)i+j+kStN(CL‘1, ce ,fi,i‘j, :i‘j, ceey xN)(xi,xj,xk) = 0,
i7j7k

where Stp(z1,...,70) = Y g, (=1)%"7 (- (T5(1)To(2))  * * )To(n) Is the well
known standart identity?
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[MTecrakos N.II. KOCOCUMMETPUYECKUE TO2KJIECTBA B KO-
HEYHOIIOPOZKZIEHHBIX AJITEBPAX MAJIBIIEBA

Mpbl 1oKa3bIBaeM, UTO BCAKWH MOJUIMHENHBIN KOCOCUMMETPUIECKII Heac-
cotpaTuBHbll MuOroOUIeH o 6osiee yem 3 + Ct + C2 + O nepemennbix 06pa-
IIAETCs B HOJIb B JII0OOI N-TI0pOzK/IeHHOiT ajirebpe MajibiieBa Ha/IIOIEM Xapak-
repuctuku (. Panee anajorn4anbiit pe3y/ibrar ObLI M3BECTEH TOIBKO /IS OJIHOMN
cepun KOCOCUMMETPUYECKUX MHOTOUJIEHOB (,, CHENNAJIbHOTO Buma oT 2m + 1

3
MepeMeHHbIX, MOCTPOeHHOi aBTopom B [1], Tae m > [%}

[MTecraxkos MN.II. AKBIP/IBI TYBIHIAYAH MAJIBIIEB AJITEBPAJIA-
PBIHIAYHBI KOCOCUMMETPUAJIBI TEITE-TEHIIKTEP

Bi3 ke3 KereH MoJIMCHI3BIKTE KOCOCUMMETPUSLIIBI ACCOUTTMATUBTI eMeC aii-
HbiMasbl canbl 3+ Ch + C2 4 C3-nen aprbik 60/1aThiH KONMYIIENK Ke3 Kejiren
0 cunmarramaJsibl epicreri n-rybingaran MaJjbiieB ajaredpachblHa HOJ/Te aiiHa-
JIATBIHBIH oJiesiaeiimi3z. Bypoin ockl Tekrec motuxke Tek 2m + 1 aliHbiMaJibi-
JIBI apHAWBI TYPAETI G, KOCOCHMMETPUSIIBI KOTTMYIETIKTePIiH 6ip TomTaMach!
yirin rana Gesristi 6osaTbin, 6y HoTuKeHi aBTop [1] KymbIcbHTA M > ["31%5”]
OoJIFaH A TYPFBI3IIBI.
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Annotation: Stable Grothendieck polynomials are kind of symmetric functions that can
be considered as K-theoretic analogs of Shur polynomials. In the paper deformations
of these polynomials with two additional parameters are presented. Different properties
of these functions are established.

Keywords: Symmetric functions, Schur functions, Grothendieck polynomials.

1. INTRODUCTION

I am happy to present this note in a conference dedicated to 60th birthday
of my teacher Askar Serkulovich Dzhumadil’daev. I would like to express my
deepest thanks to him, I am very grateful for his encouragement and continuous
support of my work. I would also like to especially mention Dzhumadil’daev’s
regular seminar during which I (as well as many other of his students) learn a
lot. Results in this note were reported in that seminar.

The ring A of symmetric functions in infinitely many indeterminates x =
(x1,x2,...), is a polynomial ring with algebraically independent generators

e1,e€2,..., where
€L = E x’h xlk

<<l

are elementary symmetric functions.

Bases of A are indexed by partitions, that are (positive) integer sequences
A= (A >+ > Ag). One of the most important bases for A is given by the
Schur functions {sy}, that (as a finite variable polynomials) can be defined by

Kimtouesnie cioBa: Cummerpuueckas ¢ynxuums, gynxuus Ilypa, nosmnmom I'poren-
KA.
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the double alternant formula

Aj+n—j1"
det [xl-ﬁn ]]
1
sax(zr, ... xn) =

a H1§i<j§n(xi - x;j)

or as a generating series

b in T
S)\(:L'lal'Q,-..) = Z H:L,Z%ZS1H ’

TeSSYT(N) i>1

where the sum runs over semistandard Young tableaux (i.e. filling of boxes of
the diagram of partition A by positive integers weakly increasing in rows and
strictly in columns) of shape A.

There is a standard involutive automorphism w : A — A given on generators
by setting w(ex) = hg, where

i1 <oy

are complete homogeneous symmetric functions. Under this involution, the
Schur functions are self-dual, w(sy) = sy, where A\’ denotes the conjugate
partition of . For the theory of symmetric functions we refer to [5, 6].

Schur functions play important role in many areas, including representation
theory and algebraic geometry. For instance, in Schubert calculus they are
related to cohomology ring of the Grassmann variety Gr(k, C") of k-planes in
Ccn.

There is a K-theory analog of Schur functions, the stable Grothendieck
polynomials G). These are symmetric power series first studied by Fomin
and Kirillov [2], which arise as a stable limit of Grothendieck polynomials
introduced by Lascoux and Schiitzenberger [4].

The functions G have many similarities with s). For example, there is a
formula

)

det [x%‘ﬁn_j(l — a:i)j_l}?

G =
)\(5517 7$n) H1§i<j§n(xi — ZIT])

and a combinatorial presentation given by the series

Grwr,,...) = Y (-T2 7,

T i>1
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216 D. YELIUSSIZOV

where the sum runs over set-valued tableaux of shape A; a generalization of
semistandard Young tableaux, where boxes may contain sets of integers [1].
Let A be the completion of A which includes infinite linear combinations
of the basis elements (in some distinguished basis of A, e.g. Schur functions).
Note that G € A, for instance G(l) =e1 —eg +e3 —---. It is remarkable that
the product of stable Grothendieck polynomials has a finite decomposition

GAG =Y (D)WY G o, € Zao, [v] = A |l

14

This result was proved by Buch [1] and he described the coefficients
CK# combinatorially via set-valued tableaux, generalizing the Littlewood-
Richardson rule for Schur functions. Buch studied the Grothendieck ring
of the Grassmann variety Gr(k,C™) of k-planes in C" as the quotient
ring T/ (G, A Z (n—k)*), where IT' = @, Z - G, is a ring with a basis
of Grothendieck polynomials ((n — k)* is a partition of rectangular shape
kx (n—k)).

There is a dual family for G via the Hall inner product (which makes
orthonormal the Schur basis, (sx,s,) = dxu). These dual stable Grothendieck
polynomials gx € A were explicitly described by Lam and Pylyavskyy [3] via
plane partitions.

In our work we study two-parameter versions of these polynomials, the
dual families of symmetric functions Gg\a’ﬁ) (x1,2,...), gE\O‘”B) (x1,x2,...). We
call them the canonical stable Grothendieck functions and the dual canonical
stable Grothendieck polynomials. In special cases they correspond to:

(a) Schur functions sy = Gg\o,o) = gg\o,o)
certain deformed Schur functions;

; the case a+ 8 = 0 corresponds to
(b) stable Grothendieck polynomials G = Gg\m_l) and its dual gy = gg\o’l);

The functions Gf\a”B ) ¢ f\, g/(\a’ﬂ ) € A are non-homogeneous symmetric,

Gg\o"ﬁ) = s) + higher degree terms, g/(\a’ﬁ) = sx + lower degree terms.

