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On countable models of ordered theories

Bektur Baizhanov1,a, Tatyana Zambarnaya1,2,b

1 Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
2 Al-Farabi Kazakh National University, Almaty, Kazakhstan

E-mail: abaizhanov@math.kz , bt.zambar@gmail.com

Let T be a small complete theory, p(x̄) be a non-principal type over a �nite subset A of

some model of T . We say that the type p is extremely trivial, if for every natural number

n ≥ 1, and every realizations β̄1, β̄2, ...β̄n of p, p(M(β̄1, β̄2, ..., β̄n, ā)) = {β̄1, β̄2...β̄n}, where ā is
some enumeration of the set A, and p(M(β̄1, β̄2, ..., β̄n, ā)) is the set of realizations of the type p

in a prime model of T overβ̄1, β̄2, ..., β̄n, and ā. The type p is almost extremely trivial, if for

every n ≥ 1 and every realizations β̄1, β̄2, ...β̄n of p, the set p(M(β̄1, β̄2, ..., β̄m, ā)) is �nite. The

type p is eventually extremely trivial, if for every n ≥ 1 there exist m ≥ n and realizations

β̄1, β̄2, ...β̄m of p such that p(M(β̄1, β̄2, ..., β̄m, ā)) = {β̄1, β̄2...β̄m}.
We will give examples of such types, show the connection with type-preserving formulas,

and prove the following theorems:

Theorem 1. Let T be a small complete theory. If there exists a �nite subsetA of some model

of T and an eventually extremely trivial non-isolated type p(x̄) ∈ S(A), then I(T∪tp(ā/∅), ω) ≥
ω, where ā is a tuple enumerating the set A.

Theorem 2. Let T be a small complete theory with a dense linear order without endpoints.

If there exists a �nite subset A of a model M |= T and a non-principal extremely trivial type

p(x) ∈ S1(A), then T has 2ω countable non-isomorphic models.

Funding: The authors were supported by the grant no. AP05134992 of the Ministry of Education and Science

of Republic of Kazakhstan.
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De�nition 1. [1]

1. An ordered structureM is o-stable in λ if for any A ⊆ M with |A| ≤ λ and for any cut

〈C,D〉 inM there are at most λ 1-types over A which are consistent with the cut 〈C,D〉,
i.e.
∣∣S1
〈C,D〉(A)

∣∣ ≤ λ.

2. A theory T is o-stable in λ if every model of T is o-stable. Sometimes I write T is o-λ-

stable.

3. A theory T is o-stable if there exists an in�nite cardinal λ in which T is o-stable.

4. A theory T is o-superstable if there exists a cardinal λ such that T is o-stable in all µ ≥ λ.

De�nition 2. [2]

1. We say that Morley o-rank of a formula φ(x) inside a cut 〈C,D〉 in M is equal to or

greater than 1 and write RM〈C,D〉,M(φ)≥1 for this, if
{
φ(x)

}
∪ 〈C,D〉 is consistent.

2. RM〈C,D〉,M(φ) ≥ α + 1 if there are in�nitely many pairwise inconsistent formulae ψi(x)

such that RM〈C,D〉,M
(
φ(x) ∧ ψi(x)

)
≥ α.

3. If α is a limit ordinal, then RM〈C,D〉,M(φ) ≥ α if RM〈C,D〉,M(φ) ≥ β for all β < α.

4. RM〈C,D〉,M(φ) = α if RM〈C,D〉,M(φ) ≥ α and RM〈C,D〉,M(φ) 6≥ α + 1.

Let T be a theory of a language L, and M ≺ N two models of T such that N is |M |+-
saturated. For any formula φ(x̄, ᾱ) with parameters ᾱ in N I add a new relational symbol

Pφ(x̄,ᾱ)(x̄) interpreted by Pφ(x̄,ᾱ)(M) = φ(N, ᾱ) ∩Mk in order to form language L∗. The set
Pφ(x̄,ᾱ)(M) is called externally de�nable.

The author proved in [2] the following theorem.

Theorem 3. [2] Let T be an o-stable theory of a language L, andM ≺ N two models of

T such that N is |M |+-saturated. Then the elementary theory T ∗ of the expansionM∗ ofM
is o-stable.

Here we give a stronger version of Theorem 3.

Theorem 4. Let T be an o-λ-stable theory of a language L, andM≺ N two models of T

such that N is |M |+-saturated. Then the elementary theory T ∗ of the expansionM∗ ofM is

o-λ-stable. In particular, if T is o-ω-stable, then so is T ∗, and if T is o-superstable, then so is

T ∗.

