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THE EXPANSION OF A STRONGLY MINIMAL TORSION-FREE GROUP
BY UNARY PREDICATE AND THE INDEPENDENCE PROPERTY

Zhanar ADIL1,a, Bektur BAIZHANOV2,b

1Kazakh National University named after Al-Farabi, Almaty, Kazakhstan,
2Institute of Mathematics and Mathematical Modelling

azhanaradil122@gmail.com, bbaizhanov@math.kz

Theory T has the independence property (IP), if for some formula ϕ(x̄, ȳ) in every model M of T
for each n < ω, there exists a family of tuples b̄1, . . . , b̄n, such that for any subset I of n there exists
a tuple āI in M such that M |= ϕ(āI , b̄i)⇔ i ∈ I. If there is no such formula, then T is said to have
non-independence property (NIP). Any o-minimal theory has NIP [2]. It follows from [3] and [1] that
any weakly o-minimal theory has NIP.

In the articles [1], [4] Macpherson- Marker - Steinhorn and Baizhanov proved weakly o-minimality
of the expansion of an o-minimal structure by unary convex predicate. Any strongly minimal group
is abelian and if it is torsion-free then it is divisible abelian group which has o-minimal ordering
expansion. Thus divisible abelian group expanded by unary predicate has NIP, if this predicate is
finite number of convex sets in o-minimal expansion of this group. In this case expanded divisible
abelian group has locally ordering (B. Baizhanov-Ye. Vassiliev).

In our report we present examples of expansion of a divisible abelian group by a new unary predicate
U1 has Independence Property. In particular, we consider concrete expansions of < Q; =,+ > with
IP by unary predicate with using the ∃-formulas in the form

ϕ∗(x, y1, . . . , ym) := ∃z1, . . . , zn(

n∑
i=1

lizi +

m∑
j=1

sjyj = x ∧
n∧
i=1

εiU(zi) ∧
m∧
j=1

εjU(yj)),

where 〈li〉i<n ∈ Z \ {0} and 〈sj〉j<m ∈ Z \ {0} are fixed, δ = 〈δ1, . . . , δn〉 ∈ 2n, γ = 〈γ1, . . . , γm〉 ∈ 2m,
and εi = ¬, if δi = 0 and εi = empty place, if δi = 1; εj = ¬, if γj = 0 and εj = empty place, if γj = 1,
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TARSKI–VAUGHT TEST IN CONSTRUCTION OF COUNTABLE MODELS

Bektur BAIZHANOV, Tatyana ZAMBARNAYA

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

baizhanov@math.kz, zambarnaya@math.kz

We consider small countable theories and present a method of construction of a countable model
which contains a given countable set and is minimal with respect to dowries. The method is based
on the Tarski—Vaught test and has useful applications in counting the number of countable non-
isomorphic models [1, 2].

Let M be a model of a theory T . A dowry (previously, finite diagram) of M is the collection of
all ∅-definable complete types that are realized in M:

D(M) = {p ∈ S(T ) | M |= p}.

Theorem. Let M |= T be a model of a small countable complete theory T . Let B ⊆ M be
countable. Then there exists a countable model AB = A |= T such that B ⊆ A and

1) all such A’s obtained by the given construction have the same dowry;
2) for every C |= T with B ⊆ C, D(A) ⊆ D(C).
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EXPANSION OF WEAKLY O-MINIMAL GROUP BY BINARY PREDICATE
AND DEPENDENCE PROPERTY

Sayan BAIZHANOV
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In present thesis the question of expasnion of weakly o-minimal group in dependent theories by
binary predicate is considered. Found a criteria for preserving of weak o-minimality group by binary
expansion.

Thesis is related to notion of weak o-minimality, deeply studied in [1]. Subset A of linearly ordered
structure M is called convex, if for any a, b ∈ A and c ∈ M every time when a < c < b we have
c ∈ A. Linearly ordered structure M = 〈M,=, <, . . .〉 is called weakly o-minimal if every definable
(with parameters) subset of M is a finite union of convex sets in M .

The work is financially supported by the Ministry of Education and Science of the Republic of Kazakhstan (grant
AP05134992).
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Let M be a model of an arbitrary complete theory T of the signature Σ. We say that M+
p is an

expansion of M by type p ∈ S1(M), if M+
p := 〈M ; Σ+

p 〉, where Σ+
p := {R(ψ.p)(ȳ)|ψ ∈ Σ}.

We say that M+
p admits uniformly representation of Σ+

p -formulas by Σ-formulas, if for any formula
φ(ȳ) of Σ+

p there exists Σ-formula Kφ(ȳ, z̄), there exists ᾱ ∈ N \M such that for any ā ∈ M the
following holds:

M+
p |= φ(ā) ⇐⇒ |=Kφ(ā, ᾱ).

Theorem. Let M be a model of weakly o-minimal group theory of signature Σ. N is an
elementary extension of M , N �M . α ∈ N \M such that p = tp(α|M) is irrational. M+

α := 〈M ; Σ+〉
is an expansion of M by U2, such that it admits uniformly representation of Σ+-formulas by Σ-
formulas. Then M+ preserves weakly o-minimality

Funding: The work is financially supported by the Ministry of Education and Science of the Republic of Kazakhstan
(AP05134992).
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ASSOCIATIVE-ADMISSIBLE ALGEBRAS

Askar DZHUMADIL’DAEV
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An algebra A is called Lie-admissible (LiA), if its minus algebra A(−) = (A, [ , ]) is Lie, associative-
admissible (AsA) if its plus-algebra A(+) = (A, { , }) is associative, < a, b, c >= 0, for any a, b, c ∈ A,
where [a, b] = ab − ba, {a, b} = ab + ba and < a, b, c >= {a, {b, c}} − {{a, b}, c}. Non-commutative
Lie algebra (NCL) is an algebra that satisfies Jacobi identity and all consequences of skew-symmetric
identity in degree 3. Let us introduce some classes of algebras.

Name of algebras identities

Reverse-associative revas=t1(t2t3)− (t3t2)t1
Anti-reverse-associative arevas=t1(t2t3) + (t3t2)t1

Left-weak-Leibniz lwlei=[t1, t2]t3 − 2t1(t2t3) + 2t2(t1t3)

Right-weak-Leibniz rwlei=t1[t2, t3]− 2(t1t2)t3 + 2(t1t3)t2
Weak-Leibniz lwlei, rwlei

Non-commutative Lie (t1t2)t3 + (t2t3)t1 + (t3t1)t2,
=Two-sided Leibniz (t1t2 + t2t1)t3, revas

Theorem 1. Associative-admissible operad is Koszul and its dual is non-commutative Lie operad,
AsA! = NCL. Dimensions of multilinear parts of AsA in degree n is equal to(

1 + x

1− x− x2

d

dx

)n−1( 1 + x

1− x− x2

)∣∣∣∣∣
x−>0

.

Let AsLiA = AsA ∩ LieA be associative- and Lie-admissible operad. Then AsLiA is Koszul. Its
Koszul dual is reverse-associative and (one-sided) weak-Leibniz operad, AsLiA! = RevAs ∩ LwLei.
Dimensions of multi-linear parts of AsLiA in degree n is equal to(

ex(1 + x)

1 + (1− ex)x

d

dx

)n−1( ex(1 + x)

1 + (1− ex)x

)∣∣∣∣∣
x−>0

.
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Example. Let U = K[x] and a ? b = a∂(b) − ∂(a)b + uab, for some u ∈ U. Then (U, ?) is
weak-Leibniz. It is associative-admissible and Lie-admissible.

Well known that if Leibniz algebra is simple, then it is Lie. Any Leibniz algebra is weak-Leibniz.
Our example shows that the class of weak Leibniz algebras contains simple algebras, that are not
Leibniz and not Lie.

Theorem 2. Weak Leibniz operad is self-dual, WLei! = WLei, but it is not Koszul.
Theorem 3. Reverse-asociative operad is Koszul and RevAs! = ARevAs. Let X be set of gen-

erators, F (X) free reverse-associative algebra, Com(X) free commutative algebra and ACom(X) free
anti-commutative algebra. Then F (X) ∼= Com(X) + ACom(X) and Com(X) ∩ ACom(X) = X.
In particular, dimensions of multi-linear parts of free reverse-associative algebra in degree n > 1 is
2(2n− 3)!!.
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ON NIL CONDITION FOR NOVIKOV ALGEBRAS

Askar DZHUMADIL’DAEV1,a, Kaisar TULENBAYEV2,b, S. D. NURZHAUOV3,c, Perizat
URINBOYEVA4,d, Myrzagali ZHORABEKOV5,e

1,2Suleyman Demirel University, Kaskelen, Almaty, Kazakhstan
3School 128, Almaty, Kazakhstan

4,5Institute of Mathematics and Mathematical modeling, Almaty, Kazakhstan

adzhuma@hotmail.com, btulen75@hotmail.com, cdzhamartovich@mail.ru, dperizat 77.93@mail.ru,
emirzagali 94.kz@mail.ru

Let A = (A, ◦) be an algebra over field with characteristic p ≥ 0 and A×A→ A, (a, b) 7→ a ◦ b, is
product. An algebra (A, ◦) is called Novikov. if

a1 ◦ (a2 ◦ a3)− (a1 ◦ a2) ◦ a3 = a1 ◦ (a3 ◦ a2)− (a1 ◦ a3) ◦ a2,

a1 ◦ (a2 ◦ a3) = a2 ◦ (a1 ◦ a3),

Zelmanov proved, that if A left-nilpotent finite-dimensional Novikov algebra over field of char 0,
then A2 is a nilpotent.

The description of free Novikov algebras basis was given by Dzhumadil’daev in terms of Young
diagrams.

We prove the following Theorem in our article.
Theorem.For any A Novikov algebra with x.n = 0 then follows x2∗n−2. = 0, for any x ∈ A.
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ON PSEUDOFINITENESS OF ACYCLIC GRAPHS

Nurlan MARKHABATOV

Novosibirsk State Technical University, Novosibirsk, Russia

nur 24.08.93@mail.ru

We continue to study topological properties of various structures [3, 2, 3, 4]. In this paper, we
consider acyclic graphs.

Definition [6]. An infinite structure M is pseudofinite if every sentence true in M has a finite
model. If T = Th(M) for pseudo-finite M then T is called pseudofinite as well.

Definition. A graph that contains no cycles is called an acyclic graph. A connected acyclic graph
is called a tree. Any graph without cycles is also called a forest so that the components of a forest are
trees.

Paths are trees. A tree is a path if and only if its maximum degree is 2. A ray in an infinite graph
is a semi-infinite simple path. If there is a path from the vertex a to the vertex b, then a is called
the ancestor (predecessor) of the vertex b, and b is called the descendant (successor) of the vertex a.
Moreover, if (a, b) ∈ R, then a is called the true ancestor (father) of the vertex b, and b is the true
descendant (son) of the vertex a. A vertex without true descendants is called a leaf or pendant. It is
known that every nontrivial tree has at least two pendant vertices.

Definition [5]. For a fixed vertex a, the value e(a)
 max{ρ(a, b)|b ∈M} is called the eccentricity
of the vertex a. The eccentricity of the vertex is equal to the distance from this vertex to the most
distant from it. The maximum among all the eccentricities of the vertices is called the diameter of
the graph G and is denoted by d(G) : d(G) 
 max{e(a)|a ∈ M}. The vertex a is called peripheral
if e(a) = d(G). The minimal eccentricity of the graph G is called its radius and is denoted by
r(G) : r(G)
 min{e(a)|a ∈ M}. The vertex a is called central if e(a) = r(G). The set of all central
vertices of a graph is called its center.

Let G be a tree. Its theory T = Th(G) can be axiomatized in the language Σ = {R} by sentences

i. ∀a
(
¬(a ∼ a)

)
(not contain loops)

ii. ∀a∀b(a ∼ b⇒ b ∼ a) (edges are undirected).

Theorem 1. Let T be a pseudofinite theory of an acyclic graph with finitely many pendant
verteces. Then the following conditions hold:

(1) T has an even number of rays;

(2) each connected component of some model of T has a pendant vertex or a vertex of dergee ≥ 3.

Corollary. There is a theory T of acyclic graph which is not pseudofinite.

Theorem 2. Any theory T of an infinite acyclic graph (tree) of finite diameter is pseudofinite
with respect to acyclic graphs (trees).
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ON TOPOLOGIES AND RANKS FOR FAMILIES OF THEORIES
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We continue to study structural and topological properties for families of theories [1, 2, 3, 4, 5, 6],
possibly incomplete, and generalize the notions of rank and degree that were defined before for families
of complete theories [7, 8, 9, 10, 11].

Definition [12]. A topological space is a pair (X,O) consisting of a set X and a family O of open
subsets of X satisfying the following conditions:

(O1) ∅ ∈ O and X ∈ O;
(O2) If U1 ∈ O and U2 ∈ O then U1 ∩ U2 ∈ O;
(O3) If O′ ⊆ O then ∪O′ ∈ O.

Definition [12]. A topological space (X,O) is a T0-space if for any pair of distinct elements
x1, x2 ∈ X there is an open set U ∈ O containing exactly one of these elements.

Definition [12]. A topological space (X,O) is a T1-space if for any pair of distinct elements
x1, x2 ∈ X there is an open set U ∈ O such that x1 ∈ U and x2 /∈ U .

Definition [12]. A topological space (X,O) is a T2-space, or Hausdorff if for any pair of distinct
points x1, x2 ∈ X there are open sets U1, U2 ∈ O such that x1 ∈ U1, x2 ∈ U2, and U1 ∩ U2 = ∅.

Definition. Let T be a family of first-order theories, (T ,O) be a topological space with the
system of open sets Tϕ = {T ∈ T | ϕ ∈ T}. These open sets are called s-definable subfamilies of T .

Theorem 1. 1. Any topological space (T ,O) is a T0-space.
2. A family T forms a T1-space if and only if T does not contain theories T and T ′ with T $ T ′.
3. A topological T1-space (T ,O) is Hausdorff if and only if for any distinct theories T, T ′ ∈ T there

are sentences ϕ ∈ T , ψ ∈ T ′ such that the sentence ϕ ∧ ψ is T -inconsistent.

Any boolean combination of s-definable subfamilies of T is reduced to unions of sets of form
Tϕ ∩ Tψ1 ∩ . . . ∩ Tψn , which, in general case, can not be written shorter. These boolean combinations
are called Bs-definable subfamilies of T .

This research was partially supported by Committee of Science in Education and Science Ministry of the Republic
of Kazakhstan (Grant No. AP05132349, AP05132546), and the program of fundamental scientific researches of the SB
RAS No. I.1.1, project No. 0314-2019-0002.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020



Annual International April Mathematical Conference – 2020 17

Below we define the rank RS and degree ds generalizing RS and ds and counting more adequate
complexity measures for families T of incomplete theories.

Definition. An infinite family T of (possibly incomplete) theories is called e-minimal if for any
sentence ϕ ∈ Σ(T ), Tϕ is finite or Tϕ = T \ Tϕ is finite.

Definition. For the empty family T we put the rank RS(T ) = −1, and for finite nonempty
families T we put RS(T ) = 0.

For a family T and an ordinal α = β+1 we put RS(T ) ≥ α if there are pairwise disjoint Bs-definable
subfamilies Tn of T , n ∈ ω, such that RS(Tn) ≥ β, n ∈ ω.

If α is a limit ordinal then RS(T ) ≥ α if RS(T ) ≥ β for any β < α.

We set RS(T ) = α if RS(T ) ≥ α and RS(T ) 6≥ α+ 1.

If RS(T ) ≥ α for any α, we put RS(T ) =∞.

A family T is called e-totally transcendental if RS(T ) is an ordinal.

If T is e-totally transcendental, with RS(T ) = α ≥ 0, we define the degree ds(T ) of T as the
maximal number of pairwise disjoint Bs-definable subfamilies Ti such that RS(Ti) = α.

By the definition, if RS(T ) = α then ds(T ) ∈ ω \ {0}.
Proposition 1. A family T is e-minimal if and only if RS(T ) = 1 and ds(T ) = 1.

Definition (cf. [13, 14]). A theory T is called positive if T is axiomatized by positive sentences,
i.e., sentences without symbols ¬, →.

Theorem 2. For any ordinal α and natural n 6= 0 there is a family T of positive theories such
that (RS(T ), ds(T )) = (α, n).

Definition. Let α be an ordinal. A family T of RS-rank α is called α-minimal if for any sentence
ϕ ∈ Σ(T ), RS(Tϕ) < α or RS(Tϕ) < α.

Proposition 2. (1) A family T is 0-minimal if and only if T is a singleton.

(2) A family T is 1-minimal if and only if T is e-minimal.

(3) For any ordinal α a family T is α-minimal if and only if RS(T ) = α and ds(T ) = 1.
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A linear space V with two binary operations ◦ and [·, ·] is called Gelfand–Dorfman algebra if ◦ is
a Novikov algebra and [·, ·] is a Lie algebra and additional identity holds:

b ◦ [a, c] = [a, b ◦ c]− [c, b ◦ a] + [b, a] ◦ c− [b, c] ◦ a,

where Novikov algebra is a linear space with bilinear operation ◦ : A × A → A, which satisfies the
following identities:

(a ◦ b) ◦ c− a ◦ (b ◦ c) = (b ◦ a) ◦ c− b ◦ (a ◦ c),

(a ◦ b) ◦ c = (a ◦ c) ◦ b.

Denote by Pois the variety of all Poisson algebras, and let PoisDer stand for the variety of dif-
ferential Poisson algebras with a derivation d. In [1], we determined a functor from PoisDer to GD
corresponding to the following morphism of operads:

δ : GD→ PoisDer,

x1 ◦ x2 7→ x1d(x2),

[x1, x2] 7→ {x1, x2}.

Let us say that a GD-algebra A is special if there exists V ∈ Pois such that A is a subalgebra
of V (δ).

Theorem 1. Let A be a special GD-algebra. Then every homomorphic image of A is special.
Therefore, the class of all special GD-algebras is a variety.

Theorem 2. Every 2-dimensional GD-algebra is special.
The variety of GD-algebras is defined by identities of degree 2 or 3. Therefore, the correspon-

ding operad is a quadratic one [2]. The Koszul dual operad GD! is generated by two operations
µ∨(x1, x2) = x1 ∗ x2 and ν∨(x1, x2) = x1 ? x2, where

x ∗ y = y ∗ x, x ∗ (y ∗ z) = (x ∗ y) ∗ z,
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i.e., ∗ is associative and commutative,

(x ? y) ? z − x ? (y ? z) = (x ? z) ? y − x ? (z ? y),

x ? (y ? z) = y ? (x ? z),

i.e., ? is a right Novikov product, and

x ? (y ∗ z) = (x ? y) ∗ z,

x ? (y ∗ z) + y ? (x ∗ z) = (x ∗ y) ? z.

By using a method in [3] we proved the following theorem:

Theorem 3. The operad GD (and GD!) is not Koszul.
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HyperKahler variety is Riemmann variety M with metrics, conformed with structures I, J,K ∈
EndTM . We have the following identities are true: I2 = J2 = K2 = IJK = −1 We state that
w = wj + iwk is holomorphic symplectic form. Next we define Tw(M) = M × S2(m, (a, b, c)). We
prove that hyperkahler structure is defined by Tw(M). Let X [2] = Blx(S2X) We prove the following
theorem

Theorem. Scheme π : X [2] → S2X is crepant.
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Let P := 〈pn(xn) : n ∈ ω〉 and Q := 〈qn(yn) : n ∈ ω〉 be two sequences of non-isolated complete
types over an empty set in a small theory T of a signature Σ such that for every natural number n ∈ ω
there is a model Mn of T such that for each i ≤ n, Mn realizes pi and omits qi. We can assume that
the models Mn are pairwise non-isomorphic. Otherwise there is no subject for the next question.

Does there exist a model M of T , such that it realizes each type from P and omits each type from
Q?

We give a criterion characterizing omission of a countable set of types in an incomplete theory.

Each type qi(yi) can be represented as a strictly decreasing sequences of formulas {Hi,m : m ∈ ω}
such that T ` ∀yi(Hi,m+1(yi) → Hi,m(yi)) and for each φ(yi) ∈ qi(yi) there exists m such that
T ` ∀yi(Hi,m(yi)→ φ(yi)).

Let T0 be a logical closure of T ∪
⋃
n∈ω

pn(c̄n) in the signature Σ(C) := Σ ∪ {c̄n : n ∈ ω}. Denote by

T0,n a logical closure of T0 ∪
⋃
j≤n

p(c̄j) in the signature Σ(Cn) := Σ ∪ {c̄j : j ≤ n}. Let T1 be a logical

closure of the following set:

T0 ∪ {¬∃yiφ(yi, c̄n) : φ(yi, c̄n) is a formula of Σ(C) such that ∃i ∈ ω, T0 ` φ(yi, c̄n)→ qi(yi)}.

Denote by T1,n

T0,n ∪ {¬∃yiφ(yi, c̄n) formula of Σ(Cn) : ∃i ∈ ω, T0 ` φ(yi, c̄n)→ qi(yi)}.

For every n, i ∈ ω we consider the following set of one-Σ(Cn)-formulas

Γn,i := {φ(yi, c̄n) : ∃yi(φ(yi, c̄n)) ∈ T1,n and T1 ∪ {∀yi(φ(yi, c̄n)→
Hi,m(yi))} is consistent for each m ∈ ω}.

For each n, i, l,m ∈ ω we denote for l-th formula from Γn,i the next Σ(Cn)-sentence:

Sn,i,l,m(c̄n) := ∀yi(φl(yi, c̄n)→ Hi,m(yi)).

Theorem. Let theory T ′ of the signature Σ(C) be a complete consistent extension of T1. Then
there is a model of T ′ omitting all types from Q if and only if for every n, i ∈ ω, Γn,i = ∅ or for every
l ≤ |Γn,i| there exists m ≤ ω such that ¬Sn,i,l,m(c̄n) ∈ T ′.
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By a Hrushovski sm-class we mean a class K0 of finite L-structures for a relational vocabulary
L along with a notion of strong substructure which yields a generic structure that is a strongly
minimal set D by a construction patterned by E. Hrushovski. In fact, there are a lot of variants of
this construction. Here we consider the original Hrushovski’s counterexample to Zilber’s trichotomy
conjecture and the example by G. Paolini, where he constructed examples of strongly minimal k-Steiner
systems.

Recall that a pair of two disoint sets A and B is called a good pair if B ≤ A∪B, δ(B) = δ(A∪B),
for any proper non-empty subset C of A it holds that δ(B) < δ(C ∪ B) and each element in B is in
some relation with some element in A.

The following results are joint with John Baldwin.
Theorem There is a Hrushovski’s example in which the definable closure of two independent

elements is not contained in the union of definable closures of each of these two elements: dcl(a1, a2) 6=
dcl(a1) ∪ dcl(a2) for any independent elements a1 and a2.

Theorem For any Hrushoski’s strongly minimal example if µ(B,A) ≥ 3 for any good pair (B,A)
with δ(B) = 2, then dcl(a1, a2) = dcl(a1) ∪ dcl(a2) for any independent elements a1 and a2.

Theorem There is a Paolini’s example in which the definable closure of two independent elements
is not contained in the union of definable closures of each of these two elements: dcl(a1, a2) 6= dcl(a1)∪
dcl(a2) for any independent elements a1 and a2.
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Â íàñòîÿùåì äîêëàäå èññëåäóåòñÿ ïðîáëåìà ñâîäèìîñòè ðàñøèðåííûõ çàïðîñîâ áàç äàííûõ ê
îãðàíè÷åííûì íàä ïî÷òè ω-êàòåãîðè÷íîé ñëàáî î-ìèíèìàëüíîé îáëàñòüþ îïðåäåëåíèÿ, èìåþùåé
ðàíã âûïóêëîñòè 1.

Â ðåëÿöèîííîé ìîäåëè áàç äàííûõ [1]�[2] ñîñòîÿíèå áàçû äàííûõ ïîíèìàåòñÿ êàê êîíå÷íàÿ
ñîâîêóïíîñòü îòíîøåíèé ìåæäó ýëåìåíòàìè. Èìåíà îòíîøåíèé è èõ àðíîñòè ôèêñèðóþòñÿ è íà-
çûâàþòñÿ ñõåìîé áàçû äàííûõ. Îòäåëüíàÿ èíôîðìàöèÿ, õðàíèìàÿ â îòíîøåíèÿõ äàííîé ñõåìû,
íàçûâàåòñÿ ñîñòîÿíèåì áàçû äàííûõ. Õîòÿ ðåëÿöèîííûå áàçû äàííûõ áûëè ïðèäóìàíû äëÿ êî-
íå÷íûõ ñîâîêóïíîñòåé äàííûõ, ÷àñòî óäîáíî ïðåäïîëàãàòü ÷òî ñóùåñòâóåò áåñêîíå÷íàÿ îáëàñòü
îïðåäåëåíèÿ � íàïðèìåð, öåëûå èëè ðàöèîíàëüíûå ÷èñëà � òàê ÷òî ýëåìåíòû äàííûõ âûáèðàþò-
ñÿ èç ýòîé îáëàñòè. Ôóíêöèè è îòíîøåíèÿ, îïðåäåëåííûå íà âñåé îáëàñòè îïðåäåëåíèÿ (íàïðèìåð,
< è +) ìîãóò áûòü òàêæå èñïîëüçîâàíû ïðè çàïðàøèâàíèè. Íàïðèìåð, åñëè â êà÷åñòâå ÿçûêà
çàïðîñîâ èñïîëüçóåòñÿ ÿçûê ëîãèêè ïðåäèêàòîâ ïåðâîãî ïîðÿäêà, òî çàïðîñû ìîãóò èñïîëüçî-
âàòü êàê îòíîøåíèÿ áàçû äàííûõ, òàê è îòíîøåíèÿ îáëàñòè îïðåäåëåíèÿ, ïðè ýòîì ïåðåìåííûå
èçìåíÿþòñÿ íà âñåé îáëàñòè îïðåäåëåíèÿ.

Ïóñòü M � áåñêîíå÷íàÿ ñòðóêòóðà ñèãíàòóðû L. Çäåñü ìû ðàññìàòðèâàåì óïîðÿäî÷åííûå
ñòðóêòóðû. Ýòî îçíà÷àåò, ÷òî L âêëþ÷àåò áèíàðíûé ðåëÿöèîííûé ñèìâîë <, èíòåðïðåòàöèÿ êî-
òîðîãî â M óäîâëåòâîðÿåò àêñèîìàì ëèíåéíîãî ïîðÿäêà.

Ìû ôèêñèðóåì ñõåìó áàçû äàííûõ SC è ââîäèì ñëåäóþùèå îáîçíà÷åíèÿ:

L0 = {<}, L′ = L0 ∪ SC,L′′ = L ∪ SC.

Ìû ðàññìàòðèâàåì äâà ÿçûêà äëÿ çàïðàøèâàíèÿ. Çàïðîñû ïåðâîãî ÿçûêà åñòü ôîðìóëû ñèã-
íàòóðû L′ � ìû íàçûâàåì èõ îãðàíè÷åííûìè. Çàïðîñû âòîðîãî ÿçûêà åñòü ôîðìóëû ñèãíàòóðû
L′′ � ìû íàçûâàåì èõ ðàñøèðåííûìè.

Çàïðîñ íàçûâàåòñÿ ãåíåðè÷åñêèì, åñëè îí ñîõðàíÿåòñÿ îòíîñèòåëüíî ïåðåñòàíîâîê óíèâåðñóìà
M , ñîõðàíÿþùåãî ïîðÿäîê.

k-àðíûé çàïðîñ Θ íàçûâàåòñÿ ëîêàëüíî ãåíåðè÷åñêèì íàä êîíå÷íûìè ñîñòîÿíèÿìè, åñëè a ∈ Θ
òîãäà è òîëüêî òîãäà êîãäà φ(a) ∈ Θ(φ(s)) äëÿ ëþáîãî ÷àñòè÷íîãî <-èçîìîðôèçìà φ : X → M,
ãäå X ⊆M, äëÿ ëþáîãî êîíå÷íîãî ñîñòîÿíèÿ s íàä X è äëÿ ëþáîãî k-êîðòåæà a â X.

Áóäåì ãîâîðèòü ÷òî ïîëíàÿ òåîðèÿ T èìååò Ñâîéñòâî Èçîëÿöèè, åñëè ñóùåñòâóåò êàðäèíàë
λ òàêîé, ÷òî äëÿ ëþáîãî ïñåâäî-êîíå÷íîãî ìíîæåñòâà A è äëÿ ëþáîãî ýëåìåíòà a ìîäåëè òåîðèè
T ñóùåñòâóåò A0 ⊆ A òàêîå, ÷òî |A0| < λ è tp(a/A0) èçîëèðóåò tp(a/A).

Â ðàáîòå [3] áûëà óñòàíîâëåíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1.
Ïðåäïîëîæèì ÷òî òåîðèÿ ïåðâîãî ïîðÿäêà ñòðóêòóðû M èìååò Ñâîéñòâî Èçîëÿöèè. Ïóñòü

ðàñøèðåííûé çàïðîñ Θ ÿâëÿåòñÿ ëîêàëüíî ãåíåðè÷åñêèì íàä êîíå÷íûìè ñîñòîÿíèÿìè. Òîãäà Θ
ýêâèâàëåíòåí íàä êîíå÷íûìè ñîñòîÿíèÿìè îãðàíè÷åííîìó çàïðîñó.

Îïðåäåëåíèå 2. [4], [5]

Âòîðîé àâòîð áûë ïîääåðæàí ãðàíòîì Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí (AP05134992)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020
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Ïóñòü p1(x1), . . . , pn(xn) ∈ S1(T ). Òèï q(x1, . . . , xn) ∈ S(T ) íàçûâàåòñÿ (p1, . . . , pn)-òèïîì,

åñëè q(x1, . . . , xn) ⊇
n⋃
i=1

pi(xi). Ìíîæåñòâî âñåõ (p1, . . . , pn)-òèïîâ òåîðèè T îáîçíà÷àåòñÿ ÷å-

ðåç Sp1,...,pn(T ). Ñ÷åòíàÿ òåîðèÿ T íàçûâàåòñÿ ïî÷òè ω-êàòåãîðè÷íîé, åñëè äëÿ ëþáûõ òèïîâ
p1(x1), . . . , pn(xn) ∈ S(T ) ñóùåñòâóåò ëèøü êîíå÷íîå ÷èñëî òèïîâ q(x1, . . . , xn) ∈ Sp1,...,pn(T ).

Íàñòîÿùèé äîêëàä êàñàåòñÿ ïîíÿòèÿ ñëàáîé î-ìèíèìàëüíîñòè, ïåðâîíà÷àëüíî ãëóáîêî èññëå-
äîâàííîãî â [6]. Ïîäìíîæåñòâî A ëèíåéíî óïîðÿäî÷åííîé ñòðóêòóðû M íàçûâàåòñÿ âûïóêëûì,
åñëè äëÿ ëþáûõ a, b ∈ A è c ∈M âñÿêèé ðàç êîãäà a < c < b ìû èìååì c ∈ A.

Ñëàáî î-ìèíèìàëüíîé ñòðóêòóðîé íàçûâàåòñÿ ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðàM = 〈M,=
, <, . . .〉 òàêàÿ, ÷òî ëþáîå îïðåäåëèìîå (ñ ïàðàìåòðàìè) ïîäìíîæåñòâî ñòðóêòóðû M ÿâëÿåòñÿ
îáúåäèíåíèåì êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ â M . Âñïîìíèì ÷òî òàêàÿ ñòðóêòóðà M íà-
çûâàåòñÿ î-ìèíèìàëüíîé, åñëè êàæäîå îïðåäåëèìîå (ñ ïàðàìåòðàìè) ïîäìíîæåñòâî ñòðóêòóðû
M ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà èíòåðâàëîâ è òî÷åê â M. Òàêèì îáðàçîì, ñëàáàÿ î-
ìèíèìàëüíîñòü ÿâëÿåòñÿ îáîáùåíèåì î-ìèíèìàëüíîñòè. Âåùåñòâåííî çàìêíóòûå ïîëÿ ñ ñîáñòâåí-
íûì âûïóêëûì êîëüöîì íîðìèðîâàíèÿ îáåñïå÷èâàþò âàæíûé ïðèìåð ñëàáî î-ìèíèìàëüíûõ (íå
î-ìèíèìàëüíûõ) ñòðóêòóð.

Ðàíã âûïóêëîñòè ôîðìóëû ñ îäíîé ñâîáîäíîé ïåðåìåííîé ââåäåí â [7]. Â ÷àñòíîñòè, ñëàáî î-
ìèíèìàëüíàÿ òåîðèÿ èìååò ðàíã âûïóêëîñòè 1, åñëè íå ñóùåñòâóåò ïàðàìåòðè÷åñêè îïðåäåëèìîãî
îòíîøåíèÿ ýêâèâàëåíòíîñòè ñ áåñêîíå÷íûì ÷èñëîì áåñêîíå÷íûõ âûïóêëûõ êëàññîâ.

Íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà 3.

Ïóñòü T � ïî÷òè ω-êàòåãîðè÷íàÿ ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ ðàíãà âûïóêëîñòè 1. Òîãäà T
èìååò Ñâîéñòâî Èçîëÿöèè.

Ñëåäñòâèå 4.

Ïóñòü T � ïî÷òè ω-êàòåãîðè÷íàÿ ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ ðàíãà âûïóêëîñòè 1. Òîãäà
êàæäûé ðàñøèðåííûé çàïðîñ, ÿâëÿþùèéñÿ ëîêàëüíî ãåíåðè÷åñêèì íàä êîíå÷íûìè ñîñòîÿíèÿìè,
ýêâèâàëåíòåí íàä êîíå÷íûìè ñîñòîÿíèÿìè îãðàíè÷åííîìó çàïðîñó.
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Â ñåðèè ðàáîò [1]�[7] èçó÷àëèñü òîïîëîãè÷åñêèå ñâîéñòâà ñåìåéñòâ òåîðèé. Áûëè ââåäåíû ïî-
íÿòèÿ P -îïåðàòîðà è E-îïåðàòîðà, ïîçâîëÿþùèå èçó÷àòü ñâÿçè ìåæäó òåîðèÿìè îòíîñèòåëüíî
ïîäõîäÿùèõ îïåðàòîðîâ çàìûêàíèÿ. Ýòè îïåðàòîðû äàþò âîçìîæíîñòü ïîðîæäàòü íîâûå òåîðèè
ïîñðåäñòâîì ðàññìàòðèâàåìûõ ñåìåéñòâ òåîðèé, à òàêæå íàõîäèòü â íåêîòîðûõ ñëó÷àÿõ ìèíè-
ìàëüíûå èëè íàèìåíüøèå ïîðîæäàþùèå ìíîæåñòâà.

Äàííîå èññëåäîâàíèå áûëî ïðîäîëæåíî â ñîâìåñòíûõ ðàáîòàõ Êóëïåøîâà Á.Ø. è Ñóäîïëà-
òîâà Ñ.Â. [8]�[10] äëÿ ñåìåéñòâ óïîðÿäî÷åííûõ òåîðèé, â òîì ÷èñëå è äëÿ ñåìåéñòâ âïîëíå î-
ìèíèìàëüíûõ òåîðèé. Îòìåòèì, ÷òî â ðàáîòå [11] òàêæå ðàññìàòðèâàëèñü êîìáèíàöèè ñòðóêòóð
â âèäå èõ ïðîèçâåäåíèé.

Â íàñòîÿùåì äîêëàäå èññëåäóþòñÿ E-êîìáèíàöèè ñ÷åòíîãî ÷èñëà ñ÷åòíî êàòåãîðè÷íûõ ëè-
íåéíî óïîðÿäî÷åííûõ ñòðóêòóð ÷èñòîãî ëèíåéíîãî ïîðÿäêà. Íàéäåí êðèòåðèé ñ÷åòíîé êàòåãî-
ðè÷íîñòè E-êîìáèíàöèè ñ÷åòíîãî ÷èñëà êîïèé ïðîèçâîëüíîãî ñ÷åòíî êàòåãîðè÷íîãî ëèíåéíîãî
ïîðÿäêà. Â êà÷åñòâå ñëåäñòâèÿ ïîëó÷åíî îïèñàíèå ñ÷åòíîãî ñïåêòðà òàêîé êîìáèíàöèè.

Âñþäó çäåñü ìû áóäåì ðàññìàòðèâàòü ëèíåéíî óïîðÿäî÷åííûå ñòðóêòóðû, ò.å. ñòðóêòóðû ÿçû-
êà, ñîäåðæàùåãî áèíàðíûé ñèìâîë <, êîòîðûé óäîâëåòâîðÿåò àêñèîìàì ëèíåéíîãî ïîðÿäêà. Ëè-
íåéíî óïîðÿäî÷åííûå ñòðóêòóðû â ñèãíàòóðå {<} (ñòðóêòóðû ÷èñòîãî ëèíåéíîãî ïîðÿäêà) áóäåì
íàçûâàòü êðàòêî ëèíåéíûìè ïîðÿäêàìè.

Ïóñòü Mi � ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà ñèãíàòóðû {<,Σi} äëÿ êàæäîãî i < ω, ãäå
Σi íå ñîäåðæèò âûäåëåííûõ êîíñòàíò. Áóäåì îáîçíà÷àòü ÷åðåç dcl<Mi

(∅) ìíîæåñòâî ýëåìåíòîâ
ñòðóêòóðû Mi, ÿâëÿþùèõñÿ ∅-îïðåäåëèìûìè îòíîøåíèåì ïîðÿäêà <Mi .

Áóäåì ãîâîðèòü ÷òî M+ := 〈
⋃
i∈ωMi;<,Σ, E

2, cik〉k<λi,i∈ω � ëèíåéíî óïîðÿäî÷åííàÿ íåïåðåñå-
êàþùàÿñÿ E-êîìáèíàöèÿ (èëè ïðîñòî E-êîìáèíàöèÿ) ñòðóêòóð Mi, åñëè Σ := ∪i∈ωΣi, {cik | k <
λi} ⊆ dcl<Mi

(∅) äëÿ íåêîòîðîãî îðäèíàëà λi; ëèáî Ml < Mm, ëèáî Mm < Ml äëÿ ëþáûõ l,m ∈ ω,
è E � îòíîøåíèå ýêâèâàëåíòíîñòè, ðàçáèâàþùåå M+ íà âûïóêëûå êëàññû, òàê ÷òî äëÿ ëþáîãî
a ∈M+ E(a,M+) = Mi äëÿ íåêîòîðîãî i < ω.

Òàêèì îáðàçîì, ìû âêëþ÷àåì â ñèãíàòóðó ïðîèçâîëüíîé E-êîìáèíàöèè ñòðóêòóð Mi, i ∈ ω,
âñå ýëåìåíòû, ëåæàùèå â dcl<Mi

(∅) äëÿ êàæäîãî i ∈ ω, ò.å. åñëè M1 è M2 � èçîìîðôíûå êîïèè
îäíîé è òîé æå ñòðóêòóðû M , êîòîðàÿ èìååò λ ýëåìåíòîâ, ëåæàùèõ â dcl<M (∅) äëÿ íåêîòîðîãî
îðäèíàëà λ, òî â ñèãíàòóðó E-êîìáèíàöèè îò ñòðóêòóð M1 è M2 áóäóò âêëþ÷åíû 2λ ýëåìåíòîâ.

Çäåñü ìû èíòåðåñóåìñÿ âîïðîñàìè ñîõðàíåíèÿ òåõ èëè èíûõ ñâîéñòâ ïåðâîíà÷àëüíûõ ñòðóêòóð
â èõ E-êîìáèíàöèè. Íàïðèìåð, åñëè âñå Mi ÿâëÿþòñÿ ℵ0-êàòåãîðè÷íûìè, òî ïðè êàêèõ óñëîâèÿõ
ýëåìåíòàðíàÿ òåîðèÿ ïðîèçâîëüíîé E-êîìáèíàöèè ýòèõ ñòðóêòóð áóäåò òàêæå ℵ0-êàòåãîðè÷íîé?
Âîçìîæíî îñëàáëåíèå óñëîâèÿ: êîãäà òàêàÿ êîìáèíàöèÿ áóäåò ýðåíôîéõòîâîé èëè êîãäà îíà áóäåò
èìåòü ìàêñèìàëüíûé ñ÷åòíûé ñïåêòð?

Î÷åâèäíî ÷òî åñëè M � ℵ0-êàòåãîðè÷íàÿ ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà ñ íåïóñòûì
dcl<M (∅), è ìû ðàññìàòðèâàåì ïðîèçâîëüíóþ E-êîìáèíàöèþ ω-êîïèé ñòðóêòóðû M , òî ñîãëàñ-
íî îïðåäåëåíèþ E-êîìáèíàöèè dclM+(∅) áóäåò áåñêîíå÷íûì, îòêóäà ïîëó÷àåì, ÷òî Th(M+) íå
ÿâëÿåòñÿ ℵ0-êàòåãîðè÷íîé. Òàêæå åñëè ìû ðàññìàòðèâàåì ñ÷åòíîå ÷èñëî ïîïàðíî íåèçîìîðôíûõ

Èññëåäîâàíèÿ ïîääåðæàíû ãðàíòîì Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí (AP05132546)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020
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ℵ0-êàòåãîðè÷íûõ ëèíåéíûõ ïîðÿäêîâ Mi, i ∈ ω, òî ëþáàÿ E-êîìáèíàöèÿ ýòèõ ñòðóêòóð áóäåò
çàâåäîìî íå ℵ0-êàòåãîðè÷íîé.

Ïðåäëîæåíèå.
Ïóñòü M � ℵ0-êàòåãîðè÷íûé ëèíåéíûé ïîðÿäîê, M+ � ëèíåéíî óïîðÿäî÷åííàÿ íåïåðåñåêà-

þùàÿñÿ E-êîìáèíàöèÿ ω êîïèé ñòðóêòóðû M . Ïðåäïîëîæèì ÷òî dclM (∅) 6= ∅. Òîãäà Th(M+)
èìååò 2ω ñ÷åòíûõ ìîäåëåé.

Íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà.
Ïóñòü M � ℵ0-êàòåãîðè÷íûé ëèíåéíûé ïîðÿäîê, M+ � ëèíåéíî óïîðÿäî÷åííàÿ íåïåðåñåêà-

þùàÿñÿ E-êîìáèíàöèÿ ω êîïèé ñòðóêòóðû M . Òîãäà èìååò ìåñòî ñëåäóþùåå:
(1) Th(M+) � ℵ0-êàòåãîðè÷íà òîãäà è òîëüêî òîãäà, êîãäà dclM (∅) = ∅ è 〈M+/E,<ind〉 � ℵ0-
êàòåãîðè÷íà, ãäå <ind � èíäóöèðîâàííûé ïîðÿäîê íà E-êëàññàõ â M+.
(2) Åñëè Th(M+) íå ÿâëÿåòñÿ ℵ0-êàòåãîðè÷íîé, òî Th(M+) èìååò 2ω ñ÷åòíûõ ìîäåëåé.

Ñëåäñòâèå. ÏóñòüM1, . . . ,Mn � ëèíåéíî óïîðÿäî÷åííûå ñòðóêòóðû, ÿâëÿþùèåñÿ ýðåíôîéõ-
òîâûìè, n < ω, M � ℵ0-êàòåãîðè÷íûé ëèíåéíûé ïîðÿäîê ñ dclM (∅) = ∅, M+ � ëèíåéíî óïîðÿ-
äî÷åííàÿ íåïåðåñåêàþùàÿñÿ êîìáèíàöèÿ ñòðóêòóð M1, . . . ,Mn è ω êîïèé ñòðóêòóðû M . Òîãäà
òåîðèÿ Th(M+) ýðåíôîéõòîâà ⇔ 〈M+/E,<ind〉 ℵ0-êàòåãîðè÷íà.
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ÐÀÑÏÐÅÄÅËÅÍÈß Ñ×ÅÒÍÛÕ ÌÎÄÅËÅÉ ÒÅÎÐÈÉ
ÎÄÍÎÌÅÑÒÍÛÕ ÏÐÅÄÈÊÀÒÎÂ

À.Á.ÄÀÓËÅÒÈßÐÎÂÀ

Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, ÐÎÑÑÈß

d aigera95@mail.ru

Â äàííîé ðàáîòå ìû ïðîäîëæàåì èçó÷åíèå ñâîéñòâ ðàñïðåäåëåíèÿ ñ÷�eòíûõ ìîäåëåé ïî ïðåä-
ïîðÿäêàì Ðóäèí-Êåéñëåðà è ïî ÷èñëó ïðåäåëüíûõ ìîäåëåé íàä ïîñëåäîâàòåëüíîñòÿìè òèïîâ [1].
Â ðàáîòàõ Ê. À. Áàéêàëîâîé [2] è Ð. À. Ïîïêîâà [3] áûëè óñòàíîâëåíû âîçìîæíûå çíà÷åíèÿ òðî-
åê ðàñïðåäåëåíèÿ ÷èñëà ñ÷¸òíûõ ìîäåëåé äëÿ òåîðèé îäíîìåñòíûõ ïðåäèêàòîâ ñîîòâåòñòâåííî
ñî ñ÷�eòíûì ÷èñëîì è êîíòèíóàëüíûì ÷èñëîì òèïîâ. Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ îïèñàíèå
ïðåäïîðÿäêîâ Ðóäèí-Êåéñëåðà è ðàñïðåäåëåíèÿ ïðåäåëüíûõ ìîäåëåé íàä ïîñëåäîâàòåëüíîñòÿìè
òèïîâ äëÿ òåîðèé íåçàâèñèìûõ ïðåäèêàòîâ.

Òåîðåìà. Äëÿ ëþáîé ñ÷�eòíîé òåîðèè T îäíîìåñòíûõ ïðåäèêàòîâ âîçìîæíû ñëåäóþùèå ñëó-
÷àè:

1) Åñëè òåîðèÿ T íå èìååò íåãëàâíûõ 1-òèïîâ, òî ïîëó÷àåòñÿ îäíîýëåìåíòíûé ïðåäïîðÿäîê
Ðóäèí-Êåéñëåðà è îòñóòñòâóþò ïðåäåëüíûå ìîäåëè;

2) Åñëè èìååòñÿ îäèí íåãëàâíûé 1-òèï, òî ïðåäïîðÿäîê Ðóäèí-Êåéñëåðà ÿâëÿåòñÿ ñ÷�eòíîé
âïîëíå óïîðÿäî÷åííîé öåïüþ è ñóùåñòâóåò îäíà ïðåäåëüíàÿ ìîäåëü, ýòà ïðåäåëüíàÿ ìî-
äåëü ïðåäñòàâëÿåòñÿ â âèäå îáúåäèíåíèÿ öåïè ïî ïðåäïîðÿäêó Ðóäèí-Êåéñëåðà;

3) Åñëè èìååòñÿ êîíå÷íîå ÷èñëî n > 1 íåãëàâíûõ 1-òèïîâ, òî ïðåäïîðÿäîê Ðóäèí-Êåéñëåðà
ÿâëÿåòñÿ ñ÷�eòíîé àòîìíîé äèñòðèáóòèâíîé ðåø�eòêîé L ñ n àòîìàìè, ñ îòíîñèòåëüíûìè
äîïîëíåíèÿìè è áåç ìàêñèìàëüíûõ ýëåìåíòîâ; ïðè ýòîì ïîëó÷àåòñÿ ω ïðåäåëüíûõ ìîäåëåé,
êàæäàÿ èç êîòîðûõ ïðåäñòàâëÿåòñÿ â âèäå îáúåäèíåíèÿ íåêîòîðîé ìàêñèìàëüíîé öåïè â
L, è îáðàòíî, îáúåäèíåíèå êàæäîé ìàêñèìàëüíîé öåïè â L çàäà�eò íåêîòîðóþ ïðåäåëüíóþ
ìîäåëü;

4) Åñëè èìååòñÿ ñ÷�eòíîå ÷èñëî íåãëàâíûõ 1-òèïîâ, òî ïðåäïîðÿäîê Ðóäèí-Êåéñëåðà ÿâëÿåòñÿ
ñ÷�eòíîé àòîìíîé äèñòðèáóòèâíîé ðåø�eòêîé L ñ ω àòîìàìè, ñ îòíîñèòåëüíûìè äîïîëíåíèÿìè
è áåç ìàêñèìàëüíûõ ýëåìåíòîâ; ïðè ýòîì ïîëó÷àåòñÿ 2ω ïðåäåëüíûõ ìîäåëåé, êàæäàÿ èç
êîòîðûõ ïðåäñòàâëÿåòñÿ â âèäå îáúåäèíåíèÿ íåêîòîðîé ìàêñèìàëüíîé öåïè â L, è îáðàòíî,
îáúåäèíåíèå êàæäîé ìàêñèìàëüíîé öåïè â L çàäà�eò íåêîòîðóþ ïðåäåëüíóþ ìîäåëü;

5) Åñëè èìååòñÿ êîíòèíóàëüíîå ÷èñëî íåãëàâíûõ 1-òèïîâ, òî ëèáî òåîðèÿ T íå èìååò íè ïðî-
ñòûõ, íè ïðåäåëüíûõ ìîäåëåé, ëèáî èìååòñÿ êîíòèíóóì ïðîñòûõ è êîíòèíóóì ïðåäåëüíûõ
ìîäåëåé, ïðè êîòîðîì ïðåäïîðÿäîê Ðóäèí-Êåéñëåðà ÿâëÿåòñÿ êîíòèíóàëüíîé àòîìíîé äèñ-
òðèáóòèâíîé ðåø�eòêîé L ñ 2ω àòîìàìè, ñ îòíîñèòåëüíûìè äîïîëíåíèÿìè è áåç ìàêñèìàëü-
íûõ ýëåìåíòîâ; ïðè ýòîì ïîëó÷àåòñÿ 2ω ïðåäåëüíûõ ìîäåëåé, êàæäàÿ èç êîòîðûõ ïðåä-
ñòàâëÿåòñÿ â âèäå îáúåäèíåíèÿ íåêîòîðîé ìàêñèìàëüíîé öåïè â L, è îáðàòíî, îáúåäèíåíèå
êàæäîé ìàêñèìàëüíîé öåïè â L çàäà�eò íåêîòîðóþ ïðåäåëüíóþ ìîäåëü;

Ñïèñîê ëèòåðàòóðû
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ÀËÃÅÁÐÛ ÐÀÑÏÐÅÄÅËÅÍÈÉ ÁÈÍÀÐÍÛÕ ÔÎÐÌÓË
ÄËß ÄÅÊÀÐÒÎÂÛÕ ÏÐÎÈÇÂÅÄÅÍÈÉ ÃÐÀÔÎÂ

Äìèòðèé ÅÌÅËÜßÍÎÂ

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ

dima-pavlyk@mail.ru

Â ñòàòüå [1] íà÷àòû èññëåäîâàíèÿ àëãåáð áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ òåîðèé äåêàð-
òîâûõ ïðîèçâåäåíèé. Â íåé ðàññìîòðåíû ïðàâèëà óìíîæåíèÿ äëÿ ïðàâèëüíûõ ôèãóð îò îòðåçêà
äî ïÿòèóãîëüíèêà. Ïðîäîëæàÿ èññëåäîâàòü äåêàðòîâû óìíîæåíèÿ àëãåáðû äëÿ îòðåçêà è ïðà-
âèëüíûõ ìíîãîóãîëüíèêîâ, ïîëó÷èëè äâå îáùèå ôîðìû äëÿ n-óãîëüíèêîâ ñ ÷åòíûì êîëè÷åñòâîì
óãëîâ è ñ íå÷åòíûì.

Îïðåäåëåíèå. Äåêàðòîâî ïðîèçâåäåíèå, èëè ïðÿìîå ïðîèçâåäåíèå G1 × G2 × . . . × Gm = G
ãðàôîâ G1, G2, . . . , Gm � ýòî ãðàô, ó êîòîðîãî ìíîæåñòâî âåðøèí ãðàôà � ýòî ïðÿìîå ïðîèç-
âåäåíèå V (G1) × V (G2) × . . . × V (Gm), è ëþáûå âåðøèíû (u1, u2, u3, . . . , um) è (v1, v2, v3, . . . , vm)
ñâÿçàíû îòíîøåíèåì G òîãäà è òîëüêî òîãäà, êîãäà äëÿ íåêîòîðîãî i, âåðøèíà ui ñìåæíà c âåð-
øèíîé vi â ãðàôå Gi, è uj = vj ïðè j 6= i. Ïðè G1 = G2 = . . . = Gm = G äåêàðòîâî ïðîèçâåäåíèå
G×G× . . .×G íàçûâàåòñÿ m-é äåêàðòîâîé ñòåïåíüþ ãðàôà G è îáîçíà÷àåòñÿ ÷åðåç Gm.

Îïðåäåëåíèå. Àëãåáðà äëÿ ãðàôà ðåáðà R ñ ìíîæåñòâîì ìåòîê ρν(p) = {0, 1} ýòî àëãåáðà,
êîòîðàÿ çàäàåòñÿ ñëåäóþùåé òàáëèöåé:

· 0 1

0 {0} {1}
1 {1} {0}

Ïðåäëîæåíèå 1. Àëãåáðà áèíàðíûõ èçîëèðóþùèõ ôîðìóë Epk,n äëÿ ïðÿìîãî ïðîèçâåäåíèÿ

k-é äåêàðòîâîé ñòåïåíè ãðàôà ðåáðàRk ñ ãðàôîì n-óãîëüíèêà, ãäå n ÷åòíîå, çàäàåòñÿ ìíîæåñòâîì
ìåòîê ρν(p) = {0, 1, . . . , d+ k} è ñëåäóþùåé òàáëèöåé Êýëè:

· 0 1 2 3 4 . . . (d+ k)
0 {0} {1} {2} {3} {4} {. . . } {(d+ k)}
1 {1} {0, 2} {1, 3} {0, 2, 4} {1, 3, 5} {. . . } {Fm(α)}
2 {2} {1, 3} {0, 2, 4} {1, 3, 5} {0, 2, 4, 6} {. . . } {Fm(α)}
3 {3} {0, 2, 4} {1, 3, 5} {0, 2, 4, 6} {Nc(α)} {. . . } {Fm(α)}
4 {4} {1, 3, 5} {0, 2, 4, 6} {Nc(α)} {C(α)} {. . . } {Fm(α)}
. . . {. . . } {. . . } {. . . } {. . . } {. . . } {. . . } {. . . }

(d+ k) {(d+ k)} {Fm(α)} {CFm(α)} {Fm(α)} {Fm(α)} {. . . } {C(α)}

Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè
Ðåñïóáëèêè Êàçàõñòàí (ãðàíò No AP05132546).
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ãäå {Nc(x)} � ìíîæåñòâî íå÷åòíûõ ìåòîê äî x, {C(x)} � ìíîæåñòâî ÷åòíûõ ìåòîê äî x, Fm(α) =
Nc(α) ïðè íå÷åòíîì α, èíà÷å Fm(α) = C(α), d � äèàìåòð ãðàôà, α = m + l, åñëè m + l ≤ d + k,
èíà÷å α = d+ k, ãäå m,n ∈ ρν(p).

Ïðåäëîæåíèå 2. Àëãåáðà áèíàðíûõ èçîëèðóþùèõ ôîðìóë Nepk,n äëÿ ïðÿìîãî ïðîèçâåäå-

íèÿ k-é äåêàðòîâîé ñòåïåíè ãðàôà ðåáðà Rk ñ ãðàôîì n-óãîëüíèêà, ãäå n íå÷åòíîå, çàäàåòñÿ
ìíîæåñòâîì ìåòîê ρν(p) = {0, 1, . . . , d+ k} è ñëåäóþùåé òàáëèöåé Êýëè:

· 0 1 2 3 4 . . . (d+ k)
0 {0} {1} {2} {3} {4} {. . . } {(d+ k)}
1 {1} {0, 2} {1, 3} {0, 2, 4} {1, 3, 5} {. . . } {Fn(α)}
2 {2} {1, 3} {0, 2, 4} {1, 3, 5} {0, 2, 4, 6} {. . . } {Fn(α)}
3 {3} {0, 2, 4} {1, 3, 5} {0, 2, 4, 6} {Nc(α)} {. . . } {Fn(α)}
4 {4} {1, 3, 5} {0, 2, 4, 6} {Nc(α)} {Fn(α)} {. . . } {Fn(α)}
. . . {. . . } {. . . } {. . . } {. . . } {. . . } {. . . } {. . . }

(d+ k) {(d+ k)} {Fn(α)} {CFn(α)} {Fn(α)} {Fn(α)} {. . . } {0, 1, . . . , α}

ãäå {Nc(x)} � ìíîæåñòâî íå÷åòíûõ ìåòîê äî x, {C(x)} � ìíîæåñòâî ÷åòíûõ ìåòîê äî x, d �
äèàìåòð ãðàôà, α = m+ l, åñëè m+ l ≤ d+ k, èíà÷å α = d+ k, ãäå m,n ∈ ρν(p) Fn(α) = Nc(α) ïðè
íå÷åòíîì α, Fn(α) = C(α) ïðè ÷åòíîì α, Fn(α) = {0, 1, . . . , α} ïðè α ≥ n.

Òåîðåìà. Àëãåáðà áèíàðíûõ èçîëèðóþùèõ ôîðìóë Nepk,n äëÿ ïðÿìîãî ïðîèçâåäåíèÿ k-é

äåêàðòîâîé ñòåïåíè ãðàôà ðåáðà Rk ñ ãðàôîì n-óãîëüíèêà, ðàâíà àëãåáðå Epk,n äëÿ ÷åòíîãî n,
ëèáî Nepk,n äëÿ íå÷åòíîãî n.

Ñïèñîê ëèòåðàòóðû
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ÑÂÎÉÑÒÂÀ ÑÎÂÅÐØÅÍÍÛÕ ÃÈÁÐÈÄÎÂ ÔÐÀÃÌÅÍÒÎÂ
∇-cl- ÌÍÎÆÅÑÒÂ

Íàçåðêå ÌÓÑÈÍÀ, Óëïàí ÑÎÖÈÀËÎÂÀ

Êàðàãàíäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. àêàäåìèêà Å.À. Áóêåòîâà,
Êàðàãàíäà, Êàçàõñòàí

nazerke170493@mail.ru

Îïðåäåëèì ñóùíîñòü àëãåáðàè÷åñêîé êîíñòðóêöèè, êîòîðàÿ íåîáõîäèìà äëÿ îïðåäåëåíèÿ ãè-
áðèäîâ éîíñîíîâñêèõ òåîðèé.

Ïóñòü � ∈ {∪,∩,×,+,⊕,
∏
F

,
∏
U

}, ãäå ∪-îáúåäèíåíèå, ∩ -ïåðåñå÷åíèå, ×-äåêàðòîâî ïðîèçâåäå-

íèå, +-ñóììà è ⊕-ïðÿìàÿ ñóììà,
∏
F

-ôèëüòðîâàííîå è
∏
U

-óëüòðàïðîèçâåäåíèå.

Ñëåäóþùåå îïðåäåëåíèå äàåò ãèáðèä äâóõ éîíñîíîâñêèõ ôðàãìåíòîâ îäíîé ñèãíàòóðû.
Ïóñòü X1, X2 - ∇-cl-ïîäìíîæåñòâà íåêîòîðîé äîñòàòî÷íî áîëüøîé ýêçèñòåíöèàëüíîé ìîäåëè

äàííîé ñèãíàòóðû.
Îïðåäåëåíèå. Ãèáðèäîì H(Fr(X1), F r(X2)) éîíñîíîâñêèõ ôðàãìåíòîâ Fr(X1), F r(X2) áó-

äåò íàçûâàòüñÿ òåîðèÿ Th∀∃(C1 � C2), åñëè îíà éîíñîíîâñêàÿ, ãäå Ci - ñåìàíòè÷åñêèå ìîäåëè
Fr(Xi), i = 1, 2.

Çàìåòèì ñëåäóþùèé ôàêò:
Ôàêò. Äëÿ òîãî ÷òîáû òåîðèÿ H(Fr(X1), F r(X2)) áûëà éîíñîíîâñêîé äîñòàòî÷íî, ÷òîáû (C1�

C2) ≺∃1 C.
Äàëåå îáúåêòîì íàøåãî èññëåäîâàíèÿ áóäåò êëàññ ýêçèñòåíöèàëüíî ïðîñòûõ âûïóêëûõ ∀∃-

ïîëíûõ ôðàãìåíòîâ â ðàìêàõ âûøåóêàçàííûõ óñëîâèé.
Â ðàìêàõ èçó÷åíèÿ äàííîãî êëàññà òåîðèé ìû ïîëó÷èëè ñëåäóþùèå ðåçóëüòàòû:
Òåîðåìà 1. Ïóñòü Fr(X) - ñîâåðøåííûé âûïóêëûé ýêçèñòåíöèàëüíî ïðîñòîé ïîëíûé äëÿ

∀∃-ïðåäëîæåíèé éîíñîíîâñêèé ôðàãìåíò. X1, X2 - ∀∃-dcl-ìíîæåñòâà â òåîðèè Th∀∃(C), ãäå
Mi=dcl(Xi) ∈ EFr(Th∀∃(C)), Fr(Xi) = Th∀∃(Mi) òàêæå ñîâåðøåííûå âûïóêëûå ýêçèñòåíöèàëüíî
ïðîñòûå ïîëíûå äëÿ ∀∃-ïðåäëîæåíèé éîíñîíîâñêèå ôðàãìåíòû. C1, C2 - èõ ñåìàíòè÷åñêèå ìîäå-
ëè ñîîòâåòñòâåííî. Òîãäà, åñëè èõ ãèáðèä H(Fr(X1), F r(X2)) ÿâëÿåòñÿ ìîäåëüíî ñîâìåñòíûì ñ
Fr(Xi), òî H(Fr(X1), F r(X2)) ÿâëÿåòñÿ ñîâåðøåííîé éîíñîíîâñêîé òåîðèåé äëÿ i = 1, 2.

Òåîðåìà 2. Ïóñòü Fr(X), F r(X1), F r(X2) óäîâëåòâîðÿþò óñëîâèÿì òåîðåìû 1 è Fr(X1),
Fr(X2) - ω-êàòåãîðè÷íû. Òîãäà èõ ãèáðèä H(Fr(X1), F r(X2) òàêæå ÿâëÿåòñÿ ñîâåðøåííîé

éîíñîíîâñêîé òåîðèåé.
Âñå íåîïðåäåëåííûå çäåñü ïîíÿòèÿ ìîæíî èçâëå÷ü èç [1,2].

Ñïèñîê ëèòåðàòóðû
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Äàííûé òåçèñ èìååò îòíîøåíèå ê ìîäóëÿðíûì ôðàãìåíòàì, êîòîðûå óäîâëåòâîðÿþò ñâîé-
ñòâó íàñëåäñòâåííîñòè. ßðêèì ïðèìåðîì òàêèõ ôðàãìåíòîâ ÿâëÿþòñÿ ôðàãìåíòû éîíñîíîâñêèõ
ïîäìíîæåñòâ ñåìàíòè÷åñêèõ ìîäåëåé àáåëåâûõ ãðóïï.

Ðàññìîòðèì ñëåäóþùèå íåîáõîäèìûå îïðåäåëåíèÿ.
Îïðåäåëåíèå 1 [1]. Åñëè (X, cl) ÿâëÿåòñÿ éîíñîíîâñêîé ïðåäãåîìåòðèåé, ìû ãîâîðèì, ÷òî A

ÿâëÿåòñÿ éîíñîíîâñêè íåçàâèñèìûì (J - íåçàâèñèìûì) ïîäìíîæåñòâîì â X, åñëè a /∈ cl(A \ {a})
äëÿ âñåõ a ∈ A è B ÿâëÿåòñÿ J-áàçèñîì äëÿ Y , Y ⊆ X, åñëè B-J-íåçàâèñèìî è Y ⊆ acl(B).

Îïðåäåëåíèå 2 [1]. Ìû ãîâîðèì, ÷òî (X, cl) ÿâëÿåòñÿ ìîäóëÿðíîé ïðåäãåîìåòðèåé, åñëè äëÿ
ëþáûõ êîíå÷íîìåðíûõ çàìêíóòûõ A,B ⊆ X

dim(A ∪B) = dimA+ dimB − dim(A ∩B)

.
Îïðåäåëåíèå 3 [1]. Åñëè X = C è (X, cl) ÿâëÿåòñÿ ìîäóëÿðíîé, òîãäà éîíñîíîâñêàÿ òåîðèÿ

T íàçûâàåòñÿ ìîäóëÿðíîé, ãäå C - ñåìàíòè÷åñêàÿ ìîäåëü òåîðèè T .
Îïðåäåëåíèå 4 [1]. Ïóñòü X ⊆ C. Ìû ìîæåì ãîâîðèòü, ÷òî X - ∇ − cl-éîíñîíîâñêîå ïîä-

ìíîæåñòâî C, åñëè X óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
1) X - ∇-îïðåäåëÿåìîå ìíîæåñòâî (ýòî îçíà÷àåò, ÷òî ñóùåñòâóåò ôîðìóëà èç ∇, ðåøåíèå

êîòîðûõ â C ÿâëÿåòñÿ ìíîæåñòâî X, ãäå ∇ ⊆ L, òî åñòü ∇ ýòî âèä ôîðìóëû, íàïðèìåð ∃, ∀, ∀∃ è
ò.ä.);

2) cl(X) = M , M ∈ ET , ãäå cl íåêîòîðûé îïåðàòîð çàìûêàíèÿ, îïðåäåëÿþùèé ïðåäãåîìåòðèþ
íàä C (íàïðèìåð cl = acl èëè cl = dcl).

Îïðåäåëåíèå 5 [1]. Îáîãàùåíèå T éîíñîíîâñêîé òåîðèé T íàçûâàåòñÿ äîïóñòèìûì, åñëè
ëþáîé ∇-òèï (ò.å. ëþáàÿ ôîðìóëà ýòîãî òèïà ïðèíàäëåæèò ∇, ãäå ∇ ïîäìíîæåñòâî ÿçûêà Lσ) â
ýòîì îáîãàùåíèè îïðåäåëèì â ðàìêàõ ðàññìàòðèâàåìîé TΓ-ñòàáèëüíîñòè.

Îïðåäåëåíèå 6 [1]. Éîíñîíîâñêàÿ òåîðèÿ íàçûâàåòñÿ íàñëåäñòâåííîé, åñëè â ëþáîì åå äî-
ïóñòèìîì îáîãàùåíèè åå ðàñøèðåíèå â ýòîì îáîãàùåíèè ÿâëÿåòñÿ éîíñîíîâñêîé òåîðèåé.

Ïóñòü Fr(X) - ïðîèçâîëüíûé ôðàãìåíò éîíñîíîâñêîãî ìíîæåñòâà X â ñ÷åòíîì ÿçûêå ïåðâîãî
ïîðÿäêà ñèãíàòóðû σ. Ïóñòü C ÿâëÿåòñÿ ñåìàíòè÷åñêîé ìîäåëüþ òåîðèè Fr(X). Ïóñòü X ⊆ C
åñòü éîíñîíîâñêîå ìíîæåñòâî â òåîðèè Fr(X). Ïóñòü σΓ(X) = σ ∪ {ca|a ∈ X} ∪ Γ, Γ = {P} ∪ {c}.

Ïóñòü Fr(X)CX = Fr(X) ∪ Th∀∃(C, a)a∈X ∪ {P (Ca)|a ∈ X} ∪ {P (c)} ∪ {′P ⊆′} , ãäå {′P ⊆′}
åñòü áåñêîíå÷íîå ìíîæåñòâî ïðåäëîæåíèé, âûðàæàþùèõ òîò ôàêò, ÷òî èíòåðïðåòàöèÿ ñèìâîëà
P ÿâëÿåòñÿ ýêçèñòåíöèàëüíî-çàìêíóòîé ïîäìîäåëüþ â ÿçûêå ñèãíàòóðû σΓ(X) è ýòà ìîäåëü åñòü
îïðåäåëèìîå çàìûêàíèå ìíîæåñòâà X. Ïîíÿòíî, ÷òî ðàññìîòðåííîå ìíîæåñòâî ïðåäëîæåíèé ÿâ-
ëÿåòñÿ éîíñîíîâñêîé òåîðèåé è ýòà òåîðèÿ âîîáùå ãîâîðÿ íå ïîëíà.

Ïóñòü Fr(X)∗ ÿâëÿåòñÿ öåíòðîì éîíñîíîâñêîé òåîðèè Fr(X)CX è Fr(X)∗ = Th(C ′), ãäå C ′ åñòü
ñåìàíòè÷åñêàÿ ìîäåëü òåîðèè Fr(X)CX . Ïðè îãðàíè÷åíèè òåîðèè Fr(X)CX äî ñèãíàòóðû σΓ(X)\{c}
òåîðèÿ Fr(X)CX ñòàíîâèòñÿ ïîëíûì òèïîì. Ýòîò òèï ìû è íàçîâåì öåíòðàëüíûì òèïîì òåîðèè
Fr(X) îòíîñèòåëüíî éîíñîíîâñêîãî ìíîæåñòâà X.

