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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ íàãðóæåííîå óðàâíåíèå ïàðàáîëî-ãèïåðáîëè÷åñêîãî òè-
ïà

0 =

uxx −C D
α
oyu+ f1(x, y)up1(x, y), ïðè x > 0, y > 0

uxx − uyy + f2(x, y)up2(x+ y, 0), ïðè x > 0, y < 0
uxx − uyy + f3(x, y)up3

y (0, x+ y), ïðè x < 0, y > 0
(1)

ñ îïåðàòîðîì Êàïóòî

CD
α
0yf(y) =

1

Γ(1− α)

y∫
0

(y − z)−αf ′(z)dz, 0 < α < 1,

ãäå fi(x, y;u(x, 0)), (i = 1, 2, 3)− çàäàííûå ôóíêöèè, pi, (i = 1, 2, 3), α− äåéñòâèòåëüíûå
ïîñòîÿííûå.

Îñíîâíàÿ öåëü äàííîé ðàáîòû - èññëåäîâàòü îäíîçíà÷íóþ ðàçðåøèìîñòü êðàåâîé çàäà-
÷è ñ èíòåãðàëüíûì óñëîâèåì ñêëåèâàíèÿ äëÿ óðàâíåíèÿ (1).

Ðàññìîòðèì óðàâíåíèå (1) â êîíå÷íîé îáëàñòè Ω ⊂ R2, îãðàíè÷åííîé ñåãìåíòàìè A1A2,
A2B2 íà ïðÿìûõ y = h, x = 1 ïðè x > 0, y > 0; è B1C2, A1C2 íà õàðàêòåðèñòèêàõ
x + y = 0, x − y = l óðàâíåíèÿ (1) ïðè x > 0, y < 0, à òàêæå ñåãìåíòàìè B1C1, B2C1 íà
õàðàêòåðèñòèêàõ y − x = h, x + y = 0 óðàâíåíèÿ (1) ïðè x < 0, y > 0. Ïàðàáîëè÷åñêóþ
÷àñòü ñìåøàííîé îáëàñòè Ω îáîçíà÷èì ÷åðåç Ω0, à ãèïåðáîëè÷åñêèå ÷àñòè ÷åðåç Ω1 ïðè
x > 0 è Ω2 ïðè x < 0.

Çàäà÷à I. Òðåáóåòñÿ íàéòè ðåøåíèå u(x, y) óðàâíåíèÿ (1) èç êëàññà ôóíêöèé: u(x, y) ∈
C(Ω̄) ∩ C2(Ω2 ∩ Ω1); uxx, CD

α
oyu ∈ C (Ω0) ; óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì:

u(l, t) = ϕ1(y), 0 ≤ y ≤ h;

d

dx
u
(x

2
;−x

2

)
= a1(x)uy(x, 0) + a2(x)ux(x, 0) + a3(x)u(x, 0) + a4(x)0 ≤ x ≤ l;

d

dy
u
(
−y

2
;
y

2

)
= b1(y)ux(0, y) + b2(y)uy(0, y) + b3(y)u(0, y) + b4(y)0 ≤ y ≤ h;

è èíòåãðàëüíîìó óñëîâèþ ñêëåèâàíèÿ:

lim
y→+0

cD
α
0yu(x, y) = λ1(x)uy(x,−0) + λ2(x)ux(x,−0)+

+λ3(x)u(x, 0) + λ4(x), 0 < x < l

ux(−0, y) = µ1(y)ux(+0, y) + µ2(y)u(0, y) + µ3(y), 0 < y < h

ãäå ai(x), bi(y), λi(x), (i = 1, 2, 3, 4) µj(y), (j = 1, 2, 3) ϕ1(y) - çàäàííûå ôóíêöèè, ïðè÷åì
3∑

k=1

λ2
k(x) 6= 0,

3∑
k=1

a2
k(x) 6= 0,

3∑
k=1

b2
k(x) 6= 0 è µ2

1(x) + µ2
2(x) 6= 0.

Îòìåòèì, ÷òî àíàëîãè÷íàÿ çàäà÷à ñ ëîêàëüíûìè êðàåâûìè è ðàçðûâíûìè óñëîâèÿìè
ñêëåèâàíèÿ äëÿ óðàâíåíèÿ (1), íî áåç íàãðóæåííîé ÷àñòè (ò.å. ïðè fi(x, y) ≡ 0 (i = 1, 2, 3)),
áûëà èññëåäîâàíà Á. Êàäûðêóëîâûì [1].

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021
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Ïðè îïðåäåëåííûõ óñëîâèÿõ íà çàäàííûå ôóíêöèè äîêàçûâàåòñÿ ñóùåñòâîâàíèå è åäèí-
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ê ðàçðåøèìîñòè íåëèíåéíûõ èíòåãðàëüíûõ óðàâíåíèé.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì FZ − 20200929375 ÌÈÐ ÐÓç.

Êëþ÷åâûå ñëîâà: íàãðóæåííîå óðàâíåíèå, îïåðàòîð Êàïóòî, íåëîêàëüíûå óñëîâèÿ, íåëèíåéíîå èíòåãðàëüíîå
óðàâíåíèå, ñìåøàííûé òèï.

2010 Mathematics Subject Classi�cation: 34B45, 35R11

Ëèòåðàòóðà
[1] Kadirkulov Bakhtiyor J. Boundary problems for mixed parabolic-hyperbolic equations with two lines of changing

type and fractional derivative, Electronic Journal of Di�erential Equations, 2014:57 (2014), 7 p.

� >>> �
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Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ íàãðóæåííîå óðàâíåíèå ïàðàáîëî-ãèïåðáîëè÷åñêîãî
òèïà

0 =

{
uxx −C Dα

otu+ µ2
1u+ f1(x, t;u(x, 0)), ïðè t > 0

uxx − utt − µ2
2u+ f2(x, t;u(x, 0)), ïðè t < 0

(1)

ñ îïåðàòîðîì Êàïóòî CD
α
0tf(t) = 1

Γ(1−α)

t∫
0

(t− z)−αf ′(z)dz, 0 < α < 1, ãäå fi(x, t;u(x, 0)) -

çàäàííûå ôóíêöèè, µi 6= 0, α− äåéñòâèòåëüíûå ïîñòîÿííûå.
Èçâåñòíî, ÷òî ëîêàëüíûå è íåëîêàëüíûå çàäà÷è óðàâíåíèé ïàðàáîëî-ãèïåðáîëè÷åñêîãî

òèïà ñ îïåðàòîðîì Êàïóòî ñëåä ðåøåíèÿ êîòîðûõ áûë âêëþ÷åí â ðàçëè÷íûå èíòåãðî-
äèôôåðåíöèàëüíûå îïåðàòîðû äðîáíîãî ïîðÿäêà, òàêèå êàê Ðèìàí-Ëèóâèëëü, Ýðäåéëè-
Êîáåð è äð. èññëåäîâàíû â ðàáîòàõ [1],[2] è [3]. Õîòåëîñü áû îòìåòèòü, ÷òî óðàâíåíèÿ ïðè-
âåäåííîì âûøå ïîä÷åðêíóòûõ ðàáîò èìåþò òîëüêî ëèíåéíûå íàãðóæåííûå ÷ëåíû, ïðè÷åì
áåç ñëàãàåìîå ñ µ2

iu(x, t).
Îñíîâíàÿ öåëü äàííîé ðàáîòû, èññëåäîâàòü îäíîçíà÷íóþ ðàçðåøèìîñòü íåëîêàëüíîé

êðàåâîé çàäà÷è ñ èíòåãðàëüíûì óñëîâèåì ñêëåèâàíèÿ äëÿ óðàâíåíèÿ (1).
Ïóñòü Ω− îáëàñòü, îãðàíè÷åííàÿ îòðåçêàìè: A1A2 = {(x, t) : x = l, 0 < t < h},

B1B2 = {(x, t) : x = 0, 0 < t < h}, B2A2 = {(x, t) : t = h, 0 < x < l} ïðè t > 0, è õàðàêòå-
ðèñòèêàìè: A1C : x− t = l, B1C : x+ t = 0 óðàâíåíèÿ (1) ïðè t < 0, ãäå A1 (l; 0) , A2 (l;h) ,
B1 (0; 0) , B2 (0;h) , è C

(
l
2
; −l

2

)
. Ω1 = Ω ∩ (t > 0), Ω2 = Ω ∩ (t < 0), I1 =

{
x : 0 < x < l

2

}
,

I2 =
{
x : l

2
< x < l

}
.

Çàäà÷à I. Òðåáóåòñÿ íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ (1) èç êëàññà ôóíêöèé: W1 =
{u(x, t) : u(x, t) ∈ C(Ω̄) ∩ C2(Ω2); uxx, CD

α
otu ∈ C(Ω1); .

.ux ∈ C1(Ω̄1 \ A2B2)} óäîâëåòâîðÿþùèå êðàåâûì óñëîâèÿì:

α1u(l, t) + α2ux(l, t) = ϕ1(t), β1u(0, t) + β2ux(0, t) = ϕ2(t), 0 ≤ t < h; (2)

γ1A
1,µ2

0x

[
d

dx
u
(x

2
,−x

2

)]
+ γ2A

1,µ2

x1

[
d

dx
u

(
x+ l

2
,
x− l

2

)]
= ψ1(x), 0 ≤ x ≤ l;
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è èíòåãðàëüíîå óñëîâèå ñêëåèâàíèÿ:

lim
t→+0

cD
α
0tu(x, t) = λ1(x)ut(x,−0) + λ2(x)ux(x,−0)+

+λ3(x)u(x, 0) + λ4(x), 0 < x < l

ãäå An,µmx[f(x)] ≡ f(x) −
x∫
m

f(t)
(
t−m
x−m

)n ∂
∂t
J0

[
µ
√

(x−m)(x− t)
]
dt, ψ1(x), ϕi(t) (i = 1, 2),

λk(x) (k = 1, 4) - çàäàííûå ôóíêöèè, è αi, βi, γi = const, ïðè÷åì α2
1 + α2

2 6= 0, β2
1 + β2

2 6= 0,

γ2
1 + γ2

2 6= 0,
3∑

k=1

λ2
k(x) 6= 0, à J0(z)− ôóíêöèÿ Áåññåëÿ ïåðâîãî ðîäà.

Çàäà÷à I, èññëåäóåòñÿ â ñëó÷àÿõ: i) α2 = 0, β2 6= 0, γ1 6= 0; ii) α2 6= 0, β2 = 0, γ2 6= 0;
iii) α2, β2 6= 0, γ1 = 0 èëè γ2 = 0.

Ïðè îïðåäåëåííûõ óñëîâèÿõ íà çàäàííûå ôóíêöèè è íà êîýôôèöèåíòû êðàåâûõ óñëî-
âèé, äîêàçûâàåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü ïîñòàâëåííîé çàäà÷è.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì FZ − 20200929375 ÌÈÐ ÐÓç.

Êëþ÷åâûå ñëîâà: Äðîáíîå äèôôåðåíöèðîâàíèå, íàãðóæåííîå óðàâíåíèå, íåëîêàëüíàÿ çàäà÷à, èíòåãðàëüíîå
óñëîâèå ñêëåèâàíèÿ, îäíîçíà÷íàÿ ðàçðåøèìîñòü.
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Î êëàññèôèêàöèè îñîáûõ òî÷åê îäíîé äèíàìè÷åñêîé
ñèñòåìû
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Â [1,2] èçó÷àëàñü äèíàìè÷åñêàÿ ñèñòåìà

ẋi = Fi := −2xi

(
ri −

(
r1a

−1
1 + r2a

−1
2 + r3a

−1
3

) (
a−1

1 + a−1
2 + a−1

3

)−1
)
, (1)

âîçíèêàþùàÿ îòíîñèòåëüíî ïàðàìåòðîâ xi = xi(t) > 0, i = 1, 2, 3, èíâàðèàíòíîé ðè-
ìàíîâîé ìåòðèêè íà îáîáùåííûõ ïðîñòðàíñòâàõ Óîëëàõà, ãäå ai ∈ (0, 1/2], ri = 1

2xi
+

ai
2

(
xi
xjxk
− xk

xixj
− xj

xixk

)
� ãëàâíûå çíà÷åíèÿ êðèâèçíû Ðè÷÷è ìåòðèêè, {i, j, k} = {1, 2, 3}.

Èñïîëüçóÿ óñëîâèå x1/a1

1 x
1/a2

2 x
1/a3

3 = 1, ñèñòåìó (1) ìîæíî ýêâèâàëåíòíî çàìåíèòü ñèñòåìîé

ẋi = fi(x1, x2), i = 1, 2, (2)

ãäå fi(x1, x2) ≡ Fi(x1, x2, ϕ(x1, x2)), ϕ(x1, x2) = x
−a3/a1

1 x
−a3/a2

2 . Âûðîæäåííàÿ îñîáàÿ òî÷êà
ñèñòåìû (2) ìîæåò èìåòü òèïû: ïîëó- ãèïåðáîëè÷åñêèé (λ1 = 0, λ2 6= 0); íèëüïîòåíòíûé
(λ1 = λ2 = 0, J 6= 0); ëèíåéíî íóëåâîé (J = 0), ãäå λi � ñîáñòâåííûå çíà÷åíèÿ J è

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021
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|λ1| < |λ2|. Â ðàáîòàõ [1,2] áûëà ïîëó÷åíà êëàññèôèêàöèÿ îñîáûõ òî÷åê ñèñòåìû (2) ïðè
ai ∈ (0, 1/2]. Çäåñü ìû óòâåðæäàåì, ÷òî ðåçóëüòàò òåîðåìû 1 èç [1] è ðåçóëüòàòû ïåðâûõ
äâóõ ïóíêòîâ òåîðåìû 5 èç [2] ñîõðàíÿþò ñâîþ ñèëó è â áîëåå îáùåì ñëó÷àå.

Òåîðåìà. Ïóñòü a1, a2, a3 ∈ R è A := a1a2 + a2a3 + a3a1 6= 0. Òîãäà ñèñòåìà (2) íå èìååò
îñîáûõ òî÷åê íèëüïîòåíòíîãî òèïà è äîïóñêàåò îñîáóþ òî÷êó ëèíåéíî íóëåâîãî òèïà â òîì
è òîëüêî â òîì ñëó÷àå, åñëè a1 = a2 = a3 = 1/4.

Â êà÷åñòâå ñëåäñòâèÿ ïîëó÷àåì, ÷òî ïðè ai ∈ R, A 6= 0 è (a1, a2, a3) 6= (1/4, 1/4, 1/4),
âñå âûðîæäåííûå îñîáûå òî÷êè ñèñòåìû (2) èìåþò ïîëó-ãèïåðáîëè÷åñêèé òèï.

Çàìå÷àíèå. Ëþáîïûòíî òî, ÷òî â îáùåì ñëó÷àå ai ∈ R, A 6= 0, óòâåðæäåíèå òðåòüåãî
ïóíêòà òåîðåìû 5 èç [2], ãàðàíòèðóþùåå îòñóòñòâèå ó ñèñòåìû (2) ôîêóñîâ è öåíòðîâ (êàê
âûðîæäåííûõ, òàê è íåâûðîæäåííûõ), íå èìååò ìåñòà.

Êëþ÷åâûå ñëîâà: íîðìàëèçîâàííûé ïîòîê Ðè÷÷è, îáîáùåííûå ïðîñòðàíñòâà Óîëëàõà, èíâàðèàíòíûå ðèìàíîâû
ìåòðèêè, äèíàìè÷åñêàÿ ñèñòåìà, îñîáàÿ òî÷êà

2010 Mathematics Subject Classi�cation: 53Ñ30, 53Ñ44, 37C10, 34C05

Ëèòåðàòóðà
[1] Abiev N.A., Arvanitoyeorgos A., Nikonorov Yu.G., Siasos P. The dynamics of the Ricci �ow on generalized

Wallach spaces, Di�er. Geom. Appl., 35 (2014), 26�43.

[2] Àáèåâ Í.À., Àðâàíèòîéîðãîñ À., Íèêîíîðîâ Þ.Ã., Ñèàñîñ Ï. Íîðìàëèçîâàííûé ïîòîê Ðè÷÷è íà îáîáùåííûõ

ïpîñòðàíñòâàõ Óîëëàõà, Ìàò. ôîðóì, 8:4 (2014), 25�42.
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Îá îöåíêàõ ïîðÿäêà ïðèáëèæåíèÿ ôóíêöèé ìíîãèõ
ïåðåìåííûõ â îáîáùåííîì ïðîñòðàíñòâå Ëîðåíöà

Ã. ÀÊÈØÅÂ1,2,a

1 Êàçàõñòàíñêèé ôèëèàë ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà, Íóð-Ñóëòàí, Êàçàõñòàí
2 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: aakishev−g@mail.ru

Ðàññìîòðèì X(ϕ̄) àíèçîòðîïíîå ñèììåòðè÷íîå ïðîñòðàíñòâî 2π� ïåðèîäè÷åñêèõ ôóíê-
öèé m ïåðåìåííûõ, ñ íîðìîé
‖f‖∗X(ϕ̄) = ‖ . . . ‖f ∗1,...,∗m‖X(ϕ1) . . . ‖X(ϕm), ãäå f ∗1,...,∗m(t1, ..., tm) � íåâîçðàñòàþùàÿ ïåðåñòà-

íîâêà ôóíêöèè |f(2πx̄)| ïî êàæäîé ïåðåìåííîé xj ∈ [0, 1] ïðè ôèêñèðîâàííûõ îñòàëüíûõ
ïåðåìåííûõ (ñì. [1]) è X(ϕj) � ñèììåòðè÷íîå ïðîñòðàíñòâî ïî ïåðåìåííîé xj, ñ ôóíäà-
ìåíòàëüíîé ôóíêöèåé ϕj. Â ÷àñòíîñòè, ÷åðåç L∗

ψ̄,τ̄
îáîçíà÷èì ïðîñòðàíñòâî âñåõ ôóíêöèé

m ïåðåìåííûõ f äëÿ êîòîðûõ âåëè÷èíà

‖f‖∗ψ̄,τ̄ =

[∫ 1

0

ψτmm (tm)
[
. . .
[∫ 1

0

ψτ11 (t1) (f ∗1,...,∗m(t1, ..., tm))τ1
dt1
t1

] τ2
τ1

] τm
τm−1 dtm

tm

] 1
τm

êîíå÷íà, ãäå ôóíêöèè ψj íå óáûâàþò, âîãíóòû íà [0, 1], ψj(0) = 0,
1 < τj <∞, j = 1, . . . ,m.

Ââåäåì îáîçíà÷åíèÿ : an(f)�êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L1 ïî ñèñòåìå {ei〈n,x〉},
δs (f, x) =

∑
n∈ρ(s)

an (f) ei〈n,x〉, ãäå 〈ȳ, x̄〉 =
m∑
j=1

yjxj,

ρ(s̄) =
{
k = (k1, ..., km) ∈ Zm : 2sj−1 ≤ |kj| < 2sj , j = 1, ...,m

}
.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021
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Ðàññìîòðèì ôóíêöèîíàëüíûé êëàññ Íèêîëüñêîãî�Áåñîâà

S r̄X(ϕ̄),θ̄B =
{
f ∈ X(ϕ̄) : ‖f‖∗X(ϕ̄) +

∥∥∥{ m∏
j=1

2sjrj‖δs̄(f)‖∗X(ϕ̄)

}
s̄∈Zm+

∥∥∥
lθ̄

≤ 1
}
,

ãäå θ̄ = (θ1, ..., θm), r̄ = (r1, ..., rm), 1 ≤ θj ≤ +∞, 0 < rj < +∞, j = 1, ...,m.
Ïóñòü äàí âåêòîð γ̄ = (γ1, . . . , γm), γj > 0, j = 1, . . . ,m.

Ïîëîæèì Qγ̄
n = ∪〈s̄,γ̄〉<nρ(s̄), T (Qγ̄

n) = {t(x̄) =
∑
k̄∈Qγ̄n

bk̄e
i〈k̄,x̄〉}, E(γ)

n (f)X(ϕ̄) � íàèëó÷øåå

ïðèáëèæåíèå ôóíêöèè f ∈ X(ϕ̄) ïîëèíîìàìè èç ìíîæåñòâà T (Qγ̄
n).

Òî÷íûå ïî ïîðÿäêó îöåíêè íàèëó÷øåãî ïðèáëèæåíèÿ ôóíêöèé ðàçëè÷íûõ êëàññîâ â
ïðîñòðàíñòâå Ëåáåãà Lp(Tm) õîðîøî èçâåñòíû [2]. Ýòè âîïðîñû â ïðîñòðàíñòâå L∗q̄,τ̄ (Tm)
èññëåäîâàíû â [3], [4].

Ïîëîæèì µj(s) =
ψj(2−s)
ϕj(2−s)

, αϕ = limt→0
ϕ(2t)
ϕ(t)

, βϕ = limt→0
ϕ(2t)
ϕ(t)

.

Òåîðåìà. Ïóñòü 1 ≤ θj < +∞, 1 < τj < +∞, rj > 0, γj =
rj
r1

è ôóíêöèè ϕj, ψj
óäîâëåòâîðÿþò óñëîâèÿì 1 < αψj ≤ βψj < αϕj ≤ βϕj < 2, j = 1, ...,m è

[ ∞∑
sj=0

(
µj(sj)2

−sjrj
)εj] 1

εj < +∞,

ãäå εj = τjβ
′
j, β

′
j =

βj
βj−1

, j = 1, ...,m, åñëè βj =
θj
τj
> 1, εj = +∞, åñëè θj ≤ τj, j = 1, ...,m.

Åñëè 1 < τj < θj < +∞, j = 1, ...,m, òî

E(γ̄)
n (S r̄X(ϕ̄),θ̄B)ψ̄,τ̄ ≡ sup

f∈Sr̄
X(ϕ̄),θ̄

B

E(γ)
n (f)ψ̄,τ̄ ≤ C

∥∥∥{ m∏
j=1

2−sjrjµj(sj)
}
s̄∈Ym(γ̄,n)

∥∥∥
lε̄
,

ãäå ε̄ = (ε1, ..., εm) . Åñëè θj ≤ τj < +∞, j = 1, ...,m, òî

E(γ̄)
n (S r̄X(ϕ̄),θ̄B)ψ̄,τ̄ ≤ C sup

{ m∏
j=1

2−sjrjµj(sj) : s̄ ∈ Zm+ , 〈s̄, γ̄〉 ≥ n
}
.

Çäåñü Y m(γ̄, n) = {s̄ ∈ Zm+ , 〈s̄, γ̄〉 ≥ n}.

Funding:Ðàáîòà âûïîëíåíà â ðàìêàõ ãðàíòîâîãî ôèíàíñèðîâàíèÿ ÌÎÍ ÐÊ (Ïðîåêò AP08855579 ).

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâå Ëîðåíöà, êëàññ Íèêîëüñêîãî�Áåñîâà, íàèëó÷øåå ïðèáëèæåíèå, ãèïåðáîëè÷åñêèé
êðåñò.

2010 Mathematics Subject Classi�cation: 42A05, 42A10, 46E30
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Êðèòåðèé åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Òðèêîìè äëÿ
ìíîãîìåðíîãî óðàâíåíèÿ Ëàâðåíòüåâà-Áèöàäçå

Ñ.À. ÀËÄÀØÅÂ1,a

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: aaldash51@mail.ru

Ââåäåíèå. Èçâåñòíî, ÷òî êîëåáàíèÿ óïðóãèõ ìåìáðàí â ïðîñòðàíñòâå ìîäåëèðóþòñÿ
óðàâíåíèÿìè â ÷àñòíûõ ïðîèçâîäíûõ. Åñëè ïðîãèá ìåìáðàíû ñ÷èòàòü ôóíêöèåé u(x, t),
x = (x1, ..., xm), m ≥ 2, òî ïî ïðèíöèïó Ãàìèëüòîíà ïðèõîäèì ê ìíîãîìåðíîìó âîë-
íîâîìó óðàâíåíèþ. Ïîëàãàÿ, ÷òî â ïîëîæåíèè èçãèáà ìåìáðàíà íàõîäèòüñÿ â ðàâíîâå-
ñèè, èç ïðèíöèïà Ãàìèëüòîíà òàêæå ïîëó÷àåì ìíîãîìåðíîå óðàâíåíèå Ëàïëàñà. Ñëå-
äîâàòåëüíî, êîëåáàíèÿ óïðóãèõ ìåìáðàí â ïðîñòðàíñòâå ìîæíî ìîäåëèðîâàòü â êà÷å-
ñòâå ìíîãîìåðíîãî óðàâíåíèÿ Ëàâðåíòüåâà-Áèöàäçå ([1,2]). Òåîðèÿ êðàåâûõ çàäà÷ äëÿ
ãèïåðáîëî-ýëëèïòè÷åñêèõ óðàâíåíèé íà ïëîñêîñòè õîðîøî èçó÷åíà (ñì. íàïðèìåð, ìîíî-
ãðàôèþ [2,3] è ïðèâåäåííûå â íèõ áèáëèîãðàôèþ). Ïðîáëåìà êîððåêòíîñòè ñìåøàííûõ
çàäà÷ äëÿ ãèïåðáîëî-ýëëèïòè÷åñêèõ óðàâíåíèé â ìíîãîìåðíûõ îãðàíè÷åííûõ îáëàñòÿõ
âñå åùå îñòàåòñÿ îòêðûòûì ([4]). Ìíîãîìåðíûé àíàëîã çàäà÷è Òðèêîìè äëÿ óðàâíåíèÿ
Ëàâðåíòüåâà-Áèöàäçå áûë ïîñòàâëåí â [4,5] (ñì. òàêæå [6]). Â ðàáîòàõ [7,8] äîêàçàíî, ýòà
çàäà÷à èìååò íå åäèíñòâåííîå ðåøåíèå. Åñòåñòâåííî, âîçíèêàåò âàæíûé âîïðîñ: â êàêîé
ñìåøàííîé îáëàñòè ðåøåíèå çàäà÷è Òðèêîìè ÿâëÿåòñÿ åäèíñòâåííîé? Â íàñòîÿùåé ðà-
áîòå ïðèâîäèòñÿ ñìåøàííàÿ îáëàñòü, â êîòîðûé ðåøåíèå çàäà÷è Òðèêîìè òðèâèàëüíîå.
Ïîëó÷åí òàêæå êðèòåðèé åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ. Çäåñü òàêæå ñëåäóåò
îòìåòèòü ðàáîòó [9] , ãäå èçó÷àåòñÿ çàäà÷è Òðèêîìè â òðåõìåðíîé îáëàñòè.

Ïîñòàíîâêà çàäà÷è è ðåçóëüòàò. Ïóñòü Ωε - êîíå÷íàÿ îáëàñòü åâêëèäîâà ïðîñòðàí-
ñòâà Em+1 òî÷åê (x1, ..., xm, t), îãðàíè÷åííàÿ ïðè t > 0 ñôåðè÷åñêîé ïîâåðõíîñòüþ Γ :
|x|2 + t2 = 1, à ïðè t < 0 êîíóñàìè Kε : |x| = −t + ε, K1 : |x| = 1 + t, ε−1

2
≤ t ≤ 0, ãäå

|x| - äëèíà âåêòîðà x = (x1, ..., xm), à 0 ≤ ε ≤ 1. Îáîçíà÷èì ÷åðåç Ω+ è Ω−ε ÷àñòè îáëàñòè
Ωε, ëåæàùèå â ïîëóïðîñòðàíñòâàõ t > 0 è t < 0, ÷åðåç Sε− îáùóþ ÷àñòü ãðàíèö îáëà-
ñòè Ω+, Ωε - ïðåäñòàâëÿþùèõ ñîáîé ìíîæåñòâî {t = 0, 0 < |x| < 1} òî÷åê èç Em. ×àñòü
êîíóñîâ Kε, K1, îãðàíè÷èâàþùèõ îáëàñòè Ω−ε , îáîçíà÷èì ÷åðåç Sε, S1 ñîîòâåòñòâåííî. Â
îáëàñòè Ωε ðàññìîòðèì ìíîãîìåðíîå óðàâíåíèå Ëàâðåíòüåâà�Áèöàäçå

∆xu+ (sgnt)utt = 0, (1)

ãäå ∆x - îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, ..., xm, m ≥ 2. Â äàëüíåéøåì íàì óäîáíî
ïåðåéòè îò äåêàðòîâûõ êîîðäèíàò x1, ..., xm, t ê ñôåðè÷åñêèì r, θ1, ..., θm−1, t, r ≥ 0, 0 ≤
θ1 < 2π, 0 ≤ θi ≤ π, i = 2, ..., m − 1, θ = (θ1, ..., θm−1). Â êà÷åñòâå ìíîãîìåðíîé çàäà÷è
Òðèêîìè ðàññìàòðèâàåòñÿ ñëåäóþùàÿ Çàäà÷à 1. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè
Ωε ïðè t 6= 0 èç êëàññà C(Ωε)∩ ∩C2(Ω+ ∪ Ω−ε ) óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u|Γ∪Sε = 0.

Òîãäà ñïðàâåäëèâà
Òåîðåìà 1. Ðåøåíèå çàäà÷è 1 u(r, θ, t) ≡ 0⇔ ε > 0.

Êëþ÷åâûå ñëîâà: êðèòåðèé, çàäà÷à Òðèêîìè, ìíîãîìåðíîå óðàâíåíèå, êëàññè÷åñêîå ðåøåíèå, ñôåðè÷åñêèå ôóíê-
öèè.

2010 Mathematics Subject Classi�cation: 35L81
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ãîìåðíîãî óðàâíåíèÿ Ëàâðåíòüåâà-Áèöàäçå, â: Ìàò-ëû ìåæä. êîíô. "Äèôôåðåíöèàëüíûå óðàâíåíèÿ". Ôóíêöèî-
íàëüíûå ïð-âà. Òåîðèè ïðèáëèæåíèé ïîñâ. 100 ëåòèþ àêàäåìèêà Ñ.Ë. Ñîáîëåâà, ÈÌ ÑÎ ÐÀÍ, Íîâîñèáèðñê (2008),
93.

[8] Àëäàøåâ Ñ.À. Íååäèíñòâåííîñòü ðåøåíèÿ ïðîñòðàíñòâåííîé çàäà÷è Ãåëëåðñòåäòà äëÿ îäíîãî êëàññà ìíî-
ãîìåðíûõ ãèïåðáîëî-ýëëèïòè÷åñêèõ óðàâíåíèé, Óêð. ìàòåì. æóðíàë, 62:2 (2010), 265�269.

[9] Ìîèñååâ Å.È., Íåôåäîâ Ï.Õ., Õîëîìååâà À.À. Àíàëîãè çàäà÷ Òðèêîìè è Ôðàíêëÿ â òðåõìåðíûõ îáëàñòÿõ

äëÿ óðàâíåíèÿ Ëàðåíòüåâà-Áèöàäçå, Äèôôåðåíö. óðàâíåíèÿ, 50:12 (2014), 1672�1675.
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Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà
ñîäåðæàùàÿ âûñîêóþ ïðîèçâîäíóþ â íà÷àëüíîé è

ôèíàëüíîé óñëîâèÿõ

Ä. ÀÌÀÍÎÂ1,a, Î.Ø. ÊÈËÈ×ÎÂ2,b

1 Ôåðãàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Óçáåêèñòàí
2 Èíñòèòóò Ìàòåìàòèêè ÀÍ ÐÓç, Òàøêåíò, Óçáåêèñòàí

E-mail: adamanov@yandex.ru, b oybek2402@mail.ru

Â îáëàñòè Ω = {(x, t) : 0 < x < p, 0 < t < T} ðàññìîòðèì óðàâíåíèå

utt − uxxxx = f(x, t) (1)

ãäå f(x, t)− çàäàííàÿ èçâåñòíàÿ ôóíêöèÿ.
Çàäà÷à. Â îáëàñòè Ω íàéòè ðåøåíèå u(x, t) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì

u(0, t) = 0, u(p, t) = 0, 0 ≤ t ≤ T, (2)

uxx(0, t) = 0, uxx(p, t) = 0, 0 ≤ t ≤ T, (3)

∂ku

∂tk
(x, 0) = ϕ(x), 0 ≤ x ≤ p, (4)

∂ku

∂tk
(x, T ) = ψ(x), 0 ≤ x ≤ p, (5)

ãäå k ≥ 2− ôèêñèðîâàííîå íàòóðàëüíîå ÷èñëî.
Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1)-(5) äîêàçûâàåòñÿ ñïåêòðàëüíûì ìåòîäîì èñïîëü-

çóÿ ïîëíîòû ôóíêöèè Xn(x) [1], äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ ïðèìåíÿåòñÿ
ìåòîä Ôóðüå.

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, ìåòîä Ôóðüå, ñóùåñòâîâàíèå ðåøåíèÿ, åäèíñòâåííîñòü ðåøåíèÿ.

2010 Mathematics Subject Classi�cation: 35J15

Ëèòåðàòóðà
[1] Ìîèñååâ Å.È. Î ðåøåíèè ñïåêòðàëüíûì ìåòîäîì îäíîé íåëîêàëüíîé êðàåâîé çàäà÷è, Äèôôåðåíöèàëüíûå

óðàâíåíèÿ, 35:8 (1999), 1094�1100.
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Óñëîâèÿ èçëó÷åíèÿ îäíîìåðíîé çàäà÷è Çîììåðôåëüäà

Äèäàð ÀÌÈÐÓËÛ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèå, Àëìàòû, Êàçàõñòàí

ÊàçÍÓ èì. Àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: didar.matai@mail.ru

Â ðàáîòå [1] ïðè íåêîòîðûõ îãðàíè÷åííûõ íà êîìïëåêñíûõ ïàðàìåòðàõ λ íàéäåí ÿâíûé
âèä ýòèõ ãðàíè÷íûõ óñëîâèé ÷åðåç ãðàíè÷íîå óñëîâèå ïîòåíöèàëà Ãåëüìãîëüöà, çàäàâàåìîå
èíòåãðàëîì â êîíå÷íàÿ îáëàñòü Ω èíòåãðàëîì

u (x, λ) =

∫ 1

−1

ε (x− ξ, λ) ρ (ξ, λ) dξ (1)

ãäå ε(x− ξ, λ) - ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâíåíèÿ Ãåëüìãîëüöà,

−∆xε (x)− λε = δ (x)

ρ(ξ, λ)− ïëîòíîñòü ïîòåíöèàëà, λ− êîìïëåêñíîå ÷èñëî, à δ− äåëüòà-ôóíêöèÿ Äèðàêà.
Ýòè ãðàíèöû óñëîâèÿ îáëàäàþò òåì ñâîéñòâîì, ÷òî ñòàöèîíàðíûå âîëíû, èäóùèå èç

îáëàñòè Ω â ∂Ω, ïðîõîäÿò ÷åðåç ∂Ω áåç îòðàæåíèÿ, ò.å. ÿâëÿþòñÿ ïðîçðà÷íûìè ãðàíè÷íûìè
óñëîâèÿìè.

Â ðàáîòå [2] â îáùåì ñëó÷àå â Rn, n ≥ 3 ðåøåíà ïðîáëåìà ñâåäåíèÿ çàäà÷è Çîììåð-
ôåëüäà ê ãðàíè÷íîé çàäà÷å â êîíå÷íîé îáëàñòè. Ïðè âûïîëíåíèè íåîáõîäèìûõ óñëîâèÿõ
äëÿ ïîòåíöèàëà Ãåëüìãîëüöà (1) òàêæå íàéäåíà åãî ïëîòíîñòü ρ(ξ, λ).

Ìåòîäû èññëåäîâàíèå ìíîãîìåðíûì çàäà÷åì Çîììåðôåëüäà íå îäíîìåðíûì ñëó÷àå òðå-
áóåò ñïåöèàëüíûå èññëåäîâàíèå. Ïðè ýòîì óñëîâèÿ èçëó÷åíèÿ Çîììåðôåëüäà â îäíîðîäíîì
ñëó÷àå òàêæå îòëè÷àåòñÿ îò ìíîãîìåðíîé ñëó÷àé. Âñå ýòè îòëè÷èÿ ñâÿçàíû ñ îñîáåííîñòÿ-
ìè ôóíäàìåíòàëüíûõ ðåøåíèè.

Ëåììà. Ôóíêöèÿ

ε(x− ξ) =
sinλ|x− ξ|

2λ

ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèè

d2

dx2
ε(x− ξ) + λ2ε(x− ξ) = δ(x− ξ).

Òåîðåìà 1. Îäíîìåðíûé ïîòåíöèàë Ãåëüìãîëüöà

u(x) =

∫ 1

0

ε(x, ξ, λ)f(ξ)dξ

ïðè ëþáîì f óäîâëåòâîðÿåò ãðàíè÷íóþ óñëîâèþ

u′(0) + u′(1) + u(1)λ sinλ = 0,

−sinλ

2λ
u′(1) + u(1) cosλ+ u(0) = 0.

Òåîðåìà 2. Ïóñòü f(ξ) ≡ 0 âíå êîíå÷íîì èíòåðâàëå (a, b) ∈ R1, òîãäà ñóùåñòâóåò åäèí-
ñòâåííîå ðåøåíèå óðàâíåíèè Ãåëüìãîëüöà çàäàâàåìûé ôîðìóëû

u(x) =

∫ ∞
−∞

eik|x−ξ|

ik
f(ξ)dξ

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021
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óäîâëåòâîðÿþùåå óñëîâèÿ èçëó÷åíèÿ Çîììåðôåëüäà

lim
b→∞

(−u′(b) + iku(b)) = 0, lim
b→∞

u(b) = 0,

lim
a→∞

(−u′(a) + iku(a)) = 0, lim
a→∞

u(a) = 0.

Êëþ÷åâûå ñëîâà: ôóíäàìåíòàëüíûå ðåøåíèå, óðàâíåíèÿ Ãåëüìãîëüöà, óñëîâèÿ Çîììåðôåëüäà.

2010 Mathematics Subject Classi�cation: 34B09

Ëèòåðàòóðà
[1] Ò.Ø. Êàëüìåíîâ, Ä. Ñóðàãàí Ê ñïåêòðàëüíûì âîïðîñàì îáúåìíîãî ïîòåíöèàëà Äîêëàäû àêàäåìèè íàóê

Ðîññèè, 428:4 (2009), 16�19.
[2] Ò.Ø.Êàëüìåíîâ, Ñ.È. Êàáàíèõèí., À. Ëåñ Çàäà÷à Çîììåðôåëüäà è îáðàòíàÿ çàäà÷à äëÿ óðàâíåíèÿ Ãåëüì-

ãîëüöà, J.Inverse Ill-Posed Probl, 29:1 (2021), 49�64.
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Òåîðåìà î ìóëüòèïëèêàòîðàõ äâîéíûõ ðÿäîâ Ôóðüå-Õààðà

À.Í. ÁÀØÈÐÎÂÀ1,a

1 ÅÍÓ èì. Ë.Í.Ãóìèëåâà, Íóð-Ñóëòàí, Êàçàõñòàí

E-mail: aanar_bashirova@mail.ru

X, Y - ïðîñòðàíñòâà ôóíêöèé, îïðåäåëåííûõ íà îòðåçêå [0, 1], òàêèõ, ÷òî X ↪→ L1.
Ïóñòü {ϕk} - ïîëíàÿ îðòîíîðìèðîâàííàÿ ñèñòåìà. Ïóñòü ôóíêöèè f ∈ X ñîîòâåòñòâóåò åå
ðÿä Ôóðüå ïî äàííîé ñèñòåìå {ϕk}

f ∼
∞∑
k=1

akϕk,

ãäå ak - êîýôôèöèåíòû Ôóðüå ôóíêöèè f ïî ñèñòåìå {ϕk}. Áóäåì ãîâîðèòü, ÷òî ïîñëå-
äîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë λ = {λk} ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì Ôóðüå èç ïðî-

ñòðàíñòâà X â ïðîñòðàíñòâî Y , åñëè äëÿ ôóíêöèè f ∈ X ñ ðÿäîì Ôóðüå
∞∑
k=1

akϕk íàé-

äåòñÿ ôóíêöèÿ fλ ∈ Y , ðÿä Ôóðüå êîòîðîé ñîâïàäàåò ñ ðÿäîì
∞∑
k=1

λkakϕk è îïåðàòîð

Λf = fλ ÿâëÿåòñÿ îãðàíè÷åííûì îïåðàòîðîì èç X â Y . Ìíîæåñòâî m(X → Y ) âñåõ îïðå-
äåëåííûõ òàêèì îáðàçîì ìóëüòèïëèêàòîðîâ ÿâëÿåòñÿ ëèíåéíûì ïðîñòðàíñòâîì ñ íîðìîé
‖λ‖m(X→Y ) = ‖Λ‖X→Y .

Ïóñòü χ = {χjiki(x)}(ki,ji)∈Ω - ñèñòåìà Õààðà. Ðÿä Ôóðüå-Õààðà äëÿ ôóíêöèè f(x1, x2) ∈
L1[0, 1]2 èìååò âèä

f(x1, x2) ∼
∞∑
k1=0

∞∑
k2=0

2k1∑
j1=1

2k2∑
j2=1

aj1,j2k1,k2
(f)χj1k1

(x1)χj2k2
(x2),

ãäå aj1,j2k1,k2
(f) � êîýôôèöèåíòû Ôóðüå-Õààðà ôóíêöèè f .

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå òåîðåìû î ìóëüòèïëèêàòîðàõ äâîéíûõ ðÿäîâ
Ôóðüå-Õààðà â àíèçîòðîïíûõ ïðîñòðàíñòâàõ Ëîðåíöà.

Ïóñòü f(x1, x2) - èçìåðèìàÿ íà [0, 1]n ôóíêöèÿ, ÷åðåç f ∗1∗2(t1, t2) îáîçíà÷èì ôóíêöèþ,
ïîëó÷åííóþ ïðèìåíåíèåì íåâîçðàñòàþùåé ïåðåñòàíîâêè ê ôóíêöèè f(x1, x2) ïîñëåäîâà-
òåëüíî ïî ïåðåìåííûì x1, x2.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021
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Ïóñòü p̄ = (p1, p2), τ̄ = (τ1, τ2) òàêèå, ÷òî åñëè 0 < pi ≤ ∞, òî 0 < τi ≤ ∞, åñëè pi =∞,
òî è τi =∞, i = 1, 2.

Àíèçîòðîïíûì ïðîñòðàíñòâîì Ëîðåíöà Lp̄,τ̄ ([0, 1]2) [2] íàçîâåì ìíîæåñòâî ôóíêöèé,
äëÿ êîòîðûõ êîíå÷íà âåëè÷èíà

‖f‖Lp̄,τ̄ ([0,1]2) =

(∫ 1

0

(∫ 1

0

(
t

1
p2
2 t

1
p1
1 f ∗1∗2(t1, t2)

)τ1 dt1
t1

) τ2
τ1 dt2

t2

) 1
τ2

.

Çäåñü è äàëåå, êîãäà τ =∞, èíòåãðàë

(
1∫
0

(ϕ(t))τ dt
t

) 1
τ

ïîíèìàåòñÿ êàê sup
t>0

ϕ(t).

Òîãäà âåðíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà. Ïóñòü 1 < p̄ < q̄ <∞, 0 < r̄, s̄ ≤ ∞, 1
τi

=
(

1
si
− 1

ri

)
+

=

= max
{

1
si
− 1

ri
, 0
}
, i = 1, 2. Òîãäà ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë

λ = {λj1j2k1k2
}(ki,ji)∈Ω ÿâëÿåòñÿ ìóëüòèïëèêàòîðîì èç Lp̄,r̄[0, 1]2 â Lq̄,s̄[0, 1]2 òîãäà è òîëüêî

òîãäà, êîãäà  ∞∑
k2=0

 ∞∑
k1=0

2

(
1
p1
− 1
q1

)
k1+

(
1
p2
− 1
q2

)
k2 sup

1≤ji≤2ki

i=1,2

∣∣λj1j2k1k2

∣∣τ1
τ2
τ1


1
τ2

<∞

è âåðíî
‖λ‖m(Lp̄,r̄[0,1]2→Lq̄,s̄[0,1]2) �

�

 ∞∑
k2=0

 ∞∑
k1=0

2

(
1
p1
− 1
q1

)
k1+

(
1
p2
− 1
q2

)
k2 sup

1≤ji≤2ki

i=1,2

∣∣λj1j2k1k2

∣∣τ1
τ2
τ1


1
τ2

.

Çäåñü è äàëåå â ñëó÷àå, êîãäà τi = +∞, ñîîòâåòñòâóþùàÿ ñóììà â âûðàæåíèè ñïðàâà
çàìåíÿåòñÿ íà ñóïðåìóì.

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP09260223 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ðÿäû Ôóðüå, ñèñòåìà Õààðà, ìóëüòèïëèêàòîðû ðÿäîâ Ôóðüå-Õààðà, àíèçîòðîïíîå ïðîñòðàí-
ñòâî Ëîðåíöà.

2010 Mathematics Subject Classi�cation: 42B15, 42B05, 46E30

Ëèòåðàòóðà
[1] Ëåëîíä Î.Â., Ñåìåíîâ Å.Ì., Óêñóñîâ Ñ.Í.Ïðîñòðàíñòâî ìóëüòèïëèêàòîðîâ Ôóðüå-Õààðà, Ñèá. ìàò. æóðí.,

46:1 (1998), 83�102
[2] Íóðñóëòàíîâ Å.Ä. Èíòåðïîëÿöèîííûå òåîðåìû äëÿ àíèçîòðîïíûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ è èõ ïðè-

ëîæåíèÿ, Äîêë. ÐÀÍ, 394:1 (2004), 22�25.
[3] Bashirova A.N., Kalidolday A.H., Nursultanov E.D. Interpolation theorem for anisotropic net spaces, https://

arxiv.org/abs/2009.00609, (2020).

[4] Bashirova A.N., Nursultanov E.D. The Hardy-Littlewood theorem for double Fourier-Haar series from Lebesgue

spaces Lp̄[0, 1] with mixed metric and from net spaces Np̄,q̄(M), https:// arxiv.org/abs/ 2009.01105, (2020).
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Òåîðåìû âëîæåíèÿ äëÿ ïðîñòðàíñòâ
Íèêîëüñêîãî�Áåñîâà ñî ñìåøàííîé ìåòðèêîé

Êóàíûø ÁÅÊÌÀÃÀÍÁÅÒÎÂ1, Êàáûëãàçû ÊÅÐÂÅÍÅÂ2,
Åðæàí ÒÎËÅÓÃÀÇÛ1,a

1 Êàçàõñòàíñêèé ôèëèàë ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà, Íóð-Ñóëòàí, Êàçàõñòàí
2 Êàðàãàíäèíñêèé óíèâåðñèòåò èìåíè àêàä. Å.À. Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí

E-mail: atoleugazy.yerzhan@gmail.com

Ïóñòü α = (α1, . . . , αn) ∈ Rn, 1 ≤ q = (q1, . . . , qn) ≤ ∞.
×åðåç lαq(A) áóäåì îáîçíà÷àòü ìíîæåñòâî êðàòíûõ ïîñëåäîâàòåëüíîñòåé {ak}k∈Rn ñî çíà-
÷åíèÿìè â A, äëÿ êîòîðûõ êîíå÷íà ñëåäóþùàÿ âåëè÷èíà

‖a‖lαq (A) =

(∑
k∈Zn

(
2(α,k)‖ak‖A

)q)1/q

,

çäåñü (α,k) =
∑n

j=1 αjkj.
Ïóñòü ìóëüòèèíäåêñ 1 ≤ p = (p1, . . . , pn) ≤ ∞.

Ïðîñòðàíñòâîì Ëåáåãà Lp(Tn) ñî ñìåøàííîé ìåòðèêîé íàçûâàåòñÿ ìíîæåñòâî ôóíêöèé
(ñì. [1]), äëÿ êîòîðûõ êîíå÷íà ñëåäóþùàÿ âåëè÷èíà

‖f‖Lp(Tn)=

∫ 2π

0

(
. . .

(∫ 2π

0

|f(x1, . . . ,xn)|p1dx1

)p2/p1

. . .

)pn/pn−1

dxn

1/pn

.

Âûðàæåíèå
(∫ 2π

0
|f(t)|pdt

)1/p

ïðè p=∞ ïîíèìàåòñÿ êàê sup
0≤t<2π

|f(t)|.

Äëÿ òðèãîíîìåòðè÷åñêîãî ðÿäà f ∼
∑

k∈Zn ake
i(k,x) îáîçíà÷èì ÷åðåç

∆s(f,x) =
∑

k∈ρ(s)

ake
i(k,x),

ãäå ρ(s) = {k = (k1, . . . , kn) ∈ Zn :
[
2si−1

]
≤ |ki| < 2si , i = 1, . . . , n}.

Ïðîñòðàíñòâîì Íèêîëüñêîãî-Áåñîâà Bαq
p (Tn) ñî ñìåøàííîé ìåòðèêîé, ïî àíàëîãèè ñ

[2], íàçîâåì ìíîæåñòâî ðÿäîâ f , äëÿ êîòîðûõ êîíå÷íà íîðìà

‖f‖Bαqp (Tn) =
∥∥∥{∆s(f)}s∈Zn

+

∥∥∥
lαq (Lp(Tn))

.

Íàìè ïîëó÷åíû òåîðåìû âëîæåíèÿ äëÿ ïðîñòðàíñòâ Íèêîëüñêîãî�Áåñîâà ñî ñìåøàííîé
ìåòðèêîé è àíèçîòðîïíûõ ïðîñòðàíñòâ Ëîðåíöà.

Òåîðåìà 1. Ïóñòü −∞ < α0 = (α0
1, . . . , α

0
n) ≤ α1 = (α1

1, . . . , α
1
n) < ∞, 1 ≤ q =

(q1, . . . , qn) ≤ ∞ è 1 < p0 = (p0
1, . . . , p

0
n),p1 = (p1

1, . . . , p
1
n) < ∞. Òîãäà ïðè α0 − 1/p0 =

α1 − 1/p1 ñïðàâåäëèâî âëîæåíèå

Bα1q
p1

(Tn) ↪→ Bα0q
p0

(Tn).

Òåîðåìà 2. Ïóñòü 1 < p = (p1, . . . , pn) < q = (q1, . . . , qn) <∞, 1 ≤ τ = (τ1, . . . , τn) ≤ ∞.
Òîãäà ïðè α = 1/p− 1/q èìååò ìåñòî âëîæåíèå

Bατ
p (Tn) ↪→ Lqτ (Tn).

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021
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Òåîðåìà 3. Ïóñòü 1 < q = (q1, . . . , qn) < p = (p1, . . . , pn) <∞, 1 ≤ τ = (τ1, . . . , τn) ≤ ∞.
Òîãäà ïðè α = 1/p− 1/q èìååò ìåñòî âëîæåíèå

Lqτ (Tn) ↪→ Bατ
p (Tn).

Çàìå÷àíèå. Ìîæíî ïîêàçàòü, ÷òî óñëîâèÿ Òåîðåì 1, 2 è 3 íåóëó÷øàåìû.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÀÐ08855579 ÊÍ ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâà Íèêîëüñêîãî-Áåñîâà ñî ñìåøàííîé ìåòðèêîé, àíèçîòðîïíûå ïðîñòðàíñòâà Ëî-
ðåíöà, òåîðåìû âëîæåíèÿ.

2010 Mathematics Subject Classi�cation: 46E35, 26B35
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Òåîðèÿ ðàçðåøèìîñòè çàäà÷è Êîøè-Ïàëàìîäîâà â
ïðîñòðàíñòâàõ îáîáùåííûõ ôóíêöèé

Àìàíãåëüäè Ì. ÁÅÐÄÈÌÓÐÀÒÎÂ1,a

1 Ëûñüâåíñêèé ôèëèàë «Ïåðìñêîãî íàöèîíàëüíîãî èññëåäîâàòåëüñêîãî ïîëèòåõíè÷åñêîãî

óíèâåðñèòåòà», Ëûñüâà, Ðîññèÿ

E-mail: aaman2460@mail.ru

ÓÄÊ 51:517.9
Àííîòàöèÿ. Â ýòîì òåçèñå èçó÷àåòñÿ ïðîáëåìà ïðîäîëæåíèÿ îáîáùåííûõ ðåøåíèé

äëÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè. Ïðîáëåìîé ïðî-
äîëæåíèÿ ðåøåíèé òàêèõ ñèñòåì çàíèìàëèñü Ë. Ýðåíïðàéñ è Á. Ìàëüãðàíæ â ýòèõ ðàáîòàõ
áûëà óñòàíîâëåíà âîçìîæíîñòü ïðîäîëæåíèÿ ðåøåíèé èç îêðåñòíîñòè ãðàíèöû îáëàñòè âî
âíóòðü îáëàñòè äëÿ ïåðåîïðåäåëåííûõ ñèñòåì.

Â.Ï. Ïàëàìîäîâ óñòàíîâèë, áîëåå òî÷íûå òåîðåìû î âîçìîæíîñòè ïðîäîëæåíèÿ îáîá-
ùåííûõ ðåøåíèé çàäàííûõ â îêðåñòíîñòè ãðàíèöû îáëàñòè â íàèáîëåå âàæíûõ ñèòóàöèÿõ.

Ââåäåíèå
Ðàññìîòðèì ïðîèçâîëüíóþ îäíîðîäíóþ ñèñòåìó ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíå-

íèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â ìàòðè÷íîé ôîðìå:

P (D)u = 0, (1)

ãäå u = (u1, ..., us) - íåèçâåñòíàÿ âåêòîð ôóíêöèÿ, Pij(D), i = 1, t, j = 1, s - ïðîèçâîëüíûå
ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû ñ ïîñòîÿííûìè êîýôôèöèåíòàìè, à ÷èñëà t è s
ïðîèçâîëüíû.

Ïîñòàíîâêà çàäà÷è
Ïðè êàêèõ óñëîâèÿõ âñÿêîå îáîáùåííîå ðåøåíèå ñèñòåìû (1), îïðåäåëåííîå â îêðåñò-

íîñòè äèñêà G(r), ìîæåò áûòü ïðîäîëæåíî â îêðåñòíîñòü òåëà ∆δ(r). Ýòó çàäà÷ó ìîæíî
ðàññìàòðèâàòü êàê íåêîòîðûé àíàëîã êëàññè÷åñêîé çàäà÷è Êîøè-Ïàëàìîäîâà äëÿ îáîá-
ùåííûõ ðåøåíèé: âìåñòî çíà÷åíèé ðåøåíèÿ è åãî ïðîèçâîäíûõ ðåøåíèå çàäàåòñÿ ñðàçó â
íåêîòîðîé îêðåñòíîñòè [1] (ãë.VI,�4, òåîð. 1, ñë.1).

Òåîðåìà. Ïóñòü P (D) îäíîðîäíûé ãèïåðáîëè÷åñêèé îïåðàòîð ïîðÿäêà m, ν 6= Rn
y è

y0 ∈ Rn
y\ν, à r � ïðîèçâîëüíîå ÷èñëî. Òîãäà ñóùåñòâóåò ÷èñëî δ > 0 òàêîå, ÷òî ∀ îêðåñò-

íîñòü L äèñêà G(r), ëåæàùåãî â ãèïåðïëîñêîñòè Hy0 . ∃ îêðåñòíîñòü T òåëà ∆δ(r) òàêàÿ,

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021
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÷òî âñÿêóþ îáîáùåííóþ ôóíêöèþ u èç êëàññà [D′L]s ÿâëÿþùóþñÿ îáîáùåííûì ðåøåíèåì
ñèñòåìû (1) íà L, ìîæíî ïðîäîëæèòü îáîáùåííîé ôóíêöèåé υ èç êëàññà [D′T ]s ÿâëÿþùåéñÿ
îáîáùåííûì ðåøåíèåì ñèñòåìû (1) íà T .

Çàêëþ÷åíèå
Ïîëó÷åíî, óñëîâèå íà õàðàêòåðèñòè÷åñêîå ìíîæåñòâî äèôôåðåíöèàëüíîãî îïåðàòîðà ñ

ïîñòîÿííûìè êîýôôèöèåíòàìè îáåñïå÷èâàþùåå ðàçðåøèìîñòü çàäà÷è Êîøè-Ïàëàìîäîâà
â êëàññå îáîáùåííûõ ôóíêöèé êîíå÷íîãî ïîðÿäêà.
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ìíîãîîáðàçèå, õàðàêòåðèñòè÷åñêîå ìíîæåñòâî, êîìïàêò.
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Êðàåâûå çàäà÷è äëÿ ïñåâäîãèïåðáîëè÷åñêèõ óðàâíåíèé

Ã.Â. ÄÅÌÈÄÅÍÊÎ1,a

1 Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ

E-mail: ademidenk@math.nsc.ru

Â ìîíîãðàôèè [1] èññëåäîâàëèñü êðàåâûå çàäà÷è äëÿ êëàññîâ óðàâíåíèé, íå ðàçðåøåí-
íûõ îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé,

L0(Dx)D
l
tu+

l−1∑
k=0

Ll−k(Dx)D
k
t u = f(t, x), t > 0, x ∈ Rn, (1)

ãäå L0(Dx) � êâàçèýëëèïòè÷åñêèé îïåðàòîð. Â ëèòåðàòóðå òàêèå óðàâíåíèÿ ÷àñòî íàçû-
âàþò óðàâíåíèÿìè ñîáîëåâñêîãî òèïà. Áîëüøîé èíòåðåñ ê òàêèì óðàâíåíèÿì áûë èíè-
öèèðîâàí èññëåäîâàíèÿì Ñ.Ë.Ñîáîëåâà [2] ïðîáëåìû î ìàëûõ êîëåáàíèÿõ âðàùàþùåéñÿ
æèäêîñòè. Â íàñòîÿùåå âðåìÿ ñóùåñòâóåò ìíîãî òåîðåòè÷åñêèõ è ïðèêëàäíûõ èññëåäîâà-
íèé çàäà÷ äëÿ óðàâíåíèé, íå ðàçðåøåííûõ îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé. Óðàâíåíèÿ
âèäà (1) âîçíèêàþò ïðè ìîäåëèðîâàíèè ðàçëè÷íûõ ïðîöåññîâ [1]. Â êîíöå ïðîøëîãî âåêà
ñ ðîñòîì êîëè÷åñòâà ñòàòåé ïî ýòèì óðàâíåíèÿì �ñòàëà î÷åâèäíîé� íåêîòîðàÿ êëàññèôè-
êàöèè óðàâíåíèé âèäà (1). Ïðîàíàëèçèðîâàâ áîëüøîå ÷èñëî ðàáîò, àâòîðû [1] âûäåëèëè
òðè êëàññà óðàâíåíèé: óðàâíåíèÿ ñîáîëåâñêîãî òèïà, ïñåâäîïàðàáîëè÷åñêèå óðàâíåíèÿ è
ïñåâäîãèïåðáîëè÷åñêèå óðàâíåíèÿ.

Ïðè èçó÷åíèè çàäà÷è Êîøè äëÿ ïñåâäîãèïåðáîëè÷åñêèõ óðàâíåíèé (1) ñ ïîñòîÿííû-
ìè êîýôôèöèåíòàìè â ðàáîòàõ [1, 3] âïåðâûå áûëè ïîëó÷åíû ýíåðãåòè÷åñêèå îöåíêè è
äîêàçàíà òåîðåìà î ðàçðåøèìîñòè â âåñîâûõ ñîáîëåâñêèõ ïðîñòðàíñòâàõ. Îòìåòèì, ÷òî
óðàâíåíèÿ âèäà (1), ðàññìîòðåííûå â [1, 3], íå ñîäåðæàëè ìëàäøèõ ÷ëåíîâ (â îáîáùåííîì
ñìûñëå). Îáîáùåíèå ýòèõ ðåçóëüòàòîâ äëÿ êëàññà óðàâíåíèé, ñîäåðæàùèõ ìëàäøèå ÷ëåíû,
ïîëó÷åíî â ðàáîòå [4] Íåêîòîðûé êëàññ ïñåâäîãèïåðáîëè÷åñêèõ óðàâíåíèé, óäîâëåòâîðÿþ-
ùèõ óñëîâèþ èçîòðîïíîñòè, áûë ðàññìîòðåí â [5]. Àâòîðû [5] óñòàíîâèëè ýíåðãåòè÷åñêèå
îöåíêè è äîêàçàëè òåîðåìû î ðàçðåøèìîñòè â íåêîòîðûõ âåñîâûõ ñîáîëåâñêèõ ïðîñòðàí-
ñòâàõ.

Â ýòîé ðàáîòå ìû èçó÷àåì êðàåâûå çàäà÷è äëÿ ïñåâäîãèïåðáîëè÷åñêèõ óðàâíåíèé ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè è ìëàäøèìè ÷ëåíàìè. Îòìåòèì, ÷òî â îòëè÷èå îò ãèïåð-
áîëè÷åñêèõ è ïàðàáîëè÷åñêèõ óðàâíåíèé, íàëè÷èå ìëàäøèõ ÷ëåíîâ â óðàâíåíèÿõ, íå ðàç-
ðåøåííûõ îòíîñèòåëüíî ñòàðøåé ïðîèçâîäíîé ìîæåò ñóùåñòâåííî ïîâëèÿòü íà ðàçðåøè-
ìîñòü çàäà÷ (ñì. [1]).

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021
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Êëþ÷åâûå ñëîâà: ïñåâäîãèïåðáîëè÷åñêèå óðàâíåíèÿ, êðàåâûå çàäà÷è, óðàâíåíèÿ ñîáîëåâñêîãî òèïà, ýíåðãåòè-
÷åñêèå îöåíêè.

2010 Mathematics Subject Classi�cation: 35L82
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Îá îäíîé ïîëóíåëîêàëüíîé êðàåâîé çàäà÷å
ïåðèîäè÷åñêîãî òèïà äëÿ òðåõìåðíîãî óðàâíåíèÿ Òðèêîìè

â íåîãðàíè÷åííîé ïðèçìàòè÷åñêîé îáëàñòè

C.Ç. ÄÆÀÌÀËÎÂ1,a, Ð.Ð. ÀØÓÐÎÂ1,b, Õ.Ø. ÒÓÐÀÊÓËÎÂ1,c

1 Èíñòèòóò Ìàòåìàòèêè ÀÍ ÐÓç, Òàøêåíò, Óçáåêèñòàí

E-mail: asiroj63@mail.ru, bashurovr@gmail.com,
chamidullo20181987@gmail.com

Êàê èçâåñòíî, â ðàáîòå À.Â. Áèöàäçå ïîêàçàíî, ÷òî çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ ñìå-
øàííîãî òèïà íåêîððåêòíà [1]. Åñòåñòâåííî âîçíèêàåò âîïðîñ: íåëüçÿ ëè çàìåíèòü óñëîâèÿ
çàäà÷è Äèðèõëå äðóãèìè óñëîâèÿìè, îõâàòûâàþùèìè âñþ ãðàíèöó, êîòîðûå îáåñïå÷èâà-
þò êîððåêòíîñòü çàäà÷è? Âïåðâûå òàêèå êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà
áûëè ïðåäëîæåíû è èçó÷åíû â ðàáîòå Ô.È.Ôðàíêëÿ [2]. Êàê áëèçêèå ïî ïîñòàíîâêå ê
èçó÷àåìûì, çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ïåðâîãî ðîäà èññëåäîâàíà â îãðàíè-
÷åííûõ îáëàñòÿõ â ðàáîòàõ [3]-[5].
Â äàííîé ðàáîòå ñ èñïîëüçîâàíèåì ðåçóëüòàòîâ ðàáîò [4]-[5] èçó÷àþòñÿ îäíîçíà÷íàÿ ðàç-
ðåøèìîñòü è ãëàäêîñòü îáîáùåííîãî ðåøåíèÿ îäíîé ïîëóíåëîêàëüíîé êðàåâîé çàäà÷è â
íåîãðàíè÷åííîé îáëàñòè. Â îáëàñòè

Q = (−1, 1)× (0, T )× R =

= Q 1 × R = {(x, t, z);x ∈ (−1, 1), 0 < t < T < +∞, z ∈ R},
ðàññìîòðèì óðàâíåíèå Òðèêîìè:

Lu = xutt −∆u+ a (x, t)ut + c (x, t)u = f (x, t, z), (1)

ãäå ∆u = uxx+uzz- îïåðàòîð Ëàïëàñà . Ïóñòü âñå êîýôôèöèåíòû óðàâíåíèÿ (1) äîñòàòî÷íî
ãëàäêèå ôóíêöèè â îáëàñòè Q.
Ïîëóíåëîêàëüíàÿ êðàåâàÿ çàäà÷à ïåðèîäè÷åñêîãî òèïà. Íàéòè îáîáùåííîå ðåøå-
íèå u(x, t, z) óðàâíåíèÿ (1) èç ïðîñòðàíñòâà W 2

2,1(Q), óäîâëåòâîðÿþùåå ñëåäóþùèì êðàå-
âûì óñëîâèÿì

γDp
t u|t=0 = Dp

t u|t=T , (2)

u|x=−1 = u|x=1 = 0, (3)

ïðè p = 0, 1, ãäå D p
tu = ∂ pu

∂ t p
, D 0

t u = u, γ−íåêîòîðîå ïîñòîÿííîå ÷èñëî, îòëè÷íîå îò
íóëÿ, âåëè÷èíà êîòîðîãî áóäåò óòî÷íåíà íèæå.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021
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Îïðåäåëåíèå 1. Îáîáùåííûì ðåøåíèåì çàäà÷è (1)-(3) áóäåì íàçûâàòü ôóíêöèþ
u(x, t, z) ∈ W 2

2,1(Q), óäîâëåòâîðÿþùåå ïî÷òè âñþäó óðàâíåíèþ (1) ñ óñëîâèÿìè (2)-(3) .
Òåîðåìà 1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ äëÿ êîýôôèöèåíòîâ óðàâíåíèÿ (1);

2a(x, t) +µx > δ1 > 0, µ c(x, t)− ct(x, t) > δ2 > 0 , äëÿ âñåõ (x, t) ∈ Q1, ãäå µ = 2
T

ln |γ| > 0
ïðè | γ | > 1, a(x, 0) = a(x, T ), c(x, 0) = c(x, T ). Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ W 1

2,1(Q),
òàêîé, ÷òî γ · f(x, 0, z) = f(x, T, z), ñóùåñòâóåò åäèíñòâåííîå îáîáùåííîå ðåøåíèå çàäà÷è
(1)-(3) èç ïðîñòðàíñòâà W 2

2,1(Q), è äëÿ íåå ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

I). ‖u‖2
W 1

2,1(Q) ≤ c1 ‖f‖2
W 0

2,1(Q)

II). ‖u‖2
W 2

2,1(Q) ≤ c2 ‖f‖2
W 1

2,1(Q)

â äàëüíåéøåì ÷åðåç ci− îáîçíà÷èì ïîëîæèòåëüíûå âîîáùå ãîâîðÿ, ðàçíûå ïîñòîÿííûå
÷èñëà, îòëè÷íûå îò íóëÿ.
Çäåñü ÷åðåç W l

2,s(Q) îáîçíà÷åíî ãèëüáåðòîâî ïðîñòðàíñòâî ñ íîðìîé

‖u‖2
W l

2,s(Q) = (2π)−1/2 ·
+∞∫
−∞

(1 + |λ|2)s · ‖û(x, t, λ)‖2
W l

2(Q1) dλ, (A)

ãäå W l
2(Q1) ïðîñòðàíñòâà Ñîáîëåâà, s, l−ëþáûå êîíå÷íûå ïîëîæèòåëüíûå öåëûå ÷èñëà, à

÷åðåç

û(x, t, λ) = (2π)−1/2

+∞∫
−∞

u(x, t, z) e−iλzdz

îáîçíà÷åíî ïðåîáðàçîâàíèå Ôóðüå, ôóíêöèè u(x, t, z).

Êëþ÷åâûå ñëîâà: óðàâíåíèå Òðèêîìè, ïîëóíåëîêàëüíàÿ êðàåâàÿ çàäà÷à, ïðåîáðîçîâàíèå Ôóðüå, ìåòîäû "ε -
ðåãóëÿðèçàöèè " è àïðèîðíûõ îöåíîê.

2010 Mathematics Subject Classi�cation: 35M10

Ëèòåðàòóðà
[1] Áèöàäçå À.Â. Íåêîððåêòíîñòü çàäà÷è Äèðèõëå äëÿ óðàâíåíèé ñìåøàííîãî òèïà, ÄÀÍ ÑÑÑÐ, 122:2 (1953),

167�170.
[2] Ôðàíêëü Ô.È. Îáòåêàíèå ïðîôèëåé ïîòîêîì äîçâóêîâîé ñêîðîñòè ñî ñâåðõçâóêîâîé çîíîé, îêàí÷èâàþùåéñÿ

ïðÿìûì ñêà÷êîì óïëîòíåíèÿ, Ïðèêëàäíàÿ ìàòåìàòèêà è ìåõàíèêà, 20:2 (1956), 196�202
[3] Êàëüìåíîâ Ò.Ø. Î ïîëóïåðèîäè÷åñêîé çàäà÷å äëÿ ìíîãîìåðíîãî óðàâíåíèÿ ñìåøàííîãî òèïà, Äèôôåðåí-

öèàëüíûå óðàâíåíèÿ, 14:3 (1978), 546�548.
[4] Äæàìàëîâ C.Ç. Îá îäíîé íåëîêàëüíîé êðàåâîé çàäà÷å ñ ïîñòîÿííûìè êîýôôèöèåíòàìè äëÿ ìíîãîìåðíîãî

óðàâíåíèÿ ñìåøàííîãî òèïà ïåðâîãî ðîäà, Âåñòíèê Ñàìàðñêîãî ãîñóäàðñòâåííîãî òåõíè÷åñêîãî óíèâåðñèòåòà.
Ñåð.ôèç.-ìàò.íàóêè, 21:4 (2017),1�14.

[5] Äæàìàëîâ C.Ç., Àøóðîâ Ð.Ð. Î ãëàäêîñòè îäíîé íåëîêàëüíîé êðàåâîé çàäà÷è äëÿ ìíîãîìåðíîãî óðàâíåíèÿ

×àïëûãèíà â ïðîñòðàíñòâå, Êàçàõñêèé ìàòåìàò æóðíàë, 18:2 (2015), 59�70.
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Î ðàçðåøèìîñòè ãðàíè÷íîé çàäà÷è äëÿ äâóìåðíîé
ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà â êîíóñå

Ìóâàøàðõàí ÄÆÅÍÀËÈÅÂ1,a, Ìàäè ÅÐÃÀËÈÅÂ1,2,b

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2 ÊàçÍÓ èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: amuvasharkhan@gmail.com, bergaliev.madi.g@gmail.com

Â ðàáîòàõ [1]�[2] áûëè èññëåäîâàíû âîïðîñû ðàçðåøèìîñòè ãðàíè÷íûõ çàäà÷ äëÿ óðàâ-
íåíèÿ Áþðãåðñà (äëÿ îäíîìåðíîãî àíàëîãà ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà) â âûðîæäà-
þùèõñÿ îáëàñòÿõ.

Â äàííîì ñîîáùåíèè â ñîáîëåâñêèõ êëàññàõ ìû èçó÷àåì âîïðîñû ðàçðåøèìîñòè äâó-
ìåðíîé ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå
â íåöèëèíäðè÷åñêîé âûðîæäàþùåéñÿ îáëàñòè, ïðåäñòàâëåííîé êîíóñîì ñ âåðøèíîé â íà-
÷àëå êîîðäèíàò.

Ïóñòü x = {x1, x2}, è Qxt = {x, t : |x| < t, 0 < t < T < ∞} � ïåðåâåðíóòûé êîíóñ ñ
âåðøèíîé â íà÷àëå êîîðäèíàò, Ωt � ñå÷åíèå êîíóñà ïðè êàæäîì ôèêñèðîâàííîì t ∈ (0, T ],
Σxt � áîêîâàÿ ïîâåðõíîñòü êîíóñà. Îòìåòèì, ÷òî â òî÷êå t = 0 îáëàñòü Qxt âûðîæäàåòñÿ â
òî÷êó.

Â îáëàñòèQxt ðàññìàòðèâàåòñÿ ãðàíè÷íàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà
îòíîñèòåëüíî äâóìåðíîé âåêòîð-ôóíêöèè ñêîðîñòè äâèæåíèÿ æèäêîñòè u(x, t) = {u1(x, t),
u2(x, t)} è ôóíêöèè-äàâëåíèÿ æèäêîñòè p(x, t):

∂u

∂t
+ u1

∂u

∂x1

+ u2
∂u

∂x2

− ν∆u = f −∇p, {x, t} ∈ Qxt, (1)

div u =
∂u1

∂x1

+
∂u2

∂x2

= 0, {x, t} ∈ Qxt, (2)

u = 0, {x, t} ∈ Σxt. (3)

Ïóñòü äëÿ ïî÷òè âñåõ t ∈ (0, T ], Vt = {ϕ|ϕ ∈ (D(Ωt))
2, divϕ = 0},

Ht = çàìûêàíèå Vt â (L2(Ωt))
2, Vt = çàìûêàíèå Vt â (W 1

2 (Ωt))
2.

Äëÿ ãðàíè÷íîé çàäà÷è (1)− (3) óñòàíîâëåíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü f ∈ L∞(0, T ;Ht) ∩ L2(0, T ;Ht), ∂tf ∈ L2(0, T ;V ′t ). Òîãäà â êîíóñå

ãðàíè÷íàÿ çàäà÷à äëÿ ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà (1)�(3) äîïóñêàåò åäèíñòâåííîå
ðåøåíèå {u(x, t), p(x, t)} â ïðîñòðàíñòâå

u ∈ L2(0, T ;Vt) ∩H1(0, T ;V ′t ) ∩ (W 2,1
2 (Qxt))

2, p ∈ L2(0, T ;W 1
2 (Ωt)/Xt),

ãäå W 1
2 (Ωt)/Xt è ‖ψ(x)‖W 1

2 (Ωt)/Xt ≡ inf
k∈Xt
‖ψ(x) + k‖W 1

2 (Ωt) ÿâëÿþòñÿ ñîîòâåòñòâåííî ôàêòîð-

ïðîñòðàíñòâîì è ôàêòîð-íîðìîé ïî ïîäïðîñòðàíñòâó Xt, ñîñòîÿùèì èç âñåâîçìîæíûõ ïî-
ñòîÿííûõ k = const, îïðåäåëÿåìûõ íà ìíîæåñòâå Ωt.

Îòìåòèì, ÷òî äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà àïðèîðíûõ îöåíêàõ, ïðè óñòàíîâ-
ëåíèè êîòîðûõ èñïîëüçîâàíû ðåçóëüòàòû ðàáîò [3]�[6].

Ôèíàíñèðîâàíèå: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP09258892 (2021-2023) Êîìèòåòà íàóêè Ìèíèñòåðñòâà
îáðàçîâàíèÿ è íàóêè ÐÊ.

Êëþ÷åâûå ñëîâà: Ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà, êîíóñ, óñëîâèå Äèðèõëå, àïðèîðíàÿ îöåíêà.

2010 Mathematics Subject Classi�cation: 35K10, 35K55, 35Ê40
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J. Di�. Equ., 2018:20 (2018), 1�13.
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[2] Amangaliyeva M.M., Jenaliyev M.T., Kosmakova M.T., Ramazanov M.I. On the solvability of nonhomogeneous
boundary value problem for the Burgers equation in the angular domain and related integral equations, Springer
Proceedings in Mathematics and Statistics, 2017: (2017), 123�141.

[3] Áóäàê Á.Ì., Òèõîíîâ À.Í., Ñàìàðñêèé A.A. Ñáîðíèê çàäà÷ è óïðàæíåíèé ïî óðàâíåíèÿì ìàòåìàòè÷åñêîé
ôèçèêè, ÔèçÌàòËèò, Ìîñêâà (1972).

[4] Ëàâðåíòüåâ Ì. À., Øàáàò Á. Â. Ìåòîäû òåîðèè ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî, ÔèçÌàòËèò, Ìîñêâà
(1965).

[5] Lions J.-L. Quelques methodes de resolution des problemes aux limites non lineaires, Dunod, Paris (1969).

