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ÓÐÀÂÍÅÍÈß

Ñ.À. Àëäàøåâ

Àííîòàöèÿ. Â ðàáîòå ïîëó÷åí êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ ïðîñòðàí-

ñòâåííîé çàäà÷è Ãåëëåðñòåäòà äëÿ ìíîãîìåðíîãî ãèïåðáîëî-ïàðàáîëè÷åñêîãî

óðàâíåíèÿ.

Êëþ÷åâûå ñëîâà. Êðèòåðèé, çàäà÷à Ãåëëåðñòåäòà, ìíîãîìåðíîå óðàâíåíèå, ôóíê-

öèÿ Áåññåëÿ.

Òåîðèÿ êðàåâûõ çàäà÷ äëÿ ãèïåðáîëî-ïàðàáîëè÷åñêèõ óðàâíåíèé íà
ïëîñêîñòè õîðîøî èçó÷åíà (ñì. íàïðèìåð, ìîíîãðàôèþ [1] è ïðèâåäåííóþ
â íåé áèáëèîãðàôèþ). Íàñêîëüêî íàì èçâåñòíî, èõ ìíîãîìåðíûå àíàëîãè
èññëåäîâàíû íåäîñòàòî÷íî [2].

Â îñîáåííîñòè ñëåäóåò îòìåòèòü, ÷òî ïðîñòðàíñòâåííàÿ çàäà÷à Ãåëëåð-
ñòåäòà ðàíåå íå èçó÷àëàñü.

Ïóñòü Ωε
α � êîíå÷íàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà Em+1 òî÷åê

(x1, ..., xm, t), îãðàíè÷åííàÿ â ïîëóïðîñòðàíñòâå t > 0 êîíóñàìè Kε : |x| =
t + ε, K1 : |x| = 1 − t, 0 ≤ t ≤ (1−ε)

2 , à ïðè t < 0 � öèëèíäðè÷åñêîé ïî-
âåðõíîñòüþ Γα = {(x, t) : |x| = 1} è ïëîñêîñòüþ t = α < 0, ãäå |x| � äëèíà
âåêòîðà x = (x1, ..., xm), à 0 ≤ ε < 1.

Îáîçíà÷èì ÷åðåç Ω+
ε è Ω−

α ÷àñòè îáëàñòè Ωε
α, ëåæàùèå â ïîëóïðîñòðàí-

ñòâàõ t > 0 è t < 0. ×àñòè êîíóñîâ Kε, K1, îãðàíè÷èâàþùèõ îáëàñòü Ω+
ε ,

îáîçíà÷èì ÷åðåç Sε è S1 ñîîòâåòñòâåííî; σα � íèæíåå îñíîâàíèå îáëàñòè
Ω−
α .

2010 Mathematics Subject Classi�cation: 35R12.
Funding: Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòà 3492/ÃÔ4 Ìèíèñòåðñòâà îáðàçî-

âàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí.
c⃝ Ñ.À. Àëäàøåâ, 2018.



6 Ñ.À. Àëäàøåâ

Ïóñòü äàëåå Sε � îáùàÿ ÷àñòü ãðàíèö îáëàñòåé Ω+
ε , Ω

−
α ïðåäñòàâëÿþùàÿ

ìíîæåñòâî {t = 0, ε < |x| < 1} â Em.
Â îáëàñòè Ωε

α ðàññìîòðèì ìíîãîìåðíîå ñìåøàííîå ãèïåðáîëî-
ïàðàáîëè÷åñêîå óðàâíåíèå

0 =

{
∆xu− utt, t > 0,
∆xu− ut, t < 0,

(1)

ãäå ∆x � îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, ..., xm, m ≥ 2.
Â äàëüíåéøåì íàì óäîáíî ïåðåéòè îò äåêàðòîâûõ êîîðäèíàò x1, ..., xm, t

ê ñôåðè÷åñêèì r, θ1, ..., θm−1, t, r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π, i =
2, 3, ...,m− 1, θ = (θ1, ..., θm−1).

Ñëåäóÿ [1, c. 144] â êà÷åñòâå ïðîñòðàíñòâåííîé çàäà÷è Ãåëëåðñòåäòà
ðàññìîòðèì ñëåäóþùóþ çàäà÷ó.

Çàäà÷à 1. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωε
α ïðè t ̸= 0 èç êëàññà

C(Ω̄ε
α) ∩ C2(Ω+

ε ∪ Ω−
α ), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u
∣∣
Sε = 0, (2)

u
∣∣
Γα

= 0, u
∣∣
σα

= 0. (3)

Ïóñòü
{
Y k
n,m(θ)

}
� ñèñòåìà ëèíåéíî íåçàâèñèìûõ ñôåðè÷åñêèõ ôóíêöèé

ïîðÿäêà n, 1 ≤ k ≤ kn,(m− 2)!n!kn = (n+m− 3)!(2n+m− 2).
Òîãäà ñïðàâåäëèâ ñëåäóþùèé êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ.

Òåîðåìà. Ðåøåíèå Çàäà÷è 1 u(r, θ, t) ≡ 0 ⇔ ε > 0.

Äîêàçàòåëüñòâî òåîðåìû. Â ñôåðè÷åñêèõ êîîðäèíàòàõ óðàâíåíèå (1)
â îáëàñòè Ω−

α èìååò âèä [3, c. 143]

urr +
m− 1

r
ur −

1

r2
δu− ut = 0, (4)

δ ≡ −
m−1∑
j=1

1

gj sin
m−j−1 θj

∂

∂θj

(
sinm−j−1 θj

∂

∂θj

)
, g1 = 1,

gj = (sin θ1... sin θj−1)
2, j > 1.

Èçâåñòíî [4, c. 239], ÷òî ñïåêòð îïåðàòîðà δ ñîñòîèò èç ñîáñòâåííûõ
÷èñåë λn = n(n +m − 2), n = 0, 1, ... , êàæäîìó èç êîòîðûõ ñîîòâåòñòâóåò
kn îðòîíîðìèðîâàííûõ ñîáñòâåííûõ ôóíêöèé Y k

n,m(θ).

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 1
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Òàê êàê èñêîìîå ðåøåíèå Çàäà÷è 1 â îáëàñòè Ω−
α ïðèíàäëåæèò êëàññó

C(Ω
−
α ) ∩ C2(Ω−

α ), òî åãî ìîæíî èñêàòü â âèäå

u(r, θ, t) =
∞∑
n=0

kn∑
k=1

ūkn(r, t)Y
k
n,m(θ), (5)

ãäå ūkn(r, t) � ôóíêöèè, ïîäëåæàùèå îïðåäåëåíèþ.
Ïîäñòàâëÿÿ (5) â (4), èñïîëüçóÿ îðòîãîíàëüíîñòü ñôåðè÷åñêèõ ôóíêöèé

Y k
n,m(θ) [4, c. 242], áóäåì èìåòü

ūknrr +
m− 1

r
ūknr − ūknt −

λn

r2
ūkn = 0, k = 1, kn, n = 0, 1, ... , (6)

ïðè ýòîì êðàåâîå óñëîâèå (3) çàïèøåòñÿ â âèäå

ūkn(r, α) = 0, ūkn(1, t) = 0, k = 1, kn, n = 0, 1, ... . (7)

Ïðîèçâåäÿ çàìåíó ūkn(r, t) = r
(1−m)

2 ukn(r, t), çàäà÷ó (6), (7) ïðèâåäåì ê
ñëåäóþùåé çàäà÷å:

Lukn ≡ uknrr − uknt +
λ̄n

r2
ukn = 0, (8)

ukn(r, α) = 0, ukn(1, t) = 0, (9)

λ̄n =
((m− 1)(3−m)− 4λn)

4
, k = 1, kn, n = 0, 1, ... .

Ðåøåíèå çàäà÷è (8), (9) ðàññìîòðèì â âèäå

ukn(r, t) =

∞∑
s=1

Rs(r)Ts(t). (10)

Ïîäñòàâëÿÿ (10) â (8), (9), ïîëó÷èì

Rsrr +
λ̄n

r2
Rs + µRs = 0, 0 < r < 1, (11)

Rs(1) = 0,
∣∣Rs(0)

∣∣ < ∞, (12)
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Tst + µTs = 0, α < t < 0, (13)

Ts(α) = 0. (14)

Îãðàíè÷åííûì ðåøåíèåì çàäà÷è (11), (12) ÿâëÿåòñÿ [5, ñ. 401]

Rs(r) =
√
rJν(µs,nr), (15)

ãäå ν = n + (m−2)
2 , µs,n � ïîëîæèòåëüíûå íóëè ôóíêöèè Áåññåëÿ ïåðâîãî

ðîäà Jν(z), µ = µ2
s,n.

Ðåøåíèåì óðàâíåíèÿ (13) ÿâëÿåòñÿ ôóíêöèÿ Ts(t) = cse
−µ2

s,nt, cs � ïðî-
èçâîëüíàÿ ïîñòîÿííàÿ, ïðè óäîâëåòâîðåíèè êîòîðîé óñëîâèþ (14), ïîëó÷èì
Ts(t) ≡ 0, s = 1, 2, ... .

Îòñþäà è èç (15), (10) ñëåäóåò, ÷òî ukn(r, t) ≡ 0, k = 1, kn, n = 0, 1, ... .
Òîãäà èç (5), â ñâîþ î÷åðåäü, ñëåäóåò, ÷òî ðåøåíèåì çàäà÷è (1), (3) â

îáëàñòè Ω−
α ÿâëÿåòñÿ ôóíêöèÿ

u(r, θ, t) ≡ 0. (16)

Äàëåå èç (16) ïðè t → −0 èìååì

u(r, θ, 0) = 0, ε < r < 1. (17)

Òàêèì îáðàçîì, ó÷èòûâàÿ êðàåâûå óñëîâèÿ (2) è (17), ìû ïîëó÷èëè â
îáëàñòè Ω+

ε çàäà÷ó Äàðáó-Ïðîòòåðà äëÿ ìíîãîìåðíîãî âîëíîâîãî óðàâíå-
íèÿ

∆xu− utt = 0 (18)

ñ äàííûìè
u
∣∣
Sε∪Sε = 0. (19)

Ïðè ε > 0 èç ðåçóëüòàòîâ ðàáîò [6], [7] ñëåäóåò, ÷òî ðåøåíèå çàäà÷è
(18), (19) u(r, θ, t) ≡ 0.

Ñëåäîâàòåëüíî, è ðåøåíèå Çàäà÷è 1 òðèâèàëüíî.
Ïóñòü òåïåðü ðåøåíèå Çàäà÷è 1 u(r, θ, t) ≡ 0.
Ïîêàæåì, ÷òî ε > 0. Ïðåäïîëîæèì ïðîòèâíîå, ò.å. ε = 0.
Åñëè ε = 0, òî, êàê ðàíåå ïîêàçàíî Çàäà÷à 1 ñâîäèòñÿ ê çàäà÷å Äàðáó-

Ïðîòòåðà äëÿ óðàâíåíèÿ (18) ñ óñëîâèåì

u
∣∣
S0∪S0 = 0. (20)
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Â [7], [8] äîêàçàíî, ÷òî çàäà÷à (18), (20) èìååò íåíóëåâûå ðåøåíèÿ.
Ïðèõîäèì ê ïðîòèâîðå÷èþ. Òåîðåìà óñòàíîâëåíî.
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Àííîòàöèÿ. Ïîñòðîåíû ÷àñòíûå ìîíîõðîìàòè÷åñêèå ðåøåíèÿ óðàâíåíèÿ ñâîáîä-
íîãî ïîëÿ ýëåêòðî-ãðàâèìàãíèòíûõ çàðÿäîâ è òîêîâ â äèôôåðåíöèàëüíîé àëãåáðå
áèêâàòåðíèîíîâ, êîòîðûå îïèñûâàþò ýëåìåíòàðíûå ÷àñòèöû êàê ñòîÿ÷èå ýëåêòðî-
ãðàâèìàãíèòíûå âîëíû. Èññëåäîâàíû äâà êëàññà ðåøåíèé ýòîãî áèâîëíîâîãî
óðàâíåíèÿ, ïîðîæäàåìûå ñêàëÿðíûìè ïîòåíöèàëàìè (ïóëüñàðû) è âåêòîðíûìè
(ñïèíîðû). Ðàññìîòðåíû èõ àñèìïòîòè÷åñêèå ñâîéñòâà, íà îñíîâå êîòîðûõ îíè
êëàññèôèöèðîâàíû íà òÿæåëûå (áîçîíû) è ëåãêèå (ëåïòîíû) ýëåìåíòàðíûå
÷àñòèöû. Äàíî áèêâàòåðíèîííîå ïðåäñòàâëåíèå àòîìà âîäîðîäà è ñîâåòóþùàÿ
åìó ïåðèîäè÷åñêàÿ ñèñòåìà ýëåìåíòîâ, ïîñòðîåííàÿ ïî ïðèíöèïó ìóçûêàëüíîãî
ñòðîÿ ïðîñòîé ãàðìîíè÷åñêîé ãàììû.

Êëþ÷åâûå ñëîâà. Áèêâàòåðíèîí, ýëåìåíòàðíàÿ ÷àñòèöà, ÷àñòîòà, ñòîÿ÷àÿ ÝÃÌ-
âîëíà, ïóëüñàð, ñïèíîð, áîçîí, ëåïòîí, àòîì, âîäîðîä, ïåðèîäè÷åñêàÿ ñèñòåìà,
ìóçûêàëüíàÿ ãàììà.

Â ðàáîòàõ [1]�[6] àâòîðîì ðàçðàáîòàíà áèêâàòåðíèîííàÿ ìîäåëü
ýëåêòðî-ãðàâèìàãíèòíîãî ïîëÿ (ÝÃÌ-ïîëå) è ýëåêòðî-ãðàâèìàãíèòíûõ
âçàèìîäåéñòâèé. Åå îñíîâó ñîñòàâëÿþò áèêâàòåðíèîííûå ïðåäñòàâëåíèÿ
îáîáùåííûõ óðàâíåíèé Ìàêñâåëëà (ÎÓÌ) è Äèðàêà (ÎÓÄ). Áèêâàòåðíè-
îííîå ïðåäñòàâëåíèå ÎÓÌ âûðàæàåò áèêâàòåðíèîí ïëîòíîñòè ìàññ-çàðÿäà
è ÝÃÌ-òîêà ÷åðåç áèãðàäèåíò íàïðÿæåííîñòè ÝÃÌ-ïîëÿ. Áèêâàòåðíè-
îííîå ïðåäñòàâëåíèå ÎÓÄ îïðåäåëÿåò òðàíñôîðìàöèþ ïëîòíîñòè ìàññ-
çàðÿäîâ è òîêîâ ïîä âîçäåéñòâèåì âíåøíèõ ÝÃÌ-ïîëåé. Â ÷àñòíîñòè, ïðè
îòñóòñòâèè âíåøíèõ ïîëåé íà åãî îñíîâå ïîñòðîåíî áèêâàòåðíèîííîå âîë-
íîâîå óðàâíåíèå ñâîáîäíîãî ïîëÿ ìàññ-çàðÿäîâ è òîêîâ, êîòîðîå ÿâëÿåòñÿ
ïîëåâûì àíàëîãîì ïåðâîãî çàêîíà Íüþòîíà � çàêîíà èíåðöèè.

2010 Mathematics Subject Classi�cation: 81V45, 81V35.

c⃝ Ë.À. Àëåêñååâà, 2018.
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Çäåñü ïîñòðîåíû ÷àñòíûå ìîíîõðîìàòè÷åñêèå ðåøåíèÿ ýòîãî óðàâíå-
íèÿ, êîòîðûå îïèñûâàþò ýëåìåíòàðíûå ÷àñòèöû êàê ñòîÿ÷èå ÝÃÌ-âîëíû.
Èõ ìîæíî ðàçäåëèòü íà äâà êëàññà, ïîðîæäàåìûå ñêàëÿðíûìè ïîòåíöè-
àëàìè (ïóëüñàðû) è âåêòîðíûìè (ñïèíîðû). Èññëåäîâàíû èõ àñèìïòîòè-
÷åñêèå ñâîéñòâà, íà îñíîâå êîòîðûõ îíè êëàññèôèöèðîâàíû íà òÿæåëûå
(áîçîíû) è ëåãêèå (ëåïòîíû) ýëåìåíòàðíûå ÷àñòèöû. Ïîêàçàíî, ÷òî áî-
çîíû � ýòî ñôåðè÷åñêèå ãàðìîíè÷åñêèå ïóëüñàðû, ïëîòíîñòü ìàññ-çàðÿäà
êîòîðûõ îïðåäåëÿåòñÿ èõ ÷àñòîòîé êîëåáàíèé. Ýòî ïîçâîëÿåò ñòðîèòü ïå-
ðèîäè÷åñêèå ñèñòåìû ýëåìåíòàðíûõ ÷àñòèö íà îñíîâå êëàññè÷åñêîé ãàðìî-
íè÷åñêîé ìóçûêàëüíîé ãàììû.

Â ÷àñòíîñòè, äàíî áèêâàòåðíèîííîå ïðåäñòàâëåíèå àòîìà âîäîðîäà è
ñîâåòóþùàÿ åìó ïåðèîäè÷åñêàÿ ñèñòåìà, ïîñòðîåííàÿ ïî ïðèíöèïó ìóçû-
êàëüíîãî ñòðîÿ ïðîñòîé ãàðìîíè÷åñêîé ãàììû.

1 Çàêîí èíåðöèè. Ìîíîõðîìàòè÷åñêèå ïîëÿ çàðÿäîâ-òîêîâ

Óðàâíåíèå ñâîáîäíîãî ïîëÿ çàðÿäîâ-òîêîâ èìååò âèä îäíîðîäíîãî áè-
âîëíîâîãî óðàâíåíèÿ

∇−Θ(τ, x) , (∂τ − i∇) ◦ (iρ(τ, x) + J(τ, x)) = 0, (1)

çäåñü Θ(τ, x) � áèêâàòåðíèîí çàðÿäà-òîêà, cêàëÿðíàÿ ÷àñòü êîòîðîãî ρ(τ, x)
îïèñûâàåò ïëîòíîñòü ýëåêòðè÷åñêîãî è ãðàâèìàãíèòíîãî çàðÿäîâ (ÝÃÌ-

çàðÿäîâ èëè ìàññ-çàðÿäîâ), à âåêòîðíàÿ J(τ, x) � ïëîòíîñòü ýëåêòðè÷å-
ñêîãî è ãðàâèìàãíèòíîãî òîêîâ (ÝÃÌ-òîêîâ), à èìåííî:

ρ =
1√
ε
ρE − i

√
µ
ρH ,

J =
√
µ jE − i

√
ε jH ,

ãäå ρE(x, t), jE(x, t) � ïëîòíîñòè ýëåêòðè÷åñêîãî çàðÿäà è ýëåêòðè÷åñêîãî
òîêà, ρH(x, t), jH(x, t) � ïëîòíîñòè ãðàâèìàãíèòíûõ çàðÿäà è òîêà; ε, µ �
êîíñòàíòû ýëåêòðè÷åñêîé ïðîâîäèìîñòè è ìàãíèòíîé ïðîíèöàåìîñòè âà-
êóóìà, c = 1/

√
εµ � ñêîðîñòü ñâåòà, i � ìíèìàÿ åäèíèöà.

Äåéñòâèå áèêâàòåðíèîííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ∇− è
∇+(âçàèìíûõ áèãðàäèåíòîâ) îïðåäåëÿåòñÿ, ñîãëàñíî ïðàâèëó êâàòåðíèîí-
íîãî óìíîæåíèÿ, ôîðìóëîé

∇±F (τ, x) = (∂τ ± i∇) ◦ (f(τ, x) + F (τ, x)) ,

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 1



Áèêâàòåðíèîííîå ïðåäñòàâëåíèå àòîìîâ 13

, (∂τf ∓ idivF ) + {±igradf + ∂τF ± irotF}.

Áèêâàòåðíèîí ýíåðãèè-èìïóëüñà F -ïîëÿ îïðåäåëÿåòñÿ ôîðìóëîé

F (τ, x) =W (τ, x) + i P (τ, x) , 0.5F ◦ F ∗,

ãäå F ∗ � ñîïðÿæåííûé áèêâàòåðíèîí,

F ∗ , f̄(τ, x)− F̄ (τ, x).

Çäåñü ÷åðòà íàä ñèìâîëîì îçíà÷àåò êîìïëåêñíîå ñîïðÿæåíèå. Ñêàëÿðíàÿ
÷àñòü W � ïëîòíîñòü ýíåðãèè F -ïîëÿ, à P � àíàëîã îáîáùåííîãî âåê-
òîðà Ïîéíòèíãà F -ïîëÿ ïîäîáíî òîìó, êàê ñòðîèòñÿ îáîáùåííûé âåêòîð
Ïîéíòèíãà â áèêâàòåðíèîííîì ïðåäñòàâëåíèè ýëåêòðî-ìàãíèòíîãî ïîëÿ
(ïîäðîáíî î äèôôåðåíöèàëüíîé àëãåáðå áèêâàòåðíèîíîâ ñ ïðèëîæåíèåì
â ýëåêòðîäèíàìèêå ñì. [7]).

Ñêàëÿðíàÿ ÷àñòü óðàâíåíèÿ (1) � ýòî çàêîí ñîõðàíåíèÿ ÝÃÌ-çàðÿäà:

∂τρ+ div J = 0,

à âåêòîðíàÿ îïèñûâàåò ñâÿçü ìåæäó çàðÿäàìè è òîêàìè â îòñóòñòâèè âíåø-
íèõ ÝÃÌ-ïîëåé:

∂τJ − irotJ+gradρ = 0.

Äëÿ ìîíîõðîìàòè÷åñêèõ ïîëåé ÷àñòîòû ω áèêâàòåðíèîí çàðÿäà-òîêà ìîæ-
íî ïðåäñòàâèòü â âèäå

Θ(τ, x) , Θ(x, ω) exp(−iωτ), ω > 0. (2)

Â ýòîì ñëó÷àå èç óðàâíåíèÿ (1) ïîëó÷èì óðàâíåíèå äëÿ áèêâàòåðíèîíîâ
êîìïëåêñíûõ àìïëèòóä (áèàìïëèòóä) Θ(x, ω):

(ω +∇) ◦ (iρ(x) + J(x)) = 0.

Ïîñêîëüêó

(ω +∇) ◦ (ω −∇) = (ω −∇) ◦ (ω +∇) = ω2 +∆,

îòñþäà ñëåäóåò, ÷òî áèàìïëèòóäû óäîâëåòâîðÿþò óðàâíåíèþ Ãåëüìãîëüöà

∆Θ+ ω2Θ = 0
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14 Ë.À. Àëåêñååâà

è ìîíîõðîìàòè÷åñêèå ðåøåíèÿ èìåþò âèä

Θ(τ, x) = exp(−iωτ) (ω −∇) ◦

(
ψ0(x, ω) +

3∑
j=1

ψj(x, ω)ej

)
, (3)

ãäå ïîòåíöèàëû ψj � ïðîèçâîëüíûå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ Ãåëüì-
ãîëüöà

∆ψ + ω2ψ = 0,

êîòîðûå èìåþò âèä ïîâåðõíîñòíîãî èíòåãðàëà:

ψj(x, ω) =

∫
∥ξ∥=ω

φj(ξ, ω)e−i(ξ,x)dS(ξ) (4)

äëÿ ëþáîé ôóíêöèè ϕj , ñóììèðóåìîé íà ñôåðå ðàäèóñà ω.

2 Ãàðìîíè÷åñêèå ýëåìåíòàðíûå ÷àñòèöû è ñòðóêòóðû

Ìû ðàññìîòðèì ÷àñòíûå ðåøåíèÿ óðàâíåíèÿ Ãåëüìãîëüöà [8]

ψnm(x, ω) = jn(ωr)Y
m
n (ϑ, ϕ), (5)

ãäå jn(ωr) � ñôåðè÷åñêèå ôóíêöèè Áåññåëÿ ïîðÿäêà n (n = 0, 1, 2, ...),
Y m
n (ϑ, ϕ) � ñôåðè÷åñêèå ãàðìîíèêè ïîðÿäêà n,m (m = 1, 2, ...):

Y m
n (ϑ, ϕ) = Pm

n (cosϑ) exp(imϕ),

Pm
n (...) � ïðèñîåäèíåííûå ïîëèíîìû Ëåæàíäðà, (r, ϑ, ϕ) � ñôåðè÷åñêèå êî-

îðäèíàòû.
Åñòåñòâåííî ýòè ðåøåíèÿ âçÿòü äëÿ ïîñòðîåíèÿ ýëåìåíòàðíûõ ÷àñòèö,

êîòîðûå ìîæíî íàçâàòü ãàðìîíè÷åñêèìè. Ñðåäè íèõ âûäåëèì ïîðîæäàå-
ìûå ñêàëÿðíûì ïîòåíöèàëîì, êîòîðûå íàçîâåì ïóëüñàðû:

Θ0
nm(x, ω) = (ω +∇) ◦ ψnm(x, ω) =

= ωψnm(x, ω) + gradψnm(x, ω) (6)

à ïîðîæäàåìûå âåêòîðíûì ïîòåíöèàëîì íàçîâåì ñïèíîðû:

Θj
nm(x, ω) = (ω +∇) ◦ ψnm(x, ω)ej =
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= −div (ψnm(x, ω)ej) + {ωψnm(x, ω)ej + rot (ψnm(x, ω)ej)}. (7)

Ïîñëåäíèå ïîëÿðèçîâàíû â íàïðàâëåíèè îñåé êîîðäèíàò ñîîòâåòñòâåííî
èíäåêcó j (j=1,2,3).

Èñïîëüçóÿ ñòðóêòóðíûå áèêâàòåðíèîíû ïðîèçâîëüíîãî âèäà K(x), íà
èõ îñíîâå ñ ïîìîùüþ îïåðàöèè áèêâàòåðíèîííîé ñâåðòêè

Θ(x, ω) ∗K(x) = (iρ+ J) ∗ (k +K) =

= {iρ ∗ k −
3∑

j=1

(Jj ∗Kj)}+

+

{
iρ ∗K + J ∗ k +

3∑
j,l,m=1

εjlm(Jj ∗Kl) em

}
, (8)

ãäå εjlm � ïñåâäî-òåíçîð Ëåìè-×èâèòà, ìîæíî ñòðîèòü ðàçíîîáðàçíûå ìî-
íîõðîìàòè÷åñêèå ïîëÿ çàðÿäîâ-òîêîâ:

Θ(x, ω) =

3∑
j=0

Θj
nm(x, ω) ∗Kj(x). (9)

Â (8) ñòðîÿò ôóíêöèîíàëüíûå ñâåðòêè, êîòîðûå äëÿ ðåãóëÿðíûõ ôóíêöèé
èìåþò èíòåãðàëüíûé âèä

ρ(x) ∗ k(x) =
∫
R3

ρ(y)k(x− y)dy1dy2dy3.

Àíàëîãè÷íî çàïèñûâàþòñÿ ïîêîìïîíåíòíûå ñâåðòêè äëÿ âåêòîðîâ. Â ñèëó
ñâîéñòâà äèôôåðåíöèðîâàíèÿ ñâåðòêè [8], ñâåðòêè (9) òàêæå áóäóò ðåøå-
íèÿìè óðàâíåíèé (1), (2).

Ôîðìóëû (9) ïîçâîëÿþò ñòðîèòü ðàçëè÷íûå êðèñòàëëè÷åñêèå ðåøåòêè
èç ãàðìîíè÷åñêèõ ýëåìåíòàðíûõ ÷àñòèö, åñëè â êà÷åñòâå ñòðóêòóðíîãî áè-
êâàòåðíèîíà âçÿòü ðåøåòêè � ðàçëè÷íûå ñäâèãè δ-ôóíêöèè � èç äðóãèõ
îáîáùåííûõ ôóíêöèé.

Ïðèâåäåì çäåñü ïðîñòîé ïðèìåð íåîäíîðîäíîé ïðÿìîóãîëüíîé ðåøåòêè
ñ ïåðåìåííûì øàãîì (hl, hm, hn) è âåñîì almn:
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16 Ë.À. Àëåêñååâà

K(x) =
L∑
l=0

M∑
m=0

N∑
n=0

almnδ(x1 − hl)δ(x2 − hm)δ(x3 − hn).

Åé ñîîòâåòñòâóåò, íàïðèìåð, òàêîé êðèñòàëëè÷åñêèé ω-ïóëüñàð:

Θ(x, ω) =

L∑
l=0

M∑
m=0

N∑
n=0

almnθ 0(x1 − lhl, x2 −mhm, x3 − nhn, ω).

Ôîðìóëû (7)�(9) ïîçâîëÿþò ñòðîèòü ñàìûå ðàçíîîáðàçíûå ìîíîõðîìàòè-
÷åñêèå ñòðóêòóðû òèïà òåë, òêàíåé è íèòåé (îá èõ ïðåäñòàâëåíèè ñì. ïî-
äðîáíåå â [4]). À èõ ÷àñòîòíûå ñóïåðïîçèöèè âîîáùå íåîáîçðèìû.

3 Ýëåìåíòàðíûå ñôåðè÷åñêèå ãàðìîíè÷åñêèå ïóëüñàðû è èõ

ñâîéñòâà

Ñðåäè ðåøåíèé óðàâíåíèé Ãåëüìãîëüöà (7) ñôåðè÷åñêè ñèììåòðè÷íûì
ÿâëÿåòñÿ ëèøü îäíî:

ψ00(x, ω) = j0(ωr) =
sin ωr

ωr
, (10)

ãäå j0(ωr) � ñôåðè÷åñêàÿ ôóíêöèÿ Áåññåëÿ, r = ∥x∥ =
√
x21 + x22 + x23.

Áèàìïëèòóäà ñîîòâåòñòâóþùåãî åìó ïóëüñàðà èìååò âèä

Θ0(x, ω) = (ω +∇) ◦ ψ00(x, ω) = ω
sinωr

ωr
+ grad

sinωr

ωr
=

=
sinωr

r
+

(
cosωr

r
− sinωr

ωr2

)
ex, ex =

3∑
j=1

xj
r
ej . (11)

Îòêóäà ñëåäóåò

iρ01 + J0
1 = r−1

{
sinωr +

(
cosωr − sinωr

ωr

)
ex

}
e−iωτ ,

ρ0 = − i sinωr
r

e−iωτ , J0 =

(
cosωr

r
− sinωr

ωr2

)
e−iωτex ⇒

∣∣ρ0∣∣ = |sinωr|
r

,
∥∥J0

∥∥ =

∣∣∣∣cosωrr
− sinωr

ωr2

∣∣∣∣.
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Îáîçíà÷èì j(z) = cos z − sin z
z . Âû÷èñëÿÿ áèêâàòåðíèîí åãî ýíåðãèè-

èìïóëüñà:

Ξ0(x, ω) =W 0 + i P 0 = 0.5Θ0e−iωτ ◦
(
Θ0
)∗
eiωτ ,

= 0, 5r−2(sinωr + j(ωr)ex) ◦ (sinωr − j(ωr)ex) =

= 0, 5r−2{(sin2 ωr+ j2(ωr))+ sinωrj(ωr)ex − sinωrj(ωr)ex − j2(ωr)[ex, ex]},

ïîëó÷èì
W 0 = 0, 5r−2(sin2 ωr + j2(ωr)), P ≡ 0. (12)

Èç (11)�(12) ñëåäóåò, ÷òî ïëîòíîñòü ìàññ-çàðÿäà ñ ðîñòîì r óáûâàåò,
êàê r−1, à ýíåðãèÿ êîëåáàíèé çàòóõàåò åùå áûñòðåå, êàê r−2.

Èíòåðåñíî èññëåäîâàòü àñèìïòîòèêó ýòèõ âåëè÷èí ïðè r → 0, ω =
const. Ïîñêîëüêó

j(ωr) = (ωr)2j1(ωr) = cosωr − sinωr

ωr
=

= 1− (ωr)2

2
− 1 +

(ωr)3

6ωr
+ ... ∼ −(ωr)2

3
ïðè r → 0, (13)

èç (11), (12) ïîëó÷èì ïðè r → 0

|ρ0| = ω + o(ωr) ∼ ω,

∥∥J0
∥∥ ≈ ωr + 0, 5ω2r2

r
− ωr − ω3r3/6

ωr2
≈ 0, 5ω2r + ω2r/6 ∼ 2

3
ω2,

W ∼ 0, 5(ω2 + ω4r2/9) ∼ 0, 5ω2.

Èòàê, ïåðå÷èñëèì.

Ñâîéñòâà ñôåðè÷åñêèõ ãàðìîíè÷åñêèõ ïóëüñàðîâ. Ó ñôåðè÷åñêèõ ãàð-
ìîíè÷åñêèõ ïóëüñàðîâ â öåíòðå ïðè x = 0 ïëîòíîñòü ìàññ-çàðÿäà ðàâ-
íà ÷àñòîòå åãî êîëåáàíèé ω, ïëîòíîñòü ÝÃÌ-òîêà ðàâíà íóëþ, ïëîòíîñòü
ýíåðãèè êîëåáàíèé ðàâíà 0, 5ω2, à âåêòîð Ïîéíòèíãà ðàâåí íóëþ âñþäó.

Èñõîäÿ èç ýòèõ ñâîéñòâ ïëîòíîñòè ìàññ-çàðÿäà, ñôåðè÷åñêèå ãàðìî-
íè÷åñêèå ïóëüñàðû ÿâëÿþòñÿ òÿæåëûìè ýëåìåíòàðíûìè ÷àñòèöàìè � áî-

çîíàìè.
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Íåñôåðè÷åñêèå ãàðìîíè÷åñêèå ïóëüñàðû (6) ïðè n > 0 èìåþò íóëåâóþ
ïëîòíîñòü ïðè x = 0, ò.ê.

jn(z) =
zn

(2n+ 1)!!
((1 + o(z)) ïðè z → 0.

Îíè ÿâëÿþòñÿ ëåãêèìè ýëåìåíòàðíûìè ÷àñòèöàìè � ëåïòîíàìè.

4 Ýëåìåíòàðíûå ñôåðè÷åñêèå ãàðìîíè÷åñêèå ñïèíîðû è èõ

ñâîéñòâà

Ðàññìîòðèì ñïèíîð, ïîëÿðèçîâàííûé â íàïðàâëåíèè îñè X1:

Θ0
1(x, t) = iρ01 + J0

1 = Θ0
1(x, ω)e

−iωτ ,

áèàìïëèòóäà êîòîðîãî èìååò âèä

Θ0
1(x, ω) = (ω +∇) ◦ j0(ωr)e1 =

= −div (j0(ωr)e1) + ωj0(ωr)e1 + rot (j0(ωr)e1) =

= −r,1
(
cosωr

r
− sinωr

ωr2

)
+

+

{
sinωr

r
e1 +

(
cosωr

r
− sinωr

ωr2

)
(r,3 e2 − r,2 e3)

}
, r,j =

xj
∥x∥

. (14)

Îòêóäà ñëåäóåò

ρ01 = − ix1
r2
j(ωr),

J0
1 = r−1(e1 sinωr + j(ωr)(r,3 e2 − r,2 e3);

∣∣ρ01∣∣ = ∣∣∣r,1r j(ωr)∣∣∣ , ∥J∥ =

√
sin2 ωr

r2
+ j2(ωr)

(
x22 + x23

)
r4

.

Âû÷èñëèì áèêâàòåðíèîí ýíåðãèè-èìïóëüñà è åãî àñèìïòîòèêè:

Ξ0
1(x, ω) =W 0

1 + i P 0
1 ,

2W 0
1 =

sin2 ωr

r2
+
(r,1
r

)2
j2(ωr) + j2(ωr)

(
x22 + x23

)
r4

=
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=
sin2 ωr

r2
+ j2(ωr)

(
x21 + x22 + x23

)
r4

= r−2{sin2 ωr + j2(ωr)}, (15)

P 0
1 ≡ 0.

Ïîñòðîèì èõ àñèìïòîòèêè ñ ó÷åòîì (13) ïðè r → 0:

∣∣ρ01∣∣ ∼ ∣∣∣∣x1r2
(
1− ω2r2

2
− 1 +

ω3r3

6ωr

)∣∣∣∣ = 1

3
|x1|ω2 → 0,

∥J∥ ∼

√
(ωr)2

r2
+

(ωr)4

9

(
x22 + x23

)
r4

∼ ω → ω.

W ∼ 1

2r2

(
1− 2ωr

ωr
+

8(ωr)3

6ωr
+

(ωr − (ωr)3/6)2

ω2r2

)
=

=
1

2r2

(
1− 2 +

4

3
(ωr)2 + 1− 1

3
(ωr)2 +

1

36
(ωr)4

)
∼ 0.5ω2.

Ñëåäóÿ (14), ëåãêî ïîëó÷èì áèêâàòåðíèîííîå ïðåäñòàâëåíèå ñôåðè÷å-
ñêîãî ñïèíîðà, ïîëÿðèçîâàííîãî âäîëü âåêòîðà e, |e| = 1:

Θ0
e(x, ω) = (ω+∇)◦j0(ωr)e = −div(j0(ωr)e)+ωj0(ωr)e+rot(j0(ωr)e) = iρ0e+J

0
e ,

ãäå
ρ0e = −ex

r
j(ωr), J0

e = r−1(e sinωr + j(ωr)εjklxjxkel)

ñ òåìè æå àñèìïòîòè÷åñêèìè ñâîéñòâàìè.
Èòàê, èìååì ñëåäóþùèå ñâîéñòâà ïîñòðîåííûõ ñïèíîðîâ.

Ñâîéñòâà ãàðìîíè÷åñêèõ ñôåðè÷åñêèõ ñïèíîðîâ. Ó ñôåðè÷åñêèõ ãàð-
ìîíè÷åñêèõ ñïèíîðîâ â öåíòðå (ïðè x = 0) ïëîòíîñòü ìàññ-çàðÿäà ðàâíà
íóëþ, íîðìà âåêòîðà ïëîòíîñòè ÝÃÌ-òîêà ðàâíà ω, ïëîòíîñòü ýíåðãèè ðàâ-
íà ω2/2, âåêòîð Ïîéíòèíãà ðàâåí íóëþ.

Òàêèì îáðàçîì, ñôåðè÷åñêèå ãàðìîíè÷åñêèå ñïèíîðû ïî ïëîòíîñòè
ÝÃÌ-çàðÿäà îòíîñÿòñÿ ê ëåãêèì ýëåìåíòàðíûì ÷àñòèöàì � ëåïòîíàì.

5 Áèêâàòåðíèîííàÿ ìîäåëü àòîìà âîäîðîäà

Èòàê, ìû ïîêàçàëè, ÷òî ñðåäè ìîíîõðîìàòè÷åñêèõ ðåøåíèé óðàâíå-
íèé ñâîáîäíîãî ïîëÿ çàðÿäîâ-òîêîâ (1) òîëüêî ãàðìîíè÷åñêèå ñôåðè÷åñêèå
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ïóëüñàðû èìåþò íåíóëåâóþ ïëîòíîñòü â èõ öåíòðå, ÷åãî íåò ó ãàðìîíè÷å-
ñêèõ ñïèíîðîâ. Ýòî ïîçâîëÿåò ïðåäïîëîæèòü, ÷òî ñôåðè÷åñêèå ãàðìîíè-
÷åñêèå ïóëüñàðû ìîæíî èñïîëüçîâàòü äëÿ ïîñòðîåíèÿ áèêâàòåðíèîííîé
ìîäåëè àòîìîâ.

Ïðîñòåéøèì àòîìîì ÿâëÿåòñÿ âîäîðîä H. Ïðîñòåéøåé ãàðìîíè÷åñêîé
ýëåìåíòàðíîé ÷àñòèöåé ÿâëÿåòñÿ âûøåîïèñàííûé ñôåðè÷åñêèé ïóëüñàð.
Ïîëàãàþ, èõ ìîæíî îòîæäåñòâèòü, à èìåííî:

àòîì âîäîðîäà ÿâëÿåòñÿ ñôåðè÷åñêèì ãàðìîíè÷åñêèì ïóëüñàðîì ñ ôèê-

ñèðîâàííîé ÷àñòîòîé êîëåáàíèé ωH0 , êîòîðûé èìååò ñëåäóþùåå áèêâàòåð-

íèîííîå ïðåäñòàâëåíèå:

H0(τ, x) = r−1

{
sinωH0r +

(
cosωH0r −

sinωH0r

ωH0r

)
ex

}
e−iωH0

τ . (16)

Àñèìïòîòè÷åñêèå ñâîéñòâà åãî ïëîòíîñòè â öåíòðå àòîìà ñâÿçàíû ñ ÷àñòî-
òîé êîëåáàíèé:

|ρH0(x, τ)| ∼ ωH0 , ∥JH0(x, τ)∥ ∼ 2

3
ω2r, WH0(x) ∼ 0.5ω2, r → 0. (17)

Óçëàìè ýòîé ñòîÿ÷åé âîëíû ïî ïëîòíîñòè ìàññû |ρH0 | ÿâëÿþòñÿ ñôåðû,
ðàäèóñ êîòîðûõ îïðåäåëÿåòñÿ ïðîñòûì òðèãîíîìåòðè÷åñêèì óðàâíåíèåì:

sinωH0rk = 0 ⇒ rk =
πk

ωH0

, k = 1, 2, ... .

Äëÿ îïðåäåëåíèÿ óçëîâ ýòîé ñòîÿ÷åé âîëíû ïî ïëîòíîñòè ýíåðãèè WH0

íóæíî íàéòè íóëè áîëåå ñëîæíîãî óðàâíåíèÿ

ω2
H0
r2k + ωH0rk sin 2ωH0rk − sin2 ωH0rk = 0, (18)

ãäå rk = zk
ωH0

, zk � êîðíè òðàíñöåäåíòíîãî óðàâíåíèÿ

f(z) = z2 + z sin 2z − sin2 z = 0.

Îäíàêî, ó ýòîãî óðàâíåíèÿ íåò äåéñòâèòåëüíûõ êîðíåé.
Èñïîëüçóÿ ïðåäñòàâëåíèå êîìïëåêñíûõ çàðÿäîâ è òîêîâ ÷åðåç ýëåêòðè-

÷åñêèå è ãðàâèìàãíèòûå çàðÿäû è òîêè (1), ïîëó÷èì äëÿ àòîìà âîäîðîäà
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ñëåäóþùèå âûðàæåíèÿ äëÿ åãî ýëåêòðè÷åñêîãî è ãðàâèìàãíèòíîãî çàðÿ-
äîâ, ýëåêòðè÷åñêîãî è ãðàâèìàãíèòíîãî òîêîâ:

ρEH0
(t, x) =

√
ε

r
coswH0t sin

wH0 ∥x∥
c

,

ρHH0
(t, x) =

√
µ

r
sinwH0t sin

wH0 ∥x∥
c

,

JE
H0

(t, x) =
1

√
µr

coswH0t

(
cos

wH0 ∥x∥
c

− c

wH0r
sin

wH0 ∥x∥
c

)
ex,

JH
H0

(t, x) =
1√
εr

sinwH0t

(
cos

wH0 ∥x∥
c

− c

wH0r
sin

wH0 ∥x∥
c

)
ex.

Ñîîòâåòñòâåííî â èñõîäíîì ïðîñòðàíñòâå-âðåìåíè áèêâàòåðíèîí âîäî-
ðîäà èìååò âèä

H0(t, x) =
e−iwH0

t

r

{
sin(wH0 r/c) +

(
cos(wH0r/c)−

c sin(wH0r/c)

wH0 r

)
ex

}
.

Çäåñü ex = x/∥x∥, ÷àñòîòà êîëåáàíèé àòîìà âîäîðîäà wH0 = c ωH0 (ðàçìåð-
íîñòü ðàä/ñåê). Ñîîòâåòñòâåííî (17) ïðè r → 0 :

|ρH0(x, τ)| ∼ cwH0 , ∥JH0(x, τ)∥ ∼ 2

3
(cwH0)

2r, WH0(x) ∼
(cwH0)

2

2
.

Çàìåòèì, ÷òî ïëîòíîñòü ýíåðãèè ñîäåðæèò êâàäðàò ñêîðîñòè ñâåòà. À ïî-
ñêîëüêó ïëîòíîñòü ìàññ-çàðÿäà îïðåäåëÿåòñÿ ÷àñòîòîé êîëåáàíèé, ïîñëåä-
íÿÿ ôîðìóëà êîððåëèðóåò ñ èçâåñòíîé ôîðìóëîé Ýéíøòåéíà äëÿ ïîëíîé
ýíåðãèè òåëà ñ ôèêñèðîâàííîé ìàññîé.

6 Áèêâàòåðíèîííîå ïðåäñòàâëåíèå àòîìîâ. Ïðîñòàÿ ãàììà

Èòàê, â áèêâàòåðíèííîì ïðåäñòàâëåíèè àòîì âîäîðîäà � ýòî ñôåðè-

÷åñêàÿ ãàðìîíè÷åñêàÿ ñòîÿ÷àÿ âîëíà ñ ôèêñèðîâàííîé ÷àñòîòîé â ïîëå

ÝÃÌ-çàðÿäîâ-òîêîâ.

Òàê êàê ãëàâíîé õàðàêòåðèñòèêîé àòîìà âîäîðîäà ÿâëÿåòñÿ ÷àñòîòà êî-
ëåáàíèé, êîòîðàÿ îïðåäåëÿåò åãî ìàññó, íà åãî îñíîâå ìîæíî ïîñòðîèòü
ïåðèîäè÷åñêóþ ñèñòåìó äëÿ àòîìîâ âåùåñòâ ïî ïðèíöèïó ìóçûêàëüíîé
ãàììû. Âåäü ñ ðîñòîì ÷àñòîòû êîëåáàíèé ìàññà àòîìà óâåëè÷èâàåòñÿ.
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Ìóçûêàëüíàÿ ãàììà ïðåäñòàâëÿåò ñîáîé ñèñòåìó îêòàâ ñ óäâîåíèåì ÷à-
ñòîòû äëÿ êàæäîé ïîñëåäóþùåé îêòàâû:

ωH0 , 2ωH0 , 4ωH0 , 8ωH0 , 16ωH0 , ... .

Îòíîøåíèå ÷àñòîò êîëåáàíèé äëÿ àòîìîâ âíóòðè n-îé îêòàâû:

2n−1ωH0 , ...., 2
nωH0

ïîäîáíî îòíîøåíèþ ÷àñòîò òîíîâ âíóòðè ìóçûêàëüíîé ãàììû. ×èñëî íîò
â ìóçûêàëüíîé ãàììå çàâèñèò îò âèäà ìóçûêàëüíîãî ñòðîÿ.

Ñóùåñòâóåò ìíîãî ìóçûêàëüíûõ ñòðîåâ, êîòîðûå âî ìíîãîì ñâÿçàíû
ñ íàöèîíàëüíûìè îñîáåííîñòÿìè ìóçûêàëüíîãî âîñïðèÿòèÿ ñîçäàâøèõ èõ
íàðîäîâ. Çäåñü â Òàáëèöå 1 ïðèâåäåíû äâà ìóçûêàëüíûõ ñòðîÿ, êîòîðûå
ìîæíî âçÿòü çà îñíîâó, â êîòîðûõ îòíîøåíèå ÷àñòîò òîíîâ ÿâëÿåòñÿ ÷èñ-
ëîì ðàöèîíàëüíûì [8]. Äëÿ òàêèõ òîíîâ (íîò) ñóùåñòâóåò îáùèé ïåðèîä
êîëåáàíèé, êîòîðûé îïðåäåëÿåòñÿ íàèìåíüøèì îáùèì êðàòíûì äëÿ ïåðèî-
äîâ èõ êîëåáàíèé, ÷òî ïîçâîëÿåò ãàðìîíè÷íî çâó÷àòü ñîçâó÷èÿì èç ðàçíûõ
íîò (àêêîðäàì).

