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KPUTEPUI EANHCTBEHHOCTU PEIIEHN S
IIPOCTPAHCTBEHHOM 3AJIAYU I'EJIJIEPCTEATA OJId
MHOI'OMEPHOI'O T'MITEPBOJIO-ITAPABOJINMYECKOI'O
YPABHEHUA

C.A. ANIJIATIIEB

AHHOTaums. B paboTe nonyueH KpuTepuii €AMHCTBEHHOCTU PELUEHWUS MPOCTpPaH-
cTBeHHOW 3apauqm [ennepcreara ans mHoromepHoro runepbosno-napabosnnyeckoro
yPaBHEHUs.

Kntouesble crioBa. Kputepnii, sagaqa Mennepcreata, MHOromepHoe ypasHeHue, hyHK-
umnsa beccens.

Teopus KpaeBbIX 3a7ad /it TUIEPOOTO-TApAOOINIECKUX YPABHEHUN Ha
IJIOCKOCTH XOPOIIO u3ydeHa (cM. HampuMep, Mouorpaduio 1| u npusegenHyo
B Heil 6ubmorpadmio). Hackosbko HaM M3BECTHO, UX MHOTOMEPHBIE AHAJIOTH
MCCJIEI0BAHBI HEIOCTATOUHO |2].

B ocobennocTu ciemyer oTMeTUTh, 9TO TPOCTPAHCTBEHHAS 3aga4a [estep-
CTeITa paHee He U3yUIaaach.

[ycte Qf, — xoneunast 006/1aCTH €BKANIOBA TPOCTPAHCTBA F,11 TOUEK
(X1, .y T, t), OrpanuyenHag B nosynpocrpancrse t > 0 kouycamu K, : |z| =

t+e Ky:lzl=1—-¢0<1t< (158), a npu t < 0 — NUIMHIPUIECKOl 110~
BepxuocTbio I'y = {(z,t) : || = 1} n nmockocreio t = o < 0, rze |z| — ayuna
BEKTOPA & = (T1,...,Tm), a 0 < e < 1.

O6oznaunm gepes QF u Q, gactu obmactu §25,, exKarnmme B MOJTYIPOCTPaH-
creax t > 0 u t < 0. Yacru konycor K., Ki, orpanmuunsaronux obracts Q7
o6ozmaunM uepes S¢ u S! cooTBETCTBEHHO; 0, — HUKHEe OCHOBAHHE 06JIACTH

Q-

2010 Mathematics Subject Classification: 35R12.
Funding: PaGora Beimosnena npu nojuepxkke rpanrta 3492 /I'@4 Munucrepcrsa o6pas3o-
Banns u Hayku Pecnybimku Kazaxcran.

© C.A. Anganies, 2018.



6 C.A. AJIJIAIIIEB

[ycts gastee Se — obmas gacTs rpanun obaacreit QF, QO npejacrassiomas
muOKecTBO {t =0, ¢ < |z]| < 1} B E)p).

B ob6mactm €2, paccMOTpMM < MHOTOMEPHOE CMEITAaHHOe THUIepOosIo-
napaboInyecKoe ypaBHeHMe

0_{ Azu—utt,t>0, (1)
Agu — ug, t <0,

rie A, — omepatop Jlammaca mo TepeMEHHBIM X1, ..., Ly, M > 2.

B manbreiimem xaM ya00HO TEPENTH OT JEKAPTOBBIX KOOPAUHAT L1, ..., Ty, T
K cdepuueckuMm 7,01, ... 0, _1,t, 7 > 0,0 < 6 < 27,0 < 0; < w0 =
2, 3, ey — 1, 0= (01, ...,tgm_l).

Cnenys |1, c. 144] B KadecTBe MPOCTPAHCTBEHHOI 3asgadn l'esrepcrenra
PACCMOTPUM CJIEYIONLY IO 3a/1aMy.

BAJIAYA 1. Haiitn pemenne ypasuenus (1) B obnactu QF, npu ¢t # 0 n3 kaacca
C(Q5) N C?(QF UQ,), yIoBIETBOPSIONEe KPACBLIM YCTOBHSIM

g =0, (2)

ulp, =0, ul, =0. (3)

u

IIycre {Yrﬁm(e)} — CUCTeMa JINHEITHO He3aBUCUMBIX chepriecKux OyHKIUT
nopsaaka n, 1 <k < ky,(m —2)Inlk, = (n+m — 3)!(2n +m — 2).

Torma cupaBeiuB C/Ie YOI KPUTEPUil e MHCTBEHHOCTA PEIEHNUSI.
TEOPEMA. Pemenne Samaan 1 u(r,0,t) =0 < € > 0.
JJOKABATEJILCTBO TEOPEMBIL. B cdepuueckux koopaunarax ypasuerne (1)
B obsiactu €2, umeer Bug [3, c. 143]

m—1 1
Upyr + U — T—Q(Su —uy =0, (4)
s 1 0 B,
= -~ (sin™ Il =1
Z g;sin™ =719, 06; (sm J89j> L ’

j=1
gj = (sinfy...sinf;_1)%, j > 1.

Ussectro [4, c. 239|, garo cmekTp omeparopa d COCTOUT U3 COOCTBEHHBIX
aucesn A, = n(n+m—2), n=0,1,..., KaxKJ0My U3 KOTOPbIX COOTBETCTBYET
Ky, OPTOHOPMWPOBAHHBIX COOCTBEHHBIX (DYHKITW nym ().

MATEMATUYECKUI KYPHAJI. — 2018, — T. 18, Ne 1



Kpurepuit equmacTBEHHOCTH PEITIEHUST TTPOCTPAHCTBEHHOM 33/1a49W ... 7

Tak xax uckomoe pemrenue 3aja4u 1 B obnactu () IPUHAJIEKUT KIACCY
C(Q,)NC?(y), To ero MOXKHO HCKATH B BUJIE

oo kn

u(r, 0,t) ZZu 'rtYk 9), (5)

n=0 k=1

e @k (r,t) — GyHKImE, I0//IesKAIIHe OIIPe;Ie/ICHHTIO.
Mopcrasngas (5) B (4), ucnoab3yst OpTOroHAIBHOCTD Cepuiaeckux yHKuii
Y (0) [4, c. 242], 6yaem nvers

m—1 A
ﬂ]rirr + r ’D‘?kl:?" - ’afbt - Tgﬁﬁ =0, k=1kp, n=0,1,..., (6)

npu 3TOM Kpaesoe ycsosue (3) 3anumercs B Buje

a(r,a) =0, @*(1,t)=0, k=1k, n=01,... (7)

(1-m)

Mpoussest 3ameny @F(r,t) = r 2 uf(r,t), 3amaay (6), (7) mpusemem K
CAeyIoNIeil 3ama4e:

UZ(T, a) = O,Uﬁ(l,t) =0, (9)
Ny = “m_l)(?’;m)_“”), k=TT, n=01,...

Pemmenne 3azaqu (8), (9) paccmorpuM B BHE

= R(r)Tu(t). (10)
s=1
TMoxcrasass (10) B (8), (9), moayanm
An
Rsmﬂ%—ﬁRs—l—uRs:O, 0O<r<l, (11)

Ry(1) =0, |Rs(0)| < o0, (12)

MATEMATUYECKUNA KYPHAJ. — 2018. — T. 18, Ne 1



8 C.A. AJIJIAIIIEB

T +pTs =0, a<t<O, (13)
Ts(a) = 0. (14)
Orpannuennsiv pererneM 3agaqu (11), (12) ssasierca |5, c. 401]

Rs(r) = \/;JV(NS,M")’ (15)

(m=2)

e v =n-+ , Hsn — TOJOXKHUTEIbHBIE HyH (hyHKIUN Beccess mepsoro
pona J,(2), pn = pi3 -

Pemennem ypasuenns (13) ssnserca dyukmus Tg(t) = coeMimt oy — mpo-
M3BOJIbHAS IOCTOSTHHAST, TPU Y/IOBJIETBOPEHUN KOTOPOii yeroBuio (14), momyunm
Ts(t)=0,s=1,2,....

Orcioma u u3 (15), (10) cuexyer, aro uf(r,t) =0, k =1,k,, n=0,1,....

Torma u3 (5), B cBOIO Oouepesb, caeayer, uro pemenneM 3amaqdn (1), (3) B
obmactu §), aBasgercs OyHKIUS

u(r, 6,t) = 0. (16)
Hamee u3 (16) mpu t — —0 nmeem
u(r,0,0) =0,e <r <1 (17)

Takum 00pa3oM, yaurbiBasg Kpaepble ycious (2) u (17), Mbl mosiyduiud B
obmactu I zamauy lap6y-IIporTepa /15 MHOTOMEPHOTO BOJHOBOTO ypaBHe-
HUST

Ag;u — Ut — 0 (18)

C JaHHBIMH

ulg g =0. (19)

IIpu € > 0 uz pesyabraros pator [6], [7] caexyer, uTo pemenne 3amatu
(18), (19) u(r,0,t) = 0.

CrenoBarenbHO, U pereHue 3aja4qn 1 TpUBHAIBHO.

[Tycts renepn pemenune 3agaun 1 u(r,6,t) = 0.

[Toxaxkewm, ato € > 0. [Ipeanosoxkum nmpotusBHOe, T.€. € = (.

Ecim € = 0, 10, Kak panee mokasaHo 3ajada 1 ceoguTcs K 3ajade Japby-
[Tporrepa mnsa ypasuenus (18) ¢ ycmoBuem

ulg, g0 = 0- (20)

MATEMATUYECKUI KYPHAJI. — 2018, — T. 18, Ne 1



Kpurepuit equmacTBEHHOCTH PEITIEHUST TTPOCTPAHCTBEHHOM 33/1a49W ... 9

B [7], [8] nokazano, uro 3amaqa (18), (20) numeer HeHyJieBble peleHMs.
IIpuxoaum k mpoTuBopeunio. Teopema yCTaHOBJIEHO.
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10 C.A. AJIJIAILIEB

Anmames C.A. KOII OJIIEM/II TUIEPBOJIO-ITAPABOJIAJIBIK
TEH/JIEY YIIIH KEHICTIKTIK T'EJIJIEPCTEAT ECEBIHIH IIEIII-
MIHIH JKAJFBI3IBIK KPUTEPHIII

ZKywmbicTa ket eJtremIi Tuepoo/10-mapabdboIaIbK, TEHIey YIMH KeHICTIKTIK
TlentepcrenT ecebiHiy MISNMTIMIHIH YKAJFBI3ABIK KPUTEPUl aabIHFAH.

Kinrrix ceznep. Kpurepwnii, l'estepcrear ecebi, kerr esmmemai Texey, Bec-
ceib PYHKITUSICHI.

Aldashev S.A. THE CRITERION OF THE UNIQUENESS OF THE
SOLUTION OF THE SPATIAL GELLERSTEDT PROBLEM FOR A
MULTI-DIMENSIONAL HYPERBOLIC-PARABOLIC EQUATION

In this paper the crirerion of the uniqueness of the solution of the spatial
Gellerstedt problem for a multi-dimensional hyperbolic-parabolic equation is
obtained.

Keywords. Criteria, Gellerstedt problem, multi-dimensional equation,
Bessel function.

Angamen C.A.

MHCTUTYT MaTEMATUKH U MaTEMATUIECKOTO MO/IEIMPOBAHS
050100, Ammatet, yn. [lymkuna, 125

E-mail: aldash51@mail.ru

Crartps nocrynuia B pegakmuio 02.09.2017
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BUKBATEPHVNOHHOE IIPE/ICTABJIEHVNE ATOMOB.
ITPOCTAA TAMMA

JI.A. AJIEKCEEBA

AHHOTaums. MocTpoeHbl HacTHBIE MOHOXPOMAaTUYECKNE PELLEHUNS ypaBHEHNS CBO6OA-
HOFO MOJS 3EKTPO-rPABMMArHUTHBIX 3aPSAA0B 1 TOKOB B AnddepeHumnansHoii anrebpe
BMKBaTEPHNOHOB, KOTOPbIE OMNCLIBAIOT S1EMEHTAPHbIE HACTULbl KAk CTOSIHYME 3EKTPO-
rpaBumarHuTHble BosHbl. VlccnepoBanbl gBa knacca peluednii 3Toro buBONHOBOrO
YPaBHEHUS, MOPOXAAEMbIE CKAanAPHbIMU MoTeHunanamu (Mynbcapsl) M BEKTOPHBIMY
(cnuHopbl). PaccMOTpeHbl MX aCUMNTOTUYECKME CBOCTBA, Ha OCHOBE KOTOPbIX OHU
knaccudpnumpoBarsl Ha Tsbkenble (6030HbI) 1 nerkue (NENTOHbI) 3MEMEHTapHble
vacTuubl. [laHo BGUKBaTEpHUOHHOE MpeACTaBfEHME aTOMa BOAOPOAA U COBETYHOLLAs
eMy NepuoAMYecKasl CUCTEMA 3J1EMEHTOB, MOCTPOEHHAs! MO NMPUHLUNY MY3blKaabHOrO
CTPOSi NPOCTON rapMOHUYECKON FraMMbl.

KntoyeBble cnioBa. BukeaTepHuoH, anemeHTapHas 4acTuua, 4acTtoTa, ctosiqas d M-
BOJIHA, Mynibcap, CnuHop, BO30H, NenToH, aToOM, BOAOPOA, NEpPUOAMYECKas CMCTEMa,
My3blKasibHast raMMa.

B paborax [1]-[6] aBropom paspaborana OHKBATEPHHOHHASI MOJE/Ib
9JIEKTPO-TPABUMArHUTHOTO 1o (DT M-10s1e) u 37IeKTPO-TPaBUMATHUTHBIX
B3anmoieticTBuii. Ee 0CHOBY cocTaB/isfoT OMKBATEPHUOHHBIE MMPEICTABICHUS
o6ob6mennbix ypasuennit Makcsema (OYM) u dupaka (OV/). Buksarepuu-
onnoe npezacrasiaeaue OYM Boipazkaer OMKBaTEPHUOH [IJIOTHOCTH MACC-3aPs/1a,
u DI'M-Toka depe3 Ourpajuent nHanpskeHHoctu II'M-mnossa. Buksarepnu-
ounoe upegcrasiaenne OVl onpejensier TpaHcdOpMalUIO [LJIOTHOCTU MaCC-
3apsiJI0OB U TOKOB 1101 Bo3jeiictBueM BHemHux D1'M-nosieit. B wacraocTu, npu
OTCYTCTBHUM BHEIITHUX TI0JIEH HA €r0 OCHOBE MOCTPOEHO DUKBATEPHUOHHOE BOJI-
HOBOE ypaBHEHHEe CBOOOIHOTO TOJIsT MACC-3aPSI0B U TOKOB, KOTOPOE ABJIAETCS
MTOJIEBBIM QHAJIOTOM TIEPBOTO 3aKOHA HBIOTOHA — 3aKOHA WHEPITHH.

2010 Mathematics Subject Classification: 81V45, 81V35.
© JLLA. Asnekceesa, 2018.



12 JI.A. AJIEKCEEBA

3/:[80]) TMOCTPOEHBI 9aCTHBIE MOHOXPOMATUYECKUE DeEIIeHnd 3TOr'0 ypaBHE-
HHsI, KOTOPBIE ONUCHIBAIOT 3JI€MEeHTapHbIe JacTUIB! Kak cTosgdane D['M-BosHsL.
Nx MOXKHO pa3zjesnTh Ha JBa KJacca, 0POXKIAAEMble CKAJISPHBIMU [OTEHIIU-
anaMu (IyJbCapbl) U BEKTOPHBIME (CIHHODSEI). VccaesoBanbl UX acHMITOTH-
YeCKue CBOWCTBA, HA OCHOBE KOTOPBIX OHM KJACCHMUIMPOBAHBI HA TAKEIbIE
(6030HDI) n serkue (JI€MTOHBI) 3jeMeHTapHble dacTuipl. llokazano, aro 6o-
BOHBI — 3TO CeprudecKre rapMOHUYECKHE 1yJIbCAPbI, IJI0OTHOCTh MaCcC-3aPsla
KOTOPBIX OINPEJIE/IAETCS UX 4acTOTON KojaebaHuil. DTO MO3BOISIET CTPOUTH Iie-
PHUOANTIECKUE CUCTEMBI SJIEMEHTAPHBIX JACTHUIL Ha OCHOBE KJIACCHIECKOI rapMo-
HUYECKON My3bIKaJIbHON raMMbl.

B wacrrocTH, 1aHO OMKBATEPHHOHHOE MPECTABIEHUE ATOMa BOJOPOIA M
COBETYIOIAsT eMy IepUONIecKasl CUCTeMa, TIOCTPOEHHASI 110 [TPUHIIUITY MY3bl-
KaJIbHOI'O CTPOL IIPOCTOM rapMOHUYECKON raMMBI.

1 BAKOH UHEPIINU. MOHOXPOMATUYECKUE I1OJIsI 3APSITOB-TOKOB

YpaBHeHne CBOOOIHOIO IIOJIA 3aPSII0B-TOKOB MMEET BHUJ OIHOPOIHOIO Ou-
BOJTHOBOT'O YpaBHEHUS

V- O(r,z) £ (0, —iV) o (ip(t,x) + J(1,2)) = 0, (1)

3ech O(T, ) — GUKBATEPHMUOH 3apsa/1a-TOKA, CKAJIIPHAS 9aCTh KOTOpPOro p(T, x)
OIKUCBHIBAET IJIOTHOCTH JIEKTPUYECKOrO M TPABUMAIHUTHOTO 3apsiyto (DI'M-
3apsIOB UM Macc-3apsiyioB), a BekTopHas J(7,Z) — MIOTHOCTH 3JIE€KTpUYe-
CKOTO ¥ TPaBUMArHATHOTO TOKOB (DI'M-TOKOB), a MMEHHO:

J = Vit —ivei,

e pP(x,t), j7 (2, t) — mIoTHOCTH SIEKTPUUECKOrO 3apsiia U SJICKTPHYECKOrO
toxa, p(z,t), j7(x,t) — mIOTHOCTM rPABMMArHATHBIX 3apSIA U TOKA; £, [I —
KOHCTAHTBI JIEKTPUUYECKON MPOBOAUMOCTA U MATHUTHON TPOHUIIAEMOCTH Ba-
Kyyw™ma, ¢ = 1/,/E[i — CKOpPOCTh CBeTa, i — MHUMas €/[MHNUIA.

HetictBre OumkBaTepHUOHHBIX A depeHInaIbHbIX 0MepaTopoB V.~ u
VT (BzamMaBIX OGMTPAIIERTOB) OTPEIEIAETCs, COTIACHO TIPABIITY KBaTEPHIOH-

HOTO YMHOXKeHUsI, (popMyIoii

VEF(r,2) = (8; £iV) o (f(1,2) + F(1,2)) £
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BukBarepunontoe mnpeicTaBieHne aTOMOB 13

2 (0.f FidivF) + {Figrad f + 0. F £ irot F'}.

BukBarepunon sueprun-ummysibca F-mosis onpeessiercs hopmystoit
F(r,z) = W(r,x) +iP(t,2) 2 0.5F o F*,
e F* — conpsizKeHHBI OMKBATEPHUOH,
F* £ f(r,2) — F(r,2).

3ech UepTa HaJl CHMBOJIOM O3HAYAET KOMILIEKCHOE compsikenue. CraagpHas
gacte W — miornocts sHeprum F-mossg, a P — anajsior o600IEHHOrO Bek-
topa Ilofturunra F-mosist 1010600 TOMy, Kak CcrpouTcs 0O0DOIIEHHBIT BEKTOD
HOﬁHTHHFa B 6I/IKBaTepHI/IOHHOM TpeacTaB/JIeHUN SJIEKTPO-MAarHUTHOTO TIOJIA
(mompobuo o muddepenmanbHOil anrebpe GHKBATEPHUOHOB C TPUIOKEHIEM
B 9JIEKTPOJMHAMUKE CM. [7]).

Ckansipaast yacThb ypasaenusi (1) — 1o 3akon coxpanenns ' M-3apsia:

Orp+divd =0,

a BEKTOPHAs OMKCHIBAELT CBsI3b MEYK/LY 3apsilaMi U TOKAMU B OTCYTCTBUU BHEIII-
aux ' M-noseii:
0rJ —irot J+gradp = 0.

J1st MOHOXPOMATHIECKHUX TIOJIEH JACTOTHI W OMKBATEPHUOH 3aPSATa-TOKA MOXK-
HO IIPEJICTABUTH B BHUJE

O(r,z) £ O(x,w) exp(—iwt), w > 0. (2)

B srom ciyuae u3 ypaaenns (1) mosydmMm ypaBHeHHe Il GHKBATEPHHOHOB
KOMIJIEKCHBIX aMTnTy (6nammantyr) O(z,w):

(w+ V) o (ip(z) + J(x)) = 0.
[TockombKy
WH+V)o(w—-V)=(w—-V)o(w+V)=w?+A,
OTCIOJIa CJIEIYeT, YTO OMAMILIUTY/ Il YIOBJIETBOPIIOT ypaBHEHUIO [ €1bMIoIbIa

AO +w?0 =0

MATEMATUYECKUNA KYPHAJ. — 2018. — T. 18, Ne 1



14 JI.A. AJIEKCEEBA

" MOHOXPOMaTHUYIECKNE PEICHUA NMMEIOT BUJI
3 .
O(7,x) = exp(—iwT) (w — V) o (1/)0(56, w) + Z (0 (:c,w)q) , (3)
j=1

T7Ie MTOTEHITHAJIBI ) — TPOM3BOIbHBIE PEITIEHIS OTHOPOIHOTO ypaBHeHus 'esibM-
TOJIBIIA

AY + wp =0,

KOTOpre UMET BI/I'B; HOBerHOCTHOTO I/IHTeraﬂa:
(2, w) = / o (6,w)eED 45 (€) (4)
ll€ll=w

Jgist Jii060#t pyHKIIN &, cymMupyemoii Ha, cepe paamyca w.
2 TAPMOHUYECKHUE SJIEMEHTAPHBIE YACTULBI 1 CTPYKTVYPBL

Mb1 paccmorpum HacTHbIE pelienus: ypasHenus Lejabmrosbua [§]

Vnm (T, w) = jn(wr)Y," (9, ¢), (5)

rae jn(wr) — cdepuueckme dynkmun Beccems mopsaka n (n = 0,1,2,...),
Y, (9, ¢) — chepuueckue rapmonuku nopsijika n,m (m=1,2,...):

Y, (9, ¢) = P (cos V) exp(ime),

P'(...) — npucoeiuHennble mouHOMBI Jlexanapa, (r, v, ¢) — cchepudeckue Ko-
Op/IMHATHI.

ECTeCTBeHHO 9TU PEIIEeHNA B3ATH IJId TIOCTPOCHUA SJIEMEHTAPHBIX YaCTHIL,
KOTOpBbIE MOXKHO Ha3BaTh rapMmoHudeckumu. Cpean HUX BBIIETUM MTOPOXKIAE-
MbI€ CKaJAPHBIM MMOTEHIINAJJIOM, KOTOPbhIC HAa30BEM ITYJIbCAPHI:

0% (z,w) = (w+ V) 0 Ypm(z,w) =

= Whnm (7, w) + gradinm(z, w) (6)

a I[IOPOzKJa€Mbl€ BEKTOPDHBIM IIOTECHIINAJIOM HA30BEM CIIHHOPDBDBI:

@%m(m,w) = (W4 V) o thpm(z,w)e; =

MATEMATUYECKUI KYPHAJI. — 2018, — T. 18, Ne 1



BukBarepunontoe mnpeicTaBieHne aTOMOB 15

= —div (@, w)ej) + {wWhnm(@,w)e; + 10t (Gum(@,0)e))}. (7)

[Mocnepaure moASPU30BaAHbI B HAIIPABJIEHUM OCEH KOOPJUHAT COOTBETCTBEHHO
ungekcy j (j=1,2,3).

Vcronb3yst cTpyKTypHBIE OMKBATEPHUOHBI TPOU3BOILHOTO Buga K (x), Ha
X OCHOBE C TIOMOIIIBIO OMEpAaIny OUKBATEPHUOHHON CBEPTKU

O(z,w)*x K(z) = (ip+ J)*x (k+ K) =

3
={ipxk — Z(Jj * Kj)}+

J=1

3
—l—{ip*K—i-J*k—i- Z €jlm(Jj*Kl)em}a (8)
7, l;m=1

rje €y — nceso-ren3op Jlemu-Iusura, MOKHO CTPOUTH Pa3sHOOOPaA3HbLIC MO-
HOXPOMATHUYIECKUE OIS 3apA0B-TOKOB:

3
O(z,w) =Y O (z,w) * (). (9)
=0

B (8) crposit dbyHKIIMOHAIBLHBIE CBEPTKH, KOTOPBIE JIJIST PETYJIAPHBIX (DYHKIUT
UMEIOT MHTerpajabHbIi BU/T

pla) » ki) = [ ply)k(e = )y,

AHaIOrMYHO 3aMUCHIBAIOTCS TOKOMIIOHEHTHBIE CBEPTKU JIJI BEKTOPOB. B cmty
cpoiicra quddepentuposanns ceeprku (8], ceeprku (9) Takxke OymyT perie-
Husgmu ypasuennii (1), (2).

@opwmysbl (9) MO3BOJIAIOT CTPOUTH PA3IUIHBIE KPUCTAINIECKIE PEIIeTKH
U3 rapMOHUYECKUX JIEMEHTAPHBIX YACTHIL, €C/M B KAIeCTBE CTPYKTYPHOrO Ou-
KBATEPHUOHA B3IThb PEIIETKH — PA3JUIHbIE CABUIH O-(DYHKIUMH — U3 JIPYTUX
0000111eHHbIX DYyHKIIHU.

IIpuBesem 31ech TPOCTOi NpUMEP HEOAHOPOIHON IPAMOYTOIBHON PEIIeTKI
c mepenernabiv marom (Ay, A, hy) 7 Becom al™”:

MATEMATUYECKUNA KYPHAJ. — 2018. — T. 18, Ne 1



16 JI.A. AJIEKCEEBA

L M N
K(x) =YY d™ (@1 — hy)d(ws — hm)d(x3 — hn).

=0 m=0n=0

Eit cooTBeTCTBYeET, HATPUMED, TAKOU KPUCTALIMIECKUN W-TIY/IHCAP:

L M N

O(r,w) = Z Z Zalm"HO(xl — lhy, 2o — mhy,, x5 — nhy,w).

=0 m=0n=0

Dopwmynst (7)—(9) MO3BOMSIIOT CTPOUTEH CaMble PA3HOOOPA3HBIE MOHOXPOMATH-
9eCKMe CTPYKTYDBI THIA TeJl, TKaHell u Hureil (00 WX mpeCcTaBJIeHnn CM. To-
npobuee B [4]). A ¥X YaCTOTHBIE CYNEPIO3UIN BOOOIIE HEOOO3PUMBI.

3 DVIEMEHTAPHBIE COEPUUYECKUE T'APMOHUYECKUE [IYJILCAPLI U UX
CBONCTBA

Cpemn pemennii ypasuennit ['epmronsna (7) cdepuaeckn cuiMMeTpUaIHbIM
SABJIFETCS JIUITH OJTHO:

sin wr

ooz, ) = Jolwr) = (10)

e jo(wr) — cepuueckas bynxmus Beccens, r = ||z|| = /2% + 23 + 23.

BuamiuinTyta COOTBETCTBYIOIIETO €MY IyJIbCAPA UMEET BT

sin wr sin wr
+g

0%z, w) = \V/ L w) = d =
(z,w) = (w+ V) o ¢po(z,w) =w o rad——
) . 3
_ sinwr coswr  sinwr B T
=— + ( " 2 > €r, €z = ; " e;. (11)

Orkyna ciaemyer

) 1 . sin wr i
i) +J) =7 1{s1nwr+ (coswr— )ex}e wr
wr

isinwr _; coswr sinwr\ _;
p():_ e uuT’ JOZ _ 2 e szex:>
r T wr
o |sinwr| 0 coswr  sinwr
Pl =—— 1] = - —5 |
r wr
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BukBarepunontoe mnpeicTaBieHne aTOMOB 17

*2%. Bplumciags OMKBATEPHUOH €TI0 SHEpPruu-

O6oznaunm j(z) = cosz —
HMITYJIbCA!

E(z,w) = W +i P’ = 0.50% 7 o (@°)" 7 £
= 0,5r %(sinwr 4 j(wr)ez) o (sinwr — j(wr)eg) =
= 0,57 2{(sin wr + 72(wr)) + sinwrj(wr)e, — sinwrj(wr)e, — 52 (wr)[ex, €z},

OJIy UM
WO = 0,57 %(sin®wr 4 j%(wr)), P =0. (12)

"3 (11)-(12) cmemyer, 9TO TIOTHOCTH MAaCC-3apsijia ¢ POCTOM T yOBIBAET,
KaK 7!, a sHeprus KosebaHmii 3aTyxaeT emie ObICTpee, KaK 7 2.

WuTepecHo mccaeoBaTh aCUMOTOTUKY 9THUX Bequdud mnpu 7 — 0, w =
const. IlockosbKy

jlwr) = (wr)?j1(wr) = coswr — ST
wr
(wr)? (wr)’ (wr)?
=1- -1 e~ — 0 13
2 T eor T g Ty (13)

u3 (11), (12) mosmyuwnm mpu 7 — 0
0] = w+ ofwr) ~ w,

wr +0,5wr?  wr —w3rd/6
B 2

17°] ~ ~ 0,507 + WP /6 2P,

T wr
W~ 0,5(w? +wr?/9) ~ 0, 5w

Nrak, mepeauncanm.

CBoticTBa chepriecKux rapMOHHYECKHX MYJIbCApPOB. Y CHEPUIECKUX rap-
MOHWYECKUX IY/JIhCAPOB B IeHTpe npu & = ( IJIOTHOCTH MAacc-3apsijia paB-
Ha 9acToTe ero Kojiebanuii w, miaoTHocTh DI M-TOKa paBHA HYJIO, TJIOTHOCTH
sHeprun KosreGanmii pasua 0, 5w?, a Bekrop II0fHTHHIA PABEH HYIIO BCIOLY.

Wcxoms m3 9TUX CBOMCTB IJIOTHOCTUA MAacCC-3apsjia, chepudecKue rapMmo-
HUYCECKUE 1TYJIbCAPbI ABJIAIOTCA TAXKE/IbIMU 9JIEMCHTAPDHBIMU YaCTUIIAMU — 60—
30HAMH.
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18 JI.A. AJIEKCEEBA

Hecdepuaeckne rapmonnueckue nyabcapst (6) npu n > 0 uMeror HyaeByio
WJIOTHOCTE Tph & = 0, T.K.

n

m(u +o0(z)) mpz z—0.

Jn(2) =

OHU ABIAIOTCS JIETKUMA SJIEMEHTAPHBIMHA YaCTUIaMU — JIEIITOHAaMH.

4 DJEMEHTAPHBIE COEPUYECKUE 'APMOHUYECKUE CIMHOPHI U UX
CBOWMCTBA

Paccmorpum cimHOp, 1M0/1sipU30BaHHbBIN B HANIPABJIEHUU OCU X1:
0 - 0 0 0 —wT
Oz, t) =ip; + J1 = O] (z,w)e ™7,
OUAMILIUTY/Ia KOTOPOIO MMEET B/
0 .
Oi(z,w) = (w+ V) o jo(wr)er =

= —div (jo(wr)e1) + wijo(wr)er + rot (jo(wr)er) =

coswr  sinwr
=T - 2 +
r wr

sin wr coswr  sinwr xj
—|—{ , e + < , - w2 > (T7362_Ta263)}7 Ty = Hl‘H (14)
Otkyna caemyer '
17 .
p‘i) = _7”‘72] (WT),

Jf = ’/“_1(61 sinwr + j(wr)(r,3 e2 — r,2e3);

: 2 2 2
T . sm- wr . 5 + 23
80 = ||, 11 = S a2 )

A
BI)ILH/IC.HI/IM 6I/IKBa,TepHI/IOH SHepTI/II/I—I/IMHy.T[BC& N ero aCuUMIITOTUKHA:
=0 _ 1170 - 0
El(x,w) =W +i Py,
)
Ssin” wr + (T‘i
r2

2 _ z3 + 23
2wy = ) ]Q(wr)—i—f(wr)i( 2r4 ) =

r
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BukBarepunontoe mnpeicTaBieHne aTOMOB 19

.2 2., .2
sin“ wr . r{+x5+x o . .
== +]2(wr)—( ! ri 3) =~ {sin® wr 4 j%(wr)}, (15)
PP =

[Toctpoum ux acumnroruku ¢ yaerom (13) mpu r — 0:

2,2 3.3
0 1 wr w°r 1 9
IO | - =
|p1‘ r2 < 2 + 6(4}7‘)‘ 3|l‘1‘w O’
(wr)?2  (wr)* a:% + :L“§

W 1 ) 2wr n 8(wr)? n (wr — (wr)3/6)? B

2r2 wr 6wr w?2r? N
1

4 1 1
=—(1-24 -(wr)?+1—=(wr)® + =(wr)*) ~ 0.5w2.
2r2 < 3( ) 3( ) 36( )
Caenys (14), nerko nosyuum GuKBaTEpHUOHHOE HpejcTaBieHune chepuyie-
CKOTO CTIIMHOPA, TOJISIPU30BAHHOTO B0 BEKTOPA €, |e| = 1:

@g(sc,w) = (w+V)ojp(wr)e = —div(jo(wr)e)+wjo(wr)e+rot(jo(wr)e) = i,og—}—Jg,

rie
o__ Cx. 0 _ -1 . .
Pe = —7](@)7‘), Jo =17 (esinwr + j(wr)ejprzrer)
C TeMU Ke aCUMITOTHYECKUMH CBOICTBAM.
Mrak, nMeeM CJIeAyIOMe CBOMCTBA MOCTPOCHHBIX CITMHOPOB.

CBoticTBa rapMOHHYIECKHX ChepuIecKuX CITHHOPOB. Y CpepuuecKux rap-
MOHMYECKMX CIUHOPOB B meHTpe (npum & = 0) mI0THOCTL Macc-3apsjia pasHa
HYJTIO, HOPMAa BEKTOpa IoTHOCTH D' M-ToKa paBHA W, MIOTHOCTH SHEPTUN PaB-
na w?/2, Bexrop IlofiHTuHra pasen HyIio.

Takum obpazoMm, cdepudeckne TaApMOHHIECKHE CIUHOPHI IO ILJIOTHOCTH
OI'M-3apsijia OTHOCATC K JIEPKUM 3JIEMEHTAPHbIM YaCTULAM — JICHTOHAM.

5 BUKBATEPHUOHHAS MOJEJbB ATOMA BOJIOPOJIA

Wrak, Mbl 1oka3aju, 9TO CPE/X MOHOXPOMATUYECKUX PEIIEHU ypaBHE-
HUiT CBOOOHOTO 10T 3apsiioB-TOKOB (1) TORKO TapMoanUeckune chepuaeckne
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20 JI.A. AJIEKCEEBA

IyJIbCapbl UMEIOT HEHYJIEBYIO ILNIOTHOCTH B UX IIEHTPE, Yero HeT y rapMOHUYe-
CKUX CIUHOPOB. DTO IMO3BOJISIET MPEIIIOJI0KUT, UYTO ChepUuiecKne rapMOHU-
YEeCKHe IIyjibCapbl MO2KHO HCIOJJIB30BATH JJjid IMOCTPOCHUA 6I/IKBaTepHI/IOHHOﬁ
MOJIeJIX ATOMOB.

[Ipocreitmum atomom gaBmserca Bogopon H. IIpocreiimieit rapMonndeckoit
DJIEMEHTAPHON YACTUIEHl FBJISIETCS BBIMMEOTUCAHHBIN CEPUIECKUil myIbcap.
ITomararo, ©x MOXKHO OTOXKJECTBUTH, & MMEHHO:

aTOM BOJOPOJa SABJISETCS C(hePHIeCKUM IrapMOHUIECKHM ITYJIbCAPOM C (DUK-
CHPOBaHHOI 9acTOTOH KoJIebaHUI W,, KOTOPBII HMeeT cjeayioliee ONKBaTeD-
HHUOHHOE€ IPEJACTaBICHHUE:

_ ) sinwg,T i
Hy(r,z) =7} {smeor + (costor — °> ex} e "WHoT, (16)
WH,T

AcuMIITornYecKue CBOMCTBA €ro IJIOTHOCTU B LIEHTPE aTOMa, CBS3aHbl C 4aCTo-
TOHM KOJeOaHMIA:

2
lpm, (x, T)| ~ wrys | JH (2, 7)|| ~ ngT, Wi, () ~ 0.5w2, 7 — 0. (17)

Y3aaMu 3T0i cTOsI9eli BOJIHBI 10 MJIOTHOCTH MAaCChL |pf,| aBsiorcs cdepsl,
PauyCc KOTOPBIX OILIpeJesieTCsl IPOCThIM TPUTOHOMETPUYECKUM yPaBHEHUEM:

. wk
sinwg,ry =0 = 1= o’ k=1,2,....
0

st onpejiesienus: y3/i08 910 crosueil BOJHBL 10 I1oTHOCTH dHepruu Wi,
HYYKHO HaliTH HysM 00Jiee CJI0XKHOTO yPaBHEHUs

w?{ori + wp, Tk SN 2w, TE — sin? Wi,k = 0, (18)

rae 1y = wZTkO’ 2l — KOpHU TPAHCIIEIEHTHOTO yPaBHEHUd

f(2) = 2% 4+ zsin 2z — sin® 2 = 0.

OpnHaKo, y 9TOT0 ypaBHEHUS HET JIefCTBUTEIbHBIX KOPHE.
Ucnosp3ys npejcraBienre KOMILIEKCHBIX 3aPsI0B U TOKOB Yepe3 JIEKTPU-
YeCcKre W TpaBUMarHuThie 3apsiJibl U TOKW (1), mojyanm Jijisi aromMa BOJAOPOJIa
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BukBarepunontoe mnpeicTaBieHne aTOMOB 21

CJIeAyomue BbIPpazKEHNAd JJId €ro 3JIEKTPUYECKOrO U I'PaBUMAT'HUTHOT'O 3apd-
J0B, 3JIEKTPHUYIECKOI'O U I'PaBUMAaIrHUTHOI'O TOKOB!:

pgo (t,x) = Ve COS W, t sin wH()inH,
r c

pgo(t,l‘) — @ SinU)HOtSiIl wHoiHmH’
r c
JE (t,z) = cos w,t | cos wH, |[7] _ & p WHo |zl e,
0 \/ﬂr c W, T c
1
TH (t,2) = —— sinwp ! < way llzll e wh, ||xr|>
er c Wi, p

CoOTBETCTBEHHO B MCXOJHOM IPOCTPAHCTBE-BPEMEHU ODUKBATEPHUOH BOJIO-
pPO/la UMeeT BU/L

Holt,z) = e_ert {sin(wHO r/e) + (cos(wHor/c) _ CSIH(“’HT/C)> ez} .

WH, T

Baech e, = x/||x||, uacrora Kosebanuit aroma BoLOpOLA Wi, = CwWH, (pa3mep-
HocTh paj/cex). CoorBercrenno (17) mpu r — 0 :

(CwH0)2 .

2
’pH0($,T)| ~ CWHy, HJHO(.'E,T)H ~ g(cwHo)Qrv WHO(‘r) ~ 5

3aMeTrM, 9TO MJIOTHOCTH SHEPIUU COMAEPIKUT KBAJAPAT CKOPOCTH CBeTa. A mmo-
CKOJIbKY TJIOTHOCTh MACC-3apsijia OTPeIeIAeTCs 9acTOTON Koebanuit, mocIeI-
Hsist POPMYJIa, KOPPEIUpyeT ¢ U3BECTHOM (bopMysioit DiHIITEHA, /I TTOJTHOMN
SHEpPruu Teja ¢ (PUKCUPOBAHHON MACCOIA.

6 BUKBATEPHUOHHOE MPEJICTABJIEHUE ATOMOB. [IPOCTAS TAMMA

Wrak, B OBUKBATEPHUHHOM IPEJICTABIEHUN aTOM BOJOpOJa — 3TO chepu-
yeckasl TapMOHHYECKAsT CTOsI9asl BOJIHA C (DUKCHPOBAHHOH 4YacTOTOH B IOJIE
OI'M-3apsi/10B-TOKOB.

Tak Kak rjIaBHOI XapaKTEPUCTUKON aTOMa BOAOPO/IA ABJISIETCS 9aCTOTa, KO-
JiebaHuil, KOTopas OIpeje/ider ero MacCy, Ha €ro OCHOBE MOXKHO IOCTPOUTH
HEpUuoJUICCKYI0 CUCTeMy /Jijid aTOMOB BEIIECTB 110 IIPUHIUITY MySBIKaﬂbHOﬁ
raMMbl. Begs ¢ pocToM 9acToThl KOJIEDAHUIT Macca aToMa, YBeJIMIHBAETCS.