Theorem 5. There exists an example of a o-ω-stable theory of a language L, such that in
any model of T there exists a cut such that Morley o-rank of the formula x = x inside this

cut in the language L is less than Morley o-rank of the formula x = x inside this cut in the

language L∗.
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Continued fraction expansion theory is a subbranch of Number Theory. For every real

number x there exists a sequence a0, a1, a2, . . . (called partial quotients) such that x can be

written in the continued fraction expansion form

x = a0 +
1

a1 + 1
a2+ 1

a3+
1

...

; a0 ∈ Z, a1, a2, · · · ∈ N.

For convenience we write x = [a0; a1, a2, . . . ]. Continued fraction expansion gives a coding

between real numbers x and sequences of natural numbers [a0; a1, a2, . . . ]. It is an interesting

question to investigate common properties of the coding sequences for `most' of the real

numbers. Some of the well-known properties are obtained in Corollary 3.8 of [1]. In particular,

it is well-known that for almost every real number x the partial quotients satisfy

lim
n→∞

1

n
(a1 + a2 + · · ·+ an) =∞.

In words, for almost every real number the partial quotients diverges to in�nity on average. On

the other hand, the set S of all real numbers with divergent partial quotients, that is an →∞
as n → ∞, has Lebesgue measure zero. Whenever a set is a null set, it is interesting to study

its size in the sense of fractal geometry. Fractal dimension is a way to measure complexity of

sets. The larger the fractal dimension the more complex the set is. There are various fractal

dimension notions and our interest in this study is Hausdor� dimension.

Going back to the null set S above Good in [2] showed that

Theorem 1. The set S of reals whose partial quotients diverges has Hausdor� dimension

equal to 1/2.

In this talk, we brie�y de�ne the notion of fractal dimension and consider various exceptional

sets related to the behavior of partial quotients and their fractal dimensions.
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Relative separability

in hypergraphs of models of theories:
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We transform the studying of separability of elements and sets in hypergraphs of models of

a theory [1] to the relative one applying it for ordered theories [2], too.

Let (X, Y ) be a hypergraph, x1, x2 be distinct elements of X, Z ⊂ X, x2 /∈ Z. We say that

the element x1 is Z-separated or Z-separable from the element x2, or (T0, Z)-separable if there

is y ∈ Y such that x1 ∈ y ∪ Z and x2 /∈ y. In this case the set y is called Z-separating x1

from x2. At the additional condition x1 /∈ Z the elements x1 and x2 are called Z-separable,

(T2, Z)-separable, or Hausdor� Z-separable if there are y1, y2 ∈ Y such that (y1 ∩ y2) \ Z = ∅,
x1 ∈ y1 and x2 ∈ y2.

Let X1, X2 be nonempty subsets of the set X, (X1 ∩X2) \Z = ∅, X2 6⊆ Z. We say that the

set X1 is Z-separated or Z-separable from the set X2, or (T0, Z)-separable if there is y ∈ Y such

that X1 ⊆ y∪Z and (X2∩ y) \Z = ∅. At the additional condition X1 6⊆ Z the sets X1 and X2

are called Z-separable, (T2, Z)-separable, or Hausdor� Z-separable if there are y1, y2 ∈ Y such

that (y1 ∩ y2) \ Z = ∅, X1 ⊆ y1 ∪ Z and X2 ⊆ y2 ∪ Z.
LetM be some model of a complete theory T . Following [1], we denote by H(M) a family

of all subsets N of the universe M ofM that are universes of elementary submodels N of the

modelM:H(M) = {N | N 4M}. The pair (M,H(M)) is called the hypergraph of elementary

submodels of the modelM and denoted by H(M). For a cardinality λ by Hλ(M) and Hλ(M)

are denoted restrictions for H(M) andH(M) respectively on the class of elementary submodels

N of modelsM such that |N | < λ.

Theorem 1. LetM be an ω-saturated model of a countable complete theory T , Z be the

algebraic closure of some �nite set inM, a and b be elements ofM, b /∈ Z. The following are
equivalent:
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(1) the element a is Z-separable from the element b in H(M) by some set y from H(M)

containing Z;

(2) the element a is Z-separable from the element b in Hω1(M) by some set y from Hω1(M)

containing Z;

(3) b /∈ acl(aZ).

Theorem 2. LetM be an ω-saturated model of a countable complete theory T , Z be the

algebraic closure of some �nite set in M, a and b be elements of M, a, b /∈ Z. The following
are equivalent:

(1) the elements a and b are Z-separable in H(M) by some sets y1 and y2 from H(M)

containing Z;

(2) the elements a and b are Z-separable in Hω1(M) by some sets y1 and y2 from Hω1(M)

containing Z;

(3) (acl(aZ) ∩ acl(bZ)) \ Z = ∅.