Òàáëèöà 1 � Ïðîñòàÿ ãàììà

Äëÿ êàæäîé èç íèõ â ïðèðîäå ñóùåñòâóþò âåùåñòâà, êîòîðûå îáëàäàþò
âûøåîïèñàííûìè ñâîéñòâàìè. Êàêàÿ èç íèõ ñîîòâåòñòâóåò ïåðèîäè÷åñêîé
ñèñòåìå Ìåíäåëååâà? Ýòî äîëæíî ñòàòü ïðåäìåòîì ñïåöèàëüíîãî èññëåäî-
âàíèÿ äëÿ ñïåöèàëèñòîâ ïî ôèçè÷åñêîé õèìèè, ñïåêòðàëüíûì ñâîéñòâàì
âåùåñòâ. Âîçìîæíî ñðåäè óêàçàííûõ òðåõ ñòðîåâ íåò òàêîâîãî. Íî ïîõî-
æèé ìóçûêàëüíûé ñòðîé äîëæåí áûòü, êîòîðûé áóäåò ñîäåðæàòü ÷àñòîòû
óêàçàííûõ çäåñü ñòðîåâ. ×èñëî òîíîâ âíóòðè îêòàâû ìîæåò óâåëè÷èâàòü-
ñÿ ñ ðîñòîì íîìåðà îêòàâû, íî âñå ïîäîáíûå òîíà ïðåäûäóùåé îêòàâû
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â íåé äîëæíû ïðèñóòñòâîâàòü, ÷òî îáúÿñíÿåò ïîâòîðÿåìîñòü õèìè÷åñêèõ
ñâîéñòâ âåùåñòâ â êîëîíêàõ ïåðèîäè÷åñêîé ñèñòåìû Ìåíäåëååâà ïîäîáíî
òîìó, êàê ñîçâó÷íû è ãàðìîíè÷íû äëÿ âîñïðèÿòèÿ çâóêè îêòàâ è àêêîðäû,
ñîñòàâëåííûå èç íèõ.

Èñõîäÿ èç ýòîãî, àòîìû ìîæíî íàçâàòü ìóçûêàëüíûìè ýëåìåíòàðíû-

ìè ÷àñòèöàìè ñ ñîîòâåñòâóþùèìè íàçâàíèÿìè. Àòîì âîäîðîäà � ýòî "äî"

ïåðâîé ïðèðîäíîé îêòàâû. Ñîîòâåñòâåííî áèêâàòåðíèîí ê-ãî àòîìà â n-îé
îêòàâå èìååò âèä

Atomn,k(t, x) =
1

r
e−iwn,kt

{
sin
(wnk

c
r
)
+

(
cos
(wnk

c
r
)
− c sin (wnkr/c)

wnkr

)
ex

}
.

Çäåñü ÷àñòîòà êîëåáàíèé àòîìà

wnk = 2nγkwH0 ,

ãäå γk � ýòî k-ûé êîýôôèöèåíò â òàáëèöå ñîîòâåòñòâóþùåãî ìóçûêàëüíîãî
ñòðîÿ. Äëÿ íåãî âåðíû âñå âûøåïðèâåäåííûå ôîðìóëû äëÿ ñôåðè÷åñêîãî
ãàðìîíè÷åñêîãî ïóëüñàðà ñ óêàçàíèåì ñîîòâåòñòâóþùåé åìó ÷àñòîòû êî-
ëåáàíèé.

7 Çàêëþ÷åíèå

Ñêîëüêî ñóùåñòâóåò òàêèõ ïðèðîäíûõ îêòàâ? Î÷åâèäíî, íå ìåíüøå,
÷åì ÷èñëî ñòðîê â ïåðèîäè÷åñêîé ñèñòåìå Ìåíäåëååâà.

Çàìåòèì, ÷òî íûíå ïðèíÿòûé â êëàññè÷åñêîé ìóçûêå äâåíàäöàòè-
òåìïåðèðîâàííûé ìóçûêàëüíûé ñòðîé ñ 12-þ íîòàìè âíóòðè îêòàâû áðàòü
íåëüçÿ, òàê êàê îòíîøåíèå ÷àñòîò ïîñëåäîâàòåëüíûõ òîíîâ â íåì ÿâëÿåò-
ñÿ ÷èñëîì èððàöèîíàëüíûì 21/12 è îáùåãî ïåðèîäà êîëåáàíèé äëÿ ëþáî-
ãî íàáîðà òîíîâ â îêòàâå íå ñóùåñòâóåò. Ïîëíîãî ãàðìîíè÷íîãî çâó÷àíèÿ
â ýòîì ñòðîå äîáèòüñÿ íåëüçÿ. Îá ýòîì õîðîøî çíàþò îðêåñòðîâûå ìóçû-
êàíòû ñòðóííûõ è äóõîâûõ èíñòðóìåíòîâ, çâó÷àíèå êîòîðûõ îïðåäåëÿåòñÿ
âûøåîïèñàííûìè ìóçûêàëüíûìè ñòðîÿìè. Êàê èçâåñòíî, ïðè íåñîðàçìåð-
íûõ ÷àñòîòàõ êîëåáàíèé âîçíèêàþò áèåíèÿ.

Ïîäîáíûå ïåðèîäè÷åñêèå ñèñòåìû ìîæíî ñòðîèòü äëÿ ýëåìåíòàðíûõ
ãàðìîíè÷åñêèõ ëåïòîíîâ (ñïèíîðîâ è àñèììåòðè÷íûõ ïóëüñàðîâ), äîáàâëå-
íèå êîòîðûõ ê àòîìàì ñ òîé æå ÷àñòîòîé êîëåáàíèé ñîçäàåò, ïî-âèäèìîìó,
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èçîòîïû ýòèõ àòîìîâ. Ïðè÷åì äîáàâëåíèå ñïèíîðîâ ñâÿçàíî ñ íàìàãíè÷è-
âàíèåì âåùåñòâà. Ìîæíî ñòðîèòü ìíîæåñòâî ðàçëè÷íûõ èçîòîïîâ ñ òîé
æå àñèìïòîòè÷åñêîé ïëîòíîñòüþ ÝÃÌ-çàðÿäà. Êàêèå èç íèõ ñóùåñòâóþò
â ïðèðîäå � ýòî òîæå âîïðîñ ñïåöèàëüíîãî ýêñïåðèìåíòàëüíîãî èññëåäîâà-
íèÿ.

Îòìåòèì òàêæå, ÷òî äàííîå îïèñàíèå àòîìîâ îñíîâàíî íà ïîñòðîå-
íèè ðåøåíèé óðàâíåíèé ñâîáîäíîãî ïîëÿ çàðÿäîâ-òîêîâ. Ïðè âîçäåéñòâèè
âíåøíèõ ïîëåé çàðÿäû-òîêè òðàíñôîðìèðóþòñÿ. Èõ òðàíñôîðìàöèÿ îïè-
ñûâàåòñÿ îáîáùåííûì óðàâíåíèåì Äèðàêà (ñì. [5]). Â ÷àñòíîñòè, ïðè âîç-
äåéñòâèè ñòàöèîíàðíûõ ÝÃÌ-ïîëåé ñäâèãàåòñÿ ñïåêòð êîëåáàíèé, ÷òî ñëå-
äóåò ó÷èòûâàòü ïðè ýêñïåðèìåíòàëüíîì îáîñíîâàíèè ðàññìîòðåííîé çäåñü
ìîäåëè.

Â íàñòîÿùåå âðåìÿ íàèáîëåå ðàñïðîñòðàíåíû è êàíîíèçèðîâàíû ïðåä-
ñòàâëåíèÿ ëåãêèõ è òÿæåëûõ ýëåìåíòàðíûõ ÷àñòèö è àòîìîâ, ïîñòðîåííûå
íà îñíîâå ðåøåíèé óðàâíåíèé êâàíòîâîé òåîðèè ïîëÿ. Áèáëèîãðàôèÿ â
ýòîì íàïðàâëåíèè ïîëóâåêîâàÿ è âåñüìà îáøèðíàÿ. Çäåñü èñïîëüçóåì íà-
çâàíèÿ äëÿ òÿæåëûõ è ëåãêèõ ÷àñòèö, ïðèíÿòûå â ýòîé òåîðèè. Îäíàêî,
ïðåäñòàâëåííàÿ áèêâàòåðíèîííàÿ ìîäåëü ñîâåðøåííî èíàÿ, äåòåðìèíèñò-
ñêàÿ, îñíîâàíà íà îïðåäåëåíèè ðåàëüíûõ ôèçè÷åñêèõ õàðàêòåðèñòèê ýëå-
ìåíòàðíûõ ÷àñòèö è àòîìîâ, à íå âåðîÿòíîñòíûõ.
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Alexeyeva L.A. BIQUATERNIONIC REPRESENTATION OF ATOMS.
SIMPLE GAMMA

Particular monochromatic solutions of the free �eld of electro-
gravimagnetic charges and currents in di�erential biquaternion algebra have
been constructed which describe elementary particles as standing electro-
gravimagnetic waves. Two classes of solutions of this biwave equation generated
by scalar potentials (pulsars) and vector ones (spinors) are studied. Their
asymptotic properties have been researched. On the basis of these properties,
solutions are classi�ed on the heavy and the light elementary particles
(bosons and leptons). Biquaternionic representation of hydrogen atom and the
corresponding periodic system which is built on the principle of the musical
system of a simple harmonic scale, are given.

Keywords. Biquaternion, elementary particle, frequency, standing EGM
wave, pulsar, spinor, boson, lepton, atom, hydrogen, periodic system, musical
scale.
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ÍÀÃÐÓÆÅÍÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß
Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

À.Ò. Àñàíîâà, À.Å. Èìàí÷èåâ, Æ.Ì. Êàäèðáàåâà

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ìíîãîòî÷å÷íàÿ çàäà÷à äëÿ íàãðóæåííîãî äèôôå-

ðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà. Èññëåäóåòñÿ

âîïðîñ ñóùåñòâîâàíèÿ åäèíñòâåííîãî êëàññè÷åñêîãî ðåøåíèÿ ðàññìàòðèâàå-

ìîé çàäà÷è è ïðåäëàãàþòñÿ ìåòîäû ïîñòðîåíèÿ åå ïðèáëèæåííîãî ðåøåíèÿ.

Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè ìíîãîòî÷å÷íîé

çàäà÷è äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ

òðåòüåãî ïîðÿäêà â òåðìèíàõ èñõîäíûõ äàííûõ.

Êëþ÷åâûå ñëîâà. Íàãðóæåííîå äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðî-

èçâîäíûõ òðåòüåãî ïîðÿäêà, ìíîãîòî÷å÷íàÿ çàäà÷à, íàãðóæåííûå îáûêíîâåííûå

äèôôåðåíöèàëüíûå óðàâíåíèÿ, ðàçðåøèìîñòü, àëãîðèòì.

1 Ââåäåíèå, ïîñòàíîâêà çàäà÷è

Â îáëàñòè Ω = [0, T ] × [0, ω] ðàññìàòðèâàåòñÿ ìíîãîòî÷å÷íàÿ çàäà÷à
äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ
òðåòüåãî ïîðÿäêà ñëåäóþùåãî âèäà:

∂3u

∂x2∂t
= A(t, x)

∂2u

∂x2
+

2∑
i=1

Bi(t, x)
∂2u(θi, x)

∂x2
+ C(t, x)u+ f(t, x), (1)

m∑
j=0

Mj(x)
∂2u(tj , x)

∂x2
+

m∑
j=0

Kj(x)u(tj , x) = φ(x), x ∈ [0, ω], (2)
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u(t, 0) = ψ1(t), t ∈ [0, T ], (3)

∂u(t, x)

∂x

∣∣∣
x=0

= ψ2(t), t ∈ [0, T ], (4)

ãäå u(t, x) � íåèçâåñòíàÿ ôóíêöèÿ, ôóíêöèè A(t, x), Bi(t, x), i = 1, 2, C(t, x)
è f(t, x) íåïðåðûâíû íà Ω, 0 < θ1 < θ2 < T , ôóíêöèè Mj(x), Kj(x),
j = 0,m, è φ(x) íåïðåðûâíû íà [0, ω], 0 = t0 < t1 < ... < tm−1 < tm = T ,
ôóíêöèè ψ1(t) è ψ2(t) íåïðåðûâíî äèôôåðåíöèðóåìû íà [0, T ].

Ôóíêöèÿ u(t, x) ∈ C(Ω, R), èìåþùàÿ ÷àñòíûå ïðîèçâîäíûå
∂u(t, x)

∂x
∈

C(Ω, R),
∂u(t, x)

∂t
∈ C(Ω, R),

∂2u(t, x)

∂x2
∈ C(Ω, R),

∂2u(t, x)

∂x∂t
∈ C(Ω, R),

∂3u(t, x)

∂x2∂t
∈ C(Ω, R), íàçûâàåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(4),

åñëè îíà óäîâëåòâîðÿåò íàãðóæåííîìó óðàâíåíèþ (1) äëÿ âñåõ (t, x) ∈ Ω,
ìíîãîòî÷å÷íîìó óñëîâèþ (2) äëÿ âñåõ x ∈ [0, ω] è êðàåâûì óñëîâèÿì (3),
(4) äëÿ âñåõ t ∈ [0, T ].

Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ðàçëè÷íûõ ïðîöåññîâ ýêîëîãèè, ôèçè-
êè, õèìèè, áèîëîãèè è äð. ïðèâîäèò ê èññëåäîâàíèþ êðàåâûõ çàäà÷ äëÿ
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿä-
êà [1]�[5]. Îñîáûé êëàññ äèôôåðåíöèàëüíûõ óðàâíåíèé ñîñòàâëÿþò íàãðó-
æåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ [2], [3], [6]�
[9]. Â çàâèñèìîñòè îò ïðèìåíÿåìîãî ìåòîäà óñëîâèÿ ðàçðåøèìîñòè ëîêàëü-
íûõ è íåëîêàëüíûõ çàäà÷ äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé ïîëó÷åíû â ðàçëè÷íûõ òåðìèíàõ.

Â íàñòîÿùåé ðàáîòå èññëåäóþòñÿ âîïðîñû ñóùåñòâîâàíèÿ êëàññè÷åñêî-
ãî ðåøåíèÿ ìíîãîòî÷å÷íîé çàäà÷è äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà (1)�(4) è ïðåäëàãà-
þòñÿ ìåòîäû ïîñòðîåíèÿ åå ïðèáëèæåííîãî ðåøåíèÿ. Óñòàíîâëåíû äîñòà-
òî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ
ìíîãîòî÷å÷íîé çàäà÷è äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà â òåðìèíàõ èñõîäíûõ äàííûõ.
Ñ ïîìîùüþ äîïîëíèòåëüíûõ íîâûõ ôóíêöèé [10], [11] ðàññìàòðèâàåìàÿ
çàäà÷à ñâîäèòñÿ ê ýêâèâàëåíòíîé çàäà÷å, ñîñòîÿùåé èç ñåìåéñòâà ìíîãîòî-
÷å÷íûõ çàäà÷ äëÿ íàãðóæåííûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ïåðâîãî ïîðÿäêà ñ ôóíêöèîíàëüíûì ïàðàìåòðîì è èíòåãðàëüíîãî
ñîîòíîøåíèÿ. Ïðåäëîæåí àëãîðèòì íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ
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èññëåäóåìîé çàäà÷è è äîêàçàíà åãî ñõîäèìîñòü. Ïðè óñòàíîâëåíèè óñëîâèé
ðàçðåøèìîñòè ñåìåéñòâà ìíîãîòî÷å÷íûõ çàäà÷ äëÿ íàãðóæåííûõ îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî ïîðÿäêà èñïîëüçîâàíû ðå-
çóëüòàòû ðàáîò [8], [11].

2 Ñõåìà ìåòîäà è ñâåäåíèå ê ýêâèâàëåíòíîé çàäà÷å

Ââåäåì íîâóþ íåèçâåñòíóþ ôóíêöèþ v(t, x) =
∂2u(t, x)

∂x2
, (t, x) ∈ Ω.

Òîãäà çàäà÷à (1)�(4) ïåðåéäåò ê ýêâèâàëåíòíîé çàäà÷å ñëåäóþùåãî âèäà:

∂v

∂t
= A(t, x)v +

2∑
i=1

Bi(t, x)v(θi, x) + C(t, x)u+ f(t, x), (5)

m∑
j=0

Mj(x)v(tj , x) +

m∑
j=0

Kj(x)u(tj , x) = φ(x), x ∈ [0, ω], (6)

u(t, x) = ψ1(t) + xψ2(t) +

x∫
0

ξ∫
0

v(t, ξ1)dξ1dξ. (7)

Óñëîâèÿ (3) è (4) ó÷òåíû â èíòåãðàëüíîì ñîîòíîøåíèè (7).
Ðåøåíèåì çàäà÷è (5)�(7) íàçûâàåòñÿ ïàðà ôóíêöèé (v(t, x), u(t, x)), ãäå

ôóíêöèÿ v(t, x) ∈ C(Ω, R) èìååò ïðîèçâîäíóþ
∂v(t, x)

∂t
∈ C(Ω, R), óäîâëå-

òâîðÿþùàÿ íàãðóæåííîìó óðàâíåíèþ (5) äëÿ âñåõ (t, x) ∈ Ω, ìíîãîòî÷å÷-
íîìó óñëîâèþ (6) äëÿ âñåõ x ∈ [0, ω], à ôóíêöèÿ u(t, x) ñâÿçàíà ñ ôóíêöèåé
v(t, x) èíòåãðàëüíûì ñîîòíîøåíèåì (7).

Çàäà÷è (1)�(4) è (4)�(7) ýêâèâàëåíòíû. Åñëè ôóíêöèÿ u(t, x) ÿâëÿåòñÿ
êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(4), òî ïàðà ôóíêöèé (v(t, x), u(t, x)),

ãäå v(t, x) =
∂2u(t, x)

∂x2
, áóäåò ðåøåíèåì çàäà÷è (5)�(7). È íàîáîðîò, åñëè ïà-

ðà ôóíêöèé (v(t, x), u(t, x)) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (5)�(7), òî ôóíêöèÿ
u(t, x) áóäåò êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(4).

Ïðè ôèêñèðîâàííîì u(t, x) çàäà÷à (5), (6) ÿâëÿåòñÿ ñåìåéñòâîì ìíî-
ãîòî÷å÷íûõ çàäà÷ äëÿ íàãðóæåííûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ïåðâîãî ïîðÿäêà. Ïåðåìåííàÿ x èãðàåò ðîëü ïàðàìåòðà ñåìåé-
ñòâà ìíîãîòî÷å÷íûõ çàäà÷ (5), (6) è íåïðåðûâíî èçìåíÿåòñÿ íà ïðîìåæóò-
êå [0, ω]. Ïðè ôèêñèðîâàííûõ x ∈ [0, ω] èìååì ìíîãîòî÷å÷íóþ çàäà÷ó äëÿ
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íàãðóæåííîãî îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïåðâîãî ïî-
ðÿäêà.

3 Àëãîðèòì íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (5)�(7)

Åñëè èçâåñòíà ôóíêöèÿ u(t, x), òî èç ñåìåéñòâà ìíîãîòî÷å÷íûõ çàäà÷
äëÿ íàãðóæåííûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïåðâîãî
ïîðÿäêà (5), (6) íàõîäèì ôóíêöèþ v(t, x). Åñëè èçâåñòíà ôóíêöèÿ v(t, x),
òî èç èíòåãðàëüíîãî ñîîòíîøåíèÿ (7) îïðåäåëÿåì ôóíêöèþ u(t, x). Òàê
êàê íåèçâåñòíûìè ÿâëÿþòñÿ êàê ôóíêöèÿ u(t, x), òàê è ôóíêöèÿ v(t, x),
ïðèìåíÿåòñÿ èòåðàöèîííûé ìåòîä è ðåøåíèå çàäà÷è (5)�(7) � ïàðà ôóíê-
öèé (v∗(t, x), u∗(t, x)) � îïðåäåëÿåòñÿ êàê ïðåäåë ïîñëåäîâàòåëüíîñòè ïàð
ôóíêöèé (v(k)(t, x), u(k)(t, x)) ïî ñëåäóþùåìó àëãîðèòìó.

1-øàã. Èñïîëüçóåì çíà÷åíèå ôóíêöèè u(t, x) ïðè x = 0. Ïîëàãàÿ
u(0)(t, x) = ψ1(t) â ïðàâîé ÷àñòè íàãðóæåííîãî óðàâíåíèÿ (5), â ìíîãî-
òî÷å÷íîì óñëîâèè (6) è ðåøàÿ ñåìåéñòâî ìíîãîòî÷å÷íûõ çàäà÷ (5), (6),
íàõîäèì ïåðâîå ïðèáëèæåíèå v(1)(t, x) äëÿ âñåõ (t, x) ∈ Ω. Èç èíòåãðàëü-
íîãî ñîîòíîøåíèÿ (7) ïðè v(t, x) = v(1)(t, x) îïðåäåëÿåì u(1)(t, x) äëÿ âñåõ
(t, x) ∈ Ω.

2-øàã. Ïîëàãàÿ u(t, x) = u(1)(t, x) â ïðàâîé ÷àñòè íàãðóæåííîãî óðàâ-
íåíèÿ (5), â ìíîãîòî÷å÷íîì óñëîâèè (6) è ðåøàÿ ñåìåéñòâî ìíîãîòî÷å÷íûõ
çàäà÷ (5), (6), íàõîäèì âòîðîå ïðèáëèæåíèå v(2)(t, x) äëÿ âñåõ (t, x) ∈ Ω. Èç
èíòåãðàëüíîãî ñîîòíîøåíèÿ (7) ïðè v(t, x) = v(2)(t, x) îïðåäåëÿåì u(2)(t, x)
äëÿ âñåõ (t, x) ∈ Ω.

È òàê äàëåå.

k-øàã. Ïîëàãàÿ u(t, x) = u(k−1)(t, x) â ïðàâîé ÷àñòè íàãðóæåííîãî óðàâ-
íåíèÿ (5), â ìíîãîòî÷å÷íîì óñëîâèè (6) è ðåøàÿ ñåìåéñòâî ìíîãîòî÷å÷íûõ
çàäà÷ (5), (6), íàõîäèì k-îå ïðèáëèæåíèå v(k)(t, x) äëÿ âñåõ (t, x) ∈ Ω. Èç
èíòåãðàëüíîãî ñîîòíîøåíèÿ (7) ïðè v(t, x) = v(k)(t, x) îïðåäåëÿåì u(k)(t, x)
äëÿ âñåõ (t, x) ∈ Ω.

k = 1, 2, ... .

Òàêèì îáðàçîì, èòåðàöèîííûé ïðîöåññ ñòðîèòñÿ â ñëåäóþùèì âèäå:

u(0)(t, x) = ψ1(t),

∂v(k)

∂t
= A(t, x)v(k) +

2∑
i=1

Bi(t, x)v
(k)(θi, x) + C(t, x)u(k−1) + f(t, x), (8)
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m∑
j=0

Mj(x)v
(k)(tj , x) = φ(x)−

m∑
j=0

Kj(x)u
(k−1)(tj , x), x ∈ [0, ω], (9)

u(k)(t, x) = ψ1(t) + xψ2(t) +

∫ x

0

∫ ξ

0
v(k)(t, ξ1)dξ1dξ. (10)

k = 1, 2, 3, ... .

4 Óñëîâèÿ ðàçðåøèìîñòè çàäà÷è (5)�(7)

Ðàññìîòðèì ñåìåéñòâî ìíîãîòî÷å÷íûõ çàäà÷ äëÿ íàãðóæåííîãî îáûê-
íîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

∂v

∂t
= A(t, x)v +

2∑
i=1

Bi(t, x)v(θi, x) + F (t, x), (11)

m∑
j=0

Mj(x)v(tj , x) = Φ(x), x ∈ [0, ω], (12)

ãäå ôóíêöèè F (t, x) ∈ C(Ω, R), Φ(x) ∈ C([0, ω], R).

Ôóíêöèÿ v(t, x) ∈ C(Ω, R), èìåþùàÿ ÷àñòíóþ ïðîèçâîäíóþ
∂v(t, x)

∂x
∈

C(Ω, R), íàçûâàåòñÿ ðåøåíèåì çàäà÷è (11), (12), åñëè îíà óäîâëåòâîðÿåò
íàãðóæåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ (11) äëÿ âñåõ (t, x) ∈ Ω,
ìíîãîòî÷å÷íîìó óñëîâèþ (12) äëÿ âñåõ x ∈ [0, ω].

Ââåäåì îáîçíà÷åíèÿ:

a(t, x) =

t∫
0

A(τ, x)dτ,

b1(t, x) = ea(t,x)
t∫

0

e−a(τ,x)B1(τ, x)dτ,

b2(t, x) = ea(t,x)
t∫

0

e−a(τ,x)B2(τ, x)dτ.
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Òåîðåìà 1. Ïóñòü
i) ôóíêöèè A(t, x), Bi(t, x), i = 1, 2, è F (t, x) íåïðåðûâíû íà Ω;
ii) ôóíêöèè Mj(x), j = 0,m, è Φ(x) íåïðåðûâíû íà [0, ω];
iii) ôóíêöèÿ

∆(x) = [1− b1(θ2, x)]b2(θ1, x)− [1− b1(θ1, x)]b2(θ2, x) ̸= 0 äëÿ âñåõ x ∈ [0, ω];
iv) ôóíêöèÿ

Q(x) =
m∑
j=0

Mj(x)e
a(tj ,x) +

m∑
j=1

Mj(x)
{
b1(tj , x)

b2(θ1,x)ea(θ2,x)−b2(θ2,x)ea(θ1,x)

∆(x) +

+b2(tj , x)
[1−b1(θ1,x)]ea(θ2,x)−[1−b1(θ2,x)]ea(θ1,x)

∆(x)

}
̸= 0 äëÿ âñåõ x ∈ [0, ω].

Òîãäà ñåìåéñòâî ìíîãîòî÷å÷íûõ çàäà÷ äëÿ íàãðóæåííîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèÿ (11), (12) èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî Òåîðåìû àíàëîãè÷íî ñõåìå äîêàçàòåëüñòâà Òåîðåìû 1
èç [8] è [11].

Ñëåäóþùåå óòâåðæäåíèå äàåò óñëîâèÿ ñõîäèìîñòè ïîñòðîåííîãî âû-
øå àëãîðèòìà, êîòîðûå îäíîâðåìåííî ÿâëÿþòñÿ óñëîâèÿìè ñóùåñòâîâàíèÿ
åäèíñòâåííîãî ðåøåíèÿ çàäà÷è (5)�(7).

Òåîðåìà 2. Ïóñòü
1) ôóíêöèè A(t, x), Bi(t, x), i = 1, 2, C(t, x) è f(t, x) íåïðåðûâíû íà Ω;
2) ôóíêöèè Mj(x), Kj(x), j = 0,m, è φ(x) íåïðåðûâíû íà [0, ω];
3) ôóíêöèè ψ1(t) è ψ2(t) íåïðåðûâíî äèôôåðåíöèðóåìû íà [0, T ];
4) âûïîëíåíû óñëîâèÿ iii)-iv) Òåîðåìû 1.

Òîãäà ìíîãîòî÷å÷íàÿ çàäà÷à äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ ôóíêöèîíàëüíûì ïàðàìåòðîì è èí-

òåãðàëüíûìè óñëîâèÿìè (5)�(7) èìååò åäèíñòâåííîå ðåøåíèå.

Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ íà îñíîâå âûøåïðèâåäåííîãî àë-
ãîðèòìà ñ ó÷åòîì îäíîçíà÷íîé ðàçðåøèìîñòè ñåìåéñòâà ìíîãîòî÷å÷íûõ
çàäà÷ äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ (11), (12).

5 Îñíîâíîé ðåçóëüòàò

Òåîðåìà 3. Ïóñòü
(a) ôóíêöèè A(t, x), Bi(t, x), i = 1, 2, C(t, x) è f(t, x) íåïðåðûâíû íà Ω;
(b) ôóíêöèè Mj(x), Kj(x), j = 0,m, è φ(x) íåïðåðûâíû íà [0, ω];
(c) ôóíêöèè ψ1(t) è ψ2(t) íåïðåðûâíî äèôôåðåíöèðóåìû íà [0, T ];
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(d) ñïðàâåäëèâû íåðàâåíñòâà iii)-iv) Òåîðåìû 1.

Òîãäà ìíîãîòî÷å÷íàÿ çàäà÷à äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà (1)�(4) èìååò åäèí-

ñòâåííîå êëàññè÷åñêîå ðåøåíèå.
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Àñàíîâà À.Ò., Èìàí÷èåâ À.Å., Êàäèðáàåâà Æ.Ì. �ØIÍØI ÐÅÒÒI
ÄÅÐÁÅÑ ÒÓÛÍÄÛËÛ Æ�ÊÒÅËÃÅÍ ÄÈÔÔÅÐÅÍÖÈÀËÄÛ� ÒÅ�-
ÄÅÓ �ØIÍ Ê�ÏÍ�ÊÒÅËI ÅÑÅÏÒI� ØÅØIËIÌÄIÃI ÒÓÐÀËÛ

�øiíøi ðåòòi äåðáåñ òóûíäûëû æ³êòåëãåí äèôôåðåíöèàëäû© òå­äåó
³øií ê°ïí³êòåëi åñåï ©àðàñòûðûëàäû. �àðàñòûðûëûï îòûð¡àí åñåïòi­
æàë¡ûç êëàññèêàëû© øåøiìiíi­ áàð áîëóû ìºñåëåñi çåðòòåëåäi æºíå îíû­
æóû© øåøiìií ò´ð¡ûçó ºäiñòåði ´ñûíûëàäû. �øiíøi ðåòòi äåðáåñ òóûíäû-
ëû æ³êòåëãåí äèôôåðåíöèàëäû© òå­äåó ³øií ê°ïí³êòåëi åñåïòi­ áiðìºí-
äi øåøiëiìäiëiãiíi­ æåòêiëiêòi øàðòòàðû áàñòàï©û áåðiëiìäåð òåðìèíiíäå
òà¡àéûíäàë¡àí.

Êiëòòiê ñ°çäåð. �øiíøi ðåòòi äåðáåñ òóûíäûëû æ³êòåëãåí äèôôåðåí-
öèàëäû© òå­äåó, ê°ïí³êòåëi åñåï, æ³êòåëãåí æºé äèôôåðåíöèàëäû© òå­-
äåóëåð, øåøiëiìäiëiê, àëãîðèòì.
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Assanova A.T., Imanchiyev A.E., Kadirbayeva Z.M. ON THE
SOLVABILITY OF MULTI-POINT PROBLEM FOR THE LOADED
THIRD ORDER PARTIAL DIFFERENTIAL EQUATION

A multi-point problem for the loaded the third-order partial di�erential
equation is considered. The question of the existence unique classical solution
of the considered problem is investigated and methods for the constructing
its approximate solution are proposed. Su�cient conditions for the unique
solvability of multi-point problem for the loaded third-order partial di�erential
equation are established in the terms of the initial data.

Key words. Loaded third order partial di�erential equation, multi-point
problem, loaded ordinary di�erential equations, solvability, algorithm.
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DP-RANK IN DIFFERENT CLASSES OF THEORIES

B.S. Baizhanov, S. Baizhanov, A. Mukankyzy

Annotation. In the �rst part of the paper there are two notions: theory with dp-rank

ω and theory with dp-rank in�nity. We give the example of ω-stable theory with

dp-rank ω and prove that any theory with dp-rank in�nity is non-superstable. In

the second part, we consider the family of relations of equivalences. We introduce

the notion of family of relations of equivalences of depth n and prove that any

family of relations of equivalences of depth n has dp-rank more or equal to n.

Moreover we give the de�nition and example of uniformly de�nable family of relations

of equivalences of depth ω and prove that such family determines Independent Property.

Keywords. Trees of formulas, dp-rank, independent property, superstable theory,

relation of equivalence.

Introduction

In this article we will give a notion of a family of relations of equivalence
of depth n and consider theories of dp-rank ω and in�nity. We will use the
properties of superstability and independence introduced by S. Shelah [1] and
dp-rank, from P. Simon's article [2].

Definition 1 [1]. A formula φ(x̄, ȳ) has the independence property if for

every n < ω there are sequences āl(l < n) such that for every ω ⊆ n,

|= (∃x̄)[
∧
l<n

φ(x̄, āl)l∈ω].
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T has Independence property (IP property) if some formula φ(x, ȳ) has

independence Property.

Theorem 1 [1]. The following are equivalent.

(1) T is superstable , i.e. stable in every large enough λ (in fact λ ≥ 2|T |).
(2) T is stable in some λ for which λN0 > λ.
(3) R1[x = x, L, (2|T |)++] < |T |+.
(4) For some m < ω, Rm(x̄ = x̄, L,∞) < ∞.

(5) T is stable and D1(x = x, L, |T |++) < |T |+.
(6) T is stable and for some m < ω,Dm(x̄ = x̄, L,∞) < ∞.

From this theorem it follows that, if the countable theory T is superstable,
then in T does not exist ini�nitly branching tree of formulas with one formula
in each level.

Definition 2 [2]. A theory T has dp-rank ≥ n, if there are formulas φ1(x, ȳ),
φ2(x, ȳ), ..., φn(x, ȳ) and mutually indescernible sequences (ā1i )i<ω, (ā

2
i )i<ω, ...,

(āni )i<ω, such that for any function σ : {1, ..., n} → ω the type

{φk(x, ā
k
σ(k)) : k ≤ n} ∪ {¬φk(x, ā

k
i ) : i ̸= σ(k), k ≤ n}

is consistent.

Definition 3. A theory T has dp-rank ω, if for any n < ω T has dp-rank ≥
n.

Proposition 1. There exists an ω-stable theory with dp-rank ω.

Proof. Consider the structure M = ⟨M ; =, P 1
1 , P

1
2 , . . . , P

1
n , . . . , En,j |n < ω,

1 ≤ j ≤ n⟩. The universum M =
∪

n<ω Qn. P 1
n(M) = Qn for any n ≥ 1.

Let (a1, ..., an), (b1, ..., bn) ∈ Qn ⊂ M then for any 1 ≤ j ≤ n

M |= En,j((a1, . . . , an), (b1, . . . , bn)) ⇔ Q |= aj = bj .

Rank Morley at each P 1
n(x) is equal to n. So, rank Morley at x = x is equal

to ω and consequently, theory is ω - stable. �
Definition 4. A theory T has dp-rank in�nity, if there is countable

set of formulas φ1(x, ȳ), φ2(x, ȳ), ... and mutually indescernible sequences

(ā1i )i<ω, (ā
2
i )i<ω, ... such that for any function σ : ω → ω the type

{φk(x, ā
k
σ(k)) : k ≤ ω} ∪ {¬φk(x, ā

k
i ) : i ̸= σ(k), k ≤ ω}

is consistent.
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Theorem 2. If theory T has dp-rank in�nity, then T is non-superstable.

Proof. Let λ be in�nite cardinal. Then there is cardinal µ > λ, such that
µω > µ. Show that T is not µ-stable.

Let M = ⟨M ; Σ⟩ be a model of theory T . Consider a formula x = x, from
the de�nition of dp-rank in�nity, we can divide it into countable number of
de�nable sets by {φ1(x, āi) ∧¬ φ1(x, āj ̸=i)1≤j<ω}1≤i<ω, each of this de�nable
sets can be divided into countable number of de�nable sets by {φ2(x, āi) ∧¬

φ2(x, āj ̸=i)1≤j<ω}1≤i<ω and so on. Where {φi(x, ȳ
i)} are fromulas from the

de�nition of dp-rank.
Now consider an extension of theory T by new constants de�ned as follows:

C = {c̄nδ |length c̄nδ = length ȳn, δ < µ}. It follows from the de�nition that
|
∪

C| = µ. Consider the following set of sentences Γ(C) in the language
Σ(C) = Σ ∪ C:

Γ(C) = {∃x[
∧

1≤j≤k

φnj (x, c̄
nj

δj
) ∧

∧
1≤j≤k;1≤lj≤mj

¬φnj (x, c̄
nj

δj(lj)
)],

mj < ω, k < ω, n1 < . . . < nk < ω, δ1, . . . , δk < µ}.
To prove that T ∪ Γ(C) is consistent set of sentences we can take in quality
of interpretation of c̄nδ elements āj . Consider a model M(C) of theory T (C).
M(C) |= Γ(C), thus M(C) has µω types. If we consider reduction of model
M(C) to the signature Σ:M(C) � Σ we get a model (M) of theory T , whcih has
µω types for su�ciently large µ. T is not µ-stable. For any λ there exists µ > λ,
such that T has µω types over set of cardinality µ, thus T is non-superstable
theory. �
Definition 5. We say, that a model M has a family of de�nable relations of

equivalences F = {E2
i | i ∈ I} of depth ≥ n, if the following holds:

1. There exists a de�nable set such that for any i ∈ I, E2
i (x, y) is de�nable

relation of equivalence that determines a partition of the de�nable set

into in�nite number of classes of equivalence.

2. Any two classess of di�erent equivalence relations have non-empty

intersection.

3. Conjunction of any number of di�erent relations of equivalences less than

n does not generate trivial relation of equivalence.

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 1



DP-rank in di�erent classes ... 39

We say, that a model M has a family of relations of equivalences of depth n,
if it has a family of relations of equivalences of depth ≥ n and does not have

family of relations of equivalences of depth ≥ n+ 1.

We say that a model M has a family of relations of equivalences of depth

ω if (3) holds for any n.

Example 1.We give the example for the family of relations of equivalences of
depth 1 of model M = ⟨R× R; =,+, ·, E2

1 , E
2
2 , E

2
3 , E

2
4⟩, where R = ⟨R; =,+⟩,

M |= E1((a, b), (c, d)) ⇔ R |= a = c,
M |= E2((a, b), (c, d)) ⇔ R |= b = d,
M |= E3((a, b), (c, d)) ⇔ R |= ∃z(a = b+ z) ∧ (c = d+ z),
M |= E4((a, b), (c, d)) ⇔ R |= ∃z(a = −b+ z) ∧ (c = −d+ z)
and conjunction of any 2 relations of equivalences is trivial and each of them
is non-trivial.

Proposition 2. Model of theory with a family of relations of equivalences of

depth ≥ n has dp-rank ≥ n.

Proof. Consider a modelM with a family of relations of equivalences of depth
≥ n. By Ramsey theorem we can build an indescernible sequence {ā1i } such that
for some Ei1(x, y) all elements of this indiscernible sequence lie in the same class
of equivalence. Now using Ramsey theorem again, we can �nd an indiscernible
sequence overM∪{ā1i } such that for some Ei2(x, y), where i2 ̸= i1, all elements
of this indiscernible sequence lie in the same class of equivalence. Continuie this
way we can build ≥ n mutually indiscernible sequences. From the de�nition of
family of relations of equivalences follows that type in de�nition of dp-rank is
consistent. Thus model M has dp-rank ≥ n. �
Definition 6. We say that family of equivalence relations F of depth ω is

uniformly if there is a formula E(x, y, z̄) such that for any i ∈ I there is ᾱi

and Ei(x, y) = E(x, y, ᾱi).

Corollary 1. Model of theory with a family of relations of equivalences of

depth ω is non-super stable.

Theorem 3. Any of theory with uniform family of equivalences of depth ω
has IP property.

Proof. Consider a theory T with a uniform family of equivalences of depth
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ω. Fix some element a and consider E(x, a, α1) it splits our universe into two
sets E(x, a, α1) and

¬E(x, a, α1).

Now consider E(x, a, α2) from the (2) of de�nition it is consistent with
E(x, a, α1). Consider

¬E(x, a, α2) it is all classes by this equivalence relation
except E(x, a, α2). From (2) it follows that for any bj conjunction of equivalence
relations is non-empty |= ∃xE(x, b1, α2) ∧ E(x, a, α1), thus E(x, a, α1) and
¬E(x, a, α2) is consistent.

Now consider ¬E(x, a, α1) it is all classes by this equivalence relation except
E(x, a, α1), from the (2) of de�nition it is consistent with E(x, a, α2). Consider
¬E(x, a, α2) it is all classes by this equivalence relation except E(x, a, α2).
From (2) |= ∃xE(x, b1, α2)∧E(x, b2, α1), thus

¬E(x, a, α1) and
¬E(x, a, α2) is

consistent.

By (3) E(x, a, α1)∧E(x, a, α2) is non-trivial relation of equivalence. It can
be splitted as earlier. Thus we have in�nite 2-branching tree with formula
E(x, a, y) and a constants α1, α2, . . . on each level. It means that T has IP
property. �

In the end of the paper we present natural example of theory T with
at uniformly family of relations of equivalences of depth ω. E. Bouscaren
[4] considered an expansion of a Model M = ⟨M ; Σ⟩ by unary predicate P .
M+ = ⟨M ; Σ+⟩, where Σ+ = Σ ∪ {P 1}. P 1(M+) = A ⊂ M , such that A
is not de�nable in M. She gave an example of expansion with three elements
α1, α2, α3 ∈ M \A, such that tp(αi|A) = tp(αj |A) and tp∗(αi|A) ̸= tp∗(αj |A),
where 1 ≤ i ̸= j ≤ 3, where 1 ≤ i ̸= j ≤ n, where tp∗(α|A) is tp(α|A) in
language Σ+.

Baizhanov-Baldwin-Shelah [5] constructed examples with �nite number of
elements α1, . . . , αn ∈ M \ A, such that tp(αi|A) = tp(αj |A) and tp∗(αi|A) ̸=
tp∗(αj |A).

The following example has in�nite number of elements α1, . . . , αn . . . ∈
M \ A, such that tp(αi|A) = tp(αj |A) and tp∗(αi|A) ̸= tp∗(αj |A), where 1 ≤
i ̸= j ≤ ω.

Example 2. Consider model M = ⟨Nω ∪ N ; =, S1, E3(x, y, z)⟩ where
E3(x, y, z) is de�ned as follows: M |= E3(ā, b̄, n) ⇔ N |= an = bn and
S(M) = Nω. From the de�nition it follows that {E3(x̄, ȳ, n)}n∈ω is a uniformly
family of equivalence relations of depth ω. And theory of this model has IP
property.
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Let A = {(1, 2, 3, 4, ..., n, ...), (2, 3, 4, ...), (3, 4, 5, ...), ..., (n, n + 1, n +
2, ...), ...} = {ā1, ā2, . . . , ān, . . .}. For any n1, n2 ∈ N types tp(n1|A) =
tp(n2|A), i.e. M |=¬ E(āi, āj , n1) and M |=¬ E(āi, āj , n2) for all i, j. Now
consider an expansion P (x̄) such that P (M) = A. In this case tp∗(n1|A) ̸=
tp∗(n2|A), because M |= ∃x̄1∃x̄2...∃x̄n1(

¬E3(x̄i, x̄j , t) ∧ ∀ȳ(E3(x̄i, ȳ, t) →¬

P (ȳ)))∧ (∀z̄((E3(z̄, ȳ, t) →¬ P (ȳ)) → (
∨

i z̄ = x̄i))) denote this formula φn1(t)
then φn1(t) ∈ tp∗(n1|A) and φn1(t) /∈ tp∗(n2|A).

We can see that: tp(α|A) = tp(β|A) and tp∗(α|A) ̸= tp∗(β|A).
There is still an open question: is there exists a model of stable theory

with in�nite number of elements α1, . . . , αn . . . ∈ M \A, such that tp(αi|A) =
tp(αj |A) and tp∗(αi|A) ̸= tp∗(αj |A), where 1 ≤ i ̸= j ≤ ω?
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Áàéæàíîâ Á.Ñ., Áàéæàíîâ Ñ., Ì´©àí©ûçû À. ÒÅÎÐÈßÍÛ� �ÐÒ�ÐËI
ÊËÀÑÒÀÐÛÍÄÀ�Û DP-ÐÀÍÃ

Ìà©àëàíû­ áiðiíøi á°ëiãiíäå åêi ´¡ûì áàð: dp-ðàíãû ω áîëàòûí òåîðèÿ
æºíå dp-ðàíãû øåêñiç áîëàòûí òåîðèÿ. dp-ðàíãû ω � ò³ðà©òû òåîðèÿíû­
ìûñàëûí êåëòiðåìiç æºíå dp-ðàíãû øåêiç áîëàòûí êåç êåëãåí òåîðèÿíû­
ñóïåðò³ðà©òû åìåñ åêåíäiãií äºëåëäåéìiç. Åêiíøi á°ëiãiíäå ïàðà-ïàðëû©
©àòûíàñòàðûíû­ ºóëåòií ©àðàñòûðàìûç. Òåðå­äiãi n áîëàòûí ïàðà-ïàðëû©
©àòûíàñòàðûíû­ ºóëåòi ´¡ûìûí åíãiçåìiç æºíå òåðå­äiãi n áîëàòûí ïàðà-
ïàðëû© ©àòûíàñòàðûíû­ êåç êåëãåí ºóëåòiíi­ dp-ðàíãû n-íåí ³ëêåí íåìåñå
n-ãå òå­ áîëàòûíûí äºëåëäåéìiç. Î¡àí ©îñà, òåðå­äiãi ω áîëàòûí ïàðà-
ïàðëû© ©àòûíàñòàðû áið©àëûïòû àíû©òàëàòûí ºóëåòòi­ àíû©òàìàñûí áå-

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 1



42 B.S. Baizhanov, S. Baizhanov, A. Mukankyzy

ðåìiç æºíå îñûíäàé ºóëåò òºóåëñiçäiê ©àñèåòií àíû©òàéòûíûí äºëåëäåé-
ìiç.

Êiëòòiê ñ°çäåð. Ôîðìóëàëàð à¡àøòàðû, dp-ðàíã, òºóåëñiçäiê ©àñèåòi, ñó-
ïåðò´ðà©òû òåîðèÿ, ïàðà-ïàðëû© ©àòûíàñû.

Áàéæàíîâ Á.Ñ., Áàéæàíîâ Ñ., Ìóêàíêûçû À. DP-ÐÀÍÃ Â ÐÀÇËÈ×-
ÍÛÕ ÊËÀÑÑÀÕ ÒÅÎÐÈÈ

Â ïåðâîé ÷àñòè ñòàòüè ïðèâåäåíû äâà ïîíÿòèÿ: òåîðèÿ ñ dp-ðàíãîì ω
è òåîðèÿ ñ dp-ðàíãîì áåñêîíå÷íîñòü. Äàí ïðèìåð ω � ñòàáèëüíîé òåîðèè ñ
dp-ðàíãîì ω è äîêàçàíî, ÷òî ëþáàÿ òåîðèÿ ñ dp-ðàíãîì áåñêîíå÷íîñòü íå
ñóïåðñòàáèëüíà. Âî âòîðîé ÷àñòè ìû ðàññìàòðèâàåì ñåìåéñòâî îòíîøåíèé
ýêâèâàëåíòíîñòè. Ââåäåíî ïîíÿòèå ñåìåéñòâà îòíîøåíèé ýêâèâàëåíòíîñòè
ãëóáèíû n è äîêàçàíî, ÷òî ëþáîå ñåìåéñòâî îòíîøåíèé ýêâèâàëåíòíîñòè
ãëóáèíû n èìååò dp-ðàíã, áîëüøèé èëè ðàâíûé n. Êðîìå òîãî, ìû äàåì
îïðåäåëåíèå ðàâíîìåðíî îïðåäåëÿåìîãî ñåìåéñòâà îòíîøåíèé ýêâèâàëåíò-
íîñòè ãëóáèíû ω è äîêàçûâàåì, ÷òî òàêîå ñåìåéñòâî îïðåäåëÿåò ñâîéñòâî
íåçàâèñèìîñòè.

