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3AZTAYA JUPUXJIE B IINJINHAPUYECKON OBJIACTHU
JJId BBIPO2K JAKOIIINXCA MHOTOMEPHBIX
SJIJINIITUKO-IIAPABOJINYECKNX YPABHEHUN

AnnAameB C.A.

AnHoTaumsa. B paboTtax aBTopa HalifileHbl SIBHble BUAbI KIACCUHYECKMX peLueHuii
3agad [upuxne B uyunnnapuyeckmx obnacrtsax ANs MHOrOMEPHbBIX 3SUMNTUYECKNX
ypaBHeHunii. B gaHHol cTaTbe MCnonb3yeTcsi MeTos, NPeasioKeHHbIl B paboTax aBTopa,
NokKa3aHa OfHO3HAYHAs Pa3pelnMOCTb N NONy4YeH SABHbI BUJI KNAaCCMHYECKOrO peLleHmne
3agaun Qupuxne B yununapudeckoli obnactn ansi BbIPOXKAAKOLWNXCA MHOrOMEPHbBIX
3/INNTUKO-NApabonnyecknx ypaBHEHNA.

KntoueBble cnosa. KoppekTHOCTb, MHOrOMEpPHbIE Bbl POXAAIOWMECS YPABHEH S, 3aia-
4a [wnpnxne, cdepnyeckne dyrkuyun, dyrkuns Beccens.

1 BBEJIEHUE

KoppekTHOCTh KpaeBBIX 33/1a4 Ha IJIOCKOCTH JIst SJUINITHIECKUX yPABHe-
HUI METOJOM TEOPHUHU AHAJUTUIECCKUX (PYHKIUH KOMILJIEKCHOTO MEPEMEHHOIO
xopomo m3ydena. IIpu mccie0BaHNN aHATOTHYHBIX BOIPOCOB, KOTZA THCJIO
HE3aBUCHUMBIX ITE€PEMEHHBIX 60.}1])11_[8 ABYX, BOZHUKAIOT TPYAHOCTU NPUHIIUIIN-
aJIbHOTO XapakTepa. BecbMa mpuBiekarebHBIN B yZOOHBINH METO CHHIY/ISD-
HBIX MHTEIPAJIbHbIX yPABHEHUI TEPSIeT CBOIO CUJly U3-3a OTCYTCTBUS CKOJIBKO-
HUOYIh TIOTHOW TEOPWM MHOTOMEDHBIX CHHTYJIAPHBIX WHTErPAIbHBIX YpPaBHE-
uuit. Kpaesble 3a1a1u 17151 SJITHIITHYECKUX YPABHEHNU{T BTOPOTO MOPSiKa B 06~
JIACTSIX ¢ pebpaMu MOJPOOHO U3y UEHBbI.

Jns1 o6mux 37mnnTHKO-1apaboInIecKuX ypaBHeHHi BTOPOTO MOPsiIKa TI0-
CTAHOBKY I[€pBOil Kpaesoil 3ajaun (uam 3ajada upuxse) Boepsbie ocyiie-
creun I'. @uxepa [1]|. Janbreiimee n3ydenne 3Toil 331241 IPUBEIEHO B [2].

2010 Mathematics Subject Classification: 58J10.

Funding: Pabora nommep:kana rpantom AP055134615 Komurera Haykn MusHncTEpCTBA
obpazoBanns n Hayku Pecnybmukn Kazaxcramn.

© Anpames C.A. 2018.



6 AJijiaieB C.A.

B nmammoit pabore s BBRIPOXKIAIOMINXCS MHOTOMEPHBIX SJIIUIITHKO-
napaboIMIecKuX ypaBHEHUI TOKa3aHA OJHO3HAYHAST PA3PEIINMOCTh U IOJIY-
YeH SBHBIM BUJ KJIACCHIECKOTO perreHust 3aaaun Juprxie B MIUJIMHIPAIECKOTT
obsactu. B craThe MCmosib3yercs MeToJ, TPeIoKeH bl B paborax |3]-(6].

2 IIOCTAHOBKA 3AJIAYU U PE3YJILTAT

IIycts 2,5 — muauHApHYEcKas 00/JaCTb €BK/IHIO0BA IIPOCTPAHCTBA Fyy1
TO4EK (X1, ..., T, t), orpanudennas muauaapom I' = {(z,t) : |z| = 1}, nnocko-
cravu t =a >0ut= [ <0, rge |r| — qmua BekTOpa T = (1, ...\ Tpy).

O6o3naunM 1epes (), un (g gactu obsactu 2,5, a uepe3 I'y, 'y — wactn
noBepxuoctTu ', jmexkamme B mosrynpoctpauncrsax t > 0 u t < 0; 0, — BepxHee,
0 — HIZKHee OCHOBaHHA obacTa (2,3.

ITycre nanee S — obmiasi gacTh rpanut obJacreit {1, n {1g, npecTaBsio-
mast MuoxkectBo {t =0, 0 < |z| < 1} B Eyy,.

B obnactu 2,3 paccMoOTpPUM BBIPOXK IAIOIINECH MHOIOMEDPHBIE JIIUITHKO-
napaboInIeCcKue yPaBHEeHHsT

m

p(t)Azu + uy + Y ai(x, t)uy, + b(x, t)uy + c(x, t)u =0, t > 0,

0— =0 W)
g(t)Agu —u + O di(x, t)ug, +e(z,t)u, t <0,
i=1

rae p(t) > 0 mpu t > 0 u mMoxer obpamarbcest B Hyab npu t = 0, p(t) €
C([0,a]), g(t) > 0 npu t < 0 u moxer obpamiarscst B Hy1b npu t = 0, g(t) €

C([5,0]), a A, — omeparop Jlamnaca Mo TMEPEMEHHBIM 1, ..., Ty, M > 2.
B manbreiimem #aM y1o00HO EPEHTH OT JEKAPTOBBIX KOOPAUHAT X1, ..., Ty, T
K chepuueckuM 7,071, ...,0m_1,t, 7 > 0,0 < 0; < m,i=1,2,...m—2,0<

Ot < 2w, 0= (91, ...,Gm_l).

BALAYA 1 (AupuxJIE). Haiitn pemenne ypasuenns (1) B obnacrn Qo npn
t # 0 m3 kracca C(Qup) NC? (2, UQg), yroBmeTBOpSIONICe KPACBBIM YCIOBUSIM

u

= 901(7‘7 H)a u = 7111(@9), (2)

’U,‘ = ¢2(t7 0)7 U = @2(t7 0) (3)
Us op

npn 3ToM 501(179) = ¢1(0479),1l}1(0,9) = ¢2(0a9),¢2(579) = 902(179)'
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Sagstava Jdupuxie B HUJIMHAPUYECKOR 00/IaCcT JIJId BHIPOXK JAIOMINUXCH ... T

IIycre {Y,ﬁm(e)} — CUCTeMa JINHEITHO He3aBUCUMBIX cepruecKuX OyHKIUI
mopagka n, 1 < k < ky, (m —2)Inlk, = (n+m — 3)!(2n +m — 2), Wi(9),
[ =0,1,..., — upocrpancrsa Cobosesa.

Nnmeer mecto |7]

JIEMMA 1. Iycrs f(r,0) € W(S). Ectu 1 > m — 1, 10 psx

oo kn
=D > Y, (4)

n=0 k=1
a TakKe psijibl, MOJIYYeHHbIe U3 Hero JucbgepennupoBanueM mopstaka p < I —

m + 1, cxonsarcst abCOJIIOTHO H PaBHOMEDHO.

JIEMMA 2. s Toro, arobnr f(r,0) € Wi(S), meobxomumo u gocrarodo,
aT00bI KO3 PuImenTo! psija (4) y1oBaeTBOPsIIN HEPABEHCTBAM

oo kn

o) < e, S w2 FEP < o, er, e = const.

n=1k=1

Tepes b, (r, ), db(r,1), (1), d5(r1), oky Ph(r), Fha(r), (), U8, (1)
0003HAYIM Koa(bchuHeHTbl psiia (4) coorsercreenno dyuxiwmit d;(r,0,t)p(0),
di%p7 6(7’, 97 t)ﬂ? d(?”, 07 t)pv p(9)7 L= 17 -eey Ty (Pl(n 9)7 ()02(T7 9)7 wl(ta 9)7 ¢2(t7 9)7
npudem p(0) € C*°(H), H — enqunanunas cdepa B Ey,.

Mycts a;(r, 0,t), b(r,0,t), c(r,0,t) € Wi(Q) € C(Qy), di(r,0,t), e(r,0,t)
e Wi(Qp), i =1,..,m, 1 >m+1, c(r,0,t) <0V(r0,t) € Qu, e(r,0,t) <
0 V(T,@,t) S Qﬁ.

Torga cpaBemsIuBHI
TEOPEMA. Ecim ¢1(r,0), a2(r,0) € WE(S), ¥1(t,0) € WI(Ty,), ¥2(t,0) €
Wi(Tg), 1> 32, 10 3agawa 1 ogrO3HATHO paspemmMa.

PA3BPEIINMOCTD 3AMAYN 1. CHauama mOKayKeM paspenmMocTs 3ajgaqdn (1),
(3). B cchepmaeckux koopaunarax ypasnenne (1) B obmactu §1g mveer Bug

—1 1 -
Lluzg(t)< mr Uy — 7426u> —uH—Z di(r,0,t)ug, +e(r,0,t)u =0, (5)
i=1

_ mz: 0 (ym-i-1 9
o =1 mm i= 10 89 89] ’

MATEMATHYECKUI »KYPHAJ. — 2018. — T. 18, Ne 3



8 AJijiaieB C.A.

g1 =1, g;j = (sin@l...siHQj_1)2a Jj>1

U3ssectro [7], uTo cmekTp omeparopa ¢ COCTOMT W3 COOCTBEHHBIX UHCEJT
A = n(n+m—2),n = 0,1,..., K&KJIOMy U3 KOTOPHIX COOTBETCTBYET kj,
OPTOHOPMHPOBAHHLIX COOCTBEHHBLIX (DyHKITHIA Yf’m(ﬁ).

Nckomoe perenne 3azaqun 1 B obsactu (g Oyjem uckarb B BUje

oo kn

u(r, 0,t) ZZU 7“75Y’c (9), (6)

n=0 k=1

e @F (r,t) — GyHKIAE, MOIeKAIIIE OMPeIe/IeHMTIO.
IMopcrasnss (6) B (5), yMHOXKMB moyuennoe Buipaykenne Ha p(f) # 0 u

IIPOMHTErPUpPOBAB 10 eauHuanol chepe H mna uk, momyumu [8], [9]

Nolal  _ olpl m—1 1, o d
9(t) potigyr — Polipr + — 9 g(t)py + Zl g+
1=

o kn m—1 -
5 ¥ Lok, - st izt+< “laosh+ Sk )b @
n= = 1=

+ éfﬁxnp" ()+Z(d —nd® )| @t b =o.
| S

Teneps paccmoTpum GeCKOHEUHYIO cucTeMy nuddepeHIuajibHbIX ypaBHe-
HUAN

_ m—1 _
9(t)potisy, — Potior + (T)g(t)péu(%r =0, (8)
_ m—1 _ )\1 _
o0k, — ik + "D g0ypkk, — 2L g(e)hik =
—1 ~1-1 _ _
(Z iy, + eou0> n=1, k=1, ki, 9)
=1
(m—1) A -
( )pfl fw‘r pﬁaﬁt—i_T (t)pﬁ fw’_rgg( Ion n__iz{z dfn lun it
=1 i=1
Heh s+ D (g — (0= Db by} k=T, =23, (10)

MATEMATUYECKWI KYPHAJ. — 2018, — T. 18, Ne 3



Sagaga Jdupuxie B UIMHAPUYECKOH 00/1aCcTy JIJI BHIPOXK JIAIOMNUXCA ... 9

Cymmvupys ypasaenue (9) or 1 10 k1, a ypasuenune (10) or 1 xo k,, 3arem
CJIOKWB TIOJTyU€HHBbIE BhIpazkKeHust BMecTe ¢ (8), mpuxonnm K ypaBueruio (7).

Orcrona cieyer, 9rTo ecjiu {ﬂﬁ} ,k=1k,,n=0,1,..., — pelienue cucre-
Mbl (8)—(10), To ono sBIsieTCa n pernenneM ypasuenus (7).

Herpyano 3amerntsb, uro kaxjoe ypasnenue cucrembl (8)—(10) moxkHO

[IPEJICTABUTDL B BHUIE
_, m—1_, Ay ko 7k
g(t) (unrr + r Upy — r;un> — Upy = fn(r7t)7 (11)

rae ﬁ]f(r,t) OIIpe/lesIAIOTC U3 IpPeJblAyIINX ypaBHEHUM 3TOH CHUCTeMbI, IIpU

9TOM )
fa(r,t) =0.
Hasee u3 kpaesoro yciaosus (3) B cuty (6) Oyzaem umers
alk(r,B) = @5, (r), ak(1,t) =5 (1), k=1,k,, n=0,1,.... (12)

B (11), (12) mpomssens zameny vk (r,t) = uk (r,t) — ¢§ (t), momyqnm

-1 A
g(t) <Ufn‘r + (m )@7127“ - T2Ufl> - Ont = n(ra t)7 (13)
—k _ k —k _ _ _
Uy (1, B) = s, (1), 0,.(1,t) =0, k=1,k,, n=0,1,..., (14)

Ang(t)
,’n2

Fart) = Fr(r.t) + 95, + Vs P50 (r) = @5(r) — ¥5,(8).

1—m) k

(
[poussens saveny vX(r,t) =7 2 vf(rt), samauy (13), (14) npusenem x

cuaeayroneil 3agaqde:

Lok = 900 (o + 23ek) — ok = FiCr) (15)
vl (r,B) = @5, (r), vE(1,t)=0, (16)
LD T M) =W G gy — 5 ),

(m=1)

Pha(r) =17 ¢, (r).

MATEMATHYECKUI »KYPHAJ. — 2018. — T. 18, Ne 3



10 AjijiaieB C.A.

Pemenne 3agaqan (15), (16) umem B Buje
UfL(Ta t) = Ufn (T, t) + Ugn(Ta t)v (17)

rae v¥ (r,t) — pemenue 3aaun

Lok, = fE(r ), (18)
Ulfn(r7 6) =0, U]fn(la t) =0, (19)
a vk (r,t) — pemenne 3a1aun
LUIQCn =0, (20)
Ul (r, B) = @5, (r), V5, (1,) = 0, (21)

Pemenne Boirme YKa3aHHBIX 3a/Ja49 PaCCMOTPUM B BH/IE

= ZRS(T)TS(t)a (22)
s=1

IIPU 3TOM IIyCThb

fk T t Z ans 90271 Z b . (23)

[Moxcrasaas (22) B (18), (19), ¢ yaerom (23) mosxyunm

An
R + T—QRS +pusnRs =0, 0 <r <1, (24)
Rs(1) =0, |Rs(0)] < o0, (25)
Tst + psng(t)Ts(t) = 7‘1515(75)’ p<t<O, (26)
T.(8) = 0. (27)
Orpanunuennbiv perienueM 3aja4u (24), (25) sasiercs [10]
RS(T) = \/;JV(/’LS,TZ/F)? (28)

(m=2)
2

e v=mn-+ . Msn — Hyau dbynkuuit Beccenst nepsoro poga Jy,(2), p =

2
Hsmn-

MATEMATUYECKWI KYPHAJ. — 2018, — T. 18, Ne 3



Bastaga Jdupuxie B UIMHAPUYECKOH 00J1acTy JIJI BHIPOXK JAIOmmXcs ... 11

Pemmennem zazaqn (26), (27) sBiasiercs

B

t £
Ton(t) = (exp(—1i2,, / 9(E)de))( / 9(E)(exp 2., / g(e)de)de).  (29)
0 0

t
[Moncrasnas (28) B (23), momyanm
r 2fn r,t) Zam (s nT), riégblfn(r):ZbﬁsJy(us,nr), 0<r<1. (30)
s=1

Psaupr (30) — paznoxenus B psiibl Pypoe-Beccens [11], ecn

1
5 (0) = 20 )] [ VETEE T ) (31)
0
by = 201 (110) / NGERGYATSYS (32
rhe sy, S = 1,2, ..., — nonoxurensusle Hymu Gynkmmit Beccens J,(z), pacmo-

JIO’KEHHBIE B MOPSIJIKE BO3PACTAHUS MX BEJUIUHBI.
13 (22), (28), (29) nosyunm pemenve 3ajaqn (18), (19)

Uln T, t Z fTs n (,Us n"“) (33)

e ak (t) ompenensiorcs 3 (31).
Hanee, nogcrasasas (22) B (20), (21), ¢ ygerom (23) Gygem mmern

T+ p2,90)Ts =0, B <t <0, Ty(B) = b,

pemenueM KOTOPOro ABJIdeTCd

B
Tyn(t) = b, exp(yi2,, / 9(€)de). (34)
t

MATEMATHYECKUI »KYPHAJ. — 2018. — T. 18, Ne 3



12 AjijiaieB C.A.

U3 (28), (34) noumyaum

o0

B
o (rt) = 3 bE Vi(exp 2, / 9()dE)J, (), (35)

s=1

e bE . maxomarca uz (32).
CuegoBarenbro, cHadana pemus 3ajady (8), (12) (n = 0), a 3arem (9),

(12) (n = 1) u T, maiimem moceoBarenbuo Bee vk (rt) uz (17), re
vl (r,t), vk (r,t) onpenensiorcs uz (33) u (35).
Urax, B obmactu {1g mMeeT MeCTO
b/p@ﬂqwﬂfzo. (36)

H

Iycrs f(r,0,t) = R(r)p(0)T(t), nupuuem R(r) € Vo, Vo mwaorna s
Ls((0,1)), p(f) € C*°(H) mnorna B Lo(H), T(t) € Vi, Vi — mmorna B
Ly((B,0)). Torma f(r,0,t) € € V,V =V ® H® Vi mnoraa B La(23) [12].

Orcrona u u3 (36) creayer, aTo

/f(r,@,t)Llud(Zﬁ =0

Qp

Liu=0 V(’I’,H,t) S Qg.
Taknm obpazowm, permernem 3aa4n (1), (3) B obmactu Qg siBIstercst byHK-
M

oo kn

u(r,0,6) = S 3 {uk, )+ 7 [obu () + b )] }YEL0), 37)

n=0 k=1

re v¥ (r,t), vk (r,t) maxomsres w3 (33), (35).
Vunrssas dopmyny [11] 2J),(2) = J,—1(2) — J,41(2), onenkn [13], |7]

J,,(z):,/%cos(z—%u—%)—i—O(ﬁ%), v >0,

DLyk (O <cnt L j=T,m—1,1=0,1,.

