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STANISLAV NIKOLAYEVICH KHARIN
(TO HIS 80-TH ANNIVERSARY)

Stanislav  Nikolayevich Kharin
was born 4th December, 1938 in
the village of Kaskelen, Alma-Ata
region. In 1956 he graduated from
high school in Voronezh with a gold
medal, and applied to the Faculty
of Mathematics and Mechanics of
Kazakh State University, which he
graduated with honors in 1961. In
1961-1964, as a graduate student of
the Department of the Equations
of Mathematical Physics at Kazakh
State University, he was in Kharkov,
where he joined the great science

under the guidance of E.I. Kim.

Already in these years S.N. Kharin showed outstanding abilities in the field
of mathematical physics, as evidenced by his first scientific publication in a
prestigious "Engineering Physics Journal". After that he has published many
papers related to mathematical modeling phenomena in electrical contacts
and thermo-bimetallic elements which used for the elaboration of new types
of low voltage electrical equipment and put into mass production.

For these achievements S.N. Kharin was awarded the Badge of Honor
"Inventor of the USSR" and the Gold Medal of the All Union Exhibition of
Achievements of the People Economy of the USSR.

After graduating in 1964, Stanislav Nikolayevich was sent to work in
the Mathematics and Mechanics Sector of the Academy of Sciences of the
Kazakh SSR, transformed in 1965 into the Institute of Mathematics and
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Mechanics of the Academy of Sciences of the Kazakh SSR, where all his
further work activities take place. In 1968, S.N. Kharin defended his candidate
dissertation, which was devoted to the solution of singular integral equations
related to the problems of mathematical modeling of thermal phenomena in
electrical contacts. In 1980 S.N. Kharin was worked as a senior researcher in
the laboratory of equations of mathematical physics, and in 1980-1994 as the
Deputy Director for Research of the Institute of Mathematics.

In 1990, Stanislav Nikolayevich defended his doctoral thesis on the topic
"Mathematical models of thermo-physical processes in electrical contacts"
at the Institute of Thermal Physics of the Siberian Branch of the Academy
of Sciences of the USSR (Novosibirsk). In 1994 S.N. Kharin was elected a
Corresponding Member of the National Academy of Sciences, and in 2005,
her full member. In 1994-1996 he headed the Department of Physical and
Mathematical Sciences of the Academy of Sciences as its Academician-
Secretary, was a member of the Presidium of the Academy of Sciences of the
Kazakhstan and at the same time headed his laboratory at the Institute of
Mathematics.

Original scientific results obtained by S.N. Kharin, was the reason that in
1997 he was invited to the one of the most prestigious universities in Pakistan,
GIK Institute of Engineering Sciences and Technology, as a professor, where
he worked until 2001. This stage turned out to be one of the most fruitful
in the scientific activity of Stanislav Nikolayevich. For the results obtained
in the field of mathematical modeling of thermal and electrical phenomena,
he was elected a Foreign Member of the National Academy of Sciences of
Pakistan and was appointed curator of the section on mathematics in the
central journal "News of the Academy of Sciences of Pakistan".

In 2001 S.N. Kharin is invited to the position of the professor at the
University of the West of England (Bristol, England), where he worked until
2003. Here, a fruitful team was created to study such complex and important
for practice phenomena as the transition of an arc discharge into a glowing one,
vibration of the contacts of vacuum switches under the action of a metal arc
vapor, stagnation of an arc spot and others. Mathematical models developed
by S.N. Kharin undergo experimental verification in the laboratories of Prof.
D. Amft (Chemnitz, Germany), Prof. B. Miedzinsky (Wroclaw, Poland) and
Prof. H. Nouri (Bristol, England). As a result of this collaboration a series of
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joint original publications in leading internation journals were published.

In the Fall, 2003, Stanislav Nikolayevich returned to Pakistan, where he
continued to work as a professor at the GIK Institute until the Summer
of 2005. In 2005, he came back to Kazakhstan and was invited to work at
Kazakh-British University as a professor of mathematics, where he is currently
working. In Demirel Kazakh-Turkish University, Al-Farabi Kazakh National
University also conducts training of young specialists.

The research results of Stanislav Nikolayevich Kharin were presented
at international conferences and congresses in the USA, England, Japan,
Canada, Germany, France, Switzerland, Poland, Bulgaria, Pakistan, as well
as at many All-Union and republican conferences. He published over 300
scientific papers in leading foreign and republican journals and 4 monographs,
and received 12 inventor certificates for inventions. S.N. Kharin organized
and conducted All-Union Seminar "Mathematical and theoretical problems
in contact technology" (Alma-Ata, 1970), IT All-Union Seminar "Heat and
mass transfer in electrical contacts" (Alma-Ata, 1979), III All-Union seminar
"Unsteady arc and near-electrode processes in electrical devices and plasma
torches "(Baikal, 1991), International Symposium" Electrical contacts,
"Theory and application — ISECTA-93" (Alma-Ata, 1993). In 2015 in San
Diego He was awarded by the International Holm Award for the outstanding
achievements in the theory and applications of electrical contacts.

Stanislav Nikolayevich paid much attention to the training of scientific
personnel. Under his scientific leadership, 10 candidate dissertations and 4
teses for the PhD degree were successfully defended. He was the Chairman
of the Committee on Scientific and Technical Cooperation between the
Republic of Kazakhstan and the Islamic Republic of Pakistan (1996-2001)
and the President of the Small Academy of Sciences of schoolchildren. Now
he continues his research activity successfully and evidence of this is a new
monograph "Mathematical Models of Phenomena in Electrical Contacts"
published last year in Novosibirsk.

The staff of the Institute of Mathematics and Mathematical Modeling
and numerous friends, colleagues, students of Stanislav Nikolayevich Kharin
heartily congratulate him on his anniversary and wish him health, success and
happiness.
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LIST OF SCIENTIFIC WORKS AND INVENTIONS OF
KHARIN STANISLAV NIKOLAYEVICH

More than 300 publications, including 4 monographs and 12 inventor’s
certificates

BoOoOKs:

1 Kum E.., Omenvuenko B.T., Xapun C.H. Maremarndeckne momenn
TEIJIOBBIX MPOIECCOB B 9JIEKTPUUIECKUX KOHTakTax. — U3m. Hayka, Anmva-Ara,
1977. — 236 c.

2 Hamurokor K.K., ITaxomos I1.1., Xapuu C.H. Paguanust razopaspsiiHoit
mwrasmbl. — Msa. Hayka, Anma-Ara, 1984. — 304 c.

3 Hamurokor K.K., Ilaxomos I1.U., Xapur C.H. Maremarudeckoe moesu-
pOBaHMe IIPOIECCOB B razopaspsiaHoil miasme. — Uza. Hayka, Anmva-Ara, 1988.
— 208 c.

4 Kharin S.N. Mathematical Models of Phenomena in Electrical Contacts.
— The Russian Academy of Sciences, Siberian Branch, A.P. Ershov Institute of
Informatics System, Novosibirsk, 2017. — 193 p.

MAIN JOURNAL PAPERS AND PUBLICATIONS IN THE PROCEEDINGS OF
INTERNATIONAL CONFERENCES

1 Xapun C.H. u ap. Pemenne ypaBHenus TEIIONPOBOIHOCTH C PA3PBIBHbBI-
MU KO3DPUITHEHTAME U €10 IPUJIOYKEHNE K 1IpobJIeMe 3JIEKTPUIECKAX KOHTAK-
ToB // NnxkenepHo-usnuecknii xxypuas. — 1965. — T. VIII, Ne 6. — 1965. — C.
761-767.

2 Xapuu C.H. u ap. Pacuer TeMiiepaTypHOIo 1OJIst IPU pa3MbIKAHUU SJIEK-
Tpuuecknx KoHTakToB // Mssecrust Akagemun nayk Kasz. CCP, cepusi dus.-
mart. — 1966. — Ne 12. — C. 14-20.

3 Xapuu C.H. u ap. O 3aja1e TerionepeHoca B 3JIeKTPUIECKIUX KOHTAKTaX
// UsBectus Akanemun nayk Kas. CCP, cepus dus.-mar. — 1969. — Ne 3. — C.
5-9.

4 Xapun C.H. u ap. [lnaByienne u cBapuBanre 3aMKHYTBIX 9JIEKTPUIECKUIX
kontakToB // UsBectusi Akagemun nayk Kaz. CCP, cepust dbus.-mar. — 1970.
- Ne 3. - C. 6-12.

5 Xapun C.H. u ap. MccnenoBanme reMiepaTypHbIX PEKUMOB 3JIEKTPUIE-
CKUX KOHTAKTOB B IIOCJIEIOBATEIBHBIX CTajustX ux paborsl // COopHUK cTaTeit
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"CuibHOTOUHBIE j1eKTpuYecKre KoHTakThl". — Kues, Haykosa dymka. — 1970.
- C. 12-17.

6 Xapun C.H. u gp. TemmeparypHoe 1ojie 3aMKHYTBIX 3JIEKTPUIECKIX
KOHTAKTOB C BO3JyIIHBIM oxyraxkaerneM // Coopuuk crareil "CHIBHOTOYHBIE
snexTpudeckne KouTakTh". — Knen, Haykosa Jlymka. — 1970. — C. 108-115.

7 Xapuu C.H. u np. TemreparypHoe 1ojie pa3HO3POIHBIX JTEKTPUICCKIX
koHTaKTOB BHaxJecT // C6opHuK crareil "CHIbHOTOUHBIE 9JICKTPUIECKUE KOH-
takTel". — Kues, Haykosa [lymka. — 1970. — C. 116-125.

8 Xapun C.H. u np. IunaMuka TerionepeHoca B 3aMKHY THIX HEHUJIEATLHBIX
ssieKTprueckux Kourakrax // C6opHuk crareii "DiekTpudeckne KOHTAKThHI".
— Mocksa, Hayka. — 1972. — C. 24-28.

9 Xapun C.H. u ap. Tpexmeprasi 3ajiava TemiooOMeHa B HEUJIEAJBHOM
KOHTAKTE C COIPOTUBIICHUEM, 3aBUCAIINM OT TeMueparypbl // V3Bectuss Axa-
nemun Hayk Kaz.CCP, cepust pus.-mar. — 1973. — Ne 5. — C. 36-41.

10 Xapun C.H. u np. PacuerHast cxeMa KOHTAKTHOI'O COEIMTHEHNST BHAXJIECT
// Becrauk XapbKOBCKOIO IOJUTEXHIHYECKOro nHcruTyTa. — 1973. — Hacrs 5.
- C. 14-20.

11 Kharin S.N. et al. Zastosowanie metod obliszeniowych przy
konstruowaniu termo bimetali // Proc. of the Poznan Polytechnic Institute,
the Section of Electrical Apparatus. — 1975. — P. 167-174 (Pol.).

12 Xapuu C.H. u np. Biusaue TBep1ocTi KOHTAKTHOI'O MaTEpUAJIa Ha IIPO-
necc ceapuBanus // Becrauk XapbKOBCKOrO MOJMTEXHUIECKOTO HHCTUTYTA. —
1975. — Yacrs 1, Ne 110. — C. 53-58.

13 Xapun C.H. u ap. Mojesbs TepMOyIpyroro paspylIieHust 3JIEKTPOJIOB B
umMIyIbcHOM paspsiie // Ussecruss Axanemun mvayk Kas. CCP, cepust dwus.-
mart. — 1976. — Ne 5. — C. 19-23.

14 Kharin S.N. Models for Investigation of Heat and Mass Transfer in
Electrical Contacts // Proc. of the 8-th IEEE Int. Conf. on Electrical Contacts,
Tokyo, Japan, 1976. — P. 553-558.

15 Kharin S.N. et al. Investigation of Physical Processes at the Initial Stage
of Opening of Electrical Contacts // Proc. of the 8-th IEEE Int. Conf. on
Electrical Contacts. — Tokyo, Japan, 1976. — P. 25-29.

16 Kharin S.N. et al. Calculation of Bimetallic Elements of Automatic
Circuit Breakers and Thermo-Regulators of Electrical Appliances // Proc.
of the 3d Int. Symp. "Perspectives and Problems of Low Voltage Electrical
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Apparatus" (SIELA-77). — Plovdiv, Bulgaria, 1977. — P. 7-10.

17 Xapun C.H. u ap. Maremarnueckue MOIE/N TEIJIOBBIX IMPOIECCOB B
sJIeKTpuvecKnx Kontakrax // 3secrus BY3oB, Duekrpomexannka. — 1978. —
Ne 1. - C. 5-28.

18 Xapun C.H. u ap. Ilocranoska 3aja4 B TEOpUM MOCTHKOBOIl 3pO3UU
JIEKTPUIECKUX KOHTAKTOB // Tpy/bl 5-10 COB.-4€X0CII. CUMIL. [0 TIPUJIOK. MET.
Teopun GYHKINN U HYHKII. aHas. K npobdsa. mar. ¢dus. — HoBocubupck, 1979. —
C. 43-49.

19 Xapun C.H. Mexanusm TepMOYIIPyroro paspyiienus 3jeKrpoios // z-
Bectust CO AH CCCP, cepus rexu. — 1980. — T. 3, Ne 13. — C. 42-45.

20 Xapuu C.H. u ap. O6 ogHOM KJtacce 3a/1a4 HEJIMHEIHOTO TEIIONEePEeHOca
B Teopun dnekrpudeckux Kourakros (Kharin S.N. About One Class of Non-
linear Heat Transfer Problems in the Theory of Electrical Contacts) // Mex.
koH®. 10 Jaucdd. ypaBH. u Beruncaut. MaT. — HoBocubupck. — 1980. — C. 83-86.

21 Kharin S.N. et al. The Analysis of the Influence of Various Factors
on the Process of the Arc Erosion of Electrical Contacts // Proc. of the 4th
Int. Symp. "Perspectives and Problems of Low Voltage Electrical Apparatus"
(SIELA-80). — Plovdiv, Bulgaria, 1980. — P. 3-9.

22 Kharin S.N. et al. Mathematical Models of the Bridge Erosion in Low
Voltage Electrical Contacts // Proc. of the 4th Int. Symp. "Perspectives
and Problems of Low Voltage Electrical Apparatus" (SIELA-80). — Plovdiv,
Bulgaria, 1980. — P. 112-118.

23 Xapun C.H. u ap. DJIeKTPOMATHUTHOE U TeMIEPATYPHOE TOJisi B 3a-
MKHYTBIX 3JIeKTpUIecknx Konrakrax // Mzsectust BY308, DiiekTpoMexaHuKa.
—1981. — Ne 810. — C. 1075-1078.

24 Kharin S.N. Thermo-physical Processes in Electrical Contacts with
Short Arc // Proc. of 11-th ICEC Conf. on Electrical Contacts, Berlin (West),
VDE-Verlag GmbH, 1982. — P. 82-93.

25 Xapun C.H. u ap. Maremarndeckast MoJIe/Ib CBAPUBAHUS 3JIEKTPUIECKUX
KOHTaKTOB Ipu ux Bubpaiu // Mzsecrus BY 308, Diekrpomexanuka. — 1982.
— Ne 8. — C. 986-9809.

26 Xapun C.H. u ap. Mojenu TeryioBoro Bo3AeiicTBUs JIyTH PU pa3MbIKa-
Hun koHTakToB // V3pecruss BY30B, Duekrpomexanuka. — 1982. — Ne 8. — C.
1473-1474.

27 Xapun C.H. Mexanuzm paspylieHus MOBEPXHOCTHOTO CJIOS METAJLIA B
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[poIlecce MMITYTLCHOM 3JIeKTprIeckoii obpaborku // HuncieHHble METOBI Me-
XaHUKU TBepmoro reja. — 1982, — T. 13, Ne 3. — C. 118-121.

28 Xapun C.H. Temio- u MaccomepeHoc B KUIKOMETALINIECKIX MOCTHKAX
MEKJIy JIEKTPUIECKUME KOHTAKTaMu // DJIEKTPOHHAsT 00pabOTKA METAJLIOB.
—1983. - T. 2, Ne 1. — C. 20-22.

29 Kum E.U., Xapuan C.H. Mojens TepMOynpyroro pa3pyiieHusi B IIpo-
1ecce 3JIEKTPOIPO3UOHHO 06paboTKK MeTaIoB // DyeKTpoHHast 06paboTKa
MetasioB. — 1983. — T. 2, Ne 2. — C. 5-6.

30 Kharin S.N. Thermo gas-kinetic Model of Arc and Near-electrode
Phenomena in Electrical Contacts // Proc. of the 5th Int. Conf.
Kontaktronika’85. — Bydgoszcz, Poland, 1985. — P. 22-31.

31 Kim E.I., Kharin S.N. Thermo-physical Model and Erosion of Electrical
Contacts During Their Opening // Proc. of the Int. Conf. IC-GEMCA. —
Nagoya, Japan. — 1986. — P. 195-197.

32 Kim E.I., Kharin S.N. The Influence of Surface Films on the Heating of
Closed and Opening Electrical Contacts // Proc. of the Int. Conf. IC-GEMCA,
Nagoya, Japan, 1986. — P. 362-268.

33 Kharin S.N. Mathematical Models of Heat and Mass Transfer in
Molten Metal Electrical Contact Bridges // Proc. of the 6th Int. Conf.
Kontaktronika’88. — Bydgoszcz, Poland, 1988. — P. 89-94.

34 Kharin S.N. The Influence of Near- and Intro-electrode Processes on the
Dynamics of Electrical Arc and Contact Erosion // Proc. of the Int. Conf. IC
- ECEMC. - Bejing, China, 1989. — P. 598-608.

35 Kharin S.N. et al. Dynamics of Thermo-physical Processes on the
Cathode at the Electric Arc Influence // Proc. of the 6th Int. Conf. on
Switching Arc Phenomena. — Lodz, Poland, 1989. — P. 259-262.

36 Kharin S.N. et al. The Influence of Electrical Parameters of Circuit on
Arc Process at Low Current // Proc. of the 6th Int. Conf. on Switching Arc
Phenomena. — Lodz, Poland, 1989. — P. 263-267.

37 Kharin S.N. Thermo-capillary Mechanism of Contact Erosion during
Arcing // Proc. of the 36th IEEE Holm Conf. and 15th Int. Conf. on Electric
Contacts. — Montreal, Canada, 1990. — P. 37-47.

38 Kharin S.N., Mikhailov V.V., Batalin A.S. Dynamic and Thermo-
physical Processes in Low Current Sliding Contacts // Proc. of the 36th IEEE
Holm Conf. and 15th Int. Conf. on Electric Contacts. — Montreal, Canada,
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1990. — P. 301-305.

39 Xapun C.H. [Iunamuka B3auMoJefCTBUSI MPUIJIEKTPOIHBIX U BHYTPU-
9JIEKTPOJIHBIX IIPOIECCOB B 3J1eKTpudieckoii pyre // Tpyubl Mex. ceM. 10 ju-
HAMWKE CHJIBHOTOYHOTO JIyTOBOTO pa3psijia B MAarHUTHOM moJie, HoBocubupek,
1990. — C. 18-33.

40 Kharin S.N. Transient Thermo-physical Phenomena at the Pre-arcing
Period during Opening of Electrical Contacts // Proc. of the 37th IEEE Holm
Conf. on Electrical Contacts. — Chicago, USA, 1991. — P. 53-65.

41 Xapun C.H. u ap. Pusnveckne u XUMAIECKHE MIPOIECCHl B 30HE Pac-
iaBa nupkoHuesoro karojga // Tpyxbt mexi. cem. "Hecranmonaphast jyra
7 TPUAIEKTPOJIHDIE TTPOTECCHI B 9JEKTPUIECKIX aNllapaTax ! MIa3MOTPOHAX.
Ozepo baiikan". — Uzxa. I'vuibiv, Anmatsr, 1991. — C. 60-67.