MATEMATUYECKUNA KYPHAJ. — 2018. — T. 18, Ne 1



22 JI.A. AJIEKCEEBA

My3bikayibHaS TaMMa, [IPEICTABIIET COOO0it CuCTeMy OKTaB C YABOEHUEM da-
CTOTHI JJId KazKJI0i MOC/aenyIOeil OKTaBbl:

WHy, 2WH,y 4wy, 8WH,, 16WH, .. .

OrHotenne 9acToT KojebaHuii Jijisi aTOMOB BHYTPHU N-Oif OKTaBBI:

2”_1wH07 eeny 2”&)]—10
[0/T00HO OTHONIEHHIO YaCTOT TOHOB BHYTPU MY3BIKAJIBHON raMMbl. Uncso HOT
B My3bIKa.HI)HOI‘/JI raMMe 3aBUCUT OT BUJad MY3bIKAJIbHOI'O CTPOA.

Cy1mecTByeT MHOTO My3BIKAJbHBIX CTPOEB, KOTOPBIE BO MHOTOM CBSI3aHBI
C HallMOHAJIbHBIMHI OCO6eHHOCTHMI/I MY3bIKAJIbHOT'O BOCHIPUATUA CO3JABIINX UX
HapozoB. 31eck B Tabiuie 1 mpuBemens! Ba My3bIKaJIbHBIX CTPOsi, KOTOPbIE
MO2KHO B34Tb 3a OCHOBY, B KOTOPbIX OTHOHICHUEC 9aCTOT TOHOB ABJIACTCA 1UC-
JoM paroHaabHeIM [8]. s Takux TOHOB (HOT) CyIIecTByeT OONHil Iepros
KOJIe0aHUIT, KOTOPBIH OMPEIEISIeTCA HAMMEHBIITUM OOIIUM KPATHBIM JIJIsT TIEPUO-
JI0B UX KO.)‘[e6aHI/H‘/'I7 Y9TO MO3BOJJIAET TADMOHUYIHO 3BYYaTh CO3BYYUAM U3 PA3HBIX
HOT (aKKODJIaMm).

Tabauna 1 — IIpocras ramma

uecmenii cmpoil,.  Tapmonusecxuil evkopad

Tlpunma | bommas | Bonemas | Keapra | Kewwra | bonemas | bomsmas | Oxtasa
{90) cexvHma | Tepums | (Pa) (coas) CEKCTa CEnTHMA

(e) (eze) (27) (cu) Mo
W Oew/8 Sw'd 4ew/3 3w/2 Swl3 5w/ |lw

Henmamornura

Tlpmma | Cexvuga | Tepuma | - Keunta | Cercra |- Oxtasa
w 90/8 Sw/4 - 3wl2 [Swh3 - 2w |

Jitst KaXK 101 U3 HUX B MPUPO/IE CYIIECTBYIOT BEIIEeCTBA, KOTOPbIE 00/1aaf0T
BBIIIEONTUCAHHBIME cBolicTBaMu. Kakas n3 HUX COOTBETCTBYET NEPUOAMIECKOM
cucreme Memgeneea? DTO TOKHO CTATH MPEAMETOM CIEMMATHEHOTO MCCAET0-
BaHUs JIJIs CIIENUATUCTOB 10 (PU3NIECKON XUMUH, CIEKTPATbHBIM CBOWCTBAM
BemiecTB. Bo3MOXKHO cpem yKazaHHBIX TPEX CTPOeB HeT TakoBoro. Ho moxo-
JKUU MY3BIKQJIBHBIH CTPOil JI0/12KeH ObITH, KOTOPBIH OY/eT co/lepKaTh 9acTOThI
YKa3aHHBIX 31€Chb CTPOEB. qI/ICJ’[O TOHOB BHYTPHU OKTaBbl MO2KET YyBE/JIMNYUBATb-
Cs C POCTOM HOMEPA OKTABBI, HO BCE TMOMO0HBIE TOHA MPEILIAYINeil OKTABHI
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BukBarepunontoe mnpeicTaBieHne aTOMOB 23

B HEll O/IYKHBI IPUCYTCTBOBATH, UTO O0bSICHIAET MOBTOPAEMOCTb XMMUIECKUAX
CBOICTB BEITIECTB B KOJIOHKAX IEPHOINIECKOil cucreMbl MenmeneeBa 1momo0HO
TOMY, KQK CO3BYYHBI U TADMOHUYHBI /)i BOCIPUSTHS 3BYKH OKTAB U aKKOP/IbI,
COCTABJIEHHBIE U3 HUX.

Wcxomst m3 3TOr0, arOMbl MOXKHO HA3BATH MY3bIKAJIHHBIMH 3JIEMEHTAPHBI-
MH YaCTHI[AMH C COOTBECTBYIOIIUME HazBaHuaMu. AToM Bomopoma — 310 "mgo"
1epBoit npupogHoi okTabl. COOTBECTBEHHO ODMKBATEPHUOH K-TO aTOMa B N-Oif
OKTaBe MMeeT BT

1 _. i
Atom™ (1, z) = Le—ionst {sin (k) (COS (k) WM) %} ,
T C C

WnkT

3mech wacrora Kosiebanmii aroma
_ n
Wk = 2" YR WH,,

r7ie Y, — 970 k-biit KoaddunrenT B Tab M€ COOTBETCTBYIONIETO MY3bIKATEHOTO
crpos. i Hero BepHBI BCE BBIMIEIPUBEICHHBIE (DOPMYJIBI /it CHEPUIECKOTO
TAPMOHUYECKOTO IIY/IbCApa C YKa3aHUEM COOTBETCTBYIOIIEN eMy YacTOThI KO-
JiebaHuii.

7 3AKJIIOUYEHUE

CKOJIbKO CYIIECTBYET TaKUX MPUPOAHBIX OKTaB? (QUeBWIHO, HE MEHBIIIE,
4eM YMCJI0 CTPOK B IIEPHOAMYEcKoil cucreme Menjieeesa.

3aMernmM, 9TO HbIHE MPUHATHII B KJIACCHYECKOW MYy3bIKe JIBEHa/ AT~
TEeMIIEPUPOBAHHBIN MYy3bIKAJIbHBIN CTPOii ¢ 12-10 HOTaM1 BHYTPHU OKTaBBLI OPATh
HEJIb34, TaK KaK OTHOHIICHNE YaCTOT IIOC/IeJ0BATE/IbHBIX TOHOB B HEM ABJIACT-
CS IMCJIOM WPPAIIMOHATIHHBIM 21/12 obmrero mepmoga Kosebanmit Iist 1060~
ro HabOpa TOHOB B OKTaBe He CyIIecTByeT. I10IHOTO rapMOHMYHOTO 3BYYaHUs
B 3TOM CTPOe JoOUTHCsT HEIb3st. OO 9TOM XOPOIIO 3HAIOT OPKECTPOBBIE MY3bi-
KaHTBI CTPYHHBIX U JyXOBBIX HHCTPYMEHTOB, 3By YaHNEe KOTOPBIX OIPEIeIsIeTCs
BBIINIEOIINCAaHHBIMN MySLIKaJH)HI)IMI/I CTPOAMMU. KaK MN3BECTHO, IIPpW HECOPpa3Mep-
HBIX JaCTOTaX KOJieOAHMiI BOSHUKAIOT OMEHM.

IlomobHbBIEe MepuoanYecKre CHCTEeMBI MOYKHO CTPOUTH I dJIEeMEHTApPHBIX
rapMOHUYECKUX JIENTOHOB (CIMHOPOB M aCUMMETPUYHBIX I1yJILCAPOB ), J00aB,1e-
HIE KOTOPBIX K ATOMAaM C TO YK€ J9acTOTOi KOebaHmit CO3/1aeT, mo-BUINMOMY,
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24 JI.A. AJIEKCEEBA

n30TONBI 3TUX aTroMoB. [Ipuyem m0baB/IeHEE CIMHOPOB CBA3AaHO C HAMATHUYH-
BaHWeM BellecTBa. MOXKHO CTPOUTH MHOYKECTBO PA3IUIHBIX W30TOIOB C TOM
JKe aCUMIITOTHYECKOH T0THOCTHI0 D' M-3apsina. Kakue u3 HuX CynectByor
B IIPUPOJE — 9TO TOXKEe BOIIPOC CHEIUAJIbLHOI0 3KCIIEPUMEHTAJILHOIO UCCIeN0Ba-
HUA.

OrMmeTuM Takyke, 9TO JAHHOE ONUCAHWE aTOMOB OCHOBAHO Ha IOCTPOE-
HUW pelreHnii ypaBHeHuit cBOOOHOrO 1moJist 3apsinoB-TokoB. [Ipu Bo3AeiicTBUN
BHEIIHUX TI0JIell 3apsibl-TOKU TpanchopMupytorcs. Vx Tpancdopmalius omnu-
cbiBaercs 06061ennbiM ypasHenuem dupaka (cm. [5]). B wacrnocru, npu Bo3-
JeiCTBUH CTAImOHAPHBIX D' M-1101€it cBUraeTcs CrekTp KoyiebaHmii, 9To cie-
JIyeT YIUTHIBATH TIPU HKCIIEPUMEHTAILHOM 000CHOBAHUN PACCMOTPEHHOMN 3/1eCHh
MOJIEJIN.

B nmacrosiee Bpemsi Hanbojiee pacipoCTPaHeHbl U KAHOHU3UPOBAHDI TIPE/I-
CTaBJICHUS JIETKAX W TAKEJIBIX 3JIEMEHTAPHBIX YACTUI] U ATOMOB, TTOCTPOCHHBIE
HA OCHOBE pEeIleHnit ypaBHEHUN KBAaHTOBOi Teopum mojs. bubaunorpadus B
9TOM HAIPABJIEHNN MOJYBEKOBasi U BeCbMa OOIMUpPHasi. 37eCh UCIOJIb3yeM Ha-
3BAHUS [IJIsT TSKEIbIX U JIETKUX YACTUIl, TPUHATHIE B 3T0i Teopuu. OaHAKO,
npecTaBaeHHAs OMKBATEPHUOHHAS MOJE/Ib COBEPIIEHHO WHAs, JeTEPMUHUCT-
CKasi, OCHOBaHA HA ONpPEIe/IeHNN PeaJbHbIX (PUBUIECKUX XaPAKTEPUCTUK JIe-
MEHTAPHBIX YaCTUI] 1 aTOMOB, & HE BEPOATHOCTHBIX.
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Anexceesa JI.A. ATOMJIAPIBIH, BUKBATEPHUOH/IBIK KOPIHICI,
KAPAITATIBIM TAMMA.

DjemeHTap OOJIMIEKTEP/ TYPAKTHI 3JEKTPOIPABUMATHUTTIK TOJKBIHIAD
TYPiHIE CUIATTANTHIH OMKBATEPHUOHIAP/IBIH, HuddepeHIuaiab ajiredpachia-
J1a 3JeKTPOTPABUMATHATTI 3apAATap MeH TOKTapAbIH epKiH opici TeHJIeyiHiH
Jepbec MOHOXPOMATTHIK, IMIEMIMIIEP] TYPFBI3bLIIbL. CKaJsIPJIbl TTOTEHIHAI-
mapaH (myabcapiiap) JKoHe BeKTOpJap/aH (CIUHOPJAp) TYBIHJIANTBIH OCHI
OUTOJIKBIH/IBL TEHJIEYJIED/IiH IIemniMIepidid ekl Kiaackl 3eprreiai. Oapibiy,
ACUMIITOTUKAJIBIK KACHeTTepl KapaCThIPBLIILI YKoHe COJTapAbIH HeTi3iHae oap
aywIp (6030HIAD) KOHE KeHLT (JemToHIap) SIeMeHTap GeIeKTep OOJIbI KiK-
tesired. CyTeri aTOMBIHBIH, OMKBATEPHUOHIBIK KOPIHICI YKOHE OFaH COMKec Ka-
pamaiibiM rapMOHUKAJIBIK, TAMMAHBIH MY3bIKAJIBIK, KATapPhl KAFUIATHI OOBIHIIIA
TYPFBI3BLIFAH TEPUOATHI XKyiieci bepiirew.

Kinrrik cezznep. bukBarepuuon, sjemeHTap O06JileK, KUK, TYPaKThI
DI'M-ToNKbIH, MyJbCap, COUHOP, OO30H, JIENTOH, ATOM, CYTeK, MEPUOJITHIK
JKylie, MY3bIKAIBIK, TaMMa.
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Alexeyeva L.A. BIQUATERNIONIC REPRESENTATION OF ATOMS.
SIMPLE GAMMA

Particular monochromatic solutions of the free field of electro-
gravimagnetic charges and currents in differential biquaternion algebra have
been constructed which describe elementary particles as standing electro-
gravimagnetic waves. Two classes of solutions of this biwave equation generated
by scalar potentials (pulsars) and vector ones (spinors) are studied. Their
asymptotic properties have been researched. On the basis of these properties,
solutions are classified on the heavy and the light elementary particles
(bosons and leptons). Biquaternionic representation of hydrogen atom and the
corresponding periodic system which is built on the principle of the musical
system of a simple harmonic scale, are given.

Keywords. Biquaternion, elementary particle, frequency, standing EGM
wave, pulsar, spinor, boson, lepton, atom, hydrogen, periodic system, musical
scale.
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O PABPEIINMOCTHN MHOT'OTOYEYHOM 3AJTAYN OJIS
HATPY2KEHHOTO JMOPEPEHIINAJIbBHOI'O YPABHEHUN I
B YACTHBLIX IIPON3BOJHBLIX TPETHBEI'O IIOPAJIKA

A.T. AcanoBA, A.E. UMAHYUEB, 2K.M. KAJITUPBAEBA

AHHOTaums. PaccmaTpueaeTcs MHOroTodedHas 3afada Ans HarpyxenHoro audde-
PEHUMANBHOrO YPaBHEHMUSI B HaCTHbIX MPOM3BOAHBIX TPeTbero nopsiaka. Vccnegyercs
BOMPOC CYLLECTBOBAaHUS €AWHCTBEHHOrO KJIaCCUYECKOro peLleHus paccmaTpusae-
MO 3afayy 1 NpeasaratTCsi MeToAbl NOCTPOEHUsi ee MPUBINIKEHHOrO pELLEHUS.
VYcTaHoBNEHbI [OCTAaTOYHbIE YC/IOBUSI OLHO3HAYHOW PA3PELNMOCTN MHOrOTOHEYHON
3aja4y AN HArpY>KeHHOro And depeHLnanbHOro YpPaBHEHNS B HaCTHBIX NPOU3BOAHbBIX
TPETLEro NOpsiAKa B TEPMUHAX UCXOAHBIX JAHHbIX.

KntoueBble cnoBa. HarpyxenHoe auddbepeHumansHoe ypaBHeHWE B HaCTHBIX NpoO-
M3BOAHBIX TPETLErO MOPsiiKa, MHOTMOTOYEYHAsl 3afa4a, Harpy>XeHHble ODbIKHOBEHHbIE
anddepeHLmnanbHble ypaBHEHNS, Pa3pPELLNMOCTb, aaropuTM.

1 BBEJAEHUE, TOCTAHOBKA 3AJAYN

B o6mactu Q = [0,7] x [0,w] paccMaTpuBaeTcs MHOTOTOYEUHAS 3a/1a9a
JLI HArPYKEeHHOTO uddepeHInaaIbHOr0 ypaBHEHUs B 9aCTHBIX MTPOU3BO/THBIX
TPETHErO TOPSIJIKA CIIEIYIOIIEro BH/A:

2

B _ A(t,x>62—“ + ;&@@W + O x)u+ f(t,z), (1)

- ‘ u(ty,r) & A o
> Mj()=— 5=+ D Kj@ultyx) = ¢(x), w0, (2)

J=0 j=
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u(t’ O) =1 (t)v te [07 T]? (3)
WD =), teT) ()

rie u(t, r) — nemspecrrast pyukuus, byukunu A(t, z), Bi(t,z), i = 1,2, C(t, z)
u f(t,z) mempepeBuel Ha €2, 0 < 61 < 6y < T, bynkuun M;(z), K;(z),
Jj=0,m, u p(x) menpepwiBubl Ha [0,w]|, 0 =t) < t] < ... <ty <ty =T,
dbyuximnm 11 (t) u 2(t) venpepsiBro mauddepentupyemsr ma [0, 7).

Oyuxnus u(t,x) € C(Q, R), uMmeiomas 4acTHbIE TPOU3BO/IHBIE Oult,z) €
ou(t, ) Ou(t,x) Ou(t,z)
C(QaR)a - C(Q7R)7 W C(QvR)a W C(QaR)a
O3u(t,z)
“oulor © C (£, R), nasbiBaercs KiaaccudyeckuMm pernenuem 3ajadu (1)—(4),

eC/IM OHA YJIOBJIETBOPSIET HArpyKeHHoMy ypasuennio (1) mas Beex (t,x) € Q,
MHOTOTOYEIHOMY ycsioBuio (2) i Beex © € [0,w] u KpaeBbiM ycaoBuam (3),
(4) nyst Beex t € [0, T7.

MaremaTnaeckoe MOJEINPOBAHIE PA3JINIHBIX ITPOIECCOB SKOJIOrUH, (hu3n-
KW, XUMUU, ONOJIOTUA W JP. TPUBOIUT K MCCICI0BAHNIO KPAEBbIX 3a/a4 /I
muddepennuanTbHbIX YPABHEHUIT B YACTHBIX MPOM3BOJHBIX TPETHETO MOPSI-
ka [1]-[5]. Ocobslit k1acc guddepenipanbHbIX ypaBHEHHIT COCTABIISIIOT HAPY-
Kernble quddepeHnuaabHble ypaBHeHNs B 9aCTHBIX TPOU3BOAHBIX [2], [3], [6]—
[9]. B 3aBucuMoCcTH OT IPUMEHSIEMOIO METOJIA YCJIOBHS PA3PEIIMMOCTH JIOKAJIb-
HBIX M HEJOKAJIBbHBIX 3a/a4 JJis HarpyzKeHHbIX MuddepeHagbHbIX ypaBHe-
HUIT TOJIyYeHbl B PA3/IMYHbIX TEPMUHAX.

B nacrosimmeii pabore MCCIeay0TCst BOTPOCH! CYIIECTBOBAHNS KJIACCHIECKO-
IO PeIeHnsl MHOTOTOYETHOM 3a1a41 IS HArpyKeHHOro uddepeHmaIbHoro
YPaBHEHUSI B YACTHBIX MPOU3BOJHBIX TpeThero mnopsaka (1)—(4) n npemnara-
IOTCS METOJIBI TIOCTPOEHNS €€ TIPUOIMZKEHHOTO PEIIeHns. YCTaHOBIEHBI JOCTa-
TOYHBIE YCJAOBUS CYyIIECTBOBAHWS M €JIMHCTBEHHOCTH KJIACCHMYECKOTO PENIeHMst
MHOTOTOYEYHON 3a1a491 /I HArPY2KEeHHOro AudGepeHnnaasHoro ypaBHeHIs
B YaCTHBIX IPOM3BOJAHBIX TPETHLETO MOPAIKA B TEPMUHAX MCXOJHBIX JAHHBIX.
C momompio omoTHUTETbHBIX HOBBIX Gynkrmit [10], [11] paccmarpuBaemas
3a/1a49a CBOAUTCH K 9KBUBAJICHTHON 3a/ia4e, COCTOANIEH n3 ceMeiicTBa MHOIOTO-
YEeUHBIX 3319 [T HArpPyKEHHBIX OOBIKHOBEHHBIX JAuddepeHnnaabHbIX ypaB-
HEeHUi MepBOro nops/ka ¢ MyHKIMOHAJLHBIM HAPAMETPOM M MHTErPAJIbHOTO
coorromenns. [Ipesnoken aaropuT™M HAXOMKIEHWs TTPUOINIKEHHOTO PENTeHNst
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HCC/IelyeMOli 3a/1a4n 1 JJ0Ka3aHa ero cxoaumocTs. [Ipu ycranosienun yciosuit
Pa3peIIMOCTH CeMeiiCTBa MHOTOTOYETHDIX 33124 JI/Isl HArPYKEeHHBIX OOBIKHO-
BeHHBIX [ depeHInaabHbIX YPABHEHNI TTEPBOr0 MOPSIIKA UCIOIE30BAHBI Pe-
3yapTarsl pabor (8], [11].

2 CXEMA METOJA 1 CBEJEHHNE K SKBUBAJIEHTHO SAJJAYE
O*u(t,z)

Beesem HOByI0 HenssecTHyio dyukuuio v(t, x) = o2 (t,z) € Q.
x

Torna 3azaqa (1)—(4) nepeiizier K SKBUBAIEHTHON 3aja4e CJIEYIOIEro Bu/a;

ov 2

5 = Alt.x v+;B (t,2)v(0;, ) + C(t, x)u + f(t,z), (5)
ZMJ v(t;,x) + ZK u(tj, z) = ¢(z), x € [0,w], (6)
7=0

u(t, ) = n () + walt / / (1, &1)dé de. (7)

Yenosus (3) u (4) yurensl B unTerpasbHoM coorHomenun (7).

Pemmennem 3amaun (5)—(7) naspiBaercs napa dyuxmuit (v(t, x), u(t, x)), rue
dbyukuug v(t, z) € C(£2, R) nmMeer npou3BoIHYIO &zgféx) € C(Q, R), ynosie-
TBODSIIOIIAs HAIPYYKeHHOMY ypaBHenuto (5) st Beex (t,z) € (2, MHOrOTOUEH-
HOMY ycaoBuio (6) st Beex o € [0,w], a byuknus u(t, x) cesa3ana ¢ hyHKIMEdH
v(t, x) narerpanbabiM coorHoneHneM (7).

Bamaun (1)—(4) u (4)—(7) sxsusanenrusl. Eciau dbyukuus u(t, ) asisercs
kaccuueckuM pemenunem 3agaqau (1)—(4), o mapa dynkumit (v(t, x), u(t, x)),
0%u(t, )

)
pa dbyukuuii (v(t, z), u(t, z)) asagerca perrenuem 3amaun (5)—(7), To dbynkusa
u(t, ) Oyner kiaccuueckuM pertenneM 3aaa4au (1)—(4).

IIpu dukcuposanuom u(t, z) 3amaga (5), (6) sBiagerca cemeiicTBOM MHO-
rOTOYEYHBIX 3314 JijIsi HArPY?KEHHBIX OOBIKHOBEHHBIX AndbepenmanbHbIx

rae v(t,z) = , byer pemennem 3anaan (5)—(7). VI maobopor, ecim na-

YPaBHEHHI [epBOro mopsijika. Ilepemennast & urpaer posib mapameTpa ceMeii-
crBa MHOrOTOYe4HbIX 33184 (5), (6) 1 HEIPEPHIBHO U3MEHSETCs Ha, IIPOMEXKYT-
ke [0,w]. TIpn dukcuposannbix z € [0, w] nMeeM MHOTOTOYETHYIO 3aa9y JIst
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HarpyKeHHOr0 0OBIKHOBEHHOTrO AudHepeHnnaibHOr0 ypPaBHEHUs TEPBOTO I10-
psIKa.

3 AJIPOPUTM HAXOXK/IEHUSI PELIEHUA 3A1AYM (5)—(7)

Eciu u3Becrna dynkims u(t, ), To u3 cemeiicTBa MHOIOTOYEYHBIX 33124
JIJIsi HAPYKEHHBIX OOBIKHOBEHHBIX JAuddepeHinajibHbIX YPaBHEHUI IEPBOr0O
nopsizka (5), (6) maxomum dbyuknmo v(t, z). Ecam nszsecrna dynkums v(t, x),
TO W3 MHTErpajbHOro coorHommenus (7) ompenensem dbynkuuio u(t,z). Tax
KaK HEW3BECTHBIMU SBIAIOTC Kak pynkuus u(t, x), tak u dbynkmms v(t, x),
IPUMEHSIETCS UTePAIMOHHBIN MeTos U pertenne 3agaun (5)—(7) — napa dyHK-
muit (v*(t, ), u*(t,z)) — onpemensieTcs Kak Npees MOC/AeI0BATETLHOCTH Map
byuxmmit (vF) (¢, ), u®) (¢, 2)) mo cremyiomemy amropury.

I-mar. Ucnonssyem smauennme dbyuknum u(t,x) npm x = 0. Ilomaras
uO(t,2) = 91 (t) B upaBoit yacTu HArpyKeHHOro ypasuenusi (5), B MHOIO-
TodeqHoM yciaoBun (6) m pemras cemeiicTBO MHOroTodedHbIXx 3amad (5), (6),
naxoaum nepsoe upubixenue v (¢, ) pus Beex (t,x) € Q. U3 unrerpaiis-
noro coornomenns (7) npu v(t,z) = v (¢, z) onpenensiem uV (¢, x) must Beex
(t,x) € Q.

2-mar. Tlonaras u(t,z) = u") (¢, ) B npaBoil 4acTH HAIpYKEHHOTO ypas-
Henust (5), B MHOroTouedHoM ycsiouu (6) u perasi ceMeiicTBO MHOIOTOYEUHBIX
samad (5), (6), maxommm Bropoe mpubmmkenme v (¢, x) mnsa Beex (t,x) € Q. U3
unTerpaibaoro coornomenus (7) upu v(t, z) = v3 (¢, 2) onpenensiem u (t, z)
s Beex (6, x) € Q.

" rak gagee.

k-mar. Tomaras u(t, z) = u* =1 (¢, 2) B npaBoit vacTi HATPYKEHHOTO ypaB-
Herns (5), B MHOTOTOUEYHOM ycsioBuu (6) U permast ceMeiicTBO MHOTOTOYEUHBIX
sagaa (5), (6), naxomum k-oe npubmmzkenue vF) (¢, ) s Beex (t,x) € Q. U3
urTerpabHoro cootromenus (7) mpu v(t, x) = v*) (¢, z) ompenensen u (¢, z)
Juist Beex (t,x) € Q.

k=12, ..

Takum 00pa3om, UTEpPaIMOHHBIN TPOIECC CTPOUTCH B CJIEILYIOIIUM BHJIE:

u(O) (t7 (L’) - 1/}1 (t)a

Av(k)
Ot

2
= A(t,z)o® + Z B;(t, z)v ™ (0;, z) + C(t, 2)u* Y + f(t,z), (8)
=1
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ZMJ tj,x ZKJ t],:c) ze0,w], (9)
Jj=0 7=0
WB(t, 2) = 1 () + ehalt) / / )1, ¢1)dérde. (10)
k=1,2,3,... .

4 YCI0BUSA PABPEIINMOCTU 3AHAYN (5)—(7)

PaccmoTpuM cemeiicTBO MHOTOTOYEUHBIX 33149 ISl HATPYKEHHOTO OOBIK-
HOBEHHOTO I depeHnaaIbHOr0 yPaBHEHUST

2

ov
a —A(t,x)v+;Bi(t,x)v(9i,x) +F(t¢$)7 (11)
> Mi(@)v(ty,z) = 2(z), x€0,u], (12)
§=0
rie dbyuknuu F(t,x) € C(Q, R), ®(z) € C([0,w], R).
t
Oyuxusa v(t,z) € C(, R), uMmeromast 9acTHyI0 MPOU3BOIHYIO (%é:;x) €

C (2, R), naspiBaercs pemenunem 3agaun (11), (12), ecou ona yaoBieTBopsier
narpyzxennomy jauddepennunansaomy ypasuennio (11) jgia seex (t,x) € Q,
MHOroTO4Yeq9HOMY yeaosuto (12) g Beex x € [0, w].

Beenem 0603nauenust:
t
= /A(T x)dt
0

b(t,x) = e“(t’m)/e_“(T’m)Bl(T,x)dT,

ba(t,x) = ea(t’x)/e_“(T’x)Bg(T,x)dT.
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TrOPEMA 1. ITycrs
i) pynknuu A(t,x), B ( ) = 1,2, u F(t,x) menpepsiBHbI Ha §);
ii) pynkuun Mj(z), j = O(x ) HerpepbiBHBI Ha [0, w];
iii) pyHKIIHA
A(z) = [1 = b1 (02, 2)]b2(01,x) — [1 — b1 (01, x)]b2(02, ) # 0 gusa Beex x € [0, w];
iv) ¢y
Q) = 3 Mya)e"®) 4 35 My(a) {bn (1, ) POSDIE Gl Cah 0y
j= Jj=

+b2(tj, ) [1—b1(91,x)]e“(92’Zz[;—bl(ez,x)]ea(gm) } 20 s peex a € 0,0,

xT

Torma cemeiicTBO MHOTOTOYEUHDBIX 3a/4a9 JJIsT HArPyKEeHHOT'0 quchbgepeniin-
anpHOro ypapuenns (11), (12) nvmeer equncTBeHHOE pelieHue.

HoxazaTeabcTBO TeopeMbl aHATOTUIHO cxeMe JoKa3aTeabcTBa Teopemsr 1
u3 [8] u [11].

Crenytoriee yTBep:K/I€HUE JAeT yCJIOBUsSI CXOIUMOCTU TOCTPOEHHOI'O BBI-
e aJiropuTMa, KOTOPhi€ OJJHOBPEMEHHO ABJIAIOTCA yCJIOBUAMU CyIIECTBOBAHUA
€IMHCTBEHHOTO perenns 3a1a4n (5)—(7).

TEOPEMA 2. Ilyctp

1) ¢ynxnun A(t,x), Bi(t,z), i = 1,2, C(t,x) u f(t,x) nHeupepsiBubr Ha §);

2) ¢yukmnun Mj(z), K;(x), j = 0,m, u p(x) HenpeprBubl Ha [0, w|;

3) byukmum 11(t) u 9(t) menpepoiao guppepenupyemor ua [0, T);

4) BpimosHens! ycropus iii)-iv) Teopemsr 1.

Torma mHOrOTOYEYHAS 3a/a4a JJIs HArpyKEHHOro gucgdepeHnaibHOro
YPaBHEHHS B 9aCTHBIX IIPOU3BOIHBIX C (DYHKIHOHAJIHHBIM MAPAMETPOM H HH-
rerpajibHbiMu yciaoBusMu (5)—(7) umeer equHCTBEHHOE peleHue.

JloKa3aTe/bCTBO TEOPEMbBI TPOBOUTCA Ha, OCHOBE BBIINICNPHUBEICHHOTO aJl-
rOPUTMa C y9I€TOM OJHO3HAYHOI pa3pemmMOCTH CEMEHCTBA MHOIOTOYEYHBIX
3a1a4 T HArpykeHHoro auddepennuanibuoro ypasuenus (11), (12).

5 OCHOBHOW PE3VJILTAT

TEOPEMA 3. Ilyctp

(a) pyuxaun A(t, ), Bi(t,z), i =1,2, C(t,z) u f(t, ) HenpepriBHBI Ha );
(b) pynrnun M;(x), K;(x), j = O m, u ¢(x) HenpepsiBHET Ha [0, W];
(c) byaxmum 1(t) n (t) renpepbiBHO auchgpepennmpyemnr ma [0, T);
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(d) crpaBesyner Hepapencrsa iii)-iv) Teopembr 1.

Tora MHOroTOYEYHAS 3ajada JIs HATDYKEHHOTO JH(OEPEeHIHATBHOIO
YDaBHEHHSI B YaCTHBIX IIPOM3BOJHBIX Tperhero nopsaka (1)—(4) nveer eimun-
CTBEHHOE KJIACCHYECKOE DEIICHHE.
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AcanoBa A.T., Nmanunes A.E., Kagupbaesa 2K.M. YIITHIIIT PETTI
JEPBEC TYBIHABI/IBl 2KYKTEJI'EH JUOOEPEHITUAJIIBIK TEH-
JEY YIIIH KOITHYKTEJII ECEIITIH ITEMILJIIM/IITT TYPAJIBI

Ymiammi perti gepbec TYBIHABLIBI XKYKTeAreH auddepeHnnaiibK TeHIey
VITiH KOTHYKTEJ ecell KapacThIPhLIadbl. KapacThIPLIIBIT OTHIPFaH €CeNTiH
JKAJIFBI3 KJIACCUKAJIBIK TIeITiMiHiH 6ap 60/1ybl Mocereci 3epTresiei KoHe OHbIH
JKYBIK TIEITMIH TYPFBI3Y 9/1iCTepi YChIHBLIABI. Y IIHIIN PETTi fepOec TybIHIbI-
JIb KYKTEeareH auddepenuaiablK, TeHIey YIMiH KOMHYKTE I ecenTin 6ipMoH-
JI IIeITiMITIN HIH 2KeTKIIIKT] maprTapbl 6acTankbl OeplIiMaep TepMUHIHIe
TaraibIHIAIFaH.

Kinrrix cezaep. Yuriatm perti mepbec TybIHABLIB KyKTeAreH quddepen-
[IHAIIBIK TeHIeY, KOIMHYKTE ecell, XKYKTeIreH Kol auddepeHmaaibk TeH-
JeyJiep, MeNTIiMILNK, aJTOPUTM.

MATEMATUYECKUI KYPHAJI. — 2018, — T. 18, Ne 1



O paszpermmmMocTit MHOIMOTOYEYHOM 3a/1a9u JIJIsl HAIPYKEHHOTO ... 35

Assanova A.T., Imanchiyev A.E., Kadirbayeva Z.M. ON THE
SOLVABILITY OF MULTI-POINT PROBLEM FOR THE LOADED
THIRD ORDER PARTIAL DIFFERENTIAL EQUATION

A multi-point problem for the loaded the third-order partial differential
equation is considered. The question of the existence unique classical solution
of the considered problem is investigated and methods for the constructing
its approximate solution are proposed. Sufficient conditions for the unique
solvability of multi-point problem for the loaded third-order partial differential
equation are established in the terms of the initial data.

Key words. Loaded third order partial differential equation, multi-point
problem, loaded ordinary differential equations, solvability, algorithm.
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DP-RANK IN DIFFERENT CLASSES OF THEORIES

B.S. BAIZHANOV, S. BAIZHANOV, A. MUKANKYZY

Annotation. In the first part of the paper there are two notions: theory with dp-rank
w and theory with dp-rank infinity. We give the example of w-stable theory with
dp-rank w and prove that any theory with dp-rank infinity is non-superstable. In
the second part, we consider the family of relations of equivalences. We introduce
the notion of family of relations of equivalences of depth n and prove that any
family of relations of equivalences of depth n has dp-rank more or equal to n.
Moreover we give the definition and example of uniformly definable family of relations
of equivalences of depth w and prove that such family determines Independent Property.

Keywords. Trees of formulas, dp-rank, independent property, superstable theory,
relation of equivalence.

INTRODUCTION

In this article we will give a notion of a family of relations of equivalence
of depth n and consider theories of dp-rank w and infinity. We will use the
properties of superstability and independence introduced by S. Shelah [1] and
dp-rank, from P. Simon’s article [2].

DEFINITION 1 [1]. A formula ¢(Z,y) has the independence property if for
every n < w there are sequences a;(I < n) such that for every w C n,

SIERIVARE A=A}

I<n
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T has Independence property (IP property) if some formula ¢(z,y) has
independence Property.
THEOREM 1 [1]. The following are equivalent.
(1) T is superstable , i.e. stable in every large enough A (in fact X\ > 2/T1).
(2) T is stable in some A for which A7 > ).
(3) R'[z =z, L, (2Th*H] < |T|*.
(4) For some m < w, R™(z =z, L,00) < 00.
(5) T is stable and D' (z = z, L, |T|T+) < |T|*.
(6) T is stable and for some m < w, D"™(Z = &, L,c0) < o0.
From this theorem it follows that, if the countable theory T is superstable,
then in T does not exist inifinitly branching tree of formulas with one formula
in each level.

DEFINITION 2 [2]. A theory T has dp-rank > n, if there are formulas ¢1(z,7),
©2(2,9), -, pn(z, ) and mutually indescernible sequences (a})i<w, (@2)icw, -,
(@")i<w, such that for any function o : {1,...,n} — w the type

{or(w,aly) - k < nyU{-~px(z,af) :i # (k) k < n}
IS consistent.

DEFINITION 3. A theory T has dp-rank w, if for any n < w T has dp-rank >
n.

PROPOSITION 1. There exists an w-stable theory with dp-rank w.
PRrROOF. Consider the structure M = (M;=, P}, P3,..., Pl ... E, jln < w,
1 < j <n). The universum M = J,,_, Q" P(M) = Q" for any n > 1.
Let (a1, ...,ap), (b1, ....;b,) € Q" C M then for any 1 < j <n
m ': En,j((al, . ,an), (bl, e ,bn)) <~ Q ): a; = bj.
Rank Morley at each P!(x) is equal to n. So, rank Morley at = = is equal

to w and consequently, theory is w - stable. O

DEFINITION 4. A theory T has dp-rank infinity, if there is countable
set of formulas ¢i(x,y),p2(x,y),... and mutually indescernible sequences
(@})i<w, (@3)i<w, ... such that for any function o : w — w the type

fon(e,abgy) b < w} U {on(wal) i # o(k), k< w)

IS consistent.
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THEOREM 2. If theory T has dp-rank infinity, then T' is non-superstable.

PROOF. Let A be infinite cardinal. Then there is cardinal g > A, such that
u® > p. Show that T is not p-stable.

Let MM = (M; %) be a model of theory T'. Consider a formula z = z, from
the definition of dp-rank infinity, we can divide it into countable number of
definable sets by {@1(x,a;) A7 p1(2, @j+£i)1<j<w }1<i<w, €ach of this definable
sets can be divided into countable number of definable sets by {@a(z,a;) A™
©2(,j£i)1<j<w 1<i<w and so on. Where {¢;(z, ")} are fromulas from the
definition of dp-rank.

Now consider an extension of theory T by new constants defined as follows:
C = {c}|length ¢§ = length §",6 < p}. It follows from the definition that
|[UC| = u. Consider the following set of sentences I'(C') in the language
Y(C)=XUC:

I(C) = {3z] /\ ©n; (x,é?jj) A /\ "On; (a:,égjj(lj))],

1<j<k 1<j<k;1<l;<m;
mj <w,k<w,ng <...<np<w,i,...,0, < p}

To prove that T'UT'(C) is consistent set of sentences we can take in quality
of interpretation of ¢§ elements a;. Consider a model M (C) of theory T'(C).
M(C) = IT'(C), thus M(C) has p* types. If we consider reduction of model
M(C) to the signature X: M(C) | 3 we get a model (M) of theory T', whcih has
u® types for sufficiently large p. T is not p-stable. For any A there exists p > A,
such that 7" has u“ types over set of cardinality p, thus T' is non-superstable
theory. U

DEFINITION 5. We say, that a model 911 has a family of definable relations of
equivalences F = {E? | i € I'} of depth > n, if the following holds:

1. There exists a definable set such that for any i € I, Ef(x, y) is definable
relation of equivalence that determines a partition of the definable set
into infinite number of classes of equivalence.

2. Any two classess of different equivalence relations have non-empty
intersection.

3. Conjunction of any number of different relations of equivalences less than
n does not generate trivial relation of equivalence.
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We say, that a model M has a family of relations of equivalences of depth n,
if it has a family of relations of equivalences of depth > n and does not have
family of relations of equivalences of depth > n + 1.

We say that a model 9 has a family of relations of equivalences of depth
w if (3) holds for any n.

ExaMPLE 1. We give the example for the family of relations of equivalences of
depth 1 of model 9 = (R x R; =, +, -, E? B3, E3, E2), where R = (R; =, +),
m ): El((a7 b)7 (Ca d)) <R ): a =g,

m ): EQ((CL’ b)? (C, d)) <R ): b=d,

M = Es((a,b),(c,d) ©RETz(a=b+2)A(c=d+ 2),

M = Es((a,b),(c,d)) © RE=Fzla=-b+2)A(c=—d+2)

and conjunction of any 2 relations of equivalences is trivial and each of them
is non-trivial.

PROPOSITION 2. Model of theory with a family of relations of equivalences of
depth > n has dp-rank > n.

Proor. Consider a model 9t with a family of relations of equivalences of depth
> n. By Ramsey theorem we can build an indescernible sequence {dzl} such that
for some E;, (z,y) all elements of this indiscernible sequence lie in the same class
of equivalence. Now using Ramsey theorem again, we can find an indiscernible
sequence over 9U{a; } such that for some E;, (x,y), where iz # i1, all elements
of this indiscernible sequence lie in the same class of equivalence. Continuie this
way we can build > n mutually indiscernible sequences. From the definition of
family of relations of equivalences follows that type in definition of dp-rank is
consistent. Thus model 9t has dp-rank > n. g

DEFINITION 6. We say that family of equivalence relations F' of depth w is

uniformly if there is a formula E(z,y,Z) such that for any i € I there is q;
and E;(z,y) = E(z,y,&;).

COROLLARY 1. Model of theory with a family of relations of equivalences of
depth w is non-super stable.

THEOREM 3. Any of theory with uniform family of equivalences of depth w
has IP property.
PRrOOF. Consider a theory T" with a uniform family of equivalences of depth
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w. Fix some element a and consider F(z,a, 1) it splits our universe into two
sets E(z,a,a1) and "E(x,a,a1).

Now consider E(z,a,as2) from the (2) of definition it is consistent with
E(x,a,a7). Consider "E(z,a,as9) it is all classes by this equivalence relation
except E(z, a, ap). From (2) it follows that for any b; conjunction of equivalence
relations is non-empty | JxE(z,b1,a2) A E(x,a,a1), thus E(z,a,a1) and
"E(z,a,as) is consistent.