Êëþ÷åâûå ñëîâà. Äåðåâüÿ ôîðìóë, dp ðàíã, ñâîéñòâî íåçàâèñèìîñòè,
ñóïåðñòàáèëüíûå òåîðèè, îòíîøåíèå ýêâèâàëåíòíîñòè.
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MAXIMUM PRINCIPLE AND ITS APPLICATION FOR THE

SUB-DIFFUSION EQUATIONS WITH CAPUTO-FABRIZIO

FRACTIONAL DERIVATIVE

M. Borikhanov, B.T. Torebek

Annotation. A weak maximum principle is established for a sub-di�usion equation

involving the Caputo-Fabrizio fractional derivative. As applications, it is used to prove

the uniqueness and the continuous dependence of a solution on the initial data.

Keywords. Sub-di�usion equation, maximum principle, Caputo-Fabrizio derivative,

fractional di�erential equation.

1 Introduction and statement of problem

Let a, α and T be positive real numbers with 0 < α ≤ 1. Let us consider
the following fractional di�usion equation:

ut(x, t) =
∂2

∂x2
D1−α

t u(x, t) + F (x, t) , (x, t) ∈ (0, a)× (0, T ] , (1)

subject to the initial and boundary conditions{
u (x, 0) = φ (x) , x ∈ [0, a] ,
u (0, t) = u (a, t) = 0, 0 ≤ t ≤ T,

(2)

and φ (0) = φ (a) = 0, where the functions F (x, t) , φ (x) are continuous and
Dα

t is a Caputo-Fabrizio fractional derivative (see Section 2).
If α = 1, we have D0

t u = u, then equation (1) coincides with the classical
heat equation

ut(x, t) = uxx(x, t) + F̃ (x, t), (x, t) ∈ (0, a)× (0, T ] .
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The heat equation also describes the di�usion process. So, the equation of
the form (1) with fractional derivatives with respect to the time variable is
called the sub-di�usion equation [1]. This equation describes the slow di�usion.
When α = 1

2 the equation was interpreted by Nigmatullin [2] within a
percolation (pectinate) model. The solution (in an unbounded domain in the
space variable) was investigated by Mainardi [3] and others by means of integral
transformations.

The problem (1)�(2) having a solution implies ut (x, t) exists. Thus for
any 0 < α < 1. D1−α

t u (x, t) exists for t > 0. Hence, a solution u (x, t) of
the problem (1) and (2) in the region [0, a] × [0, T ] is a (classical) solution in
C ([0, a]× [0, T ]) ∩ C2,1 ((0, a)× (0, T ]) .

Maximum principles were given in [4], [5], [6], [7], [8], [9] for the types of
fractional di�usion equations di�erent from (1). For the maximum principles
given in [6] to hold, existence of a classical solution (with existence of a solutions
ut on the closed time interval [0, T ]) is assumed. In [9], the assumption of a
solution with existence of a continuous ut in (0, T ] such that ut ∈ L1 [0, T ] is
made.

2 Some definitions and properties of fractional operators

In this section, we state compile some basic de�nitions and properties of
the Caputo-Fabrizio fractional derivative.

Definition 2.1 [10]. Let 0 < α < 1, and f ∈ H1 (a, b) . The Caputo-Fabrizio

fractional derivative of order α is de�ned by

Dαu (t) =
1

1− α

t∫
a

exp

(
− α

1− α
(t− s)

)
f ′ (s) ds.

Definition 2.2 [11]. Let α ≥ 0 and f be a real function de�ned on [a, b] . The
Caputo-Fabrizio fractional integral of order α is de�ned by

Iαf (t) = (1− α) f (t) + α

t∫
a

f (s)ds, s ≥ a.
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Property 2.1 [11]. Let α ∈ (0, 1) , it holds

IαDαu (t) = u (t)− u (a) .

Lemma 2.1. Let a function f (t) ∈ H1 (0, T ) . Assume that f ′ (t) exists and is

continuous for t ∈ [0;T ] .
a) If f (t) attains its maximum value over [0;T ] at a point t0 ∈ [0, T ], then

for 0 < α < 1

Dαf (t0) ≥
1

1− α
e−

α
1−α

t0 (f (t0)− f (0)) ≥ 0. (3)

b) If f (t) attains its minimum value over [0;T ] at a point t0 ∈ [0, T ], then
for 0 < α < 1

Dαf (t0) ≤
1

1− α
e−

α
1−α

t0 (f (t0)− f (0)) ≤ 0. (4)

Proof. To prove Lemma 2.1, a) we de�ne the auxiliary function

g (t) = f (t0)− f (t) , t ∈ [0, T ] .

Then it follows that g (t) ≥ 0, on [0, T ] , g (t0) = g′ (t0) = 0 and Dαg (t) =
−Dαf (t) . Since g ∈ H1 (0, T ) , then g′ is integrable and integrating by parts
we have

Dαg(t0) =
1

1− α

t0∫
0

g′(τ)e−
α

1−α
(t0−τ)dτ =

=
1

1− α

(
e−

α
1−α

(t0−τ)g(τ)|t00
)
− α

(1− α)2

t0∫
0

g(τ)e−
α

1−α
(t0−τ)dτ =

=
1

1− α

(
g(t0)− e−

α
1−α

t0g(0)
)
− α

(1− α)2

t0∫
0

g(τ)e−
α

1−α
(t0−τ)dτ.

Since g (t) ≥ 0 on [0, T ] , the integral in the last equation is nonnegative,
and thus
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Dαg (t0) ≤
1

1− α

(
g (t0)− e−

α
1−α

t0g (0)
)
= − 1

1− α
e−

α
1−α

t0g (0)

= − 1

1− α
e−

α
1−α

t0 (f (t0)− f (0)) .

The last inequality yields

−Dα
0 f [t0] ≤ − 1

1− α
e−

α
1−α

t0 (f (t0)− f (0)) ,

which proves the result.
By applying a similar argument to −f (t), we obtain Lemma 2.1 b).

3 Main results

Theorem 3.1. If u (x, t) satis�es (1), u (x, 0) = φ (x) ≥ 0, u (0, t) = 0 =
u (a, t) , and F (x, t) ≥ 0 for (x, t) ∈ (0, a) × (0, T ] , then u (x, t) ≥ 0 for

(x, t) ∈ [0, a]× [0, T ] .

Proof. For any ε > 0, let

v (x, t) = u (x, t) + εt.

Then vt = ut + ε, v (0, t) = v (a, t) = εt > 0 for t > 0 and v (x, 0) = φ (x) for
x ∈ [0, a] . Since

D1−α
t εt =

1

α

t∫
0

e−
1−α
α

(t−s)εds =
ε

1− α

[
1− e−

1−α
α

t
]
,

D1−α
t v (x, t) = D1−α

t u (x, t) +D1−α
t εt =

= D1−α
t u (x, t) +

ε

1− α

[
1− e

α−1
α

t
]
,

we get
∂2

∂x2
D1−α

t v (x, t) =
∂2

∂x2
D1−α

t u (x, t) .
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Hence, v (x, t) satis�es the problem vt =
∂2

∂x2D
1−α
t v (x, t) + F (x, t) + ε,

v (x, 0) = φ (x) ≥ 0, x ∈ [0, a] ,
v (0, t) = v (a, t) = εt ≥ 0, t ≥ 0.

Suppose that there exits some (x, t) ∈ [0, a]× [0, T ] such that v (x, t) < 0.
Since

v (x, t) ≥ 0, (x, t) ∈ {0, a} × [0, T ]
∪

[0, a]× {0},

there is (x0, t0) ∈ (0, a)× (0, T ] such that v (x0, t0) is the negative minimum of
v over [0, a]× [0, T ] . It follows from Lemma 2.1 b) that

D1−α
t v (x0, t0) ≤

e−
1−α
α

t0

α
(v (x0, t0)− v (x0, 0)) =

=
e−

1−α
α

t0

α
(v (x0, t0)− φ (x0)) ≤

e−
1−α
α

t0

α
v (x0, t0) < 0. (5)

Let w (x, t) = D1−α
t v (x, t). Since v (x, t) is bounded in [0, a] × [0, T ] , we

have

D1−α
t v (x, t) =

1

α

t∫
0

v′ (x, τ)e−
1−α
α

(t−τ)dτ → 0 as t → 0. (6)

From Property 2.1 we have that

∂

∂t
I1−α
t D1−α

t v (x, t) =
∂

∂t
v (x, t) .

It follows from De�nition 2.2

I1−α
t w (x, t) = α · w (x, t) + (1− α)

t∫
a

w (x, s) ds.

Then, we get for any t > 0

∂

∂t
I1−α
t w (x, t) = α · wt (x, t) + (1− α)w (x, t) .
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It follows from a direct computation that

D1−α
t u (x, t) =

1

1− α

[
u (x, t)− e−

1−α
α

tφ (x)
]
−

− 1

(1− α)2

t∫
0

e−
1−α
α

(t−τ)u (x, τ) dτ, t > 0. (7)

As t → 0+, therefore, D1−α
t u (x, t) → 0. Hence, we obtain

w (x, t) = D1−α
t v (x, t) = D1−α

t u (x, t) +
ε

1− α

[
1− e−

1−α
α

t
]
= 0 as t → 0+.

Furthermore, it follows from the boundary condition of v (x, t) that

D1−α
t v (0, t) = D1−α

t v (a, t) =
ε

1− α

[
1− e−

1−α
α

t
]
≥ 0 for t ≥ 0.

Therefore, w (x, t) satis�es the problem
αwt (x, t) + (1− α)w (x, t) = wxx (x, t) + F (x, t) ,
w (0, t) = w (a, t) ≥ 0, 0 ≤ t ≤ T,
w (x, 0) = 0, x ∈ [0, a] .

By using the maximum principle for the parabolic equation from [12] we
have w (x, t) ≥ 0 in [0, a] × [0, T ]. This contradiction shows that v (x, t) ≥ 0
on [0, a] × [0, T ], and this implies that u (x, t) ≥ −εt on [0, a] × [0, T ] for any
ε > 0. Since ε is arbitrary, we have u (x, t) ≥ 0 on [0, a]× [0, T ] .

Theorem 3.2. If u (x, t) satis�es (1), u (x, 0) = φ (x) ≤ 0, u (0, t) = 0 =
u (a, t) and F (x, t) ≤ 0 for (x, t) ∈ (0, a)× (0, T ] , then u (x, t) ≤ 0 for (x, t) ∈
[0, a]× [0, T ] .

Theorem 3.3. Suppose u (x, t) satis�es (1), u (x, 0) = φ (x) on [0, a], u (0, t) =
ξ1, and u (a, t) = ξ2, where ξ1 and ξ2 are given real numbers. If F (x, t) ≥ 0 for

(x, t) ∈ [0, a]× [0, T ] , then

u (x, t) ≥ min
x∈[0,a]

{ξ1, ξ2, φ (x)} for (x, t) ∈ [0, a]× [0, T ] .
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Proof. Let m = min
[0,a]

{ξ1, ξ2, φ (x)} and ũ (x, t) = u (x, t)−m. Then,

ũ (0, t) = ξ1 −m ≥ 0, ũ (a, t) = ξ2 −m ≥ 0, t ∈ [0, T ] ,

and
ũ (x, 0) = φ (x)−m ≥ 0, x ∈ [0, a] .

Since
∂

∂t
ũ =

∂

∂t
u,

∂2

∂x2
D1−α

t ũ (x, t) =
∂2

∂x2
D1−α

t u (x, t) ,

it follows that ũ (x, t) satis�es (1). Thus, it follows from an argument similar
to the proof of Theorem 3.1 that ũ (x, t) ≥ 0 on [0, a]× [0, T ] . That is,

u (x, t) ≥ min
[0,a]

{ξ1, ξ2, φ (x)} for (x, t) ∈ [0, a]× [0, T ] .

By using ũ (x, t) = −u (x, t) , a proof similar to that Theorem 3.3 gives the
following result.

Theorem 3.4. Suppose u (x, t) satis�es (1), u (x, 0) = φ (x) on [0, a], u (0, t) =
ξ1, and u (a, t) = ξ2, where ξ1 and ξ2 are given real numbers. If F (x, t) ≤ 0 for

(x, t) ∈ [0, a]× [0, T ] , then

u (x, t) ≤ max
[0,a]

{ξ1, ξ2, φ (x)}

for (x, t) ∈ [0, a]× [0, T ] .
Theorems 3.3 and 3.4 are similar to the weak maximum principle for the

heat equation. Similar to the classical case, the fractional version of the weak
maximum principle can be used to prove the uniqueness of a solution.

Theorem 3.5. The problem (1)�(2) has at most one solution.

Proof. Let u1 (x, t) and u2 (x, t) be two solutions of the problem (1)�(2).
Then,

∂

∂t
(u1 (x, t)− u2 (x, t)) =

∂2

∂x2
D1−α

t (u1 (x, t)− u2 (x, t))

with zero initial condition and zero boundary conditions for u1 (x, t)−u2 (x, t).
It follows from Theorems 3.3 and 3.4 that

u1 (x, t)− u2 (x, t) = 0, (x, t) ∈ [0, a]× [0, T ] .
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We have a contradiction. The result then follows.
Theorems 3.3 and 3.4 can be used to show that a solution u (x, t) of the

problem (1)�(2) depends continuously on the initial data φ (x) .

Theorem 3.6. Suppose u (x, t) and ũ (x, t) are the solutions of the problem

(1)�(2) corresponding to the initial data φ (x) and φ̃ (x) respectively. If

max
[0,a]

{|φ (x)− φ̃ (x)|} ≤ δ,

then

|u (x, t)− ũ (x, t)| ≤ δ.

Proof. The function v (x, t) = u (x, t)− ũ (x, t) satis�es the problem

∂

∂t
v (x, t) =

∂2

∂x2
D1−α

t v (x, t)

with initial condition v (x, 0) = φ (x) − φ̃ (x) and boundary conditions. It
follows from Theorems 3.3 and 3.4 that

|v (x, t)| ≤ max
[0,a]

{|φ (x)− φ̃ (x)|}.

The result then follows.
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Á°ðiõàíîâ Ì., Ò°ðåáåê Á.Ò. ÌÀÊÑÈÌÓÌ �À�ÈÄÀÑÛ Æ�ÍÅ
ÎÍÛ� ÊÀÏÓÒÎ-ÔÀÁÐÈÖÈÎ Á�ËØÅÊ ÐÅÒÒI ÒÓÛÍÄÛÑÛ ÁÀÐ
ÑÓÁÄÈÔÔÓÇÈß ÒÅ�ÄÅÓIÍÅ �ÎËÄÀÍÛËÓÛ

Êàïóòî-Ôàáðèöèî á°ëøåê ðåòòi òóûíäûñûí ©àìòû¡àí ñóáäèôôóçèÿ
òå­äåói ³øií ºëñiç ìàêñèìóì ©à¡èäàñû òà¡àéûíäàë¡àí. Ìàêñèìóì ©à¡è-
äàñûíû­ ©îëäàíûñòàðû ðåòiíäå îë øåøiìíi­ æàë¡ûçäû¡û æºíå áàñòàï©û
áåðiëiìäåðäåí ³çiëiññiç òºóåëäi áîëàòûíäû¡ûí äºëåëäåóãå ïàéäàëàíûëàäû.

Êiëòòiê ñ°çäåð. Ñóáäèôôóçèÿ òå­äåói, ìàêñèìóì ©à¡èäàñû, Êàïóòî-
Ôàáðèöèî òóûíäûñû, á°ëøåê ðåòòi äèôôåðåíöèàëäû© òå­äåó.

Áîðèõàíîâ Ì., Òîðåáåê Á.Ò. ÏÐÈÍÖÈÏ ÌÀÊÑÈÌÓÌÀ È ÅÃÎ ÏÐÈ-
ÌÅÍÅÍÈÅ ÄËß ÓÐÀÂÍÅÍÈÉ ÑÓÁÄÈÔÔÓÇÈÈ Ñ ÄÐÎÁÍÎÉ ÏÐÎÈÇ-
ÂÎÄÍÎÉ ÊÀÏÓÒÎ-ÔÀÁÐÈÖÈÎ

Óñòàíîâëåí ñëàáûé ïðèíöèï ìàêñèìóìà äëÿ óðàâíåíèÿ ñóáäèôôóçèè,
âêëþ÷àþùåãî äðîáíóþ ïðîèçâîäíóþ Êàïóòî-Ôàáðèöèî. Â êà÷åñòâå ïðèëî-
æåíèé ïðèíöèï ìàêñèìóìà èñïîëüçóåòñÿ äëÿ äîêàçàòåëüñòâà åäèíñòâåííî-
ñòè è íåïðåðûâíîé çàâèñèìîñòè ðåøåíèÿ îò íà÷àëüíûõ äàííûõ.

Êëþ÷åâûå ñëîâà. Óðàâíåíèå ñóáäèôôóçèè, ïðèíöèï ìàêñèìóìà, ïðî-
èçâîäíàÿ Êàïóòî-Ôàáðèöèî, äèôôåðåíöèàëüíîå óðàâíåíèå äðîáíîãî ïî-
ðÿäêà.
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ON AN INITIAL-BOUNDARY VALUE PROBLEM FOR THE

WAVE POTENTIAL IN A DOMAIN WITH A CURVILINEAR

BOUNDARY

B.O. Derbissaly, M.A. Sadybekov

Annotation. We study one-dimensional volume wave potential in a domain with

curvilinear boundaries. As a kernel of the wave potential we have chosen the

fundamental solution of the Cauchy problem. It is well-known that in this case the

volume wave potential satis�es one-dimensional Cauchy initial conditions. We have

constructed boundary conditions to which the wave potential satis�es at lateral

boundaries of the domain. It is shown that the formulated initial-boundary value

problem has the unique classical solution.

Keywords. Wave equation, initial-boundary value problem, equation hyperbolic type,

boundary condition, wave potential

1 Introduction

Volume potentials for partial equations due to their theoretical and applied
signi�cance are one of important notions of the modern theory of di�erential
equations. Key stages of this theory are the researches held by Newton for
elliptic potentials, where a practical signi�cance of the problem was also shown
alongside with fundamental researches of a whole row of essential questions of
this theory. Di�erent applications of the volume potential in electrostatics,
heat-conductivity, elasticity, di�usion and other �elds of the science are well-
known and were of interest to such scientists as Laplace, Gauss, Poisson, Green,
Beltrami, Kirchho�, lord Kelvin, Hobson, Lyapunov, Sobolev, Bitsadze and
others, who made a great contribution to the development of this theory during
several centuries.
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The volume elliptic potential is widely used in solving classical problems
of Dirichlet, Neumann and other boundary value problems for domains of
an arbitrary form. But, at the same time, boundary conditions and spectral
problems of the volume potential have not been researched till recent time.
That is, despite the deep research of the general theory of the volume potential,
till the recent time the Newton volume potential

uNP (x) =

∫
Ω

ε(x− y)f(y)dy

has not been considered as an independent operator being a solution of some
boundary value problem.

The works of T.Sh. Kal'menov, his disciples and followers [1]�[9] laid the
foundations of the theory of boundary value problems for di�erent kinds of the
volume potentials. And in the world literature such scientists as Engquist B.
and Majda A. [10], Givoli D. [11]�[13], Li J.R., Greengard L. [14], Hagstrom
T. [15], Tsynkov S.V. [16], Saito N. [17], Wu X. and Zhang J. [18] also used
analogous research results for solving various problems of the mathematical
physics and numerical calculations.

New non-local boundary conditions which uniquely de�ne the Newton
volume potential, have the form

u(x)

2
−

∫
∂Ω

(
∂ε(x− y)

∂ny
u(y)− ε(x− y)

∂u(y)

∂ny

)
dSy = 0, x ∈ ∂Ω.

In particular in the papers [1], [2], by using a new non-local boundary value
problem, which is equivalent to the Newton potential, the authors founded
explicitly all eigenvalues and eigenfunctions of the Newton potential in the
2-disk and the 3-ball.

The aim of this paper is to give an analogy of the boundary value problem
for the wave potential. Unlike elliptic and parabolic cases, where the obtained
boundary conditions for corresponding volume potentials are non-local , for the
wave potential we get a local initial boundary value condition. Note that the
case of the volume wave potential in the domain with rectilinear boundaries
was considered in [6].
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2 Formulation of problem

We consider the following wave potential

u(x, t) =

∫∫
Ω

ε(x− ξ, t− τ)f(ξ, τ)dξdτ, (1)

where ε(x, t) = 1
2θ(t − |x|) is a fundamental solution of Cauchy problem for

the wave equation:

∂2u(x, t)

∂t2
− ∂2u(x, t)

∂x2
= f(x, t), (x, t) ∈ Ω, (2)

with the initial conditions

u(x, 0) = ut(x, 0) = 0, 0 < x < 1. (3)

Here Ω ⊂ R2 is a �nite domain bounded at the sides by the curves x = α(t)
and x = β(t), and bounded above and below by the segments t = 0, 0 < x < 1
and t = T , x0 < x < x1. Here T > 0, α(0) = 0, β(0) = 1, α(T ) = x0,
β(T ) = x1, α(t) < β(t). Additionally assume that

|α′(t)| < 1, |β′(t)| < 1. (4)

It is known that for T > 1/2 the solution of the wave equation (2) in Ω
is restored under the initial conditions (3) not uniquely. For the uniqueness it
is necessary to use boundary conditions. We set a task to construct boundary
conditions under which (together with the initial conditions (3)) the solution of
Eq. (2) in Ω will be uniquely de�ned in the form (1). In the case when α(t) ≡ 0
and β(t) ≡ 1, this problem was considered in [6].

3 Construction of boundary conditions

By Ωx,t we denote a part of Ω: Ωx,t = {(ξ, τ) ∈ Ω : |x− ξ| < t− τ |}. Then
the volume potential (1) can be written in the form

u(x, t) =
1

2

∫∫
Ωx,t

f(ξ, τ)dξdτ. (5)
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Evidently that for any f(x, t) ∈ C1(Ω) the volume potential (5) gives
a classical solution of the inhomogeneous wave equation (2) from the class
u(x, t) ∈ C2(Ω). Our task is to construct homogeneous boundary conditions
to which the volume potential (5) satis�es for all f(x, t).

We consider separately various cases of placing Ωx,t inside Ω.

3.1 Case I

Firstly we consider a case when 0 ≤ x − t < x + t ≤ 1. In this case the
domain Ωx,t nowhere touches the side boundaries Ω (see Fig. 1).

Figure 1 � the domain Ωx,t in the case I

Therefore there is no need to construct the boundary conditions for the
wave potential. By direct calculation it is easy to see that the volume potential
(5) satis�es the homogeneous initial conditions (3).

3.2 Case II

Now let x = α(t) and t+α(t) ≤ 1. By virtue of the condition (4) it is easy to
see that t+α(t) > 0 in Ω. In this case the domain Ωx,t coincides with curvilinear
triangle, in the foundation of which there lays a segment 0 < ξ < t+α(t) of the
axis τ = 0. The left-hand side of the triangle is a curvilinear segment ξ = α(τ)
for 0 < τ < t. The right-hand side of the triangle is a segment of the straight
line ξ = t+ α(t)− τ for 0 < τ < t (see Fig. 2).

Hereinafter we will use the Green's theorem [19]: Let C be a positively

oriented, piecewise smooth, simple closed curve in a plane, and let D be a

domain bounded by C. If L and M are functions of (ξ, τ) de�ned on an open
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Figure 2 � the domain Ωx,t in the case II

domain containing D and have continuous partial derivatives there, then∮
C

(Ldξ +M dτ) =

∫∫
D

(
∂M

∂ξ
− ∂L

∂τ

)
dξ dτ,

where the left-hand side is a line integral and the right-hand side is a surface

integral, and the path of integration along C is anticlockwise.

Applying Green's theorem, we get the following chain of equalities:

u (α(t), t) =
1

2

∫∫
Ωα(t),t

f(ξ, τ)dξdτ =
1

2

∫∫
Ωα(t),t

(
∂2u(ξ, τ)

∂τ2
− ∂2u(ξ, τ)

∂ξ2

)
dξdτ =

= −1

2

∮
∂Ωα(t),t

(
∂u(ξ, τ)

∂τ
dξ +

∂u(ξ, τ)

∂ξ
dτ

)
.

Calculating the obtained line integrals, taking into account the initial
conditions (3), we have

u (α(t), t) =
1

2

t∫
0

[
∂u

∂τ
(α(τ), τ)α′(τ) +

∂u

∂ξ
(α(τ), τ)

]
dξ +

1

2
u (α(t), t) .
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Hence

u (α(t), t) =

t∫
0

[
∂u

∂τ
(α(τ), τ)α′(τ) +

∂u

∂ξ
(α(τ), τ)

]
dτ. (6)

Di�erentiating (6), we obtain[
∂u

∂x
(α(t), t)− ∂u

∂t
(α(t), t)

] [
1− α′(t)

]
= 0.

Therefore, taking into account the conditions (4), we will have the boundary
condition on a part of the left boundary(

∂u

∂x
− ∂u

∂t

)
(α(t), t) = 0, at t+ α(t) ≤ 1. (7)

3.3 Case III

Consider a case when x = β(t) and β(t)− t ≥ 0. By virtue of the condition
(4) it is easy to see that β(t) − t < 1 in Ω. In this case the domain Ωx,t

coincides with curvilinear triangle, in the foundation of which there lays a
segment β(t)− t < ξ < 1 of the axis τ = 0. The right-hand side of the triangle
is a curvilinear segment ξ = β(τ) for 0 < τ < t. And the left-hand side of the
triangle is a segment of the straight line ξ = τ − t + β(t) for 0 < τ < t (see
Fig. 3).

Figure 3 � the domain Ωx,t in the case III
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Analogously, as in Sec. 3.2, applying the Green's theorem, we obtain the
boundary condition on a part of the right boundary

(
∂u

∂x
+

∂u

∂t

)
(β(t), t) = 0, at β(t)− t ≥ 0. (8)

3.4 Case IV

To consider this case is necessary if the domain Ω contains such points (x, t),
for which t + α(t) > 1 or β(t) − t < 0. Consider the domain Ωx,t being the
curvilinear pentagon, in the foundation of which there lays a segment 0 < ξ < 1
of the axis τ = 0. The left-hand side of the pentagon is a curvilinear segment
ξ = α(τ), and the right-hand side is a curvilinear segment ξ = β(τ). The
pentagon is bounded above by the segments of the straight line τ − ξ = t− x
and τ + ξ = t+ x (see Fig. 4).

Figure 4 � the domain Ωx,t in the case IV

We apply the Green's theorem for the volume wave potential

u (x, t) =
1

2

∫∫
Ωx,t

f(ξ, τ)dξdτ =
1

2

∫∫
Ωx,t

(
∂2u(ξ, τ)

∂τ2
− ∂2u(ξ, τ)

∂ξ2

)
dξdτ.
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Then we obtain the identity

u (α(τ0), τ0) + u (β(τ1), τ1)−
τ0∫
0

[
∂u

∂τ
(α(τ), τ)α′(τ) +

∂u

∂ξ
(α(τ), τ)

]
dτ+

+

τ1∫
0

[
∂u

∂τ
(β(τ), τ)β′(τ) +

∂u

∂ξ
(β(τ), τ)

]
dτ = 0,

(9)

where (α(τ0), τ0) is a point of crossing of the boundary curve ξ = α(τ) and of
the characteristics ξ = τ−t+x; (β(τ1), τ1) is a point of crossing of the boundary
curve ξ = β(τ) and of the characteristics ξ = t+ x− τ . The existence of such
points is provided by the ful�llment of the condition (4).

In (9) equating �rstly x = α(t), and then x = β(t), we get two identities

u (α(t), t)+u (β(τ1(t)), τ1(t))−
t∫

0

[
∂u

∂τ
(α(τ), τ)α′(τ)+

∂u

∂ξ
(α(τ), τ)

]
dτ+

+

τ1(t)∫
0

[
∂u

∂τ
(β(τ), τ)β′(τ) +

∂u

∂ξ
(β(τ), τ)

]
dτ = 0,

(10)

u (α(τ0(t)), τ0(t))+u (β(t), t)−
τ0(t)∫
0

[
∂u

∂τ
(α(τ), τ)α′(τ)+

∂u

∂ξ
(α(τ), τ)

]
dτ+

+

t∫
0

[
∂u

∂τ
(β(τ), τ)β′(τ) +

∂u

∂ξ
(β(τ), τ)

]
dτ = 0,

(11)

where (α(τ0(t)), τ0(t)) is a point of crossing of the boundary curve ξ = α(τ)
and of the characteristics ξ = τ− t+β(t); (β(τ1(t)), τ1(t)) is a point of crossing
of the boundary curve ξ = β(τ) and of the characteristics ξ = t+ α(t)− τ .

By direct calculation, taking into account the conditions (4), it is easy to
see that

τ ′0(t) =
1− β′(t)

1− α′(τ0(t))
and τ ′1(t) =

1 + α′(t)

1 + β′(τ1(t))
. (12)
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After di�erentiating equations (10) and (11) with respect to the variable t,
using (12) we obtain(

∂u

∂x
− ∂u

∂t

)
(α(t), t) =

1 + α′(t)

1− α′(t)

(
∂u

∂x
+

∂u

∂t

)
(β(τ1(t)), τ1(t)), (13)

(
∂u

∂x
+

∂u

∂t

)
(β(t), t) =

1− β′(t)

1 + β′(t)

(
∂u

∂x
− ∂u

∂t

)
(α(τ0(t)), τ0(t)) . (14)

The identity (13) holds for t + α(t) > 1, and the identity (14) holds for
β(t)− t < 0.

Both obtained identities connect with each other traces of variables on the
left-hand and right-hand boundaries of the domain. Herewith, since t > τ1(t)
and t > τ0(t), then the points in which values are taken in the left-hand parts
of this identities, are "above" than the points, in which values are taken in the
right-hand parts of the identities. Therefore, taking into account the boundary
conditions (7) and (8) calculated in Case II and Case III, from (13) and (14)
we get the proof of the following lemma.

Lemma 1. The volume wave potential (1) satis�es the wave equation (2), the
homogeneous initial conditions (3), the boundary condition on the left-hand

boundary of the domain(
∂u

∂x
− ∂u

∂t

)
(α(t), t) = 0, at 0 ≤ t ≤ T, (15)

and the boundary condition on the right-hand boundary of the domain(
∂u

∂x
+

∂u

∂t

)
(β(t), t) = 0, at 0 ≤ t ≤ T. (16)

Corollary 1. The volume wave potential (1) is the solution of the initial-

boundary value problem (2), (3), (15), (16).

4 Uniqueness of solution of problem (2), (3), (15), (16)

The constructed in Section 3 boundary conditions (15), (16) will uniquely
de�ne the volume wave potential (1), if the initial-boundary value problem (2),
(3), (15), (16) has no other solutions except (1).
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Lemma 2. The solution of the initial-boundary value problem (2), (3), (15),
(16) is unique.

Proof. As usual, by u1(x, t) and u2(x, t) we denote two solutions of the initial-
boundary value problem (2), (3), (15), (16). Then their di�erence u(x, t) =
u1(x, t)− u2(x, t) satis�es the homogeneous wave equation

∂2u(x, t)

∂t2
− ∂2u(x, t)

∂x2
= 0, (x, t) ∈ Ω, (17)

the homogeneous initial conditions (3) and the homogeneous boundary
conditions (15), (16).

Generally speaking, the proof must be held separately for cases Case II�
Case III, as in Section 3. Here we consider only Case III. The rest cases are
considered analogously.

We apply the Green's theorem to the integral

0 =

∫∫
Ωx,t

(
∂2u(ξ, τ)

∂τ2
− ∂2u(ξ, τ)

∂ξ2

)
dξdτ.

Then we obtain the identity

u (α(τ0), τ0) + u (β(τ1), τ1)−
τ0∫
0

[
∂u

∂τ
(α(τ), τ)α′(τ) +

∂u

∂ξ
(α(τ), τ)

]
dτ+

+

τ1∫
0

[
∂u

∂τ
(β(τ), τ)β′(τ) +

∂u

∂ξ
(β(τ), τ)

]
dτ − 2u(x, t) = 0,

(18)

where (α(τ0), τ0) and (β(τ1), τ1) are de�ned in (9).
In (18) equating �rstly x = α(t), and then x = β(t), we get two identities.

After di�erentiating these identities with respect to the variable t, we obtain

(ux − ut) (α(t), t)(α
′(t)− 1) + (ux + ut) (β(τ1(t)), τ1(t))(α

′(t) + 1) =

= 2
d

dt
u(α(t), t),

(19)

(ux + ut) (β(t), t)(1 + β′(t)− (ux − ut) (α(τ0(t)), τ0(t)) (1− β′(t) =

= 2
d

dt
u(β(t), t)).

(20)

Ìàòåìàòè÷åñêèé æóðíàë. � 2018. � Ò. 18, � 1



On an initial-boundary value problem for the wave potential ... 63

Taking into account the homogeneous boundary conditions (15), (16), from
(19), (20) we obtain that u(α(t), t) = Const and u(β(t), t) = Const for all
values 0 ≤ t ≤ T . Taking into account the homogeneous initial conditions (3),
from here we �nd

u(α(t), t) = u(β(t), t) = 0, at 0 ≤ t ≤ T. (21)

Thus, the function u(x, t) satis�es the homogeneous wave equation (17), the
homogeneous initial conditions (3) and the homogeneous boundary conditions
(21), that is, it is the solution of the homogeneous �rst initial-boundary value
problem. By virtue of the uniqueness of its solution we have u(x, t) ≡ 0 at
(x, t) ∈ Ω. Consequently, u1(x, t) ≡ u2(x, t). The Lemma is proved.

5 Formulation of main result

Definition 1. By the classical solution of the initial-boundary value problem

(2), (3), (15), (16) we will call a function u(x, t) from the class u(x, t) ∈ C2
(
Ω
)

satisfying Eq. (2) and the conditions (3), (15), (16).

Combining the results of Lemma1 and Lemma 2, we get the main result of
the paper.

Theorem 1. Let f(x, t) ∈ C1
(
Ω
)
. The volume wave potential (1) satis�es

the wave equation (2), the homogeneous initial conditions (3), the boundary

condition (15) on the left-hand boundary of the domain and the boundary

condition (16) on the right-hand boundary of the domain.

Inversely, for any f(x, t) ∈ C1
(
Ω
)
the initial-boundary value problem (2), (3),

(15), (16) has the unique classical solution u(x, t) ∈ C2
(
Ω
)
and this solution

is represented in the form of the wave potential (1).

Corollary 2. The boundary conditions (15), (16) together with the initial

conditions (3) uniquely de�ne the volume wave potential (1), that is, they are

the boundary conditions of the wave potential (1).
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Äåðáèñàëû Á.Î., Ñàäûáåêîâ Ì.À.ØÅÊÀÐÀÑÛ�ÈÑÛ�ÑÛÇÛ�ÁÎ-
ËÀÒÛÍÎÁËÛÑÒÀ ÒÎË�ÛÍÄÛ�ÏÎÒÅÍÖÈÀË �ØIÍ ÁÀÑÒÀÏ�Û-
ØÅÒÒIÊ ÅÑÅÏ

Á´ë æ´ìûñòà áiç áið °ëøåìäi ê°ëåìäiê òîë©ûíäû© ïîòåíöèàëäû øå-
êàðàëàðû ©èñû© ñûçû©òàð áîëàòûí îáëûñòà ©àðàñòûðäû©. Òîë©ûíäû©
ïîòåíöèàëäû­ °çåãi ðåòiíäå Êîøè åñåáiíi­ iðãåëi øåøiìi àëûíäû. Á´ë
æà¡äàéäà ê°ëåìäi òîë©ûíäû© ïîòåíöèàë áiðòåêòi áàñòàï©û Êîøè øàð-
òûí ©àíà¡àòòàíäûðàòûíû æà©ñû áåëãiëi. Áiç òîë©ûíäû© ïîòåíöèàëäû­
îáëûñòû­ á³éið øåêàðàëàðûíäà ©àíà¡àòòàíäûðàòûí øåòòiê øàðòòàðûí
ò³ð¡ûçäû©. Ò³æûðûìäàë¡àí áàñòàï©û-øåòòiê åñåïòi­ æàë¡ûç êëàññèêà-
ëû© øåøiìi áîëàòûíû ê°ðñåòiëäi.

Êiëòòiê ñ°çäåð. Òîë©ûíäû© òå­äåó, áàñòàï©û-øåòòiê åñåï, ãèïåðáîëà-
ëû© òåêòåñ òå­äåó, øåêàðàëû© øàðò, òîë©ûíäû© ïîòåíöèàë.

Äåðáèñàëû Á.Î., Ñàäûáåêîâ Ì.À. ÍÀ×ÀËÜÍÎ-ÊÐÀÅÂÀß ÇÀÄÀ×À
ÄËß ÂÎËÍÎÂÎÃÎ ÏÎÒÅÍÖÈÀËÀ Â ÎÁËÀÑÒÈ Ñ ÊÐÈÂÎËÈÍÅÉ-
ÍÎÉ ÃÐÀÍÈÖÅÉ

Â ðàáîòå ìû ðàññìàòðèâàåì îäíîìåðíûé îáúåìíûé âîëíîâîé ïîòåíöè-
àë â îáëàñòè ñ êðèâîëèíåéíûìè ãðàíèöàìè. Â êà÷åñòâå ÿäðà âîëíîâîãî
ïîòåíöèàëà âûáðàíî ôóíäàìåíòàëüíîå ðåøåíèå çàäà÷è Êîøè. Õîðîøî èç-
âåñòíî, ÷òî â ýòîì ñëó÷àå îáúåìíûé âîëíîâîé ïîòåíöèàë óäîâëåòâîðÿåò
îäíîðîäíûì íà÷àëüíûì óñëîâèÿì Êîøè. Ìû ïîñòðîèëè êðàåâûå óñëîâèÿ,
êîòîðûì óäîâëåòâîðÿåò âîëíîâîé ïîòåíöèàë íà áîêîâûõ ãðàíèöàõ îáëàñòè.
Ïîêàçàíî, ÷òî ñôîðìóëèðîâàííàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à èìååò åäèí-
ñòâåííîå êëàññè÷åñêîå ðåøåíèå.

Êëþ÷åâûå ñëîâà. Âîëíîâîå óðàâíåíèå, íà÷àëüíî-êðàåâàÿ çàäà÷à, óðàâ-
íåíèå ãèïåðáîëè÷åñêîãî òèïà, ãðàíè÷íîå óñëîâèå, âîëíîâîé ïîòåíöèàë.
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ÎÁ ÎÄÍÎÌ ÀËÃÎÐÈÒÌÅ ÐÅØÅÍÈß ÊÐÀÅÂÎÉ
ÇÀÄÀ×È ÄËß ÊÂÀÇÈËÈÍÅÉÍÎÃÎ

ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß
ÔÐÅÄÃÎËÜÌÀ

Ä.Ñ. Äæóìàáàåâ, Í.Ä. Ñèñåêåíîâ

Àííîòàöèÿ. Äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ êâàçèëèíåéíîãî èíòåãðî-

äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ðåøàåòñÿ ìåòîäîì ïîñëåäîâàòåëüíûõ

ïðèáëèæåíèé.

Êëþ÷åâûå ñëîâà. Èíòåãðî-äèôôåðåíöèàëüíûå óðàâíåíèÿ Ôðåäãîëüìà, ìåòîä ïà-

ðàìåòðèçàöèè, ìåòîä Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà, êóáè÷åñêèé ñïëàéí.

1 Ââåäåíèå

Êðàåâûå çàäà÷è äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Ôðåäãîëü-
ìà ðàçëè÷íûìè ìåòîäàìè èññëåäîâàíû â ðàáîòàõ ìíîãèõ àâòîðîâ [1]�[8].

Â íàñòîÿùåé ñòàòüå ðàññìàòðèâàåòñÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ
íåëèíåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà

dx

dt
= A(t)x+ φ(t)

T∫
0

ψ(τ)x(τ)dτ + εf(t, x) + f0(t), t ∈ [0, T ] , x ∈ Rn, (1)

Bx (0) + Cx (T ) = d, d ∈ Rn, (2)

ãäå (n× n)-ìàòðèöû A(t), φ(t), ψ(τ) è n-âåêòîð f0(t) íåïðåðûâíû íà
[0, T ], ε > 0, f : [0, T ]× Rn → Rn è ∥x∥ = max

i=1,n
|xi|.

×åðåç C ([0, T ] ,Rn) îáîçíà÷èì ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé x :
[0, T ] → Rn ñ íîðìîé ∥x∥1 = max

t∈[0,T ]
∥x(t)∥.

2010 Mathematics Subject Classi�cation: 45J05.

Funding: Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâîãî ôèíàíñèðîâàíèÿ ÊÍ ÌÎÍ

ÐÊ, ãðàíò � AP05132486.

c⃝ Ä.Ñ. Äæóìàáàåâ, Í.Ä. Ñèñåêåíîâ, 2018.
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Ðåøåíèåì çàäà÷è (1), (2) ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà
(0, T ) âåêòîð-ôóíêöèÿ x∗(t) ∈ C ([0, T ] ,Rn), óäîâëåòâîðÿþùàÿ èíòåãðî-
äèôôåðåíöèàëüíîìó óðàâíåíèþ (1) è êðàåâîìó óñëîâèþ (2).

Âîçüìåì h > 0 : Nh = T, N ∈ N. ×åðåç ∆N îáîçíà÷èì ðàçáèåíèå
èíòåðâàëà [0, T ) íà N ïîäûíòåðâàëîâ:

[0, T ) =

N∪
r=1

[(r − 1)h, rh) .

Ðåøåíèå êðàåâîé çàäà÷è (1), (2) íàéäåì ìåòîäîì ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé. Çà íà÷àëüíîå ïðèáëèæåíèå âîçüìåì ôóíêöèè x(0)(t), ðå-
øåíèÿ çàäà÷è (1), (2) ïðè ε = 0. Äàëüíåéøåå ïðèáëèæåíèÿ îïðåäåëÿþòñÿ
ðåøåíèåì ëèíåéíîé êðàåâîé çàäà÷è

dx

dt
= A(t)x+ φ(t)

T∫
0

ψ(τ)x(τ)dτ + εf(t, x(k−1)(t))+

+f0(t), t ∈ [0, T ] , x ∈ Rn, (3)

Bx (0) + Cx (T ) = d, d ∈ Rn. (4)

Â [9] ââåäåíî íîâîå îáùåå ðåøåíèå ëèíåéíîãî èíòåãðî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà è óñòàíîâëåíû åãî ñâîéñòâà.
Äëÿ ðåãóëÿðíîãî ðàçáèåíèÿ èíòåðâàëà [0, T ] ïîñòðîåíî ∆N -îáùåå ðå-
øåíèå ëèíåéíîãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà è
ïðåäëîæåíû ìåòîäû ðåøåíèÿ ëèíåéíûõ êðàåâûõ çàäà÷.

2 Ïðåäñòàâëåíèå ∆N -îáùåãî ðåøåíèÿ ëèíåéíîãî èíòåãðî-

äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ñ âûðîæäåííûì ÿä-

ðîì è êîíñòàíòà êîððåêòíîé ðàçðåøèìîñòè ëèíåéíîé äâóõòî-

÷å÷íîé êðàåâîé çàäà÷è

Ðàññìîòðèì ëèíåéíóþ êðàåâóþ çàäà÷ó

dx

dt
= A(t)x+ φ(t)

T∫
0

ψ(τ)x(τ)dτ + f0(t), t ∈ [0, T ] , x ∈ Rn, (5)
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Bx (0) + Cx (T ) = d, d ∈ Rn. (6)

I. Âîçüìåì ðàçáèåíèå∆N . Ðåøàÿ çàäà÷è Êîøè äëÿ îáûêíîâåííûõ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé íà ïîäûíòåðâàëàõ

dz

dt
= A (t) z + φ (t) , z [(r − 1)h] = 0, t ∈ [(r − 1)h, rh) , r = 1, N, (7)

ïîëó÷èì (n× n)-ìàòðèöû ar (φ, t), r = 1, N , ãäå ar (φ, t) � ðåøåíèå çàäà÷è
Êîøè (7).

II. Óìíîæàåì êàæäóþ (n × n)-ìàòðèöó ar(φ, t) íà ψ(t) è èíòåãðèðóåì
íà ïîäûíòåðâàëàõ

ψ̂r (φ) =̂

rh∫
(r−1)h

ψ(t)ar(φ, t)dt, t ∈ [(r − 1)h, rh) , r = 1, N. (8)

Ñóììèðóÿ (8) ïî r, ñîñòàâëÿåì (n× n)-ìàòðèöó G (∆N ), ãäå

G (∆N ) =

N∑
r=1

ψ̂r(φ).

Ïðîâåðÿåì îáðàòèìîñòü (n× n)-ìàòðèöû I − G (∆N ), ãäå I � åäèíè÷íàÿ
ìàòðèöà ðàçìåðíîñòè n.

Åñëè ýòà ìàòðèöà îáðàòèìà, òî íàõîäèì åå îáðàòíóþ è ïðåäñòàâëÿåì â
âèäå

[I −G (∆N )]−1 = (M (∆N )) , (9)

çàòåì ïåðåõîäèì ê ñëåäóþùåìó øàãó àëãîðèòìà.
Åñëè (n× n)-ìàòðèöà I−G (∆N ) íå èìååò îáðàòíîé, ò.å. ðàçáèåíèå ∆N

íå ÿâëÿåòñÿ ðåãóëÿðíûì, òî ìû áåðåì íîâîå ðàçáèåíèå èíòåðâàëà [0, T ] è
íà÷èíàåì àëãîðèòì ñíà÷àëà. Ïðîñòåéøèì ñïîñîáîì âûáîðà íîâîãî ðàçáè-
åíèÿ ÿâëÿåòñÿ âûáîð ðàçáèåíèÿ ∆2N , ãäå êàæäûé èíòåðâàë ðàçáèåíèÿ ∆N

äåëèòñÿ íà äâå ÷àñòè.

III. Ñíîâà ðåøàÿ çàäà÷è Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé

dz

dt
= A (t) z +A (t) , z [(r − 1)h] = 0, t ∈ [(r − 1)h, rh) , r = 1, N, (10)
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dz

dt
= A (t) z + f (t) , z [(r − 1)h] = 0, t ∈ [(r − 1)h, rh) , r = 1, N, (11)

íàõîäèì ar (A, t) è ar (f, t), r = 1, N .