The families {gg\a’ﬁ)}, {Gg\_a’_ﬁ)} are dual via the Hall inner product and the
duality map acts on them as follows:

w(Gg\a’ﬁ)) = G(f’a), w(gg\a’ﬂ)) = ggff’a).
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The structure constants conserve (with scaling), we have

GG = 3 (o + BNty Gl

v

B)

In some sense, the first parameter « in Gg\a uncovers duality (under

the involution w) of the B-Grothendieck polynomials Gg\o,ﬁ ), Combining the
‘unifying’ and duality properties described above, the reason for calling these
symmetric functions as canonical is also the following. In the specialization

(o, B) = (¢,q7 1), the elements {gga’ﬁ) : pis a row or column} admit a simiﬁl;xr
«, .

characterization as the Kazhdan-Lusztig canonical bases. The elements { ggk)

k € Z~o} then characterize the dual functions gg\a’ﬁ ) as generators for A.

Our results (a detailed version [7] is available as a preprint) about the

functions GE\a’ﬂ ), gg\a”g ) also include e.g.: combinatorial formulas, based on

several new types of tableaux called hook-valued tableaux (for Gg\a”@’ )) and

rim border tableaux (for gg\a’ﬂ )); associated noncommutative operators; Schur

expansions and related combinatorics; Jacobi-Trudi type identities.
2. DUAL STABLE GROTHENDIECK POLYNOMIALS AND THEIR DEFORMATIONS

We start by describing the dual stable Grothendieck polynomials {gy}
which form an inhomogeneous basis of the ring A. These polynomials can
be defined combinatorially as follows:

o #columns of T' containing ¢
9/\(331,332,---)— § HJC, )
TeRPP(\) i1

where the sum is over reverse plane partitions (RPP, tableaux with entries
weakly increasing in rows and columns) of shape A [3]. In particular,

gr = sy + lower degree terms.
It is easy to see that

k
k—1
g(k):hk7 g(lk)zz<' )ei:ek(lv""Lxl’xQ"")

=1 k—1 times
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and the elements {gx)} or {g(1x)} are algebraically independent generators of
A. There is an involutive automorphism 7 : A — A given on generators by
setting 7(g(r)) = g(1x) for which 7(gx) = g

We shall now consider deformations of these polynomials with two
additional parameters «, and coefficients in Z[«, 5]. First, we add one
parameter 5. Let

B _ AN—|T #columns of T' containing 7
.g)\('rla'l?a"')_ § 6| = |H:EZ 5.
TERPP()) i>1

In particular,

k
(k-1
g(ﬁk) = hk, g(ﬁlk) = Zlﬂk (Z— 1)62 = ek(ﬂr"?ﬂwxlax?a”')'

k—1 times

(Note that ¢g§ = sy is Schur function.)
Define Zla > 8] = {d> 5<; aijo’B’} as the set of polynomials in a, 3
whose specializations (a, 3) — (¢,q~!) are in qZ]q].

THEOREM 1 (Canonical generators). There is a unique set {Cy : k € Zso}
with coefficients in Z|c, 3] satisfying

Cr € gy + > Zla>Blgy,  w(Cr) € gl + Y Zla > Blgj,
i<k i<k

where C — C' is an involution switching o and J.
One can obtain that

‘ ik —1 B
C’k:Za i1 hi:w(glk)).

i=1
Let ¢ : A — A be a homomorphism defined by ¢(h;) = Cy and define the
polynomials gf\a”g) = @(gf\aJr’B)). It is not hard to see that

o)

gf\ = s + lower degree terms

and hence {gf\a’ﬁ )} is an inhomogeneous basis for A. Note also that in the

(0,0)

specializations a = 8 = 0, we obtain Schur functions sy = g and for a =0
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J

DB (el 2
b
)

N 0+
313 3 ‘{FH
T T
T

|

we have gf . Since gg\a’ﬁ ) is defined by applying the homomorphism ¢, these

polynomials inherit structural properties of the dual Grothendieck poylnomials

9x-
THEOREM 2. The symmetric functions gg\a’ﬁ ) satisfy the following properties:

(i) self-duality w(gg\a’ﬁ)) = gﬁ‘?’“);

(ii) gg\a,,a) is Schur-positive, i.e. its expansion in the Schur basis s, has
positive coefficients in Zsola, 3].

Combinatorial presentation of these polynomials is based on the following
types of tableaux, which we call rim border tableaux (RBT, based on RPP).
Consider a reverse plane partition as in the figure (a) below and let us refine
the ‘borders’ of each of the equal entries, e.g. as it is shown in (b). These are
certain ribbons, which we cut by some vertical lines. The remaining parts are
regarded as ‘white’ (or inner) parts of RPP and the resulting tableaux is shown
in (c).

The monomial weight 7 for such tableaux T is given by the number of
ribbons containing an element, for example here 27 = 222325 since there are
two ribbons with 1, four ribbons with 2 and six ribbons with 3, see (c), (d).
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There is also an auxiliary («, 8)-weight wr(a, 8) which keeps track of widths,
heights of the ribbons and number of boxes in inner parts. This weight easily
reads from (d), which is given by wr(a, 8) = a'4%(a + 8)!; here 14 is the
total width of all ribbons, 9 is the total height, and 11 is the total number of
boxes in white parts of the tableau.

THEOREM 3. The following formula holds
gg\a’ﬂ)(l‘la$2a"') = Z UJT(O[,B).'L‘T.

TEeRBT())

For example, from the figure we have

o) = o+ QM0+ B) el + -

3. STABLE GROTHENDIECK POLYNOMIALS G(A""ﬁ)

We can now define the family {Gg\a’ﬁ )} of symmetric functions, dual to

gg\_a’_ﬁ) via the Hall inner product. That is, via a pairing (-,-) : AxA — Z[a, §]
(given on Schur basis as (sx,su) = dx,) for which (gffa’_'g), Gg\a’ﬁ)> = O

)

THEOREM 4. The symmetric functions Gg\a’ﬂ e A satisfy the following

properties:
. . a,l B, .
(i) self-duality w(Gg\ )) = Gg\, ;
(ii) product has finite decomposition

G&O"ﬁ)fo"ﬁ) — Z(O‘ + ﬁ)IAIJrIm—\VICKMGZ(/a,B)? X, € Lxo.

v

More explicitly, the functions GE\Q"B ) can be defined as a ratio of two
determinants, similarly as for Schur functions, which looks as follows

Nn—j (1 = Ba;) 17"
' (1 —ax)V |,

H1§i<j§n(xi - zj)

det {x

Gg\a’ﬁ)(.%'l, - ,.I‘n) =

In the specialization o + 3 = 0 we have Gg\a’_a) () = sa(z/(1 — ax)).
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Combinatorial presentation for these symmetric functions is based on hook-
valued tableaux (HVT). Boxes of these tableaux contain SSYT’s of hook
shapes. For example, as in the figure below, where the ordering rule is given so
that when we replace each hook by any of its elements, the resulting tableau
is always an SSYT.