Now consider "E(x, a, aq) it is all classes by this equivalence relation except
E(z,a,a1), from the (2) of definition it is consistent with E(x, a, az). Consider
"E(x,a,a) it is all classes by this equivalence relation except E(x,a,as).
From (2) E JzE(x,b1,a2) A E(x,be, 1), thus "E(z,a,a1) and "E(z,a, as) is
consistent.

By (3) E(z,a,a1) A E(x,a,ag) is non-trivial relation of equivalence. It can
be splitted as earlier. Thus we have infinite 2-branching tree with formula
E(z,a,y) and a constants aq, g, ... on each level. It means that 7' has IP
property. O

In the end of the paper we present natural example of theory T with
at uniformly family of relations of equivalences of depth w. E. Bouscaren
[4] considered an expansion of a Model 9 = (M;X) by unary predicate P.
Mt = (M; 1), where X7 = S U {P}. PY(M*T) = A C M, such that A
is not definable in . She gave an example of expansion with three elements
ai, a9, 03 € M\ A, such that tp(o;|A) = tp(oj]|A) and tp*(a;|A) # tp* (o] A),
where 1 < i # j < 3, where 1 < i # j < n, where tp*(a|A) is tp(a]|A) in
language XT.

Baizhanov-Baldwin-Shelah [5] constructed examples with finite number of
elements a1,...,a, € M\ A, such that tp(a;|A) = tp(a;|A) and tp*(ou|A) #
tp*(aj|A).

The following example has infinite number of elements ay,...,ay... €

M \ A, such that tp(a;|A) = tp(e;|A) and tp*(ou]|A) # tp*(a;|A), where 1 <
i#j <w.
EXAMPLE 2. Comsider model M = (N¥ U N;=,S! E3(x,y,2)) where
E3(z,y,2) is defined as follows: MM | E3(a,b,n) & N | a, = b, and
S(OM) = N¥. From the definition it follows that {E3(Z, 7, n)}new is a uniformly
family of equivalence relations of depth w. And theory of this model has IP
property.
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Let A = {(1,2,3,4,...n,..),(2,3,4,...),(3,4,5,...), ... (n,n + Ln +
2,..),...t = {ai,ag,...,an,...}. For any ni,nas € N types tp(ni]A) =
tp(na]A), ie. M =" E(a;,aj,n1) and M =" E(a;,aj,n2) for all 7,j. Now
consider an expansion P(Z) such that P(9t) = A. In this case tp*(n1]|A) #
tp*(na|A), because M = I713To...3%,, CE3 (T4, %5,t) A VY(E3(Zi,§,t) —7
P@)) A (V2((E3(z,9,t) =~ P(y)) = (\V; 2= ;))) denote this formula ¢y, (t)
then gy (£) € tp*(m1]4) and g, (£) & 19" (3] A).

We can see that: tp(a|A) = tp(B|A) and tp*(a]A) # tp*(5|A).

There is still an open question: is there exists a model of stable theory
with infinite number of elements a1,...,q, ... € M \ A, such that tp(a;|A) =
tp(ej|A) and tp*(a;|A) # tp*(a;|A), where 1 < i # j < w?
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Baitxamos B.C., Baitzkanos C., Mykankszer A. TEOPUAHBIH OPTYPJII
KJIACTAPBIHIAT Bl DP-PAHT

MaxasianbiH Oipintii 6eJ1iriaae exi yrbim 6ap: dp-pasrst w 60/1aTHIH TEOPHs
xoHe dp-paHrsl 1mekci3 601aTeiH Teopusi. dp-PaHTbl W — TYPAKTHI TEOPUSHBIH
MBICAJIBIH KeaTipeMis »koHe dp-paHrbl mIeKi3 00JIaThIH Ke3 KeJTeH TeOPHUSHBIH
CyHnepTYPaKThl eMec eKeHirin jaJiesgeiimis. Exiami Gesiringe napa-napJibik,
KATBIHACTAPBIHBIH OYJIETIH KapacThIpaMbl3. Teperiri n 60/1aThiH Tapa-mapJbik
KATBIHACTAPBIHBIH, Oy/I€TI YFBIMBIH €HII3eMIi3 YKOHE TePEHIiri n 00JIaThiH mapa-
MapJ/IbIK KATBIHACTAPBIHBIH K3 KeJIreH 9y IeTiHiH dp-paHrbl n-HeH Y/IKEeH HeMece
n-re res, 0oJaTbIHbIH JpJeieiimiz. Oran Koca, TepeHjir w OosarbiH Hapa-
MapJ/IBbIK KATHIHACTAPHI OIPKAJIBINITH aHBIKTAIATHIH DYIeTTIH aHBIKTaMACKIH Oe-
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peMmi3 YKoHe OCBHIHJIAM DYJIeT TOYEJCI3/IIK KACHeTiH aHbIKTAUTBIHBIH JpJIe 1 Iei-
Mi3.

Kinrrix cezgep. ®opmynanap aramrapsl, dp-paHT, TOYeJICI3AiK KacueTi, cy-
NePTYPAKThI TEOPU, TTapa-NapJIblK KATHIHACHI.

Baitxkanos B.C., Baikanos C., Mykankeier A. DP-PAHI' B PA3JINY-
HBIX KJIACCAX TEOPUU

B mepBoit wacTtn craThn TPUBEIEHBI ABA MOHSTHUS: Teopus ¢ dp-paHToOM w
u Teopusi ¢ dp-panroMm 6eckonedHOCTh. Jlan mpumMep w — CTabWIHHO TEOPUH C
dp-parToM w m J0Ka3aHO, 9TO JII0bast Teopusi ¢ dp-paHroMm OECKOHEIHOCTH He
cynepcrabusibHa. Bo BTopoit 4acTu Mbl pacCMaTpUBaeM CEMENCTBO OTHOIIEHUT
9KBUBAJIECHTHOCTU. BBeﬂeHO IIOHATHE ceMelicTBa OTHOIIEHUNA SKBUBAJIEHTHOCTH
DIyOWHBI N ¥ JOKA3aHO, 9TO JIH0O0Ee CeMefiCTBO OTHOIIEHW 3KBUBAIEHTHOCTH
rayounsl n umeer dp-pasr, GoabIuii uin paBHbIN n. Kpome Toro, mMbl maem
ompesieJIeHre PABHOMEPHO ONPEAEIAEeMOro CEMENCTBA OTHOIIIEHNIT SKBUBAJICHT-
HOCTHU TJIYOUHBI W U JTOKA3BIBAEM, UTO TAKOE CEMENCTBO OMPEIESIeT CBOMCTBO
HE3aBUCUMOCTH.

Kurouesnre ciioBa. [lepeBbst popmysi, dp paHr, CBOIICTBO HE3ABUCHUMOCTH,
cynepcrabuibHble TEOPUU, OTHOIIEHNE YKBUBAJIEHTHOCTH.
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MAXIMUM PRINCIPLE AND ITS APPLICATION FOR THE
SUB-DIFFUSION EQUATIONS WITH CAPUTO-FABRIZIO
FRACTIONAL DERIVATIVE

M. BoRIKHANOV, B.T. TOREBEK

Annotation. A weak maximum principle is established for a sub-diffusion equation
involving the Caputo-Fabrizio fractional derivative. As applications, it is used to prove
the uniqueness and the continuous dependence of a solution on the initial data.

Keywords. Sub-diffusion equation, maximum principle, Caputo-Fabrizio derivative,
fractional differential equation.

1 INTRODUCTION AND STATEMENT OF PROBLEM

Let a, a and T be positive real numbers with 0 < o < 1. Let us consider
the following fractional diffusion equation:

9% -
ug(x,t) = @Dtl “u(z,t) + F (z,t), (z,t) € (0,a) x (0,77, (1)
subject to the initial and boundary conditions
u(@,0) = (), € 0,a], o)
w(0,t) =u(a,t)=0,0<t<T,

and ¢ (0) = ¢ (a) = 0, where the functions F (z,t), ¢ (x) are continuous and
D¢ is a Caputo-Fabrizio fractional derivative (see Section 2).

If o = 1, we have DYu = u, then equation (1) coincides with the classical
heat equation

ug(x, 1) = Uge(x,t) + F(x,1), (x,t) € (0,a) x (0,T].
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The heat equation also describes the diffusion process. So, the equation of
the form (1) with fractional derivatives with respect to the time variable is
called the sub-diffusion equation [1]. This equation describes the slow diffusion.
When a = % the equation was interpreted by Nigmatullin [2] within a
percolation (pectinate) model. The solution (in an unbounded domain in the
space variable) was investigated by Mainardi |3| and others by means of integral
transformations.

The problem (1)—(2) having a solution implies u; (z,t) exists. Thus for
any 0 < a < 1. D} “u(x,t) exists for t > 0. Hence, a solution u (z,t) of
the problem (1) and (2) in the region [0,a] x [0,77] is a (classical) solution in
C ([0,a] x [0,T]) N C?! ((0,a) x (0,T)).

Maximum principles were given in [4], [5], [6], [7], [8], [9] for the types of
fractional diffusion equations different from (1). For the maximum principles
given in [6] to hold, existence of a classical solution (with existence of a solutions
u; on the closed time interval [0,7]) is assumed. In [9], the assumption of a
solution with existence of a continuous u; in (0,7] such that u; € L'[0,T] is
made.

2 SOME DEFINITIONS AND PROPERTIES OF FRACTIONAL OPERATORS
In this section, we state compile some basic definitions and properties of
the Caputo-Fabrizio fractional derivative.

DEFINITION 2.1 [10]. Let 0 < o < 1, and f € H*' (a,b). The Caputo-Fabrizio
fractional derivative of order « is defined by

Du(t) = - 1 ~ /texp (‘1_0604 (t— s)> £ (s)ds.

DEFINITION 2.2 [11]. Let @ > 0 and f be a real function defined on [a,b] . The
Caputo-Fabrizio fractional integral of order « is defined by

t

Io‘f(t)—(1—a)f(t)+a/f(s)ds, s>a.

a
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PROPERTY 2.1 [11]. Let o € (0,1), it holds

I°D%u (t) = u (t) —u(a).

LeEMMA 2.1. Let a function f (t) € H' (0,T). Assume that f'(t) exists and is
continuous for t € [0;T] .

a) If f (t) attains its maximum value over [0; T] at a point ty € [0,T], then
for0<a<1

e 5" (f (to) — £ (0)) > 0. (3)

D*f (t0) >

b) If f (t) attains its minimum value over [0;T] at a point to € [0,T], then
for0<a<1

DOf (to) < e 15" (f (to) — £ (0)) < 0. (4)

1—«a

PROOF. To prove Lemma 2.1, a) we define the auxiliary function

g(t)=f(to) = f(t), te0,T].

Then it follows that ¢ (t) > 0, on [0,7], g (to) = ¢’ (to) = 0 and D% (t) =
—D%f (t). Since g € H' (0,T), then ¢’ is integrable and integrating by parts
we have

to
Drgte) = —— [ /()= Tar =
0
to
_ 1 < (to—T7) to) _ - -1 (to—7) 7 _
_1—01(6 1 g(T)0> (1_a)20g(7')e 1 dr =
1 i
[} (8% e}
= to) — e Tag(0)) - ——— “12a(to=T) g
L (t0) — e T5(0)) (1_@20/9(7)6 .

Since g (t) > 0 on [0,7], the integral in the last equation is nonnegative,
and thus
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]. o
e T-a'0g(0)

D (10) < = (9 (10) — e 59 0)) =

=L e (f () — £ (0)).

l—«

1—a

The last inequality yields

D flto] < e T (f (1) — £ (0)),

—

which proves the result.
By applying a similar argument to — f (¢), we obtain Lemma 2.1 b).
3 MAIN RESULTS

() > 0, u(0,t) =0 =

THEOREM 3.1. If u(x,t) satisfies (1), u(x,0) = ¢
x (0,7, then u(x,t) > 0 for

u(a,t), and F (z,t) > 0 for (z,t) € (0,a)
(x,t) € [0,a] x [0,T].
PROOF. For any € > 0, let

v(x,t) =u(x,t)+ et.
Then vy = u; + ¢, v (0,t) = v (a,t) = et >0 for ¢t > 0 and v (z,0) = ¢ (x) for

x € [0,a]. Since

t
Dtl_aat = l /e_laa(t_s)eds = % [1 — e_%t} ,
a —«
0

D} ™% (z,t) = D} (x,t) + D} et =

= Dtl—au (.:U,t) + L |:1 _ 60‘7*1151| ,

11—«
we get
0? 0?
@Dtl_a’l) (LU, t) = ng_au (.’1:, t) .
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Hence, v (z,t) satisfies the problem

v = %D}_O‘v (x,t) + F (z,t) + ¢,
v(x,0) =¢(x) >0, z€]0,a],
v(0,t) =v(a,t)=¢et>0,t>0.

Suppose that there exits some (x,t) € [0,a] x [0,T] such that v (z,t)

Since

v(x,t) >0, (x,t) € {0,a} x [0, 7] J[0,a] x {0},

< 0.

there is (xo, o) € (0,a) x (0,T] such that v (xo, o) is the negative minimum of

v over [0,a] x [0,T]. It follows from Lemma 2.1 b) that

1—a
e b0

Dtl_av (.%'0, to) <

(v (zo,t0) — v (20,0)) =

11—« -«
e a o —a to

= (@, to) — o (a0)) <

v (.%'0, to) < 0.

()

Let w(z,t) = Df ~“v (x,t). Since v (z,t) is bounded in [0,a] x [0,T], we

have
t

/v’ (x, T)eilea(tiT)dT —0ast—0.

0

D} % (x,t) =

SERS

From Property 2.1 we have that

8 l—-anl—«o _ 8
a_[t Dt v (x,t) = &U (.T,t) .

It follows from Definition 2.2
t
IIw (2,t) = - w (x,t) + (1 — @) /w (z,s)ds.
a

Then, we get for any ¢ > 0

;Itl_o‘w (z,t) =a-w(z,t) + (1 —a)w(z,t).

(6)
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It follows from a direct computation that

D} %u (x,t) =

{u (x,t) —e o go(a:)] -

—
t

1 —a
—m /ela(tT)u (l‘,T) dT, t> 0 (7)
0

As t — 0T, therefore, D ~“u (x,t) — 0. Hence, we obtain

w (x,t) = D} ™% (x,t) = D} ™% (x,t) + % [1 — e*ITTat} =0ast—0".

Furthermore, it follows from the boundary condition of v (z,t) that

3

D v (0,t) = D{™%v (a,t) = [1 - e_%t} >0 for t > 0.

1-a
Therefore, w (z,t) satisfies the problem

aw (x,t) + (1 — @) w (z,t) = wee (z,t) + F (2,1),
w(0,t) =w(a,t) >0,0<t<T,
w(z,0) =0, z €0,al.

By using the maximum principle for the parabolic equation from [12] we

have w (z, t) > 0 in [0,a] x [0,T]. This contradiction shows that v (z,t) > 0
n [0,a] x [0, 7], and this implies that u (x,t) > —et on [0,a] x [0,T] for any
e > 0. Since ¢ is arbitrary, we have u (z,t) > 0 on [0,a] x [0, T]

THEOREM 3.2. If u(xz,t) satisfies (1), u(x,0) = ¢ (z) < u( t)y =0 =
u(a,t) and F (z,t) <0 for (z,t) € (0,a) x (0,T], then u(x,t) <0 for (x,t) €
[0,a] x [0,T7].

THEOREM 3.3. Suppose u (z,t) satisfies (1), u (z,0) = ¢ (z) on [0,a], u (0,t) =
&1, and u (a,t) = &, where &; and & are given real numbers. If F' (z,t) > 0 for
(x,t) € [0,a] x [0,T], then

u(x,t) > m[(i)r;} {&1, &2, ¢ ()} for (z,t) € [0,a] x [0,T].

xze|0,
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PROOF. Let m = r[lolil]l {&1,&2,¢ ()} and @ (z,t) = u(x,t) — m. Then,

a(oat)zgl_mzoaﬂ(avt):‘SQ_mZO) le [OaT]’

and
u(xz,0)=p(x)—m>0,zecl0,a.
Since 5 - 52
i R 7D1—a~ :7D1—a
o = a gD Tumt) = gE D (),

it follows that @ (x,t) satisfies (1). Thus, it follows from an argument similar
to the proof of Theorem 3.1 that @ (x,t) > 0 on [0,a] x [0,T]. That is,

u(x,t) > 1%11;]1 {&1, &2, ¢ (z)} for (x,t) €]0,a] x [0,T].

By using @ (x,t) = —u(z,t), a proof similar to that Theorem 3.3 gives the
following result.

THEOREM 3.4. Suppose u (z,t) satisfies (1), u (z,0) = ¢ (z) on [0,a], u (0,t) =
&1, and u (a,t) = &, where &1 and & are given real numbers. If F' (z,t) < 0 for
(x,t) € [0,a] x [0,T], then

u(z,t) < Y[ISEZ?}C {61,862, 0 (2)}

for (z,t) € [0,a] x [0,T].

Theorems 3.3 and 3.4 are similar to the weak maximum principle for the
heat equation. Similar to the classical case, the fractional version of the weak
maximum principle can be used to prove the uniqueness of a solution.

THEOREM 3.5. The problem (1)—(2) has at most one solution.
PROOF. Let uj (z,t) and wug (x,t) be two solutions of the problem (1)-(2).

Then,
2

& (1) — un (2,6) = o D (s (a,) — 2 (2,1)

with zero initial condition and zero boundary conditions for uy (x,t) —usg (z,1).
It follows from Theorems 3.3 and 3.4 that

up (z,t) —uz (z,t) =0, (z,t) € [0,a] x [0,T].
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We have a contradiction. The result then follows.
Theorems 3.3 and 3.4 can be used to show that a solution w (z,t) of the
problem (1)-(2) depends continuously on the initial data ¢ ().
THEOREM 3.6. Suppose u (x,t) and u(x,t) are the solutions of the problem
(1)—=(2) corresponding to the initial data ¢ (z) and ¢ () respectively. If
max {|¢ (z) — ¢ (2)[} <0,
[0,a]
then
lu(x,t) —a(z,t)] <.

PROOF. The function v (z,t) = u (x,t) — @ (z,t) satisfies the problem

0 0? |

&’U (ZL', t) = @Dtl “v (.fL', t)

with initial condition v (x,0) = ¢ (x) — ¢ (z) and boundary conditions. It
follows from Theorems 3.3 and 3.4 that

v (z,t)] < I[%aff{lso (z) — @ (=)}

)

The result then follows.
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Bepixanos M., Tepebex B.T. MAKCUIMYM KAFUJACHI >KOHE
OHBIH, KAIIVTO-®ABPUINO BOJIIIEK PETTI TYBIH/IBICHI BAP
CYBIN®dY31d TEHAEVIHE KOJIZAHBLITYBL

Kamnyro-®abpurno GeJimiiek perTi TYBIHIABICHIH KaMTbiran cyomuddy3us
TEHJIeyl YIITH 9JICi3 MAaKCUMyM KaFuaachbl TarafbiHga raH. MakcuMyMm Karu-
JACBIHBIH KOJIIAHBICTAPBl PETIHIE OJI TEITIMHIH JKAIFBI3IBIFRI KoHe 0ACTATKbBI
OepimiMaepaer y3imiccis Toyesai 60aThIHIBIFBIH 21/ AeyTe Al aIaHbLIa b,

Kinrrik ceznep. Cyomuddysus renjeyi, MakcumyMm Karugachl, Kamyro-
Dabpuiuo TybIHILICH, 6OJIIIeK peTTi nuddepeHITnaIbIK TeH/IEY.

Bopuxamos M., Tope6ex B.T. IPMHIIAI MAKCUMYMA I ETO IIPII-
MEHEHUE /17151 YPABHEHU CYB/IU®®Y3UN C JPOBHO IIPOU3-
BOJ/IHOII KAIIYTO-®ABPUIIIO

YcranoByeH ciabblit TPUHITATT MAKCUMYyMa, s ypaBHeHus cyonuddysnn,
BKJIIOUAIONIEro apobuyio npoussogayio Kamyro-Pabpunno. B kagectse mputo-
JKEHUH TPUHITUT MAKCUMyMa UCIIOIB3YeTCs /I JOKA3ATeTbCTBA € TNHCTBEHHO-
CTHU n HereprBHOﬁ 3aBUCUMOCTHU DPEIIEeHUA OT HaYaJIbHBIX JTaHHBIX.

Krouesnre cioBa. Ypasuenue cybanddy3un, TPpUHITUIT MAKCUMYyMa, TPO-
n3Boauas Kamyro-@abpunuo, muddepennmnaibaoe ypaBHeHHE IPOOHOTO II0-
psIKa.
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ON AN INITIAL-BOUNDARY VALUE PROBLEM FOR THE
WAVE POTENTIAL IN A DOMAIN WITH A CURVILINEAR
BOUNDARY

B.O. DERBISsALY, M.A. SADYBEKOV

Annotation. We study one-dimensional volume wave potential in a domain with
curvilinear boundaries. As a kernel of the wave potential we have chosen the
fundamental solution of the Cauchy problem. It is well-known that in this case the
volume wave potential satisfies one-dimensional Cauchy initial conditions. We have
constructed boundary conditions to which the wave potential satisfies at lateral
boundaries of the domain. It is shown that the formulated initial-boundary value
problem has the unique classical solution.

Keywords. Wave equation, initial-boundary value problem, equation hyperbolic type,
boundary condition, wave potential

1 INTRODUCTION

Volume potentials for partial equations due to their theoretical and applied
significance are one of important notions of the modern theory of differential
equations. Key stages of this theory are the researches held by Newton for
elliptic potentials, where a practical significance of the problem was also shown
alongside with fundamental researches of a whole row of essential questions of
this theory. Different applications of the volume potential in electrostatics,
heat-conductivity, elasticity, diffusion and other fields of the science are well-
known and were of interest to such scientists as Laplace, Gauss, Poisson, Green,
Beltrami, Kirchhoff, lord Kelvin, Hobson, Lyapunov, Sobolev, Bitsadze and
others, who made a great contribution to the development of this theory during
several centuries.
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The volume elliptic potential is widely used in solving classical problems
of Dirichlet, Neumann and other boundary value problems for domains of
an arbitrary form. But, at the same time, boundary conditions and spectral
problems of the volume potential have not been researched till recent time.
That is, despite the deep research of the general theory of the volume potential,
till the recent time the Newton volume potential

unp(z) = / e — ) (y)dy

Q

has not been considered as an independent operator being a solution of some
boundary value problem.

The works of T.Sh. Kal’'menov, his disciples and followers [1]-{9] laid the
foundations of the theory of boundary value problems for different kinds of the
volume potentials. And in the world literature such scientists as Engquist B.
and Majda A. [10], Givoli D. [11]-[13], Li J.R., Greengard L. [14], Hagstrom
T. [15], Tsynkov S.V. [16], Saito N. [17], Wu X. and Zhang J. [18] also used
analogous research results for solving various problems of the mathematical
physics and numerical calculations.

New non-local boundary conditions which uniquely define the Newton
volume potential, have the form

u(z) Oe(x — y) du(y) _
5 —/ (%u(y) —e(x—y) an, > dS, =0, z €.

o0

In particular in the papers [1], [2], by using a new non-local boundary value
problem, which is equivalent to the Newton potential, the authors founded
explicitly all eigenvalues and eigenfunctions of the Newton potential in the
2-disk and the 3-ball.

The aim of this paper is to give an analogy of the boundary value problem
for the wave potential. Unlike elliptic and parabolic cases, where the obtained
boundary conditions for corresponding volume potentials are non-local , for the
wave potential we get a local initial boundary value condition. Note that the
case of the volume wave potential in the domain with rectilinear boundaries
was considered in [6].
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2 FORMULATION OF PROBLEM

We consider the following wave potential

(o, 1) = //s(x et — 1) f(€, T)dedr, (1)
Q

where £(z,t) = 10(t — |z|) is a fundamental solution of Cauchy problem for
the wave equation:

O*u(x,t) B 0?u(z,t)

2 92 = f(CL‘,t), (l‘,t) € Q, (2)
with the initial conditions
u(z,0) = u(z,0) =0, 0 <z < 1. (3)

Here 2 C R? is a finite domain bounded at the sides by the curves z = a(t)
and x = 4(t), and bounded above and below by the segments t = 0,0 < z < 1
and t =T, x0 < x < x1. Here T > 0, o(0) = 0, B(0) = 1, a(T) = xo,
B(T) = x1, a(t) < S(t). Additionally assume that

()] <1, [B/(H)] < 1. (4)

It is known that for T" > 1/2 the solution of the wave equation (2) in
is restored under the initial conditions (3) not uniquely. For the uniqueness it
is necessary to use boundary conditions. We set a task to construct boundary
conditions under which (together with the initial conditions (3)) the solution of
Eq. (2) in © will be uniquely defined in the form (1). In the case when a(t) =0
and 3(t) = 1, this problem was considered in [6].

3 CONSTRUCTION OF BOUNDARY CONDITIONS

By Q.+ we denote a part of : Qg = {({,7) € Q: |z —¢| <t—7|}. Then
the volume potential (1) can be written in the form

() = % / / (&, 7)dedr (5)

Qx,t
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Evidently that for any f(x,t) € C'(Q) the volume potential (5) gives
a classical solution of the inhomogeneous wave equation (2) from the class
u(z,t) € C%(Q). Our task is to construct homogeneous boundary conditions
to which the volume potential (5) satisfies for all f(z,1).

We consider separately various cases of placing €2, ; inside (2.

3.1 Case I

Firstly we consider a case when 0 < z —t < x + ¢ < 1. In this case the
domain Q,; nowhere touches the side boundaries Q (see Fig. 1).

T A

N
g

|
AG-1,0) X Bx+1,00z

Figure 1 — the domain £, + in the case I

Therefore there is no need to construct the boundary conditions for the
wave potential. By direct calculation it is easy to see that the volume potential
(5) satisfies the homogeneous initial conditions (3).

3.2 CaASE II

Now let z = a(t) and t+a(t) < 1. By virtue of the condition (4) it is easy to
see that t+a(t) > 0in Q. In this case the domain €2 ; coincides with curvilinear
triangle, in the foundation of which there lays a segment 0 < & < t+«(t) of the
axis 7 = 0. The left-hand side of the triangle is a curvilinear segment £ = «(7)
for 0 < 7 < t. The right-hand side of the triangle is a segment of the straight
line ¢ =t+ a(t) — 7 for 0 < 7 < t (see Fig. 2).

Hereinafter we will use the Green’s theorem [19]: Let C' be a positively
oriented, piecewise smooth, simple closed curve in a plane, and let D be a
domain bounded by C. If L and M are functions of (£, 7) defined on an open
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TA

(,‘(a(t),t)‘ — At

TG) 0.0y Barah.0” ¢

Figure 2 — the domain 2, ; in the case II

domain containing D and have continuous partial derivatives there, then

f(LngerT //<8M ai)d{dT

where the left-hand side is a line integral and the right-hand side is a surface
integral, and the path of integration along C' is anticlockwise.
Applying Green’s theorem, we get the following chain of equalities:

- o= [] (54504

a(t) t a(t) t

1 ou(&, ) ou(&, T)
-5 ¢ ( T dT)‘

O (1),

Calculating the obtained line integrals, taking into account the initial
conditions (3), we have

=1 / a1 + Gelan) )| de+ Julalo). ).
0
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Hence

Differentiating (6), we obtain

ou ou ,
[ax(a(t),t) — at(a(t),t)] [1-d/(t)] =0.

Therefore, taking into account the conditions (4), we will have the boundary
condition on a part of the left boundary

(gz - ?;) (a(t),t) =0, at t+a(t) <1. (7)

3.3 Cask II1I

Consider a case when x = (t) and 5(t) —t > 0. By virtue of the condition
(4) it is easy to see that S(t) —t < 1 in Q. In this case the domain €+
coincides with curvilinear triangle, in the foundation of which there lays a
segment [(t) —t < £ < 1 of the axis 7 = 0. The right-hand side of the triangle
is a curvilinear segment £ = (1) for 0 < 7 < t. And the left-hand side of the
triangle is a segment of the straight line { = 7 — ¢t + B(t) for 0 < 7 < t (see
Fig. 3).

N
ABD—1.0) s@ g

Figure 3 — the domain €2, ; in the case III
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Analogously, as in Sec. 3.2, applying the Green’s theorem, we obtain the
boundary condition on a part of the right boundary

<gz + ‘Z’;‘) (B(t),t) =0, at B(t) —t>0. (8)

3.4 Casg IV

To consider this case is necessary if the domain 2 contains such points (z, t),
for which ¢ + a(t) > 1 or 5(t) —t < 0. Consider the domain €, being the
curvilinear pentagon, in the foundation of which there lays a segment 0 < ¢ < 1
of the axis 7 = 0. The left-hand side of the pentagon is a curvilinear segment
¢ = a(7), and the right-hand side is a curvilinear segment & = S(7). The
pentagon is bounded above by the segments of the straight line 7 — &=t —x
and 7+ § =t + x (see Fig. 4).

T
A

C&»7)

\

|

|
| | » §
S 2T B(1,0) ¢, 4

Figure 4 — the domain 2, ; in the case IV

We apply the Green’s theorem for the volume wave potential

2 2
wle.t) =g [[ emear = [[ (T35 - TG ) dear
Qg t Qe t
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Then we obtain the identity

u(a(m)m) +u(3r).m) - [ [§j<a<7>,7>af<7>+ggmm,ﬂ] dr+
0
" , ©)
+ [ [5temnse) + Sism.n] ar=o

0

where (a(79),7p) is a point of crossing of the boundary curve £ = a(7) and of
the characteristics £ = 7—t+x; (5(71), 71) is a point of crossing of the boundary
curve £ = B(7) and of the characteristics £ =t + x — 7. The existence of such
points is provided by the fulfillment of the condition (4).

In (9) equating firstly © = «(t), and then = = 5(t), we get two identities

wla(®).0+u (3n(0) i (0)~ [ [GHa). () + G a(r), 7] drt
0
") (10)
+ [ @+ Gee.n| ar=o,
0
"o 9
wlalm(®) () +u (B0~ [ [Fatr), N+ G atr), | ar+
’ (1)

v O/ (6. () + G (3. ar o,

where (a(719(t)),70(t)) is a point of crossing of the boundary curve § = «a(7)
and of the characteristics £ = 7—t+ 3(t); (5(71(t)), 71(t)) is a point of crossing
of the boundary curve £ = 5(7) and of the characteristics £ =t + a(t) — 7.
By direct calculation, taking into account the conditions (4), it is easy to
see that
1—p5'(¢)

T0(t) = W and 71 (t)

1+ /(1)

=T8O )" (12)

MATEMATUYECKUI KYPHAJI. — 2018, — T. 18, Ne 1



On an initial-boundary value problem for the wave potential ... 61

After differentiating equations (10) and (11) with respect to the variable ¢,
using (12) we obtain

(?; - ?;Z) (aft),t) = :8 <8“ + au> (B(m1(1)), 1 (t)), (13)

(5e+ %5 ) o) = 1 (- 5 @)y
(

The identity (13) holds for ¢ + a(t) > 1, and the identity (14) holds for
B(t) —t <O.

Both obtained identities connect with each other traces of variables on the
left-hand and right-hand boundaries of the domain. Herewith, since ¢ > ()
and t > 79(t), then the points in which values are taken in the left-hand parts
of this identities, are "above" than the points, in which values are taken in the
right-hand parts of the identities. Therefore, taking into account the boundary
conditions (7) and (8) calculated in Case II and Case III, from (13) and (14)
we get the proof of the following lemma.

LEMMA 1. The volume wave potential (1) satisfies the wave equation (2), the
homogeneous initial conditions (3), the boundary condition on the left-hand
boundary of the domain

Oou Ou
— - = t) = <t<T 1
(5~ %) @O =0, at 0<e<, (15
and the boundary condition on the right-hand boundary of the domain
ou Ou
— 4+ = = <t<T.
<8:c+ 8t>(6(t),t) 0, at 0<t< (16)

COROLLARY 1. The volume wave potential (1) is the solution of the initial-
boundary value problem (2), (3), (15), (16).

4 UNIQUENESS OF SOLUTION OF PROBLEM (2), (3), (15), (16)

The constructed in Section 3 boundary conditions (15), (16) will uniquely
define the volume wave potential (1), if the initial-boundary value problem (2),
(3), (15), (16) has no other solutions except (1).
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LEMMA 2. The solution of the initial-boundary value problem (2), (3), (15),
(16) is unique.
PROOF. As usual, by uq(z,t) and us(x,t) we denote two solutions of the initial-

boundary value problem (2), (3), (15), (16). Then their difference u(x,t) =
up(z,t) — ug(w, t) satisfies the homogeneous wave equation

0?u(x,t)  0%u(w,t)
o2 a2
the homogeneous initial conditions (3) and the homogeneous boundary
conditions (15), (16).

Generally speaking, the proof must be held separately for cases Case 11—
Case III, as in Section 3. Here we consider only Case III. The rest cases are
considered analogously.

We apply the Green’s theorem to the integral

_ Pu(, )  0*u(E,T)
0—//( 92 ¢ )dde.
Q. t

Then we obtain the identity

=0, (x,t) € Q, (17)

wla(m)m) + (@) m) ~ [ | Satr) o) + Gelatrn)| ars
0

(18)

T1

+ [ [Gh601.08 0+ Ge6). )] dr — 2uta,t) =0,
0

where (a(70),70) and (B(71),71) are defined in (9).
In (18) equating firstly z = «(t), and then = = 5(t), we get two identities.
After differentiating these identities with respect to the variable ¢, we obtain

(tz —ue) (a(t), 8)(/ (1) = 1) + (e + ue) (B(r1(1)), (1) (e () + 1) =

d (19)
= Q@U(a(t),t),
(e +u) (B(8), ) (1 + B'(t) — (ue — up) (a(7o(t)), 70(t)) (1 = B'(t) =
d (20)
= 25u(3(0).1).
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Taking into account the homogeneous boundary conditions (15), (16), from
(19), (20) we obtain that u(a(t),t) = Const and u(5(t),t) = Const for all
values 0 < t < T. Taking into account the homogeneous initial conditions (3),
from here we find

u(a(t),t) =u(B(t),t) =0, at 0<t<T. (21)

Thus, the function u(x, t) satisfies the homogeneous wave equation (17), the
homogeneous initial conditions (3) and the homogeneous boundary conditions
(21), that is, it is the solution of the homogeneous first initial-boundary value
problem. By virtue of the uniqueness of its solution we have u(z,t) = 0 at
(x,t) € Q. Consequently, ui(z,t) = uz(z,t). The Lemma is proved.

5 FORMULATION OF MAIN RESULT

DEFINITION 1. By the classical solution of the initial-boundary value problem
(2), (3), (15), (16) we will call a function u(z,t) from the class u(z,t) € C? (Q)
satisfying Eq. (2) and the conditions (3), (15), (16).

Combining the results of Lemmal and Lemma 2, we get the main result of
the paper.

THEOREM 1. Let f(z,t) € C'(Q). The volume wave potential (1) satisfies
the wave equation (2), the homogeneous initial conditions (3), the boundary
condition (15) on the left-hand boundary of the domain and the boundary
condition (16) on the right-hand boundary of the domain.

Inversely, for any f(xz,t) € C' (Q) the initial-boundary value problem (2), (3),
(15), (16) has the unique classical solution u(z,t) € C? (Q) and this solution
is represented in the form of the wave potential (1).

COROLLARY 2. The boundary conditions (15), (16) together with the initial
conditions (3) uniquely define the volume wave potential (1), that is, they are
the boundary conditions of the wave potential (1).
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Hepbucasibl B.0., Cagsibexkos M.A. IINIEKAPACHI KNCBIK ChI3bIK BO-
JIATBIH OBJIBICTA TOJIKBIHABIK ITOTEHIIVAJI YIIIIH BACTAIIKbBI-
MIETTIK ECEII

Byn xywmbicTa 6i3 6ip emmemMIi KOIeMIK TOJKBIHILIK, IOTEHITHAIILI II1e-
KapaJapbl KHCHIK, CBhI3BIKTAP OOJATBIH 00JBICTa KAPACTBIPIABIK. TOJKBIHIBIK
MMOTEeHIHAJIIbIH e3eri perinme Komm ecebimiy ipresi mrermimi afblHabl. By
Kapgaiiga KeoreM Il TOJKBIHIBIK MmoTeHnuag o0iprekri 6acrankel Komm mrap-
THIH KAHAFATTAHIBIPATHIHBI YKAKCHI Oe/rii. Bi3 TOJKBIHIBK MTOTEHINAJIIHIH
OOJIBICTRIH, OYitip ImeKapaaapblHIa KAHAFATTAHIBIPATHIH MIETTIK IMapTTAPLIH
TYPFBI3ABIK. TVKBIPHIMIATFAH OACTAMKBI-TIIETTIK E€CENTIiH YKAJFhI3 KIACCHKa-
JIBIK, IITeITiMi 00JTaThIHBI KOPCETLIII.

Kinrrix cezaep. TonkeHABIK TEHIEY, OACTANKBI-IIIETTIK €cer, rumepooJia-
JIBIK, TEKTEC TEHJIEY, MIeKapPAaJIbIK IIapT, TOJKBIHIBIK ITOTEHITAAT.

Hepbucansr B.0O., Cagsioexos M.A. HAHAJ/IbHO-KPAEBA{ 3A/TAYA
JIJIs1 BOJTHOBOT'O ITOTEHIIMAJIA B OBJIACTU C KPUBOJIMHEI-
HOII TPAHUIIEIT

B pabote MBI paccMaTpuBaeM OJTHOMEPHBIH 00bEMHBIM BOJTHOBOI MTOTEHITH-
aq B 00/IacTH C KPUBOJIMHEHHBIME TpaHUIaMu. B KadecTBe siapa BOJTHOBOTO
MIOTEHITHAJIA BBIOPaHO pyHIaMeHTa bHOe pertenne 3aga4un Kormu. Xoporro us-
BECTHO, YTO B 9TOM Cjaydae OObLEMHBIN BOJHOBOW TOTEHITWAJ YIO0BJIETBOPSIET
OJTHOPOJHBIM HAYATBHBIM ycaoBuaM Kormmmi. Mber mocTponn KpaeBble YCIOBHSI,
KOTOPBIM y/IOBJIETBOPSIET BOJIHOBO ITOTEHIINAJ HA DOKOBBIX I'DAHUIAX 00JIACTH.
[Tokazano, uTo cdopmyIupoBaHHAS HAYATHLHO-KpPaeBas 3ajada UMeeT ejuH-
CTBEHHOE KJIACCUYECKOE PEITIEeHNE.

Krouesrre cioBa. BomHoBoe ypaBHeHUe, HAUAILHO-KpPaeBas 331394, YPaB-
HeHMe rurnepOOIUIECKOr0 TUIla, ITPAHUIHOE YCJIOBUE, BOJTHOBOM ITOTEHITHAII.
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OB OJJHOM AJITOPUTME PEIIEHUNSI KPAEBOII
3AJIAYN J1JISI KBABUJIMHENTHOTO
NHTEIPO-IN®PEPEHIIMAJIBHOTO YPABHEHUSI
®PEJTOJIbBMA

J.C. 1KYMABAEB, H./I. CUCEKEHOB

AnHoTaumsa. [leyxTodedHas Kpaesas 3ajada [ANs  KBa3WIMHEWHOro WMHTErpo-
anddeperymnansHoro ypasHeHns Ppearonbma pewaercs MeTo40M NOCIEA0BATENbHbIX
NPUBIVIKEHNIA.

Kntouesble cnosa. Nnterpo-auddeperymnansHbie ypasHeHus Opearonsma, METOA na-
pameTpusaunu, metog PyHre-KyTTa YerBeptoro nopsigka, kybnyeckunii cnnaiiu.

1 BBEJIEHUE

Kpaessbie 3agaan s narerpo-guddepennnaibabix ypapaeauit Opearoib-
Ma pa3IHIHBIMU METOJaMU UCCIeJ0BAHbl B paboTax MHOrX aBTopos [1]-[8].

B macrosimeit craThbe paccMaTpUBAETCs ABYXTOYETHAS KPAEBAS 33/1a49a [T
HeJIMHEeHOTO WHTerpo-auddepennuaapHoro ypasuenust Opearoabpma

dx

T
% =AWz + o) [wr)a(rdr+eftn) + A0, te 0, T) 2 € R (1
0

Bz (0)+Cz(T)=d, deR", 2)

riae (n x n)-marpuisr A(t), ¢(t), (1) u n-sekrop fo(t) HenpepwiBHBI Ha
[0, T],e>0, f:]0,T] x R" = R" u ||z|| = max |z;|.
i=1n
Yepes C ([0, 7], R™) o6o3ra9MM MPOCTPAHCTBO HEMPEPHIBHBIX (DYHKIWH T

[0, T] = R" ¢ nopwoit [|z[l, = max [lz(?)]
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Pemenunem zanaun (1), (2) asasercs menpepbisHo audepennpyemast Ha
(0,T) sexkrop-dbyuxius z*(t) € C ([0,T],R"™), yrosrersopsiomas uHTErpo-
muddepentmanbaomy ypasaenuio (1) u kpaesomy ycaosuio (2).

