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Êðàåâûå çàäà÷è íà âîëíîâûõ è òåïëîâûõ ãðàôàõ
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Â ïîñëåäíèå äåñÿòèëåòèÿ ïîÿâèëîñü ìíîãî ðàáîò, ïîñâÿùåííûõ êðàåâûì çàäà÷àì íà
ãðàôàõ (â äðóãèõ òåðìèíàõ � ïðîñòðàíñòâåííûõ ñåòÿõ, îäíîìåðíûõ ñòðàòèôèöèðîâàí-
íûõ ìíîæåñòâàõ, îäíîìåðíûõ êëåòî÷íûõ êîìïëåêñàõ). Ê ïîäîáíûì óðàâíåíèÿì ïðèâîäèò
ìîäåëèðîâàíèå ñàìûõ ðàçíûõ çàäà÷ åñòåñòâîçíàíèÿ: ïðîöåññîâ ðàñïðîñòðàíåíèÿ âîëí â
âîëíîâîäíûõ ñåòÿõ, äåôîðìàöèé è êîëåáàíèé â ñòåðæíåâûõ êîíñòðóêöèÿõ è ðåøåòêàõ,
ðàñ÷åò ãèäðàâëè÷åñêèõ è ãàçîâûõ ñåòåé, êîëåáàíèé ñòðóííûõ ñåòåâûõ ñèñòåì, ïðîöåññîâ
ðàñïðîñòðàíåíèÿ ýëåêòðè÷åñêîãî ñèãíàëà â íåéðîíàõ æèâûõ îðãàíèçìîâ è íåéðîííûõ ñå-
òÿõ è ò.ä. Ïîýòîìó ðàçðàáîòêà ìåòîäîâ ðàñ÷åòà êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ
óðàâíåíèé è ñèñòåì íà ãðàôàõ ñàìûõ ðàçíîîáðàçíûõ ñòðóêòóð ñòàíîâèòñÿ âñå áîëåå àê-
òóàëüíîé. Ðàáîòû â ýòîì íàïðàâëåíèè íà÷àëè ðàçâèâàòüñÿ åùå â ïðîøëîì âåêå â ñâÿçè ñ
ðåøåíèåì çàäà÷ òðàíñïîðòíîé ëîãèñòèêè. Íî ïåðåõîä ê äèôôåðåíöèàëüíûì ãðàôàì (òàê
èõ íàçîâåì) íà÷àëñÿ òîëüêî â ýòîì ñòîëåòèè, ÷èñëî èõ íåâåëèêî è ñâÿçàíî â îñíîâíîì ñ ïî-
ñòàíîâêîé è èññëåäîâàíèåì êðàåâûõ çàäà÷ è èõ ñïåêòðàëüíûõ ñâîéñòâ, à òàêæå ðåøåíèåì
÷àñòíûõ êðàåâûõ çàäà÷.

Ãðàô ïðåäñòàâëÿåò ñîáîé ãåîìåòðè÷åñêóþ ñòðóêòóðó èç îòðåçêîâ ðàçíîé äëèíû, ñâÿ-
çàííûõ ñ ñîáîé â óçëîâûõ òî÷êàõ. Çäåñü ìû ðàññìîòðèì ðåøåíèå êðàåâûõ çàäà÷ íà çâåçä-
íîì ãðàôå èç N çâåíüåâ ñ îäíîé óçëîâîé òî÷êîé. Ïðèâåäåì ïîñòàíîâêó êðàåâûõ çàäà÷
ñðàçó äëÿ äâóõ ãðàôîâ, òåïëîâîãî è âîëíîâîãî.

Ñîñòîÿíèå êàæäîãî j-ãî çâåíà ïåðâîãî ãðàôà îïðåäåëÿåòñÿ åãî òåìïåðàòóðîé θj(x, t),
êîòîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ òåïëîïðîâîäíîñòè:

∆θj − κj
∂θj

∂t
= gj(x, t), (1)

à âòîðîãî ãðàôà � âîëíîâîé ôóíêöèåé uj(x, t), êîòîðàÿ óäîâëåòâîðÿåò óðàâíåíèþ Äàëàì-
áåðà:

□uj ≡ ∂2uj

∂x2
− c−2

j

∂2uj

∂t2
= f j(x, t). (2)

Çäåñü κj, cj � êîýôôèöèåíò òåïëîïðîâîäíîñòè è ñêîðîñòü ðàñïðîñòðàíåíèÿ âîëí, êîòîðûå
â êàæäîì çâåíå ìîãóò áûòü ðàçíûìè.

Íà êîíöàõ ãðàôîâ âûïîëíÿþòñÿ óñëîâèÿ Ðîáåíà: ïðè x = Lj, t ≥ 0

αjθ
j + βj∂xθ

j = Θ(t); (3)

aju
j + bj∂xu

j = P(t). (4)

Â óçëå ãðàôîâ çàäàþòñÿ óñëîâèÿ òðàíñìèññèè: ïðè x = 0, t ≥ 0

θj(0, t) = θ1(0, t), j = 2, ..., N ;
N∑
j=1

λj∂xθ
j = Γ(t); (1)

uj(0, t) = u1(0, t), j = 2, ..., N ;
N∑
j=1

χj∂xu
j = Φ(t). (2)

Çäåñü αj, βj, aj, bj, λj, χj � äåéñòâèòåëüíûå ÷èñëà, ÷àñòíûå ïðîèçâîäíûå ïî õ îáîçíà÷åíû
∂x.
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Äëÿ ïîñòðîåíèÿ ðåøåíèÿ íà ãðàôå âíà÷àëå, ñ èñïîëüçîâàíèåì Ìåòîäà Îáîáùåííûõ
Ôóíêöèé [1�3], ïîñòðîåíû ðåøåíèÿ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ âîëíîâîãî óðàâíåíèÿ è
óðàâíåíèÿ òåïëîïðîâîäíîñòè íà îòðåçêå ñ óñëîâèÿìè Äèðèõëå, Íåéìàíà, Ðîáåíà íà åãî
êîíöàõ [4-8]. ÌÎÔ ïîçâîëÿåò ïðåäñòàâèòü ðåøåíèå â âèäå ñâåðòîê ôóíäàìåíòàëüíûõ ðå-
øåíèé � ôóíêöèé Ãðèíà óðàâíåíèé (1) è (2) � ñ ãðàíè÷íûìè çíà÷åíèÿìè ôóíêöèé è èõ
ïðîèçâîäíûõ è íà÷àëüíûìè óñëîâèÿìè. Ïîñòðîåíà ñèñòåìà àëãåáðàè÷åñêèõ óðàâíåíèé (èç
2-õ óðàâíåíèé) â ïðîñòðàíñòâå ïðåîáðàçîâàíèé Ôóðüå ïî âðåìåíè äëÿ 4-õ êðàåâûõ ôóíê-
öèé. Âìåñòå ñ óñëîâèÿìè Ðîáåíà îíè äàþò ðàçðåøàþùóþ ñèñòåìó ëèíåéíûõ àëãåáðàè÷å-
ñêèõ óðàâíåíèé äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ ôóíêöèé. Ïîñëå ÷åãî âñå êðàåâûå ôóíêöèè
â ïðåäñòàâëåíèè ðåøåíèÿ èçâåñòíû è òðàíñôîðìàíòà ðåøåíèÿ ïîñòðîåíà. Äëÿ âîññòàíîâ-
ëåíèÿ îðèãèíàëà èñïîëüçóåòñÿ îáðàòíîå ïðåîáðàçîâàíèå Ôóðüå.

Ñîâîêóïíîñòü ýòèõ N ñèñòåì äëÿ êàæäîãî çâåíà âìåñòå ñ êðàåâûìè óñëîâèÿìè íà êîí-
öàõ çâåçäíîãî ãðàôà è óñëîâèÿìè òðàíñìèññèè â åãî óçëå äàþò çàìêíóòóþ ëèíåéíóþ ñè-
ñòåìó óðàâíåíèé äëÿ îïðåäåëåíèÿ êðàåâûõ çíà÷åíèé òðàíñôîðìàíò ðåøåíèé è èõ ïðîèç-
âîäíûõ íà êàæäîì çâåíå ãðàôà. Ðåøåíèå îïðåäåëÿåòñÿ îáðàòíîé ìàòðèöåé ñèñòåìû, ÷òî
íå ïðåäñòàâëÿåò âû÷èñëèòåëüíûõ òðóäíîñòåé, êîòîðûé îïðåäåëÿåòñÿ ïîðÿäêîì ñèñòåìû
èç 4N óðàâíåíèé ñ 4N íåèçâåñòíûìè. Îïðåäåëèòåëü ýòîé ìàòðèöû ïîçâîëÿåò èññëåäîâàòü
ñïåêòðàëüíûå õàðàêòåðèñòèêè ãðàôà. Â ÷àñòíîñòè, íà âîëíîâîì ãðàôå, ïðè îïðåäåëåííîé
ïåðåìåííîé Ôóðüå ω, îí îáðàùàåòñÿ â íîëü, ÷òî îïðåäåëÿåò ñïåêòð ñâîáîäíûõ êîëåáàíèé
âîëíîâîãî ãðàôà, êîòîðûå âñåãäà ñóùåñòâóþò.

Ðåøåíèÿ ïîñòðîåíû íà êëàññå îáîáùåííûõ ôóíêöèé ìåäëåííîãî ðîñòà [1], ÷òî ïîçâî-
ëÿåò èñïîëüçîâàòü îáîáùåííîå ïðåîáðàçîâàíèå Ôóðüå è èññëåäîâàòü ïðîöåññû, ñîïðîâîæ-
äàåìûå óäàðíûìè âîçäåéñòâèÿìè íà êîíöàõ ãðàôà è â åãî óçëå. Íà âîëíîâîì ãðàôå ïðè
òàêèõ âîçäåéñòâèÿõ ðàñïðîñòðàíÿþòñÿ óäàðíûå âîëíû ñî ñêà÷êîì ïðîèçâîäíûõ ðåøåíèé
íà ôðîíòàõ.

Ðàçðàáîòàííàÿ ìåòîäèêà ïîçâîëÿåò ñòðîèòü ðàçðåøàþùèå ñèñòåìû óðàâíåíèé äëÿ ãðà-
ôîâ ëþáîé ñòðóêòóðû è äîëæíà íàéòè ïðèìåíåíèå ïðè ðåøåíèè ñàìûõ ðàçíûõ çàäà÷,
óïîìÿíóòûõ â ïðåàìáóëå.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÊÍ ÌÍÂÎ ÐÊ AP19674789.
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Ãåîìåòðèÿ Íèéåíõåéñà: ñèììåòðèè, çàêîíû ñîõðàíåíèÿ è
ãåîäåçè÷åñêè ýêâèâàëåíòíûå ìåòðèêè

À.Â. ÁÎËÑÈÍÎÂ

Loughborough University, Loughborough, United Kingdom

E-mail: a.bolsinov@lboro.ac.uk

Äâå (ïñåâäî)ðèìàíîâû ìåòðèêè g è ḡ íàçûâàþòñÿ ãåîäåçè÷åñêè ýêâèâàëåíòíûìè, åñ-
ëè îíè èìåþò îáùèå ãåîäåçè÷åñêèå, ðàññìàòðèâàåìûå êàê íåïàðàìåòðèçîâàííûå êðèâûå.
Ìíîãîîáðàçèå M ñ ïàðîé òàêèõ ìåòðèê èìååò åñòåñòâåííóþ ñòðóêòóðó (îïåðàòîð) Íèéåí-
õåéñà, ò.å. òåíçîðíîå ïîëå òèïà (1,1) ñ íóëåâûì êðó÷åíèåì Íèéåíõåéñà, çàäàâàåìîå ñëåäó-
þùåé ôîðìóëîé

L =

∣∣∣∣det ḡdet g

∣∣∣∣ 1
n+1

ḡ−1g.

Â òåðìèíàõ îïåðàòîðà L óñëîâèå ãåîäåçè÷åñêîé ýêâèâàëåíòíîñòè çàïèñûâàåòñÿ â âèäå
ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

∇ηL =
1

2

(
η ⊗ d trL+ (η ⊗ d trL)∗

)
,

ãäå η � ïðîèçâîëüíîå âåêòîðíîå ïîëå. Åñëè ýòî ñîîòíîøåíèå âûïîëíÿåòñÿ, òî ìåòðèêà g è
îïåðàòîð Íèéåíõåéñà L íàçûâàþòñÿ ãåîäåçè÷åñêè ñîãëàñîâàííûìè.

Òå òî÷êè p ∈ M , â êîòîðûõ àëãåáðàè÷åñêèé òèï îïåðàòîðà L ìåíÿåòñÿ, íàïðèìåð,
íåêîòîðûå ñîáñòâåííûå çíà÷åíèÿ ñòàíîâÿòñÿ ðàâíûìè, íàçûâàþòñÿ ñèíãóëÿðíûìè.

Îòêðûòûé âîïðîñ. Êàêèå ñèíãóëÿðíîñòè ÿâëÿþòñÿ äîïóñòèìûìè, ò.å. ìîãóò âîçíè-
êàòü â êîíòåêñòå ãåîäåçè÷åñêè ýêâèâàëåíòíûõ ìåòðèê?

Ïðèìåð.

(
2x y
y 0

)
ÿâëÿåòñÿ äîïóñòèìûì, à

(
x 0
0 y

)
� íåò.

Îïåðàòîð L íàçûâàåòñÿ gl-ðåãóëÿðíûì (òàêæå èñïîëüçóåòñÿ òåðìèí öèêëè÷åñêèé èëè
ïðîñòî ðåãóëÿðíûé), åñëè äëÿ êàæäîãî èç åãî ñîáñòâåííûõ çíà÷åíèé ñóùåñòâóåò ðîâíî
îäèí ëèíåéíî íåçàâèñèìûé ñîáñòâåííûé âåêòîð (ýòî óñëîâèå ýêâèâàëåíòíî òîìó, ÷òî ìè-
íèìàëüíûé ìíîãî÷ëåí îïåðàòîðà L ñîâïàäàåò ñ õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì).

Åñëè L gl-ðåãóëÿðåí, òî åãî ñîáñòâåííûå çíà÷åíèÿ ìîãóò �ñòàëêèâàòüñÿ� áåç íàðóøåíèÿ
óñëîâèÿ gl-ðåãóëðíîñòè. Â ãåîìåòðèè Íèéåíõåéñà ñöåíàðèè òàêèõ �ñòîëêíîâåíèé� ìîãóò
áûòü âåñòìà ðàçíîîáðàçíû. Îäíàêî, êàêîâ áû íè áûë ýòîò ñöåíàðèé, èìååò ìåñòî ñëåäóþ-
ùèé îáùèé ëîêàëüíûé ðåçóëüòàò.

Òåîðåìà 1. Åñëè L � gl-ðåãóëÿðíûé âåùåñòâåííî-àíàëèòè÷åñêèé îïåðàòîð Íèéåíõåé-
ñà, òî (ëîêàëüíî) âñåãäà ñóùåñòâóåò ïñåâäîðèìàíîâà ìåòðèêà g, ãåîäåçè÷åñêè ñîãëàñîâàí-
íàÿ ñ L. Áîëåå òîãî, òàêàÿ ìåòðèêà g ìîæåò áûòü çàäàíà ÿâíîé ôîðìóëîé â òåðìèíàõ
ñîïðîâîæäàþùåé ôîðìû (companion form) îïåðàòîðà L.

Ïóñòü äàëåå L � äîïóñòèìûé îïåðàòîð Íèéåíõåéñà â êîíòåêñòå òåîðèè ãåîäåçè÷åñêè
ýêâèâàëåíòíûõ ìåòðèê, ò.å. L äîïóñêàåò õîòÿ áû îäíó ïñåâäîðèìàíîâó ìåòðèêó g, ãåîäå-
çè÷åñêè ñîãëàñîâàííóþ ñ L.

Îòêðûòûé âîïðîñ. Êàê îïèñàòü âñå ãåîäåçè÷åñêè ýêèâàëåíòíûå ìåòðèêè äëÿ L?
Òåîðåìà 2. Ïóñòü L è g ãåîäåçè÷åñêè ñîãëàñîâàíû. Ïðåäïîëîæèì, ÷òî çàäàí îïå-

ðàòîð M , êîòîðûé ÿâëÿåòñÿ ñàìîñîïðÿæåííûì îòíîñèòåëüíî g è, êðîìå òîãî, ÿâëÿåòñÿ
ñòðîãîé ñèììåòðèåé äëÿ L, ò.å. êîììóòèðóåò ñ L â àëãåáðèà÷åñêîì ñìûñëå (LM =ML) è
óäîâëåòâîðÿåò óñëîâèþ

LM [ξ, η]− L[ξ,Mη]−M [Lξ, η] + [Lξ,Mη] = 0.

äëÿ ëþáûõ âåêòîðíûõ ïîëåé ξ, η. Òîãäà L è gM := (gisM
s
j ) ãåîäåçè÷åñêè ñîãëàñîâàíû.

Áîëåå òîãî, åñëè L gl-ðåãóëÿðåí, òî âñÿêàÿ ìåòðèê g̃, ãåîäåçè÷åñêè ñîãëàñîâàííàÿ ñ L,
èìååò âèä g̃ = gM , ãäå M � ñòðîãàÿ ñèììåòðèÿ îïåðàòîðà L.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024
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Ïóñòü (M, g) � ãëàäêîå, ñâÿçíîå è êîìïàêòíîå ðèìàíîâî ìíîãîîáðàçèå. Îáîçíà÷èì ÷å-
ðåç ∆g îïåðàòîð Ëàïëàñà-Áåëüòðàìè íà M . Ìû ðàññìàòðèâàåì îáðàòíóþ çàäà÷ó, ñîîòâåò-
ñòâóþùóþ âîëíîâîìó óðàâíåíèþ{

(∂2t −∆g)u(t, x) = f(t, x), â (0,∞)×M ;

u |t=0 = ∂tu |t=0 = 0, â M.

Ìû îáîçíà÷àåì åãî ðåøåíèå ÷åðåç uf = u(t, x). Äëÿ îòêðûòûõ è íåïóñòûõ ìíîæåñòâ R,
S ⊂M , ìû îïðåäåëÿåì îãðàíè÷åííûé îïåðàòîð èñòî÷íèê-ðåøåíèå,

ΛS,R : f 7→ uf |(0,∞)×R , f ∈ C∞
0 ((0,∞)× S).

Îïåðàòîð ΛS,R ìîäåëèðóåò èçìåðåíèÿ äëÿ âîëíîâîãî óðàâíåíèÿ ñ èñòî÷íèêàìè f , ñî-
çäàþùèìè âîëíó íà (0,∞) × S è âîëíàìè uf , êîòîðûå íàáëþäàþòñÿ íà (0,∞) × R. Ìû
èññëåäóåì îáðàòíóþ çàäà÷ó äëÿ îïðåäåëåíèÿ (M, g) ïðè äàííîì ΛS,R.

Â ðàìêàõ ìíîãîîáðàçèÿ ñ ãðàíèöåé ðàññìàòðèâàþòñÿ àíàëîãè÷íûå îáðàòíûå çàäà÷è,
ãäå S è R ñîñòàâëÿþò ÷àñòè ãðàíèöû. Ýòè ïðîáëåìû áûëè øèðîêî èññëåäîâàíû. Îñîáåííî
øèðîêî èçó÷àëñÿ ñëó÷àé, êîãäà S = R, ñì. [1-6]. Åñòü ëèøü íåñêîëüêî ðåçóëüòàòîâ äëÿ
ïðîáëåìû ñ íåñâÿçàííûìè ÷àñòè÷íûìè äàííûìè, ìû ññûëàåìñÿ íà ðàáîòû [7-10].

Ñ äðóãîé ñòîðîíû, ñöåíàðèé, ãäå S èR ïðåäñòàâëÿþò ñîáîé íåïóñòûå îòêðûòûå ìíîæå-
ñòâà âíóòðè ìíîãîîáðàçèÿ, ïîëó÷èë ãîðàçäî ìåíüøå âíèìàíèÿ. Íà íàøåì ñâåäåíèè, ýòîò
ñëó÷àé áûë ðàññìîòðåí òîëüêî â ðàáîòàõ [11] è [12]. Îáå ñòàòüè ðàññìàòðèâàþò ñèòóàöèþ,
ãäå S = R.

Â äàííîé ðàáîòå ìû ñîñðåäîòî÷èëèñü íà ñëó÷àå, êîãäà S ∩R = ∅. Íàø îñíîâíîé ðå-
çóëüòàò � îïðåäåëåíèå ìíîãîîáðàçèÿ (M, g), ñ òî÷íîñòüþ äî èçîìîðôèçìà, îò îïåðàòîðà
èñòî÷íèê-ðåøåíèå ΛS,R, ïðè óñëîâèè, ÷òî âûïîëíÿåòñÿ ñëåäóþùåå ñïåêòðàëüíîå íåðàâåí-
ñòâî: Ñóùåñòâóåò C > 0, òàêàÿ ÷òî äëÿ ëþáîé íîðìèðîâàííîé ñîáñòâåííîé ôóíêöèè ϕ
îïåðàòîðà Ëàïëàñà-Áåëüòðàìè ∆g îöåíêà

1 ≤ C∥ϕ|S∥L2(S) (1)

âûïîëíÿåòñÿ. Êàê îñíîâíîé ðåçóëüòàò, ìû äîêàçûâàåì ñëåäóþùåå:
Òåîðåìà 1. Ïóñòü (M, g) � ãëàäêîå, ñâÿçíîå è êîìïàêòíîå ðèìàíîâî ìíîãîîáðàçèå.

Ïóñòü R, S ⊂ M � íåïóñòûå îòêðûòûå ìíîæåñòâà, è ΛS,R � ñîîòâåòñòâóþùèé îïåðàòîð
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èñòî÷íèê-ðåøåíèå. Ïðåäïîëîæèì, ÷òî ñïåêòðàëüíîå îãðàíè÷åíèå (1) âûïîëíåíî äëÿ ìíî-
æåñòâà S. Äèôôåðåíöèàëüíàÿ ñòðóêòóðà íà S è R, âìåñòå ñ äàííûìè (S, g|S), (R, g|R) è
ΛS,R, îïðåäåëÿþò (M, g) ñ òî÷íîñòüþ äî èçîìîðôèçìà. Áîëåå òî÷íî, ýòî îçíà÷àåò ñëåäóþ-
ùåå:

Ïóñòü (M1, g1) è (M2, g2) � ãëàäêèå, ñâÿçíûå è êîìïàêòíûå ðèìàíîâû ìíîãîîáðàçèÿ, è
ïóñòü R1, S1 ⊂ M1 è R2, S2 ⊂ M2 � îòêðûòûå íåïóñòûå ìíîæåñòâà. Ïðåäïîëîæèì, ÷òî
ñïåêòðàëüíîå îãðàíè÷åíèå (1) âûïîëíåíî äëÿ ìíîæåñòâ S1, S2, è ñóùåñòâóþò èçîìåòðèè
Φ : S1 → S2 è Ψ : R1 → R2. Òîãäà, òîæäåñòâî

ΛS1,R1 = Ψ∗ΛS2,R2Φ∗

îçíà÷àåò, ÷òî ìíîãîîáðàçèÿ (M1, g1) è (M2, g2) èçîìåòðè÷íû.

Funding: Âòîðîé àâòîð áûë ÷àñòè÷íî ïîääåðæàí Ìèíèñòåðñòâîì îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí â
ðàìêàõ ãðàíòà AP14870361.

Êëþ÷åâûå ñëîâà: îáðàòíûå çàäà÷è, ðèìàíîâî âîëíîâîå óðàâíåíèå, îòîáðàæåíèå îò èñòî÷íèêà ê ðåøåíèþ, ðàç-
íåñåííûå äàííûå, êâàíòîâûé õàîñ..

2010 Mathematics Subject Classi�cation: 35R30, 35R01

Ëèòåðàòóðà
[1] Belishev, M. I., An approach to multidimensional inverse problems for the wave equation, Dokl. Akad. Nauk SSSR,

297 (1987), no. 3, 524�527.
[2] Belishev, M. I. and Kurylev, Yaroslav V., To the reconstruction of a Riemannian manifold via its spectral data

(BC-method), Comm. Partial Di�erential Equations, 17 (1992), 767�804.
[3] Blagove�s�censki�� A. S., A one-dimensional inverse boundary value problem for a second order hyperbolic equation,

Zap. Nau�cn. Sem. Leningrad. Otdel. Mat. Inst. Steklov., 15 (1969), 85�90.
[4] Blagove�s�censki�� A. S., The inverse boundary value problem of the theory of wave propagation in an anisotropic

medium, Trudy Mat. Inst. Steklov., 115 (1971), 39�56. (errata insert).
[5] Kre��n, M. G., Determination of the density of a nonhomogeneous symmetric cord by its frequency spectrum,

Doklady Akad. Nauk SSSR (N.S.), 76 (1951), 345�348.
[6] Lassas, M. and Uhlmann, G., On determining a Riemannian manifold from the Dirichlet-to-Neumann map, Ann.

Sci. �Ecole Norm. Sup. (4), 34 (2001), no. 5, 771�787.
[7] Imanuvilov, O. Yu. and Uhlmann, G. and Yamamoto, M., Inverse boundary value problem by measuring Dirichlet

data and Neumann data on disjoint sets, Inverse Problems, 27 (2011), no. 8, 085007, 26.
[8] Lassas, M. and Oksanen, L., An inverse problem for a wave equation with sources and observations on disjoint

sets, Inverse Problems, 26 (2010), no. 8, 085012, 19.
[9] Rakesh, Characterization of transmission data for Webster's horn equation, Inverse Problems, 16 (2000), no. 2,

9�24.
[10] Rakesh, Sacks, P., Uniqueness for a hyperbolic inverse problem with angular control on the coe�cients, J. Inverse

Ill-Posed Probl., 19 (2011), no. 1, 107�126.
[11] Helin, T. and Lassas, M. and Oksanen, L. and Saksala, T. Correlation based passive imaging with a white noise

source, J. Math. Pures Appl. (9), 116 (2018), 132�160.

[12] Helin, T., Lassas, M., Ylinen, L., Zhang, Z., Inverse problems for heat equation and space-time fractional di�usion

equation with one measurement, J. Di�erential Equations, 269 (2020), no. 9, 7498�7528.

Ìåòîä ïåðèîäè÷åñêèõ õàðàêòåðèñòèê ìíîãîïåðèîäè÷åñêèõ
ñèñòåì ñ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ ïî äèàãîíàëè è
åãî ïðèìåíåíèå ê ïðîáëåìàì êâàçèïåðèîäè÷åñêèõ ñèñòåì
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Ðàññìàòðèâàåòñÿ ìíîãîïåðèîäè÷åñêàÿ ñèñòåìà ñ îïåðàòîðîì D [1]

Dx = f(τ, t, x), D = ∂/∂τ + ∂/∂t1 + ...+ ∂/∂tm,

f(τ + θ, t+ ω, x) = f(τ, t, x) ∈ C
(0,e,ẽ)
τ,t,x (R×Rm ×Rn), ω = (ω1, ..., ωm) (1)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024



Annual International April Mathematical Conference – 2024 21

îòíîñèòåëüíî n-âåêòîðíîé ôóíêöèè x(τ, t), ãäå ω0 = θ, ω1, ..., ωm � ðàöèîíàëüíî íåñîèçìå-
ðèìûå ïîëîæèòåëüíûå ïîñòîÿííûå, τ ∈ R = (−∞,+∞), t = (t1, ..., tm) ∈ Rm, e = (1, ..., 1)
è ẽ = (1, ...1)� m è n-âåêòîðû, f� n-âåêòîð-ôóíêöèÿ. Óðàâíåíèå

dt/dτ = e (2)

ÿâëÿåòñÿ õàðàêòåðèñòè÷åñêèì äëÿ îïåðàòîðà D, êîòîðîå â ïðîñòðàíñòâå R×Rm ñ ïðÿ-
ìîëèíåéíûì êîîðäèíàòàìè (τ, t) èìååò δ�õàðàêòåðèñòèêè t = η + eτ − eξ ≡ δ(τ, ξ, η),
τ ∈ R, (ξ, η) ∈ R×Rm.

1. Â äàííîì èññëåäîâàíèè õàðàêòåðèñòè÷åñêîå óðàâíåíèå (2) ðàññìàòðèâàåòñÿ â áåñêî-
íå÷íîé öèëèíäðè÷åñêîé ïîâåðõíîñòè Öm, ãäå Ö= L×Γθ, Γθ � îêðóæíîñòü äëèíû 2πr = θ,
L � îáðàçóþùàÿ öèëèíäðà.

Õàðàêòåðèñòèêè óðàâíåíèÿ (2) ñ äàííûìè (ξ, η) ∈ Ö ïðåäñòàâèì â âèäå

t = β(τ, ξ, η), (τ, t) ∈ L× Γθ. (3)

Îáîñíîâàíî, ÷òî íà ïîâåðõíîñòè Öm β�õàðàêòåðèñòèêè îáëàäàþò ñâîéñòâîì:

β(ξ + θ, τ, t) = β(ξ, τ + θ, t) = β(ξ, τ, t) = β(ξ, τ, t+ ω)− ω. (4)

Òåîðåìà 1. Õàðàêòåðèñòè÷åñêîå óðàâíåíèå (2) îïåðàòîðà D íà ïîâåðõíîñòè ìíîãîìåð-
íîé áåñêîíå÷íîé öèëèíäðè÷åñêîé ïîâåðõíîñòè Öm äîïóñêàåò õàðàêòåðèñòèêè (3), θ-ïåðè-
îäè÷åñêèå âèäà (4).

Äàëåå, îáñóæäàþòñÿ îáùèå âîïðîñû ñèñòåìû (1), ñâÿçü ìåæäó δ è β-õàðàêòåðèñòèêàìè,
ãäå ïîñëåäíèå ðàñêðûâàþò ñóòü ìåòîäà ïåðèîäè÷åñêèõ õàðàêòåðèñòèê.

2. Ðàññìàòðèâàåòñÿ ñèñòåìà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dz/dτ = P (τ, t)z, dt/dτ = e, P (τ + θ, t+ ω) = P (τ, t) ∈ C
(0,e)
τ,t (R×Rm). (5)

Èññëåäóåòñÿ ïðèâîäèìîñòü ñèñòåìû (5) ê ñèñòåìå

dy/dτ = Ay, A[aij(η)]
n
1 , (6)

íåîñîáåííîé ëèíåéíîé çàìåíîé

z = Q(τ, t)y,Q(τ + θ, t) = Q(τ, t) ∈ C
(1,e)
τ,t (R×Rm), detQ(τ, t) ̸= 0, (7)

ìåòîäîì β-õàðàêòåðèñòèê äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 2. Êâàçèïåðèîäè÷åñêàÿ ñèñòåìà (5) ïðèâîäèìà ê ñèñòåìå (6) íà îñíîâå ïåðè-

îäè÷åñêîãî ïðåîáðàçîâàíèÿ (7).
Äàííàÿ ïðîáëåìà ïðèâåäåíà â [2] íà ÿçûêå óñëîâíî-ïåðèîäè÷åñêèõ ôóíêöèé.
3.Ðàññìàòðèâàåòñÿ êâàçèïåðèîäè÷åñêàÿ ñèñòåìà ñ íà÷àëüíûì óñëîâèåì

dz/dτ = f(τ, t, z), dt/dτ = e,

f(τ + θ, t+ ω, z) = f(τ, t, z) ∈ C
(0,e,ẽ)
τ,t,z (R×Rm ×Rn), (8)

z|τ=ξ = u(η) ∈ C(e)
η (Γm

θ ), (80)

íà áåñêîíå÷íîé öèëèíäðè÷åñêîé ïîâåðõíîñòè Öm, ãäå õàðàêòåðèñòè÷åñêîå óðàâíåíèå ñè-
ñòåìû (8) äîïóñêàåò β-õàðàêòåðèñòèêè âèäà (3) ñ äàííûìè (ξ, η).

Ìû èññëåäóåì âîïðîñ îá óñòàíîâëåíèè óñëîâèÿ êâàçèïåðèîäè÷íîñòè ïî τ ðåøåíèÿ
z(τ, η, u(η)) çàäà÷è (8)-(80). Ìåòîäîì β-õàðàêòåðèñòèê äîêàçàíà òåîðåìà.

Òåîðåìà 3. Äëÿ òîãî ÷òîáû ðåøåíèå z(τ, η, u(η)) çàäà÷è (8)-(80) áûëî êâàçèïåðèî-
äè÷åñêèì ïî τ ñ ÷àñòîòíûì áàçèñîì (θ−1, ω−1

1 , ..., ω−1
m ), íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû

íà÷àëüíàÿ ôóíêöèÿ u(η) áûëà ω-ïåðèîäè÷åñêèì ðåøåíèåì ôóíêöèîíàëüíîé ñèñòåìû

z(ξ + θ, η + eθ, u(η)) = u(η). (9)
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Çàäà÷à îá óñëîâèè êâàçèïåðèîäè÷íîñòè ðåøåíèé êîëåáàòåëüíûõ ñèñòåì, â îáûêíîâåí-
íûõ óðàâíåíèÿõ âèäà (9), óïîìèíàåòñÿ â [3].

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP19676629 ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: ìíîãîïåðèîäè÷åñêàÿ ñèñòåìà, îïåðàòîð äèôôåðåíöèðîâàíèÿ, ïåðèîäè÷åñêèå õàðàêòåðèñòèêè,
êâàçèïåðèîäè÷åñêàÿ ñèñòåìà, ïðèâîäèìîñòü.
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Ïðîáëåìû ìàòåìàòè÷åñêîé ýïèäåìèîëîãèè

Ñ.ß. ÑÅÐÎÂÀÉÑÊÈÉ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
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Ñðåäè ïîñëåäñòâèé ýïèäåìèè COVID-19 íåëüçÿ íå îòìåòèòü ñóùåñòâåííî âîçðîñøèé èí-
òåðåñ ê çàäà÷àì ìàòåìàòè÷åñêîé ýïèäåìèîëîãèè. Ýòî íàïðàâëåíèå äî ïîñëåäíåãî âðåìåíè
íàõîäèëîñü êàê-òî â òåíè è íå âûäåðæèâàëî íèêàêîãî ñðàâíåíèÿ ïî ñâîåé ïîïóëÿðíîñòè
ñ ìàòåìàòè÷åñêîé ôèçèêîé, ìàòåìàòè÷åñêîé ýêîíîìèêîé èëè ìàòåìàòè÷åñêîé áèîëîãèåé.
Òåì íå ìåíåå, îíî èìååò äàâíþþ èñòîðèþ, à ñåé÷àñ ïåðåæèâàåò áóðíûé ðîñò.

Ïåðâîé ðàáîòîé, ïîñâÿùåííîé ïðèìåíåíèþ ìàòåìàòè÷åñêèõ ìåòîäîâ äëÿ ðåøåíèÿ çà-
äà÷ ýïèäåìèîëîãèè, áûëà ñòàòüÿ 1766 ãîäà âûäàþùåãîñÿ ìàòåìàòèêà Äàíèèëà Áåðíóëëè,
â êîòîðîé äàâàëàñü îöåíêà ýôôåêòèâíîñòè ïðèâèâêè îò îñïû. Çà ýòèì ïîñëåäîâàëè èñ-
ñëåäîâàíèÿ òàêèõ çíàìåíèòûõ ìàòåìàòèêîâ, êàê Ïüåð Ñèìîí Ëàïëàñ è Èîãàíí Ëàìáåðò.
Ïî-âèäèìîìó, ïåðâàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ýïèäåìèîëîãè÷åñêîãî ïðîöåññà áûëà äàíà â
1911 ãîäó ëàóðåàòîì íîáåëåâñêîé ïðåìèè ïî ìåäèöèíå Ðîíàëüäîì Ðîññîì. Ìîäåëü ïðåä-
ñòàâëÿëà ñîáîé ñèñòåìó äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé îòíîñèòåëüíî ÷èñëà ëþäåé,
çàðàæåííûõ ìàëÿðèåé, è ÷èñëà êîìàðîâ, ÿâëÿþùèõñÿ åå ïåðåíîñ÷èêîì. Îäíàêî íà÷àëîì
ñîâðåìåííîé ìàòåìàòè÷åñêîé ýïèäåìèîëîãèè ïðèíÿòî ñ÷èòàòü ìîäåëü SIR, ïðåäëîæåííóþ
â 1927 ã. Óèëüÿìîì Êåðìàêîì è Àíäåðñîíîì Ìàê-Êåíäðèêîì.

Ìîäåëü SIR îòíîñèòñÿ ê êëàññó compartmental models, â êîòîðûõ âñÿ ïîïóëÿöèÿ ðàçáè-
âàåòñÿ íà ãðóïïû ëþäåé, íàõîäÿùèõñÿ â îäíîì è òîì æå ýïèäåìèîëîãè÷åñêîì ñîñòîÿíèè
è ïåðåõîäÿùèõ èç îäíîé ãðóïïû â äðóãóþ ïðè èçìåíåíèè ñâîåãî ñîñòîÿíèÿ. Â äàííîì
ñëó÷àå òàêîâûìè ÿâëÿþòñÿ susceptible (çäîðîâûå, êîòîðûå ìîãóò çàáîëåòü), infected (çàáî-
ëåâøèå) è recovered (âûçäîðîâåâøèå, îáëàäàþùèå èììóíèòåòîì). Ìîäåëü õàðàêòåðèçóåòñÿ
ñèñòåìîé íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùèõ èçìåíåíèå ñî âðåìå-
íåì óêàçàííûõ ãðóïï ëþäåé.

Áîëüøèíñòâî èç ðàññìàòðèâàåìûõ â íàñòîÿùåå âðåìÿ ìîäåëåé ÿâëÿþòñÿ îáîáùåíè-
åì ìîäåëè SIR. Îíè ðàçëè÷àþòñÿ âûáðàííûìè ãðóïïàìè ëþäåé: â îòäåëüíûõ ìîäåëÿõ
äîáàâëÿþòñÿ ãðóïïû êîíòàêòíûõ (ëþäåé, áûâøèõ â êîíòàêòå ñ áîëüíûìè, íî åùå íå çà-
áîëåâøèõ), óìåðøèõ, âàêöèíèðîâàííûõ, ãîñïèòàëèçèðîâàííûõ è äð. Ìîäåëè ðàçëè÷àþòñÿ
òàêæå ó÷èòûâàåìûìè ìåæãðóïïîâûìè ïåðåõîäàìè. Ê ïðèìåðó, çàáîëåâøèé ìîæåò âûçäî-
ðîâåòü ñ ïðèîáðåòåíèåì âðåìåííîãî èëè ïîñòîÿííîãî èììóíèòåòà, èëè âîîáùå íå ïîëó÷èòü
èììóíèòåòà, à ìîæåò è óìåðåòü; áîëåçíü ìîæåò ïåðåéòè â áîëåå òÿæåëóþ ñòàäèþ, à ìîæåò
è íå ïåðåéòè è ò.ä. Ôîðìàëüíî ðàññìàòðèâàåìûå çäåñü ñèñòåìû óðàâíåíèé íàïîìèíàþò òå,
÷òî èñïîëüçóþòñÿ â õèìè÷åñêîé êèíåòèêå è äèíàìèêå ïîïóëÿöèé. Îäíàêî â îòëè÷èå îò íèõ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024
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äëÿ óðàâíåíèé ýïèäåìèîëîãèè õàðàêòåðíî (â ñëó÷àå èçîëèðîâàííîñòè ïîïóëÿöèè è íàëè-
÷èè áàëàíñà ìåæäó ðîæäàåìîñòüþ è åñòåñòâåííîé ñìåðòíîñòüþ) ñóùåñòâîâàíèå ïåðâîãî
èíòåãðàëà ñèñòåìû, ñîîòâåòñòâóþùåãî ÷èñëåííîñòè âñåé ïîïóëÿöèè.

Íàðÿäó ñ íåïðåðûâíûìè ìîäåëÿìè, ðàññìàòðèâàþòñÿ è äèñêðåòíûå ìîäåëè, â êîòîðûõ
÷åðåç êàæäûé øàã ïî âðåìåíè îñóùåñòâëÿåòñÿ ïåðåõîä êàêîãî-òî êîëè÷åñòâî ëþäåé èç
îäíîé ãðóïïû â äðóãóþ. Äëÿ îïèñàíèÿ ðàñïðîñòðàíåíèÿ ýïèäåìèè ïî íåêîòîðîé òåððèòî-
ðèè ïðèìåíÿþòñÿ óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ ñ äèôôóçèîííûìè ÷ëåíàìè. Àíàëî-
ãè÷íûå óðàâíåíèÿ ïðèìåíÿþòñÿ òàêæå äëÿ àíàëèçà ðàñïðåäåëåíèÿ òåõ èëè èíûõ ãðóïï
ïîïóëÿöèè íå òîëüêî âî âðåìåíè, íî è ïî âîçðàñòàì. Äëÿ ìàòåìàòè÷åñêîãî îïèñàíèÿ ýïè-
äåìèé èñïîëüçóþòñÿ òàêæå îáúåêòíî-îðèåíòèðîâàííîå ìîäåëèðîâàíèå, ïîçâîëÿþùàÿ íà
îñíîâå ïîâåäåíèÿ äåöåíòðàëèçîâàííûõ ÷àñòåé ñèñòåìû ñóäèòü î ñâîéñòâàõ ñèñòåìû â öå-
ëîì. Äëÿ èññëåäîâàíèÿ ðàñïðîñòðàíåíèÿ ýïèäåìèé ïðèìåíÿþò òàêæå ìåòîäû àãåíòíîãî
ìîäåëèðîâàíèÿ, ñîãëàñíî êîòîðîìó ñâîéñòâà ñèñòåìû áîëåå âûñîêîãî óðîâíÿ âîçíèêàþò â
ðåçóëüòàòå âçàèìîäåéñòâèÿ ïîäñèñòåì áîëåå íèçêîãî óðîâíÿ, à ìàêðîìàñøòàáíûå èçìåíå-
íèÿ ñîñòîÿíèÿ ñèñòåìû âîçíèêàþò èç ïîâåäåíèÿ àãåíòà íà ìèêðîóðîâíå. Îñîáóþ ðîëü ïðè
èçó÷åíèè ðàñïðîñòðàíåíèÿ ýïèäåìèé èãðàþò ñòîõàñòè÷åñêèå ìîäåëè. Äåëî â òîì, ÷òî íà
ýòîò ïðîöåññ âëèÿåò çíà÷èòåëüíîå êîëè÷åñòâî ñëó÷àéíûõ ôàêòîðîâ. Êðîìå òîãî, ïåðåõîä
÷åëîâåêà èç îäíîãî ýïèäåìèîëîãè÷åñêîãî ñîñòîÿíèÿ â äðóãîå (çàáîëåâàíèå, âûçäîðîâëåíèå,
ñìåðòü è äð.) ìîæíî ðàññìàòðèâàòü êàê ñëó÷àéíîå ñîáûòèå. Â íàñòîÿùåå âðåìÿ ÷èñëî ìà-
òåìàòè÷åñêèõ ìîäåëåé ýïèäåìèîëîãè÷åñêèõ ïðîöåññîâ èçìåðÿåòñÿ óæå ñîòíÿìè.

Â 2021�2023 ãîäàõ â Êàçàõñêîì íàöèîíàëüíîì óíèâåðñèòåò èì. àëü-Ôàðàáè ïðîâîäè-
ëîñü èññëåäîâàíèå ìàòåìàòè÷åñêèõ ìîäåëåé ýïèäåìèîëîãèè â ðàìêàõ ïðîåêòà ÌÎÍ ÐÊ
¾Ðàçðàáîòêà èíòåëëåêòóàëüíîé ñèñòåìû îöåíêè ðàçâèòèÿ ýïèäåìèè COVID-19 è äðó-
ãèõ èíôåêöèé â Êàçàõñòàíå¿. Â ðàìêàõ ýòîãî ïðîåêòà áûëî ðàçðàáîòàíî íåñêîëüêî ìî-
äåëåé ðàçâèòèÿ ýïèäåìèè. Ïðîâåäåíà èäåíòèôèêàöèÿ ýòèõ ìîäåëåé íà îñíîâå èìåþùåéñÿ
èíôîðìàöèè îá èçìåíåíèè ýïèäåìèîëîãè÷åñêîãî ñîñòîÿíèÿ COVID-19 â Êàçàõñòàíå. Íà
îñíîâå êîìïüþòåðíîãî àíàëèçà áûë äàí ïðîãíîç ðàñïðîñòðàíåíèÿ ýïèäåìèè, ðåçóëüòàòû
êîòîðîãî ñðàâíèâàëèñü ñ ðåàëüíûì õîäîì ýïèäåìèè.

Êëþ÷åâûå ñëîâà: ýïèäåìèîëîãèÿ, ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå, èñòîðè÷åñêèé îáçîð.

2010 Mathematics Subject Classi�cation: 92Ñ60

Î íåêîòîðûõ íà÷àëüíî-êðàåâûõ çàäà÷àõ äëÿ íåëîêàëüíîãî
àíàëîãà ïàðàáîëè÷åñêîãî óðàâíåíèÿ âûñîêîãî ïîðÿäêà
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Â äàííîé ðàáîòå èññëåäóþòñÿ âîïðîñû ðàçðåøèìîñòè íåêîòîðûõ ïðÿìûõ è îáðàòíûõ
çàäà÷ äëÿ íåëîêàëüíîãî àíàëîãà ïàðàáîëè÷åñêîãî óðàâíåíèÿ âûñîêîãî ïîðÿäêà. Ââîäèò-
ñÿ íåëîêàëüíûé àíàëîã ïîëèãàðìîíè÷åñêîãî îïåðàòîðà. Ïðè îïðåäåëåíèè ýòîãî îïåðàòî-
ðà èñïîëüçóþòñÿ ïðåîáðàçîâàíèÿ òèïà èíâîëþöèè. Â ïàðàëëåëåïèïåäå è øàðå èçó÷àþòñÿ
ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ çàäà÷è òèïà Äèðèõëå äëÿ íåëîêàëüíîãî ïî-
ëèãàðìîíè÷åñêîãî îïåðàòîðà. Ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ ýòîé çàäà÷è
ñòðîÿòñÿ â ÿâíîì âèäå è äîêàçûâàåòñÿ ïîëíîòà ñèñòåìû ñîáñòâåííûõ ôóíêöèé. Èññëåäîâà-
íû äâà âèäà îáðàòíûõ çàäà÷ ïî íàõîæäåíèþ ðåøåíèÿ óðàâíåíèÿ è ïðàâîé ÷àñòè. Â ïåðâîé
çàäà÷å èùåòñÿ ïðàâàÿ ÷àñòü, çàâèñÿùàÿ îò ïðîñòðàíñòâåííîé ïåðåìåííîé, à âî âòîðîé çà-
äà÷å íàõîäèòñÿ ôóíêöèÿ, çàâèñÿùàÿ îò âðåìåííîé ïåðåìåííîé. Ïåðâàÿ çàäà÷à ðåøàåòñÿ
ïðèìåíåíèåì ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ Ôóðüå, à âòîðàÿ çàäà÷à ñâåäåíèåì åå ê ðåøå-
íèþ èíòåãðàëüíîãî óðàâíåíèÿ. Äîêàçûâàþòñÿ òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè
ðåøåíèÿ.
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Îòìåòèì, ÷òî ñîáñòâåííûå ôóíêöèè è ñîáñòâåííûå çíà÷åíèÿ íåëîêàëüíîãî àíàëîãà îïå-
ðàòîðà Ëàïëàñà èññëåäîâàëèñü â ðàáîòàõ [1,2]. Íà÷àëüíî-êðàåâûå çàäà÷è äëÿ íåëîêàëüíûõ
ïàðàáîëè÷åñêèõ óðàâíåíèé âòîðîãî è ÷åòâåðòîãî ïîðÿäêîâ èçó÷åíû â ðàáîòàõ [3,4].

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì � AP19677926 ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: èíâîëþöèÿ, íåëîêàëüíûé ïîëèãàðìîíè÷åñêèé îïåðàòîð, ïàðàáîëè÷åñêîå óðàâíåíèå, ñîáñòâåí-
íàÿ ôóíêöèÿ, ñîáñòâåííîå çíà÷åíèå.

2010 Mathematics Subject Classi�cation: 34K06,34K08,35G16
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Professor Dulat S. Dzhumabaev, Doctor of Physical and Mathematical Sciences, was a
prominent scientist, a well-known specialist in the field of the qualitative theory of differential
and integro-differential equations, the theory of nonlinear operator equations, numerical and
approximate methods for solving boundary value problems.

Dzhumabaev D.S. was born in Kantagi, Turkistan district, South Kazakhstan region, on
April 11, 1954. From 1961 to 1971, he attended secondary school �386 in Turkistan. In 1971,
he entered Faculty of Mechanics and Mathematics of Kazakh State University named after S.M.
Kirov (now Al-Farabi Kazakh National University). After graduating with honors from the De-
partment of Mathematics in 1976, he continued to pursue postgraduate studies at the Institute
of Mathematics and Mechanics of the Academy of Sciences of the Kazakh SSR. His scientific
activity began under the guidance of Academician Orymbek Akhmetbekovich Zhautykov, an
outstanding scientist and mathematician, who made a huge contribution to the creation and
development of the mathematical science in Kazakhstan. After successful completion of post-
graduate studies in 1979, Dzhumabaev D.S. joined the Laboratory of Ordinary Differential
Equations headed by Academician Zhautykov O.A. He went from being a junior researcher to
becoming the head of the Laboratory of Differential Equations, one of the leading divisions of
the Institute of Mathematics. He chaired the laboratory from 1996 to 2012.

Dzhumabaev D.S. was a successful scientist and versatile specialist in the field of mathe-
matics and its applications. He devoted his talent and hard work to the study of nonlinear
operator equations, to the creation and development of qualitative methods in the theory of
boundary value problems for differential equations.

In 1980, Dzhumabaev D.S. defended his dissertation “Boundary value problems with a pa-
rameter for ordinary differential equations in a Banach space” and earned a degree of Candidate
of Physical and Mathematical Sciences in the specialty 01.01.02 - Differential Equations.

The doctoral dissertation by Dzhumabaev D.S. titled “Singular boundary value problems
for ordinary differential equations and their approximation” is a fundamental scientific work
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that underwent comprehensive approbation in leading scientific centers, such as the Computing
Center of the Russian Academy of Sciences (A.A. Abramov, N.B. Konyukhova), the Institute of
Applied Mathematics of the Russian Academy of Sciences (K.I. Babenko), Lomonosov Moscow
State University (V.M. Millionshchikov, V.A. Kondratiev, N.Kh. Rozov), Institute of Math-
ematics NAS of Ukraine (Y.A. Mitropol’skii, A.M. Samoilenko, V.L. Makarov, V.L. Kulik),
Voronezh State University (V.I. Perov), I. Vekua Institute of Applied Mathematics of Tbil-
isi State University (I.T. Kiguradze), Kiev State University named after T. Shevchenko (N.I.
Perestyuk). Doctoral dissertation was defended at the Specialized Council of the Institute of
Mathematics of the NAS of Ukraine in 1994.

The main research areas and the results obtained by Professor Dzhumabaev can be divided
into several groups:

1. Boundary value problems for ordinary differential equations with a parameter in a Banach
space.

2. A linearizer and iterative processes for unbounded non-smooth operators.
3. The parametrization method for solving boundary value problems.
4. Nonlocal problems for systems of second-order hyperbolic equations.
5. Boundary value problems for loaded and integro-differential equations.
6. New general solutions to linear Fredholm integro-differential equations and their appli-

cations in solving boundary value problems.
Dzhumabaev D.S. was a highly qualified expert in the theory of differential, integral and non-

linear operator equations, computer and mathematical modeling of applied problems. He has
published over 300 papers in scientific journals, including authoritative periodicals like Journal
of Mathematical Analysis and Applications, Journal of Computational and Applied Mathemat-
ics, Mathematical Methods in Applied Sciences, Mathematical Notes, Computational Mathe-
matics and Mathematical Physics, Differential Equations, Ukrainian Mathematical Journal,
Journal of Integral Equations and Applications, Journal of Mathematical Sciences, Eurasian
Mathematical Journal, etc. The list of his major publications is given below.

The research findings were presented and discussed at many international symposia and
conferences. His scientific results were widely recognized in Kazakhstan and at the international
level by experts in the field of differential equations and computational mathematics. The
scientific direction formed by Dzhumabaev D.S. has been further developed by his students,
who successfully work at the Institute of Mathematics and Mathematical Modeling and leading
universities in Kazakhstan.

In 1998, Dzhumabaev D.S. was awarded the title of professor (specialty 01.01.00 - Math-
ematics). Under his supervision, two doctoral, twenty candidate dissertations, and one PhD
thesis were defended. He supervised five PhD students. In 2004-2005, Dzhumabaev D.S. was
the chair of the Expert Commission on Mathematics and Computer Science of the Commit-
tee on Supervision and Certification in Education and Science of the Ministry Education and
science of the Republic of Kazakhstan.

Professor Dzhumabaev made a great contribution to academic community. He led a scientific
seminar on the qualitative theory of differential equations at the Institute of Mathematics and
Mathematical Modeling. He was a scientific expert of the State Expertise of the Ministry of
Education and Science of the Republic of Kazakhstan. For many years, Dzhumabaev D.S. was
a member of Dissertation Councils at the Institute of Mathematics, Al-Farabi Kazakh National
University, Abai Kazakh National Pedagogical University, K.Zhubanov Aktobe Regional State
University.

In 2014, at the invitation of the university authorities, Professor Dzhumabaev began to
deliver lectures at the International University of Information Technology. He taught such
courses as “Mathematical Analysis”, “Methods of solving linear and nonlinear boundary value
problems for ordinary differential equations”, “Problems for integro-differential equations of
processes with consequences”, “Boundary value problems, their applications and methods for
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solving”. It should be noted that his scientific results of recent years were obtained under the
influence of teaching at the International University of Information Technology. While giving
lectures and conducting practical classes, he realized with great clarity the importance of devel-
oping numerical methods for solving applied problems. Having set himself the goal of bringing
to the final numerical implementation the theoretical results and algorithms of the parameter-
ization method, he made a breakthrough in the field of mathematical and computer modeling.
Under scientific supervision of Professor Dzhumabaev, master students and undergraduates
of the International University of Information Technology carried out research in the area of
numerical methods for solving boundary value problems for differential and integro-differential
equations.

Professor Dzhumabaev chaired the Mathematics Section of Academic Council of the Insti-
tute of Mathematics and Mathematical Modeling. He was a member of the editorial board of the
scientific journals News of NAS RK. Series: Physics and Mathematics, Kazakh Mathematical
Journal, Bulletin of Karaganda State University. Series: Mathematics.

Dzhumabaev D.S. was awarded the lapel badge “For Contribution to the Development of
Science and Technology” and the Certificate of Merit of the Ministry of Education and Science
of the Republic of Kazakhstan (2014).

Since 2018, Dzhumabaev D.S. headed the Department of Mathematical Physics and Math-
ematical Modeling at the Institute of Mathematics and Mathematical Modeling. In 2019, his
research team, together with mathematicians from Ukraine, Uzbekistan, Azerbaijan, Germany,
and the Czech Republic, received funding from the European Union’s Horizon 2020 research
and innovation programme under EU grant agreement 873071-H2020-MSCA-PISE-2019 (Marie
Sklodowska-Curie Research and Innovation Staff Exchange), project titled “Spectral Optimiza-
tion: From Mathematics to Physics and Advanced Technology” (SOMPATY).

The first publication in the framework of this project is devoted to the application of the
parameterization method to multipoint problems for Fredholm integro-differential equations
and was published in Kazakh Mathematical Journal (2020, Vol. 20, No. 1).

At the end of 2019, having applied for the competition from the International University
of Information Technology, Professor Dzhumabaev became the owner of the grant “The Best
University Teacher 2019” of the Ministry of Education and Science of the Republic of Kaza-
khstan.

A prominent scientist, an outstanding teacher, and a talented organizer, Dulat Syzdyk-
bekovich Dzhumabaev passed away on February 20, 2020. He will be lovingly remembered by
his wife Klara Kabdygalymovna, daughters Dana and Damira, son Anuar, and fours grand-
children. His memory will live in the hearts of his friends, colleagues, as well as generations
of grateful and adoring students. His research, scientific ideas and plans will be continued and
implemented by his students.
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In this report we will consider the properties of models of complete theories such that strict
order property (SOP), Independence property (IP), stability and definability of types.
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A structure, denotedM = ⟨M ; Σ⟩, with universeM and signature Σ, for which there exists a
theory, that is a set of consistent sentences, constructed using logical connectives like ∧,∨,¬ ,→
and quantifiers ∃,∀. For structure M consider a set DR(M) = {φ(M, ā)|a ∈ M}. The set of
sentences, that holds true for M, denoted by Th(M) = T = {φ ∈ Σ|M |= φ} is called an
elementary theory of M Any structure for which sentences of T holds true is model of theory
T.

In first part we will consider known classification of complete theories in four main classes1

by using properties of their formula trees: SOP, IP, NIP and NSOP.
A theory is called to have a strict order property if there is a formula φ(x, ȳ) and a sequence

(āi)i<ω such that |= ∃x(φ(x, aj) ∧ ¬φ(x, ai)) ⇐⇒ i < j. Theory is NSOP if no formula has
strict order property.

A theory is called to have independence property if there is a formula φ(x, y) and a sequences
(ai)i<ω and (bI)I⊆ω such that φ(ai, bI) holds if and only if i ∈ I. Theory is NIP if no formula
has independence property.

Theories with NIP and NSOP properties include stable, super stable, ω-stable and strongly
minimal theories.

A theory is called stable if it is k-stable for some infinite k. A theory is k-stable if |SM
n (A)| ≤

k for all models M and A ⊆M of size at most k.
A theory is called superstable if there is some cardinal λ such that T is k-stable for all k ≥ λ
A theory is ω-stable if SM

n (A) is countable for all models M and countable A ⊆M
A theory is strongly minimal if for all models M , any definable subset of M is finite or

cofinite.
An expansion of a model M = ⟨M,Σ⟩ is a model M+ = ⟨M,Σ ∪ {P n}⟩. In case A =

P (M+) ̸= φ(M, ā) for ∀ā ∈M such expansion is called essential expansion.
Problem in expansions of models is whether an expansion preserves initial properties or

whether there a criteria for an expansion to preserve class of theory, from more than 20 classes
theories1.

We call a set of formulas p = {φi(x, ā)|i ∈ I, ā ∈ A} to be a type, if any finite conjunction
of formulas from p is consistent. A type p is a definable type if for any formula φ(x, ȳ) there
exists a controlling formula ψφ(ȳ, z̄), such that for any formula ∀ā(φ(x, ā) ∈ p↔|= ψφ(ā, b̄)).

Theory is stable if and only if any type in this theory is definable. (Shelah)
Problem of non-definability of types in theories is one of main directions of research. Pair

of models is called conservative pair if any sentence that is true in lower model is true in higher
model. Thus any type in higher model is conservative over lower model. One of the areas
of research is pairs of models and properties of definability of type and externally definable
expansion by set of realizations of type.

For any complete theory T there is a number of non-isomorphic models. Problem of counting
this models for all classes is still open.

In this context we will be considering expansion for different theories, including expansion
of dp-minimal theories by equivalence relation and we will consider the number of countable
models for different classes and strongly minimal theory expansion by unary predicates.
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On a variety of right-symmetric algebras
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The problem of the existence of a finite basis of identities for a variety of associative algebras
over a field of characteristic zero was formulated by Specht in 1950 [1]. We say that a variety
of algebras has the Specht property if any of its subvariety has a finite basis of identities. In
1988, A. Kemer [2-3] proved that the variety of associative algebras over a field of characteristic
zero has the Specht property. Specht’s problem has been studied for many well-known varieties
of algebras, such as Lie algebras, alternative algebras, right-alternative algebras, and Novikov
algebras.

An algebra is called right-symmetric if it satisfies the identity

(a, b, c) = (a, c, b)

where (a, b, c) = (ab)c− a(bc) is the associator of a, b, c.

The talk is devoted to the Specht problem for the variety of right-symmetric algebras. We
prove that the variety of right-symmetric algebras over an arbitrary field does not satisfy the
Specht property, for details see [4].
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Let L be a countable first-order language. Here we consider L–structures and suppose that
L contains a binary relation symbol < which is interpreted as a linear order in these structures.
A subset A of a linearly ordered structure M is convex if for any a, b ∈ A and c ∈M whenever
a < c < b we have c ∈ A.

The present lecture deals with the notion of weak o-minimality, which initially deeply studied
by H.D. Macpherson, D. Marker, and C. Steinhorn in [1]. A weakly o-minimal structure is a
linearly ordered structure M = ⟨M,=, <, . . .⟩ such that any definable (with parameters) subset
of the structure M is a finite union of convex sets in M.

Definition 1. Let T be a weakly o-minimal theory, M |= T , A ⊆M , p, q ∈ S1(A) be non-
algebraic. We say that p is not weakly orthogonal to q (denoting this by p ̸⊥w q) if there exist an
LA-formula H(x, y), α ∈ p(M) and β1, β2 ∈ q(M) such that β1 ∈ H(M,α) and β2 ̸∈ H(M,α).

Lemma 1. [2] Let T be a weakly o-minimal theory, M |= T , A ⊆ M . Then the relation
of non-weak orthogonality ̸⊥w is an equivalence relation on S1(A).

The definition of the convexity rank of a formula with one free variable was introduced in
[3] and extended on an arbitrary set in [4].

Laura Mayer in [5] confirmed Vaught’s Conjecture for o-minimal theories:
Theorem 1. [5] Let T be an o-minimal theory in a countable language. Then either T has

2ω countable models or T has 3m6l countable models for some non-negative integers m, l < ω.
In [6] Vaught’s Conjecture was confirmed for quite o-minimal theories, and it was established

that the countable spectrum of these theories coincides with the countable spectrum of o-
minimal theories. A natural question arises: for which theories in the class of weakly o-minimal
theories, their countable spectrum will also coincide with countable spectrum of o-minimal
theories.

For an arbitrary subset A of a linearly ordered structure M we introduce the following
notations: A+ := {b ∈M | A < b} and A− := {b ∈M | b < A}.

Let T be a weakly o-minimal theory, M |= T , A ⊆M , p, q ∈ S1(A) be non-algebraic types,
p ̸⊥w q. We say that an LA-formula ϕ(x, y) is said to be a (p, q)-splitting formula if there exists
a ∈ p(M) such that ϕ(a,M)∩ q(M) ̸= ∅, ¬ϕ(a,M)∩ q(M) ̸= ∅, ϕ(a,M)∩ q(M) is convex, and
[ϕ(a,M) ∩ q(M)]− = [q(M)]−.

Definition 2. [7] Let T be a weakly o-minimal theory, M |= T , A ⊆ M , p, q ∈ S1(A) be
non-algebraic types. We say that p is not almost quite orthogonal to q if there exist a (p, q)-
splitting formula U(x, y) and an A-definable equivalence relation Eq(x, y) partitioning q(M)
into infinitely many convex classes so that for any a ∈ p(M) there is b ∈ q(M) such that
supU(a,M) = supEq(b,M).

Definition 3. [2] Let M be a weakly o-minimal structure, A ⊆ M , p ∈ S1(A) be non-
algebraic. We say that p is quasirational-to-right (left) if there exists a convex LA-formula
Up(x) ∈ p such that for any sufficiently saturated model N ≻ M we have Up(N)+ = p(N)+

(Up(N)− = p(N)−). A non-isolated 1-type is said to be quasirational if it is either quasirational-
to-right or quasirational-to-left. A non-quasirational non-isolated 1-type is said to be irrational.

We prove the following theorem:
Theorem 2. Let T be a weakly o-minimal theory of finite convexity rank having fewer than

2ω countable models. Then there exist Γ1 = {p1, p2, . . . , pm}, Γ2 = {q1, q2, . . . , ql} — maximal
pairwise weakly orthogonal families of quasirational and irrational 1-types over ∅ respectively
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for some m, l < ω such that

I(T, ω) =
m∏
i=1

(κi + 3)×
l∏

j=1

(λ2j + 5λj + 6),

where κi (λj) is maximal number of non-algebraic pairwise almost quite orthogonal 1-types over
∅ that are non-weakly orthogonal, but almost quite orthogonal to pi (qj) for each 1 ≤ i ≤ m
(1 ≤ j ≤ l).
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Overdetermined boundary value problems for differential equations generating minimal op-
erators are extremely important in the description of regular boundary value problems for dif-
ferential equations, and are also widely used in the study of local properties of solutions. The
study of overdetermined boundary value problems is closely related to the theory of correct
restrictions and extensions and the construction of minimal differential operators. In addition,
for inverse problems of mathematical physics arising from applications, when determining un-
known data, it is necessary to study problems with overdetermined boundary conditions, which
is reflected in the study of problems, including for hyperbolic equations and systems, arising
in physics, geophysics, seismic tomography, geoelectrics, electrodynamics, medicine, ecology,
economics and many other practical areas. In this paper, an overdetermined boundary value
problem for the hyperbolic Gellerstedt equation with Cauchy data on the entire inner domain
has been studied.

Let Ωγ ⊂ R2 is a domain,bounded at y = 0 by the segment AB : 0 < x < 1, y = 0, and at
y < 0 - by an arbitrary curve γ(x) (Figure 1). Overdetermined Cauchy problem. To find in
the domain Ωγ the solution of the Gellerstedt equation

Lu ≡ −(−y)muxx + uyy = f(x, y), m ≥ 0, (1)
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Figure 1:

satisfying the Cauchy conditions on the entire border:

u|∂Ω = 0,
∂u

∂n

∣∣∣∣
∂Ω

= 0. (2)

With respect to the curve γ(x) we assume that the characteristics AiCi : x− 2
m+2

(−y)m+2
2 =

const, BiCi : x+
2

m+2
(−y)m+2

2 = const intersect the curve γ(x) once.
Let us also assume that the curve y = γ(x) lies inside the characteristic triangle ABC,

bounded by the segment AB : 0 < x < 1, y = 0 and by the characteristics AC : x −
2

m+2
(−y)m+2

2 = 0, BC : x+ 2
m+2

(−y)m+2
2 = 1 of equation (1).

The main result of the work is the following theorem.
Theorem 1. The overdetermined Cauchy problem for the hyperbolic Gellerstedt equation

in an arbitrary domain Ωγ (i.e. the problem (1), (2)) is regularly solvable (and the corresponding
minimal operator is invertible in L2 (Ωγ)) if and only if the following conditions are met

ξ∫
0

dξ1

ξ∫
1

f̃
(

ξ1+η1
2
,−
(
m+2
4

)1−2β
(η1 − ξ1)

1−2β
)

(η1 − ξ1)
2β (ξ − ξ1)

β (η1 − ξ)β
dη1 = 0, (3)

ξ∫
0

dξ1

ξ∫
1

f̃
(

ξ1+η1
2
,−
(
m+2
4

)1−2β
(η1 − ξ1)

1−2β
)

(η1 − ξ1)
4β−1 (ξ − ξ1)

1−β (η1 − ξ)1−β
dη1 = 0, (4)

where f̃ = f in Ωγ and f(x, y) ≡ 0 in Ω \ Ωγ. When conditions (3) and (4) are met, the
solution of the problem (1), (2) is represented as:

u(ξ, η) =
1

4

(
4

m+ 2

)4β
Γ(β)

Γ(1− β) · Γ(2β)
×

×
ξ∫

0

dξ1

η∫
1

f̃
(

ξ1+η1
2
,−
(
m+2
4

)1−2β
(η1 − ξ1)

1−2β
)

(η1 − ξ1)
2β (η − ξ1)

β (η1 − ξ)β
F (β, β; 1;σ)dη1, (5)

where

σ =
(ξ1 − ξ) (η1 − η)

(ξ1 − η) (η1 − ξ)
, β =

1

2(m+ 2)
,

F (a, b; c; z) — hypergeometric function; Γ(z) - gamma function.
By the continuation method, it can be shown that Theorem 1 remains valid when the curve

γ(x) does not lie in the characteristic triangle ABC (Figure 2). It is enough to continue the
obtained solution to the area ∆ABC \ Ωγ.

Here A1C1 : x− 2
m+2

(−y)m+2
2 = a1, (a1 < 0), B1C1 : x+

2
m+2

(−y)m+2
2 = b1, (b1 > 1).
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Figure 2:

Keywords: overdetermined Cauchy problem, Gellerstedt equation, criterion, minimal differential operator, hypergeo-
metric function.

2010 Mathematics Subject Classification: 35L80, 35M10, 35N30, 33C05

Mathematical Research with ChatGPT

Bolys Sabitbek

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

E-mail: b.sabitbek@math.kz

Today, using artificial intelligence tools such as ChatGPT can enhance our abilities and
make both research and education more efficient. ChatGPT, a variant of the Generative Pre-
trained Transformer model, uses advanced deep-learning techniques to understand and generate
human-like text. This makes it an incredibly helpful tool for different aspects of mathematical
research. This presentation outlines the potential applications of ChatGPT in literature re-
view, problem-solving, programming, documentation, data analysis, and education. ChatGPT
significantly boosts research efficiency in several ways: it automates literature searches and idea
generation, offers assistance with complex mathematical problems by integrating with tools like
Mathematica Wolfram, aids in programming and creating LaTeX documentation, and supports
data analysis and visualisation. Practical examples and demonstrations will illustrate its capa-
bilities, from solving equations to drafting research papers in LaTeX. Despite its advantages,
the presentation will also address the limitations and ethical considerations of using ChatGPT,
emphasising the importance of critical engagement and verification.

Funding: The author was supported by the program no. BR20281002 of the Ministry of Science and Higher Education
of Republic of Kazakhstan.
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Îá îöåíêàõ íàèëó÷øèõ M-÷ëåííûõ ïðèáëèæåíèé ôóíêöèé
â àíèçîòðîïíîì ïðîñòðàíñòâå Ëîðåíöà�Çèãìóíäà

Ã. ÀÊÈØÅÂ

Êàçàõñòàíñêèé ôèëèàë ÌÃÓ, Àñòàíà, Êàçàõñòàí

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû akishev−g@mail.ru,

Ïóñòü Tm = [0, 2π)m, p = (p1, ..., pm), τ = (τ1, ..., τm), α = (α1, . . . , αm) è ÷èñëà τj, pj ∈
(1,+∞), αj ∈ R = (−∞,+∞), j = 1, ...,m. ×åðåç L∗

p,α,τ (Tm) îáîçíà÷èì àíèçîòðîïíîå
ïðîñòðàíñòâî Ëîðåíöà�Çèãìóíäà � âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíêöèé m ïåðåìåííûõ f
èìåþùèõ ïåðèîä 2π ïî êàæäîé ïåðåìåííîé è äëÿ êîòîðûõ âåëè÷èíà

∥f∥∗p̄,ᾱ,τ̄ :=
[∫ 1

0

[
. . .
[∫ 1

0

(f ∗1,...,∗m(t1, ..., tm))
τ1

×
( m∏

j=1

(
1 + | log2 tj|

)αj

t
1
pj

− 1
τj

j

)τ1

dt1

] τ2
τ1 . . .

] τm
τm−1 dtm

] 1
τm

<∞,

ãäå f ∗1,...,∗m(t1, ..., tm)� ïîâòîðíàÿ íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè |f(2πx̄)| ïî êàæ-
äîé ïåðåìåííîé xj ∈ [0, 1) ïðè ôèêñèðîâàííûõ îñòàëüíûõ ïåðåìåííûõ (ñì. [1]). L̊∗

p,ᾱ,τ (Tm)
� ìíîæåñòâî âñåõ ôóíêöèé f ∈ L∗

p,ᾱ,τ (Tm), äëÿ êîòîðûõ èíòåãðàëüíûå ñðåäíèå ïî êàæäîé
ïåðåìåííîé ïî ïåðèîäó ðàâíû íóëþ. an(f) � êîýôôèöèåíòû Ôóðüå ôóíêöèè f ∈ L(Tm)

ïî ñèñòåìå {ei⟨n,x⟩}Zm . Ïîëîæèì ⟨ȳ, x̄⟩ =
m∑
j=1

yjxj, ãäå

ρ(s̄) =
{
k = (k1, ..., km) ∈ Zm : 2sj−1 ≤ |kj| < 2sj , j = 1, ...,m

}
,

sj = 1, 2, ..., δs (f, x) =
∑

n∈ρ(s)
an (f) e

i⟨n,x⟩. Ðàññìàòðèâàåòñÿ àíàëîã êëàññà Íèêîëüñêîãî�

Áåñîâà â àíèçîòðîïíîì ïðîñòðàíñòâå Ëîðåíöà�Çèãìóíäà:

Sr
p,α,τ ,θ

B :=
{
f ∈ L̊∗

p,α,τ (Tm) : ∥f∥∗p,α,τ +
∥∥∥{ m∏

j=1

2sjrj∥δs(f)∥∗p,α,τ
}

s∈Zm
+

∥∥∥
lθ

≤ 1
}
,

ãäå p = (p1, ..., pm), α = (α1, ..., αm), τ = (τ1, ..., τm), θ = (θ1, ..., θm), r = (r1, ..., rm), 1 < pj,
τj < ∞, 0 < θj ⩽ +∞, 0 < rj < +∞, αj ∈ R, j = 1, ...,m è eM(f)p,α,τ � íàèëó÷øåå
M -÷ëåííîå òðèãîíîìåòðè÷åñêîå ïðèáëèæåíèå ôóíêöèè f ∈ L̊∗

p,α,τ (Tm), M ∈ N. Ïîëîæèì
eM(F )p,α,τ , äëÿ êëàññà F ⊂ L̊∗

p,α,τ (Tm).
Â äîêëàäå áóäóò ïðåäñòàâëåíû îöåíêè âåëè÷èíû eM(Sr

p,α,τ (1),θ
B)q,β,τ (2) ïðè ðàçëè÷íûõ

ñîîòíîøåíèÿõ ìåæäó êîîðäèíàòàìè òî÷åê p, α, τ (1), θ, r, q, β, τ (2).
Òåîðåìà 1. Ïóñòü p̄ = (p1, . . . , pm), q̄ = (q1, . . . , qm), ᾱ = (α1, . . . , αm), β̄ = (β1, . . . , βm),

τ̄ (1) = (τ
(1)
1 , . . . , τ

(1)
m ), τ̄ (2) = (τ

(2)
1 , . . . , τ

(2)
m ), θ̄ = (θ1, . . . , θm) è 1 < pj < 2 < qj < ∞, 1 <

τ
(1)
j , τ

(2)
j < +∞, 1 ⩽ θj ⩽ ∞, αj, βj ∈ R, 0 < rj < +∞, j = 1, . . . ,m, rj0 − 1

pj0
= min{rj − 1

pj
:

j = 1, . . . ,m}, A = {j = 1, ...,m : rj − 1
pj

= rj0 − 1
pj0

}, j1 = min{j ∈ A}. Åñëè rj0 − 1
pj0

> 0, òî

eM(Sr
p,α,τ ,θ

B)q,β,τ (2) ≍
( log|A|−1M

M

)rj0+ 1
2
− 1

pj0 (logM)

∑
j∈A\{j1}

( 1
2
− 1

θj
−αj)

,

ïðè óñëîâèè min{−
∑

j∈A\{j′}
αj +

∑
j∈A\{j1}

(
1 − 1

θj

)
, −αj′ + 1 − 1

θ
j
′
} > 0, ãäå |A| � êîëè÷åñòâî

ýëåìåíòîâ ìíîæåñòâà A, j, = max{j ∈ A}.
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Òåîðåìà 2. Ïóñòü 1 < pj < 2 < qj < ∞, 1 < τ
(1)
j , τ

(2)
j < +∞, αj, βj ∈ R, j = 1, . . . ,m,

r1 = . . . = rν < rν+1 ⩽ . . . ⩽ rm. Åñëè rj =
1
pj
, äëÿ j = 1, ..., ν è rj >

1
pj
, j = ν + 1, . . . ,m, òî

eM(Sr
p,α,τ ,θ

B)q,β,τ (2) ≍M−1/2(logM)
∑ν

j=1(1−
1
θj

−αj)
,

ïðè óñëîâèÿõ, åñëè 1 < τ
(2)
j < θj ⩽ ∞, j = 1, ...,m, òî min{

ν−1∑
j=1

(βj −αj)+
ν∑

j=2

(
1

τ
(2)
j

− 1
θj

)
, βν −

αν +
1

τ
(2)
ν

− 1
θν
} > 0; åñëè 1 ⩽ θj ⩽ τ

(2)
j <∞, j = 1, ...,m, òî βj − αj ⩾ 0, j = 1, ..., ν.

Çàìå÷àíèå. Â ñëó÷àå pj = τ
(1)
j = p, qj = τ

(2)
j = q, θj = θ, äëÿ j = 1, . . . ,m òåîðåìû

1�2 ðàíåå äîêàçàíû â [2], [3]. Óòâåðæäåíèÿ òåîðåì 1�2 ñïðàâåäëèâû è â ñëó÷àå pj = 2 è
1 < τ

(1)
j ⩽ 2, äëÿ j = 1, . . . ,m, à â ñëó÷àå 2 < τ

(1)
j <∞, äëÿ j = 1, . . . ,m äðóãîå.

Funding: Ðàáîòà âûïîëíåíà â ðàìêàõ ãðàíòà Êîìèòåòà íàóêè ÌÍÂÎ ÐÊ (Ïðîåêò AP19677486).
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Ôóíêöèè îãðàíè÷åííîé p-ôëóêòóàöèè è àáñîëþòíàÿ
ñõîäèìîñòü äâîéíûõ ðÿäîâ Ôóðüå-Óîëøà

Ò.Á. ÀÕÀÆÀÍÎÂ1,a, Ä.Ò. ÌÀÒÈÍ2,b

1ÅÍÓ èì.Ë.Í.Ãóìèëåâà, Àñòàíà, Êàçàõñòàí
2ÅÍÓ èì.Ë.Í.Ãóìèëåâà, Àñòàíà, Êàçàõñòàí

E-mail: atalgata2008@mail.ru, bd.matin@mail.ru

Ïóñòü 1 ≤ p <∞ è ôóíêöèÿ f(x, y) îïðåäåëåíà íà [0, 1)2. ×åðåç osc
(
f, [a, b)2

)
îáîçíà÷èì

sup
(x,y)∈[a,b)

(x′,y′)∈[a,b)

|f(x, y)− f(x′, y′)| , à ÷åðåç I(n1,n2)
j1,j2

� äâîè÷íûé ïðÿìîóãîëüíèê

[
j1 − 1

2n1
,
j1
2n1

)
×
[
j2 − 1

2n2
,
j2
2n2

)
.

Ïî îïðåäåëåíèþ

κp(f, n1, n2) :=

(
2n1∑
j1=1

2n2∑
j2=1

(
osc
(
f, I

(n1,n2)
j1,j2

))p)1/p

.

Òîãäà, åñëè
Vp(f) := sup

n1∈P
n2∈P

κp(f, n1, n2) <∞,

òî f(x, y) íàçûâàåòñÿ ôóíêöèåé îãðàíè÷åííîé p-ôëóêòóàöèè. Ââåäåì äèñêðåòíûé ìîäóëü
íåïðåðûâíîñòè Vp(f)n1,n2 = sup

k1≥n1
k2≥n1

κp(f, k1, k2). Ìíîæåñòâî ôóíêöèé f(x, y), äëÿ êîòîðûõ
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Vp(f) < ∞, îáîçíà÷àåòñÿ ÷åðåç FVp [0, 1)
2 (1 ≤ p <∞), à ìíîæåñòâî ôóíêöèé f(x, y), äëÿ

êîòîðûõ Vp(f)n1,n2 → 0 ïðè n1, n2 → ∞-÷åðåç FCp [0, 1)
2 (1 < p <∞).

Ïóñòü {wn(x)}∞n=0 � ñèñòåìà Óîëøà â íóìåðàöèè Ïýëè.
Òåîðåìà 1. Ïóñòü f ∈ FCp [0, 1)

2, 1 < β < 2. Òîãäà ïðè 1 < p < 2 äëÿ ñõîäèìîñòè ðÿäà

∞∑
m=0

∞∑
n=0

∣∣∣f̂(m,n)∣∣∣β (1)

äîñòàòî÷íî âûïîëíåíèÿ îäíîãî èç äâóõ óñëîâèé

∞∑
m=0

∞∑
n=0

(κp(f,m, n))
β (2m+n

)1−β
<∞,

∞∑
m=1

∞∑
n=1

Eβ
m,n(f)p(mn)

−β <∞.

Åñëè 2 ≤ p <∞, òî ëþáîå èç äâóõ óñëîâèé

∞∑
m=0

∞∑
n=0

(
2m+n

)1−β
p
−β

2 V β
p (f)m,n <∞,

∞∑
m=1

∞∑
n=1

Eβ
m,n(f)p(mn)

−β
p
−β

2 <∞

òàêæå âëå÷åò ñõîäèìîñòü ðÿäà (1). Òåîðåìà 1 ÿâëÿåòñÿ ðàñïðîñòðàíåíèåì íà äâóìåðíûé
ñëó÷àé ñîîòâåòñòâóþùåé òåîðåìû èç ðàáîòû [1].
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(Lp − Lq) oãðàíè÷åííîñòü äèñêðåòíûõ îïåðàòîðîâ Ôóðüå íà
m-ìåðíîì òîðå

Ä.Á. ÁÀÇÀÐÕÀÍÎÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
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Ðàññìîòðèì èíòåãðàëüíûé îïåðàòîð Ôóðüå íà Rm âèäà

T ϕ
a u(x) =

∫
Rm

a(x, ξ)û(ξ)e2πiϕ(x,ξ)dξ

ñ ñèìâîëîì a : Rm × Rm → C è ôàçîé ϕ : Rm × Rm → R è åãî ïåðèîäè÷åñêèé àíàëîã �
äèñêðåòíûé îïåðàòîð Ôóðüå (ÄÎÔ) íà Tm âèäà

T̃ ϕ
a u(x) =

∑
ξ∈Zm

a(x, ξ)û(ξ)e2πiϕ(x,ξ)

ñ ñèìâîëîì a : Tm × Zm → C è ôàçîé ϕ : Tm × Zm → R.
Â ñëó÷àå ñêàëÿðíîãî ïðîèçâåäåíèÿ,ϕ(x, ξ) = xξ, ÄÎÔ T̃ ϕ

a ñòàíîâèòñÿ òîðîèäàëüíûì
ïñåâäîäèôôåðåíöèàëüíûì îïåðàòîðîì (ÏÄÎ) T̃a.

Êàê îáû÷íî, Lp(Tm) (1 ≤ p < ∞) � ïðîñòðàíñòâî èçìåðèìûõ ôóíêöèé u : Tm → C,
ñóììèðóåìûõ â ñòåïåíè p, ñî ñòàíäàðòíîé íîðìîé ∥u |Lp(Tm)∥.
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Këàññ Õ¼ðìàíäåðà Sτ
ϱδ(Im × Rm), τ ∈ R, 0 ≤ δ, ϱ ≤ 1, ñîäåðæèò âñå ñèìâîëû a ∈

C∞(Im ×Rm), óäîâëåòâîðÿþùèå äèôôåðåíöèàëüíûì íåðàâåíñòâàì: äëÿ ëþáûõ α, β ∈ Nm
0

ñóùåñòâóåò cαβ = cαβ(a) > 0 òàêîå, ÷òî

|∂αξ ∂βxa(x, ξ)| ≤ cαβ⟨ξ⟩τ−ϱ|α|+δ|β|, (x, ξ) ∈ Im × Rm

(I ∈ {R,T}, Tm ≡ (R/Z)m � m-ìåðíûé òîð).
Çäåñü è íèæå èñïîëüçóþòñÿ ñëåäóþùèå îáîçíà÷åíèÿ: N,Z,R,C � ìíîæåñòâà íàòóðàëü-

íûõ, öåëûõ, äåéñòâèòåëüíûõ è êîìïëåêñíûõ ÷èñåë ñîîòâåòñòâåííî; N0 = N ∪ {0}. Äëÿ
x = (x1, . . . , xm), y = (y1, . . . , ym) ∈ Rm ïîëîæèì xy = x1y1 + . . . + xmym, x ≤ y ⇔ xν ≤ yν
äëÿ âñåõ ν = 1, 2, . . . ,m; ⟨x⟩ =

√
1 + xx. Äàëåå, èñïîëüçóåì ñòàíäàðòíûå ìóëüòèèíäåêñíûå

îáîçíà÷åíèÿ : äëÿ α = (α1, . . . , αm), γ = (γ1, . . . , γm) ∈ Nn
0 ïîëîæèì

∂αu(x)(≡ ∂αxu(x)) = ∂α1
1 · · · ∂αm

m u(x), ãäå ∂ν = ∂
∂xν

, ν ∈ {1, 2, . . . ,m};

|α| = α1 + . . .+ αm, α! = α1! · · ·αm!;

(
α

γ

)
=

α!

γ!(α− γ)!
, γ ≤ α.

Ïóñòü S(Rm) è S ′(Rm) � ïðîñòðàíñòâà Øâàðöà ïðîáíûõ ôóíêöèé è ðàñïðåäåëåíèé
ñîîòâåòñòâåííî; û � ïðåîáðàçîâàíèå Ôóðüå äëÿ u ∈ S ′(Rm). Äàëåå, S ′(Tm) � ïðîñòðàíñòâî
1�ïåðèîäè÷åñêèõ (ïî âñåì ïåðåìåííûì) ðàñïðåäåëåíèé, ò.å. ñîâîêóïíîñòü âñåõ u ∈ S ′(Rm)
òàêèõ, ÷òî ⟨u, φ(· + ξ)⟩ = ⟨u, φ⟩ äëÿ âñåõ φ ∈ S(Rm) è ëþáûõ ξ ∈ Zm. Èçâåñòíî, ÷òî
u ∈ S ′(Tm), åñëè è òîëüêî åñëè supp û ⊂ Zm, ò.å. ðàñïðåäåëåíèå û îáðàùàåòñÿ â 0 íà
îòêðûòîì ìíîæåñòâå Rm \ Zm.

Â ÷àñòíîñòè, äëÿ u ∈ L1(Rm) (⊂ S ′(Rm)) è v ∈ L1(Tm) (⊂ S ′(Tm))

û(ξ) =

∫
Rm

u(x)e−2πiξxdx, ξ ∈ Rm; v̂(ξ) =

∫
Tm

v(x)e−2πiξxdx, ξ ∈ Zm.

Ïåðèîäè÷åñêèé àíàëîã Sτ
ϱδ(Tm × Zm), τ ∈ R, 0 ≤ δ, ϱ ≤ 1, êëàññà Õ¼ðìàíäåðà ñîñòîèò

èç âñåõ ñèìâîëîâ a : Tm × Zm → C òàêèõ, ÷òî a( · , ξ) ∈ C∞(Tm) äëÿ âñåõ ξ ∈ Zm, è äëÿ
âñåõ α, β ∈ Nm

0 ñóùåñòâóåò cαβ > 0 òàêîå, ÷òî

|∆α
ξ ∂

β
xa(x, ξ)| ≤ cαβ⟨ξ⟩τ−ϱ|α|+δ|β|, (x, ξ) ∈ Tm × Zm (3)

(∆α
ξ � îïåðàòîð êîíå÷íîé ðàçíîñòè ïîðÿäêà α ñ øàãîì 1 ïî ÷àñòîòíîé ïåðåìåííîé ξ: äëÿ

g : Zm → C

∆α
ξ g(ξ) =

∑
γ∈Nm

0 :γ≤α

(−1)|α−γ|
(
α

γ

)
g(ξ + γ)).

Sm
ϱδ[A,B](Tn × Zn) � ñîâîêóïíîñòü âñåõ ñèìâîëîâ a(x, ξ), óäîâëåòâîðÿþùèõ íåðàâåí-

ñòâàì (7) òîëüêî äëÿ α ∈ A, β ∈ B (A,B � çàäàííûå ïîäìíîæåñòâà Nn
0 ).

Áóäåì ïðåäïîëàãàòü, ÷òî ôàçà ϕ : Tm × Rm → R ïîëîæèòåëüíî-îäíîðîäíà ïîðÿäêà 1
ïðè ξ ̸= 0 è óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì : äëÿ âñåõ α, β ∈ Nm

0 : |α| = |β| = 1
∂αξ ∂

β
xϕ ∈ S0

00(Tm × Rm) , êðîìå òîãî,

| det(∂x∂ξϕ(x, ξ))| > C > 0, |∂αxϕ(x, ξ)| < cα|ξ|, ξ ̸= 0;

⟨∇ξϕ(x, ξ)⟩ ≍ 1, ⟨∇xϕ(x, ξ)⟩ ≍ ⟨ξ⟩.
Íàêîíåö, äëÿ t ∈ R îïðåäåëèì ñëåäóþùèå âåëè÷èíû: t− = min{0, t}, t∗ = max{2, t}, t∗ =

min{2, t}, ⌊t⌋ � öåëàÿ ÷àñòü t).
Ââåäåì ìíîæåñòâî ìóëüòèèíäåêñîâ: Cm,p = {α ∈ Nm

0 : |α| ≤ ⌊m
p
⌋+1} (p > 0); Cm ≡ Cm,2.

Òåîðåìà 1. Ïóñòü τ ∈ R, 0 ≤ ϱ ≤ 1. Åñëè 0 ≤ δ ≤ 1 è âñå ÄÎÔ ñ ñèìâîëàìè èç
Sτ
ϱδ(Tm×Zm) îãðàíè÷åíû íà L2(Tm), òî âûïîëíÿåòñÿ íåðàâåíñòâî τ ≤ m

2
(ϱ−δ)−. Îáðàòíî,
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åñëè 0 ≤ δ < 1 è τ ≤ m
2
(ϱ − δ)−, òî âñå ÄÎÔ ñ ñèìâîëàìè èç Sτ

ϱδ[Cm, Cm](Tm × Zm)
îãðàíè÷åíû íà L2(Tm).

Ïðè δ = 1 âòîðîå óòâåðæäåíèå òåîðåìû 1 íåâåðíî : ñóùåñòâóåò ñèìâîë èç S0
11(Tm×Zm),

äëÿ êîòîðîãî ÏÄÎ T̃a íå ÿâëÿåòñÿ îãðàíè÷åííûì íà L2(Tm).
Òåîðåìà 1 ÿâëÿåòñÿ ñóùåñòâåííûì ðàçâèòèåì, ñ îäíîé ñòîðîíû, òåîðåìû 1 èç [1] (ñî

ñëó÷àÿ òîðîèäàëüíûõ ÏÄÎ íà ñëó÷àé ÄÎÔ), à ñ äðóãîé, èçâåñòíîãî ðåçóëüòàòà äëÿ ÄÎÔ
èç [2, p. 407].

Ïóñòü 1 < p ≤ q <∞. Îïðåäåëèì ÷èñëî

τ †(m, p, q, ϱ) = −m(1
p
− 1

q
+ (1− ϱ)( 1

q∗
− 1

p∗
)).

Òåîðåìà 2. Ïóñòü τ ∈ R, 0 ≤ ϱ ≤ 1, 0 ≤ δ < 1, 1 < p ≤ q <∞. Åñëè τ ≤ τ †(m, p, q, ϱ), òî
âñå ÄÎÔ ñ ñèìâîëàìè èç Sτ

ϱδ[Cm, Cm,p](Tm×Zm) îãðàíè÷åíû èç Lp(Tm) â Lq(Tm). Åñëè æå

τ > τ †(m, p, q, ϱ), òî íàéäåòñÿ ñèìâîë èç Sτ
ϱδ(Tm × Zm), äëÿ êîòîðîãî ÏÄÎ T̃a íå ÿâëÿåòñÿ

îãðàíè÷åííûì èç Lp(Tm) â Lq(Tm).
Òåîðåìà 2 ÿâëÿåòñÿ ñóùåñòâåííûì ðàçâèòèåì, ñ îäíîé ñòîðîíû, òåîðåìû 2 èç [1] (ñî

ñëó÷àÿ òîðîèäàëüíûõ ÏÄÎ íà ñëó÷àé ÄÎÔ), à ñ äðóãîé, íåäàâíåãî ðåçóëüòàòà äëÿ ÄÎÔ
ïðè 1 < p = q <∞ èç [3].

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì BR20281002 ÌÍÂÎ ÐÊ.
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Ëèíåéíûå ïîïåðå÷íèêè íåêîòîðûõ êîìïàêòîâ
ïðîñòðàíñòâà òèïà Íèêîëüñêîãî � Áåñîâà, ñâÿçàííîãî ñ

ïðîñòðàíñòâîì Ìîððè, íà m-ìåðíîì òîðå

Ð. ÁÀÉ×ÀÏÀÍÎÂÀ

ÊàçÍÓ èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: baychapanovaroza@mail.ru

Ïóñòü m ∈ N, m ≥ 2, zm = {1, . . . , k}, N0 = N ∪ {0}, R+ = (0,+∞). Äëÿ x =
(x1, . . . , xm), y = (y1, . . . , ym) ∈ Rm, ïîëîæèì xy = x1y1 + . . .+ xmym, |x| = |x1|+ . . .+ |xm|,
|x|∞ = max(|xµ| : µ ∈ zm); x ≤ y (x < y) ⇔ xµ ≤ yµ (xµ < yµ) for all µ ∈ zm. For t ∈ R,
t+ := max{0, t}.

Ïóñòü S := S(Rm) è S ′ = S ′(Rm) � ïðîñòðàíñòâà Øâàðöà ïðîáíûõ ôóíêöèé è ðàñïðå-
äåëåíèé ñîîòâåòñòâåííî; f̂ � ïðåîáðàçîâàíèå Ôóðüå f ∈ S ′(Rm); â ÷àñòíîñòè, äëÿ φ ∈ S

φ̂(ξ) =

∫
Rm

φ(x)e−2πi ξxdx, ξ ∈ Rm.

Ïóñòü Tm = (R/Z)m � m-ìåðíûé òîð; S̃ ′ ≡ S ′(Tm) �ïðîñòðàíñòâî 1- ïåðèîäè÷åñêèõ
(ïî âñåì ïåðåìåííûì) óìåðåííûõ ðàñïðåäåëåíèé, ò.å. ñîâîêóïíîñòü âñåõ f èç S ′ òàêèõ, ÷òî
⟨f, φ(· + ξ)⟩ = ⟨f, φ⟩ äëÿ âñåõ φ ∈ S è ëþáûõ ξ ∈ Zm, S̃ := S(Tm) � ïðîñòðàíñòâî âñåõ
áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé íà Tm. Èçâåñòíî, ÷òî f ∈ S ′(Tm), åñëè è òîëüêî
åñëè supp f̂ ⊂ Zm, ò.å. ðàñïðåäåëåíèå f̂ îáðàùàåòñÿ â 0 íà îòêðûòîì ìíîæåñòâå Rm \ Zm.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024
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Äëÿ 1 ≤ p < ∞ è èçìåðèìîãî ìíîæåñòâà G ⊂ Rm Lp(G) ïðîñòðàíñòâî èçìåðèìûõ
ôóíêöèé f : G → C, èíòåãðèðóåìûõ ïî Ëåáåãó â ñòåïåíè p íà G ñî ñòàíäàðòíîé íîðìîé
∥ f |Lp(G) ∥.

Äëÿ 1 ≤ q ≤ ∞ ïóñòü ℓq := ℓq(N0) � ïðîñòðàíñòâî (êîìïëåêñíûõ) ÷èñëîâûõ ïîñëåäîâà-
òåëüíîñòåé (cj) = (cj : j ∈ N0) ñ êîíå÷íîé ñòàíäàðòíîé íîðìîé ∥(cj) | ℓq∥.

Äàëåå, ïóñòü ℓq(Lp(G))� ïðîñòðàíñòâî ôóíêöèîíàëüíûõ ïîñëåäîâàòåëüíîñòåé (gj(x)) =
(gj(x) : k ∈ N0) (x ∈ G) ñ êîíå÷íîé íîðìîé

∥ (gj(x)) | ℓq(Lp(G)) ∥ = ∥ ( ∥ gj |Lp(G)∥) | ℓq ∥.

Ïóñòü Q � ìíîæåñòâî âñåõ "ïîëóîòêðûòûõ" äèàäè÷åñêèõ êóáîâ èç Rm âèäà

Q = Qjξ = {x ∈ Rm : 2jx− ξ ∈ [0, 1)m } (j ∈ Z, ξ ∈ Zm),

à

Q̃ = {Q ∈ Q |Q ⊂ Q0 = [0, 1)m} = {Qjξ | j ∈ N0, ξ ∈ Zm : 0 ≤ ξ < 2j1} (0,1 ∈ Rm).

Äëÿ Q = Qjξ îáîçíà÷èì ÷åðåç l(Q) = 2−j, j(Q) := j è |Q| = 2−jm åãî äëèíó ðåáðà,
óðîâåíü è îáúåì.

Âûáåðåì ïðîáíóþ ôóíêöèþ η0 ∈ S òàêóþ, ÷òî

0 ≤ η̂0(ξ) ≤ 1, ξ ∈ Rm; η̂0(ξ) = 1 if |ξ|∞ ≤ 1; supp η̂0 = {ξ ∈ Rm | |ξ|∞ ≤ 2}.

Ïîëîæèì η̂(ξ) = η̂0(2
−1ξ)− η̂0(ξ), η̂j(ξ) := η̂j(ξ) = η̂(21−jξ), j ∈ N. Òîãäà

∞∑
j=0

η̂j(ξ) ≡ 1, ξ ∈ Rm,

ò.å. {η̂j(ξ) | j ∈ N0} � ãëàäêîå ðàçáèåíèå åäèíèöû ("ïî êîðèäîðàì") íà Rm.
ßñíî, ÷òî

η(x) = 2mη0(2x)− η0(x), ηj(x) := 2(j−1)mη(2j−1x), j ∈ N.

Äëÿ ïðîèçâîëüíîé ôóíêöèè g : Rm → C åå ïåðèîäèçàöèÿ g̃ : Tm → C îïðåäåëÿåòñÿ êàê
(ôîðìàëüíàÿ) ñóììà ðÿäà

∑
ξ∈Zm

g(x+ ξ).

Â ÷àñòíîñòè, åñëè φ ∈ S, òî φ̃ ∈ S̃ è ïî ôîðìóëå ñóììèðîâàíèÿ Ïóàññîíà φ̃(x) =∑
ξ∈Zm φ̂(ξ)e2πiξx.

Îáîçíà÷èì ÷åðåç ∆̃η
j îïåðàòîðû, îïðåäåëÿåìûå íà S̃ ′ (j ∈ N0), ñëåäóþùèì îáðàçîì:

äëÿ f ∈ S̃ ′

∆̃η
j (f, x) = f ∗ η̃j(x) = ⟨f, η̃j(x− ·)⟩ =

∑
ξ∈Zm

η̂j(ξ)f̂(ξ)e
2πi ξx.

Äëÿ óäîáñòâà ïîëîæèì ∆̃η
j (f, x) ≡ 0 ïðè j < 0.

Ïóñòü s, τ ∈ R, 1 ≤ p, q ≤ ∞. Òîãäà ãëàäêîñòíîå ïðîñòðàíñòâî B̃s τ
p q := Bs τ

p q (Tm) òèïà
Íèêîëüñêîãî � Áåñîâà, ñâÿçàííîå ñ ïðîñòðàíñòâîì Ìîððè, íà m-ìåðíîì òîðå ñîñòîèò èç
âñåõ ðàñïðåäåëåíèé f ∈ S̃ ′, äëÿ êîòîðûõ êîíå÷íà íîðìà

∥ f | B̃s τ
p q ∥ = sup

Q∈Q̃

1

|Q|τ
∥(2sj∆̃η

j (f, x)sign((j + 1− j(Q))+)) | ℓq(Lp(Q))∥.

Åäèíè÷íûé øàð B̃s τ
p q := Bs τ

p q(Tm) áóäåì íàçûâàòü êëàññîì Íèêîëüñêîãî � Áåñîâà.
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Ëèíåéíûé ïîïåðå÷íèê ïîðÿäêà N ∈ N ìíîæåñòâà F ëèíåéíîãî íîðìèðîâàííîãî ïðî-
ñòðàíñòâà X îáîçíà÷èì ÷åðåç λN(F, X):

λN(F, X) = inf
A

sup
x∈F

∥x− Ax |X∥,

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîçìîæíûì êîíå÷íîìåðíûì ëèíåéíûì îïåðàòîðàì A :
X → X òàêèì, ÷òî rank(A) ≤ N .

Òåîðåìà. Ïóñòü s, t ∈ R, t < s, 1 < p, q, r < ∞, 0 ≤ τ ≤ min{1
p
, 1
r
}. Åñëè s−t

m
> (1

p
− 1

r
)+

è p ≥ 2 èëè r ≤ 2, òî âåðíà ñëàáàÿ àñèìïòîòè÷åñêàÿ îöåíêà

λN(B̃
sτ
pq , B̃

tτ
rq) ≍ N

t−s
m

+( 1
p
− 1

r
)+ ïðè N → ∞.

Êëþ÷åâûå ñëîâà: (ãëàäêîñòíîå) ïðîñòðàíñòâî òèïà Íèêîëüñêîãî � Áåñîâà, ïðîñòðàíñòâî Ìîððè, ëèíåéíûé ïî-
ïåðå÷íèê, m-ìåðíûé òîð.
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Ïóñòü k ∈ N, zk = {1, . . . , k}, N0 = N ∪ {0}, R+ = (0,+∞).
Ïóñòü S := S(k) := S(Rk) è S ′ = S ′(Rk) � ïðîñòðàíñòâà Øâàðöà ïðîáíûõ ôóíêöèé è

ðàñïðåäåëåíèé ñîîòâåòñòâåííî; f̂ ≡ Fk(f) è F−1
k (f) � ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèÿ

Ôóðüå f ∈ S ′(Rk).

Ïóñòü Tk = (R/Z)k � k−ìåðíûé òîð. îáîçíà÷èì ÷åðåç S̃ ′ ≡ S ′(Tk) ïðîñòðàíñòâî âñåõ
1−ïåðèîäè÷åñêèõ ðàñïðåäåëåíèé f èç S ′, à ÷åðåç S̃ := S̃(k) := S(Tk) ïðîñòðàíñòâî âñåõ
áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé íà Tk ñ òîïîëîãèåé ðàâíîìåðíîé ñõîäèìîñòè âñåõ
ïðîèçâîäíûõ.

Ïóñòü f : Rk → C � ïðîèçâîëüíàÿ ôóíêöèÿ, åå ïåðèîäèçàöèÿ f̃ : Tk → C îïðåäåëÿåòñÿ
êàê (ôîðìàëüíàÿ) ñóììà ðÿäà

∑
ξ∈Zk

f(x+ ξ).

Âûáåðåì ôóíêöèþ η0 := η
(k)
0 ∈ S(k) òàêóþ, ÷òî 0 ≤ η̂0(ξ) ≤ 1, ξ ∈ Rk; η̂0(ξ) = 1, åñëè

|ξ|∞ ≤ 1; supp η̂0 = {ξ ∈ Rk | |ξ|∞ ≤ 2}.
Ïóñòü m ∈ N, m ≥ 2, 0 < p, q ≤ ∞;
Ââåäåì îïåðàòîðû ∆η

k
= ∆η,r

k
íà S ′ è ∆̃η

k
= ∆η,t

k
íà S̃ ′ (k ∈ Nm

0 ).
Äàëåå áóäåì ïðåäïîëàãàòü, ÷òî ôóíêöèÿ Ω � çàäàííûé ñìåøàííûé ìîäóëü ãëàäêîñòè

ïîðÿäêà l = (l1, . . . , ld), óäîâëåòâîðÿþùèé èçâåñòíûì óñëîâèÿì Áàðè �Ñòå÷êèíà. Ω(t) =
ω(
∏m

j=1 t
γj
j ).

Îïðåäåëåíèå. Ïóñòü l = (l1, . . . , lm) ∈ Nm, 0 < p, q ≤ ∞; (i, I) ∈ {(t,T), (r,R)}.
I. Ïðîñòðàíñòâî òèïà Íèêîëüñêîãî�Áåñîâà BlΩ

p q (Im) ñîñòîèò èç âñåõ ðàñïðåäåëåíèé f ∈
S ′(Im), äëÿ êîòîðûõ êîíå÷íà êâàçèíîðìà

∥ f |BlΩ
p q (Im) ∥ = ∥{∆

η,i
k
(f, x)

Ω(2−s)
} | ℓq(Lp(Im))∥.

II. Ïðîñòðàíñòâî òèïà Ëèçîðêèíà�Òðèáåëÿ LlΩ
p q(Im) (p <∞) ñîñòîèò èç âñåõ ðàñïðåäå-

ëåíèé f ∈ S ′(Im), äëÿ êîòîðûõ êîíå÷íà êâàçèíîðìà

∥ f |LlΩ
p q(Im) ∥ = ∥{∆

η,i
k
(f, x)

Ω(2−s)
} |Lp(Im; ℓq)∥.
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Åäèíè÷íûå øàðû BlΩ
p q(Im) è LlΩ

p q(Im) ýòèõ ïðîñòðàíñòâ áóäåì íàçûâàòü êëàññàìè òèïà
Íèêîëüñêîãî�Áåñîâà è Ëèçîðêèíà�Òðèáåëÿ ñîîòâåòñòâåííî.