[6] Temam R. Navier-Stokes equations. Theory and numerical analysis, North Holland Publishing Company, Amster-

dam (1979).
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Î çàäà÷å Äèðèõëå äëÿ äâóìåðíîãî óðàâíåíèÿ Áþðãåðñà â
êîíóñå

Ìóâàøàðõàí ÄÆÅÍÀËÈÅÂ1,a, Êàíæàðáåê ÈÌÀÍÁÅÐÄÈÅÂ1,2,b,
Àðíàé ÊÀÑÛÌÁÅÊÎÂÀ1,2,c

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2 ÊàçÍÓ èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: amuvasharkhan@gmail.com, bkanzharbek75ikb@gmail.com
ckasar1337@gmail.com

Îäíîìåðíàÿ çàäà÷à Äèðèõëå â âûðîæäàþùåéñÿ îáëàñòè áûëà èññëåäîâàíà â [1]�[4].
Â äàííîì ñîîáùåíèè â ñîáîëåâñêèõ êëàññàõ èçó÷àþòñÿ âîïðîñû îäíîçíà÷íîé ðàçðåøè-

ìîñòè ãðàíè÷íîé çàäà÷è Äèðèõëå äëÿ äâóìåðíîãî óðàâíåíèÿ Áþðãåðñà â îáëàñòè, ïðåä-
ñòàâëåííîé êîíóñîì.

Ïîñòàíîâêà çàäà÷è è îñíîâíîé ðåçóëüòàò. Ïóñòü Qxt = {x, t : |x| =
√
x2

1 + x2
2 <

kt, 0 < t < T < ∞, 0 < k < ∞} åñòü îáëàñòü, êîòîðàÿ âûðîæäàåòñÿ ïðè t = 0, è
Ωt = {|x| < kt} ÿâëÿåòñÿ ñå÷åíèåì îáëàñòè Qxt äëÿ ôèêñèðîâàííîãî çíà÷åíèÿ ïåðåìåííîé
t ∈ (0, T ). Σxt = ∂Ωt × (0, T ), ãäå ∂Ωt åñòü ãðàíèöà êðóãà Ωt.

Ìû èññëåäóåì ðàçðåøèìîñòü ãðàíè÷íîé çàäà÷è äëÿ äâóìåðíîãî óðàâíåíèÿ Áþðãåðñà:

∂ tu+ u [∇u · ~e ]− ν∆u = f, {x, t} ∈ Qxt, (1)

u = 0, {x, t} ∈ Σxt, (2)

ãäå ~e = {1, 1} � äâóìåðíûé âåêòîð ñ åäèíè÷íûìè êîìïîíåíòàìè, [∇u · ~e ] = ∂x1u+ ∂x2u.

f ∈ L2(Qxt), ν = const > 0. (3)

Òåîðåìà (Îñíîâíîé ðåçóëüòàò.) Ïóñòü f ∈ L2(Qxt) (3). Òîãäà ãðàíè÷íàÿ çàäà÷à
(1)�(2) èìååò åäèíñòâåííîå ðåøåíèå

u ∈ H2,1
0 (Qxt) ≡

{
L2(0, T ;H2(Ωt) ∩H1

0 (Ωt)) ∩H1(0, T ;L2(Ωt))
}
.

Îòìåòèì, ÷òî äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà àïðèîðíûõ îöåíêàõ, ïðè óñòàíîâ-
ëåíèè êîòîðûõ èñïîëüçîâàíû ðåçóëüòàòû ðàáîò [5]�[7].

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP08855372 (2020-2022) ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: Óðàâíåíèå Áþðãåðñà, âûðîæäàþùàÿñÿ îáëàñòü, óñëîâèÿ Äèðèõëå, àïðèîðíûå îöåíêè.

2010 Mathematics Subject Classi�cation: 35K55, 35K05, 35R37

Ëèòåðàòóðà
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Îáðàòíàÿ çàäà÷à äëÿ íåëîêàëüíîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè

Æàçèðà ÅÐÊÈØÅÂÀ1,a, Áàòèðõàí ÒÓÐÌÅÒÎÂ1,b

1 Ìåæäóíàðîäíûé Êàçàõñêî-Òóðåöêèé óíèâåðñèòåò èìåíè À.ßñàâè, Òóðêåñòàí, Êàçàõñòàí

E-mail:ajazira78@mail.ru, bturmetovbh@mail.ru

Ïóñòü Ωx = {x = (x1, x2) : −1 < x1, x2 < 1}, Ω = (0, T )× Ωx. Äëÿ óðàâíåíèÿ

∂u(t, x)

∂t
= ∆xu(t, x) + a∆xu(t,−x) + f(x) (1)

â îáëàñòè Ω ðàññìîòðèì ñëåäóþùóþ çàäà÷ó:
Çàäà÷à ID. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ω, óäîâëåòâîðÿþùåå óñëîâèÿì

u(0, x) = ϕ(x), u(T, x) = ψ(x), x ∈ Ω̄x, (2)

u(t, x) = 0, (t, x) ∈ [0, T ]× ∂Ωx. (3)

Çäåñü ϕ(x), ψ(x) - çàäàííûå íà Ωx ôóíêöèè, ïðè÷¸ì âûïîëíÿþòñÿ óñëîâèÿ ñîãëàñîâà-
íèÿ

ϕ |∂Ωx = 0, ψ |∂Ωx = 0 .

Ïîä ðåãóëÿðíûì ðåøåíèåì çàäà÷è ID áóäåì ïîíèìàòü ïàðó ôóíêöèé (u(x, t), f(x)),
òàêèå, ÷òî u(t, x) ∈ C1,2

t,x

(
Ω
)
,f(x) ∈ C(Ω̄x), óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè Ω è

óñëîâèÿì (2) - (3).
Â îäíîìåðíîì ñëó÷àå àíàëîãè÷íûå çàäà÷è èññëåäîâàíû â ðàáîòàõ [1,2].
Ïóñòü

γk1 = (kπ)2, γk2 = ((k − 0, 5)π)2, k = 1, 2, ...,

Yk1(x1) = sin kπx1, Yk2(x1) = cos(k − 0, 5)πx1, k = 1, 2, ...,

σn1 = (nπ)2, σn2 = ((n− 0, 5)π)2, n = 1, 2, ...,

Zn1(x2) = sinnπx2, Zn2(x2) = cos(n− 0, 5)πx, n = 1, 2, ...

Îáîçíà÷èì{
µki,nj = γki + σnj

}
,
{
νki,nj(x1, x2) = Yki(x1) · Znj(x2)

}
, i, j = 1, 2,{

λki,nj = (1 + (−1)i+ja)µki,nj

}
,
{
wki,nj(x1, x2) = νki,nj(x1, x2)

}
, i, j = 1, 2.
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Èìååò ìåñòî ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü | a |< 1, ϕ(x), ψ(x) ∈ C3,1

x1,x2
(Ω̄)∩C1,3

x1,x2
(Ω̄) è óäîâëåòâîðÿþò ñëåäóþùèì

óñëîâèÿì:
ϕ |∂Ωx = 0, ψ |∂Ωx = 0 ,

ϕ(−1, x2) = 0, ϕ(1, x2) = 0, ϕ(x1,−1), ϕ(x1, 1) = 0, (t, x2) ∈ Ω̄t,x2 ,

ψ(−1, x2) = 0, ψ(1, x2) = 0, ψ(x1,−1) = 0, ψ(x1, 1) = 0, (t, x2) ∈ Ω̄t,x2 .

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå ðåøåíèå çàäà÷è ID è îíî îïðåäåëÿåòñÿ ðÿäàìè

u(t, x) = ϕ(x) +
∞∑

k,n=1

2∑
i,j=1

(e−λki,nj t − 1)Cki,njwki,nj(x),

f(x) =
∞∑

k,n=1

2∑
i,j=1

λki,nj(ϕki,nj − Cki,nj)wki,nj(x),

ãäå

Cki,nj =
ϕki,nj − ψki,nj
1− e−λki,njT

, i, j = 1, 2,

ϕki,nj , ψki,nj êîýôôèöèåíòû Ôóðüå ôóíêöèé ϕ(x) è ψ(x)

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÌÎÍ ÐÊ ¹ AP08855810.
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2010 Mathematics Subject Classi�cation: 34K06, 34K29, 35K15

Ëèòåðàòóðà
[1] Kirane M., Samet B., Torebek B.T. Determination of an unknown source term temperature distribution for the

sub-di�usion equation at the initial and �nal data, Electronic Journal of Di�erential Equations, 2017:257 (2017), 1�-13.

[2] Torebek B.T., Tapdigoglu R. Some inverse problems for the nonlocal heat equation with Caputo fractional

derivative, Mathematical Methods in the Applied Sciences, 40:18 (2017), 6468�6479.

� >>> �

Ñâîéñòâà ðåãóëÿðíîñòè îäíîãî êëàññà äèôôåðåíöèàëüíûõ
óðàâíåíèé âòîðîãî ïîðÿäêà
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Ðàññìîòðèì ñëåäóþùåå óðàâíåíèå

−ρ(x) (ρ(x)y′)
′
+ r(x)y′ + s(x)y = f(x), (1)

ãäå x ∈ R = (−∞,+∞), ρ � äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ, r 6= 0 � íåïðåðûâ-
íî äèôôåðåíöèðóåìàÿ, à s � íåïðåðûâíàÿ ôóíêöèè, f ∈ L2 = L2(R). Ê óðàâíåíèþ (1)
ñ ïåðåìåííûìè êîýôôèöèåíòàìè ïðèâîäÿò íåêîòîðûå çàäà÷è ñòîõàñòè÷åñêîãî àíàëèçà è
ôèíàíñîâîé ìàòåìàòèêè [1, 2].

Ïóñòü îïåðàòîð l0y = −ρ(ρy′)′ + ry′ îïðåäåë¸í íà ìíîæåñòâå C(2)
0 (R) äâàæäû íåïðå-

ðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé íà R ñ êîìïàêòíûì íîñèòåëåì. Îáîçíà÷èì ÷åðåç l
çàìûêàíèå l0 â íîðìå ïðîñòðàíñòâà L2. Ôóíêöèþ y ∈ D(l) íàçîâ¸ì ðåøåíèåì óðàâíå-
íèÿ (1), åñëè îíà óäîâëåòâîðÿåò ðàâåíñòâó ly = f . Äëÿ çàäàííûõ íåïðåðûâíûõ ôóíêöèé
g è h 6= 0 îïðåäåëèì

αg,h(t) = ‖g‖L2(0,t)‖h−1‖L2(t,+∞), (t > 0),
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βg,h(τ) = ‖g‖L2(τ,0)‖h−1‖L2(−∞,τ), (τ < 0),

γg,h = max

(
sup
t>0

αg,h(t), sup
τ<0

βg,h(τ)

)
.

Òåîðåìà 1. Ïóñòü ρ(x) > 0, γ
1+|s|,
√
|r| < +∞, è âûïîëíåíî îäíî èç ñëåäóþùèõ óñëîâèé

1) è 2):

1) r(x) > 1 è ñóùåñòâóåò a ∈ R, ÷òî sup
x<a

{
ρ(x) exp

(
−

a∫
x

r(t)
ρ2(t)

dt

)}
< +∞,

2) r(x) 6 −1 è ñóùåñòâóåò b ∈ R, ÷òî sup
x>b

{
ρ(x) exp

(
−

x∫
b

|r(t)|
ρ2(t)

dt

)}
< +∞.

Òîãäà äëÿ ëþáîé ïðàâîé ÷àñòè f ∈ L2 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå y óðàâíåíèÿ (1),
è äëÿ y âûïîëíÿåòñÿ îöåíêà∥∥∥√|r|y′∥∥∥

L2(R)
+ ‖y‖L2(R) 6 C0‖f‖L2(R).

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 è ñóùåñòâóþò òàêèå C1 > 0 è C2 > 0,
÷òî

C−1
1 <

ρ(x)

ρ(η)
< C1, C−1

2 <
r(x)

r(η)
< C2, ïðè |x− η| 6 k(η)

r(η)
,

ãäå k(η) > 4 íåïðåðûâíà è lim
|η|→+∞

k(η) = +∞. Òîãäà äëÿ ðåøåíèÿ y óðàâíåíèÿ (1) âåðíà

ñëåäóþùàÿ îöåíêà ìàêñèìàëüíîé ðåãóëÿðíîñòè:∥∥−ρ (ρy′)
′∥∥
L2(R)

+ ‖ry′‖L2(R) + ‖(1 + |s|)y‖L2(R) 6 C‖f‖L2(R).

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 2, à íåïðåðûâíàÿ ôóíêöèÿ θ(x) òàêàÿ,
÷òî

max

(
lim
t→+∞

αθ,r(t), lim
τ→−∞

βθ,r(τ)

)
= 0.

Òîãäà îïåðàòîð θl−1 ÿâëÿåòñÿ âïîëíå íåïðåðûâíûì â L2, ãäå l
−1 � îáðàòíûé ê îïåðàòîðó

l.
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Î ñóùåñòâîâàíèè ðåøåíèÿ çàäà÷è Ãóðñà äëÿ ñèñòåìû
íàãðóæåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé
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Â îáëàñòè Ω = [0, T ]× [0, ω] ðàññìàòðèâàåòñÿ çàäà÷à Ãóðñà äëÿ ñèñòåìû íàãðóæåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà âòîðîãî ïîðÿäêà

∂2u

∂x∂t
= A(x, t)

∂u

∂x
+B(x, t)

∂u

∂t
+ C(x, t)u+ C0(x, t)u(x0, t) + f(x, t), (1)

u(0, t) = ψ(t), t ∈ [0, T ] (2)

u(x, 0) = ϕ(x), x ∈ [0, ω] (3)

ãäå u(x, t) = (u1(x, t), u2(x, t), . . . , un(x, t)) - èñêîìàÿ ôóíêöèÿ, (n × n) - ìàòðèöû A(x, t),
B(x, t), C(x, t), C0(x, t), n - âåêòîð - ôóíêöèÿ f(x, t) íåïðåðûâíû â îáëàñòè Ω , n -
âåêòîð - ôóíêöèÿ ϕ(x) íåïðåðûâíî äèôôåðåíöèðóåìà íà [0, ω] , n - âåêòîð - ôóíêöèÿ ψ(t)
íåïðåðûâíî äèôôåðåíöèðóåìà íà [0, T ] , è óäîâëåòâîðÿþò óñëîâèþ ñîãëàñîâàíèÿ ϕ(0) =
ψ(0), 0 ≤ x0 ≤ ω. Ôóíêöèÿ u∗(x, t) ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(3),
åñëè: 1) ôóíêöèÿ u∗(x, t) íåïðåðûâíà â îáëàñòè Ω; 2) ∂u∗(x,t)

∂x
, ∂u∗(x,t)

∂t
, ∂2u∗(x,t)

∂x∂t
ÿâëÿþòñÿ

íåïðåðûâíûìè â îáëàñòè Ω; 3) óäîâëåòâîðÿåò ñèñòåìå íàãðóæåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà âòîðîãî ïîðÿäêà (1) äëÿ âñåõ (x, t) ∈ Ω; 4) óäîâëåòâîðÿåò
óñëîâèþ íà õàðàêòåðèñòèêå x=0 (2) äëÿ âñåõ t ∈ [0, T ] , è íà õàðàêòåðèñòèêå t=0 óñëîâèþ
(3) äëÿ âñåõ x ∈ [0, ω] .

Ðàçëè÷íûå çàäà÷è äëÿ íàãðóæåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé áûëè îáúåêòîì èññëå-
äîâàíèÿ â [1-3], ãäå òàêæå ìîæíî íàéòè îáçîð è áèáëèîãðàôèþ ïî èññëåäóåìîé òåìàòèêå. Â
ñâÿçè ñ ìíîãî÷èñëåííûìè ïðèëîæåíèÿìè, âîïðîñû ðàçðåøèìîñòè è ïîñòðîåíèÿ ðåøåíèé
êðàåâûõ çàäà÷ äëÿ íàãðóæåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé âñå åùå îñòàþòñÿ àêòóàëü-
íûìè. Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ íîâûé ïîäõîä ê èññëåäîâàíèþ è ðåøåíèþ çàäà÷è
(1)-(3), êîòîðûé â äàëüíåéøåì áóäåò ïðèìåíåí ê ðåøåíèþ íåëîêàëüíûõ çàäà÷ äëÿ ñèñòå-
ìû íàãðóæåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà. Äàííûé ïîäõîä îñíîâàí
íà ìåòîäå ïàðàìåòðèçàöèè [4] è åãî ìîäèôèêàöèÿõ [5, 6].

Îáîçíà÷èì ÷åðåç µ(t) çíà÷åíèå ôóíêöèè u(x, t) â òî÷êå x = x0 : µ(t) = u(x0, t) . Â
çàäà÷å (1)-(3) ñäåëàåì ñëåäóþùóþ çàìåíó ôóíêöèè: u(x, t) = ũ(x, t) + µ(t), ãäå ũ(x, t)
- íîâàÿ íåèçâåñòíàÿ ôóíêöèÿ. Òîãäà çàäà÷à (1)�(3) ïåðåõîäèò ê ýêâèâàëåíòíîé çàäà÷å ñ
ïàðàìåòðîì

∂2ũ

∂x∂t
= A(x, t)

∂ũ

∂x
+B(x, t)

∂ũ

∂t
+ C(x, t)ũ+B(x, t)µ̇(t) + C(x, t)µ(t)

+C0(x, t)µ(t) + f(x, t), (4)

ũ(0, t) = ψ(t)− µ(t), t ∈ [0, T ] (5)

ũ(x, 0) = ϕ(x)− µ(0), x ∈ [0, ω] , (6)

ũ(x0, t) = 0, t ∈ [0, T ] . (7)

Ðåøåíèåì çàäà÷è ñ ïàðàìåòðîì (4)�(7) ÿâëÿåòñÿ ïàðà ( ũ(x, t), µ(t) ), ãäå ôóíêöèÿ ũ(x, t)

íåïðåðûâíà â îáëàñòè Ω è èìååò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ∂ũ(x,t)
∂x

, ∂ũ(x,t)
∂t

, ∂2ũ(x,t)
∂x∂t

íà Ω, ôóíêöèÿ µ(t) íåïðåðûâíî äèôôåðåíöèðóåìà íà [0, T ], óäîâëåòâîðÿåò ñèñòåìå ãè-
ïåðáîëè÷åñêèõ óðàâíåíèé ñ ïàðàìåòðîì (4) äëÿ âñåõ (x, t) ∈ Ω; óäîâëåòâîðÿåò êðàåâîìó

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021



Annual International April Mathematical Conference – 2021 31

óñëîâèþ (5) äëÿ âñåõ t ∈ [0, T ] , êðàåâîìó óñëîâèþ (6) äëÿ âñåõ x ∈ [0, ω] è äîïîëíèòåëü-
íîìó óñëîâèþ (7).

Èç óñëîâèÿ ñîãëàñîâàíèÿ äàííûõ èìååì: ũ(x0, 0) = ϕ(x0)− µ(0) = 0. Îòñþäà ïîëó÷èì

µ(0) = ϕ(x0). (8)

Ïðè ôèêñèðîâàííîì µ(t) çàäà÷à (4)-(6) ÿâëÿåòñÿ çàäà÷åé Ãóðñà äëÿ ñèñòåìû ãèïåðáî-
ëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà. Ñîîòíîøåíèå (7) âìåñòå ñ óñëîâèåì (8) ïîçâîëÿåò
îïðåäåëèòü íåèçâåñòíûé ïàðàìåòð µ(t).

Ââåäåì îáîçíà÷åíèÿ: ṽ(x, t) = ∂ũ(x,t)
∂x

, ω̃(x, t) = ∂ũ(x,t)
∂t

.
Èñïîëüçóÿ ýêâèâàëåíòíóþ ñèñòåìó èíòåãðàëüíûõ óðàâíåíèé çàäà÷è Ãóðñà (4)-(6) è ñî-

îòíîøåíèå (7), ïîëó÷èì[
I −

∫ x0

0

B(%, t)d%

]
µ̇(t) =

∫ x0

0

(C(%, t) + C0(%, t))d%µ(t) + ψ̇(t)

+

∫ x0

0

f(%, t)d%+

∫ x0

0

[A(%, t)ṽ(%, t) +B(%, t)ω̃(%, t) + C(%, t)ũ (%, t)] d%, (9)

ãäå I - åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè n.
Ñèñòåìà (9) ñ óñëîâèåì (8) ÿâëÿåòñÿ çàäà÷åé Êîøè îòíîñèòåëüíî ôóíêöèè µ(t) íà [0, T ]

.
Ïîñòðîåí àëãîðèòì íàõîæäåíèÿ ðåøåíèÿ çàäà÷è ñ ïàðàìåòðîì (4)-(7). Íà êàæäîì øà-

ãå àëãîðèòìà: 1) Ðåøàåòñÿ çàäà÷à Ãóðñà äëÿ ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé îòíîñè-
òåëüíî ôóíêöèè ũ(x, t); 2) Ðåøàåòñÿ çàäà÷à Êîøè äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ïåðâîãî ïîðÿäêà îòíîñèòåëüíî ôóíêöèè µ(t). Óñòàíîâëåíû óñëîâèÿ ñõîäèìîñòè àëãî-
ðèòìà, êîòîðûå îäíîâðåìåííî äàþò óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî êëàññè÷åñêîãî
ðåøåíèÿ çàäà÷è (1)�(3).

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP09258829 ÊÍ ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ñèñòåìà íàãðóæåííûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé, çàäà÷à Ãóðñà, ïàðàìåòð, îäíîçíà÷íàÿ ðàç-
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Îñíîâíûå ñïåêòðàëüíûå ñâîéñòâà çàäà÷è äëÿ
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî
ïîðÿäêà ñ êóñî÷íî-ïîñòîÿííûì êîýôôèöèåíòîì ïðè

ñòàðøåé ïðîèçâîäíîé

Ëÿççàò ÆÓÌÀÍÎÂÀ1,2,a, Ìàõìóä ÑÀÄÛÁÅÊÎÂ1,b

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
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Ïðèìåíåíèå ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ ê ðåøåíèþ çàäà÷è òåïëîïðîâîäíîñòè ñ
êóñî÷íî-ïîñòîÿííûì êîýôôèöèåíòîì òåïëîïðîâîäíîñòè ïðèâîäèò ê ñïåêòðàëüíîé çàäà÷å
äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî ïîðÿäêà ñ êóñî÷íî-ïîñòîÿííûì
êîýôôèöèåíòîì ïðè ñòàðøåé ïðîèçâîäíîé:

L1(y) =

{
−k2

1y
′′(x) + q(x)y(x), 0 < x < x0

−k2
2y
′′(x) + q(x)y(x), x0 < x < l

}
= λy(x), 0 < x < l. (1)

{
U1(y) = a11y

′(0) + a12y
′(l) + a13y(0) + a14y(l) = 0,

U2(y) = a21y
′(0) + a22y

′(l) + a23y(0) + a24y(l) = 0.
(2)

y(x0 − 0) = y(x0 + 0), k1y
′(x0 − 0) = k2y

′(x0 + 0). (3)

Ðàññìàòðèâàþòñÿ îñíîâíûå ñïåêòðàëüíûå ñâîéñòâà çàäà÷ äëÿ òàêîãî îïåðàòîðà ñ îáùè-
ìè êðàåâûìè óñëîâèÿìè. Âûäåëåíû íåâûðîæäåííûå, íåðåãóëÿðíûå, óñèëåííî ðåãóëÿðíûå,
íåóñèëåííî ðåãóëÿðíûå êðàåâûå óñëîâèÿ. Êîíêðåòíûå îïðåäåëåíèÿ ýòèõ êëàññîâ çäåñü íå
áóäåì ïðèâîäèòü èç-çà îãðàíè÷åíèé íà îáùèé îáúåì òåçèñîâ.

Òåîðåìà 1. Äëÿ ëþáûõ íåâûðîæäåííûõ óñëîâèé ñïåêòð çàäà÷è (1), (2) ñîñòîèò èç áåñ-
êîíå÷íîãî ñ÷åòíîãî ìíîæåñòâà {λn} ñîáñòâåííûõ çíà÷åíèé ñ îäíîé ïðåäåëüíîé òî÷êîé ∞,
à ðàçìåðíîñòè ñîîòâåòñòâóþùèõ êîðíåâûõ ïîäïðîñòðàíñòâ îãðàíè÷åíû îäíîé êîíñòàíòîé.

Íà îñíîâàíèè ïîëó÷åííîé àñèìïòîòèêè ñîáñòâåííûõ çíà÷åíèé âûâîäÿòñÿ àñèìïòîòèêè
ñîáñòâåííûõ ôóíêöèé. Îòñþäà äåëàþòñÿ âûâîäû î ïîëíîòå ñèñòåìû ñîáñòâåííûõ ôóíê-
öèé.

Òåîðåìà 2. Ñèñòåìà {yn(x)} ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé ïîëíà è ìèíè-
ìàëüíà â L2(0, 1); ñëåäîâàòåëüíî, îíà èìååò áèîðòîãîíàëüíóþ ñèñòåìó {vn(x)}.

Òåîðåìà 3. Åñëè êðàåâûå óñëîâèÿ (2) ÿâëÿþòñÿ óñèëåííî ðåãóëÿðíûìè, òî âñå ñîá-
ñòâåííûå çíà÷åíèÿ λn, êðîìå êîíå÷íîãî ÷èñëà, ÿâëÿþòñÿ ïðîñòûìè. Äðóãèìè ñëîâàìè,
îíè ÿâëÿþòñÿ àñèìïòîòè÷åñêè ïðîñòûìè. Ïðè ýòîì îáùåå êîëè÷åñòâî ïðèñîåäèíåííûõ
ôóíêöèé � êîíå÷íî. Êðîìå òîãî, ñîáñòâåííûå çíà÷åíèÿ λn ÿâëÿþòñÿ îòäåëåííûìè â òîì
ñìûñëå, ÷òî ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C0 > 0, ÷òî äëÿ âñåõ ñîáñòâåííûõ çíà÷åíèé λn
è λm ñ äîñòàòî÷íî áîëüøèìè íîìåðàìè èìååì

|
√
λn −

√
λm| ≥ C0. (4)

Òåîðåìà 4. Åñëè êðàåâûå óñëîâèÿ (2) ÿâëÿþòñÿ ðåãóëÿðíûìè, íî íå óñèëåííî ðåãó-
ëÿðíûìè, òî âñå ñîáñòâåííûå çíà÷åíèÿ çàäà÷è îáðàçóþò äâå ñåðèè λn1 , λn2 ñî ñëåäóþùåé
àñèìïòîòèêîé:

λ0 λnj = (2nπr + o(1))2, ïðè θ = 0;

λnj = ((2n− 1)πr + o(1))2, ïðè θ = 1;

ãäå j = 1, 2, à èíäåêñ θ � èç îïðåäåëåíèÿ íåóñèëåííî ðåãóëÿðíûõ êðàåâûõ óñëîâèé, è
èñïîëüçîâàíî îáîçíà÷åíèå r = k1k2

k1l+(k2−k1)x0
.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021
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Òåîðåìà 5. Åñëè êðàåâûå óñëîâèÿ (2) ÿâëÿþòñÿ íåðåãóëÿðíûìè, òî âñå ñîáñòâåííûå
çíà÷åíèÿ λn, êðîìå êîíå÷íîãî ÷èñëà, ÿâëÿþòñÿ ïðîñòûìè è âûïîëíåíî óñëîâèå (4) îòäå-
ëåííîñòè ñîáñòâåííûõ çíà÷åíèé.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì No AP08855352 ÌÎÍ ÐÊ.
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Çàäà÷à òèïà çàäà÷è Áèöàäçå-Ñàìàðñêîãî äëÿ óðàâíåíèÿ
ñìåøàííîãî òèïà â îáëàñòè, ýëëèïòè÷åñêàÿ ÷àñòü êîòîðîé

- ÷åòâåðòü ïëîñêîñòè

Ð.Ò. ÇÓÍÍÓÍÎÂ1,a

1 Èíñòèòóò Ìàòåìàòèêè ÀÍ ÐÓç, Òàøêåíò, Óçáåêèñòàí
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Ðàññìîòðèì óðàâíåíèå

signy|y|muxx + uyy − λ2|y|mu = 0, (1)

â íåîãðàíè÷åííîé ñìåøàííîé îáëàñòè Ω = Ω1 ∪ l1 ∪ Ω2, ãäå Ω1 = {(x, y) : x > 0, y > 0},
l1 = {(x, y) : x > 0, y = 0}, l2 = {(x, y) : y > 0, x = 0} à Ω2 � îáëàñòü íèæíåé ïîëóïëîñ-
êîñòè îãðàíè÷åííàÿ ïîëóïðÿìîé l1, è Γ : x− [2/(m+ 2)] (−y)(m+2)/2 = 0 õàðàêòåðèñòèêîé
óðàâíåíèÿ (1), âûõîäÿùåé èç òî÷êè O(0, 0).

Çäåñü ïðåäïîëîæèì, ÷òî m, λ ∈ R, ïðè÷åì m = const > 0, à λ = λ1 ïðè y > 0, λ = λ2

ïðè y < 0.
Çàäà÷à BS∞. Íàéòè ôóíêöèþ u(x, y) ñî ñëåäóþùèìè ñâîéñòâàìè:
1) u(x, y) ∈ C(Ω1∪Ω2∪l2∪Γ)∩C1(Ω)∩C2(Ω1∪Ω2), ïðè÷åì uy(x, 0) ïðè x→ 0 ìîæåò èìåòü

îñîáåííîñòü ïîðÿäêà ìåíüøå 1−2β, à äëÿ äîñòàòî÷íî áîëüøèõ x ñïðàâåäëèâî íåðàâåíñòâî
|uy(x, 0)| ≤M1|x|2β−1−ε;

2) u(x, y) óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ Ω1 è Ω2;
3) u(x, y) óäîâëåòâîðÿåò ñëåäóþùèì êðàåâûì óñëîâèÿì

u(0, y) = ϕ(y), 0 ≤ y < +∞; (2)

lim
R→∞

u(x, y) = 0 ïðè y ≥ 0; (3)

A1,λ2

0x

{
D1−β

0x u[θ0(x)]
}

+ c(x)uy(x, 0) = d(x), (x, 0) ∈ l1 (4)

ãäå ϕ(y), c(x), d(x) � çàäàííûå ôóíêöèè, ïðè÷åì ϕ(y) ∈ C[0, +∞) è ïðè äîñòàòî÷íî
áîëüøèõ y óäîâëåòâîðÿåò íåðàâåíñòâó |ϕ(y)| ≤M2y

−1−m/2−ε, c(x) ∈ C [0, +∞)∩C2(0,+∞),
d(x) ∈ C2(0,+∞) è d(x) äëÿ äîñòàòî÷íî áîëüøèõ x óäîâëåòâîðÿåò íåðàâåíñòâó, à |d(x)| <
M3x

2β−1−ε. Êðîìå òîãî R2 = x2 + [2/m+ 2]2ym+2, M1, M2, M3 = const > 0, ε � äîñòàòî÷íî
ìàëîå ïîëîæèòåëüíîå ÷èñëî, β = m/ (2m+ 4) . Çäåñü θ0(x0) ÿâëÿåòñÿ òî÷êîé ïåðåñå÷åíèÿ

õàðàêòåðèñòèêè Γ óðàâíåíèÿ ñ ëèíèåé x+ 2
m+2

(−y)
m+2

2 = x0, ãäå x0 ∈ (0, +∞).

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021
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Â ñèëó îáðàòèìîñòè îïåðàòîðîâ A1,λ
sx [1] è Dδ

sx [2] èç çàäà÷è BS∞ â ÷àñòíîì ñëó÷àå,
ïðè c(x) ≡ 0 ñëåäóåò çàäà÷à Òðèêîìè äëÿ óðàâíåíèÿ (1) â îáëàñòè Ω, êîòîðàÿ èìååò
ñàìîñòîÿòåëüíûé èíòåðåñ.

Åäèíñòâåííîñòü ðåøåíèÿ ýòîé çàäà÷è äîêàçûâàåòñÿ ñ ïîìîùüþ ìåòîäà èíòåãðàëîâ
ýíåðãèè. Ñóùåñòâîâàíèå ðåøåíèÿ ýòîé çàäà÷è, äîêàçàíî ìåòîäîì ôóíêöèé Ãðèíà è ìå-
òîäîì èíòåãðàëüíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: çàäà÷à òèïà çàäà÷è Áèöàäçå-Ñàìàðñêîãî, óðàâíåíèå ñìåøàííîãî òèïà, íåîãðàíè÷åííàÿ îá-
ëàñòü, ìåòîä èíòåãðàëîâ ýíåðãèè, ìåòîä ôóíêöèé Ãðèíà, ìåòîä èíòåãðàëüíûõ óðàâíåíèé.
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Â ïðîñòðàíñòâåW 1
2 (−1, 1) ðàññìîòðèì çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà äèô-

ôåðåíöèðîâàíèå
L1y = y′(t) = λy(t), −1 < t < 1, (1)

ñ "âîçìóùåííûì" èíòåãðàëüíûì êðàåâûì óñëîâèåì

y(−1)− y(1) = λ ·
∫ 1

−1

y(t) · Φ(t)dt, (2)

ãäå Φ(t)−ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè è Φ(−1) = Φ(1) = 1, λ−êîìïëåêñíîå ÷èñëî,
ñïåêòðàëüíûé ïàðàìåòð.

Òåîðåìà 1. Ïóñòü Φ(t)−ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè è Φ(−1) = Φ(1) = 1. Òîãäà
âñå ñîáñòâåííûå çíà÷åíèé "âîçìóùåííîãî" îïåðàòîðà äèôôåðåíöèðîâàíèå L1 ïðèíàäëå-
æàò ïîëîñå |Reλ| = |x| < k, ïðè íåêîòîðîì k, ãäå λ = x+iy, è îáðàçóþò ñ÷¸òíîå ìíîæåñòâî
ñ àñèìïòîòèêîé λ0

n = iπn+O(1) ïðè n→∞.
Ñîïðÿæåííûé îïåðàòîð áóäåò íàãðóæåííûì äèôôåðåíöèàëüíûì îïåðàòîðîì:

L∗1v = v′(t) + λv(−1)Φ(t) = λv(t),

v(−1) = v(1).
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1ÊàçÍÓ èìåíè àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
2 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: asymbat2909.sks@gmial.com

Â îáëàñòè Ω̄ = [0, T ] × [0, ω] ðàññìàòðèâàåòñÿ ïîëóïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à äëÿ
ëèíåéíîãî íàãðóæåííîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííû-
ìè

∂2u

∂t∂x
= A(t, x)

∂u

∂x
+B(t, x)

∂u

∂t
+ C(t, x)u+ f(t, x) + A0(t, x)

∂u(t, ξi)

∂x
, (1)

u(t, 0) = ψ(t), t ∈ [0, T ], (2)

u(0, x) = u(T, x), x ∈ [0, ω], (3)

ãäå ôóíêöèè A(x, t), B(x, t), C(x, t), f(x, t) íåïðåðûâíû íà Ω̄, ôóíêöèÿ ψ(t) íåïðåðûâíî
äèôôåðåíöèðóåìà íà [0, T ] è óäîâëåòâîðÿåò óñëîâèþ ψ(0) = ψ(T ), ξi− òî÷êè íàãðóçêè ïî
ïðîñòðàíñòâåííîé ïåðåìåííîé x.

Íàãðóæåííûå ãèïåðáîëè÷åñêèå óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ íåëîêàëüíûìè ãðà-
íè÷íûìè óñëîâèÿìè âîçíèêàþò âî ìíîãèõ îáëàñòÿõ íàóêè è òåõíèêè. Íàèáîëåå îáùåå
îïðåäåëåíèå íàãðóæåííîãî óðàâíåíèÿ áûëî äàíî Íàõóøåâûì â [1]. Íàãðóæåííûå äèô-
ôåðåíöèàëüíûå óðàâíåíèÿ èìåþò ðÿä îñîáåííîñòåé, êîòîðûå äîëæíû áûòü ó÷òåíû ïðè
ïîñòàíîâêå çàäà÷ äëÿ ýòèõ óðàâíåíèé è ñîçäàíèè ìåòîäîâ èõ ðåøåíèé. Îäíèì èç îñîáåííî-
ñòåé íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÿâëÿåòñÿ òî, ÷òî òàêèå óðàâíåíèÿ ìîãóò
áûòü íåðàçðåøèìûìè áåç äîïîëíèòåëüíûõ óñëîâèé. Â [2, 3] ïðèâåäåíû ïðèìåðû ëèíåéíûõ
íàãðóæåííûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé è íàãðóæåííûõ ãèïåðáîëè÷å-
ñêèõ óðàâíåíèé ñî ñìåøàííûìè ïðîèçâîäíûìè, êîòîðûå íå èìåþò ðåøåíèÿ. Äëÿ èññëåäî-
âàíèÿ íàãðóæåííûõ óðàâíåíèé ïîñâÿùåíî ìíîæåñòâî ðàáîò [4-8]. Â ðàáîòå [9] ïîëó÷åíû
êðèòåðèé êîððåêòíîé ðàçðåøèìîñòè ïîëóïåðèîäè÷åñêîé êðàåâîé çàäà÷è äëÿ ëèíåéíîãî
ãèïåðáîëè÷åñêîãî óðàâíåíèÿ. Â äàííîì ñîîáøåíèè ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ êîððåêòíîé ðàçðåøèìîñòè êðàåâîé çàäà÷è (1)-(3) ïî èñõîäíûì äàííûì íà îñíîâå
ìåòîäà ìîäèôèêàöèè ëîìàíûõ Ýéëåðà.

Funding: Ðàáîòà âûïîëíåíà â ðàìêàõ ãðàíòîâîãî ôèíàíñèðîâàíèÿ ÌÎÍ ÐÊ (Ïðîåêò AP0905847).

Êëþ÷åâûå ñëîâà: íàãðóæåííîå ãèïåðáîëè÷åñêîå óðàâíåíèå, êðàåâàÿ çàäà÷à, ðàçðåøèìîñòü.
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Âåñîâîå äèôôåðåíöèàëüíîå íåðàâåíñòâî âòîðîãî ïîðÿäêà

Àéãåðèì ÊÀËÛÁÀÉ1,a

1 Óíèâåðñèòåò ÊÈÌÝÏ, Àëìàòû, Êàçàõñòàí

E-mail: akalybay@kimep.kz

Ïóñòü I = (0,∞), 1 < p, q < ∞ è 1
p

+ 1
p′

= 1. Ïóñòü u � íåîòðèöàòåëüíàÿ, à v �

ïîëîæèòåëüíàÿ ôóíêöèè íà I òàêèå, ÷òî vp, uq è v−p
′
ëîêàëüíî ñóììèðóåìûå íà I.

Îáîçíà÷èì çà W 2
p,v ≡ W 2

p,v(I) ïðîñòðàíñòâî ôóíêöèé f : I → R, äëÿ êîòîðûõ

‖f ′′‖p,v < ∞, ãäå ‖g‖p,v =

(∞∫
0

|v(t)g(t)|pdt
) 1

p

� íîðìà ïðîñòðàíñòâà Ëåáåãà Lp,v ≡ Lp,v(I).

Èç óñëîâèé, íàëîæåííûõ íà v ñëåäóåò, ÷òî äëÿ ëþáîé ôóíêöèè f ∈ W 2
p,v ñóùåñòâóþò

êîíå÷íûå ïðåäåëû lim
t→1

f(t) = f(1) è lim
t→1

f ′(t) = f ′(1). Ïîýòîìó ïðîñòðàíñòâî W 2
p,v � ïîëíîå

íîðìèðîâàííîå ïðîñòðàíñòâî ñ íîðìîé

‖f‖W 2
p,v

= ‖f ′′‖p,v + |f ′(1)|+ |f(1)|. (1)

Ïóñòü C∞0 (I) � ïðîñòðàíñòâî áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôèíèòíûõ ôóíêöèé íà
èíòåðâàëå I. Èç óñëîâèé íà ôóíêöèþ v èìååì, ÷òî C∞0 (I) ⊂ W 2

p,v(I).

Îáîçíà÷èì çà W̊ 2
p,v ≡ W̊ 2

p,v(I) çàìûêàíèå ïðîñòðàíñòâà C∞0 (I) ïî íîðìå (1).
Ðàññìîòðèì íåðàâåíñòâî ∞∫

0

|u(t)f(t)|qdt

 1
q

≤ C

 ∞∫
0

|v(t)f ′′(t)|pdt

 1
p

, f ∈ W̊ 2
p,v.

Â ðàáîòå íàéäåíû óñëîâèÿ âûïîëíåíèÿ äàííîãî íåðàâåíñòâà â çàâèñèìîñòè îò ïîâåäåíèÿ
ôóíêöèè v â îêðåñòíîñòÿõ íóëÿ è áåñêîíå÷íîñòè. Áîëåå òîãî, íàéäåíû äâóñòîðîííèå îöåíêè
íàèëó÷øåé êîíñòàíòû C.

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP08856100 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: âåñîâîå äèôôåðåíöèàëüíîå íåðàâåíñòâî, âåñîâàÿ ôóíêöèÿ, ôóíêöèîíàëüíîå ïðîñòðàíñòâî.

2010 Mathematics Subject Classi�cation: 26D10, 46E35
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Ïðèìåíåíèå ìåòîäà ïîäâèæíûõ êîîðäèíàò äëÿ çàäà÷è
Íàâüå-Ñòîêñà

Òûíûñáåê Ø. ÊÀËÜÌÅÍÎÂ1,a

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: akalmenov.t@mail.ru

Íàéòè ðåøåíèå ñèñòåìû

Lui(x, t) =
∂ui(x, t)

∂t
− ν4xui(x, t) +

n∑
j=1

uj(x, t)
∂ui(x, t)

∂xj
−

−∂P (x, t)

∂xi
= fi(x, t), x ∈ Rn, 0 < t < T, i = 1, n (1)

divu(x, t) =
n∑
i=1

∂ui(x, t)

∂xi
= 0, u = (u1, ....un) (2)

ui(x, t)|t=0 = 0. (3)

Ïåðåõîä ê ïåðåìåííûì

dyi(ξ, t)

dt
= ui(y, t), yi(ξ, t)|t=0 = ξi, i = 1, n

ãäå êîîðäèíàòû çàâèñÿò îò èñêîìîãî ðåøåíèÿ ïîçâîëÿåò çàäà÷ó (1)-(3) ñâåñòè ê ëèíåé-
íîé ñèñòåìå èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ñ ïîìîùüþ êîòîðûé ìîæíî ïîëó÷èòü
íåîáõîäèìóþ àïðèîðíóþ îöåíêó äëÿ ðåøåíèÿ u(x, t) çàäà÷à (1)-(3).

Ïîäâèæíûå êîîðäèíàòû - ïîðîæäåííûå ðåøåíèÿì çàäà÷è Êîøè äëÿ ñèñòåì îáûêíîâåí-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé èçó÷àåòñÿ â ñâÿçè ëèíåàðèçàöèåé ìíîãîìåðíûé çàäà÷è
Íàâüå-Ñòîêñà.

Îïðåäåëèì ñèñòåìó êîîðäèíàò y(ξ, t) = (y1(ξ, t), ...., yn(ξ, t)), ξ ∈ Rn, 0 < t < T êàê
ðåøåíèå ñëåäóþùåé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

∂yi(ξ, t)

∂t
= ui(y, t) (4)

yi(ξ, t)|t=0 = ξi, ξ = (ξ1, ξ2, ..., ξn) ∈ Rn (5)

Çàäà÷ó (4)-(5) ñâåäåì ê ýêâèâàëåíòíîé åé ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé

yi(ξ, t) =

∫ t

0

ui(y, η)dη + ξi. (6)

Èìååò ìåñòî
Òåîðåìà 1. Ïóñòü u(x, t) ∈ C3(Rn

0T ) ∩ L2(Rn
0T ) ðåøåíèå ñèñòåìû (1)-(3). Òîãäà ïðè

ëþáîì ôèêñèðîâàííîì t ∈ [0, T ] è ξ ∈ Rn ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå y(ξ, t) îïåðà-
òîðíîãî óðàâíåíèÿ (6).

Â íîâûõ ïåðåìåííûõ y = y(ξ, t), t = t çàäà÷à Íàâüå-Ñòîêñà (1)-(3) ïðèìåò âèä

dui
dt
− ν∆yui −

∂P

∂yi
= fi,

divu = 0,

ui|t=0 = 0,

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021
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ãäå
dui(y, t)

dt
=
∂ui
dt

+
n∑
j=1

∂yj
∂t

∂ui
∂yj

=
∂ui
dt

+
n∑
j=1

uj
∂ui
∂yj

,
∂yj
∂t

= uj.

Òåì ñàìûì çàäà÷à Íàâüå-Ñòîêñà ýêâèâàëåíòíî èíòåãðàëüíûì óðàâíåíèåì

ui(y, t)− ν
∫ t

0

∆yui(y(ξ, η), η)dη −
∫ t

0

∂P

∂yi
(y(ξ, η))dη =

∫ t

0

fi(y(ξ, η))dη.

Ïðè 2m ≥
[
n
2

]
+ 1 ïîëó÷èì

‖ωi‖W 2m,0
2 (Rn0,T ) ≤ d

∑
|α|≤m

‖f‖
W

2|α|,0
2 (Rn0,T )

‖f‖
W

2m−2|α|,0
2 (Rn0,T )

+ ‖f‖W 2m,0
2 (Rn0,T )

 ,

ãäå

ωi =

(
∂

∂t
− ν∆

)
ui = ♦ui, ui = ♦−1ωi,

♦− îïåðàòîð òåïëîïðîâîäíîñòè, à ♦−1− îáðàòíûé ê íåìó.
Îòíîñèòåëüíî ωi ïîëó÷èì ñèñòåìó èíòåãðàëüíûé óðàâíåíèé.

ωi + (E −Q)
n∑
j=1

♦−1ωj
∂

∂η
♦−1ωi = ((E −Q)f)i (7)

Qg = grad∆−1divg, Q2 = Q− îïåðàòîð ïðîåêòèðîâàíèÿ.
Ñ ó÷åòîì àïðèîðíûõ îöåíîê äëÿ ωi, ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé (7) ðåøàåòñÿ

ìåòîäîì ïðîäîëæåíèÿ ïî ïàðàìåòðó.

Êëþ÷åâûå ñëîâà: øåñòàÿ ïðîáëåìà òûñÿ÷åëåòèÿ, óðàâíåíèå Íàâüå-Ñòîêñà, ìåòîä ïîäâèæíûõ êîîðäèíàò.
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Ñìåøàííàÿ êðàåâàÿ çàäà÷à Êîøè ñ ïîòåíöèàëüíûì
áîêîâûì ãðàíè÷íûì óñëîâèåì äëÿ íåõàðàêòåðèñòè÷åñêè

âûðîæäàþùåãîñÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

Ò.Ø. ÊÀËÜÌÅÍÎÂ1,a, Ì.Þ. ÍÅÌ×ÅÍÊÎ1,b, Ó.À. ÈÑÊÀÊÎÂÀ1,c

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: akalmenov.t@mail.ru, bnemchenko.imim@mail.ru, culzada.i@mail.ru

Èçó÷åíèþ ñìåøàííîé çàäà÷è Êîøè äëÿ íåõàðàêòåðèñòè÷åñêè âûðîæäàþùèõñÿ ãèïåð-
áîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà ïîñâÿùåíû ìíîãî÷èñëåííûå ðàáîòû íà÷èíàÿ ñ
ðàáîòû Ì.Ë. Êðàñíîâà [1]. Äàëåå ýòè ðàáîòû îáîáùåíû äëÿ îáùèõ âûðîæäàþùèõñÿ óðàâ-
íåíèé âûñîêîãî ïîðÿäêà â ðàáîòàõ Ì.Ñ. Ñàëàõèòäèíîâà, Ò. Äæóðàåâà, Â.Í. Âðàãîâà, À.Ì.
Êîæàíîâà, Ñ.Ã. Ïÿòêîâà, Ì.Å. Åãîðîâà, Ñ.Â. Ïîïîâà. Äîñòàòî÷íî ïîëíûå áèáëèîãðàôèè
ïðèâåäåíû â ìîíîãðàôèÿõ Ì.Ì. Ñìèðíîâà [2], È.Å. Åãîðîâà, Ñ. Ïÿòêîâà, Ñ.Â. Ïîïîâà [3].
Èçó÷åíèÿ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà íà÷àòûå Ô.Òðèêîìè [4] ïðèâåëè
ê èçó÷åíèþ íîâûõ êðàåâûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé â õàðàêòåðèñòè÷åñêîì
êîíóñå, âïåðâûå èññëåäîâàííûå â ðàáîòàõ Ãåëëåðñòåäòà [5], À.Â. Áèöàäçå [6], À.Ì. Íàõó-
øåâà [7].

Ïðè èññëåäîâàíèè ñìåøàííîé çàäà÷è Êîøè â öèëèíäðè÷åñêîé îáëàñòè áîêîâûå ãðà-
íè÷íûå óñëîâèÿ êàê ïðàâèëî áûëè ëîêàëüíûìè ãðàíè÷íûìè óñëîâèÿìè òèïà Äèðèõëå,
ëèáî ïåðèîäè÷åñêèìè ãðàíè÷íûìè óñëîâèÿìè.
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Â ðàáîòå Ò.Ø. Êàëüìåíîâà, Ä. Ñóðàãàí [8] âïåðâûå íàéäåíî ãðàíè÷íîå óñëîâèå Íüþ-
òîíîâîãî (îáúåìíîãî) ïîòåíöèàëà, êîòîðîå ÿâëÿåòñÿ íîâûì èíòåãðî-äèôôåðåíöèàëüíûì
ñàìîñîïðÿæåííûì ãðàíè÷íûì óñëîâèåì äëÿ óðàâíåíèÿ Ëàïëàñà. Â äàííîé ðàáîòå ïîëüçó-
ÿñü ýòèì áîêîâûì ãðàíè÷íûì óñëîâèåì èññëåäóåòñÿ ñìåøàííàÿ çàäà÷à Êîøè äëÿ îäíîãî
êëàññà íåõàðàêòåðèñòè÷åñêè âûðîæäàþùèõñÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé. Â îòëè÷èå îò
äðóãèõ ðàáîò ïîñâÿùåííûõ äàííîé òåìàòèêå, ãäå ðåøåíèÿ ðàññìàòðèâàåìûõ çàäà÷ ïîëó-
÷åíû â âåñîâûõ ïðîñòðàíñòâàõ, â äàííîé ðàáîòå ðåøåíèå ïîëó÷åíî â êëàññè÷åñêèõ ïðî-
ñòðàíñòâàõ Ñîáîëåâà.
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Çàäà÷à Äèðèõëå äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ
äðîáíîé íàãðóçêîé

Ìèíçèëÿ Ò. ÊÎÑÌÀÊÎÂÀ1,a, Ëàéëà Æ. ÊÀÑÛÌÎÂÀ1,b

1 ÊàðÓ èì. Å.À. Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí

E-mail: asvetlanamir578@gmail.com, bl.kasymova2017@mail.ru

Â äàííîé ðàáîòå èññëåäóåòñÿ êðàåâàÿ çàäà÷à äëÿ äðîáíî-íàãðóæåííîãî óðàâíåíèÿ òåï-
ëîïðîâîäíîñòè: íàãðóæåííîå ñëàãàåìîå óðàâíåíèÿ ïðåäñòàâëåíî â âèäå äðîáíîé ïðîèç-
âîäíîé Êàïóòî ïî âðåìåííîé ïðîèçâîäíîé, ïðè÷åì ïîðÿäîê äðîáíîé ïðîèçâîäíîé áîëüøå
ïîðÿäêà ïî âðåìåííîé ïåðåìåííîé â äèôôåðåíöèàëüíîé ÷àñòè óðàâíåíèÿ.

Â îáëàñòè: Q = {(x, t) | x > 0, t > 0} ðàññìàòðèâàåòñÿ çàäà÷à

ut − uxx + λ{cDβ
0,tu(x, t)}|x=γ(t) = f(x, t), (1)

u|t=0 = 0, u|x=0 = 0, (2)

ãäå λ � êîìïëåêñíûé ïàðàìåòð, cD
β
0,tu(x, t) � ïðîèçâîäíàÿ Êàïóòî ïîðÿäêà β, 1 < β < 2;

γ(t) � íåïðåðûâíàÿ âîçðàñòàþùàÿ ôóíêöèÿ, γ(0) = 0.
Çàäà÷à èññëåäóåòñÿ â êëàññå ôóíêöèé ïî ïåðåìåííîé t

u (x, t) ∈ AC2 (0,+∞) ∩ C1 (t ∈ [0, T ]) .

Êëàññû îïðåäåëÿþòñÿ èç åñòåñòâåííîãî òðåáîâàíèÿ ñóùåñòâîâàíèÿ è ñõîäèìîñòè íåñîá-
ñòâåííûõ èíòåãðàëîâ, âîçíèêàþùèõ â õîäå èññëåäîâàíèÿ.
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Îáðàùàÿ äèôôåðåíöèàëüíóþ ÷àñòü çàäà÷è (1)�(2)

u(x, t) = −λ
t∫

0

∞∫
0

G(x, ξ, t− τ) µ(τ) dξdτ + f1 (x, t) ,

ãäå

µ(t) =
{
cD

β
0,tu (x, t)

} ∣∣
x=γ(t) =

 1

Γ(2− β)

t∫
0

uττ (x, τ)

(t− τ)β−1
dτ


∣∣∣∣∣∣
x=γ(t)

,

f1 (x, t) =

t∫
0

∞∫
0

G (x, ξ, t− τ) f (ξ, τ) dτ.

ïîëó÷èì èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà âòîðîãî ðîäà

µ(t)− λ
t∫

0

K(t, τ)µ(τ)dτ = f2(t), (3)

ñ ÿäðîì

Kβ(t, τ) =
γ(t)

2
√
π(t− τ)β+ 1

2

Ψ

(
1− β;

3

2
;
γ2(t)

4(t− τ)

)
exp

(
− γ2(t)

4(t− τ)

)
−

− β − 1

Γ(2− β)(t− τ)β
. (4)

è ïðàâîé ÷àñòüþ

f2(t) =
1

Γ (2− β)

t∫
0

∂2f1(ξ,τ)
∂τ2

(t− τ)β−1
dτ

∣∣∣∣∣
x=γ(t)

. (5)

Çäåñü Ψ(a, b, z) � âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Òðèêîìè. Äîêàçàíû
Ëåììà. Äëÿ ãðàíè÷íîé çàäà÷è (1)�(2) èìååò ìåñòî íåïðåðûâíîñòü ÿäðà (4) ðåäóöèðî-

âàííîãî èíòåãðàëüíîãî óðàâíåíèÿ (3) ïî ïîðÿäêó β ïðîèçâîäíîé â íàãðóæåííîì ñëàãàåìîì
óðàâíåíèÿ (1).

Òåîðåìà. Èíòåãðàëüíîå óðàâíåíèå (3) ñ ÿäðîì è ïðàâîé ÷àñòüþ, îïðåäåëÿåìûìè ôîð-
ìóëàìè (4) è (5) ñîîòâåòñòâåííî, äëÿ γ (t) ∼ tω, ω > 0 ïðè t→ 0+0 îäíîçíà÷íî ðàçðåøèìî
â êëàññå íåïðåðûâíûõ ôóíêöèé ïðè ëþáîé íåïðåðûâíîé ïðàâîé ÷àñòè, åñëè 0 < ω < 1

2
ïðè 1 ≤ β < 2.

Çàìå÷àíèå. Â óñëîâèÿõ òåîðåìû ÿäðî (4) èíòåãðàëüíîãî óðàâíåíèÿ (3) îáëàäàåò ñëà-
áîé îñîáåííîñòüþ. Òîãäà ñîîòâåòñòâóþùèå êðàåâûå çàäà÷è êîððåêòíû â åñòåñòâåííûõ
êëàññàõ ôóíêöèé, ò.å. íàãðóæåííîå ñëàãàåìîå ïîñòàâëåííîé ãðàíè÷íîé çàäà÷è ÿâëÿåòñÿ
ñëàáûì âîçìóùåíèåì äèôôåðåíöèàëüíîãî óðàâíåíèÿ.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì No AP08955795 (2020-2021) ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: íàãðóæåííîå óðàâíåíèå, äðîáíàÿ ïðîèçâîäíàÿ, óðàâíåíèå òåïëîïðîâîäíîñòè, ôóíêöèÿ Òðèêî-
ìè.
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Î ñïåêòðå îäíîãî íåñàìîñîïðÿæåííîãî îïåðàòîðà íà îñè

Áàõûòòû ÊÎØÊÀÐÎÂÀ1,a, Ëåéëè ÊÓÑÀÈÍÎÂÀ1,b,
Àéãóëü ÌÎÍÀØÎÂÀ2

1 ÅÍÓ èì. Ë.Í. Ãóìèëåâà, Íóð-Ñóëòàí, Êàçàõñòàí
2 ÊàçÀÒÓ èì. Ñ. Ñåéôóëëèíà, Íóð-Ñóëòàí, Êàçàõñòàí

E-mail: ab-koshkarova@yandex.kz, bleili2006@mail.ru

Â ðàáîòå èññëåäóåòñÿ íåñàìîñîïðÿæåííûé çàìêíóòûé îïåðàòîð

Ly = −y′′ + a1(x)y′ + a0(x)y, x ∈ I = [0,∞)

ñ êîìïëåêñíîçíà÷íûìè íåïðåðûâíûìè â I êîýôôèöèåíòàìè ai(·) (i = 0, 1).
Áóäåì ïðåäïîëàãàòü, ÷òî D(L) ⊂ L2(I), à îïåðàòîð L ïîðîæäàåòñÿ êðàåâûì óñëîâèåì

y(0) = 0. Äàëåå áóäåì ïðåäïîëàãàòü âûïîëíåííûìè ñëåäóþùèå óñëîâèÿ íà ai(·):
I. q(x) = Re a0(x) > 0 â I, lim

x→∞
q(x) =∞.

II. lim
x→∞

Im a0(x)√
q(x)

= lim
x→∞

a1(x)√
q(x)

= 0.

Ïðèâåäåì îäèí èç ðåçóëüòàòîâ èññëåäîâàíèé.
Ïðîäîëæèì q(x) íà îñü (−∞, 0], ïîëàãàÿ q(x) = q(−x) äëÿ x ≤ 0, è ïóñòü

q∗(x) = inf
h>0

h−2 : 1 ≥ h

x+h/2∫
x−h/2

q(t)dt


� îäíà èç "áåãóùèõ ñðåäíèõ"Îòåëáàåâà [1]. Ôóíêöèÿ q∗(x) êîíå÷íà, ïîëîæèòåëüíà â R =
(∞,∞) è ñèììåòðè÷íà.

Îïðåäåëåíèå. Ïóñòü f ≥ 0 èçìåðèìàÿ è ëîêàëüíî îãðàíè÷åííàÿ â R ôóíêöèÿ. Â ýòîì
ñëó÷àå êîððåêòíî îïðåäåëåíà íåóáûâàþùàÿ ïåðåñòàíîâêà îò f :

f ](t) = inf
{e}t

sup
ξ∈e

f(ξ), t > 0,

ãäå inf áåðåòñÿ ïî ñîâîêóïíîñòè ìíîæåñòâ {e}t ñ ìåðîé mes e ≤ t. Ôóíêöèÿ f ] ìîíîòîííî
íå óáûâàåò, ðàâíîèçìåðèìà ñ f , à èìåííî:

mes{x ∈ R : f(x) ≤ λ} = mes{x ∈ R : f ](x) ≤ λ}

Îáîçíà÷èì ÷åðåç q] � íåóáûâàþùóþ ïåðåñòàíîâêó ôóíêöèè q∗.
Ïóñòü 0 < θ < π/2, N (λ, θ; L) � êîëè÷åñòâî ñîáñòâåííûõ ÷èñåë îïåðàòîðà L, ïîïàäàþ-

ùèõ â ñåêòîð {z = riϕ, 0 < r < λ, |ϕ| ≤ θ}.
Òåîðåìà 1. Ïóñòü 0 < θ < π/2 è ïðè íåêîòîðîì α > 0

0 < lim
x→∞

q](x)

xα
= b <∞.

Ñïðàâåäëèâû îöåíêè:

b−1/α ≤ lim
λ→∞

λ−1/2−1/αN (λ, θ; L) ≤ lim
λ→∞

λ−1/2−1/αN (λ, θ; L) ≤ Cδ,

ãäå δ ∈ (0, 1), Cδ = 16C3

√
C2 − 1

10
C4

√
C1, C1 = 8(b(1 + δ)−1/α, C2 = 8(b(1 − δ)−1/α, C3 =(

16C2

b(1−δ)

)1/α

, C4 =
(

C1

100b(1+δ)

)1/α

.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÀÐ08856104 ÌÎÍ ÐÊ.
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Îöåíêè ðåøåíèé íåêîòîðûõ êëàññîâ íåëèíåéíûõ ñèñòåì
íåéòðàëüíîãî òèïà ñ ïåðåìåííûì çàïàçäûâàíèåì

È.È. ÌÀÒÂÅÅÂÀ1,a
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Ðàññìàòðèâàþòñÿ íåêîòîðûå êëàññû íåëèíåéíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ ïåðåìåííûì çàïàçäûâàíèåì

F

(
t, y(t), y(t− τ(t)),

d

dt
y(t),

d

dt
y(t− τ(t))

)
= 0, (1)

ïðè÷åì çàïàçäûâàíèå ìîæåò áûòü íåîãðàíè÷åííûì. Óðàâíåíèÿ òàêîãî òèïà âîçíèêàþò
âî ìíîãèõ ïðèêëàäíûõ çàäà÷àõ ïðè èçó÷åíèè ïðîöåññîâ, ñêîðîñòü ïðîòåêàíèÿ êîòîðûõ
îïðåäåëÿåòñÿ íå òîëüêî íàñòîÿùèì, íî è ïðåäøåñòâóþùèì ñîñòîÿíèÿìè. Â ÷àñòíîñòè, ê
óðàâíåíèÿì ñ çàïàçäûâàíèåì ïðèâîäÿò çàäà÷è óïðàâëåíèÿ, áèîëîãèè, ìåäèöèíû, ýêîíî-
ìèêè è ò. ä. Îäíîé èç âàæíûõ ÿâëÿåòñÿ ïðîáëåìà èññëåäîâàíèÿ óñòîé÷èâîñòè ðåøåíèé
òàêèõ óðàâíåíèé. Â îòëè÷èå îò àâòîíîìíûõ óðàâíåíèé ýòà ïðîáëåìà äëÿ íåàâòîíîìíûõ
óðàâíåíèé ÿâëÿåòñÿ ìåíåå èçó÷åííîé.

Ðàáîòà ïðîäîëæàåò íàøè èññëåäîâàíèÿ óñòîé÷èâîñòè ðåøåíèé óðàâíåíèé ñ çàïàçäû-
âàíèåì (ñì., íàïðèìåð, [1�8]). Èñïîëüçóÿ ôóíêöèîíàëû Ëÿïóíîâà � Êðàñîâñêîãî ñïåöè-
àëüíîãî âèäà, óñòàíîâëåíû îöåíêè ðåøåíèé ñèñòåì âèäà (1) íà ïîëóïðÿìîé {t > 0} [9].
Ïîëó÷åííûå îöåíêè ïîçâîëÿþò ñäåëàòü âûâîä îá óñòîé÷èâîñòè ðåøåíèé. Â ñëó÷àå ýêñïî-
íåíöèàëüíîé è àñèìïòîòè÷åñêîé óñòîé÷èâîñòè óêàçàíû îöåíêè íà îáëàñòè ïðèòÿæåíèÿ è
îöåíêè, õàðàêòåðèçóþùèå ñêîðîñòü ñòàáèëèçàöèè ðåøåíèé íà áåñêîíå÷íîñòè.
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Â äàííîé ðàáîòå ïðèâîäÿòñÿ äîñòàòî÷íûå óñëîâèÿ êîìïàêòíîñòè êîììóòàòîðà äëÿ áè-
ëèíåéíîãî ïîòåíöèàëà Ðèññà [b, Iα] â îáîáùåííûõ ïðîñòðàíñòâàõ Ìîððè Mw

p [1].
Ïðèâåäåì íåîáõîäèìûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ.
Ïóñòü 1 ≤ p ≤ ∞, w èçìåðèìàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ íà (0,∞). Îáîáùåííîå ïðî-

ñòðàíñòâî Ìîððè Mw
p ≡ Mw

p (Rn) îïðåäåëÿåòñÿ êàê ìíîæåñòâî âñåõ ôóíêöèé f ∈ Llocp (Rn)
ñ êîíå÷íîé êâàçèíîðìîé

‖f‖Mw
p
≡ sup

x∈Rn

∥∥∥w(r) ‖f‖Lp(B(x,r))

∥∥∥
L∞(0,∞)

,

ãäå B(x, r) øàð ñ öåíòðîì â òî÷êå x è ñ ðàäèóñîì r. Ïðîñòðàíñòâî Mw
p ñîâïàäàåò ñ èçâåñò-

íûì ïðîñòðàíñòâîì Ìîððè Mλ
p ïðè w(r) = r−λ, ãäå 0 ≤ λ ≤ n

p
, êîòîðîå, â ñâîþ î÷åðåäü,

äëÿ λ = 0 ñîâïàäàåò ñ ïðîñòðàíñòâîì Lp(Rn).
Ïðåäïîëîæèì, ÷òî íåïðåðûâíûå âîçðàñòàþùèå ôóíêöèè w1, w2 íà

[0;∞) óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì j = 1, 2 [2].
a) wj(0) = 0;
b) limr→∞wj(r) <∞;
c) Ñóùåñòâóåò êîíñòàíòà D, óäîâëåòâîðÿþùàÿ óñëîâèþ 1 ≤ D < 2n, òàêàÿ ÷òî wj(2r) ≤

Dwj(r) äëÿ ëþáîãî r > 0;

d) w(r)
1
p = w1(r)

1
p1 w2(r)

1
p2

Ïîòåíöèàë Ðèññà Iα ïîðÿäêà α(0 < α < n) èãðàåò âàæíóþ ðîëü â ãàðìîíè÷åñêîì àíàëè-
çå è â òåîðèè ïîòåíöèàëîâ, è îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì Iαf(x) = Cn,α

∫
Rn

f(y)
|x−y|n−αdy,

Áèëèíåéíûé ïîòåíöèàë Ðèññà Jα ïîðÿäêà α(0 < α < 2n) îïðåäåëÿåòñÿ ñëåäóþùèì
îáðàçîì Jα(f, g)(x) = Cn,α

∫
Rn

∫
Rn

f(y)g(z)
(|x−y|+|x−z|)2n−αdydz.

Äëÿ ôóíêöèè b ∈ Lloc(Rn) ÷åðåç Mb îáîçíà÷èì ìóëüòèïëèêàöèîííûé îïåðàòîð Mbf =
bf , ãäå f - èçìåðèìàÿ ôóíêöèÿ. Òîãäà êîììóòàòîð äëÿ ïîòåíöèàëà Ðèññà Iα è îïåðàòîðà
Mb îïðåäåëÿåòñÿ ðàâåíñòâîì

[Mb, Iα] = MbIα − IαMb = Cn,α
∫
Rn

[b(x)−b(y)]f(y)

|x−y|n−α dy.

Êîììóòàòîðàì [Mb, Iα] ïîñâÿùåíû ðàáîòû [2]-[3].
Ãîâîðÿò, ÷òî ôóíêöèÿ b(x) ∈ L∞(Rn) ïðèíàäëåæèò ïðîñòðàíñòâó

BMO(Rn), åñëè
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‖b‖∗ = supQ⊂Rn
1
|Q|

∫
Q

|b(x)− bQ| dx = supQ∈RnM(b,Q) <∞,

ãäå Q - êóá èç Rn è bQ = 1
|Q|

∫
Rn
f(y)dy.

×åðåç VMO(Rn) îáîçíà÷èì BMO-çàìûêàíèå ïðîñòðàíñòâà C∞0 (Rn), ãäå C∞0 (Rn) ìíîæå-
ñòâî âñåõ ôóíêöèé èç C∞(Rn) ñ êîìïàêòíûì íîñèòåëåì. ×åðåç χ(a,b) îáîçíà÷èì õàðàêòå-
ðèñòè÷åñêóþ ôóíêöèþ îòðåçêà (a, b), ÷åðåç cB � äîïîëíåíèå ìíîæåñòâà B.

Îòìåòèì, ÷òî â ñëó÷àå ïðîñòðàíñòâà Ìîððè òàêîé âîïðîñ èññëåäîâàí â ðàáîòå [2], à
äëÿ ïîòåíöèàëà Ðèññà â ïðîñòðàíñòâå Ìîððè Mw

p [3].
Ïðèâåäåì òåîðåìó êîìïàêòíîñòè êîììóòàòîðà áèëèíåéíîãî îïåðàòîðà [b, Jα]i èçM

w1
p1
×

Mw2
p2

â Mw
q .

Òåîðåìà 1. Ïóñòü 0 < α < 2n, è 0 < λ < n, 1
2
< p < n−λ

α
, 1 < p1, p2 <∞ äëÿ 1

p
= 1

p1
+ 1

p2
.

Äàëåå ïðåäïîëîæèì 1 < q < ∞ äëÿ 1
q

= 1
p
− α

n−λ . Åñëè ôóíêöèè w1, w2 óäîâëåòâîðÿþò

óñëîâèÿì à-d, è b ∈ VMO(Rn), òîãäà êîììóòàòîð [b, Jα]i ãäå i = 1, 2 ÿâëÿåòñÿ êîìïàêòíûì
áèëèíåéíûì îïåðàòîðîì èç Mw1

p1
×Mw2

p2
â Mw

q .

Êëþ÷åâûå ñëîâà: êîììóòàòîð äëÿ ïîòåíöèàëà Ðèññà, êîìïàêòíîñòü, îáîáùåííîå ïðîñòðàíñòâî Ìîððè, ïðîñòðàí-
ñòâî Ìîððè.
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Ïóñòü T ∈ [0;∞), Ω(T ) =

{
ϕ : 0 < ϕ ↓;

∫ t

0

ϕdτ <∞, t ∈ (0;T )

}
,

fϕ(t, τ) = ϕ(max{t, τ}).

K = h(t) = h(g; t) :

{∫ T

0

fϕ(t, τ)g(τ)dτ : g ∈ E↓(0, T )

}
êîíóñ, îñíàùåííûé ôóíêöèîíàëîì

ρK(h) = inf
{
||g||E(0,T ) : g ∈ E↓(0, T )h(g; t) = h(t), t ∈ (0;T )

}
.

Òàêèå êîíóñû èãðàþò âàæíóþ ðîëü â òåîðèè îáîáùåííûõ ïîòåíöèàëîâ Áåññåëÿ è Ðèññà
(ñì. [1], [2]). Âîò ïðîñòðàíñòâî, èíâàðèàíòíîå äëÿ ïåðåñòàíîâêè (ñîêðàùåííî RIS),

E↓(0, T ) =
{
g ∈ E(0, T ) : 0 ≤ g ↓

}
.
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Ïðåäïîëîæèì, ÷òî fϕ(t, τ) ∈ E ′(0, T ) ãäå E ′(0, T ) - ñîîòâåòñòâóþùèé RIS äëÿ E(0, T ),
è ðàññìàòðèâàåì ëîêàëüíóþ è èíòåãðàëüíóþ îãèáàþùèå ðîñòà, ñîîòâåòñòâåííî,

λK(t) = ‖fϕ(t, ·)‖E′(0,T ) , λ̃K(t) =

∥∥∥∥1

t

∫ t

0

fϕ(s, ·)ds
∥∥∥∥
E′(0,T )

.

Òåîðåìà 1. Â ñäåëàííûõ ïðåäïîëîæåíèÿõ ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû äëÿ
t ∈ (0, T )

λK(t) = sup {h(t) : h ∈ K; ρK(h) ≤ 1} ,

λ̃K(t) = sup

{
1

t

∫ t

0

h(τ)dτ : h ∈ K; ρK(h) ≤ 1

}
.

Êëþ÷åâûå ñëîâà: îáîáùåííûé ïîòåíöèàë Áåññåëÿ, îáîáùåííûé ïîòåíöèàë Ðèññà.

2010 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20

Ëèòåðàòóðà
[1] Goldman M.L. Optimal Embeddings of Generalized Bessel and Riesz potentials, Proceedings of the Steklov

Institute of Mathematics, 269 (2010).

[2] Bokayev N.A., Goldman M.L., Karshygina G.Zh. Cones of functions with monotonicity conditions for generalized

Bessel and Riesz potentials, Mathematical Notes, 104:3 (2018).

� >>> �
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Ïóñòü 0 < α ≤ 1 è Lip α � êëàññ Ëèïøèöà, ò.å.,

Lip α = {f ∈ C([0, 2π]) : ω(f, δ) = O(δα)},

ãäå ω(f, δ) = sup
|h|<δ
‖f(x+ h)− f(x)‖C � ìîäóëü íåïðåðûâíîñòè ôóíêöèè f .

Â 1948 ãîäó Äæ. Ëîðåíö [1] äîêàçàë ñëåäóþùóþ òåîðåìó.

Òåîðåìà À. Ïóñòü èíòåãðèðóåìàÿ íà [0, 2π] ôóíêöèÿ f èìååò ðÿä Ôóðüå

a0

2
+
∞∑
n=1

(an cosnx + bn sinnx), ïðè÷åì {an}∞n=0, {bn}∞n=1 ÿâëÿþòñÿ íåâîçðàñòàþùèìè íåîò-

ðèöàòåëüíûìè ïîñëåäîâàòåëüíîñòÿìè. Òîãäà äëÿ ëþáîãî 0 < α < 1 óñëîâèå f ∈ Lip α
âûïîëíÿåòñÿ òîãäà è òîëüêî òîãäà, êîãäà an, bn = O

(
1

nα+1

)
ïðè n→∞.

Òåîðåìà Ëîðåíöà áûëà íåîäíîêðàòíî îáîáùåíà. Â íåäàâíåé ðàáîòå Ì.È. Äüÿ÷åíêî è
Ñ.Þ. Òèõîíîâà [2] òåîðåìà Ëîðåíöà áûëà äîêàçàíà äëÿ ðÿäîâ Ôóðüå ñ îáîáùåííî ìîíî-
òîííûìè êîýôôèöèåíòàìè. Â óêàçàííîé ðàáîòå â îòëè÷èå îò äðóãèõ îáîáùåíèé òåîðåìû
Ëîðåíöà àâòîðû íå íàêëàäûâàþò óñëîâèÿ íåîòðèöàòåëüíîñòè íà êîýôôèöèåíòû Ôóðüå.

Îòìåòèì, ÷òî îðèãèíàëüíàÿ òåîðåìà Ëîðåíöà ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì ñëåäóþùåãî
ðåçóëüòàòà Ð. Áîàñà [3].

Òåîðåìà B. Ïóñòü èíòåãðèðóåìàÿ íà [0, 2π] ôóíêöèÿ f èìååò ðÿä Ôóðüå

a0

2
+
∞∑
n=1

(an cosnx+ bn sinnx), ïðè÷åì {an}∞n=0, {bn}∞n=1 ÿâëÿþòñÿ íåîòðèöàòåëüíûìè ïîñëå-

äîâàòåëüíîñòÿìè. Òîãäà äëÿ ëþáîãî 0 < α < 1 óñëîâèå f ∈ Lip α âûïîëíÿåòñÿ òîãäà è
òîëüêî òîãäà, êîãäà

∑∞
k=n ak = O

(
1
nα

)
,
∑∞

k=n bk = O
(

1
nα

)
ïðè n→∞.
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Â 2008 ãîäó Ô. Ìîðèöåì [4] áûë äîêàçàí àíàëîã òåîðåìû Áîàñà â íåïåðèîäè÷åñêîì
ñëó÷àå, ò.å., äëÿ ïðåîáðàçîâàíèÿ Ôóðüå. Ïîçäíåå ðåçóëüòàòû Ìîðèöà áûëè îáîáùåíû â
ðàáîòàõ Â. Ôóëîï, â ðàáîòàõ Á.È. Ãîëóáîâà è Ñ.Ñ. Âîëîñèâöà è â äðóãèõ ðàáîòàõ (ñì.,
íàïðèìåð, [5]).