42 Xapun C.H. Maremarndeckoe MOJEIMPOBAHIE IIPOIECCOB JIyTOBOIl 3pO-
sun // Tpyasr mex. cem. "Hecranmonaprasi gyra u OpU3JIEKTPOHBIE TIPO-
IIECCHI B 9JIEKTPUIECKHUX almaparax u miasMmorponax. Osepo baiikan". — U3,
I'vuieiv, Asnmarer, 1991. — C. 150-153.

43 Xapun C.H. u np. Hecrannonapubie nporecchl B Jiyre, IIyHTHPOBAHHOM
emrocTbio // Tpyusr mexx. cem. "Hecranmonaphast jiyra 1 npu3JIeKTPOIHBIE
MPOIIECCHI B 9JIEKTPUIECKUX almapaTrax u miasmorporax. Osepo Baiikan". —
Nzi. T'euteiv, Asmarer, 1991. — C. 60-67.

44 Xapuu C.H. u np. Maremarndeckue MOJeJM TEIIO- U MAacCOOOMeHa B
JKHJIKOMETAJUINIECKUX JIEKTPOKOHTAKTHBIX MocTHKax // Tpymbl Mexi. cem.
"HecranuonapHast Jyra U MPUIJIEKTPOIHBIE IPOIECCHl B 9JIEKTPUIECKUAX ATIa-
parax u miazmorponax. Ozepo Batikan". — Uzn. Uoiibiv, Anmarsr, 1991. — C.
191-194.

45 Kharin S.N. Mathematical Model of Arc Erosion in Electrical Contacts
// Proc. of the 16th IEEE Int. Conf. on Electrical Contacts. — Loughborough,
England, 1992. — P. 205-209.

46 Braunovic M., Kharin S.N. Dynamic Processes in Aluminum-to-Copper
Bolted Connections Under Current-Cycling Conditions // Proc. of the 16th
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IT'NITEPBOJIO-ITAPABOJINMYECKOI'O YPABHEHUW A

C.A. AJJIAIIEB

AHHOTaumsA. B paboTe nokasaHo, 4To ofHOpoAHas 3afada T pukoMU AN BblpOXato-
Lerocst MHoromepHoro runepbosio-napabonunyeckoro ypasHeHuns nmMeet becuncieHHoe
MHOXECTBO HETPUBUASIbHbBIX PELLEHNA.

Kntouesble cnoBa. Beipoxaatowmecs ypaeHeHus, 3agaqm TpukoMu, HeTpUBManbHble
pewwenus, dyHkunsa Jlexxanapa.

1 BBEAEHUE

Kpaesnbie 3amaun s runepbo/10-nmapaboiniecknx ypaBHEHUN Ha IJIOCKO-
cTu u3ydasuch B MoHorpadun |1, ria. 9], B KOTOpPOil ucC/IeI0BAINCH 3a1ada
Tpuxkomu u nepBasi KpaeBas 3aata.

Cwmermrannas 3ajiada, xapakrepucrudeckas 3ajada Ko u 3aa4da JlapOy
JIJIST MHOI'OMEPHBIX TUIIEPOOJIO-T1apabOInIeCKIX yPABHEHUI pacCMAaTPUBAJIICH
B MoHorpadun [2, ri. 2].

Bamaua Tpukomu mjist runepboio-apaboInIecKux ypaBHEHUI B MHOTO-
MepHBIX 001acTsX cTaBuiack B |3, ¢. 117| u uccienosaack ApyruMu aBTopamMmu
(cm., manpumep, MoHorpaduwuio [1] u npuseséHHyI0 B Heil Gubmorpaduio).

B paborax [4], [5] nokasana HeeMHCTBEHHOCTH PeIleHUs 3a/a491 1T pUKoMu
JUIE MOJIEJIBHOT'O MHOTOMEPHOTO TUIIEPOOIIO-T1apabOIMIEcKOT0 YPaBHEHNUS.

B nmammoit pabore jgokazaHO, YTO OJHOpOIHAs 3ajada TpUKOMU Jjisi BbI-
POXKJIAIOIIErocsi MHOIOMEPHOT'O rUepO0I0-11apaboIMIecKOro ypaBHeHUsT nMe-
eT 6eCUNCIEHHOE MHOXKECTBO HETPUBUAJIBHBIX PEIICHUI.
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2 IIOCTAHOBKA 3AIAYU U PE3YJIBTAT

[Tycte D — koHedHasi 00JIaCTh €BKJIMJIOBA NPOCTpPaHCTBA Fi,11 TOYEK
(X1, .y T, t), OrpaHUUeHHAS B TIOJyIpOCcTpancTBe ¢ > 0 kKoHoMmamu K : |z| =

ﬁt@, Ky:|z|=1- ﬁt@;p), 0<t< (%)%, a npu t < 0 — muIMH-
npudeckoit nosepxuocToio I' = {(z,t) : |z| = 1} u mnockocreio t = to < 0, rae
|x| — mmna BekTOpPA T = (X1, ..., Tpy), P = const > 0.

O6oznauammM gepes DT u D™ gactu obaactu D, jexKalye COOTBETCTBEHHO B
nosynpoctpancTBax t > 0 u t < 0. Hactu xkonounos Koy, K1, OrpaHIINBAIONIAX
obaactu DV, obosHaumm wepes Sy, Sp. [lycrs S = {(x,t) : t = 0,0 < |z| <
1}, To={(z,t): t =0, || = 1}.

B obmactu D paccMOTpEM — MOJIEJIBLHOE CMENIaHHOEe TUepboJIo-
napabomIeckoe ypaBHEHne ¢ MHOTOMEPHBIM ortepaTropoM lesmepcrenra

P —
0— { t Axu U, T > O, (1)

Ayu —ug, t <0,

e A, — oneparop Jlamiaca 1o mepeMeHHBIM X1, ..., Ly, M > 2.
Cuenyst [3], B KauecTBe MHOIOMEPHOI'O aHAJIOra 33/1a9i T PUKOMU PACCMOT-
PUM CJIEAYIONIYIO 3aJ1ady.

3A1AYA T. Haiitu perrenne ypasuenust (1) B obmactu D nipu t # 0 u3 Kitacca
C(D\To)NCYD)NC?* DU D™), yrosiersopsiomiee KpaeBbiM yCIOBIIM

sy =0, ulp = 0. (2)

B janbuejimem HaMm  yjoOHO IepeidTH OT JIEKAPTOBBIX KOOPJUHAT
X1y .oy T, t K chepudeckuMm 7,01, ...,0,,1,t, 7 > 0,0 < 07 < 27,0 < 6; <
w1 =2,3,....m—1.

IIycre {Yfm(ﬂ)} — cucTeMa JUHEeHHO He3aBUCUMBIX chepriecKnx MyHKINI
nopsiika n, 1 < k < ky, (m —2)Inlk, = (n+m —3)!2n +m — 2),0 =
(01, .y Op—1).

Yepes 7F(r), 7F(r) obosmaumm KoaDMOUIMEHTH PA3IOXKEHUs DSAIOB 110
chepudeckum  QyHKIEAM Yrﬁm(ﬁ) coorBercrBeHHo dyHkImit T(r,6) =
u(r, 0,0), v(r,0) = u(r,6,0).

Nmeer MecTo
TEOPEMA. 3ajada T umeer GecqaucieHHOE MHOXKECTBO HETPHBHAJIBHBIX PEIIle-
HHI.
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Ormernm, a0 31a Teopema 1pu p = 0 mokazana B [4].
JIOKABATEJILCTBO. B cdepuueckux koopaunarax ypashenue (1) B obsactu
D™ umeer Bun [6, c. 238]

m—1 tP

tPup. + tPuy — —56u — uy = 0. (3)
r

r

[Tpu t — —0 ma S mosryanm HyHKINOHATIBHOE COOTHOIIEHNE MeXK Ly T (7, 0)

uv(r,0)

m—1 1
Trr + T — T—25T =uv(r,0), (4)
rie
m—1
1 0 < i 0 )
b=— —— — (sin™ e, — |,
= gj sin™ i1 0; 89] I 80]

g1 = 17 gj = (sin@l...sinej_1)2a j > 1.

UseectHo [6], uro cnekTp omneparopa & COCTOMT M3 COOCTBEHHBIX YHCEJI
A = n(n+m—2),n = 0,1,..., KaXKJIOMy U3 KOTOPBIX COOTBETCTBYeT Ky,
= vk
OPTOHOPMHUPOBAHHBIX cOOCTBEHHbIX byHKIWit Y, (0).
Hckomoe perenne 3agaau T B obnactu DV 6ynem nckarh B Buje

oo kn

u(r,0,t) = > ak(r )Yy, (0), (5)

n=0 k=1

e 4 (r,t) — GyHKIIHT, ToTEKATTIe OTIPeIeTIeH IO,
[oncrasnsas (5) B (3) u (4), UCHOAB3yst OPTOrOHAIBHOCTE CHEPUIECKIX
dyukmit Yrﬁm(ﬁ) [6], Byzem umMeTh

m—1 An

—k —k —k ~k
tpum"r + tpunr = Upg — ﬁtpun = 07 (6)
m—1 A
%,’;fWJrT%’“ —Fk =R, 0 <r < 1, (7)

nr r2'n

[IPU TOM II€PBOE U3 KPaeBbIX ycJIoBuii (2) 3amuiiercst B Buje

2
2 2+p 1
aﬁ[r((;m?") p]=0,0§r§2,k
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(1—m)
B (6)-(8) npoussens sameny @k (r,t) = r = uk (r,t) m monoxus 3arem

2 (24+p)
r=r, xg= ——1=1 2 COOTBETCTBEHHO IIOJIYYUM
) 2+p b y
E _  k k ok A k
Laua,n = Ug pryr — Uq nroro ;Ouoc,nmo + %ua,n = Oa (ga)
A
T + 5T = va(r), 0<r <1, (10)
1
u’;n(r,r)_o,o<r§§,k:1, kn, n=0,1,..., (11)
p
I<a=—<1, A\, = —1)(3 — —4\,)/4,
G 24 p n=((m )( m) n)/

(1-m) _k

rh(r) = 3 7h

(r), z/k(r) = r<1;m> Dk(r).

n n

Hapsiny ¢ ypaBaeruem (9,) paccMOTpPUM ypaBHEHUEe

k _—  k k An k
LOU’OJ’L = U, prr — U0,nzom0 =+ ﬁuO,n = 0. (90)

Kak mokaszano B |7], [8], cymecTByer ciemyromas QyHKINOHATIBHAS CBS3b
MeX 1y perteHusivu 3asa4qu Kommwm juist ypasraenuii (94) u (9p).

YTBEPXK/JIEHUE 1. Ecim ulg’rll(r xo) — pemenue 3ajaqu Komin jj1s1 ypaBHEHHST
(90), yzoBJieTBopsitoIee yCcJaI0BUSIM

AR 0) = 7). 5 (0) = 0 (12)
TO QYHKIIHS
1
ull (7, x0) /u n (15 620)( — 2 1de (13)
0

upu o« > 0 sBistercst perierneM ypasaenusi (9,) ¢ yciaoBuem (12).

. Ecim g (v, z9) — pemenne 3agaun Ko j1a ypaBHenus
YTBEPXKIEHUE 2. E ’5711 D K. yp
(90), y/toBIeTBOpSIOIIICE YCTOBUSIM

Vk T
wan0) = TG T 07)<...)(2q+ —a)’ a(z ugn(r,0) = 0,
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ro npu 0 < o < 1 pyHKIUSA

i) = = o0) [ [t - @ dae] )

siBJistercs perenueM ypaaennsi (9,,) ¢ HAYaJbHBIMH JAHHBIMHI

0
k,2 k,2 k
uys(r,0) =0, lim zg Ug 'y = Un(T
a,n( ’ ) 200 08 ( )v
e q > 0 — HauMeHbIIIee 1eJ10e YUCII0, YI0BIeTBOPSIONee HEPABEHCTBY 2 — o+
29 >m — 1.
Teneps pacemorpum 3a1a4y (94 ), (11), mas Koropoit nmeer MeCTO COOTHO-

2
menue (10). Ee pemenne Gynem nckars B Buge uf , (r,z9) = uan + ugn, e

k1
Uan (7, 20) — pemterne ypasuenust (9q) ¢ JAHHBIME

ull (r,0=0, 0<r<1, uf (7" 1=0,0<r<

a,nxo

k=1, ky,, n=0,1,..., (15)

l\')\v—l

k,2 .
a U n(r, o) — perenne Kpaepoit 3ajaun s (9y) € ycaoBueM

ub2 (r,0) = 0, 0<r<1, ub2(r,r)=0, 0<r< -, k=1, ky, n=0,1,.... (16)

1

27

YunteBast opmynst (13), (14), samaun (94), (15) u (94), (16) coorser-
)

CTBEHHO CBOJUM K 3ajaue st (9g) ¢ yciaoBuem

1 I
ulg,lwo(r 0)=0,0<r<1, ulgj,ll(r,r):O, 037“35, k=1, k,, n=0,1,.... (17)
Ipu TOM ug,’i(r, 0) = 7F(r) B caygae samaum (9,), (15) m ugi(r 0) =
k
Vi (1)

(= a)(B-a)..(2q+1—a) © CWiaesami %), (16).

B [7] nokazano, uro 3aa4a (9p), (17) umeer HeTpUBHAIBHBIE PEIICHHST BH/IA

(5 (5]
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(7“+960)

r? — a4 4&2
/5 P () g, (15)

(T Io)

B=A—2s>1,5s=1,2,..., P\(z) — byuxius Jlexxanapa, A = n + (m 3).
Jasee, ncosib3yst ¥ TBep:KAeHus 1 1 2, yCTAHOBJIUBAETCS, ITO 3a)1aqﬂ (9a),
(15) u (94), (16) (rakxke (94), (11)) MMerOT HEHyJIEBBIE DEIICHUS, IIPU STOM

yuaurbiBast coorsomrerst (10) u (18), 6ymem nmers

Ci(1-—a)B3—a)..2¢q+1—a)=BB-1)+ A, s =1,2,....

U3 onenok [9]

or m
kn| < con™ 2, wajm(@) < eon’2 P ¢y = const,
J
j=1m-—1, p=0,1,..., HETPyHO MOKA3aTh, YTO P/

oo kn
0) =33 TYE L (0) (19)

n=1k=1

CXOUTCS aDCOJTIOTHO ¥ paBHOMEPHO, ecan [ > 37m, 8> mTfl

CnenoBaresibHO, (DyHKITHS

oo kn

ulr,6,6) = 35 0T ()Y, (60) (20)

n=1k=1

aBserca penrenneM 3agaqu (3), (2), (19) B o6mactn DY, e bynxmum uf (r, t)
OIIPeJIEISIOTCS U3 IBYMEPHBIX 3a1a4 1 IpuHaieskat kiaaccy C(DH)NCH(DTuU
S)N C?(D).
Takum obpazoM, MbI Tpuni B obytactu D™ K mepBOi KpaeBoil 3a/1ade st
ypaBHEHUsI
Azu—up =0 (21)

MATEMATUYECKUN KYPHAJI. — 2018. — T. 18, Ne 4
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C yCJIOBUAMU
U‘S = T(r79)7 u|F = 0. (22)

Pemenwne 3amaan (21), (22) 6ymem uckars B Buze (5).
[Moncrasnss (5) B (21), mosyanm

An
ub —uk, + 2k =0, k=1k,, n=0,1,.. (23)

nrr 2 Un

IIDH 9TOM KpaeBoe ycjosue (22) umeer Buj

b (r,0) =nP, WF(1,0) =0, k=1, ky, n=0,1,.... (24)
Pemmenne 3agaqan (23), (24) 6ynem ucKaTh B BHJE
up (r,t) = Ry (r) T (¢). (25)

[Moncrasiss (25) B (23), ¢ yuerom (24) mosxyanm

An
Ry + "3 R+ pBy =0, 0<r <1, (26)
Ryy(1) = 0, |Ri(0)] < oo, (27)
Tk 4+ uTk = 0. (28)

OrpanndennbiM pererneM 3a1a4au (26), (27) spisiercst dyuknus [10]

o
= Z VrasaJy(uir), 0 <r <1, (29)
s=1

v=n+ (m2_2), Jy,(2) — bynkuus Beccens, p% — ee mymu, u = (u¥)?, a pemenmem
ypasHeHust (28) siBisiercst

T2 (t) = exp[—(uy)1). (30)

Hamnee u3 (25), (29), (30) ¢ yuerom (24) mveem

bpf= 2*Zasn (s n,r), 0 <7 <1 (31)
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Pasnaras bynkmmo r°~2 5 psy Oypbe-Beccers [11], maitmem u3 (31) Ko-

3P PUIIEHTDI G

1

on! 1
Qg = = [ £7T27, (uk€)de, (32)
[JV-H(:U’S)] O/

IIPH 3TOM ft} — IOJIOXKHUTeIbHBle Hyin (DyHKnun Beccessl, pacnosiosKeHHbIE B
HOPsIIKE BO3PACTAHUS.

Taxkum obpasom, u3 (25), (29), (30) cieayer, uro pemenuem 3ajgaqn (21),
(22) B obmactu D™ sBisiercst pyHKIUS

oo kp o0

2—m) v v
W 0.0) = 530S e SF i () exp(— POV 0), (9

n=1k=1 s=1

Koropas npunarexxut kiaaccy C(D~\ To) N CHD~ U S)NC?*(D7), rae asp,
onpejessores u3 (32).

CrnenoBarenpno, 3amada 1 nMeer OeCUINCIEHHOE MHOYKECTBO HETPUBHAJIb-
HbIX pemtennii Buzga (20) u (33).

Teopema moxkazana.
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OB OIHOI KPAEBOII 3AJIAYE J1J11 YPABHEHUS
TEIIJIOIIPOBOJIHOCTU B BBIPOXKJAIOMIENCSI
OBJIACTH

M.T. JI>KEHAJIUEB, C.A. UCKAKOB, M.. PAMA3ZAHOB

AHHOTaumsa. Wccnepgyetcs paspewMocTb  FpaHMYHON 3afadn AN ypaBHEHUS
TENJONPOBOAHOCTU B HELMIMHAPUHECKON 061aCT C MPOM3BOAHO MO BPEMEHMN HA MO-
OBVDKHOM rpaHuue. paHnyHas 3agada nyTem BBEAEHUS| HOBOW HeW3BECTHOUW (DyHKLMM
peayumnpoBaHa K ocobomy uHTerpasbHoMy ypasHeHuto Tuna Bonbteppa BToporo poga.
[nsi ogHOPOAHOI rpaHMYHON 3aja4vnm MOKa3aHO, YTO B HEKOTOPOM BECOBOM KJacce
CYLLLECTBEHHO OrpaHNYeHHbIX (PYHKUWI CyLLECTBYET HEHYNEBOE pelleHne C TOYHOCTbIO
[0 nocTosiHHOro MHoxuTensi. C noMoLblo pe3osibBEHTbI MOCTPOEHO obLiee pelueHne
NCXOLHOU rpaHn4YHOl 3aja4u.

Kntouesble cnoBa. Kpaesast 3afaua, ypaBHeHe TeMIONPOBOAHOCTM, HELMANHAPUYe-
ckasi 0bnacTb, HETPMBMAJIBHOE PELLUEHNE, PE30JIbBEHTA, BECOBOE NMPOCTPAHCTBO.