Ïóñòü Fr(X)CX òåîðèÿ â ÿçûêå σΓ(X) , òî Fr(X)∗ åñòü åå öåíòð.
Â ðàìêàõ èçó÷åíèÿ ñâîéñòâ êàòåãîðè÷íîñòè âûøå óêàçàííûõ òåîðèé â îáîãàùåííîì ÿçûêå

îòíîñèòåëüíî #-êîìïàíüîíà, ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020
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Äàëåå âñå ðàññìàòðèâàåìûå ôðàãìåíòû áóäóò ìîäóëÿðíûìè è íàñëåäñòâåííûìè.
Òåîðåìà 1.
Åñëè Fr(X)CX òåîðèÿ ω -êàòåãîðè÷íà, òî Fr(X) ñîâåðøåííà.
Òåîðåìà 2.
Åñëè Fr(X)CX κ-êàòåãîðè÷íà, òî #-êîìïàíüîí äëÿ Fr∗(X) κ -êàòåãîðè÷åí, κ ≥ ω.
Âñå íåîïðåäåëåííûå â äàííîì òåçèñå îïðåäåëåíèÿ ïîíÿòèé ìîæíî íàéòè â [2].

Ñïèñîê ëèòåðàòóðû
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Ðàññìàòðèâàþòñÿ òåîðèè â ëîãèêå ïðåäèêàòîâ ïåðâîãî ïîðÿäêà ñ ðàâåíñòâîì è èñïîëüçóþòñÿ
îáùèå ïîíÿòèÿ òåîðèè ìîäåëåé è òåîðèè àëãîðèòìîâ. Îáúåêòîì èññëåäîâàíèÿ ÿâëÿåòñÿ êëàññ
ïîëíûõ è íåïîëíûõ òåîðèé êîíå÷íûõ èëè ïåðå÷èñëèìûõ ñèãíàòóð. Äëÿ òåîðèè T ñèãíàòóðû σ è
êîíå÷íîé ïîñëåäîâàòåëüíîñòè ôîðìóë ýòîé ñèãíàòóðû

κ = 〈ϕ1(x̄1), ϕ2(x̄2), ..., ϕs(x̄s)〉, Len(x̄i) = mi, (1)

îïðåäåëåíà îïåðàöèÿ äåêàðòîâà ðàñøèðåíèÿ T 〈κ〉, ñì. [1]. Ìû ñëåäóåì àëãåáðàè÷åñêîìó ïîäõîäó,
ðàññìàòðèâàÿ òîëüêî êîðòåæè (1) äëÿ êîòîðûõ ôîðìóëû ϕi(x̄i), i = 1, 2, ..., s, ÿâëÿþòñÿ ∃ ∩ ∀-
ïðåäñòàâèìûìè â ñîîòâåòñòâóþùåé òåîðèè. Îïðåäåëèì îòíîøåíèå ýêâèâàëåíòíîñòè íà êëàññå C
âñåõ ïîëíûõ òåîðèé ðàçëè÷íûõ êîíå÷íûõ èëè ïåðå÷èñëèìûõ ñèãíàòóð ñëåäóþùèì ïðàâèëîì

T1 ' T2 ⇔dfn ñóùåñòâóþò κ,κ′ òàêèå, ÷òî T1〈κ〉 ≈a T2〈κ′〉, (2)

ãäå ≈a îçíà÷àåò àëãåáðàè÷åñêèé èçîìîðôèçì òåîðèé. Ñîãëàñíî îïðåäåëåíèþ [1], äâå ïîëíûå òåî-
ðèè T1 è T2 èç C èìåþò îäèíàêîâûå òåîðåòèêî-ìîäåëüíûå ñâîéñòâà òîãäà è òîëüêî òîãäà, êîãäà
âûïîëíåíî T1 ' T2. Â ðàáîòå [2] èçó÷åíû ãðóïïû àâòîìîðôèçìîâ ñòðóêòóð ñ êîíå÷íûìè îáëàñòÿ-
ìè. Íà ýòîé îñíîâå ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû.

Òåîðåìà 1. Ïóñòü M è M′ ÿâëÿþòñÿ ñòðóêòóðàìè ñ êîíå÷íûìè îáëàñòÿìè. Òåîðèè Th(M)
è Th(M′) èìåþò îäèíàêîâûå òåîðåòèêî-ìîäåëüíûå ñâîéñòâà òîãäà è òîëüêî òîãäà êîãäà ãðóïïû
àâòîìîðôèçìîâ Aut(M) è Aut(M′) èçîìîðôíû.

Òåîðåìà 2. Ïðîèçâîëüíûé êëàññ p ïîëíûõ òåîðèé ñ êîíå÷íûìè ìîäåëÿìè ÿâëÿåòñÿ àòîìàð-
íûì òåîðåòèêî-ìîäåëüíûì ñâîéñòâîì òîãäà è òîëüêî òîãäà, êîãäà äëÿ íåêîòîðîé êîíå÷íîé
ãðóïïû G âûïîëíåíî p = pG =dfn {Th(M) : |M| < ω0 & Aut(M) ∼= G}.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ãðàíò
AP05130852
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Òåîðåìà 3. Ïðîèçâîëüíûé êëàññ p ïîëíûõ òåîðèé ñ êîíå÷íûìè ìîäåëÿìè ÿâëÿåòñÿ
òåîðåòèêî-ìîäåëüíûì ñâîéñòâîì òîãäà è òîëüêî òîãäà, êîãäà p ÿâëÿåòñÿ îáúåäèíåíèåì íåêî-
òîðîãî ñåìåéñòâà àòîìàðíûõ òåîðåòèêî-ìîäåëüíûõ ñâîéñòâ.

Ïîëó÷åííûå ðåçóëüòàòû õàðàêòåðèçóþò òåîðåòèêî-ìîäåëüíûå ñâîéñòâà íà êëàññå ñòðóêòóð ñ
êîíå÷íûìè îáëàñòÿìè. Â ÷àñòíîñòè, êëàññ êîíå÷íûõ ñòðóêòóð ñ òðèâèàëüíîé ãðóïïîé àâòîìîð-
ôèçìîâ ñîñòàâëÿåò îäíî àòîìàðíîå òåîðåòèêî-ìîäåëüíîå ñâîéñòâî. Ýòî ïîêàçûâàåò ÷òî êëàññè-
÷åñêèé ïîäõîä ñ òåîðåòèêî-ìîäåëüíûìè ñâîéñòâàìè â ÿçûêå ïåðâîãî ïîðÿäêà ñëàáî ïîäõîäèò ê
ðåøåíèþ ïðèêëàäíûõ çàäà÷ â êîòîðûõ êîíå÷íûå ìîäåëè ñ òðèâèàëüíîé ãðóïïîé àâòîìîðôèçìîâ
ðàññìàòðèâàþòñÿ â êà÷åñòâå íîñèòåëåé äëÿ áàçû äàííûõ.
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Ïóñòü Fr(X) - ïðîèçâîëüíûé ôðàãìåíò[1] éîíñîíîâñêîãî ìíîæåñòâà X â ñ÷åòíîì ÿçûêå ïåðâî-
ãî ïîðÿäêà ñèãíàòóðû σ. Ïóñòü C ÿâëÿåòñÿ ñåìàíòè÷åñêîé ìîäåëüþ òåîðèè Fr(X). Ïóñòü X ⊆ C
åñòü éîíñîíîâñêîå ìíîæåñòâî â òåîðèè Fr(X). Ïóñòü σΓ(X) = σ ∪ {ca|a ∈ X} ∪ Γ, Γ = {P} ∪ {c}.

Ïóñòü Fr(X)CX = Fr(X) ∪ Th∀∃(C, a)a∈X ∪ {P (Ca)|a ∈ X} ∪ {P (c)} ∪ {′P ⊆′} , ãäå {′P ⊆′}
åñòü áåñêîíå÷íîå ìíîæåñòâî ïðåäëîæåíèé, âûðàæàþùèõ òîò ôàêò, ÷òî èíòåðïðåòàöèÿ ñèìâîëà
P ÿâëÿåòñÿ ýêçèñòåíöèàëüíî-çàìêíóòîé ïîäìîäåëüþ â ÿçûêå ñèãíàòóðû σΓ(X) è ýòà ìîäåëü åñòü
îïðåäåëèìîå çàìûêàíèå ìíîæåñòâà X. Ðàññìîòðåííîå ìíîæåñòâî ïðåäëîæåíèé íå âñåãäà ÿâëÿ-
åòñÿ éîíñîíîâñêîé òåîðèåé è ýòà òåîðèÿ âîîáùå ãîâîðÿ íå ïîëíà. Ïîýòîìó â äàëüíåéøåì ìû
ïðåäïîëàãàåì, ÷òî â îáîãàùåííîì ÿçûêå éîíñîíîâîñòü ñîõðàíÿåòñÿ, è òàêèå òåîðèè íàçûâàþòñÿ
íàñëåäñòâåííûìè.

Ïóñòü Fr(X)∗ ÿâëÿåòñÿ öåíòðîì éîíñîíîâñêîé òåîðèè Fr(X)CX è Fr(X)∗ = Th(C ′), ãäå C ′ åñòü
ñåìàíòè÷åñêàÿ ìîäåëü òåîðèè Fr(X)CX . Ïðè îãðàíè÷åíèè òåîðèè Fr(X)CX äî ñèãíàòóðû σΓ(X)\{c}
òåîðèÿ Fr(X)CX ñòàíîâèòñÿ ïîëíûì òèïîì. Ýòîò òèï ìû è íàçîâåì öåíòðàëüíûì òèïîì òåîðèè
Fr(X) îòíîñèòåëüíî éîíñîíîâñêîãî ìíîæåñòâà X è îáîçíà÷èì åãî ÷åðåç PCX .

Ïîíÿòíî, ÷òî ìîäåëü C ′ ýòî ìîäåëü ïîëó÷åííàÿ îáîãàùåíèåì ìîäåëè C ÿçûêà σ äî ÿçûêà
σΓ(X). Íàçîâåì ýëåìåíò a ñåìàíòè÷åñêîé ìîäåëè C ′ öåíòðàëüíûì ýëåìåíòîì îòíîñèòåëüíî éîí-
ñîíîâñêîãî ìíîæåñòâà X, åñëè a ÿâëÿåòñÿ ðåàëèçàöèåé öåíòðàëüíîãî òèïà òåîðèè Fr(X) îòíîñè-
òåëüíî éîíñîíîâñêîãî ìíîæåñòâà X.

Òåîðåìà. ÏóñòüX1, X2 - éîíñîíîâñêèå ìíîæåñòâà â òåîðèè Fr(X)∗, a1 - ðåàëèçàöèÿ öåíòðàëü-
íîãî òèïà PCX1

è a2 - ðåàëèçàöèÿ öåíòðàëüíîãî òèïà P
C
X2
. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1) Fr(X)CX1
ñèíòàêñè÷åñêè ïîäîáíû Fr(X)CX2

, êàê éîíñîíîâñêèå òåîðèè;
2) RM(tp(a1/X1)) = RM(tp(a2/X2)) , RM -ðàíã Ìîðëè;
3) ∃ϕ ∈ Aut(C ′) : ϕ(a1) = a2.
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Èçó÷åíèå óíèâåðñàëîâ â ðàìêàõ ôðàãìåíòîâ éîíñîíîâñêèõ ïîäìíîæåñòâ ñåìàíòè÷åñêîé ìî-
äåëè íåêîòîðîé ôèêñèðîâàííîé éîíñîíîâñêîé òåîðèè ïðåäñòàâëÿåò èíòåðåñ êàê ñî ñòîðîíû ñèí-
òàêñè÷åñêèõ ñâîéñòâ òàêèõ ôðàãìåíòîâ, òàê è ñåìàíòè÷åñêèõ ñâîéñòâ îïðåäåëèìûõ çàìûêàíèé,
êîòîðûå îïðåäåëÿþò ðàññìàòðèâàåìûå ôðàãìåíòû.

Ìû áóäåì ðàññìàòðèâàòü ñâîéñòâà öåíòðàëüíûõ òèïîâ ôðàãìåíòîâ â îáîãàùåíèè, â êîòîðîì
ýòè öåíòðàëüíûå òèïû ñîâåðøåííû, à ñàìè ôðàãìåíòû íàñëåäñòâåííû.

Ïóñòü T - ïðîèçâîëüíàÿ éîíñîíîâñêàÿ òåîðèÿ â ñ÷åòíîì ÿçûêå ïåðâîãî ïîðÿäêà ñèãíàòóðû σ.
Ïóñòü C ÿâëÿåòñÿ ñåìàíòè÷åñêîé ìîäåëüþ òåîðèè T . Ïóñòü A ⊆ C åñòü éîíñîíîâñêîå ìíîæåñòâî
â òåîðèè T . Ïóñòü σΓ(A) = σ ∪ {ca|a ∈ A} ∪ Γ, Γ = {P} ∪ {c}.

Ïóñòü TCA = T∪Th∀∃∪{P (Ca)|a ∈ A}∪{P (c)}∪{′P ⊆′}, ãäå {′P ⊆′} åñòü áåñêîíå÷íîå ìíîæåñòâî
ïðåäëîæåíèé, âûðàæàþùèõ òîò ôàêò, ÷òî èíòåðïðåòàöèÿ ñèìâîëà ÿâëÿåòñÿ ýêçèñòåíöèàëüíî-
çàìêíóòîé ïîäìîäåëüþ â ÿçûêå ñèãíàòóðû σΓ(A) è ýòà ìîäåëü åñòü îïðåäåëèìîå çàìûêàíèå ìíî-
æåñòâà A. Ïîíÿòíî, ÷òî ðàññìîòðåííîå ìíîæåñòâî ïðåäëîæåíèé ÿâëÿåòñÿ éîíñîíîâñêîé òåîðèåé
è ýòà òåîðèÿ âîîáùå ãîâîðÿ íå ïîëíà.

Ïóñòü T ∗ ÿâëÿåòñÿ öåíòðîì éîíñîíîâñêîé òåîðèè TCA è T ∗ = Th(C ′), ãäå C ′ åñòü ñåìàíòè÷åñêàÿ
ìîäåëü òåîðèè TCA . Ïðè îãðàíè÷åíèè òåîðèè TCA äî ñèãíàòóðû σΓ(A)\{c} òåîðèÿ TCA ñòàíîâèòñÿ
ïîëíûì òèïîì. Ýòîò òèï ìû è íàçîâåì öåíòðàëüíûì òèïîì òåîðèè îòíîñèòåëüíî éîíñîíîâñêîãî
ìíîæåñòâà A.

Ïóñòü TCA - òåîðèÿ â ÿçûêå σΓ(A), òî T ∗ åñòü åå öåíòð.
Ðàññìîòðèì ìíîæåñòâî óíèâåðñàëüíûõ ñëåäñòâèé òåîðèè T C

∀A. Ïóñòü X - éîíñîíîâñêîå ïîä-
ìíîæåñòâî ìîäåëè C è Fr∀(X) - óíèâåðñàëüíûé ôðàãìåíò ìíîæåñòâà Õ â òåîðèè T C

∀A.
Ìû èìååì ñëåäóþùèé ðåçóëüòàò, ñâÿçàííûé ñ îòðèöàíèåì ïðåäïîëîæåíèÿ íà èçâåñòíûé âî-

ïðîñ [1, 352] î ñóùåñòâîâàíèè ñ÷åòíî-êàòåãîðè÷íîãî óíèâåðñàëà, êîòîðûé íå ÿâëÿåòñÿ íåñ÷åòíî-
êàòåãîðè÷íûì.

Òåîðåìà.
Åñëè òåîðèÿ Fr∀(X) òîòàëüíî êàòåãîðè÷íà, òî Fr∀(X)∗ íå êîíå÷íî àêñèîìàòèçèðóåìà.
Âñå íåîïðåäåëåííûå â äàííîì òåçèñå îïðåäåëåíèÿ ïîíÿòèé ìîæíî íàéòè â [1].
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2 Äèôôåðåíöèàëüíûå óðàâíåíèÿ, òåîðèÿ ôóíêöèé è
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The Heisenberg group is Hn = (R2n+1, ◦) whose composition law is given by

(z, t) ◦ (z′, t′) = (z + z′, t+ t′ + 2 Im〈z, z′〉).

Here we identify R2n with Cn, and use the notation

ξ := (z, t) = (z1, z2, ..., zn, t) = (x1, y1, ..., xn, yn, t)

for the points of Hn (see, e.g. [2]). In simpler case when n = 1 composition law as well as dilation
rule are respectively given by

(x1, y1, t1) ◦ (x2, y2, t2) = (x1 + x2, y1 + y2, t1 + t2 + 2(y1x2 − x1y2)),

and
δλ(x, y, t) = (λx, λy, λ2t), (x, y, t) ∈ R3.

The sub-Laplacian operator L on Hn is defined as follows:

L :=

n∑
j=1

(
X2
j + Y 2

j

)
,

where Xj and Yj are left invariant (with respect to the group law) vector fields:

Xj = ∂xj + 2yj∂t, Yj = ∂yj − 2xj∂t.

The horizontal gradient on Hn is given by

∇H := (X1, . . . , Xn, Y1, . . . , Yn).

Let 1 < p <∞. We denote the Sobolev space by

S1,p(Ω) := {u ∈ Lp(Ω) : ∇Hu(x) ∈ Lp(Ω)} (1)

with the norm

‖u‖S1,p(Ω) =

(∫
Ω
|u(x)|p + |∇Hu(x)|pdx

) 1
p

. (2)

Let S1,p
0 (Ω) be defined as the completion of C∞0 (Ω) with the norm

‖u‖
S1,p

0 (Ω)
=

(∫
Ω
|∇Hu(x)|pdx

) 1
p

. (3)

For further discussions on the analysis on the Heisenberg group, we refer to [6] and [8].
In the classical (commutative) analysis, it is well-known that the p-Laplacian

This work was supported in parts by the Nazarbayev University program 091019CRP2120.
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∆pu := ∇ · (|∇u|p−2∇u),

is a quasilinear elliptic partial differential operator of 2nd order, where ∇ is the usual gradient. It is a
nonlinear generalization of the Laplace operator, where p is allowed to range over 1 < p <∞ for any
u in Rn.

Here |∇u|p−2 is defined as

|∇u|p−2 :=

((
∂u

∂x1

)2

+ ...+

(
∂u

∂xn

)2) p−2
2

for (x1, ...xn) ∈ Rn. In turn, the p-Laplacian can be generalized to the so-called (p, q)-Laplacian. The
(p, q)-Laplacian has recently attracted a lot attention because of its applications in different areas of
physics (see, e.g. [1]).

An analogue of the (p, q)-Laplacian on Hn, that is, for the Heisenberg group the (p, q)-sub-Laplacian
is defined as follows

Lp,q := −∇H · (|∇H |p−2∇H)−∇H · (|∇H |q−2∇H), 1 < q < p. (4)

In the present paper, we discuss applications of Green’s identities for the (p, q)-sub-Laplacian (4).
Versions of Green’s identities for sub-Laplacians for more general stratified groups were established
in [5]. Then they were obtained for p-sub-Laplacians [7] (see also [4] and [3]). In this paper, Green’s
first and second identities are extended to (p, q)-sub-Laplacians on the Heisenberg group with some
of their applications. Particularly, we apply Green’s identities to a nonlinear boundary value problem
that involves the (p, q)-sub-Laplacian in order to show uniqueness of a positive weak solution.
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In this note, we prove the blow-up of solutions to the Dirichlet initial value problem for the sup-
Laplacian heat equation on the Heisenberg group by using the concavity method.

Theorem Let Ω be a bounded domain of the Heisenberg group Hn with smooth boundary ∂Ω.
Let a function f satisfy the condition that there exist constants c1 > 2 and c2 such that for all u > 0
we have

c1

∫ u

0
f(s)ds ≤ uf(u) + c3u

2 + c1c2,

where 0 < c3 ≤ (c1−2)λ1

2 , where λ1 is the principal frequency of the sub-Laplacian L. If u0 ∈ C1(Ω)
with u0 = 0 on ∂Ω satisfies the inequality

−1

2
‖∇Hu0‖2L2(Ω) +

∫
Ω

(∫ u0(ξ)

0
f(s)ds− c2

)
dξ > 0,

then the nonnegative solution to the equation blows up at a finite time T ∗ for

M :=

(
1 +

√
c1
2

)
‖u0‖4L2(Ω)

2(c1 − 2)
[
−1

2‖∇Hu0‖2L2(Ω)
+
∫

Ω(
∫ u0(ξ)

0 f(s)ds− c2)dξ
] ,

such that

0 < T ∗ ≤ M(√
c1/2− 1

)
‖u0‖2L2(Ω)

,

that is,

lim
t→T ∗

∫ t

0

∫
Ω
u2(ξ, τ)dξdτ = +∞.
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Let m ∈ R and 0 ≤ δ, ρ ≤ 1. The Hörmander classes Smρ,δ(R×R) are space of functions a = a(x, λ)
which are smooth on R× R and such that

|∂βx∂γλa(x, λ)| ≤ Cβ,γ(1 + |λ|)m−ργ+δβ,

for all β, γ and for all x, λ ∈ R. Constants Cβ,γ may depend on a, α, β but not on x, λ. The corre-
sponding class OpSmρ,δ(R×R) of pseudo-differential operators is defined on the space S(R) of Schwartz
functions given by

a(X,D)f(x) =
∫
R e

ixλa(x, λ)f̂(λ)dλ,

where f̂ is the Fourier transform of f . In the similar way to the classical settings we can define symbol
classes Smρ,δ(R× R;µα) by

|∆`
(x)Λ

k
αa(x, λ)| ≤ C`,k(1 + |λ|)m−ρ`+δk

and the corresponding pseudo-differential operator to the symbol from Smρ,δ(R× R;µα) by

Opα(a)(f)(x) :=
∫
REα(ixλ)a(x, λ)Fα(f)(λ)dµα(λ), x ∈ R.

The symbolic calculus of pseudo-differential operators generated by a boundary value problem
for a given differential operator was constructed by [1]. We follow that paper and we will use some
methods form that paper. In our work, we are interested in the symbolic calculus of pseudo-differential
operators generated by the Dunkl operator.

Theorem. Let m ∈ R and 0 ≤ δ < ρ ≤ 1. Let A ∈ Opα(Smρ,δ(R× R;µα)). Then the adjoint of A
from Opα(Smρ,δ(R× R;µα)) and its symbol σA∗ ∈ Smρ,δ(R× R;µα) having the asymptotic expansion

σA∗(x, λ) ∼
∑∞

`=0
1

γα(`)∆`
(x)Λ

`
α,xσA(x, λ).

which means that

|σA∗(x, λ)−
∑N−1

`=0
1

γα(`)∆`
(x)Λ

`
α,xσA(x, λ)| ≤ CN (1 + |λ|)m−(ρ−δ)N ,

for all N > 0.
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When we solve boundary value problems for parabolic equations in the Hölder spaces we require the
fulfilment of the compatibility conditions of the initial and boundary data. They are equalities on the
boundary of the domain at the initial moment of time, connecting all given functions and coefficients
of the problems. Such problems describe continuously going on physical processes. However, when
the process is studied from the very beginning or from the moment of discontinuity of the coefficients
or given functions, then the physical process will proceed, and the boundary-value problem describing
this process will have a solution.

There are studied the first and second boundary value problems for parabolic equations with
variable coefficients, when the compatibility conditions of all acceptable orders are not fulfilled. It is
proved that the solution to each of the problems contains a regular solution belonging to the classical
Hölder space, and a singular solution consisting of the sum of singular functions, the number of which
equal to the number of incompatible conditions. Each of the singular functions belongs to a certain
weighted Hölder space [1] with a parabolic weight t+ ρ(x), where ρ(x) is the distance from the point
x of the domain to its boundary, where the compatibility condition is not fulfilled.
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Consider the following problem in Ω = {(ξ, η) ∈ R2 : ξ > |η|}

∂2u

∂ξ∂η
+ a(ξ, η) · ∂u

∂ξ
+ b(ξ, η) · ∂u

∂η
+ c(ξ, η) · u = f(ξ, η), (ξ, η) ∈ Ω, (1)

with the initial conditions

u(ξ, ξ) = τ(ξ),

(
∂u

∂ξ
− ∂u

∂η

)
(ξ, ξ) = ν(ξ), ξ > 0, (2)

and the boundary condition

u(−η, η) = Φ(η), η ≤ 0, (3)

where a(ξ, η), b(ξ, η) ∈ C1
(
Ω
)
; c(ξ, η), f(ξ, η),∈ C

(
Ω
)
; ν(ξ), Φ(ξ) ∈ C (R+); τ(ξ) ∈ C1 (R+) ;

Φ′(0) = ν(0), Φ(0) = τ(0).

Let’s call a function from the class u(ξ, η) ∈ C1 (R+), uξη ∈ C (R+) a regular solution to the
problem , reversing the equation (1), initial conditions (2) and boundary condition (3) into an identity.

The task is to prove the correctness and building a solution of the problem (1)-(3).

Theorem. Let a(ξ, η), b(ξ, η) ∈ C1
(
Ω
)
; c(ξ, η), f(ξ, η) ∈ C

(
Ω
)
; ν(ξ), Φ(ξ) ∈ C (R+), τ(ξ) ∈

C1 (R+) ; Φ′(0) = ν(0), Φ(0) = τ(0). Then the problem (1)-(3) has a unique regular solution.

By calculating the following integral∫∫
Ω
G(ξ, η; ξ1, η1) · f(ξ1, η1)dξ1dη1

and using the Riemann method [1], we will find the solution of the problem (1)-(3), where

G(ξ, η, ξ1, η1) =


−R(ξ, η; ξ1, η1)θ(η1 − η)θ(ξ − ξ1), η > 0,(
R(ξ, η;−η1,−ξ1)−R(ξ, η; ξ1, η1)

)
θ(−η − ξ1)

−R(ξ, η; ξ1, η1)θ(ξ1 + η)θ(η1 − η)θ(ξ − ξ1), η < 0,

and R(ξ, η; ξ1, η1) is a Riemann-Green function for the equation (1), specially extended to the area
η < |ξ|.
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In this presentation, global existence and boundedness theorem of solutions of nonlinear heat
equations are considered on stratified groups. To do this, there is extended the theorem in [1](see
p.338) on RN with important tools: Poincare inequality and Green formula from [2] and [3].
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Let x = {x1, x2}, Qxt = {x, t : |x| < t, 0 < t < T <∞} be an inverted cone with a vertex at the
origin, and Ωxt is the section of the cone for a given t ∈ (0, T ). Note that at point t = 0 the domain
Qxt degenerates to a point.
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In the non-cylindrical domain Qxt we consider a boundary value problem for a system of Navier-
Stokes equations with respect to a two-dimensional vector-function of the fluid velocity u(x, t) =
{u1(x, t), u2(x, t)} and the fluid pressure function p(x, t):

∂u

∂t
− ν∆u+

2∑
i=1

ui
∂u

∂xi
= f −∇p, (1)

div u =
∂u1

∂x1
+
∂u2

∂x2
= 0, (2)

u = 0, {x, t} ∈ Σxt is the lateral surface of the cone. (3)

Remark. In the formulation of the boundary value problem (1)–(4), there are no initial conditions,
since at the initial moment of time the domain degenerates into a point in the spatial variable.

The work is devoted to the problems of solvability in Sobolev classes of the boundary value problem
for a two-dimensional system of Navier-Stokes equations in a non-cylindrical domain represented by a
cone with a vertex at the origin. The existence and uniqueness of the solution, and its regularity with
increasing the smoothness of the given functions are established.
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We discuss the uniqueness of the positive solution to the following nonlinear differential equation
for the p-q-sub-Laplacian on the stratified Lie groups:{

−Lp,qu = F (x, u), u > 0 in Ω,

u = 0, on ∂Ω.
(1)

Here Ω ⊂ G be a bounded open set with smooth boundary ∂Ω. Let 1 < q < p, F (x, u) = F1(x)F2(u)
where F1 is a non-negative bounded function, and F2 : (0,∞)→ (0,∞) satisfies the conditions:

a) F2(u) is a non-decreasing function,

b) F2(u)u1−α non-increasing for some α such that 1 ≤ α < q.

Let G = (RN , ◦) be a Lie group on RN by the composition law ◦. We say that G is a
stratified Lie group if it satisfies the following conditions:

a) There exists an r-tuple of natural numbers N1 + N2 + · · · + Nr = N , such that the dilation
δλ : RN → RN given by

δλ(x1, . . . , xN ) := (λ(1)x1, . . . , λ
(N)xN )

is an automorphism of the group G for every λ > 0. Here xi ∈ RNi for i = 1, . . . , r.

b) If N1 is as (a), let W1, . . . ,WN1 be the left invariant vector fields on G such that Wj(0) = ∂
∂xj
|0

for j = 1, . . . , N1. Then

rank(Lie{W1, . . . ,WN1}) = N
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holds for every x ∈ RN .

If two conditions shown above are satisfied, then we say that the triple G = (RN , ◦, δλ) is a stratified
Lie group (or a homogeneous Carnot group).

Here r will be called step of G and the vector fieldsW1, . . . ,WN1 are called the (Jacobian) generators
of G. Any basis of span{W1, . . . ,WN1} is called a system of generators of G. The number Q is called
the homogeneous dimension of stratified group G. Here we have

Q =
r∑

k=1

kNk.

For the horizontal gradient we use the following notation

∇H := (W1, . . . ,WN1).

The Lebesgue measure dx on RN will be the Haar measure for G = (RN , ◦, δλ). The notation u ∈ C1(Ω)
means ∇Hu ∈ C(Ω), where Ω ⊂ G an open set. We refer to a recent book [5] for further discussions
in this direction.

We also use the functional spaces
◦
S1,p(Ω) = {u : Ω → R;u, |∇Hu| ∈ Lp(Ω)}. Let consider the

functional

Jp(u) :=

(∫
Ω
|∇Hu|pdx

) 1
p

,

then we define the functional class
◦
S1,p(Ω) to be the completion C1

0 (Ω) in the norm generated by Jp.
The operator

Lp,qu := ∇H · (|∇Hu|p−2∇Hu) +∇H · (|∇Hu|q−2∇Hu), 1 < p <∞, 1 < q <∞,

is called p-q-sub-Laplacian.
Theorem. The Dirichlet boundary value problem for the p-q-sub-Laplacian (1) has at most one

solution.
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This paper studies the valuation of real options when the cost of investment jumps at a random
time. Three valuation formulas are derived. The first expresses the value of the project in terms of
a collection of knockout barrier claims. The second identifies the premium relative to a project with
delayed investment right and prices its components. The last one identifies the premium/discount
relative to a project with constant cost equal to the post-jump cost and prices its components. All
formulas are in closed form. The behavior of optimal investment boundaries and valuation components
are examined.
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Let Λ = {λn} be the sequence of all zeros of an entire function of exponential type

∆(λ) = 1− iλ
∫ 1

0
f(t)eiλtdt, λ = reiϕ = x+ iy, (1)

where f ∈ L2(0, 1) (in the sequence Λ, each point counts as many times as its multiplicity mn). We
assume that it is impossible to reduce the interval of integration without changing the value of the
integral itself. We consider the following exponential system

e(Λ) = {tp−1eiλnt, 1 ≤ p ≤ mn}.

We set the following question: for which a, b (a < b) is the system e(Λ) complete (incomplete) in the
space L2(a, b) (or, what is the same, in C[a,b])?

It is enough to consider the case L2(−ρ, ρ) (or C[−ρ, ρ]), since the completeness (or incompleteness)
of e(Λ) is invariant under the shift of the argument. The question posed is reduced to clarifying the
quantity ρ(Λ), the radius of completeness of the system e(Λ). By definition, ρ(Λ) is the exact upper
bound of the numbers ρ for which the system e(Λ) is complete in C[−ρ, ρ] (the radius of completeness
of the system e(Λ) is the same for the space L2(−ρ, ρ)). In terms of entire functions, ρ(Λ) can be
interpreted as the exact lower bound on the types of entire functions F of exponential type, bounded
on R and vanishing on Λ (see [1]). The latter means that at each point λn ∈ Λ the function F vanishes
with a multiplicity of at least mn. We write this fact as follows: F (Λ) = 0.

The authors are supported by the grant No. AP05131292 of the Science Committee of the Ministry of Education
and Science of the Republic of Kazakhstan
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We have

∆(λ) = 1− iλei
λ
2

1
2∫

− 1
2

eiλtg(t)dt, g(t) = f

(
t+

1

2

)

Since g ∈ L1(−1
2 ,

1
2) then we obtain that

G(t) =

t∫
− 1

2

g(τ)dτ

is absolutely continuous on [−1
2 ,

1
2 ] and the equation (1) may be rewritten in the form

∆(λ) = 1− iλei
λ
2P (λ),

where

P (λ) =

1
2∫

− 1
2

eiλtdG(t)

is the Lebesgue-Stieltjes integral (see [2] [pp. 337-359]). Thus Λ is the null set of the entire function
of exponential type

Φ(λ) = e−i
λ
2 − iλP (λ) (2)

The type of this entire function is σ(Φ) ≤ 1
2 , however, it is possible that it is strictly less than 1

2 .
Then, the indicatrix of the growth of the function P (λ) is hp(ϕ) = 1

2 | sinϕ|.
Theorem. Let Λ = {λn} – be a null set of the entire function (1), and hΦ(ϕ) – be an indicatrix of

the growth of the entire function Φ(λ), given by formula (2). Assume |J | = hΦ

(
π
2

)
+ hΦ

(
−π

2

)
. Then

the following are valid
i) when (b− a) > |J | the system e(Λ) is incomplete in C[a, b] (or L2(a, b)),
ii) when (b− a) < |J | the system e(Λ) is incomplete in C[a, b] (or L2(a, b)),
iii) if we remove from Λ any two points, then the system e(Λ1) of remaining sequence of the points

Λ1 is incomplete in C[a, b] (orL2(a, b)) and when (b− a) = |J |.
For research, a technique is used that combines ideas from the work [3-5].
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In [1] the authors study the following initial boundary value problem (in the Euclidean setting):
ut(x, t)−∆xu(x, t) = u ln |u|, (x, t) ∈ Ω× (0,+∞),

u(x, 0) = u0(x), x ∈ Ω,

u(x, t) = 0, (x, t) ∈ ∂Ω× (0,+∞).

(1)

Theorem 1. ([1]). Assume that u0 ∈ H1
0 (Ω) and

J(u0) =
1

2

∫
Ω
|∇u0|2dx−

1

2

∫
Ω
|u0|2 ln |u0|dx+

1

4

∫
Ω
|u0|2dx ≤M, (2)

and

I(u0) =

∫
Ω
|∇u0|2dx−

∫
Ω
|u0|2 ln |u0|dx < 0. (3)

Then the weak solution of problem (1) blows up at +∞.
Moreover, in [2] it is showed that the condition J(u0) ≤ M is unnecessary to blow-up at infin-

ity to a solution of problem (1). In this talk, we obtain a finite time non-blow-up result for the
sub-Laplacian heat equations with logarithmic nonlinearity on stratified groups. In our proof, the
logarithmic Sobolev-Folland-Stein inequality plays a key role. We also establish a blow-up result at
infinite time on stratified groups.
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The following viscoelastic wave equation with weak damping was considered by Messaoudi in [1].
utt −∆u+

∫ t

0
k(t− τ)∆udτ + a|ut|q−2ut = |u|p−2u, (x, t) ∈ Ω× [0, T ],

u(x, t) = 0, x ∈ ∂Ω,

u(x, 0) = u0(x), ut(x, 0) = u1(x),

(1)

where u0 ∈ W 1,2
0 (Ω), u1 ∈ L2(Ω) and k ∈ C1[0, T ] satisfying 1 −

∫∞
0 k(τ)dτ = r > 0. The author

proved that any solution with negative initial energy p > q blows up in finite-time and extended the
result by considering positive initial energy in [2]. We refer [3],[4], [5], [6] and [7] for the further
discussions in this topic.

In this talk, by means of Poincáre and Folland-Stein inequalities and Green’s identities for the
sub-Laplacian on stratified Lie groups, we show blow-up results in finite time for the viscoelastic wave
equations both with strong and weak damping terms on stratified Lie groups.
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INTEGRAL EQUATIONS FOR ROST’S REVERSED BARRIERS:
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We establish that the boundaries of the so-called Rosts reversed barrier are the unique couple
of left-continuous monotonic functions solving a suitable system of nonlinear integral equations of
Volterra type. Our result holds for atom-less target distributions of the related Skorokhod embedding
problem. The integral equations we obtain here generalise the ones often arising in optimal stopping
literature and our proof of the uniqueness of the solution goes beyond the existing results in the field.

Theorem Assume that µ is atom-less. Then for T > 0 the couple (s+, s−) is the unique couple of
left-continuous, increasing, positive functions that solve the system∫ T

t

∫ s+(T−u)

−s−(T−u)
p(t,±s±(T − t), u, y)(ν − µ)(dy)du = 0, t ∈ [0, T ) (1)

within initial conditions s±(0) = b̂±. Equivalently we may express (1) in terms of φ as∫
R
1{y:φ(x)>φ(y)}ExL

y
φ(x)−φ(y)(ν − µ)(dy) = 0, x ∈ R. (2)
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ON FREDHOLM PROPERTY AND ON THE INDEX OF THE
GENERALIZED NEUMANN PROBLEM
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In simply connected region D in the plane bounded by the simple smooth contour Γ, we consider
the elliptic equation

2l∑
r=0

ar
∂2lu

∂x2l−r∂yr
+

∑
0≤r≤k≤2l−1

ark(x, y)
∂ku

∂xk−r∂yr
= f(x, y), (x, y) ∈ D (1)

with real coefficients ar ∈ R and ark ∈ Cµ(D), Γ = ∂D ∈ C2l,µ, 0 < µ < 1.
S Problem. The generalized Neumann problem consists in finding the solution u(x, y) of equation

(1) in the domain D by boundary conditions

∂kj−1u

∂nkj−1

∣∣∣∣
Γ

= gj , j = 1, . . . , l, (2)

where 1 ≤ k1 < k2 < . . . < kl ≤ 2l and n = n1 + in2 means the unit external normal.
For a polyharmonic equation, this problem was studied by A.V. Bitsadze [1]. Another version of

the Neumann problem, based on the variational principle, was previously proposed by A.A. Desin [2].

In [3], problem (1), (2) was investigated for akr 6= 0 and f 6= 0 in the space of functions C2l−1,µ
a (D).

The report established: a sufficient condition for the Fredholm property of problem (1), (2);
equivalence of the Fredholm condition of the problem to the complementarity condition (or Shapiro–
Lopatinsky) [4]. Also given is the formula for its user-friendly index indS.
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HARDY-LITTLEWOOD MAXIMAL OPERATOR ON NON-COMMUTATIVE
SYMMETRIC SPACES
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In this work, we investigate the Hardy-Littlewood maximal operator on non-commutative sym-
metric spaces. We complete the results of T. Bekjan and J. Shao. Moreover, we refine the main results
of the papers [1] and [2].
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In this paper, we directly prove the equivalence of K.M. Chong’s and De la Vallée Poussin’s
criteria of weak compactness of a subset K of L1(0, 1) in terms of some Orlicz function. We do
so using extensively the theory of so called symmetric spaces. In particular, notions of decreasing
rearrangement, Hardy-Littlewood-Pólya submajorization, Marcinkiewicz spaces, Orlicz spaces.

The classical Dunford-Pettis theorem identifies bounded, uniformly integrable subsets of L1(ν)
with relatively weakly compact sets (see [8, Theorem 23, p.20]). Another characterisation of weak
compactness is obtained in the theorem of De la Vallée Poussin (see [8, Theorem 22, p.19-20], see
also [9, Theorem 2, p.3]), which states that a subset K of a space L1(ν) is bounded and uniformly
integrable if and only if there exists an N−function F such that

sup

{∫
F (f)dν : f ∈ K

}
<∞.
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In addition, K.M. Chong obtained the following criterion of weak compactness (see [4, Lemma 4.1]): a
subset K of a space L1(ν) is bounded and uniformly integrable if and only if it is contained in the orbit
of some positive integrable function (in the sense of the Hardy-Littlewood-Pólya submajorization).
In fact, It is well known that the orbit is weakly compact. However, the Chong’s theorem quite
unexpectedly describes weakly compact set as a subset of the orbit of a function.

In this paper we define the relation of weak compactness of a set in Orlicz spaces with boundedness,
uniform integrability, orbits of functions, and fundamental functions of these spaces and corollaries
arising from them. In particular, we define weak compactness criteria of a set in Orlicz spaces. Also,
we study weak compactness criteria of a set in L1(0, 1).
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ON AN INVERSE PROBLEM FOR THE STOCHASTIC HEAT EQUATION
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Nowadays, the theory of stochastic partial differential equations (SPDE in short) is a broad topic
and it has a number of applications, see e.g. [1] and [2]. In this talk, the goal is to discuss the inverse
problem of recovering the diffusivity coefficient a(t) in the stochastic heat equation{

dv(x, t)− a(t)∆xu(x, t)dt = G(x, t)dBt,

u(x, 0) = ι(x),
(1)

where ι is a given initial datum, which increases no faster than a function exp(cx2) (see Theorem I.7.12
in [3]). On the right hand side, B is a usual Brownian motion, generating the filtration F = (Ft, t ≥ 0),
and the time-dependent diffusivity coefficient denoted by a is supposed to be a measurable function
from [0,∞[×Ω into R and for each t ∈ [0,∞[, a(t) is Ft-measurable.

Our result is motivated by a recent progress in this field in [4], where the authors prove that the
stochastic heat equation in more general divergence form admits a weak solution (cf. [5]), given by
anticipating stochastic integration. In their proof, the authors used some natural assumptions on the
noise. In our discussions we keep those assuptions and, in addition, we suppose some additional data
at a fixed point which is essential for these type of inverse problems.

Thus, we study an inverse problem of recovering the time-dependent diffusivity coefficient in
stochastic heat equations. To the best of our knowledge, the obtained result is new, we did not
succeed to find it in previous literature. Furthermore, our approach is different than known studies
related to inverse problems for SPDE, that is, we apply representations of solutions in terms of antic-
ipating stochastic integration by considering two direct Cauchy problems simultaneously to find the
time-dependent diffusivity coefficient in an explicit form.

An important fact was proved in [4] that a weak solution of the initial problem (1) admits the
following representation formula

v(x, t) =

∫ t

0

∫
Rd

Γ(x− y, t, s)G(y, s)dydBs +

∫
Rd

Γ(x− y, t, 0)ι(y)dy, (2)

where ι is a given initial datum, which increases no faster than a function exp(cx2) (see Theorem
I.7.12 in [3]) and a(t) has to be Ft-measurable and differentaible random variable.

From the linearity of the equation and representaion formula (2) follow the uniqueness of the weak
solution. This representaion formula is valid under certain assumtions on the given data (the noise):

A1. The function
G : Rd × [0,+∞)× Ω→ Rd

is a progressively measurable function that satisfies the estimate

(1 + |x|)N |G(x, t)| ≤ G(t), N > d/2,

where G is some adapted process such that

E

(∫ T

0
G(t)2qdt

)
< +∞
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with some q > 1, and

P

(
sup
t∈[0,T ]

G(t) < +∞

)
= 1.

A2. For each (x, t) ∈ Rd × [0,+∞) the random variable G(x, t) belongs to a Hilbert space D1,2 (in
the Malliavin sense) any t ∈ [0, T ] and any x ∈ Rd,

|DrG(x, t)| ≤ G̃(x, t)ψ(r),

where Dr is the Malliavin derivative (see, e.g. [6]),

E

(∫ T

0
ψ(r)2pdr

)
< +∞

for some p > q > 2d+ 4, and
(1 + |x|)N |G̃(x, t)| ≤ G(t).

We find the diffusity coefficient in an explicit form by using the additional data at a fixed point
(with the above assumptions A1-A2), which can be applied to test various numerical algorithms for
this type of problems, and it is also relevant to practical applications of stochastic heat equations.
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We present generalized Hölder type spaces of functions over Rn [4]. We obtain several character-
izations of these spaces by means of the Bari-Stechkin class [1]. A new characterization is given by
Djrbashian’s generalized fractional operator [2, 3].
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In this paper, we establish the weighted and logarithmic Caffarelli-Kohn-Nirenberg type inequali-
ties on a stratified Lie group. As a consequence, we can apply it to prove the weighted ultracontrac-
tivity of positive strong solutions to

dα
∂u

∂t
= Lp(dαu)m,

where Lpf = ∇H(|∇Hf |p−2∇Hf) is a p-sub-Laplacian, d is a homogeneous norm associated with a
fundamental solution for sub-Laplacian and α ∈ R, 1 < p < Q.

Theorem. Let G be a stratified group. Suppose

1 < p < Q,
1

p− 1
< m < a0 <∞, t > 0.

Let u(t) be a positive strong solution to dαu̇ = Lp(dαu)m. Then for a function dαu(0) ∈ La0(G) and
dαu(t) ∈ L∞(G), we have

||dαu(t)||L∞(G) ≤ C(Q, p,m, a0)||dαu(0)||
a0p

a0p+Q(m(p−1)−1)

La0 (G) t
− Q
a0p+Q(m(p−1)−1) ,

for such C(Q, p,m, a0) is a positive constant.
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In case of one-atom gas any macroscopic system during process of its evolution to an equilibrium
state passes 3 stages: initial transition period – described in terms of full function distribution of
system, the kinetic period – by means of one-partial distribution function, the hydrodynamic period
– by means of five first moments of distribution function. In kinetic regime the behavior of rarefied
gas in the space of time and velocity is described by the Boltzmann’s equation. It is known from
gas dynamic that in most encountered problems there is no need in use of detailed microscopic gas
description with help of distribution function. Therefore it is natural to look for less detailed descrip-
tion using macroscopic hydrodynamic variables (density, hydrodynamic velocity, temperature, etc.).
As these variables are defined in terms of moments of the distribution function, we are faced with
the problem of analyzing the various moments of Boltzmann’s equation. Note that the Boltzmann’s
moment equations are intermediate between Boltzmann (kinetic theory) and hydrodynamic levels of
description of state of the rarefied gas and form a class of nonlinear partial differential equations.
Existence of such class of equations was noticed by Grad [1], [2] in 1949. He obtained the moment
system by expanding the particle distribution function in Hermitte polynomials near the local Maxwell
distribution. Grad used cartesian coordinates of velocities and Grad’s moment system contained as
coefficients such unknown hydrodynamic characteristics like density, temperature, average speed, and
others. In work [3] we have obtained the moment system, which differ from Grad’s system of equa-
tions. And we used spherical velocity coordinates and decomposed distribution function into a series
of eigenfunctions of the linearized collision operator, which is the product of Sonin polynomials and
spherical functions. The resulting system of equations, which correspond to the partial sum of series
and which we called the Boltzmann’s moment system of equations, is nonlinear hyperbolic system
in relation to the moments of particles distribution function. In this article it is obtained numerical
solution of the initial and boundary value problem for the nonstationary nonlinear one-dimensional
Boltzmann’s six-moment system equations with macroscopic boundary conditions. Numerical experi-
ment was conducted with concrete values of the parameters that entry to the Boltzmann’s six-moment
system equations and macroscopic boundary conditions. As result we define approximate values of
the moments of the particle distribution function such that gas density, gas average speed and the
falling to the boundary and reflecting from boundary particle distribution function. We study the
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initial and boundary value problem for six-moment one-dimensional Boltzmann’s system equations
with Maxwell-Auzhan boundary conditions[4]

∂u

∂t
+A

∂w

∂x
= J1(u, w)

∂w

∂t
+A

′ ∂u

∂x
= J2(u, w), t ∈ (0, T ], x ∈ (−a, a), (1)

u| t=0 = u0 (x) , w| t=0 = w0 (x) , x ∈ [−a, a], (2)

(Aw− +Bu−)
∣∣
x=−a =

1

β
(Aw+ −Bu+)

∣∣
x=−a

− (1− β)

αβ
√
π
F, t ∈ [0, T ] , (3)

(Aw− −Bu−)
∣∣
x=a

=
1

β
(Aw

+

+Bu+)

∣∣∣∣
x=a

+
(1− β)

αβ
√
π
F, t ∈ [0, T ] , (4)

where

A =
1

α


1 0 0
2√
3

3√
5
−2
√

2√
15

−
√

2
3 0

√
5
3

 , B =
1

α
√
π


√

2
√

2
3 − 1√

3√
2
3 2

√
2 −1

− 1√
3
−1 3

√
2


J1 (u, w) = ( 0, J02, 0)′, J2 (u, w) = ( 0, J03, J11)′,

u = (f00, f02, f10)′, w = (f01, f03, f11)′, F =

(
1

4
√

2
,

1

8
√

6
,

1

8
√

3

)′
,

A
′

is the transpose matrix, B is the positive definition matrix; u0 (x), w0 (x) are the given initial
vector-functions; w+, u+ are the vector moments of falling to boundary particle distribution function;
w−, u−- are the vector moments of reflecting from boundary particle distribution function. To define
approximate solution of the problem(1)-(4) we use finite-difference method. We solve a system of
nonlinear algebraic equations with assistance iterative method. Numerical experiment was following
data: [−a, a] ∼= [0, 1] ,

u0 (x) = (x, 1− x, x (1− x))′, w0 (x) = (1 + x, (1− x)/2, x(1− x)/2)′, x ∈ [0, 1],

α=38.681, σ0=4/3, σ1=0 , σ2=-4/15 , σ3=0;h=0.1, τ=0.02. Segment [0,1] divided by to 10 equal
parts , h is the step on x , τ is the time step. We give a plot of the vectors u and w for two values
of β. β=1 corresponds to pure specular reflection and β=0.8 corresponds to specular reflection and
diffusion reflection with the Maxwell distribution.
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A class of inverse problems for restoring the right-hand side of the pseudo-parabolic equation
for one fractional Sturm–Liouville operator is considered. The inverse problem of determining the
coefficient and the right hand side of a pseudo-parabolic equation from a local redefinition a state that
has important applications in various fields of applied science and engineering. The study of inverse
problems for pseudo-parabolic equations began in the 1980s (see [1]).

In this paper we consider pseudo–parabolic equation generated by fractional Sturm–Liouville op-
erator with Caputo time-fractional derivative. We investigate the equation

Dαt [u(t, x) + ∂α+a,xD
α
b−,xu(t, x)] + ∂α+a,xD

α
b−,xu(t, x) = f(x), (1)

for (t, x) ∈ Ω = {(t, x)| 0 < t ≤ T <∞, a ≤ x ≤ b}, where Dαt is the Caputo derivative and ∂α+a,xD
α
b−,x

is the fractional Sturm–Liouville operator. In many physical problems, it is required to determine the
coefficients or the right-hand side (the original term, in the case of the diffusion equation) in the
differential equation from some available information; These problems are known as inverse problems.
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Let 0 < q < 1. Then the q-analogue differential operator Dqf(x) is [1]:

Dqf(x) :=
f(x)− f(qx)

x(1− q)
.

This work was supported by Scientific Committee of Ministry of Education and Science of the Republic of Kazakhstan
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and the q-derivatives Dn
q (f(x)) of higher order are defined inductively as follows:

D0
q(f(x)) := f(x), Dn

q (f(x)) := Dq

(
Dn−1
q f(x)

)
, (n = 1, 2, 3, . . . )

The q-integral (or Jackson integral)
b∫
a
f(x)dqx is defined by

a∫
0

f(x)dqx := (1− q)a
∞∑
m=0

qmf(aqm).

The Riemann-Liouville q-fractional integrals Iαa+f of order α > 0 are defined by

(
Iαq,a+f

)
(x) :=

1

Γq(α)

x∫
a

(x− qt)α−1
q f(t)dqt.

Let n− 1 < α ≤ n, n ∈ N and 0 ≤ β ≤ 1. We define the generalized fractional q-derivative Dα,β
q,a+f

as follows:(
Dα,β
q,a+f

)
(x) :=

(
I
β(n−α)
q,a+ Dn

q

(
I

(1−β)(n−α)
q,a+ f

))
(x) =

(
I
β(n−α)
q,a+ Dα+βn−αβ

q,a+ f
)

(x).

In this work we give conditions for a unique global solution to the Cauchy type problem(
Dα,β
q,a+y

)
(x) = f (x, y(x)) , n− 1 < α ≤ n;n ∈ N, 0 ≤ β ≤ 1, (1)

lim
x→a+

(
Dk
q I

(n−α)(1−β)
q,a+ y

)
(x) = bk, bk ∈ R, k = 0, 1, 2, . . . n− 1, (2)

in the space Lpq [a, b] :=

f :

(
b∫
a
|f(x)|pdqx

) 1
p

<∞, 1 ≤ p <∞

 which are the q-extensions of the

main results given in [2, Proposition 2 and Theorem 1] (see also [3, Proposition 3.1, Proposition 3.2
and Theorem 3.1]).

Our main result reads:

Theorem. Let a > 0, G ⊂ R be an open set and f(., .) : [a, b] × G → R be a function such that
f(x, y(x)) ∈ L1

q [a, b] for any y ∈ G and satisfying the condition

|f(x, y1(x))− f(x, y2(x))| ≤ C |y1(x)− y2(x)| .

If n − 1 < α ≤ n, n ∈ N, 0 ≤ β ≤ 1, γ = (n − α)(1 − β), Iγq,a+y ∈ ACnq [a, b], then there exists a
unique solution y(x) ∈ L1

α,β,q[a, b] to the Cauchy type problem (1)-(2).
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UNCERTAINTY TYPE PRINCIPLES

Dina SHILIBEKOVA

Nazarbayev University, Nur-Sultan, Kazakhstan

dina.shilibekova@nu.edu.kz

In this paper, we provide with the general functional version of Uncertainty type principles on one
of the special cases of the homogeneous groups, namely the abelian group (Rn,+). We will obtain
several inequalities of uncertainty type principles of the form

∫
Ω
|f(x)|p φ(|x|) dx ≤ p

(∫
Ω

∣∣R|x|f ∣∣p |φ̃(|x|)p|
|x|n−p

dx

) 1
p (∫

Ω

|f(x)|p

|x|n
dx

) p−1
p

, 1 < p < +∞

acting on functions with radial derivative R|x| and considering the known cases of p = n and p = 2.
Moreover, establishing the sharp remainder term for Steklov inequality in R we will show the existence
of the optimal constant and that it is positive.

Theorem.
Let Ω ⊂ Rn be an open bounded set. Then for any integrable radial function φ, and for any

f ∈ C1
0 (Ω) we have the following generalized uncertainty principle

∫
Ω
|f(x)|p φ(|x|) dx ≤ p

(∫
Ω

∣∣R|x|f ∣∣p |φ̃(|x|)p|
|x|n−p

dx

) 1
p (∫

Ω

|f(x)|p

|x|n
dx

) p−1
p

,

for 1 < p < +∞ and where, φ̃(|x|) =
∫ r

0 φ(|x|) |x|n−1 dx and R|x| := d
d|x| .
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SHARP REMAINDER TERMS FOR HIGHER ORDER STEKLOV TYPE
INEQUALITIES FOR VECTOR FIELDS

Durvudkhan SURAGAN

Nazarbayev University, Nur-Sultan, Kazakhstan

durvudkhan.suragan@nu.edu.kz

In this talk, we discuss sharp remainder terms for the higher order Steklov inequality for vector
fields which imply short and direct proofs of the sharp (classical) higher order Steklov inequalities.
The obtained results directly imply sharp Steklov type inequalities for some vector fields satisfying
Hörmander’s condition, for example. We also give representation formulae for the L2m-Friedrichs
inequalities for vector fields. This talk is based on our recent work with Tohru Ozawa, Waseda
University.

Particularly, in the Euclidean case, our results directly imply the following theorems.
Theorem 1. Let Ω ⊂ Rn be a connected domain, for which the divergence theorem is true. We

have the sharp remainder of the higher order Steklov inequality

∫
Ω

∣∣∇2mu
∣∣2 dx− λ2m

1

∫
Ω
|u|2dx

=

m−1∑
j=0

λ
2(m−1−j)
1

(∫
Ω

∣∣∆j+1u+ λ1∆ju
∣∣2 dx+ 2λ1

∫
Ω

∣∣∣∣∇∆ju− ∇u1

u1
∆ju

∣∣∣∣2 dx
)
≥ 0, (1)

where m = 1, 2, . . . , and∫
Ω

∣∣∇2m+1u
∣∣2 dx− λ2m+1

1

∫
Ω
|u|2dx =

∫
Ω

∣∣∣∣∇∆mu− ∇u1

u1
∆mu

∣∣∣∣2 dx
+
m−1∑
j=0

λ
2(m−j)−1
1

(∫
Ω

∣∣∆j+1u+ λ1∆ju
∣∣2 dx+ 2λ1

∫
Ω

∣∣∣∣∇∆ju− ∇u1

u1
∆ju

∣∣∣∣2 dx
)
≥ 0, (2)

where m = 0, 1, . . . , for all u ∈ C∞0 (Ω). Here u1 is the ground state of the (minus) Dirichlet Laplacian
in Ω and λ1 is the corresponding eigenvalue. The equality cases hold if and only if u is proportional
to u1.

Theorem 2. Let Ω ⊂ Rn be a connected domain, for which the divergence theorem is true. We
have the remainder of the L2m-Friedrichs inequality

∫
Ω
|∇u|pmdx− (λ1 − σm)

∫
Ω
|u|pmdx

=
m−1∑
j=1

∫
Ω

∣∣|∇ (upm−j−1) |pj − 2pj−1upm−1
∣∣2 dx+

∫
Ω

∣∣∣∣∇ (upm−1)− ∇u1

u1
upm−1

∣∣∣∣2 dx ≥ 0 (3)

for all u ∈ C1
0 (Ω). Here σm = 1

4

∑m−1
j=1 4pj , m ∈ N, pj = 2j , u1 is the ground state of the minus Dirichlet

Laplacian in Ω and λ1 is the corresponding eigenvalue. We also have the asymtotics limm→∞ σ
1
pm
m = 2.

The author was supported in parts by the Nazarbayev University program 091019CRP2120 and the Nazarbayev
University grant 240919FD3901.
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SOME APPLICATIONS OF POTENTIAL THEORY FOR
DEGENERATE-TYPE DIFFUSION EQUATION

Kassymkhan TENGEL

Nazarbayev University, Nur-Sultan, Kazakhstan

kassymkhan.tengel@nu.edu.kz

Consider the following one-dimensional degenerate-type parabolic equation

∂u(x, t)

∂t
− a(t)

∂2u(x, t)

∂x2
= 0 (1)

in a cylindric domain (x, t) ∈ Ω = (x ∈ (0, 1), t ∈ (0, T )) with initial condition

u(x, 0) = φ(x). (2)

Here the coefficient a(t) satisfies:

(a) a(t) is nonnegative and becomes zero only at isolated points;

(b) A function a1(t) defined by

a1(t) :=

∫ t

0
a(z)dz

is positive for all t > 0, allowing a(t) to be negative in an interval.[3]
Lemma. Under the condition (b) the fundamental solution of equation (1) can be represented as

εa(x, t) := ε(x, a1(t)) =
θ(t)√

(4π ∗ a1(t))
e
− x2

4a1(t) (3)

where θ is the Heaviside function.
Theorem 1. The degenerate parabolic potential defined by

v(x, t) =

∫ 1

0
εa(x− ξ, t)φ(ξ)dξ (4)

is called the Poisson potential. Let a(t) satisfy the assumption (b). Then the Poisson integral (4)
solves the equation (1). Also, it satisfies the initial condition (2).

We are interested in the question that what boundary conditions can be put on the the degenerate
parabolic potential (Poisson integral) on the lateral boundary of the cylindrical domain so that the
degenerate parabolic equation with these boundary conditions would have a unique solution in the
cylindrical domain, which is still given by the same formula of the degenerate parabolic potential.
These kind of problems first appeared in Kac’s lectures. Hence, the analogical questions for the el-
liptic and hypoelliptic cases are called Kac’s problems. To do so, the following theorem will help us. [1].

Theorem 2. For any a(t) ∈ C
α
2 (0, T ) the generalised heat potential is a unique solution of the

problem (1)-(2) with boundary conditions [4]

Iu(x, t)x=1 = Iu(x, t)x=0 = 0,

where

Iu(x, t) := −u(x, t)a(t)

2
+

∫ t

0

[
∂εa(x− ξ, t− τ)

∂ξ
a(τ)u(ξ, τ)− εa(x− ξ, t− τ)a(τ)

∂u(ξ, τ)

∂ξ

] ∣∣∣∣ξ=1

ξ=0

dτ = 0,

(x, t) ∈ Ω.
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VERY WEAK SOLUTIONS

Niyaz TOKMAGAMBETOV
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Here, we study the Cauchy problem for the Landau Hamiltonian wave equation, with time depen-
dent irregular (distributional) electromagnetic field and similarly irregular velocity. For such equations,
we describe the notion of a ‘very weak solution’ adapted to the type of solutions that exist for regular
coefficients. The construction is based on considering Friedrichs–type mollifier of the coefficients and
corresponding classical solutions, and their quantitative behaviour in the regularising parameter. We
show that even for distributional coefficients, the Cauchy problem does have a very weak solution, and
that this notion leads to classical or distributional type solutions under conditions when such solutions
also exist.

Joint work with Professor Michael Ruzhansky.
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VAN DER CORPUT LEMMAS INVOLVING MITTAG-LEFFLER FUNCTIONS

Berikbol T. TOREBEK

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

torebek@math.kz

In harmonic analysis, one of the most important estimates is the van der Corput lemma, which is
an estimate of the oscillatory integrals. This estimate was first obtained by the Dutch mathematician
Johannes Gaultherus van der Corput [1] and named in his honour. While the paper [1] was published

This research is financially supported by grant no. AP05131756 of the Ministry of Science and Education of the
Republic of Kazakhstan.
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in Mathematische Annalen in 1921, he submitted it there on 17 December 1920. Therefore, it seems
appropriate to us to dedicate this paper to the 100th anniversary of this lemma.

In this work, we study analogues of the van der Corput lemmas involving Mittag-Leffler functions.
The generalisation is that we replace the exponential function with the Mittag-Leffler-type function,
to study oscillatory type integrals appearing in the analysis of time-fractional partial differential equa-
tions. Several generalisations of the first and second van der Corput lemmas are proved. Optimal
estimates on decay orders for particular cases of the Mittag-Leffler functions are also obtained. As an
application of the above results, the generalised Riemann-Lebesgue lemma and the Cauchy problem
for the time-fractional Schrödinger equation are considered.

This is joint work with Dr., Professor Michael Ruzhansky from Ghent University, Belgium (see
[2]).
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REGULAR BOUNDARY CONDITIONS FOR FOURTH ORDER
DIFFERENTIAL OPERATOR

Lyailya ZHAPSARBAYEVA1, Murat MUKHAMBETKALIEV2
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1,2al Farabi Kazakh National University, Almaty, Kazakhstan
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In this work the regular boundary conditions are established for fourth order differential operator.
An operator with nondegenerated boundary conditions may have incomplete system of root functions
in L2(0, 1). At the same time an operator with regular boundary conditions has complete system
of root functions in L2(0, 1) [1]. We study the following boundary value problem for fourth order
differential equation

y(IV ) + p2(x)y
′′

+ p1(x)y
′
+ p0(x)y = λy, pk(x) ∈ C(k)[0, 1], k = 0, . . . , 2, (1)

with the normalized boundary conditions [2]

Uν(y) = Uν0(y) + Uν1(y) = 0, ν = 1, . . . , 4, (2)

where

Uν0(y) =
3∑
j=0

ανjy
(j)(0),

Uν1(y) =
3∑
j=0

βνjy
(j)(1), ν = 1, . . . , 4,

The authors are supported by the grants No.AP05131292 and No.AP05131845 of Science Committee of the MES of
the RK
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in the interval (0, 1). Here ανj and βνj are arbitrary constant numbers, moreover for each value ν at
least one of the numbers ανj and βνj are not equal to zero. The operator that corresponding to the
boundary value problem (1), (2) with domain of definition D(L) ⊂ W 4

2 [0, 1] we denote by L. In the
domain of definition D(L) for the operator L the regular boundary conditions are highlighted.
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GEOMETRIC HARDY INEQUALITY ON ENGEL GROUP

Akmerei ZHARKYNBEK
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A well-known stratified group with step three is the Engel group, which can be denoted by E.
Topologically E is R4 with the group law of E, which is given by

x ◦ y = (x1 + y1, x2 + y2, x3 + y3 + P1, x4 + y4 + P2),

where

P1 =
1

2
(x1y2 − x2y1),

P2 =
1

2
(x1y3 − x3y1) +

1

12
(x2

1y2 − x1y1(x2 + y2) + x2y
2
1).

The left-invariant vector fields of E are generated by the basis

X1 =
∂

∂x1
− x2

2

∂

∂x3
−
(x3

2
− x1x2

12

) ∂

∂x4
,

X2 =
∂

∂x2
+
x1

2

∂

∂x3
+
x2

1

12

∂

∂x4
,

X3 =
∂

∂x3
+
x1

2

∂

∂x4
,

X4 =
∂

∂x4
.

Theorem Let E+ = {x := (x1, x2, x3, x4) ∈ E | 〈x, ν〉 > 0} be a half-space of the Engel group E.
Then for all β ∈ R and u ∈ C∞0 (E+) we have∫

E+

|∇Eu|2dx ≥C1(β)

∫
E+

〈X1(x), ν〉2 + 〈X2(x), ν〉2

dist(x, ∂E+)2
|u|2dx (1)

+
β

3

∫
E+

x2ν4

dist(x, ∂E+)
|u|2dx,

where ∇E = {X1, X2}, ν := (ν1, ν2, ν3, ν4), and C1(β) = −(β2 + β).

The author was supported by the AP08052000. No new data was collected or generated during the course of this
research.
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— >>> —

Î ÄÐÎÁÍÎÌ ÀÍÀËÎÃÅ ÍÅÊÎÒÎÐÛÕ ÊÐÀÅÂÛÕ ÇÀÄÀ× ÄËß
ÓÐÀÂÍÅÍÈÅ ËÀÏËÀÑÀ

Àáäóðàçèê ÀÁÄÓÂÀÈÒÎÂa, Ìóõàááàò ÒÀÆÈÌÅÒÎÂÀb
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Ïóñòü Ω =
{
x ∈ R2 : |x| < 1

}
- åäèíè÷íûé êðóã, ∂Ω -åäèíè÷íàÿ îêðóæíîñòü. Îáîçíà÷èì r =

|x|, ϕ = arctg x2
x1

è ïóñòü δ = r ∂∂r - îïåðàòîð Äèðàêà, δ
k = δ

(
δk−1

)
, k = 1, 2, ... .

Äëÿ ëþáîãî α > 0 ñëåäóþùåå âûðàæåíèå

Iα [u] (r, ϕ) =
1

Γ (α)

r∫
0

(
ln
r

s

)α−1u (s, ϕ)

s
ds

íàçûâàåòñÿ èíòåãðàëîì ïîðÿäêà α â ñìûñëå Àäàìàðà [1]. Â äàëüíåéøåì áóäåì ñ÷èòàòü
I0 (u) (r, ϕ) = u (r, ϕ) .

Ïóñòü µ ≥ 0. Ââåäåì îïåðàòîðû

Iαµ [u] (r, ϕ) = r−µIα [rµu] (r, ϕ) ,

Dα
µ [u] (r, ϕ) = r−µI l−α

[
δl [rµ, u]

]
(r, ϕ) , l − 1 < α ≤ l, l ≥ 1.

Åñëè µ = 0, òî Iα0 = Iα, à Dα
0 ñîâïàäàåò ñ îïåðàòîðîì äèôôåðåíöèðîâàíèå ïîðÿäêà α â ñìûñëå

Àäàìàðà-Êàïóòî [1].
Ïóñòü µ ≥ 0, l − 1 < α ≤ l, α > αm > ... > αm ≥ 0, 0 ≤ pj− äåéñòâèòåëüíûå ÷èñëà,

j = 1, 2, ...,m. Ââåäåì îïåðàòîð Pα,µ (D) = Dα
µ +

m∑
j=1

pjD
αj
µ

Ðàññìîòðèì â îáëàñòè Ω ñëåäóþùóþ çàäà÷ó

∆u (r, ϕ) = 0, (r, ϕ) ∈ Ω, (1)

Pα,µ (D)u (r, ϕ) = g (ϕ) , 0 ≤ ϕ ≤ 2π. (2)

Â ñëó÷àå α = l ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ìîæíî äîêàçàòü ñïðàâåäëèâîñòü ðàâåíñòâà

Dl
µ [u] (r, ϕ) = δlµ [u] (r, ϕ) ≡

(
r
∂

∂r
+ µ

)l
u (r, ϕ) .

