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IIOCTPOEHUE WENO-CXEMBI OJIs1 PEIIIEHUS 3AJAYN
CBEPX3BYKOBOI'O TEYUEHNUY MHOI'OKOMIIOHEHTHOM
TA30BOM CMECU

MaremaTraeckoe MOIEINPOBAHNE CBEPX3BYKOBOTO IOTOKA Ta3a CBOIUTCI K Pe-
menuio cucremel ypasuenuit Hasbe-CTokca, T/1€ peabHble TeUeHMsT XapaKTePH-
3YIOTCsI OSIBJICHUEM Ta30NHAMUIECKUX PA3PBIBOB. DTO MPUBOJUT K HCIIO/Ib-
30BAHUIO YHCJIEHHBIX METOJO0B BBICOKOTO IOPsIKa TOYHOCTH. Kak m3BecTHO,
ENO cxemsr (Xapren wm gp., 1987 r.) m WENO cxemsr (dur, 1991 .) nme-
0T JOCTATOYHO BBICOKUI IOPSIOK aIlIIpOKCHMaImu. B pabore mpon3BOaUTHCS
nocrpoerue WENO-cxeMbl 4eTBEpPTOro MOPsi/IKa AllIPOKCUMAIIUN J1J1s PEIleHUsl
ocpeauenunrx o Paspy ypasuennit Hasbe-CTokca 4151 TeU€HMs COBEPIIEHHOTO
MHOTOKOMIIOHEHTHOTO ra3a. C MOMOUIbIO IIPEIIOKEHHOr0 aJIfOPUTMA HHUCIIEH-
HO MO/JIeJIIPYETCs B3auMO/IeMCTBIE IIJIOCKOIO CBEPX3BYKOBOI'O II0TOKA BO3/yXa C
TIONIEPEYHO BAYyBaeMOl CTpyeil reuda U BOOOPOa depe3 Iieslb ¢ HUXKHell CTeHKN
kanaJja. IIpon3semeno cpaBHeHMe ¢ OIBITHBIMA JaHHBIMHA. VI3ydeHo B3ammomeii-
CTBHe ITaJalomeil y1apHOI BOJIHBI C IIOTPAHWYHBIM CJIOEM Ha BepXHell CTeHKe
KaHaJja.

KmroueBere cimoBa: ceeprasykosoe meuenue, cosepuiennoili 2a3, nozparuHbil
caoti, ypasnenus Hasve-Cmoxca, ydapras eosna.
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wave
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BBEJIEHUE

BzaumozeiicTBue norepevHo B/yBaeMoil 3BYKOBO CTPYH C CBEPX3BYKOBBIM
MTOTOKOM TIPE/ICTAB/IsIeT (PyHIAMEHTATBbHBIN UHTEPEC, TOCKOIbKY 3/1eCh BO3HU-
KaeT O4YeHb CJIOXKHAs KapTUHA TeYeHWs, BKJIIOYAIoIas obpa3oBaHie 30H BO3-
BPAaTHBIX TEUYEHUIT OKOJIO CTEHKU KaK Tepes CTpyeil Tak u 3a Hell, o6pa3oBaHue
CJI0ZKHO¥I y/1apHO-BOJIHOBOM crcTEMbI, 0bpa3oBaHue 604K00OPa3HOI CTPYKTYPHI
BO BJyBaemoii ctpye [1-5]. Ilosromy mpu YuCIeHHOM pPENeHnr HCXOJHBIX YDaB-
HeHUil HeoOXO/IMMO MCIIOJIB30BAHUN CXEM BBICOKOI'O II0PS/ KA TOYHOCTH, KOTO-
pble, KaK U3BeCTHO, BKJIIOYAIOT JOMOJHUTEIbHBINA UCKYCCTBEHHBI TepMUH BA3-
KOCTHU, U3MEHAIOIUNA PA3HOCTHBIE OLIEPATOPbL B PailoHe pa3pblBa U BJAUATOIIUNA
Ha TOYHOCTH PeLIeHUd.

Ha mamubIil MOMEHT OJHUM W3 PEIIeHUil 3TOil TPOOJEMbl sABISIOTCH KBa-
3MMOHOTOHHBIE CXEMbI, CXeMbl yMeHbIeHus 11oHoi Bapuanun (TVD — Total
Variation Diminishing). CymiecrBeHHBIM HEJOCTATKOM ITUX CXEM SIBJISIETCS TO,
YTO B OKPECTHOCTHU JIOKATBHBIX SKCTPEMYMOB MOPSIIOK TOYHOCTH PENIeHUusd T0o-
HUXKAETCsT JI0 TEPBOTO TOPSIIKA. DTO 0OCTOSITEIBCTBO MPUBOIUT K TOMY, UTO
CKAYKWU YIJIOTHEHUs, BOBHUKAIOIINE B TEIEHUU, MOTYT OBITH CHIBHO pa3Ma3sa-
HBbI.

B HaCTOdAIIee BpeMd IJId PEIIEHUA TaKOT'0 pPOJda CJAO0XKHBIX 3aJa9 TMTUPOKO
MPUMEHSIOTCS KBa3UMOHOTOHHBIE KOHCEPBATUBHBIE CXEMbI MOBBIIIEHHOTO TIO-
PAIKA alllIPOKCUMAIIUN 663 BBEICHUIA NCKYCCTBEHHBIX JUCCUTIATUBHBIX 9JIEHOB,
rakne kak ENO (Essentially Nonoscillatory Schemes), 1 WENO, u3oxens! B
psizie pabor [6-9]. B pabore [9] aBrops! pazsuin ENO-cxemy Tperbero nopsijika
TOYHOCTH 10 TPOCTPAHCTBEHHBIM KOOPIMHATAM HA OCHOBE ujen Meroma [omy-
HOBa " TIOKA3aJIM NPUMEHUMOCTL CXEMbl K DEHMICHUIO 3a/a91 CBEPX3BYKOBOI'O
TeYeHUsT MHOIOKOMIIOHEHTHOT'O r'a3a B IJIOCKOM KaHAJe C BJIYBOM IIE€pIeH U~
KyJssipabix crpyit. Uaes nocrpoenuss WENO cxembr ocaoBana Ha ENO cxewme,
OJTHAKO TIPY WHTEPIIOIUPOBAHUE KYCOIHO-IIOCTOSTHHOMN TTIOJIMHOMUATBLHOMN (DYHK-
ouu, rje InpuMeHdroTCA ITOJIMHOMbBI HbIOTOHa TpEeThEero nmopdakKa, BMECTO BbI-
6opa OJHOr0 MHTEPIOJISIITHOHHOTO TOJTHHOMA, UCIIOJIb3YeTCs BBITYKIas KOMOU-
HAIAS C BECOBBIMU KOI(DPUIMEHTAMI BCEX MPEICTABICHHBIX MOJUHOMOB, UTO
TTO3BOJIAET TTOBBICUTH TMOPAJOK aIIIPDOKCUMAIIUN CXEMbBI 10 9€TBEPTOTO.

Lenb marHOi paboThl — MOCTPOEHKE AJTOPUTMA PElIeHUs] HCXOTHBIX YPaB-

nenuit Hasbe-Crokca, ocaoBarroro Ha WENO-cxeme u 9ucieHHOe MOIeanpo-
BaHWe B3aMMOEHCTBI HADETAOIIEr0 CBEPX3BYKOBOTO TIOTOKA BO3YXa C TIOTTE-
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Pucyrnok 1 — Cxema Tedenus

Pe4YHOoi 3ByKOBOIl CTpYeil, BAyBaeMO ¢ HUXKHEl CTEeHKM KaHaJla.
IIOCTAHOBKA 3AJIAYU
PaccmarpuBaercs cBepX3BYKOBOE T€YEHME BO3/yXa C IIOIEPEYHBIM BJYBOM
CTPYH C HUXKHEil CTeHKHU MpsiIMOYToIbHOro Kauasa (pucynok 1). Cucrema aBy-
MepHBIX, ocpeauerabix 10 Pappy ypasuennit HaBbe-CToKca 11 MHOTOKOM-
TMOHEHTHOW Ta30BO# CMeCH OTHOCUTEILHO JEKapTOBLIX KOOPAWHAT B KOHCEPBa-
TUBHOH (bOpMe, TPEJCTABIIETCS B BUJIE

o 0(B-5) o(F-F)

Bt B o, Y (1)

ﬁ = (P7 pPU, pW, Et) ka)T

)

—

E= (puvpu2 + P, puw, (Et +P) uvpuyk)Tv

= T
F = (pw, puw, pu® + P, (B, + P)w, pw¥i)" ,
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o T
E, = (OaTrraTrz>U7—xx + WTey — Qx, Ja:k) ,

—

T
F, = (OaTmzaTzz,Usz + WTyz — ¢z, Jzk) 5

-1

pT il Yk Z
Yoo M2 W’ ZWk ’ Z k )
k=1 k=1
N, T
Et—7 MZh P+ p(u +w?), h=>Y Yih, hk:h2+/cpde,
& k=1 T

W 2
Cpk = Cpk/Wk7 Tex — ﬁ <2um - g (um + wz)) )

2
Tyx = % <2wz - g (Ux +wz)> y Toz = Tz = % (uz +w:c)a

N, N,
I oT 1 p I oT 1 -

e = hidoks 4= =552 ) a7 b2k,
e (PrRe> 8:1:+%0M§o; klak, 4 (PrRe) 8z+ Mgo; w2k
PN )

‘ ScRe 0x ' 7 ScRe 0z

Cucrema ypasnennii (1) 3anucana B 6e3pa3MepHOM BUJIE B OOIIENPUHATHIX
0003HaYEHUSIX, B KAUYeCTBE OIPEIESIONINX MOPUHSATHl MapaMeTpbl MOTOKA
Uooy Pooy Loo; MaBierune P u moHas sueprust Iy oTHECEHBI K 3HATEHUIO poougo,
yraenpuasg saTanbud hy, — K R0T,. /Weso; MOJISIPHBIE YI€IbHBIE TEIIOEMKOCTH
Cpp — K R: XapakTepHBIM TIapPaMeTPOM JIMHbI SIBJISETCS IMAMETD COILIA.
Benuuuna Y, — maccoBas KoHIleHTpalius k-0l KOMIIOHEHTBI; HHIEKC MacCOBOit
konnenrpanyun k = 1 coorsercreyer Oz, k = 2 - Hy, k = 3 - No; N, = 3 -
YUCT0 KOMIIOHEHT cMech ra30oB; Wi — MOJIeKyIspHBIil BeC k-0ff KOMIIOHEHTHI;
Re, Pr, Sc — uucna Peiinonsaca, [pangrnsa n [Imugra, cooTBETCTBEHHO;
Toxy Tazs Tozs Tew — TEH30PBI BSISKUX HATPSIKEHUN; (., Qyy Jok, J,p— TETIOBBIE
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u juddysnonnnie morokn (auddy3noOHHbIE TOTOKM BBIMUCISIIOTCA 10 3aKOHY
Duka); p = p; + pr — 3bdekTuBHAS BI3KOCTH (OMPEE/ISIeTCs Yepe3 CyMMy
JIAMWHAPHO# u TypOysienTHol BszkocTn). [lyist onpejenenust (i MCHOIB3yeTCst
Mojesib boaynaa-Jlomakca.

2. 'PAHUYHBIE YCJIOBUS
Ha Bxoje
Yi = Yioo, Wi = Wieo, P = Poo,, T = Ti,

U= Moo /Yoo RoToo /Woo,w =0, =0, 0<z<H;

BO BXOJIHOM CedeHUr BOJIN3U CTEHOK KaHa/Ia 33aeTCsl TOTPAHUIHBIN CJIOH, Tpu
9TOM TIPOJIOJIbHASL CKOPOCTH AIMIPOKCUMUPYETCSI CTEIIEHHBIM 3aKOHOM;
Ha menmu
Yy = Yro, Wi = Who, P = nPx, T =T,

u=0,w= Mo/vRoTo/Wo, z=0, Ly<x<Ly+h

(n = Py/Ps — crenenn Hepacuernocru, Py, P, - JaBjeHHe B CTpye U B
noroke, Mo, My, — uucio Maxa crpyu u moToka, COOTBETCTBEHHO, WHIIEKCHI
0,00 OTHOCATCS K TapaMerpaM CTPYM W TOTOKA), HA HUKHEH M BepxHEil
CTEHKAX 3aJIaeTCsd YCJOBUE NPUJNUMAHUS U TEIIOW3OJSINN; HA BBIXOIHOM
rpaHuIle 33/1a0TCs yCIoBust HeoTpaykerust [10)].

3. METOZ PEHIEHUSA

Ha nmxkmueit m BepxHeii CTeHKaX B TMOTPAHUIHOM CJIOE, & TaKXKe Ha YPOBHE
1€/ BBOJWUTCH CIYIIEHWE CETKH Jiyig 00JIe€ TOIHOTO UWCJIEHHOTO PEIEHUSI.
Torma cucrema ypasaenwuii (1) B mpeobpa3oBaHHOIl cHCTEMe KOOD/MHAT 3alli-
meTcd B BUae

@+87E+£_8EU2+8EUW+8FUQ+8va (2)
ot 0¢ oy O o€ on on ’

= g/‘]v ENNZ gwﬁ/{a F= Uzﬁ/Ja EUQ = £$EU2/J7 Evm = fxEvm/J;
Fyo =n,Fy/J, Fymy = n.Fym/J. J = 0(&,n)/0(x, z) — axobuan npeobpaszo-
BaHNS.

[Tapamerpsr ipeobpa3oBaHust KOOPWHAT TTOIPOOHO omrcansl B [11].

MATEMATUYECKUIT XKYPHAJ 2015. Tom 15. N 2 (56)
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B nannoit pabore KOHBEKTUBHBIE WICHBI AIITPOKCUMUPYIOTCS C UCIIOJIb30Ba-
uueM WENO-cxewmbr, njies: moctpoenust Koroporo ocaoBana Ha KNO-cxeme, mo-
JIpobHO nzsoxkenHoi B pabore [9]. B npemnaraemoit WENO-cxeme nipu unrtep-
[IOJTMPOBAHUHU KYCOYHO-ITOCTOSHHOW ITOJTMHOMUAJILHON (DYHKINY TPUMEHSIOTCS
ITIOJIMHOMBI HbIOTOHa TPEeThETrO IMOPAAKa 1, BMECTO BbI60pa, OJJHOI'O MHTEPITOJIA-
[IUOHHOI'O ITOJIMHOMA, UCIIOJIb3YETCS BBIIYKJIasd KOMOMHAIUS C BECOBBIME KO-
(bI/H_H/IeHTaMI/I BCeX IpeacTaB/JIEeHHbIX ITOJIMHOMOB. Ba c4HeT 9TOro JOCTHUI'aeTCd
CYIIIECTBEHHO-HEOCIIM/IINPYIIEEe CBOWCTBO CXEMbI, TIOBBIIIAIOIIEE TOPSIOK All-
IPOKCUMAITNN CXeMbl. B coorBercTBuE ¢ 9] 07/HOIIATOBAS KOHETHO-PA3HOCTHAST
cxXema, JIjIsi MHTErPUPOBAHUS 110 BPEMeHn cucteMmbl (2) hopMasbHO TpecTaB-
JITeTCS

N . .\ OF™ R .\ OF™
n+1 + - + - _
AU 4 At (A +A) 5 +(B +B> o
IEST+Er ) O(FST 4+ ER ) L a2
_ v vm/) v vm — A )
R an o(hat). @)

31ech Ai, Bgﬁ — HOpPMaJIN30BaHHbIE MATPUIlLl 1K0OU, UMEIOIUE CJIe Iy oIt
BU/L:

BekTopa E™, F' — MmomuduimpoBaHHble IOTOKH HA y3/I0BBIX TOYKaX %, J, CO-
CTOAIINX N3 UCXOAHBbIX KOHBEKTUBHBIX BEKTODOB E, F n r[[O6a,BOLIH])IX YJIEHOB
L L LS S _ .
BRICOKOTO TIopsisika Touroctn (Eg, D¢, Ey, Dy), EJ} = Eij + (Eg +D§)ij’
F = Fij + (En + Dn): B orsmame or 106aBOYHBIX JI€HOB BBICOKOTO IIO-
ij

psijKa TogHOCTH paborsl [9], BekTopa Egij u Dgjj J11sl HOMOKNTENBHBIX U OT-

—

pUIATETHLHBIX COOCTBEHHBIX 3HAUEHUIT \;j 3aMUITyTCS B Ceayfommeii dhopwme:

MATEMATUYECKUI XKYPHAJ 2015. Tom 15. Ne 2 (56)
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@2ijbeip 1y O (E£i+%j+Esi—%j) @0ij Beir 1

5 4 5 + — , ecan Agj > 0,
> arij 2 > apgj > arij
. L=0 L=0 L=0
E&“ =
J
aij{H‘lj Q1ij (E§i+lj+E_‘§i,lj) &OijE£i+ 1]-
5 zZ- | 22 2 + ) Z , ecjm )\ij <0,
> AL 2 > arpsj >, arij
\  L=o L=0 L=0
agijAJrD it l; A1ij (A*D&Jrlj'i_A‘FDgi,lj) aOijAfD i1
5 St + 22 2 + 5 ot QJ, ecji )\ij > 0,
> arij 2 > arij > arij
. L=0 L=0 L=0
D@" =
J
oczijA+D5i+%j Q1ij (A—Dsi+%j+A+Dsi—%j) O‘OM'A*D&—%J'
. + > 5 , ecan Aij < 0,
2,: Lij 21:2—:0 ALt Lzo “ri

I—(At/A8)(R|A¢|R™), 1 -
it3] 2 = | AxLy,

371eCh E@.i%j = (Rsign (A¢) R71)

2
_ (At/AE) (R|Ae| R7Y) ol — 1 3
Dgip1;= (Rsign (A¢) Ril)ii%j [ 5 QJ AL Ejj,

Deis1j = Eeip1j+ Dyt
Buavenust st BeCOBLIX K03bdunuenros ar;j, ar;; > 0 (L = 0,1,2) oupesue-
JIAIOTCA B BUJIE
Crij B Crij

3 = 3
(€+ISZ'+L]') (E-FISH_L]')

1 1 1 A 1 A 1 A 1
rae Coij = 135, Cij = 5, Caij = 7, Coij = 3, Cij = 5, Cayj = 13 [12],
a 1S;; aBigeTcd MHAUKATOPOM IVIAJKOCTH pelleHHsd, I HaXOJUTCA CYMMHPO-

QarLij = QLij

BaHUEM BCeX CpeJHe-KBa/IPaTUIHBIX 3HAQYEHUNA npeacTaB/JICHHBIX IIPOU3BOJHBIX
nckomoro BekTopa U

MATEMATUYECKUIT XKYPHAJ 2015. Tom 15. N 2 (56)
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sy =3 [(a0s) + (a0y) ]+ [220a]) .

riae AUZJ = Ui+1j - Uij nu A2UZ‘J‘ = AUi-‘rlj - AUZ]

Yrobbr n36ekaTh HEONPEIEJEHHOCTH B 3HAMEHATE e BECOBBIX K03(duIu-
eHTOB (i1jj U Qr;j, B (4) mobaBren masblit Kodbduiment 1077 < e < 107°.
BekTopa Enij " ﬁnij BAIMUTITYTCST AHAJOTHIHO.

Haree, B cucteme ypasHenwuii (3) 9IeHbI, CoJepKaIiue BTOPHIE MTPOU3BOJI-
HBIE, TIPEJICTABJISIIOTCS B BUJIE CyMMBI JIBYX BEKTOPOB: BEKTOPOB BTOPBIX TTPOU3-
BOJIHBIX U BEKTOPOB JUCCUTIATUBHBIX UJIEHOB, & BEKTOPHI TIOTOKOB CO CMEIIaH-
HBIMU [IPOU3BOJHBIME AMMPOKCUMUPYIOTCS SIBHBIM 00PA30M CO BTOPBIM TTOPSiI-
koM TounoctH |9|. Jluneapusarus KOHBEKTHBHBIX CJIATAE€MbIX OCYIIECTB/ISIETCS
C MCIOJIB30BAHUEM CBOHCTB OJHOPOJAHOCTH.

[Tocsre npumenenns dakropuzanuu K cucreme (3) nMeeM JBa OJHOMEPHBIX
oTlepaTopa Jid HEeSIBHOTO PEIIeHnsl OTHOCUTEMBHO BEKTOPA TEPMOTUHAMUTIE-
CKUX [IapaMeTpPOB MaTPUYHON IIPOrOHKOM:

1 1ar.

T+ At|(A A A" LA . ALAY NEEAWNE 5

FAU Ay B-de T Ay By | ARy ) Agm ) ||V =

i ij
2 mIar. N B
2
Hally 1 Tl —
+A<R6J)ijA(Uln)inUij = Ui (5)

rie

—_ o . . R n
RHSgij = Ai+%j [(EEZ'-HJ' + D§i+1j> — (Egij + D@'j)} +
—~+

+Ai—%j[(E§ij + ﬁa‘j) - (E&—lj + ﬁsi—lj)]"a

spech ey u De;; npejcrasienst seite. Bropoe ciaraemoe RH Sg-j 3alICHIBA-
eTCsT AHAJIOTUIHBIM 00Pa30M.
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BekTop MacCOBbIX KOHIEHTPALUI CMEeCU OLpPeje/IsdeTcd ¢ UCI0JIb30BAHUeM
CKaJIIPHOI MPOroHKX. /I aImpOKCHMAIMH II€PBBIX IPOU3BOSHBIX B CHCTEME
(5) MCHONB30BaHbI PA3HOCTH TPOTUB MOTOKA C MEPBBIM MOPSJKOM TOYHOCTH,
a I BTOPBIX IPOM3BOJHBLIX — IEHTPAJBHBIE PA3HOCTH CO BTOPBLIM IIOPSIKOM
rounoctu. Temueparypa oupejessiercst B coorsercsun ¢ paboroit [11].

4. PE3VJILTATHI PACUETOB M MX AHAJIN3

Pacaer npousBojuiicst Ha pa3HECEHHOM CeTKe 110 MPOCTPAHCTBEHHBIM KOOD-
aumaTaM ¢ mapamerpaMu 2 < My, < 6,2 < n <15, Re = 10— 107, Pr = 0.7.

st ampobaruy 9uCI€HHOTO MEeTOAa ObLI BBIMOJHEH CJAEIYIONN SKCIe-
PUMEHT: 4Yepe3 Iejb Ha CTeHKe mupruHoil 0.1cM. mepoeHauKy/IsapHO OCHOBHO-
My TOTOKY BO3jyxa (Kmcsopog u azor) ¢ mapamerpavu Mo, = 3.75, Py =
11090Pa, Ty = 629.43K, Pr = 0.7, Re = 62.73x10° BryBasach 3ByKoBas
crpys Bogopoaa ¢ Iy = 800K u mapamerpom mepacuernocru n = 10.29. Bri-
cota n mupunHa kaxaga H = 15.2 cm u L = 45 cm coorBercrBenno. Lllenn
pacuoJiarajgach Ha paccroduuu Ly = 33 c¢M or Hadasa o0rekaeMoil ILiacTu-
HBI. y,Z[eJ'HJHbIe TEMJIOEMKOCTH TIDWU TIOCTOAHHOM JaBJIEHUN k—Of/i KOMITOHEHTHI
Cpi; BLIUUCISIOTCS TIPU HOMOIIY TTOJHHOMHUAIBHON MHTEPIIOJIAIUN YeTBEPTOTO
nopsiaka 1o remreparype [12]

5

-1

Cor =Y ax T,
i=1

rie {og;} — SMIEpHYecKne KOHCTAHTBI, ONpPEJIeIeHHbIe J[JIsi TEMIIEPATYDHI B
npezesnax 300 < T < 5000K [10].
B Tabaune 1 npejcrasiiena 9yBCTBUTEIHHOCTD CXOUMOCTH PEIIEHUN K Xa-

1 N
PaKTEePUCTUKAM CeTKH IyTeM OIEeHKH CyMMapHbix L] = < 21 m
n—

MI/I

n

2
n n
M Ty

5 OTKJIOHCHUUA HOPM HEBA30K

N

cpeamexBaapaTnanex L) = 44 >
n=1

no_ n+l _ n
Eyp = max ‘Pz‘j P ij

(i) eM

qucjo urepanuit. Onenku 6p1u nocrpoensl it WENO u ENO cxem myrem
OCIEIOBATETFHOTO U3METBIEHNST CETOK W MPU ITOM B KAYECTBE HAYAIBHOM

;N —

n _ n+l _ n
IJIOTHOCTH. 3/1€Ch €Yy, = ‘I%anM ‘pij pij

npuaUMaack cerka M ¢ IxJ y3mamu, 3aTrem ocymiecTB/isiach Bapuaius M u
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Tabauna 1 — 3aBUCHMOCTb CyMMAPHOTO ¥ CPETHEKBAIPATUIHOTO OTKJIOHEHUH

(pasHocreii mnorHoCcTH) OT Yucaa y3a0B Jig WENO n ENO cxembr

Yucno y3ios WENO | ENO | WENO | ENO
M=1xJ M=MxL r I B 14

[=301, | M=1L=22116,0910"8,02:107 | 1,14-10" | 1,4-10"
J=261 | M=1L=281 |337107 |3,49-10° | 6,27-10"* | 7,22-107"
=321, |M=301,L=J|27410"|3,87-107 | 5,29-10* | 8,03-10"
J=281 |M=341,L=J]291-10" | 3,43-10 | 6,11-10"* | 7,86-10"*

L y3n0B ceTku M. Kak caegyer u3 TabJuIbl, pa3HOCTh OTKJIOHEHUS BEJTUYINH
HOPM HEBSI30K IIJIOTHOCTU YMEHBINAETCH C M3MejJbieHneM cerku. B coorser-
cTBuM C 9THM cetka M ¢ y3namu 301x281 nmeeT MUHUMAJIbHBIE 3HAUYEHNS, IPA
srom nokazareab LP s WENO cxembl MeHble, YeM aHaI0rMYHbIA 110Ka3a-
tenb aas ENO.