!
065 =M

(38)
|kn| S Clnm_Qu

MATEMATUYECKWI KYPHAJ. — 2018, — T. 18, Ne 3



Basaga Jdupuxie B HUIMHAPUYECKOH 00/1acTh JIJId BIPOXK IAIOMNXCA ... 13

a TaK>Ke JIeMMbl, Orpannvenus Ha ko3dbdunments! ypasuenns (1) u Ha 3agan-
ubie Gyuknuu p1(r,0), @a(r,0), ¥1(t,0), Pa(t,0), kax B [4], MoKHO TOKA3ATD,
aT0 Tostyaennoe pemenne (37) npumaseskut kiaaccy C(Qg) N C?(Qg).

Hamnee u3 (33), (35), (37) upu t = —0 nmeem

oo kn

u(r,0,0) = 7(r,0) ZZT (39)

n=0 k=1

() = ¢k, (0) + 3

s=1

B I3
/ ak (&) (exp 12, / g(60)der) e+
0 0

)

8
+bEexp(p2,, / g(& (fts.nr).-
0

3 (30)-(33), (35), a Takxe m3 jemM BHITeKaet, uto 7(r,0) € Wi(S), 1 >
3m
T-
Takum obpa3oM, yIuThIBast Kpaesble ycaoBug (2) u (39), mpuxoaum B 06-
sgactu 2, K 3a7a4e Jlupuxie [jist 3/IHITHIECKOTO YPABHEHUST

Lou = p(t)Ayu + uy + Z a;(r, 0, t)ug, +b(r,0,t)us + c(r,0,t)u =0  (40)
i=1

C JaHHBIMU

u‘s =7(r,0), ulr, = ¥1(t,0), ulo, = 1(r,0), (41)

MMEIOIIee eJMHCTBeHHOe pertenue [4].
CrenoBare/ibHO, PA3PEIUMOCTh 3aJ4a4u 1 yCTaHOB/IEHA.

3 EAMHCTBEHHOCTH PEIIEHUA 3AJAYN 1.

Cuavasia paccmorpuM 3a1a4y (1), (3) B obractu §0g u JoKazKeM eIHHCTBEH-
HOCTBH ee pemtenusi. Jljist 91010 cHava/a HOCTPOMM DeLIeHUe [1ePBOil KpaeBoii
331291 I yPABHEHWsI

Tv=g(t)Azv+ v — Z divgy, +dv =0 (5%)
i=1
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14 AjijiaieB C.A.

C JIaHHBIMU

oo kn

vg=7(r0) =D @)Y @), vl =0, (42)

n=0 k=1

rie d(z,t) = e— Z diz,, T8(r) € G, G — mmoxecrso bynxmmit 7(r) u3 KIACCA

C ([0,1)) nCt (( )) MuoxectBo G mwiaoTHO BCogy B Lo ((0, 1)) [12]. Peme-
nue 3agaqan (5*), (42) Oyaem uckarb B Buge (6), rae (byHKLLHH ok (r,t) GymyT
onpejenensbl Huzke. Torga aHATOMHYIHO 1I. 2 (byHKuI/H/I ok (r,t) ynosmersopsior
K d¥ samenenni coorsercTsenno na
—db —dfadtmad i=1,.,m, k=1, kn,n—O,l,....
Hasnee uz kpaesoro yciosus (42) B cuiy (6) nosydum

cucreme ypasuennii suga (8)—(10), rue d¥

ok (r,0) =75 (r), 8(1,t) =0, k=1,k,, n=0,1,.... (43)

Kak panee 3ameueno, kaxkjaoe ypashernne cucrembl (8)—(10) mpeacraBnmo
B Buge (11). Bamauy (11), (43) mpusemem K cieyromieil 3a1ade:

A, ~
20k = g(0) (e + 20k ) + o = P00 )

v’“(TO)ZT'“() "“( t) =0, (44)

(m—1) (m—1)
Uﬁ(r,t) =r 2 U’;(r, t), fk(r t) = r

fu(r,t), my(r) =12 7y(r).
Pemenus zamaun (15'), (44) 6yaem uckars B susge (17), rae vf (r,t) — pe-
menne 3a1a4u Jist ypasaenns (18) ¢ ganHbIM#

vp (r,0) = 0, vf,(1,t) =0, (45)
a vk (r,t) — pemenne 3amaun aaa ypapmenns (20) ¢ ycioBueM
vk (r,0) =0, vh (1,t) =0, (46)
Pemenus zamaq (18), (45) u (20), (46) COOTBETCTBEHHO MMEIOT BUJI

t

t £
Uln Ty t Zf exp Mgn/g )(/afbs( eXp — Mg n/g 51 dgl déjj s, n’r)
0 0

0

MATEMATUYECKWI KYPHAJ. — 2018, — T. 18, Ne 3



Basaga Jdupuxie B HUIMHAPUYECKOH 00/1acTh JIJId BBIPOXK IAIOMNXCA ... 15

¢
'Ugn r,t) ZTsn\f exp,usn/g Ju(psnt),
0

e

n+(m—2).

Tsn—2[ v+1 Nsn /[T ,usng)dfv v= 9

Taxkum o6pazom, pemenue 3agaqu (5%), (42) B Buje paga

oo kn

u(r, 0,t) ZZ

n=0 k=1

[l (1) + b, ()] VEL(0)

oCTPOEHo, KoTopoe B cuity onerok (38) mpunamtexut knaccy C(Q5)NC? (025).
B pesynprare nnrerpuposanus mo obsmactu §dg Toxkgecrso [14]

vLiu —uljv = —vP(u) + uP(v) — uvQ,

rie
m m
t) Z“zz coS <NJ‘,xi) ,Q = cos (N{t) - Zdi cos (NL,a:z) ,
i=1 =1

a Nt — BHyTpeHHsIst HOpMaJIb K TPAHNIE €3, no dbopmy.ie I'puna momryanm

/T(T, 0)u(r,0,0)ds = 0. (47)

S

TTockoTbKy JTiHelHas 060109Ka, crcTeMbl yHKImit {77 (T‘)Yf’m (0)} miorHa
B Lo(S) [14], To u3 (47) 3akmouaem, uro u(r,0,0) = 0 VY(r,0) € S. Crano Gbirs,
10 [IPUHIIUITY SKCTpemMyMa Jisi napabosmyeckoro ypasaenust (5) [15] u = 0 B

Qg.

Hasnee w3 npunmuna Xonda [16] u =0 5 Q.

Teopema j0Ka3aHa MOJTHOCTHIO.

B [4] upusouurcs siBublit Bujy peenus 3ajgaqu (40), (41), 1osromy M0oxKHO
3ammcaTh MPEJCTABIeHNEe PENenns u st 3agaqan 1.
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16 AjijiaieB C.A.

Ormerum, uro B ciayuae, korpa ai(z,t) = b(z,t) = c(z,t) = di(z,t) =
e(z,t) =0, i =1,...,m, s 3agaun 1 reopema nosnyuena B [17], [18].
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Anmames  C.A. A3BBIHFAH KOII OJIHIEMAI SJIJIAIICTIK-
[TAPABOJIAJIBIK TEHJAEYJIEP YIIIH HUJJINHAPJIIK OBJIBICTAYBI
JNPUXJIE ECEBI

ABTOPABIH KYMBICTAPBIHIA KOTI OJIIIIEM/Tl JIIUICTIK TeHeyaep VIIH 1u-
JIMHIPJIIK 06JibIcTarbl Jupuxiie ecebiHiH KIACCUKAIBIK MIETTMIeP] allkKbIH TYP-
e TabbLIFaH 601aThIH. By Makaiaia, aBTOPIBIH KYMBICTAPBIHIA YCHIHBLIFAH
TOCUTIH TIaiiajaHa OTHIPBIT, a3bIHFAH KO OJIIIeM I SJITUICTIK-TTapaboTaabiK
TeH/ey/Iep VIIMiH TUInHIAPJIK 001bicTarsl Jlupuxiie ecebinin 6ipMomHai mermimM-
JILIIrT KOPCeTireH »KoHe KJIaCCUKAJBIK MIEeNNMiHIH affKbIH TYypi aJbIHFaH.

Kinrrix cezzgep. KoppekTisik, ket eJieml a3biaran TeHeysiep, dupuxie
ecebi, cdepanbik dyrkusaaap, beccens GyHKITUACH.

Aldashev  S.A. DIRICHLET PROBLEM OF DEGENERATE
MULTIDIMENSIONAL  ELLIPTIC-PARABOLIC  EQUATIONS IN
CYLINDRICAL DOMAIN

In the author’s papers explicit forms of classical solutions of Dirichlet
problems for multidimensional elliptic equations in cylindrical domains are
found. In this paper we use the method proposed in the author’s works, we show
the unique solvability and obtain an explicit form of the classical solution of the
Dirichlet problem for degenerate multidimensional elliptic-parabolic equations
in a cylindrical domain.

Keywords. Correctness, multidimensional degenerate equations, Dirichlet
problem, spherical functions, Bessel function.
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INVESTIGATION OF SOLUTION OF THE CAUCHY
PROBLEM FOR A PARABOLIC EQUATION IN THE
WEIGHTED HOLDER SPACE

G.I. BIZHANOVA

Abstract. The Cauchy problem for a parabolic equation with the bounded coefficients
at the lowest terms having the less smoothness than it is required to obtain a solution
of the problem in the Hélder space is studied. This leads to the singularity of the
solution at the initial moment of time. The solution of the problem is obtained in the
explicit form, the weighted Hdlder space for the solution is determined. The existence,
estimate and uniqueness of the solution in the weighted Haélder space is proved.

Keywords. Cauchy problem, parabolic equation, existence, estimate, uniqueness of the
solution, weighted Holder space.

The boundary value problems in non-cylindrical domains with the
boundaries of the less smoothness than the smoothness of the solution of the
problem can be reduced to the problems for parabolic equations with singular
on t coefficients at the first derivatives with respect to spatial variables.

Investigation of the problems for the parabolic equations in the non-
cylindrical domain with moving boundary whose smoothness is less than the
smoothness of the solutions was started by M. Gevrey [1]. L.I. Kamynin
obtained results on the solvability of one-dimensional boundary value problems
for the parabolic equations in the domains with a boundary satisfying the
Gevrey condition [2], [3]. E.A. Baderko [4]-[6], M.F. Cherepova [7], [8] studied
one-and multidimensional boundary value parabolic problems in the domains
with less smoothness of the boundaries than the smoothness of the solution in
the Holder spaces. In the articles [1]-[6] there was applied the method of the
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Funding: An article was supported by the grant AP05133898 of the Committee of Science
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Investigation of solution of the Cauchy problem ... 19

theory of the heat potentials with the further reduction of the problems to the
Volterra integral equations of the second kind.

V.P. Mikhailov [9] has shown that if the moving boundary of the domain
is given by the equation = —/tInt, t € (0,1), then the solution of the
problem is not unique.

In this work there is constructed the solution of the Cauchy problem for the
second order parabolic equation in the explicit form. The existence, estimates,
uniqueness of the solution is proved in the classical and weighted Hélder spaces.

Let D:=R", n>1, Dpr=Dx(0,T).

We consider the Cauchy problem for the parabolic equation

n n
a; a .
O — > aylu+y g Onut gu=f(zt) i Dr (1)
i,j=1 i=1

ul=o = up(z) in D, (2)

where 8; <1, i=1,...,n, Bo<1; aij, a;, ag, ¢,j = 1,...,n, are constant
coefficients, coefficients a;; satisfy the conditions

n
ajj = aj, 1,j=1,..n, Z ai; & & > co 52, EeR", ¢y =const >0. (3)
i,j=1

In the one - dimensional case we have the problem

al ap .
Opu — adu + t—ﬂaxu + A= f(z,t) in  Dp,

ult=0 = ug(z) in D. (4)
We shall study the problem (1), (2) in the non-isotropic classical and
weighted Holder spaces C 2; *(Qr) andC l’l/t2 Q).

T

Let [ be positive non - integer, a € (0,1), 8> 0, Qp = Qx(0,7), 2 C R",

n>1.
The norms |u]g)T and |u](52$§f) are defined as follows:

2
24+« mo am mo Qm o
WG = S g orule, + . B0yl

2mo+|m|=0 2mo+|m|=2
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20 G.I. BIZHANOVA

(“’“)

+ 3 D + sup 2P Y + Y [0l (5)
Im|=2 t=T Im|=1
and
" (1
ulgr = Y 1070 ula,
2mo+|m|=0
mo Qm [e% mo Qm a/2
> (e, o) (6)
2mo-+|m|=[l]
m (H£2)
> [3 KZETINE I /= ¥
+ 2mo+|m|=[l]—
0, [} =0,
where a = 1 —[I] € (0,1), Q) = Q x (¢t/2,t), m = (my,...,my), m; are
positive integers or 0, i =1,...,n, |m|=mq + ...+ my,,
(o) ‘U(‘Tat) - U(Z,t)‘
[vlo, = max |v], | ]xQT: max - ,
(@,t)€ Qp ST @ (ter T — 2]
@ ’v(m,t) — v(x,t1)|
g, =  max _ —
(z,8),(z,t1)€Qr |t tl’
We shall find the solution of the problem (1), (2) in the explicit from.
LEMMA 1. Let 5; <1, t=1,...,n, fg < 1.
The solution of the problem (1), (2) has the form
U(ZE, t) = ul(m¢t) + UQ(xat)v (7)
@t)= [ul©) Q
ui(z,t) = [ u
' J (V2rt)"/det A
i,jilaij(wr&i 76 1P g5~ f%jtl_ﬁj) _ 40 -8
xe~ It e 1-5o d¢
/ ar [ fr = (9
Uz T
J m(t — 7)) det VA
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Investigation of solution of the Cauchy problem ... 21

S5 at (= 1 (1B 1By gy - ok (P P
_ig=1 B; B] __ag (tlffBO—Tlfﬁo)
e a(t—7) e 1-ho n,

where A = {a;;}}'
AL

o) a, i,j =1,...,n, are the elements of the inverse matrix
PROOF. In the problem (1), (2) we make the substitution

__a 1-5
w(a,t) = o Cw(z,t), (10)

then we obtain the problem for the function w(z,t)

*BO .
Orw — Zlazﬂ WJ“’JFZ 25 Omw = f(x e’ in Dr, (11)
7]
Wli=o = uo(x) in D. (12)
We apply the coordinate mapping
_ a1 1-p An_ 41-Bn
=g — (P Ty 13
y (1= 5 15, ) (13)
and for the function
91 1-p In__ 11-Buy 4) —.
w(y + A S — 1) = v(y,t 14
(y (1—ﬁ1 5. ), 1) =1 v(y,t) (14)
we shall have the problem
n
atv - Z aijé?jiij = fl(y,t) n DT, (15)
ij=1
Vlmo = uo(y) in D, (16)
where
a1 1751 Gn 1- ,Bn B
it + Lt ~%o . 17
fily, 1) = f(y (1_ﬁ1 Sy ), t)e’ (17)

The solution of the problem (15), (16) can be written in the explicit form

1 Z_Jzzla”wi—&i)(yj—sj)

o(y.t) = [[ WO G

MATEMATUYECKUM »KYPHAJI. — 2018. — T. 18, Ne 3



22 G.I. BIZHANOVA

T ..
X aM (Y —&) (v —&5)

t

1 _id=t
+ [ar [ fuiem) e T ds (19)
[«]

(24/7(t — 7))V det A

where A = {aij}?j =1, a¥ are the elements of the inverse matrix A1,
Then taking into consideration the mapping (13): vy = = —
(1flﬁl =, S t1=Pn) and formula (17), from the formulas (10): u(x,t) =

1-8o
¢ TR w(z,t), (14): w(z, t) = vz — (79-t1=H ...71fﬁt1_ﬁn),t) we

1-61
obtain

- aq 1-8 Qp, 1-8 _90_4+1-Bg
t) =v(x — (——t17P 1) p)eT T
(e, ) = vla — (gt g, e

and now we make use of the change of the variables & + 1a1ﬁ b=y, =
1,...,n, in the second integral in (18), then we shall have the solution of the
problem (1), (2) in the from (7)—(9). O

It is known that for the solution of the problem (1), (2) to belong to the

Holder space C' ey 1+O‘/Q( D) prinl

i=1,...,n, of the equation (1) are from the space C' OC’OC/Q(ET) that is 8 =
—a/2, By = —a/2, moreover f(x,t) € C CY/Q(DT) and uo(z,t) € C 27%(D).

We shall study the Cauchy problem ( ), (2) with 0 < =8 < /2, i =
1,...,m, 0 < =0y < «/2, in this case the coefficients of the equation (1) do

not belong to the space C 3’0;/2(ET), and the solution of the problem (1), (2)
may have the singularity.

we should require that the coefficients t%ii,

For the convenience we rewrite the problem (1), (2).
It is required to find the function u(z,t) as the solution of the following
Cauchy problem:

n n
Ou — Z aijagiziu + Z a;i t% 0, u + agt?u = f(x,t) in Dy (19)
ij—1 i—1

uli=o = uo(z) in D, (20)

where 3; > 0, Bp >0, 7 =1,...,n, the coefficients a;; satisfy the conditions

(3).
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In the formulas (8), (9) we replace Sx by —f;, k =1,...,n, 0, then we
shall have the solution of the problem (19), (20) in the form

’U,(:E,t) = ul(l‘at) + u2($at)) (21)
@)= [ule) (22)
up(z,t) = [ u
' J (v2rt)ny/det A
717?:1(11']'(11._52»—11%t1+ﬁi)(zj_gj—1iﬂbjtl+ﬁj) .
Xe P e 1+ho dg,
/ 1
us(x,t) = d’T/ T 23
e 0/ [ 10 e raa (23)

1+B5 _ 1+5; )

n ..
> a(z;j—m;—
st L —_%0_ (41460 _1+P0)
Xe 4(t—T1) e 1+80p 77

a; 1 . 1 . a,
g (1P Py @ mmy -l

We consider the function fi(y,t) determined by formula (17) with —p
instead of Bk, k=1,...,n,0,

- M 148 n__ ,14pn — 1t
) = fly+ (——=tHh g e TR 24
fily.t) = f(y (1+ﬂ1 155, ),t) (24)

We denote, for convenience

2 S N An 148,
h(t) = t t . 2

LEMMA 2. Let 0 < By < a/2, k=1,...,n,0, f(z,t) € C**(Dr), a €
(0,1), 0< T < 0.
Then the function fi(y,t) determined by the formula (24) belongs to the

space Cy ’O;/ *(Dr) and satisfies an estimate

fily,)li5) < Crlf (@, 1)[5). (26)
PROOF. It is clear that
’fl(y7t)|DT < 02|f(yat)‘DTa (27)
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D)) = [Fy+ (), e 0t 1 < Oyl f (g )], . (28)

Cons(id/e2r) the difference to derive an estimate of the Holder constant
o

[fl(yv t)]t,DT
= |f1(y,t) — fi(y,t1)|

_ 90 4+1+Bp __ag 41460
=|fy+h(t),t)e 70" — fly+ h(tr), t1)e T
1480

< |f(y+h(t),t) = fly + h(t1), )| e T
HF @+ (1), 1) — Fly + h(t1),0)| e T

t1+80 _ag t1+60

+f(y + h(t1), t1)le T —e R | (29)

1+8p

Let t1 < t for definiteness, then we shall have

A < Ca([f (D), In(t) — h(t)]” + [F(y, DI (¢t — 11)*/?)