1 BBEOEHUE

Kak msBecrno, pemenne 3aja4 Tuna Credana conpaKeHo co 3HATUTE b
HBIMHU TPYJAHOCTSMHU B CBSI3U C UX CYIIECTBEHHON HEJIMHEHHOCTHIO U TpebyeT
IPUBJICYCHNA HOBBIX HJIel, MCIOIb30BAHUS BCETO apceHasa KOHCTPYKTHBHBIX
METOJIOB HEJIMHEIHOrO aHaJIN3a U BO3MOXKHOCTEH COBPEMEHHOI BBIMUC/IUTE b
HOI TEXHUKH.

B pabore [1] 66110 0OTMEUMEHO, Y9TO KpaeBast 3a/1a49a

du(z,t) .2 0?u(x,t)

=g(x,t), {z,t} e G={x,t: 0<z <kt, t >0}, (1)

ot 0x?
ou(z,t) B ou(x,t) du(t)
TH:O - U(](t), bT‘x:kt + dt - ul(t)v (2)
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AP05132262) Komurera nayku Munucrepcrsa obpasosanus u Hayku Pecny6biuku Kaszax-
CTaH.
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rae u(t) = u(kt,t), b > 0, k > 0, B HeruinHapu4ieckoii obmactn G, BbI-
POKIAIOIIAsACA B HavaJIbHBIII MOMEHT BpeMEHHt, OKa3bIBacTCsd II0JIE3HOM npun
n3ydenunu ojnodasnoii 3amaun Credana. Tam »Ke B BECOBBIX I'eJIbJIEPOBCKUX
IPOCTPAHCTBAaX OBbLIO MOKa3aHo, 4To 3aja4a (1)—(2) omHo3HAYHO paspermma.
B macrosimmeit paboTe MbI yCTaHABINBAEM, ITO COOTBETCTBYIOIIAS OTHOPOTHAST
3aJlada UMeeT HEeHyJIeBOe PEIIeHUe C TOYHOCTHIO JI0 IOCTOSHHOI'O MHOXKHUTEJIs
B KJIACCe CYNIECTBEHHO OTPAHUIEHHBIX (DYHKIHH ¢ 38/ IaHHBIM BECOM, UITO TO3-
BOJISIET PACIIUPUTH U TOYHO ONPEJIETUTE KJIACCHI OTHOZHAYHON Pa3permnMOCTH
HeotHOpOAHOM 3aauan (1)—(2).

2 IIPEOBPA3BOBAHUE 3AJIAYM (1)—(2) U CBEAEHUE EE K UHTEIPAJIb-
HOMY YPABHEHUIO

[Tpeobpasyem 3amaay (1)—(2). Hust sroro Beemem byukiuo v(x,t) =
&gx ) . Hamee, dopmasnbro nuddepeniupys no nepemennoit x ypasaenne (1),
OJIy JaeM

dv(z,t) 2 0%v(z,t)
ot Ox?

=g(z,t), 0 <z <kt, t>0, (3)

v(x,t)|z=0 = vo(t), (81};;20 + Ew(w,t) lo=kt = v1(t), (4)

rae g(o,t) = 205 () = uo(t), m(t) =P, a=5, c=b+k.

Pemmenne 3aza4an (3)—(4) uimem B Bujie CyMMBbI TEIUIOBBIX [TOTEHIUAIOB [2]:

o(@,1) 1/7?0/:7 e p{m}g(fﬁ)dfd7'+

2

2af/ i P {—M} p(T)dr, (5)

rie dyukiun v(t) u ¢(t) sSBISIOTCT HEM3BECTHBIMA 1 HO/IJIEXKAT OLPEJIEJICHNIO.

} v(r)dr+
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YaosserBopsisi perienune (5) mepBoMy u3 ycsosuii (4), moaydaem

t

a7T / 1/2 xp {_4612]{:;7_27)} o(T)dr—

0

t oo
- £ .-
_W// t—1) 1z p{_Lmz(t_T)}g(ﬁaT)dﬁdT+2a2vo(t).
0 0

(6)

Ucnonbays npejcrasienue (5) n paseHcTBO (6), MOJIYUYNM CIIe/yIOIIee Bbl-

pazkenue Jyisi perennst 3aga9u (3)—(4):

v(z,t) = 2af/ t—7)/2 [_eXp{_m}Jr

3] RV

rue

Filz, t; §; v0] = 1 /t _L (r)dr+
tle, £ s vl = 2a+/T 3/2 4a?(t — 1) vokm)ar
0

+ exp {—m}]g(& 7)d&dr.

CorsiacHo BTOPOMY IPaHHYHOMY yCJIOBHIO u3 (4) nmeem

o | B [ B
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Qaf / YV {_kZ(ia_?T)} p(r)dr=

af/ e { ey e

c 1 K2t —7) .
to i) eXP{—4a2 p(r)dr = Falkt, t; gyvo;vn],  (9)
rie
OF[z,t; §; 24>
Fylx,t; §;v0;v1] = —2a> izt givo]  2a CFl[x,t;g;vo] + 2a%v (t).

ox a?

Ucnonbayst paBeHcTBa
t+7=2t—(t—71), (t+7)°=(t—71)+4tr,

u3 (9) moyduM MHTErpajibHOe ypaBHEHHE OTHOCUTEIHHO HEM3BECTHOH (byHK-
i p(t):

— /K(t, T)p(T)dr = f(t), t >0, (10)
0
e E2(t

K(t,7) = k(t,7) exp {—(4(1_27)} , (11)

1 2kt k2t

He.7) = 5, [ ey )

2c+ k k2tr 2c — k
G ae ) ) -
f(t) = Falkt, t; g; vo; v1]. (13)

OrmerumM, uro syipo K (t,7) (11) obuaaer ciepyonmM CBOCTBOM:
t

lim [ K(t,7)dr = 1.
t—0+

0
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D10 03HAYAET, YTO K HHTErpaJbHOMY ypasHeHuo (10) HempuMeHUM MeTOs
nocJieioBaTe/IbHbIX npubamzkennii. [losromy wunTerpasbuoe ypasaenue (10)
Ha3BaHO OCOOLIM.

Perterne unrerpasibraoro ypasaerus (10) Mbl Oyem uckaTh B Kiacce dhyHK-
Uit

VEexp{k®t/(da®)bo(t) € Loo(Ry), Te. ol eLoo(R+;\/%exp{k2t/(4a2)}). (14)

Ormerum, uTo m0J00HBIE MHTErPAJIbHBIE ypaBHEHHsI Bosibreppa BTOpPOro
poJia OB HccaejoBanbl B paborax [3]-[6].

3 CBEJEHME MHTEI'PAJIBHOI'O YPABHEHUA (10) K JAN®®EPEHIUAJIb-
HOMY YPABHEHUIO B OBPABAX JIAIIJIACA

Eciiz BBecTu HOBBIE (DyHKITUN
k2t

o) = wtyes {15 A0 = e {31,

To u3 (10)—(13) cremyer

o1(t) - / K(t 7)o (r)dr = fi(t), t> 0. (15)
0

B unrerpanpaom ypasrennu (15) mpousseieM 3aMeHy HE3aBUCHMON Te€pe-
MEHHOI U BBEJIEM HOBYIO HEU3BECTHYIO (PYHKIIUIO:

t= o T =2 () = ZerU/h), B(t) = Z=hi/n)

B pesysbrare 31oro u3 (13) u (15) mosyuum

o0

1 k k2
pa(ti) + aﬁ/ (r1 —11)3/2 P {_az(ﬁ—tl)} Pa(m)dn =

t1

2?7 [P i | -
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—(2¢— k) 711<P2(71)d7'1 = fa(t1). (16)

OrmernM, 9TO U3 pelleHnsl MHTerpaabHOro ypasHenus (16), Bo3Bpamasichb
K IIePBOHAYAJIbHOMY HE3aBUCHMOMY IIEPEMEHHOMY U MCXONHON HEU3BECTHON
QYHKINNT, MBI MOXKEM IIOJIyIUTh PEIIeHNe MCXOAHOTO WHTEIPAJIHLHOIO YpaBHE-
uust (10).

s pemenunst ypasuenust (16) Oymem mcnosnb3oBarh npeobpasosanue Jla-
miaca. Mmeem

[1 + exp {—2;;\/—79}} $2(p)—
Ve

3J1eCh OBLIN WCIIOJIb30BAHbBI Cjlejyonue (HhopMysbl 1ipeobpaszoBanus Jlaraca

([7], c. 472) u (8], c. 158):

2k OOA 7
[<zc+ ) exp {_ﬁ)} (- k)] / brada = Hp), (17)

£] [Tkt = mgatn)an | = k-p) palo) ﬁ[;-ml)}:f@z(q)dq.

t1

[Mepeiinem or unTerpasbHoro ypapuenusi (17) k auddepenimaibHOMy
YPaBHEHWIO, BBO/IsT HOBYIO HEM3BECTHYIO PYHKINIO-00pa3:

; I . dij(p
i) = [ ve g = -0, (15)
p
dp)  20y=p[1+exp{-%=p}] 1+ exp {—2v/=p}
4 PENIEHUE MHTETPAJIBHOI'O YPABHEHUSA (10)
4.1 PEIIEHUE OJHOPO/IHOTO MHTEI'PAJIBHOI'O YPABHEHMUS
[Iycrs f(t) = 0. Unrerpupyst ypasuenue (19), moiaydaem
 epfEmme ) e o)
Y(p)=C (20)

’ 2c =C- 2c”
(1+exp {52v=P}) (1+ e {=5v=p})
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Ucrnonesyst dbopmymny (18), m3 pasencrsa (20) HAXOIUM pEIICHUE WHTE-
rpaJibHOro ypasuenus (17):

R 2c—k 2c+k 2k
w(p):[— 5 T eXp{—a\/—pHx

k- exp {_@ /7—;0}
X .
av/=p (1+exp {2 =p}) """

Hasee st HaxoxkaeHust opuruHasa Jyist GyHKI Qo(p) 6yaeM moab30BaThCst

(21)

CJIETYIOIINAM Pa3JI02KEHUEM:

1 - 2¢+1 2k
W - nzo(_l)nAnc va zZ = exp _z\/jp ’ ’Z| <1, (22)
rae

(2c+1)2¢(2¢—1)...(2c—n+2)
n!

(1) Azt =

Ucnonb3yst pasmnoxkenne (22), u3 (21) moayanm npeacrasiaenue GyHKIum @ (p)
B BUJIe psijia:

(o)

@2(p) — % Z(il)nszmc—Fl |:2C\/;pk exp {(20 —k —2271 + 2)]{:\/7} 7

n=0

2c —k

V=P

Tak kak umeer mecto Qopmysna obpaiienus st obpasa Jlammaca ([7], c.
497)

exp{—w\/fp}] Vpe{p: Re{/—p} > 0. (23)

, 0<t1 < o0,

= [exp{—a\/@}} _ exp{—a?/(4t1)}
Vi Vvt

o u3 (23) umeeMm yHKIMIO-OpUrHHAI @2 (t1) mist Beex 0 < £ < 0o:

k k%(2c — k + 2n + 2)?
t) = e 3 (~1)"AZH |(2e + k = -
pa(th) = o = n:O( )TATT | (2e + k) exp o
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—(2¢ — k) exp {—

HaJsee oTcioia, BO3BpaIasiCh K MCXOIHONW He3aBUCUMOM mepemenHoi 0 < t <
00, TTOJTy9aeM

k%(2c — k + 2n)? H '

a2t1

1(t) 2a\f Z 1) A2t [ (2¢+ k)i () — (2¢ — km?g(t)} . (24)

riue
k?(2c — k + 2n + 2)%t
s@fi(t) = exp {— ( 2 ) } ;
” ) (25)
9 k“(2c — k + 2n)“t
A1) = exp {— m } -

TaxumM 06pa3oM, HCKOMO€ peIleHne NCXOAHOr0 HHTerpaabHoro ypasuenns (10)
(mpu f(t) = 0) oupeensiercst 110 opmyiie:

olt) = Qa\fZ AR 2o+ R () - 2o - ReP®)] . (26)

rie
k2[4(2¢ — k + 2n + 2)2 + 1]t
wgbl)(t):exp{_ [ ( 4q2 ) ] }7
a
k2[4(2c — k +2n)? + 1]t @
C — n
) =eXp{— o }

Pemenne (26) npunasexxur kiaaccy (16):
Lo (]R+; V't exp {kzt/(4a2)}> .

4.2 YACTHOE PENIIEHUE HEO/IHOPOJIHOTO VPABHEHUsS (19). OBPA3
PE3OJIbBEHTHI

[Tpeobpasyem ypasuenue (19) K Buzy

d&() [(26+kexp{ 2’““\/7} (2c — k ]

dp * 2a/=p [1 +exp{— Zfr}] V)=
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U HaiileM ero 4acTHoe pemlteHue Ypqrt(p). Vcmob3ys pernenne oxHOPOIHOTO
YPaBHEHUSI, METOJOM BapHAIlUil IIOCTOSHHBIX OyJ/IeM UMETh

exp { -2k /= o c—
() = —SPATTEVERY / f2<q>exp{2’“¢?q}x
(1+exp{—2y=p}) " “

(ven{-Zv=) " e 2

rIe

folq) = /fQ(Tl)eXp{qu}dTl, Re{q} < 0.
0

[Tposesem ciemyoniee npeobpasosanue paBeHcTsa (29):
o0
~bri() = [ For) R )i, (30)
0

riae R*(p, 1) ecTh 06pa3 pe3obBEHTbI, KOTOPBIN OIPEIE/ISIeTCsI 10 CIIe Iy oIeit
dopwmyie:

P

ex _2c=k /— o
= oo ST ot .
o (1+exp{-2k/=p})* a

« <1 +exp {_2;‘7\/5}) o dq. (31)

Wcnonb3ys ciemyroniee IpecTaBIeHue:

exp {— 2=k /=p) 2 :iBQCI exp{_2c+k(2n—1)\/jp}’
(I+exp{-2/=p})* n=0 ¢

sanmiem pesonssenty R*(p,71) (39) B Buse

2c+k(@2n-1)
a

R (o)=Y C2 T (p.m, ) ZBgaexp{ ,ﬁ_p} (32)
m=0 n=0
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rie
I (p,m,m) = /eXp {qu—k(2m+a1)_20¢fq}dq, (33)
Cl__2c—1 2c1 —2)...(2c0—1—(m—1)) [ 2¢; -1
2 1_ (20 —1)2a )m(!l ( ))_< 1m )
e = (20020 2oy 21 (1= 1) :(_1)n< 20 ) et

,HJIH IOJIYIEHHA BBIIMNECYKA3aHHOT'O PAJa Mbl HCIIOJIB30BaJI U3BECTHOE Pa3JIo-
2Kenue

1 o 2 2k
(1_i_2)201:7;)Bn61Zn7 z:exp{—a\/?p}’ ‘Z|<1 (34)

OrmeruM, uTo uHTerpas (33) HpejcTaBuM B BUje PA3HOCTH:

A 1 {7‘1]7— kE(2m +1) —20\/jp} _ Vrk(2m + 1) —2c]><

Ip, 5 1T, =
7+ (P, T1) - exp 0 2@75’/2
[k(2m + 1) — 2c]? E(2m+1) —2c
i — . 35
X exp { pre, erfc ( v/ —11p + NG (35)

Ucnonbayst coorHomenus (32), (33) u (35), nosyunm cieyromiee BbIpazke-
Hue it 06pa3a Pe30JIbBEeHTHL:

R*(p,m) = Ri(p,m) — Ra(p, 1), (36)

rie

A 1 I e 1 moe 2%
Rip. )= Feplmph 3 Ca B epfrp - -+ 1) 2 VR L 67

m,n = 0,
m+n #0
. 1 V7 — L k(2m+1)—2c . > .
R2(p771)—ﬁ\2fzcr2ncl 1(a)Il(p,ﬁ,m)ZB%CIIQ(P,Tl,n), (38)
m=0 n=0
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o rom) = —L_ex {[k(2m+1)—20]

1/2 2
7_1/ 4a’m

}11 (porm). (39)

oy kE(2m +1) - 2c
Ii(p,71,m) = exp {—71p} erfc (x/—ﬁp + ( ) )

2a,/m1
M} . (40)

A 2c+ k(2n—1
Ir(p, m1,n) = exp {Tlp - #
4.3 ITOCTPOEHUE PE3OJIbBEHTHI R(t,T)

CrauaJia HailjeM OpUrMHaJIbI U300pazKeHuil R}‘ (p,m1) m Ry (p,m1). dost 06-
pasa Rj(p,T1) nmeem

N 1
Ri(p,m1) = ;15(71 —t1) + Ri(t1, 71), (41)
+n)k (m + n)%k?
Ri(t, cze-ipre_ (1 {— (42
o mz v ey ekl g S
'm+n;£0

IIpn BbIBOzE coorHOmenuit (41)—(42) u3 (37) ObLIN NCIOIB30BAHBI CJIELY-
tomue dopmyist u3 [7] , ([9], p. 921, dopmyna (82), Appendix D):

2
exp{—pr} =06(t — 1), exp{—k\/p} = 2\/7l:t3/2 exp{—]zt}.

A st mosyuennst opuruHaia obpasa Ra(p, 1) cormacuo (38)—(40) mo-
CTATOYHO HAWTH OpUIHHAJBL Juisi obpazos I(p,m1,m), m = 0,1,2,3, (39) u
12(p7 n)7 n= Oa 17 27 a3 (40)

CrpaseyiBa, CIeIyIomasi JeMMa.

JIEMMA 1. Opurunan o6pasa I (p, 71, m) (39) BerUHCHsIETCST 110 hOpMYyJIE

) . 1 [k(2m + 1) — 202
11(1?77'1,7%)7[1(151,71,771)—Wwexp{— TS . (43)
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Teneps, ucnonb3ys dopmyny u3z (|9], p. 921, formula (82), Appendix D),
HaifijileM opuruHaia comHoxurens la(p, 1,n) (40). Vmeem

. E(2n — 1)+2¢c k(2n — 1) + 2¢]?
Ig(p,ﬁ,n)ifg(tl,ﬁ,n):2@\(/%(7_1_)Z)3/2 exp{_[ (4a2(7—1 )_":1)] } (44)

Haiiyem cBeprky I3 (t1, 7,m) x I2(t1,7,n) (43) u (44) musa kaxgoro m =
=0,1,2,3,...un=0,1,2,3,... . Umeem

(m—i—n)QkQ 1
L(t I(t = T
1( 177—7m)* 2( 177_7”) exp{ a2(7-1 _tl) x 2@71\/@(27’1 —t1)+
k(2n — 1)+ 2¢ 2
t ) f m,n t ) ? 45
T aavr i @n — e &P Dt 1)} erfeGima(t Tl))} )
e
o) k2n—1)+2d - yr  [k2m+1) —2d V20— T
/YTI’L,TL 1,71) — 2@\/7_1_t1\/27-1_t1 QGM\/H .
Orcrona
. ey oo k(2m 1) — 2¢ (m +n)°k?
Ro(t = - Cc2a-lpa T2 — 1)
2( 177—1) 47_1(27-1 _ tl)wl;:o m n a X (12(7'1 — tl) s
1 k(2n —1) 4 2¢ 2
f m,n .
: {ﬁm ¥ daymvan — i P Vmad rfeCin, )}

4.4 YACTHOE PELIEHUE UHTEI'PAJIbHOI'O YPABHEHUSA (16)

Nmeem

o0

Vpart(t1) =t fa(t1) + /[Rl(tlﬂ'l) — Ra(t1, 1) fa(m1)dTy. (46)

t1

Teneps nepeiinem or dyukiwu 1(t1) K pemennto ypasaenust (17) o (t1):

o0

©2(t1) = t1¥pare(t1) = fo(t1) + /t1[R1(t1,7'1) — Ro(t1, m1)] fa(m1)dr1.  (47)

t1
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Ucnonb3ys ciieayione 3aMeHbl:
—1/2 _ _
pa(t1) = t1 21 (t7Y) = 1201 (t) = pa(t7Y),
o1(t) = 7200t falt) =t P AGTY) = E2A1(8),

o) = r(t)exp { - i b = e |- £t b

4a? 4a?

onpenesnm pertenne @1(t) (17) u @pere(t) — 9acrHoe pemtenne ypasaenus (12):

p1(t) = f1(t) + /t?’/zTS/Q[Rl(tlyTl) = Ro(t™!, m )] fi(r)dr,
0

kQ(t —7)
4a?

opare(t) = () + / R(t,7) exp {— } f(rys,
0

riue
R(ta T) :Rl (ta T) - RQ (t7 T)7

(m+n)k

00
__4—3/2_-3/2 -1 -1\ _ 2c1—1 pR2c1,
Rl(t77—)_t T Rl(t )y T )_Zcml Bn ' aﬁ

m,n=0

T B 2&
Rimn(t,T) = TEESEE eXp{ (m +n) a2(t_7)},

Ro(t,7) = t 32732 Ry(t 71, 77 h) =

00
k(2 1)—2
= Z 0251—1372101‘ ( mt ) C'RQ,m,n(t,T),

m,n=0 4aﬁ
T [k(2n — 1) + 2¢]/7 T
Romn t,7)= :
2amn(t7) {\/t—iT(Qt—T) - 2a (2t—7)3/2><
k2tr

X\E-exp{’f(m, n,t,7)} erfe{y(m, n,t,7)}-exp {—(m +n)?