JrHaMuKa, CXOUMOCTH IUCAEHHOTO PEIIEHUS NLIIOCTPUPYETCS HA PUCYHKE
2, nmaHHbIE PE3YJIbTATHI OBLIM MOJIYUeHbI i ceTkKu ¢ y3iaamu 301x281 mis
WENO u ENO cxem coorBercrBenno (kpusas 1 u kpusas 2). B o6oux cyuasx
CKOPOCTb CXOJIMMOCTH PEIeHUsi OKA3bIBAETCs JIOBOJILHO BBICOKOM. OTHAKO /i
WENO cxembl KpuBasi ¢X0uMOCTH JjiexkuT HuKe KpuBoit st ENO cxem u He
obJtaaer CUIbHBIMU (OIYKTYAIUIMHI, TPUCYIIIUMEI KPUBOIT 2.

Jist mpoBejieHnsl CPABHEHUsI C OIBITHBIMU JIAHHBIMU BBITOTHSJICH Pac-
9er 3aJadu [JI0CKOTO CBEPX3BYKOBOTO TedeHmsi BO3ayxa (Mo = 2.9, Py =
0.0663M Pa, T, = 108K) ¢ nepreHuKy/asipHbIM BILyBOM 3BYKOBOii CTpyu re-
mug (Tp = 217K, Py = 1.24M Pa), 4epe3 1miesib Ha HUYKHE(l CTEHKe MIHPUHOM
0.0559 cm. Beicota n mmpuna kKanasma H = 7.62 em u L = 25 ¢ cooTBet-
creenno. B mamnom skcmepumente meobxoxmvo suanme Cpp (dx/(MorK))
kommonenT Oz, No, H, mpu temneparype Himke 300K . 31ech HCIOIL3YIOTCS
9KCIIEpUMEHTaJIbHBIE JlaHHble PaboThl [13], B KOTOPOIt MpuBeIeHbl 3aBUCUMOCTH
Cpi OT HU3KHUX 3HAYEHUII TeMIepaTyphl.

JJ1st OTIeHKY TOIHOCTH PA3HOCTHONW cXeMbI 11 ee 3PMEKTUBHOCTH OBIJIN MPO-
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Pucynok 2 — Jlunamuka cxomuMocTu ducjaennoro pemennsi. Kpusasg 1 — WENO cxema,
kpuBag 2 — ENO cxema, My, = 3.75, P, = 11090Pa, T, = 629.43K,
Pr =0.7, Re = 62.73210%, Ty = 800K, n = 10.29

BEJEHBI PACUETHI PACIPeeIeHNsT JABICHNS Ha CTEHKE TP MEeIbI0 U 33 Hell
Ha TOCJIeJOBATETLHOCTH CeTOK ¢ unucaoM y3maoB oT 301x221 mo 421x281. Ha
pucyHKe 3 TIOKa3aHbI PACIPEIE/ICHUs JABICHUST HA CTEHKE, PACCIUTAHHBIE C
Pa3/IMIHBIMA y3JIaMu, TJe Kpusble: 1) — — — 421x281; 2) — 401x281; 3) — - —
381x281; 4) - - - 301x281; 5) — - -— 301x221; e @ @ - 3kcHEPUMEAT U3 PABOTHI
[1]. YBenuuenue umc/a y3/I0B pacueTHOlN CETKU MPUBOIUT K TOMY, UTO IKC-
MMEPUMEHTHI ¥ KPUBBIE PACYETOB, HadWHAs C 4yucaa y3/a0B 381x281 u Bwime,
MPAKTUYECKU COBIIAJIAIOT, IPUYEM U3 PUCYHKA BUHO XOPOIIIEe COTJIACHUE UUC-
JICHHBIX W 9KCIIEPUMEHTAJIbHBIX JAHHBIX. TakuM 00pPa3oM, MOYKHO I'OBOPHUTH O
JIOCTATOYHON TOYHOCTHU CXEMBI JJIsI CETOK C YHUCJOM y3JI0B 381x281 m BhImIe,
9TO [O3BOJISIET POBOJAUTH PACYET JAHHOW 3a/a49u C STUMU y3/IaMU CETKH.
Jlajiee OBLIT BBITIOJIHEH YUCAEHHBIN SKCIEPUMEHT M0 U3YUYEHWIO B3AMMO-
IeCTBUS TIOMEPEYHON CTPYH C CBEPX3BYKOBBIM HAOEralomuM TIOTOKOM B
3aBUCUMOCTH OT IIapaMeTpa HepacdeTHocTu. Uepes 1ie/ib Ha CTEHKE MUPUHON
0.2 cm, BayBaercsd 3BykoBas cTpys Bogopoaa ¢ Iy = 800K, n = 15. ITapamer-
PbI Haberaomero moToka ciaenyiomue: My, = 3.75, Tho = 629.43K, Re = 10%,
Pr = 0.7 Beicora u mmpuna kanaiaa H = 4cm u L = 11 ¢M cOOTBETCTBEHHO.
[Mlens pacmosaraercs Ha HUXKHEH CTEHKe Ha, paccTogaruu Ly = 5 cM OT HagasIa
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5
P/Pw

%53 3 2170 1 2 3 &ix5
CM. OT menn
Pucynok 3 — Pacupenenenue nasienust Ha crenke 1) — — — 421x281; 2) — 401x281;
3) — - — 381x281; 4) - - - 301x281; 5) — - -— 301x221; e e @ - 5KCIEpHMEHT U3 paboTs [1].
Moo = 2.9, Py = 0.0663M Pa, Ts, = 108K, Ty = 217K, Py = 1.24M Pa

pacdeTHoit obsactr. ToJImmHa TOTPAHUYHOTO CJ0SA BO BXOTHOM CEYUEHUH
cocrapister 6 = 0.38 cm. Kak u3BecTHO, CTpyKTypa IIOTOKa B 00/1aCTH
BSa,I/IMO/IeI‘/JICTBI/IH IIaJJa0IEero CKavdka YIIOTHEHUsA C IIOIPDAaHUYHBIM CJI0EM
CYIIECTBEHHO 3aBHCUT OT MHTEHCHBHOCTH CKAadKa W yrja ero majenus [4]. B
CBOIO O04€pe/ib MHTCHCUBHOCTD U YI'OJI HAJ€HUA CKaYKa 3aBUCUT OT IIapaMETPOB
CTPpYH" " TTOTOKAQ. qu 60.}'[])]]16 MHTEHCUBHOCTH CKaYKa YIIJIOTHEHUA, TE€M TTOTOK
y CTEHKU WCHOBITHIBAET OOJIbITIEe TOPMOXKEHUE, MPUBOJSINEEe K €ro OTPBIBY.
Bosuaukaromas orpeiBHAsST 30HA, KaK MPABUIO, SIBJIAETCA MPUIUHON OTKJIOHE-
HUsI BHEITHErO MMOTOKA, KOTOPOE MOXKET BBI3BIBATH 00pa30BaHUE XapaKTEepHOit
cucreMbl CKadkoB yruiorHenusi [4]. VI3 pacupenesenusi n3o6ap, npejacraBiieH-
HOTO Ha pucyHke 4, BuAHO 00pa30BaHWE CUCTEMbl CKAYKOB YILJIOTHEHUS ITPHU
B3aUMO/IENCTBUN yIaPHOH BOJIHBI C BEPXHUM MOTPAHUIHBIM cjaoem. VI3-3a Top-
MO2K€eHUsT HaDEeraroIero moToKa mepe;/i BJyBaeMoil CTpyeil BOSHUKAET M0JIOBHOI
CKQYOK YIJIOTHeHWs 1, KOTOPBIN JOCTUTaeT BEPXHEH I'DAHUIIBI KaHAJIA. DTOT
CKaUOK YIJIOTHEHHUS CO3/TaeT MOJOKUTEIbHBIN T'PAINEeHT JABJIEHN, JTOCTATOT-
HBII JIJIs1 OTPBIBA NOIPAHUYHOIO CJI0s1 HA, BEPXHElH CTeHKe KaHa/a (CM. PUCYHOK
5 - pacmpejienierne moas BeKTopa ckopoctn). Kocoit ckawok ymioTHenust 2,
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Pucynok 4 — Pacupenenenune uzobap n = 15, Ty = 800K, M, = 3.75,
To = 629.43K, Re = 105, Pr = 0.7

OT/E/ISIONINT 30HY OTPBIBA MOIPAHUYHOIO CJI0si OT CBEPX3BYKOBOI'O Haberaro-
IIIero TOTOKa, 00pa3yeTcs BBINIE 1O TEYEHUIO OT TOJIOBHOW YIapHO# BOJIHBI.
PacnpocTpanenmne yqapHoii BOJTHBI 2 BO BHETTHUN TTOTOK COITPOBOYK/TAETCS BO3-
HUKHOBEHUEM OTPAKEHHOT'O CKaYKa YTIIJIOTHEHW A 3 ﬂaﬂee HU>KE II0 TEYECHUIO B
pe3y/abTaTe MPUCOeMHEeHNs OTOPBABIIErOCs MOTOKA K 00TeKaeMoil CTeHKe, T/1e
TeYEHUE OATH CTAHOBUTHCA 0€30TPBIBHBIM, (DOPMUPYETCH CKAYOK YILJIOTHEHUST
4, BO3HUKAOIINI B 00/IACTU CMEIIeHNs OTOPBABINETOCH MOIPAHUYHOTO CJIOSI C
BHEITHUM MMOTOKOM. V3 puCyHKa BWIHO, 9TO T'OJIOBHOU CKAadOK 1, KOcoit 2 u
OTpa’KEHHBIH 3 CKAaYKM yIJOTHEHWS, [IEPECEKasiCh B OJHON TOYKe, 00pa3yior
CJIOYKHYIO A 00Pa3HyI0 CHCTeMY CKAYKOB YILJIOTHEHUs, KOTOPasi aHAJIOTUIHA A
CTPYKTYype, chOpMUPOBAHHOI Tepe]| CTpyeil Ha HIZKHeN cTeHke KaHasa |14].
N3 pucynka 6 pacupenenenuns mecrHoro umciaa Maxa nabsiogaercs Hagmdue
JI03BYKOBO#1 30HBI Ha BEPXHEIl CTEHKe KaHaJja u ee rirybuna cocrasuia (.178 cum.

SAKJ/IIOYEHUE

Paspaborannbiii  ajroput™m i pacdera ypaBuenuit Hasbe-Crokca
wa ocaoBe WENO-cxembl TO3BOJISIET MOJE/JUPOBATH TEYEHUE CBEPX3BY-
KOBOI'O MHOTOKOMIIOHEHTHOro ra3a. (omocraBjieHne pacdeToB C  OIBIT-
HBIMHA  JJAHHBIMHM  I[IOKa3blBAaC€T  Y/JIOBJIETBOPUTEJIBHOE COIJIACOBaHUE pe-
3y/ibTaToB. (C I[OMOIIBIO TPOBEJIEHHBIX YHUCJEHHBIX 3SKCIEPUMEHTOB II0-
JIydeHa  OTpbIBHAsi  00J1aCTh  BCJIEJACTBAE  B3AaUMOJIEHCTBUsT A a0nieit
y,Z[apHOI‘/’I BOJIHBI C TIOTPaHWYHBIM CJIOEM Ha BerHeﬁ CTEHKE KaHaJla.
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10 15 20 25 30 35 40 45 50 55

Pucynox 5 — ITone Bekropa ckopoctu n = 15, Ty = 800K, My, = 3.75,
Too = 629.43K, Re = 105, Pr = 0.7

0 15 20 25 30 35 40 45 50 X 55

0 5 10 15 20 25 30 35 40 45 50X 55

Pucyrnok 6 — Pacnpenenenune mecrroro unciaa Maxa n = 15, Ty = 800K, My, = 3.75,
Ty = 629.43K, Re =105, Pr =0.7
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Cmamva nocmynuaa 6 pedaxyuro 08.06.2015

Abmanna A., Bekeraesa ©O.0., IMMaxan H.III. KOIIKOMIIOHEHTTI
I'A3 KOCITACBIHBIH, 2KOT'APTBI JIbIBBICTHI 2KbI/IJTAM/IBIKITEHEH
ATYBI ECEBIH HMIEIIIYTE APHAJIFAH WENO-CYJIBACBIH KYPY

ZKoraprbl JBIOBICTBI TA3 AFBIHBIHBIH MATEMATHKAJIBIK, MOJIEIbICHY,
Haspe-Crokc TeHeyaep Kyi#eciH Mmenryre OKein COKThIPTaIbl. MyHIaFb!
arbiC TA30IMHAMUKAJIBIK CEKipLIIMIEPAiH maiiga 60ybIMEHEH CUMATTAIAIb.
By e3 Keserinjge KOFaprbl JOJJIIKKE He CAHIBIK OJICTEPIiH KOJIaHBLIYbIH
ranan erexi. ENO(Xapren xone Gackanapbr, 1987xk.) xone WENO(dnr,
1991k.) cynbamapbl KOFaprbl JIOPEXKEIK amnpokcuMaimsara ne. 2Kymbicra,
Teprinmi Jppexenik ammpokcuMmanusira e WENO-cyabacbiHbIH KYPbLIYbI,
uIeayijibl KOIKOMIIOHEHTTI Ta3 VIIiH Ka3buiran koHe PaBp OOUbIHINIA Op-
ramrananrad Hapbe-CToKC TeHjieysiepine apHa/iajibl. YChIHBLUIFAH aJrOPUTM
HEri3iH/e KA3BIKTHIK, YKOFaPFbl JIBIOBICTHIK a3 AFBICHIHBIH, TOMEHTI KabarTa
OPHAJTACKAH CAHBLIAYBIHAH KOJITeHeHHeH YPiJeTiH renii XKoHe CyTeri arbIcTa-
PBIMEHEH 9PEKeTTeCyi CAHIBIK, MOJIe/IbaeHe . Toxipubesik aknaparrapMeHeH
CAJIBICTBIPBLIBIM KACAJTBIHAbI. Ky/TafiThIH COKKBI TOJKBIHBIHBIH KYOBID/IBIH
yCTiHTT KaObIprachlHIa OPHAJIACKAH IIEKAPAJIBIK KabaThIMEHEH 9PEKeTTecyi
BePTTENE/I.
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Abdalla A., Beketaeva A.O., Shakhan N.Sh. CONSTRUCTION OF
WENO-SCHEME FOR THE TASK OF SUPERSONIC FLOW OF
MULTICOMPONENT GASEOUS MIXTURE

Mathematical modeling of supersonic air stream is reducing to the solution
of Navier-Stokes equations system, where the real flow is characterizing
with the appearance of gaseous dynamical jumps. This leads to the usage
of numerical methods of high order of accuracy. ENO-scheme (Harten and
others, 1987) and WENO-schemes (Yang, 1991) have sufficiently high order of
approximation. In work WENO-scheme with the fourth order of approximation
is constructing for the solution of Favre-averaged Navier-Stokes equations for
the flow of ideal multicomponent gas. With the proposed algorithm, interaction
of plane supersonic stream of air with the transverse jets of helium and
hydrogen injecting from the hole placed on the bottom wall is numerically
modeling. Comparison with the experimental data is done. Interaction of falling
shock wave with the boundary layer on top wall of channel is investigated.
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VIK 517.925/926; 517.938

T .M. ALDIBEKOV

al-Farabi Kazakh National university
050038 Almaty, 71 al-Farabi ave., e-mail: tamash59@mail.ru

ON EXPONENTIALLY SEPARATED DIFFERENTIAL
SYSTEMS

Exponentially separated linear homogeneous system of ordinary differential
equations with continuous limited coefficients in critical cases of Lyapunov
exponents is considered. The generalized exponentially separated linear system
of differential equations with regard to a monotonically increasing function is
defined. It is established that if a linear homogeneous system of differential
equations is generalized exponentially separated, Lyapunov’s generalized expo-
nents are stable in a class of small perturbations.

The work of Perron [1], see also [2, p. 193, theorem 9] was a source
of definition of an exponential separation. Then these systems were studied
in B.F.Bylov’s [3], R.E. Vinograd’s [4], V.M. Millionshchikov’s [5], [6],
Lillo’s [7] works. The definition of an exponential separation has connection
with the definition of an exponential dichotomy D.V. Anosov [8]. Some
information on the theory of Lyapunov’s generalized exponents is contained in

© T.M. Aldibekov, 2015.

Keywords: separation, exponential, linear system, Lyapunov exponents, stability,
differential
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T.M.Aldibekov’s works [9-12]. In the paper [11] the definition of an exponential
separation is spread to linear systems with unlimited coefficients. In the present
work using Lyapunov’s generalized exponents, the subclass of linear systems
with continuous limited coefficients is investigated, where the definition of an
exponential separated loses its meaning.
The class of linear homogeneous systems of differential equations is conside-
red
&= A(t)z, (1)

where t € I = [ty,+00), (to > 1), = € R", A(t) is a continuous matrix of
the dimension n X n, satisfying to the inequality

AW < Ky(t), (K >0), (2)

¥ (t) is a continuous, positive, distinct from a constant fixed function, such
that the function

¢
Q(t):/¢(7')d7', q(t) T +o0 as t 1T 400
to

and satisfies to the conditions

Int T
LLAN Wy e (Y Int < q(t) <t, at t>tg>L.
t—+o00q(t) t—+oo t

Note that Lyapunov’s exponents of the linear system (1) accept zero values,
i.e. a so-called critical case takes place.

The generalized exponent of a nonzero solution z(t) of the linear system
(1) is determined by the formula

— 1
Alz,ql = lim —= In||x(t)]|.
[r.q) = T o (1)

The generalized exponents of the fundamental system of solutions, in which
the sum of the generalized exponents of solutions is the smallest compared
with other fundamental systems of solutions, are called Lyapunov’s generalized
exponents of the linear system (1).
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As a rule, Lyapunov’s generalized exponents of the linear system (1) are
designated as follows:

An(A) € As1(A) < ... < A (A).

DEFINITION 1. The linear system (1) satisfying to the condition (2) is called
generalized exponentially separated, if it has solutions xi(t),...,zy(t), such
that for all t > s >ty the inequalities are fulfilled

H:Lilfl(t)H ||1’l(t)|| af -
- > Be (I(t) Q(s)]’
||17:*1(8)H ”ll(s)H

1=2,n
t

with some constants a >0, B>1 and q(t) = [¢(7)dr.
to

DEFINITION 2. If the linearly perturbed system
i = (A(t) + P()z, 3)

where a continuous matriz of perturbation P(t), t > to, satisfies the conditi-
ons

[Pl < Kw(t) at 1>t and Jim ”58” o,

has Lyapunov’s generalized exponents, which coincide with generalized Lyapu-

nov’s exponents of the linear system (1), we can say that the linear system (1)
satisfying to the condition (2) has Lyapunov’s stable generalized exponents.

TEOPEMA 1 A linear homogeneous diagonal system
dx

— = Ayt 4
dt d( )l‘, ( )
where
Aglt) = diag{ar(¢), ... aa(D)}, [Ad®)] < Kv(0), tel,
ai(t), i=1,...,n, are continuous functions satisfying to inequalities

aifl(t)iai(t)zaq/}(t)? a>0, tGI, 7;6{2’---7”}’

has Lyapunov’s stable generalized exponents.
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Zoxasameavcmeo. Note the perturbed system

dx
= (Alt) + P (5)
in the coordinate form is written
Dty + 3ty i€ {1, n) (6)
di = a;\1)x; k_lpzk: Tk, 1 yoees Ny
It is known that from
1PN

tliglo o)
it follows that for any 7 € {1,...,n}, k€ {1,...,n}, the equality takes place
- pa()]
AR @
Following the work [3, pp. 65-78] it is easily established that the linearly
perturbed system (6) satisfying the condition (7) has n linearly independent

solutions zy = {x1x, Tok, - - -, Tk}, k=1,2,...,n; satisfying to equalities
1 a(t)
lim —#% =0, kE, b) lim | ———kk _ =0.
) Jm o =Rtk D (w@) oo ()

From b) it follows that for any ¢ > 0 there exists such 7" € I, that for
any t>T, k=1,...,n, inequalities take place
x/
ak(t) — evlt) < = < a (1) + e (t).
Tkk
Integrating we obtain
t t t
B |zkk (8)]
ag(T)dr — € zp Ydr < In———= < [ ag(7)dr +¢ [ (T)dT.
|k (f0)]
to to to

Therefore, inequalities take place

t t
1 1
/ak(T)dT—€< In [24(1) /ak )dr + €.
to

q(t) q(t) " |okk(to (J(t

to
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From a) it follows that the k-th coordinate of the solution zj is the leader,
which implies that the equalities take place

t

/ak(T)dT = )\k(Ad)

to

Aoy ()] =

lim —
t—i—&-ooq(t)

Here A\1(Ag),..., A\ (A4g) are Lyapunov’s generalized exponents of the sys-
tem (4), besides they are different. Therefore, the fundamental system of
solutions x1,x2,...,x, organizes a normal base of the linearly perturbed
system (5). Therefore, by the definition the values

tlg_r"_nm@ ln|xk(t)| - )‘k(Ad +P)7 ke {]‘7 s an}v

are Lyapunov’s generalized exponents of the system (5) and the equalities take
place
)\i(Ad-i-P) = )\i(Ad)a 1=1,...,n;

Therefore, the linear system (4) has Lyapunov’s stable generalized exponents.
Theorem 1 is proved. |

TEOPEMA 2 The generalized exponentially separated linear system (1)
satisfying to the condition (2) has Lyapunov’s stable generalized exponents.

Jokasameavcmeo. By the definition the linear system (1) has solutions

x1(t),..., zp(t), for which at all ¢ > s >ty inequalities are fulfilled
Hxi—l(t)u - H‘xl(t)H > Bea[q(t)—q(s)]’ i=2.n (8)
i1 ()l [li(s)]
with some constants o > 0, B > 1.
Hence, it follows that the solutions x(t),...,z,(t) have various

generalized indices, therefore from the property of the generalized indices it
follows that they organize a fundamental system of solutions of the linear
system (1).

Let
zi(t)

[lzs (£)

2i(t) = |2i(O)lli(t), where @i(t) = =T,
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and we present a fundamental matrix of solutions in a form
X =0D, (9)
where
O(t) = [p1,---pnl, |det @[ >0, D =diag([|lzy], w2, .-, [lznl)-

The equalities take place

1 dlz@))? _ (AB)zi(t), zi(t)
2z dt i ()]

= (AQ)pi(t), pi(1)) = ai(t),
where a;(t), i =1,...,n, continuous functions at t > .
Hence integrating, for any ¢ > s > ¢y we shall have

t

llzs ()|l = || (s)|| exp /ai(T)dT , i=1,...,n. (10)

s

From (8), (10) it follows that

t
exp /(ai_l(T) ag(r))dr | > Bexpla(qt) — q(s))], i=2,....n.

S

This implies that the inequalities are fulfilled

a;i—1(t) —ai(t) > a(t), a>0,tel, ic{2,...,n}. (11)

Let us carry out transformation in the system (1) taking as a matrix of
transformation the matrix ®(t)

x = ®y. (12)
Then we receive the linear system

y = D"y, (13)

where

D=3 140 — o 1o,

MATEMATUYECKUIT XKYPHAJ 2015. Tom 15. N 2 (56)



28 T.M. Aldibekov

Note that in the transformation (12), matrixes ®(¢), ® '(t) are
continuous limited, and the matrix ®(¢) is continuous and ||®(¢)|| < Ku(t).
Therefore, (12) is the generalized Lyapunov’s transformation.

To the fundamental matrix X linear to the system (1) there corresponds
the fundamental matrix Y of the linear system (13) and from the equality

X =Y
it follows that

Y =o71X. (14)
Substituting (9) in (14) we have

Y =& '®D = D = diag(||z1 ()], .., |z.(2)])
or
t t
[ aids [ ands
Y =diag | [lz1(to)l[e0 ..., [[zn(to)e
The equation has this a fundamental system of the solutions
y = Dy,
where

D = diag(ay,az, ..., a,).

Therefore, owing to uniqueness the equality takes place
D" =D.

Thus, the generalized exponentially separated linear system (1) satisfying
to the condition (2) by application of Lyapunov’s generalized transformation
is reduced to a diagonal system satisfying to the condition (11). As Lyapu-
nov’s generalized transformation keeps stability, from theorem 1 it follows that
Lyapunov’s generalized exponents of the linear system (1) are stable.

Theorem 2 is proved. U
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EXAMPLE 1 Let us consider the linear system

1 n sint
L L
4\t t+1
WiotHT i),

. _ v
TV Wil

Note that the linear system from diagonal coefficients of this system has
Lyapunov’s generalized exponents

where ¢(t) = +/t and the diagonal system is generalized exponentially
separated, and the approval of theorem 2 is fulfilled. Therefore, this system
has the same Lyapunov’s generalized exponents. This implies that the system
is stable according to Lyapunov.

REFERENCES

1 Perron O. Uber lineare Differentialgleichungen, bei denen die
unabhangige Variable reel ist. // J. Reine und angew. Math. — 1931. — B.
142. — P. 254-270.

2 Nemytskii V.V., Stepanov V.V. Qualitative Theory of Differential
Equations. — M.—-L.: Gostekhizdat, — 1949. — P. 152-153.

3 Bylov B.F. On Linear Equation System Reduction to a Diagonal Aspect
// Mathematical Collection. — 1965. — V. 67, Ne3. — P. 338-344.

4 Vinograd R.E. The general case of resistance the characteristic values
and the existence of the leading coordinate // DAN USSR. — 1958. — V. 119,
Ned. — P. 633-635.

5 Millionshchikov V.M. Systems with Integral Separation are Dense Every-
where in the Set of Linear Systems of Differential Equations // Differential
Equations. — 1969. — V.5., Ne7. — P. 1167-1170.

6 Millionshchikov. V.M. On exponents of Exponential Separation //
Mathematical Collection. — 1984. — V.124, Ned. — P. 451-485.