IV. Âû÷èñëÿåì îïðåäåëåííûå èíòåãðàëû íà ïîäûíòåðâàëàõ:

ψ̂r=̂

rh∫
(r−1)h

ψ(t)dt, t ∈ [(r − 1)h, rh) , r = 1, N, (12)

ψ̂r (A) =̂

rh∫
(r−1)h

ψ(t)ar(A, t)dt, t ∈ [(r − 1)h, rh) , r = 1, N, (13)

ψ̂r (f) =̂

rh∫
(r−1)h

ψ(t)ar(f, t)dt, t ∈ [(r − 1)h, rh) , r = 1, N. (14)

V. Èñïîëüçóÿ ðàâåíñòâà (12)�(14), ñîñòàâëÿåì (n× n)-ìàòðèöû

Vr(∆N ) = ψ̂r(A) +
N∑
j=1

ψ̂j(φ)ψ̂r, r = 1, N, (15)

è n-âåêòîð

g(f, ∆N ) =
N∑
r=1

ψ̂r(f). (16)

∆N -îáùåå ðåøåíèå çàäà÷è (5)�(6) èìååò âèä

x (∆N , t, λ) = λr +

N∑
j=1

Dr,j (∆N , t)λj + Fr (∆N , t) ,

t ∈ [(r − 1)h, rh) , r = 1, N − 1, (17)

x (∆N , T, λ) = λN +

N∑
j=1

DN,j (∆N , T )λj + FN (∆N , T ) , (18)
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ãäå êîýôôèöèåíòû è ïðàâûå ÷àñòè ∆N -îáùåãî ðåøåíèÿ îïðåäåëÿþòñÿ ñëå-
äóþùèìè ôîðìóëàìè:

Dr,j (∆N , t) = ar(φ, t)
[
M (∆N )Vj (∆N ) + ψ̂j

]
,

t ∈ [(r − 1)h, rh) , r ̸= j, r, j = 1, N, (19)

Dr,r(∆N , t) = ar(φ, t)[M (∆N )Vr (∆N ) + ψ̂r],

t ∈ [(r − 1)h, rh) , r = 1, N,
(20)

Fr (∆N , t) = ar(φ, t)M (∆N ) g(f,∆N ) + ar(f, t),

t ∈ [(r − 1)h, rh) , r = 1, N.
(21)

VI. Ñîñòàâèì ñèñòåìó ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñè-
òåëüíî ïàðàìåòðîâ:

Q∗ (∆N )λ = −F∗ (∆N ) , λ ∈ RnN . (22)

Ýëåìåíòû ìàòðèöû Q∗ (∆N ): RnN → RnN è âåêòîð F∗ (∆N ) = (−d +
CFN (∆N ), F1(∆N ), ..., FN−1(∆N )) ∈ RnN îïðåäåëÿþòñÿ ñ ïîìîùüþ ðà-
âåíñòâ (19)�(21). Ðåøàÿ ñèñòåìó (22), íàéäåì λ∗r , r = 1, N .

VII. Ïî ðàâåíñòâó

µ∗ =

N∑
j=1

M (∆N )Vj (∆N )λ∗j +M (∆N ) g (f,∆N ) (23)

íàéäåì êîìïîíåíòû µ∗ è ïîñòðîèì ôóíêöèþ

F ∗ (t) = φ (t)

µ∗ + N∑
r=1

rh∫
(r−1)h

ψ (s) dsλ∗r

+ f (t) . (24)

Íàïîìíèì, ÷òî λ∗r = x∗ [(r − 1)h], ãäå x∗ (t) ÿâëÿåòñÿ ðåøåíèåì êðàåâîé
çàäà÷è (5), (6). Ïîýòîìó, ðåøàÿ ñèñòåìó (22), íàõîäèì çíà÷åíèÿ ðåøåíèÿ
â ëåâûõ êîíöàõ ïîäûíòåðâàëîâ.
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Çíà÷åíèÿ ôóíêöèè x∗ (t) â îñòàëüíûõ òî÷êàõ èíòåðâàëà [(r − 1)h, rh)
îïðåäåëÿþòñÿ ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè äëÿ îáûêíîâåííîãî äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ:

dx

dt
= A (t)x+ F ∗ (t) , x [(r − 1)h] = λ∗r , t ∈ [(r − 1)h, rh) , r = 1, N. (25)

Òàêèì îáðàçîì, ïðåäëàãàåìûé àëãîðèòì ïîçâîëÿåò íàéòè ðåøåíèå êðà-
åâîé çàäà÷è äëÿ èíòåãðî-äèôôðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ñ âû-
ðîæäåííûì ÿäðîì (5), (6).

Ïðåäëàãàåòñÿ ñëåäóþùàÿ ÷èñëåííàÿ ðåàëèçàöèÿ âûøåèçëîæåííîãî àë-
ãîðèòìà, îñíîâàííàÿ íà ìåòîäå Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà äëÿ ðå-
øåíèÿ çàäà÷è Êîøè è ôîðìóëå Ñèìïñîíà äëÿ âû÷èñëåíèÿ îïðåäåëåííûõ
èíòåãðàëîâ.

Îïðåäåëåíèå 1. Ëèíåéíàÿ êðàåâàÿ çàäà÷à (5), (6) íàçûâàåòñÿ êîððåêòíî

ðàçðåøèìîé, åñëè äëÿ ëþáîé ïàðû (f0(t), d), f0(t) ∈ C ([0, T ] ,Rn) , d ∈ Rn,
çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå x∗(t) è ñïðàâåäëèâà îöåíêà

∥x∥1 ≤ γ max
t∈[0, T ]

(∥f∥1 , ∥d∥), (26)

ãäå γ � ïîñòîÿííàÿ, íåçàâèñÿùàÿ îò f0(t), d. ×èñëî γ íàçûâàåòñÿ êîíñòàí-

òîé êîððåêòíîé ðàçðåøèìîñòè çàäà÷è (5), (6).

Èñïîëüçóÿ îáðàòèìîñòü ìàòðèöû Q∗ (∆N ), íàéäåì λ∗ èç ñèñòåì àëãåá-
ðàè÷åñêèõ óðàâíåíèé (22) è ïîëó÷àåì îöåíêó

∥λ∗∥ ≤
∥∥∥[Q∗ (∆N )]−1 F∗ (∆N )

∥∥∥ ≤ χ · ∥f∥1 , (27)

ãäå χ � êîíñòàíòà, íåçàâèñÿùàÿ îò f(t).

Îöåíèâàÿ êîýôôèöèåíòû è ïðàâûå ÷àñòè ∆N îáùåãî ðåøåíèÿ

max
r=1,N

sup
t∈[(r−1)h,rh)

N∑
j=1

∥Dr,j (∆N , t) ∥ = α, α > 0, (28)

∥Fr (∆N , t)∥1 ≤ β · ∥f∥1 , β > 0, (29)
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è èñïîëüçóÿ ïðåäñòàâëåíèå ∆N -îáùåãî ðåøåíèÿ, íàéäåì êîíñòàíòó êîð-
ðåêòíîé ðàçðåøèìîñòè çàäà÷è (5), (6):

γ = α · χ+ β.

3 Óñëîâèÿ ñõîäèìîñòè àëãîðèòìà è ñóùåñòâîâàíèÿ ðåøåíèÿ

íåëèíåéíîé êðàåâîé çàäà÷è (1), (2)

Âçÿâ ÷èñëî ρ > 0, ïîñòðîèì ìíîæåñòâà

G0 (ρ) =
{
(t, x) , t ∈ [0, T ] :

∥∥∥x− x(0)(t)
∥∥∥ < ρ

}
;

S
(
λ(0), ρ

)
=
{
λ = (λ1, λ2, ...λN ) ∈ RnN :

∥∥∥λ− λ(0)
∥∥∥ < ρ

}
.

Òåîðåìà 1. Ïóñòü êðàåâàÿ çàäà÷à (5), (6) êîððåêòíî ðàçðåøèìà ñ êîí-

ñòàíòîé γ è âûïîëíÿþòñÿ ñëåäóþùèå íåðàâåíñòâà:

à) ∥f(t, x∗)− f(t, x(0))∥ ≤ L∥x∗ − x(0)∥,
á) q = γ · ε · L < 1,
â) 1

1−q · γ · ε ·
∥∥f (t, x(0)(t))∥∥

1
< ρ,

ãäå L � ïîëîæèòåëüíîå ÷èñëî.

Òîãäà àëãîðèòì ñõîäèòñÿ ê x∗(t) � åäèíñòâåííîìó ðåøåíèþ êðàåâîé

çàäà÷è (1), (2) è ñïðàâåäëèâà îöåíêà∥∥∥x∗ − x(0)
∥∥∥
1
< ρ.

Äîêàçàòåëüñòâî. Èñïîëüçóÿ êîððåêòíóþ ðàçðåøèìîñòü ëèíåéíîé êðàå-
âîé çàäà÷è, ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé íàéäåì ðåøåíèå çà-
äà÷è (1), (2).

Ïóñòü ôóíêöèÿ x(0)(t) � ðåøåíèå çàäà÷è (1), (2) ïðè ε = 0, òîãäà x(1)(t)
îïðåäåëèì, ðåøàÿ êðàåâóþ çàäà÷ó

dx

dt
= A(t)x+ φ(t)

T∫
0

ψ(τ)x(τ)dτ + εf(t, x(0)(t)) + f0(t),

Bx (0) + Cx (T ) = d.
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Òîãäà ôóíêöèÿ ∆(1) (t) = x(1)(t)− x(0)(t) áóäåò ðåøåíèåì çàäà÷è

d∆

dt
= A(t)∆ + φ(t)

T∫
0

ψ(τ)∆(τ)dτ + εf(t, x(0)(t)), (30)

B∆(0) + C∆(T ) = 0 (31)

è äëÿ íåå ñïðàâåäëèâà îöåíêà∥∥∥∆(1)
∥∥∥
1
≤ γ · ε

∥∥∥f (t, x(0)(t))∥∥∥
1
. (32)

Ïðîäîëæàÿ ïðîöåññ, (k)-å ïðèáëèæåíèå îïðåäåëèì èç êðàåâîé çàäà÷è

dx

dt
= A(t)x+ φ(t)

T∫
0

ψ(τ)x(τ)dτ + εf(t, x(k−1)(t)) + f0(t),

Bx (0) + Cx (T ) = d.

Òîãäà ôóíêöèÿ ∆(k) (t) = x(k)(t) − x(k−1)(t) áóäåò ðåøåíèåì çàäà÷è (30),
(31), ãäå ôóíêöèÿ x(0)(t) çàìåíåíà ôóíêöèåé ∆(k−1) (t). Ïðè ýòîì àíàëî-
ãè÷íî (32) èìååò ìåñòî îöåíêà∥∥∥∆(k)

∥∥∥
1
≤ [q]k−1

∥∥∥∆(1)
∥∥∥
1
, k ∈ N.

Îòñþäà è èç óñëîâèÿ à) ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü ôóíêöèé
x(k)(t) ðàâíîìåðíî ñõîäèòñÿ íà [0, T ] ê x∗(t) ïðè k → ∞ è äëÿ ðàçíîñòè
ôóíêöèé x∗(t) è x(k)(t) ñïðàâåäëèâà îöåíêà∥∥∥x∗ − x(k)

∥∥∥
1
≤
∥∥∥∆(k)

∥∥∥
1
+ ...+

∥∥∥∆(1)
∥∥∥
1
≤

≤ [q]k−1
∥∥∥∆(1)

∥∥∥
1
+ ...+

∥∥∥∆(1)
∥∥∥
1
≤
(
[q]k−1 + ...+ 1

)∥∥∥∆(1)
∥∥∥
1
,

Ïåðåõîäÿ ê ïðåäåëó ïðè k → ∞, èìååì∥∥∥x∗ − x(0)
∥∥∥
1
≤ 1

1− q
· γ · ε ·

∥∥∥f (t, x(0)(t))∥∥∥
1
.

Òåîðåìà 1 äîêàçàíà.
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Ïðèìåð.

Íà îòðåçêå [0, 1] ðàññìîòðèì êâàçèëèíåéíóþ äâóõòî÷å÷íóþ êðàåâóþ
çàäà÷ó äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ñ âûðîæ-
äåííûì ÿäðîì

dx

dt
= A(t)x+ φ(t)

1∫
0

ψ(τ)x(τ)dτ + εf(t, x) + f0(t), t ∈ [0, 1] , x ∈ R2, (33)

Bx(0) + Cx(T ) = d, d ∈ R2, (34)

ãäå

φ(t) =

(
0 4
4 0

)
, ψ(τ) =

(
τ 0
1 1

)
, B =

(
1 0
0 1

)
, C =

(
−1 0
0 −1

)
,

d =

(
−1
0

)
, f(t, x) = t

( [
x(1)(t)

]2[
x(2)(t)

]3
)
, ε = 0, 1, f0(t) =

(
2t− t5

10 − 16
3

− t
10 − 1

)
.

Òî÷íûì ðåøåíèåì (33), (34) ÿâëÿåòñÿ x∗(t) =

(
t2

1

)
. Äëÿ ðàññìàòðèâàå-

ìîãî ïðèìåðà χ = 0, 2785, α = 8.5714, β = 1.2675,γ = 3.6546, L = 0.3.
Âçÿâ ÷èñëî ρ = 1.5, ïîñòðîèì ìíîæåñòâà

G0 (1.5) =
{
(t, x) : t ∈ [0, 1] ,

∥∥∥x∗ − x(0)(t)
∥∥∥ < 1.5

}
,

S
(
λ(0), 1.5

)
=
{
λ = (λ1, λ2, λ3, λ4) ∈ RnN :

∥∥∥λ− λ(0)
∥∥∥ < 1.5

}
.

Ïðîâåðÿåì îáðàòèìîñòü (n× n)-ìàòðèöû I−Gh (∆2), ãäå I � åäèíè÷íàÿ
ìàòðèöà ðàçìåðíîñòè n.

(n× n)-ìàòðèöà I −Gh (∆2) èìååò îáðàòíóþ:[
I −Gh (∆2)

]−1
=

(
0 −1

−1.7142857143 −1.7142857143

)
.

Èñïîëüçóÿ ÷èñëåííûå ðåøåíèÿ çàäà÷ Êîøè è ÷èñëåííûå çíà÷åíèÿ îïðå-
äåëåííûõ èíòåãðàëîâ, ñîñòàâèì ïðèáëèæåííóþ ñèñòåìó ëèíåéíûõ àëãåá-
ðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ïàðàìåòðîâ λh:
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Qh
∗ (∆2)λ

h = −F h
∗ (∆2) , λ

h ∈ RnN ,

ãäå

Qh
∗ (∆2) =


3.1428571429 1.7142857143 2 1.7142857143

1 2 1 0
−1.1428571429 −1.7142857143 −4 −1.7142857143

−1 0 −1 −2

 ,

F h
∗ (∆2) =


−3.9624049961
−2.2378349655
4.4785508359
2.2628349655

 .

Ïðèìåíåíèå ïåðâûõ ÷åòûð¼õ øàãîâ èòåðàöèè äàåò ñëåäóþùèå ðåçóëü-
òàòû:

â íóëåâîì øàãå λ(0) = (λ
(0)
1 , λ

(0)
2 ),

λ
(0)
1 =

(
0.01805557956
0.9718252272

)
, λ

(0)
2 =

(
0.2761287155
0.9843252272

)
,

â ïåðâîì øàãå λ(1) = (λ
(1)
1 , λ

(1)
2 ),

λ
(1)
1 =

(
0.0018509484
0.9976283219

)
, λ

(1)
2 =

(
0.251301002
0.9984321289

)
,

âî âòîðîì øàãå λ(2) = (λ
(2)
1 , λ

(2)
2 ),

λ
(2)
1 =

(
0.0010861441
0.998142451

)
, λ

(2)
2 =

(
0.2512270009
0.9990881409

)
,

â òðåòüåì øàãå λ(3) = (λ
(3)
1 , λ

(3)
2 ),

λ
(3)
1 =

(
0.0010605105
0.998183367

)
, λ

(3)
2 =

(
0.251191134
0.9991075171

)
.

Òî÷íûì çíà÷åíèÿì ïàðàìåòðà λh ÿâëÿåòñÿ λ∗ = (λ∗1, λ
∗
2),
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λ∗1 =

(
0
1

)
, λ∗2 =

(
0.25
1

)
.

Ñðàâíåíèÿ ñ òî÷íûì ðåøåíèÿì ïîêàçûâàåò, ÷òî

∥λ(0) − λ∗∥ ≤ 0, 002817477, ∥λ(1) − λ∗∥ ≤ 0, 002371678,

∥λ(2) − λ∗∥ ≤ 0, 001855754, ∥λ(3) − λ∗∥ ≤ 0, 001816633.
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Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ îáîáùåííàÿ êðàåâàÿ çàäà÷à òèïà Ñàìàðñêîãî-

Èîíêèíà äëÿ óðàâíåíèÿ Ïóàññîíà â êðóãå. Äîêàçàíà êîððåêòíîñòü çàäà÷è.

Îáîñíîâàíà âîçìîæíîñòü ïðèìåíåíèÿ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ. Ïîñòðîåíà

â ÿâíîì âèäå ôóíêöèÿ Ãðèíà çàäà÷è è ïîëó÷åíî èíòåãðàëüíîå ïðåäñòàâëåíèå

ðåøåíèÿ.

Êëþ÷åâûå ñëîâà. Ôóíêöèÿ Ãðèíà, çàäà÷à Ñàìàðñêîãî-Èîíêèíà, óðàâíåíèå Ïóàñ-

ñîíà.

1 Ââåäåíèå

Êðàåâûå çàäà÷è Äèðèõëå è Íåéìàíà ÿâëÿþòñÿ îñíîâíûìè çàäà÷àìè
òåîðèè ãàðìîíè÷åñêèõ ôóíêöèé [1]. Â îäíîìåðíîì ñëó÷àå èëè ïðè ðàñ-
ñìîòðåíèè çàäà÷è â ìíîãîìåðíîì ïàðàëëåëåïèïåäå, ê îñíîâíûì çàäà÷àì
îòíîñÿò òàêæå è ïåðèîäè÷åñêèå êðàåâûå çàäà÷è. Ðàíåå äëÿ ñëó÷àÿ øàðà
àíàëîãîâ ïåðèîäè÷åñêîé çàäà÷è ïîñòðîåíî íå áûëî. Â [2], [3] âïåðâûå áûë
ââåäåí íîâûé êëàññ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Ïóàññîíà â ìíîãîìåðíîì
øàðå Ω ⊂ Rn (k = 1, 2).

Çàäà÷à Pk. Íàéòè ðåøåíèå óðàâíåíèÿ Ïóàññîíà

−∆u(x) = f(x), x ∈ Ω,

óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u(x)− (−1)ku(x∗) = τ(x), x ∈ ∂Ω+,
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∂u

∂r
(x) + (−1)k

∂u

∂r
(x∗) = µ(x), x ∈ ∂Ω+.

Çäåñü ∂Ω+ � òà ÷àñòü ñôåðû ∂Ω, äëÿ êîòîðîé x1 ≥ 0; êàæäîé òî÷-
êå x = (x1, x2, ..., xn) ∈ Ω ñîïîñòàâëÿåòñÿ "ïðîòèâîïîëîæíàÿ" åé òî÷êà
x∗ = (−x1, α2x2, ..., αnxn) ∈ Ω, ãäå αj , j = 2, ..., n, ïðèíèìàþò îäíî èç çíà-
÷åíèé ±1. Î÷åâèäíî, ÷òî åñëè x ∈ ∂Ω+, òî x∗ ∈ ∂Ω−.

Ýòè çàäà÷è ÿâëÿþòñÿ àíàëîãàìè êëàññè÷åñêèõ ïåðèîäè÷åñêèõ êðàåâûõ
çàäà÷. Â [2], [3] èññëåäîâàíà êîððåêòíîñòü ðàññìàòðèâàåìûõ çàäà÷. Ðåøå-
íèå çàäà÷è P1 ñóùåñòâóåò è åäèíñòâåííî. Ðåøåíèå çàäà÷è P2 íååäèíñòâåí-
íî ñ òî÷íîñòüþ äî ïîñòîÿííîãî ñëàãàåìîãî è ñóùåñòâóåò, åñëè âûïîëíåíî
íåîáõîäèìîå óñëîâèå êîððåêòíîñòè, íàïîìèíàþùåå óñëîâèå êîððåêòíîñòè
çàäà÷è Íåéìàíà. Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷ îáîñíîâûâàåòñÿ ïðèìå-
íåíèåì ïðèíöèïà ýêñòðåìóìà. Ñóùåñòâîâàíèå ðåøåíèÿ äîêàçàíî ìåòîäîì
ôóíêöèè Ãðèíà. Â äâóìåðíîì ñëó÷àå [3] îáîñíîâàíà âîçìîæíîñòü ïðèìåíå-
íèÿ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ. Çàäà÷è ÿâëÿþòñÿ ñàìîñîïðÿæåííûìè.
Ïîêàçàíà ìåòîäèêà ïîñòðîåíèÿ ñîáñòâåííûõ ôóíêöèé çàäà÷è.

Åñëè æå îáðàòèòüñÿ ê íåêëàññè÷åñêèì çàäà÷àì, òî îäíîé èç íàèáîëåå
èçâåñòíûõ ÿâëÿåòñÿ çàäà÷à Ñàìàðñêîãî-Èîíêèíà [4], âîçíèêøàÿ â ôèçèêå
â 70-õ ãîäàõ ïðîøëîãî âåêà â ñâÿçè ñ èçó÷åíèåì ïðîöåññîâ, ïðîèñõîäÿùèõ
â ïëàçìå [5], [6]. Â [7], [8] ðàññìîòðåí àíàëîã çàäà÷è Ñàìàðñêîãî-Èîíêèíà
äëÿ óðàâíåíèÿ Ïóàññîíà â êðóãå. À òàêæå â [9], [10] èññëåäîâàíû çàäà÷è,
îáîáùàþùèå çàäà÷è Pk.

Â íàñòîÿùåé ðàáîòå ìû èññëåäóåì îáîáùåííûå çàäà÷è Ñàìàðñêîãî-
Èîíêèíà äëÿ óðàâíåíèÿ Ïóàññîíà â êðóãå.

2 Ïîñòàíîâêà çàäà÷è

Ïóñòü Ω = {z = (x, y) = x+ iy ∈ C : |z| < 1} � åäèíè÷íûé êðóã, r = |z|
è φ = arctan(y/x). Ðàññìîòðèì ñëåäóþùèå äâå çàäà÷è (k = 1, 2). Íàéòè
ôóíêöèþ u(z) ∈ C2(Ω) ∩ C1(Ω), óäîâëåòâîðÿþùóþ âíóòðè Ω óðàâíåíèþ
Ïóàññîíà

−∆u(z) = f(z), |z| < 1, (1)

à íà åãî ãðàíèöå êðàåâûì óñëîâèÿì

u(1, φ)− αu(1, 2π − φ) = τ(φ), 0 ≤ φ ≤ π, (2)

∂u

∂r
(1, φ) + (−1)k

∂u

∂r
(1, 2π − φ) = ν(φ), 0 ≤ φ ≤ π, (3k)
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ãäå α ∈ R, f(z) ∈ Cγ(Ω), τ(φ) ∈ C1+γ [0, π], ν(φ) ∈ Cγ [0, π], 0 < γ < 1.
Î÷åâèäíî, ÷òî íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è

(1), (2), (31 ) èç êëàññà C1(Ω) ÿâëÿåòñÿ âûïîëíåíèå óñëîâèé ñîãëàñîâàíèÿ:

ν(0) = ν(π) = 0. (4)

Àíòèïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à (1), (2), (31) ïðè α = −1 è ïåðèî-
äè÷åñêàÿ êðàåâàÿ çàäà÷à (1), (2), (32) ïðè α = 1 áûëè èññëåäîâàíû â [2],
[3]. Â ñëó÷àå α = 0 ýòè çàäà÷è ðàññìîòðåíû â [7], [8].

Çàäà÷ó (1), (2), (31) áóäåì ïîíèìàòü íåíåòåðîâîé, åñëè îäíîðîäíàÿ çà-
äà÷à (1), (2), (31) èìååò áåñêîíå÷íîå ÷èñëî ëèíåéíî íåçàâèñèìûõ ðåøåíèé.

3 Åäèíñòâåííîñòü ðåøåíèÿ, ïðèìåíåíèå ïðèíöèïà ýêñòðåìó-

ìà

Òåîðåìà 1.

a) Ïóñòü α ̸= 1. Ðåøåíèå êðàåâîé çàäà÷è (1), (2), (31) â êëàññå ôóíêöèé,
íåïðåðûâíûõ â Ω, åäèíñòâåííî.

á) Ïóñòü α = 1. Òîãäà çàäà÷à (1), (2), (31) ÿâëÿåòñÿ íåíåòåðîâîé, ò.å.

îäíîðîäíàÿ çàäà÷à (1), (2), (31) èìååò áåñêîíå÷íîå ÷èñëî ëèíåéíî íåçàâè-

ñèìûõ ðåøåíèé è îíî èìååò âèä

un(z) = rnan cosnφ, n = 0, 1, ..., 0 ≤ φ ≤ 2π, 0 < r ≤ 1,

ãäå an � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà.

Äîêàçàòåëüñòâî. à) Ïðåäïîëîæèì, ÷òî ñóùåñòâóþò äâå ôóíêöèè
u1(r, φ) è u2(r, φ), óäîâëåòâîðÿþùèå óñëîâèÿì çàäà÷è (1), (2), (31). Ïîêà-
æåì, ÷òî ôóíêöèÿ u(r, φ) = u1(r, φ) − u2(r, φ) ðàâíà íóëþ. Î÷åâèäíî, ÷òî
ôóíêöèÿ u(r, φ) � ãàðìîíè÷åñêàÿ è óäîâëåòâîðÿåò îäíîðîäíûì óñëîâèÿì
(2), (31):

u(1, φ)− αu(1, 2π − φ) = 0, 0 ≤ φ ≤ π, (5)

∂u

∂r
(1, φ)− ∂u

∂r
(1, 2π − φ) = 0, 0 ≤ φ ≤ π. (6)

Îáîçíà÷èì ϑ(r, φ) = u(r, φ)−u(r, 2π−φ), 0 ≤ φ ≤ 2π. Îòñþäà ïîëó÷àåì
∆ϑ(r, φ) = 0 è ∂ϑ

∂r (1, φ) = 0, 0 ≤ φ ≤ 2π. Îòñþäà ϑ = Const. Ïîñêîëüêó
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ϑ(r, φ) = −ϑ(r, 2π − φ), 0 ≤ φ ≤ 2π, èç ïðåäñòàâëåíèÿ ϑ(r, φ) ïîëó÷èì
u(r, φ) = u(r, 2π − φ), 0 ≤ φ ≤ 2π. Òîãäà èç ýòîãî è (5) ñëåäóåò

(1− α)u(1, φ) = 0 è (1− α)u(1, 2π − φ) = 0, 0 ≤ φ ≤ π.

Òàê êàê α ̸= 1, òî u(1, φ) = 0, 0 ≤ φ ≤ 2π. Òàê êàê ôóíêöèÿ u(r, φ) �
ãàðìîíè÷åñêàÿ, îòñþäà ïîëó÷àåì u(r, φ) = 0.

á) Òåïåðü ðàññìîòðèì ñëó÷àé α = 1. Ââåäåì â ðàññìîòðåíèå âñïîìîãà-
òåëüíûå ôóíêöèè

c(r, φ) =
1

2
(u(r, φ) + u(r, 2π − φ)) 0 ≤ φ ≤ 2π

è

s(r, φ) =
1

2
(u(r, φ)− u(r, 2π − φ)), 0 ≤ φ ≤ 2π.

Î÷åâèäíî, ÷òî u(r, φ) = c(r, φ) + s(r, φ). Íåïîñðåäñòâåííûì âû÷èñëåíèåì
ïîëó÷àåì, ÷òî s(r, φ) = 0, à c(r, φ) � ïðîèçâîëüíàÿ ÷åòíàÿ ãàðìîíè÷åñêàÿ
ôóíêöèÿ. Òîãäà

c(z) = cn(z) = rnan cosnφ, n = 0, 1, ..., 0 ≤ φ ≤ 2π, 0 < r ≤ 1,

ãäå an � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà. Äîêàçàòåëüñòâî Òåîðåìû 1 çà-
êîí÷åíî.

Ñëåäóþùàÿ òåîðåìà äîêàçûâàåòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó ÷àñòè á)
Òåîðåìû 1.

Òåîðåìà 2. Ïóñòü α = −1. Òîãäà çàäà÷à (1), (2), (32) ÿâëÿåòñÿ íåíåòåðî-

âîé, ò.å. îäíîðîäíàÿ çàäà÷à (1), (2), (32) èìååò áåñêîíå÷íîå ÷èñëî ëèíåéíî
íåçàâèñèìûõ ðåøåíèé è îíî èìååò âèä

un(z) = rnbn sinnφ, n = 1, 2, ..., 0 ≤ φ ≤ 2π, 0 < r ≤ 1,

ãäå bn � ïðîèçâîëüíûå êîìïëåêñíûå ÷èñëà.

4 Ñóùåñòâîâàíèå ðåøåíèÿ, ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ

Â ýòîì ïóíêòå îáîñíóåì âîçìîæíîñòü ïðèìåíåíèÿ ìåòîäà ðàçäåëåíèÿ
ïåðåìåííûõ äëÿ ðåøåíèÿ ñôîðìóëèðîâàííûõ çàäà÷. Äëÿ óïðîùåíèÿ èç-
ëîæåíèÿ ïîëîæèì ñíà÷àëà f = 0. Â ïîëÿðíûõ êîîðäèíàòàõ îäíîðîäíîå
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óðàâíåíèå (1) ïðèìåò âèä

r
∂

∂r

(
r
∂

∂r

)
+

∂2u

∂φ2
= 0. (7)

Ðåãóëÿðíûå ðåøåíèÿ óðàâíåíèÿ (7) åñòåñòâåííî èñêàòü â âèäå

u(r, φ) =
a0
2

+

+∞∑
n=1

rn(an cosnφ+ bn sinnφ). (8)

Ïîäñòàâëÿÿ âñïîìîãàòåëüíûå ôóíêöèè â (2) è (31), ïîëó÷àåì

u(1, φ)− αu(1, 2π − φ) = τ̃(φ), 0 ≤ φ ≤ 2π, (9)

∂u

∂r
(1, φ)− ∂u

∂r
(1, 2π − φ) = ν̃(φ), 0 ≤ φ ≤ 2π, (10)

ãäå îáîçíà÷åíî

τ̃(φ) =

{
τ(φ)− (1 + α)s(1, φ), 0 ≤ φ ≤ π;

τ(2π − φ)− (1 + α)s(1, 2π − φ), π ≤ φ ≤ 2π,
(11)

ν̃(φ) =

{
ν(φ), 0 ≤ φ ≤ π;

−ν(2π − φ), π ≤ φ ≤ 2π,
(12)

è s(r, φ) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Íåéìàíà

−∆s(z) = 0,
∂s

∂r
(1, φ) =

ν̃(φ)

2
.

Íåïîñïåðäñòâåííûì âû÷èñëåíèåì ïîëó÷àåì

an =
2

π

(
τ(φ)− (1 + α)

∑+∞
k=1 bk sin kφ

1− α
, cosnφ

)
L2(0,π)

(13)

è

bn =
1

πn
(ν(φ), sinnφ)L2(0,π), n = 1, 2, .... (14)

Ïîäñòàâëÿÿ íàéäåííîå â (8), ïîëó÷àåì ôîðìàëüíîå ðåøåíèå çàäà÷è (2),
(31) äëÿ óðàâíåíèÿ (7). Â ñèëó (4) è (11)�(12) î÷åâèäíî, ÷òî τ̃(φ), ν̃(φ) ∈
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Cγ(∂Ω). Ïîýòîìó îáîñíîâàíèå ñõîäèìîñòè ïîëó÷åííûõ ðÿäîâ (âïëîòü äî
ãðàíèöû) è âîçìîæíîñòü èõ ïî÷ëåííîãî äèôôåðåíöèðîâàíèÿ ïðîâîäèòñÿ
àíàëîãè÷íî, êàê è äëÿ ñëó÷àÿ êëàññè÷åñêèõ çàäà÷ Äèðèõëå è Íåéìàíà.

Ñóììèðóÿ ïîëó÷åííûå ðÿäû ñïîñîáîì, àíàëîãè÷íûì èñïîëüçîâàííîìó
â [1, ñòð. 314] ïðè âûâîäå èíòåãðàëà Ïóàññîíà, íàõîäèì ÿâíûé âèä ðåøå-
íèÿ:

u(r, φ) =
1

2π(1− α)
×

×
π∫

0

τ(φ1)

(
1− r2

1− 2r cos(φ1 + φ) + r2
+

1− r2

1− 2r cos(φ1 − φ) + r2

)
dφ1+

+
1

2π

π∫
0

ν(φ1) ln

√
1− 2r cos(φ1 + φ) + r2

1− 2r cos(φ1 − φ) + r2
dφ1 −

1 + α

4π2(1− α)
×

×
π∫

0

ν(φ2)

π∫
0

(
1− r2

1− 2r cos(φ1 + φ) + r2
+

1− r2

1− 2r cos(φ1 − φ) + r2

)
×

× ln

√
1− cos(φ2 + φ1)

1− cos(φ2 − φ1)
dφ1dφ2. (15)

Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 3. Ïóñòü ïðè α ̸= 1 f(z) = 0, τ(φ) ∈ C1+γ [0, π], ν(φ) ∈ Cγ [0, π],
0 < γ < 1 è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ (4). Òîãäà ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå çàäà÷è (1), (2), (31) è îíî ïðåäñòàâèìî â âèäå (15).

Çàìå÷àíèå 1. Èç ïðåäñòàâëåíèÿ (15) ëåãêî âèäåòü, ÷òî ïðè ν(φ) = 0
ðåøåíèå çàäà÷è (1), (2), (31) áóäåò îáëàäàòü ñâîéñòâîì: u(r, φ) = u(r, 2π −
φ).

5 Ñóùåñòâîâàíèå ðåøåíèÿ, ïîñòðîåíèå ôóíêöèè Ãðèíà

Ïîñòðîèì ôóíêöèþ Ãðèíà èññëåäóåìûõ çàäà÷ è äàäèì èíòåãðàëüíîå
ïðåäñòàâëåíèå ðåøåíèÿ.

Ââåäåì âñïîìîãàòåëüíûå ôóíêöèè

ϑ(z) =
1

2
(u(z) + u(z)), ω(z) =

1

2
(u(z)− u(z)), z = (x,−y). (16)
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Î÷åâèäíî, ÷òî u(z) = ϑ(z) + ω(z). Íåïîñðåäñòâåííûì âû÷èñëåíèåì íà-
õîäèì çàäà÷è, êîòîðûì óäîâëåòâîðÿþò ýòè ôóíêöèè: ôóíêöèÿ ϑ(z) ÿâëÿ-
åòñÿ ðåøåíèåì çàäà÷è Äèðèõëå

−∆ϑ(z) = f+(z), z ∈ Ω; ϑ(1, φ) =
τ̃(φ)

1− α
, 0 ≤ φ ≤ 2π, (17)

ãäå α ̸= 1 è ôóíêöèÿ ω(z) � ðåøåíèåì çàäà÷è Íåéìàíà

−∆ω(z) = f−(z), z ∈ Ω;
∂ω

∂r
(1, φ) =

ν̃(φ)

2
, 0 ≤ φ ≤ 2π. (18)

Çäåñü f+(z) = 2−1(f(z) + f(z)), f−(z) = 2−1(f(z)− f(z)),

τ̃(φ) =

{
τ(φ)− (1 + α)ω(1, φ), 0 ≤ φ ≤ π;

τ(2π − φ)− (1 + α)ω(1, 2π − φ), π ≤ φ ≤ 2π,

è

ν̃(φ) =

{
ν(φ), 0 ≤ φ ≤ π;

−ν(2π − φ), π ≤ φ ≤ 2π.

Çàäà÷à Äèðèõëå (17) èìååò åäèíñòâåííîå ðåøåíèå. Îíî ïðåäñòàâèìî ðà-
âåíñòâîì

ϑ(z) =

∫ ∫
Ω

GD(z, ζ)f+(ζ)dζ −
1

1− α

2π∫
0

[
∂GD(z, ζ)

∂nζ

]
|ζ|=1

τ̃(φ1)dφ1, (19)

ãäå GD(z, ζ) � ôóíêöèÿ Ãðèíà çàäà÷è Äèðèõëå. Íåòðóäíî óáåäèòüñÿ â òîì,
÷òî ôóíêöèÿ ϑ(z) îáëàäàåò ñâîéñòâîì ñèììåòðèè: ϑ(z) = ϑ(z).

Òàê êàê
∫ ∫

Ω

f−(ζ)dζ = 0 è
2π∫
0

ν̃(φ)dφ = 0, òî ïðèìåíèì êðèòåðèé ñó-

ùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è Íåéìàíà (18). Åå ðåøåíèå íååäèíñòâåííî ñ
òî÷íîñòüþ äî ïðîèçâîëüíîé ïîñòîÿííîé è ïðåäñòàâèìî â âèäå

ω(z) =

∫ ∫
Ω

GN (z, ζ)f−(ζ)dζ +
1

2

2π∫
0

[GN (z, ζ)]|ζ|=1 ν̃(φ1)dφ1 + C1, (20)
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ãäå GN (z, ζ) � ôóíêöèÿ Ãðèíà çàäà÷è Íåéìàíà. Íåòðóäíî óáåäèòüñÿ â òîì,
÷òî ôóíêöèÿ ω(z) îáëàäàåò ñâîéñòâîì ñèììåòðèè ω(z) = −ω(z) òîëüêî ïðè
C1 = 0. Ïîýòîìó â äàëüíåéøåì áóäåì ñ÷èòàòü ýòî óñëîâèå âûïîëíåííûì.

Ôóíêöèè Ãðèíà çàäà÷ Äèðèõëå è Íåéìàíà õîðîøî èçâåñòíû. Â åäèíè÷-
íîì êðóãå îíè èìåþò âèä

GD(z, ζ) =
1

2π

[
− ln |z − ζ|+ ln

∣∣∣∣z|ζ| − ζ

|ζ|

∣∣∣∣] ,
GN (z, ζ) =

1

2π

[
− ln |z − ζ| − ln

∣∣∣∣z|ζ| − ζ

|ζ|

∣∣∣∣]+ C.

Ïîäñòàâëÿÿ èõ â ðàâåíñòâà (19) è (20), ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâà-
íèé ïîëó÷àåì ïðåäñòàâëåíèå ðåøåíèÿ (1), (2), (31), ïðè ýòîì êîíñòàíòà C
èç ïðåäñòàâëåíèÿ ôóíêöèÿ Ãðèíà çàäà÷è Íåéìàíà èñ÷åçàåò.

Òàêèì îáðàçîì, äîêàçàíà

Òåîðåìà 4. Ïóñòü α ̸= 1, f(z) ∈ Cγ(Ω), τ(φ) ∈ C1+γ [0, π], ν(φ) ∈ Cγ [0, π],
0 < γ < 1 è âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ (4). Òîãäà ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå çàäà÷è (1), (2), (31) è îíî ïðåäñòàâèìî â âèäå

u(z) =

∫ ∫
Ω

G(z, z2)f(z2)dz2 −
2

1− α

π∫
0

[
∂G(z, z2)

∂nz2

]
|z2|=1

τ(φ2)dφ2+

+

π∫
0

[G(z, z2)]|z2|=1 ν(φ2)dφ2.

Çäåñü G(z, z2) � ôóíêöèÿ Ãðèíà çàäà÷è (1), (2), (31), êîòîðàÿ èìååò âèä

G(z, z2) =

=
1

2
(GD(z, z2) +GD(z, |z2|, 2π − φ2) +GN (z, z2)−GN (z, |z2|, 2π − φ2))+

+
1 + α

2(1− α)

( π∫
0

[
(GN (z1, z2)−GN (z1, |z2|, 2π − φ2))×

×
(∂GD(z, z1)

∂nz1

+
∂GD(z, |z1|, 2π − φ1)

∂nz1

)]
|z1|=1

dφ1

)
.
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Dukenbayeva A.A. ON A GENERALISED SAMARSKII-IONKIN TYPE
PROBLEM FOR THE POISSON EQUATION IN THE DISK

A generalised form of the Samarskii-Ionkin type boundary value problem
for the Poisson equation in the disk is considered. The well-posedness of the
problem is proved. The possibility of separation of variables is justi�ed. An
explicit form of the Green function for the problem is constructed, and an
integral representation of the solution is obtained.
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ÓÐÀÂÍÅÍÈß ØÒÓÐÌÀ-ËÈÓÂÈËËß

Ò.Ø. Êàëüìåíîâ, Í. Êàõàðìàí

Àííîòàöèÿ. Â ðàáîòå ðàññìàòðèâàåòñÿ îäíà çàäà÷à òèïà Áèöàäçå-Ñàìàðñêîãî

äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ. Äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü

ðåãóëÿðíîãî è îáîáùåííîãî ðåøåíèé çàäà÷è. Äàíà êîíñòðóêöèÿ ðåøåíèÿ çàäà÷è.

Ïîñòðîåíà çàäà÷à, ñîïðÿæåííàÿ ê ðàññìàòðèâàåìîé çàäà÷å Áèöàäçå-Ñàìàðñêîãî,

è óñòàíîâëåí êðèòåðèé ãëàäêîñòè åå ðåøåíèÿ.

Êëþ÷åâûå ñëîâà. Çàäà÷à Áèöàäçå-Ñàìàðñêîãî, óðàâíåíèåØòóðìà-Ëèóâèëëÿ, ðå-

ãóëÿðíûå ðåøåíèÿ, ñîïðÿæåííàÿ çàäà÷à.
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Â 1969 ãîäó âûøëà ðàáîòà À.Â. Áèöàäçå è À.À. Ñàìàðñêîãî [1], ïîñâÿ-
ùåííàÿ ïîñòàíîâêå è ðåøåíèþ íîâîãî òèïà íåëîêàëüíîé çàäà÷è.

Çàäà÷à áûëà ïîñòàâëåíà â îáùåì âèäå, íî å¼ ïðîùå ïðîäåìîíñòðèðî-
âàòü äëÿ ñëó÷àÿ óðàâíåíèÿ Ëàïëàñà

uxx + uyy = 0

â ïðÿìîóãîëüíîé îáëàñòè −l < x < l, 0 < y < 1 ñ êðàåâûìè óñëîâèÿìè

u(x, 0) = φ0(x), u(x, 1) = φ1(x), −l < x < l,

è íåëîêàëüíûìè óñëîâèÿìè

u(−l, y) = ϕ1(y), u(0, y) = u(l, y), 0 < y < 1.
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Îñíîâíîå îòëè÷èå çàäà÷ òàêîãî òèïà îò îáû÷íûõ ãðàíè÷íûõ çàäà÷ â
òîì, ÷òî íà ëèíèè x = 0, ó÷àñòâóþùåé â óñëîâèè, äèôôåðåíöèàëüíîå óðàâ-
íåíèå âûïîëíÿåòñÿ. Â ïðèâåäåííîì ïðèìåðå âòîðîå èç ýòèõ óñëîâèé íå ÿâ-
ëÿåòñÿ ãðàíè÷íûì. Èíîãäà òàêèå óñëîâèÿ íàçûâàþò âíóòðåííå-êðàåâûìè.

Äàëüíåéøåå ðàçâèòèå èññëåäîâàíèå çàäà÷ òàêîãî òèïà ïîëó÷èëî â ðà-
áîòàõ À.Â. Áèöàäçå [2], Ä.Ã. Ãîðäåçèàíè, ß.À. Ðîéòáåðã è Ç.Ã. Øåôòåëü,
Ì. Îòåëáàåâà è À.Í. Øûíûáåêîâà, À.Ë. Ñêóáà÷åâñêîãî, è ìíîãèõ äðóãèõ.
Â ðàáîòå Ò.Ø. Êàëüìåíîâà è Å.È. Åðîøåíêîâà [3] äëÿ øèðîêîãî êëàññà
ýëëèïòè÷åñêèõ çàäà÷ Áèöàäçå-Ñàìàðñêîãî äîêàçàíà ïîëíîòà ñèñòåìû êîð-
íåâûõ ôóíêöèé.

Â íàñòîÿùåé ðàáîòå ìû ñôîðìóëèðóåì îäíó ñïåöèàëüíóþ çàäà÷ó òèïà
Áèöàäçå-Ñàìàðñêîãî äëÿ óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ. Áóäåò äàíà êîí-
ñòðóêöèÿ ðåãóëÿðíîãî è îáîáùåííîãî ðåøåíèé çàäà÷è. À òàêæå áóäåò ïî-
ñòðîåíà çàäà÷à, ñîïðÿæåííàÿ ê çàäà÷å Áèöàäçå-Ñàìàðñêîãî, è óñòàíîâëåí
êðèòåðèé ãëàäêîñòè åå ðåøåíèÿ.

2 Çàäà÷à Áèöàäçå-Ñàìàðñêîãî

Ðàññìîòðèì çàäà÷ó Áèöàäçå-Ñàìàðñêîãî íà èíòåðâàëå x ∈ (−1, 1).
Íàéòè ðåøåíèå óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ

Lu = −u′′ (x) + q (x)u (x) = f(x), −1 < x < 1, (1)

óäîâëåòâîðÿþùåå âíóòðåííå-ãðàíè÷íûì óñëîâèÿì

u′(0) + u′(1) = 0, (2)

u′(1) + u(0) + u(1) = 0. (3)

Îïðåäåëåíèå 1. Ðåãóëÿðíûì ðåøåíèåì çàäà÷è Áèöàäçå-Ñàìàðñêîãî (1)�
(3) íàçîâåì ôóíêöèþ u ∈ C2[−1, 1], óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) è
óñëîâèÿì (2), (3).

Îïðåäåëåíèå 2. Îáîáùåííûì ðåøåíèåì çàäà÷è Áèöàäçå-Ñàìàðñêîãî

(1)�(3) íàçîâåì ôóíêöèþ u ∈ W 2
2 (−1, 1), óäîâëåòâîðÿþùóþ ïî÷òè âñþäó

óðàâíåíèþ (1) è óñëîâèÿì (2), (3).
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Òåîðåìà 1. Ïóñòü q(x) > 0 ïðè 0 ≤ x ≤ 1. Òîãäà äëÿ ëþáîé f ∈ L2(−1, 1)
ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå u ∈ W 2

2 (−1, 1) çàäà÷è

Áèöàäçå-Ñàìàðñêîãî (1)�(3) è ýòî ðåøåíèå óäîâëåòâîðÿåò íåðàâåíñòâó

∥u∥W 2
2 (−1,1) ≤ C∥f∥L2(−1,1), (4)

ãäå ïîñòîÿííàÿ C íå çàâèñèò îò u(x).

Â ñëó÷àå, êîãäà f ∈ C[−1, 1], îáîáùåííîå ðåøåíèå çàäà÷è Áèöàäçå-

Ñàìàðñêîãî (1)�(3) ÿâëÿåòñÿ ðåãóëÿðíûì ðåøåíèåì.