Bosemem h > 0 : Nh = T, N € N. Yepes Ay ob6o3uaunMm pasbueHne
unrepsasa [0,7) na N 1101pIHTEPBAJIOB:

N
U r—1)h,Th).

r=1

Pemenne xpaesoit 3amaan (1), (2) maiizeM METOIOM IMOC/I€I0BATETHHBIX
npubsnKennii. 3a HavaIbHOE NPUOJIMKEHUE BO3bMEM (DYHKIUH z(0) (t), pe-
merns 3a7a4an (1), (2) npu € = 0. Janbueiinnee mpub/mzKeHns OMpe e saioTCs
pelenuemM JIMHEAHON KpaeBoil 3aa4u

T
% tx + (t /¢ T)dr 4+ ef (t, 2% V(1) +
0
+fo(t), t €[0,T], z € R, (3)
Bz (0) + Cz (T) =d, d € R™. (4)

B [9] BBemeno HoBoe o0Oliee  pelieHue  JIMHEHOIO — MHTErpPO-
muddepennuaabHoro ypapaenus OpearosbMa U yCTAHOBJICHBI €ro CBOHCTBA.
Hns perynsproro pasbuenust unrepsana [0,7] nocrpoeno Apn-o6miee pe-
IIeHHe JIMHEeHHoro uHTerpo-auddepenmanibHoro ypasaenus OpearoabMa u
IPeaJIO2KEHbI METO/bl PEIICHU A JINHENHBIX KPaeBbIX 3a/1a4.

2 IIPEOCTABJIEHUE An-OBILIEIO PEIIEHUS JIMHENHOI'O WHTETPO-
JUOPEPEHIIMAJIBHOIO YPABHEHUA @PEATOJIBMA C BEIPOYKJIEHHBIM S/1-
POM M KOHCTAHTA KOPPEKTHOWM PA3PEIIMMOCTH JIMHENHON JIBYXTO-
YEYHOI KPAEBOW 3AJAYN

PaccmoTpum uHeitHy10 KpaeByio 3aaTy

dx

T
= AW + gl /¢ rdr+ folt), te[0,T], R, ()
0
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Bz (0)+ Cz (T) = d, d € R". (6)

I. Bosbmewm pasduenne Ay . Pemas 3agaun Komm 1jist 0OBIKHOBEHHBIX M-
depeHIuaabHBIX yPABHEHUI HA OBIHTEPBAJIAX

%:A(t)z+(p(t), 2[r—1)h] =0, tel(r—1hrh), r=1N, (7)

noxyanm (n X n)-marpunst a, (@, t), 7 =1, N, rae a, (p, t) — pemenne 3amaun
Komm (7).

I1. YMuoxkaeMm KaxIayio (n X n)-marpuity a,(p,t) #a ¢ (t) n uarerpupyem
Ha, TTOABIHTEPBAIAX

rh
dr (9) = / b(Oar(e, dt, e [(r—V)hrh), r=TN.  (8)

(r—=1)h

Cymmupyst (8) 1o 7, cocrasisiem (n X n)-marpuny G (Ay), rue

N
G (AN) = Z /&T(SO)‘
r=1

ITposepsiem obparumocts (n X n)-marpunsl [ — G (Ay), rne I — equnnanas
MaTpHUIIa, PA3MEPHOCTH N.

Eciu sra marpuna obparuma, T0 HaAXOAUM €€ 00PATHYIO U IIPEICTABIIEM B
BHJIE

[I-G(AN)] = (M (AN)), 9)

3aTeM TEepPexXOoIUM K CJIeYIOIIeMY Iary ajropurMa.

Ecau (n x n)-marpuna I —G (An) He nmeer obparTHoii, T.e. pasbuenue Ay
He {BJIFETCS Pery/IgpHbBIM, TO Mbl GepeM HOBoe pasbuenue unrepsasia [0,7] u
HaYMHAEM aJroputM cHadaja. lIpocrelimum criocobom BeiOOpa HOBOrO pa3dm-
€HUS ABJIFETCA BBIOOp pasbmenusd Agpy, Ie KazKAplii nHTepBan pasbuenns Ay
JIeJIUTCST Ha JIBE YACTH.

IT1. CuoBa periast 3aa4un Ko st 00bIKHOBEHHBIX JiDDEPEHITNATBHBIX
ypaBHeHU

%:A(t)z—l—A(t), S(r— 1)k =0, te[(r—1)hrh), r=T,N, (10)
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dz
o =At)z+ f(t), z[(r=1)h] =0, t€[(r—1)h,rh), r=1,N, (11)
naxogum a, (A, t) m a, (f, t),r =1, N.
IV. Beruncasiem ompeneenHble MHTETPAIbI HA MOABIHTEPBAIAX:
rh
= [l e - 1)hrh), P TN, (12
(r—=1)h
)= [ 00t te (- Dhh), r=TN. (13)
(r—1)h
rh
b= [ eOals Ode te - Dhoh), r=TN. ()
(r—1)h
V. Ucnonbsys pasencrsa (12)—(14), cocraBisiem (n X n)-mMarpuiibl
Vo(An) = +ng Yy, T=1N, (15)
U N-BEKTOP
g(f, An) = Z bn(f (16)
A n-00miee pemenue 3anaun (5)—(6) umeer Bu
N
(AN, £, A) =N+ Y Drj(An, t) A+ Fr (Ap, 1),
j=1
tel(r—1)h,rh),r=1,N —1, (17)
N
2(Ay, T, \) =An+ Y _ Dnj(Ay, T)Aj + Fy (A, T), (18)

J=1
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rae K03 PUIIenTe 1 npasBbie 9acT A n-00IIero peneHns OmpeaessiOTCs CIe-
JYIOIIME (POPMYIAMIU:

Dr,j (ANvt):aT(ci%t) M(AN)V}(AN)_‘_,% ’

tel[(r—1) h,rh), r#3j4, r,j=1,N, (19)

DT,T(AN7t) :ar<907t)[M (AN)V;"(AN)'FJ}T]? (20)
te[(r—1)h,rh), r=1,N,

E; (ANat) :aT(SO?t)M (AN)g(f7AN)+ar(fat)v (21)

te[(r—1)h,rh), r=1,N.

VI. CocraBum cucremy JUHEHHBIX aire0panvecKux YpaBHEHUN OTHOCHU-
TeJIbHO TTApaMeTPOB:

Q« (AN) X = —F, (Ay), A € R™, (22)

Drementsr Matputbl Qy (Ay): R™W — R™ y pekrop Fi (Ay) = (—d +
CFN(AN), Fi(AN),....Fn_1(AN)) € R™ omnpegensirorcss ¢ momompio pa-
BeucTB (19)-(21). Pemag cucremy (22), maiimem Ax, r =1, N.

VII. Tlo pasencrBy

N

pr="M(AN)V; (AN) X+ M (Ay) g (f. AN) (23)
j=1

HalTeM KOMIIOHEHTHI (1* W TIOCTpOUM (pyHKITATO

N rh
F) =) |+ / b (s)dsh| + £ (1), (24)
=1 Dn

Hanomuuwm, aro \X = z* [(r — 1) k], nne z* () aBaserca pemenrem Kpaesoii
sagaqu (5), (6). losromy, pemast cucremy (22), HAXOAMM 3HAYEHUS DENICHUsI
B JIEBBIX KOHI[AX MOJBIHTEPBAJIOR.
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Buauenus: dyuxun ¥ (t) B ocranbHbIX TOYKax uHTEpBaaa [(r — 1) h,rh)
OIIpeIeNISIIOTCS pelenneM cireaytormeit 3a1aan Komu 1t 00bIKHOBEHHOTO Andh-
depeHImaIbHOrO yPaBHEHUSA:

Cfl—f =A)z+F* (), z[(r—1)h =X, te[(r—1)h,rh), r=1,N. (25)

Takum obpazoM, mpeaIaraeMblii aIrOPUTM TO3BOJISIET HANTH pelrenne Kpa-
eBOil 3a1a9n [Iyid HHTErpo-auddpeHuaILHOro ypasuenus Opearosbma ¢ Bbi-
poxaeHHbIM sapom (5), (6).

IIpeanaraercsa ciaeayronas YuCJICHHAsS PEATU3AIHS BHIIIEN3I0KEHHOTO aJl-
rOpUTMa, OCHOBaHHAs Ha Meroje Pymre-KyrrTa derBeproro mopsamgka s pe-
menus 3a7aun Komm u dpopmysie CUMIICOHA, i BEIYUCJIEHUS] OTPEIE/IEHHBIX
MHTErpaJioB.

ONPENEJNEHUE 1. JIuneitnas kpaesas 3ana4da (5), (6) Ha3prBaeTcst KOpPEKTHO
pasperMotii, ecyu st io6oii naper (fo(t), d), fo(t) € C ([0,T],R™), d € R™,
3aJ1a4a MMEET eJqUHCTBeHHOEe pernenue ™ (t) u cupaBejnBa OleHKa

< d 26
ey < v mas (11, ) (26)

e v — mocrosHHAsA, Hesapucamas ot fo(t), d. duciao ~ HA3BIBAETCA KOHCTAH-
Toii KoppexTHOii paspemmmoctn 3agaqn (5), (6).

Ucnonesys obpatumocts Matpuilsl Qu (Ay), Haiizem \* u3 cucrem aireb-
pandeckux ypasHenuii (22) u noaydaeMm OmeHKy

A < l@- (An) T e (An)| < x- £ (27)

rae X — KOHCTaHTa, Hezapucamasa ot f(t).
OrnermBast K03 UIMEHTH! U TTpaBble dacTh A OOIIEro pereHuns

N
max  sip 3 IDn (A0l =, a >0, 29
r=1,N te[(r—1)h,rh) j=1
IE (AN, D)y <B-[Iflly, B>0, (29)
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U UCHOJIBb3Ysl pejcTasienne A n-001ero perieHnsi, HaiijjeM KOHCTaHTY KOpP-
peKTHOI pazpermmmoctn 3aaa4u (5), (6):

y=a-x+ 6.

3 YCJI0BUS CXOAUMOCTH AJITOPUTMA U CYIIIECTBOBAHU PEIIEHN S
HEJIMHEVHOW KPAEBOW 3AJ1A4M (1), (2)

B3zgas uucsio p > 0, mocrponm MHOXKECTBA
G0 (p) = {(t,x), tel0,T]: Hx —x(o)(t)H < p};
S (A(O),p> - {/\ — (A1, A, Ay) € RV H)\ _ /\(O)H < p} .

TEOPEMA 1. Ilycre kpaeBas 3amaqa (5), (6) KOppeKTHO paspelimMma ¢ KOH-
CTAHTOH Y W BBIIOJIHAIOTCS CJIEAYIOIINE HEPABEHCTBA!

a) |‘f(t7$*) - f(ta-T(O))H < LHZE* - m(O)Ha

6)q=v-¢-L <1,

W vee- I (aOW)], <
e L — mosioxKure/ibHoe JucIo.

Torpga amropurm cxoaurcs K z*(t) — eIMHCTBEHHOMY DEINEHUIO KDPAaEBOii
sagaqn (1), (2) u cupaBegmnBa oneHKa

JOKABATENBCTBO. Vcnomb3ysa KOPPEKTHYIO Pa3peIrTmMOCTb JUHEHO! Kpae-
BO# 3aJ1a9M, METOJOM TIOC/IEIOBATEILHBIX TTPUOIMKEHUI HaliTeM perenre 3a-
maan (1), (2).

Mycrs Gysxmus 20 (t) — permernne zazaun (1), (2) npu € = 0, Torga 21 (t)
OTIpEeJIe/INM, Pelllas KPaeBYyIo 3a/1ady

x* — x(o)Hl < p.

T
CC%’ = A(t)z + ¢(t) / O(r)x(r)dr +ef(t, Q1)) + fo(b),
0

Bz (0)+ Cz (T) =d.
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Torga dyuxmus AD (1) = 2V () — 20 (t) 6yner peurenuenm 3aaun

T
%_ (DA + ot /w Pdr + e f(t, 20 (1), (30)
0
A(0) + CA (T) = 0 (31)
u OJjid Hee CHpaBe/ZLJH/IBa OIICHKa
[a, <727 (s2O0)] (32)

[Ipomonxkast npouece, (k)-e npubsinKkenue onpejenuM U3 Kpaesoii 3aga4m

Ccllf_ t)x + ot /w (T)dr 4 e f (t, 2* V(@) + fo(t),
Bz (0) + Cz (T) = d.

Torpa dyukmus AR (1) = zF)(t) — 2D (1) 6yner pemenuem zamaun (30),
(31), rne dymxmus 20 (t) samenena bynxmmeit A®=Y (¢). IIpn sTom amao-
rugro (32) MMeer MecTo OleHKa

], < = o] e

Orciona n w3 ycjaoBusI a) CJIeLyer, 9TO II0C/Ie0BATENBHOCTD (DYHKIMIL
2*) (t) paBroMepHO cxommrest ma [0, T] k x*(t) mpu k — 00 U IS PAsHOCTH
dbyuxmmit 2*(t) w 2*)(t) cnpasesmpa onenxa

|

< a0, a0, = (o) )

[Tepexoms k npegeny npu k — 0o, nuMeeM
1
| ==, < =5 e[ ()]

171
Teopema 1 moka3zaHa.

i T S R E
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IIPUMEP.

Ha orpeske [0, 1] paccMOoTpuM KBasuIMHEHHYIO JABYXTOYEIHYIO KPAEBYIO
3ajiady Jis mHTerpo-guddepeHnnaj bHoro ypapaeaus OpearoibMa ¢ BHIPOK-
JIEHHBIM SIIPOM

1
Cc%_ t)z + ot /1/) T)dr +ef(t,x) + fo(t), t€[0,1], = € R?, (33)
0
Ba(0) + Cx(T) =d, deR?, (34)
e

0= (8§ o= (5 2)m=(4 2)e= (3 %)

o< () ser-o( ) oo (22§18

Tounbim periennem (33), (34) siasiercs z*(t) = L) st pacemarpusae-

moro mpumepa x = 0,2785, o = 8.5714, § = 1.2675,y = 3.6546, L = 0.3.
B3zgas uwnciio p = 1.5, mocTpouM MHOXKECTBA

GO (1.5) = {(t,x):te 0,1], ]

x* — :E(O)(t)H < 1.5} ,

s (MO), 1.5) - {A = (A1, A2, Ags M) € RV HA - MO)H < 1.5} .

IIposepsem obparumocts (n X n)-marpuist 1 —G" (Ag), rae I — eunnanas
MaTpUIa Pa3MepHOCTH M.
(n x n)-marpurna I — G (Az) mmeer obparmHyio:

. h - o 0 -1
[I ¢ (AQ)] - ( —1.7142857143 —1.7142857143)‘

Ucnonp3ysa unciennable permennsd 3a1a49 Ko i aucaerHble 3HaYeHns Ope-
JIeJIEHHBIX WHTEI'PAJIOB, COCTABUM HPUOIUKEHHYIO CUCTEMY JIMHEHHBIX aJired-
pandecKnX ypaBHEHUWII OTHOCHUTEJIBHO MapaMeTPOB AP
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Qil (A2) )‘h = _Ff (AQ) ’ )‘h € RnN’

e
3.1428571429  1.7142857143 2 1.7142857143
O (Ay) = 1 2 1 0
FAT2TL 1.1428571429  —1.7142857143  —4  —1.7142857143 |’
~1 0 -1 —2

—3.9624049961
—2.2378349655
4.4785508359
2.2628349655

Fl'(Ay) =

IIpnMenenme mepBBIX UETHIPEX IIATOB UTEPAINN JTAeT CAEIVIONINe Pe3yTh-
TATHI:

B mysesom mmare A0 = ()\50)7 )\;0));

» 720 7 10.9843252272

\O _ 0.01805557956
171 0.9718252272

3O _ <0.2761287155)

B mepsom mare A1) = (/\51), Aél)),

\() _ (0.0018509484) (1) _ (0.251301002
17 10.9976283219 ) * "2 T \0.9984321289 ) °

BO BTOPOM IIIare A2 = ()\52)7 >\§2)),

\(2) _ (0.0010861441 () _ (0.2512270009
L7 0998142451 ) 72~ \0.9990881409 )’

B Tperbem mare \3) = ()\53)7 )\53))’

3 <0.0010605105) AP

A\ 0.251191134
171 0.998183367

0.9991075171

Tourev 3radermsv mapaverpa A ssiasercs A\* = (Af, \5),
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. [0\ .. (025
= (1) (),

CpaBHeHI/IH C TOYHBIM DEHICHUAM ITOKA3BIBAET, 9TO

IAO — X*|| < 0,002817477, |]A) — X\*|| < 0,002371678,
IA® — X*|| < 0,001855754, [|A®) — X*|| < 0,001816633.
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OB O/IHOM OBOBIIIEHHOI 3AJIAYE
THUIIA CAMAPCKOT'O-MOHKIMHA
J1JIs1 YPABHEHU S ITYACCOHA B KPVTE

A A. JIVKEHBAEBA

AHHOTaumsa. PaccmaTpusaercss obobuwennass kpaesass 3agada Tuna Camapckoro-
NonknHa pna ypashennst [lyaccona B kpyre. [lokasaHa KOPPeKTHOCTb 3ajadu.
ObocHoBaHa BO3MOXHOCTbL MPUMEHEHUNSI METOAA Pa3fenieHnst nepemeHHbiX. MocTpoeHa
B siBHOM Bufe dyHkums [puHa 3aja4m 1 NOnyHeHO WHTErpasbHOE MpeACTaB/eHNe
peLueHus.

KntoueBble cnosa. ®yukums [puna, 3agava Camapckoro-Vonkuna, ypasHenue [yac-
CoHa.

1 BBEJIEHUE

Kpaesbie 3amaan dupuxie nu Helimana sBasgioTCsi OCHOBHBIME 33/1a9aMu
reopun rapmonndeckux dynkuuii [1]. B omHoMepHOM ciyvae wim npu pac-
CMOTDPEHHNN 3a/IaYi B MHOTOMEDHOM MapaJijeseluiee, K OCHOBHBIM 3a/1atdaM
OTHOCAT TaKXKe W MePUOANTIeCKre KpaeBble 3ajaqan. Panee /st caydast mapa
aHAJIOTOB [EPUOANTIECKOil 3a/1aun mocTpoeno He Ob110. B (2], [3| Buepsore 6ot

BBE/IEH HOBBIN K/TaCC KPAEBBIX 33124 /g ypaBHerus [lyaccona B MHOTOMEPHOM
mape Q C R” (k=1,2).

SAIAYA Py. Haiitu perenne ypapaerus lIlyaccona
—Au(z) = f(z), =€,
VJIOBJIETBOPSIIOIIIEE€ KPAEBBIM yCIOBHSIM
u(z) — (=D Fu(z*) = 7(x), = € 99,
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ou 1 Ou

—(z) + (=) —=—(2%) = p(x), x € 00

O )+ (2 0) = ), 2 € 90,
3mecy 0y — Ta gacth cepsr 0§, mas koropoit x1 > 0; Kaxkgoi TOU-
ke r = (x1,x2,...,2,) € Q conocrasasierca "nmporusonosoxkuas" et Touka

¥ = (=21, %2, ..., apxy) € Q, TO€ 0, j = 2,...,n, IPUHIMAIOT OJHO U3 3Ha-
uvenuit +1. OueBugno, uro ecom & € 4, 1o x* € IN_.

DT 3a4a9U SIBJISIIOTCST AHAIOTAMY KJIACCUIECKIX TTEPUOINIECKUX KPAEBBIX
sagad. B [2], [3] uccremoBana KOppeKTHOCTH paccMaTpUBaeMbIX 3ajad. Pere-
Hre 331a9u P| CyliecTByeT u eInHCTBeHHO. Pererune 3aga4uu Py HeenHCTBEH-
HO C TOYHOCTBIO 70 MMOCTOSTHHOTO CJIATaeMOr0 ¥ CYIIECTBYET, €CJU BBITOJTHEHO
HEODXOIMMOE YCJI0BUE KOPPEKTHOCTH, HATOMUHAOIIEE YCIOBUE KOPPEKTHOCTH
zamaun Hefimana. EgnHcTBeHHOCTH permenns 3a7ad 000CHOBBIBACTCS TTPHUMe-
HEHUEM TPHUHIUIA SKCcTpeMyMa. CyIlnecTBOBAHUE PEIleHusl JOKA3aHO METOIOM
dbyuknuu ['puna. B aymepuom ciaydae 3] 060cHOBaHA BO3MOXKHOCTD IPHMEHE-
HUA METOAa Pa31e/ICHNA IIePEMEHHBIX. Baﬂaqﬂ ABJIAIOTCA CaMOCOIIPAKEHHBIMM.
[Tokazana MeTOAWKA TOCTPOEHUST COOCTBEHHBIX (DYHKITUH 3aTa4N.

Ecnu xe oOpaTuThCsT K HEKJIACCHIECKUM 3aJ1adaM, TO OJHOHM m3 Hambojee
n3BeCTHBIX siBiasieTcs 3agada Camapcekoro-Nonkuna [4], Bozuukmas B dusnke
B 70-X TOZaxX MPOIIIOr0 BEKA B CBSI3W C U3YIEHUEM MPOIECCOB, TPOUCKOIATITUX
B mwia3me [5], [6]. B [7], [8] paccmorpen amanor 3amaun Camapckoro-lonknna
s ypasuenus Ilyaccona B kpyre. A rakxke B [9], [10] uccienoBans 3a1aun,
obobmaromnue 3aa9u Py.

B macrogmeit pabore Ml mccaemgyem obobirennbie 3amadun CamapCcKoro-
Noukwna st ypasuenus [lyaccona B kpyre.

2 IIOCTAHOBKA 3AAYU

IMycrs Q ={z = (z,y) =x+ iy € C: |z| < 1} — equnuunslii Kpyr, r = |z|
u ¢ = arctan(y/x). Paccmorpum coepyromue nse 3agaun (k = 1,2). Haiitu
byukuuio u(z) € C*(Q) N CL(Q), yaosiaersopsiontyio suyTpu ) ypasHeHUIO
ITyaccona

—Au(z) = f(2), |2| <1, (1)
a Ha €ero FpaHHL[e KpaeBbIM yC.HOBI/IHM
u(l, ) —au(l,2r — ) =7(p), 0<p <, (2)
ou o
el _ - _ = < <
ar(l,sf))Jr( 1) 87,(1,% o) =v(p), 0<p<m, (3k)
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80 A A. JIVKEHBAEBA

e a €R, f(2) € CV(Q), T(p) € CH0,7], v(p) € CV[0,7], 0 <y < 1.
OueBuIHO, 4TO HEOOXOIMMBIM YCJIOBHEM CYIIECTBOBAHMS PEIICHNs 33/ [aum
(1), (2), (31 ) uz kinacca C(Q) saBisiercs BbINOIHEHUE YCIOBUIT COTIACOBAHMS:

v(0) =v(m) =0. (4)

Anrunepnosnveckast kpaesas 3agaqa (1), (2), (31) npu @ = —1 u nepwmo-
qudeckas kpaesad 3ajgaqa (1), (2), (32) mpu o = 1 6bLH HCCae10BaHbL B [2],
[3]. B ciyuae oo = 0 91m 3azaun paccmorpenst B [7], [8].

Bamaay (1), (2), (31) 6yaem moHHMATH HEHETEPOBOM, €C/IU OJHOPO/THAS 3a-
nada (1), (2), (31) umeer GeCKOHEYHOE YHUC/I0 JIMHEHHO HE3ABUCUMbIX PENICHUI.

3 EAMHCTBEHHOCTD PEIIEHUA, TIPUMEHEHUE [MPUHIIUIIA SKCTPEMY-
MA

TEOPEMA 1.

a) Ilycrb oo # 1. Pemenne kpaesoii 3aia4u (1), (2), (31) B k1acce ¢pyHKmii,
HEIIPpEePBIBHBIX B ﬁ, C€/IMHCTBEHHO.

6) IIycte o = 1. Torna 3amaqa (1), (2), (31) saABasiercss HemeTepoBoii, T.e.
oxropoanas 3axa4da (1), (2), (31) nmeer 6eckoHeUHOE YHC/IO JTUHEHHO HE3ABH-
CHMBIX DEIleHHi U OHO HMEET BH/

un(z) = r*aycosnp, n=0,1,..., 0< o <2m, 0 <r <1,

1€ Gy, — OPOU3BOJIbHBIE KOMILIEKCHBIE THCJIA.
JIOKABATEJILCTBO. a) Ilpeamonoxkum, 49ro CymecTByior ase QyHKImu
ui(r, ) u ua(r, ), ynosaersopsiomnue ycaosusaM 3agaau (1), (2), (31). Iloka-
xeM, uro dyuxmus u(r, @) = ui(r, ) — us(r, ) pasaa mymo. OueBuHO, UTO
dynkums u(r, ¢) — rapMOHUYECKast ¥ YIOBJIETBOPSIET OJHOPOIHBIM YCIOBHSIM

(2), (31):
’U,(l, 90) - au(l, 2m — 90) =0, 0<p<m, (5)

ou ou
5(1790)_7(17271-_90):07 OSQOSW (6)

or
O60znaunm ¥(r, @) = u(r, o) —u(r,2r—p), 0 < ¢ < 27. Orcroga norydaem
Ad(r,p) =0 m %(1,@ =0,0 < ¢ < 27 Orciona ¥ = Const. TTockonbky
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d(r, ) = —0(r,2m — ¢), 0 < ¢ < 2w, uz npejacrapierust V(r, ) H0ogyIUM
u(r, ) = u(r,2m — ¢), 0 < ¢ < 27. Torya us sroro u (5) ciaegyer

I-a)u(l,p)=0u (1-—a)u(l,2r—¢) =0, 0<p<m.

Tak xak « # 1, o u(l,) = 0, 0 < ¢ < 27. Tak kak dynxmua u(r, ) —
rapMOHUYECKast, OTCIoa noydaem u(r, o) = 0.

6) Temepnr paccmorpum cayuait « = 1. Beegem B paccmoTrpenune Bernomora-
TeJibHbIE (DYHKITHH

clr, @) = 5(ulr,¢) +ulr, 21— §)) 0 < < 2m

1
s(r,) = 5 (u(r, ) —ulr,2m — ¢)), 0 < ¢ < 2.
Ouesuno, uro u(r, ) = c(r,¢) + s(r,¢). HenocpeacrBeHHBIM BBIYUCIEHTEM
nosyuaem, 9to $(r,¢) = 0, a ¢(r, ) — IPON3BOIbHAS YeTHAS] FADMOHUIECKAS

dyukuns. Torga
c(z) = cn(z) =r"apcosnp, n=0,1,.... 0< <27, 0<r <1,

TIe G, — TPOU3BOJILHBIE KOMILIEKCHBIE uncaa. Jlokaszareancteo Teopemsr 1 3a-
KOHYEHO.

Caeyronast Teopema, JI0Ka3bIBAETCS AHAJIOTMIHO JI0KA3ATEHCTBY 9acTh 0)
Teopewmmsr 1.

TEOPEMA 2. IIycts o = —1. Torna 3ana4da (1), (2), (32) aBasercs nenerepo-
BOIi, T.e. ogHOpOHAs 3a1a4a (1), (2), (32) umeer GeckoHedHOE YHCIIO JIMHETHO
HE3aBHCHMBIX DEIIeHHi H OHO HMEET BHU]]

Up(z) =r"bysinng, n=1,2,..., 0<p <21, 0<r <1,
rae by, — IpOU3BOIBHBIE KOMIIJIEKCHEIE 9HCIA.

4 CyH_[ECTBOBAHI/IE PEINEHNA, METO/l PA3BJEJIEHUA IMEPEMEHHBIX

B sToM myHkTe 0b60CHYEM BO3MOXKHOCTH NMPUMEHEHUS METO/1a Pa3/Ie/eHus
[IEPEMEHHBIX Jijid perrenns chOpMyInpOBaHHbIX 3asad. s ynporenus n3-
JIoXKeHusl TojioxknM cHadaaa f = 0. B mosipHBIX KOOpAWHATAX OIHOPOSHOE
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82 A A. JIVKEHBAEBA

ypastenue (1) npumer Buj

g ( 0 0*u
rw (Té?r> + 92 0. (7)

Perynsipubie pemenns ypasuenus (7) €CTECTBEHHO UCKATh B BUJIE
a =
u(r, o) = ?0 + Z " (ay cosng + by, sinny). (8)
n=1

[Moxcrapiss Beomoraresbubie GyHkipn B (2) u (31), nosydaem

U,(l, (10) - Oé'U,(l, 2T — SO) = %<90)7 0 < ® < 27T, (9)
ou ou _

— - — ) = <p<

o (1,¢) 87'(1’27T ) =v(p), 0<p<2m, (10)

rie 0603HaYeHO

() = {T«a) ~(L+a)s(Le), 0<p<m
T2m — @) — (1 + a)s(1,27r — ), m™ < < 2m,

~ _ V((p)v 0<p<m
7o) = {—1/(27r — ), ™<¢ <2, (12)

u s(r, @) sBisiercs penterneM 3aja4du Hefivana

—As(z) =0, %(1,@) = 5(2(’0)

HeHOCHep,Z[CTBeHHbIM BBIYUCJIEHUEM TI0J Iy Ta€M

2 — (1 +oo b sin k
Ap, = — (T(SO) ( +CM) k=1 Ok S11 (p7c()sn¢> (13)
T 1—a
Lo (0,m)
' 1
by, = %(V(W),Sinngp)h(om),n =1,2,... (14)

Mopcrasnsas waiigennoe B (8), nosyvaem dopmanbHOe perienue 3agaun (2),
(31) nst ypasuenns (7). B cuny (4) w (11)—(12) ovesumno, uro 7(p),v(p) €
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C7(09). Tlosromy 060CHOBAHME CXOJAMMOCTH TIOJyYE€HHBIX PSAJIOB (BILIOTH 10
[PAHUTIBI) ¥ BO3MOYXKHOCTb UX MOUIEHHOTO MuhhepeHINPOBAHIS TPOBOJIUTCS
AHAJIOTUYHO, KaK U Jjisd CIydas Kjaaccmaeckux 3ajga4d lupuxie u Helimana.

CyMMupys moJiydeHHble PAJibl CIIOCOO0M, aHAJOTUYHBIM UCIIOIH30BAHHOMY
B [1, crp. 314] upu BbiBOse nHTerpasia Ilyaccona, HaxouuM sIBHBIH BuJ| pelie-
HUS:

u(r, ) = 277(11—04)X

s

1—7r? 1—7r?
- /7(901) + diprt
1—2rcos(p1+¢)+r2  1—2rcos(pr —p)+1r?
0

1/ 1 —2rcos(p1 + @) + 12 1+a
— 1 do1 — X
+27r/y((p1) n\/l—?rcos(gpl—go)—i—?“? a1 472(1 — «)
0
X/ ( )/ 1—r? N 1—r? y
v
72 1—2rcos(p1+¢)+r2  1—2rcos(pr —p)+1r?
0 0

1—
X In \/ cos(z + 1) dp1deps. (15)
1

Takum obpazom, moKa3aHa

TEOPEMA 3. ITycrs mpu a # 1 f(2) = 0, 7(p) € C1T7[0, 7], v(p) € CV[0, 7],
0 < v < 1 u Bermosinensr ycaosus cornacopanus (4). Torna cymecrByer egqun-
crBenHoe perrenne 3aza4u (1), (2), (31) u ono npexcrasumo B Buzge (15).

BAMEYAHUE 1. I3 mpexcrasaenns (15) serko Buiers, uro mpu v(p) = 0
pemrenne 3amaqan (1), (2), (31) 6yzaer obaanars ceoticrom: u(r, p) = u(r, 2w —
).

5! CyIHECTBOBAHI/IE PEIIEHUS, TTOCTPOEHUE ®YHKINUN ['PUHA

[Toctpoum dyukiuio I'puna uccaeayeMbIx 3ajad U JaJUM UHTETPAIbHOE
MIPeJICTABIEHNE PEIEHN.
Bsenem Bcromoraresibabie DyHKIAN

1 1

0(z) = 5(u(z) +u(@)), wlz)=5u(z) —u@), z=(z,~y). (16)
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84 A A. JIVKEHBAEBA

Ouesnro, uro u(z) = J(z) + w(z). HenocpecrBeHHBIM BBIYUCIEHNEM Ha-
XOJIUM 33J1a4H, KOTOPBIM YIOBJIETBOPAIOT 9T (byHKInu: GyHKIms V¥(z) aBis-
ercs perenneM 3agaqan Jnpuxiie

M) = fi(2), e dLg) =T 0<p<om  (7)

rae o # 1 u dynknua w(z) — pemennem 3amaun Helimana

0<¢<2m. (18)

Baecw f4(2) =271 (f(2) + f(2)), f-(2) =27"(f(2) = f(2)),

ﬂw:{ﬂ@—ﬂ+aWﬂw%0§¢§m
T2m—¢) — 1+ a)w(l,2r — ), ™ < ¢ < 2m,

() = v(p), 0<p<m
—v(2m — ), ™<p < 2T

Bamgaua dupuxje (17) umeer exuucrBennoe pemienne. OHO MPEICTaBUMO pa-

BEHCTBOM
2T
1 8GD (Z, C) ~
//GD oo [[7559]  Fendan 1o
0

rie Gp(z, () — dynkuus 'puna 3agaun Jupuxie. Herpyauo ybeurbes B TOM,
gro dynkius J(z) obsagaer ceoiicrBom cummerpun: V(z) = 9(Z).
2m
Tak xak [ [ f-({)d¢ = 0u [ v(p)dp = 0, To mpumennm Kpurepmii Cy-
Q 0

nmecTBoBaHus perntennst 3agaun Hefimana (18). Ee permenne meemnucTBEHHO €
TOYHOCTHIO 0 TPOU3BOJILHON TTOCTOAHHONW W TIPECTABUMO B BUJE

27

//GN g + 5 [ 163 Ol on)don + o, (20)
0
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rae Gy (z, () — dynknua ['puna 3agaun Heitmana. Herpyano ybeanrbes B ToMm,

aT0 dynKIusa w(z) 0b1amaer cBORCTBOM cuMmMeTpun w(z) = —w(Z) TOIBKO mpu

C1 = 0. [TosTromy B majbHeiiemM Oy1eM CIUTaTh 3T0 YCIOBUE BBITIOTHEHHBIM.
Oyuknnu I'puaa 3a7a41 Iupuxie n Heitmana xopormo m3BecTHB. B e muamT-

20¢] - é,u ,

En(z0) = o [—mrz—d—ln z|<|—|§|] e

[Moxcrasngs ux B paserctsa (19) u (20), mocse 3eMeHTAPHBIX MTPe0OpPa3OBa-
Huit mosryuaem npezcrasiaenue pemenns (1), (2), (31), npu 3rom koncranta C
u3 npeacrasinenns gyuknus ['puna 3agaun Helimana mcuesaer.

Takum obpazom, moxkazaHa

TEOPEMA 4. ITycts o # 1, f(2) € CV(Q), T(¢) € CTT[0, 7], v(p) € CV[0, 7],
0 < v < 1 u BeimostHEHBI ycaoBus cornacopanus (4). Torma cymiecTByer equH-
crBenHoe perrerne 3aga4dn (1), (2), (31) u oHO npejcTaBEMO B BHJE

HOM KpPYI'€ OHU UMEIOT BU

Gol.0) = 5- |-mnlz = +1n

1

™

we)= [ [ om0 [ 2502 et
J -

-« on,
0

™

+ [ 166G vieion
0
Brecy G(z, z2) — dbyukuus [puna 3amaan (1), (2), (31), KoTopast uMeeT Bu

G(z,22) =

1
=3 (Gp(2,22) + Gp(z, |22], 21 — @2) + GN (2, 22) — GN (2, |22], 2T — 2)) +

e ([ [(@xten ) = Gutenlal. 27 = )

0

y <8GD(z,zl) N dGp(z, |21, 27 — @1))] |Zl|:1d@1)'

on, on,
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Jyxen6aesa A.A. JOHI'EJIEKTEI'l IIVACCOH TEHJIEYI YIIIIH
JKAJITIBIJTAHFAH BIP CAMAPCKUI-MOHKMH TEKTEC ECEBI
JKATLTBI

Henrenexreri Ilyaccon mergeyi yrmu xanmsiianrad Camapckunii-VToHKUH
TEKTEC IMETTIK €CeNl KapacTBhIPBLIAAbl. EcenTiH KHUCBIHIBLIBIFBI JIJIETTeH .
OchI ecernke aliHBIMAIBLIAPIABI AXKBIPATY 9IICIH KOJIJAHY MYMKIHIIT HEri3mesn-
mi. Ecenring I'pun GyHKIUACH aliKbIH TYP/E KYPACTBIPBLIIbI XKOHE Il MHIH,
WHTErPAJIJIbIK, KEHIITEeMEC] ajIbIH/IbI.

Kinrrik cezzep. I'pun dyuxnuscel, Camapckuit-Uoukun ecebi, Ilyaccon
TeHJeyl.

Dukenbayeva A.A. ON A GENERALISED SAMARSKII-IONKIN TYPE
PROBLEM FOR THE POISSON EQUATION IN THE DISK

A generalised form of the Samarskii-Ionkin type boundary value problem
for the Poisson equation in the disk is considered. The well-posedness of the
problem is proved. The possibility of separation of variables is justified. An
explicit form of the Green function for the problem is constructed, and an
integral representation of the solution is obtained.

Keywords. Green’s function, Samarskii-Ionkin problem, Poisson’s equation.
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MPHTH 27.29.19

OB OJHOM 3AJTAYE BUIIAI3E-CAMAPCKOTO JOJId
YPABHEHU A INITYPMA-JINYBUJIJIA

T.III. KAsbMEHOB, H. KAXAPMAH

AHHOTaums. B paboTte paccmaTpueaetca ogHa 3agada Tuna Buuapse-Camapckoro
anst ypaerenuns LLtypma-Jlnysunna. [lokasaHo cyuwectBoBaHMe n e[MHCTBEHHOCTb
perynsipHoro n 06obweHHoro pewenunii 3agaqn. [laHa KOHCTPYKLUS PELUEHNUS 3a4aqu.
MocTpoeHa 3apaya, conpsixkeHHast K paccmaTpuaemoii 3agade buuagze-Camapckoro,
N YCTQHOBJIEH KPUTEPWIA rMAAKOCTN €€ PELLEHNS.

Kntouesble cnioBa. 3apaqa buyaase-Camapckoro, ypasHerue LLtypma-Jlnysunns, pe-
rYNSipHBIE PELLEHNS], COMPSKEHHAs 3ajava.
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Ugy + Uyy =0
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06 oanoit 3auaue bunajze-Camapckoro ... 89

OcHOBHOE OT/IMYME 3319 TaKOTO TUIA OT OOBIYHBIX TPAHUYHBIX 33J1a9 B
TOM, 9TO Ha Juann ¢ = 0, yaacTBytomeil B yeaosun, nudepeHIuaabHoe ypas-
HEHUE BBIMOJHSIETCA. B NpUBEIEHHOM IPUMEpPE BTOPOE U3 ITUX YCJAOBUiT HE SIB-
JISIETCsl TPAHUIHBIM. VIHOTIa Takne yCIOBUSA HA3BIBAIOT BHY TPEHHE-KPAECBBIMUA.

Hanbueiinmee pa3suTne UCCAETOBAHNTE 33189 TAKOTO THIA MOJIYYIUI0 B Pa-
borax A.B. Bumazze [2], J.I. T'opnesuanu, f.A. Poiit6epr u 3.I. Illedrens,
M. Orentaesa u A H. lllbiabibekoBa, A.JI. Ckyba4eBCKOTroO, 1 MHOIUX JIPYIHX.
B pa6ore T.III. Kansmenosa n E.V. Epomenkosa [3] must mmpokoro kiacca
SITUNITAYECKUX 33729 Buraa3e-CaMapckoro ToKa3aHa MoJHOTa CHCTEMBI KOP-
HEBBIX (DyHKITHIA.

B macrosimeii pabote MbI ChOpMYIUpYEM OHY CIEIUATBLHYIO 33/1a9y THIA
Burnaaze-Camapckoro jis ypasaenust [rypma-Jluysusis. Byger gana KoH-
CTPYKIIHST PEryISIPHOTO B OO0OIIEHHOT0 perennii 3a1a4un. A Takyxke OymIer mo-
CTpOEHA 3ajadva, COMpsKeHHas K 3aga4de buraaze-CamMapckoro, n yCTaHOBIEH
KpPUTEpHUil TIATKOCTH €€ PEIleHus.

2 3A71A4YA Bunaa3e-CAMAPCKOTO

Paccmorpum 3anaay Bunaaze-Camapcekoro na marepsase © € (—1,1).
Haiitu pemmrenne ypasuenusi IIrypmva-/IuyBuiis

Lu=—u" () +q@)u(x) = f(z), —-1<z<1, (1)
V/IOBJIETBOPSIIOIIEE BHY TPEHHE-IDAHHIHBIM YCJIOBHSIM

u'(0) + /(1) =0, (2)

u' (1) +u(0) + u(1) = 0. (3)

ONPENEJNEHUE 1. Peryasapusiv pemmennem 3aaaun Bunanze-Camapcekoro (1)—
(3) mazosem pymkmmo u € C*[—1,1], ynoprersopsrontyio ypasaerno (1)
yeaosusiv (2), (3).