MATEMATUYECKUIT XKYPHAJ 2015. Tom 15. N 2 (56)



30 T.M. Aldibekov

7 Lillo J.C. Perturbations of nonlinear systems // Acta Math. — 1960. —
V. 103., Ne1-2. — P. 123-128.

8 Anosov D.V. Geodesic Flows on the Closed Riemannian Varieties of
Negative Curvature // Tr. Math. Inst. after Steklov V.A. — M.: Nauka, —
1967. — P.1-235.

9 Aldibekov T.M. The Analog of Lyapunov’s Theorem on Stability at the
First Approximation // Differential Equations. — 2006. — V.42., Ne6. — P.
859-860.

10 Aldibekov T.M. On Stability at the First Approxmation // Journal
"Modern Problems of Science and Education". — 2008. — P. 133.

11 Aldibekov T.M. Lyapunov’s Generalized Exponents. — Almaty. 2011.

12 Aldibekov T.M., Aldazharova M.M. On the stability by the first
approximation of Lyapunov characteristic exponents in critical cases //
Differential Equations. — 2014. — Vol. 50., Ne10. — P. 1384-1388.

Received 11.03.2015

Onaubexos T.M. DKCIIOHEHIINAJIIB BOJIIKTEHTEH KO JTND-
QEPEHIUAJIIBK TEHIEY/IEPIIH YKYIEJIEPI TYPAJIBI

Koaddurmentrepi y3imicciz meHesreH ChI3BIKTBI OipTeKTi Koit nudde-
PEHIMAJIIBIK, TEHIALYIEP/IiH SKCIOHEHINAJIIBI OO IIKTEeHTeH XKyitenepi JIamyHon
KOPCETKIMITEPIHIH ChIHN JKaFTaillapblHIa KaPACTRIPLIaAbl. 2KaamblmamMma 9KC-
[TOHEHITAAJIIBI OOJIIKTEHT€H ChI3BIKTHI AudPEePEHITNAIBIK TEHICYIEPIiH KYii-
ejiepi Keiibip MOHOTOH B! ecriesii (PyHKIINsAIapFa KAThICThI aHbIKTa /161, Krep
ChIBBIKTHI OipTekTi uddeperiuaiblk TeHeyIePAiH KyHeci KaJblIaMma JKC-
MOHEHIMAJIIbI OeJIIKTeHTeH 60JICa, OHIa JKAJIbLIaMa JISmyHORB KepceTKinrepi
KaHgaiiga 6ip a3 acep OepeTiH KJIacTa OPHBIKTHI 00JATHIHBI TAraibIH I IFaH.
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Anmubexkos T.M. OB 5KCIIOHEHIIMAJIBHO PA3JEJIEHHBIX CU-
CTEMAX OBBIKHOBEHHBIX JU®PEPEHIMAJILHBIX YPABHEHUI

PaccmarpuBaercs aKCIOHEHNIMAIBLHO pa3je/ieHHas JIMHelHas OJHOPO/IHAS
cucreMa OOBIKHOBEHHBIX JudDepeHnalbHbIX YPABHEHUN € HENPEPBIBHBIMU
OrpaHUYEHHBIMEU KO(MDUITUEHTAMN B KPUTHIECKUX CJIyUaax rnmokazareseii Jls-
nyHoBa. Onpejesisiercst 0000IEHHO SKCITOHEHITMAIBHO Pa3/ieeHHasl JTUHeTHas
cucrema nudepeHIuajibHbIX yPaBHEHN OTHOCUTEIHHO HEKOTOPOU MOHOTOH-
HO BO3pacraromell MyHKIUNU. YCTAHOBJIEHO, YTO €C/IU JIMHEWHAsT OIHOPOIHAS
cucrema JuddepeHiuajbHbIX YpaBHEHUN 0000IIEHHO SKCIIOHEHITHAJBHO pa3-
JlesieHHasi, TO 0000IIeHHbIe TOKAa3aTe U JISIyHOBA ABJISIOTCH YCTOWYUBBIMU B
HEKOTOPOM KJIACCE MaJIbIX BO3MYIIICHUNA.
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HEPABEHCTBA BEPHIIITENHA-HNKOJIbLCKOTO U
OIEHKV HANJIVUYIIINX IIPUBJINYKEHN B
AHN3O0TPOIIHBIX ITPOCTPAHCTBAX JIOPEHITA

B crarbe moka3anbsr HepaBencTBa BepHimTelina-HuKoIbCKOT0 /110 TPUIOHOMET-
PHUHYECKHX [IOJIMHOMOB CO CIEKTPOM M3 IUIepOOInIeCcKOr0 KPecTa U I0JLy 9€HbL
OITEHKY HAWJIY9IINX TPUOINKEHUN B METPUKE AHU30TPOITHBIX IPOCTPAHCTB J10-
peHIa.

Kuiouesnie cioBa: anuzomponmnwse npocmpancmea Jlopenuya, Hepasencmeo
Beprwmetina-Hukoawvckozo, nauaywwee npubausicenue.

1 OHPEZLE.HEHI/IH N BCIIOMOT'ATEJIBHBIE YTBEP>K/IEHN

IIycts f(x) = f(x1,...,7,) — m3mepumas GyHkums, 3aa0Hag Ha [0, 1],
Yepes f*(t) = f**n(t1,...,t,) 0603HAUNM (DYHKIHIO, TIOJTYUEHHYIO TIPUME-
HEHMEM K TEePBOil HEBO3PACTAIONIEH TTEPECTAHOBKHU TTOCIEOBATENBHO 0 TIepe-
MEHHBIM I1, . . . , L, TPHA (DUKCHPOBAHHBIX OCTAILHBIX TEPEMEHHBIX.

[Mycrs myabtuusgekcsl p = (pi,...,Pn), ¢ = (q1,...,qn) YJAOBIETBODSI-
10T ycsosuaM, ecan 0 < p; < oo, o 0 < ¢; < 00, ecm XKe pj = 00, TO H
g =00 g j =1,...,n, u* = {ji,...,Jn} — HeKOTOpas pUKCHpOBAHHASL

© K.A.Bexmaran6eros, E.T. Opasranues, 2015.

Keywords: anisotropic Lorentz space, Bernstein-Nikolsky inequality, the best
approzrimation
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nepecraHoBka MHOKecTBa {1,...,n}. Aum3orponnbiv npocrpanctsom Jlopen-
1a Lpgr = Lpg<([0,1)") (em. E 1. Hypcynramos [1], B ciayaae « = {1,...,n} -
A.T1. Baosunckuit [2]) HazbiBaeTcst MHOXKECTBO (DYHKIHIA, JIJIsi KOTOPBIX

1 1
HfHqu* = </0 (A )t}/pl .. _t}l/pnf*l,...,*n(tl,“.7tn)

dt]n l/an
L < 00.
tj

qj dtjl > 2 /le

ti

n

qds

1/q
S ) LIpU ¢ = 00 IIOHUMAETCS KaK Sup,~o G(S).

3J1ech BbIpazkenue (fol(G(s))

JIEMMA 1 ([3]). ITyemv 1 <p= (p1,...,pn)< 7= (T1,...,10) <00, 1+1/r =
Ip+1/s, 1<q=(q1,---,qn),d = (d1,...,dn) < 00, 1/0 = (1/d — 1/q), u
*={j1,...,Jn}. Tozda cnpasedruso nepasencmeo

1f* 9z, < ClUFIL e 9l

rd*

3decw (f xg) (x) — ceepmra Pynrxuud f(z) u g(z).

2mik,z)

Iycts f(x) ~ Y pczn are — KpATHBIl TPUTOHOMETPHUYECKHIl P,

0003HaYUM ‘
As(fv l’) = Z ak’e%m(k@)?
kep(s)

rae p(s) = {k = (ki,... kp) € Z" : [2571) < |ks| < 2%,i=1,...,n}, s € Zy.
Mycrs —00 < @ = (a1,...,an) < 00, 0 < ¢ = (q1,.--,qn), P =

(p1y---s0n) < o0 mw * = {j1,.-.,Jn}. AHH30TPOIHBIM IPOCTPAHCTBOM
* *

Becora Bp? = Bp? ([0,1)") [4] maswsaercs wmmowecTBO pagos f(x) ~

Y okez are?™ k7)1 KOTOPBIX KOHEedHa HOpMA

1l = {22020z, |

H ’
-

rae || - ||z, — HOpma mpocTpamcTsa Jlebera co cMemnraHHOi MeTpuKOi L, =
Lp([0,1)") u || - [1,. — nopma juckpernoro npocrpancrsa Jlebera lgs.

Cdopmynupyem B Brje IeMMBI 9acTHBII cirydail Teopemsr 4 u3 [4].
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JIEMMA 2. ITycmov 1 < p = (p1,...,0n) <7 = (T1,...,7) < 00, 0 < ¢ =
(qiy- o sqn) <0 wo =1/p—1/r u*x = {j1,...,Jn}. To2da cnpasedrueni
BAOMNCEHUA
Byt < Ly — By
IIycre N € N, v = (y1,...,V), tae 75 > 0 pust Beex j = 1,...,n u
k = max(1, |k|). Muoxkectso

D(N,y)={k=(ki,....kn) 1k € Z,j = 1,...,n, ][ k] < N},
j=1

Ha3bIBAETCH TUMEPOOTUYECKUM KPECTOM TMOpsaKa [N, COOTBETCTBYIOIIUM 7Y, a
MHO2KECTBO

QN = | el
SEZT}F:(S,'y)gN

— CTYNEHYaTBIM KPECTOM.

HEMMA 3 Hycmb B - (517--~75n); Y= (717"'7771)} q = (QI7-~-7Q7L); 266
BieR, v;>0,¢;>00daaecexj=1,...,n,v>0uM €N,

AM,’Y(/Ba v, Q) =

[M] [M_sz_.‘,%kn] a2/q
"
a

1/qn

n

-1 3. 3 (22?:151"%(M P %kn)y)

kn=0 k1=0

IIyemoy ¢ = max{B;/v;:j=1,...,n}, B={i: Bi/vi=¢i=1,...,n} u
io = min{i : i € B}, mozda
UM N3 iep /a1t ppy ¢ >0
A (B,v,q) ~ § MV T2ien 1 npu (=0 . (1)
MY npu ¢ <0

Zoxazamesvbcmaeo cienyer u3 CAeIyIONNX ACCUMITTOTHIECKUX COOTHOIIEHUT

M 28 npu >0
Z2ﬁk(M—k:)”~ MYt mpn =0
k=0 MY npu B <0
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JIEMMA 4. ITyemv 1 < p = (p1,...,pn) < 00, 0 < ¢ = (q1,-..,qn) < 00,
) _

* = {Jl”]n} u = (0517---70471,) € Rn; Y= (717"'7’}%) >0 u Ué)(M:’Y) o
Zng(Mﬁ) k2™ i(k)  Toada cnpasedauso

«

W8, vt o,

Zoxasameavcmeo. Vlcxoist u3 OIEHOK OJHOMEPHBIX saep BepHy/uim, moayanm

22?:1(aj+§;)8j

|auwsh >>HL,, (2)

M,y

Cornacuo jemme 2 u (2) nveem

(@) (@) _
HUQ(M/Y)HLW* =G HUQ(M,’Y)’ BIT
[M] [w] G /05, \ /T
n 71 Z’_L s (a) 951
=0 Z Z (2 i=193% || A (U (MW))HLI)
sp=0 s1=0
[M] [M—vwz———wwn] o /51 /45
on " n 11 1 q;
Zj—l(._r-—"_aj'i'/)sj) &
sn=0 $1=0 <
[él] {M—vzww;l—wwn] 1\ @ /43y L/
S SR GO T I
sn=0 s1=0
1 *
= Am(a+ 5,0,4%). (3)

Awnamornuno, cornacuo gemme 2 u (2) mveem

0G0, = €8 [UGhs | g =

b
M) Lygr B;aq*
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[M] [M—7232—.H—'ynsn qu/qjl
Yn 71 Zn (a) qjl
._1 —0485
S DOE IS SR CoRR TR
Spn= s1=0
[M] |:A/I—7252—4.4—'\/nsnj| qj2/qj1 l/an
~ i i <227‘1(;j_r1j+aj+;;)sj>%1 =
sn=0 s1=0
[M] |:h1772527...77nsn:| qu/qjl 1/an
Tn 71 Z?:l(aj"'_%)sj djq
-S> 3 2 / o=
sp=0 s1=0
1 *
:AM(OC‘F;;O;Q )- (4)
O6bequnsst (11) u (4), noxyuaem
() 1
V&l ~ Awta+ S0
rq
O
2. HEPABEHCTBA BEPHIITENHA-HNKOJILCKOI'O
HyCTb T = (’717' e 7777,) > 0) TF(N{)/)(J’.) = ZkEF(N,'y) Cke2ﬂ-i(k7x) — TPpHUTO-

HOMETPUYIECKU ITOJUHOM CO CIIEKTPOM U3 TUIEPOOJIMIECKOr0 KPecTa U o =
(a1,...,qn) € R™ obo3HaaMM

= X e,
kel'(N,v)

riae k% =[], k.

TEOPEMA 1. ITyemv 1 <p = (p1,...,pn) < 00, 1 <q = (q1,...,qn) < 00,
* = {j1i,.. s Jn} u ¢ = max{(a;, +1/p;;)/v; 1 = 1,...,n}, B = {i :
(ag, +1/pj,) /v, = ¢ i = 1,...,n}, o = min{i : ¢ € B}. Toeda cnpaseo-
AUBBL HEPABEHCTNBA:

npu ¢ > 0

))ZieB l/q;‘i_l/

||, < oentamev+a R SN

I'(N,)
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npu ¢ =0
HTIE?J)V’“/)HLOO < C(In(N + 1))21'68 /g5, ”TF(N,’Y)Hqu*7 (6)
npu ¢ <0
(a
HTF(N7 HLOO = CHTF(N"Y)HLM*‘ (7)

Joxazamenvemeo. Iycrs 2M~1 < N < 2M qorna Q(M,~) — mamvensimmit
CTyHeHYaTBIil KpPecT, MOKpblBaomuii runepbommaeckuii kpeer I'(N, ).

[MosiuroM Tlg?J)V,«,) (7) npejcrasum B Buje ceeprku nojunoMa Tp(y ) (T) ¢

_ "
AAPOM Ugg\/fﬁ) (z) = ZkGQ(M,’y) koe?mi(ka),
Cornacro nepasenctBy lenbaepa n gemmbl 4, Torygaem

()
b= sup \/T | (x — y)dy| <
1), s | [ T U

1
<N Ty, USNL,, ~ Ao+ 00T -
Jlasee 10Ka3aTe/ILCTBO CIELYET U3 JIEMMBbI 3. L]

SAMEYAHUE 1. Teopema 1 obobwaem u donoansem coomeemcmeyrouul pe-
syavmam pabomu [5].

TEOPEMA 2. ITyemv 1<p = (p1,...,pn)<71T = (ri,...,10) < 00,
1<q = (¢1y---,qn),d = (di,...,dp) < 00, * = {j1,---,Jn} u
¢ = max{(aj, +1/p; =1/rj)/v; + @ = 1,...n}, B = {i

(aj, +1/pj; = 1/r5) /v = Ci = 1,...,n}, igp = min{i : i € B}, 1/0; =
(1/dj —1/qj),, 3 =1,...,n, 2de ay = max(a,0). Tozda cnpasedausnv. nepa-
sencmea:

npu ¢ >0
N 5 1/0;—1/0;
|z, | SONC (N + 1)) =i Vo i oy, (8)
npu ¢ =0

H F(N’V)HLM* < C(ID(N+ 1))2%3 1/0;, ”TF(N,'Y)Hqu*’ (9)
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38 K.A. Bekmaranberos, E.T. Opasraiues

npu ¢ <0
(o)
HTF(N”Y)HLM* = CHTF(NW)HLM*' (10)

Hoxaszameavcmeo. Ilo anasioruu ¢ npejbayimnm JI0Ka3are/ibCTBOM U COIVIACHO
gemMmaM 1 u 4 momydaem

T Rels = | [ T @U@ -ty <

0,1)n
[0,1) Loy

1
< ClTe v e 10N e ~ Antn@+ 50,09 Toguoy 12, =

1 1
= AM,’y(Ol + 2; — ;, 0, 0*)||TF(N7’Y)Hqu*'

Jamee 10Ka3aTeIbCTBO CAEIyET U3 JEMMBI 3. O

BAMEYAHUE 2. a) Townocms no nopadky nepasencme us Teopem 1 u 2 ne

CAOICHO MPOBEPUMD HA NOAUHOMAT 6UAQ U](va(m) nymem nodbopa MYALMUUH-
dexca T = (Ti,...,Tn); ’

6) Ommemum, wmo nepasercmea (7) u (10) mootcho nosywums Kax caeo-
cmeus meopem eaooicenua Wy — Loo npu a > 1/p u W < Lra« npu
a>1/p—1/r us pabomuw [4];

6) Hepasencmea (5) — (10), 6 omauwue om nepasencmes Teopem 1.2.1 u
1.2.3 us [6], nossoastom ysudemv, Karue napamempo, NPOCMPAHCNE 36 MO
omsewatom. Tax 6 nepasencmese (8), 6 omauuue om nepasencmsa Teopemol
1.2.3, s03nuKaem A02apUPGMUECKAAL KOMNOKEHMA, COAZAHAA CO CAGOBLMU Na-
PAMEMPAMU NPOCMPAHCTNG, G UMEHHO C MEMU U3 HUT, KOMOPHE COOMEem-
cmeyrom max{(cy, +1/p;, —1/rj,)/vi i =1,...,n}. U3 nepasencms (5), (8)
maxoice 6uUOHO, WMO OUEHKY 3asucam om napamempa * = {ji,...,Jn} mem,
umo u3 Y ;e 1/q;, uaud ;g 1/0; svwumaemea coomsememeyrouan xomno-
Henma 1/q;-i0 uau 1/6;, . Komopas enepevie 6cmpenaemes npu unmezpuposa-
HUU 8 HOPME NPOCMPAncmea Lpgs.

3. OLEHKW HAWJIYYIINUX MPUBJUYKEHUI B PABHBIX METPUKAX
Oycts o = (a1, ..., 0) >0 f(x) ~ D pcm cpe2mi(k.)

momerpuueckuii psa. Torma ps

f(a) (.13) ~ Z ];ozcke%ri(k,z)

keZn

— KPaTHBIA TPUTO-
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HA30BEM MPOU3BOIHOM TOpsaka & = (1, . .., Q) HUCXOJHOTO PAIA.
Mycts 1<p = (p1,...y0n) < 00, 1<q = (q1y...,qn) < 00, ¥ =
{1, in} m f(z) € Lpg. Anst v = (71, ..,7n) > 0, Benmuuna

EN,’y(f)qu* = Tpi(I]lVf:W) Hf - TF(N"Y) Hqu*

HA3BIBAETCS HauTydmuM npubsmzkennem dyakiun f(2) 0o rpuronomerpude-
CKUM TIOJIMHOMAaM CO CIIEKTPOM u3 runepbosmyeckoro kpecra I'(N, ) B meTpn-
Ke aHM30TPOITHOr0 IpocTpancTsa JIopenma Lypg«.

TEOPEMA 3. ITyemv o = (a1,...,0,) > 0,1 <p=(p1,...,pn) <00,1 < qg=
(q1s--yqn) <00, x ={J1,..-,Jn}, ¢ = max{(oy, +1/pj,)/vj; i =1,...,n},
B = {i: (aj, +1/p;,)/vi; = ¢,i =1,...,n}, ip = min{i : i € B}, dynrxyun
f(z) us Lpg u

[e o]

. 1/q" —1/q"
Yoot Y BBy (£, < oo
=1

Tozda dynxyusa f(x) umeem nenpepwienyto npoussodnyo f(z) u cnpased-
AUBA OUEHKA

o o ol Sien 1/, —1/d),
Eon o (f@)p,, < C Y 2= 5T 0 By ()1,
=N

q* "

Zoxaszameavcmeo. Ilycrn Tp(m)(x) — IOJIMHOM HAWJIy4IIero npub/imKeHuns
dbyukunn f(x) B Merprke aHn30TpPONHOrO HpocrpancTsa JIopenna Lygx. B cuny
HepaBeHCTBa (5) mMeeM

! /
Zies l/qji_l/qjio

< 12 <

*

HTF(?Q)ZHN) N TF(E(XZ)Z ) HLOO

Tr(ar+iy) = TF@W)} L
pq

< 022Cllzi63 a5, =1/d5, Eg o (f)L, .- (11)

CoriacHo yCIOBHIO TEOPEMBI TIOIyUaeM, 9TO Pl
o0

T @) + 3 (T, @)~ T (@)
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PABHOMEPHO CXOJMTCS K HEKOTOPOit HenpepwiBHOi dbyukmun F = F(z, ). 3a-
MernM, 910 Kodbduruentst Dypbe 310il hyHKIME paBHBL k¥C);, TO €CTH CyIIe-
creyer f(®)(z) u ona cosnagaer ¢ nenpepesuoit byukumeir F(x, a).

U3 (11) nosygaem

o0
(@) (@) ()
EQN,'y(F)Loo < HF TF(QN’A/ H Z]:V HT 2L+ TF(QZN)HLOO
o~ ool Sien 1/, ~1/d,
<0y Y ot T o By ()L
I=N
O
TEOPEMA 4. Ilycmv a = (a1,...,a,) > 0, 1<p = (p1,...,pn)<7T =
(Th...,’l"n) < 09, 1§q = (Q17"‘7Q7L)7d = (d17"'7dn) < 00, * =
{1k, € = max{(ay, +1/pj, = 1/rj) /v + i = 1,...,n}, B = {i

(ag, +1/pj;, = 1/rj.)/v = ¢i = 1,...,n}, iop = min{s : i € B}, 1/0; =
(1/dj —1/qj), G =1,...,n, Pynxyus f(x) us Lpg u

o0
Z 2<llZiEB 1/05,=1/63;, Ezl,'y(f)qu* < .

Toeda dyrryusa f(z) umeem npouseodnyio f\(x), npunadaescauyo Lyge u
CNpasedsuea oueHKa

N > . 0. —1/0.
Eon o (f)p,,. < CZMZZEB V0= %% By (f)r, .-
=N

Zoxazameavcmeo. Ilycrs Tp(lﬁ)(m) — [OJIMHOM HAWJIy4IIero npub/ivmKeHus
dbyukunu f(x) B MeTprKe aHM30TPOIHOTO mpocTpancTsa Jlopenna Lygx. B iy
HepaBeHCTBa (8) mMeem

< C12<llZi€B 1/65;=1/03;,

HT( 2y TF(((E)W) HLM*

Tri+1,y) — TF(QW)HL <
Pa*

Sien 1/d), -1/,

< 0y2%0 0 Byt (f) L -
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CortacHo yCI0BUIO TEOPEMBI TTOIYIAEM, 9TO P/

+Z< ity () = T ()

cxoquresa K Hekoropoit dynkuun F' = F(z,«) u3 Lyg«. Bamerum, 9To K03d-
bunuentsr Oypoe s10it byHKIUU paBHBL k%), TO ecTb cymecrsyer f(@) (z),
KoTopas coBnagaer ¢ dynkumeit F(x, a).

Hanee nmomyaaem

E2N7,.Y(F)

rd* —

<7

(a)
<G Z | r(zlmHLm =

L’rd*

**

<Oy Z 2<llZiEB 1/9&-_1/93&0 Ezl;y(f)L
=N

rq
O

BAMEYAHUE 3. a) Teopemoi 3 u 4 1e Mo2ym 6vimo YAYHUWEHDL 8 TOM CMBICAE,
ymo oasa nocaedosamesvhocmu €; . 0 maxoti, wmo

o0 o]
Yiep 1/d;,—1/q], ep 1/0;.—1/6;
E A e N ) E ol 2ien 1/0, /“0521 = 00,
=1 =1
natidemea gynryus f(x) us Lpg, daa komopot

EQZ,W(f)qu* ~ Egl

u f(@ () ne npunadaesicum Log uau Lyge coomeememsento;
6) Teopemw, 3 u 4 obobwarom Teopemwv 1.3.1 u 1.3.2 uz [6].

Pa6ora Beinosinena B pamkax mpoekta '®@4-0816, punancupyemoro Komu-
terom Hayku MOH PK.
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Bexmaramberos K.A., Opaszrammes E.T. AHU3OTPOIITHI JIOPEHII
KEHICTIKTEPIHAEI'T BEPHIITENH-HUKOJILCKNII TEHCI3IIK-
TEPI MEH EH, KYIIITI 2KYBIKTAVJIAPIBIH BAFTAJIAVJIAPHI

Makamnama runepOoiaablK KPECTeri CHEeKTPJi TPUTOHOMETPHUSIBIK —TI0-
auHOMIap yimiH Beprmreitn-Hukonbckuit TeHCI3AIKTEP] Ao/Ie/IeHreH YKOHE
AHU3O0TPONTHI JIOpEHTT KeHICTIKTEPiHIH METPUKACKIH/IAFE] €H »KAKCHI K YBIKTaY-
JIap/IblH OaraJiay/iapbl a/IbIHFAH.

Bekmaganbetov K.A., Orazgaliev E.T. BERNSTEIN - NIKOL’SKII
INEQUALITIES AND ESTIMATES OF BEST APPROXIMATION IN
ANISOTROPIC LORENTZ SPACES

In the paper we prove Bernstein-Nikolsky inequalities for the trigonometric
polynomials with the spectrum of the hyperbolic cross and obtain estimates
for the best approximations in the metric of anisotropic Lorentz spaces.
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ACUMIITOTUYECKOE IIOBEJEHUE PEIIIEHUN
JN®OEPEHIIMAJIbHBIX YPABHEHUI
B ITIPOCTPAHCTBE BEKTOP-OYHKITUN

B crarpe mccienyercs aCHMITOTHYECKOE LIOBEJEHUE DEIIEHH CHCTEeMBbL JBYX
CUHTYJISPHBIX Ju(d depeHIaIbHbIX YPABHEHN YeTBEPTOTO0 TOPS KA TPy 60JIb-
MIUX 3HAYEHUSX CIEKTPAIbHOTO mapamMerpa. Ha ocHoBaHuuM mmosrydeHHBIX GOp-
MyJI BBIYHCJIEHBI MHIEKCHl nedekra coorBercByomero auddepeHuaasaoro
omeparopa.