1 7305252284,
Gy=++a'f _rl_l‘,.l‘(.!{h!il- foee

Figure 1a — Power w.r.t. two-dimensional logistic with independent
standard logistic components (n = 250)

THEOREM 5. We have

Gg\a,ﬁ) (l'la T, .. ) — Z aarms(T)ﬂlegs(T) H x?&i’s in T’
TEHVT()) i>1

where HV'T()) is the set of hook-valued tableaux of shape A and arms(T')
(resp. legs(T')) are the sums of first rows minus one (resp. first columns minus
one) of all hooks in T.

4. OTHER PROPERTIES

4.1 PIERI-TYPE FORMULAS

For any skew shape u/\ define:

r(u/\) - the number of rows;

c(p/A) - the number of columns;

b(11/A) - the number of connected components;
(/) = /A = c(p/N) —r(p/X) + b(p/A) - the number of boxes in inner
part.

~
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THEOREM 6. The following formulas hold
(i) For Gf\a”g):

Type 1:
a, a, o fr(u/A)—1 o
ng)ﬁ)G(A B _ Z (a+ﬁ)|“/’\| g/ )_ G,S ,,3);
: ; /Al =k

/X horisontal strip

Type 2:
GO =30k (0, RGO,
“w
where

(1) N)— i c(u/3)—k [/ A) = b1/ )
o (0, 8) = BTN (4. g /) k< S );

(ii) For g{™?:

Type 1:
(,8) (,8) _ il [ TR/ N (@B,
A0 = 3D (la g (T ol
A/w hor. strip
Type 2: )
hkgLa”B) = Z Q)\/,u,(o‘(vlﬁ)g)\a7 3
A/ hor. strip
where
_ r(u A (k-1
Dyl B) = (—(a+ B)) 1M <€_( yi/L|>(—a)k e(g_ 1).

4

4.2 JACOBI-TRUDI-TYPE IDENTITIES
Recall classical Jacobi-Trudi identities for Schur functions:

sy = det [eA;_iH] = det [hx,—itj] -

For stable Grothendieck polynomials we obtain the following
generalizations.
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THEOREM 7. The following formulas hold
o A i i N—1+k x
06" =aet[8) ) @ =Tt 8 e ()
(i) g = det [35) ]

g\ i 7 — (p+i—k—1 k o
gﬁ,}:Zﬁ%hw iy Z < c )(k—q (a + P *aka,
%

k=—00

In particular,

/_

k4i—1 A~ 1
ggo,ﬁ) — det [Z ﬁk( N >h,\i_i+j_k] = det [Z ﬁk( L >€>\;—i+j—k] .
k

k
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Eneycuzos JI. K-TEOPETUYECKUE NEOGOPMAINU MHOI'OYJIE-
HOB LIYPA

CrabunbHble MHOTOUIEHB ['DOTEHINKA 3TO ONpEIeSeHHbIE CHUMMETPUIe-
ckre DYHKINNA, KOTOPhIE MOXKHO PACCMATPUBATEL Kak K-Teopermdeckme ama-
goru Muorousenos lllypa. B pabore mpejacraBiens gedopManu STUX MHO-
TOYJIEHOB C ABYMHA AOTIOJTHUTEJIHBHBIMU TTapaMETPaMMN. HOK&B&HBI pPa3/InYIHbIC
CBOMCTBA 3TUX (DyHKITHIA.

Eneycuzos 1. TYPABIH KOIIMYIIEJIIKTEPIHIH K-
TEOPETUKAJIBIK JTEQOPMAIINAJTAPHI

I'porennmkTin  kemmymenaikTepi lypawin kenmymenikTepimig K-
TEOPETUKAJIBIK AHAJOITAPhl CUSIKTHI KapacTeipyra Oosazgel.  2KywmbicTa
OChl CUMMETPUAIBIK, (DYHKIUIAPbIHBIH Keitbip medopmarusiaps Oepinrew,
JK9HE 9PTYPJIi KacHeTTepi KOpCeTiareH.
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Let L be a Lie algebra over a field F. We say that L satisfies
the Engel identity E, if [...[a,b],b],...,b] = 0 for arbitrary elements
——
abel. "
Let p be a prime number and let G be a group of exponent p, i.e., g = 1 for
an arbitrary element g € GG. Consider the lower central series G = G > G >

o
- of the group G and the associated Lie algebra L(G) = @ G;/G,41 over

=1

the field F' = Z/pZ (see [1], |2]). W. Magnus [3] showed that the Lie algebra
L(G) satisfies the Engel identity E,_1. A. I. Kostrikin ([4, 5]) proved that a
Lie algebra over a field of characteristic p satisfying the identity £,_1 is locally
nilpotent, thus settling the Restricted Burnside Conjecture for groups of prime
exponent p. For further developments on the Restricted Burnside Conjecture,
see [6, 7, 8, 9].

On the other hand, Yu. P. Rasmyslov [10] constructed examples of
nonsolvable Lie algebras of characteristic 5 satisfying the identity Ej.

Let R(L) be the multiplication algebra of L, that is, the associative
subalgebra of the algebra Endp(L) of all linear transformations of L generated
by adjoint operators ad(a) : L — L, ad(a) : * — [a,z], a € L.

Korouesnwie ciosa: The Burnside problem, pro-p groups, Pl-algebras, Lie algebras.
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We say that an associative algebra R is nil of bounded index if there exists
an n > 1 such that ™ = 0 for an arbitrary element a € R. See [11], [9] for
more information about nil algebras of bounded index.

CONJECTURE. Let L be a Lie Algebra over a field of characteristic p > 0
satisfying the identity E,_i. Then the multiplication algebra R(L) is nil of
bounded index.

In this paper, we will prove the Conjecture for p = 5.

THEOREM 1. Let L be a Lie algebra of characteristic 5 satisfying the Engel
identity Ey4. Then the multiplication algebra R(L) is nil of bounded index.

Notice that for Lie algebras over a field of characteristic 5 satisfying Ey,
G. Higman [12] proved a stronger assertion than local nilpotence: an arbitrary
element of such an algebra generates a nilpotent ideal of degree < 6.

Let f(x1,...,2,) be a nonzero element of the free associative F-algebra in
X = {xz;,i > 0}. We say that an associative algebra R satisfies the polynomial
identity f =0 if f(aq,...,a,) = 0 for arbiratry elements a1, ...,a, € R. If an
algebra satisfies some polynomial identity, then we call it a Pl-algebra.

Let A be a (not necessarily associative) F-algebra. Let V be the variety
generated by the algebra A (see [13]|) and let F(X) be the free algebra in
the variety V on the countable set of free generators X = {z;,7 > 0}. Let P,
be the linear span of all products @4 (1) . .. Ts(,) With arbitrary brackets, where
o runs over the symmetric group S,. The dimensions d,, = dimp P,, n > 1,
are called codimensions of the algebra A. A. Regev [14]| proved that for an
arbitrary associative PI-algebra, the sequence of codimensions is exponentially
bounded, i.e., there exists a > 1 such that d,, < a™ for all n.

In [15] V. N. Latyshev gave a new proof of Regev’s theorem based on a
theorem of R. P. Dilworth [16].