Â äàííîé ðàáîòå ìû äîêàçûâàåì àíàëîã òåîðåìû Ëîðåíöà, ïîëó÷åííûé â ðàáîòå [2]
â íåïåðèîäè÷åñêîì ñëó÷àå. Ìû ðàññìàòðèâàåì ñëåäóþùèé êëàññ îáîáùåííî ìîíîòîííûõ
ôóíêöèé.

Îïðåäåëåíèå 1. Ôóíêöèÿ f : R+ → R ëîêàëüíî îãðàíè÷åííîé âàðèàöèè íàçûâàåòñÿ
îáîáùåííî ìîíîòîííîé, åñëè ñóùåñòâóþò C > 0, λ > 1, òàêèå ÷òî äëÿ ëþáîãî x > 0
âûïîëíÿåòñÿ íåðàâåíñòâî ∫ 2x

x

|df(t)| ≤ C

∫ λx

x/λ

f(t)

t
dt.

Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Ïóñòü f ∈ L1(R+) ∩ C0(R+), è f̂ � ñèíóñ- (èëè êîñèíóñ-) ïðåîáðàçîâàíèå

Ôóðüå ôóíêöèè f . Ïóñòü òàêæå f̂ ÿâëÿåòñÿ îáîáùåííî ìîíîòîííîé ôóíêöèåé. Òîãäà äëÿ

ëþáîãî 0 < α < 1 óñëîâèå f ∈ Lip α âûïîëíÿåòñÿ òîãäà è òîëüêî òîãäà, êîãäà f̂(y) =

O
(

1
y1+α

)
, y > 0.
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óðàâíåíèé ñ èíâîëþòèâíûì ïðåîáðàçîâàíèåì.

Íà îòðåçêå [0, T ] ðàññìîòðèì êðàåâóþ çàäà÷ó

dx(t)

dt
+ diag(a1, a2, . . . , an)

dx(α(t))

dt
=

T∫
0

K1(t, s)x (s) ds+

T∫
0

K2(t, s)ẋ (s) ds+

+f(t), t ∈ [0, T ] , (1)
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Bx(0) + Cx(T ) = d, d ∈ Rn, (2)

ãäå ìàòðèöà K1(t, s) íåïðåðûâíà íà [0, T ] × [0, T ], n- ìåðíàÿ âåêòîð-ôóíêöèÿ f(t) íåïðå-
ðûâíà íà [0, T ]. Ìàòðèöà K2(t, s) èìååò ÷àñòíóþ ïðîèçâîäíóþ ïî s è íåïðåðûâíà ïî t íà
[0, T ]. α(t)− ãîìåîìîðôèçì α : [0, T ]→ [0, T ], äëÿ êîòîðîãî âûïîëíÿåòñÿ ñëåäóþùåå óñëî-
âèå α2(t) = α(α(t)) = t. Òàêîå ïðåîáðàçîâàíèå íàçûâàþò èíâîëþòèâíûì. Ñâîéñòâà òàêèõ
èíâîëþòèâíûõ ïðåîáðàçîâàíèé èçó÷åíû â ðàáîòàõ Ã.Ñ. Ëèòâèí÷óêà [1], Í.Ê. Êàðàïåòÿíöà,
Ñ.Ã. Ñàìêî [2] è äð [3-5].

Ïðè ïðåäïîëîæåíèè, ÷òî ai 6= ±1, i = 1, n, êðàåâóþ çàäà÷ó (1), (2) ìîæíî çàïèñàòü â
âèäå

dx

dt
=

T∫
0

K̃1(t, s)x(s)ds+

T∫
0

K̃2(t, s)ẋ(s)ds+ f̃(t), t ∈ [0, T ] , (3)

Bx(0) + Cx(T ) = d, d ∈ Rn. (4)

Èñïîëüçóÿ äèôôåðåíöèðóåìîñòü ÿäðà K2(t, s) ïî s, èíòåãðèðóÿ
T∫
0

K̃2(t, s)ẋ(s)ds ïî ÷àñòÿì, êðàåâóþ çàäà÷ó (3), (4) ìîæíî çàïèñàòü â âèäå

dx

dt
=

T∫
0

K∗(t, s)x(s)ds+
2∑
i=0

Ki(t)x(θi) + f̃(t), (5)

Bx(0) + Cx(T ) = d, d ∈ Rn, (6)

ãäå K0(t) = −K̃2(t, 0) , K1(t) = 0 , K2(t) = K̃2(t, T ) , 0 = θ0 < θ1 < θ2 = T ,

T∫
0

K∗(t, s)x(s)ds =

T∫
0

K̃1(t, s)x(s)ds−
T∫

0

∂K̃2(t, s)

∂s
x(s)ds .

Êðàåâóþ çàäà÷ó (5), (6) ðåøàåì ìåòîäîì ïàðàìåòðèçàöèè, ïðåäëîæåííûé ïðîôåññîðîì
Ä.Ñ. Äæóìàáàåâûì [6]. Ìåòîä ïàðàìåòðèçàöèè áûë ïðèìåíåí ê èññëåäîâàíèþ ðàçëè÷íûõ
êðàåâûõ çàäà÷ [7-10].

Ïîëüçóÿñü ìåòîäèêîé èç [10], äîêàçàíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà. Ïóñòü âûïîëíåíî óñëîâèå ai 6= ±1, i = 1, n Òîãäà äëÿ îäíîçíà÷íîé ðàç-

ðåøèìîñòè êðàåâîé çàäà÷è (1), (2) íåîáõîäèìî è äîñòàòî÷íî ñóùåñòâîâàíèÿ l0 ∈ N , ïðè
êîòîðîì ìàòðèöà Q(l0) áûëà îáðàòèìà.

Çäåñü β = max
(t,s)∈[0,T ]×[0,T ]

||K∗(t, s)|| , à l0 ≥ l̃ âûáèðàåòñÿ èç óñëîâèÿ βT h
l̃
< 1.
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Ðàññìîòðèì ñïåêòðàëüíóþ çàäà÷ó ñ êðàåâûìè óñëîâèÿìè î ïîïåðå÷íûõ êîëåáàíèÿõ
áàëêè åäèíè÷íîé äëèíû:

d2

dx2

(
E I(x)

d2Y (x)

dx2

)
− T d

2Y (x)

dx2
+ k(x)Y (x) = λY (x) (1)

ãäå Y (x) - ñîáñòâåííûå ôóíêöèè ïîïåðå÷íîãî ñòàòè÷åñêîãî îòêëîíåíèÿ áàëêè; E - ìîäóëü
óïðóãîñòè ìàòåðèàëà; J(x) - ìîìåíò èíåðöèè ïîïåðå÷íîãî ñå÷åíèÿ áàëêè; T - íàãðóçêà îñå-
âîãî ðàñòèæåíèÿ; λ = ρAω2 - ñîáñòâåííîå çíà÷åíèå; ω - ÷àñòîòíûé ïàðàìåòð; ρ - ïëîòíîñòü
ìàòåðèàëà; A - ïëîùàäü ïîïåðå÷íîãî ñå÷åíèÿ; k(x) - ïåðåìåííûé êîýôôèöèåíò îñíîâàíèÿ.

Ñïåêòðàëüíûå çàäà÷è ñ ðàçëè÷íûìè êðàåâûìè óñëîâèÿìè ñ îñåâûìè íàãðóçêàìè äëÿ
óðàâíåíèÿ (1) èññëåäîâàëèñü â ñâÿçè ñ ïðàêòè÷åñêèìè ïðèìåíåíèÿìè â ðàáîòå [1-3] ïðè
k(x) = 0 è â ðàáîòå [4] ïðè k(x) = const. Â ðàáîòå [3] áûëà ïîëó÷åíà çàìêíóòàÿ ôîðìà
ñîáñòâåííûõ ÷àñòîò ðàçëè÷íûõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ (1) ïðè k(x) = 0 è ìî-
äèôèöèðîâàíû èçâåñòíûå ðåçóëüòàòû èç [1, 2]. Òàêæå áûëà èññëåäîâàíà ñèììåòðè÷íàÿ
ðàâíîñèëüíîñòü êðàåâûõ çàäà÷. Óòî÷íÿÿ ïîíÿòèå ñèììåòðè÷íîé ðàâíîñèëüíîñòè èç [3],
êàê âîçìîæíîñòü ôàêòîðèçàöèÿ ñîáñòâåííûõ çíà÷åíèé ñïåêòðàëüíîé çàäà÷è (1) ñ ñèììåò-
ðè÷íûìè êîýôôèöèåíòàìè íà ïîëíîì îòðåçêå â âèäå ñîáñòâåííûõ çíà÷åíèé íà óñå÷åííîì
îòðåçêå ñ ðàçíûìè âèäàìè çàêðåïëåíèè íà êîíöàõ. Âëèÿíèå ïîñòîÿííîãî êîýôôèöèåíòà
îñíîâàíèÿ íà ñîáñòâåííûå ÷àñòîòû áûëî èññëåäîâàíî â ðàáîòå [4]. Ïðè ïåðåìåííîì êî-
ýôôèöèåíòå îñíîâàíèÿ áåç îñåâîé íàãðóçêè ñèììåòðè÷íàÿ ðàâíîñèëüíîñòü êðàåâûõ çàäà÷
äëÿ ðàâíîìåðíîé áàëêè áûëà èññëåäîâàíà â ðàáîòå [5].

Â äàííîé ðàáîòå èçó÷àåòñÿ ñèììåòðè÷íàÿ ðàâíîñèëüíîñòü êðàåâûõ çàäà÷ äëÿ óðàâíå-
íèÿ (1).
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Ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut(x, t)− uxx(x, t) = f(x, t), 0 < x < l, 0 < t < T, (1)

u(x, 0) = ϕ(x), 0 ≤ x ≤ l, (2){
U1(u) = a11ux(0, t) + b11ux(l, t) + a10u(0, t) + b10u(l, t) = 0,

U2(u) = a21ux(0, t) + b21ux(l, t) + a20u(0, t) + b20u(l, t) = 0,
(3)

ãäå aij, bij � âåùåñòâåííûå ÷èñëà, i = 1, 2, j = 0, 1; ϕ(x), f(x, t) � çàäàííûå ôóíêöèè.
Çàäà÷à (1)-(3) îòíîñèòñÿ ê êëàññó òàê íàçûâàåìûõ íåëîêàëüíûõ êðàåâûõ çàäà÷ [1].

Îñîáåííîñòü ýòèõ çàäà÷ ñîñòîèò â òîì, ÷òî èõ èññëåäîâàíèå ñâÿçàíî ñ íåîáõîäèìîñòüþ
èçó÷åíèÿ ñïåêòðàëüíûõ ñâîéñòâ íåñàìîñîïðÿæåííûõ äèôôåðåíöèàëüíûõ è ðàçíîñòíûõ
îïåðàòîðîâ (åñëè ðåøåíèå îïðåäåëÿåòñÿ ïðèáëèæåííî) è, êàê ñëåäñòâèå, âîçíèêàþò ïðèí-
öèïèàëüíûå òðóäíîñòè â îáîñíîâàíèè ïðèìåíèìîñòè ìåòîäîâ èõ ðåøåíèÿ.

Äëÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (1)-(3) ñ íåóñèëåííî ðåãóëÿðíûìè êðàåâûìè óñëî-
âèÿìè [2] ìåòîäîì êîíå÷íûõ ðàçíîñòåé áûëà ïîñòðîåíà äâóõñëîéíàÿ ÿâíàÿ ðàçíîñòíàÿ ñõå-
ìà [3], àïïðîêñèìèðóþùàÿ èñõîäíóþ äèôôåðåíöèàëüíóþ çàäà÷ó íà ðàâíîìåðíîé ñåòêå ñ
ïîðÿäêîì àïïðîêñèìàöèè O(τ + h2).

Êàê áûëî ïîêàçàíî â ðàáîòàõ [2, 4], ðåøåíèå çàäà÷è (1)-(3) ìîæåò áûòü ýêâèâàëåíò-
íî ñâåäåíî ê ïîñëåäîâàòåëüíîìó ðåøåíèþ äâóõ ëîêàëüíûõ êðàåâûõ çàäà÷ ñ ãðàíè÷íûìè
óñëîâèÿìè òèïà Øòóðìà ïî ïðîñòðàíñòâåííîé ïåðåìåííîé. Ïîýòîìó îñíîâíîé ðåçóëüòàò
î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ äèôôåðåíöèàëüíîé çàäà÷è â êëàññè÷åñêîì è
îáîáùåííîì ñìûñëàõ ñëåäóåò èç õîðîøî èçâåñòíûõ òåîðåì î ñîîòâåòñòâóþùåé ðàçðåøè-
ìîñòè êðàåâûõ çàäà÷ ñ óñëîâèÿìè òèïà Øòóðìà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè. Ïðè-
ìåíåíèå àíàëîãè÷íîé ìåòîäèêè ê ïîñòðîåííîé ðàçíîñòíîé ñõåìå ïðèâîäèò ê êëàññè÷åñêèì
óñëîâèÿì óñòîé÷èâîñòè ðàçíîñòíûõ ñõåì äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ êðàåâûìè
óñëîâèÿìè ïåðâîãî è òðåòüåãî ðîäîâ. Ïðè ýòèõ æå óñëîâèÿõ óñòîé÷èâà è äâóõñëîéíàÿ ðàç-
íîñòíàÿ ñõåìà, àïïðîêñèìèðóþùàÿ çàäà÷ó (1)-(3).

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP08855352 ÊÍ ÌÎÍ ÐÊ.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021
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Êëþ÷åâûå ñëîâà: óðàâíåíèå òåïëîïðîâîäíîñòè, íåëîêàëüíûå êðàåâûå óñëîâèÿ, ÷èñëåííûå ìåòîäû, ðàçíîñòíûå
îïåðàòîðû.

2010 Mathematics Subject Classi�cation: 35K05, 35K20, 65M06, 65M12

Ëèòåðàòóðà
[1] Áèöàäçå À.Â., Ñàìàðñêèé À.À. Î íåêîòîðûõ ïðîñòåéøèõ îáîáùåíèÿõ ëèíåéíûõ ýëëèïòè÷åñêèõ êðàåâûõ

çàäà÷, ÄÀÍ ÑÑÑÐ, 185:4 (1969), 739�740.
[2] Orazov I., Sadybekov M.A. On a class of problems of determining the temperature and density of heat sources

given initial and �nal temperature, Siberian Mathematical Journal, 53:1 (2012), 146�151.
[3] Ñàìàðñêèé À.À., Ãóëèí À.Â. Óñòîé÷èâîñòü ðàçíîñòíûõ ñõåì, Íàóêà, Ì. (1973).

[4] Sadybekov M.A. Initial-boundary value problem for a heat equation with not strongly regular boundary conditions,

Functional Analysis in Interdisciplinary Applications, Springer Proceedings in Mathematics, Statistics, 216 (2017), 330�

348.
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Cèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà êðàåâîé
çàäà÷è òåïëîïðîâîäíîñòè â âûðîæäàþùåéñÿ îáëàñòè

Ìóðàò È. ÐÀÌÀÇÀÍÎÂ1,a, Íóðòàé Ê. ÃÓËÜÌÀÍÎÂ1,b

1 ÊàðÓ èì. Å.À. Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí

E-mail: aramamur@mail.ru, bgulmanov.nurtay@gmail.com

Ïðè ðåøåíèè ïåðâîé êðàåâîé çàäà÷è äëÿ äâóìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè â êîíó-
ñå âîçíèêàåò íåîáõîäèìîñòü ðåøåíèÿ ñëåäóþùåãî îñîáîãî èíòåãðàëüíîãî óðàâíåíèÿ Âîëü-
òåððà âòîðîãî ðîäà:

ϕ (t)−
t∫

0

K (t, τ)ϕ (τ) dτ = f (t) , (1)

ãäå

K (t, τ) = exp

(
− tτ

2a2 (t− τ)

)
·
{

1

t− τ
· I0
(

tτ

2a2 (t− τ)

)
−

− tτ

2a2 (t− τ)2 ·
[
I0

(
tτ

2a2 (t− τ)

)
− I1

(
tτ

2a2 (t− τ)

)]}
.

Ïîêàçàíî, ÷òî ñîîòâåòñòâóþùåå îäíîðîäíîå èíòåãðàëüíîå óðàâíåíèå èìååò íåíóëåâîå
ðåøåíèå âèäà

ϕ(0) (t) =
C

t
· e−

a2λ2
0

t , C = const.

Ïîñòðîåíà ðåçîëüâåíòà è íàéäåíî îáùåå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (1).

Funding: Ðàáîòà âûïîëíåíà ïî ãðàíòàì ÌÎÍ ÐÊ: No. ÀÐ08956033, 2020-2021 è No. ÀÐ0885372, 2020-2022.

Êëþ÷åâûå ñëîâà: èíòåãðàëüíîå óðàâíåíèå, ñèíãóëÿðíîå èíòåãðàëüíîå óðàâíåíèå òèïà Âîëüòåððà âòîðîãî ðîäà,
ìåòîä ðåãóëÿðèçàöèè Êàðëåìàíà�Âåêóà.

2010 Mathematics Subject Classi�cation: 45D05, 45E10
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Îá îáùåì ðåøåíèè îäíîé êðàåâîé çàäà÷è

Àëåêñàíäð ÐÎÃÎÂÎÉ1,a, Òûíûñáåê Ø. ÊÀËÜÌÅÍÎÂ2,b

1 Óíèâåðñèòåò "Ìèðàñ" , Øûìêåíò, Êàçàõñòàí
2 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: arog2005@list.ru, bkalmenov.t@mail.ru

Â îáëàñòè Ω = −1 < x < 1,−1 < t < 1 ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à: íàéòè
ðåøåíèå óðàâíåíèÿ

Lu ≡ −∂
2u

∂t2
− t∂

2u

∂x2
= f(x, t), (1)

óäîâëåòâîðÿþùåå óïðîùåííûì ãðàíè÷íûì óñëîâèÿì

u|x=−1 = u|x=1 = 0, (2)

è íà÷àëüíûì óñëîâèÿì Êîøè

u|t=−1 =
∂u

∂t

∣∣∣∣
t=−1

= 0. (3)

Èñïîëüçóÿ ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ [1, ñ. 4-11], ðàññìàòðèâàÿ îäíîðîäíîå óðàâíå-
íèå (1) (f(x, t) ≡ 0), à òàêæå ïðèíèìàÿ âî âíèìàíèå îáùåå ðåøåíèå óðàâíåíèÿ y′′ = cxαy
[2, ñ. 408-410, 449-454], ïîëó÷èì ñëåäóþùåå îáùåå ðåøåíèå çàäà÷è (1)-(3) äëÿ îäíîðîäíîãî
óðàâíåíèÿ (1)

u(x, t) =
n∑
k=1

Ck sin πkx · Z 1
3

(
i · 2πk

3
t

3
2

)
, (4)

ãäå Zν(x) - öèëèíäðè÷åñêàÿ ôóíêöèÿ

Zν(x) = α1Jν + α2Yν . (5)

Çäåñü α1, α2 - ïðîèçâîëüíûå êîíñòàíòû, Jν è Yν - ôóíêöèè Áåññåëÿ 1 è 2 ðîäà ñîîòâåò-
ñòâåííî.

Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Îáùåå ðåøåíèå çàäà÷è (1)-(3) â ñëó÷àå îäíîðîäíîãî (f(x, t) ≡ 0) óðàâ-

íåíèÿ (1) çàïèñûâàåòñÿ â âèäå (4), ãäå ôóíêöèÿ Zν(x) îïðåäåëÿåòñÿ ñîîòíîøåíèåì (5),
à êîíñòàíòû α1, α2 íàõîäÿòñÿ èç óñëîâèé (3). Ðåøåíèå çàäà÷è (1)-(3) äëÿ íåîäíîðîäíîãî
óðàâíåíèÿ (15) ïîëó÷àåòñÿ ïóòåì âàðèàöèè ïðîèçâîëüíûõ ïîñòîÿííûõ ðåøåíèÿ (4).

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, óïðîùåííîå ãðàíè÷íîå óñëîâèå, íà÷àëüíîå óñëîâèå Êîøè, ìåòîä ðàçäåëåíèÿ
ïåðåìåííûõ, ôóíêöèè Áåññåëÿ.

2010 Mathematics Subject Classi�cation: 47F05, 33C10, 35R01

Ëèòåðàòóðà
[1] Çàéöåâ Â.Ô., Ïîëÿíèí À.Ä. Ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ â ìàòåìàòè÷åñêîé ôèçèêå, ÎÎÎ "Êíèæíûé

ÄîìÑÏá (2009).

[2] Êàìêå Ý. Ñïðàâî÷íèê ïî îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì, Ôèçìàòãèç, Ì. (1961).
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Áàçèñíîñòü ñîáñòâåííûõ ôóíêöèé ïåðèîäè÷åñêîé çàäà÷è
äëÿ äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî ïîðÿäêà ñ

èíâîëþöèåé

Àáäèæàhàí ÑÀÐÑÅÍÁÈ1,2,a Àáäèñàëàì ÑÀÐÑÅÍÁÈ2,3,b

1 Ìåæäóíàðîäíûé óíèâåðñèòåò Silkway, Øûìêåíò, Êàçàõñòàí
2 ÞÊÓ èì. Ì. Àóýçîâà, Øûìêåíò, Êàçàõñòàí

3 Óíèâåðñèòåò äðóæáû íàðîäîâ èìåíè àêàäåìèêà À. Êóàòáåêîâà, Øûìêåíò

E-mail: aabzhahan@mail.ru, babdisalam@mail.ru

Â ãèëüáåðòîâîì ïðîñòðàíñòâå L2(−1, 1) ðàññìîòðèì îïåðàòîð

L0y = −y′′(x) + αy
′′
(−x), (1)

ñ îáëàñòüþ îïðåäåëåíèÿ D(L) ⊂ L2(−1, 1), ãäå α 6= 0,−1 < α < 1.Ìíîæåñòâî D(L) ñîñòîèò
èç âñåõ ôóíêöèé y(x) ∈ C1[−1, 1], òàêèõ, ÷òî y

′
(x) àáñîëþòíî íåïðåðûâíà íà [−1, 1] è

y
′′
(x) ∈ L1(−1, 1), óäîâëåòâîðÿþùèõ óñëîâèÿì

y(−1) = y(1), y
′
(−1) = y

′
(1). (2)

Âìåñòå ñ îïåðàòîðîì L0 ìû ðàññìàòðèâàåì îïåðàòîð L, ïîðîæäåííûé äèôôåðåíöèàëü-
íûì âûðàæåíèåì

Ly = −y′′(x) + αy
′′
(−x) + q(x)y(x), (3)

ñ òîé æå îáëàñòüþ îïðåäåëåíèÿ D(L) ⊂ L2(−1, 1), α 6= 0,−1 < α < 1, ãäå êîìïëåêñíîçíà÷-
íûé êîýôôèöèåíò q(x) ∈ L1[−1, 1].

Ïóñòü âñå ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà (3) îäíîêðàòíû. Îáîçíà÷èì ÷åðåç σm(f),
Sm(f) ÷àñòè÷íûå ñóììû ðàçëîæåíèÿ ôóíêöèè f(x) ∈ L1(−1, 1) â ðÿä Ôóðüå ïî ñîáñòâåí-
íûì ôóíêöèÿì îïåðàòîðîâ (1) è (2) ñîîòâåòñòâåííî. Ãîâîðÿò [1], ÷òî ýòè ïîñëåäîâàòåëüíî-
ñòè ðàâíîñõîäÿòñÿ íà èíòåðâàëå −1 ≤ x ≤ 1, åñëè σm(f)− Sm(f)→ 0 ðàâíîìåðíî íà ýòîì
èíòåðâàëå ïðè m→∞.

Òåîðåìà 1. Åñëè α 6= ±1−p2

1+p2 äëÿ ëþáîãî öåëîãî ÷èñëà p, òî äëÿ ëþáîé ôóíêöèè f(x) ∈
L1(−1, 1) ïîñëåäîâàòåëüíîñòè σm(f), Sm(f) ðàâíîñõîäÿòñÿ íà [-1,1].

Òåîðåìà 2. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1 ñîáñòâåííûå ôóíêöèè îïåðàòîðà (3)
îáðàçóþò áåçóñëîâíûé áàçèñ â ïðîñòðàíñòâå L2(−1, 1).

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÌÎÍ ÐÊ AP08855792.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûé îïåðàòîð ñ èíâîëþöèåé, ñîáñòâåííûå ôóíêöèè, áàçèñ, ôóíêöèÿ Ãðèíà.

2010 Mathematics Subject Classi�cation: 34K08,34L10,46B15

Ëèòåðàòóðà
[1] Coddington E.A., Levinson N. Theory of Ordinary Di�erential Equations, Krieger Pub. Co. (1984).
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Ðàçðåøèìîñòü êðàåâîé çàäà÷è äëÿ íåëèíåéíîãî óðàâíåíèÿ
ñ èíâîëþöèåé −y′′(x) + αy

′′
(−x) = f(x, y)

Àáäèñàëàì ÑÀÐÑÅÍÁÈ1,a, Ýëüìèðà ÌÓÑÈÐÅÏÎÂÀ2,b

1 Óíèâåðñèòåò äðóæáû íàðîäîâ èìåíè àêàäåìèêà À. Êóàòáåêîâà, Øûìêåíò, Êàçàõñòàí
2 ÞÊÓ èì. Ì. Àóýçîâà, Øûìêåíò, Êàçàõñòàí

E-mail: aabdisalam@mail.ru, bmusrepovaelmira@mail.ru

Ðàññìîòðèì óðàâíåíèå

−y′′(x) + αy
′′
(−x) = f(x, y), α 6= ±1,

ñ êðàåâûìè óñëîâèÿìè y(−1) = y(1) = 0, ãäå çàäàííàÿ ôóíêöèÿ f(x, y) íåïðåðûâíà ïðè

−1 ≤ x ≤ 1,−∞ < y <∞.

Òåîðåìà. Åñëè ôóíêöèÿ f
′
y(x, y) ïîëîæèòåëüíà è îãðàíè÷åíà, òî ñóùåñòâóåò ïî êðàé-

íåé ìåðå îäíî ðåøåíèå èçó÷àåìîé êðàåâîé çàäà÷è.
Ïîñêîëüêó íàì èçâåñòíà [1] ôóíêöèÿ Ãðèíà ñîîòâåòñòâóþùåé îäíîðîäíîé êðàåâîé çà-

äà÷è

G(x, t) = − 1

2(1− α)
− xt

2(1 + α)
+

1

2


t

1−α −
x

1+α
, t < −x;

− x
1−α + t

1+α
,−x < t < x;

− t
1−α + x

1+α
, t > x,

òî ðåøåíèÿ èçó÷àåìîé íåëèíåéíîé êðàåâîé çàäà÷è ÿâëÿþòñÿ ðåøåíèÿìè íåëèíåéíîãî èí-
òåãðàëüíîãî óðàâíåíèÿ

y(x) =

∫ 1

−1

G(x, t)f(t, y(t))dt

Çàìåòèì, ÷òî ìåòîäîì èòåðàöèè ñóøåñòâîâàíèå ðåøåíèÿ ýòîãî èíòåãðàëüíîãî óðàâíåíèÿ
áûëî äîêàçàíî â ðàáîòå Ïèêàð [2].

Çàìåòèì,÷òî ôóíêöèþ Ãðèíà äëÿ ôèêñèðîâàííîãî t ∈ [−1, 1] ìîæíî çàïèñàòü â âèäå

G(x, t) = − 1

2(1− α)
− xt

2(1 + α)
+

1

2


x

1−α −
t

1+α
, x < −t;

− t
1−α + xt

1+α
,−t < x < t;

− x
1−α + t

1+α
, x > t.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÌÎÍ ÐÊ AP08855792.

Êëþ÷åâûå ñëîâà: íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ èíâîëþöèåé, ôóíêöèÿ Ãðèíà, íåëèíåéíîå èíòå-
ãðàëüíîå óðàâíåíèå

2010 Mathematics Subject Classi�cation: 34K08, 34L10, 46B15

Ëèòåðàòóðà
[1] Sarsenbi A.A. Unconditional basicity of eigenfunctions� system of Sturm-Liouville operator with an involutional

perturbation, Bulletin of the Karaganda University - Mathematics series. Special issue, 91:3 (2018), 117�127.
[2] Picard E. Lecons sur quelques problemes aux limites de la Theorie des equations di�erentielles, Paris (1930).
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Ïðèâîäèìîñòü ìíîãîïåðèîäè÷åñêèõ ìàòðè÷íûõ óðàâíåíèé

Æàéøûëûê ÑÀÐÒÀÁÀÍÎÂ1,a

1 Àêòþáèíñêèé ðåãèîíàëüíûé óíèâåðñèòåò èìåíè Ê.Æóáàíîâà, Àêòîáå, Êàçàõñòàí

E-mail: asartabanov42@mail.ru

Çàìåòêà ïîñâÿùåíà ê èññëåäîâàíèþ çàäà÷è ïðèâîäèìîñòè ìíîãî÷àñòîòíî ïåðèîäè÷å-
ñêèõ ìàòðè÷íûõ óðàâíåíèé, âàæíîñòü êîòîðîé äîñòàòî÷íî ÷åòêî àêöåíòèðîâàíà â ðàáîòå
[1]. Â íàñòîÿùåé ðàáîòå èññëåäîâàíèå ýòîé çàäà÷è ïðîâîäèòñÿ íà îñíîâå ìåòîäà ïåðåõîäà ê
óðàâíåíèÿì â ÷àñòíûõ ïðîèçâîäíûõ, êîòîðûé ïîçâîëÿåò ðàñcìàòðèâàòü åå øèðå è ãëóáæå
[2].

Ââåäåì îïåðàòîð

Dx =
∂x

∂τ
+

〈
e,
∂x

t

〉
äèôôåðåíöèðîâàíèÿ ôóíêöèè x = (τ, t) ïåðåìåííûõ τ ∈ R, t = (t1, ...tm) ∈ R× ...×R = Rm

ïî íàïðàâëåíèÿì âåêòîðíîãî ïîëÿ
dt

dτ
= e,

ãäå e = (1, ..., 1) � m-âåêòîð, ∂x
∂t

= ( ∂x
∂t1
, ..., ∂x

∂tm
),
〈
e, ∂x

t

〉
� ñêàëÿðíîå ïðîèçâåäåíèå.

Ðàññìîòðèì ìàòðè÷íîå óðàâíåíèå

Dx = P (τ, t)X (1)

ñ îïåðàòîðîì D è n× n-ìàòðèöåé

P (τ + θ, t+ ω) = P (τ, t) ∈ C(0,e)
τ,t (R× Rm)

èç êëàññà C(0,e)
τ,t (R×Rm) ôóíêöèé, ìíîãîïåðèîäè÷åñêèõ ïî (τ, t) ∈ R×Rm ïåðèîäîâ θ = ω0

è ω = (ω1, ..., ωm) ñ ðàöèîíàëüíî íåñîèçìåðèìûìè êîîðäèíàòàìè ωj > 0, j = 0,m è ãëàäêèõ
ïî íèì ñòåïåíè (0, e) = (0, 1, ..., 1).

Íàðÿäó ñ óðàâíåíèåì (1) ðàññìîòðèì ìàòðè÷íîå óðàâíåíèå

DY = Q(τ, t)Y (2)

ñ ìàòðèöåé
Q(τ + θ, t+ ω) = Q(τ, t) ∈ C(0,e)

τ,t (R× Rm).

Åñëè ñóùåñòâóåò ëèíåéíîå îáðàòèìîå ãëàäêîå (θ, ω)-ïåðèîäè÷åñêîå ïðåîáðàçîâàíèå

X = T (τ, t)Y (3)

ñ ìàòðèöåé T (τ, t):

detT (τ, t) 6= 0, T (τ + θ, t+ ω) = T (τ, t) ∈ C(1,e)
τ,t (R× Rm)

òàêîå, ÷òî óðàâíåíèå (1) ïðèâîäèòñÿ ê óðàâíåíèþ (2), òî ýòè óðàâíåíèÿ íàçûâàþòñÿ âçà-
èìíî ïðèâîäèìûìè.

Â çàìåòêå
1) Óñòàíîâëåíî íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå âçàèìíîé ïðèâîäèìîñòè óðàâíåíèé

(1) è (2);
2) Íà îñíîâå óñëîâèÿ âçàèìíîé ïðèâîäèìîñòè äîêàçàíî ñóùåñòâîâàíèå ãëàäêîé ω - ïåðè-

îäè÷åñêîé ìàòðèöû K(t) òàêîé, ÷òî óðàâíåíèå (1) ïðèâîäèìî ê àâòîíîìíîìó îòíîñèòåëüíî
τ óðàâíåíèþ

DZ = K(t)Z; (4)
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3) Äîêàçàíà ïðèâîäèìîñòü ìàòðè÷íîãî óðàâíåíèÿ (1) ê óðàâíåíèþ

D0Ξ = K(t)Ξ, (5)

ñ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ D0 =
〈
e, ∂

∂t

〉
è íàéäåííîé â (4) ìàòðèöåé K(t).

Ýòè ðåçóëüòàòû, îòíîñèòåëüíî (1) è (5), ñëóæàò îñíîâîé ìåòîäà ðåäóêöèè ðåøåíèÿ
ïðîáëåìû ïðèâîäèìîñòè ìíîãîïåðèîäè÷åñêèõ ñèñòåì.

Â çàêëþ÷åíèè çàìåòèì, ÷òî ðàññìàòðèâàÿ ïîëó÷åííûå ðåçóëüòàòû íà õàðàêòåðèñòèêàõ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ ïðèõîäèì ê ðåøåíèþ çàäà÷è äëÿ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé.

Êëþ÷åâûå ñëîâà: îïåðàòîð äèôôåðåíöèðîâàíèÿ, ìàòðè÷íîå óðàâíåíèå, âçàèìíàÿ ïðèâîäèìîñòü, ìíîãîïåðèîäè-
÷åñêàÿ ôóíêöèÿ.

2010 Mathematics Subject Classi�cation: 35B10, 35F35
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Ìíîãîïåðèîäè÷åñêîå ðåøåíèå ëèíåéíîãî
èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ïàðàáîëè÷åñêîãî

òèïà

Æàéøûëûê ÑÀÐÒÀÁÀÍÎÂ1,a, Ãóëñåçèì ÀÉÒÅÍÎÂÀ2,b

1 Àêòþáèíñêèé ðåãèîíàëüíûé óíèâåðñèòåò èìåíè Ê.Æóáàíîâà, Àêòîáå, Êàçàõñòàí
2 Çàïàäíî-Êàçàõñòàíñêèé óíèâåðñèòåò èìåíè Ì.Óòåìèñîâà, Óðàëüñê, Êàçàõñòàí

E-mail: asartabanov42@mail.ru, bgulsezim-88@mail.ru

Â çàìåòêå èññëåäóåòñÿ ëèíåéíîå óðàâíåíèå

Dcu(x, t, τ)− ∂2u(x, t, τ)

∂x2
= a(t, τ)u(x, t, τ)+

+

∫ τ

τ−ε
b(t, τ, t− cτ + cs, s)u(x, t− cτ + cs, s)ds+ f(x, t, τ) (1)

îòíîñèòåëüíî èñêîìîé ôóíêöèè u = u(x, t, τ) ïåðåìåííûõ τ ∈ (−∞; +∞), t = (t1, ..., tm) ∈
Rm, x ∈ [0, l] = I ñ îïåðàòîðîì äèôôåðåíöèðîâàíèÿDc = ∂

∂τ
+
∑m

k=1 ck
∂
∂tk
, ãäå ε = const > 0,

c = (c1, ..., cm) - ïîñòîÿííûé âåêòîð ñ íåíóëåâûìè êîîðäèíàòàìè, a = a(t, τ), b = b(t, τ) è
f = f(x, t, τ) - ôóíêöèè, îïðåäåëåííûå ïðè (t, τ) ∈ Rm ×R è x ∈ I.

Äëÿ óðàâíåíèÿ (1) ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à ñ óñëîâèÿìè

u(x, t, τ)|τ=τ0 = u∗(x, t) = u∗(x, t+ ω) ∈ C(2,e)
x,t (I ×Rm), (2)

u(0, t, τ) = u(l, t, τ) = 0, (3)

ãäå θ = ω0, ω = (ω1, ..., ωm); ω0, ω1, ..., ωm - ðàöèîíàëüíî íåñîèçìåðèìûå ïåðèîäû, e =
(1, ..., 1) - âåêòîð.

Ôóíêöèè a, b è f îáëàäàþò ñâîéñòâàìè

a(t+ ω, τ + θ) = a(t, τ) ∈ C(e,0)
t,τ (Rm ×R),
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b(t+ ω, τ + θ, σ + ω, s+ θ) = b(t, τ, σ, s) ∈ C(e,0,e,0)
t,τ,σ,s (Rm ×R×Rm ×R), (4)

f(x, t+ ω, τ + θ) = f(x, t, τ) ∈ C(1,e,0)
x,t,τ (I ×Rm ×R). (5)

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ óñòàíîâëåíèå óñëîâèé ñóùåñòâîâàíèÿ è åäèíñòâåí-
íîñòè ìíîãîïåðèîäè÷åñêîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1)-(3).

Äëÿ äîñòèæåíèÿ ýòîé öåëè, íà îñíîâå ðàáîò [1-2], ñ ïîìîùüþ çàìåíû äàííàÿ çàäà÷à
ïîñëåäîâàòåëüíî ðåøàëàñü äëÿ îäíîðîäíîãî óðàâíåíèÿ, íåîäíîðîäíîãî óðàâíåíèÿ è äëÿ
èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ, çàòåì, äëÿ êàæäîé çàäà÷è áûëè óñòàíîâëåíû ñó-
ùåñòâîâàíèå è åäèíñòâåííîñòü ìíîãîïåðèîäè÷åñêîãî ðåøåíèÿ [3].

Òàêèì îáðàçîì, (θ, ω)-ïåðèîäè÷åñêîå ðåøåíèå óðàâíåíèÿ (1) ïðåäñòàâèìî â âèäå

u∗(x, t, τ) =

∫ τ

−∞

∫ l

0

W (x, t, τ, ξ, σ − cτ + cs, s)f(ξ, t− cτ + cs, s)dξds, (6)

ãäå W (x, t, τ, ξ, σ − cτ + cs, s) ôóíäàìåíòàëüíîå ðåøåíèå ñîîòâåòñòâóþùåãî îäíîðîäíîãî
èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ, êîòîðîå óäîâëåòâîðÿåò îöåíêå

|W (x, t, τ, ξ, σ + cτ0, τ0)| ≤ γe−δ(τ−τ0), τ ≥ τ0 (7)

ñ íåêîòîðûìè ïîñòîÿííûìè γ > 0 è δ > 0.
Ðåçóëüòàò ïîñòàâëåííîé çàäà÷è ñôîðìóëèðîâàí â âèäå òåîðåìû.
Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (4), (5) è (7). Òîãäà èíòåãðî-äèôôåðåíöèàëüíîå

óðàâíåíèå (1) èìååò åäèíñòâåííîå (θ, ω)-ïåðèîäè÷åñêîå ðåøåíèå âèäà (6).

Êëþ÷åâûå ñëîâà: èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, óðàâíåíèå ïàðàáîëè÷åñêîãî òèïà, ìíîãîïåðèîäè÷åñêîå
ðåøåíèå, ìåòîä õàðàêòåðèñòèê, äèôôåðåíöèàëüíûé îïåðàòîð, íà÷àëüíî-êðàåâàÿ çàäà÷à.
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Ìíîãîïåðèîäè÷åñêèå ðåøåíèÿ óçêîãèïåðáîëè÷åñêèõ
êâàçèëèíåéíûõ ñèñòåì óðàâíåíèé ñ âåêòîðíî-ìàòðè÷íûì

îïåðàòîðîì äèôôåðåíöèðîâàíèÿ

Æàéøûëûê ÑÀÐÒÀÁÀÍÎÂ1,a, Àìèðå ÆÓÌÀÃÀÇÈÅÂ1,b

1 Àêòþáèíñêèé ðåãèîíàëüíûé óíèâåðñèòåò èìåíè Ê.Æóáàíîâà, Àêòîáå, Êàçàõñòàí

E-mail: asartabanov42@mail.ru, bcharmeda@mail.ru

Ðàññìàòðèâàåòñÿ êâàçèëèíåéíàÿ ñèñòåìà óðàâíåíèé

Dx = Bx+ f(τ, t, x), (1)

îòíîñèòåëüíî x = (x1, ..., x2) ñ âåêòîðíî-ìàòðè÷íûì îïåðàòîðîì äèôôåðåíöèðîâàíèÿ D
âèäà

Dx =
∂x

∂τ
+

m∑
k=1

Ak
∂x

∂tk
,

ãäå Ak, k = 1,m è B � ïîñòîÿííûå n-ìàòðèöû; f(τ, t, x) � n-âåêòîð-ôóíêöèÿ íåçàâèñèìûõ
ïåðåìåííûõ τ ∈ R, t = (t1, ...tm) ∈ R× ...×R = Rm è èñêîìîãî âåêòîðà x ∈ Rn

∆ = {x ∈ Rn :
|x| = max

j=1,n
|xj| ≤ ∆}, ∆ = const > 0.
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Ïðåäïîëàãàåòñÿ, ÷òî êàæäàÿ èç ìàòðèö Ak, k = 1,m, èìååò ðàçëè÷íûå äåéñòâèòåëüíûå
íåíóëåâûå ñîáñòâåííûå çíà÷åíèÿ. Òîãäà óðàâíåíèå (1) îòíîñèòñÿ ê óçêîãèïåðáîëè÷åñêîìó
òèïó [1].

Âåêòîð-ôóíêöèÿ f(τ, t, x) îáëàäàåò ñâîéñòâàìè

f(τ + θ, t+ qω, x) = f(τ, t, x) ∈ C(0,e,ê)
τ,t,x (R× Rm × Rn

∆), (2)

|f(τ, t, 0)| ≤ λ, |f(τ, t, x)| ≤ λ+ `∆, x ∈ Rn
∆.

Ñòàâèòñÿ çàäà÷à îá óñòàíîâëåíèè óñëîâèé ñóùåñòâîâàíèÿ ðåøåíèÿ íà÷àëüíîé çàäà÷è è
çàäà÷è î ìíîãîïåðèîäè÷åñêèõ ðåøåíèÿõ óðàâíåíèÿ (1) ñîîòâåòñòâåííî ñ óñëîâèÿìè

x(τ, t)|τ=τ0 = x0(t+ ω) = x(t) ∈ C(e)
t (Rm),

x(τ + θ, t+ qω) = x(τ, t) ∈ C(1,e)
τ,t (R× Rm), |x| ≤ ∆. (3)

Äëÿ äîñòèæåíèÿ öåëè, ñíà÷àëà óðàâíåíèå (1) ïðèâîäèòñÿ ê êàíîíè÷åñêîìó âèäó íåîñî-
áåííîé çàìåíîé x = Ky, çàòåì ââîäÿòñÿ îïåðàòîðû:

1) Π = diag [Π1, ...Πn], êîòîðûé äåéñòâóåò íà èñêîìóþ âåêòîð-ôóíêöèþ
y(τ, t) = [yj(τ, t1, ...tm)] â âèäå Πy(τ, t1, ...tm) = y(τ, t), ãäå t = (t1, ..., tn),
tj = (t1j, ..., tmj);

2) Pi = diag [pi1, ..., pin], i = 1, n, äëÿ ïåðåõîäà îò ïåðåìåííûõ j-îé êîîðäèíàòû tj ê
ïåðåìåííûì i-îé êîîðäèíàòû ti â âèäå Piy(τ, t) = [yj(τ, ti)].

Ñ ïîìîùüþ ââåäåííûõ îïåðàòîðîâ, îïðåäåëÿåòñÿ èíòåãðàëüíîå ïðåäñòàâëåíèå ìíîãîïå-
ðèîäè÷åñêîãî ðåøåíèÿ ëèíåéíîãî óðàâíåíèÿ ñîîòâåòñòâóþùåãî (1), êîòîðîå èñïîëüçóåòñÿ
äëÿ óñòàíîâëåíèÿ åäèíñòâåííîãî ðåøåíèÿ ðàññìàòðèâàåìîãî óðàâíåíèÿ.

Òàêèì îáðàçîì, èç èäåè ðàáîòû [2] áûë ðàçâèò ìåòîä îïåðàòîðîâ ïðîåêòèðîâàíèÿ, ðàç-
ðàáîòàííûé â [3].

Ðåçóëüòàò îñíîâíîé çàäà÷è ñôîðìóëèðîâàí â âèäå ñëåäóþùåé òåîðåìû.
Òåîðåìà. Ïðè óñëîâèÿõ (2), det [X(θ)− E] 6= 0 è γ(λ + `∆) < ∆ êâàçèëèíåéíîå

óðàâíåíèå (1) èìååò åäèíñòâåííîå ìíîãîïåðèîäè÷åñêîå ðåøåíèå â ïðîñòðàíñòâå n-âåêòîð-
ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèþ (3).

Êëþ÷åâûå ñëîâà: óçêîãèïåðáîëè÷åñêàÿ êâàçèëèíåéíàÿ ñèñòåìà, ìíîãîïåðèîäè÷åñêîå ðåøåíèå, âåêòîðíî-ìàòðè÷-
íûé îïåðàòîð äèôôåðåíöèðîâàíèÿ, ìåòîä õàðàêòåðèñòèê, îïåðàòîð ïðîåêòèðîâàíèÿ.

2010 Mathematics Subject Classi�cation: 35L02, 35L03, 35B10, 35C15, 35F35, 35F50
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Ðåøåíèå îäíîãî êëàññà íåëèíåéíûõ ñèñòåì óðàâíåíèé
ýëëèïòè÷åñêîãî òèïà íà ïëîñêîñòè ñ ïîñòîÿííûìè

îòêëîíåíèÿìè àðãóìåíòà

Ä.Ñ. ÑÀÔÀÐÎÂ1,a, Ñ.Ê. ÌÈÐÀÒÎÂ1,b
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Íà êîìïëåêñíîé ïëîñêîñòè C ðàññìîòðèì ýëëèïòè÷åñêóþ ñèñòåìó óðàâíåíèé, â êîì-
ïëåêñíîé ôîðìå

wz̄z + awz̄wz + bw2
z + ew(z) + dw3(z) = αw(z + h0) + β

3∏
j=1

w(z + hj), (1)

ãäå z = x+iy, âñå êîýôôèöèåíòû è îòêëîíåíèÿ àðãóìåíòîâ hj− ïîñòîÿííû, w(z)− èñêîìàÿ.
Â ðàáîòå [1] íà ïëîñêîñòè êâàçèïåðèîäè÷åñêîãî ãîìåîìîðôèçìà óðàâíåíèÿ Áåëüòðàìè

[2] ñ ïîñòîÿííûìè êîýôôèöèåíòàìè | q |6= 1, íàéäåíû ðåøåíèå óðàâíåíèÿ

ϕz̄z + a1ϕ(z) + b1ϕ
3(z) = 0, (2)

ñ ïîìîùüþ ýëëèïòè÷åñêîé ôóíêöèè ßêîáè ϕ(z) = sn[u(z), k2]− ýëëèïòè÷åñêèé ñèíóñ, k2−
ìîäóëü ôóíêöèè, k2 6= 0, k2 6= 1, a1, b1− ïîñòîÿííûå.

Äðóãèå ôóíêöèè ßêîáè cn[u(z), k2], è dn[u(z), k2], òàêæå äàþò ðåøåíèÿ óðàâíåíèÿ (2)
íà ïëîñêîñòè ãîìåîìîðôèçìà óðàâíåíèÿ Áåëòðàìè ïðè îïðåäåëåííûõ óñëîâèÿõ íà a1, b1.
Ôóíêöèè ßêîáè snu, cnu, dnu− ÿâëÿþòñÿ äâîÿêîïåðèîäè÷åñêèìè ìåðîìîðôíûìè ôóíêöè-
ÿìè, ñîîòâåòñòâåííî ñ îñíîâíûìè ïåðèîäàìè:
4K, 2iK ′; 4K, 2K + 2iK ′; 2K, 4iK ′, ãäå K = K(k), K ′ = K ′(k′)− ïîëíûå ýëëèïòè÷åñêèå
èíòåãðàëû, ñîîòâåòñòâóþò ìîäóëþ k è äîïîëíèòåëüíîìó ìîäóëþ k′, k2 + k′2 = 1 ïðè
k′ → 0, k → +1.

K(k) =

∫ π
2

0

(1− k2sin2ϕ)−1dϕ, K ′(k′) =

∫ π
2

0

(1− k′2sin2ϕ)−1dϕ.

Ýòè ôóíêöèè óäîâëåòâîðÿþò ôóíêöèîíàëüíûìè óðàâíåíèÿìè

ksnu · sn(u+K ′) = 1, kcnu · cn(u+K +K ′) = −ik′, dnu · dn(u+K) = k′.

Ýòè ñâîéñòâà ôóíêöèè ïîçâîëÿþò ïîëó÷èòü ðåøåíèÿ óðàâíåíèÿ (1) ñ ïîìîùüþ ðåøåíèå
óðàâíåíèÿ (2), êîãäà âñå îòêëîíåíèÿ hj− êðàòíû K èëè K ′, èëè íå âñå hj− êðàòíû.

Ïðåäïîëîæèì, ÷òî â óðàâíåíèè (1) íå âñå hj− êðàòíû K èëè K ′, è ïðè óñëîâèè h1 = h0,
h0− íå ñâÿçàí ñ K èëè K ′, íàõîäèì ðåøåíèå â âèäå

w(z) = Asn[z + qz, k2], (3)

ïîêà ñ÷èòàÿ, ÷òî k2− èçâåñòíî.
Ëåãêî âèäåòü, ÷òî ôóíêöèÿ (3) óäîâëåòâîðÿåò óðàâíåíèþ âèäà

wz̄z + (1 + k2)qw(z)− 2q

A2
k2w3(z) = 0.

Åñëè a, b 6= 0, | a |6=| b | è q = − b
a
, òî ôóíêöèÿ w(z), êàê ðåøåíèå óðàâíåíèÿ Áåëüòðàìè,

óäîâëåòâîðÿåò óðàíåíèþ
awzwz + bw2

z = 0.
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Òåîðåìà. Ïóñòü â óðàâíåíèè (1) âñå êîýôôèöèåíòû abedαβ 6= 0,
| a |6=| b |, | aαd |6= 2 | bβ | è k = −aαd/2bβ è âûïîëíåíî óñëîâèå b(1 + k2) = −ea.

Òîãäà ïðè h1 = h0, h0− íå ïåðèîä,

h2 =
4a(aK + bK)

| a |2 − | b |2
, h3 =

4a(aiK ′ − biK ′)
| a |2 − | b |2

,

óðàâíåíèå (1) äîïóñêàåò ðåøåíèå âèäà

w1(z) = Asn[z − b
a
z; k2], A2 = −aα2d/2bβ2.

Ëèòåðàòóðà
[1] Ñàôàðîâ Ä.Ñ. Òî÷íîå ðåøåíèå îáîáùåííîãî óðàâíåíèÿ Äóôôèíãà, â: Ìàòåð. ìåæäóíàð. íàó÷íîé êîíôå-

ðåíöèè "Àêòóàëüíûå ïðîáëåìû ìàòåìàòèêè è åå ïðèëîæåíèÿ" , Õóäæàíä (2003), 139�140.
[2] Âåêóà È.Í. Îáîáùåííûå àíàëèòè÷åñêèå ôóíêöèè, Ì. (1959).
[3] Ãóðâèö À., Êóðàíò Ð. Òåîðèè ôóíêöèé, Íàóêà, Ì. (1968).

� >>> �

Î ñòîõàñòè÷åñêîé çàäà÷å ïîñòðîåíèÿ ïîëÿ ñèë ïî
çàäàííûì òðàåêòîðèÿì

Ìàðàò ÒËÅÓÁÅÐÃÅÍÎÂ1,2,a, Ãóëìèðà ÂÀÑÈËÈÍÀ1,3,b

Ãàéíèæàìàë ÒÓÇÅËÁÀÅÂÀ1,2,c

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2 ÊàçÍÓ èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

3 Àëìàòèíñêèé óíèâåðñèòåò ýíåðãåòèêè è ñâÿçè èì. Ã. Äàóêååâà, Àëìàòû, Êàçàõñòàí

E-mail: amarat207@mail.ru, bv_gulmira@mail.ru, ctuzelbayeva.gainizhamal@mail.ru

Ðàññìàòðèâàåìûå çàäà÷è îòíîñÿòñÿ ê îáðàòíûì çàäà÷àì äèíàìèêè. Òåîðèÿ îáðàòíûõ
çàäà÷ äèôôåðåíöèàëüíûõ ñèñòåì äîñòàòî÷íî ïîëíî ðàçðàáîòàíà â êëàññå îáûêíîâåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ) è âîñõîäèò ê ðàáîòàì Í.Ï. Åðóãèíà [1] è À.Ñ. Ãà-
ëèóëëèíà [2,3]. Ìåòîäû ðåøåíèÿ îáðàòíûõ çàäà÷ â êëàññå ÎÄÓ ðàñïðîñòðàíÿþòñÿ â ðàáî-
òàõ [4-6 è äð.] íà êëàññ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî. Â íàñòîÿùåé
ðàáîòå ñòðîèòñÿ ñèëîâîå ïîëå ïî çàäàííîìó èíòåãðàëüíîìó ìíîãîîáðàçèþ ïðè íàëè÷èè
ñëó÷àéíûõ âîçìóùàþùèõ ñèë. Ïðè ýòîì îòäåëüíî ðàññìàòðèâàþòñÿ äâà âèäà èíòåãðàëü-
íûõ ìíîãîîáðàçèé: 1) òðàåêòîðèè, çàâèñÿùèå îò îáîáùåííûõ êîîðäèíàò è íå çàâèñÿùèå
îò îáîáùåííûõ ñêîðîñòåé (çàäà÷à 1) è 2) òðàåêòîðèè, çàâèñÿùèå êàê îò îáîáùåííûõ êîîð-
äèíàò, òàê è îò îáîáùåííûõ ñêîðîñòåé (çàäà÷à 2). È ïîëó÷åííûå óòâåðæäåíèÿ îáîáùàþò
íà êëàññ ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî ðåçóëüòàòû ðàáîò [7,8], ïîëó-
÷åííûå â êëàññå ÎÄÓ.

Çàäà÷à 1. Ïî çàäàííîé òðàåêòîðèè

Λ : λ(x, y, t) = 0, ãäåλ = λ(x, y, t) ∈ C222
xyt , λ ∈ R1, x ∈ R1, y ∈ R1, (1)

òðåáóåòñÿ ïîñòðîèòü ñèëîâîå ïîëå ïðè íàëè÷èè ñëó÷àéíûõ âîçìóùàþùèõ ñèë òàê, ÷òîáû
ïîñòðîåííîå ñèëîâîå ïîëå îáëàäàëî çàäàííîé òðàåêòîðèåé (1) â êà÷åñòâå èíòåãðàëüíîãî
ìíîãîîáðàçèÿ {

ẍ = X1(x, y, t) + σ̂1(x, y, t)ξ̇,

ÿ = Y1(x, y, t) + σ̃1(x, y, t)ξ̇,
(2)

ãäå ξ = ξ(t, ω) � ñëó÷àéíûé ïðîöåññ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè, êîòîðûé, ñëåäóÿ [9],
ìîæíî ïðåäñòàâèòü â âèäå ñóììû ïðîöåññîâ: ξ = ξ0 +

∫
c(µ)P 0(t, dµ), ξ0 � âèíåðîâñêèé ïðî-

öåññ; P 0 � ïóàññîíîâñêèé ïðîöåññ; P 0(t, dµ) � ÷èñëî ñêà÷êîâ ïðîöåññà P 0 â èíòåðâàëå [0, t],
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ïîïàäàþùèõ íà ìíîæåñòâî dµ; c(µ) - ñêàëÿðíàÿ ôóíêöèÿ, îòîáðàæàþùàÿ ïðîñòðàíñòâî
R2 â ïðîñòðàíñòâî çíà÷åíèé R1 ïðîöåññà ξ(t) ïðè ëþáîì t.

Çàäà÷à 2. Ïî çàäàííîé òðàåêòîðèè

Λ : λ(x, ẋ, y, ẏ, t) = 0, ãäåλ = λ(x, ẋ, y, ẏ, t) ∈ C12121
xẋyẏt , λ ∈ R1, (3)

òðåáóåòñÿ ïîñòðîèòü ñèëîâîå ïîëå ïðè íàëè÷èè ñòîõàñòè÷åñêèõ âîçìóùàþùèõ ñèë, òàê ÷òî-
áû ïîñòðîåííîå ñèëîâîå ïîëå îáëàäàëî çàäàííîé òðàåêòîðèåé (3) â êà÷åñòâå èíòåãðàëüíîãî
ìíîãîîáðàçèÿ {

ẍ = X2(x, y, t) + σ̂2(x, y, t)η̇,
ÿ = Y2(x, y, t) + σ̃2(x, y, t)η̇,

(4)

ãäå η = η(t, ω) � ñêàëÿðíûé âèíåðîâñêèé ïðîöåññ. Áóäåì ãîâîðèòü, ÷òî ôóíêöèÿ f(z, t)
ïðèíàäëåæèò êëàññó K, f ∈ K, åñëè f íåïðåðûâíà ïî t, t ∈ [0,∞], è âî âñåì ïðîñòðàíñòâå
z = (x, y)T ∈ R2 ‖f(z, t)−f(z̃, t)‖ ≤ B‖z− z̃‖ ëèïøèöåâà ïî x è y è óäîâëåòâîðÿåò óñëîâèþ
‖f(z, t)‖ ≤ B(1 + ‖z‖) ëèíåéíîãî ðîñòà ïî z ñ íåêîòîðîé ïîñòîÿííîé B. Ïðåäïîëàãàåòñÿ,
÷òî X1(x, y, t), Y1(x, y, t), σ̂1(x, y, t) è σ̃(x, y, t) ïðèíàäëåæàò êëàññó K, ÷òî îáåñïå÷èâàåò
â ïðîñòðàíñòâå R4 ñóùåñòâîâàíèå è åäèíñòâåííîñòü äî ñòîõàñòè÷åñêîé ýêâèâàëåíòíîñòè
ðåøåíèÿ (x(t), y(t), ẋ(t), ẏ(t))T ñèñòåìû óðàâíåíèé êàê (1), òàê è (4) ñ íà÷àëüíûì óñëîâèåì
(x(t0), y(t0), ẋ(t0), ẏ(t0))T = (x0, y0, ẋ0, ẏ0)T , ÿâëÿþùèõñÿ íåïðåðûâíûìè ñ âåðîÿòíîñòüþ 1
ñòðîãî ìàðêîâñêèì ïðîöåññîì [9].

Èìåþò ìåñòî ñëåäóþùèå äâå òåîðåìû.
Òåîðåìà 1. Äëÿ òîãî, ÷òîáû ìíîæåñòâî ñèëîâûõ ïîëåé (2) ïðè íàëè÷èè ñëó÷àéíûõ

âîçìóùåíèé èç êëàññà ïðîöåññîâ c íåçàâèñèìûìè ïðèðàùåíèÿìè èìåëî çàäàííóþ òðàåê-
òîðèþ (1) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü îäíî èç óñëîâèé: (a) èëè (b){

X1 = λ−1
x (A1 − λxxẋ2 − 2λxyẋẏ − λyyẏ2 − λyY1),

σ̂1 = λ−1
x (B1 − λyσ̃1)

(a)

ïðè ïðîèçâîëüíûõ Y1, σ̃1 èç êëàññà K;{
Y1 = λ−1

y (A1 − λxxẋ2 − 2λxyẋẏ − λyyẏ2 − λxX1),
σ̃1 = λ−1

y (B1 − λxσ̂1)
(b)

ïðè ïðîèçâîëüíûõ X1, σ̂1 èç êëàññà K.
Òåîðåìà 2. Äëÿ òîãî, ÷òîáû ìíîæåñòâî ñèëîâûõ ïîëåé (4) ïðè íàëè÷èè ñëó÷àéíûõ

âîçìóùåíèé èç êëàññà âèíåðîâñêèõ ïðîöåññîâ èìåëî çàäàííóþ òðàåêòîðèþ (3) íåîáõîäèìî
è äîñòàòî÷íî, ÷òîáû âûïîëíÿëîñü îäíî èç óñëîâèé: (c) èëè (d){

X2 = λ−1
ẋ (A2 − λxẋ− λyẏ + λẏY2 −

1

2
(λẋẋσ̂

2
2 + λẏẏσ̃

2
2))

σ̂2 = λ−1
ẋ (B2 − λẏσ̃2)

(c)

ïðè ïðîèçâîëüíûõ Y2, σ̃2 èç êëàññà K;{
Y2 = λ−1

ẏ (A2 − λxẋ− λẋX2 + λyẏ −
1

2
(λẋẋσ̂

2
2 + λẏẏσ̃

2
2))

σ̃2 = λ−1
ẏ (B2 − λẋσ̂2)

(d)

ïðè ïðîèçâîëüíûõ X2, σ̂2 èç êëàññà K.
Çäåñü A1 = A1(λ, λ̇;x, y, ẋ, ẏ, t), B1 = B1(λ, λ̇;x, y, ẋ, ẏ, t), A2 = A2(λ;x, y, ẋ, ẏ),

B2 = B2(λ;x, y, ẋ, ẏ) � ïðîèçâîëüíî çàäàííûå ôóíêöèè Åðóãèíà [1], îáëàäàþùèå ñâîéñòâîì

A1(0, 0;x, y, ẋ, ẏ, t) ≡ B1(0, 0;x, y, ẋ, ẏ, t) ≡ A2(0;x, y, ẋ, ẏ) ≡ B2(0;x, y, ẋ, ẏ) = 0.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP09258966 ÊÍ ÌÎÍ ÐÊ.
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Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ âîïðîñû ðàçðåøèìîñòè íåêîòîðûõ êðàåâûõ çàäà÷ äëÿ
íåëîêàëüíîãî ïîëèãàðìîíè÷åñêîãî óðàâíåíèÿ.
Ïóñòü Ω = {x ∈ Rn : |x| < 1} - åäèíè÷íûé øàð n ≥ 2, à ∂Ω - åäèíè÷íàÿ ñôåðà, S - äåé-
ñòâèòåëüíàÿ îðòîãîíàëüíàÿ ìàòðèöà S · ST = E. Ïðåäïîëîæèì òàêæå, ÷òî ñóùåñòâóåò
òàêîå íàòóðàëüíîå l ∈ N ÷òî Sl = E. Ïóñòü m ≥ 1, a1, a2, ..., al− äåéñòâèòåëüíûå ÷èñëà.
Ðàññìîòðèì â Ω ñëåäóþùóþ çàäà÷ó:

l∑
k=1

ak(−∆)mu
(
Sk−1x

)
= f(x), x ∈ Ω, (1)

∂ku(x)

∂νk
= gk(x), k = 0, 1, ...,m− 1, x ∈ ∂Ω. (2)

Çàäà÷à (1)-(2) â ñëó÷àå m = 1 èçó÷åíà â ðàáîòå [1]. Îòìåòèì òàêæå, ÷òî íåëîêàëüíûå
êðàåâûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî è âûñøåãî ïîðÿäêîâ ñ îòîáðàæå-
íèÿìè âèäà S èññëåäîâàíû â ðàáîòàõ [2-4].

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Ïóñòü µ0, µ1, . . . , µl−1 - ðàçëè÷íûå êîðíè ñòåïåíè l èç åäèíèöû è σµ̄k(A) =

l−1∑
i=0

aiµ
i
k 6= 0, f(x) ∈ Cλ(Ω̄), gj(x) ∈ Cm+λ−j(∂Ω), j = 0, 1, ...,m − 1. Òîãäà ðåøåíèå çàäà÷è

Äèðèõëå (1), (2) ñóùåñòâóåò è åäèíñòâåííî.
Òåîðåìà 2. Ïóñòü µ0, µ1, . . . , µl−1 - ðàçëè÷íûå êîðíè ñòåïåíè m èç åäèíèöû è σµ̄k(A) =

m−1∑
i=0

aiµ
i
k 6= 0, f(x) ∈ Cλ(Ω̄) è gj(x) = 0, j = 0, 1, . . . , l − 1. Òîãäà ðåøåíèå çàäà÷è (1), (2)
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ïðåäñòàâëÿåòñÿ â âèäå

u(x) =

∫
Ω

GS(x, y)f(y)dy,

ãäå

GS(x, y) =
l−1∑
q=0

cqG(Sqx, y),

à G(x,y) - ôóíêöèÿ Ãðèíà çàäà÷è Äèðèõëå [5].
Â ðàáîòå òàêæå èññëåäóþòñÿ êðàåâûå çàäà÷è òèïà Íåéìàíà è Ðîáåíà.
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Î ñîáñòâåííûõ ôóíêöèÿõ è ñîáñòâåííûõ çíà÷åíèÿõ
íåêîòîðûõ êðàåâûõ çàäà÷ äëÿ íåëîêàëüíîãî îïåðàòîðà
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñïåêòðàëüíûõ âîïðîñîâ êðàåâûõ çàäà÷ Äè-
ðèõëå è Íåéìàíà äëÿ íåëîêàëüíîãî îïåðàòîðà Ëàïëàñà.

Ïóñòü Ω = {x = (x1, x2) : x2
1 + x2

2 < 1} , ∂Ω - îêðóæíîñòü. Â Ω ââåäåì ñëåäóþùèå îòîá-
ðàæåíèÿ:

S0x = x, S1x = (−x1, x2) , S2x = (x1,−x2) , S3x = (−x1,−x2) .

Ïóñòü aj, j = 0, 1, 2, 3 - äåéñòâèòåëüíûå ÷èñëà, ∆ - îïåðàòîð Ëàïëàñà, r = |x|. Ðàññìîò-
ðèì â îáëàñòè Ω ñëåäóþùèå çàäà÷è

Çàäà÷à 1. Íàéòè ôóíêöèþ u(x) 6= 0 è ÷èñëî λ ∈ C, óäîâëåòâîðÿþùóþ óñëîâèÿì

a0∆u (S0x) + a1∆u (S1x) + a2∆u (S2x) + a3∆u (S3x) = −λu (x) , (1)

u (x) = 0, x ∈ ∂Ω. (2)

Çàäà÷à 2. Íàéòè ôóíêöèþ u(x) 6= 0 è ÷èñëî λ ∈ C, óäîâëåòâîðÿþùóþ óðàâíåíèþ (1)
è óñëîâèþ

∂u (x)

∂r
= 0, x ∈ ∂Ω. (3)
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Îòìåòèì, ÷òî â îäíîìåðíîì ñëó÷àå àíàëîãè÷íûå çàäà÷è èññëåäîâàëèñü â ðàáîòàõ [1-4].
Ââåäåì ÷èñëà

ε1 = a0 + a1 + a2 + a3, ε2 = a0 + a1 − a2 − a3, ε3 = a0 − a1 + a2 − a3,

ε4 = a0 − a1 − a2 + a3.

Ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.
Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ εj 6= 0, j = 1, 4. Òîãäà ñîáñòâåííûå ôóíêöèè

è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è 1 èìåþò âèä:

1) u(1)
k,m(r, ϕ) = J2m(µ1,k,mr) cos 2mϕ,m = 0, 1, ..., λ1,k,m = µ1,k,mε1,

2) u(2)
k,m(r, ϕ) = J2m−1(µ2,k,mr) sin(2m− 1)ϕ,m = 1, 2, ..., λ2,k,m = µ2,k,mε2,

3) u(3)
k,m(r, ϕ) = J2m−1(µ3,k,mr) cos(2m− 1)ϕ,m = 1, 2, ..., λ3,k,m = µ3,k,mε3,

4) u4,k,m(r, ϕ) = 4J2m(µ4,k,mr) sin 2mϕ,m = 0, 1, ..., λ4,k,m = µ4,k,mε4, ãäå ÷èñëà µj,k,m, j =
1, 2, 3, 4 â ñëó÷àå j = 1, 4 ÿâëÿþòñÿ ïîëîæèòåëüíûìè íóëÿìè ôóíêöèè

J2m(µ) =
∞∑
j=0

(−1)j

(j + 2m)!j!

(µ
2

)2(j+m)

,

à â ñëó÷àå j = 2, 3 ÿâëÿþòñÿ ïîëîæèòåëüíûìè íóëÿìè ôóíêöèè

J2m−1(µ) =
∞∑
j=0

(−1)j

(j + 2m− 1)!j!

(µ
2

)2(j+m)−1

.

Òåîðåìà 2. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ εj 6= 0, j = 1, 4. Òîãäà ñèñòåìà u
(j)
k,m(r, ϕ), j =

1, 4 ÿâëÿåòñÿ ïîëíîé â ïðîñòðàíñòâå L2(Ω).
Àíàëîãè÷íûå óòâåðæäåíèÿ ñïðàâåäëèâû è äëÿ çàäà÷è 2.
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Ñ êàæäûì ãîäîì èíòåðåñ òåîðåòèêîâ è ïðàêòèêîâ ê çàäà÷àì îïòèìèçàöèè ðàñòåò. Ýêñ-
òðåìàëüíûå çàäà÷è âñòðå÷àþòñÿ âî âñåõ îòðàñëÿõ íàóêè. Çàäà÷è ëîêàëüíîé îïòèìèçàöèè
õîðîøî èññëåäîâàíû è äëÿ èõ ðåøåíèÿ ñóùåñòâóþò êîíñòðóêòèâíûå ìåòîäû. Îäíàêî çàäà-
÷è ïîèñêà ãëîáàëüíîé îïòèìèçàöèè íå îòâå÷àþò âñåì ïîòðåáíîñòÿì íà ïðàêòèêå. Ïîýòîìó
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ïîèñê ãëîáàëüíîãî ìèíèìóìà îñòàåòñÿ îäíîé èç ãëàâíûõ ïðîáëåì âû÷èñëèòåëüíîé è ïðè-
êëàäíîé ìàòåìàòèêè.

Â ñîâðåìåííîé ìàòåìàòèêå ïðåäëîæåíû ðàçëè÷íûå ìåòîäû ïîèñêà ãëîáàëüíîãî ìèíè-
ìóìà. Ìíîãèå ìåòîäû íå ãàðàíòèðóþò òî÷íîñòü ãëîáàëüíîãî ìèíèìóìà, åñëè ôóíêöèÿ
ìíîãîýêñòðåìàëüíà. Äëÿ òàêèõ çàäà÷ õîðîø ïðÿìîé ìåòîä ïåðåáîðà, íî îí ïðè ðîñòå ïå-
ðåìåííûõ òðåáóþò áîëüøèõ âû÷èñëèòåëüíûõ çàòðàò.

Â íàñòîÿùåì äîêëàäå ìû ñôîðìóëèðóåì íîâûé êîíñòðóêòèâíûé ìåòîä ãëîáàëüíîé îï-
òèìèçàöèè ìíîãîýêñòðåìàëüíîé ôóíêöèè íåñêîëüêèõ ïåðåìåííûõ.
Ïðåäëîæåííûé ìåòîä íàõîäèò ðåøåíèå ñ âûñîêîé òî÷íîñòüþ çà ìåíüøåå êîëè÷åñòâî èòå-
ðàöèè. Ïðîâåäåì âû÷èñëèòåëüíûé ýêñïåðèìåíò íàä òåñòîâûìè ôóíêöèÿìè îïòèìèçàöèè.

Ìåòîä ðàáîòàåò ñ ïîìîùüþ îïðåäåëÿþùåé ôóíêöèè, êîòîðàÿ êàê èíäèêàòîð áóäåò
îïðåäåëÿòü ïåðâîå êàñàíèå öåëåâîé ôóíêöèè ñ ïëîñêîñòüþ íà òî÷êå ãëîáàëüíîãî ìèíèìó-
ìà. Ïðåäëîæåííûé àëãîðèòì ñîñòîèò èç äâóõ ýòàïîâ: ïîèñê çíà÷åíèÿ ãëîáàëüíîãî ìèíè-
ìóìà è ïîèñê êîîðäèíàò ãëîáàëüíîãî ìèíèìóìà. Äëÿ âû÷èñëåíèÿ îïðåäåëÿþùåé ôóíêöèè
ìû ïðèìåíèëè êóáàòóðíûå ôîðìóëû.

Íàïèñàíà ïðîãðàììà íà ÿçûêå Ñ++ è âûïîëíåíû âû÷èñëèòåëüíûå ýêñïåðèìåíòû íàä
ñïåöèàëüíûìè òåñòîâûìè ôóíêöèÿìè. Îíè ïîêàçûâàþò, ÷òî àëãîðèòì ðàáîòàåò ñ âûñîêîé
òî÷íîñòüþ.

Êëþ÷åâûå ñëîâà: ãëîáàëüíûé ìèíèìóì, ìíîãîýêñòðåìàëüíàÿ ôóíêöèÿ, êóáàòóðíûå ôîðìóëû, ãëîáàëüíûé ýêñ-
òåðåìóì, ãëîáàëüíàÿ îïòèìèçàöèÿ.
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Ðàññìîòðèì óðàâíåíèå

Lα,λ (u) ≡ uxx + y uyy + αuy − λ2 u = f (x, y) , y < 0 (1)

â êîíå÷íîé îäíîñâÿçíîé îáëàñòè D, îãðàíè÷åííîé õàðàêòåðèñòèêàìè AC : x− 2
√
−y = 0,

BC : x + 2
√
−y = 1 è AB : y = 0 óðàâíåíèÿ (1) ïðè y ≤ 0, ãäå λ- äåéñòâèòåëüíîå èëè

÷èñòî ìíèìîå ÷èñëî, α ∈ R, ïðè÷åì α = −n+ α0, n ∈ N , α0 ∈ (1/2, 1), à f (x, y)- çàäàííàÿ
ôóíêöèÿ.

Âèäîèçìåíåííàÿ çàäà÷à Êîøè. Íàéòè ôóíêöèþ u(x, y) ∈ C(D)∩C2(D), óäîâëå-
òâîðÿþùóþ â îáëàñòè D óðàâíåíèþ (1) è ñëåäóþùèì íà÷àëüíûì óñëîâèÿì

u(x, 0) = τ(x), x ∈ [0, 1]; lim
y→−0

(−y)α
∂

∂y

[
u− A−α (τ, λ)

]
= ν(x), x ∈ (0, 1), (2)

ãäå τ(x) è ν(x) - çàäàííûå ôóíêöèè, à A−α (τ, λ) - îïåðàòîð âèäà

A−α (τ, λ) =
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=
n∑
k=0

γ1y
k4kCk

n

(1/2 + β)k(n+ β)k

1∫
0

Ψk(τ(ζ), λ)[z(1− z)]k+n+β−1Jk+n+β−1(σ)dz,

β = α−1/2, (a)n = Γ (a+ n) /Γ (a) - ñèìâîë Ïîõãàììåðà; Ck
n - áèíîìèàëüíûé êîýôôèöèåíò,

γ1 = Γ (2β) /Γ2 (β), Γ (s) - ãàììà-ôóíêöèÿ Ýéëåðà;
Ψk (τ(ζ), λ) = (λ2 − ∂2/∂ζ2)

k
τ (ζ), ζ = x+ 2

√
−y(2z − 1),

σ = 4λ
√
−yz(1− z), J̄α(z) =

∞∑
j=0

[(−1)j/j!(1 + α)j](z/2)2j.

Òåîðåìà 1. Åñëè τ (x) ∈ C2(n+1) [0, 1], ν (x) ∈ C2 [0, 1],
f (x, y) = (−y)1−αf1 (x, y), f1 (x, y) ∈ C2 [0, 1], òî ôóíêöèÿ u (x, y), îïðåäåëÿåìàÿ ôîðìóëîé

u (x, y) = A−α (τ, λ)− γ2(−y)1−α
1∫

0

ν (ζ) [z (1− z)]−βJ̄−β (σ) dz+

+
1

4

x+2
√
−y∫

x−2
√
−y

dξ

x+2
√
−y∫

ξ

f

(
ξ + η

2
,−(η − ξ)2

16

)
R
(
ξ, η;x− 2

√
−y, x+ 2

√
−y
)
dη,

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è {(1), (2)}, ãäå

R (ξ, η; ξ0, η0) =
(η − ξ)2β

(η − ξ0)β(η0 − ξ)β
∞∑
k=0

ρk

(k!)2F (β, β + k, 1 + k; θ) ,

γ2 =
Γ(2− 2β)

(1− α)Γ2(1− β)
, ρ =

λ2

4
(η0 − η) (ξ − ξ0) , θ =

(η0 − η) (ξ − ξ0)

(η − ξ0) (η0 − ξ)
.