KuroueBbre cioBa: acumnmomuueckoe nosedenue, cucmema duddepeniyuans-
HOLL ypasrenul, L-duazonasvras cucmema.

Bajla4a UCc/1e0BaHus ACUMIITOTHYECKOI'O 1I0BEJIEHUs] PEIeHUil 0ObIKHOBEH-
ueix guddepenmuanbubix ypasuernit (OIY), B 3aBucuMocTn 0T MOBEIEHWSs
K03 DUIMEHTOB sIBJIETCsT O/IHOM U3 MeHTpaabHbIX B Teopuu OY. Perenuto
9TOM 33/1a49M OCBSIIIEHO 3HAYNTEIbHOE 9uCa0 pabor cM. [1] u 6ubanorpaduro
K Heit. OHAKO, B OCHOBHOM, B 3TUX pab0TaxX MCCJEI0BAIUCH CKAIIPHBIE TUd-
depenimaibabie ypaBaenus. Mbl uccieyeM aCuMITOTUIECKOE TOBEJIEeHUE Pe-
meHuit nuddepeHIuatbHbIX YPABHEHU B IPOCTPAHCTBE BEKTOP—(YHKIIHIA.
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PaccmarpuBaercs cucrema ypaBHEHUit
ly == yW + Qz)y = \y, 0<z<+o0, (1)

A—xommiekcubiit napamerp, A € I, '={\: A=0o 41, 7=07, 0 <y < 1}.

ya()
JecKasi MaTPUIIA, € JBAXKJbl HEMPEPBIBHO (D dEPEHIINDYEMBIMU SIEMEHTAMHI

¢,j(x),1,7 = 1,2, cobcTBeHHBIe 3HAYMEHNS KOTOPOH f1i(2) — —00 mpu & — +00.
1 x) — T
Beegem caepytomme oboznavenus o(r) = farctgw ol(z) —

2 2q12(x) ’
CKOPOCTH BpAIEHUs COOCTBEHHBIX BEKTOPOB MaTpuIbl ().

Hac 6ymnyT narepecoBars acumnroTuydeckre oOpMyJIbl 11t DyHIAMEHTAIb-
HOIT cucTeMbl pemtennii ypasuenus (1) mpu A € I'; A — 0o, paBHOMEpHO TIO :
0 <z < 400 B cIydae MeIEHHOTO BPAIEHNS COOCTBEHHBIX BEKTOPOB MaTPH-
el Q(x). Acuvmrormaeckue (pOpMyJIbI, PABHOMEPHBIE 10 X, BA2KHBI KaK C TOU-
KU 3PEHUs] aCUMIITOTHIECKOI Teopun JuddepeHnalibHbiX yPaBHEHN T, TaK U €
TOYKU 3PEeHud CHEKTPaIbHO# Teopuu AuddepeHnunaibHbiX onepaTopos. leso
B TOM, 9TO UX 3HAHUE MO3BOJISIET UCC/EI0BATH CIIEKTPAJIbHBIE CBOMCTBA COOT-
BeTcByOnwX MuddepeHnuaabHbIX ormepaTopos (cM. HanpuMep [2]). OTmernm,
YTO paHee OJTHUM W3 aBTOPOB B paboTe 3] paccMaTpuBasics BOIPOC 00 ACHMIITO-
THUYECKOM TMOBEJICHUN perennii cucrembl BToporo nopsaka —y” + Q(x)y = Ay,

y = ( y(2) ) — BekTop, 0 < = < 00, Q(x) — BelecTBeHHAs CUMMETPH-

A el A — oo paBHOoMepHO 0 . B 9T0i1 Ke paboTe BHIYUCTEHA ACUMITOTH-
Ka CIIEKTPA COOTBETCTBYIOMIEro nnddepeHITnaIbHOTO OMePaTopa, 9To yaaeT-
cs cresiaTh O1arogaps paBHOMEPHOCTH acuMmuToTudeckux ¢gopmys. B pabdore
[4] nnst ypasuenust (1) maiigensl acumnrornyeckue GopMy/Ibl Ipu & — 00,
YTO JOCTATOYHO JIJi BBHIUUCIEHUS WHIEKCOB jedheKTa MUHUMAIHHOTO OIepa-
topa, nopoxentoro B L2 (0,00) muddepennuanbupiy Boipazenunem ly. Ts
UCCJIeI0BAHUS YK€ ACUMIITOTHKY CIEKTPA OMEPATOpa, YeMy Oy/eT MOCBSIIeHa
oT/le/ibHAsT PaboTa, HYXKHbI aCUMITOTAYECKUE (DOPMYJIBbI TI0 A, PABHOMEDHbIE
[0 T, YTO W $IBJIZETCsI OCHOBHBIM PE3yJ/IbTaTOM Halleil paboTsl.

TEOPEMA 1. Ilycmb 6uinoanenvs Ycaosus: 0as 00Cmamouto 60AbwWo20 Ty U
npu T > Tg

1 |¢'(z)| < e,
2.0< AL ‘Zl((g < B, 2de ¢, A, B - noaostcumensvrvie KOHCMAHMbL,
J
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¢ (x)
(A—pi(z))'/4

3. [N = ()| Y de < oo, [ de = o(1), A € T, A\ —
X0 o

o0, 1 =1, 2,
4. |pi(@)] < o(|ps(2)|%)], npu x — 400, i=1,2, 0 <a <5/4,
pi(z) u ! (x) coxpanaom snax npu x > .
Tozda cucmema (1) umeem socemv aunetino nesasucumur pewenud y;(x, N),
maxur, ¥mo npu A — oo, X € I' pasnomeprno no x, 0 <z < +o0

T

Y12 = ¢1(x, X) exp { + /()\ — ul(t))1/4dt}(1 +o(1)),
0

T

ma= (e e { £i = () at} 1+ o(1)
0

T

ys.6 = p2(z, \) exp { + /()\ _ pg(t))1/4dt}(1 +o(1)),
0

T

yr.8 = pa(x, \) exp{ :l:i/()\ — Mg(t))l/4dt}(1 +0(1)),

0
20e
pr(z,A) = w ( —Cgfn SOség(cfl)ﬂ) ) ’
o= (0 )

V(X = pa())?

Joxazamesvemao. C MOMOIIBIO 3BaMEHBI TTePEeMEHHBIX

Y
Y
Y
Y

~
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ot cucrembl (1) mepeitzem k cucreme auddepeHInaIbLHBIX yPABHEHHH TIEPBOTO
NOPAIKa

2= Az,
z = (z21(x,N\), z2(z, A), z3(x, \), 24(x,\)) — HOBast HeM3BeCTHast BEKTOD-
bynkrms,
0 I 00
0 010
A= 0 00 I |
—-Q+X 0 0 0

rae I — gByMepHas eIUHAIHAST MATPHUILA.
Bsenem B paccMoTpeHue OpTOrOHAIBHYIO MATPUILY

o= (e o),

rakyio, uro U 'QU, = A = diag {1, pt2},

a1 + g2 + V/(q1 — g22)% + 4¢3, = Qi1+ @22 — V/(qu1 — g22)% + 442,
2 ’ N 2 '

Jlajiee mpousBegeM 3aMeHy

p =

z = diag {Uy,U1,U1,U1} w = Uw,
7 =Uw+Uw,
Uw+ Uw = AUw,

w = (UTAU)w — U™ U w. (2)

U AU =

O O ~NO
O ~N O O
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_ . 0 1
U-U' = diag {p, p, p, p}, p= 90’(96)-( 10 )

Jasee, TIOCKOJIbKY BBITIOJTHSIETCS YCJIOBHE 1) TEOPEMbI, TO BEIYIIUMU J1e-
MeHTamMu B cucreme (2) OyayT 3/IEMEHThI MaTPHILbI U~'AU. Tlpusenem ee
MArOHAJHLHOMY BHIY.

Cy1ecTByer MaTpUIia, TPUBOISIIAs U LAU k nraroHaspHOMY BUy. O60-
suaunm ee uepes C(x, \).

C_l(U_lAU)C =M= dzag {/117 /127/137/147 /157,&'67/]/77 ﬂ8} )

fn = (A= p)" i = (A= )4,
fis=—\—p)"Y = —(\— p2)t4,
fis = i(A — p1) 4, fig = i(A — po) /4,
fir = —i(h = )", fis = —i(A = i) 1.

Daementbl Marpunbl  C  onpenensiiorcss  uU3  CUCTEMbl  yPABHEHWMIA:
Clifli = Ci, C2ifli = C3i, C3ifli = cC4iy Caifti = (=A + M)ey, 176
cij, 1=1,4, j = 1,4 — aBymepubie marpuibl, ssementsl C,

N < ﬁléx) 172?1’) ) e ( ﬁ3(()93) /74(()56) ) ’

- < /75895) ﬁ6?x) > e < /77(()1') ﬁs(()ﬂ«“) ) '

N3 »stoii cucrembl marpuna C HAXOMUTCA HEOJHO3HAYHO, € TOYHOCTHIO
J0  YMHOXKEHHUs CIpaBa Ha 0JIOYHO-JMArOHAIbHYI0 Marpuny O(x) =
diag {01(z), da(z), d3(x), d4(x)}. Torma snementor C umeoT BU:

cii = 01(x), 2 = 01(2)[;(x), ez = 01(2)[E; (), cai = 01(2)f5; (). Man-
purry C'maxomum u3 yenosus C~1'C = E. O6osuaunm wepes T = C~ L'
U HaiifieM ee 3/eMeHTH. Broibepem matpuily () Tax, 9TOGHI BBITOIHATIOCH
yemnosue (C~1C"); = 0,4 = 1,8. Torya 610k MaTpuist d(T) UMeIoT BUI;

61(x) = (my ()7, Galx) = (—ia()) ™,

03(x) = (—ims ()", 8a(x) = (ifia(2)) ",

5|

5|
=
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Ay (z) — iy (z) 5/ —ifiy(x)) 75/ ity () 73/
C ()72 —(—p(2) 72 (=i (2) T~ (x)) Y2
m@)? (—m(@)V? —i(—img(2) T (i ()|
(@)% —(—ma(2))*? —i(—imy(2) 732 i(ipy(x))3/?
iy ()% iy ()2 pa () /2 iy () =32
o1l (sl D32 (=) (—ha(2) T2 —(—()) 7/
A (=img(2)®? —i(—img(@)V? —(=pa(2) 2 i(—ipg ()32 |7
(w( N2 —iipa(@)? (i) i ()
0 0 A—lji 0, li\l—(lli—lH) p 0 _lj\ll—(llh . 0
I T = S
Sooo 0 o 0 i
— —ph(1—i —py (144
T:l 0 ) A—lj; 0 0 0 /\2—112 0, /\2—112
S0 om0 0 U T
1 (1—j ! (144 7
0 l;\Q—M 0 lj\z—lm 0 0 0 )\_1222
—p3 (149) 0 —my (1) 0 —p 0 0
A= (144) A—p1 (1) A= /
7 —1 —
0 l;\Q—M 0 };\Q—M 0 >\—1122 0
TTomoxxum

rae MaTpulia G C dJIeMEHTaMu gz'j y,HOBJIeTBOpHeT COOTHOIIIEHUIO:
GM — MG =-T—-C~'PC,

(—0_10/ — C_1PC)Z-j

9i =0, gij = —
Mg — [

, F ],

w =C'(I+G)u+CGu+C(I+ G

C'(I4+Gu+CGu+CI+ G =UtAUCI 4+ G)u — PC(I + G)u.
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VYMHOXKUM 3TO PaBEHCTBO CJI€Ba Ha C'_l, TOT/IA
T(I+Gu+Gu+(I+G)u =MI+Gu—C'PCI+ G)u,
Tu+TGu+ G'u+ (I +G)u' = (M + MG)u— C'PCI + G)u,
Tu+TGu+G u+(I+G)u' = (M+GM)u+Tu—C ' PCu+C~ ' PCu—C~ 1 PCGu.

VMHOXKEB 5T0 BBIpazkenne ciesa Ha (I + G) ™!, momyumv cucremy ypapzenmit

u' = (M +0(z,A\)u. (3)

[Monaras B (3) npu dbuxcuposanuom i, (i = 1,8)

u = sX ewp{jﬁi(t,A)dt},
0

rae s = (81, S2, 83, S4, S5, S6, S7, S8) — HEM3BECTHAS BEKTOP—(DYHKIUS, TIPUIEM
K CHUCTeMe ypPaBHEHWH TEPBOTO MOPSIIKA:

8
%si(a:,/\) = vi(z, sz, \) + D Oim(@, Nsm(x,)),  i=138, (4)

m=1

rie
V@'(:Uv /\) = ﬁj(xa >‘) - /]z(x7 >‘)7

0= ”ezm(xa A)Him:l’

— Ta Xxe, 910 1 B (3).
TTokaxkem, ¥TO

/ 160z, M ldz = 0(1), AT, A — cc. (5)
0

Ilox HopMmoOit MaTpull 3/1€Ch U B JlajbHeliemM OyJeM MOHUMaTh CymMMmy ab-
COJIIOTHBIX BEJIUUNH €€ 3JIeMEHTOB.
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Ouennwm smementsl gi; Marpunst G. Bee gij(x, A) orpanndenst cBepxy jm-
HEHHBIMI KOMOUHATIASIMA BUIA

() ¢ (@) [(%)3/8 + (%)Usl

) , K; = const.
(Pt > KA = pla))

i=1

Ecmm Ael', A\ w00, 10 A=0+11, 0 >0, 7T=0"7, 0 <y <1
3uaguT,

0= (o) =G0 + 17 = i) = (0~ pute) (14 1= ) = .
. g
= (0 — pi(z)) <1 +Za—m(x)> :
Tak kak p;(z) < 0, To

0"7

——— <"1 50 upu o — 0 pasromepno no x, 0 <z < +o0.
o — pi(x)

Cnenosarensho, u3 (6) moaygaem, uro A — pi(z) ~ o —pi(z), A€, X = oo
pasuOMepHO 10 =, 0 < x < 400.

Haunee,
/
()] 5 0, XTI, X = oo pasromepno no z, = € [0, xg], TaK
| = pi(2))]
| M{L(Qj) | < — 0 mpm 0 — 4+o00. Ecmm xe, x € [5507 + 00)7
[ = @) 7~ 058
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|14i(2))| % 1
’()\ - ,Uzi(x))‘5/4 < (U — Mi(x))5/47a

Yo Kacaerca CraracMoro

éﬁ%k—mwwﬂ

— 0 mpy 0 — 400 paBHOMEPHO IO T.

, K; = const,

TO IHCAUTEIb PABHOMEPHO OIDAHUYEH COIVIACHO ycaoBusM 1) u 2). 3namena-
TeJsib 2Ke 0eCKOHeYHO pacrer npu A € I', A — 00 paBHOMEPHO 110 T, T. K.
1/4 1/4 1
A = @)~ o — ()] > 0 oo,

Taxum obpasom, || G(z,\) || mpu A € ', A — oo pasromepno mo z, 0 <
r < 400 MOXKeT OBITH cresiaHa, ckaxeM, menbine 1/2. CrenoBaTenbHo, mpu
A€eTl, A = oo marpuna (I + G) umeer orpaHuveHHyI0 OOPATHYIO MATPHUILY
I+G)"h

Urak, || [+G ||< const, || (I+G)7! ||< const, A € T, A — 00, paBHOMEpHO
no x. [Tosromy mjis copaBeinBoCcTH paBeHCTBA (5) JOCTATOYHO MOKA3ATh, ITO
9TH OLeHKH uMeror Mecro i marpur, TG, G, C1PCG.

Ilepeiinem K omenke 3neMeHTOB MaTpunbl 1'GG. OHE OrpaHMYEHBI CBEPXY
JimHeHbIMu KoMOuHanMaMu QyHKIUN BUIa

(A = (@) (A — pi())5/4

i

v | (Ama@) V(A |
) _(/\—uj(w)> +(33)
(A = pi(z) (A = pi(z)) /4

, 1,7 =1,2. (7)

Hoxkazkem, 910

/HTGH dz=o(1), AT, A oo,
0
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il [

Zo

To, uro nepsoe ciaraemoe B npasoii wactu (8) ectb o(l), A — oo, A € T,

cJieJlyeT W3 HEIPEPBIBHOCTHU MO/ILIHTErPAJIBHON (DYHKITNN U HAJUYUUAS A B 3HA-
MeHarese. UTo Kacaercs BTOpOIo CJaraemoro, To

/ ‘ 9/4

dx<K/(a;)))9/4dx<K/|M’())|)9/4dx:

= ’T.K. pi(x) coxpamser 3HaK g T > :co‘ =
o0
= Koo — pi(x))*

o

— 0 npum o — 400, Tak Kak «a < 5/4.

Yro kacaercss maTerpasa or Bropoii dyukmum B (7), TO MBI CHOBa pa3bu-
o o

Baem mHTErpat Ha [ W [ .
0 o

J — Ompr XA € ', A — o0, T.K. nogpiaTerpatbaas GyHKIUA Hempe-
0

phIBHA ¥ COep:KUT A B 3Hamenarese. CornacHo ycioBusim 1) u 2)

zo
!/
e [ @)

_/(<f—m(w))5/“

zo

dz <

da = Ky (0 — i) 4 =

Z0

o(1) upu o —o0.

(0.9}
Jokazkem rernepb, aro [ ||G'(z, )| dz = o(1). Lnst sToro Bocnonssyemcst
0

OLIEHKAMU, [TOJIyYEHHBIMU PAHEE JIJId 9JeMEeHTOB Marpuibl G.
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93

B ciyuae, korma

Kijpi(x)
9ij 1‘,)\ = 2 )
10N = 5 )y
) Kijpi(x) ' 1l () 5l () ()
(9) = ((A—M@W = K R @ a0 )
CrnenoBaresibHO,
o0 0 " 12
/ ;) () i ()
giildx < Kz/ ’ L ! d
0/ sl e < K J @ =
To [e’e)
Pazo6bem sroT maTerpat Ha | + [, Torma
0 x0
*o " 2
1 (37) e (53)

dr=o0(1), AeT, A — o0,

/

TAK KaK I0JbIHTErpaibHble (DyHKIMU HenpepbiBHbL 1 A — p;(x) # 0.
Hasnee B cuty ycsioBus 4)

ZC
(z) 9/4

CAIC)
a—5/4

O (@) (A= ()P

M<K/Uj%g%am:

=K

=0(1), 0 — o0, TK. @ < 5/4,

o

Tl

st syiemenToB

(o=l o
0

[o.¢]
/
» 1
dng/ ()] dr < — 0, 0 — +o0.
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(el o) Y

(gij) = 5 _
;Ki(>\—uz‘(90))1/‘l
" /8 1/8
g P [t (2],
> Kl — pa) 4 =)+ G

Kij @' (@) ((=pi (@) (X — (@) — pi (@) (A — pi()))

" 2 X
2 - pa(@)) VAN = g ()2
« [3@ 1ile) 55, <A m(x))‘” 8] .
A= pj(x) X — ()
_Kijgo'(x)m [(ifjéﬁ R Cerer) ] e
El Ki(h — pa(z))

ar — iz 3/8 e 1/8
- [ EE () (i)
i=1
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7 i 3/8 1/8
+ [ Ky /() [ A= @)\ (A= ) ] dz. (11)
Z JiKi(A—Mi(x))l/z; <>‘_Mj(x)> (A—uj(x)>
i=1

To uro, nepsoe ciaraemoe B npapoii acru (11) ectb o(1) npu A € I';, A —
00, CJIeJlyeT W3 HEIPEPLIBHOCTH MOABIHTErpaIbHOil (DYHKIMN 1 Hammans A B
3HAMEHATeJIe.

Mg sroporo ciaraemoro B (11) crpaBeiuBbI OIEHKT

x — () \ /8 — () \ VB
/KZ] Ki(\ (H)( )/A [<i‘\_ZJE$;> " (%) ] do =
[;{]7 # B3/8+)§:/8 da:<const/‘ () 7| 0 o(1),

upu A € ', A — oo corytacHo ycioBuio 3).
Hasee, B (10) omernm BTOpOE ciaraemoe, T.e.
T @) (i (@) A=) — 1 (:E)(A—m(w)))
o
0

K (A —pi (@) VAN ()

3( A=l o/ 1 (A= pi(z) ~7/8
" [8<A—uj(w)) e (A —uj(x))
_7}. NN 15 (2)) — 1, (@) g ()
[k,

0

S KA i) V(A a5 (2))?

i=1
e e
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il
K (A = (2))V/AN —p(2))?

y 3<A - ui(:v)>_5/il (A - m(m))—”s
8\ A —p;(x) 8 \ A — p;(z)
[lepeoiit waTerpan B mpasoii yactu (12) ects o(l) mpu A € T, A — oo,

9TO CJIEYeT U3 HEMPEPBIBHOCTH MOABIHTErpaIbHON dbyHkImm u A — p;(x) # 0.

dz. (12)

st BrOporo ciaraemoro B (12) cripaBejiuBhl OTIEHKH
/K —uz >><A—uj<x>>—u;<x><x—ui<x>>)
Ki(X =i (2)) VAN —p())?
3 (A= i@\ L (A= i)\ T
: [8 (A —w<x>> 3 <A - uj<x>>
3(B—5/8+B—7/8)

X, 7’ ' ()] ((—ué(z))(k — () — () (A — m(@))( :

%0 >0 Ki(A = pa(@) VAN — py())?

i=1

X

<

. 7#2(35)(/\—uj($))\+ (@O -]
- (0 = wi@) Vo = i (@) -

o

dx =o0(1), A, Ay = const, A — o0, A € I'.

<A/‘ e

Pacemorpum Tpernii waterpas B (10)

dz <
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2

4 ; Ki(A = pi(x))>/4

o (2)K; [<)\—M(Qf) 3/8 . ()‘_“Z(m)) 1/8] )

[e.e]
'
0

=

A= pj(z) ot
X

(Y C @\ Y]
Jr/:o Kij¢/(x)Ki [@_ZJE‘E;Y | " <;_ Zﬂi‘”;y 8] ui(rr)d% (13)

2
430 Ki(A — pi(x))>/
i=1
To, uro nepsoe ciaraemoe B ipasoii vacru (13) ecrb o(1) npu A — 00, A €
I', ciemyer u3 HENPEPBIBHOCTU MOABIHTErpaibHOf byHkmu u A — u;(x) # 0.
g sroporo craraemoro B (13) cnpasesiuBbl OLEHKN

Ky | @)h(x) (B + BY3)| [ @) _
x/Kj 22 ( dx SA;;/ dx = o(1),

2o = pa(a)) P (o — pa())>/*
0
Az =const, A —> o0, A €T

Taxuwm obpaszowm, [ ||G'(x, )| dx = o(1) mpu A — oo, A € T
0

Hokazxewm, uro [ HC‘lPCGH dzx = o(1). ITocKOJIbKY 3JIEMEHTBI MATPHILbI
0
c-'pC CBEpXy OTPAHWYEHBI JMHEWHOW KOMOWHAIIMEH BUIa
o (@) (A - m(@)g/g . <A - m(sc))”s
A — () A= pj(@)

BbIPDazK€HUA [IJId IJIEMEHTOB MATPUIIbI G, BBITIMIIEM 3JJICMEHTBI MaTPUIIbL

c-'pPCG

, TO, UCTIOJIB3Y4 MOy YeHHbIe
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oy (A= @\ A= )\ ()
(“”[(wm) “(ohm) )

3/8 1/8 2
Sy | (2ol ) [ Azl 4 '
A= (@) A= pj(z) i()\—,ui(x))l/4

i=1
Pazobbem nnTErpas or 1epBOI0 BbIPAXKEHUS HA CyMMY:

A i)\ (A= @R o wia)
/ |< [A #J(w)) +<A—uj<x>> B e
oy (A= @\ = )\ ()
(‘0(”“"’<A—uj<x>> *(A—uj@:)) B a7

A p@ (A= m@ ] . (@)
/K ! A= u;(@) +<Auj(ﬂf)> B @)
(14)

To, aro nepsoe ciaaraemoe B (14), ects o(1) mpu A € I';, A — o0, creayer
U3 HEMPePBIBHOCTH TOBIHTErpaabiol dbynkunu u A — p;(x) # 0.

st Broporo ciaraemoro B (14) qucaurens OrpaHuaeH COrJIaCHO YCJIOBUSAM
1), 2). Buamenarensb ke beckoHeUHO pacrer mpu A € I, A — 00, paBHOMEpPHO
1o x, Tak Kak |\ — u;(x)| ~ o — pi(z)|,

o0 @\ A — @)\ Y n
] <l<><>l>

o
r (2)
< KK 33/8 31/8 /
T /\ sz 5/4
0

dr =

dr+

dx.

dz <

dx <
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()

(0 = ju(a))eri | 4@ = o), npu o — Foo.

oo
< Kin/
0

Jlns Broporo sementa Marpuisl O~ PCG cupaBe IHBbL OIEHKN

(v |G ™ G ]) ™

o0

< K? (B3/S+B1/8) KZ../(U_;ZZ:))IM =o(1),

o0

/

zo

zo

npu o — +00 COIIACHO yCsI0BUsiM 1), 3).
Jist maJsibHedimero JoKka3aTebCTBa HaM MOHAJ00UTCs TleMMa, J0Ka3aHHAs
A.T. Kocriouenko u B.IL. Benorpyzsem (cm. [2], crp. 165-168)

JIEMMA 1. Ilycmb 6uinoanaomea ycaosus
1) pynryuu vi(x, \) A0KaADHO cymmupyemv, npu s0bom 3navenuu A € T
2) npu nexomopom i, 1 < i < n, v(z,\) =0, a npu i # j Pynrxyuu
Re{vi(z, A) }ne menarom snax npu © > g, daa docmamouno 60AWUT To U
AeT

b
3) pynxyuu Ogm (x, N) cymmupyemv na [0,00) u [ ||6(z,N)| dz = o(1),

A— oo, ey

Tozda cucmema (4) umeem pewenue, ydosaemeoparouwee npu X — 00, X €
L,

sp(x, ) = 1+ 0(1), sm(z,\) = o(l), m # k pasnomepno omuocumenvro
z, x € [0,00).