Äîêàçàòåëüñòâî. Íàéäåì ñíà÷àëà àïðèîðíóþ îöåíêó äëÿ çàäà÷è (1)�(3)
ïðè 0 < x < 1. Èíòåãðèðóÿ ïî ÷àñòÿì âûðàæåíèå

(Lu, u) =

1∫
0

(
−u′′ (x) + q (x)u (x)

)
· u (x) dx =

1∫
0

f (x) · u (x) dx (5)

ñ ó÷åòîì ãðàíè÷íûõ óñëîâèé (2) è èñïîëüçóÿ íåðàâåíñòâî Þíãà, ìû ïîëó-
÷àåì

−
1∫

0

u′′ (x) · u (x) dx+

1∫
0

q (x) · u2 (x) dx =

= u′ (0) · u (1) + u′ (0) · u (0) +
1∫

0

(
u′ (x)

)2
dx+

1∫
0

q (x) · u2 (x) dx =

=
(
u′ (0)

)2
+

1∫
0

(
u′ (x)

)2
dx+

1∫
0

q (x) · u2 (x) dx ≤

≤
1∫

0

|f (x) · u (x)| dx ≤ 1

2β

1∫
0

|f (x)|2dx+
β

2

1∫
0

|u (x)|2dx. (6)

Òîãäà èç (6) ìû ïîëó÷àåì

1∫
0

(
u′ (x)

)2
dx+

1∫
0

(
q (x)− β

2

)
· |u (x)|2dx ≤ 1

2β

1∫
0

|f (x)|2dx. (7)
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Òàê êàê ïî óñëîâèþ òåîðåìû q(x) > 0, òî ñóùåñòâóåò òàêàÿ ïîëîæè-
òåëüíàÿ êîíñòàíòà β > 0, ÷òî q (x) > β

2 > 0 äëÿ âñåõ 0 < x < 1. Ïîýòîìó
èç (7) íàõîäèì

∥u∥2W 1
2(0,1)

=
∥∥u′∥∥2

L2(0,1)
+ ∥u∥2L2(0,1)

≤ C2∥f∥2L2(0,1)
, (8)

ãäå ïîñòîÿííàÿ C íå çàâèñèò îò u(x).
Â ñèëó àïðèîðíîé îöåíêè (8) íà èíòåðâàëå 0 < x < 1 ñóùåñòâóåò åäèí-

ñòâåííîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì (2), (3). Ýòî
ðåøåíèå ìîæåò áûòü ïðåäñòàâëåíî â èíòåãðàëüíîì âèäå. Òî åñòü ñóùå-
ñòâóåò ôóíêöèÿ εq

+ (x, ξ), êîòîðàÿ ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì
óðàâíåíèÿ (1) (çàâèñèò îò q (x)), óäîâëåòâîðÿþùàÿ óðàâíåíèþ

Lεq
+ (x, ξ) = δ(x− ξ), x > 0, (9)

è óñëîâèÿì
d

dx
εq

+
∣∣
x=0

+
d

dx
εq

+
∣∣
x=1

= 0, (10)

d

dx
εq

+
∣∣
x=1

+ εq
+
∣∣
x=0

+ εq
+
∣∣
x=1

= 0. (11)

Ïîýòîìó ïðè x > 0 ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå

u (x) =

1∫
0

εq
+ (x, ξ)f (ξ) dξ. (12)

Ïðè x < 0 ðåøåíèå áóäåì èñêàòü â âèäå

u (x) =

x∫
0

εq
− (x, ξ)f− (ξ) dξ + c0u0(x) + c1u1(x), (13)

ãäå εq− (x, ξ) � ôóíäàìåíòàëüíûå ðåøåíèå çàäà÷è Êîøè íà èíòåðâàëå −1 <
x < 0:

Lεq
− (x, ξ) = δ(x− ξ), (14)

εq
− (x, ξ)

∣∣
x=0

= 0,
∂εq

−

∂x

∣∣∣∣
x=0

= 0, (15)
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ôóíêöèè u0(x) è u1(x) � ïðîèçâîëüíûå ëèíåéíî íåçàâèñèìûå ðåøåíèÿ îä-
íîðîäíîãî óðàâíåíèÿ

Lu0(x) = Lu1(x) = 0, x ∈ (−1, 0), (16)

à c0, c1 � ïðîèçâîëüíûå ïîñòîÿííûå, âûáèðàåìûå èç óñëîâèÿ ãëàäêîñòè
ðåøåíèÿ ïðè x = 0.

Èç óñëîâèé íåïðåðûâíîñòè ðåøåíèÿ è åãî ïåðâîé ïðîèçâîäíîé â òî÷êå
x = 0, ïîëó÷àåì ëèíåéíóþ ñèñòåìó îòíîñèòåëüíî êîýôôèöèåíòîâ c0, c1:

c0u0(0) + c1u1(0) = u(0) ≡
1∫

0

εq
+(0, ξ)f+(ξ)dξ, (17)

c0u0
′(0) + c1u1

′(0) = u′(0) ≡ d

dx

1∫
0

εq
+(x, ξ)f+(ξ)dξ

∣∣∣
x=0

. (18)

Îïðåäåëèòåëü ýòîé ëèíåéíîé àëãåáðàè÷åñêîé ñèñòåìû ñîâïàäàåò ñ
îïðåäåëèòåëåì Âðîíñêîãî, êîòîðûé îòëè÷åí îò íóëÿ â ñèëó ëèíåéíîé íåçà-
âèñèìîñòè ðåøåíèé u0(x) è u1(x):

W (u0, u1) =

∣∣∣∣u0(0) u1(0)
u0

′(0) u1
′(0)

∣∣∣∣ = Const ̸= 0. (19)

Ñëåäîâàòåëüíî, ñèñòåìà óðàâíåíèé (17), (18) îäíîçíà÷íî ðàçðåøèìà:

c0 = c0(f
+), c1 = c1(f

+). (20)

Íåïîñðåäñòâåííûì âû÷èñëåíèåì èç ñèñòåìû (17), (18) íàõîäèì

c0(f
+)=

u1
(1)(0)

1∫
0

εq
+(0, ξ)f+(ξ)dξ−u1(0)

d
dx

1∫
0

εq
+(x, ξ)f+(ξ)dξ

∣∣∣∣
x=0

W (u0, u1)
, (21)

c1(f
+)=

u0(0)
d
dx

1∫
0

εq
+(x, ξ)f+(ξ)dξ

∣∣∣∣
x=0

−u0
(1)(0)

1∫
0

εq
+(0, ξ)f+(ξ)dξ

W (u0, u1)
. (22)
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Ïîêàæåì, ÷òî c0 è c1 ëèíåéíî íåïðåðûâíî çàâèñÿò îò f+. Äåéñòâèòåëü-
íî, òàê êàê

∣∣c0(f+)
∣∣ =

∣∣∣∣∣∣∣∣∣
u1

(1)(0)
1∫
0

εq
+(0, ξ)f+(ξ)dξ − u1(0)

d
dx

1∫
0

εq
+(x, ξ)f+(ξ)dξ

∣∣∣∣
x=0

W (u0, u1)

∣∣∣∣∣∣∣∣∣ ≤

≤

∣∣u1(1)(0)∣∣ 1∫
0

|εq+(0, ξ)f+(ξ)|dξ + |u1(0)|
x∫
0

∣∣ d
dxεq

+(x, ξ)
∣∣
x=0

f+(ξ)
∣∣ dξ

|W (u0, u1)|
+

+

|u1(0)|
1∫
x

∣∣ d
dxεq

+(x, ξ)
∣∣
x=0

f+(ξ)
∣∣ dξ

|W (u0, u1)|
≤A0

 1∫
0

∣∣f+(ξ)
∣∣2dξ


1
2

=A0∥f∥L2(0,1)
, (23)

ãäå

0 ≤ A0 =

∣∣u1(1)(0)∣∣ ( 1∫
0

|εq+(0, ξ)|2dξ
) 1

2

|W (u0, u1)|
+

+

|u1(0)|

(
x∫
0

∣∣ d
dxεq

+(x, ξ)
∣∣
x=0

∣∣2dξ) 1
2

+

(
1∫
x

∣∣ d
dxεq

+(x, ξ)
∣∣
x=0

∣∣2dξ) 1
2


|W (u0, u1)|

(24)

è ∣∣∣c0(f+)− c0(f̃
+)

∣∣∣ ≤ A0

∥∥∥f+ − f̃+
∥∥∥
L2(0,1)

. (25)

Àíàëîãè÷íî äëÿ c1 ïîëó÷àåì∣∣c1(f+)
∣∣ ≤ A1∥f∥L2(0,1)

è ∣∣∣c1(f+)− c1(f̃
+)

∣∣∣ ≤ A1

∥∥∥f+ − f̃+
∥∥∥
L2(0,1)

.

Îäíîçíà÷íîñòü íàõîæäåíèÿ êîíñòàíò c0 è c1 è ïîëó÷åííûå äëÿ íèõ
îöåíêè äîêàçûâàþò Òåîðåìó 1. �
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3 Ñîïðÿæåííàÿ çàäà÷à ê çàäà÷å Áèöàäçå-Ñàìàðñêîãî

Â ýòîì ðàçäåëå ìû íàõîäèì ñîïðÿæåííóþ çàäà÷ó ê çàäà÷å Áèöàäçå-
Ñàìàðñêîãî. Äëÿ ýòîãî ñíà÷àëà êîýôôèöèåíòû c0(f

+) è c1(f
+) èç (21)�(22)

ïåðåïèøåì â áîëåå óäîáíîì íàì âèäå. Ïóñòü σ0(ξ) è σ1(ξ) îïðåäåëÿþòñÿ
ñëåäóþùèì îáðàçîì:

σ0(ξ) =
u1

′(0)εq
+(0, ξ)− u1(0)

d
dxεq

+(x, ξ)|x=0

W (u0, u1)
, (26)

σ1(ξ) =
u0(0)

d
dxεq

+(x, ξ)|x=0 − u0
′(0)εq

+(0, ξ)

W (u0, u1)
. (27)

Òîãäà

c0(f
+) =

1∫
0

σ0(ξ)f(ξ)dξ, (28)

c1(f
+) =

1∫
0

σ1(ξ)f(ξ)dξ. (29)

Ðåãóëÿðíîå ðåøåíèå çàäà÷è Áèöàäçå-Ñàìàðñêîãî (1)�(3) ïåðåïèøåì ÷å-
ðåç èíòåãðàëüíûé îïåðàòîð

u (x) = LB
−1f =

1∫
−1

K (x, ξ)f (ξ) dξ, (30)

ãäå

K (x, ξ) =


εq

+ (x, ξ) ïðè x > 0, ξ > 0,

0 ïðè x > 0, ξ < 0,

εq
− (x, ξ) ïðè x < 0, ξ < 0

σ0(ξ)u0(x) + σ1(ξ)u1(x) ïðè x < 0, ξ > 0,

(31)

ãäå σ0(ξ) è σ1(ξ) îïðåäåëÿþòñÿ èç ôîðìóë (26)�(27) ñîîòâåòñòâåííî.
Èç (30) è (31) ñëåäóåò, ÷òî ñîïðÿæåííûé îïåðàòîð çàäàåòñÿ â âèäå

v(x) = L∗
B
−1g =

1∫
−1

K∗(x, ξ)g (ξ) dξ, (32)
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ãäå

K∗(x, ξ) =


εq

+(ξ, x) ïðè ξ > 0, x > 0,

σ0(x)u0(ξ) + σ1(x)u1(ξ) ïðè ξ < 0, x > 0,

0 ïðè ξ > 0, x < 0,

εq
−(ξ, x) ïðè ξ < 0, x < 0.

(33)

Íåïîñðåäñòâåííûì âû÷èñëåíèåì ëåãêî óáåäèòüñÿ â òîì, ÷òî äåéñòâèå
ñîïðÿæåííîãî îïåðàòîðà èìååò ñëåäóþùèé âèä:

L∗
Bv(x) = −v′′ (x) + q (x) v (x) = g(x), x ̸= 0. (34)

Òåïåðü íàéäåì ãðàíè÷íûå óñëîâèÿ ñîïðÿæåííîé çàäà÷è. Ïðè x > 0
èìååì

v(x) =

1∫
−1

K∗(x, ξ)g+ (ξ) dξ =

1∫
0

εq
+ (ξ, x)

(
−v′′ (x) + q (x) v (x)

)
dξ+

+

0∫
−1

(σ0(x)u0(ξ) + σ1(x)u1(ξ)) ·
(
−v′′ (ξ) + q (ξ) v (ξ)

)
dξ. (35)

Îòñþäà, èñïîëüçóÿ èíòåãðèðîâàíèå ïî ÷àñòÿì, ìû íàõîäèì

−
[
εq

+ (ξ, x) v′(ξ)|10 − εq
+′

(ξ, x) v(ξ)|10
]
+ σ0(x)

[
−u0(ξ)v

′(ξ)|0−1+

+ u′0(ξ)v(ξ)|0−1

]
+ σ1(x)

[
−u1(ξ)v

′(ξ)|0−1 + u′1(ξ)v(ξ)|0−1

]
= 0. (36)

Èñïîëüçóÿ ÿâíûé âèä σ0(x) è σ1(x) èç (26), (27), ëåãêî âû÷èñëÿåòñÿ, ÷òî

σ0(x)
[
−u0(ξ)v

′(ξ)|0−1 + u′0(ξ)v(ξ)|0−1

]
= 0 (37)

è
σ1(x)[−u1(ξ)v

′(ξ)|0−1 + u′1(ξ)v(ξ)|0−1] = 0. (38)

Òîãäà
εq

+ (ξ, x) v′(ξ)|10 − εq
+′

(ξ, x) v(ξ)|10 = 0. (39)
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Îòñþäà, ïðèíèìàÿ âî âíèìàíèå ïîòåíöèàëüíûå óñëîâèÿ (10) è (11), ïîëó-
÷àåì

v′(0) + v′(1) = 0, (40)

v′(1) + v(0) + v(1) = 0. (41)

Ïðè x < 0 èìååì

v(x) =

1∫
−1

K∗(x, ξ)g− (ξ) dξ =

0∫
−1

εq
− (ξ, x) g− (ξ) dξ =

=

0∫
−1

εq
− (ξ, x) ·

(
−v′′ (ξ) + q (ξ) v (ξ)

)
dξ. (42)

Èñïîëüçóÿ èíòåãðèðîâàíèå ïî ÷àñòÿì, îòñþäà íàõîäèì

εq
− (ξ, x) v′(ξ)|0−1 − εq

−′
(ξ, x) v(ξ)|0−1 = 0. (43)

Ïðèíèìàÿ âî âíèìàíèå ïîòåíöèàëüíûå óñëîâèÿ (15), ïîëó÷àåì

v′(−1) = 0, v(−1) = 0. (44)

Òàêèì îáðàçîì, îáëàñòü îïðåäåëåíèÿ D(L∗
B) ñîïðÿæåííîãî îïåðàòîðà

ñîñòîèò èç ôóíêöèé, ïðèíàäëåæàùèõ êëàññó W 2
2 (−1, 0)

∩
W 2

2 (0, 1) è óäî-
âëåòâîðÿþùèõ êðàåâûì óñëîâèÿì (40), (41) è (44).

Ëåãêî çàìåòèòü, ÷òî ôóíêöèè èç îáëàñòè îïðåäåëåíèÿ ñîïðÿæåííîãî
îïåðàòîðà íåîáÿçàòåëüíî ÿâëÿþòñÿ íåïðåðûâíûìè è íåïðåðûâíî äèôôå-
ðåíöèðóåìûìè â òî÷êå x = 0.

Òåîðåìà 2. Ýëåìåíò èç îáëàñòè îïðåäåëåíèÿ ñîïðÿæåííîãî îïåðàòî-

ðà v = (L∗)−1
B g ÿâëÿåòñÿ ãëàäêîé ôóíêöèåé (ò.å. íåïðåðûâíî äèôôåðåí-

öèðóåìîé â òî÷êå x = 0) òîãäà è òîëüêî òîãäà, êîãäà ôóíêöèÿ g(x) ≡
−v′′(x) + q(x)v(x) óäîâëåòâîðÿåò óñëîâèÿì

1∫
0

εq
+(ξ, 0+)g+ (ξ) dξ =

0∫
−1

εq
−(ξ, 0−)g− (ξ) dξ, (45)
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1∫
0

∂

∂x
εq

+ (ξ, x)

∣∣∣∣∣∣
x=0

g+(ξ)dξ =

0∫
−1

∂

∂x
εq

− (ξ, x)

∣∣∣∣∣∣
x=0

g−(ξ)dξ. (46)

Äîêàçàòåëüñòâî. Äëÿ íåïðåðûâíîñòè v(x) íà (−1, 1) íåîáõîäèìî ðàâåí-
ñòâî: v (0+) = v (0−). Òîãäà

1∫
0

εq
+(ξ, x)g+ (ξ) dξ

∣∣∣∣∣∣
x=0+

=

0∫
−1

εq
−(ξ, x)g− (ξ) dξ

∣∣∣∣∣∣
x=0−

,

ò.å. ñïðàâåäëèâî (45).
Äëÿ òîãî, ÷òîáû ïåðâûå ïðîèçâîäíûå áûëè íåïðåðûâíû, íåîáõîäèìî è

äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü óñëîâèå

d

dx
v (x) |x=0+ =

d

dx
v (x) |x=0− .

Òîãäà d

dx

1∫
0

εq
+ (ξ, x)g+(ξ)dξ

∣∣∣∣∣∣
x=0+

=

 d

dx

0∫
−1

εq
−(ξ, x)g−(ξ)dξ

∣∣∣∣∣∣
x=0−

,

ò.å. ñïðàâåäëèâî (46). Òåîðåìà 2 äîêàçàíà. �
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�ØIÍ ÁÈÖÀÄÇÅ-ÑÀÌÀÐÑÊÈÉÄI� ÁIÐ ÅÑÅÁI ÒÓÐÀËÛ

Á´ë æ´ìûñòà Øòóðì-Ëèóâèëëü òå­äåói ³øií Áèöàäçå-Ñàìàðñêèé òåê-
òåñ áið åñåï ©àðàñòûðûë¡àí. Åñåïòi­ ðåãóëÿðëû æºíå æàëïû øåøiìiíi­ áàð
áîëóû ìåí æàë¡ûçäû¡û äºëåëäåíãåí. Åñåï øåøiìiíi­ ©´ðûëûìû êåëòiðië-
ãåí. �àðàñòûðûëûï îòûð¡àí Áèöàäçå-Ñàìàðñêèé åñåáiíå ò³éiíäåñ åñåï
©´ðûë¡àí æºíå îíû­ øåøiìiíi­ òåãiñòiãi òóðàëû êðèòåðèé òà¡àéûíäàë¡àí.

Êiëòòiê ñ°çäåð. Áèöàäçå-Ñàìàðñêèé åñåái, Øòóðì-Ëèóâèëëü òå­äåói,
ðåãóëÿðëû øåøiìäåð, ò³éiíäåñ åñåï.

Kal'menov T. Sh., Kakharman N. ON A PROBLEM OF BITSADZE-
SAMARSKII FOR THE STURM-LIOUVILLE EQUATION

In this paper, we consider a problem of Bitsadze-Samarskii type for the
Sturm-Liouville equation. We proved the existence and the uniqueness of a
regular and generalized solutions for this problem. The construction of the
solution of the problem is given. The problem conjugate to the considered
Bitsadze-Samarskii problem is constructed and a criterion for the smoothness
of its solution is established.

Keywords. Bitsadze-Samarskii problem, Sturm-Liouville equation, regular
solutions, adjoint problem.
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AN ANALOGUE OF THE FRACTIONAL SOBOLEV

INEQUALITY ON THE HOMOGENOUS LIE GROUPS

A. Kassymov, D. Suragan

Annotation. In this paper we prove an analogue of the fractional Sobolev inequality

for the fractional sub-Laplacian.

Keywords. Fractional sub-Laplacian, fractional Sobolev inequality, homogeneous Lie

groups.

1 Introduction

1.1 Homogenous Lie group

We recall that a family of dilations of a Lie algebra g is a family of linear
mappings of the form

Dλ = Exp(A lnλ) =
∞∑
k=0

(ln(λ)A)k, (1)

where A is a diagnalisable linear operator on g with positive eigenvalues, and
Dλ is a morphism of the Lie algebra g, that is, a linear mapping from g to
itself which respects to the Lie bracket:

∀X,Y ∈ g, λ > 0, [DλX,DλY ] = Dλ[X,Y ]. (2)

A homogeneous group is a connected simply connected Lie group whose
Lie algebra is equipped with dilations. We denote by

Q := TrA, (3)
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the homogeneous dimension of a homogeneous group G.
For any G there exists homogeneous quasi-norm, which is a continuous

non-negative function

G ∋ x 7→ q(x) ∈ [0,∞), (4)

with the properties

a) q(x) = q(x−1) for all x ∈ G,

b) q(λx) = λq(x) for all x ∈ G and λ > 0,

c) q(x) = 0 i� x = 0.

Note that for the simplicity of notation, here and after we assume that the
origin 0 of RN is the identity of G. This assumption is not restrictive due
to properties of isomorphic Lie groups. We also use the following well-known
polar decomposition on homogeneous Lie groups (see, e.g. [1, Section 3.1.7]):
there is a (unique) positive Borel measure σ on the unit quasi-sphere

ωQ := {x ∈ G : q(x) = 1}, (5)

so that for every f ∈ L1(G) we have

∫
G

f(x)dx =

∞∫
0

∫
ωQ

f(ry)rQ−1dσ(y)dr. (6)

Let s ∈ (0, 1) and G be a homogeneous Lie group with homogeneous dimension
Q. For a (Haar) measurable and compactly supported function u the fractional
sub-Laplacian (−∆q)

s on G can be de�ned as

(−∆q)
su(x) = 2 lim

δ↘0

∫
G\Bq(x,δ)

(u(x)− u(y))

qQ+2s(y−1 ◦ x)
dy, x ∈ G, (7)

where q is a quasi-norm on G and Bq(x, δ) is a quasi-ball with respect to q,
with radius δ centered at x ∈ G .
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For a measurable function u : G → R we de�ne the Gagliardo seminorm
by

[u]s,q =

∫
G

∫
G

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy

1/p

. (8)

Now we recall the de�nition of the fractional Sobolev spaces on homogeneous
Lie groups denoted by W s,2,q(G). For s ∈ (0, 1), the functional space

W s,2,q(G) = {u ∈ L2(G) : u is measurable, [u]s,q < +∞}, (9)

endowed with the norm

∥u∥W s,2,q(G) = (∥u∥L2(G) + [u]s,q)
1/2, u ∈ W s,2,q(G), (10)

is called the fractional Sobolev spaces on G.

1.2 Fractional Sobolev inequality

Let Ω ⊂ RN be a measurable set and 1 < p < N , then the (classical)
Sobolev inequality is formulated as

∥u∥Lp∗ (Ω) ≤ C∥∇u∥Lp(Ω), u ∈ C∞
0 (Ω), (11)

where C = C(N, p) > 0 is a positive constant, p∗ = Np
N−p and ∇ is a standard

gradient in RN .
In [2] the authors obtained the fractional Sobolev inequality in the case

N > sp, 1 < p < ∞, and s ∈ (0, 1), for any measurable and compactly
supported function u one has

∥u∥Lp∗ (RN ) ≤ C[u]ps,p, (12)

where C = C(N, p, s) > 0 is a suitable constant, [u]ps,p =
∫
RN

∫
RN

|u(x)−u(y)|p
|x−y|N+sp dxdy

and p∗ = Np
N−sp . There is a number of generalisations and extensions of above

Sobolev's inequality. For example, in [3] the authors proved the following
weighted fractional Sobolev inequality: Let 1 < p < N

s and 0 < β < N−ps
2 ,

then for all u ∈ C∞
0 (RN ) one has

C

∫
RN

∫
RN

|u(x)− u(y)|p

|x− y|N+ps|x|β|y|β
dxdy ≥

 ∫
RN

|u|p∗

|x|
2βp∗

p

dx


p
p∗

, (13)
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where C = C(N, p, s) > 0 and p∗ = Np
N−sp .

The Sobolev inequality is one of the most important tools in PDE and
variational problems. In this paper one of our aims is to obtain an analogue of
the fractional Sobolev inequality on the homogeneous Lie groups. The result
is stated in Theorem 2.1.

The paper is organized as follows. In Section we prove analogue of the
fractional Sobolev inequality on the homogenous Lie groups.

2 Fractional Sobolev inequality

In this section we prove fractional Sobolev inequality on the homogeneous
Lie groups.

Let Q be a homogeneous dimension of a homogeneous Lie group G. To
prove an analogue of the fractional Sobolev inequality, �rst we present some
preliminary results. Here we follow a similar scheme as in [2], but now on the
homogeneous Lie groups.

Lemma 2.1. Let s ∈ (0, 1) and K ⊂ G be Haar measurable set. Fix x ∈ G and

a quasi-norm q on G, then we have∫
Kc

dy

qQ+2s(y−1 ◦ x)
≥ C|K|−2s/Q, (14)

where C = C(Q, s, q) is a positive constant, Kc = G \K and |K| is the Haar

measure of K.

Proof. Let δ :=
(
|K|
ωQ

)1/Q
, where ωQ is a surface measure of the unit quasi-

ball on G. Then, we have

|Kc ∩Bq(x, δ)| = |Bq(x, δ)| − |K ∩Bq(x, δ)| =

= |K| − |K ∩Bq(x, δ)| = |K ∩Bc
q(x, δ)|, (15)

where | · | is the Haar measure on G and Bq(x, δ) is a quasi-ball centered at x
with radius δ. Then,∫
Kc

dy

qQ+2s(y−1 ◦ x)
=

∫
Kc∩Bq(x,δ)

dy

qQ+2s(y−1 ◦ x)
+

∫
Kc∩Bc

q(x,δ)

dy

qQ+2s(y−1 ◦ x)
≥
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≥
∫

Kc∩Bq(x,δ)

dy

δQ+2s
+

∫
Kc∩Bc

q(x,δ)

dy

qQ+2s(y−1 ◦ x)
=

=
|Kc ∩Bq(x, δ)|

δQ+2s
+

∫
Kc∩Bc

q(x,δ)

dy

qQ+2s(y−1 ◦ x)
.

By using (15) we establish∫
Kc

dy

qQ+2s(y−1 ◦ x)
≥ |Kc ∩Bq(x, δ)|

δQ+2s
+

∫
Kc∩Bc

q(x,δ)

dy

qQ+2s(y−1 ◦ x)
=

=
|K ∩Bc

q(x, δ)|
δQ+2s

+

∫
Kc∩Bc

q(x,δ)

dy

qQ+2s(y−1 ◦ x)
≥

≥
∫

K∩Bc
q(x,δ)

dy

qQ+2s(y−1 ◦ x)
+

∫
Kc∩Bc

q(x,δ)

dy

qQ+2s(y−1 ◦ x)
=

=

∫
Bc

q(x,δ)

dy

qQ+2s(y−1 ◦ x)
.

Now using the polarization formula (6) we obtain that∫
Kc

dy

qQ+2s(y−1 ◦ x)
≥ C|K|−2s/Q. (16)

Lemma 2.2 [[2], Lemma 6.2]. Fix T > 1. Let s ∈ (0, 1) be such that Q > 2s,
m ∈ Z and ak be a bounded, decreasing, nonnegative sequence with ak = 0 for

any k ≥ m. Then∑
k∈Z

a
(Q−2s)/Q
k T k ≤ C

∑
k∈Z, ak ̸=0

ak+1a
−2s/Q
k T k,

for a positive constant C = C(Q, s, T ) > 0.
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Lemma 2.3. Let s ∈ (0, 1), Q > 2s and q be a quasi-norm on G. Let u ∈ L∞(G)
be compactly supported and ak := |{|u| > 2k}| for any k ∈ Z. Then,

C
∑

k∈Z, ak ̸=0

ak+1a
−2s/Q
k 22k ≤ [u]ps,q, (17)

where C = C(Q, s, q) is a positive constant and [u]s,q is de�ned by (8).

Proof. We de�ne

Ak := {|u| > 2k}, k ∈ Z, (18)

and

Dk := Ak \Ak+1 = {2k < f ≤ 2k+1} and dk = |Dk|. (19)

Since Ak+1 ⊆ Ak, it is easy to see

ak+1 ≤ ak. (20)

By the assumption u ∈ L∞(G) is compactly supported, ak and dk are
bounded and vanish when k is large enough. Also, we notice that the Dk's are
disjoint, therefore, ∪

l∈Z, l≤k

Dl = Ac
k+1 (21)

and ∪
l∈Z, l≥k

Dl = Ak. (22)

From (22) we obtain that ∑
l∈Z, l≥k

dl = ak (23)

and

dk = ak −
∑

l∈Z, l≥k+1

dl. (24)

Since ak and dk are bounded and vanish when k is large enough, (23) and (24)
are convergent. We de�ne the convergent series

S :=
∑

l∈Z, al−1 ̸=0

22la
−2s/Q
l−1 dl. (25)
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We have that Dk ⊆ Ak ⊆ Ak−1, therefore, a
−2s/Q
i−1 dl ≤ a

−2s/Q
i−1 al−1. Thus,

{(i, l) ∈ Z s.t. ai−1 ̸= 0 and a
−2s/Q
i−1 dl ̸= 0} ⊆

⊆ {(i, l) ∈ Z s.t. al−1 ̸= 0}. (26)

By using (26) and (20), we calculate that∑
i∈Z, ai−1 ̸=0

∑
l∈Z, l≥i+1

22ia
−2s/Q
i−1 dl =

∑
i∈Z, ai−1 ̸=0

∑
l∈Z, l≥i+1, a2s/Qdl ̸=0

22ia
−2s/Q
i−1 dl ≤

≤
∑
i∈Z

∑
l∈Z, l≥i+1, al−1 ̸=0

22ia
−2s/Q
i−1 dl =

∑
l∈Z, al−1 ̸=0

∑
i∈Z, i≤l−1

22ia
−2s/Q
i−1 dl ≤

≤
∑

l∈Z, al−1 ̸=0

∑
i∈Z, i≤l−1

22ia
−2s/Q
l−1 dl =

=
∑

l∈Z, al−1 ̸=0

+∞∑
k=0

22(l−1−k)a
−2s/Q
l−1 dl ≤ S. (27)

Notice that

||u(x)| − |u(y)|| ≤ |u(x)− u(y)|

for any x, y ∈ G. If we �x i ∈ Z and x ∈ Di, then for any j ∈ Z with j ≤ i− 2,
for any y ∈ Dj using the above inequality, we obtain that

|u(x)− u(y)| ≥ 2i − 2j+1 ≥ 2i − 2i−1 ≥ 2i−1

and using (21), we have

∑
j∈Z, j≤i−2

∫
Dj

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dy ≥ 22(i−1)

∑
j∈Z, j≤i−2

∫
Dj

dy

qQ+2s(y−1 ◦ x)
=

= 22(i−1)

∫
Ac

i−1

dy

qQ+2s(y−1 ◦ x)
. (28)
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Now using (28) and Lemma 2.1, we obtain that∑
j∈Z, j≤i−2

∫
Dj

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dy ≥ C22ia

−2s/Q
i−1

with a positive constant C. That is, for any i ∈ Z, we have∑
j∈Z, j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy ≥ C22ia

−2s/Q
i−1 di. (29)

From (29) and (24) we get∑
j∈Z, j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy ≥

≥ C

22ia
−2s/Q
i−1 ai −

∑
l∈Z, l≥i+1

22ia
−2s/Q
i−1 dl

 . (30)

By (29) and (25) we establish that∑
i∈Z, ai−1 ̸=0

∑
j∈Z, j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy ≥

≥ C
∑

i∈Z, ai−1 ̸=0

22ia
−2s/Q
i−1 di ≥ C S. (31)

Then, by using (27), (30) and (31), we obtain that∑
i∈Z, ai−1 ̸=0

∑
j∈Z, j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy ≥ C

∑
i∈Z, ai−1 ̸=0

22ia
−2s/Q
i−1 ai−

−C
∑

i∈Z, ai−1 ̸=0

∑
l∈Z, l≥i+1

22ia
−2s/Q
i−1 dl ≥ C

∑
i∈Z, ai−1 ̸=0

22ia
−2s/Q
i−1 ai − C S ≥

≥ C
∑

i∈Z, ai−1 ̸=0

22ia
−2s/Q
i−1 ai −

∑
i∈Z, ai−1 ̸=0

∑
j∈Z, j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy.
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This means ∑
i∈Z, ai−1 ̸=0

∑
j∈Z, j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy ≥

≥ C

2

∑
i∈Z, ai−1 ̸=0

22ia
−2s/Q
i−1 ai (32)

for a constant C > 0. By symmetry and using (32), we arrive at

[u]2s,q =

∫
G

∫
G

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy =

∑
i,j∈Z

∫
Di

∫
Dj

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy ≥

≥ 2
∑

i,j∈Z, j<i

∫
Di

∫
Dj

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy ≥

≥ 2
∑

i∈Z, ai−1 ̸=0

∑
j∈Z, j≤i−2

∫
Di

∫
Dj

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy ≥

≥ C
∑

i∈Z, ai−1 ̸=0

22ia
−2s/Q
i−1 ai.

�
Lemma 2.4. Let u : G → R be a measurable function. For any n ∈ N

un := max{min{u(x), n},−n}, for any x ∈ G. (33)

Then,

lim
n→+∞

∥un∥L2(G) = ∥u∥L2(G).

Proof. The proof is the same as in [2, Lemma 6.4].

By using the above lemmas we prove the following analogue of the fractional
Sobolev inequality on G:
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Theorem 2.1. Let s ∈ (0, 1), Q > 2s and q be a quasi-norm on G. For

any measurable and compactly supported function u : G → R there exists a

positive constant C = C(Q, s, q) > 0 such that

||u||2
Lp∗ (G)

≤ C[u]2s,q. (34)

Proof. First of all, we suppose that Gagliardo's seminorm [u]s,q is bounded,
i.e.

[u]2s,q =

∫
G

∫
G

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy < +∞ (35)

and we suppose that u ∈ L∞(G).
If (35) is satis�ed for bounded functions, it holds also for the function un,

obtained by u cutting at levels −n and n. Thus, by using Lemma 2.4 and (35)
with the dominated convergence theorem, we obtain that

lim
n→+∞

[un]
2
s,q = lim

n→+∞

∫
G

∫
G

|un(x)− un(y)|2

qQ+2s(y−1 ◦ x)
dxdy =

=

∫
G

∫
G

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy = [u]2s,q. (36)

As in Lemma 2.3 we de�ne ak and Ak, so we have

||u∥Lp∗ (G) =

∑
k∈Z

∫
Ak\Ak+1

|u(x)|p∗dx


1/p∗

≤

∑
k∈Z

∫
Ak\Ak+1

2(k+1)p∗dx


1/p∗

≤

≤

(∑
k∈Z

2(k+1)p∗ak

)1/p∗

. (37)

Then, with 2/p∗ = 1− 2s/Q < 1 and T = 22, Lemma 2.2 yields

∥u∥2
Lp∗ (G)

≤ 22

(∑
k∈Z

2kp
∗
ak

)2/p∗

≤ 22
∑
k∈Z

22ka
(Q−2s)/Q
k ≤
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≤ C
∑

k∈Z, ak ̸=0

22ka
−2s/Q
k ak+1 (38)

for a positive constant C = C(Q, s, q) > 0.
Finally, using Lemma 2.3 we arrive at

∥u∥2
Lp∗ (G)

≤ C
∑

k∈Z, ak ̸=0

22ka
−2s/Q
k ak+1 ≤

≤ C

∫
G

∫
G

|u(x)− u(y)|2

qQ+2s(y−1 ◦ x)
dxdy = C[u]ps,q. (39)

Theorem 2.1 is proved.
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ÍÈËÜÏÎÒÅÍÒÍÛÕ ÃÐÓÏÏÀÕ

È.Â. Ëàòêèí, Í.Ä. Ìàðõàáàòîâ

Àííîòàöèÿ. Èçó÷àåòñÿ ñëîæíîñòü âû÷èñëåíèÿ èçîëÿòîðîâ ÷ëåíîâ íèæíåãî
öåíòðàëüíîãî ðÿäà (öåòðàëîâ) ó âû÷èñëèìûõ ãðóïï áåç êðó÷åíèÿ, à òàêæå
âû÷èñëèìîñòü ôàêòîð ãðóïï ïî ýòèì ïîäãðóïïàì. Ýòè âîïðîñû òåñíî ñâÿçàíû ñ
ïðîáëåìîé âõîæäåíèÿ â ÷ëåíû âåðõíåãî è íèæíåãî öåíòðàëüíûõ ðÿäîâ âû÷èñëè-
ìûõ ãðóïï. Ïîñëåäíèé âîïðîñ èíòåðåñåí òåì, ÷òî ìíîãèå àëãåáðàè÷åñêèå ñâîéñòâà
íèëüïîòåíòíûõ ãðóïï äîêàçûâàþòñÿ èíäóêöèåé ïî ñòóïåíè íèëüïîòåíòíîñòè; äëÿ
ýòîé öåëè ÷àñòî ðàññìàòðèâàþòñÿ ÷ëåíû âåðõíåãî è íèæíåãî öåíòðàëüíûõ ðÿäîâ
è ôàêòîð ãðóïïû ïî íèì. Åñòåñòâåííî áûëî îæèäàòü, ÷òî ýòîò ìåòîä ïðèìåíèì
è ê âû÷èñëèìûì ãðóïïàì. Îäíàêî, ýòè íàäåæäû íå îïðàâäàëèñü: îêàçàëîñü, ÷òî
óæå èçîëÿòîðû öåíòðàëîâ è ôàêòîðû ïî íèì ìîãóò èìåòü ñëîæíîå ñòðîåíèå äàæå
äëÿ âû÷èñëèìûõ íèëüïîòåíòíûõ ãðóïï áåç êðó÷åíèÿ, â ÷àñòíîñòè, ôàêòîð ãðóïïû
ïî ýòèì èçîëÿòîðàì ó òàêèõ ãðóïï ìîãóò áûòü íåâû÷èñëèìûìè.

Êëþ÷åâûå ñëîâà. Íèëüïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ, âû÷èñëèìîñòü, êîíñòðóê-
òèâèçàöèÿ, áàçèñíûå êîììóòàòîðû, ôàêòîð ãðóïïà, öåíòðàë, èçîëÿòîð, íóìåðàöèÿ,
ðàçðåøèìîñòü, òüþðèíãîâàÿ ñòåïåíü.

1 Îñíîâíûå îïðåäåëåíèÿ è íåîáõîäèìûå ñâåäåíèÿ

Âñå îïðåäåëåíèÿ è ïîíÿòèÿ èç òåîðèè ãðóïï, êîòîðûå çäåñü èñïîëüçó-
þòñÿ áåç ïîÿñíåíèé ìîæíî íàéòè â [1]�[3], [4], à ñâåäåíèÿ èç òåîðèè êîí-
ñòðóêòèâíûõ (âû÷èñëèìûõ) ìîäåëåé � â [5]. Çäåñü ìû íàïîìíèì ëèøü îñ-
íîâíûå èç íèõ.

1.1 Íèëüïîòåíòíûå ãðóïïû

Ïóñòü G � ãðóïïà, çàïèñàííàÿ ìóëüòèïëèêàòèâíî. Äëÿ x, y ∈G (ñàìà
ãðóïïà è å¼ óíèâåðñóì îáîçíà÷àþòñÿ îäèíàêîâî) êîììóòàòîð x è y � ýòî

2010 Mathematics Subject Classi�cation: 03C57, 03D40, 03D45, 06F15, 20F10, 20F18.
Funding: Funding: Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâîãî ôèíàíñèðîâàíèÿ

Êîìèòåòîì íàóêè ÌÎÍ ÐÊ, ãðàíòû 3953/ÃÔ4 è ÈÐÍ: AP05132349, òåìà ïðîåêòà: "Âû-
÷èñëèìîñòü, èíòåðïðåòèðóåìîñòü è àëãåáðàè÷åñêèå ñòðóêòóðû".

c⃝ È.Â. Ëàòêèí, Í.Ä. Ìàðõàáàòîâ, 2018.
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[x, y] = x−1y−1xy. Åñëè H è K � ïîäãðóïïû â G, òî [H,K] åñòü ïîäãðóïïà,
ïîðîæä¼ííàÿ âñåìè êîììóòàòîðàìè âèäà [h, k], ãäå h ∈ H è k ∈ K, ò.å.
[H,K]=gr({[h, k] |h∈H, k∈K}). Êàê îáû÷íî, çàïèñü H EG îçíà÷àåò, ÷òî
H � íîðìàëüíàÿ ïîäãðóïïà â G.

Íèæíèé öåíòðàëüíûé ðÿä ãðóïïû G � ýòî ñëåäóþùèé ðÿä å¼ ïîäãðóïï:
G = γ1G D γ2G D γ3G D . . ., è îí îïðåäåëÿåòñÿ ïî èíäóêöèè: γ1G = G,
à γi+1G = [γiG,G] � åãî (i+1)-é ÷ëåí (öåíòðàë). Ãðóïïà G íàçûâàåòñÿ
íèëüïîòåíòíîé ñòóïåíè r, åñëè γr+1G=1, íî γrG ̸=1.

Ïðîñòûå êîììóòàòîðû îïðåäåëÿþòñÿ èíäóêòèâíî: [x1, x2, . . . , xn+1] =
[[x1, x2, . . . , xn], xn+1]. Èçâåñòíî, ÷òî ãðóïïà G � íèëüïîòåíòíàÿ òîãäà è
òîëüêî òîãäà, êîãäà ñóùåñòâóåò r > 1 òàêîå, ÷òî [x1, x2, . . . , xr+1] = 1 äëÿ
âñåõ x1, . . . , xr+1 ∈G. Íàèìåíüøåå òàêîå r åñòü ñòóïåíü íèëüïîòåíòíîñòè
äëÿ G. Òàêèì îáðàçîì, âñå ãðóïïû, ó êîòîðûõ ñòóïåíü íèëüïîòåíòíîñòè
íå âûøå r, ñîñòàâëÿþò ìíîãîîáðàçèå Nr ãðóïï, çàäàâåìûõ òîæäåñòâîì
[x1, x2, . . . , xr+1]=1 [1].

Äëÿ ëþáîé íîðìàëüíîé ïîäãðóïïû H ãðóïïû G èìååòñÿ åñòåñòâåííàÿ
ïðîåêöèÿ πH : G → G/H, çàäàâàåìàÿ êàê πH(g) = gH. Öåíòð ãðóï-

ïû G, îáîçíà÷àåìûé C(G), � ýòî ìíîæåñòâî òåõ g ∈ C(G), äëÿ êîòîðûõ
gh = hg ïðè âñÿêîì h ∈ G. Ïîñêîëüêó C(G) � íîðìàëüíàÿ ïîäãðóïïà, òî
âçÿâ öåíòð îò G/C(G) è âåðíóâøèñü îáðàòíî ê G ïîñðåäñòâîì π−1

C(G), ïî-
ëó÷àåì äðóãóþ íîðìàëüíóþ ïîäãðóïïó â G. Âåðõíèé öåíòðàëüíûé ðÿä
1 = ζ0GE ζ1GE ζ2GE . . . ãðóïïû G îïðåäåëÿåòñÿ ïî èíäóêöèè: ζ0G=1 è
ζi+1G = π−1

ζiG
(C(G/(ζiG))); åãî i-é ÷ëåí ζiG èíîãäà íàçûâàþò i-ì ãèïåðöåí-

òðîì ãðóïïû G.

Ãðóïïà G èìååò ñòóïåíü íèëüïîòåíòíîñòè r, åñëè è òîëüêî åñëè ζrG =
G, è ïðè ýòîì r � íàèìåíüøåå ÷èñëî ñ òàêèì ñâîéñòâîì. Õîðîøî èçâåñòíî,
÷òî åñëè 1 = G0 EG1 E G2 E . . . EGr = G åñòü íåêîòîðûé öåíòðàëüíûé
ðÿä ãðóïïûG ñòóïåíè íèëüïîòåíòíîñòè r, òî èìååò ìåñòî ñëåäóþùàÿ ñõåìà
âêëþ÷åíèé:

ζ0G ▹ ζ1G ▹ . . . ▹ ζr−1G ▹ ζrG

∥ = E E = ∥

1 = G0 ▹ G1 ▹ . . . ▹ Gr−1 ▹ Gr = G

∥ = E E = ∥

γr+1G ▹ γrG ▹ . . . ▹ γ2G ▹ γ1G

. (1)
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Íàïîìíèì, ÷òî ïåðèîäè÷åñêàÿ ÷àñòü τG ãðóïïû G � ýòî ìíîæåñòâî,
ñîñòîÿùåå èç ýëåìåíòîâ g∈G, äëÿ êîòîðûõ íàéä¼òñÿ öåëîå ÷èñëî n>0 òà-
êîå, ÷òî gn=1; íàèìåíüøåå òàêîå n íàçûâàåòñÿ ïîðÿäêîì ýëåìåíòà g. Åñëè
ïåðèîäè÷åñêàÿ ÷àñòü τG òðèâèàëüíà, òî ãðóïïà G íàçûâàåòñÿ íåèìåþùåé

êðó÷åíèÿ. Èçâåñòíî, ÷òî ïåðèîäè÷åñêàÿ ÷àñòü íèëüïîòåíòíîé ãðóïïû �
íîðìàëüíàÿ ïîäãðóïïà [1], [2].

1.2 Êîíñòðóêòèâíûå àëãåáðàè÷åñêèå ñèñòåìû

Ïóñòü G=⟨G, ·,−1 , 1⟩ � ñ÷¼òíàÿ ãðóïïà. Îòîáðàæåíèå ν : D → G âû-
÷èñëèìîãî ïîäìíîæåñòâà D ìíîæåñòâà N íàòóðàëüíûõ ÷èñåë â óíèâåðñóì
G íàçûâàåòñÿ íóìåðàöèåé ãðóïïû G, à ïàðà (G, ν) íàçûâàåòñÿ íóìåðîâàí-

íîé ãðóïïîé.

Íóìåðîâàííàÿ ãðóïïà (G, ν) íàçûâàåòñÿ êîíñòðóêòèâíîé (èëè âû÷èñ-
ëèìî íóìåðîâàííîé), åñëè èìåþòñÿ âû÷èñëèìûå ôóíêöèè f, g òàêèå, ÷òî
ïðè ëþáûõ n,m ∈ D âûïîëíåíû ðàâåíñòâà ν(n) · ν(m) = νf(n,m) è
(ν(n))−1=νg(n), à ìíîæåñòâî ν−1(1) � âû÷èñëèìîå. Åñëè ìíîæåñòâî ν−1(1)
� âû÷èñëèìî ïåðå÷èñëèìîå, òî íóìåðàöèÿ ν áóäåò ïîçèòèâíîé. Íóìåðàöèÿ
ν ãðóïïû G òàêàÿ, ÷òî (G, ν) åñòü êîíñòðóêòèâíàÿ ãðóïïà, íàçûâàåòñÿ êîí-
ñòðóêòèâèçàöèåé (èëè âû÷èñëèìîé íóìåðàöèåé) ãðóïïû G. Ãðóïïà, êîòî-
ðàÿ èìååò êîíñòðóêòèâèçàöèþ, íàçûâàåòñÿ âû÷èñëèìîé.

Ïóñòü (G, ν) åñòü íóìåðîâàííàÿ ãðóïïà, à M � ïîäìíîæåñòâî â G. Ýòî
ïîäìíîæåñòâî � âû÷èñëèìîå (èëè âû÷èñëèìî ïåðå÷èñëèìîå � â.ï.), åñëè
òàêîâî åãî íîìåðíîå ìíîæåñòâî ν−1(M).