Fix m > 2 and consider all permutations ¢ € S, with the following
property: there does not exist a sequence 1 < 41 < @9 < -+ < i, < n of
length m such that o(i;) > o(i2) > -+ > 0(im). One of the formulations
of the Dilworth Theorem asserts that the number of such permutations is
< D(m)"™, where D(m) is a constant that depends only on m. Codimensions
of an associative algebra satisfying an identity of degree < n are bounded by
D(m)".
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Let L be a Lie algebra over a field F' of characteristic 5 satisfying the
identity Fjy.

LEMMA 1. Codimensions of the algebra L are exponentially bounded.

JIOKABATEJILCTBO. Let L(X) be the free algebra in the variety generated by
the algebra L on the countable set of free generators X = {z;,7 > 0}.

By Higman’s theorem [12], every element of the algebra L(X) generates
a nilpotent ideal of degree < 6. The subspace P, is spanned by left-normed
commutators

[xa(l)) s 7xa(n)] = [ .- [$J(1)7 xa(?)]axa(i’:)]v s 7x0(n)]7

oEeS,.

Consider the lexicographical order in the set of all permutations: for two
distinct permutations ¢ and 7, we say that ¢ > 7 if there exists k, 1 <k < mn,
such that o(i) = 7(i), 1 <i <k —1, but a(k) > 7(k).

Suppose that there exists a sequence 1 < 47 < --- < i < n such
that o(i1) > -+ > o(ig). Denote p = [¥5(1),- .., Te(n)]- Fixing all variables
except for @,(;\), .-, To(ig), We write p = p(To(,)s - -+, To(is))- By Higman’s
theorem, p(x,z,...,z) = 0. Linearizing this identity (see [11]), we get

———

6
> PYs(r)s - - - > Ys(s)) = 0. Hence,
sESe

pP= _Z [xT(l)’ e 7xT(n)]a

where all permutations 7 € S, on the right hand side differ from o only at
the positions i1,...,i¢; the elements z,(;),...,Zy() have been nontrivially
permuted. This makes all the permutations 7 lexicographically smaller than o.

We showed that P, is spanned by left-normed commutators
[Zo(1)s -1 To(m)] such that there does mnot exist a sequence 1 < 4 <
i < -+ < ig < m with o(i;) > --- > o(ig). By Dilworth’s Theorem,
dim P, < D(6)", which completes the proof of the lemma.

LEMMA 2. The multiplication algebra R(L) is a Pl-algebra.
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JOKABATEJNBLCTBO. First, we will establish existence of a nonzero multilinear
associative polynomial f(y1,...,¥y,) such that for arbitrary elements
a;,bi,ci € L, 1 <i<mn, we have

f(ad(ay)ad(br)ad(cy), .. .,ad(ay)ad(by)ad(cy)) = 0.

Consider again the free Lie algebra L(X) in the variety generated by the
algebra L, X = {z;,7 > 0}.

Denote U; = ad(x3;—2)ad(zs;—1)ad(zs;), i > 1, and consider n! elements
Usty---Usmyxo, 0 € Sp. These elements lie in P3,11. By Lemma 1,
dimp P31 < D(6)"*L. Choose n > 1 such that D(6)>"*! < n! Then the
elements Uy(1) ... Uypn)xo are linearly dependent. In other words, there exist
scalars aq, 0 € Sy, not all equal to zero, such that aoUs(1) - Ug(ny®o = 0.

g
Now it remains to choose f(y1,...,¥n) = 2. WoYo(1) """ Yo(n)-

g

AL Kostrikin [4] notices that the multiplication algebra R = R(L) is
spanned by operators ad(a1)---ad(ay), a; € L, k < 3. We claim that R?
is spanned by operators ad(ai)ad(az)ad(as3), a; € L. Indeed, R? is spanned by
products ad(ai) ...ad(as), a; € L, s > 3. This product can be rewritten as a
linear combination of operators ad(pi)ad(p2) - --ad(pk), k < 3, where the p;’s
are commutators in aq,...,as and the sum of lengths of py,..., px is equal to
s. If k =1 or k = 2, then some p; is a commutator of length > 2. Using the
Jacobi identity, we can increase k.

Since R? is a Pl-algebra, it follows that R is a Pl-algebra as well, which
completes the proof.

Consider the associative commutative algebra

E = {(e;,i > lleje; = ejes,er = 0;4,5 > 1).

A. R. Kemer [17] proved that for an arbitrary PI-algebra A over a field F
of positive characteristic, the algebra A ®p E is nil of bounded index. Let the
algebra R ®p E be nil of bounded index < 5™.

Let Wiy .., W be products of adjoint operators,
w; = ad(a;1) - - -ad(air,), aij € L, 1 <i <s. Let ay,...,as € F. Then,

S 5m
< E Oéiwi> = E Bwiy + Wigm
i—1

MATEMATUYECKUI KYPHAJ. — 2016. — T. 16, Ne 2



Lie Algebras of ... 229

where 8 € F' and in each product wj, ... w;,.., at least one operator w; occurs
more than once. Iterating, we get

s 5m
(ZO"M) = <Zﬁwllw15m> :nywjl"'w]ﬁ?m’
=1

where 7 € F" and in each product wy, - - - wj,,, , at least one operator w; occurs
> 4 times.
Finally, for any ¢ > 1,

52m

5Zm

S
(o) S o
=1

where p € F' and in each product wy, - --wy_,, , at least one operator w; occurs
3}
53777,

S
> 2¢ times. Choose ¢ = 3. Then, 2¢ > 6 and therefore ( > aiwi) = 0, which
i=1

completes the proof of the theorem.
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Sempmanos E. AJITEBPA JIV T'PVIIIIBI 9KCITOHEHTHI 5

[Tycrs L — anrebpa JIn ynoenersopsitomast roxaecrsy [[[[z,y],y],y],y] =0
HaJI TI0JIeM XapakTepuctuku 5. Mbl gokaxkeM, uro ajrebpa ymuoxenus R(L)
aredpol L sBjseTcs HUIb-aaredpoil OrpaHnueHHOr0 WHJIEKCA.

Semspmanos E. 5 9KCITOHEHTTI TOIITHIH JIN AJITEBPACHI

L anrebpacel — cunmaraMachl 5 Ke TeH DOJIATBIH OPIiC YCTiH/Ie aHbIKTAJJFaH
([[[z,y],y],y],y] = 0 Tene-renpirin KanararrangbpaTbin JIu aarebpacsr 60J1-
coin. R(L) — L anrebpaceiabiy, KeOeiiTynep anrebpachl 601ChH. By xKymbicTa
R(L)-niH aKbIPJIBI MHAEKCTI HUTb-aIre0pachl eKeHiH JToesIeimis.
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1. INTRODUCTION

I am presenting here a, perhaps, haphazard collection of questions I am
interested in. Being haphazard as it is, this collection features somewhat
unexpected and, hopefully, fascinating connections between different topics.