ITokaxkem, uro Re (fi;(z) — fij(x)) He MeHseT 3HAK MPH JOCTATOTHO
6onpmx g, 4,7 = 1,8, 1 # j.
[Tokaxkem, mampumep, a1 caydad ¢ = 1, j = 2.

Re (ju (@) — fio(w)) = Re (A= (@) + (A= (@)1 =
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= Re (2 (o +ir — ,ui)l/4) = 2Re (()\ — (@)Y + (A= ul(a:))l/4> .

[lockombky A = o+, 7=07, 0<~vy<1l, >0, 7>0,To npu
T — OO mMeeM

2Re {(U—HT —1 (x))1/4}:

9Re {(—m(x)@*(g +1>>1/4}:236 (—,ul(ac) (W +1>>1/4 _

s { (e (LD 1))1/4} = 28 { (~pn(a)(1 + (1)}

Korpa |p1(x)| = 00, £ — 00, TO BO3MOKHBI J1Ba CJLydast:
1) pi(x) — —oo, Torga —pi(x) > 0, caegoBarennbHO, (—,ul(x))l/4 —
BEIIECTBEHHOE Yncyio u Re (ul(x))1/4} He MeHsieT 3HAK 1pu OOJIbIINX .

2) pi(z) — oo, torma —pi(x) < 0, ciemoBaresbHO, (—,ul(ac))l/4

‘_M1($)’1/4<\§+i\2@>. Torna 2R€{M1(z)yl/4<‘f+i\2/§)} _

V2| ,u(:v)|1/ * _ raksKe He MEHSIET 3HAK IpH GOJIBIINX .
oo

Janee, nockombKy Mbl nokasamn, ato [ ||0(z, A||dz = o(1), To cucrema (4)
0

siBJisiercst L — JuaronanabHoOi u K Heilt npumenuMa Jjemma 1 [2].

Teneps ¢ nomompio dhopmyn z = Uw, w = C(E 4+ G)u MbI MOXKEM OT
BEKTOPa U BEPHYThCA K UCKOMOMY BeKTOpy 2. Torma ¢ yderom dopmyn s
snementos Matpun U u C' u toro, uro (G); (z,A) = 0 mpm A — oo, A € T,
PaBHOMEDPHO 110 X, IMOJYyYUM HY?KHbIE aCUMIITOTUYIECCKUE (bOpMy.HI)I.

Apropsr npusnarespabl akagemuky HAH PK M.OresibaeBy 3a 00cy K jeHue
TOJIYYE€HHBIX PE3Y/JIHTATOB.

MATEMATUYECKUI XKYPHAJ 2015. Tom 15. Ne 2 (56)



On the solvability of a nonlocal boundary problem 61

JINTEPATYPA

1 ®epoprok M.B. Acumrorndeckue MeTOAbI Jijist JUHEHHBIX OObIKHOBEH-
HBIX auddepeniuanbubix ypasaeruii. — M: Hayka, 1983. — 352 c.

2 Kocriouenko A.T'., Caprcan N.C. Pacupejesenne coOCTBEHHBIX 3HAYe-
HUI (caMOCOIpsiZKeHHBIe 0OBIKHOBEHHBIE TbhepeHInaIbHbIe OTePaTOPhI). —
M.: Hayka, 1979. — 402 c.

3 Cynranaes f1.T. O6 acumnroTuke criekTpa JuddepeHImajibHoro onepa-
Topa B npocrpascrse Bekrop-pyuxkuuit // dud. ypasuenus. — 1974. — T.10,
Ne 9. — C.1673-1683.

4 Cynranaes 9. T., Makurosa O.B. O6 unmekcax jredekTa CUHTYJISIPHOTO
nuddepeHIua bHOr0 0IepaTopa YeTBEPTOro MOPSIIKA B TPOCTPAHCTBE BEKTOD-
dbyukunit // Marem. 3amerku. — 2009. — T.86, Ne 6. — C. 950-953.

Cmamva nocmynuaa 6 pedaxyuro 02.02.15

Bepaenosa I'2K., Cynramaes SLT. BEKTOP-OYHKIINSI KEHICTI-
TIHJIETT JIMOO®EPEHIMAJIIBIK TEHJEYJIEP MIEIIIM/IEPIHIH
ACUMIITOTUKAJIBIK ©3TEPICI

MaxkaJia/ta CIeKTPJIK TapaMeTP/iH V/IKEH MOHI YIMiH TOPTIHIM peTTi exi
CUHTYIPJbl TuddepeHInasiibikK TeHAeyIep Ky HeciHiy merrimaepiniy, acumm-
TOTHKAJIBIK e3repicrepi 3eprresred. Ajbiaran opMysiaiap Herisinjge coikec
nuddepeHIuaiIbIK, OepaToOp/IblH aKAY/IbIK WHIIEKCTED] eCenTe/reH.

Berdenova G.Zh., Sultanaev Ya.T. THE ASYMPTOTIC BEHAVIOR OF
SOLUTIONS OF THE DIFFERENTIAL EQUATIONS IN THE VECTOR-
FUNCTIONS SPACE

In the paper the asymptotic behavior of the solutions of the two fourth
order singular differential equations for large values of the spectral parameter
is investigated. By the obtained formulas the deficiency indices of the
corresponding differential operator are calculated.
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KBA3BUNCIIEKTPAJIBHOE PA3JIO2KEHUE TEIIJIOBOI'O
ITIOTEHIITNAJIA

B nanmnoii pabore ymMmHOX)KeHMEM yHUTapHOTO oneparopa (Pf) = f(x,T—t), 0 <
t < T TerioBo HOTEHIHAJT o1 IIpeBpallaeTCsa B CAaMOCOIIPAZKEeHHBIN oIlepaTop
P!, 13 CHEKTpAIbHOrO Pa3JIOMKeHHs BIOJIHE HEIPEPHIBHOTO CAMOCOIPSIIKEH-
HOro omeparopa PO ™! HOIydeHo KBa3MCIEKTPAJbHOE PA3/IOKEHHE OMEPATOPA.
TEILJIOBOI'O IIOTEHITNAJIA.

KimioueBrie c10Ba: men.aogot nomenyuan, ConpAHCeHHL Y 0NEPAmop, 60avmep-
posvLll ONEPATNOP, CNEKMPAALHOE PA3AOHCEHUE.

1 BBEJIEHUE

B patorax .M. I'ox6epra u M.K. Kpeiina mokazano, 9To Jj000il TUHEHHBII
BIIOJTHE HENPEPBIBHLIN omepatop A B ruanbeprosom mpocrpancree H wmmeer
TpeyrosbHoe npeacTasienne A = U (A*A)l/ 2 e A* — compsiKeHHBI omepa-
Top Kk A, a U — ynurapusiii oneparop. Ciyuaii, korga oneparop A ssnsierca
BIIOJIHE HENPEPBIBHBIM BOJIBTEPPOBBIM OIEPATOPOM, TTOPOK IEHHBIM PEIIEHIeM
cverranuoit 3anaun Komm mapabosindeckux v runep0O/IMYecKux ypaBHEHHt,
npejicTaBager 60/1b110# nHTEpec. B manHoil pabore naeTcs HOBBINM aHAJIOT Tpe-
YTOJBHOTO TIPEJACTABIEHUsT MHOTOMEPHOTO TEILJIOBOTO MOTEHITNAJIA U ero KBa-
BUCTIEKTPATHHOE PABIOKEHTE.

© T.1I. Kasbmenos, I'.JT. Apenosa, 2015.

Keywords: heat potential, conjugate operator, Volterra operator, quasispectral
decomposition
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2 OCHOBHOW PE3VJILTAT

IIycrs © C R™ -~ komeunasi o61acTh ¢ riaajkoi rpamuneir 002 € Cl, a
D =Q x (0,T). Oupeznenum B obsactu D TermoBoit moTeHmuat

t
u=07t = [ar [ et - nsie e, 1)
0 Q
riue
0(15)67|nglt2
ala,t) = S 2
— (byH;LaMeHTaﬂbHoe peH_[eHI/Ie ypaBHeHI/IH TeHJ‘[OHpOBOﬂHOCTI/I
Oen(z,t) = (gt — Ap)en(z,t) = d(z,t), (3)
€n((13,t)|t:() = 07 X 7é 07 (4)

0(t) — dyuknus Xepucaiiza.
ITpu f € Lo(Q2) ekro nposeputs, 910

t
Qu = <><>*1f = O/ dT/ en(x =&t —71)f(&,7)dE = f(x,t), ult=o.  (5)
0 Q

B pa6ore Kampmenosa T.II1., Tokmaramberosa H. [9] ykazano, 910 TemioBoii
norennman u = Q"' f npn mobom f € Lo(§)), ynoBaeTBopser Ciesyiommm
GOKOBBIM I'PAHUYHBIM YCIOBUSIM

_ul@t) tT %x— —Tu(&,7)—
G [ar [ (St

—enlz— &7 — t)gé(gm))dg =0, 2€09, te0,T). (6)

O6parno, npu jo6om f € Lo(D) perenue 3agaqu (5) onpeje/ser TemioBoi
norennuas 1o dopmyse (1). 3aecn % — eJMHUYHAS HOPMAaJIbHASA NPOU3BO/I-
mag k Of).

OrmernM, uro omeparop O~ ! Bmosime HempepwiBen Ha Lo mpu jmoboM f €
Lo(),u=0"1f € W;’Q(D). Omneparop O~ — BosBTEPPOBBII OIIEPATOP, T.C.
He MMeeT HeTPUBHAIbHBIX COOCTBEHHBIX BEKTOPOB.
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Omnpegenum oneparop P:
(P)a,t) = fe,T—1), 0<t<T. (7)
OueBnHO, 9T0 P ABJSETCS OrpAHNYEHHBIM CAMOCOTPSIKEHHBIM OIEPATOPOM

P=pP* pP>=1]. (8)
meer mecro

JIEMMA 1. Onepamop PO~ aeanemcs 6noame nenpepuieroim camoconpasicen-
HOLM ONEPATNODOM.

Joxasamenvcmeo. Iepenmmenm oneparop PO ™! B ciemyromenm Buje:

T
“lr= —7)dT Tr — -7 T =
PO J"—P(/0 0t —7)d /an( §t—1)f(& 7)dS)

T
— / 0T —t —7)dr / enle — T — t — 1) (€, 7)dE, (9)
0 Q

C y4eroMm 3TOro, HEMOCPeICTBEHHBIM BBIYUCIEHnEM i J00bX f,g € La(D)
MOZKHO TTOKa3aTh, 9TO

T
(PO f.9) 1) = /O dt /Q (PO~ ) D)g (s 1)) =

—/OTdt/de/onT—t—r>/an<x—£,T—t—r)f(f,ﬂds,

gl t)dz = /0 ' /Q 7€, t)d,

T
/ e(T—t—T)/gn(x—g,T—t—T>g<m,t)dxd§:
0 Q

:/OTdT/Qf(f,T)P</OT9(7——t)dt/gsn(x—§7T_t)g(x’t)dx>d€:

= (f7 PO_IQ)LQ(D)a (10)
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C zpyroii CTOPOHBI,

(PO, 9 1a0) = (f. (PO 9) 10(1)- (11)

B cuny npomssonsnoctu f, g € Lo(D) momyunm
(P<>—1)* — P<>_1.

Jlemma 1 gokasana. O
CorniacHo Teopeme 0 peryysipHbIX DPACIIUPEHUsIX JINHEHHBIX OIepaTopoB
(cm. M.Orenbaes[3] m M.M.Bunmk|1]) camoconpsizkennsle muddepeHimaib-
HBIE OITEPATOPHI TOPOKIAIOTCH TOJHKO TPAHWYHBIM YCJIOBUEM.
Nmeer mecTo

JIEMMA 2. ITpu f € La(D) ¢ynxyus u = PO~ f ydosaremeopaem ypasrenuio
QPu = f, (12)

HAYANOHOMY YCAOBUIO

U|t:T =0 (].3)

U DOKOBOMY 2PAHUYHOMY YCAOBUIO

Pu (z,t) 8€n
v [l [ (G- - Put mide) -

/dT/ en(x — &1 )P—({, 7)dT) =0, x € 0Q, t € [0,T]. (14)

oxazamenvcmeo. Quesugno, ecm u € W. 12 D) ynomieTBopsieT ypaBHEHWIO
) 2 Y p yp
(12), magampaOMy ycaouio (13) m 6GokoBoMy rpanmdnHOMYy yeaoBuio (14), To

u= PO Lf.

C yugerom O Pu = f JIerKO TpOBEPUTH, UTO
u= (PO f=(0"tP)OPu= PO 'OPu= PO 1 (0Y),9 = Pu.  (15)

WNaTerpupys 1o d9actsM, MOy IuM

t 0
-1 = r—&T1T 1) (7 — T)ag.
07100 = /0 dT/Qen< 67 = )5 — De)D(E, T)d (16)
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Kak B pabote [2], ybegumcs B TOM, 9TO

d(z,t) / &Sn €t — T)I(E,T)—

o0 ang
et (En))de =0 e o0 te T, ()

Toxpaecrso (Pf)(x,t) = 0 pasrocunibao Tomy, uro f(z,t) = 0, Torma pasen-
cTBO (17) S5KBHBAJEHTHO PABEHCTBY

e t) / [ Zi’; = T)0(ET)-

en(r — &7 — t)19(§,7'))d§] —0, €, tel0,T], (18)

C yuerom ¥ = Pu, paBercrso (17) mepemnmuiieMm B Buje
85n
dr (x =&t —71)(Pu)(&,1)—
Ce0 s ar [ (52 ™) (Pu)(€7)

—ep(x =& 17—t )8Pu(§, )>d§:0, x €N, tel0,T]. (19)

JlemMma 2 JoKa3aHa. O

ITockosbKy omepaTop PO ™! BrosiHe HelpepbIBEH I CAMOCOIPSZKEH HA BCEM
L2(2), T0 OH nMeeT noHy0 OPTOHOPMUPOBAHHYIO CUCTEMY COOCTBEHHBIX BEK-
TOpOB €k (x,t), COOTBETCTBYIOIMUX BEIIECTBEHHBIM COOCTBEHHBIM 3HATEHUEM Aj

)\k(Poil)ek = €. (20)
Nmeem

PO = 3P0 frerdoer = 3 (PO erdoer = Do(f, 1 Jer =
k k

k

-y )\1l€(f, er)er. (21)
k
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[Tpumenus oneparop P k o6enm wacrsm (21), mosyunm
_ 1
N ESY )Tk(f, ex) Peg. (22)
k

Paznoxenne <>_1 f 1o opronopMupoBaHHO# cucreme Pej Ha30BeM KBa3UCIIEK-
TPaJIbHBIM Pa3JI0zKEHUEeM TeIlJIOBOr'O ITOTEHIINAJIA oL
TeMm caMbIM JOKa3aHa,

TEOPEMA 1. ITyemo {er}32, — noanas opmonopmuposamnas cucmema coo-
CIMBEHHIIT 6EKNOPO6 camoconpaicennozo onepamops PO™L. Tozda npu aobot
f € La(D) daa 071 f umeem mecmo weazucnexmpasbnoe passoxncenue 6 cae-
dyrouem sude:

071 = 3 5 (feew)Per. (23)
k
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Kasbmenos T.IIL, Apenosa T.JI. YKBLTY TOTEHITIAIBIHBIH KBA-
3UCIIEKTPAJIB/II 2KIKTEJTYI

Bys xywmbicra yaurap oneparopawiy (Pf)(z,t) = f(z, T —t), 0 <t < T,
KebeiiTyiMen, KTy morenmuaist O ' o3-e3ine Tyifingec oneparopra PO aii-
HAJTA/IbI, TOJIBIK, y3iiccis es-e3ine Tyitingec PO™! omepaTopbIHbIH, CHEKTPAIb-
JIbI JKIKTEMYiHEeH KBTIy TTOTEHIINAIbI OMTePATOPBIHBIH KBA3UCIIEKTPAIbIbI JKiK-
Teayl aabIH/IbI.

Kal’'menov T.Sh., Arepova G.D. QUASISPECTRAL DECOMPOSITION
OF THE HEAT POTENTIAL

In this paper, by multiplying of the unitary operator (Pf)(x,t) = f(x,T —
t), 0 <t < T, ! heat potential turns into a self-adjoint operator P!, from
the spectral decomposition of a completely continuous self-adjoint operator
PO~ obtained quasi spectral decomposition of the heat potential operator.
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AUTOMODEL SOLUTION OF SPHERICAL AND
CYLINDRICAL STEFAN PROBLEMS

Automodel solutions of the Stefan problem are very important for the modeling
of phenomena accompanying by phase transformations. They are well known
for the one-dimensional simplest cases with one free boundary when the
boundary conditions are constant. However a problem appears sometimes
in applications when two free boundaries should be considered. In electrical
contacts they appear as a result of the explosion of a liquid electrical bridge
with further ignition of the electric arc. This explosion should be modeled by
the delta-function at the center of a contact spot. Such spherical model is
presented in this paper and corresponding automodel solution is presented in
the first part of the paper. The cylindrical model describing the welding of
melted zone with automodel solution is presented in the second part of the

paper.

1 THE SPHERICAL STEFAN PROBLEM WITH TWO FREE BOUNDARIES

Stefan problem with two free moving boundaries describes heat transfer
with two phase transformations, for example melting and evaporation. In the
case of spherical symmetry it can be written in the form:

© S.N. Kharin, Z. Sagyndykuly, 2015.
Keywords: integral error, Stefan problem,analytical solution,automodel, Hartree functions
2010 Mathematics Subject Classification: 80A22,97M10
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00, o (9%, 200,
T —at (Ga+ 250, a <r<p0), )

00y o (9% 2006,
E as < 972 + 7"67“) ; ﬁ(t) <r < oQ. (2)

At the initial time ¢ = 0 the heat powerP(r,t)of the arc appears at the
centre of a contact spot which should be modeled by the delta function

7,.2
Pyexp (— 4a%t)
2&1 vV 7t

which creates the boiling and evaporation.
Two zones Di(a(t) < r < B(t)) and Dy(5(t) < r < oo) (Figure 1) are
formed with interfaces «(t) corresponding to the boiling temperature ¢, and

B(t) corresponding to melting temperature 6, . Thus the boundary conditions
are

P(r,t) =46(r,t) =

—

Bt
alt)

L/

-

Figure 1 — The interfaces of boiling zone r = a(t)
and melting zone r = B(t)
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a2(t)
001 do P exp <_ 4a3t )
— )\ 2 —p — 1
r=a(t) A1 o |ty DY g (a(t), S/t (3)
91|7‘:a(t) = 0b7 (4)

where Ly is the latent heat of evaporation,

1 .
Oo(r,t) = ;\/EAzzerfcﬁ, (5)

1
—A— Azerc —|—Bzer c— ) +
ooVt ( verf vierf 2a, )
(6)
Pyexp [ —2%
1 L 0 €Xp )
e — ( A16rfc +Blerfc > PN _ ( 4 1)7
2a1a0\/7§ 2aq 2/t 2a1/7t
where L, is the latent heat of melting.
r=oo: #6af,_=0. (7)
The initial conditions are:
t=0: 62(r,0) =0, (8)
a(0) = 5(0) = 0. (9)
The solution of this problem can be found in automodel form:
a(t) = aVt,  B(t) = fovt, (10)
1
01(r,t) = -/t (Alierfc + Bierfc > (11)
r a1Vt al\[

Oa(r,t) = \fAzzerfc (12)

azxf
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It is easy to check that the functions (10), (11) satisfy the equations (1)
and (2).

Now we should find constants «q, Bg, A1, B1, Ao to satisfy the conditions
(3)-(10). Evidently the conditions (7), (8), (9) are satisfied already.

From the condition (3) we get :

A1[— ao\[ (Allerfc

520 +
i

Poexp< ao)
Ajer feg: + Blerfc_o‘°> Limao) 12,

N S
+2a1a0\/i ( 2a1 2/t 2a1V/7t

therefore,

(%z’erfc% - erfca‘;) A+ (oT) ) B+
. Py exp( %) (13)
+Lemaoar 1
A1 A/
The boundary condition (4) gives
Alierfcﬂ + Blierfc_—ao = apby. (14)
2a1 2&1
Similarly from the condition (5) and (6) we get
Alierfc& + Blierfc_—ﬁo = BoOm, (15)
2(11 2a1
Avierfe X = Gof, (16)
2(12

2%1 ((%ierfcﬂ —erfeg bo ) A+ <2alzerfc bo +erfeg™ )Bl> =

_ X2 [ 2a2 Bo_ Lmy200
=55 (Bo zerfc erchaz) Ag + =220,

(17)

The equations (12)—(17) enable us to find all required constants
A1, B, Az, and fo.
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2 THE CYLINDRICAL STEFAN PROBLEM

Let us consider the process of solidification of a cylinder due to cooling along
cylindrical axis r = 0 .Two zones are formed , the solid zone D;(0 < r < «(t)
with temperature 01 (r,t) and liquid zone Do(a(t) < r < oo) with temperature

O2(r,t) (Figure 2).

Figure 2 — The solid zone D1(0 < r < «a(t))
and the liquid zone Da(a(t) < 1 < 00)

It is required to solve the following Stefan problem:

001 9%0, 100,
8t—a1<8r2+r6r>’ 0<r<alt),

Dy, (0%6; 106,
875_&2<8T2+T81">7 Oé(t)<7"<OO.

The initial condition are

t=0: «a(0)=0, 62(0) = Tp.

(18)

(19)
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The boundary condition at the center » = 0 is based on the strength of the

heat sink. It is expressed as

lim <27r7“)\1691> = Qo. (21)

r—0 or

The remaining boundary conditions are

01(a(t),t) =Ty, (22)
02(01(75), t) - Tf7 (23)
_ Q ag _ _Ty—To _
A = 4T Bl_Tf+4§El<ﬁ>v Al_Ez(f@)’ By =1Tp
.2 .2 " 24)
oxp(—TOQ) So(To—Th cxp(—TO2 (
ir a34 = 2F fa% s a34 2) + Lmag,
where T is the freezing temperature.
The Stefan condition is
00 00 d
p P =y 22 + I (25)
The solution of the problem (18)—(25) we try to find in automodel form:
2

Ou(r,t) = 01(n), Oa(r,t) = Oa(n), al(t) =gV, nzg;%t.

Then the equations (18), (19) transform to the following ordinary

differential equations

d%6; a’® \ db; ,
nd02+<1+a§n>dn=0, i=1,2. (26)

1

The solutions of these equations can be written in the form

01(n) = A1Ei(n) + By,
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(a?
b2(n) = A2Ei | 5n ) + By, (28)

2

where
oo e—Z
Ei(x) :/ dz, (29)
x

z

is the exponential integral function.

Since a(t) = apv/t the conditions (20) — (25) can be written in the form in

term of variable n:

n—0

lim <4Trr)\1nd91) = Qo,
dn

Satisfying solutions (28), (29) conditions (30)—(33) we get

2 Ty — T
Alz_& Blsz+&Ei O% , Ay =—1L—% B,
T 47\ 4a (a5
1 Eq Ta2
1

Qo ([ ad P
0 t)=T EFi|—5|—-FEi|—5
1(rt) It 4T\ ! 4a? ’ 4a3t ) |’

(30)

(31)

= TO)
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Ty —Ty . [ r°
Oa(r,t) = —L L Bi (4a2t>. (36)
Bi(ag) Mo

Using Stefan’s condition (34) we get the equation to find ap:

o3 o3
Qe (k) oy e (k)
F e A E~Eaa o+ Ll (37)
(<
‘12)

2
4aj

2
4aj

It can be shown similarly like for spherical case that this equation has the
unique solution.

Thus the solution of the problem is given by the expressions (35), (36)
where a should be found from the equation (37).

3 APPLICATIONS TO THE CONTACT WELDING

Welding of electrical contacts is a reason of failure in switchers, connectors,
relays and other electrical equipment. The problem of optimal choice of contact
parameters with low weldability is very important to enhance endurance and
reliability of contact systems. Analysis of investigations in this field shows that
the formation of a weld is a complicated function of current, voltage, contact
force, parameters of contact material, arc duration etc. The variation of the
weld strength may be of a wide range even at the same current. That is a reason
why many experimental data are presented in a form of cumulative probability.
As a rule experimental investigation of welding phenomena is focused on
the resulting values of welded area and welding force because of very short
duration of this phenomenon, which embarrasses measurements in dynamics.
Nevertheless evolution of contact surface melting and its further welding is
very important for understanding and explanation of welding characteristics.
Mathematical modelling is very helpful in this situation. The radius of the
welding area occurring in the first half-wave of alternating current (the time
to = 0.02sec) can be found using different methods. Fig. 3 depicts results of
calculation of the diameter d = 2a(t) of welding area as a function of current.

The curve 1 is calculated using Hilgarth’s formula [2] which gives a
redundant temperature.The curve 2 relates to the Holm’s formula |3]
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d10m , 4
T 3
pan
o+
| | | |
0 Ig 16 2 2 1, k4

Figure 3 — Diameter of welding zone as a function of current

B F
TN TH(Tw)

which is obtained neglecting phase transformation.

The curve 3 relates to the results obtained in [4] by numerical calculation.
It is mostly inside the dashed area of experimental data [5]. The curve 4
corresponds to the presented above automodel solution. One can see that this
solution may be successfully used for an approximate estimation of the welding
area.

The weld force Fy can be estimated approximately as

FW = FWT%,

where I is the tensile strength of contact material. The dependence of weld
force on current is shown in Figure 4.