Theorem 3. Let T be an almost ω-categorical quite o-minimal theory,M be an ω-saturated

model of the theory T , Z be the algebraic closure of some �nite set inM, a, b ∈M \ Z. Then
the following conditions are equivalent:

(1) a is Z-separable from b in H(M) by some set y from H(M) containing Z;

(2) b is Z-separable from a in H(M) by some set y from H(M) containing Z;

(3) the elements a and b are Z-separable in H(M) by some sets y1 and y2 from H(M)

containing Z;

(4) a 6∈ dcl({bZ});
(5) b 6∈ dcl({aZ}).
(6) (dcl(aZ) ∩ dcl(bZ)) \ Z = ∅.
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In this paper we establish the connection between dp-rank and di�erent families of relations

of equivalences.

De�nition. A theory T has dp-rank ≥ n, if there are formulas ϕ1(x, y), ϕ2(x, y), ..., ϕn(x, y)

and mutually indescernible sequences (a1
i )i<ω, (a

2
i )i<ω, ..., (a

n
i )i<ω, such that for any function

σ : {1, ..., n} → ω the type

{ϕk(x, akσ(k)) : k ≤ n} ∪ {¬ϕk(x, aki ) : i 6= σ(k), k ≤ n}

is consistent.

De�nition. A theory T has dp-rank ω, if for any n < ω T has dp-rank ≥ n.

Proposition. There exists an ω-stable theory with dp-rank ω.

De�nition. A theory T has dp-rank in�nity, if there is countable set of formulas

ϕ1(x, y), ϕ2(x, y), ... and mutually indescernible sequences (a1
i )i<ω, (a

2
i )i<ω, ... such that for any

function σ : ω → ω the type

{ϕk(x, akσ(k)) : k ≤ ω} ∪ {¬ϕk(x, aki ) : i 6= σ(k), k ≤ ω}

is consistent.

Theorem. If theory has dp-rank in�nity then it is non-superstable.

De�nition. We say, that a model M has a family of relations of equivalences F = {E2
i |

i ∈ I} of depth ≥ n, if the following holds:

1. There exists de�nable set such that for any i ∈ I, E2
i (x, y) is relation of equivalence that

determines a partition of the de�nable set into in�nite number of classes of equivalence.

2. Any two classess of di�erent equivalence reltaions have non-empty intersection.

3. Conjunction of any number of di�erent relations of equivalences less than n does not

generate trivial relations of equivalences.

We say that a model M has a family of relations of equivalences of depth ω if (3) holds for any

n.

Proposition.

1. If complete theory T has a model with family of relations of equivalences of depth ≥ n,

then T has dp-rank ≥ n.

2. If complete theory T has a model with the family of relations of equivalences of depth ω,

then T is non-superstable.
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De�nition. We say that family of equivalence relations F of depth ω is uniformly if there

is a formula E(x, y, z̄) such that for any i ∈ I there is ᾱi and Ei(x, y) = E(x, y, ᾱi).

Theorem.

Any of theory with uniform family of equivalences of depth ω has Independence property.
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Â íàñòîÿùåì äîêëàäå ìû îáñóæäàåì âîïðîñ ñîõðàíåíèÿ ñâîéñòâ ïðè îáîãàùåíèÿõ ìî-

äåëåé ñ÷åòíî êàòåãîðè÷íûõ ñëàáî î-ìèíèìàëüíûõ òåîðèé áèíàðíûìè ïðåäèêàòàìè. Ðàíåå

â ðàáîòå [1] íàìè áûë èññëåäîâàí âîïðîñ ñîõðàíåíèÿ ñâîéñòâ ïðè îáîãàùåíèÿõ ìîäåëåé

ñ÷åòíî êàòåãîðè÷íûõ ñëàáî î-ìèíèìàëüíûõ òåîðèé óíàðíûìè ïðåäèêàòàìè, à â ðàáîòå [4]

� îòíîøåíèÿìè ýêâèâàëåíòíîñòè.

Ïóñòü M � ñëàáî î-ìèíèìàëüíàÿ ñòðóêòóðà, A ⊆ M , p ∈ S1(A) � íåàëãåáðàè÷å-

ñêèé, R(x, y) � A-îïðåäåëèìàÿ ôîðìóëà, ÿâëÿþùàÿñÿ p-ñòàáèëüíîé. Â ñèëó ñëàáîé î-

ìèíèìàëüíîñòè M ìíîæåñòâî R(M,a) ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà A ∪ {a}-
îïðåäåëèìûõ âûïóêëûõ ìíîæåñòâ. Ñóùåñòâóåò êîíå÷íîå ÷èñëî òàêèõ ìíîæåñòâ, íàõîäÿ-