Åñëè H � âû÷èñëèìî ïåðå÷èñëèìàÿ (â.ï.) ïîäãðóïïà íóìåðîâàííîé
ãðóïïû (G, ν), òî ìîæíî îïðåäåëèòü íóìåðàöèþ µ ïîäãðóïïû H ñ ïîìî-
ùüþ âû÷èñëèìîé ôóíêöèè f , êîòîðàÿ ïåðå÷èñëÿåò íîìåðíîå ìíîæåñòâî
ν−1(H): µ(x) = νf(x). Êîãäà íóìåðàöèÿ ν � êîíñòðóêòèâíàÿ, òîãäà òà-
êîé æå áóäåò µ [5]. Ïîñêîëüêó ïåðèîäè÷åñêàÿ ÷àñòü è âñå ÷ëåíû íèæíåãî
öåíòðàëüíîãî ðÿäà � âû÷èñëèìî ïåðå÷èñëèìûå âî âñÿêîé êîíñòðóêòèâíîé
ãðóïïå, ñîãëàñíî èõ îïðåäåëåíèÿì, òî ýòè ïîäãðóïïû âû÷èñëèìîé ãðóïïû
ÿâëÿþòñÿ âû÷èñëèìûìè ãðóïïàìè.

Åñëè H E G, òî äëÿ êàæäîé íóìåðàöèè ν ãðóïïû G ìîæíî îïðåäåëèòü
êàíîíè÷åñêóþ (èëè åñòåñòâåííóþ) íóìåðàöèþ ν/H ôàêòîð ãðóïïû G/H
ïîñðåäñòâîì (ν/H)(m)=ν(m)/H äëÿ ëþáîãî m∈N. Íóìåðàöèÿ ν/H áóäåò
ïîçèòèâíîé (âû÷èñëèìîé), åñëè H åñòü âû÷èñëèìî ïåðå÷èñëèìàÿ (âû÷èñ-
ëèìàÿ) ïîäãðóïïà â G ïðè ν [5].
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1.3 Èçîëÿòîðû è áàçèñíûå êîììóòàòîðû

Áàçèñíûå êîììóòàòîðû â ñâîáîäíîé íèëüïîòåíòíîé ãðóïïå F ñ ïîðîæ-
äàþùèìè x0, x1, . . . , xr, . . . îïðåäåëÿþòñÿ èíäóêöèåé ïî âåñó [2], [3], [4], [6].

1) Êàæäûé ïîðîæäàþùèé xi � ýòî áàçèñíûé êîììóòàòîð âåñà 1. Ñ÷èòà-
åì, ÷òî îíè åñòåñòâåííî óïîðÿäî÷åíû ìåæäó ñîáîé: x0< x1< . . .<xr< . . ..

2) Ïðåäïîëîæèì, ÷òî âñå áàçèñíûå êîììóòàòîðû âåñà 6 k óæå îïðåäå-
ëåíû è óïîðÿäî÷åíû ìåæäó ñîáîé. Åñëè a, b � áàçèñíûå êîììóòàòîðû âåñà
t 6 k è s = k − t+ 1 ñîîòâåòñòâåííî è ïðè ýòîì a > b, òî êîììóòàòîð [a, b]
áóäåò áàçèñíûì âåñà t+s = k+1 â òîì òîëüêî òîì ñëó÷àå, åñëè âûïîëíåíî
äîïîëíèòåëüíîå óñëîâèå: åñëè a = [a1, a2], òî b > a2.

3) Êîììóòàòîðû âåñà k ñëåäóþò çà êîììóòàòîðàìè âåñîâ ìåíüøèõ k è
ìåæäó ñîáîé óïîðÿäî÷åíû òàê, ÷òî ïî ãåäåëåâñêèì íîìåðàì äâóõ êîììó-
òàòîðîâ ìîæíî ýôôåêòèâíî âûÿñíèòü: êàêîé èç íèõ áîëüøå.

Èçâåñòíî, ÷òî â ñâîáîäíîé íèëüïîòåíòíîé ãðóïïå F ñòóïåíè n áàçèñíûå
êîììóòàòîðû âåñà k < n îáðàçóþò ñâîáîäíûé áàçèñ àáåëåâîé ôàêòîð ãðóï-
ïû γkF/γk+1F [2], [3], [4], [6]. Êðîìå òîãî, ìíîæåñòâî ã¼äåëåâñêèõ íîìåðîâ
ýòèõ êîììóòàòîðîâ � âû÷èñëèìîå ìíîæåñòâî, áóäåì íàçûâàòü òàêèå íîìå-
ðà èíäåêñàìè êîììóòàòîðîâ (ïðè ôèêñèðîâàííîé ã¼äåëåâñêîé íóìåðàöèè).
Ìîæíî ñ÷èòàòü, ÷òî ïîðÿäîê íà ýòèõ èíäåêñàõ çàäà¼òñÿ óïîðÿäî÷åíèåì,
óïîìÿíóòûì â ïóíêòàõ 1)�3) âûøå.

Ñîãëàñíî îïðåäåëåíèþ, åñëè [a, b] � áàçèñíûé êîììóòàòîð, òî äëÿ ëþáî-
ãî j êîììóòàòîð âèäà [. . . [[a, b], b], . . . , b], ãäå b âõîäèò j ðàç, òîæå áàçèñíûé
âåñà j + 1. Óäîáíî îáîçíà÷èòü òàêèå êîììóòàòîðû êàê [a, b(j)].

Ïóñòü G � ãðóïïà è H 6 G. Èçîëÿòîðîì ïîäãðóïïû H íàçûâàåòñÿ
ãðóïïà, ïîðîæäåííàÿ âñåìè ýëåìåíòàìè g èç G, äëÿ êîòîðûõ ñóùåñòâóåò
íåíóëåâîå ÷èñëî n, ÷òî gn ∈ H, ò.å. IH = gr{g ∈ G|(∃n ∈ Z\{0})(gn ∈ H)}
� èçîëÿòîð ïîäãðóïïûH. Â ÷àñòíîñòè, IγkG = gr{g ∈ G|(∃n ∈ Z\{0})(gn ∈
γkG)} � èçîëÿòîð k-ãî öåíòðàëà.

Èíòåðåñ ê èçîëÿòîðàì ïîäãðóïï îáúÿñíÿåòñÿ ñëåäóþùèìè ïðîñòûìè è
èçâåñòíûìè ôàêòàìè [3], [6]: 1. åñëè G � íèëüïîòåíòíàÿ ñòóïåíè r ãðóïïà,
òî èçîëÿòîð k-ãî öåíòðàëà IγkG � íîðìàëüíàÿ ïîäãðóïïà; 2. åñëè G �
ãðóïïà áåç êðó÷åíèÿ, òî G/(IγkG) � íèëüïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ
ñòóïåíè íå áîëåå, ÷åì k − 1.
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2 Ïîñòàíîâêà ïðîáëåìû

Âîïðîñû î ñëîæíîñòè ïðîáëåìû âõîæäåíèÿ â ÷ëåíû âåðõíåãî è íèæ-
íåãî öåíòðàëüíûõ ðÿäîâ ó âû÷èñëèìûõ ãðóïï, à òàêæå î âû÷èñëèìîñòè
ôàêòîð ãðóïï ïî ýòèì ïîäãðóïïàì èíòåðåñíû òåì, ÷òî ìíîãèå àëãåáðàè÷å-
ñêèå ñâîéñòâà íèëüïîòåíòíûõ ãðóïï äîêàçûâàþòñÿ èíäóêöèåé ïî ñòóïåíè
íèëüïîòåíòíîñòè; äëÿ ýòîé öåëè ÷àñòî ðàññìàòðèâàþòñÿ ÷ëåíû âåðõíåãî
èëè íèæíåãî öåíòðàëüíûõ ðÿäîâ è ôàêòîð ãðóïïû ïî íèì. Åñòåñòâåííî
áûëî îæèäàòü, ÷òî ýòîò ìåòîä ïðèìåíèì è ê âû÷èñëèìûì ãðóïïàì.

Ýòè íàäåæäû ÷àñòè÷íî îïðàâäàíû äëÿ R-ãðóïï, äîïóñêàþùèõ ïîçè-
òèâíóþ íóìåðàöèþ, è ðàçìåðíîñòü êîììóòàíòà êîòîðûõ êîíå÷íà [7], à òàê-
æå äëÿ ìàòðè÷íûõ ãðóïï. Êðîìå òîãî, ñõåìà âêëþ÷åíèé (1), ïðèâåä¼ííàÿ
âûøå, ñîçäàåò èëëþçèþ òîãî, ÷òî ñïîñîáíîñòü ðåøàòü ïðîáëåìó âõîæäå-
íèÿ äëÿ ëþáîãî èç ÷ëåíîâ ýòèõ öåíòðàëüíûõ ðÿäîâ ïîçâîëèò íàì ëåãêî
ðåøèòü òàêèå âîïðîñû äëÿ äðóãèõ.

Äëÿ êîíå÷íî ïîðîæäåííûõ ãðóïï ýòî âåðíî. Äåéñòâèòåëüíî, ïóñòü
(G; ν) � ïîçèòèâíî íóìåðîâàííàÿ ãðóïïà. Òîãäà ν/(γnG) ÿâëÿåòñÿ
ïîçèòèâíîé íóìåðàöèåé êîíå÷íî ïîðîæäåííîé íèëüïîòåíòíîé ãðóïïû
G/(γnG). Ïîñêîëüêó ïðîáëåìà ðàâåíñòâà ñëîâ äëÿ êîíå÷íî ïîðîæä¼í-
íûõ è ïîçèòèâíî íóìåðîâàííûõ íèëüïîòåíòíûõ ãðóïï ðàçðåøèìà, ãðóï-
ïà (G/(γnG), ν/(γnG)) � êîíñòðóêòèâíàÿ. Êðîìå òîãî, ýëåìåíò g ãðóïïû
G ïðèíàäëåæèò öåíòðó òîãäà è òîëüêî òîãäà, êîãäà ðàâåíñòâî [g, x] = 1
âåðíî äëÿ êàæäîãî îáðàçóþùåãî x èç G. Ïîýòîìó èíäóêöèåé ïî ïàðàìåò-
ðó i íåòðóäíî äîêàçàòü, ÷òî êàæäûé ÷ëåí ζiG âåðõíåãî öåíòðàëüíîãî ðÿäà
òàêæå ìîæåò áûòü ýôôåêòèâíî âû÷èñëåí â âû÷èñëèìîé êîíå÷íî ïîðîæ-
äåííîé ãðóïïå G.

Òàêèì îáðàçîì, îñíîâíîå âíèìàíèå ìû óäåëÿåì áåñêîíå÷íî ïîðîæäåí-
íûì âû÷èñëèìûì íèëüïîòåíòíûì ãðóïïàì. Åñëè H è K � âû÷èñëèìî
ïåðå÷èñëèìûå ïîäãðóïïû êîíñòðóêòèâíîé ãðóïïû (G; ν), òî êîììóòàòîð
ïîäãðóïïû [H,K], êàê ëåãêî âèäåòü, âû÷èñëèìî ïåðå÷èñëèì. Ïî èíäóê-
öèè ïîëó÷àåì, ÷òî ÷ëåíû íèæíåãî öåíòðàëüíîãî ðÿäà (èëè öåíòðàëû) è
èõ èçîëÿòîðû â êîíñòðóêòèâíîé ãðóïïå äîëæíû áûòü âû÷èñëèìî ïåðå-
÷èñëèìûìè.

Â [8], [9], [10] èçó÷àëàñü ïðîáëåìà âõîæäåíèÿ â ÷ëåíû íèæíåãî è âåðõ-
íåãî öåíòðàëüíûõ ðÿäîâ äëÿ âû÷èñëèìûõ ãðóïï è âîïðîñû î âû÷èñëèìî-
ñòè ôàêòîðîâ ïî ýòèì ïîäãðóïïàì. Îêàçàëîñü, ÷òî â îáùåì ñëó÷àå ñëîæ-
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íîñòü ïðîáëåìû âõîæäåíèÿ â ëþáîé íåòðèâèàëüíûé ÷ëåí òàêîãî ðÿäà ìî-
æåò áûòü íåçàâèñèìîé îò ñëîæíîñòè ýòîé ïðîáëåìû äëÿ äðóãèõ ÷ëåíîâ
ýòèõ ðÿäîâ äàæå äëÿ íèëüïîòåíòíûõ ãðóïï áåç êðó÷åíèÿ, äîïóñêàþùèõ
âû÷èñëèìûé ïîðÿäîê [8], [9], êàê ïîêàçûâàþò ñëåäóþùèå òåîðåìû.

Òåîðåìà 1 ([8]). Äëÿ ëþáîãî íàòóðàëüíîãî n>2 ñóùåñòâóåò n-ñòóïåííî
íèëüïîòåíòíàÿ ãðóïïà G(n) áåç êðó÷åíèÿ òàêàÿ, ÷òî äëÿ ëþáîãî íàáîðà

âû÷èñëèìî ïåðå÷èñëèìûõ (â.ï.) òüþðèíãîâûõ ñòåïåíåé â = ⟨a2, . . . , an⟩
íàéä¼òñÿ êîíñòðóêòèâèçàöèÿ ν(â) ãðóïïû G(n), ïðè êîòîðîé ñëîæíîñòü

ïðîáëåìû âõîæäåíèÿ â i-é öåíòðàë ðàâíà ai.

Òåîðåìà 2 ([9]). Çàôèêñèðóåì n > 2 è äâà íàáîðà â.ï. òüþðèíãîâûõ

ñòåïåíåé d1, . . . , dn−1 è e2, . . . , en. Ñóùåñòâóåò êîíñòðóêòèâíàÿ ãðóïïà áåç

êðó÷åíèÿ (G,α) ñòóïåíè íèëüïîòåíòíîñòè n, ó êîòîðîé ñëîæíîñòü ïðîáëå-

ìû âõîæäåíèÿ â i-é ãèïåðöåíòð ðàâíà di äëÿ 1 6 i 6 n− 1, à â i-é öåíòðàë

� ei äëÿ 2 6 i 6 n. Êðîìå òîãî, (G,α) äîïóñêàåò âû÷èñëèìûé ïîðÿäîê,

ïîýòîìó ýòî âû÷èñëèòåëüíîå ñâîéñòâî íåçàâèñèìîñòè âûïîëíÿåòñÿ è äëÿ

âû÷èñëèìûõ óïîðÿäî÷åííûõ íèëüïîòåíòíûõ ãðóïï.

Â ñëó÷àå íèëüïîòåíòíûõ ãðóïï, èìåþùèõ êðó÷åíèå, ñëîæíîñòü ïðîáëå-
ìû âõîæäåíèÿ â öåíòðàëû è ãèïåðöåíòðû ìîæåò íå çàâèñåòü òàêæå è îò
âû÷èñëèìîé íóìåðàöèè âñåé ãðóïïû [8], [10]. Êðîìå òîãî, ïîäîáíàÿ íåçà-
âèñèìîñòü íàáëþäàåòñÿ è â âîïðîñå î âû÷èñëèìîñòè ôàêòîðîâ ïî ÷ëåíàì
ýòèõ êðàéíèõ öåíòðàëüíûõ ðÿäîâ [8], [10].

Ïðåæäå ÷åì ñôîðìóëèðîâàòü ñëåäóþùèé ôàêò, çàìåòèì âíà÷àëå, ÷òî
ïðè âñÿêîé êîíñòðóêòèâèçàöèè ãðóïïû G ñëîæíîñòü ïðîáëåìû âõîæäå-
íèÿ â íîðìàëüíóþ ïîäãðóïïó H íå ìîæåò áûòü íóëåâîé, åñëè ñàìà H
èëè å¼ ôàêòîð ãðóïïà G/H � íåâû÷èñëèìàÿ. Ýòî íàáëþäåíèå âûçûâà-
åò íåîáõîäèìîñòü ñëåäóþùåãî îïðåäåëåíèÿ. Íàáîð ⟨d1, . . . , dn−1⟩ ñòåïåíåé
íàçûâàåòñÿ ñîãëàñîâàííûì ñ íàáîðîì (α1, . . . , αn−1;β1, . . . , βn−1), ñîñòîÿ-
ùèì èç íóëåé è åäèíèö, åñëè äëÿ âñåõ 16 j 6 n−1 âûïîëíÿåòñÿ óñëîâèå
αj=βj=0 ↔ dj=0.

Òåîðåìà 3 ([10]). Çàôèêñèðóåì n>2 è íàáîð (α̂, β̂)=(α1, . . . , αn−1;β1,
. . . , βn−1) èç íóëåé è åäèíèö. Ïóñòü d1, . . . , dn−1 è e2, . . . , en � íàáîðû â.ï.

òüþðèíãîâûõ ñòåïåíåé òàêèå, ÷òî íàáîð ⟨d1, . . . , dn−1⟩ ñîãëàñîâàí ñ (α̂, β̂).
Òîãäà ñóùåñòâóåò âû÷èñëèìàÿ ãðóïïà H(d̂, ê) ñòóïåíè íèëüïîòåíòíîñòè n,
îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè:
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1) äëÿ êàæäîé âû÷èñëèìîé íóìåðàöèè ν ãðóïïû H(d̂, ê) âåðíî, ÷òî a)

ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â öåíòðàë γiH(d̂, ê)) ðàâíà ei ïðè 26 i6n
è ôàêòîð ãðóïïà H(d̂, ê)/γiH(d̂, ê) � âû÷èñëèìàÿ òîãäà è òîëüêî òîãäà,

êîãäà ei = 0; á) ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â ãèïåðöåíòð ζiH(d̂, ê)
ðàâíà di äëÿ 16 i6n−1;

2) äëÿ âñÿêîé â.ï. ñòåïåíè b íàéä¼òñÿ êîíñòðóêòèâèçàöèÿ µ ãðóïïû

H(d̂, ê) òàêàÿ, ÷òî ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â ïåðèîäè÷åñêóþ ÷àñòü

τH(d̂, ê) ðàâíà b; òàêèì îáðàçîì, ýòà ãðóïïà � íå àâòîóñòîé÷èâàÿ;

3) åñëè αj =1, òî ãèïåðöåíòð ζjH(d̂, ê) � íå âû÷èñëèì; à êîãäà βj =1,

òîãäà ôàêòîð ãðóïïà H(d̂, ê)/ζjH(d̂, ê) � íåâû÷èñëèìàÿ äëÿ 16j6n−1.

3 Ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â èçîëÿòîðû öåíòðàëîâ

Íà îñíîâàíèè âûøå ïðèâåäåííûõ òåîðåì ìîæíî óòâåðæäàòü, ÷òî íå
ñóùåñòâóåò íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé äëÿ âû÷èñëèìîñòè íèëü-
ïîòåíòíûõ ãðóïï, èñïîëüçóþùèõ èíäóêöèþ ïî ñòóïåíè íèëüïîòåíòíîñòè,
â îáùåì ñëó÷àå. Äîëãîå âðåìÿ îñòàâàëàñü íàäåæäà, ÷òî ïîäîáíûå ïðèçíà-
êè âåðíû äëÿ êëàññà íèëüïîòåíòíûõ ãðóïï áåç êðó÷åíèÿ, åñëè èíäóêöèþ
âåñòè íå ïî ÷ëåíàì âåðõíåãî è íèæíåãî öåíòðàëüíûõ ðÿäîâ, à ïî èçîëÿ-
òîðàì öåíòðàëîâ. Îäíàêî, è â ýòîì ñëó÷àå êàðòèíà äîñòàòî÷íî ñëîæíàÿ è
ýòà íàäåæäà íå îïðàâäàíà (ñì. Òåîðåìû 4 è 5 íèæå).

Åñëè ⟨G,µ⟩ � ïîçèòèâíî íóìåðîâàííàÿ íèëüïîòåíòíàÿ ãðóïïà áåç êðó-
÷åíèÿ, òî âñå ôàêòîð ãðóïïû γjG/(I(γj+1G) ∩ γjG) è I(γjG)/I(γj+1)G �
ïîçèòèâíî íóìåðóåìûå àáåëåâû ãðóïïû áåç êðó÷åíèÿ, à ïîòîìó è âû÷èñëè-
ìûå [11], çäåñü I(γ1G) = γ1G = G; â ÷àñòíîñòè, ôàêòîð ãðóïïàG/I(γ2G) ïî
èçîëÿòîðó âòîðîãî öåíòðàëà � âñåãäà âû÷èñëèìàÿ äëÿ âû÷èñëèìîé ãðóï-
ïû G. Âîïðîñ î âû÷èñëèìîñòè ôàêòîðîâ ïî èçîëÿòîðàì òðåòüåãî è áîëåå
öåíòðàëîâ ñóùåñòâåííî ñëîæíåå, êàê ïîêàçûâàåò ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 4. Äëÿ ëþáîé âû÷èñëèìî ïåðå÷èñëèìîé òüþðèíãîâîé ñòåïåíè d
è âñÿêîãî íàòóðàëüíîãî n>3 ñóùåñòâóåò êîíñòðóêòèâíàÿ n-ñòóïåííî íèëü-
ïîòåíòíàÿ ãðóïïà áåç êðó÷åíèÿ ⟨G(d), µ⟩, ó êîòîðîé ñëîæíîñòü ïðîáëåìû

âõîæäåíèÿ â èçîëÿòîð n-ãî öåíòðàëà ðàâíà d, ò.å. íîìåðíîå ìíîæåñòâî

µ−1(I(γnG(d))) èìååò ñòåïåíü d. Ôàêòîð ãðóïïà G(d)/(IγnG(d)) âû÷èñëè-
ìàÿ òîãäà è òîëüêî òîãäà, êîãäà d = 0.

Äîêàçàòåëüñòâî. Ïóñòü U � âû÷èñëèìîå áåñêîíå÷íîå ìíîæåñòâî, à A =
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gr(ai|i∈U) � ñâîáîäíàÿ íèëüïîòåíòíàÿ ãðóïïà ñòóïåíè n−2, B = gr(bj |j∈
U) � ñâîáîäíàÿ íèëüïîòåíòíàÿ ãðóïïà ñòóïåíè n − 1, C = gr(cl|l ∈ U) �
ñâîáîäíàÿ íèëüïîòåíòíàÿ ãðóïïà ñòóïåíè n.

Âîçüìåì âû÷èñëèìî ïåðå÷èñëèìîå ïîäìíîæåñòâî M âî ìíîæåñòâå U
òàêîå, ÷òî òüþðèíãîâà ñòåïåíü M ðàâíà d è, åñëè d = 0, òî ìíîæåñòâà M
è U \M îáà áåñêîíå÷íûå è 0 /∈ M , íî 0 ∈ U . Ñëåäîâàòåëüíî, ñóùåñòâóåò
âû÷èñëèìàÿ ôóíêöèÿ f : U → M ñ îáëàñòüþ îïðåäåëåíèÿ U \ {0} è ñ
îáëàñòüþ çíà÷åíèÿM , êîòîðàÿ ïåðå÷èñëÿåò ìíîæåñòâîM áåç ïîâòîðåíèé.

Îïðåäåëèì ãðóïïó G(d), êàê ôàêòîð ãðóïïó ïðÿìîãî ïðîèçâåäåíèÿ
ãðóïï A, B è C ïî íîðìàëüíîé ãðóïïå R, ò.å. G(d) = (A × B × C)/R,
ãäå

R = gr({[ai, a(n−3)
0 ]−pi · [bi, b(n−2)

0 ] | i∈U \ {0}} ∪

∪{[bk, b
(n−2)
0 ] · [cl, c

(n−1)
0 ]−1| l∈U \ {0} ∧ k=f(l)}),

çäåñü è äàëåå pi � (i+ 1)-å ïðîñòîå ÷èñëî.

Ïîñêîëüêó äëÿ âñÿêèõ i, l ∈ U èìåþò ìåñòî ñëåäóþùèå âõîæäåíèÿ:

[ai, a
(n−3)
0 ]∈ζ1A=γn−2A, [bi, b

(n−2)
0 ]∈ζ1B=γn−1B è [cl, c

(n−1)
0 ]∈ζ1C=γnC,

òî íåñëîæíî ïîíÿòü, ÷òî ãðóïïà G(d) � ýòî ïðÿìîå ïðîèçâåäåíèå ãðóïï A,
B è C ñ îáúåäèí¼ííûìè èçîìîðôíûìè öåíòðàëüíûìè ïîäãðóïïàìè (èëè
àìàëüãàìèðîâàííîå ïðîèçâåäåíèå) [4]. Îòñþäà è èç ñâîéñòâ àìàëüãàìèðî-
âàííîãî ïðîèçâåäåíèÿ ñðàçó ïîëó÷àåì, ÷òî êàæäûé èç ñîìíîæèòåëåé A,
B è C èçîìîðôíî âêëàäûâàåòñÿ â ãðóïïó G(d). Êðîìå òîãî, èç ýòîãî è
òîãî, ÷òî êàæäàÿ èç ãðóïï A, B è C íå èìååò êðó÷åíèÿ, áóäó÷è ñâîáîäíîé
íèëüïîòåíòíîé ãðóïïîé, âûòåêàåò ñëåäóþùåå óòâåðæäåíèå.

Ëåììà 1. Ãðóïïà G(d) íå èìååò êðó÷åíèÿ è å¼ ôàêòîð ãðóïïà ïî öåí-

òðó G(d)/ζ1G(d) � ïðÿìîå ïðîèçâåäåíèå ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïï

A/γn−2A, B/γn−1B è C/γnC ñòóïåíåé íèëüïîòåíòíîñòè n−3, n−2 è n−1
ñîîòâåòñòâåííî.

Ëåììà 2. Ãðóïïà G(d) â ìíîãîîáðàçèè n-ñòóïåííî íèëüïîòåíòíûõ ãðóïï
Nn èìååò ïðåäñòàâëåíèå ñ îáðàçóþùèìè èç ìíîæåñòâà {ai|i∈U} ∪ {bj |j∈
U} ∪ {cl|l∈U} è îïðåäåëÿþùèìè ñîîòíîøåíèÿìè

[ai, bj ] = [ai, cl] = [bk, cl] = 1, (2)
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ãäå i, j, k, l ∈ U ;

[ai, a
(n−3)
0 ]pi = [bi, b

(n−2)
0 ], [bk, b0

n−2] = [cl, c0
n−1], (3)

åñëè l∈U \ {0} è k = f(l); à òàêæå

êîììóòàòîðû âåñà n− 1 èç ïîðîæäàþùèõ ãðóïïû A ðàâíû 1 (4)

áàçèñíûå êîììóòàòîðû âåñà n èç ïîðîæäàþùèõ ãðóïïû B ðàâíû 1. (5)

2. Åñòåñòâåííàÿ ãåäåëåâñêàÿ íóìåðàöèÿ µ ãðóïïû G(d), ïîñòðîåííàÿ ïî
åå ïðåäñòàâëåíèþ, îïèñàííîìó âûøå, ÿâëÿåòñÿ âû÷èñëèìîé, òî åñòü â ýòîì

ïðåäñòàâëåíèè ðàçðåøèìà ïðîáëåìà ðàâåíñòâà.

Äîêàçàòåëüñòâî. Ðàññìîòðèì îòîáðàæåíèå φ : G̃ → G(d), îïðåäåëåííîå
ïî ïðàâèëó φ(ãi) = ai; φ(b̃j) = bj , φ(c̃k) = ck, ãäå G̃ � ãðóïïà, çàäàííàÿ
â ìíîãîîáðàçèè Nn ïðåäñòàâëåíèåì ñ ïîðîæäàþùèì ìíîæåñòâîì {ãi|i∈
U}∪{b̃j |j∈U}∪{c̃l|l∈U} è îïðåäåëÿþùèìè ñîîòíîøåíèÿìè âèäà (2)�(5),
åñëè â íèõ âåçäå çàìåíèòü ïîðîæäàþùèå ai íà ãi, ïîðîæäàþùèå bj íà b̃j
è ïîðîæäàþùèå cl íà c̃l.

Ýòî îòîáðàæåíèå φ ìîæåò áûòü ïðîäîëæåíî äî ãîìîìîðôèçìà ãðóï-
ïû G̃ â G(d), òàê êàê íà ñîîòâåòñòâóþùèõ ïîðîæäàþùèõ ãðóïïû G(d)
âûïîëíÿþòñÿ âñå ñîîòíîøåíèÿ, êîòîðûå åñòü â G̃ [4]. Äåéñòâèòåëüíî, ñî-
îòíîøåíèÿ âèäà (2), (4) è (5) âûïîëíÿþòñÿ óæå â ïðÿìîì ïðîèçâåäåíèè
A×B ×C, à ñîîòíîøåíèÿ âèäà (3) ïîÿâëÿþòñÿ âñëåäñòâèå ôàêòîðèçàöèè
ïî ãðóïïå R. Ïîêàæåì, ÷òî ÿäðî ýòîãî ãîìîìîðôèçìà � òðèâèàëüíîå, òî
åñòü, ÷òî ýòî � èçîìîðôèçì.

Äàëåå ìû äîêàçûâàåì îáà óòâåðæäåíèÿ ëåììû ïàðàëëåëüíî äðóã äðó-
ãó. Ðàññìîòðèì ëþáîå ñëîâî îò ïîðîæäàþùèõ ãðóïïû G(d). Èñïîëüçóÿ
ñîáèðàòåëüíûé ïðîöåññ [3], [4], [6], ýòî ñëîâî ìîæíî ïðåîáðàçîâàòü òàê,
÷òîáû âíà÷àëå øëè ïî âîçðàñòàíèþ (âåñîâ è èíäåêñîâ) áàçèñíûå êîììó-
òàòîðû îò ïîðîæäàþùèõ ãðóïïû A â êàêèõ-òî öåëî÷èñëåííûõ ñòåïåíÿõ,
çàòåì ñòåïåíè áàçèñíûõ êîììóòàòîðîâ îò ïîðîæäàþùèõ ãðóïïû B (òîæå
ïî âîçðàñòàíèþ âåñîâ è èíäåêñîâ (ñì. ïîäðàçäåë ¾Èçîëÿòîðû è áàçèñíûå
êîììóòàòîðû¿), à çàòåì ñòåïåíè áàçèñíûõ êîììóòàòîðîâ îò ïîðîæäàþùèõ
ãðóïïû C. Ïðè ýòîì ìû èñïîëüçóåì òîëüêî ñîîòíîøåíèÿ âèäà (2), (4) è
(5), ò.å. ðàññìàòðèâàåì ýòî ñëîâî, êàê ýëåìåíò ãðóïïû A×B × C.
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Áîëåå òî÷íî ëþáîé ýëåìåíò ĝ èç G(d) ìîæíî ýôôåêòèâíî ïðåäñòàâèòü
â âèäå

ĝ = â1 . . . ân−3ân−2 · b̂1 . . . b̂n−2b̂n−1 · ĉ1 . . . ĉn−1ĉn, (6)

ãäå âi, b̂i, ĉi � ïðîèçâåäåíèå öåëî÷èñëåííûõ ñòåïåíåé áàçèñíûõ êîììóòàòî-
ðîâ âåñà i. Ïðè ýòîì ĝ=1 òîãäà è òîëüêî òîãäà, êîãäà â1 = . . .= ân−3 =
1, b̂1 = . . . = b̂n−2 = 1, ĉ1 = . . . = ĉn−1 = 1 è ân−2 · b̂n−1 · ĉn = 1. Ïðè
16 i6n−3, 16j6n−2 è 16 l6n−1 êàæäîå ñëîâî âi = ai,1

α1 · · · ai,kαk ,

b̂j=bj,1
β1 · · · bj,mβm è ĉi=cl,1

γ1 · · · cl,tγt ïðåäñòàâëÿåò åäèíèöó òîãäà è òîëü-
êî òîãäà, êîãäà α1= . . .=αk=β1= . . .=βm=γ1= . . . = γt = 0, ïîñêîëüêó ïî
Ëåììå 1 ãðóïïû A/γn−2A, B/γn−1B è C/γnC � ñâîáîäíûå íèëüïîòåíòíûå
ñòóïåíåé íèëüïîòåíòíîñòè n−3, n−2 è n−1.

×òîáû âûÿñíèòü âåðíî ëè, ÷òî ân−2 · b̂n−1 · ĉn = 1, ðàññìîòðèì áàçèñ-
íûå êîììóòàòîðû, âõîäÿùèå â çàïèñü ýëåìåíòà ĉn. Åñëè íå âñå îíè èìåþò
âèä [cl, c0

(n−1)]δ, òî ân−2b̂n−1ĉn ̸= 1. Â ïðîòèâíîì ñëó÷àå, ò.å. êîãäà âñå îíè

èìåþò âèä [cl, c0
(n−1)]δ, ïåðåïèñûâàåì èõ â âèäå [bk, b

(n−2)
0 ]δ, ãäå k = f(l),

èñïîëüçóÿ ñîîòíîøåíèÿ âèäà (3) ãðóïïû G(d). Òåì ñàìûì ïðîâåðêà ðàâåí-
ñòâà ân−2b̂n−1ĉn = 1 ñâîäèòñÿ ê ïðîâåðêå ðàâåíñòâà âèäà ân−2b̂

′
n−1 = 1.

Ðàâåíñòâî ân−2b̂
′
n−1=1 âîçìîæíî òîãäà è òîëüêî òîãäà, êîãäà äëÿ âñÿ-

êîãî i, ó êîòîðîãî [ai, a0
(n−3)]γ âõîäèò â çàïèñü ân−2, â çàïèñè b̂′n−1 èìååòñÿ

êîììóòàòîð [bi, b0
(n−2)]δ òàêîé, ÷òî piδ=−γ.

Ðàññìîòðèì ñëîâî

̂̃g = ̂̃a1 . . . ̂̃an−3
̂̃an−2

̂̃
b1 . . .

̂̃
bn−2

̂̃
bn−1

̂̃c1 . . . ̂̃cn−1
̂̃cn,

ãäå êàæäîå ñëîâî ̂̃ai, ̂̃bi, ̂̃ci � ïðîèçâåäåíèå áàçèñíûõ êîììóòàòîðîâ âåñà i îò
ñîîòâåòñòâóþùèõ ïîðîæäàþùèõ ñ ¾âîëíàìè¿. Åñëè ê ýòîìó ñëîâó ïðèìå-
íèì îòîáðàæåíèå φ, òî ïîëó÷èì ýëåìåíò âèäà (6) îò ïîðîæäàþùèõ ãðóïïû
G(d), êîòîðûé îïðåäåëÿåò åäèíè÷íûé ýëåìåíò òîãäà è òîëüêî òîãäà, êîãäà̂̃g = 1. Ëåììà 2 äîêàçàíà.

Ëåììà 3. Ôàêòîð ãðóïïà G(d)/IγnG(d) ïî èçîëÿòîðó n-ãî öåíòðàëà èìå-
åò ñëåäóþùåå ñòðîåíèå:

G(d)/IγnG(d) = (A×B)/H × C/γnC,

ãäå H = gr([ai, a0
(n−3)]pi · [bi, b0(n−2)]−1 | i ∈ U \M).
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Äîêàçàòåëüñòâî. Ïðè äîêàçàòåëüñòâå Ëåììû 2 ìû ïîëó÷èëè, ÷òî âñÿ-
êèé ýëåìåíò ĝ èçG(d) ïðåäñòàâèì â âèäå (6), ãäå âi, b̂i, ĉi � ïðîèçâåäåíèÿ áà-
çèñíûõ êîììóòàòîðîâ âåñà i. Ïðè ýòîì ìîæíî ñ÷èòàòü, ÷òî ĉn íå ñîäåðæèò
êîììóòàòîðîâ âèäà [cl, c0

(n−1)], à b̂n−1 � êîììóòàòîðîâ âèäà [bi, b0
(n−2)]. Îò-

ñþäà íåñëîæíî ïîíÿòü, ÷òî ýëåìåíò ĝ ïîïàäàåò â èçîëÿòîð IγnG(d) òîãäà
è òîëüêî òîãäà, êîãäà ĝ = ân−2ĉn, ïðè÷åì â çàïèñü ýëåìåíòà ân−2 âõîäÿò
òîëüêî áàçèñíûå êîììóòàòîðû âèäà [ai, a0

(n−3)]γ ñ i ∈ M .

Ëåììà 4. Ôàêòîð ãðóïïà G(d)/IγnG(d) ïî èçîëÿòîðó n-ãî öåíòðàëà íå

âû÷èñëèìà, åñëè ìíîæåñòâî M âû÷èñëèìî ïåðå÷èñëèìîå, íî íå âû÷èñëè-

ìîå.

Äîêàçàòåëüñòâî. Äîêàæåì, ÷òî åñëè G � âû÷èñëèìàÿ ãðóïïà, òî ñëåäó-
þùåå ìíîæåñòâî

L(G) = {n ∈ U | ∃y, u, x, z([y, u(n−3)]pn = [x, z(n−2)])}

äîëæíî áûòü âû÷èñëèìî ïåðå÷èñëèìûì.
Ïóñòü ïàðà ⟨G,α⟩ � âû÷èñëèìî íóìåðîâàííàÿ ãðóïïà. Òîãäà G =

{g0, g1, g2, . . .}, ãäå α(s) = gs.
Ïåðå÷èñëÿåì ìíîæåñòâî L(G) ïî øàãàì. ×àñòü L(G), ïîñòðîåííóþ ïî-

ñëå øàãà t, îáîçíà÷èì êàê L(G)(t). Ñ÷èòàåì, ÷òî L(G)(0) = ∅.
Øàã 1. Ðàññìîòðèì ýëåìåíòû g0, g1, g2, g3. Åñëè êàêèå-òî äâà èç íèõ

ðàâíû, òî åñòü gi = gj ïðè i ̸= j èëè îäèí èç íèõ ðàâåí åäèíèöå, ò.å. gi =
1, òî ïåðåõîäèì ê ñëåäóþùåìó øàãó. Åñëè íåò, òî èññëåäóåì 24 âîïðîñà:
[gi, gj

(n−3)]p0 = [gk, gl
(n−2)]?

Åñëè âûïîëíÿåòñÿ õîòÿ áû îäíî èç ýòèõ 24 ðàâåíñòâ, òî 0 äîáàâëÿåì ê
L(G)(1) è ïåðåõîäèì ê ñëåäóþùåìó øàãó.

Øàã t+1. Äîáàâëÿåì ê ðàññìîòðåííûì íåñêîëüêî ýëåìåíòîâ ãðóïïû,
ñëåäóþùèõ çà ðàññìîòðåííûìè òàê, ÷òîáû ñðåäè íèõ, ïî êðàéíåé ìåðå, áû-
ëî ÷åòûðå õîðîøèõ, ò.å. ïîïàðíî íåðàâíûõ è íååäèíè÷íûõ ýëåìåíòà (åñëè
íóæíî, äîáàâëÿåì 2, 3 èëè áîëåå ýëåìåíòîâ).

Çàòåì èç ýòèõ õîðîøèõ ýëåìåíòîâ îáðàçóåì âñå âîçìîæíûå óïîðÿäî-
÷åííûå ÷åòâåðêè ýëåìåíòîâ gi, gj , gk, gl è äëÿ êàæäîé òàêîé ÷åòâåðêè èñ-
ñëåäóåì t+ 1 âîïðîñ:

1) åñëè 0 /∈ L(G)(t), òî âåðíî ëè [gi, gj
(n−3)]p0 = [gk, gl

(n−2)]?
2) åñëè 1 /∈ L(G)(t), òî âåðíî ëè [gi, gj

(n−3)]p1 = [gk, gl
(n−2)]?
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. . .
t+1) åñëè t /∈ L(G)(t), òî âåðíî ëè [gi, gj

(n−3)]pt = [gk, gl
(n−2)]?

Òàêèì îáðàçîì, åñëè ÷èñëî s ïðèíàäëåæèò L(G), òî íà êàêîì-òî øàãå
t îíî ïîïàäåò â L(G)(t), à èìåííî íà òîì øàãå, íà êîòîðîì îáíàðóæàòñÿ
ýëåìåíòû α(i) = gi, α(j) = gj , α(k) = gk, α(l) = gl òàêèå, ÷òî [gi, gj

(n−3)]ps =
[gk, gl

(n−2)]. Ïîýòîìó ìíîæåñòâî L(G) � âû÷èñëèìî ïåðå÷èñëèìîå.

Íà îñíîâàíèè Ëåììû 3 ìû âèäèì, ÷òî ìíîæåñòâî L((G(d)/IγnG(d)) �
äîïîëíåíèå ìíîæåñòâà U äî âû÷èñëèìî ïåðå÷èñëèìîãî ìíîæåñòâà M . Ïî-
ýòîìó ôàêòîð ãðóïïà G(d)/IγnG(d) � íåâû÷èñëèìàÿ, åñëè ìíîæåñòâî M
âû÷èñëèìî ïåðå÷èñëèìîå, íî íåâû÷èñëèìîå. Òàêèì îáðàçîì, ìû çàâåðøà-
åì äîêàçàòåëüñòâî òåîðåìû.

Îòìåòèì, ÷òî ôàêòîð ãðóïïà G(d)/IγnG(d) ÿâëÿåòñÿ ïîçèòèâíî íóìå-
ðîâàííîé íèëüïîòåíòíîé ñòóïåíè n− 1 ãðóïïîé áåç êðó÷åíèÿ, êîòîðàÿ íå
èìååò âû÷èñëèìûõ íóìåðàöèé. Òåì ñàìûì ìû ïîëó÷àåì íîâîå, áîëåå ïðî-
ñòîå äîêàçàòåëüñòâî ñëåäóþùåãî ôàêòà, ðàíåå äîêàçàííîãî â [12].

Ñëåäñòâèå 1. Ñóùåñòâóåò ïîçèòèâíî íóìåðîâàííàÿ íèëüïîòåíòíàÿ ñòó-

ïåíè 2 ãðóïïà áåç êðó÷åíèÿ, êîòîðàÿ íå èìååò âû÷èñëèìûõ íóìåðàöèé.

Òåîðåìà 5. Äëÿ êàæäîãî íàòóðàëüíîãî n > 3 è ïðîèçâîëüíîãî ìíîæå-

ñòâà d̂ = ⟨d3, . . . , dn⟩ âû÷èñëèìî ïåðå÷èñëèìûõ òüþðèíãîâûõ ñòåïåíåé ñó-

ùåñòâóåò âû÷èñëèìàÿ íèëüïîòåíòíàÿ ñòóïåíè n ãðóïïà áåç êðó÷åíèÿ G(d̂),
îáëàäàþùàÿ ñëåäóþùèìè ñâîéñòâàìè:

(i) ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â èçîëÿòîðû i-ãî öåíòðàëà íå ìåíü-
øå di äëÿ ëþáîé êîíñòðóêòèâèçàöèè ãðóïïû G(d̂);

(ii) ôàêòîð ãðóïïà G(d̂)/γiG(d̂) âû÷èñëèìà òîãäà è òîëüêî òîãäà, êîãäà

di = 0.

Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî ïðè âñÿêîì íàòóðàëüíîì n>3 êîíñòðóê-
òèâíàÿ ãðóïïà ⟨G(d), µ⟩, ïîñòðîåííàÿ ïðè äîêàçàòåëüñòâå Òåîðåìû 4, îá-
ëàäàåò åù¼ è òåì ñâîéñòâîì, ÷òî èçîëÿòîðû âñåõ å¼ öåíòðàëîâ IγiG(d) ïðè
i<n ñóòü âû÷èñëèìûå. Äåéñòâèòåëüíî, ïðè äîêàçàòåëüñòâå Ëåìì 1�3 ìû
âûÿñíèëè ñòðîåíèå ýòîé ãðóïïû: å¼ ôàêòîð ãðóïïà ïî èçîëÿòîðó (n−1)-ãî
öåíòðàëà åñòü G(d)/Iγn−1G(d) = (A/H1) × (B/γn−1B) × (C/γn−1C), ãäå
H1 = gr([ai, a0

(n−3)] | i ∈ U \{0}), â ÷àñòíîñòè, A/H1
∼= gr(a0) ∼= Z ïðè n=3

è G(d)/Iγn−jG(d) = (A/γn−jA)× (B/γn−jB)× (C/γn−jC) � ïðÿìîå ïðîèç-
âåäåíèå ñâîáîäíûõ íèëüïîòåíòíûõ ãðóïï ñòóïåíè n−j−1 ïðè j>2. Êðîìå
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òîãî, ó÷èòûâàÿ Ëåììó 3 è íåìíîãî èçìåíèâ ðàññóæäåíèÿ â äîêàçàòåëüñòâå
Ëåììû 4, ìîæíî óâèäåòü, ÷òî ñëîæíîñòü ïðîáëåìû âõîæäåíèÿ â èçîëÿòîð
n-ãî öåíòðàëà íå ìåíüøå d äëÿ ëþáîé êîíñòðóêòèâèçàöèè ãðóïïû G(d).

Íà îñíîâàíèè ýòîãî âîçüì¼ì n− 2 áåñêîíå÷íûõ âû÷èñëèìûõ ïîïàð-
íî íåïåðåñåêàþùèõñÿ ìíîæåñòâà U3, . . . , Un; â íèõ âûáåðåì âû÷èñëèìî
ïåðå÷èñëèìûå ìíîæåñòâà M3, . . . ,Mn ñòåïåíåé d3, . . . , dn, ñîîòâåòñòâåííî;
ïî êàæäîìó èç ìíîæåñòâ Mj ïîñòðîèì ñîîòâåòñòâóþùóþ ãðóïïó G(dj)
ñòóïåíè íèëüïîòåíòíîñòè j, êàê ýòî îïèñàíî â äîêàçàòåëüñòâå Òåîðåìû
4 (âìåñòî ïîðîæäàþùèõ a0, b0 è c0 áåð¼ì ýëåìåíòû èç ñîîòâåòñòâóþùèõ
ïîäãðóïï ñ ìèíèìàëüíûìè èíäåêñàìè). È, íàêîíåö, îïðåäåëÿåì G(d̂) =
G(d3)× . . .×G(dn). Ýòó ãðóïïó ðàññìàòðèâàåì ñ åñòåñòâåííîé íóìåðàöèåé
ïðÿìîãî ïðîèçâåäåíèÿ, ïîñòðîåííîé ïî ã¼äåëåâñêèì íóìåðàöèÿì µj ãðóïï
G(dj). Ñðàçó èç îïðåäåëåíèÿ ýòîé íóìåðàöèè âûòåêàåò, ÷òî îíà � âû÷èñ-
ëèìàÿ è íîìåðíûå ìíîæåñòâà ó âñåõ ïðÿìûõ G(dj) ñîìíîæèòåëåé � òîæå
âû÷èñëèìûå.

Ïîñêîëüêó I(γiG(d̂)) = IγiG(d3)× . . .× IγiG(dn), òî ââèäó Òåîðåìû 4 è
îòìå÷åííûõ â ïåðâîì àáçàöå ýòîãî äîêàçàòåëüñòâà ôàêòîâ î ãðóïïàõ G(dj)

ïîëó÷àåì, ÷òî ãðóïïà G(d̂) � èñêîìàÿ.
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Latkin I.V., Markhàbatov N.D. THE COMPLEXITY OF THE
ISOLATORS OF THE LOWER CENTRAL SERIES IN THE
COMPUTABLE NILPOTENT GROUPS

We study the complexity of calculating the isolators of the terms of the
lower central series (centrals) for computable torsion-free groups, and also the
computability of the factor groups by these subgroups. These questions are
closely related to the occurrence problem in the terms of the upper and lower
central series of computable groups. The last question is interesting because
many algebraic properties of nilpotent groups are proved by induction on the
nilpotent class; for this purpose, one often considers the terms of the upper and
lower central series and their quotient groups. It was natural to expect that
this method is applicable to computable groups. However, these hopes were
not justi�ed � it turned out that already the isolators of centrals and their
factors can have a complex structure even for computable nilpotent torsion-
free groups, in particular, these factor groups may be non-computable in such
groups.