VT 2k(m A )t (t—7)[k(2m + 1) — 2]
2av/t — 7 V2t —7

f}/(mv n, ta T) =

(48)

(49)

(50)

'Rl,m,n(ta T)a (51)

(52)

(53)

b

(55)
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CrpaBeyinBa CJIEAYIONAs JIEMMA.

JIEMMA 2. JList pesosseentol R(t, ) (50)—(55) cupasesjiiBa oneHka

T ktr
|R(t,7')| < Cm exXp {—a2

(t_T)},0<T<t<+oo. (56)

Ha ocuoBe JIeMMBI 2 MBI ycTaHABINBAEM CJIELYIOMWI pPe3yabTAaT.

TEOPEMA 1. /st sooit npasoii sactn f(t) € Los (Ry; v/t exp {k%t/(4a?)}
u3 kjacca (14) marerpanpnoe ypasrenne (10) umeer obuiee perenne p(t) €
Loo (Ry; V't exp {k*t/(4a?)}):

P() = )+ | R+ C - ram(t), € = const
0

e Yhom(t) ompenesrero Boipaxkennem (26) u jisi pesosbentsl R(t, T) (50)
nmeer MecTo onenka (56):

k2t
R(t,7)] < C— T

= (75_7-)3/26Xp{_a2(t_7-)}’ 0<7<t < 4o00.

5 PELMIEHUE KPAEBOI 3A7AYM (1)-(2)

Pemmenne v(x,t) rpanmanoit 3anaun (3)—(4) onpemensercs corimacHo dhop-
mysnam (7)—(8) u (26)—(27), a pemenue ucxogHol rpaHndHOl 3amaun (1)—(2)
Oyner umers Buj [6]

X
u(wt) = [ oe.t)ae, (57)
0
TaK KaK COIVIACHO KJIACCY PeIleHnii, ompelesiseMoMy HuxKe B Teopeme 2, mo-

HOJIHUTEJIbHOE cjiaraeMoe K uHTerpady B (57) J0JKHO OBITH PABHO PYJIO, TO
ectb ¢(t) = 0, tae v(x,t) = Vpom (2, 1) + Vpart(x, t), mpu 3TOM

t
Vhom (2, 1) = 2(;/7?0/ (t_17)1/2 [—exp{—M}ﬂL
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+exp { —EMH o(r)dr, (58)

oo {529 Vite mrs

CL‘Q

+2a1/7? O/t T —xr)3/2 exp {_4a2(t—7)} vo(T)dr, (59)

€ Phom (t) onpenessiercs uz dopmyist (26)—(27), a @part(t) openensercs u3
dopmyssr (49).
TaxuMm 06pa3oM, cIIpaBelIuBa CIeLyIOIas TeOpeMa.

TEOPEMA 2. Jlrst so6oii npasoii wactu f(t) € Lo (Ry; vEexp {t/(4a*)})
u3 Kaacca (14) m s ganmeix byaxomii g(x,t) € Wil (G; Viexp {t/(4a*)}),
up(t) € Loo(Ry; t_%), u1(t) € Loo(Ry; t%) rpanmdHast 3aga4a (1)—(2) ume-
er obmee pemenne u(x,t) € Loo(G; (z + t'/2)~1), koropoe onpenensiercs nz
dopmyir (57)—(59).

6 3AKJIIOUEHUE

[Tonyueno mpencraBieHue PEIICHUsS T'PAHUYHON 3a/1adu Jjisi YPaBHEHUS
TEIJIOIPOBOIHOCTH B HEIMIMHIPUIECKON 00/I1aCTH C TPOU3BOIHON IO BPpEeMEHN
Ha TIOJBUXKHOU rpanHuiie. I'paHnvIHAas 3a/1a9a CBOIUTCA K 0COOOMY MHTErpaJib-
HOMY ypaBHeHHIO Tuia Bojabreppa BToporo poga. C MOMOIIBIO TOCTPOEHHON B
paboTe pe30JIbBEHTHI HallJIeHO 0011ee pelreHne HeoITHOPOHOIO HHTErPAJIbHOTO
YPaBHEHHSI B HEKOTOPOM BECOBOM KJIACCE CYIIECTBEHHO OTPAHMIEHHBIX (DyHK-
muit. OnpeesieHsbl KJIacChl PEIIeHri I MCXOIHON I'PAHMYHON 38184,
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Ioxenames M.T., bleckakos C.A., Pamazamos M.M. A3BIHFAH All-
MAKTAPOATHI 2KBIJTYOTKI3TTIITIK TEHAEYI YIIIH BIP ITETTIK
ECEII YKAWIBIHIA

ZKbUnKbIMAIBL IeKapaia yaKbIT OONBIHINA TYBIHIBICHI Oap ITUJINHIPIIK
eMec afiMaKTarbl KbITyOTKISTIIMITIK TEHJIEY1 YITIH MeKAPaJIbIK eCeNTiH, MelTiM-
Jiiri 3eprreneni. [lekapasbik ecen x)kaHa 6eJirici3 DYHKITUSHBI €HII3Y apKbi-
JIBI eKiHmI TeKTi BosbTreppa THITI epeKiiie HHTerPAJIJIbIK, TeHIeyiHe PeyKIln-
silanrad. biprekTi mekapaJbik ecebi yimia 6esrijii 6ip eseyii meKTe/IreH cali-
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MaKThl (DYHKIUSIAp KJIACBIH/A HOJIIK eMeC IMIENIMiHiH 6ap eKeHi TypaKTbl
KOOEUTKIIKe JIefliHri T/ IiKIeH KepceTiireH. Pe3oibBeHTaHbIH KOMeriMeH Oa-
CTAIIKbI ITTEKAPAJIBIK, €CETITIH YKAJIBI MENTiMi KYPBIIFaH.

Kinrrik cezaep. IlleTTik ecen, »KbITYOTKI3TIINTIK TeH ALY, ITUIMHIPJIIK eMec
afiMak, HOJIJIIK eMecC IIelIiM, Pe30JIbBeHTa, CAJIMAKThl KeHICTIK.

Jenaliyev M.T., Iskakov S.A., Ramazanov M.I. ON ONE BOUNDARY
VALUE PROBLEM FOR THE EQUATION OF A HEAT CONDUCTION
IN A DEGENERATING DOMAIN

The solvability of a boundary value problem for the heat equation in a
non-cylindrical domain with a time derivative at the moving boundary, is
studied. By introducing a new unknown function the boundary value problem
is reduced to a singular integral Volterra type equation of the second kind. For
the homogeneous boundary value problem, it is shown that in a certain weight
class of essentially bounded functions there exists a nonzero solution with an
accuracy up to a constant factor. Using the resolvent, a general solution of the
initial boundary value problem is constructed.

Key words. Boundary value problem, equation of heat conduction, non-
cylindrical domain, nontrivial solution, resolvent, weight space.
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AN ALGORITHM OF SOLVING A LINEAR BOUNDARY
VALUE PROBLEM FOR A LOADED FREDHOLM
INTEGRO-DIFFERENTIAL EQUATION

D.S. DzHUMABAEV, A.G. SMADIYEVA

Abstract. Based on parameterization method an algorithm of solving considered
boundary value problem is proposed. Numerical implementation of the algorithm is
offered.

Keywords. Loaded Fredholm integro-differential equation, parameterization method,
fourth order Runge-Kutta method, Sympson method.

1 INTRODUCTION

In the present paper, we consider the boundary value problem

T
d—I t)r + T)dT+
7 p(t D/zb
+N(t)x(0p) + W(t)x(61) + Z(t)x(62) + f(t), t € (0,T), x € R", (1)
Bz(0) + Cx(T) = d, 2)
where 0 = 0y < 01 < 03 =T, the (n x n)-matrices A(t), ¢(t),¥(t), N(t), W(t),
Z(t) and n-vector f(t) are continuous on [0, 77, ||z|| = max |z;].

Let C([0,T], R™) be a space of continuous functions z : [0,7] — R™ with
the norm ||z|[; = max [|z(¢)||. A solution to problem (1), (2) is a continuously

)
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differentiable on (0,7") function z(¢) € C(]0,T], R™) satisfying the loaded
Fredholm integro-differential equation (1) and boundary condition (2).

Boundary value problems for the Fredholm integro-differential equations
are studied by many authors [1]-[5]. Loaded differential equations and problems
for these equations are considered in [6]-10].

By As2(6) we denote the partition of interval [0; T") into two subintervals:
[0;T) = [0;61) U [61;T).

Denote by C([0,T], Aa, R?") the space of vector functions (z1(t),z2(t)),
where functions z, : [0,-1,6,) — R™ are continuous and have the finite left-
sided limits lim x,(t),r=1,2, with the norm ||z[]||=max sup ||z, (t)|].

t—6,—0 r=121c[0,_1,0,

Let z(t) be a solution to the loaded Fredholm integro-differential equation
(1) and x1(t), z2(t) be its restrictions to the subintervals [0;6;), [61; 7). Then
the system of two functions z[t] = (x1(t), x2(t)) belongs to C([0,T], Aa, R?")
and satisfies the system of loaded Fredholm integro-differential equations

d:L‘l

i = Az + () [7¢(7)x1(7)d7 + /TMT)@(TMT} .
0 0,

+N(t)x1(0) + W (t)x2(01) + Z(t)x(T) + f(t), t €10,601), z € R", (3)

dxg

= A+ 00| ? U)o (r)dr + /T v(rea(r)ar] +
0 01

+N(t)331(0) + W(t).%'g(gl) + Z(t)HJ(T) + f(t), t e [91,T), x € R", (4)

the boundary condition

Bz1(0) + Cx(T) = d, (5)
and continuity conditions
(dim 21 (t) = 22(60), (6)
t_l)ijrp_o xa(t) = x(T). (7)
A pair (z(T),z[t]) with =(T) € R"™ and z[t] = (x1(t),22(t)) €

C([0,T], Az, R?") satisfying the loaded Fredholm integro-differential equations
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(3), (4), boundary condition (5) and continuity conditions (6), (7) is called a
solution to the problem (3)—(7).

Introducing parameters A\ = z1(0), A2 = z2(61), A3 = z(7T') and making
the substitutions u,(t) = x,(t) — A, t € [0,-1,0,), 7 = 1,2, (T) = A3, we
obtain the system of integro-differential equations with parameters

01 T

% = A(t)(u1 + 1)+ (t) |:/1/}(7')(U1(T)+)\1)d7'+/1/)(7')(u2(7')+)\2)d7-:|+
0 61

FNEM + W (Ao + Z()As + f(t), t €[0,61), 8)
01 T

% = A(t)(u2+)\2)+§0(t)[/@ZJ(T)(ul(T)+)\1)d7+/¢(7)(u2(7')—{—)\Z)dq-]_{_
0 61

FN@GM +W(E)A2 + Z(H) A3+ f(1), t € [01,T), (9)

initial conditions at the beginning points of subintervals

u1(0) =0, (10)
uz(61) = 0, (11)
the boundary condition
B\ 4+ CA3 =d, (12)
and continuity conditions
li — Ay = 1
A+ tHIGIlnfO U1 (t) Ao =0, ( 3)
/\2 + tiliglo UQ(t) - )\3 =0. (14)

The problem (8)—(11) is called the special Cauchy problem for the system
of integro-differential equations with parameters. A solution to boundary value
problem (8)—(14) is a pair (A*,u*[t]) with A\* = (A}, X5, A5) € R?" and u*[t] =
(ui(t),us(t)) € C([0,T], Az, R?™), where the functions u}(t),u3(t) satisfy the
system of integro-differential equations (8), (9), additional conditions (10)—(14)
with A1 = A}, A2 = A5, A3 = A} and initial conditions (10), (11).
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Using the fundamental matrix X(¢) of a differential equation % =
A(t)x, t € [0,T], we reduce the special Cauchy problem for the system of
integro-differential equations with parameters (8)—(11) to the equivalent system

of integro-differential equations:

t 01
Ul(t)ZX(t)/X_l(T) [A(T)Al +80(T)</1/1(8)(U1(8) + A1)ds+
0 0

T

; /ws)<uQ<s>+A2>ds)+N<T>A1+W<T>A2+Z<T>A3+f<7>} dr, t € [0,6,), (15)
01

t 01
w(t) =X [ X7 [sz i go<f>< [ o)) + Ads+
01 0

T
+/w(8)(uQ(s)+)\2)ds> +N (M)A +W(T) Ao+ Z(T) N3 +f(7'):|d7’, te[61,T). (16)
01

We consider the auxiliary Cauchy problems for ordinary differential
equations on subintervals:

dz
= = A)z + P(t), 2(0) =0, t€[0,61],
% — A(t)z + P(t), 2(61) =0, t € [0y, T,

where P(t) is a square matrix or vector of dimention n, continuous on [0, 6;] or
[01, T]. Their solutions we denote by a;(P,t) and as(P,t), respectively. Now,
we set

61 T 01 T
= / (s)us (s)ds + / b(s)ur(s)ds, 1 = / W(s)ds, 1y = / (s)ds
0 01 0 01

and re-write the system of integro-differential equations (15), (16) as follows:

ui (t) = a1 (p, t)ptlar (A, t)+a1 (o, )1 +ar (N, )M +ai (@, t)hatar (W, )] Ao+
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+a1(Zu t)>‘3 + al(fa t)’ te [Oa 01)7

(17)

us(t) = as(p, t)u+laz(e, t)1+as(N, )| A1 +as (A, t)+az (e, t)Pa+as(W, ) Ao+

+as(Z,t)\3 + aa(f,t), t € [61,T).

(18)

Multiplying both sides of (17), (18) by 1 (s), integrating on the subintervals
[0;61] and [01;T], summing up both sides, we obtain the system of linear

algebraic equations with respect to p:

p=G(Ag)p+ Vi(A2)A + Va(A2) A2 + V3(A2) A3 + g(f, A2),

with (n X n)-matrices

G(A2) = 1) + Pa(p),
Vl(A2)=@51(A)+[¢1(¢)+@5 (©)] - 1 + 1 (N) + (),
Va(Ds) = d(A) + [1(0) + P2(0)] - o2 + b1 (W) + (W),

V(82) = 41(Z) +42(2),

and vectors of the dimension n:

g(f, Do) = P1(f) + a(f),

where
01 T
_ / O(s)ar(P, s)ds, {n(P) = / (s)az(P, )ds.
0 01

(19)

Using the matrices G(Az), V1(A2), Va(Az), V3(Az), we re-write system (19) in

the form:
[ — G(Az2)] = Vi(Ag) 1 + Va(A2) Ao + V3(A2) A3 + g(f, As2),

where [ is the identity matrix of the dimension n.

(20)

DEFINITION. The special Cauchy problem (8)—(11) is called uniquely solvable,

if for any A\ € R3", f(t) € C([0,T], R") it has a unique solution.

The special Cauchy problem (8)—(11) is equivalent to the system of integro-
differential equations (15), (16). This system by virtue of the kernel degeneracy
is equivalent to the system of algebraic equations (19) with respect to u € R™.
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Further, we assume that the matrix I — G(Ag2) is invertible and [I —
G(A3)]7! = M(Ay). Then, we write g in the form

= M(A2)Vi(A2)A1 + M(Ag)Va(Az) Ao+

+M (A2)V3(A2)A3 + M(A2)g(f, As2).

Substituting the right-hand side of (20) into (17), (18) instead of u, we get
the representation of functions w,(t),r =1,2 via \;, j =1, 3:

uy (t)=D11(A2, t) A1+ D12(Ag, t) Ao+ Di3(Az, ) A3+ Fi (Ag, 1), T € [0,61), (21)

u2(t) =Da1(Ag, t)A\1+Daa(Ag, t) Aa+Da3(Ag, t) A3+ Fa (A, t),t € [61,T), (22)
with

Di1(Aa,t) = a1 (A, 1) + a1 (e, t) - [M(As) - Vi(As) + 9] + ay (N, £),

Dia(Ao,t) = ar(p,t) - [M(A2) - Va(Ag) + tho] + a1 (W, t),
D13(Ag,t) = a1(p,t) - M(Ag) - V3(A2) + a1(Z,t),

D1 (A, t) = as(p,t) - [M(As) - Vi(Ag) + 1] + aa(N, 1),

Daa(Aa, 1) = as(A, 1) + ag(p, 1) - [M(Ag) - Va(Ag) + o] + ag(W; 1),
Do3(Ag,t) = aa(ep,t) - M(Ag) - V3(Ag) + as(Z,t),
F1(Ag,1) = a1(p,t) - M(Az) - g(f, A2) + a1(f1),
Fy(Ag,t) = az(p,t) - M(Az) - g(f, Az) + aa(f,1).
Then from (21), (22) we have

lim wu;(t)=D11Q2, 0) A1 + D12(A2, 61) A2 + D13(A2, 01) A3 + F1(Ag, 01), (23)

t—601—0

lim 0U2(t) =D1(A2, )\ + D22(A2, T) A2 + Da3(A2, T) A3 + Fo(A2,T).  (24)

t—T—

Substituting the right-hand sides of (23), (24) into conditions of matching
solution (13) and (14), we obtain the following system of linear algebraic
equations with respect to parameters \;, j=1,3:

BM + CA3 =d, (25)

MATEMATUYECKUN »KYPHAJI. — 2018. — T. 18, Ne 4



54 D.S. DzHUMABAEV, A.G. SMADIYEVA

[I + D11(A2, 01)]\1 + [D12(Ag,01) — I|A2 + D13(A2, 1) A3 =—F1 (A2, 071), (26)
Do (Ao, T)A1 4 [I + Doz (Ao, T2 + [Dog (Ao, T) — I|1A3 = —F5(A2, T). (27)
The system (25)—(27) can be written as
Qu(Bo)) = —Fy(Ds), A€ R, (28)
with
B ) C

Q«(A2) = | I+ D11(A2,601) Di2(Az,601) —1  Di3(Asg,61) ,

—d
Fi(Ag) = | Fi(A2,61)
Fy(Aq,T)

The linear boundary value problem for the loaded Fredholm integro-
differential equation (1), (2) is solvable if and only if the system of algebraic
equation (28) is solvable.