Íàçîâåì íàáîð (A(r)
P ) ≡ (AP : P ∈ R1) ⊂ S(Rm) ñåìåéñòâîì àòîìîâ äëÿ F lΩ

p q , åñëè äëÿ
êàæäîãî P ∈ R1 âûïîëíåíû óñëîâèÿ

suppAP ⊂ 3P, |∂αAP (x)| ≤ |P |−1/22|k(P )·α|, x ∈ Rm, α ≤ K · 1 (1);

à íàáîð (A(t)
P ) ≡ (BP : P ∈ R̃1) ⊂ S(Tm) ñåìåéñòâîì àòîìîâ äëÿ F̃ lΩ

p q , åñëè äëÿ êàæäîãî

P ∈ R̃1 BP åñòü ïåðèîäèçàöèÿ íåêîòîðîé ôóíêöèè AP ∈ S(Rm) (ò.å. BP = ÃP ), óäîâëåòâî-
ðÿþùåé óñëîâèÿì (1) (çäåñü 3P � ðàñòÿæåíèå P ñ òåì æå öåíòðîì).

Äëÿ ïîñëåäîâàòåëüíîñòè (c
(i)
P ) ≡ (c

(i)
P : P ∈ R1i) ⊂ C ïîëîæèì (χP � õàðàêòåðèñòè÷å-

ñêàÿ ôóíêöèÿ P )

∥(c(i)P ) | BlΩip q ∥ := ∥( 1

ω(2−(s,γ))

∑
P∈R1i:k(P )=k

cP |P |−1/2χP (·)) | ℓq(Lp(I)m)∥,

∥(c(i)P ) | LlΩip q ∥ := ∥( 1

ω(2−(s,γ))

∑
P∈R1i:k(P )=k

cP |P |−1/2χP (·)) |Lp((I)m; ℓq)∥.

Òåîðåìà 1. Ïóñòü (i, I) ∈ {(r,R), (t,T)}, (F, F) ∈ {(B, B)(L, L)}. Òîãäà f ∈ F lΩ
p q (Im),

åñëè è òîëüêî åñëè íàéäóòñÿ ñåìåéñòâî àòîìîâ (A(i)
P ) äëÿ F lΩ

p q (Im) è ïîñëåäîâàòåëüíîñòü

(c
(i)
P ) ∈ LlΩip q òàêèå, ÷òî

f =
∑

P∈R1i

c
(i)
P A(i)

P (ñõîäèìîñòü â Lp(I)m), (2)

ïðè ýòîì

∥ f |F lΩ
p q (Im)∥ ≍ inf ∥(c(i)P ) | FlΩip q ∥.

ãäå inf áåðåòñÿ ïî âñåì ïðåäñòàâëåíèÿì (1).
Ôóíêöèÿ EQ(x) íàçûâàåòñÿ (s, K, R, δ)-ìîëåêóëîé äëÿ ïàðàëëåëåïèïåäà Q = Q1 × · · · ×

Qm ∈ Dε
m, ãäå s ∈ (0,∞)m, K = (K1, . . . , Km) ∈ Nm

0 , R = (R1, . . . , Rm) ∈ (0,∞)n, δ =
(δ1, . . . , δm) ∈ (0, 1]m, åñëè ∫

Rm

xαEQ(x)dx = 0

äëÿ âñåõ α = (α1, . . . , αm) ∈ Nm
0 : |αi| ≤ Ki ïðè |Qi| < 1 è αi = 0 ïðè |Qi| = 1;

|∂αEQ(x)| ≤ cα

n∏
i=1

|Qi|−1/2−|αi|/di
{
1 +

|xi − xiQi |
l(Qi)

}−Ri

äëÿ âñåõ α = (α1, . . . , αm) ∈ Nm
0 : |αi| ≤ [si], i = 1, . . . ,m;

|∂αEQ(xk + yk, x(em\e(k)))− ∂αEQ(x)| ≤ cα|Qk|−1/2−[sk]/dk − δk/dk|yk|δk×

× sup
|zk|≤|yk|

{
1 +

|xk − zk − xkQk |
l(Qk)

}−Ri∏
i ̸=k

|Qi|−1/2−|αi|/di
{
1 +

|xi − xiQi|
l(Qi)

}−Ri

äëÿ âñåõ α = (α1, . . . , αn) ∈ Nm
0 : |αk| ≤ [sk], |αi| ≤ [si], i ̸= k.

Òåîðåìà 2. Ïóñòü p ∈ (0,∞)m, s, q ∈ (0,∞)m, K ∈ Nm
0 , R ∈ (0,∞)m, δ ∈ (0, 1]m òàêîâû,

÷òî Ri ·min{1, p1, . . . , pm, q1, . . . , qm} > 1, δi > si − [si], i = 1, . . . ,m.

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024



42 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2024

Òîãäà äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè {aQ} ∈ ΛΩ,s è ëþáîãî ñåìåéñòâà (s, K, R, δ)-ìîëåêóë
{EQ}Q∈Dε

m
ðàñïðåäåëåíèå

f =
∑

Q∈Dε
m

aQEQ (ñõîäèìîñòü â S ′(Im))

ïðèíàäëåæèò ïðîñòðàíñòâó FΩ,l
pq (Im), ïðè ýòîì âåðíî ñîîòíîøåíèå

∥f |FΩ,l
pq (Im)∥ ≪ ∥{aQ} |ΛΩ s∥.

Òîãäà äëÿ ëþáîé f ∈ FΩ,l
pq (Im) ñóùåñòâóþò ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {aQ} ∈ ΛΩ s è

ñåìåéñòâî (s, K, R, δ)-ìîëåêóë {EQ}Q∈Dε
m
òàêèå, ÷òî âåðíî ðàçëîæåíèå

f =
∑

Q∈Dε
m

aQEQ.

Ïðè ýòîì âûïîëíÿåòñÿ íåðàâåíñòâî

∥{aQ} |ΛΩ s∥ ≪ ∥f |FΩ,l
pq (Im)∥.

Funding: Àâòîð áûëà ïîääåðæàíà ïðîãðàììîé BR20281002 ÌÍÂÎ ÐÊ.
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Íîâûå êóáàòóðíûå ôîðìóëû äëÿ ïðîñòðàíñòâ Ñîáîëåâà W α
q

ñ äîìèíèðóþùåé ñìåøàííîé ïðîèçâîäíîé

Ñ.Æ. ÁÀÑÀÐÎÂ1,a, Å.Ä. ÍÓÐÑÓËÒÀÍÎÂ2,b, Í.Ò. ÒËÅÓÕÀÍÎÂÀ1,c

1 Åâðàçèéñêèé Íàöèîíàëüíûé óíèâåðñèòåò èìåíè Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí
2 Êàçàõñòàíñêèé ôèëèàë ÌÃÓ èìåíè Ì.Â. Ëîìîíîñîâà, Èíñòèòóò ìàòåìàòèêè è
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Ïóñòü F � íåêîòîðûé êëàññ ôóíêöèé èíòåãðèðóåìûõ â ñìûñëå Ðèìàíà íà [0, 1]n. È
ïóñòü f ∈ F . Ðàññìîòðèì êóáàòóðíóþ ôîðìóëó

I(f) =

∫
[0,1]n

f(x)dx =
N∑
k=1

ckf(Mk)−RN .

Â äàííîé ðàáîòå ïîñòðîåíà êóáàòóðíàÿ ôîðìóëà äëÿ ïåðèîäè÷åñêèõ ôóíêöèé ïî êàæ-
äîé ïåðåìåííîé èç ïðîñòðàíñòâ ñ äîìèíèðóþùåé ñìåøàííîé ïðîèçâîäíîé, â ÷àñòíîñòè
äëÿ ïðîñòðàíñòâî Ñîáîëåâà Wα

q [0, 1]
n.

Èññëåäîâàíèÿ âîïðîñîâ ÷èñëåííîãî èíòåãðèðîâàíèÿ ôóíêöèè èç ïðîñòðàíñòâ ñ äîìè-
íèðóþùåé ñìåøàííîé ïðîèçâîäíîé ïîñâÿùåíû ìíîæåñòâî ðàáîò. Äëÿ ïîëíîãî ñïèñêà ëè-
òåðàòóðû è èñòîðèÿ ðàçâèòèÿ èçó÷åíèÿ î êóáàòóðíûõ ôîðìóëàõ ñìîòðèòå îáçîð [1, Ãë.
8].

Ïóñòü m � íàòóðàëüíîå ÷èñëî, p > 1 � ïðîñòîå, f ∈ C[0, 1]n è f � 1-ïåðèîäè÷åñêàÿ.
Îïðåäåëèì ôóíêöèîíàë Fm(f ; p)

Fm(f ; p) =
1

pm

∑
k1+···+kn=m

kj∈Z+

pk1−1∑
r1=0

· · ·
pkn−1∑
rn=0

n−1∏
j=1

∑p−1
l=1 e

−πi
(

2lrj
p

+ε(kj)
)

(p− 1)1−ε(kj)
f

(
r1
pk1

, · · · , rn
pkn

)
, (1)
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ãäå ε(x) = 1, åñëè x ≥ 1 è ε(x) = 0 â îñòàëüíûõ ñëó÷àÿõ.
Òåîðåìà 1. Ïóñòü f ∈ L1[0, 1]

n è
∑

r∈Zn f̂(r)e2πi(r,x) àáñîëþòíî ñõîäèòñÿ. Òîãäà∫
[0,1]n

f(x)dx = Fm(f ; p)−Rm,

Rm =
n∑

l=1

∑
∑l

j=1 kj=m, kj≥0

l−1∏
j=1

(−1)ε(kj)

(p− 1)1−ε(kj)
×

p−1∑
β1=1

. . .

p−1∑
βl−1=1

∑
r∈Zl, rl ̸=0

f̂(pk1−1(pr1 + β1ε(k1)), . . . , p
kl−1−1(prl−1 + βl−1ε(kl−1)), p

klrl, 0 . . . , 0).

Òåîðåìà 2. Ïóñòü n,m ∈ N, 1 ≤ q ≤ ∞ è α > 1
q̃
= max

{
1
q
, 1
2

}
. Òîãäà

sup
∥f∥Wα

q [0,1]n=1

|I(f)− Fm(f ; p)| ≤ c
m(n−1)/q̃

pαm
.

Åñëè 2 ≤ q <∞, òîãäà

sup
∥f∥Wα

q [0,1]n=1

|I(f)− Fm(f ; p)| ≍
m(n−1)/2

pαm
.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP 09260052.
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êðåñò, ïðîñòðàíñòâà ñ äîìèíèðóþùåé ñìåøàííîé ïðîèçâîäíîé.
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Êîððåêòíûå ñóæåíèÿ äèôôåðåíöèàëüíî-ôóíêöèîíàëüíîãî
îïåðàòîðà, äåéñòâóþùåãî â ãèëüáåðòîâîì ïðîñòðàíñòâå

Ì. ÄÀÍÀÁÅÊÎÂÀ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
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×åðåçH îáîçíà÷èì ïðîñòðàíñòâî âåêòîð-ôóíêöèé âèäà U = (u(t), f), ãäå u(t) ∈ L2(0, T ),
f ∈ C. Ýòî ïðîñòðàíñòâî ÿâëÿåòñÿ ãèëüáåðòîâûì ñî ñêàëÿðíûì ïðîèçâåäåíèåì

⟨U1, U2⟩ =
∫ T

0

u1(t)u2(t)dt+ f1f2.

Ðàññìîòðèì ìàêñèìàëüíûé îïåðàòîð L̂

L̂U =

(
u′(t) + au− f
αu(0) + βu(T )

)
=

(
g(t)
φ

)
, (1)

ãäå 0 < t < T , u(t) ∈ W 1
2 (0, T ), g(t) ∈ L2(0, T ), f, g, φ ∈ C.
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Òåîðåìà. Ì.Îòåëáàåâ [1-3] Ïóñòü L̂ � ìàêñèìàëüíûé ëèíåéíûé îïåðàòîð â ãèëüáåð-
òîâîì ïðîñòðàíñòâå H, L � êàêîå-ëèáî èçâåñòíîå êîððåêòíîå ñóæåíèå îïåðàòîðà L̂ è
K � ïðîèçâîëüíûé ëèíåéíûé îãðàíè÷åííûé îïåðàòîð âH, óäîâëåòâîðÿþùèé ñëåäóþùåìó
óñëîâèþ

R(K) ⊂ KerL̂.

Òîãäà îïåðàòîð L−1
K , îïðåäåëÿåìûé ôîðìóëîé

L−1
K f = L−1f +Kf,

îïèñûâàåò îáðàòíûå ê âñåâîçìîæíûì êîððåêòíûì ñóæåíèÿì LK ìàêñèìàëüíîãî
îïåðàòîðà L̂, ò.å. LK ⊂ L̂.

Â êà÷åñòâå ôèêñèðîâàííîãî êîððåêòíîãî îïåðàòîðà âûáèðàåòñÿ îïåðàòîð ñ êðàåâûì
óñëîâèåì

D(L) = {u ∈ H : γu(0) + δu(T ) = 0} (2)

ïðè âûïîëíåíèè óñëîâèÿ êîððåêòíîñòè

αδ − βγ ̸= 0.

Ñðåäè âñåõ êîððåêòíûõ ñóæåíèé âûäåëåíû âñå êîððåêòíûå ãðàíè÷íûå ñóæåíèÿ ìàêñè-
ìàëüíîãî îïåðàòîðà.

Ðàáîòà âûïîëíåíà ïîä ðóêîâîäñòâîì ïðîôåññîðà Ì.À. Ñàäûáåêîâà (Èíñòèòóò ìàòåìà-
òèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí).
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Ïîïåðå÷íèêè Ôóðüå íåêîòîðûõ êîìïàêòîâ ïðîñòðàíñòâà
òèïà Íèêîëüñêîãî � Áåñîâà, ñâÿçàííîãî ñ ïðîñòðàíñòâîì

Ìîððè, íà m-ìåðíîì òîðå

À.Ê. ÆÀÍÀÁÈËÎÂÀ

ÊàçÍÓ èì. Àëü Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: zh.aizere2001@gmail.com

Ïóñòü m ∈ N, m ≥ 2, zm = {1, . . . , k}, N0 = N ∪ {0}, R+ = (0,+∞). Äëÿ x =
(x1, . . . , xm), y = (y1, . . . , ym) ∈ Rm, ïîëîæèì xy = x1y1 + . . .+ xmym, |x| = |x1|+ . . .+ |xm|,
|x|∞ = max(|xµ| : µ ∈ zm); x ≤ y (x < y) ⇔ xµ ≤ yµ (xµ < yµ) for all µ ∈ zm. For t ∈ R,
t+ := max{0, t}.

Ïóñòü S := S(Rm) è S ′ = S ′(Rm) � ïðîñòðàíñòâà Øâàðöà ïðîáíûõ ôóíêöèé è ðàñïðå-
äåëåíèé ñîîòâåòñòâåííî; f̂ � ïðåîáðàçîâàíèå Ôóðüå f ∈ S ′(Rm); â ÷àñòíîñòè, äëÿ φ ∈ S

φ̂(ξ) =

∫
Rm

φ(x)e−2πi ξxdx, ξ ∈ Rm.

Ïóñòü Tm = (R/Z)m � m-ìåðíûé òîð; S̃ ′ ≡ S ′(Tm) �ïðîñòðàíñòâî 1- ïåðèîäè÷åñêèõ
(ïî âñåì ïåðåìåííûì) óìåðåííûõ ðàñïðåäåëåíèé, ò.å. ñîâîêóïíîñòü âñåõ f èç S ′ òàêèõ, ÷òî
⟨f, φ(· + ξ)⟩ = ⟨f, φ⟩ äëÿ âñåõ φ ∈ S è ëþáûõ ξ ∈ Zm, S̃ := S(Tm) � ïðîñòðàíñòâî âñåõ
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áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé íà Tm. Èçâåñòíî, ÷òî f ∈ S ′(Tm), åñëè è òîëüêî
åñëè supp f̂ ⊂ Zm, ò.å. ðàñïðåäåëåíèå f̂ îáðàùàåòñÿ â 0 íà îòêðûòîì ìíîæåñòâå Rm \ Zm.

Äëÿ 1 ≤ p ≤ ∞ è èçìåðèìîãî ìíîæåñòâà G ⊂ Rm Lp(G) � ïðîñòðàíñòâî èçìåðèìûõ
ôóíêöèé f : G→ C, èíòåãðèðóåìûõ ïî Ëåáåãó â ñòåïåíè p íà G (ïðè p = ∞ ñóùåñòâåííî
îãðàíè÷åííûõ íà G) ñî ñòàíäàðòíîé íîðìîé ∥ f |Lp(G) ∥.

Äëÿ 1 ≤ q ≤ ∞ ïóñòü ℓq := ℓq(N0) � ïðîñòðàíñòâî (êîìïëåêñíûõ) ÷èñëîâûõ ïîñëåäîâà-
òåëüíîñòåé (cj) = (cj : j ∈ N0) ñ êîíå÷íîé ñòàíäàðòíîé íîðìîé ∥(cj) | ℓq∥.

Äàëåå, ïóñòü ℓq(Lp(G))� ïðîñòðàíñòâî ôóíêöèîíàëüíûõ ïîñëåäîâàòåëüíîñòåé (gj(x)) =
(gj(x) : k ∈ N0) (x ∈ G) ñ êîíå÷íîé íîðìîé

∥ (gj(x)) | ℓq(Lp(G)) ∥ = ∥ ( ∥ gj |Lp(G)∥) | ℓq ∥.

Ïóñòü Q � ìíîæåñòâî âñåõ "ïîëóîòêðûòûõ" äèàäè÷åñêèõ êóáîâ èç Rm âèäà

Q = Qjξ = {x ∈ Rm : 2jx− ξ ∈ [0, 1)m } (j ∈ Z, ξ ∈ Zm),

à

Q̃ = {Q ∈ Q |Q ⊂ Q0 = [0, 1)m} = {Qjξ | j ∈ N0, ξ ∈ Zm : 0 ≤ ξ < 2j1} (0,1 ∈ Rm).

Äëÿ Q = Qjξ îáîçíà÷èì ÷åðåç l(Q) = 2−j, j(Q) := j è |Q| = 2−jm åãî äëèíó ðåáðà,
óðîâåíü è îáúåì.

Âûáåðåì ïðîáíóþ ôóíêöèþ η0 ∈ S òàêóþ, ÷òî

0 ≤ η̂0(ξ) ≤ 1, ξ ∈ Rm; η̂0(ξ) = 1 if |ξ|∞ ≤ 1; supp η̂0 = {ξ ∈ Rm | |ξ|∞ ≤ 2}.

Ïîëîæèì η̂(ξ) = η̂0(2
−1ξ)− η̂0(ξ), η̂j(ξ) := η̂j(ξ) = η̂(21−jξ), j ∈ N. Òîãäà

∞∑
j=0

η̂j(ξ) ≡ 1, ξ ∈ Rm,

ò.å. {η̂j(ξ) | j ∈ N0} � ãëàäêîå ðàçáèåíèå åäèíèöû ("ïî êîðèäîðàì") íà Rm.
ßñíî, ÷òî

η(x) = 2mη0(2x)− η0(x), ηj(x) := 2(j−1)mη(2j−1x), j ∈ N.
Äëÿ ïðîèçâîëüíîé ôóíêöèè g : Rm → C åå ïåðèîäèçàöèÿ g̃ : Tm → C îïðåäåëÿåòñÿ êàê

(ôîðìàëüíàÿ) ñóììà ðÿäà
∑

ξ∈Zm

g(x+ ξ).

Â ÷àñòíîñòè, åñëè φ ∈ S, òî φ̃ ∈ S̃ è ïî ôîðìóëå ñóììèðîâàíèÿ Ïóàññîíà φ̃(x) =∑
ξ∈Zm φ̂(ξ)e2πiξx.

Îáîçíà÷èì ÷åðåç ∆̃η
j îïåðàòîðû, îïðåäåëÿåìûå íà S̃ ′ (j ∈ N0), ñëåäóþùèì îáðàçîì:

äëÿ f ∈ S̃ ′

∆̃η
j (f, x) = f ∗ η̃j(x) = ⟨f, η̃j(x− ·)⟩ =

∑
ξ∈Zm

η̂j(ξ)f̂(ξ)e
2πi ξx.

Äëÿ óäîáñòâà ïîëîæèì ∆̃η
j (f, x) ≡ 0 ïðè j < 0.

Ïóñòü s, τ ∈ R, 1 ≤ p, q ≤ ∞. Òîãäà ãëàäêîñòíîå ïðîñòðàíñòâî B̃s τ
p q := Bs τ

p q (Tm) òèïà
Íèêîëüñêîãî � Áåñîâà, ñâÿçàííîå ñ ïðîñòðàíñòâîì Ìîððè, íà m-ìåðíîì òîðå ñîñòîèò èç
âñåõ ðàñïðåäåëåíèé f ∈ S̃ ′, äëÿ êîòîðûõ êîíå÷íà íîðìà

∥ f | B̃s τ
p q ∥ = sup

Q∈Q̃

1

|Q|τ
∥(2sj∆̃η

j (f, x)sign((j + 1− j(Q))+)) | ℓq(Lp(Q))∥.

Åäèíè÷íûé øàð B̃s τ
p q := Bs τ

p q(Tm) áóäåì íàçûâàòü êëàññîì Íèêîëüñêîãî � Áåñîâà.
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Ïîïåðå÷íèê Ôóðüå ïîðÿäêà N ∈ N ìíîæåñòâà F ëèíåéíîãî íîðìèðîâàííîãî ïðîñòðàí-
ñòâà V (⊂ L1(Tm)) îáîçíà÷èì ÷åðåç φN(F, V ):

φN(F, V ) = inf {sup{ ∥ v −
N∑

n=1

⟨v, ϕn⟩ϕn |V ∥ | v ∈ F } | ΦN},

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîçìîæíûì îðòîíîðìèðîâàííûì (â L2(Tm)) ñèñòåìàì
ΦN = {ϕ1, . . . , ϕN} ⊂ V ∩ L∞(Tm). Çäåñü ⟨u, v⟩ =

∫
Tm u(x)v(x)dx äëÿ u ∈ L1(Tm) è v ∈

L∞(Tm).
Òåîðåìà. Ïóñòü s, t ∈ R+, t < s, 1 < p, q, r <∞, 0 ≤ τ ≤ min{1

p
, 1
r
}. Åñëè s−t

m
> (1

p
− 1

r
)+

, òî âåðíà ñëàáàÿ àñèìïòîòè÷åñêàÿ îöåíêà

φN(B̃
sτ
pq , B̃

tτ
rq) ≍ N

t−s
m

+( 1
p
− 1

r
)+ ïðè N → ∞.

Êëþ÷åâûå ñëîâà: (ãëàäêîñòíîå) ïðîñòðàíñòâî òèïà Íèêîëüñêîãî � Áåñîâà, ïðîñòðàíñòâî Ìîððè, ïîïåðå÷íèê
Ôóðüå, m-ìåðíûé òîð.

2010 Mathematics Subject Classi�cation: 41A46, 42B05, 42Â35

Ãåîìåòðè÷åñêèå ñâîéñòâà Ïèðñîâñêèõ ïðîåêòîðîâ â
WFS-ïðîñòðàíñòâå

Ì.Ì. ÈÁÐÀÃÈÌÎÂ1,a, Ñ.Æ. ÒËÅÓÌÓÐÀÒÎÂ2,b

1Êàðàêàëïàêñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Áåðäàõà, Íóêóñ, Óçáåêèñòàí
2Íóêóññêèé ãîðíûé èíñòèòóò, Íóêóñ, Óçáåêèñòàí

E-mail: amukhtar_i@bk.ru, bsarsenbay-2011@mail.ru

Ãðàíåâî ñèììåòðè÷íûå ïðîñòðàíñòâà âïåðâûå ââåäåíû è èññëåäîâàíû ß.Ôðèäìaíîì
è Á.Ðóññî â ðàáîòàõ [1-4] êàê ãåîìåòðè÷åñêàÿ ìîäåëü êâàíòîâîé ìåõàíèêè. Îñíîâíîé öå-
ëüþ ïðîåêòà èññëåäîâàíèÿ ýòèõ ïðîñòðàíñòâ áûëî ãåîìåòðè÷åñêàÿ õàðàêòåðèçàöèÿ ïðî-
ñòðàíñòâ ñîñòîÿíèè îïåðàòîðíûõ àëãåáð, òî÷íåå ïðåäñîïðÿæåííûõ ïðîñòðàíñòâ JBW ∗-
òðîåê, äîïóñêàþùèõ àëãåáðàè÷åñêóþ ñòðóêòóðó.

ß.Ôðèäìàíà è Á.Ðóññî â ðàáîòå [2] äîêàçàëè, ÷òî ïðåäñîïðÿæåííîå ïðîñòðàíñòâî êîì-
ïëåêñíûõ àëãåáð ôîí Íåéìàíà, JB∗-àëãåáð, è áîëåå îáùèõ JB∗-òðîåê ÿâëÿþòñÿ íåéòðàëü-
íûìè ãðàíåâî ñèììåòðè÷íûìè ïðîñòðàíñòâàìè.

Äàííîé ðàáîòå ïîêàçàíî, ÷òî Ïèðñîâñêèå ïðîåêòîðû P0 (u) è P2 (u) ÿâëÿþòñÿ L-ïðî-
åêòîðàìè è GL-ïðîåêòîðàìè íà Z è M -ïðîåêòîðàìè íà Z∗. Äîêàçàíî, ÷òî ñëàáî ãðàíåâî
ñèììåòðè÷íîå ïðîñòðàíñòâà ñëàãàåòñÿ íà äâóõ ïîäïðîñòðàíñòâ.

Ìû ïðèâîäèì íåîáõîäèìûå ñâåäåíèå èç òåîðèé WFS ïðîñòðàíñòâà.
Ïóñòü Z � äåéñòâèòåëüíîå èëè êîìïëåêñíîå íîðìèðîâàííîå ïðîñòðàíñòâî. Ýëåìåíòû

f, g ∈ Z ÿâëÿþòñÿ âçàèìíî îðòîãîíàëüíûìè, îáîçíà÷àåòñÿ f ⋄ g, åñëè ∥f + g∥ = ∥f − g∥ =
∥f∥ + ∥g∥. Ïî íîðìå âûñòàâëåííîé ãðàíüþ åäèíè÷íîãî øàðà Z1 ïðîñòðàíñòâà Z ÿâëÿåò-
ñÿ íå ïóñòîå ìíîæåñòâî (îáÿçàòåëüíî ̸= Z1) èìåþùèé âèä Fx = {f ∈ Z1 : f(x) = 1}, ãäå
x ∈ Z∗, ∥x∥ = 1. Äëÿ ëþáîãî ïîäìíîæåñòâà S ⊂ Z ïîëîæèì S⋄ = {f ∈ Z : f ⋄ g, ∀g ∈ S}
è íàçîâåì S⋄ îðòîãîíàëüíûì äîïîëíåíèåì ê S. Ïîäìíîæåñòâà S, T ⊂ Z íàçûâàþòñÿ îð-
òîãîíàëüíûìè (S ⋄ T ), åñëè f ⋄ g äëÿ âñåõ (f, g) ∈ S × T . Ýëåìåíò u ∈ Z∗íàçûâàåòñÿ
ïðîåêòèâíîé åäèíèöåé, åñëè ∥u∥ = 1 è ⟨u, F ⋄

u ⟩ = 0. ×åðåç F è T îáîçíà÷àåì ìíîæåñòâà
âñåõ âûñòàâëåííûõ ïî íîðìå ãðàíåé Z1 è ïðîåêòèâíûõ åäèíèö â Z∗

1 , ñîîòâåòñòâåííî.
Äåéñòâèòåëüíîå èëè êîìïëåêñíîå íîðìèðîâàííîå ïðîñòðàíñòâî Z íàçûâàåòñÿ ñëàáî ãðà-

íåâî ñèììåòðè÷íûì ïðîñòðàíñòâîì (WFS-ïðîñòðàíñòâîì), åñëè êàæäàÿ ïî íîðìå âûñòàâ-
ëåííàÿ ãðàíü Z1 ÿâëÿåòñÿ ñèììåòðè÷íîé. Ãåîìåòðè÷åñêèì òðèïîòåíòîì íàçûâàåòñÿ ïðî-
åêòèâíàÿ åäèíèöà u ∈ Z∗ ñî ñâîéñòâîì, ÷òî F := Fu ÿâëÿåòñÿ ñèììåòðè÷íîé ãðàíüþ è

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024
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S∗
Fu = u äëÿ íåêîòîðîé ñèììåòðèè SF ñîîòâåòñòâóþùåé F . ×åðåç SF è GT îáîçíà÷àåì

ìíîæåñòâà âñåõ ñèììåòðè÷íûõ ãðàíåé Z1 è ãåîìåòðè÷åñêèõ òðèïîòåíòîâ â Z∗
1 , ñîîòâåò-

ñòâåííî. Ïóñòü Z êîìïëåêñíîå Áàíàõîâîå ïðîñòðàíñòâî. Ëèíåéíûé ïðîåêòîð P íà Z íà-
çûâàåòñÿ L-ïðîåêòîðîì, åñëè äëÿ ëþáîãî x â Z èìååì ∥x∥ = ∥Px∥+ ∥x− Px∥. Çàìêíóòîå
ïîäïðîñòðàíñòâî, êîòîðîå ÿâëÿåòñÿ îáðàçîì L-ïðîåêòîðà, íàçûâàåòñÿ L-ñëàãàåìûì Z, à Z
íàçûâàåòñÿ L-ñóììîé PZ è (idZ − P )Z:

Z = PZ⊕L (idZ − P )Z.

Ëåììà 1. Ïóñòü Z ÿâëÿåòñÿ WFS-ïðîñòðàíñòâîì è u ∈ GU. Åñëè Su = I, òîãäà

(i) P0 (u) è P2 (u) ÿâëÿþòñÿ L-ïðîåêòîðàìè íà Z;

(ii) ïîäïðîñòðàíñòâà Z0 (u) è Z2 (u) ÿâëÿþòñÿ L-ñëàãàåìûìè Z;

(iii) P2 (u)P0 (u) = P0 (u)P2 (u) = 0.

Ëèíåéíûé ïðîåêòîð Q íà êîìïëåêñíîì áàíàõîâîì ïðîñòðàíñòâå E íàçûâàåòñÿ M -ïðî-
åêòîðîì, åñëè äëÿ ëþáîãî a â E èìååì

∥a∥ = max {∥Qa∥ , ∥a−Qa∥} .

Çàìêíóòîå ïîäïðîñòðàíñòâî, êîòîðîå ÿâëÿåòñÿ îáðàçîì M -ïðîåêòîðà, íàçûâàåòñÿ M -
ñëàãàåìîé E, à E íàçûâàåòñÿ M -ñóììîé QE è (idE −Q)E:

Ëåììà 2. Ïóñòü Z ÿâëÿåòñÿ WFS-ïðîñòðàíñòâîì è u ∈ GU. Åñëè Su = I, òîãäà

(i) Ïóñòü Z ÿâëÿåòñÿ WFS-ïðîñòðàíñòâîì è u ∈ GU. Åñëè Su = I, òîãäà

(ii) Ïîäïðîñòðàíñòâà U0 (u) è U2 (u) ÿâëÿþòñÿ M -ñëàãàåìûìè Z∗.

Ñæèìàþùèé ïðîåêòîð P íà êîìïëåêñíîì áàíàõîâîì ïðîñòðàíñòâå E íàçûâàåòñÿ GL-
ïðîåêòîðîì, åñëè L-îðòîãîíàëüíîå äîïîëíåíèå (PE)⋄ åãî îáðàçà ñîäåðæèòñÿ â åãî ÿäðå
ker (P ): (PE)⋄ ⊂ ker (P ).

Ëåììà 3. Ïóñòü Z ÿâëÿåòñÿ êîìïëåêñíûì WFS-ïðîñòðàíñòâîì è u ∈ GU. Åñëè
Su = I, òîãäà

(i) P0 (u) è P2 (u) ÿâëÿþòñÿ GL-ïðîåêòîðàìè íà Z;

(ii) Zi(u)
⋄ = Ker Pi (u), ãäå i ∈ {0, 2};

(iii) Z0 (u) = Z2(u)
⋄ = Ker P2 (u);

(iv) Z2 (u) = Z0(u)
⋄ = Ker P0 (u).

Êëþ÷åâûå ñëîâà: Ãðàíåâî ñèììåòðè÷íîå ïðîñòðàíñòâî, L-ïðîåêòîð, M - ïðîåêòîð è GL- ïðîåêòîð.

2010 Mathematics Subject Classi�cation: 46B20
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Îïèñàíèå êîíóñà óáûâàþùèõ ïåðåñòàíîâîê äëÿ
ïîòåíöèàëîâ

Ã.Æ. ÊÀÐØÛÃÈÍÀ

Êàðàãàíäèíñêèé óíèâåðñèòåò èì. Å.À.Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí

E-mail: karshygina84@mail.ru

Ïóñòü T ∈ (0,∞]. Ââåäåì ìíîæåñòâî íåïðåðûâíûõ, ïîëîæèòåëüíûõ, óáûâàþùèõ ôóíê-
öèé íà (0, T ):

Ω(T ) = {φ ∈ C(0, T ) : 0 < φ ↓, t ∈ (0, T )} . (1)

Îáîçíà÷èì

fφ(t, τ) := min {φ(t), φ(τ)} = φ(max {t, τ}); t, τ ∈ (0, T ). (2)

Ïóñòü E = E(Rn) ïåðåñòàíîâî÷íî èíâàðèàíòíîå ïðîñòðàíñòâî, Ẽ = E(0,∞), Ẽ↓(0, T ) ýòî

Ẽ↓(0, T ) =
{
g ∈ Ẽ(0, T ) : 0 ≤ g(t) ↓, t ∈ (0, T )

}
.

Ââåäåì, êîíóñ K ñëåäóþùåãî âèäà:

K = K(T ) =

h(t) = h(g; t) :=

T∫
0

fφ(t, τ)g(τ)dτ : g ∈ Ẽ↓(0, T )

 ; (3)

ρK(h) = inf
{
∥g∥Ẽ(0,T ) : g ∈ Ẽ↓(0, T );h(g; t) = h(t), t ∈ (0, T )

}
. (4)

Ââåäåì ïðîñòðàíñòâî ïîòåíöèàëîâ HG
E = HG

E (Rn) íàä áàçîâûì ïåðåñòàíîâî÷íî èíâàðè-
àíòíûì ïðîñòðàíñòâîì E = E(Rn):

HG
E (Rn) = {u = G ∗ f : f ∈ E(Rn)} , (5)

∥u∥HG
E
= inf {∥f∥E : f ∈ E(Rn); G ∗ f = u} . (6)

Â îáùåì ñëó÷àå, äëÿ äàííîé u ∈ HG
E (Rn) íå ãàðàíòèðîâàíà åäèíñòâåííîñòü ôóíêöèè

f ∈ E(Rn), äàþùåé ïðåäñòàâëåíèå . Ïîýòîìó, â (6) âçÿòà íèæíÿÿ ãðàíü ïî âñåì ôóíêöèÿì
G ∗ f = u, äàþùèì äàííîå ïðåäñòàâëåíèå. ßäðî ïðåäñòàâëåíèÿ G íàçîâåì äîïóñòèìûì,
åñëè

G ∈ L1(Rn) + E ′(Rn), (7)

ãäå E ′(Rn) � àññîöèèðîâàííîå ïðîñòðàíñòâî ê E(Rn). Ñâåðòêà G ∗ f îïðåäåëÿåòñÿ êàê
èíòåãðàë

(G ∗ f)(x) =
∫
Rn

G(x− y)f(y)dy. (8)

Îáùèå ñâîéñòâà ââåäåííûõ ïîòåíöèàëîâ ðàññìîòðåíû â ðàáîòàõ [2, 3].
Çàìå÷àíèå. Â ñëó÷àå äîïóñòèìûõ ÿäåð ìû ìîæåì äëÿ ïîòåíöèàëîâ u ∈ HG

E (Rn) îïðå-
äåëèòü êîíóñ óáûâàþùèõ ïåðåñòàíîâîê:

M =MG
E (t) =

{
h(t) = u∗(t) : u ∈ HG

E (Rn); t ∈ (0, T )
}
, (9)

ñíàáäèâ åãî ïîëîæèòåëüíî îäíîðîäíûì íåâûðîæäåííûì ôóíêöèîíàëîì

ρM(h) = inf
{
∥u∥HG

E
(Rn);u∗(t) = h(t), t ∈ (0, T )

}
. (10)
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Ïðèâåäåì îäèí èç îáùèõ ðåçóëüòàòîâ òåîðèè.
Òåîðåìà. Ïóñòü HG

E (Rn) � ïðîñòðàíñòâî îáîáùåííûõ ïîòåíöèàëîâ Ðèññà èëè Áåññåëÿ;
ñ÷èòàåì ïðè ýòîì, ÷òî R = ∞, T = ∞ äëÿ ïîòåíöèàëîâ Ðèññà, R ∈ R+, T = VnR

n äëÿ
ïîòåíöèàëîâ Áåññåëÿ. 1). G(x) = Φ(|x|); Φ(t) = φ(Vnt

n), φ ∈ Ω(T );

Aφ(T ) := sup

 1

tφ(t)

 t∫
0

φ(τ)dτ

 : t ∈ (0, T )

 ;

Åñëè Aφ(T ) <∞, òî èìååò ìåñòî ïîòî÷å÷íàÿ ýêâèâàëåíòíîñòü êîíóñîâ (3) è (9):

M ∼= K(T ).
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Ëîãàðèôìè÷åñêèå íåðàâåíñòâà òèïà Ñîáîëåâà íà ãðóïïàõ
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Â ýòîé äîêëàäå ìû â ïåðâóþ î÷åðåäü ïîêàæåì ðÿä âàæíûõ íåðàâåíñòâ ñ ÿâíûìè êîí-
ñòàíòàìè â ðàìêàõ ãðóïïû Ãåéçåíáåðãà Hn. Ýòî âêëþ÷àåò äðîáíûå è öåëûå íåðàâåíñòâà
Ñîáîëåâà, Ãàëüÿðäî-Íèðåíáåðãà, (âçâåøåííûå) íåðàâåíñòâà Õàðäè-Ñîáîëåâà, íåðàâåíñòâà
Íýøà è èõ ëîãàðèôìè÷åñêèå âåðñèè. Â ñëó÷àå íåðàâåíñòâà Ñîáîëåâà ïåðâîãî ïîðÿäêà íàøà
êîíñòàíòà âîññòàíàâëèâàåò îñòðóþ êîíñòàíòó Äæåðèñîíà è Ëè. Çàìå÷àòåëüíî, ìû òàêæå
óñòàíàâëèâàåì àíàëîã íåðàâåíñòâà Ãðîññà ñ ïîëóïðîáàáèëüíîé ìåðîé íà Hn, êîòîðàÿ, êàê
è â åâêëèäîâîé ñðåäå, ïîçâîëÿåò ðàñøèðåíèå äî áåñêîíå÷íûõ èçìåðåíèé è îñîáåííî ìîæåò
ðàññìàòðèâàòüñÿ êàê íåðàâåíñòâî â áåñêîíå÷íîìåðíîì ïðîñòðàíñòâå H∞. Íàêîíåö, ìû äî-
êàçûâàåì òàê íàçûâàåìîå îáîáùåííîå íåðàâåíñòâî Ïóàíêàðå íà Hn êàê îòíîñèòåëüíî óïî-
ìÿíóòîé ïîëóïðîáàáèëüíîé ìåðû, òàê è îòíîñèòåëüíî ìåðû Õààðà íà Hn, òàêæå ñ ÿâíûìè
êîíñòàíòàìè. Ýòà ðàáîòà áûëî âûïîëíåíî ñîâìåñòíî ñ M. Cahtzakou è M. Ruzhansky.

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP23484106 ÊÍ ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: Ëîãàðèôìè÷åñêîå íåðàâåíñòâî Ñîáîëåâà; ëîãàðèôìè÷åñêîå íåðàâåíñòâî Ãàëüÿðäî-Íèðåíáåðãà;
íåðàâåíñòâî Íýøà; íåðàâåíñòâî Ãðîññà; íåðàâåíñòâî Ïóàíêàðå; ãðóïïà Ãåéçåíáåðãà; äðîáíûé îïåðàòîð.

2010 Mathematics Subject Classi�cation: 22E30.

Ëèòåðàòóðà
[1] A. Kassymov, M. Ruzhansky and D. Suragan. Fractional logarithmic inequalities and blow-up results with

logarithmic nonlinearity on homogeneous groups, Nonlinear Di�er. Equ. Appl. 27:7, 2020.

[2] A. Kassymov and D. Suragan. Fractional Hardy-Sobolev inequalities and existence results for fractional sub-

Laplacians. J. Math. Sci., 250(2):337-350, 2020.

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024



50 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2024

Íåðàâåíñòâî Ñòåéíà-Âàéññà íà ñèììåòðè÷åñêîì
ïðîñòðàíòñâå íåêîìïàêòíîãî òèïà

Àéäûí ÊÀÑÛÌÎÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: kassymov@math.kz

Èçó÷åíèå ôóíêöèîíàëüíûõ íåðàâåíñòâ è âçâåøåííûõ ôóíêöèîíàëüíûõ íåðàâåíñòâ èã-
ðàåò çíà÷èòåëüíóþ ðîëü â èññëåäîâàíèè ïðîáëåì äèôôåðåíöèàëüíîé ãåîìåòðèè, ãàðìî-
íè÷åñêîãî àíàëèçà, óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ è íåñêîëüêèõ äðóãèõ îáëàñòåé ìà-
òåìàòèêè. Â ÷àñòíîñòè, ýòè íåðàâåíñòâà øèðîêî èñïîëüçóþòñÿ äëÿ èçó÷åíèÿ ðåçóëüòà-
òîâ ñóùåñòâîâàíèÿ, ñâÿçàííûõ ñ íåñêîëüêèìè âàæíûìè íåëèíåéíûìè óðàâíåíèÿìè. Â
ýòîé ñòàòüå ìû óñòàíàâëèâàåì íåñêîëüêî âàæíûõ ôóíêöèîíàëüíûõ íåðàâåíñòâ, âêëþ-
÷àÿ íåðàâåíñòâî Øòåéíà-Âàéññà, íåðàâåíñòâî Õàðäè-Ñîáîëåâà, Ãàëüÿðäî-Íèðåíáåðãà è
Êàôôàðåëëè-Êîí-Íèðåíáåðãà íà ñèììåòðè÷íûõ ïðîñòðàíñòâàõ Ðèìàíà áîëåå âûñîêîãî
ðàíãà òèïà íåêîìïàêòíîñòè è ïðèâîäèì íåêîòîðûå ïðèëîæåíèÿ ê èçó÷åíèþ ãëîáàëüíîãî
ñóùåñòâîâàíèÿ âîëíîâûõ óðàâíåíèé ñ äåìïôèðîâàíèåì è ìàññîâûì ÷ëåíîì, ñâÿçàííûì
ñ îïåðàòîðîì Ëàïëàñà-Áåëüòðàìè íà ñèììåòðè÷íûõ ïðîñòðàíñòâàõ. Ñèììåòðè÷íûå ïðî-
ñòðàíñòâà Ðèìàíà ÿâëÿþòñÿ î÷åíü âàæíûì êëàññîì íåîòðèöàòåëüíî êðèâèçíû ðèìàíîâûõ
ìíîãîîáðàçèé. Íåäàâíî ìíîãèå èññëåäîâàòåëè âíåñëè ñâîé âêëàä â ðàçâèòèå îïðåäåëåííûõ
âàæíûõ ôóíêöèîíàëüíûõ íåðàâåíñòâ íà ìíîãîîáðàçèÿõ ñ íåîòðèöàòåëüíîé êðèâèçíîé, èñ-
ïîëüçóÿ ðàçëè÷íûå ïîäõîäÿùèå ìåòîäû èç àíàëèçà Ôóðüå è ãåîìåòðè÷åñêîãî àíàëèçà. Íî
áîëüøèíñòâî èç íèõ îãðàíè÷èâàëèñü òîëüêî ñèììåòðè÷íûì ïðîñòðàíñòâîì ðàíãà îäèí,
íàïðèìåð, äåéñòâèòåëüíûìè èëè êîìïëåêñíûìè ãèïåðáîëè÷åñêèìè ïðîñòðàíñòâàìè è èõ
ðàçëè÷íûìè ìîäåëÿìè, è â ýòîì ñëó÷àå èñïîëüçóåòñÿ àíàëèç Ãåëüãàñîíà-Ôóðüå. Îäíî èç
ôóíäàìåíòàëüíûõ ôóíêöèîíàëüíûõ íåðàâåíñòâ â åâêëèäîâîì ãàðìîíè÷åñêîì àíàëèçå �
êëàññè÷åñêîå íåðàâåíñòâî Còåéíà-Âàéññà, óñòàíîâëåííîå Còåéíîì è Âàéññîì. Îíî ãëàñèò:

Òåîðåìà 1. Ïóñòü 0 < λ < N , 1 < p <∞, α < N(p−1)
p

, β < N
q
, α+β ≥ 0 è λ−α−β

N
= 1

p
− 1

q
.

Äëÿ 1 < p ≤ q <∞ èìååì

∥|x|−βIλu∥Lq(RN ) ≤ C∥|x|αu∥Lp(RN ), (4)

ãäå C � ïîëîæèòåëüíàÿ êîíñòàíòà, íå çàâèñÿùàÿ îò u. Çäåñü ïîòåíöèàë Ðèñà Iλ íà RN

îïðåäåëåí êàê

Iλu(x) =

∫
RN

u(y)

|x− y|N−λ
dy, 0 < λ < N. (5)

Îñíîâíîé ðåçóëüòàò áóäåò â ñëåäóþùåì âèäå:
Òåîðåìà 2. Ïóñòü X � ñèììåòðè÷åñêîå ïðîñòðàíñòâî íåêîìïàêòíîãî òèïà ñ ðàçìåð-

íîñòüþ n ≥ 3 è ðàíê l ≥ 1. Ïóñòü 0 < σ < n, 1 < p < ∞, α < n
p′
, β < n

q
, α + β ≥ 0 è

σ−α−β
n

= 1
p
− 1

q
. Òîãäà äëÿ áîëüøèõ ξ > 0 è 1 < p ≤ q <∞, ìû èìååì

(∫
X

∣∣∣∣∫
X

Gξ,σ(y
−1x)u(y)dy

∣∣∣∣q dx

|x|βq

) 1
q

≤ C∥|x|αu∥Lp(X), (6)

ãäå C ïîëîæèòåëüíàÿ êîíñòàíòà íåçàâèñÿùàÿ îò u.
Ýòà ðàáîòà áûëî âûïîëíåíî ñîâìåñòíî ñ V. Kumar è M. Ruzhansky.
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Êîìïàêòíîñòü êîììóòàòîðà ìóëüòèëèíåéíîãî ïîòåíöèàëà
Ðèññà â ëîêàëüíûõ ïðîñòðàíñòâàõ òèïà Ìîððè

Ä.Ò. ÌÀÒÈÍa, Ò.Á. ÀÕÀÆÀÍÎÂb

ÅÍÓ èì.Ë.Í.Ãóìèëåâà, Àñòàíà, Êàçàõñòàí

E-mail: ad.matin@mail.kz, btalgata2008@mail.ru

Â äàííîé ðàáîòå ïðèâîäÿòñÿ äîñòàòî÷íûå óñëîâèÿ êîìïàêòíîñòè êîììóòàòîðà ìóëüòè-
ëèíåéíîãî ïîòåíöèàëà Ðèññà â ëîêàëüíûõ ïðîñòðàíñòâàõ òèïà Ìîððè LMw(·)

pθ (Rn).
Ìóëüòèëèíåéíûé ïîòåíöèàë Ðèññà Iα ïîðÿäêà α(0 < α < n) îïðåäåëÿåòñÿ ñëåäóþùèì

îáðàçîì

I(m)
α f(x) = Cn,α

∫
Rn

f1(y1)f2(y3)...fm(ym)

|x− y1, x− y2, ..., x− ym|mn−α
dy,

ãäå Cn,α =
Γ(n−α

2 )
2απ

n
2 Γ(α

2 )
.

Äëÿ ôóíêöèè b ∈ Lloc(Rn) ÷åðåç Mb îáîçíà÷èì ìóëüòèïëèêàöèîííûé îïåðàòîð Mbf =
bf , ãäå f � èçìåðèìàÿ ôóíêöèÿ. Òîãäà êîììóòàòîð äëÿ ïîòåíöèàëà Ðèññà Iα è îïåðàòîðà
Mb îïðåäåëÿåòñÿ ðàâåíñòâîì

[
b, I(m)

α

]
(f)(x) =

∫
Rn

[b(x)− b(y1), b(x)− b(y2), ..., b(x)− b(ym)] f1(y1)f2(y3)...fm(ym

|x− y1, x− y2, ..., x− ym|mn−α dy.

Ôóíêöèÿ b(x) ∈ L∞(Rn) ïðèíàäëåæèò ïðîñòðàíñòâó BMO(Rn), åñëè

∥b∥∗ = sup
Q⊂Rn

1

|Q|

∫
Q

|b(x)− bQ| dx = sup
Q∈Rn

M(b,Q) <∞,

ãäå Q � êóá èç Rn è bQ = 1
|Q|

∫
Rn

f(y)dy.

×åðåç VMO(Rn) îáîçíà÷èì BMO-çàìûêàíèå ïðîñòðàíñòâà C∞
0 (Rn), ãäå C∞

0 (Rn) ìíî-
æåñòâî âñåõ ôóíêöèé èç C∞(Rn) ñ êîìïàêòíûì íîñèòåëåì. ×åðåç χ(a,b) îáîçíà÷èì õàðàê-
òåðèñòè÷åñêóþ ôóíêöèþ îòðåçêà (a, b), ÷åðåç cB � äîïîëíåíèå ìíîæåñòâà B.

Ïóñòü 1 ≤ p ≤ ∞, w � èçìåðèìàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ íà (0,∞) íå ýêâèâàëåíò-
íàÿ íóëþ. Ëîêàëüíîå ïðîñòðàíñòâî òèïà Ìîððè LM

w(·)
p,θ ≡ LM

w(·)
p,θ (Rn) îïðåäåëÿåòñÿ êàê

ìíîæåñòâî âñåõ ôóíêöèé f ∈ Lloc
p (Rn) ñ êîíå÷íîé êâàçèíîðìîé

∥f∥
LM

w(·)
pθ

≡

 ∞∫
0

∣∣∣w(r) ∥f∥Lp(B(0,r))

∣∣∣θ dr
 1

θ

,

ãäå B(0, r) � îòêðûòûé øàð ñ öåíòðîì â òî÷êå 0 ðàäèóñà r > 0.
Òåîðåìà 1. Ïóñòü 0 < α < n(1− 1

q
), 1 ≤ p ≤ ∞, 1 < q <∞, 1

q
= 1

p
− α

n
, b ∈ VMO(Rn),

ôóíêöèè w1, w2 ∈ Ωp,∞ óäîâëåòâîðÿþò óñëîâèþ

∞∫
r

ln

(
e+

l

r

) ess inf
t<s<∞

w1(s)dt

t
≤ Cw2(r),
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òîãäà êîììóòàòîð ìóëüòèëèíåéíîãî ïîòåíöèàëà Ðèññà
[
b, I

(m)
α

]
ÿâëÿåòñÿ êîìïàêòíûì

îïåðàòîðîì èç LMw1
p,θ â LM

w2
q,θ .
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Ïóñòü m ∈ N, m ≥ 2, zm = {1, . . . , k}, N0 = N ∪ {0}, R+ = (0,+∞). Äëÿ x =
(x1, . . . , xm), y = (y1, . . . , ym) ∈ Rm, ïîëîæèì xy = x1y1 + . . .+ xmym, |x| = |x1|+ . . .+ |xm|,
|x|∞ = max(|xµ| : µ ∈ zm); x ≤ y (x < y) ⇔ xµ ≤ yµ (xµ < yµ) for all µ ∈ zm. For t ∈ R,
t+ := max{0, t}.

Ïóñòü S := S(Rm) è S ′ = S ′(Rm) � ïðîñòðàíñòâà Øâàðöà ïðîáíûõ ôóíêöèé è ðàñïðå-
äåëåíèé ñîîòâåòñòâåííî; f̂ � ïðåîáðàçîâàíèå Ôóðüå f ∈ S ′(Rm); â ÷àñòíîñòè, äëÿ φ ∈ S

φ̂(ξ) =

∫
Rm

φ(x)e−2πi ξxdx, ξ ∈ Rm.

Ïóñòü Tm = (R/Z)m � m-ìåðíûé òîð; S̃ ′ ≡ S ′(Tm) �ïðîñòðàíñòâî 1- ïåðèîäè÷åñêèõ
(ïî âñåì ïåðåìåííûì) óìåðåííûõ ðàñïðåäåëåíèé, ò.å. ñîâîêóïíîñòü âñåõ f èç S ′ òàêèõ, ÷òî
⟨f, φ(· + ξ)⟩ = ⟨f, φ⟩ äëÿ âñåõ φ ∈ S è ëþáûõ ξ ∈ Zm, S̃ := S(Tm) � ïðîñòðàíñòâî âñåõ
áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé íà Tm. Èçâåñòíî, ÷òî f ∈ S ′(Tm), åñëè è òîëüêî
åñëè supp f̂ ⊂ Zm, ò.å. ðàñïðåäåëåíèå f̂ îáðàùàåòñÿ â 0 íà îòêðûòîì ìíîæåñòâå Rm \ Zm.

Äëÿ 1 ≤ p < ∞ è èçìåðèìîãî ìíîæåñòâà G ⊂ Rm Lp(G) ïðîñòðàíñòâî èçìåðèìûõ
ôóíêöèé f : G → C, èíòåãðèðóåìûõ ïî Ëåáåãó â ñòåïåíè p íà G ñî ñòàíäàðòíîé íîðìîé
∥ f |Lp(G) ∥.

Äëÿ 1 ≤ q ≤ ∞ ïóñòü ℓq := ℓq(N0) � ïðîñòðàíñòâî (êîìïëåêñíûõ) ÷èñëîâûõ ïîñëåäîâà-
òåëüíîñòåé (cj) = (cj : j ∈ N0) ñ êîíå÷íîé ñòàíäàðòíîé íîðìîé ∥(cj) | ℓq∥.

Äàëåå, ïóñòü ℓq(Lp(G))� ïðîñòðàíñòâî ôóíêöèîíàëüíûõ ïîñëåäîâàòåëüíîñòåé (gj(x)) =
(gj(x) : k ∈ N0) (x ∈ G) ñ êîíå÷íîé íîðìîé

∥ (gj(x)) | ℓq(Lp(G)) ∥ = ∥ ( ∥ gj |Lp(G)∥) | ℓq ∥.

Ïóñòü Q � ìíîæåñòâî âñåõ "ïîëóîòêðûòûõ" äèàäè÷åñêèõ êóáîâ èç Rm âèäà

Q = Qjξ = {x ∈ Rm : 2jx− ξ ∈ [0, 1)m } (j ∈ Z, ξ ∈ Zm),

à

Q̃ = {Q ∈ Q |Q ⊂ Q0 = [0, 1)m} = {Qjξ | j ∈ N0, ξ ∈ Zm : 0 ≤ ξ < 2j1} (0,1 ∈ Rm).

Äëÿ Q = Qjξ îáîçíà÷èì ÷åðåç l(Q) = 2−j, j(Q) := j è |Q| = 2−jm åãî äëèíó ðåáðà,
óðîâåíü è îáúåì.
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Âûáåðåì ïðîáíóþ ôóíêöèþ η0 ∈ S òàêóþ, ÷òî

0 ≤ η̂0(ξ) ≤ 1, ξ ∈ Rm; η̂0(ξ) = 1 if |ξ|∞ ≤ 1; supp η̂0 = {ξ ∈ Rm | |ξ|∞ ≤ 2}.

Ïîëîæèì η̂(ξ) = η̂0(2
−1ξ)− η̂0(ξ), η̂j(ξ) := η̂j(ξ) = η̂(21−jξ), j ∈ N. Òîãäà

∞∑
j=0

η̂j(ξ) ≡ 1, ξ ∈ Rm,

ò.å. {η̂j(ξ) | j ∈ N0} � ãëàäêîå ðàçáèåíèå åäèíèöû ("ïî êîðèäîðàì") íà Rm.
ßñíî, ÷òî

η(x) = 2mη0(2x)− η0(x), ηj(x) := 2(j−1)mη(2j−1x), j ∈ N.

Äëÿ ïðîèçâîëüíîé ôóíêöèè g : Rm → C åå ïåðèîäèçàöèÿ g̃ : Tm → C îïðåäåëÿåòñÿ êàê
(ôîðìàëüíàÿ) ñóììà ðÿäà

∑
ξ∈Zm

g(x+ ξ).

Â ÷àñòíîñòè, åñëè φ ∈ S, òî φ̃ ∈ S̃ è ïî ôîðìóëå ñóììèðîâàíèÿ Ïóàññîíà φ̃(x) =∑
ξ∈Zm φ̂(ξ)e2πiξx.

Îáîçíà÷èì ÷åðåç ∆̃η
j îïåðàòîðû, îïðåäåëÿåìûå íà S̃ ′ (j ∈ N0), ñëåäóþùèì îáðàçîì:

äëÿ f ∈ S̃ ′

∆̃η
j (f, x) = f ∗ η̃j(x) = ⟨f, η̃j(x− ·)⟩ =

∑
ξ∈Zm

η̂j(ξ)f̂(ξ)e
2πi ξx.

Äëÿ óäîáñòâà ïîëîæèì ∆̃η
j (f, x) ≡ 0 ïðè j < 0.

Ïóñòü s, τ ∈ R, 1 ≤ p, q ≤ ∞. Òîãäà ãëàäêîñòíîå ïðîñòðàíñòâî B̃s τ
p q := Bs τ

p q (Tm) òèïà
Íèêîëüñêîãî � Áåñîâà, ñâÿçàííîå ñ ïðîñòðàíñòâîì Ìîððè, íà m-ìåðíîì òîðå ñîñòîèò èç
âñåõ ðàñïðåäåëåíèé f ∈ S̃ ′, äëÿ êîòîðûõ êîíå÷íà íîðìà

∥ f | B̃s τ
p q ∥ = sup

Q∈Q̃

1

|Q|τ
∥(2sj∆̃η

j (f, x)sign((j + 1− j(Q))+)) | ℓq(Lp(Q))∥.

Åäèíè÷íûé øàð B̃s τ
p q := Bs τ

p q(Tm) áóäåì íàçûâàòü êëàññîì Íèêîëüñêîãî � Áåñîâà.
Ïóñòü Φ = {ϕυ | υ ∈ Υ} � ñ÷åòíàÿ ñèñòåìà ýëåìåíòîâ ëèíåéíîãî íîðìèðîâàííîãî ïðî-

ñòðàíñòâà X íàä ïîëåì êîìïëåêñíûõ ÷èñåë C. Ïîëîæèì (N ∈ N)

ΣN(Φ) = {ϕ =
∑
υ∈Υ

cυϕυ | (cυ)υ∈Υ ⊂ C òàêàÿ, ÷òî
∑
υ∈Υ

sign|cυ| ≤ N}.

Íàèëó÷øåå N -÷ëåííîå ïðèáëèæåíèå ýëåìåíòà x ∈ X ïî ñèñòåìå Φ îïðåäåëÿåòñÿ ñëåäóþ-
ùèì îáðàçîì :

σN(x,Φ, X) = inf{∥x− ϕ |X∥ | ϕ ∈ ΣN(Φ)}.

Äëÿ ìíîæåñòâà F ⊂ X ïîëîæèì

σN(F,Φ, X) = sup{σN(x,Φ, X) | x ∈ F}.

Ïóñòü W̃(m) � m-ìåðíàÿ ñèñòåìà ïåðèîäèçèðîâàííûõ âñïëåñêîâ Ìåéåðà (îïðåäåëåíèå
ñì., íàïðèìåð, â [1, ch. 3]).

Îïðåäåëèì ÷èñëà r∗ = min{r, 2}, ı = min{p, q, r}.
Òåîðåìà. Ïóñòü s, t ∈ R, t < s, 1 < p, q, r <∞, 0 ≤ τ ≤ min{1

p
, 1
r
}. Åñëè s−t

m
> ( 2

r∗ı
− 1

r
)+,

òî âåðíà ñëàáàÿ àñèìïòîòè÷åñêàÿ îöåíêà

σN(B̃
sτ
pq , W̃(m), B̃tτ

rq) ≍ N
t−s
m ïðè N → ∞.
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Ïóñòü k ∈ Z, ÷åðåç Gk îáîçíà÷èì ìíîæåñòâî âñåõ êóáîâ â Rn âèäà

[0, 2k)n + 2km, m ∈ Zn.

Î÷åâèäíî, ÷òî
Rn =

⊔
Q∈Gk

Q,

çäåñü
⊔
Q îçíà÷àåò îáúåäèíåíèå âçàèìíî íå ïåðåñåêàþùèõñÿ ìíîæåñòâ.

Ìíîæåñòâî G =
⋃
k∈Z

Gk íàçîâåì ñåìåéñòâîì äèàäè÷åñêèõ êóáîâ â Rn. Çàìåòèì, ÷òî

êàæäûé êóá Q ∈ Gk ðàçáèâàåòñÿ íà 2n êóáîâ èç Gk−1.
Ñåìåéñòâî âçàèìíî íå ïåðåñåêàþùèõñÿ êóáîâ T = {Q} ⊂ G íàçîâåì ëîêàëüíûì ðàçáè-

åíèåì ïðîñòðàíñòâà Rn, åñëè:

1. µ(Rn\
⊔
Q∈T

Q)=0;

2. |T ∩Gk| <∞.

Çäåñü è äàëåå |A| åñòü êîëè÷åñòâî ýëåìåíòîâ âî ìíîæåñòâå A.
Ïóñòü λ ∈ R, 0 < p, q ≤ ∞ è T = {Q} ëîêàëüíîå ðàçáèåíèå Rn. Ðàññìîòðèì ëîêàëüíîå

ïðîñòðàíñòâî Ìîððè LMλ
p,q(T) [1] êàê ìíîæåñòâî èçìåðèìûõ ôóíêöèé f äëÿ êîòîðûõ

∥f∥LMλ
p,q(T) =

(∑
k∈Z

(
2−kλ

∑
Q∈Tk=T∩Gk

∥f∥Lp(Q)

)q) 1
q

<∞.

Âûðàæåíèÿ

(∫
Ω

|ϕ(t)|q dt
t

)1/q

,

( ∑
k∈Ω

|ak|q
)1/q

ïðè q = ∞ ïîíèìàþòñÿ êàê sup
x∈Ω

|ϕ(x)|, sup
k∈Ω

|ak|
ñîîòâåòñòâåííî.

Äàííàÿ øêàëà ïðîñòðàíñòâ ïðè λ > 0 îõâàòûâàåò ïðîñòðàíñòâà LMλ
p,q,x, êîòîðûå áûëè

ââåäåíû Áóðåíêîâûì è Ãóëèåâûì â [1].
Ïóñòü A è B � ìíîæåñòâà â Rn. Ðàññòîÿíèå ìåæäó ìíîæåñòâàìè A è B îïðåäåëÿåòñÿ

ñëåäóþùèì îáðàçîì

ρ(A,B) = inf
x∈A,y∈B

ρ(x, y), ρ(x, y) = max
1≤i≤n

|xi − yi|.

Ïîä ðàçíîñòüþ ìíîæåñòâ A è B ïîíèìàåì A−B = {x− y : x ∈ A, y ∈ B}.
Íàì ïîíàäîáèòñÿ ðàçáèåíèå ïîðîæäåíèå ñîîòâåòñòâóþùåå òî÷êå u ∈ Rn. Äàííîå ðàç-

áèåíèå ñ ëîêàëèçàöèåé òî÷êè u.
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Ïóñòü u ∈ Rn. Â ðàáîòå [2] ðàññìîòðåíî ëîêàëüíîå ðàçáèåíèå T(u). Îïðåäåëèì ñåìåé-
ñòâa êóáîâ

Yk(u) =
{
Q ∈ Gk+1 : ρ(Q, u) < 2k

}
, k ∈ Z.

Îïðåäåëèì

Tk(u) =

Q ∈ Gk : Q /∈ Yk−1, Q ⊂
⋃

I∈Yk(u)

I

 . (1)

T(u) =
⋃
k∈Z

Tk(u). (2)

Òåîðåìà 1. Ïóñòü 1 ≤ p ≤ ∞, 1 ≤ q ≤ ∞, 1
p
+ 1

p′
= 1, 1

q
+ 1

q′
= 1, λ ∈ R è u ∈ Rn, T(u)

� ëîêàëüíîå ðàçáèåíèå ïðîñòðàíñòâà Rn. Òîãäà âåðíî

∥f∥(LMλ
p,q(T(u)))′ ≍ ∥f∥LM−λ

p′,q′ (T(u))
.

Òåîðåìà 2. Ïóñòü T(u), T(v) ëîêàëüíûå ðàçáèåíèÿ ïðîñòðàíñòâà Rn. Ïóñòü 1 ≤ p ≤ ∞,
0 < λ < n

p
è 0 ≤ γ ≤ n

p
, 0 < α = γ − λ + n

p
, 0 < τ ≤ ∞. Åñëè f ∈ LMγ

p,∞(T (u − v)) è

g ∈ LM−α
p′,τ (T(v)), òî f ∗ g ∈ LMλ

p,τ (T (u)) è âûïîëíÿåòñÿ íåðàâåíñòâî

∥f ∗ g∥LMλ
p,τ (T (u)) < c∥f∥LMγ

p,∞(T (u−v))∥g∥LM−α
p′,τ (T (v)),

ãäå êîíñòàíòà c çàâèñèò òîëüêî îò ïàðàìåòðîâ n, λ, α, p.
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Ïóñòü m ∈ N, m ≥ 2, zm = {1, . . . , k}, N0 = N ∪ {0}, R+ = (0,+∞). Äëÿ x =
(x1, . . . , xm), y = (y1, . . . , ym) ∈ Rm, ïîëîæèì xy = x1y1 + . . .+ xmym, |x| = |x1|+ . . .+ |xm|,
|x|∞ = max(|xµ| : µ ∈ zm); x ≤ y (x < y) ⇔ xµ ≤ yµ (xµ < yµ) for all µ ∈ zm. For t ∈ R,
t+ := max{0, t}.

Ïóñòü S := S(Rm) è S ′ = S ′(Rm) � ïðîñòðàíñòâà Øâàðöà ïðîáíûõ ôóíêöèé è ðàñïðå-
äåëåíèé ñîîòâåòñòâåííî; f̂ � ïðåîáðàçîâàíèå Ôóðüå f ∈ S ′(Rm); â ÷àñòíîñòè, äëÿ φ ∈ S

φ̂(ξ) =

∫
Rm

φ(x)e−2πi ξxdx, ξ ∈ Rm.

Ïóñòü Tm = (R/Z)m � m-ìåðíûé òîð; S̃ ′ ≡ S ′(Tm) �ïðîñòðàíñòâî 1- ïåðèîäè÷åñêèõ
(ïî âñåì ïåðåìåííûì) óìåðåííûõ ðàñïðåäåëåíèé, ò.å. ñîâîêóïíîñòü âñåõ f èç S ′ òàêèõ, ÷òî
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⟨f, φ(· + ξ)⟩ = ⟨f, φ⟩ äëÿ âñåõ φ ∈ S è ëþáûõ ξ ∈ Zm, S̃ := S(Tm) � ïðîñòðàíñòâî âñåõ
áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé íà Tm. Èçâåñòíî, ÷òî f ∈ S ′(Tm), åñëè è òîëüêî
åñëè supp f̂ ⊂ Zm, ò.å. ðàñïðåäåëåíèå f̂ îáðàùàåòñÿ â 0 íà îòêðûòîì ìíîæåñòâå Rm \ Zm.

Äëÿ 1 ≤ p < ∞ è èçìåðèìîãî ìíîæåñòâà G ⊂ Rm Lp(G) ïðîñòðàíñòâî èçìåðèìûõ
ôóíêöèé f : G → C, èíòåãðèðóåìûõ ïî Ëåáåãó â ñòåïåíè p íà G ñî ñòàíäàðòíîé íîðìîé
∥ f |Lp(G) ∥.

Äëÿ 1 ≤ q ≤ ∞ ïóñòü ℓq := ℓq(N0) � ïðîñòðàíñòâî (êîìïëåêñíûõ) ÷èñëîâûõ ïîñëåäîâà-
òåëüíîñòåé (cj) = (cj : j ∈ N0) ñ êîíå÷íîé ñòàíäàðòíîé íîðìîé ∥(cj) | ℓq∥.

Äàëåå, ïóñòü ℓq(Lp(G))� ïðîñòðàíñòâî ôóíêöèîíàëüíûõ ïîñëåäîâàòåëüíîñòåé (gj(x)) =
(gj(x) : k ∈ N0) (x ∈ G) ñ êîíå÷íîé íîðìîé

∥ (gj(x)) | ℓq(Lp(G)) ∥ = ∥ ( ∥ gj |Lp(G)∥) | ℓq ∥.

Ïóñòü Q � ìíîæåñòâî âñåõ ½ïîëóîòêðûòûõ� äèàäè÷åñêèõ êóáîâ èç Rm âèäà

Q = Qjξ = {x ∈ Rm : 2jx− ξ ∈ [0, 1)m } (j ∈ Z, ξ ∈ Zm),

à

Q̃ = {Q ∈ Q |Q ⊂ Q0 = [0, 1)m} = {Qjξ | j ∈ N0, ξ ∈ Zm : 0 ≤ ξ < 2j1} (0,1 ∈ Rm).

Äëÿ Q = Qjξ îáîçíà÷èì ÷åðåç l(Q) = 2−j, j(Q) := j è |Q| = 2−jm åãî äëèíó ðåáðà,
óðîâåíü è îáúåì.

Âûáåðåì ïðîáíóþ ôóíêöèþ η0 ∈ S òàêóþ, ÷òî

0 ≤ η̂0(ξ) ≤ 1, ξ ∈ Rm; η̂0(ξ) = 1 if |ξ|∞ ≤ 1; supp η̂0 = {ξ ∈ Rm | |ξ|∞ ≤ 2}.

Ïîëîæèì η̂(ξ) = η̂0(2
−1ξ)− η̂0(ξ), η̂j(ξ) := η̂j(ξ) = η̂(21−jξ), j ∈ N. Òîãäà

∞∑
j=0

η̂j(ξ) ≡ 1, ξ ∈ Rm,

ò.å. {η̂j(ξ) | j ∈ N0} � ãëàäêîå ðàçáèåíèå åäèíèöû (½ïî êîðèäîðàì�) íà Rm.
ßñíî, ÷òî

η(x) = 2mη0(2x)− η0(x), ηj(x) := 2(j−1)mη(2j−1x), j ∈ N.

Äëÿ ïðîèçâîëüíîé ôóíêöèè g : Rm → C åå ïåðèîäèçàöèÿ g̃ : Tm → C îïðåäåëÿåòñÿ êàê
(ôîðìàëüíàÿ) ñóììà ðÿäà

∑
ξ∈Zm

g(x+ ξ).

Â ÷àñòíîñòè, åñëè φ ∈ S, òî φ̃ ∈ S̃ è ïî ôîðìóëå ñóììèðîâàíèÿ Ïóàññîíà φ̃(x) =∑
ξ∈Zm φ̂(ξ)e2πiξx.

Îáîçíà÷èì ÷åðåç ∆̃η
j îïåðàòîðû, îïðåäåëÿåìûå íà S̃ ′ (j ∈ N0), ñëåäóþùèì îáðàçîì:

äëÿ f ∈ S̃ ′

∆̃η
j (f, x) = f ∗ η̃j(x) = ⟨f, η̃j(x− ·)⟩ =

∑
ξ∈Zm

η̂j(ξ)f̂(ξ)e
2πi ξx.

Äëÿ óäîáñòâà ïîëîæèì ∆̃η
j (f, x) ≡ 0 ïðè j < 0.

Ïóñòü s, τ ∈ R, 1 ≤ p, q ≤ ∞. Òîãäà ãëàäêîñòíîå ïðîñòðàíñòâî B̃s τ
p q := Bs τ

p q (Tm) òèïà
Íèêîëüñêîãî � Áåñîâà, ñâÿçàííîå ñ ïðîñòðàíñòâîì Ìîððè, íà m-ìåðíîì òîðå ñîñòîèò èç
âñåõ ðàñïðåäåëåíèé f ∈ S̃ ′, äëÿ êîòîðûõ êîíå÷íà íîðìà

∥ f | B̃s τ
p q ∥ = sup

Q∈Q̃

1

|Q|τ
∥(2sj∆̃η

j (f, x)sign((j + 1− j(Q))+)) | ℓq(Lp(Q))∥.
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Åäèíè÷íûé øàð B̃s τ
p q := Bs τ

p q(Tm) áóäåì íàçûâàòü êëàññîì Íèêîëüñêîãî � Áåñîâà.
Ïóñòü Φ = {ϕυ | υ ∈ Υ} � ñ÷åòíàÿ ñèñòåìà ýëåìåíòîâ ëèíåéíîãî íîðìèðîâàííîãî ïðî-

ñòðàíñòâà X íàä ïîëåì êîìïëåêñíûõ ÷èñåë C. Ïîëîæèì (N ∈ N)

ΣN(Φ) = {ϕ =
∑
υ∈Υ

cυϕυ | (cυ)υ∈Υ ⊂ C òàêàÿ, ÷òî
∑
υ∈Υ

sign|cυ| ≤ N}.

Íàèëó÷øåå N -÷ëåííîå ïðèáëèæåíèå ýëåìåíòà x ∈ X ïî ñèñòåìå Φ îïðåäåëÿåòñÿ ñëå-
äóþùèì îáðàçîì :

σN(x,Φ, X) = inf{∥x− ϕ |X∥ | ϕ ∈ ΣN(Φ)}.
Äëÿ ìíîæåñòâà F ⊂ X ïîëîæèì

σN(F,Φ, X) = sup{σN(x,Φ, X) | x ∈ F}.

Ïóñòü T(m) = {e2πiξx | ξ ∈ Zm} � m-êðàòíàÿ òðèãîíîìåòðè÷åñêàÿ ñèñòåìà.
Òåîðåìà. Ïóñòü s, t ∈ R, t < s, 1 < p, q, r <∞, 0 ≤ τ ≤ min{1

p
, 1
r
}.

(i) Åñëè p < r ≤ 2, s−t
m
> 1

p
− 1

r
, òî âåðíà ñëàáàÿ àñèìïòîòè÷åñêàÿ îöåíêà

σN(B̃
sτ
pq ,T

(m), B̃tτ
rq) ≍ N

t−s
m

+ 1
p
− 1

r ïðè N → ∞.

(ii) Åñëè 2 ≤ p ≤ r, s−t
m
> 1

2
, òî âåðíà ñëàáàÿ àñèìïòîòè÷åñêàÿ îöåíêà

σN(B̃
sτ
pq ,T

(m), B̃tτ
rq) ≍ N

t−s
m ïðè N → ∞.

(iii) Åñëè p ≤ 2 < r, s−t
m
> 1

p
, òî âåðíà ñëàáàÿ àñèìïòîòè÷åñêàÿ îöåíêà

σN(B̃
sτ
pq ,T

(m), B̃tτ
rq) ≍ N

t−s
m

+ 1
p
− 1

2 ïðè N → ∞.

Êëþ÷åâûå ñëîâà: (ãëàäêîñòíîå) ïðîñòðàíñòâî òèïà Íèêîëüñêîãî � Áåñîâà, ïðîñòðàíñòâî Ìîððè, íàèëó÷øåå N -
÷ëåííîå òðèãîíîìåòðè÷åñêîå ïðèáëèæåíèå, m-ìåðíûé òîð.
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Ðàâíîìåðíûå îöåíêè ðåøåíèé îäíîãî êëàññà íåëèíåéíûõ
óðàâíåíèé â êîíå÷íîìåðíîì ïðîñòðàíñòâå

Ì. ÎÒÅËÁÀÅÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: otelbaev@math.kz

Ïóñòü H � äåéñòâèòåëüíîå N -ìåðíîå ãèëüáåðòîâî ïðîñòðàíñòâî, N < ∞. Ðàññìîòðèì
óðàâíåíèå

u+ L(u) = g, (1)

ãäå u è g ∈ H, L(·) � íåëèíåéíîå íåïðèðûâíîå ïðåîáðàçîâàíèå.
Ïðåäïîëîæèì, ÷òî âûïîëíåíî ñëåäóþùåå óñëîâèå.
Óñëîâèå y∗. Ïðåîáðàçîâàíèå L(·) ïðè ëþáîì u ∈ H èìååò íåïðåðûâíóþ ïðîèçâîäíóþ

â ñìûñëå Ãîòî è äëÿ ëþáîãî u ∈ H âûïîëíåíà îöåíêà

||Gu|| ≤ α0||u+ L(u)||, (2)

ãäå α0 � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò u ∈ H, à G� ñàìîñîïðÿæåííûé îáðàòèìûé îïåðàòîð
(òî åñòü, ìàòðèöà).
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Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Ïóñòü âûïîëíåíî óñëîâèå y∗. Òîãäà äëÿ ëþáîãî u ∈ H âûïîëíåíà àïðèîðíàÿ

îöåíêà
||u||2 ≤ C exp{||u+ L(u)||}, (3)

ãäå C íå çàâèñèò îò u ∈ H è çàâèñèò òîëüêî îò ïîñòîÿííîé α0, âõîäÿùåé â óñëîâèå y∗.
Çàìå÷àíèå. Èç íåðàâåíñòâà (2) âûòåêàåò íåðàâåíñòâî

||u|| ≤ λ−1
min · α0||u+ L(u)||, (4)

ãäå λmin � íàèìåíüøåå ïî ìîäóëþ ñîáñòâåííîå ÷èñëî îïåðàòîðà G. Îöåíêà (4), â îòëè÷èå
îò îöåíêè (3), çàâèñèò îò λmin.

Â ñëó÷àå, êîãäà u+L(u) åñòü êîíå÷íîìåðíàÿ àïïðîêñèìàöèÿ áåñêîíå÷íîìåðíîé çàäà÷è,
îöåíêè âèäà (4) íå ïîçâîëÿþò ïåðåõîäèòü ê ïðåäåëó, à îöåíêà âèäà (3) ïîçâîëÿåò ïåðåõî-
äèòü ê ïðåäåëó è ïîëó÷àòü ñîäåðæàòåëüíûå óòâåðæäåíèÿ äëÿ áåñêîíå÷íîìåðíûõ çàäà÷.

Funding: Äàííàÿ ðàáîòà ôèíàíñèðóåòñÿ Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóá-

ëèêè Êàçàõñòàí (BR20281002).

Îá èíòåãðèðóåìîñòè ñ âåñîì ñóììû ðÿäîâ ñ ìîíîòîííûìè
êîýôôèöèåíòàìè ïî ìóëüòèïëèêàòèâíûì ñèñòåìàì

Ì.Æ. ÒÓÐÃÓÌÁÀÅÂ1,a, Ç.Ð. ÑÓËÅÉÌÅÍÎÂÀ2,b Ì.À. ÌÓÕÀÌÁÅÒÆÀÍ3,b

1Êàðàãàíäèíñêèé óíèâåðñèòåò èì Å.À. Áóêåòîâà,Êàðàãàíäà, Êàçàõñòàí
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Â ðàáîòå íàõîäÿòñÿ óñëîâèÿ íà âåñîâóþ ôóíêöèþ, ïðè êîòîðûõ ñóììà ðÿäà ïî ìóëü-
òèïëèêàòèâíûì ñèñòåìàì ÿâëÿåòñÿ èíòåãðèðóåìîé ñ âåñîì ôóíêöèåé íà èíòåðâàëå [0, 1].

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ âîïðîñ î ïðèíàäëåæíîñòè ïðîñòðàíñòâó L1(0, 1) ñ
âåñîì ñóììû ðÿäîâ ïî ìóëüòèïëèêàòèâíûì ñèñòåìàì ñ ìîíîòîííûìè êîýôôèöèåíòàìè.
Ñâåäåíèÿ ïî ìóëüòèïëèêàòèâíûì ñèñòåìàì èçëîæåíû â [1]. Íèæå pn � îáðàçóþùàÿ ïî-
ñëåäîâàòåëüíîñòü ìóëüòèïëèêàòèâíîé ñèñòåìû ψn(x).

Îïðåäåëåíèå 1. Ïóñòü φ(x) � íåîòðèöàòåëüíàÿ èçìåðèìàÿ ôóíêöèÿ íà èíòåðâàëå
[0,∞). Ìû ãîâîðèì, ÷òî φ(x) óäîâëåòâîðÿåò óñëîâèþ B1, åñëè äëÿ âñåõ x ≥ 1 âûïîëíåíî:∫∞
x

φ(t)
t2
dt ≤ C φ(x)

x
, ãäå C � ïîëîæèòåëüíîå ÷èñëî, íå çàâèñÿùåå îò x.

Îïðåäåëåíèå 2. Ïóñòü φ (x) íåîòðèöàòåëüíàÿ, èçìåðèìàÿ íà (1, ∞) ôóíêöèÿ. Ãî-
âîðÿò, ÷òî ôóíêöèÿ φ (x) óäîâëåòâîðÿåò óñëîâèþ B2, åñëè äëÿ âñåõ x ≥ 1 âûïîëíÿåòñÿ

íåðàâåíñòâî.
∫ x

1
φ(t)
t
dt ≤ Cφ (x), ãäå C � ïîëîæèòåëüíîå ÷èñëî, íå çàâèñÿùåå îò x.

Òåîðåìà 1 Ïóñòü 1 < p <∞, 1
p
+ 1

p′
= 1 è sup pn = N <∞,

f(x) =
∞∑
k=0

akψk(x), ak ↓ 0, êîãäà k → ∞

è ïóñòü φ (x) íåîòðèöàòåëüíàÿ èçìåðèìàÿ ôóíêöèÿ íà [1, ∞). Òîãäà
10. Åñëè ôóíêöèÿ φp(x) óäîâëåòâîðÿåò óñëîâèþ B1 è

∞∑
n=1

apn · np

∫ n+1

n

φp (x)

x2
dx <∞, (1)

òîãäà φ
(
1
x

)
f (x) ∈ Lp (0, 1).
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20. Åñëè φ−p′ (x) óäîâëåòâîðÿåò óñëîâèþ B1 è φ
(
1
x

)
f (x) ∈ Lp (0, 1), òîãäà âûïîëíÿåòñÿ

(1).

Òåîðåìà 2 Ïóñòü ak ↓ 0 ïðè k → ∞, sup
n
pn = N <∞ è

f (x) =
∞∑
k=0

akψk (x) ,

ãäå ïóñòü φ (x) ≥ 0 èçìåðèìàÿ íà [1, ∞) ôóíêöèÿ, òàêàÿ, ÷òî

φ

(
1

x

)
∈ L1 [0, 1] ,

1

x
φ

(
1

x

)
∈̄L (0, 1) .

Òîãäà

10. Åñëè
∞∑
k=1

ak

∫ ∞

k

φ (x)

x2
dx <∞, (2)

òî

φ

(
1

x

)
f (x) ∈ L1 (0, 1) .

20. Åñëè φ (x) óäîâëåòâîðÿåò óñëîâèþ B2 è φ
(
1
x

)
f (x) ∈ L1 (0, 1), òî èìååò ìåñòî (2).

Êëþ÷åâûå ñëîâà: ìóëüòèïëèêàòèâíàÿ ñèñòåìà, èíòåãðèðóåìîñòü ñ âåñîì, ìîíîòîííûå êîýôôèöèåíòû
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Geometric properties of ℓp-spaces over the unitary duals of
compact groups
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The main object of this talk is the class of ℓp-spaces over the unitary duals of compact groups
based on Schatten-von Neumann ideals of compact operators. In this talk we first present some
properties of these spaces such as duality, complex interpolation and else. Furthermore, we
consider various geometric properties of these ℓp-spaces such as Clarkson’s inequality, uniform
convexity, uniform smoothness, type and co-type, Kadec-Klee property and else.

Funding: The author was supported by the grant no. BR20281002 of the Ministry of Science and Higher Education of
Republic of Kazakhstan.

Keywords: Compact group, ℓp-spaces associated with compact groups, uniformly smooth Banach space, uniformly
convex Banach space, Clarkson inequality, type and cotype, duality, complex interpolation.

2020 Mathematics Subject Classification: Primary 22A10, 22D05, 46B20; Secondary 46L52, 46B70.

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024



60 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2024

Factorizations and unified Hardy inequalities

Kuralay APSEIT

Institute of Mathematics and Mathematical Modelling, Kazakhstan,

SDU University, Kazakhstan

E-mail: kuralay.apseit@sdu.edu.kz,

In this note, we start by recalling the results from [3]:∫
Ω

|(∂rf) (x)|2 dnx ⩾

⩾
∫
Ω

|x− x0|−2 |f(x)|2
{
(n− 2)2

4
+

1

4

m∑
j=1

j∏
k=1

[lnk (γ/ |x− x0|)]−2

}
dnx.

, (1)

valid for f ∈ C∞
0 (Ω), assuming that Ω ⊂ Rn, n ∈ N, n ⩾ 2, is open and bounded with

x0 ∈ Ω,m ∈ N, and the logarithmic terms lnk (γ/ |x− x0|) , k ∈ N, are recursively given by

ln1 (γ/ |x− x0|) := ln (γ/ |x− x0|) , 0 < |x− x0| < γ,

lnk+1 (γ/ |x− x0|) := ln (lnk (γ/ |x− x0|)) , 0 < |x− x0| < γ/ek+1, k ∈ N,

for γ > 0, x ∈ Rn\ {x0} , n ∈ N, n ⩾ 2, with 0 < |x− x0| < diam(Ω) < γ/em, where

e1 := 1, ek+1 := eek , k ∈ N.

We denote
∑0

j=1(·) := 0 and
∏0

k=1(·) := 1., so when m = 0, x0 = 0.

In this talk , we discuss the inequality (1) with a more general weight. Moreover, we show
the sharp remainder formula for the inequality (1)

Furthermore, we discuss the generalizations of these results on homogeneous Lie groups.

This talk is based on the joint research with Nurgissa Yessirkegenov (SDU University and
Institute of Mathematics and Mathematical Modeling, Kazakhstan).

Funding: This research is funded by the Committee of Science of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP14871691).

Keywords: factorization method, Hardy inequality, homogeneous Lie group, stratified group.
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About one inverse problem for a Hill’s equation with double
eigenvalues

Bazarkan BIYAROV
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In this work, we establish necessary and sufficient conditions for the doubleness all of the
eigenvalues, except the lowest, periodic and anti-periodic problems for Hill’s equation in terms
of the complex-valued potential q(x).

We study the Hill’s operator

L̂H = − d2

dx2
+ q(x),

in the Hilbert space L2(0, 1), where q(x) = q(x + 1) is an arbitrary complex-valued function

of L2(0, 1). The closure of L̂H in L2(0, 1) considered on C∞[0, 1] is the maximal operator L̂H

with the domain

D(L̂H) = {y ∈ L2(0, 1) : y, y′ ∈ AC[0, 1], y′′ − q(x)y ∈ L2(0, 1)}.

We consider the operator LD = L̂H on the domain D(LD) = {y ∈ D(L̂H) : y(0) = y(1) = 0},
the operator LN = L̂H on the domain D(LN) = {y ∈ D(L̂H) : y′(0) = y′(1) = 0},
the operator LDN = L̂H on the domain D(LDN) = {y ∈ D(L̂H) : y(0) = y′(1) = 0},
and the operator LND = L̂H on the domain D(LND) = {y ∈ D(L̂H) : y

′(0) = y(1) = 0}.
Also we consider the operator LP = L̂H on the domain

D(LP ) = {y ∈ D(L̂H) : y(0) = y(1), y′(0) = y′(1)},

the operator LAP = L̂H on the domain

D(LAP ) = {y ∈ D(L̂H) : y(0) = −y(1), y′(0) = −y′(1)},

the operator LD( 1
2
) = L̂H on [0, 1

2
] on the domain

D(LD( 1
2
)) = {y ∈ D(L̂H) : y(0) = y(1/2) = 0},

and the operator LN( 1
2
) = L̂H on [0, 1

2
] on the domain

D(LN( 1
2
)) = {y ∈ D(L̂H) : y

′(0) = y′(1/2) = 0},

respectivelly. Here we use subscripts D, N , DN , ND, P and AP meaning Dirichlet, Neumann,
Dirichlet-Neumann, Neumann-Dirichlet, Periodic and Anti-Periodic ope-rators, respectivelly.
By σ(A) we denote the spectrum of the operator A.

Consider the Hill’s equation in the Hilbert space L2(0, 1)

L̂Hy ≡ −y′′ + q(x)y = λ2y, (1)

where q(x) = q(x + 1) is the complex-valued function of L2(0, 1). By c(x, λ) and s(x, λ) we
denote the fundamental system of solutions to the equation (1) corresponding to the initial
conditions

c(0, λ) = s′(0, λ) = 1 and c′(0, λ) = s(0, λ) = 0.

Furthermore, we assume, without loss of generality, that 0 ∈ σ(LN( 1
2
)). The following theo-

rem is the main result of this work
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Theorem 1. The whole spectrum of LP , except the lowest, or the whole spectrum of LAP

consist of the eigenvalues with geometric multiplicity two if and only if

q(x) = q
(1
2
− x
)
on [0,

1

2
]

or

q1(x) =

( x∫
1
2

q2(t)dt

)2

,

where q1(x) = (q(x) + q(1
2
− x))/2, q2(x) = (q(x)− q(1

2
− x))/2 on

[
0, 1

2

]
.
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Riemann problem for multiply-connected domain in Besov Spaces
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In this work, we obtained the conditions of the solvability of the Riemann problem for
piecewise analytic functions in multiply-connected domains in Besov spaces, embedded in the
continuous functions class. A new class of Cauchy-type integrals with continuous (not Hölder),
in terms of Besov spaces, density, which is continuous in a closed region, and the Sokhot-
ski–Plemelj formulas are valid, is indicated.
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On the pre-compactness of a set in generalized Morrey spaces
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In this paper we give sufficient conditions for the pre-compactness of sets in generalized
Morrey spaces.

Generalized Morrey spaces M
w(·)
p were first considered by T. Mizuhara, E. Nakai and V.S.

Guliyev.
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Let 1 ≤ p ≤ ∞ and let w be a measurable non-negative function on (0,∞) that is not

equivalent to zero. The generalized Morrey space M
w(·)
p ≡M

w(·)
p (Rn) is defined as the set of all

functions f ∈ Lloc
p (Rn) with ∥f∥

M
w(·)
p

<∞, where

∥f∥
M

w(·)
p

= sup
x∈Rn, r>0

(
w(r) ∥f∥Lp(B(x,r))

)
.

The space M
w(·)
p coincides with the Morrey space Mλ

p if w(r) = r−λ, where 0 ≤ λ ≤ n
p
.

By Ωp∞ we denote the set of all non-negative, measurable on (0,∞) functions, not equivalent
to 0 and such that for some t > 0,

∥w(r)r
n
p ∥L∞(0,t) <∞, ∥w(r)∥L∞(t,∞) <∞.

The space M
w(·)
p is non-trivial if and only if w ∈ Ωp∞ [1].

Next theorem is pre-compactness sets in term of uniform equi-continuity.

Theorem 1. Let 1 ≤ p < ∞ and w ∈ Ωp∞. Suppose that the set S ⊂ M
w(·)
p satisfies the

following conditions:

sup
f∈S

∥f∥
M

w(·)
p

<∞,

lim
u→0

sup
f∈S

∥f(·+ u)− f(·)∥
M

w(·)
p

= 0,

lim
r→∞

sup
f∈S

∥fχcB(0,r)
∥
M

w(·)
p

= 0.

Then S is a pre-compact set in M
w(·)
p .

Here u→ 0 means that |u|∞ = max{|u|1, |u|2, ..., |u|n} → 0.
The theorem 2 about the pre-compactness sets in term of uniform equi-continuity averaging

function.
Theorem 2. Let 1 ≤ p ≤ ∞, w ∈ Ωp∞, and S ⊂M

w(·)
p . If

sup
f∈S

∥f∥
M

w(·)
p

<∞,

lim
R1→0+

sup
f∈S

∥∥∥fχ
B(0,R1)

∥∥∥
M

w(·)
p

= 0,

lim
δ→0+

sup
f∈S

∥Aδf − f∥Lp(B(0,R2)\B(0,R1))
= 0,

lim
R2→∞

sup
f∈S

∥∥∥fχcB(0,R2)

∥∥∥
M

w(·)
p

= 0.

then the set S is precompact in M
w(·)
p , where for any δ > 0 and f ∈ Lloc

1 (Rn),

(Aδf) (x) =
1

|B(x, δ)|

∫
B(x,δ)

f(y)dy.

Theorem 1 was proven in article [2], and theorem 2 was considered in article [3].
The theorems of precompactness of sets in generalized Morrey spaces are used in proving the

compactness theorem of the commutator of the generalized Riesz potential. The generalized
Riesz potential in the following form
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Ip(·)f(x) =

∫
Rn

p(|x− y|)f(y)dy.

under certain assumptions on the kernel p.
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Extensions of Nazarov-Podkorytov lemma for τ-measurable
operators
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In this work, we study a comparison of norms in non-commutative spaces of τ -measurable
operators associated with a semifinite von Neumann algebra. In particular, we obtain Nazarov-
Podkorytov type lemma [1] and extend the main results in [1] to non-commutative settings.
Moreover, we complete the range of the parameter p for 0 < p < 1.
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Correctly solvable problems for the Laplace-Beltrami operator on a
Riemannian sphere with cuts
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An arbitrary finite number of points and curve are removed from three-dimensional Eu-
clidean space on a two-dimensional sphere. We present well-posed boundary value problems
for the corresponding Laplace-Beltrami operator on the punctured sphere. To formulate well-
posed problems, some properties of Green’s function for the Laplace-Beltrami operator on the
two-dimensional sphere are previously studied in detail.
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Let any function ĥ(θ, φ) ∈ W 2
2,loc(S

2
0) and the class of function can be introduced:

W 2
2,U(S

2
0) = {ĥ(θ, φ) ∈ W 2

2,loc(S
2
0) :

∃U0(ĥ), U1(ĥ), U2(ĥ) finite values}.

Theorem 1. Domain of the maximum operator

D(Bmax) = W 2
2,U(S

2
0),

where W 2
2 (S

2
0) ⊂ W 2

2,U(S
2
0).

Remark. The space W 2
2,U(S

2
0) introduced above is wider than the domain D(B0) of the

operator B0.
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Blow-up and global existence of solutions to pseudo-parabolic
equation related to the Baouendi-Grushin operator

Aishabibi DUKENBAYEVA

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
Suleyman Demirel University, Kaskelen, Kazakhstan

E-mail: a.dukenbayeva@sdu.edu.kz

In this talk, we discuss blow-up and global existence of the positive solutions to the initial-
boundary value problem of the nonlinear pseudo-parabolic equation related to the Baouendi-
Grushin operator. The main approach is based on the Poincaré inequality from the recent work
[1] for the Baouendi-Grushin vector fields and the concavity argument.
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On gradient Gibbs measures with 4-periodic boundary laws of a
model of sos type on the Cayley tree of order two and three

Risolat ILYASOVA
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Consider a model on Cayley tree Γk = (V, L⃗), where the spin takes values in the set of all
integer numbers Z. The set of all configurations is Ω := ZV .

We consider the following hamiltonian as a hamiltonian of generalised SOS model:

H(σ) = −J
∑
⟨x,y⟩

α(|σx − σy|)|σx − σy|, (1)

where

α(|m|) =

{
p1, if m ∈ 2Z
p2, if m ∈ 2Z+ 1

, p1, p2 ∈ R+.

Note that if p1 = p2 = 1 then the considered model is called SOS model.
We call a vector l ∈ (0,∞)Z a spatially homogenous boundary law if there exists a constant

c > 0 such that the consistency equation (see [6])

l(i) = c

(∑
j∈Z

Q(i, j)l(j)

)k

is satisfied for every i ∈ Z.
For translation-invariant boundary law corresponding to the hamiltonian (1), the transfer

operator Q reads
Q(i, j) = e−Jβα(|i−j|)|i−j|, i, j ∈ Z

where β > 0 is the inverse temperature and J > 0. Therefore, using this transfer operator and

denoting z(i) = zi =
l(i)
l(0)
, the spatially homogenous boundary law equation for our model now

reads

zi =

(
θα(|i|)|i| +

∑
j∈Z0

θα(|i−j|)|i−j|zj

1 +
∑

j∈Z0
θα(|j|)|j|zj

)k

, i ∈ Z0 := Z \ {0}. (2)

Proposition 1. Let {zi}i∈Z be q-periodic sequence, i.e. zi = zi+q for all i ∈ Z. Then finding
q-periodic solutions to the system (2) is equivalent to solving the system of equations (3).

z1 =

(
θα(|1|)+

∑
j∈Z0

θα(|1−j|)|1−j|zj

1+
∑

j∈Z0
θα(|j|)|j|zj

)k

;

z2 =

(
θ2α(|2|)+

∑
j∈Z0

θα(|2−j|)|2−j|zj

1+
∑

j∈Z0
θα(|j|)|j|zj

)k

;

... ... ... ... ...

zq−1 =

(
θqα(|q−1|)+

∑
j∈Z0

θα(|q−j−1|)|q−j|zj

1+
∑

j∈Z0
θα(|j|)|j|zj

)k

.

(3)

We find periodic solutions (defined in [10]) to (2) which correspond to periodic boundary
condition. Namely, for all m ∈ Z we consider the following sequence:

un =


1, if n = 2m;

a, if n = 4m− 1;

b, if n = 4m+ 1,

(4)
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where a and b are some positive numbers.
By Proposition 1, finding solutions that are formed in (4) to (2) is equivalent to solving the

following system of equations:
a =

...+ θ4p1ak + θ3p2 + θ2p1bk + θp2 + ak + θp2 + θ2p1bk + θ3p2 + θ4p1ak + ...

...+ θ4p1 + θ3p2bk + θ2p1 + θp2ak + 1 + θp2bk + θ2p1 + θ3p2ak + θ4p1 + ...
;

b =
...+ θ4p1bk + θ3p2 + θ2p1ak + θp2 + bk + θp2 + θ2p1ak + θ3p2 + θ4p1bk + ...

...+ θ4p1 + θ3p2bk + θ2p1 + θp2ak + 1 + θp2bk + θ2p1 + θ3p2ak + θ4p1 + ...
.

(5)

We consider the case 1
p1

= p2 = 2, k = 2 and by solving the system of equations (5) we get

the following main results:
Theorem 1. Let τ = Jβ + 1

Jβ
. Then for the model (1) on the the Cayley tree of order k

(k=1, 2) and for any value of the parameter τ there are precisely three GGMs associated with
a 2-periodic boundary law.

Theorem 2. Let τ = Jβ + 1
Jβ
, τ

(1)
cr ≈ 3.22. Then for Gradient Gibbs measures associated

with a 4-periodic boundary law for the model (1) on the Cayley tree of order two the following
statements hold:

1. If τ < τ
(1)
cr , then there are three GGMs associated with a 4-periodic boundary law.

2. τ = τ
(1)
cr , then there are five such GGMs.

3. If τ > τ
(1)
cr , then there are exactly seven such GGMs. In each case one of solutions is

a = b = 1.
Theorem 3. Let τ = Jβ + 1

Jβ
, τ

(2)
cr ≈ 2.26. Then for the parameter τ ∈ (2, τ

(2)
cr ) there

are not any Gradient Gibbs measures associated with a 4-periodic boundary law satisfying the
equality a ̸= b for the model (1) on the Cayley tree of order three.
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In this work, our primary focus will be on remainder terms for the extended Caffarelli-
Kohn-Nirenberg inequality from [1]. For this, we first obtain a weighted Lp-Hardy identity
with weights for all complex-valued functions f ∈ C∞

0 (Rn\{0}) that implies an improved Hardy
inequality. As a byproduct, we also discuss improved versions of the classical Caffarelli-Kohn-
Nirenberg inequality and Heisenberg-Paul-Weyl type uncertainty principles. Moreover, in some
cases we show optimality of constants.

This talk is based on the joint research with Nurgissa Yessirkegenov (SDU University, Kaza-
khstan).
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On τ-bounded spaces
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In this paper, we say about that one of properties of τ -bounded spaces. Throughout the
paper τ is an infinite cardinal number.

Definition 1.[1] A space X is called τ -bounded, if the closure in X of every subset of
cardinality at most τ is compact.

Direct verification shows that every closed subset of a τ -bounded space is τ -bounded.
Theorem 1.[2] The finite sum

∑
Xk of nonempty spaces is compact if and only if all spaces

Xk, k = 1, 2, ..., are compact.
The following example is an example of a τ -bounded space.
Example 1.[3] Let W be the set of all ordinal numbers less than or equal to the first

uncountable ordinal number ω1. The setW is well-ordered by the natural order <. Consider on
W the topology generated by the base B consisting of all segments (y;x] = {z ∈ W : y ≤ z ≤ x}
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where y ≤ z ≤ ω1, and the one-point set (0) is the order type of the empty set. One easily sees
that W is a Hausdorff space.

We know that infinite sum of compact spaces is not compact.
We proved the following result.
Theorem 1. The finite sum

∑
Xk of nonempty spaces is τ -bounded if and only if all

spaces Xk, k = 1, 2, ..., are τ -bounded.

Key words: τ -bounded spaces, finite sum.
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In this work we construct interpolation methods with parametric functions that can be used
to study the interpolation properties of spaces with mixed metrics and obtain an interpolation
theorem for Lebesgue and Lorentz spaces with mixed metrics

Let (A0
i , A

1
i ) , i = 1, 2 be compatible pairs of Banach spaces. Let

A00 = (A0
1, A

0
2) , A01 = (A0

1, A
1
2) , A10 = (A1

1, A
0
2) , A11 = (A1

1, A
1
2) be spaces with mixed metric

[1], [2].
Let

∑
A = A00 + A01 + A10 + A11. For f ∈

∑
(A) and t > 0 we define

the Petre functional K(f, t) by formula

K(f, t) = K(f, t;A00, A11)

= inf
f=f00+f01+f10+f11

(∥f00∥A00 + t1∥f10∥A10 + t2∥f01∥A01 + t1t2∥f11∥A11) ,

where
∥f11∥A11 = ∥∥f∥A1

1
∥A2

1
, ∥f00∥A00 = ∥∥f∥A1

0
∥A2

0
,

∥f10∥A10 = ∥∥f∥A1
1
∥A2

0
, ∥f01∥A01 = ∥∥f∥A1

0
∥A2

1
.

Let 1 ≤ q̄ = (q1, q2) ≤ ∞, φ̄(t) = (φ1(t), φ2(t)) ≥ 0, t = (t1, t2) > 0.
The space Aφ̄,q̄ = (A00, A11)φ̄,q̄ are set of all elemets for which the following norm is finite

∥f∥Aφ̄,q̄ =

(∫ +∞

0

(∫ +∞

0

(
K(f, t1, t2;A00, A11)

φ1(t)φ2(t2)

)q1 dt1
t1

) q2
q1 dt2

t2

) 1
q2

.

We define anisotropic Lorentz spaces as follows:

Λq̄(φ̄) :=

f :

(∫ +∞

0

(∫ +∞

0

(f ∗1∗2(t1, t2)φ1(t1)φ2(t2))
q1 dt1
t1

) q2
q1 dt2

t2

) 1
q2

<∞

 ,

where f ∗1∗2 = f ∗1∗2(t1, t2) is the nonincreasing permutation of a function f [1], [2]. The paper
[3] studies one-dimensional generalized Lorentz spaces.
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If q̄ <∞, then

∥f∥Λq̄(φ̄) =

(∫ +∞

0

(∫ +∞

0

(f ∗1∗2(t1, t2)φ1(t1)φ2(t2))
q1 dt1
t1

) q2
q1 dt2

t2

) 1
q2

.

If q̄ = ∞, then
∥f∥Λ∞(φ̄) = sup

t2>0

sup
t1>0

f ∗1∗2(t1, t2)φ1(t1)φ2(t2).

Let δ > 0 and φ(t) be nonnegative function on [0,+∞). Define a function class Cδ :

Cδ =
{
φ(t) : φ(t)t−δ is an increasing function and

φ(t)t−1+δ is a decreasing function
}
.

The class C is defined as follows:
C =

⋃
δ>0

Cδ.