Keywords. Nilpotent torsion-free group, computability, constructivization,
basic commutators, factor group, central, isolator, numbering, solvability,
Turing degree.
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Àííîòàöèÿ. Â ðàáîòå ïðåäëàãàåòñÿ ìàòåìàòè÷åñêàÿ ìîäåëü ñâåðõçâóêîâîãî

ïëîñêîãî ñäâèãîâîãî òå÷åíèÿ ãàçîâûõ ñìåñåé ñ íàëè÷èåì âäóâà òâåðäûõ ÷àñòèö

íà ãðàíèöå ðàçäåëà ïîòîêîâ. Ïðåäëîæåí àëãîðèòì ðåøåíèÿ ñèñòåìû óðàâíåíèé

Íàâüå-Ñòîêñà äëÿ ãàçîâîé ôàçû è ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ

óðàâíåíèé äëÿ òâåðäûõ ÷àñòèö íà îñíîâå ýéëåðîâî-ëàãðàíæåâîãî ïðåäñòàâëåíèÿ

ñ ìåæôàçíûì âçàèìîäåéñòâèåì ãàçîâ è òâåðäûõ ÷àñòèö. Ïðîâåäåíî äåòàëüíîå

èçó÷åíèå âëèÿíèÿ ãàçîâîé ôàçû, â ÷àñòíîñòè, âëèÿíèÿ âõîäíûõ ÷èñåë Ìàõà íà

çàêîíîìåðíîñòè ðàñïðåäåëåíèÿ ÷àñòèö è èõ çàõâàò âèõðåâûìè ñòðóêòóðàìè.

Êëþ÷åâûå ñëîâà. Ñëîé ñìåøåíèÿ, âäóâ ÷àñòèö, ñâåðõçâóêîâîé ïîòîê, ìíîãîêîì-

ïîíåíòíàÿ ãàçîâàÿ ñìåñü.

Èññëåäîâàíèå òóðáóëåíòíûõ òå÷åíèé äâóõôàçíûõ ñìåñåé, ñîñòîÿùèõ èç
ãàçà è òâåðäûõ ÷àñòèö, ÿâëÿåòñÿ àêòóàëüíûì ââèäó èõ øèðîêîãî ïðàêòè÷å-
ñêîãî ïðèëîæåíèÿ, íàïðèìåð, â êàìåðàõ ñãîðàíèÿ ïðè ñæèãàíèè òâåðäîãî
è æèäêîãî òîïëèâà. Äèíàìèêà òå÷åíèÿ òàêèõ ñèñòåì îñëîæíåíà íåñòàöè-
îíàðíûì ïîâåäåíèåì ñëîÿ ñìåøåíèÿ ñ îáðàçîâàíèåì áîëüøèõ âèõðåâûõ
ñòðóêòóð. Òóðáóëåíòíàÿ íåñóùàÿ ôàçà îêàçûâàåò çíà÷èòåëüíîå âëèÿíèå
íà õàðàêòåð äèñïåðñèé ïðèìåñè. Îáçîð ÷èñëåííûõ èññëåäîâàíèé âëèÿíèÿ
âèõðåâûõ ñòðóêòóð íà ðàñïðîñòðàíåíèå äèñïåðñíîé ôàçû â ïðîñòðàíñòâåí-
íîì ñäâèãîâîì ñëîå ñìåøåíèÿ ñ ìàëûìè ÷èñëàìè Ìàõà ïðèâåäåí â [1]�[5],
à èõ âëèÿíèå íà ðàñïðîñòðàíåíèå äèñïåðñíîé ôàçû äëÿ ðàçëè÷íûõ äèà-
ìåòðîâ ÷àñòèö ïðåäñòàâëåíî â [4]. Ê ïðèìåðó, â ðàáîòå [5] ïîêàçàíî, ÷òî
íà äâèæåíèå ÷àñòèö â òóðáóëåíòíîì ñäâèãîâîì ñëîå îêàçûâàþò âëèÿíèå,
â îñíîâíîì, íèçêèå, ñðåäíèå è âûñîêèå ÷èñëà Ñòîêñà.

2010 Mathematics Subject Classi�cation: 76F40.

c⃝ À.Ï. Ìàêàøåâà, À.Æ. Íàéìàíîâà, 2018.
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Îäíàêî, â ýòèõ ðàáîòàõ, â îñíîâíîì, ïðîèçâîäèòñÿ èçó÷åíèå òå÷åíèÿ
îäíîêîìïîíåíòíûõ ãàçîâ è ïðàêòè÷åñêè îòñóòñòâóåò ÷èñëåííîå ìîäåëèðî-
âàíèå ÷àñòèö â ñäâèãîâîì òå÷åíèè ìíîãîêîìïîíåíòíûõ ãàçîâûõ ñìåñåé.
Ýòî îáóñëîâëåíî, âî-ïåðâûõ ñî ñëîæíîñòüþ ïðîòåêàþùèõ â òàêèõ ñèñòåìàõ
ïðîöåññîâ è áîëüøèì êîëè÷åñòâîì îïðåäåëÿþùèõ ïàðàìåòðîâ, âî-âòîðûõ,
ìíîãîîáðàçèåì ñèñòåì ãàç-òâåðäûå ÷àñòèöû.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ÷èñëåííîå ìîäåëèðîâàíèå òóðáó-
ëåíòíîãî òå÷åíèÿ ìíîãîêîìïîíåíòíîãî ãàçîâîãî ñëîÿ ñìåøåíèÿ ñ âäóâîì
òâåðäûõ ÷àñòèö. Äëÿ ìîäåëèðîâàíèÿ êâàçèäâóìåðíîãî òóðáóëåíòíîãî ñëîÿ
ñìåøåíèÿ èñïîëüçóåòñÿ 2D-DNS (Direct Numerical Simulation) ìåòîä. Èçó-
÷åíî âëèÿíèå ãàçîâîé ôàçû íà çàêîíîìåðíîñòè ðàñïðåäåëåíèÿ ÷àñòèö ïðè
ðàçëè÷íûõ âõîäíûõ ñêîðîñòÿõ ïîòîêà.

1 Ïîñòàíîâêà çàäà÷è

Ðàññìàòðèâàåòñÿ âçàèìîäåéñòâèå ïðîäîëüíî ïàðàëëåëüíûõ äâóìåðíûõ
ïîòîêîâ c íàëè÷èåì âäóâà òâåðäûõ ÷àñòèö (Ðèñ. 1). Íèæíèé ïîòîê ñîñòîèò
èç âîäîðîäíî-àçîòíîé ñìåñè, âåðõíåå òå÷åíèå ïðåäñòàâëÿåò ñîáîé âîçäóø-
íûé ïîòîê.

Н

Hydrogen

Air

L

x

z

Ðèñóíîê 1 � Ñõåìà òå÷åíèÿ

2 Ìîäåëü ãàçîâîé ôàçû

Èñõîäíîé ÿâëÿåòñÿ ñèñòåìà äâóìåðíûõ Íàâüå-Ñòîêñà äëÿ ìíîãîêîì-
ïîíåíòíîé ãàçîâîé ñìåñè, çàïèñàííàÿ â äåêàðòîâîé ñèñòåìå êîîðäèíàò â
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êîíñåðâàòèâíîé ôîðìå:

∂U⃗

∂t
+

∂
(
E⃗ − E⃗v

)
∂x

+
∂
(
F⃗ − F⃗v

)
∂z

= 0, (1)

U⃗ =


ρ
ρu
ρw
Et

ρYk

 , E⃗ =


ρu
ρu2 + p
ρuw
(Et + p)u
ρuYk

 , F⃗ =


ρw
ρuw
ρw2 + p
(Et + p)w
ρwYk

 ,

E⃗v = (0, τxx, τxz, uτxx + wτxz − qx, Jkx)
T ,

F⃗v = (0, τxz, τzz, uτxz + wτzz − qz, Jkz)
T ,

τxx =
µl

Re

(
2ux −

2

3
(ux + wz)

)
, τzz =

µl

Re

(
2wz −

2

3
(ux + wz)

)
,

τxz = τzx =
µl

Re
(ux + wx) ,

qz =
µl

PrRe

∂T

∂z
+

1

γ∞M2
∞

N∑
k=1

hkJzk, qx =
µl

PrRe

∂T

∂x
+

1

γ∞M2
∞

N∑
k=1

hkJxk,

Jkx = − µl

ScRe

∂Yk
∂x

, Jkz = − µl

ScRe

∂Yk

∂z
.

Ñèñòåìà óðàâíåíèé (1) çàïèñàíà â áåçðàçìåðíîì âèäå â îáùåïðèíÿòûõ
îáîçíà÷åíèÿõ, â êà÷åñòâå îïðåäåëÿþùèõ ïàðàìåòðîâ ïðèíÿòû ïàðàìåòðû
ïîòîêà u∞, ρ∞, T∞, äàâëåíèå p è ïîëíàÿ ýíåðãèÿ Et îòíåñåíû ê çíà÷åíèþ
ρ∞u2∞, óäåëüíàÿ ýíòàëüïèÿ hk � ê RT∞/W∞, ìîëÿðíûå óäåëüíûå òåïëî-
åìêîñòè Cpk � ê R, Yk � ìàññîâàÿ êîíöåíòðàöèÿ ê-îé êîìïîíåíòû, Wk

� ìîëåêóëÿðíûé âåñ ê-îé êîìïîíåíòû, Re, Pr, M, Sc � ÷èñëà Ðåéíîëüä-
ñà, Ïðàíäòëÿ, Ìàõà è Øìèäòà ñîîòâåòñòâåííî, τxx, τzz, τxz, τzx � òåíçîðû
âÿçêèõ íàïðÿæåíèé, qx, qz, Jxk, Jzk � òåïëîâûå è äèôôóçèîííûå ïîòîêè
(äèôôóçèîííûå ïîòîêè âû÷èñëÿþòñÿ ïî çàêîíó Ôèêà), µl � êîýôôèöèåíò
ëàìèíàðíîé âÿçêîñòè, êîòîðàÿ îïðåäåëÿåòñÿ ïî ôîðìóëå Óèëêå [6].

Óðàâíåíèå ñîñòîÿíèÿ ñìåñè ñîâåðøåííûõ ãàçîâ èìååò âèä

p =
ρT

γ∞M2
∞W

,
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ãäå W =

(
N∑
k=1

Yk
Wk

)−1

� ìîëÿðíûé âåñ ñìåñè âñåõ ãàçîâ, ïðè÷åì
N∑
k=1

Yk = 1.

Óðàâíåíèÿ äëÿ ïîëíîé ýíåðãèè

Et =
ρh

γ∞M2
∞

− p+
1

2
ρ
(
u2 + w2

)
,

ãäå h =
N∑
k=1

Ykhk � óäåëüíàÿ ýíòàëüïèÿ ñìåñè, hk = h0k+
T∫
T0

cpkdT � óäåëüíàÿ

ýíòàëüïèÿ k-îé êîìïîíåíòû.

3 Íà÷àëüíûå è ãðàíè÷íûå óñëîâèÿ

Íà âõîäå çàäàþòñÿ ïàðàìåòðû ïîòîêà äâóõ ãàçîâ ñëåäóþùèì îáðàçîì:

âåðõíèé ïîòîê:

u = M∞

√
γ∞RT∞
W∞

, w = w∞, p = p∞, T = T∞, Yk = Yk∞

ïðè x = 0, 0 ≤ z < H1,

íèæíèé ïîòîê:

u = M0

√
γ0RT0

W0
, w = w0, p = p0, T = T0, Yk = Yk0

ïðè x = 0, H1 + δ ≤ z < H2.

Â êà÷åñòâå ðàçäåëÿþùåé ýòèõ ïîòîêîâ ñëóæèò áåñêîíå÷íî òîíêàÿ ïëà-
ñòèíà êîíå÷íîé òîëùèíû. Â ýòîé êîíôèãóðàöèè îáëàñòü ñìåøåíèÿ äâóõ
ïîòîêîâ ãàçà îáðàçóåòñÿ âäîëü ñäâèãîâîãî ñëîÿ íà ãðàíèöå ìåæäó äâóìÿ
ïîòîêàìè. Ïåðåõîäíûé ó÷àñòîê ìåæäó äâóìÿ ïîòîêàìè çàäàåòñÿ ôóíêöèåé
ãèïåðáîëè÷åñêîãî òàíãåíñà

ϕ (z) = 0.5 (ϕ0 + ϕ∞) + 0.5 (ϕ0 − ϕ∞) tanh (0.5z/δθ) ,

ãäå ϕ = (u,w, Yk, T ), δθ (x) =
+H/2∫
−H/2

(
ρ̄ (ũ− u∞) (u0 − ũ)

/(
ρ∞∆u2

)
dz

)
� òîë-

ùèíà ïîòåðè èìïóëüñà.
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Äëÿ ïîëó÷åíèÿ ïàðû çàêðó÷èâàþùèõñÿ âèõðåé, íà âõîäå çàäàþòñÿ
íåñòàöèîíàðíûå ãðàíè÷íûå óñëîâèÿ äëÿ êîìïîíåíò ñêîðîñòè â ñëåäóþùåì
âèäå:

v (y, t) = A ·∆U ·Gaussian(y) ·
3∑

m=0

sin(ω · t+ ϕm)

Gaussian(y) = exp(−y2/2σ2),

ãäå A � àìïëèòóäà ïåðòóðáàöèè, êîòîðàÿ îïðåäåëÿåòñÿ èç ñîîòíîøåíèÿ
A ·∆U , ãäå äàííîå ïðîèçâåäåíèå äîëæíî ðàâíÿòüñÿ 0.2− 0.3 ïðîöåíòîâ îò
ñêîðîñòè âîçäóøíîãî ïîòîêà íà âõîäå,∆U = (u∞−u0) � ðàçíîñòü ñêîðîñòåé
âåðõíåãî è íèæíåãî ïîòîêîâ, Gaussian(y) � ôóíêöèÿ Ãàóññà, ìàêñèìàëüíîå
çíà÷åíèå êîòîðîé ðàâíî åäèíèöå ïðè y = 0, åå øèðèíà ±2σ áûëà ïîäîáðàíà
ðàâíîé òîëùèíå âèõðåâîãî ñëîÿ íà âõîäíîì ó÷àñòêå, ω = (a0 + a∞) /(2δθ)
� ÷àñòîòà âîçáóæäåíèÿ, ϕm � ñëó÷àéíàÿ âåëè÷èíà.

4 Ìîäåëü äèñïåðñíîé ôàçû

Èñõîäíûìè äëÿ ÷àñòèö ÿâëÿþòñÿ ëàãðàíæåâûå óðàâíåíèÿ äëÿ òðàåê-
òîðèè (xp) è ñêîðîñòè (up) ÷àñòèö:

d

dt
x⃗p = u⃗p,

d

dt
u⃗p = F ′,

F ′ = Dp(u⃗− u⃗p) +
1

Fr
.

Ñèëà ñîïðîòèâëåíèÿ Dp, äåéñòâóþùàÿ ñî ñòîðîíû ãàçà íà ÷àñòèöó ðà-
äèóñîì rp, îïèñûâàåòñÿ ñîãëàñíî ðàáîòå [7].

Òàê êàê ïðè äâèæåíèè ÷àñòèöû â ñëîå ñìåøåíèÿ ïðîèñõîäèò åå òåï-
ëîîáìåí ñ îêðóæàþùåé ñðåäîé, òî ýòîò ïðîöåññ îïèñûâàåòñÿ óðàâíåíèåì
ýíåðãèè äëÿ ÷àñòèö ñ ó÷åòîì êîíâåêòèâíîãî òåïëîîáìåíà:

mpCp
d Tp

d t
= 2πrpKconv (T − Tp)Nup,
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ãäå mp � ìàññà ÷àñòèöû p-îé êîìïîíåíòû, ρp = mp

/(
4
3πr

3
p

)
� ïëîòíîñòü

òâåðäîé ÷àñòèöû p-îé êîìïîíåíòû, Kconv = (µcp)/Prp � êîýôôèöèåíò êîí-
âåêòèâíîãî òåïëîîáìåíà ìåæäó ÷àñòèöåé è îêðóæàþùåé ñðåäîé, Tp � òåì-
ïåðàòóðà ÷àñòèöû p-îé êîìïîíåíòû, Fr è Nup � ÷èñëà Ôðóäà è Íóññåëüòà.

5 Ìåòîä ðåøåíèÿ

Â íàñòîÿùåé ðàáîòå êîíâåêòèâíûå ÷ëåíû àïïðîêñèìèðóþòñÿ ñ èñïîëü-
çîâàíèåì ENO-ñõåìû òðåòüåãî ïîðÿäêà òî÷íîñòè, ïîäðîáíî èçëîæåííîé
â ðàáîòå [8]. Ïðåäïîëàãàåòñÿ, ÷òî òóðáóëåíòíîå òå÷åíèå ÿâëÿåòñÿ êâàçè-
äâóìåðíûì, à ðåøåíèå èñõîäíîé ñèñòåìû ïðîèçâîäèòñÿ 2D-DNS ïîäõîäîì
áåç ïðèâëå÷åíèÿ äîïîëíèòåëüíûõ çàìûêàþùèõ ìîäåëåé òóðáóëåíòíîñòè.
Ëàãðàíæåâûå óðàâíåíèÿ ðåøàþòñÿ ÿâíî ìåòîäîì Ýéëåðà.

Ïî èçâåñòíûì çíà÷åíèÿì èñõîäíûõ ïåðåìåííûõ âû÷èñëÿåòñÿ ïîëå òåì-
ïåðàòóðû ñ ïîìîùüþ óðàâíåíèÿ

f (T ) = Et −
ρ

γ∞M2
∞W

(
H̃ (T )−RT

)
− 1

2
ρ
(
u2 + w2

)
= 0, (2)

ãäå H̃ � ìîëÿðíàÿ ýíòàëüïèÿ ñìåñè ãàçîâ. Ðåøåíèå àëãåáðàè÷åñêîãî óðàâ-
íåíèÿ (2) îòíîñèòåëüíî òåìïåðàòóðû îñóùåñòâëÿåòñÿ èòåðàöèîííûì ìåòî-
äîì Íüþòîíà-Ðàôñîíà, îáëàäàþùèì êâàäðàòè÷íîé ñêîðîñòüþ ñõîäèìîñòè
[9].

6 Ðåçóëüòàòû ðàñ÷åòîâ

Ðåçóëüòàòû ÷èñëåííîãî ðàñ÷åòà òóðáóëåíòíîãî ñäâèãîâîãî òå÷åíèÿ ìíî-
ãîêîìïîíåíòíûõ ãàçîâ ïðîâîäèëèñü ñî ñëåäóþùèìè ïàðàìåòðàìè: M0 =
2.1, T0 = 2000 K, p0 = 101325 Pa, M∞ = 2.0, T∞ = 2000 K, p∞ =
101325 Pa. Äàâëåíèå íà âõîäå ïðåäïîëàãàåòñÿ ïîñòîÿííûì, p∞ = p0. Íà
âûõîäíîé, íèæíåé è âåðõíåé ãðàíèöàõ çàäàþòñÿ ãðàíè÷íûå óñëîâèÿ íåîò-
ðàæåíèÿ, ãäå ïîòîêè ãàçîâ è ïåðòóðáàöèè ïðîõîäÿò ãðàíèöó, íå îòðàæàÿñü
îáðàòíî [10]�[11]. Ðàñ÷åò ïðîèçâîäèëñÿ íà ñåòêå ðàçìåðîì 526x201, êîòî-
ðàÿ áûëà âûáðàíà â õîäå ÷èñëåííîãî ýêñïåðèìåíòà ïî âëèÿíèþ ÷èñëà óçëîâ
ñåòêè íà ñõîäèìîñòü çàäà÷è.

Â êà÷åñòâå íà÷àëüíûõ äàííûõ äëÿ ìàññîâûõ êîíöåíòðàöèè êîìïîíåíò
ñìåñè ãàçîâ áûëî ïðèíÿòî: íèæíèé ïîòîê, ñîñòîÿùèé èç âîäîðîäíî-àçîòíîé
ñìåñè: YH2 = 0.5, YN2 = 0.5; âåðõíèé âîçäóøíûé ïîòîê: YO2 = 0.2, YN2 =
0.8.
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Äëÿ äåòàëüíîãî èçó÷åíèÿ ðàñïðîñòðàíåíèÿ ÷àñòèö â ñäâèãîâîì ñëîå
ñìåøåíèÿ áûë ïðîèçâåäåí âäóâ ÷àñòèö àëþìèíèÿ îäíîâðåìåííî ñ ÷åòû-
ðåõ âõîäíûõ òî÷åê z = 20, 30, 40, 50 ñ íà÷àëüíûìè óñëîâèÿìè (x = 0):
up0 = ug0, ρp0 = 2560 êã/ì3, äàâëåíèå è òåìïåðàòóðà ÷àñòèö íà âõîäå
ïðåäïîëàãàëèñü ïîñòîÿííûìè è ðàâíûìè çíà÷åíèÿì âîçäóøíîãî ïîòîêà.
×àñòèöû âäóâàëèñü â ïîòîê ðàâíîìåðíî, ïî îäíîé ÷àñòèöå ÷åðåç ïðîìå-
æóòîê âðåìåíè ∆t = 5. Ðàçìåð ÷àñòèö ðàâåí dp = 150 ìêì.

Èç êàðòèíû ïîëåé âåêòîðà ñêîðîñòè (Ðèñ. 2) âèäíî ÷òî, â òîíêîì ñëîå
ñìåøåíèÿ ñòðóÿ, ðàñïðîñòðàíÿþùàÿñÿ ñ áîëüøåé ñêîðîñòüþ, ðàñøèðÿåòñÿ
â ñòîðîíó ñïóòíîãî ïîòîêà. Êàê ñëåäóåò èç Ðèñ. 2 à, ïðîöåññ çàêðó÷èâàíèÿ
ñëîÿ ñìåøåíèÿ ðàçâèâàåòñÿ â ñòîðîíó ïîòîêà ñ ìåíüøåé ñêîðîñòüþ. Íèæ-
íèé âîçäóøíûé ïîòîê îáëàäàåò íåáîëüøîé êèíåòè÷åñêîé ýíåðãèåé, ò.å. îí
íå â ñîñòîÿíèè ïðîäâèíóòüñÿ â îáëàñòü âûñîêîãî äàâëåíèÿ. Âèäíî, ÷òî ñ
òå÷åíèåì âðåìåíè íèæíèé âîçäóøíûé ïîòîê ñòðåìèòñÿ âûðàâíèòüñÿ ñî
ñêîðîñòüþ ñòðóè.

Ðàñïðåäåëåíèå èçîëèíèè âîäîðîäà (Ðèñ. 3) äåìîíñòðèðóþò âèõðåâóþ
ñèñòåìó â ñëîå ñìåøåíèÿ. Âèäíî, ÷òî íà÷àëüíàÿ íåóñòîé÷èâîñòü ïðèâî-
äèò ê ïîÿâëåíèþ ïàðû âèõðåé ñ îáåèõ ñòîðîí ñëîÿ ñìåøåíèÿ, êîòîðûå â
äàëüíåéøåì ðàçðûâàþòñÿ. Âìåñòî ñîðâàâøåéñÿ ïàðû âèõðåé îáðàçóþòñÿ
íîâûå, áîëåå ÷åòêî âûðàæåííûå âèõðè (Ðèñ. 3á). Íà÷àëüíûå âèõðè èíäó-
öèðóþò ìàëåíüêîå ïîïåðå÷íîå ïåðåìåùåíèå âíèç äëÿ çàíîâî ñãåíåðèðîâàí-
íîé ïàðû âèõðåé, êîòîðàÿ ìîæåò óñêîðÿòüñÿ, ïåðåíîñÿñü âíèç ïî ïîòîêó.
Ïðè ýòîì ñîñåäíèå âèõðè âíèç ïî ïîòîêó èìåþò áîëåå êðóïíóþ ñòðóêòóðó.

Èç äèíàìèêè ðàñïðåäåëåíèÿ ÷àñòèö (Ðèñ. 4) ñëåäóåò, ÷òî ñ òå÷åíèåì
âðåìåíè óñèëèâàåòñÿ âîçäåéñòâèå íåñóùåé ãàçîâîé ôàçû íà äèñïåðñíóþ
ôàçó, êîòîðàÿ ïðîÿâëÿåòñÿ â òîì, ÷òî ÷àñòèöû, óâëåêàÿñü ãàçîâûì ïîòî-
êîì è ïîïàäàÿ â âèõðåâóþ çîíó, äâèãàþòñÿ ïî êðóãîâîé òðàåêòîðèè (Ðèñ.
4á, â).

Óâåëè÷åíèå âõîäíîãî ÷èñëà Ìàõà âîäîðîäíî-àçîòíîé ñìåñèM∞ (Ðèñ. 5,
M0 = 2 , M∞ = 3) ïðèâåëî ê òîìó, ÷òî ñêîðîñòè âåðõíåé ñòðóè è íèæíåãî
ïîòîêà äâèãàþòñÿ ïî÷òè îäèíàêîâî (Ðèñ. 5à), ÷òî ÷åòêî ïðîñëåæèâàåòñÿ
èç èçîëèíèè âîäîðîäà (Ðèñ. 5á). Èç ñðàâíåíèÿ ðèñóíêîâ 4 è 5 ñëåäóåò,
÷òî âèõðåâàÿ ñòðóêòóðà ðàçâèâàåòñÿ ñèììåòðè÷íî îòíîñèòåëüíî âõîäíîé
ïîâåðõíîñòè ðàçäåëà, êîòîðàÿ â äàëüíåéøåì ïðèâîäèò ê ðàâíîìåðíîìó
ðàñïðîñòðàíåíèþ ÷àñòèö â íèæíåì è âåðõíåì ïîòîêàõ (Ðèñ. 5â).

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 1



×èñëåííîå ìîäåëèðîâàíèå èññëåäîâàíèÿ âëèÿíèÿ ãàçîâîé ôàçû ... 133

a)

б)

в)

Ðèñóíîê 2 � Ïîëå âåêòîðà ñêîðîñòè â ìîìåíò âðåìåíè:

a) t = 150, á) t = 375, â) t = 1350; M0 = 2.1,M∞ = 2
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a)

б)

в)

Ðèñóíîê 3 � Èçîëèíèè âîäîðîäà â ìîìåíò âðåìåíè:

a) t = 150, á) t = 375, â) t = 1350; M0 = 2.1,M∞ = 2
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a)

б)

в)

Ðèñóíîê 4 � Ðàñïðåäåëåíèå ÷àñòèö â ìîìåíò âðåìåíè:

a) t = 150, á) t = 375, â) t = 1350; M0 = 2.1,M∞ = 2
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a)

б)

в)

Ðèñóíîê 5 � Ïîëå âåêòîðà ñêîðîñòè (à),

êîíöåíòðàöèè âîäîðîäà (á) è ðàñïðåäåëåíèå ÷àñòèö (â)

â ìîìåíò âðåìåíè t = 1350 M0 = 3,M∞ = 2
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Makasheva A.P., Naimanova A.Zh. NUMERICAL SIMULATION OF
INVESTIGATION OF THE GAS PHASE INFLUENCE ON THE
DYNAMICS OF THE SOLID PARTICLES PROPAGATION

This work deals with a mathematical model of a supersonic plane mixing
�ow of gas mixtures with the presence of injection of solid particles at
the interface of �ows. An algorithm for solving the system of Navier-Stokes
equations for the gas phase and for the system of ordinary di�erential
equations for solid particles based on the Euler-Lagrangian representation
with interphase interaction of gases and solid particles is proposed. A detailed
study of the in�uence of the gas phase, in particular the in�uence of Mach
numbers, on the regularities of particle distribution and their capture by vortex
structures has been undertaken.

Keywords. Mixing layer, injection of particles, supersonic �ow,
multicomponent gas mixture.

Ìàêàøåâà À.Ï.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

050100, Àëìàòû, óë. Ïóøêèíà, 125

E-mail: altyn-mak@mail.ru

Íàéìàíîâà À.Æ.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ

050100, Àëìàòû, óë. Ïóøêèíà, 125

E-mail: ked@math.kz

Ñòaòüÿ ïîñòóïèëa â ðåäaêöèþ 09.01.2018

Ìaòåìaòè÷åñêèé æóðíaë. � 2018. � Ò. 18, � 1



Ìaòåìaòè÷åñêèé æóðíaë ISSN 1682�0525

2018. � Òîì 18, � 1. � Ñ. 139�150.

ÌÐÍÒÈ 27.31.17

ÏÐÈÂÎÄÈÌÎÑÒÜ ËÈÍÅÉÍÛÕ
ÌÍÎÃÎÏÅÐÈÎÄÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ Ñ ÎÏÅÐÀÒÎÐÎÌ

ÄÈÔÔÅÐÅÍÖÈÐÎÂÀÍÈß ÏÎ ÄÈÀÃÎÍÀËÈ

Æ.À. Ñàðòàáàíîâ, À.À. Êóëüæóìèåâà

Àííîòàöèÿ. Èññëåäîâàí âîïðîñ î ïðèâîäèìîñòè ëèíåéíîãî óðàâíåíèÿ ñ êâàçèïå-

ðèîäè÷åñêîé ìàòðèöåé ê óðàâíåíèþ ñ ïîñòîÿííîé íà äèàãîíàëè èëè ïîñòîÿííîé

ìàòðèöåé. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïðèâîäèìîñòè ê óðàâíåíèþ ñ ïîñòîÿí-

íîé íà äèàãîíàëè ìàòðèöàìè è íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå ïðèâîäèìîñòè

ê óðàâíåíèþ ñ ïîñòîÿííîé ìàòðèöåé.

Êëþ÷åâûå ñëîâà. Ëèíåéíîå óðàâíåíèå, äèôôåðåíöèàëüíûé îïåðàòîð, ïðèâîäè-

ìîñòü, æîðäàíîâà ôîðìà, ìàòðèöà ìîíîäðîìèè.

1 Ïîñòàíîâêà çàäà÷è

Âîïðîñ î ïðèâîäèìîñòè ëèíåéíûõ óðàâíåíèé

dx

dτ
= A(τ, σ1 + τ, ..., σm + τ)x (1)

ñ èñêîìîé âåêòîð-ôóíêöèåé x = (x1, ..., xn) è ãëàäêîé ìàòðèöåé A =
A(τ, t1, ..., tm), îïðåäåëåííîé íà òîðå T 1+m, îáðàçîâàííîì âåêòîðîì ÷àñòîò
ν = (ν0, ν1, ..., νm) ñ öåëî÷èñëåííî íåçàâèñèìûìè êîìïîíåíòàìè, ê óðàâíå-
íèþ

d

dτ
z = Λz (2)

ñ ïîñòîÿííîé ìàòðèöåé Λ âîçíèêàåò ïðè èññëåäîâàíèè îêðåñòíîñòè èí-
âàðèàíòíîãî òîðà àâòîíîìíîãî óðàâíåíèÿ, íåñóùåãî ìíîãî÷àñòîòíûå ïå-
ðèîäè÷åñêèå äâèæåíèÿ ñ âåêòîð-ïåðèîäîì (θ, ω) = (ω0, ω1, ..., ωm), ãäå
θ = ω0 = ν−1

0 , ω1 = ν−1
1 , ..., ωm = ν−1

m , ω = (ω1, ..., ωm), σ = (σ1, ..., σm)
� ïîñòîÿííûé âåêòîð.

2010 Mathematics Subject Classi�cation: 35B10.
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Ïðîáëåìà ñîñòîèò â òîì, ÷òîáû âûÿñíèòü: ïðèâîäèìî ëè ëèíåéíîå óðàâ-
íåíèå îáùåãî âèäà (1) ê óðàâíåíèþ (2) ëèíåéíûì íåîñîáåííûì ïðåîáðàçî-
âàíèåì

x = B(τ, σ1 + τ, ..., σm + τ)z (3)

ñ (θ, ω)-ïåðèîäè÷åñêîé ãëàäêîé ìàòðèöåé B(τ, t1, ..., tm), îïðåäåëåííîé íà
òîðå T 1+m.

Èçâåñòíî, ÷òî äî ñèõ ïîð íå äîêàçàíà ïðèâîäèìîñòü óðàâíåíèÿ âèäà
(1) è íåò ïðèìåðà íåïðèâîäèìîãî óðàâíåíèÿ òàêîãî âèäà [1]. Ýòà ïðîáëåìà
èññëåäîâàíà ìíîãèìè àâòîðàìè [2]�[4], ãäå âûäåëåíû êëàññû ïðèâîäèìûõ
êâàçèïåðèîäè÷åñêèõ óðàâíåíèé.

Ïðîáëåìàìè ïðèâîäèìîñòè â ïðèëîæåíèÿõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ïðîäîëæàþò çàíèìàòüñÿ ìíîãèå èññëåäîâàòåëè. Îòìåòèì íåêîòîðûå
ðàáîòû [5], [6].

Ïðîáëåìà ïðèâîäèìîñòè ñ âûõîäîì â òåîðèþ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ èññëåäîâàíà â ðàáîòàõ [7], [8], ãäå îáîñíîâàíû àíàëîãè èçâåñòíîé
òåîðåìû î ïðèâîäèìîñòè ëèíåéíûõ îäíî÷àñòîòíûõ ïåðèîäè÷åñêèõ îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé äëÿ ñëó÷àÿ ëèíåéíûõ ìíîãîïå-
ðèîäè÷åñêèõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà [9].

Â òåðìèíàõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ýòó ïðîáëåìó ìîæíî
ïåðåôðàçèðîâàòü â íèæåñëåäóþùåì âèäå [7], [8].

ßâëÿåòñÿ ëè ïðèâîäèìûì ëèíåéíîå ãëàäêîå (θ, ω)-ïåðèîäè÷åñêîå óðàâ-
íåíèå

Dex = P (τ, t)x (4)

ê óðàâíåíèþ ñ ïîñòîÿííîé íà äèàãîíàëè èëè ïîñòîÿííîé ìàòðèöåé C âèäà

Dez = Cz (5)

ñ íåîñîáåííûì ãëàäêèì (θ, ω)-ïåðèîäè÷åñêèì ïðåîáðàçîâàíèåì

x = Q(τ, t)z? (6)

Â ñâÿçè ñ òåì, ÷òî äëÿ óðàâíåíèé ñ îïåðàòîðîì De ìàòðèöà ìîíîäðî-
ìèè X(θ, σ) = X(θ, t−eτ) ÿâëÿåòñÿ ïîñòîÿííîé íà äèàãîíàëè t = eτ , òàêàÿ
ïîñòàíîâêà çàäà÷è â âèäå (4)�(6), íà íàø âçãëÿä, ÿâëÿåòñÿ íåñêîëüêî îò-
ëè÷íîé.
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Ïîýòîìó â äàííîì èññëåäîâàíèè ïîñòàâëåíà çàäà÷à î ïðèâåäåíèè
óðàâíåíèÿ (4) ê óðàâíåíèþ ñ ïîñòîÿííîé íà äèàãîíàëè ãëàäêîé ω-
ïåðèîäè÷åñêîé ìàòðèöåé C(σ) = C(t− eτ) âèäà

Dez = C(t− eτ)z (7)

ñ íåîñîáåííûì ãëàäêèì (θ, ω, ω)-ïåðèîäè÷åñêèì ïî (τ, t, σ) = (τ, t, t − eτ)
ïðåîáðàçîâàíèåì

x = Q(τ, t, σ)z, (8)

ïðè÷åì èññëåäîâàíèå ñâÿçàíî ñî ñâîéñòâàìè ìàòðèöû ìîíîäðîìèè. Â çà-
êëþ÷åíèè íà îñíîâå ïðèâîäèìîñòè óðàâíåíèÿ (4) â ñìûñëå (7) è (8) èññëå-
äîâàí ñëó÷àé ïîñòîÿííûõ ìàòðèö C â óðàâíåíèÿõ âèäà (7).

Çàìåòèì, ÷òî â äàííîé ïîñòàíîâêå, ïî ñðàâíåíèþ ñ ðåçóëüòàòàìè [7], [8],
íåñêîëüêî îñëàáëåíî òðåáîâàíèå íà ïðåîáðàçóþùóþ ìàòðèöó: çàìåíèëè
óñëîâèå î (θ, ω)-ïåðèîäè÷íîñòè ìàòðèöû Q = Q(τ, t) íà óñëîâèå î (θ, ω, ω)-
ïåðèîäè÷íîñòè ïðåîáðàçîâàíèÿ Q = Q(τ, t, t− eτ) ïî (τ, t, σ) = (τ, t, t− eτ).

Îáùåèçâåñòíî, ÷òî ïðîáëåìà ïðèâîäèìîñòè ñâÿçàíà ñ ñóùåñòâîâàíèåì
ëîãàðèôìà ïåðåìåííîé ìàòðèöû ìîíîäðîìèè X(θ, σ). Ýòî óñëîâèå ÿâëÿåò-
ñÿ âåäóùèì ñòåðæíåì è íàøåãî èññëåäîâàíèÿ. Íàìè íàðÿäó ñ îáùèì óñëî-
âèåì ïðèâîäèìîñòè ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ïðèâîäèìîñòè ê óðàâ-
íåíèþ ñ ïîñòîÿííîé íà äèàãîíàëè ìàòðèöåé è íåîáõîäèìîå è äîñòàòî÷íîå
óñëîâèå ïðèâîäèìîñòè ê óðàâíåíèþ ñ ïîñòîÿííîé ìàòðèöåé. Ðåçóëüòàòû
çàìåòêè âàæíû â òåîðåòè÷åñêîì ïëàíå è ÿâëÿþòñÿ ñóùåñòâåííûì ðàçâè-
òèåì ðåçóëüòàòîâ [7], [8].

Äàííîå èññëåäîâàíèå ïðèìûêàåò ê èññëåäîâàíèÿì [10]�[13] è ÿâëÿåò-
ñÿ èõ ñóùåñòâåííûì äîïîëíåíèåì. Â çàìåòêå [10] èññëåäîâàíà ëèíåéíàÿ
ñèñòåìà, êîòîðàÿ ïðèâîäèìà ê êàíîíè÷åñêîìó âèäó â ñëó÷àå åå ýêâèâà-
ëåíòíîñòè îäíîìó óðàâíåíèþ âûñøåãî ïîðÿäêà, à â [11] � â ñëó÷àå, êîãäà
ëèíåéíàÿ ñèñòåìà ðàñïàäàåòñÿ íà r ëèíåéíûõ óðàâíåíèé. Â [12] ïðåäëî-
æåí ìåòîä èññëåäîâàíèÿ ïðîáëåì ìíîãîïåðèîäè÷åñêèõ ðåøåíèé ëèíåéíûõ
ñèñòåì íà îñíîâå ðåçóëüòàòîâ èçó÷åíèÿ ìíîãîïåðèîäè÷íîñòè èõ ïîëíîãî
èíòåãðàëà. Â [13] óñòàíîâëåíî óñëîâèå ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ïåðèîäè÷åñêîãî ðåøåíèÿ êâàçèëèíåéíîé ñèñòåìû óðàâíåíèé ñ îïåðàòîðîì
äèôôåðåíöèðîâàíèÿ ïî íàïðàâëåíèþ ãëàâíîé äèàãîíàëè.
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2 Ïðèâîäèìîñòü ìíîãîïåðèîäè÷åñêîãî ëèíåéíîãî óðàâíåíèÿ

ê óðàâíåíèþ ñ ïîñòîÿííîé íà äèàãîíàëè ìàòðèöåé

Ðàññìîòðèì âåêòîðíî-ìàòðè÷íîå óðàâíåíèå

Dex = P (τ, t)x (9)

îòíîñèòåëüíî èñêîìîé âåêòîð-ôóíêöèè x = (x1, ..., xn), ïåðåìåííîé τ ∈
(−∞,+∞) = R è âåêòîð-ïåðåìåííîé t = (t1, ..., tm) ∈ R × ... × R = Rm, ñ
îïåðàòîðîì äèôôåðåíöèðîâàíèÿ

De =
∂

∂τ
+

⟨
e,

∂

∂t

⟩
,

ãäå âòîðîå ñëàãàåìîå åñòü ñêàëÿðíîå ïðîèçâåäåíèåm-âåêòîðîâ e = (1, ..., 1)

è ∂
∂t =

(
∂
∂t1

, ..., ∂
∂tm

)
.

Ìàòðèöà P (τ, t) = [pij(τ, t)]
n
1 îáëàäàåò ñâîéñòâîì C

(0,e)
τ,t (R×Rm) � ãëàä-

êîñòè ïîðÿäêà (0, e) = (0, 1, ..., 1) ïî (τ, t) ∈ R×Rm è ñâîéñòâîì ïåðèîäè÷-
íîñòè ïî τ ñ ïåðèîäîì θ è ïî t ñ âåêòîð-ïåðèîäîì ω = (ω1, ..., ωm), ïðè÷åì
êîìïîíåíòû ω0 = θ, ω1, ..., ωm � ðàöèîíàëüíî íåñîèçìåðèìûå ïîëîæèòåëü-
íûå ïîñòîÿííûå. Ýòè ñâîéñòâà ìàòðèöû P (τ, t) ïðåäñòàâèì â âèäå

P (τ + θ, t+ qω) = P (τ, t) ∈ C
(0,e)
τ,t (R×Rm), q ∈ Zm, (10)

ãäå q = (q1, ..., qm) ∈ Z × ... × Z = Zm, Z � ìíîæåñòâî öåëûõ ÷èñåë, qω =
(q1ω1, ..., qmωm) � êðàòíûé âåêòîð-ïåðèîä.

Ïðè óñëîâèè (10) óðàâíåíèå (9) èìååò ìàòðèöàíò X = X(τ, t):

DeX = P (τ, t)X, X|τ=0 = E (11)

ñ åäèíè÷íîé ìàòðèöåé E.
Â ñèëó óñëîâèÿ (10) ìàòðèöàíò X(τ, t) îáëàäàåò ñâîéñòâàìè ïåðèîäè÷-

íîñòè âèäà
X(τ, t+ qω) = X(τ, t), q ∈ Zm, (12)

X(τ + θ, t) = X(τ, t)X(θ, t− eτ). (13)

Ôóíêöèÿ, çàâèñÿùàÿ îò σ = t − eτ è íåñîäåðæàùàÿ ïåðåìåííûå (τ, t),
íàçûâàåòñÿ ôóíêöèåé, ïîñòîÿííîé íà äèàãîíàëè t = eτ ïðîñòðàíñòâà R ×
Rm íåçàâèñèìûõ ïåðåìåííûõ (τ, t).
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Ïîñòîÿííóþ íà äèàãîíàëè ìàòðèöó X(θ, σ) = X(θ, t− eτ) íàçîâåì ìàò-
ðèöåé ìîíîäðîìèè óðàâíåíèÿ (9).

Â ñèëó ñîîòíîøåíèé (11) è (12) ìàòðèöà ìîíîäðîìèè X(θ, σ) îáëàäàåò
ñâîéñòâàìè ïåðèîäè÷íîñòè è ãëàäêîñòè:

X(θ, σ + qω) = X(θ, σ) ∈ C(e)
σ (Rm), q ∈ Zm. (14)

Ïðåäïîëîæèì, ÷òî ìàòðèöàíò îáëàäàåò ëîãàðèôìîì. Ýòî îçíà÷àåò, ÷òî
ñóùåñòâóåò ìàòðèöà C(σ), îáëàäàþùàÿ ñâîéñòâàìè ãëàäêîñòè è ïåðèîäè÷-
íîñòè

C(σ + qω) = C(σ) ∈ C(e)
σ (Rm), q ∈ Zm, (15)

òàêàÿ, ÷òî
X(θ, σ) = eC(σ). (16)

Ñëåäîâàòåëüíî, èìååì

C(σ) = lnX(θ, σ). (17)

Òîãäà èç ñâîéñòâ (13) è (16) ñëåäóåò òåîðåìà î ïðåäñòàâëåíèè ìàòðè-
öàíòà X(τ, t) óðàâíåíèÿ (9), íàïîìèíàþùåì ïðåäñòàâëåíèå Ôëîêå â ñëó÷àå
òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ìàòðèöàíòX(τ, t) óðàâíåíèÿ (9) ïðè óñëîâèè
(10) äîïóñêàë ïðåäñòàâëåíèå

X(τ, t) = Q(τ, t, σ)e
τ
θ
C(σ), (18)

íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ìàòðèöà ìîíîäðîìèè X(θ, σ) èìåëà ëîãà-
ðèôì, ïðè÷åì ìàòðèöà Q(τ, t, σ) � íåîñîáåííàÿ è îáëàäàåò ñâîéñòâîì

Q(τ + θ, t+ qω, σ + pω) = Q(τ, t, σ) ∈ C
(1,e,e)
τ,t,σ (R×Rm ×Rm), (19)

ãäå q ∈ Zm, p ∈ Zm, à ìàòðèöà C(σ) óäîâëåòâîðÿåò óñëîâèþ (15).

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü ñóùåñòâîâàíèÿ ëîãàðèôìà ñëåäóåò èç
ïðåäñòàâëåíèÿ (18), ãäå ìàòðèöà Q(τ, t, σ) èìååò âèä

Q(τ, t, σ) = X(τ, t)e−
τ
θ
C(σ) (20)
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è îáëàäàåò ñâîéñòâîì

Q(τ + θ, t, σ) = X(τ, t)X(θ, σ)e−C(σ)e−
τ
θ
C(σ). (21)

Ïåðèîäè÷íîñòü Q(τ, t, σ) ïî (t, σ) ñ ïåðèîäîì (ω, ω) ñëåäóåò èç ñîîòíî-
øåíèé (12) è (15). ×òîáû îáåñïå÷èòü θ-ïåðèîäè÷íîñòü ìàòðèöû Q(τ, t, σ)
ïî τ, â ñèëó (20) è (21) íåîáõîäèìî âûïîëíåíèå óñëîâèÿ

X(θ, σ)e−C(σ) = E.