This is a modest contribution in honor of Askar Dzhumadil’daev. I first met
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seminar on Lie algebras. Since then and throughout many years, I enjoyed his
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2. COHOMOLOGY OF LIE ALGEBRAS COMING FROM KOSZUL DUAL OPERADS

Current Lie algebras — that is, Lie algebras of the form L ® A, where
L is a Lie algebra and A is a commutative associative algebra — as well as
algebras close to them, are ubiquitous in mathematics and physics (sufficient is
to mention Lie algebras of smooth functions on a manifold prominent in gauge
theory, Kac-Moody Lie algebras, modular semisimple Lie algebras, etc.). The
Lie bracket is defined in an obvious factor-wise way:

[z ®a,y®0b] = [z,y] ® ab,

where z,y € L, a,b € A. A vast generalization of this construction comes from
the operad theory: if A is an algebra over a binary quadratic operad P, and B
is an algebra over the operad Koszul dual to P, then the tensor product A® B
equipped with the bracket

[a®b,ad @b] =ad @b —ad'axbb, (1)

where a,a’ € A, b,V € B, is a Lie algebra.

Due to a big flexibility of this construction, many interesting Lie algebras
can be represented in this form, for a suitable pair of Koszul dual operads and
algebras over them. Perhaps the most remarkable examples, beyond current
Lie algebras, are various algebras appearing in physics (Schrodinger—Virasoro,
Heisenberg—Virasoro, etc.): they are represented as tensor products of algebras
over left and right Novikov operads. This remarkable observation was implicit
already in the pioneering works of I. Gelfand and S.P. Novikov and their
collaborators ([1] and [2]); after that, Pei and Bai ([3] and references therein)
noted that Lie algebras in question admit realization as affinizations of certain
left Novikov algebras; Dzhumadil’daev noted in [4] that left and right Novikov
operads are Koszul dual to each other; the explicit claim was made in [5, §5]
by putting all the pieces together.

Therefore, it seems to be interesting to develop a general method for
computing cohomology and other invariants of Lie algebras given by bracket
(1). By this, we mean to express cohomology or other invariants of such Lie
algebras in terms of invariants of tensor factors A and B, similarly how it was
done earlier for low-degree cohomology of current Lie algebras.

Let us try to pursue further an approach for computation of (co)homology
of current Lie algebras described in |6, §4|. (For simplicity, we will consider

MATEMATUYECKUI KYPHAJ. — 2016. — T. 16, Ne 2



Lie algebras and around: selected ... 233

cohomology with coefficients in the trivial module K, assume some finiteness
conditions, and zero characteristic of the base field, but similar considerations
may be applied in more general settings). Let us decompose the modules
A" (A ® B) according to the well-known Cauchy formula:

N'(4eB)~ P (YA(A) ® YA~(B)).
AFn

Here the direct sum of vector spaces is taken over all Young diagrams of size
n, A~ is the Young diagram transposed to A, and Y) is the Young symmetrizer
corresponding to A. Assuming that at least one of the algebras A, B is finite-
dimensional, passing to the decomposition of the dual vector spaces, and
decomposing the differential d : (A"(4 ® B))* — (A" (A ® B))* in the
Chevalley-Eilenberg complex accordingly, we get the following maps on the
Young graph:

Here each Young diagram A denotes the vector space Y)(A4)" ® Y~(B)*,
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and arrows denote the corresponding components of the differential d.

Intuitively it should be clear that the more arrows here vanish, the easier it
would be to compute the corresponding cohomology. In the case of the pair of
operads (Lie, associative commutative), i.e. for current Lie algebras L ® A, a
miracle happens: approximately half of the arrows vanish (roughly, those going
from "left" to "right" ), what allows to define a certain spectral sequence on
the Chevalley—Eilenberg complex computing the cohomology H*(L ® A, K).
In the low cohomology degrees and/or for particular types of algebras, this
spectral sequence allows to express H*(L ® A, K) in terms of cohomology and
other invariants of the tensor factors L and A. Unfortunately, this miracle
fails for the other pairs of Koszul dual operads, even such a classical one as
(associative, associative).

QUESTION 1. What makes the pair (Lie, associative commutative) special in
this regard? In which other situations (i.e., for a particular pair of Koszul dual
operads, or for a particular kind of algebras over some pair of Koszul dual
operads) "many "arrows in the corresponding Young graph (2) will vanish? In
particular, for which types of Lie algebras expressed as the tensor products of
left Novikov and right Novikov algebras, this will happen?

3. ALGEBRAS REPRESENTED AS THE SUM OF SUBALGEBRAS

My mathematical debut, under the guidance of Askar Dzhumadil’daev,
was the proof of the Kegel-Kostrikin conjecture about solvability of a modular
finite-dimensional Lie algebra L represented as the vector space sum L =
N + M of two nilpotent subalgebras N, M (|7]; around the same time this
was established also by Panyukov, [8]). The statement is true over fields of
characteristic p > 2, but in characteristic 2 there is a counterexample found
by Petravchuk, [9]. Take the 3-dimensional characteristic 2 analog of sly: the
simple Lie algebra S, with the basis {e_1, eg, e1} subject to multiplication

le_1,e0) =e—1, [e_1,e1] =eo, [eo,e1] =e1.

Its 2-envelope S[2! is 5-dimensional and admits the decomposition S = N &

M, where the 2-dimensional abelian subalgebra NN is linearly spanned by eg +

e-1+ e[_2}1 and e + €1 + 6’[12}, and the 3-dimensional nilpotent subalgebra M

is linearly spanned by e[_2}1, ep and 6[12] (the vector space sum in this case is

direct).
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Do such examples exist in higher dimensions? Of course, any (finite- or
infinite-dimensional) current Lie algebra S ® A admits such a decomposition:

SRA=(N®A) & (Me A),

so it provides such an example provided it itself is non-solvable (for example,
when A contains a unit).

A slightly more interesting example can be obtained as an extension of the
corresponding current Lie algebras of the form S ® A + D, where D acts on
A by derivations, what includes semisimple Lie algebras. Namely, we have the
decomposition

SRA+D=(N®A+D)d (M A). (2)

An easy induction on n proves that for a Lie algebra L =S ® A + D with
A unital, and for any positive integer n, we have

["=S"@A+ > S ®@AD/(A)+S®D"(A)+ D"
i+j=n
i>1,j>1
This implies that if N is nilpotent, and D is nilpotent as an algebra of
derivations of A (and hence is nilpotent as an abstract Lie algebra), then the
algebra N ® A + D is nilpotent too. Therefore, (2) provides a decomposition
of a nonsolvable Lie algebra into the sum of nilpotent subalgebras.

Yet it would be more interesting to generalize Petravchuk’s decomposition
for an arbitrary Zassenhaus algebra W{(n) in characteristic 2. Zassenhaus
algebras appear prominently in ongoing efforts of classification of simple Lie
algebras in characteristic 2 (cf. [10, V. I, §7.6], [11], [12], and references therein).
In characteristic p = 2, unlike for p > 2, the Zassenhaus algebra has dimension
2" — 1 and can be defined as the algebra with the basis {e;| — 1 <1 < 2" — 3}
subject to multiplication

i+7+2 . . .
frye = 4 Uit Jeses 1S g <2t =2

0 otherwise.