ùèõñÿ ëåâåå ýëåìåíòà a. Îáîçíà÷èì èõ ÷åðåç Rl
1(x, y), . . . , Rl

s(x, y), ïðè ýòîì áóäåì ñ÷èòàòü

÷òî Rl
s(M,a) > Rl

s−1(M,a) > . . . > Rl
1(M,a) ≥ a. Àíàëîãè÷íî ñóùåñòâóåò êîíå÷íîå ÷èñëî

îïðåäåëèìûõ âûïóêëûõ ìíîæåñòâ, íàõîäÿùèõñÿ ïðàâåå ýëåìåíòà a. Îáîçíà÷èì èõ ÷åðåç

Rr
1(x, y), . . ., Rr

m(x, y), ïðè ýòîì áóäåì ñ÷èòàòü ÷òî a ≤ Rr
1(M,a) < Rr

2(M,a) < . . . <

Rr
m(M,a).

Âîçìîæíî ñóùåñòâóåò îïðåäåëèìîå âûïóêëîå ìíîæåñòâî, âíóòðåííîñòü êîòîðîãî ñî-

äåðæèò ýëåìåíò a. Îáîçíà÷èì åãî ÷åðåç Rc(x, y). Òàêèì îáðàçîì, åñëè Rc(M,a) 6= ∅,
òî ñóùåñòâóþò b1, b2 ∈ Rc(M,a) òàêèå, ÷òî b1 < a < b2. Îïðåäåëèì ñëåäóþùèå ôîðìó-

ëû: F c(x, y) := y ≤ x ∧ Rc(x, y), F r
i (x, y) := y ≤ x ∧ ∀t[Rr

i (t, y) → x < t], F r∗
i (x, y) :=
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y ≤ x ∧ ∃t[Rr
i (t, y) ∧ x ≤ t], ãäå 1 ≤ i ≤ m. Àíàëîãè÷íî îïðåäåëÿþòñÿ ôîðìóëû

Gc(x, y), Gl
j(x, y), Gl∗

j (x, y). Î÷åâèäíî ÷òî ôîðìóëû F c(x, y), F r
i (x, y), F r∗

i (x, y), 1 ≤ i ≤ m,

ÿâëÿþòñÿ p-ñòàáèëüíûìè âûïóêëûìè âïðàâî, à ôîðìóëû Gc(x, y), Gl
j(x, y), Gl∗

j (x, y),

1 ≤ j ≤ s, ÿâëÿþòñÿ p-ñòàáèëüíûìè âûïóêëûìè âëåâî.

Áóäåì ãîâîðèòü, ÷òî ôîðìóëà R(x, y) ÿâëÿåòñÿ ýêâèâàëåíòíîñòü-ãåíåðèðóåìîé, åñëè

êàæäàÿ íåòðèâèàëüíàÿ ôîðìóëà èç ìíîæåñòâà ∆ := {F c(x, y), F r
i (x, y), F r∗

i (x, y), Gc(x, y),

Gl
j(x, y), Gl∗

j (x, y) | 1 ≤ i ≤ m, 1 ≤ j ≤ s} ÿâëÿåòñÿ ýêâèâàëåíòíîñòü-ãåíåðèðóþùåé.
Ïðèìåð. Ïóñòü M := 〈Q×Q, <〉 � ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà. Î÷åâèäíî ÷òî

M � ñ÷åòíî êàòåãîðè÷íàÿ î-ìèíèìàëüíàÿ ñòðóêòóðà. Ââåäåì ñëåäóþùèå äâå áèíàðíûå

ôîðìóëû E(x, y) è R1(x, y) íà ìíîæåñòâå Q × Q: äëÿ ëþáûõ a = (m1, n1), b = (m2, n2) ∈
Q×Q E(a, b)⇔ m1 = m2, R1(a, b)⇔ m1 = m2 ∧ n1 ≤ n2 < n1 +

√
2.

Ïóñòü R(x, y) := y ≤ x∧E(x, y)∧¬R1(x, y) èM ′ := 〈Q×Q, <,R2〉 � îáîãàùåíèå ìîäåëè

M áèíàðíûì ïðåäèêàòîì R(x, y). Î÷åâèäíî ÷òî M ′ � 1-íåðàçëè÷èìàÿ íå ñ÷åòíî êàòåãî-

ðè÷íàÿ ñëàáî î-ìèíèìàëüíàÿ ñòðóêòóðà. Ïóñòü F1(x, y) := y ≤ x ∧ ∀t[R(t, y) → x < t],

F2(x, y) := y ≤ x ∧ ∃t[R(t, y) ∧ x ≤ t]. Ôîðìóëà F2(x, y) ÿâëÿåòñÿ ýêâèâàëåíòíîñòü-

ãåíåðèðóþùåé, à F1(x, y) íå ÿâëÿåòñÿ ýêâèâàëåíòíîñòü-ãåíåðèðóþùåé. Ñëåäîâàòåëüíî,

ïðåäèêàò R(x, y) íå ÿâëÿåòñÿ ýêâèâàëåíòíîñòü-ãåíåðèðóåìûì.