OnpreEAENEHUE 2. O606mennpiv permenueM 3aiaun  Bunagze-Camapckoro
(1)~(3) mazoBem pyuxumio u € Wi(—1,1), yI0BIETBOPAIONIYIO HIOYTH BCIOLY
ypasreruio (1) n ycrousam (2), (3).
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90 T.III. KAbMEHOB, H. KAXAPMAH

TeoPEMA 1. Ilycrs q(z) > 0 npu 0 < z < 1. Torga gus Jiroboii f € La(—1,1)
cymecTByer emqmHCTBeHHOe obobmennoe pemenme u € W2(—1,1) szazaun
Bunanze-Camapckoro (1)—(3) u a10 perenune y10BgeTBOPSIET HEPABEHCTBY

HU||W22(—1,1) < C||f”L2(—1,1)7 (4)

rye nocrosinaasi C' He 3aBucut or u(x).

B cayuae, korna f € C[—1,1], 0606mennoe pemenune 3anaun Buraise-
Camapcroro (1)—(3) sBisercs peryIspHbIM pelleHueM.

JJOKABATEILCTBO. Haiisem cHava/ia ampuopHyo oneHKy s 3amaqan (1)—(3)
npu 0 < & < 1. arerpupyst 1o 49acrsiM BbIPA2KEHUE

1
(Lu,u) = / (=" () + q (@) u(z)) - u(z)de :/f () -u(z)dx  (5)
0

C y4eTOM rpaHMYHbBIX yCa0Buii (2) u ucnosb3yst Hepasenctso FOura, Mbl moJy-
qaeM

—/lu"(w)-u(x)dx—I—/lq(:r)-u2(x)dx:
0 0

1 1
< [ir@ @l < oo [Ir@Par+ 5 [u@pa. ©
0 0 0
Torna u3 (6) MBI mOTyIaem

/I(u’ (x))de+/1<Q(x)—§> N (@) Pda < 215/1]f(33)\2dx. (7)
0 0 0
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Tax kak 1o ycaosuio reopembl ¢(x) > 0, TO CylmecTByer Takas IM0JIOKH-
tesibHag Koucrauta 3 > 0, uro ¢ (z) > g > 0 s Beex 0 < x < 1. ITosTomy
u3 (7) maxomum

2
lalPwzo,) = 1917 Lo,y + 10 raony) < COIAIP oo, (8)

rae nocrosanas C He 3aBucut ot u(x).

B cuy anpuopnoii onenku (8) wa unrepsase 0 < x < 1 cymecrByer eaun-
cTBeHHOe perrerne ypasuerus (1), yrnosrersopsioriee yeaosusm (2), (3). dro
pemenue MOzKeT 6bITb npeacTaB/JIeHO B MHTEI'PaJIbHOM BUJIEC. TO €eCTh Ccyuie-
cryer dbynkiug £, (), KoTopast aBsgercs GyHIAMEHTATbHBIM DelleHHeM
ypasuenust (1) (3aBucur ot ¢ ()), yIOBIETBOPSIONAs Y PABHEHUIO

Leg" (2,6) = d(z =€), 2 >0, (9)
7 yCJOBUSM
d | d
=0 oot 7250 e =0, (10)
d 4 + -
%Eq ‘z:l + &g |m:0 + & ‘m:l = 0. (11)

Ilostomy mpu = > 0 pererne mpeacTaB/isgeTCa B BUIE

1
u(@) = [t @Of (€ de (12)
0
IIpu & < 0 pemrenue OyaeM UCKAThL B BUIE
u@) = [ & @O (©d€ +coufo) +exao) (13)
0

rae e, (z,€) — dynmamentanbuble permenue 3agadn Komn na narepsate —1 <
xz <0:

Ley™ (2,€) = 6(x = §), (14)

_ Og,~
€q (w,é)‘x:():O, 8?6

=0, (15)
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92 T.III. KAbMEHOB, H. KAXAPMAH

dbyuriyn ug(x) n ui(x) — TPOU3BOJIbHBIE JIMHEHHO HE3ABUCUMBbIE DEIIeHUs O/l-
HOPOJIHOTO yPaBHEHH

Lug(z) = Luy(x) =0, z € (—1,0), (16)

a Cp, C] — IPOU3BOJIbHBIE MTOCTOSTHHBIE, BHIOMPAEMBbIE U3 YCAOBUS TJIAIKOCTH
pemrerus pu © = 0.

W3 ycnoBuit HENPEPBIBHOCTU PEIIEHUS W €10 [IePBOil MPOU3BOIHON B TOUKE
z = 0, mojiydaem JINHERHYIO CUCTEMY OTHOCUTEIHHO KOI(MDMUIUEHTOB ¢y, C:

1
coup(0) + crug (0 )= /6q+ (0,6) fH(&)de, (17)
0
; 1
coug'(0) + crur'(0) = u'(0) = . eq " (2, 6) f(€)d¢ 0 (18)
0

Onpegenuresib 3Toi JIMHEHHON aJredpanvyeckoil CHUCTEMBbI COBIAJIAET C
onpejeureseM BpoHCKOro, KOTOPbIN OT/IMYeH OT HyJIsi B CUJIy JUHEHHON He3a-
BUCHMOCTH perrernit ug(z) u ui(z):

UO/(O) u1(0)

W00 =g (0) w'(0)

‘ = Const # 0. (19)

CanemoBarenbHo, cucrema ypasuenuii (17), (18) omHo3HauHO paspernmva:

Co = Co(f+), Cc1 = Cl(f+). (20)

Henocpecreennbiv Bbranciaenuem u3 cucrembl (17), (18) maxoaum

1
ul<1><o>g‘eq+<o,§>f+<f>ds WO 2" (0. Or €

co(fh)= T anaD 2=0 (21)
uO(O)%}€q+(x,£)f+(£)d£ @ (0) feg (0,6 (€)de
a(ft)= L 2=0 - (22)
W(uo,ul)
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06 oanoit 3auaue bunajze-Camapckoro ... 93

[TokaxkeM, 9TO Co ¥ €] JIUHEHHO HempepbIBHO 3aBucaT ot f+. JlelicTBuTes-
HO, TaK KakK

1

W D(0) [ e (0, ) (€ —ua(0) £ [ e, () F(€)de
0 0 =0 <

lco(fF)| =

W (ug,u1)

1 T
}ul(l)(0)|{|5q+(07£)f+(£)‘d£+ IU1(0)|{\%%*(w,f)}zzof*(ﬁ)!dﬁ

< +
|W (g, u1)]
1 1
ur (0)] [ | eg* (. )| _o fT(€)] d¢ 1 \’
x + _
+ T <ol [I£7©Fde] <Al Flryo: (23
0
rje
1
e \(f|aq osrd5>
0< A= +
’ W (ug, u1)]
- S
a1 (17 0LaPae) + (1ot o0), o)
+ 24
W (o )| (24
n
e (FH)] < + _ F+
o7 = eol )] < Ao 7+ = FF (25)
AH&.HOI‘I/I‘-IHO IJId C1 HOJIy‘-IaeM
ler(F )] < Al o
n
e (FH) < + _ F+
TG RTCA RN TA i F
OﬂHOSH&‘IHOCTb HaXO)K,Z[eHI/IH KOHCTAaHT C() n Cl nu HOﬂy‘{eHHbIe rZl;.)'[ﬂ HUX
OTIEHKU JOKa3bIBaoT Teopemy 1. ]
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3 CONPAYMKEHHAA 3AJIAYA K 3AJAYE BUAJIBE-CAMAPCKOI'O

B sTOM pasjene Mbl HAXOAMM COTPSIZKEHHYIO 3aJady K 3ajade Bumanse-
Cawmapckoro. st sToro cuauamta koaddurments co(f ) m ey (f) m3 (21)-(22)
nepenuiiem B 6osiee ygobuom Ham Buje. Ilycrs 0¢(€) u 01(§) onpegensitorcs
ceyromuM 06pa3om:

u1’(0)eg (0, €) — u1(0) ey (2, €)|a—o

o0(€) = T , (26)
U Ao+ w0 — Uo q+ ’
o) = 00z ,V£V>|(uo?u1)o(0>e 0.6 o
Torma
1
eo(f) = / co(€)F(€)de, (25)
01
() = / 01 (€) F(€)de. (29)

0

Perynsapuoe pemtenne 3ama4un Bumagze-Camapcekoro (1)—(3) nepenurmem we-
pe3 MHTerpajbHbIi omepaTop

1
w(w) =Lyl f = / K (2.€)f (€) de, (30)
21

rIe

g (2,&) mpmax > 0,6 >0,

0 upu x> 0,& <0,

gq  (x,&) mpux <0,6<0

oo(§uo(x) + o1(§ui(z) mpn z <0,§ >0,

rae 00(€) u 01(§) onpenensores us dbopmy (26)—(27) coorBeTCTBEHHO.
13 (30) u (31) coemyer, 9T0 CONpPsIZKEHHBI ONIEPATOD 3a/1a€TCsT B BUJIE

K (x,6) = (31)

1

o(x) = Ly~ = / K (a,€)g (€) de, (32)

-1
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rie

gg(&x) npué >0,z >0,

oo(z)uo(§) + o1(x)ur(§) mpm § < 0,2 >0,
0 npu £ > 0,2 <0,

gq (&,x) mpu <0,z <0.

K*(x,€) = (33)

HemnocpencrBenabiM BbIYUCIEHTEM JIETKO YO IUTHCSI B TOM, 9TO JefCTBUE
CONIPAKEHHOr0 OIepaToOpa UMeeT CAETYIONNil BUT:

Lyo(a) = =" (&) + ¢ (2) v (2) = g(x), © #0. (34)

Tenepr HaitmeM TpaHWYHBIE YCJAOBHUS CONpsKeHHOU 3amauu. llpm > 0
nMeeM

o(z) = / K*(z,€)g" (€) de = / et (6,2) (<" (2) + ¢ (2)v (2)) de+
—1 0

0
+ / (00(@)uol€) + o1 (@) () - (—0" (€) +a(©) v (©) de.  (35)
21
Orcroza, UCoIb3ysl UHTEIPUPOBAHNE TI0 YACTSIM, MBI HAXOIUM
et @)V — 2 (€ 2) o(©)1F] + o0(a) [~uo(€W(©) 01+

+ug(€)v(€)|%] + o1(x) [~ur (€)' (€)% +ui(©u(©)[2,] =0.  (36)

Ucnons3ys asublii Buj og(x) u o1(z) uz (26), (27), J1€rko BHIYUCIIAETCS, 9TO

oo(z) [—uo(§)v' (€)% +up(§)v(€)|2,] =0 (37)
o1 (@) [—ur (V' (€)%, + ui (§v(€)]%,] = 0. (38)

Torma
g (&) V(5 — 2™ (&) v(E)]§ = 0. (39)
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96 T.III. KAbMEHOB, H. KAXAPMAH

Orcrofa, npuarMast BO BHUMaHue norennuaabase yeaosus (10) u (11), nosy-
qaem

v’ (0) +'(1) = 0, (40)
v'(1) +v(0) + v(1) = 0. (41)

IIpu = < 0 umeem

gg (§x)g™ (§)dE =

=
&
I
\

=
Py
K
~—
QI
—
N
I
7Y

| I

»—A\O

0
- / ey (6.2) - (= () + () v (€)) d. (42)
21

Wcnonb3ys naTErpUpPOBAHUE IO 9aCTIM, OTCIO/1a, HAXOIUM
— 0 _/ 0
g (&)U (90 —gg (& 2)v(©)2 =0. (43)
[TpuanMas BO BHUMaHME TOTEHIMAIbHBIE yeaosus (15), noaydaem
v'(=1) =0, v(-1)=0. (44)

Takum obpasom, obsacts ompenenenuss D(L};) conpszKeHHOroO OmepaTopa
cocrout u3 yHKImMii, npunajiexanmx Kiaccy W2 (—1,0)\W3(0,1) u yuo-
BJIETBOPAIONUX KpaeBbIM yciaosuam (40), (41) u (44).

Jlerko 3ameTuTh, UT0 (PYHKIUU U3 OOJACTH OMPEIETEHUs COMPSIKEHHOTO
oTIepaTopa HEOOI3ATE/THHO SIBJIAIOTCS HENPEPBIBHBIMU U HEMPePBhIBHO audde-
peHtupyeMbiMu B Touke T = 0.

TEOPEMA 2. DjemeHT u3 00JIaCTH ONpPEJEJIEHHS COMPSIKEHHOIO OIepaTo-
pav = (L*)E;1 g sABjsiercs riaakoii pynknueii (T.e. HenpepbiBHO auggepen-
mupyemoii B rouke x = 0) Torjga u Tosbko Torna, Korja ¢yHkinua ¢(r) =
—v"(z) + q(x)v(x) yaosaersopsier yciaopusiv

0

1
[ert @0t ©de= [ e 60 (@ de (45)
0

-1
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1 0
/ D gt (€)de = / Do €n)| o @de ()
0 =0 -1 z=0

JJOKABATEJILCTBO. Inst nenpepeisHocTn v(x) Ha (—1,1) HEoBXOMMMO paBeH-
crBo: v (07) = v (07). Torma

! 0
O/ (g (€)de| = _/1 e (Ea)g (€)dg|

=01

T.e. crpaBeuBo (45).
JList TOrO, 9TOOBI TIEPBHIE MPOM3BOAHBIE OBLIN HEMTPEPHIBHBI, HEOOXOIMMO 1
JIOCTATOYHO, 9TOOBI BBIMIOIHIIOCH YCIOBUE

d d
%U () |p=ot+ = %U (%) |p=0--

Torna

1 0
o R GETR G | I o RGP GES I

0 =0+t —1 =0~

T.e. cipaseamio (46). Teopema 2 jgokazana. O
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Kamsvernoe T.IIL, Kaxapvan H. HITYPM-JINYBIJIIb TEHJEVI
YIIIIH BUIIA/I3E-CAMAPCKUIIIIH BIP ECEBI TYPAJIBI

Byn xywmeicra Htypm-Jluysuans Tergeyi yiria bunanze-Camapcknit Tek-
Tec Oip ecen KAPaCTHIPbLIFaH. ECenTi peryasapibl 2KoHe XKaJIIbl IentiMiHi e 6ap
00JIYBI MeH KAJIFBI3IBIFEI JoJIe/aeHred. Ecer memiMiHie KyphLIbIMbI KeJITipiI-
red. Kapacreipeuisin otbipran Buraze-Camapcekuii ecebine TyitiHgec ecen
KYPBLIFaH YKOHe OHBIH IETiMIHIH TETIiCTIiTl Typasbl KPUTepHil TarailbIHIaIraH.

Kimrrik cesznep. Bumajze-Camapcekuit ecebi, [rypm-Jluysuiibe Terjeyi,
PeryJISpJIbI MenIiMAep, TYHIHIeC ecell.

Kal’'menov T. Sh., Kakharman N. ON A PROBLEM OF BITSADZE-
SAMARSKII FOR THE STURM-LIOUVILLE EQUATION

In this paper, we consider a problem of Bitsadze-Samarskii type for the
Sturm-Liouville equation. We proved the existence and the uniqueness of a
regular and generalized solutions for this problem. The construction of the
solution of the problem is given. The problem conjugate to the considered
Bitsadze-Samarskii problem is constructed and a criterion for the smoothness
of its solution is established.

Keywords. Bitsadze-Samarskii problem, Sturm-Liouville equation, regular
solutions, adjoint problem.
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AN ANALOGUE OF THE FRACTIONAL SOBOLEV
INEQUALITY ON THE HOMOGENOUS LIE GROUPS

A. KAassymov, D. SURAGAN

Annotation. In this paper we prove an analogue of the fractional Sobolev inequality
for the fractional sub-Laplacian.

Keywords. Fractional sub-Laplacian, fractional Sobolev inequality, homogeneous Lie
groups.

1 INTRODUCTION

1.1 HOMOGENOUS LIE GROUP

We recall that a family of dilations of a Lie algebra g is a family of linear
mappings of the form

(o)

Dy =Exp(Aln)) =) (In(\)A)", (1)
k=0

where A is a diagnalisable linear operator on g with positive eigenvalues, and

D) is a morphism of the Lie algebra g, that is, a linear mapping from g to
itself which respects to the Lie bracket:

VX,Y €g, A>0, [D\X,D,\Y] = Dy[X,Y]. (2)

A homogeneous group is a connected simply connected Lie group whose
Lie algebra is equipped with dilations. We denote by

Q = TrA, (3)

2010 Mathematics Subject Classification: 22E30, 43A80.
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100 A. Kassymov, D. SURAGAN

the homogeneous dimension of a homogeneous group G.
For any G there exists homogeneous quasi-norm, which is a continuous
non-negative function
G 3z q(z) €]0,00), (4)

with the properties
a) q(z) = q(z71) for all x € G,
b) ¢(Az) = Ag(x) for all z € G and X > 0,
c) q(z)=0iff z = 0.

Note that for the simplicity of notation, here and after we assume that the
origin 0 of RY is the identity of G. This assumption is not restrictive due
to properties of isomorphic Lie groups. We also use the following well-known
polar decomposition on homogeneous Lie groups (see, e.g. [1, Section 3.1.7]):
there is a (unique) positive Borel measure ¢ on the unit quasi-sphere

wg :={reG: q(z) =1}, (5)

so that for every f € L'(G) we have

G 7 [t tasyar (6)
G

0 wg

Let s € (0,1) and G be a homogeneous Lie group with homogeneous dimension
Q. For a (Haar) measurable and compactly supported function u the fractional
sub-Laplacian (—Ay)® on G can be defined as

S0 () — o1 (u(z) — u(y))
(—Ag)°u(z) = 2%1{% / mdy, z € G, (7)
G\Bg4(z,9)

where ¢ is a quasi-norm on G and By(x,0) is a quasi-ball with respect to g,
with radius § centered at x € G .
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An analogue of the fractional Sobolev inequality ... 101

For a measurable function v : G — R we define the Gagliardo seminorm
by
1/p

_ Ju(@) — u(y)”
o= | [ [ ey | ()
G G
Now we recall the definition of the fractional Sobolev spaces on homogeneous
Lie groups denoted by W*24(G). For s € (0, 1), the functional space
W24(G) = {u € L*(G) : u is measurable, [u]s , < +00}, (9)
endowed with the norm
lullwe2a@) = (lull2@) + [Wsg) '/ v e W), (10)
is called the fractional Sobolev spaces on G.
1.2 FRACTIONAL SOBOLEV INEQUALITY

Let Q@ € RY be a measurable set and 1 < p < N, then the (classical)
Sobolev inequality is formulated as

[ullpr () < ClIVullLr@), v e C3°(Q), (11)
where C' = C(N,p) > 0 is a positive constant, p* N—_pp and V is a standard

gradient in RV,

In [2] the authors obtained the fractional Sobolev inequality in the case
N > sp, 1 < p < o0, and s € (0,1), for any measurable and compactly
supported function u one has

[ull o vy < Clulg (12)

7p,

where C' = C(N,p, s) > 0 is a suitable constant, [uf, = [ [ %dmdy
RN RN

and p* = N]\i ’;p. There is a number of generalisations and extensions of above

Sobolev’s inequality. For example, in [3] the authors proved the following

weighted fractional Sobolev inequality: Let 1 < p < g and 0 < 8 < W,

then for all u € C$°(RY) one has

b
p*

C YWy > Jul”, (13)
rx— !Nﬂ’ﬂw\ﬁ\ylﬂ ES )
RN

X
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where C'= C(N,p,s) >0 and p* = N{’;p.

The Sobolev inequality is one of the most important tools in PDE and
variational problems. In this paper one of our aims is to obtain an analogue of
the fractional Sobolev inequality on the homogeneous Lie groups. The result
is stated in Theorem 2.1.

The paper is organized as follows. In Section we prove analogue of the
fractional Sobolev inequality on the homogenous Lie groups.

2 FRACTIONAL SOBOLEV INEQUALITY

In this section we prove fractional Sobolev inequality on the homogeneous
Lie groups.

Let @ be a homogeneous dimension of a homogeneous Lie group G. To
prove an analogue of the fractional Sobolev inequality, first we present some
preliminary results. Here we follow a similar scheme as in |2], but now on the
homogeneous Lie groups.

LeMMA 2.1. Let s € (0,1) and K C G be Haar measurable set. Fix x € G and
a quasi-norm q on G, then we have

dy -2
I S OIK|7?%/@ 14
| et KT .

where C = C(Q, s, q) is a positive constant, K = G\ K and |K]| is the Haar
measure of K. 1o
PRrROOF. Let § := (L}—K'

Q

ball on G. Then, we have

, where wq is a surface measure of the unit quasi-

[K° N By(x,0)| = |By(x,0)] — [K N By(,6)] =

= |K| — |K N By(x,9)| = |K N By(x,0)], (15)
where | - | is the Haar measure on G and By(z,6) is a quasi-ball centered at x
with radius d. Then,
/ dy _ / dy n / dy S
@Ot (ytox) g2 (y~t o x) gyt ow) T
Ke K°NBy(z,5) KeNBg(z,0)
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An analogue of the fractional Sobolev inequality ... 103

dy dy B
> | gt | e

K°NBy(x,5) KeNBg(x,6)
_ KN By(x,9)| dy
o 0Q+2s + O (ylox)
KeNBg(z,0)
By using (15) we establish
dy S KN By(,0)| dy _
q@t2s(y~log) — 0Q+2s q@t2s(y—lox) -
Ke KCﬂBg(x,zS)
K0 Bi(@0) By
HR+2s qQ+23 (yfl o x)
KenBg(z,0)
dy dy
> =
> | et | e
KNBg(z,9) KeNBg(x,6)
_ / dy
- qQ+2s(y—1 o a:) ’
Bg(,9)

Now using the polarization formula (6) we obtain that

dy P
> B S/Q'
l?w%@AomC" 1o

LEMMA 2.2 [[2], Lemma 6.2]. Fix T' > 1. Let s € (0,1) be such that Q > 2s,
m € 7Z and ay, be a bounded, decreasing, nonnegative sequence with ay = 0 for
any k > m. Then

Z a}(ﬂQ*QS)/QTk <C Z ak+1a;28/QTk7
keZ kEZ, ar,#0

for a positive constant C = C(Q,s,T) > 0.
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104 A. Kassymov, D. SURAGAN

LEMMA 2.3. Let s € (0,1), @ > 2s and q be a quasi-norm on G. Let u € L*°(G)
be compactly supported and ay = |{|u| > 2¥}| for any k € Z. Then,

C Y appa R <, (17)
k€Z, ar#0

where C' = C(Q, s, q) is a positive constant and [u]s , is defined by (8).

PROOF. We define
Ay = {|u| > 2F}, ke 7, (18)

and
Dy = Ay \ Ak+1 = {2k < f < 2k+1} and di = ’Dk‘ (19)

Since Apy1 C Ay, it is easy to see
g1 < ag. (20)

By the assumption u € L*°(G) is compactly supported, ar and dj are
bounded and vanish when k is large enough. Also, we notice that the Dy’s are
disjoint, therefore,

1€, 1<k
and
U Di=a4. (22)
I€Z, 1>k
From (22) we obtain that
Z d; = ag (23)
€2, 1>k
and
dk = ag — Z dl. (24)
I€Z, 1>k+1

Since aj, and dj, are bounded and vanish when k is large enough, (23) and (24)
are convergent. We define the convergent series

S = Z 22lal__218/le. (25)
lE€Z, a;—17#0
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An analogue of the fractional Sobolev inequality ... 105

We have that Dy, C Ay C Aj_1, therefore, a, /Qd <a,_ f/Qal_l. Thus,

{(i,]) € Z st. a;—1 # 0 and a;_ /le#O}C

C {(i,1) € Z s.t. ay—1 # 0}. (26)
By using (26) and (20), we calculate that

SRS LD SENND SRSt L

€L, a;—1#01€Z, I>i+1 1€7Z, a;—1701€Z, 1>i4+1, a25/Qd;#£0
21, —2s/Q ; _ 2i —2s/Q
< E g 2%, 7" 7d) = g E 2%, 77" 7d; <
i€Z 1€, 1>i+1, a;_17#0 I€Z, a;_1#£0i€Z, i<l—1

< > Y PeCa=

I€Z, aj_140i€Z, i<l—1

+00
_ Z 222(l—1—k)a;_2f/le <. (27)

1€Z, a_170 k=0
Notice that
[lu(@)] = [u()I] < |u(z) — u(y)]
for any x,y € G. If we fix ¢ € Z and = € D;, then for any j € Z with j <i—2,
for any y € D; using the above inequality, we obtain that

lu(x) — u(y)| > 20 — 2971 > 2t _ 9i=1 > 9i~1

and using (21), we have

u(z) — u(y)? 2(i—1) _
Z qQ+25(y—1 5 x)dy > 2 Z qQ+25 —1 ox)

JEL, j<i—2p JEZ,j<i=2f,

. d
_ 92(i—1) Y
-9 / A Toa) (28)

c
1—1
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Now using (28) and Lemma 2.1, we obtain that

lu(x) — u(y)[? 2 2s/Q
—d >022
] o)

with a positive constant C. That is, for any ¢ € Z, we have

() 225/
> // qQ+2s low)dd y > C2 d;.

JEZ, j<i—2p

From (29) and (24) we get

> )‘zd dy >
qQ+25 ~Toq) y=

JEZ, j<i—2p

>C 221 25/62 Z 22ia;_215/le
1€Z,1>i+1

By (29) and (25) we establish that

()l
S 3 ][
Q+2s(y1 =
1€Z,a;—17#0 JEZ, j<i—2p, q ’ Ox)
>c Y 222'@;215/% > CS.
1€ZL, a;—17#0
Then, by using (27), (30) and (31), we obtain that

2 .
2 2 / qQ+28 — o)l: dady>C Y 200,

1€Z, a;—1#0 JEZ, j<i—2f, i€Z,a;—17#0

—C Z Z i 25/Qd > C Z 22i 1215/Q —CS>

i€Z, a;_170 €L, [>i+1 i€Z, a;_170

2
>C Z 92, —2s/Q Z Z / Md:pdy.

1€ZL,a;—170 1€Z,a;—17#0jEZ, j<i— 2
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This means

2
> 2 / Mdmy 2

1€Z,a;—1#0 JEZ, j<i—2[,

C )
2SO %, (32)
iEZ,CLi_l;ﬁO

for a constant C' > 0. By symmetry and using (32), we arrive at

2 _ |u(x) u(y)|?
[uls.q = / qQ+2s(y—1 ox) d dy Z / qQ+2s 1, x)d zdy 2
G

L,JEL

(v)?
=2 ) / ws—wdmdyz

1,j€EZ, ]<zD

WP
>2 Z Z / QQJFQS——lox)dxdy >

1€2L,a;—17#0 JEZL, j<i— 2pi D

>C Z 222-1215/@) a;.

€L, ai,1#0
O
LEMMA 2.4. Let u : G — R be a measurable function. For any n € N
Up, := max{min{u(x),n}, —n}, for any z € G. (33)
Then,
ngff lunll2@) = llullr2(c)-

PrOOF. The proof is the same as in |2, Lemma 6.4].
By using the above lemmas we prove the following analogue of the fractional
Sobolev inequality on G:
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THEOREM 2.1. Let s € (0,1), @ > 2s and q be a quasi-norm on G. For
any measurable and compactly supported function v : G — R there exists a
positive constant C' = C(Q, s,q) > 0 such that

HUH%P*(G) < C[u]g,q (34)

PrOOF. First of all, we suppose that Gagliardo’s seminorm [u|s 4 is bounded,
ie.

u\r) —u 2
= [ [ 10 35
G

and we suppose that v € L*(G).

If (35) is satisfied for bounded functions, it holds also for the function wy,
obtained by w cutting at levels —n and n. Thus, by using Lemma 2.4 and (35)
with the dominated convergence theorem, we obtain that

. - |un(2) — un(y)® _
nggloo[ - nLlEIFloo// qQ""QS —lo x) didy =
_ Ju(a) — u(y)[? T
- / gy ey = 2, (36)
G G
As in Lemma 2.3 we define a; and Ag, so we have
1/p* 1/p*
lilr = | X [ werar|  <|X [ 2wra] <
REZy\ Ay FEZA Ay
1/p
< (Z 2(k+1)p*ak> i (37)
k€EZ

Then, with 2/p* =1 —2s/Q < 1 and T = 22, Lemma 2.2 yields

2/p*
Hu”ip* @) < 92 (Z 2kp*ak> < 92 ZZ%GI(CQ_ZS)/Q <

keZ keZ
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<Cc ) 2 “ari (38)

k€EZ,ar#0

for a positive constant C' = C(Q, s, q) > 0.
Finally, using Lemma 2.3 we arrive at

2 gy <C > 2%a* apy <
k€Z,ar#0
<C —u(y)l " _dxdy = Clul? (39)
Q+2s ~Toq) y= 5,q°

Theorem 2.1 is proved.
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CJIO2ZKHOCTD N30J/14TOPOB HU>KHEI'O
OEHTPAJIBHOTI'O PAJA B BbIYNCJINMBIX
HNMJIBITOTEHTHBIX I'PVIIITIAX

N.B. JIaTkuH, H.JI. MAPXABATOB

AnHOTaums. W3syuaeTcs CNOXKHOCTE BbIYUCNEHUS W3ONATOPOB YJEHOB HUXKHErO
ueHTpanbHoro psga (uetpanos) y BoldmcaumMbix rpynn 6e3 kpydenus, a Takke
BbIYNCANMOCTb (haKTOp Fpynn no 3TUM MOArpynnamM. DTU BOMPOCH TECHO CBA3aHbl C
npobnemMoli BXOXKAEHUSI B HJIEHbI BEPXHErO N HUXKHErO LiEHTPasbHbIX PSIAOB BblIHUCN-
mbIx rpynn. Mocneannii BONPOC MHTEPECEH TEM, HTO MHOrUe anrebpanyeckne CBOCTBa
HUNBMNOTEHTHBIX FPYNM AOKA3bIBAOTCA UHAYKUNER NO CTYMEHN HUABNOTEHTHOCTW; AN
3TOI LN HacTo PacCMaTPUBAIOTCA YJ€Hbl BEPXHErO W HUXKHErO LIEHTPASIbHbIX PAAOB
n dakTop rpynnbl no HumM. EcTecTBeHHO ObINO 0XKMAATL, 4TO 3TOT METOA MPUMEHUM
n K BblqucanmbiM rpynnam. OAHAKo, 3TN HaAEeXAbl HE OMpPaBAANNCH: OKa3anoCh, YTO
y>Ke N30NSTOPbI LEHTPAsIoB U (haKTOPbl MO HUM MOTYT UMETb CIOXKHOE CTPOEHNE AaXKe
NS BBIYNCAUMBbIX HUIBMNOTEHTHBIX rpynn 6e3 Kpy4eHusi, B HaCTHOCTU, bakTop rpynmnbl
no 3TUM N30AATOPAM Y TaKMX FPYNM MOTyT ObiTb HEBLIHUCAUMbIMN.

KntoueBble cnoBa. HunsnotentHas rpynna 6e3 kpyyeHus, BIYMCAUMOCTb, KOHCTPYK-
Tneu3auus, 6asucHole KOMMYTaTOpPbI, haKTOP rpynna, LeHTpasl, n3onaTop, HyMmepayus,
pa3spewnmMoCTb, TbIOPUHIOBAs CTENEHb.

1 OCHOBHBIE ONPEJAEJIEHNA 1 HEOBXOAMMBIE CBE/JIEHN

Bce ompejiesienust u MOHATHS M3 TEOPUH T'PYII, KOTOPBIE 37€Ch UCIOIb3Y-
1orcst 6e3 nosicHennit moxkuo Haiitu B [1]-[3], [4], a cBemenust w3 Teopuu KOH-
CTPYKTHUBHBIX (BBIYMCINMBIX) MOjesteii — B [5]. 31ech Mbl HATOMHIM JINIIB OC-
HOBHbIE U3 HUX.

1.1 HUJIbIOTEHTHBIE I'PYIIIBI

IIycrs G — rpynna, 3anucannas Mysbruminkarusao. Qs z,y € G (cama
rpymna u eé yHuBepcyM 0003HAYAIOTCs OJUHAKOBO) KOMMYTATOD T H Y — 9TO
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Kowmurerom nayku MOH PK, rpanrsr 3953/I'®4 u IPH: AP05132349, rema npoekra: "Bbi-
YUCIMMOCTD, UHTEPIPETUPYEMOCTh U ajrebpandeckue cTpyKTypsI'.
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[z,y] = 2 'y lzy. BEcom H uw K — noprpynmnst 8 G, to [H, K| ects noarpymma,
NOpPOXK/IEHHAs BceMu KomMyTaropamu Bujga [h, k], tne h € H u k € K, Te.
[H,K|=gr({[h,k] |he H, ke K}). Kak 06b1un0, 3anucs H < G o3nauaer, 4ro
H - nopmanbrasg noarpynma B G.

Huxanit menTpanbHblii psa rpynnbl G — 9T0 CIeIyomuii psa/l eé moArpyII:
G = MG D> %GB y3G B> ..., u on onpenensierca o uaaykiuu: v1G = G,
a Yi+1G = [1iG,G] — ero (i+1)-it unen (menrpas). I'pynna G uHazbiBaercs
HHJIBIIOTEHTHOH crymenn T, ecim Yp+1G=1, no v,G#1.

ITpocTere KOMMYTATOPBI ONMPEJENSIOTCA UHIYKTUBHO: (L], T2, ..., Tnil] =
[[z1,22,...,%n], Tnt1]. U3BecTHO, uTO rpynna G — HUJIBIOTEHTHAS TOTJA W
TOJIBKO TOIJIA, KOTJA CyIIecTByer r > 1 takoe, 9To [T1,Z2,...,Tr41] =1 mna
BCEX 1, ...,%r4+1 € G. Hanmenbimee Takoe r €CTh CTyIeHb HUJIBIOTEHTHOCTH
ang G. Takum 00pa3oM, BCE I'PYIIbI, Y KOTOPbIX CTYIEHb HHUJIbIOTEHTHOCTH
He BBITNE 7', COCTABJISIOT MHOroobpasme I, Tpymil, 3aJaBeMBIX TOMKIECTBOM
[.%'1, Ty vn ,xr+1] =1 [1]

st 060 mopmassHON oarpynmsl H rpymnmsr G uMeeTcst eCTecTBeHHAsT
npoektma  wy : G — G/H, 3anasaemas kak 7g(g) = gH. Ilenrp rpyn-
mer G, obozuauaemeiit C(G), — 3ro MuOXKecTBO Tex g € C(G), mag KOTOpBIX
gh = hg nipu Besikom h € G. Tlockonbky C(G) — HOpMaIbHAsT TOATPYTIIA, TO
B3aB 1earp or G/C(G) u BepHyBmHUCHL 06paTHO K G TOCPEICTBOM 775(16‘)’ o-
JlydaeM JIpyryl HOpMaJabHyI0 moarpynmy B (. Bepxuwmii meHTpasbHBIT psj
1=0(GEIGGEIGGE ... rpymnel G onpenengercs mo naayknun: (oG=1n
Git1G = Waé(C(G/(QG))), ero i-it wien ;G MHOra HA3BIBAIOT i-M I'HIIEPIEH-
TpoM rpyunsl G.

I'pynna G umeer cTyneHb HUJIBIOTEHTHOCTH 7', €CJIM U TOJIBKO ecan (G =
G, v IpM 3TOM 7" — HAMMEHBIIIEe YNCJI0 C TAKWM CBOWCTBOM. XOPOIIO N3BECTHO,
gro ecmt 1 = Go <Gy IGe ... <G =G ecTb HEKOTOPHI IeHTPaIbHbII
psaa rpynmbl G CTyIeHr HUJIBIIOTEHTHOCTH T, TO MMEET MECTO CJIeIyIOIast CXeMa

BKJIIOUYEHNIA:
G < GG < ... < GG <« (G
_— I VI VI Il \
1 = Go 1 G« ...« G o< Gy = G (1)
S I i i Il _—
Y+1G < G < .. A G a9 G
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Hanomuum, uro nepuognyeckass yacrb TG rpynnbl G — 310 MHOXKECTBO,
cocrosee n3 37eMeHToB g € G, Ist KOTOPBIX HANAETCs 1mestoe qucsio n >0 ta-
Koe, 4To ¢" =1; HauMeHbIIee TAKOe N HA3BIBALTCS HOPS/IKOM djieMeHTa ¢. Ecam
neproandecKas 9acTb TG TpuBHasibHa, TO rpynna G HA3BIBAETCS HemMeroIneii
Kkpy4denusi. VI3BeCTHO, 4T0 1EPHOMYECKasi 9aCTh HUJIBIIOTEHTHON I'PYIIbl —
HOpMaJsbHas noarpymma |1, [2].

1.2 KOHCTPYKTUBHBIE AJITEBPANYECKUE CUCTEMBI

ycrs G=(G,-,~',1) — cuérmas rpymma. Orobpaxkerne v : D — G Bbl-
YUCIUMOTO TOAMHOKeCTBa D MHO)ecTBa N HATYpaTbHBIX YUCEN B yHUBEPCYM
G mnaswiBaercs Hymeparueii rpynnel G, a napa (G, V) Ha3bIBae€TCS HyMePOBaH-
HOH I'pyHIIoH.

Hywmeposannas rpynna (G, V) Has3bBaeTcs KOHCTDYKTHBHOH (MM BbIYUC-
JIMMO HYyMEPOBaHHOI), eC/ii MMEIOTCsl BbIYuC/AuMble (DYHKIMU f, g Takue, 4To
upu s00bix n,m € D peinosnensl pasencrsa  v(n)-v(m) = vf(n,m) u
(v(n))~'=vg(n), a Mmaoxkecrso v~ (1) — Beraucammoe. Eciu muozxectso v (1)
— BBIUACUMO TIEPEIUCIUMOe, TO HyMepalus v Oyaer mozurusHoil. Hymeparus
v rpynne G takas, uto (G, V) ecTh KOHCTPYKTUBHAS TPYTITNA, HA3BIBAETCA KOH-
crpykTuBr3anueii (Wim BeIAUCIMMOi HyMepanueit) rpynnsl G. I'pynmna, KoTo-
past UMeeT KOHCTPYKTUBU3AIWIO, HA3BIBAETCS BHIYHCIHMOM.

[Iycrs (G, v) ecth HyMepoBanHag rpynmna, a M — moamuoxectso B G. 10
MOJIMHOKECTBO — BBIYHCAUMOE (MM BBIYHCIHMO MEPEIHCIUMOE — B.IL.), €CJIN
TAKOBO €ro HOMepHoe MHO¥KecTBO v+ (M).

Ecin H — Bbruamcimmo nepeumcsmmast (B.1.) HOArPYyINa HyMepPOBAHHOL
rpynnsl (G, V), TO MOXKHO ONPEIEIUTh HyMepalnuo (i noarpyunsl H ¢ momo-
MIBIO BBIUUCIUMOi (byHKIMA f, KOTOpas TMEepeduc/isieT HOMEPHOE MHOMKECTBO
v U(H): wp(x) =vf(r). Korga nymepanus v — KOHCTPYKTHBHAs, TOTJA Ta-
Koit ke 6ymer u [5]. [IockoMbKY mepuogndeckas 4acTh U BCE UJI€HBI HUZKHETO
IEHTPATBHOTO PSAJIa — BHIYUCIUMO MEPEUNCIUMBIE BO BCAKON KOHCTPYKTHBHOM
IpyIIle, COTJIACHO WX ONPEJEJIEHUAM, TO TU MOArPYIIIbI BBIYUCIUMOL IPYIIIbI
SIBJIAIOTCS. BBIYUCIUMBIMU TPYTIIAMHE.

Eciu H < G, 10 jig Kax 10l HyMmepanuu vV Tpyminbl G MOXKHO OTIPeJIe/IUTh
KaHOHMYECKyIo (mmu ecrecTBeHHyio) mymepanuio v/ H daxrop rpynust G/H
nocpegcreom (v/H)(m)=v(m)/H nna aoboro m € N. Hymepaius v/ H Gyer
no3uTuBHOM (Bbrunc/MMOii), eciim H ectb Bbraucgmmo nepeuncinmas (Bbrauc-
mmast) ioarpynmna B G nipu v [5].
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1.3 N30JISITOPBL 1 BABUCHBIE KOMMYTATOPBI

Basucuble KOMMYTaTOpPbI B CBOOOIHON HUJIBIIOTEHTHO! rpymme F' ¢ mopox-
J@IOLIUMHE L0, L1, - . ., Ty, . . . OLPEessiiorcs uHAyKuueit o secy [2], [3], [4], [6]-

1) Kazkaplit mopox aronimii ; — 970 6a3ucHbIil KomMyTaTop Beca 1. Canra-
€M, 9TO OHU €CTECTBEHHO yIOPHAI0YEHbl MEXK/1y CO00i: To< 1< ... <ZTp < .. ..