Numerical solution to the problem (1), (2) we find by the following
algorithm.

STEP 1. By Ag(f) we denote the partition of interval [0,T) into two
subintervals: [0,7) = [0,61) U [01,T). Take Ny, N2 and divide subintervals
[0,61) and [01,T) into 2N; and 2N parts, respectively. Consider the Cauchy
problems for the ordinary differential equations:

dz

2 =AMz +P(1), 2(0) =0, t€[0,61], (29)
% = A(t)z + P(t), 2(61) =0, t € [61,T], (30)

and denote by a1 (P,t) and az(P,t) their solutions.
Solving the problem (29), (30) by Runge-Kutta method of the fourth order
for P(t) = A(t), P(t) = ¢(t), P(t) = N(t), P(t) = W(t), P(t) = Z(t), P(t) =

MATEMATUYECKU »KYPHAJT. — 2018. — T. 18, Ne 4



An algorithm of solving a linear boundary value problem ... 95

f(t), we obtain (nxn)-matrices a;(A,t), a;(¢,t), a;(N,t), a;(W,t), a;(Z,t), i =
1,2, and n-vector function a;(f,t), i = 1,2, respectively.

STEP 2. Multiply each (n x n)-matrices a1(P,t) and as(P,t) to the (n x n)-
matrix ¢ (t), and using Sympson’s method we evaluate the following integrals:

01 T
ﬁl(A):/w(s)al(A,s)ds, /lb Jas(A, s)d
0 01
01
hio) = [vEalesds, dae) = [atesds G
0
61 T
D1(N) = [ (s)ar(N,s)ds, a(N) = [ ¥(s)az(N,s)ds
f j
01
(W) = / B(8)ar(W, s)ds,  iha(W) = / (5)as(W, 5)ds
0
01 T
bi(2) = / b()ar(Z, s)ds,  ia(Z) = / (5)ax(Z, s)ds
0
01 T
bi(f) = [ w(s)ar(f,s)ds, a(f) = [ ¥(s)az(f,s)ds
/ /
01 T
br= [ P(s)ds, = [ ¥(s)ds
/ /

Summing up the definite integrals (31), we obtain (n X n)-matrices:

G(A2) = 11(p) + Pa2(p).
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If the matrix I — G(Az) is invertible, then we find its inverse and represent
it in the form [I —G(Ag)]™! = M(Az). From the equalities (12)—(16) we define
(n x n)-matrices:

Vi(As) = P1(A) + [1(p) + P2()] - 1 + Y1(N) + o (N),

Va(A2) = tho(A) + [1(9) + tha()] - o + 1 (W) + tha (W),
Va(Ag) = 91 (Z) + 1ha(2)
and vector of the dimension n:

A~

9(f, 2) = n(f) + da(f).

STEP 3. Form the system of linear algebraic equations with respect to
parameters:

Q«(A2)A = —Fi(Ag), Xe€ R (32)
Solving the system (32), we find \* = (A}, A3, \}) € R3™.
STEP 4. By the equalities:
pr=MAYVi A AT+ M (Do) Vo (Do) A5+ M (A9 V3 (A Az + M (A9 g(f, Ag),
we find p* € R™ and then solve the Cauchy problems:

dx * —
i A(t)z + E*(t), 2(0) =0, t € [0,04],

dzx

o = AWz + (D), 2(61) =0, ¢ € [61, 1],

where

E*(t) = p(t) (1" + 1A} +2A]) + N(OX + W (A + Z()N; + £ (D).

EXAMPLE. Solve the linear two-point boundary value problem:

dx

T
E_ t)x + p(t /w T)dT+
0
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+N(t)x(0) + W(t)z(61) + Z(t)x(T) + f(t), t € (0,T),
Bx(0) + Cx(T) = d,

where 91:%, T=1,
A B3 241 ® 2t 12 50 2 1
t) = , o(t) = ,P(t) = ,
2—t 3t 4 t2 1 2 3t
Nt t 1 W 3—t2 8 20 24+t 7
t) = , t) = L Z(t) = ,
3—t2 3 t 243 5t2 3
-1 1 01 10 7
BZ( >7C:< )’I:< )’ dz( )7
1 1 0 1 0 1 3

(3t—(t+2)‘(t2+1)—t3-(t3—2)—"“js)+1§§g2—415;;”)

2L (4 -92). (3 —2) =3t (t+2) 42— 8L L 13

ft) =

Divide subintervals [0,0.6) and [0.6,1) with step h = 0.05. Here (2 x 2)-
matrix I — G(Ag) is invertible and

7-Ga )]_1 —0,5158784435 —1,9257121683
_ 2 = .
—3,2336506172 —3,3709611826

(6 x 6)-matrix Q.(Az) and vector F,(As) € RS have the form:

-1 1 0 0 0 1
—7.96208 —4.13306 —7.81794 —16.99188 —5.00659  —7.31456
A) — —16.55444 —9.13479 —16.26054 —42.04077 —11.97602 —21.37263
Q*( 2)_ —17.37822 —9.47101 —12.71885 —34.76522 —10.73077 —17.95951
—17.37822 —9.47101 —12.71885 —34.76522 —10.73077 —17.95951
—19.58182 —11.37182 —16.25007 —41.36000 —11.03762 —24.55247,

and Fi(Ag) = ( —7; —3; 39.51073; 117.59976; 95.03249; 124.74563 )/.
The solution to the system of linear algebraic equations is A = —(Q~!- F),

A= ( —2; 1.999998; —1.783998; 2.599998; —0.999996; 3.000001 ).

Below in Table 1, we give the results obtained by Mathcad 15:
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TABLE — Numerical solution to the problem (33), (34)

t | w /) |zy(t)—zy@)] | 22 (t) 2o ()] a0 =)
0,00 | -2 -2 1.8-10° 15 1.9999989493 | 2 1.1-10°°
0,05 | -1.9998749361 | -1.999875 | 6.39-10~° 2.0499988067 | 2.05 | 1.2-107°
0,10 | -1.9989998652 | -1.999 1.348 - 1077 | 2.0999986715] 2.1 1.3-10°°
0,15 | -1.9966247877 | -1.996625 | 2.123-10~7 | 2.149998546 | 2.15 | 1.5-10°°
0,20 | -1.9919997038 | -1.992 2.962- 1077 | 2.1999984322 2.2 1.6-10°°
0,25 | -1.9843746141 | -1.984375 | 3.859-10"" | 2.2499983321 2.25 | 1.7-10°°
0,30 | -1.9729995187 | -1.973 4.813-1077 | 2.2999982477| 2.3 1.8-107°
0,35 | -1.9571244179 | -1.957125 | 5.821-10 " | 2.349998181 | 2.35 | 1.8-10°°
0,40 | -1.9359993118 | -1.936 6.882-1077 | 2.3999981344 | 2.4 1.9-10°°
0,45 | -1.9088742002 | -1.908875 | 7.998-10~7 | 2.4499981106| 2.45 | 1.9-10°°
0,50 | -1.8749990825 | -1.875 9.175-10"7 | 2.4999981125| 2.5 1.9-10°°
0,55 | -1.8336239578 | -1.833625 | 1.0-10°° 2.5499981439| 2.55 | 1.9-10°°
0,60 | -1.7839988245 | -1.784 1.2-10°° 2.5999982092 | 2.6 1.8-107°
0,65 | -1.72537368 -1.725375 | 1.3-10°° 2.6499983141[ 2.65 | 1.7-10°°
0,70 | -1.6569985206 | -1.657 1.5-10°° 2.6999984653 | 2.7 1.5-107°
0,75 | -1.578123341 -1.578125 | 1.7-107° 2.7499986718| 2.75 | 1.3-10°°
0,80 | -1.4879981337 | -1.488 1.9-10°° 2.7999989445 | 2.8 1.1-10°°
0,85 | -1.3858728883 | -1.385875 | 2.1-10°° 2.8499992976 | 2.85 | 7.0-107"
0,90 | -1.2709975907 | -1.271 2.4.107° 2.8999997495| 2.9 2.5-1077
0,95 | -1.1426222213 | -1.142625 | 2.8-10°° 2.9500003237] 2.95 | 3.2-10°"
1,00 | -0.9999967532 | -1 3.2-107° 3.0000010507 | 3 1.1-10°°

As we see from the Table, offered numerical algorithm is effective and allows
us to obtain the numerical solution to the linear boundary value problem for
the loaded Fredholm integro-differential equation of higher order accuracy.
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AHHOTaums. PaccmaTpuBaeTcss nonynepuoanyeckasl kpaesas 3afiada ANs OfHOrO
HEKJ/1aCCUYECKOTO YPaBHEHUsSI TpeTbero nopsiaka. [lonyyeHbl AOCTaTOYHbIE YCNOBUS,
obecneynBatone oueHky BAM30CTN K TOYHOMY PELLUEHMIO PAacCMaTprBaeMoii 3ajaqm
Tpolikn pyHKLUI, MOCTPOEHHbIX C MOMOLLBIO MOANMKALMN MeTOLa IOMaHbIX Jlinepa.

Kntouesble cnosa. Heknaccuueckue ypaBHEHNSA TPETbEro nopsiaka, nojaynepuognde-
CKne KpaeBble 3aAa4n, MoandrkaLms METOAA IoMaHbIxX Diiepa, NpubinxeHHble peLue-
HNSl, NEPNOANYECKME KPAEBbIe 3a4a4M, CUCTEMbI ODbIKHOBEHHbIX AN depeHLnanbHbIX
YPaBHEHUIA.

1 BBEJEHUE

Kpaesble 3a/ja4uu Jijisi ypABHEHUH B 4aCTHBIX IPOU3BOJIHBIX TPETHEIO TIOPSiJi-
Ka OIIKCBIBAIOT peaJibHbI€ IIPOIECChl MEXaHWKH, HeJMHENHOMI AKYyCTUKU, Marl-
HUTHON TujpoHaMuKu. IIpojosibHble KoslebaHust COCTABHBIX CTepXKHEl, co-
CTOAINUX U3 YIIPYTUX U YHOPYTIO-BA3KUX YyIaCTKOB, OIIMCHBIBAIOTCA YpPaBHEHUEM
Tperbero mopsiaka [1]-[5]. Bompocer, mocssientbie KOppeKTHOI paspentiumo-
CTH KpPaeBbIX 3a/Jda4q JJIsd ypaBHeHI/Iﬁ TpeTbero nopdaakKa, 1 MeTOJIbl UX HCCJIe-
JIOBaHUs paccMOTpenbl B paborax [6]-[9]. Cuemyer ormeruTs, 9T0O CyIiecTByer
TAK MHOIO PabOT, IOCBSIIEHHBIX CYIIECTBOBAHUIO PEINEeHHsI KPAEBbIX 3aJ1ad,
IJic pacCMaTPUBAIOTC TUIEPOOINIECKIe YPABHEHHs TPEThEro mopsika. Tem
He MeHee, BOIPOCHI PA3PEIIMMOCTU U MOCTPOCHUsT HPUOJIMKEHHBIX DelleHuii
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obpazoBanust n Haykn Pecrybnuku Kazaxcras.

© C.C. Kabapaxosa, 2018.



62 C.C. KABJIPAXOBA

HEJIOKAJILHBIX 3319 11 yPABHEHMI TPEThero MOPAIKa OCTAIOTCH AKTyaIbHbI-
Mu. B janHoii craThe mccieyercs IOJIyIepuoudecKas Kpaepasl 3ajada, JIisl
yPaBHEHUS TPEThEro MOPSAKa C IByMs HE3aBUCHUMBIME IepemeHHbiMu. C 1o-
MOIIBIO CHENHUAILHOIO IPeoOPa30BAHNs HEM3BECTHON (DYHKIUY U €€ IIPOU3BOI-
HOM 110 BDEMEHHOH IIepEeMEeHHON pacCMaTpUBaeMOe ypaBHEHNE TPETher'o IIOPs/I-
Ka CBOJUTCS K CHUCTEMe JIBYX I'MIIepOOJIMYeCKMX yPaBHEHUH CO CMENIaHHLIME
POU3BOAHBIME. JIJIT HAXOKIeHUS IIPUOJINKEHHOTO PElleHnsl KpaeBoil 3a,1a4m
JJISL CHCTEMbI THIEPOOIMYeCKUX yPaBHEHUI mpuMeHseTcss MOAUUKAIS Me-
Toza Jomanbix Diiepa [10]. ITosydeHbl ycaoBus ONEHKH CXOAMMOCTU METOJIA
JIOMaHBIX Jiiepa K pelleHnio paccMaTpUBaeMoil KpaeBoil 3a,1a9H.

B obactu © = [0,w] x [0, T] paccMaTpuBaeTcs: TIOTYTIePUOTIECKAs Kpae-
Basl 3aJ1a4a, JIJIs OJHOTO YPABHEHHUS TPEThEro MOPsIKA HEKJIACCHICCKOrO THIIA:

3, U 2., u B
%:a1($,t)%+a2($,t)aa?+a3($,t)%+a4(x,t)u+f(x,t), (z,8) € Q, (1)
u(0,t) = ¢(t), t € [0,T], (2)

u(z,0) = u(x,T), z € [0,w], (3)

Ou(z,0)  Ou(z,T)
o ot

, € [0,w], (4)

rie f(z,t),ai(x,t) (i = 1,4) — nenpepwisrbie Ha ) dynkmn, () — ABAKILI
HenpepbisHo Juddepentmpyemas na [0, T] Gyukuus, yrosaersopsiomast ycuo-
st $(0) = 6(T), 1¥(0) = (T).

Yepes C(Q, R?), C([0,T], R?) 0603Ha4MM COOTBETCTBEHHO IIPOCTPAHCTBA
HenpepeIBHBIX byHKImit v : Q0 — R2 w1 (t) : [0,T] — R2.

Pemenunem samaun (1)—(4) masoBem dyHKImo u(x,t) UMEIONYIO Hempe-
ou(x,t) Ou(z,t) *u(w,t) O*u(x,t)

oz 7 ot 7 o2 7 Oxot

PBIBHBIE Ha ) wacTHbIe IPOU3BO/IHBIE

Ou(z,t)
87&72 U yJIOBJIETBODSIIONLYIO ypaBHeHuio (1) n ycioBusim (2)—(4).
x
B zagaue (1)—(4) npoussenem 3ameHy
ou(z,t
u(z,t) = ui(x,t) + ua(x, t), (375) = aplui(z,t) — ua(z, )], (5)
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rae o = max (1, max_|aj(z,t)|), n BBeEM 0GO3HAMEHM

(z,t)eQ
(ot a1(z,1) ai(z,t)
A(l‘,t)—§ . al(ofél?,t) al(%,t) ’
(7)) Qg
f(z,1)
1 (ag(x,t) —ag(z,t) - 20
Bl t)=35 <a2($,t) ag(z, t) >’ Flet f.t) |
20[0
1 [as(z,t)+ a‘*(of;’ ) —as(z,t) + a4(oi)’ 2
C(x,t)—§ . Canont) aa(, t) aa(a.1) — as(z,t) |
(o) &%)
NEOE wofot) N R ORS wof(t))
V=3 so |07z e
Y(t) — =2 Y(t) — ——
oo o
Torga 3amaqay (1)—(4) MoKHO 3amucaTh B BUJE
D A OV + Bla, )W (e, 1) + Ca U 1) + Fw 1), (6)
V(z,0) =V(z,T), (7)

W%ﬂ=Wﬂ+/V@ﬂ%JW%ﬂ=W®+/W@ﬁ% (®)
0 0

anst sexrop-dynknun Uz, )=(ui(z, 1), ua(z, ) u marpunst A(z,t)=(a;i(z, t))
(i,j =1,2).
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OrmpeniesiuMm cyieytomniue HOPMbL U 0O03HAYEHUS:

2
|G, )] = mxz g, ), 0 e, Y = e v, 1)
]:

4G, )l = max 1A D))

)

1 .
1l = max [$@)], [Pllax = @Ol + —¥@®)ll1, ax = max_[[A(z, 1),
€[0,T o

z,t)e
ay = max_||B(z,t)|, a3 = max ||C(z,1)||, F(t) = max ||[F(z,1)],
(z,t)€Q (z,t)eQ z€[0,w]
F|. = F(z,t)|.
171 = s 17, )

2 O CYIUIECTBOBAHNHU PEIIEHUN NEPUOAUYECKON KPAEBOWM 3AJIAYU
1Sl CUCTEM OBBIKHOBEHHBIX JIUOOEPEHIIUAJIbHBIX YPABHEHUN

s maxok ienust pemenus 3a1a4qu (6)—(8) mcrosnb3yeM MoAudUKAINIO Me-
Toza Jomanbix Ditnepa [10]. Pasobbem orpesok [0,w| ¢ marom h > 0 na N
gacreil, Nh = w, 1 Ha KaXK/IOM Iare peraeM IeproJnIecKue KpaeBble 3a/1adu
JUIst cucTeM OOBIKHOBEHHBIX AU DepeHIuaIbubIX yPaBHeHHUil.

Oyuxrmn VO (1), VO (1) onpenemnm pasencrsavm: VO (1) =0, V(0 (t)=0.

Pemnas nepuognueckyo KpaeByo 3aj1ady

dv®
dt
naxoxumM dyukimo V1 (t).
Oyuxrmio V(3 (t) maiizem, perast EPHOIMIECKYIO KPACBYIO 3a1ady
dv®
dt

= A(0, ) VI +B(0, )T ()+C(0, )T (£)+F(0,t), VIV (0)=VI(T), (9)

= A(h,ty VP 4 B(h,t) (U (t) + h- VI (£)) + C(h, t) (T (t)+

+h- V(1)) + F(h,t), VP (0) = V(D). (10)
Cunras ussectnoit VO (t),i = 0, N — 1, bynxmmo V() maxomum, pe-
nIasi MEpPUOAMIECKYIO KPAeBYIO 3aJ1ady
qV G+
dt

= A(ih,ty VD 4 B(ih, t) (¥(t) + h Z VO @)+
=0
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+C(ih, t) (T(t) + thO ) + F(ih, ), (11)

vt (o) = V(’“)(T), i=0,N. (12)

Ciriestyroree yTBEpKI€HUE yCTAHABIMBAET CYIIECTBOBAHUE €MHCTBEHHOIO
pelIeHus MEpPUOANIECKON KPaeBoil 3a/1a4u JIsi CUCTEMBI OOBIKHOBEHHBIX Ju]-
bepennmasnbubix ypasaenuii (11), (12).