Òåîðåìà 1. Ïóñòü M � 1-íåðàçëè÷èìàÿ ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî î-ìèíèìàëüíàÿ

ñòðóêòóðà ðàíãà âûïóêëîñòè 1, M ′ � 1-íåðàçëè÷èìîå ñëàáî î-ìèíèìàëüíîå îáîãàùåíèå

ñòðóêòóðû M áèíàðíûì ïðåäèêàòîì R(x, y).

Òîãäà Th(M ′) � ñ÷åòíî êàòåãîðè÷íà òîãäà è òîëüêî òîãäà, êîãäà

(1) R(x, y) è L(x, y) := R(y, x) � ýêâèâàëåíòíîñòü-ãåíåðèðóåìûå;

(2) Äëÿ êàæäîãî ∅-îïðåäåëèìîãî îòíîøåíèÿ ýêâèâàëåíòíîñòè E(x, y), ïîðîæäåííîãî

ïðåäèêàòîì R(x, y), ìíîæåñòâî E-êëàññîâ ÿâëÿåòñÿ ïëîòíî óïîðÿäî÷åííûì.

Funding: Èññëåäîâàíèÿ ïîääåðæàíû ÊÍ ÌÎÍ ÐÊ (ãðàíò AP05132546).

Êëþ÷åâûå ñëîâà: ñëàáàÿ î-ìèíèìàëüíîñòü, ýêâèâàëåíòíîñòü-ãåíåðèðóþùàÿ ôîðìóëà, ñ÷åòíàÿ êàòåãî-
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Â ðàáîòå ðàññìàòðèâàþòñÿ àëãåáðû áèíàðíûõ ôîðìóë [1, 2, 3] ïîëèãîíîìåòðè÷åñêèõ

òåîðèé ñ óñëîâèåì ñèììåòðèè [4], îïèñûâàåòñÿ ñòðóêòóðà ýòèõ àëãåáð.

Îòìåòèì, ÷òî àëãåáðû A áèíàðíûõ ôîðìóë ïîëèãîíîìåòðè÷åñêèõ òåîðèé ëåãêî ñâîäÿò-

ñÿ ê èõ ïîäàëãåáðàì Ac äëÿ êîìïîíåíò ñâÿçíîñòè.

Àëãåáðà Ac äëÿ êîìïîíåíòû ñâÿçíîñòè C s-ïîëèãîíîìåòðèè spm ïàðû ãðóïï (G1, G2)

âêëþ÷àåò ìåòêè u äëÿ ïðåäèêàòîâ Qg, g ∈ Pos(G1), à òàêæå ìåòêè v äëÿ íàáîðîâ ïàðàìåò-

ðîâ ëîìàíûõ, ñîåäèíÿþùèõ ýëåìåíòû èç C. Ïðè ýòîì ìíîæåñòâî U0 ìåòîê u åñòåñòâåííî

ñ÷èòàòü ïîäìíîæåñòâîì ìíîæåñòâà V ìåòîê v. Ìåòêè èç U0 áóäåì íàçûâàòü ðåáåðíûìè, à

ìåòêè èç V \ U0 � íåðåáåðíûìè.

Ïðåäëîæåíèå 1. Àëãåáðà Ac ñîñòîèò èç ðåáåðíûõ ìåòîê èç u ∈ U0 òîãäà è òîëüêî

òîãäà, êîãäà (|G1|, |G2|)-ïñåâäîïëîñêîñòü äëÿ C îáðàçóåò ïëîñêîñòü.

Çàìå÷àíèå. Â îáùåì ñëó÷àå àëãåáðà Ac çàäàåòñÿ ïàðàìåòðàìè ìíîãîóãîëüíè-

êîâ ïðîñòîé ìîäåëè òåîðèè T (spm): äëÿ ìåòîê v è v′, çàäàâàåìûõ ïàðàìåòðàìè

(g1, α1, . . . , αk−1, gk), (g′1, α
′
1, . . . , α

′
m−1, g

′
m) äâóõ ëîìàíûõ, ìíîæåñòâî u · v ñîñòîèò èç ìåòîê

w, çàäàâàåìûõ ïàðàìåòðàìè

(g1, α1, . . . , αk−1, gk, β, g
′
1, α

′
1, . . . , α

′
m−1, g

′
m),

β ∈ G2. Ïðè ýòîì ìåòêè w ìîãóò áûòü êàê ðåáåðíûìè, åñëè â spm èìååòñÿ (G1, G2)s-

ìíîãîóãîëüíèê âèäà (
g1 . . . gk−1 gk g′1 . . . g′m−1 g′m h

α1 . . . αk−1 β α′1 . . . α′m−1 γ δ

)
,

òàê è íåðåáåðíûìè, â ñëó÷àå îòñóòñòâèÿ (G1, G2)s-ìíîãîóãîëüíèêîâ óêàçàííîãî âèäà ñ