145 ag_,1+Bo

+C5|f(y,t) [ pple TFRE O — e TER (30)

We shall obtain the estimates of two differences in (30). We have

|h(t) — h(h)’a < Cﬁ(zn: (tl-i—ﬁk _ t%+ﬁk)2)a/2
k=1
- 1/2 N n )
(; (! Y3 ) ) "< Cs(;( 1/2t1/2+f8k> ) /2

< Cg(t - tl)a/Q < zn: t1+25k>a/2

k=1
and
[A(t) = h(t1)] < Cro(T)(t — t1)**. (31)
Further,
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! 1—a/2
= lao| /Tﬁo;m dr < O (T)(t — 1)/, (32)

t1

here 0 < T < o0, t1 <t.
From the estimate (30) with the help of (31) and (32) we shall have

1y, D102 < Cra(1f (5, B) g + [, D1, + [ 1D2). (33)

The obtained estimates (27), (28) and (33) lead to the following one:

A IS = [ f1( )by + [ 01, + [, 012 < Culf .0l

Lemma is proved completely. g
We formulate the main result of the work.

THEOREM 1. Let o € (0,1), 0 < B < «/2, kK = 1,..,n,0, 8 =
min(ﬁl, PN ,ﬁn, BQ)

For any functions ug(z) € C***(D), f(x,t) € C a/Q( 1) the problem
(19), (20) has the unique solution u(x,t) = u;(z, t)+u2(a: t) determined by the
formulas (21) — (23), where uy(z,t) € C 2go‘(DT), ug(x,t) € C QZQ’IJ;Q/2(5T)
and the estimates are valid

fur| 2 < Chluol B (34)
Jua| 25 < Ol £11). (35)

PROOF. We can obtain Theorem 1 by the direct evaluations of the norms (5)
and (6) of the solution u(x,t) = uy(z,t) + ua(z,t) of the problem (19), (20).
But we shall prove theorem in another way.

We have found the solution of the problem (19), (20) in the form (21) —
(23). We make the changes of variables

al (079
y=x— h(t), h(t) = (71 Tt T ) (36)
n (22), (23) and
=&+ 1—7-2/817-14_&’ t=1,..,n,
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in the integral (23), then we shall have

n ..
> a7 (y; =€) (y;—¢€5)

1 _ =1 +1+80
ur(y + h(t),t) = /UO(S) e =) dg ¢ T
2 n A
J (2v/7t)™V/det
—: vy (y, t)e T (37)

ws(y + h(t) jd [ nien 2F>1m

n ..
ey =€) (=€)
77,,_7:1 ag t1+60
e 4(t—T1) dé_ e 1+50 =

—_20 4+1+Bg

=:vp(y, t)e T (38)

where
1+Bg

e

f1(§,7) = f(E+R(7),T) e

By Lemma 2 fi(y,t) € C’aa/Q( D7) and satisfies the estimate (27):
|f1 )<y ’f‘D

Under the conditions of Theorem 1 and Lemma 2 wvi(y,t) €

C z-i-a,l-;a/?(ﬁT)’ k =1,2, and the estimates are valid [10]

o1 (y, 157 < Crsfuug| 25, (39)
o2y, )57 < Crel ful 5™ < Curl 157, (40)

Now in the formulas (37), (38) we make the substitution (36): y+ h(t) =
and obtain

t1+80

ug(z,t) = vp(z — h(t),t) e TR , k=12 (41)

We evaluate the functions u;(z,t), ua(x,t).
Consider the function w;(z,t). Taking into consideration the estimate (39)
we can obtain an inequality

[ur(2,8) Dy + 100, u1 (2, 1) Dy + 107 2 ua (@, )| Dy + G (2,8) | D+
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02, w2, 1+ B (e, )], < Caslon(y, O[5, (42)

here
Oy (x,t) = < Zﬁxkvl (z — h(t), )a t% + Oy (x — h(t), t*)]

t1+B8o

—vi(x — h(t),t)ao tﬁ‘))e Th . (43)

wy(z, 1))

We evaluate the Holder constants (02 £ Dy

) Tij
(H5%)

O, ur (2,0, 3, [Brun (@, )P, ij=1,...n.
We compose the difference

Ay = 8§Z_Iju1(ac,t) — (ﬁﬂjul(a:,tl) =

= (05,4, v1(x = h(t),t) — 02, vi(x — h(t1), 1)

a:lx]

t1+B8o

+8§Z_Ijv1(a¢ — h(tl), t) — agixjvl(m — h(tl),tl))e 1+B0

_ag L4148 __ag L14+Bp
+03,, v1(x — h(t1), t1) (e T —e TR ),
here a a
h(t) = (——t y ey —1
®) (1 + B "1+ 6 )

We can see that the differences A determined by (29) and A; are similar,

because f(y,t) and 8§iyj v1(y, t) belong to one and the same space C O‘/Q(DT)
that is A is subjected to the estimate as (33)

a/2 6%
18] < Cag (182,015, )l by + 02, w1y D], + (02, 01w, DL ) (= 11)°2
and from here we shall have

(02, un (, 1))\

< C1o(102,,01(y, 1) Dy + (02, 01(y. 1D, + 02, vi(y, OIDD),  (44)
,7=1,...,n
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lta
To estimate the Holder constant [0, u1 (z t)]i DQT), i=1

; ), =1,...,n, weevaluate
the difference
AQ = &Eiul(:v,t) — ariul(l',tl)
= (8%1)1(3: — h(t),t) — Oy, v1(x — h(t1),1)

- B
0001 (2 — h(t1),8) — Qa1 (z — ltr), t1))e TR
+8wivl(x — h(tl),tl)(e 1+,80t1+ﬂ0 —e J%tuﬁo)‘
First, we shall obtain the auxiliary estimates as (31), (32)
- 1/2
h(t) = h(t)] < Cao (D (119 = 117%)?)
k=1

n t —
con(S([HTa) " < on( (@-ny o)

1 k=1

< Co3(T)(t — t)

i

__%0_41+8g _ag 1""50
}e 1+Bg —6 +ﬁ0 ‘

|a0|/ BoT

With the help of the obtained inequalities we estimate the difference (45)

dr < Cou(T)(t—t1) 5"

18] < Cos (321020105 0 16) — h(t2) + Byn (1) 5 ¢ — £1)'5°
k=1

1+a
+[0y;v1(y, 1) | Dy (t — 1) 2 ) <

1+a 1+a
<@JZMM Dy + 001 O1E 5, + 1001 (9 ) by ) (¢ — 1)
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and from here we shall have

[0, (2, 1)), 3, < (Z\ 2 01U, D) oy + [Oyon (5, O 2+
k=1
lta |
+’8yivl(y7t)’DT>(t —t1) 2 ,i=1,..,n. (46)

Now we compose the difference taking into consideration formula (43)

Az = O (z,t) — O ua(z, 1) =

( 3" (Oapvi(@ — h(t),1) = Duvi(z — Alt1), 1)
k=1
+aka1(ZL' - h(tl), t) — azkvl(a: — h(tl),tl))ak tﬁk

=" Oav1(x — hltr), tr)ag(t% — 17¥)
k=1
—1—(@*1)1(90 — h(t),t*)‘t*:t — (9{[)1(:1} — h(tl),t))
+(at'l)1($ — h(tl), t) — 875*’1)1({13 — h(tl), t*) t*:t1) (47)

—(vi(x = h(t),t) —vi(z — h(t1),t) + vi(x — h(t1),t) — vi(z — h(t1), t1)) aot™

+1+80

—’Ul(.iC — h(tl), tl)ao(tﬁo — tf0)> 1+ﬁ0

— > " On,v1(@ = A1), t)aty* + Opvr (x — h(tr), t*)
k=1

t =t

ag 4148 ao 1+50
—vl(x—h(tl),tl)aotf‘))(euﬁot 0 T4 1

All the differences in (47) are evaluated as above, with the exception of the

following one: t% — 7%, We evaluate this difference

t
L ﬁ _ /Bk N aT
A= 10 —7 = ﬁk/ 71-Br—a/2+a/2 =

t1
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1
< C28m(

Let 8 = min(fy, ..., Bn, Bo), then

t—11)% k=1,..,n,0, t1 € (t/2,t), a/2 — B > 0.

|As] < 029(1+ rafa ,3)’1)1(97 ol)s +a)(t—t1)a/2
and

sup /22 [0 (2, )]0 < Caolun (v, DI51Y, Dy= D x (t/2,1).  (48)

t<T

Gathering the estimates (42), (44), (46), (48) and applying (39) for v1(y, t),
we obtain the estimate (34)

u (2, 1) S 5 < Carlor (3. 4) 57 < Caaluo| 5.

We see from the formula (48) that the weighted term in the norm (5)
is appeared by the derivative O,ui(z,t) and more exactly by the coefficients
tPe, k=1,...,n, t% in the equation (19).

Now we prove the estimate (35) for the function ug(z,t) determined by the
formula (38).

We have w0

ug(x,t) = vo(x — h(t), t)e” T+ ¢1H5,

where va(y,t) € C QZQ’HO;/Z (D7) and the estimate (40) for va(y,t) is fulfilled.

The function wg(z,t) satisfies the same estimates as wuj(z,t). But
uz(x,t)|t=0 = 0 unlike of u;(x,t)|=0 = uo(z).

To get rid of the singularities generated by the coefficients t%, k =
1,...,n, t% we shall obtain the estimates of the functions |v2(y, t)|, |0y, v2(y, t)],
where v2(y,t) is determined by the formula (38). Due to the condition (3) for
the coefficients a;; and consequently for a*, 4,5 = 1,...,n, we have

t c1y—m)?
e 4(t—7
lva(y, t)] < 033/d7/\f1(7777)’()n/2d77 < Csulf(y,t)|prt, (49)
0 D
/ (y=m)?
c1(y—n
10y, v2(y,t)| < C / /|f1 n,7) — fi(y, )|( )76 S dn <
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t
a dr
< Cal 01, [~
T 2
0
(a) Lt
|0y, v2(y, )| < 037[f(y,t)]y7DTt 2, (50)
t
1 e (y—n)?

(t —7)n/21C M dn <

|8§iij2(y,t)| < C3s/d7'/|f1(7777') — fi(y, 7)|
D

0

< ng[f(y,t)]é?‘l))Tta/Q, i,j=1,...,n, ¢; = const > 0.

We compose the same difference for Oyua(z,t) as (47) for Opui(x,t) and

estimate the terms with the difference |t — tf’“\, k =1,...,n,0 taking into
consideration the estimates (49), (50)

) 1+«

|0, v2(x — h(ty), t1)|[¢% — %] < Caolf (5, )]\, ¢ t—11)*? <

ta/Q—ﬁk(
< Culf (y, )%, TV*P5(t — 1)/, k=1,..,m,

1
v — h(tr), tr))| [t% — t7%] < C42|f(y,t)|DTtm(t —11)*? <

< Cus| f(y, )| p, T~ (8 — 1)/,
then we shall have
a/2 24«
(O (2, 8)]{552 < Caalua(y, )51, (51)
We apply the estimates (42), (44), (46) for u;(x,t) which are valid also for

ug(z,t), (51), and then we make use of the estimate (40) for va(y,t), then we
shall have an inequality

Jua (2, 1) 55 < Cusloa(y, )57 < CuslF(y, £)]5)

which is the estimate (35). O
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buxanosa I'1. 3LVIIEHT'EH T'EJIbJIEP KEHICTIT'THAIE ITAPABO-
JIAJIBIK TEHAEYJIEP YIIIH KOIIIM ECEBIHIH, IEIIIMIH 3EPTTEY

Tenbaep KeHIiCTITIHAE €CEeNTiH IMENTiMIH aTy YITH Killll MYITeepiH/Ieri mek-
Tenared Kodddunrentrepi 6ap mapabosaIbIK, TEHIEyIep VIIiH Tajaml eTiJreH
Kilm ChINTHIFBIPJBIFEL Oap Kommum ecebi zeprreneni. By yakbITThIH 6acTankb
YaKBITBIHIAFBI TIEMTIMHIH CHHTYJ/ISIPJIBIFBIHA, AJIBIT Kejtei. KcenTin ailKbiH Typ-
Jteri mremriMi TaOBLIALI, IEMIiM YIMH 3iigenred [eabaep KeHicTiri OpHATHLIIbL.
Ocwri singenren lesbep KeHicririage mentiminiy 6ap 00/1ybl, Oaraiaybl XKoHe
JKAJIFBI3 OOJIYBI TOJIEIIEH .

Kinrrix cezzgep. Komu ecebi, mapabosnaibik rengey, 6ap 6osybr, barasay-
JIap, IMIeMnMHIH KaJIFer3 00J1ybl, 3iaaenren [enbaep KeHicTiri.

Buxanosa I'1. UCCJIEJJOBAHUE PEIIEHNA 3AJTAYN KON 114
[TAPABOJIMYECKOT'O YPABHEHNS{ B BECOBOM ITPOCTPAHCTBE
I'EJIBJIEPA

Wzyuaerca 3agaga Kormm g1 mapabo/indeckoro ypaBHEHUS C OIDAHUYEH-
HBIMU KO3({dUIMeHTaMy TP MJIAIIUX UIEHAX, UMEIOIUMA MEHBIIIYIO TJIa/I-
KOCTh, 4eM 3TO TpebyeTcs, YTOObI MOTyIUTh PEIIeHre 3a/1a9l B IPOCTPAHCTBE
lenbjiepa. D10 NPUBOAUT K CHUHIYJISIDHOCTH DPEINEHUs] B HAYAJIbHBI MOMEHT
Bpemenn. Haiiteno perenve 3a/1a49u B SBHOM BUIE, YCTAHOBJ/IEHO BECOBOE TIPO-
cTtpauctBo l'ebiepa niga pemennd. Jlokazans! CyIIeCTBOBAHNE, OITEHKA U €TUH-
CTBEHHOCTDH PEIeHrs B 3TOM BECOBOM TpocTpaHcTBe ['enbaepa.

Krouesnre cioBa. 3ajada Komiu, napaboinyeckoe ypaBHEHUE, CYIIECTBO-
BaHWe, OIEHKHU, €IMHCTBEHHOCTH PEIIeHNsI, BECOBOE MPOCTPAHCTBO L'esibiepa.
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ABOUT ONE COEFFICIENT INVERSE PROBLEM FOR THE
HEAT EQUATION IN A DEGENERATING DOMAIN WITH
TIME-DEPENDENT BOUNDARIES

M.T. JENALIYEV, M. YERGALIYEV

Abstract. In the paper we consider a coefficient inverse problem for the heat equation
in a degenerating angular domain with time dependent boundaries. It is shown
that with the help of transformations of variables and the desired function, the
inverse problem for the heat equation in the degenerating angular domain with two
time-dependent boundaries can be reduced to a problem for the heat equation in the
degenerating angular domain but with one time-dependent boundary. For the latter
problem the criterion of existence of the solution is shown.

Keywords. Coefficient inverse problem, heat equation, degenerating domain.

1 INTRODUCTION

The inverse problems of the kind which we will consider were investigated in
the papers [1], [2]. In these papers it is assumed that the movable boundaries
move according to the law obeying Holder class and the domain does not
degenerate and the time interval is limited. The uniqueness and existence of
the solution of the inverse problem where the required coefficient is a continuous
function are established and numerical solutions are obtained in these papers.

The peculiarity of our study is that we consider the inverse problem for the
heat equation in the degenerating angular domain. For the sake of simplicity
and for the purpose of showing the effect of the degeneration of the domain, we
consider the problem, where, firstly, the moving part of the boundary changes
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linearly; secondly, the boundary value problem is completely homogeneous;
thirdly, the time interval is semi-bounded. In the papers [3], [4] we investigated
the inverse problem for the heat equation in the angular domain. In this work
we consider a coefficient inverse problem for the heat equation in a degenerating
domain with time-dependent boundaries.

2 STATEMENT OF THE PROBLEM

In the domain Gr = {(z,t)] — kit <x <kat, 0<t<T,}, T < +o0, we
consider an inverse problem of finding a coefficient A(t) and a function u(z,t)
for following heat equation:

ug(,t) = ugy(z,t) — At)u(x, t), (1)
with homogeneous boundary conditions
Wz, )| pm—yt =0, w(@,t)]|pmpyt =0, 0<t < T, (2)
suspect to the overspecification
kot
/ u(z, t)dz = B(t), |E@#)] >8>0, 0<t<T, (3)
—kqt
where E(t) € Loo(0,T) is a given function and ki, ke > 0.