TEOPEMA 1. Ilycrs Bbimosasiercsi HepaBeHcTBO a1(x,t) > o > 0 Juist Bcex
z € [0,w]. Torpa st sroboro h > 0 : Nh = w nepuoudeckasi Kpaenasi 3a,/1a4a
JUIsI cucTeM OOBIKHOBEHHBIX Jingdepennnasbabix ypapaennii (11), (12) umeer
equncrsennoe pemenne {V (1), i =0, N} u cnpaseqmuss onenxm

max ([|[VEV [, VIV IL) < Aw, mIIeC)]1,

e )‘(w? h) = K(QO’ aig, U) (1 + (OQ + Oé3)hK(Oéo, a1, U)) %7 K(O‘()a aq, U) =

Qp pa d 2
= maxx (2, 2 1) ()] = (aa+ag) max(|¥ () ap, [FC) o)+ 1]
JIOKABATEJILCTBO. Pacemorpum 3anaay (6)—(8). CorylacHo BeIGOpY UmcIIa
ag > 0 BeIOTHSAETCS HEPABEHCTBO

t
o — M >0,
Qg
[IO9TOMY

1 t 1 t t
— g + al(x’ ) — 1= lag — a1<x7 ) _ CL1(IIZ‘, )’
2 @ 2 (&%) (o)

1 t 1 t t
— QO_M N a0+a1(x, ) _ CL1(IIZ‘, )’
2 @0 2 Qo ap

9TO O3Havaer, 4ro B Marpuie A(x,t) uMeeT MECTO YCJIOBHE JIMArOHAJIBHOIO

ay(xz,t
peobIaIaHns IO CTPOKAM C MOJIOKUTETBEHBIM UNCIOM M

Qg
Paccmorpum 3amaay (11), (12). ITo reopeme 4 u3 [11, c. 392 cymecrByer
C€IMHCTBECHHOEC pelnIeHrne 3a/Jav91 WU BBIIIOJIHACTCA OIICHKa

VDI < 2B, (Ol + 13 17O + ctin, hx
7=0
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<O g + 0 Y VOO + SUEGn, ) <

7=0

< 22 (02 + 09) max([ ¥ (1. [ ¥ () o)+

+(az + aglhmax (DO LYWV + IFON).  (13)
j=0 J=0

Tak xax V) (t) ynosrersopster mudbdepennuansaomy ypasaenuo (11), To
JUISL ee IPOU3BOIHON OyJIEeT ClpaBeInBa OEHKA

VOOl < JAGR, VD O+ IBCR, )l (H‘If()Ha1+hZHV o1y
7=0

HIFCI) + G, )]l (uwouaﬁthv I+ IEON) <

7=0

< ar[VED )1+ + (a2 + az) max(([ @), [[F() 1)+

+(az +ag)h Y max (VOO VOOl ) +1EOL. (14)

=0
IMoscrapss B mpasyo wacts (14) onenxy mys ||V EHD ()1, momy«mm

V() <

[(az + az) max( € () a1 () lla,1) + (a2 + as)hx

xmax (32 VO, Y IWVD Ol ) + IEC) ]+
j=0 J=0
() a,n)+

—i—(ozz + 043) max (|| ¥(-)

+(az +ag)h- Y max (VOO VOOl + 1FC) | <
j=0

< (B2 4 1) (o2 + o) max(| w()

() llaa)+
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(e + ag)hmax (3 IV S IVO Ol ) + 1G]
j=0

j=0
Orcrona n u3 onenku (14) nveem
max (|[VED [, [VED ) <

Qg GpOp

19 () lla,1)+

< max (22, 2% 4 1) [(az + ag) max(| ¥()

g g

(e + ag)hmax (3 IVOO I Y IVO Ol ) +1POIL]- (15)
§=0 §=0
U3 mepasencrsa (15) npu i = 0 mosryunm

max (||V(1)(')H1a ||V(1)()Hl) <

ap Qo

< max (72, % 1) (02 + ag) max (1L o1, 1O)lo) + 1FO) ).

(o g

IIpu @ = 1 u3 HepasencrB (15) ¢ yderom oOueHKH i QyHKIUIL
V(t), VA (t) momyanm

max ([[VE ()1, [VE()[1) <

ap g0

< max (22, X 1) ((ag + ) max (V) o1, ¥ o) +1 51

o o
ap o0

Haz+ag)hmax (VO [VOO)ll) ) < max (22,

+1)) ((02 + ag) max(|w()

Amayormuano ms VO (1), VO (1) uz (15) nmeenm onenxy

max (||V(3)(')H17 ||V(3)()Hl) S

> +1) (1+(a2+

19O llan) + IEC))

ap O0pgQq
+ a3)h max (
o’

2
< ma x(ao, oM 1) <1 + (o +a3)hmax<a0 a0 1)) X
o’ o o’ o

x { (a2 + o) max(10 ()l 1 C)la) + 1] }
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[Ipomnoikasi, ans soboro ¢ = 0, N yCTAaHOBUM OIEHKY

max (VD[ [VEFV(h) <

i
< max (ao a0 1) (1 + (a9 + a3)h max (ao QoM | 1)) X
o’ o o’ o

x { (@2 + ag) max(| 8 () a1, ¥ O)lla) + 1711 } <
< K(ao,a1,0)<1 + (a2 + ag)hK(ao,al,a))% {y|ﬁ||1+

+(az + az) max([[(-) a1, ||‘i’(-)||a,1)} = Aw, W)[[@()]- (16)

JokazkeM eJIMHCTBEHHOCTH perieHusi Kpaepoil 3amaun (11), (12). Ilycrs cy-
mecrsyor asa pemenus VO (t) u V(Z)( t). Ux pasHocTb 00O3HAMHM t|epes
AVO@), me. AVO(t) = VO (1) — v (t). Oas AV (t) umeem xpaesyio 3a-
HaTy

dAV i+

o . i+1 . - . )
- = A(ih, ) AV 1 B(ih, t)h >~ AV + C(ih, t)h Y - AV,

j=0 j=0

AVEH#(0) = AVEHD(T)

n JJid Hee CIIpaBelJInBa OIlEeHKa

max (AVED ()1, [AVED () <

ap oo

<maX(

2L 41) (s + as) thaX(|AVJ)()||1 AV ). (17)

O'

Tak kak 1o upesnosnoxeniio VO (t) = 0 u VO (¢) = 0, vo u3 (17) npu i = 0
HOJTY TUM

1AV =0, me VO

s mocaenyomux oy KT AV(HI)(t), i =1, N, UIMeOT MECTO OLIEHKH

Qg Gpa

(i+1) <
[AVED()]lp < max (22, 2

+1) (1 + (a2 + ag)h max (ao QoM 1>)Z x

o g
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% (o + ag) hmax ([ AV 1, JAVD()]) =

Orcroma mostyanm, uro AV (1) =0,i =1, N, t € [0,T7.

Tlostomy Vit (t) = V(Hl)(t) Juist Beex ¢ € (0,7, i =0, N, n 3amaqa (11),
(12) umeer enuncrBenHoe pemenue. Teopema 1 nokasana.

[To naiijileHHBIM DYHKIUSIM V(Hl)(t), i =0,N, na Q crpogrcs dpyHKImII

Up(x, +hZV(J )+ VD) (z —in), € [ih, (i + 1)h),
Wi (z, +hZV(J )+ VD) (z —in), € [ih, (i + 1)h),
Vi(o,t) = v<i+1>(t)¥ + V@ (t)““%h_, € [ih, i+ 1)h).  (18)

B crremyiomem pasjesie yCcTaHABIMBACTCH OICHKa GIM30CTH ITOCTPOCHHOI
rpoiiku byukuuit {Up(z,t), Vi(z,t), Wh(z,t)} K TouHOMYy peleHnio 3aja<du

(6)-(8).

3 YCJIOBUSA PA3PEIIMMOCTU U AJITOPUTM HAXOXKJEHUSA PEIIEHUA
HOHYHEPI/IO,ELI/I‘—IECKOI/"I KPAEBOW SAJAYUN

Bsenem oboznauenmst

F(x) = max <H f(xaz‘c)tl—(xjjgih, )

1

N (s a f e o )

As(x) = max {ao(H@(x’(.L)l&fL_Q)(ih’ ) ‘1 + Hai”(‘” a)l(— as(ih, - H )
_|_Ha4($721(—xj154)(zh, )‘
wof | 2T

9

1

ag(x,)—ag z—l H)

al
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70

etz )
az(x,-)

As(z) = o +
( al(‘ra ) 1)
Ap(z) = [A1(2) + max (Az(z), A3(z))w] Mw, h) | @() 1+
+Az(z) max (||¥]a,1, [ ¥llaa) + [1F (@, )1,

A3a) = o (o0 + 1) i) 4 (e, - agin o+
(7)) (7))

A, ) = A = Dy )l ) A, ) [9C)+
max (|| B(ih, )1, |B(G = 1, ) 1) +max (|C (k)11 10X = Dy -)]11) x
x| max((lo ()1, [0 ) + @ A, ) [ @)1 |+
+max(|F(z,) = F(ih, )|y, [ F () = F(( = Dh, )|,
Ano) = max(A(€), A4} (€)) s

a4($, )

ag(%,-)
ay(z,-)

ay(z,-)

)
1

1

Bh(fv)Z/OiﬂaX(Ai(&)?Ai(&))d£+3h>\(w, MI@C) L,

a = max Q lax(z, )] T) = ex / .
<1,1+[0+ ! 1D,7() p<O/A3<§>df)

ao

TEOPEMA 2. ITycrs Bbiromensr yciaosus Teopemsr 1. Torya ma §) cymecTBy-
er eauHCcTBeHHOE perrienne u*(x,t) kpaepoii sajaun (1)—(4) u crupaBesuBer

)=

a1(§, )
)

f('x"

ay(z,-)

du*
ot?

OIEHKN

ou”* (1?, )
ot

max (Hu*@:, i, ,
1
X

dﬁ] ;

< max(1, a0}y () [2max( ¥ [¥0) + [
0 1

a
)=
) =2
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ai (67 )

(1, ao) (o) o femax( 0], 1)+
0

df} .

1
JHOKABATEJILCTBO. Ilpu  BbimoJIHEHWU — YCJIOBUHL ~ TEOPEMBI  IOKa-
JKEM, UTO CYIIECTBYeT pemleHne Kpaesoil 3amadn  (6)-(8). Permenne
{U*(z,t), V*(x,t), W*(x,t)} samaum (6)—(8) wHaiigem MeTOIOM IIOCIIEI0-
BaTeJIbHBIX Hpubsmzkenuii. 3a HadanbHoe npubsmkenne no U(z,t) u W(x,t)
BosbMeM U (z,t) m Wi (z,t) coorsercrsenno, a V(x,t) maiimem, xax
pelnrenne nNepuoJniecKon KpaeBol 3a1a9m

ov

e = A(z,t)V + B(z, t)Wy(z,t) + C(x,t)Up(z, t) + F(x,1), (19)

V(z,0) =V(x,T). (20)

Tak Kak ycsioBue TeopeMbl 00ecriednBaeT BbIIIOJHEHHE YCJIOBUs TeopeMbl u3 |12,
C. 104], To cymecrsyer emuncrsenoe pemenne V1 (z,t) samaun (19), (20).

Onennwm pasnocrs bynxmuit VD (z,t) u Vj,(z,t) ¢ yaeTom npecrapienms
(18):

V(@) = Vi, ), <
—(i—1h ih—x AT —(1—1)h ih —x
<y iy y(E=C e = =Dh <
—HV (x’)< h T ) v h s Hl_
i r—(t—1)h oy th—x
< ||V(1)(x, ) — o +1)H1(h) + HV(I)(:::, N — 74 )||1 - <
< max (VO (@,) = VED |, VO (@, ) = VO, ). (21)

O6osnaumy aepes AV (z,t) pasmocrs dynkumit VO (z,t) — VD (4,5 =
1, N. Yuurssas, aro V) (¢),i = 1, N u VI (z,t) — coorsercrrento pere-
uust 3aza4 (11), (12) u (19), (20), To AV( )(z,t )HBJ’[HQTCH perenneM KpaeBoit
3a/1a9u

PYNTAY

o = Az, ) AV 1 [A(z, t) — A(ih, )]V D )+

+[B(z,t) — B(ih, )] ( +hZVJ) >
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+B(z, )V (t)(z — ih) + [C(z,t) — C(ih, )] x
x () + hZV(J (1)) + Cla, OV O W) (@ — ih) + F(a, t) = F(ih, 1), (22)

AV (z,0) = AV (2,T), z € [0,w]. (23)
Insa A?(l)(az,t) o teopeme u3 [12, c¢. 104] cupasemmBa oneHka
A(z,t) — A(ih,-)
al(l‘a )
C(x,t) — C(ih,-)
ay(x,-)

1AV (@, )l = [VO (e, )=V < ag IVEDOlh+
1

+ao ) .

x((max (11 o1, 119 lar) + Y mas ([VOly, [V ) )+

B(x,t) — B(ih,-)
ai(z,-)

1

=0
+ag max (VD )|, [VED () [11) %

B(z,") C(x,1) . F(x,t) — F(ih,-)
(o) e e AL G U e e I
< [ale)alb)) |v<i+1><->u1+(ao\\aQ(x’;@ﬁ(m")Hl
L ) e 0 1)
1S max (VO [VO])] + (o ] R Prreow] Rt e DR

§=0

><max(HV(+1 [E Jrl)||1)|55 (i — 1h‘+Hf 2a1( Zh H

= mi a)l( i H v +1()”1+<a0Ha2 a)1(x,a‘2)(m )H1+
o R e T N O
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o (e
T O s | R e |

i+1
) )hzmax (V9 l1, [VO ) +

f(ﬂj,t) - f(Zh’ )

I 20, ) —Hal a)1< DI Ao,y 21+
e R e e el K
+ a)1< O Y s (o, o) +
+max<a0H a)l( as(ih,-) H N 0Hag a)l( as(ih, -) H+

o et R

) 1>+

i )xm<w,h>|r¢><->||1+ R

s(H” e R Eree LR
) Y ) + |22 D)

o o222 B st ) )
e (e o N M
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+Hf . Hl (24)

2a1

AHAJOTUYIHO TOJYINM OIEHKY

1AV @, ) = VO (@, ) = VO <

= [H“l(w, ) —ai((i = 1)h,) H n max{%(Haz(:v, ) —az((i = 1)h,) Hﬁ

al( ) ax(z, )
L )+ e T
%ﬂfi’“* )+H’H}4MMMWOM+
L e e R “31 .+
+|a4(x,~);1a(z;<,<f) l’ )max a1, ||\11|101H ((S_)l) )|‘1. (25)

U3 onenok (24), (25) nomyunm

||AV(1)(95, I = max (||V(1)(x N — V(z‘+1)”1 ||V(1)(l', N — V(z‘)”l) <

e e
(R e R e A
. a4(a;,21(—;3(m,.) 17040( as(z, ) ;fb(gx(,(-i)_ 1)h, ) +
st —ala(?;c(’(.z’)—l)h,-) 1>+ aa(z, ) _c,,f'fif,(i_l)h") 1]’
of 23], o] )+ st Jo e
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Hnax{“()(” i_::f?)(m’ )HPLH%( ai( e H )JFH )(_;Ca%)(ih") X
o |2 )
+Hm(g;, ) ;fb(z;(,(.i)— Dh, ) Hl} x max (|| ¥]|a1, [|¥]la,1)+

+max (H " 2a1 f

N oo DR

+max (Az(w),As(x))w] (w, h)||<I>(-)|h + [ F(, )+
+Ag(z) max (|| W] a1, [ ]lar). (26)

YunteiBast paBeHcTBO (18), nMeem

N —(1—1)h
V@)~ Viale, Y < IV (e, ) = V| E= DR
+IVi (e, ) -
< max (|[V 7 (z,-) = VDO, (VP (2, ) = VOOl (27)

Tak kax dyuxmun VO (2, 1) n VD (¢) yrosrersopsior auddepenmanbubin
ypasaenusim (11) u (19), To cupasemBa oneHka

Vi (@, ) = VED () <

<Az, t) VD (z, ) + B(z, )Wy (x, t) + C(z, )Up(z, ) + F(z,-)—

—A(ih, Y () = B(ih, ) (¥(-) + h Z VU()) = C(ih, ) (()+

+hYy VU(R) = F(ih, )l < |Gz, ) VD @, ) = VED O+

HIA(, 1) = AGh, )WV Gl + (1B, )+
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+HC(ih,)ll1) [maX(H\P(-)Ha,h 1) la,n)+

+h 3 max (VOO L IVO O] + 1P @, ) = Fh ). (28)
j=0

Anasornuno onenke (28) momym
IV (@, ) = VO <
<A@ I IVD @, ) = VOO + A, ) = A = Db, 1 [[VO )1+
(1B = DA+ 1C(G = DR, )) [ max(1C) ot 190 o)+

i—1

13 max (VOO VOOl + 1@, ) = F(G - Dh, Y (29)
j=0

5 onenox (28), (29) momyiy
max |V (@, ) = VD Olly, [V (@) = VOOlh) <
< || A, )y max (VO @) = VED O, VO (@) = VO )+
+(lIAG, ) = AGh, )+
A, ) = A = D)l ) max (1VED ), [VOO)ll)+
e (|| B(ih, )1, B(G = Dh, Y1) + max (|C G, | O = 1, -)lla)

x| max (W) g, ¥ ) + R D" max ([VOC |, [V ]+
j=0

+max(||F(x,-) — F(ih, )|, |F(z,-) — F((i — 1)h,)[1) <
< 0}0 <a0 + W) ([Al(x) + max (Ag(x), Ag(x))w])\(w, )@ ()1 +

o+ Ag() max (|9 a1, 1)lat) + 1 F @)l ) + (I1AG, ) = AGh, )+

+l Az, )= A((i=1)h, ')Hl)k(w, W@ )l +max (|1 B(ih, ), | B((G=1)h, ) 1)+
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+max(||C (ih, ) ||1, [|C((i = 1)h, -)]1) X[maX(H‘If(JHa,l, 1) la,1)+
+w-/\(wah)|!‘1>(‘)H1} + max([|F(z,-) = F(ih, )|y, [|[F(x,-) = F((i = 1h, -)[l1) =

= A?(x). (30)

[Toxcrasisist onenky (26) B npassle wactu (21), mosyunm
HV(l)(x, Y = Vi(z, )

[Al (z) + max (Ag(:c), Ag(:z))w})\(w, P = A,ll(a:) (31)

Haiigenmee V) (2, 1) u V;(l)(x, t) moacrasisist B GyHKIMOHAILHOE COOTHOIIIE-

LS, )1+ max([¥la, [ 9]]a,1)Az(z)+

uue (8), nveem

UMD (z,t) — Up(a,t) =

T i—1
/(V(l)(g 1= Vi (&, 1) dg+/ V(& t)de—h Yy VI () -V (t)[a—(i-1)h],
0 7=0

(32)
WO (z,t) = Wy (x,t) =

x

— [V nvinte t))d5+ Viu(e, DS VO 0TG- 1AL, (39

0 J=0

U3 coornomenus (18) umeem
@& @ 2h—¢
/Ovh £,t)de = / YV (t)h]d§+/ [V (H=—+

@@l R (PN ek STV Sl Gl 1
V(1) ]d§+...+/(i_2)h [V (H)=——+vO }d5+

h
+ / [V(')( )Z}LT&FV(ZH)( )Mh_l)h}dg: [V(l)(t)-kv(i)(t)} %h[V(Z)(t)+
(i—1)h

+V(3)(t)+...+V(i_1)(t)}+ / [V(i’(t)ih}l_erV("*l)(t)Hh_l)h

(i—-1)h

MATEMATUYECKUN KYPHAJI. — 2018. — T. 18, Ne 4



78 C.C. KABJIPAXOBA

B mpasyio gacts (32) u (33) nojcrasisist BolpazkeHnst (34) U yqInTBIBast OIEHKH
(16), (31), mosxyunm

10D (@) = Un(a, )lls < /0 A()dgFmaxe (IVO o, VO ) o= (= 1) I+
masc ([IVE e VOl h+ VOOl = G = 1)kl < /0 ke

+3h max [V < /0 LAl ©de+ 3@ IO, (9)

WO, )= Wi, ) < /O AR (E)de-pma (17O 1, [V ) fo— - 1)h+
o mae (V1 (V) b+ VOl = (6 = 1)k] < /0 A (€)de+

13k max [V, < / A2(OdE+ 30w SC)]. (36)
i=1,N 0
U3 onenok (35), (36) nosyaum
max([UD (z, ) — Un(z, ), WOz, ) — Wale, )h) <

< /Ox max(A(€), A7(€))d€ + 3hA(w, h)||2() |l =

- /0 " An(€)dE + 30w, 1) |[B() |1 = Ba(a). (37)