Íåîáõîäèìîñòü óñëîâèÿ (16) äîêàçàíà.
Äîñòàòî÷íîñòü óñëîâèÿ (16) äëÿ ïðåäñòàâëåíèé (18)�(19) ñëåäóåò èç

(20)�(21) ñ ó÷åòîì C(σ) = lnX(θ, σ).
Ïóñòü äëÿ ìàòðèöû Z(σ) ñóùåñòâóåò íåîñîáåííàÿ ìàòðèöà Y (σ), îáëà-

äàþùàÿ ñâîéñòâîì

Y (σ + qω) = Y (σ) ∈ C(e)
σ (Rm), q ∈ Zm, (22)

è èìååò ìåñòî ïðåäñòàâëåíèå

Y −1(σ)Z(σ)Y (σ) = J(σ) (23)

ñ ìàòðèöåé
J(σ) = diag [J1(σ), ..., Jk(σ)] (24)

æîðäàíîâûõ êëåòîê Jj(σ), j = 1, k, ñîîòâåòñòâóþùèõ ñîáñòâåííûì çíà÷å-
íèÿì λj = λj(σ), j = 1, k, ìàòðèöû Z(σ), óäîâëåòâîðÿþùèì óñëîâèÿì

λj(σ + qω) = λj(σ) ∈ C(e)
σ (Rm), q ∈ Zm, j = 1, k, (25)

ïðè÷åì λj(σ) è λi(σ) ïðè ðàçëè÷íûõ i, j = 1, k ëèáî ðàçëè÷íûå ïðè âñåõ
σ ∈ Rm, ëèáî ñîâïàäàþò âñþäó â Rm:

(λj(σ) ̸= λi(σ), i ̸= j, σ ∈ Rm) ∨ (λj(σ) = λi(σ), i ̸= j, σ ∈ Rm) , (26)

ãäå ∨ � çíàê "èëè".
Òîãäà ìàòðèöó Z(σ) íàçîâåì ïðèâîäèìîé ê æîðäàíîâîé êàíîíè÷åñêîé

íîðìàëüíîé ôîðìå.
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Òåîðåìà 2. Âñÿêàÿ íåîñîáåííàÿ ìàòðèöà Z(σ), ïðèâîäèìàÿ ê æîðäàíîâîé
íîðìàëüíîé ôîðìå, èìååò ëîãàðèôì.

Äîêàçàòåëüñòâî ýòîé òåîðåìû ïðîâîäèòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó
òåîðåìû î ñóùåñòâîâàíèè ëîãàðèôìà ïîñòîÿííîé íåîñîáåííîé ìàòðèöû ïî
íèæåñëåäóþùåé ñõåìå.

Íà îñíîâå ñêàëÿðíîãî ëîãàðèôìè÷åñêîãî ðàçëîæåíèÿ

ln(1 + z) =

+∞∑
p=1

(−1)p−1

p
zp, |z| < 1,

äëÿ îäíîêëåòî÷íîé æîðäàíîâîé ìàòðèöû

Z(σ) = λ(σ)E + I

ñ äèàãîíàëüíîé åäèíè÷íîé ìàòðèöåé E è íàääèàãîíàëüíîé åäèíè÷íîé ìàò-
ðèöåé I èìååì

lnZ(σ) = ln (λ(σ)E + I) = ln

{
λ(σ)

(
E +

I

λ(σ)

)}
=

= Elnλ(σ) + ln

(
E +

I

λ(σ)

)
= Elnλ(σ) +

+∞∑
p=1

(−1)p

p

(
I

λ(σ)

)p

=

= Elnλ(σ) +
n−1∑
p=1

(−1)p

p

(
I

λ(σ)

)p

= Elnλ(σ) +
n−1∑
p=1

(−1)p

pλp(σ)
Ip.

Òîãäà äëÿ ìàòðèöû

Z(σ) = Y (σ)diag [J1(σ), ..., Jk(σ)]Y
−1(σ)

ñ æîðäàíîâûìè êëåòêàìè J1(σ), ..., Jk(σ) ïîëó÷èì

lnZ(σ) = Y (σ)diag [lnJ1(σ), ..., lnJk(σ)]Y
−1(σ).

Ñâîéñòâî (13) ìàòðèöàíòà X(τ, t), ñâÿçàííîå ñ ìàòðèöåé ìîíîäðîìèè
X(θ, σ), íàòàëêèâàåò íà ìûñëü î ïðèâîäèìîñòè ëèíåéíîãî óðàâíåíèÿ ê
óðàâíåíèþ ñ ìàòðèöåé, ïîñòîÿííîé íà äèàãîíàëè t = eτ .
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Îïðåäåëåíèå. Ëèíåéíîå óðàâíåíèå (9) ñ ìíîãîïåðèîäè÷åñêîé ìàòðèöåé

(10) ïðèâîäèìî, åñëè ñóùåñòâóåò íåîñîáåííàÿ ìíîãîïåðèîäè÷åñêàÿ ãëàäêàÿ

ìàòðèöà Q(τ, t, σ) òàêàÿ, ÷òî çàìåíà

x = Q(τ, t, σ)z (27)

ïðåâðàùàåò èñõîäíîå óðàâíåíèå â óðàâíåíèå ñ ïîñòîÿííîé íà äèàãîíàëè

ìàòðèöåé C(σ) âèäà
Dez = C(σ)z. (28)

Òåîðåìà 3. Ïóñòü ìàòðèöà ìîíîäðîìèè X(θ, σ) óðàâíåíèÿ (9) ïðè óñëî-

âèè (10) ïðèâîäèìà ê æîðäàíîâîé êàíîíè÷åñêîé íîðìàëüíîé ôîðìå ìàò-

ðèöåé Y (σ) ñî ñâîéñòâàìè (22). Òîãäà óðàâíåíèå (9) ïðåîáðàçîâàíèåì (27)

ñî ñâîéñòâîì (19) ïðèâîäèìî ê óðàâíåíèþ (28) ñ ïîñòîÿííîé íà äèàãîíàëè

ìàòðèöåé (15).

Äîêàçàòåëüñòâî. Ïî óñëîâèþ òåîðåìû ìàòðèöà ìîíîäðîìèè X(θ, σ), ñî-
ãëàñíî Òåîðåìå 2, èìååò ëîãàðèôì

C(σ) =
1

θ
lnX(θ, σ).

Òîãäà ïî Òåîðåìå 1 ìàòðèöàíò X(τ, t) ïðåäñòàâèì â âèäå (18) ñ ìàòðè-
öåé (19). Ñëåäîâàòåëüíî, çàìåíà (27) ñ íåîñîáåííîé ìíîãîïåðèîäè÷åñêîé
ãëàäêîé ìàòðèöåé (20) ñî ñâîéñòâîì (21) ïðèâîäèò óðàâíåíèå (9) ê óðàâ-
íåíèþ (28).

Â ÷àñòíîñòè, êîãäà ìàòðèöà ìîíîäðîìèè X(θ, σ) ÿâëÿåòñÿ ïîñòîÿííîé:
X(θ, σ) = K−const, òî óðàâíåíèå (9) â ñèëó Òåîðåìû 1 ïðèâîäèìî, ïðè÷åì
îíî ïðèâîäèòñÿ ê óðàâíåíèþ ñ ïîñòîÿííîé ìàòðèöåé C = 1

θ lnK.
Â ñâÿçè ñ ýòèì âîïðîñîì ìîæíî äîêàçàòü íèæåñëåäóþùóþ òåîðåìó.

Òåîðåìà 4. Äëÿ òîãî, ÷òîáû ïðè óñëîâèè (10) âûïîëíÿëîñü òîæäåñòâî

θ∫
0

X−1(s, σ+ es)Pj(s, σ+ es)X(s, σ+ es)ds = 0, j = 1,m, σ ∈ Rm, (29)

ãäå Pj(τ, t) = ∂
∂tj

P (τ, t), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû óðàâíåíèå (9)

áûëî ïðèâîäèìî ê óðàâíåíèþ ñ ïîñòîÿííîé ìàòðèöåé C = 1
θ lnK, ãäå K �

ìàòðèöà ìîíîäðîìèè.
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Äîêàçàòåëüñòâî. Äèôôåðåíöèðóÿ óðàíåíèå (9) ïî tj , èìååì

DeXj = P (τ, t)Xj + Pj(τ, t)X(τ, t), j = 1,m, (30)

ãäå Xj =
∂
∂tj

X(τ, t), ïðè÷åì Xj |τ=0 = 0, j = 1,m.

Ñëåäîâàòåëüíî, èíòåãðèðóÿ óðàâíåíèå (30), ïîëó÷èì

Xj(τ, t) =

τ∫
0

X(τ, t)X−1(s, σ + es)Pj(s, σ + es)X(s, σ + es)ds. (31)

Èç ïðåäñòàâëåíèÿ (31) ïîëó÷èì ÷àñòíûå ïðîèçâîäíûå ìàòðèöû ìîíî-
äðîìèè ∂

∂tj
X(θ, σ) ïî σj = tj − τ , j = 1,m, â âèäå

∂

∂σj
X(θ, σ) =

=

θ∫
0

X(θ, σ)X−1(s, σ + es)Pj(s, σ + es)X(s, σ + es)ds, j = 1,m. (32)

Ïðèðàâíèâàÿ ýòè ïðîèçâîäíûå (32) ê íóëþ, ñ ó÷åòîì íåîñîáåííîñòè
ìàòðèöû ìîíîäðîìèè X(θ, σ) ïîëó÷èì íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå
(29) äëÿ òîãî, ÷òîáû X(θ, σ) áûëà ïîñòîÿííîé.

Òåîðåìà 4 äîêàçàíà.
Îòìåòèì, ÷òî ïðèâîäèìîñòü ãëàäêèõ ìíîãîïåðèîäè÷åñêèõ ìàòðèö ê

æîðäàíîâîé íîðìàëüíîé ôîðìå èññëåäîâàíà â [14]. Òàêæå îòìåòèì, ÷òî
â [14] ïðèâîäèòñÿ êîýôôèöèåíòíîå äîñòàòî÷íîå óñëîâèå äëÿ âûïîëíåíèÿ
óñëîâèÿ (29) Òåîðåìû 4, à â [8] âìåñòî ýòîãî óñëîâèÿ (29) ñòàâèòñÿ òðåáî-
âàíèå î ïîñòîÿííîé ìàòðèöå ìîíîäðîìèè X(θ, σ) = C − const.

Â çàêëþ÷åíèå, âîçâðàùàÿñü ê óðàâíåíèþ (1) ñ êâàçèïåðèîäè÷åñêîé
ìàòðèöåé A = A(τ, eτ), ïðèâîäèì ñëåäñòâèå Òåîðåìû 3.

Ñëåäñòâèå. Ïðè óñëîâèÿõ Òåîðåìû 3 óðàâíåíèå (1) ñ êâàçèïåðèîäè÷å-

ñêîé ìàòðèöåé A = A(τ, eτ) ïðèâîäèìî ê óðàâíåíèþ (2) ñ ïîñòîÿííûì

êâàçèïåðèîäè÷åñêèì ïðåîáðàçîâàíèåì (3).

Äîêàçàòåëüñòâî. Ìàòðèöó P (τ, t) ñòðîèì íà îñíîâå èñõîäíîé ìàòðèöû
A(τ, eτ) ïî èçâåñòíîé òåîðåìå Áîðà ñ óñëîâèåì P (τ, eτ) = A(τ, eτ). Òîãäà
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ñ êâàçèïåðèîäè÷åñêîé ìàòðèöåé ïðåîáðàçîâàíèÿ B(τ, eτ), ïîëó÷åííîé íà
îñíîâå ñîîòíîøåíèé (3) è (28), óäîâëåòâîðÿþùåé óñëîâèþ

B(τ, eτ) = Q(τ, eτ, 0),

ïî Òåîðåìå 3 ïðèâîäèì ê óðàâíåíèþ (2) ñ ïîñòîÿííîé ìàòðèöåé Λ, ñâÿçàí-
íîé ñ ìàòðèöåé C(σ) óðàâíåíèÿ (28) ñîîòíîøåíèåì C(σ) = Λ. Ñëåäñòâèå
äîêàçàíî.
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ÏÓÀÑÑÎÍÀ
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Àííîòàöèÿ. Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ âîïðîñîâ ïîñòðîåíèÿ

ÿâíîãî âèäà ôóíêöèè Ãðèíà çàäà÷è Ðîáåíà äëÿ óðàâíåíèÿ Ïóàññîíà â åäèíè÷íîì

øàðå èç Rn. Ïðè ïîñòðîåíèè äàííîé ôóíêöèè èñïîëüçóåòñÿ ÿâíûé âèä ôóíêöèè

Ãðèíà çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Ïóàññîíà. Ïîëó÷åíî èíòåãðàëüíîå ïðåä-

ñòàâëåíèå ôóíêöèè Ãðèíà çàäà÷è Ðîáåíà. Ýòîò ìåòîä òàêæå èñïîëüçóåòñÿ äëÿ

ïðåäñòàâëåíèÿ ôóíêöèè Ãðèíà çàäà÷è Íåéìàíà.

Êëþ÷åâûå ñëîâà. Óðàâíåíèå Ïóàññîíà, ôóíêöèÿ Ãðèíà, çàäà÷à Ðîáåíà, çàäà÷à

Äèðèõëå, çàäà÷à Íåéìàíà, êðàåâàÿ çàäà÷à, èíòåãðàëüíîå ïðåäñòàâëåíèå.

1 Ââåäåíèå

Èçâåñòíî (ñì., íàïðèìåð, [1]), ÷òî ôóíêöèÿ Ãðèíà çàäà÷è Äèðèõëå äëÿ
óðàâíåíèÿ Ïóàññîíà â øàðå Ω = {x : |x| < 1} èìååò âèä

GD(x, y) = E(x, y)− E (x|y|, y/|y|) , E(x, y) = (n− 2)−1|x− y|2−n, n ≥ 3.

Èññëåäîâàíèÿ ïî âîïðîñàì ïîñòðîåíèÿ ÿâíîãî âèäà ôóíêöèè Ãðèíà çàäà÷
Íåéìàíà è Ðîáåíà ïðîâîäèëèñü ðàçëè÷íûìè àâòîðàìè. Òàê, â ðàáîòå [2]
â ÿâíîì âèäå ïîñòðîåíà ôóíêöèÿ Ãðèíà çàäà÷è Íåéìàíà äëÿ óðàâíåíèÿ
Ïóàññîíà â ïîëóïðîñòðàíñòâå Rn

+. Â ðàáîòàõ [3]�[5] ìåòîäîì ðàçëîæåíèÿ
ôóíäàìåíòàëüíîãî ðåøåíèÿ îïåðàòîðà Ëàïëàñà â ðÿä ïîñòðîåíà ôóíêöèÿ
Ãðèíà äëÿ çàäà÷è Ðîáåíà â êðóãå, à â ðàáîòå [6] � â ìíîãîìåðíîì øàðå.
Îòìåòèì òàêæå ðàáîòû [7], [8], êîòîðûå ïîñâÿùåíû ïîñòðîåíèþ ôóíêöèè
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Ãðèíà äëÿ çàäà÷è Äèðèõëå äëÿ ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ â åäèíè÷-
íîì øàðå. Êðîìå òîãî, â ðàáîòàõ [9], [10] äàíî ïðåäñòàâëåíèå ôóíêöèè
Ãðèíà äëÿ êëàññè÷åñêîé âíåøíåé è âíóòðåííåé çàäà÷ Íåéìàíà äëÿ óðàâ-
íåíèÿ Ïóàññîíà â åäèíè÷íîì øàðå èç Rn.

Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ íîâûé ìåòîä ïîñòðîåíèÿ ÿâíîãî âè-
äà ôóíêöèè Ãðèíà êëàññè÷åñêèõ çàäà÷ Íåéìàíà è Ðîáåíà. Ïðè ïîñòðîåíèè
ôóíêöèè Ãðèíà ýòèõ çàäà÷ èñïîëüçóåòñÿ ÿâíûé âèä ôóíêöèè Ãðèíà çàäà÷è
Äèðèõëå. Ïîëó÷åíî èíòåãðàëüíîå ïðåäñòàâëåíèå ôóíêöèè Ãðèíà èññëåäó-
åìûõ çàäà÷.

2 Âñïîìîãàòåëüíûå óòâåðæäåíèÿ

Ðàññìîòðèì â îáëàñòè Ω ñëåäóþùóþ çàäà÷ó Äèðèõëå:

−∆v(x) = F (x), x ∈ Ω; v(x) = 0, x ∈ ∂Ω. (1)

Åñëè F (x) � ãëàäêàÿ ôóíêöèÿ â îáëàñòè Ω, òî ðåøåíèå çàäà÷è (1) ïðåä-
ñòàâëÿåòñÿ â âèäå

v(x) =
1

ωn

∫
Ω

GD (x, y)F (y)dy, (2)

ãäå ωn � ïëîùàäü åäèíè÷íîé ñôåðû.

Ïóñòü r = |x|, r ∂
∂r =

n∑
j=1

xj
∂

∂xj
. Ñëåäóþùèå óòâåðæäåíèÿ äîêàçàíû â

ðàáîòå [11].

Ëåììà 1. Ïóñòü a ∈ R, f(x) ∈ C1(Ω̄) è â çàäà÷å (1) ôóíêöèÿ F (x) ïðåä-
ñòàâëÿåòñÿ â âèäå

F (x) =

(
r
∂

∂r
+ 2 + a

)
f(x). (3)

Òîãäà ðåøåíèå çàäà÷è (1) ìîæíî çàïèñàòü â âèäå

v(x) =
1

ωn

∫
Ω

(
2 + a− n− ρ

∂

∂ρ

)
GD (x, y) f(y)dy, (4)

ãäå ρ = |y|, ρ ∂
∂ρ =

n∑
j=1

yj
∂

∂yj
.
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Ëåììà 2. Ïóñòü a = 0, f ∈ C1(Ω̄) è â çàäà÷å (1)�(2) ôóíêöèÿ F (x) ïðåä-
ñòàâëÿåòñÿ â âèäå (3). Òîãäà äëÿ âûïîëíåíèÿ óñëîâèÿ v(0) = 0 íåîáõîäèìî
è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ∫

Ω

f(y)dy = 0. (5)

Ñëåäóþùåå óòâåðæäåíèå äîêàçûâàåòñÿ íåïîñðåäñòâåííûì âû÷èñëåíè-
åì.

Ëåììà 3. Äëÿ ôóíêöèè E(x, y) ñïðàâåäëèâû ñëåäóþùèå ðàâåíñòâà:(
ρ
∂

∂ρ
+ s

d

ds

)
E(sx, y) = −|sx− y|2−n, (6)

r
∂

∂r
E(sx, y) = s

d

ds
E(sx, y) = −s2|x|2 − s(x, y)

|sx− y|n
, (7)

ρ
∂

∂ρ
E

(
sx|y|, y

|y|

)
= r

∂

∂r
E

(
sx|y|, y

|y|

)
= s

d

ds
E

(
sx|y|, y

|y|

)
=

= −
[
s2|x|2|y|2 − s(x, y)

] ∣∣∣∣sx|y| − y

|y|

∣∣∣∣−n

. (8)

Äàëåå, äëÿ ëþáîãî a ∈ R ââåäåì ôóíêöèþ

Êa(x, y) =

(
ρ
∂

∂ρ
+ a

)
E(x, y).

Ëåãêî ïîêàçàòü, ÷òî â ñëó÷àå a = 0 èìååò ìåñòî ðàâåíñòâî

Ê0(x, y) = −|y|2 − (x, y)

|x− y|n
. (9)

Ëåììà 4. Äëÿ ôóíêöèè Ê0

(
x|y|, y

|y|

)
ñïðàâåäëèâû ðàâåíñòâà

Ê0

(
x|y|, y

|y|

)
= − 1− (x, y)∣∣∣x|y| − y

|y|

∣∣∣n , (10)
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Ê0

(
x|y|, y

|y|

)
=

(
2− n− ρ

∂

∂ρ

)
E

(
x|y|, y

|y|

)
. (11)

Äîêàçàòåëüñòâî. Èñïîëüçóÿ ïðåäñòàâëåíèå (9), èìååì

Ê0

(
x|y|, y

|y|

)
= −|y/|y||2 − (x|y|, y/|y|)

|x|y| − y/|y||n
= − 1− (x, y)∣∣∣x|y| − y

|y|

∣∣∣n .
Ñ äðóãîé ñòîðîíû,(

2− n− ρ
∂

∂ρ

)
E

(
x|y|, y

|y|

)
=

2− n

n− 2

|x|2|y|2 − 2(x, y) + 1∣∣∣x|y| − y
|y|

∣∣∣−n +

+
|x|2|y|2 − (x, y)∣∣∣x|y| − y

|y|

∣∣∣n = − 1− (x, y)∣∣∣x|y| − y
|y|

∣∣∣−n .

Ñëåäîâàòåëüíî, ñïðàâåäëèâî è ðàâåíñòâî (11). Ëåììà äîêàçàíà.

Ñëåäñòâèå 1. Åñëè a ∈ R, òî äëÿ ôóíêöèè Êa

(
x|y|, y

|y|

)
ñïðàâåäëèâî

ðàâåíñòâî

Êa

(
x|y|, y

|y|

)
=

(
a+ 2− n− ρ

∂

∂ρ

)
E

(
x|y|, y

|y|

)
. (12)

Â äàëüíåéøåì íàì ïîíàäîáÿòñÿ ñâîéñòâà ñëåäóþùèõ ôóíêöèé:

Ea(x, y) =

1∫
0

sa−1Êa

(
sx|y|, y

|y|

)
, a > 0, (13)

E0(x, y) =

1∫
0

[
Ê0

(
sx|y|, y

|y|

)
+ 1

]
ds

s
. (14)

Ëåììà 5. Äëÿ ëþáîãî a ≥ 0 ôóíêöèÿ Ea(x, y) ÿâëÿåòñÿ ãàðìîíè÷åñêîé â

îáëàñòè Ω ïî x ïðè y ∈ Ω̄.
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Äîêàçàòåëüñòâî. Çàìåòèì, ÷òî îïåðàòîð ρ ∂
∂ρ ñîõðàíÿåò ãàðìîíè÷íîñòü

ôóíêöèè. Ïîýòîìó ôóíêöèÿ

Êa(x, y) =

(
ρ
∂

∂ρ
+ a

)
E(x, y)

ÿâëÿåòñÿ ãàðìîíè÷åñêîé ïî x, y ∈ Ω ïðè x ̸= y. Äàëåå, ôóíêöèÿ v(x, y) =
|y|2−nÊ0

(
x, y/|y|2

)
òàêæå ãàðìîíè÷åñêàÿ ïðè âûïîëíåíèè óñëîâèÿ y/|y|2 ̸=

x. Ïîñêîëüêó â íàøåì ñëó÷àå x ∈ Ω, òî ïðè y ∈ Ω̄ èìååì y/|y|2 ∈ Rn\Ω̄ è,
çíà÷èò, ýòî óñëîâèå âûïîëíåíî. Ïðåîáðàçóåì ôóíêöèþ v(x, y). Ïîñêîëüêó
äëÿ ôóíêöèè Ê0(x, y) âåðíî ðàâåíñòâî (9), òî

v(x, y) =
1

|y|n−2
Ê0

(
x,

y

|y|2

)
= − 1

|y|n−2

∣∣∣ y
|y|2

∣∣∣2 − (
x, y

|y|2

)
∣∣∣x− y

|y|2

∣∣∣n =

= − 1− (x, y)

|y|n−2|y|2
∣∣∣x− y

|y|2

∣∣∣n = − 1− (x, y)∣∣∣x|y| − y
|y|

∣∣∣n = Ê0

(
x|y|, y

|y|

)
.

Çíà÷èò, ôóíêöèÿ Êa

(
x|y|, y

|y|

)
, a ≥ 0, ÿâëÿåòñÿ ãàðìîíè÷åñêîé â îáëàñòè

Ω ïî x ïðè y ∈ Ω̄. Äàëåå, íåòðóäíî âèäåòü, ÷òî Ê0

(
sx|y|, y

|y|

)∣∣∣
s=0

= −1, è

çíà÷èò, ïîñêîëüêó ôóíêöèÿ Ê0

(
sx|y|, y

|y|

)
äèôôåðåíöèðóåìà ïî s ∈ [0, 1],

òî ïîäûíòåãðàëüíàÿ ôóíêöèÿ â èíòåãðàëå

E0(x, y) =

1∫
0

(
Ê0

(
sx|y|, y

|y|

)
+ 1

)
ds

s

íå èìååò îñîáåííîñòè ïðè s = 0. Ïîýòîìó ôóíêöèÿ E0(x, y) îïðåäåëåíà ïðè

x ∈ Ω è y ∈ Ω̄. Áîëåå òîãî, òàê êàê ôóíêöèÿ Ê0

(
sx|y|, y

|y|

)
� ãàðìîíè÷åñêàÿ

ïî x, y ∈ Ω, òî ýòèì æå ñâîéñòâîì îáëàäàåò è ôóíêöèÿ E0(x, y). Àíàëî-
ãè÷íî äîêàçûâàåòñÿ ãàðìîíè÷íîñòü ôóíêöèè Ea(x, y) ïðè a > 0. Ëåììà
äîêàçàíà.
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3 Ïîñòðîåíèå ôóíêöèè Ãðèíà

Ïóñòü a ≥ 0, n ≥ 3. Ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó äëÿ óðàâ-
íåíèÿ Ïóàññîíà:

−∆u(x) = f(x), x ∈ Ω,

(
∂u(x)

∂ν
+ au(x)

)∣∣∣∣
∂Ω

= 0. (15)

Ñíà÷àëà ðàññìîòðèì ñëó÷àé, êîãäà a > 0. Ñïðàâåäëèâî ñëåäóþùåå
óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü f(x) ∈ C1(Ω̄) è a > 0. Òîãäà ðåøåíèå çàäà÷è (15)
ìîæíî ïðåäñòàâèòü â âèäå

u(x) =
1

ωn

∫
Ω

GR(x, y)f(y)dy, (16)

ãäå ôóíêöèÿ Ãðèíà GR(x, y) èìååò âèä

GR(x, y) = E(x, y)− Ea(x, y), (17)

à ôóíêöèÿ Ea(x, y) çàïèñûâàåòñÿ â ôîðìå (13).

Äîêàçàòåëüñòâî.Ïóñòü u(x) � ðåøåíèå çàäà÷è (15) ïðè a > 0. Ïðèìåíèì

ê ýòîé ôóíêöèè îïåðàòîð r
∂

∂r
+a è îáîçíà÷èì v(x) =

(
r
∂

∂r
+ a

)
u(x). Åñëè

ïðèìåíèì ê ïîñëåäíåé ôóíêöèè îïåðàòîð −∆, òî, èñïîëüçóÿ ðàâåíñòâî

∆

[
r
∂u(x)

∂r

]
=

(
r
∂

∂r
+ 2

)
∆u(x),

äëÿ ôóíêöèè v(x) ïîëó÷àåì çàäà÷ó Äèðèõëå (1) ñ ôóíêöèåé (3). Òàê êàê
f(x) ∈ C1(Ω̄), òî ðåøåíèå ýòîé çàäà÷è ñóùåñòâóåò è ïî óòâåðæäåíèþ Ëåì-

ìû 1 ïðåäñòàâëÿåòñÿ â âèäå (4). Èç ðàâåíñòâà v(x) =

(
r
∂

∂r
+ a

)
u(x) íà-

õîäèì ôóíêöèþ u(x) ïî ôîðìóëå

u(x) =

1∫
0

sa−1v(s)ds. (18)
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Ïðåäñòàâèâ ôóíêöèþ v(x) â âèäå (4), ïîäñòàâèì â ðàâåíñòâî (18) è, ìåíÿÿ
ïîðÿäêè èíòåãðèðîâàíèÿ, äëÿ u(x) ïîëó÷àåì ñëåäóþùåå âûðàæåíèå:

u(x) =
1

ωn

∫
Ω

 1∫
0

(
2 + a− n− ρ

∂

∂ρ

)
GD (sx, y)

ds

s1−a

 f(y)dy.

Îáîçíà÷èì

GR(x, y) =

1∫
0

(
2 + a− n− ρ

∂

∂ρ

)
GD (sx, y)

ds

s1−a
.

Èñïîëüçóÿ ïðåäñòàâëåíèå ôóíêöèè GD (sx, y), èìååì(
2 + a− n− ρ

∂

∂ρ

)
GD (sx, y) = aE(sx, y) + (2− n)E(sx, y)−

−ρ
∂

∂ρ
E(sx, y)−

(
2 + a− n− ρ

∂

∂ρ

)
E

(
sx|y|, y

|y|

)
.

Äàëåå, â ñèëó ðàâåíñòâà (6) ïîëó÷àåì

aE(sx, y) + (2− n)E(sx, y)− ρ
∂

∂ρ
E(sx, y) = aE(sx, y) + (2− n)|sx− y|+

+s
d

ds
E(sx, y)− (2− n)|sx− y| =

(
s
d

ds
+ a

)
E(sx, y).

Îòñþäà ñëåäóåò

1∫
0

(
s
d

ds
+ a

)
E(sx, y)

ds

s1−a
=

1∫
0

d

ds
[saE(sx, y)]ds = E(x, y).

Òîãäà

GR(x, y) =

1∫
0

(
s
d

ds
+ a

)
E(sx, y)

ds

s1−a
−
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−
1∫

0

Êa

(
sx|y|, y

|y|

)
ds

s1−a
= E(x, y)− Ea(x, y).

Òàêèì îáðàçîì, äëÿ ôóíêöèè Ãðèíà çàäà÷è Ðîáåíà ïîëó÷àåì ïðåäñòàâ-
ëåíèå (17). Ñëåäîâàòåëüíî, ðåøåíèå çàäà÷è (15) ïðåäñòàâëÿåòñÿ â âèäå
(16). Ïîêàæåì, ÷òî ôóíêöèÿ u(x), ïðåäñòàâèìàÿ â âèäå (16), óäîâëåòâîðÿ-
åò óñëîâèÿì çàäà÷è. Ïî óòâåðæäåíèþ Ëåììû 5 ôóíêöèÿ Ea(x, y) ÿâëÿåòñÿ
ãàðìîíè÷åñêîé â îáëàñòè Ω ïî x ïðè y ∈ Ω̄. Ïîýòîìó è ôóíêöèÿ

Ja(x) =
1

ωn

∫
Ω

Ea(x, y)f(y)dy

ÿâëÿåòñÿ ãàðìîíè÷åñêîé â Ω. Ñëåäîâàòåëüíî, ïðè f(x) ∈ C1(Ω̄) íà îñíî-
âàíèè ñâîéñòâ îáúåìíîãî ïîòåíöèàëà ñ ïëîòíîñòüþ f(x) ôóíêöèÿ èç (16)
óäîâëåòâîðÿåò óðàâíåíèþ (15):

−∆u(x) = −∆

 1

ωn

∫
Ω

E(x, y)f(y)dy

+∆Ja(x) = f(x).

Ïðîâåðèì ãðàíè÷íûå óñëîâèÿ çàäà÷è (15). Ëåãêî ïîêàçàòü, ÷òî

r
∂

∂r
Êa

(
sx|y|, y

|y|

)
= s

[
d

ds
Êa

(
sx|y|, y

|y|

)]
.

Äåéñòâèòåëüíî, òàê êàê

Êa

(
x|y|, y

|y|

)
= − 1− (x, y)∣∣∣x|y| − y

|y|

∣∣∣n + (2 + a− n)E

(
x|y|, y

|y|

)
è

r
∂

∂r
[1− s(x, y)] = s

d

ds
[1− s(x, y)] ,

òî, èñïîëüçóÿ ðàâåíñòâî (8), ïîëó÷àåì

r
∂

∂r
Êa

(
sx|y|, y

|y|

)
= −r

∂

∂r

1− (sx, y)∣∣∣sx|y| − y
|y|

∣∣∣n+
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+(2 + a− n) r
∂

∂r
E

(
sx|y|, y

|y|

)
= −

r ∂
∂r [1− s(x, y)]∣∣∣sx|y| − y

|y|

∣∣∣n − [1− s(x, y)]×

×r
∂

∂r

∣∣∣∣sx|y| − y

|y|

∣∣∣∣−n

+ (2 + a− n) r
∂

∂r
E

(
sx|y|, y

|y|

)
=

= −
s d
ds [1− s(x, y)]∣∣∣sx|y| − y

|y|

∣∣∣n − [1− s(x, y)] s
d

ds

∣∣∣∣sx|y| − y

|y|

∣∣∣∣−n

+

+(2 + a− n) s
d

ds
E

(
sx|y|, y

|y|

)
= −s

d

ds

1− (sx, y)∣∣∣sx|y| − y
|y|

∣∣∣n+
+(2 + a− n) s

d

ds
E

(
sx|y|, y

|y|

)
= s

d

ds
Êa

(
sx|y|, y

|y|

)
.

Ïîýòîìó ïðè a > 0 íàõîäèì

r
∂Ea(x, y)

∂r
=

1∫
0

r
∂

∂r
Êa

(
sx|y|, y

|y|

)
sa−1ds =

1∫
0

d

ds
Êa

(
sx|y|, y

|y|

)
sads =

= saÊa

(
sx|y|, y

|y|

)∣∣∣∣s=1

s=0

− a

1∫
0

Êa

(
sx|y|, y

|y|

)
sa−1ds =

= Êa

(
x|y|, y

|y|

)
− aEa(x, y),

à çíà÷èò, (
r
∂

∂r
+ a

)
Ea(x, y) = Êa

(
x|y|, y

|y|

)
.

Äàëåå, òàê êàê
∣∣∣x|y| − y

|y|

∣∣∣ = ∣∣∣y|x| − x
|x|

∣∣∣, òî
Êa

(
x|y|, y

|y|

)
= Êa

(
y|x|, x

|x|

)
è ïîýòîìó ïðè |x| = 1 èìååò ìåñòî ðàâåíñòâî
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Êa

(
y|x|, x

|x|

)
= Êa (y, x) = Êa (x, y) ≡

(
r
∂

∂r
+ a

)
E(x, y).

Òîãäà(
r
∂

∂r
+ a

)
GR(x, y)

∣∣∣∣
x∈∂Ω

=

((
r
∂

∂r
+ a

)
E(x, y)− Êa(x, y)

)∣∣∣∣
∂Ω

= 0.

Òàêèì îáðàçîì,(
∂u(x)

∂ν
+ au(x)

)∣∣∣∣
∂Ω

=

(
r
∂

∂r
+ a

)
u(x)

∣∣∣∣
∂S

=

=
1

ωn

∫
Ω

(
r
∂

∂r
+ a

)
GR(x, y)f(y)dy

∣∣∣∣∣∣
∂Ω

= 0.

Âíåñåíèå îïåðàòîðà r ∂
∂r ïîä çíàê èíòåãðàëà çàêîííî â ñèëó ñâîéñòâ èí-

òåãðàëîâ òèïà ïîòåíöèàëà [12], ïîñêîëüêó îñîáåííîñòü ôóíêöèè r ∂
∂rE(x, ξ)

ïðè x = y èìååò ïîðÿäîê è, çíà÷èò, èíòåãðèðóåìàÿ ïî y ∈ Ω̄. Ïðåäåëüíûé
ïåðåõîä ïî x → ∂Ω ìîæíî âíåñòè ïîä çíàê èíòåãðàëà, òàê êàê èíòåãðàë òè-
ïà ïîòåíöèàëà ñ îñîáåííîñòüþ r ∂

∂rE(x, y) ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé
ïî x ∈ Ω̄. Óñëîâèÿ çàäà÷è (15) âûïîëíåíû. Òåîðåìà äîêàçàíà.

Äàëåå ïåðåõîäèì, ê ìåòîäó ïîñòðîåíèÿ ôóíêöèè Ãðèíà çàäà÷è Íåéìà-
íà. Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü a = 0 è ôóíêöèÿ f(x) òàêàÿ, ÷òî âûïîëíÿåòñÿ óñëîâèå
(5). Òîãäà ðåøåíèå çàäà÷è Íåéìàíà (15) ìîæíî ïðåäñòàâèòü â âèäå

u(x) =
1

ωn

∫
Ω

GN (x, y)f(y)dy, (19)

ãäå ôóíêöèÿ Ãðèíà GN (x, y) èìååò âèä

GN (x, y) = E(x, y)− E0(x, y), (20)

à ôóíêöèÿ E0(x, y) çàïèñûâàåòñÿ â ôîðìå (14).
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Äîêàçàòåëüñòâî. Ïóñòü u(x) � ðåøåíèå çàäà÷è (15) ïðè a = 0. Ïðè-
ìåíèì ê ýòîé ôóíêöèè îïåðàòîð r ∂

∂r è îáîçíà÷èì v(x) = r ∂
∂ru(x). Â

ýòîì ñëó÷àå äëÿ ôóíêöèè v(x) ïîëó÷àåì çàäà÷ó Äèðèõëå (1) ñ ôóíêöè-
åé F (x) =

(
r ∂
∂r + 2

)
f(x) è äîïîëíèòåëüíûì óñëîâèåì v(0) = 0. Òàê êàê

f(x) ∈ C1(Ω̄) è âûïîëíÿåòñÿ óñëîâèå (5), òî ðåøåíèå ýòîé çàäà÷è ñóùå-
ñòâóåò è ïî óòâåðæäåíèþ Ëåììû 1 ïðåäñòàâëÿåòñÿ â âèäå (4). Èç ðàâåí-
ñòâà v(x) = r ∂

∂ru(x), ó÷èòûâàÿ óñëîâèå v(0) = 0, íàõîäèì ôóíêöèþ u(x)

ïî ôîðìóëå u(x) =
1∫
0

s−1v(s)ds.

Ïî óñëîâèþ òåîðåìû ôóíêöèÿ f(x) óäîâëåòâîðÿåò óñëîâèþ (5). Êðîìå
òîãî, äëÿ ôóíêöèè GD (0, y) ñïðàâåäëèâû ðàâåíñòâà

GD (0, y) = E (0, y) +
1

n− 2
,

(
2− n− ρ

∂

∂ρ

)
GD (0, y) = −1. (21)

Ïîýòîìó â ýòîì ñëó÷àå äëÿ ôóíêöèè u(x) ïîëó÷àåì ñëåäóþùåå âûðà-
æåíèå:

u(x) =
1

ωn

∫
Ω

 1∫
0

(
2− n− ρ

∂

∂ρ

)
[GD (sx, y)−GD (0, y)]

ds

s
+GD (0, y)

f(y)dy.
Îáîçíà÷èì

GN (x, y) =

1∫
0

(
2− n− ρ

∂

∂ρ

)
[GD (sx, y)−GD (0, y)]

ds

s
+GD (0, y) .

Èññëåäóåì ôóíêöèþ GN (x, y). Èñïîëüçóÿ ïðåäñòàâëåíèå ôóíêöèè
GD (sx, y), èìååì(

2− n− ρ
∂

∂ρ

)
GD (sx, y) = (2− n)E(sx, y)− ρ

∂

∂ρ
E(sx, y)−

−
(
2− n− ρ

∂

∂ρ

)
E

(
sx|y|, y

|y|

)
= −|sx−y|2−n+s

d

ds
E(sx, y)+ |sx−y|2−n−

−Ê0

(
sx|y|, y

|y|

)
= s

d

ds
E(sx, y)− Ê0

(
sx|y|, y

|y|

)
.
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Îòñþäà
1∫

0

s
d

ds
E(sx, y)

ds

s
= E(x, y)− E(0, y).

Òîãäà ó÷èòûâàÿ ðàâåíñòâà (21), äëÿ ôóíêöèè GN (x, y) ïîëó÷àåì

GN (x, y) = E(x, y) +
1

n− 2
+

1∫
0

[
Ê0

(
sx|y|, y

|y|

)
+ 1

]
ds

s
=

= E(x, y)− E0(x, y) +
1

n− 2
.

Òàê êàê ôóíêöèÿ Ãðèíà çàäà÷è Íåéìàíà ñóùåñòâóåò ñ òî÷íîñòüþ äî
ïîñòîÿííîãî ñëàãàåìîãî, òî ñâîáîäíûé ÷ëåí ìîæíî îòáðîñèòü. Èòàê, äëÿ
GN (x, y) ïîëó÷èëè ïðåäñòàâëåíèå (20). Ïîêàæåì, ÷òî ôóíêöèÿ (19) óäîâëå-
òâîðÿåò óñëîâèÿì çàäà÷è (15) äëÿ ñëó÷àÿ a = 0. Ïî óòâåðæäåíèþ Ëåììû
5 ôóíêöèÿ E0(x, y) ÿâëÿåòñÿ ãàðìîíè÷åñêîé â îáëàñòè Ω ïî x ïðè y ∈ Ω̄.
Òîãäà ôóíêöèÿ

J0(x) =
1

ωn

∫
Ω

E0(x, y)f(y)dy

ÿâëÿåòñÿ ãàðìîíè÷åñêîé â Ω. Ïîýòîìó ïðè f(x) ∈ C1(Ω̄) íà îñíîâàíèè
ñâîéñòâ îáúåìíîãî ïîòåíöèàëà [1] ôóíêöèÿ u(x) óäîâëåòâîðÿåò óðàâíåíèþ
(15):

−∆u(x) = −∆

 1

ωn

∫
Ω

E(x, ξ)f(ξ)dξ

+∆J0(x) = f(x).

Ïðîâåðèì ãðàíè÷íûå óñëîâèÿ çàäà÷è Íåéìàíà. Òàê êàê

r
∂

∂r
Ê0

(
sx|y|, y

|y|

)
= s

[
d

ds
Ê0

(
sx|y|, y

|y|

)]
,

òî

r
∂

∂r
E0(x, y) =

1∫
0

r
∂

∂r

(
Ê0

(
sx|y|, y

|y|

)
+ 1

)
ds

s
=
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=

1∫
0

d

ds
Ê0

(
sx|y|, y

|y|

)
ds = Ê

(
x|y|, y

|y|

)
− Ê

(
0,

y

|y|

)
=

= Ê

(
x|y|, y

|y|

)
+ 1.

Èñïîëüçóÿ ýòè âû÷èñëåíèÿ, íàõîäèì

r
∂

∂r
GN (x, y)

∣∣∣∣
x∈∂Ω

=

(
r
∂

∂r
E(x, y)− Ê

(
x|y|, y

|y|

)
− 1

)∣∣∣∣
|x|=1

= −1.

Òàêèì îáðàçîì, áóäåì èìåòü

∂u(x)

∂ν

∣∣∣∣
∂S

= r
∂

∂r
u(x)

∣∣∣∣
∂S

= r
∂

∂r

 1

ωn

∫
Ω

GN (x, y)f(y)dy

∣∣∣∣∣∣
∂Ω

=

=
1

ωn

∫
S
r
∂

∂r
GN (x, y)

∣∣∣∣
∂Ω

f(y)dy = − 1

ωn

∫
Ω

f(y)dy = 0.

Âíåñåíèå îïåðàòîðà r ∂
∂r ïîä çíàê èíòåãðàëà çàêîííî â ñèëó ñâîéñòâ èíòå-

ãðàëîâ òèïà ïîòåíöèàëà (ñì., íàïðèìåð, [12], ñ. 25), ïîñêîëüêó îñîáåííîñòü
ôóíêöèè r ∂

∂rE(x, y) ïðè x = y èìååò ïîðÿäîê n − 1 è, çíà÷èò, èíòåãðè-
ðóåìàÿ ïî y ∈ Ω̄. Ïðåäåëüíûé ïåðåõîä ïî x → ∂Ω ìîæíî âíåñòè ïîä
çíàê èíòåãðàëà, ïîñêîëüêó èíòåãðàë òèïà ïîòåíöèàëà ñ îñîáåííîñòüþ òè-
ïà r ∂

∂rE(x, y) ÿâëÿåòñÿ íåïðåðûâíîé ôóíêöèåé ïî y ∈ Ω̄. Óñëîâèÿ Íåéìàíà
âûïîëíåíû. Òåîðåìà äîêàçàíà.
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Òóðìåòîâ Á.Õ.,Òàæèìåòîâà Ì.Ø. ÏÓÀÑÑÎÍ ÒÅ�ÄÅÓI �ØIÍ
�ØIÍØI ØÅÒÒIÊ ÅÑÅÏÒI� ÃÐÈÍ ÔÓÍÊÖÈßÑÛÍ ��ÐÓÄÛ� ÁIÐ
�ÄIÑI ÆÀÉËÛ

Á´ë æ´ìûñ Rn êå­iñòiãiíäåãi áiðëiê øàðäà Ïóàññîí òå­äåói ³øií Ðî-
áåí åñåáiíi­ Ãðèí ôóíêöèÿñûíû­ àé©ûí ò³ðií ©´ðó ìºñåëåëåðií çåðòòåóãå
àðíàë¡àí. Îñû ôóíêöèÿíû ©´ðó áàðûñûíäà Ïóàññîí òå­äåói ³øií Äèðèõ-
ëå åñåáiíi­ Ãðèí ôóíêöèÿñûíû­ àé©ûí ò³ði ©îëäàíûëàäû. Ðîáåí åñåáiíi­
Ãðèí ôóíêöèÿñûíû­ èíòåãðàëäû© êåéiïòåìåñi àëûí¡àí. Á´ë ºäiñ Íåéìàí
åñåáiíi­ Ãðèí ôóíêöèÿñûí ©´ðóäà äà ïàéäàëàíûëàäû.
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õëå åñåái, Íåéìàí åñåái, øåòòiê åñåï, èíòåãðàëäû© êåéiïòåìå.

Turmetov B.Kh., Tazhymetova M.Sh. A METHOD FOR
CONSTRUCTING THE GREEN'S FUNCTION OF THE THIRD
BOUNDARY VALUE PROBLEM FOR THE POISSON EQUATION

The paper is devoted to investigation of questions about constructing the
explicit form of the Green's function of the Robin problem for the Poisson
equation in the unit ball of Rn. In constructing this function, we use the explicit
form of the Green's function of the Dirichlet problem for the Poisson equation.
An integral representation of the Green's function of the Robin problem is
obtained. This method is also used to represent the Green's function of the
Neumann problem.

Keywords. Poisson equation, Green's function, Robin problem, Dirichlet
problem, Neumann problem, boundary value problem, integral representation.
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Òàêæå ïðåäñòàâëÿþòñÿ ñâåäåíèÿ îá àâòîðàõ, ìåñòî ðàáîòû, ïî÷òîâûé
àäðåñ ñ èíäåêñîì ïî÷òîâîãî îòäåëåíèÿ, íîìåð òåëåôîíà ñ óêàçàíèåì êîäà
ãîðîäà, àäðåñ ýëåêòðîííîé ïî÷òû.
3. Ñïèñîê ëèòåðàòóðû ñîñòàâëÿåòñÿ â ïîðÿäêå öèòèðîâàíèÿ. Ññûëêè íà
íåîïóáëèêîâàííûå ðàáîòû, ðåçóëüòàòû êîòîðûõ èñïîëüçóþòñÿ â äîêàçà-
òåëüñòâàõ, íå äîïóñêàþòñÿ. Ñïèñîê ëèòåðàòóðû ïðèâîäèòñÿ â ñëåäóþùåì
âèäå:

Ëèòåðàòóðà

1 Ìûíáàåâ Ê.Ò., Îòåëáàåâ Ì.Î. Âåñîâûå ôóíêöèîíàëüíûå ïðîñòðàíñòâà è

ñïåêòð äèôôåðåíöèàëüíûõ îïåðàòîðîâ. � Ì.: Íàóêà, 1988. � 288 c. (äëÿ ìîíîãðà-

ôèé)

2 Æåíñûêáàåâ À.À. Ìîíîñïëàéíû ìèíèìàëüíîé íîðìû è íàèëó÷øèå êâàä-

ðàòóðíûå ôîðìóëû // Óñïåõè ìàòåì. íàóê. � 1981. � Ò. 36, âûï. (èëè �) 4. � Ñ.

107-159.

Ðóêîïèñè, íå óäîâëåòâîðÿþùèå ïåðå÷èñëåííûì âûøå òðåáîâàíèÿì, âîçâðà-

ùàþòñÿ àâòîðàì íà îôîðìëåíèå, äîðàáîòêó. Ðåäàêöèÿ îñòàâëÿåò çà ñîáîé ïðàâî

íà îòêëîíåíèå ñòàòüè, åñëè åå ñîäåðæàíèå íå îòâå÷àåò òðåáîâàíèÿì æóðíàëà.
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