Ðàáîòà áûëà ïîääåðæàíà ãðàíòîì AP05131268 ÊÍ ÌÎÍ ÐÊ
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Äàëåå, åñëè x ∈ ∂Ω, òî

r
∂u(x)

∂r

∣∣∣∣
∂Ω

=
∂u(x)

∂ν

∣∣∣∣
∂Ω

,

ãäå ν− âåêòîð íîðìàëè ê ∂Ω. Ïîýòîìó â ñëó÷àå α = 1, µ = 0 îïåðàòîð D1
0 íà ∂Ω ñîâïàäàåò ñ

ïðîèçâîäíîé ïî íîðìàëè ê îêðóæíîñòè ∂Ω . Òàê êàê

D1
µu (r, ϕ) |∂Ω =

∂u

∂ν
(r, ϕ) + µu (r, ϕ) |∂Ω ,

òî â ñëó÷àå pj = 0, j = 1, 2, ...,m çàäà÷à (1) , (2) ñîâïàäàåò ñ çàäà÷åé Ðîáåíà (µ > 0) è çàäà÷åé
Íåéìàíà (µ = 0)

Òàêèì îáðàçîì, â ñëó÷àå µ = 0 ìû ïîëó÷àåì îáîáùåíèå çàäà÷è Íåéìàíà, à â ñëó÷àå µ > 0
îáîáùåíèå çàäà÷è Ðîáåíà äëÿ äðîáíûõ çíà÷åíèé ãðàíè÷íûõ îïåðàòîðîâ.

Îòìåòèì, ÷òî çàäà÷à (1)-(2) â ñëó÷àå 0 < α ≤ 1 èçó÷åíà â ðàáîòå [2].
Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ

Òåîðåìà 1. Ïóñòü µ ≥ 0, pj ≥ 0, j = 1, 2, ...,m è ðåøåíèå çàäà÷è (1),(2) ñóùåñòâóåò. Òîãäà
1) åñëè µ > 0 èëè µ = 0 è αm = 0, pm 6= 0, òî ðåøåíèå åäèíñòâåííî
2) åñëè µ = 0 è αm > 0 èëè αm = 0 è pm = 0, òî ðåøåíèå çàäà÷è åäèíñòâåííî ñ òî÷íîñòüþ äî

ïîñòîÿííîãî ñëàãàåìîãî.
Òåîðåìà 2. Ïóñòü µ ≥ 0, α > α1 > ... > αm ≥ 0, 0 ≤ pj , j = 1, 2, ...,m, 0 < λ < 1, f(ϕ) ∈

Cλ+1 [−π, π] è f(−π) = f(π). Òîãäà
1) åñëè µ > 0 èëè µ = 0 è αm = 0, pm 6= 0, òî ðåøåíèå çàäà÷è (1),(2) ñóùåñòâóåò è åäèíñòâåííî;
2) åñëè µ = 0 è αm > 0 èëè αm = 0 è pm = 0, òî äëÿ ðàçðåøèìîñòè çàäà÷è (1), (2) íåîáõîäèìî

è äîñòàòî÷íî âûïîëíåíèå óñëîâèÿ
π∫
−π

g (ϕ)dϕ = 0.

Òåîðåìà 1 äîêàçûâàåòñÿ ñâåäåíèåì îñíîâíîé çàäà÷è ê çàäà÷å Äèðèõëå. Ïðè äîêàçàòåëüñòâå
òåîðåìû 2 èñïîëüçóåòñÿ ìåòîä ðàçëîæåíèå â ðÿä Ôóðüå.
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Àâòîðû [1,2] äîêàçûâàëè, ÷òî íà îáîáùåííûõ ïðîñòðàíñòâàõ Óîëëàõà íîðìàëèçîâàííûé ïîòîê
Ðè÷÷è ðåäóöèðóåòñÿ ê ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋi = Fi := −2xi

(
ri −

(
r1a
−1
1 + r2a

−1
2 + r3a

−1
3

) (
a−1

1 + a−1
2 + a−1

3

)−1
)
, i = 1, 2, 3, (1)

îòíîñèòåëüíî íåèçâåñòíûõ ïàðàìåòðîâ xi = xi(t) > 0 èíâàðèàíòíîé ðèìàíîâîé ìåòðèêè ðàñ-
ñìàòðèâàåìîãî ïðîñòðàíñòâà, ãäå ri îçíà÷àþò ãëàâíûå çíà÷åíèÿ êðèâèçíû Ðè÷÷è ýòîé ìåòðè-

êè è âû÷èñëÿþòñÿ ïî ôîðìóëàì ri = 1
2xi

+ ai
2

(
xi
xjxk
− xk

xixj
− xj

xixk

)
, {i, j, k} = {1, 2, 3}; ÷èñëà

a1, a2, a3 ∈ (0, 1/2] õàðàêòåðèçóþò îáîáùåííîå ïðîñòðàíñòâî Óîëëàõà (èñòîðèþ âîïðîñà ìîæíî
íàéòè â [3] è ññûëêàõ òàì). Ñîãëàñíî [1], (1) ìîæíî çàìåíèòü ñèñòåìîé

ẋ1 = fi(x1, x2), i = 1, 2, (2)

ãäå fi(x1, x2) ≡ Fi(x1, x2, ϕ(x1, x2)), ϕ(x1, x2) = x
−a3/a1

1 x
−a3/a2

2 . Ïóñòü λ1,2 = 0.5 (ρ ±
√
σ) � ñîá-

ñòâåííûå çíà÷åíèÿ ìàòðèöû ßêîáè J ñèñòåìû (2), ãäå σ := ρ2 − 4δ, ρ := trace(J) è δ := det(J).
Îñîáàÿ òî÷êà ñèñòåìû (2) íàçûâàåòñÿ íåâûðîæäåííîé, åñëè δ 6= 0. Âûðîæäåííàÿ (δ = 0) îñî-
áàÿ òî÷êà ìîæåò áûòü ïîëó-ãèïåðáîëè÷åñêîé (λ1 = 0, λ2 6= 0), íèëüïîòåíòíîé (λ1 = λ2 = 0,
J 6= 0) èëè ëèíåéíî íóëåâîé (J = 0). Â íàñòîÿùåé ðàáîòå ìû îñëàáëÿåì îãðàíè÷åíèÿ ai ∈ (0, 1/2]
è ðàññìàòðèâàåì (2) êàê àáñòðàêòíóþ äèíàìè÷åñêóþ ñèñòåìó, îòâëå÷åííóþ îò ãåîìåòðè÷åñêîãî
ñìûñëà. Ïóñòü A := a1a2 + a2a3 + a3a1. Íàìè äîêàçàíû

Òåîðåìà 1. Ïðè ai ∈ R, A 6= 0 ñèñòåìà (2) äîïóñêàåò âûðîæäåííûå îñîáûå òî÷êè ñëåäóþ-
ùèõ òèïîâ: ëèíåéíî íóëåâàÿ îñîáàÿ òî÷êà (åäèíñòâåííîå ñåäëî (1, 1) ñ øåñòüþ ãèïåðáîëè÷åñêèìè
ñåêòîðàìè) ïðè (a1, a2, a3) = (1/4, 1/4, 1/4); ïîëó-ãèïåðáîëè÷åñêàÿ îñîáàÿ òî÷êà (ñåäëî, íåóñòîé-
÷èâûé óçåë èëè ñåäëî-óçåë) ïðè âñåõ îñòàëüíûõ çíà÷åíèÿõ ïàðàìåòðîâ ai.

Òåîðåìà 2. Ïðè ai ∈ R, A 6= 0 ñèñòåìà (2) äîïóñêàåò íåâûðîæäåííûå îñîáûå òî÷êè ñëåäóþ-
ùèõ òèïîâ: óçåë (óñòîé÷èâûé èëè íåóñòîé÷èâûé), ñåäëî, ôîêóñ èëè öåíòð.

Ñòîèò îòìåòèòü, ÷òî ðåçóëüòàòû òåîðåìû 1 áûëè ïîëó÷åíû â [1,2] ïðè áîëåå ñòðîãèõ ïðåä-
ïîëîæåíèÿõ (a1, a2, a3) ∈ (0, 1/2]3. Îäíàêî ñêàçàííîå íå îòíîñèòñÿ ê òåîðåìå 2: ïðè (a1, a2, a3) ∈
(0, 1/2]3 ñèñòåìà (2) íå èìååò ôîêóñîâ è öåíòðîâ. Ýòî îáúÿñíÿåòñÿ òåì, ÷òî çíàê σ ñîâïàäàåò ñî
çíàêîì êâàäðàòè÷íîé ôîðìû, ìàòðèöà êîòîðîé èìååò ñîáñòâåííûå çíà÷åíèÿ 0, 2A è a2

1+a2
2+a2

3+A
(ñì. [1]). Ïîýòîìó ïðè (a1, a2, a3) ∈ (0, 1/2]3 ìû èìååì íåðàâåíñòâî σ ≥ 0, îçíà÷àþùåå îòñóòñòâèå
ôîêóñîâ è öåíòðîâ íåçàâèñèìî îò çíà÷åíèé δ (ïîíÿòíî, ÷òî èõ ïîÿâëåíèþ ñïîñîáñòâîâàëè óñëîâèÿ
δ 6= 0 è A < 0).
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Ïóñòü 0 < p, q < ∞, 0 < α < 1 è 1
p + 1

p′ = 1. Âåñîâûå ôóíêöèè v : I → I � íåîòðèöàòåëüíûå
ëîêàëüíî èíòåãðèðóåìûå è u � íåâîçðàñòàþùàÿ ôóíêöèÿ íà I = (0;∞).

Ïîëîæèì, ÷òî dW (x)
dx ≡ w(x) ïî÷òè âñþäó íà x ∈ I.

Ðàññìîòðèì âîïðîñ îá îãðàíè÷åííîñòè èç Lp,w = Lp,w(I) â Lq,ν = Lq,ν(I) èíòåãðàëüíîãî îïå-
ðàòîðà âèäà

Kα,γf(x) =

x∫
0

ln
W (x)

W (x)−W (s)

u(s)W γ−1(s)f(s)w(s)ds

(W (x)−W (s))1−α , x ∈ I, (1)

ãäå Lp,w � ïðîñòðàíñòâî âñåõ èçìåðèìûõ ôóíêöèé f : I → R, äëÿ êîòîðûõ êîíå÷åí ñëåäóþùèé
ôóíêöèîíàë

‖f‖p,w =

 ∞∫
0

|f(x)|pw(s)ds

 1
p

, 0 < p <∞.

Â ðàáîòå [1], ïðè ln(·) = 1 è γ − 1 = β ïîëó÷åíû êðèòåðèè îãðàíè÷åííîñòè è êîìïàêòíîñòè
îïåðàòîðà (1) èç Lp,w â Lq,ν . Â ðàáîòå [2] äëÿ îïåðàòîðà K âèäà

Kf(x) =

x∫
0

sγ−1ln
x

x− s
f(s)ds

ïîëó÷åíû êðèòåðèè îãðàíè÷åííîñòè è êîìïàêòíîñòè îïåðàòîðà K èç Lp â Lq.

Òåîðåìà. Ïóñòü 0 < α < 1, 1
α < p ≤ q <∞ è γ ≥ 1. Ïóñòü u íå âîçðàñòàþùàÿ ôóíêöèÿ íà I.

Òîãäà îïåðàòîð Kα,γ îãðàíè÷åí èç Lp,w â Lq,ν òîãäà è òîëüêî òîãäà, êîãäà Aα,γ <∞,

ãäå Aα,γ(s) = sup
s>0

(
s∫
0

up
′
(t)W p′γ(t)w(t)dt

) 1
p′
(∞∫
s
W q(α−2)(x)ν(x)dx

) 1
q

.

Ïðè ýòèì ‖Kα,γ‖ ≈ Aα,γ .
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Ïóñòü T ≥ 0, 1 < p <∞, IT = (T,∞) èW 2
p,v(r) ≡W 2

p,v(r, IT ) ïðîñòðàíñòâî ôóíêöèé f : IT → R
ëîêàëüíî àáñîëþòíî íåïðåðûâíûõ íà IT âìåñòå ñ ôóíêöèåé D1

rf è äëÿ êîòîðûõ êîíå÷íà íîðìà

‖f‖W 2
p,v(r) = ‖D2

rf‖p,v + |D1
rf(T )|+ |f(T )|, (1)

ãäå ‖g‖p,v =

(∞∫
T

v(t)|g(t)|pdt
) 1
p

- íîðìà âåñîâîãî ïðîñòðàíñòâà Lp,v(I) ≡ Lp,v.

Ïóñòü M̊p(IT ) = {f ∈W 2
p,v(r) : suppf ⊂ IT , suppf is compact}.

Îáîçíà÷èì ÷åðåç W̊ 2
p,v(r) = W̊ 2

p,v(r, IT ) çàìûêàíèå ìíîæåñòâà M̊p ïî íîðìå (1).

Ïðîñòðàíñòâî W̊ 2
p,v(r) îïèñûâàåòñÿ â òåðìèíàõ ýëåìåíòîâ ïðîñòðàíñòâà W

2
p,v(r).

Ëåììà 1. Ïóñòü T ≥ 0, 1 < p <∞. Òîãäà f(T ) = 0, D1
rf(T ) = 0 äëÿ ëþáîãî f ∈ W̊ 2

p,v(r).
Ëåììà 2. Ïóñòü T ≥ 0, 1 < p <∞ è âûïîëíåíî

∞∫
T

v1−p′(t)dt <∞,
∞∫
T

v1−p′(t)

 t∫
T

r−1(x)dx

p′

dt <∞. (2)

Òîãäà äëÿ ëþáîãî f ∈W 2
p,v(r) ñóùåñòâóþò êîíå÷íûå ïðåäåëû lim

t→∞
D1
rf(t) ≡ D1

rf(∞) è

lim
t→∞

f(t)−
t∫

T

r−1(x)dxD1
rf(∞)

 ≡ d(f). (3)

Ñëåäñòâèå 1. Ïóñòü 1 < p < ∞ è âûïîëíåíî (2). Òîãäà, D1
rf(∞) = 0, f(∞) = 0 äëÿ ëþáîãî

f ∈ W̊ 2
p,v(r).

Òåïåðü, ðàññìîòðèì ñëó÷àé

∞∫
T

v1−p′(t)dt <∞,
∞∫
T

v1−p′(t)

 t∫
T

r−1(x)dx

p′

dt =∞ (4)

è
∞∫
T

v1−p′(t)dt =∞. (5)

ãäå T ≥ 0.
Ëåììà 3. Ïóñòü 1 < p < ∞ è âûïîëíåíî (4). Òîãäà äëÿ ëþáîãî f ∈ W 2

p,v(r) ñóùåñòâóåò

êîíå÷íûé D1
rf(∞) è D1

rf(∞) = 0 äëÿ ëþáîãî f ∈ W̊ 2
p,v(r).

Ïîëîæèì

LRW 2
p,v(r) =

{
f ∈W 2

p,v(r) : f(T ) = f(∞) = 0, D1
rf(T ) = D1

rf(∞) = 0
}
.

LR′W 2
p,v(r) =

{
f ∈W 2

p,v(r) : f(T ) = 0, D1
rf(T ) = D1

rf(∞) = 0
}
,
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LW 2
p,v(r) =

{
f ∈W 2

p,v(r) : f(T ) = 0, D1
rf(T ) = 0

}
.

Òåîðåìà 1. Ïóñòü 1 < p <∞. Òîãäà
(i) åñëè âûïîëíåíî (2), òî

W̊ 2
p,v(r) ≡ LRW 2

p,v(r); (6)

(ii) åñëè âûïîëíåíî (4), òî
W̊ 2
p,v(r) ≡ LR′W 2

p,v(r); (7)

(iii) åñëè âûïîëíåíî (5), òî
W̊ 2
p,v(r) ≡ LW 2

p,v(r). (8)
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Â ôóíêöèîíàëüíîì ïðîñòðàíñòâå L2(0, 1) ðàññìîòðèì îïåðàòîð Bmax, ïîðîæäåííûé ëèíåéíûì
äèôôåðåíöèàëüíûì âûðàæåíèåì òðåòüåãî ïîðÿäêà ñ ãëàäêèìè êîýôôèöèåíòàìè

L(y) = y(3)(x) + P1(x)y(1)(x) + P0(x)y(x), (1)

çäåñü P0(x) - íåïðåðûâíûå ôóíêöèé â ôèêñèðîâàííîì êîíå÷íîì íà èíòåðâàëå [0, 1].
Êðàåâûå óñëîâèÿ. Â äàííîì ïóíêòå íàïîìíèì èçâåñòíûå ñâîéñòâà óêàçàííûõ îïåðàòîðîâ. Êðà-
åâûå óñëîâèÿ

Uj(y) = αjy
(γj)(0) + βjy

(γj)(1) = 0, j = 1, 2, 3, (2)

ãäå
γ1 = 0, γ2 = 1, γ3 = 2

âûáðàííûå ñîãëàñíî òåîðåìå Ìèõàéëîâà-Êåñåëüìàíà, ÷àñòî íàçûâàþò óñèëåííî-ðåãóëÿðíûìè
ãðàíè÷íûìè óñëîâèÿìè /4/. Ïîýòîìó ñîáñòâåííûå çíà÷åíèÿ îïåðàòîðà S0 àñèìïòîòè÷åñêèå ïðî-
ñòûå è îòäåëåíû /3/, òî åñòü íàéäåòñÿ ïîëîæèòåëüíîå ÷èñëî σ ïðè êîòîðîì ëþáûå äâà ñîáñòâåí-
íûõ çíà÷åíèÿ îïåðàòîðà S0 îòñòîÿò äðóã îò äðóãà íà ðàññòîÿíèå áîëüøå ÷åì ?. Òàêæå èç ðàáîò
/1, 2/ ñëåäóåò, ÷òî ñèñòåìà ñîáñòâåííûõ è ïðèñîåäèíåííûõ ôóíêöèé îïåðàòîðà S0 îáðàçóåò áàçèñ
Ðèññà â ïðîñòðàíñòâå L2(0, 1). Âûïèøåì ñîïðÿæåííûå ãðàíè÷íûå óñëîâèÿ ê ãðàíè÷íûì óñëîâèÿì
Ìèõàéëîâà-Êåñåëüìàíà. Áóäåì ñ÷èòàòü, ÷òî

3 > γ3 ≥ γ2 ≥ γ1 ≥ 0

Ñëó÷àé À. Åñëè âñå γj , j = 1, ..., n ðàçíûå, òî

γ1 = 0, γ2 = 1, γ3 = 2

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020
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Ñëó÷àé Á. Åñëè γj = γj+1, òî âûáèðàåì Uj(y) = y(γj)(0), Uj+1(y) = y(?γj )(1). Â äàëüíåéøåì
äåòàëüíî èçó÷àåòñÿ ñëó÷àé À. Àíàëîãè÷íî ìîæíî èññëåäîâàòü ñëó÷àé Á. Èòàê, ïóñòü γ1 = 0, γ2 =
1, γ3 = 2. Â òàêîì ñëó÷àå ââåäåì íàáîð ôîðì Uj+n(y) = −βjy(j−1)(0) + αjy

(j−1)(1), j = 1, 2, 3.
Ìîæíî ñ÷èòàòü, ÷òî α2

j + β2
j = 1. Òîãäà ñïðàâåäëèâû ðàâåíñòâà

y(?γj )(0) = αjUj(y)− βjUj+n(y)

y(?γj )(1) = βjUj(y) + αjUj+n(y)

Äëÿ ïðîèçâîëüíîé ãëàäêîé ôóíêöèè v(x) ââåäåì îáîçíà÷åíèÿ äàëüùå ëèíåéíàÿ ôîðìà

U1, ..., U6

U1(y) = α1y(0) + β1y(1) = 0

U2(y) = α2y
(1)(0) + β2y

(1)(1) = 0

U3(y) = α3y
(2)(0) + β3y

(2)(1) = 0

U4(y) = −β1y(0) + α1y(1) = 0

U5(y) = −β2y
(1)(0) + α2y

(1)(1) = 0

U6(y) = −β3y
(2)(0) + α3y

(2)(1) = 0

2.Ñîïðÿæåííûå êðàåâûå óñëîâèÿ. Ïóñòü U1, ..., U6 - íàçûâàþòñÿ ëèíåéíî íåçàâèñìûå ôîð-
ìû à òàêæå âñÿêèå êðàåâûå óñëîâèÿ, èì ýêâèâàëåíòíûå íàçûâàþòñÿ ñîïðÿæåííûìè ê êðàåâûì
óñëîâèÿìè ìû ìîæåì ÷åðåç êðàåâûå óñëîâèé íàéä¸ì ñîïðÿæåííûå êðàåâûå óñëîâèÿ.òåïåðü ìîæ-
íî ââåñòè ñîïðÿæåííûå ãðàíè÷íûå ôîðìû ïî ôîðìóëàì

W4−s(V ) = β4−sRs(1, V )− α4−sRs(0, V ) (3)

W7−s(V ) = α4−sRs(1, V ) + β4−sRs(0, V ) (4)

ãäå
R1(x, V ) = V (x),

R2(x, V ) = −V (1)(x),

R3(x, V ) = V (2)(x) + P1(x)V (x).

Òàêèì îáðàçîì, äëÿ ëþáûõ äâóõ ãëàäêèõ ôóíêöèé V (x), y(x) ñïðàâåäëèâà ôîðìóëà Ëàãðàíæà∫ 1

0
L(y)V (x)dx−

∫ 1

0
y(x)L+(V )dx =

3∑
s=1

U4−s(y)W5−s(V ) +
3∑
s=1

U7−s(y)W7−s(V ) (5)

Çäåñü L∗(V ) = −V 3(x)−(P1(x)V (X))(1)+P0(x)V (X) ôîðìàëüíî ñîïðÿæåííîå äèôôåðåíöèàëü-
íîå âûðàæåíèå. Äëÿ ëþáîé U1(.), ..., U6(.) ëèíåéíî íåçàâèñèìûå ôîðìû íàéäèòñÿ W1(.), ...,W6(.).
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ÐÀÇÐÅØÈÌÎÑÒÜ ÎÄÍÎÃÎ ÈÍÒÅÃÐÎ-ÏÀÐÀÁÎËÈ×ÅÑÊÎÃÎ
ÓÐÀÂÍÅÍÈß

À. ÀÉÌÀÕÀÍÎÂÀ1, Ã. ÁÅÑÁÀÅÂ2

1,2Èíñòèòóò Ìàòåìàòèêè è Ìàòåìàòè÷åñêîãî Ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

ÏóñòüΩ ⊂ Rn êîíå÷íàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω, D = Ω × (0, T ) - öèëèíäðè÷åñêàÿ
îáëàñòü.

Â îáëàñòè D ðàññìîòðèì èíòåãðî - äèôôåðåíöèàëüíîå óðàâíåíèå ñ ïàðîáîëè÷åñêèì óðàâíå-
íèåì â ãëàâíîé ÷àñòè

Lu =
( ∂
∂t
−∆x

)
u+

∫
Ω
K(x, ξ)u(ξ, t)dξ = f(x, t) (1)

ñ íà÷àëüíûì óñëîâèÿì
u|t=0 = 0, (2)

è îäíîðîäíûì ïîòåíöèàëüíûì óñëîâèÿì

N [u] = −u(x, t)

2
+

∫ t

0
dη

∫
∂Ω×(0,t)

(
∂εn
∂nξ

(x− ξ, t− η)u(ξ, η)− εn(x− ξ, η)
∂u

∂nξ

)
dξ = 0, x ∈ ∂Ω (3)

çäåñü ε(x, t)- ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà(
∂

∂t
−∆x

)
εn(x, t) = δ(x, t).

Ïîëîãàÿ (
∂

∂t
−∆x

)
u = ν(x, t).

ñ ó÷åòîì íà÷àëüíîãî óñëîâèÿ (2) è áîêîâîãî óñëîâèÿ (3) íàõîäèì

u(x, t) =

∫ t

0
dη

∫
Ω
εn(x− ξ, t− η)ν(ξ, η)dη, (4)

ãäå εn(x, t) = 1

(2π)
n
2

e−
|x|2
t

t
n
2

, ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè.

Ïîäñòàâèâ ðàâåíñòâî (4) â (1) èìååì

ν(x, t) +

∫ t

0
ν(ξ̃, η)dη

∫
Ω
εn(ξ − ξ̃, t− η) ·

∫
Ω
K(x, ξ̃)dξ̃dξ = f(x, t).

Ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèè íå òðóäíî ïîêàçàòü, ÷òî èíòåãðàëüíîå óðàâíåíèå ïðè
f(x, t) ∈ L2(D) èìååò åäèíñòâåííîå ðåøåíèå ν(x, t) ∈ L2(D)óäîâëåòâîðÿþùèé íåðàâåíñòâó

‖ ν ‖L2(D)≤ c ‖ f ‖L2(D) .

Â ñèëó ñâîéñòâ òåïëîâîãî ïîòåíöèàëà èìååì

‖ u ‖
W 1,2

2 (D)
=‖ L−1

Q f ‖≤ c1 ‖ ν ‖L2(D)≤ c ‖ f ‖L2(D) . (5)

Òåì ñàìûì îïåðàòîð LQ− ïîðîæäåííûé èíòåãðî-äèôôåðåíöèàëüíûì óðàâíåíèåì (1), íà÷àëü-
íûì è ãðàíè÷íûì óñëîâèÿì (2), (3) - ÿâëÿåòñÿ ðåãóëÿðíûì ãðàíè÷íûì îïåðàòîðîì è u = L−1f
óäîâëåòâîðÿåò íåðàâåíñòâó (5).

Ðàáîòà ïîääåðæàíà ãðàíòîì AP05133239 ÊÍ ÌÎÍ ÐÊ
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Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè, ã. Àëìàòû, Êàçàõñòàí

Serikbai.Aisagaliev@kaznu.kz, korpebay.guldana1@gmail.com

Ðàññìàòðèâàåòñÿ ñëåäóþùàÿ çàäà÷à îïòèìàëüíîãî áûñòðîäåéñòâèÿ: ìèíèìèçèðîâàòü ôóíêöè-
îíàë

J(x(·), u(·), x0, x1, t1) =

t1∫
t0

1 · dt = t1 − t0 → inf (1)

íà ìíîæåñòâå ðåøåíèé óðàâíåíèé

ẋ = A(t)x+B(t)u(t) + µ(t), t ∈ I =[t0, t1] (2)

ñ êðàåâûìè óñëîâèÿìè

(x(t0) = x0, x(t1) = x1) ∈ S0 × S1, S0 ⊂ Rn, S1 ⊂ Rn, (3)

ïðè íàëè÷èè ôàçîâûõ îãðàíè÷åíèé

x(t) ∈ G(t) : G(t) = {x ∈ Rn|.ω(t) ≤ L(t)x ≤ ϕ(t), t ∈ I} (4)

èíòåãðàëüíûõ îãðàíè÷åíèé

gj(x(·), u(·), x0, x1, t1) ≤ cj , j = 1,m1, (5)

gj(x(·), u(·t), x0, x1, t1) = cj , j = m1 + 1,m2 (6)

gj(x(·), u(·), x0, x1, t1) =

t1∫
t0

[a∗j (t) x(t) + b∗j (t) u(t)]dt, j = 1,m2, (7)

à òàêæå ñ ó÷åòîì ãîëîíîìíûõ ñâÿçåé

Γj(x(t), u(t), t) = e∗j (t)x(t) + rj(t) = 0, t ∈ I, j = 1, p, (8)

ñ îãðàíè÷åíèÿìè íà çíà÷åíèÿ óïðàâëåíèÿ

u(t) ∈ U(t){u(·) ∈ L2(I,Rm) |. u(t) ∈ V (t) ⊂ Rm ï.â t ∈ I, } (9)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ãðàíò
AP05133271
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Çàäà÷à 1. Íàéòè íåîáõîäèìûå è äîñòàòî÷íûå ÿ ñóùåñòâîâàíèÿ ðåøåíèé êðàåâîé çàäà÷è (2) -
(9) ïðè ôèêñèðîâàííîì t1.

Çàäà÷à 2. Íàéòè äîïóñòèìîå óïðàâëåíèå (u(t), x0, x1) ∈
∑

t1
⊂U × S0 × S1.

Çàäà÷à 3. Íàéòè îïòèìàëüíûå óïðàâëåíèå (u∗(t), x∗0, x∗1) ∈
∑

t1∗, ãäå (x∗0, x
∗
1) ∈ S0 ×

S1, x∗(t, u∗, x
∗
0, x
∗
1) ∈ G(t), t ∈ I1, gj(x∗(·), u∗(·), x∗0, x∗1) = cj , j = 1,m2, Γj(x∗(t), t) = 0, t ∈

I1, j = 1, p, I1 = [t0, t1∗].
Â ñòàòüå ïðåäëàãàåòñÿ ìåòîä ðåøåíèÿ óêàçàííûõ çàäà÷ ïóòåì ïîñòðîåíèÿ îáùåãî ðåøåíèÿ èíòå-
ãðàëüíîãî óðàâíåíèÿ ñëåäóþùåãî âèäà

Kω =

t1∫
t0

K(t∗, t)w(t)dt = β, t∗ ∈ I = [t0, t1], (10)

ãäå K(t∗, t) = K(t) � èçâåñòíàÿ ìàòðèöà ïîðÿäêà n1 × m ñ ýëåìåíòàìè èç L2, t∗ ∈ [t0, t1] �
ôèêñèðîâàííàÿ òî÷êà, w(t) ∈ L2(I,Rm) � èñêîìàÿ ôóíêöèè β ∈ Rn1 .

Çàäà÷à 4. Íàéòè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ èíòåãðàëüíîãî
óðàâíåíèÿ (10) äëÿ ëþáûõ β ∈ Rn.

Çàäà÷à 5. Íàéòè îáùåå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèå (10) äëÿ ëþáûõ β ∈ Rn.

Îñíîâíûìè ðåçóëüòàòàìè ÿâëÿþòñÿ:
� íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ îäíîãî êëàññà èíòåãðàëüíîãî
óðàâíåíèÿ è ïîñòðîåíèå åãî îáùåãî ðåøåíèÿ;
� âûäåëåíèå âñåõ ìíîæåñòâ óïðàâëåíèé, êàæäûé ýëåìåíò êîòîðîãî ïåðåâîäèò òðàåêòîðèþ
ñèñòåìû èç ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ â ëþáîå æåëàåìîå êîíå÷íîå ñîñòîÿíèå äëÿ ëèíåéíûõ
ñèñòåì;
� ïðåäëàãàåìûé ïðèíöèï ïîãðóæåíèÿ ïîçâîëÿþùèé ñâåñòè èñõîäíóþ êðàåâóþ çàäà÷ó îïòè-
ìàëüíîãî áûñòðîäåéñòâèå ñ îãðàíè÷åíèÿìè ê ñïåöèàëüíîé íà÷àëüíîé çàäà÷å îïòèìàëüíîãî
óïðàâëåíèÿ;
� íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèÿ ñóùåñòâîâàíèÿ äîïóñòèìîãî óïðàâëåíèÿ;
� ðàçðàáîòàí àëãîðèòì ðåøåíèÿ çàäà÷è îïòèìàëüíîãî áûñòðîäåéñòâèÿ ñ îãðàíè÷åíèÿìè äëÿ
ëèíåéíûõ ñèñòåì ëþáîãî ïîðÿäêà.
Ïîëó÷åííûå ðåçóëüòàòû ÿâëÿþòñÿ ðåøåíèÿìè àêòóàëüíûõ ïðîáëåì òåîðèè îïòèìàëüíîãî áûñò-
ðîäåéñòâèÿ ñ îãðàíè÷åíèÿìè èìåþùèå ìíîãî÷èñëåííûå ïðèëîæåíèÿ.
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Òåîðèÿ êðàåâûõ äëÿ âûðîæäàþùèõñÿ ãèïåðáîëî-ïàðàáîëëè÷åñêèõ óðàâíåíèé íà ïëîñêîñòè
èçó÷åíû â [1]. Ìíîãîìåðíûå àíàëîãè ýòèõ çàäà÷ â îáîáùåííûõ ïðîñòðàíñòâàõ èññëåäîâàíû â
[2,3]. Êîððåêòíîñòü çàäà÷ Äèðèõëå äëÿ âûðîæäàþùèõñÿ ìíîãîìåðíûõ ãèïåðáîëè÷åñêèõ óðàâíå-
íèé äîêàçàíû [4,5].

Â [6,7] ïîêàçàíà â öèëèíäðè÷åñêîé îáëàñòè äëÿ âûðîæäàþùèõñÿ ìíîãîìåðíûõ ãèïåðáîëî -
ïàðàáîëëè÷åñêèõ óðàâíåíèé èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå.

Â äàííîé ðàáîòå ïðèâîäèòñÿ íîâûé êëàññ âûðîæäàþùèõñÿ òðåõìåðíûõ ãèïåðáîëî-ïàðà-
áîëè÷åñêèõ óðàâíåíèé äëÿ êîòîðûõ ïîêàçàíî îäíîçíà÷íàÿ ðàçðåøèìîñòü è ïîëó÷åí ÿâíûé âèä
êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è Äèðèõëå â öèëèíäðè÷åñêîé îáëàñòè.

Ïóñòü Ωαβ− öèëèíäðè÷åñêàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà E3 òî÷åê (x1, , x2, t), îãðàíè-
÷åííàÿ öèëèíäðîì Γ = {(x, t) : |x| = 1}, ïëîñêîñòÿìè t = α > 0 è t = β < 0, ãäå |x|− äëèíà
âåêòîðà x = (x1, x2).

Îáîçíà÷èì ÷åðåç Ωα è Ωβ ÷àñòè îáëàñòè Ωαβ, à ÷åðåç Γα, Γβ− ÷àñòè ïîâåðõíîñòè Γ, ëåæàùèå
â ïîëóïðîñòðàíñòâàõ t > 0è t < 0; σα− âåðõíåå, à σβ− íèæíåå îñíîâàíèÿ îáëàñòè Ωαβ.

Ïóñòü äàëåå S - îáùàÿ ÷àñòü ãðàíèö îáëàñòåé Ωα è Ωβ ïðåäñòàâëÿþùåå ìíîæåñòâî {t = 0, 0 <
|x| < 1} â E2.

Â îáëàñòè Ωαβ ðàññìîòðèì âûðîæäàþùèõñÿ òðåõìåðíûå ãèïåðáîëî-ïàðàáîëè÷åñêèå óðàâíå-
íèÿ

0 =


2∑
i=1

pi(t)uxixi − utt +
2∑
i=1

ai(x, t)uxi + b(x, t)ut + c(x, t)u = 0, t > 0,

2∑
i=1

gi(t)uxixi − ut +
2∑
i=1

di(x, t)uxi + e(x, t)u, t < 0,

(1)

ãäå pi(t) > 0 ïðè t > 0, gi(t) > 0 ïðè t < 0 è ìîãóò îáðàùàòüñÿ â íóëü ïðè t = 0,
pi(t) ∈ C([0, α]) ∩ C2((0, α)), gi(t) ∈ C([β, 0]), i = 1, 2.

Â äàëüíåéøåì íàì ïîíàäîáèòüñÿ ñâÿçü äåêàðòîâûõ êîîðäèíàò x1, x2, t ñ ïîëÿðíûìè r, θ, t :
x1 = r cos θ, x2 = r sin θ, r ≥ 0, 0 ≤ θ < 2π.

Çàäà÷à 1(Äèðèõëå). Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωαβ ïðè t 6= 0 èç êëàññà
C1(Ω̄αβ) ∩ C2(Ωα ∪ Ωβ), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u
∣∣∣
σα

= ϕ1(r, θ), u
∣∣∣
Γα

= ψ1(t, θ), (2)

u
∣∣∣
Γβ

= ψ2(t, θ), u
∣∣∣
σβ

= ϕ2(r, θ). (3)

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ãðàíò
AP05134615
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Ïóñòü ai(r, θ, t), b(r, θ, t), c(r, θ, t) ∈ C1(Ω̄α) ∩ C2(Ωα), di(r, θ, t), e(r, θ, t) ∈ C1(Ω̄β)∩
∩C2(Ωβ), e(r, θ, t) ≤ 0, ∀(r, θ, t) ∈ Ωβ.

Òîãäà ñïðàâåäëèâà
Òåîðåìà 1. Åñëè ϕ1(r, θ), ϕ2(r, θ) ∈ C1(S̄) ∩ C3(S), ψ1(t, θ) ∈ C1(Γ̄α) ∩ C3(Γα), ψ2(t, θ) ∈

∈ C1(Γ̄β) ∩ C3(Γβ), è èìååò ìåñòî

cosµs,nα
′ 6= 0, s = 1, 2, ... , (4)

òî çàäà÷à 1 îäíîçíà÷íî ðàçðåøèìà, ãäå µs,n− ïîëîæèòåëüíûå íóëè ôóíêöèé Áåññåëÿ ïåðâîãî

ðîäà Jn(z), α′ =
α∫
0

√
[p1(ξ)+p2(ξ)]

2 dξ, n = 0, 1, ... .
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Ïóñòü Ω = (0, l), l > 0, γ(t) � êðèâàÿ x = γ(t), ∀t ∈ [0, T ] è γ(0) = γ0, ãäå 0 < γ(t) < l,
l − γ0 > d0 = const > 0. Îáîçíà÷èì Ω1(t) = (0, γ(t)), Ω2(t) = (γ(t), l), σT = (0, T ), Ωj = Ωj(0) è
ΩjT := Ωj × σT , j = 1, 2.

Ðàññìîòðèì çàäà÷ó ñ íåèçâåñòíûìè ôóíêöèÿìè uj(x, t), j = 1, 2 è γ(t), óäîâëåòâîðÿþùèìè
ïàðàáîëè÷åñêèì óðàâíåíèÿì

∂uj
∂t
− aj(x, t)

∂2uj
∂x2

− bj(x, t)
∂uj
∂x
− cj(x, t)uj = fj(x, t) â ΩjT , (1)

ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè (j = 1, 2)

uj
∣∣
t=0

= u0j(x), x ∈ Ωj , γ(0) = γ0,

u1

∣∣
x=0

= p1(t), u2

∣∣
x=l

= p2(t), t ∈ [0, T ],
(2)

è óñëîâèÿìè ñîïðÿæåíèÿ ïðè x = γ(t), t ∈ σT

u1 − u2 = g(x, t),

λ1(x, t)
∂u1

∂x
− λ2(x, t)

∂u2

∂x
= g1(x, t),

λ1(x, t)
∂u1

∂x
+ εγ′ = g2(x, t),

(3)

ãäå aj(x, t) > 0 â ΩjT , a1(x, t) 6= a2(x, t), ∀(x, t) ∈ σT × Bδ(γ0), çäåñü Bδ(γ0) � δ-îêðåñòíîñòü γ0;
bj(x, t), cj(x, t), fj(x, t), u0j(x), pj(t), g(x, t), gj(x, t), λj(x, t), j = 1, 2 � èçâåñòíûå ôóíêöèè è ε > 0
� ìàëûé ïàðàìåòð.

Äàííàÿ çàäà÷à ÿâëÿåòñÿ îäíîìåðíîé çàäà÷åé Âåðèãèíà (ñì., íàïð. [1], [2]), êîòîðàÿ, â ÷àñòíî-
ñòè, îïèñûâàåò ôèçè÷åñêèé ïðîöåññ íàãíåòàíèÿ æèäêîñòè â ïîðèñòóþ ñðåäó, ïðè êîòîðîì ïðîèñ-
õîäèò âûòåñíåíèå îäíîé æèäêîñòè èç ïîðèñòîé ñðåäû äðóãîé áîëåå âÿçêîé æèäêîñòüþ. Ôóíêöèè
uj(x, t), j = 1, 2, ìîãóò îïèñûâàòü äàâëåíèå íàãíåòàåìîé è âûòåñíÿåìîé æèäêîñòåé, à γ(t) �
ãðàíèöó èõ ðàçäåëà.

Â ðàáîòå äîêàçàíû ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ {u1(x, t), u2(x, t), γ(t)} çàäà÷è
(1)-(3) â ïðîñòðàíñòâàõ Ãåëüäåðà, à òàêæå ïîëó÷åíû êîýðöèòèâíûå îöåíêè ðåøåíèé ñ ïîñòîÿííû-
ìè, íå çàâèñÿùèìè îò ìàëîãî ïàðàìåòðà ε.
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âèäà

(Af)n =

β(n)∑
k=1

an,kfk

èç lpv â lqu ïðè 1 < p ≤ q <∞. Êðîìå òîãî ïîëó÷åí êðèòåðèé êîìïàêòíîñòè îïåðàòîðà A.
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Â ðàáîòå ðàññìàòðèâàþòñÿ ìíîãîìåðíûå ñèíãóëÿðíûå îïåðàòîðû ñ õàðàêòåðèñòèêàìè, íå çàâè-
ñÿùèìè îò ïîëþñà è ñîîòâåòñòâóþùèå èíòåãðàëüíûå óðàâíåíèÿ â ïðîñòðàíñòâàõ Áåñîâà. Ïîëó÷å-
íû óñëîâèÿ îãðàíè÷åííîñòè, äèôôåðåíöèðóåìîñòè è îáðàòèìîñòè ðàññìàòðèâàåìûõ ñèíãóëÿðíûõ
îïåðàòîðîâ è ðàçðåøèìîñòè íåêîòîðûõ ñîîòâåòñòâóþùèõ èíòåãðàëüíûõ óðàâíåíèé.

Ïîëó÷åííûå ðåçóëüòàòû ïîçâîëÿþò, ïðè îïðåäåëåííûõ óñëîâèÿõ, îïèñàòü ëîêàëüíûå ñâîéñòâà
ñèíãóëÿðíûõ èíòåãðàëüíûõ îïåðàòîðîâ ñ õàðàêòåðèñòèêàìè çàâèñÿùèìè îò ïîëþñà è ïîëó÷èòü
óñëîâèÿ íåòåðîâîé ðàçðåøèìîñòè ñîîòâåòñòâóþùèõ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé.
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Â äàííîé ðàáîòå ïðèâîäÿòñÿ äîñòàòî÷íûå óñëîâèÿ îãðàíè÷åííîñòè ïîòåíöèàëà Ðèññà â ãëî-
áàëüíûõ ïðîñòðàíñòâàõ Îðëè÷à-Ìîððè.

Ïóñòü 0 < α < n. Ïîòåíöèàë Ðèññà îïðåäåëÿåòñÿ ðàâåíñòâîì

Iαf(x) =

∫
Rn

f(y)

|x− y|n−α
dy.

Ìàêñèìàëüíûé îïåðàòîð Õàðäè-Ëèòòëâóäà îïðåäåëÿåòñÿ ðàâåíñòâîì:

Mf(x) = sup
r>0

1

|B(x, r)|

∫
B(x,r)

|f(y)|dy.

Ôóíêöèÿ Φ : [0,∞)→ [0,∞] íàçûâàåòñÿ ôóíêöèåé Þíãà, åñëè Φ - âûïóêëàÿ ôóíêöèÿ, íåïðå-
ðûâíàÿ ñëåâà è limr→+0 Φ(r) = Φ(0) = 0 è limr→+0 Φ(r) =∞.

Åñëè ñóùåñòâóåò s ∈ (0,∞) òàêîå, ÷òî Φ(s) = ∞, òîãäà Φ(r) = ∞ äëÿ r ≥ s. Ìíîæåñòâî
ôóíêöèé Þíãà, òàêèõ ÷òî

0 < Φ(r) <∞, 0 < r <∞

áóäåì îáîçíà÷àòü ÷åðåç Y . Åñëè Φ ∈ Y , òîãäà îíà àáñîëþòíî íåïðåðûâíà íà êàæäîì çàìêíóòîì
èíòåðâàëå â [0,∞).

Äëÿ ôóíêöèè Þíãà Φ è 0 ≤ s ≤ ∞ ïóñòü

Φ−1(s) = inf{r ≥ 0 : Φ(r) > s}.

Åñëè Φ ∈ Y , òîãäà Φ−1 ýòî îáû÷íàÿ îáðàòíàÿ ôóíêöèÿ äëÿ Φ.
Îòìåòèì,÷òî

Φ(Φ−1(r)) ≤ r ≤ Φ−1(r), 0 ≤ r <∞.

Ôóíêöèÿ Þíãà óäîâëåòâîðÿåò 42-óñëîâèþ Φ ∈ 42, åñëè

Φ(2r) ≤ kΦ(r), r > 0

äëÿ íåêîòîðîãî k > 1.
Ôóíêöèÿ Þíãà óäîâëåòâîðÿåò ∇2-óñëîâèþ Φ ∈ ∇2, åñëè

Φ(r) ≤ 1

2k
Φ(kr), r ≥ 0

äëÿ íåêîòîðîãî k > 1.
Äëÿ ôóíêöèè Þíãà Φ ìíîæåñòâî ôóíêöèé

LΦ(Rn) = {f ∈ Lloc(Rn) :

∫
Rn

Φ(k|f(x)|)dx <∞, k > 0}

ñ êîíå÷íîé êâàçèíîðìîé

‖ f ‖LΦ,(Rn)
= inf{µ > 0 :

∫
(Rn)

Φ(
f(t)

µ
)dt}, (1)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020
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â êîòîðûõ

Jµ(f) =

∫
Rn

Φ(
f(t)

µ
) ≤ 1. (2)

íàçûâàåòñÿ ïðîñòðàíñòâîì Îðëè÷à [1].
Ïóñòü Φ ôóíêöèÿ Þíãà è 1 ≤ θ ≤ ∞. ×åðåç GMΦ,ϕ,θ(R

n) îáîçíà÷èì ãëîáàëüíîå ïðîñòðàíñòâî
Îðëè÷à-Ìîððè êàê ìíîæåñòâî âñåõ ôóíêöèé f ∈ LΦ c êîíå÷íîé êâàçèíîðìîé

‖f‖GMφ,ϕ,θ(Rn) = sup
x∈(Rn)

||ϕ−1 (x, r) Φ−1(|B(x, r)|−l)||f ||Lφ(B(x,r))
||Lθ(0,∞)

<∞.

‖ f ‖MΦ,λ,υ
= sup

x∈Rn,r>0
Φ−1(r−λ) ‖ f ‖LΦ,υ(B(x,r))<∞, (3)

Òåîðåìà 1.
Ïóñòü Φ ∈ Y è ôóíêöèÿ ϕ óäîâëåòâîðÿåò óñëîâèþ

sup
r<t<∞

‖Φ−1(|B(x, t)|−1)essinft<s<∞
ϕ(x, s)

Φ−1
(|B(x, s)|−1)‖Lθ ≤ Cϕ(x, r),

ãäå Ñ íå çàâèñèò îò x è r.
Òîãäà ìàêñèìàëüíûé îïåðàòîð Ì îãðàíè÷åí èç GMΦ,ϕ,θ(R

n) â GMψ,η,θ(R
n).

Òåîðåìà 2.
Ïóñòü Φ ∈ Y ∩∇2, 0 < α < n, 1 < θ <∞
è ïóñòü ôóíêöèÿ ϕ óäîâëåòâîðÿåò óñëîâèþ Òåîðåìû 1 è óñëîâèþ

tαϕ(t) +

∫ ∞
t

rαϕ(r)
dr

r
≤ Cϕ(t)β

äëÿ íåêîòîðîãî β ∈ (0, 1).

Ïóñòü η(x, t) = ϕ(x, t)β è ψ(t) = φ(t
1
β ).

Òîãäà ïîòåíöèàë Ðèññà Iα îãðàíè÷åí èç GMΦ,ϕ,θ(R
n) â GMψ,η,θ(R

n).

Ïîäîáíûå óòâåðæäåíèÿ äëÿ îáîáùåííûõ ïðîñòðàíñòâ Îðëè÷à-Ìîððè ïîëó÷åíû â [2].

Ñïèñîê ëèòåðàòóðû
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Ñòðàòèôèöèðîâàííîå ìíîæåñòâî îïðåäåëÿåòñÿ êàê ñâÿçíîå ïîäìíîæåñòâo åâêëèäîâà ïðî-
ñòðàíñòâà Rd, ÿâëÿþùååñÿ îáúåäèíåíèåì êîíå÷íîãî ñåìåéñòâà S íåïåðåñåêàþùèõñÿ ñâÿçíûõ ïîä-
ìíîãîîáðàçèé σ (áåç êðàÿ), íàçûâàåìûõ äàëåå ñòðàòàìè:

Ω =
⋃
σk∈S

σk.

Ïðåäïîëàãàåòñÿ, ÷òî êàæäàÿ ñòðàòà σk èìååò êîìïàêòíîå çàìûêàíèå â Rd è ñòðàòû ïðèìûêàþò
äðóã ê äðóãó ñïåöèàëüíûì îáðàçîì (ñì., íàïðèìåð, [1], [2], [3]). Ìíîæåñòâî Ω ïðåäïîëàãàåòñÿ
ïðåäñòàâëåííûì â âèäå îáúåäèíåíèÿ äâóõ íåïåðåñåêàþùèõñÿ ÷àñòåé � Ω0 è ∂Ω0 = Ω \ Ω0. Â
êà÷åñòâå Ω0 äîïóñòèìî âçÿòü ëþáîå îòêðûòîå ñâÿçíîå ïîäìíîæåñòâî Ω, ñîñòîÿùåå èç íåêîòîðûõ
ñòðàò, è òàêîå, ÷òî çàìûêàíèå Ω0 ñîâïàäàåò ñ Ω. Çäåñü è äàëåå âñå òîïîëîãè÷åñêèå ïîíÿòèÿ
îòíîñÿòñÿ ê òîïîëîãèè íà Ω, èíäóöèðîâàííîé ñòàíäàðòíîé òîïîëîãèåé îáúåìëþùåãî ïðîñòðàíñòâà
Rd.

Íàçîâåì ôóíêöèþ p íà Ω ñòðàòèôèöèðîâàííîé êîíñòàíòîé, åñëè îíà ïîñòîÿííà íà êàæäîé
ñòðàòå. Ñèìâîëè÷åñêè ìû ìîæåì íàïèñàòü p = {pk}σk∈S , ãäå pk ÿâëÿåòñÿ ñóæåíèåì p íà ñòðàòó
σk.

Ïðîñòðàíñòâî Ñîáîëåâà
◦
W

1,p
µ (Ω) îïðåäåëÿåòñÿ êàê ïîïîëíåíèå ïðîñòðàíñòâà íåïðåðûâíûõ

ôóíêöèé u : Ω0 → R, îáðàùàþùèõñÿ â íóëü âáëèçè ãðàíèöû ∂Ω0 è èìåþùèõ äèôôåðåíöèðóåìûå
ñóæåíèÿ íà êàæäóþ ñòðàòó, ïðè÷åì ãðàäèåíòû ýòèõ ñóæåíèé ðàâíîìåðíî íåïðåðûâíû. Ïîïîëíå-
íèå áåðåòñÿ ïî íîðìå

‖u‖ ◦
W

1,p
µ (Ω)

=
∑
σk∈S

[( ∫
σk

|u|pk dµ

) 1
pk

+

( ∫
σk

|∇u|pk dµ

) 1
pk

]
.

Íàøà öåëü � îáîáùåíèå íåðàâåíñòâà Ñîáîëåâà íà ñòðàòèôèöèðîâàííîì ìíîæåñòâå â ñëó÷àå,
êîãäà ïîêàçàòåëü ñóììèðóåìîñòè ÿâëÿåòñÿ ñòðàòèôèöèðîâàííîé êîíñòàíòîé. Ìû óñòàíàâëèâàåì
äîñòàòî÷íûå óñëîâèÿ íà êîìáèíàòîðíóþ ñòðóêòóðó Ω è íà ñòðàòèôèöèðîâàííûå êîíñòàíòû p è
q äëÿ ñïðàâåäëèâîñòè ñëåäóþùåãî íåðàâåíñòâà:

∑
σk∈S

( ∫
σk

|u|qk dµ

) 1
qk

≤ C
∑
σk∈S

( ∫
σk

|∇u|pk dµ

) 1
pk

äëÿ âñåõ u ∈
◦
W

1,p
µ (Ω) ñ íåçàâèñÿùåé îò u êîíñòàíòîé C.

Â ñëó÷àå, êîãäà ñòðàòèôèöèðîâàííûå êîíñòàíòû p è q ÿâëÿþòñÿ ïðîñòî êîíñòàíòàìè, ò.å.
pk ≡ p, qk ≡ q, àíàëîã íåðàâåíñòâà Ñîáîëåâà äîêàçàí â ðàáîòå [1].

Äàííîå íåðàâåíñòâî ïðèìåíÿåòñÿ äëÿ äîêàçàòåëüñòâà ðàçðåøèìîñòè çàäà÷è Äèðèõëå äëÿ ñòðà-
òèôèöèðîâàííîãî p - ëàïëàñèàíà:

∇ · (|∇u|p−2∇u) = 0,

u
∣∣
∂Ω0

= φ,

àíàëîãè÷íî òîìó êàê ýòî ñäåëàíî â ðàáîòå [1] â ñëó÷àå pk ≡ p.

Ðàáîòà ïîääåðæàíà ãðàíòîì Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí AP05130222.
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Ðàáîòà ïîñâÿùåíà âîïðîñàì ðàçðåøèìîñòè â ñîáîëåâñêèõ êëàññàõ îäíîé íåëèíåéíîé çàäà÷è
òåïëîïðîâîäíîñòè â âûðîæäàþùåéñÿ òðåóãîëüíîé îáëàñòè, îäíà èç âåðøèí êîòîðîé íàõîäèòñÿ â
íà÷àëå êîîðäèíàò. Ñ èñïîëüçîâàíèåì ìåòîäîâ àïðèîðíûõ îöåíîê è Ôàýäî-Ãàëåðêèíà äîêàçûâà-
þòñÿ òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèÿ ðàññìàòðèâàåìîé ãðàíè÷íîé çàäà÷è,
à òàêæå åãî ðåãóëÿðíîñòü ïðè ïîâûøåíèè ãëàäêîñòè çàäàííûõ ôóíêöèé.

Ïîñòàíîâêà ãðàíè÷íîé çàäà÷è. Ïóñòü Qxt1 = {x, t1 | 0 < x < t1, 0 < t1 < T1 < ∞} � òðå-
óãîëüíàÿ îáëàñòü, îäíà èç âåðøèí êîòîðîé íàõîäèòñÿ â íà÷àëå êîîðäèíàò, è Ωt1 � ñå÷åíèå îáëàñòè
Qxt1 ïðè ôèêñèðîâàííîé âðåìåííîé ïåðåìåííîé t1 ∈ (0, T1). Â îáëàñòè Qxt1 ðàññìàòðèâàåòñÿ ñëå-
äóþùàÿ ãðàíè÷íàÿ çàäà÷à:

∂t1u− ν∂2
xu− (∂xu)2 = f, (ν > 0), (1)

u(x, t)|x=0 = 0, u(x, t)|x=t1 = 0, (2)

ãäå
f ∈ L∞(Qxt1), f ≥ 0. (3)

Â äàííîé ðàáîòå èçó÷àåòñÿ âîïðîñ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ãðàíè÷íîé çà-
äà÷è (1)�(3) â ñîáîëåâñêîì ïðîñòðàíñòâå u ∈ H2,1(Qxt1).

Ïðåîáðàçîâàíèå (1)�(3) ê ëèíåéíîé ãðàíè÷íîé çàäà÷å. Ïðåîáðàçóåì (1)�(3) ê ëèíåéíîé
ãðàíè÷íîé çàäà÷å äëÿ íåèçâåñòíîé ôóíêöèè w(x, t1). Èñïîëüçóÿ âçàèìíî-îäíîçíà÷íîå ïðåîáðàçî-
âàíèå: w(x, t1) = exp {u/ν} − 1, u = ν ln(w + 1), ïîëó÷àåì

∂t1w − ν∂2
xw − fνw = fν , (4)

w(x, t)|x=0 = 0, w(x, t)|x=t1 = 0, (5)

fν ≡ f/ν ∈ L∞(Qxt1), fν ≥ 0. (6)

Î ñåìåéñòâå âñïîìîãàòåëüíûõ ãðàíè÷íûõ çàäà÷ â ÷åòûðåóãîëüíûõ îáëàñòÿõ (â âè-
äå òðàïåöèé). Ê çàäà÷å (4)�(6) ìû ñîïîñòàâèì ñåìåéñòâî ãðàíè÷íûõ çàäà÷, êàæäàÿ èç êîòîðûõ
ðàññìàòðèâàåòñÿ â îáëàñòè, ïðåäñòàâëÿþùåé ñîáîé ñîîòâåòñòâóþùóþ òðàïåöèþ.
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Èòàê, ïóñòü n ∈ N∗ ≡ {n ∈ N : n ≥ n1, 1/n1 < T1}, Qnxt1 = {x, t1 : 0 < x < t1, 1/n < t1 <
T1 < ∞} � òðàïåöèÿ, è Ωxt1 � ñå÷åíèå òðàïåöèè ïðè çàäàííîì t1 ∈ (1/n, T1). Îòìåòèì, ÷òî â
òî÷êå t1 = 1/n îáëàñòü Qnxt1 óæå íå âûðîæäàåòñÿ â òî÷êó, êðîìå òîãî ìåæäó èñõîäíîé îáëàñòüþ
Qxt1 è îáëàñòÿìè Qnxt1 èìåþò ìåñòî ñòðîãèå âêëþ÷åíèÿ Qn1

xt1
⊂ Qn1+1

xt1
⊂ ... ⊂ Qxt1 è, î÷åâèäíî,

lim
n→∞

Qnxt1 = Qxt1 .

Â íåâûðîæäàþùåéñÿ îáëàñòè Qnxt1 (äëÿ êàæäîãî êîíå÷íîãî n ∈ N∗) ðàññìàòðèâàåòñÿ ãðàíè÷-
íàÿ çàäà÷à:

∂t1wn − ν∂2
xwn − fν,nwn = fν,n, (7)

wn(x, t)|x=0 = 0, wn(x, t)|x=t1 = 0, wn(x, t1)|t1=1/n = 0, (8)

fν,n ≡ fn/ν ∈ L∞(Qnxt1), fν,n ≥ 0. (9)

Ñ ïîìîùüþ íåêîòîðîãî ïðåîáðàçîâàíèÿ íåçàâèñèìûõ ïåðåìåííûõ {x, t1} ê ïåðåìåííûì {y, t}
ìû ìîæåì ïðåîáðàçîâàòü ãðàíè÷íóþ çàäà÷ó (7)�(9) òàê, ÷òîáû îíà áûëà áû ïîñòàâëåíà â ïðÿìî-
óãîëüíîé îáëàñòè.

Çàïèøåì ãðàíè÷íóþ çàäà÷ó (7)�(9) â ïðÿìîóãîëüíîé îáëàñòè Qnyt:

∂tw̃n − ν∂2
y ũn −

y

n− t
∂yw̃n −

1

(n− t)2
f̃ν,nw̃ =

1

(n− t)2
f̃ν,n, (10)

w̃n(y, t) = 0, {y, t} ∈ Σn
yt = {y, t : y ∈ {0} ∪ {1}, n/2 < t < T < n}, (11)

w̃n(y, n/2) = 0, y ∈ Ω = {y : 0 < y < 1, t = n/2}. (12)

Âìåñòî (10)�(12) â îáëàñòè Qnyt, ìû áóäåì ðàññìàòðèâàòü áîëåå îáùóþ ãðàíè÷íóþ çàäà÷ó:

∂tw̃n − ν∂2
yw̃n − γn(y, t)∂yw̃n − αn(t)f̃ν,nw̃n = βn(t)f̃ν,n, (ν > 0), (13)

w̃n(y, t)|y=0 = 0, w̃n(y, t)|y=1 = 0, w̃n(y, t)|t=0 = 0, (14)

ãäå çàäàííûå íåïðåðûâíûå ôóíêöèè αn(t), βn(t), γn(y, t) äëÿ êàæäîãî ôèêñèðîâàííîãî ÷èñëà n ∈
N∗ óäîâëåòâîðÿþò óñëîâèÿì

α1n ≤ αn(t) ≤ α2n, β1n ≤ βn(t) ≤ β2n, ∀ t ∈ [0, T ],

|γn(y, t)| ≤ γ1n, |∂yγn(y, t)| ≤ γ1n, ∀ {y, t} ∈ Qnyt,
(15)

ñ çàäàííûìè ïîëîæèòåëüíûìè ïîñòîÿííûìè α1n, α2n, β1n, β2n, γ1n.
Èìåþò ìåñòî ñëåäóþùèå òåîðåìû
Òåîðåìà 1. Ïóñòü ìû èìååì ôèêñèðîâàííîå ÷èñëî n ∈ N∗. Òîãäà, åñëè f̃ν,n ∈ L∞(Qnyt) è

αn(t), βn(t), γn(y, t) óäîâëåòâîðÿþò óñëîâèÿì (15), òî ãðàíè÷íàÿ çàäà÷à (13)�(14) èìååò åäèí-
ñòâåííîå ðåøåíèå w̃n ∈ H2,1(Qnyt), êîòîðîå óäîâëåòâîðÿåò îöåíêå:

‖w̃n‖H2,1(Qyt) ≤ K ‖f̃ν,n‖L∞(Qyt).

Òåîðåìà 2. Ïóñòü ìû èìååì ôèêñèðîâàííîå ÷èñëî n ∈ N∗. Òîãäà, åñëè f̃ν,n ∈ L∞(Qnyt), òî
ãðàíè÷íàÿ çàäà÷à (10)�(12) èìååò åäèíñòâåííîå ðåøåíèå w̃n ∈ H2,1(Qnyt), êîòîðîå óäîâëåòâîðÿ-
åò îöåíêå:

‖w̃n‖H2,1(Qyt) ≤ K ‖f̃ν,n‖L∞(Qyt).

Òåîðåìà 3. Ïóñòü ìû èìååì ôèêñèðîâàííîå ÷èñëî n ∈ N∗. Òîãäà, åñëè fν,n ∈ L∞(Qnxt1), òî
ãðàíè÷íàÿ çàäà÷à (7)�(9) èìååò åäèíñòâåííîå ðåøåíèå wn ∈ H2,1(Qnxt1), êîòîðîå óäîâëåòâîðÿåò
îöåíêå:

‖wn‖H2,1(Qxt1 ) ≤ K ‖fν,n‖L∞(Qxt1 ).
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Àéøàáèáè ÄÓÊÅÍÁÀÅÂÀ
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Ïóñòü Ω = {x = (x1, x2, . . . , xn) ∈ Rn : |x| < 1} � åäèíè÷íûé øàð â Rn è x = (x1, x2, . . . , xn) ∈ Ω
� ïðîèçâîëüíàÿ òî÷êà îáëàñòè Ω. Ïóñòü êîíñòàíòû θk ïðèíèìàþò çíà÷åíèÿ òîëüêî 1 èëè −1. Òîãäà
(θk)

2 = 1. ×åðåç x∗ îáîçíà÷èì òî÷êó x∗ = (−x1, θ2x2, . . . , θnxn) . ×åðåç ∂Ω+ (∂Ω−) îáîçíà÷èì ÷àñòü
ãðàíèöû ∂Ω, äëÿ êîòîðîé x1 > 0 (x1 < 0) .×àñòü ãðàíèöû ∂Ω, äëÿ êîòîðîé x1 = 0, îáîçíà÷èì ÷åðåç
∂Ω0.

Óðàâíåíèå Ïóàññîíà â ìíîãîìåðíîì øàðå çàïèøåòñÿ â âèäå

−∆u(x) = f(x), x ∈ Ω. (1)

Çàäà÷à Sα1. Íàéòè ôóíêöèþ u(x) ∈ C2(Ω)∩C1
(
Ω̄\∂Ω0

)
, óäîâëåòâîðÿþùóþ âíóòðè Ω óðàâ-

íåíèþ Ïóàññîíà (1), à íà åãî ãðàíèöå � êðàåâûì óñëîâèÿì:

u(x)− αu (x∗) = τ(x), x ∈ ∂Ω+, (2)

∂u

∂n
(x)− (−1)k

∂u

∂n
(x∗) = v(x), x ∈ ∂Ω+, (3)

ãäå f(x) ∈ Cε(Ω̄); τ ∈ C1+ε [∂Ω+]; v ∈ Cε [∂Ω+], α � ôèêñèðîâàííîå äåéñòâèòåëüíîå ÷èñëî.
Â ñëó÷àå, êîãäà α = −(−1)k, ïîëó÷àåì ðàíåå èññëåäîâàííûå â [1]-[2] ïåðèîäè÷åñêèå è àíòèïå-

ðèîäè÷åñêèå êðàåâûå çàäà÷è. Ñëó÷àé α = 0 áûë ðàññìîòðåí â ðàáîòàõ [3]-[4].
Êàê åùå îäèí èç âàðèàíòîâ àíàëîãà çàäà÷è Ñàìàðñêîãî-Èîíêèíà äëÿ îïåðàòîðà Ëàïëàñà â

åäèíè÷íîì øàðå ïðåäëîæåíî ðàññìîòðåòü ñëåäóþùóþ ïîñòàíîâêó.
Çàäà÷à S1β. Íàéòè ôóíêöèþ u(x) ∈ C2(Ω)∩C1

(
Ω̄\∂Ω0

)
, óäîâëåòâîðÿþùóþ âíóòðè Ω óðàâ-

íåíèþ Ïóàññîíà (1), à íà åãî ãðàíèöå � êðàåâûì óñëîâèÿì:

u(x) + (−1)ku (x∗) = τ(x), x ∈ ∂Ω+, (4)

∂u

∂n
(x) + β

∂u

∂n
(x∗) = v(x), x ∈ ∂Ω+, (5)

ãäå f(x) ∈ Cε(Ω̄); τ ∈ C1+ε [∂Ω+]; v ∈ Cε [∂Ω+], β � ôèêñèðîâàííîå äåéñòâèòåëüíîå ÷èñëî.
Â íàñòîÿùåì äîêëàäå ðàññìîòðèì ñëó÷àè çíà÷åíèé α è β, ïðè êîòîðûõ ñîîòâåòñòâóþùèå

ñôîðìóëèðîâàííûå çàäà÷è Sα1 è S1β ÿâëÿþòñÿ ôðåäãîëüìîâûìè.
Îñíîâíûå ðåçóëüòàòû ïî äàííîìó äîêëàäó ñôîðóëèðóåì â âèäå òåîðåì.

Òåîðåìà 1.
Ïðè α = (−1)k çàäà÷à Sα1 íå ÿâëÿåòñÿ íåòåðîâîé. Ïðè ýòîì îäíîðîäíàÿ çàäà÷à Sα1 èìååò

áåñêîíå÷íîå ÷èñëî ëèíåéíî íåçàâèñèìûõ ðåøåíèé. Çàäà÷à Sα1 ÿâëÿåòñÿ ôðåäãîëüìîâîé åñëè è
òîëüêî åñëè α 6= (−1)k.

Òåîðåìà 2.
Ïðè β = (−1)k çàäà÷à S1β íå ÿâëÿåòñÿ íåòåðîâîé. Ïðè ýòîì îäíîðîäíàÿ çàäà÷à S1β èìååò

áåñêîíå÷íîå ÷èñëî ëèíåéíî íåçàâèñèìûõ ðåøåíèé. Çàäà÷à S1β ÿâëÿåòñÿ ôðåäãîëüìîâîé åñëè è
òîëüêî åñëè β 6= (−1)k.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ãðàíò
AP05133271.
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Â äîêëàäå äàåòñÿ ïîñòàíîâêà íîâûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ìíîãîìåðíîãî óðàâíåíèÿ
òåïëîïðîâîäíîñòè ñ íåëîêàëüíûìè óñëîâèÿìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, ÿâëÿþùèìèñÿ
ìíîãîìåðíûìè îáîáùåíèÿìè çàäà÷è Ñàìàðñêîãî-Èîíêèíà è èññëåäîâàíà èõ êîððåêòíîñòü.

Ìû ðàññìàòðèâàåì îäèí èç âàðèàíòîâ íîâûõ ïîñòàíîâîê íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ìíî-
ãîìåðíîãî ïî ïðîñòðàíñòâåííîé ïåðåìåííîé óðàâíåíèÿ òåïëîïðîâîäíîñòè. Îáëàñòüþ ðàññìîòðå-
íèÿ çàäà÷è ÿâëÿåòñÿ øàðîâîé öèëèíäð Q ñ îñüþ âäîëü îñè t. Ñòàâÿòñÿ êëàññè÷åñêèå íà÷àëüíûå
óñëîâèÿ íà îñíîâàíèè öèëèíäðà è íîâûå íåëîêàëüíûå êðàåâûå óñëîâèÿ íà ïðîñòðàíñòâåííûõ
(áîêîâûõ) ãðàíèöàõ öèëèíäðà. Ýòè óñëîâèÿ àíàëîãè÷íû óñëîâèÿì çàäà÷è Sα1, ðàññìîòðåííûì â
ðàáîòàõ [1 - 4] äëÿ óðàâíåíèÿ Ëàïëàñà â åäèíè÷íîì êðóãå è åäèíè÷íîì øàðå.