The algebra S = Wj{(2) is the first algebra in the series. The 2-

envelope W{(n)P of W](n) coincides with the derivation algebra of W/ (n),
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has dimension 2" + n — 1, and is spanned, in addition to elements of W{(n),
by elements (ade_l)Qk, k=1,2,...,n—1, and (adegn—1_;)>.

QUESTION 2. Find a link with combinatorial interpretation of the number
2" +n — 1 as the shortest length of a sequence of 0 and 1 containing all
subsequences of length n (see [13, A052944]).

QUESTION 3. Is it true that W/(n)!? admits a decomposition into the sum of
two nilpotent subalgebras?

Virtually nothing is known about the Kegel Kostrikin question in the
infinite-dimensional case — beyond almost obvious cases when one imposes
some sort of finiteness conditions on one or both of the summands; all such
cases are reduced quickly to the finite-dimensional situation.

As a first step, one may wish to prove that such an algebra satisfies a
nontrivial (Lie) identity. According to [14, Corollary 2.5], a Lie algebra L does
not satisfy a nontrivial identity if and only if a free Lie algebra is embedded into
an ultraproduct of L. As the ultraproduct construction obviously commutes
with the decomposition into the sum of subalgebras, the question whether a
Lie algebra L = N + M does not satisfy a nontrivial identity is equivalent
to the question whether its ultraproduct LY = NY + MY does not contain
a free Lie subalgebra. As being nilpotent (of a fixed nilpotency index) is the
first-order property, by the Log theorem the Lie algebras NY and MY are also
nilpotent. Thus the question whether the sum of two nilpotent Lie algebras
satisfies a nontrivial identity, is equivalent to an apriori more special

QUESTION 4. Is it true that an infinite-dimensional Lie algebra represented as
the sum of two nilpotent subalgebras, cannot contain a free Lie algebra as a
subalgebra?

In the theory of (associative) PI algebras, there is a similar long-standing
open question: whether the sum of two PI algebras is PI? (See [15] and
(numerous) references therein). By the same reasonings as in the Lie case,
this question is equivalent to

QUESTION 5. Is it true that an associative algebra represented as the sum of
two PI subalgebras, cannot contain a free associative algebra as a subalgebra?

Another interesting topic is to develop a machinery to express the
(co)homology (Chevalley—Eilenberg, Hochschild, etc.) of such algebras in terms
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of factors and their action on each other. In the case when the sum of
subalgebras is direct, one may attempt to mimic the approach of §2, albeit
in a more simple situation, as we have direct sums instead of tensor products.
If say, a Lie algebra L = M @ N is represented as the vector space direct sum
of subalgebras M and N, then, instead of the Cauchy formula we have a more
simple isomorphism of vector spaces:

Nivemy= @ Nvye N

i+j=n
4,j>0
Passing to the dual vector spaces, and decomposing the differentials in
the Chevalley—Eilenberg complex, as in §2, we get the following picture (now
instead of the Young graph we have a more simpler triangle):

(0,0)
/\
(0,1) (1,0
2N
(0,2) (1,1) (2,0)
RSN
(0,3) (1,2) (2,1) (3,0)

Here each pair (4, j) denotes the vector space A"(N)* @ N\ (M)*.
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QUESTION 6. Are there any patterns (vanishing or otherwise) in the graph (5)
in the general situation? In some special cases?

Ideally, a positive answer to this question should allow to develop a
cohomological machinery which would unify and generalize various situations:
some particular instances of the Hochschild—Serre spectral sequence, a stuff
related to "Tate Lie algebras" , "Japanese cocycles" (see, e.g., [16, §2.7]), etc.

A somewhat similar machinery is contained in an interesting and seemingly
entirely forgotten paper [17] (there, the author presents an alternative
derivation of the Lyndon—Hochschild—Serre spectral sequence for the semidirect
product of groups, but similar considerations seem to be applicable as well
to the group-theoretic analog of our situation, i.e. for a group G = AB
decomposed into the product of its subgroups A and B; the promised sequels
to [17] treating the Lie-algebraic and associative cases have never appeared).

4. DEFORMATIONS AND "COMMUTATIVE" COHOMOLOGY IN
CHARACTERISTIC 2

Classification of finite-dimensional simple Lie algebras over algebraically
closed fields of characteristic zero is a classical piece of mathematics,
crystallized at the end of XIX—beginning of XX centuries. It took the mankind
another some 100 years to achieve the same classification over fields of
characteristic p > 3 (see [10]). The cases p = 2 and 3 remain widely open. In
[12], an attempt was made to advance the case p = 2 basing on earlier results
of Skryabin [11]. The general line of attack is more or less the same as in "big"
characteristics: one first classifies algebras of small toral rank, and then, taking
advantage of appropriate root space decompositions, glue the results together;
also, many questions are reduced to computation of deformations of certain
classes of algebras. In particular, in [11] simple Lie algebras having a Cartan
subalgebra of toral rank 1 are characterized as certain filtered deformations of
semisimple Lie algebras L such that

S®O1(n) C L C Der(S)® O1(n) + K9, (3)
where O1(n) is the divided powers algebra, 0 its standard derivation, and

either n = 2 and S ~ W{(n), or n =1 and S is isomorphic to a two-variable
Hamiltonian algebra.
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In [12], these deformations were computed in the simplest case S ~ 5,
what allowed to classify simple Lie algebras of absolute toral rank 2 and
having a Cartan subalgebras of toral rank 1 — a small but necessary step
in the classification program. To further advance along this road, one need to
compute these deformations in all the cases.

QUESTION 7. Compute deformations of semisimple Lie algebras in
characteristic 2 of the form (6).

In the process of these computations, it became apparent that a new
cohomology theory peculiar to characteristic 2 plays a role. This cohomology
is defined via the standard formula for the coboundary map in the Chevalley—
Eilenberg complex, with the alternating cochains being replaced by symmetric
ones. Note that we can (profitably) consider commutative 2-cocycles of Lie
algebras in arbitrary characteristic ([18] and [19]), albeit they do not lead to
any cohomology; while in characteristic 2 we have a bona fide cohomology
theory. Unlike the usual cohomology, this complex is apriori not restricted by
the dimension of the algebra, so new interesting phenomena, similar to those
appearing in cohomology of Lie superalgebras (in any characteristic), occur.
Generally, this "commutative" cohomology is different from the Chevalley—
Eilenberg cohomology. For example, while the second cohomology of the
Zassenhaus algebra W7 (n) with coefficients in the trivial module is zero (note
that this is in striking difference with the cases of "big" characteristics; if
p > 3, the corresponding cohomology is 1-dimensional, leading to the modular
analog of the famous Virasoro algebra, cf. [20]), the analogous "commutative"
cohomology has dimension n and is generated by "commutative" 2-cocycles

1 ifi=j=2"-2o0r{ij}={-1,2" -3
eV e; ifi=j or {i,j} = {1, }
0 otherwise.

fork=0,...,n—1.

(This can be established by considering subalgebras of W{(n) spanned by
a "small" number of root vectors — what corresponds to the cases n = 2 and
3 — similarly how it was done in computation of commutative 2-cocycles on
simple Lie algebras of classical type in [18]).