3 TRANSFORMATIONS AND AUXILIARY PROBLEMS
3.1 TRANSFORMATIONS

Using the transformations:
xr = (kl + kg)x + (kl + kg)klt, t1 = (kl + k2)2t, (4)

the boundary value problem (1)-(3) in the domain G is reduced to a boundary
value problem in the domain G; = {(z1,t1)|0 < 1 < t1, 0 < t; < T} =
(k‘l + k‘g)QT}i

ultl(xlatl) u1z1<$17t1) =

1
_"_ R

k1 + ko
= Ulgy 2 (@1, t1) — M (E)uwi (21, t1), {z1, 01} € Gy, (5)
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where A\i(t1) = m)\(tl), with homogeneous boundary conditions
ur (1, t)]zy=0 = 0,  wi(z1,t1)|ay=t, =0, 0 <ty < T, (6)

suspect to the overspecification
t1
/ ul(xl,tl)dml = El(tl), |E1(t1)’ > o> 0, 0<t; < Tk, (7)
0

where

E\(t1) = (k1 + ko)E (M) :

(2,t) = L ok ! t1) =y (21, 1)
ulr,t) =u k1 + ko 1 (k:1+k:2)2 1’(k1+k2)21 = ui\T1,01)-

To transform the equation (5), we introduce new function

2 ki
t . t1).
Tt ) 1+ 2(k1+k2)x1} us(1,t1) (8)

ul(:vl,tl) = exXp {—4(

Then we obtain a linear homogeneous boundary value problem for the heat
equation in the angular domain Gj :

g, (21, 11) = Uog 2, (21, 1) — M (t1)ua(z1, t1), {21, t1} € Gy, 9)
with homogeneous boundary conditions
u2(1,t1)|z=0 = 0,  u2(x1,t1)|z=t, =0, 0 <ty < Ty, (10)

suspect to the overspecification

t1
/ UQ($1,t1)d$1 = El(tl), |E1(t1)| >6>0, 0<ty <Tp. (11)
0

3.2 THE AUXILIARY PROBLEM

In accordance to the problem (9)-(11) we will set an auxiliary inverse
problem of finding a coefficient A2(¢1) and a function v(z1,¢1) in the domain
GOO = {($17t1)| 0<x < t1, t1 > 0}:

U (T1,11) = Vo (71, 81) — A2(t1)v (1, 1), (12)
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with homogeneous boundary conditions
’U(xlatl)‘xlzo — 07 U(x17t1)|x1=t1 - 07 tl > 07 (13)

suspect to the overspecification

t1 N
/ fu(xl,tl)da:l = E(tl), t1 > O, (14)
0

N El(tl), 0<t1 <Tk,
E(ty) =

Es(t1), Tk <t1 < oo,
where |Es(t1)| > 6 > 0 is an arbitrary bounded function.

REMARK 1. Solving in Go the problem (12) (15) and restricting
down its solution to the domain (1, we can find the solution
{ua(x1,t1), M(t1); (x1,t1) € G1} of the inverse problem (9)—(11).

3.3 EQUIVALENT PROBLEM

In the problem (12)-(15) we replace the required function by the following
transformation

w(z1,t1) = Aa(t1)v(x1, 1), where Ag(t1) = exp {/Otl /\g(s)ds} : (16)

Then the inverse problem (12)—(15) is reduced to a problem for the
homogeneous heat equation:

wtl(l‘lutl) :wxlxl(xlutl)u {xlatl} S GOO) (17)
with homogeneous boundary conditions
w(ry,t1)]z=0 =0, w(x1,t1)|zy=t, =0, t1 >0, (18)

subject to the overspecification

11 . - -
/ w(l‘l,tl)dl‘l = )\2(t1)E(t]_), |E(t1)| >6>0, t1 >0. (19)
0
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4 MAIN RESULT
4.1 THE SOLUTION OF THE INVERSE PROBLEM (17)-(19)

It follows from our previous results [5], [6], [7], [8] that the homogeneous
boundary value problem (17)—(18) along with a trivial solution has a nontrivial
solution up to a constant factor defined by the formula:

w(xl,tl) = w+(m1,t1) + ’U)_(Cb'l,tl), (20)

where

oy T x 7)2
wy(r1,t1) = 4f/ t 1_f_ 373 €XP {—El(;i_j)} e(r)dr,  (21)

where function ¢(t1) is defined according to the formulas:

o(t1) = Ceo(t1), C = const # 0, (22)
soo(t1>=\/%exp{ Z}Jr{[wef(‘/fﬂ, (23)

moreover, the function ¢(t1) belongs to the following class:

0(t1)p(t1) € Loo(R4),1e. p(t1) € Lo (R 60(11)), (24)
where

frexp {81, if 0<t; <Ty,
e(t]_):{ﬁ P{4} 1 k (25)

1, if T <ty < 4o0,
and T}, does not necessarily coincide with 7.

From (20)—(22) for the solution w(z1,t1) = Cwo(x1,t1) of the homogeneous
boundary value problem (17)-(18) we obtain the following representation:

wo(1,t1) = wo (21, 1) + wo— (71,11), (26)
where
t I + T (xl :i:T)2
t —_ dr. 2
wox (1, t1) 4f/ =) Xp{ 4(“_7)}@0(7) T (27)
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Further using the representation (26)-(27) for the integral condition (19),
we get:

t1 t1
/ wo(azl,tl)dx = / w0+(x1,t1)da:1+
0 0

+ /Otl wo— (:Cl,tl)dxl = j\go(tl)E(tl). (28)

It is obvious that Ag(t;) = CAgo(t1). By a commutativity property in the
integrals of the formula (28), in the sense of the Dirichlet formula, we have

/OtilUO:I:(-%'l,tl dm1—4\f/ /t1 tf_i);ﬂ exp{—ﬂ}dxl_ (29)

Let us calculate the interior integrals from (29). We get
/tl 1‘1:|:7’ (1‘1:|:7‘)2 (56'1:&7)2
expy ———~ cdr1 = ||y = —F—=
4y (ty — 7)3/2 4(t1 — ) Aty —7)

Then from (19), (28)-(30) we obtain

h J | 72
wo(x1,t1)dx = 2expy ——— ¢ —
 wtetnin =gz [ s pon {15 )

—op {0 g [T i = St ). (31

From ratios (16), (19), (31) and w(zx1,t1) = Cwo(z1, t1) we find the required
coefficient

dln(As(t1)  (Ma(t))  (Chao(t))
) = T T ) Cw) @) (32

where we have used the equality

t]_ / tl tl / tl
fw(xl,tl)dxl fw(iﬁl,tl)dl'l fwo(l'l,tl)d.%'l fwo(xl,tl)dxl
0 .0 0 .0

E(t1) ' E(t1) E(t1) ' E(t1)
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Thus, from (26)—(27), (31)—(33) we obtain the following theorems.

THEOREM 1. The inverse problem (17)-(19) has a solution {w(z1,t1), A2(t1)}
if and only if the following condition is satisfied

sign{E(t1)} = sign{I[po(t1),t1]}, Vt1 € (0,00), (34)

where

_eXp{_h;T} <exp{_t1t1_7—7_} + 1)] po(T)dr, t1 € (0,00),  (35)

colt1) = \;Eexp {—11} + \f {1 b erf (\/QEH te(0,00).  (36)

THEOREM 2. Let the conditions of theorem 1 be satisfied. Then the inverse
problem (9)—(11) has the following solution {us(x1,t1), A1(t1)}: the coefficient
A1(t1) = Xo(t1) is determined uniquely by the formula (32)—(33) by restricting
it down to a finite interval (0, Ty) and the solution us(x1,t1) is found by means
of the restriction of the function:

’U(iL‘l, tl):CUO($1, tl), Wherevo(:vl, tl):[j\lo(tl)]_lwo(aj‘l, tl), C = const, (37)
on the bounded triangle G, where wo(z1,t1) is defined by formulas (26)—(27).

THEOREM 3. For the solution {ua(z1,t1), \1(t1)} of the inverse problem (9)—
(11) using backward the substitutions (4) and (8), we get the solution of the
inverse problem (1)—(3).

REMARK 2. According to formulas (23), (26)—(27), the solution wo(z1,t1) is a
nonnegative function. It should be noted that according to the criterium (34)
the function E(t,) from (19) is a variable sign function, since the integral (28)
is variable sign function and the coeficient \y(t1) = Cao(t1) (16), (32) is a
positive function.

In the work |3] we have showed that the solution of the equivalent problem
under an additional condition is bounded. Also it has been showed that the
solution of the inverse problem (9)-(11) and required function Aj(t1) have
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singularity at small values of the variable ¢. Therefore it should be noted that
the solution of the inverse problem {u(z,t), A(t)} also has the singularity at
small values of the variable ¢.

6 CONCLUSION

In the paper we have considered the inverse problem for the heat equation
in the degenerating angular domain with time-dependent boundaries. We have
shown that the inverse problem for the homogeneous heat equation with
homogeneous boundary conditions has the nontrivial solution {u(z,t), A(t)}
consistent with the integral condition.
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Kuenonues M.T., Eprasues M.T. [ITEKAPAJTAPBI YAKBITKA TOV-
EJIZII A3BIHFAH OBJIBICTAYBI 2KBIJIVOTKI3I'IIITIK TEH/IEYI
YIIIH KOMBIJIFAH KOY®OUIINEHTTI KEPI ECEIT TYPAJIBI

2Kympicta 6i3 1mekapaJiapbl yaKbITKA TOYeJIJIi a3bIHFAH OOJIBICTAFbI KbI-
JIYOTKIBTImMTIK TeHzeyl yimiH kohbumran KoddduimenTTi Kepi ecenrti kapac-
ThipaMbI3. 2K yMbIcTa ToyesIci3 affHbIMAJIBLIAP/IbI KoHE 13e/MiHl (PyHKITUIHBI
TYPJIEH/IPY aPKbLIbl €Ki IIeKAPaChl Ja YaKbITKA TOYeJIJIl a3bIHFAH 00JIbICTAFbI
JKBLIYOTKIZTIMNTIK TEHIEyl YIIiH KOWBIIFAH Kepi ecer MeKapachliHbiH Oipeyi ra-
Ha YaKBITKA TOYesdi O0JATHIH a3bIHFAH OOJIBICTAFBI JKBIIYOTKIBTIIITIK TeHIeyi
VIITH KOUBIIFaH ecerke Kearipyre 60aaThHABIFb KopceTiaai. COHFBI ecer VIH
MIETTMILTIK KPUTEPUitl aIbIHIbI.

Kinrrix ceznep. Koadpdbunmentrik Kepi ecer, KbLIyOTKI3TIIMITIK TEHIEY,
a3bIHFAH 00JIBIC.

Txenamues M.T., Epramues M.I. OB OJHOI KO®PUIINEHTHOII
OBPATHOI1 3AJIAYE JI/Is1 YPABHEHUS TEILJIOIIPOBOJHOCTHU B
BBEIPOYKJJAIOMIENCSA OBJIACTU C I'PAHUIIAMU, 3ABUCANINIMU
OT BPEMEHU

B pabore mbr paccmarpuBaem k03hDuImeHTHYI0 0OpATHYIO 33Ja9y s
yPaBHEHWS TEILIOMPOBOJIHOCTH B BBIPOKJAIOIIEHCA 06/IaCTH C TPAHUIIAMUT, 3a-
BUCSIIIUMI OT BpPEMEHHU. BBLIO MOKAa3aHO, YTO MPU MOMOIIHU MPeobpa3oBaHus
HE3ABUCUMBIX TIEPEMEHHBIX W UCKOMOI (DyHKIMKU 0OpaTHAsd 3a1ad9a I ypaB-
HEHUs TEIJIONPOBOIHOCTH B BBIPOXKIAIOIMIEHCS 00JIACTH C JABYMsI TPAHUIAMH,
BaBUCAIIIMA OT BPEMEHU, MOYKET ObITh CBEJIEHA K 3a/1a9e /I YPABHEHUS Terl-
JIOIIPOBOJTHOCTY B BBIPOYK/IAOIIENCS YIJIOBOI 06/1acTH, HO yXKe C OJHOU TIpa-
Hurei, 3apucdieit or Bpemenu. s mocsenneit 3a/a9u 1OJy9eH KPUTEPUit
Pa3PENTIMOCTH.

Kirouesnre cioBa. Koadbdunuenrtaas: odbparHas 3aja4ua, ypaBHEHUE TEILI0-
[IPOBOJIHOCTH, BBIPOXK/IAIOIIASICST 00/IaCTb.
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A METHOD FOR SOLVING NONLINEAR BOUNDARY
VALUE PROBLEMS FOR ORDINARY DIFFERENTIAL
EQUATIONS

D.S. DZHUMABAEV

Abstract. An interval is divided into N parts, the values of a solution at the
beginning points of the subintervals are considered as additional parameters,
and an ordinary differential equation is reduced to the Cauchy problems on the
subintervals for differential equations with parameters. Using the solutions to the
Cauchy problems, boundary condition, and continuity conditions of a solution at the
interior points of the partition, the system of algebraic equations with respect to
parameters is composed. It is shown that the solvability of boundary value problems is
equivalent to the solvability of the system composed. A method for solving nonlinear
boundary value problems based on construction and solution of this system is proposed.

Keywords. Solvability criteria, algorithm for solving, nonlinear boundary value problems.

In the present paper, we consider nonlinear boundary value problem (BVP)
for the ordinary differential equation (ODE)

d
dif = f(t,z), te(0,T), z€R", (1)
9[2(0),z(T)] =0, (2)
where f :]0,7] x R — R"™ and ¢g : R" x R" — R™ are continuous functions,
e = max |
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Let C(]0,T], R™) denote the space of continuous functions z : [0,7] — R"
with the norm ||z||; = H%Si);] l|z(t)||. A solution to the problem (1), (2) is a
te

continuously differentiable on (0,7") function z(t) € C([0,T], R") satisfying
differential equation (1) and boundary condition (2).

Boundary value problems for ODEs have been studied by numerous authors
(see [1]-]10] and references cited therein).

Due to nonlinearity of the problem (1), (2) we come across difficulties both
in studying the qualitative properties of BVP and in finding its solution.

The aim of the paper is to develop a constructive method for investigating
and solving nonlinear BVPs. To this end, we apply parametrization’s method
[11], [12]. Take a partition Ay : tp = 0 < t1 < t2 < ... < ty = T. The
restrictions of z(¢) to the r-th subinterval [¢t,_1,t,), we denote by z,(t), r =
1, N. Introducing the parameters A, = x,(t,_1), and making the substitutions
ur(t) = zp(t) — A\r, t € [tr—1,t;), ¥ =1, N, we reduce nonlinear BVP (1), (2)
to the nonlinear BVP with parameters

B — fltur 4 M), t € [troast), = TN, (3)
up(tr—1) =0, r =1, N, (4)

g[A, AN + tf{‘ﬁlo un(t)] =0, (5)

Aot i uy(t) ~ Ay =0, p= TN, 0

where (6) are continuity conditions for solutions to Eq. (1) at the interior points
of partition Ay.

Denote by C([0,7], Ax, R™) the space of function systems z[t] =
(x1(t), z2(t),...,zN(t)), where functions x, : [t,_1,t,) — R" are continuous
and have the finite left-sided limits lim z,.(¢) for all 7 = 1, N, with the norm

t—t,.—0
|lz[]ll2 = max ~ sup ||z, (£)]].
r=1,N telt,_1,tr)

A solution to the problem (3)—(6) is a pair (A, u*[t]) with
o= LAL)€ R and wft] = (wi(t),ub(t), .., uk (1) €
C([0,T), Ay, R™). The functions u’(t), r = 1,N, satisfy differential
equations (3), boundary condition (5), and continuity conditions (6) for A\, =
Ay, r =1, N. These functions satisfy initial conditions (4) as well.
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Let a vector A9 = ()\go),)\go), ...,)\58)) € R™ be given, and let u,(t, )\go))
be a unique solution to the Cauchy problem on subinterval

du,
dt

= f(t,ur +A0), t € [tr_1,t,], ur(tr—1) =0, (7)

for r =1, N.

Using A and ur(t,)\ﬁo)), r = 1, N, we compose the function z(*)(t) by
the equalities z(O(¢) = )\](00) + up(t, )\Z(;O)), for t € [tp-1,t5], p = 1, N, and
2O () = A 4 un(t, AQ) for ¢ € [tx_1, ta].

CONDITION A. Suppose that for anyr = 1, N and )\, € S()\go), po) ={\ € R":
| Ar — A$°)H < po}, the Cauchy problem (3), (4) has a unique solution u,(t, A),
such that the system of functions u[t,\] = (u1(t, A1), u2(t, A2), ..., un(t, An))
belongs to C([0,T], An, R™), and |[u[-, \] — u[-, \D]||2 < po.

It is clear that under Condition A, the solvability of nonlinear BVP (1), (2)
is equivalent to the existence of a solution to the system of nonlinear algebraic
equations

g[)q, Ay + lim U,N(t, )\N)] =0, (8)
t—1T-0
Ap + t—1>it§l—0 up(t; Ap) = App1 =0, p=1N — 1. (9)

We rewrite the system of equations (8), (9) in the form
Q«(An;A) =0, A€ R, (10)

If Eq.(10) has a solution \* = (A}, A3, ..., Ay) € S(AO), po), then the pair
(A*, ult, A*]) is a solution to the problem (3)—(6). Therefore, the function z*(t)
given by the equality «*(t) = A\i4ur(t, A)), for t € [ty—1,t,), 1, N,and *(T) =
AN+ tiijrgo un(t, \yy) will be a solution to the problem (1), (2).

Thus, in order to solve nonlinear BVP (1), (2) it is enough to find a solution
to the system of nonlinear algebraic equations (10) and solve the Cauchy
problem (3), (4) for finding values of parameters.

To solve nonlinear system of algebraic equations (10), we should find Q )
9Q+(X)

O\

and for the given A € SO pg). As we see from (8), (9), to find
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the value Q*(X) for A = X, it is necessary to solve the Cauchy problems on
subintervals:
du,
dt

= f(t,ur + Ar), ur(tr—1) =0, t € [ty_1,t,], 7 =1, N,

and find their solutions wu, (¢, /):r), r =1, N. Then,

91 AN +un (T, A)]

. X1+u1(t1,3\\1)—//\\2
Q.(An: ) = . (11)

~

Av_1+ UN71(75N717/)\\N71) — AN

CONDITION B. The functions f(t,z) and g(v,w) have the uniformly continuous
partial derivatives f.(t,x) and g (v,w), ¢’ (v,w) in G(z©(t),2p0) = {(t,z) :
e 0,T) llz — 2OWI < 290} and SE(0),200) x SO(T),2p0),
respectively.

Ouy(t, A . .
In order to find Ua(/\r); r = 1,N, we again consider the Cauchy
problems with parameters: '
du, _
It = f(t,ur + AT), Ur(tr—l) =0,te [tr—htr], r=1,N.