Ïóñòü Ω = {x = (x1, x2, . . . , xn) ∈ Rn : |x| < 1} � åäèíè÷íûé øàð â Rn è x = (x1, x2, . . . , xn) ∈ Ω
� ïðîèçâîëüíàÿ òî÷êà îáëàñòè Ω. Ïóñòü êîíñòàíòû θk ïðèíèìàþò çíà÷åíèÿ òîëüêî 1 èëè −1. Òîãäà
(θk)

2 = 1. ×åðåç x∗ îáîçíà÷èì òî÷êó x∗ = (−x1, θ2x2, . . . , θnxn) . ×åðåç ∂Ω+ (∂Ω−) îáîçíà÷èì ÷àñòü
ãðàíèöû ∂Ω, äëÿ êîòîðîé x1 > 0 (x1 < 0) .×àñòü ãðàíèöû ∂Ω, äëÿ êîòîðîé x1 = 0, îáîçíà÷èì ÷åðåç
∂Ω0.

×åðåç Q = {(x, t) : x ∈ Ω, 0 < t < T} îáîçíà÷èì ïðÿìîé øàðîâîé öèëèíäð, à ÷åðåç Q0 =
{(x, t) : x ∈ Ω0, 0 < t < T} � ÷àñòü åãî áîêîâîé ïîâåðõíîñòè. Ðàññìîòðèì íîâóþ íåëîêàëüíóþ
êðàåâóþ çàäà÷ó äëÿ ìíîãîìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut(x, t)−∆xu(x, t) = f(x, t), (x, t) ∈ Q, (1)

ãäå ∆x � åñòü îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì (x1, x2, . . . , xn) ∈ Rn.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ãðàíò
AP05133271
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Èñïîëüçóåòñÿ êëàññè÷åñêîå íà÷àëüíîå óñëîâèå

u(x, 0) = τ(x), x ∈ Ω, (2)

è íåëîêàëüíûå êðàåâûå óñëîâèÿ íà áîêîâîé ãðàíèöå øàðîâîãî öèëèíäðà

u(x, t)− αu (x∗, t) = 0, x ∈ ∂Ω+, 0 ≤ t ≤ T, (3)

∂u

∂n
(x, t)− ∂u

∂n
(x∗, t) = 0, x ∈ ∂Ω+, 0 ≤ t ≤ T. (4)

Çäåñü α 6= 1 � ôèêñèðîâàííîå äåéñòâèòåëüíîå ÷èñëî, ∂
∂n � ïðîèçâîäíàÿ ïî íàïðàâëåíèþ âíåøíåé

íîðìàëè ê ∂Ω.
Ïðàâóþ ÷àñòü óðàâíåíèÿ (1) è íà÷àëüíîå óñëîâèå âûáåðåì èç ñëåäóþùåãî "ñòàíäàðòíîãî"

êëàññà ãëàäêîñòè: f(x, t) ∈ Cε
(
Q̄
)
, τ ∈ C2+ε

(
Ω̄
)
. Äîïîëíèòåëüíî îò τ(x) ïîòðåáóåì óäîâëåòâîðå-

íèå êðàåâûì óñëîâèÿì (3), (4).
Ðåãóëÿðíûì ðåøåíèåì çàäà÷è (1) - (4) íàçîâåì ôóíêöèþ èç êëàññà C2,1

x,t (Q)
⋂
C1,0
x,t

(
Q̄\Q0

)
,

îáðàùàþùóþ óðàâíåíèå òåïëîïðîâîäíîñòè (1), íà÷àëüíîå óñëîâèå (2) è íåëîêàëüíûå êðàåâûå
óñëîâèÿ (3), (4) â òîæäåñòâî.

Ðàçâèâàÿ èäåþ ðàáîòû [5] íà ìíîãîìåðíûé ñëó÷àé, ìû ïîêàçûâàåì, ÷òî êîððåêòíîñòü ñôîðìó-
ëèðîâàííîé çàäà÷è (1) - (4) ìîæåò áûòü îáîñíîâàíà ïóòåì ñâåäåíèÿ ê ïîñëåäîâàòåëüíîìó ðåøåíèþ
äâóõ êëàññè÷åñêèõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè.

Îñíîâíîé ðåçóëüòàò äîêëàäà ñôîðìóëèðóåì â âèäå òåîðåìû.
Òåîðåìà 1. Ïóñòü α 6= 1, f(x, t) ∈ Cε

(
Q̄
)
, τ ∈ C2+ε

(
Ω̄
)
è τ(x) óäîâëåòâîðÿåò êðàåâûì óñëîâè-

ÿì (3), (4). Òîãäà íåëîêàëüíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à (1) - (4) èìååò åäèíñòâåííîå ðåãóëÿðíîå
ðåøåíèå.
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Â äîêëàäå ðàññìàòðèâàåòñÿ îïåðàòîð, çàäàííûé äèôôåðåíöèàëüíûì âûðàæåíèåì äâóêðàò-
íîãî äèôôåðåíöèðîâàíèÿ è êðàåâûìè óñëîâèÿìè òèïà Ñàìàðñêîãî-Èîíêèíà. Õîðîøî èçâåñòíî,
÷òî ýòè óñëîâèÿ ÿâëÿþòñÿ ðåãóëÿðíûìè, íî íå óñèëåííî ðåãóëÿðíûì êðàåâûìè óñëîâèÿìè. Íà-
ìè èññëåäóåòñÿ âîïðîñ óñòîé÷èâîñòè è íåóñòîé÷èâîñòè ñâîéñòâà áàçèñíîñòè ñèñòåìû ñîáñòâåííûõ
è ïðèñîåäèíåííûõ ôóíêöèé (ÑèÏÔ) âîçìóùåííîãî îïåðàòîðà, ïîëó÷àåìîãî ïðè èíòåãðàëüíîì
âîçìóùåíèè îäíîãî èç êðàåâûõ óñëîâèé:

L1(u) ≡ −u′′(x) = λu(x), 0 < x < 1, (1)

U1(u) ≡ u′(0) + u′(1) = 0,

∫ 1

0
p(x)u(x)dx, p(x) ∈ L2(0, 1), (2)

U2(u) ≡ u(0) = 0. (3)

Åñëè p(x) ≡ 0, òî çàäà÷à (1)-(3) íàçûâàåòñÿ çàäà÷åé Ñàìàðñêîãî-Èîíêèíà.
Èç ðåçóëüòàòîâ ðàáîòû À.À. Øêàëèêîâà [1] ñëåäóåò, ÷òî ñèñòåìà ÑèÏÔ çàäà÷è (1)-(3) ïîëíà

è ìèíèìàëüíà â L2(0, 1). Ïðè ýòîì ñèñòåìà ÑèÏÔ ïðè ëþáûõ p(x) îáðàçóåò áàçèñ Ðèññà ñî ñêîá-
êàìè. Íàøåé çàäà÷åé ÿâëÿåòñÿ äåìîíñòðàöèÿ òîãî, ÷òî ñâîéñòâî áàçèñíîñòè â L2(0, 1) ñèñòåìû
ÑèÏÔ çàäà÷è (1)-(3) ÿâëÿåòñÿ íåóñòîé÷èâûì ïðè ìàëûõ èçìåíåíèÿõ ÿäðà p(x) èíòåãðàëüíîãî
âîçìóùåíèÿ.

Â íàøåé ðàáîòå [2] ïðåäëîæåíà ìåòîäèêà ïîñòðîåíèÿ õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ ñïåê-
òðàëüíîé çàäà÷è ïðè èíòåãðàëüíîì âîçìóùåíèè êðàåâîãî óñëîâèÿ. Ýòîò ðåçóëüòàò ìû ïðèìåíÿåì
ê èññëåäîâàíèþ ñïåêòàðëüíûõ ñâîéñòâ çàäà÷è (1)-(3). Âîïðîñû óñëîâíîé áàçèñíîñòè è èññëåäî-
âàíèå ñïåêòðàëüíûõ ñâîéñòâ íåëîêàëüíûõ çàäà÷ ðàññìîòðåíû â ðàáîòàõ ìíîãèõ ìàòåìàòèêîâ. Â
íàøèõ ðàáîòàõ òàêæå ðàññìîòðåíû çàäà÷è ñ ðàçëè÷íûìè íåëîêàëüíûìè óñëîâèÿìè.

Îñíîâíûì ðåçóëüòàòîì äîêëàäà ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà, äåìîíñòðèðóþùàÿ íåóñòî÷è-
âîñòü ñâîéñòâà áåçóñëîâíîé áàçèñíîñòè ñèñòåìû ÑèÏÔ ïðè èíòåãðàëüíîì âîçìóùåíèè êðàåâîãîó
ñëîâèÿ.

Òåîðåìà. Ìíîæåñòâî P ôóíêöèé p(x) ∈ L2(0, 1), äëÿ êîòîðûõ ñèñòåìà ñîáñòâåííûõ è ïðèñî-
åäèíåííûõ ôóíêöèé çàäà÷è (1)-(3) îáðàçóåò áåçóñëîâíûé áàçèñ â L2(0, 1), âñþäó ïëîòíî â L2(0, 1).
Ìíîæåñòâî L2(0, 1)\P, òî åñòü ìíîæåñòâî ôóíêöèé p(x) ∈ L2(0, 1), äëÿ êîòîðûõ ñèñòåìà ñîáñòâåí-
íûõ è ïðèñîåäèíåííûõ ôóíêöèé çàäà÷è (1)-(3) íå îáðàçóåò áåçóñëîâíîãî áàçèñà â L2(0, 1), òàêæå
âñþäó ïëîòíî â L2(0, 1).

Àâòîð áûë ïîääåðæàí ãðàíòîì ÊÍ ÌÎÍ ÐÊ AP05132587

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020



Annual International April Mathematical Conference – 2020 89

Ñïèñîê ëèòåðàòóðû

[1] À.À. Øêàëèêîâ, Î áàçèñíîñòè ñîáñòâåííûõ ôóíêöèé îáûêíîâåííûõ äèôôåðåíöèàëüíûõ îïå-
ðàòîðîâ ñ èíòåãðàëüíûìè êðàåâûìè óñëîâèÿìè // Âåñòíèê ÌÃÓ. Ìàòåìàòèêà è ìåõàíèêà, 2,
12�21 (1982).

[2] Ì.À. Ñàäûáåêîâ, Í.Ñ. Èìàíáàåâ, Ðåãóëÿðíûé äèôôåðåíöèàëüíûé îïåðàòîð ñ âîçìóùåííûì
êðàåâûì óñëîâèåì // Ìàòåì. çàìåòêè, 101:5, 768-778 (2017).

� >>> �

Î ÐÅÃÓËßÐÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×Å ÄËß
ÈÍÒÅÃÐÎ-ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

Ó.À. ÈÑÊÀÊÎÂÀ 1, Í.ÈÌÀÍÁÀÅÂ2

1,2Èíñòèòóò Ìàòåìàòèêè è Ìàòåìàòè÷åñêîãî Ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

Ïóñòü D− è D+ êîíå÷íûå îäíîñâÿçíûå îáëàñòè ñ ãëàäêèìè ãðàíèöàìè è D = D− × D+. Â
îáëàñòè D ðàññìîòðèì ñëåäóþùèé èíòåãðî-äèôôåðåíöèàëüíûé îïåðàòîð

Lu(y, x) = −∆yu(y, x) +

∫
Ω
K(x, ξ)u(x, ξ)dξ = f(y, x). (1)

Ïóñòü K(x, ξ) óäîâëåòâîðÿåò óðàâíåíèþ{
L+(x,D)K(x, ξ) = δ(x− ξ)
Lξ(ξ,D)K(x, ξ) = δ(x− ξ), x ∈ D+, ξ ∈ ∂D+.

Ïîëîæèì

ν(y, x) =

∫
D
K(x, ξ)u(y, ξ)dξ, (2)

ãäå

L+(x,D)ν = −
n∑

i,j=1

∂

∂xi
aij(x)

∂

∂xj
ν + a(x)ν,

a(x) > 0, aij ∈ C2+α(D̄+), a(x) ∈ C1+α(D̄+),

n∑
i,j=1

aijζi, ζj ≥ δ|ζ2|.

Òîãäà óðàâíåíèå (1) ïðèìåò âèä

Lu(y, x) = −∆yL
+(x,D)ν(y, x) + ν(y, x) = f(y, x). (3)

×åðåç L0 - îáîçíà÷èì çàìûêàíèå äèôôåðåíöèàëüíîãî îïåðàòîðà (3) â L2(D) íà ïîäìíîæåñòâå
ôóíêöèè u ∈ C∞0 (D), à ÷åðåç L∗0 - åãî ñîïðÿæåííûé îïåðàòîð â L2(D).

Îïåðàòîð L íàçîâåì ðåãóëÿðíûì ãðàíè÷íûì ðàñøèðåíèåì îïåðàòîðà L0 , åñëè âûïîëíåíû
óñëîâèÿ

L0 ⊂ L ⊂ L∗0, ‖ L−1 ‖<∞.
Îòìåòèì, ÷òî âñå ðåãóëÿðíûå êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ - ýòî ãðàíè÷íûå óñëîâèÿ ñîîòâåò-

ñòâóþùèõ ðåãóëÿðíûõ ðàñøèðåíèé. Óðàâíåíèå (3) ÿâëÿåòñÿ îáîáùåííûì óðàâíåíèåì Ñîáîëåâà,
êîòîðîå ïðåäñòàâëÿåò áîëüøîé òåîðåòè÷åñêèé è ïðàêòè÷åñêèé èíòåðåñ.

Ìåòîäîì ðåãóëÿðíûõ ðàñøèðåíèé íàéäåíà êîððåêòíûå ãðàíè÷íûå óñëîâèÿ äëÿ óðàâíåíèÿ (1).

Ðàáîòà ïîääåðæàíà ãðàíòîì AP05133239 ÊÍ ÌÎÍ ÐÊ
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Ïóñòü â Rn çàäàíà n-ìåðíàÿ ìåðà Ëåáåãà µ, M � ìíîæåñòâà âñåõ êóáîâ â R2. Äëÿ ôóíêöèè
f(x), îïåðäåëåííîé è èíòåãðèðóåìîé íà êàæäîì e èç M, îïåðåäåëèì ôóíêöèþ

f̄(t,M) = sup
e∈M
|e|≥t

1

|e|

∣∣∣∣ ∫
e
f(x)dx

∣∣∣∣,
ãäå òî÷íàÿ âåðõíÿÿ ãðàíü áåðåòñÿ ïî âñåì e ∈M , ìåðå êîòîðûõ |e| def

= µe > t, t ∈ (0,∞). Â ñëó÷àå
êîãäà sup{|e| : e ∈M} = α <∞ è t > α ïîëîæèì f̄(t,M) = 0.

×åðåç Np,q(M), 0 < p, q ≤ ∞, îáîçíà÷èì ìíîæåñòâî ôóíêöèé f, äëÿ êîòîðûõ ïðè q <∞

‖f‖Np,q(M) =

(∫ ∞
0

(
t

1
p f̄(t,M)

)q dt
t

) 1
q

<∞,

è ïðè q =∞
‖f‖Np,∞(M) = sup

t>0
t

1
p f̄(t,M) <∞.

Äàííûå ïðîñòðàíñòâà áîëåå îáùåì ââèäå áûëè ââåäåíû â ðàáîòå [1] è áûëè íàçâàíû ñåòåâûìè
ïðîñòðàíñòâàìè. Ñåòåâûå ïðîñòðàíòñòâà ÿâëÿåòñÿ âàæíûì èíñòðóìåíòîì èññëåäîâàíèÿ â òåî-
ðèè ðÿäîâ Ôóðüå, òåîðèè îïåðåòîðîâ è â äðóãèõ íàïðàâëåíèÿõ. Â ýòèõ ðàáîòàõ èñïîëüçîâàëèñü
ñëåäóþùåå èíòåðïîëÿöèîííîå ñâîéñòâî [1, òåîðåìà 1](

Np0,q0(M), Np1,q1(M) ↪→ Np,q(M), (1)

ãäå 1
p = 1−θ

p0
+ θ
p1
, 0 < q ≤ ∞. Èç (1) ñëåäóåò, ÷òî åñëè ëèíåéíûé îïåðàòîð T îãðàíè÷åíî äåéñòñâóåò

èç Ai âNpi,∞(M), i = 0, 1, òî îïåðàòîð T îãðàíè÷åíî äåéñòñâóåò èç Aθ,q âNp,q(M), ãäå 1
p = 1−θ

p0
+ θ
p1
.

Âîçíèêàåò âîïðîñ áóäåò ëè èìåòü ìåñòî ðàâåíñòâî(
Np0,q0(M), Np1,q1(M)

)
θ,q

= Np,q(M). (2)

Â îäíîìåðíîì ñëó÷àå, êîãäà M� ìíîæåñòâî âñåõ îòðåçêîâ îòâåò ïîëîæèòåëåí [2]. Â äàííîé
ðàáîòå ìû ïîêàçûâàåì, ÷òî â ñëó÷àå åñëè M� ìíîæåñòâî âñåõ êóáîâ â R2 ñîîòíîøåíèå (2) íå

Ðàáîòà ïîääåðæàíà Ìèíèñòåðñòâîì îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí (Ñîãëàøåíèå: AP051 32071 è
AP051 32590).
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âûïîëíÿåòñÿ. Çäåñü ñëåäóåò îòìåòèòü ðàáîòû O. Blasco, A. Ruiz è L. Vega [3], [4], êîòîðûå ïîêàçàëè
îòðèöàòåëüíûé ðåçóëüòàò äëÿ øêàë ïðîñòðàíòñâ Ìîððè, ò.å.

(
Mλ0
p ,Mλ1

p

)
6= Mλ

p .
Ìû òàêæå ïðèâîäèì çäåñü â íåêîòîðîì ñìûñëå àëüòåðíàòèâíóþ èíòåðïîëÿöèîííóþ òåîðåìó

äëÿ øêàë Np,q(M) íà êîíóñàõ íåîòðèöàòåëüíûõ ôóíêöèè.
Òåîðåìà 1 Ïóñòü M� ìíîæåñòâî êóáîâ â R2. Ïóñòü p0 < 2 < p1 è 0 < θ < 1 òàêîå ÷òî

1
p = 1−θ

p0
+ θ

p1
< 1

2 . Òîãäà (
Np0,∞(M), Np1,∞(M)

)
θ,∞ 6= Np,∞(M).

Â òåîðåìå 1 óñëîâèå p0 < 2 < p1 ñóùåñòâåí. Â ñëó÷àå 2 ≤ p0 < p1 <∞ èìååò ìåñòî ñëåäóþùåå
óòâåðæäåíèå:

Òåîðåìà 2 Ïóñòü 2 ≤ p0 < p1 < ∞, 0 < q ≤ ∞, M � ñåìåéñòâî âñåõ êóáîâ ñ ïàðàëëåëüíûìè
ãðàíÿìè ê îñÿì êîîðäèíàò â Rn. Ïóñòü G = {f : f(x) ≥ 0}, òîãäà ∀f ∈ G

⋂
Np,q(M) âåðíî

‖f‖(Np0,q0 (M),Np1,q1 (M))θ,q � ‖f‖Np,q(M),

ãäå ñîîòâåòñâóþùèå êîíñòàíòû çàâèñÿò òîëüêî îò pi, qi, θ, q, i = 0, 1.
Òåîðåìà 3 Ïóñòü 2 ≤ p0 < p1 < ∞, 1 ≤ q0, q1 < ∞, q0 6= q1, 0 < τ, σ < ∞. Åñëè äëÿ

êâàçèëèíåéíîãî îïåðàòîðà èìååò ìåñòî

‖Tf‖Nq0,∞(M) ≤ F0‖f‖Np0,σ(M), f ∈ Np0,σ(M), (3)

‖Tf‖Nq1,∞(M) ≤ F1‖f‖Np1,σ(M), f ∈ Np1,σ(M), (4)

òî äëÿ ëþáîãî f ∈ G ∩Np,τ èìååì

‖Tf‖Nq,τ (M) ≤ cF 1−θ
0 F θ1 ‖f‖Np,τ (M), (5)

ãäå 1
p = 1−θ

p0
+ θ

p1
, θ ∈ (0, 1) è ñîîòâåòñâóþùàÿ êîíñòàíòà çàâèñèò òîëüêî îò pi, qi, σ, i = 0, 1.
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Èçó÷åíèå ïåðèîäè÷åñêèõ ïî âðåìåíè ðåøåíèÿ ìíîãîìåðíîãî âîëíîâîãî óðàâíåíèÿ ∂2

∂t2
ũ−∆xũ =

f̃(x, t), ũ(x, t) = eiktu(x) íà âñåì ïðîñòðàíñòâå R3 ïðèâîäèò ê óñëîâèþ èçëó÷åíèÿ Çîììåðôåëüäà
íà áåñêîíå÷íîñòè. Ýòî çàäà÷à, êîòîðàÿ îïèñûâàåò äâèæåíèå ðàññåèâàþùèõñÿ ñòàöèîíàðíûõ âîëí
èç èñòî÷íèêà, êîòîðûé íàõîäèòñÿ â îãðàíè÷åííîé îáëàñòè. Îáðàòíàÿ çàäà÷à ïî íàõîæäåíèþ ýòî-
ãî èñòî÷íèêà ýêâèâàëåíòíà ñâåäåíèþ çàäà÷è Çîììåðôåëüäà ê ãðàíè÷íîé çàäà÷å äëÿ óðàâíåíèÿ
Ãåëüìãîëüöà â êîíå÷íîé îáëàñòè. Ïîýòîìó, çàäà÷à Çîììåðôåëüäà ÿâëÿåòñÿ ñïåöèàëüíîé îáðàò-
íîé çàäà÷åé. Ñëåäóåò îòìåòèòü, ÷òî â ðàáîòå Áåçìåíîâà È.Â. [1] íàéäåíû ïðèáëèæåííûå ôîðìû
òàêèõ ãðàíè÷íûõ óñëîâèé.

Â íàøåé ðàáîòå [2] ïðè íåêîòîðûõ îãðàíè÷åííûõ íà êîìïëåêñíûõ ïàðàìåòðàõ λ íàéäåí ÿâíûé
âèä ýòèõ ãðàíè÷íûõ óñëîâèé ÷åðåç ãðàíè÷íîå óñëîâèå ïîòåíöèàëà Ãåëüìãîëüöà, çàäàâàåìîé â
êîíå÷íîé îáëàñòè Ω èíòåãðàëîì

u(x, λ) =

∫
Ω
ε(x− ξ, λ)ρ(ξ, λ)dξ (1)

ãäå ε(x− ξ, λ) - ôóíäàìåíòàëüíûå ðåøåíèÿ óðàâíåíèÿ Ãåëüìãîëüöà.

−∆xε(x)− λε = δ(x), (2)

à ρ(ξ, λ) - ïëîòíîñòü ïîòåíöèàëà è λ- êîìïëåêñíîå ÷èñëî, δ - äåëüòà-ôóíêöèÿ Äèðàêà
Ýòè ãðàíè÷íûå óñëîâèÿ îáëàäàþò òåì ñâîéñòâîì, ÷òî ñòàöèîíàðíûå âîëíû, ïðèõîäÿùèå èç

îáëàñòè Ω íà ∂Ω ïðîõîäÿò ∂Ω áåç îòðàæåíèÿ ò.å. ÿâëÿþòñÿ ïðîçðà÷íûìè ãðàíè÷íûìè óñëîâèÿìè.
Â íàñòîÿùåé ðàáîòå â îáùåì ñëó÷àå â Rn, n ≥ 3 íàìè ðåøåíà ïðîáëåìà ñâåäåíèÿ çàäà÷è

Çîììåðôåëüäà ê ãðàíè÷íîé çàäà÷å â êîíå÷íîé îáëàñòè. Ïðè âûïîëíåíèè íåîáõîäèìûõ óñëîâèé
íà ïîòåíöèàë Ãåëüìãîëüöà (1) òàêæå íàéäåíà åãî ïëîòíîñòü ρ(ξ, λ).
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Ðàññìîòðèì ïîëóëèíåéíîå ðàçíîñòíîå óðàâíåíèå âòîðîãî ïîðÿäêà:

∆(ρi|∆yi|p−2∆yi) + λvi|yi+1|p−2yi+1 = 0, i = 0, 1, 2, ..., (1)

ãäå λ > 0, 1 < p < ∞ è ∆yi = yi+1 − yi. Îòíîñèòåëüíî êîýôôèöèåíòîâ óðàâíåíèÿ (1) ïîëàãàåì,
÷òî v = {vi} è ρ = {ρi} ÿâëÿþòñÿ ïîñëåäîâàòåëüíîñòÿìè íåîòðèöàòåëüíûõ äåéñòâèòåëüíûõ ÷èñåë.
Áîëåå òîãî, ïóñòü ρi > 0 äëÿ âñåõ i = 0, 1, 2, ... è äëÿ êàæäîãî m > 1 ñóùåñòâóåò i > m òàêîé, ÷òî
vi 6= 0.

Ïðèâåäåì íåîáõîäèìûå äëÿ íàñòîÿùåé ðàáîòû îïðåäåëåíèÿ è óòâåðæäåíèÿ. Ïóñòü m ≥ 0
è n ≥ 0 � öåëûå ÷èñëà. Äëÿ êðàòêîñòè áóäåì ïèñàòü �èíòåðâàë�, ïîäðàçóìåâàÿ �äèñêðåòíûé
èíòåðâàë�.

� Ãîâîðÿò, ÷òî èíòåðâàë (m,m+ 1] ñîäåðæèò îáîáùåííûé íóëü íåòðèâèàëüíîãî ðåøåíèÿ y =
{yi} óðàâíåíèÿ (1), åñëè ym 6= 0 è ymym+1 < 0.

� Íåòðèâèàëüíîå ðåøåíèå y óðàâíåíèÿ (1) íàçûâàåòñÿ îñöèëëÿòîðíûì, åñëè îíî èìååò áåñêî-
íå÷íîå ÷èñëî îáîáùåííûõ íóëåé, â ïðîòèâíîì ñëó÷àå îíî íàçûâàåòñÿ íåîñöèëëÿòîðíûì.

� Óðàâíåíèå (1) íàçûâàåòñÿ îñöèëëÿòîðíûì, åñëè âñå åãî íåòðèâèàëüíûå ðåøåíèÿ ÿâëÿþòñÿ
îñöèëëÿòîðíûìè, â ïðîòèâíîì ñëó÷àå îíî íàçûâàåòñÿ íåîñöèëëÿòîðíûì.

� Óðàâíåíèå (1) íàçûâàåòñÿ ñèëüíî îñöèëëÿòîðíûì èëè íåîñöèëëÿòîðíûì, åñëè îíî ïðè âñåõ
λ > 0 ñîîòâåòñòâåííî ÿâëÿåòñÿ îñöèëëÿòîðíûìè èëè íåîñöèëëÿòîðíûì.

Èçó÷åíèþ îñöèëëÿöèîííûõ ñâîéñòâ óðàâíåíèÿ (1) ïîñâÿùåíî áîëüøîå êîëè÷åñòâî ðàáîò (ñì.,
íàïðèìåð, [1-3] è ïðèâåäåííûå òàì ññûëêè).

Èññëåäîâàíèå óðàâíåíèÿ (1) îïèðàåòñÿ íà ñëåäóþùåå óòâåðæäåíèå, ïðèâåäåííîå â ðàáîòå [1].

Òåîðåìà A Ïóñòü 0 ≤ m < ∞. Óðàâíåíèå (1) ÿâëÿåòñÿ íåîñöèëëÿòîðíûì òîãäà è òîëüêî
òîãäà, êîãäà ñóùåñòâóåò m > 1 è âûïîëíÿåòñÿ íåðàâåíñòâî

∞∑
i=m

(ρi|∆yi|p − λvi|yi+1|p) ≥ 0

äëÿ âñåõ íåòðèâèàëüíûõ y = {yi}n+1
i=m, ym = 0 è yn+1 = 0.

Îïðåäåëèì ìíîæåñòâî
◦
Y (m,n) äëÿ 0 ≤ m < n ≤ ∞. Íåòðèâèàëüíóþ ÷èñëîâóþ ïîñëåäî-

âàòåëüíîñòü y = {yi}∞i=0 íàçîâåì ôèíèòíîé, åñëè êîíå÷íîå ÷èñëî åå ÷ëåíîâ îòëè÷íî îò íóëÿ, à

ìíîæåñòâî supp y := {i ≥ 0 : yi 6= 0} íàçîâåì åå íîñèòåëåì. Îáîçíà÷èì ÷åðåç
◦
Y (m,n) ñîâî-

êóïíîñòü âñåõ ôèíèòíûõ ïîñëåäîâàòåëüíîñòåé y, ó êîòîðûõ supp y ⊂ [m + 1, n], n < ∞. Ïðè
n = ∞ ìû ïîëàãàåì, ÷òî äëÿ ëþáîãî y íàéäåòñÿ öåëîå ÷èñëî k = k(y) : m < k < ∞ òàêîå, ÷òî
supp y ⊂ [m+ 1, k].

Ðàñìîòðèì âåñîâîå íåðàâåíñòâî Õàðäè â ðàçíîñòíîé ôîðìå

∞∑
i=m

vi−1|yi|p ≤ Cm
∞∑
i=m

ρi|∆yi|p, y ∈
◦
Y (m,n). (2)

Íà îñíîâàíèè òåîðåìû À íàìè äîêàçàíà
Ëåììà 1. Ïóñòü 1 < p <∞ è Cm �íàèëó÷øàÿ êîíñòàíòà â (2). Òîãäà óðàâíåíèå (1) ïðè λ = 1

(i) íåîñöèëëÿòîðíî òîãäà è òîëüêî òîãäà, êîãäà ñóùåñòâóåò m > 1 è âûïîëíåíî 0 < Cm ≤ 1;
(ii) îñöèëëÿòîðíî òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî m > 1 âûïîëíåíî Cm > 1.
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Â ðàáîòå [4] íàéäåí êðèòåðèé âûïîëíåíèÿ íåðàâåíñòâà (2) âìåñòå ñ îöåíêîé åãî íàèëó÷øåé
êîíñòàíòû Cm:

Òåîðåìà Â. Ïóñòü 0 ≤ m < n ≤ ∞ è 1 < p <∞. Íåðàâåíñòâî (2) âûïîëíÿåòñÿ òîãäà è òîëüêî
òîãäà, êîãäà B(m,n) <∞. Áîëåå òîãî, äëÿ íàèìåíüøåé êîíñòàíòû â (2) âûïîëíÿåòñÿ

B(m,n) ≤ Cm ≤ 2γ̃p B(m,n),

ãäå

B(m,n) ≡ Bv,ρ(m,n) = sup
m<t≤s<n

(
s−1∑
i=t

vi

)( t∑
i=m

ρ1−p′
i

)1−p

+

(
n∑
i=s

ρ1−p′
i

)1−p
−1

è

γ̃p = inf
1<µ

µp(µp − 1)

(µ− 1)p
.

Óìíàæàÿ îáå ÷àñòè íåðàâåíñòâà (2) íà λ > 0 ïîëó÷èì íåðàâåíñòâî Õàðäè ñîîòâåòñòâóþùåå
óðàâíåíèþ (1)

∞∑
i=m

λvi−1|yi|p ≤ λCm
∞∑
i=m

ρi|∆yi|p, y ∈
◦
Y (m,n), (3)

ïðè ýòîì â íåðàâåíñòâå (3) íàèëó÷øàÿ êîíñòàíòà áóäåò λCm, ãäå Cm�íàèëó÷øàÿ êîíñòàíòà â
íåðàâåíñòâå (2).

Òåïåðü, íà îñíîâàíèè ëåììû 1 è òåîðåìû Â èìååì

Òåîðåìà 1. Ïóñòü 1 < p <∞. Òîãäà óðàâíåíèå (1)
(i) ñèëüíî íåîñöèëëÿòîðíî òîãäà è òîëüêî òîãäà, êîãäà

lim
m→∞

B(m,∞) = 0;

(ii) ñèëüíî îñöèëëÿòîðíî òîãäà è òîëüêî òîãäà, êîãäà

lim
m→∞

B(m,∞) =∞.
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Ïóñòü I = (0, 1), n-íàòóðàëüíîå ÷èñëî, ρi : I → R, i = 1, 2, ..., n, íåîòðèöàòåëüíûå n ðàç
íåïðåðûâíî äèôôåðåíöèðóåìûå ôóíêöèè íà I òàêèå, ÷òî

ρ−1
i (·) ≡ 1

ρi(·)
∈ L1(α, 1), i = 1, 2, ..., n− 1, (1)

ρ−1
n (·) ∈ Lp′(α, 1), 1 ≤ p′ ≤ ∞, (2)

ãäå 0 < α < 1.

Äëÿ ôóíêöèè f : I → R ïîëîæèì

D0
ρ̄f(x) ≡ f(x), Dk

ρ̄f(x) = ρk(x)
d

dx
Dk−1
ρ̄ f(x), k = 1, 2, ..., n, x ∈ I

Äàëåå ïðåäïîëîæèì, ÷òî ôóíêöèèDk
ρ̄f(x), k = 0, 1, ..., n−1, ëîêàëüíî àáñîëþòíî íåïðåðûâíûå

íà èíòåðâàëå I. Òîãäà äëÿ ëþáîãî k = 0, 1, ..., n− 1 èìååò ñìûñë âûðàæåíèÿ Dk
ρ̄f(x) è åãî íàçîâåì

ρ̄-ìóëüòèâåñîâîé ïðîèçâîäíîé ôóíêöèè f â I ïîðÿäêà k.
Ïóñòü Wn

p,ρ̄ ≡ Wn
p,ρ̄(I) ñîâîêóïíîñòü ôóíêöèè èìåþùèå ρ̄-ìóëüòèâåñîâûå ïðîèçâîäíûå äî ïî-

ðÿäêà n, n ≥ 1, âêëþ÷èòåëüíî â èíòåðâàëå I. Íà ìíîæåñòâå Wn
p,ρ̄ ôóíêöèîíàë

‖f‖Wn
p,ρ̄

= ‖Dn
ρ̄ f‖p,I +

n−1∑
i=0

|Di
ρ̄f(1)| (3)

îïðåäåëåí è ÿâëÿåòñÿ íîðìîé, ãäå ‖ · ‖p,I -îáû÷íàÿ íîðìà ïðîñòðàíñòâà Lp(I).
Äëÿ 0 ≤ s ≤ x <∞ è äëÿ i, j = 0, 1, ..., n− 1 îïðåäåëèì ôóíêöèè Kj,i+1:

Kj,i+1(x, s) = (−1)j−i
x∫
s

ρ−1
j (tj)

tj∫
s

ρ−1
j−1(tj−1)...

ti+2∫
s

ρ−1
i+1(ti+1)dti+1dti+2...dtj ,

ïðè j ≥ i, Kj,j+1(x, s) ≡ 1 è Kj,i+1(x, s) ≡ 0 ïðè j < i.
Ïóñòü C∞0 (I)-ìíîæåñòâî áåñêîíå÷íî äèôôåðåíöèðóåìûõ è ôèíèòíûõ â I ôóíêöèè. Â ñèëó

óñëîâèè (1) è (2) íà ôóíêöèè ρi, i = 1, 2, ..., n, ìíîæåñòâî C∞0 (I) ïðèíàäëåæàò ïðîñòðàíñòâó
Wn
p,ρ̄.

Çàìûêàíèå ìíîæåñòâà C∞0 (I) ïî íîðìå (3) ïðîñòðàíñòâîWn
p,ρ̄ îáîçíà÷èì ÷åðåç

◦
W

n

p,ρ̄ =
◦
W

n

p,ρ̄(I).
Ðàññìîòðèì âîïðîñ î ñóùåñòâîâàíèÿ ñëåäà ôóíêöèè f ∈ Wn

p,ρ̄, ò.å. ñóùåñòâîâàíèÿ êîíå÷íîãî
ïðåäåëà

lim
t→0+

Dk
ρ̄f(t) ≡ Dk

ρ̄f(0), 0 ≤ k ≤ n− 1. (4)

Ñóùåñòâîâàíèå ñëåäà ôóíêöèè èç ïðîñòðàíñòâà äèôôåðåíöèðóåìûõ ôóíêöèè ÿâëÿåòñÿ êëàññè-
÷åñêàÿ çàäà÷à (ñì. [1,2]).

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ãðàíòîâîãî ôèíàíñèðîâàíèÿ ïðîåêòîâ Ìèíèñòåðñòâîì îáðàçîâàíèÿ è íàóêè
Ðåñïóáëèêè Êàçàõñòàí, ãðàíò ¹ ÀÐ05130975.
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Òåîðåìà 1. Ïóñòü 1 < p <∞, 0 ≤ k ≤ n− 1 è âûïîëíåíû óñëîâèå (1), (2). Òîãäà äëÿ ëþáîãî
f ∈Wn

p,ρ̄ ñóùåñòâóåò êîíå÷íûé ïðåäåë (4), òîãäà è òîëüêî òîãäà, êîãäà

ρ−1
n (·)Kn−1,k+1(·, ◦) ∈ Lp′ , (5)

ïðè ýòîì èìååò ìåñòî îöåíêà

‖Dk
ρ̄f‖C[0,1] ≤ C‖f‖Wn

p,ρ̄
,

ãäå êîíñòàíòà C > 0 íå çàâèñèò îò f ∈Wn
p,ρ̄(I).

Ñëåäñòâèå 1. Ïóñòü 1 < p <∞. Åñëè âûïîëíåíî (5), òî äëÿ ëþáîãî f ∈
◦
W

n

p,ρ̄ èìååò ìåñòî

lim
t→0+

Dk
ρ̄f(t) = Dk

ρ̄f(0) = 0.

Çàìå÷àíèå 1. Åñëè ñóùåñòâóåò êîíå÷íûé ïðåäåë (4) ïðè k : 0 ≤ k ≤ n− 1 äëÿ âñåõ f ∈Wn
p,ρ̄,

òî ïî òåîðåìå 1 âûïîëíåíî (5). Îòêóäà ñëåäóåò ρ−1
k+1 ∈ L1(I). Îäíàêî, èç ρ−1

k+1 ∈ L1(I) åùå íå
ñëåäóåò âûïîëíåíèå (4) è (5).

Ñëåäñòâèå 2. Ïóñòü 1 < p < ∞ è 0 ≤ k1 < k2 ≤ n− 1. Åñëè ρ−1
i ∈ L1 ïðè âñåõ i =

k1 + 1, k1 + 2, ..., k2 + 1 è ñóùåñòâóåò êîíå÷íûé ïðåäåë (4) ïðè k = k2, òî ñóùåñòâóåò êîíå÷íûé
ïðåäåë (4) ïðè âñåõ k : k1 ≤ k ≤ k2.

Èç ñëåäñòâèå 1 è 2 ñëåäóåò

Ñëåäñòâèå 3. Ïóñòü âûïîëíåíî óñëîâèé ñëåäñòâèå 2. Òîãäà äëÿ ëþáîãî f ∈
◦
W

n

p,ρ̄ ñóùåñòâóåò

Dk
ρ̄f(0), k1 ≤ k ≤ k2 è D

k
ρ̄f(0) = 0, k1 ≤ k ≤ k2.
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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÅ ÓÐÀÂÍÅÍÈß ÏËÀÍÅÒÍÛÕ ÑÈÑÒÅÌ Ñ
ÏÅÐÅÌÅÍÍÛÌÈ ÌÀÑÑÀÌÈ

Àéêåí ÊÎØÅÐÁÀÅÂÀ

ÊàçÍÓ èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
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Ñîâðåìåííûå àñòðîíîìè÷åñêèå íàáëþäåíèÿ ïîêàçûâàåò, ÷òî öåíòðàëüíàÿ çâåçäà è ïëàíåòíàÿ
ñèñòåìà âîêðóã íåå, âî ìíîãèõ ñëó÷àÿõ, ãåíåòè÷åñêè âçàèìîñâÿçàíû [1-2]. Â ñâÿçè ñ ýòèì, ïðåä-
ñòàâëÿåò èíòåðåñ èññëåäîâàíèÿ ýâîëþöèè ïëàíåòíûõ ñèñòåì ñîâìåñòíî ñ öåíòðàëüíîé çâåçäîé.
Îñîáûé èíòåðåñ âûçûâàåò ýâîëþöèÿ ïëàíåòíûõ ñèñòåì â ýòàïå åå íåñòàöèîíàðíîñòè, êîãäà âå-
äóùèì ôàêòîðîì äèíàìè÷åñêîé ýâîëþöèè ÿâëÿåòñÿ ïåðåìåííîñòü ìàññ ïëàíåò è öåíòðàëüíîé
çâåçäû [3-6].

Â ðàáîòå ðàññìàòðèâàåòñÿ çàäà÷à ìíîãèõ ñôåðè÷åñêèõ òåë ñ ïåðåìåííûìè ìàññàìè, èçìåíÿ-
þùèìèñÿ íåèçîòðîïíî, â ðàçëè÷íûõ òåìïàõ, êàê íåáåñíî-ìåõàíè÷åñêàÿ ìîäåëü íåñòàöèîíàðíûõ
ïëàíåòíûõ ñèñòåì. Â ñòàòüå ïîëó÷åíû äèôôåðåíöèàëüíûå óðàâíåíèÿ äâèæåíèÿ ñôåðè÷åñêèõ òåë
ñ ïåðåìåííûìè ìàññàìè ñ öåëüþ èññëåäîâàíèå ýâîëþöèè íåñòàöèîíàðíûõ ïëàíåòíûõ ñèñòåì. Ïðè
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ýòîì ó÷èòûâàåòñÿ êàê óáûâàíèÿ ìàññ ðîäèòåëüñêîé çâåçäû òàê è ðîñò ìàññ ïëàíåò èç-çà àêêðåöèè
âåùåñòâà [6].

Ðàññìîòðèì ïëàíåòíóþ ñèñòåìó ñîñòîÿùèéñÿ èç n + 1 âçàèìîãðàâèòèðóþùèõ ñôåðè÷åñêèõ
íåáåñíûõ òåë ñ ïåðåìåííûìè ìàññàìè. Îáîçíà÷èì ÷åðåç T0 öåíòðàëüíîå òåëî � ðîäèòåëüñêàÿ
çâåçäà ïëàíåòíîé ñèñòåìû. Ïëàíåòû îáîçíà÷èì ÷åðåç Ti, (i = 0, 1, 2, . . . , n). Ðàñïîëîæåíèÿ ïëàíåò
òàêîâû, ÷òî Ti âíóòðåííÿÿ ïëàíåòà îòíîñèòåëüíî ïëàíåò Ti+1, íî âíåøíÿÿ, îòíîñèòåëüíî Ti−1.
Ìàññû òåë èçìåíÿþòñÿ ñî âðåìåíåì íåèçîòðîïíî

m0 = m0(t), m1 = m1(t), . . . , mn = mn(t) (1)

Ïóñòü, òåìï èçìåíåíèÿ ìàññ ðàçëè÷íûå [7-8]

ṁi

mi
6= ṁk

mk
, i = 0, . . . , n, k = 0, . . . , n, i 6= k. (2)

Ìàññà ðîäèòåëüñêîé çâåçäû íàìíîãî áîëüøå, ÷åì ìàññà îïðåäåëåííîé ïëàíåòû â ðàññìàòðè-
âàåìîé ñèñòåìå

m0 � mi (i = 1, . . . , n). (3)

Â àáñîëþòíîé ïðÿìîóãîëüíîé äåêàðòîâîé ñèñòåìå êîîðäèíàò, èñõîäÿ èç óðàâíåíèÿ Ìåùåðñêî-
ãî, ïîëó÷åíû óðàâíåíèÿ äâèæåíèÿ ìíîãîïëàíåòíîé çàäà÷è ñ ïåðåìåííûìè ìàññàìè. Ïðåäïîëà-
ãàåòñÿ, ÷òî ìàññû òåë èçìåíÿþòñÿ íåèçîòðîïíî, â ðàçëè÷íûõ òåìïàõ è ïîÿâëÿþòñÿ ðåàêòèâíûå
ñèëû. Äàëåå, ïîëó÷åíû óðàâíåíèÿ äâèæåíèÿ ðàññìàòðèâàåìîé ïðîáëåìû â îòíîñèòåëüíîé ñèñòå-
ìå êîîðäèíàò. Íà÷àëî îòíîñèòåëüíîé ñèñòåìû êîîðäèíàò íàõîäèòñÿ â öåíòðå íàèáîëåå ìàññèâíîãî
òåëà � öåíòðàëüíîé çâåçäû. Óðàâíåíèÿ äâèæåíèÿ ìîæåò áûòü íàïèñàíû â âèäå [6]

−̈→r i + f
(m0 +mi)

r3
i

−→r i −
γ̈i
γi

−→r i = grad−→r iWi (4)

ãäå

γi =
m0(t0) +mi(t0)

m0(t) +mi(t)
= γi(t) (5)

Wi = Wri +Wci +Wgi (6)

Wri =

(
ṁi

mi

−→
V i −

ṁ0

m0

−→
V 0i

)
· −→r i (7)

Wgi = f
n∑
k=1

mk

(
1

rik
−
−→r i · −→r k
r3
k

)
(8)

Wci = − γ̈i
2γi

r2
i (9)

Ïîëó÷åííûå óðàâíåíèÿ äâèæåíèÿ (4) óäîáíûå äëÿ èñïîëüçîâàíèÿ òåîðèè âîçìóùåíèÿ ðàçðà-
áîòàííûõ äëÿ òàêèõ íåñòàöèîíàðíûõ ñèñòåì [6]. Íà áàçå óðàâíåíèÿ îòíîñèòåëüíîãî äâèæåíèÿ n
ïëàíåò (4) ñ íà÷àëîì â öåíòðå ðîäèòåëüñêîé çâåçäû, ìîæíî íàïèñàòü ðàçëè÷íûå äèôôåðåíöè-
àëüíûå óðàâíåíèÿ äâèæåíèÿ â ðàçëè÷íûõ ñèñòåìàõ îñêóëèðóþùèõ ýëåìåíòîâ íà áàçå àïåðèîäè-
÷åñêîãî äâèæåíèÿ ïî êâàçèêîíè÷åñêîìó ñå÷åíèþ.

Â ðàáîòå ïîëó÷åíû ðàçëè÷íûå ôîðìû äèôôåðåíöèàëüíûõ óðàâíåíèè äâèæåíèÿ äëÿ íåñòàöè-
îíàðíûõ ïëàíåòíûõ ñèñòåì, ñîäåðæàùèå n ïëàíåò. Ïîëó÷åíû óðàâíåíèÿ âîçìóùåííîãî äâèæåíèÿ
â ôîðìå óðàâíåíèÿ Ëàãðàíæà è â àíàëîãàõ âòîðîé ñèñòåìû êàíîíè÷åñêèõ ýëåìåíòîâ Ïóàíêàðå.
Â äàëüíåéøåì ïëàíèðóåòñÿ ïîëó÷åíèå ðàçëîæåíèÿ âîçìóùàþùåé ôóíêöèè ÷åðåç îñêóëèðóþùèå
ýëåìåíòû ñ èñïîëüçîâàíèåì ñèñòåìû àíàëèòè÷åñêèõ âû÷èñëåíèè "Wolfram Mathematica" . Ïîëó-
÷åííûå óðàâíåíèÿ áóäóò èñïîëüçîâàíû äëÿ èññëåäîâàíèÿ ýôôåêòîâ ïåðåìåííîñòè ìàññ â õîäå
ýâîëþöèè ýêçîïëàíåòíûõ ñèñòåì.
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Óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà ëåæàò â îñíîâå ìàòåìàòè÷åñêèõ ìîäåëåé
ìíîãèõ ÿâëåíèé è ïðîöåññîâ, òàêèõ íàïðèìåð, êàê ÿâëåíèè ïåðåíîñà ýíåðãèè ãèäðîëèçà ìîëåêóë
àäåíîçèíòðèôîñôîðíîé êèñëîòû âäîëü áåëêîâûõ ìîëåêóë â âèäå óåäèíåííûõ âîëí, ò.å ñîëèòî-
íîâ ïðîöåññ ïåðåíîñà ïî÷âåííîé âëàãè â çîíå àýðàöèè ñ ó÷åòîì åå äâèæåíèÿ ïðîòèâ ïîòåíöèàëà
âëàæíîñòè.

Â ÷àñòíîñòè, ê ýòîìó êëàññó îòíîñèòñÿ è íåëèíåéíûå óðàâíåíèå Êîðòåâåãà-äå Ôðèçà, êîòîðûé
ÿâëÿåòñÿ îñíîâíûì óðàâíåíèåì ñîâðåìåííîé ìàòåìàòè÷åñêîé ôèçèêè.

Âîïðîñàì ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé íå÷åòíîãî ïîðÿä-
êà è â ÷àñòíîñòè, äëÿ óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà ïîñâÿùåíà çíà÷èòåëüíàÿ ëèòåðàòóðà [1-
4] è öèòèðóåìûå òàì ðàáîòû. Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàþòñÿ âîïðîñû î ñóùåñòâîâàíèè,
êîìïàêòíîñòè è îá îöåíêàõ àïïðîêñèìàöèîííûõ ÷èëåë ðåçîëüâåíòû ëèíåéíîãî îïåðàòîðà òèïà
Êîðòåâåãà-äå Ôðèçà ñ ñèëüíî ðàñòóùèìè êîýôôèöèåíòàìè.
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ê èññëåäîâàíèþ âîïðîñîâ ðàçðåøèìîñòè íåëîêàëüíîé êðàå-
âîé çàäà÷è äëÿ óðàâíåíèÿ Ëàïëàñà. Ïóñòü Ω = {x ∈ Rn : |x| < 1} - åäèíè÷íûé øàð, n ≥ 3,
∂Ω = {x ∈ ∂Ω : |x| = 1} - åäèíè÷íàÿ ñôåðà è Γ = {x ∈ ∂Ω : xn = 0}. Ïóñòü S-äåéñòâèòåëüíàÿ
îðòîãîíàëüíàÿ ìàòðèöà S · ST = E, E-åäèíè÷íàÿ ìàòðèöà. Ïðåäïîëîæèì òàêæå, ÷òî ñóùåñòâóåò
íàòóðàëüíîå ÷èñëî l òàêîå, ÷òî Sl = E. Çàìåòèì, ÷òî åñëè x ∈ Ω, èëè x ∈ ∂Ω , òî äëÿ ëþáîãî íàòó-
ðàëüíîãî ÷èñëà k èìååò ìåñòî âêëþ÷åíèå Skx ∈ Ω , èëè Skx ∈ ∂Ω. Ïðèìåðû òàêèõ îòîáðàæåíèé
ïðèâåäåíû â ðàáîòå [1].

Ïóñòü a1, a2, ..., al- íåêîòîðûå äåéñòâèòåëüíûå ÷èñëà, g (x) è φ (x) ôóíêöèè çàäàííûå íà ∂Ω è
Γ ñîîòâåòñòâåííî. Ðàññìîòðèì â îáëàñòè Ω ñëåäóþùóþ çàäà÷ó

∆u (x) = 0, x ∈ Ω, (1)

a1
∂u

∂xn
(x) + a2

∂u

∂xn
(Sx) + ...+ an

∂u

∂xn

(
Sl−1x

)
= g (x) , x ∈ ∂Ω, (2)

u (x̃) = φ (x̃) , x̃ ∈ Γ. (3)

Ðåøåíèåì çàäà÷è (1)-(3) íàçîâåì ôóíêöèþ u (x) ∈ C2 (Ω)∩C1
(
Ω̄
)
, óäîâëåòâîðÿþùóþ óñëîâè-

ÿì (1)-(3) â êëàññè÷åñêîì ñìûñëå.

Â óñëîâèè (2) âûðàæåíèå ∂u
∂xn

(
Skx

)
îçíà÷àåò

∂u(Skx)
∂xn

= ISk
[

∂
∂xn

u (x)
]
, k = 1, 2, ..., l − 1.

Òàê êàê êðàåâîå óñëîâèå (2) çàäàíî â âèäå ñâÿçè çíà÷åíèé ïðîèçâîäíîé ôóíêöèè u(x) â ðàç-
ëè÷íûõ òî÷êàõ, òî ðàññìàòðèâàåìàÿ çàäà÷à âõîäèò â êëàññ íåëîêàëüíûõ çàäà÷ òèïà Áèöàäçå-
Ñàìàðñêîãî [2].

Ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1.Ïóñòü ÷èñëà {ak : k = 1, . . . , l} òàêèå, ÷òî µk = a1ε
k
0+...+alε

k
l−1 6= 0 ïðè k = 1, . . . , l,

ãäå εk - êîðíè ñòåïåíè l èç åäèíèöû, λ + 1
2 > 1, ïðè÷åì ÷èñëî λ + 1

2 - íåöåëîå, g(x) ∈ Cλ (∂Ω),
φ(x) ∈ Cλ+1 (Γ). Òîãäà ðåøåíèå çàäà÷è (1)-(3) ñóùåñòâóåò, åäèíñòâåííî è ïðèíàäëåæèò êëàññó

Cλ+ 1
2

(
Ω̄
)
.

Ìîæíî ïîêàçàòü, ÷òî ïîêàçàòåëü ãëàäêîñòè ðåøåíèÿ çàäà÷è (1)-(3) ïîëó÷åííûé â òåîðåìå 1
íåëüçÿ óëó÷øèòü. Äàííîå óòâåðæäåíèå ìû äîêàæåì íà ïðèìåðå îòîáðàæåíèÿ Sx = −x. Ñïðàâåä-
ëèâî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà 2. Ïóñòü Sx = −x, λ > 0, ïðè÷åì ÷èñëî λ+ 1
2 - íåöåëîå. Ñóùåñòâóåò ôóíêöèÿ g(x) ∈

Cλ(Ω̄) òàêàÿ, ÷òî ðåøåíèå çàäà÷è (1)-(3) ïðè ëþáîì ε > 0 íå ïðèíàäëåæèò êëàññó Cλ+1/2+ε(Ω̄).

Ðàáîòà áûëà ïîääåðæàíà ãðàíòîì AP05131268 ÊÍ ÌÎÍ ÐÊ
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Ñðåäè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ îòêëîíÿþùèìè àðãóìåíòàìè îñîáîå ìåñòî çàíèìà-
åò óðàâíåíèÿ, â êîòîðûõ îòêëîíåíèå àðãóìåíòîâ ïîä÷èíÿåòñÿ îïðåäåëåííîìó çàêîíó. Îäíèì èç
òàêèõ îòêëîíåíèé, ÿâëÿåòñÿ èíâîëþòèâíîå îòêëîíåíèå. Ïóñòü α(t)− èçìåíÿþùèé îðèåíòàöèþ
ãîìåîìîðôèçì α : [0, T ] → [0, T ] òàêîé, ÷òî α2(t) = α(α(t)) = t. Òàêîé ãîìåîìîðôèçì íàçûâà-
þò êàðëåìàíîâñêèì ñäâèãîì èëè èíâîëþòèâíûì îòêëîíåíèåì. Ñâîéñòâà ýòîãî ãîìåîìîðôèçìà
èññëåäîâàëèñü â ðàáîòàõ Ã.Ñ.Ëèòâèí÷óêà [1], Í.Ê.Êàðàïåòÿíöà è Ñ.Ã.Ñàìêî[2] è äð.

Â äàííîé ðàáîòå íà îòðåçêå [0, T ] ðàññìàòðèâàåòñÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåìû
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èíâîëþöèåé

dx(t)

dt
+ diag(a1, a2, . . . , an)

dx(α(t))

dt
=

∫ T

0
K(t, s)x(s)ds+ f(t), t ∈ [0, T ] ,

Bx(0) + Cx(T ) = d, d ∈ Rn,

ãäå ìàòðèöà K(t, s) íåïðåðûâíà ñîîòâåòñòâåííî íà [0, T ] × [0, T ], n- ìåðíàÿ âåêòîð-ôóíêöèÿ
f(t) íåïðåðûâíà íà [0, T ].

Íà îòðåçêå [0, T ] â êà÷åñòâå ïðèìåðà èíâîëþòèâíîãî îòêëîíåíèÿ, ìîæíî ðàññìîòðåòü ãîìåî-
ìîðôèçì α(t) = T − t.

Äëÿ èññëåäîâàíèÿ êðàåâîé çàäà÷è èñïîëüçóåòñÿ ìåòîä ïàðàìåòðèçàöèè ïðåäëîæåííûé ïðî-
ôåññîðîì Ä.Äæóìàáàåâûì [3]. Â ðàáîòå [4] ìåòîä ïàðàìåòðèçàöèè áûë ïðèìåíåí ê èññëåäîâàíèþ
îäíîçíà÷íîé ðàçðåøèìîñòè êðàåâîé çàäà÷è äëÿ ñèñòåì èíòåãðîäèôôåðåíöèàëüíûõ óðàâíåíèé.

Ïðèìåíÿÿ íåêîòîðûå ïðåîáðàçîâàíèÿ ðàññìàòðèâàåìóþ çàäà÷ó ñâåëè ê êðàåâîé çàäà÷å äëÿ
ñèñòåì èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ
îäíîçíà÷íîé ðàçðåøèìîñòè èññëåäóåìîé çàäà÷è è ïðåäëîæåí àëãîðèòì åå íàõîæäåíèÿ ìåòîäîì
ïàðàìåòðèçàöèè [4] .
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Ðàññìîòðèì èíòåãðàëüíûå îïåðàòîðû

(K+f)(t) =

t∫
0

K(t, s)f(s)ds, 0 < t <∞,

(K−f)(t) =

∞∫
t

K(s, t)f(s)ds, 0 < t <∞,

ñ ÿäðîì K(·, ·) ≥ 0.
Â ðàáîòå [1] ââåäåíû êëàññû ÿäåð O+

n , O−n , n ≥ 0 è ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ îãðàíè÷åííîñòè îïåðàòîðîâ K+,K− èç Lp(R+) â Lq(R+) ïðè 1 < p ≤ q < ∞, êîãäà
èõ ÿäðî K(·, ·) ïðèíàäëåæèò êëàññó O+

n

⋃
O−n , n ≥ 0. Çäåñü äàåòñÿ êðèòåðèè îãðàíè÷åííîñòè

îïåðàòîðîâ K+,K− èç Lp(R+) â Lq(R+) ïðè 1 < q < p < ∞ â ïðåäïîëîæåíèè K(·, ·) ∈ O+
n

⋃
O−n ,

n ≥ 0.
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Äèñêðåòíûå, íåïðåðûâíûå íåðàâåíñòâà òèïà Õàðäè èìåþò áîëüøîå çíà÷åíèå è ìíîãî÷èñëåí-
íûå ïðèëîæåíèÿ â ãàðìîíè÷åñêîì àíàëèçå, â òåîðèÿõ èíòåãðàëüíûõ, äèôôåðåíöèàëüíûõ è ðàç-
íîñòíûõ îïåðàòîðîâ, â òåîðèè âëîæåíèé ôóíêöèîíàëüíûõ ïðîñòðàíñòâ è â äðóãèõ ðàçäåëàõ ìàòå-
ìàòèêè. Â ïîñëåäíèå ãîäû èíòåíñèâíî èññëåäóþòñÿ âåñîâûå îöåíêè äëÿ ìíîãîìåðíûõ îïåðàòîðîâ
òèïà Õàðäè, êîòîðûå èìåþò âàæíîå ïðèëîæåíèå â èññëåäîâàíèè ñâîéñòâ îãðàíè÷åííîñòè îïåðàòî-
ðîâ èç âåñîâîãî ïðîñòðàíñòâà Ëåáåãà â ëîêàëüíîå ïðîñòðàíñòâî òèïà Ìîððè ([1], [2]). Íåðàâåíñòâî,
âêëþ÷àþùåå èòåðàöèþ äèñêðåòíîãî îïåðàòîðà Õàðäè, òðàäèöèîííî ñ÷èòàåòñÿ òðóäíûì äëÿ îöåí-
êè, ïîñêîëüêó îíî ñîäåðæèò òðè íåçàâèñèìûõ âåñîâûõ ïîñëåäîâàòåëüíîñòåé è òðè ïàðàìåòðà, ïðè
èõ ðàçëè÷íûõ ñîîòíîøåíèÿõ.

Ïóñòü 0 < q, θ <∞ è ω = {ωi}∞i=1, u = {ui}∞i=1 ïîëîæèòåëüíûå, à ϕ = {ϕi}∞i=1 íåîòðèöàòåëüíàÿ
ïîñëåäîâàòåëüíîñòè äåéñòâèòåëüíûõ ÷èñåë. Ðàññìîòðèì âåñîâóþ îöåíêó

( ∞∑
n=1

ωθn

( n∑
k=1

∣∣∣ϕk k∑
i=1

fi

∣∣∣q) θq ) 1
θ ≤ C

( ∞∑
j=1

|ujfj |p
) 1
p
, ∀f ∈ lp,u, (1)

ãäå lp,u - ïðîñòðàíñòâî ïîñëåäîâàòåëüíîñòè f = {fj}∞j=1 ñ êîíå÷íîé íîðìîé

‖f‖p,u =
( ∞∑
j=1

|ujfj |p
) 1
p
<∞, 1 ≤ p <∞.

Îñíîâíîé öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ óñòàíîâëåíèå íåîáõîäèìûõ è äîñòàòî÷íûõ óñëî-
âèé äëÿ íåðàâåíñòâî (1) ïðè 0 < q < p = 1 ≤ θ <∞.

Ëåììà 1. Ïóñòü α > 0 è {ui}∞i=1 - íåîòðèöàòåëüíàÿ, íåóáûâàþùàÿ ïîñëåäîâàòåëüíîñòü, à
{vi}∞i=1 - íåîòðèöàòåëüíàÿ ïîñëåäîâàòåëüíîñòü. Ïîëîæèì ∆un = un − un−1, n ≥ 1 è u0 ≡ 0. Òîãäà

I :=

∞∑
n=1

vn

( ∞∑
k=n

vk

)α
uαn ≡

∞∑
n=1

( ∞∑
k=n

vk

)α+1
∆uαn =: J.

Òåîðåìà 1. Ïóñòü 0 < q < p = 1 ≤ θ < ∞. Òîãäà âåñîâàÿ îöåíêà (1) âûïîëíÿåòñÿ òîãäà è
òîëüêî òîãäà, êîãäà max{M1,M2} <∞ , ãäå

M1 := sup
k≥1

( ∞∑
i=k

ωθi

( i∑
s=k

ϕqs

) θ
q
) 1
θ

max
1≤i≤k

ui,

M2 := sup
k≥1

( k∑
j=1

∆u
q

1−q
j

( k∑
r=j

ϕqr

) 1
1−q
) 1−q

q
( ∞∑
i=k

ωθi

) 1
θ
.

Çäåñü ∆uj = uj − uj−1, j ≥ 1 è u0 = 0, a uk = max
1≤j≤k

uj , k ≥ 1. Ïðè ýòîì, C ≈ max{M1,M2}, ãäå C

-íàèëó÷øàÿ êîíñòàíòà â (1).

Ðàáîòà âûïîëíåíî ñîâìåñòíî ñ ïðîôåññîðîì Ð. Îéíàðîâûì
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Â äàííîé ðàáîòå ïðèâîäèòñÿ óñëîâèå îãðàíè÷åííîñòè ìàêñèìàëüíîãî è äðîáíî-ìàêñèìàëüíîãî
îïåðàòîðà â ãëîáàëüíûõ ïðîñòðàíñòâàõ Ìîððè ñ ïåðåìåííûì ïîêàçàòåëåì.

Ïóñòü f ∈ Lloc(Ω). Ìàêñèìàëüíîé ôóíêöèåé äëÿ f(x) íàçûâàåòñÿ ôóíêöèÿ

Mf(x) = sup
x∈B

1

|B(x, r)|

∫
B̃(x,r)|

f(y)|dy, (1)

ãäå B(x, r) -øàð â n -ìåðíîì ïðîñòðàíñòâå ñ öåíòðîì â òî÷êå x ∈ Rn è ðàäèóñîì r, à |B(x, r)| -
îáüåì ýòîãî øàðà, B̃(x, r) = B(x, r) ∩ Ω, Ω ⊂ Rn - îòêðûòîå îãðàíè÷åííîå ìíîæåñòâî.

Äðîáíî-ìàêñèìàëüíûé îïåðàòîð ñ ïåðåìåííûì ïîêàçàòåëåì α(x) îïðåäåëÿåòñÿ ðàâåíñòâîì

Mα(x)f(x) = sup
x∈B
|B(x, r)|

α(x)
n
−1
∫
B̃(x,r)

|f(y)|dy (2)

Ïóñòü p(x) - èçìåðèìàÿ ôóíêöèÿ íà îòêðûòîì îãðàíè÷åííîì ìíîæåñòâå Ω ⊂ Rn ñî çíà÷åíèÿìè
(1,∞). Ïðåäïîëîæèì

1 < p− ≤ p(x) ≤ p+ <∞, (3)

ãäå p− = p−(Ω) = infx∈Ω p(x), p+ = p+ (Ω) = supx∈Ω p (x). ãäå 0 < α(x) < n. Ïðè α(x) = const ýòîò
îïåðàòîð ñîâïàäàåò êëàññè÷åñêèì ïîòåíöèàëîì Ðèññà Iα. Ïóñòü P log(Ω) - ýòî ìíîæåñòâî ôóíêöèé
p(x), äëÿ êîòîðûõ

|p(x)− p(y)| ≤ C

−ln |x− y|
, |x− y| ≤ 1

2
, (x, y) ∈ Ω, (4)

ãäå C = C(p) íå çàâèñèò îò x è y.
Îáîçíà÷èì ÷åðåç Lp(.)(Ω) - ïðîñòðàíñòâî âñåõ èçìåðèìûõ ôóíêöèé f(x) íà Ω, òàêèõ, ÷òî

Jp(.)(f) =

∫
Ω

[f(x)]p(x) dx <∞, (5)

ãäå íîðìà îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

||f ||p(.) = inf
{
η > 0, Jp(.)

(
f

η

)
≤ 1 } . (6)
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Ïóñòü w(x, r) - íåîòðèöàòåëüíàÿ èçìåðèìàÿ ôóíêöèÿ íà Ω × [0, l], ãäå Ω ⊂ Rn, l = diamΩ ,
1 ≤ θ <∞.Â ðàáîòå [1] áûëî îïðåäåëåíî îáîáùåííîå ïðîñòðàíñòâî Mp(.),w(.)(Ω) ñ íîðìîé.

||f ||Mp(.),w(Ω) = sup
x∈Ω,r>0

r
− n
p(x)

w(x, r)
||f ||Lp(.)(B(x,r)).

Ìû ââåäåì ãëîáàëüíûå ïðîñòðàíñòâà Ìîððè ñ ïåðåìåííûì ïîêàçàòåëåì GMp(.),w(.),θ(Ω) êàê
ìíîæåñòâî ôóíêöèé ñ êîíå÷íîé êâàçèíîðìîé:

‖f‖GMp(.),w(.),θ(Ω) = sup
x∈Ω
||w−1 (x, r) r

− n
p(x) ||f ||Lp(.)(B(x,r))||Lθ(0,l)

<∞.

Òåîðåìà 1.
Ïóñòü, ÷òî p(x) ∈ P log(Ω), 1 < θ <∞ è ïîëîæèòåëüíûå èçìåðèìûå ôóíêöèè w1(x, r), w2(x, r)

óäîâëåòâîðÿþò óñëîâèþ:

Aθ = sup
x∈Ω

∫ ∞
0

1

wθ2(x, t)
(

∫ l

t
(r−1w1(x, r))

θ
′

dr)

θ

θ
′

dt <∞ (7)

Òîãäà ìàêñèìàëüíûé îïåðàòîð M ÿâëÿåòñÿ îãðàíè÷åííûì èç GMp(.),w1,(.)θ(Ω) â GMp(.),w2(.),θ(Ω).

Òåîðåìà 2.
Ïóñòü p(x) ∈ P log(Ω), 2 < θ <∞ è ôóíêöèÿ w(x, r) óäîâëåòâîðÿåò óñëîâèþ (7) è

(

∫ l

t
(rα(x)−1w(x, r))

θ
′

dr)

1

θ
′

≤ r−
α(x)p(x)
q(x)−p(x) , (8)

∫ ∞
0

(
r

n
p(x)
− n
q(x)

(w(x, r))
p(x)
q(x)
−1

)

θ

θ−θ′

dr < C

Òîãäà îïåðàòîð Mα(.) ÿâëÿåòñÿ îãðàíè÷åííûì îïåðàòîðîì èç GMp(.),w1,(.)θ(Ω) â GMp(.),w2(.),θ(Ω).
Àíàëîãè÷íûå ðåçóëüòàòû äëÿ îáîáùåííûõ ïðîñòðàíñòâ Ìîððè ñ ïåðåìåííûì ïîêàçàòåëåì

äîêàçàíû â [1] è [2].
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Â äîêëàäå äàåòñÿ ïîñòàíîâêà íîâûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ìíîãîìåðíîãî âîëíîâîãî
óðàâíåíèÿ ñ íåëîêàëüíûìè óñëîâèÿìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, ÿâëÿþùèìèñÿ ìíîãî-
ìåðíûìè îáîáùåíèÿìè çàäà÷è Ñàìàðñêîãî-Èîíêèíà è èññëåäîâàíà èõ êîððåêòíîñòü.