Theorem 1. Let 0 < p̄0 = (p01, p
0
2) < p̄1 = (p11, p

1
2) < ∞, 1 ≤ q̄ = (q1, q2) ≤ ∞,

γi =
1
p0i

− 1
p1i
, i = 1, 2, φ1, φ2 ∈ C. Then the following inequality is true

(Lp̄0 , Lp̄1)φ̄,q̄ = Λq̄
(
ψ̄
)
,

where ψ̄(t1, t2) =

 t

1
p01
1

φ1(t
γ1
1 )
,

t

1
p02
2

φ2(t
γ2
2 )
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Hardy-Steklov operators on Hausdorff topological spaces with
measures

Kairat MYNBAEV

Kazakh-British Technical University, Almaty, Kazakhstan

E-mail: k mynbayev@ise.ac

Let Ω be an open set in a Hausdorff topological space X with σ-finite Borel measures µ, ν.
The measures are defined on the same σ-algebra M that contains Borel-measurable sets. The
domains Ω(t) ⊂ Ω are assumed to be parameterized by t ≥ 0 and satisfy monotonicity: for t1 <
t2, Ω(t1) is a proper subset of Ω(t2).We assume that Ω(0) = ∩t>0Ω(t) = ∅, µ (Ω\ ∪t>0 Ω(t)) =

0. Denote ω(t) = Ω(t)∩ (Ω\Ω(t)) the boundary of Ω(t) in the relative topology. We require the
boundaries to be disjoint and cover almost all Ω: ω(t1)∩ω(t2) = ∅, t1 ̸= t2, µ(Ω\∪t>0ω(t)) = 0.
This implies that for µ-almost each y ∈ Ω there exists a unique τ(y) > 0 such that y ∈ ω(τ(y)).
On the set Ω0 ⊂ Ω of those y for which τ(y) is not defined we can put τ(Ω0) = ∅. Passing
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to a different parametrization, if necessary, we can assume that µ (Ω\ ∪t≤N ω(t)) > 0 for any
N <∞.

We also assume a condition on the measure µ:
a) We suppose that µ (Ω (t)) < ∞ for all t > 0 and with some c > 0 we have for all

0 < s < t <∞ that µ (Ω[s, t]) ≤ cµ (Ω[a (s) , a (t)]) and µ (Ω[s, t]) ≤ cµ (Ω[b (s) , b (t)]) .
b) Let Ω be of a special type, namely: suppose Σ is all or a part of the unit sphere

{x ∈ Rn : |x| = 1} and let Ω = {x ∈ Rn : x/ |x| ∈ Σ, 0<́ |x| <∞} be a cone provided with
Lebesgue measure. In this case, we assume that a, b are differentiable.

For a set ∆ on R define a set Ω [∆] = {y ∈ Ω : τ (y) ∈ ∆}. We consider a multi-dimensional
version of the Hardy-Steklov inequality[∫

Ω

(∫
Ω[a(τ(x)),b(τ(x))]

fdν

)q

u(x)dµ(x)

]1/q
≤ C

(∫
Ω

fpvdν

)1/p

. (1)

where the functions a, b are non-negative, increasing, continuous and satisfy

a (0) = b (0) = 0, a (x) < b (x) for x ∈ (0,∞) , a (∞) = b (∞) = ∞.

In the one-dimensional case the first result was obtained in [1]. Then [2] solved the problem
under the conditions on a, b imposed here. [3] obtained bounds for the best constant C in
somewhat simplified terms. Our contribution is a multidimensional generalization. We employ
the results for the Hardy operator from [4] and about ordered cores from [5].

Because of the lack of space, of the two possible cases, p ≤ q and q < p, we state our result
only for the former case. For segments ∆1,∆2 ⊆ [0,∞) denote

Ψ(∆1,∆2) =

(∫
Ω[∆1]

udµ

)1/q (∫
Ω[∆2]

v−p′/pdν

)1/p′

, p ≤ q

Define

A (x) = sup
{t∈(0,∞): a(τ(x))≤b(t)≤b(τ(x))}

Ψ([t, τ (x)], [a (τ (x)) , b (t)])

K = sup
x∈Ω

A (x) .

Denote also

li = lim sup
τ(x)→i

A (x) , for i = 0 or i = ∞, l = max {l0, l∞} .

∥T∥ess = inf ∥T − S∥ , where S runs over the set of all finite-rank operators, denotes the
essential norm of T.

Theorem. If 1 < p ≤ q < ∞ then for the best constant in (1) we have C ≍ K. Further,
∥T∥ess ≍ l. In particular, T is compact if and only if l = 0.
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Estimates of M-term approximations of functions of the class W r
q,τ

in the Lorentz space

A.Kh. MYRZAGALIYEVA

AITU, Astana, Kazakhstan

E-mail: aigul.myrzagalieva@astanait.edu.com

Let N be a set of natural numbers and Z+ = N ∪ {0}. Let Rm be m-dimensional Euclidean
space of points x̄ = (x1, . . . , xm) with real coordinates and Zm be a set of points x̄ ∈ Rm with
integer coordinates; Tm = [0, 2π)m and Im = [0, 1)m be m-dimensional cubes.

Lp,τ (Tm) denotes the Lorentz space of all real-valued Lebesgue measurable functions f ,
which have a 2π-period in each variable and for which the quantity is finite

∥f∥p,τ =

τp
1∫

0

(
f ∗(t)

)τ
t
τ
p
−1dt


1
τ

, 1 < p <∞, 1 ⩽ τ <∞,

where f ∗(t) is a nonincreasing rearrangement of the function |f(2πx)|, x ∈ Im (see [1], P. 213–
216).

Let us introduce some notation. Let an(f) be Fourier coefficients of a function f ∈ L1 (Tm)

according to the system {ei⟨n,x⟩}n∈Zm and ⟨y, x⟩ =
m∑
j=1

yjxj;

δs(f, x) =
∑

n∈ρ(s)

an (f) e
i⟨n,x⟩,

where ρ(s) =
{
k = (k1, . . . , km) ∈ Zm : [2sj−1] ≤ |kj| < 2sj , j = 1, . . . ,m

}
, [a] is an integer part

of the number a, s = (s1, . . . , sm), sj = 0, 1, 2, . . . .

For a given vector r = (r1, . . . , rm) > 0 = (0, . . . , 0), we set γ = r
r1

and Q
(γ)
n = ∪⟨s,γ⟩<n

ρ(s),

S
(γ)
n (f, x) =

∑
k∈Q(γ)

n
ak(f)e

i⟨k,x⟩, where S
(γ)
n (f, x) is a partial sum of the Fourier series of a

function f .
Consider the functional class

W r
p,τ = {f : f = φ ⋆ Fr, ∥φ∥p,τ ⩽ 1},

where 1 < p <∞, 1 ≤ τ <∞,

(φ ⋆ Fr)(x) =
1

(2π)m

∫
Tm

φ(x− u)Fr)(u)du.

The value eM(f)p,τ = inf
{k̄(j)}Mj=1,{bj}Mj=1

∥∥∥f − M∑
j=1

bje
⟨ik̄(j),x̄⟩

∥∥∥
p,τ

is called the best M–term trigono-

metric approximation of a function f ∈ Lp,τ (Tm), M ∈ N, k̄(j) ∈ Zm.
For a functional class F ⊂ Lp,τ (Tm), we set eM(F )p,τ = supf∈F eM(f)p,τ . We write eM(F )p

instead of eM(F )p,τ in the case τ = p.
Theorem 1. Let 0 < r1 = . . . = rν < rν+1 ≤ . . . rm, 1 < q ⩽ p ≤ 2, 1 < τ1, τ2 <∞.

1. If r1 >
1
q
− 1

p
+ 1

τ1
− 1

τ2
and 1 < τ1 ⩽ τ2 ⩽ 2, then

eM(W r
q,τ1

)p,τ2 ≍M−(r1+
1
p
− 1

q
)(log2M)

(ν−1)(r1+
1
p
− 1

q
+ 1

τ2
− 1

τ1
)
, M > 1.
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2. If 1
q
− 1

p
< r1 <

1
q
− 1

p
+ 1

τ1
− 1

τ2
and 1 < τ1 ⩽ τ2 ≤ 2, then

eM(W r
q,τ1

)p,τ2 ≍M−(r1+
1
p
− 1

q
).

3. If r1 =
1
q
− 1

p
+ 1

τ1
− 1

τ2
and 1 < τ1 ⩽ τ2 ⩽ 2, then

eM(W r
q,τ1

)p,τ2 ≍M
−( 1

τ1
− 1

τ2
)
(log2 log2M)

1
τ1 , M > 2.

4. If 1
q
− 1

p
< r1 <

1
q
− 1

p
+ 1

τ2
− 1

τ1
and 1 < τ2 ⩽ 2 < τ1 <∞, then

eM(W r
q,τ1

)p,τ2 ≍M−(r1+
1
p
− 1

q
)(log2M)

(ν−1)(r1+
1
p
− 1

q
)+(m−1)( 1

τ2
− 1

τ1
)
.

Remark. For τ1 = q and τ2 = p, Theorem 1 implies the results of E.S. Belinsky [2, Theorem
2.1] and V.N. Temlyakov [3, Theorem 2.2], [4, Theorem 2.7, Theorem 2.8 ], [5, Theorem 1.3,
Theorem 1.4].

Key words: M-term approximation, Lorentz space, Sobolev class, trigonometric polynomial.
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On the best constants for integral Hardy inequalities with any
homogeneous-quasi norm

Imangali ORYNGALIYEV

SDU University, Kaskelen, Kazakhstan
Institute of Mathematics and Mathematical Modeling, Kazakhstan

E-mail: imangali.oryngaliyev@gmail.com

It is well-known that within the Lp spaces with 0 < p < 1, the Hardy inequality does
not hold for arbitrary non-negative functions, yet it remains valid for non-negative monotone
functions. In [1] Burenkov found sharp constants in integral Hardy-type inequalities for non-
negative monotone functions when 0 < p < 1.

In [2] it was introduced Hardy inequalities within metric measure spaces possessing polar
decompositions when p = 1 and 1 ≤ q < ∞. The authors in [3] obtained weighted integral
Hardy inequalities and conjugate integral Hardy inequalities on homogeneous Lie groups for
any homogeneous quasi-norm with sharp constants within the range 1 < p ≤ q <∞.

In this talk, we explore Hardy-type integral inequalities for 0 < p < 1, incorporating a second
parameter q > 0 with sharp constants. These inequalities represent novel generalizations of
those obtained in [1].

This talk is based on the joint research with Nurgissa Yessirkegenov (SDU University and
Institute of Mathematics and Mathematical Modeling, Kazakhstan).
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Spectrum of the Hilbert transform on Lorentz spaces Lp,q
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Let f be a complex-valued locally integrable function on Ω, where Ω is either R+ or R. The
Hilbert transform of the function f on Ω is defined by the following singular integral

(Hf)(t) :
p.v.
=

1

πi

∫
Ω

f(x)

t− x
dx

where p.v. means the Cauchy principal value of the integral.
definition.[1. Definition 4.1] Let 0 < p ≤ ∞, 0 < q ≤ ∞. Then the Lorentz Lp,q(R+)

space is the set of all Lebesgue measurable functions f such that the functional ∥f∥Lp,q < ∞,
where

∥f∥Lp,q =


(∞∫

0

(
t
1
pf ∗(t)

)q
dt
t

) 1
q

if 1 < p <∞, 1 ≤ q <∞,

sup
t>0

t
1
pf ∗(t) if 0 < p ≤ ∞, q = ∞.

The Lorentz space Lp,q is the generalization of the Lebesgue space Lp. If we take p = q, Lp,q

coincides with Lp and
∥f∥Lp,p = ∥f∥Lp , (f ∈ Lp).

Remark. The Hilbert transform is bounded from Lp,q(Ω) to Lp,q(Ω) [2].
Theorem 1. Let p ∈ (1,∞), q ∈ (1,∞]. For the Hilbert transform H on Lp,q(R+) we have

σ(H) =

{
λ : λ = ±1 or

1

2π
arg

λ+ 1

λ− 1
=

1

p

}
and, for λ ∈ ρ(H), one can define its resolvent R(λ, Sp,q) as follows

R(λ,H)f(x) = (λ2 − 1)−1

λf(x) + 1

πi

∞∫
0

(y
x

)w(λ)

(y − x)−1f(y)dy

 ,

where w(λ) =
1

2πi
log

λ+ 1

λ− 1
is a holomorphic function and w(∞) = 0.

Theorem 2. Let Lp,q(R) be a Lorentz space over R with 1 < p < ∞ and 1 ≤ q ≤ ∞ and
let H be the Hilbert transform on Lp,q(R). Then,

σ(H) = σp(H) = {±1},
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and for λ ∈ ρ(λ) = C \ {±1} we have

R(λ,H) =
1

2
(λ+ 1)−1(I −H) +

1

2
(λ− 1)−1(I +H).

Key words: Hilbert transform, the spectrum, a resolvent, the Lorentz spaces Lp,q, Banach algebra.
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Ground states for the Potts-SOS model with an external field on
the Cayley tree of order two
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The Cayley tree Γk = (V, L) (see, e.g., [1]) of order k ≥ 1 is an infinite tree, i.e., a graph
without cycles, from each vertex of which exactly k+ 1 edges issue. Consider model where the
spin takes values in the set Φ = {0, 1, 2}. For A ⊆ V a spin configuration σA on A is defined as
a function x ∈ A 7→ σA(x) ∈ Φ; the set of all configurations coincides with ΩA = ΦA. Denote
Ω = ΩV and σ = σV .

The Potts-SOS model with an external field is defined by the following Hamiltonian

H(σ) = −J
∑

⟨x,y⟩∈L

| σ(x)− σ(y) | −Jp
∑

⟨x,y⟩∈L

δσ(x)σ(y) + α
∑
x∈V

σ(x), (1)

where J, Jp, α ∈ R, α is an external field and σ ∈ Ω.
Remark. Recall that model (1) coincides with the Potts-SOS model under the condition

α = 0 (see, e.g., [2]).
Let M be the set of all unit balls with vertices in V and S1(x) be the set of all nearest

neighboring vertices of x ∈ V .
We call the restriction of a configuration σ to the ball b ∈M a bounded configuration σb.
The energy of configuration σb on b is defined by the formula

U(σb) = −1

2

∑
x∈S1(cb)

(
J | σ(x)− σ(cb) | +Jpδσ(x)σ(cb)

)
+

α

k + 2

∑
x∈b

σ(x).

where J = (J, Jp, α) ∈ R3 and cb is the center of the unit ball b.
The Hamiltonian (1) can be written as

H(σ) =
∑
b∈M

U(σb).

Lemma. For each configuration φb, we have the following

U(φb) ∈ {U (j)
i,n : i = 0, 1, 2, ..., k + 1, n = 0, ..., k + 1− i, j = 0, 1, 2},
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where

U
(j)
i,n =


−J

2
(k + 1 + n− i)− Jp

2
i+ α

k+2
(k + 1 + n− i), if j = 0,

−J
2
(k + 1− i)− Jp

2
i+ α

k+2
(2n+ i+ 1), if j = 1,

−J
2
(k + 1 + n− i)− Jp

2
i+ α

k+2
(k + 3− n+ i), if j = 2.

Definition. A configuration φ is called a ground state for the Hamiltonian (1), if

U(φb) = min{U (j)
i,n : i = 0, 1, 2, ..., k + 1, n = 0, ..., k + 1− i, j = 0, 1, 2}

for any b ∈M .

We denote A
(ζ)
ξ,η = {(J, Jp, α) ∈ R3 : U

(ζ)
ξ,η = min{U (j)

i,n : i = 0, 1, 2, ..., k + 1, n = 0, ..., k + 1−
i, j = 0, 1, 2}}.

Let k = 2. Calculations show that:

A
(0)
3,0 = {(J, Jp, α) ∈ R3 : J ≤ Jp +

1

6
α, Jp ≤ 0, α ≥ 0}∪

{(J, Jp, α) ∈ R3 : J ≤ 1

2
Jp +

1

6
α, Jp ≥ 0, α ≥ 0},

A
(2)
3,0 = {(J, Jp, α) ∈ R3 : J ≤ Jp −

1

6
α, Jp ≤ 0, α ≤ 0}∪

{(J, Jp, α) ∈ R3 : J ≤ 1

2
Jp −

1

6
α, Jp ≥ 0, α ≤ 0}.

We let GS(H) denote the set of all ground states of the Hamiltonian (1).

Theorem. Let k = 2 and α ̸= 0. Then the following assertions hold

i) if (J, Jp, α) ∈ A
(j)
3,0, then GS(H) = {σ(x) = j,∀x ∈ V }, j ∈ {0, 2};

ii) if (J, Jp, α) ∈ R3 \ (A(0)
3,0 ∪ A

(2)
3,0), then GS(H) = ∅.

Keywords: Cayley tree, Potts-SOS model, external field, ground state.
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Cylindrical weighted Sobolev type inequalities and identities

Yerkin SHAIMERDENOV
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Ghent University, Ghent, Belgium

E-mail: yerkin.shaimerdenov@sdu.edu.kz

Let us recall the cylindrical extended weighted Hardy type inequality [2]: Let x = (x′, x′′) ∈
RN × Rn−N , 2 ≤ N ≤ n and 1 ≤ p < N. Then we have∥∥∥∥∥ f

|x′|
α
p

∥∥∥∥∥
Lp(Rn)

≤ p

N − α

∥∥∥∥∥x′ · ∇Nf

|x′|
α
p

∥∥∥∥∥
Lp(Rn)

, (7)

where |x′| is the Euclidean norm on RN and ∇N is the standard gradient on RN . The constant
p

N−α
is optimal for all f ∈ C∞

0 (Rn\{x′ = 0}). When α = 0 inequality (7) implies the cylindrical
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extension of the Sobolev type inequality in [3], when α = p and the Cauchy-Schwarz inequality
is used on the right-hand side it implies the Cylindrical Hardy inequality in [1].

In this talk, we demostrate the critical case α = N of the inequality (7) with an optimal
constant. Moreover, we show identities and higher order versions. Interestingly, higher order
versions generate Stirling numbers of the second kind.

This talk is based on the joint research with Nurgissa Yessirkegenov (SDU University and
Institute of Mathematics and Mathematical Modeling, Kazakhstan).

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
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2020 Mathematics Subject Classification: 22E30, 11B73, 26D10

References
[1] Badiale M., Tarantello G. A Sobolev–Hardy inequality with applications to a nonlinear elliptic equation arising

in astrophysics, Arch. Ration. Mech. Anal., 163 (2002), 259–293.
[2] Kalaman M. Functional inequalities on Lie groups and applications., Master’s thesis, SDU University, (2023).

[3] Ozawa T., Sasaki H. Inequalities associated with dilations, Commun. Contemp. Math., 11(2) (2009), 265—277.

Lp − Lq Fourier multipliers on non-commutative torus
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In this work we consider Lp − Lq Fourier multipliers on non-commutative torus. Let Td
θ

be the non-commutative torus (quantum torus or quantum tori), where d ≥ 2 and θ = {θi,j}
skew symmetric(anti-symmetric) d × d-matrix, and let m ∈ Zd. Let Lp(Td

θ), 1 ≤ p < ∞ be a
non-commutative Lp spaces endowed with following Lp-norm ∥f∥p = (τ(|f |p))1/p, where τ is a
normal semifinite faithful tracial state on Td

θ, and |f | = (f ∗f)1/2. Let lp,q(Zd), 1 ≤ p, q ≤ ∞ be
a sequence Lorentz space. Let {ẽθm}m∈Zd be a system of orthonormal unital operators on Td

θ.
Then for f ∈ L1(Td

θ) we can define the formal Fourier series by the next formula

f ∼
∑
m∈Zd

f̂(m)ẽθm (1)

where f̂(m) = τ(f(ẽθm)
∗). Let φ = {φm}m∈Zd ⊂ C. We define Fourier multiplier Tφ on f with

the symbol ϕ by

T̂φf(m) = φmf̂(m),∀m ∈ Zd. (2)

φ is called bounded Lp Fourier multiplier (resp. Lp − Lq Fourier multiplier) on the non-
commutative torus Td

θ if Tφ extends to a bounded map on Lp(Td
θ) (resp. from Lp(Td

θ) to
Lq(Td

θ)) [1,2].
Theorem 1. Let 1 < p ≤ 2 ≤ q <∞. Then for φ ∈ lr,∞(Zd), where 1/r = 1/q− 1/p, Tφ is

an Lp − Lq Fourier multiplier and holds the following

∥Tφf∥Lp(Td
θ)→Lq(Td

θ)
≲p,q ∥φ∥lr,∞(Zd).

Keywords: non-commutative torus, non-commutative Lp spaces, Fourier series, Fourier multiplier.
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On Fourier multipliers on quantum torus and Euclidean spaces

K.S. TULENOV

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

E-mail: tulenov@math.kz

In this work, we will discuss Fourier multipliers and their boundedness, as well as their
complete boundedness properties on quantum torus and Euclidean spaces. We also present
some applications of these results. These are some parts of our joint papers with M. Ruzhansky
and S. Shaimardan and with F. Sukochev and D. Zanin.

Funding: The authors were supported by the grant no. AP14869301 of the Ministry of Education and Science of
Republic of Kazakhstan.

Keywords: Quantum torus and Euclidean space, Hörmander Fourier multiplier, Hausdorff-Young inequality, Lp − Lq-
estimate, complete boundedness
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Sharp remainder of the improved Hardy inequality related to the
Baouendi-Grushin operator

Nurgissa YESSIRKEGENOV
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Suleyman Demirel University, Kaskelen, Kazakhstan

E-mail: nurgissa.yessirkegenov@gmail.com

In [1] Garofalo introduced the following Hardy inequality related to the Baouendi-Grushin
operator:∫

Rn

(
|∇xf |2 + |x|2γ |∇yf |2

)
dz ≥

(
Q− 2

2

)2 ∫
Rn

(
|x|2γ

|x|2+2γ + (1 + γ)2|y|2

)
|f |2dz, (1)

where z = (x1, ..., xm, y1, ..., yk) = (x, y) ∈ Rm × Rk with n = m + k, m, k ≥ 1, γ ≥ 0, Q =
m + (1 + γ)k and f ∈ C∞

0

(
Rm × Rk\{(0, 0)}

)
. Here, ∇xf and ∇yf are the gradients of f in

the variables x and y, respectively.
In this talk, we discuss an improvement of this result with a sharp remainder term and with

more general weights related to the Baouendi-Grushin operator involving radial derivatives in
some of the variables. Moreover, we show their applications in magnetic Hardy inequalities
related to the Baouendi-Grushin operator with Aharonov-Bohm type magnetic field.

This talk is based on the joint research with Ari Laptev (Imperial College London, UK) and
Michael Ruzhansky (Ghent University, Belgium) [2]-[3].

Funding: This research is funded by the Committee of Science of the Ministry of Science and Higher Education of the
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On fractional inequalities on metric measure spaces with polar
decomposition

Gulnur ZAUR
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E-mail: z.gulnur.t@gmail.com,

In the presentation, we present the fractional Hardy inequality on polarisable metric measure
spaces. The integral Hardy inequality for 1 < p ≤ q < ∞ is playing a key role in the proof.
Moreover, we also show the fractional Hardy-Sobolev type inequality on metric measure spaces.
Logarithmic Hardy-Sobolev and fractional Nash type inequalities on metric measure spaces are
presented. In addition, we present applications on homogeneous groups and on the Heisenberg
group.

Funding: The author was supported by the grant no. AP23484106 of the Ministry of Science and Higher Education of
Republic of Kazakhstan.

Keywords: metric measure spaces; polar decomposition; fractional Hardy inequality; fractional Hardy-Sobolev type
inequality; logarithmic Hardy-Sobolev inequality; fractional Nash type inequal- ity; homogeneous groups; Heisenberg
group.
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Factorizations and Hardy identity related to the Baouendi-Grushin
operator

Amir ZHANGIRBAYEV
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E-mail: amir.zhangirbayev@gmail.com

Let us revisit the Hardy inequality related to the Baouendi-Grushin operator by Garofalo
[1]. Suppose z = (x1, . . . , xm, y1, . . . , yk) or simply z = (x, y) ∈ Rm × Rk with k +m = n and
k,m ≥ 1. The sub-elliptic gradient is the n dimensional vector field given by

∇γ = (X1, . . . , Xm, Y1, . . . , Yk).

Here, the components are defined as:

Xj =
∂

∂xi
, i = 1, . . . ,m, Yj = |x|γ ∂

∂yj
, j = 1, . . . , k.

The Baouendi-Grushin operator on Rn is the operator

∆γ = ∇γ · ∇γ = ∆x + |x|2γ∆y,

where ∆x and ∆y are Laplace operators in the variables x ∈ Rm and y ∈ Rk, respectively. In
this setting, we have the following inequality:∫

Rn

(
|∇xf |2 + |x|2γ |∇yf |2

)
dz ≥

(
Q− 2

2

)2 ∫
Rn

|x|2γ

|x|2+2γ + (1 + γ)2|y|2
|f |2dz,
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for every f ∈ C∞
0

(
Rm × Rk\{(0, 0)}

)
with Q = m+(1+γ)k. Here, ∇xf represents the gradient

of f with respect to the variable x, while ∇yf denotes the gradient of f with respect to the
variable y.

In this paper, we obtain a weighted Hardy identity related to the Baouendi-Grushin operator
with general weights ϕ(z) and ψ(z) by factorizing differential expres-sions, inspired by the
work of Gesztesy and Littlejohn [2]. In the special cases, the identity reduces to the classical,
critical and weighted Hardy inequalities in the Euclidean settings. Similarly, the identity allows
us to recover the improved L2-Caffareli-Kohn- Nirenberg inequality, which in turn gives the
Heisenberg and Hydro-gen Uncertainty Principles, as well as the classical Hardy inequality.

If time permits, we also discuss the Rellich identity for the Baouendi-Grushin operator.
This talk is based on the joint research with Nurgissa Yessirkegenov (SDU University, Kaza-

khstan).
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Êàâàõàðà òèïòi ñèíãóëÿðëû ñûçû©òû òåäåóäi
êîððåêòiëiê øàðòòàðû

Ð.Ä. ÀÕÌÅÒÊÀËÈÅÂÀa, Ê.Í. ÎÑÏÀÍÎÂb

Ë.Í. Ãóìèëåâ àòûíäà¡û Åóðàçèÿ ´ëòòû© óíèâåðñèòåòi, Àñòàíà, �àçà©ñòàí

E-mail: araya84ad@gmail.com, bkordan.ospanov@gmail.com

Êàâàõàðà òåäåói íåìåñå æàëïûëàí¡àí Êîðòåâåã-äå Ôðèç òåäåói

−βy(5)x (x, t) + αy(3)x (x, t) +
3

2
y(x, t)y′x(x, t) + y′t(x, t) = 0 (1)

àë¡àø ðåò [1] ìà©àëàñûíäà àëûí¡àí. Îë áið °ëøåìäi ñûçû©òû åìåñ òîë©ûíäàðäû äèñ-
ïåðñèâòi îðòàäà òàðàëóûí ñèïàòòàéäû. Êîìïàêò åìåñ îáëûñòà áåðiëãåí êîýôôèöèåíòòåði
øåíåëãåí Êàâàõàðà òèïòi òåäåó ³øií Êîøè åñåái [2] æ´ìûñûíäà ©àðàñòûðûë¡àí. Á´ë
çåðòòåóëåðäi òàáè¡è æàë¡àñû êîýôôèöèåíòòåði øåíåëìåãåí Êàâàõàðà òèïòi òåäåóëåðäi
çåðòòåó áîëûï òàáûëàäû.

Áiç êåëåñi ò³ðäåãi áåñiíøi ðåòòi ñûçû©òû òåäåóäi ©àðàñòûðàìûç:

L0y = −y(5) + r(x)y(3) + q(x)y′ + p(x)y = f(x), (2)

ì´íäà¡û x ∈ R, f(x) ∈ L2(R). r � ³ø ðåò ³çiëiññiç äèôôåðåíöèàëäàíàòûí, q � ³çiëiññiç
äèôôåðåíöèàëäàíàòûí, àë p(x) � ³çiëiññiç, í°ëãå òå áîëóû ì³ìêií ôóíêöèÿ äåï ´é¡àðà-
ìûç.

Á´ë æ´ìûñòà áiç (2) òåäåóiíi êîððåêòiëi øåøiëói ìåí y øåøiì ³øií ìàêñèìàëäû
ðåãóëÿðëû© áà¡àëàóû äåï àòàëàòûí êåëåñi ò³ðäåãi

∥y(5)∥2 + ∥ry(3)∥2 + ∥qy′∥2 + ∥py∥2 ≤ c∥f∥2 (3)

òåñiçäiêòi îðûíäàëóûíû æåòêiëiêòi øàðòòàðûí àëàìûç, ì´íäà¡û c > 0 òåê r, q, p-äàí
òºóåëäi, ∥ · ∥2 � L2(R)-äåãi íîðìà.

Áåñ ðåò ³çiëiññiç äèôôåðåíöèàëäàíàòûí æºíå ôèíèòòi ôóíêöèÿëàðäû C(5)
0 (R) æèû-

íûíäà àíû©òàë¡àí L0y = −y(5)+r(x)y(3)+q(x)y′+p(x)y äèôôåðåíöèàëäû© îïåðàòîðûíû
L2(R) êåiñòiãi íîðìàñûíäà ò´éû©òàëóûí L àð©ûëû áåëãiëåéìiç.

Ly = f òåäiãií ©àíà¡àòòàíäûðàòûí y ∈ D(L) ôóíêöèÿñûí (2) òåäåóäi øåøiìi äåï
àòàéìûç.

Àéòàëû© g æºíå h ̸= 0 íà©òû ìºíäi ³çiëiññiç ôóíêöèÿëàð áîëñûí.

γg,h,j = max

(
sup
x>0

αg,h,j(x), sup
τ<0

βg,h,j(τ)

)
(j = 1, 2),

øàìàñûí åíãiçåìiç, ì´íäà¡û

αg, h, j (x) =

(∫ x

0

|g(t)|2 dt
) 1

2
(∫ +∞

x

t2jh−2 (t) dt

) 1
2

(x > 0),

βg, h, j (τ) =

(∫ 0

τ

g2 (t) dt

) 1
2
(∫ τ

−∞
t2jh−2 (t) dt

) 1
2

(τ < 0).

Êåëåñi ò´æûðûì îðûíäû.
Òåîðåìà. Àéòàëû© r(x) ôóíêöèÿñû r ≥ 1, γ1,√r,2 <∞,

C−1 ≤ r(x)

r(η
≤ C, |x− η| ≤ 1, x, η ∈ R, C > 1,
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øàðòòàðûí, àë q(x) æºíå p(x) ôóíêöèÿëàðû

γq,r,1 <∞, γp,r,2 <∞

øàðòòàðûí ©àíà¡àòòàíäûðñûí. Îíäà ºðáið f ∈ L2(R) ³øií (2) òåäåóäi æàë¡ûç y øåøiìi
áàð æºíå îë øåøiì ³øií (3) òåñiçäiãi îðûíäàëàäû.

Funding: Àâòîðëàð AP14870261: �Ð �ÆÁÌ ãðàíòïåí ©îëäàó òàïòû.

Ò³éiíäi ñ°çäåð: Êàâàõàðà òåäåói, í´©ñàíäû áåñiíøi ðåòòi òåäåó, øåíåëìåãåí êîýôôèöèåíò, æàëïûëàí¡àí øå-
øiì, êîýðöèòèâòi áà¡àëàó.
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Áiç êåëåñi ò°ðòiíøi ðåòòi äèôôåðåíöèàëäû© òåäåóäi ©àðàñòûðàìûç:

L0y = y(4) + p(x)y(3) + q(x)y = F (x), (1)

ì´íäà¡û x ∈ R. Àëäà¡û óà©ûòòà p ³ø ðåò ³çiëiññiç äèôôåðåíöèàëäàíàòûí, q � ³çiëiññiç
ôóíêöèÿëàð, àë F ∈ L2(R) äåï ´é¡àðàìûç.

C
(4)
0 (R) ò°ðò ðåò ³çiëiññiç äèôôåðåíöèàëäàíàòûí æºíå ôèíèòòi ôóíêöèÿëàðäû æèû-

íûíäà àíû©òàë¡àí L0y = y(4) + p(x)y(3) + q(x)y îïåðàòîðûíû L2(R) êåiñòiãi íîðìàñûíäà
ò´éû©òàëóûí L äåï áåëãiëåéiê. (1) òåäåóiíi øåøiìi äåï Ly = f òåäiãií ©àíà¡àòòàíäû-
ðàòûí y ∈ D(L) ýëåìåíòií àòàéìûç.

Áiçäi ìà©ñàòûìûç � (1) òåäåóiíi ºðáið y øåøiìi ³øií

∥y(4)∥2 + ∥py(3)∥2 + ∥qy∥2 ≤ C(∥F∥2 + ∥y∥2 (2)

òåñiçäiãi îðûíäàëóûíû æåòêiëiêòi øàðòòàðûí àëó. (2) � äåãi ∥y∥2 � L2(R) êåiñòiãiíi
íîðìàñû. (2) òåñiçäiãi y øåøiìíi êîýðöèòèâòiê, íåìåñå ìàêñèìàëäû ðåãóëÿðëû© áà¡àñû
äåëiíåäi.

(1) òåäåói íåãiçiíåí p = 0 æà¡äàéûíäà áiðøàìà çåðòòåëãåí. Åãåð p = 0, q > 0 áîëñà,
îíäà îíû áiðìºíäi øåøiëåòiíi [1] æ´ìûñûíàí øû¡àäû. Àë îñûëàð¡à ©îñûìøà, q-äi òåð-
áåëiñi áåëãiëi áið øàðòòàðäû ©àíà¡àòòàíäûðñà, îíäà (2) òåñiçäiãi îðûíäàëàäû [2]. Áiðà©
åãåð p(x) í°ëäiê åìåñ æûëäàì °ñåòií ôóíêöèÿ áîëñà, îíäà [1, 2] ºäiñòåði ©îëäàíó¡à æà-
ðàìñûç. Ñåáåái p d3

dx3 îïåðàòîðû d4

dx4 + q(x)E (E � áiðëiê îïåðàòîð) � äi àç á´ë©ûíóû
áîëìàóû ì³ìêií. �çiëiññiç ρ(t) æºíå v(t) ̸= 0 ôóíêöèÿëàðû æºíå k íàòóðàë ñàíû áåðiëñií.
αρ,v,k = sup

x>0
∥ρ∥L2(0,x)∥v∥L2(x,∞), βρ,v,k = sup

t<0
∥ρ∥L2(t,0)∥v∥L2(−∞,t)., γρ,v,k = max(αρ,v,k, βρ,v,k).

Æ´ìûñòû íåãiçãi íºòèæåñi ìûíàäàé.
Òåîðåìà 1. Àéòàëû© p ≥ 1 ³ø ðåò ³çiëiññiç äèôôåðåíöèàëäàíàòûí, àë q ³çiëiññiç

ôóíêöèÿëàð áîëûï, γ1,√p,3 < ∞ æºíå γq,p,3 < ∞ øàðòòàðû îðûíäàëñûí. Îíäà ºðáið F ∈
L2(R) ³øií (1) òåäåóiíi y øåøiìi òàáûëàäû æºíå îë æàë¡ûç. Àë åãåð, ñîíûìåí áiðãå,

sup
x,η∈R:|x−η|≤1

p(x)

p(η)
<∞
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Åêiíøi ðåòòi äåðáåñ òóûíäûëû áiðòåêòi åìåñ åêi äèôôåðåíöèàëäû© òåäåóäåí ò´ðàòûí

x2 · g0p2,0 + xy · g1p1,1 + x · g3p1,0 + y · g4p0,1 + g5p0,0 = g6(x, y)
y2 · q0p0,2 + xy · q1p1,1 + x · q3p1,0 + y · q4p0,1 + q5p0,0 = p6(x, y)

(1)

æ³éå ©àðàñòûðûëàäû. Æ³éåíi êîýôèöèåíòòåði

gi(x, y) = rj,k − αj,k · xk, qi(x, y) = tj,k − βj,k · yk (2)

ò³ðiíäå áåðiëãåí, ì´íäà¡û g6(x, y) æºíå p6(x, y) � åêi àéíûìàëûëû àíàëèòèêàëû© ôóíêöè-
ÿëàð, p0,0 = Z(x, y) îðòà© áåëãiñiç, rj,k, αj,k, tj,k, βj,k(j, k = 0, 2; i = 1, 5) � áåëãiñiç ò´ðà©òû-
ëàð.

Ì´íäàé æ³éåëåðäi çåðòòåãåíäå å àëäûìåí æ³éåíi ³éëåñiìäiëiê ïåí èíòåãðàëäàíó
øàðòòàðû îðíàòûëóû ©àæåò [1]. Îñû øàðòòàð îðûíäàë¡àí êåçäå ¡àíà

x2 · g0p2,0 + xy · g1p1,1 + x · g3p1,0 + y · g4p0,1 + g5p0,0 = 0
y2 · q0p0,2 + xy · q1p1,1 + x · q3p1,0 + y · q4p0,1 + q5p0,0 = 0

(3)

áiðòåêòi æ³éåíi ò°ðò øåøiìãå äåéií ñûçû©òû©-òºóåëñiç äåðáåñ øåøiìäåðiíi áàð áîëà-
òûíäû¡û Æ.Í.Òàñìàìáåòîâòû æ´ìûñòàðûíäà Ëàòûøåâà-Ôðîáåíèóñ ºäiñòåðií ©îëäàíà
îòûðûï çåðòòåëãåí [2].

Øåøiìäåði ê°ï àéíûìàëûëû îðòîãîíàëüäû ê°ïì³øåëiêòåð áîëàòûí áiðòåêòi åìåñ äåð-
áåñ òóûíäûëû äèôôåðåíöèàëäû© òåäåóëåð æ³éåñi àç çåðòòåëãåí.

Æàëïûëàí¡àí ãèïåðãåîìåòðèÿëû© òåêòi áiðòåêòi åìåñ äèôôåðåíöèàëäû© òåäåóëåð
æ³éåñiíi ê°ï àéíûìàëûëû îðòîãîíàëü ê°ïì³øåëiãi ò³ðiíäåãi øåøiìäåðií òàáó ìà©ñà-
òûíäà Ø.Ýðìèò æ³éåñií ©àðàñòûðàéû©.

(1− x2) · p2,0 − xy · p1,1 + (n− 2) · x · p1,0 − (m+ 1) · y · p0,1+
+(m+ n)(m+ 1) · p0,0 = g(x, y)

(1− y2) · p0,2 − xy · p1,1 + (n+ 1) · x · p1,0 + (m− 2) · y · p0,1+
+(m+ n)(n+ 1) · p0,0 = q(x, y)

(4)
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ì´íäà¡û, î æà¡û

g(x, y) = (m+ n)(m+ 1) +
(n− 2) + (m+ n)(m+ 1)

n+ 1
· x+ (m+ n− 1) · y+

+
n−m− 4 + (m+ n)(m+ 1)

(m+ 1)(n+ 1)
· xy,

q(x, y) = (m+ n)(n+ 1) + (m+ n− 1) · x+ (m− 2) + (m+ n)(n+ 1)

m+ 1
· y+

+(m+ n− 1) · y + n−m− 4 + (m+ n)(n+ 1)

(n+ 1)(m+ 1)
· xy

ò³ðiíäå áåðiëñií.
Òåîðåìà 1. (4) æ³éåíi æàëïû øåøiìi, ñºéêåñ áiðòåêòi æ³éåíi æàëïû øåøiìi ìåí

áiðòåêòi åìåñ (4) æ³éåíi äåðáåñ øåøiìäåðiíi ©îñûíäûñûíàí ò´ðàäû.
Ñºéêåñ áiðòåêòi æ³éåíi æàëïû øåøiìi

Z(x, y) = C1,1F2

(
−m+ n

2
,
m+ 1

2
,
n+ 1

2
,
1

2
,
1

2
;x2, y2

)
+

+C1,2yF2

(
−m+ n− 1

2
,
m+ 1

2
,
n+ 2

2
,
1

2
,
3

2
;x2, y2

)
+

+C1,3xF2

(
−m+ n− 1

2
,
m+ 2

2
,
n+ 1

2
,
3

2
,
1

2
;x2, y2

)
+

+C1,4xyF2

(
−m+ n− 2

2
,
m+ 2

2
,
n+ 2

2
,
3

2
,
3

2
;x2, y2

)
(5)

ò³ðiíäå áîëàòûíäû¡û áåëãiëi [2, 125 á.]. Àë (4) áiðòåêòi åìåñ æ³éåíi äåðáåñ øåøiìi

Z0(x, y) = 1 +
1

n+ 1
x+

1

m+ 1
y − 1

(m+ 1)(n+ 1)
xy

ê°ïì³øåëiãi ò³ðiíäå òàáûëàäû.
Ñîíäû©òàí, ñºéêåñ áiðòåêòi æ³éåíi (5) æàëïû øåøiìií åñêåðå îòûðûï, áiðòåêòi åìåñ

(4) æ³éåíi æàëïû øåøiìi

Z(x, y) = Z(x, y) + Z0(x, y) = C1,1F2

(
−m+ n

2
,
m+ 1

2
,
n+ 1

2
,
1

2
,
1

2
;x2, y2

)
+

+C1,2yF2

(
−m+ n− 1

2
,
m+ 1

2
,
n+ 2

2
,
1

2
,
3

2
;x2, y2

)
+

+C1,3xF2

(
−m+ n− 1

2
,
m+ 2

2
,
n+ 1

2
,
3

2
,
1

2
;x2, y2

)
+

+C1,4xyF2

(
−m+ n− 2

2
,
m+ 2

2
,
n+ 2

2
,
3

2
,
3

2
;x2, y2

)
+

+1 + 1
n+1

x+ 1
m+1

y − 1
(m+1)(n+1)

xy

(5)

ò³ðiíäå àíû©òàëàäû.
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2Èíñòèòóò ìàòåìàòèêè èìåíè Â.È.Ðîìàíîâñêîãî, Òàøêåíò, Óçáåêèñòàí

E-mail: aobidjon.mth@gmail.com, boygul87-87@mail.ru

Èçâåñòíî, ÷òî òåîðèÿ ïðÿìûõ è îáðàòíûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ äðîáíîãî ïîðÿäêà ðàçâèâàåòñÿ âûñîêèìè òåìïàìè. Ýòî ìîæíî çà-
ìåòèòü â íåäàâíî îïóáëèêîâàííûõ ðàáîòàõ ìíîãèõ àâòîðîâ â ýòîì íàïðàâëåíèè. Îñîáåííî
ñëåäóåò îòìåòèòü ðàáîòû Ð.Ð. Àøóðîâà, Á.Õ. Òóðìåòîâà, Á. Êàäûðêóëîâà è äð. Òàêæå, õî-
òåëîñü áû îòìåòèòü, ÷òî â ïîñëåäíèå ãîäû óâåëè÷èâàåòñÿ ÷èñëî îïóáëèêîâàííûõ ðàáîò ñî
çíà÷èòåëüíûìè ðåçóëüòàòàìè, ïîñâÿùåííûõ êðàåâûì çàäà÷àì äëÿ óðàâíåíèé ñìåøàííîãî
òèïà ñ äðîáíûìè ïðîèçâîäíûìè (cì [1],[2] è äð.).

Â äàííîé ðàáîòå èññëåäóåòñÿ îäíîçíà÷íàÿ ðàçðåøèìîñòü îáðàòíîé çàäà÷è äëÿ íàãðó-
æåííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ äðîáíîé ïðîèçâîäíîé Êàïóòî è ñî ñïåê-
òðàëüíûì ïàðàìåòðîì λ. Ðàññìîòðèì óðàâíåíèå

f(x) =

{
uxx −C D

α
0tu+ p1(x, u(x, 0)), ïðè 0 < x < l, t > 0,

uxx − utt − λ2u+ p2(x, u(x, 0)), ïðè 0 < x < l, t < 0,
(1)

ãäå λ � çàäàííîå êîìïëåêñíîå ÷èñëî, 0 < α < 1, (α ∈ R), pi(x, z(x)), (i = 1, 2), � çàäàííûå
ôóíêöèÿ ïåðåìåííûõ (x, z(x)),

CD
α
0tu =

1

Γ(1− α)

t∫
0

(t− s)−αus(x, s)ds �

äèôôåðåíöèàëüíûé îïåðàòîð Êàïóòî äðîáíîãî ïîðÿäêà α, f(x) è u(x, t) � íåèçâåñòíûå
ôóíêöèè, êîòîðûå òðåáóåòñÿ îïðåäåëèòü.

Ïóñòü Ω � êîíå÷íàÿ îáëàñòü, îãðàíè÷åííàÿ îòðåçêàìè B1B2 = {(x, t) : x = l, 0 ≤ t ≤
h}, A1A2 = {(x, t) : x = 0, 0 ≤ t ≤ h}, B2A2 = {(x, t) : t = h, 0 ≤ x ≤ l} ïðè t > 0, è
õàðàêòåðèñòèêàìè B1C : x− t = l, A1C : x+ t = 0 óðàâíåíèÿ (1) ïðè t < 0, ãäå B1 = (l; 0),
B2 = (l; h), A1 = (0; 0), A2 = (0; h) è C =

(
l
2
; −l

2

)
.

Ââåäåì îáîçíà÷åíèÿ, Ω+ = Ω∩{t > 0}, Ω− = Ω∩{t < 0} è I = {(x, t) : 0 < x < l, t = 0}.
Ïîñòàíîâêà çàäà÷è. Â îáëàñòè Ω äëÿ óðàâíåíèÿ (1) èññëåäóåòñÿ ñëåäóþùàÿ çàäà÷à.
Çàäà÷à Òðåáóåòñÿ íàéòè ïàðó ôóíêöèé {f(x), u(x, t)} ñî ñëåäóþùèìè ñâîéñòâàìè:

1) f(x) ∈ C(0, l) ∩ L1(0, l);
2) u(x, t) ∈ C(Ω̄)∩C2(Ω−), uxx,C Dα

0tu ∈ C(Ω+), ut ∈ C(Ω−∪ I), ux, ut ∈ C(Ω−∪A1C ∪B1C);
3) u(x, t) óäîâëåòâîðÿåò ñëåäóþùèì êðàåâûì óñëîâèÿì:

u(0, t) = φ1(t), u(l, t) = φ2(t), 0 ≤ t ≤ h,

u(x,−x) = ψ(x), 0 ≤ x ≤ l

2
,

∂u

∂n

∣∣∣∣
A1C

= ψ1(x), 0 < x ≤ l

2
;
∂u

∂n

∣∣∣∣
B1C

= ψ2(x),
l

2
≤ x < l,

è óñëîâèþ ñêëåèâàíèÿ:

lim
t→+0

t1−αut(x, t) = λ1(x)ut(x, −0) + λ2(x), 0 < x < l,
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ãäå φj(t), λj(x), ψ(x), ψj(x), (j = 1, 2) � çàäàííûå ôóíêöèè, ïðè÷åì φ1(0) = ψ(0), ψ1(
l
2
) =

ψ2(
l
2
), ψ′

1(
l
2
) = −ψ′

2(
l
2
).

Ëåììà 1. Ïóñòü f(x) =

{
f1(x), ïðè 0 < x ≤ l

2
,

f2(x), ïðè l
2
≤ x < l,

, è ψ(x) ∈ C1
[
0, l

2

]
, ïðè÷åì ψ(0) = 0.

Òîãäà f1(x) = p2 (x, u(x, 0)) +
√
2ψ

′
1(x) + A(x), 0 ≤ x ≤ l

2
,

f2(x) = p2 (x, u(x, 0))−
√
2ψ

′

2(x) +B(x),
l

2
≤ x ≤ l

ãäå A(x) è B(x) � èçâåñòíûå ôóíêöèè, êîòîðûå âûðàæàþòñÿ ÷åðåç çàäàííûå ôóíêöèè.
Òåîðåìà 1. Åñëè âûïîëíÿþòñÿ óñëîâèÿ

φj(t) ∈ C[0, h] ∩ C1(0, h), λj(x) ∈ C[0, l] ∩ C1(0, l), ψ(x) ∈ C1

[
0,
l

2

]
∩ C2

(
0,
l

2

)
,

ψ1(x) ∈ C

[
0,
l

2

]
∩ C1

(
0,
l

2

]
, ψ2(x) ∈ C

[
l

2
, l

]
∩ C1

[
l

2
, l

)
,

|pi(x, z)| ≤ const|z|, |pi(x, z1)− pi(x, z2)| ≤ Li|z1 − z2|,
òî ïîñòàâëåííàÿ çàäà÷à îäíîçíà÷íà ðàçðåøèìà, ãäå Li = const > 0.
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Ðàçðåøèìîñòü äèôôóçèîííîé ìîäåëè íåîäíîðîäíîé
æèäêîñòè ñ ó÷åòîì òåìïåðàòóðû

Ñ.Å. ÀÉÒÆÀÍÎÂ1,a, Å.Ñ. ÀËÈÌÆÀÍÎÂ2,b, Á.Ä. ÊÎØÀÍÎÂ3,c

1Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
2Astana IT University, Àñòàíà, Êàçàõñòàí

3Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: aaitzhanovserik81@gmail.com, bermek.alimzhanov@astanait.edu.kz, ckoshanov@list.ru

Â ìåõàíèêå ñïëîøíîé ñðåäû è äèôôåðåíöèàëüíûõ óðàâíåíèÿõ îäíîé èç íàèáîëåå èç-
âåñòíûõ è èíòåðåñíûõ ÿâëÿåòñÿ ìîäåëü Íàâüå-Ñòîêñà ñæèìàåìîé âÿçêîé òåïëîïðîâîäíîé
æèäêîñòè. Ýòà ìîäåëü âêëþ÷àåò â ñåáÿ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé, êîòîðûå
âûðàæàþò â äèôôåðåíöèàëüíîé ôîðìå çàêîíû ñîõðàíåíèÿ ìàññû, èìïóëüñà è ýíåðãèè [1]

∂ρ

∂t
+ div(ρu⃗) = 0, (1)

ρ(
∂u⃗

∂t
+ (u⃗,∇)u⃗) = div(τ⃗i) + ξ∇(divu⃗)−∇p+ ρf⃗ , (2)

ρ(
∂Θ

∂t
+ (u⃗,∇)Θ) = χ∆Θ

1

2
τ⃗ 2 + ξ(divu⃗)2. (3)

Ëîêàëüíàÿ ïî âðåìåíè ðàçðåøèìîñòü íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñèñòåìû óðàâíåíèé
(1)-(3) âïåðâûå áûëà óñòàíîâëåíà â ðàáîòàõ Â.À. Ñîëîííèêîâà [2] è A. Tani [3]. Â ðàáîòå [5]
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À.Â. Êàæèõîâûì è Ø.Ñìàãóëîâûì âïåðâûå áûëà ïîñòðîåíà è èññëåäîâàíà ñèñòåìà äèô-
ôåðåíöèàëüíûõ óðàâíåíèé, îïèñûâàþùåé äâèæåíèå äâóõêîìïîíåíòíîé æèäêîñòè. Ïîäîá-
íàÿ ìîäåëü íåîäíîðîäíîé æèäêîñòè ñðåäû ïîëó÷åíà ïðè óñëîâèè ìàëîñòè êîýôôèöèåíòà
äèôôóçèè, à òàêæå ìàññîâîé êîíöåíòðàöèè ïðèìåñè è åå ïðîèçâîäíûõ. Â äàííîé ðàáî-
òå íåêîòîðîé ìîäèôèêàöèè óðàâíåíèè (1)-(3) äîêàçàíà ðàçðåøèìîñòü íà÷àëüíî-êðàåâîé
çàäà÷è.
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Êîððåêòíîñòü îñíîâíîé ñìåøàííîé çàäà÷è äëÿ îäíîãî
êëàññà ìíîãîìåðíûõ ãèïåðáîëî-ýëëèïòè÷åñêèõ óðàâíåíèé

Ñ.À. ÀËÄÀØÅÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÍÂÎ ÐÊ, Àëìàòû, Êàçàõñòàí

E-mail: aldash51@mail.ru

Îñíîâíàÿ ñìåøàííàÿ çàäà÷à äëÿ ìíîãîìåðíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé â ïðîñòðàí-
ñòâå îáîáùåííûõ ôóíêöèé õîðîøî èçó÷åíà. Â ðàáîòàõ àâòîðà äîêàçàíà îäíîçíà÷íàÿ ðàç-
ðåøèìîñòü ýòîé çàäà÷è äëÿ ìíîãîìåðíûõ ãèïåðáîëè÷åñêèõ è ýëëèïòè÷åñêèõ óðàâíåíèé.
Äëÿ ìíîãîìåðíûõ ãèïåðáîëî-ýëëèïòè÷åñêèõ óðàâíåíèé ýòà çàäà÷à íå èññëåäîâàíà.

Ïóñòü Ωαβ− öèëèíäðè÷åñêàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà Em+1 òî÷åê (x1, ..., xm, t),
m ≥ 2, îãðàíè÷åííàÿ öèëèíäðîì Γ = {(x, t) : |x| = 1} è ïëîñêîñòÿìè t = α > 0 è t = β < 0.
Îáîçíà÷èì ÷åðåç Ωα è Ωβ ÷àñòè îáëàñòè Ωαβ, à ÷åðåç Γα, Γβ � ÷àñòè ïîâåðõíîñòè Γ,
ëåæàùèå â ïîëóïðîñòðàíñòâàõ t > 0 è t < 0; σα -âåðõíåå, à σβ � íèæíåå îñíîâàíèå îáëàñòè
Ωαβ. Â îáëàñòè Ωαβ ðàññìîòðèì ìíîãîìåðíûå ãèïåðáîëî-ýëëèïòè÷åñêèå óðàâíåíèÿ

∆xu− (sgnt)utt +
m∑
i=1

ai(x, t)uxi
+ b(x, t)ut + c(x, t)u = 0. (1)

Çàäà÷à 1. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωαβ ïðè t ̸= 0 èç êëàññà C(Ω̄αβ) ∩
C1(Ωαβ) ∩ C2(Ωα ∪ Ωβ), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u
∣∣∣
Γα

= ψ1(t, θ), u
∣∣∣
Γβ

= ψ2(t, θ), u
∣∣∣
σβ

= τ(r, θ), ut

∣∣∣
σβ

= ν(r, θ).

Ïîêàçàíî, ÷òî çàäà÷à 1 èìååò åäèíñòâåííîå ðåøåíèå è ïîëó÷åí åãî ÿâíûé âèä.
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ñêàÿ îáëàñòü, ôóíêöèÿ Áåññåëÿ.
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Êîððåêòíîñòü ñìåøàííîé çàäà÷è äëÿ âûðîæäàþùèõñÿ
ìíîãîìåðíûõ ýëëèïòèêî-ïàðàáîëè÷åñèõ óðàâíåíèé

Ñåðèê Àéìóðçàåâè÷ ÀËÄÀØÅÂ1,a, Àéñóëó Êîáåéñèíêûçû ÒÀÍÈÐÁÅÐÃÅÍ2,b
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Ñìåøàííàÿ çàäà÷à äëÿ âûðîæäàþùèõñÿ ìíîãîìåðíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé â
îáîáùåííûõ ïðîñòðàíñòâàõ õîðîøî èçó÷åíû. Â ðàáîòàõ àâòîðîâ äîêàçàíà êîððåêòíîñòü
ýòîé äëÿ âûðîæäàþùèõñÿ ìíîãîìåðíûõ ýëëèïòè÷åñêèõ óðàâíåíèé è ïîëó÷åí ÿâíûé âèä
êëàññè÷åñêîãî ðåøåíèÿ.

Íàñêîëüêî èçâåñòíî, ýòè âîïðîñû äëÿ âûðîæäàþùèõñÿ ìíîãîìåðíûõ ýëëèïòèêî-ïàðà-
áîëè÷åñêèõ óðàâíåíèé íå èçó÷åíû.

Ïóñòü Ωαβ öèëèíäðè÷åñêàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà Em+1 òî÷åê (x1, ..., xm, t),
îãðàíè÷åííàÿ öèëèíäðîì Γ = {(x, t) : |x| = 1}, ïëîñêîñòÿìè t = α > 0 è t = β < 0 ãäå |x|
� äëèíà âåêòîðà (x1, ..., xm, t).

Îáîçíà÷èì ÷åðåç Ωα è Ωβ ÷àñòè îáëàñòè Ωαβ, à ÷åðåç Γα, Γβ � ÷àñòè ïîâåðõíîñòè Γ,
ëåæàùèå â ïîëóïðîñòðàíñòâàõ t > 0 è t < 0; σα � âåðõíåå, à σβ � íèæíåå îñíîâàíèå
îáëàñòè Ωαβ.

Â îáëàñòè Ωαβ, ðàññìîòðèì âûðîæäàþùèõñÿ ìíîãîìåðíûå ýëëèïòèêî-ïàðàáîëè÷åñêèå
óðàâíåíèÿ

0 =

{
p(t)∆xu+ utt +

∑m
i=1 ai(x, t)uxi

+ b(x, t)ut + c(x, t)u, t > 0

q(t)∆xu− ut +
∑m

i=1 di(x, t)uxi
+ e(x, t)u, t < 0

(1)

ãäå p(t) > 0 ïðè t > 0, p(0) = 0, p(t) ∈ C([0, α]) ∩ C2((0, α)), g(t) > 0 ïðè t > 0, g(t) = 0,
g(t) ∈ C([β, 0]), à ∆x � îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, ..., xm,m ≥ 2.

Çàäà÷à 1. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωαβ ïðè t ̸= 0 èç êëàññà C(Ωαβ) ∩
C1(Ωα)∩C2(Ωα∪Ωβ) , óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì u|Γα = Ψ1(t, θ), u|Γβ

= Ψ2(t, θ),
u|σβ

= φ(t, θ), Ïîêàçàíî, ÷òî çàäà÷à 1 îäíîçíà÷íî ðàçðåøèìà è ïîëó÷åíî ÿâíîå ïðåäñòàâ-
ëåíèå.
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Çàäà÷à Ðîáåíà äëÿ óðàâíåíèÿ Øðåäèíãåðà
íà çâåçäíîì ãðàôå
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Ðàññìîòðèì óðàâíåíèå Øðåäèíãåðà íà çâåçäíîì ãðàôå G(V,E) ñ òðåìÿ ðåáðàìè (j =
1, 2, 3):

i
∂uj
∂t

+
∂2uj
∂x2j

= Gj(xj, t), 0 < xj < Lj, t > 0,

ñ íà÷àëüíûìè óñëîâèÿìè uj(xj, 0) = uj0(xj), 0 ≤ xj ≤ Lj, t = 0 è ãðàíè÷íûìè óñëîâèÿìè
íà ãðàíè÷íûõ âåðøèíàõ uj(Lj, t) = wj

2(t)+p
j
2(t), xj = Lj, t ≥ 0, ñ óñëîâèåì íåïðåðûâíîñòè

âî âíóòðåííåé âåðøèíå

u1(0, t) = u2(0, t) = ... = un(0, t), t ≥ 0,

è ñ óñëîâèåì Êèðõãîôà âî âíóòðåííåé âåðøèíå
n∑

j=1

∂

∂xj
uj(xj, t)|xj=0 = 0.

Òåîðåìà 1. Ðàçðåøàþùàÿ ñèñòåìà óðàâíåíèé äëÿ òðàíñòôîðìàíò çàäà÷è Ðîáåíà íà ãðà-
ôå G ñ òðåìÿ ðåáðàìè èìååò âèä

ŵ1
1(ω)− cos(kL1)ŵ

1
2(ω) + k−1 sin(kL1)p̂

1
2(ω) = F̂ 1

1 (ω),

ŵ1
2(ω)− cos(kL1)ŵ

1
1(ω)− k−1 sin(kL1)p̂

1
1(ω) = F̂ 1

2 (ω),

ŵ2
1(ω)− cos(kL2)ŵ

2
2(ω) + k−1 sin(kL2)p̂

2
2(ω) = F̂ 2

1 (ω),

ŵ2
2(ω)− cos(kL2)ŵ

2
1(ω)− k−1 sin(kL2)p̂

2
1(ω) = F̂ 2

2 (ω),

ŵ3
1(ω)− cos(kL3)ŵ

3
2(ω) + k−1 sin(kL3)p̂

3
2(ω) = F̂ 3

1 (ω),

ŵ3
2(ω)− cos(kL3)ŵ

3
1(ω)− k−1 sin(kL3)p̂

3
1(ω) = F̂ 3

2 (ω),
w1

1(t)− w2
1(t) = 0,

w2
1(t)− w3

1(t) = 0,
p11(t) + p21(t) + p31(t) = 0,
w1

2(t) + p12(t) = µ1(t),
w2

2(t) + p22(t) = µ2(t),
w3

2(t) + p32(t) = µ3(t).

Ðåøåíèå çàäà÷è Ðîáåíà îïðåäåëÿëîñü ìåòîäîì îáîáùåííûõ ôóíêöèé, à íåèçâåñòíûå
ãðàíè÷íûå ôóíêöèé îïðåäåëÿëèñü ñ ïîìîùüþ ïðåîáðàçîâàíèé Ôóðüå.
Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP23489777 ÌÍÂÎ ÐÊ.
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Êîððåêòíûå ñóæåíèÿ äëÿ îïåðàòîðà ïåðâîãî ïîðÿäêà,
ñâÿçàííîãî ñ îáðàòíûìè çàäà÷àìè âîññòàíîâëåíèÿ

èñòî÷íèêà

Ã.À. ÀÓÁÀÊÈÐÎÂÀa, Ì.À. ÑÀÄÛÁÅÊÎÂb
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Ïðîäåìîíñòðèðîâàíî ïðèìåíåíèå òåîðèè Ì.Îòåëáàåâà [1-3] î êîððåêòíûõ ñóæåíèÿõ
è ðàñøèðåíèÿõ îïåðàòîðîâ ê îáðàòíûì çàäà÷àì ïî âîññòàíîâëåíèþ èñòî÷íèêà âíåøíåãî
âëèÿíèÿ. Äëÿ ýòîãî ðàññìîòðåíû îïåðàòîðû, çàäàííûå íà âåêòîðàõ, îäíà èç êîìïîíåíò
êîòîðûõ ÿâëÿåòñÿ ôóíêöèåé, à äðóãèå � ñêàëÿðû.

Ïóñòü H � ãèëüáåðòîâî ïðîñòðàíñòâî ïàð f =

(
f1(x)
f2

)
, ãäå f1(x) ∈ L2(0, T ), f2 ∈ C, ñî

ñêàëÿðíûì ïðîèçâåäåíèåì ⟨f, g⟩H = ⟨f1, g1⟩L2(0,T ) + f2ḡ2.

Ðàññìîòðèì ìàêñèìàëüíûé îïåðàòîð L̂, çàäàííûé âûðàæåíèåì

L̂y ≡ L̂

(
y1(x)
y2

)
=

(
y1(x)− qy2

ay1(0) + by1(T )

)
,

íà îáëàñòè îïðåäåëåíèÿ D(L̂) = {y ∈ H : y1 ∈ W 1
2 (0, T ), y2 ∈ C}, ãäå a, b, q � èçâåñòíûå

ïîñòîÿííûå êîýôôèöèåíòû è a+ b ̸= 0.
Åãî ÿäðî ÿâëÿåòñÿ îäíîïàðàìåòðè÷åñêèì ñåìåéñòâîì

Ker{L̂} =

{
y ∈ H : y = Const

(
q ((a+ b)x− bT )

a+ b

)}
.

Ïî òåîðèè Ì. Îòåëáàåâà, îïåðàòîð L−1
k , îïðåäåëÿåìûé ôîðìóëîé

L−1
k f = L−1f +Kf,

ÿâëÿåòñÿ îáðàòíûì ê âñåâîçìîæíûì êîððåêòíûì ñóæåíèÿì îïåðàòîðà L̂, ãäå K îãðàíè-
÷åííûé îïåðàòîð â L2(0, T ), óäîâëåòâîðÿþùèé óñëîâèþ

R(K) ⊂ KerL̂,

a L−1f � îáðàòíûé ê íåêîòîðîìó èçâåñòíîìó êîððåêòíîìó ñóæåíèþ. Ïî òåîðåìå Ðèññà
ïðåäñòàâëåíèå îïåðàòîðà K èìååò âèä

Kf =

[ ∫ T

0

f1(t)σ1(t) dt+ f2σ2

](
q ((a+ b)x− bT )

a+ b

)
, σ1 ∈ L2(0, T ), σ2 ∈ C.

Â êà÷åñòâå èçâåñòíîãî êîððåêòíîãî ñóæåíèÿ âûáåðåì îïåðàòîð

Ly = L̂y,D(L) = {y ∈ H : y1(0) = 0},

Ýòîò îïåðàòîð êîððåêòíûé, åãî îáðàòíûé ñóùåñòâóåò, îïðåäåëåí íà âñåì ïðîñòðàíñòâå H
è îãðàíè÷åí.

L−1f = L−1

(
f1(x)
f2

)
=

(∫ T

0
k1(x, t)f1(t) dt+

f2
bT
x∫ T

0
k2f1(t) dt+

f2
qbT

)
,
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ãäå k1(x, t) = θ(x−t)− 1
T
x, k2 = − 1

qT
. Ñëåäîâàòåëüíî, èìååì îïèñàíèå îáðàòíûõ îïåðàòîðîâ

ê âñåâîçìîæíûì êîððåêòíûì ñóæåíèÿì â âèäå

L−1
k

(
f1(x)
f2

)
=

(∫ T

0
k1(x, t)f1(t) dt+

f2
bT
x∫ T

0
k2f1(t) dt+

f2
qbT

)
+[ ∫ T

0

f1(t)σ1(t) dt+ f2σ2

](
q ((a+ b)x− bT )

a+ b

)
ãäå σ1 ∈ L2(0, T ), σ2 ∈ C.

Åãî ïðÿìîé îïåðàòîð èìååò ñëåäóþùèé âèä

Lky = L̂y,D(Lk) =

{
y ∈ H : y1(0) (1− bTσ1(0)) + by1(T ) (Tσ1(T ) + y2)−

bTqy2

∫ T

0

σ1(t)dt− bT

∫ T

0

y1(t)σ′
1(t)dt = 0

}
.

Â òåîðèè, ðàçðàáîòàííîé Ì. Îòåëáàåâûì, äîêàçàíî, ÷òî êîððåêòíîå ñóæåíèå ÿâëÿåòñÿ
ãðàíè÷íûì åñëè è òîëüêî åñëè σ ∈ Ker{L∗

0}. Íå ñëîæíî óáåäèòüñÿ â òîì, ÷òî

Ker{L∗
0} =

{
u =

(
u1(x)
u2

)
∈ H : u1(x) = const, u2 = 0, ∀x ∈ [0, T ]

}
.

Ïîýòîìó âñå êîððåêòíûå ãðàíè÷íûå èìåþò âèä

Lky = L̂y,D(Lk) =
{
y ∈ H : (1− αbT )y1(0) + αbTy1(T ) = αbqT 2y2

}
,

ãäå α � ïðîèçâîëüíîå êîìïëåêñíîå ÷èñëî.
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Î ðàçðåøèìîñòè êðàåâîé çàäà÷è äëÿ èìïóëüñíûõ
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïàðàìåòðîì
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1Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2Êàçàõñêèé íàöèîíàëüíûé æåíñêèé ïåäàãîãè÷åñêèé óíèâåðñèòåò

E-mail: ae.bakirova@math.kz, bnessipbayeva@mail.ru

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ êðàåâàÿ çàäà÷à äëÿ èìïóëüñíûõ èíòåãðî-äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ ïàðàìåòðîì

dx

dt
= A(t)x+

T∫
0

φ(t)ψ(s)x(s)ds+ A0(t)µ+ f(t), t ̸= θj, x ∈ Rn, (1)

B0µ+M0x(0) + L0x(T ) = d0, d0 ∈ Rn+l, µ ∈ Rl, (2)
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Mix(θi − 0)− Lix(θi + 0) = di, di ∈ Rn, i = 1,m. (3)

Íà îñíîâå ìåòîäà ïàðàìåòðèçàöèè áûëè óñòàíîâëåíû óñëîâèÿ ðàçðåøèìîñòè êðàåâîé
çàäà÷è äëÿ èìïóëüñíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïàðàìåòðîì (1)-(3) è
ïîñòðîåíû àëãîðèòìû íàõîæäåíèÿ åå ðåøåíèÿ.
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Îá îäíîé êðàåâîé çàäà÷å äëÿ âûðîæäàþùåãîñÿ óðàâíåíèÿ
ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà ñ óñëîâèåì Ôðàíêëÿ

Ô.Õ. ÁÅÃÈÌÊÓËÎÂ

Óíèâåðñèòåò ¾Perfect¿, Òàøêåíò, Óçáåêèñòàí

E-mail: begimqulov.fozil181511@gmail.com

Êðàåâûå çàäà÷è ñ óñëîâèåì Ôðàíêëÿ äëÿ óðàâíåíèé ñìåøàííîãî ïàðàáîëî-
ãèïåðáîëè÷åñêîãî, ýëëèïòèêî-ãèïåðáîëè÷åñêîãî è ýëëèïòèêî-ïàðàáîëè÷åñêîãî òèïîâ ñ îä-
íîé ëèíèåé âûðîæäåíèÿ èçó÷åíû â ðàáîòå [1], à äëÿ óðàâíåíèé ñ äâóìÿ ëèíèÿìè âûðîæ-
äåíèÿ â ðàáîòàõ [2],[3].

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ êðàåâàÿ çàäà÷à òèïà Ôðàíêëÿ äëÿ óðàâíåíèÿ
ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà

0 ≡

 ynuxx + xnuyy, Ω0,
(−y)nuxx − xnuyy, Ω1,
ynuxx − (−x)nuyy, Ω2,

(1)

Ïóñòü Ω0 - êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü â ïëîñêîñòè ïåðåìåííûõ x, y, îãðàíè÷åííàÿ
x > 0, y > 0 íîðìàëüíîé êðèâîé σ : x2p + y2p = 1 ñ êîíöàìè â òî÷êàõ B(1, 0) è A0(0, 1),
à Ω1(Ω2)− îáëàñòü, îãðàíè÷åííàÿ îòðåçêîì x = 0 (−1 < y < 0) [y = 0 (−1 ≤ x ≤ 0)]
è õàðàêòåðèñòèêàìè BC : (−x)p + yp = 1, [DA0 : xp + (−y)p = 1], ïðè x > 0, y < 0
[x < 0, y > 0].

Ââåäåì îáîçíà÷åíèÿ:

J1 = {(x, y) : 0 < x < 1, y = 0} , J2 = {(x, y) : 0 < y < 1, x = 0} ,

Ω = Ω0 ∪ J1 ∪ Ω1 ∪ J2 ∪ Ω2,Ω11 = Ω1 ∩ {(x, y) : x+ y > 0} ,

Ω12 = Ω1 ∩ {(x, y) : x+ y < 0} , Ω21 = Ω2 ∩ {(x, y) : x+ y > 0} ,

Ω22 = Ω2 ∩ {(x, y) : x+ y < 0} , Ω∗ = Ω0 ∪ Ω11 ∪ J1, Ω∗∗ = Ω0 ∪ Ω21 ∪ J2,

∆ = Ω0 ∪ Ω11 ∪ Ω21, AC0 : x
p − (−y)p = 0, AC1 : y

p − (−x)p = 0,

C0

(
2−1/p;−2−1/p

)
= AC0 ∩BC, C1

(
−2−1/p; 2−1/p

)
= AC1 ∩ A0D.
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Çàäà÷à F. Íàéòè â îáëàñòè Ω ôóíêöèþ u(x, y) ñî ñëåäóþùèìè ñâîéñòâàìè:
1)u(x, y) ∈ C

(
Ω
)
∩ C2 (∆ ∪ Ω12 ∪ Ω22) ;

2) u(x, y) óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ Ω0, Ω11, Ω12, Ω21, Ω22;
3) ux ∈ C (Ω∗) è uy ∈ C (Ω∗∗) , ïðè÷åì îíè ìîãóò îáðàùàòüñÿ â áåñêîíå÷íîñòü ïîðÿäêà
ìåíüøå 1− 2α â òî÷êàõ A0, B è îãðàíè÷åíû â òî÷êå A;
4) u(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u(x, y)| σ = φ(x, y), (x, y) ∈ σ, (2)

u(x, y)| BC0 = ψ1(x), 2
−1/p ⩽ x ⩽ 1, (3)

u(x, y)| A0C1 = ψ2(y), 2
−1/p ⩽ y ⩽ 1, (4)

u(+x, 0) = µ1(x)u(−x, 0) + ρ1(x), (x, 0) ∈ J1, (5)

ux(0,+y) = µ2(y)ux(0,−y) + ρ2(y), (0, y) ∈ J2. (6)

ãäå ψ1(x), µ1(x), ρ1(x), φ(x, y), ψ2(y), µ2(y), ρ2(y) � çàäàííûå ôóíêöèè.
Â äàííîé ðàáîòå äîêàçàíà òåîðåìà îá îäíîçíà÷íîé ðàçðåøèìîñòè ðåøåíèÿ çàäà÷è F.
Êëþ÷åâûå ñëîâà: Êðàåâàÿ çàäà÷à, ñìåøàííîãî òèïà, ïðèíöèï ýêñòðåìóìà, ñóùåñòâîâàíèå è åäèíñòâåííîñòü
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ðû.
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Íåëèíåéíûå óðàâíåíèÿ ìîäåëèðóþò ðàçëè÷íûå ïðèêëàäíûå çàäà÷è ãèäðîàýðîìåõàíè-
êè, õèìè÷åñêîé êèíåòèêè, òåîðèè êàòàëèòè÷åñêèõ ðåàêöèé è ò. ä. Â áîëüøèíñòâå ôèçè÷å-
ñêèõ çàäà÷ îïðåäåëåíèå îáîáùåííîãî ðåøåíèÿ äèêòóåòñÿ ïîñòàíîâêîé çàäà÷è (íàïðèìåð, â
ãàçîâîé äèíàìèêå îñíîâíûìè ôèçè÷åñêèìè çàêîíàìè ÿâëÿþòñÿ çàêîíû ñîõðàíåíèÿ ìàññû,
èìïóëüñà, ýíåðãèè, à îáîáùåííîå ðåøåíèå îïðåäåëÿþòñÿ êàê òå÷åíèå, óäîâëåòâîðÿþùåå
ýòèì îñíîâíûì çàêîíàì) [1].

Íà Ω = [0, T ] × Rm × Rk ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåì óðàâíåíèÿ â
÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà

∂u

∂t
+

m∑
j=1

aj (t, x, y)
∂u

∂xj
+

k∑
j=1

bj (t, x, y)
∂u

∂yj
= P (t, x, y)u+ f (t, x, y) (1)

B (x, y)u (0, x, y) + C (x, y)u (T, x, y) = d (x, y) , (2)
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ãäå t ∈ [0, T ], x = (x1, . . . , xm) ∈ Rm, y = (y1, . . . , yk) ∈ Rk, a(t, x, y), b(t, x, y) � íåïðåðûâíûå
âåêòîð-ôóíêöèè ðàçìåðíîñòè ñîîòâåòñòâåííî m, k, îáëàäàþùèìè ñâîéñòâàìè ïåðèîäè÷íî-
ñòè, ãëàäêîñòè

a (t, x+ qω, y) = a (t, x, y) ∈ C
(0,1,1)
t,x,y

(
[0, T ]×Rm ×Rk

)
,

b (t, x+ qω, y) = b (t, x, y) ∈ C
(0,1,1)
t,x,y

(
[0, T ]×Rm ×Rk

)
, (3)

è îãðàíè÷åííîñòè ñ íîðìîé, ìàêñèìèçèðóþùåé åâêëèäîâóþ ìåòðèêó âåêòîð-ôóíêöèè

||a|| ≤ α0,

∣∣∣∣∣∣∣∣ ∂∂xa
∣∣∣∣∣∣∣∣ ≤ α1,

∣∣∣∣∣∣∣∣ ∂∂ya
∣∣∣∣∣∣∣∣ ≤ α2,

||b|| ≤ β0,

∣∣∣∣∣∣∣∣ ∂∂xb
∣∣∣∣∣∣∣∣ ≤ β1,

∣∣∣∣∣∣∣∣ ∂∂yb
∣∣∣∣∣∣∣∣ ≤ β2, (4)

äëÿ âñåõ q = (q1, . . . , qm) ∈ Zm, Z � ìíîæåñòâî öåëûõ ÷èñåë. Ïåðèîäû ω1, . . . , ωm � ïî-
ëîæèòåëüíûå íåñîèçìåðèìûå ïîñòîÿííûå, qω = (q1ω1, q2ω2, . . . , qmωm) � âåêòîð êðàòíûõ
ïåðèîäîâ, ω = (ω1, . . . , ωm) , α0, β0, α1, α2, β1, β2 � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå.

P (t, x, y) �� n1 × n1-ìàòðèöà, îáëàäàþùàÿ ñâîéñòâàìè ïåðèîäè÷íîñòè ïî ÷àñòè ïåðå-
ìåííûõ è îãðàíè÷åííîñòè:

||P (t, x, y)|| ≤ k0 = const > 0,

P (t, x+ qω, y) = P (t, x, y) ∈ C
(
[0, T ]×Rm ×Rk

)
, q ∈ Zm (5)

f (t, x, y) �� n1-âåêòîð-ôóíêöèÿ, îáëàäàþùàÿ ñâîéñòâàìè ïåðèîäè÷íîñòè

f (t, x+ qω, y) = f (t, x, y) ∈ C
(
[0, T ]×Rm ×Rk

)
, q ∈ Zm (6)

è îãðàíè÷åííîñòè
||f(t, x, y)|| ≤ K = const > 0. (7)

Â,Ñ � n1 × n1 � ìàòðèöû, îáëàäàþùèå ñâîéñòâàìè ïåðèîäè÷íîñòè ïî ÷àñòè ïåðåìåííûõ
è îãðàíè÷åííîñòè, d ∈ (Rm ×Rk).

B (x+ qω, y) = B (x, y)

C (x+ qω, y) = C (x, y)

||B|| ≤ B0 = const > 0, ||C|| ≤ C0 = const > 0 (8)

d (x+ qω, y) = d (x, y) ∈
(
Rm ×Rk

)
(9)

u = (u1, . . . , un1) � èñêîìàÿ âåêòîð-ôóíêöèÿ, îáëàäàþùàÿ ñâîéñòâàìè ïåðèîäè÷íîñòè

u (t, x+ qω, y) = u (t, x, y)

è óäîâëåòâîðÿþùàÿ íà÷àëüíîìó óñëîâèþ

u (0, x, y) = µ (x, y) (10)

Ïîñòàíîâêà çàäà÷è. Íàéòè ïåðèîäè÷åñêèå ïî ÷àñòè ïåðåìåííûõ ðåøåíèÿ â øèðîêîì
ñìûñëå êðàåâîé çàäà÷è (1)-(2).

Îïðåäåëåíèå. Íåïðåðûâíàÿ â [0, T ] × Rm × Rk ôóíêöèÿ u(t, x, y) íàçûâàåòñÿ ïåðè-
îäè÷åñêîé ïî ÷àñòè ïåðåìåííûõ ðåøåíèåì â øèðîêîì ñìûñëå çàäà÷è (1)-(2), åñëè îíà
óäîâëåòâîðÿåò êðàåâîìó óñëîâèþ (2), à òàêæå ïåðèîäè÷íà ïî x ñ âåêòîð-ïåðèîäîì (ω),
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îãðàíè÷åíà ïî âñåì ïåðåìåííûì è âäîëü õàðàêòåðèñòèêè {λ(t, 0, x0, y0), ξ(t, 0, x0, y0)} , óäî-
âëåòâîðÿåò ñèñòåìå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

dũ

dt
= P̃ (t, λ, ξ) ũ+ f̃ (11)

ãäå
ũ = u (t, λ (t, 0, x0, y0) , ξ (t, 0, x0, y0)) , P̃ = P (t, λ (t, 0, x0, y0) , ξ (t, 0, x0, y0))

f̃ = f (t, λ (t, 0, x0, y0) , ξ (t, 0, x0, y0)) .

Ðåøåíèÿ ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé âûñîêîãî
ïîðÿäêà ìåòîäîì ïàðàìåòðèçàöèè ðàññìîòðåíû â ðàáîòàõ Äæóìàáàåâà Ä.Ñ., Àñàíîâîé À.Ò
è äð. [2-6].

Äëÿ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è ïðèìåíÿåòñÿ ìåòîä ïàðàìåòðèçàöèè, ïðåäëî-
æåííûé ïðîôåññîðîì Ä.Äæóìàáàåâûì. Êðàåâàÿ çàäà÷à äëÿ ñèñòåì óðàâíåíèé â ÷àñò-
íûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà ïóòåì ââåäåíèÿ ôóíêöèîíàëüíîãî ïàðàìåòðà µ̃ (λ, ξ) =
ũ (0, λ, ξ) ñâîäèòñÿ ê ýêâèâàëåíòíîé êðàåâîé çàäà÷å äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé ñ îäíîðîäíûì íà÷àëüíûì óñëîâèåì è ôóíêöèîíàëüíûì ñîîòíîøåíè-
åì.

Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè
Êàçàõñòàí (ÈÐÍ AP19675358).

Êëþ÷åâûå ñëîâà: ñèñòåìû óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ, êðàåâàÿ çàäà÷à, ðåøåíèÿ â øèðîêîì ñìûñëå,
ïåðèîäè÷åñêèå ðåøåíèÿ, ôóíäàìåíòàëüíîå ðåøåíèå.
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Ïóñòü π � ïàðàëëåëåïèïåä â Rn, n ãðàíåé êîòîðîãî ëåæàò â êîîðäèíàòíûõ ïîäïðî-
ñòðàíñòâàõ ξ = 0, i = 1, n. Îáîçíà÷èì ÷åðåç πi åãî (n− 1)-ìåðíóþ ãðàíü, ëåæàùóþ â
ïîäïðîñòðàíñòâå ξ = 0, i = 1, n. Ðàññìîòðèì îäíîðîäíóþ ñèñòåìó ëèíåéíûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôèöèåíòàìè:

P (D)u = 0, (1)

ãäå Pij (D), i = 1, t, j = 1, s �ïðîèçâîëüíûå ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû ñ ïî-
ñòîÿííûìè êîýôôèöèåíòàìè, à ÷èñëà t è s ïðîèçâîëüíû, ãäå u = (u1, ..., us) � íåèçâåñòíàÿ
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âåêòîð ôóíêöèÿ. Ïîñòðîèì äëÿ ïðîèçâîëüíîãî ëèíåéíîãî ñëàáî ãèïåðáîëè÷åñêîãî îïåðàòî-
ðà P (D) ïðîäîëæåíèÿ îáîáùåííûõ ðåøåíèé óðàâíåíèÿ (1), îïðåäåëåííûõ â îêðåñòíîñòè n
ãðàíåé ïàðàëëåëåïèïåäà â îêðåñòíîñòü ïàðàëëåëåïèïåäà π â êëàññå îáîáùåííûõ ôóíêöèé
áåñêîíå÷íîãî ïîðÿäêà.

Òåîðåìà. ÏóñòüN ′ ⊂
⋃n

k=1 {zk ∈ Cn, zk = 0}, òîãäà ñóùåñòâóåò ÷èñëî h < 1, çàâèñÿùåå
ëèøü îò îïåðàòîðà P , ÷òî äëÿ ëþáîãî B > 0 è äëÿ ëþáîé îêðåñòíîñòè L êîìïàêòà

⋃n
k=1 πk

ñóùåñòâóåò îêðåñòíîñòü L′ ïàðàëëåëåïèïåäà π òàêàÿ, ÷òî âñÿêóþ ôóíêöèþ u ∈ [Uβ
L ]

s,
ÿâëÿþùóþñÿ ðåøåíèåì óðàâíåíèÿ (1) íà L, ìîæíî ïðîäîëæèòü ôóíêöèåé υ ∈ [Uβ

L′ ], ÿâëÿ-
þùóþñÿ ðåøåíèåì óðàâíåíèÿ (1) íà L′, òî

∥υ∥β,B
′

L′ ⩽ c ∥u∥β,BL ,

ãäå êîíñòàíòû B′è c íå çàâèñÿò îò u.

Ñîãëàñíî òåîðåìå Ïàëàìîäîâà ñì.[1](ãë.IV,§4,òåîð.2) ôóíêöèîíàë u èìååò n ïðåäñòàâ-
ëåíèé:

(u, φ) =
l∑

λ=0

∫
Nλ

dλ (z,Dz)φ̃
∗µλ,i, ∀φ ∈

[
Dβ,B1

πα−1
i

]s
, i = 1, n,

ïðè÷åì âåêòîðíûå ìåðû µλ,i =
(
µλ,i
1 , ..., µλ,i

eλ

)
òàêîâû, ÷òî

l∑
λ=0

∫
Nλ

exp

(
−β
e

(
|z|
B1

) 1
β

)
Jπα−1

i
(y)
∣∣µλ,i

∣∣ ≤ c1 ∥u∥β,B
πα
i

, i = 1, n.

Ïîýòîìó ∀φ ∈
[
Dβ

(
⋃n

k=1 πk)
α−6

]s
èìååì

(υ, φ) =
n∑

i=1

(υ, φi) =
n∑

i=1

(u, φi) = (u, φ) .

Êëþ÷åâûå ñëîâà: àëãåáðàè÷åñêàÿ ìíîãîîáðàçèÿ, êîìïëåêñíàÿ ïðÿìàÿ, íåñîáñòâåííûå òî÷êè, ãèïåðïëîñêîñòü,
âûïóêëûé êîìïàêò, õàðàêòåðèñòè÷åñêîå ìíîæåñòâî
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Â äîêëàäå ðàññìàòðèâàåòñÿ ïîñòàíîâêà íîâûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ äâóìåðíî-
ãî âîëíîâîãî óðàâíåíèÿ ñ íåëîêàëüíûìè óñëîâèÿìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì,
ÿâëÿþùèìèñÿ ìíîãîìåðíûìè îáîáùåíèÿìè çàäà÷è Ñàìàðñêîãî-Èîíêèíà. Îáëàñòüþ ðàñ-
ñìîòðåíèÿ çàäà÷è ÿâëÿåòñÿ êðóãîâîé öèëèíäð Q ñ îñüþ âäîëü îñè t. Ñòàâÿòñÿ êëàññè÷å-
ñêèå íà÷àëüíûå óñëîâèÿ íà îñíîâàíèè öèëèíäðà è íîâûå íåëîêàëüíûå êðàåâûå óñëîâèÿ íà
ïðîñòðàíñòâåííûõ (áîêîâûõ) ãðàíèöàõ öèëèíäðà.

Ïóñòü Ω = {(r, φ) : 0 ≤ r < 1, 0 ≤ φ ≤ 2π} � åäèíè÷íûé êðóã, Q = {(r, φ, t) : 0 ≤ r <
1, 0 ≤ φ ≤ 2π, 0 < t < T} � ïðÿìîé êðóãîâîé öèëèíäð.

Áóäåì ðàññìàòðèâàòü íîâóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó äëÿ äâóìåðíîãî âîëíîâîãî
óðàâíåíèÿ:

utt(r, φ, t)−∆u(r, φ, t) = f(r, φ, t), (r, φ, t) ∈ Q, (1)

ãäå ∆ � îïåðàòîð Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ (r, φ).
Áóäåì èñïîëüçîâàòü êëàññè÷åñêèå íà÷àëüíûå óñëîâèÿ

u|t=0 = τ(r, φ), ut|t=0 = ν(r, φ), (r, φ) ∈ Ω, (2)

è íåëîêàëüíûå êðàåâûå óñëîâèÿ íà áîêîâîé ãðàíèöå êðóãîâîãî öèëèíäðà

u(1, φ, t)− u(1, 2π − φ, t) = 0, 0 ≤ φ ≤ π, 0 ≤ t ≤ T, (3)

∂u

∂r
(1, φ, t)− β

∂u

∂r
(1, 2π − φ, t) = 0, 0 ≤ φ ≤ π, 0 ≤ t ≤ T. (4)

Çäåñü β ̸= 1 � ôèêñèðîâàííîå äåéñòâèòåëüíîå ÷èñëî.
Ïðàâóþ ÷àñòü óðàâíåíèÿ è íà÷àëüíûå óñëîâèÿ ìû áåðåì èç ñëåäóþùåãî ¾ñòàíäàðòíî-

ãî¿ êëàññà ãëàäêîñòè äëÿ ãèïåðáîëè÷åñêèõ çàäà÷: f(r, φ, t) ∈ C1+ϵ(Q̄); τ(r, φ) ∈ C2+ϵ(Ω̄);
ν(r, φ) ∈ C1+ϵ(Ω̄). Äîïîëíèòåëüíî îò τ(r, φ) è ν(r, φ) ïîòðåáóåì óäîâëåòâîðåíèå êðàåâûì
óñëîâèÿì (3), (4).

Äëÿ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (1)-(4) ìû ïðèìåíÿåì ìåòîäèêó ñâåäåíèÿ ê ïî-
ñëåäîâàòåëüíîìó ðåøåíèþ äâóõ íà÷àëüíî-êðàåâûõ çàäà÷ ñ ñàìîñîïðÿæåííûìè êðàåâûìè
óñëîâèÿìè ïî ïðîñòðàíñòâåííîé ïåðåìåííîé, ïðåäëîæåííóþ â [1] äëÿ ñëó÷àÿ îäíîìåðíûõ
ïàðàáîëè÷åñêèõ íà÷àëüíî-êðàåâûõ çàäà÷ ñ íåóñèëåííî ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè.

Îñíîâíûì ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî êîððåêòíîñòè ñôîðìóëèðîâàí-
íîé çàäà÷è â êëàññè÷åñêîì ñìûñëå.

Funding: Àâòîðû ïîääåðæàíû ãðàíòîì �AP14869063 ÌÍÂÎ ÐÊ.

Keywords: ìíîãîìåðíîå âîëíîâîå óðàâíåíèå, íåëîêàëüíîå êðàåâîå óñëîâèå, óñëîâèå Ñàìàðñêîãî-Èîíêèíà, êëàñ-
ñè÷åñêîå ðåøåíèå.
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Î íà÷àëüíî-ãðàíè÷íîé çàäà÷å äëÿ âûðîæäàþùåãîñÿ
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Ïóñòü 0 < T <∞ è Ω ⊂ Rn � îãðàíè÷åííàÿ îáëàñòü ñ ãðàíèöåé ∂Ω ∈ C2, Q = Ω×(0, T ),
Σ = ∂Ω × (0, T ). Ðàññìîòðèì ñëåäóþùóþ íà÷àëüíî-ãðàíè÷íóþ çàäà÷ó äëÿ âûðîæäàþùå-
ãîñÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

∂t
(
t12/7∂tu(x, t)

)
−∆u(x, t) = f(x, t) â Q, (1)

u(x, t) = 0 íà Σ, (2)

u(x, 0) = 0, lim
t→+0

t12/7∂tu(x, t) = 0 â Ω. (3)

Òåîðåìà 1. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:

f(x, t) ∈ L2(Q),
f(x, t)

tα
∈ L2(Q),

∆f(x, t)

tα
∈ L2(Q), α > 3/7.

Òîãäà çàäà÷à (1)�(3) îäíîçíà÷íî ðàçðåøèìà, è èìååò ìåñòî àïðèîðíàÿ îöåíêà

∥u(x, t)∥2W (Q;t12/7) ≡ ∥u(x, t)∥2L2(Q) + ∥t12/7∂tu(x, t)∥2W 1
2 (0,T ;L2(Q)) + ∥∆u(x, t)∥2L2(Q)

≤ C

[
∥f(x, t)∥2L2(Q) +

∥∥∥∥f(x, t)tα

∥∥∥∥2
L2(Q)

+

∥∥∥∥∆f(x, t)tα

∥∥∥∥2
L2(Q)

]
.
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Î ÷èñëåííîé ðåàëèçàöèè ìåòîäà ïàðàìåòðèçàöèè ðåøåíèÿ
êðàåâîé çàäà÷è äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî

óðàâíåíèÿ ñ çàïàçäûâàíèåì
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Èññëåäóåòñÿ ëèíåéíàÿ êðàåâàÿ çàëà÷à äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ ñ çàïàçäûâàíèåì

dx(t)

dt
= A0(t)x(t) + A1(t)x(t− τ)+

+
N∑
i=1

Ki(t)x(θi) + f(t), x ∈ Rn, t ∈ (0, T ), τ > 0, (1)

x(t) = ϕ(t), t ∈ [−τ, 0], (2)

Bx(0) + Cx(T ) = d, d ∈ Rn, (3)

ãäå ìàòðèöû A0(t), A1(t), Ki(t) ∈ Rn,n (i = 1, N) è ôóíêöèÿ f(t) ∈ Rn íåïðåðûâíû íà [0, T ],
ϕ(t) ∈ Rn íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ [−τ, 0], B, C ∈ Rn,n, d � ïîñòîÿííû,
τ � çàïàçäûâàíèå, θi (i = 1, N) òî÷êè íàãðóçêè òàêèå, ÷òî 0 = θ1 < τ < θ2 < 2τ < . . . <
θN < T .

Íà îñíîâå èäåé ìåòîäà ïàðàìåòðèçàöèè [1] äëÿ êðàåâîé çàäà÷è (1)-(3) ïîëó÷åíû óñëîâèÿ
ðàçðåøèìîñòè è ïîñòðîåí àëãîðèòì íàõîæäåíèÿ åå ïðèáëèæåííîãî ðåøåíèÿ.
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Î ñèñòåìå êîðíåâûõ âåêòîðîâ íàãðóæåííîãî ðåãóëÿðíîãî
äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî ïîðÿäêà, íå

îáëàäàþùåãî ñâîéñòâîì áàçèñíîñòè
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Ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ íàãðóæåííîãî äèôôåðåíöèàëüíîãî îïåðà-
òîðà âòîðîãî ïîðÿäêà

L1v ≡ ˘v′′(x)− p(x)v′(0) = λv(x), 0 < x < 1 (1)

ñ êðàåâûìè óñëîâèÿìè

v′(1) + λv(0) = 0, v(0) + v(1) = 0, ïðè α > 0. (2)
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Òåîðåìà 1. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü íàãðóæåííîãî äèôôåðåíöèàëüíîãî
îïåðàòîðà L1 ïðåäñòàâèì â âèäå

∆1(λ) = ∆0(λ)

[
1 + α

(
∞∑
k=1

(
C

(2)
k

λ− (2βk)
2 +

C
(1)
k

λ− (π + 2πk)2

)
+

+
∞∑
k=1

αk · 2δk
C

(2)
k

λ− (2βk)
2

)]
, (3)

ãäå ∆0(λ) = α sin
√
λ−

√
λ
(
1 + cos

√
λ
)
� õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü íåâîçìóùåí-

íîãî îïåðàòîðà L0v = −v′′(x) = λv(x) ñ êðàåâûìè óñëîâèÿìè (2), à αk � êîýôôèöèåíòû

Ôóðüå ðàçëîæåíèÿ p(x) =
∞∑
k=0

αkvk(x) ïî áèîðòîãîíàëüíîé ñèñòåìå {vk(x)}, ñîñòàâëåííîé

èç ñîáñòâåííûõ ôóíêöèé ñîïðÿæåííîãî íåâîçìóùåííîãî îïåðàòîðà.
Òåîðåìà 2. Ìíîæåñòâî ôóíêöèé p(x), äëÿ êîòîðûõ ñèñòåìà ñîáñòâåííûõ ôóíêöèé

íàãðóæåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ îïåðàòîðà L1 â ïðîñòðàíñòâå L2(0, 1) íå îá-
ðàçóåò áåçóñëîâíîãî áàçèñà, ÿâëÿåòñÿ ïëîòíûì â L2(0, 1).

Âûâîä: ñîïðÿæåííûå îïåðàòîðû îäíîâðåìåííî íå îáëàäàþò ñâîéñòâîì áàçèñíîñòè.
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Îá îáîáùåííîé ñïåêòðàëüíîé çàäà÷å äëÿ âîçìóùåííîãî
áè-Ëàïëàñèàíà â êâàäðàòíîé îáëàñòè

Ì.Ò. ÄÆÅÍÀËÈÅÂa, Ì.Ã. ÅÐÃÀËÈÅÂb Á.Ê. ÎÐÛÍÁÀÑÀÐc

ÈÌÌÌ, Àëìàòû, Êàçàõñòàí

E-mail: amuvasharkhan@gmail.com, bergaliev.madi.g@gmail.com, cqairatulybekzat@gmail.com

Ñïåêòðàëüíûå çàäà÷è äëÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ íèêîãäà íå òåðÿëè ñâîåé
èñêëþ÷èòåëüíîé âàæíîñòè è ïðèêëàäíîé íåîáõîäèìîñòè: (à) ïðè èññëåäîâàíèè âîïðî-
ñîâ ñîâìåñòíîñòè ìàòåìàòè÷åñêèõ ìîäåëåé, (á) ïðè ïðèáëèæåííîì ðåøåíèè ãðàíè÷íûõ
è íà÷àëüíî-ãðàíè÷íûõ çàäà÷, (â) ïðè îáîñíîâàíèè âû÷èñëèòåëüíûõ àëãîðèòìîâ, (ã) äëÿ
ðàçâèòèÿ ñîáñòâåííî ñïåêòðàëüíîé òåîðèè è ò.ä.

Â ðàáîòå íàéäåíû ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè äëÿ îäíîãî âîçìó-
ùåííîãî áèãàðìîíè÷åñêîãî îïåðàòîðà (áè-Ëàïëàñèàíà) (∂4x + ∂4y)u ≡ [(−∆)2 − 2∂2x∂

2
y ]u =

λ2(−∆)u â êâàäðàòíîé îáëàñòè Ω = {0 < x, y < l} ñ óñëîâèÿìè Äèðèõëå u = ∂n⃗u = 0 íà ãðà-
íèöå êâàäðàòà ∂Ω. Óñòàíîâëåíî ñðàâíåíèå íàéäåííûõ ñîáñòâåííûõ çíà÷åíèé ñ ñîáñòâåííû-
ìè çíà÷åíèÿìè ñïåêòðàëüíîé çàäà÷è äëÿ áèãàðìîíè÷åñêîãî îïåðàòîðà (−∆)2u = λ2(−∆)u
ñ óñëîâèÿìè Äèðèõëå íà ãðàíèöå. Çàìåòèì, ÷òî ïîñëåäíÿÿ çàäà÷à âîçíèêàåò ïðè èçó÷å-
íèè êîëåáàíèé èçãèáà çàæàòîé êâàäðàòíîé ïëàñòèíû è èìååò ïðèëîæåíèÿ â äâóìåðíûõ
ãðàíè÷íûõ çàäà÷àõ Ñòîêñà, îïèñûâàþùèõ äâèæåíèå æèäêîñòè, ñòðîèòåëüíîé ìåõàíèêå,
ñóäîñòðîåíèè è ò.ä.

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024



102 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2024

Òàêèì îáðàçîì, ïðîáëåìà î íàõîæäåíèè ñîáñòâåííûõ çíà÷åíèé äëÿ áè-Ëàïëàñèàíà,
èëè íàéòè èõ âåðõíèå è, â îñîáåííîñòè, îïðåäåëèòü íèæíèå îöåíêè ÿâëÿåòñÿ îäíîé èç
ôóíäàìåíòàëüíûõ ïðîáëåì ìàòåìàòèêè è ôèçèêè, è èìååò ìíîãî÷èñëåííûå ïðèëîæåíèÿ.
Â ýòîé ñâÿçè, ìîæíî òàêæå óïîìÿíóòü ðàáîòû [1�6], ïîñâÿùåííûå ðàçëè÷íûì ñïåêòðàëü-
íûì âîïðîñàì, â òîì ÷èñëå, ïîñòðîåíèÿ ýôôåêòèâíûõ ÷èñëåííûõ ìåòîäîâ íàõîæäåíèÿ
ïðèáëèæåííûõ ñîáñòâåííûõ çíà÷åíèé äëÿ áèãàðìîíè÷åñêîãî îïåðàòîðà.

Ðÿä ñïåêòðàëüíûõ çàäà÷, íåñìîòðÿ íà âíåøíþþ ïðîñòîòó ïîñòàíîâêè, íå ìîãóò áûòü
ðåøåíû ÷åðåç ýëåìåíòàðíûå èëè ïðîòàáóëèðîâàííûå ñïåöèàëüíûå ôóíêöèè ([7], Chapter
VII, Point 2, p. 118). Ýòî � ñïåêòðàëüíûå çàäà÷è, âîçíèêàþùèå ïðè ìîäåëèðîâàíèè ïðî-
öåññîâ êîëåáàíèé ïëîñêèõ çàæàòûõ ôèãóð, íå ÿâëÿþùèõñÿ êðóãîì.

Äîêëàä ïîñòðîåí ñëåäóþùèì îáðàçîì. Âíà÷àëå ìû äàåì ïîñòàíîâêó èçó÷àåìîé çàäà-
÷è. Ôîðìóëèðóåì óòâåðæäåíèå, âçÿòîå èç ðàáîòû [3], êîòîðîå êàñàåòñÿ òåîðèè îáîáùåííûõ
ñïåêòðàëüíûõ çàäà÷. Ïî òåðìèíîëîãèè [3] íàøà ñïåêòðàëüíàÿ çàäà÷à òàêæå ÿâëÿåòñÿ îáîá-
ùåííîé. Ìû ïîêàçûâàåì, ÷òî îïåðàòîðû íàøåé çàäà÷è óäîâëåòâîðÿþò óñëîâèÿì ðàáîòû
[3] è ÿâëÿþòñÿ ñàìîñîïðÿæåííûìè. Òåì ñàìûì, ìû ïîëó÷àåì, ÷òî â íàøåé ñïåêòðàëüíîé
çàäà÷å ñîáñòâåííûå çíà÷åíèÿ ðàñïîëîæåíû íà äåéñòâèòåëüíîé ïîëîæèòåëüíîé ïîëóîñè.

Äàëåå, ìû äàåì ðåøåíèå ñïåêòðàëüíîé çàäà÷è: (∂4x+∂
4
y)u ≡ [(−∆)2−2∂2x∂

2
y ]u = λ2(−∆)u

â êâàäðàòíîé îáëàñòè Ω = {0 < x, y < l} ñ óñëîâèÿìè Äèðèõëå u = ∂n⃗u = 0 íà ãðàíè-
öå êâàäðàòà ∂Ω (îñíîâíîé ðåçóëüòàò äîêëàäà). Ñðàâíèâàþòñÿ ñîáñòâåííûå çíà÷åíèÿ äâóõ
ñïåêòðàëüíûõ çàäà÷ äëÿ âîçìóùåííîãî è íåâîçìóùåííîãî áèãàðìîíè÷åñêîãî îïåðàòîðîâ ñ
èñïîëüçîâàíèåì ìàêñèìèíèìàëüíîãî ïðèíöèïà Êóðàíòà [7]. È, íàêîíåö, ïðîâîäèòñÿ ñðàâ-
íåíèå òðåõ ñïåêòðàëüíûõ çàäà÷ äëÿ óñòàíîâëåíèÿ íèæíåé îöåíêè ñîáñòâåííûõ çíà÷åíèé
äëÿ íåâîçìóùåííîãî áèãàðìîíè÷åñêîãî îïåðàòîðà. Èñïîëüçóåòñÿ ðåçóëüòàò, ïðèíàäëåæà-
ùèé Âåéëþ [8]. Çäåñü æå ïðèâîäÿòñÿ íåêîòîðûå ÷èñëåííûå ðåçóëüòàòû ïî íèæíåé îöåíêå
ñîáñòâåííûõ çíà÷åíèé. Ñîîáùåíèå çàâåðøàåòñÿ êðàòêèì çàêëþ÷åíèåì.

Òàêèì îáðàçîì, â ðàáîòå ðåøåíà îáîáùåííàÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ (ñïåöèàëüíûì
îáðàçîì) âîçìóùåííîãî áèãàðìîíè÷åñêîãî îïåðàòîðà, ñîáñòâåííûå çíà÷åíèÿ êîòîðîé äàëè
íèæíèå îöåíêè äëÿ îáîáùåííîé ñïåêòðàëüíîé çàäà÷è äëÿ íåâîçìóùåííîãî (ò. å. áèãàð-
ìîíè÷åñêîãî) îïåðàòîðà. Óêàçàííûå çàäà÷è èçó÷åíû äëÿ êâàäðàòíîé îáëàñòè. Îäíàêî,
íåòðóäíî çàìåòèòü, ÷òî ïîëó÷åííûå ðåçóëüòàòû ëåãêî ðàçâèâàþòñÿ è äëÿ ïðîèçâîëüíîé
îãðàíè÷åííîé ïðÿìîóãîëüíîé îáëàñòè.
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Â îáëàñòè Ω = [0, ω][0, T ] ðàññìàòðèâàåòñÿ ïîëóïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à äëÿ îä-
íîãî íåêëàññè÷åñêîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà

∂3u

∂x∂t2
= a0(x, t)

∂2u

∂x∂t
+ a1(x, t)

∂u

∂x
+ a2(x, t)

∂2u

∂t2
+ a3(x, t)

∂u

∂t
+

+a4(x, t)u+ f(x, t), (x, t) ∈ Ω, (1)

u(0, t) = ψ(t), t ∈ [0, T ] (2)

u(x, o) = u(x, T ), x ∈ [0, ω], (3)

∂u(x, 0)

∂t
=
∂u(x, T )

∂x
, x ∈ [0, ω]. (4)

ãäå f(x, t), ai(x, t), (i = 0, 4) � íåïðåðûâíûå íà Ω ôóíêöèè, ψ(t) � äâàæäû íåïðåðûâíî
äèôôåðåíöèðóåìàÿ íà [0, T ] ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì ψ(0) = ψ(T ), ψ(0) =
ψ(T ).