CHoBa paccMarpuBas Kpaesyio 3agady (6), (7) mpu U = UMD (z,t), W =
W (z,t) u yanrsisas ouenky (37), mosyamm

max(|V (2, ) = VO (2, )1, VP (2, ) = V(@ )h) <
< [oo (|22, + 2230, ) +

*HZ?& :; | ] max(U® @, ) = Un(a, ), WO (@) = Wil o) <
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< oo (|22, #2823, #2223 v - acm.

ay(z, )l ay(x,-) ay(x,-) 1

HpuV =V®(z,t), V, = V;(Z) (z,t) U3 HHTErpaIbLHOrO COOTHOIIEHNS (8) nMeeM
U (z,t) = /V (&, t)de, WP (z,1) /Vt (&, t)d

Torma myst pasuocreit U (z,1) — UM (z,t), WP (z,t) = WD (2, t), yaurssas
oreHky (38), mmeem

max(|U® (z,-) = UD (@, )[|1, W (2, ) = WD (x,)|h) <

= / max(|[VA (&, ) = VOE )1, V€ ) = Vi€, ) ) de <
0

< [ (o230 lize31)
as (¢, -)

a1 57

Hasee kpaesyio sagady (6), (7) pemaem npu U = U (z,t), W = W®(z, 1),
maxoaum V) (z,t). Ananormano onenkam (38), (39) mosryunm oneHK

i) Berie = [ aso B (39)

max (IV@(2,) = VO, ), 1V (@,) = VP @, )l1) <

< Asz(x) [ As(&)Bn(§)dE, (40)
[0

max(|U® (z,-) = UP (@, )1, W (z,) = W (z,)|h) <

/max V() = VEE N IV (€ ) = V(g ) h)de <

MATEMATUYECKUN KYPHAJI. — 2018. — T. 18, Ne 4



80 C.C. KABJIPAXOBA

x

/ /5A3 Bhgldfldfﬁzl(/AB ) W@). (1)
0

0
[peanonaras, aro V*) (z,t), Uk) (z,t), W k) (z,t), k=2,3,..., U3BeCTHBI U

YCTaHOBJICHaA OIlEHKa

max (V3 (@, ) = VED (@, ) 1, 1V @, ) = D @l ) <

<a(e) (VD€ )V ED 6 VD e (42)
0

crejyroliee npubamkenne 1mo Vo Haiijgem, perras ceMefCTBO NEPUOINYECKUX
KPaeBbIX 3aJa4

8v(k+1)

o = Az, ) VED L B, YW (2, 8) + C (2, ) U P (1) + F(, 1), (43)

VED (2 0) = VER (2, T). (44)

Oynxrpm UFED (2, 6) w WEH (2, 1) onpesensiem u3 byHKIMORATBHBIX COOT-
HOIIIeHUH

U* (2,8) = (1) + / VO d, k=1.2....
0

WD) = o)+ [ Ve k=12
0
Orciona, orenmpas U (2, £) = U®) (z, 1), WEHD (2, £) = W) (2, t), mommy<mm

max (U (@) = 0D (@, )1, [WED (@) = WO (@, ) <

< /max(||v<’“+1><s, FVERYE LIV E VR (€, ) )de, k=1,2,..., (45)
0

u aasorndso (38)—(41) umeem

e (VD (a,) = VO, ), IV a,) = V() <
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<A / max([V® (€, ) = VED e ), VP (€, ) = V(e ) )de <
k—2

§A3($)-(]€_12)!</A3(§)>d£) Bu(z), k=1,2,3,...  (46)
0

[VED(z,) = Vi(z, )|l <
< WVED (@) = VE (@ )+ [V (2, = VD (2, )+

HIVO (@,) = Vi(z, )l < An(z) + By(z exp(/ As(€ ds> (47)

(I (@, ) = U, Y, IWED @, ) = Wale, )l ) <
< max (JU* D (@, ) = UO (@, )1, [WED (@) = WO (@, )1 )+ +
+max (U (@, ) = UO (@, ) o, W, ) = WOz, )| )+

+max (|U0 (@) = Un(e, ), WO (e, ) = Wala ) ) <

< By(z) exp ( /0 ' As(€)de) d§>. (48)

YuureiBast paBHOMepHYIO HenpepbiBHOCTL (ynkiun F(z,t) na  u crpykTy-
py dyuknuit Ap(x), Bp(z), npu h — 0 u3 orneHok (45)7(48) HOJIyIUM, 9TO
nocaesosaresbrocts dymxrmmit {UF (z, ), WE (2, 1), VE (2, )}, k = 1,2, ...,
na ) paBromMepHo cxomures K {U*(x,t), W) (x, t) V*(x,t)} — pemenuio 3a-
naan (6)—(8). Caenosaressho, cucrema dbyuxmmit {Uy (z,t), Wy (z,t), Vi (z,t)}
SIBJISIETCsT IPUOJINKEHHBIM perenneM 3aa4u (6)—(8), HoCTpoeHHbIM NIPH 110-
MOIIM MOAU(UKAIIIT METOJa JJOMaHbIX Ditjaepa. OTCro/la BEITEKAET, 9TO TOJTY-
nepuoyeckas Kpaesas 3a1ada (1)—(4) umeer pemenne u*(x,t) = uj(x,t) +
u;(l’, t), Ut(z,t) = (u’{(x, t), u§(33, t).

ITo Teopeme u3 [12, c. 104] mist pemennst V*(z, t) 3amaun (6)—(8) cupases-
JIMBA OIECHKA

f(ﬁ,)

IV () < A ma(J0 ) W o) ) + |2 2

)
1
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1V ) < (oo + 192 o

Ay () ma((|U* (e, ) W ) ) + 2

2
<(i4fo+ L))

s IIOCJ/IEJHUX HEPaBEHCTB IIOJIYYIUM

f(l', )

ay(zx,-)

1

As() max(|U (, Y, [, ) 1)+ H 51(55 '-)>

J

(Vo IV o)) < e (1,14 [+ 122

f(.%', )
ay(z,-)

X

Az () max([|U* (@, )|, W (2, )[[1) + %

] . (49)
1

Torna us (8) cuemyer

max(||U* (2, )|, [IW*(z, ) [l1) < max([@]a,, [¥]lai)+

+/maX(IIV*(€7 s IV € l) dé <max((Wa, 1 9o+
0
1 H [

+a0/ A3(&) max(1U7 (&, IV (€ ) + 5 || 725 1]d§’

2
OTCIO/Ia 110 HepaBeHCTBY ['poryosuta -Beimana momydnm

max([[U" (2, )[1, [[W*(z,-)[l) <

< G max(|¥ o, 1¥]er) exp ( / A3<5>d5) +exp ( / A3(€)d5> 9
0 0
lw AGR =~(x) max I 1 T [ f(&-)
><20/ € 1d£—’7( ) (H\IlHa,1>”\I/||a,1)+2’7( )0/ ) 1d§. (50)
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[Moncrasiss (50) B mpaByio qactsb (49), nmeem

max([|[V* (2, ) |1, 1V (2, )l1) < As(@)y(2) max(([ @], [19]a,0)+

e /‘

Coracno obo3HaveHusIM (5) BBIIOTHSIOTCS HEPABEHCTBA

« f(xa)
e+

al (CL', )

1

. . aQu* .
Hu (‘Tv)Hl < 2HU (xf)Hl? W < 20[0||W (x7')”17
1
ou* ou* 9%u*
<20||U*(z, - < ||\V*(x, - Z 2 < 2a0llV*(x. -
%], <200l |G| < 1o | G| < 20000

upu (z,t) € Q. C ux yuerom u yuerom nepasencts (50), (51) mosyuum onenku

oo ou*(x,-) 0*u* ><
s (o)1 | 250 || ) <
< 2max(, 0y o) mas( Wl | ¥lo) + max(t 0 (o) [ | L€ ae
0
ou* ($, ) *u* (.%', )
e (H Oz 1" dzot 1)S
< 2max(1, ag)y(w) Az () max([|¥]|a,1, [ ]la,1)+
f(xv)

+ max(1, ap) As(x /’

5(')

EnuucrBenHOCTD periennst kpaeoii 3aa4un (1)—(4) JoKasblBaeTCs METOJOM OT
npoTuBHOTO. Teopema 2 goKa3aHa.

1
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Kabapaxosa C.C. KJIACCUKAJIBIK EMEC YIIIHIIII PETTI TEH-
JEY YIIIH »KAPTBLJIA ITEPMOTHI HIETTIK ECENTIH, HIEIIIIMIH
ZKVBIKTAII TABYIBIH, BIP ©/1ICI

Kiraccukasbik emec yimiamm perTi Oip TeHJiey VIIH KapThLIail TePUOITHI
IIETTIK ecell KapacThIPbLIadbl. 2KakcapThifal Diljiep ChIHBIKTAP 91CI apKbLIbI
KypbUIFaH QYHKIUSIAP YINTITNHIH KAPaCTBIPBLIBII OTBIPFAH €CEITiH, T9J1 11~
IIiMiHe YKAKBIHILIFEI OarajayiapblH KaMTaMachl3 €TeTiH KeTKIJIIKTI maprrap
aJIbTHFaH.

Kinrrix ceznep. KitaccukaJiblK, eMec YIIHIN peTTi TeHJiey, *KapThuiail 1e-
PUOITHI IIETTIK ecell, YKAKCAPThIIFaH Diljep ChIHBIKTAP 9J1ici, *KYbIK, MIEITiM-
Jiep, MEePUOATHI IMIETTIK ecenTep, Kol auddepeHnnaIbK, TeHIeyIep Kyiie-
JIepi.

Kabdrakhova S.S. ON ONE APPROXIMATE METHOD OF FINDING
SOLUTION OF THE SEMIPERIODICAL BOUNDARY VALUE PROBLEM
FOR THE NONCLASSICAL THIRD ORDER EQUATION

Semi-periodical boundary value problem for a non-classical third order
equation is considered. Sufficient conditions are obtained which provide
estimates of the proximity of the constructed three functions to the exact
solution of the considering problem by modifying the Euler’s broken line
method.

Keywords. Third order nonclassical equations, semiperiodic boundary
value problems, modification of the Euler’s broken line method, approximate
solutions, periodic boundary value problems, systems of ordinary differential
equations.
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ON INVERSE PROBLEM OF RECONSTRUCTING
SUBDIFFUSION PROCESS WITH DEGENERATION FROM
NONLOCAL DATA

M.A. SADYBEKOV, A.A. SARSENBI

Abstract. In this article we consider an inverse problem for one-dimensional degenerate
fractional heat equation with involution and with periodic boundary conditions with
respect to a spatial variable. This problem simulates the process of heat propagation in
a thin closed wire wrapped around a weakly permeable insulation. The inverse problem
consists in the restoration (simultaneously with the solution) of an unknown right-hand
side of the equation, which depends only on the spatial variable. The conditions for
redefinition are initial and final states. Existence and uniqueness results for the given
problem are obtained via the method of separation of variables.

Keywords. Inverse problem, heat equation, equation with involution, subdiffusion
process, equation with degeneration, periodic boundary conditions, method of
separation of variables.

1 INTRODUCTION

In recent years, the phenomena of anomalous diffusion has been observed
in many fields, such as turbulence, seepage in porous media, pollution control.
The demand for appropriate mathematical models is high from biomechanics
to geophysics passing by acoustics. A most used approach to depicting a
variety of complex anomalous diffusion phenomena is a nonlinear modeling
that is generally mathematically challenging to analyze and computationally
very expensive to simulate. In addition, the nonlinear models often require
some parameters unavailable from experiments or field measurements. As
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alternative approaches, in recent decades, fractal and fractional derivatives
have been found which is effective in modeling anomalous diffusion processes.
The advantage of the fractal or the fractional derivative models over the
standard integer-order derivative models is in that it can describe accurately
the inherent abnormal-exponential or heavy tail decay processes.

Fractional powers in indicators also arise when describing fractal
(multiscale, whole-like) media. In a fractal environment, unlike a continuous
medium, a randomly wandering particle moves away from the launch site
more slowly, since not all directions of motion become available for it. The
slowing down of diffusion in the fractal media is so significant that the physical
quantities begin to change more slowly than the first derivative and this effect
can be taken into account only in an integral-differential equation containing
the time derivative of fractional order:

Diu(z,t) = Ayu(x,t) + F.

In this paper, we consider an inverse problem close to that investigated in
[1], [2]. Together with the solution, it is necessary to find the unknown source
term of the equation. The equation contains a fractional derivative with respect
to time and an involution with respect to the spatial variable. In contrast to
[1], [2], we investigate the problem under nonlocal boundary conditions with
respect to the spatial variable. The conditions for determination are initial and
final states.

The second main difference in our problem is that the unknown function
enters both in the right-hand side of the equation and in the conditions of the
initial and final overdeterminations.

Let us consider a problem of modeling the thermal diffusion process which is
close to that described in the paper of Cabada and Tojo [2|, where an example
that describes a concrete situation in physics is given. Consider a closed metal
wire (length 27) wrapped around a thin sheet of insulation material in the
manner shown in Figure 1.

Assuming that the position x = 0 is the lowest of the wire, and the
insulation goes up to the left at —m and to the right up to m. Since the wire is
closed, points —m and 7 coincide.

The layer of insulation is assumed to be slightly permeable. Therefore, the
temperature value from one side affects the diffusion process on the other side.
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O(—m) = P(m)

®(—x) ®(x)
®(0)

Figure 1 — The closed metal wire wrapped around
a thin sheet of insulation material

For this reason, the standard heat equation is modified by adding an extra term
*® *®
- (=) to W(a:,t) (where |e| < 1). Here ®(xz,t) is the temperature at
o x
point x of the wire at time t.
We consider a process which is so slow that it is described by an evolution
equation with a time fractional derivative:

3

tPDED (2,1) — By (x,1) + ePpy (—z,t) = f(z), a+ >0, (1)

in the domain Q = {(z,t): —7 <z <m, 0<t<T}. Here f(z) stands for
an external source that does not change with time; ¢ = 0 is an initial time
point and ¢ = T is a final one. The derivative Df* defined, for a differentiable
function, as

(Do) (t) = I« [jtcp(t)] ,0<a<l1, tel0,T],

is the Caputo derivative built on the Riemann-Liouville fractional integral

11—« _ 1 ! 90(5) s a
I [go(t)]_r(l_a)/o (t—s)ad’0< <1, tel0,T).

Caputo derivative allows to impose initial conditions in a natural way.
As additional information, we take

O (2,0)=¢(x), ®(z,T)=190(zx), z€l[-mmn] (2)
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Since the wire is closed, it is natural to assume that the temperatures at
the tips of the wire are equal at all times:

O (—m,t) = (m,t), t €[0,T]. (3)

If we consider a process in which the temperature at one end at every time
point ¢ is proportional to the (fractional) rate of change speed of the average
value of the temperature throughout the wire, then,

B (=7 t) = 420 /W B (¢,1)de, te[0,T]: ()

—T

here v is the proportionality coefficient.
Thus the investigated process is reduced to the following inverse problem:

Find the source term f(z) of the subdiffusion equation (1), and its solution
®(z,t) subject to the initial and final conditions (2), the boundary condition
(3), and condition (4).

Let us mention the case when o =1, 5 = 0 was examined in [3], [4].

2 REDUCTION OF THE PROBLEM

Condition (4) is nonlocal. The integral along inner lines of the domain
is present in this condition. Using the idea of Samarskii, we transform this
condition. Taking into account equation (1) from (4), we get

B(mt) = [ {Be(6.0) — e (€.0)+ £ (O}, 1€ 0.7
Hence
B (1) =71 - ) () ~ & (-m, 1))+ [ F()dE, t€ 0,71,

As was shown in our work [5], for the existence of a solution, it is necessary
to satisfy the equality

r©dg=o. o)

In what follows, we will assume this equality to be fulfilled.
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Let us set
u(z,t) = &(x,t).

Then in terms of the new function wu(z,t), we get the following inverse
problem: In the domain Q = {(z,t): —w <z <m, 0<t<T} find a right-
hand side f(x) of the time fractional evolution equation with involution

t P D (2,1) — Uge (2,1) + EUge (—,1) = f (2), (6)
and its solution u(x,t)that satisfies one initial condition
w(@,0)=6(x), v€l-mnl, a+f>0, (7)

one final condition
U(J,‘,T) = 1/’(37)7 YIS [_ﬂ-aﬂ-]a (8>

and the boundary condition

0,
0, tel0,17, 9)

{ Uy (—7,t) — ug (m, 1) — au (mw,t) =
u(—m,t) —u(m,t)

where ¢(x) and v (z) are given sufficiently smooth functions, 0 < a < 1, e is a

1
(e—1)
that f(z) satisfies condition (5).

In the physical sense, the second of conditions (9) means the equality of the
distribution density at the ends of the interval. And the first of conditions (9)
means the proportionality of the difference of fluxes across opposite boundaries
to the density value at the boundary. We note that in [1] the Dirichlet boundary
conditions u (—m,t) = u (m,t) = 0 were used instead of condition (9).

Let us mention that the well-posedness of direct and inverse problems for
parabolic equations with involution is considered in [6]-[8], and the solvability
of various inverse problems for parabolic equations was studied in papers
of Anikonov and Belov, Bubnov Prilepko and Kostin, Monakhov, Kozhanov,
Kaliev, Sabitov and many others, see [9] and [10]. In [1], good references on
related issues are cited. We note [11]-[31] from recent papers close to the theme
of our article. In these papers different variants of direct and inverse initial-
boundary value problems for evolution equations are considered, including

nonzero real number such that |e| < 1 and a = . Moreover, we assume
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problems with nonlocal boundary conditions and problems for equations with
fractional derivatives.
Problem (6)—(9) for a = 0 was considered in [30], and for a = § = 0 in [31].
Let us finally mention that we will use the Fourier method to solve our
problem. Here, we use a spectral problem for ordinary differential operators
with involution. Similar spectral problems are considered in [32]-[43].

DEFINITION 1. A regular solution of the inverse problem (6)—(9), is a pair of
functions (u(z,t), f(x)), u(z,t) € C24(Q), f(z) € C[—m, 7] satisfying Eq. (6)
and conditions (7)—(9).

DEFINITION 2. A generalised solution of the inverse problem (6)—(9), is a pair
of functions (u(z, 1), f(z)), u(z,t) € W' ()N C (Q), f(z) € Ly (—m, ) that
satisfy Eq. (6) and conditions (7)—(9) almost everywhere.

3 SPECTRAL PROBLEM

A similar spectral problem was considered in [4].
The use of the Fourier method for solving problem (6)-(9) leads to a
spectral problem for the operator £ given by the differential expression

LX ()= -X"(2)+eX" (—2) =X (2), —mr <z <, (10)
and the boundary conditions

{ X' (—7) = X'(7) —aX (7) =0,
0

X (—7) - X () ()

i

where A is the spectral parameter.

Spectral problems for Eq. (10) were first considered, apparently, in [34].
There was considered cases of Dirichlet and Neumann boundary conditions,
and cases of conditions in the form (11) for a = 0. Here we consider the case
a> 0.

We search a solution of Eq. (10) in the form:

A A
X = A i B = =
(x) sin (u1w) + Beos (u2x) , p1 =4/ 1 M=\

where A and B are arbitrary complex numbers. The boundary conditions (11)
lead to equations

sin (p1m) =0, tan (uem) ZQLMQ'
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Therefore, the spectral problem (10)—(11) has two series of eigenvalues:

Mg = (1+e)k? keN;

_ a
Ck+1

with corresponding normalized eigenfunctions given by

Mz = (L—e) (k+ 0" 6

0(1)>0, ke Ng=NU{0},

1
Xiq (z) = ﬁsin (kz), k€ N; Xpo(x) =vgcos((k+6g)x), ke Ny; (12)

here v}, is the normalization coefficient:

a2

(k + 0) [a® + (k + )" 2]

vt =|lcos((k+ ) ) ||° =7+

It is easy to see that the system (12) is simultaneously a system of
eigenfunctions for the Sturm-Liouville operator

L1X (2)=-X"(2) =2X (z), —T <z <,

with the self-adjoint boundary conditions (11) corresponding to the eigenvalues
A1 =k, kEN; Ao = (k+6)% keN.