Ìû ðàññìàòðèâàåì îäèí èç âàðèàíòîâ íîâûõ ïîñòàíîâîê íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ìíîãî-
ìåðíîãî ïî ïðîñòðàíñòâåííîé ïåðåìåííîé âîëíîâîãî óðàâíåíèÿ. Îáëàñòüþ ðàññìîòðåíèÿ çàäà÷è
ÿâëÿåòñÿ øàðîâîé öèëèíäð Q ñ îñüþ âäîëü îñè t. Ñòàâÿòñÿ êëàññè÷åñêèå íà÷àëüíûå óñëîâèÿ íà
îñíîâàíèè öèëèíäðà è íîâûå íåëîêàëüíûå êðàåâûå óñëîâèÿ íà ïðîñòðàíñòâåííûõ (áîêîâûõ) ãðà-
íèöàõ öèëèíäðà. Ýòè óñëîâèÿ àíàëîãè÷íû óñëîâèÿì çàäà÷è Sα1, ðàññìîòðåííûì â ðàáîòàõ [1 - 4]
äëÿ óðàâíåíèÿ Ëàïëàñà â åäèíè÷íîì êðóãå è åäèíè÷íîì øàðå.

Ïóñòü Ω = {x = (x1, x2, . . . , xn) ∈ Rn : |x| < 1} � åäèíè÷íûé øàð â Rn è x = (x1, x2, . . . , xn) ∈ Ω
� ïðîèçâîëüíàÿ òî÷êà îáëàñòè Ω. Ïóñòü êîíñòàíòû θk ïðèíèìàþò çíà÷åíèÿ òîëüêî 1 èëè −1. Òîãäà
(θk)

2 = 1. ×åðåç x∗ îáîçíà÷èì òî÷êó x∗ = (−x1, θ2x2, . . . , θnxn) . ×åðåç ∂Ω+ (∂Ω−) îáîçíà÷èì ÷àñòü
ãðàíèöû ∂Ω, äëÿ êîòîðîé x1 > 0 (x1 < 0) .×àñòü ãðàíèöû ∂Ω, äëÿ êîòîðîé x1 = 0, îáîçíà÷èì ÷åðåç
∂Ω0.

×åðåç Q = {(x, t) : x ∈ Ω, 0 < t < T} îáîçíà÷èì ïðÿìîé øàðîâîé öèëèíäð, à ÷åðåç Q0 =
{(x, t) : x ∈ Ω0, 0 < t < T} � ÷àñòü åãî áîêîâîé ïîâåðõíîñòè. Ðàññìîòðèì íîâóþ íåëîêàëüíóþ
êðàåâóþ çàäà÷ó äëÿ ìíîãîìåðíîãî âîëíîâîãî óðàâíåíèÿ

utt(x, t)−∆xu(x, t) = f(x, t), (x, t) ∈ Q, (1)

ãäå ∆x � åñòü îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì (x1, x2, . . . , xn) ∈ Rn.
Èñïîëüçóþòñÿ êëàññè÷åñêèå íà÷àëüíûå óñëîâèÿ

u(x, 0) = τ(x), ut(x, 0) = ν(x), x ∈ Ω, (2)

è íåëîêàëüíûå êðàåâûå óñëîâèÿ íà áîêîâîé ãðàíèöå øàðîâîãî öèëèíäðà

u(x, t)− αu (x∗, t) = 0, x ∈ ∂Ω+, 0 ≤ t ≤ T, (3)

∂u

∂n
(x, t)− ∂u

∂n
(x∗, t) = 0, x ∈ ∂Ω+, 0 ≤ t ≤ T. (4)

Çäåñü α 6= 1 � ôèêñèðîâàííîå äåéñòâèòåëüíîå ÷èñëî, ∂
∂n � ïðîèçâîäíàÿ ïî íàïðàâëåíèþ âíåøíåé

íîðìàëè ê ∂Ω.
Ïðàâóþ ÷àñòü óðàâíåíèÿ (1) è íà÷àëüíûå óñëîâèÿ âûáåðåì èç ñëåäóþùåãî "ñòàíäàðòíîãî"

êëàññà ãëàäêîñòè: f(x, t) ∈ C1+ε
(
Q̄
)
, τ ∈ C2+ε

(
Ω̄
)
, ν ∈ C1+ε

(
Ω̄
)
. Äîïîëíèòåëüíî îò τ(x) è ν(x)

ïîòðåáóåì óäîâëåòâîðåíèå êðàåâûì óñëîâèÿì (3), (4).

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ãðàíò
AP05133271
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Ðåãóëÿðíûì ðåøåíèåì çàäà÷è (1) - (4) íàçîâåì ôóíêöèþ èç êëàññà C2,1
x,t (Q)

⋂
C1,0
x,t

(
Q̄\Q0

)
,

îáðàùàþùóþ âîëíîâîå óðàâíåíèå (1), íà÷àëüíûå óñëîâèÿ (2) è íåëîêàëüíûå êðàåâûå óñëîâèÿ
(3), (4) â òîæäåñòâî.

Ðàçâèâàÿ èäåþ ðàáîòû [5] íà ìíîãîìåðíûé ñëó÷àé, ìû ïîêàçûâàåì, ÷òî êîððåêòíîñòü ñôîðìó-
ëèðîâàííîé çàäà÷è (1) - (4) ìîæåò áûòü îáîñíîâàíà ïóòåì ñâåäåíèÿ ê ïîñëåäîâàòåëüíîìó ðåøåíèþ
äâóõ êëàññè÷åñêèõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ âîëíîâîãî óðàâíåíèÿ.

Îñíîâíîé ðåçóëüòàò äîêëàäà ñôîðìóëèðóåì â âèäå òåîðåìû.
Òåîðåìà 1. Ïóñòü α 6= 1, f(x, t) ∈ C1+ε

(
Q̄
)
, τ ∈ C2+ε

(
Ω̄
)
, ν ∈ C1+ε

(
Ω̄
)
è τ(x), ν(x) óäîâëå-

òâîðÿþò êðàåâûì óñëîâèÿì (3), (4). Òîãäà íåëîêàëüíàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à (1) - (4) èìååò
åäèíñòâåííîå ðåãóëÿðíîå ðåøåíèå.
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Â ýòîé ðàáîòå, ïåðåêëèêàþùåéñÿ ê ñòàòüÿì [1]-[4] â êîíå÷íîìåðíîì äåéñòâèòåëüíîì ãèëüáåð-
òîâîì ïðîñòðàíñòâå H, ðàññìàòðèâàåì ïðåîáðàçîâàíèå

f(u) = u+B(u), (1)

ãäå B(·)− íåëèíåéíîå íåïðåðûâíî-äèôôåðåíöèðóåìîå (ò.å. èìåþùåå ïðîèçâîäíóþ ïî Ãîòî) ïðå-
îáðàçîâàíèå.

Ìû áóäåì ïðåäïîëàãàòü, ÷òî âûïîëíåíû ñëåäóþùèå óñëîâèÿ Ó1-Ó3.
Ó1. Ñóùåñòâóþò îáðàòèìûå ëèíåéíûå îïåðàòîðû A è T, òàêèå, ÷òî

A∗ = A > E, 〈u, Tu〉 ≥ ‖Gu‖2, 〈Bu, Tu〉 > 0, ‖G∗G‖ ≤ 1,

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020
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ãäå G = AT.
Ó2. Åñëè u− ñîáñòâåííûé âåêòîð îïåðàòîðà G∗G, òî âûïîëíåíà îöåíêà 〈Bu, u〉 ≥ 0.
Ó3. Ñóùåñòâóåò ëèíåéíûé îáðàòèìûé îïåðàòîð D òàêîé, ÷òî äëÿ ëþáîãî u ∈ H âûïîëíåíî

〈Du,DB(u)〉 ≥ δ‖Du‖2,

ãäå δ ∈ (0, 1
2).

Ñïðàâåäëèâû òåîðåìû 1 è 2.
Òåîðåìà 1. Åñëè âûïîëíåíû óñëîâèÿ Ó1 è Ó2, òî äëÿ ëþáîãî u ∈ H ñïðàâåäëèâà àïðèîðíàÿ

îöåíêà

‖u‖2 ≤ 1

λ1
‖f(u)‖2,

ãäå λ1� íàèáîëüøåå ñîáñòâåííîå ÷èñëî îïåðàòîðà G∗G.
Òåîðåìà 2. Åñëè âûïîëíåíî óñëîâèå Ó3, òî äëÿ ëþáîãî u ∈ H ñïðàâåäëèâà îöåíêà

‖Du‖2 ≤ (1− 2δ)−1‖D(u+B(u))‖2.

Îòìåòèì, ÷òî ñóùåñòâóþò î÷åíü ìíîãî ðàçëè÷íûå òåîðåìû, áëèçêèå ïî ñîäåðæàíèþ ê òåîðåìå
2. Áîëüøèíñòâî èç íèõ åñòü ñëåäñòâèå èçâåñòíûõ ýíåðãåòè÷åñêèõ îöåíîê, ïîçâîëÿþùèõ ïîëó÷èòü
"ñëàáóþ àïðèîðíóþ îöåíêó"ðåøàþùåé ìàòåìàòè÷åñêîé ôèçèêè. Ñîäåðæàíèå òåîðåìû 1 ÿâëÿåòñÿ
íîâûì. Îíà ïîçâîëÿåò äëÿ ìíîãèõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè ïîëó÷èòü ñèëüíóþ àïðèîðíóþ
îöåíêó ðåøåíèé. Â ýòîì ñìûñë òåîðåìû 1.

Äàííàÿ ðàáîòà ïîääåðæàíà ãðàíòîì AP05135319 ÊÍ ÌÎÍ ÐÊ.
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Çàäà÷è îïðåäåëåíèÿ êîýôôèöèåíòîâ èëè ïðàâîé ÷àñòè äèôôåðåíöèàëüíîãî óðàâíåíèÿ îäíî-
âðåìåííî ñ åãî ðåøåíèåì íîñÿò íàçâàíèå îáðàòíûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Òàêèå çàäà÷è
äîñòàòî÷íî ÷àñòî âîçíèêàþò â ñàìûõ ðàçëè÷íûõ îáëàñòÿõ ÷åëîâå÷åñêîé äåÿòåëüíîñòè, ÷òî ñòàâèò
èõ â ðÿä àêòóàëüíûõ ïðîáëåì ñîâðåìåííîé ìàòåìàòèêè. Â áîëüøèíñòâå ñëó÷àåâ òàêèå îáðàòíûå
çàäà÷è îêàçûâàþòñÿ íåêîððåêòíûìè. Íî áûâàþò è èñêëþ÷åíèÿ.

Â äîêëàäå ðàññìàòðèâàåòñÿ îäèí êëàññ çàäà÷, ìîäåëèðóþùèõ ñòàöèîíàðíûé ïðîöåññ äèôôó-
çèè ñ îáùèìè óñëîâèÿìè íà ïîòîêè ïî ïðîòèâîïîëîæíûì áîêîâûì ñòîðîíàì.

Ïðè èõ ìàòåìàòè÷åñêîé ôîðìóëèðîâêå âîçíèêàþò îáðàòíûå çàäà÷è äëÿ óðàâíåíèÿ Ïóàññîíà,
â êîòîðûõ âìåñòå ñ ðåøåíèåì óðàâíåíèÿ òðåáóåòñÿ íàéòè è íåèçâåñòíóþ ïðàâóþ ÷àñòü, çàâèñÿùóþ
òîëüêî îò îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé.

Â ïðåäëàãàåìîé íàìè ïîñòàíîâêå, îáðàòíàÿ çàäà÷à îêàçûâàåòñÿ êîððåêòíîé: åå ðåøåíèå ñó-
ùåñòâóåò, åäèíñòâåííî è óñòîé÷èâî.

Â îáëàñòè Ω = {(x, y), 0 < x < π, 0 < y < `} ðàññìîòðèì çàäà÷ó î íàõîæäåíèè èñòî÷íèêà
âíåøíåãî âëèÿíèÿ f(x) íà ñòàöèîíàðíûé ïðîöåññ äèôôóçèè

−uxx(x, y)− uyy(x, y) = f(x), (1)

è åãî ðåøåíèÿ � ðàñïðåäåëåíèÿ ïëîòíîñòè u(x, y), ñ êëàññè÷åñêèìè êðàåâûìè óñëîâèÿìè

u(x, 0) = 0, u(x, `) = 0, 0 ≤ x ≤ π (2)

è êðàåâûì óñëîâèÿì îáùåãî âèäà: 0 ≤ y ≤ `{
a1ux(0, y) + b1ux(π, y) + a0u(0, y) + b0u(π, y) = 0,
c1ux(0, y) + d1ux(π, y) + c0u(0, y) + d0u(π, y) = 0,

(3)

ïî äîïîëíèòåëüíî èçâåñòíîìó ïîòîêó íà îäíîé ñòîðîíå:

uy(x, 0) = ν(x), 0 ≤ x ≤ π. (4)

Êîýôôèöèåíòàìè ak, bk, ck, dk, (k = 0, 1) êðàåâîãî óñëîâèÿ (3) ÿâëÿþòñÿ äåéñòâèòåëüíûå ÷èñëà,
à ν(x) � çàäàííàÿ ôóíêöèÿ.

Ðàññìàòðèâàåìàÿ îáðàòíàÿ çàäà÷à ñîäåðæèò âíóòðè ñåáÿ çàäà÷ó Êîøè

u(x, 0) = 0, uy(x, 0) = ν(x), 0 ≤ x ≤ π (5)

äëÿ óðàâíåíèÿ Ïóàññîíà (1) è ñ íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè (3). Ïðè ýòîì äîïîëíèòåëü-
íûì óñëîâèåì (óñëîâèåì ïåðåîïðåäåëåíèÿ) ÿâëÿåòñÿ óñëîâèå íà "äàëüíåé" ñòîðîíå ïëàñòèíû:

u(x, `) = 0, 0 ≤ x ≤ π. (6)

Â äîêëàäå ðàññìàòðèâàåòñÿ ñâÿçü ìåæäó ðåøåíèåì ýëëèïòè÷åñêîé çàäà÷è Êîøè (1), (3)-(5) è
îáðàòíîé çàäà÷è (1)-(4). Ðàññìàòðèâàþòñÿ êðàåâûå óñëîâèÿ (3), êîòîðûå ÿâëÿþòñÿ ðåãóëÿðíûìè
ïî Áèðêãîôó.

Äëÿ èññëåäîâàíèÿ ïðèìåíÿåòñÿ ìåòîäèêà, îáúåäèíÿþùàÿ èäåè èç íàøåé ðàáîòû [1] è ðàáîò
[2-6] Ò.Ø. Êàëüìåíîâà ñ ó÷åíèêàìè.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ãðàíò
AP05133271
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Ðàññìîòðèì âîïðîñ ðàçðåøèìîñòè ñìåøàííîé çàäà÷è äëÿ âîçìóùåííîãî óðàâíåíèÿ òåïëîïðî-
âîäíîñòè ñ èíâîëþöèåé

∂u (x, t)

∂t
=
∂2u (x, t)

∂x2
− α∂

2u (−x, t)
∂x2

− q(x)u(x, t), −1 < x < 1, t > 0, (1)

u(x, 0) = ϕ(x), (2)

u(−1, t) = u(1, t), ux(−1, t) = ux(1, t) (3)

ñ ñóììèðóåìûì êîýôôèöèåíòîì q(x), ìåòîäîì Ôóðüå. Óðàâíåíèå (1) ñîäåðæèò ïðåîáðàçî-
âàíèå èíâîëþöèè. Ïðè α > 1 äèôôåðåíöèàëüíûé îïåðàòîð âòîðîãî ïîðÿäêà ñ èíâîëþöèåé â
ïðàâîé ÷àñòè óðàâíåíèÿ (1) ñ êðàåâûìè óñëîâèÿìè (3) ìîæåò îêàçàòüñÿ íå ïîëóîãðàíè÷åííûì,
÷òî ìîæåò âûçâàòü íåêîððåêòíîñòü ïîñòàâëåííîé çàäà÷è (1) - (3). Îáîçíà÷èì ÷åðåç {yk(x)} ñèñòå-
ìó ñîáñòâåííûõ ôóíêöèé óïîìÿíóòîãî äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî ïîðÿäêà ñ èíâî-
ëþöèåé, ñîîòâåòñòâóþùèõ ñîáñòâåííûì çíà÷åíèÿì λk. Áàçèñíîñòü ñèñòåìû {yk(x)} ñîáñòâåííûõ

Ðàáîòà âûïîëíåíà â ðàìêàõ íàó÷íîãî ãðàíòà AP05131225 ÊÍ ÌÎÍ ÐÊ.
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ôóíêöèé ýòîãî îïåðàòîðà óñòàíîâëåíà â ðàáîòå [1]. Ïðè÷åì, ýòîò áàçèñ ÿâëÿåòñÿ áåçóñëîâíûì áà-
çèñîì â ïðîñòðàíñòâå L2(−1, 1). Íà îñíîâàíèè ýòîãî ôàêòà î áåçóñëîâíîé áàçèñíîñòè ñîáñòâåííûõ
ôóíêöèé ñïåêòðàëüíîé çàäà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ èíâîëþöèåé
óñòàíîâëåíî ñëåäóþùåå óòâåðæäåíèå.

Òåîðåìà.
Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ: 1) âåùåñòâåííàÿ íåïðåðûâíàÿ ôóíêöèÿ q(x) íåîòðèöà-

òåëüíà;

2) ÷èñëî
√

1−α
1+α íå ÿâëÿåòñÿ ÷åòíûì ïðè −1 < α < 1.

Òîãäà äëÿ ëþáîé äâàæäû äèôôåðåíöèðóåìîé ôóíêöèè ϕ(x) óäîâëåòâîðÿþùåé óñëîâèÿì
ϕ(−1) = ϕ(1), ϕ′(−1) = ϕ′(1), ðåøåíèå ñìåøàííîé çàäà÷è (1), (2), (3) ñóùåñòâóåò, åäèíñòâåí-
íî è ïðåäñòàâèìî â âèäå ðÿäà

u(x, t) =
∞∑
k=1

Ake
−λktyk(x).

Îòìåòèì, ÷òî ïðè âûïîëíåíèè óñëîâèÿ 1) òåîðåìû âñå ñîáñòâåííûå çíà÷åíèÿ λk ïîëîæèòåëü-
íû.
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Ðàññìîòðèì ïåðèîäè÷åñêóþ çàäà÷ó äëÿ ïîëóîãðàíè÷åííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà
âòîðîãî ïîðÿäêà ñ èíâîëþöèåé (−1 < α < 1)

−y”(x) + αy”(−x) + q(x)y(x) = λy(x),−1 < x < 1, y(−1) = y(1), y′(−1) = y′(1). (1)

Â ñëó÷àå q(x) ≡ 0 äëÿ ïåðèîäè÷åñêîé çàäà÷è c (−1 < α < 1)

−y”(x) + αy”(−x) = λy(x),−1 < x < 1, y(−1) = y(1), y′(−1) = y′(1), (2)

ïîñòðîåíà ôóíêöèÿ Ãðèíà G(x, t, λ) è ïîëó÷åíà åå ðàâíîìåðíàÿ îöåíêà. Ïðè÷åì ñèñòåìà ñîá-
ñòâåííûõ ôóíêöèé êðàåâîé çàäà÷è (2) îáðàçóåò ïîëíóþ îðòîíîðìèðîâàííóþ ñèñòåìó â L2(−1, 1)
[1].
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Îáîçíà÷èì ÷åðåç

σm (f) = − 1

2πi

1∫
−1

 ∫
Õml

G (x, t, λ)2ρdρ

 f (t) dt

Sm (f) = − 1

2πi

1∫
−1

 ∫
Õml

Gq (x, t, λ)2ρdρ

 f (t) dt

÷àñòè÷íûå ñóììû ðàçëîæåíèé ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíûõ çàäà÷ ñîîòâåòñòâåííî
(2) (q(x) ≡ 0) è (1), ãäå ∀ f(x) ∈ L1(−1, 1). Gq (x, t, λ) ( ôóíêöèÿ Ãðèíà çàäà÷è (1)).

Ïóñòü âñå ñîáñòâåííûå çíà÷åíèÿ ñïåêòðàëüíîé çàäà÷è (1) îäíîêðàòíû. Òîãäà ñïðàâåäëèâû
ñëåäóþùèå òåîðåìû î ðàâíîñõîäèìîñòè è áàçèñíîñòè.

Òåîðåìà 1.

Åñëè ÷èñëî
√

1−α
1+α íå ÿâëÿåòñÿ ÷åòíûì, òî äëÿ ëþáîé ôóíêöèè f(x) ∈ L1(−1, 1) ïîñëåäîâà-

òåëüíîñòü Sm (f) ðàâíîñõîäèòñÿ ñ ïîñëåäîâàòåëüíîñòüþ σm (f).

Ýòà òåîðåìà âëå÷åò ñïðàâåäëèâîñòü ñëåäóþùåãî ôàêòà.

Òåîðåìà 2.

Åñëè ÷èñëî
√

1−α
1+α íå ÿâëÿåòñÿ ÷åòíûì, òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è

(1) îáðàçóåò áàçèñ ïðîñòðàíñòâà L2(−1, 1)

Â ñâÿçè ñ óòâåðæäåíèåì òåîðåìû 2 âîçíèêàåò âîïðîñ áåçóñëîâíîé áàçèñíîñòè èëè áàçèñíîñòè
Ðèññà èçó÷àåìûõ ñèñòåì ôóíêöèé? Îòâåòîì íà ýòîò âîïðîñ ñëóæèò ñëåäóþùàÿ

Òåîðåìà 3.

Åñëè ÷èñëî
√

1−α
1+α íå ÿâëÿåòñÿ ÷åòíûì, òî âñÿêèé áàçèñ èç ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé

çàäà÷è (1) îáðàçóåò áåçóñëîâíûé áàçèñ ïðîñòðàíñòâà L2(−1, 1).
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Ïóñòü x = (x̃, xn) , x̃ = (x1, ..., xn−1) , n ≥ 3 è m > 1. Ââåäåì îáîçíà÷åíèÿ

Ωm =
{
x ∈ Rn : |x̃|2 + |xn|m < 1

}
, ∂Ωm =

{
x ∈ Rn : |x̃|2 + |xn|m = 1

}
,
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∂Ω+
m = {x ∈ ∂Ωm : xn ≥ 0} , ∂Ω−m = {x ∈ ∂Ωm : xn ≤ 0} , ∂B =

{
x̃ ∈ Rn−1 : |x̃| = 1

}
.

Äàëåå, äëÿ ëþáîãî x ∈ Rn ñîïîñòàâèì òî÷êó x∗ = (α1x1, ..., αn−1xn−1, αnxn) , ãäå αn = −1, à
îñòàëüíûå αj , j = 1, 2, ..., n− 1 ïðèíèìàþò îäèí èç çíà÷åíèé ±1.

Ïóñòü ∂u
∂xn

(x∗) = IS
∂u
∂xn

(x).Ðàññìîòðèì â îáëàñòè Ωm ñëåäóþùèå çàäà÷è.
Çàäà÷à 1. Íàéòè ãàðìîíè÷åñêóþ ôóíêöèþ u(x) ∈ C2(Ωm)∩C1(Ω̄m), óäîâëåòâîðÿþùóþ óñëî-

âèÿì

u (x)− u (x∗) = g0 (x) , x ∈ ∂Ω+
m, (1)

∂u

∂xn
(x)− ∂u

∂xn
(x∗) = g1 (x) , x ∈ ∂Ω+

m, (2)

u (x̃, 0) = 0, x̃ ∈ ∂B. (3)

Çàäà÷à 2. Íàéòè ãàðìîíè÷åñêóþ ôóíêöèþ u(x) ∈ C2(Ωm) ∩ C1(Ω̄m), óäîâëåòâîðÿþùóþ ðà-
âåíñòâó (3) è óñëîâèÿì

u (x) + u (x∗) = g0 (x) , x ∈ ∂Ω+
m, (4)

∂u

∂xn
(x) +

∂u

∂xn
(x∗) = g1 (x) , x ∈ ∂Ω+

m. (5)

Îòìåòèì, ÷òî àíàëîãè÷íûå çàäà÷è ñ ïåðèîäè÷åñêèìè óñëîâèÿìè èçó÷åíû â ðàáîòàõ [1,2].
Îòíîñèòåëüíî çàäà÷è 1 ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Òåîðåìà 1. Ïóñòü 1 − 1/m < λ < 1, g0 (x) ∈ Cλ+1 (∂Ω+
m) , g1 (x) ∈ Cλ (∂Ω+

m) è âûïîëíÿþòñÿ
óñëîâèÿ ñîãëàñîâàíèÿ

g0 (x̃, 0) = 0,
∂

∂xj
g0(x̃, 0) = − ∂

∂xj
ISg0(x̃, 0), j = 1, 2, ..., n, g1(x̃, 0) = −g1(x̃∗, 0), x̃ ∈ ∂B. (6)

Òîãäà ðåøåíèå çàäà÷è 1 ñóùåñòâóåò, åäèíñòâåííî è ïðèíàäëåæèò êëàññó Cλ+ 1
m

(
Ω̄m

)
Òåîðåìà 2. Ïóñòü 1 − 1/m < λ < 1. Ñóùåñòâóþò ôóíêöèè g0 (x) ∈ Cλ+1 (∂Ω+

m) è g1 (x) ∈
Cλ (∂Ω+

m) äëÿ êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ (6) è ïðè ýòîì ðåøåíèå çàäà÷è 1 äëÿ ëþáîãî ε > 0

íå ïðèíàäëåæèò êëàññó Cλ+ 1
m

+ε
(
Ω̄m

)
.

Àíàëîãè÷íûå óòâåðæäåíèÿ ñïðàâåäëèâû è äëÿ çàäà÷è 2.

Ñïèñîê ëèòåðàòóðû

[1] M. Sadybekov, B. Turmetov, On analogues of periodic boundary value problems for the Laplace
operator in a ball // Eurasian Math. J., 3:1, 143�146 (2012).

[2] M. Sadybekov, B. Turmetov, On an analog of periodic boundary value problems for the Poisson
equation in the disk // Di�. Equat., 50:2, 268�273 (2014).

� >>> �

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020



Annual International April Mathematical Conference – 2020 113

3 Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è óðàâíåíèÿ ìàòåìàòè÷åñêîé

ôèçèêè

Ðóêîâîäèòåëè: àêàäåìèê ÍÀÍ ÐÊ Õàðèí Ñ.Í.
ïðîôåññîð Äæóìàáàåâ Ä.Ñ.,
ïðîôåññîð Òëåóáåðãåíîâ Ì.À.,

Ñåêðåòàðü: Êàðàêåíîâà Ñ.Ã.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2020



114 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2020
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BIQUATERNIONIC FORMS. PROPERTIES OF THEIR SOLUTIONS
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Processes of electromagnetic waves diffraction are described by Maxwell equations (ME) which
make theoretical base of modern electrodynamic. It is the system of differential equations of mixed
hyperbolic-elliptic type [1]:

rotE = −µ∂H∂t , rotH = ε ∂E
∂t + jE(x, t),

ε div E = ρE(x, t), div H = 0,
(1)

x ∈ R3, t ∈ R1. Here E,H are the intensities of an electric and magnetic field, jE is the density
of electric currents, ρE is the density of electric charges, ε, µ are electric and magnetic constants of
EM-medium.

Investigation of this system and their solutions has big bibliography. The theory of boundary value
problems for Maxwell equations in region with arbitrary boundaries were elaborated in [2-7].

In this paper the imperfection of system of Maxwell equations are discussed and their modification
on the basis of a biquaternionic form of these equations has been offered, which liquidates these
shortcomings.

The properties of (1) allows to write it in complex form which contains one vector equations and
one scalar equation:

∂A

∂τ
+ rotA = J(τ, x), −divA = ρ(τ, x), τ = ct, (2)

where we use the complex intensity, charge and current:

A(τ, x) =
√
εE + i

√
µH,

ρ(τ, x) = −ρE/
√
ε+ i ρH/

√
µ; J(τ, x) = −√µ jE + i

√
ε jH ,

Here we introduced the gravitational field (which is potential) and united it with magnetic field (which
is torsional) in one gravimagnetic field H. Also we enter an gravimagnetic current jH . The system
(2) is Hamilton form of symmetrize ME:

rotE = −µ∂H∂t + jH(x, t), rotH = ε ∂E
∂t + jE(x, t),

ε div E = ρE(x, t), µdiv H = −ρH(x, t).
(3)

It is equivalent to (1) by ρH = 0, jH = 0. Generalized solutions of this Hamilton form of ME
were constructed and studied in [8].

But in biquaternions algebra Eqs (3) can be written as one biquaternionic wave (biwave) equation
[9]:

(∂τ + i∇) ◦A , ∇+A = Θ(τ, x) (4)

Here we enter the biquaternions of intensity and charge-current of electro-gravimagnetic (EGM)
field:

A(τ, x) = iα(τ, x) +A(τ, x), Θ(τ, x) = iρ(τ, x) + J(τ, x).

The scalar and vector part of Eq (4) is equivalent to Hamilton form of ME (2) by α = 0 .
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It describes the connected system of 8 differential equations of strong hyperbolic type. We name
them generalised Maxwell equations.

The energy-pulse of EGM-field is equal to

Ξ(τ, x) = 0, 5 A∗ ◦A = W (τ, x) + iP (τ, x).

By α = 0 it contains well known energy density W and Pointing vector P of EM-field :

W = 0, 5
(
ε ‖E‖2 + µ ‖H‖2

)
, P = c−1[E,H], c = 1/

√
εµ,

c is light speed.
The solutions of biquaternionic form of generalised Maxwell equations (4) are presented, including

fundamental Green’s biquaternion and shock EGM-waves and their properties are studied.
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The transverse injection into a supersonic flow is a subject of interest for various technological ap-
plications, such as rocket motor thrust control system, supersonic combustion, high speed flight vehicle
reaction control jet. The process of the fuel-air mixing and combustion in the scramjet combustor are
implemented with supersonic speed. The complex system of shock–wave structures (a barrel shock,
bow shock, and the system of λ–shock waves) are arisen during the jet injection in cross-flow. In such
type of flow the formed shock waves interact with boundary layer at top and bottom walls of the com-
bustion chamber. The transverse jet in supersonic flow has been extensively studied as experimentally
[16] and theoretically [713]. However, there is practically no work where the flow of the transverse
jet in the channel considered under the condition of interaction of the bow shock with the upper wall
and the effect shock wave boundary layer interactions on mixing the injected jet and the flow. The
analysis of the papers devoted to the numerical simulation of supersonic multispecies gas flows shows
that a detailed study of the dependence of the structure of the flows on the parameters of the problem
have not been made deeply.

In this study, the multispecies supersonic airflow in a planar channel with transverse hydrogen jet
injection is simulated. The Favre averaged Navier–Stokes equations coupled with k – ω turbulence
model are solved with using the third order ENO scheme [7, 14]. The initial conditions coincide with
the boundary conditions at the flowfield. At the flowfield entrance, the parameters of the free stream
are given. Also, the boundary layer is given near the wall, the streamwise velocity profile is defined
power law. On the injector, the parameters of the jet are given. The adiabatic no-slip boundary
condition is specified on the bottom and top walls . The non–reflection boundary conditions are
specified at the outlet boundary [15].

In this paper, the main attention is paid to the influence of flow Mach number to the interaction
of the shock wave structure with the boundary layers on the upper and lower duct walls under the
conditions of an internal turbulent flow. The flow Mach number of flowfield is varied in the range
2.5 ≤M∞ ≤ 4.5. It is revealed that complex system of shock–wave structures is reduced growing Mach
number. The vortex structures at upper and bottom walls are increased declining Mach number. The
numerical experiments revealed that with the increasing flow Mach number, the inclination angle of
the bow shock wave is reduced due to the incoming flow rate growth. For M∞ = 2.5 there has arisen
multi-structure vortex picture due to the influence reflected shock wave (the supersonic part of the
boundary layer deviates and generates the system of converging compression wave, which propagates
as reflected shock wave) with the stagnation zone behind the jet. The reduction of the jet penetration
with growing Mach number because of increasing flow velocity, have been explored. A comparison of
computations with experimental data shows a satisfactory agreement of results [2].
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In the present communication we consider on the domain Ω̄ = [0, T ] × [0, ω] an initial-boundary
value problem for the system of partial differential equation of higher order

∂m+1u

∂xm∂t
=

m∑
i=1

{
Ai(t, x)

∂m+1−iu

∂xm+1−i +Bi(t, x)
∂m+1−iu

∂xm−i∂t

}
+ C(t, x)u+ f(t, x), (1)

p∑
j=0

m∑
k=1

{
Pk,j(x)

∂m+1−ku(t, x)

∂xm+1−k + Sk,j(x)
∂m+1−ku(t, x)

∂xm−k∂t

}∣∣∣
t=tj

= ϕ(x), x ∈ [0, ω], (2)

u(t, 0) = ψ0(t),
∂u(t, x)

∂x

∣∣∣
x=0

= ψ1(t), ...,
∂m−1u(t, x)

∂xm−1

∣∣∣
x=0

= ψm−1(t), t ∈ [0, T ], (3)

where u(t, x) = col(u1(t, x), u2(t, x), ..., un(t, x)) is unknown function, the n × n matrices Ai(t, x),
Bi(t, x), i = 1,m, C(t, x), and n vector function f(t, x) are continuous on Ω, the n × n matrices
Pk,j(x), Sk,j(x), k = 1,m, j = 0, p, and n vector function ϕ(x) are continuous on [0, ω], 0 = t0 <
t1 < ... < tp−1 < tp = T , the the n vector-functions ψs(t), s = 0,m− 1, are continuously differentiable
on [0, T ].

A function u(t, x) ∈ C(Ω̄,Rn) having partial derivatives
∂s+ru(t,x)
∂xs∂tr ∈ C(Ω̄,Rn), s = 1,m, r = 0, 1, s+ r < m+ 1, ∂m+1u(t,x)

∂xm∂t ∈ C(Ω,Rn)
is called a classical solution to problem (1)–(3) if it satisfies equation (1) for all (t, x) ∈ Ω and the
initial-boundary conditions (2), (3).

We will investigate the questions of the existence and uniqueness of classical solutions to the initial-
boundary value problem for a higher order partial differential equation (1)–(3) and the construction
of its approximate solutions. For these purposes, we apply the method of introducing additional
functional parameters proposed in [1-9] for solving various types of nonlocal problems for system of
hyperbolic equations with mixed derivatives. The considered problem is reduced to a nonlocal problem
for system of hyperbolic equations second order, including additional functions and integral relations.
An algorithm for finding an approximate solution to the investigated problem is proposed and its
convergence is proved. Sufficient conditions for the existence of a unique classical solution to problem
(1)–(3) are obtained in terms of the initial data.

Let us consider the nonlocal problem for system of hyperbolic equations second order

∂2v

∂x∂t
= A1(t, x)

∂v

∂x
+B1(t, x)

∂v

∂t
+A2(t, x)v + g(t, x), (4)

p∑
j=0

{
Pm,j(x)

∂v(t, x)

∂x
+ Sm,j(x)

∂v(t, x)

∂t
+ Pm−1,j(x)v(t, x)

}∣∣∣
t=tj

= Φ(x), x ∈ [0, ω], (5)

v(t, 0) = ψm−1(t), t ∈ [0, T ]. (6)

The authors are supported by the grant No. AP05131220 of Science Committee of the MES of the RK

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020



Annual International April Mathematical Conference – 2020 119

Here the functions g(t, x) ∈ C(Ω̄,Rn), Φ(x) ∈ C([0, ω],Rn).

For j = 0, 1, p = 1 problem (4)–(6) is investigated in [1-7]. For j = 0, p, p > 2 problem (4)–(6) is
studied in [8, 9]. An algorithm for finding an approximate solution to problem (4)–(6) is proposed and
its convergence is proved. Sufficient conditions for the existence of a unique solution to problem (4)–(6)
are established in the terms of initial data. These conditions are also necessary for well-posed solvability
to problem (4)–(6) [3, 4, 6, 7, 9]. In [10] we are considered a nonlocal problem for a system of loaded
differential equations of the Sobolev type with a multipoint condition. By introducing additional
unknown functions, we reduce the problem under consideration to an equivalent problem consisting
of a nonlocal multipoint problem for a system of loaded hyperbolic equations of the second order
with functional parameters and integral relations. We propose algorithms for solving the equivalent
problem. Moreover, we establish conditions for the well-posedness of the nonlocal multipoint problem
for the system of loaded hyperbolic equations of the second order and conditions for the existence
of a unique classical solution to the nonlocal problem for the system of differential equations of the
Sobolev type with multipoint condition.

These results are extended to initial-boundary value problem for higher order partial differential
equations.

The following assertion is true.

Theorem. Let

i) the n × n matrices Ai(t, x), Bi(t, x), i = 1,m, C(t, x), and n vector function f(t, x) are
continuous on Ω;

ii) the n×n matrices Pk,j(x), Sk,j(x), k = 1,m, j = 0, p, and n vector function ϕ(x) are continuous
on [0, ω];

iii) the n vector-functions ψs(t), s = 0,m− 1, are continuously differentiable on [0, T ];

iv) the nonlocal problem for the system of hyperbolic equations second order (4)–(6) is uniquely
solvable for any g(t, x) ∈ C(Ω̄,Rn), Φ(x) ∈ C([0, ω],Rn), and ψm−1(t) ∈ C1([0, T ],Rn).

Then initial-boundary value problem (1)–(3) has a unique solution.

Theorem is proved analogously scheme of proof Theorem 2 in [10].
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Interest in the existence of the third integral of motion for stars moving in the potential of the
galaxy revived in the late 50’s and early 60’s of the last century. Initially it was assumed that the
potential has a symmetry and does not depend on time, therefore in cylindrical coordinates (r, θ, z
) this will be only a function of r and z . There must be five integrals of motion that are constant
for the six-dimensional phase space. However, the integrals can be either isolating or non-isolating.
Non-isolating integrals usually fill all available phase spaces and do not restrict the orbit.

Henon and Heiles tried to find out if they could find any real proof that there must be a third
isolating integral of the motion. Making numerical calculations, they did not complicate the astro-
nomical meaning of the problem; they only demanded that the potential investigated by them be
axially symmetric. The authors also suggested that the motion was tied to a plane and passed into
the Cartesian phase space ( x, y, ẋ, ẏ ). After some tests they managed to find a real potential. This
potential is analytically simple, so that the orbits can be calculated quite easily, but it is still quite
complex, so that the types of orbits are nontrivial. This potential is now known as the potential of
Henon and Heiles [1].

Some particular solutions to the three-body problem are known, but a general solution has not yet
been found. One of the special cases of the three-body problem is the problem of two fixed centers. It
was first considered by Euler in 1760. Jacobi showed that the equations of motion can be integrated
in terms of elliptic functions. This problem can be used as some first approximation in astronomical
problems about the motion of minor planets and comets under the influence of gravity of the Sun
and Jupiter. The period of revolution of Jupiter is about twelve years, and for a short period of time
the motion of these celestial bodies can be considered in the framework of the problem of two fixed
centers. Also, the problem of the motion of a spacecraft to the Moon can be considered within the
framework of this task. The flight time of the spacecraft to the Moon is about four days. During this
time, the Moon will move slightly in a circular orbit of the Earth. The study of the problem of two
fixed centers was carried out in different directions [2-3].

In this paper, we study the Henon-Heiles potential and the problem of two fixed centers. In
studies of nonlinear systems for which exact solutions are unknown, the Poincare section method is
used. For the Henon-Heiles potential, Poincare sections were obtained. Next, the potential of two
fixed centers was investigated. It was shown on the basis of the Poincare section that, in the case
µ1 = µ2 = 1 the internal cross-sectional structure decomposes from the values H = −1.7, but the
internal cross-sectional structure is preserved in the interval H ∈ [−0.5,−1.6], in the case µ1 = 0.9 and
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µ1 = 0.1 the internal cross-sectional structure decomposes from the values H = −0.9 but the internal
cross-sectional structure is preserved in the interval H ∈ [−0.3,−0.8], in the case of µ1 = 0.7 and
µ1 = 0.3 the internal cross-sectional structure decomposes from the values H = −0.8, but the internal
cross-sectional structure is preserved in the interval H ∈ [−0.2,−0.7]. With increasing energy, many
of these surfaces decay. It is assumed that the numerical results obtained will serve as the basis for
comparison with analytical solutions.
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Consider the following problem with parameter for hyperbolic equation

∂2u

∂x∂t
= A(t, x)

∂u

∂x
+B(t, x)

∂u

∂t
+ C(t, x)u+D(t, x)µ(x) + f(t, x), (1)

∂u(0, x)

∂x
= ϕ0(x),

∂u(T, x)

∂x
= ϕ1(x), x ∈ [0, ω], (2)

u(t, 0) = ψ(t), t ∈ [0, T ], (3)

where the domain is Ω̄ = [0, T ] × [0, ω], u(t, x) = col(u1(t, x), u2(t, x), ..., un(t, x)), µ(x) =
col(µ1(x), µ2(x), ..., µn(x)), the (n × n) matrices A(t, x), B(t, x), C(t, x), D(t, x), and the n-vector
function f(t, x) are continuous on Ω̄, the n-vector function ψ(t) is continuously differentiable on [0, T ],
the n-vector functions ϕ0(x), ϕ1(x) are continuous on [0, ω].

The solution of the problem (1)-(3) is a pair of functions (u∗(x, t), µ∗(x)), where function u∗(x, t)
is continuous on Ω̄, that has continuous partial derivatives with respect to x of the first order, with
respect to t of the first order on Ω̄, mixed derivative on Ω, satisfies the equation (1) at µ(x) = µ∗(x),
x ∈ [0, ω], and conditions (2), (3).

Problems with parameter for hyperbolic equation arise in various problems of mathematical bi-
ology, ecology, etc. [1]. In the present communication we investigate questions of the existence and
uniqueness of a solution to the problem with parameter for hyperbolic equation (1)-(3). By the method
of introducing unknown functions [2] the considered problem is reduced to an equivalent problem con-
sisting of a family of problems with parameter for ordinary differential equations and integral relations.
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Algorithms for finding a solution to problem (1)-(3) are proposed. The main point of the algorithm is
solving the family of problems with parameter for ordinary differential equations. The parametrization
method [3] is used to solve a family of problems with parameter for ordinary differential equations.
For a fixed x ∈ [0, ω] the boundary value problem with parameter for ordinary differential equations is
investigated in work [4]. Conditions of existence of unique solution to problem (1)-(3) are established
in terms of initial data.
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We consider the nonlinear Fredholm integro-differential equation (FIDE) on [0,T]

dx

dt
= A(t)x+

m∑
k=1

ϕk(t)

∫ T

0
ψk(τ)fk(τ, x(τ))dτ, t ∈ [0, T ), x ∈ Rn, (1)

where the n× n matrices A(t), ϕk(t), ψk(τ) are continuous on [0, T ], fk : [0, T ]× Rn → Rn, k = 1,m
are continuous functions, ‖x‖ = max

i=1,n
|xi|.

A linear boundary value problem for FIDE solved by parameterization method was proposed in
[1]. One of important auxiliary problem in this method is special Cauchy problem for the system of
linear FIDEs. Suppose ∆N is a following partition: [0, T ) =

⋃N
r=1[tr−1, tr). By setting parameters

λr=̂xr(tr−1), r = 1, N , we specify the new unknown functions ur(t), ur(t) = xr(t) − λr. Then we
obtained the system of nonlinear integro-differential equations with parameters on subintervals

dur
dt

= A(t)(ur + λr) +
m∑
k=1

ϕk(t)
N∑
j=1

∫ tj

tj−1

ψk(τ)fk(τ, uj(τ) + λj)dτ, t ∈ [tr−1, tr), r = 1, N, (2)

and initial conditions at the left end points of subintervals

ur(tr−1) = 0, r = 1, N. (3)

The work is supported by the grant project AP 05132486 (2018-2020) from the Ministry of Science and Education
of the Republic of Kazakhstan.
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The problem (2), (3) is a special Cauchy problem for the system of nonlinear integro-differential
equations with parameters. Criteria of solvability and unique solvability of the special Cauchy prob-
lems for the system of linear integro-differential equations with parameters have been established in
[1]-[3]. There methods of finding the solution to the linear special Cauchy problems proposed as well.

In the present communication we consider the special Cauchy problem for the system of nonlinear
FIDEs on the closed subintervals

dvr
dt

= A(t)(vr + λr) +
m∑
k=1

ϕk(t)
N∑
j=1

∫ tj

tj−1

ψk(τ)fk(τ, vj(τ) + λj)dτ, t ∈ [tr−1, tr], r = 1, N, (4)

vr(tr−1) = 0, r = 1, N. (5)

Using results in [4], [5] an iterative process for finding the solution to the problem (4), (5) is
constructed. Sufficient conditions of convergence of the iterative process are presented.

These results are published in [6].
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ON THE STRICT CONVEXITY OF A FUNCTIONAL FOR DETERMINING
THE HEAT FLUX IN THE INVERSE STEFAN PROBLEM
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The question of the strict convexity of the functional of the inverse Stefan problem for determining
the values of the heat flux at a fixed boundary is considered, with the the free boundary x = z(t),
known from experiments. This problem appeared by the solving of two-phase inverse Stefan probvlem
in spherical domain,[1,2,3], and can be reduced, [1,2], to determine of heat flux function Q(t) of the
following one-dimensional problem

∂T

∂t
=
∂2T

∂x2
; D : (0 < x < z(t), 0 < t ≤ t0) , (1)

T (0, t)− α∂T (0, t)

∂x
= Q(t), (2)

T (z(t), t) = ϕ(t), (3)

where (z(t), ϕ(t)) ∈ C[0,t0] are functions, known from experiments,; z(0) = 0 and z(0) = 0; z(t) > 0,
∀t > 0;

The problem of determining the boundary function Q(t) from the known values of z(t) and ϕ(t)
can be reduced, [1], to the problem of minimizing the functional:

S(Q) =

∫ t0

0

(
T ′x(z(τ), τ, Q(τ))− ϕ(τ)

)2
dτ ; (4)

It is proved that the functional in (4) is strictly convex on the set of functions which are the
solution to problem (1)–(3), that is holds the relation:

S(m ·Q1 + (1−m) ·Q2) ≤ m · S(Q1) + (1−m) · S(Q2); (5)

and equality in (5) is possible iff (m = 0)
⋃

(m = 1)
⋃

(Q1 = Q2), thus the inverse problem (1)–(3) to
determine the component Q(t) of the heat flux through the boundary x = 0, using (4), has a unique
solution for the above class of functions z(t) and ϕ(t).
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.
We consider the boundary problem:

(
∂

∂t
− λk∆

)
Uk(x, t) = µk

t∫
0

∆Uk(x, τ)dτ + fk(x, t), (1)

In domainQT ≡
{

(x′, xn, t) : x′ ∈ Rn−1, xn ∈ R+, t ∈ R+

}
, with the following initial and boundary,

[1], conditions:
Uk(x, 0) = 0, (2)

(
α

(1)
1 U1(x, t) + α

(1)
2 U2(x, t)

)∣∣∣
xn=0

= ϕ1(x′, t), (x′, t) ∈ Q(1)
T = QT \ xn, (3)

(
α

(2)
1

∂U1(x, t)

∂xn
+ α

(2)
2

∂U2(x, t)

∂xn

)∣∣∣∣
xn=0

= ϕ2(x′, t), (x′, t) ∈ Q(1)
T = QT \ xn, (4)

where: ∆ is Laplace operator; λk, µk, α
(k)
i (i, k = 1, 2) are given constants, and 0 < λ1 < λ2;

fk(x, t), ϕk(x
′, t) – are given bounded functions having partial derivatives of first order with respect

to the variable t and derivatives of second order with respect to x and x′.
The solution of the boundary problem (1)–(4) was obtained as the sum of the double layer potentials

and the Cauchy function for the integral-differential equation (IDE) in multidimensional space. Using
the boundary conditions (3) and (4), the problem is reduced to the solving a system of integral-
differential equations (SIDE).

The characteristic part of SIDE is solved by the method of Fourier-Laplace integral transforms,
under the condition of solvability and then, using the regularization method, SIDE is reduced to a
system of Volterra-Fredholm integral equations.

Theorem. If ϕk(x
′, t) ∈ C2,1

x′,t

(
Q

(1)
T

)
, fk(x, t) ∈ C2,1

x,t (QT ) and A2
1λ2 − A2

2λ1 6= 0, A1
A2

> 0, then

solution of problem (1)–(4) exists and Uk(x, t) ∈ C2,1
x,t (QT ).
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In this work, the solution method of two-phase spherical Stefan problem represented in linear
combination of heat polynomials. The required coefficients are determined. In this problem heat flux
is given and the solution of this problem considered directly. Heat polynomials and their properties
is introduced. Test problem is considered to show that linear combination of heat polynomials gives
better approximation at heat flux. Let consider the following problem

∂θ1

∂t
= a2

1

(∂2θ1

∂r2
+

2

r

∂θ1

∂r

)
, 0 < r < α(t), 0 < t < T, (1)

∂θ2

∂t
= a2

2

(∂2θ2

∂r2
+

2

r

∂θ2

∂r

)
, α(t) < r <∞, 0 < t < T, (2)

with initial condition
θ1(0, 0) = θm, θ2(r, 0) = φ(x), α(0) = 0 (3)

and boundary conditions

−λ1
∂θ1(0, t)

∂r
= P (t), (4)

θ1(α(t), t) = θ2(α(t), t) = θm, (5)

∂θ2(∞, t)
∂r

= 0. (6)

Stefan’s condition

−λ1
∂θ1(α(t), t)

∂r
= −λ2

∂θ2(α(t), t)

∂r
+ Lγ

dα

dt
. (7)

By making substitution θi(r, t) =
ui
r
, i = 1, 2 and r = x we can reduce the problem to simple free

boundary problem and we represent solution

u1(x, t) =

k∑
n=1

Anν
(1)
n (x, t), (8)

u2(x, t) =
k∑

n=1

Bnν
(2)
n (x, t) +

k∑
n=1

Cn(2a2

√
t)2ni2nerfc

x

2a2

√
t

(9)

and φ(x) =
k∑

n=1

φ(n)(0)

n!
xn, heat flux P (t) =

k∑
n=1

P (n)(0)

n!
tn is given. From (3) we have

Bn =
φ(n)(0)

n!
, n = 1, 2, 3, ... (10)

From (4) we get

A2n+1 = − P (n)(0)

λ1(2n)!(2n+ 1)
, n = 1, 2, 3, ... (11)
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By integrating (1) and (2) at corresponding interval and using properties of heat polynomials we have

k∑
n=1

A2n
2n(2n− 1)

2n+ 1
ν

(1)
2n+1(α(t), t) +

k∑
n=1

A2n+1
2n(2n+ 1)

2n+ 2

[
ν

(1)
2n+2(α(t), t)− [2(2n+ 1)]!

(2n+ 1)!
tn+1

]
=

= a2
1

[ k∑
n=1

A2nν
(1)
2n−1(α(t), t) +

k∑
n=1

A2n+1(2n+ 1)ν
(1)
2n (α(t), t) +

P (t)

λ1

] (12)

and similarly for the second we have

k∑
n=1

Bn
n(n− 1)

n+ 1
ν

(2)
n+1(α(t), t) + a2

2

k∑
n=1

Cn(2a2

√
t)2n−1i2n−1erfc

α(t)

2a2

√
t

=

= −a2
2

[ k∑
n=1

Cn(2a2

√
t)2n−1i2n−1erfc

α(t)

2a2

√
t

+
k∑

n=1

Bnnν
(2)
n−1(α(t), t)

]
.

(13)

Then system of (12) and (13) can be written as follows

k∑
n=1

A2nΦ(1)
n = q(1)

n ,

k∑
n=1

CnΦ(2)
n = q(2)

n .

(14)

where

Φ(1)
n =

2n(2n− 1)

2n+ 1
ν

(1)
2n+1(α(t), t)− a2

1(2n)ν
(1)
2n−1(α(t), t),

Φ(2)
n = 2a2

2(2a2

√
t)2n−1i2n−1erfc

α(t)

2a2

√
t
,

q(1)
n =

k∑
n=1

A2n+1

[
a2

1(2n+ 1)ν
(1)
2n (α(t), t)− 2n(2n+ 1)

2n+ 2

(
ν

(1)
2n+2(α(t), t)− [2(2n+ 1)]!

(2n+ 1)!
tn+1

)]
+ a2

1

P (t)

λ1
,

q(2)
n = −

k∑
n=1

Bn

[
a2

2nν
(2)
n−1(α(t), t) +

n(n− 1)

n+ 1
ν

(2)
n+1(α(t), t)

]
,

From (14) using linear combination of ν2n+1(α(t), t), ν2n−1(α(t), t) and integral error function we can
determine coefficients An and Cn if α(t) is known. These coefficients also can be determined directly
from condition (5). The corresponding problems are considered in [1]-[2].
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BLOW-UP OF SOLUTIONS OF THE PSEUDO-PARABOLIC p-LAPLACE
EQUATION WITH VARIABLE EXPONENTS AND COEFFICIENTS
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In this work we study the following initial-boundary value problem for the nonlinear pseudo-
parabolic p-Laplace equation with variable exponents and coefficients:

ut −∇
(
κ(x, t) |∇u|q(x)−2∇ut + ν(x, t) |∇u|p(x)−2∇u

)
= γ(x, t) |u|m(x)−2 u, (x, t) ∈ QT , (1)

u(x, t)|t=0 = u0 (x) , x ∈ Ω, (2)

u(x, t)|∂Ω = 0, (3)

where Ω is a bounded domain in Rn with sufficiently smooth boundary ∂Ω, and QT = Ω× (0, T ).
The coefficients ν, γ and the exponents p,m are given measurable of their arguments. It is assumed

that these functions satisfy the following conditions:

0 < ν− ≤ ν(x, t) ≤ ν+ <∞, 0 < p− ≤ p(x) ≤ p+ <∞,
0 ≤ κ− ≤ κ(x, t) ≤ κ+ <∞, 0 < q− ≤ q(x) ≤ q+ <∞,
0 < γ− ≤ γ(x, t) ≤ γ+ <∞, 0 < m− ≤ m(x) ≤ m+ <∞.

(4)

Theorem. Let (4) be fulfilled, and the exponents q(x), p(x), m(x) satisfy the conditions:

p+ ≤ m−, and m− > max
{

2, q+
}
.

Let us assume, that also the coefficients κ(x, t), ν(x, t), γ(x, t) are differentiable and

κ = κ(x) > 0, νt(x, t) ≤ 0, γt(x, t) ≥ 0.

Finally, let |u0|m(x), |∇u0|p(x) ∈ L1 (Ω) and∫
Ω

(
γ(x, 0)

m(x)
|u0|m(x) − ν(x, 0)

p(x)
|∇u0|p(x)

)
dx ≥ 0

Then there is exists a finite time Tmax < ∞ such that the generalized solution to problem (1)-(3)
blows up.
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AN INVERSE PROBLEM OF DETERMINING A COEFFICIENT IN THE
PSEUDOPARABOLIC EQUATION
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LetQT = {(x, t) : 0 < x < 1; 0 < t ≤ T} be rectangle. We investigate the following inverse problem
of finding a pair of functions {u(x, t), b(t)} satisfying the pseudoparabolic equation

b(t)(ut − uxxt)− uxx = f(x, t), 0 < x < 1, 0 < t ≤ T, (1)

the initial condition
u(x, 0) = ϕ(x), 0 ≤ x ≤ 1, (2)

the boundary conditions
u(0, t) = u(l, t) = 0, 0 ≤ t ≤ T, (3)

and the integral overdetermination condition∫ 1

0
u(x, t)dx = E(t), 0 ≤ t ≤ T, (4)

where ϕ(x), f(x, t), E(t) are given.
We assume that the data of the problem (1)-(4) satisfy the following conditions:

ϕ(x) ∈ (C4[0, 1], ϕ(0) = 0; (5)

E(t) ∈ (C1[0, T ], E(0) =

∫ 1

0
ϕ(x)dx, E

′
(t) > 0; (6)

f(x, t) ∈ C2[0, 1] ∩ C(QT ), f(0, t) = f(l, t), f(0, t) = 0, 0 ≤ t ≤ T ; (7)

ξ(c0(c1 + c2) < 1, (8)

where ξ, c0, c1, c2 are some numbers depending on the data of the problem.
Theorem. Let the assumptions (5)− (8) are valid. Then the inverse problem (1)-(4) has a unique

classical solution.
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SOLVABILITY OF LINEAR THREE-POINT BOUNDARY VALUE PROBLEM
FOR IMPULSIVE FREDHOLM INTEGRO-DIFFERENTIAL EQUATION
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We consider the linear three-point boundary value problem for impulsive Fredholm integro-
differential equations (FIDE):

dx

dt
= A(t)x+

m∑
j=1

ϕj(t)

∫ T

0
ψj(τ)x(τ)dτ + f(t), t 6= θj , j = 1, ...,m, t ∈ (0, T ), x ∈ Rn, (1)

(θ0 = 0 < θ1 < θ2 < ... < θm < T = θm+1),

B0x(0) +D0x(θ) + C0x(T ) = d0, d0 ∈ Rn, θ ∈ (0, T ), (2)

Bjx(θj − 0) + Cjx(θj + 0) = dj , dj ∈ Rn, j = 1, ...,m (3)

where the n×n matrices A(t), ϕj(t), ψj(τ), j = 1,m are continuous on [0, T ], and the n-vector function
f(t) is piecewise continuous on [0, T ] with possible discontinuities at the points t = θj , j = 1, ...,m.

We denote the space of piecewise continuous functions x : [0, T ] → Rn continuous on
[θp−1, θp), p = 1, ...,m + 1 with the norm ‖x‖ = max

i=1,n
|xi| by PC([0, T ], Rn, {θj}mj=1); in other words,

PC([0, T ], Rn, {θj}mj=1) = {x : [0, T ] → Rn continuous on [θp−1, θp), there exists a finite limit
limt→θp−0 x(t) for all p = 1, ...,m+ 1, and x(T ) = limt→T−0 x(t)}.

A solution of problem (1)-(3) is defined as a piecewise continuously differentiable function x(t) ∈
PC([0, T ], Rn, {θi}mj=1) on (0,T) satisfying the integro-differential equation (1), the boundary condition
(2), and the impulsive conditions (3).

A linear boundary value problem for impulsive FIDE solved by parameterization method was
proposed in [1]. One of important auxiliary problem in this method is special Cauchy problem for the
system of linear FIDEs.

A partition of the interval [0, T ] into N parts

t0 = 0 < t1 < t2 < ... < tN−1 < tN = T,

where the set of partition points {ts, s = 1, ..., N − 1} contains the impulsive input points θj , j =
1, ...,m, i.e. tr0 = θ, tr1 = θ1, ..., trm = θm, r = 1, ..., r0, r0 + 1, ..., r1, ..., rm, ..., N is denoted by ∆N (θ).

We denote the restriction of the function x(t) to the rth interval [tr−1, tr) by xr(t); i.e. xr(t) =
x(t), t ∈ [tr−1, tr), r = 1, ..., N.

By setting parameters λr=̂xr(tr−1), r = 1, N , we specify the new unknown functions ur(t), ur(t) =
xr(t) − λr. Then we obtained the system of linear integro-differential equations with parameters on
subintervals

dur
dt

= A(t)(ur + λr) +

m∑
j=1

ϕj(t)

N∑
k=1

∫ tj

tj−1

ψk(τ)(uj(τ) + λj)dτ + f(t), t ∈ [tr−1, tr), r = 1, N, (4)

with initial conditions at the left end points of subintervals

ur(tr−1) = 0, r = 1, N, (5)
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and conditions
B0λ1 +D0λr0 + C0 lim

t→T−0
uN (t) + C0λN = d0, d0 ∈ Rn, (6)

Bjλrj +Bj lim
t→θj−0

urj (t)− Cjλrj+1 = dj , dj ∈ Rn, j = 1, ...,m, (7)

λp + lim
t→tp−0

up(t)− λp+1 = 0, p 6= rj , j = 1,m, p = 1, N − 1. (8)

The problem (4), (5) is a special Cauchy problem for the system of linear integro-differential equa-
tions with parameters. Criteria of solvability and unique solvability of the special Cauchy problems
for the system of linear integro-differential equations with parameters have been established in [1]-[3].
There methods of finding the solution to the linear special Cauchy problems proposed as well. Condi-
tions of the solvability three-point boundary value problem for impulsive Fredholm integro-differential
equations are established in the terms of solvability of system linear algebraic equations.

For D0 = 0 the two-point boundary value problem for Fredholm integro-differential equations with
impulse effects are studied in [4]. The method for the study and solution of a linear boundary value
problem for a Fredholm integro-differential equation with impulse inputs at given times are suggested.
The method is based on a partition of the interval and the introduction of auxiliary parameters as the
values of solution at the initial points of subintervals. For each partition containing impulsive points
are constructed a Fredholm integral equation of the second kind. The definition of a regular partition
are introduced and the set of regular mappings is nonempty are showed. By using the resolvent of the
of the constructed integral equation, the fundamental matrix of the differential part, and the original
data of the problem a system of linear equations for the introduced parameters are formed. The
equivalence of the solvability of that system and the considered linear boundary value problem are
proved. Necessary and sufficient conditions for the solvability and unique solvability are obtained.
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We consider a boundary value problem for the ordinary differential equation with parameter:

dx

dt
= A(t)x(t) +B(t)µ+ f(t), t ∈ [0, T ], x ∈ Rn, µ ∈ Rm, f ∈ Rn, A ∈ Rn×n, B ∈ Rn×m,

C0µ+ C1x(0) + C2x(T ) = d,C0 ∈ R(n+m)×m, C1, C2 ∈ R(n+m)×n, d ∈ Rn+m,

where x(t) = (x1(t), ..., xn(t)) is unknown vector function,(n× n) matrix function A(t), and (n×m)
matrix function B(t), and f(t) = (f1(t), ..., fn(t)) are all continuous on the whole interval [0, T ]. The
((n+m)×m) matrix C0, two ((n+m)× n) matrices C1, C2 and (n+m) vector d are constant. The
µ = (µ1, ..., µm) is unknown parameter.

The numerical solution of the boundary value problem is found by the method proposed in [1].
Interval is divided into 5 parts, values of solution of the initial problem on each subinterval are

considered as additional parameters reducing our problem to a new boundary value problem with
parameters [2, 3]. A system of linear algebraic equations with respect to initial and introduced
parameters is constructed using continuity conditions at the dividing points, boundary condition and
solutions of the auxilary Cauchy problems. The solution of system of linear algebraic equations is
found using inverse coefficient matrix and free term vector. Results of the algotihms are demonstrated
by numerical solutions of particular boundary value problems for ordinary differential equations with
parameters obtained using implemented script based on previously mentiond method in MatLab.
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Many problems of natural science lead to boundary value problems for integro-differential equa-
tions. Moreover, as a rule, these problems are nonlinear. The nonlinearity of boundary value problem
leads to significant difficulties in solving and in establishing their qualitative properties.

In the communication, it is considered the boundary value problem for the Fredholm integro-
differential equation with nonlinear differential part

dx

dt
= f(t, x) +

m∑
k=1

ϕk(t)

∫ T

0
ψk(τ)x(τ)dτ, t ∈ (0, T ), x ∈ Rn, (1)

g [x(0), x(T )] = 0, (2)

where f : [0, T ] × Rn → Rn and g : Rn × Rn → Rn are continuous; the n × n matrices ϕk(t), ψk(τ),
k = 1,m, are continuous on [0, T ], ‖x‖ = max

i=1,n
|xi|.

Denote by C
(
[0, T ],Rn

)
the space of continuous functions x : [0, T ] → Rn with the norm ‖x‖1 =

max
t∈[0,T ]

‖x(t)‖. By a solution to problem (1), (2) we mean a continuously differentiable on (0, T ) function

x(t) ∈ C
(
[0, T ],Rn

)
that satisfies equation (1) and boundary condition (2).

In [1] employing regular partition ∆N (see [2, 3]) of the interval [0,T] has been introduced the ∆N

general solution x(∆N , t, λ) to the linear Fredholm integro-differential equation. As distinct from the
classical general solution, x(∆N , t, λ) exists to any linear Fredholm integro-differential equation and
depend on parameter λ = (λ1, ..., λN ) ∈ RnN . The new concept of a general solution is extended to
the Fredholm integro-differential equation (1) in [7]. ∆N general solution is constructed through a
solution to the special Cauchy problem for the system of integro-differential equations.

In present communication, an algorithm of finding a solution to boundary value problem (1), (2)
is proposed. To this end, we use the parametrization’s method [4] and results of [1-3, 5-7].

Substitution the corresponding expression of x(∆N , t, λ) into the boundary condition and conti-
nuity conditions of a solution to equation (1) at the interior points of ∆N yields a system of nonlinear
algebraic equations in parameters. Closed-form of this system can be constructed only in exceptional
cases. However, for the given parameters, the values of the vector functions defining this system and
the values of its Jacobi matrix can be found through the solutions to the corresponding special Cauchy
problems for the system of integro-differential equations. This fact allows us to construct an algorithm
of finding a solution to boundary value problem (1), (2).
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We consider the boundary value problem

dx

dt
= A(t)x+

∫ T

0
K(t, τ)x(τ)dτ + f(t), t ∈ (0, T ), (1)

Bx(0) + Cx(T ) = d, d ∈ Rn, (2)

where the (n × n) matrices A(t) and K(t, τ) are continuous on [0, T ] and [0, T ] × [0, T ], respectively,
the n vector f(t) is continuous on [0, T ], ‖x‖ = max

i=1,N
|xi|.

To study problem (1),(2), the parameterization method [1] is applied in [2-4]. The interval [0, T ]
is partitioned, the values of a solution to problem at the left endpoints of the subintervals are in-
troduced as additional parameters, and problem (1), (2) is reduced to an equivalent problem with
parameters. Introduction of additional parameters yields a special Cauchy problem for a system
of integro-differential equations with parameters on the subintervals. The unique solvability of this
problem determines the regularity of the chosen partition. Employing a regular partition reduces the
problem (1),(2) to a system of linear algebraic equations in parameters. It is proved that the solvability
of this system is equivalent to that of problem (1),(2). Thus, the construction of a system of linear
algebraic equations serves as the basis for algorithms of the parameterization method.
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The number of unknown parameters in this system is determined by the number N of the partition
subintervals. Increasing N hence results in undesirable increase in the number of unknown parameters.
In order to address this issue, we have developed a modified version of the parameterization method.

In this version, the additional parameters are set as the values of the solution to problem (1),(2)
at interior mesh points. The definition of a regular pair consisting of a partition and chosen interior
mesh points is given. The original problem is transformed into a multipoint boundary value problem
with parameters. For fixed values of parameters, we get a special Cauchy problem for a system of
integro-differential equations on the subintervals. Using the solution to this problem, the boundary
condition, and continuity conditions of solutions at the interior mesh points, we construct a system
of linear algebraic equations in introduced parameters. It is established that the solvability of the
problem under consideration is equivalent to that of the constructed system. We provide a number of
examples illustrating the effectiveness of the proposed modified method.
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We consider a linear two-point boundary value problem with a weakly singularity on [0, T ]:

dx

dt
= A(t)x+

∫ T

0
K(t, τ)x(τ)dτ + f(t), t ∈ (0, T ), (1)

Bx(0) + Cx(T ) = d, (2)

where x = (x1, x2, ..., xn) is unknown function; the (n × n)−matrix A(t) and n−vector function f(t)
are continuous on [0, T ], B and C are (n × n) constant matrices, d ∈ Rn, K(t, τ) is (n × n)−matrix
and

‖K(t, τ)‖ ≤ β

|t− τ |α
, 0 < α < 1.