2) Ilpenmosoxum, 910 BCe Ha3UCHBIE KOMMYTATOPHI Beca < k y2Ke ompeje-
JIEHBI U YIOPSIOYEHBI MEXK Ty co0oit. Eciu a, b — 6azucabie KOMMYyTATODPBI BECa
t<kwns=k—t+1 coorsercrBenno u npm 3ToM a > b, TO KOMMyTATOD [a, b]
Oyer 6asucHbIM Beca t+s = k+1 B TOM TOJBKO TOM CJIy4ae, eCJIi BBIOTHEHO
JIONIOJTHUTEIHHOE YCIOBHE: €Cu a = [a1, as], T0 b > as.

3) KommyTaropsl Beca k C/iefyioT 3a KOMMYTATOPAMHU BECOB MEHBINNX k W
MeXIy OO0 yrnopsg09ensl Tak, 9TO M0 IeJeIEBCKUM HOMEPAM JABYX KOMMY-
TaTOPOB MOXKHO 3(h(PEKTUBHO BBISICHUTH: KAKOi 13 HUX DOJIbIIE.

N3BecTHO, 9uT0 B CBOOOIHOM HU/IBIIOTEHTHOM rpyIine F' crynenu n 6a3ucHbie
KOMMYTATOPBI Beca k < n obpa3ytoT cBobomHbIN 6a3uc abeieBoil pakTop rpyi-
ust Ve F/ve+1F 2], [3], [4], [6]- Kpome Toro, MmuoxecrBo réieeBCKux HOMEPOB
9TUX KOMMYTATOPOB — BBIYHUCIMMOE MHOYKECTBO, OyleM Ha3bIBAaTh TaKKe HOME-
pa HHIEeKCAMH KOMMYTATOPOB (mpu (bUKCHPOBAHHON TéI€JIEBCKON HyMepAaIn).
Mo>kHO CYuTaTh, 9TO MOPSALOK HA 3TUX WHAEKCAX 3aJAETCA YIOPSAAOIECHUEM,
YIOMSIHYTBIM B TyHKTax 1)—3) BbiIIe.

Coryracuo onpeiesiennio, ecau [a, b| — 6a3ucHbIii KOMMyTATOP, TO J1JIsT JTI060-
ro j KommyTaTop Buja [. .. [[a, b],b], ..., b], vae b BxomguT j pas, Toxke GazUCHbIH
Beca j + 1. V10610 0603HaunTH Takme KOMMyTaTopsl Kak [a, bU)].

[Mycts G — rpynna u H < G. H3oaaropom noarpynnsl H HasbiBaeTcs
rpyIna, MOPOXKJAEHHAsE BCeMU djieMeHTaMn g u3 (G, Jj1s1 KOTOPBIX CYIIECTBYET
HeHyJieBoe uucio n, uro g" € H,re. IH = gr{g € G|(In € Z\{0})(¢" € H)}
— m3ongrop noarpynust H. B wacruocru, Iv,G = gr{g € G|(3n € Z\{0})(¢" €
vkG)} — m3onarop k-ro menrpasa.

MuTepec K m30JITOpaM MOATPYIIIT OObACHAETCS CISAYIONMA TPOCTHIMUA 1
ussectHbiME (paktamu [3], [6]: 1. ecoin G — HUIBIOTEHTHAST CTYIIEHNU T PPYIITIA,
T0 m3oaarop k-ro nenrpana [vyyG — HopManbHag noarpymma; 2. ecan G —
rpynna 6e3 kpydenus;, 10 G/(Iv;G) — nunbnorenTaas rpynmna 6e3 KpydeHust
crymenu we 6ojee, uem k — 1.

MATEMATUYECKUN KYPHAJ. — 2018. — T. 18, Ne 1



CJ102KHOCTH U30JIITOPOB HUKHErO EHTPAILHOIO Psijia, ... 115

2 TTOCTAHOBKA ITPOBJIEMBI

Bompocsr 0 ciaoxuOCTE TPOOIEMBI BXOXKIEHUST B UJI€HBI BEPXHETO W HUXK-
HEro NEeHTPAJLHBIX PAZOB y BBIYUCJUMBIX TPYII, & TaKKe O BBIYUCIUMOCTH
dakTOp IPYII 110 STUM MOATPYIIIIAM UHTEPECHBI TeM, YTO MHOTHE ajredpande-
CKHe CBOICTBA HUJIBIOTEHTHBIX I'PYIII JOKA3BIBAIOTC MHIYKIUEH 110 CTyIeH:
HUJIBIIOTEHTHOCTHU,; IJIA ITOMN e 9acTO paCCMaTPUBAIOTCA YJ/I€HbI BEPXHEro
WV HUKHETO MEHTPAJIBHBIX PAA0B U (PAKTOP T'PYHIbI 0 HUM. ECTECTBEHHO
OBLIO OXKHUIATH, 9TO STOT METOJ IPUMEHUM U K BLIYHACIAMBIM PYIIIIAM.

OTU HAJIEXK/Ibl YACTUIHO ONPABIAHBI JIJisi R-TpyIinm, JTOMyCKaMuX Mo3u-
TUBHYIO HyMEepPaIluio, 1 Pa3MepHOCTh KOMMYTaHTa KOTOPBIX KOHeYHa | 7], a Tak-
xKe s Marpuanbix rpynin. Kpome toro, cxema srovenuii (1), npusejénnas
BBIIIIE, CO3/IA€T UJLTIO3MIO TOrO, 9TO CIIOCOOHOCTH PEIATh Mpob/eMy BXOXK/Ie-
HUA J1J1A JTIO6OFO 13 4YJIEHOB 9TUX HEHTPAJIBHBIX D AJOB IIO3BOJIUT HaM JIETKO
PEMUTH TaKne BOTPOCHI IJId JIPYTUX.

JIng KOHEYHO TMOpOXKIEHHBIX TPYII 3TO BepHO. JleficTBHTENBHO, MyCTh
(G;v) - nosurmBHO HymepoBamnas rpynma. Torma v/(y,G) saBasercs
IO3UTUBHONI HyMepaleil KOHEYHO MNOPOXKICHHON HUABIOTEHTHOW IPYIIIIbI
G/(7nG). Tockonbky npobjeMa pPaBeHCTBA CJIOB I KOHEYHO IMOPOZKIEH-
HBIX ¥ IO3UTUBHO HyMEDPOBAHHBIX HHUJIBLIOTEHTHBIX I'PYII Pa3permma, IpyTl-
na (G/(vG),v/(G)) — xoucrpykTusnag. Kpome TOro, 37eMeHT ¢ rpyTbI
G TPWHAIEKNUT TEHTPY TOTJIa M TOJBKO TOTJA, KOTJa paseHcTso [g,x] = 1
BEPHO I KaxK10ro obpasytomero x u3 G. [Tostomy mHIyKImei mo mapamer-
Py ¢ HETPYIHO TOKA3aTh, YTO KaxXKIblil wieHn (;G BEPXHEro MEHTPAJBHOIO Psiia
TaKKe MOKET ObITh 3(h(DEKTUBHO BBHIYMCICH B BBIYUCIUMON KOHEIHO MOPOZK-
nmennoit rpytmme G.

Taxum 06pa3zoM, OCHOBHOE BHUMAHHE MBI yI€IgeM OECKOHETHO ITOPOKIEH-
HBIM BBIYHCIAMBIM HUJIBIOTEHTHBIM rpymmaM. Ecom H m K — Boameammo
MEePeInCINMBIE TIOATPYIITG KOHCTPYKTUBHON rpynmbl (G V), TO KOMMYyTaTOp
noarpynnsl [H, K], KaK JIerko BUJETH, BRIYUCAUMO mepeducanM. 1o uHmyk-
OUn TI0JIy9a€M, 9TO YJIEHBI HU2KHETO HEHTPAJJIBHOTO PAIa (I/I.HI/I L[eHTpaJ[BI) n
UX U30JA9TOPBl B KOHCTPYKTHBHOI T'PYIIE JOJKHBI OBITH BBIYHCIAMO II€pe-
YUCJIUMBIMU.

B [8], 19], [10] u3ywasacs npobema BXOXK/EHHS B WIEHbI HUKHETO U BEPX-
HETr'o INEeHTPAJIbHBIX PAJO0B JJid BbIYUC/IMMbBIX I'DYIIIT 1 BOIPOCHI O BbIYUC/JIMMO-
ctu bakTopor mo 3rum noarpynnam. OKazamock, 9To B 00IEM CJIydae CI0¥K-
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HOCTBH MPODJIEMBI BXOXK/ICHUS B JIIOO0H HETPUBUAIBHBIN 9/I€H TAKOTO P MO-
JKeT ObITh HEe3aBUCHMOI OT CJIOXKHOCTH ITOH MPOOJEeMbl It JIPYIUX UJI€HOB
ITUX PAAOB JazKe JIJis1 HUJIbIOTCHTHBIX T'DYIIIT 6e3 Kpy4d€eHud, AO0IIYyCKAIOIINX
BBIUUCIUMBIN TOPsioK [8], [9], Kak MOKa3BIBAIOT CJIEYIOIINE TEOPEMBI.

TroOPEMA 1 ([8]). [List siroboro HaTypasbHOro n =2 CyIecTByeT n-cTyHneHHO
mubnorentHas rpymnna G(n) 6e3 KpydeHus Takas, 9To JJIs JI000ro Habopa
BBIYHCJIUMO [EPEYHCAUMbBIX (B.II.) THIODHHIOBBIX creneHeii a = (ag, ..., an)
Haiiércs koucrpykrusuzanus v(a) rpymmsl G(n), mpu KOTOpPOH CI0KHOCTD
1pobJIeMbl BXOXKCHHUS B i-i [[EHTPAJI PABHA Q;.

TeoPEMA 2 ([9]). Badurcupyem n > 2 u ja HabOpa B.ll. THIOPUHIOBBIX
cremeneii dy, . ..,dy—1 1 €g,...,e,. CymecTByeT KOHCTPYKTHBHAS IPyMIIa 06e3
kpyuenns (G, ) cTyneHn HAJIBIOTEHTHOCTH N, Y KOTOPOH CJIOXKHOCTE IPOO.Ie-
MBI BXOXKJIEHHSI B i-if rutiepiieHTp paHa d; qast 1 <1 < n— 1, a B i-if mearpas
—e; g 2 < i < n. Kpome toro, (G, ) gomyckaer BEIYHCIUMBIN HOPSJIOK,
MMOTOMY 9TO BBIYHCIUTETHHOE CBOHCTBO HE3ABHCHMOCTH BBITIOJIHSIETCS U JIJIS
BBIYUCTUMBIX YIOPSTOYEHHBIX HHIBIIOTEHTHBIX TPYIIIL.

B ciaydae HUIBIOTEHTHBIX IPYIII, HMEOIINX KPYIeHUE, CI0KHOCTD IpobJIe-
Mbl BXOXKJICHUS B LEHTPaJIbl U IUIEPLUEHTPbLl MOXKEeT HE 3aBUCETh TaKKe U OT
BBIYMCINMOT HyMmepanmy Beeit rpymmel [8], [10]. Kpome Toro, nogobrast nesa-
BHCHMOCTD HaOIIOLAETCA U B BOIPOCE 0 BEIYUCIUMOCTH (PAKTOPOB II0 WICHAM
9TUX KPailHUX [eHTpaibHbIX psitos [8], [10].

Ipexnae gem chOpMyIHpPOBATE CJaeAyIOMMid PaKT, 3aMETAM BHAYAJE, UTO
NP BCAKONH KOHCTPYKTHBH3AUW TPynibl G CJI0KHOCTH TPOOIEMBI BXOXK 1€~
HUS B HOPMAJBHYIO moarpynmy H He MoxKeT OBITH Hy/IeBOM, ecam cama H
nm eé daxrop rpymna G/H — uebramcammasi. 910 HAOJIIONEHUE BBHI3BIBA-
eT HeoOXOJUMOCTE Cyeytomiero onpejaenenus. Habop (di,...,d,_1) creneneii
HA3BIBAETCA COIVIACOBAHHBIM ¢ HAbOpOM (au,...,0n_1;B1,...,n—1), COCTOs-
MM W3 HyJIel U eJuHUIl, ecau g BceX 1 < j < n—1 BBHINOTHAETCS YCJIOBUE

aj:Bj:0<—>dj:0.

TEOPEMA 3 ([10]). Bagukcupyem n>2 u nabop (&,B):(al, cey Qi 1; B,

.y Bn—1) u3 mynei u equauin. Iycrs dy, ..., dyp—1 1 eg, ..., e, — HAOOPDHI B.IL
THIOPHHIOBBIX CTENEHEl Takue, 4ro Habop (di,...,d,—1) cormacoan c (&, 3).
Torzpa cymecrByer Bpraucumast rpyimna H (CZ, €) CTYNeHH HUJIbIOTEeHTHOCTH N,
00.I1a1A10IAsT CJIETYIONIIMHA CBOHCTBAMU:
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1) arst Kask0it BeramcanMoii Hymepamn v rpynns H(d, é) Bepro, aro a)
CHLOKHOCTD mpOGIeMbl BxOKAerns1 B nentpan v H (d, é)) pasma e; npm 2<i<n
u paxrop rpymna H(d,é)/viH(d,é) — Boruncamvas Torga u TOIbKO TOIa,
korga e; = 0; 6) CJI0KHOCTH HpobeMbl BXOXKJeHHA B rumepreatp (;H (d, é)
paBHa d; st 1<i<n—1;

2) Jist BCAKOM B.II. crerneHH b Haii/éTcss KOHCTPYKTHBU3AIUS [i IDYIIIbI
H(d, &) rakast, 410 C10KHOCTb LPOBIEMbL BXOKICHHS! B LIEPHOJUYECKYIO 4ACTh
TH(d,é) pasma b; Takum 06pasom, 9a rpynna — He ABTOYCTOHINBAST;

3) ecmn aj =1, T0 rumepieHTp CjH(cf, €) — He BeramcaInM; a Koraa f; =1,
rorma haxrop rpyma H(d, é)/CjH(cZ, é) — mebrunciumast s 1 <j<n—1.

3 CJIOKHOCTB MMPOBJIEMBI BXOXKJEHN B U30JIATOPBI HEHTPAJIOB

Ha ocHOBaHMM BbIIIE MPHUBEIEHHBIX TEOPEM MOMKHO yTBEDPZK/ATH, 9TO HE
CymeCTByeT HQOGXO,ZLI/IMI)IX 1 J0CTaTOYHBIX yCJ‘[OBHI’I JJ1d BBIYUCJIMMOCTHU HUJIb-
MOTEHTHBIX TPYIII, UCIOML3YIONMX WHIAYKINIO 10 CTYIEeHU HUJILIOTEHTHOCTH,
B 001eM ciaydae. Jlojiroe Bpemst ocraBajiach HaJlezK/a, 4To 11000HbIe IPU3Ha-
KU BEPHBI OJIA KJIaCCa HUJIBITOTEHTHBIX prHH 663 prLIeHI/IH, ec/im I/IH,HYKHI/IIO
BECTH He TI0 WJIEHAM BEPXHEr0 W HUKHETO NMEHTPAJLHBIX PAIOB, a TI0 W30JIs-
TopaM 1HenTpaaos. OJHaKo, M B 3TOM CIydae KapTHHA J0CTATOYHO CJI0YKHAA U
9Ta Hajexk1a He onpasaana (cm. Teopembr 4 u 5 HiKe).

Ecmm (G, u) — no3uTuBHO HyMepOBaHHAsI HUJIBIIOTEHTHAS rpynia 6e3 Kpy-
wenust, 10 Bce dakrop rpynsl v;G/(1(vj+1G) Nv,;G) u I(v;G)/1(vj+1)G
[MO3UTUBHO HyMEPyeMble a0e/IeBbI IPYyIIbl €3 KPYydeHus, a IOTOMY W BBIYUC/IH-
mbie [11], 3xecs I(11G) = 11 G = G, B wacraoctu, dakrop rpynna G/I(y2G) mo
U30/IATOPY BTOPOrO IEHTPAJIA — BCEr/d BBHIYUC/IUMAL JJIsi BEIYUCIAUMON IPYyIi-
el G. Bonpoc o BeraucamMoctu (hakTOpOB MO M30ATOPAM TPEeThero u Gosee
LEHTPaJIOB CyIIeCTBEHHO CJI0XKHEee, Kak [10Ka3blBaeT CJe/yIolas Teopema.

TEOPEMA 4. Jlist 1r060# BEIYUCIAMO IEPEYHCTUMON ThIOPHHIOBOH cTerneHn d
H BCSIKOIO HATYPAJBLHOIO N 2> 3 CYIIECTBYET KOHCTPYKTHBHAS M-CTYIEeHHO HHJIb-
morenrnas rpymna 6e3 kpydenust (G(d), u), y KOTOPOIt CJI0XKHOCTH IPOOIEMbL
BXOXKJIEHUST B H30JISITOP N-TO HEHTpaja paBHa d, T.e. HOMEPHOE MHOXKECTBO
pH(I(v.G(d))) mmeer crenens d. ®axtop rpymma G(d)/(Iv,G(d)) Beramemm-
Mast Torjia U TOJILKO Torga, korga d = 0.

JIOKABATEJLCTBRO. [Tycts U — Bhamcanmoe 6eCKOHETHOE MHOYKECTRO, 8 A =
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gr(a;|ieU) — cBoboguast HuIBIIOTEHTHAS rpyna crynenu n— 2, B = gr(b;|j €
U) — cBoGomuas muibnoredTHas rpynmna crymeau n — 1, C' = gr(qll € U) —
CBODOIHAST HUJIBIIOTEHTHAS TPYIIIA CTYIEHHU N.

Bospmem Bohrumcianmo nepedwncimmoe mnogamuoxkectBo M Bo muoxkecrse U
Takoe, YTo ThiopuHroBa crenenb M pasha d u, eciu d = 0, To MHOXKecTBa M
u U\ M o6a 6eckoneunnte u 0 ¢ M, no 0 € U. CregoBarenbHo, CymecTsyer
perancanmasa dynakuua f @ U — M ¢ obnacreio onpenenenus U \ {0} u ¢
obstacthio 3Havuenus M, KoTopas mepednc/isier MHOKecTBO M 6e3 ToBTOpeHwMil.

Omnpenemum rpymnny G(d), kak hakTop TpYIIy MPAMOrO MPOU3BEIEHUs
rpynmn A, B u C' 1no nopmasnbroit rpynne R, re. G(d) = (A x B x C)/R,
e

R = gr({[ai,al" 177 [, 0P Jic U\ {0}} U
Ul b)) - [, e D) 1€ U\ {0} A k= F())),

31ech u jasee p; — (i + 1)-e npocroe yuco.

[Mockoabky mist Beskux 4,01 € U UMMEIOT MECTO CJEAYIOINE BXOXKJIEHUS:
i, af" €L A= 1 24, [bi, b V| €QB=7 1B 1 [a, ) V] €QC=7C,
TO HECJIOKHO MOHATH, uTo rpynna G(d) — 310 npamoe npoussenenne rpynn A,
B u C ¢ 06beauHEHHBIMI U30MOPMHBIMU EHTPATLHBIMA TOATPYTITAME ( AJTH
amaabraMuposantoe npoussesenne) [4]. Orcrioga u u3 cBOMCTB amaIbraMupo-
BAHHOTO TPOW3BEIEHUS CPa3y MOJIYUAeM, UTO KarXKJIbI M3 COMHOXKUTeNel A,
B u C wzomopduo srnaasiBaercs B rpynmy G(d). Kpome Toro, u3 sroro u
TOro, 4To Kaxkjaas u3 rpynn A, B u C He uMeeT KpydeHus, Oyaydu cBOOOIHOM
HUJIBIOTEHTHON I'PYNIION, BbITEKAET CJIeAYIOllee yIBepKAcHue.

JIEMMA 1. I'pynna G(d) me umeer kpydenus u eé ¢pakTop rpynma 1o 1eH-
tpy G(d)/(1G(d) — npsmoe npoussegenne cBOGOJHBIX HUILMOTEHTHBIX TDYIIIT
A/Vn—2A, B/vp-1B u C/v,C cryneneii uuipnorenraocta n—3, n—2 un—1
COOTBETCTBEHHO.

JIEMMA 2. I'pynna G(d) B MHOroo6paszuu n-cTyleHHO HUJIBIOTeHTHBIX IPYIIL
N,, mmeer npesgcrapaenne ¢ obpasyrommn n3 MuoxkecTBa {a;|i € U}t U {bj|j €
U} U{qlleU} u onpenensromumu cOOTHOMIEHASIMI

la;, bj] = |as, ] = [br, ¢1] = 1, (2)
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roe 1,4, k,l € U;
lai a1 = (0,057 (e b0" ) = e ™Y, (3)
ecim leU\ {0} u k = f(l); a rakxke
Kommymamopo. eeca n — 1 us nopoocoamowyux zpynnv A pasuv 1 (4)

basuchvie KoMMYymamopo: eeca N u3 nopostcoarowus zpynno. B pasnve 1. (5)

2. EcrecrBennas rejiesieBckast Hymeparust (i rpynnbl G(d), moctpoeHHast mo
ee MIpeJICTaBJAEHNI0, OMMACAHHOMY BBIIIIE, SABASETCS BHITUCIAMOI, TO €CTh B 3TOM
IIPEICTaBJIeHUH PA3pPenInMa IpodIeMa PABEHCTBA.

JTOKABATEJ/ILCTBO. Pacemorpum orobpazenne ¢ : G — G(d), onpenenennoe
no npasuny ©(a;) = aj; go(Bj) =bj, p(¢) = cx, THE G — rpynna, 3ajaHHAs
B MHOro06pazun M, NpejcTaBJIeHueM ¢ MOPOXKJAIONIMM MHOKECTBOM {d;|i €
UyU{b;|j€UYU{&|l €U} u onpeensonum COOTHOUCHISMI BH/TA (2)-(5),
eC/IM B HUX Be3/le 3aMEHMTb [1OPOXKJIAIOIIUe a; Ha G;, nopoxjatomue b; Ha b;
¥ TIOPOXKTAIOIINE €] HA Cj.

D710 oTODOpaKEHUe (P MOXKET OBITH MPOJIOIKEHO JI0 roMOMOpPQU3Ma IpyI-
ubt G B G(d), TaK Kak Ha COOTBEICTBYIONMX LOPOZKAaomux rpyms G(d)
BBITIO/THSIIOTCST BCE COOTHOTIIEHUSI, KOTOPBIE €CTh B G [4]. HeitcrBurensro, co-
otHomeHus Buaa (2), (4) u (5) BBINONHSIOTCS y7Ke B TPSIMOM IIPOM3BEICHUN
A x B x C, a coornomenns Bujia (3) nosBasiorcs BeaeacTsue (hakTopu3anum
no rpymmne R. ITokaxkem, 9To sgap0 3TOro roMoMopdu3Ma — TPUBHAIBHOE, TO
€CTh, 9TO 3TO — U30MOPMU3M.

Jlasee Mbl TOKa3bIBAEM 00& yTBEPIKICHUS JIEMMbBI TaPAJLICIBHO APYT IAPY-
ry. Paccmorpum mo6oe cioBo or nopoxpaionmx rpymnnsl G(d). Ucnonbsys
cobuparesnbublii nporecc [3], [4], [6], 910 ci0BO MOxkHO npeobpazoBaTh Tax,
9TOOBI BHAYAJE LU 110 BO3PACTAHUIO (BECOB M WHJIEKCOB) Ga3MCHbIE KOMMY-
TAaTOPBI OT TMOPOZKAAIOIUX I'PDYHITHL A B KaKHX-TO HEJIOYUCJICHHBIX CTCIIEeHAX,
3aTeM CTerneHn Ga3sUCHBIX KOMMYTATOPOB OT MOPOXK/IAIONIUX IpyHbl B (Toxe
10 BO3PACTAHMIO BECOB U MHAEKCOB (cM. noapasmaesn «3omsamopsr u 6a3uchbe
KOMMYTATOPBI» ), & 3aT€M CTeleHr 6A3UCHBIX KOMMYTATOPOB OT IOPOK TAIOIIUAX
rpyuust C. IIpu 91oM MBI HCHOJIB3YEM TOJIBKO cOOTHOLIeHUsT Buja (2), (4) u
(5), T.e. paccMaTpuBaeM 3TO CJI0BO, Kak 3emenT rpynnsl A X B x C.
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Bosee Touno mo6oit ssnement g uz G(d) MoxkHO 3DDEKTUBHO NPEICTABUTE
B BH/JIE

g=a1...0p_30p_2 -b1...bp_2by_1-C1...Ch_1Cp, (6)
rje d;, b;, ¢; — IpoU3BeIeHne MeI0YNCACHHBIX CTeIeHeill 6a3nCHBIX KOMMYTATO-
pos Beca 4. IIpu arom §=1 Torjga u TOALKO TOIJA, KOIJAA (1 =...=dp_ 3=
1, b1 = ... :bn,Q = 1, /C\l = ... :/C\nfl =1 n anfz : bnfl En = 1. HpI/I

[e27
)

1<i<n—=3, 1<j<n—2 u 1<I<n—1 xaxjoe coBO G = a; 1% -+ - ajp
b; :ij151 e bjmﬁm uci=cp 1" ¢t TIpeCTaBIsIeT eIUHHUILY TOTa U TOJIb-
KO TOTJIA, KOTIa 1 =...=ar=01=...=Fnp=71=... =7 = 0, TOCKOJIBKY 110
Jlemme 1 rpynnet A/vp—2A, B/vn—1B u C/~,C — cBOGOIHBIE HUIBIOTEHTHBIE
CTyTeHell HUIbIOTEeHTHOCTH N—3, n—2 u n—1.

Yr00bl BBISICHUTH BEPHO JIM, YTO Up—2 - bp—1 - G, = 1, paccmorpum 6asuc-
HbIE KOMMYTATOPBI, BXOAAIINE B 3alIUCh 3JIEMEHTA /C\n ECHI/I HE BCE OHU UMEIOT
Bz (¢, co" V)%, 10 @p_obp_16, # 1. B mpoTuBHOM Ciydae, T.e. KOI/a BCE OHE

(=119 epermchiBaeM ux B Buje [bk,bén_Z)]‘s, rae k= f(1),

uMerT BuJL (¢, Co
ucnob3ys coornomenus suja (3) rpynmsl G(d). Tem cambIM IpOBEpPKa paBeH-
CTBA Gp—2by_1¢, = 1 CBOAUTCS K MIPOBEPKe PABEHCTBA BUIA 2], = 1.

PaBeHcTBO Gy—2b), 1 =1 BO3MOXKHO TOT/Ia U TOJBKO TOTJIA, KOT/IA s BCs-
KOTO 7, y KOTOPOro [a;, ao(”_3)]7 BXOJUT B 3AILUCh Uy_2, B 3AILUCU ?)\;171 nMeeTcs
KOMMyTaTOp [bj, bo("_Q)]‘S TaKoi, 9T0 P;d=—".

Paccmorpum cyioBo

~ o~
~ ~ o~

g = ELl e &n_gdn_gbl e bn—2bn—1cl e 5n—16na
rJie KaxKj0e CJI0BO gi, l;z,a — npousBejeHue 0A3UCHBIX KOMMYTATOPOB Beca ¢ OT
COOTBETCTBYIOIINX MMOPOXKTAIONINX C «BOJHAMIY. ECJIH K 9TOMY CJIOBY IIpUMe-
HUM OTOOPAKEHME O, TO MOJIYYUM 31eMEHT Bu1a (6) 0T HOPOXK JATONMX IPYIIIIbI
G(d), KOTOPBIii ONIpeeIgeT eIMHNIHbII 3JIeMEHT TOT/a B TOJBKO TOI/IA, KOTIa
E: 1. Jlemma 2 nokazana.

JIEMMA 3. @akrop rpynmna G(d)/I1v,G(d) 1o uzomsitopy n-ro neHrpasia ume-
er CJeyIoIee CTPOEHTe:

G(d)/ImG(d) = (A x B)/H x C/7C,

rme H = gr([a;, ag™ 1P - [b, bo" 2" i e U\ M).
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HOKABATEJIBCTBO. [Ipu mokazarenscrse JleMMbl 2 MBI MOJTy9nin, 9TO BCH-
kuit s;rement g us G(d) npegcrasum B Bue (6), rie @i, bi, & — mponsBeieHns Ga-
BUCHBIX KOMMYTATOPOB Beca . [Ipu 3TOM MOXKHO CYATATh, 9TO Cp, HE COJAEPIKUT
KOMMYTaTopoB Busa [c;, co™ V], abp_1— KOMMYTaTopoB Bua [b, by~ 2)]. O1-
CIOJIa HECJIOZKHO TIOHHATD, YTO 3JeMEHT § nonajaer B usonarop Iv,G(d) roraa
U TOJILKO TOTJA, KOTJIA § = Up_2Cp, IPAYEM B 3alUCh 3JIEMEHTA Oy—2 BXOIAT
TOJIBLKO OA3UCHBIE KOMMYTATODbI BUJA [d;, ao(”_3)]7 cie M.

JIEMMA 4. @akrop rpymma G(d)/Iv,G(d) mo nzomsropy n-ro nenrpasia me
BBIUHCIAMA, €CJTH MHOXKECTBO M BBIYHCIHMO MEpeUnucIIMOe, HO He BBIYHC/IH-
Moe€.

JIOKA3BATEJILCTBO. JlokaxkeMm, uTo ecin G — BHIYUCIANMAS TPYIITIA, TO CIETY-
I011[ee MHOXKECTBO

L(G) = {n € U|3y,u,z, 2([y,u" V" = [, 20"77])}

JTIOJI?KHO OBITH BBIYUCIUMO TEPEUNCTIUMBIM.

IMycrs mapa (G, «) — BBIUMCIMMO HyMepoBanHas rpymmna. Torma G =
{90,91,92,...}, tme a(s) = gs.

[Mepeuncasiem muokecrBo L(G) no maram. Yacrs L(G), nocrpoenuyo mno-
cite mara t, o6o3mauny kak L(G)®"). Cunraem, uro L(G)0 = @.

IITar 1. PaccmorpuMm 3/1€MEHTHI go, g1, §2, §3- FCu Kakwe-TO J1Ba W3 HUX
PaBHBI, TO €CThb ¢; = ¢j IPU i # j WIH OJUH U3 HUX PaBeH eJUHHUIE, T.e. §; =
1, To mepexogum kK cieayromemy mary. Eciu Her, To ucciemyem 24 Bompoca:
i, 9; 20 = g, )7

Ecnu BeimosasieTcst XoTs 661 0/1HO U3 9Tux 24 paBeHcTs, To 0 mobaBjseM K
L(G)M u nepexoaum K cieyionemy mary.

Ilar t+1. JobaBasgeM K pacCMOTPEHHBIM HECKOJIHLKO 3JIEMEHTOB T'DYIIIIBI,
CJIEIYIONINX 33 PACCMOTPEHHBIME TAK, 9TO0BI CPeIu HUX, 10 KpaiiHeit mepe, Obi-
JIO 9eThIPe XOPOIIINX, T.€. TOMAPHO HEPABHBIX U HEECTMHUIHBIX dJIeMeHTa (ecan
HY2KHO, s00aBasieM 2, 3 uiu 6oJiee 3/1IeMEeHTOR ).

3areM U3 3TUX XOPOIIUX 3JIEMEHTOB 00pa3yeM BCE BO3MOXKHBIE YIIOPSIO-
YEHHbIE YE€TBEPKU IJIEMEHTOB (i, §j, 9k, §i U JJjId KAaXKJ0# TaKOl 4eTBepKU KC-
caemyeM t + 1 Bommpoc:

1) ecim 0 ¢ L(G)® | o Bepro s [g;, g; P = [gr, 122

2) ecm 1 ¢ L(G)®, 1o mepro su [g;, ;" 3PL = [gg, ¢,V 2]?

MATEMATUYECKUN KYPHAJT. — 2018. — T. 18, Ne 1



122 N.B. JIaATkuH, H.JI. MAPXABATOB

t+1) ecm t ¢ L(G)®, 10 Bepro mmt [gi,gj("*:g)]pf = [gk, g/~ 2]?

Takum 06pazom, ecau uuciao s npunayuexur L(G), To Ha KaKOM-TO mare
t ono nomazer B L(G)®), a umenno Ha ToMm mrare, Ha KOTOPOM OGHAPYKATCH
sstementsl o(1) = gi, a(j) = g5, (k) = g, a(l) = g Takue, aro [gi,gj(”_?’)]ps =
(9%, 91" 2)]. Tlosromy MuOKecTBO L(G) — BBLIYHC/INMO IIEPETHCIHMOE.

Ha ocuoBanun Jlemmbr 3 Mbl Bugnm, uro muoxecrso L((G(d)/1v,G(d)) —
JomoJIHeHne MHOKecTBa U 10 BBIYHCIIMO IepedancInMoro Maoxkectsa M. Ilo-
sromy dakrop rpyuna G(d)/I1v,G(d) — veBbruucnmasi, ecan MHO)KecTBO M
BBIYHC/IUMO IEPEeIRCIIMOe, HO HeBbraucaumoe. TakmM o6pa3oM, MBI 3aBepIia-
€M JI0Ka3aTe/1bCTBO TEOPEMbI.

Ormerum, uto dakrop rpynna G(d)/Iv,G(d) sBisiercs NO3UTUBHO HyMe-
POBaHHON HUJIBIOTEHTHOU cTyrenu n — 1 rpynnoit 6e3 KpydueHus, KOTOpas He
UMeeT BBIYUCIUMBIX HyMepaluii. Tem caMbiM MBI [IOJTydaeM HOBOe, DoJjiee mpo-
CTO€ JI0Ka3aTe/IbCTBO CJeLyIoniero ¢gakra, paHee jJokazaHHoro B [12].

CraeacTtBuE 1. CymecTByer mo3UTHBHO HyMEpPOBAHHAs HUJIBIIOTEHTHAs CTY-
nenn 2 rpymnmna 6€3 Kpy4eHust, KOTOPas He HMEET BbIYUCIUMbBIX HYMePaIui.

TEOPEMA 5. Jlis Kaxk/[0ro HATYpaabHOrO 1 2 3 U HPOH3BOJIBHOIO MHOXKe-
crBa d = (ds, . ..,d,) BEIYUCIUMO MEPEIHCIUMBIX THIOPHHTOBBIX CTETIEHEH Cy-
IMECTBYET BHIYNCIAMAST HAJIBIIOTEHTHAS CTYIIEHH 1, TPYIIIa 6€3 KpyYeHust G(c/i\),
0bJ1aaroIast CJAETYIOMIMHA CBOHCTBAMU:

(i) c10KHOCTE HPOOJIEMBI BXOXK/TEHUST B H30JIATOPHI §-T'0 IEHTPAJIa He MeHb-
me d; s moboit kKoncrpykTususaiun rpymibl G(d);

(ii) paxrop rpymnna G(d)/~;G(d) Berauciuma Torga u TOJBKO TOI/a, KOTJA
d; = 0.

JJOKA3ATEJILCTBO. 3aMeTM, 9TO MPH BCIKOM HATYDATBLHOM 71 > 3 KOHCTPYK-
tusnast rpynna (G(d), p), nocrpoenHas npu jgokasaresbcrse Teopembr 4, 06-
JIAJIAET eIé U TeM CBOCTBOM, YTO M30JITOPHI BeeX eé nentpasios [v;G(d) npu
1<n cytb Beruucianmbie. JleficrBurenbHo, npu jgokasareaberse Jlemm 1-3 mbl
BBISICHIJI CTPOEHUE 3TOH Ipynmbl: eé (pakTop rpymma 1o uzoadaropy (n—1)-ro
nearpaia ecrb G(d)/Iv,-1G(d) = (A/Hy) x (B/vp-1B) x (C/vpn-1C), tae
Hy = gr([ai, a0™ 3] |i € U\{0}), B wacrnocru, A/H; = gr(ag) = Z npu n=3
u G(d)/Iv—;G(d) = (A/n—jA) X (B/yn—;B) x (C/yn—;C) — upsimoe npous-

BejleHne CBODOIHBIX HUJIBIIOTEHTHBIX TPy cTymern n—j—1 npu j > 2. Kpome
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TOrO, yaurhbiBag JleMmy 3 1 HEMHOTO UBMEHWB PACCYKEHU B JOKA3ATEILCTBE
JleMMBI 4, MOXKHO YBHUJIETH, ITO CJIOKHOCTH TTPOOIEMBI BXOXKIEHUS B U30JISITOP
n-ro neHTpasa He Menbe d ag 060l KoHcTpykTuBu3anuu rpynnsl G(d).

Ha ocrHoBaHmm 3TOr0 BO3BMEM 7 — 2 OECKOHEUHBIX BBIUYUCAUMBIX TTOTAP-
HO Hemepecekaomuxcsa MHoxKecTBa Us,...,U,; B HuX BbIO€peM BBIYHUCINMO
repeunciaumble MHoxkecrsa Ms, ..., M, creneneii ds, ..., d,, COOTBETCTBEHHO;
0 KaxKJOMy u3 MHOXKecTB M mocTpomm coorsercrByiomyo rpymmy G(d;)
CTYTIEHN HUJIBIIOTEHTHOCTH j, KAK 9TO OMHCAHO B JIOKA3ATENLCTBE Teopembr
4 (BMECTO MOPOXKIAIONMX ag, by 1 ¢y GEPEM 3/IeMEHTHI 13 COOTBETCTRYFOIINX
HOJArPYII ¢ MUHAMAJbHBIME uHaekcamu). VI, makoner, ompenensem G(d) =
G(d3) x ... x G(dy). Dry rpymuiy paccMarpiuBaeM C €CTeCTBEHHOI HyMeparyedi
IPSMOTO TIPOU3BEJICHNUS, IOCTPOEHHON MO T€1eTeBCKIM HYMEpAIUaM /i TPYIIII
G(dj). Cpasdy u3 oupejesieHust 9T0H HyMepaluy BBITEKAET, YTO OHA — BBIYHC-
JMMast ¥ HOMEepHbIe MHOXKeCTBa y Bcex mpsMbix G(dj) comHOKuTeseH — TOXKe
BbIYUCJ/INMBIE.

~

IMockonbky I(7iG(d)) = I7:G(d3) X ... x Iv;G(dy), ro Beugy Teopemsl 4 u
OTMeUeHHBIX B IIEPBOM ab3alie 5Toro jgokaszareabcrsa (axTos o rpymmnax G(d;)

~

nosygaeM, uro rpynna G(d) — uckomast.
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Jarkna 11.B., Mapxa6aros H.JI. ECEIITEJIM/II HUJIBIIOTEHTTI
TONTAPIBIH TOMEHTT OPTAJIBIK KATAPBHIHBIH OKITTAVIIATHL-
IIITAPBIHBIH KYPIEILIITT

Ecenrenimi 6ypaabIiMChI3 TONTAPBIH, TOMEHT OPTAJIBIK, KATAPBIHBIH MYIITe-
JIEPIHIH OKIIAYTaFbIITapbiH ([EHTPAIIAPBIH) eCENTey I H KyPAeiIiri, conaii-
aK ochbl imki TomnTap Ooitbiaia (haKTOpP TOMTAP/IBIH, €CEmTe iMILIIT Kapac-
THIPBLIAIEI. Byl cypakTap ecenTesiMii TOUTAPIbIH YKOFAPFbI YKOHE TOMEHT1
OpPTAJIBIK, KaTap/japblHa MYIe DOJIBII €Hy MOCEJIeCiMEeH THIFbI3 Oail/TaHBICTHI.
CoHrbl aTajFaH CYPAKTBIH KbI3BIKTHLIBIFBl HUJIBIOTEHTTI TONTAP/IBIH KOITE-
re’ ajaredpaJiblK KacuerTepl HUJIHIMOTEHTTIK OacmaJiiarbl OOWBIHINA UHTYy KU
APKBLIbI JIDJIEIAEHE/l; OChl MaKCcaTTa KOOIHECe KOFraprbl KOHE TOMEHIL OpTa-
JIBIK, KQTapJ/ap/IblH MYIIeepi xkoHe ojiap OoiibIHITa (akTop TONTap KapacTbl-
PBLIAIBI. OpHuHEe OV 9IICTIH eCenTe M/l TONTapra Ja KOJIJAHyFa 60IaThIHIbI-
FBI KyTyJIemi. Aaiiga, Oyl yMIT aKTaaMaIbl - TINTI MeHTPaI OKINayIarbIITa-
PBIHBIH KoHEe 0j1ap OoiibrHITa (haKTOPIAPIBIH eCenTe Ml OYPATBIMCHI3 HILTh-
MIOTEHTTI TONTAPbI VIIMH 7€ KYPHLIBIMBI KYP/e/i 60IaThIHBI AHBIKTAIIBI, aTall
alTKAH/A, OCBIH/IAl TONTAP/IBIH, OKIMAYIAFbIIITap O0ibIHIIa (DAKTOD TOMTAPHI
ecerrresiim/ii 60IMaybl MYMKIH.