Ïðîäîëüíûå êîëåáàíèÿ ñîñòàâíûõ ñòåðæíåé, ñîñòîÿùèõ èç óïðóãèõ è óïðóãî-âÿçêèõ
ó÷àñòêîâ îïèñûâàþòñÿ óðàâíåíèåì òðåòüåãî ïîðÿäêà. Âîïðîñû ïîñâÿùåííûå êîððåêòíîé
ðàçðåøèìîcòè êðàåâûõ çàäà÷ äëÿ óðàâíåíèé òðåòüåãî ïîðÿäêà è ìåòîäû èõ èññëåäîâàíèÿ
ðàññìîòðåíû â ðàáîòàõ [1,2]. Â íàñòîÿùåé ñòàòüå ìîäèôèêàöèÿ ìåòîäà ëîìàíûõ Ýéëåðà
[3] ïðèìåíÿåòñÿ ê íåëîêàëüíîé çàäà÷å äëÿ îäíîãî íåêëàññè÷åñêîãî óðàâíåíèÿ òðåòüåãî ïî-
ðÿäêà. Íà îñíîâå ñïåöèàëüíîãî ïðåîáðàçîâàíèÿ íåèçâåñòíîé ôóíêöèè óðàâíåíèå òðåòüåãî
ïîðÿäêà ñâîäèòñÿ ê ñèñòåìå äâóõ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñî ñìåøàííûìè ïðîèçâîä-
íûìè. Ïîëó÷åíû óñëîâèÿ îöåíêè ñõîäèìîñòè ìåòîäà ëîìàíûõ Ýéëåðà ê ðåøåíèþ ðàññìàò-
ðèâàåìîé êðàåâîé çàäà÷è.
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Ñâîéñòâà ïëîòíîñòè ïîòåíöèàëà Íüþòîíà ïðîñòîãî ñëîÿ
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Ïóñòü Ω ⊂ Rn, n ≥ 2 � êîíå÷íàÿ îáëàñòü ñ ãëàäêîé ãðàíèöåé ∂Ω.
Â ìàòåìàòè÷åñêîé ôèçèêå ÷àñòî âñòðå÷àåòñÿ ïîòåíöèàë Íüþòîíà ïðîñòîãî ñëîÿ

uµ(x) =

∫
∂Ω

ε(x, ξ)µ(ξ)dξ, (1)

ãäå

ε(x, y) =

{
− 1

2π
ln |x− y|, n = 2,

1
(n−2)ωn

1
|x−y|n−2 , n > 2

(2)

� ãëàâíîå ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ Ëàïëàñà

−∆xε(x, y) = δ(x− y). (3)

Â ñëó÷àå Íüþòîíîâîãî ïîòåíöèàëà

uN(x) =

∫
Ω

ε(x− y)f(y)dy, x ∈ Ω, (4)

äëÿ uN èçâåñòíà äâóñòîðîííÿÿ àïðèîðíàÿ îöåíêà [1]:

C−1∥f∥0 ≤ ∥uN∥W 2
2 (Ω) ≤ C∥f∥0. (5)

Â íàñòîÿùåé ðàáîòå äëÿ ïëîòíîñòè ïîòåíöèàëà ïðîñòîãî ñëîÿ µ(x) ïîëó÷åíû ñëåäóþ-
ùèå íåðàâåíñòâà

C−1∥µ∥
W

1/2
2 (∂Ω)

≤ ∥uµ∥W 2
2 (Ω) ≤ C∥µ∥

W
1/2
2 (Ω)

. (6)

Ïîëüçóÿñü íåðàâåíñòâîì (6), äëÿ u ∈ Ker (−∆0)
∗ ∩W 2

2 (Ω) íàéäåíî ïðåäñòàâëåíèå

u(x) = uµ(x) + C, µ(x) ∈ W
1/2
2 (∂Ω), C − const. (7)

Çäåñü Ker (−∆0)
∗ = {u ∈ W 2

2 (Ω)−∆u = 0}.
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Â äàííîé ðàáîòå ðàññìîòðåíî äèôôåðåíöèàëüíî-îïåðàòîðíîå óðàâíåíèå âèäà

−∂
2u

∂t2
+ q(t)u = Au+ f(t), 0 < t < T <∞ (1)

ñ íåâûðîæäåííûìè ãðàíè÷íûìè óñëîâèÿìè ïî âðåìåíè

Γi(u) = ai1u(0) + ai2u
′(0) + ai3u

′(T ) + ai4u
′(T ) = 0, i = 1, 2. (2)

Ïðè ýòîì ïðåäïîëàãàåòñÿ, ÷òî îïåðàòîð A íå çàâèñèò îò t è ÿâëÿåòñÿ çàìêíóòûì ëè-
íåéíûì îïåðàòîðîì â ñåïàðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H. Â íàñòîÿùåé ðàáîòå
äðóãèõ îãðàíè÷åíèé íà îïåðàòîð A íå ïðåäïîëàãàåòñÿ. Íàïîìíèì, ÷òî ãðàíè÷íûå óñëîâèÿ
(2) íàçûâàþòñÿ íåâûðîæäåííûìè, åñëè âûïîëíÿåòñÿ îäíî èç ñëåäóþùèõ òðåõ òðåáîâàíèé:

1)

∣∣∣∣ a14 a12
a24 a22

∣∣∣∣ ̸= 0,

2)

∣∣∣∣ a14 a12
a24 a22

∣∣∣∣ = 0,

∣∣∣∣ a11 a14
a21 a24

∣∣∣∣+ ∣∣∣∣ a13 a12
a23 a22

∣∣∣∣ ̸= 0,

3)

∣∣∣∣ a14 a12
a24 a22

∣∣∣∣ = 0,

∣∣∣∣ a11 a14
a21 a24

∣∣∣∣+ ∣∣∣∣ a13 a12
a23 a22

∣∣∣∣ = 0,

∣∣∣∣ a11 a13
a21 a23

∣∣∣∣ ̸= 0.

Â îñòàëüíîì êîýôôèöèåíòû aij ãðàíè÷íûõ óñëîâèé ïðîèçâîëüíû è ìîãóò áûòü êîì-
ïëåêñíûìè ÷èñëàìè. Êîýôôèöèåíò q(t) äèôôåðåíöèàëüíîãî âûðàæåíèÿ ëåâîé ÷àñòè (1)
ñ÷èòàåì ñóììèðóåìîé êîìïëåêñíîçíà÷íîé ôóíêöèåé íà [0, T ].

Ãëàâíîé öåëüþ äàííîé ñòàòüè ÿâëÿåòñÿ óñòàíîâëåíèå êðèòåðèÿ åäèíñòâåííîñòè ðåøå-
íèÿ çàäà÷è (1)�(2).
Îïåðàòîðíàÿ çàïèñü âûøåïðèâåäåííîé çàäà÷è (1)�(2) èìååò âèä

Bu(t) = Au(t) + f(t), t ∈ (0, T ). (3)

Çäåñü îïåðàòîð B äåéñòâóåò ïî ïåðåìåííîé t è åãî íåêîòîðûå ñïåêòðàëüíûå ñâîéñòâà
ïðèâåäåíû â ðàáîòå [1]. Îïåðàòîð A ÿâëÿåòñÿ çàìêíóòûì ëèíåéíûì îïåðàòîðîì â ñåïàðà-
áåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H è íå çàâèñèò îò t.

Òåîðåìà 1. Ïóñòü ìàòðèöà ãðàíè÷íûõ êîýôôèöèåíòîâ

J =

(
a11 a12 a13 a14
a21 a22 a23 a24

)
ðàíãà 2 ïîä÷èíåíà òðåáîâàíèþ: õîòÿ áû îäíî èç ÷èñåë J42, J14+J32 è J13 îòëè÷íî îò íóëÿ,
ãäå Jkj = a1ka2j − a2ka1j è ñ÷èòàåì, ÷òî îïåðàòîð A ÿâëÿåòñÿ çàìêíóòûì ëèíåéíûì â ñåïà-
ðàáåëüíîì ãèëüáåðòîâîì ïðîñòðàíñòâå H è íå çàâèñèò îò t. Òîãäà îäíîðîäíîå îïåðàòîðíîå
óðàâíåíèå

Bu = Au

èìååò òîëüêî òðèâèàëüíîå ðåøåíèå u ∈ D(B) ∩D(A) òîãäà è òîëüêî òîãäà, êîãäà

σ(B) ∩ σ(A) = ∅,
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ãäå σ(B) è σ(A) � ñïåêòðû îïåðàòîðîâ B è A ñîîòâåòñòâåííî.
Ïðèâåäåì ñëåäóþùèå ïðèìåðû ïðèìåíèòåëüíî ê òåîðåìå 1 äëÿ íåêîòîðûõ îïåðàòîðîâ

A â óðàâíåíèé (1).
Ïðèìåð 1 [3]. Ïóñòü Ω ⊆ RN � íåêîòîðàÿ îãðàíè÷åííàÿ îáëàñòü ñ ãëàäêîé ãðàíè-

öåé ∂Ω. Â ðàáîòå [3] îïåðàòîð A îïðåäåëÿåòñÿ A(x,D) =
∑

|α|≤m

aα(x)D
α � ïðîèçâîëüíûì

ôîðìàëüíî ñàìîñîïðÿæåííûì ýëëèïòè÷åñêèì äèôôåðåíöèàëüíûì îïåðàòîðîì ïîðÿäêà
m = 2l ñ äîñòàòî÷íî ãëàäêèìè êîýôôèöèåíòàìè aα(x), ãäå α = (α1, . . . , αN) � ìóëüòèèí-
äåêñ è D = (D1, . . . , DN), Dj =

∂
∂xj
.

Îáëàñòü îïðåäåëåíèÿ îïåðàòîðà A çàäàåòñÿ ñëåäóþùèìè êðàåâûìè óñëîâèÿìè ïî x:

Bju(x, t) =
∑

|α|⩽mj

bα,j(x)D
αu(x, t) = 0, 0 ≤ mj ≤ m− 1, j = 1, 2, . . . , l, x ∈ ∂Ω. (4)

ãäå êîýôôèöèåíòû bα,j(x) � äîñòàòî÷íî ãëàäêèå çàäàííûå ôóíêöèè. Èç òåîðåìû 1 âûòå-
êàåò ñëåäóþùèé âûâîä.

Âûâîä 1. Ïóñòü îïåðàòîð B óäîâëåòâîðÿåò òðåáîâàíèÿì òåîðåìû 1. Òîãäà îäíîðîä-
íîå îïåðàòîðíîå óðàâíåíèå

−∂
2u

∂t2
+ q(t)u = Au, x ∈ Ω, t ∈ (0, T ) (5)

ñ íà÷àëüíî-êðàåâûìè óñëîâèÿìè (2),(4) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå u ∈ D(B) ∩
D(A) òîãäà è òîëüêî òîãäà, êîãäà σ(B) ∩ σ(A) = ∅, ãäå σ(B) è σ(A) � ñïåêòðû îïåðà-
òîðîâ B è A ñîîòâåòñòâåííî.

Òåì ñàìûì óñèëåí îñíîâíîé ðåçóëüòàò ðàáîòû [3], òàê êàê âûâîä 1 ñïðàâåäëèâ äëÿ
îïåðàòîðà B ñ íåâûðîæäåííûìè ãðàíè÷íûìè óñëîâèÿìè. Â òî æå âðåìÿ â ðàáîòå [3] îò
îïåðàòîðà B òðåáîâàëîñü, ÷òîáû êðàåâûå óñëîâèÿ áûëè óñèëåííî ðåãóëÿðíûìè ïî Áèðê-
ãîôó [2]. Êëàññ íåâûðîæäåííûõ êðàåâûõ óñëîâèé øèðå êëàññà óñèëåííî ðåãóëÿðíûõ ïî
Áèðêãîôó êðàåâûõ óñëîâèé.

Ïðèìåð 2 [4]. Îïåðàòîð A ïîðîæäàåòñÿ ñòàíäàðòíûì âîëíîâûì óðàâíåíèåì Av(·) =
vxx(·)− vyy(·) â äâóìåðíîé îáëàñòè Ω, îãðàíè÷åííîé îòðåçêîì OB : 0 ≤ x ≤ 1 îñè y = 0 è
õàðàêòåðèñòèêàìè OC : x+ y = 0, BC : x− y = 1.

Îáëàñòü îïðåäåëåíèÿ îïåðàòîðà A çàäàåòñÿ ñëåäóþùèìè êðàåâûìè óñëîâèÿìè ñî ñìå-
ùåíèåì ïî (x, y):

u(θ, 0; t) = 0, 0 ≤ θ ≤ 1,

u

(
θ

2
, −θ

2
; t

)
= a u

(
θ + 1

2
,
θ − 1

2
; t

)
, 0 ≤ θ ≤ 1

2
, 0 < t < T. (6)

Èç òåîðåìû 1 âûòåêàåò ñëåäóþùèé âûâîä.
Âûâîä 2. Ïóñòü äëÿ îïåðàòîðà B âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà ñëåäóþùåå

îäíîðîäíîå îïåðàòîðíîå óðàâíåíèå

−∂
2u

∂t2
+ q(t)u = uxx(x, y; t)− uyy(x, y; t), x ∈ Ω, t ∈ (0, T ) (7)

ñ íà÷àëüíî-êðàåâûìè óñëîâèÿìè (2),(6) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå u ∈ D(B) ∩
D(A) òîãäà è òîëüêî òîãäà, êîãäà ñïåêòðû ýòèõ îïåðàòîðîâ B è A íå ïåðåñåêàþòñÿ.

Òåì ñàìûì óñèëåí îñíîâíîé ðåçóëüòàò ðàáîòû [4].
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Çàäà÷à ñîïðÿæåíèÿ äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ
ãðàíè÷íûìè óñëîâèÿìè òèïà Øòóðìà â ñëó÷àå äâóõ òî÷åê

ðàçðûâà

Ó.Ê. ÊÎÉËÛØÎÂa, Ì.À. ÑÀÄÛÁÅÊÎÂb
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Ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ðàçðûâ-
íûìè êîýôôèöèåíòàìè

∂ui
∂t

= k2i
∂2ui
∂x2

â îáëàñòè Ω = ∪Ωi, Ωi = {(x, t) : li−1 < x < li, 0 < t < T}, ãäå (i = 1, 2, 3),
ñ íà÷àëüíûìè óñëîâèÿìè

u(x, 0) = φ(x), l0 ⩽ x ⩽ l3

êðàåâûìè óñëîâèÿìè âèäà

α1
∂u1(l0, t)

∂x
+ β1 u1(l0, t) = 0, α2

∂u3(l3, t)

∂x
+ β2 u3(l3, t) = 0,

è óñëîâèÿìè âèäà

ui(li − 0, t) = ui+1(li + 0, t), ki
∂ui(li − 0, t)

∂x
= ki+1

∂ui+1(li + 0, t)

∂x
,

Êîýôôèöèåíòû αi, βi � äåéñòâèòåëüíûå, ki > 0, (i = 1, 2), êðîìå òîãî, |αi|+ |βi| > 0, (i =
1, 2).

Â ñëó÷àå áåç ðàçðûâà ñïåêòðàëüíàÿ òåîðèÿ ýòèõ çàäà÷ ïîñòðîåíà ïðàêòè÷åñêè
ïîëíîñòüþ. Â ðàáîòå [1], ðàññìîòðåíà óðàâíåíèå òåïëîïðîâîäíîñòè ñ ðàçðûâíûì êîýô-
ôèöèåíòîì ïðè êðàåâûõ óñëîâèÿõ Øòóðìà, â ñëó÷àå îäíîé òî÷êè ðàçðûâà. Íàéäåíû
ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè è èññëåäîâàíû âñåâîçìîæíûå ÷àñòíûå
ñëó÷àè. Â äàííîé ðàáîòå èññëåäîâàíû ñïåêòðàëüíûå âîïðîñû çàäà÷è (1)-(4). Íàéäåíû
ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè, è äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è
åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ.

Àâòîðû áûëè ïîääåðæàíû ïðîåêòîì ôèíàíñèðîâàíèÿ BR20281002 ÊÍ ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ òåïëîïðîâîäíîñòè, ðàçðûâíûå êîýôôèöèåíòû, ñîáñòâåííûå çíà÷åíèÿ, ñîáñòâåííûå
ôóíêöèè, ñïåêòðàëüíàÿ òåîðèÿ.

2010 Mathematics Subject Classi�cation: 35 Partial di�erential equations

Ëèòåðàòóðà

[1] M.A.Sadybekov, U.K.Koilyshov. Two-phase tasks thermal conductivity with boundary conditions of the Sturm

type. Sixth International Conference on Analysis and Applied Mathematics. Abstract book of the conference ICAAM,

31.10.2022-06.11.2022, Antalya, Turkey.

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024



108 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2024

Èíòåãðàëüíîå ïðåäñòàâëåíèå àíàëèòè÷åñêèõ ôóíêöèé
ïî Äóãëèñó

Á.Ä. ÊÎØÀÍÎÂ1,2,a, À.Ï. ÑÎËÄÀÒÎÂ1,3,b

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

3 Ôåäåðàëüíûé èññëåäîâàòåëüñêèé öåíòð "Èíôîðìàòèêà è óïðàâëåíèå"ÐÀÍ, Ìîñêâà, Ðîññèÿ

E-mail: akoshanov@math.kz, bsoldatov48@gmail.com

Ïóñòü îáëàñòü D îãðàíè÷åíà ïðîñòûì ãëàäêèì êîíòóðîì Γ, îðèåíòèðîâàííûì ïîëî-
æèòåëüíî ïî îòíîøåíèþ ê ýòîé îáëàñòè. Ðàññìîòðèì àíàëèòè÷åñêóþ â D ôóíêöèþ ϕ,
êîòîðàÿ íåïðåðûâíà ïî Ãåëüäåðó â çàìûêàíèè ýòîé îáëàñòè è (â ñëó÷àå áåñêîíå÷íîé îáëà-
ñòè), èñ÷åçàåò íà áåñêîíå÷íîñòè. Èñõîäÿ èç íåïðåðûâíîé ïî Ãåëüäåðó ôóíêöèè G(t), t ∈ Γ,
ðàññìîòðèì âîïðîñ î ïðåäñòàâëåíèè ϕ èíòåãðàëîì òèïà Êîøè âèäà

ϕ(z) =
1

2πi

∫
Γ

1

G(t)

φ(t)dt

t− z
, z ∈ D, (1)

ñ âåùåñòâåííîé ïëîòíîñòüþ φ. Ýòîò âîïðîñ òåñíî ñâÿçàí ñ çàäà÷åé Ðèìàíà-Ãèëüáåðòà

ReGϕ+ = f, (2)

èãðàåò âàæíóþ ðîëü ïðè èññëåäîâàíèè ýëëèïòè÷åñêèõ êðàåâûõ çàäà÷ è ïîäðîáíî èçó÷åí â
ìîíîãðàôèè Í.È. Ìóñõåëèøâèëè [1]. Ñòðîãî ãîâîðÿ, îí èçëîæåí òîëüêî äëÿ ñëó÷àÿ, êîãäà
èíäåêñ Êîøè ôóíêöèè G èìååò îïðåäåëåííûé çíàê, îäíàêî ïðèâåäåííûå ðàññìîòðåíèÿ
ìîæíî ëåãêî ðàñïðîñòðàíèòü íà îáùèé ñëó÷àé.

Â äàííîé ðàáîòå áóäåò ðàññìîòðåí âîïðîñ î ïðåäñòàâëåíèè äëÿ ôóíêöèè, àíàëèòè÷å-
ñêèõ ïî Äóãëèñó. Ïîñëåäíèå ïðåäñòàâëÿþò ñîáîé âåêòîð-ôóíêöèè ϕ = (ϕ1, ..., ϕl), óäîâëå-
òâîðÿþùèå ñèñòåìå ïåðâîãî ïîðÿäêà

∂ϕ

∂y
− J

∂ϕ

∂y
= 0, J ∈ Cl×l, (3)

ãäå âñå ñîáñòâåííûå çíà÷åíèÿ ïîñòîÿííîé ìàòðèöû J ëåæàò â âåðõíåé ïîëóïëîñêîñòè.
Äàííàÿ ñèñòåìà ýëëèïòè÷íà è â ñëó÷àå ñêàëÿðíîé ìàòðèöû J = i åå ðåøåíèÿìè ñëóæàò
îáû÷íûå àíàëèòè÷åñêèå ôóíêöèè. Äëÿ ãàíêåëåâîé ìàòðèöû J â ðàìêàõ òàê íàçûâàåìûõ
ãèïåðêîìïëåêñíûõ ÷èñåë ýòà ñèñòåìà âïåðâûå áûëà èçó÷åíà â [2]. Èíòåðåñ ê íåé âûçâàí
ãëàâíûì îáðàçîì òåì, ÷òî ðåøåíèÿ ýëëèïòè÷åñêèõ ñèñòåì âòîðîãî ïîðÿäêà âûðàæàþòñÿ
÷åðåç âåêòîð-ôóíêöèè ϕ. Êàê îòìå÷åíî â [3], âñå îñíîâíûå ôàêòû òåîðèè àíàëèòè÷åñêèõ
ôóíêöèé, îñíîâàííûå íà èíòåãðàëå Êîøè, ðàñïðîñòðàíÿþòñÿ è íà ôóíêöèè, àíàëèòè÷å-
ñêèõ ïî Äóãëèñó. Ðîëü èíòåãðàëà òèïà Êîøè äëÿ ýòèõ ôóíêöèé èãðàåò èíòåãðàë

IJϕ(z) =
1

2πi

∫
Γ

dtJ(t− z)−1
J ϕ(t), z ∈ D, (4)

ãäå äëÿ z = x+ iy ∈ C ïðèíÿòî ìàòðè÷íîå îáîçíà÷åíèå

zJ = x1 + yJ, dzJ = dx1 + dyJ

ñ åäèíè÷íîé l × l-ìàòðèöåé 1. Ñîîòâåòñòâåííî ϕ ÿâëÿåòñÿ l-âåêòîðîì ϕ = (ϕ1, ..., ϕl) è
ìàòðè÷íîå âûðàæåíèå ïîä èíòåãðàëîì, äåéñòâóþùåå íà ýòîò âåêòîð, ñòîèò âïåðåäè íåãî.
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Íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ
òåïëîïðîâîäíîñòè ïðè êðàåâûõ óñëîâèÿõ

Ñàìàðñêîãî-Èîíêèíà â ñëó÷àå îòñóòñòâèÿ ñîãëàñîâàíèÿ
íà÷àëüíûõ è ãðàíè÷íûõ äàííûõ
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Â äîêëàäå ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè
ïðè êðàåâûõ óñëîâèÿõ Ñàìàðñêîãî-Èîíêèíà â ñëó÷àå îòñóòñòâèÿ ñîãëàñîâàíèÿ íà÷àëüíûõ
è ãðàíè÷íûõ äàííûõ.

Çàäà÷à S-I. Íàéòè â îáëàñòè Ω = {(x, t) : 0 < x < l, 0 < t < T} ðåøåíèå u(x, t)
óðàâíåíèÿ òåïëîïðîâîäíîñòè

ut − k2uxx = f(x, t), (1)

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ

u(x, 0) = φ(x), 0 ≤ x ≤ l, (2)

è íåëîêàëüíûì êðàåâûì óñëîâèÿì{
ux(0, t)− ux(l, t) = 0,

u(0, t) = 0.
(3)

Õîðîøî èçâåñòíî, ÷òî äëÿ ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ íåîáõîäèìî âûïîë-
íåíèå óñëîâèé ñîãëàñîâàíèÿ. Íàïðèìåð, óñëîâèÿìè ñîãëàñîâàíèÿ íóëåâîãî è ïåðâîãî ïî-
ðÿäêîâ ÿâëÿþòñÿ

A0 ≡ φ(0) = 0, A1 ≡ φ′(0)− φ′(l) = 0. (4)

Óñëîâèå ñîãëàñîâàíèÿ âòîðîãî ïîðÿäêà âîçíèêàþò, êîãäà ìû ðàññìàòðèâàåì ðåøåíèÿ çà-
äà÷è èç êëàññà u ∈ C2,1

x,t (Ω̄). Äëÿ ôóíêöèé èç òàêîãî êëàññà ìû ìîæåì ïåðåéòè ê ïðåäåëó
â óðàâíåíèè (1) ïðè t→ 0 ïðè x = 0 è x = l. Òîãäà ïîëó÷àåì

A2 ≡ −k2[φ′′(0)]− f(0, 0) = 0. (4)

Äëÿ çàäà÷è ñ êðàåâûìè óñëîâèÿìè Äèðèõëå âîïðîñ î ðåøåíèÿõ ïðè ðàññîãëàñîâàíèè
ãðàíè÷íûõ è íà÷àëüíûõ äàííûõ èññëåäîâàí â [1]. Íàìè ðàññìàòðèâàåòñÿ çàäà÷à ñ íåêîëü-
íûìè êðàåâûìè óñëîâèÿìè.

Òåîðåìà 1. Äëÿ ëþáûõ φ ∈ C2+α[0, l], f ∈ C
α,α/2
x,t (Ω̄), íå óäîâëåòâîðÿþùèõ óñëîâèÿì

ñîãëàñîâàíèÿ íóëåâîãî è ïåðâîãî ïîðÿäêîâ, çàäà÷à (1)-(3) èìååò åäèíñòâåííîå ðåøåíèå

u(x, t) = V0(x, t) + V1(x, t) + υ(x, t),

ãäå ôóíêöèè V0(x, t) è V1(x, t) � íåðåãóëÿðíûå ÷àñòè ðåøåíèÿ, îïðåäåëÿåìûå ôîðìóëàìè

V0(x, t) = −1

2
A0

(
erfc

x

2k
√
t

)
, (5)
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V1(x, t) = A1k
√
t

(
ierfc

x

2k
√
t
+ ierfc

l − x

2k
√
t

)
, (6)

à υ(x, t) ïðèíàäëåæèò êëàññó C2+α,1+α/2
x,t (Ω̄) è äëÿ íå¼ ñïðàâåäëèâà îöåíêà

∥υ∥2+α,1+α/2
Ω ≤ C

{
∥φ∥2+α

[0,l] + ∥f∥(α,α/2)Ω

}
. (7)

Òåîðåìà 2. Äëÿ ëþáûõ φ ∈ C2+α[0, l], f ∈ C
α,α/2
x,t (Ω̄), íå óäîâëåòâîðÿþùèõ óñëîâèÿì

ñîãëàñîâàíèÿ ïåðâîãî è âòîðîãî ïîðÿäêîâ, çàäà÷à (1)-(3) èìååò åäèíñòâåííîå ðåøåíèå

u(x, t) = V0(x, t) + V1(x, t) + V2(x, t) + υ(x, t),

ãäå ôóíêöèè V0(x, t), V1(x, t) è V2(x, t)� íåðåãóëÿðíûå ÷àñòè ðåøåíèÿ, îïðåäåëÿåìûå ôîð-
ìóëàìè (5), (6) è

V2(x, t) = A2
t

i2erfc0

(
i2erfc

x

2k
√
t

)
. (8)

à υ(x, t) ïðèíàäëåæèò êëàññó C2+α,1+α/2
x,t (Ω̄) è äëÿ íå¼ ñïðàâåäëèâà îöåíêà (7).
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Î ðàçðåøèìîñòè îäíîé çàäà÷è äëÿ óðàâíåíèÿ ñìåøàííîãî
òèïà

Ô.Ì. ÌÓÌÈÍÎÂa, Î.È. ÑÀÉÔÈÄÈÍÎÂ, Ì.À. ÀÁÄÓÊÎÄÈÐÎÂÀ,
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Íàõîæäåíèþ è èññëåäîâàíèþ îäíîé êîððåêòíîé êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ âòîðîãî
ïîðÿäêà â ñëó÷àå, êîãäà ai ≡ 0∑

ai,j(x, t)ξiξj ≥ 0,∀ξ ∈ Rn, (x, t) ∈ D

ïîñâÿùåíà ðàáîòà [1], [2].
Ïóñòü G � îáëàñòü â ïðîñòðàíñòâå Rn ñ ãëàäêîé ãðàíèöåé. D = (O, T ) × G � öèëèí-

äðè÷åñêàÿ îáëàñòü â ïðîñòðàíñòâå Rn+1(x, t) = (x1, x2, ..., xn, t) ñ áîêîâîé ïîâåðõíîñòüþ
Γ = (O, T )× j, è S0, ST ñîîòâåòñòâåííî, íèæíåå è âåðõíåå îñíîâàíèÿ ñèëèíäðà.

Â îáëàñòè D ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèè âòîðîãî ïîðÿäêà:

Lu = k(x, t)utt +
n∑

i=1

ai(x, t)uxit +
n∑

i,j=1

δ

δxi
(aij(x, t)uxj) + but +

n∑
i=1

biuxi + Cu = f, (1)

Â íàñòîÿùåé ðàáîòå ïðåäëàãàåòñÿ îäíà êîððåêòíàÿ ïîñòàíîâêà êðàåâîé çàäà÷è äëÿ
óðàâíåíèÿ (1), êîòîðàÿ âêëþ÷àåò â ñåáÿ è ÷àñòü ëèíåéíûõ ïîñòàíîâîê îáðàòíûõ çàäà÷, íî
óæå áåç ïîëîæåíèé çíàêîîïðåäåëåííîñòè êâàäðàòè÷íîé ôîðìû

∑n
i,j=1 aijξiξj
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Ââåäåì îáîçíà÷åíèÿ:
S+
0 = {(x, 0) : k(x, 0) > 0} ,

S−
T = {(x, T ) : k(x, T ) < 0}

P+
0 =

{
(x, 0) :

n∑
i,j=1

aij(x, 0)ξiξj > 0,∀ξ ∈ Rn

}

P−
T =

{
(x, T ) :

n∑
i,j=1

aij(x, T )ξiξj < 0,∀ξ ∈ Rn

}

Γ0 =

{
(x, T ) ∈ Γ :

n∑
i=1

aiνj ≤ 0,
n∑

j=1

aijνj = 0, j = 1..n

}
ãäå ν = (ν1, ν2, ...νn) � âåêòîð âíóòðåííåé íîðìàëè íà Γ êàê èçâåñòíî [1], ïîñòàíîâêà êîð-
ðåêòíûõ êðàåâûõ çàäà÷ çàâèñèò îò ìëàäøèõ êîýôôèöèåíòîâ è, âîîáùå ãîâîðÿ, îò ïðàâîé
÷àñòè óðàâíåíèÿ. Ïîýòîìó ïîëîæèì íà êîýôôèöèåíòû óðàâíåíèÿ (1) íåêîòîðûå óñëîâèÿ,
à èìåííî:

2b− kt −
n∑

i=1

aixi
≥ δ > 0, ct(x, t) ≤ 0, c(x, t) < 0,

n∑
i,j=1

aijξiξj ≥ δ2 |ξ|2 ,∀ξ ∈ Rn, δ1 · δ2 ≥ nb2i , i = 1, 2, .., n, (x, t) ∈ D, (2)

è áóäåì ïðåäïîëàãàòü, ÷òî âñþäó íèæå îíè âûïîëíåíû.
Êðàåâàÿ çàäà÷à: òðåáóåòñÿ íàéòè âåêòîð ôóíêöèþ u(x, t), ρ(x) òàêóþ, ÷òî

u|
S0∖P

+
0
= 0;u|

ST∖P
−
T
= 0;u|Γ∖Γ0

= 0;ut|S+
0
= 0;ut|S−

T
= 0, (3)

è óäîëåòâîðÿþøóþ óðàâíåíèþ
Lu = f + g(x), (4)

Îáîçíà÷èì ÷åðåç C4 êëàññ ôóíêöèé èç ïðîñòðàíñòâà Ñîáîëåâà W 2
2 (D), óäîâëåòâîðÿþ-

ùèõ ãðàíè÷íûì óñëîâèÿì (3)
Ëåììà 1. Ïóñòü âûïîëíåíû óñëîâèÿ (2). Òîãäà äëÿ ëþáîé ôóíêöèè u(x, t) èç êëàññà

C4 âûïîëíÿþòñÿ íåðàâåíñòâà:∫
D

utLudD = (ut, L4) ≥ m ∥u∥21 , m > 0, ∀u ∈ C4

∥Lu∥0 ≥ m ∥u∥21 , (5)

ãäå ∥·∥k � íîðìà â ïðîñòðàíñòâå Ñîáîëåâà W k
2 (D)

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñìåøàííîãî òèïà, ïðîñòðàíñòâà Ñîáîëåâà.
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Êðàåâàÿ çàäà÷à äëÿ âûðîæäàþùåãîñÿ
ïàðàáîëî-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ äðîáíîãî ïîðÿäêà

Í.Ê. Î×ÈËÎÂÀ

Ìåæäóíàðîäíûé óíèâåðñèòåò Êèì¼ â Òàøêåíòå, Òàøêåíò, Óçáåêèñòàí
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Èçâåñòíî, ÷òî îñîáûé èíòåðåñ ïðåäñòàâëÿåò òåîðèÿ êðàåâûõ çàäà÷ äëÿ âûðîæäàþùèõ-
ñÿ óðàâíåíèé ñìåøàííîãî òèïà ñ äèôôåðåíöèðîâàíèåì äðîáíîãî ïîðÿäêà. Ýòî ñâÿçàíî
ñ íåîáõîäèìîñòüþ ïðèìåíåíèÿ ñâîéñòâ ñïåöèàëüíûõ ôóíêöèé. Â ýòîì ëåãêî óáåäèòüñÿ,
èçó÷èâ íåäàâíî îïóáëèêîâàííûå ðàáîòû ìíîãèõ àâòîðîâ â ýòîì íàïðàâëåíèè. Îòìåòèì
ðàáîòû À.Êèëáàñà., Î.À. Ðåïèíà [1], Í.Ê. Î÷èëîâîé è Ò.Ê.Þëäàøåâà [2] (è ññûëêè â ýòèõ
ðàáîòàõ) è äð.

Â äàííîé ðàáîòå äîêàçûâàåòñÿ ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ ëîêàëüíîé çà-
äà÷è äëÿ âûðîæäàþùåãîñÿ ïàðàáîëî-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ äðîáíîé ïðîèçâîäíîé
Êàïóòî è ñî ñïåêòðàëüíûì ïàðàìåòðîì λ ( â ãèïåðáîëè÷åñêîì óðàâíåíèå).

Ðàññìîòðèì óðàâíåíèå

=

{
uxx −C D

α
0tu, ïðè 0 < x < l, y > 0,

(−y)muxx − uyy + λ2(−y)mu, ïðè 0 < x < l, y < 0,
(1)

ãäå m = const > 0, λ � çàäàííîå äåéñòâèòåëüíîå èëè ÷èñòî ìíèìîå ÷èñëî, 0 < α < 1 (α ∈
R),

CD
α
0tu =

1

Γ(1− α)

t∫
0

(t− s)−αus(x, s)ds,

äèôôåðåíöèàëüíûé îïåðàòîð Êàïóòî äðîáíîãî ïîðÿäêà α, u(x, t) � íåèçâåñòíàÿ ôóíêöèÿ
êîòîðàÿ òðåáóåòñÿ îïðåäåëèòü.

Ïóñòü Ω � êîíå÷íàÿ îáëàñòü, îãðàíè÷åííàÿ îòðåçêàìè B1B2 = {(x, y) : x = l, 0 ≤ y ≤
h}, A1A2 = {(x, y) : x = 0, 0 ≤ y ≤ h}, B2A2 = {(x, y) : y = h, 0 ≤ x ≤ l} ïðè y > 0, è
õàðàêòåðèñòèêàìè B1C : x − 2

m+2
(−y)m+2

2 = l, A1C : x + 2
m+2

(−y)m+2
2 = 0 óðàâíåíèÿ (1)

ïðè y < 0, ãäå B1 = (l; 0), B2 = (l; h), A1 = (0; 0), A2 = (0; h) è C =
(

l
2
; −m+2

4

2
m+2

)
.

Ââåäåì îáîçíà÷åíèÿ: Ω+ = Ω∩{t > 0}, Ω− = Ω∩{y < 0} è I = {(x, y) : 0 < x < l, y = 0}.
Ïîñòàíîâêà çàäà÷è. Â îáëàñòè Ω äëÿ óðàâíåíèÿ (1) èññëåäóåòñÿ ñëåäóþùàÿ çàäà÷à.
Çàäà÷à Òðåáóåòñÿ íàéòè ðåøåíèå u(x, y) óðàâíåíèÿ (1), ñî ñëåäóþùèìè ñâîéñòâàìè:

1) u(x, y) ∈ C(Ω̄) ∩ C2(Ω−), uxx, CD
α
0tu ∈ C(Ω+),

2) uy ∈ C(Ω− ∪ I), ïðè÷åì uy(x, 0) ìîæåò îáðàùàòüñÿ â áåñêîíå÷íîñòü ïîðÿäêà ìåíüøå
1− 2β íà êîíöàõ èíòåðâàëà (0, l),
3) u(x, t) óäîâëåòâîðÿåò ñëåäóþùèì êðàåâûì óñëîâèÿì

u(0, y) = φ1(y), u(l, y) = φ2(y), 0 ≤ y ≤ h,

u(x, y)|A1C = ψ(x), 0 ≤ x ≤ l

2
,

è óñëîâèþ ñêëåèâàíèÿ:

lim
y→+0

y1−αuy(x, y) = λ1(x)uy(x, −0) + λ2(x), 0 < x < l,

ãäå β = m
2(m+2)

, φj(y), λj(x), ψ(x), (j = 1, 2) � çàäàííûå ôóíêöèè, ïðè÷åì φ1(0) = ψ(0),
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Ïðè îïðåäåëåííûõ óñëîâèÿõ íà çàäàííûå ôóíêöèè è ïàðàìåòð β, ñ ïîìîùüþ ïðèí-
öèïà ýêñòðåìóìà è èíòåãðàëîâ ýíåðãèè äîêàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ ïîñòàâ-
ëåííîé çàäà÷è. À ñóùåñòâîâàíèå äîêàçûâàåòñÿ ïðèìåíÿÿ ìåòîä èíòåãðàëüíûõ óðàâíå-
íèé, ïðè ýòîì øèðîêî ïðèìåíÿåòñÿ ñâîéñòâà ãèïåðãåîìåòðè÷åñêèõ ôóíêöèé è èíòåãðî-
äèôôåðåíöèàëüíûõ îïåðàòîðîâ Ðèìàíà-Ëèóâèëëÿ.
Êëþ÷åâûå ñëîâà: âûðîæäàþùèåñÿ óðàâíåíèÿ, äèôôåðåíöèàëüíûé îïåðàòîð äðîáíîãî ïîðÿäêà, ãèïåðãåîìåòðè-
÷åñêàÿ ôóíêöèÿ Ãàóññà, îäíîçíà÷íàÿ ðàçðåøèìîñòü.
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Óñòîé÷èâûå ðàçíîñòíûå ñõåìû äëÿ ìíîãîñëîéíîé
ïåðèîäè÷åñêîé çàäà÷è òåïëîïðîâîäíîñòè

È.Í. ÏÀÍÊÐÀÒÎÂÀ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ,

Àëìàòû, Êàçàõñòàí

E-mail: pankratova@math.kz

Ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ êóñî÷íî-
ïîñòîÿííûì êîýôôèöèåíòîì òåïëîïðîâîäíîñòè k(x)

ut(x, t)− k1uxx(x, t) = f(x, t), 0 < x < x0, 0 < t < T, (1)

ut(x, t)− k2uxx(x, t) = f(x, t), x0 < x < 1, 0 < t < T, (2)

u(x, 0) = φ(x), 0 ≤ x ≤ 1, (3)

óñëîâèÿìè ñîïðÿæåíèÿ

u(x0 − 0, t) = u(x0 + 0, t), k1ux(x0 − 0, t) = k2ux(x0 + 0, t) (4)

è ïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè

u(0, t) = u(1, t), k1ux(0, t) = k2ux(1, t). (5)

Çäåñü k1, k2 � êîíñòàíòû, φ(x), f(x, t) � çàäàííûå âåùåñòâåííûå ôóíêöèè.
Äëÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (1)-(5) ïîñòðîåí åå äèñêðåòíûé àíàëîã � ñåìåéñòâî

ðàçíîñòíûõ ñõåì ñ âåñàìè, çàâèñÿùèõ îò âåùåñòâåííîãî ïàðàìåòðà σ. Îáû÷íî íà ïðàêòèêå
0 ≤ σ ≤ 1, ÷òî íå îáÿçàòåëüíî. Îáîçíà÷èì ÷åðåç A ðàçíîñòíûé îïåðàòîð, àïïðîêñèìèðó-
þùèé ïðîñòðàíñòâåííûé äèôôåðåíöèàëüíûé îïåðàòîð óðàâíåíèé, óñëîâèé ñîïðÿæåíèÿ è
ãðàíè÷íûõ óñëîâèé, σ0 = 0.5− 1

τ∥A∥ , ãäå ∥A∥ � ñåòî÷íàÿ Lh
2-íîðìà îïåðàòîðà A.

Òåîðåìà. Ïóñòü k(x) � êóñî÷íî-ïîñòîÿííàÿ ôóíêöèÿ ñ îäíîé òî÷êîé ðàçðûâà. Òîãäà
ðàçíîñòíàÿ ñõåìà ñ âåñàìè óñòîé÷èâà ïðè σ ≥ 0, σ ≥ σ0 è åå ðåøåíèå ñõîäèòñÿ ê òî÷íîìó
ðåøåíèþ çàäà÷è (1)-(5) â Lh

2-íîðìå ñî ñêîðîñòüþ O (h2 + τmσ), ãäå mσ = 2 ïðè σ = 0.5;
mσ = 1 ïðè σ ̸= 0.5.

Çàìå÷àíèå. Òåîðåìà îñòàåòñÿ ñïðàâåäëèâîé â ñëó÷àå, êîãäà êîýôôèöèåíò k(x) èìååò
äâà è áîëåå ðàçðûâîâ â ïðîìåæóòêå 0 < x < 1.

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì N AP19679487 ÊÍ ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå òåïëîïðîâîäíîñòè, íåëîêàëüíûå êðàåâûå óñëîâèÿ, ïåðèîäè÷åñêèå ðåøåíèÿ ðàçíîñò-
íûõ óðàâíåíèé, òåîðèÿ óñòîé÷èâîñòè ðàçíîñòíûõ óðàâíåíèé.

2010 Mathematics Subject Classi�cation: 35K05, 35K20, 39A23, 39A30
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Îá îáðàùåíèè îïåðàòîðîâ äðîáíîãî èíòåãðèðîâàíèÿ è
äèôôåðåíöèðîâàíèÿ ðàñïðåäåëåííîãî ïîðÿäêà

À.Â. ÏÑÕÓ

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ

E-mail: pskhu@list.ru,

Ðàññìîòðèì îïåðàòîð

D
[µ]
0xf(x) =

∫
R
Dt

0xf(x)µ (dt) , (1)

ãäå Dt
0x � äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà�Ëèóâèëëÿ ïîðÿäêà t ïî ïåðåìåííîé x ñ íà÷àëîì

â òî÷êå x = 0; µ � áîðåëåâñêàÿ (âîîáùå ãîâîðÿ, çíàêîïåðåìåííàÿ) ìåðà íà R. Ïðåäïîëà-
ãàåòñÿ, ÷òî β := sup suppµ <∞.

Îïåðàòîð (1) ÿâëÿåòñÿ îïåðàòîðîì èíòåãðî-äèôôåðåíöèðîâàíèÿ ðàñïðåäåëåííîãî ïî-
ðÿäêà [1, 2]. Â ñëó÷àå, êîãäà β ≤ 0, ýòî èíòåãðàëüíûé îïåðàòîð, è äèôôåðåíöèàëüíûé
(èíòåãðî-äèôôåðåíöèàëüíûé), åñëè β > 0. Îí ìîæåò áûòü çàïèñàí â âèäå

D
[µ]
0xf(x) =

dn

dxn
(f ∗ Φµ,n) (x), (2)

ãäå

n = min{k : k ≥ β, k ∈ N ∪ {0}}, Φµ,n(x) =

∫
R

xn−t−1

Γ(n− t)
µ (dt) ,

Â äîêëàäå îáñóæäàþòñÿ âîïðîñû îáðàùåíèÿ îïåðàòîðà (1). Ìåòîä îáðàùåíèÿ îñíîâàí
íà îáîáùåííîì ïðåîáðàçîâàíèè Ñòàíêîâè÷à [3], ñâÿçûâàþùåãî (1) ñ îïåðàòîðîì äèôôå-
ðåíöèðîâàíèÿ ïåðâîãî ïîðÿäêà. Â ÷àñòíîñòè, äëÿ ÿäðà â ïðåäñòàâëåíèè (2) íàéäåíà ïàðà
Ñîíèíà [4, 5].

Êëþ÷åâûå ñëîâà: äðîáíàÿ ïðîèçâîäíàÿ, îïåðàòîð äèôôåðåíöèðîâàíèÿ ðàñïðåäåëåííîãî ïîðÿäêà, ôîðìóëà îá-
ðàùåíèÿ, ïðåîáðàçîâàíèå Ñòàíêîâè÷à, ïàðà Ñîíèíà.
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ýëëèïòè÷åñêîãî òèïà ñ ñèíãóëÿðíûì êîýôôèöèåíòîì

Ìåíãëèáàé Õîëòîæèáàåâè÷ ÐÓÇÈÅÂ1,a, Êàëëèãóë Áàõòèÿð êèçè ÊÀÇÀÊÁÀÅÂÀ1,b
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Òàøêåíò, Óçáåêèñòàí

E-mail: aruzievmkh@gmail.com, bqalligul96@gmail.com

Ðàññìîòðèì óðàâíåíèå

ymuxx + uyy +
β0
y
uy − λ2ymu = 0 (1)
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ãäå m > 0, −m
2
< β0 < 1, λ ∈ R â âåðòèêàëüíîé ïîëóïîëîñå D={(x, y) : 0 < x < 1, y > 0 }.

Ïóñòü D = D ∪ J̄0 ∪ OB ∪ J̄1, ãäå O(0, 0), B(1, 0), J0 = {(x, y) : x = 0, y > 0}, J1 =
{(x, y) : x = 1, y > 0}.

Çàäà÷à F. Íàéòè ôóíêöèþ u = u(x, y) ñî ñâîéñòâàìè:
1) u(x, y) ∈ C(D)∩C1(D∪J0∪J1)∩C2(D) è óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòè D,
2)

lim
y→+∞

u(x, y) = 0, x ∈ [0, 1], (2)

3) u(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u(0, y)− u(1, y) = φ1(y), y ≥ 0, (3)

ux(0, y)− ux(1, y) = φ2(y), y > 0, (4)

lim
y→+0

yβ0uy = ν(x), x ∈ [0, 1], (5)

ãäå φ1 = φ1(y), φ2 = φ2(y), ν = ν(x) � çàäàííûå ôóíêöèè.
Òåîðåìà 1. Ïóñòü φ1(y) ≡ 0, φ2(y) ≡ 0, ν(x) ≡ 0. Òîãäà çàäà÷à F íå ìîæåò èìåòü

áîëåå îäíîãî ðåøåíèÿ.
Äîêàçàòåëüñòâî òåîðåìû 1 ïðîâîäèòñÿ ñ ïîìîùüþ ïðèíöèïà ýêñòðåìóìà.

Òåîðåìà 2. Ïóñòü φi(y) ∈ C1[0,∞),
∞∫
0

|φi(y)|y
3m+2β0

4 dy ñõîäÿòñÿ, ôóíêöèè φi(y) îáðà-

ùàþòñÿ â íóëü ïðè y → +∞, i = 1, 2, ν(x) ∈ C2[0, 1] è íà [0, 1] èìååò êóñî÷íî-íåïðåðûâíóþ
ïðîèçâîäíóþ òðåòüåãî ïîðÿäêà, ν(0) = ν(1), ν ′′(0) = ν ′′(1). Òîãäà ðåøåíèå çàäà÷è F ñóùå-
ñòâóåò.

Äîêàçàòåëüñòâî òåîðåìû 2 ïðîâîäèòñÿ ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ.
Îòìåòèì, ÷òî êðàåâàÿ çàäà÷à F äëÿ óðàâíåíèÿ (1) â ñëó÷àå, êîãäà β0 = 0, λ = 0 èçó÷åíà

â ðàáîòå [1].

Êëþ÷åâûå ñëîâà: ïîëóïîëîñà, óðàâíåíèå ñ ñèíãóëÿðíûì êîýôôèöèåíòîì, ôóíêöèÿ Áåññåëÿ, ïðåîáðàçîâàíèå
Õàíêåëÿ, ðÿä, åäèíñòâåííîñòü ðåøåíèÿ, ñóùåñòâîâàíèå ðåøåíèÿ, ìåòîä Ôóðüå.
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Â äàííîé ðàáîòå ðàññìàòðèâàþòñÿ óïðàâëÿåìûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíå-
íèé ñ çàïàçäûâàþùèì àðãóìåíòîì íà îñíîâå ìèíèìèçàöèè êâàäðàòè÷íîãî ôóíêöèîíàëà
è ñèíòåçèðóåòñÿ îïòèìàëüíîå óïðàâëåíèå äàþùåå òðåáóåìûå ñâîéñòâà ñèñòåìû. Ñèíòåç
îïòèìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé èçó÷àëñÿ â ðàáî-
òàõ [1-2] è äð., ñ çàïàçäûâàþùèì àðãóìåíòîì èçó÷àëñÿ ÷àñòè÷íî, â îáùåì ñëó÷àå òàêèå
ñèñòåìû ðàññìàòðèâàëîñü â ðàáîòàõ [3-5] è äð. Â äàííîé ðàáîòå ïðåäëîæåí ïîäõîä ê ñèí-
òåçó îïòèìàëüíîãî óïðàâëåíèÿ, íåïðåðûâíûì ïðîäîëæåíèåì ïî ïàðàìåòðó è ïðè ïîìîùè
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èñïîëüçîâàíèÿ èíòåãðàëüíîãî ìíîîãîîáðàçèÿ. Ðàññìîòðèì óïðàâëÿåìóþ ñèñòåìó äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì íà èíòåðâàëå [0 ; T ]

.

X(t) =
N∑
k=0

AkX(t− τk) +
M∑
r=0

Br U(t− νr) , X ∈ Rm, U ∈ Rm , (1)

ãäå τk ≥ 0 (k = 0, 1 , ... , N) è νr ≥ 0 (r = 0 , 1, ... , M) � ïîñòîÿííûå çàïàçäûâàíèÿ,
Ak ≥ 0 (k = 0, 1 , ... , N) è Br ≥ 0 (r = 0 , 1, ... , M) � ñîîòâåòñòâåííî êâàäðàòíûå
ìàòðèöû, X(t) � âåêòîð ñîñòîÿíèÿ, U(t) � âåêòîð óïðàâëåíèÿ è ïðè t > 0 óïðàâëåíèå
U(t) òàêîå, ÷òî êâàäðàòè÷íûé ôóíêöèîíàë

J =
1

2

∫ T

0

(X∗(t)CX(t) + U∗(t)DU(t))dt , (2)

ïðèíèìàåò íàèìåíüøåå çíà÷åíèå, C∗ = C > 0, D∗ = D > 0, T >> 0 è çíàê * îçíà÷àåò
îïåðàöèþ òðàíñïîíèðîâàíèÿ âåêòîðà èëè ìàòðèöû. Áóäåì ðåøàòü çàäà÷ó ñèíòåçà îïòè-
ìàëüíîãî óïðàâëåíèÿ äëÿ ñèñòåìû (1) ñ ôóíêöèîíàëîì (2). Èçâåñòíî, ÷òî äëÿ ìèíèìóìà
ôóíêöèîíàëà Ëàãðàíæà

H =

∫ T

0

(
1

2
X∗(t)CX(t) +

1

2
U∗(t)DU(t)+

+Ψ∗(t)

(
N∑
k=0

AkX(t− τk) +
M∑
r=0

BrU(t− νr) −
.

X(t)

)
) dt

íåîáõîäèìî, ÷òîáû, âûïîëíÿëîñü óñëîâèå δH = 0, ãäå Ψ∗(t) = (ψ1(t), ψ2(t), ..., ψm(t)). Îò-
ñþäà íàõîäèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé{ .

X(t) =
∑N

k=0AkX (t− τk)−
∑M

l,r=0BlD
−1B∗

r Ψ(t− νr + νl) ,
.

Ψ(t) = −CX (t)−
∑N

k=0A
∗
k Ψ(t+ τk) ,

(3)

ãäå
.

X(t) è
.

Ψ(t) � ïðîèçâîäíûå âåêòîðû è èìååì ñëåäóþùèå òåîðåìû.
Òåîðåìà 1. Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé (3), èìååò ÷àñòíîå ðåøåíèå â

âèäå X(t) = Z1Q(t)Y è Ψ(t) = Z2 Q(t)Y , ãäå Z1 = (W1(1) , W2(1), ... , Wm(1)) è
Z2 = (V1(1) , V2(1), ... , Vm(1)) êâàäðàòíûå ìàòðèöû ñòîëáöàìè êîòîðûõ ÿâëÿåòñÿ ñîîò-
âåòñòâåííî âåêòîðû Wn(1) è Vn(1) (n = 1, 2, ... , m) , à Q(t) òàêæå êâàäðàòíûå ìàòðèöû
è Y ñòîëáöîâûå ïîñòîÿííûå ò.å.

Q(t) =

 exp(λ1t) ....... 0
.........................
0 ....... exp(λmt)

 , Y =

 y1
.....
ym

 ,

è yn (n = 1 , 2 , ... m ) � ïðîèçâîëüíûå ïîñòîÿííûå, λn (n = 1, 2, ... , m) � ñîáñòâåííûå
÷èñëà.

Òåîðåìà 2. Åñëè ñóùåñòâóåò îïòèìàëüíîå óïðàâëåíèå äëÿ óïðàâëÿåìûõ ñèñòåì (1),

òî îíî íàõîäèòñÿ ïî ôîðìóëå Uon(t) = KX(t), K = −
∑M

l=0D
−1B∗

l Z2Q(νl)Z
−1
1 =

−
∑M

l=0D
−1B∗

l P è ïðè ýòîì îïòèìèçèðîâàííàÿ ñèñòåìà (1) ïðèíèìàåò âèä
.

X(t) =(∑N
k=0Ak exp(−λτk) +

∑M
r=0BrK exp(−λνr)

)
X(t), X ∈ Rm, à íóëåâîå ðåøåíèå áóäåò

àñèìïòîòè÷åñêè óñòîé÷èâî ïðè t → +∞.
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1. Ðàññìîòðèì îòíîñèòåëüíî x = (x1, ..., xn) ëèíåéíóþ ìíîãîïåðèîäè÷åñêóþ ñèñòåìó ñ
D îïåðàòîðîì [1]

Dx = P (τ, t)x,D = ∂/∂τ + ⟨e, ∂/∂t⟩,

P (τ + θ, t+ ω) = P (τ, t) ∈ C
(0,e)
τ,t (R×Rm), (1)

ãäå t = (t1, ...tm) ∈ Rm, τ ∈ R, ω = (ω1, ..., ωm) � âåêòîð, ω0 = θ, ω1, ..., ωm � ðàöèîíàëüíî
íåñîèçìåðèìûå ÷èñëà, e = (1, ...1) � m-âåêòîð, C(0,e)

τ,t (R × Rm) � êëàññ ãëàäêèõ ôóíêöèé
ïîðÿäêà (0, e) ïî (τ, t) , ∂/∂t = (∂/∂t1, ..., ∂/∂tm), ⟨, ⟩ � ñêàëÿðíîå ïðîèçâåäåíèå.

Îáùèå âîïðîñû ñèñòåì âèäà (1) ñ ïåðåìåííûìè (τ, t) â ïðîñòðàíñòâå ïðÿìîëèíåéíûõ
êîîðäèíàò R × Rm èññëåäîâàíû íà îñíîâå ìåòîäà δ-õàðàêòåðèñòèê [1]. Â äàííîé ðàáîòå
èññëåäîâàíèå ïðîâåäåíî íà îñíîâå ìåòîäà ïåðèîäè÷åñêèõ β-õàðàêòåðèñòèê.

Ðàññìàòðèâàÿ â [2,3] õàðàêòåðèñòè÷åñêîå óðàâíåíèå

dt/dτ = e, (2)

îïåðàòîðà D íà öèëèíäðè÷åñêîé Öm ïîâåðõíîñòè èìåëè β-õàðàêòåðèñòèêè ñî ñâîéñòâàìè

t = β(τ, ξ, η), β(ξ, ξ, η) = η, β(τ + θ, ξ, η) = β(τ, ξ + θ, η) = β(τ, ξ, η), (3)

êîòîðûå ââåäåíû â îáèõîä òåîðèè ìíîãîïåðèîäè÷åñêèõ ñèñòåì ñ îïåðàòîðîì D.
2. Èç ñêàçàííîãî â ïóíêòå 1 ñëåäóåò, ÷òî ïîäëåæàò èññëåäîâàíèþ âîïðîñû, êàñàþùè-

åñÿ ìíîãîïåðèîäè÷íîñòè ðåøåíèé ñèñòåì (1) ñ îïåðàòîðîì äèôôåðåíöèðîâàíèÿ âäîëü β-
õàðàêòåðèñòèê (3) óðàâíåíèÿ (2). Â ýòîì íàïðàâëåíèè ïîëó÷åíû íåêîòîðûå ðåçóëüòàòû
à)-ä):

à) Èç óñëîâèÿ ìíîãîïåðèîäè÷íîñòè ðåøåíèé [2,3] äëÿ ðåøåíèÿ ñèñòåìû (1)

x(τ, t, u(β(ξ, τ, t))) = X(ξ, τ, t)u(β(ξ, τ, t)), u(t+ ω) = u(t) ∈ C
(e)
t (Rm), (4)

íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå (θ, ω)-ïåðèîäè÷íîñòè èìååò âèä

[X(ξ, ξ + θ, t)− E]u(t) = u(t). (5)

á) Åñëè ñèñòåìà (1) èìååò k ëèíåéíî íåçàâèñèìûõ (θ, ω)-ïåðèîäè÷åñêèõ ðåøåíèé, òî
òîãäà ñîïðÿæ¼ííàÿ ñèñòåìà

Dz = −P ∗(τ, t)z, (1∗)
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òàêæå èìååò k ëèíåéíî íåçàâèñèìûõ (θ, ω)-ïåðèîäè÷åñêèõ ðåøåíèé, ãäå k ≤ n, P ∗(τ, t)-
òðàíñïîíèðîâàííàÿ ìàòðèöà P (τ, t).

â) Åñëè ñèñòåìà (1) íå èìååò (θ, ω)-ïåðèîäè÷åñêèõ ðåøåíèé êðîìå íóëåâîãî, òî íåîäíî-
ðîäíàÿ ñèñòåìà

Dx = f(τ, t), f(τ + θ, t+ ω) ∈ C
(0,e)
τ,t (R×Rm), (6)

äîïóñêàåò åäèíñòâåííîå (θ, ω)-ïåðèîäè÷åñêîå ðåøåíèå.
ã) Åñëè z(τ, t) � (θ, ω)-ïåðèîäè÷åñêîå ðåøåíèå ñèñòåìû (1∗), ñîîòâåòñòâóþùåå x(τ, t)

� (θ, ω)-ïåðèîäè÷åñêîìó ðåøåíèþ ñèñòåìû (1), òî ñèñòåìà (6) èìååò (θ, ω)-ïåðèîäè÷åñêîå
ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà âûïîëíåíî óñëîâèå∫ θ

0

⟨z(ξ, β(ξ, τ, t)), f(ξ, β(ξ, τ, t))⟩ds = 0. (7)

ä) Ñóùåñòâåííûå ðåçóëüòàòû ïîëó÷åíû ïî èññëåäîâàíèþ ëèíåéíûõ êîëåáàíèé, êîãäà
P (τ, t) ÿâëÿåòñÿ ìàòðèöåé, ïîñòîÿííîé âäîëü ïåðèîäè÷åñêèõ õàðàêòåðèñòèê

P (τ, t) = A(β(ξ, τ, t)), A(t+ ω) = A(t) ∈ C
(e)
t (Rm). (8)

Ôàêòè÷åñêè èññëåäîâàíèÿ, ñâÿçàííûå ñ (4)-(8) ÿâëÿþòñÿ äàëüíåéøèì ðàçâèòèåì âîïðî-
ñîâ òåîðèè ïåðèîäè÷åñêèõ êîëåáàíèé [4] íà ìíîãî÷àñòîòíûå ñëó÷àè.
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Çàäà÷è îïðåäåëåíèÿ ÿäðà èíòåãðàëüíîãî îïåðàòîðà èíòåãðî-äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ãèïåðáîëè÷åñêîãî òèïà ÿâëÿåòñÿ áóðíî ðàçâèâàþùèìñÿ â íàñòîÿùåå âðåìÿ íàïðàâ-
ëåíèåì ñîâðåìåííîé ìàòåìàòè÷åñêîé ôèçèêè. Îáðàòíûå çàäà÷è òàêîãî ðîäà âîçíèêàþò
âî ìíîãèõ îáëàñòÿõ ïðèêëàäíîé íàóêè, òàêèõ êàê ýëåêòðîäèíàìèêà, àêóñòèêà, êâàíòîâàÿ
òåîðèÿ ðàññåÿíèÿ, ãåîôèçèêà àñòðîíîìèÿ è äð.

Â ðàáîòàõ [24]-[25] èññëåäóþòñÿ îáðàòíûå çàäà÷è äëÿ äâóìåðíîãî íåîäíîðîäíîãî
èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà, â ñëó÷àÿõ, êîãäà ïðî-
ñòðàíñòâåííóþ îáëàñòü ïðåäñòàâëÿþò, ñîîòâåòñòâåííî êâàäðàò è êðóã.
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Â äàííîé ðàáîòå èññëåäóåòñÿ îáðàòíàÿ çàäà÷à, çàêëþ÷àþùàÿñÿ â íàõîæäåíèè îäíî-
ìåðíîãî ÿäðà ñâåðòêè èíòåãðàëüíîãî ÷ëåíà íåîäíîðîäíîãî èíòåãðî � äèôôåðåíöèàëüíîãî
óðàâíåíèÿ ñ ãèïåðáîëè÷åñêèì îïåðàòîðîì îáùåãî òèïà â ãëàâíîé ÷àñòè. Îñíîâíûìè ðå-
çóëüòàòàìè äàííîé ðàáîòû ÿâëÿþòñÿ òåîðåìû îäíîçíà÷íîé ðàçðåøèìîñòè êàê ïðÿìîé, òàê
è îáðàòíîé çàäà÷è.

Â îáëàñòè Q = {(x, t) : 0 < x < l, 0 < t ≤ T}, ðàññìîòðèì èíòåãðî-äèôôåðåíöèàëüíîå
óðàâíåíèå

utt − uxx =

∫ t

0

k(t− θ)uxx(x, θ) dθ + g(x, t), (x, t) ∈ Q, (1)

ñ íà÷àëüíûìè
u|t=0 = φ(x), ut|t=0 = ψ(x), 0 < x < l, (2)

è ãðàíè÷íûìè óñëîâèÿìè:

u(0, t) = 0, u(l, t) = 0, t > 0, (3)

ãäå φ(x), ψ(x) è g(x, t) � çàäàííûå ôóíêöèè.
Îïðåäåëåíèå 1. Êëàññè÷åñêèì ðåøåíèåì ñìåøàííîé çàäà÷è (1)�(3) íàçîâåì ôóíê-

öèþ u(x, t), êîòîðàÿ äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìà â çàìêíóòîì ìíîæåñòâå Q è
óäîâëåòâîðÿåò âñåì óñëîâèÿì ñìåøàííîé çàäà÷è (1) â îáû÷íîì êëàññè÷åñêîì ñìûñëå.

Â îáðàòíîé çàäà÷å òðåáóåòñÿ íàéòè ôóíêöèþ k(t), åñëè îòíîñèòåëüíî ðåøåíèÿ ïðÿìîé
çàäà÷è (1)�(3) èìååòñÿ äîïîëíèòåëüíàÿ èíôîðìàöèÿ:

u(x0, t) = h(t), 0 ≤ t ≤ T, (4)

ãäå h(t) � çàäàííàÿ ôóíêöèÿ, x0 ∈ (0, l) � íåêîòîðîå ÷èñëî.
Îïðåäåëåíèå 2. Ðåøåíèåì îáðàòíîé çàäà÷è (1)�(4) íàçîâåì ôóíêöèþ k(t) èç êëàññà

C2
(
Q
)
∩ C1

(
Q
)
, åñëè ñîîòâåòñòâóþùåå åé ðåøåíèå ïðÿìîé çàäà÷è u(x, t) óäîâëåòâîðÿåò

óðàâíåíèÿì (1)�(3).
Ñíà÷àëà èññëåäóåòñÿ ïðÿìàÿ çàäà÷à(1)�(3). Ðåøåíèå ýòîé çàäà÷è áóäåì èñêàòü â âèäå

ðÿäà Ôóðüå

u(x, t) =
∞∑

m=1

Am(t)vm(x).

Òåîðåìà 1. Ïóñòü k(t) ∈ C[0, T ], φ(x) ∈ C4[0, l], ψ(x) ∈ C3[0, l] è
g(x, t) ∈ C3,0

x,t (Q), êðîìå òîãî âûïîëíåíû óñëîâèÿ φ(0) = φ(l) = φ′′(0) = φ′′(l) = 0,

ψ(0) = ψ(l) = ψ′′(0) = ψ′′(l) = 0, g(0, t) = g(l, t) = gxx(0, t) = gxx(l, t) = 0.

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1)�(3).
Äëÿ ðàçðåøèìîñòè îáðàòíîé çàäà÷è òðåáóåòñÿ âûïîëíåíèå ñëåäóþùèõ óñëîâèé: φ(x) ∈

C5[0, l], ψ(x) ∈ C4[0, l] è g(x, t) ∈ C4,0
x,t (Q),

φ(0) = φ(l) = φ′′(0) = φ′′(l) = φ′′′′(0) = φ′′′′(l) = 0, (5)

ψ(0) = ψ(l) = ψ′′(0) = ψ′′(l) = 0, g(0, t) = g(l, t) = gxx(0, t) = gxx(l, t) = 0,

Òåîðåìà 2. Åñëè âûïîëíåíû óñëîâèÿ (5), êðîìå òîãî

h(t) ∈ C3[0, T ], h(0) = φ(x0), h
′(0) = ψ(x0),

h′′(0) = g(0)− λ2φ′′(x0) ̸= 0.

Òîãäà äëÿ ëþáîãî ôèêñèðîâàííîãî T > 0 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îáðàòíîé
çàäà÷è (1)�(4) k(t) èç êëàññà C2[0, T ].
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Çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ îòëè÷àþòñÿ ôàíòàñòè÷åñêèì ìíîãîîáðàçèåì ñâîéñòâ.
Ïîðàçèòåëüíî òî, ÷òî óäèâèòåëüíûå ðåçóëüòàòû ïîä÷àñ íàáëþäàþòñÿ äàæå äëÿ ÷ðåçâû÷àé-
íî ïðîñòûõ çàäà÷, êàçàëîñü áû, íå ïðåäâåùàþùèõ íè÷åãî íåîæèäàííîãî. Ïðèâåäåì îäèí
ïîäîáíûé ïðèìåð.

Ðàññìàòðèâàåòñÿ ñèñòåìà, îïèñûâàåìàÿ ïðîñòåéøèì óðàâíåíèåì x′ = u íà åäèíè÷íîì
èíòåðâàëå âðåìåíè. Òðåáóåòñÿ íàéòè òàêîå óïðàâëåíèÿ u = u(t), óäîâëåòâîðÿþùåå èçîïå-
ðèìåòðè÷åñêîìó óñëîâèþ

1∫
0

u2dt = 1,

êîòîðîå ïåðåâîäèò ñèñòåìó èç íóëåâîãî íà÷àëüíîãî ñîñòîÿíèÿ â íóëåâîå æå êîíå÷íîå ñî-
ñòîÿíèå è ìèíèìèçèðóåò ôóíêöèîíàë

I(u) =

1∫
0

x2dt.

Ñèñòåìà óñëîâèé îïòèìàëüíîñòè â ôîðìå ïðèíöèïà ìàêñèìóìà â äàííîì ñëó÷àå èìååò
áåñêîíå÷íîå ìíîæåñòâî ðåøåíèé, õàðàêòåðèçóåìûõ ðàâåíñòâàìè

u+k (t) =
√
2 cos kπt, u−k (t) = −

√
2 cos kπt, k = 1, 2, ... .

Èì ñîîòâåòñòâóþò çíà÷åíèÿ êðèòåðèÿ îïòèìàëüíîñòè

I(u+k ) = I(u−k )
2

k2π2
, k = 1, 2, ... .

Î÷åâèäíî, ïîñëåäîâàòåëüíîñòè {I(u+k )} è {I(u+k )} ñòðåìÿòñÿ ê íóëþ. Ïîñêîëüêó ìèíèìè-
çèðóåìûé ôóíêöèîíàë ÿâëÿåòñÿ íåîòðèöàòåëüíûì, ïîñëåäîâàòåëüíîñòè ðåøåíèé óñëîâèé
îïòèìàëüíîñòè îêàçûâàþòñÿ ìèíèìèçèðóþùèìè. Îäíàêî êðèòåðèé îïòèìàëüíîñòè ìîæåò
îáðàòèòüñÿ â íóëü èñêëþ÷èòåëüíî ïðè x = 0, ÷òî ñîîòâåòñòâóåò óïðàâëåíèþ u = 0. Ïî-
ñêîëüêó ïîñëåäíåå íå óäîâëåòâîðÿåò èçîïåðèìåòðè÷åñêîìó óñëîâèþ, çàêëþ÷àåì, ÷òî ìè-
íèìóì ôóíêöèîíàëà íà âñåì ìíîæåñòâå äîïóñòèìûõ óïðàâëåíèé íå äîñòèãàåòñÿ.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024



Annual International April Mathematical Conference – 2024 121

Èòàê, ðàññìàòðèâàåìàÿ çàäà÷à îáëàäàåò ñëåäóþùèìè ñâîéñòâàìè: îíà íåðàçðåøèìà,
óñëîâèÿ îïòèìàëüíîñòè äëÿ íåå íå ÿâëÿþòñÿ äîñòàòî÷íûìè è èìåþò áåñêîíå÷íîå ìíîæå-
ñòâî ðåøåíèé, è, ÷òî ñàìîå óäèâèòåëüíîå, îíè îáðàçóþò ìèíèìèçèðóþùóþ ïîñëåäîâàòåëü-
íîñòü, à çíà÷èò, ìîãóò áûòü èñïîëüçîâàíû äëÿ ïðàêòè÷åñêîãî íàõîæäåíèÿ îáîáùåííîãî
ðåøåíèÿ çàäà÷è.
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Ðàññìàòðèâàåòñÿ íåëèíåéíàÿ êðàåâàÿ çàäà÷à ñ èìïóëüñíûìè âîçäåéñòâèÿìè äëÿ ñèñòå-
ìû äèôôåðåíöèàëüíûõ óðàâíåíèé

dx

dt
= f(t, x), t ∈ (0, T ) \ {θ1, θ2, . . . , θm}, x ∈ Rn,

x(θi)− x(θi − 0) = pi, pi ∈ Rn, i = 1,m,

Bx(0) + Cx(T ) = d, d ∈ Rn,

ãäå 0 = θ0 < θ1 < . . . < θm < θm+1 = T , âåêòîð-ôóíêöèÿ f : ([0, T ] \ {θ1, θ2, . . . , θm})×Rn →
Rn íåïðåðûâíà, B, C � çàäàííûå ïîñòîÿííûå (n×n) ìàòðèöû, p1, p2, . . ., pm, d � çàäàííûå
ïîñòîÿííûå n-âåêòîðû.

Äàííàÿ ðàáîòà áûëà ïîñâÿùåíà ïîëó÷åíèþ äîñòàòî÷íûõ óñëîâèé ñóùåñòâîâàíèÿ èçîëè-
ðîâàííîãî â íåêîòîðîì øàðå ðåøåíèÿ çàäà÷è (2)-(2). Èäåè ìåòîäà ïàðàìåòðèçàöèè áûëè
èñïîëüçîâàíû äëÿ îïðåäåëåíèÿ ðàçðûâíîé òðàåêòîðèè è ðàçðàáîòêè àëãîðèòìà ïîèñêà
èçîëèðîâàííîãî ðåøåíèÿ äàííîé çàäà÷è.
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Î çàäà÷å âîññòàíîâëåíèÿ ñ âûðîæäàþùåéñÿ äèôôóçèåé
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Ïóñòü çàäàíà ñèñòåìà ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî ïåðâîãî ïî-
ðÿäêà ñ âûðîæäàþùåéñÿ äèôôóçèåé{

ẋ = g1(x, y, t), x ∈ Rn1 , y ∈ Rn2 , n1 + n2 = n, n1 ≥ 0, n2 ≥ 0,

ẏ = g2(x, y, t) +D(x, y, t)u+ σ(x, y, t)ξ̇, u ∈ Rr, ξ ∈ Rk.
(1)

Òðåáóåòñÿ îïðåäåëèòü âõîäÿùåå â êîýôôèöèåíò ñíîñà ìíîæåñòâî âåêòîð-ôóíêöèé {u =
u(x, y, t) ∈ Rr} òàê, ÷òîáû çàäàííîå ìíîæåñòâî

Λ(t) : λ(x, y, t) = 0, ãäå λ = λ(x, ẋ, t) ∈ C221
xẋt , λ ∈ Rm, (2)

áûëî èíòåãðàëüíûì ìíîãîîáðàçèåì ñèñòåìû ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé (1). Çäåñü {ξ1(t, ω), ..., ξk(t, ω)} � ñèñòåìà íåçàâèñèìûõ âèíåðîâñêèõ ïðîöåññîâ [1], çà-
äàííàÿ íà íåêîòîðîì âåðîÿòíîñòíîì ïðîñòðàíñòâå (Ω, U, P ). Ïðåäïîëàãàåòñÿ, ÷òî âåêòîð-
ôóíêöèè g1(x, y, t), g2(x, y, t) è ìàòðèöû D(x, y, t), σ(x, y, t) � íåïðåðûâíû ïî t è ëèïøè-
öåâû ïî x è y â îáëàñòè Rn ∋ z = (xT , yT )T ; à òàêæå ñóùåñòâóåò ïîñòîÿííàÿ L > 0 òàêàÿ,
÷òî ∥g1(z, t)∥2+∥g2(z, t)∥2+∥D(z, t)∥2+∥σ(z, t)∥2 ≤ L(1+∥z∥2), ÷òî îáåñïå÷èâàåò â ðàññìàò-
ðèâàåìîé îáëàñòè ñóùåñòâîâàíèå è åäèíñòâåííîñòü äî ñòîõàñòè÷åñêîé ýêâèâàëåíòíîñòè
ðåøåíèÿ (x(t)T , y(t)T )T óðàâíåíèÿ (1) ñ íà÷àëüíûì óñëîâèåì (x(t0)

T , y(t0)
T )T = (xT0 , y

T
0 )

T ,
ÿâëÿþùåãîñÿ íåïðåðûâíûì ñ âåðîÿòíîñòüþ 1 ñòðîãî ìàðêîâñêèì ïðîöåññîì [2]. Óêàçàííàÿ
çàäà÷à â ñëó÷àå îòñóòñòâèÿ ñëó÷àéíûõ âîçìóùåíèé (σ≡ 0) äîñòàòî÷íî ïîëíî èññëåäîâàíà
â ðàáîòàõ [3,4 è äð.]. À ðàçëè÷íûå ÷àñòíûå ñëó÷àè ðàññìàòðèâàåìîé ñòîõàñòè÷åñêîé çàäà÷è
âîññòàíîâëåíèÿ èññëåäîâàëèñü â [5-7]. Äëÿ ðåøåíèÿ ñòîõàñòè÷åñêîé çàäà÷è âîññòàíîâëåíèÿ
èñïîëüçóåòñÿ ìåòîä êâàçèîáðàùåíèÿ [8].

Ïî ïðàâèëó ñòîõàñòè÷åñêîãî äèôôåðåíöèðîâàíèÿ Èòî [9] ñîñòàâëÿåòñÿ óðàâíåíèå âîç-
ìóùåííîãî äâèæåíèÿ

λ̇ =
∂λ

∂t
+
∂λ

∂x
g1 +

∂λ

∂y
g2 +

∂λ

∂y
Du+

1

2

[
∂2λ

∂y∂y
: σσT

]
+
∂λ

∂y
σξ̇, (3)

ãäå ïîä
∂2λ

∂y∂y
: D, ñëåäóÿ [9], ïîíèìàåòñÿ âåêòîð, ýëåìåíòàìè êîòîðîãî ñëóæàò ñëåäû

ïðîèçâåäåíèé ìàòðèö âòîðûõ ïðîèçâîäíûõ ñîîòâåòñòâóþùèõ ýëåìåíòîâ λµ(x, y, t) âåêòîðà
λ(x, y, t) ïî êîìïîíåíòàì y íà ìàòðèöó D. Äàëåå, ââåäåì ïðîèçâîëüíûå ôóíêöèè Í.Ï. Åðó-
ãèíà [3]: m-ìåðíóþ âåêòîð-ôóíêöèþ A è (m × k) ìàòðèöó B, îáëàäàþùèå ñâîéñòâîì
A(0, x, y, t) ≡ 0, B(0, x, y, t) ≡ 0, òàêèå, ÷òî èìååò ìåñòî

λ̇ = A(λ, x, y, t) +B(λ, x, y, t)ξ̇. (4)

Íà îñíîâå óðàâíåíèé (3) è (4) ïðèõîäèì ê ñëåäóþùèì ñîîòíîøåíèÿì, èç êîòîðûõ íóæíî
îïðåäåëèòü âåêòîð-ôóíêöèþ óïðàâëåíèÿ u è ìàòðèöó σ

∂λ

∂y
Du = A− ∂λ

∂t
− ∂λ

∂x
g1 −

∂λ

∂y
g2 −

1

2

[
∂2λ

∂y∂y
: σσT

]
,

∂λ

∂y
σ = B. (5)
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Äëÿ ðàçðåøåíèÿ çàäà÷è ïîòðåáóåòñÿ ñëåäóþùàÿ ëåììà.
Ëåììà 1. [8, ñ.12-13]. Ñîâîêóïíîñòü âñåõ ðåøåíèé ëèíåéíîé ñèñòåìû

Hϑ = g, H = (hµl) , ϑ = (ϑl), g = (gµ), µ = 1,m, l = 1, n, m ≤ n,

ãäå ìàòðèöà H èìååò ðàíã ðàâíûé m, îïðåäåëÿåòñÿ âûðàæåíèåì

ϑ = s [H C] +H+g. (6)

Çäåñü s-ïðîèçâîëüíàÿ ñêàëÿðíàÿ âåëè÷èíà, [H C] = [h1 . . . hm cm+1 . . . cn−1] åñòü âåêòîðíîå
ïðîèçâåäåíèå âåêòîðîâ hµ = (hµl) è ïðîèçâîëüíûõ âåêòîðîâ cρ = (cρl), ρ = m+ 1, n− 1;

H+ = HT
(
HHT

)−1
, HT � ìàòðèöà, òðàíñïîíèðîâàííàÿ ê H.

Îáîçíà÷èâ ÷åðåç D̃ =
∂λ

∂ẋ
D, ïî ôîðìóëå (6) ëåììû 1 èç ñîîòíîøåíèé (5) îïðåäåëèì

èñêîìûå âåêòîð-ôóíêöèþ u è ñòîëáöû σi, i = 1, k; ìàòðèöû σ â âèäå

u = s1

[
D̃C

]
+
(
D̃
)+

b1, σi = s2i

[
∂λ

∂ẋ
C

]
+

(
∂λ

∂ẋ

)+

Bi, i = 1, k; (7)

ãäå b1 = A − ∂λ

∂t
− ∂λ

∂x
g1 −

∂λ

∂y
g2 −

1

2

[
∂2λ
∂y∂y

: σσT
]
, σi = (σ1i, σ2i, . . . , σni)

T � i-ûé ñòîëáåö

ìàòðèöû σ = (σνj), (ν = 1, n, j = 1, k); Bi = (B1i, B2i, . . . , Bri)
T � i-ûé ñòîëáåö ìàòðèöû

B = (Bµj), (µ = 1,m, j = 1, k). Ñëåäîâàòåëüíî, ñïðàâåäëèâà òåîðåìà.
Òåîðåìà 1. Äëÿ òîãî ÷òîáû ñèñòåìà ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé

Èòî ïåðâîãî ïîðÿäêà ñ âûðîæäàþùåéñÿ äèôôóçèåé (1) èìåëî çàäàííîå èíòåãðàëüíîå ìíî-
ãîîáðàçèå (2) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû óïðàâëÿþùàÿ âåêòîð-ôóíêöèÿ u è ñòîëáöû
σi, i = 1, k ìàòðèöû äèôôóçèé σ èìåëè âèä (7).

Â ïðåäñòàâëåííîé ðàáîòå òàêæå îòäåëüíî èññëåäîâàíû ëèíåéíûé è ñêàëÿðíûé íåëè-
íåéíûé ñëó÷àè ðàññìàòðèâàåìîé ñòîõàñòè÷åñêîé çàäà÷è âîññòàíîâëåíèÿ.
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Î çàäà÷å Ãåëüìãîëüöà ñ âûðîæäàþùåéñÿ äèôôóçèåé â
êëàññå äèôôåðåíöèàëüíûõ óðàâíåíèé ýêâèâàëåíòíûõ

ïî÷òè íàâåðíîå

Ì.È. ÒËÅÓÁÅÐÃÅÍÎÂ1,a, Ì.Ì. ÌÅÄÅÒÁÅÊÎÂ2,b,
1Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

2Øûìêåíòñêèé óíèâåðñèòåò, Øûìêåíò, Êàçàõñòàí

E-mail: amarat207@mail.ru, bms.rashim@gmail.com,

Ïî çàäàííîé ñèñòåìå ñòîõàñòè÷åñêèõ óðàâíåíèé ïåðâîãî ïîðÿäêà ñ âûðîæäàþùåéñÿ
äèôôóçèåé{

ẋi = Xi(x, y, t), i = 1, n1,

ẏk = Yk(x, y, t) + σkj (x, y, t)ξ̇
j, k = 1, n2, n1 ≥ 0, n2 ≥ 0, n1 + n2 = n.

(1)

òðåáóåòñÿ ïîñòðîèòü ýêâèâàëåíòíûå çàäàííûì ñòîõàñòè÷åñêèì óðàâíåíèÿì óðàâíåíèÿ ãà-
ìèëüòîíîâîé ñòðóêòóðû.

Ïðåäïîëàãàåòñÿ, ÷òî âåêòîð-ôóíêöèè Xi(x, y, t), Yk(x, y, t) è ìàòðèöà σ(x, y, t) íåïðå-
ðûâíû ïî t è ëèïøèöåâû ïî x, y âî âñåì ïðîñòðàíñòâå Rn ∋ z = (xT , yT )T è óäîâëåòâîðÿþò
óñëîâèþ ëèíåéíîãî ðîñòà, ÷òî îáåñïå÷èâàåò â Rn ñóùåñòâîâàíèå è åäèíñòâåííîñòü äî ñòî-
õàñòè÷åñêîé ýêâèâàëåíòíîñòè ðåøåíèÿ z(t) óðàâíåíèÿ (1) ñ íà÷àëüíûì óñëîâèåì z(t0) = z0,
ÿâëÿþùåãîñÿ íåïðåðûâíûì ñ âåðîÿòíîñòüþ 1 ñòðîãî ìàðêîâñêèì.

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è ââîäÿòñÿ, ñëåäóÿ ìåòîäó Ëèóâèëëÿ, äîïîëíèòåëüíûå
ïåðåìåííûå κi , i = 1, n1 è zk , k = 1, n2, à òàêæå ôóíêöèÿ Ãàìèëüòîíà ðàñøèðåííîé
ñèñòåìû â âèäå

H = −(Xi(x, y, t)κi + Yk(x, y, t)zk). (2)

Òîãäà Xi = −∂H
∂κi

, Yk = −∂H
∂zk

è ñîîòâåòñòâóþùèå óðàâíåíèÿ ðàñøèðåííîé ñèñòåìû çàïè-
øóòñÿ â âèäå

κ̇i =
∂H

∂xi
, (i = 1, n1), n1 ≥ 0, (3a)

ẋi = −∂H
∂κi

, (3b)

żk =
∂H

∂yk
, k = 1, n2, n2 ≥ 0, (3c)

ẏk = −∂H
∂zk

+ σkj ξ̇
j, n1 + n2 = n, (3d)

ãäå óðàâíåíèÿ (3b) è (3d) ñîâïàäàþò ñ èñõîäíûìè óðàâíåíèÿìè (1), à óðàâíåíèÿ (3a) è
(3c) ñëóæàò äëÿ îïðåäåëåíèÿ âñïîìîãàòåëüíûõ ïåðåìåííûõ κi, i = 1, n è zk , k = 1, n2.

Òåîðåìà. Íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì ïðåäñòàâëåíèÿ óðàâíåíèÿ Èòî ïåð-
âîãî ïîðÿäêà ñ âûðîæäàþùåéñÿ äèôôóçèåé (1) â âèäå óðàâíåíèé êàíîíè÷åñêîé ñòðóêòóðû
(3a)-(3d) ÿâëÿåòñÿ ïðåäñòàâëåíèå ôóíêöèè Ãàìèëüòîíà â âèäå (2) ñ ïîìîùüþ äîïîëíèòåëü-
íûõ ïåðåìåííûõ κi , i = 1, n1 è zk , k = 1, n2, êîòîðûå îïðåäåëÿþòñÿ èç óðàâíåíèé (3a) è
(3ñ).

Òàêèì îáðàçîì, ìåòîäîì äîïîëíèòåëüíûõ ïåðåìåííûõ ðåøåíà çàäà÷à Ãåëüìãîëüöà â
êëàññå äèôôåðåíöèàëüíûõ óðàâíåíèé ñ âûðîæäàþùåéñÿ äèôôóçèåé (1) ýêâèâàëåíòíûõ
ïî÷òè íàâåðíîå.
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Î ÿâíîì ðåøåíèè ñìåøàííîé çàäà÷è äëÿ ìíîãîìåðíîãî
ñèíãóëÿðíîãî ýëëèïòè÷åñêîãî óðàâíåíèÿ â ãèïåðîêòàíòå

øàðà

Ç.Ð. ÒÓËÀÊÎÂÀ

Ôåðãàíñêèé ôèëèàë Òàøêåíòñêîãî óíèâåðñèòåòà èíôîðìàöèîííûõ òåõíîëîãèé, Ôåðãàíà,

Óçáåêèñòàí

E-mail: ziyodacoders@gmail.com

Ïóñòü Rm � m-ìåðíîå åâêëèäîâî ïðîñòðàíñòâî (m ≥ 2), x := (x1, ..., xm) � ïðîèçâîëü-
íàÿ òî÷êà â í�eì è n � íàòóðàëüíîå ÷èñëî, ïðè÷åì n ≤ m. Ïåðâóþ 2−n-óþ ÷àñòü m-ìåðíîãî
øàðà ðàäèóñà R c öåíòðîì â íà÷àëå êîîðäèíàò îïðåäåëèì ñëåäóþùèì îáðàçîì:

Ω :=
{
x : x21 + ...+ x2m < R2, x1 > 0, ..., xn > 0,

}
Ðàññìîòðèì îáîáùåííîå ñèíãóëÿðíîå ýëëèïòè÷åñêîå óðàâíåíèå

m∑
j=1

∂2u

∂x2j
+

n∑
k=1

2αk

xk

∂u

∂xk
= 0 (1)

â Ω, ãäå α := (α1, ..., αn), αk � äåéñòâèòåëüíûå ÷èñëà, ïðè÷åì 0 < 2αk < 1.
Ââåäåì îáîçíà÷åíèÿ:

x̃p = (x1, ..., xp−1, xp+1, ..., xm) ∈ Rm−1; 0 = (0, ..., 0) ∈ Rm−1,

S :=
{
x : x21 + ...+ x2m = R2, x1 > 0, ..., xn > 0

}
,

Dp :=

{
x : x21 + ...+ x2p−1 + x2p+1 + ...+ x2m < R2,

x1 > 0, ..., xp−1 > 0, xp+1 > 0, ..., xn > 0

}
;

Sp :=

{
x : x21 + ...+ x2p−1 + x2p+1 + ...+ x2m = R2,

x1 > 0, ..., xp−1 > 0, xp+1 > 0, ..., xn > 0

}
; p = 1, n.

Ñìåøàííàÿ çàäà÷à DnM. Íàéòè ðåãóëÿðíîå ðåøåíèå u (x) óðàâíåíèÿ (1) èç êëàññà
ôóíêöèé C

(
Ω
)
∩ C2 (Ω) , óäîâëåòâîðÿþùåå óñëîâèÿì:

u|xp=0 = τp (x̃p) , x̃p ∈ Dp, p = 1, n,
∂u

∂N

∣∣∣∣
S

= φ (x) , x ∈ S,

ãäå τp ∈ C
(
Dp

)
è φ ∈ C (S) � çàäàííûå ôóíêöèè, ïðè÷åì ôóíêöèè τp (x̃p) óäîâëåòâîðÿþò

óñëîâèÿì ñîãëàñîâàíèÿ:

τp (0) = τk (0) , τk (x̃k)|xp=0 = τp (x̃p)|xk=0 , k ̸= p (k, p = 1, n).

Çäåñü N � âíåøíÿÿ íîðìàëü ê S.
Ïîâòîðÿÿ ðàññóæäåíèÿ ïðîâåäåííûå â [1], ïîëó÷èì ðåøåíèå ñìåøàííîé çàäà÷è â ÿâíîì

âèäå

u (ξ) = γnξ
(1−2α)

n∑
k=1

(1− 2αk)

∫
Sk

x̃
(1)
k τk (x̃k)

[
F

(n−1)
A (σk0)

X2βn

k

− F
(n−1)
A (σ̄k0)

Y 2βn

k

]
dSk+

+

∫
S

x(2α)Gn(x; ξ)φ (x) dS,
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ãäå

ξ(1−2α) =
n∏

j=1

ξ
1−2αj

j , x̃
(1)
k =

n∏
j=1,j ̸=k

xj, x(2α) =
n∏

j=1

x
2αj

j ,

F
(n−1)
A (z) = F

(n−1)
A

[
βn, 1− α1, ..., 1− αk−1, 1− αk+1, ..., 1− αn;
2− 2α1, ..., 2− 2αk−1, 2− 2αk+1, ..., 2− 2αn;

z

]
,

X2
k = ξ2k +

m∑
i=1,i ̸=k

(ξi − xi)
2, σ0

p = −4xpξp
X2

k

, σ̄0
p = −R

2

ρ2
4xpξp
Y 2
k

,

Y 2
k =

m∑
i=1,i ̸=k

(
R− xiξi

R

)2

+
1

R2

m∑
i=1,i ̸=k

m∑
j=1,j ̸=i

x2i ξ
2
j − (m− 2)R2,

σk0 :=
(
σ0
1, ..., σ

0
k−1, σ

0
k+1, ..., σ

0
n

)
, σ̄k0 :=

(
σ̄0
1, ..., σ̄

0
k−1, σ̄

0
k+1, ..., σ̄

0
n

)
.

Çäåñü

F
(n)
A (a, b1, ..., bn;c1, ..., cn;x) =

∞∑
k1,...,kn=0

(a)k1+...+kn

n∏
j=1

(bj)kj
(cj)kj

x
kj
j

kj!
,

n∑
j=1

|xj| < 1

� ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ëàóðè÷åëëà îò n ïåðåìåííûõ.
Îòìåòèì, ÷òî ÿâíîå ðåøåíèå ñìåøàííîé çàäà÷è äëÿ óðàâíåíèÿ (1) ïðè m = 2 è n = 1

ïîëó÷åíî â [2].

Êëþ÷åâûå ñëîâà: ñìåøàííàÿ çàäà÷à, ìíîãîìåðíîå ýëëèïòè÷åñêîå óðàâíåíèå ñ íåñêîëüêèìè ñèíãóëÿðíûìè êî-
ýôôèöèåíòàìè, ôóíäàìåíòàëüíîå ðåøåíèå, ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Ëàóðè÷åëëà ìíîãèõ ïåðåìåííûõ. .

2010 Mathematics Subject Classi�cation: 35A08, 35J25, 35J70, 35J75
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Îá óñëîâèè ðàçðåøèìîñòè êðàåâîé çàäà÷è òèïà äèðèõëå
äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èíâîëþöèåé

Ê.È. ÓÑÌÀÍÎÂa, Ê.Æ. ÍÀÇÀÐÎÂÀb

Ìåæäóíàðîäíûé Êàçàõñêî-Òóðåöêèé óíèâåðñèòåò èì. À.ßñàâè, Òóðêåñòàí, Êàçàõñòàí

E-mail: akairat.usmanov@ayu.edu.kz, bkulzina.nazarova@ayu.edu.kz

Èçâåñòíî, ÷òî äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ îòêëîíÿþùèìèñÿ àðãóìåíòàìè èãðàþò
âàæíóþ ðîëü ïðè èññëåäîâàíèè çàäà÷ ìåäèöèíû, áèîëîãèè, ýêîíîìèêè è ò.ä. Íåêîòîðûå
èç òàêèõ îòêëîíåíèé îáëàäàþò ñâîéñòâàìè α : [0, T ] → [0, T ] è α2(t) = α(α(t)) = t. Â äèô-
ôåðåíöèàëüíûõ óðàâíåíèÿõ, â êîòîðûõ âìåñòå ñ èñêîìîé ôóíêöèåé x(t) èìåþòñÿ çíà÷åíèÿ
x (α(t)) è ẋ (α(t)) íàçûâàþò óðàâíåíèÿìè ñî ñäâèãàìè Êàðëåìàíà [1] èëè óðàâíåíèÿìè ñ
èíâîëþòèâíûìè ïðåîáðàçîâàíèÿìè. Íà îòðåçêå [0, 1] â êà÷åñòâå òàêîãî ïðåîáðàçîâàíèÿ
ìîæíî ðàññìîòðåòü ïðåîáðàçîâàíèå âèäà α(t) = 1− t.

Ìíîãèå âîïðîñû ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
èíâîëþòèâíûìè ïðåîáðàçîâàíèÿìè èññëåäîâàíû äîñòàòî÷íî õîðîøî. Îäíàêî, íåêîòîðûå
âîïðîñû ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èíâî-
ëþòèâíûìè ïðåîáðàçîâàíèÿìè îñòàþòñÿ îòêðûòûìè. Â äàííîé ðàáîòå ñ ïîìîùüþ ìåòîäà
ïàðàìåòðèçàöèè èññëåäîâàíû óñëîâèÿ ðàçðåøèìîñòè òàêèõ çàäà÷.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024



Annual International April Mathematical Conference – 2024 127

Íà îòðåçêå [0, 1] èññëåäóåòñÿ êðàåâàÿ çàäà÷à äëÿ íåîäíîðîäíîãî èíòåãðî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ èíâîëþöèåé

y′′ (1− x) + λy (x) = ν

∫ 1

0

ϕ(x)ψ(s)y (s) ds+ f (x) , 0 ≤ x ≤ 1, (1)

y (0) = a, y (1) = b (2)

ãäå ôóíêöèÿ f(x), ϕ (x) , ψ (x) íåïðåðûâíû íà [0, 1]. Â êðàåâîé çàäà÷å (1), (2) λ, ν ̸= 0.
Ðàçðåøèìîñòü êðàåâîé çàäà÷è (1), (2) áóäåì èññëåäîâàòü ìåòîäîì ïàðàìåòðèçàöèè,

ïðåäëîæåííûì ïðîôåññîðîì Ä. Äæóìàáàåâûì [2]. Ìåòîä ïàðàìåòðèçàöèè èçíà÷àëüíî áûë
ïðèìåíåí äëÿ èññëåäîâàíèÿ îäíîçíà÷íîé ðàçðåøèìîñòè êðàåâîé çàäà÷è äëÿ ñèñòåì äèô-
ôåðåíöèàëüíûõ óðàâíåíèé. Ïîçæå ìåòîäîì ïàðàìåòðèçàöèè áûëè èññëåäîâàíû ðàçðåøè-
ìîñòè ðàçëè÷íûõ êðàåâûõ çàäà÷ [3,4].

Ââåäÿ îáîçíà÷åíèÿ µ1 = y
(
1
2

)
, µ2 = y′

(
1
2

)
è èñïîëüçóÿ çàìåíó y (x) = u (x) + µ1 +

µ2

(
x− 1

2

)
èñõîäíóþ êðàåâóþ çàäà÷ó (1), (2) ôîðìàëüíî ðàçáèâàåì íà äâå ÷àñòè, ò.å. íà

çàäà÷ó Êîøè äëÿ èñõîäíîãî óðàâíåíèÿ è íà ñèñòåìó óðàâíåíèè âòîðîãî ïîðÿäêà, äëÿ îïðå-
äåëåíèÿ ïàðàìåòðîâ λ, ν.
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Îá îäíîé íåëîêàëüíîé çàäà÷å äëÿ óðàâíåíèÿ ñìåøàííîãî
òèïà ñ îïåðàòîðîì äðîáíîãî ïîðÿäêà

Îêèëæîí ÝÐÃÀØÅÂ

Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò ¾Òàøêåíòñêèé èíñòèòóò èíæåíåðîâ èððèãàöèè è

ìåõàíèçàöèè ñåëüñêîãî õîçÿéñòâà¿, Òàøêåíò, Óçáåêèñòàí

E-mail: okiljonergashev@gmail.com

Íåëîêàëüíàÿ êðàåâàÿ çàäà÷à íîâîãî òèïà äëÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ, âîçíèêàþùàÿ
â òåîðèè ïëàçìû, áûëà ñôîðìóëèðîâàíà À.Â.Áèöàäçå è À.À.Ñàìàðñêèì â ðàáîòå [1] è â
íàó÷íîé ëèòåðàòóðå ïîëó÷èëî íàçâàíèå çàäà÷è (òèïà) Áèöàäçå-Ñàìàðñêîãî.

Â íàøåé ðàáîòå äëÿ ñìåøàííîãî ïàðàáîëî-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ äðîáíîãî ïî-
ðÿäêà èçó÷åíà íåëîêàëüíàÿ êðàåâàÿ çàäà÷à, ãäå â êà÷åñòâå ãðàíè÷íûõ óñëîâèé ïî ïðî-
ñòðàíñòâåííîé ïåðåìåííîé çàäà¼òñÿ íåëîêàëüíîå óñëîâèå òèïà Áèöàäçå-Ñàìàðñêîãî, òåì
ñàìûì, ñîîòâåòñòâóþùèé äèôôåðåíöèàëüíûé îïåðàòîð ÿâëÿåòñÿ íåñàìîñîïðÿæåííûì è
ïîýòîìó, âîçíèêàþò ïðîáëåìû èçó÷åíèÿ ïîëíîòû è áàçèñíîñòè êîðíåâûõ ôóíêöèé òàêèõ
îïåðàòîðîâ. Ïðè ýòîì ðåøåíèå ïîñòðîåíî â âèäå ñóììû ðÿäà ïî ñîáñòâåííûì ôóíêöèÿì
ñîîòâåòñòâóþùåé îäíîìåðíîé ñïåêòðàëüíîé çàäà÷è.

Êëþ÷åâûå ñëîâà: çàäà÷è òèïà Áèöàäçå-Ñàìàðñêîãî, ñîáñòâåííûå ôóíêöèè, ïîëíîòà, áàçèñ Ðèññà.
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Initial-boundary value problem for partial differential equations
with discrete impulse memory
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In the communication on the domain Ω = [0, T ] × [0, ω] we consider the initial-boundary
value problem for partial differential equations with discrete impulse memory

∂2u

∂t∂x
= A(t, x)

∂u(t, x)

∂x
+B(t, x)

∂u(t, x)

∂t
+ C(t, x)u(t, x) + f(t, x)+

+A0(t, x)
∂u(γ(t), x)

∂x
+B0(t, x)

∂u(γ(t), x)

∂t
+ C0(t, x)u(γ(t), x), (1)

t ̸= θj, j = 1, N − 1,

P2(x)
∂u(0, x)

∂x
+ S2(x)

∂u(T, x)

∂x
+ P1(x)

∂u(t, x)

∂t

∣∣∣
t=0

+S1(x)
∂u(t, x)

∂t

∣∣∣
t=T

+

+P0(x)u(0, x) + S0(x)u(T, x) = φ(x), x ∈ [0, ω], (2)

lim
t→θp+0

∂u(t, x)

∂x
− lim

t→θp−0

∂u(t, x)

∂x
= φp(x), x ∈ [0, ω], p = 1, N − 1, (3)

u(t, 0) = ψ(t), t ∈ [0, T ], (4)

where u = (u1, u2, ..., un) is unknown vector function, the n × n matrices A(t, x), B(t, x),
C(t, x), A0(t, x), B0(t, x), C0(t, x) and n vector function f(t, x) are piecewise continuous on Ω;
0 = θ0 < θ1 < ... < θN−1 < θN = T ;

γ(t) = ζj if t ∈ [θj, θj+1), θj ≤ ζj ≤ θj+1 for all j = 0, 1, ..., N − 1;
the (n × n) matrices Pi(x), Si(x), i = 0, 1, 2, and n vector function φ(x) are continuous on
[0, ω], the n vector functions φp(x) are continuous on [0, ω], p = 1, N − 1 the n vector function
ψ(t) is continuously differentiable on [0, T ].

Mathematical modeling of processes with discontinuity effects has necessitated the need to
develop the theory of partial differential equations with discontinuities. An important class of
such equations is comprised of partial differential equations with discrete memory [1-7].

Partial differential equations with discrete impulse memory (or generalized piecewise con-
stant argument) are more suitable for modeling and solving various application problems, in-
cluding areas of neural networks, discontinuous dynamical systems, biological and medical
models, etc. [3, 4, 9, 10]

In the present communication, we study questions of solvability to the initial-boundary
value problem for the partial differential equations second order with discrete impulse memory
(1)–(4).

Recently, we propose a new approach for solving nonlocal problem for system of hyperbolic
equations second order with discrete impulse memory [10] based on Dzhumabaev’s parametriza-
tion method [11, 12].
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We develop this approach to a new class initial-boundary value problems for partial dif-
ferential equations with discrete impulse memory (1)–(4). Conditions for the existence and
uniqueness of the initial-boundary value problem for the partial differential equations with dis-
crete impulse memory (1)–(4) are established. An algorithm for finding approximate solution
this problem is offered.
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On a boundary value problem for linear differential-algebraic
equations with constant coefficients
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We consider the linear differential-algebraic equation with constant coefficients of the form

Eẋ(t) = Ax(t) + f(t), t ∈ (0, T ), (1)

subject to the boundary condition

Bx(0) + Cx(T ) = d. (2)

Here E,A,B,C ∈ Rn×n, d ∈ Rn, T > 0. We suppose that the matrix pair (E,A) is regular, i.e.
det(λE − A) ̸= 0 for some λ ∈ C.

By a solution of the boundary value problem (1), (2) we mean a function x ∈ C1([0, T ],Rn)
satisfying equation (1) and the boundary condition (2).

Differential-algebraic equations have become widespread over the last decades, being a tool
for modeling and simulation of dynamical systems with constraints in numerous applications [1].
The theory of boundary value problems for differential-algebraic equations started to develop
by applying modified versions of the shooting and collocation methods designed for ordinary
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differential equations. However, there is still a need for the development of new methods or
modification of known methods of the theory of differential equations, which would be applicable
to differential-algebraic equations and would be of constructive nature. We use the method
of parameterization proposed by Dzhumabaev [2]. This method was originally proposed for
solving the linear boundary value problem (1), (2) provided detE ̸= 0. We apply the method
of parameterization to the boundary value problem (1), (2) in the case when the matrix E is
not necessarily non-singular.