Let C([0, T ], Rn) be a space of continuous functions x : [0, T ] → Rn with the norm ‖x‖1 =
maxt∈[0,T ] ‖x(t)‖, ‖x(t)‖ = maxi=1,n |xi(t)|.
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Solution (1),(2) is a function x(t) ∈ C([0, T ], Rn), continuously differentiable on (0, T ), which
satisfies the integro-differential equation (1) for all t ∈ [0, T ] and condition (2). The parametrization
method [1− 3] is used to study the two-point boundary value problem (1), (2). We divide the interval
[0, T ] evenly N and denote by MN this partition: MN= {t0 = 0 < t1 < ... < tN = T}, where
ts = sT

N . By xr(t) we denote the restriction of the function x(t) to the rth interval [tr−1, tr), i.e.
xr(t) = x(t), r = 1, N. From problem (1) – (2) we pass to the equivalent problem

dxr
dt

= A(t)xr +
N∑
j=1

∫ tj

tj−1

K(t, τ)xj(τ)dτ + f(t), t ∈ [tr−1, tr), (3)

Bx1(0) + C lim
t→T−0

xN (t) = d, (4)

lim
t→tp−0

xp(t) = xp+1(t), p = 1, N − 1. (5)

x[t] = (x1(t), x2(t), ..., xN (t)) is a solution of (3) - (5) at t ∈ [tr−1, tr), r = 1, N.
Entering the parameters λr=̂xr(tr−1), and on each rth interval, changing the function ur(t) =

xr(t)− λr, we obtain the boundary problem with parameters.

dur
dt

= A(t)ur +
N∑
j=1

∫ tj

tj−1

K(t, τ)(uj(τ) + λj)dτ + f(t), t ∈ [tr−1, tr), (6)

ur(tr−1) = 0, r = 1, N, (7)

Bλ1 + CλN + C lim
t→T−0

uN (t) = d, (8)

λp + lim
t→tp−0

up(t) = λp+1, p = 1, N − 1. (9)

A pair of (λ, u[t]) with elements λ = (λ1, λ2, ..., λN ) ∈ RnN , u[t] = (u1, u2, ..., uN ) ∈ C([0, T ],MN , RnN )
is a solution to problem (6)-(9). For fixed values of the parameters λ ∈ RnN , the system of functions
u[t] allows us to determine from special Cauchy problems for systems of integro-differential equations
(6), (7). Using the fundamental matrix X(t) of the differential equation dx

dt = A(t)x the combined
problem (6), (7) to the equivalent system of integral equations

ur(t) = X(τ)

∫ t

tr−1

X−1(τ1)A(τ1)dτ1λr+

+X(τ)

∫ t

tr−1

X−1(τ1)
N∑
j=1

∫ tj

tj−1

K(τ1, s)(uj(s) + λj)dsdτ1+

+X(t)

∫ t

tr−1

X−1(τ1)f(τ1)dτ1, t ∈ [tr−1, tr), r = 1, N. (10)

From left we multiply by K(t, τ) and then integrate
∫ tj
tj−1

, j = 1, N and adding we get the following
expression

Φ(∆N , u, t) =

∫ T

0
M(∆N , t, τ)Φ(∆N , u, τ)dτ +D(∆N , t)λ+ F (∆N , t), t ∈ [0, T ], (11)

where

Φ(∆N , u, t) =
N∑
j=1

∫ tj

tj−1

K(t, τ)uj(τ)dτ,

λ = (λ1, λ2, ..., λN ) ∈ RnN , D(∆N , t) = (Dr(∆N , t)), r = 1, N is continuous on [0, T ] matrix dimen-
sion n× nN :

Dr(∆N , t) =

∫ tr

tr−1

K(t, τ)X(τ)

∫ τ

tr−1

X−1(τ1)A(τ1)dτ1dτ+
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+

N∑
j=1

∫ tj

tj−1

K(t, τ)X(τ)

∫ τ

tj−1

X−1(τ1)

∫ tr

tr−1

K(τ1, s)dsdτ1dτ,

M(MN , t, τ) square matrix of dimension n on [0, T ] × [0, T ], is continuous in t ∈ [0, T ] and piecewise
continuous in τ ∈ [0, T ] :

M(∆N , t, τ) =

∫ tj

τ
K(t, τ1)X(τ1)dτ1X

−1(τ), t ∈ [0, T ], τ ∈ [tj−1, tj), j = 1, N,

F (∆N , t) ∈ C([0, T ], Rn) and

F (∆N , t) =
N∑
j=1

∫ tj

tj−1

K(t, τ)X(τ)

∫ τ

tj−1

X−1(τ1)f(τ1)dτ1dτ.

Lemma 1. Let Φ̃(∆N , u, t) – be a solution of the Fredholm integral equation of the second kind
(11). Then the system of functions ũ[t] = (ũ1(t), ũ2(t), ..., ũN (t)) with elements

ũr(t) = X(t)

∫ t

tr−1

X−1(τ1)A(τ1)dτ1λr+

+
N∑
j=1

X(t)

∫ t

tr−1

X−1(τ1)

∫ tj

tj−1

K(τ1, s)dsdτ1λj +X(t)

∫ t

tr−1

X−1(τ1)f(τ1)dτ1+

+X(t)

∫ t

tr−1

X−1(τ1)Φ̃(∆N , τ1)dτ1, t ∈ [tr−1, tr), r = 1, N

will be a solution to the special Cauchy problem (6), (7).
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We consider the following boundary value problem for Volterra integro-differential equation on
interval [0, T ]:

dx

dt
= A(t)x+

∫ t

0
K(t, τ)x(τ)dτ + f(t), x ∈ Rn, (1)

Bx(0) + Cx(T ) = d, (2)

where the (n × n)- matrices A(t),K(t, τ) are continuous on [0, T ], [0, T ] × [0, T ], respectively, and n-
vector function f(t) is continuous on [0, T ], B and C are (n× n) constants matrices, d ∈ Rn.

Let C([0, T ], Rn) be a space of continuous functions x : [0, T ]→ Rn with the norm
‖x‖1 = maxt∈[0,T ] ‖x(t)‖, ‖x(t)‖ = maxi=1,n |xi(t)|.
Solution to boundary value problem for Volterra integro-differential equation is a function x(t) ∈

C([0, T ], Rn), continuously differentiable on (0, T ), which satisfies the equation (1) for all t ∈ (0, T )
and condition (2).

The parametrization method [1 − 3] is used to study the two-point boundary value problem (1),
(2). Let h > 0, be a step - size that can be marked out exactly N(N = 1, 2, . . .) times in the interval
[0, T ], and consider the partition [0, T ) = ∪Nr=1[(r − 1)h, rh).

Let x(t) be a solution to the Volterra integro - differential equation (1) and xr(t) be its restrictions
to the subintervals [(r− 1)h, rh). Let x(t) be a solution to the Volterra integro - differential equation
(1) and xr(t) be its restrictions to the subintervals [(r − 1)h, rh). Then the system of N functions
x[t] = (x1(t), x2(t), ..., xN (t)) belongs to C([0, T ], Rn) and satisfies the system of Volterra integro -
differential equations

dxr
dt

= A(t)xr +
r−1∑
j=1

∫ tj

tj−1

K(t, τ)xj(τ)dτ+

+

∫ t

tr−1

K(t, τ)xr(τ)dτ + f(t), t ∈ [(r − 1)h, rh), r = 1, N, (3)

with boundary condition
Bx1(0) + C lim

t→T−0
xN (t) = d, (4)

and continuity conditions
lim

t→sh−0
xs(t) = xs+1(sh), s = 1, N − 1. (5)

If x(t) is a solution of problem (1), (2), then it is obvious that the set of restrictions (xr(t)), r = 1, N
is a solution of the multipoint problem (3) - (5). Conversely, if a set of vector functions x̃r(t), r = 1, N
is a solution of problem (3) - (5), then the function x̃ obtained by ”joining” the functions together is
a solution of the original boundary-value problem.
Let λr denote the value of xr(t) at the point t = (r − 1)h. In each interval [(r − 1)h, rh), make the
substitution ur(t) = xr(t)− λr.

The result is a parametric boundary value problem for Volterra integro-differential equation

dur
dt

= A(t)ur +A(t)λr +
N−1∑
j=1

∫ jh

(j−1)h
K(t, τ)[uj(τ) + λj ]dτ+
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+

∫ t

(r−1)h
K(t, τ)[ur(τ) + λr]dτ + f(t), t ∈ [(r − 1)h, rh), r = 1, N, (6)

with
ur[(r − 1)h] = 0, r = 1, N, (7)

Bλ1 + CλN + C lim
t→T−0

uN (t) = d, (8)

λs + lim
t→sh−0

us(t) = λs+1, s = 1, N − 1. (9)

Cauchy problem (6), (7) is equivalent to an integral equation

ur(t) = Dr(t)λr +
r−1∑
j=1

D̃j,r(t)λj +Gr(t, ur) +
r−1∑
j=1

G̃j,r(t, uj) + Fr(t), (10)

where t ∈ [(r − 1)h, rh), r = 1, N,

Dr(t) =

∫ t

(r−1)h
[A(τ) +

∫ τ

(r−1)h
K(τ, τ1)dτ1]dτ, j = 1, N − 1,

D̃j,r(t) =

∫ t

(r−1)h

∫ jh

(j−1)h
K(τ, τ1)dτ1dτ, j = 1, N − 1,

Gr(t, ur) =

∫ t

(r−1)h
A(τ)ur(τ)dτ +

∫ t

(r−1)h

∫ τ

(r−1)h
K(τ, τ1)ur(τ1)dτ1dτ,

G̃j,r(t, uj) =

∫ t

(r−1)h

∫ jh

(j−1)h
K(τ, τ1)uj(τ1)dτ1dτ, j = 1, N − 1,

Fr(t) =

∫ t

(r−1)h
f(t)dτ.

We define from (10) the left-side limits of the function ur(t) for t→ rh− 0, r = 1, N and substituting
its into relations (8), (9), we obtain a system of linear algebraic equations with respect to parameter
λ:

Bλ1 + CλN + CDN (T )λN + C
N−1∑
j=1

D̃j,N (T )λj =

= −CGN (T, uN )− C
N−1∑
j=1

G̃j,N (T, uj)− CFN (T ) + d, (11)

[I +Ds(sh)]λs − λs+1 +
s−1∑
j=1

D̃j,s(sh)λj =

= −Gs(sh, us)−
s−1∑
j=1

G̃j,s(sh, uj)− Fs(sh), s = 1, N − 1. (12)

We rewrite the system of equations (11), (12) in vector matrix form:

Q(N)λ = −G(N, u)− F (N). (13)

We proposed an algorithm for finding a solution to the problem (6)-(9).
On each step of algorithm:
1) we solve the special Cauchy problem for integro-differential equations (6), (7) for fixed param-

eters .
2) we solve the system of linear algebraic equations (13) for known values of the functions ur(t),

r = 1, N.
The conditions of convergence algorithm are established. Conditions for the existence and unique-

ness of the solution to the problem (1), (2) are obtained in the terms of matrix Q(N), A(t) and
T .
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We consider on the domain Ω = [0, T ] × [0, ω] the following initial multi-point boundary value
problem for system of fourth order partial differential equations

∂4u

∂t3∂x
= A1(t, x)

∂3u

∂t3
+A2(t, x)

∂3u

∂t2∂x
+A3(t, x)

∂2u

∂t2
+A4(t, x)

∂2u

∂t∂x
+

+A5(t, x)
∂u

∂t
+A6(t, x)

∂u

∂x
+A7(t, x)u+ f(t, x), (1)

u(0, t) = ϕ1(x), x ∈ [0, ω], (2)

∂u(t, x)

∂t
|t=0 = ϕ2(x), x ∈ [0, ω], (3)

∂2u(t, x)

∂t2
|t=0 = ϕ3(x), x ∈ [0, ω], (4)

m∑
j=0

Pj(t)
∂2u(t, x)

∂t2
|x=xj = ψ(t), t ∈ [0, T ], (5)

where u(t, x) = col(u1(t, x), ..., un(t, x)) is unknown function, the n × n matrices Ai(t, x), (i = 1, 7),
and n vector–function f(t, x) are continuous on Ω; the n×n - matrices Pj(t), (j = 0,m) and n vector–
function ψ(t) are continuously differentiable on [0, T ]; the n vector–functions ϕ1(x), ϕ2(x) and ϕ3(x)
are continuous on [0, ω].

The compatibility conditions are valid:
m∑
j=0

Pj(0)ϕ3(xj) = ψ(0).

Let C(Ω,Rn) be the space of continuous on Ω vector functions u(t, x) with the norm

||u||0 = max
(t,x)∈Ω

||u(t, x)||, ||u(t, x)|| = max
i=1,n

|ui(t, x)|.

The work is supported by the grant project AP 05131220 (2018-2020) from the Ministry of Science and Education
of the Republic of Kazakhstan.
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A function u(t, x) ∈ C(Ω,Rn) having partial derivatives ∂u(t,x)
∂t ∈ C(Ω,Rn), ∂u(t,x)

∂x ∈ C(Ω,Rn),
∂2u(t,x)
∂t∂x ∈ C(Ω,Rn), ∂

2u(t,x)
∂t2

∈ C(Ω,Rn), ∂
3u(t,x)
∂t2∂x

∈ C(Ω,Rn), ∂
3u(t,x)
∂t3

∈ C(Ω,Rn), ∂
4u(t,x)
∂t3∂x

∈ C(Ω,Rn),
is called a classical solution to problem (1)–(5) if it satisfies system (1) for all (t, x) ∈ Ω, and the initial
and the boundary conditions (2)–(5).

Partial differential equations of higher order are widely used in various problems of natural science
and technology [1-2].

In present communication, we study the questions for the existence and uniqueness of classical
solution to a multi-point boundary value problem for system of partial differential equations of fourth
order. We also construct the method for finding an approximate solution to this problem.

By introducing new unknown functions [4],[6] problem (1)–(5) is reduced to a multi-point boundary
value problem for the system of hyperbolic equations of second order with functional parameters
and integral relations. We offer the algorithm for finding the approximate solution to the problem
considered and prove its convergence.

The unique solvability of problem (1) – (5) is established in terms of initial data.
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This paper considers the problem of estimating a certain observed amount of traffic flow in a given
link of a transport network for a short-term forecast. Our aim is to evaluate the changes in the flow at
the road section over time. We treat the link flow as the probability of vehicles being generated in unit
time. The value is not the exact proportion of the vehicles arrived, but represents some properties of
traffic flow in the given link. The link flow estimation problem will be formulated as follows:

• Given data going back and sampled every period of time, can we predict the link flow Fi,t+m
the near future (at time t + m) based on historical data? Fi, tis the flow rate on the link i at
time t.

Our dataset is a time series data, with a time series being a sequence of observations taken se-
quentially in time [1]. There are two key issues when time series are used for flow estimation:

• The time series analysis requires the process to be stationary. However, the traffic flow is
dynamically changing.

• The spatial characteristics of the time series data are not taken into account in the classical
methods [2].However, when we consider sequential data it is important to consider a more deep
representation of features.

These issues can be solved by a hybrid model of RNN and CNN, which is presented in our study. In
this study, three models of deep neural networks were trained and tested on a simulator, as well as a
fully connected feed-forward network (FCNN). We consider FCNN as our baseline. The first model
is based on the Recurrent Neural Network (RNN). We consider our dataset as a sequence in time.
To process data using simple networks, we need to process the entire sequence at once. However, the
RNN has an internal loop that allows you to remember the states and reuse the values calculated in
the previous state (iteration).
GRU has a update and reset gates. An update gate zjt decides how much the past state effect on
current state and computed by the following formula:

zjt = σ(Wzxt + Uzht−1)j (1)

The reset gate calculating as following:

rjt = σ(Wrxt + Urht−1)j (2)

The activation hjt of the GRU at time t is a linear interpolation between the previous activation
hjt−1 and the updated value activation ĥjt :

hjt = (1− zjt )h
j
t − 1 + zjt ĥ

j
t (3)

This procedure of taking a linear sum between the existing state and the newly computed state.
The candidate activation ĥjt is computed as following:

ĥjt = tanh(Wxt + U(rt
⊙

ht−1))j (4)

This work was supported by Satbayev University under the program ”Software development for 3D modeling, online
monitoring and prediction of the air contamination level in urban and industrial areas” no.BRO05236316.
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where rt is a set of reset gates.

CNN is a type of neural network with specific architecture that considers and treats input data as
spatial. The main difference of CNN from the fully-connected network is in structure, where neurons
only connected to nearest neurons and all have the same weight, instead of connecting to every neuron
in the previous layer. CNN has a very high performance in solving computer vision problems since
the architecture of this network allows to develop an internal representation of a two-dimensional
image. This allows the model to learn position and scale in variant structures in the data, which is
important when working with images. We used this feature of CNN to process sequence data and
find ordered relationship in the time steps of a time series. CNN is considered a cheaper alternative
model of RNN for time series forecasting problems.

Classical CNN has the following stacked layers:

• convolutional :

ckj =
∑
i

xk−1
i ∗ wkij + bkj (5)

• activation

xkj = θ(cki ) (6)

• pooling

xk+1
j = pooling(xkj ) (7)

where xk−1
i is an input, k is an engaged layer

A 1D CNN is a modified version of CNN where convolutional hidden layer operates with a 1D
sequence. It is very effective when you expect to derive informative features from fixed-length segments
of the overall dataset. The main difference between classical 2D CNN and 1D is in the input data
dimension and how the filter passes through the data. The recent studies [4756] show that for certain
applications including analysis of time sequences of sensor data, analysis of the audio signals 1D CNNs
outperform 2D counterparts due to the following reasons:

• lower computational complexity due to dimensionality reduction

• relatively shallow architecture easier to train

The third model consists of CNN and RNN modules, where the first part serves as data
conversion for the input of the second module. For the input This approach allows increasing the per-
formance of the model by preprocessing data with CNN and sensitivity to the order (sequence) of RNN.

For evaluation of the proposed models we use the Mean Squared Error (MSE):

MSE =
1

n

i=1∑
n

(Yi − Ŷi)2 (8)

where n - number of estimations, Yi - target value, Ŷi - predicted value.
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Currently, most of the major oil and gas fields produced have almost exhausted their oil capacity .
In this regard, there is a high interest in small ”preserved” deposits. Thanks to scientific and technical
progress, the labor intensity of extracting hydrocarbon raw materials from such fields has decreased
many times. But there are many difficulties with understanding the current state of the field during
the period of operation.

The direct task of gravimetry is to calculate the gravitational field on the Earth’s surface, taking
into account the known location and the composition of the inhomogeneity. To do this, we need
information about the geological and lithological structure of the field, that is , we need to know the
density distribution over the entire area under study. The formulation of the problem and the analysis
of the solution of the direct and inverse problem on model data were previously described in [1-2].

When working with real data, we decided to use graphical data on the geological and lithological
profile, which gives a fairly accurate representation of the density structure in the section. They were
obtained during the exploration of the oil field. To use this graphic data in our calculations for a
direct task, you must first process it and convert it to digital format.

We wrote a program in Python. It divides the original image into rectangular areas with the
necessary step. In each rectangle, we count the number of pixels of a particular color. Select the color
with the maximum number of pixels for the color of this rectangle. We run through all the cells in this
way. We are forming a matrix. From the dictionary, replace the density value corresponding to this
color. Thus, we get a density matrix in digital format, which is completely consistent with the format
of the solution of the direct problem. It is easily integrated into the overall program and facilitates
the entire process.

To date, results have already been obtained for solving a direct problem with real data. It is planned
to use our experience in solving the inverse problem of gravimetry and further implementation of the
GIS system in the framework of the project.
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We will introduce for consideration a class of continuously-differentiable at times t and bounded
on a norm matrices Ξ.

Consider the problem of construction of a material system by given (n− s)-dimensional program
manifold Ω (t) ≡ ω(t, x) = 0, in the following form [1]:

ẋ = f (t, x)−B1(t)ξ, ξ = ϕ (t, σ) , σ = P T (t)ω, t ∈ I = [0, ∞) , (1)

where x ∈ Rn is a state vector of the object, f ∈ Rn is a vector-function, satisfying to conditions of
existence of a solution x(t) = 0, and B1 ∈ Ξn×r, P ∈ Ξs×r are matrices, ω ∈ Rs(s ≤ n) is a vector,
ξ ∈ Rr is a differentiable in all variables non-stationary vector-function, satisfying to conditions of
local quadratic connection

ϕ(t, 0) = 0 ∧ 0 < σTϕ(t, σ) ≤ σTK(t)σ, ∀ σ 6= 0, (2)

K1 ≤
∂ϕ(t, σ)

∂σ
≤ K2, , [K(t) = KT (t) >> 0] ∈ Ξr×r Ki = KT

i > 0.

This problem reduce to investigation of quality properties of the following system with respect to
vector-function ω [2, 3]:

ω̇ = −A(t)ω −B(t)ξ, ξ = ϕ (t, σ) , σ = P T (t)ω, t ∈ I = [0, ∞) . (3)

Here nonlinearity satisfies also to generalized conditions (2), and F (t, x, ω) = −A(t)ω, A ∈

Ξs×s, H(t) =
∂ω

∂x
, B(t) = H(t)B1(t).

The reviews of the works devoted to the construction of autonomous and non-autonomous auto-
matic control systems on the given program manifold possessing of quality properties and to solving
of various inverse problems of dynamics were shown (see [3]-[8]).

Statement of the Problem. To get the condition of absolute stability of a program manifold
Ω(t) of the non-autonomous indirect control systems with non-stationary nonlinearity in relation to
the given vector-function ω.

Theorem 1. Suppose that there exist matrices L = LT > 0,
β = diag (β1, . . . , βr) > 0, non-autonomous non-linear function ϕ(t, σ) satisfies the conditions (2) and
−V̇ |(3) = W .

Then in order that, the program manyfold Ω (t) with respect to the vector function ω will satisfy to
inequalities

λ1‖z(t0)‖exp[α1(t− t0)] ≤ ‖z(t)‖ ≤ λ2‖z(t0)‖exp[α2(t− t0)],

it is sufficient performing of the following conditions

l1(‖z‖2 ≤ V ≤ l2(‖z‖2, g1(‖z‖2 ≤W ≤ g2(‖z‖2, (4)

where z(t0) = ‖ω(t0) ξ(t0)‖T , z(t) = ‖ω(t) ξ(t)‖T and λ1, λ2, α1, α2, l1, l2, g1, g2 are positive constants.

This results are supported by grant of the Ministry education and science of Republic Kazakhstan No. AP 05131369
for 2018-2020 years.
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Èçó÷åíèå íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ñòåðæíåâûõ êîíñòðóêöèé ñ ó÷åòîì âëèÿ-
íèÿ òåìïåðàòóðû ÿâëÿåòñÿ àêòóàëüíî íàó÷íî-òåõíè÷åñêîé ïðîáëåìîé, òåñíî ñâÿçàííîé ñ îáåñïå÷å-
íèåì ïðî÷íîñòè è íàäåæíîñòè ïðè èõ ýêñïëóàòàöèè. Çäåñü, ñ èñïîëüçîâàíèåì ìîäåëè íåñâÿçàííîé
òåðìîóïðóãîñòè, èññëåäóåòñÿ òåðìîäèíàìèêà òåðìîóïðóãîãî ñòåðæíÿ, êîòîðûé õàðàêòåðèçóåòñÿ
ëèíåéíîé ïëîòíîñòüþ, ñêîðîñòüþ ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí â ñòåðæíå è òåðìîóïðóãîé êîí-
ñòàíòîé. Èññëåäóþòñÿ ïðîäîëüíûå ïåðåìåùåíèÿ ñå÷åíèé ñòåðæíÿ è òåìïåðàòóðíîå ïîëå, êîòîðûå
îïèñûâàþòñÿ ñèñòåìîé ãèïåðáîëî-ïàðàáîëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà òåîðèè òåìïåðà-
òóðíûõ íàïðÿæåíèé [1,2]. Â ðàáîòå [3] ïîñòðîåí òåíçîð Ãðèíà U ji (x, t) ãäå (i, j = 1, 2) óðàâíåíèé
òåîðèè òåìïåðàòóðíûõ íàïðÿæåíèé, ïðîâåäåíà åãî ðåãóëÿðèçàöèÿ, íà îñíîâå êîòîðîé ïîñòðîåí
îðèãèíàë ýòîãî òåíçîðà â èñõîäíîì ïðîñòðàíñòâå âðåìåíè, ÷òî íå óäàåòñÿ â ñëó÷àå ìîäåëè ñâÿ-
çàííîé òåðìîóïðóãîñòè. Çäåñü, íà îñíîâå ìåòîäà Âëàäèìèðîâà Â.Ñ. [4,5], ñ èñïîëüçîâàíèåì ýòîãî
òåíçîðà, ïîñòðîåíî ðåøåíèå ïðîñòðàíñòâåííî-îäíîìåðíîé òåðìîäèíàìè÷åñêîé çàäà÷è Êîøè äëÿ
òåðìîóïðóãîãî ñòåðæíÿ ïðè äåéñòâèè íåñòàöèîíàðíûõ ñèëîâûõ è òåïëîâûõ èñòî÷íèêîâ ðàçëè÷íî-
ãî âèäà â ïðîñòðàíñòâå îáîáùåííûõ âåêòîð-ôóíêöèé ìåäëåííîãî ðîñòà, êîòîðîå èìååò âèä cóììû
ñâåðòîê :

: Ðàáîòà ïîääåðæàíà ãðàíòîì AP05132272 ÊÍ ÌÎÍ ÐÊ
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û(x, t) = u(x, t)H(t) = Û1
1 (x, t) ∗

x,t
F̂∆1(x, t) + Û2

1 (x, t) ∗
x,t
F̂∆2(x, t) =

= Û1
1 (x, t) ∗

x,t
F1(x, t)H(t) + Û1

1 (x, t) ∗
x
v0(x) + ∂

∂t Û
1
1 (x, t) ∗

x
u0(x)+

+Û2
1 (x, t) ∗

x,t
F2(x, t)H(t) + Û2

1 (x, t) ∗
x
k−1θ0(x)

θ̂(x, t) = θ(x, t)H(t) = Û1
2 (x, t) ∗

x,t
F̂∆1(x, t) + Û2

2 (x, t) ∗
x,t
F̂∆2(x, t) =

= Û1
2 (x, t) ∗

x,t
F1(x, t)H(t) + Û1

2 (x, t) ∗
x
v0(x) + ∂

∂t Û
1
2 (x, t) ∗

x
u0(x)+

+Û2
2 (x, t) ∗

x,t
F2(x, t)H(t) + Û2

2 (x, t) ∗
x
k−1θ0(x)

ãäå u(x, t) ïðîäîëüíûå ïåðåìåùåíèÿ ñòåðæíÿ, θ(x, t) åãî òåìïåðàòóðà, u0(x) = u(x, 0), ν0(x) =
u,t(x, 0), θ0(x) = θ(x, 0) , Fj(x, t) ïëîòíîñòü ñèëîâûõ è òåïëîâûõ èñòî÷íèêîâ ãäå (i, j = 1, 2). Çäåñü
îáîçíà÷åíèå ïîä çíàêîì ñâåðòêè óêàçûâàåò ïåðåìåííûå, ïî êîòîðûì îíè áåðóòñÿ. Äàíî ðåãóëÿð-
íîå èíòåãðàëüíîå ïðåäñòàâëåíèå îáîáùåííîãî ðåøåíèÿ êðàåâîé çàäà÷è, êîòîðîå äàåò êëàññè÷åñêîå
àíàëèòè÷åñêîå ðåøåíèå. Ïðèâåäåíû ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ, èëëþñòðèðóþùèå òåð-
ìîíàïðÿæåííîå ñîñòîÿíèå ñòåðæíÿ ïðè ðàçíûõ òåïëîâûõ è ñèëîâûõ âîçäåéñòâèÿõ.
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Èññëåäóåòñÿ îáðàòíàÿ çàäà÷à îïðåäåëåíèÿ ïðàâîé ÷àñòè êâàçèëèíåéíîãî óðàâíåíèÿ ñîáîëåâ-
ñêîãî òèïà ñ èíòåãðàëüíûì óñëîâèåì ïåðåîïðåäåëåíèÿ. Ìåòîäîì Ãàëåðêèíà äîêàçàíû ñóùåñòâî-
âàíèå ëîêàëüíîãî ïî âðåìåíè ðåøåíèé îáðàòíîé çàäà÷è è åäèíñòâåííîñòü ðåøåíèÿ. Ïîëó÷åíû
äîñòàòî÷íûå óñëîâèÿ ðàçðóøåíèÿ (âçðûâà) ëîêàëüíîãî ðåøåíèÿ çà êîíå÷íîå âðåìÿ â îãðàíè-
÷åííîé îáëàñòè ñ îäíîðîäíûì óñëîâèåì Äèðèõëå íà åå ãðàíèöå. Èññëåäîâàíî àñèìïòîòè÷åñêîå
ïîâåäåíèå ðåøåíèé îáðàòíîé çàäà÷è ïðè áîëüøèõ çíà÷åíèÿõ âðåìåíè T .

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ãðàíò
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Â íàñòîÿùåé ðàáîòå íåèçâåñòíûì ïàðàìåòðîì ÿâëÿåòñÿ êîýôôèöèåíò ïðàâîé ÷àñòè, çàâèñÿ-
ùèé îò âðåìåííîé ïåðåìåííîé. Ïîäîáíûå çàäà÷è èçó÷àëèñü â ðàáîòàõ [1]-[9], íî íå äëÿ íåëèíåé-
íîãî óðàâíåíèÿ ñîáîëåâñêîãî òèïà. Â ÷àñòíîñòè, ðàçðåøèìîñòü îáðàòíûõ çàäà÷ ñ ëîêàëüíûìè è
íåëîêàëüíûìè óñëîâèÿìè ïåðåîïðåäåëåíèÿ äëÿ óðàâíåíèé ñîáîëåâñêîãî òèïà áûëà èññëåäîâàíà
âî ìíîãèõ ðàáîòàõ [7]-[15] è â ðÿäå äðóãèõ. Ñëåäóåò îòìåòèòü ÷òî â ðàáîòàõ [16]-[18] ðàññìîòðåí
øèðîêèé êëàññ ïðÿìûõ çàäà÷ äëÿ íåëèíåéíûõ óðàâíåíèé ñîáîëåâñêîãî òèïà.

Ïóñòü Ω åñòü îãðàíè÷åííàÿ îáëàñòü ïðîñòðàíñòâà RN , N ≥ 1 ñ äîñòàòî÷íî ãëàäêîé ãðàíèöåé
Γ, QT -öèëèíäð Ω × (0, T ) êîíå÷íîé âûñîòû T , S = Γ × (0, T ). Ïóñòü b(x, t), h(x), u0(x), ϕ(t)
çàäàííûå ôóíêöèè à χ, β ïîëîæèòåëüíûå êîíñòàíòû. Ðàññìîòðèì â öèëèíäðåQT îáðàòíóþ çàäà÷ó
îïðåäåëåíèè íåèçâåñòíîé ïðàâîé ÷àñòè f(t) óðàâíåíèÿ ñîáîëåâñêîãî òèïà

ut − χ∆ut −∆u = b(x, t)|u|β−2u+ f(t)h(x), (1)

u(x, 0) = u0(x), (2)

u|S = 0, (3)∫
Ω
u(x, t) · h(x)dx = ϕ(t). (4)
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Â ðàáîòå èññëåäóåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ ïñåâäîïàðà-
áîëè÷åñêîãî òèïà ñ íåëèíåéíûì ãðàíè÷íûì óñëîâèåì Íåéìàíà-Äèðèõëå. Ñ ôèçè÷åñêîé òî÷êè
çðåíèÿ ðàññìàòðèâàåìàÿ íàìè íà÷àëüíî-êðàåâàÿ çàäà÷à, ÿâëÿåòñÿ ìàòåìàòè÷åñêèì ìîäåëüþ êâà-
çèñòàöèîíàðíûõ ïðîöåññîâ â ïîëóïðîâîäíèêàõ è ìàãíåòèêàõ ïðè ó÷åòå ñàìûõ ðàçíîîáðàçíûõ
ôèçè÷åñêèõ ôàêòîðîâ. Ìåòîäîì Ãàëåðêèíà äîêàçûâàåòñÿ ñóùåñòâîâàíèå ñëàáîãî ðåøåíèÿ ïñåâ-
äîïàðàáîëè÷åñêîãî óðàâíåíèÿ â îãðàíè÷åííîé îáëàñòè. Èñïîëüçîâàíèå Ãàëåðêèíñêèõ ïðèáëèæå-
íèé ïîçâîëÿåò ïîëó÷èòü îöåíêó ñâåðõó âðåìåíè ñóùåñòâîâàíèÿ ðåøåíèÿ. Èñïîëüçîâàíèå òåîðåì
âëîæåíèÿ Ñîáîëåâà, ïîëó÷åíû àïðèîðíûå îöåíêè ðåøåíèÿ. Åäèíñòâåííîñòü ñëàáîãî îáîáùåí-
íîãî ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è êâàçèëèíåéíîé óðàâíåíèé ïñåâäîïàðàáîëè÷åñêîãî òèïà
äîêàçûâàåòñÿ íà îñíîâå àïðèîðíûõ îöåíîê. Îñîáîå ìåñòî â òåîðèè íåëèíåéíûõ óðàâíåíèé çàíè-
ìàåò êðóã èññëåäîâàíèé íåîãðàíè÷åííûõ ðåøåíèé, èëè, êàê èõ ïî-äðóãîìó íàçûâàþò, ðåæèìîâ ñ
îáîñòðåíèåì. Íåëèíåéíûå ýâîëþöèîííûå çàäà÷è, äîïóñêàþùèå íåîãðàíè÷åííûå ðåøåíèÿ, ÿâëÿ-
þòñÿ ãëîáàëüíî íåðàçðåøèìûìè: ðåøåíèÿ íåîãðàíè÷åííî âîçðàñòàþò â òå÷åíèå êîíå÷íîãî ïðî-
ìåæóòêà âðåìåíè. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ðàçðóøåíèÿ åãî ðåøåíèÿ çà êîíå÷íîå âðåìÿ â
îãðàíè÷åííîé îáëàñòè ñ íåëèíåéíûì ãðàíè÷íûì óñëîâèåì Íåéìàíà-Äèðèõëå.

Ïåðâûì ñòðîãèì ìàòåìàòè÷åñêèì èññëåäîâàíèåì çàäà÷ äëÿ óðàâíåíèé, íå ÿâëÿþùèõñÿ óðàâ-
íåíèÿìè òèïà Êîøè-Êîâàëåâñêîé, ÿâëÿåòñÿ ïèîíåðñêàÿ ðàáîòà Ñ.Ë.Ñîáîëåâà [1]. Ýòà æå ðàáîòà
ïðîáóäèëà áîëüøîé èíòåðåñ ê èññëåäîâàíèþ íåêëàññè÷åñêèõ óðàâíåíèé, íàçâàííûõ óðàâíåíèÿ-
ìè ñîáîëåâñêîãî òèïà. Èññëåäîâàíèå çàäà÷ äëÿ ïñåâäîïàðàáîëè÷åñêîãî òèïà íà÷àëîñü â êîíöå

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ãðàíò
AP05132041

Institute of Mathemitics and Mathematical Modeling. Almaty, 2020



150 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2020

1970-õ ãîäàõ. Èçó÷åíèþ íåëèíåéíûõ óðàâíåíèé ïñåâäîïàðàáîëè÷åñêîãî òèïà ïîñâÿùåíî áîëüøîå
êîëè÷åñòâî ðàáîò [2]-[16].

Ðàññìîòðèì â öèëèíäðå QT = {(x, t) : x ∈ Ω, t ∈ (0, T )} íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ
ïñåâäîïàðàáîëè÷åñêîãî óðàâíåíèÿ

∂

∂t
(u− χ∆u)− (a0 + a1‖u‖2q−2

2,Ω )∆u = b(x, t)|u|p−2u+ f(x, t), (1)

ñ íåëèíåéíûì ãðàíè÷íûì óñëîâèåì

∂u

∂n
+K(x, t)|u|σ−2u

∣∣∣∣
Γ

= 0, Γ = ∂Ω× (0, T ), (2)

ñ íà÷àëüíûì óñëîâèåì
u(x, 0) = u0(x). (3)

Çäåñü Ω ⊂ Rn, n ≥ 1 îãðàíè÷åííàÿ îáëàñòü, ãðàíèöà ∂Ω äîñòàòî÷íî ãëàäêàÿ, p, q è σ ïîëî-
æèòåëüíûå êîíñòàíòû.
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Òåðìîäèíàìèêà ñòåðæíåâûõ êîíñòðóêöèé îòíîñèòñÿ ê ÷èñëó âåñüìà àêòóàëüíûõ íàó÷íî-
òåõíè÷åñêèõ ïðîáëåì, òåñíî ñâÿçàííûõ ñ çàïðîñàìè ìàøèíîñòðîåíèÿ è ñòðîèòåëüñòâà ðàçíîîáðàç-
íûõ íàçåìíûõ è ïîäçåìíûõ ñîîðóæåíèé. Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè òåðìîäèíàìè÷å-
ñêèõ ïðîöåññîâ â ñòåðæíÿõ âîçíèêàþò ðàçëè÷íûå êðàåâûå çàäà÷è äëÿ ñèñòåìû äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñìåøàííîãî ãèïåðáîëî-ïàðàáîëè÷åñêîãî òèïà, â êîòîðûõ òåïëîâûå ïîëÿ ñâÿçàíû ñ
óïðóãèìè äåôîðìàöèÿìè è íàîáîðîò. Ïðè ýòîì âîçíèêàþò çàäà÷è, êîãäà íà ðàçíûõ êîíöàõ ñòåðæ-
íÿ èçâåñòíûìè ÿâëÿþòñÿ ðàçëè÷íûå õàðàêòåðèñòèêè ïðîöåññà, íåîáõîäèìûå äëÿ îïðåäåëåíèÿ åãî
òåðìîíàïðÿæåííîãî ñîñòîÿíèÿ (ïåðåìåùåíèÿ, äåôîðìàöèè, íàïðÿæåíèÿ, òåìïåðàòóðà, òåïëîâûå
ïîòîêè). Êðàåâûå çàäà÷è ïðè îäíîòèïíîì ñèììåòðè÷íîì âèäå êðàåâûõ óñëîâèé íà êîíöàõ ñòåðæ-
íÿ íàçûâàþò ïðÿìûìè. Â ñëó÷àå æå, êîãäà êðàåâûå óñëîâèÿ ðàçíûå, íî ÷èñëî èõ îäèíàêîâî, èìååì
êëàññ ïîëóîáðàòíûõ çàäà÷.

×àñòî ïðè ðåøåíèè ïðàêòè÷åñêèõ çàäà÷ èçâåñòíû íà îäíîì êîíöå ñòåðæíÿ âñå óïðóãèå è
òåïëîâûå õàðàêòåðèñòèêè (èõ ìîæíî èçìåðèòü), à íà äðóãîì êîíöå íè îäíà íåèçâåñòíà, ëèáî
èçâåñòíà ëèøü îäíà èç íèõ, è íóæíî îïðåäåëèòü òåðìîíàïðÿæåííîå ñîñòîÿíèå ñòåðæíÿ. Òàêèå
êðàåâûå çàäà÷è íàçûâàþò îáðàòíûìè.

Â ÷àñòíîñòè, çäåñü ðàññìîòðåíû äâå êðàåâûå çàäà÷è ñòàöèîíàðíûõ êîëåáàíèé ñ ïîñòîÿííîé
÷àñòîòîé.

Ê ð à å â à ÿ ç à ä à ÷ à 1. Èçâåñòíûå ïåðåìåùåíèÿ, íàïðÿæåíèÿ, òåìïåðàòóðà è òåïëîâîé
ïîòîê íà ëåâîì êîíöå x = x1:

u (x1, t) = w1 exp (−iωt) , σ (x1, t) = ρc2p1 exp (−iωt) ,
θ(x1, t) = θ1 exp(−iωt), θ,x (x1, t) = q1 exp(−iωt);

Íóæíî îïðåäåëèòü ýòè õàðàêòåðèñòèêè ïðîöåññà íà ïðàâîì êîíöå ñòåðæíÿ x = x2:
Ê ð à å â à ÿ ç à ä à ÷ à 2. Èçâåñòíûå ïåðåìåùåíèÿ, íàïðÿæåíèÿ, òåìïåðàòóðà è òåïëîâîé

ïîòîê íà ëåâîì êîíöå x = x1:

u (x1, t) = w1 exp (−iωt) , θ(x1, t) = θ1 exp(−iωt), σ (x1, t) = ρc2p1 exp (−iωt) ,
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Îïðåäåëèòü òåìïåðàòóðó íà äðóãîì êîíöå x = x2: θ(x2, t)
Äëÿ ðåøåíèÿ ýòèõ çàäà÷ èñïîëüçîâàëàñü ïðîñòðàíñòâåííî îäíîìåðíàÿ ìîäåëü ñâÿçàííîé òåð-

ìîóïðóãîñòè [1,2], äëÿ êîòîðîé äëÿ ñòåðæíåâûõ êîíñòðóêöèé â ðàáîòå [3] ïîñòðîåíà ñèñòåìà ëè-
íåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé, ñâÿçûâàþùàÿ ãðàíè÷íûå çíà÷åíèÿ ïåðåìåùåíèé è òåìïåðà-
òóðû è èõ ïðîèçâîäíûõ íà êîíöàõ ñòåðæíÿ. Â ðàáîòå [4] ðåøåí ðÿä ïðÿìûõ êðàåâûõ çàäà÷.
Çäåñü, ñ èñïîëüçîâàíèåì ýòîé ñèñòåìû, ïîñòðîåíà ðàçðåøàþùàÿ ñèñòåìà äëÿ ïîñòàâëåííûõ îá-
ðàòíûõ êðàåâûõ çàäà÷. Ïðîâåäåíà êîìïüþòåðíàÿ ðåàëèçàöèÿ â ñèñòåìå MathCad-14 ïðè íèçêî- è
âûñîêî÷àñòîòíûõ êîëåáàíèÿõ. Ðàñ÷åòû ïîêàçàëè âûñîêóþ òî÷íîñòü âû÷èñëåíèé. Ïîñêîëüêó ëþ-
áûå ïåðèîäè÷åñêèå êîëåáàíèÿ, ñòîëü ðàñïðîñòðàíåííûå íà ïðàêòèêå, ìîæíî ðàçëîæèòü â ðÿäû
Ôóðüå, è ðàñ÷åòû ïî êàæäîé ãàðìîíèêå ðÿäà ïðîâîäèòü ïî ðàçðàáîòàííîìó àëãîðèòìó, ýòà ìåòî-
äèêà ðàñ÷åòà ìîæåò èñïîëüçîâàòüñÿ äëÿ ìíîãèõ èíæåíåðíûõ çàäà÷. Ðàçðàáîòàííûå êîìïüþòåð-
íûå ïðîãðàììû ðàñ÷åòà òåìïåðàòóð, ïåðåìåùåíèé, äåôîðìàöèé è íàïðÿæåíèé âíóòðè ñòåðæíÿ
ïîçâîëÿþò îöåíèòü ïðî÷íîñòíûå ñâîéñòâà ñòåðæíåâûõ êîíñòðóêöèé, ðàáîòàþùèõ íà ïðîäîëü-
íûå ðàñøèðåíèÿ è ñæàòèÿ, äîïóñòèìûé äèàïàçîí ÷àñòîò êîëåáàíèé íàïðÿæåíèé è òåìïåðàòóð è
âíåøíèõ ñèëîâûõ âîçäåéñòâèé.
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Ñðåäè çàäà÷ äèíàìèêè ñïëîøíûõ ñðåä îñîáûé êëàññ ñîñòàâëÿþò òðàíñïîðòíûå çàäà÷è, ñâÿ-
çàííûå ñ äâèæóùèìèñÿ íàãðóçêàìè, ôîðìà êîòîðûõ íå ìåíÿåòñÿ ñ òå÷åíèåì âðåìåíè. Ïðè ýòîì
ñêîðîñòü èõ äâèæåíèÿ ñóùåñòâåííî âëèÿåò íà òèï äèôôåðåíöèàëüíûõ óðàâíåíèé, ïàðàìåòðè-
÷åñêè çàâèñÿùèõ îò îòíîøåíèÿ ñêîðîñòè äâèæåíèÿ íàãðóçêè ê ñêîðîñòÿì ðàñïðîñòðàíåíèÿ âîç-
ìóùåíèé â ñðåäå, êîòîðûõ ìîæåò áûòü íåñêîëüêî. Ñðåäè òðàíñïîðòíûõ íàãðóçîê îñîáîå ìåñòî
çàíèìàþò ñòàöèîíàðíûå, êîòîðûå äâèæóòñÿ ñ ïîñòîÿííîé ñêîðîñòüþ â ôèêñèðîâàííîì íàïðàâëå-
íèè. Ýòîò êëàññ çàäà÷ äàåò âîçìîæíîñòü èññëåäîâàòü äèôðàêöèîííûå ïðîöåññû â óïðóãîé ñðåäå
â àíàëèòè÷åñêîì âèäå â äîçâóêîâîì, òðàíñçâóêîâîì è ñâåðõçâóêîâîì ñëó÷àå. Îí î÷åíü âàæåí
äëÿ èçó÷åíèÿ âëèÿíèÿ äâèæóùåãîñÿ òðàíñïîðòà íà ïîäñòèëàþùóþ ïîâåðõíîñòü â îêðåñòíîñòè

Ðàáîòà ïîääåðæàíà ãðàíòîì ÀÐ05132272 ÊÍ ÌÎÍ ÐÊ.
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äâèæóùåãîñÿ òðàíñïîðòà, à òàêæå ãåíåðèðóåìîãî èì ñåéñìè÷åñêîãî âîçäåéñòâèÿ íà ðàñïîëîæåí-
íûå âáëèçè íåãî íàçåìíûå ñîîðóæåíèÿ. Â ðàáîòå íà îñíîâå îáîáùåííîãî ïðÿìîãî è îáðàòíîãî
ïðåîáðàçîâàíèÿ Ôóðüå è òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ïîñòðîåíû ôóíäàìåíòàëüíûå è
ðåãóëÿðíûå ðåøåíèÿ òðàíñïîðòíîé êðàåâîé çàäà÷è äëÿ àíèçîòðîïíîãî óïðóãîãî ïîëóïðîñòðàí-
ñòâà ïðè äâèæåíèè ïî åãî ïîâåðõíîñòè òðàíñïîðòíîé íàãðóçêè. Ðàññìîòðåí äîçâóêîâîé ñëó÷àé,
êîãäà ñêîðîñòü äâèæåíèÿ ìåíüøå ñêîðîñòè ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí. Ïîñòðîåí òåíçîð Ãðè-
íà ñòàöèîíàðíîé êðàåâîé çàäà÷è è íà åãî îñíîâå ðåøåíèå êðàåâîé çàäà÷è äëÿ øèðîêîãî êëàññà
ðàñïðåäåëåííûõè òðàíñïîðòíûõ íàãðóçîê.

Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì àíèçîòðîïíóþ óïðóãóþ ñðåäó, çàíèìàþùóþ ïîëóïðîñòðàíñòâî x1 > 0, îáîçíà÷èì
÷åðåç n(x) = (−1, 0, 0) - åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê åãî ãðàíèöå D = {x ∈ R3 : x1 =
0}. Ãðàíè÷íûå òðàíñïîðòíûå íàãðóçêè P (x, t) äâèæóòñÿ ñ ïîñòîÿííîé ñêîðîñòüþ c âäîëü îñè x3

ïðîòèâîïîëîæíî åå íàïðàâëåíèþ: P (x, t) = ρc2pk(x2, x3 + ct)ek. Êîìïîíåíòû òåíçîðà íàïðÿæåíèé
σij ñâÿçàíû ñ ïåðåìåùåíèÿìè çàêîíîì Ãóêà [1]:

σij(x, t) = Cmlij um,l(x, t) (1)

Çäåñü è âñþäó äàëåå ïî îäíîèìåííûì èíäåêñàì ïðîèçâîäÿòñÿ òåíçîðíûå ñâåðòêè. ×àñòíûå ïðî-
èçâîäíûå ïî ñîîòâåòñòâóþùåé êîîðäèíàòå îáîçíà÷àþòñÿ èíäåêñîì ïîñëå çàïÿòîé: ui,j = ∂ui/∂xj ,
δij - ñèìâîë Êðîíåêåðà, t ∈ (−∞,∞). Ðàññìàòðèâàåòñÿ óñòàíîâèâøååñÿ äâèæåíèå, ÷òî ïîçâîëÿåò
ïåðåéòè â ïîäâèæíóþ ñèñòåìó êîîðäèíàò, ñâÿçàííóþ ñ òðàíñïîðòíîé íàãðóçêîé. Îáîçíà÷èì íî-
âóþ ïîäâèæíóþ ñèñòåìó êîîðäèíàò ÷åðåç x

′
= (x1, x2, z), ãäå z = x3 + ct. Ïðåäïîëàãàåòñÿ, ÷òî

êîìïîíåíòû òðàíñïîðòíîé íàãðóçêè äîïóñêàþò ïðåîáðàçîâàíèå Ôóðüå.
Óðàâíåíèÿ äâèæåíèÿ äëÿ ïåðåìåùåíèé óïðóãîãî ïîëóïðîñòðàíñòâà â ïîäâèæíîé ñèñòåìå êî-

îðäèíàò îïèñûâàþòñÿ ñèñòåìîé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè
âòîðîãî ïîðÿäêà:

Lij(∂x1, ∂x2, ∂z)uj(x1, x2, z) = 0 (2)

Lij(∂x1, ∂x2, ∂z) = Cmlij ∂xm, ∂xl − δijρc2∂x3

Â àíèçîòðîïíîé óïðóãîé ñðåäå ñêîðîñòü ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí çàâèñèò îò íàïðàâëåíèÿ
ôðîíòà âîëíû [2]. Îáîçíà÷èì ÷åðåç c∗ ìèíèìàëüíóþ èç íèõ. Âîçìîæíû ðàçíûå ñëó÷àè äâèæåíèÿ
òðàíñïîðòíîé íàãðóçêè, â ÷àñòíîñòè: äîçâóêîâîé c < c∗ è ñâåðõçâóêîâîé c > c∗. Çäåñü ðàññìîò-
ðèì äîçâóêîâîé ñëó÷àé, õàðàêòåðíûé äëÿ òðàíñïîðòíûõ çàäà÷. Òðåáóåòñÿ íàéòè ðåøåíèå çàäà÷è,
óäîâëåòâîðÿþùåå óñëîâèþ çàòóõàíèÿ íà áåñêîíå÷íîñòè: u → 0, ïðè x1 → +∞ ëèáî z → ±∞ è
óñëîâèÿì èçëó÷åíèÿ, çàâèñÿùèì îò ñêîðîñòè.

Òåíçîð Ãðèíà êðàåâîé çàäà÷è Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ïîñòðîèì òåíçîð Ãðèíà
Π(x, z) êðàåâîé çàäà÷è â ïîäâèæíîé ñèñòåìå êîîðäèíàò, ñâÿçàííîé ñ òðàíñïîðòíîé íàãðóçêîé.
Äëÿ åãî îïðåäåëåíèÿ èìååì ñëåäóþùóþ êðàåâóþ çàäà÷ó.

Íàéòè òåíçîðíîå ðåøåíèå óðàâíåíèé (2):

Cmlij Πk
m,lj − ρc2Πk

i,zz = 0

â îáëàñòè x1 > 0, êîòîðîå äîëæíî óäîâëåòâîðÿòü óñëîâèþ çàòóõàíèÿ íà áåñêîíå÷íîñòè
Πi
j(x1, x2, z) → 0 ïðè ‖(x1, x2, z)‖ → 0. Ïîðîæäàåìûé èì òåíçîð íàïðÿæåíèé âû÷èñëÿåòñÿ íà

îñíîâå çàêîíà Ãóêà (1):

Σm
jk(x1, x2, z) = CiljkΠ

m
i,l = Sijk(∂x1, ∂x2, ∂z)Π

m
i (x1, x2, z)

Çäåñü ââåäåí òåíçîðíûé îïåðàòîð Sijk(∂x1, ∂x2, ∂z) = Ciljk∂l. Òåíçîð íàïðÿæåíèé äîëæåí óäîâëå-
òâîðÿòü ñëåäóþùèì ñèíãóëÿðíûì óñëîâèÿì íà ñâîáîäíîé ïîâåðõíîñòè x1 = 0:

Σm
j1 = Sijk(∂x1, ∂x2, ∂z)Π

m
i (x1, x2, z) = δmj δ(x2), δ(z),

ãäå δ(xj) - îáîáùåííàÿ ñèíãóëÿðíàÿ ôóíêöèÿ Äèðàêà. Âåðíà ñëåäóþùàÿ òåîðåìà.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2020



154 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2020

Òåîðåìà.
Òåíçîð Ãðèíà Π(x, z) äîçâóêîâîé òðàíñïîðòíîé êðàåâîé çàäà÷è äëÿ àíèçîòðîïíîãî óïðóãîãî

ïîëóïðîñòðàíñòâà èìååò ñëåäóþùåå èíòåãðàëüíîå ïðåäñòàâëåíèå:

Πm
i (x1, x2, z) = (2π)−2

∫
R2

3∑
j=1

dmi (η, ζ)
4j(η, ζ,m)

4(η, ζ,m)
exp(−iηx2 − iζz)dζdη

Ïðè c < cR âñå ïîäûíòåãðàëüíûå ôóíêöèè íåïðåðûâíû è ïðè x1 > 0 ýêñïîíåíöèàëüíî ñòðåìÿòñÿ

ê íóëþ ïî (η, ζ) íà áåñêîíå÷íîñòè. Ïîýòîìó èíòåãðàëû ñóùåñòâóþò è óäîâëåòâîðÿþò óñëîâèÿì
çàòóõàíèÿ íà áåñêîíå÷íîñòè. Äëÿ âû÷èñëåíèÿ íàïðÿæåíèé èñïîëüçóåì òåíçîð ôóíäàìåíòàëüíûõ
íàïðÿæåíèé Σm

jk, ïîðîæäàåìûé òåíçîðîì Ãðèíà äëÿ óïðóãîãî ïîëóïðîñòðàíñòâà:

Σm
jk = C lnjkΠ

m
l,n

è åãî íåïîëíóþ òðàíñôîðìàíòó Ôóðüå:

Σm
jk(x1, x2, z) = (2π)−2

∫
R2

Σ
m
jk(x1, η, ζ) exp(−i(ηx2 + ζz))dζdη

êîòîðûé îïèñûâàåò íàïðÿæåíèÿ â óïðóãîì ïîëóïðîñòðàíñòâå ïðè äâèæåíèè ñîñðåäîòî÷åííîé
ñèëû â íàïðàâëåíèè îñè z, íàïðàâëåííîé âäîëü îñè xm.

Íà îñíîâå ïîëó÷åííîãî òåíçîðà Ãðèíà êðàåâîé çàäà÷è äëÿ óïðóãîãî ïîëóïðîñòðàíñòâà, îïè-
ñûâàþùåãî äâèæåíèå ñîñðåäîòî÷åííîé íà îñè íàãðóçêè, äâèæóùåéñÿ ïî ïîâåðõíîñòè ïîëóïðî-
ñòðàíñòâà ïîñòðîåíî ðåøåíèå êðàåâîé çàäà÷è äëÿ ðàñïðåäåëåííûõ ïî ïîâåðõíîñòè òðàíñïîðòíûõ
íàãðóçîê. Ïðåäñòàâëåííîå ðåøåíèå ïîçâîëÿåò èññëåäîâàòü äèíàìèêó óïðóãîãî ìàññèâà ïðè äâè-
æåíèè ïî åãî ïîâåðõíîñòè òðàíñïîðòà ðàçëè÷íîãî íàçíà÷åíèÿ.
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Â èíæåíåðíîé ïðàêòèêå ïðè ðàñ÷åòàõ ðàññìàòðèâàþòñÿ, êàê ïðàâèëî, óïðóãî äåôîðìèðóåìûå
ýëåìåíòû òðóáîïðîâîäîâ. Âìåñòå ñ òåì, ñ ðîñòîì âíåøíèõ íàãðóçîê ìàòåðèàë òîëñòîñòåííîãî ýëå-
ìåíòà ïåðåõîäèò â óïðóãîïëàñòè÷åñêîå ñîñòîÿíèå. Áîëüøèíñòâî òðóáîïðîâîäîâ ýêñïëóàòèðóþòñÿ
ïðè äëèòåëüíîì äåéñòâèè ïîâûøåííûõ íàãðóçîê ñ àãðåññèâíûìè ðàáî÷èìè ñðåäàìè. Êîððîçèîí-
íîå âîçäåéñòâèå àãðåññèâíîé ïåðåêà÷èâàåìîé ñðåäû ïðèâîäèò ê ïîâðåæäåíèþ ìàòåðèàëà. Ïðîèñ-
õîäèò ðàçóïðî÷íåíèå ýëåìåíòà, ïðèâîäÿùåå ê ñóùåñòâåííîìó ñíèæåíèþ åãî ïðî÷íîñòè è íåñóùåé
ñïîñîáíîñòè, ïðåæäåâðåìåííîìó âûõîäó òðóáîïðîâîäà èç ñòðîÿ.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020



Annual International April Mathematical Conference – 2020 155

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ íàïðÿæåííîå ñîñòîÿíèå, ïðî÷íîñòü è íåñóùàÿ ñïîñîáíîñòü
óïðóãîïëàñòè÷åñêîãî ýëåìåíòà òîëñòîñòåííîãî òðóáîïðîâîäà â óñëîâèÿõ ñèëîâîãî è êîððîçèîííî-
ãî âîçäåéñòâèÿ, ïðèâîäÿùåãî ê ðàçóïðî÷íåíèþ ìàòåðèàëà â ïëàñòè÷åñêîé çîíå.

Ïîä äåéñòâèåì âíåøíèõ íàãðóçîê ìàòåðèàë ýëåìåíòà íàõîäèòñÿ â óïðóãîïëàñòè÷åñêîì ñîñòî-
ÿíèè. Êîððîçèîííîå âîçäåéñòâèå àãðåññèâíîé ðàáî÷åé ñðåäû ñîâìåñòíî ñ ïîâûøåííûìè ñòàòè÷å-
ñêèìè íàïðÿæåíèÿìè ïðèâîäèò ê ïîÿâëåíèþ â ïëàñòè÷åñêîé çîíå ýëåìåíòà ìíîæåñòâà äåôåêòîâ
è ìèêðîòðåùèí, â ðåçóëüòàòå ÷åãî ïîñòåïåííî ñíèæàåòñÿ ïðåäåë ïëàñòè÷íîñòè ìàòåðèàëà. Â ðàáî-
òå ñíèæåíèå ïðî÷íîñòíûõ ñâîéñòâ ìàòåðèàëà â ïðîöåññå íàãðóæåíèÿ âñëåäñòâèå íàêîïëåíèÿ ïî-
âðåæäåíèé è äåôåêòîâ ó÷èòûâàåòñÿ ÷åðåç ñïåöèàëüíóþ ôóíêöèþ ðàçóïðî÷íåíèÿ (ïëàñòè÷åñêîé
íåîäíîðîäíîñòè) K∗ = K∗(r, r0, θ, δ) â èñïîëüçóåìîì óñëîâèè ïëàñòè÷íîñòè Òðåñêà-Ñåí-Âåíàíà.
Çäåñü K∗ � êîýôôèöèåíò ñöåïëåíèÿ ìàòåðèàëà; r, θ � ïîëÿðíûå êîîðäèíàòû; r0, δ � îñåñèììåòðè÷-
íûé è íåîñåñèììåòðè÷íûé ïàðàìåòðû íàãðóæåíèÿ. Ïðè ýòîì ñàìà ïëàñòè÷åñêàÿ íåîäíîðîäíîñòü
ìåíÿåòñÿ â çàâèñèìîñòè îò çàäàííûõ ãðàíè÷íûõ óñëîâèé è ïîñòàíîâêè çàäà÷è [1].

Â îñåñèììåòðè÷íîì ñîñòîÿíèè òîëñòîñòåííîãî ýëåìåíòà ôóíêöèÿ ðàçóïðî÷íåíèÿ â ïëàñòè-
÷åñêîé çîíå K0

∗ çàâèñèò îò òåêóùåãî ðàäèóñà r è óïðóãîïëàñòè÷åñêîãî ðàäèóñà r0 : K0
∗ (r, r0) =

K∗(r, r0) = (K0 −K1)f(r, r0) + K1. Çäåñü K0 è K1 � çíà÷åíèå ïðî÷íîñòè ìàòåðèàëà íà âíóòðåí-
íåì êîíòóðå ýëåìåíòà a0 è íà ãðàíè÷íîì ðàäèóñå r0, f(r, r0) � íåêîòîðîå ÿäðî ñî ñâîéñòâàìè
f(a0, 1) = 1, f(r0, r0) = 0. Â êà÷åñòâå ÿäðà f(r, r0) ìîæíî ïðèíÿòü ÿäðî [2], õîðîøî îïèñûâàþùåå
ðàçóïðî÷íåíèå ìàòåðèàëà â ïðîöåññå íàãðóæåíèÿ. Îíî èìååò âèä (n � ïàðàìåòð íåëèíåéíîñòè,

a0 � âíóòðåííèé ðàäèóñ) f(r, r0) =
an0 (rn0 − rn)

rn(1− an0 )
.

Ðàññìîòðåíû îñåñèììåòðè÷íàÿ (ðàâíîìåðíîå âíåøíåå äàâëåíèå) è íåîñåñèììåòðè÷íàÿ (íåðàâ-
íîìåðíîå ïî êîíòóðó íàðóæíîå äàâëåíèå) óïðóãîïëàñòè÷åñêèå çàäà÷è â ïîñòàíîâêå ïëîñêîé äå-
ôîðìàöèè. Çàäà÷è ðåøåíû ìåòîäîì ñîâìåñòíîãî èñïîëüçîâàíèÿ ñòàòè÷åñêèõ è ôèçè÷åñêèõ óðàâ-
íåíèé äëÿ ðàññìàòðèâàåìîãî óïðóãîïëàñòè÷åñêîãî ìàòåðèàëà. Â íåîñåñèììåòðè÷íîé çàäà÷å ïðè-
ìåíåí ìåòîä âîçìóùåíèé â òåîðèè óïðóãîïëàñòè÷åñêîãî òåëà [3].

Äàíà îöåíêà ïðî÷íîñòè è íåñóùåé ñïîñîáíîñòè òîëñòîñòåííîãî ýëåìåíòà ïðè êîððîçèîííî-
ñèëîâîì âîçäåéñòâèè. Èçó÷åíû çàâèñèìîñòè ∆P = ∆P (r0) ìåæäó âåëè÷èíîé ðàâíîìåðíîãî äàâ-
ëåíèÿ ∆P = P0−P è ðàäèóñîì ïëàñòè÷åñêîé çîíû r0 ïðè ðàçëè÷íûõ ïàðàìåòðàõ a0, n, γ = K0/K1.
Âñå ýòè çàâèñèìîñòè èìåþò òî÷êè ìàêñèìóìà ñ àáñöèññîé r0 = r0 ≤ 1 âíóòðè ñòåíêè òðóáû, õàðàê-
òåðèçóþùèå ìîìåíò ïîòåðè åå íåñóùåé ñïîñîáíîñòè. Ñîîòâåòñòâóþùèå òî÷êå ìàêñèìóìà äàâëåíèå
∆P∗ è ðàäèóñ r∗ ÿâëÿþòñÿ ïðåäåëüíûìè äëÿ ðàçðóøåíèÿ òîëñòîñòåííîãî ýëåìåíòà. Ïîëó÷åííûå
ðåçóëüòàòû ìîãóò ñëóæèòü îáúÿñíåíèåì ÿâëåíèÿ ïðåæäåâðåìåííîãî ðàçðóøåíèÿ êîððîçèîííî
ïîâðåæäåííûõ ýëåìåíòîâ êîíñòðóêöèé.

Çàâèñèìîñòü ìåæäó âíåøíèìè íàãðóçêàìè P, P0 è ðàäèóñîì r0 îáîçíà÷èì êàê g(P, P0, r0) = 0.
Òîãäà ñóùåñòâîâàíèå òî÷êè ìàêñèìóìà íà èíòåðâàëå a0 < r0 < 1 âûðàæàåòñÿ â âèäå äîïîëíèòåëü-
íîãî óðàâíåíèÿ ∂g(P, P0, r0)/∂r0 = 0. Íåñóùàÿ ñïîñîáíîñòü ýëåìåíòà â îñåñèììåòðè÷íîì ñëó÷àå
îïðåäåëÿåòñÿ èç äâóõ óðàâíåíèé g = 0, ∂g/∂r0 = 0 : ñíà÷àëà íàõîäèì êðèòè÷åñêèé ðàäèóñ r∗, à
çàòåì êðèòè÷åñêèå íàãðóçêè, ïðè êîòîðûõ ýëåìåíò ðàçðóøàåòñÿ.

Â íåîñåñèììåòðè÷íîì ñëó÷àå óðàâíåíèå ãðàíèöû ïëàñòè÷åñêîé çîíû rs ïðèíèìàåò âèä rs =
r0(1 + δϕ(r0) cos 2θ). Çäåñü ϕ(r0) � àíàëèòè÷åñêîå âûðàæåíèå, ïîëó÷åííîå ïðè ðåøåíèè çàäà÷è.
Íåñóùàÿ ñïîñîáíîñòü ýëåìåíòà â íåîñåñèììåòðè÷íîì ñëó÷àå ìîæåò áûòü îïðåäåëåíà èç óðàâíå-
íèé r∗ = r0(1 + δϕ(r0)) è g = 0. Íàõîäèì ñíà÷àëà ðàäèóñ r∗, à çàòåì êðèòè÷åñêèå íàãðóçêè, ïðè
êîòîðûõ ïëàñòè÷åñêàÿ çîíà äîñòèãíåò íåêîòîðûõ "êðèòè÷åñêèõ" òî÷åê ýëåìåíòà. Ýòè òî÷êè íà-
õîäÿòñÿ âíóòðè ýëåìåíòà íà êîíòóðå r∗ â íàïðàâëåíèÿõ ìèíèìàëüíîãî íàðóæíîãî äàâëåíèÿ Pmin.
Â ðàáîòå ïîêàçàíî, ÷òî ðàçóïðî÷íåííàÿ (íåîäíîðîäíàÿ) ïëàñòè÷åñêàÿ çîíà èìååò áîëüøèå ðàç-
ìåðû, ÷åì îäíîðîäíàÿ ïëàñòè÷åñêàÿ çîíà. Ïðè ýòîì ðàçóïðî÷íåíèå ìàòåðèàëà çàâèñèò íå òîëüêî
îò ðàçìåðîâ ïëàñòè÷åñêîé çîíû, íî è îò îðèåíòàöèè åå ãðàíèöû.
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Â ðàáîòå èçó÷àåòñÿ çàäà÷à îá óñòîé÷èâîñòè îòîáðàæåíèÿ Ïóàíêàðå, íåçàâèñÿùåãî îò ïàðàìåò-
ðîâ, â ïðåäïîëîæåíèè, ÷òî ìàòðèöà ëèíåéíîãî ïðèáëèæåíèÿ èìååòm-ïàð ðàçëè÷íûõ êîìïëåêñíî-
ñîïðÿæåííûõ ìóëüòèïëèêàòîðîâ, êîòîðûå ëåæàò íà åäèíè÷íîé îêðóæíîñòè.

Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî â îòîáðàæåíèè îòñóòñòâóåò âíóòðåííèé ðåçîíàíñ.
Èññëåäîâàíèå óñòîé÷èâîñòè àâòîíîìíûõ îòîáðàæåíèé Ïóàíêàðå. Â ýòîì ñëó÷àå îòîáðàæåíèå

îïèñûâàåòñÿ ñëåäóþùåé ðàçíîñòíî-äèíàìè÷åñêîé ñèñòåìîé

xn+1 = Axn + f(xn), n ∈ Zt. (1)

Çäåñü xn ∈ Rl, A � êâàäðàòíàÿ ìàòðèöà ðàçìåðíîñòè l×l, f(xn) � àíàëèòè÷åñêàÿ âåêòîð-ôóíêöèÿ
âèäà

f(xn) =
∞∑
|k|=2

f (k)(xn), f (k)(xn) =
∑
|k|

f (k)(xn),

ãäå f (k)(xn) =
∑
fkx

k
n � ôîðìà k-ãî ïîðÿäêà. Èçó÷àåòñÿ óñòîé÷èâîñòü (1) â êðèòè÷åñêîì ñëó÷àå,

êîãäà ìàòðèöà A èìååò m-ïàð (2m = l) êîìïëåêñíî-ñîïðÿæåííûõ ñîáñòâåííûõ ÷èñåë âèäà

λk = eiϕk , λk = e−iϕk .

Íîðìàëüíàÿ ôîðìà îòîáðàæåíèÿ Ïóàíêàðå (1). Íå íàðóøàÿ îáùíîñòè, ìîæíî ñ÷èòàòü, ÷òî â
ñèñòåìå (1) xn ∈ Rm. Ïðåäïîëàãàåòñÿ, ÷òî â îòîáðàæåíèè îòñóòñòâóåò âíóòðåííèé ðåçîíàíñ, ò.å.
âûïîëíÿåòñÿ óñëîâèå

m∑
j=1

kjϕj 6= 0 (mod2π) ïðè
m∑
j=1

|kj | 6= 0 kj ∈ Z. (2)

Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP05131369 ÊÍ ÌÎÍ ÐÊ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020



Annual International April Mathematical Conference – 2020 157

Òðåáóåòñÿ ïðåîáðàçîâàíèå îòîáðàæåíèÿ (1) ê ñïåöèàëüíîé íîðìàëüíîé ôîðìå, èìåþùåé ïðî-
ñòóþ ñòðóêòóðó äëÿ ðàçíîñòíî-äèíàìè÷åñêîé ñèñòåìû, ïðåäëîæåííûé â ðàáîòàõ [1-5]. Äëÿ íåïðå-
ðûâíûõ àâòîíîìíûõ ñèñòåì ïîäîáíûå ïðåîáðàçîâàíèÿ ïðèìåíÿëèñü ìíîãèìè àâòîðàìè, îáçîð
ðàáîò êîòîðûõ ñîäåðæèòñÿ â ðàáîòå À. Áðþíî [6].