Besides a few isolated computations like just presented, virtually nothing
is known about this kind of cohomology, so any result about it would be

MATEMATUYECKUNA KYPHAJI. — 2016. — T. 16, Ne 2



240 ZUSMANOVICH P.

of interest. For example, to compute deformations in Question 4, one need
to compute low-degree “commutative” cohomology with various coefficients of
simple Lie algebras involved — the Zassenhaus and Hamiltonian algebras.

QUESTION 8. Compute the "commutative "cohomology for various Lie
algebras in characteristic 2.

QUESTION 9. Is it possible to represent the "commutative” cohomology as a
derived functor?

5. VARIATIONS ON A THEME OF ADO

The Ado Theorem, one of the cornerstones of the modern theory of
Lie algebras, says that each finite-dimensional Lie algebra has a finite-
dimensional faithful representation. Somewhat surprisingly, its proof is not that
straightforward as one may expect for such a basic result: it involves universal
enveloping algebras — infinite dimensional objects, and is strikingly different
for the cases of zero and positive characteristics. There exists a substantial
body of literature with variants of the proof of the Ado theorem, but all of
them follow, more or less, the same pattern. In [21] a different proof was given,
not appealing to the notion of universal enveloping algebra and intrinsic to the
category of finite-dimensional Lie algebras. Unfortunately, the proof is valid
for nilpotent Lie algebras and in characteristic zero only.

QUESTION 10. Give a characteristic-free, "short" and "natural”" (i.e., not
utilizing the notion of universal enveloping algebra or any other infinite-
dimensional objects) proof of the full Ado Theorem.

In the standard proofs of the Ado Theorem, the case of nilpotent Lie
algebras is the most laborious part. Then, the general case is derived from
the nilpotent one via the passage to the algebraic envelope, and employing a
certain structure of a faithful module built, again, with the help of universal
enveloping algebra (and the PBW theorem).

To get a partial answer to Question 10, we may try to move along the
same route, but employing ideas of [21]. As any finite-dimensional Lie algebra
is embedded into its algebraic envelope (first constructed by Malcev [22], and
independently by Goto [23] and Matsushima [24]), it is enough to prove the
Theorem for algebraic Lie algebras. In characteristic zero, the Levi-Malcev
decomposition of any algebraic Lie algebra is of the form L = S+ 7T + N
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(direct sum of vector spaces), where S is the semisimple part, T is a torus
acting on the nilradical N, and [S,T] = 0. As in the proof of the nilpotent
case of the Theorem in [21], it is enough to establish the existence of a faithful
representation of L not vanishing on any nonzero central element of L, and
the latters lie in V. If, say, N is N-graded, then arguing like in [21, Lemma
2.5], we may construct a representation of N in L ® tK[t]/(t"), for a suitable
n, with required properties. Since S and T act on N by derivations, we may
extend this representation to the whole L. In this way we get a proof of the
Theorem for Lie algebras whose algebraic envelope has an N-graded nilpotent
radical.

As for characteristic-free requirement, it is easy to see that all the reasonings
of [21] remain valid over a field of characteristic p, if the index of nilpotency of
the Lie algebra in question is < p. But to give a full-blown characteristic-free
proof will require, apparently, new ideas.

6. VARIATIONS ON A THEME OF WHITEHEAD

The Second Whitehead Lemma is another classical result saying that
the second cohomology of a finite-dimensional semisimple Lie algebra of
characteristic zero, with coefficients in arbitrary finite-dimensional module,
vanishes.

In [25] a curious "almost converse" was proved: a finite-dimensional Lie
algebra of characteristic zero such that the second cohomology in any its finite-
dimensional module vanishes, is either semisimple, or one-dimensional, or is
the direct sum of a semisimple and one-dimensional algebra. According to [26],
over an algebraically closed field this is exactly the list of finite-dimensional
Lie algebras having the tame representation type.

QUESTION 11. What is the reason that these two classes of Lie algebras
coincide?

Note that in the modular case the situation is entirely different, due to the
result of Dzhumadil’daev |20]: for any finite-dimensional Lie algebra over a field
of positive characteristic, and any degree not exceeding the dimension of the
algebra, there is a finite-dimensional module with non-vanishing cohomology
in that degree. In particular, the one-dimensional Lie algebra is the only
finite-dimensional Lie algebra with vanishing second cohomology in any finite-
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dimensional module.

QUESTION 12. Is it true that over an (algebraically closed) field of positive
characteristic, the only finite-dimensional Lie algebra of tame representation
type is one-dimensional?

If this question has an affirmative answer, then one may ask for a
characteristic-free variant of Question 6; a satisfactory answer should establish
a bijection between these two classes of Lie algebras, without addressing
peculiarities related to characteristic of the base field.

It is known that analogs of the Second Whitehead Lemma hold for other
classes of algebraic structures: Jordan algebras, alternative algebras, Lie triple
systems, etc.

QUESTION 13. Do some sort of converses hold for all these analogs of the
Second Whitehead Lemma?

7. VARIATIONS ON A THEME OF BANACH

In [27| an attempt was made to trace the possible origins of a (vaguely
formulated) question by Stefan Banach about ternary maps which are
superpositions of binary maps.

This is possibly the most isolated topic in the present collection, though a
nice relation with Lie theory exists: an answer to possible interpretations of the
Banach question may be obtained using an idea borrowed from a pioneering
paper by Jacobson about Lie triple systems.

In the process the following question arose. Let us count the number of
ternary maps f: X x X x X — X on a finite set X of n elements, which can
be represented as a superposition of binary maps * : X x X — X. We get the
following table:

n |17 (’I’L) TLR(”) Tcomm(n)
1 1
2 14 21 )
3 | 19292 38472 48

Here T7.(n) denotes the number of ternary maps represented in the form

f(x,y,2) = (zxy) * 2 (4)
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for some binary map *, T r(n) denotes the number of ternary maps represented
either in the form (4), or in the form

f(@,y,2) = @ x (y * 2), ()

and Tiomm(n) denotes the number of ternary symmetric maps (i.e., invariant
under any permutation in S3) represented in the form (4). In the given range,
the latter number coincides with the number of ternary symmetric maps
represented in the form (4) for some commutative .

As of time of this writing, the 3-term sequences for 17, (n) and T r(n) were
absent in The Online Encyclopedia of Integer Sequences, and among a dozen
or so sequences containing the 3-term sequence for Teomm(n), nothing seems
to be relevant.

QUESTION 14. Continue this table. Give formulas (closed form, or recurrent)
for the numbers Tr,(n), Trr(n), Teomm(n).

QUESTION 15. Is it true that for every n, any symmetric ternary map
represented in the form (4) for some *, can be represented in the form (4)
for some commutative *?
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Bycmanosuu [lTama AJITEBPBI JIM 1 BOKPYI' HUX: USBPAHHBIE
BOITIPOCHI

O6cyx)maeTcss HECKOJIBKO OTKPBITHIX BOMPOCOB. 3ATPOHYTHIE CIOKETHI
BKJIIOYAOT B ce0sT KOTOMOJIOTUH aaredp JIu TOKOB U CBSI3aHHBIX ¢ HUMU ajaredp,
aredphl, MpefCcTaBUMble B BUIE CyMMbI TOAAAredp, CTPYKTYPBI U SIBJCHUSI,
crenndgUUIHbIE 715 XapAKTEepUCTHKA 2, ¥ Bapuanuy Ha TeMbl Ao, YaiiTxeaa n
Banaxa.