Îòìåòèì, ÷òî çàäà÷à (1), (2) ïðè f(x, y) = 0 èçó÷åíà â ðàáîòå [1].

Ëèòåðàòóðà
[1] Óðèíîâ À.Ê., Îêáîåâ À.Á. Âèäîèçìåíåííàÿ çàäà÷à Êîøè äëÿ îäíîãî âûðîæäàþùåãîñÿ ãèïåðáîëè÷åñêîãî

óðàâíåíèÿ âòîðîãî ðîäà â æóðíàëå, Óêðàèíñêèé ìàòåìàòè÷åñêèé æóðíàë, 72:1 (2020), 100�118.

� >>> �

Îá îäíîì íàãðóæåííîì ëèíåéíîì äèôôåðåíöèàëüíîì
óðàâíåíèè ïåðâîãî ïîðÿäêà ñ ñèíãóëÿðíîé òî÷êîé è ñ

èíòåãðàëüíûìè óñëîâèÿìè

Ôàéçóëëî ØÀÌÑÓÄÈÍÎÂ1,a, Íàçîêàò ÊÀÐÈÌÎÂÀ2,b

1 Áîõòàðñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Í. Õóñðàâà, Áîõòàð, Òàäæèêèñòàí
2 Êóëÿáñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. À.Ðóäàêè, Êóëÿá, Òàäæèêèñòàí

E-mail:a faizullo100@yahoo.com, bnazokat.karimova.1974@mail.ru

Íà Γ = {a < x < b} ðàññìîòðèì óðàâíåíèå âèäà

y′(x) +
p(x)

(b− x)β
y(x) =

p(x)

(b− x)β
+

n∑
k=1

αkθk(x), (1)

ñ èíòåãðàëüíûìè óñëîâèÿìè ∫ b

a

ϕi(t)y(t)dt = hi, i = 1,m. (2)
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Çäåñü p(x), q(x), θk(x), ϕi(x) ∈ C(a, b)− çàäàííûå ôóíêöèè, hi, i = (1,m)− çàäàííûå ïîñòî-
ÿííûå, αk, k = (1,m)− íåèçâåñòíûå ïàðàìåòðû.

Ïðîáëåìå èññëåäîâàíèÿ íàãðóæåííûì îáûêíîâåííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì
ñ èíòåãðàëüíûìè óñëîâèÿìè ïîñâÿùåíû ðàáîòû [3]-[4].

Â íàñòîÿùåé ðàáîòå, íà îñíîâå ñïîñîáîâ ðàçðàáîòàííûõ â [1], [2], [3] äëÿ äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ (1) ñ èíòåãðàëüíûìè óñëîâèÿìè (2), ïîëó÷åíû ïðåäñòàâëåíèÿ ìíîãî-
îáðàçèÿ ðåøåíèé ÷åðåç îäíó ïðîèçâîëüíóþ ïîñòîÿííóþ è èçó÷åíû ñâîéñòâà ïîëó÷åííûõ
ðåøåíèé.

Òàêèì îáðàçîì, äîêàçàíà
Òåîðåìà 1. Ïóñòü â äèôôåðåíöèàëüíîì óðàâíåíèè (1) ñ èíòåãðàëüíûìè óñëîâèÿìè (2)

ôóíêöèè p(x), θk(x), ϕj(x) óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì: - ôóíêöèÿ p(x) â îêðåñò-
íîñòè òî÷êè x = b óäîâëåòâîðÿåò óñëîâèþ Ãåëäåðà
|p(b)− p(x)| ≤ H2(b− x)γ1 , γ1 > β − 1, H2 = const ïðè x −→ b;

Ïðè p(b) > 0, ϕj(x) ∈ C(Γ), ϕj(x) = 0 ñ àñèìïòîòè÷åñêèìè ïîâåäåíèÿìè

ϕk(x) = o[exp[−p(b)ωβb (x)](b− x)−γ4 ], γ4 < 1, 1 ≤ j ≤ n. (4)

Ïðè p(b) < 0, ôóíêöèè θk(x) ∈ C(Γ), θk(b) = 0 ñ àñèìïòîòè÷åñêèìè ïîâåäåíèÿìè

θk(x) = o[exp[−p(b)ωβb (x)](b− x)−γ5 ], γ5 < 1, 1 ≤ j, k ≤ n; (5)

Ïðè p(b) < 0, q(x) ∈ C(Γ), q(b) = 0 ñ àñèìïòîòè÷åñêèì ïîâåäåíèåì

q(x) = o[exp[−p(b)ωβb (x)](b− x)γ6 ], γ6 < 1 ïðè x→ b. (6)

Òîãäà çàäà÷à î íàõîæäåíèè ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1) ñ èíòåãðàëü-
íûìè óñëîâèÿìè (2) ñâîäèòñÿ ê ðåøåíèè ëèíåéíîé àëãåáðàè÷åñêîé ñèñòåìû óðàâíåíèé

n∑
k=1

αkφik = pi, i = 1,m, (7)

ãäå φik, pi− èçâåñòíûå ïîñòîÿííûå ÷èñëà.
Òåîðåìà 2. Ïóñòü â äèôôåðåíöèàëüíîì óðàâíåíèè (1) ñ èíòåãðàëüíûìè óñëîâèÿìè

(2) âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1 èëè ôóíêöèè p(x), q(x), θk(x), ϕi(x) óäîâëåòâîðÿþò
óñëîâèÿì (3),(4),(5),(6). Òîãäà ïðè m = n, det‖∅ik‖ 6= 0 ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ
óðàâíåíèé (7) âñåãäà ðàçðåøèìà, îáùåå ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñîäåðæèò
îäíó ïðîèçâîëüíóþ ïîñòîÿííóþ è âûðàæàåòñÿ ðàâåíñòâîì

y(x) ≡ K1(C1, qk(x), θk(x)), (8)

ãäå K1(C1, qk(x), θk(x)) � èçâåñòíûé èíòåãðàëüíûé îïåðàòîð, C1− ïðîèçâîëüíàÿ ïîñòîÿí-
íàÿ.

Èçó÷åíû ñâîéñòâà ïîëó÷åííûõ ðåøåíèé, à òàêæå ïîñòàâëåíà è ðåøåíà çàäà÷à ñ íà÷àëü-
íûìè äàííûìè òèïà Êîøè.
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Èíòåãðàëüíûå ïðåäñòàâëåíèÿ ðåøåíèé äëÿ îäíîé ñèñòåìû
äèôôåðåíöèàëüíûõ óðàâíåíèé âòîðîãî ïîðÿäêà ñ

ñèíãóëÿðíûìè êîýôôèöèåíòàìè
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Ïóñòü D ïðÿìîóãîëüíèê
D = {(x, y) : 0 < x < δ1, 0 < y < δ2}.

Äàëåå îáîçíà÷èì

Γ1 = {y = 0, 0 < x < δ1}, Γ2 = {x = 0, 0 < y < δ2}.

Â îáëàñòè D ðàññìîòðèì ñèñòåìó ñëåäóþùåãî âèäà

∂2u

∂x∂y
+
a1(x, y)

rα
∂u

∂x
+
b1(x, y)

rβ
∂u

∂y
+
c1(x, y)

rα+β
u =

f1(x, y)

rα+β
,

∂u

∂x
+
a2(x, y)

xγ
u =

f2(x, y)

xγ
,

∂u

∂y
+
b2(x, y)

yδ
u =

f3(x, y)

yδ
,

(1)

ãäå r2 = x2 + y2, aj(x, y), bj(x, y), c1(x, y), fj(x, y), j = 1, 3 � çàäàííûå ôóíêöèè â îáëàñòè
D, α > 2, β = 2, γ = δ = 1(α- íàòóðàëüíûå ÷èñëà).

Ïðîáëåìå èññëåäîâàíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé è ïåðåîïðåäåëåííûõ ñèñòåì ñ
ðåãóëÿðíûìè, ñèíãóëÿðíûìè è ñâåðõñèíãóëÿðíûìè êîýôôèöèåíòàìè ïîñâÿùåíû ðàáîòû
[1]- [3].

Èòàê, äîêàçàíà
Òåîðåìà 1. Ïóñòü â ñèñòåìå óðàâíåíèé (1) α > 2, β = 2, γ = δ = 1 êîýôôèöèåíòû è

ïðàâûå ÷àñòè óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì:

1) a1(x, y) ∈ C1
x(D), a2(x, y) ∈ C1

y (D),

b1(x, y), b2(x, y) ∈ C(D), f2(x, y) ∈ C1
y (D), f1(x, y), f3(x, y) ∈ C(D);

2) c1(x, y) = rα+2 ∂

∂x

(
a1(x, y)

rα

)
+ a1(x, y)b1(x, y);

3) |a1(x, y)− a1(0, 0)| ≤ H1r
α1 , H1 = const, α1 > α− 1,

|b1(x, y)− b1(0, 0)| ≤ H2r
β1 , H2 = const, β1 > β − 1,

|a2(x, 0)− a2(0, 0)| ≤ H3x
λ1 , H3 = const, 0 < λ1 < 1,

4) a1(0, 0) < 0, b1(0, 0) > 0, a2(0, 0) > 0;

5) a)
∂

∂x

(
a1(x, y)

rα

)
=

∂

∂y

(
a2(x, y)

x

)
â D,

b) f1(x, y) è f2(x, y), f1(x, y) è f3(x, y)
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ñâÿçàíû ïðè ïîìîùè êîýôôèöèåíòîâ ñèñòåìû â ÿâíîì âèäå;

6) f1(x, y) = o(exp

[
b1(0, 0)

y
arctg

x

y

]
rγ1), γ1 > α + 1.

Òîãäà ëþáîå ðåøåíèå ñèñòåìû óðàâíåíèé (1) èç êëàññà C2(D) ïðåäñòàâèìî â âèäå

u(x, y) ≡ T1(ϕ1(x), ψ1(x), f1(x, y)), (2)

ϕ1(x) ≡ N1(c1, f2(x, 0)), (3)

ψ1(y) =
f3(0, y)

y
, (4)

ãäå T1(ϕ1(x), ψ1(x), f1(x, y)), N1(c1, f2(x, 0))� èçâåñòíûå èíòåãðàëüíûå îïåðàòîðû, c1 � ïðî-
èçâîëüíàÿ ïîñòîÿííàÿ.

Èçó÷åíû ñâîéñòâà ïîëó÷åííûõ ðåøåíèé, à òàêæå ïîñòàâëåíà è ðåøåíà çàäà÷à ñ íà÷àëü-
íûìè äàííûìè òèïà Êîøè.
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Let θi, i ∈ Z, be a sequence of real numbers such that θ ≤ θi+1 − θi ≤ θ for some positive
numbers θ, θ, and |θi| → ∞ as |i| → ∞.

Denote by [â1, a2], a1, a2 ∈ R, the interval [a1, a2], if a1 < a2 and the interval [a2, a1],
if a2 < a1.

Definition [1]. A piecewise continuous and bounded function ϕ(t) : R→ Rp with the set of
discontinuity points θi, i ∈ Z, satisfying ϕ(θi−) = ϕ(θi) for each i ∈ Z is called discontinuous
unpredictable function, if there exist positive numbers ε0, σ, sequences tn, sn of real numbers
and sequences ln,mn of integers all of which diverge to infinity such that

(a) |θi+ln − tn − θi| → 0 as n→∞ on each bounded interval of integers and
|θmn+ln − tn − θmn| ≥ ε0 for each natural number n;

(b) for every positive number ε, there exists a positive number δ such that ‖ϕ(t1)− ϕ(t2)‖ <
ε whenever the points t1 and t2 belong to the same interval of continuity and |t1 − t2| < δ;

(c) ϕ(t+ tn)→ ϕ(t) as n→∞ in B-topology on each bounded interval;

(d) for each natural number n there exists an interval [sn − σ, sn + σ] ⊆ [ ̂θmn , (θmn+ln − tn)]
which does not contain any point of discontinuity of ϕ(t) and ϕ(t+ tn), and
‖ϕ(t+ tn)− ϕ(t)‖ ≥ ε0 for each t ∈ [sn − σ, sn + σ].

Definition [1]. Suppose that ω(t) : R→ Rp is a piecewise continuous and bounded function
with the set of discontinuity points θi, i ∈ Z, satisfying ω(θi−) = ω(θi) and Γi, i ∈ Z, is a
bounded sequence in Rp. The couple (ω(t),Γi) is called unpredictable, if there exist positive
numbers ε0, σ, sequences tn, sn of real numbers and sequences ln,mn of integers all of which
diverge to infinity such that

(a) |θi+ln − tn − θi| → 0 as n→∞ on each bounded interval of integers and
|θmn+ln − tn − θmn| ≥ ε0 for each natural number n;

(b) for every positive number ε there exists a positive number δ such that ‖ω(t1)− ω(t2)‖ < ε
whenever the points t1 and t2 belong to the same interval of continuity and |t1 − t2| < δ;

(c) ω(t+ tn)→ ω(t) as n→∞ in B-topology on each bounded interval;

(d)for each natural number n there exists an interval [sn − σ, sn + σ] ⊆ [ ̂θmn , (θmn+ln − tn)]
which does not contain any point of discontinuity of ω(t) and ω(t+ tn), and
‖ω(t+ tn)− ω(t)‖ ≥ ε0 for each t ∈ [sn − σ, sn + σ];

(e) |Γi+ln − Γi| → 0 as n→∞ for each i in bounded intervals of integers and
|Γmn+ln − Γmn| ≥ ε0 for each natural number n.

We specify the discontinuity moments of the impulsive system as follows

θi = iT + γi, i ∈ Z, (1)

where γi, i ∈ Z, is a sequence of real numbers which is unpredictable in the sense of Definition
3.1 [2] and T ≥ 4 is a number such that sup

i∈Z
|γi| < T/h for some number h ≥ 3.

Consider the following linear impulsive system,

x′(t) = Ax(t) + f(t), t 6= θi,∆x|t=θi = Bx(θi) + Ii, (2)

where t ∈ R, the matrices A ∈ Rp×p and B ∈ Rp×p commute, the sequence θi, i ∈ Z, of
discontinuity moments is defined by Equation (1), and (f(t), Ii) is an unpredictable couple.
Additionally, det(I +B) 6= 0, where I is the p× p identity matrix.
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Denote by λj, j = 1, 2, . . . , p, the eigenvalues of the matrix A+
1

T
Ln(I +B).

(C) max
j
<eλj = λ < 0, where <eλj is the real part of λj, j = 1, 2, . . . , p.

Theorem. Suppose that the condition (C) is valid. If the couple (f(t), Ii) is unpredictable,
then system (2) possesses a unique asymptotically stable discontinuous unpredictable solution.
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The theory of oscillations as an important component of the modern qualitative theory of
differential equations originates from the work of Sturm, who introduced the concept of an
oscillatory equation as an equation, any solution of which has infinitely many zeros, and proved
his well-known comparison and separation theorems.

For the linear case A. Kneser, W. Leigton, M. Morse, A. Winter, P. Hartman and others
obtained oscillation criteria, which found generalizations for nonlinear second order differential
equations, in particular, second order half-linear differential equations [1, 2]

(ρ(t)|y′|p−2y′)′ + υ(t)|y|p−2y(t) = 0 (1)

1 < p <∞, ρ : I → R, υ : I → R continuous functions, and ρ(t) > 0 on I.
Many results are given in terms of an equation disconjugate points, that is, an equation for

which any nonzero solution has at most one zero on a given interval. In the well-known works
[3], the obtained conditions for the oscillation and non-oscillation of the equation are expressed
in terms of the global integral characteristics of the coefficients ρ and υ.

In this work, based on the work of R. Oinarov [4], R. Oinarov, K.R. Myrzatayeva [5] criteria
for equations of disconjugate points of both half-linear and linear second order differential
equations are obtained in terms of the ratio of the negative and positive parts of the function
and its local integral behavior.

We introduce the following notation

υ(t) = δ(t)− θ(t), δ(t) > 0, θ(t) > 0,∀t ∈ I, 1

p
+

1

q
= 1

d+(t) = sup

d > 0 :

 t+d∫
t

ρ1−q(s)ds


1
q
 t+d∫

t

θ(s)ds


1
p

≤ 1

 , [t, t+ d] ⊂ I,

d−(t) = sup

d > 0 :

 t∫
t−d

ρ1−q(s)ds


1
q
 t∫
t−d

θ(s)ds


1
p

≤ 1

 , [t− d, t] ⊂ I
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Let,
∆+(t) = [t, t+ d+(t)],∆−(t) = [t− d−(t), t],

Bp = (pq−1q + 1)p−1 × sup
a<t<b

 ∫
∆−(t)

ρ1−q(s)ds


p−1 ∫

∆−(t)

δ(s)ds.

Further, suppose that I = [a, b),−∞ < a < b ≤ +∞ and for anyone t ∈ (a, b).

b∫
t

ρ1−q(s)ds =∞, 0 <
b∫
t

θ(s)ds ≤ ∞ (2)

Theorem [6]. Let 1 < p < ∞ and conditions (2). If the 2Bp < 1, the equation (1) is an
equation disconjugate points on the interval (a, b).

Theorem 1. Let 1 < p <∞ and conditions (2). If the

sup
a<t<b


 ∫

∆−(t)

θ(s)ds


−1 ∫

∆+(t)

δ(s)ds




1
p

<
1

2
min

{(
1

p

) 1
p
(

1

q

) 1
q

,

(
1

2

) 1
q

}

the equation (1) is the equation with disconjugate points on the interval (a, b).
Corollary. Let conditions (2) be held when p = 2. If the condition

sup
a<t<b

[(

∫
∆−(t)

θ(s)ds)−1(

∫
∆+(t)

δ(s)ds)]
1
2 <

1

4

hold, then when the equation (1) is the equation disconjugate points on (a, b).
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Differential equations with involution appear in mathematical models of ecology, biology,
and population dynamics (see, [1]-[2]). Partial differential equations with involution have been
investigated by many scientists (see, [3]-[4]). However, mixed type of differential equations with
involution have not been investigated. In the present paper, the stability of hyperbolic-parabolic
equations with involution is studied. The stability of the differential equation with involution
is established. Absolute stable difference scheme for the numerical solution of hyperbolic-
parabolic differential equation with involution is presented. The stability of this difference
scheme is proved. Numerical results are given.
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Consider the multipoint problem for the system of Fredholm integro-differential equations
with degenerate kernels

dx

dt
= A(t)x+

k∑
j=1

T∫
0

ϕj(t)ψj(τ)x(τ)dτ + f(t), t ∈ (0, T ), x ∈ Rn, (1)

m∑
i=0

Bix(ti) = d, d ∈ Rn. (2)

Here x(t) = col(x1(t), x2(t), ..., xn(t)) is an unknown function, (n×n) matrix A(t) and n-vector
f(t) are continuous on [0, T ], (n × n) matrices ϕj(t), ψj(τ), j = 1, k, are continuous on [0, T ],
Bi are constant (n× n) matrices, 0 = t0 < t1 < t2 < ... < tm−1 < tm = T .
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The solution to multipoint problem (1), (2) is a function x∗(t) : [0, T ]→ Rn that is contin-
uous on [0, T ], continuously differentiable on (0, T ) and satisfies integro-differential equations
(1) and multipoint condition (2).

The aim of the present communication is to obtain criteria for the unique solvability of
problem (1), (2) and develop algorithms for finding its approximate solutions. To this end,
the Dzhumabaev’s parametrization method [1-3] is used. The interval [0, T ] is partitioned and
additional parameters are introduced as the values of the desired solution at the left endpoints of
the partition subintervals. When applying the method of parametrization to problem (1), (2),
some intermediate problems occur, so called special Cauchy problems for integro-differential
equations with parameters [2-5].

We divide [0, T ] into m parts and introduce additional parameters as the values of the
desired solution at the left endpoints t = ti, i = 0,m− 1, of the subintervals. The unique
solvability of a special Cauchy problem for the ∆m partition is equivalent to the invertibility of
a matrix I −G(∆m) constructed through a fundamental matrix of the differential part and the
matrices of the integral kernel. The ∆m partition is called regular if the matrix I − G(∆m) is
invertible (see [5-7]). For the regular ∆m partition, a system of linear algebraic equations in the
parameters introduced is constructed using [I − G(∆m)]−1, the multipoint condition (2), and
the continuity conditions at the interior partition points t = ti, i = 1,m− 1. It is shown that
the invertibility of the matrix of the system constructed is equivalent to the unique solvability
of the multipoint problem under consideration.

So, we develop the algorithms for finding a solution to a multipoint boundary value problem
for the integro-differential equation with degenerate kernel. For the chosen ∆m partition, the
matrix G(∆m) is calculated. If there is an inverse of I − G(∆m), then we construct a system
of linear algebraic equations. The elements of G(∆m), the coefficients and right-hand side of
the system are determined by the solutions of the Cauchy problems for ordinary differential
equations and the values of the definite integrals of some functions over the partition subin-
tervals. By solving the system of algebraic equations, we determine the values of the solution
at the left endpoints of the subintervals. Next, using the values obtained and the data of the
integro-differential equation we compose a function F∗(t) that is continuous on [0, T ]. Solving
the Cauchy problems for ordinary differential equations with the right-hand side F∗(t), we get
the values of the desired solution at the remaining points of the interval [0, T ]. If a fundamental
matrix of the differential part is found explicitly and the integrals are evaluated exactly, then
the algorithm allows us to find a closed-form solution as well. As is known, it is usually impos-
sible to explicitly find the fundamental matrix for a system of ordinary differential equations
with variable coefficients, and, in general, only approximate values of definite integrals can be
obtained [5-8].
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On the domain Ω = [0, T ]×[0, ω] we consider a family of two-point boundary value problems
for a system of integro-differential equations of mixed type

∂v

∂t
= A(t, x)v + f(t, x)+

+ϕ1(t, x)

T∫
0

ψ1(s, x)v(s, x)ds+ ϕ2(t, x)

t∫
0

ψ2(s, x)v(s, x)ds, (1)

B(x)v(0, x) + C(x)v(T, x) = d(x), x ∈ [0, ω], (2)

where v(t, x) = (v1(t, x), v2(t, x), ..., vn(t, x)) is unknown function, n × n matrices A(t, x),
ϕ1(t, x), ϕ2(t, x) are continuous on Ω, n× n matrices ψ1(s, x), ψ2(s, x) are continuous on Ω, n
vector function f(t, x) is continuous on Ω, n× n matrices B(x), C(x) are continuous on [0, ω],
n vector function d(x) is continuous on [0, ω].

Continuous function v : Ω→ Rn that has a continuous derivative with respect to t on Ω is
called a solution to the family boundary value problems for the system of integro-differential
equations of mixed type (1), (2) if it satisfies system (1) and condition (2) for all (t, x) ∈ Ω and
x ∈ [0, ω], respectively.

For fixed x ∈ [0, ω] problem (1), (2) is a linear two-point boundary value problem for the
system of integro-differential equations of mixed type [1-3]. Suppose a variable x is changed
on [0, ω], then we obtain a family of two-point boundary value problems for integro-differential
equations of mixed type.

We investigate questions for the solvability of the family of boundary value problems for
the system of integro-differential equations of mixed type with degenerate kernels. The original
problem is first reduced to a family of boundary value problems for the Fredholm integro-
differential equation with an unknown function associated with the desired function by an
integral relation. For solving this problem we use Dzhumabaev’s parametrization method [4-7].
This family of problems can also be interpreted as a family of inverse problems for a system
of Fredholm integro-differential equations with a degenerate kernel [8-10]. On the other hand,
this problem is a problem with a parameter for the system of Fredholm integro-differential
equations [11-13].

Then, by introducing an additional functional parameter as the value of the solution on the
boundary of the domain, the problem is reduced to an equivalent problem containing a family
of Cauchy problems for a system of Fredholm integro-differential equations with unknown
functions, a hybrid system of functional and integral equations for a function parameter and
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an unknown function. Conditions for the unique solvability of the problem under consideration
are obtained in terms of the solvability of families of Cauchy problems and a hybrid system.
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In the present communication we consider the boundary value problem with parameter for
the ordinary differential equation of second order

d2x

dt2
= a1(t)

dx

dt
+ a2(t)x+ b(t)µ+ f(t), t ∈ (0, T ), (1)

x(0) = x0, x(T ) = x1,
dx(t)

dt

∣∣∣
t=T

= x2, (2)

where x(t) is an unknown function, the functions a1(t), a2(t), b(t) and f(t) are continuous on
[0, T ], x0, x1 and x2 are constants.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021



76 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2021

The solution to boundary value problem with parameter (1), (2) is a pair (µ∗, x∗(t)), where
the parameter µ∗ ∈ R, the function x∗(t) : [0, T ] → R that is continuous on [0, T ], twice
continuously differentiable on (0, T ), and satisfies differential equation of second order (1) and
initial and boundary conditions (2).

The aim of the communication is to obtain criteria for the unique solvability of problem
with parameter (1), (2) and propose algorithms for finding its approximate solutions.

At first, we introduce a new functions x1(t) = x(t), x2(t) = dx(t)
dt

for all t ∈ [0, T ].
Problem with parameter (1), (2) reduce to an equivalent problem with parameter for system

of two differential equations in the following form

dx1

dt
= x2

dx2

dt
= a1(t)x2 + a2(t)x1 + b(t)µ+ f(t)

, t ∈ (0, T ), (3)

subject to the boundary conditions

x1(0) = x0, x1(T ) = x1 x2(T ) = x2. (4)

By a solution to problem (3), (4) we mean a triple (µ∗, x∗1(t), x∗2(t)), where µ∗ ∈ R and x∗1(t),
x∗2(t) are continuous on [0, T] and continuously differentiable on (0, T ) functions, satisfying
conditions (4) and system (3) with µ = µ∗.

Further, for solve problem (3), (4) we use the Dzhumabaev’s parametrization method [1-
3]. We reduce the problem (3), (4) to a problem with an additional parameter λ that is
chosen as the value of the function x2(t) at the point t = 0: λ

.
= x2(0). Then, by substituting

u1(t) = x1(t)−x0, u2(t) = x2(t)−λ, problem (3), (4) is transformed into the following problem:

du1

dt
= u2 + λ

du2

dt
= a1(t)[u2 + λ] + a2(t)[u1 + x0] + b(t)µ+ f(t)

, t ∈ (0, T ), (5)

u1(0) = 0, u2(0) = 0, (6)

u1(T ) = x1 − x0, u2(T ) = x2 − λ. (7)

A solution to problem (5)-(7) is a quadruple (µ∗, λ∗, u∗1(t), u∗2(t)), where µ∗, λ∗ ∈ R and functions
u∗1(t), u∗2(t) satisfy the system of differential equations (5) and conditions (6), (7) with µ = µ∗

and λ = λ∗. Obviously, if this quadruple is a solution to problem (5)-(7), then the triple
(µ∗, x∗1(t), x∗2(t)) with x∗1(t) = u∗1(t)−x0 and x∗2(t) = u∗2(t)−λ∗ is a solution to problem (3), (4).
Then, the pair (µ∗, x∗(t)) with x∗(t) = x∗1(t) is a solution to original problem (1), (2).

The Cauchy problem (5), (6) has a unique solution u(t, λ, µ) = (u1(t, λ, µ),
u2(t, λ, µ)) for all λ ∈ R and µ ∈ R. By substituting the value u(T, λ, µ) into the boundary
condition (7), we get the following system of linear algebraic equations in parameters λ and µ:{

u1(T, λ, µ) = x1 − x0

u2(T, λ, µ) + λ = x2 . (8)

Problem (5)-(7) is solvable if the system of algebraic equations (8) has a solution (λ∗, µ∗) ∈
R2.

Therefore, problem with parameter (1), (20 is solvable if the system of algebraic equations
(8) is solvable [4].
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Reconstruction of boundary conditions for differential equations higher orders in a certain set
of spectra is hampered by two circumstances: mi. First, in contrast to second-order differential
equations in the case differential equations of higher orders there are no triangular operators
transformation. Secondly, non-decaying boundary conditions introduce additional significant
analytical difficulties in their reconstruction from a set of spectra. Note that in this paper,
we propose a new method for normalizing the boundary conditions, which is adapted for their
subsequent restoration according to a certain set of spec- tons of boundary value problems.In
other words, before asking the question of what data should restore a set of boundary conditions,
they must be reduced to canonical form. Then, proceeding from the proposed canonical form,
a system of boundary value problems is selected, from the set of spectra of which the boundary
conditions are restored.

In functional space L2(0, 1) consider the eigenvalue problem. Consider a mixed problem for
the system of wave equations

d(y) = y(n)(x) +
n−2∑
k=0

pk(x)y(k)(x) = λy(x), (1)

Vj(y) =
n∑
s=1

(αjsy
(s−1)(0) + βjsy

(s−1)(1)) = 0, j = 1, ..., n, (2)

where pk(x) -sufficiently smooth coefficients of the differential equation, αjs, βjs -numerical
coefficients of the boundary conditions. We assume that λ = 0 is not value of problem (1)
and (2). According to the assumption, the resolvent set of problem (1) - (2) is not empty and,
as a consequence, it follows that the spectrum of the original problem consists of a countable
number of eigenvalues. When solving the direct problem, it is first necessary to normalize the
set of boundary conditions (1) - (2).

We introduce a fundamental system of solutions yi(0) homogeneous equation d(y) = 0 with

standard Cauchy conditions at zero y
(s−1)
i (0) = δis. Function u0(x), determined by the formula

u0(x) =

x∫
0

g(x, t)f(t)dt.
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is a solution to the inhomogeneous Cauchy problem with zero conditions at zero

d(u0) = f(x), u
(s−1)
0 (0) = 0.

Note also that the relations are valid for s = 1, ..., n

u
(s−1)
0 (x) =

x∫
0

∂s−1

∂xs−1
g(x, t)f(t)dt.

Now we can formulate a statement.
For anyone f of L2(0, 1) inhomogeneous equation d(u) = f(x) has a single a natural solution

that satisfies the conditions (2).Moreover, for such a solution fair representation

u(x) = u0(x)−
n∑
s=1

ϕs(x)Vs(u0). (3)

Here ϕs(x)-system decisions homogeneous equations d(y) = 0 with conditions

Vj(ϕs) = δjs, j = 1, ..., n.

The statement is proved by direct verification.The uniqueness follows from the pre- provisions:
λ = 0 is not an eigenvalue of problem (1) and (2). Let’s calculate boundary shape values Vj(us).
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The paper is devoted to study analogues of the van der Corput lemmas [1] involving Bessel
functions. The generalization is that we replace the exponential function with the Bessel
functions, to study oscillatory integrals appearing in the analysis [1] of wave equation with
singular damping. More specifically, we study integral of the form

J(λ) =

∫
Ω

J1(λφ(x))ψ(x)dx,

The Bessel function is [2]

J1(λφ(x)) =
∞∑
m=0

(−1)m

m!(m+ 1)!

(
λ

2

)2m+1

φ2m+1(x)

In harmonic analysis, one of the most important estimates is the van der Corput lemma, which
is an estimate of the oscillatory integrals.

Keywords: van der Corput lemma, Bessel function, asymptotic estimate.
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The description of all correct restrictions of the maximal operator are considered in a Hilbert
space. A class of correct restrictions are obtained for which a similar transformation has the
domain of the fixed correct restriction. The resulting theorem is applied to the study of n-order
differentiation operator with singular coefficients. Let a closed linear operator L be given in a

Hilbert space H. It is known that if one of the correct restriction L of a maximal operator L̂

is known, then the inverses of all correct restrictions of L̂ have in the form

L−1
K f = L−1f +Kf, (1)

where K is an arbitrary bounded linear operator in H such that R(K) ⊂ Ker L̂.
Let L0 be some minimal operator, and let M0 be another minimal operator related to L0

by the equation (L0u, v) = (u,M0v) for all u ∈ D(L0) and v ∈ D(M0). Then L̂ = M∗
0 and

M̂ = L∗0 are maximal operators such that L0 ⊂ L̂ and M0 ⊂ M̂ . A correct restriction L of a

maximal operator L̂ such that L is simultaneously a correct extension of the minimal operator
L0 is called a boundary correct extension.

The inverse operators to all possible correct restrictions LK of the maximal operator L̂ have
the form (1), then

D(LK) =
{
u ∈ D(L̂) : (I −KL̂)u ∈ D(L)

}
is dense in H if and only if Ker (I + K∗L∗) = {0}. All possible correct extensions MK of M0

have inverses of the form

M−1
K f = (L∗K)−1f = (L∗)−1f +K∗f,

where K is an arbitrary bounded linear operator in H with R(K) ⊂ Ker L̂ such that

Ker (I +K∗L∗) = {0}.

The main result of this work is the following

Theorem 1. Let L be boundary correct extension of L0, that is, L0 ⊂ L ⊂ L̂. If LK is
densely defined in H and

R(K∗) ⊂ D(L∗) ∩D(L∗K),

where K and L are the operators in representation (1), then KLK is bounded in H and a

correct restriction LK of the maximal operator L̂ is similar to the correct operator

AK = L−KLKL on D(AK) = D(L).

Corollary 1. Suppose the hypothesis of Theorem 1 is satisfied. Then a correct extension
L∗K of a minimal operator M0 is similar to the correct operator

A∗K = L∗(I − L∗KK∗),

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021



80 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2021

on
D(A∗K) =

{
v ∈ H : (I − L∗KK∗)v ∈ D(L∗)

}
.

Keywords: maximal (minimal) operator, correct restriction, correct extension, similar operators, singular coefficients,
Riesz basis with brackets.
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We study two Cauchy problems in Rn
T := Rn × (0, T ), n ≥ 2: problem 1 for a parabolic

equation with singular in t coefficients at the first derivatives with respect to spatial variables [1]
and problem 2 for a parabolic equation with the continuous coefficients at the first derivatives
with respect to spatial variables, but the smoothness of which is less, than it is required to
obtain solution belonging to the classical Hölder space [2].

The problems for parabolic equations in non-cylindrical domains with moving or free (un-
known) boundaries, when the required smoothness of the solutions is higher than the smooth-
ness of the boundary of the domain are reduced to such problems 1 and 2.

With the help of Laplace on t and Fourier on x′ = (x1, . . . , xn−1) we construct the solutions
of the problems in the explicit form. This permit us to determine the weighted Hölder spaces
for the solutions with the weights of positive power of t.

By direct evaluations of the solutions we derive the estimates of them in this weighted spaces
and obtain an existence and uniqueness of the solutions.
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In this work, we study boundedness, noetherity and smoothness properties of multidimen-
sional singular integral operators and solvability of the corresponding singular integral equations
in Besov spaces. The present work is a direct continuation of the paper [1], where singular inte-
grals with characteristics independent of poles and the corresponding singular integral equations
in Besov spaces were studied.

Let E be an extended Euclidean space En (with the Lebesgue measure) added point ∞ at
infinity, i.e. E is a bicompact (or quasi-compact) Hausdorff space. Open sets in E are open
sets in En, as well as complements (in E) of closed subsets of En. Such form open sets serve
as neighborhoods of the point at infinity in E and any displacement of the point ∞ at infinity
belongs to En. In what follows, singular integrals will be considered in Besov spaces B ≡ B(E),
the parameters of which will be refined below.

Consider a singular integral

g(x) ≡ (Sxf)(x) =

∫
E

Ω(x, θ)

|y − x|n
f(y)dy, (1)

which is understood in the sense of Cauchy principal value, where the characteristic Ω depends
only on poles x. If the following conditions [2]

(a)

∫
S1

Ω(x, θ)dθ = 0, where S1 is a unit sphere;

(b)

∫
S1

|Ω(x, θ)|p′dθ <∞, 1

p
+

1

p′
= 1, 1 < p <∞,

hold, then Sx is a bounded operator on Lp(E) and we have

‖Sxf‖p ≤ Ap‖f‖p, ∀f ∈ Lp(E),

where Ap is a constant depending on p. Here and further ‖ · ‖p means Lp(E) - norm.
Throughout this paper we assume that the characteristic Ω(x, θ), as a function, satisfies

conditions (a) and (b) for any x ∈ E and θ ∈ S1, it satisfies
(c) Ω(x, θ) ∈ B`1

p1,1
(En), 1 < p1 <∞, `1 · p1 = n (`1 > 0)

as a function of x. As seen the Besov space B1 ≡ B`1
p1,1

(E) is embedded into the space C(E) of
continuous bounded functions when ξ ∈ S1 and the following inequality

‖Ω(·, θ)‖C(E) ≤M‖Ω(·, θ)‖p′,B1

holds. Again, here and further the norm with two indexes means a mixed norm in the order
of the indexes, i.e ‖ · ‖p′,B1 is a B1(E)−norm of x and Lp′(E)−norm of θ, and M (with and
without indexes) is an absolute constant independent of all important parameters.

Theorem 1. Let the conditions (a),(b), and (c) hold. Then the singular integral operator
Sx defined in (1) is bounded on B ≡ B`

p,1(E), 1 < p <∞, 0 < ` ≤ `1 = n
p1
, 1 < p1 ≤ p, and we

have
‖Sxf‖B ≤M‖f‖B, ∀f ∈ B(E).

The symbol of the singular operator Sx in (1) is defined locally for any fixed x (see [3,

p.110]), i.e. its symbol Φ(x, θ) equals to Âx(ξ) for any fixed x and any ξ ∈ S1.
The bounded singular operator Sx to be Noether in
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B1 = B`
p,1(E), 1 < p <∞, 0 < ` ≤ `1 =

n

p1

, 1 < p1 ≤ p,

it is necessary and sufficient that Âx(ξ) does not vanish on S1 for any fixed x ∈ E.
Let us consider a singular integral equation in

B1 = B`
p,1(E), 1 < p <∞, 0 < ` ≤ `1 =

n

p1

, 1 < p1 ≤ p :

(Cf)(x) = af(x) +
1

(2π)n/2

∫
E

Ω(x, θ)

|y − x|n
f(y)dy + (Tf)(x) = g(x), (2)

where a is independed of x, T is a completely continuous operator and g ∈ B1(E).

The equation (2) is noetherian solvability in B1(E) if and only if its symbol Φ(x, θ) = Âx(ξ)
is different from zero for any ξ ∈ S1 and x ∈ E.
Keywords: Multidimensional singular integrals; singular integral equations; Besov spaces.
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We consider global Morrey-type spaces with variable exponent in unbounded domains. Con-
ditions for the boundedness of the Riesz potential and the fractional maximal function in these
spaces were obtained.

The Riesz potential Iα(x) with the variable exponent α(x) is defined by the following equality:

I
α(x) f(x) =

∫
Rn

f(y)

|x− y|n−α(x)
dy, 0 < α(x) < n.

In case α(x) = α this operator coincides with the classical Riesz potential Iα.
Let p(x) be a measurable function on open set Ω ⊂ Rn with the values in [1,∞). We suppose

1 < p− ≤ p(x) ≤ p+ < ∞, where p− = ess infx∈Ω p(x), p+ = ess supx∈Ωp (x). We denote by

Lp(.)(Ω) the space of all measurable functions f(x) on Ω such that Jp(.)(f) =
∫

Ω
[f(x)]p(x) dx <

∞, where the norm is defined as follows ‖f‖p(.) = inf
{
η > 0, Jp(.)

(
f
η

)
≤ 1
}
. Let P (Ω) is the

set of bounded measurable functions p : Ω→ [1,∞], P log(Ω) is the set of exponents p ∈ P (Ω)
satisfying the local log -condition

|p(x)− p(y)| ≤ Ap
− ln |x− y|

, |x− y| ≤ 1

2
, x, y ∈ Ω, (1)

where Ap is independent of x and y, Alog(Ω) is the set of bounded exponents α : Ω → R
satisfying the condition (1), and Plog(Ω) is the set of exponents p ∈ PΩ with 1 < p− ≤ p+ <∞.
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For Ω which can be unbounded we denote by P∞(Ω), P log
∞ (Ω), Plog

∞ (Ω), Alog
∞ (Ω) the subsets

of the above sets of exponents satisfying the decay condition (when Ω is bounded): |p(x) −
p(∞)| ≤ A∞ ln(2 + |x|), x ∈ Rn. Let

ηp(x, r) =
n

p(x)
, &if r ≤ 1; ηp(x, r) =

n

p(∞)
,&if r > 1.

Let p ∈ Plog(Ω), w(x, r) is a positive function on Ω × [0,∞], where Ω ∈ Rn, θ(r) : (0,∞) →
[1,∞] be measureable functions. The Global Morrey type spaces GMp(.),θ(.),w(.)(Ω) with variable
exponent is defined as the set of functions f ∈ Llocp(.)(Ω) with finite norm

||f ||GMp(.),θ(.),w(.)(Ω) = sup
x∈Ω
||w(x, r)r−ηp(x,r)||f ||Lp(.)(B(x,r))||Lθ(.)(0,∞)

.

Theorem 1. Let p(.) ∈ P log
∞ (Ω), the constant number α satisfies the condition α > 0,

(αp(.))+ = supx∈Ω αp(x) < n, 1 < θ1
− ≤ θ1(t) ≤ θ1

+ < ∞, 1 < θ2
− ≤ θ2(t) ≤ θ2

+ < ∞, the

functions p(x) and q(x) satisfy 1
q(x)

= 1
p(x)
− α

n
, the functions w1 and w2 satisfy the condition

A = sup
x∈Ω

∥∥∥∥w−1
2 (x, r)

∥∥∥tηp(x,t)−ηq(x,t)w1(x, t)

t

∥∥∥
L
θ
′
1(.)

(r,∞)

∥∥∥∥
Lθ2(.)(0,∞)

<∞.

Then the operator Iα is bounded from GMp(.),θ1(.),w1(.) to GM q(.),θ2(.),w2(.).
Theorem 2. Let p(.) ∈ P log

∞ (Ω), the function α(.) satisfies the condition α > 0, (α(.)p(.))+ =

supx∈Ω αp(x) < n. Let θ1(t) and θ2(t) measurable functions such that 1 < θ1 ≤ θ̃1(x) ≤
θ2(x) ≤ Θ2 < ∞, and there exists a positive number a such that θ1(t) = θ1

− = const,

θ2(t) = θ1
− = const for x > a and the functions p(x) and q(x) satisfy 1

q(x)
= 1

p(x)
− α(.)

n
, the

functions w1 and w2 satisfy the condition

G = sup
x∈Ω,t>0

t∫
0

(w2(x, r))θ2(r)

( ∞∫
t

(sηp(x,s)−ηq(x,s)−1

w1(x, s)

)[θ̃1(r)]
′

ds

) θ2(r)

[θ̃1(r)]
′

dr <∞.

Then the operator Iα(.) is bounded from GMp(.),θ(.)1,w1(.) to GM q(.),θ(.)2,w2(.).
The case of θ =∞ was considered in [1].

Keywords: potential type operators, global Morrey-type spaces, variable exponent.

2010 Mathematics Subject Classification: 46A32, 46E30

References
[1] Guliyev V., Samko S. Maximal, potential, and singular operators in the generalized variable exponent Morrey

spaces on unbounded sets, J. Math. Sciences, 193:2 (2013), 228–247.

— >>> —

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021



84 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2021

SCIENTIFIC INVESTIGATIONS OF DIFFERENTIAL OPERATORS ON
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The concept of manifolds defines a topological space similar to Euclidean space. Manifolds
are the foundation of the field of geometry and allow to describe complex structures in terms
of the concept of simple topological properties. Cartesian coordinate structures are considered
to have these topological properties. The notion of a flat manifold has been considered in some
data as a special space, proving that it is not a real space. In addition, topological manifolds
are perceived as flat manifolds that form a finite linear space. In other words, the surface of
an ellipsoid can be represented in terms of a smooth manifold. Each specific structure has its
own expression in the Euclidean space, and the Riemannian manifold can be considered as the
Euclidean space.

According to their mathematical meaning several theorems can be introduced. We can also
consider the Laplace operator for the Riemannian manifolds. The role of the Laplace operator
in the field of mathematical physics and the theory of functions is important. Obviously, the
following theorems are valid.

Theorem 1. The Laplace operator infinitely differentiates the infinite differential of each
individual function in the Riemannian manifold.

The theorem holds only when real analytic is used.
Theorem 2. If for ∆f ≥ 0 the function f of class C2 is a compact connection in the (M, g)

Riemannian manifold, then f is the constant. As the result for any constant (M, g) harmonic
function is true: spec(M, g) ⊂ (−∞, 0].

The true application of differential operator studies, defined by manifold, has been investi-
gated in medicine. Currently, there is a great necessity for important research in the field of
biotechnology, i.e the development of gene interactions using polymers.

This study aims to determine the type of mathematical model of polymers. Therefore, the
ability to use Riemannian surfaces allows you to build a model.

The most important concept is symmetrical spaces. These spaces are defined as pseudo-
spaces. It is enough that the tensor of its curve is invariant for the connected Riemannian
manifold to be symmetrical. For a general Riemannian manifold to be symmetric, each point
must exist in the form of isometry. Although Riemannian spaces were used in physics, mathe-
matics and chemistry, their most important role was identified in the theory of homology.

Funding: This research is funded by the Science Committee of the Ministry of Education and Science of the Republic
of Kazakhstan (Grant No. AP08855402).

Keywords: Riemannian manifolds, differential operators, topological spaces, symmetric spaces.

2010 Mathematics Subject Classification: 58B20, 58D17, 58J60

References
[1] Kanguzhin B.E., Anijarov A.A. Well-posed problems for the Laplace operator in a punctured disk, Math Notes,

89:6 (2011), 819–829.
[2] Ibrahim R.W., Darus M. New Symmetric Differential and Integral Operators Defined in the Complex Domain,

Symmetry, 11 (2019), 906.

[3] Lungu C.N., Grudzinski I.P. Riemann-Symmetric-Space-Based Models in Screening for Gene Transfer Polymers,

Symmetry, 11 (2019), 1466.

— >>> —

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021



Annual International April Mathematical Conference – 2021 85
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Let x = (x1, x2, . . . , xn) ∈ Rn be an arbitrary point of the unit ball
Ω = {x = (x1, x2, . . . , xn) ∈ Rn : |x| < 1} ⊂ Rn. Let αk ∈ {−1, 1}. Then (αk)

2 = 1.
Denote x∗ = (−x1, α2x2, . . . , αnxn), and ∂Ω+ (∂Ω−) is a part of the sphere ∂Ω, for which

x1 > 0 (x1 < 0) . We also denote a part of the sphere ∂Ω, for which x1 = 0, by ∂Ω0.
In this talk we consider the following nonlocal boundary value problem for the Laplace

operator in the ball, which is a multidimensional generalisation of the Samarskii-Ionkin problem.
The problem Sα1. Find a function u(x) ∈ C2(Ω) ∩ C1(Ω̄\∂Ω0) satisfying the Poisson’s

equation
−∆u(x) = f(x), x ∈ Ω, (1)

and the following boundary conditions

u(x)− αu (x∗) = τ(x), x ∈ ∂Ω+, (2)

∂u(x)

∂n
− (−1)k

∂u (x∗)

∂n
= µ(x), x ∈ ∂Ω+, (3)

where f(x) ∈ Cε(Ω̄), τ(x) ∈ C1+ε[∂Ω+], µ(x) ∈ Cε[∂Ω+], 0 < ε < 1, and α is a fixed real
number. Here, ∂

∂n
is a derivative with respect to the direction of the outer normal to ∂Ω.

In the case when α = −(−1)k, we obtain periodic and antiperiodic boundary problems,
which were studied earlier in the works [1]-[2]. Recently, in [3] we considered the problem Sα1

when k = 0, and the general case in [4].
As another alternative to the Samarskii-Ionkin problem for the Laplace operator in a unit

ball, we also consider the following problem:
The problem S1β. Find a function u(x) ∈ C2(Ω) ∩ C1(Ω̄\∂Ω0) satisfying the Poisson’s

equation (1) and the following boundary conditions

u(x) + (−1)ku (x∗) = τ(x), x ∈ ∂Ω+, (4)

∂u(x)

∂n
+ β

∂u (x∗)

∂n
= µ(x), x ∈ ∂Ω+, (5)

where f(x) ∈ Cε(Ω̄), τ(x) ∈ C1+ε[∂Ω+], µ(x) ∈ Cε[∂Ω+], 0 < ε < 1, and β is a fixed real
number. Here, ∂

∂n
is a derivative with respect to the direction of the outer normal to ∂Ω.

The well-posedness of the problems are investigated, and Fredholm property of the problems
are studied. Moreover, we obtain integral representations of their solutions in explicit forms.
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Let Ω be an open subset of RN , and let p, q : Ω→ [1,∞] be measurable functions. We give a
necessary and sufficient condition for the embedding of the variable exponent space Lp(·) (Ω) in
Lq(·) (Ω) to be almost compact. This leads to a condition on Ω, p and q sufficient to ensure that
the Sobolev space W 1,p(·) (Ω) based on Lp(·) (Ω) is compactly embedded in Lq(·) (Ω) ; compact
embedding results of this type already in the literature are included as special cases.
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spaces Lp(·), J. Mathématiques Pures et Appliquées, accepted 2021.

[2] Edmunds D.E., Gogatishvilli A., Nekvinda A. Almost-compact and compact embeddings of variable exponent

spaces, arXiv, 2101.00182, 2021.

— >>> —

ON A NUMERICAL METHOD FOR SOLVING A NONLINEAR BOUNDARY
VALUE PROBLEM FOR DIFFERENTIAL EQUATION WITH DELAYED

Narkesh B. ISKAKOVA1,2,a, Svetlana M. TEMESHEVA1,3,b,
Roza E. UTESHOVA1,4,c

1 Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
2 Abai Kazakh National Pedagogical University, Almaty, Kazakhstan

3 Al-Farabi Kazakh National University, Almaty, Kazakhstan
4 International Information Technology University, Almaty, Kazakhstan

E-mail: anarkesh@mail.ru, btemeshevasvetlana@gmail.com, cruteshova1@gmail.com

Due to applications in physics, biology, epidemiology, and so on, much of the literature on
lagged differential equations has focused on the existence of a periodic solution, oscillation, and
so on.

The importance and variety of applications served to increase interest in the theory of
boundary value problems for differential equations with a delay argument, and the development
of computer technology and its comprehensive application in applied problems presented new
requirements for the developed methods, paying special attention to their constructibility and
feasibility.
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One of the constructive methods widely used for the study of boundary value problems for
differential equations is the parametrization method of D.S.Dzhumabaev [1]. In [2], on the
basis of one modification of the parametrization method algorithms, sufficient conditions were
obtain for the existence of an isolated solution of a boundary value problem for a system of
linear differential equations with a delay argument that satisfies essentially nonlinear boundary
conditions.

We consider a nonlinear boundary value problem for a system of differential equations with
delay argument

dx

dt
= A(t)x(t) +B(t)x(t− τ) + f(t), x ∈ Rn, t ∈ (0, T ), τ > 0, (1)

x(t) = diag[x(0)] · ϕ(t), t ∈ [−τ, 0], (2)

g(x(0), x(T )) = 0, (3)

where (n×n)-matricesA(t), B(t) and the function f(t) are continuous on [0, T ], ϕ : [−τ, 0]→ Rn

is a continuously differentiable functions such that ϕi(0) = 1, i = 1 : n, τ is a constant delay
such that T = Nτ (N = 1, 2, . . .), ‖A(t)‖ ≤ α, ‖B(t)‖ ≤ β, where α, β are constant.

The solution of the boundary value problem (1)-(3) is a continuous on [−τ,Nτ ], continuously
differentiable on [−τ, 0]

⋃
[0, Nτ ] vector function x(t) that satisfies the differential equation (1)

and has values x(0), x(T ), for which equalities (2), (3) are valid.
In [3], in terms of input data, necessary and sufficient conditions for the existence of an iso-

lated solution to a periodic boundary value problem for a system of nonlinear delay differential
equations were established. In [2], on the basis of modified algorithms of the parametrization
method, sufficient conditions were obtained for the existence of an isolated in some ball solu-
tion to problem (1) - (3) for a system of linear delay differential equations subject to essentially
nonlinear boundary conditions. Following the standard scheme of the parametrization method,
problem (1) - (3) was reduced to a multipoint boundary value problem with parameters. In the
course of proving the conditions for the existence of a solution to the problem with parameters,
a procedure for the sequential construction of its solution is shown, which includes the solution
of a system of nonlinear algebraic equations of a special structure and the solution of Cauchy
problems on the partition subintervals. Estimates were established for the difference between
the exact solution and the solution found at a certain step.

The algorithms of the parametrization method are quite suitable for developing a numerical
method for solving the problem under study. To construct the equations of the system in
unknown parameters (the values of the desired solution at the partition subintervals [−τ,Nτ ]),
methods of numerical solution of the Cauchy problem are used. To solve the constructed
system of nonlinear algebraic equations, a sharper version of the local Hadamard theorem [4] is
applied. Using the found parameters, we find the numerical solutions of the Cauchy problems
associated with equation (1), thereby determining the numerical values of the desired solution
at the points of the partition subintervals.

Thus, the numerical method proposed in the present paper is a balanced combination of
known numerical methods. It should be noted that the results numerical experiments carried
out on test problems are fairly good at the first steps of the algorithms of the parameterization
method.
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We consider the following linear boundary value problem for essentially loaded differential
equations with multi-point conditions:

dx

dt
= A(t)x+

m∑
j=1

Mj(t)ẋ(θj) +
m+1∑
i=0

Ki(t)x(θi) + f(t), t ∈ (0, T ), (1)

m+1∑
i=0

Cix(θi) = d, d ∈ Rn, x ∈ Rn, (2)

where the (n×n) -matrices A(t), Mj(t) (j = 1,m), Ki(t) (i = 0,m+ 1), and n-vector-function
f(t) are continuous on [0, T ], Ci (i = 0,m+ 1) are constant (n × n) - matrices, and 0 = θ0 <
θ1 < θ2 < . . . < θm−1 < θm < θm+1 = T ; ‖x‖ = max

i=1,n
|xi|.

A solution to problem (1), (2) is a continuous on [0, T ] and continuously differentiable on
(0, T ) function x(t) satisfying the essentially loaded differential equations (1) and the multi-
point condition (2).

In recent years the theory of differential-boundary equations or loaded differential equations
has been advanced. These equations describe problems in optimal control, regulation of the
layer of soil water and ground moisture, underground fluid and gas dynamics [1]. A numerical
method of solving systems of loaded linear non-autonomous ordinary differential equations with
non-separated multi-point and integral conditions is proposed in work [2].

In the present paper, a linear multi-point boundary value problem for essentially loaded
differential equations is investigated. The significance is that the loaded members of the equa-
tion appear in the form of derivatives of solutions at load points of the interval. The presence
of derivatives of solutions at load points has a strong influence on the properties of equations.
Using the properties of essentially loaded differential equation and assuming the invertibility
of the matrix compiled through the coefficients at the values of the derivative of the desired
function at load points, we reduce the considered problem to a multi-point boundary value
problem for loaded differential equations. The parameterization method [3] is used for solving
this problem. The problem under consideration is reduced to solving a system of linear alge-
braic equations. The coefficients and right-hand side of the system are calculated by solving
the Cauchy problems for ordinary differential equations. A numerical algorithm is offered for
solving the considering problem. Numerical experiments are performed to test the proposed
approach on examples.
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Numerous papers are devoted to spectral properties of differential equations in view of their
fundamental and applied significance. But at the same time, so far no example has been found
of a regular boundary value problem for differential equations whose spectrum (except for an
empty set) is a finite set. Therefore, the problem of the existence and absence of the finite set
in the regular boundary value problems for the differential equations is an actual one.

This problem and the problem of completeness and basicity of root vectors for operators
generated by the action − d2

dx2 , d4

dx4 with general boundary conditions are studied relatively
recently in the monograph of John Locker [1]. In work [2], using anti-a priori estimates for test
functions, for arbitrary regular boundary value problems and a wide class of linear differential
equations, established that their spectral set is either empty or infinite.

The present paper is a development of the paper [2], where the above-mentioned problem
has been studied for an equation with everywhere continuous coefficients and in it, we have
improved the method of proofs of the paper [2].
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Let in Rn is given n-dimensional Lebesgue measure µ, M is the set of all cubes in R2. Further
M will be called as a ”net”. For function f(x), defined and integrable on each e from M, we
define the function

f̄(t,M) = sup
e∈M
|e|≥t

1

|e|

∣∣∣∣ ∫
e

f(x)dx

∣∣∣∣, t > 0,

where the supremum is taken over all e ∈M , whose measure is |e| def
= µe ≥ t. In the case when

sup{|e| : e ∈M} = α <∞ and t > α assuming that f̄(t,M) = 0.
Let p, q parameters satisfy the conditions 0 < p < ∞, 0 < q ≤ ∞ and for p = ∞, q = ∞.

Let’s define the net spaces Np,q(M), as a set of all functions f, such that for q <∞

‖f‖Np,q(M) =

(∫ ∞
0

(
t

1
p f̄(t,M)

)q
dt

t

) 1
q

<∞,

and for q =∞
‖f‖Np,∞(M) = sup

t>0
t

1
p f̄(t,M) <∞.

These spaces were introduced in the work [1].
Net spaces have found important applications in various problems of harmonic analysis,

operator theory and the theory of stochastic processes.
In this paper, we study the interpolation properties of these spaces. It should be noted here

that net spaces are in a sense close to the Morrey space:

Mα
p =

{
f : sup

y∈Rn, t>0
t−λ
(∫
|x+y|≤t

|f(x)|pdx
) 1

p

<∞

}
.

In the case when f(x) ≥ 0, for 1
p

= 1− λ
n

‖f‖Np,∞(M) � ‖f‖Mλ
1
.

The question of interpolation of Morrey spaces was considered in the works [2,3]. It follows
from the results of [4] that

(Mλ0
p ,M

λ1
p )θ,∞ ↪→Mλ

p ,

where λ = (1− θ)λ0 + θλ1. In the works [2,3] it was established that this inclusion is strict.
For net spaces Np,q(M), where M is an arbitrary system of measurable sets from R2, we

also have an embedding (see [1, Theorem 1])

(Np0,q0(M), Np1,q1(M))θ,q ↪→ Np,q(M), (1)

where 1
p

= 1−θ
p0

+ θ
p1
, 0 < θ < 1, 0 < q ≤ ∞.

From (1) it follows that if the linear operator T bounded from Ai to Npi,∞(M), i = 0, 1,
then the operator T bounded from Aθ,q to Np,q(M), where 1

p
= 1−θ

p0
+ θ

p1
.

The question arises whether the following equality will take place

(Np0,q0(M), Np1,q1(M))θ,q = Np,q(M). (2)
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Here, in contrast to the Morrey spaces in the one-dimensional case, when M is the set of all
segments, the answer is positive.

In this paper we show that, if M is the set of dyadic cubes in R2, then the relation (2) holds.
In case, if M is the set of all cubes, an analogue of the Marcinkiewicz-Calderon theorem on the
cones of non-negative functions is obtained.

Theorem 1. Let 0 < p0 < p1 < ∞ and 0 < q0, q1, q ≤ ∞. Let M be the family of dyadic
cubes. Then (

Np0,q0(M), Np1,q1(M)
)
θ,q

= Np,q(M),

where 1
p

= 1−θ
p0

+ θ
p1
, θ ∈ (0, 1).

The following statement is an attempt to answer the question about the interpolation of net
spaces, when M – is the family of all cubes with parallel faces to the coordinate axes in R2.

Theorem 2. Let 2 ≤ p0 < p1 <∞, 0 < q ≤ ∞, M be the family of all cubes with parallel
faces to the coordinate axes in R2. Let G = {f : f(x) ≥ 0}, then for any f ∈ G

⋂
Np,q(M) it

is true
‖f‖(Np0,q0 (M),Np1,q1 (M))θ,q � ‖f‖Np,q(M), (3)

where the corresponding constants depend only on pi, qi, θ, q, i = 0, 1.
The following corollary holds from Theorem 2.
Corollary. Let 2 ≤ p0 < p1 < ∞, 1 ≤ q0, q1 < ∞, q0 6= q1, 0 < τ, σ < ∞. M and G – sets

from Theorem 2. If the following inequalities hold for a quasilinear operator

‖Tf‖Nq0,∞(M) ≤ F0‖f‖Np0,σ(M), f ∈ Np0,σ(M), (4)

‖Tf‖Nq1,∞(M) ≤ F1‖f‖Np1,σ(M), f ∈ Np1,σ(M), (5)

then for any f ∈ G ∩Np,τ we have

‖Tf‖Nq,τ (M) ≤ cF 1−θ
0 F θ

1 ‖f‖Np,τ (M), (6)

where 1
p

= 1−θ
p0

+ θ
p1
, θ ∈ (0, 1) and the corresponding constant depends only on pi, qi, σ, i = 0, 1.
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Consider a simple star graph (metric graph), which is obtained by connecting three finite
segments Bk = {xk : 0 < xk < Lk} , (k = 1, 2, 3) , at one point O(0, 0), called the vertex of the
graph. Line segments are called bonds of the graph. On the each edges of the over defined
graph, we consider fractional differential equations

D
(α,µ)
0+ u(k)(x, t)− u(k)

xx (x, t) = f (k)(x, t), x ∈ Bk, (1)

on the metric graphs, where l − 1 < α < l, , l ∈ N , 0 ≤ µ ≤ 1, k = 1, 2, 3 f (k)(x, t) are

known functions and D
(α,µ)
0+ is Hilfer operator:(

Dα,µ
0+ u

)
(t) = I

µ(n−α)
0+ D(n)

(
I

(1−µ)(n−α)
0+ u

)
(t), n− 1 < α < n, 0 ≤ µ ≤ 1.

We will study the following problem for the equation (1) in Γ.

Problem To find functions u(k)(x, t) in the domain Bk × (0, T ), satisfying equation (1) at
l − 1 < α < l, l = 1, 2 and non-local conditions:

I
(1−µ)(l−α)
0+ u(k)(x, t)

∣∣∣
t=0

= MI
(1−µ)(l−α)
0+ u(k)(x, t)

∣∣∣
t=T

(2)

[α]
d

dt
I

(1−µ)(n−α)
0+ u(k)(x, t)

∣∣∣
t=0

= ϕ(k)(x), k = 1, 2, 3 x ∈ Bk; (3)

vertex conditions
u(1)(0, t) = u(2)(0, t) = u(3)(0, t), t ∈ [0, T ],

u(1)
x (0, t) + u(2)

x (0, t) + u(3)
x (0, t) = 0, t ∈ [0, T ],

and boundary conditions

u(k)(Lk, t) = 0, t ∈ [0, T ], k = 1, 2, 3.

where M ∈ R, ϕ(k) (x) are sufficiently smooth given functions.
Notice, that non-local initial problem with the same conditions as (2) and (3), for the time-

fractional and space-singular equation in simply-connected domain (not on the metric graphs)
was investigated by E. Karimov, M. Mamchuev and M. Ruzhansky [2].

Using the method of separations of variables for the homogeneous equation we will get ODE
of integer order

d2

dx2
X(k)(x) + λ2X(k)(x) = 0, λ ∈ R\{0}, k = 1, 2, 3 (4)

and ODE of fractional order

D
(α,µ)
0+ T (t) + λ2T (t) = 0, l − 1 < α < l, 0 ≤ µ ≤ 1,

moreover, the general solution

X(k)(x) = ak cosλx+ bk sinλx; x ∈ Bk
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of equation (4), was found eigenfunctions and eigenvalues in [1].
Using properties of the Mittag-Leffler function, we prove the uniform convergence of the

obtained Fourier series. The uniqueness of the solution of the problem is also proved.
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Statement of the problem. Let Ω be a bounded domain in Rd with smooth boundary
∂Ω, and QT = {(x, t) : x ∈ Ω, t > 0} is a cylinder with lateral ΓT .

We consider the following inverse problem of finding the pair of the functions (u(x, t), f(t)),
which satisfy the pseudoparabolic equation with p−Laplacian

ut −∆ut − div
(
|∇u|p−2∇u

)
= γ |u|σ(x)−2 u+ f(t) · g(x, t), in QT , (1)

the initial condition
u(x, 0) = u0(x) in Ω, (2)

the Dirihlet boundary condition
u(x, t) = 0 on ΓT , (3)

and the integral overdetermination condition∫
Ω

(u · ω +∇u · ∇ω) dx = e(t), t ≥ 0. (4)

Here the coefficient γ might be positive γ > 0 either negative γ < 0. The functions g(x, t),
u0(x), ω(x), and e(t) are given. The exponents p is given positive number and σ is given
function, such that

1 < p, σ <∞. (5)

The damping term γ|u|σ(x)−2u in the momentum equation realizes an absorbtion (sink) if γ ≤ 0,
and a source if γ > 0. In this work, we show how the exponents p, σ the coefficient γ, the
dimension of the space d, and data of the problem should interact each other for the existence
of weak solutions to the problem. We also establish the conditions for uniqueness of the solutions
to this problem.
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In simply connected region D in the plane bounded by the simple smooth contour Γ, we
consider the elliptic equation

2l∑
r=0

ar
∂2lu

∂x2l−r∂yr
+

∑
0≤r≤k≤2l−1

ark(x, y)
∂ku

∂xk−r∂yr
= f(x, y), (x, y) ∈ D (1)

with real coefficients ar ∈ R and ark ∈ Cµ(D), Γ = ∂D ∈ C2l,µ, 0 < µ < 1.
Problem S. The generalized Neumann problem consists in finding the solution u(x, y) of

equation (1) in the domain D by boundary conditions

∂kj−1u

∂nkj−1

∣∣∣∣
Γ

= gj, j = 1, . . . , l, (2)

where 1 ≤ k1 < k2 < . . . < kl ≤ 2l and n = n1 + in2− the unit external normal.
For a polyharmonic equation, this problem was studied by A.V. Bitsadze [1]. Another

version of the Neumann problem, based on the variational principle, was previously proposed
by A.A. Desin [2]. In [3], problem (1), (2) was investigated for akr 6= 0 and f 6= 0 in the space
of functions C2l−1,µ

a (D).
The report established: a sufficient condition for the Fredholm property of problem (1), (2);

equivalence of the Fredholm condition of the problem to the complementarity condition (or
Shapiro– Lopatinsky) [4]. A formula for the index of the problem indS is calculated.

The condition of Fredholm property of various problems for equations of the fourth and
sixth orders is established in detail, and formulas for the indices of the corresponding problems
are described in explicit form.
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We consider a linear two-point boundary value problem for the system of Fredholm integro-
differential equation with a weakly singularity on [0, T ]:

dx

dt
= A(t)x+

∫ T

0

K(t, s)x(s)ds+ f(t), x ∈ Rn, (1)

Bx(0) + Cx(T ) = d, (2)

where x = (x1, x2, ..., xn) is unknown function; the (n×n)−matrix A(t) and n−vector function
f(t) are continuous on [0, T ], B and C are (n × n) constant matrices, d ∈ Rn, K(t, s) is (n ×
n)−matrix and has the form ‖K(t, s)‖ = 1

|t−τ |αH(t, s), and H(t,s) is continuous on [0, T ]×[0, T ],
0 < α < 1.

Let C([0, T ], Rn) be a space of continuous functions x : [0, T ] → Rn with the norm ‖x‖1 =
maxt∈[0,T ] ‖x(t)‖, ‖x(t)‖ = maxi=1,n |xi(t)|.

Solution (1),(2) is a function x(t) ∈ C([0, T ], Rn), continuously differentiable on (0, T ),
which satisfies the integro-differential equation (1) for all t ∈ [0, T ] and condition (2). The
parametrization method [1−3] is used to study the two-point boundary value problem (1), (2).
We divide the interval [0, T ] parts N and denote by MN this partition: MN= {t0 = 0 < t1 <
... < tN = T}, where ts = sT

N
. By xr(t) we denote the restriction of the function x(t) to the rth

interval [tr−1, tr), i.e. xr(t) = x(t), r = 1, N and entering the parameters λr=̂xr((r − 1)h), and
on each rth interval, changing the function ur(t) = xr(t)−λr, we obtain the boundary problem
with parameters

dur
dt

= A(t)ur +
N∑
j=1

∫ jh

(j−1)h

K(t, τ)(uj(τ) + λj)dτ + f(t), t ∈ [(r − 1)h, rh), (3)

ur[(r − 1)h] = 0, r = 1, N, (4)

Bλ1 + CλN + C lim
t→T−0

uN(t) = d, (5)

λp + lim
t→ph−0

up(t) = λp+1, p = 1, N − 1. (6)

A pair of (λ, u[t]) with elements λ = (λ1, λ2, ..., λN) ∈ RnN , u[t] = (u1, u2, ..., uN) ∈
C([0, T ], MN , RnN) is a solution to problem (3)-(6). For fixed values of the parameters λ ∈
RnN , the system of functions u[t] allows us to determine from special Cauchy problems for
systems of integro-differential equations (3), (4). Using the fundamental matrix X(t) of the
differential equation dx

dt
= A(t)x the combined problem (3), (4) to the equivalent system of

integral equations

ur(t) = X(τ)

∫ t

(r−1)h

X−1(τ1)A(τ1)dτ1λr+

+X(τ)

∫ t

(r−1)h

X−1(τ1)
N∑
j=1

∫ jh

(j−1)h

K(τ1, s)(uj(s) + λj)dsdτ1+

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021



96 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2021

+X(t)

∫ t

(r−1)h

X−1(τ1)f(τ1)dτ1, t ∈ [(r − 1)h, rh), r = 1, N. (7)

For this problem (3), (4) is uniquely solvable, we can choose the step of splitting h > 0 :
Nh = T.

Consider h0 > 0 satisfying the inequality

σ(h0) ≡ βT
1

1− α
h1−α

0 2αeα0h0 < 1,

where α0 = maxt∈[0,T ]‖A(t)‖, β = max(t,s)∈[0,T ]×[0,T ]‖H(t, s)‖.
Let us show that, for any h ∈ (0, h0] : Nh = T system (7), we obtain the estimates

‖X(τ)

∫ t

(r−1)h

X−1(τ1)
N∑
j=1

∫ jh

(j−1)h

K(τ1, s)uj(s)dsdτ1‖

= σ(h0) · ‖u[·]‖2, t ∈ [(r − 1)h, rh), r = 1, N. (8)

Using (8) and the inequality σ(h0) < 1 and applying the contraction mapping principle, we
prove the unique sovability of systems (8) for any h ∈ (0, h0] : Nh = T .

Given from [4] we express ur(t) in terms of λr and f(t), Substituting them into conditions
(5) and (6), we obtain a linear sistem of equations for λr, r = 1, N, and this sistem can be
written as

Q∗,∗(h)λ = −F∗, ∗(h), λ ∈ RnN .

Theorem 1. If the matrix Q∗,∗(h) : RnN → RnN is invertible for some h ∈ (0, h0] : Nh = T ,
then problem (1), (2) has unique solution x∗(t) satisfying the estimate

‖x∗‖1 ≤

≤ eα0hh

1− σ(h)

[
1 + γ∗,∗(h)max

(
1 + h‖C‖ eα0h

1− σ(h)
,

eα0h

1− σ(h)

)]
·max(‖f‖1, ‖d‖),

where γ∗,∗(h) = ‖[Q∗,∗(h)]−1‖ and σ(h) = βeα0h2αT 1
1−αh

1−α
0 .

The proof of Theorem 1 is shown in [4].
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N.K. OCHILOVA1,a

1 Tashkent financial institute, Tashkent, Uzbekistan

E-mail: anargiz.ochilova@gmail.com

In works [1], [2] (and others) the authors considered local boundary value problems for
mixed type degenerating differential equations involving Caputo fractional derivatives of order
0 < α ≤ 1. In this work we consider equation:

0 =

{
uxx − CD

α
oyu, x > 0, y > 0,

(−y)muxx − xnuyy, x > 0, y < 0
(1)

with operator: CD
α
oyu = 1

Γ(1−α)

y∫
0

(y − t)−αut(x, t)dt, where 0 < α < 1,

m = const > 0.
Let’s Ω be domain, bounded with segments:
A1A2 = {(x, y) : x = 0, 0 < y < h2},
B1B2 = {(x, y) : x = h1, 0 < y < h2},
A2B2 = {(x, y) : y = h2 0 < x < h1} at the y > 0 and by the characteristics: A1C :

1
q
xq − 1

p
(−y)p = 0, B1C : 1

q
xq + 1

p
(−y)p = 1; of equation (1) at y < 0 where A1 (0; 0) ,

A2 (0;h2) , B1 (h1; 0) , B2 (h1;h2) and C
((

q
2

)1/q
,−
(
p
2

)1/p
)

. Here 2q = n + 2, 2p = m + 2,

h1 = q1/q, h2 > 0, and that m > n.
Introduce designations:

θ0(x) =
(
xq

2

)1/q − i
(
p
q
xq

2

)1/p

, θ1(x) =
(

(xq+1)
2

)1/q

− i
(
p
q

(1−xq)
2

)1/p

,

θ0(x) and θ1(x) are points of intersection of characteristics of equation (1), outgoing from the
points (x, 0) ∈ A1B1, with characteristics A1C and B1C, respectively.
We enter some designations:

2α1 = n/(n+ 2), 2β1 = m/(m+ 2), 0 < α1 < β1 <
1
2
, Ω+ = Ω ∩ (y > 0),

Ω− = Ω ∩ (y < 0), I1 = {x : 0 < x < h1} , I2 = {y : 0 < y < h2} .
Problem I. Find a solution of equation (1) from the following class of functions:
∆ =

{
u(x, y) : u(x, y) ∈ C(Ω̄) ∩ C2(Ω−) uxx ∈ C (Ω+) , CD

α
oyu ∈ C (Ω+)

}
satisfies bound-

ary conditions:

u(x, y)
∣∣
A1A2

= ϕ1(y), 0 ≤ y ≤ h2, u(x, y)
∣∣∣B1B2

= ϕ2(y), h1 ≤ y ≤ h2,

a (x) (x2q)
1−α+β

2
d

dx2q
(x2q)

1−α−β
2 ×

×F0x

[
α+β−1

2
, α+β

2
β, x2q

]
(x2q)

2α−1
2 u [θ0 (x)] +

+b(x) (1− x2q)−βDα
x2q1 (xq + 1)α−βD1−α−β

xq1 u [θ1(x)] +

+δ(x)uy(x, 0) = g(x), (x, 0) ∈ I1,

and gluing condition:

lim
y→+0

y1−αuy(x,+0) = uy(x,−0), (x, 0) ∈ A1B1;

where ϕ1(y), ϕ2(y), δ(x), g(x), ã(x) = a(x1/2q), b̃(x) = b(x1/2q) are given functions, and that

a2(x) + b2(x) + δ2(x) 6= 0, (x, 0) ∈ Ī1, ϕ1 (y) , ϕ2 (y) ∈ C [0, h2]
⋂
C2 (0, h2) . ã(x), b̃(x), δ(x) ∈
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C [0, h1]
⋂
C2 (0, h1) , g(x) ∈ C2 (0, h1) . The uniqueness of solution is proved by the method of

integral energy using necessary properties of hypergeometric functions and integro-differential
operators fractional order. The existence is proved by the method of integral equations.

Keywords: Boundary value problem, degenerating equation, parabolic-hyperbolic type, Gauss hypergeometric function,
Cauchy problem, existence and uniqueness of solation, a principle an extremum, method of integral equations, Caputo
fractional derivative.
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Let (M, τ) be a semi-finite von Neumann algebra, L0(M) be the set of all τ -measurable
operators and µt(x) be the generalized singular number of x ∈ L0(M). We proved that if g :
[0,∞) → [0,∞) is an increasing continuous function, then for normal operators x1, x2, · · · , xn
in L0(M),

µ(g(|
n∑
k=1

xk|)) ≤ µ(g(
n∑
k=1

|xk|))

holds. As application, we obtained that if x is a matrix of normal operators xij in L0(M) and
f : [0,∞) → [0,∞) is a concave function, then µ(f(|x|)) is majorized by µ(

∑n
i,j=1 f(|xij|)).