íåêîòîðûìè β.

Ïðåäëîæåíèå 2. Äëÿ ëþáûõ òî÷åê p1 6= p2 s-ïîëèãîíîìåòðèè spm = spm(G1, G2,P),

íå èìåþùèõ ïðåïÿòñòâèé äëÿ ïðîâåäåíèÿ ëèíèé l(p1, p2), à òàêæå äëÿ ëþáîãî ïîëîæè-

òåëüíîãî ýëåìåíòà h èç óïîðÿäî÷åííîãî àáåëåâà ðàñøèðåíèÿ G′1 ãðóïïû G1 ñóùåñòâóåò

s-ïîëèãîíîìåòðèÿ

spm′ = spm(G′1, G2 ∗ 〈β, γ〉,P ′),

ðàñøèðÿþùàÿ s-ïîëèãîíîìåòðèþ spm è òàêàÿ, ÷òî ìåòêà èçîëèðóþùåé ôîðìóëû, ñâÿçû-

âàþùåé p1 è p2, ïðèíàäëåæèò ìíîæåñòâó U
′
0 ðåáåðíûõ ìåòîê ôîðìóë Qg(x, y), g ∈ G′1.

Íà îñíîâàíèè ïðåäëîæåíèé 1 è 2 ñïðàâåäëèâà ñëåäóþùàÿ
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Òåîðåìà. Äëÿ ñâÿçíîé s-ïîëèãîíîìåòðèè spm = spm(G1, G2,P) ñëåäóþùèå óñëîâèÿ

ýêâèâàëåíòíû:

(1) ñóùåñòâóåò ðàñøèðåíèå s-ïîëèãîíîìåòðèè spm äî íåêîòîðîé s-ïîëèãîíîìåòðèè spm′

íà ïëîñêîñòè;

(2) ñóùåñòâóåò ðàñøèðåíèå s-ïîëèãîíîìåòðèè spm äî íåêîòîðîé s-ïîëèãîíîìåòðèè

spm′, íå èìåþùåé íåðåáåðíûõ ìåòîê;

(3) spm íå èìååò òî÷åê p1 6= p2, äëÿ êîòîðûõ èìåþòñÿ ïðåïÿòñòâèÿ ê ïðîâåäåíèþ ëèíèé

l(p1, p2).

Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íà-

óêè Ðåñïóáëèêè Êàçàõñòàí (ãðàíò No. AP05132546) è Ðîññèéñêîãî ôîíäà ôóíäàìåíòàëüíûõ èññëåäîâàíèé

(ïðîåêò 17-01-00531-à).
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Îðòîãîíàëüíîñòü â ïî÷òè ω-êàòåãîðè÷íûõ âïîëíå

î-ìèíèìàëüíûõ òåîðèÿõ

Á.Ø. ÊÓËÏÅØÎÂ
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Ïóñòü L � ñ÷åòíûé ÿçûê ïåðâîãî ïîðÿäêà. Ìû ðàññìàòðèâàåì L-ñòðóêòóðû è ïðåäïî-

ëàãàåì ÷òî L ñîäåðæèò ñèìâîë áèíàðíîãî îòíîøåíèÿ <, êîòîðûé èíòåðïðåòèðóåòñÿ êàê

ëèíåéíûé ïîðÿäîê â ýòèõ ñòðóêòóðàõ. Ïîäìíîæåñòâî A ëèíåéíî óïîðÿäî÷åííîé ñòðóêòó-

ðû M íàçûâàåòñÿ âûïóêëûì, åñëè äëÿ ëþáûõ a, b ∈ A è c ∈M âñÿêèé ðàç êîãäà a < c < b

ìû èìååì c ∈ A. Ñëàáî î-ìèíèìàëüíîé ñòðóêòóðîé íàçûâàåòñÿ ëèíåéíî óïîðÿäî÷åííàÿ

ñòðóêòóðà M = 〈M,=, <, . . .〉 òàêàÿ, ÷òî ëþáîå îïðåäåëèìîå (ñ ïàðàìåòðàìè) ïîäìíîæå-
ñòâî ñòðóêòóðû M ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ â M .