We introduce the parameter µ ∈ Rn defined as µ := x(0). By substituting u(t) := x(t)− µ,
problem (1), (2) is transformed into the problem with parameter

Eu̇(t) = A(u(t) + µ) + f(t), t ∈ (0, T ), u(0) = 0, (3)

Bµ+ C(µ+ u(T )) = d. (4)

Let P and Q be non-singular matrices which transform (3) to Weierstrass canonical form
[1], i.e.,

PEQ =

[
In1 0
0 N

]
, PAQ =

[
J 0
0 In2

]
, Pf =

[
f̃1
f̃2

]
, (5)

where J is an n1×n1 matrix in Jordan canonical form and N is an n2×n2 nilpotent matrix also
in Jordan canonical form; n1 + n2 = n. Let ν denote the index of nilpotency of N . According
to the space decomposition given by (5), we have the function ũ(t) = (ũ1(t), ũ2(t))

T := Q−1u(t)
and the vector µ̃ = (µ̃1, µ̃2)

T := Q−1µ. We then can rewrite problem (3), (4) in the following
form:

˙̃u1(t) = J(ũ1(t) + µ̃1) + f̃1(t), ũ1(0) = 0, (6)

N ˙̃u2(t) = ũ2(t) + µ̃2 + f̃2(t), ũ2(0) = 0, (7)

BQµ̃+ CQ(µ̃+ ũ(T )) = d. (8)

Suppose that B̃ := BQ, C̃ := CQ and d in (8) are of the form

B̃ =

[
B̃1 B̃2

0 0

]
, C̃ =

[
C̃1 C̃2

0 0

]
, d =

[
d1
0

]
,

where B̃1, C̃1 ∈ Rn1×n1 , B̃2, C̃2 ∈ Rn1×n2 , d1 ∈ Rn1 .
Theorem 1. Let f ∈ Cν([0, T ],Rn). Then problem (6) - (8), whereB = B̃Q−1, C = C̃Q−1,

and d = (d1, 0)
T , has a unique solution if and only if:

(i) the matrix D̃ = B̃1 + C̃1 + C̃1J
T∫
0

e(T−s)Jds is non-singular;

(ii) µ̃2 = −
ν−1∑
i=0

N if̃
(i)
2 (0).

The components of the solution (µ̃, ũ(t) of problem (6) - (8) are uniquely determined:

(µ̃1, ũ1(t)) =
(
D̃−1d̃,

t∫
0

e(t−s)JdsJD̃−1d̃+

t∫
0

e(t−s)J f̃1(s)ds
)
,

(µ̃2, ũ2(t)) =
(
−

ν−1∑
i=0

N if̃
(i)
2 (0), −

ν−1∑
i=0

N i[f̃
(i)
2 (t)− f̃

(i)
2 (0)]

)
.

Theorem 2. Under the assumptions of Theorem 1 problem (1), (2) with B = B̃Q−1,
C = C̃Q−1, and d = (d1, 0)

T has a unique solution x(t) = Q(µ̃+ ũ(t)).
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Determination of coefficients of fractional differential equations
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Let T > 0, l > 0 be fixed numbers and ΩlT := {(x, t) : 0 < x < l, 0 < t ≤ T}. Consider the
time-fractional diffusion equation

Dα,β
0+,tu(x, t)− uxx + q(t)u(x, t) = p(t)f(x, t), x ∈ (0, l), t ∈ (0, T ], (1)

the initial conditions of Cauchy type

I
(2−α)(1−β)
0+,t u(x, t)

∣∣
t=0

= φ1(x),

∂

∂t

(
I
(2−α)(1−β)
0+,t u

)
(x, t)

∣∣
t=0

= φ2(x), x ∈ [0, l], (2)

the boundary conditions
u(0, t) = u(l, t) = 0, 0 ≤ t ≤ T, (3)

and the nonlocal additional condition

l∫
0

wi(x)u(x, t)dx = hi(t), i = 1, 2, t ∈ [0, T ]. (4)

Here the generalized Riemann-Liouville (Hilfer) fractional differential operator Dα,β
0+,t of the

order 1 < α < 2 and type 0 ≤ β ≤ 1 (see, [1], pp. 112-118, [2], pp. 62-65).
Assume that throughout this article, given functions φ1, φ2, f, w and h satisfy the follow-

ing assumptions:
A1) φi ∈ C3[0, l], φ

(4)
i ∈ L2[0, l], φi(0) = φi(l) = 0, φ′′

i(0) = φ′′
i(l) = 0, i = 1, 2;

A2) f(x, ·) ∈ C[0, T ] and for t ∈ [0, T ], f(·, t) ∈ C3[0, l], f(·, t)(4) ∈ L2[0, l], f(0, t) = f(l, t) = 0, fxx(0, t) =
fxx(l, t) = 0;

A3) w(x) ∈ C2[0, l] and w(0) = w(l) = 0 and w
′′
(0) = w

′′
(l) = 0;

A4)
(
Dα,β

0+,th
)
(t) ∈ C[0, T ], |h(t)|≥ h0 > 0, h0 is a given number,

l∫
0

wi(x)φ1(x)dx = I
(2−α)(1−β)
0+,t hi(t)

∣∣
t=0+

,
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l∫
0

wi(x)φ2(x)dx =
∂

∂t

(
I
(2−α)(1−β)
0+,t hi(t)

)
(t)
∣∣
t=0+

, i = 1, 2.

We consider the weighted spaces of continuous functions [[3], pp. 4-5, 162-163].

C2,α,β
γ (Ω) =

{
u(x, t) : u(·, t) ∈ C2(0, 1); t ∈ [0, T ] and

Dα,β
0+,tu(x, ·) ∈ Cγ(0, T ]; x ∈ [0, 1], 1 < α ≤ 2, 0 ≤ β ≤ 1

}
,

where ΩlT := {(x, t) : 0 ≤ x ≤ l, 0 ≤ t ≤ T}.
The papers [3] and [4] study inverse problems of finding time-dependent source terms, re-

spectively, in time-fractional diffusion equation by using eigenfunction expansion of the non-self
adjoint spectral problem along the generalized Fourier method. The main results of these stud-
ies comprise the existence and uniqueness theorems, as well as a stability estimate for the
solution of the problem of determining the coefficient in a time-fractional diffusion and wave
equation.

Using the above results, we obtain the following assertion.
Lemma. Let p(t), q(t) ∈ C[0, T ], A1)-A2) are satisfied, then there exists a unique solution

of the direct problem (1)-(3) u(x, t) ∈ C2,α,β
γ (ΩlT ).

Theorem Let A1)-A4) are satisfied. Then there exists a number T ∗ ∈ (0, T ), such that
there exists a unique solution p(t), q(t) ∈ C[0, T ∗] of the inverse problem (1)-(4).

Keywords: Hilfer fractional differential equation, Riemann-Liouville fractional derivative, inverse problem, initial con-
ditions, boundary conditions.
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Self-similar solutions for the membrane transverse vibration
equation
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In our modern life, many problems of modern mathematics and theoretical physics lead
to the investigation of hypergeometric functions of one and several variables, (for example)
partial differential equations are obtainable with the help of such hypergeometric functions
[1].In particular, the energy absorbed by some nonferromagnetic conductor sphere included in
an internal magnetic field can be calculated with the help of such functions [2]. Hypergeometric
functions of several variables are used in physical and quantum chemical applications as well [3].
Especially, many problems in gas dynamics lead to solutions of degenerate second-order partial
differential equations which are then solvable in terms of multiple hypergeometric functions
[5-6].
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We consider and establish the solutions of the degenerating model equation in terms of the
hypergeometric function 2F1 (a, b; c; z).

When solving vibration problems, the model is obtained by calculating the transverse
displacement u (r, t) of a symmetrically deformed membrane. To process inhomogeneous
waves u (r, t) representing the frequency, the following equation is modeled and considered
by J.Kastillo, C.Jiménez and R.Meléndez [4].

a−2utt (r, t) = r2−2curr (r, t) + (1− 2l) r1−2cur (r, t) +
(
l2 − c2ν2

)
r−2cu (r, t) (8)

(ν, l, c = const > 0) ,

where a2 = T
D
, T membrana tension and D mass per unit area of the membrane.

We obtain the following special solutions of equation (8):

u1 (r, t) = rl−νctν2F1

(
−ν
2
,
1

2
− ν

2
, 1− ν,

r2c

a2c2t2

)
, (9)

u2 (r, t) = rl+cν(
1

a2c2t
)νδ2F1

(
−ν
2
− 1

2
,−ν

2
, 1 + ν,

r2c

a2c2t2

)
, (10)

where 2F1 (a, b; c; z) is Gaussian hypergeometric function with two numerator parameters and
one denominator parameter.
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Solvability of an inverse coefficient problem for a time-fractional
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We consider the initial-periodic boundary problem for the fractional diffusion equation

∂αt u− uxx + a(t)u = f(x, t)g(t), (x, t) ∈ DT , (1)

u(x, 0) = φ(x), x ∈ [0, 1], (2)
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u(0, t) = u(1, t), ux(0, t) = ux(1, t), φ(0) = φ(1), φ′(0) = φ′(1), t ∈ [0, T ], (3)

where ∂αt is the Caputo fractional derivative of order 0 < α ≤ 1 in the time variable (see [1, pp.
90-94]), a(t), g(t), t > 0 are the source control terms, f(x, t) is known source term, φ(x) is the
initial temperature, T is arbitrary positive number and DT := {(x, t) : 0 < x < 1, 0 < t ≤ T}).
.

The problem of determining a function u(x, t), (x, t) ∈ DT , that satisfies (1)-(3) with known
functions a(t), g(t), f(x, t) and φ(x) will be called the direct problem.

In the inverse problem, it is required to determine the coefficients a(t), g(t), t > 0, in (1)
using over-determination conditions about the solution of the direct problem (1)-(3):∫ 1

0

ωi(x)u(x, t)dx = hi(t), i = 1, 2, x ∈ [0, 1], (4)

where ωi(x), hi(t), i = 1, 2 are given functions.
By C2,α(DT ) we denote the class of 2 times continuously differentiable with respect to x

and α times continuously differentiable with respect to t in the domain DT functions.
Definition 1. The triple of functions {u(x, t), a(t), g(t)} from the class C2,α(DT ) ∩

C1,0(DT )×C[0, T ]×C[0, T ] is said to be a classical solution of problem (1)-(4), if the functions
u(x, t), a(t) and g(t) satisfy the following conditions:

(1) The function u(x, t) and its derivatives ∂αt u(x, t), uxx(x, t) are continuous in the domain
DT ;

(2) the function a(t), g(t) is continuous on the interval [0, T ];
(3) equation (3) and conditions (2)-(4) are satisfied in the classical sense.
Throughout this article the functions φ, f, ωi and hi (i := 1, 2) are assumed to satisfy

the following conditions:
(A1) φ(x) ∈ C2(0, 1); φ(3)(x) ∈ L2(0, 1); φ(0) = φ(1); φ′(0) = φ′(1); φ′′(0) = φ′′(1);

φ(3)(0) = φ(3)(1);
(A2) f(x, t) ∈ C(DT ) ∩ C2,1(DT ); f (3)(x, t) ∈ L2(DT ); f(0, t) = f(1, t); f ′(0, t) =

f ′(1, t); f ′′(0, t) = f ′′(1, t);

(A3) hi(t) ∈ AC[0, T ]; ωi(x) ∈ C2[0, 1]; ω
(3)
i (x, t) ∈ L2[0, l];

∫ 1

0
ωi(x)φ(x)dx =

hi(0); ωi(0) = ωi(1); ω′
i(0) = ω′

i(1); ω′′
i (0) = ω′′

i (1), i = 1, 2.
Lemma 1. Let {g(t), a(t)} ∈ C[0, T ], (A1), (A2) are satisfied, then there exists a unique

solution of the direct problem (1)-(3) u(x, t) ∈ C2,α(DT ) ∩ C1,0(DT ).
The main result of this work is presented as follows:
Theorem 1. Let (A1)-(A4) are satisfied. Then there exists a number T ∗ ∈ (0, T ), such

that there exists a unique solution a(t), g(t) ∈ C[0, T ∗] of the inverse problem (1)-(4).
For proving this theorem, inverse problem (1)-(4) reduces to the equivalent integral equations

with respect unknown functions u(x, t), a(t), g(t). For solving this equation the contracted
mapping principle is applied. The local existence and uniqueness results are proven.
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impulsive differential equations with loadings
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We consider the following boundary value problem for impulsive differential equations with
loadings

dx

dt
= K0(t)x+

m+1∑
i=1

Ki(t) lim
t→θi+0

ẋ(t) + f(t), x ∈ Rn, t ∈ (0, T ), (1)

Bi lim
t→θi−0

x(t)− Ci lim
t→θi+0

x(t) =

= φi +
i−1∑
k=1

Dk lim
t→θk−0

x(t) +
i−1∑
k=1

Ek lim
t→θk+0

x(t), φi ∈ Rn, i = 1,m, (2)

B0x(0) + C0x(T ) = d, d ∈ Rn, (3)

where (n×n)-matrices Ki(t) (i = 0,m+ 1) and n-vector-function f(t) are piecewise continuous
on [0, T ] with possible discontinuities of the first kind at the points t = θi (i = 1,m). Bj and
Cj (j = 0,m), Dk and Ek, (k = 1,m− 1) are constant (n × n)-matrices, and φi, (i = 1,m)
and d are constant n vectors, 0 = θ0 < θ1 < . . . < θm < θm+1 = T .

A solution to problem (1)–(3) is a piecewise continuously differentiable vector function x(t)
on [0, T ], which satisfies the system of differential equations with loadings (1) on [0, T ] except
the points t = θi (i = 1,m), conditions of impulse effects at the fixed time points (2) and the
boundary condition (3).

Several problems in mathematical physics and mathematical biology involve addressing
boundary-value problems associated with loaded equations [1]. The study of problems related
to essentially loaded differential equations, incorporating impulse effects, and the exploration
of techniques for solving them are discussed in [2, 3]. These problems emerge in the modeling
of diverse processes of natural science.

In the present paper, a linear boundary value problem for impulsive differential equations
with loadings is investigated. The Dzhumabaev parameterization method [4] is used for solving
the problem (1)-(3). A numerical method is offered for solving the considering problem (1)-
(3).
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On spectral problem to logarithmic potential on annulus
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In [1] T.Sh. Kalmenov and D. Suragan found that the BVP

−∆u = f, x ∈ Ω,

N [u] = −u(x)
2

+

∫
∂Ω

(
εn(x− ξ)

∂u(ξ)

∂nξ

− ∂εn(x− ξ)

∂nξ

u(ξ)

)
dSξ = 0, x ∈ ∂Ω

has a unique solution given by Newtonian potential

u(x) =

∫
Ω

εn(x− ξ)f(ξ)dξ,

where Ω ⊂ Rn is a simply-connected domain, n⃗ is an outer unit normal to ∂Ω, and

εn(x) =

{
1
2
ln |x|, n = 2,

− 1
(n−2)σn

|x|2−n, n ≥ 3,

σn is the surface area of the sphere in Rn. In addition, the authors solved the spectral problem
for Newtonian potential on a 2D circle and 3D ball, i.e. the following problem:∫

Ω

εk(x− ξ)em(ξ)dξ =
em(x)

λm
, k = 2, 3.

The main aim of this work is to study a boundary value problem with non-local conditions
in a multi-connected domain in Rn, and show the existence and uniqueness of the solution to
this problem, and applied it to solve spectral problem for integral operator, namely the Newton
potential.

Theorem 1. For any f ∈ L2(Ω) the Newtonian potential in a m+1-connected domain Ω
is the unique solution of the Poisson equation

−∆u = f,

with following non-local boundary conditions

Ni[u] = −u(x)
2

+
m∑
k=0

∫
∂Ωk

(
∂εn(x− ξ)

∂nξ

u(ξ)− εn(x− ξ)
∂u(ξ)

∂nξ

)
dSξ = 0, x ∈ ∂Ωi

i = 0,m.

Theorem 2. The eigenvalues of the logarithmic potential are the roots of the transcendental
equations

J0

(√
λr0

)
− r0 ln

r1
r0

dJ0

(√
λρ
)

dρ

∣∣∣∣∣∣
ρ=r0

= 0 for k = 0,

and for k ̸= 0

−Jk
(√

λr0

)
+
r0
k

dJk

(√
λρ
)

dρ

∣∣∣∣∣∣
ρ=r0

−
(
r1
r0

)k

Jk

(√
λr1

)
+
r1
k

(
r1
r0

)k dJk

(√
λρ
)

dρ

∣∣∣∣∣∣
ρ=r1

= 0,
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−Jk
(√

λr1

)
+
r1
k

dJk

(√
λρ
)

dρ

∣∣∣∣∣∣
ρ=r1

+

(
r1
r0

)k

Jk

(√
λr0

)
+
r0
k

(
r1
r0

)k dJk

(√
λρ
)

dρ

∣∣∣∣∣∣
ρ=r0

= 0.
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We consider the system of loaded differential equations

dx

dt
= A(t)x+

m∑
j=1

Kj(t)x(θj) + f(t), x ∈ Rn, t ∈ (0, T ), (1)

where 0 < θ1 < . . . < θm < T ; A(t), Kj(t), j = 1, . . . ,m, and f(t) are continuous on (0, T ).
We assume that the matrix norms of A(t) and Kj(t) are bounded by a function α(t), which is
continuous on (0, T ) and satisfies the following relations:

lim
a→0+0

T/2∫
a

α(t)dt = ∞, lim
b→T−0

b∫
T/2

α(t)dt = ∞,

so that equation (1) has singularities at the endpoints of the interval (0, T ). Moreover, let us
note that the presence of loaded terms in (1) affects the solvability properties of this equation.

In this talk, we present necessary and sufficient conditions for the existence and uniqueness
of a bounded solution of equation (1). By using the method of parameterization [1, 2], we derive
the solvability criteria in terms of bilaterally infinite matrices of a special structure. Then the
problem of finding an approximate solution of the singular problem under consideration is
solved by constructing regular approximating two-point boundary value problems.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (grant No. BR20281002).

Keywords: singular boundary value problem, loaded differential equation, bounded solution, unique solvability.

References
[1] Dzhumabaev D. S. Criteria for the unique solvability of a linear boundary value problem for an ordinary differential

equation, USSR Comp. Math. Math. Phys., 29:1 (1989), 34–46.

[2] Dzhumabaev D. S. Approximation of a bounded solution of an ordinary linear differential equation by solutions

of two-point boundary value problems, USSR Comp. Math. Math. Phys., 30:2 (1990), 34–45.

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024



138 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2024

Averaging in boundary value problems for differential equations
with impulse action at non-fixed times
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Impulsive systems of differential equations serve as mathematical models of objects that, in
the course of their evolution, are exposed to the action of short-term forces. A fairly complete
theory of such systems is presented in the monograph [1]. Much research has been done on
non-fixed impulsive initial value problems. However, in regard to boundary value problems
for equations with impulse action, the majority of results concern jumps only at fixed times.
This is due to the fact that non-fixed impulses significantly change properties of boundary
value problems. In the present paper, we use the averaging method [2,3] to solve the following
boundary value problem for a system of differential equations with impulse action at non-fixed
moments of time and a small parameter:

ẋ = εX(t, x), t ̸= ti(x),

∆x|t=ti(x) = εIi(x),

F (x(0), x(T/ε)) = 0.

(11)

Here ε > 0 is a small parameter, T > 0 is fixed, ti(x) < ti+1(x) (i = 1, 2, . . .) are the moments
of impulse action, X, Ii, and F are d-dimensional vector functions.
Under the assumption that there exist the limits

X0(x) = lim
T→∞

1

T

T∫
0

X(t, x)dt, I0(x) = lim
T→∞

1

T

∑
0<ti(x)<T

Ii(x),

we put problem (11) in correspondence with the averaged boundary value problem

ẏ = ε[X0(y) + I0(y)],

F (y(0), y(T/ε)) = 0,
(12)

or, on the slow time scale τ = εt,

dy

dτ
= X0(y) + I0(y), F (y(0), y(T )) = 0.

The main result of our paper is a proof of the following statement: if the averaged boundary
value problem (2) has a solution, then, for small values of the parameter ε, the original boundary
value problem (1) also has a solution that belongs to a small neighborhood of the solution of
the averaged problem.
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Sandugash MYNBAYEVA1,2,a, Aigerim TANKEYEVA1,b

1K.Zhubanov Aktobe Regional University, Aktobe, Kazakhstan
2Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

E-mail: amynbaevast80@gmail.com, baigerimtankeyeva@gmail.com

We consider the following quasilinear boundary value problem for Fredholm integro-
differential equation with impulse effect:

dx

dt
= A(t)x+

k∑
l=1

φl(t)

T∫
0

ψl(τ)x(τ)dτ+

+f0(t) + εf(t, x), t ∈ (0, T ) \ {θj}, j = 1,m, x ∈ Rn, (1)(
θ0 = 0 < θ1 < . . . < θm < θm+1 = T

)
,

B0x(0) + C0x(T ) = d0, d0 ∈ Rn, (2)

Bjx(θj − 0)− Cjx(θj) = dj, j = 1,m, dj ∈ Rn, (3)

where the n× n matrices A(t), φl(t), ψl(t), and n vector f(t, x are continuous on [0, T ], the n
vector function f0(t) is piecewise continuous on [0, T ] with possible discontinuities at the points
t = θj, j = 1,m.

We will denote by PC([0, T ], Rn, {θj}mj=1) the space of functions x : [0, T ] → Rn that are

continuous on [θp−1, θp), p = 1,m+ 1, and have finite limits lim
t→θp−0

x(t) for all p = 1,m+ 1, and

x(T ) = lim
t→T−0

x(t). This space is equipped with the norm ∥x∥1 = sup
t∈[0,T ]

∥x(t)∥.

By a solution to problem (1)-(3) we understand a function x(t) ∈ PC
(
[0, T ], Rn, {θj}mj=1

)
which has the piecewise continuous derivative on (0, T ) and satisfies equation (1), boundary
condition (2), and the impulsive input conditions (3).

Quasilinear boundary value problem (1)-(3) is solved by a simple iteration method, and the
mapping contraction principle is used to ensure the convergence of the iterative process. The
solution of the corresponding linear problem([1]) in the case of ε = 0 was chosen as an initial
approximation. For the linear Fredholm integro-differential equation, the regular partition([2])
chosen by the parameterization method can be used for the quasilinear boundary value prob-
lem (1)-(3). Sufficient conditions for the existence of a unique solution to the intermediate
quasilinear special Cauchy problem([3]) are established.
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Initial-boundary value problems for linear hyperbolic equations constitute a well-developed
part of the theory of partial differential equations (see, for example, [1-3]). One of the most
extensively studied methods for solving them is the Fourier method, also known as the method of
separation of variables or the method of expansion in eigenfunctions. This method has been well
developed for the case of self-adjoint boundary conditions with respect to the spatial variable.
However, for the case of non-self-adjoint boundary conditions, the problem still remains open.

The paper considers initial-boundary value problems for the one-dimensional wave equation

utt(x, t)− uxx(x, t) + q(x)u(x, t) = f(x, t), (x, t) ∈ Ω, (1)

in the domain Ω = {(x, t) : 0 < x < 1, 0 < t < T}, with nonlocal boundary conditions of
general form

Uj(u) = aj1ux(0, t) + aj2ux(1, t) + aj3u(0, t) + aj4u(1, t) = 0, j = 1, 2. (2)

Additionally, standard initial conditions are specified:

u(x, 0) = τ(x), ut(x, 0) = ν(x), 0 ≤ x ≤ 1. (3)

The application of the Fourier method (method of separation of variables) leads to the following
spectral problem:

−y′′(x) + q(x)y(x) = λy(x), 0 < x < 1, (4)

Uj(y) = aj1y
′(0) + aj2y

′(1) + aj3y(0) + aj4y(1) = 0, j = 1, 2. (5)

It is well known that if the conditions (5) are strongly regular, then the system of root vectors
of problem (4)-(5) forms a Riesz basis in L2(0, 1). The Fourier method can be implemented to
solve problem (1)-(3) in this case. However, when the boundary conditions (5) are non-strongly
regular, the system of root vectors of problem (4)-(5) may not form an unconditional basis.
This prevents the use of the Fourier method. In the case where the boundary conditions (5)
are irregular, the system of root vectors of problem (4)-(5) does not form an unconditional
basis. Thus, the application of the Fourier method remains unjustified in the case where the
boundary conditions (5) are non-strongly regular.

The present study precisely addresses such a scenario. An algorithm is developed to prove
the correctness (in classical and generalized senses) of the initial-boundary value problem (1)-
(3) in the case where the boundary conditions (5) are non-strongly regular. This method
can be applied regardless of whether the system of root vectors of problem (4)-(5) forms an
unconditional basis in L2(0, 1) or not.

The methodology is based on the method for solving heat conduction problems with non-
strongly regular boundary conditions [4].

Funding: The authors are supported by grant No. AP14869063 from the Ministry of Science and Higher Education of
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About one research method for a first order differential equation in
a non-cylindrical domain
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In a domain Ω = [0, φ(x)]× [0, ω] we consider the next problem:

∂V

∂t
= A(t, x)V + Φ(t, x), t ∈ [0, φ(x)], x ∈ [0, ω] (1)

V (0, x) = V (φ(x), x) (2)

where the matrix A(t, x) = [ai,j(t, x)]
n
i,j=1 and n-vector function Φ(t, x) are continuous in Ω =

[0, φ(x)]× [0, ω] and satisfies condition

| aij(t, x) |≥
n∑

i ̸=j

| ai,j(t, x) | +θ(t, x), i = 1, n (3)

where θ(t, x) ≥ θ0 > 0 are continuous function in θ0− constant.
Various problems for equation (1) in bounded and unbounded domains have been considered

by many authors. In this paper, equation (1) is considered in a non-cylindrical domain. Using
D.S. Dzhumabaev’s parameterization method [1] it is proved

Theorem. Let the matrix A(t, x) is satisfied condition (3) and the function ϕ(x) is contin-
uous in Ω. Then the problem (1), (2) has a unique solution and implemented next evaluation

∥V (t, x)∥ ≤∥ F (t, x)
θ(t, x)

∥, x ∈ [0, ω.

Where

∥V (t, x)∥ = max
(t,x)∈Ω

| V (t, x) | .
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Well-posedness of weakly hyperbolic equations

Bolys SABITBEK

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

E-mail: b.sabitbek@math.kz

In this work, we study higher order hyperbolic pseudo-differential equations with variable
multiplicities. We work in arbitrary space dimension and we assume that the principal part
is time-dependent only. We identify under which hypotheses on the roots and the lower or-
der terms (Levi conditions) the corresponding Cauchy problem is C∞ well-posed. This is
achieved via transformation into a first order system, reduction into upper-triangular form and
application of suitable Fourier integral operator methods previously developed for hyperbolic
non-diagonalisable systems. We also discuss how our result compare with the literature on
second and third order hyperbolic equations.
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Multiperiodicity of solution the initial value problem for a system
of integro-differential equations with finite hereditarity

Zhaishylyk SARTABANOV1,a, Galiya ABDIKALIKOVA2,b,
Gulsezim AITENOVA1,c, Amire ZHUMAGAZIYEV1,d
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3M. Utemisov West Kazakhstan University, Uralsk, Kazakhstan
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There is considered linear integro-differential equation

Dcu(τ, t) = A(τ, t)u(τ, t) +

τ+θ∫
τ

K(ξ, τ, t, h(ξ, τ, t))u(ξ, h(ξ, τ, t))dξ + f(τ, t). (1)

Here Dc = ∂/∂τ + <c, ∂/∂t> is differential operator in (τ, t) in the direction of the constant
vector c = (c1, ..., cm); <,> is the sign of the scalar product; ∂/∂t = (∂/∂t1, ..., ∂/∂tm); τ ∈
R = (−∞,+∞), t = (t1, ..., tm) ∈ Rm.

Integro-differential equations with finite period heriditarity are relatively rare in the scientific
literature than other types of such equations. According to their oscillatory solutions, questions
of periodic solutions are often investigated, less often almost periodic solutions, and they are
studied on the basis of asymptotic methods.

The research of multi-frequency oscillatory solutions of systems of partial differential equa-
tions of the first order by the method proposed in [1-3] is extended to integro-differential systems
that take into account finite hereditary.
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In [4-6], a method of periodic characteristics is proposed for integrating many periodic
solutions of a system with a diagonal differentiation operator by research a characteristic system
on a cylindrical surface of the space of time variables.

The purpose of this thesis is to establish sufficient conditions for the existence of a single
(θ, ω)-periodic solution u(τ, t) of equation (1) satisfying the condition

u(τ, t)|τ=τ0 = Ψ(t),Ψ(t+ ω) = Ψ(t) ∈ C
(e)
t (Rm), (2)

where e = (1, ..., 1) - m-vector.
Suppose the conditions of multiperiodicity and smoothness are fulfilled:

A(τ + θ, t+ ω) = A(τ, t) ∈ C
(0,e)
τ,t (R×Rm); (3)

K(ξ + θ, τ, t, h(ξ + θ, τ, t)) = K(ξ, τ, t, h(ξ, τ, t)), ξ ∈ R, (τ, t) ∈ R× Sm,

K(ξ, τ + θ, t+ ω, h(ξ, τ + θ, t+ ω)) = K(ξ, τ, t, h(ξ, τ, t)) + ω; (4)

f(τ + θ, t+ ω) = f(τ, t) ∈ C
(0,e)
τ,t (R×Rm), (5)

here θ, ω = (ω1, ..., ωm) are periods and rationally incommensurable.
Theorem 1. If conditions (3)-(5) are fulfilled, then the multiperiodicity of solution the

problem (1), (2) on integrals of smooth (θ, ω)-periodic functions is uniquely solvable by the
integral equation

u(τ, t) = U(ξ, τ, t)Ψ(h(τ 0, τ, t))+

+

τ∫
τ0

U(ξ, τ, t)U−1(ξ, τ, h(ξ, τ, t))f(ξ, h(ξ, τ, t))dξ, (τ, t) ∈ R× Sm

along β-periodic characteristics and its solution in Euclidean space along δ-characteristics is
represented by the relation

u(τ, t) = U(ξ, τ, t)Ψ(s(τ 0, τ, t))+

+

τ∫
τ0

U(ξ, τ, t)U−1(ξ, τ, δ(ξ, τ, t+ σ))f(ξ, δ(ξ, τ, t+ σ))dξ,

τ 0 ∈ R, (τ, t) ∈ R×R, σ = σ(τ − ξ).
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Inverse problem for a fourth-order hyperbolic equation with a
complex-valued coefficient

B. SEILBEKOV, A.A. SARSENBI, Z.M. ZHANIBEK

South Kazakhstan University of the Name of M. Auezov

E-mail: bolat.seilbekov@auezov.edu.kz, abdisalam.sarsenbi@auezov.edu.kz, zhanibekzeinep@mail.ru

The present paper is devoted to the study of the existence and uniqueness of the solution
of inverse problems for a fourth-order hyperbolic equation with a complex-valued coefficient

utt (x, t) +
∂4

∂x4
u (x, t) + q (x)u (x, t) = f (x) , (1)

where q (x) = q1 (x)+ iq2 (x). We use Ω = {−1 < x < 1, 0 < t < T} to denote the open region,

and the symbol Ω̄ = {−1 ≤ x ≤ 1, 0 ≤ t ≤ T} to denote the closed region. The space Ck,l
x,t (Ω)

consists of all functions u (x, t) that have continuous derivatives with respect to x and t of the
order of k, l, respectively, in the domain Ω. Equation (1) will be considered together with the
Dirichlet boundary conditions

u (−1, t) = 0, u (1, t) = 0, uxx (−1, t) = 0, uxx (1, t) = 0, t ∈ [0, T ] , (2)

and conditions

u (x, 0) = φ (x) , u (x, T ) = ψ (x) , ut (x, 0) = 0, x ∈ [−1, 1] , (3)

where φ(x) and ψ(x) are known sufficiently smooth functions.

Theorem. Let the following conditions be satisfied:
1) q (x) ∈ C4 [−1, 1], φ, ψ ∈ D (Lq), Lqφ, Lqψ ∈ D (Lq);
2) there is a positive number δ0 such that

∣∣1− cos
√
λkT

∣∣ ≥ δ0.
Then there is a unique solution to the inverse problem that can be written as follows

u(x, t) = φ (x) +
∞∑
k=0

φk − ψk

1− cos
√
λkT

[
cos
√
λkt− 1

]
Xk (x),

f (x) = Lqφ (x)−
∞∑
k=0

φk − ψk

1− cos
√
λkT

λk·Xk (x) .
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Decay estimates for Cauchy-Dirichlet problems

Asselya SMADIYEVA
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E-mail: smadiyeva@math.kz.

The main purpose of this work is to study the following time-fractional differential equation

∂α0+,tu(x, t)− a(t)A(u(x, t)) = 0, (x, t) ∈ Ω× R+ := Ω+, (1)

with Cauchy data
u(x, 0) = ϕ(x), x ∈ Ω, (2)

and with Dirichlet boundary condition

u(x, t) = 0, x ∈ ∂Ω, t ≥ 0, (3)

where 0 < α ≤ 1, a(t) ∈ L1
loc(R+), Ω ⊂ Rn is a bounded domain with smooth boundary ∂Ω,

and ∂α0+,t is the Caputo time-fractional derivative [1, P. 97] of order α :

∂α0+,tu(x, t) =

 1
Γ(1−α)

t∫
0

(t− s)−α ∂su (x, s)ds, if α ∈ (0, 1),

∂tu(x, t) =
∂u
∂t
(x, t), if α = 1,

and A(u) is one of the next linear or non-linear operators: Laplace operator, p-Laplace opera-
tor, porous medium operator, degenerate elliptic operator, mean curvature operator, Kirchhoff
operator.
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Boundary value problem for the non-linear parabolic-hyperbolic
equation of fractional order
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Well known that the theory of boundary value problems for non-linear partial differential
equations of fractional order has been developing at a rapid pace. This can be seen in the
published works of many authors in this direction, for instance A. D. Polyanin (see [1], [2],
[3]), considered typical examples of nonlinear equations and delay systems containing reaction
terms.

As far as we know, boundary value problems for mixed parabolic-hyperbolic type equations
with non-linear terms have not been investigated yet. The present work devoted to investigation
of solvability of a problem for equation

0 =

{
βuxx −C D

α
0tu+ γu2, when 0 < x < l, t > 0,

uxx − utt − λ2u, when 0 < x < l, t < 0,
(1)
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where λ is complex constant and β, γ = const > 0, 0 < α < 1,

CD
α
0tu =

1

Γ(1− α)

t∫
0

(t− s)−αus(x, s)ds,

differential operator fractional order.

Let Ω be a simple connected domain, bounded with the segments B1B2 = {(x, t) : x =
l, 0 ≤ t ≤ h}, A1A2 = {(x, t) : x = 0, 0 ≤ t ≤ h}, B2A2 = {(x, t) : t = h, 0 ≤ x ≤ l} at
t > 0, and with characteristics B1C : x− t = l, A1C : x+ t = 0 of equation (1) at t < 0, where
B1 = (l; 0) , B2 = (l; h) , A1 = (0; 0) , A2 = (0; h) and C =

(
l
2
; −l

2

)
.

Introduce notations: Ω+ = Ω∩{t > 0}, Ω− = Ω∩{t < 0} and I = {(x, t) : 0 < x < l, t = 0}.
Problem. Find a solution u(x, t) of equation (1) from the class of functions:

V =
{
u(x, t) : u ∈ C(Ω̄) ∩ C2(Ω−), uxx ∈ C

(
Ω+
)
, CD

α
otu ∈ C

(
Ω+ ∪ I

)
, ut ∈ C

(
Ω− ∪ I

)}
and satisfying boundary conditions:

u(0, t) = φ1(t), 0 ≤ t ≤ h,

u(l, t) = φ2(t), 0 ≤ t < h,

u(x,−x) = φ(x), 0 ≤ x ≤ l

2
,

and gluing condition

lim
t→+0

t1−αut(x, t) = λ1(x)ut(x, −0) + λ2(x), 0 < x < l,

where φ1(t), φ2(t), φ(x), λj(x) (j = 1, 2) are given functions, and that

φ1(t), φ2(t) ∈ C [0, h] , φ(x) ∈ C1

[
0,
l

2

]
∩ C2

(
0,
l

2

)
,

λ1(x) ∈ C1
(
I
)
, λ2(x) ∈ C

(
I
)
∩ C1 (I) .

Using successive approximations method, under certain conditions to given functions and
parameters β, γ, l, h unique solvability of the posed problem was proven

Keywords: reaction-diffusion equation, Caputo derivatives, existence and uniqueness of solution, non-linear integral
equations, successive approximation method
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Inverse problems of identifying the time-dependent source
coefficient for subelliptic heat equations

Durvudkhan SURAGAN
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We discuss inverse problems of determining the time-dependent source coefficient for a
general class of subelliptic heat equations. We show that a single data at an observation
point guarantees the existence of a (smooth) solution pair for the inverse problem. Moreover,
additional data at the observation point implies an explicit formula for the time-dependent
source coefficient. We also discuss the case with nonlocal data. Our proofs are based on
subelliptic spectral theory arguments and elements of the subelliptic potential theory. This
talk is based on our recent work [1] with Mansur Ismailov (Gebze Technical University) and
Tohru Ozawa (Waseda University).
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On some inverse problems regarding time-fractional mixed
equations
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The main focus of this brief report is on a time-fractional mixed equation, which combines
elements of sub-diffusion and fractional wave equations. Various inverse problems related to
this mixed equation, such as inverse source, inverse initial conditions, and inverse terminal
conditions, have been addressed to ensure its unique solvability.
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Global behavior of solutions to the integro-differential
reaction-diffusion equations

Berikbol T. TOREBEK
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This work addresses the Cauchy-Dirichlet problem in the context of time-nonlocal reaction-
diffusion equations, specifically focusing on the equation

∂t(k ∗ (u− u0)) + Lx[u] = f(u), x ∈ Ω ⊂ Rn, t > 0,

where k ∈ L1
loc(R+), f is a locally Lipschitz function, and Lx is a linear operator. This model

is particularly relevant for studying anomalous and ultraslow diffusion processes.
Our research contributes to the understanding of this equation by presenting results on

local and global existence, decay estimates, and conditions leading to the blow-up of solutions.
These findings partially address open questions previously posed by Gal and Varma [1], as well
as Luchko and Yamamoto [2]. Additionally, the paper explores potential quasi-linear extensions
of these results and outlines several open questions for future research.

More details about the results of this work can be found in [3].

Funding: This research has been funded by the Science Committee of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. BR20281002).

Key words and phrases: Sonine kernel, reaction-diffusion equation, global existence, decay estimate.

2010 Mathematics Subject Classification: Primary 35K55, 35R11; Secondary 35K57, 35A01.

References
[1] C. G. Gal, M. Warma, Fractional-in-Time Semilinear Parabolic Equations and Applications, Springer Nature,

Switzerland AG., 2020.
[2] Y. Luchko, M. Yamamoto, General time-fractional diffusion equation: Some uniqueness and existence results for

the initial-boundary-value problems. Fract. Calc. Appl. Anal., 19:3 (2016), 676–695

[3] B. T. Torebek, Global behavior of solutions to the nonlocal in time reaction-diffusion equations. Proc. Amer.

Math. Soc., (2024), accepted.

Solvability of a mixed problem for partial differential equation with
a fractional analogue of the Barenblatt–Zheltov–Kochina operator
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In our work, a classical solvability and construction of a solution to a mixed problem for a
linear partial differential equation containing a Hilfer type fractional analogue of the Barenblatt–
Zheltov–Kochina operator are studied. The Fourier series method was used, based on the
separation of variables. A countable system is obtained using Mittag–Leffler function. Sufficient
coefficient conditions for unique classical solvability of a mixed problem are established. The
absolute and uniform convergence of the obtained series is shown. So, in the domain Ω ≡
(0, T )× (0, 1) we consider the equation(

Dα,γ −Dα,γ ∂2

∂ x2
− ∂2

∂ x2

)
U(t, x) = a(t)U(t, x) + f(t, x) (1)
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with mixed conditions
lim
t→+0

J1−γ
0t U(t, x) = φ(x), 0 ≤ x ≤ 1, (2)

U(t, 0) = 0, Ux(t, 1) = Ux(t, x0), 0 ≤ t ≤ T, 0 < x0 < 1, (3)

where f(t, x) ∈ C(Ω), φ(0) = 0, φx(1) = φx(x0), a(t) ∈ C[0, T ], Dα,γ is Hilfer integro-
differential operator, 0 < α ≤ γ ≤ 1, 0 < T <∞.

Problem. It is required to find a unknown function U(t, x), that satisfies the integro-
differential equation (1), the initial value condition (2), the boundary value conditions (3) and
belongs to the class of functions

t1−γU ∈ C(Ω), Dα,γU ∈ C(Ω), Dα,γUxx ∈ C(Ω), Uxx ∈ C(Ω), (4)

where Ω ≡ [0, T ]× [0, 1].
We look for a solution

U(t, x) = U0(t, x) + U1(t, x) + U2(t, x) + Ũ2(t, x)

to the problem (1)–(4) in the following Fourier series:

U(t, x) = u0(t)ϑ0(x) +
∞∑
n=1

u1,n(t)ϑ1,n(x) +
∞∑

m=1

(
u2,m(t)ϑ2,m(x) + ũ2,m(t) ϑ̃2,m(x)

)
,

ϑ0(x) = x, ϑ1,n(x) = sin
√
λ1,nx, ϑ2,m(x) = sin

√
λ2,mx, ϑ̃2,m(x) = x cos

√
λ2,mx,

u0(t) =

∫ 1

0

U0(t, y)ω0(y)dy, u1,n(t) =

∫ 1

0

U1(t, y)ω1,n(y)dy,

u2,m(t) =

∫ 1

0

U2(t, y)ω̃2,m(y)dy, ũ2,m(t) =

∫ 1

0

Ũ2(t, y)ω2,m(y)dy,

ω0(x) =

{
0, x ∈ [0, x0),

2
1−x2

0
, x ∈ (x0, 1],

ω1,n(x) =


4 sin

√
λ1,nx

1+x0
, x ∈ [0, x0),

2 cos
√

λ1,n(1−x)

(1+x0) sin
√

λ1,n
, x ∈ (x0, 1],

ω2,n(x) =


0, x ∈ [0, x0),

2 cos
√

λ2,n(1−x)

(1−x0) sin
√

λ2,n
, x ∈ (x0, 1], ω̃2,n(x) =


4 sin

√
λ2,nx

1+x0
, x ∈ [0, x0),

4(1−x) sin
√

λ2,nx

1−x2
0

, x ∈ (x0, 1],

λ1,n =

(
2qnπ

p+ q

)2

, λ2,m = (2qnπ)2, n ∈ N.

We note that

(ϑ0(x), ω0(x)) = 1, (ϑ0(x), ωi,1(x)) = (ϑ0(x), ω̃2,n(x)) = 0, i = 1, 2,

(ϑ1,n(x), ω1,m(x)) =

{
1, n = m
0, n ̸= m

, (ϑ1,n(x), ω0(x)) = (ϑ1,n(x), ω2,m(x)) = (ϑ1,n(x), ω̃2,m(x)) = 0,

(ϑ2,n(x), ω̃2,m(x)) =

{
1, n = m
0, n ̸= m

, (ϑ2,n(x), ω0(x)) = (ϑ2,n(x), ωi,m(x)) = 0, i = 1, 2,

(
ϑ̃2,n(x), ω2,m(x)

)
=

{
1, n = m
0, n ̸= m

,
(
ϑ̃2,n(x), ω0(x)

)
=
(
ϑ̃2,n(x), ω̃2,m(x)

)
= 0,

where (·, ·) is the inner product in L2[0, 1].
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Theorem. Let the smoothness condition φ(x) ∈ C4[0, 1] be satisfied. Then the obtained
Fourier series converge absolutely and uniform in the domain Ω. Moreover, the solution of the
mixed problem (1)–(3) belongs to the class of functions (4).

Keywords: Mixed problem, fractional analog of the Barenblatt–Zheltov–Kochina operator, regular solvability.
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Integral representations for hypergeometric function of the

Mittag-Leffler type F̄
(3)
D

Hilola YULDASHOVA

V.I.Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan

E-mail: hilolayuldashova77@gmail.com

The Mittag-Leffler function has gained importance and popularity through its applications.
When solving differential equations of fractional order and integral equations of fractional order.
Also, the Mittag-Leffler function plays an important role in various fields of applied mathematics
and engineering sciences, such as chemistry, biology, statistics, thermodynamics, mechanics,
quantum physics, computer science, signal processing [1-5].

Consider the following three variable hypergeometric function and theorem.

F̄
(3)
D = F̄

(3)
D

(
a, α1, β1, γ1; b1, α2; b2, β2; b3, γ2;
c, α3, β3, γ3; c1, α4; c2, β4; c3, γ4;

|x, y, z
)

=
∞∑

m,n,p=0

(a)α1m+β1n+γ1p
(b1)α2m

(b2)β2n
(b3)γ2p

(c)α3m+β3n+γ3p

· xm

Γ (c1 + α4m)

yn

Γ (c2 + β4n)

zp

Γ (c3 + γ4p)
(1)

(a, c, bi, ci, x, y, z ∈ C; αk, βk, γk ∈ R; min {αk, βk, γk} > 0

(i = {1, 2, 3} k = {1, · · · , 4}))

The Euler-type integral representations for the three-variable Mittag-Leffler-type function

F̄
(3)
D are presented as Theorem 1 below.
Theorem 1. If a, c, bi, ci, x, y, z ∈ C (i = {1, 2, 3}), αk, βk, γk ∈ R and

min {αk, βk, γk} > 0 ( k = {1, · · · , 4}), then the following integral representations holds true:

F̄
(3)
D

(
a, α1, β1, γ1; b1, α2; b2, β2; b3, γ2;
c, α3, β3, γ3; c1, α4; c2β4; c3, γ4;

|x, y, z
)

=
Γ (µ)

Γ (b1) Γ (µ− b1)

·
∫ 1

0

ξb1−1 (1− ξ)µ−b1−1 F̄
(3)
D

(
a, α1, β1, γ1;µ, α2; b2, β2; b3, γ2;
c, α3, β3, γ3; c1, α4; c2β4; c3, γ4;

|xξα2 , y, z

)
dξ (2)

(ℜ (µ) > ℜ (b1) > 0) ,

F̄
(3)
D

(
a, α1, β1, γ1; b1, α2; b2, β2; b3, γ2;
c, α3, β3, γ3; c1, α4; c2β4; c3, γ4;

|x, y, z
)

=
Γ (µ)

Γ (b2) Γ (µ− b2)

·
∫ 1

0

ξb2−1 (1− ξ)µ−b2−1 F̄
(3)
D

(
a, α1, β1, γ1; b1, α2;µ, β2; b3, γ2;
c, α3, β3, γ3; c1, α4; c2β4; c3, γ4;

∣∣x, yξβ2 , z

)
dξ (3)
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(ℜ (µ) > ℜ (b2) > 0) ,

F̄
(3)
D

(
a, α1, β1, γ1; b1, α2; b2, β2; b3, γ2;
c, α3, β3, γ3; c1, α4; c2β4; c3, γ4;

|x, y, z
)

=
Γ (µ)

Γ (b3) Γ (µ− b3)

·
∫ 1

0

ξb3−1 (1− ξ)µ−b3−1 F̄
(3)
D

(
a, α1, β1, γ1; b1, α2; b2, β2;µ, γ2;
c, α3, β3, γ3; c1, α4; c2β4; c3, γ4;

|x, y, zξγ2
)
dξ (4)

(ℜ (µ) > ℜ (b3) > 0) ,

F̄
(3)
D

(
a, α1, β1, γ1; b1, α2; b2, β2; b3, γ2;
c, α3, β3, γ3; c1, α4; c2β4; c3, γ4;

|x, y, z
)

=
Γ (µ)

Γ (a) Γ (µ− a)

·
∫ 1

0

ξa−1 (1− ξ)µ−a−1 F̄
(3)
D

(
µ, α1, β1, γ1;µ, α2; b2, β2; b3, γ2;
c, α3, β3, γ3; c1, α4; c2β4; c3, γ4;

∣∣xξα1 , yξβ1 , zξγ1
)
dξ (5)

(ℜ (µ) > ℜ (a) > 0) .

For proving the Euler-type integral representations (2) to (5), which are asserted by Theo-

rem 1, we express F̄
(3)
D as a triple series, justifiably invert the order of the series and integrals

involved, and then evaluate the resulting integrals by means of the well-known integral repre-
senting the classical Beta function B (α, β).

Keywords: Extended Mittag-Leffler type function, hypergeometric function,special (or higher transcendental) function,
integral representation.
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Multiperiodicity of solution the initial value problem for a system
of equations with two various differentiation operators
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There is considered linear system

Dx(τ, t) = Bx(τ, t) + f(τ, t), (1)

where x = (x1, x2) is required vector-function, xi is ni-vector, i = 1, 2, n1+n2 = n; D = (D1, D2)
is differentiation operator with various components

D1 =
∂

∂τ
+

〈
v1,

∂

∂t

〉
, (2)
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D2 =
∂

∂τ
+

〈
v2,

∂

∂t

〉
, (3)

<,> is the sign of the scalar product; v1 ̸= v2 are constant m-vectors; ∂
∂t

=
(

∂
∂t1
, ..., ∂

∂tm

)
; B is

constant block n× n-matrix with blocks Bij of dimension ni × nj, which can be written as

B =

(
B11 B12

B21 B22

)
; (4)

f(τ, t) = (f1(τ, t), f2(τ, t)) is given n-vector function with vector components fi(τ, t) of dimen-
sion ni, i = 1, 2, (τ, t) are independent variables, τ ∈ R, t = (t1, ..., tm) ∈ Rm.

Multi-frequency oscillations in systems of the type (1) were investigated in [1-3], when the
system splits into independent subsystems. In this thesis, the system (1)-(4) represented by
blocks of matrix and vector functions of input data is considered and its multiperiodic solution
by the method of periodic characteristics proposed in [4-6] is investigated.

From the characteristic system

dt

dτ
= vi, i = 1, 2

we have solution
t = t0 + vi(τ − τ 0) ≡ βi(τ, τ

0, t0), i = 1, 2

with arbitrary initial data (τ 0, t0) ∈ R×R.
The problem is to formulate the conditions for the existence of periodic solutions of system

(1) with initial condition x|τ=τ0 = φ(t) and their integral representations.
Using the projector method [7], projectors Pi are introduced that act on a vector function

φ(t) defined on one of the two characteristics t = βi(τ, τ
0, t0) as follows

Piφ(β(τ, τ
0, t0)) = φ(βi(τ, τ

0, t0)), i = 1, 2.

Theorem 1. Under the condition f(τ, t) ∈ C
(0,e)
τ,t (R×Rm), the unique solution x of linear

inhomogeneous system (1) is determined by the ratio

x(τ, t) = X(τ − τ 0)Pφ(β(τ 0, τ, t)) +

τ∫
τ0

X(τ − ξ)Pf(ξ, β(ξ, τ, t))dξ, (τ, t) ∈ R× Sm.

Let the condition be fulfilled

f(τ + θ, t+ ω) = f(τ, t) ∈ C
(0,e)
τ,t (R×Rm) , (5)

where (θ, ω) = (θ, ω1, ..., ωm) is a period with rationally incommensurable coordinates θ,
ω1, ..., ωm.

Theorem 2. Under conditions (5) and Reλ(B) < 0, the linear system (1) with various
differentiation operators (2) and (3) has a unique (θ, ω)-periodic solution x∗(τ, t).

Funding: The authors were supported by the grant no. AP19676629 of the Ministry of Science and Higher Education
of Republic of Kazakhstan.
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Stability of a program manifold of indirect control systems with mixed feedback
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Consider the problem of construction of the control systems with mixed feedback, i.e. Popov
type system, by given (n−s)-dimensional program manifold Ω (t) ≡ ω(t, x) = 0, in the following
form [1]:

ẋ = f (t, x)− d1φ(σ), t ∈ I = [0, ∞) ,

ξ̇ = φ (σ) , σ = pTω − qξ,
(1)

where x ∈ Rn is a state vector of the object, f ∈ Rn is a vector-function, satisfying to conditions
of existence of a solution x(t) = 0, and d1 ∈ Rn, p ∈ Rs are constant vectors,q is constant
coefficients of rigid feedback, ξ is function differentiable with respect to σ, satisfies the following
conditions

φ(0) = 0 ∧ 0 < φ(σ)σ < kσ2 ∀σ ̸= 0,
∂φ

∂σ

∣∣∣
σ=0

< χ > 0,
(2)

For the manifold Ω(t) to be integral and for the system (1) - (2) on the manifold ω = 0 it
is necessary a condition ξ = 0. This condition is satisfied for q ̸= 0.

This problem reduce to investigation of quality properties of the following system with
respect to vector-function ω [2, 3]:

ω̇ = −Aω − bξ, t ∈ I = [0, ∞) ,

ξ̇ = φ (σ) , σ = pTω − qξ,
(3)

Here nonlinearity satisfies also to generalized conditions (2), and F (t, x, ω) = −Aω, A ∈
Rs×s, H =

∂ω

∂x
, d = Hd1.

Statement of the Problem. To get the condition of absolute stability of a program
manifold Ω(t) of the indirect control systems with mixed feedback in relation to the given
vector-function ω.

By constructing a Lyapunov function of the form

V = ωTLω + αξ2 + β

σ∫
0

φ(σ)dσ, (4)

where L = LT > 0 is symmetric matrix, α > 0, β > 0 are positive numbers,sufficient conditions
for the absolute stability of the program manifold of Popov-type systems with respect to the
vector function ω are obtained.
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The reviews of the works devoted to the construction various of autonomous and non-
autonomous basic and inedirectautomatic control systems on the given program manifold pos-
sessing of quality properties and to solving of different inverse problems of dynamics were shown
(see [3]-[12]).

Funding: This results are supported by grant of the Ministry of Science and Higher Education of Republic Kazakhstan
No. AP 19677693 for 2023-2025 years.
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Absolute stability of automatic control systems in the vicinity of program
manifold
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We consider the problem for constructing of the entire set of ordinary differential equation’s
systems in the plane[1]

ẋ1 = P (x1, x2), ẋ2 = Q(x1, x2), (1)

for which the curve Ω(x1, x2) defined by the equation

ω(x1, x2) = 0, (2)

is program.
This problem is solved by finding the entire set of right-hand sides of the desired systems

(1) satisfying equality [1]

∂ω

∂x1
P (x1, x2) +

∂ω

∂x2
Q(x1, x2) = F (x1, x2, ω). (3)
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A function with this property F (x1, x2, 0) ≡ 0 we will call the Yerugin function.
Note that equality (3) is a linear algebraic equation with respect to P and Q, the solution of

which contains one arbitrary function and depends on the function F . Choosing P = P (x1, x2)
as an arbitrary function we find the desired function Q = Q(x1, x2).

Thus, the entire set of differential equation’s systems that we have constructed has the
following form 

ẋ1 = P (x1, x2),

ẋ2 =
F (x1, x2, ω)− ∂ ω

∂ x1
P (x1, x2)

∂ω

∂x2

. (4)

Now let’s consider the problem of constructing automatic control systems based on a given
(n− s)-dimensional program manifold Ω(t) ≡ ω(t, x) = 0, in the following form [2]:

ẋ(t) = f(t, x)−B1ξ, ξ = φ(σ), σ = P Tω, t ∈ I = [0,∞), (5)

where x ∈ Rn is the vector of the object’s state, f ∈ Rn is a vector function satisfying the
conditions for the existence of a solution x(t) = 0, and B1 ∈ Rn×r, P ∈ Rn×r are matrices,
ω ∈ Rs(s ≤ n) is a vector, ξ ∈ Rr is a vector function differentiable by σ satisfying a local
quadratic connection

φ(0) = 0 ∧ 0 < φT θ(σ −K−1φ), ∀σ ̸= 0. (6)

Differentiating ω in time t by virtue of (5), we get

ω̇ =
∂ω

∂ t
+Hf (t, x)−HB1ξ, ξ = φ(σ), σ = P Tω, t ∈ I = [0,∞), (7)

Choosing the function F (t, x, ω) linear with respect to ω, we get the following system

ω̇(t) = Aω −Bξ, ξ = φ(σ), σ = P Tω, t ∈ I = [0,∞). (8)

Here the nonlinearity satisfies the conditions (6), and

F (t, x, ω) = −Aω, (9)

where −A ∈ Rs×s is Hurwits matrix, H =
∂ω

∂x
,B = HB1.

Definition. The program manifold Ω(t) of an automatic control systems is called absolutely
stable if it is globally stable on the solutions of the system (5) for any ω(t0, x0) and φ(σ)
satisfying the conditions (6).

Statement of the problem. To get the sufficient conditions of absolute stability for the
automatic control systems with respect to vector-function ω in vicinity of program manifold.

For the system (8) we construct a Lyapunov function of the following form

V (ω, σ) = ωTLω +

σ∫
0

φTβdσ, (10)

where L = LT > 0, β = diag(β1, ..., βm) > 0. In order for there to be −V̇ > 0, provided
D(1) > 0, it is enough to performing of matrix inequalities∥∥∥∥ C D

DT D(1)

∥∥∥∥ > 0 ∨ (D(1) −DTCD > 0 ∧ C > 0) (11)
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The transfer matrix of the linear part of the system (8) from the input σ to the output −φ has
the form

W (iϖ) = P T (A+ iϖE)−1B. (12)

Let K be a diagonal matrix, then by virtue of Theorem 3.4 [3] it is valid
Theorem 1. For the existence of a solution L = LT > 0 of the inequality (11), it is

necessary and sufficient that for all ϖ of the interval ]−∞,+∞[ the inequality is satisfied

D(1) + 2ReP T (A+ iϖE)−1B > 0. (13)

Theorem 2. If, under the condition D(1) > 0, the nonlinearity φ(σ) satisfy conditions (6),
the Erugin function F (t, x, ω) have the form (9), there exist diagonal matrices β > 0, θ > 0,,
then for absolute stability of the automatic control systems (8) with respect to vector-function
ω in vicinity of program manifold Ω(t), it is sufficient to performing of inequalities (13).
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ôèçèêè è ãåîìåòðèÿ

Ðóêîâîäèòåëè: ïðîôåññîð Àëåêñååâà Ë.À.
ä.ô.-ì.í. Äàèðáåêîâ Í.Ñ.
àêàäåìèê ÍÀÍ ÐÊ Õàðèí Ñ.Í.

Ñåêðåòàðü: ä.ô.-ì.í., äîöåíò Áåêåòàåâà À.Î.

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024



158 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2024

Äèíàìèêà íîðìàëèçîâàííîãî ïîòîêà Ðè÷÷è îòíîñèòåëüíî
ìíîæåñòâà ìåòðèê ïîëîæèòåëüíîé ñåêöèîííîé êðèâèçíû
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Â [3] áûëî íà÷àòî èçó÷åíèå íîðìàëèçîâàííîãî ïîòîêà Ðè÷÷è (ÍÏÐ) ġ(t) = −2Ricg +
2n−1g(t)Sg íà îáîáùåííûõ ïðîñòðàíñòâàõ Óîëëàõà (ÎÏÓ), ãäå g(t) îçíà÷àåò 1-ïàðàìåòðè-
÷åñêîå ñåìåéñòâî ðèìàíîâûõ ìåòðèê, Ricg � òåíçîð Ðè÷÷è è Sg � ñêàëÿðíàÿ êðèâèç-
íà ìåòðèêè g (ñì. [3,7] äëÿ äåòàëåé). Ñîãëàñíî [8] íà ÎÏÓ ìíîæåñòâî S ðèìàíîâûõ
ìåòðèê ïîëîæèòåëüíîé ñåêöèîííîé êðèâèçíû îïèñûâàåòñÿ ñèñòåìîé èç òðåõ íåðàâåíñòâ
(xj−xk)2+2xi(xj+xk)−3x2i > 0, ãäå ïîëîæèòåëüíûå xi � ïàðàìåòðû ðèìàíîâîé ìåòðèêè,
xi ̸= xj ïðè i ̸= j è {i, j, k} = {1, 2, 3}. Â [4] ìû èçó÷àëè ýâîëþöèþ ðèìàíîâûõ ìåòðèê íà
ÎÏÓ, çàâèñÿùèõ îò îäíîãî ïàðàìåòðà a ∈ (0, 1/2), ïîä âëèÿíèåì ÍÏÐ è ïîëó÷èëè îáîá-
ùåíèÿ íåêîòîðûõ ðåçóëüòàòîâ ðàáîò [5,6], êàñàþùèõñÿ ñëó÷àåâ a = 1/6, a = 1/8 è a = 1/9
ïðîñòðàíñòâ Óîëëàõà SU(3)/Tmax, Sp(3) / Sp(1)× Sp(1)× Sp(1) è F4/ Spin(8). Â [2] ïîëó÷å-
íû àíàëîãè÷íûå îòâåòû äëÿ âñåõ ÎÏÓ ñ a = 1/4. Â [1] ìû ïðåäëàãàåì ïîëíîå îïèñàíèå
ïîâåäåíèÿ ÍÏÐ îòíîñèòåëüíî ìíîæåñòâà S â áîëåå îáùåì ñëó÷àå a ∈ (0, 1/2), òåì ñàìûì
ïîêðûâàÿ ÷àñòü ðåçóëüòàòîâ [4], êàñàþùóþñÿ ýâîëþöèè ðèìàíîâûõ ìåòðèê ïîëîæèòåëüíîé
ñåêöèîííîé êðèâèçíû.

Êëþ÷åâûå ñëîâà: îáîáùåííîå ïðîñòðàíñòâî Óîëëàõà, ðèìàíîâà ìåòðèêà, íîðìàëèçîâàííûé ïîòîê Ðè÷÷è, êðè-
âèçíà Ðè÷÷è, ñåêöèîííàÿ êðèâèçíà.
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Îáîáùåííûå òðàíñïîðòíûå ðåøåíèÿ áèêâàòåðíèîííîãî
âîëíîâîãî óðàâíåíèÿ è èõ ñâîéñòâà

Ë.À. ÀËÅÊÑÅÅÂÀa, Ã.Í. ÀÇÈÇb

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÍÂÎ ÐÊ, Àëìàòû, Êàçàõñòàí

E-mail: aalexeeva47@mail.ru, bazizgulfariza@gmail.com

Äèôôåðåíöèàëüíàÿ àëãåáðà êâàòåðíèîíîâ è áèêâàòåðíèîíîâ î÷åíü óäîáíà äëÿ èññëå-
äîâàíèÿ ýëåêòðîìàãíèòíûõ ïîëåé èçëó÷àòåëåé ñàìîãî ðàçíîãî âèäà, è â ïîñëåäíèå äåñÿòè-
ëåòèÿ ñòàëà àêòèâíî ðàçâèâàòüñÿ â ðàáîòàõ íåáîëüøîãî ÷èñëà èññëåäîâàòåëåé. Çäåñü óïî-
ìÿíåì íåêîòîðûå èç íèõ [1-5]. Â îñíîâíîì îíè ñâÿçàíû ñ èññëåäîâàíèåì áèêâàòåðíèîííûõ
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ïðåäñòàâëåíèé óðàâíåíèé Ìàêñâåëëà è Äèðàêà è ñâîéñòâ èõ ðåøåíèé. Ýòè óðàâíåíèÿ ÿâ-
ëÿþòñÿ ÷àñòíûì ñëó÷àåì áèêâàòåðíèîííûõ âîëíîâûõ óðàâíåíèé, îáùèå ðåøåíèÿ êîòîðûõ
ïîñòðîåíû ðàíåå â ðàáîòàõ [5-7]. Çäåñü ðàññìàòðèâàþòñÿ è èññëåäóþòñÿ òðàíñïîðòíûå ðå-
øåíèÿ áèêâàòåðíèîííîãî âîëíîâîãî óðàâíåíèÿ, êîòîðîå ÿâëÿåòñÿ áèêâàòåðíèîííûì îáîá-
ùåíèåì óðàâíåíèé Ìàêñâåëëà, êîòîðûå îïèñûâàþò ýëåêòðîìàãíèòíûå ïîëÿ èçëó÷àòåëåé
ýëåêòðîìàãíèòíûõ (ÝÌ) è ýëåêòðî-ãðàâèìàãíèòíûõ âîëí, äâèæóùèõñÿ â îïðåäåëåííîì
íàïðàâëåíèè ñ ïîñòîÿííîé ñêîðîñòüþ V. Çäåñü ðàññìîòðåíû äîñâåòîâûå òðàíñïîðòíûå ðå-
øåíèÿ è èññëåäîâàíû èõ îñîáåííîñòè. Ïîñòðîåíà áèêâàòåðíèîííàÿ ôóíêöèÿ (áèôóíêöèÿ)
Ãðèíà è îáîáùåííûå òðàíñïîðòíûå ðåøåíèÿ â ïîäâèæíîé ñèñòåìå êîîðäèíàò, êîòîðûå îïè-
ñûâàþò ÝÌ ïîëÿ äâèæóùèõñÿ îáüåêòîâ ïðè ñêîðîñòÿõ äâèæåíèÿ ìåíüøå, ÷åì ñêîðîñòü
ðàñïðîñòðàíåíèÿ ÝÌ â ñðåäå (ñâåòîâîé ñêîðîñòè).

Òðàíñïîðòíîå óðàâíåíèå Ìàêñâåëëà (ÌÒÓ) èìååò âèä:

M±
v (ä1, ä2, äz)B = F (x, z), x = (x1, x2), z = x3 − V t (1)

Çäåñü âçàèìíûå áèêâàòåðíèîííûå äèôôåðåíöèàëüíûå îïåðàòîðû èìåþò âèä:

M±
v = −Mäz ± igrad,

M = V/c � ÷èñëî Ìàõà, áèêâàòåðíèîí F=f (x,z)+F(x,z) îïèñûâàåò äâèæåíèå èçëó÷àòåëÿ
â íàïðàâëåíèè îñè X3 ñî ñêîðîñòüþ V = Mc, �� ñêîðîñòü ñâåòà. Âîçìîæíû òðè ñëó÷àÿ:
M < 1 � äîñâåòîâîé, M = 1 � ñâåòîâîé è M > 1 � ñâåðõñâåòîâîé, êîòîðûå ìåíÿþò òèï
óðàâíåíèÿ (1) è âèä åãî ðåøåíèÿ.

Äîêàçàíû ñëåäóþùèå òåîðåìû è ëåììà, ñ èñïîëüçîâàíèåì êîòîðîé ïîñòðîåíî îáùåå
ðåøåíèå (1).

Ëåììà. Êîìïîçèöèÿ âçàèìíûõ òðàíñïîðòíûõ îïåðàòîðîâ Ìàêñâåëëà êîììóòàòèâíà è
ðàâíà ñêàëÿðíîìó îïåðàòîðó

M±
v M

∓
v

∆
= −{∆2 + (1−M2)äzz},

ãäå ∆2 = ä21 + ä22 äâóìåðíûé ëàïëàñèÿí.
Òåîðåìà 2. Ðåøåíèå òðàíñïîðòíîãî áèâîëíîâîãî óðàâíåíèÿ Ìàêñâåëëà, óäîâëåò-

âîðÿþùåå óñëîâèÿì çàòóõàíèÿ íà áåñêîíå÷íîñòè:

B(x, z) → 0, ||(x, z)|| → ∞

ïðè äîñâåòîâûõ ñêîðîñòÿõ äâèæåíèÿ èìååò âèä áèêâàòåðíèîííîé ñâåðòêè:

B(x, z) = U(x, z) ∗ F(x, z),

ãäå áèôóíêöèÿ Ãðèíà U(x,z)- ôóíäàìåíòàëüíîå ðåøåíèå (1) ïðè F(x, z) = δ(x)δ(z),

U(x, z) = − 1

4π
√

(z2 + (rµ)2)3
(Mz ± i(µ2r,1, µ

2r,2, z)), r,j =
x,j
r

Ðåøåíèå (1) ñóùåñòâóåò ïðè ëþáûõ F(x,z), äîïóñêàþùèõ òàêóþ ñâåðòêó.
Ïðèâåäåíû ðàñ÷åòû ïëîòíîñòè ñêàëÿðíîãî ïîòåíöèàëà, ïëîòíîñòè ýíåðãèè è âåêòîðà

Ïîéíòèíãà áèôóíêöèè Ãðèíà â çàâèñèìîñòè îò ñêîðîñòè äâèæåíèÿ èçëó÷àòåëÿ. Ïðåä-
ñòàâëåíû ðàñ÷åòíûå ôîðìóëû ÝÌ ïîëåé, ïîðîæäàåìûå äâèæóùèìèñÿ èçëó÷àòåëÿìè, êàê
ðàñïðåäåëåííûìè â ïðîñòðàíñòâå, òàê è ñîñðåäîòî÷åííûìè íà ïîâåðõíîñòÿõ è íà êðèâûõ
ëèíèÿõ (íèòÿõ), êîòîðûå ìîäåëèðóþòñÿ ñèíãóëÿðíûìè îáîáùåííûìè ôóíêöèÿìè � ïðî-
ñòûìè ñëîÿìè íà ïîâåðõíîñòè èëè êðèâîé [8].
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Äâóõôàçíûå çàäà÷è òåïëîïðîâîäíîñòè ñ íåëîêàëüíûìè
ãðàíè÷íûìè óñëîâèÿìè

�íóàð ÀÉØÓÀÊ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè, ã. Àëìàòû, Êàçàõñòàí
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Êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ðàçðûâíûìè êîýôôèöèåíòàìè äî-
ñòî÷íî õîðîøî èçó÷åíû [1-2]. Â äàííîé ðàáîòå îáîñíîâàíî ðåøåíèå ïîñòàâëåííîé íåëî-
êàëüíîé çàäà÷è äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ðàçðûâíûì êîýôôèöèåíòîì ìåòîäîì
Ôóðüå.

Â îáëàñòè Ω = Ω1 ∪ Ω2 òðåáóåòñÿ íàéòè ôóíêöèþ u(x, t) óäîâëåòâîðÿþùèé óðàâíåíèþ
òåïëîïðîâîäíîñòè

Ut = k21Uxx Ω1 = {(x, t) : 0 < x < x0, 0 < t < T}
Ut = k22Uxx Ω2 = {(x, t) : x0 < x < x, 0 < t < T}

(1)

íà÷àëüíîìó óñëîâèþ

U(x, 0) = f(x), (0 < x < l) (2)

íåëîêàëüíûì ãðàíè÷íûì óñëîâèåì{
U(0, t) + U(l, t) = 0

k1Ux(0, t) + k2Ux(l, t) = 0
(3)

è óñëîâèÿì ñîïðÿæåíèÿ {
U(x0 − 0, t) = U(x0 + 0, t)

k1Ux(x0 − 0, t) = k2Ux(x0 + 0, t).
(4)

Äëÿ äàííîé çàäà÷è (1)-(2) áûëè ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû:

� íàéäåíû ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñïåêòðàëüíîé çàäà÷è,

� áûëî ïîêàçàíî, ÷òî ñïåêòðàëüíàÿ çàäà÷à íå ÿâëÿåòñÿ ñàìîñîïðÿæåííîé,

� ïîñòðîåíà ñîïðÿæåííàÿ ñïåêòðàëüíàÿ çàäà÷à ê äàííîé çàäà÷å,
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� ïîêàçàíî, ÷òî ñîáñòâåííûå ôóíêöèè ñïåêòðàëüíîé çàäà÷è è ñâÿçàííîé ñ íåé çàäà÷è
áèîðòîãîíàëüíû,

� ïîñòðîåíà ñàìîñîïðÿæåííàÿ ñïåêòðàëüíàÿ çàäà÷à,

� íàéäåíû ñîáñòâåííûå çíà÷åíèÿ è ñîáñòâåííûå ôóíêöèè ñàìîñîïðÿæåííîé çàäà÷è,

� äîêàçàíî, ÷òî ñîáñòâåííûå ôóíêöèè äàííîé çàäà÷è îáðàçóþò áàçèñà Ðèññà,

� äîêàçàíî, ÷òî ðåøåíèå äàííîé çàäà÷è ñóùåñòâóåò è ÿâëÿåòñÿ åäèíñòâåííûì.

Ëèòåðàòóðà
[1] Koilyshov U.K., Ì.À.Sadybekov . wo-phase tasks thermal conductivity with boundary conditions of the Sturm

type.// Sixth International Conference on Analysis and Applied Mathematics. Abstract book of the conference ICAAM,
Oktober 31 � November 6, 2022, Antalya, Turkey.

[2] Koilyshov U.K., K.A. Beisenbaeva Solution of initial-boundary value problems for the heat equation with

discontinuous coe�cients. // VVVII World Congress of the Turkic World Mathematicians (TWMS Congress � 2023

), 20-23 September, 2023.

Ãåîäåçè÷åñêèå ïîòîêè íà ïñåâäîðèìàíîâûõ
ìíîãîîáðàçèÿõ

Äèíìóõàììåä ÀÊÏÀÍ

ÌÃÓ èìåíè Ì.Â.Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ

ÈÌÌÌ, Àëìàòû, Êàçàõñòàí

E-mail: dinmukhammed.akpan@math.msu.ru

Ïóñòü (M, g) äâóìåðíîå (ïñåâäî-)ðèìàíîâî ìíîãîîáðàçèå. Ãåîäåçè÷åñêîé äàííîé ìåò-
ðèêè íàçûâàþòñÿ êðèâûå

γ(t) = (x(t), y(t)),

ÿâëÿþùèåñÿ ðåøåíèÿìè äèôôåðåíöèàëüíûõ óðàâíåíèé

∇γ̇ γ̇ = 0,

ãäå γ̇ = dγ
dt
� âåêòîð ñêîðîñòè êðèâîé, ∇ � îïåðàòîð êîâàðèàíòíîãî äèôôåðåíöèðîâàíèÿ,

îòâå÷àþùèé ñèììåòðè÷åñêîé ñâÿçîíàñòè, ñîãëàñîâàííîé ìåòðèêîé g = (gij).
Ðàññìîòðèì ôóíêèöþ H := 1

2
gijpipj : T

∗M → R � ãàìèëüòîíèàí ãåîäåçè÷åñêîãî ïîòî-
êà ìåòðèêè g. Ãåîäåçè÷åñêèé ïîòîê íàçûâàåòñÿ èíòåãðèðóåìûì, åñëè ñóùåñòâóåò ãëàäêàÿ
ôóíêöèÿ F : T ∗M → R òàêàÿ, ÷òî dF, dH ëèíåéíî íåçàâèñèìû è îíè êîììóòèðóþò îòíî-
ñèòåëüíî ñêîáêè Ïóàññîíà, òî åñòü {H,F} = 0.

Â äîêëàäå ðàññìîòðèì èçâåñòíûå ðåçóëüòàòû â ðèìàíîâîì è ïñåâäîðèìàíîâîì ñëó÷àå,
îáñóäèì òîïîëîãè÷åñêèå ïðåïÿòñòâèå èíòåãðèðóåìîñòè ãåîäåçè÷åñêîãî ïîòîêà, à òàêæå íî-
âûå ðåçóëüòàòû â ïñåâäîðèìàíîâîì ñëó÷àå: îñîáåííîñòè êâàäðàòè÷íîãî èíòåãðàëà â ïñåâ-
äîðèìàíîâîì ñëó÷àå, íîðìàëüíûå ôîðìû è íîâûå ïðèìåðû.
Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP23483476 ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: èíòåãðèðóåìûå ñèñòåìû, ãåîäåçè÷åñêèé ïîòîê, îñîáåííîñòè èíòåãðèðóåìûõ ñèñòåì.

2010 Mathematics Subject Classi�cation: 70H05, 37J35, 37K10, 53D25
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Äîçâóêîâûå âèáðîòðàíñïîðòíûå ðåøåíèÿ âîëíîâîãî
óðàâíåíèÿ è èõ ïðèëîæåíèå â çàäà÷àõ ìàòåìàòè÷åñêîé

ôèçèêè

Ë.À. ÀËÅÊÑÅÅÂÀ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: alexeeva@math.kz

Èññëåäîâàíèå ïðîöåññîâ ðàñïðîñòðàíåíèÿ âîëí â ñïëîøíûõ ñðåäàõ è ýëåêòðîìàãíèò-
íûõ ïîëÿõ ïðèâîäèò ê ðåøåíèþ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ ãèïåðáîëè÷åñêîãî è ñìåøàííîãî òèïîâ è îïðåäåëåíèþ èõ ðåøåíèé â âèäå âåê-
òîðíûõ ïîëåé, êîòîðûå îïèñûâàþò ðàçëè÷íûå õàðàêòåðèñòèêè äèíàìè÷åñêèõ ïðîöåññîâ.
Ýòî ìîãóò áûòü, íàïðèìåð, ïåðåìåùåíèÿ è ñêîðîñòè, êàê â óïðóãèõ è ìíîãîêîìïîíåíòíûõ
ñðåäàõ, èëè íàïðÿæåííîñòè ýëåêòðîìàãíèòíûõ ïîëåé, èçìåíåíèå êîòîðûõ â ïðîñòðàíñòâå
è âðåìåíè ïîçâîëÿåò ìîäåëèðîâàòü òàêèå ïðîöåññû è èçó÷àòü èõ ìàòåìàòè÷åñêèìè ìåòî-
äàìè.

Õîðîøî èçâåñòíî, ÷òî ðàñïðîñòðàíåíèå âîçìóùåíèé â ñðåäå ïðîèñõîäèò ñ êîíå÷íîé
ñêîðîñòüþ, êîòîðàÿ çàâèñèò îò òèïà äåôîðìàöèè ñðåäû è ðàçëè÷àåòñÿ äëÿ âîëí, ñâÿçàííûõ
ñ îáüåìíûìè äåôîðìàöèÿìè è ñäâèãîâûìè. Ïðè ìàòåìàòè÷åñêîì ìîäåëèðîâàíèè âîëíîâûõ
ïðîöåññîâ â îäíîðîäíûõ èçîòðîïíûõ ñðåäàõ îíè ÿâëÿþòñÿ êîíñòàíòàìè ñðåäû è âõîäÿò â
óðàâíåíèÿ äèíàìèêè ýòîé ñðåäû êàê âõîäíûå ïàðàìåòðû.

Êàê èçâåñòíî, ëþáîå âåêòîðíîå ïîëå u(x, t) â òðåõìåðíîì ïðîñòðàíñòâå ìîæíî ïðåä-
ñòàâèòü ÷åðåç ñêàëÿðíûé è âåêòîðíûé ïîòåíöèàëû φ(x, t), ψ⃗(x, t) â âèäå :

u(x, t) = gradφ+ rotψ̃, (5)

êîòîðûå îïèñûâàþò äèëàòàöèîííûå è âèõðåâûå âîëíû â ñðåäå. Â èçîòðîïíûõ ñðåäàõ, êàê
ïðàâèëî, îíè óäîâëåòâîðÿþò âîëíîâûì óðàâíåíèÿì:

□c1φ = f(x, t), □c2ψ⃗ = g⃗(x, t), (6)

Ïðîöåññû ðàñïðîñòðàíåíèÿ çâóêà â âîçäóõå èçó÷àþòñÿ â àêóñòèêå. Ïðè ýòîì äàâëåíèå
âîçäóõà ÿâëÿåòñÿ ðåøåíèåì âîëíîâîãî óðàâíåíèÿ (2)1, ãäå â êà÷åñòâå c1 ñòîèò ñêîðîñòü çâó-
êà. Â óïðóãîé ñðåäå äâå ñêîðîñòè çâóêà, ðàçíûå äëÿ ñêàëÿðíîãî è âåêòîðíîãî ïîòåíöèàëà.
Â ýòîì ñëó÷àå ðåøåíèÿ âèäà (1) ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèé Ëàìå äèíàìèêè óïðó-
ãîé ñðåäû, åñëè ïîòåíöèàëû óäîâëåòâîðÿþò ýòèìè âîëíîâûì óðàâíåíèÿì ñîîòâåòñòâåííî.
Ñäâèãîâûå âîëíû, êîòîðûå îïèñûâàþòñÿ âåêòîðíûì ïîòåíöèàëîì, ðàñïðîñòðàíÿþòñÿ ìåä-
ëåííåå äèëàòàöèîííûõ (c2 < c1).

À â èçîòðîïíîé ýëåêòðîìàãíèòíîé ñðåäå, îïèñûâàåìîé óðàâíåíèÿìè Ìàêñâåëëà, ñêî-
ðîñòü ðàñïðîñòðàíåíèÿ ÝÌ âîëíà îäíà ñ, åå íàçûâàþò ñêîðîñòüþ ñâåòà. È ïðåäñòàâëåíèÿ
íàïðÿæåííîñòè ýëåêòðè÷åñêîãî ïîëÿ â âèäå (1) è ìàãíèòíîãî ïîëÿ ÷åðåç ðîòîð âåêòîðíîãî
ïîòåíöèàëà, óäîâëåòâîðÿþùåãî (2) (ïðè c2 = c) äàåò ðåøåíèå óðàâíåíèé Ìàêñâåëëà.

Êëþ÷åâóþ ðîëü ïðè ðàçðàáîòêå ÌÎÔ è ÌÃÈÓ äëÿ ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ óðàâ-
íåíèé ìàòåìàòè÷åñêîé ôèçèêè èãðàþò ôóíäàìåíòàëüíûå ðåøåíèÿ, ïîñêîëüêó ñëóæàò îñ-
íîâîé äëÿ ïîñòðîåíèÿ ÿäåð èíòåãðàëüíûõ óðàâíåíèé è èíòåãðàëüíûõ ïðåäñòàâëåíèé ðå-
øåíèé êðàåâûõ çàäà÷ [1-4].

Â äîêëàäå áóäóò ïðåäñòàâëåíû âèáðîòðàíñïîðòíûå ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ ïðè
äîçâóêîâûõ ñêîðîñòÿõ äâèæåíèÿ èñòî÷íèêà âîçìóùåíèé. Ïîñòðîåíà ôóíêöèÿ Ãðèíà �
ôóíäàìåíòàëüíîå ðåøåíèå, êîòîðîå îïèñûâàåò äèíàìèêó ñðåäû ïðè äâèæåíèè ñîñðåäî-
òî÷åííîãî â òî÷êå âèáðîèñòî÷íèêà. Íà åãî îñíîâå ïðåäñòàâëåíû îáùèå ðåøåíèÿ âèáðî-
òðàíñïîðòíîãî óðàâíåíèÿ ïðè äåéñòâèè êàê ðàñïðåäåëåííûõ â ïðîñòðàíñòâå äâèæóùèõñÿ
âèáðîèñòî÷íèêîâ, òàê è ñîñðåäîòî÷åííûõ íà ïîäâèæíûõ ïîâåðõíîñòÿõ è ëèíèÿõ, êîòîðûå

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024
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ìîäåëèðóþòñÿ ñèíãóëÿðíûìè îáîáùåííûìè ôóíêöèÿìè - ïðîñòûìè ñëîÿìè íà ïîâåðõíî-
ñòè èëè êðèâîé.

Ïîñòðîåííûå âèáðîòðàíñïîðòíûå ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ ïîçâîëÿþò èññëåäî-
âàòü âîëíîâûå ïðîöåññû â ñàìûõ ðàçíûõ ñðåäàõ ïðè âîçäåéñòâèè ïîäâèæíûõ âèáðîèñòî÷-
íèêîâ âîëí ðàçëè÷íîé ïðèðîäû.

Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà Íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî
îáðàçîâàíèÿ ðåñïóáëèêè Êàçàõñòàí (ãðàíò AP19674789, 2023-2025 ãã.).

Ëèòåðàòóðà
[1] Àëåêñååâà Ë.À. Äèíàìè÷åñêèå àíàëîãè ôîðìóë Ãðèíà, Ãàóññà äëÿ ðåøåíèé âîëíîâîãî óðàâíåíèÿ â Rn × t.

//Äèôôåðåíöèàëüíûå óðàâíåíèÿ.-1995.- Ò.31.-11.-C. 1951-1953.

[2] Àëåêñååâà Ë.À. Ìåòîä îáîáùåííûõ ôóíêöèé â íåñòàöèîíàðíûõ êðàåâûõ çàäà÷àõ äëÿ âîëíîâîãî óðàâíåíèÿ
// Ìàòåìàòè÷åñêèé æóðíàë.- 2006.- Ò.6.-1(19).-C.16-32.

[3] Alexeyeva L.A. Boundary integral equations of nonstationary BVP for wave equations // Int. Congress of
Mathematicians.-Madrid.-2006.- P.436.

[4] Àëåêñååâà Ë.À. Îáîáùåííûå ðåøåíèÿ êðàåâûõ çàäà÷ äëÿ îäíîãî êëàññà áåãóùèõ ðåøåíèé âîëíîâîãî óðàâ-

íåíèÿ // Ìàòåìàòè÷åñêèé æóðíàë.-2008.- Ò.8.-2(30).-C.1-19.

Òðàíñïîðòíûå ðåøåíèÿ âîëíîâûõ óðàâíåíèé è èõ
ñâîéñòâà. Óäàðíûå âîëíû

Ë.À. ÀËÅÊÑÅÅÂÀ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: alexeeva@math.kz

Ðåøåíèå ìíîãèõ çàäà÷ àêóñòèêè, ãèäðîìåõàíèêè, òåîðèè óïðóãîñòè è äðóãèõ ðàçäåëîâ
ôèçèêè ñâÿçàíî ñ ðåøåíèåì êðàåâûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé è ñèñòåì, îïè-
ñûâàþùèõ ïðîöåññû ðàñïðîñòðàíåíèÿ âîëí â ñïëîøíûõ ñðåäàõ, ïîýòîìó âåñüìà àêòóàëü-
íî ïîñòðîåíèå ýôôåêòèâíûõ ñïîñîáîâ èõ ðåøåíèÿ ïðè äåéñòâèè èñòî÷íèêîâ âîçìóùåíèé
ðàçëè÷íîãî òèïà äëÿ îáëàñòåé ñ ïðîèçâîëüíîé ãåîìåòðèåé ãðàíèö è ðàçíîîáðàçíûì âèäîì
ãðàíè÷íûõ óñëîâèé.

Ñðåäè äåéñòâóþùèõ èñòî÷íèêîâ âîçìóùåíèé íàèáîëåå ðàñïðîñòðàíåíû òðàíñïîðòíûå,
êîòîðûå ñâÿçàíû ñ äâèæóùèìèñÿ èñòî÷íèêàìè (íàãðóçêàìè), ôîðìà êîòîðûõ íå ìåíÿåòñÿ
ñ òå÷åíèåì âðåìåíè, à ñêîðîñòü äâèæåíèÿ ìîæåò áûòü äîçâóêîâîé, çâóêîâîé, ñâåðõçâóêî-
âîé, à â ñðåäàõ ñ íåñêîëüêèìè çâóêîâûìè ñêîðîñòÿìè (â óïðóãèõ è ìíîãîêîìïîíåíòíûõ,
íàïðèìåð) åùå è òðàíñçâóêîâîé. Ñêîðîñòü äâèæåíèÿ ñóùåñòâåííî âëèÿåò íà òèï óðàâíå-
íèé, ïàðàìåòðè÷åñêè çàâèñÿùèõ îò ÷èñëà Ìàõà (M) - îòíîøåíèÿ ñêîðîñòè äâèæåíèÿ V ê
çâóêîâîé ñêîðîñòè c (M = V/c). Â ïîäâèæíîé ñèñòåìå êîîðäèíàò, ñâÿçàííîé ñ èñòî÷íè-
êîì, òèï óðàâíåíèé ìåíÿåòñÿ: ýëëèïòè÷åñêèé ïðè äîçâóêîâûõ ñêîðîñòÿõ, ãèïåðáîëè÷åñêèé
ïðè ñâåðõçâóêîâûõ. À ïðè íàëè÷èè òðàíñçâóêîâûõ ñêîðîñòåé èìååì ñèñòåìû ñìåøàííî-
ãî ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà. Ïðè ñâåòîâûõ ñêîðîñòÿõ ñèñòåìû ìîãóò ýëëèïòèêî-
ïàðàáîëè÷åñêèìè è ïàðàáîëî-ãèïåðáîëè÷åñêèìè. Ýòî ñóùåñòâåííî âëèÿåò íà ïîñòàíîâêó
ìîäåëüíûõ êðàåâûõ çàäà÷ è ìåòîäû èõ ðåøåíèÿ [1-4].

Çäåñü ìû ìû ïîêàæåì ýòî íà ïðèìåðå ôóíäàìåíòàëüíûõ è îáîáùåííûõ ðåøåíèé óðàâ-
íåíèé Ìàêñâåëëà, îïèñûâàþùèõ ïðîöåññû ðàñïðîñòðàíåíèÿ ýëåêòðîìàãíèòíûõ âîëí â ñðå-
äàõ ñî ñâåòîâîé ñêîðîñòüþ (c =

√
εµ). Ïðè äîñâåòîâûõ ñêîðîñòÿõ äâèæåíèÿ èñòî÷íèêà

ÝÌ âîëí ( M < 1) òðàíñïîðòíûå óðàâíåíèÿ Ìàêñâåëëà â ïîäâèæíîé ñèñòåìå êîîðäèíàò
� ýëëèïòè÷åñêèå, ïðè ñâåðõñâåòîâûõ ñêîðîñòÿõ ñèñòåìà óðàâíåíèé ñòàíîâèòñÿ ñòðîãî ãè-
ïåðáîëè÷åñêîé, ïðè ñâåòîâîé ñêîðîñòè - ñèñòåìà ïàðàáîëè÷åñêàÿ. Ïðè M ≥ 1 åå ðåøåíèÿ
îïèñûâàþò óäàðíûå ýëåêòðîìàãíèòíûå âîëíû, íà ôðîíòàõ êîòîðûõ âåêòîðà íàïðÿæåííî-
ñòåé ýëåêòðè÷åñêîãî è ìàãíèòíîãî ïîëÿ (E(x, t), H(x, t)) ðàçðûâíû.
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Ñ èñïîëüçîâàíèåì ìåòîäà îáîáùåííûõ ôóíêöèé, ïîëó÷åíû óñëîâèÿ íà ôðîíòàõ óäàð-
íûõ âîëí, êîòîðûå ñâèäåòåëüñòâóþò èçâåñòíûì ñâîéñòâàì ïîïåðå÷íîñòè ÝÌ âîëí è îðòî-
ãîíàëüíîñòè âåêòîðîâ ýëåêòðè÷åñêîé è ìàãíèòíîé íàïðÿæåííîñòè ïîëÿ íà èõ ôðîíòàõ è
ôàçîâûõ ïîâåðõíîñòÿõ.

Ïîëó÷åíû àíàëèòè÷åñêèå ôîðìóëû ðàñ÷åòà ÝÌ ïîëåé èçëó÷àòåëåé ðàçëè÷íûõ ôîðì:
ïðîñòðàíñòâåííî ðàñïðåäåëåííûõ, ñîñðåäîòî÷åííûõ è ðàñïðåäåëåííûõ íà ïîâåðõíîñòÿõ
èëè êðèâûõ. Ýòè ðåçóëüòàòû ìîæíî èñïîëüçîâàòü äëÿ èññëåäîâàíèÿ ýëåêòðîìàãíèòíûõ
ïîëåé ðàçëè÷íûõ ñâåòîâûõ èçëó÷àòåëåé è èçëó÷àòåëåé ðàäèîâîëí, ðàñïîëîæåííûõ íà ïî-
äâèæíûõ îáúåêòàõ (ïîåçäàõ, ìàøèíàõ, êîðàáëÿõ, ñïóòíèêàõ è ò.ï.), à òàêæå â ôèçèêå
ýëåìåíòàðíûõ ÷àñòèö.
Funding: Ðàáîòà âûïîëíåíà ïî ïðîãðàììå BR20281002 ¾Ôóíäàìåíòàëüíûå èññëåäîâàíèÿ ïî ìàòåìàòèêå è ìàòå-
ìàòè÷åñêîìó ìîäåëèðîâàíèþ¿ ÊÍ ÌÍÂÎ ÐÊ.
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Ðåøåíèÿ ñòàöèîíàðíûõ êðàåâûõ çàäà÷ ñâÿçàííîé
òåðìîóïðóãîñòè äëÿ ïîëóïëîñêîñòè
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Ìåæäóíàðîäíûé óíèâåðñèòåò èíôîðìàöèîííûõ òåõíîëîãèé, Àëìàòû, Êàçàõñòàí;
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Êðàåâûå çàäà÷è äèíàìèêè òåðìîóïðóãîãî ïîëóïðîñòðàíñòâà ðåøàþòñÿ â òåîðèè ñâÿçàí-
íîé òåðìîóïðóãîñòè, â óñëîâèÿõ ïëîñêîé äåôîðìàöèè ïðè ïåðèîäè÷åñêèõ ïîâåðõíîñòíûõ
ñèëîâûõ è òåïëîâûõ âîçäåéñòâèÿõ, ñâÿçàííûõ ñ èñêîìûìè ãðàíè÷íûìè ôóíêöèÿìè ëèíåé-
íûìè àëãåáðàè÷åñêèìè ñîîòíîøåíèÿìè. Äëÿ ïîñòàâëåííûõ êðàåâûõ çàäà÷ ïîñòðîåíû òåí-
çîðû Ãðèíà. Èñïîëüçóÿ ñâîéñòâà òåíçîðà Ãðèíà, ïîëó÷åíû àíàëèòè÷åñêèå ðåøåíèÿ ýòèõ
çàäà÷. Äëÿ èõ ðåøåíèÿ èñïîëüçîâàëñÿ ìåòîä íåïîëíîãî ðàçäåëåíèÿ ïåðåìåííûõ, ïðåîá-
ðàçîâàíèå Ôóðüå è ñâîéñòâà ôóíäàìåíòàëüíûõ ðåøåíèé. Ïðåäñòàâëåííûé àëãîðèòì äàåò
ðåøåíèå êëàññè÷åñêèõ ÷åòûðåõ êðàåâûõ çàäà÷ òåðìîóïðóãîñòè, à òàêæå íåêëàññè÷åñêèõ
ñî ñâÿçàííûìè òåïëîâûìè è ñèëîâûìè õàðàêòåðèñòèêàìè íà ãðàíèöå ïîëóïëîñêîñòè.

Êëþ÷åâûå ñëîâà: ñâÿçàííàÿ òåðìîóïðóãîñòü, òåðìîíàïðÿæåííîå ñîñòîÿíèå, ïåðèîäè÷åñêèå êðàåâûå çàäà÷è,
ëèíåéíî-ñâÿçàííûå êðàåâûå óñëîâèÿ, àíàëèòè÷åñêîå ðåøåíèå
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Àâòîìîäåëüíûå ðåøåíèÿ ÷åòûðåõìåðíîãî
âûðîæäàþùåãîñÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ â

÷àñòíûõ ïðîèçâîäíûõ òðåòüåãî ïîðÿäêà

Ç.Î. ÀÐÇÈÊÓËÎÂ

Ôåðãàíñêèé ïîëèòåõíè÷åñêèé èíñòèòóò, Ôåðãàíà, Óçáåêèñòàí

E-mail: zafarbekarzikulov1984@gmail.com

Ïðè ïîñòðîåíèè àâòîìîäåëüíûõ ðåøåíèé âûðîæäàþùèõñÿ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè ãèïåðãåîìåòðè÷åñêèå ôóíêöèè ìíîãèõ ïåðåìåííûõ âû-
ñîêîãî ïîðÿäêà èìåþò îãðîìíîå çíà÷åíèå.

Ââåäåì â ðàññìîòðåíèå ãèïåðãåîìåòðè÷åñêóþ ôóíêöèþ òðåòüåãî ïîðÿäêà

F 1:0
0:2 (a; b1, b2; c1, c2; d1, d2;x, y, z) =

=
∞∑

m,n,p=0

(a)m+n+p

(b1)m (b2)m (c1)n (c2)n (d1)p (d2)p

xm

m!

yn

n!

zp

p!
. (1)

Íåòðóäíî óñòàíîâèòü, ÷òî ôóíêöèÿ ω = F 1:0
0:2 , îïðåäåëåííàÿ ðàâåíñòâîì (1) óäîâëåòâî-

ðÿåò ñëåäóþùåé ñèñòåìå óðàâíåíèé:
x2ωxxx + (b1 + b2 + 1)xωxx + (b1b2 − x)ωx − yωy − zωz − aω = 0,

y2ωyyy + (c1 + c2 + 1)xωyy + (c1c2 − y)ωy − xωx − zωz − aω = 0,

z2ωzzz + (d1 + d2 + 1) zωzz + (d1d2 − z)ωz − xωx − yωy − aω = 0.

(2)

Ëèíåéíî íåçàâèñèìûå ðåøåíèÿ ñèñòåìû (2) â îêðåñòíîñòè íà÷àëà êîîðäèíàò áóäåì
èñêàòü â âèäå

u = xλyµzνω(x, y, z),

ãäå λ, µ è ν � ïðîèçâîëüíûå ÷èñëà, ïîäëåæàùèå ê îïðåäåëåíèþ, ω(x, y, z) � ïðîèçâîëüíàÿ
ôóíêöèÿ.

Âû÷èñëèâ íåîáõîäèìûå ïðîèçâîäíûå îò ôóíêöèè è ïîäñòàâèâ èõ ñèñòåìó (2), ïîëó÷èì
îïðåäåëÿþùóþ ñèñòåìó (indicate system )λ (λ− 1 + b1) (λ− 1 + b2) = 0,

µ (µ− 1 + c1) (µ− 1 + c2) = 0,
ν (ν − 1 + d1) (ν − 1 + d2) = 0,

èìåþùóþ 27 ðåøåíèé.
Òåïåðü ðàññìîòðèì óðàâíåíèå

xnymzput − tkymzpuxxx − tkxnzpuyyy − tkxnymuzzz = 0, m, n, k, p > 0 (3)

â îáëàñòè Ω = {(x, y, z, t) : x > 0, y > 0, z > 0, t > 0}.
Ðåøåíèå óðàâíåíèÿ (3) áóäåì èñêàòü â âèäå

u(x, y, z, t) =
k + 1

3tk+1
ω(ξ, η, ζ), (4)

ãäå ω � íåèçâåñòíàÿ ôóíêöèÿ, ïîäëåæàùàÿ îïðåäåëåíèþ, à

ξ = − k + 1

3(n+ 3)3tk+1
xn+3, η = − k + 1

3(m+ 3)3tk+1
ym+3, ζ = − k + 1

3(p+ 3)3tk+1
zp+3.
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Ïîäñòàâëÿÿ (4) â óðàâíåíèå (3), ïîëó÷èì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé â
÷àñòíûõ ïðîèçâîäíûõ ãèïåðãåîìåòðè÷åñêîãî òèïà

ξ2ωξξξ + (α + 2) ξωξξ +

(
1 + 2α

3

2 + α

3
− ξ

)
ωξ − ηωη − ζωζ − ω = 0,

η2ωηηη + (β + 2) ηωηη +

(
1 + 2β

3

2 + β

3
− η

)
ωη − ξωξ − ζωζ − ω = 0,

ζ2ωζζζ + (γ + 2) ζωζζ +

(
1 + 2γ

3

2 + γ

3
− ζ

)
ωζ − ξωξ − ηωη − ω = 0,

ãäå

α =
n

n+ 3
, β =

m

m+ 3
, γ =

p

p+ 3
.

Ñðàâíèâàÿ òåïåðü ïîñëåäíþþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ñèñòåìîé (2),
ëåãêî âûïèñàòü âñå 27 àâòîìîäåëüíûå ðåøåíèÿ âûðîæäàþùåãîñÿ äèôôåðåíöèàëüíîãî
óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ (3). Çäåñü ìû îãðàíè÷èìñÿ óêàçàíèåì îäíîãî (ïåðâîãî)
èç íèõ:

u1 = λ1 t
−k−1F 1:0

0:2

(
1;

2 + α

3
,
1 + 2α

3
;

2 + β

3
,
1 + 2β

3
;
2 + γ

3
,
1 + 2γ

3
; ξ, η, ζ

)
.

Îòìåòèì, ÷òî àâòîìîäåëüíûå ðåøåíèÿ îäíîãî òðåõìåðíîãî âûðîæäàþùåãîñÿ äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà ïîñòðîåíû â [1].

Êëþ÷åâûå ñëîâà: àâòîìîäåëüíîå ðåøåíèå, ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ îò òðåõ ïåðåìåííûõ, âûðîæäàþùååñÿ
äèôôåðåíöèàëüíîå óðàâíåíèå.

2010 Mathematics Subject Classi�cation: 33C20,34A30, 35L25, 35L80
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Íåëîêàëüíàÿ ïî âðåìåíè çàäà÷à äëÿ óðàâíåíèÿ
ãèïåðáîëè÷åñêîãî òèïà
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Ðàññìîòðèì ñëåäóþùóþ íà÷àëüíî-êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ ãèïåðáîëè÷åñêîãî
òèïà 

utt − uxx = f(x, t), 0 < x < 1, 0 < t ≤ T ;

u(0, t) = u(1, t) = 0, 0 ≤ t ≤ T ;

u(x, ξ) = αu(x, 0) + φ(x), 0 < ξ ≤ T ;

ut(x, ξ) = βut(x, 0) + ψ(x),

(1)

çäåñü φ(x), ψ(x) ∈ C[0, 1], f(x, t) ∈ C([0, 1] × [0, T ]), α, β � ïîñòîÿííûå ÷èñëà, ξ ∈ (0, T ] �
ôèêñèðîâàííàÿ òî÷êà.

Òåîðåìà 1. Åñëè ñóùåñòâóåò ðåøåíèå çàäà÷è (1), òî îíî åäèíñòâåííî òîãäà è òîëüêî
òîãäà êîãäà 1 + αβ − (α + β) cos kπξ ̸= 0 ïðè âñåõ k ∈ N.

Ïðè äîêàçàòåëüñòâå ýòîé òåîðåìû èñïîëüçîâàíû íåêîòîðûå îðèãèíàëüíûå èäåè èç ðà-
áîòû [1].
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Òåîðåìà 2. Ïóñòü ôóíêöèÿ f(x, t) íåïðåðûâíà íà [0, 1] × [0, T ], äâàæäû íåïðåðûâíî
äèôôåðåíöèðóåìà ïî ïåðåìåííîé x è óäîâëåòâîðÿåò óñëîâèþ f(0, t) = f(1, t) = 0 íà âñåì
îòðåçêå [0, T ] è ôóíêöèè φ(x) ∈ C3[0, 1], ψ(x) ∈ C2[0, 1] óäîâëåòâîðÿþò óñëîâèÿì φ(0) =
φ(1) = 0, φ

′′
(0) = φ

′′
(1) = 0, ψ(0) = ψ(1) = 0. Òîãäà, åñëè äëÿ ÷èñåë α è β èìååò ìåñòî

îöåíêà

∣∣∣∣1+αβ
α+β

∣∣∣∣ > 1, òî çàäà÷à (1) èìååò åäèíñòâåííîå ðåøåíèå è îíî èìååò âèä:

u(x, t) =
∞∑
k=1

[
Tk(t) + (φk − Tk(ξ))

(cosπk(ξ − t)− βcosπkt)

1 + αβ − (α + β)cosπkξ
− (2)

−(ψk − T ′
k(ξ))

1

πk

(sinπk(ξ − t) + αsinπkt)

1 + αβ − (α + β)cosπkξ

]
sinπkx,

ãäå

Tk(t) =
1

πk

∫ t

0

fk(η)sinπk(t− η) dη.

Îòìåòèì, ÷òî àíàëîãè÷íàÿ çàäà÷à ñ (1), äëÿ óðàâíåíèé ñóáäèôôóçèè èçó÷åíà â ðàáîòå [2].

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì � F-FA-2021-424.
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ïåðåíîñà èçëó÷åíèÿ â Pn-ïðèáëèæåíèè ìåòîäà ñôåðè÷åñêèõ ãàðìîíèê.

Ïóñòü ïðîöåññ èçëó÷åíèÿ îïèñûâàåòñÿ îáîáùåííûì ðåøåíèåì ñëåäóþùåé çàäà÷è Êîøè:

∂u

∂t
+ µ

∂u

∂x
+ σ(x)u = Su+ δ(x, t)δ(µ2 − µ2

∗), x ∈ R, t ∈ R+, (1)

u |t<0 ≡ 0. (2)

Çäåñü
µ∗, µ ∈ (−1, 1), R+ = |t ∈ R : t > 0|,

R � ìíîæåñòâî âåùåñòâåííûõ ÷èñåë, δ � äåëüòà-ôóíêöèÿ Äèðàêà,

Su =
σs(x)

4π

2π∫
0

1∫
−1

g(x, µ0)u(x, t, µ
′)dµ′dφ,

µ0 = µµ′ +
√

1− µ2
√
1− µ′2 cos(φ),
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u(x, t, µ) � ïëîòíîñòü ïîòîêà íåéòðîíîâ, σ(x), σs(x) � ïîëíîå ñå÷åíèå è ñå÷åíèå ðàññåÿíèÿ,
g(x, µ0) � èíäèêàòðèññà ðàññåÿíèÿ.

Â ñîîòâåòñòâèè ñ ìåòîäîì ñôåðè÷åñêèõ ãàðìîíèê [1] ïðåäïîëîæèì, ÷òî ïðîöåññ ðàñ-
ïðîñòðàíåíèÿ íåéòðîíîâ äîñòàòî÷íî òî÷íî îïèñûâàåòñÿ êîíå÷íûì ðÿäîì

u(x, t, µ) ≈
n∑

j=0

(
j +

1

2

)
un+1(x, t)Pj(µ), (3)

ãäå Pj(µ) � ïîëèíîìû Ëåæàíäðà.
Òîãäà ïîäñòàâëÿÿ (3) â (1), è ïîëó÷èâøóþñÿ ñèììåòðè÷åñêóþ ãèïåðáîëè÷åñêóþ ñèñòåìó

ïðèâåäÿ ê êàíîíè÷åñêîìó âèäó [1, 2], ïîëó÷àåì(
∂

∂t
+M

∂

∂z
+ A

)
v = Φδ(z, t); z ∈ R, t ∈ R+, (4)

v |t<0≡ 0. (5)

Îáðàòíàÿ çàäà÷à ñîñòîèò èç îïðåäåëåíèÿ êîýôôèöèèåíòîâ σ(x) σs(x) ïî äîïîëíèòåëü-
íîé èíôîðìàöèè î ðåøåíèè ïðÿìîé çàäà÷è (4)�(5)

vj |z=0= fj(t), t ∈ R+. (6)

Èñïîëüçóÿ ìåòîäèêó ðàáîò [2, 3], ìîæíî äîêàçàòü òåîðåìó ñóùåñòâîâàíèÿ îáðàòíîé
çàäà÷è �â ìàëîì� è òåîðåìó åäèíñòâåííîñòè �â öåëîì�.