Òåîðåìà 1.
Ïóñòü âûïîëíÿåòñÿ ïðåäïîëîæåíèå (2). Òîãäà îòîáðàæåíèå Ïóàíêàðå ñ ïîìîùüþ àíàëèòè÷å-

ñêîãî ïðåîáðàçîâàíèÿ ìîæåò áûòü ïðèâåäåíà ê íîðìàëüíîé ôîðìå.

Òåîðåìà 2.
Åñëè îòîáðàæåíèå (1) àíàëèòè÷åñêèì ïðåîáðàçîâàíèåì ïðèâîäèòñÿ ê ëèíåéíîìó, òî ïðåîáðà-

çîâàíèå ñõîäèòñÿ â íåêîòîðîì êðóãå â îêðåñòíîñòè íóëÿ.

Òåîðåìà 3.
Åñëè ñðåäè êîýôôèöèåíòîâ â íîðìàëüíîé ôîðìå íèçøåãî ïîðÿäêà îòîáðàæåíèÿ åñòü õîòÿ áû

îäèí ïîëîæèòåëüíûé, òî íóëåâîå ðåøåíèå îòîáðàæåíèÿ Ïóàíêàðå íåóñòîé÷èâà.
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Ïî çàäàííîé ïðîãðàììå äâèæåíèÿ

Λ(t) : λ(y, t) = 0, (1)

ãäå λ ∈ Rk, y ∈ Rn, k ≤ n, òðåáóåòñÿ ïîñòðîèòü ìíîæåñòâî ñòîõàñòè÷åñêèõ óðàâíåíèé äâèæåíèÿ
ìàòåðèàëüíîé ñèñòåìû

ẏ = Y (y, t) + σ(y, t)ξ̇, ξ ∈ Rk, (2)

â êëàññå óðàâíåíèé, äîïóñêàþùèõ äëÿ çàäàííûõ íà÷àëüíûõ óñëîâèé y|t=t0 = ϕ(t0) ñóùåñòâîâàíèå
è åäèíñòâåííîñòü äî ñòîõàñòè÷åñêîé ýêâèâàëåíòíîñòè ðåøåíèÿ óðàâíåíèÿ (2) è ìíîæåñòâî s-
ìåðíûõ âåêòîð-ôóíêöèé Q(y, t), ïî îòíîøåíèþ ê ñîñòàâëÿþùèì êîòîðûõ èìååòñÿ óñòîé÷èâîñòü
ïî âåðîÿòíîñòè ìíîæåñòâà (1).

Çäåñü ξ(t) = ω(t) +
∫
Rn c(y)P (t, dy) � ñëó÷àéíûé ïðîöåññ ñ íåçàâèñèìûìè ïðèðàùåíèÿìè, ãäå

ω(t) � âèíåðîâñêèé ïðîöåññ, P (t, A) � ïóàññîíîâñêèé ïðîöåññ êàê ôóíêöèÿ t è ïóàññîíîâñêàÿ
ñòîõàñòè÷åñêàÿ ìåðà êàê ôóíêöèÿ ìíîæåñòâà A, à c(y) � âåêòîðíàÿ ôóíêöèÿ, îòîáðàæàþùàÿ Rn

â ïðîñòðàíñòâî çíà÷åíèé ïðîöåññà ξ(t) ïðè êàæäîì t.
Ïðèâåäåííàÿ ïîñòàíîâêà ÿâëÿåòñÿ îáîáùåíèåì çàäà÷è, ðàññìîòðåííîé ðàíåå â êëàññå îáûê-

íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ðàáîòàõ [1,2].
Ïðåäïîëîæèì, ÷òî â îêðåñòíîñòè Λh(t) ∈ Rn

Λh(t) : ‖λ(y, t)‖ ≤ h, t ≥ t0, (3)

rang

{
∂λ

∂y

}
= k ïðè âñåõ y ∈ Λh, t ≥ t0.

Ìíîæåñòâî óðàâíåíèé âîçìóù¸ííîãî äâèæåíèÿ, äëÿ êîòîðûõ çàäàííàÿ ïðîãðàììà (1) ÿâëÿ-
åòñÿ îäíîé èç âîçìîæíûõ, ìîæåò áûòü ïðåäñòàâëåíî â âèäå

λ̇ = A(λ; y, t) +B(λ; y, t)ξ̇, (4)

ãäå A(λ; y, t) � âåêòîð-ôóíêöèÿ, B(λ; y, t) � n× k-ìàòðèöà òèïà Åðóãèíà, óäîâëåòâîðÿþùèå óñëî-
âèþ A(0; y, t) ≡ 0, B(0; y, t) ≡ 0.

Ðàññìîòðèì íåïðåðûâíûå s-ìåðíûå âåêòîð-ôóíêöèè Q(λ, t) óäîâëåòâîðÿþùèå óñëîâèþ

‖x‖ ≤ β(‖λ‖), β ∈ K, (5)

ãäå x = Q(λ(y, t))−Q(0, t), 1 ≤ s ≤ n.
Ïðèâåäåì ñëåäóþùèå îïðåäåëåíèÿ:

Îïðåäåëåíèå 1. [3]
Ôóíêöèÿ a(r) íàçûâàåòñÿ ôóíêöèåé êëàññà Õàíà (a ∈ K), åñëè îíà íåïðåðûâíà, ñòðîãî âîç-

ðàñòàþùàÿ è óäîâëåòâîðÿåò óñëîâèþ a(0) = 0.

Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP05131369 ÊÍ ÌÎÍ ÐÊ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2020



Annual International April Mathematical Conference – 2020 159

Îïðåäåëåíèå 2. [4]
Ïðîãðàììíîå ìíîãîîáðàçèå Λ (1) óðàâíåíèÿ (2) íàçûâàåòñÿ ρ-óñòîé÷èâûì ïî âåðîÿòíîñòè,

åñëè
lim

ρ(ϕ(t0),Λ(t0))→0
Px0{sup

t>0
ρ(yϕ(t0),t0(t),Λ(t)) > ε} = 0.

Èìååò ìåñòî

Òåîðåìà 1.
Åñëè â îêðåñòíîñòè (3) èíòåãðàëüíîãî ìíîãîîáðàçèÿ (1) ñóùåñòâóåò ôóíêöèÿ Ëÿïóíîâà

V (λ; y, t) ñî ñâîéñòâàìè
a(‖λ‖) ≤ V (λ; y, t) ≤ b(‖λ‖), a, b ∈ K,

LV ≤ −c(‖λ‖), c ∈ K,

òî èìååò ìåñòî àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü ïî âåðîÿòíîñòè èíòåãðàëüíîãî ìíîãîîáðàçèÿ Λ(t)
îòíîñèòåëüíî ïðîèçâîëüíîé íåïðåðûâíîé ïî λ è t s-ìåðíîé âåêòîð-ôóíêöèè Q(λ, t) óäîâëåòâîðÿ-
þùåé óñëîâèþ (5), 1 ≤ s ≤ n.

Çäåñü L � ïðîèçâîäÿùèé îïåðàòîð ïðîöåññà ξ(t).

Ðàññìîòðèì ìíîæåñòâî n-ìåðíûõ âåêòîð-ôóíêöèé âèäà Q(t) = C(t)λ.
Ïóñòü óðàâíåíèå âîçìóù¸ííîãî äâèæåíèÿ (4) â ïåðâîì ïðèáëèæåíèè èìååò âèä

λ̇ = A1(t)λ+A2(λ, t) +Bξ̇.

Ðàññìîòðèì ôóíêöèþ Ëÿïóíîâà V (λ) = (λ, λ) è n-ìåðíóþ âåêòîð-ôóíêöèþ Q(y, t) = C(t)λ, ãäå
λ ≡ y − ϕ(t), òàê ÷òî x = Q(y)−Q(ϕ(t)) â ýòîì ÷àñòíîì ñëó÷àå èìååò âèä

x = C(t)λ.

Ïðåäïîëîæèì òàêæå, ÷òî
1) ìàòðèöà AT1 (t) + A1(t) � îïðåäåë¸ííî îòðèöàòåëüíà, âåêòîð-ôóíêöèÿ A2 óäîâëåòâîðÿåò

óñëîâèþ ||A2|| = o(||λ||);

2) ìàòðèöà C(t) =
∂Q

∂y

∣∣∣∣
y=ϕ(t)

íåïðåðûâíà, îãðàíè÷åíà ïðè âñåõ t ≥ t0.

Òîãäà èç ñâîéñòâ 1), 2) è òåîðåìû 2 èç [5] âûòåêàåò

Òåîðåìà 2.
Åñëè íåïðåðûâíûå ìàòðèöû A1(t) è C(t) òàêèå, ÷òî âûïîëíÿþòñÿ óñëîâèÿ 1) è 2), òî èìååò

ìåñòî óñòîé÷èâîñòü ïî âåðîÿòíîñòè äâèæåíèÿ λ ≡ y − ϕ(t) = 0 (1) ñèñòåìû (4) îòíîñèòåëüíî
ïðîèçâîëüíûõ âåêòîð-ôóíêöèé Q(y, t) = C(t)λ.
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Íà ñåãîäíÿøíèé äåíü äëÿ ïîâûøåíèÿ ôèëüòðàöèîííûõ õàðàêòåðèñòèê ïðèçàáîéíîé çîíû
ïëàñòà ñ öåëüþ óâåëè÷åíèÿ ïðîèçâîäèòåëüíîñòè äîáûâàþùèõ è ïðèåìèñòîñòè íàãíåòàòåëüíûõ
ñêâàæèí ñóùåñòâóåò äîâîëüíî ìíîãî ñïîñîáîâ îáðàáîòêè ãðóíòà: êèñëîòíàÿ îáðàáîòêà, ãèäðî-
ïåñêîñòðóéíàÿ ïåðôîðàöèÿ, âèáðîîáðàáîòêà, òåðìîîáðàáîòêà, ãèäðàâëè÷åñêèé ðàçðûâ ïëàñòà [1].
Íàèáîëåå ÷àñòî èñïîëüçóåòñÿ ïåðâûé ñïîñîá ðàñòâîðåíèÿ ïîðîä ñìåñÿìè íà îñíîâå ñîëÿíîé êèñ-
ëîòû (âûùåëà÷èâàíèå). Òàêîé ïðîöåññ ñîïðîâîæäàåòñÿ òåðìè÷åñêîé ðåàêöèåé, ñïîñîáñòâóþùåé
óñêîðåíèþ èçìåíåíèÿ ãåîìåòðèè ïîðèñòîé ñðåäû [2].

Èçâåñòíûå ìàòåìàòè÷åñêèå ìîäåëè âûùåëà÷èâàíèÿ òâåðäûõ ìàòåðèàëîâ îïèñûâàþò ïðîöåññ
òîëüêî íà ìàêðîñêîïè÷åñêîì óðîâíå (Darcy-scale). Êàæäàÿ òî÷êà òâåðäîãî ñêåëåòà è æèäêîñòè â
ïîðàõ ïðåäñòàâëåíà êàê ñïëîøíàÿ ñðåäà [3, 4, 5]. Ìû áóäåì èñïîëüçîâàòü ïîäõîä, îïèñàííûé â
ðàáîòàõ [6] è [7], ãäå ïðåäëàãàåòñÿ âûâîäèòü óðàâíåíèÿ ïîðîóïðóãîñòè íà îñíîâå çàêîíîâ ìåõàíèêè
ñïëîøíûõ ñðåä è ìåòîäîâ óñðåäíåíèÿ.

Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà ìàòåìàòè÷åñêîìó îïèñàíèþ ïðîöåññà âûùåëà÷èâàíèÿ â óïðóãîé
ïîðèñòîé ñðåäå. Ïðåäëàãàåòñÿ, â ïåðâóþ î÷åðåäü, ñôîðìóëèðîâàòü çàäà÷ó íà ìèêðîñêîïè÷åñêîì
óðîâíå, îïèðàÿñü íà îáùåïðèíÿòûå çàêîíû ìåõàíèêè ñïëîøíûõ ñðåä [8] è èçâåñòíûå õèìè÷åñêèå
çàêîíû [9, 10]. Çàòåì, èñïîëüçóÿ ìåòîäû óñðåäíåíèÿ, âûâåñòè ìàêðîñêîïè÷åñêèå àíàëîãè èñõîäíûõ
óðàâíåíèé.

Ñîãëàñíî [7, 11, 12], ðàçëè÷íûå çàäà÷è ìåõàíèêè ñèëüíî íåîäíîðîäíûõ ñðåä è êîìïîçèòíûõ
ìàòåðèàëîâ ïðèâîäÿò ê íåîáõîäèìîñòè ïîñòðîåíèÿ óñðåäíåííûõ ìîäåëåé äëÿ ýòèõ ñðåä. Òðåáó-
åòñÿ ïîñòðîèòü ìîäåëü ñðåäû, ëîêàëüíûå ñâîéñòâà êîòîðîé ðåçêî ìåíÿþòñÿ, è ïîýòîìó óäîáíåå
ïåðåéòè îò ìèêðîñêîïè÷åñêîãî åå îïèñàíèÿ ê ìàêðîñêîïè÷åñêîìó, ò.å. ðàññìàòðèâàòü óñðåäíåí-
íûå õàðàêòåðèñòèêè òàêîé ñðåäû. Âî ìíîãèõ ñëó÷àÿõ ðàññìàòðèâàåìûå ôèçè÷åñêèå ïðîöåññû
â ñèëüíî íåîäíîðîäíûõ ñðåäàõ îïèñûâàþòñÿ óðàâíåíèÿìè ñ ÷àñòíûìè ïðîèçâîäíûìè, ïðè÷åì
ñèëüíàÿ íåîäíîðîäíîñòü ýòèõ ñðåä ïðèâîäèò ê äèôôåðåíöèàëüíûì óðàâíåíèÿì ñ ðåçêî èçìå-
íÿþùèìèñÿ êîýôôèöèåíòàìè. Íåïîñðåäñòâåííîå ÷èñëåííîå ðåøåíèå òàêèõ çàäà÷, êàê ïðàâèëî,
çàòðóäíèòåëüíî äàæå íà ñîâðåìåííûõ ÝÂÌ. Ïîýòîìó âîçíèêàåò âîïðîñ î ïîñòðîåíèè ìîäåëåé äëÿ
ñèëüíî íåîäíîðîäíûõ ñðåä, ïðèâîäÿùèõ ê áîëåå ïðîñòûì äèôôåðåíöèàëüíûì óðàâíåíèÿì, êîòî-
ðûå íàçûâàþòñÿ óñðåäíåííûìè. ×àñòî òàêèå äèôôåðåíöèàëüíûå óðàâíåíèÿ èìåþò ïîñòîÿííûå
êîýôôèöèåíòû. Óñðåäíåííûå óðàâíåíèÿ ïîçâîëÿþò îïðåäåëèòü ñ áîëüøîé òî÷íîñòüþ ýôôåêòèâ-
íûå õàðàêòåðèñòèêè ïåðâîíà÷àëüíîé ñðåäû. Ýòî óñëîâèå îáåñïå÷èâàåòñÿ îñíîâíûì òðåáîâàíèåì,
êîòîðîìó äîëæíû óäîâëåòâîðÿòü óñðåäíåííûå óðàâíåíèÿ � áëèçîñòü ðåøåíèé ñîîòâåòñòâóþùèõ
êðàåâûõ çàäà÷ äëÿ èñõîäíûõ è óñðåäíåííûõ óðàâíåíèé.

Äëÿ ìîäåëèðîâàíèÿ äèíàìèêè êèñëîòíûõ ïðèìåñåé â ïîðàõ èñïîëüçóåòñÿ óðàâíåíèå Ñòîêñà
äëÿ íåñæèìàåìîé âÿçêîé æèäêîñòè. Òàêîå ïðèáëèæåíèå âïîëíå ïðèåìëåìî, òàê êàê, äâèæåíèå
â ïîðàõ î÷åíü ìåäëåííîå (îêîëî 5-8 ìåòðîâ â ãîä) è ìû ìîæåì ïðåíåáðå÷ü êîíâåêöèîííûìè
÷ëåíàìè â óðàâíåíèÿõ Íàâüå-Ñòîêñà. Äëÿ ìîäåëèðîâàíèÿ ïåðåìåùåíèé óïðóãîãî ñêåëåòà ãðóíòà

Èññëåäîâàíèå âûïîëíåíî çà ñ÷åò ãðàíòà Ðîññèéñêîãî íàó÷íîãî ôîíäà (ïðîåêò ¹ 19-71-00105).
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èñïîëüçóåòñÿ óðàâíåíèå Ëàìå. Ðàñïðîñòðàíåíèå êèñëîòû îïèñûâàåòñÿ óðàâíåíèåì äèôôóçèè-
êîíâåêöèè ñ ñîîòâåñòâóþùèì ãðàíè÷íûì óñëîâèåì íà ñâîáîäíîé ïîâåðõíîñòè ¾êèñëîòà - ãðóíò¿.
Ñ ýòîé ãðàíèöû âíóòðü ïîðîâîãî ïðîñòðàíñòâà âîçíèêàåò îáðàòíûé ïîòîê, êîòîðûé ïðåïÿòñòâóåò
êîíòàêòó êèñëîòû è òâåðäîãî òåëà, à îòñóòñòâèå äèôôóçèè ïîäðàçóìåâàåò îòñóòñòâèå õèìè÷åñêîé
ðåàêöèè.

Ðàíåå â ðàáîòàõ [12, 13] áûëè ïîëó÷åíû ìàòåìàòè÷åñêèå ìîäåëè âûùåëà÷èâàíèÿ â àáñîëþòíî
òâåðäîì ñêåëåòå ãðóíòà. Ïðîäîëæàÿ èññëåäîâàíèÿ àâòîðîâ, íàìè ïîëó÷åíû ñèñòåìû óðàâíåíèé
äëÿ ïîðîóïðóãîãî ñëó÷àÿ.
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Êðàåâûå çàäà÷è äëÿ ñèíãóëÿðíî âîçìóùåííûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ è èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé, îáëàäàþùèå ÿâëåíèÿìè íà÷àëüíûõ ñêà÷êîâ ðàññìîòðåíû â [1,2].

Â ðàáîòàõ [3,4] ðàññìîòðåíû êðàåâûå çàäà÷è äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé òðå-
òüåãî ïîðÿäêà ñ ìàëûì ïàðàìåòðîì ïðè äâóõ ñòàðøèõ ïðîèçâîäíûõ, êîãäà èìåþò ìåñòî ÿâëåíèÿ,
òàê íàçûâàåìûõ, ãðàíè÷íûõ ñêà÷êîâ, ò.å. êîãäà íåêîòîðûå ïðîèçâîäíûå ðåøåíèÿ ïðè äîñòàòî÷íî
ìàëûõ çíà÷åíèÿõ ïàðàìåòðà ñòàíîâÿòñÿ áåñêîíå÷íî áîëüøèìè íà îáîèõ êîíöàõ èíòåðâàëà. Íî
ïðè ýòîì íà êîíöàõ ðàññìàòðèâàåìîãî ïðîìåæóòêà ðåøåíèÿ äàííûõ çàäà÷ èìåëè ñêà÷êè ðàçíûõ
ïîðÿäêîâ.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ èíòåãðàëüíàÿ êðàåâàÿ çàäà÷à äëÿ ñèíãóëÿðíî âîçìó-
ùåííûõ ëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà, ðåøåíèå êîòîðîé
íà êîíöàõ äàííîãî îòðåçêà èìååò ñêà÷êè îäèíàêîâûõ ïîðÿäêîâ. Ðàáîòà ïîñâÿùåíà óñòàíîâëåíèþ
àñèìïòîòè÷åñêîãî ïîâåäåíèÿ ðåøåíèÿ ïî ìàëîìó ïàðàìåòðó è ïîñòðîåíèþ èçìåíåííîé âûðîæ-
äåííîé çàäà÷è.

Ðàññìîòðèì ñèíãóëÿðíî âîçìóùåííîå ëèíåéíîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå

Lεy ≡ ε2y′′′ + εA0(t)y′′ +A1(t)y′ +A2(t)y = F (t) +

1∫
0

2∑
i=0

Hi(t, x)y(i)(x, ε)dx (1)

ñ èíòåãðàëüíûìè êðàåâûìè óñëîâèÿìè

h1y ≡ y(0, ε) = α, h2y ≡ y′(0, ε) = β, h3y ≡ y′(1, ε)−
1∫

0

2∑
i=0

ai(x)y(i)(x, ε)dx = γ, (2)

ãäå ε > 0 ìàëûé ïàðàìåòð, à α, β, γ− èçâåñòíûå ïîñòîÿííûå.
Äëÿ ðåøåíèé çàäà÷è (1), (2) â òî÷êàõ t = 0 è t = 1 ïîëó÷àåì ñëåäóþùèé ïîðÿäîê ðîñòà:

y′′(0, ε) = O

(
1

ε

)
, y′′(1, ε) = O

(
1

ε

)
, ε→ 0.

ò.å. ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è îáëàäàåò ãðàíè÷íûìè ñêà÷êàìè ïåðâîãî ïîðÿäêà.
Ñèíãóëÿðíî âîçìóùåííîé êðàåâîé çàäà÷å (1), (2) ñòàâèì â ñîîòâåòñòâèå ñëåäóþùóþ ìîäèôè-

öèðîâàííóþ âûðîæäåííóþ çàäà÷ó:

L0y ≡ A1(t)y′(t) +A2(t)y(t) = F (t) +

1∫
0

2∑
i=0

Hi(t, x)y(i)(x)dx+ ∆(t), (3)

h1y ≡ y(0) = α, h2y ≡ y′(0) = β + ∆0,

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ãðàíò
ÀÐ05132587
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h3y ≡ y′(1)−
1∫

0

2∑
i=0

ai(x)y(i)(x)dx = γ + a2(0)∆0 + (1− a2(1))∆1, (4)

ãäå ∆(t) è ∆0,∆1 íàçûâàþòñÿ ñêà÷êàìè èíòåãðàëüíûõ ÷ëåíîâ è ðåøåíèÿ ñîîòâåòñòâåííî. Äëÿ
ðåøåíèÿ y(t, ε) ñèíãóëÿðíî âîçìóùåííîé èíòåãðàëüíîé êðàåâîé çàäà÷è (1), (2) ñïðàâåäëèâû ñëå-
äóþùèå ïðåäåëüíûå ðàâåíñòâà:

lim
ε→0

y(t, ε) = y(t), 0 ≤ t ≤ 1, lim
ε→0

y(i)(t, ε) = y(i)(t), i = 1, 2, 0 < t < 1,

ãäå ȳ(t) - ðåøåíèå âûðîæäåííîé êðàåâîé çàäà÷è (3), (4), à ñêà÷îê èíòåãðàëüíûõ ÷ëåíîâ ∆(t)
îïðåäåëÿåòñÿ ôîðìóëîé ∆(t) = ∆0H2(t, 0)−∆1H2(t, 1).
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Â ðàáîòå èññëåäóþòñÿ âîïðîñû ðàçðåøèìîñòè îñîáîãî èíòåãðàëüíîãî óðàâíåíèÿ òèïà Âîëü-
òåððà âòîðîãî ðîäà

µ (t) +

∫ t

0
K(t, τ) · µ (τ) dτ = f (t) , (1)

ÿäðî êîòîðîãî èìååò âèä:

K(t, τ) =
t2

2a2(t− τ)2 · e
− tτ

2a2(t−τ) ·
[
I0

(
tτ

2a2 (t− τ)

)
− I1

(
tτ

2a2 (t− τ)

)]
+

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÌÎÍ ÐÊ, ãðàíò �AP05132262.
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+
3t2

2a2τ (t− τ)
· e−

tτ
2a2(t−τ) ·I1

(
tτ

2a2 (t− τ)

)
,

ãäå In(t)− ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ ïîðÿäêà - n. Îñîáåííîñòüþ èíòåãðàëüíîãî óðàâ-
íåíèÿ (1) ÿâëÿåòñÿ òî, ÷òî

∫ t
0 K(t, τ)dτ = 1, ∀t > 0.

Èíòåãðàëüíîå óðàâíåíèå (1) âîçíèêàåò ïðè ðåøåíèè äâóìåðíîé, ïî ïðîñòðàíñòâåííûì ïåðå-

ìåííûì, çàäà÷è òåïëîïðîâîäíîñòè â êîíóñå Q =
{

(x, y, t) ,
√
x2 + y2 < t, t > 0

}
äëÿ óðàâíåíèÿ

∂u

∂t
− a2

(
∂2u

∂x2
+

∂2u

∂y2

)
= g (x, y, t) (2)

ñ ãðàíè÷íûì óñëîâèåì íà ïîâåðõíîñòè êîíóñà

dũ

dt
+
∂u

∂n

∣∣∣∣√
x2+y2=t

= ϕ(x, y, t), (3)

ãäå ũ(t) = u(x, y, t)|√
x2+y2=t

, ϕ(x, y, t)− çàäàííàÿ ôóíêöèÿ [1].

Òàêæå, ïðè îïðåäåëåííûõ ôèçèêî-òåõíè÷åñêèõ äîïóùåíèÿõ [2, 3] ãðàíè÷íàÿ çàäà÷à (2)-(3)
ìîäåëèðóåò òåìïåðàòóðíîå ïîëå â òåëå ïëàçìû ýëåêòðè÷åñêîãî ðàçðÿäà ìåæäó ðàçìûêàþùèìèñÿ
êîíòàêòàìè âûñîêîãî íàïðÿæåíèÿ, íàõîäèâøèõñÿ ïåðâîíà÷àëüíî â çàìêíóòîì ñîñòîÿíèè.
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ñòîÿíèÿ óïðóãî- ïëàñòè÷åñêèõ òåë ïðè íåñòàöèîíàðíûõ äèíàìè÷åñêèõ âîçäåéñòâèÿõ â ñëó÷àå
ïëîñêîé äåôîðìàöèè.

Ïîñòàíîâêà çàäà÷è è ëèíåàðèçàöèÿ óðàâíåíèé. Ðàññìàòðèâàþòñÿ óðàâíåíèÿ äèíàìèêè
óïðóãî- ïëàñòè÷åñêîé ñðåäû, çàíèìàþùåé îáëàñòü D ïðîñòðàíñòâà R2

σij,j(x, t) + Fi(x, t) = ρui,tt, x ∈ D, t > 0, i, j = 1, 2, (1)
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ïðè çàäàííûõ íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèÿõ

ui(x, 0) = 0, ui,t(x, 0) = 0, x ∈ D, (2)

σij(x, t)nj(x) = gi(x), x ∈ S. (3)

Çäåñü σij , ui, Fi �êîìïîíåíòû òåíçîðà íàïðÿæåíèé, âåêòîðà ñìåùåíèé è âåêòîðà îáúåìíûõ (ìàñ-
ñîâûõ) ñèë ñîîòâåòñòâåííî, ni(x)- êîìïîíåíòû âåêòîðà íîðìàëè â òî÷êå x ãðàíèöû S îáëàñòè
D, gi(x)�íåêîòîðûå çàäàííûå ôóíêöèè. Â äàëüíåéøåì íå îãðàíè÷èâàÿ îáùíîñòè ïðèìåì, ÷òî
ìàññîâûå ñèëû îòñóòñòâóþò.

Â îáùåì ñëó÷àå äåéñòâèå ãðàíè÷íûõ íàãðóçîê (3) ìîæåò ïðèâîäèòü ê ïîÿâëåíèþ çîí îñòàòî÷-
íûõ (ïëàñòè÷åñêèõ) äåôîðìàöèé. Ðàçìåð çîí ïëàñòè÷åñêèõ äåôîðìàöèé çàâèñèò îò ôèçè÷åñêèõ
ñâîéñòâ ñàìîé ñðåäû è îò âåëè÷èíû è èíòåíñèâíîñòè ïðèëîæåííûõ íàãðóçîê. Äåôîðìàöèè â
òî÷êàõ, íàõîäÿùèõñÿ â ïëàñòè÷åñêîé çîíå, ïðåäñòàâëÿåòñÿ êàê ñóììà óïðóãîé è ïëàñòè÷åñêîé
÷àñòåé:

εij(x, t) = εeij(x, t) + εpij(x, t) (4)

Â îáëàñòè óïðóãèõ äåôîðìàöèé âûïîëíÿåòñÿ çàêîí Ãóêà σij = Cijklεkl (Cijkl�óïðóãèå ïîñòîÿííûå
ñðåäû). Â îáëàñòè ïëàñòè÷åñêèõ äåôîðìàöèé âìåñòî èìåþò ìåñòî îïðåäåëÿþùèå ñîîòíîøåíèÿ
òåîðèè ïëàñòè÷åñêîãî òå÷åíèÿ ëèáî òåîðèè ìàëûõ óïðóãî- ïëàñòè÷åñêèõ äåôîðìàöèé [1]

Íàõîæäåíèå ðåøåíèÿ ñèñòåìû óðàâíåíèé äîâîëüíî ñëîæíàÿ çàäà÷à. Â ñâÿçè ñ ýòèì ëèíåàðè-
çóåì íåëèíåéíóþ ñèñòåìó (1). Äëÿ ýòîãî ââåäåì òåíçîð ôèêòèâíûõ óïðóãèõ íàïðÿæåíèé σeeij äëÿ
êîòîðîãî íàïðÿæåíèÿ êàê â îáëàñòè óïðóãèõ äåôîðìàöèé òàê è â îáëàñòè ïëàñòè÷åñêèõ äåôîð-
ìàöèé âû÷èñëÿåì ïî çàêîíó Ãóêà è ïåðåïèøåì (1) â ñëåäóþùåì âèäå

Cijkluk,l + σ0
ij,j(x, t) + Fi(x, t) = ρui,tt, x ∈ D, t > 0, (5)

ãäå σ0
ij�äîïîëíèòåëüíûå íàïðÿæåíèÿ, êîòîðûå åñòü ðàçíîñòü ìåæäó ðåàëüíûìè è ôèêòèâíûìè

óïðóãèìè íàïðÿæåíèÿìè, ò.å. σ0
ij = σij − σeeij .

Ôîðìóëû Êèðõãîôà-Ñîìèëüÿíû è ïðåäñòàâëåíèÿ íàïðÿæåíèé. Â ñîîòâåòñòâèè ñ òåî-
ðèåé óðàâíåíèé ÷àñòíûõ ïðîèçâîäíûõ [2] îáîáù¸ííîå ðåøåíèå ðåøåíèå ñèñòåìû (5) ïîëó÷àåì
ñâåðòêîé ñ ôóíäàìåíòàëüíûì ðåøåíèåì íåñòàöèîíàðíîé äâóìåðíîé äèíàìèêè ëèíåéíî-óïðóãîé
ñðåäû [3]

ui(x, t) =

∫
D

t∫
0

[Uij(x,y, τ)uj(y, t− τ)− Tij(x,y, τ)pj(y, t− τ)] dS +

+

∫
D

t∫
0

Uij,k(x,y, τ)Fi(y, t− τ) + σ0
jk(y, t− τ)dy, x ∈ D, (6)

çäåñü Uij , Tij� ÿäðà çàïàçäûâàþùèõ ïîòåíöèàëîâ ïðîñòîãî è äâîéíîãî ñëîåâ, è,

Uij(x, t) = −U0
ij(x)

2∑
i=1

(−1)i

2
√
t2 − r2/c2

i

r2
+

1

c2
i

√
t2 − r2/c2

i

H(t− r/ci)+

+

[
H(t− r/c1)

c2
1

√
t2 − r2/c2

1

+
H(t− r/c2)

c2
1

√
t2 − r2/c2

2

]
U1
ij(x), r = |x| =

√
x2

1 + x2
2, (7)

U0
ij(x) = δij/2; U1

ij(x) = (r,i r,j −δij/2) ; r,i = xi/r, (8)

Tij(x, t) = CimklUjl,k(x, t)nm(x), (9)

pi(x, t)�êîìïîíåíòû âåêòîðà íàãðóçîê, H(t)�ôóíêöèÿ Õåâèñàéäà, c1, c2�ñêîðîñòè ïðîäîëüíîé è
ïîïåðå÷íîé âîëû. Ñîîòíîøåíèÿ (6) ïîçâîëÿþò ïîëó÷èòü çíà÷åíèÿ âåêòîðà ñìåùåíèé u(x, t) â
ïðîèçâîëüíîé òî÷êå ñðåäû â ìîìåíò âðåìåíè t ïî èçâåñòíûì çíà÷åíèÿì âåêòîðà ãðàíè÷íîé íà-
ãðóçêè p(x, t) è âåêòîðà ãðàíè÷íûõ ñìåùåíèé u(x, t) à òàêæå çíà÷åíèÿì òåíçîðà äîïîëíèòåëüíûõ
íàïðÿæåíèé â òî÷êàõ ñðåäû, èñïûòûâàþùèõ ïëàñòè÷åñêóþ äåôîðìàöèþ.
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Îñóùåñòâëÿÿ â (6) ïðåäåëüíûé ïåðåõîä íà ãðàíèöó îáëàñòè ïîëó÷àåì ãðàíè÷íûå èíòåãðàëü-
íûå óðàâíåíèÿ äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ ãðàíè÷íûõ ïåðåìåùåíèé èëè íàãðóçîê.

Äèôôåðåíöèðîâàíèåì (6) ïî ïðîñòðàíñòâåííîé êîîðäèíàòå ñ ó÷åòîì çàêîíà Ãóêà äëÿ x ∈ D
ïîëó÷åíû ñëåäóþùèå âûðàæåíèÿ äëÿ âû÷èñëåíèÿ òåíçîðà ôèêòèâíûõ óïðóãèõ íàïðÿæåíèé

σeeij (x, t) =

∫
S

t∫
0

[Gijk(x,y, τ)uk(y, t− τ)−Wijk(x,y, τ)pk(y, t− τ)] dS +

+

∫
D

t∫
0

Vijmk(x,y, τ)σ0
mk(y, t− τ)dy, x ∈ D, (10)

çäåñü ÿäðà ïîâåðõíîñòíûõ ïîòåíöèàëîâ è îáúåìíîãî ïîòåíöèàëà èìåþò ñëåäóþùèé âèä

Gijk(x, t) = CijlmUlk,m(x, t), Wijk(x, t) = CijlmTlk,m(x, t), Vijmk(x, t) = CijlqUlk,qm(x, t)

Íà îñíîâå (6), (10) ðàçðàáîòàíû âû÷èñëèòåëüíûå ñõåìû, ïîçâîëÿþùèå ïðèìåíèòü øàãîâóþ
ïðîöåäóðó äëÿ íàõîæäåíèÿ ïåðåìåùåíèé è íàïðÿæåíèé, â êîòîðîé èñêîìûå ôóíêöèè íà íåêî-
òîðîì øàãå âðåìåíè âû÷èñëÿþòñÿ ïî íàéäåííûì çíà÷åíèÿì íà ïðåäûäóùèõ øàãàõ. Íà êàæäîì
âðåìåííîì øàãå ïðè ïðåâûøåíèè çíà÷åíèé ïðåäåëà óïðóãîñòè ôèêòèâíûìè óïðóãèìè íàïðÿæå-
íèÿìè ñòðîèòñÿ èòåðàöèîííûé ïðîöåññ äëÿ íàõîæäåíèÿ èñòèííûõ íàïðÿæåíèé ñ èñïîëüçîâàíèåì
çàêîíà àññîöèèðîâàííîãî ïëàñòè÷åñêîãî òå÷åíèÿ.
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Âûñîêîïëîòíàÿ êåðàìèêà èç îêñèäà áåðèëëèÿ íàõîäèò øèðîêîå ïðèìåíåíèå áëàãîäàðÿ ðÿäó
öåííûõ ñâîéñòâ è, ïðåæäå âñåãî, óíèêàëüíîé òåïëîïðîâîäíîñòè. Òåõíîëîãèÿ øëèêåðíîãî ëèòüÿ
îñòàåòñÿ îñíîâíîé ïðè ïîëó÷åíèè äëèííîìåðíûõ, ìíîãîêàíàëüíûõ, ñëîæíî ôàñîííûõ êåðàìè-
÷åñêèõ èçäåëèé [1]. Ñóùíîñòü ýòîãî ìåòîäà çàêëþ÷àåòñÿ â ïðèäàíèè øëèêåðó îêñèäà áåðèëëèÿ
ôîðìû èçäåëèÿ. Ýòî äîñòèãàåòñÿ ïóòåì çàïîëíåíèÿ ôîðìîîáðàçóþùåé ïîëîñòè æèäêèì øëè-
êåðîì ïîä äàâëåíèåì è ïîñëåäóþùåé ôèêñàöèåé ïðèîáðåòåííîé ôîðìû ïîñðåäñòâîì èçìåíåíèÿ
àãðåãàòíîãî ñîñòîÿíèÿ øëèêåðà ïî ìåðå åãî îõëàæäåíèÿ.

Òåõíîëîãèÿ øëèêåðíîãî ëèòüÿ âêëþ÷àåò â ñåáÿ ñòàäèè [1] äâèæåíèå è òåïëîîáìåí øëèêåðà
â æèäêîì ñîñòîÿíèè; äâèæåíèå è òåïëîîáìåí øëèêåðà ñ ó÷åòîì êðèñòàëëèçàöèè; äâèæåíèå è
òåïëîîáìåí îòëèâêè â òâåðäîì ñîñòîÿíèè. Ïîòîê øëèêåðà ïîñëå âûõîäà èç ïèòàòåëÿ ñîõðàíÿåò
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Annual International April Mathematical Conference – 2020 167

ñâîþ êîíôèãóðàöèþ. Â îïûòàõ áûëî óñòàíîâëåíî, ÷òî â äèàïàçîíå âîçìîæíûõ ñêîðîñòåé ëèòüÿ
ðåæèì äâèæåíèÿ øëèêåðà â ëèòüåâîé ôîðìå ÿâëÿåòñÿ ëàìèíàðíûì [1]. Øëèêåð ïîñòóïàåò â
ëèòüåâóþ ôîðìó ïðè òåìïåðàòóðå 75-80 ◦C è îõëàæäàåòñÿ â íåé äî 40-45 ◦C, îòëèâêà èçâëåêàåòñÿ
èç ôîðìû áåç êîðîáëåíèÿ [1].

Â îïûòàõ æèäêèé øëèêåð îêñèäà áåðèëëèÿ ïîêàçûâàåò ðåîëîãèþ íåíüòîíîâñêîé æèäêîñòè
Øâåäîâà-Áèíãàìà [1]. Äâèæåíèå è òåïëîîáìåí øëèêåðà â ôîðìîîáðàçóþùåé ïîëîñòè ñ÷èòàåòñÿ
ñòàöèîíàðíûì è îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé:

ρu
∂u

∂z
+ ρv

∂u

∂r
= −dp

dz
+

1

rk
∂

∂r

(
rkµ

∂u

∂r

)
− 1

rk
∂

∂r

(
rkτ0

)
(1)

∂ρu

∂z
+

1

rk
∂rkρv

∂r
= 0 (2)

ρucp
∂t

∂z
+ ρvcp

∂t

∂r
=

∂

∂z

(
λ
∂t

∂z

)
+

1

rk
∂

∂r

(
rkλ

∂t

∂r

)
(3)

Â óðàâíåíèÿõ (1)-(3) ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ: z, r � îñåâàÿ è ðàäèàëüíàÿ êîîðäèíàòû;
u, v � êîìïîíåíòû âåêòîðà ñêîðîñòè; p, ρ, t, τ0, cp, µ, λ � äàâëåíèå, ïëîòíîñòü, òåìïåðàòóðà, ïðåäåëü-
íîå íàïðÿæåíèå ñäâèãà, êîýôôèöèåíòû êàæóùåéñÿ òåïëîåìêîñòè, âÿçêîñòè è òåïëîïðîâîäíîñòè
øëèêåðà, èíäåêñû k = 0, 1 � äëÿ ïëîñêîé è êðóãëîé ïîëîñòåé.

Òåïëîòà ôàçîâîãî ïåðåõîäà îïðåäåëÿåòñÿ ìîäåëüþ êàæóùåéñÿ òåïëîåìêîñòè [2], à òåïëîôèçè-
÷åñêèå ñâîéñòâà øëèêåðà âûðàæàþòñÿ ýìïèðè÷åñêèìè ôîðìóëàìè [1].

Ñèñòåìà óðàâíåíèé (1)-(3) ñ ãðàíè÷íûìè óñëîâèÿìè ðåøàåòñÿ ÷èñëåííûì ìåòîäîì [3].
Â äîêëàäå ïðèâîäÿòñÿ ðåçóëüòàòû ðàñ÷åòîâ äâèæåíèÿ è òåïëîîáìåíà øëèêåðà ñ ôàçîâûì ïå-

ðåõîäîì â ôîðìîîáðàçóþùåé ïîëîñòè. Ôèçèêî-õèìè÷åñêèå ñâîéñòâà øëèêåðà îêñèäà áåðèëëèÿ
ïîëó÷åíû â ýêñïåðèìåíòàõ ñ óëüòðàçâóêîâîé àêòèâàöèåé. Ðàñïðåäåëåíèÿ òåìïåðàòóðû è ïëîòíî-
ñòè ïîêàçûâàþò èçìåíåíèÿ òåðìîìåõàíè÷åñêîãî ñîñòîÿíèÿ øëèêåðà îêñèäà áåðèëëèÿ èç æèäêîé
ôàçû â òâåðäîå ïðè íàëè÷èè çîíû êðèñòàëëèçàöèè. Ïðåäñòàâëåíî ñðàâíåíèå ðàñ÷åòíûõ äàííûõ
ñ ýêñïåðèìåíòîì.
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Äàííàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ âîçìîæíîñòè ïîñòðîåíèÿ íîðìàëüíî-ðåãóëÿðíûõ è
ëîãàðèôìè÷åñêèõ ðåøåíèé ñèñòåìû, ñîñòîÿùåé èç òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà Óèòòåêåðà.

Îïðåäåëåíèå 1. Íîðìàëüíî-ðåãóëÿðíîå ðåøåíèå òðåõ ïåðåìåííûõ ïðåäñòàâëÿåòñÿ â âèäå
ñëåäóþùåãî ðÿäà

U(x1, x2, x3) = expQ(x1, x2, x3) · xρ1
1 x

ρ2
2 x

ρ3
3

∞∑
m1,m2,m3=0

Am1,m2,m3 · x
m1
1 xm2

2 xm3
3 , (A0,0,0 6= 0) (1)

ãäå ρj (j = 1, 2, 3), Am1,m2,m3(m1,m2,m3 = 0, 1, ...) - íåèçâåñòíûå ïîñòîÿííûå; Q(x1, x2, x3) - ìíî-
ãî÷ëåí òðåõ ïåðåìåííûõ

Q(x1, x2, x3) =
αp00

p
xp1 +

α0p0

p
xp2 +

α00p

p
xp3 + ...+ α001x3 (2)

ñ íåèçâåñòíûìè êîýôôèöèåíòàìè αp00, ..., α001.
Äîêàçàíà òåîðåìà î ñóùåñòâîâàíèè íîðìàëüíî-ðåãóëÿðíûõ ðåøåíèé.

Òåîðåìà 1.
Ñèñòåìà òèïà Óèòòåêåðà [1, ñ.135] ñîñòîÿùàÿ èç òðåõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ

ïðîèçâîäíûõ âòîðîãî ïîðÿäêà

x2
jUxjxj − xj

∑
r 6=j

xrUxr +
[
−
x2
j

4
− xj

2

∑
r 6=j

xr + kxj +
1

4
− µ2

j

]
U = 0, (j = 1, 2, 3) (3)

èìååò íîðìàëüíî-ðåãóëÿðíûå ðåøåíèÿ âèäà (1) ïðè âûïîëíåíèè äâóõ íåîáõîäèìûõ óñëîâèé:
1) íåîáõîäèìî âûïîëíåíèå ðàâåíñòâ

f (1,0,0) = α2
100 −

1

4
= 0, f (0,1,0) = α2

010 −
1

4
= 0, f (0,0,1) = α2

001 −
1

4
= 0, (4)

èç êîòîðûõ îïðåäåëÿþòñÿ íåèçâåñòíûå ïîñòîÿííûå ìíîãî÷ëåíà (2).
2) íåîáõîäèìî, ÷òîáû ñèñòåìà îïðåäåëÿþùèõ óðàâíåíèé îòíîñèòåëüíî îñîáåííîñòè (0,0):

f
(j)
000(ρ1, ρ2, ρ3) ≡ ρj(ρj − 1) +

1

4
− µ2

j = 0(j = 1, 2, 3), (5)

èìåëà õîòÿ áû îäíî ðåøåíèå âèäà (ρ
(l)
1 , ρ

(l)
2 , ρ

(l)
3 ), (l = 1, 2). Åñëè âñå êîðíè (4) è (5) ïðîñòûå, òî

ñèñòåìà (3) èìååò 23 ðåøåíèé âèäà (1).

Íåèçâåñòíûå ïîñòîÿííûå â ðåøåíèé (1) îïðåäåëÿþòñÿ èç âñïîìîãàòåëüíîé ñèñòåìû ïîëó÷åí-
íîé èç ñèñòåìû Óèòòåêåðà (3) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ

U(x1, x2, x3) = exp(α100x1 + α010x2 + α001x3) · Φ(x1, x2, x3).

Ñòåïåíü ìíîãî÷ëåíà (2) îïðåäåëÿåòñÿ âåëè÷èíîé ðàíãà

p = 1 + k, k = max
βi − β0

i
, (i = 1, 4).
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Ïîñêîëüêó, ðàíã ñèñòåìû (3) p = 1 [2] , òî ìíîãî÷ëåí (2) ïðåäñòàâëÿåòñÿ â âèäå

Q(x1, x2, x3) = α100x1 + α010x2 + α001x3

ñ íåèçâåñòíûìè êîýôôèöèåíòàìè α100, α010, α001 .
Â ñëó÷àå êðàòíûõ êîðíåé èëè êîãäà îíè îòëè÷àþòñÿ íà öåëûå ÷èñëà, ñèñòåìà (3) èìååò ëîãà-

ðèôìè÷åñêèå ðåøåíèÿ. Óñòàíîâèì óñëîâèÿ ñóùåñòâîâàíèÿ ëîãàðèôìè÷åñêèõ ðåøåíèé.

Òåîðåìà 2.
Ïóñòü â ñèñòåìå (3) ðàçíîñòü 1

4 − µ2
j = 0(j = 1, 2, 3) è ñèñòåìà îïðåäåëÿþùèõ óðàâíåíèé

èìååò âîñåìü òðîåê êîðíåé: (1, 1, 1), (1, 1, 0), (1, 0, 1), (0, 1, 1), (0, 0, 1), (0, 1, 0), (1, 0, 0) è (0, 0, 0). Òî-
ãäà ñèñòåìà Óèòòåêåðà èìååò 23 ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé ñîîòâåòñòâóþùèå ýòèì
êîðíÿì:

1. U1 = x1x2x3

∞∑
m1,m2,m3=0

Am1,m2,m3 · x
m1
1 xm2

2 xm3
3 , (A0,0,0 6= 0),

2. U2 = C2U1lnx1 + f2,

3. U3 = C3U1lnx2 + f3,

4. U4 = C4U1lnx3 + f4,

5. U5 = C5U1lnx1lnx2 + f2lnx1 + f3lnx2 + f5,

6. U6 = C6U1lnx1lnx3 + f2lnx1 + f4lnx3 + f6,

7. U7 = C7U1lnx2lnx3 + f3lnx2 + f4lnx3 + f7,

8. U8 = C8U1lnx1lnx2lnx3 + f2lnx1lnx2 + f3lnx2lnx3 + f4lnx3lnx1 + f5lnx1 + f6lnx2 + f7lnx3 + f8,

ãäå ft(t = 1, 8) - ðÿäû âèäà

f(x1, x2, x3) = x
ρ

(l)
1

1 x
ρ

(l)
2

2 x
ρ

(l)
3

3

∞∑
m1,m2,m3=0

B(t)
m1,m2,m3

· xm1
1 xm2

2 xm3
3 , (B0,0,0 6= 0)

ñ ïîêàçàòåëÿìè (ρ
(l)
1 , ρ

(l)
2 , ρ

(l)
3 ), (l = 1, 2) èç âûøåïðèâåäåííûõ êîðíåé.
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Ðàññìîòðèì îáðàòíóþ çàäà÷ó äëÿ óðàâíåíèÿ àêóñòèêè â îáëàñòè Ω = ∆(Lx) × (0, Ly) ãäå
∆(Lx) = {(x, t) : x ∈ (0, Lx), t ∈ (x, 2Lx − x)}:

utt = uxx + uyy −
(ρx
ρ
ux +

ρy
ρ
uy

)
(x, y, t) ∈ ∆(Lx) (1)

ux(0, y, t) = g(y, t), y ∈ (0, Ly), t ∈ (0, 2Lx) (2)

u(x, y, x) = q(x, y), x ∈ (0, Lx), y ∈ (0, Ly), (3)

u(x, 0, t) = u(x, Ly, t) = 0. (x, t) ∈ ∆(Lx). (4)

Îáðàòíàÿ çàäà÷à ê çàäà÷å (1) � (4) çàêëþ÷àåòñÿ â îïðåäåëåíèè ôóíêöèè q(x, y) ïî äîïîëíèòåëü-
íîé èíôîðìàöèè

u(0, y, t) = f(y, t). (5)

Çàïèøåì îáðàòíóþ çàäà÷ó â îïåðàòîðíîì âèäå A(q) = f . Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷ó A(q) =
f ðàññìîòðèì çàäà÷ó ìèíèìèçàöèè öåëåâîãî ôóíêöèîíàëà

J(qn) = ‖Aqn − f‖2W 0
2

=

Ly∫
0

2Lx∫
0

[u(0, y, t; qn)− f(y, t)]2dydt.

Äëÿ ìèíèìèçàöèè ôóíêöèîíàëà ïðèìåíÿåì ìåòîä èòåðàöèè Ëàíäâåáåðà [1-2]. Âû÷èñëåíî ãðàäè-
åíò ôóíêöèîíàëà. Ïîñòðîåí ïîñòàíîâêà ñîïðÿæåííîé çàäà÷è. Çàïèñàí àëãîðòèì ðåøåíèÿ îáðàò-
íîé çàäà÷è. Ïðèâåäåíî ÷èñëåííûå ðåçóëüòàòû ïðÿìîé è îáðàòíîé çàäà÷è äëÿ óðàâíåíèÿ àêóñòèêè.
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ÀËÃÎÐÈÒÌ ÐÅØÅÍÈÅ ÎÁÐÀÒÍÎÉ ÇÀÄÀ×È ÄËß ÓÐÀÂÍÅÍÈß
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Çàäà÷è îïðåäåëåíèÿ ïàðàìåòðîâ ìàòåìàòè÷åñêîé ìîäåëè àêóñòèêè âîçíèêàþò â ãåîôèçèêå,
ìåäèöèíå è äðóãèõ îáëàñòÿõ ïðèëîæåíèÿ ìàòåìàòèêè. Ê îñíîâíûì ïàðàìåòðàì ìîäåëåé àêó-
ñòèêè îòíîñÿòñÿ ñêîðîñòü çâóêà è ïëîòíîñòü ñðåäû. Äëÿ íàõîæäåíèÿ èëè óòî÷íåíèÿ óêàçàííûõ
ïàðàìåòðîâ ìîäåëåé èñïîëüçóþò äîïîëíèòåëüíóþ èíôîðìàöèþ îá àêóñòè÷åñêèõ ïðîöåññàõ [1-2].

Àëãîðèòì ðåøåíèÿ îáðàòíîé çàäà÷è

1. Âûáèðàåì íà÷àëüíîå ïðèáëèæåíèå q0.

2. Ðåøàåì ïðÿìóþ çàäà÷ó

uxx + uyy − ω2
j qn(y, z)u = 0, (y, z) ∈ Ω,

uy(−b, z) = 0, uy(b, z) = 0, z ∈ [0, L],

uz(y, 0) = g(y, ωj), uz(y, L) = 0, j = 1, N, y ∈ [−b, b].

3. Âû÷èñëÿåì ôóíêöèîíàë J(q) =
N∑
j=1

b∫
−b

[
u(y, 0, ωj ; qn)− f(y, ωj)

]2
dy;

4. Åñëè çíà÷åíèå ôóíêöèîíàëà î÷åíü ìàëî, òî îñòàíàâëèâàåì èòåðàöèè.

5. Íàõîäèì ðåøåíèå ñîïðÿæåííîé çàäà÷è

ψxx + ψyy − ω2
j qn(y, z)ψ = 0, (y, z) ∈ Ω,

ψy(−b, z) = 0, ψy(b, z) = 0, z ∈ [0, L],

ψz(y, 0) = −2(u(y, 0, ωj ; qn)− f(y, ωj)), ψz(y, L) = 0, j = 1, N, y ∈ [−b, b].

6. Íàõîäèì ãðàäèåíò ôóíêöèîíàëà ïî ôîðìóëå J ′qn =
N∑
j=1

ωjujψj ;

7. Ðàñ÷èòûâàåì ïðèáëèæåíèå qn+1 = qn − αJ ′qn.

8. ïåðåõîäèì ê øàãó 2;
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Ôàðìàêîêèíåòè÷åñêèå ìîäåëè øèðîêî èñïîëüçóþòñÿ â êà÷åñòâå ñðåäñòâà ïðîãíîçèðîâàíèÿ
ðàñïðåäåëåíèÿ ëåêàðñòâåííûõ ñðåäñòâ â îðãàíèçìå. Ýòî ìîæíî ïðåäñêàçàòü, ìîäåëèðóÿ îäíî-
âðåìåííîå ðàñïðåäåëåíèå ëåêàðñòâåííîãî ñðåäñòâà ÷åðåç òêàíè òåëà è êëèðåíñ [1-2]. Äèôôåðåí-
öèàëüíûå óðàâíåíèÿ, îïèñûâàþùèå äèíàìèêó èçìåíåíèÿ êîëè÷åñòâà ëåêàðñòâåííûõ ñðåäñòâ â
òðåõêàìåðíîé ëèíåéíîé ìîäåëè, èìåþò ñëåäóþùèé âèä:

dCa
dt

= −kaCa,

dC1

dt
= kaCa − (k12 + k13 + kel)C1 + k21C2 + k31C3,

dC2

dt
= k12C1 − k21C2,

dC3

dt
= k13C1 − k31C3,

dCel
dt

= kelC1.

ñ íà÷àëüíûìè äàííûìè Ca(0) = C0, C1(0) = C2(0) = C3(0) = Cel(0) = 0.
Ôóíêöèÿ îïèñûâàþùàÿ ïîâåäåíèå êîíöåíòðàöèè â öåíòðàëüíîé êàìåðå:

C1(t) = A1 · e−αt +A2 · e−βt +A3 · e−γt − (A1 +A2 +A3) · e−kat

Îáðàòíàÿ çàäà÷à çàêëþ÷àåòñÿ ïî äàííûì çíà÷åíèÿ ôóíêöèè f = (C1(t1), C1(t2), ..., C1(tM )) íàéòè
ñåìü ïàðàìåòðà âåêòîð q = (A1, A2, A3, α, β, γ). ×èñëåííîå ðåøåíèå äàííîé çàäà÷è èùåì ìèíèçà-
öèåé öåëåâîãî ôóíêöèîíàëà

J(q) =
M∑
j=1

(
C1(tj ; q)− fj

)2
.

Ìèíèìèçèðîâàòü öåëåâîé ôóíêöèîíàë áóäåì ìåòîäîì ãåíåòè÷åñêîãî àëãîðèòìà. Ïîëó÷åíû ÷èñ-
ëåííûå ðåçóëüòàòû îáðàòíîé çàäà÷è ôàðìàêîêèíåòèêè äëÿ òðåõêàìåðíîé ìîäåëè ìåòîäîì ãåíå-
òè÷åñêîãî àëãîðèòìà.
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Â îáëàñòè Q = {(x, t) : x > 0, t > 0} ðàññìàòðèâàåòñÿ çàäà÷à

ut − uxx + λ
{
Dβ

0,xu (x, t)
} ∣∣

x=γ(t) = f (x, t) , (1)

u (x, 0) = 0, u (0, t) = 0, 0 < β < 1. (2)

Çäåñü

cDβ
a, t f(t) =

1

Γ(n− β)

∫ t

0

f (n)(τ)

(t− τ)β−n+1
dτ ; β, a ∈ <, n− 1 < β < n

� ïðîèçâîäíàÿ Êàïóòî ïðè a = 0, t = x è n = 1,
Ââîäÿ îáîçíà÷åíèå

µ (t) =
{
Dβ

0,xu (x, t)
} ∣∣

x=γ(t) =
1

Γ (1− β)

∫ x

0

uξ (ξ, t)

(x− ξ)β
dξ.

è îáðàùàÿ äèôôåðåíöèàëüíóþ ÷àñòü óðàâíåíèÿ (1)

u (x, t) = −λ
∫ t

0

∫ +∞

0
G (x, ξ, t− τ)µ (τ) dξdτ +

∫ t

0

∫ +∞

0
G (x, ξ, t− τ) f (ξ, τ) dξdτ,

ãäå

G (x, ξ, t) =
1

2
√
πt

{
exp

(
−(x− ξ)2

4t

)
− exp

(
−(x+ ξ)2

4t

)}
,

çàäà÷à (1) � (2) ñâîäèòñÿ ê èíòåãðàëüíîìó óðàâíåíèþ

µ (t) + λ

∫ t

0
Kβ (t, τ)µ (τ) dτ = f2 (t) , (3)

ãäå

Kβ (t, τ) =
(γ (t))1−β
√
πΓ (2− β)

· 1√
t− τ

· 2F2

(
1

2
, 1;

2− β
2

,
3− β

2
;− γ2 (t)

4 (t− τ)

)
, (4)
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ïîñêîëüêó

Dβ
0,x

[∫ t

0
erf

(
x

2
√
t− τ

)
µ (τ) dτ

]
|x=γ(t) = − (γ (t))1−β

√
πΓ (2− β)

·
∫ t

0

µ (τ)√
t− τ

×

×2F2

(
1

2
, 1;

2− β
2

,
3− β

2
;− γ2 (t)

4 (t− τ)

)
dτ.

Çäåñü

2F 2 (a1, a2; b1, b2; z) =
∞∑
κ=0

(a1)κ · (a2)κ
(b1)κ · (b2)κ

· z
κ

κ!
,

ãäå

(a)κ =
Γ (a+ κ)

Γ (a)

� ñèìâîë Ïîõãàììåðà. Ïîýòîìó (1)κ = κ!.
Òîãäà â (4) ìû èìååì:

2F2

(
1

2
, 1;

2− β
2

,
3− β

2
;− γ2 (t)

4 (t− τ)

)
=
∞∑
κ=0

(
1
2

)
κ(

2−β
2

)
κ

(
3−β

2

)
κ

·

(
(γ (t))2

4 (t− τ)

)κ
.

Çäåñü

f2 (t) =
1

Γ (1− β)

∫ x

0

∂f1(ξ,τ)
∂ξ

(x− ξ)β
dξ
∣∣
x=γ(t)

ãäå

f1 (x, t) =

∫ t

0

∫ +∞

0
G (x, ξ, t− τ) f (ξ, τ) dξdτ.

Äîêàçàíà òåîðåìà

Òåîðåìà.
Èíòåãðàëüíîå óðàâíåíèå (3) ñ ÿäðîì âèäà (4), êîãäà γ (t) ∼ tω ïðè t→ 0

1. ïðè ω ≥ 1

2
è 0 < β ≤ 1

èëè

2. ïðè ω >
1

2
è β = 0

ðàçðåøèìà åäèíñòâåííûì îáðàçîì â êëàññå íåïðåðûâíûõ ôóíêöèé ïðè ëþáîé íåïðåðûâíîé
ïðàâîé ÷àñòè.
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Ïðè èçó÷åíèè äâóìåðíîé ãðàíè÷íîé çàäà÷è ïî ïðîñòðàíñòâåííûì ïåðåìåííûì â ïåðåâåðíóòîì
êîíóñå G =

{
(x; y, t) : x2 + y2 < t2, 0 < t < T

}
äëÿ óðàâíåíèÿ

∂u(x, y, t)

∂t
= a2

(
∂2u(x, y, t)

∂x2 +
∂2u(x, y, t)

∂y2

)
(1)

ñ ãðàíè÷íûì óñëîâèåì íà ïîâåðõíîñòè êîíóñà

u(x, y, t) = uc(x, y, t),
√
x2 + y2 = t, 0 < t < T, (2)

âîçíèêàåò èíòåãðàëüíîå óðàâíåíèå (â îïåðàòîðíîé ôîðìå)

ϕ1(t)−Kϕ1(t) = F (t),

ãäå F (t) � èçâåñòíàÿ ôóíêöèÿ,

Kϕ1(t) =
a

2
√
π

t∫
0

t1/2

τ3/2
√
t− τ

exp

{
−a

2

4

(
1

τ
− 1

t

)}
ϕ1(τ) d τ+

+2a2t exp

{
t

4a2
+
a2

4t

}( 2∑
k=0

[Kkϕ1](t) + exp

{
− t

4a2

}
[K3ϕ1](t)

)
.

Åãî õàðàêòåðèñòè÷åñêèì óðàâíåíèåì ÿâëÿåòñÿ óðàâíåíèå

ϕ1(t)−Kcharϕ1(t) = Fchar(t), (3)

ãäå
Fchar(t) = F (t) + (K−Kchar)ϕ1(t),

Kcharϕ1(t) =
a

2
√
π

t∫
0

t1/2

τ3/2
√
t− τ

exp

{
−a

2

4

(
1

τ
− 1

t

)}
ϕ1(τ) d τ,
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(K−Kchar)ϕ1(t) = 2a2t exp

{
t

4a2
+
a2

4t

} 2∑
k=0

[Kkϕ1](t) + 2a2t exp

{
a2

4t

}
[K3ϕ1](t) =

=
a

2
√
π

exp

{
a2

4t

} t∫
0

t1/2

τ3/2(t− τ)1/2
exp

{
−a

2

4τ

}
ϕ1(τ) d τ+

+
1

a
√
π

exp

{
a2

4t

} t∫
0

t1/2

τ1/2(t− τ)1/2
exp

{
−a

2

4τ

}
ϕ1(τ) d τ

Ïîêàçàíî, ÷òî èíòåãðàëüíûé îïåðàòîð t exp

{
a2

4t

}
[K3ϕ1](t) ÿâëÿåòñÿ áåñêîíå÷íî ìàëîé âåëè-

÷èíîé ïðè t→ 0+0 è èíòåãðàëüíûé îïåðàòîð

t exp

{
t

4a2
+
a2

4t

} 2∑
k=0

[Kkϕ1](t)

ÿâëÿåòñÿ îïåðàòîðîì ñî ñëàáîé îñîáåííîñòüþ íàä âåñîâûì êëàññîì ñóùåñòâåííî îãðàíè÷åííûõ
ôóíêöèé t−εϕ1(t) ∈ L∞(0, T ) ïðè ε > 0

Òîãäà ôóíêöèÿ Fchar(t) ÿâëÿåòñÿ îãðàíè÷åííîé, åñëè t−εϕ1(t) ∈ L∞(0, T ) ïðè ε > 0.
Äîêàçàíû ëåììû.

Ëåììà 1.

Èíòåãðàëüíîå óðàâíåíèå (3) èìååò ñîáñòâåííóþ ôóíêöèþ ϕ1(t) = C .

Ïðîñòàÿ ïîäñòàíîâêà ïîêàçûâàåò, ÷òî ôóíêöèÿ ϕ1(t) = C äåéñòâèòåëüíî óäîâëåòâîðÿåò îäíî-
ðîäíîìó èíòåãðàëüíîìó óðàâíåíèþ (3).

Ëåììà 2.

Èíòåãðàëüíîå óðàâíåíèå (3) èìååò ÷àñòíîå ðåøåíèå, îïðåäåëÿåìîå ôîðìóëîé

ϕ1(t) = f2(t) +
a

2
√
π

t∫
0

√
t

τ3/2
√
t− τ

exp

{
a2

4

(
1

t
− 1

τ

)}
f2(τ) d τ+

+
a2

4

t∫
0

1

τ2

{
erf

(
a

2

√
1

τ
− 1

t

)
+ 1

}
f2(τ) d τ.
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Ïðåäëîæåíà ìåòîäèêà äëÿ ðåøåíèÿ çàäà÷è êëàññèôèêàöèè òðàåêòîðèé ðàçâèòèÿ ñîñòîÿíèé
äèíàìè÷åñêîãî îáúåêòà ïðè îòñóòñòâèè àïðèîðíîé èíôîðìàöèè î êëàññèôèêàöèè òðàåêòîðèé
ïðîøåäøèõ ïðîöåññîâ ðàçâèòèÿ ñîñòîÿíèé ïðîöåññîâ. Ìåòîäèêà îòíîñèòñÿ ê àâòîìàòèçèðîâàí-
íûì ñèñòåìàì óïðàâëåíèÿ è ìîæåò áûòü èñïîëüçîâàíà ïðè óïðàâëåíèè ñëîæíûìè îáúåêòàìè ñ
äèñêðåòíûì õàðàêòåðîì òåõíîëîãè÷åñêîãî öèêëà, à òàêæå äëÿ ðåøåíèÿ çàäà÷ êëàññèôèêàöèè è
àíàëèçà äàííûõ îáúåêòîâ, îïèñûâàåìûõ âðåìåííûìè ðÿäàìè ïðèçíàêîâ.

Ðàñïîçíàâàíèå îáðàçîâ è êëàññèôèêàöèÿ îáúåêòîâ (íàáëþäåíèé, ÿâëåíèé, ñèãíàëîâ, ñèòóà-
öèé, ïðîöåññîâ), ÿâëÿåòñÿ îäíîé èç íàèáîëåå äèíàìè÷åñêè ðàçâèâàþùèõñÿ îáëàñòåé ïðèêëàäíîé
ìàòåìàòèêè è êèáåðíåòèêè, ÷òî âûçâàíî ïîñòîÿííûìè çàïðîñàìè ïðàêòèêè, êîòîðûå ÷àñòî âñòðå-
÷àþòñÿ â çàäà÷àõ ñ äîñòàòî÷íî ñëîæíûìè ïðîöåññàìè è ÿâëåíèÿìè.

Èçëèøíåå ñòðåìëåíèå ê òî÷íîñòè ìàòåìàòè÷åñêèõ ìîäåëåé ñòàëî îêàçûâàòü âëèÿíèå, êîòîðîå
ñâîäèëî íà íåò òåîðèþ óïðàâëåíèÿ è òåîðèþ ñèñòåì, òàê êàê îíî ïðèâîäèò ê òîìó, ÷òî èññëå-
äîâàíèÿ â ýòîé îáëàñòè ñîñðåäîòî÷èâàþòñÿ íà òåõ è òîëüêî òåõ ïðîáëåìàõ, êîòîðûå ïîääàþòñÿ
òî÷íîìó ðåøåíèþ. Ìíîãèå êëàññû âàæíûõ ïðîáëåì, â êîòîðûõ äàííûå, öåëè è îãðàíè÷åíèÿ ÿâ-
ëÿþòñÿ ñëèøêîì ñëîæíûìè èëè ïëîõî îïðåäåëåííûìè äëÿ òîãî, ÷òîáû äîïóñòèòü òî÷íûé ìàòå-
ìàòè÷åñêèé àíàëèç, îñòàâàëèñü è îñòàþòñÿ ïî ñåé äåíü â ñòîðîíå ëèøü ïî òîé ïðè÷èíå, ÷òî îíè
íå ïîääàþòñÿ ìàòåìàòè÷åñêîé ïîñòàíîâêå [1].

Ïîñòðîåííûå ìàòåìàòè÷åñêèå ìîäåëè îêàçûâàëèñü ëèáî ñëîæíûìè, ëèáî ñëèøêîì ïðîñòûìè,
÷òî íå ïîçâîëÿëî ïîëó÷àòü ïðèåìëåìûå ðåçóëüòàòû. Ïîýòîìó â ðÿäå ñëó÷àÿõ ìàòåìàòè÷åñêîå ìî-
äåëèðîâàíèå ÿâëÿåòñÿ èñêóññòâîì, è êà÷åñòâî ìîäåëåé â çíà÷èòåëüíîé ìåðå çàâèñèò îò èíòóèöèè,
ìàñòåðñòâà è èçîáðåòàòåëüñòâà èõ ðàçðàáîò÷èêîâ. Îäíèì èç ïîäõîäîâ äëÿ ñíÿòèÿ ðÿäà ïðîáëåì
ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÿâëÿåòñÿ ïîñòðîåíèå ñèñòåì ðàñïîçíàâàíèÿ è êëàññèôèêàöèè íà
îñíîâå íàêîïëåííîé èíôîðìàöèè [2].