Let Mn be the set of all n × n complex matrices.Throughout this paper, M always denotes a
semi-finite von Neumann algebra with a faithful normal semi-finite trace τ. For x ∈ L0(M), the
distribution function λ(x) of x is defined by λt(x) = τ(e(t,∞)(|x|)) for t > 0, where e(t,∞)(|x|) is
the spectral projection of |x| in the interval (t,∞), and the generalized singular numbers µ(x)
of x by µt(x) = inf{s > 0 : λs(x) ≤ t} for t > 0.

For n ∈ N, we denote by Mn(M) the semi-finite von Neumann algebra

Mn(M) =




x1,1 x1,2 · · · x1,n

x2,1 x2,2 · · · x2,n
...

...
. . .

...
xn,1 xn,2 · · · xn,n

 , xi,j ∈M, i, j = 1, 2, · · · , n


on Hilbert space ⊕nj=1H with trace Tr ⊗ τ . Then L0(Mn(M)) = Mn(L0(M)).

Theorem 1. Let x1, x2, · · · , xn ∈ L0(M). Then

µt(|
n∑
k=1

xk|) ≤ µt(

( ∑n
k=1 |x∗k| 0

0
∑n

k=1 |xk|

)
), t > 0.
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Theorem 2. Let x1, x2, · · · , xn be normal operators in L0(M).
If g : [0,∞)→ [0,∞) is an increasing continuous function, then

µ(g(|
n∑
k=1

xk|)) ≤ µ(g(
n∑
k=1

|xk|)).
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The d’Alembert method or the method of incident and reflected waves allows solving not
only the Cauchy problem for the wave equation, but also finding solutions to mixed problems.
In the case of a semi-bounded string, the effect of wave reflection is observed, which depends on
the form of the boundary condition. In the case of bounded strings, waves are also reflected, but
this effect occurs in a more complex scenario.Similar results in the case of multipoint problems
can be found in the work of B.E. Kanguzhin and M.Zh. Kozhataeva, as well as in the work of
B.Bekbolat, B.E. Kanguzhin, N.E. Tokmaganbetov.

Let m be fixed natural number. Consider a mixed problem for the system of wave equations

∂2um+1(xm+1, t)

∂t2
− ∂2um+1(xm+1, t)

∂x2
m+1

= 0, 0 < xm+1 < bm+1, t > 0,

∂2um(xm, t)

∂t2
− ∂2um(xm, t)

∂x2
m

= 0, 0 < xm < bm, t > 0, (1)

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

∂2u1(x1, t)

∂t2
− ∂2u1(x1, t)

∂x2
1

= 0, 0 < x1 < b1, t > 0,
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with conditions of the form (a)

um+1(bm+1, t) = u1(0, t) = . . . = um(0, t), t > 0,

∂um+1(bm+1, t)

∂xm+1

=
∂u1(0, t)

∂x1

+ . . .+
∂um(0, t)

∂xm
, t > 0, (2)

and conditions of the form (b)

um+1(0, t) = 0, u1(b1, t) = 0, . . . , um(bm, t) = 0, t > 0, (3)

and also the initial conditions

um+1(xm+1, 0) = ϕm+1(xm+1), 0 < xm+1 < bm+1,

∂

∂t
um+1(xm+1, 0) = ψm+1(xm+1), 0 < xm+1 < bm+1,

um(xm, 0) = ϕm(xm), 0 < xm < bm,

∂

∂t
um(xm, 0) = ψm(xm), 0 < xm < bm, (4)

For m = 1 problem (1), (2), (3), (4) coincides with the mixed problem for the wave equation

∂2w

∂t2
− ∂w

∂x2
= 0, 0 < x < b1 + b2, t > 0, (5)

w(0, t) = 0, w(b1 + b2, t) = 0, t > 0, (6)

w(x, 0) = ϕ(x),
∂w(x, 0)

∂t
= ψ(x), 0 < x < b1 + b2. (7)

In this case, the d’Alembert formula is valid

w(x, t) =
ϕ̃(x+ t) + ϕ̃(x− t)

2
+

1

2

x+t∫
x−t

ψ̃(ξ)dξ, 0 < x < b1 + b2, t > 0, (8)

here ϕ̃(x) and ψ̃(x) are the continuation of the function ϕ(x) and ψ(x) from the segment
[0, b1 + b2] to the entire numerical axis.

The solution of the mixed problem on the graph (1), (2), (3), (4) is sought in the form

uj(xjt) =
∑
n

dn(t)wj(xj, λn), 0 < xj < bj, j = 1, . . . ,m+ 1.

Then it is easy to understand that

dn(t) = Dn(Φ) cos
√
λn · t, n ≥ 1.

Thus, the solution will take the form

uj(xj, t) =
∑
n

Dn(Φ) cos
√
λnt · wj(xj, λn), 0 < xj < bj, t > 0, j = 1, . . . ,m+ 1. (9)

Then formula (9) imply the main statement of this thesis. Then the mixed problem (1), (2),
(3), and (4) on the graph has a unique solution, which can be represented in the form

uj(xj, t) =
1

2
ϕ̃j(xj + t) +

1

2
ϕ̃j(xj + t) +

1

2

xj+t∫
xj−t

ψ̃(ξ)dξ. j = 1, 2, . . . ,m+ 1,
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where ϕ̃j and ψ̃j continue functions ϕj and ψj from arc ej to the entire numerical axis.
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We present some recent advances and investigations on fractional differential equations with
continuous variable coefficients and its applications. In fact, we give explicit solutions of the
mentioned equations by means of different fractional operators [1, 4, 5, 6]. The representations
of solutions are given in terms of some convergent infinite series of fractional integro-differential
operators, which can be widely and efficiently used for analytic and computational purposes. In
the case of constant coefficients, the solution is given by the multivariate Mittag-Leffler functions
and the obtained result extends the Luchko-Gorenflo representation formula [2, Theorem 4.1].
Some applications of the obtained results are also given, see e.g. the papers focus in Dirac type
operators and Cauchy type problems [3, 7].
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ON FORCED MULTIPERIODIC OSCILLATIONS IN THE SYSTEM WITH
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We consider a system of equations that describes a forced oscillation process

Dx = Ax+ ε0f(τ, t) (1)

with respect to real analytic n-vector-function x = x(τ, t) with differentiation operator D =
∂/∂τ + 〈e, ∂/∂t〉 with respect to time variables t0 = τ ∈ R and t = (t1, . . . , tm) ∈ R ×
. . . × R = Rm, where 〈e, ∂/∂t〉 is the scalar product of m-vectors e = (1, . . . , 1) and ∂/∂t =
(∂/∂t1, . . . , ∂/∂tm), A is a constant n-matrix, f(τ, t) is an n-vector-function, ε0 > 0 is pa-
rameter. The class of functions that are (θ, ω)-periodic and real analytic with respect to
(τ, t) ∈ Πρ × Πm

ρ , bounded on the norm by number r, is denoted by

Abθ,ωr (Πρ × Πm
ρ ), Πρ = {ωj |Im tj| < 2πρ} (ρ > 0, j = 0,m) is a strip.

Assume that the following conditions are satisfied.
a) The constant matrix A has one pair of purely imaginary eigenvalues and the other eigen-

values have nonzero real parts:

Imλ1,2 = ±2πν0 6= 0, Re λ1,2 = 0, Re λj 6= 0, j = 3,m. (2)

b) The vector-function f = f(τ, t) satisfies the following condition

f(τ, t) ∈ Abθ,ω∆0

(
Πρ × Πm

ρ

)
. (3)

c) The frequencies of free oscillations ν0 with respect to τ and forced
oscillations ν0 = θ−1 with respect to τ , ν = (ν1, . . . , νm), νj = ω−1

j , j = 1,m on t are ra-
tionally incommensurable and satisfied the Diophantine condition:∣∣ν0 + k0ν0 + k1ν1 + . . .+ kmνm

∣∣ ≥ c−1|k̂|−γ, |k̂| 6= 0, (4)

where k̂ = (k0, k1, . . . , km), |k̂| =
m∑
j=0

|kj|, kj ∈ Z is the set of integers, c > 0, γ ≥ m+ 2.

We study the problem of clarifying additional conditions, except from
(2)–(4), under which system (1) allowed (θ, ω)-periodic motion.

The methods of the theory of multiperiodic solutions of a system with multiperiodic input
data, real analytically extendable in each variable to some complex neighborhood of the real
axis from works [1-4] are used.

Theorem. Under conditions (2), (3), and (4), the system (1) with differentiation operator
along the main diagonal of the space of time variables allows a unique solution x0(τ, t) ∈
Abθ,ω∆0

(
Πρ−2δ × Πm

ρ−2δ

)
of the form

x0(τ, t) = ε0

s∗(τ+θ−0)∫
s∗(τ)

G1(τ, s)f(s, h(s, τ, t)) ds+ ε0

+∞∫
−∞

G2(τ, s)f(s, h(s, τ, t)) ds,

which obeying the estimate ∣∣x0
∣∣
ρ−2δ
≤ ε0aξ |f |ρ = ∆0,
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where G1(τ, s), G2(τ, s) are the Green’s matrix functions which bounded with a1 > 0 and
a2e
−α(τ−s)(a2 > 0) respectively, s∗(τ) = [τ/θ] θ is a step function, ξ = δ−α is an influ-

ence of small denominators, 0 < δ < ρ < 1, α = 1 + m + γ, a = 4a0a1 +
a2

α
, a0 =

2eρmax

{
1

2πν0
, 22+mc

(
m+ γ

e

)m+γ
}

.

Keywords: multiperiodic solution, differentiation operator, Green’s function, real analytic function, small denominators,
influence parameter.
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MEAN VALUE FORMULAS AND DEGENERATE STURM-LIOUVILLE
BOUNDARY VALUE PROBLEMS ON A STAR GRAPH

Aliya SEITOVA1,2,a
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2 Abai Kazakh National Pedagogical University, Almaty, Kazakhstan

E-mail: afunctionaliya@gmail.com

This article presents the derivation of the mean value formulas for solutions of differential
operators on graphs. Similar formulas for differential operators on an interval can be found
in the works of V.A. Sadovnichy and B.E. Kanguzhin. A systematic application of mean
value formulas in the study of the basic properties of systems of eigenfunctions and associated
functions of differential operators can be found in the works of V.A. Ilyin and his students. The
paper seeks the answer to the question: under what boundary conditions does a second-order
differential operator on a graph have adjustable (predetermined) flows? Using the mean value
formulas given in the paper we can construct various examples of boundary value problems for
second-order differential operators with adjustable flows on arcs.

In this paper, we study second-order differential operators on graphs representing an m
-vertex star. The boundary vertices are numbered from 1 to m. The number of the inner
vertex is m + 1. The arcs, joining the boundary vertices with the interior vertex, are denoted
by e1, , em. It is assumed that the arc length ej is equal to bj > 0. On the arcs of the graph the
following differential equations

−b2
jy
′′

j (xj) + qj(xj)yj(xj)− λyj(xj) = fj(xj), 0 < xj < bj, j = 1, ,m. (1)

are considered with the Kirchhoff conditions

y1(b1) = y2(0) = . . . = ym(0), (2)

b1y
′

1(b1) = b2y
′

2(0) + . . .+ bmy
′

m(0). (3)

at the inner vertex.
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Statement 1. Suppose that for some j > 1 the equality

qj(xj) = q1

(
b1 −

b1

bj
xj

)
, xj ∈ (0, bj), (4)

holds, then the mean value formulas are given by

(b1y
′
1(b1) + bjy

′
j(0))c1(b1) = b1y

′
1(0) + bjy

′
j(bj);

(b1y
′
1(b1) + bjy

′
j(0))s1(b1) = b1(yj(bj)− y1(0)).

(5)

Statement 2. Assume that equalities

q2j(x2j) = q1

(
b1 −

b1

b2j

x2j

)
, x2j ∈ (0, b2j), j = 1, ..., k, (6)

hold. Then the solution of boundary value problem (1)–(3),

b1y
′

1(0) + b2jy
′

2j(b2j) = 0, y2j(b2j)− y1(0) = 0, j = 1, ..., k. (7)

for f1(x1) ≡ 0, ..., fm(xm) ≡ 0 satisfies the following relations at the inner vertex:

b1y
′
1(b1) + b2jy

′
2j(0) = 0, j = 1, ..., k. . (8)

Statement 3. Let equalities (6) hold. Then, for any complex value of λ, there exists a
nonzero solution of boundary value problem (1)–(3), (7) for f1(x1) ≡ 0, ..., fm(xm) ≡ 0.

Funding: The author was supported by the grant No. AP08855402 of the Ministry of Education and Science of Republic
of Kazakhstan.

Keywords: star graph, mean value formulas, degenerate Sturm-Liouville boundary value problems.
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DIRECT AND INVERSE PROBLEMS FOR TIME-FRACTIONAL
PSEUDO-PARABOLIC EQUATIONS
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2 Ghent University, Belgium

E-mail: adaurenbek.serikbaev@ugent.be, btokmagambetov@math.kz

We consider direct and inverse problems for the Caputo time-fractional pseudo-parabolic
equation

Dαt [u(t) + Lu(t)] +Mu(t) = f(t) in H,
for 0 < t < T <∞, with different abstract operators L and M. We seek generalized solutions
to these problems in a form of series expansions using the elements of non-harmonic analysis
(see [1], [2]) and we also examine the convergence of the obtained series solutions. The main
results on well-posedness of direct and inverse problems are formulated in three theorems.

Funding: The authors were supported by the Science Committee of the Ministry of Education and Science of the
Republic of Kazakhstan (Grant No. AP09259394).

Keywords: fractional differential equation, inverse problem, pseudo-parabolic equation.
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ON THE SOLVABILITY OF A PERIODIC INITIAL PROBLEM FOR
FOURTH-ORDER PARTIAL DIFFERENTIAL EQUATIONS

Zhanibek TOKMURZIN1,a

1 K.Zhubanov Aktobe Regional University, Aktobe, Kazakhstan

E-mail: atokmurzinzh@gmail.com

In the present communication, on the domain Ω = [0, T ] × [0, ω] we consider the following
periodic initial boundary value problem for a fourth order system of partial differential equations

∂4u

∂t3∂x
= A1(t, x)

∂3u

∂t2∂x
+ A2(t, x)

∂3u

∂t3
+ A3(t, x)

∂2u

∂t2
+ A4(t, x)

∂2u

∂t∂x
+

+A5(t, x)
∂u

∂t
+ A6(t, x)

∂u

∂x
+ A7(t, x)u+ f(t, x), (1)

u(0, x) = ϕ1(x), x ∈ [0, ω], (2)

∂u(t, x)

∂t
|t=0 = ϕ2(x), x ∈ [0, ω], (3)

∂2u(t, x)

∂t2
|t=0 =

∂2u(t, x)

∂t2
|t=T , x ∈ [0, ω], (4)

u(t, 0) = ψ(t), t ∈ [0, T ], (5)

where u(t, x) = col(u1(t, x), ..., un(t, x)) is unknown function, the n × n matrices Ai(t, x), (i =
1, 7), and n vector–function f(t, x) are continuous on Ω; n vector–function ψ(t) are continuously
three times differentiable on [0, T ]; the n vector–functions ϕ1(x) and ϕ2(x) are continuously
differentiable on [0, ω].

Mathematical modeling of various processes in physics, ecology, chemistry, biology and oth-
ers are leaded to initial - boundary value problems for a higher-order partial differential equati-
ons with variable coefficients and boundary functions [1-3]. Despite the presence of numerous
works, general statements of initial-boundary value problems for the higher-order system of
partial differential equations remain poorly studied up to now. Therefore, the problems of
solvability of initial-boundary value problems for the fourth-order system of partial differential
equations are important in applied problems [4-5].

Aim of the communication is to study questions for an existence and uniqueness of classical
solutions to the periodic initial boundary value problem for the fourth-order system of partial
differential equations (1)-(5). We will establish coefficient criteria for its unique solvability and
construct algorithms for finding its approximate solutions. For reaching this goal, we are used
method of functional parameterization [6] for solve of problem (1)-(5).

The following statement gives conditions for the convergence of the algorithm and the unique
solvability of problem (1)-(5) in terms of the initial data.

Theorem. Suppose that for some m,m = 1, 2, 3, ..., the n×n -matrix Dm(T, x) is invertible
for all x ∈ [0, ω] and the following inequalities are fulfilled:
a) ||[Dm(T, x)]−1|| ≤ γm(T, x), and γm(T, x) is a positive continuous function for all x ∈ [0, ω];

b) qm(T, x) = γm(T, x) ·
{
eα(x)T − 1− α(x)T − ...− 1

m!
[α(x)T ]m

}
≤ χ < 1,

where Dm(t, x) = D
(1)
m (t, x) +D

(2)
m (t, x) +D

(3)
m (t, x),

D(1)
m (t, x) =

t∫
0

A1(τ1, x)dτ1 +

t∫
0

A1(τ1, x)

τ1∫
0

A1(τ2, x)dτ2dτ1+
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+...+

t∫
0

A1(τ1, x)...

τm−1∫
0

A1(τm, x)dτm...dτ1,

D(2)
m (t, x) =

t∫
0

A4(τ1, x) · τ1dτ1 +

t∫
0

A4(τ1, x)

τ1∫
0

τ2∫
0

A4(τ3, x) · τ3dτ3dτ2dτ1 + ...+

+

t∫
0

A4(τ1, x)

τ1∫
0

τ2∫
0

A4(τ3, x)...

τ2m−3∫
0

τ2m−2∫
0

A4(τ2m−1, x)τ2m−1dτ2m−1dτ2m−2...dτ1,

D(3)
m (t, x) =

t∫
0

A6(τ1, x) · τ
2
1

2
dτ1+

+

t∫
0

A6(τ1, x)

τ1∫
0

τ2∫
0

τ3∫
0

A6(τ4, x) · τ
2
4

2
dτ4dτ3dτ2dτ1 + ...+

t∫
0

A6(τ1, x)...

...

τ3m−8∫
0

τ3m−7∫
0

τ3m−6∫
0

A6(τ3m−5, x)

τ3m−5∫
0

τ3m−4∫
0

τ3m−3∫
0

A6(τ3m−2, x)
τ 2

3m−2

2
dτ3m−2...dτ1,

α(x) = max
t∈[0,T ]

(||A1(t, x)||, ||A4(t, x)||, ||A6(t, x)||), χ is constant.

Then there is a unique classical solution u∗(t, x) to problem (1)–(5), defining from the following
integral representation

u∗(t, x) = ϕ1(x) + t · ϕ2(x) +

t∫
0

τ∫
0

w∗(τ1, x) dτ1dτ, (t, x) ∈ Ω.

For an additional information it can be seen [7]. In this article the periodic initial boundary-
value problem for a fourth-order system of partial differential equations was considered. Using
the method of functional parametrization, an additional parameter is carried out and the stud-
ied problem was reduced to the equivalent periodic problem for a system of integro-differential
equations of hyperbolic type second order with functional parameters and integral relations.
An interrelation between the periodic problem for the system of integro-differential equati-
ons of hyperbolic type and a family of Cauchy problems for a system of ordinary differential
equations was established. Algorithms for finding of solutions to an equivalent problem are
constructed and their convergence was proved. Sufficient conditions of a unique solvability to
the semi-periodic initial boundary value problem for the fourth-order system of partial differ-
ential equations were obtained.

Funding: This research was funded by the Science Committee of the Ministry of Education and Science of the Republic
of Kazakhstan (Grant No. AP08955461)

Keywords: periodic initial boundary-value problem, fourth-order system of partial differential equations, the method
of functional parametrization, periodic problem, system of integro-differential equations of hyperbolic type second order,
family of Cauchy problems, algorithm, unique solvability.

2010 Mathematics Subject Classification: 35Q79, 35K05, 35K20

References
[1] Ptashnyck B.I. Ill-Posed Boundary-Value Problems for Partial Differential Equations, Naukova dumka, Kiev

(1984) (in Russian).
[2] Nakhushev A.M. Problems with shift for partial differential equations, Nauka, Moscow (2006) (in Russian).

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021



Annual International April Mathematical Conference – 2021 107

[3] Kiguradze I., Kiguradze T. On solvability of boundary value problems for higher order nonlinear hyperbolic
equations, Nonlinear Analysis, 69:7 (2008), 1914–1933.

[4] Ferraioli D.C., Tenenblat K. Fourth order evolution equations which describe pseudospherical surfaces, Journal
of Differential Equations, 257:7 (2014), 3165–3199.

[5] Assanova A.T., Tokmurzin Zh.S. On two-point initial boundary value problem for fourth order partial differential
equations, Kazakh Mathematical Journal, 19:3 (2019), 66–78.

[6] Assanova A.T. An integral-boundary value problem for a partial differential equation of second order, Turkish
Journal of Mathematics, 43:4 (2019), 1967–1978.

[7] Assanova A.T., Tokmurzin Zh.S. Method of functional parameterization for solving a semi-periodic initial problem

for fourth-order partial differential equations, Bulletin of the Karaganda university - Mathematics, 100:4 (2020), 5–16.

— >>> —
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K.S. TULENOV1,a

1 Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
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This work is jointly written with Prof. F. Sukochev and Dr. D. Zanin (UNSW, Sydney,
Australia). In this work, we obtain a weak type (1,1) estimate for a higher dimensional version
of the Hilbert operator answering a recent problem by A. Osȩkowski [1]. In fact, we estab-
lish complete boundedness of this operator. Moreover, we study its boundedness in general
symmetric quasi-Banach function spaces.
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Science of Republic of Kazakhstan.
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We consider the following linear boundary value problem with a parameter µ:

dx

dt
= A(t)x+B(t)µ+ f(t), t ∈ (0, T ), x ∈ Rn, µ ∈ Rm, (1)

C0µ+ C1x(0) + C2x(T ) = d, d ∈ Rm+n. (2)

Here A(t), B(t) and f(t) are continuous on [0, T ]; the matrices C0, C1 and C2 are constant;
‖x‖ = max

i=1,n
|xi|.
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By a solution of problem (1), (2) we mean a pair (µ∗, x∗(t)), where µ∗ ∈ Rm and x∗(t) is a
function that is continuous on [0, T ] and continuously differentiable on (0, T ) and satisfies (1)
and (2) with µ = µ∗.

We take a new approach to the concept of general solution to Eq. (1) proposed by D.S.
Dzhumabaev (see [1,2]). This approach allows us to develop an algorithm for solving problem
(1),(2) without the involvement of a fundamental matrix of Eq.(1). We present a numerical
example illustrating the performance of the algorithm.

Funding: This research is funded by the Science Committee of the Ministry of Education and Science of the Republic
of Kazakhstan (Grant No. AP08855726).

Keywords: boundary value problem with parameter, parametrization method, numerical algorithm, new general solu-
tion.
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Belgium
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In this talk we will give a review of our recent research on hypoelliptic functional inequalities.
We managed to link the integral versions of Hardy inequalities on homogeneous groups to
their hypoelliptic versions through the Riesz and Bessel kernels of the Rockland operators
(hypoelliptic left-invariant homogeneous differential operators, following the Helffer-Nourrigats
resolution of the Rockland conjecture in the 80s). Consequently, this leads togeneral hypoelliptic
versions of Hardy-Sobolev, Hardy - Littlewood - Sobolev, Trudinger - Moser, Caffarelli - Kohn-
Nirenberg, Gagliardi - Nirenberg and other inequalities [1]. We will then concentrate also on
discussing their best constants, ground states for higher order hypoelliptic Schrödinger type
equations, and the solutions to the corresponding variational problems [2].
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FIRST KIND FREDHOLM FUNCTIONAL–INTEGRAL EQUATIONS

Tursun K. YULDASHEV1,a

1National University of Uzbekistan, Tashkent, Uzbekistan
E-mail: atursun.k.yuldashev@gmail.com

Using the regularization method in combination it with the method of degenerate kernel, we
obtain an implicit functional equation with nonlinear deviation. Fredholm functional-integral
equation of first kind is ill-posed. So, we use boundary conditions to ensure the uniqueness of the
solution. In order to use the method of a successive approximations, we transform the implicit
functional equation to the nonlinear Volterra type functional-integral equation of second kind.
In our case, this Volterra type functional-integral equation of second kind is ill-posed, too. The
one value solvability of this problem we have proved by the given boundary conditions.

On the segment [0; T ] the nonlinear Fredholm integral equation of first kind is considered

λ

∫ T

0

K (t, s)F (s, u (s), u [δ (s, u (s))]) d s = f (t) (1)

under the following conditions u (0) = ϕ0 = const,
u (t) = ϕ1(t), t ∈ [−h1; 0],
u (t) = ϕ2(t), t ∈ [T ; T + h2],

(2)

where 0 < T is given real number, λ is nonzero compatibility parameter, F (t, u, v) ∈ C ([0 ; T ]×
X × X), δ (t, u) ∈ C ([0; T ] × X), −h1 < δ (t, u) < T + h2, 0 < hi = const, i = 1, 2,

ϕ1(t) ∈ C [−h1; 0], ϕ2(t) ∈ C [T ; T+h2], K (t, s) =
k∑
i=1

a i (t) b i (s), 0 6= a i(t), b i(s) ∈ C [0; T ],

X is closed set on real number set. Here it is assumed that each of the systems of functions
a i (t), i = 1, k, and b i(s), i = 1, k, linearly independent, ϕ1(0) = ϕ0, ϕ2(T ) = u(T ).

Applying regularization method in combination it with the method of degenerate kernel, in-
stead of the Fredholm first kind integral equation (1) we obtain the following implicit functional
equation

0 = G (t, u (t), u [δ (t, u (t))]}) (3)

with given conditions (2).
On the segment [ 0; T ] we take arbitrary positive defined and continuous function K0(t).

We introduce the notation

ψ(t, s) =

∫ t

s

K0(θ) dθ, ψ(t, 0) = ψ(t), t ∈ [0; T ].

Then the implicit functional equation (3) we replace with the following Volterra type integral
equation

u (t) =

∫ t

0

H(t, s)u (s) ds+

+ [u (t) +G (t, u (t), u [δ (t, u (t))])] · exp {−ψ (t)}+

+

∫ t

0

K0(s) exp {−ψ (t, s)} {u (t)− u (s) +G (t, u (t), u [δ (t, u (t))])−

−G (s, u (s), u [δ (s, u (s))])} d s, t ∈ [0; T ], (4)

where

H (t, s) = K0(s) exp {−ψ(t, s)} −
∫ t

s

K0(θ) exp {−ψ(t, θ)} K0(θ, s) dθ.
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The nonlinear functional-integral equation (4) we conditionally called as a Volterra type
nonlinear functional-integral equation of second kind. Because this integral equation (4) is
ill-posed, too. So, we studied it by the given conditions (2). In addition, in the conditions (2)
we suppose that u (t − 0) = u (t + 0) at the points t = 0 and t = T . Instead of the Fredholm
functional-integral equation of first kind (1) we will study the Volterra type functional-integral
equation of second kind (4) with conditions (2). The theorem of one value solvability of the
problem (1), (2) was proved.

Keywords: Integral equation of first kind, nonlinear functional equation, degenerate kernel, nonlinear deviation, bound-
ary conditions, regularization, one value solvability.
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We study the regular solvability of a nonlocal inverse boundary value problem of identi-
fication of sources for a Benney–Luke type differential equation with spectral parameter and
small positive parameters. In constructing solutions, the presence of spectral parameter plays
an important role.

In three-dimensional domain Ω = {(t, x, y) | 0 < t < T, 0 < x, y < l} a partial differential
equation of the following form is considered

D [U ] = α (t) β (x, y) (1)

with nonlocal conditions on the integral form

U (T, x, y) +

∫ T

0

U (t, x, y) d t = ϕ1(x, y), 0 ≤ x, y ≤ l, (2)

Ut (T, x, y) +

∫ T

0

Ut (t, x, y) t d t = ϕ2 (x, y), 0 ≤ x, y ≤ l, (3)

where T and l are given positive real numbers,

D [U ] = [
∂ 2

∂ t 2
− ∂ 2

∂ t 2
(a
(
t, ε1

) ∂ 2k

∂ x 2k
− b
(
t, ε2

) ∂ 4k

∂ x 4k
+ a
(
t, ε1

) ∂ 2k

∂ y 2k
−

−.b
(
t, ε2

) ∂ 4k

∂ y 4k
)− ω 2 (

∂ 2k

∂ x 2k
− ∂ 4k

∂ x 4k
+

∂ 2k

∂ y 2k
− . ∂

4k

∂ y 4k
)]U (t, x, y),

ω is positive spectral parameter, ε1, ε2 are positive small parameters, k is given positive integer,
α (t) ∈ C (ΩT ), ΩT ≡ [0; T ], Ω l ≡ [0; l], β (x, y) ∈ C (Ω 2

l ) is known function, ϕi(x, y)
(i = 1, 2) are redefinition functions (sources),
Ω 2
l ≡ Ωl × Ωl. We assume that for given functions are true the following boundary conditions

ϕi(0, y) = ϕi(l, y) = ϕi(x, 0) = ϕi (x, l) = 0, i = 1, 2,

β (0, y) = β (l, y) = β (x, 0) = β (x, l) = 0.
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Problem Statement. We find the triple of functions {U(t, x, y); ϕ1(x, y), ϕ2(x, y)}, first of
which satisfies differential equation (1), nonlocal integral conditions (2) and (3), zero boundary
value conditions for 0 ≤ t ≤ T

U (t, 0, y) = U (t, l, y) = U (t, x, 0) = U (t, x, l) =

=
∂ 2

∂ x2
U (t, 0, y) =

∂ 2

∂ x2
U (t, l, y) =

∂ 2

∂ x2
U (t, x, 0) =

∂ 2

∂ x2
U (t, x, l) =

=
∂ 2

∂y2
U (t, 0, y) =

∂ 2

∂y2
U (t, l, y) =

∂ 2

∂y2
U (t, x, 0) =

∂ 2

∂y2
U (t, x, l) =

= . . . =
∂4k−2

∂x4k−2
U(t, 0, y) =

∂4k−2

∂x4k−2
U(t, l, y) =

∂4k−2

∂x4k−2
U(t, x, 0) =

=
∂4k−2

∂x4k−2
U(t, x, l) =

∂4k−2

∂y4k−2
U(t, 0, y) =

∂4k−2

∂y4k−2
U(t, l, y) =

=
∂4k−2

∂y4k−2
U(t, x, 0) =

∂4k−2

∂y4k−2
U(t, x, l) = 0,

class of functions

U (t, x, y) ∈ C (Ω) ∩ C 2, 4k, 4k
t, x, y (Ω) ∩ C 2+4k+0

t, x, y (Ω) ∩ C 2+0+4k
t, x, y (Ω)

and additional conditions

U (ti, x, y) = ψi(x, y), i = 1, 2, 0 < t1 < t2 < T, 0 ≤ x, y ≤ l,

where ψi(x, y) are given smooth functions and

ψi(0, y) = ψi(l, y) = ψi(x, 0) = ψi(x, l) = 0.

Keywords: Benney–Luke type differential equation, Fourier method, absolute and uniform convergence, regular solv-
ability.
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Consider the problem of construction of the control systems taking into account external
load by given (n− s)-dimensional program manifold Ω (t) ≡ ω(t, x) = 0, in the following form
[1]:

ẋ = f (t, x)− b1ξ, ξ̇ = ϕ(σ)ψ(ν), σ = pTω − rξ, t ∈ I = [0, ∞) , (1)

where x ∈ Rn is a state vector of the object, f ∈ Rn is a vector-function, satisfying to conditions
of existence of a solution x(t) = 0, and b1 ∈ Rs, p ∈ Rs are constant vectors, ω ∈ Rs(s ≤ n) is
a vector, ξ ∈ Rr is a differentiable function, satisfying to conditions

ϕ(0) = 0 ∧ ϕ(σ)σ > 0, ∀ σ 6= 0, (2)
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and factor ψ(ν) deforms the function ϕ(σ) when the coordinates of ξ, σ change. In this case,
ν is a complex discontinuous function of the state of the automatic control system. In the
simplest case, it has the form ν = 1− cξsignσ.

This problem reduce to investigation of quality properties of the following system with
respect to vector-function ω [2, 3]:

ω̇ = −Aω − bξ, ξ̇ = ϕ(σ)ψ(ν), σ = pTω − rξ, t ∈ I = [0, ∞) . (3)

Here nonlinearity satisfies also to conditions (2), and

F (t, x, ω) = −Aω, A ∈ Rs×s, H =
∂ω

∂x
, b = Hb1.

The reviews of the works devoted to the construction of autonomous and non-autonomous
automatic control systems on the given program manifold possessing of quality properties and
to solving of various inverse problems of dynamics were shown (see [3]-[6]).

Statement of the Problem. To get the condition of stability of a program manifold
Ω(t) of the indirect control systems taking into account external load in relation to the given
vector-function ω.

System (3) is reduced to the canonical form [1] and we are constructed for it a Lyapunov
function of the form:

V =
n∑
i=1

n∑
k=1

lilk
ρ1 + ρk

η1ηk +
1

2

n∑
k=1

Lkη
2
K +

σ∫
0

ϕ(σ)ψ(ν)dσ,

where l1, ..., Lk are any real numbers, L1, ..., Lk are positive real numbers.
Theorem 1. Suppose that there exist any real numbers li and positive real numbers Li

i = 1, ..., n non-linear function ϕ(σ) satisfies the conditions (2) and ν = 1− cξsignσ.
Then in order that, the program manyfold Ω (t) will be stable with respect to the vector function
ω it is sufficient performing of the following conditions

Lk + 2
√
rlk + 2lk

n∑
i=1

n∑
k=1

li
ρ1 + ρk

+ γk = 0 ∀ k = 1, ..., n. (4)

Funding: This results are supported by grant of the Ministry education and science of Republic Kazakhstan No. AP
09258966 for 2021-2023 years.

Keywords: stability, program manifold, control systems, Lyapunov function, nonlinearity, external loads.
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Äàííûé äîêëàä êàñàåòñÿ ïîíÿòèÿ ñëàáîé î-ìèíèìàëüíîñòè, ïåðâîíà÷àëüíî èññëåäî-
âàííîãî Ä. Ìàêôåðñîíîì, Ä. Ìàðêåðîì è ×. Ñòåéíõîðíîì â [1]. Ïîäìíîæåñòâî A ñòðóê-
òóðû M ÿâëÿåòñÿ âûïóêëûì, åñëè äëÿ ëþáûõ a, b ∈ A è c ∈M âñÿêèé ðàç êîãäà a < c < b
ìû èìååì c ∈ A. Ñëàáî î-ìèíèìàëüíîé ñòðóêòóðîé íàçûâàåòñÿ ëèíåéíî óïîðÿäî÷åí-
íàÿ ñòðóêòóðà M = 〈M,=, <, . . .〉 òàêàÿ, ÷òî ëþáîå îïðåäåëèìîå (ñ ïàðàìåòðàìè) ïîä-
ìíîæåñòâî ñòðóêòóðû M ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ
â M . Âñïîìíèì ÷òî òàêàÿ ñòðóêòóðà M íàçûâàåòñÿ î-ìèíèìàëüíîé, åñëè ëþáîå îïðå-
äåëèìîå (ñ ïàðàìåòðàìè) ïîäìíîæåñòâî ñòðóêòóðû M ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî
÷èñëà èíòåðâàëîâ è òî÷åê â M . Òàêèì îáðàçîì, ñëàáàÿ î-ìèíèìàëüíîñòü îáîáùàåò ïîíÿ-
òèå î-ìèíèìàëüíîñòè. Âåùåñòâåííî çàìêíóòûå ïîëÿ ñ ñîáñòâåííûì âûïóêëûì êîëüöîì
íîðìèðîâàíèÿ îáåñïå÷èâàþò âàæíûé ïðèìåð ñëàáî î-ìèíèìàëüíûõ (íå î-ìèíèìàëüíûõ)
ñòðóêòóð.

Íèæå ìû ðàñøèðÿåì îïðåäåëåíèå ðàíãà âûïóêëîñòè ôîðìóëû [2] íà ïðîèçâîëüíûå
ìíîæåñòâà (íåîáÿçàòåëüíî îïðåäåëèìûå):

Ïóñòü T � ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ, M � äîñòàòî÷íî íàñûùåííàÿ ìîäåëü òåîðèè
T , A ⊆M . Ðàíã âûïóêëîñòè ìíîæåñòâà A (RC(A)) îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

1) RC(A) ≥ 1, åñëè A áåñêîíå÷íî.
2)RC(A) ≥ α+1, åñëè ñóùåñòâóåò ïàðàìåòðè÷åñêè îïðåäåëèìîå îòíîøåíèå ýêâèâàëåíò-

íîñòè E(x, y) òàêîå, ÷òî ñóùåñòâóþò bi ∈ A, i ∈ ω, êîòîðûå óäîâëåòâîðÿþò ñëåäóþùåìó:

� Äëÿ ëþáûõ i, j ∈ ω, âñÿêèé ðàç êîãäà i 6= j ìû èìååì M |= ¬E(bi, bj)

� Äëÿ êàæäîãî i ∈ ω RC(E(M, bi)) ≥ α è E(M, bi) � âûïóêëîå ïîäìíîæåñòâî ìíîæå-
ñòâà A

3) RC(A) ≥ δ, åñëè RC(A) ≥ α äëÿ âñåõ α ≤ δ (δ ïðåäåëüíûé).
Åñëè RC(A) = α äëÿ íåêîòîðîãî α, òî ìû ãîâîðèì ÷òî RC(A) îïðåäåëÿåòñÿ. Â ïðîòèâ-

íîì ñëó÷àå (ò.å. åñëè RC(A)) ≥ α äëÿ âñåõ α), ìû ïîëàãàåì RC(A) =∞.
Ðàíã âûïóêëîñòè ôîðìóëû φ(x, ā), ãäå ā ∈M , îïðåäåëÿåòñÿ êàê ðàíã âûïóêëîñòè ìíî-

æåñòâà φ(M, ā), ò.å. RC(φ(x, ā)) := RC(φ(M, ā)). Ðàíã âûïóêëîñòè 1-òèïà p îïðåäåëÿåòñÿ
êàê ðàíã âûïóêëîñòè ìíîæåñòâà p(M), ò.å. RC(p) := RC(p(M)).

Ñëåäóþùåå îïðåäåëåíèå ââåäåíî â [3, 4]. Ïóñòü T � ïîëíàÿ òåîðèÿ, p1(x1), . . ., pn(xn) ∈
S1(∅). Áóäåì ãîâîðèòü, ÷òî òèï q(x1, . . ., xn) ∈ Sn(∅) ÿâëÿåòñÿ (p1, . . . , pn)-òèïîì, åñëè

q(x1, . . . , xn) ⊇
n⋃
i=1

pi(xi). Ìíîæåñòâî âñåõ (p1, . . . , pn)-òèïîâ òåîðèè T áóäåì îáîçíà÷àòü

÷åðåç Sp1,...,pn(T ). Ñ÷åòíàÿ òåîðèÿ T íàçûâàåòñÿ ïî÷òè ω-êàòåãîðè÷íîé, åñëè äëÿ ëþáûõ
òèïîâ p1(x1), . . ., pn(xn) ∈ S1(∅) ñóùåñòâóåò ëèøü êîíå÷íîå ÷èñëî òèïîâ q(x1, . . . , xn) ∈
Sp1,...,pn(T ).

Ïî÷òè ω-êàòåãîðè÷íîñòü òåñíî ñâÿçàíà ñ ïîíÿòèåì ýðåíôîéõòîâîñòè òåîðèè. Òàê, â ðà-
áîòå [3] äîêàçàíî, ÷òî åñëè T � ïî÷òè ω-êàòåãîðè÷íàÿ òåîðèÿ ñ óñëîâèåì I(T, ω) = 3,
òî â òåîðèè T èíòåðïðåòèðóåòñÿ ïëîòíûé ëèíåéíûé ïîðÿäîê. Â ðàáîòå [5] óñòàíîâëåíà
ïî÷òè ω-êàòåãîðè÷íîñòü ýðåíôîéõòîâûõ âïîëíå î-ìèíèìàëüíûõ òåîðèé, à òàêæå äîêàçà-
íî ÷òî â ïî÷òè ω-êàòåãîðè÷íûõ âïîëíå î-ìèíèìàëüíûõ òåîðèÿõ èìååò ìåñòî Ïðèíöèï
Çàìåíû äëÿ àëãåáðàè÷åñêîãî çàìûêàíèÿ. Äàëåå â ðàáîòå [6] äîêàçàíà áèíàðíîñòü ïî÷òè
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ω-êàòåãîðè÷íûõ âïîëíå î-ìèíèìàëüíûõ òåîðèé. Íàêîíåö, íåäàâíî â ðàáîòå [7] óñòàíîâëåíà
áèíàðíîñòü ïî÷òè ω-êàòåãîðè÷íûõ ñëàáî î-ìèíèìàëüíûõ òåîðèé ðàíãà âûïóêëîñòè 1.
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Ïðîäîëæàåòñÿ èçó÷åíèå àëãåáð áèíàðíûõ èçîëèðóþùèõ ôîðìóë [1�3] äëÿ ïðîèçâåäå-
íèé ãðàôîâ.

Îïðåäåëåíèå. Òåíçîðíîå ïðîèçâåäåíèå G×H ãðàôîâ G è H ýòî ãðàô, ìíîæåñòâî
âåðøèí êîòîðîãî åñòü äåêàðòîâî ïðîèçâåäåíèå V (G)× V (H), ïðè÷åì ðàçëè÷íûå âåðøèíû
(u, u′) è (v, v′) ñìåæíûõ â G×H òîãäà, êîãäà u ñìåæíà ñ v è u′ ñìåæíà ñ v′.

Îïðåäåëåíèå. Àëãåáðó äëÿ òåíçîðíîãî ïðîèçâåäåíèÿ ãðàôîâ G×H îáîçíà÷èì ÷åðåç
Tpe, ñ ìåòêàìè {1, 2, 3, . . . , n}, ãäå n � ÷åòíîå ÷èñëî, ðàâíîå äèàìåòðó ïîëó÷åííîãî ïðè
óìíîæåíèè ãðàôà. Àëãåáðà çàäàåòñÿ ñëåäóþùåé òàáëèöåé:

∗ 0 1 2 3 4 . . . n
0 {0} {1} {2} {3} {4} . . . {n}
1 {1} {0,2} {1,3} {0,2} {1,3,5} . . . {1,3,5, . . . , n-1}

2 {2} {1,3} {0,2,4} {1,3,5} {0,2,4,6} . . . {0,2,4,. . . , n}

3 {3} {0,2} {1,3,5} {0,2,4,6} {1,3,5, . . . , n-1} . . . {1,3,5, . . . , n-1}

4 {4} {1,3,5} {0,2,4,6} {1,3,5, . . . , n-1} {0,2,4,. . . , n} . . . {0,2,4,. . . , n}

. . . . . . . . . . . . . . . . . . . . . . . .

n {n} {1,3,5, . . . , n-1} {0,2,4,. . . , n} {1,3,5, . . . , n-1} {0,2,4,. . . , n} . . . {0,2,4,. . . , n}

Îïðåäåëåíèå. Àëãåáðó äëÿ òåíçîðíîãî ïðîèçâåäåíèÿ ãðàôîâ G×H îáîçíà÷èì ÷åðåç
Tpo, ñ ìåòêàìè {1, 2, 3, . . . , n}, ãäå n � íå÷åòíîå ÷èñëî, ðàâíîå äèàìåòðó ïîëó÷åííîãî ïðè
óìíîæåíèè ãðàôà. Àëãåáðà çàäàåòñÿ ñëåäóþùåé òàáëèöåé:

∗ 0 1 2 3 4 . . . n
0 {0} {1} {2} {3} {4} . . . {n}
1 {1} {0,2} {1,3} {0,2} {1,3,5} . . . {0,2,4,. . . , n}

2 {2} {1,3} {0,2,4} {1,3,5} {0,2,4,6} . . . {1,3,5, . . . , n-1}

3 {3} {0,2} {1,3,5} {0,2,4,6} {1,3,5, . . . , n-1} . . . {0,2,4,. . . , n}

4 {4} {1,3,5} {0,2,4,6} {1,3,5, . . . , n-1} {0,2,4,. . . , n} . . . {1,3,5, . . . , n-1}

. . . . . . . . . . . . . . . . . . . . . . . .

n {n} {0,2,4,. . . , n} {1,3,5, . . . , n-1} {0,2,4,. . . , n} {1,3,5, . . . , n-1} . . . {0,2,4,. . . , n}
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Òåîðåìà 1. Åñëè T � òåîðèÿ òåíçîðíîãî ïðîèçâåäåíèÿ ãðàôà íà ðåáðî, B � àë-
ãåáðà áèíàðíûõ èçîëèðóþùèõ ôîðìóë òåîðèè T , òî àëãåáðà B çàäàåòñÿ ðîâíî îäíîé èç
ñëåäóþùèõ àëãåáð: Tpe, Tpo.

Çàìå÷àíèå. Àëãåáðà äëÿ òåíçîðíîãî ïðîèçâåäåíèÿ âèäà (((((G×H)×H)×H) . . . )×H)
èçîìîðôíà àëãåáðå Tpe èëè Tpo.

Funding: Àâòîð áûë ïîääåðæàí Ãðàíòîì ÐÔÔÈ No 20-31-90004/20 è ãðàíòîì Êîìèòåòà íàóêè Ìèíèñòåðñòâà
îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí, No. AP08855544.

Êëþ÷åâûå ñëîâà: àëãåáðà áèíàðíûõ ôîðìóë, òåíçîðíîå ïðîèçâåäåíèå, òåîðèÿ ìîäåëåé, ìîäåëü òåîðèè, ïðîèçâå-
äåíèå ãðàôîâ

Ëèòåðàòóðà
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[2] Sudoplatov S.V. Classi�cation of Countable Models of Complete Theories, NSTU, Novosibirsk (2018).
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â: Algebra and model theory 12. Collection of papers, NSTU, Novosibirsk (2019), 21�31.
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h-ÏÎÄÎÁÈÅ ÔÐÀÃÌÅÍÒÎÂ ÒÅÎÐÅÒÈ×ÅÑÊÈÕ ÌÍÎÆÅÑÒÂ

Àéáàò ÅØÊÅÅÂa, Èðèíà ÃÀËÈÍÑÊÀß, Àéûì ÕÀÌÇÅÅÂÀ

Êàðàãàíäèíñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Å.À. Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí

E-mail: aaibat.kz@gmail.com

Â ðàáîòàõ [1, 2] ïåðâûì àâòîðîì äàííîãî òåçèñà áûëè îïðåäåëåíû ïîíÿòèÿ òåîðåòè÷å-
ñêîãî ìíîæåñòâà è ϕ(x)-ðåîñòàòà.

Îïðåäåëåíèå 1. Ïóñòü T � íåêîòîðàÿ éîíñîíîâñêàÿ òåîðèÿ, C � ñåìàíòè÷åñêàÿ ìîäåëü
òåîðèè T , X ⊆ C.

Ìíîæåñòâî X íàçûâàåòñÿ òåîðåòè÷åñêèì, åñëè
1) X � éîíñîíîâñêîå ìíîæåñòâî, è ϕ(x) � ôîðìóëà, êîòîðàÿ îïðåäåëÿåò ìíîæåñòâî X;
2) ϕ(x) = ∃yψ(x, y) è ïóñòü θ � óíèâåðñàëüíîå çàìûêàíèå ôîðìóëû ϕ(x), ïðè ýòîì

ïðåäëîæåíèå θ çàäàåò íåêîòîðóþ êîíå÷íî àêñèîìàòèçèðóåìóþ éîíñîíîâñêóþ òåîðèþ.
Îïðåäåëåíèå 2. Ïóñòü T1 è T2 � ïðîèçâîëüíûå éîíñîíîâñêèå òåîðèè. Ìû ãîâîðèì,

÷òî T1 è T2 ÿâëÿþòñÿ h-ñèíòàêñè÷åñêè ïîäîáíûìè, åñëè ñóùåñòâóåò òàêîå îòîáðàæåíèå
h : E(T1) −→ E(T2), è ïðè ýòîì âûïîëíåíû óñëîâèÿ:

1) îãðàíè÷åíèå h äî En(T1) ÿâëÿåòñÿ ãîìîìîðôèçìîì ðåøåòîê En(T1) è En(T2), n < ω;
2) h(∃vn+1ϕ) = ∃vn+1h(ϕ), ϕ ∈ En+1(T ), n < ω;
3) h(v1 = v2) = (v1 = v2).
Åñëè ÿäðî Ker(h) ýòîãî ãîìîìîðôèçìà òðèâèàëüíî, òî ìû ïîëó÷àåì îïðåäåëåíèå ñèí-

òàêñè÷åñêîãî ïîäîáèÿ äâóõ éîíñîíîâñêèõ òåîðèé.
Åñëè óíèâåðñàëüíîå çàìûêàíèå ϕ(x) áóäåò éîíñîíîâñêîé òåîðèåé, òî ìû áóäåì ãîâîðèì,

÷òî çàäàí ϕ(x)-ðåîñòàò, åñëè ñóùåñòâóåò h-ñèíòàêñè÷åñêîå ïîäîáèå ìåæäó òåîðèÿìè T è
Th∀∃(M), ãäå M ∈ ET , M = cl(ϕ(C)). Â êà÷åñòâå cl ïîíèìàåòñÿ îïåðàòîð çàìûêàíèÿ,
çàäàþùèé íà áóëåàíå C ïðåäãåîìåòðèþ, â êîòîðîé âåðíî, ÷òî cl = acl = dcl.

Ïóñòü T � íåêîòîðàÿ éîíñîíîâñêàÿ òåîðèÿ, C � ñåìàíòè÷åñêàÿ ìîäåëü òåîðèè T , X1, X2

� òåîðåòè÷åñêèå ïîäìíîæåñòâà C.
Ñëåäóþùèé ïîëó÷åííûé ðåçóëüòàò ïîêàçûâàåò ñâÿçü ìåæäó ñèíòàêñè÷åñêèì ïîäîáèåì

éîíñîíîâñêèõ òåîðèé è ϕ(x)-ðåîñòàòîì.
Òåîðåìà. Ïóñòü Fr(Xi) � ôðàãìåíòû òåîðåòè÷åñêèõ ìíîæåñòâ Xi. Òîãäà, åñëè ñóùå-

ñòâóåò ϕi(x)-ðåîñòàò ñ òðèâèàëüíûì ÿäðîì ìåæäó Fr(Xi) è òåîðèåé T , òî êîìïàíüîíû
Fr(Xi)

∗ ìîäåëüíî ñîâìåñòíû ñ êîìïàíüîíîì T ∗, ãäå i = 1, 2.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021
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Âñå íåîïðåäåëåííûå â äàííîì òåçèñå îïðåäåëåíèÿ ïîíÿòèé ìîæíî íàéòè â ñëåäóþùèõ
èñòî÷íèêàõ [1, 2, 3].
Êëþ÷åâûå ñëîâà: éîíñîíîâñêàÿ òåîðèÿ, ôðàãìåíò, òåîðåòè÷åñêîå ìíîæåñòâî, ϕ(x)-ðåîñòàò, h-ñèíòàêñè÷åñêîå
ïîäîáèå.

2010 Mathematics Subject Classi�cation: 03C07, 03C45, 03C50
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Î ÊÎÃÎÌÎËÎÃÈßÕ ÏÐÎÑÒÛÕ ÌÎÄÓËÅÉ ÊËÀÑÑÈ×ÅÑÊÈÕ
ÌÎÄÓËßÐÍÛÕ ÀËÃÅÁÐ ËÈ

Øåðàëè ÈÁÐÀÅÂ1,a, Ëàðèñà ÊÀÈÍÁÀÅÂÀ1,b

1 Êûçûëîðäèíñêèé óíèâåðñèòåò èìåíè Êîðêûò Àòà, Êûçûëîðäà, Êàõàõñòàí

E-mail: aibrayevsh@mail.ru, blarissa−kain@mail.ru

Ñðåäè êîãîìîëîãè÷åñêèõ ïðîáëåì ìîäóëÿðíûõ àëãåáð Ëè îäíî èç âåäó-ùèõ ìåñò çà-
íèìàþò ïðîáëåìû âû÷èñëåíèÿ êîãîìîëîãèè ïðîñòûõ ìîäóëåé. Êàê â àëãåáðàõ Ëè êàðòà-
íîâñêîãî òèïà, òàê è â àëãåáðàõ Ëè êëàññè÷åñêîãî òèïà îíè èçó÷åíû òîëüêî äëÿ íåêî-
òîðûõ àëãåáð Ëè ìàëûõ ðàíãîâ èëè äëÿ îòäåëüíûõ ïðîñòûõ ìîäóëåé. Áëàãîäàðÿ ðàçâè-
òûì ìåòîäàì òåîðèè ïðåäñòàâëåíèé ïîëóïðîñòûõ àëãåáðàè÷åñêèõ ãðóïï â ïîëîæèòåëüíîé
õà-ðàêòåðèñòèêå è ìåòîäàì ãîìîëîãè÷åñêîé àëãåáðû ïîÿâëÿåòñÿ âîçìîæíîñòü èçó÷åíèÿ
ñâîéñòâ îáû÷íûõ è îãðàíè÷åííûõ êîãîìîëîãèè íåêîòîðûõ ñå-ìåéñòâ îãðàíè÷åííûõ ïðî-
ñòûõ ìîäóëåé äëÿ ìîäóëÿðíûõ àëãåáð Ëè êëàññè-÷åñêîãî òèïà, è ñâÿçè ìåæäó íèìè. Â
íà÷àëüíûõ ýòàïàõ èññëåäîâàíèÿ åñòåñòâåííî ðàññìàòðèâàòü ñåìåéñòâà ïðîñòûõ ìîäóëåé,
èìåþùèå íåñëîæ-íûå ôîðìàëüíûå õàðàêòåðû. Íàìè ðàññìîòðåíû ïðîñòûå ìîäóëè êëàññè-
÷åñêèõ àëãåáð Ëè íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì ïîëîæèòåëüíîé õàðàêòåðèñòèêè
ñòàðøèå âåñà êîòîðûõ ïðèíàäëåæàò àëüêîâàì, ðàñïîëî-æåííûå âäîëü è áëèçè ñòåíêè äî-
ìèíàíòíûõ êàìåð Âåéëÿ. Èçó÷åíèÿ ñâîéñòâ îáû÷íûõ è îãðàíè÷åííûõ êîãîìîëîãèè êëàñ-
ñè÷åñêèõ àëãåáð Ëè äëÿ ðàñ-ñìàòðèâàåìûõ ïðîñòûõ ìîäóëåé, è ñâÿçè ìåæäó íèìè ìîæíî
ðåàëèçîâàòü ñ ïîìîùüþ ðåøåíèÿ ñëåäóþùèõ ïîñëåäîâàòåëüíûõ çàäà÷:

i) èçó÷èòü ñâîéñòâà ïðîñòûõ ìîäóëåé êëàññè÷åñêèõ ìîäóëÿðíûõ àëãåáð Ëè ñòàðøèå
âåñà êîòîðûõ ìîãóò áûòü îïèñàíû íåêîòîðûì õîðîøî îïè-ñûâàåìûì ñåìåéñòâîì îãðàíè-
÷åííûõ äîìèíàíòíûõ ýëåìåíòîâ àôôèííûõ ãðóïï Âåéëÿ ñîîòâåòñòâóþùèõ àëãåáðàè÷å-
ñêèõ ãðóïï ðàññìàòðèâàåìûõ àëãåáð Ëè, ïðåäïîëàãàåòñÿ ðàññìîòðåòü ñòàðøèõ âåñîâ èç
àëüêîâîâ, ðàñïî-ëîæåííûå âäîëü è áëèçè ñòåíêè äîìèíàíòíûõ êàìåð Âåéëÿ;

ii) âû÷èñëèòü îãðàíè÷åííûå êîãîìîëîãèè êëàññè÷åñêèõ ìîäóëÿðíûõ àëãåáð Ëè ñ êîýô-
ôèöèåíòàìè â ïðîñòûõ ìîäóëÿõ, èçó÷åííûå â çàäà÷å i);

iii) âû÷èñëèòü îáû÷íûå êîãîìîëîãèè êëàññè÷åñêèõ ìîäóëÿðíûõ àëãåáð Ëè ñ êîýôôè-
öèåíòàìè â ïðîñòûõ ìîäóëÿõ, èçó÷åííûå â çàäà÷å i);

iv)èçó÷èòü ñâÿçè ìåæäó îãðàíè÷åííûìè è îáû÷íûìè êîãîìîëîãèÿìè êëàññè÷åñêèõ ìî-
äóëÿðíûõ àëãåáð Ëè ñ êîýôôèöèåíòàìè â ïðîñòûõ ìîäó-ëÿõ, èçó÷åííûå â çàäà÷å i);

v) èçó÷èòü ñâÿçè ìåæäó êîãîìîëîãèÿìè êëàññè÷åñêèõ ìîäóëÿðíûõ àë-ãåáð Ëè ñ êîýô-
ôèöèåíòàìè â ïðîñòûõ ìîäóëÿõ, èçó÷åííûå â çàäà÷å i), è ñîîòâåòñòâóþùèìè êîãîìîëîãè-
ÿìè àëãåáðàè÷åñêèõ ãðóïï ðàññìàòðèâàå-ìûõ êëàññè÷åñêèõ àëãåáð Ëè.

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ îáñóæäåíèå ðåçóëüòàòîâ çàäà÷è i). Ïî-ëó÷åíî ïîëíîå
îïèñàíèå ôîðìàëüíûõ õàðàêòåðîâ ïðîñòûõ ìîäóëåé ñòàðøèå âåñà êîòîðûõ ïðèíàäëåæàò
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àëüêîâàì, ðàñïîëîæåííûå âäîëü è áëèçè ñòåíêè äîìèíàíòíûõ êàìåð Âåéëÿ. Ñîãëàñíî ïî-
ëó÷åííûì ðåçóëüòàòàì, ìîäóëè Âåéëÿ, ñîîòâåòñòâóþùèå èçó÷åííûì ïðîñòûì ìîäóëÿì,
èìåþò ôèëüòðàöèè ßíöåíà, ãëóáèíû 1 èëè 2.

Ôèëüòðàöèþ ßíöåíà ãëóáèíû 1 èìåþò ìîäóëè Âåéëÿ ñ ñòàðøèìè âåñàìè λ0, λ1, cdots, λs, µ1,
óäîâëåòâîðÿþùèå óñëîâèÿì

1) λ0 ∈ C1, 1 ≤ i ≤ s, λi = sβi,k(i)
· λi−1, µ1 = sγ0,1 · λ2;

2) λ0 ↑ λ1 ↑ · · · ↑ λs è d(λi) = i, 1 ≤ i ≤ s;
3 〈λi + ρ, α〉 < p2 äëÿ âñåõ i è äëÿ âñåõ α ∈ R+;
4 äëÿ êàæäîé ïàðû i è j, ãäå i < j, ñóùåñòâóåò ïîëîæèòåëüíûé êîðåíü γ(i, j) òàêîé,

÷òî äëÿ âñåõ i,
i−1∑
j=1

sβj,k(j)
◦ sβi,k(i)

=
i−1∑
j=1

sγ(i,j) ◦ sβj,k(j)
.

Ôèëüòðàöèþ ßíöåíà ãëóáèíû 2 èìåþò ìîäóëè Âåéëÿ ñ ñòàðøèìè âåñàìè µ2, µ3, cdots, µs−1,
óäîâëåòâîðÿþùèå óñëîâèÿì

5) µi = sγ0,1 · λi+1, 2 ≤ i ≤ s− 1;
6) λi+1 ↑ µi, 1 ≤ i ≤ s− 1;
7) µ1 ↑ µ2 ↑ · · · ↑ µs−1 è d(µi) = i+ 2, 1 ≤ i ≤ s− 1;
8 〈µi + ρ, α〉 < p2 äëÿ âñåõ i è äëÿ âñåõ α ∈ R+;
9) äëÿ j ∈ {1, 2} ñóùåñòâóåò ïîëîæèòåëüíûé êîðåíü γ(j) òàêîé, ÷òî

2∑
j=1

sβj,k(j)
◦ sγ0,1 =

2∑
j=1

sγ(j) ◦ sβj,k(j)
;

10) 〈γ0, βi〉 = 0, 3 ≤ i ≤ s− 1.
Òåîðåìà 1. Ïóñòü g � êëàññè÷åñêàÿ àëãåáðà Ëè íàä àëãåáðàè÷åñêè çàìêíóòûì ïîëåì

K õàðàêòåðñèòèêè p ≥ h, ãäå h � ÷èñëî Êîêñòåðà. Ïóñòü {βi, γ0}si=1 � ïîñëåäîâàòåëüíîñòü
ïîëîæèòåëüíûõ êîðíåé, {λi}si=0, {µi}s−1

i=1 ,� ïîñëåäîâàòåëüíîñòè äîìèíàíòíûõ âåñîâ, óäîâëå-
òâîðÿþùèå óñëîâèÿì 1)−−10) ñîîòâåòñòâåííî. Òîãäà èìåþò ìåñòî ñëåäóþùèå ôèëüòðàöèè
ßíöåíà äëÿ ìîäóëåé Âåéëÿ:

(a) V (λi) ⊃ L(λi−1) ⊃ 0, 1 ≤ i ≤ s− 1;
(b) V (µ1) ⊃ L(λ2) ⊃ 0;
(c) V (µ2) ⊃ L(µ1) + L(λ3) + L(λ2) + L(λ1) ⊃ L(λ2) ⊃ 0;
(d) V (µi) ⊃ L(µi−1) + L(λi+1) + L(λi) ⊃ L(λi) ⊃ 0.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÀÐ08855935 Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè
Ðåñïóáëèêè Êàçàõñòàí.

Êëþ÷åâûå ñëîâà: àëãåáðà Ëè, ïðîñòîé ìîäóëü, êîãîìîëîãèÿ
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ßÄÅÐÍÀß ÌÎÄÅËÜ ÂÛÏÓÊËÎÃÎ ÉÎÍÑÎÍÎÂÑÊÎÃÎ ÑÏÅÊÒÐÀ

Àéãóëü ÈÑÀÅÂÀa, Íàäåæäà ÏÎÏÎÂÀ b, Äèëäàø ÆÓÌÀÃÓË, Àðàéëûì
ÍÓÐÌÀÊÎÂÀ

Êàðàãàíäèíñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Å.À. Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí

E-mail: aisa_aiga@mail.ru, bdandn@mail.ru

Ïîíÿòèå âûïóêëîñòè ÿâëÿåòñÿ êëàññè÷åñêèì ïîíÿòèåì, ââåäåííûì À. Ðîáèíñîíîì ïðè
èçó÷åíèè èíäóêòèâíûõ òåîðèé. Êëàññ âûïóêëûõ òåîðèé ÿâëÿåòñÿ äîñòàòî÷íî âàæíûì â
ìàòåìàòèêå ñ òî÷êè çðåíèÿ ñâîèõ ïðèìåðîâ. Íàïðèìåð, òåîðèÿ ãðóïï, òåîðèÿ êîëåö, òåîðèÿ
ïîëåé, òåîðèÿ áóëåâûõ àëãåáð ÿâëÿþòñÿ ïðèìåðàìè âûïóêëûõ òåîðèé. Â äàííîì òåçèñå
ìû ðàññìîòðèì ïîíÿòèå âûïóêëîñòè â ðàìêàõ èçó÷åíèÿ ôèêñèðîâàííîãî ñïåêòðà êëàññà
ìîäåëåé ïðîèçâîëüíîé ñèãíàòóðû.

Îïðåäåëåíèå 1. Éîíñîíîâñêèì ñïåêòðîì JSp(K) êëàññà ìîäåëåé K ïðîèçâîëüíîé
ñèãíàòóðû íàçûâàåòñÿ ìíîæåñòâî âñåõ éîíñîíîâñêèõ òåîðèé äëÿ äàííîãî êëàññà ìîäåëåé.

Îïðåäåëåíèå 2. Òåîðèÿ T íàçûâàåòñÿ âûïóêëîé, åñëè äëÿ ëþáîé åå ìîäåëè A è äëÿ
ëþáîãî ñåìåéñòâà {Bi | i ∈ I} ïîäñòðóêòóð A, ÿâëÿþùèõñÿ ìîäåëÿìè òåîðèè T , ïåðåñå÷å-
íèå

⋂
i∈I Bi ÿâëÿåòñÿ ìîäåëüþ T , ïðè óñëîâèè, ÷òî îíî íå ïóñòî. Åñëè, êðîìå òîãî, òàêîå

ïåðåñå÷åíèå íèêîãäà íå áûâàåò ïóñòûì, òî T íàçûâàåòñÿ ñèëüíî âûïóêëûì.
Îïðåäåëåíèå 3. Èíäóêòèâíàÿ òåîðèÿ T íàçûâàåòñÿ ýêçèñòåíöèàëüíî ïðîñòîé, åñëè:

1) îíà èìååò àëãåáðàè÷åñêè ïðîñòóþ ìîäåëü, êëàññ åå AP (àëãåáðàè÷åñêè ïðîñòûå ìî-
äåëè) îáîçíà÷èì ÷åðåç APT ; 2) êëàññ ET íåòðèâèàëüíî ïåðåñåêàåòñÿ ñ êëàññîì APT , ò.å.
APT

⋂
ET 6= ∅.

ÏóñòüK � êëàññ ýêçèñòåíöèàëüíî çàìêíóòûõ ìîäåëåé ïðîèçâîëüíîé ñèãíàòóðû è JSp(K)/./
� éîíñîíîâñêèé ñïåêòð ýòîãî êëàññà îòíîñèòåëüíî ./.

Êëàññ [T ] ∈ JSp(K)/./ íàçûâàåòñÿ ýêçèñòåíöèàëüíî ïðîñòûì êëàññîì, åñëè äëÿ êàæ-
äîãî ∆ ∈ [T ], ∆ ÿâëÿåòñÿ ýêçèñòåíöèàëüíî ïðîñòîé òåîðèåé.

Ñëåäóþùèé ïîëó÷åííûé ðåçóëüòàò îáîáùàåò ðåçóëüòàò (Òåîðåìà 4) èç [2] â ðàìêàõ
èçó÷åíèÿ ñâîéñòâ ïîíÿòèÿ ÿäåðíîé ìîäåëè ïðè ïåðåõîäå îò òåîðèè ê ñïåêòðó.

Òåîðåìà. Ïóñòü C � ñ÷åòíàÿ ÿäåðíàÿ ìîäåëü äëÿ íåêîòîðîãî ýêçèñòåíöèàëüíî ïðîñòîãî
êëàññà [T ] ∈ JSp(K)/./. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1) C ìîæåò áûòü âëîæåíà â êàæäóþ ýêçèñòåíöèàëüíî çàìêíóòóþ ìîäåëü öåíòðà [T ]∗

êëàññà [T ];
2) C ÿâëÿåòñÿ àëãåáðàè÷åñêè ïðîñòîé ìîäåëüþ òåîðèè ∆, ãäå ∆ ∈ [T ].
Âñå íåîïðåäåëåííûå â äàííîì òåçèñå îïðåäåëåíèÿ ïîíÿòèé ìîæíî íàéòè â ñëåäóþùèõ

èñòî÷íèêàõ [1, 2].

Êëþ÷åâûå ñëîâà: éîíñîíîâñêàÿ òåîðèÿ, ñåìàíòè÷åñêàÿ ìîäåëü, ÿäåðíàÿ ìîäåëü, éîíñîíîâñêèé ñïåêòð, ýêçèñòåí-
öèàëüíî ïðîñòàÿ òåîðèÿ

2010 Mathematics Subject Classi�cation: 03C07, 03C45, 03C50
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370.

[2] Yeshkeyev A.R., Issaeva, A.K. Popova N.V. Ñore Jonsson theories, Bulletin of the Karaganda University, 1:97

(2020), 104�110.
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ÊÎÍÅ×ÍÎÑÒÜ ÊÅËËÅÐÎÂÛÕ ÌÍÎÃÎÎÁÐÀÇÈÉ ÎÒ ÄÂÓÕ 
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Ðàøèä Êîíûðáàåâè÷ ÊÅÐÈÌÁÀÅÂ1,a
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Äëÿ îáðàòèìîñòè êåëëåðîâûõ ïîëèíîìèàëüíûõ îòîáðàæåíèé äîñòàòî÷íî óêàçàòü åãî
èíúåêòèâíîñòü.

Äëÿ èíúåêòèâíîñòè êåëëåðîâûõ ïîëèíîìèàëüíûõ îòîáðàæåíèé äîñòàòî÷íî ïîêàçàòü,
÷òî àëãåáðàè÷åñêîå ìíîãîîáðàçèå äàííûõ ìíîãî÷ëåíîâ ñîñòîèò èç îäíîé òî÷êè. Â ðàáîòå
äîêàçûâàåòñÿ ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Àëãåáðàè÷åñêîå ìíîãîîáðàçèå êåëëåðîâûõ ìíîãî÷ëåíîâ îò äâóõ ïåðåìåí-
íûõ êîíå÷íî.
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Áåéáóò ÊÓËÏÅØÎÂ

Êàçàõñòàíñêî-Áðèòàíñêèé òåõíè÷åñêèé óíèâåðñèòåò, Àëìàòû, Êàçàõñòàí

E-mail: b.kulpeshov@kbtu.kz

Äàííûé äîêëàä êàñàåòñÿ ïîíÿòèÿ ñëàáîé î-ìèíèìàëüíîñòè, ïåðâîíà÷àëüíî èññëåäî-
âàííîãî Ä. Ìàêôåðñîíîì, Ä. Ìàðêåðîì è ×. Ñòåéíõîðíîì â [1]. Ïîäìíîæåñòâî A ñòðóê-
òóðû M ÿâëÿåòñÿ âûïóêëûì, åñëè äëÿ ëþáûõ a, b ∈ A è c ∈M âñÿêèé ðàç êîãäà a < c < b
ìû èìååì c ∈ A. Ñëàáî î-ìèíèìàëüíîé ñòðóêòóðîé íàçûâàåòñÿ ëèíåéíî óïîðÿäî÷åííàÿ
ñòðóêòóðà M = 〈M,=, <, . . .〉 òàêàÿ, ÷òî ëþáîå îïðåäåëèìîå (ñ ïàðàìåòðàìè) ïîäìíîæå-
ñòâî ñòðóêòóðû M ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ â M .
Âåùåñòâåííî çàìêíóòûå ïîëÿ ñ ñîáñòâåííûì âûïóêëûì êîëüöîì íîðìèðîâàíèÿ îáåñïå÷è-
âàþò âàæíûé ïðèìåð ñëàáî î-ìèíèìàëüíûõ ñòðóêòóð.

Íèæå ìû ðàñøèðÿåì îïðåäåëåíèå ðàíãà âûïóêëîñòè ôîðìóëû [2] íà ïðîèçâîëüíûå
ìíîæåñòâà (íåîáÿçàòåëüíî îïðåäåëèìûå):

Ïóñòü T � ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ, M � äîñòàòî÷íî íàñûùåííàÿ ìîäåëü òåîðèè
T , A ⊆M . Ðàíã âûïóêëîñòè ìíîæåñòâà A (RC(A)) îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì:

1) RC(A) ≥ 1, åñëè A áåñêîíå÷íî.
2)RC(A) ≥ α+1, åñëè ñóùåñòâóåò ïàðàìåòðè÷åñêè îïðåäåëèìîå îòíîøåíèå ýêâèâàëåíò-

íîñòè E(x, y) òàêîå, ÷òî ñóùåñòâóþò bi ∈ A, i ∈ ω, êîòîðûå óäîâëåòâîðÿþò ñëåäóþùåìó:

� Äëÿ ëþáûõ i, j ∈ ω, âñÿêèé ðàç êîãäà i 6= j ìû èìååì M |= ¬E(bi, bj)

� Äëÿ êàæäîãî i ∈ ω RC(E(M, bi)) ≥ α è E(M, bi) � âûïóêëîå ïîäìíîæåñòâî ìíîæå-
ñòâà A

3) RC(A) ≥ δ, åñëè RC(A) ≥ α äëÿ âñåõ α ≤ δ (δ ïðåäåëüíûé).
Åñëè RC(A) = α äëÿ íåêîòîðîãî α, òî ìû ãîâîðèì ÷òî RC(A) îïðåäåëÿåòñÿ. Â ïðîòèâ-

íîì ñëó÷àå (ò.å. åñëè RC(A)) ≥ α äëÿ âñåõ α), ìû ïîëàãàåì RC(A) =∞.
Ðàíã âûïóêëîñòè ôîðìóëû φ(x, ā), ãäå ā ∈M , îïðåäåëÿåòñÿ êàê ðàíã âûïóêëîñòè ìíî-

æåñòâà φ(M, ā), ò.å. RC(φ(x, ā)) := RC(φ(M, ā)). Ðàíã âûïóêëîñòè 1-òèïà p îïðåäåëÿåòñÿ
êàê ðàíã âûïóêëîñòè ìíîæåñòâà p(M), ò.å. RC(p) := RC(p(M)).

Ñëåäóþùåå îïðåäåëåíèå ââåäåíî â [3, 4]. Ïóñòü T � ïîëíàÿ òåîðèÿ, p1(x1), . . ., pn(xn) ∈
S1(∅). Áóäåì ãîâîðèòü, ÷òî òèï q(x1, . . ., xn) ∈ Sn(∅) ÿâëÿåòñÿ (p1, . . . , pn)-òèïîì, åñëè
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q(x1, . . . , xn) ⊇
n⋃
i=1

pi(xi). Ìíîæåñòâî âñåõ (p1, . . . , pn)-òèïîâ òåîðèè T áóäåì îáîçíà÷àòü

÷åðåç Sp1,...,pn(T ). Ñ÷åòíàÿ òåîðèÿ T íàçûâàåòñÿ ïî÷òè ω-êàòåãîðè÷íîé, åñëè äëÿ ëþáûõ
òèïîâ p1(x1), . . ., pn(xn) ∈ S1(∅) ñóùåñòâóåò ëèøü êîíå÷íîå ÷èñëî òèïîâ q(x1, . . . , xn) ∈
Sp1,...,pn(T ).

Â ðàáîòå [3] äîêàçàíî, ÷òî åñëè T � ïî÷òè ω-êàòåãîðè÷íàÿ òåîðèÿ ñ óñëîâèåì I(T, ω) =
3, òî â òåîðèè T èíòåðïðåòèðóåòñÿ ïëîòíûé ëèíåéíûé ïîðÿäîê. Â ðàáîòå [5] óñòàíîâëåíà
ïî÷òè ω-êàòåãîðè÷íîñòü ýðåíôîéõòîâûõ âïîëíå î-ìèíèìàëüíûõ òåîðèé, à òàêæå äîêàçà-
íî ÷òî â ïî÷òè ω-êàòåãîðè÷íûõ âïîëíå î-ìèíèìàëüíûõ òåîðèÿõ èìååò ìåñòî Ïðèíöèï
Çàìåíû äëÿ àëãåáðàè÷åñêîãî çàìûêàíèÿ. Äàëåå â ðàáîòå [6] äîêàçàíà áèíàðíîñòü ïî÷òè
ω-êàòåãîðè÷íûõ âïîëíå î-ìèíèìàëüíûõ òåîðèé. Íàêîíåö, íåäàâíî â ðàáîòå [7] óñòàíîâëåíà
áèíàðíîñòü ïî÷òè ω-êàòåãîðè÷íûõ ñëàáî î-ìèíèìàëüíûõ òåîðèé ðàíãà âûïóêëîñòè 1.

Ïóñòü A ⊆ M , A êîíå÷íî, p1, p2, . . . , ps ∈ S1(A) � íåàëãåáðàè÷åñêèå. Ìû ãîâîðèì, ÷òî
ñåìåéñòâî 1-òèïîâ {p1, . . . , ps} ÿâëÿåòñÿ îðòîãîíàëüíûì íàä A, åñëè äëÿ ëþáîé ïîñëåäî-
âàòåëüíîñòè (n1, . . . , ns) ∈ ωs, äëÿ ëþáûõ âîçðàñòàþùèõ êîðòåæåé ā1, ā

′
1 ∈ [p1(M)]n1 , . . .,

ās, ā
′
s ∈ [ps(M)]ns òàêèõ, ÷òî tp(ā1/A) = tp(ā′1/A), . . ., tp(ās/A) = tp(ā′s/A) ìû èìååì ÷òî

tp(〈ā1, . . . , ās〉/A) = tp(〈ā′1, . . . , ā′s〉/A).

Íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà. Ïóñòü T � ïî÷òè ω�êàòåãîðè÷íàÿ ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ, M |= T ,

p1, p2, . . . , ps ∈ S1(∅) � íåàëãåáðàè÷åñêèå ïîïàðíî ñëàáî îðòîãîíàëüíûå 1�òèïû. Ïðåäïî-
ëîæèì ÷òî êàæäûé íåàëãåáðàè÷åñêèé 1-òèï íàä ∅ èìååò êîíå÷íûé ðàíã âûïóêëîñòè. Òîãäà
{p1, p2, . . . , ps} îðòîãîíàëüíî íàä ∅.
Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì ÌÎÍ ÐÊ (AP08855544).
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Institute of Mathemitics and Mathematical Modeling. Almaty, 2021



122 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2021

íà ïîñëåäîâàòåëüíîñòÿõ ñäâèíóòûõ ïðîñòûõ ÷èñåë, òî åñòü âûâîä íîâîé íåòðèâèàëüíîé
îöåíêè ñóììû âèäà

T (χ) =
∑
p≤x

χ(p− l), (l, q) = 1.

Â 1938 ã. îí âïåðâûå ïîëó÷èë íåòðèâèàëüíóþ îöåíêó ìîäóëÿ ñóììû T (χ) ïðè x � q3+ε,
q � ïðîñòîå íå÷åòíîå[1]. È.Ì. Âèíîãðàäîâ â 1943 ã. äîêàçàë ñëåäóþùèå óòâåðæäåíèÿ[1]:
åñëè q � ïðîñòîå íå÷åòíîå, (l, q) = 1, χ(a) � íåãëàâíûé õàðàêòåð ïî ìîäóëþ q, òîãäà

|T (χ)| � x1+ε

(√
1

q
+
q

x
+ x−

1
6

)
. (1)

Ïðè x � q1+ε ýòà îöåíêà íåòðèâèàëüíà, è èç íåå ñëåäóåò àñèìïòîòè÷åñêàÿ ôîðìóëà äëÿ
÷èñëà êâàäðàòè÷íûõ âû÷åòîâ (íåâû÷åòîâ) mod q âèäà p−l, p ≤ x. Çàòåì È.Ì. Âèíîãðàäîâ
ïîëó÷èë íåòðèâèàëüíóþ îöåíêó T (χ) ïðè x ≥ q0,75+ε, ãäå q � ïðîñòîå ÷èñëî. À.À. Êàðàöóáà
â 1970 ãîäó äîêàçàë ñëåäóþùèå óòâåðæäåíèå [2]: åñëè q � ïðîñòîå, χ(a) � íåãëàâíûé

õàðàêòåð ïî ìîäóëþ q, x ≥ q
1
2

+ε, òîãäà

T (χ)� xq−
1

1024
ε2 .

Ç.Õ. Ðàõìîíîâ îáîáùèë îöåíêó (1) íà ñëó÷àé ñîñòàâíîãî ìîäóëÿ è äîêàçàë ñëåäóþùèå
óòâåðæäåíèå [3]: ïóñòü D � äîñòàòî÷íî áîëüøîå íàòóðàëüíîå ÷èñëî, χ � íåãëàâíûé õà-
ðàêòåð ïî ìîäóëþ D, q ìîäóëü ïðèìèòèâíîãî õàðàêòåðà χq, χq � ïðèìèòèâíûé õàðàêòåð,
ïîðîæä¸ííûé õàðàêòåðîì χ, òîãäà

T (χ) ≤ x ln5 x

(√
1

q
+
q

x
τ 2(q1) + x−

1
6 τ(q1)

)
, q1 =

∏
p\D
p 6\q

p.

Ïðèìåíÿÿ ýòó îöåíêó îí äîêàçàë ðàñïðåäåëåíèå çíà÷åíèé ñèìâîëîâ ßêîáè â ïîñëåäîâà-
òåëüíîñòÿõ ñäâèíóòûõ ïðîñòûõ ÷èñåë. Â ðàáîòå [4] äîêàçàíà òåîðåìà: Ïóñòü q � äîñòàòî÷íî
áîëüøîå íàòóðàëüíîå ÷èñëî ñâîáîäíîå îò êóáîâ, χq � ïðèìèòèâíûé õàðàêòåð ïî ìîäóëþ q,

(l, q) = 1, ε � ïîëîæèòåëüíîå ñêîëü óãîäíî ìàëîå ïîñòîÿííîå ÷èñëî, ln q, x ≥ q
1
2

+ε. Òîãäà
èìååì

T (χq) =
∑
p≤x

χq(p− l)� x exp
(
−
√

ln q
)
.

Â ýòîé ðàáîòå âîñïîëüçîâàâøèñü îñíîâíûì ðåçóëüòàòîì ðàáîòû [6] äîêàçàíà òåîðåìó î ðàñ-
ïðåäåëåíèå çíà÷åíèé ñèìâîëîâ ßêîáè â êîðîòêèõ ïîñëåäîâàòåëüíîñòÿõ ñäâèíóòûõ ïðîñòûõ
÷èñåë.

Òåîðåìà. Ïóñòü D � äîñòàòî÷íî áîëüøîå íàòóðàëüíîå ÷èñëî, τ = ±1, K(x) � ÷èñëî
ïðîñòûõ ÷èñåë p íå ïðåâîñõîäÿùèõ x è òàêèõ, ÷òî(

p− l
D

)
= τ, (l, D) = 1, D � ñâîáîäíîãî îò êóáîâ.

Òîãäà ïðè x ≥ D
1
2

+ε ñïðàâåäëèâà àñèìïòîòè÷åñêàÿ ôîðìóëà

K(x) =
∏
p\D

(
1− 1

p− 1

)
x

lnx
+O

(
x

ln2 x

)
.
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Ïóñòü T � ñîâåðøåííàÿ éîíñîíîâñêàÿ òåîðèÿ, ïîëíàÿ äëÿ ýêçèñòåíöèîíàëüíûõ ïðåä-
ëîæåíèé, C � ñåìàíòè÷åñêàÿ ìîäåëü òåîðèè T , X1, X2 � éîíñîíîâñêèå ïîäìíîæåñòâà C.
Ïðè÷åì cl(Xi) = Mi ∈ ET , Fr(Xi) = Th∀(Mi) ÿâëÿåòñÿ ϕi(x)-âûïóêëûì ôðàãìåíòîì
ìíîæåñòâà Xi, ãäå i = 1, 2. Â êà÷åñòâå cl ïîíèìàåòñÿ îïåðàòîð çàìûêàíèÿ, çàäàþùèé íà
áóëåàíå C ïðåäãåîìåòðèþ, â êîòîðîé âåðíî, ÷òî cl = acl = dcl.

Íàïîìíèì íåêîòîðûå îïðåäåëåíèÿ.
Îïðåäåëåíèå 1. Ìîäåëü òåîðèè T íàçûâàåòñÿ àëãåáðàè÷åñêè ïðîñòîé, åñëè îíà èçî-

ìîðôíî âêëàäûâàåòñÿ â ëþáóþ ìîäåëü òåîðèè T .
Îïðåäåëåíèå 2. Ìîäåëü íàçûâàåòñÿ ìèíèìàëüíîé ìîäåëüþ òåîðèè T , åñëè ó íåå íåò

ïîäñòðóêòóðû, êîòîðîé ÿâëÿåòñÿ ìîäåëüþ òåîðèè T .
Îïðåäåëåíèå 3. Åñëè T � éîíñîíîâñêàÿ òåîðèÿ, òî T ∗ � öåíòð ýòîé òåîðèè.
Îïðåäåëåíèå 4. Áóäåì ãîâîðèòü, ÷òî ýêçèñòåíöèàëüíî çàìêíóòàÿ ìîäåëüM ÿâëÿåòñÿ

âûïóêëîé (ñèëüíî âûïóêëîé), åñëè åå îáîëî÷êà Êàéçåðà (Th∀∃(M)) ÿâëÿåòñÿ âûïóêëîé
(ñèëüíî âûïóêëîé) òåîðèåé.

Îïðåäåëåíèå 5. Ìû áóäåì ãîâîðèòü, ÷òî ýêçèñòåíöèàëüíî çàìêíóòàÿ ìîäåëü M ÿâ-
ëÿåòñÿ ϕ(x)-âûïóêëîé, åñëè

1) ϕ(x) çàäàåò éîíñîíîâñêîå ìíîæåñòâî â ìîäåëè M ;
2) åñëè äëÿ âñåõ ïîäñòðóêòóð Ai ìîäåëè M ,

⋂
Ai ñîäåðæèò ϕ(M) ïðè òîì, ÷òî ýòî

ïåðåñå÷åíèå íå ïóñòî.
Ðàññìîòðèì ãèáðèäH(Fr(X1), F r(X2)) = H, òîãäà, åñëè T ìîäåëüíî ñîâìåñòíà ñ Fr(Xi),

âåðåí ñëåäóþùèé ðåçóëüòàò.
Òåîðåìà. Ïóñòü H∀ ïîëíà äëÿ ýêçèñòåíöèîíàëüíûõ ïðåäëîæåíèé. Òîãäà ñëåäóþùèå

óñëîâèÿ ýêâèâàëåíòíû:
1) H∗∀ èìååò àëãåáðàè÷åñêè ïðîñòóþ ìîäåëü è îíà ìèíèìàëüíà,
2) H∀ èìååò òî÷íî îäíó àëãåáðàè÷åñêè ïðîñòóþ ìîäåëü è îíà (Σ,Σ)-àòîìíàÿ.
Âñå íåîïðåäåëåííûå â äàííîì òåçèñå îïðåäåëåíèÿ ïîíÿòèé ìîæíî íàéòè â ñëåäóþùèõ

èñòî÷íèêàõ [1, 2].
Êëþ÷åâûå ñëîâà: éîíñîíîâñêàÿ òåîðèÿ, ñåìàíòè÷åñêàÿ ìîäåëü, ãèáðèä, ϕ(x)-âûïóêëàÿ ìîäåëü, ìèíèìàëüíàÿ
ìîäåëü
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Ïóñòü L � ÿçûê ïåðâîãî ïîðÿäêà, T � ïðîèçâîëüíàÿ íàñëåäñòâåííàÿ éîíñîíîâñêàÿ òåî-
ðèÿ â ÿçûêå L ñèãíàòóðû σ, C � ñåìàíòè÷åñêàÿ ìîäåëü òåîðèè T , A ⊆ C, σΓ = σ ∪ Γ, ãäå
Γ = {P1} ∪ {P2} ∪ {c}.

Ïóñòü T=Th∀∃(C, ca)a∈C ∪ Th∀∃(ET ) ∪ {P1(c)} ∪ {∃yP2(y, c)} ∪ {P2} ∪ {”P1,⊆ ”}, ãäå
{”P1,⊆ ”} ÿâëÿåòñÿ áåñêîíå÷íûì ìíîæåñòâîì ïðåäëîæåíèé, âûðàæàþùèõ òîò ôàêò, ÷òî
èíòåðïðåòàöèÿ ñèìâîëà P1 ÿâëÿåòñÿ ýêçèñòåíöèàëüíî çàìêíóòîé ïîäìîäåëüþ íà ÿçûêå
ñèãíàòóðû σΓ, P2 åñòü îòíîøåíèå ýêâèâàëåíòíîñòè. Òî åñòü èíòåðïðåòàöèÿ ñèìâîëà P1

ÿâëÿåòñÿ ðåøåíèåì ñëåäóþùåãî óðàâíåíèÿ P1(C) = M ∈ ET â ÿçûêå ñèãíàòóðû σΓ.
Ðàññìîòðèì âñå ïîïîëíåíèÿ òåîðèè T â ÿçûêå ñèãíàòóðû σΓ. Òàê êàê T � íàñëåäñòâåí-

íàÿ òåîðèÿ, òî T áóäåò éîíñîíîâñêîé òåîðèåé, ïîýòîìó ó íåå åñòü öåíòð, è ìû îáîçíà÷èì
åãî ÷åðåç T

∗
, è ýòîò öåíòð ðàâåí îäíîìó èç âûøåïåðå÷èñëåííûõ ïîïîëíåíèé òåîðèè T .

Ïðè îãðàíè÷åíèè ñèãíàòóðû σΓ íà σ ∪ P1 ∪ P2, ñîãëàñíî çàêîíàì ëîãèêè ïåðâîãî ïîðÿäêà,
êîíñòàíòà c óæå íå ïðèíàäëåæèò ýòîé ñèãíàòóðå, è ìû ìîæåì çàìåíèòü ýòó êîíñòàíòó
ïåðåìåííîé, íàïðèìåð x. È òîãäà òåîðèÿ T

∗
ñòàíîâèòñÿ ïîëíûì 1-òèïîì äëÿ ïåðåìåí-

íîé x. Ýòîò òèï ìû áóäåì íàçûâàòü öåíòðàëüíûì òèïîì òåîðèè T â ïðèâåäåííîì âûøå
îáîãàùåíèè.

Ïóñòü T � ïðîèçâîëüíàÿ éîíñîíîâñêàÿ òåîðèÿ, òîãäà E(T )=
⋃
n<ω En(T ), ãäå En(T ) �

åñòü ðåøåòêà ∃-ôîðìóë ñ n ñâîáîäíûìè ïåðåìåííûìè, T ∗ � öåíòð éîíñîíîâñêîé òåîðèè T ,
ò.å. T ∗ = Th(C), ãäå C � ñåìàíòè÷åñêàÿ ìîäåëü éîíñîíîâñêîé òåîðèè T .

Îïðåäåëåíèå 1. Ïóñòü T1 è T2 � éîíñîíîâñêèå òåîðèè. Ìû áóäåì ãîâîðèòü, ÷òî T1 è
T2 � éîíñîíîâñêè ñèíòàêñè÷åñêè ïîäîáíû, åñëè ñóùåñòâóåò áèåêöèÿ f : E(T1) → E(T2),
òàêàÿ ÷òî

1) îãðàíè÷åíèå f äî En(T1) åñòü èçîìîðôèçì ðåøåòîê En(T1) è En(T2), n < ω;
2) f(∃vn+1ϕ) = ∃vn+1f(ϕ), ϕ ∈ Fn+1(T ), n < ω;
3) f(v1 = v2) = (v1 = v2).
Ñëåäóþùèé ïîëó÷åííûé ðåçóëüòàò ïî ñâîåìó ñîäåðæàíèþ îáîáùàåò ðåçóëüòàò èç [3].
Òåîðåìà. Åñëè T1, T2 � íàñëåäñòâåííûå, ∀∃-ïîëíûå, éîíñîíîâñêèå òåîðèè, òîãäà â îáî-

ãàùåíèè Γ ñèãíàòóðû σΓ ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
1) T ∗1 ñèíòàêñè÷åñêè ïîäîáíà T ∗2 â ñìûñëå [1];
2) T c1 ñèíòàêñè÷åñêè ïîäîáíà T c2 â ñìûñëå [2].
Âñå íåîïðåäåëåííûå â äàííîì òåçèñå îïðåäåëåíèÿ ïîíÿòèé ìîæíî íàéòè â ñëåäóþùèõ

èñòî÷íèêàõ [1, 2].
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Ïóñòü K � íåêîòîðûé êëàññ ìîäåëåé ïðîèçâîëüíîé ñèãíàòóðû σ ÿçûêà ïåðâîãî ïîðÿäêà
L è L0 � ìíîæåñòâî âñåõ ïðåäëîæåíèé ýòîãî ÿçûêà, ò.å. L0 ⊂ L è Γ ⊆ L0. Åñëè ðàññìîòðåòü
ThΓ(K) òåîðèþ êëàññà K, ãäå ThΓ(K)={φ ∈ Γ : ∀A ∈ K ñëåäóåò, ÷òî A |= φ} è ðàññìîò-
ðåòü êëàññ ìîäåëåé ýòîé òåîðèè M = Mod(ThΓK), òî âçàèìîîòíîøåíèå êëàññîâ M è K
ïðåäñòàâëÿåò ñîáîé êëàññè÷åñêóþ ïîñòàíîâêó âîïðîñà àêñèîìàòèçèðóåìîñòè êëàññà K. Â
ñëó÷àå, êîãäà òåîðèÿ íå ïîëíà (à éîíñîíîâñêèå òåîðèè, âîîáùå ãîâîðÿ, òàêèå), äàííûé
êëàññ çàäà÷ ñòàíîâèòñÿ äîñòàòî÷íî òðóäíûì äëÿ ïîëíîãî îïèñàíèÿ.

Äëÿ èçó÷åíèÿ éîíñîíîâñêèõ òåîðèé ôèêñèðîâàííîãî êëàññà áûëî îïðåäåëåíî ïîíÿòèå
éîíñîíîâñêîãî ñïåêòðà ñëåäóþùèì îáðàçîì:

Îïðåäåëåíèå 1. Éîíñîíîâñêèì ñïåêòðîì JSp(K) êëàññà ìîäåëåé K ïðîèçâîëüíîé
ñèãíàòóðû íàçûâàåòñÿ ìíîæåñòâî âñåõ éîíñîíîâñêèõ òåîðèé äëÿ äàííîãî êëàññà ìîäåëåé.

Îïðåäåëåíèå 2.Ìû ãîâîðèì, ÷òî éîíñîíîâñêàÿ òåîðèÿ T1 êîñåìàíòè÷íà éîíñîíîâñêîé
òåîðèè T2 (T1 ./ T2), åñëè CT1 = CT2 , ãäå CTi � ñåìàíòè÷åñêàÿ ìîäåëü òåîðèè Ti, i = 1, 2.

Ðàñøèðåíèå T1 ⊇ T ïîëíîé òåîðèè T íàçûâàåòñÿ íåñóùåñòâåííûì, åñëè ñèãíàòóðà
òåîðèè T1 ñîäåðæèò, êðîìå ñèìâîëîâ ñèãíàòóðû òåîðèè T , ëèøü ñèìâîëû êîíñòàíò.

Ïóñòü [T ] ∈ JSp(A)/./, òîãäà âåðåí ñëåäóþùèé ðåçóëüòàò:
Òåîðåìà.Ïóñòü T � íàñëåäñòâåííàÿ éîíñîíîâñêàÿ òåîðèÿ. Òîãäà, åñëè [T ]∗ � ω-êàòåãîðè÷íàÿ

óíèâåðñàëüíàÿ òåîðèÿ, òî ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:
1) [T ]∗ � ω1-êàòåãîðè÷íà;
2) â íåêîòîðîì íåñóùåñòâåííîì ðàñøèðåíèè [T ]1 ⊇ [T ] íàéäåòñÿ PC

[T ]1
-ñèëüíî ìèíèìàëü-

íûé òèï, ãäå PC
[T ]1

� öåíòðàëüíûé òèï [T ]1.
Âñå íåîïðåäåëåííûå â äàííîì òåçèñå îïðåäåëåíèÿ ïîíÿòèé ìîæíî íàéòè â ñëåäóþùèõ

èñòî÷íèêàõ [1, 2].
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CRITERION OF DEFINABILITY OF A CONVEX CLOSURE OF 1-TYPE
OVER A SET
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Definability of 1-types in o-minimal theories were studied by D.Marker and C.Steinhorn
in [1]. Later B.Baizhanov investigated problem of definability of 1-types in weakly o-minimal
theories [2].

In general, the question of definability of 1-types can be considered as two distinct questions
that can be studied separately: definability of convex closure of a type and set of formulas with
infinite number of alternations.

Suppose that M = 〈M,Σ〉 is a model of a complete theory T . Let p ∈ S1(A) with A ⊂ M .
We consider convex closure of type p: pc = {Bi(y)|Bi(y) ∈ pc, i ∈ I}. Denote Gi(y) = Bi(y)−

and Di(y) = Bi(y)+. Obviously, Gi(N) < y < Dj(N) ∈ pc.
Definition. Let θ(z̄) and H(y, z̄) be an A-definable formulas such that for any ā ∈ M ,

H(y, ā) is a convex formula and H(M, ā)+ =qH(M, ā), X := θ(M) ∩ A. We say that the
condition of left convergence of a formula H(y, z̄) on a set X or of θ(z̄) to the type pc is
satisfied and denote by

LC
(
H(y, z̄), X, pc

)
or LC

(
H(y, z̄), θ(z̄), pc

)
if for any Gi(y) and Dj(y) there exists ā ∈ X such that

(i) Gi(M) ⊂ H(M, ā);

(ii) H(M, ā) < y < Dj ∈ pc.
We say that the condition of right convergence of a formula H(y, z̄) on a set X or of

θ(z̄) to the type pc is satisfied and denote by

RC
(
H(y, z̄), X, pc

)
or RC

(
H(y, z̄), θ(z̄), pc

)
if for any Gi(y) and Dj(y) there exists ā ∈ X such that

(i) Dj(M) ∩H(M, ā) = ∅;
(ii) Gi < y < H(M, ā)+ ∈ pc.
We also say that the condition of two-side convergence of a formula H(y, z̄) on a set

X or of θ(z̄) to the type pc is satisfied and denote by

C
(
H(y, z̄), X, pc

)
or C

(
H(y, z̄), θ(z̄), pc

)
if LC(H,X, pc) and RC(H,X, pc) hold simultaneously.

Theorem 1. Let A ⊂ M and p ∈ S1(A) be an irrational type. Then the following are
equivalent:

(i) pc is non-definable;

(ii) exists A-definable formula H(y, z̄) such that for any A-definable formula θ(z̄) holds:

C
(
H(y, z̄), θ(z̄), pc

)∨
C
(
H(y, z̄), qθ(z̄), pc

)
.
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ORTHOGONALITY OF PARTIAL 1-TYPES IN ORDERED THEORIES
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We deal with the class of linearly ordered theories with a binary ∅-definable relation of
linear order. We generalize notions introduced for weakly o-minimal theories, such as as weakly
orthogonal and quasirational types, and consider their properties.

Definition. A convex closure of a formula ϕ(x, ā) is the following formula:

ϕc(x, ā) := ∃y1∃y2

(
ϕ(y1, ā) ∧ ϕ(y2, ā) ∧ (y1 ≤ x ≤ y2)

)
.

A convex closure of a type p(x) ∈ S1(A) is the type

pc(x) := {ϕc(x, ā) | ϕ(x, ā) ∈ p}.

Definition. Let A ⊆ N , p, q ∈ S1(A), and N be an |A|+-saturated model of a linearly
ordered theory. We say that the type pc is not weakly orthogonal to the type qc, pc 6⊥w qc,
if there exists a convex formula ϕ(x, y, ā), ā ∈ A, such that for every α ∈ pc(N) ϕ(N,α, ā) ∩
qc(N) 6= ∅ and ¬ϕ(N,α, ā) ∩ qc(N) 6= ∅.

Claim. Let A ⊆ N , N be an |A|+-saturated model of a linearly ordered theory, p, q ∈ S1(A)
be non-algebraic types. Then p ⊥w q implies pc ⊥w qc.

Definition. Let p ∈ S1(A), A ⊂ N , and N be an |A|+-saturated model of a linearly
ordered theory. The type pc is quasirational to the right (left) if there exists a formula
U(x, ā), ā ∈ A, such that for every α ∈ pc(N)

for every β ∈ U(N, ā) such that α < β, tpc(β/A) = pc

(for every β ∈ U(N, ā) such that α > β, tpc(β/A) = pc).

The type pc is quasirational if it is either quasirational to the left, or quasirational to the
right.

Definition. Let p ∈ S1(A), A ⊂ N , and N be an |A|+-saturated model of a linearly
ordered theory. The type p (pc) is said to be definable, if for every formula (convex formula)
ϕ(x, ȳ) there exists an A-definable formula θϕ(ȳ) such that for every b̄ ∈ A

ϕ(x, b̄) ∈ p (pc) ⇔ N |= θϕ(b̄).

Theorem 1. Let A ⊂ N , N be an |A|+-saturated model of a linearly ordered theory,
p, q ∈ S1(A) be non-algebraic types such that pc 6⊥w qc.

(i) If the type pc is quasirational, then the type qc is quasirational.
(ii) If the type p is definable, then the type qc is definable.
Theorem 2. Let A ⊂ N , N be an |A|+-saturated model of an o-stable theory, p, q ∈ S1(A)

be non-algebraic types. Then pc 6⊥w qc if and only if qc 6⊥w pc.
Corollary. Let A ⊂ N , N be an |A|+-saturated model of an o-stable theory, p, q ∈ S1(A)

be non-algebraic types such that pc 6⊥w qc. Then the type pc is quasirational if and only if the
type qc is quasirational.
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We study the question of existence of special extensions of a set A, which are characterized
that the type over A of any tuple in the extension satisfies a condition C, where C is some
property of types; C can be either that any type under consideration is definable, or that any
type is locally isolated, or that any type is non-definable, etc. In particular, we study the
question of existence of a conservative extension of a model.

Theorem 1.(Tarski-Vaught): Let A be a subset of a model M of a complete theory T .
For a set A to be an elementary submodel of a model M , it is necessary and sufficient that for
any formula of the form ∃xφ(x, ā), where ā ∈ A, the following condition holds: M |= ∃xφ(x, ā)
implies that there exists b ∈ A such that M |= φ(b, ā).

Definition 1. We say that a condition C satisfies the transitivity property if the following
holds for any three sets:

A ⊂C B ∧B ⊂C D ⇒ A ⊂C D

In any case, the following four conditions are necessary for constructing a model which is a
C-extension of a set A:

U0C For any sets A ⊆ B and any C-type p ∈ S1(A) there exists a C-type q ∈ S1(B) which
extends p (the extension property).

U1C For any tuple ᾱ ∈ N \A whose type satisfies the condition C, for any formula φ(x, ᾱ, ā),
where ā ∈ A and N |= ∃x(φ(x, ᾱ, ā)), there exists a type p(x) ∈ S1(Aᾱ) such that φ(x, ᾱ, ā) ∈ p
and for any β ∈ N with β |= p(x), we obtain that tp(βᾱ/A) satisfies the condition C.

U2C For a theory T , the condition C has the transitivity property.
U3C A theory T has the restriction property for C-types, that is if tp(ᾱ/A) is a C-type,

then tp(β̄/A) is a C-type for any β̄ ⊆ ᾱ.
Definition 2. We say a complete theory T has the joint extension property for C-1-types if

for any set A ⊂ N , where N |= T is sufficiently saturated, for any ᾱ, β, γ ∈ N \A the following
is true: if the types q := tp(β/A ∪ ᾱ), p := tp(γ/A ∪ ᾱ), tp(ᾱ/A) are C-types over A, then the
type tp(γβ/Aᾱ) is a C-type.

U4C A theory T has the joint extension property for C-1-types.
Let the D-property of a type over a set A be that this type is definable over the set A, that

is, p ∈ S(A) is definable, in this case we will say and write that p is a D-type.
Definition 3. For sets A ⊂ B, we say that B is a D-extension (conservative) of A (A ⊂D B)

if tp(ᾱ/A) is a D-type for any ᾱ ∈ B \ A.
Theorem 2. There is an o-minimal theory T such that for A ⊂ N |= T and p, q ∈ S1(A)

the following hold:

1. q is weakly orthogonal to p;

2. both q and p are locally isolated types and hence are D-types;
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3. the unique 2-type p(x) ∪ q(y) ∈ S2(A) is not definable.

Theorem 3. Let T be a complete theory, then the following is true:
1) For any set A, there is a model M with (A ⊂ M � N) which is constructed using

Tarski-Vaught test.
2) If a theory T satisfies the conditions U0C , U1C , U2C , and U3C , then for any set A there

exists a model M � N such that A ⊆C M .
3) If a theory T satisfies the conditions U0C , U1C , U2C , U3C , and U4C , then for any set A

there exists a model M � N such that A ⊆C M and M is a C-ω-saturated extension of A.
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Describing conditions, when a complete theory has the maximal number of countable mod-
els, plays an important role in counting the number of countable pairwise non-isomorphic
models of ordered theories. In particular, this question was investigated by Alibek-Baizhanov-
Zambarnaya in [1], Baizhanov-Baldwin-Zambarnaya in [2], and Baizhanov-Umbetbayev-
Zambarnaya in [3].

Definition. A set A is said to be convex in a set B, A ⊆ B, if for all x, y ∈ A and all
z ∈ B x < z < y implies that z ∈ A.

Let Θ(x) be an 1-A-formula, then

EΘ(x, y) := Θ(x) ∧Θ(y)∧
∧
(
x = y ∨

(
(x < y → ∀z(x ≤ z ≤ y → Θ(z))) ∧ (y < x→ ∀z(y ≤ z ≤ x→ Θ(z)))

))
defines an equivalence relation with convex classes on Θ(N). We call Θ a zebra-formula or
a formula with infinite number of alternations (INA), if the number of convex EΘ-classes is an
infinite. On the set of convex EΘ-classes there is a linear ordering; if this order contains an
infinite discrete chain, then I(T,ℵ0) = 2ℵ0 [1]. So, we assume that there is a natural number
nΘ such that any discrete chain of EΘ-classes contains at most nΘ-classes and the order on the
set of all EΘ-classes is dense up to finite discrete chain bounded by nΘ.

Definition. [4] 1) The convex closure of a formula ϕ(x, ā) is the following formula:
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ϕc(x, ā) := ∃y1∃y2

(
ϕ(y1, ā) ∧ ϕ(y2, ā) ∧ (y1 ≤ x ≤ y2)

)
.

2) The convex closure of a type p(x) ∈ S1(A) is the following set of formulas

pc(x) := {ϕc(x, ā) | ϕ(x, ā) ∈ p}.

Definition. [5,6] Let M be a linearly ordered structure, A ⊆ M , M be |A|+-saturated,
and p ∈ S1(A) be non-algebraic.

1) An A-definable formula ϕ(x, y) is said to be p–preserving (p-stable) if there exist α,
γ1, γ2 ∈ p(M) such that p(M) ∩

(
ϕ(M,α) \ {α}

)
6= ∅ and γ1 < ϕ(M,α) < γ2.

2) A p-preserving formula ϕ(x, y) is said to be convex to the right (left) if there exists α
∈ p(M) such that p(M) ∩ ϕ(M,α) is convex, α is the left (right) endpoint of the set ϕ(M,α),
and α ∈ ϕ(M,α).

3) A p-preserving convex to the right (left) formula ϕ(x, y) is equivalence-generating if
for any α ∈ p(M) and any β ∈ ϕ(M,α) ∩ p(M) the following holds:

M |= ∀x(x ≥ β → (ϕ(x, α)↔ ϕ(x, β)))(
M |= ∀x(x ≤ β → (ϕ(x, α)↔ ϕ(x, β)))

)
.

By CRF (p) (CLF (p)) we denote the family of all p-preserving convex to the right (left)
A-formulas.

Restriction. Let A and B be subsets of a model of a linearly ordered theory T , A be finite,
B be A-definable. We consider 1-types p ∈ S1(A) such that

(i) for every A-formula E(x, y, z̄) there is no infinite sequence b̄1, b̄2, ..., b̄i, ... ∈ B such that
for every i < ω, E(x, y, b̄i) is an equivalence relation on p with classes partitioned into infinitely
many of infinite E(x, y, b̄i+1)-classes;

(ii) the set {q ∈ S1(A) | pc = qc} is finite;

(iii) all p-preserving convex to the right formulas are equivalence generating.
Theorem 1. Let T be a countable complete linearly ordered theory, A be a finite subset of

a model of T , and let p(x) ∈ S1(A) be a non-algebraic 1-type satisfying the Restriction. Then
T has 2ℵ0 countable non-isomorphic models

(i) [3] if CRF (p) is infinite and has no greatest formula;

(ii) if CRF (p) is infinite and has no least formula;

(iii) if CRF (p) is infinite.
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If M is a structure M =< M ; Σ > , consider M+ =< M ; Σ+ >, where Σ+ = Σ ∪ {P n}.
This expansion will be essential , if P n(M+) 6= ϕ(M, a), for any formula of signature Σ(M)
ϕ(x, a), a ∈M . We say that expansion is an externally definable in elementary extension N of
M (M ≺ N ), if for any formula H+(x) of signature Σ+ there exists the formula KH+(x, α, a)
of signature Σ(N) , where α ∈ N/M , such that KH(N,α, a) ∩M l = H+(M+).

M has strict ordered property SOP: There exists formula ϕ and exists sequense bi ∈M such
that ϕ(x, bi) is ϕ(M, bi) ( ϕ(N, bi+1), where i ∈ N .

A theory has the independent property if and only if there exists a formula ϕ(x, y) with one
free variable x that has the independence property for any n < ω there is sequence b1, ...bn such
that for any bit string τ = (τ1, τ2, ..., τn) such that |= ∃x(

∧n
j=i

τiϕi(x, bi)) where τiϕi(x, bi) =

ϕi(x, bi), if τ =1; τiϕi(x, bi) = ¬ϕi(x, bi), if τ = 0.;
In our talk we consider the expansion of divisible abelian group (in particular case, the group

of all rational numbers) by unary predicate such that expended structure has Independent
Property. We detect conditions for the set that expansion by this set has NIP theory.
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We consider some possibilities of simple complete expansions T of a theory Tfdo of a dense
partial order with finitely many maximal chains and of the theory Tdmt of a dense meet-tree
〈M,<〉 [1]. Some expansions of these theories produce classical examples of Ehrenfeucht theories
[2, 3], see also [4, Examples 1.1.1.3, 1.1.1.4].

Theorem 1. Let T be an expansion of Tfdo or Tdmt by countably many disjoint convex
nonempty unary predicates Pn, n ∈ ω. The following conditions are equivalent:

(1) T is Ehrenfeucht;
(2) T has finitely many nonisolated 1-types.
Theorem 2. Let T be an expansion of Tfdo or Tdmt by countably many disjoint convex

nonempty unary predicates Pn, n ∈ ω. The following conditions are equivalent:
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(1) I(T, ω) = 2ω;
(2) T has infinitely many nonisolated 1-types.
Replacing predicates Pn by constants cn we obtain the following theorems.
Theorem 3. Let T be an expansion of Tfdo or Tdmt by countably many distinct constants

cn, n ∈ ω. The following conditions are equivalent:
(1) T is Ehrenfeucht;
(2) the set C = {cn | n ∈ ω} has finitely many accumulation points in a saturated model of

T ;
(3) T has finitely many nonisolated 1-types.
Theorem 4. Let T be an expansion of Tfdo or Tdmt by countably many distinct constants

cn, n ∈ ω. The following conditions are equivalent:
(1) I(T, ω) = 2ω;
(2) the set C = {cn | n ∈ ω} has infinitely many accumulation points in a saturated model

of T ;
(3) T has infinitely many nonisolated 1-types.
Theorems 1–4 confirm the Vaught conjecture for special expansions of Tfdo and Tdmt.
Corollary. Let T be an expansion of Tfdo or Tdmt by countably many disjoint convex unary

predicates or by countably many constants. Then either T is Ehrenfeucht or I(T, ω) = 2ω.
For expansions of dense linear orders and their finite disjoint unions the results above hold

by [5, 6, 7, 8]. Using [5, 6] they can be spread for partial ordering analogues of quite o-minimal
and weakly o-minimal theories admitting the description of distributions of countable models
similar to [4, 7, 8].
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An algebra with identities
a(bc) = b(ac) (1)

(ab)c = (ac)b (2)

is called bicommutative. The identity (1) is called left-commutative and the identity (2) is called
right-commutative.

Let Bicom be the variety of bicommutative algebras. In [1] and [2], it was proved that if
A ∈ Bicom, then the commutator algebra A(−) = (A, [, ]) is a metabelian Lie algebra, where
[a, b] = ab− ba is the commutator product on A for all a, b ∈ A. In other words, A satisfies the
Jacobi and the metabelian identities under commutator product:

[[a, b], c] + [[b, c], a] + [[c, a], b] = 0,

[[a, b], [c, d]] = 0.

In [3], it was proved that every identity satisfied by the commutator in every bicommutative
algebra is a consequence of anti-commutativity, the Jacobi and the metabelian identities.

It was noted in [2] that a bicommutative algebra A satisfies the Tortken-minus identity
under anti-commutator {a, b} = ab+ ba:

{{a, b}, {c, d}} − {{a, d}, {c, b}} = −{(a, b, c), d}+ {(a, d, c), b} (3)

where (a, b, c) = {a, {b, c}} − {{a, b}, c} is the associator of a, b, c ∈ A.
In addition to the Tortken-minus identity, a bicommutative algebra satisfies the weak right-

commutativity identity
{{{a, b}, c}, d} = {{{a, b}, d}, c} (4)

and every identity satisfied by the anti-commutator in every bicommutative algebra is a conse-
quence of commutativity, the minus-Tortken and weak right-commutativity identities [3].

Theorem 1. Pair of varieties of bicommutative and metabelian Lie algebras is not a PBW-
pair.

Theorem 2. The class Bicom(+) does not form a variety.
Proposition 3. The variety Bicom is not Schreier.
Proposition 4. Varieties of metabelian Lie algebras and bicommutative algebras does not

satisfy the Freiheitssatz.
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A countable torsion-free abelian group A is called completely decomposable if the equality

A = ⊕{Ai|i ∈ ω}, (1)

is true for some subgroups Ai of the rationals 〈Q,+, 0〉 under addition.
Definition 1. Let there exists a computable numbering ν of the group A of the form

(1) such that the pair (A, ν) contains a computably enumerable maximal linearly independent
system of elements 〈ai | ai ∈ Ai〉. In this case, the pair (A, ν) is called a computably completely
decomposed group, and A itself is called an effectively completely decomposed group.

In what follows, we assume that the base set of the group A is the set ω = {0, 1, 2, . . .}. P
is the set of all prime numbers. By p we denote a prime number.

We introduce the following predicates:

R(x, p, n, y)
 (x = pny), D(x, p)
 ∀n∃xR(x, p, n, x).

Definition 2. If on the group A of the form (1), the formula

H(p, n, a)� ∃xR(a, p, n, x) ∧ ∀y¬R(a, p, n+ 1, y),

is true then we say that the p-height of the element a ∈ A is equal to n and denote this fact as
hp(a) = n; if A |= D(a, p) then we say that the p-height of a is equal to ω and denote hp(a) = ω.

For any nonzero element a of the group A of the form (1), we introduce the following sets:

H<ω(a)� {p | 0 < hp(a) < ω, p ∈ P},
Hω(a)� {p | hp(a) = ω, p ∈ P}.

Definition 3. The p-heigh sequence χ(a) = 〈hp0(a), . . . , hpn(a), . . .〉 is called characteristic
of the element a ∈ A \ {0}, where pi is the i-th prime and hp(a) is introduced by definition
2. Characteristics 〈k0, . . . , kn, . . .〉 and 〈l0, . . . , ln, . . .〉 are equivalent if kn 6= ln holds only for a
finite set of numbers n and only if kn and ln are finite.

Definition 4. Let A be a group defined by (1). Then A is called 〈p, ω〉-decomposable if
each Ai contains an element ai for which the set H<ω(ai) is finite.

Definition 5. Let A be a 〈p, ω〉-decomposable abelian group of the form (1), and 〈ai |
ai ∈ Ai〉 be a maximal linearly independent system of elements in A. Then the sequence of sets
χ(A) = 〈Hω(ai) | i ∈ ω〉, is called characteristic of A.

Definition 6. If predicate R(i, p, n, x) for p ∈ P , i, n, x ∈ ω satisfies the conditions

R(i, p, 0, i); R(i, p, n, x) ∧R(i, p, n, y)→ x = y;

(R(i, p, n, x) ∧ 0 < m < n)→ (∃y(R(i, p,m, y) ∧R(y, p, n−m,x))),
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then it is called F -predicate. For a F -predicate R(i, p, n, x) we introduce the following set:

I(i)� {p | ∀n∃x R(i, p, n, x)}.

Theorem. Let the abelian group A defined by (1) be 〈p, ω〉-decomposable. Then it is
effectively 〈p, ω〉-decomposable if and only if there exist a computable function f(i) and a
computable F -finite predicate R(i, p, n, x) such that the following equality holds:

χ(A) = 〈I(f(i)) | i ∈ ω〉.
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Recall that a quasivariety is a class of structures of the same signature which is closed
under substructures, direct products (including the direct product of an empty family) and
ultraproducts. A variety is a quasivariety which is closed under homomorphic images. A
quasivariety K′ which is contained in a quasivariety K is called a subquasivariety of K. The
set Lq(K) of all subquasivarieties of a given quasivariety K forms a complete lattice (under
inclusion) which is called a lattice of quasivarieties of K or a quasivariety lattice of K.

After M.V. Sapir [1], a quasivariety K is Q-universal if, for any quasivariety K′ of a finite
signature, a quasivariety lattice Lq(K′) is a homomorphic image of some sublattice of the
quasivariety lattice Lq(K), that is Lq(K′) ∈ HS

(
Lq(K)

)
. In this case the quasivariety lattice

Lq(K) of a quasivariety K is called Q-universal. Note that Q-universality indicates maximum
complexity in the lattice-theoretic sense.

Sufficient conditions for Q-universality of quasivarieties are found in the paper of M. Adams
and W. Dziobiak [2]. These conditions have received some generalization in the paper of M. V.
Schwidefsky [3]. The first example of a Q-universal quasivariety was found by M. V. Sapir [1].
In [4] A. M. Nurakunov proved Q-universality of the quasivariety of pointed Abelian groups. To
date a lot of Q-universal classes of algebraic systems are known and their number is constantly
growing.

Let

An =

({
0,

1

n
, ...,

n− 1

n
, 1

}
,→,¬

)
, n ≥ 1,

be an algebra with the operations defined as follows: for all x,y x → y = min {1, 1− x+ y}
and ¬x = 1− x. This algebra is due to Jan Lukasiewicz. Let M be a variety of all Lukasiewicz
algebras and let Lq(M) denote the subquasivariety lattice (quasivariety lattice) of the variety
M.
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The main purpose of this work is to study the complexity of the structure of the quasivariety
lattice Lq(M) and to prove the following theorem.

Theorem. The lattice Lq(M) is Q-universal.
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We continue to study approximations of the theories [1] and describe the ranks introduced
in [2], for natural classes of structures.

Definition [3, 4]. A n-dimensional cube, or a n-cube (where n ∈ ω) is a graph isomorphic
to the graph Qn with the universe {0; 1}n and such that any two vertices (δ1; . . . ; δn) and
(δ′1 . . . δ′n) are adjacent if and only if these vertices differ exactly in one coordinate. The
described graph Qn is called the canonical representative for the class of n-cubes.

Any graph Γ = 〈X; R〉, where any connected component is a cube, is called a cubic
structure. A theory T of graph language {R(2)} is cubic if T = Th(M) for some cubic
structure M. In this case, the structure M is called a cubic model of T.

Definition [5, 6]. An infinite structure M is pseudofinite if every sentence true in M has
a finite model.

Theorem 1. Any cubic theory T with an infinite model is pseudofinite.
Let a language Σ consist of R(2). Denote by TΣ family of all cubic theories of language Σ.
Theorem 2. For any countable ordinal α and natural n ≥ 1 there exists a family T ⊆ TΣ,

such that RS(T ) = α and ds(T ) = n.
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An algebra with identity a(bc) = (ab)c+(ba)c is called (right)-Zinbiel algebra [1]. An algebra
is said to be a mono Zinbiel algebra if every one-generated subalgebra is a Zinbiel algebra. An
algebra is said to be a binary Zinbiel algebra if every two-generated subalgebra is a Zinbiel
algebra. We give an independent system of defining identities of varieties of mono and binary
Zinbiel algebras.

Theorem 1. Let K be a field of characteristic zero. An algebra A over K is mono Zinbiel
if and only if it satisfies the following identities:

a(aa) = 2(aa)a,

(aa)(aa) = 3((aa)a)a.

Theorem 2. Let K be a field of characteristic different from two. An algebra A over K is
binary Zinbiel if and only if it satisfies the following identities:

a(ba) = (ab+ ba)a,

a(ab) = 2(aa)b.
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We study links between formulas and properties for families of theories of abelian groups,
using E-closures [1] and the rank RS [2].

Let Σ be a language. If Σ is relational we denote by TΣ the family of all theories of
the language Σ. If Σ contains functional symbols f then TΣ is the family of all theories of
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the language Σ′, which is obtained by replacements of all n-ary symbols f with (n + 1)-ary
predicate symbols Rf interpreted by Rf = {(ā, b) | f(ā) = b}.

We denote by T A the relativization above for the set of all theories of abelian groups.
In [2], the rank RS(·) and the degree ds(·) is defined for properties P ⊆ TΣ, similar to Morley

rank for a fixed theory.
By F (Σ) we denote the set of all formulas in the language Σ and by Sent(Σ) the set of all

sentences in F (Σ).
For a sentence ϕ ∈ Sent(Σ) we denote by Pϕ the set of all theories T ∈ P with ϕ ∈ T .
Definition. For a sentence ϕ ∈ Sent(Σ) and a property P = Pt ⊆ TΣ we put RSP (ϕ) =

RS(Pϕ), and dsP (ϕ) = ds(Pϕ) if ds(Pϕ) is defined.
If P = TΣ then we omit P and write RS(ϕ), ds(ϕ) instead of RSP (ϕ) and dsP (ϕ), respec-

tively.

Definition. (cf. [3, 4, 5]) For a property P ⊆ TΣ, a sentence ϕ ∈ Sent(Σ) is called
P -generic if RSP (ϕ) = RS(P ), and dsP (ϕ) = ds(P ) if ds(P ) is defined.

Theorem 1. For any sentence ϕ ∈ Sent(Σ0) and P = T A the following possibilities hold:
(1) RSP (ϕ) = −1, if ϕ is T A-inconsistent;
(2) RSP (ϕ) = 0, if ϕ is T A-consistent and belongs to (finitely many) theories in T A with

finite models only;
(3) RSP (ϕ) =∞, if ϕ belongs to a theory T ∈ T A with an infinite model.

Theorem 2. For any sentence ϕ ∈ Sent(Σ0) and P = T A either Pϕ is E-closed and finite
or Pϕ is E-closed with |Pϕ| = 2ω.

Corollary. For any sentence ϕ ∈ Sent(Σ0) and P = T A either ϕ is represented by finitely
many sentences ϕi isolating theories Ti ∈ T A with finite models, or ϕ is P -generic.

Theorem 3. For any at most countable set X of finite or countable ordinals, a set Y =
{(α, nα) | α ∈ X,nα ∈ ω \ {0}}, and a property P ⊆ T A with RS(P ) =∞ there exist P ′ ⊆ P
and a set Φ ⊆ Sent(Σ) such that P ′ϕ are pairwise disjoint for ϕ ∈ Φ and {(RS(P ′ϕ), ds(P ′ϕ)) |
ϕ ∈ Φ} = Y (respectively, the set of pairs (RS(P ′ϕ), ds(P ′ϕ)) with totally transcendental P ′ϕ,
and values RS(P ′ϕ) =∞ with non-totally transcendental P ′ϕ, for ϕ ∈ Φ, equals Y ∪ {∞}).
Funding: This research was partially supported by Committee of Science in Education and Science Ministry of the
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In this work we consider the questions of axiomatizability for the classes of subdirectly
irreducible acts over a commutative monoid. The same questions for the classes of regular,
free, projective and (strongly, weakly) flat acts are considered in [1–4]. In [5] a description of
Abelian groups, a class of subdirectly irreducible acts over which is axiomatizable, is obtained.

A class of L-structures K for a first order language L is axiomatisable if there is a set of
sentences Π in L such that an L-structure A lies in K if and only if every sentence in Π is true
in A.

Let S be a monoid with identity 1, LS = {s(1) | s ∈ S}. An L-structure SA = 〈A;LS〉 is
called a (left) act over S whenever s1(s2a) = (s1s2)a and 1a = a for all a ∈ A, s1, s2 ∈ S.
An act SA is called subdirectly irreducible if

⋂
{ρi | ρi 6= ∆, i ∈ I} 6= ∆ for every family

of congruences ρi on SA where ∆ is zero congruence on SA. Denote by SIr(S) the class of
subdirectly irreducible acts over a monoid S.

Remark. [6] Every subdirectly irreducible act SA has the smallest nontrivial subact of SA
with respect to inclusion. Denote this subact by ker SA.

Theorem. Let S be a commutative monoid. If SIr(S) is axiomatizable class then there
exists n ∈ ω such that | ker SA| 6 n for all SA ∈ SIr(S).
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We study links between formulas and arbitrary properties for families of structures, families
of theories and their E-closures [1].

Definition. Let Σ be a language, ϕ 
 ϕ(x) be a formula in F (Σ), Ps be a subclass of
the class K(Σ) of all structures A in the language Σ. We say that ϕ(x) partially (respectively,
totally) satisfies Ps, denoted by ϕBps Ps or ϕB∃s Ps (ϕBts Ps or ϕB∀s Ps), if there are A ∈ Ps
and a ∈ A (for any A ∈ Ps there is a ∈ A) such that A |= ϕ(a). If Pis is a subclass of the class
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ITK(Σ) of isomorphism types for the class K(Σ) then we say that ϕ(x) partially (respectively,
totally) satisfies Pits, denoted by ϕBpits Pits or ϕB∃its Pits (ϕBtits Pits or ϕB∀its Pits) if ϕBps Ps
(ϕBts Ps, where Ps consists of all structures whose isomorphism types belong to Pits. If Pt is a
subset of the set TΣ of all complete theories in the language Σ then we say that ϕ(x) partially
(respectively, totally) satisfies Pt, denoted by ϕBpt Pt or ϕB∃t Pt (ϕBtt Pt or ϕB∀t Pt), if there
are T ∈ Pt, M |= T , and a ∈ M (for any T ∈ Pt there are M |= T and a ∈ M) such that
M |= ϕ(a).

For a property Ps we denote by ITK(Ps) the class of isomorphism types for structures in
Ps, and by Th(Ps) the set {T ∈ TΣ | A |= T for some A ∈ Ps}. For a property Pits we denote
by K(Pits) the class of all structures whose isomorphism types are represented in Pits, and by
Th(Pits) the set Th(K(Pits)). For a property Pt we denote by K(Pt) the class of all models of
theories in Pt, and by ITK(Pt) the class ITK(K(Pt)).

Proposition. For any formula ϕ ∈ F (Σ) and properties Ps, Pits, Pt the following conditions
hold: (1) ϕ Bps Ps iff ϕ Bpits ITK(Ps), and iff ϕ Bpt Th(Ps); (2) ϕ Bts Ps iff ϕ Btits ITK(Ps),
and iff ϕ Btt Th(Ps); (3) ϕ Bpits Pits iff ϕ Bps K(Pits), and iff ϕ Bpt Th(Pits); (4) ϕ Btits Pits iff
ϕ Bts K(Pits), and iff ϕ Btt Th(Pits); (5) ϕ Bpt Pt iff ϕ Bps K(Pt), and iff ϕ Bpits ITK(Pt); (6)
ϕBtt Pt iff ϕBts K(Pt), and iff ϕBtits ITK(Pt).

In the items (3) and (4) the class K(Pits) can be replaced by a subclass K ′ such that
ITK(K ′) = Pits. Similarly, in the items (5) and (6) the class K(Pt) can be replaced by a
subclass K ′ such that Th(K ′) = Pt, and independently ITK(Pt) can be replaced by a subclass
K ′′ such that Th(K ′′) = Pt.

By Proposition semantic properties Ps and Pits can be naturally transformed into syntactic
ones Pt, and vice versa. It means that natural model-theoretic properties such as ω-categoricity,
stability, simplicity etc. can be formulated both for theories, for structures and for their isomor-
phism types. The links between B-relations which pointed out in Proposition allow to reduce
our consideration to the relations Bpt and Btt. Besides, for the simplicity we will principally
consider sentences ϕ instead of formulas in general. Reductions of formulas ψ(x) to sentences
use the operators ψ(x) 7→ ∀xψ(x) and ψ(x) 7→ ∃xψ(x).

Theorem 1. For any sentence ϕ ∈ Sent(Σ) and a property Pt ⊆ TΣ the following conditions
are equivalent: (1) ϕ Bpt Pt, (2) ϕ Bpt ClE(Pt), (3) ϕ Bpt P

′
t for any/some P ′t with ClE(P ′t) =

ClE(Pt).
Theorem 2. For any sentence ϕ ∈ Sent(Σ) and a property Pt ⊆ TΣ the following conditions

are equivalent: (1) ϕ Btt Pt, (2) ϕ Btt ClE(Pt), (3) ϕ Btt P
′
t for any/some P ′t with ClE(P ′t) =

ClE(Pt).
Corollary 1. (1) For any properties P1, P2 ⊆ TΣ the following conditions hold: (1) there

exists ϕ ∈ Sent(Σ) such that ϕBptP1 and ¬ϕBptP2 iff P1 and P2 are nonempty and |P1∪P2| ≥ 2;
in particular, there exists ϕ ∈ Sent(Σ) such that ϕBpt P1 and ¬ϕBpt P1 iff |P1| ≥ 2; (2) there
exists ϕ ∈ Sent(Σ) such that ϕBtt P1 and ¬ϕBtt P2 iff ClE(P1) ∩ ClE(P2) = ∅.

Corollary 2. For any nonempty property Pt ⊆ TΣ the following conditions hold: (1) the
set
⋂
Pt forms a filter

⋂
Pt/≡ on {≡(ϕ) | ϕ ∈ Sent(Σ)} with respect to `; (2) the filter

⋂
Pt/≡

is principal iff
⋂
Pt is forced by some its sentence, i.e.,

⋂
Pt is a finitely axiomatizable theory,

which is incomplete for |Pt| ≥ 2; (3) the filter
⋂
Pt/≡ is an ultrafilter iff Pt is a singleton.
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We study special relations for formulas and families of theories producing links with re-
spect to equivalence relations and possibilities to connect definable sets and theories in various
languages.

Definition. Let F (Σ) be the set of all formulas in a language Σ, V be an infinite set of
variables, V ∗ be the set of all tuples x ∈ V n, n ∈ ω. A ternary relation E ⊆ F (Σ)×F (Σ)×V ∗
is called special (for F (Σ)) if for each x ∈ V ∗, Ex = {(ϕ, ψ) | (ϕ, ψ, x) ∈ E} is an equivalence
relation on the set X ⊂ F (Σ) consisting of all formulas ϕ whose each free variable belongs to
x.

We denote by SR(Σ) the family of all special relations for F (Σ).
The special relation E ∈ SR(Σ) is called coordinated if the relation E∗ = {(ϕ, ψ) | (ϕ, ψ, x) ∈

E for some x} is an equivalence relation.
A special relation E ∈ SR(Σ) is called upward directed if Ex ∪Ey ⊆ Exˆy for any x, y ∈ V ∗.
A special relation E ∈ SR(Σ) is called elementary if there exists a consistent theory T of

given language Σ such that E = {(ϕ, ψ, x) | T ` ∀x(ϕ(x)↔ ψ(x))}.
Here the relation E (respectively, E∗) is called the special (equivalence) relation for T .
The set of all elementary special relations E ∈ SR(Σ) is denoted by ESR(Σ).

By the definition any elementary special relation E ∈ ESR(Σ) for T is upward directed, so
it is coordinated, and the relation E∗ is the equivalence relation ≡T modulo T , where for any
x ∈ V ∗, Ex is the restriction of ≡T to the set of formulas ϕ(x).

Any relation E ∈ ESR(Σ) uniquely defines a theory T (E) = T , and conversely any consistent
theory T uniquely defines an elementary special relation E with E∗ = ≡T . Moreover, both
T (E) and ≡T are uniquely defined by the E∗-class E∗(1) containing identically true formulas.
Therefore there are one-to-one correspondences between the class EE of elementary equivalence
relations E∗, the class T of consistent theories T = T (E), and the class EE(1) consisting of the
E∗-classes E∗(1). These correspondences are denoted by EE→ T , EE→ EE(1). Additionally
we obtain correspondences T → EE, EE(1)→ EE, T → EE(1), EE(1)→ T .

Any elementary special relation E, for a theory T = T (E), produces an appropriate
Lindenbaum–Tarski algebra defined by the partial order ≤ in the following way: for equiv-
alence classes ≡T(ϕ) and ≡T(ψ), where ϕ, ψ ∈ F (Σ),

≡T(ϕ) ≤ ≡T(ψ)⇔ (ϕ ∧ ψ, ϕ) ∈ E∗.

We denote this algebra by LT(E) and by LT(T ), and the class of these algebras by LT .
The algebras in LT are connected with theories in T by the one-to-one correspondences

LT → T and T → LT with the rules LT(T ) 7→ T and T 7→ LT(T ).
Homomorphisms between algebras in LT induce by these correspondences homomorphisms

between elements in T , in EE, and in EE(1). Therefore we obtain four categories LT , T , EE ,
EE(1), whose morphisms are homomorphisms.

Theorem. The categories LT , T , EE , EE(1) are connected by functors α → β, where
α, β ∈ {LT , T , EE , EE(1)}.

The considerations above produce both transformations of the rank RS [1] for a general case
using appropriate equivalence relations on sets of formulas as well as a general approach for a
hierarchy of links between definable relations [2].
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A nonassociative algebra A over a field K is called a Left-weak Leibniz algebras if it satisfies
the following identity: (t1t2 − t2t1)t3 = 2t1(t2t3)− 2t2(t1t3).

Left-weak Leibniz algebras were introduced by A. S. Dzhumadil’daev in [1].
Theorem 1. dimA2 = 1, A = lin < e1, e2 >

e1e1 = αe1

e1e2 =
√
α · θe1

e2e1 =
√
α · θe1

e2e2 = θe1

Remark. Algebra A(α, θ) must be commutative and associative.
Theorem 2. dimA2 = 2, A = lin < e1, e2 >

e1e1 = α1e1 + α2e2

e1e2 = β1e1 + β2e2

e2e1 = γ1e1 + γ2e2

e2e2 = θ1e1 + θ2e2

We have 3-parametric algebra A(α2, β2, θ1) β1 = γ2 = 0 and γ1 = −2θ1. and 4-parametric
algebra A(β1, γ1, θ1, θ2)
α1 = −β2γ1+γ2γ1+2θ2β1−2β1γ1−2β2θ1

β1−γ1−2θ1

α2 = −β2γ2+γ2γ2−2β1γ2

β1−γ1−2θ1

β2 = γ2θ1+2θ1α1+2β1θ2−β1∗β1−β1γ1

3θ1

γ2 = 3(5β1 − 3θ1 − γ1 + θ2)−1(θ1α2 + (γ1 − θ2 − β1) ∗ (2θ1α1 + 2θ2β1 − β1β1 − β1γ1)(θ1)−1)
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A nonassociative algebra A over a field K is called a Reverse-associative algebras if it satisfies
the following identity: (t3t2)t1 = t1(t2t3).

Reverse-associative algebras were introduced by A. S. Dzhumadil’daev in [1].
Theorem 1. A2 = A+ + A−. Intersection A+

⋂
A− ⊆ Z(A)

Remark. Any two-dimensional algebra must be commutative and associative or a Lie
algebra.

Theorem 2. dim A2 = m, dim A+
⋂
A− = t, A+ and A− are invariants of n-dimensional

Reverse-associative algebra A

Funding: The first author is supported by the MES RK grant AP08855944.

Keywords: Nonassociative algebras, Reverse-associative algebras.

2010 Mathematics Subject Classification: 16R10, 17A50, 17A30, 17D25, 17C50

References
[1] A. S. Dzhumadil’daev Associative-admissible algebras, Annual International April Mathematical Conference The-

sis, (2020), 13–14

— >>> —
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E. Hrushovksi constructed new strongly minimal sets refuting B/ Zilber’s trichotomy con-
jecture. In order to make this construction he introduced a class K0 of finite L-structures for
a relational vocabulary L along with a notion of strong substructure which yields a generic
structure that is a strongly minimal set D. Since that time a series of modifications by various
model theorists were investigated.

Recall that a pair of two disjoint sets A and B is called a good pair if B ≤ A ∪ B, δ(B) =
δ(A ∪ B), for any proper non-empty subset C of A it holds that δ(B) < δ(C ∪ B) and each
element in B is in some relation with some element in A. Here the predimension δ(A) is defined
as |A| − r(A), where r(A) is the number of tuples (up to permutations) of elements of A which
satisfies an atomic relation from L (excluding equality). As usual, the dimension d(A,M) is
defined as inf{δ(C) : A ⊆ C ⊆ M}. When M is the generic model, we omit M and simply
write d(A).

Then E. Hrushovski defined a function µ from the set of all good pairs to the set of naturals
numbers which satisfies the condition µ(A,B) ≥ δ(B) for any good pair A and B.

The following results are joint with John Baldwin. Below let I = {a1, . . . , an} be indepen-
dent, that is d(I) = n and n ≥ 2. We define x ∈ dcl ∗ (I) as x ∈ dcl(I) but x 6∈ dcl(U) for any
proper subset U of I.
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Theorem For any Hrushoski’s strongly minimal example if µ(B,A) ≥ 3 for any good pair
(B,A) with δ(B) = 2, then dcl∗(I) = ∅. As a corollary we obtain that dcl(I) =

⋃n
i=1 dcl(ai).
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An algebra with identities

(a, b, c) = (a, c, b), a(bc) = b(ac)

where (x, y, z) = (xy)z − x(yz) is associator, is called Novikov. For more details see [1], [2].
In [3] Bokut formed the following question: Describe (in terms of identities) varieties of

rings (respectively algebras) with a distributive lattice of subvarieties.
In [4] Ananin and Kemer described in terms of identities varieties of associative algebras

over a field K of characteristic 0.
In this work, we are investigated Bokut’s question for varieties of Novikov algebras.
Theorem. Let N be a variety of Novikov algebras over a field K of characteristic zero.

The lattice of subvarieties of variety N is distributive if and only if for some α, β, γ, δ ∈ K,
((α, β) 6= (0, 0), (γ, δ) 6= (0, 0)) all algebras in N satisfy the following identities

α(aa)a+ βa(aa) = 0,

γ[a, b]a+ δa[a, b] = 0,

where [x, y] = xy − yx is commutator.
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Â ñâÿçè ñ ðàçâèòèåì ïàíäåìèè COVID-19 ïðåäñòàâëÿåò îñîáûé èíòåðåñ èññëåäîâàíèå
ìàòåìàòè÷åñêèõ ìîäåëåé ðàçâèòèÿ ýïèäåìèé. Îñíîâíàÿ öåëü íàñòîÿùåé ðàáîòû çàêëþ÷à-
åòñÿ â êà÷åñòâåííîì è êîëè÷åñòâåííîì àíàëèçå ìîäåëåé SIR è SEIRD ñ öåëüþ âûÿâëåíèÿ
ñòåïåíè èõ ñîîòâåòñòâèÿ ôàêòè÷åñêîìó õîäó ðàçâèòèÿ ýïèäåìèè.

Ìîäåëü SIR ïðåäñòàâëÿåò ñîáîé ñèñòåìó òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

dS
dt

= −βSI, dI
dt

= βSI − γI, dR
dt

= γI

ñ ñîîòâåòñòâóþùèìè íà÷àëüíûìè óñëîâèÿìè, ãäå S(t) � êîëè÷åñòâî âîñïðèèì÷èâûõ, I(t)
� êîëè÷åñòâî èíôèöèðîâàííûõ, R(t) � êîëè÷åñòâî âûçäîðîâåâøèõ,
β � âåðîÿòíîñòü ïîëó÷åíèÿ áîëåçíè â ñëó÷àå êîíòàêòà âîñïðèèì÷èâîãî èíäèâèäóóìà ñ
èíôèöèðîâàííûì, γ � ñêîðîñòü âûçäîðîâëåíèÿ, N � îáùàÿ ÷èñëåííîñòü íàñåëåíèÿ.

Èç êà÷åñòâåííîãî àíàëèçà ñèñòåìû ñëåäóåò, ÷òî îáùàÿ ÷èñëåííîñòü íàñåëåíèÿ ñî âðå-
ìåíåì íå ìåíÿåòñÿ, êîëè÷åñòâî âîñïðèèì÷èâûõ èíäèâèäîâ ìîíîòîííî óáûâàåò, âûçäîðî-
âåâøèõ � âîçðàñòàåò, à çàáîëåâøèõ � ìåíÿåòñÿ íå ìîíîòîííî. Òàêæå îòìåòèì, ÷òî ÷èñëî
èíôèöèðîâàííûõ ñòðåìèòñÿ ê íóëþ, îòêóäà ñëåäóåò, ÷òî ýïèäåìèÿ çàâåðøàåòñÿ.

×èñëåííûé àíàëèç ïîêàçàë, ÷òî íàèáîëåå ýôôåêòèâíûé ñïîñîá áîðüáû ñ ðàñïðîñòðàíå-
íèåì ýïèäåìèè, ÿâëÿåòñÿ ñíèæåíèå ïàðàìåòðà èíòåðïðåòèðóþùåãî âåðîÿòíîñòü êîíòàêòà
èíôèöèðîâàííûõ è âîñïðèèì÷èâûõ èíäèâèäîâ. Ñëåäóåò ïîä÷åðêíóòü,÷òî äàííûå ïîëó-
÷åííûå â õîäå ÷èñëåííîãî àíàëèçà, ñîãëàñóþòñÿ ñ ïðåäñêàçàíèÿìè êà÷åñòâåííîãî àíàëèçà.

Ìèíóñîì ìîäåëè ÿâëÿåòñÿ òî, ÷òî èç-çà ñâîåé ïðîñòîòû, íå ó÷èòûâàåò òàêèå ïàðàìåòðû,
êàê èíêóáàöèîííûé ïåðèîä è ñìåðòíîñòü, âñëåäñòâèå ÷åãî ìû ïåðåõîäèì ê áîëåå òî÷íîé
ìîäåëè SEIRD, êîòîðàÿ âûðàæåíà ñëåäóþùèì íàáîðîì äèôôåðåíöèàëüíûõ óðàâíåíèé:

dS
dt

= −βSI, dE
dt

= βSI − αE − µE, dI
dt

= αE − γI − µI,

dR
dt

= γI,
dD
dt

= µI + µE

ñ ñîîòâåòñòâóþùèìè íà÷àëüíûìè óñëîâèÿìè, ãäå E(t) � êîëè÷åñòâî ãîñïèòàëèçèðîâàííûõ
èíäèâèäóóìîâ, D(t) � ëåòàëüíûå ñëó÷àè çàáîëåâàíèÿ ñðåäè íàñåëåíèÿ, µ � óðîâåíü ñìåðò-
íîñòè, α � âåëè÷èíà, îáðàòíàÿ ñðåäíåìó èíêóáàöèîííîìó ïåðèîäó çàáîëåâàíèÿ.

Èç êà÷åñòâåííîãî àíàëèçà ñèñòåìû ñëåäóåò, ÷òî îáùàÿ ÷èñëåííîñòü íàñåëåíèÿ ñî âðå-
ìåíåì íå ìåíÿåòñÿ, íàáëþäàåòñÿ èíòåíñèâíûé ðîñò (ðîñò èíôèöèðîâàííûõ è ãîñïèòàëèçè-
ðîâàííûõ), ñíèæåíèå ðîñòà ýïèäåìèè (ðîñò ãîñïèòàëèçèðîâàííûõ, íî ñîêðàùåíèå èíôè-
öèðîâàííûõ), çàòóõàíèå ýïèäåìèè (ìîíîòîííîå óáûâàíèå ýòèõ õàðàêòåðèñòèê). Ãëàâíûì
âûâîäîì ÿâëÿåòñÿ òî, ÷òî â ðàâíîâåñèè ÷èñëî èíôèöèðîâàííûõ ðàâíî íóëþ, îòêóäà ñëå-
äóåò, ÷òî ýïèäåìèÿ çàâåðøàåòñÿ. Èñïîëüçóÿ îöåíêè ïàðàìåòðîâ, ïîëó÷åííûå â õîäå êîëè-
÷åñòâåííîãî àíàëèçà ìîäåëè íà ðàçíûõ ýòàïàõ ýïèäåìè÷åñêîãî ïðîöåññà, ñòîèò îòìåòèòü,
÷òî ïðè îïðåäåëåííîì ñî÷åòàíèè ïàðàìåòðîâ ïðèñóòñòâóþò íå âñå ýòàïû, ïðåäñòàâëåííûå
â êîëè÷åñòâåííîì àíàëèçå.

Ïðîàíàëèçèðîâàâ ðåçóëüòàò, ïðèõîäèì ê âûâîäó, ÷òî ðàññìàòðèâàåìàÿ ìîäåëü íå ó÷è-
òûâàåò ôàêòîðû, ïðèñóùèå ýïèäåìèè áîëüøîãî ìàñøòàáà. Â äàëüíåéøèõ èññëåäîâàíèÿõ
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ñòîèò ó÷åñòü, âî - ïåðâûõ, ÷òî äëÿ ïðàêòè÷åñêîãî ïðèìåíåíèÿ ðåçóëüòàòîâ òðåáóåòñÿ íà-
ñòðàèâàòü ïàðàìåòðû ìîäåëè íà îñíîâå èìåþùåéñÿ èíôîðìàöèè (ðåøåíèå îáðàòíîé çà-
äà÷è), âî - âòîðûõ, â ñèëó áîëüøîãî ðîñòà ýïèäåìèè, íåîáõîäèì ó÷åò ñëó÷àéíûõ âåëè÷èí
(ïåðåõîä ê ñòîõàñòè÷åñêîé ìîäåëè), òàêæå íåîáõîäèìî ðàññìîòðåíèå îãðàíè÷åííîñòè âðå-
ìåíè íàõîæäåíèÿ â ãðóïïàõ áîëüíûõ è êîíòàêòíûõ, ÷òî áóäåò ÿâëÿòüñÿ ãëàâíûì ôàêòîðîì
â áóäóùåé ìîäåëè.
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Ñîâðåìåííàÿ íüþòîíîâñêàÿ ìåõàíèêà áàçèðóåòñÿ íà òðåõ çàêîíàõ, ñôîðìóëèðîâàííûõ
Íüþòîíîì äëÿ ìàòåðèàëüíîé òî÷êè. Èñõîäÿ èç íèõ ïîñòðîåíû óðàâíåíèÿ äâèæåíèÿ àá-
ñîëþòíî òâåðäîãî òåëà, ìåõàíèêè ñïëîøíûõ ñðåä. Îäíàêî ðåàëüíûå òåëà íå ÿâëÿþòñÿ
ìàòåðèàëüíûìè òî÷êàìè, à ñîñòîÿò èç ðàñïðåäåëåííûõ ìàññ, õàðàêòåðèçóþùèõñÿ ãðàâèòà-
öèîííîé ïëîòíîñòüþ, ýëåêòðè÷åñêèì çàðÿäîì, êîòîðûå äâèæóòñÿ (ñîñòîÿíèå ïîêîÿ âñåãäà
îòíîñèòåëüíîå). Ìîæíî ëè ïîñòðîèòü óðàâíåíèÿ äâèæåíèÿ ñïëîøíîé ñðåäû, íå ïîëüçó-
ÿñü èçíà÷àëüíî ìîäåëüþ ìàòåðèàëüíîé òî÷êè, êîòîðàÿ òðåáóåò äèñêðåòèçàöèè ñðåäû äëÿ
ïîñòðîåíèÿ óðàâíåíèé äâèæåíèÿ? Ïîêàçàòåëüíûì çäåñü ÿâëÿåòñÿ óðàâíåíèå Ïóàññîíà, ðå-
øåíèÿ êîòîðîãî îïèñûâàþò ïîòåíöèàëû ãðàâèòàöèîííîãî èëè ýëåêòðè÷åñêîãî ïîëÿ, åñëè
â ïðàâîé ÷àñòè óðàâíåíèÿ ñòîÿò ïëîòíîñòè ìàññ èëè ýëåêòðè÷åñêèõ çàðÿäîâ ñîîòâåòñòâåí-
íî. À åñëè îíè äâèæóòñÿ? Äëÿ äâèæóùèõñÿ ýëåêòðè÷åñêèõ çàðÿäîâ è òîêîâ âîçíèêàþùèå
ýëåêòðîìàãíèòíûå ïîëÿ îïèñûâàþò óðàâíåíèÿ Ìàêñâåëëà. À êàêèìè áóäóò ãðàâèòàöèîí-
íûå ïîëÿ ó äâèæóùèõñÿ ìàññ?.. Âîïðîñ îòêðûò ïî ñåé äåíü.

Îäíàêî ó ýòèõ âîïðîñîâ åñòü ïîëîæèòåëüíûé îòâåò, åñëè âîñïîëüçîâàòüñÿ äëÿ îïèñàíèÿ
äâèæåíèÿ áîëåå ñëîæíûì ìàòåìàòè÷åñêèì àïïàðàòîì, êîèì ÿâëÿåòñÿ äèôôåðåíöèàëüíàÿ
àëãåáðà áèêâàòåðíèîíîâ [1-3]. Àâòîðîì íà îñíîâå ýòîé àëãåáðû ïðåäëîæåíû óðàâíåíèÿ
äâèæåíèÿ ðàñïðåäåëåííûõ ìàññ è ýëåêòðè÷åñêèõ çàðÿäîâ è ïîðîæäàåìûå èìè ãðàâèòàöè-
îííûå è ýëåêòðîìàãíèòíûå ïîëÿ. Ïîñòðîåíû óðàâíåíèÿ âçàèìîäåéñòâèÿ çàðÿäîâ è òîêîâ è
ýíåðãåòè÷åñêèå ñîîòíîøåíèÿ, õàðàêòåðèçóþùèå ýíåðãèþ âçàèìîäåéñòâèÿ [4-6]. Ïðè ýòîì
â îñíîâå ìîäåëè ëåæàò òå æå íüþòîíîâñêèå çàêîíû èíåðöèè, ïðîïîðöèîíàëüíîñòè ñèëû è
óñêîðåíèÿ, äåéñòâèÿ è ïðîòèâîäåéñòâèÿ, òîëüêî ñôîðìóëèðîâàííûå â òåðìèíàõ áèêâàòåð-
íèîííûõ ãðàäèåíòîâ, îáîáùàþùèõ ïîíÿòèå ãðàäèåíòà íà ñêàëÿðíî-âåêòîðíûå ïîëÿ.

Ïîñòðîåííûå óðàâíåíèÿ ÿâëÿþòñÿ áèêâàòåðíèîííûì îáîáùåíèåì óðàâíåíèé Ìàêñâåë-
ëà (ÎÓÌ) è óðàâíåíèé Äèðàêà [7,8]. Ñòàòè÷åñêèå ðåøåíèÿ ÎÓÌ îïèñûâàþò ñòàòè÷åñêèå
ãðàâèòàöèîííûå è ýëåêòðè÷åñêèå ïîëÿ, ñêàëÿðíûå ïîòåíöèàëû êîòîðûõ óäîâëåòâîðÿþò
óðàâíåíèþ Ïóàññîíà. Ò.å. ïðåäëîæåííàÿ ìîäåëü âêëþ÷àåò â ñåáÿ èçâåñòíûå êëàññè÷åñêèå
óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè è òåîðèè ïîëÿ, êîòîðàÿ îáúåäèíÿåò ãðàâèòàöèîííîå
ïîëå è ýëåêòðîìàãíèòíîå ïîëå â åäèíîå ýëåêòðî-ãðàâèìàãíèòíîå ïîëå. Ïðè ýòîì áèêâà-
òåðíèîííûé ïîëåâîé àíàëîã âòîðîãî çàêîíà Íüþòîíà ïîìèìî èçâåñòíûõ ôèçè÷åñêèõ ñèë,
ñîäåðæèò íîâûå ñèëû, êîòîðûå ïðåäëàãàþòñÿ àóäèòîðèè äëÿ îáñóæäåíèÿ.