Â ñëåäóþùèõ îïðåäåëåíèÿõ M � ñëàáî î-ìèíèìàëüíàÿ ñòðóêòóðà, A, B ⊆ M , M �

|A|+-íàñûùåíà, p, q ∈ S1(A) � íåàëãåáðàè÷åñêèå.

Áóäåì ãîâîðèòü ÷òî òèï p íå ÿâëÿåòñÿ ñëàáî îðòîãîíàëüíûì òèïó q (p 6⊥w q), åñëè

ñóùåñòâóþò A-îïðåäåëèìàÿ ôîðìóëà H(x, y), α ∈ p(M) è β1, β2 ∈ q(M) òàêèå ÷òî β1 ∈
H(M,α) è β2 6∈ H(M,α).

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëëèðîâàíèÿ, 10 Àïðåëÿ, 2018
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Áóäåì ãîâîðèòü ÷òî òèï p íå ÿâëÿåòñÿ âïîëíå îðòîãîíàëüíûì òèïó q (p 6⊥q q), åñëè
ñóùåñòâóåò A-îïðåäåëèìàÿ áèåêöèÿ f : p(M) → q(M). Áóäåì ãîâîðèòü ÷òî ñëàáî î-ìèíè-

ìàëüíàÿ òåîðèÿ ÿâëÿåòñÿ âïîëíå î-ìèíèìàëüíîé, åñëè ïîíÿòèÿ ñëàáîé è âïîëíå îðòîãî-

íàëüíîñòè 1-òèïîâ ñîâïàäàþò.

Âïîëíå î-ìèíèìàëüíûå òåîðèè ÿâëÿþòñÿ ïîäêëàññîì êëàññà ñëàáî î-ìèíèìàëüíûõ

òåîðèé, íàñëåäóþùèì ìíîãèå ñâîéñòâà î-ìèíèìàëüíûõ òåîðèé. Â ðàáîòå [1] áûëà ðåøå-

íà ïðîáëåìà Âîîòà äëÿ âïîëíå î-ìèíèìàëüíûõ òåîðèé: áûëî äîêàçàíî, ÷òî ëþáàÿ ñ÷åò-

íàÿ âïîëíå î-ìèíèìàëüíàÿ òåîðèÿ ÿâëÿåòñÿ ëèáî ñ÷åòíî êàòåãîðè÷íîé, ëèáî ýðåíôîéõòî-

âîé, ëèáî èìååò ìàêñèìàëüíîå ÷èñëî ñ÷åòíûõ ìîäåëåé. Ýòîò ðåçóëüòàò îáîáùàåò òåîðåìó

Ë. Ìàéåð [2], ÿâëÿþùóþñÿ ðåøåíèåì ïðîáëåìû Âîîòà äëÿ î-ìèíèìàëüíûõ òåîðèé. Ïî÷òè

ω-êàòåãîðè÷íîñòü òåñíî ñâÿçàíà ñ ïîíÿòèåì ýðåíôîéõòîâîñòè òåîðèè. Òàê, â ðàáîòå [3] äî-

êàçàíî, ÷òî åñëè T � ïî÷òè ω-êàòåãîðè÷íàÿ òåîðèÿ ñ óñëîâèåì I(T, ω) = 3, òî â òåîðèè T

èíòåðïðåòèðóåòñÿ ïëîòíûé ëèíåéíûé ïîðÿäîê. Â ðàáîòå [4] áûëè óñòàíîâëåíû ïî÷òè ω-

êàòåãîðè÷íîñòü ýðåíôîéõòîâûõ âïîëíå î-ìèíèìàëüíûõ òåîðèé è âûïîëíèìîñòü ïðèíöèïà

çàìåíû äëÿ àëãåáðàè÷åñêîãî çàìûêàíèÿ â ïî÷òè ω-êàòåãîðè÷íûõ âïîëíå î-ìèíèìàëüíûõ

òåîðèÿõ. Â íàñòîÿùåì äîêëàäå ìû ïðåäñòàâëÿåì òåîðåìó îðòîãîíàëüíîñòè ñåìåéñòâà ïî-

ïàðíî ñëàáî îðòîãîíàëüíûõ íåàëãåáðàè÷åñêèõ 1-òèïîâ â ïî÷òè ω-êàòåãîðè÷íûõ âïîëíå

î-ìèíèìàëüíûõ òåîðèÿõ.