Differentiating both sides of differential equations and initial conditions with
respect to A, we have

d (du(t,\)
at\ " oA

Oy (t, \y)

o ot (b A+, tE [t b,

) = f:é(ta ur(t, Ar)+Ar)

and

Ay (t, \y)

=0 =1 N.
o\, t=t,_1 " ’

A (t, Ay)

O\,
the linear ODE

d ~ .
déz = A, ()2 + A(t), 2(tr_1) =0, t € [tr1, b, (12)

Therefore, is a unique solution to the matrix Cauchy problem for
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with A,.(t) = f.(t,ur(t,\,) + Ay) for each r = 1, N. Denote by a,(A,,1),
t € [tr—1,t,], =1, N, the unique solution to the Cauchy problem (12).
It is clear that by virtue of Condition B, the vector function Q*(AJ\I\; A)
0Q.(An; N) .
12D '
R™™ — R™ in S(A\9) pg). Moreover, the Jacobi matrix has the form

of the dimension n/N has uniformly continuous Jacobi matrix

B o o .. 0 ClI +an(An,T)]
I+a1(//1\1,t1) -1 O ... (0] 0] (13)
0] O o ... I+ZL\N_1(A\N_1,15N_1) -1

with

~

B=g M, Ay +un(T,An)] and C =g\, An +un(T,An)].  (14)

Thus, for the given 2= (Xl,Xz, ...,XN) e SO, pg), we find the values

~

~ 0Q+(AN; A
of the vector Q.(An;A) and Jacobi matrix M

problems for ODEs on the subintervals only. Solving Cauchy problems for
nonlinear ODEs determines elements of the vector, and solving Cauchy
problems for linear matrix ODEs yields elements of the Jacobi matrix.

by solving Cauchy

Now, we offer the following algorithm to solve the problem (1), (2). Choose
A0 = ()\go), )\go), s )\5\9)) € R™ as the initial approximation and solve Eq. (9)
by the iterative process

AEFD — AR ANR) | =0,1,2,... .
Here AA*) is a solution to the system of linear algebraic equations

1
= — N (k)
5 AN = QA A®)

with o > 1.
STEP 1. A) Using vectors ur(tr,)\go)), r = 1, N, found by solving Cauchy
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problems (7), and formula (11), we find

gAY AY + un (T, A0)]

Q«(An )\(0)) _ /\<10) + ul(tl’)\(lm) _ )\éo)

AV Funa(tven AYL ) =AY

B) Compute the (n x n)-matrix A©(t) = f/(t, (0 (t)). Solve the matrix
Cauchy problems for the linear ODEs on subintervals

d N

d;z = AO 1)z + AW, 2(t,_1) =0, t € [t,_1,t,], r =1, N,

and find the (n x n)-matrices a,(no)(A(O), tr), =1, N. Using the found matrices
and (13), (14), we compose (nN x nN)-Jacobi matrix

Q. (A, N )

o\
B© o o .. 0 COI +aP (A, 1)
I+aAO 1)y -1 0 ... o) 0)
= )
o O 0 ... I+ad¥ (A9 tx_1) -1

where BO = ¢/ \? AO 4oy (7 AD)] and ¢© = g, AP AQ 4wy (1, A9)).
¢) Solve the system of linear algebraic equations

Q.. (An, \O)

1
AN = —=Q. (AN, A
R A= ——Qu(AN,AT),

and find AX?. Now, we determine the vector A()) by the equality A(V) =
AO) - AN

D) Solve the Cauchy problems for nonlinear ODEs with parameters on
subintervals

du,
dt

= f(t)ur =+ Agl)% ur(tr—l) =0, te [tr—latTL r=1,N,
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and find the functions uT(t,)\p)), r = 1,N. With the equalities z(1)(t) =
A 4u (M), € b1, b)), 7= LN, and 2W(T) = AQ + un (T, A V), we
define the function (M (t) piecewise continuous on [0, T].
STEP 2. A) Using the found wu, (¢, )\7(«1)), r = 1, N, and taking into account
(11), we get Q«(An, A1),

B) Compute (n x n)-matrix AD(t) = f.(t,2M(t)). Solve the matrix
Cauchy problems for the linear ODEs on subintervals

% = AV z 4+ AV @), 2(t,_1) =0, t € [ty_1,t,), r=1,N,

and find (n x n)-matrices a&l)(A(l), t;), r=1,N.
By formulas (13) and (14) we compose the (nN x nN)-Jacobi matrix
Q. (An, A1)
O\ '

¢) By solving the system of linear algebraic equations

aQ* (ANa )‘(1))
O\

we find AX®Y) | and we define the vector A® as: A2 = (1) 4 AND),
D) Solve the Cauchy problems for the nonlinear ODEs with parameters
on subintervals
du,
dt

A\ = —lQ*(AN, )\(1))’
«

= f(tvur + )‘7(«2))7 u’r’(t’r—l) = 07 te [tr—lat’l‘]a r= 17N7

and find the functions u,(t, )\,(?)), r =1, N. By the equalities () (t) = AP 4
ur(t, )\9)), t € [tr_1,t,), r=1,N, and z3)(T) = )\5\2,) +un(T, )\53)), we define
the function x(? (t) piecewise continuous on [0, T].

Continuing iterative process, in Step k we obtain AF) = ()\gk), )\gk), : )\5\];)) €
R™ and 2 (t), t € [0,T]. It is easy to see that

A — N[ < 7| Qs (A AF)]].

Therefore, applying Bellman-Gronwall inequality, we establish the following
estimate

sup [|2®)(t) — 2" (1)]| < 7.]|Qu(An; A®))|| exp(L max (£, —t,-1)),
t€[0,T] r=1,N
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which allows us to measure the proximity between the approximate and exact
solutions after k steps of the algorithm.
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Txymabaes J1.C. KA JUOOEPEHIINAJIBIK TEHIEYJIEP YIIITH
CBI3BIKTHI EMEC HIETTIK ECEIITI HTEITY 9/1ICI

Apasbik N Gesiikke OeJiiHei, MIENIMHIH, 1IKI apaJbIKTaP/AblH 0acTaKbl
HYKTeJIepiH/Ieri MoH/Iepl KOCBIMINIA ITapaMeTp PeTiHe KapaCTBIPBHIIAIbl YKOHe
xKait quddepermaabik, TeHAey napaMerpiepi 6ap auddepennualiIbK TeH-
Jleyyep YIIiH 1K1 apaablKTapAarsel Komm ecenTepine Kenripineni. Erriziaren
mapamerpJepre karbicrbl Komim ecenrepinis, memniiMaepid, MIeTTIK mapTrap
MEH IIentiMHIH 00K Tey/ TiH ITTKi HyKTeaepinaeri y3iaicci3 ik mapTTapbia mai-
JlajlaHa OTBIPHITT aarebpabiK TeHeyaep XKyiieci Kypouiaabl. [leTTik ecentin
MM AUITIHIE KyphIIFaH Ky#ie MeniaiMaiIirine napa-map eKeHIiri Kep-
ceringi. IIleTTik ecenTepmi IMIENTYIiH OCHI XKyiiesepai Kypyra YKoHe IIerryre
HETI3/Ie/IreH /IiC1 YChIHBLIIHI.

Kinrrix ce3znep. lemimiMaiiiK KpUTepHiil, IMENTy aJTOPUTMi, CHI3BIKTEHI
eMeC IIEeTTIK ecell.

xxymabaes J1.C. METO/I PEHIEHISI HEJIMHENHON KPAEBOII 3A-
JAYN )11 OBBIKHOBEHHBIX JINMOOEPEHIIMAJ/IBHBIX YPABHE-
HU

Warepsan genurcs Ha N dacTeil, 3HATEHUS PEIIEHNS B HAYATBHBIX TOUKAX
MTOMHTEPBAIOB PACCMATPUBAIOTCA KAK JOMOJHATEIbHBIE TapAMETPhl 1 0OBIK-
HOoBeHHOE nuddepeHInaibHoe YpaBHEHNEe CBOAUTCA K 3aaadam Ko Ha mo-
IUHTepBaIaxX 1id quddepeHnnaabHbX ypaBHenuit ¢ napamerpamu. Vcmos-
3yd pelleHns 3aaa9n Kormm, KpaeBble YCAOBUS W YCIOBUSI HEMTPEPBLIBHOCTH pe-
III€HWs BO BHYTPEHHBIX TOYKAX pa30MeHus, COCTaBIAETCA CUCTEMA ajredpande-
CKUX YPaBHEHN! OTHOCUTE/IHHO BBEJIEHHBIX TapaMeTpoB. [lokazano, aTo paspe-
MMIAMOCTH KPAEBBIX 33129 SKBUBAJEHTHA PA3PEIIUMOCTHU TOCTPOEHHBIX CHCTEM.
[IpennoxxeHn MeTo[ peleHnsl KPaeBBIX 33/a9, OCHOBAHHBIM HA MOCTPOEHUHN N
PEIIeHNN STUX CUCTEM.
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TEOPETUKO-UTPOBOI1I AHAJIN3 CIIPABEIJINBOTO
PACIIPEAEJIEHN Y CTOKA TPAHCI'PAHUYHBIX BO/I

E. T. OrA30OB

AHHOTaUWA. B gaHHOW CcTaTbe pacCMaTpMBAaEeTCA TEOPETUKO-UrpOBasi MOAESb ONTU-
ManibHOrO YNpaeBJieHNst NOTOKaMUN CYBEPEHHbIX BOA ABYX FOCYAApPCTB, PACMOIOMKEHHbIX
B DacceiiHe ogHoli n TON >xe TpaHcrpaHuyHoii pekn. OCHOBHOW BONPOC 34€Ch B TOM:
KaKoli pacxof rNaBHOW pekn CreayeT OXnAaTb B CPefHEM MHOrojeTHeM MacluTabe
BPEMEHU B CTBOPE roCyaapcTeBeHHol rpanHuybl? [dns atoro ctpomm oprpadosyto
MOAENb N PacCHUTLIBAEM MOTOKM B ceTm no banaHcoebim dopmynam. B kauectse
6a30BOli MOAENN YNpaBAeHUs CyBEpPEHHbIMW BOAAMU [ABYX rOCyAapcTe B bacceiiHe
TpaHCrpaHu4HoOIi pekn Byaem paccmaTpnBaTb BUMaTPUHHYIO Urpy.

KntoueBble cnoBa. TpaHcrpaHndHble pekn, 6OkoBasi NPUTOHHOCTb, BUMaTpUYHbIE UT-
pbl, OyHKLMS BbIArPbILIA, MMMUTALMOHHAS MOAENb, ONTUMalibHAs CTpaTerus.

1 COJAEPYKATEIBHAS MOJEJ/b

[Iycrs mMmeroTca Ba COCEIHUX TOCYAAPCTBA, IO TEPPUTOPUN KOTOPBIX IIPO-
TeKaeT TJIaBHAs TpaHCIpaHuIHAs peka. HazoBeMm BepxHee 10 T€IEHUIO TJIABHO
TPAHCIPAHUYIHOM pekn BepxXHUM TOCYIapCTBOM, a IOCYJAapCTBO PACIOJIOXKEH-
HOIl HUKe 1o Tedenmio — Huxnanm rocygapcrsoMm. Hamee Huxkmee rocymapcTso
Oyaem obosmauarh, kak l'oc. 1, a Bepxuee, kak ['oc. 2. ['parumy mexay Toc. 1
u loc. 2 6ymem 0603HAYATD IITPUX-TTYHKTUPHON JIHHUEN.

[Iycts nanee na Teppuropuu ['oc. 1 hopMupyercs cucrema MajbiX U CPE-
HUX PEK, KOTOPBIE, IepeceKasd roCy1apCTBeHHYIO IPAHUILY, BIIQ/IAI0T B IVIABHYIO
TPAHCTPAHUIHYIO PEKY, 00pa3ys TaK Ha3bIBaeMyio "OOKOBYIO MPUTOYHOCTL'.
Hazosewm a1y cucremy cysepenubiMu Bojamu [oc. 1. AHATOTHIHO cucTeMy Ma-
JIBIX W CPeIHUX peK, popMupyembix Ha TeppuTopuu l'oc. 2, obpasyromux 60-
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Funding: I'pamr  AP05131044, PeruoHanbHBIi  MOHHTOPHHT  9KOJIOTO-
9KOHOMMYECKOH CHCTEMbI MOPHODPYAHbIX MecTopoxkienuil Kazaxcrana (ma mpumepe
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KOBYIO IPUTOYHOCTH IJIABHOI TPAHCIPAHWUYHONW PEKU, HA30BEM CyBEPEHHBIMHU
Bogamu Loc. 2.

IIycrs pagnee T'oc. 1 B yc/ioBusiX 1OJIHO HEONPEIEIEHHOCTH O CTPATEruYe-
ckux 1raHax ['oc. 2 ucmoap30BaHmsT BOAHBIX PECYPCOB TJIABHON TPAHCTPAHUY-
HOIl pekn opramm3yeT 'mepexBaT" CyBepeHHBIX BOJ Ha COOCTBEHHON TEPPUTO-
Py 1 HAIIPABJIAET X IO UCKYCCTBEHHOMY KaHaJIy B TVIABHYIO TPAHCTDAHUYIHY IO
peky (HO yzKe Ha CBOEil TEPPUTOPHN).

Ananornuno [oc. 2 B yCjaoBuUsIX TOJIHOM HEONPEJIEIEHHOCTH O CTPATEru-
vecknx miaanax loc. 1 mcmonp3oBannm "OOKOBO# mpuTodHOCTH" OpraHm3yer
"mepexBar" BOMHBIX PECYPCOB TVIABHOW TPAHCIPDAHUYHON DEKU U HAIPABJISIET
"X BIJIyOb CBOEH TEPPUTOPHUU TI0 MCKYCCTBEHHOMY KAHAJLY.

Bozuukaer Bonpoc: pacxo/i 1/IaBHO# PEKH CJIE/IyeT 02KWUIATh B CPETHEM MHO-
rosierieM Maciirabe BpeMeHU B CTBOPE MOCy1apCTBeHHOl rpanuib? [1].

st TOoro, 9To0BI OTBETUTH HA STOT BOIPOC, TOCTPOUM OprpadOBYyIO MO-
Jleb. 3a1a/IMM [TapaMeTphl MOJIE/IN B BepIINHAX U Ha pebpax oprpada, 3aTem
paccumTaeM MOTOKH B ceTu 1o OasiancoBbiM opmyaam. s stux esreit mpu-
MEM CJIeIYIOIINE YCAOBHBIE 0003HAUEHUsI U UX WHTEPIPETAIINHN.

2 YCJIOBHBIE OBO3HAYEHUA N UX NHTEPITPETALINN

© - CUIPOY3esl, WHTEPIPETUPYEMBIH KAK TOYKA KOHIEHTPAIMH CyBEPEHHBIX BOJI
T'oc. 1 B equHbIil TOTOK;

W1 — cpeanuii MHOrojieTHMIT pacxos cysepennbix Bog Loc. 1 (km®/ron); s

®<c--@ ;
— TUAPOY3€es, HHTEePIPeTUPYEMbIii KAK TOYKa BOJIOAEIEHUA CyBEPEHHBIX
Box ['oc.1 Ha MOTOK, HANpPaBIAEMbIH MO KAHAJILY B CTBOD TIepecedeHus pyc/ia NIaBHO
PEeKu ¢ rocyAapCTBEHHON TPDAHMUIECHl U HA MOTOK, HANPAaBJIAEMBI B PYyCJIO IJIAaBHOMR

pekn Ha Tepputopuu loc. 2;

— JIOJIT PaCcXofa CYyBEpeHHBIX BOJ, HalpaBjsgeMas B CTBOP TOCYIapCTBEHHOM
rpanuipl (0 < s < 1);

sW1 — pacxoz Bogmt (kM3 /roz) B Kanae;

k1 — koaddunment 6€3B03BPATHBIX TIOTEPH BOJBI B KaHaJ€ (B TOM JHCJIE BOJO-
3a60p 1O Tpacce KaHaJa);

(1 —Fky)-s- Wy — pacxos BOABI B yCThe KaHaJIa;
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(1 —s) - W) — pacxom BOJbI B BOJIOTOKE MUTpaIuu CyBepeHHbIX Bog Loc. 1;
©)
Y — ruapoy3es, HHTEPIPETHPYEMbIH KAK TOYKA KOHIIEHTPAINU CyBepeHHbix Box Loc.

2 B eUHBIH IOTOK (TIABHYIO TPAHCTPAHUYHYIO PEKY);

Wo — CpesHmMii MHOTOJIETHHII PACcXo]] CyBepeHHBIX Bog Loc. 2 (kv /Tox);

P
O € "
s — yYaCTOK TJIABHO# peku 6e3 BOJOOThEMA CYBEPEHHBIX BOT;

s
rl .
= — ruApOy3es, MHTEPIPETUPYEMbIH KAK TOYKA CMEIINBAHUSA CyBepeHHbIX Boa Loc.

1 ¢ cyBepennbivMu Bogamu Loc. 2;

Wy + (1 —s) - Wp — cpennuii MHOTOJIETHUIT PACXO CMETTAHHBIX BOJ;
®
\2/ — ruapoysen, MHTEPIPETUPYEMbI KAK TOYKA KOHIEHTPALAH CMEMIAHHBIX BOJI,

nmepebpachiBaeMbIX BHYTPh Teppuropuu loc. 2;

Fr=a SRRERE g 1 - o
&)< W _ HUCKYCCTBEHHBIH KaHAJ TePeOPOCKHU JAaCTH CTOKA IVIABHON PEKUBHYTPD

Tepputopun loc. 2;

P — JIOJIS PACXoJla CMENTaHHBIX BOJ, TepebpachiBaemMasi Ha BHYTPEHHIOK Tep-
putopuio ['oc. 2;
p- [Wa+ (1 —s)-Wi] — pacxos BoApBI, HOCTYHAIONMIA B THIAPOY3es 6;

5) . o
® _ TUIPOY3Es, PACIONOKeHHbIN Ha Teppuropun [oc. 1 BOMM3M rocynapcTBeHHOMN
TPAHUIIBI, MHTEPTIPETUPYEMBIH KaK TOYKa, cOOpa BOM, TMOCTYMAOIINX U3 IBYX UCTOY-
HUKOB: TIO KaHAJIY NepeOpPOCKH 9acTh CYyBEPEHHBIX BOJ U MO PYCIy OCHOBHOW TPAHC-

TPaHUYHOU DEeKH.

o

— TPAHCI'PAHUYHBIA y4aCTOK OCHOBHOH pEKWH;

k2-(1—p)-[Wa+(1—s)-Wi] - pacxo/ BOjbI HA TPAHCIPAHUYHOM yU4aCTKe, 1€ ko
— ko3 dutmenT mosie3nocTr A ['0c. 2 TPAHCTPAHUIHOTO yIaCTKa OCHOBHOIM
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pekn (0 < ko < 1). B paccmMarpuBaeMbIx HUXKE UTPax C MODOYHBIMU ILIATE-
JKaMu k9 UTpaeT BayKHYIO POJIb B BOIIPOCAX CYIIECTBOBAHUSA U €IMHCTBEHHOCTH
CUTYyallnii PABHOBECUST B YUCTHIX CTPATETHWsIX; B UI'Pax ¢ "baprepHbiM 0OMeHOM"
CYyBEPEHHBIX BO/JI IBJIsIETCS KJII0UeBbIM mtapaMerpoM Topra. Ha Puc. 1 npeacras-
JIEH B3BEIIEHHBIN Oprpad MMUTAIMOHHON MOJIE/IN IEPETOKOB CyBEPEHHBIX BOJL
10 TEPPUTOPUH JIBYX COCETHUX I'OCY/IaPCTB.