Íà îñíîâå ýòîé áèêâàòåðíèîííîé ìîäåëè ÝÃÌ ïîëÿ è ÝÃÌ âçàèìîäåéñòâèé ïîëó÷åíî
áèêâàòåðíèîííîå ïðåäñòàâëåíèå ôîòîíîâ [9] è ïîñòðîåíà ïåðèîäè÷åñêàÿ ñèñòåìà ýëåìåí-
òàðíûõ àòîìîâ íà îñíîâå ãàðìîíè÷åñêîé ìóçûêàëüíîé ãàììû [10,11].
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Ïðè èçó÷åíèè ãîìîòîïè÷åñêîé êëàññèôèêàöèè ýëëèïòè÷åñêèõ ñèñòåì ïðåäñòàâëÿþò èí-
òåðåñ ñèñòåìû, çàâèñÿùèå îò íåêîòîðîãî äåéñòâèòåëüíîãî ïàðàìåòðà λ [1] , [2]:

a0 (x)
∂4u

∂x4
+ a1 (x)

∂3u

∂x3
+ a2 (x)

∂2u

∂x2
+ a3 (x)

∂u

∂x
+ a4 (x)u− ∂2u

∂t2
= p(x; t)

∂2

∂x2

[
ε (x)

∂2u

∂x2
+ η (x)

∂u

∂x
+ k (x)u

]
= qk(x)

∂u

∂t

−4uj + λ
∂

∂xj

n∑
i=1

∂ui
∂xi

= 0, j = 1, 2, . . . , n (1)

Ýòà ñèñòåìà ïðè λ < 1 ñèëüíî ýëëèïòè÷íà, ïðè λ = 1 îíà âûðîæäàåòñÿ è ïðè λ > 1
îíà ýëëèïòè÷íà, íî íå ÿâëÿåòñÿ ñèëüíî ýëëèïòè÷åñêîé. Ïðè n = 2 è λ = 2 èç ýòîé ñèñòåìû
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ïîëó÷àåòñÿ èçâåñòíàÿ ñèñòåìà Áèöàäçå [3]. Ïðè λ 6= 1 è λ 6= 2 â ñëó÷àå n = 2 íàéäåì
ïðåäñòàâëåíèå ðåøåíèé ÷åðåç äâå àíàëèòè÷åñêèå ôóíêöèè ϕ è ψ â âèäå:

λ(1− z2)ϕ′

z
+ (λ− 2)ϕ− λϕ

′

z
+ ψ(z)

Ñ÷èòàÿ, ÷òî ýòî îáùåå óðàâíåíèå èç êëàññà Ñ1, α
(
D
)
, 0 < α ≤ 1, â îãðàíè÷åííîé

îáëàñòè D. Ñíà÷àëà ïîñòðîåíî ðåøåíèå ñëåäóþùåé êðàåâîé çàäà÷è, êîãäà îáëàñòü D ïðåä-
ñòàâëÿåò êðóã |z| < 1: òðåáóåòñÿ íàéòè ðåøåíèå ñèñòåìû (1), óäîâëåòâîðÿþùåé íà ãðàíèöå
Ã óñëîâèÿì

u1 = f1 (t) , u2 = f2 (t) , t ∈ Ã

Çäåñü f (t) = f 1 (t) + if2 (t) , çàäàííàÿ íà Ã ôóíêöèÿ.
Ðåøåíèå äàåòñÿ ôîðìóëîé

u1 + iu2 =
λ

λ− 2

1− |z|2

z

1

2πi

∫
Γ

f(t)?t

(1 + zt)2 +
1

2πi

∫
Γ

f(t)?t
t− z

− z

2πi

∫
Γ

f(t)?t
t− zt

Çàòåì çàäà÷à ðàññìàòðèâàåòñÿ äëÿ ëþáîé îäíîñâÿçíîé îáëàñòè D ñ Ëÿïóíîâñêîé ãðàíèöåé
L. Äëÿ îïðåäåëåíèÿ ϕ (z) , ψ(z) èìååì êðàåâûå óñëîâèÿ íà îêðóæíîñòè |τ | = 1:

Re[−λω(τ)ϕ′
(τ)+(λ−2)ϕ(τ)+ψ(τ)

] = f1(τ), (2)

Rei
[
−λω (τ)ϕ′

(τ)+(λ−2)ϕ(τ)−ψ(τ)
]

= f2 (τ)

ãäå z′ (τ)ω (τ) = z (τ) , ω (τ) , f1 (τ) , f2 (τ)∈ Ñ1, α, ïðè÷åì ψ (0) = (λ− 2)ϕ(0)
Ïðèìåíèâ îïåðàòîðØâàðöà S [3] ê ðàâåíñòâàì (2) ïðè óñëîâèè, ÷òî ω(z) àíàëèòè÷åñêàÿ

ôóíêöèÿ, ψ (0) = (λ − 2)ϕ(0) è ïðè ïðèíÿòûõ îòíîñèòåëüíî ãëàäêîñòè äàííûõ ðåøåíèå
çàäà÷è (2) åäèíñòâåííî [5], âñåãäà ñóùåñòâóåò ïðè λ 6= 1 è λ 6= 2 è äàåòñÿ ôîðìóëîé

u1 + iu2 = S
(
f
)
− λ (ω (z) + z)

2 (λ− 2)
S
(
f
)′
.
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Èññëåäîâàíèå êîíöåíòðàöèîííîé êîíâåêöèè â ìíîãîêîìïîíåíòíîé ãàçîâîé ñìåñè ÿâëÿ-
åòñÿ àêòóàëüíîé çàäà÷åé íà ñåãîäíÿøíèé äåíü. Èññëåäîâàíèå êîíâåêòèâíîé íåóñòîé÷èâî-
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Ïðè îïðåäåëåííûõ ñèòóàöèÿõ, ñâÿçàííûõ ñ óâåëè÷åíèåì ÷èñëà êîìïîíåíòîâ ãàçîâîé
ñìåñè, èçìåíåíèè ãåîìåòðè÷åñêèõ õàðàêòåðèñòèê êàíàëà, ïðîâåäåíèå ýêñïåðèìåíòîâ ñòà-
íîâèòñÿ çàòðóäíèòåëüíûì è äîðîãîñòîÿùèì. Ìíîæåñòâî ñóùåñòâóþùèõ ðàáîò ïî èññëå-
äîâàíèþ ïðîöåññà ñ ïîìîùüþ ðàçëè÷íûõ ÷èñëåííûõ ìåòîäîâ èìåþò îáùèé õàðàêòåð -
îïèñûâàþòñÿ ëèøü ýôôåêòû áåçðàçìåðíûõ âåëè÷èí, òàêèõ êàê ÷èñëî Ïðàíäòëÿ, ÷èñëî
Ðýëåÿ, ÷èñëî Ãðàñãîôà, ÷èñëî Ëüþèñà íà èññëåäóåìûé ïðîöåññ. Îäíàêî âëèÿíèå íà÷àëü-
íîãî äàâëåíèÿ è ñîñòàâà ãàçîâîé ñìåñè íà êîíöåíòðàöèîííóþ êîíâåêöèþ ìàëî èçó÷åíî.
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íèÿ è ñîñòàâà òðåõêîìïîíåíòíîé ãàçîâîé ñìåñè íà êîíöåíòðàöèîííóþ êîíâåêöèþ íà îñíî-
âå ðåøåíèÿ ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà, óðàâíåíèÿ íåðàçðûâíîñòè è óðàâíåíèé äëÿ
êîíöåíòðàöèè êîìïîíåíòîâ òðåõêîìïîíåíòíîé ãàçîâîé ñìåñè. Èññëåäóåòñÿ ïðîöåññ, êîãäà
òÿæåëûé ãàç è ëåãêèé ãàç íàõîäÿòñÿ â âåðõíåé ÷àñòè îãðàíè÷åííîé ïîëîñòè, à ãàç ñî ñðåä-
íåé ìàññîé íàõîäèòñÿ â íèæíåé ÷àñòè. ×èñëåííûå ðàñ÷åòû áûëè ïðîâåäåíû äëÿ ñèñòåì
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íîé ñåòêå. ×èñëåííîå ìîäåëèðîâàíèå îñóùåñòâëÿåòñÿ íà áàçå ñõåìû D3Q19 ðåøåòî÷íîãî
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äåëåííûõ íà÷àëüíûõ äàâëåíèÿõ è ñîñòàâàõ âîçìîæíî âîçíèêíîâåíèå ñëîæíîãî ìàññîïå-
ðåíîñà, ñâÿçàííîãî ñ âîçíèêíîâåíèåì êîíâåêòèâíûõ âîçìóùåíèé. Ïîëó÷åííûå â äàííîé
ðàáîòå ÷èñëåííûå ðåçóëüòàòû áûëè ñðàâíåíû ñ ðåçóëüòàòàìè ýêñïåðèìåíòàëüíûõ èññëå-
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Â îáëàñòè D = (x, t) : 0 < x < l, 0 < t < T ðàññìîòðèì íàãðóæåííîå óðàâíåíèå òåïëî-
ïðîâîäíîñòè âèäà

∂u(x, t)

∂t
− ∂2u(x, t)

∂x2
= f(x, t)− ∂2u(0, t)

∂x2
(6)
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ãäå f(x, t) � çàäàííàÿ ôóíêöèÿ.
Ðàçëè÷íûå êëàññû íàãðóæåííûõ óðàâíåíèé ðàññìîòðåíû â ðàáîòàõ [1]�[3]. Êàê áëèçêèå

ê íàñòîÿùåé ðàáîòå, îòìåòèì ðàáîòû [3], êîòîðûå ïîñâÿùåíû èññëåäîâàíèþ íåêîòîðûõ
êëàññîâ íàãðóæåííûõ óðàâíåíèé ïàðàáîëè÷åñêîãî òèïà.

Îñîáåííîñòüþ ðàññìàòðèâàåìîãî óðàâíåíèÿ ÿâëÿåòñÿ òî, ÷òî ïîðÿäîê ïðîèçâîäíîé â
íàãðóæåííîì ñëàãàåìîì ðàâåí ïîðÿäêó äèôôåðåíöèàëüíîé ÷àñòè îïåðàòîðà. Äîêàçàíî,
÷òî ðàññìàòðèâàåìàÿ â ðàáîòå íåëîêàëüíàÿ ãðàíè÷íàÿ çàäà÷à ÿâëÿåòñÿ êîððåêòíîé.

Äëÿ óðàâíåíèÿ (1) ðàññìàòðèâàåòñÿ ñëåäóþùàÿ íåëîêàëüíàÿ çàäà÷à: Òðåáóåòñÿ íàéòè
â îáëàñòè D ðåøåíèå u(x, t) óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå íà÷àëüíîìó

u(x, t) = ϕ(x), 0 ≤ x ≤ l, (7)

ãðàíè÷íûì
ux(l, t) = ψ1(t), 0 ≤ t ≤ T, (8)

è èíòåãðàëüíûì óñëîâèåì

u(0, t) = α(t)u(l, t) +

t∫
0

h(t, τ)u(l, τ)dτ + ψ2(t), 0 ≤ t ≤ T, (9)

ãäå f(x, t) ∈ C2(D); ϕ(x) ∈ C2[0, l]; ψi(t), (i = 1, 2), α(t), h(t, τ) � ôóíêöèè, íåïðåðûâíûå
íà t ∈ [0, T ], 0 ≤ τ ≤ t, óäîâëåòâîðÿþùèå óñëîâèÿì ñîãëîñîâàíèÿ:

ϕ′(l) = ψ1(0), ϕ(0) = α(0)ϕ(l) + ψ2(0).

Îïðåäåëåíèå. Ðåãóëÿðíûì â îáëàñòè D ðåøåíèåì óðàâíåíèÿ (1) íàçûâàåòñÿ äåé-
ñòâèòåëüíàÿ ôóíêöèÿ u(x, t), èç êëàññà C2,1(D), óäîâëåòâîðÿþùàÿ åìó â îáû÷íîì ñìûñ-
ëå.

Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà î ðàçðåøèìîñòè
íåëîêàëüíîé çàäà÷è (1)�(4).

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ |α(t)| ≤ α0 < 1, äëÿ âñåõ t ∈ [0, T ]. Òîãäà çàäà÷à
(1)�(4) èìååò åäèíñòâåííîå ðåãóëÿðíîå ðåøåíèå.
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ïîýòîìó â íàñòîÿùåå âðåìÿ äëÿ ýòîé öåëè àêòèâíî èñïîëüçóåòñÿ ìàòåìàòè÷åñêîå è êîì-
ïüþòåðíîå ìîäåëèðîâàíèÿ, êîòîðîå ïîçâîëÿåò äåòàëüíî èçó÷èòü ñòðóêòóðó âîçäóøíîãî
ïîòîêà â ïîëîñòè íîñà. Áûëà ïðîâåäåíà òåñòîâàÿ çàäà÷à, ãäå ðàññìàòðèâàåòñÿ äâèæåíèå
âîçäóõà â íîñîâîé ïîëîñòè ÷åëîâåêà â òðåõìåðíîì ïðîñòðàíñòâå. Òå÷åíèÿ âîçäóõà îïèñûâà-
åòñÿ ñèñòåìîé óðàâíåíèé Íàâüå-Ñòîêñà, òàêæå â ìàòåìàòè÷åñêèé ìîäåëü âõîäÿò óðàâíåíèÿ
òåìïåðàòóðû è êîíöåíòðàöèè:

∇U = 0
∂U
∂t

+ (U∇)U = −1
ρ
∇P + ν∇2U

∂T
∂t

+ (U∇)T = k
ρcp
∇2T

∂C
∂t

+ (U∇)C = −D∇2C

(10)

ãäå U - âåêòîð ñêîðîñòè, T - òåìïåðàòóðà, C - êîíöåíòðàöèÿ, t - âðåìÿ, x, y, z - ïðîñòðàí-
ñòâåííûå êîîðäèíàòû, ρ - ïëîòíîñòü, k - òåìïåðàòóðîïðîâîäíîñòü, cp - óäåëüíàÿ òåïëîåì-
êîñòü, ν - êèíåìàòè÷åñêàÿ âÿçêîñòü, D - ìîëåêóëÿðíî-äèôôóçèîííûé êîýôôèöåíò, ∇2 -
ëàïëàñèàí.

Íà÷àëüíûå óñëîâèÿ: ut=0 = vt=0 = wt=0 = 0 ì/ñ, Tt=0 = 370C, Ct=0 = 0.041 êãH2O/ì
2.

Ãðàíè÷íûå óñëîâèÿ íà âõîäå äëÿ ñêîðîñòè: u = v = w = 2 ì/ñ - äëÿ íîðìàëüíîãî âäîõà.
Ãðàíè÷íûå óñëîâèÿ íà âõîäå äëÿ òåìïåðàòóðû è êîíöåíòðàöèè: T = 250 C, C = 0.004

êãH2O/ì
2.

Ãðàíè÷íûå óñëîâèÿ äëÿ ñêîðîñòè íà ñòåíêàõ íîñîâîé ïîëîñòè è íîñîâîé ðàêîâèíû çà-
äàþòñÿ ââèäå óñëîâèè ïðèëèïàíèÿ. Ãðàíè÷íûå óñëîâèÿ íà ñòåíêàõ äëÿ òåìïåðàòóðû è
êîíöåíòðàöèè: Twall = 370 C, Cwall = 0.041 êãH2O/ì

2.
Áûë ïîñòðîåí ïåðñïåêòèâíûé 3D ìîäåëü íîñà [1] â ãðàôè÷åñêîì ïàêåòå AutoCAD. Ñè-

ñòåìà óðàâíåíèé Íàâüå - Ñòîêñà çàìûêàåòñÿ ëàìèíàðíîé ìîäåëüþ, äëÿ ñâÿçè êîìïîíåíòîâ
ñêîðîñòè è äàâëåíèÿ ïðèìåíåí ìåòîä SIMPLE [2-4]. Ïîëó÷åíû êîíòóðû ñêîðîñòåé, òåìïå-
ðàòóðû è êîíöåíòðàöèè.

Áûëè âûÿâëåíû, ÷òî ïîÿâëÿþòñÿ âèõðè â áëèçè è ñàìîé íîñîâîé ðàêîâèíû, òåìïåðàòó-
ðà óâåëè÷èâàåòñÿ íà 37°C èç-çà íàãðåâà âîçäóõà, òàêæå â áëèçè ðàêîâèíû, èç-çà ñóæåíèÿ
íîñîâîé ïîëîñòè óâåëè÷èâàåòñÿ âëàãà.

Äàëüíåéøèå èññëåäîâàíèÿ áóäóò íàïðàâëåíû íà ëó÷øåå ìîäåëèðîâàíèå ñõåìû ïåðåíîñà
÷åðåç íîñîâûå ñòåíêè, èõ ñïîñîáíîñòü îáåñïå÷èâàòü íåîáõîäèìîå òåïëî è âîäÿíîé ïàð âî
âðåìÿ ïîâûøåííûõ äûõàòåëüíûõ óñèëèé è ïàòîëîãè÷åñêèõ ñîñòîÿíèé.

Êëþ÷åâûå ñëîâà: ïîñòðîåíèå 3D ìîäåëè íîñîâîé ïîëîñòè, ñèñòåìà óðàâíåíèé Íàâüå-Ñòîêñà, ëàìèíàðíàÿ ìîäåëü,
ñòðóêòóðà òå÷åíèÿ âîçäóõà.
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Â äàííîé ðàáîòå äàþòñÿ êðàòêèå ñâåäåíèÿ î ãèïåðãåîìåòðè÷åñêèõ ðÿäàõ äâóõ ïåðå-
ìåííûõ Àïïåëÿ F1-F4 è ïîêàçàíû îñîáåííîñòè ïðåäåëüíîãî ïåðåõîäà â íèõ. Ýòè ôóíê-
öèè ÿâëÿþòñÿ èñòî÷íèêàìè ïîëó÷åíèÿ âñåõ äâàäöàòè âûðîæäåííûõ ãèïåðãåîìåòðè÷åñêèõ
ôóíêöèé äâóõ ïåðåìåííûõ.

Äåéñòâèòåëüíî, èç ôóíêöèé Àïïåëÿ F1(α; β, β′;x, y) ñ ïîìîùüþ ïðåäåëüíîãî ïåðåõîäà
îïðåäåëÿåòñÿ ðÿä Ãóìáåðòà Φ1 [1]:

lim
ε→0

F1

(
α; β,

1

ε
; γ;x, εy

)
=

∞∑
m,n=0

(α,m+ n)(β,m)

(γ,m+ n)
· xm

(1,m)
· yn

(1, n)
(1)

Òåîðåìà 1. Âûðîæäåííàÿ ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ äâóõ ïåðåìåííûõ Φ1(α, β; γ;x, y)
ÿâëÿåòñÿ ÷àñòíûì ðåøåíèåì ñèñòåìû

x(1− x) · Zxx + y(1− x) · Zxy +
[
γ − (α + β + 1)x

]
Zx − βyZy − αβZ = 0,

y · Zyy + x · Zxy + (γ − y)Zy − xZx − αZ = 0. (2)

Èçâåñòíî, ÷òî âñå âûðîæäåííûå ñèñòåìû âèäà (2) èìåþò ðàíãè p = 1. Ïîýòîìó, ñî-
ãëàñíî ìåòîäó Ôðîáåíèóñà-Ëàòûøåâîé äëÿ ïîñòðîåíèÿ íîðìàëüíî-ðåãóëÿðíîãî ðåøåíèÿ
ïðèìåíÿåòñÿ ïðåîáðàçîâàíèå

Z = exp(α10x+ α01y)U(x, y), (3)

ãäå α10 è α01 íåîïðåäåëåííûå ïîñòîÿííûå, U(x, y)- îáîáùåííûé ñòåïåííîé ðÿä äâóõ ïåðå-
ìåííûõ.

Ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (3) ïîëó÷àåì âñïîìîãàòåëüíóþ ñèñòåìó, èç êîòîðîé îïðåäå-
ëÿþòñÿ òðè ïàðû íåîïðåäåëåííûõ êîýôôèöèåíòîâ: I. (α10 = 0, α01 = 0), II. (α10 = 1, α01 =
0), III. (α10 = 0, α01 = 1).

Ïðè (α10 = 0, α01 = 0) ïðèñîåäèíåííàÿ ñèñòåìà ïîëó÷èòñÿ â âèäå (2) ñ èçâåñòíûì
ðåøåíèåì (1).

Âòîðàÿ ïðèñîåäèíåííàÿ ñèñòåìà, ïîëó÷åííàÿ ïðè II. (α10 = 1, α01 = 0) èìååò ðåøåíèå
âèäà:

Z4(x, y) = eyΦ1

(
γ − α− β, β; γ;−x, y − x

)
Òåîðåìà 2. Èìååò ìåñòî ðàâåíñòâî

Φ1

(
α, β; γ;x, y

)
= eyΦ1

(
γ − α− β, β; γ;−x, y − x

)
.

Ïåðâàÿ òåîðåìà Êóììåðà ñïðàâåäëèâî [2] è äëÿ ôóíêöèé Ãóìáåðòà äâóõ ïåðåìåííûõ.
Òåîðåìà 3. Èìååò ìåñòî ðàâåíñòâî

e−yΦ1

(
α, β; γ;x, y

)
= Φ1

(
γ − α− β, β; γ;−x, y − x

)
.

Àíàëîãè÷íûå ñâîéñòâà èìåþò è ôóíêöèè Ãóìáåðòà Φ2 è Φ3.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021



154 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2021

Òåîðåìà 4. Èìååò ìåñòî ðàâåíñòâî Êóììåðà äëÿ ôóíêöèè Φ2(β, β′; γ;x, y) :

e−xΦ2(β, β′; γ;x, y) = Φ2(γ − β − β′; β′; γ;−x, y − x).

Òåîðåìà 5. Èìååò ìåñòî ðàâåíñòâî

e−yΦ2(β, β′; γ;x, y) = Φ2(β, γ − β − β′; γ;x− y,−y).

Òåîðåìà 6. Èìååò ìåñòî ðàâåíñòâî

Ψ2(α; γ, γ′;x, y) = ey
(

1 +
α

γ
x− γ′ − α

γ′
y +

α(α + 1− γ′)
γγ′

xy +
α(α + 1)

γ(γ + 1)

x2

2!
+ · · ·

)
.

Äîêàçàíû åùå ðÿä ñâîéñòâ ôóíêöèé Ψ2. Ýòà ôóíêöèÿ íàõîäèò áîëüøîå ïðèìåíåíèå â
òåîðèè ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé ìíîãèõ ïåðåìåííûõ.

Òåîðåìà 7. Ñïðàâåäëèâî ðàâåíñòâî

e−y
∞∑

m,n=0

(α,m)(β,m)(α′, n)

(γ,m+ n)
· x

m

m!
· y

n

n!
=

=
(

1 +
αβ

γ

x

1!
+
α′ − γ′

γ

y

1!
+
αβ(α′ − 1− γ)

γ(γ + 1)

xy

1!
+ · · ·

)
.

Òàêèì îáðàçîì, ìû óáåæäàåìñÿ, ÷òî ïðèìåíåíèå ìåòîäà Ôðîáåíèóñà-Ëàòûøåâîé ê ïî-
ñòðîåíèþ íîðìàëüíî-ðåãóëÿðíûõ ðåøåíèé âûðîæäåííûõ ñèñòåì, ñïîñîáñòâóåò âûÿâëåíèþ
ðÿä ðàçëè÷íûõ ñâîéñòâ ôóíêöèé Ãóìáåðòà äâóõ ïåðåìåííûõ.

Ëèòåðàòóðà
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Â íàñòîÿùåì ðàáîòå èññëåäóåòñÿ êðàåâàÿ çàäà÷à ñ êîíîðìàëüíûì óñëîâèåì äëÿ óðàâ-
íåíèÿ ýëëèïòè÷åñêîãî òèïà âòîðîãî ðîäà[1]

sgny|y|muxx + uyy = 0, −1 < m < 0 (1)

Ïóñòü D - êîíå÷íàÿ îäíîçíà÷íàÿ îáëàñòü â ïëîñêîñòè (x, y), îãðàíè÷åíà êðèâîé σ ïðè
x > 0, y > 0 ñ êîíöàìè â òî÷êàõ A(0, 0), B(1, 0) è îòðåçêîì AB (y = 0) îñè Ox îâ.

Ââåä¸ì îáîçíà÷åíèÿ

J = {(x, y) : 0 < x < 1, y = 0}, ∂D = ~σ ∪ AB, 2β =
m

m+ 2
,

ïðè÷¸ì

−1

2
< β < 0. (2)
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Â îáëàñòè D äëÿ óðàâíåíèÿ (1) èññëåäóåì ñëåäóþùóþ çàäà÷ó.
Çàäà÷à Å. Òðåáóåòñÿ íàéòè ôóíêöèþ u(x, y), îáëàäàþùóþ ñëåäóþùèìè ñâîéñòâàìè:
1) u(x, y) ∈ C

(
D̄
)
∪ C1 (D ∪ σ ∪ J) - ïðè÷åì ux è uy ìîãóò îáðàùàòüñÿ áåñêîíå÷íîñòü

ïîðÿäêà ìåíüøå ÷åì −2β â òî÷êàõ A (0, 0) è B (1, 0);
2) u(x, y)− äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè

D;
3) u(x, y)− óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

{δ(s)As[u] + ρ(s)u}|σ = φ(s), 0 < s < l, (3)

a(x)u(x, 0) + b(x)uy(x, 0) = c(x), 0 < x < 1, (4)

ãäå δ(s), ρ(s), ϕ(s), a(x), b(x), c(x) - çàäàííûå ôóíêöèè, ïðè÷¸ì

c(0) = 0, (5)

a (x) , b(x) 6= 0, ∀x ∈ J̄ (6)

δ2(s) + ρ2(s) 6= 0, ∀s ∈ [0, l], (7)

δ(s), ρ(s), ϕ(s) ∈ C [0, l], a(x), b(x) ∈ C
(
J
)
∩ C2 (J) è

As [u] = ym
dy

ds

∂u

∂x
− dx

ds

∂u

∂y
,

dx
ds

= − cos(n, y) , dy
ds

= cos(n, x), n âíåøíÿÿ íîðìàëü ê êðèâîé σ, l äëèíà âñåé êðèâîé
σ, s äëèíà äóãè êðèâîé σ, îòñ÷èòûâàåìàÿ îò òî÷êè B (1, 0).

Áóäåì ïðåäïîëàãàòü, ÷òî êðèâàÿ σ óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) ôóíêöèè x(s), y(s), äàþùèå ïàðàìåòðè÷åñêîå óðàâíåíèå êðèâîé σ, èìåþò íåïðå-

ðûâíûå ïðîèçâîäíûå x′(s), y′(s), íåîáðàùàþùèåñÿ îäíîâðåìåííî â íóëü è èìåþò âòîðûå
ïðîèçâîäíûå, óäîâëåòâîðÿþùèå óñëîâèþ Ã¸ëüäåðà ïîðÿäêà κ (0 < κ < 1) â ïðîìåæóòêå
0 ≤ s ≤ l;

2) â îêðåñòíîñòè êîíå÷íûõ òî÷êàõ êðèâàÿ σ óäîâëåòâîðÿåò íåðàâåíñòâà:∣∣∣∣dxds
∣∣∣∣ ≤ C ym+1(s),

ïðè÷¸ì x(l) = y(0) = 0, x(0) = 1, y(l) = 0.
Òåîðåìà. Åñëè âûïîëíåíû óñëîâèÿ (2), (5), (6), (7) è

δ(s)ρ(s) ≥ 0, 0 ≤ s ≤ l,
a(x)

b(x)
≤ 0,

òî çàäà÷à E â îáëàñòè D íå ìîæåò èìåòü áîëåå îäíîãî ðåøåíèÿ.
Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è E äîêàçûâàåòñÿ ìåòîäîì èíòåãðàëîâ ýíåðãèè, à ñó-

ùåñòâîâàíèå ìåòîäîì èíòåãðàëüíûõ óðàâíåíèå[2,3].

Ëèòåðàòóðà
[1] Islomov B., Abdullayev A.A. On a problem for an elliptic type equation of the second kind with a conormal and

integral condition, Journal Nanosystems: Physics, Chemistry, Mathematics, 9:3 (2018), 307�318.
[2] Ñìèðíîâ Ì.Ì. Óðàâíåíèÿ ñìåøàííîãî òèïà, Ì.: Âûñøàÿ øêîëà, (1985).

[3] Ìóñõåëèøâèëè Í.È. Ñèíãóëÿðíûå èíòåãðàëüíûå óðàâíåíèÿ, Íàóêà, (1968).

� >>> �

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021



156 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2021

Î ðàçðåøèìîñòè íåëîêàëüíîé íà÷àëüíî-êðàåâîé çàäà÷è äëÿ
âîëíîâîãî óðàâíåíèÿ

À. ÊÀËÁÀÅÂÀ1,a

1 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
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Íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ ïàðàáîëè÷åñêèõ è ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ èí-
òåãðàëüíûì óñëîâèåì íà áîêîâîé ãðàíèöå âåñüìà àêòèâíî èçó÷àþòñÿ. Òàêæå îòìåòèì, ÷òî
äëÿ íåëèíåéíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà âîïðîñàì ñóùåñòâîâàíèÿ èëè îòñóò-
ñòâèÿ ãëîáàëüíûõ ðåøåíèé ðàçëè÷íûõ çàäà÷ (íà÷àëüíûå, ñìåøàííûå, ðàçëè÷íîãî âèäà
íåëîêàëüíûå çàäà÷è, â òîì ÷èñëå ïåðèîäè÷åñêèå) ïîñâÿùåíî ìíîãî ðàáîò. À â íàñòîÿùåé
ðàáîòå ðàñìîòðåíà íåëîêàëüíîå ãèïåðáîëè÷åñêîå óðàâíåíèÿ ñ èíòåãðàëüíûì óñëîâèåì è
äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü îáîáùåííûõ ðåøåíèé ïîñòàâëåííûõ çàäà÷.

Ïîñòàíîâêà çàäà÷è.
Ðàññìîòðèì â ïðÿìîóãîëüíèêå QT = (x, t) : 0 < x < l, 0 < t < T íà÷àëüíî êðàåâóþ

çàäà÷ó äëÿ êâàçèëèíåéíîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ, òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ
u(x, t) êîòîðàÿ óäîâëåòâîðÿåò:

utt − χuxxt − auxx + b|u|p−2u = f(x, t), (x, t) ∈ QT , (1)

íà÷àëüíûì óñëîâèÿì

u(x, t) = 0, ut(x, 0) = 0, x ∈ [0, l], (2)

è íåëèíåéíûì êðàåâûì óñëîâèÿì

ux(0, t) =

∫ l

0

K(0, y, t)u(y, t)q−1u(y, t) dy, t ∈ [0, T ], (3)

ux(1, t) =

∫ l

0

K(1, y, t)u(y, t)q−1u(y, t) dy, t ∈ [0, T ]. (4)

Çäåñü f(x, t), K(x, y, t) � çàäàííûå ôóíêöèè, χ, a, b, p, q � ïîëîæèòåëüíûå êîíñòàíòû.
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ÌÅÒÎÄÎÌ ÎÏÅÐÀÒÎÐÎÂ ÏÐÅÎÁÐÀÇÎÂÀÍÈß

Ø.Ò. ÊÀÐÈÌÎÂ1,a, Ø.À. ÎÐÈÏÎÂ2,b

1 Ôåðãàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ôåðãàíà, Óçáåêèñòàí
2 Ôåðãàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ôåðãàíà, Óçáåêèñòàí

E-mail: ashaxkarimov@gmail.com, bshoripov1991@gmail.com

Â íàñòîÿùåå âðåìÿ â ñâÿçè ñ ïðîáëåìàìè ãåîôèçèêè, îêåàíîëîãèè, ôèçèêè àòìîñôå-
ðû, èñïîëüçîâàíèåì êðèîãåííûõ æèäêîñòåé â òåõíèêå è ðÿäà äðóãèõ ïðîáëåì çíà÷èòåëüíî
âîçðîñ èíòåðåñ ê èçó÷åíèþ äèíàìèêè íåîäíîðîäíûõ, è â ÷àñòíîñòè, ñòðàòèôèöèðîâàííûõ
æèäêîñòåé, êîòîðûå ïðèâîäÿò ê íà÷àëüíî-êðàåâûì è êðàåâûì çàäà÷àì äëÿ íåêëàññè÷å-
ñêèõ óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè. Ê òàêèì íåêëàññè÷åñêèì óðàâíåíèÿì îòíîñèòñÿ
óðàâíåíèå Áóññèíåñêà-Ëÿâà ÷åòâåðòîãî ïîðÿäêà âèäà

∆xutt(x, t)− utt(x, t) + ∆xu(x, t) = 0, (1)

êîòîðîå îïèñûâàåò ïðîöåññ íåñòàöèîíàðíîãî äâèæåíèÿ âÿçêîé ñòðàòèôèöèðîâàííîé æèä-
êîñòè, ãäå ∆x � ìíîãîìåðíûé îïåðàòîð Ëàïëàñà.

Èññëåäîâàíèþ çàäà÷è Êîøè, ñìåøàííûõ è îáðàòíûõ çàäà÷ äëÿ óðàâíåíèé Áóññèíåñêà-
Ëÿâà ïîñâÿùåí î÷åíü ìíîãî ðàáîò îáçîð êîòîðûõ ìîæíî íàéòè â ìîíîãðàôèè [1].

Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ âîïðîñîâ ðàçðåøèìîñòè â êëàññè÷åñêîì ñìûñëå
àíàëîãà êðàåâîé çàäà÷è Ãóðñà äëÿ óðàâíåíèÿ

Lλ,µα (u) ≡ ∂2

∂t2

(
∂2u

∂x2
+

2α

x

∂u

∂x
− λu

)
+
∂2u

∂x2
+

2α

x

∂u

∂x
+ µu = f(x, t), (2)

ãäå α, λ, µ ∈ R, à f(x, t) �çàäàííàÿ ôóíêöèÿ.
Ïàðàìåòð α, âõîäÿùåå â óðàâíåíèå (2), îïðåäåëÿåò ïîðÿäîê ñèíãóëÿðíîñòè óðàâíåíèÿ è

çàäà÷ ñ íèì ñâÿçàííûõ. Ïðè α = 0, µ = 0 óðàâíåíèå (2) ïåðåõîäèò â îäíîìåðíîå óðàâíåíèå
Áóññèíåñêà-Ëÿâà (1), à ïðè α = (n− 1)/2, µ = 0 ìû ïîëó÷èì ñôåðè÷åñêè ñèììåòðè÷íûé
ñëó÷àé óðàâíåíèÿ (1), ïðè÷åì â ïîñëåäíåì ñëó÷àå ïåðåìåííàÿ x âûïîëíÿåò ðîëü ïåðåìåí-
íîé r =

√
x2

1 + x2
2 + ...+ x2

n â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò.
Óðàâíåíèå (2) ïî êëàññèôèêàöèè ðàáîòû [2], ïðèíàäëåæèò ãèïåðáîëè÷åñêîìó òèïó.

Ïðÿìûå x = const, t = const ÿâëÿþòñÿ äåéñòâèòåëüíûìè äâóêðàòíûìè õàðàêòåðèñòè-
êàìè.

Çàäà÷à G. Â îáëàñòè Ω = {(x, t) : 0 < x < l, 0 < t < h} òðåáóåòñÿ íàéòè ôóíêöèþ
u(x, t) ∈ C1(Ω̄), óäîâëåòâîðÿþùóþ óðàâíåíèþ (2) ïðè 0 < α < 1/2 è êðàåâûì óñëîâè-
ÿì

u(x, 0) = ψ1(x), ut(x, 0) = ψ2(x), 0 ≤ x ≤ l;

u(0, t) = ϕ1(t), lim
x→0

x2αux(x, t) = ϕ2(t), 0 ≤ t ≤ h,

ãäå ψk(x), ϕk(t), (k = 1, 2) � çàäàííûå ãëàäêèå ôóíêöèè, ïðè÷åì ϕ1(0) = ψ1(0), ψ2(0) =
ϕ′1(0), ϕ2(0) = 0.

Èññëåäîâàíèåì ðàçëè÷íûõ çàäà÷ äëÿ îäíîìåðíîãî îáùåãî ëèíåéíîãî óðàâíåíèÿ ñî ñòàð-
øåé ïðîèçâîäíîé uxxtt è ñ ãëàäêèìè êîýôôèöèåíòàìè çàíèìàëèñü Ò.Ä.Äæóðàåâ,
À.Ï.Ñîëäàòîâ, À.È.Êîæàíîâ, Â.È.Æåãàëîâ, À.Ê.Óðèíîâ, À.Ñîïóåâ, Ì.Õ.Øõàíóêîâ,
À.Í.Ìèðîíîâ, Å.À.Óòêèíà è äðóãèå.

Èñïîëüçîâàâ îïåðàòîð ïðåîáðàçîâàíèÿ Ýðäåéè-Êîáåðà [3] è ìåòîä Ðèìàíà, íàìè ïîëó-
÷åíà ÿâíàÿ ôîðìóëà ðåøåíèÿ ïîñòàâëåííîé çàäà÷è. Â ðàáîòå ïîñòðîåíà ôóíêöèÿ Ðèìàíà
îïåðàòîðà Lλ,µα (u), êîòîðàÿ âûðàæàåòñÿ ÷åðåç ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ Êàìïå äå
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Ôåðüå. Ïðè α = 0, µ = 0 èç ýòîé ôóíêöèè ïîëó÷èì ôóíêöèþ Ðèìàíà îäíîìåðíîãî óðàâ-
íåíèÿ Áóññèíåñêà-Ëÿâà.

Ïîëüçóÿñü ïîëó÷åííûì ðåøåíèåì çàäà÷è Ãóðñà è ôóíêöèåé Ðèìàíà, ìîæíî èññëåäî-
âàòü è äðóãèå íà÷àëüíûå, êðàåâûå è íåëîêàëüíûå çàäà÷è äëÿ óðàâíåíèÿ (2).
Êëþ÷åâûå ñëîâà: çàäà÷à Ãóðñà, óðàâíåíèå Áóññèíåñêà-Ëÿâà, îïåðàòîð ïðåîáðàçîâàíèÿ, ìåòîä Ðèìàíà

2010 Mathematics Subject Classi�cation: 35G15
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Â íàñòîÿùåå âðåìÿ â ñâÿçè ñ ïðîáëåìàìè ïåðåäà÷è òåïëà â ãåòåðîãåííîé ñðåäå, âëà-
ãîïåðåíîñà â ïî÷âåííûõ ãðóíòàõ, íåñòàöèîíàðíîãî ïðîöåññà ôèëüòðàöèè â òðåùèíîâàòî-
ïîðèñòîé ñðåäå è ðÿäà äðóãèõ ïðîáëåì çíà÷èòåëüíî âîçðîñ èíòåðåñ ê èçó÷åíèþ íà÷àëüíî-
êðàåâûõ è êðàåâûõ çàäà÷ äëÿ íåêëàññè÷åñêèõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. Ê òà-
êèì íåêëàññè÷åñêèì óðàâíåíèÿì îòíîñèòñÿ óðàâíåíèÿ ïñåâäîïàðàáîëè÷åñêîãî òèïà. Ïîä
ïñåâäîïàðàáîëè÷åñêèìè óðàâíåíèÿìè ïîäðàçóìåâàåòñÿ óðàâíåíèÿ âûñîêîãî ïîðÿäêà ñ ïðî-
èçâîäíûìè ïî âðåìåíè ïåðâîãî ïîðÿäêà.

Â ðàáîòå Ã.È.Áàðåíáëàòòà, Þ.Ï.Æåëòîâà, È.Í.Êî÷èíîé [1] ïîëó÷åíî ëèíåéíîå ïñåâäî-
ïàðàáîëè÷åñêîå óðàâíåíèå âèäà

∂

∂t
(∆xu(x, t) + cu(x, t)) + ∆xu(x, t) = 0, (1)

îïèñûâàþùåå íåñòàöèîíàðíûé ïðîöåññ ôèëüòðàöèè â òðåùèíîâàòî-ïîðèñòîé ñðåäå, ãäå ∆x

- ìíîãîìåðíûé îïåðàòîð Ëàïëàñà, c = const ∈ R.
Èññëåäîâàíèþ óðàâíåíèé ïñåâäîïàðàáîëè÷åñêîãî òèïà ïîñâÿùåíî áîëüøîå êîëè÷åñòâî

ðàáîò, îáçîð êîòîðûõ ìîæíî íàéòè â ðàáîòå [2].
Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ âîïðîñîâ ðàçðåøèìîñòè â êëàññè÷åñêîì ñìûñëå

àíàëîãà êðàåâîé çàäà÷è Ãóðñà äëÿ óðàâíåíèÿ

Lλ,µα (u) ≡ ∂

∂t

(
∂2u

∂x2
+

2α

x

∂u

∂x
+ λ2u

)
+
∂2u

∂x2
+

2α

x

∂u

∂x
+ µ2u = f(x, t), (2)

ãäå α, λ, µ ∈ R, f(x, t)-çàäàííàÿ ôóíêöèÿ.
Ïàðàìåòð α, âõîäÿùåå â óðàâíåíèå (2), îïðåäåëÿåò ïîðÿäîê ñèíãóëÿðíîñòè óðàâíåíèÿ è

çàäà÷ ñ íèì ñâÿçàííûõ. Ïðè α = 0, µ = 0 óðàâíåíèå (2) ïåðåõîäèò â îäíîìåðíîå óðàâíåíèå
Áàðåíáëàòòà, Æåëòîâà, Êî÷èíîé (1), à ïðè α = (n− 1)/2, µ = 0 ìû ïîëó÷èì ñôåðè÷åñêè
ñèììåòðè÷íûé ñëó÷àé óðàâíåíèÿ (1), ïðè÷åì â ïîñëåäíåì ñëó÷àå ïåðåìåííàÿ x âûïîëíÿåò
ðîëü ïåðåìåííîé r =

√
x2

1 + x2
2 + ...+ x2

n â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò.
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Çàäà÷à G. Â îáëàñòè Ω = {(x, t) : 0 < x < l, 0 < t < h} òðåáóåòñÿ íàéòè ôóíêöèþ
u(x, t) ∈ C(Ω̄) óäîâëåòâîðÿþùóþ óðàâíåíèþ (2) è êðàåâûì óñëîâèÿì

u(x, 0) = ψ(x), 0 ≤ x ≤ l, (3)

u(0, t) = ϕ1(t), lim
x→0

x2αux(x, t) = ϕ2(t), 0 ≤ t ≤ h, (4)

ãäå ψ(x), ϕk(t), (k = 1, 2) - çàäàííûå ãëàäêèå ôóíêöèè, ïðè÷åì ϕ1(0) = ψ(0), ϕ2(0) = 0.
Èñïîëüçóÿ îïåðàòîð ïðåîáðàçîâàíèÿ Ëàóíäåñà [3] è ìåòîä Ðèìàíà, íàìè ïîëó÷åíà ÿâ-

íàÿ ôîðìóëà ðåøåíèÿ ïîñòàâëåííîé çàäà÷è. Â ðàáîòå ïîñòðîåíà ôóíêöèÿ Ðèìàíà îïåðà-
òîðà Lλ,µα (u), êîòîðàÿ âûðàæàåòñÿ ÷åðåç ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ Êàìïå äå Ôåðüå.
Ïðè α = 0, µ = 0 èç ýòîé ôóíêöèè ïîëó÷èì ôóíêöèþ Ðèìàíà îäíîìåðíîãî óðàâíåíèÿ (1).

Ïîëüçóÿñü ïîëó÷åííûì ðåøåíèåì çàäà÷è Ãóðñà è ôóíêöèåé Ðèìàíà ìîæíî èññëåäîâàòü
è äðóãèå íà÷àëüíûå, êðàåâûå è íåëîêàëüíûå çàäà÷è äëÿ óðàâíåíèÿ (2). Äàííûé ìåòîä òàê-
æå ìîæíî ïðèìåíèòü ê ðåøåíèþ êðàåâûõ çàäà÷ äëÿ ìíîãîìåðíîãî óðàâíåíèÿ è óðàâíåíèÿ
âûñîêîãî ïîðÿäêà òèïà (2) ñ ìíîãèìè ñèíãóëÿðíûìè êîýôôèöèåíòàìè.

Êëþ÷åâûå ñëîâà: çàäà÷à Ãóðñà, ïñåâäîïàðàáîëè÷åñêîå óðàâíåíèå, îïåðàòîð ïðåîáðàçîâàíèÿ, ìåòîä Ðèìàíà.

2010 Mathematics Subject Classi�cation: 35G15
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[1] Áàðåíáëàòò Ã.È., Æåëòîâ Þ.Ï., Êî÷èíà È.Í. Îá îñíîâíûõ ïðåäñòàâëåíèÿõ òåîðèè ôèëüòðàöèè â òðåùè-

íîâàòûõ ñðåäàõ, Ïðèêë. ìàò. ìåõ., 24:5 (1960).
[2] Ñâåøíèêîâ À.Ã., Àëüøèí À.Á., Êîðïóñîâ Ì.Þ., Ïëåòíåð Þ.Ä. Ëèíåéíûå è íåëèíåéíûå óðàâíåíèÿ Ñîáî-

ëåâñêîãî òèïà, Ôèçìàòëèò, Ìîñêâà (2007)

[3] Karimov Sh.T. On some generalizations of properties of the Lowndes operator and their applications to partial

di�erential equations of high order, Filomat, 32:3 (2018), 873�883.
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Í.Ì. ÊÀÑÛÌÁÅÊ1,a, Ä.Â. ËÅÁÅÄÅÂ2 Ä.Æ. ÀÕÌÅÄ-ÇÀÊÈ2

1 Êàçàõñêèé Íàöèîíàëüíûé Óíèâåðñèòåò èìåíè Àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
2 Astana IT University, Íóð-Ñóëòàí, Êàçàõñòàí

E-mail: anuryslam.qassymbek@gmail.com,

Ðàçâèòèå âûñîêîïðîèçâîäèòåëüíûõ âû÷èñëåíèé ïîçâîëÿåò ÷åëîâå÷åñòâó ðåøàòü âàæ-
íåéøèå íàó÷íûå è ïðèêëàäíûå çàäà÷è â ðàçëè÷íûõ îáëàñòÿõ. Ðàñ÷åò òàêèõ çàäà÷ íà ñåò-
êàõ ñ áîëüøèì êîëè÷åñòâîì ÿ÷ååê òðåáóåò áîëüøèõ ðåñóðñîâ. Íàïðèìåð, ñóïåðêîìïüþ-
òåðû ìîãóò áûòü çàãðóæåíû çàäà÷àìè ìîäåëèðîâàíèÿ ïîãîäû è êëèìàòà, ýêîíîìè÷åñêèõ
ïðîöåññîâ, àêóñòè÷åñêèõ çàäà÷, ãèäðîäèíàìèêè, ïðîèçâîäñòâà ìåäèöèíñêèõ ïðåïàðàòîâ,
áèîëîãè÷åñêèõ èññëåäîâàíèé. Òåõíîëîãè÷åñêèé ïðîãðåññ â ýòèõ îáëàñòÿõ ñâÿçàí ñ òåì,
íàñêîëüêî ïðàâèëüíî è óñïåøíî èñïîëüçóþòñÿ êîìïüþòåðíûå âû÷èñëåíèÿ.

Èñïîëüçîâàíèå ñóïåðêîìïüþòåðîâ ïîçâîëÿåò çíà÷èòåëüíî óñêîðèòü ðåøåíèå çàäà÷ ïðè
èñïîëüçîâàíèè ÷èñëåííûõ ìåòîäîâ. Îäíà èç òàêèõ çàäà÷ - ïðîãíîçèðîâàíèå äîáû÷è íåôòè
è ãàçà íà êîíêðåòíûõ ìåñòîðîæäåíèÿõ. Ìîäåëèðîâàíèå òå÷åíèÿ ìíîãîêîìïîíåíòíûõ ìíî-
ãîôàçíûõ æèäêîñòåé (íåôòè è ãàçà) â ïîðèñòûõ ñðåäàõ (â íåôòÿíûõ ïëàñòàõ) ÿâëÿåòñÿ
àêòóàëüíîé è â òî æå âðåìÿ ñëîæíîé çàäà÷åé ãèäðîäèíàìè÷åñêîãî ìîäåëèðîâàíèÿ.

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ÷èñëåííîå ìîäåëèðîâàíèå ìíîãîêîìïîíåíòíîãî ìíî-
ãîôàçíîãî òå÷åíèÿ â ïîðèñòûõ ñðåäàõ[1]. Ðàññìàòðèâàåìàÿ ìîäåëü ìíîãîôàçíîãî, ìíîãî-
êîìïîíåíòíîãî òå÷åíèÿ â ïîðèñòûõ ñðåäàõ ïîçâîëÿåò ìîäåëèðîâàòü òàêèå ñîâðåìåííûå
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ìåòîäû äîáû÷è óãëåâîäîðîäîâ, êàê çàêà÷êà òåïëîíîñèòåëÿ â íåôòÿíîé ïëàñò, ãîðåíèå, çà-
êà÷êà õèìè÷åñêèõ ðåàãåíòîâ (ïîëèìåð, ÏÀÂ) è äðóãèå.

Ñèñòåìà íåëèíåéíûõ óðàâíåíèé, îïèñûâàþùàÿ ìîäåëü äâèæåíèÿ ìíîãîêîìïîíåíòíîé
ìíîãîôàçíîé æèäêîñòè, ëèíåàðèçîâàíà ìåòîäîì Íüþòîíà-Ðàôñîíà [2] è ðåøåíà ñ ïîìî-
ùüþ èòåðàöèîííîãî àëãîðèòìà ìåòîäà îáîáùåííûõ ìèíèìàëüíûõ íåâÿçîê (GMRES)[3,4].
Äëÿ äîñòèæåíèÿ ëó÷øåé ñõîäèìîñòè áûë èñïîëüçîâàí ïðåäîáóñëàâëèâàòåëü ILU(0)[5]. Â
ðåçóëüòàòå, äëÿ ðåøåíèÿ äàííîé çàäà÷è, áûëà èñïîëüçîâàíà ïîëíîñòüþ íåÿâíàÿ ñõåìà, íà-
çûâàåìàÿ àëãîðèòìîì Newton-ILU(0)-GMRES. Íà îñíîâå ïîëó÷åííîãî ïîñëåäîâàòåëüíîãî
àëãîðèòìà ðåàëèçîâàí ïàðàëëåëüíûé àëãîðèòì ñ èñïîëüçîâàíèåì òåõíîëîãèè èíòåðôåéñà
ïåðåäà÷è ñîîáùåíèé (MPI) è ôðàãìåíòèðîâàííûé àëãîðèòì â ñèñòåìå LuNA[6].

Òåñòû ïðîâåäåíû íà ñóïåðêîìïüþòåðå ÌÂÑ-10Ï ìåæâåäîìñòâåííîãî ñóïåðêîìïüþòåð-
íîãî öåíòðà Ðîññèéñêîé àêàäåìèè íàóê è áûëè ïðîàíàëèçèðîâàíû.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP09260564 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ìåòîä Íüþòîíà, ìåòîäû Êðûëîâñêîãî òèïà, GMRES, ïðåäîáóñëàâëèâàòåëü, ìíîãîêîìïîíåíò-
íîå òå÷åíèå, ñèñòåìà LuNA.
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(2011), 53�61.
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Èìåþòñÿ ìíîãî íàó÷íûõ ðàáîò ñâÿçàííûõ ñ óëó÷øåíèåì äîáû÷è íåôòè ñ èñïîëüçî-
âàíèåì ìåòîäîâ ìàøèííîãî îáó÷åíèÿ. Â îäíîì èç òàêèõ ðàáîò [1] àâòîðû âûÿñíÿëè, ÷òî
ïðèìåíåíèå àëãîðèòìîâ ìàøèííîãî îáó÷åíèÿ ìîãóò îêàçàòüñÿ áîëåå ïðîèçâîäèòåëüíûìè
ïî ñðàâíåíèþ ñ òðàäèöèîííûìè âû÷èñëåíèÿìè íà ðåãóëÿðíîé ñåòêå. À òàê æå â äàííîé
ðàáîòå îïèñûâàåòñÿ ïîäõîä ê ñîçäàíèþ ïðîêñè-ìîäåëè [2] íà îñíîâå ìåòîäîâ ìàøèííîãî
îáó÷åíèÿ, â ÷àñòíîñòè áûëà èñïîëüçîâàíà ìåòîä ñëó÷àéíîãî ëåñà. Â ðàáîòå [3] ðàññìàò-
ðèâàåòñÿ àëãîðèòìû ìàøèííîãî îáó÷åíèÿ äëÿ îöåíêè êîýôôèöèåíòà äîáû÷è íåôòè ñ èñ-
ïîëüçîâàíèåì êîìáèíàöèè èíæåíåðíûõ ïàðàìåòðîâ. Äëÿ íàáîðà äàííûõ, ñîñòîÿâøèéñÿ èç
30 ïàðàìåòðîâ áûëè ïðèìåíåíû ìîäåëè ëèíåéíîé ðåãðåññèè è ìåòîä îïîðíûõ âåêòîðîâ. Â
ðåçóëüòàòå, ïîëó÷åííûå äàííûå áûëè î÷åíü áëèçêèìè ê ðåçóëüòàòàì ïåðåêðåñòíîé ïðîâåð-
êè. Òàêèì îáðàçîì, àâòîðû äàííîé ðàáîòû ïðåäïîëàãàþò, ÷òî ðàññìîòðåííûå èìè ìåòîäû
ìîãóò èñïîëüçîâàòüñÿ äëÿ ïðîãíîçèðîâàíèÿ äîáû÷è â äàëüíåéøåì.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021
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Äàííàÿ ñòàòüÿ áûëà ïîñâÿùåíà ê ïðèìåíåíèþ ìåòîäîâ ìàøèííîãî îáó÷åíèÿ äëÿ ïðî-
ãíîçèðîâàíèÿ äîáû÷è íåôòè. Áûë ïîëó÷åí ñèíòåòè÷åñêèé íàáîð äàííûõ ñ ïîìîùüþ ìà-
òåìàòè÷åñêîãî ìîäåëÿ Áàêëåÿ-Ëåâåðåòòà, êîòîðàÿ èñïîëüçóåòñÿ äëÿ ðàñ÷åòà ðàñïðåäåëå-
íèÿ íàñûùåííîñòè â çàäà÷àõ íåôòåäîáû÷è. Â êà÷åñòâå ìåòîäà ìàøèííîãî îáó÷åíèÿ áûë
ðåàëèçîâàí àëãîðèòì ìíîãîìåðíîé ëèíåéíîé ðåãðåññèè ñ ïîëèíîìèàëüíûìè ñâîéñòâàìè.
Âûáðàíû ðàçëè÷íûå êîìáèíàöèè ïàðàìåòðîâ çàäà÷è äîáû÷è íåôòè, ãäå â êà÷åñòâå âõîä-
íûõ ïàðàìåòðîâ äëÿ ìàøèííîãî îáó÷åíèÿ áûëè âçÿòû ïîðèñòîñòü, âÿçêîñòü íåôòÿíîé ôà-
çû è àáñîëþòíàÿ ïðîíèöàåìîñòü ïîðîäû. À â êà÷åñòâå âûõîäíîãî ïàðàìåòðà áûë âûáðàí
çíà÷åíèå êîýôôèöèåíòà íåôòåîòäà÷è. Çàäà÷à áûëà ðåàëèçîâàíà ñ èñïîëüçîâàíèåì ÿçûêà
Python, êîòîðàÿ ïîääåðæèâàåò ìíîãèå ìåòîäû ìàøèííîãî îáó÷åíèÿ. Áûëè ïðîòåñòèðîâà-
íû ðàçíûå ñòåïåíè ïîëèíîìèàëüíîé ðåãðåññèè, à òàêæå áûëî âûÿâëåíî, ÷òî äëÿ íàøèõ
ñèíòåòè÷åñêèõ äàííûõ êâàäðàòè÷íàÿ ïîëèíîìèàëüíàÿ ìîäåëü äîâîëüíî õîðîøî îáó÷àåòñÿ
è ïðîãíîçèðóåò çíà÷åíèå êîýôôèöèåíòà íåôòåîòäà÷è. Äëÿ îïòèìèçàöèè ïîëèíîìèàëüíîé
ðåãðåññèè áûëà ïðèìåíåíà ðåãóëÿðèçàöèÿ âèäà L1, èçâåñòíàÿ êàê ìåòîä Ëàññî. Äëÿ êâàä-
ðàòè÷íîé ìîäåëè ïîëèíîìèàëüíîé ðåãðåññèè êîýôôèöèåíò äåòåðìèíàöèè ñîñòàâëÿåò 0.96,
÷òî ÿâëÿåòñÿ äîâîëüíî õîðîøèì ðåçóëüòàòîì äëÿ òåñòîâûõ äàííûõ.

Áûëà ïîñòðîåíà èñêóññòâåííàÿ íåéðîííàÿ ñåòü ñ îäíèì ñêðûòûì ñëîåì ñ îïòèìàëü-
íî ïîäîáðàííûìè ãèïåðïàðàìåòðàìè. Â êà÷åñòâå ôóíêöèè àêòèâàöèè äÿë ñêðûòîãî ñëîÿ
áûëà ïðèìåíåíà relu. Äëÿ ïðåäîòâðàùåíèÿ ïðîáëåìû ïåðåîáó÷åíèÿ áûëà èñïîëüçîâàíà
ôóíêöèÿ EarlyStopping, ãäå îáó÷åíèå îñòàíàâëèâàåòñÿ ïðè êîëè÷åñòâå ýïîõ áåç óëó÷øå-
íèé.Êîýôôèöèåíò äåòåðìèíàöèè ïîñòðîåííîé íåéðîííîé ñåòè ñîñòàâèë 0.97, êîòîðàÿ ÿâ-
ëÿåòñÿ íåìíîãî ëó÷øå ÷åì ìîäåëü ïîëèíîìèàëüíîé ðåãðåññèè.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP09260564 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ìàòåìàòè÷åñêàÿ ìîäåëü, ïîâûøåíèå íåôòåîòäà÷è, ìàøèííîå îáó÷åíèå, ìåòîä ðåãðåññèè, ïî-
ëèíîìèàëüíàÿ ðåãðåññèÿ, íåéðîííàÿ ñåòü.
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Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ ëèíåéíûé îïåðàòîð òèïà Êîðòåâåãà-äå Ôðèçà

Lu =
∂u

∂y
+R2(y)

∂3u

∂x3
+R1(y)

∂u

∂x
+R0(y)u

ïåðâîíà÷àëüíî îïðåäåëåííûé íà C∞0,π(Ω), ãäå Ω = {(x, y) : −π ≤ x ≤ π,−∞ < y <∞}.
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C∞0,π - ìíîæåñòâî, ñîñòîÿùåå èç áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôèíèòíûõ ôóíêöèé ïî
ïåðåìåííîé ó è óäîâëåòâîðÿþùèõ óñëîâèÿì:

u(i)
x (−π, y) = u(i)

x (π, y), i = 0, 1, 2.

Îòíîñèòåëüíî êîýôôèöèåíòîâ îïåðàòîðà L ìû ïðåäïîëîæèì, ÷òî ôóíêöèèR0(y), R1(y), R2(y)
íåïðåðûâíûå ôóíêöèè â R = (−∞,∞) è ìîãóò áûòü íåîãðàíè÷åííûìè ôóíêöèÿìè íà áåñ-
êîíå÷íîñòè.

Â ðàáîòå ïðè íåêîòîðûõ îãðàíè÷åíèÿõ íà êîýôôèöèåíòû, ïîìèìî âûøå óêàçàííûõ
óñëîâèé, íàìè äîêàçàíû â ïðîñòðàíñòâå L2(Ω) îãðàíè÷åííàÿ îáðàòèìîñòü îïåðàòîðà L è
íàëè÷èå îöåíêè∥∥∥∥∂u∂y

∥∥∥∥
2

+

∥∥∥∥R2(y)
∂3u

∂x3

∥∥∥∥
2

+

∥∥∥∥R1(y)
∂u

∂x

∥∥∥∥
2

+ ‖R0(y)u‖2 ≤ C(‖Lu‖2 + ‖u‖2),

ãäå C > 0 - ïîñòîÿííîå ÷èñëî, ‖ · ‖2 íîðìà â L2(Ω).
Ïîìèìî âûøå óêàçàííûõ ñâîéñòâ îïåðàòîðà L â ðàáîòå èçó÷åíû ñëåäóþùèå âîïðîñû:
à) îöåíêè ñèíãóëÿðíûõ ÷èñåë (s-÷èñåë) ðåçîëüâåíòû îïåðàòîðà L;
á) îöåíêè ñîáñòâåííûõ ÷èñåë.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì No. AP08855802 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ìàêñèìàëüíàÿ ãëàäêîñòü ðåøåíèé, óðàâíåíèå Êîðòåâåãà-äå Ôðèçà, îöåíêè ñèíãóëÿðíûõ (s-
÷èñåë) ÷èñåë.

2010 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20

Ëèòåðàòóðà
[1] Temam R. Sur un probleme non linearie, J. Math.Pures. Apple, 48:2 (1969), 159�172.
[2] Ëèîíñ Æ.Ë. Íåêîòîðûå ìåòîäû ðåøåíèÿ íåëèíåéíûõ êðàåâûõ çàäà÷, Ìèð, Ìîñêâà (1972).
[3] Villanueva A. On Linearized Korteweg-de Vries Equations, Journal of Mathematics Research, 4:1 (2012), 2�8.

[4] Muratbekov M.B., Muratbekov M.M. Sturm-Liouville operator with a parameter and its usage to spectrum

research of some di�erential operators, Complex variables and Elliptic Equations, 64:9 (2019), 1457�1476.
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ÏÐÈÌÅÍÅÍÈÅ ÈÑÊÓÑÑÒÂÅÍÍÎÃÎ ÈÍÒÅËËÅÊÒÀ Â
ÏÐÎÃÍÎÇÈÐÎÂÀÍÈÈ ÓÐÎÆÀÉÍÎÑÒÈ
ÑÅËÜÑÊÎÕÎÇßÉÑÒÂÅÍÍÛÕ ÊÓËÜÒÓÐ

Â.È. ÌßÍ1,a

1 Êàçàõñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ê. È. Ñàòïàåâà,

Àëìàòû, Êàçàõñòàí

E-mail: aberomyan@gmail.com,

Ïðèìåíåíèå èñêóññòâåííîãî èíòåëëåêòà â ïðîãíîçèðîâàíèè óðîæàéíîñòè ñåëüñêîõîçÿé-
ñòâåííûõ êóëüòóð ñïîñîáñòâóåò óëó÷øåíèþ êà÷åñòâà ïðåäñêàçàíèÿ áóäóùåãî óðîæàÿ. Ñ
òî÷êè çðåíèÿ íàó÷íîé àêòóàëüíîñòè äàííîå èññëåäîâàíèå ìîæåò áûòü èíòåðåñíûì, òàê
êàê ïðåäëàãàåìàÿ îïòèìàëüíàÿ ìîäåëü ïðîãíîçèðîâàíèÿ ñîñòîèò èç ñî÷åòàíèÿ ýìïèðè÷å-
ñêîé è ïðîãíîçíîé ÷àñòåé, ÷òî äåëàåò ìîäåëü áîëåå ãèáêîé è ýôôåêòèâíîé.

Îñíîâíàÿ èäåÿ äàííîãî èññëåäîâàíèÿ çàêëþ÷àåòñÿ â îïðåäåëåíèè îïòèìàëüíîãî ìåòîäà
ïðîãíîçèðîâàíèÿ óðîæàéíîñòè ñåëüñêîõîçÿéñòâåííûõ êóëüòóð ñ ïðèìåíåíèåì èñêóññòâåí-
íîãî èíòåëëåêòà.

Â ðàáîòå èñïîëüçóåòñÿ äâà ïîäõîäà ê ðåøåíèþ çàäà÷è. Ïåðâûé ïîäõîä ñîñòîèò â ïðèìå-
íåíèè òîëüêî èñêóññòâåííîãî èíòåëëåêòà. Âòîðîé ïîäõîä ñôîêóñèðîâàí íà èñïîëüçîâàíèè
êîìáèíàöèè ýìïèðè÷åñêèõ ôîðìóë è àëãîðèòìîâ ìàøèííîãî îáó÷åíèÿ.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2021
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Â äàííîì èññëåäîâàíèè èñêóññòâåííûé èíòåëëåêò îòíîñèòñÿ ê áëîêó ïðîãíîçèðîâà-
íèÿ, â êîòîðîì äëÿ ÷èñòîòû ýêñïåðèìåíòà áûëî ïðèìåíåíî òðè ìåòîäà ìàøèííîãî îáó÷å-
íèÿ: Àëãîðèòì ñëó÷àéíîãî ëåñà (Random Forest algorithm), Ãðåáíåâàÿ ðåãðåññèÿ (Ridge-
Regression method) è Ëàññî-ðåãðåññèÿ (Lasso-Regression method).

Â êà÷åñòâå áëîêà ñ ýìïèðè÷åñêèìè ôîðìóëàìè áûëà èñïîëüçîâàíà ñèñòåìà èìèòàöè-
îííîãî ìîäåëèðîâàíèÿ ïðîäóêöèîííîãî ïðîöåññà ñåëüñêîõîçÿéñòâåííîãî ïîñåâà Agrotool.
Ïðîãðàììíîå îáåñïå÷åíèå Agrotool ñïåöèàëüíî ðàçðàáîòàíî äëÿ ðàñ÷åòà ïàðàìåòðîâ ðàç-
âèòèÿ ðàñòåíèé, ãäå âõîäíûìè äàííûìè ÿâëÿþòñÿ ïðèðîäíûå ôàêòîðû òàêèå, êàê òåì-
ïåðàòóðà, êîëè÷åñòâî îñàäêîâ, áàëàíñ äëèííîâîëíîâîé ðàäèàöèè, âëàãîçàïàñ ïî÷âåííîãî
ñëîÿ è äðóãèå. Ñëåäóåò îòìåòèòü, ÷òî ïàðàìåòðû ñèñòåìû Agrotool èçìåíÿþòñÿ ñ øàãîì â
1 äåíü [1], ÷òî ïîçâîëÿåò îòñëåæèâàòü ðàçâèòèå ðàñòåíèÿ â äèíàìèêå, óëó÷øàÿ êà÷åñòâî
ïðîãíîçà äàæå â ñëó÷àå ðàçëè÷íûõ ïðèðîäíûõ êàòàêëèçìîâ.

Âñåãî â èññëåäîâàíèè áûëî ïðîâåäåíî 9 ýêñïåðèìåíòîâ, â ðåçóëüòàòå êîòîðûõ áûëî
âûÿâëåíî, ÷òî ïðîãíîçèðîâàíèå, îñíîâàííîå íà êîìáèíàöèè ýìïèðè÷åñêîãî áëîêà è ìåòîäà
«Ridge � Regression» ÿâëÿåòñÿ ñàìûì îïòèìàëüíûì èç ðàññìîòðåííûõ ìåòîäîâ.

Ïî èòîãàì ïðîâåäåííûõ ýêñïåðèìåíòîâ ìîæíî ñäåëàòü âûâîä, ÷òî ïðèìåíåíèå èñêóñ-
ñòâåííîãî èíòåëëåêòà óïðîùàåò çàäà÷ó ïðîãíîçèðîâàíèÿ, íî â òî æå âðåìÿ, èñïîëüçîâàíèå
òîëüêî èñêóññòâåííîãî èíòåëëåêòà íå óëó÷øàåò êà÷åñòâî ïðîãíîçà. Îäíàêî, ìîäåëü, âêëþ-
÷àþùàÿ ýìïèðè÷åñêóþ áàçó, ïîçâîëÿåò àëãîðèòìàì ìàøèííîãî îáó÷åíèÿ ñòðîèòü áîëåå
òî÷íûå ïðåäñêàçàíèÿ.

Êëþ÷åâûå ñëîâà: ïðîãíîçèðîâàíèå óðîæàéíîñòè, èñêóññòâåííûé èíòåëëåêò, Agrotool, Random Forest, Ridge-
Regression, LASSO.

Ëèòåðàòóðà
[1] R.A. Poluektov, S.M. Fintushal , I.V. Oparina , D.V. Shatskikh , V.V. Terleev & E.T. Zakharova Agrotool � A

system for crop simulation, Archives of Agronomy and Soil Science (2002), 609�635.
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ÌÎÄÅËÈÐÎÂÀÍÈÅ ÅÑÒÅÑÒÂÅÍÍÎÉ ÊÎÍÂÅÊÖÈÈ
Â ÍÀÃÐÓÆÅÍÍÎÉ ÒÂÅÐÄÎÉ ×ÀÑÒÈÖÅÉ ÏÎËÎÑÒÈ
ÌÅÒÎÄÎÌ ÏÎÃÐÓÆÅÍÍÛÕ ÃÐÀÍÈÖ È ÄÈÑÊÐÅÒÍÎ

ÓÍÈÔÈÖÈÐÎÂÀÍÍÎÉ ÃÀÇÎÂÎÊÈÍÅÒÈ×ÅÑÊÎÉ ÑÕÅÌÎÉ

Áåêçàò ÑÀÒÅÍÎÂÀ1,a, Àñêàð ÕÈÊÌÅÒÎÂ1,b Äàóðåí ÆÀÊÅÁÀÅÂ1,c

1 Êàçàõñêèé Íàöèîíàëüíûé Óíèâåðñèòåò èìåíè àëü- Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: asatenova.bekzat89@gmail.com, b Askar.Khikmetov@kaznu.kz, czhakebayev@gmail.com

Â ïîñëåäíèå ãîäû åñòåñòâåííàÿ êîíâåêòèâíàÿ òåïëîïåðåäà÷à â ïðÿìîóãîëüíûõ ïðî-
ñòðàíñòâàõ ïðèâëåêëà ìíîãî âíèìàíèÿ èç-çà åå øèðîêîãî ïðèìåíåíèÿ, íàïðèìåð, â ïðî-
öåññàõ îõëàæäåíèÿ ýëåêòðîííîãî îáîðóäîâàíèÿ, ïðîìûøëåííûõ è ýêîëîãè÷åñêèõ ïðèëî-
æåíèÿõ, òàêèõ êàê òåïëîîáìåííèêè, ÿäåðíûå è õèìè÷åñêèå ðåàêòîðû.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ ïðîöåññ òåïëîâîãî âçàèìîäåéñòâèÿ ìåæäó æèäêîñòüþ è
òâåðäîé ÷àñòèöåé, ãäå èññëåäóåòñÿ ïðîöåññ åñòåñòâåííîé êîíâåêöèè îò ãîðÿ÷åãî öèëèí-
äðà, ðàñïîëîæåííîãî â êâàäðàòíîé îáëàñòè. ×èñëåííîå ðåøåíèå âëèÿíèÿ ïëîòíîñòè è
òåìïåðàòóðû ñðåäû íà äâèæåíèå òâåðäîé ÷àñòèöû â æèäêîé ñðåäå îñíîâàí íà ðåøåíèè
ñèñòåìû óðàâíåíèé Íàâüå-Ñòîêñà, óðàâíåíèÿ íåðàçðûâíîñòè è óðàâíåíèé ýíåðãèè. Ìå-
òîä IB-DUGKS ïðåäñòàâëÿåò ñîáîé ýôôåêòèâíûé ñïîñîá ìîäåëèðîâàíèÿ êîíâåêòèâíûõ
òå÷åíèé ñî ñëîæíûìè ãðàíèöàìè ïîãðóæåííîé ÷àñòèöû. Ñõåìà DUGKS îñíîâàíà íà ìå-
òîäå êîíå÷íûõ îáúåìîâ, êîòîðûé ýôôåêòèâíî ñïðàâëÿåòñÿ ñ êðèâîëèíåéíûìè ãðàíèöàìè
òåïëîâîãî ïîòîêà, à ìåòîä ïîãðóæåííîé ãðàíèöû IB, îñíîâàííûé íà ñõåìå ñèëû ïðÿìî-
ãî âîçäåéñòâèÿ, îáåñïå÷èâàåò òî÷íîñòü óñëîâèÿ íåïðèëèïàíèÿ íà òâåðäîé ïîâåðõíîñòè è

Institute of Mathemitics and Mathematical Modeling. Almaty, 2021
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ÿâëÿåòñÿ ÷èñëåííî ñòàáèëüíûì èç-çà åãî ïðîñòîòû ñ èòåðàöèîííîé ïðîöåäóðîé. Â ìåòî-
äå IB óðàâíåíèÿ èìïóëüñà è ýíåðãèè äëÿ äâèæåíèÿ æèäêîñòè îïèñûâàåòñÿ â ýéëåðîâîé
ñåòêå, à äâèæåíèÿ òâåðäûõ ÷àñòèö â ëàãðàíæåâîé ñåòêå. Âçàèìîäåéñòâèå ìåæäó ëàãðàí-
æåâûìè è ýéëåðîâûìè ïåðåìåííûìè ðåàëèçóåòñÿ äèñêðåòíîé äåëüòà-ôóíêöèåé Äèðàêà,
êîòîðàÿ ðàñïðîñòðàíÿåò ñèëó èñêàæåííîé óïðóãîé ãðàíèöû íà ñîñåäíèå óçëû æèäêîñòè è
èíòåðïîëèðóåò åå ñ ëîêàëüíîé ñêîðîñòüþ æèäêîñòè äëÿ îáíîâëåíèÿ ïîëîæåíèÿ ãðàíèöû.

Òî÷íîñòü è ýôôåêòèâíîñòü ñóùåñòâóþùåãî ìåòîäà àïðîáèðîâàíû íà îñíîâå òåñòîâîé
çàäà÷è åñòåñòâåííîé êîíâåêöèè ìåæäó ãîðÿ÷èì ñòàöèîíàðíûì öèëèíäðîì è õîëîäíûì
âíåøíèì êâàäðàòîì. Äëÿ ïðîâåðêè ðåçóëüòàòîâ òàêæå áûëè ðàññ÷èòàíû âëèÿíèå ÷èñåë
Ãðàñêîôà è Ðýëåÿ íà ñêîðîñòü òåïëîïåðåäà÷è. Ïîëó÷åííûå ðåçóëüòàòû èìåþò õîðîøåå
ñîãëàñîâàíèå ñ ýêñïåðèìåíòàëüíûìè è ÷èñëåííûìè ðåçóëüòàòàìè äðóãèõ àâòîðîâ.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÌÎÍ ÐÊ AP09260528.

Êëþ÷åâûå ñëîâà: åñòåñòâåííàÿ êîíâåêöèÿ, ÷àñòèöà, ìåòîä ïîãðóæåííûõ ãðàíèö,òåïëîîáìåí.
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÀß ÊÎÐÐÅÊÒÍÎÑÒÜ ÇÀÄÀ×È ÄÈÐÈÕËÅ
ÄËß ÏÎËÓËÈÍÅÉÍÎÃÎ ÝËËÈÏÒÈ×ÅÑÊÎÃÎ ÓÐÀÂÍÅÍÈß

Ñ. ÑÅÐÎÂÀÉÑÊÈÉ

Êàçàõñêèé Íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

serovajskys@mail.ru

Çàäà÷à ìàòåìàòè÷åñêîé ôèçèêè êîððåêòíà ïî Àäàìàðó, åñëè îíà èìååò åäèíñòâåííîå
ðåøåíèå, íåïðåðûâíî çàâèñÿùåå îò ïàðàìåòðîâ çàäà÷è. Èíîãäà òðåáóåòñÿ äèôôåðåíöè-
ðóåìîñòü ýòîé çàâèñèìîñòè, ò.å. äèôôåðåíöèàëüíàÿ êîððåêòíîñòü. Ýòî èñïîëüçóåòñÿ, â
÷àñòíîñòè, â òåîðèè îïòèìàëüíîãî óïðàâëåíèÿ è òåîðèè îáðàòíûõ çàäà÷. Â òåîðèè îï-
òèìàëüíîãî óïðàâëåíèÿ ïàðàìåòð èìååò ñìûñë óïðàâëåíèÿ, è äëÿ ïðèìåíåíèÿ ìåòîäîâ
îïòèìèçàöèè òðåáóåòñÿ äèôôåðåíöèðóåìîñòü êðèòåðèÿ îïòèìàëüíîñòè, äëÿ îáîñíîâàíèÿ
êîòîðîé íåîáõîäèìà äèôôåðåíöèðóåìîñòü ðåøåíèÿ óðàâíåíèÿ ñîñòîÿíèÿ ïî óïðàâëåíèþ.
Â òåîðèè îáðàòíûõ çàäà÷ ïàðàìåòð ñèñòåìû ÿâëÿåòñÿ íåèçâåñòíîé âåëè÷èíîé, êîòîðóþ
íåîáõîäèìî íàéòè èñõîäÿ èç èíôîðìàöèè î ñîñòîÿíèè ñèñòåìû. Îáðàòíàÿ çàäà÷à ñâîäèò-
ñÿ ê ìèíèìèçàöèè íåâÿçêè, âûðàæàþùåé îòêëîíåíèå ñîñòîÿíèÿ ñèñòåìû îò ðåçóëüòàòîâ
èçìåðåíèÿ. Äëÿ ðåøåíèÿ ïîëó÷åííîé çàäà÷è òðåáóåòñÿ äèôôåðåíöèðóåìîñòü ôóíêöèè ñî-
ñòîÿíèÿ ñèñòåìû îòíîñèòåëüíî èñêîìîãî ïàðàìåòðà. Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ïðî-
áëåìà äèôôåðåíöèàëüíîé êîððåêòíîñòè äëÿ ïîëóëèíåéíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ.