Consequently, the system (12) forms an orthonormal basis of Lg (—, ).

4 UNIQUENESS OF THE SOLUTION

Let the pair of functions (u(z,t), f(x)) be a solution of the inverse problem
(6)-(9). Let us set

ug; (t) = /7r w(z,t) X, () de, fri= i f(@) Xk, (x)dx, i =1,2. (13)

—T

We apply operator t D to uy; (t). Then, using Eq. (6) and integrating
by parts, we obtain the problem

t_'gDau;m' (t) + )\k,ium (t) = fk,iv 0<t<T, 1=1,2 (14)
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ug; (0) = dps, i=1,2; (15)
UE,q (T) = wk‘,i’ 1= ]-7 2’ (16)
where
Pr,i = P(2) Xp,i () dz, Yp; = () Xy () d.
It is easy to see that the function g, (t) = ()\k,i)flfm is a partial

solution of the inhomogeneous equation (14). Using the general solution of the
homogeneous equation (14), which is constructed in ([44], p. 233) for a+5 > 0,
we get

sz

—)\, . $otB -
/\’“"i'clm a1+63< Ak t ), 0<t<T, i=1,2,

ug (1) =

where E,131,1-q is the generalized Mittag-Leffler function ([43], p. 48):

chz co=1, ¢, = HF jletp)+B+1) ,keN,

= (@1 B) tatprl)

a1+2.4(

and the constants C}; and fi; are unknown.
To find these constants, we use conditions (15) and (16). From (15), we
obtain a unique solution of the Cauchy problem (14)-(15) in the form

sz

U i (t)= [1_Ea’1+é’ﬁ<—>\k,i ta+ﬁ>} N
[eaye) Z

(i) Egyp0 8 <—>\lm taw) - (17)

Since A, ; > 0, then by virtue of the well-known asymptotics [44]:

M
‘Ea,1+§,§ (z)’ < T arg (z) =m, |z| = 0o, M =Const >0, (18)
T > 1, the estimate
1—Ea 1488 <_)\k,i TOH_ﬂ) >m* >0 (19)

holds; the constant m* does not depend on values of the indices k, i.
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Therefore, using condition (16), we get

Vi — Phill, 1,8 8 (=g ToH5)
1 =B, 1488 (kg Toth)

Jri = M (20)

LEMMA. If (19) holds for all values of the indices k,i, then the solution
(u(x,t), f(x)) of the inverse problem (6)—(9) is unique.

PROOF. Suppose that there are two solutions (uq(z,t), fi(x)) and
(ua(z,t), fa(x)) of the inverse problem (6)—(9). Set

u(z,t) =u (z,t) —uz (x,t), f(z)=fi(z)— fa(z).

Then the functions u(x,t) and f(z) satisfy Eq. (6), the boundary conditions
(9) and the homogeneous conditions (7) and (8):

u(z,0) =u(z,T) =0, x€[-m, .
Therefore, by using (13) from (20), we find f;; = 0.
Whereupon, from (17) and (20), we find

ug; (1) = /7T w(z,t) Xy (x)de =0, fr; = " f(@)Xg,i(x)de =0

-7

for all values of the indices k € N for 7 = 1 and k € Ny for ¢ = 2. Furthermore,
by the completeness of system (12) in Lo (—7, 7), we obtain

u(z,t)=0, f(z) =0 forall (z,t) € Q.
The uniqueness of the solution of the inverse problem (6)—(9) is verified.

5 CONSTRUCTION OF A FORMAL SOLUTION

As the eigenfunctions of the system (12) forms an orthonormal basis
in Lo (—m,7), the unknown functions wu(z,t) and f (z) can be formally
represented as

Zum ) Xk (z +Zuk2 ) Xk,2 (2), (21)
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F@) =" fenXen () + ) froXpa (@), (22)
k=1 k=0

where uy 1 (t) and wuy 2 (t) are unknown functions; fy; and fi 2 are unknown
constants.

Substituting (21) and (22) into equation (6), we obtain the inverse problems
(14)—-(16). If the constants oy ; are assumed to be given, then the solutions of
these inverse problems exist, are unique and are represented by formulas (17)
and (20). Substituting (17) and (20) into series (21) and (22), we obtain a
formal solution of the inverse problem (6)—(9).

Indeed, from (5) and Eq. (1) we have

™

0= | [(©d¢= | 7D t)dE~

—T —T

{‘?gf (€1) +ePee (=€, 1) }dé

For the first integral, we apply condition (4), and calculate the second
integral. Then we obtain

1
0=(1—-¢)|Py(—m,t) — Py (7,t) + ———
(1= 2) [ (o) = @ () 4~
This means that the boundary conditions (4) and (9) coincide. Hence, problems
(6)—(9) and (1)—(4) also coincide.
Thus, in what follows we shall consider problem (1)-(3) with the boundary
condition

O (—m, t)] .

Oy (—m,t) — By (m,t) —a® (—7,t) = 0. (23)

Thus, in what follows we will consider the inverse problem (1)—(3), (23).
Similarly, as before, the formal solution of this problem can be constructed
in the form of series

O (2, t) =Y Oy (t) X1 () + Y Ppp () X2 (), (24)
k=1 k=0
f(z) = Z JreaXe (z) + Z Jr2Xk2 (2), (25)
k=1 k=0
where
Ppi (t) = <¢k,i - )f\zl> E 1482 (_)\k,z‘ ta+5> + )f\zl ; (26)
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(R ¢k,iEa71+§7§ (= Ak TOP)

1-F g ToFF)

Jri = ki (
Yy

(27)

In order to complete our study, it is necessary to justify the smoothness of
the resulting formal solutions and the convergence of all appearing series.

6 MAIN RESULTS

Here we present the existence and uniqueness results for our inverse
problem.
THEOREM. Let a > 0, a« + 8 > 0 and T be large enough that the condition
(19) holds for all values of the indices k, 1.
(A) Let ¢(x), v(z) € Wi (—m,n) and satisfy the boundary conditions (11).
Then, for a real number € such that |e| < 1, the inverse problem (1)-(3), (23)
has a unique generalized solution, which is stable in norm:

2
-8 pa 2 2 2 2
Ht t (I)HLQ(Q)—i_|’(I)xx||L2(Q)+Hf”L2(—7r,7r) <C {H¢||I/V22(—7r,7r) + H/IIbHVVQQ(—ﬂ',ﬂ')} )

where the constant C' does not depend on ¢(z), P (z).

(B) Let ¢(z),v(z) € C* [—n, 7] and the functions ¢(x), ¥ (x) and ¢ (z), " (x)
satisfy the boundary conditions (11), then, for a real number e such that |e| <
1, the inverse problem (1)—(3), (23) has a unique regular solution.

PROOF. The generalized Mittag-Leffler function’s estimates (18) and (19) are
known. Therefore, from representations (17) u (20), we get estimates

| fril < C1 Akl { |Pre,i| + |kl }, (28)

i (8)] < Cr{ Inl + [l }, (29)

where the constant C does not depend on the indices k, ¢ and on the functions
o(x),1(x). Since the eigenfunctions of the system (12) forms an orthonormal
basis in Lo (—m, ), then by virtue of the Parseval equality, it is easy to obtain
estimates

Hf”%a(*ﬂ',ﬁ) <C {H(b//HiQ(—ﬂ',Tr) + ||¢”Hiz(—7‘r,ﬂ')} ’ (30)

H‘brz”%z(ﬂ) <C {H¢//Hi2(—7r,7r) + Hw”Hig(—Wﬂr)} ’ (31)
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In deriving these inequalities, we use the fact that the functions ¢(x), ¥ (z)
satisfy the boundary conditions (11). Now we can easily obtain an estimate
for tPD&® (z,t) from Eq. (6). This together with (30) and (31) gives the
necessary estimate for the solution.

From the obtained estimates it also follows that in the constructed formal
solution of the inverse problem all the series converge, they can be term-by-
term differentiated, and the series obtained during differentiation also converge
in the metrics of Lo.

From (21) and (29), by using Holder’s inequality, it is easy to justify the
inequality

s 19 0P O + 19 |

which justifies the continuity of ® (x,t) in the closed domain €.
From the representation of the solution in the form of series (21), (22) and
inequalities (28), (29), it is easy to justify estimate

D (2,6)] + [ (2, )]+ 1F ()] < €D il { 1ol + lowal . (32)
k=1

Let ¢(x),%(z) € C*[—n, 7] and the functions ¢(x),(z) and ¢"(x), ¥"(z)
satisfy the boundary conditions (11), then the series in the right-hand side of
(32) converges. Therefore, in such case, the formal solution gives the regular
solution of the inverse problem (6)—(9). Theorem is completely proved.
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CaspibexoB M.A., Copcen6i A.A. JIOKAJIJIBI EMEC JIEPEKTEPI BOII-
BIHIIIA A3BLIHFAH CYBIN®OY3UAIBIK ITPOLECCTI KANTA KAJI-
I[TBIHA KEJITIPY KEPI ECEBI TYPA/JIbI

Ocbl MakaJIa1a HHBOJIOIUSIIB YKOHE KEHICTIKTerl aiflHbIMAJIbIChIHA KATBICTHI
[IEPUOITHI MEKAPAJIBIK IAPTTHI Oip eJimeM i OeJIIIeK TYbIHILLIbI XKbIIYOTKI3-
rim Temzgeyi ymria O6ip Kepi ecenr KapacThIpbLIFaH. Bysr ecen 9/1ci3 ©TKi3rimTi
OKITIAYJIay/Ibl OPANTHIH XKIiHIITKEe TYWBIKTAIFaH ChIMJIAFDI >KbLIY/IBIH Tapay Ipo-
necin kepcerei. Kepi ecenn Tek KeHICTIKTIK affHbIMAJIBIFA FaHa TOYEJIII TEHJIe-
yaiH Gesriciz ol kak Oesirin (6ip mesrisie menriMiMen 6ipre) KaJblHa KeJi-
Tipynen Typaibl. Kafita aHbIkTay IIapTTapbl peTiHie OACTAIIKbI YKOHE COHFbI
Kyiti asprarad. Bepiiaren ecerntin mremriminig 6ap 60JIybl »KoHE OHBIH, KAJIEbI-
3IIBIFBI AHBIMAJIBLIAPIBI aXKbIPATY 9JIiICIMEH aJIbIHFaH.

Kinrrix cezaep. Kepi ecern, KbLIyoTKI3TIIITIK TeHILY1, HHBOJIIOMUSICEHI Dap
Terey, cyoanddy3usIbIK, IPOIECC, a3bIHybl 6ap TEHJEY, IEPUOATHI IIeKapa-
JIBIK, TIAPTTAP, AHBIMAJIBLIAPIBI aXKbIPATy JJIiCI.
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Cagpibexos M.A., Capcenbu A.A. OB OBPATHOI 3AJJAYE PEKOH-
CTPYKIIMUN CYBANODOY3NUOHHOI'O ITPOITECCA C BBIPOXKJIEHU-
EM I10 HEJIOKAJIBHBIM JIAHHBIM

B sroit craTbe paccmaTpuBaeTcst ojiHa oOpaTHasi 3aja4a JJist OIIHOMEPHOTO
BBIPOK/IAIONIEr0Cs YPaBHEHUsT TPOOHON TEILIOIPOBOIHOCTH C MHBOJIIOIUEH U ¢
HEePUOANYICCKUMU I'PAHUYHBLIMU YCJIOBUAMU OTHOCHUTEJILHO IIPOCTPAHCTBEHHON
IepeMeHHo. dTa mpobjeMa UMUTHPYET IMPOIECC PACIPOCTPAHEHHs TEeIjia B
TOHKOI 3aMKHYTOMH ITPOBOJIOKE, 00EPHYTOI BOKPYT CJ1a00 IMPOHUIIAEMOH U30JIs-
mn. O6parHast 3a/1a4a COCTOMT B BOCCTAHOBJICHNH (O/IHOBPEMEHHO C DEIleHHU-
€M) HeM3BEeCTHOIl MpaBoil YacTH ypaBHEHUsI, 3aBUCSIINEH TOJIBKO OT IIPOCTPAH-
CTBEHHON MEPEMEHHON. YCJIOBUIMHU TIEPEOIPEIe/ICHUS SIBIAIOTC HAYAJIbHOE U
KOHEYHOE COCTOSHUS. Pe3ysibrarsl CyniecTBOBaHUS U €JIMHCTBEHHOCTH JIJIsI JaH-
HOH 33241 II0JIy4Y€HDbI METOJIOM pa3/Ie/ICHUs IIePEeMEHHBIX.

Kirouesnre ciioBa. ObpaTHas 3a1a1a, ypaBHEHNE TEILIOTPOBOIHOCTH, yPaB-
HeHMe ¢ WHBOJIONMeH, cyomndpy3noHHbBIN TpoIiece, ypaBHEHNE C BBIPOXKIEHI-
€M, [IepUOJNYEeCKIEe TPAaHUYHbIE YCJIOBUS, METOJ Pa3/Jle/IeHUs IIePEMEHHbBIX.
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IIpaBuia "MareMaTudecKoro »KypHaJja'" Ijid aBTOPOB cTaTei

Oo61me 1o/102kKeHnsT

B "MaremarndeckoM KypHaJe" myOJHMKYIOTCST OPUTHHAJIBHBIE CTATBU 110
OCHOBHBIM PazjiejiaM COBPEMEHHON MaTeMaTUKU: Teopus (pyHKIWA, (dyHKIMO-
HAJILHBIN aHAJIN3, OOBIKHOBEHHBIE AUMDMepPEHITNATbHBIE YPABHEHNS, YPABHEHS
C YaCTHBIMU TTPOU3BOHBIMU, aJirebpa, MaTeMaTuIecKast JIOTUKA, TEOPHUsT YUCET,
PEeOMEeTPHSs, TOIOJIOTHsI, TEOPHUsI BEPOSITHOCTEH W MaTeMaTHIecKasl CTATHCTHU-
Ka, BEITUCIUTEbHAST MATEMATHKA, MaTeMaTHIecKast (PU3MKA, MATEMATHIECKOE
MOJIEJTUPOBAHIE.

2KypHast BbITIycKaeTcsT €3KeKBAPTATBLHO, Y€ThIPe HOMEPA COCTABIISIIOT TOM.

CraTbst 10/7KHA OBITH HAIMCAHA Ha BBICOKOM HAYYHOM YPOBHE, COJEPXKATH
HOBBIE, YETKO C(HOPMYJINPOBAHHBIE MATEMATHICCKIE PE3YIbTATHI U WX JIOKa-
3aTebCTBa. Bo BBeJeHUN HEOOXOIUMO MPUBECTH UMEIOIUECS] PE3YJIBTATHI 110
TeMe TIPEJICTABIEHHON PabOThI, TATh KPATKOE COJEpyKAHNe CTATHH U OTPA3UTD
aKTyaJbHOCTb, HOBU3HY IOJIyUYE€HHBIX aBTOPOM PE3yJIbTaTOB.

CraTby KypHaJa pa3MemaroTcs B CBODOJHOM JIOCTyIle Ha cafiTe
www.math.kz NMacTuTyTa MaTeMaTuky U MaTeMATHYECKOTO MOJIEIUPOBAHUS,
ux pedepupytor HIT HTU (Kazaxcran), Zentralblatt Math (Fepmanust).

B "MaremarudeckoMm xkypHaje" mybauKkyoTes craTbi 00beMOM 10 25 Ky p-
HaJIBHBIX cTpaHull. Ctarbu 06beMoM OoJiee 25 cTpaHUI] MyOJIUKYIOTCS 0 CITe-
MUAJBHOMY PEIEHUIO PEIKOJLIETHH XKypHaIa. [I[pUHUMAIOTCST CTAThU, HaIM-
CAHHBIE HA KA3aXCKOM, PYCCKOM WM aHIVIHICKOM si3bIKaX. CTaThbu PEIeH3UPYIOT-
cl.

TpeboBaHust K 0OPOPMJICHHIO CTATEH

1. Pykomnuchk crarbu JI0JKHA OBITH ITOJNOTOBJIEHA B HM3/ATE/]bCKON CHCTEME
KTEX-2e u npejicTaBieHa B BUJE ABYX TBEPJBIX KOIUN, a TaKXKe B BUJE teX u
pdf - daitios Ha J110O60M 3JIEKTPOHHOM HOCUTEJIE WJIH IPUC/IAHA, 110 3JIEKTPOHHOM
noute zhurnal@math.kz, mat-zhurnal@mail.ru. Crarbs momKHA OBLITH TOIIH-
cana BceMu aBropamu. lIpaBuia odopmycHUsT PYKOIIUCH U CTHJIEBbIE (Dailibl
MOXKHO HaliTu Ha caiite IHCTHUTYyTa MATEMATUKU 1 MaTEMATUIECKOI'O MOJIEIIU-
posanust http://www. math. kz B pazuene "Maremaruueckuii xkypaas".

2. B ;teBoM BepxHeM yIily HeoOXoanMmo ykasaThb Kiaccudukarop MPHTU. Ha
CJIEYIOIIUX CTPOKAX TI0 IEHTPY: HA3BAHUE CTATHU; HHUIIAAJIBI U (DAMUINHT aB-
TOpOB. B KoHIE yKa3aTh MECTO PAOOTHI, IIOYTOBLIE 3/IPECA OPraHU3AINHA U TaK-
JKe JIEKTPOHHBIE aJ[peca aBTOPOB.



Ha orpesibHOM JIMCTe MpUIAraloTCs Ha3BaHUE CTATbU, PaMUIAA U MHUIU-
aJIbl ABTOPOB, KJIOYEBbIE CJIOBA, pedpepar Ha PYCCKOM, aHTJIUHCKOM M Ka3ax-
ckoM (st aBTopos m3 Kasaxcrama) si3pikax n mmgekc Mathematics Subject
Classification 2010. Pedepar mojzkeH oTpakarhb COJIEpPKaHNE CTaTbU.

Tak:ke TIpenCcTaBISIIOTCS CBEJIEHNsI 00 aBTOPaxX, MeCTO PabOThI, MOUTOBLIM

aJIpec ¢ MHJIEKCOM MOYTOBOIO OT/EJIEHUsI, HOMED TejiepoHa ¢ YKa3aHUEM KOJIa
ropoja, aapec 3JIEKTPOHHO MOITHI.
3. Cumcok JjurepaTyphbl COCTaBJseTCa B HOpsake nuruposanus. CCbLIKKA Ha
HeoIyOJIMKOBAHHBIE PA0OTHI, PE3YJIbTATHI KOTOPBIX HCIOJIB3YIOTCSI B J0Ka3a-
TeJIbCTBAaX, He HoImyckaioTcs. CIUCOK JINTepaTypbl IPUBOAUTCS B CJIELYIOIIEM
BUJIE:
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Pykormcu, He yHoBIETBOPSIONINE EPEINCIEHHBIM BbIIIe TPEOOBAHUSIM, BO3Bpa-
IAIOTCA aBTopaM Ha odopmienue, 10paboTky. Pemgakius ocrasiser 3a coboil mpaBo

Ha OTKJIOHCHHEC CTaTbH, €CJIN €€ COACpPzKaHue HE OTBEYaACT TpC6OBaHI/IHM KypHaJIa.
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