® P
o
W, ’.f
"
(1=Fk)-a-W ’,f° Bepuxmee Tocyaapereo
0’-

™ /(2) -~

v e
i 25 A=) W

s
- 7
#

)4 3

I
wompmeamam/e | N samom

Humee Focyaaperno '.“ (Jé)
;
4
At
polW; + (1 -5)- W)

Pucynok 1 — Oprpad 1eperokoB cyBepeHHbIX BO/I
0 TEPPUTOPUHU JIBYX COCETHHUX TOCYIAPCTH

3 BUMATPUYHAS UT'PLI

B kauectBe 6a30BOi1 MOJIe/ I YIIPABIEHUS CyBEPEHHBIMU BOJAMU JBYX TO-
CyIapcTB B bacceiine TPaHCIPAHWIHOM pekn OymeM pacCMaTpUBaTh OMMATPUY-
HYIO UTPY, B KOTOPOil B KAUeCTBe IMEPBOT0 UTPOKA BCerja Oy/IeM CUMTaTh rocy-
J1lapCTBO, PACIIOJIOKEHHOE HUZKE 110 TEYEHUIO PACCMATPUBAEMO PEKH, & BTOPO-
T0 — FOCYZapCTBO, PACIOJIOKEHHOE BBIIIE IO TeUeHn0. B KadecTBe cTpaTernn
[IEPBOI'0 UI'DOKA, Oy/eM KCIIO0/Ib30BAThH IAPAMETD S — IIPOLEHT 11epedPOCKU Cy-
BEPEHHBIX BOJ[ B PYCJIO IVIABHON PEKH HA COOCTBEHHOI TeppuTopuu (BOIM3U T0-
CyJlapCTBEHHOl rpanuipl). B kauecTse crparerun Broporo UIrpoka, mapaMmerp
P — IPOIEHT TIEPEOPOCKN IACTHU CTOKA IVIABHON peKkn BIIyOb TEPPUTOPUN STOTO
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rocygapcrsa. [Ipu sTom, misg TOro 9robbl MMETH [1€JI0 C UTPAMU C KOHEIHBIM
MHOXKECTBOM CTpaTeruii, 6yJem moJiaraThb 94To CTPATErny UTPOKOB U3MEHSIOTCS
AVUCKPETHO C OANHAKOBBIM IIaI'OM. A JJIgd TOTO, qTO6bI I/136e)KaTb CJIUIIIKOM BBI-
COKO#1 PA3MEPHOCTH IIJIATEXKHON MATPUIIBI, OYIEM CIUTATH, YTO MUHUMAJHHBIH
mar He menee 10%. Takum 0O6pa3oM B MaKCUMa/IbHOM CJIy4ae

s =0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1.0;

p=0.0,0.1,0.2,0.3,0.4,0.5,0.6,0.7,0.8,0.9, 1.0.

[Tapy (s,p) Oynem Ha3pBaTh cATyarmeil. BuIMrphHII mepBOro Urpoka B
curyanuu (s,p) Oygem onpeensaTh 10 Pacxo/ly BOJAbL B IMIPOY3/e 5 MMUTAIM-
OHHOIT MOZie/ 1. BBIUTpHBIIT BTOPOro urpoka B curyaruu (S, p) Oy1eM OleHnBaTh
M0 CyMMAapHOMY PacxXOjy BOJBI B THAPOY3Je 6 W TOTOBOMY PACXOIy BOIBI HA
TPAHCTPAHUIHOM Y9aCTKEe OCHOBHOI PEKM C TOMPABKON HA KOI(DDUInEHT 1mo-
JIE3HOCTH BOJIbI HA 9TOM yUacTKe 0e3 ee M3bATHS W3 BOJOTOKA (HAIPUMED,
JIJISI BOJIOTIOST IUKWX U JIOMAIITHUX *KWBOTHBIX, Cy/IOXOJICTBA, PHIOOIOBCTBA, /1e-
PUBAIMOHHOl THIpO3HEpreTuky u T.7.). O603HauNM ero uepes kg, MO TIEPKU-
Bad HU2KHUM MHAEKCOM UCKJ/IIOYUTE/IbHYIO KOMIIETECHIIUIO BTOPOTO UTPOKa B €r0
ornerke. Kak MoKaxXyT mgajbHEHIe nCCaeI0BaHus, OT BEIUINHBI ko Oymer 3a-
BUCETH CYIIECTBOBAHNE N €AMHCTBECHHOCTL CUTYAllUU PAaBHOBECUSA B UI'DE.

CreaytomnM BasKHBIM 9JIEMEHTOM ODMMATPUIHON UTPHI ABJIETCS (DYHKITUS
BeIUIPHIIa. OyHKIMSA BEIUTPHINTA OMMATPUIHON UTPHI TIPEJCTaB/IsieT cOO0it 1Be
MAaTPHIIBI: — OMPEeNIIeT BBIUTPHIII TEPBOTO UTPOKA, & B — BRIUTPHINT BTOPOTO
urpoka. [lepsbiii urpok nmeer m uucrbix crparernii (m crpok B marpunax A
u ). Bropoit urpok mveer n 4ucThix crpareruii (n croabinos B Marpurnax A u
B).

B namewm ciaygae m = n < 10 (obe MaTpurpl KBaIpaTHbBIE).

Janee, pst Toro 9robb MOXKHO 66110 CyMMupoBaTh MaTpunbl A u B 6ynem
CIUTATH UTO

— BoJa siBJIsieTcs: TpancdepabesibHOl 110/1e3H0CTHIO [2];

— OIMHAKOBO TIOJIE3HOM 71T 000UX TOCYIAPCTB.

B pesyabrare BeibOpa mepBHIM UTPOKOM 4-0if CTPATErNN, 8 BTOPBIM UTPOKOM
— j-0if cTpaTeruu, MEepBhIi UTPOK TOJTYIAET BHLIUTPHIIIL:

ga (i) = (1=p) - [(1—8) - Wy + Wal - (1—yy-5-Wa, (1)
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a BTOpOH
9B (i,j) =ka - (1 =p) - [(1 =) Wi+ Wa] +p-[(L—s) - Wi +Wo]. (2)

Perenne 6uMaTputHOil UTPHI CBOAUTCH K OTHICKAHUIO CUTYAITMH PABHOBE-
CHsl U PABHOBECHBIX (ONTUMAJIBHBIX) CTPATEruii HIPOKOB.

B 6umaTpuaHoil urpe cutyanus ¢*j HA3bIBAETCS TPUEMJIEMO I TIEPBOTO
WIPOKA, €CJIM €0 BBIUTPHIII B 9TOM CUTyallnu HE MEHBIIE, 9eM B JII000# APyTOii:

ga (i*,§) 2 ga(i,5), j=1,2,...,n.

Jl1st BTOpOTO MTrpoKa, CUTYalWst ¢j* TpUeMIeMa, eCJIi €r0 BBIUTPHITI B 3TO
CUTYyaIlUU HEe MEHbINe, UeM B JI0D0# Apyroii:

ga(i,j*x) >ga(i,j)i=1,2,...,n.

Takum 06pazom, TpueMeMble CUTYaIlud Jjis IePBOTO UTPOKA — ITO MaK-
CHUMAJIbHBIE DJIEMEHTHI B CTOIONAX MATpUIBl A, a I BTOPOTo UTPOKa, — MaK-
CUMaJIbHBIE 3JIEMEHTHI B CTpokKax Marpuilbl B. O603HAYNM MHOXKECTBO TPU-
eMJIEMBIX CHUTYAIlHil 11 TepBOro Urpoka depe3 (G, & MHOXKECTBO CHTYAIIWii
[IPUEMJIEMbIX /I BTOPOro urpoka 4depes Ga.

Curyarius B OUMATPUIHON UT'Pe HA3BIBAETCS PABHOBECHOI, €C/TH OHA TTPUEM-
JIleMa i1 000MX UTPOKOB, TO €CTh €C/IN JII0D0E OTKIOHEHUE OT Hee KaK MePBOTO
WUTPOKA, TAK ¥ BTOPOI'O UI'POKA JIUIh YMEHbBIIAET UX BBIUTDHIII.

MuozkecTBo curyaluit pasHoBecusi G 00pa3yercs, Kak [e€pecevdeHre MHO-
ZKECTB TIpUEeMJIEMbIX CI/ITyaL[I/Iﬁ TepBOTO M BTOPOTO MT'POKOB.

Ilpumep 6umaTpuIHON HTPHI IPUMEHUTEIHHO K HMUTAITHOHHON MOJEH MH-
rpamnnn CyBEPEHHBIX BOJ.

YTouHUM, TIPEXKJEe BCEro, Mpoleaypy OleHKu napamMerpa ko. V3 BugoB uc-
M0JIb30BAHUS TPAH3UTHBIX YIACTKOB 3TUX PEK B 0003PUMOIL TEPCIIEKTUBE MOXK-
HO BBIJIEJIUTH TOJBKO U€THIPE:

— pBI60JIOBCTRO;

— BOJIOTION JTUKUX W JOMAIITHUX KUBOTHBIX;

— pekpealus U OT/bIX;

— OBITOBOE BOJIOIO/Ib30BAHUE MECTHOI'O HACEEHUS.

IIpenmookum, 9TO BCE MEPEIUCTEHHBIE BUIBI BOJOIOJJIB30BAHUS PABHO-
OEeHHBI JJ19 BTOPOTO UTPOKaA, TOTJa MOXKHO TTOJIOKUTH
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— ko = 0, eciu HU OJIVH U3 NEPEUUCTEHHBIX BUJIOB WUCIOIH30BAHUST TPAH-
BUTHBIX YIaCTKOB PEKU HE MPEJICTABJISIET MHTEPECA JJis BTOPOI'O UI'POKA:

— ko = i, €CJIM TOJIbKO OJIMH W3 IEPEYMCJIEHHBIX BUJIOB KCIIOIH30BAHUSA
[PEJICTABJISIET MHTEPEC JIJIsi BTOPOr0 UI'POKA;

- kgz%, €CJTH TOJIFKO [IBA U3 YETHIPEX BUIOB UCIIO/Tb30BAHUS TTPEJICTABIISIET
WHTEPEC JjIst BTOPOTO UTPOKA;

— ko = %, €CJIM TPU W3 YeThIPEX BUJOB WMCIOJIB30BAHUS MTPEJICTAB/ISIET WH-
Tepec Jjis BTOPOT'0 UT'POKA;

— ko = 1, ecsiz BCe BUIBI IPECTABISIOT HHTEPEC JIJIsT BTOPOTO UTPOKA.

JaJtee [j1st TPOCTOTHI aHAJIM3a UTPHI MOJI0KUM k1 = 0 u, Kpome Toro Oyaem
MPEJIoJIaraTh, 9T0 UIPOKUA UMEIOT 0 TPU CTPATErnu:

51 = 0 — mepBbIit UTPOK HE cobupaeTcs nepedpachiBaTh CyBEPEHHBIE BOJIBI;

51 = % — IepPBBIil UTPOK CcOOUpPAETCs NePedpPOCUTh TOJIBKO IOJIOBUHY CYBe-
PEHHBIX BOJI;

81 = 1 — mepBBIil UIPOK COOUpAETC MEPEOPOCUTH HA CBOI TEPPUTOPUIO
BeCch 00'beM CyBEPEHHBIX BOJI.

AHaJIOruYHO MOXKET TOCTYaTh W BTOPOW UI'POK.

Borancinm npeasapurensao marpuity A no dopmymnam (1). [ockoabky ee
9JIEMEHTHI HE 3aBUCAT OT mapamerpa ko, TO oHA Oyner OJMHAKOBOI Jisd BCEX
[SITH CJIy9a€eB BO3MOXKHBIX 3HAUEHUil mapamerpa ka:

Wi+We $-Wi+3-We 0
A= é'er-Wz %'W1+§‘W2 %'Wl ;
Z-Wl—FWz 1~W1+%-W2 Z'Wl

9a(i,5) = A =p)-[L—s) Wi+ Wo]+ (1 =k )-s- W,

3
gA(O,O):(1—0)'[(1—0)'W1+W2]+Z'0'W1: Wiy + Ws,

1 1 3 1 1
JA <O,2> = (1—2>-[(1—0)'W1+W2]+4'0'W1— §'W1+§'W2,

gA(O,l):(1—1)-[(1—0)-W1+W2]—|—2'0-W1:O,

1 1 31 7 11
ga <2,0> =(1-0)- [(1 — 2> - Wi+ Wz] +Z‘§'W1 = g‘Wl‘i‘WQgA (2, 2> =
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1 1 3 1 5
—(1—2>-|:<1—2>'W1—|—W2:|+4-2'W1— é'W1+

1

2

1 1 31 3
9A<2,1>—(1—1)'[(1—2)‘W1+W2]+4'2'W1— g'Wla

3 3
QA(LO):(l—O)'[(l—l)'W1+Wz]+1'1'w1: Z'Wl‘f‘w%
1 1 3 3 1
9A<1,2>—<1—2>'[(1—1)'W1+WQ]+4'1'Wl— Z'Wl-i-i'w%

3 3
gA(171):(1_1)'[(1—1)'W1+W2]+Z.1.W1: 4'W1.

BoiBOI. Kak BuaHO M3 MaTpuIpl A, MAKCUMYM TI0 TIEPBOMY CTOJIOITY 0~

cruraercs B curyanuu (1,1), Makcumy™m 1o BTOPOMY CTOJIOIY — B CHTyaluu
(3,2), a MakcuMyM 1O TpeTbemy crosbiy — B curyanuu (3,3). Takum obpa-
30M, MHO?KECTBO ITPUEMJIEMBIX JIJIgd II€PBOT'O UTPOKA COCTOUT U3 TPEX CHTy&L[HI?'I:

Gl = {(17 1) ’ (37 2) ) (37 3)}

Cny4All kg = 0. Beraucamum semenTsr MaTputibl B o dhopmynam (1), (2):

9B (i,j) = k- (L —=p)-[(1—s) - Wi +Wa] +p-[(1—s) W1+ W],

0 L Wi+3-Wo Wi+W,
B=|0 ;- Wi+g- Wy 5-Wi+Ws |,
0 Wy Wo

93(070)207
1 1 1 1
)l ==.](1= . - . —.
JB (0,2> 5 [(1—=0)- Wi+ Ws 5 W1+2 Wa,

g8 (0,1) =1-[(1—=0) - Wi +Ws] = W1+ W,

1
QB< 70>=0' [(1—2)‘VV1+W2] =0,
11 1 1 1 1
gB<2,2>—2'|:<1_2>'”1+”2:|—4'”14-2‘”27

1 1 1
1) =1-1(1=2). — .
9B (2, > [( 2> Wl+Wz] 5 W1 + Wa,

N =
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B (1,0)=0-[(1—-1) - W1+ W] =0,
93(1’;> % (1-1)- W1+W2]:%'W2,

gB(l 1) 1- [(1—1)'W1+W2]:W2,
Wi+ Wy Wi+ Ws Wi+ Ws

A+B= §W1+W2 é'W1+W2 §W1+Wz ,
1‘W1+W2 1'W1+W2 1'W1+W2
JA+B (070): W1+ Wo,
1
JA+B <0,2>= W1+ Wz-i-* W1+§ W,
gA+B(071): W1+W27
7
gA+B <2)O>_8 W1+W27
11 5 1 1 7
9A+B<2 2) g'W W2+1 W1+§‘W2—§'W1+W27
1 3 1 7
21)=2. . 1.
9A+B(27 > 3 W1+2 W1 + Wo 3 Wi + Wa,
3
gA+B (1)0) = - Wl + qu
1
JA+B <1,2> W1+ W2+* Wy = ‘W1+W27

3
ga+n(1,1) = 7 Wy + Wa.

BriBoZ. Kak Bumno m3 marpumsl B, MHOXKeCTBO mpueMJIeMbBIX /I BTO-
pOr0 WrpoOKa CHUTyaluii COCTOWT W3 TpeX 3JeMeHTOB, a uMmeHHO: (o =
{(1,3),(2,3),(3,3)}. [lepeceuenne MHOKECTB JOIYCTUMBIX CATYAIUil HEIIYCTO
u cocrout u3z oguoro saementa: G = {(3,3)}. Takum 06pazom, onTuMaIbHOM
crparerueil mepsoro urpoka spisercss 100% mepebpocka CyBepeHHBIX BOJ Ha
COOCTBEHHYIO TEPPUTOPHUIO, ONTUMAJIBHOM CTPATETWEN BTOPOTO HTPOKA — TAKIKE
100% mepebpocka CBOWX BOJ Ha BHYTPEHHIOI TeppuTopnio. Takas cuTyammst
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Oyser yCToidnBoii, MOCKOJIBKY HU OJHOMY TOCYJApCTBY He OyIeT BBITOIHO IM0-
MEHSTH ee Ha JII0OYI0 JPYTYI0 B OJTHOCTOPOHHEM MOPSIJIKE.

B To ke Bpemsi MmaTpuna cyMmmapHbixX Beinrpoimeit A + B cBugerenscTByer
O TOM, YTO €CJI YJACTCs JIOTOBOPUTHCHA O TOM, UTO HEPBLIA He Oyjer mepe-
OpachiBaTh CBOU BOJIbI, 8 BTOPOil KOMIIEHCUDYET €My VIIYIIEHHYIO BBITOJLY, TO B
BBIUIPBIIIE Oy1yT 006a UrpokKa.