One can see a satisfactorily agreement of calculated values and
experimental data.
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F,. N

g e e

10

~Hl

Figure 4 — Weld force as a function of current. The area between
curves 1 and 2 corresponds to experimental data [5], the curve 3 is calculated
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Xapun C.H., Carbinabikyisl 3. CTE®AH COEPAJIBIK 2KOHE II.JINH-
JPJIIK ECEIITEPIHIH ABTOMOAEJIbAIK IIEIIIM/IEPI

Apromogennaik Credan ecebinin, mermimi hazaibiK ©3repy KyObLIbICTapPbIH
MO/IeJIbJIeY YIIiH eTe MaHbI3/Ibl 00/1bI Tabblaa bl OJ1ap MeKapasiblK IapTTa-
Pbl TYPaKThl OOJIFaH Ke3je KoHe COHjail-ak Oip-eJimeM/l epKiH IeKapaJibk,
KapamnaiibIM JKaraaiiap YIiH aHbIK 3epTrejred. Aaiifga, keiige KochiMImaaap-
Jla €Ki epKiH ITeKapaJapblH KAPACTBIPBLIYBI THIC XKaFaaii1a, Mocese TYbIHIali-
JIBI. DJIEKTIPJIK KOHTAKTLIEPIe 0JIap JIEKTP JTOFACHIHBIH KaPBLIbIC 6aPHICHIH-
JTa, 3JEKTP JTOFACHIHBIH TYTAHYBI HOTHKECIHIe maiimga 60aaabl. 2K apblIbIcTarbl
alfiMaK, OpPTaJbIFbIH Je1bTa (PYHKIMIMEH MOJEbley KaxKkeT. Bys makasiama
OCBIH/1al1 cpepasIbIK MOJIEIbIEY Y/TICI YCHIHBIIFAH YKOHE OHBIH aBTOMOJIE/IbIIK
mrenTimMi MaKaJaHbIH Oipifti 6estiriage kepceriared. Exinrmm Geiriamge miuanH-
JIpJIK MOJeNb VIITicCiHiH GaJKBITBLIFAH (IOHEKepIIey) alfiMarblH CUIATTANTBIH
aBTOMOJIEJIBIIK ITENTiMi TaObIIFaH.

Xapwuu C.H., Carsiagsikynst 3. ABTOMO/IEJ/IBHBIE PEINTEHUA COE-
PUYECKUX U HUJIMHAPMYECKUX 3AJAY CTE®GAHA

Apromozenbubie penienns 3aadu Credana 0YeHb BaXKHbI [IPU MOJIEIAPO-
BAHUU ABJIEHUI, COMPOBOXK TaeMbIX (ha30BbIME MpeodbpazoBanuamu. OHE XOPO-
10 W3YYEHbBI Jjisd TPOCTENIINX OJITHOMEPHBIX CJIY9a€B C OJHON CBODOIHON Ipa-
HUIlell, KOI/ia TPAHUYHBbIE YC/IOBUA SBJIAIOTCHA NOCTOAHHBIME. OJHAKO B IpU-
JIO2KEHHAX MHOT'/Ia BO3HUKAECT 3a/a4va, KOrJa J0JI2KHBI 6bITb PaCCMOTPEHbI ABE
cBOOO/IHbIE TPAHUIIBI. B 3/1eKTpriecknx KOHTAKTaX OHU IOSB/ISIOTCI B PE3YJib-
TaTe B3PHIBA KUIKOTO JTEKTPUIECKOTO MOCTA C TATHHEHIITIM BOCILIAMEHEHUEM
3JIEKTPUYIECKO IyTU. DTOT B3PHIB CJIEIyeT MOIEINPOBATE IeIbTa-(DYHKIEH B
IIEHTpe KOHTaKTHO 30HBI. B maHHO# cTaThe mpejicTaBieHa Takas cepuieckast
MO/TEJTh, & COOTBETCTBYIOIIEE eff aBTOMOIETFHOE PETeHne JAETCA B MePBOi da-
ctu cTaTbu. Bo BTOpOIl YacTu cTaThu MpeCcTaB/IeHA TUIUHIPUIECKAS MOIEb,
ONMCBLIBAIOMAA Cnafiky (CBapKy) paclIaBJe€HHON 30HBI, C UCIOIL30BAHUEM AB-
TOMO/IEJIHOTO DEIIeHUS.
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INTRODUCTION

Let us consider the simple regression model possessing slowly varying
regressor
yp=a+Blogt+v, t=1,..,n,
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The asymptotic distribution of the OLS estimator ... 81

where v; is stationary and supposed to satisfy some regularity conditions. If
the scaling matrix F; ! is given by diag[n'/?log™'n,n'/?], then the scaled
sample covarince matrix (X' X)~!, where X = [X], ..., X, ] with X; = [1,log1],
behaves like
FNX'X)T R — ( 11 _11 )

indicating the assymptotic collinearity of the regressors and singularity of the
limiting matrix. Phillips [3] demonstrated that the OLS estimator (¢, B,) is
consistent and asymptotically normally distributed, but the convergence rate
is affected by the presence of the logarithmic trend. Also, Phillips relied on
uniform strong approximation of partial sums by Brownian motions, but the
condition was rather restrictive and the proof is partially insufficient in dealing
with slowly varying regressors. Mynbaev [1], [2] then applied the central limit
theorem based on the L,-approximation technique to make the proof rigorous
under the less stringent conditions. This idea is used in this paper.

The aim of this paper is to find the limiting distribution of OLS estimator
(Gin, Bp) of the regression model

ye=a+BL(t) +w, t=1,..,n,

with an SV regressor in the presence of a unit root. For the regression
model with stationary errors the asymptotic distribution of the OLS estimator
(G, Bn) is obtained by Phillips [3]. So, the difference between this paper and
Phillips [3] is that we consider regression model with an SV regressor in the
presence of a unit root.

MAIN DEFINITIONS, ASSUMPTIONS AND USEFUL RESULTS

Let us give the main definitions, assumptions on the regressors and the
error term.

DEFINITION 1. A real valued, positive, measurable function L on [A,o0), A > 0,
is called slowly varying (SV) if it satisfies, for any r >0
L(rx)
L(x)

as r — 0.
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For such an SV function L we have Karamata’s representation theorem.
That is, the function L varies slowly if and only if it is written in the form

L(z) = ¢(x)exp /g(ss)ds

for z > B > A for some B > 0, where ¢(z) - C € (0,00) and £(x) — 0 as
x — 00.

DEFINITION 2. We say L = K (g,v.) if the function L satisfies all the following
conditions: (i) The function L is SV and has Karamata’s representation

L(z) = ¢(x)exp /&és)ds

for x > B for some B > 0. Here ¢ > 0, € is continuous and £(x) — 0 as
x — 00. This part of the assumption is shortened to L = K (g).

(i1) The function |e| is SV.

(111) There exists a function - on [0,00) called a remainder that satisfies
the following properties:

- The function . is positive, nondecreasing on [O,oo),wa(x) — 00, and
there exist positive numbers 6 and X such that x=%).(z) is nonincreasing on
[X.00);

- There exists a positive constant c satisfying

1 c
< le(x)]| <
!()I_ws(x)

ce(x)
forx > c.
ASSUMPTION 1. L = K(g,4.), L = K(n,1y).

ASSUMPTION 2. A linear process {vj}jcz is defined by

vy = chet_j, te Z,
jez
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where ¢j is a sequence of numbers satisfying Y |c;| < 0o, and {e;}jez is a
JE€EZ

m.d. such that e? are uniformly integrable and E(e?]&t_l) =02 for all t. Here

{F+} is an increasing sequence of o-fields.

ASSUMPTION 3. The process {ui} possesses a wunit root under the null
hypothesis p =1 in
Ut = PUt—1 + Vg,

where v, is the same linear process as in Assumption 2.
Now we formulate useful results.
LeMMA 1. (Lemma 4.2.3 [1]) If L = K(e), then [ L(t)dt = nL(n)(1 + o(1))
1
and > L(t) = nL(n)(1+ o(1)).
t=1

LEMMA 2. (Seneta, 1985, p.102 [4]) If L is SV with remainder 1, then for any
b > 6 [where 0 id the same from 2] there exist constants My > 0 and By, < B

such that LL((/\;;)—IIS for all x > By and%g)\gl.

LEMMA 3. (Mynbaev, Corollary 4.4.3 [1]) If L = K(e,%.) and 6 < 1, then

My,
by ()

nL;(n) > LF() =1 = ke(m)[L +o(1)].
t=1

LEMMA 4. (Phillips, Equation (60) [3]) If L = K(¢) and ¢ is SV, then
G(rn,n) =logr[l + o(1)]

uniformly in r € [a,b], for any 0 < a < b < 0.

ANALYTICAL RESULTS
Let us consider the following simple regression model
y=a+pL{t)+u, t=1,2,..,n,

where L(t) and u; are supposed to satisfy 1 and 3, respectively.
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Denote

F(t.n) = =2 > L)

Jj=t

and call this function F' — function of L.
Let us prove the lemma below.

LEMMA 5. If L = K(e) and € - SV, then
F(rn,n) =1—r+0(1)
uniformly in r € [6, %} for any § € (0,1).

Proof. Let L = K(¢) and § € (0,1). Then if n >> 1, § << 1 and from
r e [(5, %] we obtain that

szt 50
n 2
According to Lemma 5
1 n 1 n [rn]—1
Jj=[rn = =

S [nL(n)(1+ o(1)) = ([rn] = D) L([rn] = 1)(1 + o(1))] =

nL(n)
[rn]—1
) 1 L (5 )
=1 1) — 1 1
+o(n) - L P (1 o),

here HEnn) 1 + o(1) uniformly in j for Z8=1 > 2 which implies that
o = y in j for Y=— > 5, which implies tha

[rn] —1 [rn]
F(rn,n) =1+ o(1) — (I+o(l)=1-—+0(1)=1-r+o0(1)

n n

uniformly. Thus, lemma is proved.
The following two theorems show the Lj,-approximations of special
sequences.
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THEOREM 1. For p € [1,00) and integral k > 0 define a vector w, € R™ by
1
wpe =n P EF¥(t,n),t=1,...,n.
If L=K(e,¢:) and 0 < § < 1, then wy, is L,-close to fi(t) = (1 —t)*.

Proof. The definitions of w,, and interpolation operator A, give

n
Appwy, = Z F*(t,n)1;,.
)

This is equivalent to n equations
(Anpwn) (u) = Fk(ta n)

foru € i, t=1,...,n.
The condition u € i%; is equivalent to the condition that ¢ is an integer
satisfying
t<nu+1<t+1,
which, in turn, is equivalent to ¢ = [nu+ 1]. Hence, the above n equations take
a compact form

(Appwn)(u) = F¥([nu+1],n), 0<u<l.

Let 0 < 0 < % and apply Lemma 2. With the number B from that

lemma for n > n; = % the interval (%, 6) is not empty, and by the triangle

inequality
| Anpten = fillp0.1) < 1Anpwn = Fillp 1) + I fsllo0.0)+
HAmpwnl, (o 5y + 1 Anmpnll, (5 5)- (1)

Obviously, [ fxllp,0,5 — 0 as & — 0. For the other three terms we consider
three cases.
CAsSE 1. § < wu < 1. According to Lemma 5 we have

[nu + 1]

Fk([nu+1],n):Fk< nn> = F*(rn,n) =
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k
=(1—-7)F+o(l) = <1 - Wﬂ”) +0(1)

uniformly in r € [,1+ %Bb] (we can assume that § > 1+ QLBb) Here we define

= [mﬁ 1],from the inequality nu < [nu—i—l] < nu 4+ 1 we have
1 1 1
d<u<r<u+-—<1l4+—<14—
n ni 2B,
so that
r=u+o(l)
and
€ 6,1+ L
T — | .
’ 2Bs

(2), (3) and (4) lead to

F¥([nu+1],n) — fe(u) = o(1) uniformly in u € (,1). This proves that

||Anpwn — fk”p,(é,l) — O,TL — OQ.

(2)

(3)

(4)

(5)

CASE 2. % < wu < 9. Let n > ng = max {n1,2}. Then (2) and the conditions

B
u € {b,5>, n > ng
n

imply

&§u<r: [+ 1 §u+l<5+i§1.

n n n no
Consider
~  L(t)

F(rn,n)| = |F(lnu+1],n)| =

e P o
n By—1 [nu+1]-1

IR DIFC Ea Sl

— nL(n) — nL(n) oy nL(n)
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n L(t) By—1 L(t) [nu+1]—1 L(t)
= ;nL(n) + ; nL(n) " g,;b nL(n)|’ ©

here we used Lemma 2 and the triangle inequality. For the first term of the
expression (6) on the right we use Lemma 5 and have

~ L(t)
Z nL(n)

t=1

nL(n)[1+ o(1)]
nL(n)

‘ =1+o0(1) < Cy. (7)

For the second term we use the continuity of L on [1, By — 1] that is L(t) < ¢
on [1, By — 1] and obtain

2o | eB-1)
= < Ch. 8
tzl nL(n) nL(n) 2 ®)

For the last term we can use the Lemma 2, thus we have

[nu+1]—1 [nu+1]—1 [nu+1]—1
O E I DR B D DR
nL(n) n L(n) n
t=DBy t=DBy t=DBy,
[nu+1]—1 —b
1 M, [t
< = E . = — — <
= ¢(n) <n> + n ([nu + 1] Bb)
t=DBy
[nu+1]—1
M 1
§nb_1~—b E t+ = (lnu+1 - B <
¢(7’L) = n ([ ] b)
[nu+1]—1
M
<ptl. b t= 1. 9
<o ! 0

Here we remember that 0 < 6 < 1 and b > 6 is arbitrarily close to 6, so we can
choose 0 < b < 1. Geometrically it is obvious that

N+1 N

N
/ bbat < Zfb < / tdt
t=a

a - a—1
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and therefore

N
d tP<CN'P (10)
t=a
as n — o0o. Using
B 1 1 1
—b§u<7": [ru +1] <u+-<d+—<1.
n n n 9

we can continue (9) as follows

2 _1\1-b
Z L(t) < Cs  ([ru+1]-1) -
“—~ nL(n)| ~ ¥(n) nl=b
Cc? [nu+1] 1 =0 5 C2yl=b 3
_ . 2 < < 1
s (M -R) rasSEredsa w
Combining (7), (8), (11) we see that
[F(rn,n)|" < C
which implies

Case 3.0<u< %. In this case 1 < [nu+ 1] <nu+1< By+1and L(t) < ¢
for ¢t € [1,[nu + 1] — 1] by the assumed continuity of L. Hence,

t=[nu+1] e
_ Z": L(t) ["“f_l L(t) ’ )
- t=1 TLL(TL) t=1 nL(n) N
°LOL(t) c F
= nL(n)  nL(n) (fnu+1] = 1) (13)
t=1
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By Corollary 3 and condition 0 < u < % we can continue (13)

k
Flnal < (14 o)+ o+ 1-1) <

< (L((;)Ho(l))k < (L(cn) : % —i—o(l))k <0y

1
|]Anpwan7<0,%> <C <n> — 0,n — oo. (14)

and

From (5), (12), (14) we have the proof of the theorem.

THEOREM 2. For p € [1,00) and integral k > 0 define a vector w, € R™ by

n k
_1 1 _
Wnpt =N P <WZ(L(Z)—L)> ,t: 1,...,77/.

=t
If L =K(g,be) and 0 < 0 < 1, then wy, is Ly-close to fi(t) = (tlog 1)k.

Proof. The definitions of w,, and interpolation operator A, give

n n k
1 _
Bapitn =3 <L<><> 2 (L= L>) L

=1

This is equivalent to n equations

. k
(Appwy) (u) = (nL(nl)E(n) Z (L(s) — L)) —

for u € i, t =1,...,n.

Let us denote I I
G(s,n) = W (15)
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According to Lemma 3 and (15) we obtain

n n k
(Augain) (1) = (; > Glovn) + 3 A H eIl o(l)))) _

n

n k
- (;Zcxs,n) o3 +o<1>>> -

s=t

n k
= (;ZG(S,N)—f—l‘l—ln_tﬁ-O(l))

s=t
for u € i, t =1,...,n.
The condition u € i4; is equivalent to the condition that ¢ is an integer
satisfying
t<nu+1l<t+1,

which, in turn, is equivalent to ¢ = [nu+ 1]. Hence, the above n equations take
a compact form

k

+o(l)| , 0<u<l.

n

Z G(s,n)+1+

s=[nu+1]

1 1 —[nu+1]

(Anpwn)(u) = o
Let 0 < § < % and apply Lemma 2. With the number B}, from that

lemma for n > ny = % the interval (%, (5) is not empty, and by the triangle
inequality

| Anpwn = frllp,0,1) < 1Anpwn — frllp,,1) + 1 fxllp, 0.6+
+”Anpwan,(07ﬂ) + ||An’pwn”p,(ﬂ’5>' (16)

Obviously, || fxllp,0,6 — 0 as & — 0. For the other three terms we consider
three cases.
CASE 1. § <wu < 1. In this case
t—1 t t 1
<

0< —< - = — <14+ —. 1
<— 7u<n r<n1< —|—2Bb (17)
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According to Lemma 4 we have

Grn,n) = G(% cnn) = log L[1+ o(1)] (18)

n
uniformly in r € [5, 1+ ﬁ] .

Consider

1 n!

According to the Stirling formula we have
01

1 « 1 2 2\ e Tan
LS Gtsm) = Laog Gl oy
n s=t n 27T(t — 1) (%)til e12(t—1) pn—t+1

1 n t—3 1 (91_ . )

= Jtos () Tt (e ) o)
n —

Then by using one of the main properties of logarithms we have
n

%SE:tG(s,n) =

1 1 1 —n+t—1 1 01 Oan
== (t==)log— 4+ ———— 4 (22— 2 )| [1+0(1)] =
n(t 2) =) +n2<12 12(t—1)> 1+ o)
t 1 1 —n+t—1 1 91 9271
S (L v O L I (e SR LU B (N RSO
[(n 2n> = +n2(12 12(t—1)) [1+o(1)]
(19)
Thus, by (17) and (19) we have
1 < 1— 1 1
nZG(s,n)—i—l—i—W+0(1)—>ulogu,n—>oo. (20)

s=t
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(17) and (20) lead to

n k k
(iZG(s,n)%—lel_[T;M%—o(l)) —(ulogi) =o(1)

uniformly in > =r € [5, 1+ ﬁ} , where s = t,...,n. This proves that

HAnpwanml) — 0,0 — 0. (21)

CASE 2. % < wu < 9. Let n > ng = max {n1,2}. Then by (17) and u € [%"5)

we have

B 1 1 1
By cpyepet L 50 oy (22)
n n n ng
and we know that )
[nu + 1] cs<l.
n
Consider
1 < 1 — [nu+ 1]
- > Gsim) + 1+ —————+o(1)| =
s=[nu+1]
1 < L(s) = L(n) 1 — [nu+1]
== A 2T L )] <
n Z L(n)e(n) T n Foll)] <
s=[nu+1]
1 n L(s.
< (L"n)—1 F 14 uto(l).
ns(n) s=[nu+1] (n)
Then we can apply Lemma 2 and boundedness of 1 + % +o(1) < cand
obtain
R 1 — [nu +1]
— 14— 1) <
n Z G(s,n)+ + n +0() B

s=[nu+1]

1 < 1 M,
< |- Z G(s,n) +¢| < Z o, . te=
n s=[nu+1] ne(n) s=[nu+1] (ﬁ) P(n)
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1 Mb - —b
= _ s T +c|.
ne(n) n=by(n) s:[%u:ﬂ]

Then we use condition (iii) of Definition 2 because L = K(g,1.))

1 " 1-— [nu + 1] a M, r b
- Z G(s,n)+1+ — +o(1)] < e Z sV+e (23)
s=[nu+1] s=[nu+1]

Here we remember that 0 < § < 1 and b > 6 is arbitrarily close to 8, so we can
choose 0 < b < 1.
Using (10), (22) and denote by C} = ¢; M,C we can continue (23) as follow

- Y Gls,n)+ef<Cl+1+uto(l)<Cy
s=[nu+1]

1
and
”Aanan{%ﬁ) é 0(5) — 0,5 — 0. (24)

CasE 3.0<u< %. In thiscase 1 < [nu+ 1] <nu+1< By+1and L(t) < ¢
for t € [1, [nu + 1]] by the assumed continuity of L. Hence,

k
1 < 1-— 1
- Z G(s,n)+1+M+o(l) <
s=[nu+1]
1 & Che p et '
< |— < |= _ = D
< |- s_[nzu;ru G(s,n)+D| < - ;G(s,n) - Sz:; G(s,n) +

because 1+ =metl o(l) < Dfor0<u< %. Then by (15) and Lemma 3

n
k

+o(1) <

- 1— 1
% Z G(s,n)—l—l—FM

n
s=[nu+1]
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k
1 n L(S) B B 1 [nu+1]—1 & -
< [y 2= <L<n> 1) w2 <L<n> ) th =
1 [nu+1]—-1 L(S) 1
= ne(n) Sz:; L(n) " ne(n) o=
where D1 = D — (14 0(1)), and
HA"Pw”Hp,(o,%) <C (;) — 0,n — 0. (25)

From (21), (24), (25) we have the proof of the theorem.

LEMMA 6. Denote by 0®> = (0. Y. ¢;)?. Under Assumptions 1 and 3 the
Jj€EZ
following statements are true:

M:
/—\
\_/
g
2
—~
QO
wl
N
no
SN—

(1) If0 < 0 < 1, then nfL >

(i) If 0 < 6 < 1, then mtg (L) = L) us & N (0, Z0?).

Proof. By Theorem 3.5.2 [1] it is enough to establish Lg-approximability of
the sequence of weights in question.

Assumption 3
Up = Ut—1 + V¢
gives
t
ug =y v
=1

(setting u—_; = 0 which asymptotically doesn’t matter).
The sequence in (i) becomes

n n

L(t L(t)v Wy VL,
nfL Z anL Z L= lz; ll
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n n
where w,, = m(t; L(t),g:2 L(t), ..., L(n)).
Then setting p = 2,k = 1 in Theorem 1 gives that w, is La-close to
fi(t) =1 —t. The statement follows from the fact that

1 1
[ FRw)de = [(1—2)2dw = .
0 0

The sequence in (ii) becomes

n

1 _ n 1 B n
W Z(L(t)_L)Ut = lz; W Z(L(n)—L)vl = lz; Wy Uy,

t=1 t=l

n

n _n _ _
where w,, = m(tg(uw - L), t;(L(t) —1L),...,L(n) = L).
Setting p = 2,k = 1 in Theorem 2 gives that w, is Lo-close to fa(t) =

tlog % The statement follows from the fact that

1 1

OfoQ(ﬂf)dw = Of(atlog 1)z = 2.

Thus, the Lemma is proved.
The following theorem shows the limiting distribution of OLS estimator.

THEOREM 3. If L satisfies Assumption 1, 0 < 6 < 1 and u; satisfies
Assumption 3, then

(@ —a) 1 -1
vn d
(”%’“(B—m%]v(o’f?(—l )

Proof. According to the Equation (4.59) [1]

f—pg=t=t _ _t=1 _
2 (L) - L2 ny 2 (L) = L)

t=1
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Y NN T Vi
= L 2=~ DU s om)
This means that
L(n)e(n)  » _ 1 - T

And by Equation (4.60) [1]

Vie(n)(@ — a) = —VaL(n)e(n)(8 — 8) + op(1).

Hence we obtain the following

\}ﬁe(n)(& —a) = _\/TW(B a4 0p7(11)'
Further to prove the theorem we use the Cramer-Wold theorern.
Denote by
="
. L(n)e(n)
;=" (8- 8)

Then consider

a1 fn + a2gn = ar1e(n)(& — a)\/lﬁ + QQL(%(”) (B _B) =

— _alL(Ti)};(m(B_ﬁ) _{_alOp?Sl) + ay

HOE 5 ) 1 aseyr)}

= (—a1 +a2) E
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The last term of the right side of the above equality tends to zero as n tends

to infinity.
V11 v
[ V29 ’

Let
v v a a
(a1 ag) ( 11)1 o ) ( a; ) = (a1v11 + agv a1v + agvaz) ( a; ) —

2 2
= w1107 + 2va1a2 + v22a5.

<

I
N
< <
N =
= =
< <
N =
NN
N———

I

From (26), Lemma 6 and Cramer-Wold theorem imply that

d 2
alfn + as2gn — N(Ov 277((12 - a1)2az)

as n — 0o. We want to find aq, ag, for this we consider the following equation:
2 2
a% — 2aja9 + a% = w1107 + 2vaiag + va2a5

and obtain that
v = v92 = Lv = —1.

Thus, the Theorem is proved. O
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Muinbaes K.T., lapkenbaesa [.C. BAAY ©3I'EPETIH PEI'PECCOPBL
BAP PEI'PECCUAHBIH KOSOOUIMEHTTEPIHIH KKO BATAJTAYBI-
HBbIH ACUMIITOTUKAJIBIK YJIECTIPILJIIMI

biz 6y makanaga Gasy e3reperin perpeccopbl xkoHe Oipjik Tybipi 6ap
KapamnailblM PerpeccusiIbIK Y/ITiHI KapacThipaMbi3. ApHaiibl Tizbexrepin Ly-
JKYBIKTAY/IAPhl TRJIEIIEH I KoHe perpeccus koddgdurmentrepinin KKO 6ara-
JIQYBIHBIH, TEKTIK Y/IECTIPLIIMI aJIbIH/IbI.