Îòìåòèì, ÷òî ââåäåíèå ìåòîäîâ èíòåëëåêòóàëüíîé îáðàáîòêè èíôîðìàöèè, îñíîâàííûõ íà ìà-
òåìàòè÷åñêîì ìîäåëèðîâàíèè, ïðåäñòàâëÿåò ñîáîé íîâûé øàã â ïîâûøåíèè ýôôåêòèâíîñòè ïðî-
èçâîäñòâà íà îñíîâå âíåäðåíèÿ ñîâðåìåííûõ òåõíîëîãèé. Êàê ïðàâèëî, ïîñòðîåíèå îïåðàöèé ïî
ðåøåíèþ êîíêðåòíûõ çàäà÷ áåç ïîëíîé èëè ñ ÷àñòè÷íîé ôîðìàëèçàöèåé îñóùåñòâëÿåòñÿ îïûòíû-
ìè ñïåöèàëèñòàìè â çíà÷èòåëüíîé ñòåïåíè èíòóèòèâíî, è ðåøåíèå êàæäîé íîâîé çàäà÷è òðåáóåò
âñåé ðàáîòû çàíîâî. Â ðåçóëüòàòå ÷àñòî äîâîëüíî áîëüøàÿ ÷àñòü äàííûõ îñòàåòñÿ íåîáðàáîòàí-
íîé è íåâîñòðåáîâàííîé. ×òî îïðåäåëÿåò îñíîâíîå òðåáîâàíèå äëÿ ïåðñïåêòèâíûõ ïîäõîäîâ ê
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ðåøåíèþ ïðèêëàäíûõ çàäà÷ îáðàáîòêè äàííûõ: äîëæíà áûòü îáåñïå÷åíà ïðîñòîòà è íàäåæíîñòü
ñëîæíûõ ïðîöåäóð, íå òðåáóþùèõ ïðèâëå÷åíèÿ èíòóèòèâíîé ðàáîòû ñïåöèàëèñòîâ [3].

Îòìåòèì òàêæå ïîñëåäíèå ðàáîòû â îáëàñòè ìàòåìàòè÷åñêîãî è êîìïüþòåðíîãî ìîäåëèðîâà-
íèÿ äèíàìè÷åñêèõ îáúåêòîâ è ñèñòåì [4]�[7].

Â íàñòîÿùåé ðàáîòå ïðåäëîæåí ìåòîä êëàññèôèêàöèè òðàåêòîðèé äèíàìè÷åñêèõ îáúåêòîâ,
ïðåäñòàâëåííûõ âðåìåííûìè ðÿäàìè ïðèçíàêîâ � ïîêàçàòåëåé ñîñòîÿíèé îáúåêòà.
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Íà Ω = [0, ω]× [0, T ] ðàññìàòðèâàåòñÿ ïîëóïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à

∂3u

∂x2∂t
= A(x, t)

∂2u

∂x2
+B(x, t)

∂u

∂t
+ C(x, t)u+ f(x, t), (x, t) ∈ Ω, (1)

u(x, 0) = u(x, T ), x ∈ [0, ω], (2)

u(0, t) +
∂u(0, t)

∂x
x = ϕ(x, t), (x, t) ∈ Ω, (3)

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêå ÌÎÍ ÐÊ, ãðàíò �AP05132262.
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ãäå (n × n) - ìàòðèöû A(x, t), B(x, t), C(x, t), n-âåêòîð-ôóíêöèè f(x, t), ϕ(x, t) íåïðåðûâíû íà Ω,

çäåñü ‖u(x, t)‖ = max
i=1,n

|ui(x, t)|, ‖A(x, t)‖ = max
i=1,n

n∑
j=1
|aij(x, t)|.

Äëÿ íàõîæäåíèÿ ðåøåíèÿ ââîäÿòñÿ ôóíêöèè v(x, t) = ∂2u(x,t)
∂x2 , w(x, t) = ∂u(x,t)

∂t è çàäà÷à (1)-
(4) ñâîäèòñÿ ê ïåðèîäè÷åñêîé êðàåâîé çàäà÷å äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé [1] âèäà

∂v

∂t
= A(x, t)v +B(x, t)w + C(x, t)u+ f(x, t), (x, t) ∈ Ω, (4)

v(x, 0) = v(x, T ), x ∈ [0, ω], (5)

ôóíêöèîíàëüíûì ñîîòíîøåíèÿì

w(x, t) = ϕ′t(x, t) +

x∫
0

ξ∫
0

∂v(ξ1, t)

∂t
dξ1dξ, (6)

u(x, t) = ϕ(x, t) +

x∫
0

ξ∫
0

v(ξ1, t)dξ1dξ. (7)

Äëÿ ðåøåíèÿ çàäà÷è (4)-(7) èñïîëüçóåòñÿ ìåòîä ïàðàìåòðèçàöèè [2]. Â òåðìèíàõ èñõîäíûõ
äàííûõ îïðåäåëåíû äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (1)-(3), ïðåäëîæåí
àëãîðèòì íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ, ïîëó÷åíà îöåíêà ìåæäó ïðèáëèæåííûì è òî÷-
íûì ðåøåíèÿìè.
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ÌÀÊÑÈÌÀËÜÍÀß ÐÅÃÓËßÐÍÎÑÒÜ ÐÅØÅÍÈß
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Íà Ω̄ = [0, ω]× (−∞, +∞) ðàññìîòðèì óðàâíåíèå

uxtt = a0(x, t)uxt + a1(x, t)utt + a2(x, t)ux + a3(x, t)ut + a4(x, t)u+ f(x, t), (1)

ãäå ôóíêöèè ai(x, t) (i = 0, 4) , f(x, t) ïðåäïîëàãàþòñÿ íåïðåðûâíûìè è,âîîáùå ãîâîðÿ, íåîãðàíè-
÷åííûìè íà Ω̄. Óðàâíåíèå (1) ÿâëÿåòñÿ ïñåâäîïàðàáîëè÷åñêèì, ê íåìó ïðèâîäÿò ðÿä ïðèêëàäíûõ
çàäà÷ â ôèçèêå, ìåõàíèêå è áèîëîãèè [1]. ×åðåç C∗(Ω̄, R) îáîçíà÷èì ïðîñòðàíñòâî îãðàíè÷åííûõ
ôóíêöèé, íåïðåðûâíûõ ïî t ∈ R ïðè x ∈ [0, ω̄] è ðàâíîìåðíî îòíîñèòåëüíî t ∈ R íåïðåðûâ-
íûõ ïî x ∈ [0, ω] ñ íîðìîé ‖V ‖ = sup

(x,t)∈Ω

|V (x, t)|. Íàìè äëÿ óðàâíåíèÿ (1) èçó÷àåòñÿ ñëåäóþùàÿ

çàäà÷à:

u(0, t) = ψ(t), ux(x, t), uxt(x, t) ∈ C∗(Ω̄, R). (2)

Ôóíêöèÿ ψ(t) ïðåäïîëàãàåòñÿ äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîé è îãðàíè÷åííîé íà R âìå-
ñòå ñî ñâîèìè ïðîèçâîäíûìè ψ̇(t) è ψ̈(t).

Ðåøåíèå u çàäà÷è (1),(2) íàçûâàåòñÿ ìàêñèìàëüíî ðåãóëÿðíûì, åñëè èìååò ìåñòî îöåíêà

‖uxtt‖+ ‖a0(x, t)uxt‖+ ‖a1(x, t)utt‖+ ‖a2(x, t)ux‖+

+ ‖a3(x, t)ut‖+ ‖a4(x, t)u‖ ≤ C ‖f(x, t)u‖ ,

ãäå C − const, çàâèñèò òîëüêî îò èñõîäíûõ äàííûõ.
Àíàëîãè÷íàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) â ñëó÷àå a1(x, t) = 0 áûëà èññëåäîâàíà â [2].
Â íàñòîÿùåé ðàáîòå ìåòîäîì ïàðàìåòðèçàöèè [3] óñòàíîâëåíû óñëîâèÿ ìàêñèìàëüíîé ðåãó-

ëÿðíîñòè ðåøåíèÿ çàäà÷è (1),(2).
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Ðàññìîòðèì óðàâíåíèå
−ρ(ρy′)′ + ry′ + sy = f(x), (6)

ãäå x ∈ R, ρ ïîëîæèòåëüíàÿ è äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ, r íåïðåðûâíî äèôôåðåí-
öèðóåìàÿ, à s íåïðåðûâíàÿ ôóíêöèè íà R, f ∈ Lp(R), 1 < p < +∞.

Çàìêíóâ â Lp(R) äèôôåðåíöèàëüíîå âûðàæåíèå −ρ(ρy′)′+ry′+sy, îïðåäåëåííîå íà ìíîæåñòâå

äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé ñ êîìïàêòíûì íîñèòåëåì C
(2)
0 (R) îïðåäåëèì

îïåðàòîð l. Ðåøåíèåì óðàâíåíèÿ (6) íàçûâàåòñÿ ôóíêöèÿ y ∈ D(l) òàêàÿ, ÷òî ly = f .
Ïóñòü g è h 6= 0 � çàäàííûå íåïðåðûâíûå ôóíêöèè, q = p

p−1 . Ïîëîæèì

αg,h(t) := ‖g‖Lp(0,t)

∥∥h−1
∥∥
Lq(t,+∞)

(t > 0), βg,h(τ) := ‖g‖Lp(τ,0)

∥∥h−1
∥∥
Lq(−∞,τ)

(τ < 0),

γg,h := max

(
sup
t>0

αg,h(t), sup
τ<0

βg,h(τ)

)
.

Òåîðåìà. Ïóñòü ρ�äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìàÿ ïîëîæèòåëüíàÿ, à r�íåïðå-
ðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèè è âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

1 6
|r|
ρ2
6 C

(
|r|
ρ

)p
, 1 6 |r|,

γ
1,ρ
(
|r|
ρ2

)1/p < +∞, γs,|r| < +∞,

è ïóñòü íàéäåòñÿ òàêîå a ∈ R, ÷òî

sup
x<a

ρ(x) exp

− a∫
x

|r(t)|
ρ2(t)

dt

 < +∞.

Òîãäà óðàâíåíèå (6) äëÿ ëþáîé ïðàâîé ÷àñòè f ∈ Lp èìååò åäèíñòâåííîå ðåøåíèå.
Åñëè êðîìå òîãî

ρ < +∞, C−1 6
ρ(x)

ρ(ν)
6 C, C−1 6

r(x)

r(ν)
6 C, ïðè |x− ν| ≤ 1,

òî äëÿ ðåøåíèÿ y âûïîëíåíà îöåíêà∥∥−ρ(ρy′)′
∥∥
p

+
∥∥ry′∥∥

p
+ ‖sy‖p 6 C0 ‖f‖p .

Ïðèìåð. Äëÿ ñëåäóþùåãî óðàâíåíèÿ

−
√
x2 + 1

x2 + 3

(√
x2 + 1

x2 + 3
y′

)′
+ (x2 + 5)2y′ − 5xy = f,
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ãäå f ∈ L2(R), âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû. Ñëåäîâàòåëüíî äàííîå óðàâíåíèå èìååò åäèíñòâåí-
íîå ðåøåíèå y, äëÿ êîòîðîãî âûïîëíÿåòñÿ îöåíêà∥∥∥∥∥−

√
x2 + 1

x2 + 3

(√
x2 + 1

x2 + 3
y′

)′∥∥∥∥∥
2

+
∥∥(x2 + 5)2y′

∥∥
2

+ ‖ − 5xy‖2 ≤ C‖f‖2.

Óðàâíåíèå (6) â ñëó÷àå ρ ≡ 1 è p = 2 áûëî èññëåäîâàíî â ðàáîòå [1], ïðè ρ ≡ 1, p = 1 � â [2],
à ïðè ρ ≡ 1, 1 < p < +∞ â ðàáîòå [3]. Îòìåòèì, ÷òî â ðàáîòàõ [1], [2], [3] ïîìèìî êîððåêòíîé
ðàçðåøèìîñòè áûëè ïîëó÷åíû ñïåêòðàëüíûå ñâîéñòâà ñîîòâåòñòâóþùåãî (6) äèôôåðåíöèàëüíîãî
îïåðàòîðà, à òàêæå óñëîâèÿ ðàçðåøèìîñòè êâàçèëèíåéíîãî îáîáùåíèÿ (6).
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Ðàññìàòðèâàåòñÿ ñèñòåìà èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

Dcu(τ, t) = A(τ, t)u(τ, t) +

τ∫
τ−ε

K(τ, t, s, t− cτ + cs)u(s, t− cτ + cs)ds+ f(τ, t) (1)

ñ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ Dc = ∂
∂τ +

〈
c, ∂∂t

〉
, êîòîðûé îáðàùàåòñÿ â îïåðàòîð ïîëíîé

ïðîèçâîäíîé d
dτ âäîëü õàðàêòåðèñòèê t = cτ − cs + σ ñ íà÷àëüíûì äàííûì (s, σ) ∈ R × Rm,

ãäå R = (−∞,+∞), c = (c1, . . . , cm) − ïîñòîÿííûé âåêòîð, ñ îòëè÷íûì îò íóëÿ êîîðäèíàòàìè

cj , j = 1,m, ∂
∂t =

(
∂
∂t1
, . . . , ∂

∂tm

)
− âåêòîð,

〈
c, ∂∂t

〉
− ñêàëÿðíîå ïðîèçâåäåíèå âåêòîðîâ, A(τ, t)

è K(τ, t, s, σ) − çàäàííûå n × n-ìàòðèöû, f(τ, t) − n-âåêòîð-ôóíêöèÿ, (θ, ω) = (θ, ω1, . . . , ωm) −
âåêòîð-ïåðèîä ñ ðàöèîíàëüíî íåñîèçìåðèìûìè êîîðäèíàòàìè, ε − ïîëîæèòåëüíàÿ ïîñòîÿííàÿ.

Âîïðîñy ñóùåñòâîâàíèÿ ìíîãîïåðèîäè÷åñêèõ è ïî÷òè ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåì èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé ïîñâÿùåíî çíà÷èòåëüíîå êîëè÷åñòâî ðàáîò, èç íèõ îòìåòèì [1-4],
èìåþùèå íåïîñðåäñòâåííîå îòíîøåíèå ê äàííîìó èññëåäîâàíèþ.
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Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ïîëó÷åíèå óñëîâèé ñóùåñòâîâàíèÿ ìíîãîïåðèîäè÷åñêèõ
ðåøåíèé ëèíåéíûõ ñèñòåì èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàäàííûì îïåðàòîðîì äèô-
ôåðåíöèðîâàíèÿ Dc.

Äëÿ äîñòèæåíèÿ ýòîé öåëè ðåøàþòñÿ ñíà÷àëà íà÷àëüíûå çàäà÷è äëÿ ðàññìàòðèâàåìûõ ñèñòåì
óðàâíåíèé, à çàòåì óñòàíàâëèâàþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ìíîãî-
ïåðèîäè÷åñêèõ ðåøåíèé ëèíåéíûõ ñèñòåì èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Îïðåäåëÿþòñÿ
èíòåãðàëüíûå ñòðóêòóðû ðåøåíèé ëèíåéíûõ íåîäíîðîäíûõ ñèñòåì, îáëàäàþùèõ ñâîéñòâîì åäèí-
ñòâåííîñòè.

Ïðåäïîëîæèì âûïîëíåííûìè óñëîâèÿ:

A(τ + θ, t+ qω) = A(τ, t) ∈ C(0,e)
(τ,t) (R×Rm), q ∈ Zm, (2)

K(τ + θ, t+ qω, s, σ) = K(τ, t, s+ θ, σ + qω) =

= K(τ, t, s, σ) ∈ C(0,2e,0,2e)
(τ,t,s,σ) (R×Rm ×R×Rm), q ∈ Zm, (3)

f(τ + θ, t+ qω) = f(τ, t) ∈ C(0,e)
(τ,t) (R×Rm), q ∈ Zm. (4)

Òåîðåìà.

Ïóñòü âûïîëíåíû óñëîâèÿ (2), (3), (4) è ñîîòâåòñòâóþùàÿ ëèíåéíàÿ îäíîðîäíàÿ ñèñòåìà íå
èìååò (θ, ω)-ïåðèîäè÷åñêèõ ðåøåíèé, êðîìå òðèâèàëüíîãî. Òîãäà ñèñòåìà íåîäíîðîäíûõ ëèíåé-
íûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (1) èìååò åäèíñòâåííîå (θ, ω)-ïåðèîäè÷åñêîå ðåøåíèå
u(τ, t) âèäà

u(τ, t) =
[
U−1(0, τ + θ, t)− U−1(0, τ, t)

]−1

τ+θ∫
τ

Ũθ(s, τ, t)fθ(s, h(s, τ, t))ds.

Çäåñü U(s, τ, t) ðåøåíèå ìàòðè÷íîé çàäà÷è

DcU(s, τ, t) = A(τ, t)U(s, τ, t) +

τ∫
τ−ε

K(τ, t, ξ, h(ξ, τ, t))U(ξ, h(ξ, τ, t))dξ,

U(s, s, τ) = E,

E − åäèíè÷íàÿ n-ìàòðèöà, âåêòîðíî-ìàòðè÷íàÿ ôóíêöèÿ fθ(s, τ, t) îïðåäåëÿåòñÿ ñ ïîìîùüþ
ôóíêöèè f(s, τ, t) ñîîòíîøåíèåì

fθ(s, τ, h(s, τ, t)) =

{
f(s, τ, h(s, τ, t)), τ

s→ 0,

f(s, τ + θ, h(s, τ + θ, t)), 0
s→ τ + θ.

Îòìåòèì, ÷òî ðàññìîòðåííûå çàäà÷è äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ ñèñòåì ìîæíî ðàññìîò-
ðåòü âäîëü õàðàêòåðèñòèê t = t0 + cτ − cτ0 ñ ôèêñèðîâàííûìè íà÷àëüíûìè äàííûìè (τ0, t0).

Ðàçðàáîòàííûé ïîäõîä ïðèìåíèì ê èññëåäîâàíèþ çàäà÷ î êîëåáàíèé ñòðóíû ýðåäèòàðíîãî
õàðàêòåðà, îòíîñÿùèåñÿ ê ïðèìåðàì ïðèêëàäíîãî àñïåêòà.
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Ðàññìîòðèì ëèíåéíîå óðàâíåíèå

∂x

∂τ
+A1

∂x

∂t1
+A2

∂x

∂t2
= Ax+ f(τ, t), (1)

ãäå x(τ, t) − èñêîìàÿ n-âåêòîð-ôóíêöèÿ; A1, A2 è A − ïîñòîÿííûå n-ìàòðèöû; (τ, t) = (τ, t1, t2);
f(τ, t) − n-âåêòîð-ôóíêöèÿ.

Ïðåäïîëîæèì, ÷òî ìàòðèöû A1 è A2 îáëàäàþò ñâîéñòâàìè óçêîé ãèïåðáîëè÷íîñòè ñèñòåìû
(1) è n-âåêòîð-ôóíêöèÿ f(τ, t) îáëàäàåò (θ, ω)-ïåðèîäè÷íîñòüþ è C(0,1)

τ,t (R×R2):

f(τ + θ, t+ qω) = f(τ, t), (θ, ω) = (θ, ω1, ω2). (2)

Óðàâíåíèå (1) èçó÷àåòñÿ íà îñíîâå ïîíÿòèé ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ âåêòîð-
ôóíêöèé ïóòåì ïðèâåäåíèÿ ê óðàâíåíèþ ñ ñîîòâåòñòâóþùèìè æîðäàíîâûìè êàíîíè÷åñêèìè âè-
äàìè J1 è J2 ìàòðèö A1 è A2, ïðè ïîìîùè ïîäñòàíîâêè x = Ky, ê ôîðìå

∂y

∂τ
+ J1

∂y

∂t1
+ J2

∂y

∂t2
= By + ϕ(τ, t), B = K−1AK,ϕ(τ, t) = K−1f(τ, t), (3)

åñëè ìàòðèöû A1 è A2 � êîììóòàòèâíûå, òî åñòü êîãäà âûïîëíåíî óñëîâèå

A1A2 = A1A2.

Âîçíèêàåò âîïðîñ îá èçó÷åíèè çàäà÷ äëÿ óðàâíåíèÿ (1) â òåðìèíàõ ñîáñòâåííûõ çíà÷åíèé è
ñîáñòâåííûõ âåêòîð-ôóíêöèé A1 è A2 â îáùåì ñëó÷àå, êîãäà ýòèì ìàòðèöàì íåîáÿçàòåëüíî áûòü
êîììóòàòèâíûìè.

Ñóòü ýòîãî ìåòîäà çàêëþ÷àåòñÿ â ñëåäóþùåì.

Ïîñëå ïåðåõîäà èç âûðàæåíèÿ
∂x

∂τ
+ A1

∂x

∂t1
ê åãî êàíîíè÷åñêîìó âèäó

∂y

∂τ
+ J1

∂y

∂t1
, çàìåíîé

x = K1y, ïîñëåäíåå âûðàæåíèå ïðåäñòàâèì êàê ïðîèçâîäíóþ
∂ỹ

∂τ
ôóíêöèè ỹ(τ, t) = y(τ, h1(τ), t2)

â íàïðàâëåíèÿõ õàðàêòåðèñòèê t1 = h1
j (τ), j = 1, n, ãäå

y(τ, h1(τ), t2) =
(
y1(τ, h1(τ), t2), ..., yn(τ, h1(τ), t2)

)
= ỹ(τ, t2). (4)
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Ñëåäîâàòåëüíî, èìååì
∂y

∂τ
+ J1

∂y

∂t1
=
∂ỹ(τ, t2)

∂τ
. (5)

Äàëåå, ïîëüçóÿñü ñîîòíîøåíèÿìè (4) è (5) èç (1) çàìåíîé ỹ(τ, t2) = K2z(τ, t2) èìååì óðàâíåíèå
ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè

∂z(τ, t2)

∂τ
+K−1

2 Ã2K2
∂z(τ, t2)

∂t2
= K−1

2 C̃K2z(τ, t2) +K−1
2 ϕ̃(τ, t2), (6)

ãäå Ã2 = K−1
1 A2K1, C̃ = K−1

1 BK1, ϕ̃(τ, t2) = ϕ(τ, h1(τ), t2) .
Òåïåðü óðàâíåíèå (6) ïðåäñòàâèì â âèäå

∂z

∂τ
+ J2

∂z

∂t2
= Cz + ψ(τ, t2), C = K−1

2 C̃K2, ψ(τ, t2) = K−1
2 ϕ̃(τ, t). (7)

Îïðåäåëèâ õàðàêòåðèñòèêè îòíîñèòåëüíî t2 = h2
j (τ) è ðàññìîòðåâ (7) âäîëü ýòèõ õàðàêòåðè-

ñòèê èìååì ñèñòåìó

dz̃

dτ
= Cz̃ + ψ̃(τ), z̃(τ) = z(τ, h2(τ)), ψ̃(τ) = ψ(τ, h2(τ)). (8)

Òàêèì îáðàçîì, ìåòîäîì ðåäóêöèè ñèñòåìó (1) ïðèâåëè ê ñèñòåìå (8).
Äàëåå, èçâåñòíûì ìåòîäîì òåîðèè ìíîãîïåðèîäè÷åñêèõ ðåøåíèé ïðè óñëîâèÿõ (2) è

Reλj(A) 6= 0, j = 1, n (9)

óñòàíîâëåíî ñóùåñòâîâàíèå åäèíñòâåííîãî ìíîãîïåðèîäè÷åñêîãî ðåøåíèÿ óðàâíåíèÿ (1).

Òåîðåìà.
Ïðè óñëîâèÿõ (2), (3) è óçêîé ãèïåðáîëè÷íîñòè ìàòðèö A1 è A2 ñèñòåìà (1) èìååò åäèíñòâåííîå

(θ, ω)-ïåðèîäè÷åñêîå ðåøåíèå

x∗(τ, t) =

+∞∫
−∞

G(s, τ)Pf(s, h1(s, τ, t1), h2(s, τ, t2))ds,

ãäå G(s, τ) − ôóíêöèÿ Ãðèíà çàäà÷è äëÿ ñèñòåìû (1) î ìíîãîïåðèîäè÷åñêèõ ðåøåíèÿõ, P − îïå-
ðàòîð ïðîåêòèðîâàíèÿ.

Ðàçâèâàÿ èäåè ðàáîò [1-3], â äàííîé çàìåòêå ïðåäëàãàåòñÿ ìåòîä èññëåäîâàíèÿ óðàâíåíèÿ (1)
íà îñíîâå ïîñòåïåííîãî ïåðåõîäà îò ÷àñòíûõ ïðîèçâîäíûõ ïî äâóì íåçàâèñèìûì ïåðåìåííûì
ê ïðîèçâîäíûì íåèçâåñòíûõ ôóíêöèé ïóòåì äèôôåðåíöèðîâàíèÿ ïî îäíîé ïåðåìåííîé τ âäîëü
õàðàêòåðèñòèê ðàññìàòðèâàåìîãî óðàâíåíèÿ.

Îïèñàííûì ìåòîäîì ðåäóêöèè ìîæíî ïîëüçîâàòüñÿ â ñëó÷àå áîëüøå äâóõ íåçàâèñèìûõ ïåðå-
ìåííûõ, ïðè ïðåäâàðèòåëüíî èçâåñòíûõ ñîáñòâåííûõ çíà÷åíèÿõ è ñîáñòâåííûõ âåêòîð-ôóíêöèÿõ.
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Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé

Dx = A0x+ f(s, eτ), (1)

ñ ïîñòîÿííîé ìàòðèöåé A = [akj ]
2
1, a11 = a22 = α = 0, a12 = −a21 = β > 0, ñâîáîäíûì ÷ëåíîì

f (s, eτ) = (f1(s, eτ), f2(s, eτ)) è îïåðàòîðîì äèôôåðåíöèðîâàíèÿ

D =
∂

∂s
+ ϕ(eτ)

∂

∂τ
, (2)

ãäå x = (x1, x2) � èñêîìàÿ âåêòîð-ôóíêöèÿ, ϕ(eτ) � ôóíêöèÿ ïåðåìåííîé t, ïîðîæäåííîé îò
ôóíêöèè ϕ(t) = ϕ(t1, . . . , tm) ïðè t = eτ , e = (1, . . . , 1) � m-âåêòîð. Ýòîò ñëó÷àé îòíîñèòñÿ ê
êðèòè÷åñêîìó ñëó÷àþ.

Ïðåäïîëàãàþòñÿ, ÷òî ôóíêöèè ϕ(t) è f(s, eτ) ÿâëÿþòñÿ âåùåñòâåííî àíàëèòè÷åñêèìè è ìíî-
ãîïåðèîäè÷åñêèìè

ϕ(t+ ω) = ϕ(t) ∈ Abω(Πm
δ ), ϕ(t) 6= 0, t ∈ Πm

δ , (3)

f(s+ θ0, t+ ω) = f(s, t) ∈ Abθ0,ω(Πm
δ ×Πm

δ ), (4)

ãäå ω = (ω1, . . . ωm) � âåêòîð-ïåðèîä ñ êîîðäèíàòàìè ðàöèîíàëüíî íåñîèçìåðèìûìè ìåæäó ñîáîé
ω1, . . . ωm è âìåñòå ñ ïåðèîäàìè θ0; Πδ = {τ ∈ C : |Imτ | < δ}, C - êîìïëåêñíàÿ ïëîñêîñòü,
Πm
δ = Πδ × . . .×Πδ, Abω (Πm

δ ) � êëàññ ω-ïåðèîäè÷åñêèõ âåùåñòâåííî àíàëèòè÷åñêèõ â îáëàñòè Πm
δ

ôóíêöèé.
Ïðè óñëîâèè (3) ôóíêöèÿ ϕ−1(t) ðàçëàãàåòñÿ â ðÿä Ôóðüå ϕ−1(t) = ϕ0 +

∑
k 6=0

ϕke
2πi〈k,νt〉, ãäå

k = (k1, . . . , km) ∈ Z × . . . × Z = Zm, ϕ0 6= 0, ϕk � êîýôôèöèåíòû Ôóðüå, Z � ìíîæåñòâî öåëûõ
÷èñåë, ν = (ν1, . . . , νm), νj = ω−1

j , j = 1,m, νt = (ν1, t1 . . . , νmtm), 〈a, b〉 � ñêàëÿðíîå ïðîèçâåäåíèå
âåêòîðîâ a è b. Ïðåäïîëîæèì âûïîëíåíî ðàñøèðåííîå óñëîâèå íåñîèçìåðèìîñòè âèäà

|〈k̃, ν̃〉| = |k0ν0 + k0ν0 + 〈k, ν〉| ≥ c̃−1|k̃|−γ̃ (5)

ñ íåêîòîðûìè ïîëîæèòåëüíûìè ïîñòîÿííûìè c̃ > 0 è γ̃ ≥ m + 3, ãäå k̃ = (k0, k0, k) =
= (k0, k0, k1, . . . km) ∈ Zm+2 � ìíîæåñòâî öåëî÷èñëåííûõ (m + 2)-âåêòîðîâ, ν̃ = (ν0, ν0, ν) =
= (ν0, ν0, ν1, . . . νm) � ÷àñòîòíûé (m+ 2)-âåêòîð, ν0 = (2π)−1β.

Èññëåäóåòñÿ çàäà÷è î âûÿñíåíèè óñëîâèé ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðåøåíèÿ ñèñòåìû (1)�
(2), ïåðèîäè÷åñêèõ ïî îäíîé ïåðåìåííîé è êâàçèïåðèîäè÷åñêèõ ïî äðóãîé ïåðåìåííîé ñ òåì æå
÷àñòîòíûì áàçèñîì. Ïðè ðåøåíèé çàäà÷è (1)�(2) èñïîëüçîâàí ìåòîäû òåîðèè ìíîãîïåðèîäè÷åñêèõ
ðåøåíèé ñèñòåìû ñ ìíîãîïåðèîäè÷åñêèìè âõîäíûìè äàííûìè, âåùåñòâåííî-àíàëèòè÷íî ïðîäîë-
æèìûìè ïî êàæäîé ïåðåìåííîé íà íåêîòîðóþ êîìïëåêñíóþ îêðåñòíîñòü äåéñòâèòåëüíîé îñè
[1− 5].

Õàðàêòåðèñòè÷åñêàÿ ñèñòåìà ẋ = ϕ(eτ), τ |s=s0 = τ0 îïåðàòîðà (2) ïðè óñëîâèÿõ (3), (4) è
|〈k, ν〉| ≥ c−1|k|−γ èìååò óñëîâíî ìíîãîïåðèîäè÷åñêèå ðåøåíèå âèäà

τ = τ0 + α0(s− s0) + he
(
(s− s0)

)
, (6)
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ãäå h(t+ ω) = h(t) ∈ Abω (Πm
r ), 0 < r < ρ, c > 0, γ ≥ m+ 1 ïîñòîÿííûå.

Åñëè ñðåäíåå çíà÷åíèå α0 ôóíêöèè ϕ(eτ) ñ÷èòàòü ðàâíûì åäèíèöå, òî èç (6) ïîëó÷èì τ −τ0 =
s+ h(t).

Òîãäà ïîëó÷èì íîâûé îïåðàòîð äèôôåðåíöèðîâàíèÿ âèäà

D̃ =
∂

∂s
+

〈
e,
∂

∂t

〉
+ ϕ

(
eτ0 + t+ eh(t)

) ∂
∂τ
. (7)

Îòìåòèì, ÷òî ôîðìóëà D̃y(s, t, τ)|t=es = Dx(s, τ) ïîçâîëÿåò ïåðåõîäèòü îò ðàññìîòðåíèÿ óðàâ-
íåíèé, êâàçèïåðèîäè÷åñêèõ ïî ïåðåìåííûì c (s, τ) ê óðàâíåíèÿì, ìíîãîïåðèîäè÷åñêèõ ïî ïåðå-
ìåííûì (s, t, τ). Òàêèì îáðàçîì, êîëåáàòåëüíûå ðåøåíèÿ ñèñòåìû (4.1) èññëåäîâàíî ïóòåì ïåðå-
õîäà ê ìíîãîïåðèîäè÷åñêîé ñèñòåìå âèäà

D̃y = A0y + f (s, t+ eh(t)) . (8)

Òåîðåìà 1.

Ïóñòü âûïîëíåíû óñëîâèÿ (3), (4) è (5). Òîãäà ëèíåéíàÿ ñèñòåìà (8)-(7) èìååò åäèíñòâåííîå
ðåøåíèå, êîòîðîå ïðåäñòàâëÿåòñÿ â âèäå

y∗(s, t) =

s∗(s)∫
s∗(s)−θ0

G(s, σ)g(σ, t− es+ eσ) dσ,

ïðè ïîìîùè ôóíêöèè òèïà Ãðèíà G(s, σ) è ïîä÷èíÿåòñÿ îöåíêå

‖y∗‖r/2 ≤ ar−γ
∗
e−β

∗r‖g‖r, (s, t) ∈ Πr/2 ×Πr/2.

Äàëåå, ó÷èòûâàÿ, ÷òî s, τ è t ñâÿçàííûå ñîîòíîøåíèÿìè τ = s + h(es), s = τ + ψ(eτ),
t = es, êàê ïðèëîæåíèå òåîðåìû 1 ê èññëåäîâàíèþ ïåðèîäè÷åñêèõ ïî s è êâàçèïåðèîäè÷åñêèõ
ïî τ ñ ÷àñòîòíûì áàçèñîì (ν1, . . . νm) = ν ðåøåíèé ñèñòåìû (1), èìååì ñëåäóþùóþ òåîðåìó.

Òåîðåìà 2.

Ïðè óñëîâèÿõ òåîðåìû 1 çàäà÷à (1)-(2) èìååò åäèíñòâåííîå θ0-ïåðèîäè÷åñêîå ïî s è êâàçè-
ïåðèîäè÷åñêîå ï τ ñ ÷àñòîòíûì áàçèñîì (ν1, . . . νm) = ν âåùåñòâåííî àíàëèòè÷åñêîå ïî (s, τ) ∈
Πr/2 ×Πr/2 ðåøåíèå

x∗(s, τ) =

s∗(s)∫
s∗(s)−θ0

G (s, σ)f(σ, eτ − es+ eσ + θh(eτ − es+ eσ)) dσ,

óäîâëåòâîðÿþùåå îöåíêå ‖x∗‖r/2 ≤ ar−γ
∗
e−β

∗γ‖f‖r.
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Äëèòåëüíàÿ ðàçðàáîòêà íåôòåãàçîâûõ ìåñòîðîæäåíèé ìîæåò ïðèâåñòè ê íåãàòèâíûì ïîñëåä-
ñòâèÿì. Äëÿ ñâîåâðåìåííîãî âûÿâëåíèÿ ðàçëè÷íûõ íåãàòèâíûõ ÿâëåíèé ðåãóëÿðíî îñóùåñòâëÿ-
åòñÿ ãðàâèìåòðè÷åñêèé ìîíèòîðèíã ìåñòîðîæäåíèé ñ ïîñëåäóþùåé èäåíòèôèêàöèåé ýêñïåðèìåí-
òàëüíûõ äàííûõ.

Ðàñïðåäåëåíèå ïîòåíöèàëà ãðàâèòàöèîííîãî ïîëÿ îïèñûâàåòñÿ óðàâíåíèåì Ïóàññîíà, â ïðà-
âóþ ÷àñòü êîòîðîãî âõîäèò ðàñïðåäåëåíèå ïëîòíîñòè â äàííîé îáëàñòè. Ïðÿìàÿ çàäà÷à ãðàâèìåò-
ðèè ñîñòîèò â îïðåäåëåíèè ïîòåíöèàëà ïî èçâåñòíûì çíà÷åíèÿì ïëîòíîñòè, à îáðàòíàÿ çàäà÷à -
â âîññòàíîâëåíèè ïëîòíîñòè, à çíà÷èò, è ñòðóêòóðû èññëåäóåìîé îáëàñòè ïî ðåçóëüòàòàì èçìåðå-
íèÿ ãðàâèòàöèîííîãî ïîëÿ. Â ðåàëüíîé ñèòóàöèè ýêñïåðèìåíòàëüíîé áàçîé äëÿ ðåøåíèÿ ïðÿìîé
çàäà÷è ñëóæàò äàííûå èç ãåîëîãî-ëèòîãðàôè÷åñêèõ ðàçðåçîâ ìåñòîðîæäåíèÿ, à äëÿ îáðàòíîé -
èçìåðåíèå óñêîðåíèÿ ñèëû òÿæåñòè íà ïîâåðõíîñòè çåìëè íàä ìåñòîðîæäåíèåì. Ñëîæíîñòü çà-
äà÷è îáóñëîâëåíà, ÷ðåçâû÷àéíî ìàëûì îáúåìîì ýêñïåðèìåíòàëüíûõ äàííûõ ïðè çíà÷èòåëüíûõ
ðàçìåðàõ ìåñòîðîæäåíèÿ, ñóùåñòâåííîé íåñîãëàñîâàííîñòüþ ãðàâèìåòðè÷åñêèõ è ãåîëîãè÷åñêèõ
äàííûõ â ñìûñëå âðåìåíè ïîñòàíîâêè ýêñïåðèìåíòà è îòñóòñòâèåì èíôîðìàöèè î ñîñòîÿíèè ñèñòå-
ìû íà ïîäçåìíîé ãðàíèöå èññëåäóåìîé îáëàñòè. Â ýòèõ óñëîâèÿõ ïîëó÷èòü ñðàâíèòåëüíî òî÷íóþ
èíôîðìàöèþ î òåêóùåé ñòðóêòóðå ìåñòîðîæäåíèÿ ïðàêòè÷åñêè íåâîçìîæíî.

Ïðåäëàãàåòñÿ íîâûé ïîäõîä ê ðåøåíèþ óêàçàííîé çàäà÷è, îñíîâàííûé íà èñïîëüçîâàíèè êàê
ãðàâèìåòðè÷åñêîé èíôîðìàöèè, òàê è äàííûõ î ñâîéñòâàõ ãåîëîãî-ëèòîãðàôè÷åñêèé ðàçðåçîâ
ìåñòîðîæäåíèÿ. Èìåþùèåñÿ äàííûå ãåîëîãî-ëèòîãðàôè÷åñêèé ðàçðåçîâ ïðåäñòàâëÿþò ñîáîé ðè-
ñóíêè, íà êîòîðûõ èçîáðàæåíî ðàñïîëîæåíèå òåõ èëè èíûõ ìàòåðèàëîâ â äàííîé îáëàñòè. Ïðåæäå
âñåãî, ñîñòàâëåíà ïðîãðàììà, ïðåîáðàçóþùàÿ ýòó èíôîðìàöèþ â òàáëèöó ðàñïðåäåëåíèÿ ïëîò-
íîñòè äëÿ óðàâíåíèÿ Ïóàññîíà. Äëÿ ïîñòàíîâêè êðàåâûõ óñëîâèé ó÷èòûâàåòñÿ, ÷òî ïîòåíöèàë
ãðàâèòàöèîííîãî ïîëÿ ïî ìåðå óäàëåíèÿ îò îáúåêòà óáûâàåò. Ðàññìàòðèâàåìàÿ îáëàñòü èñêóñ-
ñòâåííî ðàñøèðÿåòñÿ ñ ïîñòàíîâêîé íóëåâûõ ãðàíè÷íûõ óñëîâèé äî òåõ ïîð, ïîêà âëèÿíèå ýòèõ
óñëîâèé ïðàêòè÷åñêè ñîéäåò íà íåò. Òåì ñàìûì ìû ïîëó÷àåì âîçìîæíîñòü ðåøàòü ïðÿìóþ çàäà-
÷ó ãðàâèìåòðèè íà îñíîâå äàííûõ èç ãåîëîãî-ëèòîãðàôè÷åñêèé ðàçðåçîâ ìåñòîðîæäåíèÿ. Äàëåå,

Ðàáîòà âûïîëíåíà ïðè ïîääåðæêè ïðîåêòà AP05135158 "Ðàçðàáîòêà ãåîèíôîðìàöèîííîé ñèñòåìû äëÿ ðå-

øåíèÿ çàäà÷è ãðàâèìåòðè÷åñêîãî ìîíèòîðèíãà çåìíîé êîðû íåôòåãàçîíîñíûõ ðàéîíîâ Êàçàõñòàíà íà îñíîâå

âûñîêîïðîèçâîäèòåëüíûõ âû÷èñëåíèé â óñëîâèÿõ îãðàíè÷åííîãî îáúåìà ýêñïåðèìåíòàëüíûõ äàííûõ".
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âû÷èñëÿåòñÿ âåðòèêàëüíàÿ ñîñòàâëÿþùàÿ ãðàäèåíòà ãðàâèòàöèîííîãî ïîòåíöèàëà, ñîîòâåòñòâó-
þùàÿ óñêîðåíèþ ñèëû òÿæåñòè, êîòîðàÿ ñðàâíèâàåòñÿ ñ ïîêàçàíèÿìè ãðàâèìåòðîâ. Ñðåäíåêâàä-
ðàòè÷íîå îòêëîíåíèå âû÷èñëÿåìîé èíôîðìàöèè îò ýêñïåðèìåíòàëüíûõ äàííûõ ñëóæèò êðèòå-
ðèåì òî÷íîñòè íàøåãî ïðåäñòàâëåíèÿ î òåêóùåé ñòðóêòóðå ìåñòîðîæäåíèÿ. Åãî áîëüøèå çíà÷å-
íèÿ îáúÿñíÿþòñÿ òåì, ÷òî ãðàâèìåòðè÷åñêàÿ èíôîðìàöèÿ ðåãèñòðèðóåòñÿ ðåãóëÿðíî, â òî âðåìÿ
êàê ãåîëîãè÷åñêèå äàííûå îáíîâëÿþòñÿ êðàéíå ðåäêî. Íà îñíîâå ãåíåòè÷åñêîãî àëãîðèòìà âíî-
ñÿòñÿ âîçìóùåíèÿ äàííîãî ðàñïðåäåëåíèÿ ïëîòíîñòåé ñ öåëüþ ìèíèìèçàöèè ðàññìàòðèâàåìîãî
êðèòåðèÿ. Òåì ñàìûì ïîÿâëÿåòñÿ âîçìîæíîñòü ðåàëüíîãî óòî÷íåíèÿ èìåþùåéñÿ èíôîðìàöèè î
ñòðóêòóðå íåôòåãàçîâûõ ìåñòîðîæäåíèé.
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Â îáëàñòè Ω = [0, ω] × [0, T ] ðàññìàòðèâàåòñÿ ïîëóïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à äëÿ îäíîãî
íåêëàññè÷åñêîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà

∂4u

∂t∂x3
= a1(x, t)

∂3u

∂x3
+ a2(x, t)

∂3u

∂t∂x2
+ a3(x, t)

∂2u

∂x2
+ a4(x, t)

∂2u

∂t∂x
+

+a5(x, t)
∂u

∂x
+ a6(x, t)

∂u

∂t
+ a7(x, t)u+ f(x, t), (x, t) ∈ Ω, (1)

u(0, t) = ψ1(t), t ∈ [0, T ], (2)

∂u(x, t)

∂x
|x=0 = ψ2(t), t ∈ [0, T ], (3)

∂2u(x, t)

∂x2
|x=0 = ψ3(t), t ∈ [0, T ], x ∈ [0, ω] (4)

u(x, 0) = u(x, T ), x ∈ [0, ω] (5)

ãäå f(x, t), ai(x, t), (i = 1, 7) íåïðåðûâíûå íà Ω ôóíêöèè, ψi(t)− äâàæäû íåïðåðûâíî äèôôå-
ðåíöèðóåìûå íà [0, T ] ôóíêöèè, óäîâëåòâîðÿþùèå óñëîâèÿì ψi(0) = ψi(T ), ψ̇i(0) = ψ̇i(T ), (i =
1, 2, 3)

Â äàííîì ñîîáùåíèè ðàññìàòðèâàåòñÿ âîïðîñ ñóùåñòâîâàíèå êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è
(1)-(5) è ïðåäëàãàåòñÿ àëãîðèòì íàõîæäåíèÿ åãî ïðèáëèæåííîãî ðåøåíèÿ. Ââåäÿ íîâûå íåèçâåñò-
íûå ôóíêöèè ðàññìàòðèâàåìàÿ çàäà÷à ñâåäåòñÿ ê ýêâèâàëåíòíîé íåëîêàëüíîé êðàåâîé çàäà÷å äëÿ
ãèïåðáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ èíòåãðàëüíûìè ñîîòíîøåíèÿìè.

Íà ñåãîäíÿøíèé äåíü ðàçëè÷íûå ìåòîäû èññëåäîâàíèÿ è ðåøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ
óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà äèôôåðåíöèàëüíûõ óðàâíåíèé, ãèïåðáî-
ëè÷åñêîãî è êîìïîçèöèîííîãî òèïîâ èññëåäîâàíû â ðàáîòàõ [1-6]. Äëÿ òîãî ÷òîáû èññëåäîâàòü
ðàçëè÷íûå êðàåâûå çàäà÷è äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ÷åòâåðòîãî ïîðÿäêà íàðÿäó
ñ êëàññè÷åñêèìè ìåòîäàìè ìàòåìàòè÷åñêîé ôèçèêè ïðèìåíÿëèñü ìåòîä Ôóðüå, ìåòîä ôóíêöèé

Äàííàÿ ðàáîòà ïîääåðæèâàåòñÿ ïðîåêòîì AP05131220 (2018-2020) ÌÎÍ ÐÊ
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Ãðèíà, ìåòîä Ïóàíêàðå è äðóãèå ìåòîäû êà÷åñòâåííîé òåîðèè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé. Ñôîðìóëèðîâàíû óñëîâèÿ ðàçðåøèìîñòè èõ ðåøåíèÿ. Â ðàáîòàõ [7-8] áûëè ïîëó÷åíû
êîððåêòíàÿ ðàçðåøèìîñòü ïîëóïåðèîäè÷åñêîé êðàåâîé çàäà÷è äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ
âòîðîãî ïîðÿäêà è ÷èñëåííî-àíàëèòè÷åñêîå ðåøåíèå, à â [9] ðàññìîòðåíû âîïðîñû ñóùåñòâîâà-
íèÿ ðåøåíèÿ è ïðèáëèæåííûé ìåòîä íàõîæäåíèÿ ðåøåíèÿ êðàåâîé çàäà÷è äëÿ íåêëàññè÷åñêîãî
óðàâíåíèÿ òðåòüåãî ïîðÿäêà.

Äëÿ íàõîæäåíèÿ ÷èñëåííî-àíàëèòè÷åñêîãî ðåøåíèÿ çàäà÷è (1)-(5) ïðèìåíÿåòñÿ ìîäèôèêàöèÿ
ìåòîäà ëîìàíûõ Ýéëåðà [9]. Ïîëó÷åíû óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîñòè êëàññè÷åñêîãî
ðåøåíèÿ êðàåâîé çàäà÷è (1)-(5). Óñòàíîâëåíû îöåíêè áëèçîñòè ôóíêöèè ïîñòðîåííîé ñ ïîìîùüþ
ìîäèôèêàöèè ìåòîäà ëîìàíûõ Ýéëåðà ê òî÷íîìó ðåøåíèþ çàäà÷è (1)-(5).
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ËÎÃÀÐÈÔÌÈ×ÅÑÊÈÅ ÐÅØÅÍÈß ÑÈÑÒÅÌÛ, ÑÎÑÒÎßÙÅÉ ÈÇ
ÄÂÓÕ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Â ×ÀÑÒÍÛÕ

ÏÐÎÈÇÂÎÄÍÛÕ ÒÐÅÒÜÅÃÎ ÏÎÐßÄÊÀ

Æàíàð ÓÁÀÅÂÀ, Æàêñûëûê ÒÀÑÌÀÌÁÅÒÎÂ

Àêòþáèíñêèé ðåãèîíàëüíûé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.Ê.Æóáàíîâà,
Àêòîáå, Êàçàõñòàí

zhanar_ubaeva@mail.ru, tasmam@rambler.ru

Ïîñòàíîâêà çàäà÷è. Èññëåäóåòñÿ îäíîðîäíàÿ âáëèçè îñîáåííîñòè (0, 0) ðåãóëÿðíàÿ ñèñòåìà,
ñîñòîÿùàÿ èç äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà âèäà

x3(r3,0 − α3,0x
h)p3,0 + x2y(r2,1 − α2,1x

h)p2,1 + x2(r2,0 − α2,0x
h)p2,0+

+xy(r1,1 − α1,1x
h)p1,1 + x(r1,0 − α1,0x

h)p1,0 + y(r0,1 − α0,1x
h)p0,1 + (r0,0 − α0,0x

h)p0,0 = 0,

y3(t0,3 − β0,3y
h)p0,3 + xy2(t1,2 − β1,2y

h)p1,2 + y2(t0,2 − β0,2y
h)p0,2+

+xy(t1,1 − β1,1y
h)p1,1 + x(t1,0 − β1,0y

h)p1,0 + y(t0,1 − β0,1y
h)p0,1 + (t0,0 ∓ β0,0y

h)p0,0 = 0, (1)

ãäå p0,0 = Z(x, y) - îáùàÿ íåèçâåñòíàÿ, rj,k, αj,k, tj,k, βj,k(j, k = 0, 3) - íåèçâåñòíûå ïîñòîÿííûå.
Öåëüþ ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå âîçìîæíîñòè ñóùåñòâîâàíèÿ ëîãàðèôìè÷åñêèõ ðåøåíèé

ðÿäà ÷àñòíûõ ñëó÷àåâ ìàëîèññëåäîâàííîé îäíîðîäíîé ñèñòåìû òðåòüåãî ïîðÿäêà ãèïåðãåîìåòðè-
÷åñêîãî òèïà. Äëÿ ðàçëè÷íûõ ïîðÿäêîâ îäíîðîäíîé ñèñòåìû (1) òðåáóåòñÿ óñòàíîâèòü ñèñòåìû
ãèïåðãåîìåòðè÷åñêîãî òèïà, îáùèé ìåòîä ïîñòðîåíèÿ ðåøåíèé âáëèçè ðåãóëÿðíûõ îñîáåííîñòåé
(0, 0) è (∞,∞), îïðåäåëèòü êîëè÷åñòâî ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé.

Äëÿ ïîñòðîåíèÿ ðåøåíèÿ ñèñòåìû òðåòüåãî ïîðÿäêà (1), öåëåñîîáðàçíî ïðèìåíåíèå ìåòîäà
Ôðîáåíèóñà-Ëàòûøåâîé [1], õîðîøî çàðåêîìåíäàâøåãî ñåáÿ ïðè èçó÷åíèè ñèñòåìû âòîðîãî ïî-
ðÿäêà, ïîñêîëüêó îíè îòëè÷àþòñÿ òîëüêî ïîðÿäêàìè.

Ñèñòåìà (1) èìååò ðÿä èíòåðåñíûõ ÷àñòíûõ ñëó÷àåâ.
1. Ñèñòåìà òèïà Ýéëåðà. Èç (1) ïðè h = 0 ïîëó÷èì ñèñòåìó òèïà Ýéëåðà, ãäå âûðàæåíèÿ â

ñêîáêàõ ïðåâðàùàþòñÿ â ïîñòîÿííûå: rj,k − αj,k = aj,k; tj,k − βj,k = bj,k, (j, k = 0, 3) è ñïðàâåäëèâî
óòâåðæäåíèå.

Òåîðåìà 1. Ïóñòü ñèñòåìà îïðåäåëÿþùèõ óðàâíåíèé îòíîñèòåëüíî îñîáåííîñòè (0, 0)

f1(ρ, σ) = a3,0ρ(ρ− 1)(ρ− 2) + a2,1ρ(ρ− 1)σ + a2,0ρ(ρ− 1) + a1,1ρσ + a1,0ρ+ a0,1σ + a0,0 = 0,

f2(ρ, σ) = b0,3σ(σ − 1)(σ − 2) + b1,2ρ(σ − 1)σ + b0,2σ(σ − 1) + b1,1ρσ + b1,0ρ+ b0,1σ + b0,0 = 0

èìååò äåâÿòü ïàð êðàòíûõ êîðíåé (ρt, σt), (t = 1, 9). Òîãäà îáùåå ðåøåíèå ñèñòåìû (1) ïðåäñòàâ-
ëÿåòñÿ â âèäå ñëåäóþùåé ñóììû

Z(x, y) =
9∑
t=1

CtZt(x, y) = xρ1yσ1(C1 + C2lnx+ C3lny + C4lnxlny + C5ln
2xlny+

+C6lnxln
2y + C7ln

2xln2y + C8ln
3xln2y + C9ln

2xln3y.

Çäåñü â çàâèñèìîñòè îò êðàòíîñòè ïàð êîðíåé, êàê áóäåò ïîêàçàíî â äàëüíåéøåì, îáùåå ðå-
øåíèå ñèñòåìû òèïà Ýéëåðà ìîæåò èìåòü ðàçíûå ïðåäñòàâëåíèÿ.

2. Ñèñòåìà ãèïåðãåîìåòðè÷åñêîãî òèïà Êàìïå äå Ôåðüå
Ïðè h = 1 èç (1) ïîëó÷èì ñèñòåìó èçó÷åííóþ Êàìïå äå Ôåðüå [2].
Òåîðåìà 2. Ïóñòü ïîñëåäîâàòåëüíîñòü ïàð êîðíåé (ρt, σt), (t = 1, 9) ñîñòîèò èç òðåõ ïîñëåäî-

âàòåëüíîñòåé
(ρ1, σ1) = (ρ2, σ2) = (ρ3, σ3) = (ρ4, σ4),
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(ρ5, σ5) = (ρ6, σ6) = (ρ7, σ7) = (ρ8, σ8), (ρ9, σ9). (2)

Ìåæäó íèìè âûïîëíÿåòñÿ ñîîòíîøåíèå:

(ρi, σi) > (ρk, σk) > (ρr, σr), (i = 1, 2, 3, 4; k = 5, 6, 7, 8; r = 9), (3)

è îíè íå îòëè÷àåòñÿ íà öåëûå ÷èñëà. Òîãäà îäíîðîäíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà (1):

1) èìååò ïîäïîñëåäîâàòåëüíîñòü ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé

Z1(x, y) = xρ1yσ1

∞∑
m,n=0

Am,nx
myn, (A0,0 6= 0)

Z2(x, y) = Z1(x, y)lnx+ f
(1)
1 (x, y),

Z3(x, y) = Z1(x, y)lny + f
(1)
2 (x, y),

Z4(x, y) = Z1(x, y)lnxlny + f
(1)
3 (x, y)lnx+ f

(1)
4 (x, y)lny + f

(1)
5 (x, y), (4)

ãäå f (1)
1 (x, y) = xρ1yσ1

∑∞
µ,ν=0A

(l)
m,nxµyν , (A0,0 6= 0), (l = 1, 5), (j = 1, 4) íà îñíîâàíèé òåîðåìû

ñóùåñòâîâàíèÿ ëîãàðèôìè÷åñêèõ ðåøåíèé ñèñòåìû âòîðîãî ïîðÿäêà [1, ñ.165].
2) Àíàëîãè÷íî, òàêæå èìååòñÿ ïîäïîñëåäîâàòåëüíîñòü ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøå-

íèé

Z5(x, y) = xρ5yσ5

∞∑
m,n=0

Bm,nx
myn, (B0,0 6= 0)

Z6(x, y) = Z5(x, y)lnx+ f
(2)
1 (x, y),

Z7(x, y) = Z5(x, y)lny + f
(2)
2 (x, y),

Z8(x, y) = Z5(x, y)lnxlny + f
(2)
3 (x, y)lnx+ f

(2)
4 (x, y)lny + f

(2)
5 (x, y), (5)

ãäå f (2)
1 (x, y) = xρjyσj

∑∞
µ,ν=0B

(l)
m,nxµyν , (B0,0 6= 0), (l = 1, 5), (j = 1, 4).

3) Èìååò îäíî ëèíåéíî-íåçàâèñèìîå ÷àñòíîå ðåøåíèå

Z9(x, y) = xρ9yσ9

∞∑
m,n=0

Cm,nx
myn, (C0,0 6= 0). (6)

Êàê âèäíî, èç (4)-(6) ðåøåíèÿ Z1, Z5, Z9 ñîîòâåòñòâóþùèå ïåðâûì ïîêàçàòåëÿì êàæäîé èç
ïîñëåäîâàòåëüíîñòåé (2)-(3) ïðåäñòàâëÿþòñÿ â âèäå îáîáùåííûõ ñòåïåííûõ ðÿäîâ. Îñòàëüíûå
ðåøåíèÿ ÿâëÿþòñÿ ëîãàðèôìè÷åñêèìè. Ìû ïîëó÷èëè ñîâîêóïíîñòü äåâÿòè ðåøåíèé, íåîáõîäèìî
äîêàçàòü, ÷òî îíè îáðàçóþò ôóíäàìåíòàëüíóþ ñèñòåìó. Ïîñëåäîâàòåëüíîñòè ìîæíî ñîñòàâëÿòü
ïî ðàçíîìó. Ýòî âûçûâàåò îïðåäåëåííûå òðóäíîñòè, ïîñêîëüêó, ñ âîçðàñòàíèåì êðàòíîñòè ïàð
êîðíåé (ρt, σt), (t = 1, 9) ñëîæíåå áóäåò ñîñòàâëÿòü ðåêóððåíòíûå ñîîòíîøåíèÿ âèäà

∂

∂ρ
Z[x, ρ; y, σ],

∂

∂σ
Z[x, ρ; y, σ],

∂2

∂ρ∂σ
Z[x, ρ; y, σ], ...,

∂5

∂ρ3∂σ2
Z[x, ρ; y, σ],

∂5

∂ρ2∂σ3
Z[x, ρ; y, σ],

êîòîðûå íåîáõîäèìû äëÿ ïîñòðîåíèÿ êîíêðåòíûõ ðåøåíèé ñèñòåìû. Â ðàáîòå äîêàçàíû åùå ðÿä
òåîðåì è ïîñòðîåíû êîíêðåòíûå ïðèìåðû.
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ÏÑÅÂÄÎÏÀÐÀÁÎËÀËÛ� ÒÅ�ÄÅÓ �ØIÍ ÊÎÝÔÔÈÖÈÅÍÒÒI
ÊÅÐI ÅÑÅÏ

Õîíàòáåê ÕÎÌÏÛØ, Àéäîñ Ø�ÊIÐ

�ë-Ôàðàáè àòûíäà¡û �àçà© �ëòòû© Óíèâåðñèòåòi, Àëìàòû, �àçà©ñòàí
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Åñåïòi­ ©îéûëûìû. Øåíåëãåí òiêò°ðòá³ðûøòû QT = {(x, t) : 0 < x < 1, 0 < t < T}
îáëûñûíäà

ut − uxx − b(t)uxxt = f(x, t), 0 < x < 1, 0 < t ≤ T (1)

ïñåâäîïàðàáîëàëû© òå­äåóií,
u(x, 0) = ϕ(x), 0 ≤ x ≤ 1 (2)

áàñòàï©û øàðòûí,
u(x, 0) = 0, u(1, t) = 0, 0 ≤ t ≤ T, (3)

øåêàðàëû© øàðòòàðûí æºíå
1∫

0

u(x, t)dx = E(t), 0 ≤ t ≤ T (4)

èíòåãðàëäû© ©îñûìøà øàðòûí ©àíà¡àòòàíäûðàòûí u(x, t), b(t) - ôóíêöèÿëàð æ´áûí òàáó êåði
åñåáií ©àðàñòûðàéû©. Ì´íäà¡û ϕ(x), f(x, t), E(t) - áåëãiëi ôóíêöèÿëàð. Àòàëìûø, (1)-(4) åñåïòi­
áåðiëãåíäåði êåëåñi øàðòòàðäû ©àíà¡àòòàíäûðcûí äåï àëàéû©:

ϕ(x) ∈ C4[0, 1], ϕ(0) = 0, ϕ(1) = 0, ϕk < 0, k = 0, 1, .... (5)

E(t) ∈ C1[0, T ], E(0) =

1∫
0

ϕ(x)dx, E
′
(t) > 0. (6)

f(x, t) ∈ C2[0, 1] ∩ C(QT ), f(0, t) = 0, f(1, t) = 0, fk > 0, k = 0, 1, .... (7)

ξc0(c1 + c2) < 1 (8)

ì´íäà¡û ϕk, fk(t) ñºéêåñ ϕ(x) æºíå f(x, t) ôóíêöèÿëàðûíû­ Ôóðüå êîýôôèöèåíòòåði, àë c0, c1, c2

åñåïòi­ áåðiëãåíäåðiíåí òºóåëäi ò´ðà©òûëàð.
Òåîðåìà. Åãåð (5)-(8) øàðòòàð îðûíäàëñà, îíäà (1)-(4) êåði åñåáiíi­ æàë¡ûç êëàññèêàëû©

øåøiìi áàð áîëàäû.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, ãðàíò
AP05132041
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Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÊÍ ÌÎÍ ÐÊ, Àëìàòû,
Êàçàõñòàí
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Èñïîëüçóÿ ïðåäñòàâëåíèå ðåøåíèÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

∂u(x, t)

∂t
= a2∂

2u(x, t)

∂x2
(1)

â âèäå äâîéíîãî ñòåïåííîãî ðÿäà u(x, t) =
∑∞

i=1

∑∞
j=1 αijx

itj , ïîëó÷åíû ñëåäóþùèå åãî ÷àñòíûå
ðåøåíèÿ um(x, t)

um(x, t) =



n∑
k=0

22nn!a2(n−k)

(n− k)!(2k)!
x2ktn−k, m = 2n,

n∑
k=0

22nn!a2(n−k)

(n− k)!(2k + 1)!
x2k+1tn−k, m = 2n+ 1,

m = 0, 1, 2, . . . . (2)

Ñ ïîìîùüþ ôóíêöèé (2) ìîãóò áûòü ïîñòðîåíû, â ÷àñòíîñòè, ðåøåíèÿ çàäà÷è Êîøè â áåñ-
êîíå÷íîé îáëàñòè −∞ < x < ∞ è çàäà÷è â ïîëóáåñêîíå÷íîé îáëàñòè 0 < x < ∞ â çàâèñèìîñòè
îò çíà÷åíèÿ â òî÷êå x = 0. Îäíàêî âî âòîðîì ñëó÷àå çíà÷åíèå u(x, 0) â íà÷àëüíûé ìîìåíò t > 0
ñòàíîâèòñÿ ôóíêöèåé åå êðàåâîãî çíà÷åíèÿ u(0, t), ÷òî íå ïîçâîëÿåò ïîëíîöåííî îïèñàòü òåìïå-
ðàòóðíîå ïîëå â îáëàñòè x > 0, ó÷èòûâàþùåå òàêæå åãî íà÷àëüíîå ñîñòîÿíèå.

Â ðàáîòå [1] ðàñøèðåíî ìíîæåñòâî ôóíêöèé (2) çà ñ÷åò àññîöèèðîâàííûõ ôóíêöèé, îäíàêî èõ
êîëè÷åñòâà è ñâîéñòâ íåäîñòàòî÷íî äëÿ ïîëíîöåííîãî ðåøåíèÿ êðàåâûõ çàäà÷ òåïëîïðîâîäíîñòè.

Âñå ðåøåíèÿ óðàâíåíèÿ (1) îáëàäàþò ñâîéñòâîì ïîäîáèÿ, êîòîðîå óòâåðæäàåò, ÷òî åñëè ôóíê-
öèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1), òî ôóíêöèÿ u(kx, k2t) òàêæå ÿâëÿåòñÿ åãî ðåøåíèåì
[2]. Åñëè ïðèíÿòü k = 1

2a
√
t
, t > 0, òî ôóíêöèè um(x, t) ïðèìóò âèä ïðîèçâåäåíèÿ

um(x, t) =
(

2a
√
t
)m

f(m, z), z = z(x, t) =
x

2a
√
t
, −∞ < x <∞, t > 0, (3)

â êîòîðîì

f(m, z) =



n∑
k=0

22nn!z2k

(n− k)!(2k)!
, m = 2n,

n∑
k=0

22nn!z2k+1

(n− k)!(2k + 1)!
, m = 2n+ 1,

m = 0, 1, 2, . . . . (4)

Èñïîëüçóÿ òîò ôàêò, ÷òî ôóíêöèè um(x, t) óäîâëåòâîðÿþò óðàâíåíèþ (1), à òàêæå ó÷èòûâàÿ
èõ ïðåäñòàâëåíèå (3), íàõîäèì óðàâíåíèå äëÿ ôóíêöèé f(m, z):

d2f(m, z)

dz2
+ 2z

df(m, z)

dz
− 2mf(m, z) = 0, (5)

Àâòîðû ïîääåðæàíû ãðàíòîì AP05133919 ÊÍ ÌÎÍ ÐÊ
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Òåîðåìà 1. Åñëè ôóíêöèÿ f(m, z) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (5) ïðè íåêîòîðîì öåëîì
m = 0,±1± 2, . . . , òî ôóíêöèÿ

um(x, t) =
(

2a
√
t
)m

f

(
m,

x

2a
√
t

)
(6)

ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ òåïëîïðîâîäíîñòè (1) â îáëàñòè −∞ < x <∞, t > 0.

Ôóíêöèè f(m, z), îïðåäåëåííûå âûðàæåíèåì (4), íàçûâàþòñÿ òåïëîâûìè ïîëèíîìàìè, à äèô-
ôåðåíöèàëüíîå óðàâíåíèå (5) � óðàâíåíèåì òåïëîâûõ ïîëèíîìîâ. Òåîðåìà 1 ïîçâîëÿåò çíà÷è-
òåëüíî ðàñøèðèòü ìíîæåñòâî (3)�(4) àíàëèòè÷åñêèõ ðåøåíèé óðàâíåíèÿ (1), äîïîëíÿÿ åãî ìíî-
æåñòâîì (3), â êîòîðîì ôóíêöèè f(m, z) ÿâëÿþòñÿ ïðîèçâîëüíûìè ðåøåíèÿìè óðàâíåíèÿ (5).

Îïðåäåëåíèå 1. Ðåøåíèÿ f1(m, z) è f2(m, z) óðàâíåíèÿ (5), óäîâëåòâîðÿþùèå íà÷àëüíûì
óñëîâèÿì {

f1(m, 0) = 1,

f ′1(m, 0) = 0,

{
f2(m, 0) = 0,

f ′2(m, 0) = 1,

íàçîâåì ñìåæíûìè ôóíêöèÿìè ïî îòíîøåíèþ ê òåïëîâûì ïîëèíîìàì (4).

Ïàðà ôóíêöèé f1(m, z) è f2(m, z) ñîñòàâëÿåò ñèñòåìó ëèíåéíî-íåçàâèñèìûõ ðåøåíèé óðàâíå-
íèÿ (5), îòâå÷àþùóþ çàäàííîìó çíà÷åíèþ ïàðàìåòðà m.

Ïðèâåäåì ðåçóëüòàòû ïîñòðîåíèÿ è èññëåäîâàíèÿ ðåøåíèé óðàâíåíèÿ (5).
1) Ïîëó÷åíû ïàðû ëèíåéíî-íåçàâèñèìûõ ðåøåíèé óðàâíåíèÿ (5) äëÿ âñåõ öåëûõ çíà÷åíèé

m = 0,±1,±2 . . . .
2) Óñòàíîâëåíî ïðåäñòàâëåíèå ôóíêöèé Õàðòðè (îáîáùåííûõ ôóíêöèé îøèáîê) [3], ÿâëÿþ-

ùèõñÿ ðåøåíèÿìè óðàâíåíèÿ (5), ÷åðåç ôóíêöèè f1(m, z) è f2(m, z) ïðè m > 0, à òàêæå îáðàòíîå
âûðàæåíèå ôóíêöèé f1(m, z) è f2(m, z) ÷åðåç ôóíêöèè Õàðòðè.

3) Äëÿ îòðèöàòåëüíûõ m îïðåäåëåíà ñâÿçü óðàâíåíèÿ (5) ñ óðàâíåíèåì Ýðìèòà [4] è âûðàæå-
íèå åãî ðåøåíèé ÷åðåç ðåøåíèÿ óðàâíåíèÿ Ýðìèòà. Çàìåòèì, ÷òî óðàâíåíèå òåïëîâûõ ïîëèíîìîâ
(5) è óðàâíåíèå Ýðìèòà îòíîñÿòñÿ ê îäíîé è òîé æå ãðóïïå óðàâíåíèé ïàðàáîëè÷åñêîãî öèëèíäðà.

4) Äëÿ âñåõ ðåøåíèé f1(m, z) è f2(m, z) óðàâíåíèÿ (5), m = 0,±1,±2 . . . , ïîëó÷åíû ïðåäñòàâ-
ëåíèÿ â èíòåãðàëüíîé ôîðìå âûðîæäåííîé ãèïåðãåîìåòðè÷åñêîé ôóíêöèè.

5) Óñòàíîâëåíû ðåêóððåíòíûå ñîîòíîøåíèÿ ìåæäó ðåøåíèÿìè óðàâíåíèÿ (5) â àëãåáðàè÷å-
ñêîé, äèôôåðåíöèàëüíîé è èíòåãðàëüíîé ôîðìàõ.

6) Èññëåäîâàíà àñèìïòîòèêà òåïëîâûõ ïîëèíîìîâ è ñìåæíûõ ôóíêöèé ïðè z → ∞, èç êîòî-
ðîé, ñ ó÷åòîì (3), ñëåäóåò àñèìïòîòèêà ðåøåíèé um(x, t) ïðè t→ 0.
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