Ïðåäëîæåí êîíå÷íî-ðàçíîñòíûé ìåòîä ðåøåíèÿ îáðàòíîé çàäà÷è îïðåäåëåíèÿ êîýôôè-
öèåíòîâ êèíåòè÷åñêîãî óðàâíåíèÿ, äîêàçàíà ñõîäèìîñòü ïðåäëîæåííîãî ìåòîäà.
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Ñòðàòèôèöèðîâàííîå ìíîæåñòâî îïðåäåëÿåòñÿ êàê ñâÿçíîå ïîäìíîæåñòâo åâêëèäîâà
ïðîñòðàíñòâà Rd, ÿâëÿþùååñÿ îáúåäèíåíèåì êîíå÷íîãî ñåìåéñòâà S íåïåðåñåêàþùèõñÿ
ñâÿçíûõ ïîäìíîãîîáðàçèé σk (áåç êðàÿ), íàçûâàåìûõ äàëåå ñòðàòàìè:

Ω =
⋃
σk∈S

σk.

Êàæäàÿ ñòðàòà σk èìååò êîìïàêòíîå çàìûêàíèå â Rd. Ïðåäïîëàãàåòñÿ, ÷òî ñòðàòû ïðè-
ìûêàþò äðóã ê äðóãó ïî òèïó êëåòî÷íîãî êîìïëåêñà, ò.å. ãðàíèöà êàæäîé ñòðàòû ñîñòîèò
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èç íåêîòîðûõ ñòðàò ñåìåéñòâà S è êàæäîå ïåðåñå÷åíèå σk∩σm çàìûêàíèé ñòðàò â Rd ëèáî
ïóñòî, ëèáî ÿâëÿåòñÿ îáúåäèíåíèåì íåêîòîðûõ ñòðàò èç S. Äàëåå ñîîòíîøåíèå σk ≻ σm
ìåæäó äâóìÿ ñòðàòàìè îçíà÷àåò, ÷òî σm ⊂ ∂σk; â ýòîì ñëó÷àå ìû ãîâîðèì, ÷òî äàííûå
ñòðàòû ïðèìûêàþò äðóã ê äðóãó.

Ïóñòü d(σk) îáîçíà÷àåò ðàçìåðíîñòü ñòðàòû σk. Ìû îïðåäåëÿåì ìåðó µ íà Ω ñëåäó-
þùèì îáðàçîì. Ñêàæåì, ÷òî ïîäìíîæåñòâî ω â Ω ÿâëÿåòñÿ µ-èçìåðèìûì, åñëè êàæäîå
ïåðåñå÷åíèå ω ∩σk èçìåðèìî îòíîñèòåëüíî d(σk)-ìåðíîé ëåáåãîâîé ìåðû íà σk. Î÷åâèäíî,
÷òî òàêèå ïîäìíîæåñòâà îáðàçóþò σ-àëãåáðó â Ω, à ôóíêöèÿ µ, îïðåäåëÿåìàÿ ôîðìóëîé

µ(ω) =
∑
σk∈S

µd(σk)(σk ∩ ω),

â êîòîðîé µd(σk), îáû÷íàÿ d(σk)-ìåðíàÿ ìåðà Ëåáåãà íà σk, îáëàäàåò âñåìè ñâîéñòâàìè
ìåðû. Èíòåãðàë Ëåáåãà µ-èçìåðèìûõ ôóíêöèé f , îïðåäåëÿåìûõ ñòàíäàðòíûì îáðàçîì,
ñâîäèòñÿ ê ñóììå ∫

ω

f dµ =
∑
σk∈S

∫
σk∩ω

f dµd(σk).

Ìíîæåñòâî Ω ïðåäïîëàãàåòñÿ ïðåäñòàâëåííûì â âèäå îáúåäèíåíèÿ Ω◦ ∪ ∂Ω (½âíóòðåí-
íîñòè� è ½ãðàíèöû�), â êîòîðîì Ω◦ � ñâÿçíîå îòíîñèòåëüíî îòêðûòîå ïîäìíîæåñòâî Ω,
ñîñòîÿùåå èç íåêîòîðûõ ñòðàò èç Σ è óäîâëåòâîðÿþùåå ðàâåíñòâó Ω◦ = Ω, à îñòàâøàÿñÿ
÷àñòü ∂Ω = Ω \ Ω◦ îêàçûâàåòñÿ òîãäà òîïîëîãè÷åñêîé ãðàíèöåé ìíîæåñòâà Ω◦.

Ïóñòü S̃ ⊂ S � íåêîòîðîå ñåìåéñòâî ñòðàò, ëåæàùèõ â Ω◦. Ðàññìàòðèâàåòñÿ ñïðàâåä-
ëèâîñòü íåðàâåíñòâà Ñîáîëåâà â ñëåäóþùåì âèäå:( ∫

Ω

|u|q dµ

) 1
q

≤ C

( ∑
σi∈S̃

∫
σi

|∇u|p dµ

) 1
p

. (1)

Ïîêàçàòåëè ñóììèðóåìîñòè â ýòîì íåðàâåíñòâå îïðåäåëÿþòñÿ äâóìÿ ÷èñëàìè, d(Ω) è
D(S̃,Ω◦). Ïåðâîå èç íèõ, d(Ω), ðàâíî ìàêñèìàëüíîé ðàçìåðíîñòè ñòðàò â Ω. Ïåðåéäåì ê
îïðåäåëåíèþ âòîðîãî.

Ïóñòü σk ⊂ Ω◦. Ðàññìîòðèì öåïî÷êó ñòðàò

C = {σ1, σ2, . . . , σn},

óäîâëåòâîðÿþùóþ ñëåäóþùèì òðåáîâàíèÿì:
1) σ1 = σk;
2) âñå ñòðàòû, êðîìå ïîñëåäíåé, ÿâëÿþòñÿ ïîäìíîæåñòâàìè Ω◦, â òî âðåìÿ êàê σn ⊂ ∂Ω◦;
3) äëÿ êàæäîãî èíäåêñà i < n ëèáî σi ≻ σi+1, ëèáî σi+1 ≻ σi;
4) äëÿ ëþáûõ äâóõ ñîñåäíèõ ñòðàò â ýòîé öåïî÷êå ñòðàòà ìàêñèìàëüíîé ðàçìåðíîñòè

ïðèíàäëåæèò S̃.
Íàçîâåì

dg(C) = max
1≤i<n

|d(σi)− d(σi+1)|

÷èñëîì ½ñâÿçíîñòè� öåïî÷êè C.
Îïðåäåëèì

dg(σk) = min
C
dg(C),

ãäå ìèíèìóì áåðåòñÿ ïî âñåì öåïî÷êàì, óäëâëåòâîðÿþùèì óñëîâèÿì 1)�4).
Îêîí÷àòåëüíî, ïîëîæèì

D(S̃,Ω◦) = max
σk

dg(σk),
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ãäå ìàêñèìóì áåðåòñÿ ïî âñåì ñòðàòàì σk ⊂ Ω◦.
Òåîðåìà. Åñëè D(S̃,Ω◦) < p < d(Ω) è 1 ≤ q ≤ pd(Ω)

d(Ω)−p
, èëè p ≥ d(Ω) è 1 ≤ q < ∞, òî

íåðàâåíñòâî (1) âûïîëíÿåòñÿ äëÿ âñåõ u ∈
◦
W 1,p

µ (Ω) ñ íåçàâèñÿùåé îò u êîíñòàíòîé C.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì BR20281002 ÌÍÂÎ ÐÊ.
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Ïàðàáîëè÷åñêàÿ çàäà÷à â îáëàñòè, âûðîæäàþùåéñÿ â
òî÷êó ïî çàêîíó x = tα, α > 1

2
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Â ðàáîòå èññëåäóåòñÿ ãðàíè÷íàÿ çàäà÷à äëÿ äâóìåðíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè
â íåêàíîíè÷åñêîé îáëàñòè, ãðàíèöà êîòîðîé èçìåíÿåòñÿ ïî ñòåïåííîìó çàêîíó x = tα,
α > 1

2
. Îáëàñòü ðåøåíèÿ çàäà÷è â íà÷àëüíûé ìîìåíò âðåìåíè îòñóòñòâóåò, òî åñòü âû-

ðîæäàåòñÿ â òî÷êó. Ìåòîäîì îáîáùåííûõ òåïëîâûõ ïîòåíöèàëîâ çàäà÷à ðåäóöèðóåòñÿ ê
ïñåâäî-Âîëüòåððîâîìó èíòåãðàëüíîìó óðàâíåíèþ âòîðîãî ðîäà. Ïîëó÷åííîå èíòåãðàëüíîå
óðàâíåíèå ïðèíöèïèàëüíî îòëè÷àåòñÿ îò êëàññè÷åñêèõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåð-
ðà òåì, ÷òî íîðìà ñîîòâåòñòâóþùåãî èíòåãðàëüíîãî îïåðàòîðà ðàâíà åäèíèöå è ê íåìó
íåïðèìåíèì êëàññè÷åñêèé ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, à òàêæå ñîîòâåòñòâóþ-
ùåå îäíîðîäíîå èíòåãðàëüíîå óðàâíåíèå èìååò íåíóëåâîå ðåøåíèå ([1-4]).

Â îáëàñòè Q =
{
(r, t)| 0 < r < tα, 0 < t < T, α > 1

2

}
ðàññìàòðèâàåòñÿ ñëåäóþùàÿ ãðà-

íè÷íàÿ çàäà÷à:

∂u

∂t
= a2 · 1− 2β

r
· ∂u
∂r

+ a2 · ∂
2u

∂r2
, (1)

u(r, t)|r=0 = g1(t), t > 0, (2)

u(r, t)|r=tα = g2(t), t > 0, (3)

ãäå 0 < β < 1.
Äîêàçàíà ñëåäóþùàÿ
Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ g1(t) ∈ M(0,+∞), tα(1−β)g2(t) ∈ M(0,+∞),

M(0,+∞) = L∞(0,+∞) ∩ C(0,+∞) òî ãðàíè÷íàÿ çàäà÷à (1)-(3) èìååò ðåøåíèå

u(r, t) =

∫ t

0

∂G(r, ξ, t− τ)

∂ξ

∣∣∣∣
ξ=τα

µ(τ)dτ +

∫ t

0

∂G(r, ξ, t− τ)

∂ξ

∣∣∣∣
ξ=0

ν(τ)dτ ,

ãäå

G(r, ξ, t− τ) =
1

2a2
· r

β · ξ1−β

t− τ
· exp

[
− r2 + ξ2

4a2(t− τ)

]
· Iβ
(

rξ

2a2(t− τ)

)
,

ν(t) = 2a2 · β · g1(t),

à µ(t) îïðåäåëÿåòñÿ èç ñëåäóþùåãî ïñåâäî-Âîëüòåððîâîãî èíòåãðàëüíîãî óðàâíåíèÿ:

µ(t)−
∫ t

0

N(t, τ)µ(τ)dτ = f(t),
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ãäå

N(t, τ) =
tαβτα(1−β)(tα − τα)

2a2(t− τ)2
· exp

[
−(tα − τα)2

4a2(t− τ)

]
· exp

[
− tατα

2a2(t− τ)

]
· Iβ
(

tατα

2a2(t− τ)

)
+

+
tα(β+1)τα(1−β)

2a2(t− τ)2
· exp

[
− (tα − τα)2

4a2 (t− τ)

]
· exp

[
− tατα

2a2(t− τ)

]
· Iβ−1,β

(
tατω

2a2(t− τ)

)
+

+
tαβ(1− 2β)

(t− τ)ταβ
· exp

[
−(tα − τα)2

4a2(t− τ)

]
· exp

[
− tατα

2a2(t− τ)

]
· Iβ
(

tατα

2a2(t− τ)

)
,

Iβ−1,β(z) = Iβ−1(z)− Iβ(z),

f(t) = −2a2g2(t) + 2a2g̃1(t
α, t),

g̃1(r, t) =
1

(2a2)β
· 1

2β
· 1

Γ(β)

∫ t

0

r2β

(t− τ)β+1
· exp

[
− r2

4a2(t− τ)

]
· g1(t)dτ,

çäåñü Iν(z) � ìîäèôèöèðîâàííàÿ ôóíêöèÿ Áåññåëÿ ïîðÿäêà ν.
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Èññëåäîâàíèå âîëíîâûõ ïðîöåññîâ â ôèçè÷åñêèõ ïîëÿõ è ñðåäàõ ìåòîäàìè ìàòåìàòè-
÷åñêîãî ìîäåëèðîâàíèÿ ïðèâîäèò ê ðåøåíèþ äèôôåðåíöèàëüíûõ óðàâíåíèé è êðàåâûõ
çàäà÷ äëÿ íèõ. Îñîáûé êëàññ çàäà÷ ñîñòàâëÿþò òðàíñïîðòíûå çàäà÷è, â êîòîðûõ äåéñòâó-
þùèå íàãðóçêè äâèæóòñÿ ñ îïðåäåëåííûìè ñêîðîñòÿìè. Ïðè ýòîì èõ ôîðìà íå ìåíÿåòñÿ ñ
òå÷åíèåì âðåìåíè. Òàêèå íàãðóçêè íàçûâàþò òðàíñïîðòíûìè. Îòìåòèì, ñêîðîñòü äâèæå-
íèÿ èñòî÷íèêà ñóùåñòâåííî âëèÿåò íà òèï äèôôåðåíöèàëüíûõ óðàâíåíèé, ïàðàìåòðè÷åñêè
çàâèñÿùèõ îò îòíîøåíèÿ ñêîðîñòè äâèæåíèÿ íàãðóçêè ê çâóêîâîé ñêîðîñòè. Ïîñëåäíåå, â
ñâîþ î÷åðåäü, âëèÿåò íà ïîñòàíîâêó ìîäåëüíûõ êðàåâûõ çàäà÷ è ìåòîäû èõ ðåøåíèÿ [1].

Ðàáîòà ïîñâÿùåíà ïîñòðîåíèþ òðàíñïîðòíûõ ðåøåíèé óðàâíåíèÿ Êëåéíà�Ãîðäîíà �
óðàâíåíèÿ êâàíòîâîé ìåõàíèêè, ÿâëÿþùåãîñÿ îáîáùåíèåì âîëíîâîãî óðàâíåíèÿ. Ýòî óðàâ-
íåíèå èìååò âèä:

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024



172 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2024

△u(x, t)− 1

c2
∂2u(x, t)

∂t2
+ q(x)u(x, t) = G(x, t), x ∈ RN , t ∈ R1 (1)

è èñïîëüçóåòñÿ äëÿ îïèñàíèÿ áûñòðî äâèæóùèõñÿ ÷àñòèö, èìåþùèõ ìàññó [2,3]. Äëÿ çà-
ïèñè óðàâíåíèÿ (1) ïðè äåéñòâèè òðàíñïîðòíûõ íàãðóçîê ðàññìàòðèâàåòñÿ êëàññ ðåøåíèé
óðàâíåíèÿ â ïðåäïîëîæåíèè, ÷òî íàãðóçêà äâèæåòñÿ ñ ïîñòîÿííîé ñêîðîñòüþ υ âäîëü îñè
x3 è â ïîäâèæíîé ñèñòåìå êîîðäèíàò íå çàâèñèò îò âðåìåíè, ò.å. G = G(x1, x2, x3 − υt). Â
íîâîé ñèñòåìå êîîðäèíàò óðàâíåíèå (1) ïåðåïèøåòñÿ â âèäå:

△u(x1, x2, z)−M2∂
2u(x1, x2, z)

∂z2
+ qu(x1, x2, z) = G(x1, x2, z), (2)

ãäå z = x3 − υt, M = υ/c. Âîçìîæíû ñëåäóþùèå ñëó÷àè: M < 1 � äîçâóêîâîé, M = 1 �
çâóêîâîé, M > 1 � ñâåðõçâóêîâîé.

Çäåñü ïîñòðîåíû ôóíêöèÿ Ãðèíà è îáîáùåííûå ðåøåíèÿ óðàâíåíèÿ Êëåéíà - Ãîðäî-
íà â ïðîñòðàíñòâàõ ðàçìåðíîñòè N = 1, 2, 3 âî âñåì äèàïàçîíå ñêîðîñòåé è èññëåäîâàíû
èõ ñâîéñòâà ïðè äîçâóêîâûõ, çâóêîâûõ è ñâåðõçâóêîâûõ ñêîðîñòÿõ äâèæåíèÿ èñòî÷íèêà.
Òèï òðàíñïîðòíûõ óðàâíåíèé (2) çàâèñèò îò ñêîðîñòè äâèæåíèÿ, ÷òî âëèÿåò íà ñïîñî-
áû ïîñòðîåíèÿ ðåøåíèé óðàâíåíèÿ â êàæäîì èç íèõ è èõ îñîáåííîñòè. Äëÿ ïîñòðîåíèÿ
ðåøåíèé èñïîëüçîâàëèñü îáîáùåííîå ïðåîáðàçîâàíèå Ôóðüå ïî ïðîñòðàíñòâåííûì êîîð-
äèíàòàì, ôóíäàìåíòàëüíûå ðåøåíèÿ ýëëèïòè÷åñêèõ, ãèïåðáîëè÷åñêèõ è ïàðàáîëè÷åñêèõ
óðàâíåíèé ìàòåìàòè÷åñêîé ôèçèêè [4,5]. Ïîëó÷åíû óñëîâèÿ íà ñêà÷êè íà ôðîíòàõ óäàð-
íûõ âîëí ðåøåíèé ïðè ñâåðõçâóêîâûõ è çâóêîâûõ ñêîðîñòÿõ.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP19674789 ÌÍÂÎ ÐÊ.
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Îöåíêà íèçêî÷àñòîòíîé ÷àñòè ñïåêòðà òðåõìåðíûõ
ñãóùàþùèõñÿ ñåòîê èç ñòðóí

Ð.Í. ÇÈÌÈÍ

Satbayev university, Àëìàòû, Êàçàõñòàí

E-mail: r.zimin@satbayev.university

Â äîêëàäå ðàññìàòðèâàåòñÿ íîâûé ïîäõîä ê îöåíêå íèçêî÷àñòîòíîé ÷àñòè ñïåêòðà ïî-
ëóíåïðåðûâíûõ òðåõìåðíûõ ñðåä (ñåòîê èç ñòðóí).

Ïóñòü ñåòêà èç ñòðóí çàïîëíÿåò åäèíè÷íûé êóá Ω. Ñåòêà èç ñòðóí ïðåäñòàâëÿåò èç ñåáÿ
ïåðèîäè÷åñêîå ïîâòîðåíèå ñæàòîé â h ýëåìåíòàðíîé ÿ÷åéêè, ïðåäñòàâëÿþùåé èç ñåáÿ òðè
ñòðóíû ñîåäèíåííûå â îáùåì óçëå è ðàññìàòðèâàåòñÿ ïîñëåäîâàòåëüíîå ñãóùåíèå òàêèõ
ñåòîê â åäèíè÷íîì êóáå.

Çàäà÷à î ñïåêòðå ñîáñòâåííûõ êîëåáàíèé ñåòêè èç ñòðóí èìååò âèä:

Tku
′′ + λρku = 0, (1)∑

γ∈R(A)

Tku
′
k + λmkuk = 0, (2)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024
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u|∂Γk
= 0, (3)

ãäå êîýôôèöèåíò Tk � íàòÿæåíèå ñòðóíû, ρk � ïëîòíîñòü ñòðóíû, mk � íàëè÷èå ñîñðå-
äîòî÷åííîé ìàññû â âåðøèíàõ. Âñå ýòè âåëè÷èíû ïðåäïîëàãàþòñÿ ïîñòîÿííûìè. Èíäåêñ
k � îçíà÷àåò ïîðÿäîê ¾ñãóùåíèÿ¿ ñåòîê.

Îòìåòèì, ÷òî ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì íèçêî÷àñòíîé ÷àñòè ñïåêòðà.
Â òîé æå îáëàñòè Ω ðàññìîòðèì çàäà÷ó î ñîáñòâåííûõ êîëåáàíèÿõ êóáà

σ∆u+ λρu = 0, (4)

u|∂Ω = 0, (5)

ãäå ∆ � òðåõìåðíûé îïåðàòîð Ëàïëàñà, σ � íàïðÿæåíèå, à ρ � ïëîòíîñòü.
Ñ÷èòàÿ, ÷òî ðàçìåð ÿ÷åéêè ñåòêè ðàâåí hk, âûáåðåì ôèçè÷åñêèå ïàðàìåòðû ñåòêè èç

ñòðóí òàê, ÷òîáû ìàññà âûäåëåííîãî ó÷àñòêà ñåòè è êóáà áûëè ðàâíû, à íàòÿæåíèÿ ñòðóí
âûäåëåííîãî ó÷àñòêà ñåòè áûëè ðàâíû íàïðÿæåíèÿì êóáà (ñì. íàïðèìåð [2]).

Ïðè óñëîâèè ¾áëèçîñòè¿, â òîì ñìûñëå êàê îïèñàíî âûøå, áûëî äîêàçàíî ñëåäóþùåå
óòâåðæäåíèå.

Òåîðåìà
Ïóñòü λ1, . . . , λn, . . . óïîðÿäî÷åííûå ïî âîçðàñòàíèþ ñîáñòâåííûå çíà÷åíèÿ çàäà÷è (4) �

(5), à λk1, . . . , λ
k
n, . . . � ñîáñòâåííûå çíà÷åíèÿ(óïîðÿäî÷åííûå àíàëîãè÷íûì îáðàçîì) çàäà÷è

(1) � (3). Òîãäà äëÿ ëþáîãî íàòóðàëüíîãî N è ε > 0 âûïîëíÿåòñÿ íåðàâåíñòâî |λi−λki | < ε
(i ≤ N) ïðè äîñòàòî÷íî ìàëûõ hk.

Äîêàçàòåëüñòâî òåîðåìû èäåéíî ïîâòîðÿåò äîêàçàòåëüñòâî ïðèäåííîå â [3].
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Èçó÷åíèå çàäà÷è ôèëüòðàöèè íåëèíåéíûõ ôëþèäîâ â ïîäçåìíûõ ïîðèñòûõ ñðåäàõ ïðî-
âîäÿòñÿ äàâíî è ïðîäîëæàåò ïðèâëåêàòü âíèìàíèÿ ãåîëîãîâ, ãèäðîãåîëîãîâ, ìåëèîðàòîðîâ,
ìåõàíèêîâ, ôèçèêîâ, õèìèêîâ, ìàòåìàòèêîâ è äðóãèõ ñïåöèàëèñòîâ.

Ïîäçåìíûå ïîðèñòûå ñðåäû ðàññìàòðèâàåòñÿ êàê öåëûé åäèíîé, èëè êàê ìíîãîñëîé-
íûé ïëàñò. Èññëåäîâàíèå ïî ìàòåìàòè÷åñêîìó ìîäåëèðîâàíèå ýòèõ ïëàñòîâ ïîñâÿùåíû
ðàçëè÷íûå ðàáîòû [1-4] ãäå ðàçðàáîòàí ðàçëè÷íûå ìàòåìàòè÷åñêèå ìîäåëè ôèëüòðàöèè
îòëè÷àþùåéñÿ ñâîèìè ïðåèìóùåñòâàìè è íåäîñòàòêàìè.
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Ðàññìîòðèì òðåõñëîéíûé ïëàñò èçîëèðîâàííûé ìåæäó ñîáîé, ñëåäîâàòåëüíî âåëè÷è-
íû êîýôôèöèåíòà ïåðåòîêà ìåæäó ïëàñòàìè ðàâíî íóëþ. Ïðåäïîëîæèì ÷òî ýòè ïëàñòû
(îáëàñòè D1,D2 è D3), íàñûùåíû ñòðóêòóðèðîâàííûìè ôëþèäàìè.

Ìàòåìàòè÷åñêàÿ ìîäåëü ýòîé çàäà÷è ñòàâèòñÿ òàê: Íåîáõîäèìî íàéòè ôóíêöèè
U (x, t),V (x, t) è W (x, t) à òàêæå íåèçâåñòíûå ïîäâèæíûå ãðàíèöû Gi (x, t),
Ri (x, t),Si (x, t),

(
i = 1, 2

)
èç ñëåäóþùåé íà÷àëüíî-êðàåâîé çàäà÷è:

∂

∂x

(
χi (|∇U | , βi)

∂U

∂x

)
=M1

∂U

∂t
x ∈ (x0; L1) , t > 0, i = 1, 3 (1)

∂

∂x

(
Φi

(
|∇V | , βi

) ∂V
∂x

)
=M2

∂V

∂t
, x ∈ (x0; L2) , t > 0 i = 1, 3 (2)

∂

∂x

(
Ai

(
|∇V | , βi

) ∂W
∂x

)
=M3

∂W

∂t
, x ∈ (x0; L3) , t > 0 i = 1, 3 (3)

ñ íà÷àëüíûìè
U (x, 0) = V (x, 0) = W (x, 0) = U0 (x)Gi (0) = G (0) ,

Ri (0) = R (0) , Si (0) = S (0) . (4)

Êðîìå òîãî çàäàåòñÿ óñëîâèé íà ïîäâèæíûõ ãðàíèöàõ Gi (x, t) , Ri (x, t) , Si (x, t) êîòî-
ðàÿ âûðàæàåò êàê íåïðåðûâíîñòè ïîòîêà è ôóíêöèé [4,5].

À òàêæå óñëîâèè íà êðàÿõ îáëàñòè èìååò âèä:

(
a1χ1 (|∇U | , β1)

∂U

∂x
+ a2Φ1

(
|∇U | , β1

) ∂U
∂x

+ a3A1

(
|∇W | , β1

) ∂W
∂x

)
x=x0

= φ0 (t) , (5)

b1χ3 (|∇U | , β3)
∂U

∂x

∣∣∣∣
x=L1

= 0, b2Φ3

(
|∇V | , β3

) ∂V
∂x

∣∣∣∣
x=L2

= 0

,

b3A3

(
|∇W | , β3

) ∂W
∂x

∣∣∣∣
x=L3

= 0 (6)

Çäåñü Mj, βj, βj, βj, bj, aj,
(
j = 1, 3

)
� çàäàííûå âåëè÷èíû è ôóíêöèè [1-4].

φ0 (t) � ñóììàðíûé äåáèò ñêâàæèíû ðàñïîëîæåííîé â òî÷êå x0 è îíà ó÷èòûâàåòñÿ ôîð-
ìóëîé (5) êàê âåëè÷èíîé âûõîäÿùåé èç ïåðâîãî ïëàñòà, èç âòîðîãî ïëàñòà è èç òðåòîãî

ïëàñòà. Ôóíêöèè χi (|∇U | , βi), Φi

(
|∇V | , βi

)
è Ai

(
|∇W | , βi

)
çàäàåòñÿ àíàëèòè÷åñêèìè

âûðàæåíèÿìè [3,4] â ñîîòâåòñòâèè ñ îáëàñòÿìè ½ìàëûõ� ïîäâèæíîñòåé, ½àíîìàëüíûõ� ïî-
äâèæíîñòåé è ½íîðìàëüíûõ� ïîäâèæíîñòåé.

Çàäà÷à (1)-(6) ðåøàåòñÿ ïðèáëèæåííûìè ìåòîäàìè. Äëÿ ýòîãî ââîäèòñÿ ïîòîê è ïî-
ëó÷åííàÿ ïîòîêîâàÿ çàäà÷à ðåøàåòñÿ ïîòîêîâûì âàðèàíòîì [5-6] ðàçíîñòíîé ïðîãîíêè.
Íåèçâåñòíûå ãðàíèöû ðàçäåëà îïðåäåëÿåòñÿ ïî ìåòîäó ½÷åëíî÷íûõ� èòåðàöèé [3].

Êëþ÷åâûå ñëîâà: ôèëüòðàöèè íåëèíåéíûõ ôëþèäîâ, òðåõñëîéíûé ïëàñò èçîëèðîâàííûé ìåæäó ñîáîé.
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Ìåòîäû ðåøåíèÿ óðàâíåíèé ñæèìàåìîãî ãàçà, õîðîøî ðàáîòàþùèå ïðè ñâåðõçâóêîâûõ
è óìåðåííî äîçâóêîâûõ ñêîðîñòÿõ ïîòîêà, îêàçûâàþòñÿ íåýôôåêòèâíûìè, è äàæå íåïðè-
ãîäíûìè äëÿ ðàñ÷åòà òå÷åíèé ñ ÷èñëàìè Ìàõà íèæå 0.1�0.3. Ýòî ïðîÿâëÿåòñÿ â óõóäøåíèè
òî÷íîñòè ïîëó÷àåìûõ ïðè M∞ ≪ 1 ñòàöèîíàðíûõ ðåøåíèé. Ïðè ñòðåìëåíèè ÷èñëà Ìà-
õà ê íóëþ ÷èñëåííîå ðåøåíèå èñõîäíûõ óðàâíåíèé äëÿ ñæèìàåìîãî ãàçà ñîïðîâîæäàåòñÿ
îïðåäåëåííûìè òðóäíîñòÿìè, ïîÿâëåíèåì æåñòêîñòè â óðàâíåíèÿõ.

Ïðåäëàãàåòñÿ íîâûé àëãîðèòì ðåøåíèÿ ñóùåñòâåííî äîçâóêîâûõ òå÷åíèé íà îñíîâå ñè-
ñòåìû òðåõìåðíûõ óðàâíåíèé Íàâüå-Ñòîêñà, îñóùåñòâëÿåìîãî ñ ïîìîùüþ ENO (Essentially
non-oscillatory) ñõåìû òðåòüåãî ïîðÿäêà òî÷íîñòè. Àëãîðèòì îñíîâûâàåòñÿ íà ââåäåíèè
ïàðàìåòðîâ îáåçðàçìåðèâàíèÿ, êîòîðûå ïîçâîëÿþò èçáåæàòü æåñòêîñòè â óðàâíåíèé è
ýôôåêòèâíî ðàññ÷èòàòü àïïðîêñèììèðîâàííûå ENO ñõåìû 3 ïîðÿäêà óðàâíåíèè Íàâüå-
Ñòîêñ äëÿ ðàñ÷åòà òå÷åíèé ñ ìàëûìè ÷èñëàìè Ìàõà. Â êà÷åñòâå îïðåäåëÿþùèõ ïðèíèìà-
þòñÿ ïàðàìåòðû ïîòîêà íà âõîäå u∞, ρ∞, T∞. Ñêîðîñòü îòíåñåíà íà ñêîðîñòü ïîòîêà u∞,
äàâëåíèå è ïîëíàÿ ýíåðãèÿ îòíåñåíû ê çíà÷åíèþ ρ∞u2

∞
M∞

, ïëîòíîñòü ê ρ∞
M∞

, òåìïåðàòóðà ê
òåìïåðàòóðó ïîòîêà T∞: ū = u

u∞
, v̄ = v

u∞
, w̄ = w

u∞
, ρ̄ = ρ

ρ∞
M∞, T̄ = T

T∞
, P̄ = P

ρ∞u2
∞
M∞,

Ēt =
Et

ρ∞u2
∞
M∞. Çäåñü M∞ � ÷èñëî Ìàõà ïîòîêà, Re = u∞Lρ/µ � ÷èñëî Ðåéíîëüäñà, Pr �

÷èñëî Ïðàíäòëÿ.
ENO ñõåìà äëÿ îäíîìåðíîé ìîäèôèöèðîâàííîé ñèñòåìû óðàâíåíèÿ Íàâüå-Ñòîêñà áåç

äèôôóçèîííûõ ÷ëåíîâ çàïèøåòñÿ â âèäå [1]:

∂u⃗

∂t
+
(
Â+ + Â−

) ∂E⃗m

∂x
= 0 (1)

Àïïðîêñèìàöèÿ (1) îòíîñèòåëüíî âåêòîðà êîíâåêòèâíîãî ïåðåìåííîãî áóäåò âûãëÿäåòü
â ñëåäóþùåì âèäå:

(
Â+ + Â−

) ∂E⃗
∂x

∣∣∣∣∣
ij

=
Â−

i+1j(Ei+1j + Eij) + Â+
i−1j(Eij + Ei−1j)

∆x
(2)

Ïîðÿäîê ïîãðåøíîñòè àïïðîêñèìàöèè äàííîé ñõåìû (2) ñ ïðèìåíåíèåì ïåðâîãî äèô-
ôåðåíöèàëüíîãî ïðèáëèæåíèÿ (ÏÄÏ) ðàâåí ψn = ∆x

2
∂2E
∂x2 .

Èñïîëüçóÿ ïîðÿäêè âåëè÷èí ãèäðîäèíàìè÷åñêèõ ïàðàìåòðîâ è èõ 1-ûõ è 2-ûõ ïðîèç-
âîäíûõ ñ ó÷åòîì íîâîãî îáåçðàçìåðèâàíèÿ, êîòîðûå èìåþò âèä ρ ∼ O(M), ρx ∼ O(M2),
ρxx ∼ O(M2), u ∼ O(1), ux ∼ O(1), uxx ∼ O(1), P ∼ O(1), Px ∼ O(M), Pxx ∼ O(M),
Et ∼ O(1), Etx ∼ O(M), Etxx ∼ O(M) îïðåäåëÿåòñÿ ïîðÿäêè ïîãðåøíîñòè àïïðîêñèìàöèè
ñèñòåìû óðàâíåíèè Íàâüå-Ñòîêñà ñ íîâûì îáåçðàçìåðèâàíèåì:

ψn = [O(
∆x

2
M), O(

∆x

2
M), O(0), O(0), O(

∆x

2
)]T . (3)

Â ïîðÿäêå ïîãðåøíîñòè àïïðîêñèìàöèè ñî ñòàíäàðòíûì îáåçðàçìåðèâàíèåì ïðè ìàëûõ
çíà÷åíèÿõ Ìàõà ïîðÿäîê îäíîãî èç ïàðàìåòðîâ ñîñòàâëÿåò O( ∆x

2M2 ), ÷òî àâòîìàòè÷åñêè
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îçíà÷àåò óõóäøåíèå àïïðîêñèìàöèè ïðè M∞ → 0 è êàê ñëåäñòâèå óõóäøåíèÿ ñõîäèìî-
ñòè [2]. Èç (3) âèäíî, ÷òî ïðèìåíåíèå ïðåäëàãàåìîãî íîâîãî îáåçðàçìåðèâàíèÿ ïðèâîäèò ê
ìàêñèìàëüíîãî çíà÷åíèþ ïîãðåøíîñòè O(∆x

2
), ÷òî íå âûçûâàåò æåñòêîñòè ñèñòåìû óðàâ-

íåíèé.
Äàëåå ïîñòðîåííûé àëãîðèòì ðàñïðîñòðàíÿåòñÿ íà ñèñòåìó òðåõìåðíûõ óðàâíåíèè

Íàâüå-Ñòîêñà. Ïðåäëîæåííûé àëãîðèòì óñïåøíî ïðîòåñòèðîâàí íà çàäà÷àõ òå÷åíèÿ Ïóà-
çåéëÿ è êàâåðíû ñ ðàçëè÷íûìè ïàðàìåòðàìè ïîòîêîâ (Re = 100, 400, 1000 è M = 0.005,
0.05, 0.01, 0.1), ðåçóëüòàòû êîòîðûõ ñðàâíèâàþòñÿ ñ ýêñïåðèìåíòîì è äåìîíñòðèðóþò õî-
ðîøîå ñîîòâåòñòâèå [3]-[4].
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À.À. ÌÓÑÈÍÀ
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Èññëåäîâàíèå ïîñâÿùåíî èçó÷åíèþ âëèÿíèÿ àäñîðáöèè íà ïðîöåññ íåðàâíîâåñíîé ôèëü-
òðàöèè ìíîãîôàçíîé æèäêîñòè â ïîðèñòûõ ñðåäàõ. Â õîäå èññëåäîâàíèÿ îñîáîå âíèìàíèå
áûëî óäåëåíî âçàèìîäåéñòâèþ ìåæäó æèäêîñòüþ è ïîâåðõíîñòüþ ãðóíòà, à òàêæå âëèÿíèþ
àäñîðáöèè íà ðàñïðåäåëåíèå è ñêîðîñòü ïåðåìåùåíèÿ ôàç. Ýòîò àñïåêò èãðàåò çíà÷èòåëü-
íóþ ðîëü â òî÷íîñòè ìîäåëèðîâàíèÿ è ïðåäñêàçàíèÿ ïðîöåññîâ ìíîãîôàçíîé ôèëüòðàöèè â
ðåàëüíûõ ïîðèñòûõ ñðåäàõ. Â õîäå èññëåäîâàíèÿ áûëè ïðèìåíåíû ïðèáëèæåííûå ìåòîäû,
ïðåäíàçíà÷åííûå äëÿ ðåøåíèÿ çàäà÷, ñâÿçàííûõ ñ ôèëüòðàöèåé ìíîãîôàçíûõ æèäêîñòåé ñ
èñïîëüçîâàíèåì íåðàâíîâåñíûõ ôèçèêî-õèìè÷åñêèõ ñâîéñòâ ñ ó÷åòîì ìàññîîáìåííûõ ïðî-
öåññîâ. Èññëåäîâàíà ìàòåìàòè÷åñêàÿ ìîäåëü èçîòåðìè÷åñêîé íåðàâíîâåñíîé ôèëüòðàöèè
è ðàçðåøèìîñòü ìàòåìàòè÷åñêîé ìîäåëè ôàçîâûõ ïåðåõîäîâ â óñëîâèÿõ íåðàâíîâåñíîé
ôèëüòðàöèè. Ðàññìîòðåíà êîððåêòíîñòü ìàòåìàòè÷åñêîé ìîäåëè, êà÷åñòâåííûå ñâîéñòâà
ðåøåíèÿ, àñèìòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ. Ðàññìîòðåíà èçîòåðìè÷åñêàÿ çàäà÷à íåðàâ-
íîâåñíîé ôèëüòðàöèè ñ êóñî÷íî-ãëàäêîé ãðàíèöåé Γ = ∂Ω â çàäàííîé êîíå÷íîé îáëàñòè
Ω. Ãðàíèöà Γ ðàçáèâàåòñÿ íà íåñêîëüêî ñâÿçíûõ êîìïîíåíò Γi, ò.å. Γ0 - ãðàíèöà â îêðåñò-
íîñòè íàãíåòàòåëüíîé ñêâàæèíû, Γ1 � ãðàíèöà â îáëàñòè, ãäå ïðîèñõîäèò ñîðáöèÿ (íåô-
òÿíàÿ ôàçà), Γ2 � ãðàíèöà â îêðåñòíîñòè ýêñïëóàòàöèîííîé ñêâàæèíû, òàêèì îáðàçîì
Γ = Γ0 + Γ1 + Γ2

m
∂s

∂t
= div(a1K0∇s−−→v b+

−→
F ), (1)

div(K∇P +
−→
f ) = 0, −−→v = K∇P +

−→
f , (2)
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∂(a+ scm)

∂t
= div(∇cD − c−→v ), (3)

∂a

∂t
= −a(c)− χ(c)

τ
, (4)

íà÷àëüíûå óñëîâèÿ: s|t=0 = s0(x), c|t=0 = c0(x), a|t=0 = a0(x). Ãðàíè÷íûå óñëîâèÿ:

−→v −→n = −→v1−→n = 0,

c(x, t) = 0 (x, t) ∈ s0 = Γ0[0, T ],

p = p0(x, t), s = s0(x, t),

−D ∂c

∂n
+−→v1nc = −→v1nc̃ (x, t) ∈ s2 = Γ2[0, T ]

Òåîðåìà 1. Åñëè êîýôôèöèåíòû â ñèñòåìå óðàâíåíèé (1)�(4), èìåþò íåïðåðûâíûå
ïðîèçâîäíûå âïëîòü äî ïåðâîãî ïîðÿäêà è âûïîëíÿåòñÿ óñëîâèå:

(||p0||∞,Qt); sup||p0||W 1
2 (Ω

; ||s0t ||1,Qt ; ||∇s0||2,Qt ; ||−→ct ||1,Qt ; ||∇c0||2,Qt) ≤M,

Òîãäà ñóùåñòâóåò îäíî îáîáùåííîå ðåøåíèå çàäà÷è (1)�(4), è ôóíêöèè s(x, t), c(x, t), a(x, t)
óäîâëåòâîðÿþò ïî÷òè âñþäó â îáëàñòè QT ñëåäóþùèì íåðàâåíñòâàì:

0 < δ0 ≤ mins0(x, t) ≤ s(x, t) ≤ maxs0(x, t) ≤ (x, t) ≤ 1− δ1 < 1, (5)

0 ≤ c(x, t) ≤ 1, 0 ≤ a(x, t) leq1, |at| ≤ 1, (6)

Ïðèáëèæåííûå ðåøåíèÿ çàäà÷è (1)�(4) áûëè ïîñòðîåíû íà îñíîâå âàðèàöèîííîãî ïðèí-
öèïà, òî åñòü ðàçðàáîòàíû àëãîðèòìû äëÿ ïîèñêà ïðèáëèæåííûõ ðåøåíèé. Ïðèìåíåíèå
ïðèíöèïîâ äâîéñòâåííîñòè ïîçâîëÿåò ôîðìèðîâàòü äâîéñòâåííûå ôóíêöèîíàëû, êîòîðûå
ïðåäîñòàâëÿþò âîçìîæíîñòü îöåíêè ñíèçó ìèíèìàëüíûõ çíà÷åíèé èñõîäíûõ ôóíêöèîíà-
ëîâ. Ïðîáëåìà çàäà÷ ñî ñâîáîäíûìè (íåèçâåñòíûìè) ãðàíèöàìè â òåîðèè ôèëüòðàöèè ñâÿ-
çàíà ñ ÿâëåíèÿìè, ãäå ãðàíèöû ìåæäó ðàçëè÷íûìè ôàçàìè èëè ñîñòîÿíèÿìè âåùåñòâà
íåèçâåñòíû è ïîäëåæàò èçìåíåíèÿì â ïðîöåññå âðåìåíè.
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Â ðàáîòå ðàññìàòðèâàåòñÿ óðàâíåíèå ñëåäóþùåãî âèäà:(
∂α

∂tα
− ∂2

∂x2

)
u(x, t) = f(x, t), (0 < α < 1) (1)
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ãäå ∂α

∂tα
ÿâëÿåòñÿ äðîáíîé ïðîèçâîäíîé ïîðÿäêà α ïî ïåðåìåííîé t, íà÷èíàÿ ñ òî÷êè t = 0.

Ïðàêòè÷åñêè âñå èññëåäîâàíèÿ, ñâÿçàííûå ñ óðàâíåíèåì (1), ñîñðåäîòà÷èâàëèñü íà íà-
÷àëüíûõ è êðàåâûõ çàäà÷àõ êàê â îãðàíè÷åííûõ, òàê è â íåîãðàíè÷åííûõ öèëèíäðè÷åñêèõ
îáëàñòÿõ. Â ÷àñòíîñòè, ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ äðîáíîãî äèôôóçèè â ïðÿ-
ìîóãîëüíîé îáëàñòè áûëà èññëåäîâàíà â [1], [2]. Â ïóáëèêàöèè [3] áûëà ðåøåíà ïåðâàÿ
êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ äðîáíîé äèôôóçèè-âîëíû â íåöèëèíäðè÷åñêîé îáëàñòè.
Îäíàêî, îáëàñòü, â êîòîðîé èùåòñÿ ðåøåíèå, íå âûðîæäàåòñÿ â òî÷êó â íà÷àëüíûé ìî-
ìåíò âðåìåíè.

Öåëü äàííîãî èññëåäîâàíèÿ � ðåøèòü ïåðâóþ êðàåâóþ çàäà÷ó äëÿ óðàâíåíèÿ (1) â
îáëàñòè, êîòîðàÿ íå ÿâëÿåòñÿ öèëèíäðè÷åñêîé, à ñêîðåå óãëîâîé, è âûðîæäàåòñÿ â òî÷êó
â íà÷àëüíûé ìîìåíò âðåìåíè.

Ïîñòàíîâêà çàäà÷è: Íàéòè ôóíêöèþ u(x, t) óäîâëåòâîðÿþùóþ óðàâíåíèþ:(
∂α

∂tα
− ∂2

∂x2

)
u(x, t) = f(x, t), (0 < α < 1),

â îáëàñòè D = (x, t) : 0 < x < t, 0 < t <∞, è óäîâëåòâîðÿþùóþ ãðàíè÷íûì óñëîâèÿì:

u(0, t) = 0, u(t, t) = 0, 0 < t <∞. (2)

Ìû îáîçíà÷àåì u(x, t) êàê ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè D òàêîå, ÷òî:
t1−γu(x, t) ∈ C(D)

Ââåäåì îïðåäåëåíèÿ:

β = −α
2
, ωβ,µ(x, t) = tµ−1W

(
−β, µ;−|x|

tβ

)
,

ω(x, t) = ωβ,0(x, t), â êîòîðîì W (−β, µ; z) =
∑∞

k=0
zk

k!Γ(µ−βk)
ïðåäñòàâëÿåò ñîáîé ôóíêöèþ

Ðàéòà [4].
Òåîðåìà. Ïóñòü (t1−γgi(t) ∈ C[0, T ]), (i = 1, 2), äëÿ íåêîòîðîãî (γ > 0), è (t1−µf(x, t) ∈

C(D), µ ≥ 0), è (f(x, t) óäîâëåòâîðÿåò óñëîâèþ Ã¼ëüäåðà ïî ïåðåìåííîé x.
Òîãäà ðåøåíèå çàäà÷è (1),(2) ñóùåñòâóåò è ìîæåò áûòü âûðàæåíî êàê

u(x, t) =

∫ t

0

ψ1(τ)ω(x, t− τ)dτ +

∫ t

0

ψ2(τ)ω(T − x, t− τ)dτ + F (x, t), (3)

çäåñü F (x, t) = 1
2

∫ t

0

∫ τ

0
f(s, τ)ω−β,µ(x−s, t−τ)dsdτ, è ψ1(t), ψ2(t) èç (4) ÿâëÿþòñÿ ðåøåíèÿìè

ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé{
ψ1(t) +

∫ t

0
ψ2(τ)ω(τ, t− τ)dτ = −F (0, t),

ψ2(t) +
∫ t

0
ψ1(τ)ω(t, t− τ)dτ +

∫ t

0
ψ2(τ)ω(τ − t, t− τ)dτ = −F (t, t).

Â èòîãå, ìû ïðèõîäèì ê îñîáîìó èíòåãðàëüíîìó óðàâíåíèþ Âîëüòåððà âòîðîãî ðîäà:
ψ2(t) −

∫ t

0
Kβ(t, τ)ψ2(τ)dτ = F(t), ßäðî Kβ(t, τ) îïðåäåëÿåòñÿ ñëåäóþùèì ñîîòíîøåíèåì:

Kβ(t, τ) = ωβ,0(t+ τ, t− τ)− ωβ,0(τ − t, t− τ).

Ëåììà. Åñëè 0 < β ≤ 1/2, âûïîëíÿåòñÿ ðàâåíñòâî limt→0

∫ t

0
Kβ(t, τ)dτ = 1.

Ïîêàçàíî, ÷òî â íåöèëèíäðè÷åñêîé îáëàñòè, êîòîðàÿ âûðîæäàåòñÿ â íà÷àëüíûé ìîìåíò
âðåìåíè â òî÷êó, ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ôðàêöèîííîé äèôôóçèè ñ îïåðàòî-
ðîì äðîáíîãî äèôôåðåíöèðîâàíèÿ Ðèìàíà-Ëèóâèëëÿ ïî âðåìåííîé ïåðåìåííîé ÿâëÿåòñÿ
ñèíãóëÿðíîé, òî åñòü ìîæåò èìåòü íå åäèíñòâåííîå ðåøåíèå.

Êëþ÷åâûå ñëîâà: óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ, äðîáíîå èñ÷èñëåíèå, óãëîâàÿ îáëàñòü.
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Îá îäíîì ðåøåíèè íåëîêàëüíîé êðàåâîé çàäà÷è äëÿ
äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ

òðåòüåãî ïîðÿäêà
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Íà Ω = [0, ω]× [0, T ] ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à

∂3v

∂x2∂t
= α1(x, t)

∂2v

∂x2
+ α2(x, t)

∂2v

∂x∂t
+

+α3(x, t)
∂v

∂x
+ α4(x, t)

∂v

∂t
+ α5(x, t)v + f(x, t), (x, t) ∈ Ω, v ∈ Rn, (1)

v(0, t) = φ(t), t ∈ [0, T ], (2)

∂v(0, t)

∂x
= ψ(t), t ∈ [0, T ], (3)

β1(x)
∂2v(x, 0)

∂x2
+ β2(x)

∂2v(x, T )

∂x2
+ β3(x)

∂2v(x, 0)

∂x∂t
+ β4(x)

∂2v(x, T )

∂x∂t
+

+bβ(x)
∂v(x, 0)

∂x
+ β6(x)

∂v(x, T )

∂x
+ β7(x)

∂v(x, 0)

∂t
+ β8(x)

∂v(x, T )

∂t
+

+β9(x)v(x, 0) + β10(x)v(x, T ) = θ(x), x ∈ [0, ω], (4)

ãäå ôóíêöèè αi(x, t), i = 1, 5, f(x, t) íåïðåðûâíû íà Ω, ôóíêöèè βj(x), j = 1, 10, θ(x)
íåïðåðûâíû íà [0, ω], ôóíêöèè φ(t), ψ(t) íåïðåðûâíû íà [0, T ].

Â ñîîáùåíèè èññëåäóþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ íåëî-
êàëüíîé êðàåâîé çàäà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà. Ïðåäëîæåí
àëãîðèòì íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ. Ñïðàâåäëèâî óòâåðæäåíèå

Òåîðåìà 1. Ïóñòü ïðè íåêîòîðûõ h > 0 : Nh = T,N = 1, 2, ..., (N × N) ìàòðèöà
Q(x, h) îáðàòèìà ïðè âñåõ x ∈ [0, ω] è âûïîëíÿþòñÿ íåðàâåíñòâà

∥[Q(x, h)]−1∥ < γ(h);

q(h) = hehα1

[
α1 + α3ω + α5

ω2

2

]
e
hγ(h)max max

x∈[0,ω]
{M(x),N(x)}

(
ω+ω2

2

)
hγ(h)max{hβ2, 1}α1 < 1,

ãäå αi = max
x∈[0,ω]

∥αi(x)∥, αi(x) = max
t∈[0,T ]

∥αi(x, t)∥, i = 1, 5, βj = max
x∈[0,ω]

∥βj(x)∥, j = 1, 10,

M(x) = ∥β5(x)∥+ ∥β6(x)∥+max{h∥β2(x)∥, 1}α3(x),

N(x) = ∥β9(x)∥+ ∥β10(x)∥+max{h∥β2(x)∥, 1}α5(x),
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òîãäà íåëîêàëüíàÿ çàäà÷à (1)-(4) èìååò åäèíñòâåííîå ðåøåíèå.
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Èññëåäîâàíèå äàííûõ ñîöèàëüíî-ýêîíîìè÷åñêèõ îïðîñîâ
ìåòîäàìè êëàñòåðèçàöèè è êëàññèôèêàöèè

Ã.Ñ. ÐÛÑÌÅÍÄÅÅÂÀ

Êàçàõñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíè÷åñêèé óíèâåðñèòåò èìåíè Ê.È.Ñàòïàåâà,

Êàçàõñòàí, ã. Àëìàòû

E-mail: g.rysmendeyeva@satbayev.university

Äëÿ îáùåñòâà áîëüøîé èíòåðåñ è îãðîìíîå ïðàêòè÷åñêîå çíà÷åíèå èìåþò ìîëîäåæü, åå
öåííîñòíûå îðèåíòàöèè, òåíäåíöèè è ïåðñïåêòèâû ðàçâèòèÿ. Áîëüøîå çíà÷åíèå äëÿ ñòà-
áèëüíîãî ðàçâèòèÿ îáùåñòâà èìååò îòíîøåíèå ìîëîäåæè ê ñåìüå è áðàêó, ê ñåìåéíûì öåí-
íîñòÿì. Äàííàÿ ðàáîòà ñòðîèò ñèñòåìó îöåíêè èíäèêàòîðîâ ÷åëîâå÷åñêîãî êàïèòàëà ïóòåì
ïðîâåäåíèÿ ÷èñëåííûõ ýêñïåðèìåíòîâ ñ äàííûìè, ïîëó÷åííûìè ïóòåì îïðîñà ñòóäåíòîâ
óíèâåðñèòåòà. Îïðîñ ñòðîèòñÿ òàêèì îáðàçîì, ÷òî ñòóäåíòû íå âûðàæàþò ñâîå ìíåíèå
ïî ïîâîäó ïðè÷èííî-ñëåäñòâåííûõ ñâÿçåé. Öåëü ñîñòîèò â òîì, ÷òîáû âûÿâèòü ýòè ñâÿçè
ìåæäó ïðèçíàêàìè ñ ïîìîùüþ ìåòîäîâ ìàøèííîãî îáó÷åíèÿ. Âûõîäíûå äàííûå ìîäåëè �
îæèäàåìàÿ çàðàáîòíàÿ ïëàòà ñòóäåíòà, êîòîðàÿ îïðåäåëÿåò óðîâåíü ÷åëîâå÷åñêîãî êàïè-
òàëà, âõîäíûå äàííûå � îòâåòû íà âîïðîñû àíêåòû. Ïðîâîäèòñÿ ïîèñê îïòèìàëüíîãî êî-
ëè÷åñòâà êëàñòåðîâ ñòóäåíòîâ ïðè ïîìîùè àëãîðèòìà k-ñðåäíèõ. Ïîêàçàíî ðàñïðåäåëåíèå
ñòóäåíòîâ ïî êëàñòåðàì, ïîëó÷åííûì ñ ïîìîùüþ ìåòîäîâ èåðàðõè÷åñêàÿ àãëîìåðàöèè è
kmeans êëàñòåðèçàöèè. Àíàëèç ïàðíîé êîððåëÿöèè ìåæäó ïðèçíàêàìè ïîçâîëÿåò âûÿâèòü
çíà÷èìûå ïðèçíàêè äëÿ öåëåâîãî ïîêàçàòåëÿ. Èçó÷àåòñÿ âîçìîæíîñòü ñíèæåíèÿ ðàçìåð-
íîñòè âõîäíûõ äàííûõ ñ ïîìîùüþ linear PCA è kernel PCA ìåòîäîâ äëÿ óëó÷øåíèÿ òî÷-
íîñòè ìîäåëè êëàññèôèêàöèè. Ðàññìàòðèâàåòñÿ âëèÿíèå ñíèæåíèÿ êîëè÷åñòâà ôàêòîðîâ
â öåëÿõ óëó÷øåíèÿ òî÷íîñòè ìîäåëè êëàññèôèêàöèè. Ïðîâîäèòñÿ ñðàâíèòåëüíûé àíàëèç
òî÷íîñòè ïðîãíîçà êëàññèôèêàöèè ñ èñïîëüçîâàíèåì àëãîðèòìîâ ëîãèñòè÷åñêîé ðåãðåññèè
è ñëó÷àéíîãî ëåñà íà áàçå èñõîäíûõ äàííûõ è íà áàçå îïîðíûõ êîìïîíåíò. Ìîäåëè ìîãóò
èñïîëüçîâàòüñÿ äîìîõîçÿéñòâàìè, óïðàâëÿþùèìè àêòèâàìè, ÷èíîâíèêàìè äëÿ âûðàáîòêè
ñîöèàëüíîé ïîëèòèêè, òàêæå ìîãóò áûòü âñòðîåíû â áàíêîâñêóþ, ïåíñèîííóþ è ñòðàõîâóþ
ñèñòåìû.

Êëþ÷åâûå ñëîâà: ìåòîäû ìàøèííîãî îáó÷åíèÿ, ìàòåìàòè÷åñêàÿ ìîäåëü, ïðîãíîçèðîâàíèå, ïàòòåðíû ïîâåäåíèÿ,
ïðîáëåìû ìîëîäåæè.
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Î íîâîé ñèñòåìå ìîìåíòíûõ óðàâíåíèé, çàâèñÿùåé îò
ñêîðîñòè ïîëåòà è òåìïåðàòóðû ïîâåðõíîñòè ëåòàòåëüíûõ
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Ïðîãíîçèðîâàíèå àýðîäèíàìè÷åñêèõ õàðàêòåðèñòèê ëåòàòåëüíûõ àïïàðàòîâ ïðè î÷åíü
âûñîêèõ ñêîðîñòÿõ è íà áîëüøèõ âûñîòàõ ÿâëÿåòñÿ âàæíîé ïðîáëåìîé àýðîêîñìè÷åñêîé
òåõíèêè. Îíè ìîãóò áûòü îïðåäåëåíû ìåòîäàìè òåîðèè ðàçðÿæåííîãî ãàçà [1]. Îïèñàíèå
ðàçðÿæåííîãî ãàçà ñ ïîìîùüþ ôóíêöèè ðàñïðåäåëåíèÿ ÷àñòèö îòíîñèòñÿ ê ïåðåõîäíîé
îáëàñòè ìåæäó òå÷åíèÿìè ñïëîøíîé ñðåäû è ñâîáîäíîìîëåêóëÿðíûì è îíî ïðåäñòàâëÿåò
ñîáîé äîñòàòî÷íî ñëîæíóþ çàäà÷ó. Ïðè ðàñ÷åòå àýðîäèíàìè÷åñêèõ õàðàêòåðèñòèê ëåòà-
òåëüíîãî àïïàðàòà â âûñîêîñêîðîñòíîì ïîòîêå ðàçðÿæåííîãî ãàçà â óðàâíåíèå Áîëüöìàíà
íàäî âíåñòè ñëàãàåìîå, çàâèñÿùåå îò ñêîðîñòè äâèæåíèÿ ëåòàòåëüíîãî àïïàðàòà, à óñëîâèå
íà ïîäâèæíîé ãðàíèöå äîëæåí ñîäåðæàòü ïàðàìåòð, çàâèñÿùèé îò òåìïåðàòóðû ïîâåðõíî-
ñòè ëåòàòåëüíîãî àïïàðàòà. Â ðàáîòå ïðèâåäåíà íîâàÿ îäíîìåðíàÿ íåñòàöèîíàðíàÿ íåëè-
íåéíàÿ ñèñòåìà ìîìåíòíûõ óðàâíåíèé, çàâèñÿùàÿ îò ñêîðîñòè äâèæåíèÿ è òåìïåðàòóðû
ïîâåðõíîñòè ëåòàòåëüíîãî àïïàðàòà, à òàêæå àïïðîêñèìàöèÿ ìèêðîñêîïè÷åñêîãî óñëîâèÿ
Ìàêñâåëëà íà ïîäâèæíîé ãðàíèöå, êîãäà ÷àñòü ìîëåêóë îòðàæàåòñÿ îò ïîâåðõíîñòè çåð-
êàëüíî, à ÷àñòü � äèôôóçíî ñ ìàêñâåëëîâñêèì ðàñïðåäåëåíèåì. Ïðèâåäåíà ïîñòàíîâêà
íà÷àëüíî-êðàåâîé çàäà÷è äëÿ ñèñòåìû ìîìåíòíûõ óðàâíåíèé âî âòîðîì ïðèáëèæåíèè ïðè
íîâûõ ìàêðîñêîïè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ. Äîêàçàíà êîððåêòíîñòü íà÷àëüíî-êðàåâîé
çàäà÷è äëÿ ñèñòåìû ìîìåíòíûõ óðàâíåíèé â òðåòüåì ïðèáëèæåíèè ïðè âûâåäåííûõ ìàê-
ðîñêîïè÷åñêèõ ãðàíè÷íûõ óñëîâèÿõ â ïðîñòðàíñòâå ôóíêöèé, íåïðåðûâíûõ ïî âðåìåíè è
ñóììèðóåìûõ â êâàäðàòå ïî ïðîñòðàíñòâåííîé ïåðåìåííîé [2]. Äëÿ îïðåäåëåíèÿ ñêîðîñòè
ïîëåòà è òåìïåðàòóðû ïîâåðõíîñòè ëåòàòåëüíûõ àïïàðàòîâ ðåøåíà îáðàòíàÿ çàäà÷à äëÿ
ñèñòåìû ìîìåíòíûõ óðàâíåíèé â òðåòüåì ïðèáëèæåíèè ïðè íåêîòîðûõ äîïîëíèòåëüíûõ
óñëîâèÿõ î ðåøåíèè ïðÿìîé çàäà÷è.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP08856926 ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: ñèñòåìà ìîìåíòíûõ óðàâíåíèé, ìàêðîñêîïè÷åñêèå ãðàíè÷íûå óñëîâèÿ Ìàêñâåëëà-Àóæàíà,
ñêîðîñòü ïîëåòà è òåìïåðàòóðà ïîâåðõíîñòè ëåòàòåëüíûõ àïïàðàòîâ.
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Òåîðåìà 1. Âûðîæäåííàÿ ñèñòåìà òèïà Áåññåëÿ

xj
∂2W

∂x2j
+ (2αj − xj)

∂W

∂xj
−
∑
k ̸=j

∂W

∂xk
− λW = 0, (j = 1, 2, 3) (1)

ïîëó÷åííàÿ èç ñèñòåìû Ãîðíà [1] ñ ïîìîùüþ çàìåíû γj = 2αj, (j = 1, 2, 3) èìååò 23 ëèíåéíî-
íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé, îäíî èç êîòîðûõ âûðàæàåòñÿ ÷åðåç âûðîæäåííóþ ôóíê-
öèþ Ãóìáåðòà ïðèâîäÿùèõñÿ ê ôóíêöèþ Áåññåëÿ îò òð¼õ ïåðåìåííûõ

lim
λ→∞

Ψ
(3)
2 (λ, 2α1, 2α2, 2α3;x1, x2, x3) = J(2α1, 2α2, 2α3;x1, x2, x3) =

= (
x1
2
)2α1(

x2
2
)2α2(

x3
2
)2α3×

×
∞∑

m1,m2,m3

(−1)m1+m2+m3(x1

2
)2m1(x2

2
)2m2(x3

2
)2m3

m1!m2!m3!Γ(2α1 +m1 + 1)Γ(2α2 +m2 + 1)Γ(2α3 +m3 + 1)
. (2)

Ñëó÷àé n = 2 áûë ðàññìîòðåí â ðàáîòå [2]. (2) ÿâëÿåòñÿ ôóíêöèåé Áåññåëÿ îò òð¼õ ïåðå-
ìåííûõ. Ñëåäóþùàÿ òåîðåìà óñòàíàâëèâàåò êîëè÷åñòâî íîðìàëüíî-ðåãóëÿðíûõ ðåøåíèé
ñèñòåìû (1).

Òåîðåìà 2. Âñïîìîãàòåëüíàÿ ñèñòåìà ïîëó÷åííàÿ èç ñèñòåìû òèïà Áåññåëÿ (1) ñ ïî-
ìîùüþ ïðåîáðàçîâàíèÿ

Z(x1, x2, x3) = exp(α100x1 + α010x2 + α001x3)U(x1, x2, x3), (3)

ïðè âûïîëíåíèè äâóõ íåîáõîäèìûõ óñëîâèé

α2
100 − α100 = 0, α2

010 − α010 = 0, α2
001 − α001 = 0 (4)

è
f
(1)
000(ρ1, ρ2, ρ3) ≡ 0, f

(2)
000(ρ1, ρ2, ρ3) ≡ 0, f

(3)
000(ρ1, ρ2, ρ3) ≡ 0 (5)

èìååò 3 íîðìàëüíî-ðåãóëÿðíûå ðåøåíèÿ

Z9,j(x1, x2, x3) = exp(xj)U9,j(x1, x2, x3) (6)

ãäå U9,t, (t = 1, 2, 3) òðè âûðîæäåííûå ãèïåðãåîìåòðè÷åñêèå ðÿäû òð¼õ ïåðåìåííûõ.
Âòîðàÿ ñèñòåìà òèïà Áåññåëÿ òàêæå èìååò àíàëîãè÷íûå ðåøåíèÿ.
Òåîðåìà 3. Ñèñòåìà òèïà Áåññåëÿ

x2jWxjxj
− xj

∑
r ̸=j

xjWr + [−
x2j
4

− xj
2

∑
r ̸=j

xr + kxj2αj(1− αj)]W = 0, (7)

ãäå k = α+ β− λ;αj(j = 1, 2, 3), λ � íåêîòîðûé ïàðàìåòð, W (x1, x2, x3) � îáùàÿ íåèçâåñò-
íàÿ, ïðè âûïîëíåíèé äâóõ íåîáõîäèìûõ óñëîâèé (4) è (5) èìååò òðè íîðìàëüíî-ðåãóëÿðíûõ
ðåøåíèé âèäà (6).

È òàê, îáå ñèñòåìû òèïà èìåþò ðåøåíèÿ âèäà

Ψ
(3)
2 (λ, 2α1, 2α2, 2α3;x1, x2, x3) =

∞∑
m1,m2,m3=0

(λ)m1+m2+m3x
m1
1 xm2

2 xm3
3

(2α1)!(2α2)!(2α3)!m1!m2!m3!
.

Ñëåäóåò îòìåòèòü, ÷òî îáå ñèñòåìû (1) è (7) èìåþò îäèíàêîâûå íåîáõîäèìûå óñëîâèÿ
(4) è (5) è ñïðàâåäëèâî óòâåðæäåíèå.
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Ëåììà 1. Äëÿ òîãî, ÷òîáû âñïîìîãàòåëüíûå ñèñòåìû ïîëó÷åííûå ñ ïîìîùüþ ïðåîáðà-
çîâàíèÿW (x1, x2, x3) = exp(α100x1+α010x2+α001x3)U(x1, x2, x3) èç ñèñòåìû (1) è (7) èìåëè
õîòÿ áû îäíî ðåøåíèå âèäà (6) íåîáõîäèìî, ÷òîáû èìåëè ìåñòî ðàâåíñòâà (4).
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Î ñîâìåñòíîì ðåøåíèé âûðîæäåííûõ äâóõ ñèñòåì,
ïîëó÷åííûõ èç ñèñòåìû Ëàóðè÷åëëà
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Äàííàÿ ðàáîòà ïîñâÿùåíà èçó÷åíèþ ñîâìåñòíîãî ðåøåíèÿ äâóõ âûðîæäåííûõ ñèñòåì

n∑
j=1

zj
∂2W

∂zj∂zi
+ (γ − zi)

∂W

∂zi
− αinW = 0, (i = k + 1, k + l)

n∑
j=1

zj
∂2W

∂zj∂zi
+ γ

∂W

∂zi
−W = 0, (i = k + l + 1, n) (1)

ïîëó÷åííûõ èç ñèñòåìû Ëàóðè÷åëëà FB.
Ïðè ðàçëè÷íûõ çíà÷åíèÿõ j è i èç (1) ïîëó÷èì ñèñòåìó Ãîðíà (Φ3):

z1Wz1z1 + (γ − z1)Wz1 + z2Wz2z1 − α1W = 0, z2Wz2z2 + z1Wz1z2 + γWz1 −W = 0 (2)

ïîëó÷åííóþ èç ñèñòåìû (1) ñ ðåøåíèåì âàæíîé ôóíêöèè Ãóìáåðòà Φ3:

Φ3(α1; γ; z1, z2) =
∞∑

m1,m2=0

(α1)m1z
m1
1 zm2

2

(γ)m1+m2m1!m2!
.

Ñèñòåìà (2) èìååò 3 ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøåíèÿ, à òàêæå ñïðàâåäëèâî
óòâåðæäåíèå [1].

Òåîðåìà 1. Ñèñòåìà (2) èìååò îäíî íîðìàëüíî-ðåãóëÿðíîå ðåøåíèå âèäà

W4,1(z1, z2) = exp(z1)(1−
γ − α1

γ
z1 +

1

γ
z2 ∓

γ + 1− α1

γ(γ + 1)
z1, z2+

+
(γ − α1)(γ + 1− α1)

2!γ(γ + 1)
z21 +

1

γ(γ + 1)
z22 + ...), (3)

ïðè âûïîëíåíèé äâóõ íåîáõîäèìûõ óñëîâèé 1. α2
10 − α10 = 0, α2

01 = 0;

2. f
(1)
00 (ρ1, ρ2) = ρ1(ρ1 − 1 + ρ2 + γ) = 0,

f
(2)
00 (ρ1, ρ2) = ρ2(ρ2 − 1 + ρ1 + γ) = 0,
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ãäå α10 è α01 � íåèçâåñòíûå ïîñòîÿííûå îïðåäåëÿþùåãî ìíîæèòåëÿ â ïðåîáðàçîâàíèè

z = exp(α10z1 + α01z2)W (z1, z2).

Ñâîéñòâà ôóíêöèé Ãóìáåðòà [1] èìååò ñîîòíîøåíèÿ:

Φ3(α1, γ; z1, z2) =
∞∑

m=0

(α1)m
(γ)mm!

J(γ +m, z2)z
m
1 ,

Φ3(α1, γ; z1, z2) =
∞∑

m=0

1

(γ)nn!
G(α1; γ + n; z1)z

n
2 ,

òî åñòü, èç ôóíêöèé ìîæíî âûäåëèòü ôóíêöèè Áåññåëÿ è Êóììåðà.
Òåîðåìà 2. Èìåþò ìåñòî ñîîòíîøåíèÿ:

∞∑
m=0

(α1)m
(γ)mm!

J(γ +m, z2)z
m
1 = W4,1(z1, z2),

∞∑
m=0

1

(γ)nn!
G(α1; γ + n; z1)z

n
2 = W4,1(z1, z2) (4)

ãäå W4,1(z1, z2) � íîðìàëüíî-ðåãóëÿðíûå ðåøåíèÿ (3).
Òåîðåìà 3. Èìååò ìåñòî ñîîòíîøåíèå Φ3(α1, γ; z1, z2) = W4,1(z1, z2). Ïðè äîêàçàòåëü-

ñòâå òåîðåìû 2 èñïîëüçóåòñÿ ðåçóëüòàòû òåîðåìû 3.
Ýòè ðåçóëüòàòû ìîæíî ðàñïðîñòðàíèòü íà ôóíêöèè òð¼õ è áîëåå ïåðåìåííûõ.
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2010 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20

Ëèòåðàòóðà
[1] Òàñìàìáåòîâ Æ.Í., Óáàåâà Æ.Ê. Íîðìàëüíî-ðåãóëÿðíûå ðåøåíèÿ îäíîé íåîäíîðîäíîé ñèñòåìû Ãóìáåðòà,

Ïðîáëåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, àíàëèçà è àëãåáðû, (2022), 82�88.

[2] Appell P.,Kampe de Feriet J. Fonctions hypergeometriques et hypersperiques, geometriques et hypersperiques //

Paris:Gauthier Villars, (1926), 434.

Çàäà÷à ñîïðÿæåíèÿ ñ íîðìàëüíûìè ïðîèçâîäíûìè
òðåòüåãî ïîðÿäêà äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â
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Ðàññìàòðèâàåòñÿ çàäà÷à ñîïðÿæåíèÿ äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ðàçðûâíûì
êîýôôèöèåíòîì â ìíîãîìåðíîì ïðîñòðàíñòâå

∂U(x, t)

∂t
= a2(xn)∆U(x, t), (1)

a2(xn) =

{
a21 ïðè −∞ < xn < 0,

a22 ïðè 0 < xn < +∞,
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∆ =
n∑

i=1

∂2

∂x2i

â îáëàñòè QT ≡ Q
(1)
T ∪Q(2)

T ,

Q
(1)
T =

{
(x, t) = (x′, xn, t) : x

′ ∈ Rn−1, xn ∈ R−, t > 0
}
,

Q
(2)
T =

{
(x, t) = (x′, xn, t) : x

′ ∈ Rn−1, xn ∈ R+, t > 0
}
,

óäîâëåòâîðÿþùàÿ íà÷àëüíîìó óñëîâèþ

U(x, 0) = f(x), x = (x1, x2, . . . , xn) (2)

è óñëîâèÿì ñîïðÿæåíèÿ

U(x′, xn, t)|xn=−0 = U(x′, xn, t)|xn=+0 , (3)

3∑
k=1

bk
∂kU

∂xkn

∣∣∣∣∣
xn=−0

=
3∑

k=1

ck
∂kU

∂xkn

∣∣∣∣∣
xn=+0

, (4)

ãäå bk è ck � çàäàííûå ïîëîæèòåëüíûå ïîñòîÿííûå.
Ðåøåíèå çàäà÷è (1)-(4) èùåòñÿ â âèäå òåïëîâûõ ïîòåíöèàëîâ äâîéíîãî ñëîÿ ñ äâóìÿ

íåèçâåñòíûìè ïëîòíîñòÿìè [1]. Èñïîëüçóÿ óñëîâèÿ ñîïðÿæåíèÿ (3)-(4), ïîëó÷åíà ñèñòåìà
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÈÄÓ) ñ ðàçëè÷íûìè îïåðàòîðàìè òåïëîïðîâîä-
íîñòè. Õàðàêòåðèñòè÷åñêàÿ ÷àñòü ÑÈÄÓ ðåøåíà ìåòîäîì èíòåãðàëüíûõ ïðåîáðàçîâàíèé
Ôóðüå-Ëàïëàñà ïðè âûïîëíåíèè óñëîâèÿ ðàçðåøèìîñòè λ =

λ1a21−λ2a22
λ1−λ2

> 0 (λ1, λ2 � íåêîòî-
ðûå çàäàííûå ïîñòîÿííûå). Ìåòîäîì ðåãóëÿðèçàöèè ÑÈÄÓ ñâåäåíà ê ñèñòåìå èíòåãðàëü-
íûõ óðàâíåíèé Âîëüòåððà-Ôðåäãîëüìà.

Òåîðåìà 1. Åñëè f(x) ∈ C2
xn

(QT ) è λ =
λ1a21−λ2a22

λ1−λ2
> 0, òî ñóùåñòâóåò ôóíêöèÿ U(x, t) ∈

C2,1
x,t (QT ), ÿâëÿþùàÿñÿ ðåøåíèåì çàäà÷è ñîïðÿæåíèÿ (1)-(4).

Êëþ÷åâûå ñëîâà: çàäà÷à ñîïðÿæåíèÿ, íîðìàëüíûå ïðîèçâîäíûå, óñëîâèÿ ðàçðåøèìîñòè, ðåãóëÿðèçàöèÿ.
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ìêíóòûõ ýëåêòðè÷åñêèõ êîíòàêòîâ ñ ó÷åòîì òåðìîýëåêòðè÷åñêîãî ýôôåêòà Êîëåðà. Â ðå-
çóëüòàòå äåéñòâèÿ ýòîãî ýôôåêòà òåìïåðàòóðíûé ìàêñèìóì ñìåùàåòñÿ âãëóáü àíîäà, è
ïëàâëåíèå íà÷èíàåòñÿ íå íà êîíòàêòíîé ïëîùàäêå, à âíóòðè êîíòàêòíîé çîíû. Ýòà ìîäåëü
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∂θ

∂t
= a2

(
∂2θ

∂r2
+

2

r

∂θ

∂r

)
+

q

r4
(1)

rm − α1(t) < r < rm + α2(t), 0 < t < tm

ãäå r = rm � ñôåðè÷åñêàÿ èçîòåðìà, íà êîòîðîé íà÷èíàåòñÿ ïðîöåññ ïëàâëåíèÿ, îïðåäå-
ëÿåìàÿ èç ðåøåíèÿ ñîîòâåòñòâóþùåé çàäà÷è íà ýòàïå, ïðåäøåñòâóþùåì ïëàâëåíèþ, à tm
� ìîìåíò äîñòèæåíèÿ èçîòåðìîé ïëàâëåíèÿ êîíòàêòíîé ïëîùàäêè. Íà÷àëüíîå óñëîâèå
èìååò âèä:

θ(rm, t) = θm (2)

θm � òåìïåðàòóðà ïëàâëåíèÿ àíîäà. Íà ãðàíèöàõ ñôåðè÷åñêîãî ñëîÿ ðàñïëàâà òåìïåðàòóðà
ðàâíà òåìïåðàòóðå ïëàâëåíèÿ àíîäà

θ(rm − α1(t), t) = θ(rm + α2(t), t) = θm (3)

Âðåìÿ tm äîñòèæåíèÿ òåìïåðàòóðû ïëàâëåíèÿ â òî÷êå åå ìàêñèìóìà î÷åíü ìàëî. Äëÿ
áîëüøèíñòâà êîíòàêòíûõ ìàòåðèàëîâ êðèòåðèé Ôóðüå Fo = a2t

r2a
≈ 10−2 − 10−4, ïîýòîìó

ïðîöåññ íàãðåâà êîíòàêòîâ áëèçîê ê àäèàáàòè÷åñêîìó è òåïëîîáìåíîì çîíû ðàñïëàâà ñ
òâåðäîé çîíîé ìîæíî ïðåíåáðå÷ü, ñ÷èòàÿ, ÷òî âñå âûäåëÿåìîå òåïëî ðàñõîäóåòñÿ òîëüêî íà
ôàçîâîå ïðåâðàùåíèå âåùåñòâà. Â ýòîì ñëó÷àå ìû èìååì îäíîôàçíóþ çàäà÷ó, äëÿ êîòîðîé
óñëîâèå Ñòåôàíà èìååò âèä

λ
∂θ

∂r

∣∣∣∣
r=rm−α1(t)

= Lγ
dα1

dt
(4) − λ

∂θ

∂r

∣∣∣∣
r=rm+α2(t)

= Lγ
dα2

dt
(5)

Ðåøåíèå çàäà÷è (1) - (5) èùåòñÿ â âèäå

θ(r, t) =
1

r

∞∑
n=0

(
2a

√
t
)n [

Ani
nerfc

−r + rm

2a
√
t

+Bni
nerfc

r − rm

2a
√
t

]
− q

2r2
(6)

α1(t) = rm +
∞∑
n=1

βnt
n
2 , α2(t) = rm +

∞∑
n=1

δnt
n
2 (7)

Ôóíêöèÿ (6) óäîâëåòâîðÿåò óðàâíåíèþ (1). Óäîâëåòâîðÿÿ íà÷àëüíîìó è ãðàíè÷íûì
óñëîâèÿì, ïîëó÷èì ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé äëÿ An, Bn, βn, δn, êîòîðàÿ àíà-
ëîãè÷íà ñèñòåìå, ðàññìîòðåííîé â ðàáîòå [1]. Åå ðåøåíèå íàõîäèòñÿ ñ ïîìîùüþ ôîðìóëû
Ôàà-äè-Áðóíî.

Äàëåå ðàññìàòðèâàåòñÿ àíàëîãè÷íàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ êîýô-
ôèöèåíòàìè, çàâèñÿùèìè îò èñêîìîé òåìïåðàòóðû

c(θ)γ(θ)
∂θ

∂t
=

1

r2
∂

∂r

(
r2λ(θ)

∂θ

∂r

)
+
ρ(θ)I2(t)

4πr4
(8)

rm − α1(t) < r < rm − α2(t), 0 < t < t0, I(t) = I0
√
t

ñ òåìè æå ãðàíè÷íûìè óñëîâèÿìè (2) � (5).
Äëÿ åå ðåøåíèÿ èñïîëüçóåòñÿ àâòîìîäåëüíûé ìåòîä, â êîòîðîì ðåøåíèå èùåòñÿ â âèäå

θ(r, t) = u(ξ), ξ =
r − r0

2a
√
t

(9)

α1(t) = α10

√
(t), α2(t) = α20

√
(t), (10)
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Ïðè ýòîì çàäà÷à ðåäóöèðóåòñÿ ê ðåøåíèþ îáûêíîâåííîãî íåëèíåéíîãî óðàâíåíèÿ âòîðîãî
ïîðÿäêà

u′′(ξ) +

[
c(u)γ(u)

λ(u)
ξ +

2

ξ

]
u′(ξ) +

λ′(u)

λ(u)
u′(ξ)2 +

ρ(u)c(u)γ(u)I20
16π2λ(u)ξ4

= 0

Îíî ìîæåò áûòü ñâåäåíî ê ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé Ôðåäãîëüìà âòîðîãî ðîäà,
ðàçðåøèìîñòü êîòîðîé ïðè îïðåäåëåííûõ óñëîâèÿõ ãëàäêîñòè êîýôôèöèåíòîâ óñòàíàâëè-
âàåòñÿ ìåòîäîì íåïîäâèæíîé òî÷êè àíàëîãè÷íî òîìó, êàê ýòî áûëî ñäåëàíî â ðàáîòå [2].
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Ïðè ðåøåíèè çàäà÷ â Ãèëüáåðòîâûõ ïðîñòðàíñòâàõ ïîäõîäèòü ê ðåøåíèþ ñ èñïîëüçî-
âàíèåì ñïåêòðàëüíûõ ðàçëîæåíèé ôóíêöèé òåïåðü ãîðàçäî óäîáíåå ñ ïîìîùüþ êîìïüþ-
òåðíûõ ïðîãðàìì.

Áûëî ðàçðàáîòàíî ìíîæåñòâî ìàòåìàòè÷åñêèõ ìîäåëåé äëÿ ïîèñêà ðåøåíèÿ óðàâíåíèé
ïóòåì ñïåêòðàëüíîãî ðàçëîæåíèÿ, â òîì ÷èñëå â [1-4].

Ðàññìîòðèì óðàâíåíèå
Au = f

Â ýòîì òåçèñå A : H → H � ñàìîñîïðÿæåííûé îïåðàòîð, äëÿ ëþáîãî x ∈ H óäîâëåòâîðÿ-
þùèé óñëîâèþ (Ax, x) ≥ (x, x), m > 0.

Óòâåðæäåíèå 1. Ñïðàâåäëèâî íåðàâåíñòâî

∥x∥ ≤ 1

m
∥Ax∥ (1)

Äîêàçàòåëüñòâî î÷åâèäíî.
Ëåììà 1. Èìååò ñëåäóþùåå ðàâåíñòâî

ImA = H.

Ââåäåì ñëåäóþùåå ïðîñòðàíñòâî HA ñî ñêàëÿðíûì ïðîèçâåäåíèåì

(u, v)A = (Au, v).

Ïðîñòðàíñòâî HA ÿâëÿåòñÿ ãèëüáåðòîâûì ïðîñòðàíñòâîì è íàçûâàåòñÿ òàêæå ýíåðãå-
òè÷åñêèì ïðîñòðàíñòâîì. Ýòî íåïîñðåäñòâåííî ñëåäóåò èç íåðàâåíñòâ

√
m∥x∥ ≤ ∥x∥A ≤

√
∥A∥∥x∥.
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Ðàññìîòðèì ïîñëåäîâàòåëüíîñòü âëîæåííûõ ïîäïðîñòðàíñòâ Hn ïðîñòðàíñòâà H, ïëîò-
íóþ â H. Î÷åâèäíî, â ñèëó íåïðåðûâíîñòè îïåðàòîðà A ýòà ïîñëåäîâàòåëüíîñòü ïëîòíà è
â HA. Ïóñòü u0 � òî÷íîå ðåøåíèå óðàâíåíèÿ (1). Ââåäåì ôóíêöèîíàë

Φ(u) = ∥u− u0∥2A − ∥u0∥2A.

Î÷åâèäíî, Φ(u) = (Au, u) − 2 ∗ (u, f). Ïóñòü un � òî÷êà ìèíèìóìà Φ(u) íà Hn , ò.å
Φ(un) = minu∈HnΦ(u).

Òåîðåìà 1. Äëÿ ëþáîãî ýëåìåíòà f ∈ H ïîñëåäîâàòåëüíîñòü Ðèòöà êîððåêòíî îïðå-
äåëåíà è ñõîäèòñÿ â ýíåðãåòè÷åñêîé íîðìå ê òî÷íîìó ðåøåíèþ.

Äîêàçàòåëüñòâî. Èç ëåììû 1 ñëåäóåò îäíîçíà÷íàÿ ðàçðåøèìîñòü óðàâíåíèÿ (1) äëÿ
ëþáîé ïðàâîé ÷àñòè f ∈ H.

Ïóñòü PA
n � ïðîåêòîð íà Hn â HA. Òîãäà ïî òåîðåìå Áåïïî Ëåâè îá îðòîãîíàëüíîì

ðàçëîæåíèè
un = PA

n u− 0.

Ñõîäèìîñòü ýòîé ïîñëåäîâàòåëüíîñòè ñëåäóåò èç ïëîòíîñòè ïîñëåäîâàòåëüíîñòè Hn â ýíåð-
ãåòè÷åñêîì ïðîñòðàíñòâå.

Çàìå÷àíèå 1. Ñïðàâåäëèâà îöåíêà

∥un − u0∥ ≤ const∥u0 − Pnu∥.

Äåéñòâèòåëüíî,

∥un − u0∥ ≤ const∥un − u0∥A = const∥PA
n u0 − u0∥ ≤≤ const∥Pnu0 − u0∥A ≤ ∥Pnu0 − u0∥.

Çàìå÷àíèå 2. Åñëè un � òî÷êà ìèíèìóìà ôóíêöèîíàëà Φ(u), òî äëÿ ëþáîãî h ∈ Hn è
ëþáîãî t ∈ R ñïðàâåäëèâî íåðàâåíñòâî

Φ(un + th) ≥ Φ(un).

Ñëåäîâàòåëüíî,
∥un − u0 + th∥2A ≥ ∥un − u0∥2A

ò.å.
t2(Ah, h) + 2t(Aun − f, h) ≥ 0.

Îòñþäà (Aun − f, h) = 0 è Aun − f ⊥ Hn. Òàêèì îáðàçîì, un ÿâëÿåòñÿ ðåøåíèåì â Hn

óðàâíåíèÿ Pn(Au− f) = 0.
Ðåàëèçàöèÿ ìåòîäà Ðèòöà.
Ïóñòü äàíû n ëèíåéíî íåçàâèñèìûõ ýëåìåíòîâ g1, g2, . . . , gn è ïóñòü

Hn = L{g1, g2, . . . , gn}

� ëèíåéíàÿ îáîëî÷êà, íàòÿíóòàÿ íà íèõ. Åñëè u =
n∑

k=1

α
(n)
k gk òî Au =

∑n
k=1 αkAgk.

Î÷åâèäíî, óðàâíåíèå (1) ïðèíèìàåò âèä

n∑
k=1

αkgk − f ⊥ gm, m = 1, 2, ..., n.

Òàêèì îáðàçîì, èñêîìûå êîýôôèöèåíòû óäîâëåòâîðÿþò ñëåäóþùåé ñèñòåìå óðàâíåíèé

n∑
k=1

αk(Agk, gm) = (gm, f).
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Èç òåîðåìû 1 ñëåäóåò, ÷òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå äàííîé ñèñòåìû, è ñîîòâåò-
ñòâóþùåå ïðèáëèæåíèå Ðèòöà èìååò âèä:

un =
n∑

k=1

α
(n)
k gk
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Ïóñòü D � êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü êîìïëåêñíîé ïëîñêîñòè z = x + iy, îãðàíè-
÷åííàÿ ïðè y > 0 íîðìàëüíîé êðèâîé σ0(y = σ0(x)) : x

2 + 4(m+ 2)−2ym+2 = 1, ñ êîíöàìè â
òî÷êàõ A(−1, 0), B(1, 0), à ïðè y < 0 � õàðàêòåðèñòèêàìè AC è BC óðàâíåíèÿ

(signy)|y|muxx + uyy + (β0/y)uy = 0, (1)

ãäå m � ïîëîæèòåëüíàÿ ïîñòîÿííàÿ, β0 ∈ (−m/2, 1).
Îáîçíà÷èì ÷åðåç D+ è D− ÷àñòè îáëàñòè D, ëåæàùèå ñîîòâåòñòâåííî â ïîëóïëîñêîñòÿõ

y > 0 è y < 0, à ÷åðåç C0 è C1 òî÷êà ïåðåñå÷åíèÿ õàðàêòåðèñòèê AC è BC ñ õàðàêòåðèñòè-
êàìè óðàâíåíèÿ (1), âûõîäÿùèõ èç òî÷êè E(c, 0), ãäå c � íåêîòîðîå ÷èñëî, ïðèíàäëåæàùåå
èíòåðâàëó I = (−1, 1) îñè y = 0.

Ñ. Ãåëëåðñòåäò [1,ñ.186, ñ.201] äëÿ îáîáùåííîãî óðàâíåíèÿ Ô.Òðèêîìè èññëåäîâàë çà-
äà÷è, ïðè ïîñòàíîâêå êîòîðûõ â ãèïåðáîëè÷åñêîé ÷àñòè îáëàñòè D çíà÷åíèÿ èñêîìîãî
ðåøåíèÿ çàäàþòñÿ íà äâóõ êóñêàõ õàðàêòåðèñòèê ðàçíîãî ñåìåéñòâà EC0 è EC1 èëè AC0 è
BC1. Ïðè ýòîì â ýëëèïòè÷åñêîé ÷àñòè îáëàñòè D ãðàíè÷íûå çíà÷åíèÿ çàäàþòñÿ íà ïðîèç-
âîëüíîé êðèâîé σ0. Íàñòîÿùàÿ ðàáîòà îòëè÷àåòñÿ îò çàäà÷è Ãåëëåðñòåäòà òåì, ÷òî çäåñü â
óñëîâèÿõ çàäà÷è çíà÷åíèÿ èñêîìîãî ðåøåíèÿ çàäàþòñÿ íà õàðàêòåðèñòèêàõ îäíîãî ñåìåé-
ñòâà ò.å íà ãðàíè÷íîé õàðàêòåðèñòèêå AC0 è ïàðàëëåëüíîé åé âíóòðåííîé õàðàêòåðèñòèêå
EC1

Çàäà÷à TG. Òðåáóåòñÿ íàéòè â îáëàñòèD ôóíêöèþ u(x, y) ∈ C
(
D
)
, óäîâëåòâîðÿþùóþ

ñëåäóþùèì óñëîâèÿì:
1) ôóíêöèÿ u(x, y) ïðèíàäëåæèò C2 (D+) è óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòè D+;
2) ôóíêöèÿ u(x, y) ÿâëÿåòñÿ â îáëàñòè D− îáîáùåííûì ðåøåíèåì êëàññà R1[1, c.104];
3) íà èíòåðâàëå âûðîæäåíèÿ AB èìååò ìåñòî óñëîâèå ñîïðÿæåíèÿ

lim
y→−0

(−y)β0
∂u

∂y
= lim

y→+0
yβ0

∂u

∂y
, x ∈ I \ {c}, (2)
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ïðè÷åì ýòè ïðåäåëû ïðè x → ±1, x → c ìîãóò èìåòü îñîáåííîñòè ïîðÿäêà íèæå 1 − 2β,
ãäå β = (m+ 2β0)/2(m+ 2) ∈ (0, 1/2);

4) äëÿ ëþáûõ x ∈ I âûïîëíÿþòñÿ ðàâåíñòâà

u(x, σ0(x)) = a(x)u(x, 0) + φ(x), x ∈ [−1, 1], (3)

u(x, y) |EC0= ψ0(x), x ∈ [(c− 1)/2, c], (4)

u(x, y) |BC1= ψ1(x), x ∈ [(c+ 1)/2, 1]. (5)

Ôóíêöèè a(x), φ(x), ψ0(x), ψ1(x) çàäàíû è φ(x) ∈ C[−1, 1] ∩ C0,α0(−1, 1), ψ0(x) ∈
C[−1, (c− 1)/2]∩C1,α0(−1, (c− 1)/2), ψ1(x) ∈ C[(c+1)/2, 1]∩C1,α0((c+1)/2, 1), α0 ∈ (0, 1),
ïðè÷åì φ(x) = (1− x2)φ̃(x), ãäå φ̃(x) ∈ C0,α0 [−1, 1] ∩ C0,α0(−1, 1), ψ0(−1) = 0, ψ1(c) = 0.

Çàìåòèì, ÷òî óñëîâèå (3) ÿâëÿeòñÿ óñëîâèåì Áèöàäçå�Ñàìàðñêîãî íà σ0 è íà îòðåçêå
âûðîæäåíèÿ AB, à óñëîâèÿ (4) è (5) åñòü ñîîòâåòñòâåííî óñëîâèå Ãåëëåðñòåäòà çàäàííîå
íà ãðàíè÷íîé õàðàêòåðèñòèêå AC0 è íà âíóòðåííåé õàðàêòåðèñòèêå EC1 . Ïðè c = −1 èëè
c = 1 èç çàäà÷è ñëåäóåò çàäà÷à Òðèêîìè [1,c.128].

Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è TG äîêàçûâàåòñÿ ñ ïîìîùüþ àíàëîãà ïðèíöèïà ýêñ-
òðåìóìà À.Â. Áèöàäçå [2, ñ.301], à ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è TG äîêàçûâàåòñÿ ìåòî-
äîì òåîðèè ðåãóëÿðíûõ è ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé [3, 4].

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñìåøàííîãî òèïà, êðàåâàÿ çàäà÷à, íåñòàíäàðòíûå ñèíãóëÿðíîå èíòåãðàëüíîå óðàâ-
íåíèå, Òðèêîìè, óðàâíåíèå Âèíåðà�Õîïôà, èíäåêñ.
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Ïóñòü Ω � êîíå÷íàÿ îäíîñâÿçíàÿ îáëàñòü êîìïëåêñíîé ïëîñêîñòè z = x + iy, îãðàíè-
÷åííàÿ ïðè y > 0 íîðìàëüíîé êðèâîé σ0 : x2 + 4(m + 2)−2ym+2 = 1, ñ êîíöàìè â òî÷êàõ
A(−1, 0), B(1, 0), à ïðè y < 0− õàðàêòåðèñòèêàìè AC è BC óðàâíåíèÿ

(signy)|y|muxx + uyy = 0, (1)

ãäå m = const > 0.
Îáîçíà÷èì ÷åðåç Ω+ è Ω− ÷àñòè îáëàñòè Ω, ëåæàùèå ñîîòâåòñòâåííî â ïîëóïëîñêîñòÿõ

y > 0 è y < 0, à ÷åðåç C0 è C1− ñîîòâåòñòâåííî òî÷êè ïåðåñå÷åíèÿ õàðàêòåðèñòèê AC è
BC ñ õàðàêòåðèñòèêàìè èñõîäÿùåé èç òî÷êè E(c, 0), ãäå c ∈ I = AB = (−1, 1)− èíòåðâàë
îñè y = 0.

Çàäà÷à S. Â îáëàñòè Ω òðåáóåòñÿ íàéòè ôóíêöèþ u(x, y) óäîâëåòâîðÿþùóþ ñëåäóþ-
ùèì óñëîâèÿì:

1) u(x, y) íåïðåðûâíà â êàæäîé èç çàìêíóòûõ îáëàñòåé Ω
+
è Ω

−
;
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2) u(x, y) ïðèíàäëåæèò êëàññó C2 (Ω+) è óäîâëåòâîðÿåò óðàâíåíèþ (1) â ýòîé îáëàñòè;
3) u(x, y) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êëàññà R1 â îáëàñòè Ω−;
4) íà èíòåðâàëå âûðîæäåíèÿ âûïîëíÿåòñÿ îáøèå óñëîâèÿ ñîïðÿæåíèÿ [1]

u(x,−0) = a1(x)u(x,+0) + a0(x), x ∈ I, (2)

lim
y→−0

∂u

∂y
= b1(x) lim

y→+0

∂u

∂y
+ b0(x), x ∈ I \ {c}, (3)

ïðè÷åì ýòè ïðåäåëû ïðè x → ±1, x → c ìîãóò èìåòü îñîáåííîñòè ïîðÿäêà íèæå 1 −
2β, ãäå β = m/2(m+ 2) ∈ (0, 1/2);
5) âûïîëíåíû óñëîâèÿ

u(x, y) = φ(x), (x, y) ∈ σ0, (4)

u(x, y) |AC0= ψ(x), x ∈ [−1, (c− 1)/2], (5)

u[θ(x)] = µu[θ∗(x)] + ρ(x), x ∈ [c, 1], (6)

ãäå θ(x0), θ∗(x0) � ñîîòâåòñòâåííî àôôèêñû òî÷åê ïåðåñå÷åíèÿ õàðàêòåðèñòèê C0C ⊂ AC
è EC1 ñ õàðàêòåðèñòèêîé èñõîäÿøåé èç òî÷êè (x0, 0), ãäå x0 ∈ [c, 1], a0(x), a1(x), b0(x),
b1(x), φ(x), ψ(x), ρ(x) � çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, µ � íåêîòîðàÿ ïîñòîÿííàÿ
ïðè÷åì (x− c)β − µ(1 + x)β ̸= 0, ψ(−1) = 0, ρ(c) = ρ(1) = 0, φ(−1) = φ(1) = 0.

Çàìåòèì, ÷òî óñëîâèå (4) ÿâëÿåòñÿ óñëîâèåì Äèðèõëå íà σ0, à óñëîâèå (6) åñòü óñëîâèå
Áèöàäçå-Ñàìàðñêîãî [2] íà ïàðàëëåëüíûõ õàðàêòåðèñòèêàõ C0C ⊂ AC è EC1.

Îòìåòèì, ÷òî çàäà÷à S ïðè µ = 0, (ψ((c− 1)/2) = ρ(c)) ïåðåõîäèò â çàäà÷ó Òðèêîìè.
Òåîðåìà. Çàäà÷à S ïðè µ ≤ 0, a1(x) > 0, b1(x) > 0, |c(x)| < 1 îäíîçíà÷íî ðàçðåøèìà.
Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ ìåòîäîì ðàáîòû [3,4].

Êëþ÷åâûå ñëîâà: óðàâíåíèå ñìåøàííîãî òèïà, ðàçáèåíèå ãðàíè÷íîé õàðàêòåðèñòèêè íà äâå ÷àñòè, óñëîâèå
Áèöàäçå�Ñàìàðñêîãî íà ïàðàëëåëüíûõ õàðàêòåðèñòèêàõ.
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Èçó÷åíû ñâîéñòâà äèôôåðåíöèàëüíîãî óðàâíåíèÿ

y′′ + 2zy′ − 2my = 0, (1)

êîòîðîå ïîðîæäàåò òåïëîâûå ïîëèíîìû [1]

um(x, t) =

[m/2]∑
k=0

a2kxm−2ktk

k!(m− 2k)!
, (2)
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ÿâëÿþùèåñÿ ðåøåíèÿìè óðàâíåíèÿ òåïëîïðîâîäíîñòè

∂u

∂t
= a2

∂2u

∂x2
. (3)

Ïîêàçàíî, ÷òî óðàâíåíèå (1) ýêâèâàëåíòíî óðàâíåíèþ ôóíêöèé ïàðàáîëè÷åñêîãî öèëèíäðà
[2], ê êîòîðîìó ïðèâîäèòñÿ âçàèìíî îäíîçíà÷íî ñ ïîìîùüþ àíàëèòè÷åñêèõ ïîäñòàíîâîê
íåçàâèñèìîé ïåðåìåííîé è íåèçâåñòíîé ôóíêöèè.

Ïîñòðîåíû ñ ïîìîùüþ ïðåîáðàçîâàíèÿ Ëàïëàñà ëèíåéíî-íåçàâèñèìûå ðåøåíèÿ óðàâíå-
íèÿ (1), óäîâëåòâîðÿþùèå çàäàííûì íà÷àëüíûì óñëîâèÿì ïðè öåëûõ çíà÷åíèÿõ ïàðàìåòðà
m = 0,±1,±2, . . ..

y1(0) = 1, y′1(0) = 0, y2(0) = 0, y′2(0) = 1. (4)

Ïîëó÷åííûå ðåøåíèÿ ðàñøèðÿþò ìíîæåñòâî òåïëîâûõ ïîëèíîìîâ, ÷òî ïîçâîëÿåò ïî-
ñòðîèòü íîâûå ïðåäñòàâëåíèÿ ðåøåíèé óðàâíåíèÿ òåïëîïðîâîäíîñòè è ïðèìåíèòü èõ ê
ðåøåíèþ íà÷àëüíî êðàåâûõ çàäà÷, âêëþ÷àÿ ìíîãîôàçíûå çàäà÷è, çàäà÷è ñ ïåðåìåííîé
îáëàñòüþ îïðåäåëåíèÿ è ñî ñâîáîäíûìè ãðàíèöàìè ñ ðàçíîîáðàçíûìè êðàåâûìè óñëîâèÿ-
ìè, âêëþ÷àÿ óñëîâèå Ñòåôàíà.

Äëÿ ðåøåíèé óðàâíåíèÿ (1) óñòàíîâëåíû ñâîéñòâà:
1) âñå ðåøåíèÿ ÿâëÿþòñÿ öåëûìè ôóíêöèÿìè íà êîìïëåêñíîé ïëîñêîñòè ïåðåìåííîé z,
2) ñâîéñòâà ÷åòíîñòè/íå÷åòíîñòè,
3) ðåêóðåíòíûå ñîîòíîøåíèÿ,
4) ñâÿçü ñ ôóíêöèÿìè Ýðìèòà è îáîáùåííûìè ôóíêöèÿìè îøèáîê,
5) ïîâåäåíèå â îêðåñòíîñòè áåñêîíå÷íî óäàëåííîé òî÷êè, êîòîðîå, â ÷àñòíîñòè, îïðåäå-

ëÿåò ïîâåäåíèå ðåøåíèé óðàâíåíèÿ òåïëîïðîâîäíîñòè â îêðåñòíîñòè âðåìåíè t = 0,
6) óñëîâèå ñõîäèìîñòè ðÿäîâ èç ðåøåíèé óðàâíåíèÿ (1).
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Âîññòàíîâëåíèå èçîòåðìû ñîðáöèè â ìîäåëè ïîãëîùåíèÿ
ãàçà ñ ó÷¼òîì åãî äèôôóçèè â ïîòîêå
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Ìîäåëü ïðîöåññà ïîãëîùåíèÿ ãàçà â ñîðáöèîííîé òðóáêå, ó÷èòûâàþùàÿ äèôôóçèþ â
ãàçîâîì ïîòîêå, èìååò âèä

ut + at + νux = Duxx, 0 < x < l, 0 < t ⩽ T, (1)

at = φ(u)− a, 0 < x < l, 0 < t ⩽ T, (2)

u(0, t) = µ(t), u(l, t) + λux(l, t) = 0, 0 ⩽ t ⩽ T, (3)

a(x, 0) = 0, u(x, 0) = 0, 0 ⩽ x ⩽ l, (4)
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ãäå D � êîýôôèöèåíò äèôôóçèè ãàçà â òðóáêå; λ � êîýôôèöèåíò ïðîïîðöèîíàëüíîñòè
ìåæäó èíòåíñèâíîñòüþ ïîòîêà ãàçà â ïðàâîì êðàéíåì ñå÷åíèè òðóáêè è ðàçíèöåé â êîí-
öåíòðàöèè ãàçà â ïðàâîì ñå÷åíèè òðóáêè è ñíàðóæè çà ïðàâûì êîíöîì òðóáêè; ôóíêöèÿ
u(x, t) îïðåäåëÿåò êîíöåíòðàöèþ ãàçà â ñå÷åíèè x òðóáêè â ìîìåíò âðåìåíè t; a(x, t) îïðå-
äåëÿåò êîíöåíòðàöèþ ãàçà âíóòðè ç¼ðåí ñîðáåíòà â ñå÷åíèè x â ìîìåíò âðåìåíè t; µ(t)
çàäà¼ò êîíöåíòðàöèþ ãàçà â ñå÷åíèè x = 0 íà âõîäå â ñîðáöèîííóþ òðóáêó; φ(s) � èçî-
òåðìà ñîðáöèè, ïîçâîëÿþùàÿ ñîãëàñîâàòü ñîîòíîøåíèå ìåæäó ïëîòíîñòüþ ãàçà â ïîðàõ
òðóáêè ìåæäó ç¼ðíàìè ñîðáåíòà è â ç¼ðíàõ ñîðáåíòà.

Ïðè ðåøåíèè ïðÿìîé çàäà÷è (1)�(4) òðåáóåòñÿ îïðåäåëèòü ôóíêöèè u(x, t), a(x, t) ïî
èçâåñòíûì ïîëîæèòåëüíûì çíà÷åíèÿì l, T , D, λ è ôóíêöèÿì µ(t), φ(s).