Membaes K.T., Japxerbaesa I.C. ACUMIITOTUYECKOE PACIIPE-
JEJEHUE MHK OIIEHKW PETPECCUN C MEJIJIEHHO MEHSAIO-
MnMCHd PETPECCOPOM

B 370ii cTaThe MBI paccMaTpPUBAEM TTPOCTYIO PETPECCHOHHY 0 MOIETb C ME/T-
JIEHHO MEHSIIOIIMMCS PErpecCcopoM B MPUCYTCTBUU €IUHUIHOTO KOpHdA. Jloxa-
3aHbBI L,)-IpUOIIKEeHNs ClenuaabHBIX TT0CTe[0BATeTbHOCTEH I TMOTydeHO Ipe-
nenpuoe pacnpenesnieane MHK omenkn xkoadduiimenTor perpeccun.
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Ob6parnas ko3 dunmenTHast 3a4a4a TEIJIOIIPOBO/IHOCTHI
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B pabore paccmarpumBaercs 3ajada, MOMEJHPYIOIIasl MPOIECC OIPEIeTeHIUsT
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ko3 duruent, 3aBuCAImNl TOJIHKO OT BPEMEHHOH IlepeMeHHOi. B Hacrosmieit
cTarbe JI0KAa3aHO, 9TO 3Ta oOpaTHas 3a/adva UMeeT eIUHCTBEeHHOe 0000IeHHOoe
perienne.
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1 BBEJIEHUE

SBaslaun onpejeaeHnss Ko UIMeHToB mim npaBoii yacru jauddepeHiu-
AJIbHOTO YPaBHEHHSI OHOBPEMEHHO C €r0 PeIleHrneM HOCAT HA3BAHUE OOPATHBIX
3ajlad MaremaTnaeckoii pusnku. B pabore paccmarpuBaeTcs OJHO CeMEHRCTBO
3329, MOIEIUPYIOIIUX IPOTECC OmpeneieHns (PYHKIUNA PACIPEIe/eHId TeM-
mepaTypbl U U3MEHSIOLENRCS cO BpeMeHeM CTPYKTYPbI OJHOPOIHOTO CTEPIKHS
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100 M.A. Cagwibekos, I'. Opasceia

0 3aJaHHOMY 3aKOHY W3MEHEeHWs CpejHeil Temmeparypbl. [lpm mx marema-
TUYIECKOH (DOPMYINPOBKE BO3HUKAET OoOpaTHasd 3ajada i YPABHEHUs Tell-
JIOMPOBOJHOCTH, B KOTOPOIl BMECTe C PeleHneM ypaBHEHUsI TpeDdyercs: HaiTu
HEU3BECTHBIN KO3(DDUITUEHT, 3aBUCIINI TOJBKO OT BPEMEHHOI ITepEMEHHOI.

Bormpockl paspemmMocTy pa3iudHbIX 00paTHBIX 3ajad JJisl mapadoJinde-
CKUX ypaBHEHUIl u3yvasnch BO MHOIHX paborax (cMm., nampumep |[1-8]). B or-
Jimgue OT HIPEeJbLIYIInX PaboT, HAMU UCCIeYeTCs OOpaTHas 3a/a9a JJjisd ypaB-
HEHUA TETJIOTPOBOAHOCTHY C KPAE€BHIMU YCJIOBUAMMU T10 HpOCTpaHCTBeHHOﬁ nepe-
MEHHOM, TIPU KOTOPBIX COOTBETCTBYIONIAS CITEKTPATbHAS 3a1a49a TS OOBIKHO-
BEHHOTO D dEPEHITNATBLHOTO OTIepaTOPa UMEET CUCTEMY CODCTBEHHBIX (hyHK-
mn, He 0OpasyIoIyio 6a3mc.

Hawnbostee 61m3K0it K TeMaTuKe HACTOAIIEH cTarbu siBjistercs [9], B KoTOpOit
ObLIIO0 06OCHOBAHO CYIIECTBOBAHUE KJIACCHIECKOTO pereHus 00paTHO 3a/1a4dH,
AHAJIOTUIHOM uccaeayemoit Hamu. OIHAKO, B CBA3U C TEM, 9TO KPAEBbIE yCJIO-
Bus B |9 ABISIOTCS PEryIsIPHBIME, HO HE YCUIEHHO PEry/ISPHBIMEU, OT BXOTHBIX
JaHHBIX 3a/Jia491 6])1.)'[0 3ane6OBaHO NMOBbIICHUE TVIAJAKOCTU U YI0BJICTBOPEHUE
JTOTIOTHUTETHHBIM YCJIOBUSIM. B HacToOsIel paboTe 9TH YCIOBUS MOJTHOCTHIO
CHATHI W TOKA3aHO, UTO OOpaTHAas 3aJada MMEeT eIUMHCTBEHHOE OD0ODOIIeHHOe
perienne. [Ipu pemennn 3a7a49u CymecTBEHHO UCIIOIB3yeTCst MeTos u3 [16].

2 TIOCTAHOBKA 3AJAYU

B obuacru Q = {(z,t) : 0 < x < 1,0 < t < T} paccmorpum 3ajady o
HAXOK/IeHUHU HeM3BeCTHOTO Ko dunuenta p(t) ypaBHEHUS TEILIONPOBOHOCTH

up = Uge (2, 1) — p(H)u(x, t) + f(x,t) (1)

1 ero peleHns, yI0BJAETBOPLIONIero Hada I bHOMY YCJIOBHUIO

u(z,0) =p(z), 0 <z <1, (2)

HEJIOKAJIbHOMY T'DaHUYIHOMY YCJIOBUIO

uz(0,t) = ug(1,¢) + au(l,t), u(0,t) =0, 0<¢t<T, (3)

" yCJIOBUIO TIEpeorpeaeieHnA

/1 w(z,t)de = E(t), B(t) #0,0 <t < T, (4)
0
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Obparnas KoadduirenTHas 3a/4a49a TerJIOIPOBOLHOCTI 101

e E(t) € WH(0,T). 3uech napamerp o — Jjiiob0e MOJIOKUTEIBHOE YHUCIIO,
a f(z),p(z) n E(t) — 3amanubie dynxiuu. [Ipu o = 0 Kpaesble ycjioBus
(3) XOpOIIO U3BECTHBI M HOCAT B JUTEPAType HazBauue ycaosuli Camapcrozo-
Hownxuna.

[Mpsivast 3a1aqa (1)—(3) B cayuae, korga p(t) = 0 6blia nccaenosana B [12].

Hawnbosee 6:1m3K0it K TemMaTruke HACTOsAIIEH cTarbu sBisiercs [9], B KoTopoit
6b110 0OOCHOBAHO CYIIECTBOBAHUE KJIACCUYECKOTO PEIlieHus 00paTHON 3a/1a4u,
aHAJOrUYIHOM nccaeayemoit namu. OIHAKO, B CBA3M C TEM, 9YTO KPaeBble yCJIO-
Bug B [9] ABISIIOTCS PEryJIipHBIME, HO HE YCUIEHHO PEry/ISPHBIMU, OT BXOTHBIX
JAHHDBIX 3a/1a491 6I)IJIO 3&Tpe6OBaHO TOBBIMNICHUE TVIAAKOCTU U YJO0BJIETBOPDEHUE
JIOIIOJTHUTE/IbHBIM YCIOBUSIM:

(A1) ¢ € C?[0,1]; ¢'(0) — ap(0) =0, ©(0) = @(1);

o >0, w120, n=1,23...., upu a < 0;

p1 <0, pa,-1 <0, n—23 HpI/IOz>0.
(A2) E(t) € CY0,T7; fo o(z)dz; E(t) >0, Vte [0,1];
(A3) f(z,t) € 02[15 ] (:): t) € 02[0 1], Vt € [0,1];

£ 1) — af(0,) =0, £(0,1) = F(L,1);

fo(r) >0, fop—1(7) >0, n=1,2,3...., mpu a < 0;

fon—1(1) <0, n=2,3...., npn «a > 0.

B nmacroseit pabore 3TH yC/JI0BUS TOJHOCTHIO CHSITHI W ITOKA3aHO, 9TO 00-
paTHasg 3a/1a9a NMeeT eJUHCTBEHHOEe 0D00IIEHHOe pelleHne.

Pewenuem sadawu Gynem HaswpiBarh napy dbyakmumii {u(z,t),p(t)}, obpa-
oy ypasaenue (1) u ycaosust (2)—(4) B T0XKIECTBO B COOTBETCTBYOLIEM
kytacce yukimit u(x,t) u p(t).

[Mpumenenne merona Pypoe qist pemenns 3aaaqm (1)—(3) npuBoguT K criex-
TpaJIbHOM 3aja4e /it oneparopa !, 3amanHoro qud depennmnaabHbIM BhIparKe-
HUEM 1 KPa€BbIMU YCJIOBUAMU:

I(y) = —y"(z) = My(z); 0 <z <1, y(0)=9'(1) +ay(1), y(0)=0. (5)

Kpaesbie ycioBust B (5) sIBASIOTCSL PEry/sipHBIME, HO He YCHUJIEHHO pery-
agpubivu [10]. Cucrema KopHeBBIX (GYHKIMIl omepaTopa | SBJISIETCS TOJTHOM
cucremoii, Ho He obpasdyer 6aszuca B L2(0,1) [11]. Oxnako, kak nokasano B [12],
Ha OCHOBE 3THX COOCTBEHHBIX (PYHKITHII MOXKET OBITH IMOCTPOeH 06a3mc, IMO3BO-
.HHIOH_LI/H‘/JI IOIPUMEHUTH METO/ Pa3/e/IeHud IIePEMEHHBIX /JId PEIIeHUd HaYaJIbHO-
Kpaeroil 3aJja4r ¢ KpaeBbiM ycioBreM (3).
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102 M.A. Cagwibekos, I'. Opasceia

3. TIOCTPOEHUE BA3UCA U3 COBCTBEHHBIX ®YHKIWNI 3AHAYN (5)

B stom mynkTe mpuBemem HeOOXOuMbIe HAM i JTaJbHENIE!l paboThl pe-
syaprarsl u3 [12|. CuekrpaspHas 3amada (5) nMmeer aBe cepun COOCTBEHHBIX
BHAICHUI

)\,(Cl) = (27k)?, k = 1,2,....;/\22) = (28y)%, k=0,1,2,....

3nech By - KopHEU ypaBHeHus: tanf = %, B > 0. Oum ymoOBIETBOPAIOT
nepasencrsam 7k < B < wk+ 5, k=0,1,2..., u aua pasuocru 0y = By — 7k
[PU TOCTATOYHO GOJBINMUX Kk BBITOIHSIIOTCSA JBYCTOPOHHUE OITEHKH

« 1 « 1
ok o) <0k < (5 ) (6)

CobcrBennble (DyHKIMM 3312491 UMEIOT BUI
y](el)(x) = sin(2rkx), k=1,2,...., y,(f) (x) = sin(2nfx) k=0,1,2,....

DTa cucTeMa SIBJISIeTCS TOYTH HOPMUPOBAHHOM, HO He 00pasyer jgayke 0OBITHOTO
6asuca B Lo(0,1). IToctpoerHas n3 Hee BCIIOMOTATEIbHAS CHCTEMA

yo() =y (@)(260) 7, yar(z) = v\ (),
yor—1(z) = (2 (2) -y (@)(260) 7Y k=1,2, .,

obpasyer 6asuc Pucca B Lo (0, 1), a GOpTOroHaabHOM K Heil cucreMoii apisercs
cucrema , , X
vo(z) = 2501/6 ), vor(x) = I/]g )(JI) + V]g )(x),

vop—1(x) = 25k1/,(€2)(x), kE=1,2..,

MOCTPOEHHAsT U3 COOCTBEHHBIX (DYHKITHI COMpPsIKeHHOM K (5) 3amaqun
u,(cl)(x) = C’,El)cos(Zwk:ac +%), k=1,2,...,
V]£2)(.7,‘) = C’,(f)cos(ﬁk(l —2z)), k=0,1,2,....
Koucraarer C ,gl) u C’,?) BBIOMPAIOTCH W3 COOTHOIIEHUS OMOPTOTOHATBHOCTH

(yl,vl) =1, j=1,2.
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Obparnas KoadduirenTHas 3a/4a49a TerJIOIPOBOLHOCTI 103

Kpowme Toro, uro nosyvennas cucrema obpasyer 6asuc Pucca B Lo2(0,1), ec-
7 DYHKIUS U YIAOBJIETBODSET KpaeBbiM ycsoBusaM (5), 1o ee pag @ypbe 10
cucreme {yi(z)} cxomurcs B cmbiciae npocrpancrsa Wi(0,1), B wactHOCTH,
PaBHOMEDHO.

He TpyaHo BBIMMCANTE, 9TO

vo () = =2\ g0 (@), yor(@) = =2V yak (@),

% (2) A =N
Yor—1(T) = —Ap Yor—1(z) — Ty%(x)- (7)

4. TIOCTPOEHUE ®OPMAJILHOTO PEIIEHUA 3AJIAUN (1)—(4)

Ha ocnoBanuu 1.3 r060€ perrenne u BXOIHbIe faHuble 3a1a4u (1)—(3) mpes-
CTaBUMBI B BUJIE 6I/IOpTOFOHaﬂBHbIX PAIOB!

) =Y w(Byr(x), fl@,t) = f®yr(x), o) =D oryr(x)
k=0 k=0 k=0

e ug(t) = (u(z,t), vk (x)), fr = (f(2), v(z)) 1 or = ((x), vk ().

IMoxcrapass (8) B ypasuenune (1), ¢ yuerom (7) Gyjem umers:

Zuk Jyk(z Zuk ka Yy (w
k=0

> ug(t)yy () = uo(t )+ D (tok (£)yop (%) + usp—1 (£ () =
k=0 =1
—)\(2 Z/\ g (t)yar () —
=1
RO
—ZU% 1 [ b Y2k— 1+W@/Qk( ) :—A(()Q)UO(t)yo(l‘)
%) (2) (1) 00
AL A

— Z [A ugk + 26kku2k—1(t)] Yor () — A§€2)U2k—1($)y2k—1(t)-

k=1 k=1
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Takum 06pa30oM, UCHOIB3Yst HAYAIBHBIE YCA0BUsS (2), /I HAXOXKJIEHUsST HEU3-
BecTHBIX yHKIMi Uy (t) n Koaddunuenta p(t) mosydaem cegyronue 3a1adu:

uo(®) + (AP + 1) uo(t) = folt), we(0) = o; (9)

Unp_1 () + (/\;(f) +P(t)> ugk—1(t) = for—1(t), u2r—1(0) = par_1; (10)

/ 0 A =g
Ugy, (1) +<)\o +p(t)) ugk(t) = f2k(t)_TU2kfl(t); u2r(0) = par. (11)

Pemenne 3amaq (9) n (10) cymecTByer, € IMHCTBEHHO ¥ MOYKET OBIThH BBITIH-
CaHo B SIBHOM BH/IE:

t t
uo(t) — @Oe_A(()Q)t_f(fp(s)ds +/ fO(T)ei)\‘?)(tiT)ift*T p(S)deT’ (12)
0

t
uzp 1 (1) = pog_ge N TIPS / forr (e N D=L g (13
0

[Moncrasagem (13) B mpasyio gacts (11). Torma 3amaga (11) Takzke nveer
CANHCTBEHHOE PEIEHNE, 1 OHO 3aIllMChIBACTCA B BUEC!:

t )\(2) )\(1) )\(2) ¢ d
wnlt) = [ 1fan(r) = o gy (e NS
0

e Nl p, (14)

Brerancaum ormenbHO

K (1) t
/ Ugp—1 (T)e ™M (t=m)= [ p(s)ds g _
0
t
= @21@—1/ €_>‘§€2)T—f0t p(s)dse_kggw(t—ﬂ—f: p(s)d8d7+
0
t T .
+/ [/ f2k71(Tl)ei)\’(fz)(tiﬁ)ffrl ti"'p(s)dsd,,_l]e—/\g)(t—T)—f: p(s)deT _
0 0

t
= gy M O=J pls)ds / AN g
0
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t ¢ ¢
0 -

AR =2

(1) t 1
= pop_1e Nk Jop(s N - n
A= A
t -7 @@, AT A
+/ faroa (ry)e” I POIBEAT A ) e(z dry.
0 X _)\k)
Wroro
! (1) t
/ u2k71<7)€_>‘k (t=7)=Jr p(s)ds g —
0
(1) _ (2
AW (¢ e AT g
= Qok_1€ )—Jo p(s)ds € y "
AN A
( (
)d8+)\(2) )\I(cl)te[)\gcl)_)\lf)]t . e[AkD_)‘](f)]T .

Al

[Toscrasisas nomydennoe B (14), Haxomum

_ )\](3)

t t
ugg(t) = Wzke_/\’(j)t_f‘;p(s)ds +/ ka(T)e_/\l(cl>(t_T)_fo p(s)ds g
0

(2 1) (1) _ (@
)\k) _)\](C P2k 16_)‘§cl)t—fo p(s)ds e Al —
25k a )\(1) _ )\(2)
(2) _ ADAD) DO
A / Fopr ()e S PdNT T2 el (1) [(;) K "
)‘k )‘k
e e[)‘<1 (2>] -1 (1), rt
¢ (1) t
*/ for(r)e M ==l gy
0
(1) _4(©2) (W _ @1,
20}
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Taxum o6pasom, pemenne npsimoii 3agaun (1)—(3) cymecrByer, e MHCTBEHHO 1
dopMaIbHO MOXKET OBITH BBIIIUCAHO B BU/E OMOPTOrNOHAJIBLHOTO PA3JIOYKEHUS

)= up(t)yr(z),
k=0

K03 dunmenTsr KOTOporo Beipazkatorcsa dbopmytamu (12), (13) u (15).
5. CXOJIMMOCTb BUMOPTOI'OHAJIbHBIX PABJIOYKEHUIA

JInst 3aBepienus uccie0BaHus IPSAMOit 3a1a91 HEOOXOAUMO (aHATIOTHIHO
merosry Pypbe) 060CHOBATH TJIAIKOCTH TOJIYUEHHOTO (hOPMATBLHOTO PEIleHus
n CXOAUMOCTBH BCEX BCTpe‘{aIOH_[I/IXCH pHﬂOB.

[ycrs ||lul|o - mopma npocrpancrea La(2). Yepes W221(Q) Oyaem obo3Ha-
9aThb MPOCTPAHCTBO (pyHKumil u(x,t), A1 KOTOPBIX MOYTU BCIOJY CYIIECTBY-
10T 0GOBIIEHHBIE TPOU3BOIHBIE Uyy (X, t) U u(x,t), mpunasmexanme B Lo(Q) ¢
HOPMOH

lu(a, )51 = llw@, 1§ + luws (2, )F + llusz, 6)]3.

Mo obobwennvm pewernuem 3amadan (1)-(3) Oyaem mormMarTh QYHKIUIOMN
u(z,t) € VV22 ’I(Q), MOYTH BCIOY OOPAIIAONLYIO 331849y B TOXKIECTBO.
Nmeetr mecTo

THEOREM 1. ITyemw f(x,t) € La(2) u p(t) € L2(0,T). Ecau dynwyus o(x)
npunadaesicum W2(0,1) u ydosaemesopsem xpaesvim ycaosuam (5), mo cyue-
cmeyem, eduncmeenmnoe obobuwennoe pewenue u(t,z) € Wil (Q) sadawu (1)-

(3)-

Joxasameavcmeo. Eciu bynxmma ¢(z) mpuragtesxur Wi (0, 1) n yaosaeTso-
psieT KpaeBbIM yCa0BusaM (5), TO, COTIAcHO 1.4, OHA Pa3/1araeTcst B PABHOMEDPHO
cxopsimuiics psit @ypoe o cucreme {yx(z)}. U3 (7) umeem

¢ (z) = *)\((J)woyo Z 0 ) ooyon(z)—
-1

@) & A(2) )\(1)
=\ S02k—1y2k—1(x))_szS02k 1Y2k(T). (16)
k=1
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(2)_ (1)
A=A
Jlerko Buners, uro “EotE- = dmk + 20;. Tak xax cucrema {yy(z)} —

6azuc Pucca npocrpancrsa L2(0,1), T0 B cuiy AByCTOPDOHHErO HEPAaBEHCTBA
[TapceBana moxygaem

o0

Y Pwerl < Clle" (@) a0,1)- (17)
k=1

N3 (12),(13) u (15) ¢ yaerom (5) HECTOKHO MOTYUINTH PABHOMEpHBIE O k
OIIEHKU

| w1 (8) |< C(| pani ),
| usk(t) 1< C(| @air | + | 021 ),
g1 (8) |< C( a1 ) | A ],

| ug(£) 1< O ant | + | 0o 1) | A2 ]

Orcroma, 3 abcosoTHOl cxomgumocTu psifos (13) u omenok (14) ciemyer
cxouMocTh psifios (7) m npunajiexkHocTh pemenns 3agadn (1)—(3) xmaccy
u(z,t) € Wyt(Q).

Tak kak cucrema {yx(z)} obpasyer 6azuc Pucca npocrpancrsa L2(0, 1), To
moboe pemenne 3amaun (1)—(3) 3 mannoro xkmacca npeacrasumo psagamu (7).
N3 onmmosmaunoctn mocrpoenns pemenwii (12), (13) 3amaw (9)—(11) caemyer
eJIMHCTBEHHOCTH perienns 3a1a4an (1)—(3). O

6. CYIIECTBOBAHUE U EJMHCTBEHHOCTDL PEIIEHISI OBPATHOI 3A-
JIAUN

OCHOBHBIM PE3Y/ILTATOM PADOTHI SIBJIAETCS

THEOREM 2. Ecau f € Lo(Q), o € W2(0,1), u ¢ynryua ¢ ydosaemeopaem
Kpaesvim ycaosuam (5), mo cyuecmeyem eduncmeertoe 0600UeHHOe PEUEHUE
u(z,t) € WiH(Q), p(t) € La(0,1) obpamnoti sadawu (1)—(4).

Aoxasamenvcmeo. Pemenne npsmoii 3axatn (1)-(3) B Buge 6HOpTOroHaIBHO-
'O Pa3/I0KeHUsI

u(z,t) = uo()yo(w) + Y (uzk(D)yan(@) + uz—1(Dyar-1(x))  (8")
k=1
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108 M.A. Cagwibekos, I'. Opasceia

YZIOBJIETBOPSIEM YCJIOBUIO mepeonpeenenus (4):
1
/ (o, t)de = B(t), 0<t<T.
0

TTosyaaem mpu Bcex 0 <t < T

1
0

N 1
+;(U2k(7§)/ y2k($)dm+uzk—1(t)/0 Yor—1(x)dx).

OrJ1e/IbHO BBIYUCIUM UHTEIPAJIBI OT DA3UCHBIX (DYHKIINIA:

1 1
/ Yok (z)dx = / sin2rxdr =0, k=0,1,2,....
0 0

1 1
/0 yol)da = (260)~" /0 y? (x)dz =

1
_ ) 1 — cos20y
= (26y 1/ sin2Bpxrdr = ————.
B, R
Tak xak tanfy = ﬁ, TO
tan? 202
| — cos2p, =219k _ a k=1,2,...

1+tan?By  (28k)% + a2’ B
TIoaTomy

202

1
/0 Yyo(z)dz = (250)2[(284)% + o]’

AHAJIOrMYHO BHIYUCIAEM

/01 Yor—1(z)dx = (26;,) 7" /01 (yl(f) (z) — y,(gl)(x)> dr —

1
= (25k)1/0 (sin(2Bgx) — sin(2mkx)) dx =
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1 —cos2B, 202

(261)2  6(261)%1(28k)% + 2]

s ynobersa Beegiem obosnavenve ¢(t) = elo p()d

= (20,) 7"

Jlerko Buyerhb, 910

_q()
p(t) = FOR (19)

Hroro numeem

t
E(t) = (@oe%?)tfot pls)ds 4 / fo(r)e A =n=1; P(S)deT) x
0

202

20212807 + 07 (287 ng 2 1 o7 kZZI Pak-1€

! (2) t
+/ for_1(T)e ™" (t*T)*pr(S)dsdT) _

_>‘I(c2)t_f(f p(s)ds+

a2 2 YON AP
o [La(r) [ 2fpe X0 S e~ (t=7)
+o /0 q(t) [(250)2[(2519)2 +a2] "’; (5k(2ﬁk)2((25k)2 +a2) for—1(7)| dr.

Ecan BBecTn HOBBIE 0603HAUEHNS

o? 26_>‘E)2)t ,)\(2)t
F(t) = (t) | (260)2[(28%)2 + a2] Z 5:(2B4)2((285)2 + 2)<P2k1] ;
_a? 2foe*/\82)(t77) oA (=)
F6D = 56 | @Borar + o Z 5280225 + a3y )

TO TosTyqaeM g ¢(t) MHTErpaabHOe ypaBHeHue

—/0 K(t,7)q(T)dT = F(t). (20)
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STO YpaBHEHUE ABJIACTCA MHTET'DAJIBHBIM YPDAaBHECHUEM THUIIA BOﬂbTeppa BTOPO-
ro poza. X0opoIo U3BeCTHO, ITO ypaBHeHue (20) uMeer eUHCTBEHHOE PEIIeHIe
a(t) 5 Lo(0, 7).

Tak xak E(t) # 0 u E(t) € W4(0,T), us (20) mmeem ¢ € Ws(0,T).
[Moxcrasnas q(t) B (18) maxomum memssecTHbIH Kodpdurment nuddysnu
p € Ly(0,T). Teopema gokazana. O
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Cagpibexos M.A., Opasicerr I CAMAPCKUI-MOHKNH TYPIELT JIO-
KAJIJZIBI EMEC HTAPTTHI 2KbIJTY OTKI3TIIITIK KEPI KO®®UIII-
EHTI ECEIIT

2KymbIcTa opraliia TeMieparypa 3aHJbLIbIFbl DeplireH Karnaiija Temiie-
parypaHbiH Tapajy (yHKIUSACHIH AHHBIKTAY 2KOHEJe CTEePKHHBIH 0ip TekTiiir
YaKBITIIEH 03repyin mimminagey ecebi kapactoipouiaast. [emivmen Koca bemrici3
TeK yaKbITKA Toyes i KodhDUImeHTi i37ey Moceaeci apKblIbl Kepi ecer TYbIH-
Jaiiapl. ATaaMbInn Makasajga OCbl Kepi ecernTil, Ka/rbl3 yKajlbliaMa Iernimi
Oap eKeHi JoJIesIeHe/Il.