Â îòêðûòîé îãðàíè÷åííîé n-ìåðíîé îáëàñòè Ω ðàññìàòðèâàåòñÿ îäíîðîäíàÿ çàäà÷à
Äèðèõëå äëÿ óðàâíåíèÿ

−∆u+ a(x, u) = f,

ãäå a � ôóíêöèÿ Êàðàòåîäîðè, óäîâëåòâîðÿþùàÿ ñòàíäàðòíûì îãðàíè÷åíèÿì íà ìîíîòîí-
íîñòü, êîýðöèòèâíîñòü è ñòåïåíü ðîñòà ñ ïîêàçàòåëåì q > 2. Ïîëüçóÿñü òåîðèåé ìîíîòîí-
íûõ îïåðàòîðîâ óñòàíîâèì, ÷òî çàäà÷à èìååò åäèíñòâåííîå ðåøåíèå u = Lf èç ïðîñòðàí-
ñòâà X = H1

0 ∩ Lq äëÿ ëþáîãî f ∈ H−1 + Lq′ , ïðè÷åì îïåðàòîð L íåïðåðûâåí.
Ïðåäïîëîæèì, ÷òî ôóíêöèÿ a ÿâëÿåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìîé ïî ñâîåìó âòî-

ðîìó àðãóìåíòó, ïðè÷åì ñîîòâåòñòâóþùàÿ ÷àñòíàÿ ïðîèçâîäíàÿ au óäîâëåòâîðÿåò íåðàâåí-
ñòâó |au(x, ϕ)| ≤ b(x) + c|ϕ|q−2 äëÿ ëþáûõ ϕ è ïî÷òè äëÿ âñåõ x ∈ Ω ãäå b ∈ Lq/q−2, c > 0.
Èç òåîðåìû îá îáðàòíîé ôóíêöèè ñëåäóåò

Òåîðåìà 1. Ïðè âûïîëíåíèè íåïðåðûâíîãî âëîæåíèÿH1
0 ⊂ Lq îïåðàòîð L íåïðåðûâíî

äèôôåðåíöèðóåì íà âñåì ïðîñòðàíñòâå Y .
Îäíàêî èìååò ìåñòî ñëåäóþùåå óòâåðæäåíèå
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Òåîðåìà 2. Â îòñóòñòâèè âëîæåíèÿ H1
0 ⊂ Lq ñóùåñòâóåò òàêàÿ òî÷êà f ∈ Y â êîòîðîé

îïåðàòîð L íå äèôôåðåíöèðóåì ïî Ãàòî.
Èòàê, äèôôåðåíöèàëüíàÿ êîððåêòíîñòü çàäà÷è îáóñëîâëåíà âëîæåíèåì óêàçàííûõ ôóíê-

öèîíàëüíûõ ïðîñòðàíñòâ. Â ñîîòâåòñòâèè ñ òåîðåìîé âëîæåíèÿ Ñîáîëåâà æåëàåìûé ðå-
çóëüòàò ãàðàíòèðîâàí ïðè ðàçìåðíîñòè n = 2 èëè q ≤ 2n/(n − 2) ïðè n ≥ 3, ò.å. ïðè
äîñòàòî÷íî ìàëûõ çíà÷åíèé ðàçìåðíîñòè n äàííîé îáëàñòè è ïàðàìåòðà q, õàðàêòåðèçóþ-
ùåãî ñêîðîñòü ðîñòà íåëèíåéíîãî ÷ëåíà óðàâíåíèÿ.

Îñëàáëåíèå ïîíÿòèÿ äèôôåðåíöèàëüíîé êîððåêòíîñòè ìîæåò áûòü ðåàëèçîâàíî çà ñ÷åò
îñëàáëåíèÿ ïîíÿòèÿ ïðîèçâîäíîé îïåðàòîðà. Îïåðàòîð M : Y → X â òî÷êå f ∈ Y íàçûâà-
åòñÿ (Y0, Y∗;X0, X∗)-ðàñøèðåííî äèôôåðåíöèðóåìûì ïî Ãàòî, åñëè ñóùåñòâóþò òàêèå ëè-
íåéíûå òîïîëîãè÷åñêèå ïðîñòðàíñòâà X0, X∗, Y0, Y∗, óäîâëåòâîðÿþùèå íåïðåðûâíûì âëî-
æåíèÿì X ⊂ X0 ⊂ X∗, Y∗ ⊂ Y0 ⊂ Y è òàêîé ëèíåéíûé íåïðåðûâíûé îïåðàòîð D : Y0 → X0,
÷òî ïðè σ → 0 èìååò ìåñòî ñõîäèìîñòü [M(f + σh)−Mf ]/σ → Dh â Y∗ äëÿ âñåõ h ∈ X∗.

Îïðåäåëèì îïåðàòîð Λ(u) â ïðîñòðàíñòâå Lq ñ ïîìîùüþ ðàâåíñòâà Λ(u)v(x) =√
au(x, u(x))v(x) è ïðîñòðàíñòâî X(u) = H1

0 ∩ {v|Λ(u)v ∈ L2}.
Òåîðåìà 3. Îïåðàòîð L èìååò (X(Lf)′, X(Lf);H−1, H1

0w)-ðàñøèðåííóþ ïðîèçâîäíóþ
D â ëþáîé òî÷êå f ∈ Y , õàðàêòåðèçóåìóþ ðàâåíñòâîì∫

Ω

µDhdx =

∫
Ω

p(µ)hdx,

ãäå H1
0w åñòü ïðîñòðàíñòâî H1

0 , íàäåëåííîå ñëàáîé òîïîëîãèåé, à p(µ) ðåøåíèå îäíîðîäíîé
çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ −∆p(µ) + au(x, u)p(µ) = µ.

Èòàê, äëÿ ðàññìàòðèâàåìîé çàäà÷è âñåãäà ðåàëèçóåòñÿ ðàñøèðåííàÿ äèôôåðåíöèàëü-
íàÿ êîððåêòíîñòü, ÷òî ìîæåò áûòü èñïîëüçîâàíî ïðè ðåøåíèè ñîîòâåòñòâóþùèõ îïòèìè-
çàöèîííûõ è îáðàòíûõ çàäà÷.
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1Àêòþáèíñêèé ðåãèîíàëüíûé óíèâåðñèòåò, Àêòîáå, Êàçàõñòàí

E-mail: atasmam@rambler.ru

Ïîñòàíîâêà çàäà÷è. Èññëåäóåòñÿ îñîáåííîñòè ïîñòðîåíèÿ ðåøåíèé âáëèçè îñîáåííî-
ñòè (0, 0) ðåãóëÿðíîé îäíîðîäíîé ñèñòåìû, ñîñòîÿùåé èç äâóõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà âèäà

j+k=ω+1∑
j+k=0

(rj,k − αj,kxh)xjykpj,k = 0,

j+k=ω+1∑
j+k=0

(tj,k − βj,kyh)xjykpj,k = 0, (1)

ãäå p0,0(x, y) = Z(x, y)(j = 0, k = 0) îáùàÿ íåèçâåñòíàÿ äëÿ äâóõ óðàâíåíèé ñèñòåìû
(1); ÷åðåç pj,k îáîçíà÷åíû ðàçëè÷íûå ïîðÿäêè ÷àñòíûõ ïðîèçâîäíûõ íåèçâåñòíîé ôóíê-
öèè Z(x, y). Ïîðÿäîê çàâèñèò îò çíà÷åíèÿ ω. Åñëè ω = 1, òî ïîëó÷èì ñèñòåìû âòîðîãî
ïîðÿäêà, ÷àñòíûìè ñëó÷àÿìè èõ ÿâëÿþòñÿ 34 ñèñòåìû Ãîðíà ñ ðåøåíèÿìè â âèäå ãè-
ïåðãåîìåòðè÷åñêèõ ôóíêöèé äâóõ ïåðåìåííûõ. Êîãäà ω = 2 ïîëó÷èì ñèñòåìû òðåòüåãî
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ïîðÿäêà, íàèáîëåå èíòåðåñíûìè èç íèõ ÿâëÿþòñÿ ñèñòåìû òèïà Êëàóçåíà. Èññëåäîâàíèÿ
òàêèõ ñèñòåì íå ïîëó÷èëè äîñòàòî÷íîãî ðàçâèòèÿ.

Â äàííîé ðàáîòå èçó÷åíû äâà âèäà ñèñòåìû òèïà Êëàóçåíà.
Òåîðåìà 1. Ñèñòåìà òèïà Êëàóçåíà

x2(1− x)p30 + [1 + β1 + β2 − (3 + α1 + α2 + α3)x]xp20 + [β1β2 − (1 + α1 + α2

+α3 + α1α2 + α1α3 + α2α3)x]p10 − α1α2α3p00 = 0,

y2(1− y)p03 + [1 + β
′

1 + β
′

2 − (3 + α
′

1 + α
′

2 + α
′

3)y]yp02 + [β
′

1β
′

2 − (1 + α
′

1 + α
′

2

+α
′

3 + α
′

1α
′

2 + α
′

1α
′

3 + α
′

2α
′

3)y]p01 − α
′

1α
′

2α
′

3p00 = 0 (2)

èìååò äåâÿòü ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé â âèäå ïðîèçâåäåíèÿ ðàçëè÷íûõ
ôóíêöèé Êëàóçåíà, îäíà èç êîòîðûõ ÿâëÿåòñÿ ôóíêöèÿ Êëàóçåíà

Z1(x, y) =3 F2(α1, α2, α3, β1, β2, x)3F2(α
′

1, α
′

2, α
′

3, β
′

1, β
′

2, y) =

=· F

α1, α
′
1, α2, α

′
2, α3, α

′
3

, x, y
β1, β

′
1 β2, β

′
2

 =

=
∞∑

m,n=0

(α1)m(α
′
1)n(α2)m(α

′
2)n(α3)m(α

′
3)n

(β1)m(β
′
1)n(β2)m(β

′
2)n

· x
m

m!
· y

n

n!
. (3)

Äàëåå èçó÷åíû äèôôåðåíöèàëüíûå ñâîéñòâà ïîëó÷åííûõ âñåõ ÷àñòíûõ ðåøåíèé.
Òåîðåìà 2. Ñèñòåìà ãèïåðãåîìåòðè÷åñêîãî òèïà Êëàóçåíà

x2(1− x)p30 + xyp21 + [γ + δ + 1− (3 + β1 + β2 + β3)x]xp20 + δyp11+

+[γδ − (1 + β1 + β2 + β3 + β1β2 + β1β3 + β2β3)x]p10 − β1β2β3p00 = 0,

y2(1− y)p03 + xyp12 + [γ + δ
′
+ 1− (3 + β

′

1 + β
′

2 + β
′

3)y]yp02 + δ
′
xp11+

+[γδ
′ − (1 + β

′

1 + β
′

2 + β
′

3 + β
′

1β
′

2 + β
′

1β
′

3 + β
′

2β
′

3)y]p01 − β
′

1β
′

2β
′

3p00 = 0 (4)

âáëèçè ðåãóëÿðíîé îñîáåííîñòè (0, 0) èìååò äåâÿòü ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé
â âèäå îáîáùåííûõ ñòåïåííûõ ðÿäîâ äâóõ ïåðåìåííûõ,ïðè âûïîëíåíèè óñëîâèé ñîâìåñò-
íîñòè äëÿ êîýôôèöèåíòîâ Am,n(m,n = 0, 1, 2, ...) è óñëîâèé èíòåãðèðóåìîñòè

41 = 1− a12b21 = 1 6= 0,

42 = 42
1 − (a21 + a12b12)(b12 + b21a21) 6= 0.

Ïðè ýòîì, îäíèì èç ÷àñòíûõ ðåøåíèé ÿâëÿåòñÿ îáîáùåííûé ãèïåðãåîìåòðè÷åñêèé ðÿä
äâóõ ïåðåìåííûõ âèäà (3).

Ìåæäó ñâîéñòâàìè äâóõ ñèñòåì òèïà Êëàóçåíà ïðîâåäåí ñðàâíèòåëüíûé àíàëèç è âû-
äåëåíû èõ îñíîâíûå ñâîéñòâà.

Ëèòåðàòóðà
[1] Appell P., Kampe de Feriet M.J. Fonctions hypergeometriques et hypersperiques, Gauthier Villars, Paris (1926).
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ÍÅËÈÍÅÉÍÛÌ ÃÐÀÍÈ×ÍÛÌ ÓÑËÎÂÈÅÌ

Ð.Í. ÒÓÐÀÅÂ1, Ê.Í. ÒÓÐÀÅÂ2

1,2 Òåðìåçñêèé ãîñóäàäàðñòâåííûé óíèâåðñèòåò, Òåðìèç, Óçáåêèñòàí

E-mail: 1rasul.turaev@.ru, 2k.turaev@.ru

Çàäà÷è ñî ñâîáîäíîé ãðàíèöåé âîçíèêàþò ïðè ìàòåìàòè÷åñêîì îïèñàíèè òåïëîâûõ ïðî-
öåññîâ, ñâÿçàííûõ ñ èçìåíåíèåì àãðåãàòíîãî ñîñòîÿíèÿ âåùåñòâà, äâèæåíèÿ æèäêîñòè â
ïîðèñòîé ñðåäå. Ñâÿçè ñ ýòèì îíè íàõîäÿò øèðîêîå ïðèìåíåíèå â ìåòàëëóðãèè, ïðè èçó-
÷åíèè ïðîöåññîâ ñâàðêè, ýëåêòðîííîé è ïëàçìåííîé îáðàáîòêè ìàòåðèàëîâ, â òåîðèè ýëåê-
òðè÷åñêèõ êîíòàêòîâ, â ãåîòåðìèè, ìåðçëîòîâåäåíèè, òåîðèè ôèëüòðàöèè, ìàòåìàòè÷åñêîé
áèîëîãèè, ýêîëîãèè, áèîìåäèöèíû è ò.ä.[1,2].

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ çàäà÷à ñî ñâîáîäíîé ãðàíèöåé òèïà Ôëîðèíà (óñëîâèå
äëÿ ñâîáîäíîé ãðàíèöû çàäàåòñÿ â íåÿâíîé äëÿ ýòîé ãðàíèöû ôîðìå) äëÿ êâàçèëèíåéíîãî
ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ íåëèíåéíûì ãðàíè÷íûì óñëîâèåì.

Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ íàéòè íà íåêîòîðîì îòðåçêå 0 ≤ t ≤ T íåïðåðûâíî
äèôôåðåíöèðóåìóþ ôóíêöèþ s(t), òàêóþ, ÷òî s(0) = s0 > 0, 0 < ṡ(t) ≤ N , s(t) óäîâëåòâî-
ðÿåò óñëîâèþ Ãåëüäåðà, à ôóíêöèÿ u(t, x) â îáëàñòè D = {(t, x) : 0 < t ≤ T, 0 < x < s(t)}
óäîâëåòâîðÿåò óðàâíåíèþ

ut(t, x) = a(t, x, u)uxx(t, x) + bux(t, x), (t, x) ∈ D, (1)

è ñëåäóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì

u(0, x) = ϕ(x), 0 ≤ x ≤ s0, (2)

ux(t, 0) = f(t, u(t, 0)), 0 ≤ t ≤ T, (3)

u(t, s(t)) = 0, 0 ≤ t ≤ T, (4)

ux(t, s(t)) = ψ(t), 0 ≤ t ≤ T, (5)

ãäå s(t)-ñâîáîäíàÿ (íåèçâåñòíàÿ) ãðàíèöà, êîòîðàÿ îïðåäåëÿåòñÿ âìåñòå ñ ôóíêöèÿì u(t, x).
a(t, x, u) - êîýôôèöèåíò ôèëüòðàöèè.

Çàäà÷à (1)-(5) îáîáùàåò ðàíåå ðàññìîòðåííûå çàäà÷è âîçíèêàþùèå ïðè èçó÷åíèè ôèëü-
òðàöèè ñ ó÷åòîì âëèÿíèÿ ñâÿçàííîé âîäû. Èìåííî âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííî-
ñòè êëàññè÷åñêîãî ðåøåíèÿ îäíîôàçíîé îäíîìåðíîé çàäà÷è Ôëîðèíà èçó÷àëèñü â ðàáîòàõ
[3,4,5,6], êîãäà a(t, x, u) = 1, b = 0 è óñëîâèÿ (3) çàäàíî ëèíåéíûìè. Àñèìïòîòè÷åñêîå
ïîâåäåíèå ðåøåíèÿ ïðè t→∞ ðàññìàòðèâàåòñÿ â ðàáîòå [7].

Âñþäó â ðàáîòå ïðåäïîëàãàåì, ÷òî äëÿ çàäàííûõ ôóíêöèé âûïîëíåíû ñëåäóþùèå îñ-
íîâíûå óñëîâèÿ:

1.f(t, ξ) îïðåäåëåíà è íåïðåðûâíà ïðè t ≥ 0, |ξ| < ∞, îíà îãðàíè÷åíà âìåñòå ñ ïðîèç-
âîäíûìè â çàìêíóòîì ìíîæåñòâå ñâîèõ àðãóìåíòîâ.

2.Ôóíêöèè a(t, x, u), a′u(t, x, u), a′′uu(t, x, u), a′′ux(t, x, u) è a′′xx(t, x, u) îïðåäåëåíû äëÿ ëþáî-
ãî çíà÷åíèÿ àðãóìåíòà è îãðàíè÷åíû íà ëþáîì çàìêíóòîì ìíîæåñòâå àðãóìåíòà, ïðè÷åì
a(t, x, u) ≥ a0 > 0.

3. ϕ(x) òðèæäû, ψ(t) îäèí ðàç íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè, ϕ′′′(x), ψ′(t)
óäîâëåòâîðÿþò óñëîâèþ Ãåëüäåðà.

4. Âûïîëíåíû óñëîâèÿ ñîãëàñîâàíèÿ â óãëîâûõ òî÷êàõ (â ò.÷. ðàññìàòðèâàåìûõ â âñïî-
ìîãàòåëüíûõ çàäà÷àõ), â ÷àñòíîñòè

ϕ′(0) = f(0, ϕ(0)), ϕ(s0) = 0, ϕ′(s0) = ψ(0) = ψ0,

f ′t(0, ϕ(0)) = a(0, 0, ϕ(0))ϕ′′′(0) + a′u(0, 0, ϕ(0))ϕ′(0) · ϕ′′(0) + a′x(0, 0, ϕ(0))ϕ′′(0)−
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−f ′u(0, ϕ(0)) · a(0, 0, ϕ(0)) · ϕ′′(0);ψ(0) = a(0, s0, ϕ(s0))ϕ′′′(s0)+

+a′u(0, s0, ϕ(s0))ϕ′(s0) · ϕ′′(s0) + ax(0, s0, ϕ(s0)) · ϕ′(s0).

Èññëåäîâàíèå ïðîâîäèòñÿ ïî ñëåäóþùåé ñõåìå. Ñíà÷àëà óñòàíàâëèâàþòñÿ àïðèîðíûå
îöåíêè äëÿ ðåøåíèé u(t, x).

Ëåììà 1. Ïóñòü ϕ(x) ≤ 0 è äëÿ ëþáîãî u(t, x) ñïðàâåäëèâî íåðàâåíñòâî f(t, u) ≥
ψ(t) ≥ ψ0 > 0, f(t,u)−f(t,0)

u
≥ f0 = const > 0. Òîãäà äëÿ ðåøåíèÿ çàäà÷è (1)-(5) â îáëàñòè D̄

ñïðàâåäëèâà îöåíêà
−M1 ≤ u(t, x) ≤ 0, (6)

ãäå M1 = max{ 1
f0

[ max
0≤t≤T

|f(t, 0)|, max
0≤x≤s0

|ϕ(x)|]}.
Äàëåå, óñòàíàâëèâàþòñÿ íåêîòîðûå àïðèîðíûå îöåíêè äëÿ ðåøåíèé è èõ ïðîèçâîäíûå

â íîðì Ãåëüäåðà. ×òîáû îöåíèòü ux(t, x), à òàêæå èññëåäîâàòü õàðàêòåð è ãëàäêîñòü ñâî-
áîäíîé ãðàíèöû s(t), ìû ïåðåéäåì ê çàäà÷å òèïà Ñòåôàíà. Äëÿ ýòîãî ïîñòàâëåííóþ çàäà÷ó
(1)-(5) ñâåäåì ê ýêâèâàëåíòíîé çàäà÷å (òèïà Ñòåôàíà) äëÿ ôóíêöèé s(t),ux(t, x).

Îáîçíà÷èì ux(t, x) = v(t, x). Òîãäà èç çàäà÷è (1)-(5) ïîëó÷èì ñëåäóþùóþ çàäà÷ó

vt(t, x) = a(t, x, u)vxx(t, x) + a′u(t, x, u)v(t, x) · vx(t, x)+

+a′x(t, x, u)vx(t, x) + bvx(t, x), (t, x) ∈ D, (7)

v(0, x) = ϕ′(x), 0 ≤ x ≤ s0, (8)

v(t, 0) = f(t, u(t, 0)), 0 ≤ t ≤ T, (9)

v(t, s(t)) = ψ(t), 0 ≤ t ≤ T, (10)

ψ(t) · ṡ(t) = −a(t, s(t), 0)vx(t, s(t)) + bψ(t), 0 ≤ t ≤ T. (11)

Ëåììà 2. Ïóñòü ϕ′(x) ≥ ψ(t) ≥ ψ0 > 0 è äëÿ îãðàíè÷åííûõ u(t, x) ñïðàâåäëèâî íåðà-
âåíñòâî f(t, u) ≥ ψ(t) ≥ ψ(0), à òàêæå âûïîëíåíû óñëîâèè ëåììû 1. Òîãäà ñïðàâåäëèâà
ñëåäóþùàÿ îöåíêà

0 < ψ0 ≤ ψ(t) ≤ v(t, x) = ux(t, x) ≤M2, (t, x) ∈ D̄, (12)

ãäå M2 = max{max
x
|ϕ′(x)|,max

t
|ψ(t)|,max

t
|f(t, u(t, 0))|}.

Òåïåðü èçó÷àåòñÿ ïîâåäåíèå ñâîáîäíîé ãðàíèöû â ðàññìàòðèâàåìîì ïðîìåæóòêå âðå-
ìåíè.

Òåîðåìà 1. Ïóñòü ψ′(t) ≥ 0, a′u(t, x, u) ≥ 0, a′x(t, x, u) ≥ 0, b ≤ 0 è âûïîëíåíû óñëîâèè
ëåììû 2. Òîãäà ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ N , çàâèñÿùàÿ îò çàäàííûõ ôóíêöèé, ÷òî
ñïðàâåäëèâû íåðàâåíñòâà

0 < ṡ(t) ≤ N, 0 ≤ t ≤ T, (13)

ãäå N = max{ max
0≤x≤s0

|ϕ′(x)−f0|
s0−x , max

0≤t≤T
|ψ(t)−f(t)|

s0
}.

Äàëåå íà îñíîâå óñòàíîâëåííûõ îöåíîê äîêàçûâàåòñÿ åäèíñòâåííîñòè ðåøåíèÿ ïåðâî-
íà÷àëüíîé çàäà÷è. È â èòîãå äîêàçûâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ ïîëó÷åííûõ è ïåðâî-
íà÷àëüíûõ çàäà÷ ìåòîäîì íåïîäâèæíîé òî÷êè Øàóäåðà.

Êëþ÷åâûå ñëîâà: Çàäà÷à Ôëîðèíà, àïðèîðíûå îöåíêè, íåïîäâèæíàÿ ãðàíèöà.
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ÍÎÐÌÀËÜÍÎ-ÐÅÃÓËßÐÍÎÃÎ ÐÅØÅÍÈß ÍÅÎÄÍÎÐÎÄÍÎÉ

ÑÈÑÒÅÌÛ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Â ×ÀÑÒÍÛÕ
ÏÐÎÈÇÂÎÄÍÛÕ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

Æàíàð ÓÁÀÅÂÀ1,a

1Àêòþáèíñêèé ðåãèîíàëüíûé óíèâåðñèòåò, Àêòîáå, Êàçàõñòàí

E-mail: azhanar−ubaeva@mail.ru

Âîïðîñó ïîñòðîåíèÿ ÷àñòíûõ ðåøåíèé íåîäíîðîäíûõ óðàâíåíèé ëèíåéíûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé ïîñâÿùåíû ìíîãî ðàáîò, â ÷àñòíîñòè ðàáîòû [1,2]. Ìîíîãðàôèÿ [1]
îòëè÷àåòñÿ òåì, ÷òî èçó÷àþòñÿ íåîäíîðîäíûå ñïåöèàëüíûå óðàâíåíèÿ, ýëåìåíòàðíûìè
ôóíêöèÿìè â ïðàâûõ ÷àñòÿõ, ãäå ðåøåíèÿìè ÿâëÿþòñÿ ðàçëè÷íûå ñïåöèàëüíûå ôóíêöèé
îäíîé ïåðåìåííîé.

Â îáùåì ñëó÷àÿ, çàäà÷à ñòàâèòñÿ ñëåäóþùèì îáðàçîì. Òðåáóåòñÿ ïîñòðîèòü ðåøåíèå
íåîäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

n∑
i=0

Pi(x)
dn−1y

dxn−1
= eP (x)xλ

∞∑
i=0

aix
i (1)

öåëîãî ðàíãà p = k + 1 > 0, â êîòîðîì Pi(x)- ðÿä, à P (x)- ïîëèíîì ñòåïåíè p.
Ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé ñîîòâåòñòâóþùåãî îäíîðîäíîãî óðàâíåíèÿ (1), áó-

äåì èñêàòü ìåòîäîì Ôðîáåíèóñà-Ëàòûøåâîé. Íîðìàëüíî-ðå-ãóëÿðíîå ðåøåíèå îïðåäåëèì
â âèäå

yi = eQi(x)xpi
∞∑
i=0

αijx
j, (i = 1, 2, ..., n), (2)

ãäå Qi(x) - ïîëèíîìè ñòåïåíè p. Qi(x) 6= Qj(x), åñëè i 6= j. ×àñòíûå ðåøåíèå íåîäíî-
ðîäíîãî óðàâíåíèÿ îïðåäåëÿåòñÿ èñïîëüçóÿ ìåòîä íåîïðåäåëåííûõ êîýôôèöèåíòîâ, àíà-
ëîãè÷íî ïîñòðîåíèþ íîðìàëüíîãî ðåøåíèÿ [2]. Ïðîäåìîíñòðèðóåì ïðèìåíåíèå óêàçàííûõ
ìåòîäîâ.

Òåîðåìà 1. Íåîäíîðîäíîå óðàâíåíèå òðåòüåãî ïîðÿäêà

x3y
′′′

+ (2− ν)x2y
′′

+ [x3 − ν(ν + 1)x]y
′
+ [x2(1− ν)+

+ν2(ν + 1)]y
′
= [x2(1− ν) + ν2(ν + 1)]keαx

èìååò îáùåå ðåøåíèå âèäà

y = y(x) + Y (x) = Jν(x)C1 + J−ν(x)C2 + C3Hν(x) + eαxk, (3)

ãäå J±ν(x)- ôóíêöèé Áåññåëÿ, à Hν(x)- ôóíêöèÿ Ñòðóâå, k- ïîñòîÿííîå.
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Äàëåå ïîêàçàíî îáîáùåíèå ýòîé òåîðèè íà ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà.

Òåîðåìà 2. Ïîñòðîèòü ÷àñòíîå ðåøåíèå íåîäíîðîäíîé ñèñòåìû ñîñòîÿùåé èç äâóõ
óðàâíåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà

x3Zxxx + (2− ν)x2Zxx + [x3 − ν(ν + 1)x]Zx + [x2(1− ν) + ν2(ν + 1)]Z =

k1e
α0x+β0y[x2(1− ν) + ν2(ν + 1)],

y3Zyyy + (2− ν)y2Zyy + [y3 − ν(ν + 1)y]Zy + [y2(1− ν) + ν2(ν + 1)]Z

= k2e
α0x+β0y[y2(1− ν) + ν2(ν + 1)]. (4)

Ïðåîáðàçîâàíèå
Z(x, y) = exp(αx+ βy)U(x, y) (5)

îïðåäåëÿåò âñïîìîãàòåëüíóþ ñèñòåìó, îòêóäà îïðåäåëÿåòñÿ çíà÷åíèÿ íåèçâåñòíûõ α = α0

è β = β0 . Ïîñëå ñîêðàùåíèÿ íà exp(α0x+β0y) îáå ñòîðîíû. Èç ïîëó÷åííîé ïðîñòîé íåîäíî-
ðîäíîé ñèñòåìû ìåòîäîì íåîïðåäåëåííûõ êîýôôèöèåíòîâ, îïðåäåëèì òðåáóåìîå ÷àñòíîå
ðåøåíèå

Y (x, y) = k1k2exp(α0x+ β0y).

Èñïîëüçóÿ (3) íå ñëîæíî îïðåäåëèòü îáùåå ðåøåíèå ñîîòâåòñòâóþùåé îäíîðîäíîé ñèñòå-
ìû, êîòîðîå ñîñòîèò èç äåâÿòè ïðîèçâåäåíèé ôóíêöèé Áåññåëÿ è Ñòðóâå.

Ëèòåðàòóðà
[1] Babister A.W. Trancendental function satisfying nonhomogeneous linear di�erential equations, New York � London

(1967).

[2] Ñiêîðñêèé Þ.Ã., Òåðåùåíêî Ì.I. Ïðî ïîáóäîâó ÷àñòèííèõ ðîçâÿçüêiâ ëiíièíèõ íåîäíîðîäiäíèõ äèôåðåí-

ö³àëüíèõ ðiâíÿòü â îêîëi ³ððåãóëÿðíîi îñîáëèâîi òîñêè, ÓÌÆ, 6 (1971).

� >>> �

ÌÍÎÃÎÌÅÐÍÀß ÊÐÀÅÂÀß ÇÀÄÀ×À ÒÅÏËÎ- È ÌÀÑÑÎÎÁÌÅÍÀ
Ñ ÍÎÐÌÀËÜÍÛÌÈ ÏÐÎÈÇÂÎÄÍÛÌÈ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ Â
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1Satbayev University, Àëìàòû, Êàçàõñòàí
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Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèé

∂Uk(x, t)

∂t
= λk∆Uk(x, t), k = 1, 3 (1)

â îáëàñòè
QT ≡

{
(x′, xn, t) : x′ ∈ Rn−1, xn ∈ R+, t ∈ ]0, T [

}
,

óäîâëåòâîðÿþùàÿ íà÷àëüíûì óñëîâèÿì:

Uk(x, 0) = 0 (2)

è ãðàíè÷íûì óñëîâèÿì:

(Uk(x, t) + akU3(x, t))|xn=0 = ϕk(x
′, t), k = 1, 2, (3)
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(x′, t) ∈ Q(1)
T , Q

(1)
T ≡ QT \ xn,

3∑
k=1

3∑
kn=0

a
(k)
kn

∂knUk (x, t)

∂xn
kn

∣∣∣∣∣
xn=0

= ϕ3(x′, t), (4)

ãäå ∆ - îïåðàòîð Ëàïëàñà ïî ïåðåìåííîé x = (x1, x2, . . . , xn); λk - çàäàííûå ïîñòîÿííûå,
ïðè÷åì 0 < λ1 < λ2 < λ3; a1, a2, a

(k)
kn

- çàäàííûå ïîñòîÿííûå, ïðè÷åì a
(k)
3 6= 0; ϕk(x′, t) ∈

C4,2
x′,t

(
Q

(1)
T

)
.

Ðåøåíèå êðàåâîé çàäà÷è (1)-(4) èùåòñÿ â âèäå òåïëîâûõ ïîòåíöèàëîâ. Èñïîëüçóÿ ãðà-
íè÷íûå óñëîâèÿ (3)-(4), ïîëó÷åíà ñèñòåìà èíòåãðî - äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÈ-
ÄÓ). Õàðàêòåðèñòè÷åñêàÿ ÷àñòü ÑÈÄÓ ðåøåíà ìåòîäîì èíòåãðàëüíûõ ïðåîáðàçîâàíèé
Ôóðüå-Ëàïëàñà. Íàéäåíû óñëîâèÿ êîððåêòíîñòè è íåêîððåêòíîñòè çàäà÷è, âûðàæåííûå
÷åðåç çàäàííûå ïîñòîÿííûå.

Ìåòîäîì ðåãóëÿðèçàöèè ÑÈÄÓ ñâåäåíà ê ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà-
Ôðåäãîëüìà.

Òåîðåìà. Åñëè ϕk(x
′, t) ∈ C4,2

x′,t

(
Q

(1)
T

)
è êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ øåñòîé

ñòåïåíè óäîâëåòâîðÿþò óñëîâèþ Re qk > 0, òî ñóùåñòâóåò ðåøåíèå Uk(x, t) ∈ C3
xn(QT ).

Êëþ÷åâûå ñëîâà: òåïëî- è ìàññîîáìåí, êðàåâàÿ çàäà÷à, íîðìàëüíûå ïðîèçâîäíûå òðåòüåãî ïîðÿäêà, óñëîâèÿ
ðàçðåøèìîñòè è ðåãóëÿðèçàöèÿ.
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Ìåòîä ïîäîáèÿ äëÿ ðåøåíèÿ çàäà÷ Ñòåôàíà ñ òåïëîâûìè õàðàêòåðèñòèêàìè, çàâèñÿ-
ùèìè îò èñêîìîé òåìïåðàòóðû, áûë îáîñíîâàí è ïîëó÷èë ðàçâèòèå â ðàáîòàõ [1] � [3].

Â íàñòîÿùåé ðàáîòå ýòîò ìåòîä îáîáùàåòñÿ íà ñëó÷àé çàäà÷è Ñòåôàíà äëÿ ñôåðè÷å-
ñêîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè, êîòîðàÿ îïèñûâàåò äèíàìèêó òåìïåðàòóðíîãî ïîëÿ
ýëåêòðè÷åñêîé äóãè ïðè ðàçìûêàíèè êîíòàêòîâ [4].

Òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ

c(T )γ(T )
∂T

∂t
=

1

r2

[
r2λ(T )

∂T

∂r

]
,

α(t) < r < β(t), α(0) = β(0) = 0, t > 0,

ñ òåìïåðàòóðîé êèïåíèÿ è ïëàâëåíèÿ íà ãðàíèöàõ ðàçäåëà ôàç

T (α(t), t) = Tb, T (β(t), t) = Tm

è óñëîâèÿìè Ñòåôàíà

−λb
∂T (α(t), t)

∂r
= Lbγb α

′(t), −λm
∂T (β(t), t)

∂r
= Lmγm β

′(t).
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Ýòà çàäà÷à ðåäóöèðóåòñÿ ê ðåøåíèþ íåëèíåéíîãî èíòåãðàëüíîãî óðàâíåíèÿ. Äîêàçû-
âàåòñÿ, ÷òî åñëè çàäàííûå ôóíêöèè óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà, òî èíòåãðàëüíûé
îïåðàòîð ÿâëÿåòñÿ îïåðàòîðîì ñæàòèÿ.

Íà îñíîâå ïîëó÷åííûõ ðåçóëüòàòîâ ðàññìîòðåíà è ðåøåíà çàäà÷à î òåïëîâîì âçàèìî-
äåéñòâèè ýëåêòðè÷åñêîé äóãè ñ ýëåêòðîäîì ïðè ñàìîïðîèçâîëüíîì îòáðîñå ýëåêòðè÷åñêèõ
êîíòàêòîâ.
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Â îáëàñòè Ω = {0 < x <∞, 0 < t <∞} ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ îäíîðîä-
íîãî óðàâíåíèÿ

∂u(x, t)

∂t
=
a2

xν
∂

∂x

(
xν
∂u(x, t)

∂x

)
, ν > −1, (1)

ïðè íà÷àëüíîì óñëîâèè
u(x, 0) = 0, 0 < x <∞, (2)

è ãðàíè÷íûõ óñëîâèÿõ

− lim
x→0

xν
∂u

∂x
= ϕ(t), 0 < t <∞, (3)

u(∞, t) = 0, 0 < t <∞. (4)

Òåîðåìà 1. Åñëè ôóíêöèÿ ϕ(t) íåïðåðûâíà íà èíòåðâàëå 0 < t < ∞ è óäîâëåòâîðÿåò
óñëîâèþ

|ϕ(t)| ≤Mtβ, M ≥ 0, β ≥ ν − 1

2
, 0 < t <∞, (5)

òî ðåøåíèå çàäà÷è (1)�(4) ñóùåñòâóåò, åäèíñòâåííî è ìîæåò áûòü ïðåäñòàâëåíî â âèäå
èíòåãðàëà

u(x, t) =

∫ t

0

(4a2)æϕ(τ)

2Γ(1− æ)(t− τ)1−æ
exp

(
− x2

4a2(t− τ)

)
dτ, (6)

ãäå æ = 1−ν
2
, −∞ < æ < 1.
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Äîêàçàòåëüñòâî Òåîðåìû 1 ñîñòîèò â íàõîæäåíèè ðåøåíèÿ çàäà÷è (1)�(4) â èíòåãðàëü-
íîé ôîðìå (6) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà è ïîñëåäóþùåãî îáîñíîâàíèÿ ïîëó÷åí-
íîãî ðåøåíèÿ ñ ó÷åòîì óñëîâèÿ (5).

Çàêëþ÷åíèå. Êðàåâàÿ çàäà÷à (1)�(4) îïèñûâàåò òåïëîïåðåíîñ â îñåñèììåòðè÷íîì
ñòåðæíå, îãðàíè÷åííîì òåïëîèçîëèðóþùåé ïîâåðõíîñòüþ âðàùåíèÿ ñ ðàäèóñîì r = xν/2.
Ïîëàãàåòñÿ, ÷òî òåïëîâîé ïîòîê â ýòîì ñòåðæíå ïðîèñõîäèò â îñåâîì íàïðàâëåíèè è ðàñ-
ïðåäåëÿåòñÿ ðàâíîìåðíî ïî ïëîùàäè êàæäîãî îñåâîãî ñå÷åíèÿ. Êðàåâîå óñëîâèå (2) îòðà-
æàåò ñóììàðíûé òåïëîâîé ïîòîê, ïîñòóïàåìûé â òåëî íà ëåâîé ãðàíèöå x = 0 è èìåþùèé
êîíå÷íóþ ìîùíîñòü. Åñëè ν > 0, òî ñå÷åíèå ñòåðæíÿ ïðè x = 0 âûðîæäàåòñÿ â òî÷êó,
åñëè æå −1 < ν < 0, òî ðàäèóñ ñå÷åíèÿ íåîãðàíè÷åí. Â ñëó÷àå ν > 0 çàäà÷à (1)�(4) ìîæåò
áûòü ïðèìåíåíà, â ÷àñòíîñòè, â ìàòåìàòè÷åñêèõ ìîäåëÿõ òåïëîïåðåíîñà â êîíòðàãèðî-
âàííîé ýëåêòðè÷åñêîé äóãå, âîçíèêàþùåé â ïëàçìîòðîíàõ è âûêëþ÷àòåëÿõ ïðè áîëüøèõ
ïëîòíîñòÿõ òîêà.
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The development of thermoelasticity research is associated with the need to develop new
mechanical structures, the elements of which operate under conditions of uneven and unsteady
heating. This leads to the appearance of temperature gradients in the medium and deterioration
of the strength properties of materials. Thermal shock causes some materials to become brittle
and degrade.

In 1956, the work of M. Biot [1] was published, in which a complete substantiation of basic
relations and equations of coupled thermoelasticity, based on the laws of thermodynamics of
irreversible processes, was given for the first time. This author also formulated the basic varia-
tional principles and developed some methods for solving the thermoelasticity equations. In the
ensuing publications of V. Novatskiy [2,3], various methods of solving the differential equations
of thermoelasticity are proposed, and the models of coupled and uncoupled thermoelasticity are
substantiated. According to methods of complete and incomplete separation of variables, he
constructed and investigated a number of solutions of these equations and considered a whole
class of quasi-static and dynamic problems of thermoelasticity. In works devoted to dynamic
problems of thermoelasticity, the thermal shock problems stand out separately. In formulating
such a problem, it is assumed that at the initial moment the object is at rest, and in the sub-
sequent moment there is a sharp change in the thermoelastic state due to the action of heat
and power sources, both external and in the medium itself.

In [4-6], the method boundary integral equations (BIE) was developed to solve boundary
value problems of coupled and uncoupled thermoelastic elastodynamics. When solving these
problems, BIE were constructed in the space of Laplace transforms in time. One of the main
problems of the method BIE in the Laplace transform space, which is well known, is the
instability of the numerical procedures for inverting transformants of solutions with increasing
time, which does not allow constructing solutions in calculations at even small times.

In order to avoid these problems, the method BIE in the initial space-time is being devel-
oped here to solve boundary value problems (BVP) of thermoelasticity under plane deforma-
tion. Nonstationary boundary value problems of uncoupled thermoelasticity are considered. A
method of boundary integral equations in the initial space-time has been developed for solv-
ing boundary value problems of thermoelasticity by plane deformation. Using the methods of
theory of generalized functions [7] the generalized solutions of boundary value problems are con-
structed and their regular integral representations are obtained. These solutions allow, using
known boundary values and initial conditions (displacements, temperature, stresses and heat
flux), to determine the thermally stressed state of the medium under the influence of various
forces and thermal loads. Resolving singular boundary integral equations are constructed to
determine the unknown boundary functions.

The constructed boundary integral equations are no classical type. They are very different
from BIEs of BVPs problems for elliptic and parabolic equations for which various mathematical
methods are well developed. In particular, the use of the method of successive approximations
is difficult here due to the presence of an unknown velocity of displacements (for the 1st and
2nd BVP). However, the use of numerical methods based on the boundary element method
makes it possible to effectively solve this type of equations.

The resulting formulas have an important engineering application. They make it possible
to determine the thermally stressed state of the medium by the boundary values of stresses,
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displacements, temperature and heat flux, without solving singular BIEs. Because for real engi-
neering problems these process characteristics can be experimentally measured at the boundary.
Moreover, the obtained formulas allow to calculate the influence of each of these characteristics
of the process on its stress-strain state. The last one is very important in designing structures
made of thermoelastic materials.
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The main objective of the paper is to improve and simplify the work of the design engineer
to simulate thermoelastic wave propagation in thermoelastic isotropic media under the influ-
ence of non-stationary power and thermal loads of various types. It was implemented on the
basis of mathematical models of the dynamics of the thermally stressed state of the dynamics
of deformable solid thermoelastic media and structural materials(different rocks, alloyed and
non-alloyed steels of various grades, cast irons, etc.), through the creation of a software and
technology complex with a GUI MatLab user-friendly interface.

Mathematical modeling of thermal stress state of thermoelastic isotropic media was already
constructed in [1,2]. Using the model of coupled thermoelasticity [3,4], a mathematical model of
the thermally stressed state was developed for stationary and shock dynamic and thermal effects
on the basis of solving direct and inverse stationary and nonstationary boundary value problems.
The apparatus of generalized functions, convolution of fundamental solutions (Green’s tensor)
with various types of loads on the boundary of the region was used for construction of integral
equation.

The isotropic thermoelastic medium is characterized by a finite number of positive thermo-
dynamic parameters: the mass density ρ, the Lame elastic constants λ = vE

(1+v)(1−2v)
, µ = E

2(1+v)
,

and thermoelastic constants γ, η and κ, E Young modulus, and v - Poissons ratio [5]. All con-
stants are positive: ρ ¿ 0, µ ¿ 0, 3 λ +2 µ ¿0, γ/η ¿0, κ ¿0.

It is known [6] that a such medium is described by the system of following equations in a
Cartesian: {

σij,j + Fi = ρüi
uN+1,jj − 1

k
u̇N+1 − ηu̇j,j + 1

k
Q = 0

i, j = 1, N (1)
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Here ui, σ(i, j = 1, N) are the components of the displacement vector and stress tensor, uN+1

is the temperature, Fi are the components of the mass power, Q = W/λ is the power of the
thermal source, W is the quantity of heat per unit volume per unit time. Here and henceforth
the repeated indices imply summation from 1 to N. For N = 2 we consider the 2D case, for N
= 3 3D case.

σij = (λuk,k − γuN+1) δij + µ (ui,j + uj,i) (2)

where δij is Kronecker symbol.
In view of (2) the system (1) becomes as{

(λ+ µ)uj,ji + µui,jj − γθ,i + Fi = ρüi
θ,jj − 1

k
θ̇ − ηu̇j,j + 1

k
Q = 0

i, j = 1, N (3)

We consider charachteristic equation of given system of equation (3) and observe wave
propagation behaviour in thermoelastic media for different materials. Investiga tions of physical
processes in such media associated with the origin, propagation and diffraction of waves arising
under the action of stationary and nonstationary external influences, the action of concentrated
sources (power and heat) of natural or artificial origin, is one of the complex scientific and
technical problems and is closely related to the solution of a variety of engineering tasks [7-9].

The computer model in form of interactive user-friendly interface allows you to organize
a private cloud with multi-tenancy support, providing services for creating, distributing and
managing applications that provide high-quality 3D-visualization of needed data. Directly be-
hind the visualization of data on the client device is a special application - the design engineer,
which is collected under the management of the platform individually for each user [10]. The
platform will include modules that provide overall management of cloud services, create new
visualization scenarios, manage users, confi gure access rights and security policies, store re-
sources, distribute applications and updates. The result of the completed tasks is the definite
GUI Matlab computer model in the form of an independent, alienable author’s work, which is
a flexible and intuitive user interface interface (with the publication of the text of programs in
the programming language / in the form of executable code (GUI Matlab) and related docu-
mentation). MATLAB apps let us see how the algorithms work with our data. The process
would be iterated until the needed results obtained, then automatically generate a MATLAB
program to reproduce or automate the work of engineer.

Keywords: coupled thermoelasticity, computer GUI MatLab model, dispersion properties, wave propagation.
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This study investigates the traffic flow in the territory of Almaty with real data collection.
The novelty of this work is that we study specifically the territory of Almaty. The transport
network is modeled using SUMO DLR, while data were collected using the program 2gis and
by human observers. Also, we present further usage of the data from 2gis.

To make simulations we use the SUMO DLR [4]. It consists of roads and intersections. The
target area is the square from Tole bi Avenue to Abay Avenue and from Seifullin Avenue to
Dostyk Avenue. It contains 100 nodes of which 49 are regulated and 51 are unregulated. The
test network consists of 202 edges.

Data collection from 2gis. The online versions of the 2gis include the
opportunity to obtain information about the traffic congestion and average speeds on spe-
cific parts of the roads. Data collection was started on March 17 at 3 a.m. and finished on
April 1 at 3 a.m. As a result, 1098 data files on average speeds were collected in 2 weeks.
Subsequently, these data can serve as input data for counting the number of vehicles at the
intersections.

Various usage of average speed.
Estimating average travel time. Another way to report the road’s traffic congestion is to

measure the Annual Average Travel Time. We know the length and average speed on the road,
and they will be used to find the average travel time.

Counting the number of vehicles. As we said before the average speed in each direction
can serve as input data for counting the number of vehicles at the intersections. Consequently,
with the number of vehicles at hand, we can control the traffic lights of the area that was
considered in the work of Kurmankhojayev et al. [1], which considered the problem of adaptive
light control at a single isolated intersection.

In this research we also present methods for evaluating the number of vehicles from average
speeds. To do that we run some simulations with different parameters. We do not need
to annotate the data for the task because the demand models are defined by us and their
parameters are known to us. The models (NN, the BPR function) are trained on this data.

To estimate the number of vehicles on the collected data we used a fully connected feedfor-
ward NN. The output of the model is the one-dimensional vector that contains the estimates
of the number of vehicles in each direction. The results of the experiments show that a simple
neural network can solve the problem with loss of 67 percent. For comparison, we used the
standard BPR function (Bureau of Public Roads [3]), which has been widely used in trans-
portation planning practice. This method showed the 97 percent accuracy for predicting the
number of vehicles.

To sum up, in this study we propose a simulation model and data which were collected for
the given network. We built a transport network which includes traffic lights, lane separation,
vehicle appearance probability. Also, we have collected real data on a certain area of the city
Almaty and presented models for estimating the number of vehicles from average speeds. In
future, we want to control the traffic lights of the network by using these real data. Tolebi et.al
[2] has solved this kind of problem for an Isolated Intersection.
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In the cyclic mode, the batch volumes of high-pour-point Mangyshlak and high-viscosity
Buzachi oil blends are pumped sequentially [1]. For Mangyshlak and Buzachi oil blends, the
values of pour point are equal to Tpp = 27◦C and Tpp = −12◦C, respectively. The difference
in pour point of Mangyshlak and Buzachi oil blends requires the determination of rational
technological modes, taking into account the safety of cyclic pumping.

The thermal-hydraulic calculation on the linear part of the pipeline section is carried out
by solving the system of equations:

∂ρ

∂τ
+
∂ρu

∂x
=

1

S

M∑
i=1

Gi(tω, xi)δ(x− xi) (1)

ρ
∂u

∂τ
+ ρu

∂u

∂x
+
∂p

∂x
= −ξ(Re, ε) ρu

2

2D1

− ρgsinβ(x)

+
1

S

M∑
i=1

Gi(tω, xi) · (uicosγi − u)δ(x− xi) (2)

∂t

∂τ
+ u

∂t

∂x
= − 4k

ρcpD1

(t− tw) +
ugi

cp

+
1

ρcpS

M∑
i=1

Gi(tω, xi) · (cpiti − cpt)δ(x− xi) (3)

In equations (1)-(3), Gi(tw, xi) is the weight flow rate of the i-th intermediate oil pumping
station, S is the cross-sectional area of the pipe, p is the oil blend pressure, cp is the oil blend
heat capacity, u is the oil blend velocity, t is the oil blend temperature, ξ is the hydraulic
resistance coefficient, Re is the Reynolds number, ui is the pumped oil speed, ti is the pumped
oil temperature, cpi is the pumped oil heat capacity, k is the heat transfer coefficient, δ(x− xi)
is the Dirac’s delta function, ugi

cp
is the dissipation of kinetic energy into heat, i = 1

ρg
∂p
∂x

is the

hydraulic gradient, ε = δ
D1

is the pipeline roughness , D1 is the pipeline inner diameter.
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The system of equations (1) - (3) is solved at the initial and boundary conditions:

τ = 0 : u(0, x) = u0, p(0, x) = p0, t(0, x) = tw (4)

x = 0, τi−1 ≤ τ ≤ τi : ui(τ, 0) = ubi , pi(τ, 0) = pbi , ti(τ, 0) = tbi , i = 1, 2, ..., n

x = 0, τi ≤ τ ≤ τi+1 : ui+1(τ, 0)

= umi+1, pi+1(τ, 0) = pmi+1, ti+1(τ, 0) = tmi+1

x = L, τ = T : p(L, T ) = pout (5)

where ubi , p
b
i , t

b
i are the operating parameters of the batch of Buzachi oil blend, umi+1, p

m
i+1, t

m
i+1

are the operating parameters of the batch of Mangyshlak oil blend.
The close relations of system (1) - (3) are physicochemical and rheological properties of

Buzachi and Mangyshlak oil blends, which were determined by empirical formulas depending
on temperature [1,2].

The system of equations (1) - (3) with boundary conditions (4), (5) and close relations is
solved numerically.

The results of Mangyshlak and Buzachi oil blends cyclic pumping simulation in the Uzen-
Atyrau main oil pipeline are presented in this report.
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REGULAR PRESENTATIONS OF KIRCHHOFF AND STRESS FORMULAS
FOR DYNAMICS PROBLEM OF ELASTIC-PLASTIC MEDIA
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Previously in [1], using the methods of the distributions theory, were constructed the gener-
alized solution of the non-stationary problem for an elastic-plastic medium occupying the region
D in the space R2. This solution have singularities on the wave fronts and at the boundary
points. In this paper for this solution, are proposed the regular representations of the displace-
ment vector and stress tensor components which are suitable as for inner points of region D as
for boundary points:

(1−HD(x))ui(x, t) =

∫
S

t∫
0

{
Uij(x,y, τ)pj(y, t− τ)− Tij(x,y, τ)

[
uj(y, t− τ)−
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−uj(x, t)
]}
dS +

∫
D

t∫
0

Uij,k(x,y, τ)σ0
jk(y, t− τ)dy, x ∈ D ∪ S, (1)

σij(x, t) =
1

1−HD(x) + α/2π

∫
S

t∫
0

{
Gijk(x,y, τ)pk(y, t− τ)−Wijk(x,y, τ)

[
uj(y, t− τ)

−uj(x, t)
]}
dS +

∫
D

t∫
0

Wijlk(x,y, τ)σ0
lk(y, t− τ)dy, x ∈ D ∪ S. (2)

where Uij, Tij, Gijk,Wijk, Vijk are kernels of single layered, double layered and volume retarded
wave potential consequently, σ0

ij is an additional stresses, which are the difference between real
and fictitious elastic stresses [1], HD(x) is the characteristic function of domain D and its value
is determined in [2] by next formula

HD(x) = lim
ε→0

µ(D ∩Oε(x))

µ(Oε(x))
=


1 x ∈ D,

α/2π x ∈ S,

0 x /∈ D,
(3)

here Oε(x)– is a sphere in Rn (ring for n=2) with radius ε and center in point x, µ(·)– is volume
(square) of region, α is a value of solid angle, formed by all kinds of tangent planes in boundary
point x. The definition of HD(x) given by (3) makes possible to determine its value not only
for interior and exterior points, but also for boundary points. For points in smooth part of
boundary in Rn we always have HD(x) = 0.5, for point in the corners of rectangular hole in R2

HD(x) = 0.25, for point in the corner of a cube HD(x) = 1/8 and so on.
In performing the regular presentations (1,2) the Gauss formula for double-layered retarded

potential is used. In this objection were implemented the convolution of characteristic function
HD(x)H(t) (3) of finite domain D with equation of motion with concentrated impulse body
force Fβ(x, t) = δiβδ(x)δ(t). As the result we got:

∫
S

t∫
0

Tij(x,y, τ)dτdSy = −δiβH(t)HD(x). (4)

Gauss formula (4) is important in applications because it gives simply and obvious geometric
representation to get the values of double layered wave potential (fundamen- tal traction tensor)
and to verify its numerical implementation.

The proposed regular presentations of components of displacement vector (2), and stress
tensor (3) is subsequent development of the dynamics boundary integral equation method
(BIEM). They make it possible to correctly calculate the coefficient in the left-hand side of (2)
for boundaries with corner points, which was an intractable problem in the practice of using
BIEM. The similar regular representations of Somigli- ana’s formulas and formulas for statical
BIEM for bodies with arbitrary anisotropy where proposed and implemented in [3] and they
demonstrated high efficiency and accuracy in calculating boundary values of displacements and
stresses.
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There are quite a few methods of soil treatment: acid treatment, hydrosand-jet perforation,
vibration treatment, heat treatment, hydraulic fracturing to improve the filtration character-
istics of the bottomhole formation zone in order to increase the productivity of production
and injectivity of injection wells. The first method of rock dissolution with mixtures based on
hydrochloric acid is most often used. This process is accompanied by a thermal reaction that
accelerates the change in the geometry of the porous medium.

The known mathematical models of solid materials leaching describe the process only at
the macroscopic level (Darcy-scale). Each point of the solid skeleton and fluid in the pores
is represented as a continuous medium [1]. We will use the approach described in the papers
[2] and [3], where it is proposed to derive the poroelasticity equations based on the laws of
continuum mechanics and homogenization methods.

This work is devoted to the mathematical description of the leaching process in an elastic
porous medium. It is proposed, first of all, to formulate the problem at the microscopic level,
relying on the generally accepted laws of continuum mechanics [4] and the well-known chemical
laws [5]. Then, using homogenization methods, derive macroscopic analogs of the original
equations.

According to [6], various problems in the mechanics of highly inhomogeneous media and
composite materials lead to the need to build averaged models for these media. It is required
to construct a model of a medium, the local properties of which change sharply, and therefore it
is more convenient to pass from its microscopic description to a macroscopic one, i.e. consider
the averaged characteristics of such an environment. In many cases, the considered physical
processes in strongly inhomogeneous media are described by partial differential equations, and
the strong inhomogeneity of these media leads to differential equations with sharply varying
coefficients. Direct numerical solution of such problems, as a rule, is difficult even on modern
computers. Therefore, the question arises of constructing models for strongly inhomogeneous
media, leading to simpler differential equations, which are called homogenized. Often such
differential equations have constant coefficients. The homogenized equations make it possible to
determine with high accuracy the effective characteristics of the initial medium. This condition
is ensured by the main requirement that the homogenized equations must satisfy the proximity
of the solutions of the corresponding boundary value problems for the original and homogenized
equations.

To simulate the dynamics of acid impurities in pores, the Stokes equation for an incompress-
ible viscous fluid is used. This approximation is quite acceptable, since the movement in the
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pores is very slow and we can neglect the convection terms in the Navier-Stokes equations. The
Lame equation is used to model the displacements of the elastic soil skeleton. Acid propagation
is described by the diffusion-convection equation with the corresponding boundary condition
on the free surface “acid-soil”.

Earlier in the work [7] mathematical models of leaching in an absolutely solid soil skeleton
were obtained. Continuing the research of the authors, we obtained systems of equations for
the poroelastic case.
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NONLOCAL BOUNDARY VALUE PROBLEM FOR A MIXED EQUATION
INVOLVING THE HILFER’S DOUBLE-ORDER FRACTIONAL OPERATOR
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In the present work we investigate a boundary-value problem (BVP) with nonlocal initial
condition for a mixed equation with the Hilfer’s double-order fractional integral-differential
operator. Using the method of separation of variables, we prove a unique solvability of the
formulated problem. We have found solvability condition in terms of two parameter Mittag-
Leffler functions.

Consider the following mixed equation

0 = Lu ≡

{
L1u ≡ D

(α1,β1)µ1

0+ u(x, t)− uxx(x, t)− f(x, t), t > 0

L2u ≡ D
(α2,β2)µ2

0− u(x, t)− uxx(x, t)− f(x, t), t < 0
(11)

in a mixed domain Ω = Ω1 ∪ Ω2 ∪ AB. Here i− 1 < αi, βi ≤ i, 0 ≤ µi ≤ 1, i = 1, 2,
Ω1 = {(x, t) : 0 < x < l, 0 < t < T}, Ω2 = {(x, t) : 0 < x < l, −T < t < 0} , T > 0,
AB = {(x, t) : 0 < x < l, t = 0},

D
(αi,βi)µi
0± f(t) = I

µi(i−αi)
0±

(
± d

dt

)i
I

(1−µi)(i−βi)
0± f(t)

is the double-order Hilfer FDO of orders αi, βi and of type µi [2], where

Iα0+f(t) =
1

Γ(α)

t∫
0

f(z)dz

(t− z)1−α , I
α
0−f(t) =

1

Γ(α)

0∫
t

f(z)dz

(z − t)1−α
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are the left-sided and right-sided Riemann-Liouville fractional integral of order α (<(α) > 0)
[1].

Nonlocal BVP for Eq.(11) in Ω can be formulated as follows:
Problem. To find a solution of the Eq. (11) in Ω\AB, which satisfies the following

regularity conditions

u(x, t) ∈ C(Ω̄\AB), uxx(x, t) ∈ C(Ω\AB), D
(αi,βi)µ
t u(x, t) ∈ C(Ωi),

boundary
u(0, t) = 0, u(l, t) = 0, 0 ≤ t ≤ T

and nonlocal
u(x,−T ) = u(x, T ) + ψ(x), 0 ≤ x ≤ l

conditions together with conjugation conditions on AB

lim
t→+0

I1−γ1

0+ u(x, t) = lim
t→−0

I2−γ2

0− u(x, t), 0 ≤ x ≤ l,

lim
t→+0

t1−δ1
(
∂
∂t
I1−γ1

0+ u(x, t)
)

= lim
t→−0

∂
∂t
I1−γ2

0− u(x, t) 0 < x < l.

Here γi = βi + µi(i− βi) δi = βi + µi(αi − βi), (i = 1, 2), ψ(x), f(x, t) are given functions.
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Heat transfer problems in domains with moving boundaries involving change of phase, is
a Stefan type problems [1]. The inverse Stefan problem [2] consists in the reconstruction of
the heat flux P (r, t) and identify the temperature u(r, z, t) in the domain D. Since the Fourier

criterion Fo = a2t
r2
0

is greater than one, the heating process is quasi-stationary and all isothermal

surfaces including the melting isotherm are ellipsoids

r2

r2
0 + ct

+
z2

ct
= 1, (12)

The quasi-stationary mathematical model describing heat contact at the stage of melting tem-
perature is:

∂u

∂t
=
∂2u

∂r2
+

1

r

∂u

∂r
+
∂2u

∂z2
, 0 < z < h(r, t), 0 < r < α(t), t ∈ [0, tarc], (13)
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subjected to following conditions:
u(r0, 0, 0) = θarc, (14)

− λ∂u(r, 0, t)

∂z
= P (r, t), (15)

where λ is the thermal conductivity, r0 is the radius of the contact spot, θarc is the arcing
temperature. At the interface surface z = h(r, t), the boundary temperature

θmelt = u(r, h(r, t), t). (16)

and Stefan conditions are

− λ
∂u(r, z, t)

∂n

∣∣∣∣
z=h(r,t)

= Lγ
∂h(r, t)

∂t
, (17)

Here L is the latent heat of melting of the contact material, γ is its density, and θmelt is the
melting temperature.

The approximate solution of the problem can be represented in the form of linear combina-
tion of heat polynomials [3],[4]

uN(r, z, t) =
N∑
n=0

cnqn(r, z, t), (18)

where qn(r, z, t) are heat polynomials and cn are unknown coefficients in time intervals t ∈
[0, tarc]. To reconstruct the heat flux P (r, t) as a analytical function, we will consider it as a
series

P (r, t) =
∞∑

m,n=0

pm,nr
2mtn, (19)

where pm,n are coefficients of the series which has to be found along with temperature function
u(r, z, t).
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The process of heating the following cylindrical surface (thin-walled pipe)

S = {(x, y, z) ∈ R3 : x2 + y2 = 1, 0 ≤ z ≤ h}

is considered (see [1]).
At the lower base of the cylinder, the given temperature is maintained and there is no heat

flow. We need to find the temperature at the top base of the cylinder.
We introduce the cylindrical coordinates

r =
√
x2 + y2, θ = arctg

y

x
, z = z.

Then
S = {(r, θ, z) : r = 1, −π < θ ≤ π, 0 ≤ z ≤ h}.

We are looking for a stationary solution. Hence, we assume that the temperature u(θ, z) is
a 2π-periodic function with respect to θ which satisfies equation

∂2u

∂θ2
+

∂2u

∂z2
= 0, (θ, z) ∈ S, (1)

and boundary conditions

u(θ, 0) = φ(θ),
∂u(θ, 0)

∂z
= 0, −π ≤ θ ≤ π. (2)

We need to find the temperature u(θ, h) on the top base z = h.
Let us denote by the symbol D(S) the class of functions infinitely differentiable on the

cylindrical surface S and vanishing near the upper base z = h.
Definition. Let φ ∈ L2[−π, π]. We say that the function u(θ, z) from L2(S) is a solution

to the problem (1)-(2) if for any function v ∈ D(S) the following equation∫
S

u(θ, z)

(
∂2v

∂θ2
+
∂2v

∂z2

)
dθ dz =

π∫
−π

φ(θ)
∂v

∂z
(θ, 0) (3)

is valid.
Proposition 1. If the problem (1)-(2) has a solution, then this solution is unique.
Suppose that the function φ(θ) that determines the temperature on the lower base belongs

to a certain Hilbert space H1. Further, suppose that the function ψ(θ) that determines the
temperature on the upper base belongs to a some Hilbert space H2.

Consider operator A : H1 → H2 that acts as follows:

Aφ = ψ.

It is well known that the problem (1)-(2) is ill-posed (see [2]). This means that the operator
A acting in classical spaces like Sobolev space is unbounded. Moreover, the domain of the
operator A, being part of Sobolev-type spaces, cannot coincide with any of them.

Just as it is done in most papers on ill-posed problems (see [3]), we introduce a one-parameter
family of continuous operators Aα approximating the operator A.
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For any α > 0 consider the auxiliary equation

∂2u

∂z2
+

∂2u

∂θ2
+ α

∂4u

∂θ4
= 0, −π ≤ θ ≤ π, 0 < z < h, (4)

with the same boundary conditions (2).
Proposition 2. Assume that ψ ∈ L2(T). Then the solutions u(θ, z) and uα(θ, z) of the

equations (1) and (4), respectively, with boundary conditions (2) satisfy the relation

lim
α→0+

‖uα(θ, z)− u(θ, z)‖L2(T) = 0

uniformly with respect to z ∈ [0, h].
Note that the Proposition 2 only asserts the convergence of the auxiliary solution to ex-

act one. In order to estimate the approximation error, it is necessary to require additional
smoothness from the solution.

Denote by Lβ2 (T) the Sobolev space with the norm

‖f‖2
β = (2π)

∞∑
k=−∞

|fk|2
(
1 + |k|2

)β
,

where fk are the Fourier coefficients.
Theorem 1. Assume that ψ ∈ Lβ2 (T), where 0 < β ≤ 3. Then the solutions u(θ, z)

and uα(θ, z) of the equations (1) and (4), respectively, with boundary conditions (2) for every
α, 0 < α ≤ 2−6/βh2 satisfy the estimate

‖uα(θ, z)− u(θ, z)‖L2(T) ≤
√

2π αβ/3hβ/3‖ψ‖β

uniformly with respect to z ∈ [0, h].
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The thermophysical properties of the soil play an essential role in the structure of the
thermal field of the earth’s crust. In turn, the Earth’s thermal field largely determines the
processes associated with prospecting, exploration, development of oil and gas deposits, the
operation of main oil and gas pipelines and underground storage facilities. Thermophysical
soil parameters play an important role in solving problems of prospecting and exploration
of gas, oil and thermal water deposits using geothermal methods. In addition, studies of
the thermophysical parameters of soil and soil are of great importance in the gas industry
for solving thermodynamic problems associated with predicting temperatures when drilling
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deep and superdeep wells, calculating gas reserves, predicting the temperature of fluids at
the wellhead of production wells, evaluating the filtration parameters of the reservoir, heat
treatment of productive horizons, transport and underground storage of gas.

Temperature is one of the main factors affecting the thermal conductivity of the soil. It was
found that the nature of the effect of temperature on the thermophysical parameters of the soil-
ground is not linear [1]. In this regard, there is an urgent need to solve the nonlinear equation
of heat conduction. To do this, consider a nonlinear heat equation with Robin’s boundary
conditions

c (u) ρ (u)
∂u

∂t
=

∂

∂x

(
k (u)

∂y

∂x

)
(1)

u|t=0 = u0 (x) (2)

k (u)
∂u

∂x

∣∣∣∣
x=0

= hins (u− uins (t))|x=0 (3)

k (u)
∂u

∂x

∣∣∣∣
x=l

= −hout (u− uout (t))|x=l (4)

where the dependence of the coefficients is expressed by the following equations

c (u) = c0 + c1u,

ρ (u) = ρ0 + ρ1u,

k (u) = k0 + k1u+ k2u
2 + k3u

3

Approximating (1) - (4) by a nonlinear difference scheme, we obtain a system of equations.
Applying Newton’s method for the resulting nonlinear system and taking the linearized solution
of system (1) - (4) as an initial approximation, one can obtain a solution for each iteration step
using the Thomas method. Note that to solve the problem of soil freezing, the boundary value
problem of heat conduction was solved in [2].
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INVERSE PROBLEM FOR DETERMINING THE THERMAL
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Methods based on solving inverse problems continue to be a rapidly growing area of research
in the field of science and technology. In some cases, they are the most effective tool for obtaining
the required results in the production of materials and products. These methods play a special
role in those branches of technology where materials and structures are working to the limit
of their capabilities. In these cases, the reliability and accuracy of the study are especially
important.

Currently, the construction market often receives a variety of new building materials. Often
the thermophysical parameters of these materials are unknown or after a long operation of
artificial structures under the influence of wind, moisture and the sun, the physical and chem-
ical properties of the materials of the constituent structures change. As a result of which, all
thermophysical parameters of composite materials become different. Under these conditions,
long-term reliable prediction of the processes occurring in multilayer structures becomes im-
possible. Produced modern devices, in most cases, are designed to measure the thermophysical
parameters of solids and are focused on the study of thermal properties on samples of certain
sizes and shapes [1, 2]. Therefore, the development of methods for calculating all the thermo-
physical parameters of a multilayer medium and the automation of finding these parameters
becomes an urgent task.

The object of study is a two-layer rectangular structure which is affected by two different
ambient temperatures on both sides. The material is thermally insulated along the other edges.
The equation of thermal conductivity was taken as the main equation mathematical model

c (x) ρ (x)
∂u

∂t
=

∂

∂x

(
k (x)

∂u

∂x

)
(1)

k (x)
∂u

∂x

∣∣∣∣
x=0

= hins (u− uins (t))|x=0 (2)

k (x)
∂u

∂x

∣∣∣∣
x=l

= −hout (u− uout (t))|x=l (3)

u|t=0 = u0 (x) (4)

where the dependence of the coefficients is expressed by the following equations

c (u) = c0 + c1u,

ρ (u) = ρ0 + ρ1u,

k (u) = k0 + k1u+ k2u
2 + k3u

3

On the basis of the functional minimization method, methods for finding the thermal con-
ductivity coefficients of a multilayer medium have been developed [3]. The developed methods
will be implemented numerically using optimization methods.
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We consider systems of the form
x′1 =

1

1 + e−µ1(w11x1+w12x2+w13x3−θ1)
− v1x1,

x′2 =
1

1 + e−µ2(w21x1+w22x2+w23x3−θ2)
− v2x2,

x′3 =
1

1 + e−µ3(w31x1+w32x2+w33x3−θ3)
− v3x3,

(1)

which model evolution of a network, consisting of elements xi. The above system is for the case
n = 3, generally the dimension can be arbitrary. The regulatory matrix

W =

 w11 w12 w13

w21 w22 w23

w31 w32 w33

 (2)

describes interrelations between the elements of a network. Future states of a network are
associated with attractors of the system (1). These attractors can be stable equilibria, stable
periodic trajectories and of more complicated structure. The controllability problem arises in a
natural way, is relevant and means the ability to redirect a given trajectory from one attractor
to the required one.
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ON THE EXISTENCE AND UNIQUENESS OF SOLUTION TO ONE
INVERSE PROBLEM OF GRAVIMETRIC MONITORING

Mark SIGALOVSKY1,a

1 Al-Farabi Kazakh National University, Almaty, Republic of Kazakhstan
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Definition. Here, under inverse gravimetric problem of mathematical geophysics, we men-
tion the problem of data restoration for rock density distribution by the data of gravitational
field distribution database over the studied region.

Problem Statement Overview. Problems 1 and 2. To get gravitational setting over
the deposit, we build mathematical model based on Poisson equation

∆u(x; y) = −4πGψ(x; y), (x; y) ∈ Ω (1)

(where Ω is whole search area), and establish special boundary conditions on the part of bound-
ary which are specified physically (see [1]). In the left-hand side of Poisson equation (1), scalar
function u of gravitational potential is involved; and in the right-hand side there is function ψ of
density distribution over the region. Finally, we have two some different problems of restoring
the pair of parameters: 1) (a; b) , where numbers are center coordinates of rectangular target
area - Problem 1; 2) (c; d), where c is depth and d is thickness of observed productive layer -
Problem 2. In both cases, we finally arrive to minimization problem of a kind:

I(k; l) =

∫ L

0

[
∂u(x, 0)

∂y
− β(x)

]2

dx→ min, (2)

where (k; l) represents some of parameter pairs 1), 2) (according to a problem), u holds as
mentioned above and β is known distribution of gravitational potential vertical derivative as
measured on-Earth surface, and all associated boundary conditions are met (see [1]). However,
in both cases we are able to proof that, if the solution exists, then it is unique. This fact
does not depend on what numeric method we choose to solve inverse problem (earlier, three
numerical methods for this problem were studied in comparison; see full problem statement
and according theorems in [1], [2]).

Theorem: If there exists Solution to Problem 1 (or Problem 2), then it is UNIQUE.
Proof Outline: 1. Let’s conduct our proof by contradiction. Let global minimum min I

exist. We state that the solution Imin = I(v0) is unique; so, in contra, let’s assume that we have

at least two minima: I
(1)
min = I(v1) and I

(2)
min = I(v2). Also note that if I(v1) = I(v2) = min I,

then

min I =
I(v1) + I(v2)

2
=

1

2
I(v1) +

1

2
I(v2) (3)

2. In (1), denoting Laplacian by A(·) and right-hand side by v+f with respect to boundary

conditions; and letting be B = ∂(·)
∂y

and β(x) = z in (2), from (1) and (2) we obtain operator
equations

Au = v + f (4.1); I(v) = ‖Bu− z‖2 (4.2) (4)

in virtue of integral of square in (2) is known form of scalar product [3].
3. Let’s take for v some linear combination of minima: v = αv1 + (1 − α)v2, 0 6 α 6 1.

Then from (4.2) we have

I(v) = I(v1 + v2) = ‖Bu(v)− z‖2 = ‖αBu(v1) + (1− α)Bu(v2)− z‖2

.
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4. So, due to proven convexity of squares and from norm properties, we obtain:

I(v) = ‖αBu(v1) + (1− α)Bu(v2)− z‖2 ≤ ‖αBu(v1) + (1− α)Bu(v2)‖2 ≤ (5)

≤ (‖αBu(v1)‖+ ‖(1− α)Bu(v2)‖)2

5. From (5), going to scalar product form and estimating, we finally obtain:

I(v) = ‖αBu(v1) + (1− α)Bu(v2)− z‖2 ≤ ‖αBu(v1) + (1− α)Bu(v2)‖2 = (6)

= (αBu(v1) + (1− α)Bu(v2), αBu(v1) + (1− α)Bu(v2)) < αI(v1) + (1− α)I(v2) ≤
≤ 1

2
I(v1) + 1

2
I(v2) = min I.

So, assuming two minima v1,v2 existence, we got contradiction (for somewhat v, value I(v)
is less than global minimum of I, which is impossible). The contradiction proves the theorem,
Q.E.D.
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The steady states and traveling wave solutions of the Heisenberg and M-I spin systems
were recently studied in [1], where the steady states and traveling wave solutions of the 1+1
Heisenberg spin system were obtained using spherical coordinates on the unit sphere. Analogous
solutions for the M-I 2+1 spin system were also discovered in [1]. We then studied the extension
of the Heisenberg system to the corresponding 2+1 Landau-Lifshitz-Gilbert (LLG) equation,
which includes a dissipation term with a small parameter λ [2,4]

~St = ~S × ~Sxx + λ(~Sxx − (~S · ~Sxx)~S), ~S = (u, v, w), u2 + v2 + w2 = 1 (1)

Equation (1) is the isotropic case of LLG equation, for which it is known that it can be mapped
to a damped, non-local nonlinear Schrödinger equation [2]. Proceeding in a manner analogous
to [1] we have also obtained steady states and traveling waves for the the LLG equation. As
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in [1], the graphs of these solutions can constructed by plotting u, v, w variables as functions
of x, or η = x − vt, respectively. Thus, including the damping parameter the graphs of these
solutions can be similarly obtained and graphically illustrated.
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