Kinrrik cezmep. BypaabIMCBI3 HUJIBIIOTEHTTI TOM, €CENTENIMILIIK, KOH-
CTPYKTHBTEY, 6A3UCTIK KOMMYyTATOpJIap, GaKTOp TOI, ITEHTPAJ, OKIIAYIAFbIII,
HOMIpJIey, MeNTiIiMILTIK, THhIOPUHTTIK JToPekKe.
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Latkin I.V., Markhabatov N.D. THE COMPLEXITY OF THE
ISOLATORS OF THE LOWER CENTRAL SERIES IN THE
COMPUTABLE NILPOTENT GROUPS

We study the complexity of calculating the isolators of the terms of the
lower central series (centrals) for computable torsion-free groups, and also the
computability of the factor groups by these subgroups. These questions are
closely related to the occurrence problem in the terms of the upper and lower
central series of computable groups. The last question is interesting because
many algebraic properties of nilpotent groups are proved by induction on the
nilpotent class; for this purpose, one often considers the terms of the upper and
lower central series and their quotient groups. It was natural to expect that
this method is applicable to computable groups. However, these hopes were
not justified — it turned out that already the isolators of centrals and their
factors can have a complex structure even for computable nilpotent torsion-
free groups, in particular, these factor groups may be non-computable in such
groups.

Keywords. Nilpotent torsion-free group, computability, constructivization,
basic commutators, factor group, central, isolator, numbering, solvability,
Turing degree.
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YNCJIEHHOE MOJEJINPOBAHUWE NCCJIEJOBAHU I
BJINAHNA TA30OBOI ®A3BI HA JTMHAMUKY
PACIIPOCTPAHEHU Y TBEPABLIX YACTUIIL

A.TI. MAKAIIEBA, A.2K. HAIMAHOBA

AnHoTaumsi. B paboTe npeanaraeTcs MaTemaTmuyeckas MOAeNb CBEPX3BYKOBOTO
MJOCKOro CABUTOBOrO TEYEHUSI Fa30BbIX CMECel C Halnymem BAYyBa TBEPAbIX 4acTul
Ha rpaHuue pasgena noTokoB. [pefsioKeH anropuTM peLeHnst CUCTEMbI YPaBHEHN
Hasbe-Ctokca ansi rasoBoii asbl 1 cuctembl ODbIKHOBEHHbLIX AN depeHLnanbHbIxX
ypaBHEHNIA 4151 TBEPAbIX HACTUL, HA OCHOBE 3iiNIEPOBO-1arPaHXEBOro NpenCcTaBIeHus
¢ MexdasHbiM B3aMMOAENCTBMEM Ta30B M TBEpPAbIX 4acTuy. [poBefeHO AeTanbHoe
U3y4eHNe BAUSHWAS ra30BOl hasbl, B HAaCTHOCTU, BANSIHUS BXOAHbIX Hmcen Maxa Ha
3aKOHOMEPHOCTUN pacCnpefeneHnst HacTuL, U X 3aXBaT BUXPEBLIMU CTPYKTYPaMU.

Kntouesble cnoa. Cnoii cmewenus, Bays 4acTul, CBEPX3BYKOBON NMOTOK, MHOFOKOM-
NOHEHTHasl ra3oBasi CMECh.

UccnenoBanme TypOyIeHTHBIX TeueHnii 1By XdasHbIX CMeceil, COCTOAINX 13
rasa u TBePbIX YaCTHUII, SBJSETCS AKTYaJbHBIM BBIJLY UX IIHPOKOTO TPAKTHIE-
CKOT'0 TIPUJIOXKEHWsI, HATIPKMED, B KaMepaxX CrOpPaHusl IIPU CKUTAHUK TBEPJOrO
U JKHUJKOTO TOIINBA. IMHAMIKA TeUeHHs TaKUX CHCTEM OCJIOXKHEHa HeCTAIlN-
OHAPHBIM TOBEJIEHUEM CJI0si CMelIeHns ¢ 00pa30BaHMeM OOJIBIINX BUXPEBBIX
crpykryp. TypOyrenrnas mecymas dasa OKasblBaeT 3HAUUTETLHOE BIIHASHUE
Ha xapakrep aucnepcuii npumecu. O630p YUCJIEHHBIX UCC/IEA0BAHUIT BIUSTHUS
BUXPEBbIX CTPYKTYD Ha PACIPOCTPAHEHHUE JIUCIEPCHOfE (hasbl B IPOCTPAHCTBEH-
HOM C/IBUIOBOM CJIO€ CMelIeHus ¢ MasibiMu duciaamu Maxa upuseien B [1]-[5],
a WX BJAWsIHME HA PACIPOCTPAHEHME JINCIEePCHOT (ha3bl I Pas3JIndHBIX JHa-
MerpoB uactur npejacrasieno B [4]. K mpumepy, B pabore [5] mokaszamo, aro
Ha JIBUZKEHWE YaCTHI[ B TyPOYJEHTHOM CIBUIOBOM CJIO€ OKA3bIBAIOT BJIMSIHUE,
B OCHOBHOM, HU3KHe, CpeHIe n Bhicokue uncaa CTokca.

2010 Mathematics Subject Classification: 76F40.
© A.Tl. Makamesa, A.2K. Haifimanosa, 2018.
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Oxnako, B 3Tux paborax, B OCHOBHOM, NPOMU3BOJUTCH M3y4YEHUE TEUEHUS
OJTHOKOMITOHEHTHBIX [a30B M MPAKTUIECKN OTCYTCTBYET YUCIEHHOE MOJIEIUPO-
BaHWE YACTHI[ B CJIBUTOBOM TEYEHUM MHOIOKOMIIOHEHTHBIX I'a30BbIX CMECeii.
D710 00YCIOBIEHO, BO-TIEPBBIX CO CJIOKHOCTHIO POTEKAOIINX B TAKAX CHCTEMAX
POIECCOB U GOJILIINM KOJIMIECTBOM ONPEE/IAIONIUNX MaPAMETPOB, BO-BTOPBIX,
MHOr000pa3MeM CUCTEM Ta3-TBepjible YaCTUIBL.

[enbio HACTOsIIIEH PaGOTHI SIBJSETCS YUCIEHHOE MOJIEUpOBaHIe TYpOy-
JIEHTHOTO TEYEHWsI MHOTOKOMIIOHEHTHOTO Ta30BOTO CJIOsi CMEIIEHUsI C BIYBOM
TBEP/IBIX JacTuIl. Ijist MOIeIMpOBaHNs KBA3WIBYMEPHOTO TYpPOYIEHTHOTO CJI0sT
cvemenns ucnosb3yercss 2D-DNS (Direct Numerical Simulation) merom. Usy-
YEeHO BJINSHUE Ta30BOil (ha3bl HA 3AKOHOMEPHOCTH PACIPE/I/IeHNsT TaCTUL] TIPU
Pa3JIMIHBIX BXOJHBIX CKOPOCTSIX TTIOTOKA.

1 ITOCTAHOBKA 3AJIAUU

PaccmaTpuBaercs B3anMoeiicTBIe TPOIOTBHO MapaslIeTbHBIX TBYMEPHBIX
IOTOKOB C HAJIMYUEM BYyBa TBEPAbIX YaCTUL] (PI/IC. 1). Hwuxunit morok cocrout
13 BOJIOPOIHO-a30THON CMECH, BEpXHEee TeUeHNe MPEICTAaBAIeT cob0il BO3MyIII-
HBIA ITOTOK.

—>
—_—
——> Hydrogen

!OM z
H —>65Q>OOC\Q)

—

—>

5 Air
—

< L

Pucynok 1 — Cxema Tedenus

2 MOJIE/Ib TABOBOM ®A3BI

Ucxopnoit siBisiercsi cucreMa, JiByMmepHbix Hasbe-Crokca, Jjisi MHOTOKOM-
TTOHEHTHOI Ta30BOW CMeCH, 3annCaHHasd B JAEKAPTOBOI CHUCTEeMe KOOPJWHAT B
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KOHCEPBATUBHON (hopme:

o 0(E-E) a(F-F)
ot + Ox + 0z =90, ()
p pu pw
pu pu2 +p puw
U= pw , E= puw , F= pw2 +p ,
Et (Et + p) u (Et + p) w
PYk puYy pwYy

L T
E, = (07 Tax, Tez, UTax + WTaz — G, Jkr)

Y

l

T
v = (07 Tazs Tozs WTgy + WTez — Qz, sz) 5

) 2
Trz = Tz = % (u$ +w$)7

N N

w 0T 1 w 0T 1

. = —_— h JZ 5 r = h JZE )

%= PrRe 02 + ’yooMgO; ks e = PR 9 * %OMOQO; Wk
oYy e 0Yy

. org _ oYy
The = ScRe Ox’ ks ScRe 0z

Cucrema ypasuennii (1) 3anucana B 6e3pa3MepHOM BHUJIE B OOIIETPUHATHIX
0003HaYEHUSIX, B KQUECTBE ONPEIESIONINX MapaMeTpOB MPUHATHI TapaMeTphI
MMOTOKA U, Poos Lo, JABIECHUE P U TOIHAS SHEPrus F; OTHECEHBI K 3HAUCHUIO

poougo, yaenbHas suTanbnusa hy — Kk RTh /W, MOspHBIE yIelbHbIE TEeTLIo-
emoctn Cpr — K R, Y, — mMaccoBag KOHIEHTpanus K-oif KOMIOHeHTBI, Wp
— MOJIEKYJISIDHBIIT Bec K-0if KommouenTol, Re, Pr; M, Sc — uucia Peitrosb -
ca, IIpagarasa, Maxa u IIIMuaTa COOTBETCTBEHHO, Trgs Toz, Tz, Tz — TEH30PBI
BSI3KUX HANPSKEHUN, () (s, Jzk, Jok — TEIIOBbIe U JudPy3UOHHBIE TOTOKHU
(muddy3ronHHBIE TOTOKY BBIYUCISIOTC 110 3akony Puka), (1 — Koaddumnuent
JIAMUHAPHO# BS3KOCTH, KOTOpas Ompejensgercs mo dpopmyne Yuike [6].
VpaBHeHue COCTOSHUST CMECH COBEPINIEHHBIX Ta30B UMEET BUJL

ol
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N 1 N
rne W= 1> W’Z ~ MOJIAPHBIH BEC CMeCH BCEX ra3os, mpudem », Y = 1.
k=1 k=1

VpaBHaeHus i IOJTHONW SHEPIUN

ph Lo, 2
Ef= —no8 — —p (v +w?),
! ’YooMgo P 2 ( * )
N T
riae h = Y, Yihy — ynenbHag suTanbnusa cmecu, hy = hg—i— f cpkdT — ynenbnas
k=1 To

SHTAJILINA k-0l KOMIIOHEHTHI.

3 HAUYAIBHBIE U TPAHUYHBIE YCJIOBW

Ha Bxoze 3as1atorcst nmapaMerphl MOTOKA JIBYX I'a30B CJIEIYIONINM 00pa3oM:
BEpPXHUI NOTOK:

Yoo RT 50

u= My W )
o0

W= Woo, P=Poos 1 =T, Yi=7Yico
mpu x =0 0 <z < Hy,
HIZKHHIN OOTOK:

YoRTy

u:MO WO

, W= wWo, P = Po, T:T(): Yk:YkO

mpu x =0, H + < z < Hs.

B kadecTBe pazmesdIonieil 3TUX MOTOKOB CJIY?KUT OECKOHETHO TOHKAs ILIa-
CTUHA KOHEYHO# ToJiuHbl. B 31001 KoHdurypanuu 00/1acTb CMEIIeHns JIBYX
IIOTOKOB ra3a 0bpa3yercs BJIOJIb CABUIOBOIO CJIOS HA TDAHUIlE MEXKIY JABYMS
rnorokamu. Ilepexoiublii y4acToK MexK /1y JByMs 10TOKaMuU 3a/1aeTcs pyHKIueit
rurepOOTMIECKOT0 TAHTEHCA

¢ (2) = 0.5 (o + ¢oo) + 0.5 (o — doo) tanh (0.52/5p) ,

YH/2
rae ¢ = (u,w, Y, T), 09 (x) = [ (P& — uoo) (uo — @)/ (pocAu?) dz) — TOI-
—H/2
IMHa TTOTEPU MMITyJ/IbCa. /
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st mosiydenus mapbl 3aKPYYUBAIONINXCA BUXPE, HA BXO/E 3a1ai0TCs
HeCTaMOHAPHBIE TPAHNYHBIE YCJIOBUA JJISI KOMIIOHEHT CKOPOCTH B CJIEIYIOIeM
BU/JIE!

3
v(y,t) =A-AU - Gaussian(y) - Z sin(w - t + ¢m)
m=0

Gaussian(y) = exp(—y2/2a2),

rae A — amMmuTyga neprypbanmm, KOTopasd ONpPeaeIseTcsa U3 COOTHOIICHUS
A - AU, roe pannoe npoussegenne J0KHO paBHATECA 0.2 — 0.3 mponeHToB oT
CKOPOCTH BO3IyTITHOTO MOTOKA Ha BX0/E, AU = (Uso—Ug) — PA3HOCTH CKOPOCTEIt
BEpPXHEro u HUKHero notokos, Gaussian(y) — dyukmusa Laycca, MakcnmanibHoe
3HAUEHNe KOTOPOi paBHo equnnile ipn i = 0, ee mmpwHa +20 Obl1a mogobpana,
PaBHOI TOJIIIUHE BUXPEBOTO CJIOS HA BXOJHOM y9acTKe, w = (ag + Guo) /(209)
— 9acTOTa BO30OYKIEHUS, (O — CIAyJaiiHAST BEJUINHA,.

4 MOJEJb OUCIEPCHON ®A3bBI

I/ICXO)IHI)IMI/I AJIA 9aCTUL ABJIAIOTCH JIal'PDAHZKEBbIC YDAaBHEHUA [IJIs1 TPACK-
Topuu (Z,) U cKOpocTa (Uy,) TACTHIL:

d .
£$p:up,
d
%ﬁp:F,’

F = Dy(il — @) + —.
p L 2

Cuna conporusienus: D, ngeficTByIolas coO CTOPOHBI T'a3a HA YaCTHILY Pa-
JIYCOM T, OIHCHIBAETCS COITIACHO pabote [7].

Tak Kak Ipy JIBUKEHUW YACTUIBI B CJIOE€ CMEIIEHUd ITPOUCXOIUT €€ Tell-
JIOOOMEH C OKPY2KAIOIIel Cpejoii, TO 9TOT IPOIECC ONUCHIBAETCA YPABHEHUEM
SHEPIUU I JaCTUI] C YIETOM KOHBEKTHBHOI'O TEILI000OMEHA:

dT,
mpcpd—tp = 271y Keonw (T — T)p) Ny,

MATEMATUYECKUN KYPHAJ. — 2018. — T. 18, Ne 1



YucierHoe MomeInpoOBaHne NCCIeTOBAHNST BANSHUS Ta30Bo daswr ... 131

3) _
p) IIJIOTHOCTH

TBEpP/Oi 9aCTHI[BI P-Oif KOMIOHEHTEI, Keony = (pt¢p)/Pr), — K03 dument xon-
BEKTHBHOI'O TEII00OMeHa MexK /Iy JacTulileil n oKpy»Kkatomeit cpesoit, T, — Tem-
Heparypa 4acTulbl p-oit KoMnouenTsl, Fr u Nu, — ancia @pyna u Hyccenbra.

rje mp — Macca 4YacTUlbl P-Ofl KOMIIOHEHTHI, pp = 1My, / (%777“

5 METO/J PEIIEHUS

B nacrogrieii pabore KOHBEKTUBHbBIE YJIE€HBI AIIIPOKCUMUPYIOTCS C UCIIOJb-
zoBanreM ENO-cxeMbl TpPeThero mopsijika TOYHOCTH, MOJIPOOHO W3JI0KEHHOM
B pabore |8]. IIpeamomaraercs, 9ro TypOy/JeHTHOE TEUEHUE SBJISETCS KBA3H-
JIBYMEpPHBIM, & pelleHne UCXOTHON cucTeMbl mpoussoaurcs 2D-DNS mogxomom
683 TpuBJICHEeHUA OJOMOJTHUTE/JIBHBIX 3aMbBIKAIOIIINX MOﬂeﬂeﬁ Typ6yﬂeHTHOCTI/I.
Jlarpan:keBbie ypaBHEHHUs PENIAIOTCS sIBHO METOIOM DUJIepa.

HO M3BECTHBIM 3HAYEHNAM NMCXOJHBIX IMEPEMEHHBIX BBIYUCIACTCA TI0JI€ TEM-
MEPATyPhI C TOMOIIBIO YPaBHEHUST

f(T) = E, ()~ RT) - 2p

5P (W +uw?) =0, (2)

Y

Yoo M2 W
rae H — MosgpHas SHTAJBINSA CMeCH ra3os. Pemenne aare6pandecKoro ypas-
Henust (2) OTHOCUTEILHO TeMIIePaTyPhl OCYIIECTB/IAETCH UTEPAIIMOHHBIM MeTO-
nom Herorona-Padcona, 06/1a1a0nmmM KBaIpaTHUHON CKOPOCTBIO CXOIUMOCTH

[9].
6 PE3V/ILTATHLI PACUETOB

Pesysibrarsl ancjieHHOTO pacdera TypOyJIeHTHOTO CABUTIOBOIO TEUEHUsT MHO-
TOKOMITOHEHTHBIX Ta30B TMPOBOJUJINCH CO CJIACAYIOIIUMU TIapaME€TpPaMu: MO ==
2.1, Tp = 2000 K, py = 101325 Pa, M, = 2.0, T = 2000 K, ps =
101325 Pa. Hasienue Ha BXO[E MPEIIOIATAETCA MOCTOSHHBIM, Poo = Po. Ha
BBIXO/THOM, HUYKHEN U BEpXHEel TPAHUIAX 33Jal0TCs TPAHUIHBIE YCJIOBUST HEOT-
parkeHust, T/1e MOTOKU ra30B U NePTypOaIuu MPOXOAAT IPAHUILY, HE OTPAXKAICh
o6paruo [10]-[11]|. Pacuer mpousBomusica Ha cerke pazmepom 526x201, koTo-
pas ObL1a BRIOpaHa B X0/Ie YNCI€HHOTO SKCIIEPUMEHTA, TI0 BJUSIHUIO TUCIA Y308
CEeTKU Ha CXOJMMOCTD 3a/Ia4H.

B Ka4deCTBe HaYaJIbHBIX JAHHBIX JIJId MaCCOBBIX KOHIIEHTPAIWN KOMIIOHEHT
CMECH T'a30B ObLI0 IPUHATO: HUYKHUN TIOTOK, COCTOSIIUI U3 BOJIOPO/HO-A30THOM
cmecn: Yg, = 0.5, Yy, = 0.5; Bepxuuit Bo3aymmaenii motok: Yo, = 0.2, Yy, =
0.8.
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Jtst meTajibHOTO M3ydYeHus PACIPOCTPAHEHUsI GaCTHI] B CIABUTOBOM CJIO€
CMellleHns OBLT IPOW3BEIEH BIAYB YACTUIl AJIOMHHHUS OJHOBPEMEHHO C U€ThI-
pex Bxogubix Touek z = 20,30,40,50 ¢ wmavaababiMu yceaosusmu (x = 0):
Upp = Ugo, Ppo = 2560 KF/M3, MaBJIeHNe W TeMIlepaTypa YacTHUIl Ha BXOJe
[PEJII0JIAraJuCh MOCTOSHHBIMU W PABHBIMUA 3HAYEHUSIM BOBJIYIIHOIO ITOTOKA.
YacTurpsl BAYBaIUCh B MOTOK PABHOMEPHO, II0 OJHON YaCTHUIlE Uepe3 IIpoMe-
xKyTok Bpemenn At = 5. Pasmep uacrur pasen d, = 150 MxM.

U3 xaprunsr noseit Bekropa ckopoctu (Puc. 2) BUAHO 9TO, B TOHKOM CJI0€
CMEIIIeHNS CTPYs, PACIPOCTPAHSIONIASICA C DOBINEH CKOPOCTHIO, PACIIAPIETCS
B CTOPOHY CIIyTHOTO moToka. Kak ciemyer w3 Puc. 2 a, mporecc 3aKpyIuBaHusT
CJIOSI CMEIIeHNs Pa3BUBAETCS B CTOPOHY TOTOKA C MeHbIe# cKopocThio. Huxk-
HU BO3IYIIHBIN TOTOK 00/1a/1aeT HEOOJIBINON KHHETUIECKOM SHEPrueil, T.e. OH
HE B COCTOAHHUU MPOJABUHYTHCS B 00JIACTH BBICOKOTO JaBjeHHs. BuaHo, 91O C
TEYECHUEM BPEMEHM HUKHWI BO3/YIIHBIN MOTOK CTPEMUTCH BBHIPABHUTHCHA CO
CKOPOCTBIO CTPYH.

Pacnpegenenne nzommuun Bogoposa (Puc. 3) gemoHCTpUpPYIOT BUXDEBYIO
CHCTEMY B CJIoe cMellleHUs. BuIHO, 94TO HadajbHasd HEYCTONYUBOCTH IPHUBO-
JUT K MOSBJIEHUIO IMaphl BUXpeil ¢ 00X CTOPOH CJIOS CMEIIeHNsI, KOTOPhIE B
JabHENIeM Pa3phiBAlOTCa. BMecTo copBasimeiics mapbl Buxpeit 00pa3yorcs
HOBBIE, DoJiee 4eTKO Bhipaxkenuble puxpu (Puc. 36). HauanbHbie BUXpU WHITY-
IUPYIOT MaJIEHBKOE TIOTIEPETHOE TEPEMEIEHe BHU3 ISl 3aHOBO CTEHEPUPOBAH-
HOI TIapbl BUXpeil, KOTOpas MOXKET YCKOPSATHCs, TIEPEHOCSICh BHU3 IO TTOTOKY.
IIpu sTOM coceare BUXpy BHU3 10 TTOTOKY UMEIOT 00oJiee KPYITHYIO CTPYKTYPY.

U3 nunamuku pacnpenesnenus: gacturl (Puc. 4) ciemayer, 910 ¢ TeueHmem
BPEMEHU YCUJINBAETCHA BO3/eiiCTBUE HECYIell ra30Boil (pa3bl HA JUCIEPCHYIO
dazy, KoTopas MpOABILeTCI B TOM, YTO YACTHUIILI, YBIEKAACH TA30BLIM IIOTO-
KOM ¥ HOIaJjas B BUXPEBYIO 30HY, JIBUIAIOTCA 110 KPyroBoii Tpaekropun (Puc.
46, B).

YBenudenne BXogHOro uncaa Maxa BogopogHo-a3oTHol emecu Mo, (Puc. 5,
My =2, My = 3) npuBeno K TOMy, 9TO CKOPOCTH BEPXHEH CTPYW W HUKHETO
MOTOKA JBUTAIOTCS TIOYTH OJUHAKOBO (Puc. 5a), 9T0 4eTKo MpoC/IeKuBaeTCst
u3 msosmann Bojopoga (Puc. 56). 13 cpasnenws pucynkos 4 u 5 crienyer,
YTO BUXpEBas CTPYKTYpPa PA3BUBAETCA CUMMETPHYHO OTHOCUTETBHO BXOIHOI
MOBEPXHOCTH Pa3jiesia, KOTopas B JAJbHEHINEeM TPUBOIUT K PABHOMEPHOMY
PaCIpPOCTPAHEHUIO YACTUI] B HUYKHEM U BepxHeM norokax (Puc. 5B).
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Pucynok 3 — I3omuunn BOIOpOAa B MOMEHT BPEMEHH:

a) t =150, 6) t = 375, B) ¢ = 1350; My = 2.1, Moo = 2
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Pucynok 4 — Pacnpenenenne 9acTuil B MOMEHT BPEMEHH:

a) t =150, 6) ¢ = 375, B) ¢t = 1350; Mo = 2.1, Moo = 2
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Maxkamesa A.Il., Haiimanosa A.2K. KATTHBI BOJINIEKTEPIIH, TA-
PAJTY IJNMHAMUKACBIHA TA3JIbIK ®A3BAHBIH OCEPIH 3EPTTEYIII
CAHIBIK MOJIEJIbAEY

ZKywmbicTa arbiHIapabH, 00JIHY EeKaPaChHIA KATThl OOIIIEKTeP/IiH ypJie-
HYiH KaMTBIFQH a3 KOCIAJIAPBIHBIH JBIOBIC *KBLITAMIBIFBIHAH YKOFAPHI JKbIJI-
JlaMJIBIKTAFbl Ka3bIK, 2KbLIZKbIMaJIbl aFbIHbIHBbIH MaTeMaTUKAJ/IbIK, MOJE/I YCbl-
weutaabl. Dasza apasibik e3apa dcepJecyi 6ap ra3map MeH KATThl OOJIIIeKTePIiH
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SiiJIepJliK-IarpatzK IbIK Keilinremeci Herizine ra3apik (pasa yimin Hasbe-Croke
TeHJIeyJiep KyHeciH KoHe KaTThl OOJIIIeKTep YIiH KapanaiibiM nuddepeHiu-
AJIIBIK, TE€HJIEYJIeD KYHECIH Ierryre apHaFal aJrOpuTM YChIHbLIFaH. ['a3/1bIK
dazanbiH, oHbIH imriHge MaxThiH Kipy CaHIapbIHbIH, O06/IIeKTep/IiH TapaJsy 3a-
HJIBLJIBIKTAPBIHA, 9CEP1 2KoHE 0JIaP/blH KYHBIH/BIK KYPbLIBIMIIADMEH KAPMAJYy bl
erKeil-TersKeiyii 3epTTesIl.

Kinrrix ceznep. Apanacy Kabarbl, 6OIIEKTEPIL YpJIey, JBIOBIC KBLITaM-
AbITbIHAH 2KOFapPbl KBLJIJaM/JIBIKTarbl afbIH, KSHKOMHOHeHTTi ra3 KOCIacChI.

Makasheva A.P., Naimanova A.Zh. NUMERICAL SIMULATION OF
INVESTIGATION OF THE GAS PHASE INFLUENCE ON THE
DYNAMICS OF THE SOLID PARTICLES PROPAGATION

This work deals with a mathematical model of a supersonic plane mixing
flow of gas mixtures with the presence of injection of solid particles at
the interface of flows. An algorithm for solving the system of Navier-Stokes
equations for the gas phase and for the system of ordinary differential
equations for solid particles based on the Euler-Lagrangian representation
with interphase interaction of gases and solid particles is proposed. A detailed
study of the influence of the gas phase, in particular the influence of Mach
numbers, on the regularities of particle distribution and their capture by vortex
structures has been undertaken.

Keywords. Mixing layer, injection of particles, supersonic flow,
multicomponent gas mixture.

Maxkamesa A.II.

MHCTUTYT MaTEMATUKU U MaTEMATUIECKOTO MOJIEJIMPOBAHMS
050100, Ammatet, ya. Iymkuna, 125

E-mail: altyn-mak@mail.ru

Haiimanosa A.2K.

VHCTUTYT MATEMATUKK M MATEMATHIECKOTO MO/IEIMPOBAHMSL
050100, Anmaret, ya. Ilymkuna, 125

E-mail: ked@math.kz

Crarest nocrynuia B pegaxmuio 09.01.2018

MATEMATUYECKUN KYPHAJ. — 2018. — T. 18, Ne 1



MATEMATUYECKUN YKYPHAJI ISSN 1682-0525

2018. — Tom 18, Ne 1. — C. 139-150.
MPHTH 27.31.17

IMPUBOJAMMOCTD JINHEMHBIX
MHOTOIIEPUOJINYECKIX YPABHEHUI C OIIEPATOPOM
ANOPOEPEHIIMPOBAHNUA 110 IMATOHAJIN

ZK.A. CAPTABAHOB, A A. KV/IbLXKYMUEBA

AHHOTaLJ,I/Iﬂ. Nccneposan BOMPOC O NMprBOAMMOCTY JIMHERHOMO YPAaBHEHNSI C KBA3umne-
pUOANYECKOU MaTPULEN K YPAaBHEHNIO C MOCTOSAHHOW Ha AMAroHannW WAW NOCTOSHHOW
Manmueﬁ. ﬂonyHeHu AOCTATO4YHbIE YCIOBUA NMPUBOANMOCTN K YPABHEHNHO C NOCTOAH-
HOI Ha ANAaroHann maTpunuamMum n HGOGXOAMMOG N AOCTAaTO4YHOE yCNnoBmMe NnpnBognmMocCTun
K YPaBHEHUIO € NOCTOSIHHON MaTpuLei.

KntoueBble crioBa. JlueiiHoe ypasHeHue, auddepeHumnansHblli onepatop, NpUBOAU-
MOCTb, >KOpAaHOBa (hOpMa, MaTPULA MOHOLPOMUN.

1 ITOCTAHOBKA 3AJIAYU
Bompoc o mpuBommMOCTH TUHEWHBIX yPABHEHNIA

dx
e =A(r,01+T,.ccc,Om +T)T (1)
¢ uckomoit Bekrop-pynkuueit x = (x1,...,2T,) U agkoit marpuueit A =
A(T,t1, ..., tm), onpegenennoit ma Tope T1H™, 06pazoBaHHOM BEKTOPOM 9aCTOT
v = (1, V1, ..., V) C TIEJOUUCTEHHO HE3ABUCAMBIMU KOMIIOHEHTAMU, K YPABHE-
HUIO

d
i Az (2)

C TIOCTOSIHHOI MaTpuneil A BO3ZHWKAeT TPW WCCICJOBAHUN OKPECTHOCTH WH-
BApUAHTHOIO TOPA ABTOHOMHOTO ypPaBHEHHUs, HECYIIEro MHOTOYACTOTHBIE TIe-
puoaMYecKue JBUKEHNst ¢ BeKTOp-mepuogom (0, w) = (wo, w1, ..., wn), T
0 =wo =15 w=v e W=ty W= (Wi, e, W)y 0 = (01,00 O
— IIOCTOAHHBIA BEKTOP.

2010 Mathematics Subject Classification: 35B10.
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[Ipob6iema cocTouT B TOM, 9TOOBI BHISICHUTE: TIPUBOIAMO JIU JTUHEHHOE yPaB-
Herne obmero suga (1) K ypasuenuio (2) IuHEHHBIM HEOCOOEHHBIM IPe0OPa30-
BaHUEM

x=B(r,014+7,..c,om +7)z (3)

¢ (0, w)-nepuoguveckoii ragkoit Marpuneit B(T,t1, ...,y ), OOpegeseHHoi Ha
tope T1™.

3BecTHO, 9TO 10 CHX IIOp HE JOKa3aHa MPUBOJUMOCTH YPABHEHHS BUIA
(1) u Her npuMepa HENPUBOAMMOIO ypaBHEHUs Takoro Buja [1]. Dra npobiema
HCCIIeI0BaHa MHOTUMHA aBTOpaMmu |2|-[4], rae BbIAeIeHBI KIaCCHl IPUBOAUMBIX
KBa3UIIEPUOANICCKNX ypaBHeHHﬁ.

[Ipo6emamMu IPUBOAMMOCTH B HMPHUIOKEHUAX MuhdEpEeHINATbHBIX YPaB-
HEeHU IPOJOJIZKAIOT 3aHUMAThCA MHOTI'UE UCCJIE0BATEIIN. OTMeTI/IM HEKOTODPbIE
pa6orsr [5], [6].

[Tpo6iemMa IPUBOAUMOCTH C BEIXOJOM B TEOPUIO YPABHEHMI B YACTHBIX TIPO-
M3BOJIHBIX HCCses0Bana B paborax [7], [8], riae obocHoBaHbI aHaI0rM N3BECTHOM
TEOPEMBI O TPUBOJAMMOCTH JIMHEHHBIX OJHOYACTOTHBIX MEPUOANIECKUX OOBIK-
HOBEHHBIX Iu(depeHnaTbHBIX YPABHEHUN JjIsi CAydasi JUHEWHBIX MHOTOTIe-
PUOJIMYECKUX YPABHEHWUH B YACTHBIX MTPOU3BOJHBIX MEPBOrO TOpsAIKa [9)].

B Tepmunax ypaBHEeHUII B 9aCTHBIX MPOU3BOIHBIX Ty HPOOJIEMY MOYKHO
nepedpasupoBaTh B HUKecaeayomeM suje |7, [8].

SBagiercst m NPUBOMMBIM JIMHEHHOE riaakoe (0, w)-nepuognveckoe ypas-
HeHue

Dex = P(1,t)x (4)

K YPaBHEHUIO C MOCTOSIHHOW Ha JMArOHAJIM UJIU OCTOsIHHON Marpuieit C Buia
D.z=Cxz (5)

¢ HEOCOOEHHBIM TIaAKuM (6, w)-IepruoauIecKuM IpeoOpa3oBaHeM
x = Q(T,t)z? (6)

B cBazwu ¢ Tem, qro gaa ypaBHenuii ¢ oneparopom D, MaTpuiia MOHOIPO-
vun X (0,0) = X (0,t— eT) aBagercsd NOCTOAHHON HA UaroHau t = eT, Takas
nocranoBka 3ajaun B Buge (4)—(6), Ha HAI B3IJIsijl, SIBISETCS HECKOJIBKO OT-
JIMYHOM.
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[TosroMy B JaHHOM HCCAEJOBAHUU [OCTABJICHA 33ja4a O [IPUBEJCHHUN
ypaBHennsi (4) K ypaBHEHHIO C IOCTOSIHHO}I HA JUArOHAJN TIVIAJKOH w-
nepuouyeckoii marpuneit C(o) = C(t — eT) Buga

Dez=C(t—er)z (7)

¢ HeocobenHbIM TrajgknM (6, w, w)-nepnogndeckum no (7,t,0) = (7,t,t — eT)
Ipeodpa30BAHIEM

x=Q(1,t,0)z, (8)

IpUYeM HUCCJIeIOBaHKe CBSI3aHO CO CBOWCTBAMM MATPHIILI MOHOApoMuu. B 3a-
KJIIOYEHUY Ha OCHOBE puBOAMMOCTH ypasuenus (4) B cmbicse (7) u (8) ncce-
JOBaH cjIydvait mocrosaubix Marpur; C' B ypaBHenugax suza (7).

Bamerum, 4To B JIAHHOI [IOCTAHOBKE, 110 CPABHEHUIO ¢ pedyiabraramu 7], [8],
HECKO/IbKO ocjiabjieno TpeboBanme Ha MpeodpasyoNlyl0 MAaTPHUILY: 3aMEHUIN
ycsosue o (0, w)-nepuogmanoctu marpuipl Q = Q(7,t) na yciaosue o (0, w,w)-
nepuoanIHOCTH peobpasosanns Q@ = Q(7,t,t —et) no (1,t,0) = (1,t,t —eT).

O61men3BeCcTHO, UYTO TPOHIEMa TPUBOAUMOCTY CBSA3aHA C CYIECTBOBAHUEM
norapudma nepemennoit marpuisl Monogpomun X (6, ). 1o ycaosue apisier-
sl BEJIYIIAM CTEPyKHEM U HAIIero uccjeaoBanus. Hamu Hapsty ¢ o6ImmM yeio-
BHUEM MPUBOJANMOCTH MOJIYyIEHBI JOCTATOYHBIE YCAOBUSA TPUBOJINMOCTH K yPaB-
HEHUIO C TIOCTOSIHHON Ha JMaroHa/i MaTPHUIell 1 HeOOXOJAUMOe U JOCTATOYHOE
yCJI0BUE TPUBOAMMOCTH K yPaBHEHHUIO C IOCTOAHHON Marpuieii. Pesyabrars
3aMETKH BaKHbI B TEOPETHYECKOM ILJIaHe U SIBJIAIOTCS CyIECTBEHHBIM Pa3BU-
TreM pesysbraros [7], [8].

Jamnoe uccrenosanue npumbikaer K uccaenosanuam |[10|-[13] u asiaer-
Cs MX CyLIECTBEHHBIM Jono/HenueM. B 3amerke [10] uccieposana jmneiinas
cucrema, KOTopast TPUBOAMMA, K KAHOHWYECKOMY BUIY B CIydae ee 3KBHUBa-
JIEHTHOCTH OJIHOMY YDPaBHEHHUIO BBICIIIErO MOpsAIKa, a B [11] — B ciayuae, Korma
JMHeNHasi CrcTeMa paclajaercst Ha T JnHeiiHbIx ypasHenuii. B [12] npemio-
JKeH METOJ UCCIIeI0BaHUs TPOOIeM MHOTOMEPUOINIECKIX PEIIeHNi THHEeAHBIX
CHCTEM Ha OCHOBE PE3YJIBTATOB M3y9eHUST MHOTONEPUOZMIHOCTH WX TTOJHOTO
uaTerpana. B [13| ycranoB/ieHo ycaoBme CyIIeCTBOBaHUS W €JIUHCTBEHHOCTH
LEePUOJUYICCKOI'0 PelICHUd KBA3U/INHENHON CUCTeMbl YPaBHEHUI C OeparopoM
i pepeHIpoBaHis 110 HAIIPABIEHUIO MJIABHON JTHArOHAIH.
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142 KA. CAPTABAHOB, A A. KVJIbXKYMUEBA

2 TIPUBOAMMOCTH MHOTOTIEPUOANYECKOTO JINHEMHOT O YPABHEHUA
K YPABHEHHIO C ITIOCTOSHHOM HA JANATOHAJIN MATPI/IU;EI;I

PaccMOTpUM BEKTOPHO-MATPUIHOE ypDABHEHUE
D.x = P(7,t)x 9)

OTHOCHTETHHO MCKOMOI BekTOp-byHKIMN = = (Z1,...,ZLy), NTEPEMEHHON T €
(—00,400) = R u BekTOp-nIepeMennoit t = (t1,...,t,m) € R X ... X R = R™ ¢
omepaTopomM auddepeHITnpPOBAHMST

0 0
De=—+(e, =
< or ot/
rJ1e BTOPOE CJIaraeMoe eCTh CKaJsgpPHOe NPou3BeaeHne m-sektopos e = (1,...,1)
wd (o o
ot — \ Oty Otm ) °
y 0,

Marpuna P(7,t) = [pi;(7,t)]] obragaer croiticTBom C’;te) (Rx R™) — ruag-
koctu mopsizka (0,e) = (0,1,...,1) mo (7,t) € R X R™ u cBOHCTBOM Mepuoud-
HOCTH 110 T ¢ mepuogom 0 u 1o t ¢ BEKTOP-neprogoM w = (w1, ..., Wy, ), TPAYEM
KOMIIOHEHTHI wy = 0, W1, ..., Wy, — PAIMOHAIBHO HECOM3MEDPUMBIE TIOJI0KUTE b

HBIE MMOCTOSTHHBIE. DTHU CBONCTBA MaTpUIlbl P (T, t) peJICTaBUM B BHUJE
P(r+0,t+qw) = P(r,t) € CG)(Rx R™), qe 2™ (10)

e ¢ = (q1y oy @m) € Z X ... X Z = Z™, Z — MHOXKECTBO TIEJIbIX YUCeJT, qw =
(q1wW1, -y GmWim) — KPATHBIH BEKTOP-IEPUO/,.
IIpu ycnosun (10) ypasaenue (9) umeer marpunant X = X (7,t):

D.X = P(r,)X, X|r—o=FE (11)

¢ euHUYHON MaTpureil E.
B cuny ycnosus (10) marpunant X (7,t) obnagaer cBoficTBaME MEPUOIAY-

HOCTH BHJIa,
X(1,t+qw) = X(1,t), qeZ™, (12)

X(t+0,t) = X(1,t)X(0,t — eT). (13)

DyHKIWMs, 3aBUCAIAg 0T 0 = t — eT U HecoJeprKalas nepemMentsie (7,t),
Ha3bIBaeTCst (PYHKIMET, 10CTOAHHON Ha JaroHasuu t = eT npocrpancrsa R X
R™ HezaBUCHMBIX IIepeMeHHbIX (T, 1).
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IMocrosianyto Ha quaronaau marpuiy X (0,0) = X(6,t — eT) nHazosem mar-
purieit MOHOIpOMUY ypaBHeHus (9).

B cuity coornomenwit (11) u (12) marpuna monoapomun X (0, o) obiamaer
CBOWCTBAMH HEPHOIUIHOCTH ¥ TJIAIKOCTH:

X(0,0 +quw) = X(0,0) € CS)(R™), qez™ (14)

[Ipenmonokum, 9T0 MaTPUIAHT 00/1a4a€T JJOraprudMOM. JTO O3HATAET, ITO
cymiectsyer marpura C(o), obaagaomnas CBOfCTBAMY TJIaIKOCTU U MePHOIY-
HOCTHU

Clo+ qw) = C(o) € C(R™), qe Z™, (15)
TaKad, 9TO
X(0,0) =e“), (16)

CarenoBare/ibHO, TMEEM
C(o) =InX(0,0). (17)

Torpa w3 ceoiicrs (13) u (16) cieayer TeopeMa O NpeACTABIEHUN MATPH-
nanra X (7,t) ypasuenus (9), Hanomunaroiem upejcrasienue Ojioke B ciydae
Teopun OOBIKHOBEHHBIX MMM epeHITnaaIbHbIX yPaBHEHM.