Sadybekov M.A.] Oralsyn G. AN INVERSE COEFFICIENT PROBLEM
OF HEAT CONDUCTIVITY WITH A NONLOCAL SAMARSKII-IONKIN
TYPE CONDITION

The problem of modeling the process of determining the distribution
function of temperature and time varying structure of homogeneous bar of
a given law changes in the average temperature. So there is an inverse problem
for the heat equation in which together with finding the solution of the equation
required to find unknown coefficient depending only on the time variable. In
this paper, it is proved that this inverse problem has a unique generalized
solution.
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CXOANMMOCTDb CPEJHUNX YE3APO 1 PUCCA
TPUTOHOMETPUNYECKUX ITIOJIMHOMOB
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cBoiicTBa omepaTopoB dezapo um Pucca, mocTpoeHHBIX 10 MHTEPIOIAIIMOHHBIM
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IIycrs

I — 5
ol(f,x) = 7 > ALT(x)
n py=0

~ (¢, B) — cpennmne Yezapo, 00pa3oBaHHBIE U3 TPUTOHOMETPUIECKUX TIOJTHHOMOB

1 sin 241 (1 — zy,
T,(x) = Zf(xk) 2 ),V:O,l,...,n,

2 sin T2k

npubimxkaiomux Gyukuuio f(x) € Cop nanaydimum 06pa3oM B CUCTEME TOYEK
(cm. [1-4])
km

n+1’

T = k=1,2,...,2n+ 2.

© JLII. @®ananees, 2015.

Keywords: Fourier series, linear methods of summation, trigonometric system, Cesaro
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Hycrs f(x) npunagiexur kraccy C1 mudbdepentmpyembix byHKmii, Ta-
kux, aro |f'(z)] <1, = € [0,27].

[IpuBenem HEOOXOMMbBIE CBEIEHWS, KACAIOMINECS METOJIOB CyMMUPOBAHUS
YUCJIOBBIX U (DYHKIMOHABHBIX PSI/IOB.

Yuc/10By10 10C/I€/I0BATEIBHOCTD {)\l(,n)} Oy/1eM Ha3bIBATH BBIMYKJION BHU3
[0 WHJIEKCY V eCJid, KaK OOBITHO,

AZA = A(AN) >0, v =0,1,....,n — 1A = AAM = AZ\(),

TaK, 4TO
Z AZA = (AN — Ay 4 (AN Ay A = AN = 1A,
. )
IMycrs )\,(,n) = —45%, 910 coorBeTcTBYyeT Merony esapo oy (f,x) nopsika

a, AY — anciaa Yezapo, misg o > 1

a+1)(a+2)...(a+n) po n®
T Tla+l)

P {1+0( )}, n— oo,

n!

I' -ramma-pynxmms,

a—2
AY— A2 = AT AN = T >0, 0= 0,100, n=0,1,., a> 1
n
st aux
1-A™ =% .50, ¢=const. 2
1 n+n2 c ¢ = cons (2)
IIpm o > 2 nerko BUJeTH
1 o 1 A2 2 In n
— ) pe2 < no2 =c (n — o). (3)
A%IZ:O v+1 Ay =v+1 n?
IIycrs 1 < o < 2, Tornna
c = k Inn
—Q vy __
ﬁk—o 2ak+1 {+Zk+1z (5)}_CF (n—>oo)
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B [5,6] 6b110 110Ka3aHO, 4TO €cau CyMMaTOPHAst (DYHKIHsI, OTIPe/IeJIsTIOIIast

n
MHOXKUTEN CYyMMUDOBAHUS AU ), BBIIIYKJ/IA BHU3, TO Jjisi HEEe COOTHOIICHUSI
(1)-(4) Boimosnsitorcs. Jus tunuueckux cpepnux Pucca RS rakoii dbyHkim-
eit apngerca p(x) = (1 —2)*, 0 < 2z <1, @« > 1 u 11g9 COOTBETCTBYIOIIHUX

MHOXKHUTeJ el

BbBITIOJTHEHO COOTHOIIICHUE

a a—1
4 _ An—u C An—r/

1——)= =
( n) A% n AY1

$0(), n oo (5)

Brejiem B paccmoTpenmne BeIMYUHY

Aj(x) = sup |0 (f,2) — f(x)].
fect

Mpu B = 1 noseaenne AL (x) 6bi10 uccaenosano B paborax [3,4].

TEOPEMA 1. Jaa B > 1 npun — 00 cnpasedsuso cACOYOWEE ACUMNMOMU-
YecKoe paseHcmeo

28 In(n +1) 1
AP(z)= =" 1 0, (~).
n(7) T n+1 * z(n)
Zoxasamesvcmeo. Jlerko mpoBepuTs, UTO
A (z + m) = Ap(2),

[I09TOMY B JlaJIbHEIIIeM OyIeM CUUTaTh

0<e < ——.
n

[Ipumenss K Uﬁ( f,x) npeobpazosanme AbGess, MOy IIM

2n+2 n s 2 T—x

1 1 _osin“(v + 1)*¥57k

B - - = E E AP—2 2
P g gy Y
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Ecmm f(z) = 1, To npumenus nBax b1 obpaTHoe npeobpasosanue Abesst, mo-

Jy9IAM
2n+2 n

S g 1
n+1 AE,HVO sin? 25tk ’
[O3TOMY
jon (f.2) = f(2)] <
1 1 sin? 1/—1—1)”” b
S, I, S
z—ay,

1 1 5_psin? 1/+1)
SQ(n—I—l)Aﬂ Z ‘xk_”ﬂZA 2x2ﬂck

N z—m<ap<a+m

s 2m-nepnopnaeckoii yukuun f(t) = |t — x|, onpexnenennoii va |t —z| <,
[OCTIe/THee HEPABEHCTBO 00pAaIlaeTcss B TOYHOEe paBeHCTBO. Taknm obpaszom,

1 - Aﬁ S sin?(v + 1) 552
Aj() Sy +
ﬁ 2 T—T
2(n+1) — — Ay sin® Tk
AB 2sin?(v 4+ 1)2 " AP sin?(v + 1) 52
+JIZ " 2+(7T—33)Z N Z_ 4
3 2z
v=0 3 =0 An cos™ 3
n AP2 sin2(1/ + 1)—I’C+x
DY =] (©
B « 2 x+tx
k=1 =0 An sin® =5

Tak kak

2 . m
—v <sinv <wv, ve(0,=],
s 2

TO JIEIKO IOKa3aTh, YTO BTOpoe ciaraemMoe B (6) mMeer HOpsJOK MajOCTH
-1
Oz(n™").

B camowm merne,

n B=2 2 z
T A, sin® (v +1)3 1
= 0,( AZ- 2(5).

v=0 n v=0
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(HpI/I sToM umcaa ¥ Mbl 3aMenum Ha A} M BOCTIO/IB30BAIMCH COOTHOIEHTEM

Z A AB = A'BJWH.) s tperwero craraemoro B (6) u3 (2),(5) BeITekaer

cneﬂ;yromaﬂ OlleHKa:

1 25111 (v+1)55% 1. 4571 1
- Aﬁ ———= = 0(— =0z(—)-
2(n+1) AP (r—= Z cos? & m(n) AB x(nz)
O yHKITAA

22 x
z. sin®(v+1)(t+ %) @ T T
) =(t+= —
plt) = (t+ 5 St £2) 22k

KpOMe TOr0, JIEFKO POBEPUTH, YTO

T
2+22

P"(€) = 0u((v +1)%), €€ 5L v=01..n

Hamomuaum dhopmysty Tpaneruii i npubjin2KEHHOTO0 BbIYUCICHUS OIIPE/Ie-
JIEHHBIX MHTErpaJios: ecan dbyHkma y = y(x) HenpepbiBHa u auddepenty-
pyema JIOCTaTOYHOe YUC/IO pa3 Ha KOHEYHOM IpPOMexXyTKe [a,b] u h =
x;=a+ih, 1=0,1,...,n, y; = y(x;), T0

b

+

/ y(x)dr = h(y0 5 In y1 +y2+ ... + Yn—1) + Rn,
a

O pre), (a<e <t

[Ipumensia dpopmysry Tpamenuii, Moy IuM

Ry =—

n +x
sm( + 1) %%
J(v, £x) Z NCETE= =
+1 k:l k2
jus 2 x
sin“(v+1)(t £ 2
:7[ 2 (t f) (.2 )( 2>dt—|—
ml) = 2 sin“(t + 7)
2n+2
T 1 <( T g)SiHQ(V+1)( )
An+1\\2n4+2 " 2 sin? (57 =+ %)
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(5 £5)sin®(v +1)(5 £ %)

cos? 3 H +Ow(§;i1)2)'

13 coornomenns
+1)2 1
AL Z = ( ) =0:(2),
n =0
HpeHe6pera${ BHeI/IHTeraﬂbHBIMI/I YJjieHaMn HOquHM

Tr

ia2 T
L Ty\sin v+1D({t£%) 1
AP~ + AB- 22 dt+0,(=).
nl;) (v, 2) WAELZZO / 2) sin?(¢ + %) * (n)
2n+2
YuurhiBas MpoBeIeHHbIE OIeHKH, n3 (6) HAXOIUM
oI A2 b g sin?(w 1)t - 2)
AP(z) =2 — - = 224t
n(®) v IZZO AP [ / ( 2) sin?(t — £) *
2n+2
g
z sin?(v 4+ 1)(t + 5) 1
+ [ ¢+2 at] +0,(=). 7
/ ( 2 sin (t—l—%) (n) (7)
2n12

B pasenctse (7) K uHTErpajaM IPUMEHAM JIBAXKIbI (DOPMY/TY HHTETPUPOBAHMS
o gactam. [locse syiemerTapabIX MPeodpa3z0BaHuil MOy IUM

z sin®(v+1)(t— %) ? z sin?(v +1)(t + 2)
) e Y /(t+2) D)

ﬂ\
INE]

dt =

2n+2

v+1

1 .5 ( T +x)+
sin —
el M2n—|—2 2

1/+1

+Z*SID u 2—%)+O$(1).
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Tax xak
v+1 v+1 2
| T x T x\2 (v+1)

Z,ﬁm Mot 3) Z”(2n+2 2 A
n=1 pn=1

v+1 2

1) 1
Z( ) Sin2uw)20x<(v4r2) )
= w41 2 n

TO, yuuThiBast o0parnoe npeobpaszosanue Abesst, u3 (8) moayanm

n ,8 21/+1

A () = Z Z 1 %ln(n%—l) 1
1/:0

+ Ox(i)v

T n+1 n
nﬂl +

910 W TPebOBAIOCH JOKA3ATh. O

Ucxona w3 acummrormueckux coornomennit (1)—(4) u pasencrs (2)—(5)
st aucest He3apo, MCHOIH30BAHHBIX TIPU JIOKA3ATETHCTBE TeOpeMbl 1, MOXK-
HO yTBEPXK/ATh, 94TO TeopeMa 1 m paBeHCTBO (6) CIpaBeIMBBI I CPETHUX
Pucca, mOCTPOEHHBIX TTO T€M Ke MHTEPIOIAINOHHBIM TTOJTHHOMAM.

SAMEYAHUE 1. Beedem 6 paccmompenue mpuzonomempuseckuti noisuHoM

N

Z T )Un (T — ),

k
20e

1 < 2km
t):§+2p,,(n)cos vt >0, te€l0,n], Tk =

k=1,2,.., N, N — npou3goavhoe HamypasoHOe HUCAO.

sl BeTmImHbI

Ey(z) = sup |f(x) — [ (z)|

fect

amasior Teopembl JI.U. Baycosa [8] s MHTEPHOIAIMOHHBIX TOJTHHOMOB [
ycranosuia P. Pych [9)].
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B npumvenennu k muOXKUTEIIM de3apo

Aﬁ
pv(n)=—"22 38=1,2,..
v Ag
€10 MOJIYYEeHa, CJEAYIOMAsA aCUMITOTHIECKAsA OEHKA!
2 Inn 1
B @) = 282" £ 0.(0), n o

9)

Brraunciaenns, mpuBegeHHbIe HAMU TP J0KA3aTEILCTBE TEOPEMBI 1, TTO3BOJISI-

0T 3aKJIIOYATH, 9TO PABEHCTBO (9) MMeeT MeCTo JIjisd IPOU3BOIbHBIX, He 00s13a-
rebro neabix J > 1. llpu N =2n+ 1, 8 = 1 pasencrso (9) nomyueno C.M.

Huxkomnbcknwm | 7).

Hanomuum, uro psi Z Cn cyMMpreM merogom C(S,7), ecau cymecrByer

npenaest hm U S U = A5+’Y Z Aﬂ lA’YSlM 57776 +7 > _1a Sl/

v=0

YACTUUHBIE CYMMBI pAfa » | Cp. st Tpuronomerpudeckoit cucremer C(1,0) —

cpennne Deitepa, C(5,0) — cpeaame Yezapo.
Tak Kax

- 1 sin?(v+ 1)L
3 Dit) = : (_V2 i )2 50, y=0,1,.n,
P 2(v+1)  sin®

B—1
/ABHZA LAID,(t)dt = 1,

TO
W(fow) = 5+7/fm+t ZAﬂ VAYD, (t)dt.

ITosoxus f = 1, umeem

Ag»’y = sup maX|f(.CC) — 05’7(f733)| =
fect T

sin?t

4 n Bo1 4y 5.1 : tsin?(v + 1)t
= Aﬂ_i_'y {Z [Anqu An v—1 1/+1 dt}
TAn v=0 0

(10)
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-1
[Monaras mpu cymMmMUpOBaHUN A€1 =0,

1 1
- 1+0()| @
sin? ¢ 2L~ k41 2v+2 * +O(y2) (11)

/tsm v+t 1[ 14 (=1)F (1)t -
0
¢ yaerom (10),(11), paBerctBo aist AB IPUMET BU/T

2 A7V 2 A 1
By — 24 v
An —’R_Ag_i_,yl;oy_'_l‘i’o(nl_i_,y)’n—)()o,

aro npu ¥ = 0, S > 1 maer omenky Ag(m) JIJIST 1€3aPOBCKUX CPEIHUX IMOPSIIKA,
B, anpu —1 <y < 0 mgaer HOBBIH pe3y/abTaT

1
EY(c(B.7).2) = O(35), n — oc.

Boinyksiocte MHOXKHUTENEH cymMMupoBanus i Meronos Pucca RS (f, z) mos-
BOJIAJIA M3YYUTH AlPOKCHMATHBHbIE CBOHCTBA oeparopos B L, [10].
IIycre f € Lp[—m,7m] = Ly, 0 < 6 < m, 1 < p < oo u wf,0), =

sup || f(z +1t) —2f(z) + f(z — 1)z, — ee Mmoaymb raajkocTH.
lt|<o

O6o3raunMm depe3 T, TPUTOHOMETPUYIECKUI TOJNHOM HAMIY IIIero Ipuo.In-
xkenust f € Ly, wepes Ey,(f), — coorBercrByonee nautydiiee npub/InKeHue.

Bompocam mpubnmxkenuns HempepbIBHBIX (DYHKIHN omeparopavu de3zapo
o%(f,x) nocssmensr padorsr M. Bamanckoro, A.B. Edumosa (o = 1), To-
wxyKyst (o > 0), B ciayuae f € L, — paborer K.I. JleGenst u A.A. Apneenko
(a=1), M. Jlekumsuu (o > —1, a # 0, o # 1).

Hna f € L, bygem m3ydaTh anmpoKCHMATHBHBIE CBOICTBA OIEPATOPOB
Pucca

RS (f,x) = Z (1- %)a(a,, cos vx + by sin vzx),
v<A

a > 1, A > 0 - BerecTBeHHBIE YHUCHIA, Ay, b, — KO3 butueraTs Oypbe hyHKIIINT
I

[Ipr oTMedeHHBIX OrpAHUYEHUSAX HA TMapaMeTpPhl & U A U TPOU3BOJIHHOM
a > 0 ycTaHOBJIeHA OIIEHKA

f90+ ) —2f(x) + flxz— %)
12

R$(f dt + (o, \, x), (12)
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rae
lotas A@)llp = O(Balf)p + A 2T ), = N

O mosegennn ocraroaHoro wieHa B (12) MOKHO CyINTh MO M3BECTHBIM HEpa-
perctBaM C.B. Creukuna

1
||T7/z,||p < chwg(f, E)m

1
En(f)p < CWQ(fv *)p, c > 0, ¢ = const.
n

ITocraBum B coorBercrue Kaxoit f(z) € Ly, 1 < p < oo tpuronomerpude-
CKUI TTOJTUHOM

un(fy A, ) = % + Z)\l(,")(a,, cos vz + b, sin vx),

v=1

rae ay, by — xospdunuentor Pypoe f, A = HA,(:)H, k=0,1,...,n, n=0,1,...,
)\](Cn) =0, k > n — 3/7eMeHThl HUKHEH TPeyroJabHONH MATPHUIIBI BEIECTBEHHBIX
ancen. ObmuoCcTh cBOiicTB oneparopor Peitepa, Yezapo, Pucca moaroakuyia

K TIOSIBJIEHUIO CJleyIneii Teopemsr [11]

TEOPEMA 2. Ilycmo {)\l(,n)}, v=01,...,n, n=01,.. ewnykia 6nus no

undexcy v, )\,(,n) — 1, n — 00, mozda

un(fi A ) = f(z) =

dt + Qu(A,z),  (13)

::(1Ag"))/f(ern)_zJ;(zx)Jrf(x—n)

1 2N A2y () L (n)
19 (A, 2)]||1, gch(f,ﬁ)Lp{n ;)A Al V—H+n(1—A1 )}

®opwmyna (13) mpocto wuaocTpupyeTcs mpu « = 1 st Metozos Pucca

n Yesapo (merom Deiiepa). B srom cayuae 1 — )\YL) = n%rl, AQ)\Z(,H) = n%rl,
v =mn, Az)\,(,") = 0, v # n. B xagectBe cnencrus mogyanm Teopemy LK.
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Jlebenss u A.A. Apneenko g 1 < p < oo, gasg p = oo — reopemy A.B.
Edumogsa.

Bamerum, uro ecau f — pocrarouno raajaxas (auddepeniupyemas) dyHk-
nus, TO "IJIaBHBIM dYjeHOM" IIOTOYEHHOrO YKJOHEHUsi OygeT WHTerpasi, Ha
knacce Lipa, 0 < a < 1, uarerpas u Q,(.) MOryT umers OJMHAKOBBIN 110-
PAI0K yOBIBaHUS, 32 CYET BBHIOOPA BBIMYKJIOTO MeToa cyMmmupoBanus ),(.)
MOKET MMETh MEHbINU MOPSJ0K MAJIOCTH.

FO.JI. Hocerko [12] nosyvas pesysabraThl B TOM K€ HAIPABJIEHUH, YTO U
aBTop. IIycTh A’gf(a;) u wi(f,0) cuMMeTpruUHasg PA3HOCTH U MOJLYJIb TIaJIKOCTH
dyuknun f mopsigka k ¢ marom § B TOYKe T, HAIIPUMED,

. 0 o

Ajf(@) = [z +5) = 2f(2) + [(2 = 5)-
Paccmarpusarorcs Bonpockr npubmmxkennst f(z) cpeaamvu Pucca n Yeszapo
B yKa3aHHBIX TOYKaxX. B wacTHOCTH TpuBeaeH pesyabrar: VA > 0 d¢ =
ci(A,p), i =1,2, uro

J@) = on(fow) = =5 [ A2 f@)dt + 7(f.),
A
1 1
crw(f; m) <l (f;2)lp < cowa(f; m),f

Taxkoro xe Tura pe3yabTaT NPUBEIEH g cpeaanx Pucca.
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Qamanees JL.II. TPUTOHOMETPUAJIBIK ITOJIMHOMIAP/IBIH YE-
3APO 2KOHE PUCC OPTAIITAJTAPBIHBIH 2KMMHAKTAJIYbBI

Huddepenrmasianarein QyHKIAAIAP KJIACHIH/A WHTEPIIOJISAIUSIBIK, 10~
JIMTHOMJAP apKbLIBI KYPBLIFaH de3apo xKoHe Pucc omepaTop/rapblHBIH alllIPOK-
CUMATUBTI KACUETTEPL 3€PTTE/IEH.

Falaleev L.P. CONVERGENCE OF CESARO AND RIESZ MEANS OF
TRIGONOMETRIC POLYNOMIALS

On the class of differentiable functions approximation properties of Cesaro
and Riesz operators constructed by interpolation polynomials are studied.
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IIpasusa "MartemaTudeckoro >XypHaJia' Jijis aBTOpPOB cTaTeit

Obwue noaootcerus

B "Maremarndaeckom kyprase" myOInKYIOTCS OPUTHHAJBHBIE CTATBU TIO
OCHOBHBIM Pa3/IejiaM COBPEMEHHOI MaTeMaTuKu: Teopus (PyHKIHit, PyHKIIHO-
HaJIbHBII aHa 13, 0OBIKHOBEHHBIE (D epeHInaIbHbIE YDABHEHUSI, YPABHEHUSI
C 9aCTHBIMU TPOU3BOIHBIME, aaredpa, MaTeMaTuuecKas JIOTMKa, TEOPUsT TUCEI,
reOMeTpHsi, TOTOJIOTHs, TEOPHUsl BEPOSITHOCTEH W MaTeMaTUudecKasi CTaTUCTU-
K&, BBIYUC/IUTEIbHAS MaTEMATUKA, MaTeMaTudecKas PU3nKa, MaTeMaTUudeCKOe
MogtesinpoBanre. 2K ypHaJ BBIIIYCKAETCS €XKEKBAPTAJIBHO, Y€ThIPE HOMEPA CO-
CTABJIAIOT TOM.

Cratbs 10o2KHA OBITH HANMCAHA HA BHICOKOM HAYYHOM YPOBHE, COJEPKATH
HOBBIE, 9€TKO C(OPMYIUPOBAHHBIE MATeMATHIECKUE PE3YIbTAThl U UX JOKa-
3aTesbCcTBa. Bo BBeJeHUN HEOOXOIUMO TPUBECTH UMEIOIIUECS Pe3yJIbTaThl 110
TeMe MPEeJCTABIEHHON PA0OThI, JaTh KPATKOE COJIEPKAHNE CTAThbU U OTPA3UTH
aKTyaJbHOCTb, HOBU3HY IOJIYYEHHBIX aBTOPOM PE3Y/IbTaTOB.

Crathbu KypHaja pPa3MeaiTcsd B CBOOOJHOM [OCTyIe Ha caiiTe
www.math.kz Nucturyra mMaremMaruku m MaTeMaTHIECKOTO MOIEINPOBAHUS
MOH PK, ux pedepupytor HII HTU (Kazaxcran), Zentralblatt Math (Tep-
MaHus).

B "MaremarudeckoMm kypHasie" myb/iuKy0Tcs cTaTbu 06beMoM 10 25 XKy p-
HasbHbIX crpadull. Crarbu 00beMom Oosiee 25 crpaHull myOJUKYIOTCS 110 CIie-
[IMabHOMY PeIEeHUI0 peJiKoJulernn KypHasa. llpuaumarorcs craTbu, Hau-
CaHHBIE HA KA3aXCKOM, PYCCKOM ¥ aHTVIHICKOM si3biKaX. CTaThu pereH3npyoT-
col.

Tpebosarus x opopmaenuro cmamed

1. Pykomuchk ctarhu [0KHA OBITH MTOATOTOBJEHA B WM3MATEIBCKON CUCTEME
ITEX-2e n ipecTaB/iera B BUIE JBYX TBEPJABIX KOMU, a TakyKe B BUe tex u
pdf - daiisios Ha TFOO6OM 3/IEKTPOHHOM HOCUTEJIE WU IIPUCTAHA TI0 JIeKTPOHHO
noure zhurnal@math kz, mat-zhurnal@mail.ru. Crarbs m0J12kHa OBITH HOJIIN-
cana BceMu aBTopamu. llpaBuia odopmieHus PyKOIUCH U CTH/IEBbIe (hailibl
MOXKHO HaiiTu Ha caiire VHCTUTYyTa MATEMATUKU W MaTEMaTHIECKOTO MOJIE/IU-
posaunmsa MOH PK http://www.math.kz B pazmene "Maremarudeckuii xKyp-
wasa".

2. B neBoMm BepxHeMm yTiry HeobxoanMo ykazarh uuaekc YK, naxee naurma bt



u pbamuinu aBTOPOB B aaPaBUTHOM TIOPsI/IKE, MECTO PAOOTHI C IOYTOBBIMU AJI-
pecamMu, a TakzKe 3JIeKTPOHHbBIE aJpeca, 3aryiaBue cratbu. Ha oTaessHoM jucTe
[NpUTAraflOTCs Ha3BaHUE CTaThW, (DaMUIUU U WHUIMAJBl aBTOPOB, KJIIOUYEBbHIE
cyioBa, pedepar Ha PYCCKOM, aHIVIHICKOM U Ka3axCKoM (Jyist aBropoB m3 Ka-
3axcrana) a3pikax u nageke Mathematics Subject Classification 2010. Pedepar
JIOJIPKeH OTPaXKaTh CojiepKaHue cTaTbu. TakxKe IMpeicTaB/IsdoTCs CBeJeHus 00
ABTOPAX, MECTO PabOThI, MOYTOBBII AJPEC ¢ UHIAEKCOM OYTOBOIO OT/EJIEHMUSI,
HoMep TenedoHa ¢ yKazaHWeM KO/a TOPOJIa, aIpec 3TeKTPOHHON TOUTHI.

3. Cromcok JuTepaTyphbl COCTABISETCS B MOpsjake urtupoBanus. CCbLIKKA Ha
HEOMyOJIMKOBaHHBIE PAbOThHI, PE3YIBTATHI KOTOPBIX WCIOIB3YIOTCS B JI0Ka3a-
TeJIbCTBAX, He NOomycKaoTcsd. CIUCOK JIUTepaTyphl TPUBOIUTCS B CJIETYIOIIEM
BUJIE:
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Pyxonucu, me ymoBIeTBOPSIONINE TMEPEINCTEHHBIM BBIMIE TPEOOBAHUAM,
BO3BPAIIAIOTCS aBTOpaM Ha odopMiieHne, T0paboTKy. Pegakiius ocTtapseT 3a
coboit TpaBo Ha OTKJIOHEHWE CTATHY, ECJIM €€ COMep:KAHue He OTBevYaeT Tpebo-
BaHUAM KypHaJa.
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