Â îáðàòíîé çàäà÷å ïî çàäàííûì çíà÷åíèÿì l, T , D, λ, ôóíêöèè µ(t) è äîïîëíèòåëüíî
çàäàííîé ôóíêöèè h(t), òàêîé, ÷òî

h(t) = ux(0, t) ∀t ∈ [0, T ]. (5)

òðåáóåòñÿ îïðåäåëèòü èçîòåðìó ñîðáöèè φ(s) è ôóíêöèè u(x, t), a(x, t).
Ðàçðåøèìîñòü çàäà÷è (1)�(4) èññëåäîâàëàñü A.M. Äåíèñîâûì, Ñ.Ð. Òóéêèíîé è

A. Lorenzi [1, 2] ïðè ñëåäóþùèõ óñëîâèÿõ íà èçâåñòíûå ïðè ðåøåíèè ôóíêöèè:

µ(t)∈C1[0, T ], 0 < µo ⩽ µ′(t) ⩽ µ1 ∀ t∈ [0, T ], µ(0) = µ′(0) = 0, (6)

φ(s), φ′(s)∈C(−∞,∞), 0⩽φ′(s)⩽φ0 ∀ s∈(−∞,∞), φ(0) = 0. (7)

Ïðè âûïîëíåíèè óñëîâèé (6), (7) åäèíñòâåííîå ðåøåíèå çàäà÷è (1)�(4) ñóùåñòâóåò â
âèäå ôóíêöèé u(x, t), a(x, t)∈C2,1

(
Q̄l,T

)
, óäîâëåòâîðÿþùèõ óñëîâèÿì ut(x, t)>0, at(x, t)>0

∀x ∈ [0, l] ∀t ∈ [0, T ]; 0 ⩽ u(x, t) ⩽ µ(τ), 0 ⩽ a(x, t) ⩽ φ
(
µ(τ)

)
∀(x, t) ∈ Ql,τ ∀τ ∈ [0, T ], ãäå

Ql,T = {(x, t) : 0 < x < l, 0 < t ⩽ T}.
Â äîêëàäå ðàññìàòðèâàåòñÿ âîçìîæíîñòü ïîëó÷åíèÿ ðåøåíèÿ çàäà÷è (1)�(4) èç èíòå-

ãðàëüíîãî óðàâíåíèÿ

u(x, t) =
(
1− x

l + λ

)
µ(t) +

+∞∑
n=1

2

l+
(
cos
(√

ω∗
n l
))2

λ̂

∫ t

0

e−(Dω∗
n+β)(t−τ) ×

×
∫ l

0

e
ν
2D

(x−s)
[ ν

l+λ
µ(τ)−

(
1− s

l+λ

)
µ′(τ)− φ

(
u(s, τ)

)
+

+

∫ τ

0

e−(τ−θ)φ
(
u(s, θ)

)
dθ
]
sin
(√

ω∗
n s
)
dsdτ sin

(√
ω∗
n x
)
, (x, t)∈Ql,T , (8)

ãäå çíà÷åíèÿ ω∗
n ÿâëÿþòñÿ êîðíÿìè àëãåáðàè÷åñêîãî óðàâíåíèÿ

√
ω = − 1

λ̂
tg
(√

ω l
)
. (9)

Ïîñëå îïðåäåëåíèÿ ôóíêöèè u(x, t) èç óðàâíåíèÿ (8), çíà÷åíèÿ ôóíêöèè a(x, t) âû÷èñëÿ-
þòñÿ ïî ôîðìóëå

a(x, t) =

∫ t

0

e−(t−τ)φ
(
u(x, τ)

)
dτ, (x, t) ∈ Ql,T . (10)

Ýòà îïåðàöèÿ çàâåðøàåò ïîëó÷åíèå ðåøåíèÿ ïðÿìîé çàäà÷è (1)�(4).
Óðàâíåíèÿ (8), (9) è ôîðìóëà (10) èñïîëüçóþòñÿ äëÿ èññëåäîâàíèÿ ðàçðåøèìîñòè îá-

ðàòíîé çàäà÷è (1)�(5) è å¼ ÷èñëåííîãî ðåøåíèÿ.
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Ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ êîýôôèöèåíòà µ0(x) â ìîäåëè ðàç-
âèòèÿ ïîïóëÿöèè (ñì. ðàçäåë 5.4 [1]) ñ âîçðàñòíûì ñòðóêòóðèðîâàíèåì èíäèâèäóóìîâ.
Íåêîòîðûå ïàðàìåòðû ìîäåëè íåëîêàëüíû è çàâèñÿò îò èíòåãðàëîâ ñ ðåøåíèÿìè ïðÿìîé
çàäà÷è â ñîñòàâå ïîäûíòåãðàëüíûõ ôóíêöèé. Ïðè ýòîì ïðÿìàÿ çàäà÷à èìååò âèä íà÷àëüíî-
êðàåâîé ïîñòàíîâêè îòíîñèòåëüíî ôóíêöèè u(x, t):

ux(x, t) + ut(x, t) = −µ0(x)u(x, t)− µ1(x)Ψ(S(t))u(x, t), x∈ [0, l], t∈ [0, l],

u(0, t) = Φ(S(t))

∫ l

0

β(ξ)u(ξ, t)dξ, t ∈ [0, l],

u(x, 0) = φ(x), x ∈ [0, l],

S(t) =

∫ l

0

γ(ξ)u(ξ, t) dξ, t ∈ [0, l].

Ôóíêöèÿ u(x, t) îïðåäåëÿåò ÷èñëî èíäèâèäóóìîâ (èõ ïëîòíîñòü) âîçðàñòà x â ïîïóëÿöèè
â ìîìåíò âðåìåíè t; ôóíêöèè µ0(x) è µ1(x) õàðàêòåðèçóþò ñìåðòíîñòü îñîáåé âîçðàñòà
x, ñîîòâåòñòâåííî, åñòåñòâåííîé è ïðîÿâëÿþùåéñÿ â ñèëó ïåðåíàñåëåíèÿ; β(x) è γ(x) -
ïëîòíîñòè ðåïðîäóêòèâíîñòè è æèçíåäåÿòåëüíîñòè îñîáåé âîçðàñòà x; ôóíêöèè Φ(s) è Ψ(s)
õàðàêòåðèçóþò èíòåãðàëüíóþ çàâèñèìîñòü ðîæäàåìîñòè è ñìåðòíîñòè îò îáùåãî îáú¼ìà
S(t) æèçíåäåÿòåëüíîñòè ïîïóëÿöèè.

Äëÿ ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ æèçíåäåÿòåëüíîñòè êîíêðåòíîé ïîïóëÿöèè îäíî-
òèïíûõ îðãàíèçìîâ ìîæåò áûòü âûáðàíî ìàòåìàòè÷åñêîå îïèñàíèå ïðîöåññà ðàçëè÷íîé
ñëîæíîñòè, äåìîíñòðèðóþùåå äèíàìèêó ðàçâèòèÿ ïîïóëÿöèè ñ ðàçëè÷íîé äåòàëèçàöèåé.
Ñåðèÿ òàêèõ, îòëè÷àþùèõñÿ ïî ñëîæíîñòè è â äåòàëÿõ, ìîäåëåé ðàçâèòèÿ ïîïóëÿöèé ñ
âîçðàñòíîé ñòðóêòóðîé îðãàíèçìîâ ïðåäñòàâëåíà â ëèòåðàòóðå [1] è äîñòàòî÷íî õîðîøî
èçó÷åíà. Äëÿ âîññòàíîâëåíèÿ îòäåëüíûõ ïàðàìåòðîâ òàêîé ïîïóëÿöèè â ôîðìå ðåøåíèÿ
îáðàòíûõ çàäà÷ ìîãóò áûòü èñïîëüçîâàíû ðàçíûå ìîäåëè, äëÿ êîòîðûõ óñòàíîâëåíû óñëî-
âèÿ, ãàðàíòèðóþùèå îáðàòíîé çàäà÷å åäèíñòâåííîñòü ðåøåíèÿ. Ïðè ýòîì èç ïîëó÷àåìûõ
ðåçóëüòàòîâ ðåøåíèÿ ñõîæèõ îáðàòíûõ çàäà÷, ñôîðìèðîâàííûõ äëÿ ðàçëè÷íûõ îäíîòèï-
íûõ ìîäåëåé ïðîöåññà, ìîæåò áûòü âûäåëåíà òà ìîäåëü, êîòîðàÿ äà¼ò íàèëó÷øåå ñîâ-
ïàäåíèå âû÷èñëèòåëüíûõ ðåçóëüòàòîâ ñ ýêñïåðèìåíòàëüíûìè äàííûìè íà îñíîâå òî÷íûõ
÷èñëåííûõ îöåíîê. Äëÿ îñóùåñòâëåíèÿ òàêîãî ïîèñêà çíà÷åíèÿ âîññòàíàâëèâàåìîãî ïà-
ðàìåòðà ïî ãðóïïå îäíîòèïíûõ ìîäåëåé òðåáóåòñÿ ïîëó÷åíèå óñëîâèé, îáåñïå÷èâàþùèõ
åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé çàäà÷è äëÿ êàæäîé ìîäåëè ãðóïïû. Ïðåäñòàâëåííàÿ
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âûøå çàäà÷à ìîæåò ðàññìàòðèâàòüñÿ êàê îäíà èõ òèïîâûõ ìàòåìàòè÷åñêèõ ìîäåëåé ðàç-
âèòèÿ ïîïóëÿöèè, â êîòîðûõ ìîæåò îäíîçíà÷íî âîññòàíàâëèâàòüñÿ êîýôôèöèåíò µ0(x).

Â ðàìêàõ îáðàòíîé çàäà÷è ïóñòü òðåáóåòñÿ âîññòàíîâèòü êîýôôèöèåíò µ0(x) óðàâíåíèÿ
è çàòåì ôóíêöèþ u(x, t) ïî çàäàííûì çíà÷åíèÿì ôóíêöèé β(x), γ(x), φ(x), µ1(x), Ψ(s),
Φ(s), è ïî äîïîëíèòåëüíî èçâåñòíûì çíà÷åíèþ x1 ∈ (0, l], è ôóíêöèè g(t), ãäå

g(t) = u(x1, t), t ∈ [0, l].

Â ðàáîòå ñôîðìóëèðîâàíû óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè ïðÿìîé çàäà÷è. Äîêà-
çàíà òåîðåìà åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà÷è è ïðåäëîæåí àëãîðèòì å¼ ÷èñëåí-
íîãî ðåøåíèÿ, ïðåäñòàâëåíû ïðèìåðû. Àíàëîãè÷íûå ðåçóëüòàòû äëÿ ëèíåéíûõ ìîäåëåé
ðàññìàòðèâàëèñü â ðàáîòàõ [2�5].
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Dirichlet problem on a stellar thermal graph
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Boundary value problems of thermal conductivity on a star-shaped thermograph are consid-
ered, which can be used to study various mesh structures under conditions of thermal heating
(cooling). Here, based on the generalized function method, a unified technique has been de-
veloped for solving boundary value problems of thermal conductivity, typical for engineering
applications. Generalized solutions to nonstationary and stationary boundary value problems
of heat conduction on an edge and on a stellar thermal graph are constructed under various
boundary conditions at the ends of the graph and generalized Kirchhoff conditions at its node.
Using the symmetry properties of the Fourier transformant of the fundamental solution, regu-
lar integral representations of solutions to boundary value problems are obtained in analytical
form.

The solutions obtained make it possible to simulate heat sources of various types, including
using singular generalized functions. The method of generalized functions presented here makes
it possible to solve a wide class of boundary value problems with local and connected boundary
conditions at the ends of the edges of the graph and different transmission conditions at its
node.
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1. Statement of a boundary value problem on a thermal star graph. Let consider
an un oriented thermal star graph of N segments (edges) (A0, Aj) of length Lj, (j = 1, 2, ..., N)
with a common node A0. On each segment, Sj = {x ∈ R1 : 0 ≤ x ≤ Lj} there is own coordinate
system (xj, t) with the origin at point A0 : x = 0, consequently at segment Sj. A temperature
θj (x, t) satisfy the heat conduction equation [1]:

∂θj
∂t

− κ
∂2θj
∂x2

= Fj (x, t) (1)

Here κj is the thermal diffusivity coefficient on the j-th segment, Fj (x, t) describes is the

action of heat source, θj1 (t) , θ
j
2 (t) are the temperature in the ends of the j-th segment (edge).

Initial conditions (Cauchy conditions): at t = 0 the temperature of the graph is known:

θj (x, 0) = θj0 (x) , 0 ≤ x ≤ Lj, θj (0) = θ0, θ
j
0 (x) ∈ C2

(
R1
)

(2)

Here we pose the following boundary value problem with local boundary conditions on the
graph ends:

γjθj (Lj, t) + ηjΠj (Lj, t) = gj (t) , j = 1, ..., N ] (3)

where heat flow Πj (Lj, t) = κj
∂θj
∂x

∣∣∣
x=Lj

, γj, ηj are arbitrary constants. The choice of the value

of the constants depends on the boundary value problem being solved. For example, if ηj = 0
for all j = 1, ..., N we have Dirichlet problem:

θj (Lj, t) = Tj (t) , t ≥ 0, Tj(t) ∈ C
(
R1

+

)
(4)

Temperature values are known at the ends of the graph. If γj = 0 for all j = 1, ..., N we have
Neumann problem:

Πj (Lj, t) = Q(t), t ≥ 0, Q(t) ∈ L1

(
R1

+

)
(5)

Here the values of heat flows are known at the every end of the graph.
The next conditions are specified in the common node A0 of the star graph:

θ11(t) = θ21(t) = ... = θN1 (t), t ≥ 0, θj1(0) = θ0 (6)

κ1q
1
1(t) + κ2q

2
1(t) + ...+ κNq

N
1 (t) =

N∑
j=1

κjq
j
1(t) = G(t), G(t) ∈ L1

(
R1

+

)
(7)

N∑
j=1

κj
∂θj0
∂x

∣∣∣∣∣
xj=0

= G(0).

Here qj1(t) =
∂θj
∂x

∣∣∣
x=0

, qj2(t) =
∂θj
∂x

∣∣∣
x=Lj

, θ0 is initial temperature in the common node A0.

We construct solutions of BVPs for arbitrary constants γj, ηj, which gives possibility to solve
problems with different types of boundary conditions at the ends of the star graph.

2. Generalized solution of boundary value problems on an segment. General
function method. At first let constructed the solutions of BVPs on the segment of star
graph. Fourier transform of generalized solution of heat equations on segment has the form of
convolution [2]:

θ (x, ω)H (L− x)H(x)H(ω) =

= H(x)

L∫
0

U (x− y, ω)F2 (y, ω) dy + κH(x)

L∫
0

U (x− y, ω) θ0(y)dy +

+ κq̄2(ω)H(x)Ū(L− x, ω)− κq̄1(ω)H(L− x)Ū(x, ω)−
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− κθ̄2(ω)H(x)Ū,x(L− x, ω)− κθ̄1(ω)H(L− x)Ū,x(x, ω). (8)

where Ū(x) is Fourier transform of fundamental solutions of heat equation (1):

Ū(x, ω) = −sin(k |x|)
2kκ

, (9)

Ū(+0, ω) = Ū(−0, ω), U,x(±0, ω) = ∓ 1

2κ
. (10)

here k =
√
iωκ−1 = eiπ/4

√
ωκ−1 = (1 + i)

√
ω
2κ
. Ūj(x, ω) is Green’s tensor transformants

Ūj(x, t) [3,4]. To find unknown boundary functions, let’s introduce the following notation:
θ̄1(ω) = θ̄(0, ω), θ̄2(ω) = θ̄(L, ω) and quote this theorem.

Theorem 1. The Fourier time transformants boundary functions of boundary value prob-
lems on segment [0, L] satisfy the system of linear algebraic equations of the form:[

0, 5 0
kŪ,x(L, ω) kŪ(L, ω)

] [
θ̄1(ω)
q̄1(ω)

]
+

[
kŪ,x(L, ω) kŪ(L, ω)

0, 5 0

] [
θ̄2(ω)
q̄2(ω)

]
=

[
Q̄1(0, ω)
Q̄2(L, ω)

]
, (11)

where

Q̄1(0, ω) = F̄ (x, ω) ∗
x
Ū(x, ω)

∣∣
x=0

+ θ0(x)H(L− x)H(x) ∗
x
Ū(x, ω)

∣∣
x=0

,

Q̄2(L, ω) = F̄ (x, ω) ∗
x
Ū(x, ω)

∣∣
x=L

+ θ0(x)H(L− x)H(x) ∗
x
Ū(x, ω)

∣∣
x=L

.

To solve all temperature BVPs, it is convenient to consider the extended system of equations
in the form of matrix equation:

A ·B = C, (12)

where

A =


0, 5 0 κŪ,x(L, ω) −κŪ(L, ω)

κŪ,x(L, ω) κŪ(L, ω) 0, 5 0
a31 a32 a33 a34
a41 a42 a43 a44

 ,

B(ω) =
(
θ̄1(ω), q̄1(ω), θ̄2(ω), q̄2(ω)

)
, C =

(
Q̄1(0, ω), Q̄2(L, ω), b̄3(ω)b̄4(ω)

)
.

The last two equations in (11) are determined by the boundary conditions at the ends of the
segment x ∈ [0, L]. Their solution is equal to B = A−1 · C.

3.Algebraic equations for determining unknown boundary functions on a star
graph. Let’s return to the consideration of the Dirichlet problem for the heat equation on a
star graph.

Theorem 2. Resolving system equations of Dirichlet boundary value problem on a star
graph with N different segments has the form :

A(ω) ·B(ω) = C(ω), (13)

where

B(ω) =
(
θ̄11, q̄

1
1, θ̄

1
2, q̄

1
2, ..., ..., θ̄

N
1 , q̄

N
1 , θ̄

N
2 , q̄

N
2

)
,

C(ω) =
(
Q̄1

1(0, ω), Q̄
1
2(L, ω), ..., Q̄

N
1 (0, ω), Q̄

N
2 (L, ω), 0, 0, ..., 0, Ḡ(ω)

)
.

A =
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1 0 −cos(kL1) k−1sin(kL1) ... 0 0 0 0
−cos(kL1) k−1sin(kL1) 1 0 ... 0 0 0 0

... ... ... ... ... ... ... ... ...

... ... ... ... ... ... ... ... ...
0 0 0 0 ... 1 0 −cos(kL1) k−1sin(kL1)
0 0 0 0 ... −cos(kL1) k−1sin(kL1) 1 0
1 0 0 0 ..., 0, −1 0 0 0
1 ... ... ... ... ... ... ... ...
1 0 0 0 ... 0 0 0 0
1 0 0 0 ... 0 0 0 0
1 ... ... ... ... ... ... ... ...
1 ... ... ... ... ... ... ... ...
0 κ1 0 0 0 0 0 κN 0


Here the matrices have the following dimensions A(ω) = {amn(ω)}4N×4N , B(ω) =

{bmn(ω)}4N×1. In matrix A in line (2N + j) in column 1 stays 1, in column (4j + 1) must
stay the number 1, ..., 2N − 1.

The first two N rows of matrix A contain the obtained relations (11) for each segment (edge)
of this graph.

The graph has a total of N segments with one boundary condition at the end of the segment.
Consequently, we have N boundary conditions at the vertex of the graph. The next N rows
of matrix A contain the conditions of continuity (6) and Kirchhoff (7) for N segments whose
ends lie at the vertex of the graph A0. Finally, the last N lines contain the known temperature
boundary conditions (5) on N the ends of each segment Aj of the graph.
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Keywords: generalized functions, fundamental and generalized solution, Fourier transform, resolving boundary equa-
tions, thermal graph.

2010 Mathematics Subject Classification: 35Q79, 35K05, 35K20

References
[1] Novatsky V.S. Dynamic Problems of Thermoelasticity , M.: Mir, 1970, 256 p.
[2] Novatsky V.S. Generalized functions in mathematical physics , Moskow: Nauka (1978).
[3] Alexeyeva L.A., Dadayeva A.N., Ainakeyeva N.Zh Green tensor and regula solutions of equations of rods ther-

modynamics and their properties, Journal of theoretical and applied mechanics, 59:2 (2021), 227–228.

[4] Alexeyeva L.A. Distributions Method in Nonstationary Boundary Value Problems for Wave Equations, Mathe-

matical Journal, 6:1(19) (2006), 16–32.

Construction of high-order essentially non-oscillatory (ENO)
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Gulzana ASHIROVAa, Asel BEKETAEVA Altynshash NAIMANOVA

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

E-mail: aashirova@math.kz,

Currently, there are three types of high-order accuracy shock-capturing numerical schemes
used to solve hyperbolic systems that can effectively resolve complex flow features. These
schemes are: discontinuous Galerkin finite element methods (DG) [1-2] and discontinuous multi-
domain spectral methods [3]; finite-volume and spectral-volume methods (SV) [4-5]; weighted
essentially non-oscillatory (WENO) finite-difference methods [6-9] and multidomain spectral
finite-difference (SD) methods [3,10]. A comprehensive review and analysis of these schemes
has been presented in a research paper [7]. Although the DG and SV schemes have high-order
accuracy, they require a large number of neighboring cells and calculation of surface or volume
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integrals due to their stencil on structured grids. These weak points make their implementation
difficult, particularly for parallelization and solving industrial problems.

The finite-difference ENO scheme along with its variations [10] has several advantages over
the DG and SV schemes. They are simpler and have lower processing unit costs. As a result,
extensive attention has been paid to their development. However, these schemes have some
disadvantages. They can only be applied to smooth structured curvilinear meshes. Some ENO
and WENO schemes [11-12] have been developed for non-uniform meshes, but they are realized
by the SV method. Therefore, implementing these schemes on a computer can be expensive.
A finite-difference essentially non-oscillatory (ENO) shock-capturing scheme on a non-uniform
grid is proposed in this regard.

A one-dimensional initial-boundary value problem of a scalar constant-coefficient hyperbolic
system with imposed boundary and initial conditions is formulated. The exact solution of the
one-dimensional problem in a small-time strip is obtained through the cell averaging of nodal
values, which is approximated by a piecewise polynomial function on a non-uniform grid. The
piecewise polynomial function is constructed via Lagrange’s interpolation formula, considering
the sign of the eigenvalues of the equation on a non-uniform grid. One-dimensional scalar flux
approximations are then performed based on the constructed Lagrange interpolation formula.
The numerical flux is transformed via the reconstruction of the primitive function (RP) on a
non-uniform grid. Finally, a novel high-order ENO scheme on a non-uniform grid in the scalar
constant case is developed. For that, various ways of choosing the smoothest non-uniform
stencil among all candidates are included to provide the non-oscillatory behavior of a new
high-order accuracy scheme.

The method for constructing a new scheme on a non-uniform grid is based on the method-
ology proposed by the authors for a uniform grid. However, the direct transition of a scheme
with third-order accuracy on a uniform grid to a non-uniform grid revealed the loss of accuracy
to the first order. It’s crucial to point out that finite difference formulas typically lose one order
and even two orders of accuracy on non-uniform grids. In order to achieve a high-order accuracy
constructed scheme, it is necessary to take into account additional terms of high-order (second-
and third-order) derivatives considering the grid step nonuniformity from both the right and
left of the approximated point. Finite difference formulas obtained with Lagrange polynomials
on a non-uniform grid are used to determine these terms.

Funding: This research has been funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (≪Numerical simulation of two-way coupled solid particle laden high-speed mixing layer≫ Grant
No. AP19674992).
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On the non-local problems for Boussinesq type fractional equation
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Let H be a separabel Hilbert space and operator A : H → H be an arbitrary unbounded,
positive self-adjoint operator and we assume that A has a compact inverse operator A−1. Let
λk and {vk} be the eigenvalues and corresponding eigenfunctions of operator A, that is Avk =
λkvk, k = 1, 2, . . . .

Let us introduce the fractional integral Jσ
t and the Caputo derivative Dα

t of orders σ ∈ (0, 1)
and α ∈ (1, 2) of the vector-valued function h(t) ∈ H (see, for example [1])

Jσ
t h(t) =

1

Γ(σ)

t∫
0

h(ξ)

(t− ξ)1−σ
dξ, Dα

t h(t) = J2−α d
2

dt2
h(t), t > 0, (1)

provided the right-hand side exists. Here Γ(σ) is Euler’s gamma function.
Let 1 < α < 2. Consider the following fractional differential equation

Dα
t u(t) + ADα

t u(t) + ν2Au(t) = 0, 0 < t < T, (2)

with non-local conditions
u(0) = u(T ), (3)

and
T∫

0

u(t)dt = φ, (4)

where φ ∈ H a given vestor and ν > 0 fixed number.
Theorem. Let φ ∈ D(A). Then there is a unique solution of problem (2)-(4) and it has

the form:

u(t) =
∞∑
k=1

(
φkEα,2(−ν2kTα)Eα,1(−ν2ktα)

T (E2
α,2(−ν2kTα) + Eα,3(−ν2kTα)(1− Eα,1(−ν2kTα)))

+
φkt(1− Eα,1(−ν2kTα))Eα,2(−ν2ktα)

T 2(E2
α,2(−ν2kTα) + Eα,3(−ν2kTα)(1− Eα,1(−ν2kTα)))

)
vk, (5)

where νk = ν
√

λk

1+λk
and φk = (φ, vk) are the Fourier coefficients of function φ.

In the fundamental work [2], Alimov and Khalmukhamedov studied the following a non-local
problem in the cylinder Ω× (0, T ):

utt −∆utt − ν2∆u = 0, x ∈ Ω, 0 < t < T,

u(x, 0) = u(x, T ), x ∈ Ω,
T∫

0

u(x, t)dt = φ(x),

(6)
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here φ is a given function. The authors discovered an interesting effect: it turns out that the
well-posedness of this problem significantly depends on the length of the time interval and on
the parameter ν. So if νT

2π
∈ (0, 1), then the solution exists and is unique for all φ ∈ D(B)

(where B is extension of Laplace operator and D(B) is domain of operator B). Case νT
2π

≥ 1

is more complected: if νT
2π

> 1, and this number is not an natural, then for the existence of
a solution it is necessary to require that function φ be orthogonal to some eigenfunctions of
the Laplace operator, and in this case the solution is not unique. And if the number νT

2π
is an

natural, then only orthogonality is not enough; it is necessary that the function φ be smoother:
φ ∈ D(B2).

In this thesis, it was found that the solution for Boussinesq type fractional equation does
not depend on T and ν.
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Let Ω ⊂ RN be an arbitrary bounded domain, with sufficiently smooth boundary ∂Ω, and
ρ ∈ (0, 1), σ > 0. Consider the initial-boundary value problem for a space-time-fractional
diffusion equation 

Dρ
t u(x, t) + (−∆)σu(x, t) = 0, x ∈ Ω, 0 < t ≤ T,

u(x, t) = 0, x ∈ ∂Ω, 0 < t ≤ T,

u(x, 0) = φ(x), x ∈ Ω,

(1)

where ∆ is the Laplace operator, the fractional power of this operator is determined using the
von Neumann spectral theorem, φ(x) ∈ L2(Ω), D

ρ
t is the Caputo fractional derivative of order

0 < ρ < 1 is defined as formula (see, for example [1]):

Dρ
t h(t) =

1

Γ(1− ρ)

t∫
0

h′(ξ)

(t− ξ)ρ
dξ, t > 0,

provided the right-hand side exists. Here Γ(σ) is Euler’s gamma function.
Recall that the Mittag-Leffler function Eρ(t) is defined as follows (see, for example [2]):

Eρ(t) =
∞∑
k=0

tk

Γ(ρk + 1)
.

We consider both parameters ρ and σ unknown and study the inverse problem of determining
both parameters simultaneously. As additional conditions we take:
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|(u(t0), v1)| = d0. (3)

|(u(t1), v1)| = d1. (4)

To solve the two parameter inverse problem fix the numbers ρ0, ρ1 ∈ (0, 1) (ρ0 < ρ1) and
consider the problem for ρ ∈ [ρ0, ρ1] and σ > 0.

Theorem. Let λ1 be the first eigenvalue of operator A and φ ∈ L2(Ω). Then there are
numbers T1 = T1(λ1, ρ1) > 0 and c0 = c0(ρ1) > 0 such that for all t0 > T1 and t1 > T1 satisfying
condition t0 > c0t1, there is a unique solution {u(t), ρ, σ} of the inverse problem (1), (3), (4), if
and only if d0 and d1 satisfies the following inequalities:

e−λ1t0 ≤ d0
|φ1|

< Eρ0(−t
ρ0
0 ),

Eρ1(−λ1t
ρ1
1 ) ≤ d1

|φ1|
< Eρ0(−t

ρ0
1 ).

In 2013, Tatar and Ulusoy [3] considered a similar two parameter inverse problem in an one-
dimensional bounded domain (−1, 1) with ρ ∈ (0, 1) and σ ∈ (1/4, 1). The main result of the
work is the proof of the uniqueness of the solution of the inverse problem for the determination
of two parameters ρ and σ with an additional condition u(0, t) = h(t), 0 < t < T . When proving
the uniqueness theorem, the authors had to set the following rather stringent conditions on the
initial function:

φ ∈ C∞(−1, 1), φk > 0, for all k ≥ 1,

where φk are the Fourier coefficients of φ.

Later, in 2020, a similar two parameter inverse problem in an N -dimensional bounded
domain Ω with smooth boundary ∂Ω was studied by M. Yamamoto [4] with the same additional
condition and σ ∈ (0, 1). He proved a uniqueness theorem with a less stringent condition on
the initial function: φ is equal to zero on ∂Ω, φ ∈ Lτ

2(Ω), τ > N/2 and φ(x) ≥ 0 for all x ∈ Ω.
Here Lτ

2(Ω) denotes the classical Sobolev space.
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E-mail: aziamaras10@gmail.com,

A transverse jet in a supersonic main flow is a complex spatial flow that can arise when
controlling the thrust of a rocket engine using gas rudders and when injecting gaseous fuel into
a supersonic flow. Also, this type of flow can be used to control a high-speed aircraft, especially
under conditions of strong aerodynamic heating. Separation zones, turbulence, shock waves,
and rarefaction waves pose serious challenges to the study of flow physics. Therefore, correct
modeling of this flow is an important and unsolved problem in modeling turbulent high-speed
flows. Properly obtaining such flow characteristics requires improved turbulence models that
include both compressibility effects [1-2] and nonequilibrium turbulence effects [3].

A new modification of a non-equilibrium (generation/dissipation rate) effect in the two-
equation turbulence model is presented as applied to solving complex high-speed flows. For
that, the numerical simulations of the Favre averaged Navier-Stokes equations are carried out
for supersonic spatial multispecies gas flow by the corrections of non-equilibrium terms in
the k-ω turbulence model. For the specific dissipation rate equation, in the balance produc-
tion/dissipation terms, the two local compressibility coefficients Cω1 , Cω2 are included allowing
the specific dissipation rate to respond to the exchange of the local Mach number and non-
linearly density variations:

Here, the local coefficients Cω1 and Cω2 are:

∂(ρω)

∂t
+
∂(ρuω)

∂x
+
∂(ρvω)

∂y
+
∂(ρvω)

∂z
=

= Cω1(
γtρRe

µt

Pk −
2

3
γtρω

∂u

∂x
− 2

3
γtρω

∂v

∂y
− 2

3
γtρω

∂w

∂z
)−

−Cω2βρω
2 +

γtρRe

µt

G− ρRe

µt

∏
d

+
∂u

∂x
(
(µ+ σωµt)

Re

∂ω

∂x
)+

∂v

∂y
(
(µ+ σωµt)

Re

∂ω

∂y
) +

∂w

∂z
(
(µ+ σωµt)

Re

∂ω

∂z
)

Here, the local coefficients Cω1 and Cω2 are:
Cω1 = α1 + β1ρM,Cω2 =

1

(α2 + β2ρM)
, ifM > 1

Cω1 = α1 + β1ρ, Cω2 =
1

(α2 + β2ρ)
, ifM ≤ 1

with the additional terms ( αi, βi, i = 1, 2;M - local Mach number). To determine the model
constants experimental data of the supersonic turbulent crossflow of the [4] are used to find
the allowable range of these constants. These numerical experiments allow finding the final
model constants by matching the predictions to the measured data of the turbulent supersonic
crossflow [4]. The numerical results have shown that the coefficients satisfying the expression
α1 + γ · β1 ≤ 2.0, α2 + γ · β2 ≤ 2.0 and taking the following values α1 = 1.25, α2 = 1.15,
β1 = 0.85, β2 = 1.25 and taking the following values give better agreement with the experiment
on the depth of hydrogen penetration [4]. The proposed modification of a non-equilibrium effect
will contribute to understanding the formulation of the turbulence model, as well as gaining
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new knowledge in the high compressibility flow pattern. It is necessary to note that along with
the direct inclusion of density in production/dissipation terms in the two-equation turbulence
model, its nonlinear change (gradients) should be taken into account.

Funding: This research has been funded by the Science Committee of the Ministry of Science and Higher Education
of the Republic of Kazakhstan by grant No. BR20281002 “Fundamental research in mathematics and mathematical
modeling”.

Keywords: supersonic multispecies jet injection, k-ω turbulence model, non-equilibrium (generation/dissipation rate)
effect, shock wave, Essentially Non-Oscillatory (ENO) scheme.
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Solutions of the nonregular boundary value problems for the
parabolic equations

with the variable coefficients

G.I. BIZHANOVA

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

E-mail: galina math@mail.ru

We study the second boundary value problem and the problem with the time derivative in
the boundary condition for the parabolic equations with the variable coefficients and with the
incompatible initial and boundary data. These problems for the heat equation with constant
coefficients were considered in [1], [2]. There were found their singular solutions in the explicit
forms, which are appeared due to the incompatibility of the initial and boundary data.

We prove that the solutions of the considered problems are the sums of the singular and
regular functions, the singular solutions belong to the weighted Hölder spaces with the weight

t1/2eδ
2
0
x2

t , where δ20 is the definite value, x in the distant between the interior point of the domain
and boundary x = 0, and regular solutions belong to the classical Hölder space.

Funding: The author is supported by the grant AP14871251 of the Ministry of Science and Higher Education of the
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[1] Bizhanova G. I. Solution in the Hölder space of the boundary value problems for the parabolic equations wirh

incompatibility of the initial and boundary data, Contamporary Mathematics. Fundamental Directions, 36, (2010),
12–23.

[2] Bizhanova G. I., Shaimardanova M.N. Solution of the nonregular problem for the heat equation with the time

derivative in the boundary condition, Mathematical Journal, 16, (2016), 35–57.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024



Annual International April Mathematical Conference – 2024 205

Singular solution of the two phase problem
for the heat equations

with incompatible initial and boundary data

G.I. BIZHANOVA

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

E-mail: galina math@mail.ru

The nonlinear free boundary problem with an unknown boundary of Stefan type is reduced
after coordinate non degenerate mapping, substitution of the unknown functions and some
transformations to the linearized problem, on the base of its solving there is the solution of the
model conjugation two phase problem for the heat equations.

We consider this model problem. We apply the Laplace transform to obtain the solutions
of the axillary problems and with the help of these solutions we find the solution of the model
problem in the explicit form. The found solutions are singular in the vicinity of the boundary
and initial time and they are expressed via the repeated integrals of probability [1].
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Control problem for a pseudo-parabolic equation with Neumann
boundary condition
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Consider the pseudo-parabolic equation in the domain Ω = {(x, t) : 0 < x < l, t > 0}

∂u

∂t
=
∂3u(x, t)

∂x2∂t
+
∂2u(x, t)

∂x2
, (x, t) ∈ Ω, (1)

with boundary conditions

ux(0, t) = −µ(t), ux(l, t) = 0, t > 0, (2)

and initial condition
u(x, 0) = 0, 0 ≤ x ≤ l, (3)

where µ(t) — is a control function.
The equation (1) was called the pseudo-parabolic equation by “R.E. Showalter and T.W.

Ting” (see, [1]) from the following considerations: a) correctly posed initial boundary value
problems for a parabolic equation are also correctly posed for equation (1), b) in some cases, the
solution of the initial-boundary value problem can be obtained as the limit of the corresponding
solution of the problem for pseudo-parabolic equations.

Definition 1. If function µ(t) ∈ W 1
2 (R+) satisfies the conditions µ(0) = 0 and |µ(t)| ≤ 1,

we say that this function is an admissible control.
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Consider the function ρ(x) ∈ W 2
2 [0, l] satisfying the conditions

ρ′(x) ≤ 0, ρ′′(x) ≥ 0,
1

l

l∫
0

ρ(x) dx = 1.

Boundary Control Problem. For the given function θ(t) Problem A consists looking
for the admissible control µ(t) such that the solution u(x, t) of the initial-boundary problem
(1)-(3) exists and for all t ≥ 0 satisfies the equation

l∫
0

ρ(x)u(x, t) dx = θ(t). (4)

The tasks of impulse control, i.e. the case of delta-like distribution for systems with dis-
tributed parameters was the subject of study in works [2, 3]. More control problems for
parabolic type equation have been considered in works [4-6].

Denote by W (M) the set of function θ ∈ W 2
2 (−∞,+∞), θ(t) = 0 for t ≤ 0 which satisfies

the condition ∥θ∥W 2
2 (R+) ≤M .

Theorem 1. There exists M > 0 such that for any function θ ∈ W (M) the solution µ(t)
of the equation (5) exists, and satisfies condition

|µ(t)| ≤ 1.

Keywords: pseudo-parabolic equation, boundary problem, control function, Laplace transform.
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Finite-Time Synchronization for Fuzzy Shunting Inhibitory
Cellular Neural Networks
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Finite-time synchronization is a critical problem in the study of neural networks. The
primary objective of this paper is to design controllers for various models based on Fuzzy
Shunting Inhibitory Cellular Neural Networks (FSICNNs) and find out sufficient conditions for
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systems’ solutions to reach synchronization in finite time. In particular, we prove the existence
of finite-time synchronization for three basic FSICNN models that have not been studied before
and suggest both controllers and Lyapunov functions that would yield the feasible convergence
time between solutions. We explore models of delayed FSICNNs with and without inertial
terms and FSICNNs with diffusion and without delays. Using criteria derived by means of the
maximum-value approach, we give an upper bound to the time by which synchronization is
guaranteed to occur in the three FSICNNs models. These results are supported by computer
simulations showing the solutions’ behaviour for different initial conditions of FSICNNs.
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the Republic of Kazakhstan (Grant No. BR21882172) and in part by the Nazarbayev University, Kazakhstan under
Collaborative Research Program Grant No. 11022021CRP1509.

Keywords: Finite-time synchronization, cellular neural networks,nonlinear partial differential equations, feedback con-
trollers, Lyapunov function.
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Mathematical model of the temperature of electrical contacts
under the Kohler effect
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The problem that arose during the mathematical modeling of temperature changes in elec-
trical contacts, when the current flow through the contact spot is determined by the tunnel
effect (Kohler effect), is considered. The main feature in this case is the ”nonclassical” bound-
ary conditions in the contact plane. The mathematical formulation of the problem, [1], consists
of equations that determine the temperature Ti(r, z, t)

∂Ti
∂t

= a2
(
∂2Ti
∂r2

+
1

r

∂Ti
∂r

+
∂2Ti
∂z2

)
+ qi(r, z), (1)

(0 < r <∞, t > 0), i = 1− anode ,−∞ < z < 0; i = 2− cathode , 0 < z <∞;

With initial conditions Ti(r, z, 0) = 0 and boundary conditions:

∂Ti
∂r

∣∣∣∣
(r=0,r=∞)

= 0;
∂Ti
∂z

∣∣∣∣
(z=∞)

= 0; (2)

On the surface z = 0, the conditions for matching temperatures Ti(r,±0, t) and heat flows
are met

T1(r,−0, t)− T2(r,+0, t) = −k∂T2(r,+0, t)

∂z
(3)

λ1
∂T1
∂z

(r ≤ f,−0, t)− PC = λ2
∂T2
∂z

(r ≤ f,+0, t) + PA ≡ µ(r, t) (4a)

λ1
∂T1
∂z

(r > f,−0, t) = λ2
∂T2
∂z

(r > f,+0, t) ≡ µ(r, t) (4b)
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where: PC , PA are heat fluxes, in accordance with Kohler effect, λ1, λ2 are thermal conductivity
coefficients of the cathode and anode material, respectively. µ(r, t)-in general cases {λ1 ̸= λ2)
is an unknown function.

Thus, to determine the contacts temperature, it is necessary to solve equations (1) with
initial and boundary conditions (2), and conditions (3), (4a, 4b) describing the Kohler effect.
The solution to this problem, which reduces to a system of dual integral equations for µ(r, t),
was obtained using the Laplace, Fourier and Hankel integral transforms, [2]. Then, using
Tauberian theorems, asymptotic representations of the solution were obtained for t→ ∞.
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Surface at a constant distance from the edge of regression on a
transfer surface of type 1 in an isotropic space
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It is known that the transfer surface of Type 1 is given by the following equation:

r̄(u, v) = uī+ vj̄ + (f(u) + g(v))k̄, (1)

This surface is uniquely projected onto the Oxy plane. Transfer curves are α(u) = (u, 0, f(u))
and β(v) = (0, v, g(v)). Suppose that expression (1) is a vector equation of the surface F .

Definition.Let F and F h be two admissible surfaces in isotropic space. n̄P be an isotropic
unit normal vector at a point P of the surface F . Take a unit vector at a point P

m̄P = d1r̄u + d2r̄v + d3n̄P , (2)

where r̄u,r̄v are tangent vectors at P and d21 + d22 = 1 . If there is a function h defined by

h : F → F h, h(P ) = P + lm̄P , (3)

where l is constant, then the surface F h is called the surface at a constant distance from the
edge of regression on F . F and F h are shown by the pair (F, F h). If d1 = d2 = 0 ,then we have
m̄P = ln̄P and so F and F h are parallel surfaces.

In this paper, we will assume that d1 ̸= 0,d2 ̸= 0. Let r̄(u, v) be a parametrization of the
transfer surface F . In this case, {r̄u, r̄v} is non-isotropic orthonormal bases the surface F . Let
n̄P be a isotropic unit normal vector at a point P and d1, d2, d3 ∈ R be constant numbers. Then
we can write a vector equation of F h is

r̄h(u, v) = r̄(u, v) + lm̄(u, v), (4)

Thus we obtain
r̄h(u, v) = r̄(u, v) + l(d1r̄u + d2r̄v + d3n̄(0, 0, 1)). (5)

If we take ld1 = η,ld2 = µ, ld3 = γ where η2 + µ2 = l2. Thus we get

r̄h(u, v) = r̄(u, v) + ηr̄u + µr̄v + γn̄(0, 0, 1), (6)
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From this, surfaces at a constant distance from the edge of regression on a transfer surface of
Type 1 is given by the following formula:

r̄h(u, v) = (u+ η, v + µ, (f(u) + ηf ′(u)) + (g(v) + µg′(v)) + γ), (7)

M.E.Aydin classified transfer surfaces in the 3-dimensional isotropic space [1]. Surfaces at a
constant distance from the edge of regression on a transfer surface Type 1 satisfying ∆Jxhi =
λix

h
i is given in the work of M.K.Karacan, A.Cakmak, S.Kiziltug, H.Es.[2] Sh.Ismoilov solved

the problem of recovering of transfer surfaces for the given total curvature K(u, v) = φ(u)ψ(v)
.[3] In this paper, vector equation of the surfaces at a constant distance from the edge of
regression on a transfer surface Type 1 is found for the given total curvature for the case
K(u, v) = ρ(u)λ(v).

Theorem 1. If the surfaces at a constant distance from the edge of regression on a transfer
surface Type 1 is given by the vector equation (7) and the total curvature of this surface is
K(u, v) = ρ(u)λ(v), then we get the following:
r̄h(u, v) = (u+ η, v + µ, τ

∫
[
∫
ρ(u)du]du+ 1

τ

∫
[
∫
λ(v)dv]dv + η(C1u+ C2) + µ(C̃1v + C̃2) + γ)

where, τ, C1, C2, C̃1, C̃2− constant numbers.

Keywords:transfer surface,total curvature,surface at a constant distance from the edge of regression on a transfer surface.
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Initial-boundary value problem for a time-fractional wave equation
with the Prabhakar derivative on a star graph
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We consider a star graph Γ = V ∪E consisting of a finite set of vertices (nodes) V = {νk}jk=0

and a finite set of edges E = {Bk}jk=1 connecting these nodes.
Let us determine the coordinates xk on the each edge Bk of the graph using isometric mapping
of these edges onto the intervals (0, lk)such that 0 < lk < +∞, k = 1, 2, ..., j. One should
notice that the points of a metric graph Γ are not only its vertices but all intermediate points
xkon the edges as well. Thus, when we speak about functions on the graph Γ we consider them
as defined along the edges and vertices (rather than at the vertices only, as in discrete models).
Hence, we define a coordinate system on each edge Bkof the star graph by taking ν0 as the
origin and x ∈ (0, lk) as the coordinate.
We consider the following fractional differential equations involving regularized Prabhakar
derivative on the each edge of the above defined graph Γ:

PCDα,β,γ,δ
0t u(k)(x, t)− u(k)xx (x, t) = f (k)(x, t), (x, t) ∈ (Bk × (0, T )) , k = 1, j, (1)

where PCDα,β,γ,δ
0t (·) represents regularized Prabhakar fractional order derivative [1], α > 0,

1 < β < 2, γ, δ ∈ R, f (k)(x, t) are given functions.
Problem To find a solution of (1) in the domain Bk×(0, T ), satisfying the following conditions:
vertex conditions

u(1)(0, t) = u(2)(0, t) = ... = u(j)(0, t), t ∈ [0, T ], (2)
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u(1)x (0, t) + u(2)x (0, t) + ...+ u(j)x (0, t) = 0, t ∈ [0, T ], (3)

boundary conditions
u(k)(lk, t) = 0, t ∈ [0, T ], k = 1, j, (4)

and initial condition

u(k)(x, 0) = φ(k)(x), u
(k)
t (x, 0) = ψ(k)(x)x ∈ Bk, k = 1, j. (5)

φ(k)(x) and ψ(k)(x) are sufficiently smooth given functions and satisfy conditions (2)- (4).
The key tool for this investigation is a method of separation of variables for the equations (1)
(see [2]). Using properties of special functions, namely bi-variate Mitag-Leffler function E2(x, y)
[3], we prove the uniform convergence of the obtained Fourier series. The uniqueness of the
solution of the problem is proved using a priori estimation (see [4]).

Keywords: Prabhakar derivative, bi-variate Mittag-Leffler function, a priori estimate, star metric graph, Initial-
boundary value problem.
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Boundary value problem with a load in the form of a fractional
integral
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In a domain Q = {(x, t) : x > 0, t > 0} we consider a BVP

ut − uxx+ λIβ0xu(x, t)
∣∣∣
x=γ(t)

= f(x, t), (1)

u (x, 0) = 0, u (0, t) = 0, (2)

where λ is a complex parameter,

Iβ0xu(x, t) =
1

Γ(β)

∫ x

0

u(ξ, t)

(x− ξ)1−β
dξ

is a fractional Riemann-Liouville integral of an order β, 0 < β < 1,
γ(t) is a continuous increasing function, γ(0) = 0 or γ(t) is a positive const.

So we assume that the solution u(x, t) belongs to the class

u(x, t) ∈ L1 (x ≥ 0) , (3)

The right side of the BVP equation vanishes at t < 0 and belongs to the class

f(x, t) ∈ L∞ (A) ∩ C (B) , (4)
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where A = {(x, t) |x > 0, t ∈ [0, T ]}, B = {(x, t) |x > 0, t ≥ 0}, T − const > 0.
We also assume

f1 (x, t) =

∫ t

0

∫ ∞

0

G (x, ξ, t− τ) f (ξ, τ) dξdτ ∈ L1 (x ≥ 0) . (5)

These classes are determined from the natural requirement for the existence and convergence
of improper integrals arising in the study of the problem.

Lemma 1. Boundary value problem (1)–(2) is equivalently reduced to a Volterra integral
equation of the second kind.

The solution of problem (1)–(2) can be represented by formula [1]:

u(x, t) = −λ
∫ t

0

∫ ∞

0

G(x, ξ, t− τ)µ(τ)dξdτ + f1(x, t), (6)

where
µ(t) = Iβ0xu(x, t)

∣∣∣
x=γ(t)

, 0 < β < 1, (7)

and the function

f1(x, t) =

∫ t

0

∫ ∞

0

G(x, ξ, t− τ)f(ξ, τ)dξdτ

exists and is bounded by condition (4) and belongs to class (5). By assumption, func-
tions f1(x, t) and u(x, t) satisfy inclusions (3) and (5). Now we apply fractional integral operator
of an order β, 0 < β < 1 on representation (6) with respect to the variable x. Then we put
x = γ(t) [2]. On the left side, we get the function µ (t) according to formula (7).

After calculating the integral we get the integral equation

µ(t) + λ

∫ t

0

Kβ(t, τ)µ(τ)dτ = f2(t), (8)

where

Kβ(t, τ) =
(γ(t))β+1√

π(t− τ)Γ(β + 2)
2F2

(
1

2
, 1;

β + 2

2
,
β + 3

2
;− (γ(t))2

4(t− τ)

)
,

f2(t) = Iβ0xf1(x, t)
∣∣∣
x=γ(t)

,

2F2(a1, a2; b1, b2; z) is a convergent generalized hypergeometric series for all finite z.
Lemma 2. For BVP (1)–(2) there is continuity in the order β in the loaded term of

Eq. (1).
The lemma is proved by checking the limit cases of the fractional integral’s order in the

loaded term of Eq. (1).
Theorem. Let the conditions (4) and (5) be satisfied for the function f (x, t), the function

µ(t) ∈ C([0;T ]) is the solution of integral equation (8) with the right hand side f2(t) ∈ C([0;T ]).
Then BVP (1)–(2) has the only solution if γ(t) ∼ tω (near the point t = 0), ω > 0 and 0 < β < 1.

Keywords: fractional Riemann-Liouville integral, Volterra integral equation, solvability.
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Solution of a nonlocal boundary value problem for a nonlinear
third-order partial differential equation

A.M. MANATa, N.T. ORUMBAYEVAb
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This paper proposes an algorithm [1-3] for finding a solution to a nonlocal boundary value
problem for a nonlinear third-order partial differential equation. Conditions for the convergence
of the algorithms are established that simultaneously ensure the existence and isolation of a
solution to a nonlinear nonlocal boundary value problem.

∂3w

∂x2∂y
=
∂w

∂y
− α

∂2w

∂x2
+ β

∂w

∂x
+ w

∂w

∂x
, (x, y) ∈ Ω = [0, X]× [0, Y ], (1)

w(x, 0) = φ(x), x ∈ [0, X], (2)

w(0, y) = γ(y)w(X, y) + ψ(y), y ∈ [0, Y ], (3)

∂w(0, y)

∂x
= θ(y), y ∈ [0, Y ], (4)

here α, β-const, function φ(x) continuously differentiable on [0, X], functions ψ(y), θ(y), γ(y)
are continuously differentiable on [0, Y ], γ(y) ̸= 1.

Theorem 1. Let the following conditions be satisfied:
a) the function φ(x) is continuously differentiable on [0, X],
b) the functions γ(y), ψ(y), θ(y) are continuously differentiable on [0, Y ], γ(y) ̸= 1,

c) q = αY + X2Y γ
1−γ

+ X2γ
1−γ

+ X2

2
+ X2Y l2

2
+X2Y l2γ

1−γ
+ (l1 + β)XY < 1,

d) σ
1−q

γ
1−γ

XY 2 < r1,
qY σ
1−q

< r2,

where γ = max
y∈[0,Y ]

∥γ(y)∥, ψ = max
y∈[0,Y ]

∥ψ(y)∥, θ = max
y∈[0,Y ]

∥θ(y)∥, α, β − const

σ = θ′ + α max
x∈[0,X]

∥φ′(x)∥+ αθ +X

(
γ′

[1− γ]2

[
φ(X)− φ(0)

]
+

ψ′

[1− γ]2

)
+

+X max
x∈[0,X]

∥φ(x)∥ max
x∈[0,X]

∥φ′(x)∥+X

(
γ

1− γ
[φ(X)− φ(0)] +

ψ

1− γ

)
max
x∈[0,X]

∥φ′(x)∥+

+β

X∫
0

φ′(x)dx,

then the sequence of functions w(k)(x, y), k = 1, 2, ..., is contained in S(w(0)(x, y), r1 + r2)
converges to the unique solution w∗(x, y) of problem (1)-(4) in S(w(0)(x, y), r1+r2), r1, r2−const,
and the inequality

∥w∗(x, y)− w(k)(x, y)∥ ≤ γ

1− γ

X2Y 2

2

∞∑
i=k+1

qiσ + Y

∞∑
i=k

qiσ.
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Keywords: Benjamin-Bona-Mahony-Burgers equation, differential equations with partial derivatives, algorithm, ap-
proximate solution.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024



Annual International April Mathematical Conference – 2024 213

2010 Mathematics Subject Classification: Primary 39A10, 39A70; Secondary 47B39, 26D15

References
[1] Dzhumabayev D. S., Criteria for the unique solvability of a linear boundary-value problem for an or-

dinary differential equation, USSR Computational Mathematics and Mathematical Physics, 29:1 (1989), 34-46.
https://doi.org/10.1016/0041-5553(89)90038-4

[2] Asanova A. T., Dzhumabaev D. S., Well-posedness of nonlocal boundary value problems with integral condi-
tion for the system of hyperbolic equations, Journal of Mathematical Analysis and Applications, 402:1 (2013), 167-178.
https://doi.org/10.1016/j.jmaa.2013.01.012

[3] Manat A.M., Orumbayeva N.T., On one approximate solution of nonlocal boundary value problem for the

Benjamin-Bona-Mahony equation, Bulletin of the Karaganda University Mathematics Series, 2(110), (2023), 84-92.

http://dx.doi.org/10.31489/2023M2/84-92

Non-classical one-phase Stefan problem with heating effect of
current flow in gradient of temperature

Targyn NAURYZ

Kazakh-British Technical University, Almaty, Kazakhstan
Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

Nazarbayev University, Astana, Kazakhstan E-mail: targyn.nauryz@gmail.com,

This paper introduces a mathematical model designed to provide a thorough understand-
ing of the thermal phenomena occurring during the arc erosion of enclosed electrical contacts,
initiated by the sudden explosion of micro-asperities with The heating effect resulting from the
flow of electrical current in gradient of temperature. The phenomenon encompasses vaporiza-
tion and liquid zones, and the distribution of temperature describing with a generalized heat
equation with the heating influence arising from current flow in temperature gradients and the
effect of Joule heating.

The mathematical model of the liquid phase can be considered as

c(θ)γ(θ)
∂θ

∂t
=

1

zν
∂

∂z

[
λ(θ)zν

∂θ

∂z

]
+ σθρ(θ)

I(t)

πzν
∂θ

∂z
+ ρ(θ)

I2(t)

π2z2ν
, (1)

α(t) < z < β(t), 0 < t < ta, ν > 1,

θ(α(t), t) = θb, t > 0, (2)

θ(β(t), t) = θm, t > 0, (3)

P

α(t)
= −λ(θ(α(t), t))∂θ

∂z

∣∣∣∣
z=α(t)

+ Lbγb
dα

dt
, t > 0, (4)

−λ(θ(β(t), t))∂θ
∂z

∣∣∣∣
z=β(t)

= Lmγm
dβ

dt
, t > 0, (5)

θ(z, 0) = θm. (6)

Solution of the problem based on similarity transformation which allow us to reduce problem
to ordinary differential equation and integral equation of Volterra type. The aim of this work
to attempt to prove existence and uniqueness of the solution of the problem (1)-(6).
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free boundary arising in modeling of switching processes in electrical devices” and partially supported by SSH2023029
”Improved Hardy-type inequalities”.

Keywords: Stefan problem, nonlinear thermal coefficients, generalized heat equation, similarity transformation, fixed
point theorem.

2010 Mathematics Subject Classification: 80A22, 80A23, 35C11

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024



214 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2024

References
[1] Kharin S.N.Mathematical models of phenomena in electrical contacts, A.P.Ershov Institute of Informatics Systems

SB RAS, Novosibirsk (2017).

[2] Kharin S.N., Nauryz T.A. The two-phase Stefan problem for generalized heat equations, News of the national
academy of sciences of the republic of Kazakhstan, 2:330 (2020), 40–49.

[3] Bollari J., Briozzo A.C., Kharin S.N., Nauryz T.A. Mathematical model of thermal phenomena of closure electrical

contact with Joule heat source and nonlinear thermal coefficients, International Journal of Non-Linear Mechanics, 158

(2024), 104568

Well-posedness of the inverse problem for a time-fractional
integro-differential equation

A.A. RAHMONOV

Institute of Mathematics, Uzbekistan Academy of Science

E-mail: araxmonov@mail.ru

Let H be a separable Hilbert space and A : H → H be an arbitrary unbounded positive
selfadjoint operator in H and A−1 is a compact operator

In this work, we consider the time-fractional integro-differential diffusion equation:

∂αt u+ Au =

∫ t

0

k(t− s)u(s)ds+ f(t), t ∈ (0, T ), (1)

where T > 0 is a fixed final time, and α ∈ (0, 1) is fractional order of the time derivative. The
fractional derivative ∂αt denotes the Gerasimov–Caputo fractional, which is defined as:

(∂αt y)(t) =
1

Γ(1− α)

∫ t

0

(t− s)−αy′(s)ds, y ∈ W 1
1 (0, T ),

and Γ(·) is the Euler’s Gamma function.
Problem 1. Given k(t) and f(t), find a function u(t) such that u(t) : [0, T ] → H satisfies

the equation (1) and the final time condition

u(T ) = φ, (2)

where φ is a given element of H, f : [0, T ] → H is a known function.
Problem 2. Given α, f(t) and φ, determine a pair of functions u : [0, T ] → H and

k : (0, T ) → R+ satisfying the problem (1)-(2) and the additional condition

Φ[u(t)] = h(t), t ∈ [0, T ]; (3)

where h : [0, T ] → R is a given function, Φ : D(Φ) ⊂ H → R is a known linear bounded
functional, where D(Φ) = {u ∈ H : Au ∈ H}.

Throughout this work, we set 0 < ε < 1 and make the following assumptions.
(C1) φ ∈ D(Aε+1), f ∈ C([0, T ];D(Aε)) ∩ C1([0, T ];H);
(C2) h(T ) = Φ[φ], Φ[Au](0) = Φ[f ](0);
(C3) ∂αt h ∈ C1[0, T ] and ∂αt h(0) = 0 and satisfy the condition h(0) ̸= 0;
(C4) Φ :

{
λmΦ[em]

}
∈ l2(N), where l2(N) is the space of square summable sequences.

Theorem 1.5. Under hypotheses (C1)-(C4), there exists a unique solution (u, k) ∈ Y T
0 of

the inverse problem (1)-(3) for any T > 0.
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A diffusive competition model with nonlinear convection term and
free boundary

M. S. RASULOV1,a, M. T. UMIRKHONOV2,b

1Institute of Mathematics, Tashkent, Uzbekistan
2Tashkent State university of economics , Tashkent, Uzbekistan
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The spread of new or invasive species is a central topic of ecology, and significant research
has been devoted to better understanding the nature of such spread. Environmental problems
require the use of a whole hierarchy of models capable of describing not only different levels
of organization of systems, but also the interaction between these levels. However, significant
advances have been made in species invasion studies through frontal spread studies (see [1],
[2]).

In this article, we study a diffusive competitive system with free boundary:

ut − d1uxx +m1vxux = u (a1 − b1u− c1v) , 0 < t ≤ T, 0 < x < s(t),

vt − d2vxx +m2uxvx = v (a2 − b2u− c2v) , 0 < t ≤ T, 0 < x < l,

u (0, x) = u0 (x) , 0 ≤ x ≤ s (0) ≡ s0,

v (0, x) = v0 (x) , 0 ≤ x ≤ l,

ux (t, 0) = 0, 0 ≤ t ≤ T,

u (t, s (t)) = 0, 0 ≤ t ≤ T,

s′ (t) = −µux (t, s (t)) , 0 ≤ t ≤ T,

vx (t, 0) = 0, 0 ≤ t ≤ T,

vx (t, l) = 0, 0 ≤ t ≤ T,

where s (t) is a free boundary to be determined, s0, µ, di, mi, ai, bi, ci (i=1,2) are given positive
constants, and the initial functions u0(x) and v0(x) satisfies

u0 (x) ∈ C2 ([0, s0]) , 0 < u0 (x) ≤
a1
b1

in [0, s0) , u′0 (0) = u0 (s0) = 0,

v0 (x) ∈ C2 ([0, l]) , 0 < v0 (x) ≤
a2
c2

in (0, l) , u′0 (0) = 0.

Keywords: free boundary, reaction-diffusion system, parabolic equation, aprior bounds, existence and uniqueness.
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A multi-dimensional diffusion coefficient determination problem for
the time-fractional equation

Z.A. SUBHONOVA

V.I. Romanovsky Institute of Mathematics of the Academy of Sciences of the Republic of
Uzbekistan, Bukhara, Uzbekistan

E-mail: subhonovaziyoda5@gmail.com.

We consider the following n-dimensional anomalously diffusive equation with convolution
integral:

(
CDα

t u
)
(x, t)−△u(x, t) =

∫ t

0

k(x′, τ)u(x, t− τ)dτ + f(x, t), (x, t) ∈ (0, T ], (1)

the solution of which satisfies the initial conditions

u|t=0 = φ(x), ut|t=0 = ψ(x), x ∈ Rn, (2)

where 1 < α < 2, D(α)
t − Caputo fractional derivative , that is

(D(α)
t u

)
(x, t) := (I2−α

t )u(x, t) =
1

Γ(2− α)

∫ t

0

uττ (x, τ)

(t− τ)α−1
dτ

x′ = (x1, ..., xn−1). In (1) and (2) φ(x), ψ(x), f(x, t), k(x′, t) are given smooth functions.
We will study problem of finding the function u(x, t) ∈ DT : {(x, t) ∈ Rn × [0, T ]}.
We obtain the integral equation for solution to the problem (1)-(2)

u(x, t) = u0(x, t)−
∫ t

0

∫
Rn

Y (x− ξ, t− τ)

∫ τ

0

k(ξ
′
, ζ)u(ξ, τ − ζ)dζdξdτ, x′ ∈ Rn−1, (3)

where

u0(x, t) :=

∫
Rn

Z1(x− ξ, t)φ(ξ)dξ +

∫
Rn

Z2(x− ξ, t)ψ(ξ)dξ

+

∫ t

0

∫
Rn

Y (x− ξ, t− τ)f(ξ, τ)dξdτ. (4)

Where the triple {Z1(x, t), Z2(x, t), Y (x, t)} is the fundamental solution of the n-
dimensional diffusion-wave equation with Caputo fractional derivative in terms of the H-Fox
function:

Zj(x, t) =
tj−1

(π)
n
2 |x|n

H2,0
1,2

[
|x|2

4tα

∣∣∣(j,α)(n
2
,1),(1,1)

]
, j = 1, 2,

Y (x, t) =
1

(π)
n
2 |x|n

tα−1H2,0
1,2

[
|x|2

4tα

∣∣∣(α,α)(n
2
,1),(1,1)

]
. (5)

Lemma. If k(x′, t) ∈ C[0, T ], f(x, t) ∈ C(H l(R), [0, T ]), φ(x) ∈ H l(R), ψ(x) ∈ H l(R), l ∈
(0, 1), then there exists a unique solution of the problem (1)-(2) such that u(x, t) ∈ C2,α(DT ).
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Êâàçèìíîãîîáðàçèå SP(L6)
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Ìû äîêàçàëè, ÷òî êàòåãîðèÿ ïîëíûõ áèàëãåáðàè÷åñêèõ (0, 1)-ðåøåòîê, ïðèíàäëåæà-
ùèõ êâàçèìíîãîîáðàçèþ SP(L6), ïîðîæäåííàÿ êîíå÷íîé ðåøåòêîé L6 ñ ïîëíûìè (0, 1)-
ðåøåòî÷íûìè ãîìîìîðôèçìàìè, ðàññìàòðèâàåìàÿ êàê êîíêðåòíàÿ êàòåãîðèÿ, äóàëüíî ýê-
âèâàëåíòíà êàòåãîðèè òàê íàçûâàåìûõ L6-ïðîñòðàíñòâ ñ L6-ìîðôèçìàìè. Ðàíåå â [1] óñòà-
íîâëåíî, ÷òî êâàçèìíîãîîáðàçèå SP(L6) îáðàçóåò (êîíå÷íî áàçèðóåìîå) ìíîãîîáðàçèå. C
ïîìîùüþ ìåòîäà, ðàçâèòîãî â [2, 3],áûë íàéäåí íåêîòîðûé êîíå÷íûé ýêâàöèîíàëüíûé áà-
çèñ äëÿ SP(L6). Ñ ïîìîùüþ ýòîãî ýêâàöèîíàëüíîãî áàçèñà ìû äîêàçûâàåì, ÷òî êàòåãîðèè
L6 è B6 äóàëüíî ýêâèâàëåíòíû.

Íàøå äîêàçàòåëüñòâî îñíîâàíî íà ïîäõîäå, ïðåäëîæåííîì Â. Äçåáÿêîì â [2].

Funding: Ïåðâûé àâòîð ïîääåðæàí Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñïóáëèêè
Êàçàõñòàí (ãðàíò AP13268735).

Êëþ÷åâûå ñëîâà: Êâàçèìíîãîîáðàçèå, ýêâîöèîíàëüíûé áàçèñ, êàòåãîðèÿ, ôóíêòîð, äóàëüíàÿ ýêâèâàëåíòíîñòü.

2010 Mathematics Subject Classi�cation: 06B20, 08B05, 08C15

Ëèòåðàòóðà
[1] Basheyeva A. O., Schwidefsky M.V., Sultankulov K. D. On the quasivariety SP(L6). I. An equational basis½

Siberian Electronic Mathematical Reports, 19:2 (2022), 902�911.

[2] Dziobiak W., Schwidefsky M.V. Categorical dualities for some two categories of lattices: An extended abstract,

Bull. Sec. Logic, 51, no. 3 (2022), 329-344

Àëãåáðû áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ òåîðèé
ãîìîìîðôíûõ ïðîèçâåäåíèé ãðàôîâ

Äìèòðèé ÅÌÅËÜßÍÎÂ

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ

E-mail: dima-pavlyk@mail.ru

Ïðîäîëæàåòñÿ èçó÷åíèå àëãåáð áèíàðíûõ èçîëèðóþùèõ ôîðìóë [2] äëÿ ïðîèçâåäåíèé
ãðàôîâ.

Îïåðåäåëåíèå 1. Ãîìîìîðôíîå ïðîèçâåäåíèå ãðàôîâ [1] G1 = (V1, E1) è G2 = (V2, E2)
ñ ãîìîìîðôèçìîì f : V1 → V2 - ýòî ãðàô H = (VH , EH), ãäå:
ìíîæåñòâî âåðøèí VH = {(v, u) | v ∈ V1, u ∈ V2};
ìíîæåñòâî ðåáåð EH = EH

1 ∪ EH
2 , ãäå E

H
1 = {(v1, u1), (v2, u2)) | (v1, v2) ∈ E1, f(v1) = f(v2)},

EH
2 = {(v, u1), (v, u2)) | v ∈ V1, u1, u2 ∈ V2, f(v) = u1u2}.
Îïèñàíû àëãåáðû áèíàðíûõ èçîëèðóþùèõ ôîðìóë [2] äëÿ òåîðèé ãîìîìîðôíûõ ïðîèç-

âåäåíèé. Ðàññìîòðåíû óìíîæåíèÿ äëÿ ãðàôîâ ïðàâèëüíûõ ìíîãîðãàííèêîâ îò îòðåçêà äî
øåñòèóãîëüíèêà. Äëÿ íèõ ïîëó÷åíû òàáëèöû Êýëè ãîìîìîðôíûõ ïðîèçâåäåíèé. Â íåêî-
òîðûõ âàðèàöèÿõ ãîìîìðôèçìà èñõîäíûé ãðàô ìîæåò ñîäåðæàòü ñèìïëåêñ, òîãäà àëãåáðà
áóäåò èçìîðôíà àëãåáðå ñèìïëåêñîâ[3].

Òåîðåìà 1. Åñëè T � òåîðèÿ ãîìîìîðôíîãî ïðîèçâåäåíèÿ ãðàôîâ, M � àëãåáðà áè-
íàðíûõ èçîëèðóþùèõ ôîðìóë òåîðèè T ,òî àãåáðà M áóäåò èçîìîðôíà àëãåáðå H.

Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà, ïðîåêò � 24-21-00096.

Êëþ÷åâûå ñëîâà: ãîìîìîðôíûå ïðîèçâåäåíèÿ, ãðàôû, íàëãåáðà áèíàðíûõ èçîëèðóþùèõ ôîðìóë, òåîðèÿ ìîäå-
ëåé, ïðîèçâåäåíèå ãðàôîâ.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024
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[2] Ä. Þ. Åìåëüÿíîâ, Á. Êóëïåøîâ, Ñ. Â. Ñóäîïëàòîâ Àëãåáðû áèíàðíûõ ôîðìóë : ìîíîãðàôèÿ . - Íîâîñèáèðñê:

Èçä-âî ÍÃÒÓ, 2023. - 330 ñ. - ISBN 978-5-7782-5028-4. - DOI: 10.17212/978-5-7782-5028-4.

[3] Åìåëüÿíîâ Ä. Þ. Àëãåáðû ðàñïðåäåëåíèé áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ òåîðèé ñèìïëåêñîâ. Algebra
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Îá àêñèîìàòèçèðóåìîñòè íàñëåäñòâåííûõ êëàññîâ
ìîäåëåé êîíå÷íûõ è áåñêîíå÷íûõ ÿçûêîâ è ðàçðåøèìîñòè

èõ óíèâåðñàëüíûõ òåîðèé

À.Â. ÈËÜÅÂ

Èíñòèòóò ìàòåìàòèêè èì. Ñ.Ë. Ñîáîëåâà ÑÎ ÐÀÍ, ã. Îìñê, Ðîññèÿ

E-mail: artyom_iljev@mail.ru

Â ðàáîòå èçó÷àþòñÿ íàñëåäñòâåííûå êëàññû àëãåáðàè÷åñêèõ ñèñòåì ÿçûêà
L = Lfin ∪ L∞, ãäå Lfin = ⟨R1, R2, . . . , Rm,=⟩ è L∞ = ⟨Rm+1, Rm+2, . . .⟩, ïðè÷åì â L∞
÷èñëî ïðåäèêàòîâ êàæäîé ìåñòíîñòè êîíå÷íî, âñå ïðåäèêàòû óïîðÿäî÷åíû ïî âîçðàñ-
òàíèþ ñâîåé ìåñòíîñòè è îáëàäàþò ñâîéñòâîì íåïîâòîðåíèÿ ýëåìåíòîâ. Êëàññ L-ñèñòåì
íàçûâàåòñÿ íàñëåäñòâåííûì, åñëè îí çàìêíóò îòíîñèòåëüíî ïîäñèñòåì. Õàðàêòåðíûìè
ïðèìåðàìè òàêèõ êëàññîâ ÿâëÿþòñÿ íàñëåäñòâåííûå êëàññû ãèïåðãðàôîâ ñ ðåáðàìè
êîíå÷íîé ìîùíîñòè.

Ãèïåðãðàôîì íàçûâàåòñÿ ïàðà H = (V,EH), ãäå V � íåïóñòîå ìíîæåñòâî ýëåìåíòîâ, íà-
çûâàåìûõ âåðøèíàìè, a EH � íåêîòîðîå ñåìåéñòâî íåïóñòûõ íåóïîðÿäî÷åííûõ ïîäìíî-
æåñòâ ìíîæåñòâà V , íàçûâàåìûõ ðåáðàìè. Ãèïåðãðàô ñ ðåáðàìè êîíå÷íîé ìîùíîñòè �
ýòî àëãåáðàè÷åñêàÿ ñèñòåìà H = ⟨V,LH⟩, íîñèòåëü êîòîðîé V � íåïóñòîå ìíîæåñòâî âåð-
øèí, à ÿçûê LH = ⟨E1, E2, . . . ,=⟩ ñîñòîèò èç ñ÷åòíîãî ìíîæåñòâà ïðåäèêàòîâ, ìåñòíîñòü
êàæäîãî èç êîòîðûõ ñîâïàäàåò ñ åãî ïîðÿäêîâûì íîìåðîì, è ïðåäèêàòà ðàâåíñòâà; êàæ-
äûé ïðåäèêàò En(x1, . . . , xn) îçíà÷àåò, ÷òî ýëåìåíòû x1, . . . , xn ëåæàò â ðåáðå ãèïåðãðàôà
ìîùíîñòè n, ò. å. ïðåäèêàòû En(x1, . . . , xn) óäîâëåòâîðÿþò óñëîâèÿì íåóïîðÿäî÷åííîñòè è
íåïîâòîðåíèÿ ýëåìåíòîâ äëÿ âñåõ n ∈ N:

(H1) ∀x1 ... ∀xn [En(x1, ..., xn) →
∧
π

En(π(x1), ..., π(xn))], ãäå π � ëþáàÿ ïåðåñòàíîâêà

x1, ..., xn;
(H2) ∀x1 ...∀xn [En(x1, ..., xn) →

∧
p ̸=q

(xp ̸= xq)].

Ïîäãèïåðãðàôîì íàçûâàåòñÿ ãèïåðãðàô, ïîëó÷åííûé èç èñõîäíîãî ãèïåðãðàôà óäàëåíèåì
âåðøèí âìåñòå ñî âñåìè èíöèäåíòíûìè ðåáðàìè.

Àëãåáðàè÷åñêàÿ ñèñòåìà íàçûâàåòñÿ çàïðåùåííîé ïîäñèñòåìîé äëÿ íåêîòîðîãî êëàññà
L-ñèñòåì, åñëè îíà íå ñîäåðæèòñÿ â êà÷åñòâå ïîäñèñòåìû íè â êàêîé ìîäåëè ýòîãî êëàññà.
Ñëåäóþùèé êðèòåðèé àêñèîìàòèçèðóåìîñòè íåîáõîäèì äëÿ óêàçàíèÿ ñâÿçè ìåæäó íàñëåä-
ñòâåííûìè êëàññàìè ìîäåëåé ÿçûêà L è èõ çàïðåùåííûìè ïîäñèñòåìàìè.

Òåîðåìà 1. Íàñëåäñòâåííûé êëàññ L-ñèñòåì àêñèîìàòèçèðóåì òîãäà è òîëüêî òîãäà,
êîãäà îí ìîæåò áûòü îïðåäåëåí â òåðìèíàõ êîíå÷íûõ çàïðåùåííûõ ïîäñèñòåì. Èñïîëüçó-
åìàÿ ïðè ýòîì àêñèîìàòèêà ñîñòîèò òîëüêî èç óíèâåðñàëüíûõ ïðåäëîæåíèé.

Â ÷àñòíîñòè, íàñëåäñòâåííûé êëàññ ãèïåðãðàôîâ àêñèîìàòèçèðóåì òîãäà è òîëüêî òî-
ãäà, êîãäà îí ìîæåò áûòü îïðåäåëåí â òåðìèíàõ êîíå÷íûõ çàïðåùåííûõ ïîäãèïåðãðàôîâ.

Èññëåäîâàíèå ðàçðåøèìîñòè óíèâåðñàëüíûõ òåîðèé è ïîñòðîåíèå ñîîòâåòñòâóþùèõ àë-
ãîðèòìîâ ÿâëÿåòñÿ àêòóàëüíîé çàäà÷åé ïðè èçó÷åíèè ñâîéñòâ, ïðèñóùèõ âñåì àëãåáðàè-
÷åñêèì ñèñòåìàì ðàññìàòðèâàåìûõ êëàññîâ. Ñëåäóþùèé ðåçóëüòàò ÿâëÿåòñÿ îáîáùåíèåì
ðàííåå ïîëó÷åííûõ ðåçóëüòàòîâ î ãðàôàõ [1], ìàòðîèäàõ [2] è ãèïåðãðàôàõ.

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024
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Òåîðåìà 2. Óíèâåðñàëüíàÿ òåîðèÿ ïðîèçâîëüíîãî àêñèîìàòèçèðóåìîãî íàñëåäñòâåí-
íîãî êëàññà L-ñèñòåì, ìíîæåñòâî ìèíèìàëüíûõ çàïðåùåííûõ ïîäñèñòåì êîòîðîãî ðåêóð-
ñèâíî, ðàçðåøèìà.

Funding: Ðàáîòà âûïîëíåíà â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ ÈÌ ÑÎ ÐÀÍ (ïðîåêò FWNF-2022-0003).

Êëþ÷åâûå ñëîâà: àëãåáðàè÷åñêàÿ ñèñòåìà, íàñëåäñòâåííûé êëàññ, óíèâåðñàëüíàÿ òåîðèÿ, óíèâåðñàëüíàÿ àêñèî-
ìàòèçèðóåìîñòü, ðàçðåøèìîñòü.
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Ñâîéñòâà íåìóëüòèðàçìåííîñòè äëÿ êëàññà
ñåìàíòè÷åñêèõ ïàð

Ì.Ò. ÊÀÑÛÌÅÒÎÂÀ1,a, Ã.Å. ÆÓÌÀÁÅÊÎÂÀ2,b

1Êàðàãàíäèíñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Å.À. Áóêåòîâà, Êàðàãàíäà, Êàçàõñòàí
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Ðàññìîòðèì íàñëåäñòâåííóþ ñîâåðøåííóþ éîíñîíîâñêóþ òåîðèþ T â äîïóñòèìîì îáî-
ãàùåíèè ⊙ èç [1], êîòîðàÿ J-λ-ñòàáèëüíàÿ [2], è ïîíÿòèå ¾òèï p íå ôîðêóåòñÿ íàä A¿ â
ñìûñëå òåîðåìû 8 [3]. Ïóñòü p öåíòðàëüíûé òèï èç îáîãàùåíèÿ ⊙ [1], A � éîíñîíîâñêîå
ïîäìíîæåñòâî C [2]. Òîãäà p J-ñòàöèîíàðåí íàä A, åñëè:

1) p íå îòâåòâëÿåòñÿ íàä A;
2) p èìååò åäèíñòâåííîå íåïðîòèâîðå÷èâîå ðàñøèðåíèå, íå îòâåòâëÿþùååñÿ íàä A.
Åñëè p(x̄1), q(x̄2) � ïîëíûå ∃-òèïû íàä A, òî p íàçûâàåòñÿ J-ñëàáî îðòîãîíàëüíûì ê q

òîãäà è òîëüêî òîãäà, êîãäà p(x̄1) ∪ q(x̄2) ÿâëÿåòñÿ ∃-ïîëíûì òèïîì (íàä A).
Ïóñòü p1 è p2 � ∃-ïîëíûå è J-ñòàöèîíàðíûå òèïû, òîãäà p1 J-îðòîãîíàëåí p2, åñëè äëÿ

ëþáîãî A èìååò ìåñòî Domp1 ∪ Domp2 ⊆ A, è q1 ñëàáî J-îðòîãîíàëåí q2, ãäå q1 è q2 �
ëþáûå J-íåîòâåòâëÿþùèåñÿ ðàñøèðåíèÿ p1 è p2 íàä A.

∃-ïîëíûé òèï p íàçûâàåòñÿ J-ìóëüòèðàçìåðíîñòíûì, åñëè p îðòîãîíàëåí ëþáîìó
ïîëíîìó ∃-òèïó íàä A. Åñëè â T íå ñóùåñòâóåò J-ìóëüòèðàçìåðíîñòíûé òèï, òî T
íàçûâàåòñÿ J-íåìóëüòèðàçìåðíîñòíîé òåîðèåé. Åñëè êàæäàÿ òåîðèÿ êëàññà áóäåò J-
íåìóëüòèðàçìåðíîñòíîé, òîãäà êëàññ íàçûâàåòñÿ J-íåìóëüòèðàçìåðíîñòíûì.

Òåîðåìà. Ïóñòü K = {(C,M)|M ⪯∃1 C, (C,M) − ñåìàíòè÷åñêàÿ ïàðà}, JSp(K) =
{∆|∆−éîíñîíîâñêàÿ òåîðèÿ,∆ = Th∀∃(C,M), ãäå (C,M) ∈ K}, [∆] ∈ JSp(K)/▷◁. Ïóñòü [∆]

� ∃-ïîëíûé è J-λ-ñòàáèëüíûé éîíñîíîâñêèé êëàññ, [∆]− [∆] â îáîãàùåíèè ⊙, [∆]
∗
� öåíòð

òåîðèè [∆] [1]. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû: 1) [∆]
∗
� íåìóëüòèðàçìåðíîñòíûé

(â êëàññè÷åñêîì ñìûñëå [4]); 2) [∆] � J-íåìóëüòèðàçìåðíîñòíûé.

Êëþ÷åâûå ñëîâà: íàñëåäñòâåííàÿ òåîðèÿ, äîïóñòèìîå îáîãàùåíèå, éîíñîíîâñêîå ïîäìíîæåñòâî, J-
îðòîãîíàëüíûé òèï, J- íåìóëüòèðàçìåðíîñòíàÿ òåîðèÿ, J- íåìóëüòèðàçìåðíîñòíûé êëàññ.
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Êîíñòàíòíûì ðàñøèðåíèåì (èëè êîíñòàíòíûì îáîãàùåíèåì, èëè íåñóùåñòâåííûì ðàñ-
øèðåíèåì) ïîëíîé ñ÷åòíîé òåîðèè T ÿçûêà L íàçûâàåòñÿ ïîëíàÿ òåîðèÿ T ∗ ⊇ T ÿçûêà L∗,
ïîëó÷åííîãî äîáàâëåíèåì ê L êîíå÷íîãî ÷èñëà íîâûõ êîíñòàíòíûõ ñèìâîëîâ.

À.Ä. Òàéìàíîâ ñòàâèë âîïðîñ î ñóùåñòâîâàíèè ïîëíîé ñ÷åòíîé òåîðèè, èìåþùåé êîí-
òèíóóì ñ÷åòíûõ ìîäåëåé, íåêîòîðîå êîíñòàíòíîå ðàñøèðåíèå êîòîðîé èìååò êîíå÷íîå èëè
ñ÷åòíîå ÷èñëî ñ÷åòíûõ ìîäåëåé.

Â ðàáîòå [1] äîêàçàíî, ÷òî ñóùåñòâóþò ïîëíàÿ ñ÷åòíàÿ òåîðèÿ, èìåþùàÿ êîíå÷íîå ÷èñ-
ëî ñ÷åòíûõ ìîäåëåé, è ïîëíàÿ ñ÷åòíàÿ òåîðèÿ, èìåþùàÿ ñ÷åòíîå ÷èñëî ñ÷åòíûõ ìîäåëåé,
íåêîòîðûå êîíñòàíòíûå ðàñøèðåíèÿ êîòîðûõ èìåþò ìåíüøåå ÷èñëî ñ÷åòíûõ ìîäåëåé. Â
ðàáîòå [1] òàêæå åñòü òåîðåìà, óòâåðæäàþùàÿ ïîëîæèòåëüíûé îòâåò íà âîïðîñ À.Ä. Òàé-
ìàíîâà.

Íî â ðàáîòå [2] íà îñíîâå äåòàëüíîãî àíàëèçà ðàáîòû [1] ñäåëàí âûâîä, ÷òî âîïðîñ
À.Ä. Òàéìàíîâà îñòàåòñÿ îòêðûòûì.

Íàìè äîêàçàíû ñëåäóþùèå òåîðåìû, äàþùèå îòâåò íà âîïðîñ À.Ä. Òàéìàíîâà.

Òåîðåìà 1. Ñóùåñòâóåò ïîëíàÿ ñ÷åòíàÿ òåîðèÿ, èìåþùàÿ êîíòèíóóì ñ÷åòíûõ ìîäå-
ëåé, íåêîòîðîå êîíñòàíòíîå ðàñøèðåíèå êîòîðîé èìååò ñ÷åòíîå ÷èñëî ñ÷åòíûõ ìîäåëåé.

Òåîðåìà 2. Äëÿ ëþáîãî íàòóðàëüíîãî ÷èñëà n ≥ 3 ñóùåñòâóåò ïîëíàÿ ñ÷åòíàÿ òåîðèÿ,
èìåþùàÿ êîíòèíóóì ñ÷åòíûõ ìîäåëåé, íåêîòîðîå êîíñòàíòíîå ðàñøèðåíèå êîòîðîé èìååò
n ñ÷åòíûõ ìîäåëåé.

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì BR20281002 ÊÍ ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: ïîëíàÿ ñ÷åòíàÿ òåîðèÿ, êîíñòàíòíîå ðàñøèðåíèå, ÷èñëî ñ÷åòíûõ ìîäåëåé.
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Äàííûé äîêëàä êàñàåòñÿ ïîíÿòèÿ ñëàáîé öèêëè÷åñêîé ìèíèìàëüíîñòè, ïåðâîíà÷àëüíî
èçó÷åííîãî â [1]. Ïóñòü A ⊆ M , ãäå M � öèêëè÷åñêè óïîðÿäî÷åííàÿ ñòðóêòóðà. Ìíîæå-
ñòâî A íàçûâàåòñÿ âûïóêëûì, åñëè äëÿ ëþáûõ a, b ∈ A âûïîëíÿåòñÿ ñëåäóþùåå ñâîéñòâî:
äëÿ ëþáîãî c ∈M ñ óñëîâèåìK(a, c, b) èìååò ìåñòî c ∈ A èëè äëÿ ëþáîãî c ∈M ñ óñëîâèåì
K(b, c, a) ñïðàâåäëèâî c ∈ A. Ñëàáî öèêëè÷åñêè ìèíèìàëüíàÿ ñòðóêòóðà åñòü öèêëè÷åñêè
óïîðÿäî÷åííàÿ ñòðóêòóðà M = ⟨M,K, . . .⟩ òàêàÿ, ÷òî ëþáîå îïðåäåëèìîå (ñ ïàðàìåòðàìè)
ïîäìíîæåñòâî ñòðóêòóðûM ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ
â M .
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Ïóñòü M � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî öèêëè÷åñêè ìèíèìàëüíàÿ ñòðóêòóðà, G :=
Aut(M). Ñëåäóÿ ñòàíäàðòíîé òåîðåòèêî-ãðóïïîâîé òåðìèíîëîãèè, ãðóïïà G íàçûâàåòñÿ
k-òðàíçèòèâíîé, åñëè äëÿ ëþáûõ ïîïàðíî ðàçëè÷íûõ a1, a2, . . . , ak ∈M è ïîïàðíî ðàçëè÷-
íûõ b1, b2, . . . , bk ∈M ñóùåñòâóåò g ∈ G, äëÿ êîòîðîãî g(a1) = b1, g(a2) = b2, . . . , g(ak) = bk.
Êîíãðóýíöèåé íà M íàçûâàåòñÿ ëþáîå G-èíâàðèàíòíîå îòíîøåíèå ýêâèâàëåíòíîñòè íà
M. Ãðóïïà G íàçûâàåòñÿ ïðèìèòèâíîé, åñëè G ÿâëÿåòñÿ 1-òðàíçèòèâíîé è íå ñóùåñòâóåò
íåòðèâèàëüíûõ ñîáñòâåííûõ êîíãðóýíöèé íà M.

Àëãåáðû áèíàðíûõ ôîðìóë ÿâëÿþòñÿ èíñòðóìåíòîì äëÿ èññëåäîâàíèÿ ñâÿçåé ìåæäó
ýëåìåíòàìè ìíîæåñòâ ðåàëèçàöèé òèïîâ íà áèíàðíîì óðîâíå îòíîñèòåëüíî ñóïåðïîçèöèè
áèíàðíûõ îïðåäåëèìûõ ìíîæåñòâ. Ìû áóäåì ðàññìàòðèâàòü àëãåáðû áèíàðíûõ èçîëèðó-
þùèõ ôîðìóë, ïåðâîíà÷àëüíî èçó÷åííûå â ðàáîòàõ [3, 4], ãäå ïîä áèíàðíîé èçîëèðóþùåé
ôîðìóëîé ïîíèìàåòñÿ ôîðìóëà âèäà φ(x, y), íå èìåþùàÿ ïàðàìåòðîâ è òàêàÿ, ÷òî äëÿ
íåêîòîðîãî ïàðàìåòðà a ôîðìóëà φ(a, y) èçîëèðóåò íåêîòîðûé ïîëíûé òèï èç S1({a}). Â
ïîñëåäíèå ãîäû àëãåáðû áèíàðíûõ ôîðìóë èçó÷àþòñÿ èíòåíñèâíî è ïîëó÷èëè ñâîå ïðî-
äîëæåíèå â ðàáîòàõ [5]�[9].

Â íàñòîÿùåì äîêëàäå ìû îáñóæäàåì àëãåáðû áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ
ñ÷åòíî êàòåãîðè÷íûõ ñëàáî öèêëè÷åñêè ìèíèìàëüíûõ òåîðèé ðàíãà âûïóêëîñòè, áîëü-
øåãî 1, èìåþùèõ 1-òðàíçèòèâíóþ íåïðèìèòèâíóþ ãðóïïó àâòîìîðôèçìîâ è òðèâèàëüíîå
îïðåäåëèìîå çàìûêàíèå.

Ñëåäóþùàÿ òåîðåìà ïîëíîñòüþ õàðàêòåðèçóåò ñ÷åòíî êàòåãîðè÷íûå 1-òðàíçèòèâíûå
íåïðèìèòèâíûå ñëàáî öèêëè÷åñêè ìèíèìàëüíûå ñòðóêòóðû ðàíãà âûïóêëîñòè, áîëüøåãî
1, ñ òî÷íîñòüþ äî áèíàðíîñòè äëÿ ñëó÷àÿ, êîãäà èìåþòñÿ òîëüêî îòíîøåíèÿ ýêâèâàëåíò-
íîñòè:

Òåîðåìà. [2] Ïóñòü M � ñ÷åòíî êàòåãîðè÷íàÿ 1-òðàíçèòèâíàÿ íåïðèìèòèâíàÿ ñëàáî
öèêëè÷åñêè ìèíèìàëüíàÿ ñòðóêòóðà ðàíãà âûïóêëîñòè, áîëüøåãî 1, òîëüêî ñ îòíîøåíèÿ-
ìè ýêâèâàëåíòíîñòè è dcl(a) = {a} äëÿ íåêîòîðîãî a ∈ M . Òîãäà M èçîìîðôíà ñ òî÷íî-
ñòüþ äî áèíàðíîñòè ñòðóêòóðå Ms,m := ⟨M,K3, E2

1 , E
2
2 , . . . , E

2
s , E

2
s+1⟩, ãäå M � öèêëè÷åñêè

óïîðÿäî÷åííàÿ ñòðóêòóðà, M ïëîòíî óïîðÿäî÷åíî, s,m ≥ 1; Es+1 � îòíîøåíèå ýêâèâà-
ëåíòíîñòè, ðàçáèâàþùåå M íà m áåñêîíå÷íûõ âûïóêëûõ êëàññîâ áåç êîíöåâûõ òî÷åê; Ei

äëÿ êàæäîãî 1 ≤ i ≤ s åñòü îòíîøåíèå ýêâèâàëåíòíîñòè, ðàçáèâàþùåå êàæäûé Ei+1-êëàññ
íà áåñêîíå÷íîå ÷èñëî áåñêîíå÷íûõ âûïóêëûõ Ei-ïîäêëàññîâ áåç êîíöåâûõ òî÷åê, òàê ÷òî
èíäóöèðîâàííûé ïîðÿäîê íà Ei-ïîäêëàññàõ ÿâëÿåòñÿ ïëîòíûì áåç êîíöåâûõ òî÷åê.

Íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà. Àëãåáðà PMs,m áèíàðíûõ èçîëèðóþùèõ ôîðìóë èìååò 2s + m + 2 ìåòîê,

ÿâëÿåòñÿ êîììóòàòèâíîé è ñòðîãî (2s + 3)-äåòåðìèíèðîâàííîé äëÿ ëþáûõ íàòóðàëüíûõ
÷èñåë s,m ≥ 1.

Funding: Äàííîå èññëåäîâàíèå ïîääåðæàíî Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñ-
ïóáëèêè Êàçàõñòàí (Ãðàíò AP19674850).
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Íàñòîÿùèé äîêëàä êàñàåòñÿ ïîíÿòèÿ ñëàáîé î-ìèíèìàëüíîñòè, ïåðâîíà÷àëüíî èññëå-
äîâàííîãî Ä. Ìàêôåðñîíîì, Ä. Ìàðêåðîì è ×. Ñòåéíõîðíîì â [1]. Ñëàáî î-ìèíèìàëüíîé
ñòðóêòóðîé íàçûâàåòñÿ ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà M = ⟨M,=, <, . . .⟩ òàêàÿ, ÷òî
ëþáîå îïðåäåëèìîå (ñ ïàðàìåòðàìè) ïîäìíîæåñòâî ñòðóêòóðû M ÿâëÿåòñÿ îáúåäèíåíèåì
êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ â M .

Ïóñòü T � ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ, M |= T , A ⊆ M , p, q ∈ S1(A) � íåàëãåáðàè-
÷åñêèå òèïû. Ìû ãîâîðèì, ÷òî òèï p ÿâëÿåòñÿ íå ñëàáî îðòîãîíàëüíûì òèïó q (p ̸⊥w q),
åñëè ñóùåñòâóþò LA-ôîðìóëà H(x, y), α ∈ p(M) è β1, β2 ∈ q(M) òàêèå, ÷òî β1 ∈ H(M,α)
è β2 ̸∈ H(M,α).

Âïîëíå î-ìèíèìàëüíûå òåîðèè áûëè ââåäåíû â [2]. Ìû ãîâîðèì, ÷òî òèï p ÿâëÿåò-
ñÿ âïîëíå îðòîãîíàëüíûì òèïó q (p ⊥q q), åñëè íå ñóùåñòâóåò A�îïðåäåëèìîé áèåêöèè
f : p(M) → q(M). Ìû ãîâîðèì, ÷òî ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ ÿâëÿåòñÿ âïîëíå î-ìè-
íèìàëüíîé, åñëè ïîíÿòèÿ ñëàáîé è âïîëíå îðòîãîíàëüíîñòè ñîâïàäàþò äëÿ 1-òèïîâ íàä
ïðîèçâîëüíûìè ïîäìíîæåñòâàìè ìîäåëåé äàííîé òåîðèè.

Ïðèìåð. [1] Ïóñòü M = ⟨M ;<,P 1
1 , P

1
2 , f

1⟩ � ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà òàêàÿ,
÷òî M åñòü íåïåðåñåêàþùååñÿ îáúåäèíåíèå èíòåðïðåòàöèé óíàðíûõ ïðåäèêàòîâ P1 è P2,
ïðè ýòîì P1(M) < P2(M). Ìû îòîæäåñòâëÿåì èíòåðïðåòàöèþ P2 ñ ìíîæåñòâîì ðàöèî-
íàëüíûõ ÷èñåë Q, óïîðÿäî÷åííîì êàê îáû÷íî, à P1 ñ Q × Q, óïîðÿäî÷åííîì ëåêñèêîãðà-
ôè÷åñêè. Ñèìâîë f èíòåðïðåòèðóåòñÿ ÷àñòè÷íîé óíàðíîé ôóíêöèåé ñ Dom(f) = P1(M) è
Range(f) = P2(M) îïðåäåëÿåòñÿ ðàâåíñòâîì f((n,m)) = n äëÿ âñåõ (n,m) ∈ Q×Q.

Ìîæåò áûòü äîêàçàíî, ÷òî Th(M) � ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ. Ïóñòü p(x) := {P1},
q(x) := {P2}. Î÷åâèäíî ÷òî p, q ∈ S1(∅), p ̸⊥w q, íî p ⊥q q, ò.å. Th(M) íå ÿâëÿåòñÿ âïîëíå
î-ìèíèìàëüíîé.

Íåñóùåñòâåííûì îáîãàùåíèåì (ðàñøèðåíèåì) òåîðèè T ÿçûêà L íàçûâàåòñÿ ïîëíîå
ðàñøèðåíèå T1 òåîðèè T â ÿçûêå L1 = L ∪ {c1, c2, . . . , cn}, ãäå c1, c2, . . . , cn � íîâûå êîí-
ñòàíòíûå ñèìâîëû.

Ñâîéñòâà íåñóùåñòâåííûõ îáîãàùåíèé òåîðèé ñ êîíå÷íûì ÷èñëîì ñ÷åòíûõ ìîäåëåé
èçó÷àëè Ì. Áåíäà [3], Ð. Âóäðîó [4], Ì.Ã. Ïåðåòÿòüêèí [5], Á.È. Îìàðîâ [6]. Ð. Âóäðîó
ïîñòðîèë ïðèìåð òåîðèè, èìåþùåé ÷åòûðå ñ÷åòíûå ìîäåëè, íåñóùåñòâåííîå îáîãàùåíèå
êîòîðîé èìååò áåñêîíå÷íîå ÷èñëî ñ÷åòíûõ ìîäåëåé. Ì.Ã. Ïåðåòÿòüêèí ïîñòðîèë ïðèìåð
òåîðèè, èìåþùåé òðè ñ÷åòíûå ìîäåëè, íåñóùåñòâåííîå îáîãàùåíèå êîòîðîé èìååò áåñ-
êîíå÷íîå ÷èñëî ñ÷åòíûõ ìîäåëåé. Á.È. Îìàðîâ ïîñòðîèë ïðèìåð ýðåíôîéõòîâîé òåîðèè,

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024
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èìåþùåé íåñóùåñòâåííîå îáîãàùåíèå ñ ìåíüøèì ÷èñëîì ñ÷åòíûõ ìîäåëåé. Íåäàâíî â [7]
áûëî óñòàíîâëåíî, ÷òî ëþáîå íåñóùåñòâåííîå îáîãàùåíèå î-ìèíèìàëüíîé ýðåíôîéõòîâîé
òåîðèè ñîõðàíÿåò ýðåíôîéõòîâîñòü è åå ñ÷åòíûé ñïåêòð íå óìåíüøàåòñÿ.

Òåîðåìà. Ïóñòü T � âïîëíå î-ìèíèìàëüíàÿ ýðåíôîéõòîâà òåîðèÿ,M � ñ÷åòíàÿ íàñû-
ùåííàÿ ìîäåëü òåîðèè T . Òîãäà äëÿ êàæäîãî n < ω è ëþáîãî ā = ⟨a1, . . . , an⟩ ∈M òåîðèÿ
T1 = Th(⟨M, ā⟩) òàêæå ÿâëÿåòñÿ âïîëíå î-ìèíèìàëüíîé è ýðåíôîéõòîâîé. Áîëåå òîãî: (1)
åñëè êàæäûé ai ÿâëÿåòñÿ ðåàëèçàöèåé èçîëèðîâàííîãî èëè êâàçèðàöèîíàëüíîãî 1-òèïà
íàä ∅, òî I(T1, ω) = I(T, ω); (2) åñëè ñóùåñòâóþò 1 ≤ s ≤ n è 1 ≤ i1 < i2 < . . . < is ≤ n,
òàêèå ÷òî ait ÿâëÿåòñÿ ðåàëèçàöèåé èððàöèîíàëüíîãî 1-òèïà pit íàä ∅ äëÿ êàæäîãî
1 ≤ t ≤ s, à îñòàëüíûå aw (ò.å. w ̸= it äëÿ êàæäîãî 1 ≤ t ≤ s) ÿâëÿþòñÿ ðåàëèçàöèÿ-
ìè èçîëèðîâàííûõ èëè êâàçèðàöèîíàëüíûõ 1-òèïîâ íàä ∅, òî I(T1, ω) = 6mT−l3kT+2l, ãäå
l = dim{pi1 , pi2 , . . . , pis}, I(T, ω) = 6mT 3kT .

Funding: Äàííîå èññëåäîâàíèå ïîääåðæàíî Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñ-
ïóáëèêè Êàçàõñòàí (Ãðàíò BR20281002), à òàêæå âûïîëíåíî â ðàìêàõ ãîñóäàðñòâåííîãî çàäàíèÿ Èíñòèòóòà ìàòå-
ìàòèêè èì. Ñ.Ë. Ñîáîëåâà, ïðîåêò � FWNF-2022-0012..

Êëþ÷åâûå ñëîâà: ñëàáàÿ î-ìèíèìàëüíîñòü, âïîëíå î-ìèíèìàëüíîñòü, ðàíã âûïóêëîñòè, ýðåíôîéõòîâà òåîðèÿ,
íåñóùåñòâåííîå îáîãàùåíèå òåîðèè.
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Î âèäàõ ïðåäãåîìåòðèé êîìïîçèöèé êóáè÷åñêèõ è
àöèêëè÷åñêèõ ñòðóêòóð

Ñåðãåé Áîðèñîâè÷ ÌÀËÛØÅÂ

Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ

E-mail: sergei2-mal1@yandex.ru

Ïðèâîäèòñÿ îïèñàíèå âèäîâ ïðåäãåîìåòðèé [1] ñ àëãåáðàè÷åñêèì îïåðàòîðîì çàìûêà-
íèÿ äëÿ êîìïîçèöèé M[N ] [2] êóáè÷åñêîé M è àöèêëè÷åñêîé N ñòðóêòóðû.

Îïðåäåëåíèå. Ïðåäãåîìåòðèåé íàçûâàåòñÿ ìíîæåñòâî S âìåñòå ñ îïðåäåë¼ííîé îïå-
ðàöèåé çàìûêàíèÿ cl : P (S) → P (S), óäîâëåòâîðÿþùåé ñëåäóþùèì óñëîâèÿì:
1) äëÿ ëþáîãî X ⊆ S âûïîëíÿåòñÿ X ⊆ cl(X);
2) äëÿ ëþáîãî X ⊆ S âûïîëíÿåòñÿ cl(cl(X)) = cl(X);
3) äëÿ ëþáîãî X ⊆ S è ëþáûõ a, b ∈ S åñëè a ∈ cl(X ∪ {b})− cl(X), òî b ∈ cl(X ∪ {a});
4) äëÿ ëþáîãî X ⊆ S åñëè a ∈ cl(X), òî a ∈ cl(Y ) äëÿ íåêîòîðîãî êîíå÷íîãî Y ⊆ X.

Ïóñòü M = ⟨S,R⟩ ýòî ìîäåëü àöèêëè÷åñêîé òåîðèè. Îáîçíà÷àòü ÷åðåç P (G) ìíîæåñòâî
âñåõ ïîäãðàôîâ ãðàôà G. Ðàçîáü¼ì P (G) íà êëàññû ýêâèâàëåíòíîñòè ïî îòíîøåíèþ èçî-
ìîðôèçìà è ïðîèíäåêñèðóåì òèïû èçîìîðôèçìà I. Îáîçíà÷èì êëàññû ýêâèâàëåíòíîñòè
÷åðåç Gi, ãäå i ∈ I � èíäåêñ, ñîîòâåòñòâóþùèé ïðåäñòàâèòåëþ äàííîãî êëàññà. Òîãäà ÷å-
ðåç Gi

A îáîçíà÷èì ïîäãðàôû äàííîãî ãðàôà, èçîìîðôíûå äðóã äðóãó è ñîäåðæàùèå âñå
âåðøèíû ìíîæåñòâà A ⊆ S.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024
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Ïðåäëîæåíèå. Ïóñòü T � àöèêëè÷åñêàÿ òåîðèÿ. Åñëè ìîäåëü M = ⟨S,R⟩ òåîðèè T
íå ñîäåðæèò êîìïîíåíòû ñ áåñêîíå÷íûì ÷èñëîì ∞-âåðøèí è íå ñóùåñòâóåò ïîäìíîæåñòâà
A ⊆ S, äëÿ êîòîðîãî ìíîæåñòâî ïîäãðàôîâ Gi

A ⊆ Gi êîíå÷íî, à êëàññ Gi áåñêîíå÷åí, òî
ïðåäãåîìåòðèÿ ⟨S, acl⟩ âûðîæäåííàÿ.

Çàìåòèì, ÷òî äëÿ êîìïîçèöèè M[N ] ñâîéñòâî çàìåíû ìîæåò íå âûïîëíÿòüñÿ. Âñëåä-
ñòâèå ýòîãî íàçîâ�eì ïàðó ⟨S, acl⟩, óäîâëåòâîðÿþùóþ óñëîâèÿì 1), 2), 4) îïðåäåëåíèÿ ïðåä-
ãåîìåòðèè, � a-ïðåäãåîìåòðèåé.

Îïðåäåëåíèå. a-Ïðåäãåîìåòðèÿ ⟨S, cl⟩ íàçûâàåòñÿ a-ìîäóëÿðíîé, åñëè äëÿ ëþáûõ acl-
çàìêíóòûõ ìíîæåñòâ X0, Y0 ⊆ S, X0 íåçàâèñèìî îò Y0 îòíîñèòåëüíî X0∩Y0, ò.å. äëÿ ëþáûõ
êîíå÷íîìåðíûõ acl-çàìêíóòûõ ìíîæåñòâ X ⊆ X0, Y ⊆ Y0 âåðíî:
1) åñëè ñóùåñòâóåò áåñêîíå÷íàÿ êîìïîíåíòà D, äëÿ êîòîðîé X ∩ Y ∩ D = ∅, X ∩ D ̸= ∅,
Y ∩D ̸= ∅, òî âûïîëíÿåòñÿ ðàâåíñòâî:

dima(X ∩D) + dima(Y ∩D)+

+ρ(X ∩D, Y ∩D) = dima((X ∪ Y ) ∩D),

ãäå ρ(X ∩ D, Y ∩ D) � ÷èñëî âåðøèí êðàò÷àéøåãî ïóòè ìåæäó âåðøèíàìè x ∈ X ∩ D è
y ∈ Y ∩D (íå ñ÷èòàÿ âåðøèíû ýòèõ ìíîæåñòâ);
2) â îñòàëüíûõ ñëó÷àÿõ äëÿ êîìïîíåíò ñâÿçíîñòè D âûïîëíÿåòñÿ ðàâåíñòâî:

dima(X ∩D) + dima(Y ∩D)− dima(X ∩ Y ∩D) = dima((X ∪ Y ) ∩D).