CIVIALl ky = L

%'Wl-l-%-WQ %W1+§5'W2 Wi+ Ws
B = g Wl—i-%'Wz % Wl—l—g'WQ %-Wl—i-WQ ,
W 2 Wy Wa
g (1,§) =ka-(1—=p)- [(1—s) - Wi+ Wa]+p-[(1—s) Wi +W>],
1 1 1
g5 (0,0) = 1'(1—0)‘[(1—0)'W1+W2]+0'[(1—0)'W1+W2] = Z'W1+Z'W2,

1 1 1 1 5 5
9B (0, 2> = Z <1 — 2)-[(1 — 0) - Wi+ W2]+§‘[(1 — 0) - Wi+ WQ] = g'W1+§'W2,
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1 1 1 1 5
Le)=-(1-2)]1-1)- “(1—1)- =2
QB< 2) 4< 2) [( )W1+W2]+2 [( ) - W1 + Wo) 8W2,

1
gB(l,l):Z-(1—1)-[(1—1)-W1+W2]+1-[(1—1)-W1+W2]:Wg,
2w 42w, %'Wl+%'W2 Wi+ W
A+B=| Wi+32- Wy, 5 Wi+3 W, éWl—i-Wg ,
S W42 W, $Wi+3-Wy 2-Wi+W,
1
gA+B(070):W1+W2+* W1+1'W2—* W1+* W,

1 9 9
9A+B<0,2>= W1+* W2+ W1+ -Wo = 3 W1+§'W2,
9a+B(0,1) = Wy + Wy,

Lo = Towmsm st owi s L w2 ow
JA+B 9’ -3 1 2 3 1 4 2 = Wi 1 2
11 5 1 5 5 5 9
9A+B<2,2>—8 W1+§‘W2+E'W1+§'W2 E‘Wl‘f‘g W,
N3 witwirm=lwmew
9gA+B 2 -3 1 B 1 2—8 1 25
L) =2 W s Wed 2w =2 2w
ga+p (1, T 1 2 1 2—4 1 4 25
1 3 1 5
9A+B<1,2> Z'Wl—i-ﬁ W2+§'W2—Z Wl+§ W,

3
ga+B(1,1) = 1 Wi + Wa.

BoIBOA. B arom cayuae Go = {(1,3),(2,3),(3,3)), G = {(3,3)}, curyanusa
PABHOBECHS €JMHCTBEHHAS, & BHIUTPBIIIA UTPOKOB PABHBI COOTBETCTBEHHO

3
9a(3,3) = 1 Wi,

g3(3,3) = WQ.
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Marpuia cyMMapHBIX BHIUTPHIIIEH TOKA3bIBAET, 9TO MAKCUMYM IIPU KOOIIE-
PATUBHOM DEIIeHUr BOpoca Jgocruraerca B curyarun (1,3), a He B curyarnun

(3.3).
Cﬂyqaﬁl@:%:
%‘W1+%'W2 %-W1+%'Wg Wi+ Wy
B = %-Wl—i—%'Wz %-Wl—i-%'Wz %-W1+W2 ,
5 W 3. Wy W
9B (i,j) =ka- (L —p)-[(1 —s) - Wi +Wa] +p-[(1—s) W1+ W],
1 1 1
95(0,0) = 5'(1 —0)[(1=0) - Wi + Wa]+0:[(1 = 0) - Wi + Wa] = g Witg W,

1 1 1 1 3 3
) =21 =2 )1 =0)- W7 EWo]+=-[(1=0)- W7 - W] = —W74+=—-W-
9B (0, 2) 5 ( 2) [(1-0) - Wi+ 2]+2 [(1—0)- W+ Ws] 1 Wit We,

1
93(071):5(1—1)'[ 1—0) - Wy +Wa]+1-[(1-0) W1+ W] = Wi+ W,
1 1 1
- — . (1-0-1(l1=2].
93(2,0 5 (1-0) K 2) W1+W2]+
+0 1—1 Wi+ W- —1 W+1-W
5 1 21 =3 15 2,
11 1 1 1
2 =z (1) (1=2.
o (33) =5 (1-3) [(1-3) Wil +
1 1 3 3
1 1 1
1 1
+1 |:<1—2> W1+W2:|:2 WI+W27
1 1
93(170)25‘(1—0)'[(1—1)‘W1+W2]+0'[(1—1)'W1+W2]:§‘W27

98 (1,1> = 1'<1— ;)[(1 -1)-W +W2]+%'[(1— 1)- Wi+ Ws] = %Wz,
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g5 (11) = - (1—1)-[(1 = 1)- Wy + 5] £ 1+ [(1 = 1) - Wy + W] = W,

§~W1+5-W2 %‘Wl“‘%'WQ Wi+ Wo

A+B= g'Wl—i-g-WQ Wi+2 W, §-W1+W2 ;
1~W1+%-W2 §-VV1+%'VV2 Z'W1+W2
3 3

ga+B(0,0) = W1+W2+ W1+* W2=§'Wl+§'W2,

1 3 3 5 5

JA+B (0,2>: W1+ W2+ Wl-l- Wy = 1 W1+Z~W2,
ga+s (0, 1) =W+ Wz,

1 7 3
9A+B 5,0 =3 W1+W2+ W1+ -Wo = -W1+§-W2,
11 5 1 3 3 5
gA+B<2,2>—8'W1+2-W2+ W1+* Wa = W1+Z'W2,

3 1
gA+B<’1>:8 W1+§ Wi+ Wo Wi + W,
3 3
9A+B(170)—Z'W1+W2+§'W2=Z'W1+* W,
1 3 1 3
9A+B<1>2> Z'W1+§ W2+Z'W2—Z Wl+1 W,

3
gars(1,1) = 1 Wi+ Wa.

BbiBOA. B srom cayuae Go = {(1,3),(2,3),(3,3)), G = {(3,3)}, onru-

MaJIbHOM cTpaTerueil IepBoro Urpoka, Kak u BTOPOI'0 UT'POKa, SBJISIETCH II0IHA

nepedPOCKa CBOMX BO/[ BO BHYTPEHHUE TEPPUTOPUMN.

B To ke Bpems cymMapHasi MaTpPUIA BHIUTPHITTIEN UTPOKOB PEKOMEHIyET
MEPBOMY UT'POKY OTKA3AThCSI OT MEPEOPOCKH, & BTOPOMY MepedpaChIBATE JIUIIb

TIOJIOBUHY BOJ,.
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Opasos E.T. TPAHCIIEKAPAJIBIK CYJIAPIBIH HAVACBIH O/I11
BOJIVIIH TEOPUSIBIK-OMBIHIBIK TAJIIAYHI

Bynr makanaga 6ip rama TpaHCITIeKapaablK ©3eHHIH OacceiiHiHiHIe opHa-
JIACKAH €Ki MEeMJIEKETTIH TOYeJICi3 CYJapbIHbIH aFbIHBIH OHTANIBI 6ACKADYIBIH
TEOPUSIIBIK-OMBIHIBIK MOJIENl TadKbLIaHagbl. MyHmarsl Herisri mocene: Oa-
CTBI ©3€HHIH MEMJIEKETTIK MEeKaAPAHBIH TYCTAMACHIH/AFbI OPTAIIA KOI KbIIIBIK
YaKbIT KOJIEMiHJIe MIBIFBIHBI KaH[ail 60aThIiHBIH KyTYTe 60staib1? Byt yimia 6i3
oprpadusiibIK, MOJIEJIbl KYPBIT, 6a1ancThiH (hopMyJiaaapbl OOUBIHITIA XKeJTiTe-
ri aFrbIHAP/IbI €CENTeI MblFapaMb3. TpanciiekapaJ bk 03eH Oacceitninieri exi
MEMJIEKETTIH, TOYeJICi3 Cy/apbiH OacKapy/IblH 0a3ajblK yirici periuge 6i3 6u-
MaTPULAJIBIK ONbIH/IBI KAPACTHIPAMbI3.

Kinrrix ce3zaep. Tpamciekapabik oerngep, OyHip/IiK arblHABLIBIK, OmMaT-
PUTIAJIBIK, OUBIHIAAD, YTHIC PYHKITUICH, MMMUTAITUSIBIK MOJE/Ib, THIM/II CTpa-
Terus.
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Orazov E.T. GAME-THEORETICAL ANALYSIS OF THE EQUITABLE
APPORTIONMENT OF THE TRANSBOUNDARY RIVERS WATERS

This article discusses the game-theoretic model of the optimal management
of the flows of sovereign waters of two states located in the basin of the same
transboundary river. The main question here is: what is the expenditure of the
flow of the main river should be expected in the multi-year average scale in the
section line of the State Border? For this purpose, we create the digraph model
and calculate the flows in the network according to the balance formulas. The
bimatric game will be considered as a basic model to manage sovereign waters
of two states in the basin of a transboundary river.

Keywords. Transboundary rivers, lateral inflow, bimatrix games, win
function, simulation model, optimal strategy.
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COMPLEXITY ESTIMATES FOR THE RELATION OF
COINCIDENCE OF MODEL-THEORETIC PROPERTIES WITH
AN APPLICATION TO SEMANTIC CLASSES

M.G. PERETYAT’KIN

Abstract. In this paper we consider algorithmic questions of logic related to the formal
definition of the concept of a model-theoretic property. We obtain upper and lower
complexity estimates for the relation of the coincidence of model-theoretic properties
on the class of finitely axiomatizable theories of a given finite rich signature, on its
subclass consisting of complete theories as well as on some other classes. Also, a
number of estimates of algorithmic complexity of some important semantic classes of
sentences are obtained.

Keywords. First-order logic, model-theoretic property, Tarski-Lindenbaum algebra,
semantic type, signature reduction procedure, universal construction of finitely
axiomatizable theories.

A new first-order combinatorial approach is presented in the works [1], [2]
and [3], whose aim is to obtain characterization of expressive power of first-
order logic. Within this approach, a definition of a model-theoretic property is
given in [4] and [5]. Moreover, these works present an informal substantiation of
the fact that this definition is adequate to the common practice of investigations
in model theory.

In this paper, we investigate a series of natural questions on algorithmic
complexity of the relation = of coincidence of model-theoretic properties of
theories. We also find complexity estimates of some related semantic classes of
sentences.
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PRELIMINARIES

We counsider theories in first-order predicate logic with equality and use
general concepts of model theory, algorithm theory, constructive models and
Boolean algebras that can be found in the works |6], [7], and [8]. Special
concepts and notations used in this paper can be found in [3] and [4].
Generally, incomplete theories are considered. In this work, we consider just
signatures admitting Godel’s numberings of formulas. Such a signature is called
enumerable.

A finite signature is called rich if it contains at least one n-ary predicate
or function symbol for n > 2, or two symbols of unary functions. Let o be a
signature and X' be a subset of SL(c). We denote by [Y]7 a theory of signature
o generated by X' as a set of its axioms. An entry T" =, S means existence of an
algebraic isomorphism between the theories. The following notations are used:
SL(o) is the set of all sentences of signature o, PC(c) is predicate calculus of
signature o, i.e., a theory of signature o defined by an empty set of axioms.
For a set A C N, we define 20 <; A < (VX € ¥2)(X <y A). Similar notations
can be applied to other classes of hierarchies.

We give a formulation of the polar construction of finitely axiomatizable
theories, cf. [9]:

THEOREM 0.1 [STATEMENT OF THE POLAR CONSTRUCTION|. Let o be a finite
rich signature. Effectively in a natural parameter n, one can construct a finitely
axiomatizable theory F =P (n, o) of signature o together with a special halt-
sentence O (not depending on n) such that the following assertions are satisfied:

(a) in the case n € K, we have F' - @ and the theory F' has a unique, up
to an isomorphism, model 9, which is finite and rigid (i.e., the model does
not have nontrivial automorphisms),

(b) in the case n ¢ K, we have F' I/ ©, the theory F' is both hereditarily and
essentially undecidable, and does not have computably enumerable models.

Mention that, the polar construction represents a natural generalization of
the Vaught construction described in [10], cf. [11, Sec. 0.7].

1 CARTESIAN EXTENSIONS OF THEORIES

We use a simplest concept of an interpretation of a theory Ty in the
region U(z) of a theory 71, [12|. Classes of isostone and model-bijective
interpretations are introduced in [11]. In this section, we introduce a technical
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class of interpretations presenting finitary methods in first-order logic.
Given a signature o and a finite sequence of formulas of this signature of
either of the following forms:

= (1" 05708, (1.1)

where ¢y, is a formula with my free variables.
Starting from a model 9 of signature o together with a tuple s of the
form (1.1), we are going to construct a new model 2; = M () of signature

o1 = o U{ULULUS, ..., Uy U{K™ T Kmstl) (1.2)

as follows. As the universe, we take |9t = 9| U A3 U Aa U ... U A, where
all specified parts are pairwise disjoint sets. On the set |9], all symbols of
signature o are defined exactly as they were defined in 90; in the remainder,
they are defined trivially; predicate U(x) distinguishes |91|; predicate Ug(x)
distinguishes Ay; each predicate K} in (1.2) should be defined so that it would
represent a one-to-one correspondence between the set of tuples {a | M =
vr(a)} and the set A = Ui(91). The model M(s) is said to be a Cartesian
extension of 9 by a sequence .

Expand the operation of an extension (initially defined for models) on
theories. Given a theory 7' and a tuple s of the form (1.1). Using a fixed
signature (1.2) for extensions of models, we define a new theory T = T'(5x) as
follows: 7" = Th(M), M = {9M(3) | M € Mod(T)}. It is called a Cartesian
extension of T' by sequence s.

Normally, we follow an algebraic approach; i.e., we consider passages 1" —
T'(») for which the sequence (1.1) satisfies the following technical condition:

vr(Zy) is 3N V-presentable, for all k < s. (1.3)

We denote by KC the set of all possible tuples of the form (1.1), while
KCqny is the set of all tuples (1.1) satisfying (1.3).

In theory T(s), the region U(x) represents a model of theory T.
Particularly, the transformation 7" +— T'(s) defines a natural interpretation
I, of T in T(»). It is called a special Cartesian interpretation. Considering
theories up to an algebraic isomorphism, we may use simpler term a Cartesian
interpretation.
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LEMMA 1.1. Given a theory T of an enumerable signature o and a sequence
of dNV-formulas > € KC. Special Cartesian-quotient interpretation I, : T
T(52) is effective, model-bijective, and isostone. In particular, the interpretation
It determines a computable isomorphism pr . : L(T) — L(T(x)) between
the Tarski-Lindenbaum algebras; moreover, it preserves semantic layer ACL,
cf. Def. 1.2.

Further properties of Cartesian-type extensions of theories and interpretati-
ons can be found in [3] and [13].

DEFINITION 1.2. We introduce the following notations for particular semantic
layers that are relevant in this direction: ACL = the set of model-theoretic
properties p € AL preserved by any special Cartesian interpretation It ¢ : T
T(¢) for an arbitrary computably axiomatizable theory T of an enumerable
signature o and an arbitrary tuple & = (©]", ..., 0") of formulas of signature
o satisfying (1.3).

Layer ACL is said to be the Cartesian semantic layer; it plays the role of a
pragmatic release of the finitary semantic layer, cf. [4].

LEMMA 1.3. The following relation defined on the class of all theories
T&ZS Sdf (3%/%// € K/C;mv) [T(%l> Rog, S(%”) ] (1_4)

is reflexive, symmetric, and transitive (i.e., it is an equivalence relation).
Furthermore, the following local-type version

T=,S g (3 computable isomorphism p : £L(T)— L(S))
(V complete extension T' D T') (V complete extension S’ 2 S) (1.5)
[S" = p(T") = (35" € KCow)(T(30) =4 S'(30)]

of the relation (1.5) is also available that is an equivalence relation on the class
of all theories. Moreover, we have TX,S = T X,S, for all T and S.

2 INTRODUCTION IN THE DEFINITION OF A MODEL-THEORETIC
PROPERTY

We pass to the definition of a model-theoretic property. Two complete
theories are said to be mT-equivalent if their real model-theoretic properties
are identical:

Ty = Ty <5, (V real model-theoretic property p) [Ty €p < To €p. (2.1)

MATEMATUYECKWI KYPHAJ. — 2018, — T. 18, Ne 3



Complexity estimates for coincidence of model-theoretic properties 71

Accordingly, any classes of complete theories closed under = are said to
be real model-theoretic properties.
We point out two important dependencies for = (called reasonings):

@ T ~,S = TES,

M 2.2
) T=8S = T =8, for any » € KCyny, (22)

where T" and S are supposed to be complete theories. General significance of
the reasoning (2.2)(a) is obvious. The sequence of implications (2.2)(b) for all
» € KR(C3nv can also be considered as adequate to the common practice of
investigations in model theory.

By construction, & covers both equivalence =, and the relations T
T(5) for all s € KC3ny. Based on Lemma 1.3, we conclude that =, is exactly
an equivalence relation on the set of all theories generated by ~, and T +— T(s)
for all »x € KC5ny. As for =, this relation represents a localized version (1.5)
of 2. From (2.2)(a) together with (2.2)(b) for all s € KC5ny, we obtain the

following dependence for all theories T" and S:
TR,S=T=S. (2.3)

Based on the works [13] and [4] it is possible to show that ~, coincides with
=acL, while = coincides with &,. Therefore, in the pragmatic (optimal)
version of definition to the concept of a model-theoretic property, we have:

T=yc1 S & T=,S & T=S. (2.4)

Accordingly, the class of all real model-theoretic properties is presented by the
following expression:

Areal, = ACL = {p CC | p is closed under =xcr }. (2.5)

3 COMPLEXITY OF THE RELATION OF COINCIDENCE OF MODEL-
THEORETIC PROPERTIES

We consider lower and upper estimates of the relation of coincidence of
model-theoretic properties on the class of all theories. By K, we denote a c.e.
creative set. We fix a finite rich signature o together with a Godel numbering
®;, 1 € N, of the set SL(0) of all sentences of signature o.
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THEOREM 3.1. The following upper estimates take place:

(a) {(m,n) | [Pm]° complete & [@,]° complete & [®,,]7 = [@,]} <1 9,
(b) {(m,n) | [®,,]° decidable & [®,]° decidable & [®,,]° = [®,]°} <1 I3,
(c) {(m >H ml” = [@n)7} <1 10,

(d) {m | [@m]” % PC(o)} <1 1.

ProOOF. We use standard methods of algorithm theory, cf. [7].

(a) The demand of being a complete theory is described by a quantifier
prefix V3. The last conjunction member [®,,]° = [®,]° is described by a
statement of the form (1.4) because the theories are complete. This means,
that there are tuples s, € KCsy together with a computable function
presenting an algebraic isomorphism [@,,]7 (3) =, [®,]7 (). This is described
by a quantifier prefix Iv4.