Bycmanopma 1. JI AJITEBPAJIAPHL YKOHE OJIAPJIBIH ATTHAJIA-
CBIHIA: TAHIAMAJIBI MOCEJ/IEJIEP

Bipuermre amrbik, Mocesiesiep TagkblaaHa 6. Ko3ragaTbiH TAKbIPLIITAD O3iHE
TOKTapblH Jlu ajnrebpasapsl MeH ojlapMeH OaiijlaHbICKAH ajredpaJjap Koro-
MOJIOTHSIAPBIH, iMmKiaaredpaaap KOCBIHIBICH TYPiH/AE Kedinreaerin aaredpa-
JIapJIbl YKoHe 2 cumaTTaMachl VIH apHaiibl KyObLIbICTapab, opi Ao, Yaiitxes
KoHe Bamax TaKbIPLINTAPLIHA BApUANIAAIAPIBI KAMTH B

MATEMATUYECKUNA KYPHAJI. — 2016. — T. 16, Ne 2



IIpasusa "MartemaTudeckoro >XypHaJia' Jijis aBTOpPOB cTaTeit

Ob1ue 1no10xkxeHuns

B "Maremarndaeckom kyprase" myOInKYIOTCS OPUTHHAJBHBIE CTATBU TIO
OCHOBHBIM Pa3/IejiaM COBPEMEHHOI MaTeMaTuKu: Teopus (PyHKIHit, PyHKIIHO-
HaJIbHBII aHa 13, 0OBIKHOBEHHBIE (D epeHInaIbHbIE YDABHEHUSI, YPABHEHUSI
C 9aCTHBIMU TPOU3BOIHBIME, aaredpa, MaTeMaTuuecKas JIOTMKa, TEOPUsT TUCEI,
reOMeTpHsi, TOTOJIOTHs, TEOPHUsl BEPOSITHOCTEH W MaTeMaTUudecKasi CTaTUCTU-
K&, BBIYUC/IUTEIbHAS MaTEMATUKA, MaTeMaTudecKas PU3nKa, MaTeMaTUudeCKOe
MogtesinpoBanre. 2K ypHaJ BBIIIYCKAETCS €XKEKBAPTAJIBHO, Y€ThIPE HOMEPA CO-
CTABJIAIOT TOM.

Cratbs 10o2KHA OBITH HANMCAHA HA BHICOKOM HAYYHOM YPOBHE, COJEPKATH
HOBBIE, 9€TKO C(OPMYIUPOBAHHBIE MATeMATHIECKUE PE3YIbTAThl U UX JOKa-
3aTesbCcTBa. Bo BBeJeHUN HEOOXOIUMO TPUBECTH UMEIOIIUECS Pe3yJIbTaThl 110
TeMe MPEeJCTABIEHHON PA0OThI, JaTh KPATKOE COJIEPKAHNE CTAThbU U OTPA3UTH
aKTyaJbHOCTb, HOBU3HY IOJIYYEHHBIX aBTOPOM PE3Y/IbTaTOB.

Crathbu KypHaja pPa3MeaiTcsd B CBOOOJHOM [OCTyIe Ha caiiTe
www.math.kz Nucturyra mMaremMaruku m MaTeMaTHIECKOTO MOIEINPOBAHUS
MOH PK, ux pedepupytor HII HTU (Kazaxcran), Zentralblatt Math (Tep-
MaHus).

B "MaremarudeckoMm kypHasie" myb/iuKy0Tcs cTaTbu 06beMoM 10 25 XKy p-
HasbHbIX crpadull. Crarbu 00beMom Oosiee 25 crpaHull myOJUKYIOTCS 110 CIie-
[IMabHOMY PeIEeHUI0 peJiKoJulernn KypHasa. llpuaumarorcs craTbu, Hau-
CaHHBIE HA KA3aXCKOM, PYCCKOM ¥ aHTVIHICKOM si3biKaX. CTaThu pereH3npyoT-
col.

TpeboBanusi K opopMmaeHHIO cTaTel

1. Pykomuchk ctarhu [0KHA OBITH MTOATOTOBJEHA B WM3MATEIBCKON CUCTEME
ITEX-2e n ipecTaB/iera B BUIE JBYX TBEPJABIX KOMU, a TakyKe B BUe tex u
pdf - daiisios Ha TFOO6OM 3/IEKTPOHHOM HOCUTEJIE WU IIPUCTAHA TI0 JIeKTPOHHO
noure zhurnal@math kz, mat-zhurnal@mail.ru. Crarbs m0J12kHa OBITH HOJIIN-
cana BceMu aBTopamu. llpaBuia odopmieHus PyKOIUCH U CTH/IEBbIe (hailibl
MOXKHO HalTH Ha caiiTe I/IHCTI/ITyTa, MaTEMATUKHN U MaTeMaTHUYI€CKOI'O MOJEJIN-
posaunmsa MOH PK http://www.math.kz B pazmene "Maremarudeckuii xKyp-
wasa".

2. B neBoMm BepxHeMm yTiry HeobxoanMo ykazarh uuaekc YK, naxee naurma bt



u pbamuinu aBTOPOB B aaPaBUTHOM TIOPsI/IKE, MECTO PAOOTHI C IOYTOBBIMU AJI-
pecamMu, a TakzKe 3JIeKTPOHHbBIE aJpeca, 3aryiaBue cratbu. Ha oTaessHoM jucTe
[NpUTAraflOTCs Ha3BaHUE CTaThW, (DaMUIUU U WHUIMAJBl aBTOPOB, KJIIOUYEBbHIE
cyioBa, pedepar Ha PYCCKOM, aHIVIHICKOM U Ka3axCKoM (Jyist aBropoB m3 Ka-
3axcrana) a3pikax u nageke Mathematics Subject Classification 2010. Pedepar
JIOJIPKeH OTPaXKaTh CojiepKaHue cTaTbu. TakxKe IMpeicTaB/IsdoTCs CBeJeHus 00
ABTOPAX, MECTO PabOThI, MOYTOBBII AJPEC ¢ UHIAEKCOM OYTOBOIO OT/EJIEHMUSI,
HoMep TenedoHa ¢ yKazaHWeM KO/a TOPOJIa, aIpec 3TeKTPOHHON TOUTHI.

3. Cromcok JuTepaTyphbl COCTABISETCS B MOpsjake urtupoBanus. CCbLIKKA Ha
HEOMyOJIMKOBaHHBIE PAbOThHI, PE3YIBTATHI KOTOPBIX WCIOIB3YIOTCS B JI0Ka3a-
TeJIbCTBAX, He NOomycKaoTcsd. CIUCOK JIUTepaTyphl TPUBOIUTCS B CJIETYIOIIEM
BUJIE:
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Pyxomvicu, He ymoBIETBOPSIOIINE TTEPEUNCTEHHBIM BBINEe TPEOOBAHWSIM, BO3Bpa-
IIAIOTCA aBTOpaM Ha odopMieHne, Topaborky. Pemaxims ocraBisger 3a coboit mpaBo
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