Òåîðåìà 1. Ïóñòü M[N ] � êîìïîçèöèÿ êóáè÷åñêîé ñòðóêòóðû M è àöèêëè÷åñêîé
ñòðóêòóðû N . Òîãäà âåðíû óòâåðæäåíèÿ:
1) ïðåäãåîìåòðèÿ ⟨M[N ], acl⟩ âûðîæäåííàÿ òîãäà è òîëüêî òîãäà, êîãäà âñå êîìïîíåíòû
ñâÿçíîñòè M êîíå÷íû, à N èìååò âûðîæäåííóþ ïðåäãåîìåòðèþ;
2) a-ïðåäãåîìåòðèÿ ⟨M[N ], acl⟩ a-ìîäóëÿðíàÿ.
Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Ðîññèéñêîãî íàó÷íîãî ôîíäà, ïðîåêò � 24-21-00096.
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Ïðåäñòàâëåíèå íåêîòîðûõ òèïîâ ãðàôîâ â êîíòåêñòå
Àíàëèçà Ôîðìàëüíûõ Ïîíÿòèé

Èëüäàð Èëüìèíîâè÷ ÌÓËÞÊÎÂ1,a, Àéìàí Òîáûëæàíêûçû ÆÓÑÓÏÎÂÀ1,b

1Åâðàçèéñêèé óíèâåðñèòåò èìåíè Ë.Í. Ãóìèëåâà, ã. Àñòàíà, Êàçàõñòàí

E-mail: aildar.mulyukov@gmail.com, baiman240390@gmail.com

Àíàëèç Ôîðìàëüíûõ Ïîíÿòèé (ÀÔÏ) ïðèìåíÿåòñÿ â ïðèêëàäíûõ çàäà÷àõ âèäà ¾ìíî-
æåñòâî îáúåêòîâ � ìíîæåñòâî àòðèáóòîâ¿ . Öåëüþ ýòîé ðàáîòû ÿâëÿåòñÿ ïðåäñòàâëåíèå
ãðàôîâ â êîíòåêñò ÀÔÏ äëÿ ïîñòðîåíèÿ êîíöåïò-ðåø¼òêè ãðàôîâ, ÷òî îòêðîåò íîâûå èí-
ñòðóìåíòû äëÿ àíàëèçà ãðàôîâ áîëüøèõ ðàçìåðîâ ñðåäñòâàìè ÀÔÏ è òåîðèè ðåø¼òîê.

Ðàññìîòðåí ìåòîä ñîïîñòàâëåíèÿ ãðàôà êîíöåïò-ðåø¼òêè ñ ìàòðèöåé ñìåæíîñòè ïðî-
èçâîëüíîãî ãðàôà, âûÿâèâøèé íå ñòàáèëüíîñòü ýòîãî ïðåäñòàâëåíèÿ ïî îòíîøåíèþ ê èçî-
ìîðôíûì ïðåîáðàçîâàíèÿì êîíòåêñòà è ãðàôà êîíöåïò-ðåø¼òêè.
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Ðàññìîòðåíû íåêîòîðûå ìàêðîïàðàìåòðû ãðàôîâ è ëîêàëüíûå ñâîéñòâà ïîäãðàôîâ,
êîòîðûå ïîäõîäÿò äëÿ ïðåäñòàâëåíèÿ â âèäå ôîðìàëüíûõ ïîíÿòèé è îòíîøåíèé.

Îòäåëüíî ðàññìîòðåíû ïðîáëåìû, ñâÿçàííûå ñ ïðåäñòàâëåíèåì ãðàôîâ, êàê àëãåáðàè-
÷åñêèõ ñèñòåì, âîïðîñû ïðèìåíåíèÿ àïïàðàòà òîæäåñòâ äëÿ àêñèîìàòèçàöèè ãðàôîâ.

Ðàçðàáîòàíà ïðîãðàììà äëÿ àâòîìàòè÷åñêîãî ïðåîáðàçîâàíèÿ è ïîñòðîåíèÿ ãðàôîâ,
êîíòåêñòîâ è êîíöåïò-ðåø¼òîê ÀÔÏ.

Ðàáîòà âûïîëíåíà ïîä ðóêîâîäñòâîì PhD, è.î. äîöåíòà Áàøååâîé À.Î.
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Àíòèêîììóòàòèâíûå àëãåáðû ñ òîæäåñòâîì ñòåïåíè 3
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Á. À. Êóïåðøìèäò äîêàçàë, ÷òî àíòèêîììóòàòèâíàÿ àëãåáðà, óäîâëåòâîðÿþùàÿ òîæ-
äåñòâó ñòåïåíè 3, íå ÿâëÿþùåé Ëèåâîé, äîëæíà óäîâëåòâîðÿòü òîæäåñòâó (xy)z = (yz)x â
[1]. Ìû äîêàçûâàåì, ÷òî äàííûå àëãåáðû íèëüïîòåíòíû ñòåïåíè 4.

Òåîðåìà 1. Ïóñòü àëãåáðà À, óäîâëåòâîðÿåò òîæäåñòâàì xy = −yx è (xy)z = (yz)x,
òîãäà àëãåáðà À, ÿâëÿåòñÿ íèëüïîòåíòíîé ñòåïåíè 4.

Äîêàçàòåëüñòâî: ((ab)c)d = (ab)(cd) = −(cd)(ab) = −(d(ab)c = −((ab)c)d.

Funding: Ïåðâûé àâòîð áûë ïîääåðæàí ãðàíòîì BR20281002 ÊÍ ÌÍÂÎ ÐÊ.
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[1] Kupershmidt B.A. Phase Spaces of Algebras, University of Tennessee, Knoxville (2010).

Î ïðîñòîòå àëãåáð ñ ïåðåêëþ÷àòåëÿìè

Ê.Ì. ÒÓËÅÍÁÀÅÂ1,a, À.Ê. ÊÓÍÀÍÁÀÅÂ2,b, Í.Ë. ÏÎËÀÒÕÀÍ
1Èíñòèòóò Ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

2ÀÓÝÑ, Àëìàòû, Êàçàõñòàí

E-mail: atulen75@hotmail.com, bkunanbayev@math.kz,

Òåîðèÿ íåàññîöèàòèâíûõ àëãåáð íà÷èíàåòñÿ ñ ðàáîò Ñîôóñà Ëè ïî àëãåáðàì Ëè.
Ìû â íàøåé ðàáîòå ðàññìàòðèâàåì òîæäåñòâî

a(bc) = (ba− ab)c (∗)

Àëãåáðû óäîâëåòâîðÿþùèå äàííîìó òîæäåñòâó ìû íàçûâàåì àëãåáðàìè ñ ïåðåêëþ÷àòåëÿ-
ìè.
Ðàññìîòðèì I(a, b, c) = a(bc) + b(ca) + c(ab) ̸= 0 â A.

Ëåììà. ∀d ∈ A I(a, b, c) · d = 0

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ / ÊàçÍÓ èì. àëü-Ôàðàáè. Àëìàòû, 2024
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Äîêàçàòåëüñòâî. Ïîñòàâèâ â òîæäåñòâî (∗) âìåñòî ñ ýëåìåíòîì ïîëó÷èì:

a(b(cd)) = (ba− ab)(cd) = (c(ba− ab)− (ba− ab)c)d

Òàê êàê: c(ba− ab) = c(ba)− c(ab) = (bc− cb)a− (ac− ca)b = (bc)a− (cb)a− (ac)b+ (ca)b
Ñ äðóãîé ñòîðîíû:

a(b(cd)) = a(((cb)− (bc))d) = ((cb− bc)a− a(cb− bc))d

Ïîëó÷èì ðàâåíñòâî:

[(cb− bc)a− a(cb− bc)− (bc)a+ (cb)a+ (ac)b− (ca)b+ (ba− ab)c]d = 0

[2(cb)a− 2(bc)a− 2(ca− ac)b+ (ba− ab)c+ (ac)b− (ca)b+ (ba− ab)c]d =

= [2(cb)a− 2(bc)a− 2(ca)b+ 2(ac)b+ 2(ba)c− 2(ab)c]d =

= [2b(ca) + 2c(ab) + 2a(bc)]d = 0

Ñëåäîâàòåëüíî, Id = 0.
Òåîðåìà. Àëãåáðà ñ ïåðåêëþ÷àòåëåì A ïðîñòà (ïîëüå?) åñëè dimA = 1 è àáåëåâà.
Äîêàçàòåëüñòâî. Ïóñòü ∃a, b, c , òàêèå ÷òî I = I(a, b, c) ̸= 0. Ïî ëåììå Id = 0 äëÿ

ëþáîãî d ∈ A. Äàëåå, a1(a2I) = [a2, a1] · I.
Òàê êàê A ïðîñòîå, A = ⟨I⟩, êðîìå òîãî A = A2, 0 = a(Id) = (Ia − aI)d = 0, çíà÷èò,

(aI)d = 0, (Ia)d = 0. Ïðîòèâîðå÷èå
Ñëó÷àé I(a, b, c) = 0, ∀a, b, c

a(bc) + b(ca) + c(ab) = 0, a(bc) = −b(ac)

a(bc) + b(ca)− a(cb) = 0, a[b, c] = −b(ca) = −[c, b]a = [b, c]a

Öåíòð àëãåáðû Z(A) = {z ∈ A : ∀c ∈ A(zc = cz)}. Êîììóòàòîð [A,A] ñîäåðæèòñÿ â
öåíòðå Z(A). Åñëè êîììóòàòîð [A,A] ̸= 0, òî Z(A) ̸= 0, A2 = A, b ∈ Z(A), a(bc) = b(ac) = 0,
bA = 0, bc = cb, Ab = 0. Lin⟨b⟩ åñòü îäíîìåðíûé èäåàë.
Funding: Ïåðâûé àâòîð áûë ïîääåðæàí ãðàíòîì BR20281002 ÊÍ ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: íåàññîöèàòèâíàÿ àëãåáðà, íèëüïîòåíòíîñòü.

2010 Mathematics Subject Classi�cation: 16R10, 17A50, 17A30, 17D25, 17C50

Ìàëûå ìîäåëè öåíòðà ñîâåðøåííîãî êëàññà
éîíñîíîâñêîãî ñïåêòðà ñåìàíòè÷åñêîé ìîäåëè

ôèêñèðîâàííîé éîíñîíîâêîé òåîðèè

Èíäèðà ÒÓÍÃÓØÁÀÅÂÀa, Áåêçàò �ËÆÀÍb,

Êàðàãàíäèíñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Å.À. Áóêåòîâà,

Êàðàãàíäà, Êàçàõñòàí

E-mail: aintng@mail.ru, bilu_n@mail.ru

Â èçâåñòíîé ðàáîòå [1] Äæ. Áàëäâèíîì è Ä. Êèêêåðîì áûëè ââåäåíû ïîíÿòèÿ (Γ1,Γ2)-
àòîìíîé ìîäåëè, Σ-ïiñå-àëãåáðàè÷åñêè ïðîñòîé ìîäåëè, ∆-àëãåáðàè÷åñêè ïðîñòîé ìîäåëè
òåîðèè T . Ïóñòü T � òåîðèÿ ÿçûêà L. Ïóñòü äëÿ ëþáîé ýêçèñòåíöèàëüíîé ôîðìóëû φ(x̄) ∈
∆, ñîâìåñòíîé ñ T , íàéäåòñÿ ôîðìóëà ψ(x̄) ∈ ∆, ñîâìåñòíàÿ ñ T , òàêàÿ, ÷òî T ⊨ ψ → φ, à
ôîðìóëà φ(x̄) ÿâëÿåòñÿ ∆-ôîðìóëîé îòíîñèòåëüíî T , åñëè ñóùåñòâóþò ∃-ôîðìóëû ψ1(x̄)
è ψ2(x̄), òàêèå, ÷òî T ⊨ (φ↔ ψ1) è T ⊨ (¬φ↔ ψ2). Îïèñàííîå óñëîâèå ìû îáîçíà÷èì êàê
óñëîâèå R [4].

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024
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Ïóñòü T � íåêîòîðàÿ éîíñîíîâñêàÿ òåîðèÿ [2], CT � åå ñåìàíòè÷åñêàÿ ìîäåëü [3],
JSp(CT )/▷◁ � åå éîíñîíîâñêèé ñïåêòð CT [4]. Ââåäåì íà JSp(CT )/▷◁ ) îòíîøåíèå êîñåìàí-
òè÷íîñòè (▷◁). Ïîëó÷åííîå ôàêòîð-ìíîæåñòâî áóäåì îáîçíà÷àòü êàê JSp(CT )/▷◁. Çàôèêñè-
ðóåì íåêîòîðûé êëàññ êîñåìàíòè÷íîñòè [∆] ∈ JSp(CT )/▷◁. Îáîçíà÷èì öåíòð ýòîãî êëàññà
÷åðåç [∆]∗.

Òåîðåìà. Ïóñòü [∆] ∈ JSp (CT ) / ▷◁ òàêîâ, êàê îïèñàíî âûøå, è ïóñòü öåíòð ýòîãî
êëàññà [∆]∗ äîïóñêàåò óñëîâèå R. Òîãäà ñëåäóþùèå óòâåðæäåíèÿ ýêâèâàëåíòíû:
1) Ñóùåñòâóåò ìîäåëü A1 ∈ Mod ([∆]∗), òàêàÿ, ÷òî A1 àëãåáðàè÷åñêè ïðîñòà;
2) Ñóùåñòâóåò ìîäåëü A2 ∈ Mod ([∆]∗), òàêàÿ, ÷òî A2 ÿâëÿåòñÿ (∆,Σ)-àòîìíîé;
3) Ñóùåñòâóåò ìîäåëü A3 ∈ Mod ([∆]∗), òàêàÿ, ÷òî A3 ÿâëÿåòñÿ (Σ,∆)-àòîìíîé;
4) Ñóùåñòâóåò ìîäåëü A4 ∈ Mod ([∆]∗), òàêàÿ, ÷òî A4∆-niñå àëãåáðàè÷åñêè ïðîñòà;
5) Ìîäåëü A1 èç óñëîâèÿ 1) åäèíñòâåííà.

Keywords: éîíñîíîâñêàÿ òåîðèÿ, éîíñîíîâñêèé ñïåêòð, êëàññû êîñåìàíòè÷íîñòè, àëãåáðàè÷åñêè ïðîñòàÿ ìîäåëü,
àòîìíàÿ ìîäåëü.
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Î âûïóêëîñòè ôðàãìåíòà éîíñîíîâñêîãî ïîäìíîæåñòâà
ñåìàíòè÷åñêîé ìîäåëè ôèêñèðîâàííîé éîíñîíîâñêîé

òåîðèè

Èíäèðà ÒÓÍÃÓØÁÀÅÂÀa, Ãóëüíóð ÆÀÊÛÏÁÀÅÂÀb,

Êàðàãàíäèíñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Å.À. Áóêåòîâà,

Êàðàãàíäà, Êàçàõñòàí

E-mail: aintng@mail.ru, bzhakipbaeva@bk.ru

Â äàííîé ðàáîòå áûë ïîëó÷åí ñèíòàêñè÷åñêèé êðèòåðèé âûïóêëîñòè äëÿ éîíñîíîâñêîãî
ôðàãìåíòà éîíñîíîâñêîãî ìíîæåñòâà ôèêñèðîâàííîé éîíñîíîâñêîé òåîðèè.

Ïóñòü T � éîíñîíîâñêàÿ òåîðèÿ [1], C � åå ñåìàíòè÷åñêàÿ ìîäåëü, X � ïîäìíîæåñòâî
C. X áóäåò íàçûâàòüñÿ òåîðåòè÷åñêèì ìíîæåñòâîì äëÿ òåîðèè T , åñëè âûïîëíåíû ñëå-
äóþùèå óñëîâèÿ: 1) X ∃-îïðåäåëèìî; 2) dcl(X) = M ∈ ET ; 3) Óíèâåðñàëüíîå çàìûêàíèå
ôîðìóëû, îïðåäåëÿþùåé X â ïóíêòå 1 , ÿâëÿåòñÿ ïðåäëîæåíèåì, ïðåäñòàâëÿþùèì ñîáîé
êîíå÷íî àêñèîìàòèçèðóåìóþ éîíñîíîâñêóþ òåîðèþ. Òåîðèÿ Fr(X) = Th∀∃(M) íàçûâàåòñÿ
éîíñîíîâñêèì ôðàãìåíòîì éîíñîíîâñêîãî ìíîæåñòâà X [2].

Â äàííîé ðàáîòå ìû ðàññìàòðèâàåì âûïóêëûå òåîðèè [3]. Ïóñòü φ åñòü ∀∃-ïðåäëîæåíèå,
ò.å. ïðåäëîæåíèå âèäà ∀x̄∃y1 . . . ymψ, ãäå ψ (x̄, y1, . . . , ym) � áåñêâàíòîðíàÿ ôîðìóëà. Òî-
ãäà êîíâåêñèçàöèåé ïðåäëîæåíèÿ φ áóäåò íàçûâàòüñÿ ëþáîå ïðåäëîæåíèå âèäà φc =
∀x̄∨1≤i≤nθi∧∧1≤i≤n∀x̄

[
θi → ∃=ki < yi, . . . , ym > (χi ∧ ψ)

]
, ãäå θi(x̄) � óíèâåðñàëüíàÿ ôîðìó-

ëà, χi(x̄, ȳ) - ýêçèñòåíöèàëüíàÿ ôîðìóëà è ki � ïîëîæèòåëüíîå öåëîå ÷èñëî äëÿ i = 1, . . . , n
[4].

Òåîðåìà. Ïóñòü T � éîíñîíîâñêàÿ òåîðèÿ ôèêñèðîâàííîãî ñ÷åòíîãî ÿçûêà ïåðâîãî
ïîðÿäêà L, C � åå ñåìàíòè÷åñêàÿ ìîäåëü, X ⊆ C � éîíñîíîâñêîå ìíîæåñòâî äëÿ äàííîé
òåîðèè. Ïóñòü ôðàãìåíò Fr(X) êîíå÷íî àêñèîìàòèçèðóåì, {α1, . . . , αn} - ñïèñîê àêñèîì
òåîðèè Fr(X). Òîãäà Fr(X) ÿâëÿåòñÿ âûïóêëîé òåîðèåé, åñëè è òîëüêî åñëè ∧i≤nαi ↔ αc,
ãäå αc åñòü ëþáàÿ êîíâåêñèçàöèÿ ∧i≤nαi.
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Îá îïðåäåëèìîì çàìûêàíèè ýêçèñòåíöèàëüíî çàìêíóòîé
ïîäìîäåëè ñåìàíòè÷åñêîé ìîäåëè ôèêñèðîâàííîé

éîíñîíîâñêîé òåîðèè

Î.È. ÓËÜÁÐÈÕÒa, Ã.À. ÓÐÊÅÍb

Êàðàãàíäèíñêèé óíèâåðñèòåò èìåíè àêàäåìèêà Å.À. Áóêåòîâà,

Êàðàãàíäà, Êàçàõñòàí

E-mail: aulbrikht@mail.ru, bguli_1008@mail.ru

Â ðàáîòå [1] áûëî îïðåäåëåíî îòíîøåíèå íåôîðêóåìîñòè íà ïîäìíîæåñòâàõ ñåìàíòè-
÷åñêîé ìîäåëè íåêîòîðîé ôèêñèðîâàííîé éîíñîíîâñêîé òåîðèè. Åñëè ýòè ïîäìíîæåñòâà
ÿâëÿþòñÿ éîíñîíîâñêèìè, òî, èñïîëüçóÿ ïîíÿòèå îïåðàòîðà çàìûêàíèÿ, çàäàþùåãî ïðåä-
ãåîìåòðèþ íà ýòèõ ïîäìíîæåñòâàõ, ìû ìîæåì ïðåäëîæèòü ðåçóëüòàò, îïèñûâàþùèé ýòîò
îïåðàòîð çàìûêàíèÿ.

Ïóñòü T � éîíñîíîâñêàÿ òåîðèÿ, CT � å¼ ñåìàíòè÷åñêàÿ ìîäåëü.
Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî òåîðèÿ T ñ îïåðàòîðîì çàìûêàíèÿ cl, åñëè

cl (g (X)) = g (cl (X)) äëÿ âñåõ X ∈ P(CT ) è g ∈ Aut(CT ).
Îïðåäåëåíèå 2. [2] Ìíîæåñòâî X íàçûâàåòñÿ éîíñîíîâñêèì â òåîðèè T , åñëè îíî

óäîâëåòâîðÿåò ñëåäóþùèì ñâîéñòâàì:
1) X � îïðåäåëèìîå ïîäìíîæåñòâî CT ;
2) cl(X) åñòü íîñèòåëü íåêîòîðîé ýêçèñòåíöèàëüíî çàìêíóòîé ïîäìîäåëè CT .
Ïóñòü T � íåêîòîðàÿ éîíñîíîâñêàÿ òåîðèÿ, X � éîíñîíîâñêîå ìíîæåñòâî è cl(X) =

M ∈ ET , ãäå ET � êëàññ âñåõ ýêçèñòåíöèàëüíî çàìêíóòûõ ìîäåëåé òåîðèè T . Åñëè a, b ∈
CT\M , òî b ∈ CM (a) îçíà÷àåò, ÷òî ñóùåñòâóþò n < ω è ïîñëåäîâàòåëüíîñòü ⟨b0, ..., bn⟩
ýëåìåíòîâ èç CT\M òàêèå, ÷òî b0 = a, bn = b, bi ∈ cl(bi+1) èëè bi+1 ∈ cl(bi) äëÿ âñåõ i < n.
Â ýòîì ñëó÷àå ïîñëåäîâàòåëüíîñòü ⟨b0, ..., bn⟩ íàçîâåì cl-ïóòåì âíå M ìåæäó a è b äëèíû
n.

Ïóñòü T � éîíñîíîâñêàÿ òåîðèÿ ñ îïåðàòîðîì çàìûêàíèÿ cl. Ðàññìîòðèì íåêîòîðûå
óñëîâèÿ, íàëàãàåìûå íà îïåðàòîð cl.

Àêñèîìà 1. Åñëè M ∈ ET , òî M =M , M ⇋ ∪{cl(m) | m ∈M}.
Àêñèîìà 2. Åñëè M ∈ ET è M = M , ā, b̄ � êîðòåæè ýëåìåíòîâ èç CT \M , CM(ā) ∩

CM(b̄) = ∅, òî a ̸ |⌣
M

b. [1]

Ïóñòü T � éîíñîíîâñêàÿ òåîðèÿ, SJ(X) � ìíîæåñòâî âñåõ ýêçèñòåíöèàëüíûõ ïîëíûõ
n-òèïîâ íàä X, ñîâìåñòíûõ ñ T äëÿ êàæäîãî êîíå÷íîãî n.

Îïðåäåëåíèå 3. [3] Ìû ãîâîðèì, ÷òî éîíñîíîâñêàÿ òåîðèÿ T J-λ-ñòàáèëüíà, åñëè äëÿ
ëþáîé T -ýêçèñòåíöèàëüíî çàìêíóòîé ìîäåëè A, äëÿ ëþáîãî ïîäìíîæåñòâà X ìíîæåñòâà
A èç òîãî, ÷òî |X| ≤ λ ñëåäóåò, ÷òî |SJ(X)| ≤ λ.

Äàëåå, âìåñòî îïåðàòîðà çàìûêàíèÿ cl ìû èìååì â âèäó îïåðàòîð àëãåáðàè÷åñêîãî
çàìûêàíèÿ acl, êîòîðûé îäíîâðåìåííî ÿâëÿåòñÿ îïåðàòîðîì îïðåäåëèìîãî çàìûêàíèÿ dcl.

Â ñâÿçè ñ âûøåóêàçàííûìè îïðåäåëåíèÿìè èìååì ñëåäóþùèå ðåçóëüòàòû:

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024



232 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2024

Òåîðåìà 1. Ïóñòü T ñîâåðøåííàÿ éîíñîíîâñêàÿ J-λ-ñòàáèëüíàÿ òåîðèÿ, ïîëíàÿ äëÿ
∃-ïðåäëîæåíèé ñ îïåðàòîðîì çàìûêàíèÿ cl. Òîãäà ñëåäóþùèå óñëîâèÿ ýêâèâàëåíòíû:

1) cl óäîâëåòâîðÿåò àêñèîìàì 1, 2;
2) åñëè M ∈ ET , òî äëÿ âñåõ a ∈ CT\M âûïîëíÿåòñÿ CM (a) = cl(CM (a)).
Òåîðåìà 2. Åñëè T ñîâåðøåííàÿ éîíñîíîâñêàÿ J-λ-ñòàáèëüíàÿ òåîðèÿ, ïîëíàÿ äëÿ ∃-

ïðåäëîæåíèé ñ îïåðàòîðîì çàìûêàíèÿ cl, îïåðàòîð cl óäîâëåòâîðÿåò àêñèîìàì 1, 2, M,N ∈
ET , M ≺∃1 N , a ∈ N\M , òîãäà:

1) M ≺∃1 M ∪ (N ∩ CM (a)) ⪯∃1 N ;
2) M ⪯∃1 N\ (N ∩ CM (a)) ≺∃1 N .
Âñå íåîïðåäåëåííûå â äàííîì òåçèñå ïîíÿòèÿ, êàñàþùèåñÿ éîíñîíîâñêèõ òåîðèé, è

ñâÿçàííûå ñ íèìè òåîðåìû, ìîæíî íàéòè â [3].

Êëþ÷åâûå ñëîâà: éîíñîíîâñêàÿ òåîðèÿ, ñåìàíòè÷åñêàÿ ìîäåëü, ýêçèñòåíöèàëüíî çàìêíóòàÿ ìîäåëü, íåôîðêóå-
ìîñòü, îïåðàòîð çàìûêàíèÿ.
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In the present paper, we introduce and study counterparts of Rickart ∗-algebras, that is
almost inner Rickart algebras. We define an almost inner Rickart algebra as an associative
algebra which is a Jordan algebra with respect to the Jordan multiplication a · b = 1

2
(ab + ba)

close to inner RJ-algebras. Inner RJ-algebras are introduced and studied in the papers [1], [2],
[3].

The chosen notions were built around an (inner) quadratic annihilator. For each nonempty
subset B of an associative algebra A, the (inner) quadratic annihilator of B is defined by

⊥qB := {a ∈ A : sas = 0, ∀s ∈ B}.

Thus, following [4], an associative algebra A which is equal to the direct sum S+̇D of vector
spaces S and D, where S is a semisimple algebra and D is a nilpotent radical of A (including the
case D ≡ {0}), is called an almost inner Rickart algebra if, for each element x ∈ A, there exists
an idempotent e ∈ A such that ⊥q{x}∩ (S2∪D2) = eAe∩ (S2∪D2), where S2 := {a2 : a ∈ S},
D2 := {a2 : a ∈ D}. There exist examples of almost inner Rickart algebras without unit element
(cf. [2, p.32]). Note that, there exist pairwise non-isomorphic (associative) almost inner Rickart
algebras, the Jordan algebras of which are isomorphic. This is a motivation to introduce the
notion of an almost inner Rickart algebra.

As a main result of the paper we describe a finite-dimensional almost inner Rickart algebra
A over a field F, isomorphic to Fn+̇N , n = 1, 2, with a nilradical N (Theorems 1 and 3). Also,
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we classify finite-dimensional almost inner Rickart algebras over the real or complex numbers
with a nonzero nilradical N (Theorem 2).

Theorem 1. Let A be a finite-dimensional almost inner Rickart algebra over a field F of
characteristic ̸= 2 and ̸= 3 with a one-dimensional simple subalgebra S and an n-dimensional
commutative nilpotent radical N such that A = S+̇N , N 2 = {a2 : a ∈ N} ≠ {0}. Then there
is a nonzero idempotent e ∈ A such that A = Fe+̇N and for any basis {e1, e2, . . . , en} of N
the following conditions are valid

eiejek = 0, i, j, k = 1, 2, . . . , n, (1.1)

e(eiej) = (eiej)e = eiej, i, j = 1, 2, . . . , n, (1.2)

eieej + ejeei = 0, i, j = 1, 2, . . . , n, (1.3)

eei ∈ N , eie ∈ N . (1.4)

Conversely, any associative algebra A over a field F of characteristic ̸= 2 and ̸= 3 with a one-
dimensional simple subalgebra S = Fe, where e is an idempotent element, and an n-dimensional
commutative nilpotent radical N with a basis {e1, e2, . . . , en} such that A = S+̇N , is an almost
inner Rickart algebra if the conditions (1.1)–(1.4) are valid.

Theorem 2. Let A be a finite-dimensional almost inner Rickart algebra over the real
or complex numbers, with a nilpotent radical N il(A). Then there exist pairwise orthogonal
idempotents e1, e2, . . . , em in A such that

A = (e1F⊕ e2F⊕ · · · ⊕ emF)+̇N il(A),

where F = R, C, H.
Theorem 3. Let A be an indecomposible finite-dimensional almost inner Rickart algebra

over a field F of characteristic ̸= 2 and ̸= 3 with a two-dimensional semisimple subalgebra S
and an n-dimensional commutative nilpotent radical N such that A = S+̇N , N 2 = {a2 : a ∈
N} ≠ {0}. Then there exist two mutually orthogonal nonzero idempotents p1, p2 ∈ A such
that A = (Fp1 ⊕ Fp2)+̇N and for any basis {e1, e2, . . . , en} of N one of the following two cases
is valid

the first case
eiejek = 0, i, j, k = 1, 2, . . . , n, (1.1)

p1(eiej) = (eiej)p1 = eiej, i, j = 1, 2, . . . , n, (1.2)

eip1ej + ejp1ei = 0, i, j = 1, 2, . . . , n, (1.3)

pkei ∈ N , eipk ∈ N , k = 1, 2, (1.4)

p2(eiej + ejei) = 0, i, j = 1, 2, . . . , n, (1.5)

the second case
eiejek = 0, i, j, k = 1, 2, . . . , n, (2.1)

e(eiej) = (eiej)e = eiej, i, j = 1, 2, . . . , n, (2.2)

ei(p1 + p2)ej + ej(p1 + p2)ei = 0, i, j = 1, 2, . . . , n, (2.3)

(p1 + p2)ei ∈ N , ei(p1 + p2) ∈ N . (2.4)

∀b ∈ Np1b
2p1 ̸= 0, p2b

2p2 ̸= 0 if b2 ̸= 0. (2.5)

Conversely, any associative algebra A over a field F of characteristic ̸= 2 and ̸= 3 with a two-
dimensional semisimple subalgebra S = Fp1 ⊕Fp2, where p1, p2 are mutually orthogonal idem-
potents, and an n-dimensional commutative nilpotent radical N with a basis {e1, e2, . . . , en}
such that A = S+̇N , is an almost inner Rickart algebra if conditions (1.1)–(1.5) or conditions
(2.1)–(2.5) are valid.
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In this report we will consider the properties of models of complete theories such that strict
order property (SOP), Independence property (IP), stability and definability of types.

A structure, denotedM = ⟨M ; Σ⟩, with universeM and signature Σ, for which there exists a
theory, that is a set of consistent sentences, constructed using logical connectives like ∧,∨,¬ ,→
and quantifiers ∃,∀. For structure M consider a set DR(M) = {φ(M, ā)|a ∈ M}. The set of
sentences, that holds true for M, denoted by Th(M) = T = {φ ∈ Σ|M |= φ} is called an
elementary theory of M Any structure for which sentences of T holds true is model of theory
T.

In first part we will consider known classification of complete theories in four main classes1

by using properties of their formula trees: SOP, IP, NIP and NSOP.
A theory is called to have a strict order property if there is a formula φ(x, ȳ) and a sequence

(āi)i<ω such that |= ∃x(φ(x, aj) ∧ ¬φ(x, ai)) ⇐⇒ i < j. Theory is NSOP if no formula has
strict order property.

A theory is called to have independence property if there is a formula φ(x, y) and a sequences
(ai)i<ω and (bI)I⊆ω such that φ(ai, bI) holds if and only if i ∈ I. Theory is NIP if no formula
has independence property.

Theories with NIP and NSOP properties include stable, super stable, ω-stable and strongly
minimal theories.

A theory is called stable if it is k-stable for some infinite k. A theory is k-stable if |SM
n (A)| ≤

k for all models M and A ⊆M of size at most k.
A theory is called superstable if there is some cardinal λ such that T is k-stable for all k ≥ λ
A theory is ω-stable if SM

n (A) is countable for all models M and countable A ⊆M
A theory is strongly minimal if for all models M , any definable subset of M is finite or

cofinite.
An expansion of a model M = ⟨M,Σ⟩ is a model M+ = ⟨M,Σ ∪ {P n}⟩. In case A =

P (M+) ̸= φ(M, ā) for ∀ā ∈M such expansion is called essential expansion.
Problem in expansions of models is whether an expansion preserves initial properties or

whether there a criteria for an expansion to preserve class of theory, from more than 20 classes
theories2.

We call a set of formulas p = {φi(x, ā)|i ∈ I, ā ∈ A} to be a type, if any finite conjunction
of formulas from p is consistent. A type p is a definable type if for any formula φ(x, ȳ) there
exists a controlling formula ψφ(ȳ, z̄), such that for any formula ∀ā(φ(x, ā) ∈ p↔|= ψφ(ā, b̄)).

2https://www.forkinganddividing.com/
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Theory is stable if and only if any type in this theory is definable. (Shelah)
Problem of non-definability of types in theories is one of main directions of research. Pair

of models is called conservative pair if any sentence that is true in lower model is true in higher
model. Thus any type in higher model is conservative over lower model. One of the areas
of research is pairs of models and properties of definability of type and externally definable
expansion by set of realizations of type.

For any complete theory T there is a number of non-isomorphic models. Problem of counting
this models for all classes is still open.

In this context we will be considering expansion for different theories, including expansion
of dp-minimal theories by equivalence relation and we will consider the number of countable
models for different classes and strongly minimal theory expansion by unary predicates.
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Consider one sufficient condition of non-stability of A∗ for pair (M,A), A - stable set, M -
model of (super)stable theory.

Definition 1. Formula ϕ(x, y) has order property if ∃an, bn, n < w such that |= ϕ(ai, bj)) if
and only if i < j.

S. Shelah proved that theory T is stable iff there is no formulas with Order Property. [4]
We shall denote all formulas of language L by letters ϕ, θ, and the formulas of Language

L∗ = L ∪ {P 1} by letters H,K, P .
Let θ(y, z, t), ϕ(x, t) be arbitrary L(M)-formulas, K1 be an arbitrary formula of Language

L∗. P (y) will mean ∩i,l(y)P (yi), where y = ⟨y0, y1, ...⟩.
There exists examples of stable theories such that H

(i)
θ,ϕ,K , i ∈ {1, 2, 3} are three L∗-formulas

describing the interactions between θ, ϕ and K that satisfy Order Property:

H
(1)
θ,ϕ,K(y, z) := P (y) ∧ P (z) ∧ ∀t[θ(y, z, t) → ∀x(ϕ(x, t) → K(x))]

H
(2)
θ,ϕ,K(y, z) := P (y) ∧ P (z) ∧ ∀t[θ(y, z, t) → ∀x(ϕ(x, t) →¬ K(x))]

H
(3)
θ,ϕ,K(y, z) := P (y) ∧ P (z) ∧ ∀t[θ(y, z, t) → ∃x1∃x2(ϕ(x1, t) ∧K(x1) ∧ ϕ(x2, t) ∧¬ K(x2))]
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E. Bouscaren studied pairs of models of superstable theory and found sufficient and necessary
condition that theory of pair of models is superstable.[3]

We believe that if these formulas do not satisfy Order Property then expansion of theory is
stable as proved E.Bouscaren for theory of pair of superstable theory.[3]

Conjecture 1. If M is a stable model, then A∗ is stable iff for any L-formulas θ, ϕ for any

i ∈ {1, 2, 3} H(i)
θϕ,P has no Order Property.

Definition 2. (M,A) is benign if for every α, β ∈M if tp(α|A) = tp(β|A) implies tp∗(α|A) =
tp∗(β|A) where the ∗-type in language with a new predicate P denoting A.

Definition 3. The set A is weakly benign in M if for every α, β ∈M if stp(α|A) = stp(β|A)
implies tp∗(α|A) = tp∗(β|A) (stp(α)-strongly type [4]).

Definition 4. (M,A) is uniformly weakly benign if every (N,B) which is L(P )-elementary
equivalent to (M,A) is weakly benign.

Conjecture 2. LetM be a stable model and (M,A) be uniformly weakly benign, then (M,A)

is stable iff for any L-formulas θ, ϕ for any i ∈ {1, 2, 3} H(i)
θϕ,P has no Order Property.

Funding: The authors were supported by the grant no. AP19677434 of the Ministry of Science and Higher Education
of the Republic of Kazakhstan.

Keywords: Expansion, Stable theory, Order Property.

2010 Mathematics Subject Classification: 35Q79, 35K05, 35K20

References
[1] Baizhanov B., Baldwin J.T. Local Homogeneity, The Journal of Symbolic Logic, vol.69 (2004), 1243-1260.

[2] Baizhanov B., Baldwin J.T. and Shelah S. Subsets of superstable structures are weakly benign , The Journal of
Symbolic Logic, vol.70 (2005), 142-150.

[3] Bouscaren E. Dimensional Order Property and pairs of Models, Annals of Pure and Applied Logic, 41 (1989),
205-231.

[4] Shelah S. Classification Theory and the Number of Nonisomorphic Models, North Holland (1978).

[5] Baizhanov B., Baldwin J.T. Notes on Expansion of Stable Model (draft).

Expansion of a model of strongly minimal trivial theory by unary
predicates

Bektur BAIZHANOV1,2,a, Madina BERDIKULOVA2,b

1Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
2Suleyman Demirel University, Kaskelen, Kazakhstan

E-mail: abaizhanov@math.kz, bberd2024@inbox.ru

Let M = ⟨M,Σ⟩ be a structure of signature Σ, M+ = ⟨M,Σ
⋃
P n⟩ be a structure of

signature Σ+ = Σ
⋃
P n, such that P n(M+) ̸= φ(M, ā) for any definable set φ(M, ā),M+ is

called to be expansion of M.

Let M = ⟨M,Σ⟩ be a model of complete theory T , M is minimal, if for any 1-formula
φ(x, ā), ā ∈M,φ(M, ā) or ¬φ(M, ā) finite.

By other words, it is impossible to divide M into two definable infinite sets.
Theory T is a strongly minimal, if any model of T is minimal.

The strongly minimal theory T is trivial, if for any finite sets a1, ..., an ⊂M, acl(a1, ..., an) =⋃
1≤i≤n acl(ai), where for any A ⊆ M, algebraic closure of A acl(A) = ⟨b ∈ M | ∃φ(x, ā), ā ∈

∃nφ,M |= ∃≤nxφ(x, ā) ∧ φ(b, ā)⟩.
A complete theory T is superstable, if there are not infinite set of formulas

φ1(x, ȳ1), ..., φn(x, ȳn), ..., n < ω and ā1, ..., āi,...,i<ω, length(āi) = length(ȳ1)...
length(āi1i2...in) = length(ȳn), such that for any n < ω, for any i1, i2, ..., in < ω
M |= ∃x(φ1(x, āi1) ∧ φ2(x, āi1i2) ∧ φ3(x, āi1i2i3) ∧ ... ∧ φn(x, āi1i2i3...in).
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Theorem 1. Expansion of a model of strongly minimal trivial theory by family unary
predicates has superstable theory.
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Let M be an |A|+-saturated linearly ordered structure, where A ⊆M , and let p ∈ S1(A) be
a non-algebraic type. Then an A-definable formula φ(x, y) is called to be a quasi-successor on
the type p if for each α ∈ p(M) there are γ1, γ2 ∈ p(M), β ∈ (φ(M,α) \ {α} ∩ p(M)) such that
α is the left (right) endpoint of the convex in p(M) set (φ(M,α) ∩ p(M)) ̸= {α} and belongs
to this set, γ1 < φ(M,α) < γ2, and p(M) ∩ (φ(M,β) \ φ(M,α)) ̸= ∅.

Theorem 1. Let M be a countably saturated model of a small linearly ordered theory T ,
and let for each n < ω there exists mn ≥ n such that in M there is a discretely ordered chain
of length mn. Then there exist a finite set A ⊂ M , a 1-type p ∈ S1(A), and a 2-A-formula
φ(x, y) which is a quasi-successor on the type p.
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We consider theories T of a first-order language of countable signature σ, which has only
infinite models (i.e. algebraic structures of signature σ, all countable models of theory T are
elementarily embedded for some cardinal λ > ω into all models of cardinality λ of theory T .
Uncountably categorical theories of T are like that. Conditions are given under which, for such
theories T , there exists a model companion.
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We consider some possibilities of expansions T of a theory Tdmt of a dense meet-tree ⟨M,≤⟩
[1, 3]. Recall that a dense meet-tree M = ⟨M ;≤⟩ is a lower semilattice without least and
greatest elements such that:

(a) for each pair of incomparable elements, their join does not exist;
(b) for each pair of distinct comparable elements, there is an element between them;
(c) for each element a there exist infinitely many pairwise incomparable elements greater

than a, whose infimum is equal to a.

We extend the theory Tdmt to a T0, so that constants c
(0)
k , k ∈ ω, form a strictly increasing

sequence. Note that the theory T0 was constructed by Peretyat’kin in [2], where he proved
that it is Ehrenfeucht, namely, T0 has exactly three countable models: the prime model, the
saturated model, and the prime model over the realization of the powerful type p0(x), isolated

by the set of formulas {c(0)k < x | k ∈ ω}.
Now we construct a theory T1. To do this, we expand the theory T0 to a T1 with a strictly

decreasing sequence of constants c
(1)
k , k ∈ ω. We have the following pairwise non-isomorphic

countable models of T1:
Theorem 1. The theory T1 has exactly 6 countable models up to isomorphism.
Starting with the theory Tn, where n ≥ 2 the situation looks a little different since there are

several meets, that are either the same or different up to the renaming of the constants. Thus,
we have the following:

Theorem 2. Let Tn, where n ≥ 2, be a countable constant expansions of the dense meet-

tree theory Tdmt with increasing sequence of constants (c
(0)
k )k∈ω and n number of decreasing

sequences of constants (c
(2)
k )k∈ω, . . . , (c

(n)
k )k∈ω, so that c

(0)
k < c

(1)
k , . . . , c

(0)
k < c

(n)
k , k ∈ ω and

c
(j)
k ∥ c(t)k for each 1 ≤ j ̸= t ≤ n. Then T has exactly 3n+1 countable models, where 2n+1 of
them are prime models.

If there are several sequences that are increasing, but pairwise incomparable, and each
one has several sequences that are decreasing from above, then this can be considered as a
disjunctive union. Then the following theorem will be true.
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Theorem 3. Let T be a countable constant expansions of the dense meet-tree theory

Tdmt with n number of increasing sequence of constants (c
(i,0)
k )k∈ω and for each i there is τ(i)

number of decreasing sequence of constants (c
(1,i)
k )k∈ω, . . . , (c

(τ(i),i)
k )k∈ω defining the function

d(m) = {i | τ(i) = m}, so that c
(i,0)
k < c

(1,i)
k , . . . , c

(i,0)
k < c

(τ(i),i)
k , k ∈ ω and c

(j,i)
k ∥ c(t,i)k for each

1 ≤ j ̸= t ≤ τ(i). Let I = {i : 1 ≤ i ≤ n ∧ d(i) ̸= 1}. Then T has exactly

6d(1) ·
∏
i∈I

3τ(i)+1

countable models, where 3d(1) ·
∏
i∈I

2τ(i)+1 of them are prime models.

To obtain the theory T P
n we replace the set of constants {c(1)k , c

(2)
k , . . . c

(n)
k } in the theory Tn

with the predicates Pk.
In case the same meets the number of non-isomorphic countable models of T P

n is equal to
the number of combinations of a three-element set with repetitions, namely 3 ·C(3+n−1, n) =

3 · (n+2)(n+1)
2

countable models since in Tn we have 3 possible realizations of each type pk,
where k ∈ {1, . . . n}. Note that the number of non-isomorphic prime countable models of T P

n

is equal to the number of combinations of a two-element set with repetitions, so, the number
is 2 · C(2 + n− 1, n) = 2 · (n+ 1).

Let a be a vertex which is fixed by each automorphism of T and which has at least two sons
of the same type. Let b0 be a leaf which is a descendant of a. Let b1 be the parent of b0 of the
type m0

1, that is, b1 has exactly m0
1 sons.

Let b2 be the parent of b1 and have exactly m0
2 sons of the same type with b1. And so on,

let bk = a be the parent of bk−1 and let it have exactly m0
k sons of the same type as bk−1 has.

Let γ01 = C(3 +m0
1 − 1,m0

1) and γ
0
i+1 = C(3 +m0

i − 1,m0
i ). Let δ01 = C(2 +m0

1 − 1,m0
1) and

δ0i+1 = C(2 +m0
i − 1,m0

i ).
Let B0 = G(b0), where G is the group of all automorphisms of the rooted tree T . Then

similarly to the example above we can prove that there exist γ0k colorings of B0 into 3 colors
and δ0k colorings of B0 into 2 colors. Given a set B0, we denote γ0k by Γ0 and δ0k by ∆0.

Now we consider Tn and its possible completions different from the considered above and
the next theorem follows.

Theorem 4. Let T be a completion of T P
n and let T be the corresponding rooted tree. Let

B0, . . . , Bw be a partition of the set of leaves of T , where each Bi is the orbit of some leaf
under the action of the group of automorphisms of T . Then the number of countable models
of T is equal to

3 ·
∏
i≤w

Γi

and the number of countable prime models is equal to

2 ·
∏
i≤w

∆i.
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Reverse associative operad and non-symmetric version of
symmetric operad

Askar DZHUMADIL’DAEV
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An algebra A with identity revas = 0, where revas(t1, t2, t3) = t1(t2t3) − (t3t2)t1 is called
reverse associative. Such algebras appear in considering non-symmetric versions of symmetric
operads. Let operad A is symmetric operad, i.e., it is generated by multilinear polynomial
identities f1 ≡ 0, f2 ≡ 0, . . . where f1 = t1t2+ϵ t2t1 with ϵ

2 = 1, and deg fi > 2, for i > 1. Denote
by A♭ a new operad generated by polynomial identities of A, where the identity of degree 2 is
changed by the following identites of degree 3 : f1,r and revas, where f

r
1 (t1, t2, t3) = f(t1, t2) t3.

Here instead of f1,r one can use also the polynomial of degree three f1,l(t1, t2, t3) = t3 f1(t1, t2).
Theorem 1. The operad A♭ is non-symmetric, but it is almost symmetric in the following

sence: it satisfies all consequences of the identity f1 ≡ 0 for degrees more than 2. In particular,
if

G(t) =
∑
i≥1

(−1)idi
ti

i!
, G♭(t) =

∑
i≥1

(−1)id♭i
ti

i!
,

are skew-exponential generating functions of multilinear parts of operads A and A♭, then

G♭(t) =
t2

2
+G(t).

Example. Let Lie = ⟨f1, f2⟩ be operad of Lie algebras: f1(t1, t2) = [t1, t2] = t1t2 −
t2t1, f2(t1, t2, t3) = (t1t2)t3 + (t2t3)t1 + (t3t1)t2. Then Lie♭ = ⟨f1,r, revas, f2⟩ coincides with two-
sided Leibniz operad. Note that another version of Leibniz operad generated by polynomial
identites {f1,r, f1,l} does not satisfy some degree 3 consequences of the skew-symmetric identity
f1 ≡ 0, for example, revas ≡ 0 is not identity.

Example. For operad A denote by A! its Koszul dual. Then

(AsCom)! = Lie, (AsCom♭)! = LieAdm,

(AsACom)! = Com, (AsACom♭)! = Mag,

Lie♭ = Lei, (Lie♭)! = (Lei)! = AsAdm, .

Let arevas(t1, t2, t3) = t1(t2t3)+(t3t2)t1 be anti-reverse associative polynomial. Call colored
rooted tree plus-colored (minus-colored) if colors of all vertices coincide with color of root (colors
are alternating for any path from root to leaf). For element u of free reverse associative algebra
denote by u+ and u− projection of u to a space generated by plus-colored trees with black root
and white root. Similarly, for element u of free anti-reverse associative algebra denote by u+
and u− projection of u to a space generated by minus-colored trees with black root and white
root.

Theorem 2. Reverse associative and anti-reverse associative operads have the following
properties.

a Operads Revas and Arevas are Koszul

b Any anti-reverse associative algebra is associative-admissible and Lie-admissible

c Revas! = Arevas

d Revas = ⟨{t1, [t2, t3]}, [t1, {t2, t3}]⟩, where {t1, t2} = t1t2 + t2t1
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e Arevas = ⟨[t1, [t2, t3]], {t1, {t2, t3}}⟩

f Plus-colored trees generate a base of free reverse-associative algebra. In particular,
Revas(n) = Com+(n)⊕ Com−(n) if n > 1

g Minus-colored trees generate a base of free anti-reverse-commutative algebra. In particu-
lar, Arevas(n) = Com±(n)⊕ Com∓(n) if n > 1

h dimArevas(n) = dimRevas(n) = 2(2n − 1)!!, if n > 1 and dimArevas(1) =
dimRevas(1) = 1.

i Arevas = ComNil2 ∗ AcomNil2, where ComNil2 = ⟨t1t2 − t2t1, (t1t2)t3⟩, AcomNil2 =
⟨t1t2 + t2t1, (t1t2)t3⟩.

j Multiplication table in free reverse associative algebra F+(X) generated by elements set
X = {x1, x2, . . . , xn} can be given by

xixj = xi•xj+xi◦xj, xiu = xi•u++xi◦u−, uxj = u+•xj+u−◦xj, uv = u+◦v++u−◦v−,

where u, v ∈ F+(X)2, 1 ≤ i, j ≤ n.

k Multiplication table in free anti-reverse associative algebra F−(X) generated by elements
of X = {x1, x2, . . . , xn} can be given by

xixj = xi•xj+xi◦xj, xiu = xi•u−+xi◦u+, uxj = u−•xj+u+◦xj, uv = u−◦v−+u+◦v+,

where u, v ∈ F−(X)2, 1 ≤ i, j ≤ n.
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For an algebra A = (A,×) denote by A− = (A, ◦), A+ = (A, •) and A∓ = (A, ◦, •) its
minus-, plus- and polarized versions, where

a ◦ b = 1/2(a · b− b · a), a • b = 1/2(a · b+ b · a).

Conversely, for dialgebra A = (A, ◦, •), where ◦ and • are skew-symmetric and symmmetric
multiplications denote by (A,×) its depolarized version, where

a× b = a ◦ b+ b • a.

An algebra A is called Aslia (Asssociative-Lie-admissible), if it satis�es the identity aslia ≡ 0,
where

aslia = aslia(t1, t2, t3) = [t1, [t2, t3]] + 2(t2(t3t1)− t3(t2t1)− (t1t2)t3 + (t1t3)t2).
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Theorem 1. (p ̸= 3) A polarization of any Aslia algebra (A,×) is Associative-admissible
and Lie-admissible,

< a, b, c >= a • (b • c)− (a • b) • c = 0,

[[a, b], c] + [[b, c], a] + [[c, a], b] = 0,

for any a, b, c ∈ A. Conversely, depolarization of any Associative-admissible and Lie-admissible
dialgebra (A, ◦, •) is Aslia.

Theorem 2. Let AsLieAdm be Associative-admissible and Lie-admissible operad. The
operad AsLieAdm has the following properties.

� AsLieAdm is Koszul

� AsLieAdm = ⟨aslia⟩, if p ̸= 3

� AsLieAdm = AsCom ⋆ Lie

� AsLieAdm! = ⟨revcom, lwlei or rwlei⟩

� d!n = dim AsLieAdm!(n) = (n− 1)! + 1

� Poincare series f !
AsLieAdm(x) =

∑
i≥1 d

!
i
xi

i!
= −1 + ex − x− ln(1− x)

� dn = dim AsLieAdm(n) =
∑n−1

k=1(−1)kλkBn−1,k(d1, d2, . . . , dn−k), where

λk =
k∑

s=1

(−1)ss!Bk,s(1! + 1, 2! + 1, . . . , i! + 1, . . . , (k − s+ 1)!).

Theorem 3. Associative-admissible operad has the following properties.

a Lie♭ = Lei

b dim Lie♭(n) = (n− 1)!, if n ̸= 2 and = 2, if n = 2

c Operads AsAdm and Lie♭ are Koszul

d AsAdm! = Lie♭

e AsAdm = AsCom ⋆Acom

f Dimensions of multi-linear parts of associative-admissible operad dn = dim AsAdm(n)
can be found by the following recurrence relations

dn =
n−1∑
k=1

k!Fk+2Bn−1,k(d1, d2, . . . , dn−k), n > 1,

d1 = 1,

where Fn are Fibonacci numbers and Bn,k(x1, . . . , xn−k+1) are Bell polynomials.
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Let A = (A, ◦) be right-Novikov algebra over a �eld of characteristic 0,

a ◦ [b, c] = (a ◦ b) ◦ c− (a ◦ c) ◦ b, a ◦ (b ◦ c) = b ◦ (a ◦ c),

for any a, b, c ∈ A. Here [a, b] = a ◦ b− b ◦ a. Let rs, la : A→ A are right- and left-multiplication
operators, (b)ra = b ◦ a, (b)la = a ◦ b. In terms of right- and left- multiplication operators
right-Novikov conditions can be written as

[ra, rb] = r[a,b], ra◦b = rbla, [ra, lb] = lalb − lb◦a, [la, lb] = 0, ∀a, b ∈ A,

where [X, Y ] = XY − Y X is Lie commutator. For a ∈ A de�ne its right- and left-powers a.n

and an. by
a.n = (a)rn−1

a = (. . . ((a ◦ a) ◦ a) . . .) ◦ a,
an. = (a)ln−1

a = a ◦ (a ◦ (· · · (a ◦ a) · · · )).
Number of a's in each case is n.

Main conjecture. If a.n = 0, n > 2, for any a ∈ A, then l2n−3
a = 0 for any a ∈ A. In

particular, the identity a.n = 0 implies the identity a(2n−2). = 0.
Weaker version of conjecture: the identity rna = 0, ∀a ∈ A ⇒ l2n−1

a = 0,∀a ∈ A. Note that
a.n = 0,∀a ∈ A ⇒ rna = 0,∀a ∈ A. Therefore, this version gives us a weaker version of main
conjecture: the identity a.n = 0 implies that left-multiplication operator is nil with nil-index
2n− 1

Theorem 1. For right-Novikov algebras the main conjecture is true for 2 < n ≤ 8.
Theorem 2. If A is right-Novikov algebra with identities a.n = 0, an. = 0, then A is nilpotent

with nilpotency index N < n2 + 1.
Corollary. Any right-Novikov algebra with identity a.n = 0, 2 ≤ n ≤ 8, is nilpotent with

nilpotency index N < 4n2 − 8n+ 5.
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A complete theory T has dp-rank ≥ n if there are formulas φ1(x, y), . . . , φn(x, y) and
mutually indiscernible sequences (a1i )i<ω, . . . , (a

n
i )i<ω such that for any function σ : {1, . . . , n} →

ω, the set of formulas

{φk(x, a
k
σ(k)) : k ≤ n} ∪ {¬φk(x, a

k
i ) : i ̸= σ(k), k ≤ n}

is consistent. A theory T has dp-rank is equal to n, if it does not have dp-rank ≥ n+1.
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A theory T is dp-minimal if it has dp-rank is equal to 1. [1].
Theorem. For any n > 1 there are theories having dp-rank is n, and constructed from n-

di�erent relations of equivalents. Conditions for new equivalence relation are obtained so that
expansion of the structure increases the dp-rank.

We give an example when n theory has four di�erent equivalents, but the dp-rank is 2.
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We study Jonsson theories in a countable �rst-order language L.
Definiton 1 [1] A theory T is called Jonsson if the following conditions hold for T :

1. T has at least one in�nite model;
2. T is an inductive theory;
3. T has the amalgam property (AP );
4. T has the joint embedding property (JEP ).

Definition 2 [2] A set JSp(K) of Jonsson theories of L, where

JSp(K) = {T |T is a Jonsson theory and K ⊆Mod(T )},

is said to be a Jonsson spectrum of K.
Definition 3 [3] T1 and T2 are said to be cosemantic Jonsson theories (denoted by T1 ▷◁ T2),

if T ∗
1 = T ∗

2 .
Let T be a Jonsson theory in L,K ⊆ ET . We consider the Jonsson spectrum of the given class

K. Let us introduce the cosemanticness relation on JSp(K). As it is well known, this relation is
an equivalence relation, and therefore divides the spectrum into cosemanticness classes. Thus,
we get a factor set JSp(K)/▷◁. Next, we will work with some �xed cosemanticness class [T ].
It is clear that all the Jonsson theories in this class have the same semantic model, which we
denote by C[T ]. As part of the study, the following results were obtained.

Lemma 1 [4] Let [T ] ∈ JSp(K)/▷◁ consist only of ∃-complete theories, and let in JSp(K)/▷◁
there be such a class [T ′], which consists of extensions of theories of the class [T ] in the same
language. Then if p(x̄)∪T is consistent for each theory T ∈ [T ], then p(x̄)∪T ′ is also consistent
for each theory T ′ ∈ [T ′], where p(x̄) is the set of ∃-formulas.

Proposition [4] Let K ′ ⊆ K, [T ] ∈ JSp(K)/▷◁, and let C[T ] be a semantic model of [T ].
Then T ′ ∈ [T ], where

T ′ = T 0(K ′) ∨ T 0(C[T ]) = {φ ∨ ψ | φ ∈ T 0(K ′), ψ ∈ T 0(C[T ])}.

Theorem 1 [4] Let T be an arbitrary inductive L-theory such that A |= T for any A ∈ K,
where K is a class of in�nite L-structures, and let the cosemanticness class [T ′] ∈ JSp(K)/▷◁
consist only of ∃-complete theories. Then [T ′′] ∈ JSp(K)/▷◁, where

[T ′′] = {T ′′ | T ′′ = T ∪ T ′ for each T ′ ∈ [T ]}.
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We continue to study natural characteristics of structures and theories introducing the
notions of almost quasi-Urbanik structures and theories based on the notion of quasi-Urbanik
structure. We also introduce existential and universal degrees similar to degrees of rigidity
[2]. Spectra of these degrees are described for some natural classes of structures and theories
including unary theories, preordered theories, spherically ordered theories [3] and strongly
minimal theories [4].

De�nition. A theory T is called almost quasi-Urbanik, if some expansion of T by �nitely
many constants is quasi-Urbanik, and the models M of T are almost quasi-Urbanik, too. If
a �nite set A of constants produces a quasi-Urbanik expansion TA of T then we say that A
witnesses that T is almost quasi-Urbanik. The least cardinality of the witnessing set A is called
the quasi-Urbanik ∃-degree of T and it is denoted by deg∃qU(T ). If these �nite sets A do not exist
we put deg∃qU(T ) = ∞. The minimal cardinality n ∈ ω such that each set A of cardinality n
produces the quasi-Urbanik theory TA is called the quasi-Urbanik ∀-degree of T and it is denoted
by deg∀qU(T ). If such n does not exist then we put deg∀qU(T ) = ∞. Similarly it is transformed
to the models M of T with quasi-Urbanik ∃-degrees deg∃qU(M) and ∀-degrees deg∀qU(M).

Clearly, for any theory T , deg∃qU(T ) = 0 i� deg∀qU(T ) = 0, and i� T is quasi-Urbanik. Thus,
by the de�nition any quasi-Urbanik theory is almost quasi-Urbanik. Besides, for any theory T ,

deg∃qU(T ) ≤ deg∀qU(T ) (1)

implying that if T is not almost quasi-Urbanik then deg∃qU(T ) = deg∀qU(T ) = ∞, and vice versa.
We have the similar e�ect for structures. At the same time there are examples illustrating that
there are (almost) quasi-Urbanik structures whose theories are not almost quasi-Urbanik.

Theorem 1. For any µ, ν ∈ (ω \ {0}) ∪ {∞} with µ ≤ ν there is a theory Tµ,ν such that

deg∃qU(Tµ,ν) = µ and deg∀qU(Tµ,ν) = ν.

For a theory T we denote by deg2,qU(T ) the pair
(
deg∃qU(T ), deg

∀
qU(T )

)
of quasi-Urbanik

degrees for T . In view of the inequality (1) and Theorem 1 the set DEG2,qU = {(0, 0)}∪{(µ, ν) ∈
((ω \{0})∪{∞})2 | µ ≤ ν} collects the spectrum of all possibilities for deg2,qU(T ). For a family
T of theories we denote by DEG2,qU(T ) the restriction of DEG2,qU to the family of theories in
T : DEG2,qU(T ) = {deg2,qU(T ) | T ∈ T }.
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Let Σ1 be a signature of unary predicate symbols and of constant symbols.

Theorem 2. Let T be a theory of a signature Σ1, M |= T . Then the following conditions
hold: 1) T is quasi-Urbanik i� each algebraic 1-type over ∅ has unique realization; 2) T is
almost quasi-Urbanik i� T has �nitely many algebraic 1-types p1, . . . , pn over ∅ with at least

two realizations; here deg∃qU(T ) =
n∑

i=1

(|pi(M)| − 1); 3) deg∀qU(T ) > 0 is �nite i� M is �nite and

has an algebraic 1-type p ∈ S(∅) with at least two realizations; here deg∀qU(T ) = |M | − 1.

Corollary 1. Let T be the family of theories in signatures of the form Σ1. Then
DEG2,qU(T ) = DEG2,qU.

Theorem 3. Let Tpo be the family of theories of preordered structures. Then
DEG2,qU(Tpo) = DEG2,qU.

Theorem 4. Any n-spherically ordered structure M has an almost quasi-Urbanik theory
T with deg∀qU(T ) ≤ n− 2.

Theorem 5. Let Tso be the family of theories of spherically ordered structures. Then
DEG2,qU(Tso) = {(0, 0)} ∪ {(m,n) | m,n ∈ ω \ {0},m ≤ n} = DEG2,qU \ {(µ,∞) | µ ∈
(ω \ {0}) ∪ {∞}}.

Theorem 6. For any strongly minimal theory T , deg∀qU(T ) equals either 0 or ∞.

Corollary 2. Let Tsm be the family of strongly minimal theories. Then

DEG2,qU(Tsm) = {(0, 0)} ∪ {(µ,∞) | µ ∈ (ω \ {0}) ∪ {∞}}.
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A (topological) lattice is pro�nite if it is representable as an inverse limit of �nite lattices
(endowed with the product topology). A quasivariety N is pro�nite if every pro�nite lattice in
N is an inverse limit of �nite lattices from N. We present a su�cient condition on a locally
�nite quasivariety of lattices which provides not �nite axiomatizability and non-pro�niteness
of this quasivariety.

Theorem. Let N be a locally �nite quasivarieties of lattices satisfying the following
conditions:
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a) there is a �nite latticeM with a semi-splitting pair (a, b) such thatM ̸∈ N andMab ∈ N;
b) there exists a �nite simple lattice P ∈ N which is not a proper homomorphic image of

any subdirectly N-irreducible lattice.
Then the quasivariety N is not pro�nite, as well as has no �nite basis of quasi-identities.

These yield a host of examples of �nite lattices that generate no �nitely axiomatizable and
non-pro�nite quasivarieties.

Funding: The �rst author was funded by the Science Committee of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (grant no. AP09058390).

Keywords: lattice, quasivariety, topological quasivariety

2010 Mathematics Subject Classi�cation: 08C15, 06C99

On Pseudofiniteness of Unars

Nurlan MARKHABATOV

L.N. Gumilyov Eurasian National University, Astana, Kazakhstan

E-mail: markhabatov@gmail.com

Our research concerns theories of unars approximated by theories of �nite unars [1]. This
work continues, possibly concludes, research on pseudo�nite unars [2,4,5,6].

De�nition. [A.Lachlan] Let Σ be a countable signature and let M be a countable and ω-
categorical Σ-structure. Σ-structureM (or Th(M)) is said to be smoothly approximable if there
is an ascending chain of �nite substructures M0 ⊆ M1 ⊆ . . . ⊆ M such that

⋃
i∈ω Mi = M

and for every i, and for every ā, b̄ ∈ Mi if tpM(ā) = tpM(b̄), then there is an automorphism σ
of M such that σ(ā) = b̄ and σ(Mi) = Mi.

Countably categorical unars were characterized in [3].
Proposition 1. Any in�nite ω-categorical unar U = ⟨U, f⟩ is smoothly approxi-mable.
Model-theoretic properties such as pseudo�niteness and de�nable minimality of unars were

studied in [5] and [6], respectively.
Proposition 2. Let T be the theory of a strongly minimal unar such that each vertex has

n preimages for some natural n. Then the theory T is pseudo�nite if and only if n = 1.
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An algebra B = (B, ·) with vector space B and multiplication · is called bicommutative if it
satis�es the identities

a(bc) = b(ac), (ab)c = (ac)b

for any a, b, c ∈ B. De�ne the mutation product on B for �xed p, q ∈ B by ⟨a, b⟩ = (ap)b−b(qa).
We obtain that any bicommutative algebra under the mutation product satis�es Lie-admissible
identity, which follows from two independent identities of degree three. Moreover, we obtain all
identities of degree four.

Theorem 1. Every identity of degree 3 in a mutation of a bicommutative algebra (B, ⟨·, ·⟩)
follows from identities:

⟨⟨a, b⟩, c⟩ − ⟨⟨a, c⟩, b⟩+ ⟨b, ⟨c, a⟩⟩ − ⟨c, ⟨b, a⟩⟩ = 0,

⟨a, ⟨b, c⟩⟩ − ⟨a, ⟨c, b⟩⟩ − ⟨b, ⟨a, c⟩⟩+ ⟨b, ⟨c, a⟩⟩+ ⟨c, ⟨a, b⟩⟩ − ⟨c, ⟨b, a⟩⟩ = 0.

Theorem 2. Every identity of degree 4 in a mutation of a bicommutative algebra (B, ⟨·, ·⟩)
follows from identities:

⟨⟨a, ⟨d, c⟩⟩, b⟩ − ⟨a, ⟨⟨d, c⟩, b⟩⟩ = 0,

⟨⟨⟨b, c⟩, a⟩, d⟩ − ⟨⟨⟨b, d⟩, a⟩, c⟩+ ⟨c, ⟨⟨d, b⟩, a⟩⟩ − ⟨d, ⟨⟨c, b⟩, a⟩⟩ = 0,

⟨⟨b, ⟨a, c⟩⟩, d⟩ − ⟨b, ⟨⟨a, d⟩, c⟩⟩+ ⟨b, ⟨c, ⟨d, a⟩⟩⟩ − ⟨b, ⟨d, ⟨c, a⟩⟩⟩ = 0,

⟨⟨⟨d, b⟩, a⟩, c⟩−⟨⟨⟨d, c⟩, a⟩, b⟩+ ⟨b, ⟨⟨d, c⟩, a⟩⟩−⟨c, ⟨⟨d, b⟩, a⟩⟩−⟨d, ⟨⟨b, c⟩, a⟩⟩+ ⟨d, ⟨⟨c, b⟩, a⟩⟩ = 0,

⟨⟨b, ⟨d, a⟩⟩, c⟩−⟨b, ⟨⟨d, c⟩, a⟩⟩+ ⟨a, ⟨b, ⟨d, c⟩⟩⟩−⟨b, ⟨c, ⟨d, a⟩⟩⟩−⟨b, ⟨d, ⟨a, c⟩⟩⟩+ ⟨b, ⟨d, ⟨c, a⟩⟩⟩ = 0,

⟨⟨⟨a, b⟩, c⟩, d⟩+ ⟨b, ⟨⟨d, c⟩, a⟩⟩ − ⟨a, ⟨b, ⟨d, c⟩⟩⟩ − ⟨c, ⟨d, ⟨b, a⟩⟩⟩−
⟨⟨⟨a, d⟩, b⟩, c⟩+ ⟨a, ⟨d, ⟨b, c⟩⟩⟩+ ⟨b, ⟨c, ⟨d, a⟩⟩⟩ − ⟨d, ⟨⟨b, c⟩, a⟩⟩ = 0.
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We continue to study characteristics of families of abelian groups applying a general

approach for degrees deg4(M) =
(

deg∃-semrig (M), deg∃-syntrig (M), deg∀-semrig (M), deg∀-syntrig (M)
)

and indexes indrig(M) of rigidity [1] for structures M to the class of standard abelian groups
[2�5]. We use both properties of these degrees for structures with arbitrary cardinalities [1] and
for �nite ones [6] as well as possibilities of Szmielew invariants αp,n, βp, γp, ε and of ranks rk.
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Theorem 1. For any �nite abelian group A the following conditions are equivalent: (1) A
is quasi-Urbanik; (2) deg4(A) = (0, 0, 0, 0); (3) |A| ≤ 2.

Recall that any �nite abelian group S is represented in a standard form, i.e. as a direct
sum ⊕p,nZ

(αp,n)
pn . Recall also that Euler function φ(n) is de�ned as follows: φ(n) = |{m ∈ Zn |

(m,n) = 1}|.
Theorem 2. For any �nite abelian group A = ⊕p,nZ

(αp,n)
pn ,

indrig(A) =
∏
p,n

(pnαp,n − (pn − φ(pn))αp,n).

Proposition 1. For any �nite abelian group A = ⊕p,nZ
(αp,n)
pn , deg∃-semrig (A) = deg∃-syntrig (A) =

δ, with δ = rk(A)− 1 if α2,1 = 1, and with δ = rk(A) if α2,1 ̸= 1.

Proposition 2. For any �nite abelian group A = ⊕p,nZ
(αp,n)
pn with some αp,n > 0 and

A ̸≃ Z2, deg
∀-sem
rig (A) = deg∀-syntrig (A) = ζ, where

ζ = qn0(αq,n0−1)qn0−1 ×
∏

αp,n>0,p ̸=q, or p=q and n0>n

pnαp,n ,

if α2,1 = 1, and

ζ = qn0(αq,n0−1)qn0−1 ×
∏

αp,n>0,p ̸=q, or p=q and n0>n

pnαp,n + 1,

if α2,1 ̸= 1, q is the maximal prime number with αq,n > 0 and n0 is maximal one among n with
αq,n > 0.

For a �nite abelian group A we denote by δ(A) the value δ in Proposition 1, and by ζ(A)
the value for ∀-degrees in Proposition 2. Summarizing these propositions we conclude:

Theorem 3. For any �nite abelian group A either deg4(A) = (0, 0, 0, 0) if |A| ≤ 2, or
deg4(A) = (δ(A), δ(A), ζ(A), ζ(A)), otherwise.

Proposition 3. If A is an abelian group of �nite rank r = rk(A) > 0 then deg∃-syntrig (A) =

r − 1 if α2,1(A) = 1, and deg∃-syntrig (A) = r if α2,1(A) ̸= 1.

Theorem 4. For any in�nite standard abelian group A one of the following conditions hold:
1) deg4(A) = (1, 1, 2, 2), if rk(A) = 1;
2) deg4(A) = (1, 1, 3, 3), if rk(A) = 2 and α2,1(A) = 1;
3) deg4(A) = (r − 1, r − 1,∞,∞), if rk(A) = r > 2 is �nite and α2,1(A) = 1;
4) deg4(A) = (r, r,∞,∞), if rk(A) = r > 2 is �nite and α2,1(A) ̸= 1;
5) deg4(A) = (∞,∞,∞,∞), if rk(A) is in�nite.

Theorem 5. For any standard in�nite abelian group A either indrig(A) is �nite and satis�es
the formula

indrig(A) =
∏

αp,n∈ω

(pnαp,n − (pn − φ(pn))αp,n),

if all positive βp(A) are in�nite and A has �nitely many positive natural αp,n, or indrig(A) =
ω, otherwise.
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We use general concepts of model theory and computability theory that are introduced
in the work [1]. A �nite signature is called rich, if it contains at least an n-ary predicate or
functional symbol for n > 1, or two unary functional symbols. By SL(σ), we denote the set
of all sentences of signature σ. By [Φ]σ, we denote a theory of signature σ generated by the
sentence Φ as an axiom. In the work, we consider a �nite rich signature σ, and �x a G�odel
numbering Φi, i ∈ N, for the set of all sentences of signature σ. For a set E ⊆ SL(σ), we denote
by Nom (E) the set of G�odel numbers {i | Φi ∈ E}. For a class Ξ of a hierarchy and a set
A of integers, the record Ξ ⩽m A indicates the fact that any set from Ξ is m-reducible to A.
De�nitions of the layers MQL and ACL of model-theoretic properties can be found in [2].

Two theories T and S are said to be semantically similar over a layer L of model-theoretic
properties, symbolically T ≡L S, if there is a computable isomorphism µ : L(T ) → L(S)
between the Tarski-Lindenbaum algebras of these theories, such that, for any complete extension
T ′ of theory T and corresponding complete extension S ′ of theory S, S ′ = µ(T ′), theories T ′

and S ′ have identical properties in terms of this layer L. Two sentences Φ and Ψ of signature σ
are said to be semantically similar over the layer L, symbolically Φ ≡L Ψ , if theories [Φ]σ and
[Ψ ]σ are semantically similar over L. A set E ⊆ SL(σ) is called semantically closed over a layer
L, if for any sentences Φ, Ψ ∈ SL(σ), we have Φ ≡L Ψ ⇒ (Φ ∈ E ⇔ Ψ ∈ E).

A theory T of the �nite rich signature σ is said to be f -approximable if, for any complete
theory T ′ extending T and any sentence Φ of signature σ satisfying T ′ ⊢ Φ, the formula Φ has
a �nite model N, which is not a model of T ′. The theory T is called hereditarily undecidable,
if any its subtheory T ′ ⊆ T of signature σ is undecidable, while T is essentially undecidable, if
any its extension T ′ ⊇ T of signature σ is undecidable.

Consider the following particular set of sentences of signature σ:

H =
{
Φn | [Φn]

σ is f -approximable, hereditarily&essentially undecidable
}
.

The following statement represents a �rst-level analog of the known Rice theorem (modulo
the particular set) for semantically closed classes of sentences.

Theorem 1. For an arbitrary semantically closed over ACL class of sentences E ⊆ SL(σ)
satisfying H ⊆ E or H ⊆ (SL(σ)∖E), the following assertions are satis�ed:

(a) Nom (E) is computable ⇔ E = ∅ or E = SL(σ),
(b) if E ̸= ∅ and E ̸= SL(σ), then Σ0

1 ⩽mNom (E) or Π0
1 ⩽mNom (E).
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In [2], it is possible to �nd an informal substantiation of the fact that, the layer AreaL of
all real model-theoretic properties coincides with the algebraic Cartesian layer ACL involved in
formulation of Theorem 1.

A certain version of the �rst-level analog of Rice's theorem for semantically closed classes
of sentences was presented in [1, Th. 7.1]. That version of the result concerns the quasiexact
semantic layer MQL of model-theoretic properties, which is a proper subset of the layer ACL.
Moreover, in the formulation of the result [1, Th. 7.1], there are no exceptions such as the special
subset H in Theorem 1. Thus, the two indicated results are independent; each of them is not
a corollary of the other.

A question arises whether there is a version of �rst-order analog of Rice's theorem for
semantically closed classes of sentences of a �nite rich signature, which is not covered by the
results of Theorem 1 and statement [1, Th. 7.1]?
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In our report we consider the uniformly externally de�nable expansion for ordered structure
which condition on the 1-type over model.

De�nition of Uniformly externally de�nable expansion. M+ = ⟨M ; Σ ∪ {U1}⟩ is
uniformly externally de�nable if for any H(x) of Σ+, there is Hφ(x, α), α ∈ N , such that for
all a ∈M .

[M+ |= φ(a) ⇔ N |= Hφ(a, α)] that means Hφ(N
r, α) ∩M r = φ(M+), r = lenght x

Lemma. Let p ∈ S1(M) such that for all α ∈ pc(N), for any 2−M - formula Θ(x, y) convex
to the left (to the right), we have Θ(N,α) ∩M ̸= ∅.

Then for any formula L(x) ∈ p(x), for any β ∈ L(N) the following true, if EL(N, β)∩p(N) ̸=
∅, then p(N) ⊂ pc(N) ⊂ EL(N, β).

Theorem 1. M = ⟨M ; =;<,Σ...⟩ linear ordering, where Σ = ⟨=, <, ...⟩. Let (C,D) be
irrational cut such that for N ≻ M, for any α ∈ N (C < α < D), for any 2-M formula H(x, y),
if H(N,α)- convex to right(left) then H(N,α)∩M ̸= ∅. ThenM+ = (M ; Σ∪{U1}) is uniformly
externally de�nable expansion for U1(M+) = C

Funding: The authors were supported by the grant no. AP19677434 of the Ministry of Science and Higher Education
of the Republic of Kazakhstan.

Keywords: externally de�nable expansion, ordered structure, irrational cut, convex set.

2010 Mathematics Subject Classi�cation: 03C15, 03C64

Institute of Mathemitics and Mathematical Modeling / al-Farabi KazNU. Almaty, 2024



252 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2024

References
[1] D. Macpherson, D. Marker, Ch. Steinhorn Weakly o-minimal structures and real closed �elds, Translations of

the American Mathematical Society, 171:3 (2019), 102765.
[2] A. Pillay On externally de�nable sets and a theorem of Shelah, Algebra, logic, set theory, Stud. Log.(Lond.),

(2007)

[3] B.S. Baizhanov Expansion of a model of a weakly o-minimal theory by a family of unary predicates, The Journal

of Symbolic Logic, 66 (2001), 1382�1414.

Leibniz analogue of Malcev algebras

Nurken SMADYAROV

SDU University

E-mail: nurken.smadyar@gmail.com

In [1] Dzhumadil'daev and Ismailov studied binary Leibniz algebras and proved that the
variety of binary Leibniz algebras Leib2 are de�ne by the following identities:

(aa)b = 0,

b(aa) + (a, b, a) = 0,

(ab)(ab)− a(b(ab)) + b(a(ab)) = 0.

Furthermore, they showed strictness of the inclusions in the diagram below:

Lie ⊂ Malc ⊂ Lie2 ⊂ Lie1
∩ ∩ ∩

Leib ⊂ ⊂ Leib2 ⊂ Leib1

where Lie, Malc, Lie2, Lie1 Leib, Leib2, Leib1 are the varieties of Lie, Malcev, binary Lie,
mono Lie (anticommutative), Leibniz, binary Leibniz and mono Leibniz algebras, respectively.

The authors asked a question whether there is a Leibniz analogue of Malcev algebras (if
exists) that makes the picture complete. In our talk we give polynomial identities that describe
all subvarieties of the variety Leib2 that includes the variety Malc and the variety Leib.
Funding: The author was supported by the grant no. AP14870282 of the Ministry of Science and Higher Education of
the Republic of Kazakhstan.
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On approximating formulae

Sergey SUDOPLATOV
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We continue to study formulae and their properties [1]. We introduce the general notion of
approximating formula, based on approximations of theories [2] and generalizing the notion of
pseudo�nite formula [3], and describe various possibilities for approximating formulae, algebras
on sets of these formulae. For a formula φ we denote by Σ(φ) the set of all signature symbols
used for φ. For a signature Σ, we denote by F (Σ) and Sent(Σ) the sets of all formulae and
sentences in Σ, respectively. We denote by TΣ the family of all complete theories in Σ.
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De�nition. [3, 4] A formula φ true in an in�nite model is called pseudo�nite if it is true
in a �nite model, too. A theory consisting of pseudo�nite sentences is called pseudo�nite. We
denote by PFF(Σ) the set of all pseudo�nite formulae in the signature Σ. The spectrum of a
formula φ, Spec(φ), is the set {n ∈ ω \ {0} | there is M |= φ with |M| = n}.

De�nition. For a family T ⊆ TΣ, a formula φ = φ(x) is called T -approximating if φ is
satis�ed in a model of some accumulation point of T . The formula φ is called approximating if
it is TΣ-approximating, where Σ ⊇ Σ(φ). We denote by AF(T ) the set of all T -approximating
formulae, by AF(Σ) the set of all approximating formulae in the signature Σ, and by PFS∞(Σ)
the set of all formulae in PFS(Σ) with in�nite spectra. Restrictions of AF(T ), and AF(Σ) to
the set Sent(Σ) of sentences are denoted by AS(T ) and AS(Σ), respectively.

Proposition 1. For any signature Σ, PFS∞(Σ) ̸= ∅.
For any signature Σ, PFF∞(Σ) ⊆ AF(Σ) and PFS∞(Σ) ⊆ AS(Σ), i.e. any pseudo�nite

formula/sentence with an in�nite spectrum is approximating. Thus each signature produces
approximating formulae.

Proposition 2. Let φ be a sentence with �nite nonempty spectrum and ψ be a consistent
sentence belonging to �nitely many theories of given signature Σ ⊇ (Σ(φ)∪Σ(ψ)) such that φ
does not have in�nite models and ψ does not have �nite ones. Then φ ∨ ψ is pseudo�nite and
not approximating.

Proposition 3. For any pseudo�nite theory T of a signature Σ, T ⊆ PFS∞(Σ).

Theorem 1. For any signature Σ the following conditions are equivalent:
(1) PFF(Σ) = PFF∞(Σ) = AF(Σ), where PFF∞(Σ) is the restriction of PFF(Σ) to the set

of formulae φ such that the sentences ∃xφ belong to PFS∞(Σ);
(2) PFS(Σ) = PFS∞(Σ) = AS(Σ);
(3) the signature Σ does not contain functional symbols of arities > 0 and predicate symbols

of arities > 1.

Proposition 4. For any family T of theories in a signature Σ the following equalities hold:
1) AS(T ) =

⋃
{T ∈ T | T is an accumulation point of T }; 2) AS(T ) =

⋃
{T | T is an

accumulation point of ClE(T )}; 3) AS(T ) = {φ ∈ Sent(Σ(T )) | RST (φ) ≥ 1}.
Corollary. For any family T of theories in a signature Σ the set of sentences φ separating

�nite nonempty subsets in T equals CF(T ) ∩ (Sent(Σ) \ AS(T )), where CF(T ) is the set of
formulae belonging to some theory in T .

De�nition. A theory T ∈ T is called �nitely axiomatizable in T , or T -�nitely axiomatizable,
if there is a sentence φ ∈ T such that φ does not belong to other theories in T . Here the sentence
φ is called the T -complete axiom for T .

Proposition 5. For any family T of theories in a signature Σ the set of sentences φ
separating singletons in T equals the subset of CF(T ) ∩ (Sent(Σ) \ AS(T )) consisting of T -
complete axioms such that each sentence in CF(T ) ∩ (Sent(Σ) \ AS(T )) is T -equivalent to a
disjunction of these axioms.

In view of Proposition 5 the set CF(T )∩ (Sent(Σ) \AS(T )) consists of sentences separating
T -�nitely axiomatizable theories.

Since AF(T ) and AS(T ) are closed under deducibility then, for any in�nite T , AF(T ) and
AS(T ) form upper semilattices with respect to the operation ∨, denoted by AF(T ) and AS(T ),
respectively: AF(T ) = ⟨AF(T );∨⟩, AS(T ) = ⟨AS(T );∨⟩.

Theorem 2. For any in�nite family T the following conditions are equivalent: (1) the
semilattice AF(T ) is expandable till the (distributive) lattice ⟨AF(T );∨,∧⟩; (2) the semilattice
AS(T ) is expandable till the (distributive) lattice ⟨AS(T );∨,∧⟩; (3) T is e-minimal; (4)
RS(T ) = 1 and ds(T ) = 1.
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Let T be a countable complete theory of a language L. Denote by Sn(T ) the set of
all complete n-types of T over an empty set. Let p ∈ Sn(T ) be non-principal, and let
c̄ = (c1, c2, ..., cn) ̸∈ L be a tuple of new constants. The theory T ∗ := T ∪ p(c̄) is called an
inessential expansion of T . The theory T ∗ is an L∗-theory, where L∗ := L ∪ {c1, c2, ..., cn}.

A.D. Taimanov asked if it is possible that I(T,ℵ0) = 2ℵ0 and I(T ∗,ℵ0) is �nite or countable.
B. Omarov tried to construct an example with I(T,ℵ0) = 2ℵ0 and I(T ∗,ℵ0) < ℵ0. Omarov's
construction in [1] does not give an answer (Theorem 1) and in general, Taimanov's question
is still open.

We describe Omarov's constructions from [1] of theories T0, T1, and T2 such that T0 ⊂
T1 ⊂ T2 and show that T2 constructed in his work ([1], Theorem 3) does not have continuum
of countable models, but has the countable number of countable models and an inessential
expansion T ∗

2 with a �nite number of countable models (Theorem 1). That is, I(T2,ℵ0) = ℵ0

and I(T ∗
2 ,ℵ0) < ω.

We analyze Omarov's example in terms of (non-)orthogonality (as well as weak and almost
orthogonality).

Theorem 1.[2] The theory T2 has countably many countable models, the expansions of T2
by the complete 1-type q1j (x) or by the 1-type q

2
j (x) have a �nite number of countable models.

Taking into account B. Omarov's successful attempt to reduce the number of countable
models from ℵ0 to a �nite number, we propose the following conditions for constructing an
example of a complete theory that reduces the number from the continuum by means of an
inessential expansion.

Conjecture.
Let T be a small ordered complete theory of a countable language L. Let I(T,ℵ0) = 2ℵ0 .

Then there exists a non-principal type p ∈ S1(T ) such that I(T ∗,ℵ0) ≤ ω, where T ∗ := T ∪p(c)
and c is a new constant, if and only if the following holds:

1. There exists a family of non-principal 1-types p1, p2, . . . , pn, . . . ∈ S1(T ) (n < ω) such that
tp(αi1 , αi2 , . . . , αik) ⊥a pj for all k < ω, and all pairwise distinct i1, i2, . . . , ik, j < ω such that
αi1 ∈ pi1(M), αi2 ∈ pi2(M), . . . , αik ∈ pik(M), where M is a countable saturated model of T .

2. For every i < ω, we have p ̸⊥a pi.
3. There is a �nite number of non-principal 1-types, q1, q2, . . . , qm ∈ S1(T ), such that for

every j ̸= k (1 ≤ j ≤ m, 1 ≤ k ≤ m) we have qk ⊥a qj, p ⊥a qk, and qk ⊥a p.
4. For every non-principal q ∈ S(T ), we have either q ≁⊥a p, or for some i < ω, q ∼ ̸⊥a pi, or

for some k, 1 ≤ k ≤ m, q ∼ ̸⊥a qk.
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Recall that when the number of types is less than 2|A| , for each set A of cardinality λ, we
have a stability in λ.

De�nition. Linear ordered structure M is called o-stable in λ, if for any any subset A ⊆ M
such that |A| ≤ λ and for any arbitrary cut s in M there exist the biggest λ complete types
over A which are consistent with cut s.

Theory T is called o-stable in λ, if every model of T is o-stable.
Theory T is called o-stable, if there is a λ, such that T is λ stable.

Our question is the following: can we add a new relation P to (Z, <,+), which is not
de�nable in this structure, so that the elementary theory of the expanded structure (Z, <,+, P )
is o-stable.

Theorem. There is no essential o-stable expansion of (Z, <,+).
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We work in the countable �rst-order language L of signature σ in the frame of Robinson
theories. All unde�ned concepts one can �nd in [1-4].

Definition. [2] ∇ is Π1 ∪ Σ1, that is ∇ is a collection of all universal and existential
formulas.

Definition. [2] If T = T∇, then the theory T is called primitive.
Definition. [3] A set RSp(JC) of Robinson theories of signature σ, where RSp(JC) =

{∆ |∆ is Robinson theory of unars and ∀C∆ ∈ JC,C∆ |= ∆}, is called the Robinson spectrum
for class JC, where JC is semantic Jonsson quasivariety of Robinson unars.
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We introduce cosemanticness relation [3] and consider disjoint equivalence classes [∆] ∈
RSp(JC)/▷◁, C[∆] denotes this class's semantic model.

Theorem 1. 1) The quantity of pairwise di�erent maximal [∆] classes of Robinson theories
of unars is equal to ω. Moreover, these classes of theories have following characteristics: πω,
{π0,m 1 ≤ m < ω}, {πn,m 1 ≤ n,m < ω}, where πω : Ω = {ω}, ν(m) = 0 ∀m < ω, µ(ω) = 1,
ε = ∞; π0,m : Ω = {(0,m)},

ν(m) =

{
0, if k ̸= m,

∞, if k = m;

µ(0,m) = 0, ε = 0; πn,m : Ω = {(0,m), .., (n,m)},

ν(k) =

{
0, if k ̸= m,

1, if k = m,

µ(k,m) =


1, if k < n− 1,

∞, if k = n− 1, ε = 0.

0, if k = n,

2) Maximal ∇-complete [∆] classes of Robinson theories of unars is the only class, that has
characterstic πω.

Keywords: Model theory, Jonsson theory, semantic model, Jonsson spectrum, Robinson spectrum, cosemanticness,
equivalence classes.
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We work in the countable �rst-order language L of signature σ in the frame of Robinson
theories. All unde�ned concepts one can �nd in [1-4].

Definition. [2] ∇ is Π1 ∪ Σ1, that is ∇ is a collection of all universal and existential
formulas.

Here, Π1 denotes universal formulas, Σ1 denotes existential ones.
Definition. [2] If T = T∇, then the theory T is called primitive.
We consider semantic Jonsson quasivariety of unars as in [3], JCU = {C∆ | ∆ ∈ J(Th(K)),

C∆ is a semantic model ∆} of signature σU = ⟨f⟩, f is unary functional symbol, ∆ is a Robinson
theory of unars, K is a quasivariety in the sense [4].

Definition. [3] A set RSp(JCU) of Robinson theories of signature σU , where RSp(JCU) =
{∆ |∆ is Robinson theory of unars and ∀C∆ ∈ JCU ,C∆ |= ∆}, is called the Robinson spectrum
for class JCU , where JCU is semantic Jonsson quasivariety of Robinson unars.
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We introduce cosemanticness relation [3] on Robinson spectrum RSp(JCU). As a result we
obtain a factor-set, denoted as RSp(JCU)/▷◁ and consisted of equivalence classes parted by
cosemanticness relation [∆] ∈ RSp(JCU)/▷◁, C[∆] denotes this class's semantic model.

Theorem 1. 1) The quantity of pairwise di�erent [∆U] classes of Robinson theories of unars
is equal to 2ω.

2) The quantity of pairwise di�erent maximal [∆U] classes of primitive Robinson theories is
equal to 2ω.

Keywords: Model theory, Jonsson theory, semantic model, Jonsson spectrum, Ronson spectrum, cosemanticness, equi-
valence classes.
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We de�ne the notion of ∆-positive Jonsson (∆-PJ) theories. Let L be a �rst-order language.
At is a set of atomic formulae of the language. B+(At) is a set of formulae containing atomic
formulae, which is closed with respect to positive Boolean combinations (conjunction and
disjunction), subformulae and substitution of variables. Q (B+(At)) is the set of formulae in
prenex normal form obtained by the use of quanti�ers ( ∀ and ∃ ) to B+(At). We call a formula
positive if it belongs to Q (B+(At)). A theory is positively axiomatizable if its axioms are
positive. B (L+) is the set of arbitrary Boolean combinations of formulae from L+.

Σ+ is a set of positively existentially formulae.
Definition 1. [1] A theory T is called ∆-positive Jonsson (∆-PJ)-theory if the following

conditions hold for T :
1) T has an in�nite model;
2) T is positively ∀∃-axiomatizable;
3) T admits ∆-JEP ;
4) T admits ∆-AP .
Definition 2. [1] A theory T is called ∆-positive Robinsonian (∆-PR)-theory if the

following conditions hold for T .
1) T has an in�nite model;
2) T is positively ∀-axiomatizable;
3) T admits ∆-JEP ;
4) T admits ∆-AP .
Note that ∆-positive Robinson theories are a special case of ∆-positive Jonsson theories.
Definition 3. [1] A theory T ∗

∆ = Th∆(U) is called the center of ∆-PJ-theory T , where U
is a κ-universal structure of this language L, which is a model of the theory of T . We will call
U the semantic model of the ∆-PJ-theory of T .
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Definition 4. [1] A∆-PJ-theory T is called∆-PJ-perfect if its semantic model is saturated
in its power for positive ∆-types (a ∆-type is called positive if in the formulae included in this
type, the quanti�er-free part is positive).

Definition 5. [1] A model of ∆-PJ-theory T is called h-∆-algebraically prime if for any
model of ∆-PJ-theory T there exists h-∆-immersion of the model A in B.

Definition 6. [2] The model A is called (Γ1,Γ2)-atomic model of ∆-PJ-theory T if A is a
model of ∆-PJ-theory T and for every n, every n-tuple ā of elements of A satis�es in A some
formula from Γ1, which is complete for the Γ2-formulae.

Definition 7. [2] The model A is called Γ-nice model of ∆-PJ-theory T if A is a countable
model of T , and for every model B of T , every n ∈ ω, and for all a0, . . . , an−1 ∈ A, b0, . . . , bn−1 ∈
B if (A, a0, . . . , an−1) ⇒Γ (B, b0, . . . , bn−1), then for every an ∈ A there exists bn ∈ B such that
(A, a0, . . . , an) ⇒Γ (B, b0, . . . , bn).

Definition 8. [1] Two ∆-PJ-theories T1 and T2 are said to be ∆-PJ-cosemantic Jonsson
theories

(
T1 ▷◁

∆
PJ T2 ) if they have a common semantic model in the case when T1 and T2 are

Jonsson theories, and have a common universal domain in the case when they are not Jonsson
theories.

It is known that the ∆-PJ-cosemanticness relation is an equivalence relation.
Let Eσ be a class of existentially closed models of the signature σ. Let's �x some subclass

K ⊆ Eσ and consider its∆-Jonsson spectrum∆-PJSp(K). On∆-PJSp(K) we can consider the
∆-PJ-cosemanticness relation, and obtain a partition of ∆-PJSp(K) into elementary disjoint
classes, and get the factor set ∆-PJSp(K)/▷◁∆PJ

. Let [T ] be the class of ∆-PJ-cosemanticness
relation of the theory T ∈ ∆-PJSp(K). Since all theories of this class have the same center,
we will denote it as [T ]∗∆. Let's �x some class [T ] for further study of its properties.

Theorem 1. Let [T ] ∈ ∆-PJSp(K)▷◁∆PJ
and let the class [T ] consists of ∆-PJ-perfect

∆-PJ-theories, complete for Σ+ sentences. Then the following conditions are equivalent:
1) There is a A ∈ K such that A is h-∆-algebraically prime model;
2) [T ]∗∆ has (Σ+,Σ+)-atomic model.
Theorem 2. Let [T ] ∈ ∆-PJSp(K)▷◁∆PJ

and let the class [T ] consists of ∆-PJ-perfect

∆-PR-theories, complete for ∀∃+ sentences. Then the following conditions are equivalent:
1) There is a A ∈ K such that A is countable and ∆-positively existentially closed Σ+-nice

model;
2) A is countable and (Σ+,Σ+) atomic model of [T ]∗∆.
All de�nitions that were not given in the abstract can be found in [1].

Keywords: positive Jonsson theory, positive Robinsonian theory, cosemanticness, positive Jonsson spectrum, equivalence
class.
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We work in a countable �rst-order language L, in the frame of study of Jonsson theories.
Recall that a theory T is Jonsson [1], if T has at least one in�nite model, is inductive, admits

AP and JEP. Jonsson theories are, generally speaking, not complete. Any Jonsson theory can
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be described by its semantic model [2], which is a semantic invariant of this theory. A semantic
model CT of T is ω+-universal ω+-homogeneous model of T . Two Jonsson theories are called
cosemantic [3], if their semantic models coincide. A Jonsson theory T is called perfect [2], if CT

is ω+-saturated.
Let K be a class of L-structures. A Jonsson spectrum JSp(K) [4] of K is the following

set of theories: JSp(K) = {T | T is a Jonsson theory and ∀A ∈ K A |= T}. We introduce the
relation of cosemanticness of theories on JSp(K) and get the factor-set JSp(K)/▷◁. The classes
K1 and K2 of L-structures are called Jonsson equivalent (denoted by "K1 ≡J K2"), if the
following holds for any Jonsson theory T : A |= T ⇔ B |= T .

The following results have been obtained. Theorem 1 and Proposition 1 demonstrate the
connection between two cosemanticness classes in the �xed Jonsson spectrum.

Theorem 1. Let [T1], [T2] ∈ JSp(K)/▷◁, K1 ⊆ E[T1] and K2 ⊆ E[T2]. Then the following
conditions are equivalent: 1) K1 ≡J K2; 2) T 0(K1) = T 0(K2).

Proposition 1. Let [T1], [T2] ∈ JSp(K)/▷◁, C[T1] and C[T2] be semantic models of the classes
[T1] and [T2], correspondingly. Let C[T1] |= T2 for some T2 ∈ [T2], C[T2] |= T1 for some T1 ∈ [T1].
Then the classes [T1] and [T2] coincide.

Theorem 2 shows the link between complete theories and Jonsson theories.
Theorem 2. Let T be a complete ω-categorical L-theory such that ET ̸= ∅. Then T is a

perfect Jonsson theory.

Keywords: existentially closed models, Jonsson theory, cosemantic Jonsson theories, Jonsson spectrum, cosemanticness
classes, cosemantic structures, Jonsson equivalence.
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We work in the countable �rst-order language L of signature σ in the frame of∆-PJ-theories.
All unde�ned concepts one can �nd in [1].

Definition. [2] A positive fragment (in L) is a subset ∆ ⊆ L that contains all atomic
formulae and is closed with respect to positive boolean combinations and subformulae. For
given ∆ we de�ne the following sets of formulae: Σ = Σ(∆) = {∃φ(x, y) : φ ∈ ∆}, Π = Π(∆) =
{∀y¬φ(x, y) : φ ∈ ∆} = {¬ψ : ψ ∈ ∆}.

Let At be the set of atomic formulae of given language. B+(At) is a closed set with respect
to positive boolean combinations (conjunction and disjunction) of all atomic formulae, their
subformulae and replacements of variables. Q(B+(At)) is the set of formulae in prenex normal
form that was obtained by means of quanti�er application (∀ and ∃) to B+(At). We will call
a formula positive, if it belongs to the set Q(B+(At)) = L+. The theory is called positively
axiomatising, if its axioms are positive. B(L+) is arbitrary boolean combination of formulae
from L+. It is easy to see that Π(∆) ⊆ B(L+) at ∆ = B+(At) where Π(∆) such, as it was
described before. Following [2, 3] ∆-homomomorphism will be de�ned as follows.

Definition. Let A and B be structures of the language ∆ ⊆ B(L+). A map h :M → N is
called ∆-homomomorphism (symbolically h : A →∆ B) if for any φ(x) ∈ ∆, ∀a ∈ A from the
fact that A |= φ(a), it follows that B |= φ(h(a))
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The model A is called the origin in B and we say that A continues in B, h(A) is called the
continuation of A. If the map h is injective, then we say that the map h immerses A into B
(symbolically h : A↔∆ B).

Definition. [1] We say that a theory T admits ∆− JEP property, if for any two A,B ∈
Mod(T ) there exists C ∈Mod(T ) and ∆-homomorphisms h1 : A→∆ C, h2 : B →∆ C.

Definition. [1] We say that a theory T admits ∆ − AP property, if for any A,B,C ∈
Mod(T ) such that h1 : A→∆ C, g1 : A→∆ B where h1, g1 are ∆-homomorphisms, there exists
D ∈ Mod(T ) such that h2 : C →∆ D, g2 : B →∆ D where h2, g2 are ∆-homomorphisms such
that h2 · h1 = g2 · g1.

Definition. [1] A theory T is said to be ∆-Jonsson (∆-PJ) theory, if the following
conditions are true:

1) T has at least one in�nite model; 2) T is positively ∀∃-axiomatising;
3) T admits ∆-JEP ;
4) T admits ∆-AP .
When ∆ = B(At), we get usual Jonsson theory with the exception that its axioms are

positive ∀∃-axioms.
Definition. Let A be some in�nite model of the signature σ. A is called ∆-PJ-model, if

the set of sentences Th+∀∃(A) is ∆-PJ-theory.
Definition. Let A be a model of a theory T . A model A is called existentially closed

in B, if for any B ⊇ A, B |= T , and for any formula ∃xφ(x, a), φ(x, a) ∈ B+(At), a ∈ A,
B |= ∃xφ(x, a) it follows that there exists such a′ ∈ A such that A |= ∃xφ(x, a′).

Let K be a class of models of the considered signature σ. We introduce the notion of ∆ �
Jonsson spectrum for K.

Definition. ∆ � Jonsson spectrum for class K of structures of language L+ is said to be
the following set of theories: ∆-PJSp(K) = {T | T −∆�PJ theory and ∀M ∈ K, M |= T}.

Definition. ∆-PJ-theories T1, T2 are called ∆-PJ-cosemantic (T1 ▷◁∆PJ T2), if they have
common semantic model in the case, when T1 and T2 are Jonsson theories, and have common
universe in the case, when they are not Jonsson.

It is easy to see, that the ∆-PJ-cosemanticness relation is an equivalence relation.
Definition. Let A,B be two models of signature σ. A and B are called ∆-PJ-cosemantic,

if ∆-PJSp(A) = ∆-PJSp(B).
Let Eσ be a class of existentially closed models of signature σ. Let us �x some subclass

K ⊆ Eσ and consider its ∆-Jonsson spectrum ∆-PJSp(K). We introduce the relation of ∆-PJ-
cosemanticness on ∆-PJSp(K), thus dividing it on elementary disjoint classes and obtaining
a factor-set ∆-PJSp(K)/▷◁∆PJ

. Let [T ] be a class of ∆-PJ-cosemanticness of theory T ∈ ∆-
PJSp(K). We obtained the following results in the framework of presented de�nitions.

Lemma 1. Let [T ] ∈ ∆-PJSp(K) be a class complete for existential sentences. Then any
in�nite model A ∈ K of theory T ∈ [T ] is ∆-PJ-model.

Lemma 2. Let [T1], [T2] ∈ ∆-PJSp(K), C1 be semantic model of the class T1, C2 be
semantic model of the class T2. If [T1]∀+ = [T2]∀+ , then [T1] = [T2].

Theorem 1. Let [T1], [T2] ∈ ∆-PJSp(K), C1 be semantic model of the class T1, C2 be
semantic model of the class T2. Then the following conditions are equivalent:

1) C1 ▷◁
∆
PJ C2;

2) [T1] = [T2].

Keywords: Model theory, positive model theory, Jonsson theory, positive Jonsson theory, semantic model, Jonsson
spectrum, positive Jonsoon spectrum, cosemanticness, equivalence classes.
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Constructing models over countable sets
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Every countable complete theory has a prime model over any arbitrary �nite set. That is, a
model containing this set and elementarily embedded into any other model containing this set.
In this connection the question arises about the possibility to consider countable sets instead
of �nite.

Theorem 1. [1,2] Every countable model M of a small theory T can be represented as a
union of some elementary chain (M(āi))i∈ω of prime models over tuples āi.

Ideas from the proof of Theorem 1 were used to construct models over countable sets
possessing certain properties [3-5] including the theorems below. In particular, Theorem 3 is an
approach to constructing a prime model over a countable set, which results in a �small� model
over this set in terms of the family of realized types.

Theorem 2. Let T be a small countable complete theory, M be a model of T , and B be
a countable subset of M . Then there exists a countable model N of the theory T such that
B ⊆ N and there is no tuple ā ∈ N with tp(ā/b̄) being non-principal over each tuple b̄ ∈ B.

Theorem 3. Let T be a small countable complete theory, M be a model of T , and B be
a countable subset of M . Then there exists a countable model N of the theory T with B ⊆ N
and for each model N′ of the theory T such that B ⊆ N ′ and each type q ∈ S(T ), N |= q
implies N′ |= q.
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For a 1-formula Θ(x) in a linearly ordered structure M de�ne
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EΘ(x, y) := Θ(x) ∧Θ(y) ∧ ∀z
(
(x ≤ z ≤ y → Θ(z)) ∧ (y ≤ z ≤ x→ Θ(z)

)
.

EΘ(x, y) is an equivalence relation with convex classes on the set Θ(M).
Theorem 2. Let M be a countably saturated model of a small linearly ordered theory T ,

ā ∈M , Θ(x, y, ā) be a 2-formula such that for each n < ω there exist mn ≥ n and a discretely
ordered chain of convex EΘ-classes of length mn. Then the theory T has the maximal number
of countable non-isomorphic models.
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