(b), (c), and (d): In these cases, pointed out relations between finitely
axiomatizable theories are described by a statement of the common form (1.5)
because the theories inside relation [®,,]° = [#,]° may be non-complete.
Obviously, any of the demands "for any complete extension" requires a V!-
quantifier, while the other parts involved in the expressions (b), (¢), and (d)
are described by elementary quantifiers 3 and V. Applying the known Tarski-
Kuratowski algorithm, |7, Sec. 16.1], we conclude that each of the relations we
are considering is described with a quantifier prefix of the form v!3.

Theorem 3.1 is proved. U
THEOREM 3.2. The following lower estimates take place:

(a) X9 <1 {(m,n) | [®m] is complete & [®,)7 is complete & [®,,]° = [®,]°},

(b) 29 < {(m,n) | theory [®,,]° is decidable & theory [®,]° is decidable
& [@m]” = [@n]7},

(c) XY <1 {(m,n) | [Pm]” = [04]°},

(d) 2 <1 {m | [@n]” = PC(0)}.

PROOF. We use method based on the polar construction, cf. Theorem 0.1. We
also use a finite signature reduction procedure T +— Redu(T, o) transforming
any finitely axiomatizable theory T' in a finitely axiomatizable theory T’ =
Redu(T, o) having given finite rich signature o and satisfying T' = T, cf. [4].
(a), (b), and (c¢): Fix a sentence @y, of signature o such that theory [@,,]”
is complete and thus decidable. Consider an arbitrary integer k € N. In the
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case k € K, theory P(k, o) has a unique finite model that is rigid, thus, we have
[P = [Brmy)” ®P(k,0), therefore, [Pr,]7 = Redu([®pn,]” & P(k,0),0).
By construction, a Godel number n of the latter theory is found effectively in
k; moreover, this theory is finitely axiomatizable, complete and decidable. In
the other case k ¢ K, theory P(k, o) is undecidable, therefore, Redu([®pm,]” &
P(k,0),0) is finitely axiomatizable; however, this theory is neither complete
nor decidable. Thereby, reducibilities required in (a), (b), and (¢) are indeed
established.

(d) Fix a sentence @, of signature o such that theory [®,,,]? coincides with
PC(0). For instance, we can take (Vz)[x = x| as @p,,. In the case k € K, theory
P(k, o) has a unique finite model that is rigid, thus, we have [®,,]7 = [P, ]° D
P(k, o), therefore, [@m,]” = Redu([@m,]” ® P(k,0),0). By construction, a
Godel number n of the latter theory is found effectively in k; moreover, this
theory is ™ -equivalent to PC(c). In the other case k ¢ K, theory P(k, o) is
hereditarily undecidable, thus, Redu([®m,]” @ P(k,0),0) is also hereditarily
undecidable, therefore, this theory cannot be = -equivalent to PC(c). Thereby,
the reducibility required in (d) is indeed established.

Theorem 3.2 is proved. O

4 SEMANTIC CLASSES OF SENTENCES

In this section, we give a definition of the concept of a semantic class, cf.
[11]. Consider a finite rich signature o and fix a Gédel numbering @;, ¢ € N,
for the set of all sentences of signature o.

A class of models M C Mod(o) is said to be a semantic class, if M is closed
under the equality relation

M~ M < Th(O) X Th(M).

A set ¥ C SL(o) is said to be a semantic class of sentences, if there is a
semantic class M of models such that one of the following relations is satisfied:
Reference_Block (4.1)

(a) ¥ = Th(M),
(b) X' = SL(o)\Th(M),

(c) X ={® € SL(0) | ¢ has an M-model},

(d) ¥ ={® € SL(0) | ¢ does not have an M-model}.
End_Ref
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The class of all prime models of signature o is a simple example of a
semantic class of models, while the class of all sentences of signature o not
having prime models is an example of a semantic class of sentences.

5 COMPLEXITY ESTIMATES OF SOME COMMON SEMANTIC CLASSES
We consider complexity estimates for some semantic classes of sentences.

THEOREM 5.1. Let M be a nonempty semantic class of models of signature o
consisting of just finite models. Then, we have:

(a) 9 <4 {n | @, has an M-model},

(b) 1Y <; Th(M).

THEOREM 5.2. Let M be a nonempty semantic class of models of signature
o consisting of just strongly constructive models having finitely axiomatizable
theories. Then, we have:

(a) X9 <4 {n | @, has an M-model},
(b) 1§ <4 Th(M).

THEOREM 5.3. Let M be a nonempty semantic class of models of signature o
consisting of just models having finitely axiomatizable theories (in particular,
their theories must be decidable). Then, we have:

(a) X9 <4 {n | @, has an M-model},

(b) 1Y <4 Th(M).

Proor for Theorem 5.1, Theorem 5.2, and Theorem 5.3. We use common
notations for the three cases. By F, we denote semantic class of sentences
{n | &, has an M-model}, while D denotes the class Th(M). Fix a model M
in the class M. In any of the cases, Th(9)) is a finitely axiomatizable theory
of signature o, i.e., there is a sentence ®,,, such that Th(9My) = [P, ]°.

(a) For an integer parameter k, consider theory F = Redu(Th(M) @
P(k,0),0). By construction, F is a finitely axiomatizable theory of signature
o; moreover, its Godel’s number is found effectively on k, i.e., there is a
computable function f(z) such that for all & € N sentence @y is an axiom
of this theory, that is, F' = [@y;)]7. Let & € K. We have the following
relations in the case. By Theorem 0.1, theory P(k,o) has the only (upto
an isomorphism) model which is finite and rigid; thus, we obtain Th(9) &
P(m, o) = Th(My); from this, we have Redu([@p,]” ®P(k,0),0) = Th(My);
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therefore [@)]7 = Th(My); so, we have [Pp]” = [Ppy]7; thereby, we
obtain finally @3y € FE. Now, we consider an opposite case k ¢ K.
By Theorem 0.1, theory P(k,o) is hereditarily undecidable and does not
have constructive models; therefore, theory Th(91) & P(m, o) has the same
properties; thus, Redu([@mo]”@P(k, o), a) has again the same properties; from
this, we obtain that [@f)]” is hereditarily undecidable and does not have
strongly constructive models, obtaining as a result @;;) ¢ E. Thereby, we
have obtained a reducibility K <,, Nom(FE). Based on the fact that Godel’s
numberings of sentences satisfies effective cylinder properties, we obtain finally
that K <y Nom(E), that is, ¥} < Nom(FE).

(b) Based on the Part (a) we have proved together with the reducibilities
PecEs~PeDand PeDs P e FE, we obtain that H(l) <1 Nom(D) also
takes place.

Theorems 5.1, 5.2, and 5.3 are proved. O

Let us discuss some thin points connected with the obtained results.

Application of the construction P(k, o) in the proofs allows us by choice
the parameter k to obtain finitely axiomatizable theories satisfying two polarly
opposite properties. In the case when k belongs to creative set K, the theory
P(k,o) has the only upto an isomorphism model, which is finite and rigid,
i.e., this theory seems to be extremely simple. In the other case k ¢ K,
the theory P(k,o) is hereditarily and essentially undecidable and has no
computably enumerable (the more, constructive) models, i.e., this theory is
very complicated. By virtue of such a connection of the two contrast properties,
construction P(k, o) is said to be polar. Simplicity of the case of existence of a
finite model does not raise questions. As for the complexity in the case k ¢ K,
its perfection is less obvious. Thus, a natural question arises.

QUESTION 5.4. Is there an advanced version of the polar construction for which
the contrast is maximal between the properties in the cases k € K and k ¢ K.

One more question:

QUESTION 5.5. Let o be a finite rich signature, My € Mod(c), and M [9Ny]
be a semantic class consisting of all models 9 of signature o satisfying
Th(9M) = Th(My).

(a) Is it true that, for any model 9y € Mod(c), we have either ¥ <y
Th(M[9Mo]) or 19 <3 Th(M[9Ng]) ?
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(b) Is there a model My € Mod(o) such that we have neither 9 <; Th(M)
nor 1Y <; Th(M) for M = M[Mg] ?

If the answer to question 5.5(b) is 'yes’, corresponding example of semantic
class M[9Mp] will show that an analog to the Rice Theorem for semantic classes
of sentences over the semantic layer ACL (coinciding with AreaL) is impossible.

CONCLUSION

Semantic classes of models and sentences were studied in [14], [10], [15], [16],
[11], [17], [18] and other works. The concept of a semantic class of sentences
turns out to be more interesting in comparison with the concept of an index set
in algorithm theory. Indeed, the index sets represent just internal concepts of
algorithm theory, while the semantic classes of sentences represent general-logic
concepts based on the expressive power of first-order logic.

In this paper, we use the finite signature reduction procedure Redu having
remarkable property to keep an isomorphism type of the Tarski-Lindenbaum
algebra preserving all actual model-theoretic properties of corresponding
complete extensions of the theories. The Hanf construction is not so suitable
here as this construction does not guarantee preservation of any model-
theoretic properties. On the other hand, the universal construction of finitely
axiomatizable theories may be useful here since it preserves large enough
infinitary semantic layer of model-theoretic properties. However, preservation
of all actual model-theoretic properties is not guaranteed allowing to obtain just
weak versions of results. In this sense, the polar construction P(k, o) is much
more perfect as it allows to operate with the set of all actual model-theoretic
properties. Thus, finding of advanced versions of the polar construction can be
useful because this will allow to obtain new estimates of algorithmic complexity
of different semantic classes of sentences.
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Teperatekmr M.T. CEMAHTHKAJIBIK K/TACTAPTA KOJTTAHBLTA-
TBIH TEOPUSAIBIK-MO/IE/IIIK KACUETTEPIIH COMKECTITH KA-
THIHACBHIHBIH KYP/IEJILIITTHIH BATAJIAPHI

2K yMBbICTa TEOPHUSITIBIK-MOJEIIK KACUET YFBIMBIHBIH (DOPMAJIbIbl aHBIKTA-
MacbhbIMeH 0ailIaHBICTHI JIOTHKAHBIH aJITOPUTMIIK Moceeepi KapacThIPhIIaIbI.
TeopusiIbIK-MOIEIIIK KACHETTED COMKECTITIHIH KAThIHACHIHBIH VINiH OepiliareH
AKBIPJIBI 0ail CHTHATYpAIapIblH aKbIPJIbl AKCHOMAIAHFAH T€OPHUIIAPIbIH KIa-
CBIHTArbl, OHBIH TOJBIK, TEOPHUAIAPIAH TYPATHIH IIIKI KJIACHIHIATEI KoHe DACKa,
KJIACTAPAAFbl KYPAEJLITIHIH KOFapFbl XKOHE TOMEHT1 OaraJiayiapbl aIbIHFaH.
Coupimen Oipre ceiteMaepain Keiibip MaHbI3IbI CEMAHTUKAJIBIK KIACTAPBIHBIH,
AJITOPUTMIIK KypAeaiairiaig 6ipkarap Oaramapbl aabIHFaH.

Kinrrik ce3nep. DBipinmi perTi J0OTHKA, TEOPHUSIBIK-MOJEIIIK KACHET,
Tapckuii-JIungenbaym anredpacs, ecenreim/i n30MOpdU3M, CEMAHTUKAJIBIK,
KJIACC, aITOPUTMIIK KYPAEILTiKTIH 6arachl.
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Heperarskun M.I. OHEHKU CJIOZKHOCTU OTHOIIEHNA COBITA-
JEHNST TEOPETUKO-MO/IEJIbHBIX CBOMICTB C IIPUJIO2KEHUEM
K CEMAHTNYECKUM KJ/TACCAM

B pabore paccmaTpmBaioTcst aaroOpuTMUUECKWE BOTTPOCHI JIOTWKHM, CBSI3aH-
HbIE ¢ POPMATBLHBIM OIPEALIeHNEM ITOHITHS TEOPETUKO-MOIEILHOTO CBOMCTBA.
HOJ’[yqubI BEPXHNE W HUXKHUE OIEHKHW CJIOZKHOCTHU IJId OTHOIIIEHUWA COBIIAIC-
HUS TEOPETUKO-MO/IE/IbHBIX CBOMCTB HaA KJIACCE KOHEYHO AKCUOMATU3UPYEMBbIX
Teopuil 331aHHOI KOHEYHO OOraToil CUTHATYPHI, HA €r0 MOIKJ/IACCE COCTOSIIEM
73 TOJIHBIX TeOpWil W Ha Jpyrux KJjaccax. TakxKe MOJydeH P OIMEHOK aJiro-
pI/ITMI/I‘{eCKOﬁ CJIOZKHOCTHU HEKOTOPBIX BAKHBIX CEMAHTUYICCKUX KJIACCOB IIDE/I-
JIOZKCHUN.

Krouesnre cioBa. Jlormka mepBoro mopsaaKa, TEOPETUKO-MOAeTbHOE CBOI-
ctBO, aarebpa Tapckoro-JIuagenbayma, BEIIucanMbiii n30MOpdu3M, CeMAHTH-
YeCKU# KJacc, OeHKa aJrOPUTMUYCCKON CIIOKHOCTH.
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IIpasusa "MartemaTudeckoro >XypHaJia' Jijis aBTOpPOB cTaTeit

Ob6rme 1mo10KeHnsT

B "Maremarnaeckom kyprase" myOIuKYyIOTCS OPUTHHAJIBHBIE CTATBU IO
OCHOBHBIM pa3/iejiaM COBPEMEHHOI MaTeMaTuku: Teopus (PyHKIHiA, HyHKIINO-
HaJIbHBIN aHa 13, 00bIKHOBEHHBIE (DD EPEHInABHBIE YDABHEHUSI, YPABHEHUSI
C 9aCTHBIMHU TTPOU3BOIHBIMMT, AIredpa, MaTeMaTHIeCKasT JIOTUKA, TEOPUsT INCeT,
TeOMeTpHsl, TOTO/IOTUs, TEOPUsI BEPOATHOCTEN W MaTeMaTudecKasi CTATUCTHU-
K&, BEITUCINTEIbHAS MATEMATHKA, MATEeMATHIeCKasa PU3NKa, MATEMATHIECKOE
MOJIeJTUPOBAHME.

ZKypHas BBITyCKaeTCsT €:KeKBAPTATBHO, T€ThHIPE HOMEPA COCTABJISIIOT TOM.

Cratbs 1oKHA OBITH HANMCAHA HA BHICOKOM HAYYHOM YPOBHE, COJEPKATH
HOBBIE, YeTKO CHOPMYIMPOBAHHBIE MATEMATHIECKNE PEe3yJbTAThl U WX JOKAa-
3aTesbCcTBa. Bo BBeJeHUN HEOOXOUMO IPUBECTH UMEIOIIUECS PE3YJIbTaThl 110
TeMe TIPEJICTABIEHHON PabOThI, JATh KPATKOE COJEPYKAHIE CTATHY U OTPA3UTD
aKTyaJbHOCTb, HOBU3HY IOJIYYE€HHBIX aBTOPOM PE3Y/IbTaTOB.

Crarbu KypHaJa PasMeaTcs B CBODOJHOM JIOCTyIe Ha Caiire
www.math.kz Mucturyra MareMaTnku m MaTeMaTHIECKOTO MOIEINPOBAHUA,
ux pedepupytor HII HTU (Kasaxcran), Zentralblatt Math (I'epmanus).

B "Maremaruaeckom kypHaJie" mybmKyooTcst craTbu 06beMoM 10 25 Ky p-
HabHBIX cTpanuil. Ctarbu o6beMoMm Oojsiee 25 crpanull myOJUKYIOTCS IO CIie-
MHATHHOMY PEITIeHNI0 PEKOJIETuU KypHaaa. [[pmanMaioTcs cTaThbn, HAIN-
CAHHBIE HA KA3aXCKOM, PYCCKOM ¥ aHTVIHICKOM si3biKaX. CTaThu pereH3upyroT-
csl.

TpeboBarnst K 0DOPMIEHHIO CTATENH

1. Pykomuchk cTarhu [0KHA OBITH MTOATOTOBJEHA B M3MATEILCKON CUCTEME
ITEX-2e n ipecTaBieHa B BUIE JABYX TBEPABIX KOMHUI, a Tak>Ke B BUE tex u
pdf - daiiios Ha TFOO6OM /TEKTPOHHOM HOCUTEJIE WU TIPUCTAHA TI0 JTEKTPOHHOM
noure zhurnal@math kz, mat-zhurnal@mail.ru. Crarbs moJ12KHa OBITH TOJIIN-
cana BceMu aBTopamu. lIpaBuia odopmieHus PyKOIUCH U CTHIEBbIe (hailjbl
MOXKHO HaTH Ha caiiTe I/IHCTHTyTa MaTEMAaTUKHN U MaTeMaTHUYIeCKOI'O MOJEJIN-
posanus http://www. math. kz B pazgene "Maremarnaeckuii xypnas".

2. B sieBoMm BepxHeM yruty HeoOxojumo ykazarb Kjiaaccuduxkarop MPHTU. Ha
CJEAYIOMNX CTPOKAX I10 IEHTPY: HA3BaHUE CTATHbW; UHUIUAIBI U (DAMUINY AB-
TOpoB. B KoHIIE yKa3aTh MeCTO PAbOTHI, MOYTOBBIE /[PECA, OPIaHUBAIUN U TAK-
JKe 3JIEKTPOHHBIE aJpPeca aBTOPOR.



Ha ormenproM jmcre mpuiaraioTcs Ha3BaHue CTaThu, (DAMUINNA W WHUIU-
aJIbl aBTOPOB, KJ/II0UEBBIE CI0Ba, pedeparT Ha PYCCKOM, aHIVIMICKOM U Ka3ax-
ckom (st aBropos m3 Kaszaxcrana) sisbikax u unjekc Mathematics Subject
Classification 2010. Pecdepar mosKen oTpaxkarh COjepKaHNe CTATHU.

Tak»ke npeCcTaB/IdIOTCs CBeJleHUsi 00 aBTOpax, MeCTo PabOThI, MOYTOBBII

aJIpec C WHJIEKCOM [IOYTOBOIO OT/ejIeHNs, HOMED TejiedpoHa C yKa3aHUeM Kojia
ropojia, aJpec 3JIEKTPOHHONW MOYTHI.
3. Crimcok JuTepaTyphbl COCTABISETCST B TOpsiake IurupoBanus. CCBLIKA Ha
HEOMyOJTMKOBAHHBIE pAabOThI, PE3YIBTATHI KOTOPBIX MCIOJIB3YIOTCS B JTOKA3a-
TE/JIbCTBaX, HE JOIMYCKAIOTCHA. CHI/ICOK JIMTEPATYPHBI IPUBOJUTCA B CJIEAYIOIIEM
BHJIE:
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