TEOPEMA 1. JLns Toro, uro6er marpunant X (7,1) ypasuenus (9) npu ycaosun
(10) momyckasr mpescraBiieHme

X(7,1) = Q(r,t,0)e5 ), (18)

HEOOXOAUMO U JJOCTATOYHO, 4T00bI MaTpuiia Monogpomun X (0, o) umesa jora-
pucm, npuaem marpuna Q(T,t,0) — HeocobeHHas u 061a1aeT CBOHCTBOM

Q(t+6,t+ qw,0 + pw) = Q(7,t,0) € C(l’e’e)(R X R™ x R™), (19)

T,t,0

e q € Z™, p € Z™, a marpuna C(o) ynosiaersopser ycaosuio (15).

JOKABATEJIBCTBO. HeobxoaumocTs cyIecTBoBanus jorapudma ciaeayer u3
npescrasienns (18), rue marpuna Q(7,t, o) uMeer Buj

Q(r,t,0) = X(r,t)e 49 (20)
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u 00J1a1a€T CBOICTBOM
QT +0,t,0) = X(1,t)X(0,0)e"“@e=5¢0), (21)

[Mepuoguuanocts Q(7,t,0) mo (t,0) ¢ nepuomom (w,w) CIeayer us3 COOTHO-
wennit (12) u (15). Yrobsr obecneunts H-nepuoguunocts marpuibl Q(7,t, o)
no 7, B cuty (20) u (21) HEOOXOAMMO BBITIOJTHEHUE YCTIOBUST

X(0,0)e @) = E.

HeobGxomnmocts yenosus (16) mokaszana.

Hocrarounocts ycmosus (16) s mpencrasiennit (18)-(19) crexyer u3
(20)—(21) ¢ yuerom C(o) =InX(0,0).

[Tycrs puist marpunpl Z (o) cymecrByer Heocobennasi marpuna Y (o), obia-
Jaromnas CBOMCTBOM

Y (o +qw)=Y(0) € CYR™), qeZ™, (22)
n mMeeT MeCToO Hpe,ZI;CTaB.HeHI/Ie
Y~ 0)Z(0)Y (o) = J(0) (23)

C Marpuuei

J(o) =diag[J1(0), ..., Jk(0)] (24)

JKOPJAHOBBIX KIeToK Jj(0), j = 1, k, COOTBETCTBYIOMHUX COOCTBEHHBIM 3HAME-
mnsiv \j = Aj(0), j = 1, k, marpuipt Z(0), yAOBIETBOPSIONINM YCIOBHSIM

(o +aqw) = Nj(0) € C(R™), qe 2™, j=T1k, (25)

npudeM Aj(o) u A\;(0) mpu pasmudHbIX 4, j = 1,k aub0o pasiaudHble mIpu BCex
o € R™, nubo couajaror BCogy B R™:

(Aj (@) # Ailo), i # 4, o € R™) V (Nj(0) = Aio), i #j, 0 € R™),  (206)

rme V — 3uak "wman".
Torjga marpuiy 2 (a) HA30BE€M HPUBOJAMMON K KOPJAAHOBOM KaHOHMYECKON
HOPMaJIbHON hopme.
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TEOPEMA 2. Besikast neocobennast marpuna Z (o), IpUBOAMMAsT K 2KOPJAHOBOH
HOpMaJIbHOI (popMe, HMeeT JIOTapupM.

JlokazaTeabCTBO 3TOM TeOpeMbl TTPOBOAUTCS AHAJOTUYHO JOKA3ATEIbCTBY
TEOPEMBI O CyIeCTBOBAHUN JIOTapudMa TOCTOSHHON HE0OCOOEHHO! MATPHITHI TT0
HIUZKEC/IeYIOIeil cxeme.

Ha ocuoBe ckajisipHOTO JIOTAPUPMUTIECKOTO PA3JIOKEHUST

+00 —1
—_1)?
ma+n=3 " e,
p=1 p
JJIsl OJIHOKJIETOYHOM 2KOPAaHOBOM MaTpPULibL

Z(o)=ANo)E+1

¢ IMaroHAIBHOW e IMHWIHON MaTpuIieil I n HaganaronaabHON e IMHNIHON MaT-
pureit I nmeem

InZ(o) = in(\(0)E + 1) = In {)\(a) (E + A{J)) } _

— ElnA(o) + In (E + A(IJ)) — Eln(o) + ij (_pr (A(Ia))p _

n—1 n—1
= n\lo (_1)p i p: n\(o (_1)]) D
= Eln)( )+p:1 ; (A(a)) Eln)( H;W’(a)l'

Torga g MaTpUIIB!
Z(0) =Y (0)diag [J1(0), ..., Jx(0)] Y (o)
¢ xKopJaHoBbiMu Kierkamu J1 (o), ..., Ji(o) nonyaum
InZ (o) =Y (0)diag [InJy(0), ..., InJy(0)] Y "L (0).

Csoiictso (13) marpunanra X (7,t), cBI3aHHOE C MaTpUIleii MOHOIPOMUHN
b )

X (0,0), narankuBaer Ha MbBICJIb O IPUBOJAUMOCTH JIMHEHHOIO ypaBHEHHS K

YPaBHEHUIO C MATPUIEN, TTOCTOAHHON Ha AWaroHaaun t = eT.
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ONPEJEJNEHUE. Jluneiinoe ypasuenne (9) ¢ MHOronepuoudeckoii MaTpuiei
(10) mpuBoAIMO, €CH CyIIeCTBYET HeOCOOeHHAI MHOTOIIEDHOJUIeCKAasT VI KA
varpuna Q(7,t,0) Takas, 4T0 3aMeHa

x=Q(t,t,0)z (27)

[IPEBpAIAeT HCXOJHOE YDABHEHHE B ypaBHEHHE C IIOCTOSHHON Ha JIHATOHAJIH
varpurneii C(o) Buga
D¢z = C(0)z. (28)

TEOPEMA 3. Ilycrs marpuna mounogpomun X (0,0) ypasuenus (9) npu ycio-
un (10) mpuBojEMA K >KOPJAHOBOH KAHOHHYECKOI HOPMAaJIbHOH (popMe MarT-
purneii Y (o) co coiicrBamu (22). Torga ypasuenne (9) npeobpaszosanuem (27)
co cpoiicrBoM (19) npuBosuMo K ypaBHeHHIO (28) ¢ HOCTOSHHOIN Ha qHATOHAJIH
marpureii (15).

JTOKABATEJILCTBO. Ilo ycnosuto reopembr marpuna monoapomun X (6, o), co-
rnacuo Teopeme 2, umeer norapudm

C(o) = 4InX(0,0).

Torga no Teopeme 1 marpunanr X (7,t) upegcrasum B Buge (18) ¢ marpu-
neii (19). CuenosarennsHo, 3amena (27) ¢ HEOCOOEHHONH MHOTOMEPUOINIECKOT
riaaakoit marpureit (20) co coiictBoMm (21) mpuBoxuT ypasuenue (9) K ypas-
HeHnio (28).

B uacrmocru, Korga marpura Mouogpomun X (0, o) ABIg€TCs OCTOSHHOI:
X(0,0) = K —const, To ypasuenue (9) 8 cury Teopembr 1 mpusogmnmo, npuaem
OHO TIPHBOINTCSA K yPABHEHHIO ¢ MocTosHAof Marpumeit C = SInk.

B ¢Bs13u ¢ 3TMM BOIPOCOM MOXKHO JIOKA3aTh HUKECIETYIONLYI0 TEOPEMY.

TEOPEMA 4. JLnst Toro, uro6er nipu ycaoBun (10) BBITOJIHSIIOCH TOXKIECTBO

0
/X_l(s,0—|—es)Pj(s,U—|—es)X(s,a+es)d8 =0, j=1m, o€R™ (29)
0

e Pj(r,t) = %P(T, t), HEOOXOMMMO H JOCTATOYHO, 4TOOBI ypaBHeHme (9)
J

OBLIO NPUBOIMMO K YPABHEHHIO ¢ 110CTOssHHOH marpuneit C = %an , e K —

MaTpHI[a MOHOJPOMHH.
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JOKA3ATENBLCTBO. duddepeniupys ypauenue (9) no tj, umeem

DeXj = P(r,0)X; + Pi(r, )X (7, 1), j=1m, (30)

rae X; = %X(T, t), npuuem Xjl,—o =0, j =1,m.

CaenoBarebHO, nHTErpupys ypasaenue (30), moryanm
T
X(r,t) = /X(T, )X (s,0 + es)Pj(s,0 +es) X (s,0 + es)ds. (31)
0
W3 npeacrapienus (31) moydnM dacTHBIE TPOU3BOJIHBIE MATPUIIHI MOHO-

JIPOMUH %X(Q,a) no o; =t; —7,j=1,m, B BUIE

0

0
= /X(H, o)X s,0+es)Pj(s,0 +es)X(s,0+es)ds, j=1,m. (32)
0

[Tpupasuusas 3tu npoussogube (32) K HyJ10, C y4eTOM HEOCOOEHHOCTH
maTpuisl MoHoapomun X (6, o) moayanM HEOOXOIMMOE U TOCTATOIHOE YCIOBHE
(29) mna Toro, uroGel X (0, 0) GbLIA TOCTOSHHOM.

Teopema 4 mokaszana.

OTmernM, 9TO TPHBOIMMOCTL TJIAJKUX MHOTOIEPHOIMIECKAX MATPHUI K
JKOPJIaHOBO# HOpMasibHOI (opme uccaenosana B [14]. Takxke ormernm, uro
B [14] npusomuTca ko3 uImenTHOE JTOCTATOUHOE YCIOBUE /I BHINOTHEHUS
ycaosust (29) Teopembr 4, a B [8] BMmecTo s1oro ycaosus (29) craBurcst Tpe6o-
BaHHUe O MOCTOAHHOI MaTpuie Moroapomun X (0,0) = C' — const.

B sakstouenue, Bo3spamasch K ypasuenuto (1) ¢ KBas3unepuoauueckoii
marpuneit A = A(7, eT), npuBoaum caenctsue Teopembr 3.

CHnEACTBUE. IIpu ycmoBusix Teopembr 3 ypapruenne (1) ¢ KBazumepuommde-
ckoii marpuneii A = A(T,eT) npuoguMo K ypaBHeHHio (2) ¢ HOCTOSHHBIM
KBa3UIIEPHOJHIECKHM IpeobpazoBaHueM (3).

JIOKABATEJ/IbCTBO. Marpuny P(7,t) crpouM Ha OCHOBE MCXOHON MaTPHIIbI
A(T, eT) mo m3eectHoit Teopeme Bopa ¢ ycinosuem P(7,eT) = A(T,er). Torma
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C KBa3WIEPUOANIECKON MaTpwuieit nmpeobpazoBanns B (T, 67’), [IOJIyY€HHOHN Ha
ocrose coorHorrenuii (3) u (28), y10BIeTBOPSAIONIEil YCIOBUIO

B(r,et) = Q(T,eT1,0),

no Teopeme 3 nmpuBoAMM K ypasHeHUto (2) ¢ moCTosHHON Marpuneit A, cBsi3an-
Hoit ¢ marpureii C(o) ypasuerns (28) coornomenunem C(o) = A. Crnencraue
JIOKA3aHO.
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IIYACCOHA

B.X. TYPMETOB, M.III. TAY)KUMETOBA

AHHOTauuMsA. Hactosiwas paboTa nocesiujeHa MCCIEAOBaHNIO BOMPOCOB NOCTPOEHUS
siBHOrO Buga dyHkunm [puHa 3agaqm PobeHa gnsi ypaerenus [lyaccoHa B egnHuYHOM
wape n3 R". MMpu nocTpoeHnn faHHON DyHKLMUN UCNONb3YETCA SiBHbIN BUA DyHKLUM
[puna 3apaun [dupuxne pns ypasuenusi [lyaccona. [MonyyeHo nHTerpansHoe npeg-
ctaenenne yHkuun [puna 3agaqdun Pobena. IToT meToA TakxKe MCNONb3yeTCst AJisi
npeacrasnenuns dpyHkuun [prHa 3agaqu Helimana.

Kntouesble cnoea. Ypaenetne lyaccona, dynkunsa Ipuna, 3agada Pobena, 3agaua
Oupuxne, 3apava Helimana, kpaesas 3agaqa, WHTErpasbHOE NPeACTaBAEHNE.

1 BBEJIEHUE

Nsgecrno (cM., nanpumep, [1]), aro dynkuuns [puna sagaun Jupuxie gs
ypasuenust [Tyaccona B mape 2 = {z : |z| < 1} umeer Buj

Gplz,y) = E(z,y) — E (zlyl.y/lyl), E(@,y) = (n—2)" |z —y[*", n>3.

NcenenoBanus o BOIPOCaM TIOCTPOEHUs ABHOTO Buaa dbynknnn ['puna 3ama4
Heiimana u Pobena mpoBoauinch pasaundabiMu apropamu. Tax, B pabote [2]
B 9BHOM Bujie nocrpoena dyukius ['puna 3agaun Helimana s ypaBHeHUs
n
Ilyaccona B mosynpocrpancrse R . B paborax |3]|-|5| meromom pasmoxenns
dyHIaMeHTATHEHOTO pelenns oneparopa Jlamiaca B psij TOCTpOeHa (DyHKITHSA
I'puna ayst 3amaun Pobena B kpyre, a B pabore [6] — B MHOrOMepHOM TmIape.
Ormernm Takzxke paboTsl |7], [8], KOTOpBIE MOCBAIIEHBI TOCTPOCHUIO (DYHKITHN
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I'puna gua 3amaan dupuxiie s mOJIUTapMOHUYIECKOTO YPABHEHUS B €UHUY-
Hom mape. Kpome Toro, B paborax [9], [10] mano mpesacrasienue ¢yHKIUN
I'puna s kyraccuyeckoit BHemnelr u BHyTpenHeit 3agau Helimana g ypas-
mennda llyaccona B equananoM mape n3 R™.

B macrosmieit pabore mpe/iaraeTcsi HOBbIf METO/T TTOCTPOEHUsT STBHOTO BU-
ma dywakiun ['puna kmaccuaeckux 3aaa4 Heitmana u Pobena. Ilpu nocrpoenun
dbyuxnun ['puna 3TUX 337124 UCHOb3yeTCsd ABHbIN Byl pyHKIMu ' prna 3a a4qu
Hupuxiie. [lonyueno narerpaibuoe npejacrasiaenue dpyuxnuu ['puna ucciemsy-
€MbIX 33/1a4.

2 BCTIOMOTATEJ/IbHBIE YTBEP>XK/JEHWS

Pacemorpum B obactu ) ciemyronnyio 3agauy Inpuxie:
—Av(z) = F(x), z € Q; v(x) =0, x € 0. (1)

Ecau F(x) — rnagkas dynkuus B obaacru §2, o pemenue 3ajgaun (1) npes-
CTaBJISIETCS B BUJIE

wmziijmwF@@, (2)
Q

TI€e Wy, — TUIOMIAIh eANHNIHON cephl.
n
_ o _ 0
ycrs r = |z], rg = Zl T s Cueytomme yTBepKIeHUs JIOKa3aHbl B
]:

pabore [11].

JIEMMA 1. ITycrs a € R, f(z) € CY(Q) u B 3axaue (1) pynxuus F(z) npea-
CTABJISETCS B BHJIE

F(z)= <T§‘ +2+ a> f(z). (3)
Torga pemenne 3agaun (1) MoxKHO 3amucaTh B BHJE
@ == [ (2+a-n-ps ) Gowv) fw) ()
v\T) = W, a—n pap D\Z,Y y)ay,

n
e p=lyl, pgs = Zlyja%-
]:
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JIEMMA 2. ITycrs a = 0, f € CY(Q) u B 3anave (1)(2) pynxnua F(z) npexr-
crapisercs B Buge (3). Torya jis Beimosnnenns yeaous v(0) = 0 HeobxoquMo
n JOCTaTOYHO BBIIIOJIHEHNUA YCJIOBUA

/f(y)dy = 0. (5)
Q

Crenyrolee yTBEPKIEHUE TOKA3BIBAETCS HEMOCPEICTBEHHBIM BBIUNCIEHN-
eM.

JIEMMA 3. Jlns ¢pynkunn E(x,y) cupaBeauser caegyionme paBeHCTBA:
0 d
(pap + Sds) E(sz,y) = —|sz —y|*™", (6)

G

rﬁE(sx,y) = siE(sx, y) = , (7)

or ds

9 y 9 Y d y
pE<8my,> =r—F <sxy,> :sE<s:L‘y,) =
ap” Wb 1) = o by ) = o ey

—n

sz —y|"

Y
sely| — =

Y|

= — [y — sz, v)]

Hanee, misa groboro a € R BBegem pyHKIUIO

. 0
E(z,y)=|p=—+a| E(x,y).
o) = (0 +a) Blo)
Jlerko mokazarb, 4TO B caydae a = 0 mMeeT MecTo paBeHCTBO

Foe,y) = L= @Y) o)

JIEMMA 4. /Ina ¢pyaxnun Ey <x\y[, ﬁ) CIIPABEJIHBBI PABEHCTBA

fo (xm, |'z|> - —‘1‘(”) (10)

zlyl — 1
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e I N

JJOKABATEILCTBO. Ucnomp3ys npencrasierne (9), nmeem

el ) — /Wl = Gyl v/l 1 ()
B (st ) = - = -

.

C zpyroii cTOPOHBI,

0 Yy 2 —nlz|?y]? — 2(x,y) + 1
(2—71—;08{)>E<$‘Z/|7|y‘>_n_2’|’| (y _ZL +

alyl - |

|$‘2|y|2 B (xay) _ 1- (a/:,y)
Y n Y -n
2ol = el - ]

+

CnenoBarensno, cipasemeo u pasenctso (11). Jlemma gokazana.

CHeACTBUE 1. Eciu a € R, 10 gist pyHKIIANA E, (x]y|, %) CIIPaBEJIIBO

PaBEHCTBO
Y 0

ol Yy, — ) =a+2—n— ) <a:y > 12

< i !y\> < "op i | 12)

B nanpmeiintem HaM moHAIOOSTCA CBORCTBA CJIEAYIOMINX (DYHKITHIA:

1

Bu(a.y) = / w1, <sxry|,,j‘),a>o, (13)

0

T
0

JIEMMA 5. JLnst siro6oro a > 0 ¢pyuxuust E,(x,y) sapasercs rapMoHn4ecKoii B
objtacru () mo x npu y € €.
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JIOKA3ATEJIbCTBO. 3aMeTuM, 910 OlepaTop ,06% COXpaHsieT TapPMOHUYHOCTH
dyuakmun. [losromy by

Eq(z,y) = <p§p - a> B(z,y)

SIBJIIETCS TapMOHMYIECKOit o x,y €  npu = # y. Hanee, bynknus v(z,y) =
ly|>~"Ey (z,y/|y|?) Takxke rapmonEUeckast npu BBIIOIHEHHH YCI0BHS Y/ |y|? #
x. TlockombKy B Hamem ciaydae = € ), To mpu y € Q nveem y/|y|? € R™\Q wu,
SHAYUT, ITO yCJIO0BUE BbINojHEeHO. [Ipeobpasyem dyukimmio v(z,y). [lockonbky
st gy Fo (z,y) Bepuo pasencrso (9), To

2

I Y

o(y) = s By (x P ) I G
’ ly["—2 " yl? ly|"—2 ‘x o |"
[y|?
1—(z,y) 1 —(2,y) . y)

= — = — =Ly | zly|,— | .

D L e P "l

y[? Y™ Tyl

Buaunt, pynknua F, (x\y|, ﬁ) , 6 > 0, aBasercs TapMOHUYECKOH B obsracTu

Q 1o z upu y € . dasee, nerpyano sujers, uro Fy (sx\y|, %)’ 0= —1, u
s=

3HAYUT, TOCKOIBKY (DYHKIUS E, (533|y], ﬁ) muddepennupyema no s € [0, 1],

TO TIOABIHTErPAIbHASA (PYHKIUS B UHTErPAJIe

Eo(z,y) = /1 <Eo (sx!y\, é,) + 1> %
0

ne nmeer ocobernnoctu mpu s = 0. [Tosromy dynkums Ey(z,y) onpeaenena mpu
z € Quy e Q. Bouee Toro, tax kax dyuxius Fy (sx\y|, ﬁ) — rapMOHMYECKAA

no x,y € §, To 9TUM XKe cBoiicTBoM obsamaer u dyukiusa Ey(z,y). Anamo-
IMYHO JIOKA3bIBAETCA TapMOHMYIHOCTH (bynkuun E,(z,y) mpu a > 0. Jlemma
TOKA3aHA.
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3 IIOCTPOEHUE @YHKIUU ['PUHA

IIycts a > 0,n > 3. PaccMoTpuM ey IoIiyio KPaeByio 3a/1a4y Jjisd ypas-
Hernus Ilyaccona:

—Au(z) = f(z),z € Q, <8“(‘7”) + au(x))

o = 0. (15)

o0

Cuavasia paccmorpum ciydaii, korga a > 0. CropaBenBo ciieyroree
YTBEPKIEHUE.

TeOPEMA 1. Hycrs f(z) € CHQ) uw a > 0. Torga pemenne 3azaum (15)
MOKHO IIPEJICTABHTH B BHJIE

u() = wl / Grle,y) ()dy, (16)
Q

e pyuxuus I'puna Gr(z,y) umeer Buj
GR($ay) :E($,y) —Ea(l',y), (17)
a ¢ynkiusa Eq(x,y) sanuceiBaercs B popme (13).

JJOKABATEJILCTBO. Ilycrs u(x) — pemenne 3aaun (15) npu a > 0. [Ipumennm

or or

NPUMEHNM K TT0Caeaneil pyHKImm oreparop —A, TO, NCNOAb3ysT PABEHCTBO

A [rag(f)} - <raar + 2> Au(z),

0
K 970l (byHKIUH OnepaTop r——-+a u 0603Haunm v(x) = (7“ +a | u(z). Ecau

st byuknun v(x) noaygaem sagady dupuxie (1) ¢ dyuknumeit (3). Tak kak
f(x) € CHQ), To pemenue 3Toii 3aa4M CYMIECTBYET U [0 yTBEPKeHni0 Jlem-

0
mbl 1 mpecrasiserca B suge (4). I3 pasencrsa v(z) = <7“8 + a) u(z) Ha-
r

xoaum ynknuio u(x) no dbopmye

1
u(z) = /Sa_lv(s)ds. (18)
0
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[Ipexcrasus dynkuuio v(z) B Buge (4), nogcrasum B paseHcrso (18) u, mensist
HOPSAJIKM WHTEIPUPOBAHUS, JJIs U(X) TOSyIaeM CIIeIyoIee BhIpasKeHue:

1
u(x):wlng/ O/<2+a—n—paap> GD(sx,y)% f(y)dy.

O603HaUUM

1
0 ds
= / (2+a—n—p8p) Gp (sx,y)sl—_a.
0

Ucnonb3ysa npencrasnenune dyakuuu Gp (sx,y), umeem

<2 +a—n-— '0,0> Gp (sz,y) = aE(sz,y) + (2 — n)E(sz,y)—

Hasee, B cuy paBercrsa (6) mosrydaem

aE(sz,y) + (2 —n)E(sz,y) — E(sz,y) = aE(sx,y) + (2 — n)|sz — y|+

9
.

ds ds

Orcroma ciemyer

+siE(s:ﬂ,y) —(2—n)|sz—y| = (sd + a> E(sz,y).

1

0/1 (sj +a> (sx y /ai [s"E(sx,y)lds = E(z,y).

0

/1 <s +a> (sx,y)sffa—
0
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1
. ds
- [& <sxry|, y) 5 Ble,y) - Eae,y).
0

Taxum obpazom, mis dyuknun ['puna 3agaqu Pobena mojrydaeM mpe/icTras-
nenne (17). Cnenosarensno, pemenue 3anaum (15) npeacrasiasiercsa B BuUje
(16). IMokaxkem, uro dyukiws u(z), upegcrasumas B suse (16), yiaosaersops-
et ycaoBusM 3ajaqn. 11o yreepxaennto Jlemmnbr 5 dynkuus Eq(z,y) asasgercs
rapMoHI4eckoii B obmactu ) mo  upu y € . Ilosromy u dyakmuS

Jo(z) = wln/Ea(-rvy)f(y)dy
Q

sBysiercs rapmonnueckoii B . Cremosarensno, npu f(z) € CH(Q) ma ocno-
BaHWUU CBONCTB 06BEMHOrO TOTeHNua a ¢ wioTaoctbio f(z) dyuknua uz (16)
yA0BJeTBOpsieT ypasuenuio (15):

~due) == | 5 [ B fw)dy | + 50 = f(o).
Q

[Tposepum rpanuunbie yeaosus 3agadn (15). JIerko mokasars, 9To

e (s i) = e (o )
r—FE, | sz|lyl,— )| =s|—F, | sx|ly|,— || -
o e (st ) = g (st

HeficTBuTEIBHO, TAK KAK

£ (ol ) = —‘1‘(“’)” +@ra-n (el )

lyl zlyl - & Y|

P (1 ()] = 5o 1 s(a,y),

TO, UCIOJIb3YsI PABEHCTBO (8), TMOIyIaeM

205 <5$|y|, y) _ 0 1-Gmy) |
or |y or ‘sx\y[ _ ‘

y
Y]
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0
1
@ +a-nrap (sl ) = -y
o vl salyl — 4
d y | 0 < y>
Xr—|szly| — | +2+a—n)r—FE|szly,— | =
st = )+ 2+ a=nyrg B (selyl.
dnm_ d -n
R e s LY A
sely| — & ds [yl
LA
d d 1- )
+(2+a n)sd—E <sx\y|,y> = —sd(smy)n—k
i d * |salyl - |

a 3HAYUT <
| (+2+a) e < ).

‘y‘ﬂ |x\

Hasee, Tak Kak ‘x!y| |y‘

A Yy A €
B (s ) = (y"”’ )

u no3romy npu |x| = 1 uMeer MecTo paBeHCTBO
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u (slel, ) = Bu () = Bu (o) = (5 + a) B(ov)

Torma

(raar + a> Gr(z,y)

Takum obpazowm,

(aggjx) + au(m)) . <T08r + a> u(z)

= wan/ <r§ +a> Gr(z,y)f(y)dy| =0.

o0N

= 0.
a0

= 7«24—@ E(z,y) — Eu(z,9)
200 <( or > )

oS

Buecenne oneparopa r% [10J1 3HaK WHTErpaJia 3aKOHHO B CUJIy CBOWCTB WH-
TerpajoB THUIA MOTeHnuaa [12], mocKoJbKy 0CO6EHHOCTH (DYHKITUH T%E(x, €)
Py & = Y WMeeT MOPSJIOK ¥, 3HauuT, mHTerpupyeMas no y € (). [IpegenpHbrit
mepexos mo & — 0€) MOKHO BHECTH TI0JT 3HAK HHTErpaJja, TaK KaK HHTErpaJs TH-
11a IIOTEHIHa/Ia ¢ 0CODEHHOCTHIO T%E (z,y) aBisiercsa HenpepwIBHON dyHKIMET
no x € Q. Yenosug 3agaqau (15) seimosnenst. Teopema pokasana.

Hasiee nmepexomum, K MeToay nocrpoenus ¢dpyuknun ['puna 3aga4un Heiima-
ma. CrpaBeyinBO CIIEAYIONIEE YTBEPAK TCHHUE.

TEOPEMA 2. ITycte a = 0 m ¢pynknusa f(x) Takas, 9T0O BBIIOJIHAETCA YCIOBHE
(5). Torna pemenne 3anaun Heiivmana (15) MoxkHO npeacraButh B Buje

umzij@wwwm (19)
Q

e ¢pyaxnua I'puna G (x,y) nmeer Bug
GN(xay) :E(':Evy) _EO(-'L',Z/), (20)

a ¢ynknusa Fo(z,y) 3anuceiBaercs B popme (14).
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JOKABATENBLCTBO. Ilycrs u(x) — pemenne 3agaun (15) upun a = 0. IIpu-
MEHUM K 3TOH (DYHKIUH OImepaTop r% u obosHaumMm v(xr) = r%u(aj). B
9ToM cirydae s pynknuu v(z) nosydaem 3agady Jdupuxgae (1) ¢ dynxnu-
eit F(r) = (r% +2) f(x) u nononamrensus yeosuem v(0) = 0. Tax Kak
f(z) € CHQ) u Bomosmsierca yeiosue (5), To peuenne TOM 3ajauu Cyle-
CTByeT W 1O yTBepxkJeHuo Jlemmvbr 1 mpencrasigerca B Bumge (4). 113 pasen-
crBa v(x) = T%u(m), yaurbiBas ycsaosue v(0) = 0, naxopum dynkuuo u(z)

1
o dopuyne u(x) = [ s~ v(s)ds.
0

ITo ycnosuto reopemsr dbyuxnus f(z) ynosaersopsier ycaosuio (5). Kpome
toro, niga dbyaknun Gp (0,y) copaBe BBl pABEHCTBA

n—2’

Gp(0,9) = E(0,y) + —— <2—n— )GD(O,y):—l. (21)

[TosTomy B 3TOM citydae yist byHKIUE u(x) MOJYyIaeM CIeIYIONee BhIpa-
JKeHue:

1

)= Q/ 0/ (2= =03 ) (60 (5.0~ Go (0.0)) 2 + G 0.} )
O6o3naunm
1 0 d
Gt = [ (2=n=p ) (60 (s~ Go (0.0)) % + G 0.9).
0

Uccnenyem dyuximo Gy (z,y). Wcnons3ys upejgcrapienne byHKINT
Gp (sz,y), nmeem

(2 —n- pjp) G (s2.9) = (2= mE(s2.3) ~ . Else.)-

0 y) 2— d 2—
—(2—n—p— | E|szlyl,= | =—|sc—y|" "+s—E(sz,y)+|sx—y|""—
(2= n=pg ) B (solol ) = ~lsa =y s Blsw) sz

~ y d ~ y
_E 2 ) —s—F _E 2.
0<Sx|y|’!y|> *ds (s2,9) 0<Sx|y”\y|>
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Orcrona

1

/sdsE ST, Y)— ds = E(z,y) — E(0,y).
0

Torya yunreiBasi pasencrsa (21), mig dyukuun Gy (x,y) nonydaem

GN(w,y)=E(x,y)+ni2+/l [Eo (sx\y\ " ‘> +1] ds _
0

1
n—2
Tak xak dbyukmua ['puna 3amaun Heiimana cymmecTByeT ¢ TOYHOCTBHIO 0
TTOCTOSTHHOTO CJAaraeMoro, TO CBOOOTHBIN WIEH MOXKHO oTOpocnTh. MTak, mist
Gn(z,y) nonyunnu npesacrasaenue (20). [lokaxewm, uro dbyuxius (19) ymose-
TBOpseT ycaoBuaM 3agaqn (15) masa cayaas a = 0. To yreepxkaennto Jlemmbr
5 dbynxmusa Eo(x,y) aBagerca rapMOHHYECKoil B obgactu §) mo z mpu y € €2,

Torma dpyuxiusa
1
— = [ Blw)s Wiy
Q

sapisercs rapmonunyueckoit B Q. [Mosromy npu f(z) € CHQ) na ocnopanuu
cpoiicT 00bemHoro norennnasa [1] dyrkims u(z) yaosaerBopsier ypaBHeHUIO

(15):

= E(:L‘,y) - E0<$7y) +

~Au(r) = -A [ — / Bl ) F(€)de | + Ado(a) = £(2).

Wn,
Q

[IpoBepum rpanuunbie yciaoBus 3aja4u Heiimana. Tak kax

J 2 y d - y
By Z s |=F =
"or 0<Sm’y"|y!> S[ds O<Sx’y"|y!>]’
[ o d
S
E -
o) /rar< <sx‘y| ly \>+1>
0
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1
d - ) R
= [ Ly (sx|y|, y) ds = F <x|y|, y) B (o, y) _
/ ds |yl |y Y|
=FE <x\y|, y) + 1.
|y

MCHO.HI)BYH 9THU BBIYUCJICHUA, HAXOIUM

0 ; y
= (r—FE(x,y —E(azy,)—l)
o™ UrarBen =B (i

Takum obpazom, Oymem mMETh

-1
|z|=1

0
TEGN( 7y)

0
o5 OF wl / G,y fdy || =

o0
== [ rgrann)| sy =——- [ iy =
[2/9] ”Q

Buecenune oneparopa T% 10J] 3HAK MHTErpaJla 3aKOHHO B CHUJIY CBONCTB MHTE-
IPAJIOB TUIIA TOTeHmaa (cM., Hampumep, [12], ¢. 25), mocKoIbKY 0COOEHHOCTH
dyukumn T%E(m,y) npu T = Yy uMeeT HOPSAJ0K 7 — 1 M, 3HAYNT, UHTErPU-

pyemast mo y € (. Ipemenpusiii mepexom mo x — 0§} MOKHO BHECTW TIOJ

3HAK MHTErpaJia, MOCKOJbKY MHTErpaJs THUIA MOTEHIHAIA ¢ OCOOEHHOCTHIO TH-
0 . " O "

na r4-F(x,y) apasgercs nenpepsisHoil bynkimeii o y € ). Yenosns Heiivana
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Typmeros B.X. Taxkumerosa M.III. ITYACCOH TEH/IEYI YIIIIH
YIITHIIT ITETTIK ECEIITIH 'PUH OYHKIUACBHIH KYPY/IbIH BIP
OICI KANJIBI

Byn xymeic R™ kenicririnmgeri 6ipiik mapaa Ilyaccon tenmeyi ymiia Po-
Oen ecebinin ['puH GYHKIIUICHIHBIH alKBIH TYPiH KYPY MOCEIeIepiH 3epTTeyre
aprajarad. Ocel GyHKIUIHBI Kypy Oapbickiaga [lyaccon Termeyi yuria JIupux-
Jie ecebinig ['puH GyHKIMACHIHBIH afilKbIH TYPi KOIIaHBLI 6. Pober ecebiHin
['pun dyHKIMACHIHBIE HHTErPAJIILIK, KeffinTemeci anbiaran. Byir omic Heftman
ecebinig I'pua QyHKIUACHIH Kypyda 1a Mali aaaHbLIa b

Kinrrix cesznep. Ilyaccon rengeyi, I'pun dpyuxuusicer, Poben ecebi, dupu-
xJte ecebi, Heitman ecebi, 1meTTiK ecern, MHTErpaIIbIK Kefinreme.

Turmetov  B.Kh., Tazhymetova M.Sh. A METHOD FOR
CONSTRUCTING THE GREEN’S FUNCTION OF THE THIRD
BOUNDARY VALUE PROBLEM FOR THE POISSON EQUATION

The paper is devoted to investigation of questions about constructing the
explicit form of the Green’s function of the Robin problem for the Poisson
equation in the unit ball of R”. In constructing this function, we use the explicit
form of the Green’s function of the Dirichlet problem for the Poisson equation.
An integral representation of the Green’s function of the Robin problem is
obtained. This method is also used to represent the Green’s function of the
Neumann problem.

Keywords. Poisson equation, Green’s function, Robin problem, Dirichlet
problem, Neumann problem, boundary value problem, integral representation.
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IIpasusa "MartemaTudeckoro >XypHaJia' Jijis aBTOpPOB cTaTeit

Ob6rme 1mo10KeHnsT

B "Maremarnaeckom kyprase" myOIuKYyIOTCS OPUTHHAJIBHBIE CTATBU IO
OCHOBHBIM pa3/iejiaM COBPEMEHHOI MaTeMaTuku: Teopus (PyHKIHiA, HyHKIINO-
HaJIbHBIN aHa 13, 00bIKHOBEHHBIE (DD EPEHInABHBIE YDABHEHUSI, YPABHEHUSI
C 9aCTHBIMHU TTPOU3BOIHBIMMT, AIredpa, MaTeMaTHIeCKasT JIOTUKA, TEOPUsT INCeT,
TeOMeTpHsl, TOTO/IOTUs, TEOPUsI BEPOATHOCTEN W MaTeMaTudecKasi CTATUCTHU-
K&, BEITUCINTEIbHAS MATEMATHKA, MATEeMATHIeCKasa PU3NKa, MATEMATHIECKOE
MOJIeJTUPOBAHME.

ZKypHas BBITyCKaeTCsT €:KeKBAPTATBHO, T€ThHIPE HOMEPA COCTABJISIIOT TOM.

Cratbs 1oKHA OBITH HANMCAHA HA BHICOKOM HAYYHOM YPOBHE, COJEPKATH
HOBBIE, YeTKO CHOPMYIMPOBAHHBIE MATEMATHIECKNE PEe3yJbTAThl U WX JOKAa-
3aTesbCcTBa. Bo BBeJeHUN HEOOXOUMO IPUBECTH UMEIOIIUECS PE3YJIbTaThl 110
TeMe TIPEJICTABIEHHON PabOThI, JATh KPATKOE COJEPYKAHIE CTATHY U OTPA3UTD
aKTyaJbHOCTb, HOBU3HY IOJIYYE€HHBIX aBTOPOM PE3Y/IbTaTOB.

Crarbu KypHaJa PasMeaTcs B CBODOJHOM JIOCTyIe Ha Caiire
www.math.kz Mucturyra MareMaTnku m MaTeMaTHIECKOTO MOIEINPOBAHUA,
ux pedepupytor HII HTU (Kasaxcran), Zentralblatt Math (I'epmanus).

B "Maremaruaeckom kypHaJie" mybmKyooTcst craTbu 06beMoM 10 25 Ky p-
HabHBIX cTpanuil. Ctarbu o6beMoMm Oojsiee 25 crpanull myOJUKYIOTCS IO CIie-
MHATHHOMY PEITIeHNI0 PEKOJIETuU KypHaaa. [[pmanMaioTcs cTaThbn, HAIN-
CAHHBIE HA KA3aXCKOM, PYCCKOM ¥ aHTVIHICKOM si3biKaX. CTaThu pereH3upyroT-
csl.

TpeboBarnst K 0DOPMIEHHIO CTATENH

1. Pykomuchk cTarhu [0KHA OBITH MTOATOTOBJEHA B M3MATEILCKON CUCTEME
ITEX-2e n ipecTaBieHa B BUIE JABYX TBEPABIX KOMHUI, a Tak>Ke B BUE tex u
pdf - daiiios Ha TFOO6OM /TEKTPOHHOM HOCUTEJIE WU TIPUCTAHA TI0 JTEKTPOHHOM
noure zhurnal@math kz, mat-zhurnal@mail.ru. Crarbs moJ12KHa OBITH TOJIIN-
cana BceMu aBTopamu. lIpaBuia odopmieHus PyKOIUCH U CTHIEBbIe (hailjbl
MOXKHO HaTH Ha caiiTe I/IHCTHTyTa MaTEMAaTUKHN U MaTeMaTHUYIeCKOI'O MOJEJIN-
posanus http://www. math. kz B pazgene "Maremarnaeckuii xypnas".

2. B sieBoMm BepxHeM yruty HeoOxojumo ykazarb Kjiaaccuduxkarop MPHTU. Ha
CJEAYIOMNX CTPOKAX I10 IEHTPY: HA3BaHUE CTATHbW; UHUIUAIBI U (DAMUINY AB-
TOpoB. B KoHIIE yKa3aTh MeCTO PAbOTHI, MOYTOBBIE /[PECA, OPIaHUBAIUN U TAK-
JKe 3JIEKTPOHHBIE aJpPeca aBTOPOR.



Ha ormenproM jmcre mpuiaraioTcs Ha3BaHue CTaThu, (DAMUINNA W WHUIU-
aJIbl aBTOPOB, KJ/II0UEBBIE CI0Ba, pedeparT Ha PYCCKOM, aHIVIMICKOM U Ka3ax-
ckom (st aBropos m3 Kaszaxcrana) sisbikax u unjekc Mathematics Subject
Classification 2010. Pecdepar mosKen oTpaxkarh COjepKaHNe CTATHU.

Tak»ke npeCcTaB/IdIOTCs CBeJleHUsi 00 aBTOpax, MeCTo PabOThI, MOYTOBBII

aJIpec C WHJIEKCOM [IOYTOBOIO OT/ejIeHNs, HOMED TejiedpoHa C yKa3aHUeM Kojia
ropojia, aJpec 3JIEKTPOHHONW MOYTHI.
3. Crimcok JuTepaTyphbl COCTABISETCST B TOpsiake IurupoBanus. CCBLIKA Ha
HEOMyOJTMKOBAHHBIE pAabOThI, PE3YIBTATHI KOTOPBIX MCIOJIB3YIOTCS B JTOKA3a-
TE/JIbCTBaX, HE JOIMYCKAIOTCHA. CHI/ICOK JIMTEPATYPHBI IPUBOJUTCA B CJIEAYIOIIEM
BHJIE:
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Pykommcu, He yaOBIETBOPSIONINE TEPEUNCIEHHBIM BBINIE€ TPEOOBAHWSIM, BO3BDa-
MAIOTCS aBTOpaM Ha odopMienne, mopaboTky. Pemakius ocrapisger 3a coboil mpaBo

HA OTKJIOHEHUE CTATbU, €CJIA €€ COJEPKAHME HE OTBEYAET TPEOOBAHUAM 2KYPHAJIA.
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