Ïóñòü p1(x1), . . . , pn(xn) ∈ S1(T ). Òèï q(x1, . . . , xn) ∈ S(T ) íàçûâàåòñÿ (p1, . . . , pn)-

òèïîì, åñëè q(x1, . . . , xn) ⊇
n⋃
i=1

pi(xi). Ìíîæåñòâî âñåõ (p1, . . . , pn)-òèïîâ òåîðèè T îáîçíà-

÷àåòñÿ ÷åðåç Sp1,...,pn(T ). Ñ÷åòíàÿ òåîðèÿ T íàçûâàåòñÿ ïî÷òè ω-êàòåãîðè÷íîé, åñëè äëÿ

ëþáûõ òèïîâ p1(x1), . . ., pn(xn) ∈ S(T ) ñóùåñòâóåò ëèøü êîíå÷íîå ÷èñëî òèïîâ q(x1, . . . , xn)

∈ Sp1,...,pn(T ).

Ïóñòü A ⊆ B ⊆M , B êîíå÷íî, p1, p2, . . . , ps ∈ S1(A) � íåàëãåáðàè÷åñêèå. Ìû ãîâîðèì,

÷òî ñåìåéñòâî 1-òèïîâ {p1, . . . , ps} ÿâëÿåòñÿ ñëàáî îðòîãîíàëüíûì íàä B, åñëè êàæäûé s�

êîðòåæ 〈a1, . . . , as〉 ∈ p1(M) × . . . × ps(M) óäîâëåòâîðÿåò îäíîìó è òîìó æå òèïó íàä B.

Ìû ãîâîðèì, ÷òî ñåìåéñòâî 1-òèïîâ {p1, . . . , ps} ÿâëÿåòñÿ îðòîãîíàëüíûì íàä B, åñëè äëÿ

ëþáîé ïîñëåäîâàòåëüíîñòè (n1, . . . , ns) ∈ ωs, äëÿ ëþáûõ âîçðàñòàþùèõ êîðòåæåé ā1, ā
′
1 ∈

[p1(M)]n1 , . . ., ās, ā′s ∈ [ps(M)]ns òàêèõ, ÷òî tp(ā1/B) = tp(ā′1/B), . . ., tp(ās/B) = tp(ā′s/B)

ìû èìååì tp(〈ā1, . . . , ās〉/B) = tp(〈ā′1, . . ., ā′s〉/B).

Òåîðåìà 1. Ïóñòü T � ïî÷òè ω-êàòåãîðè÷íàÿ âïîëíå î-ìèíèìàëüíàÿ òåîðèÿ, p1, . . .,

pm ∈ S1(∅) � íåàëãåáðàè÷åñêèå ïîïàðíî ñëàáî îðòîãîíàëüíûå òèïû. Òîãäà {p1, . . . , pm}
îðòîãîíàëüíî íàä ∅.
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2 Äèôôåðåíöèàëüíûå óðàâíåíèÿ è òåîðèÿ îïåðàòîðîâ. Òåîðèÿ ôóíêöèé

è ôóíêöèîíàëüíûé àíàëèç.

On a Green's function of a heat problem with a periodic

and antiperiodic boundary conditions
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We investigate a non-local initial-boundary value problem for a non-homogeneous one-

dimensional heat equation. The domain under consideration is a rectangle: Ω = {0 < x <

`, 0 < t < T}. A non-local periodic boundary condition with respect to a spatial variable x is

put.

We consider a heat equation

ut − a2uxx = f(x, t)

with initial condition

u(x, 0) = τ(x), 0 ≤ x ≤ `,

and homogeneous periodic boundary conditions (k = 1 or k = 2)

ux(0, t) = (−1)kux(1, t), u(0, t) = (−1)ku(1, t), 0 ≤ t ≤ T.

These problems are well-researched, their solution (in classical and generalized sense) exists,

is unique and can be constructed by the method of separation of variables. It is well-known

that a solution of problem can be constructed in the form of convergent orthonormal series

according to eigenfunctions of a spectral problem for an operator of multiple di�erentiation

with periodic boundary conditions. Therefore Green's function can be also written in the form

of an in�nite series with respect to trigonometric functions (Fourier series).

The solution can be represented with the help of the Green's function in the form

u(x, t) =

∫ t

0

ds

∫ `

0

G(x, ξ, t− s)f(ξ, s)dξ +

∫ `

0

G(x, ξ, t)τ(ξ)dξ. (∗)

Definition. The Green's function of the heat conduction problem is a function G(x, ξ, t−s)
such that any solution to the problem can be represented by a formula (*).

For classical �rst and second initial-boundary value problems there also exists a second

representation of the Green's function by Jacobi function. In this report we �nd the

representation of the Green's function of the non-local initial-boundary value problem with

periodic boundary conditions in the form of series according to exponents.
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On the multi-point problem for loaded partial differential

equation of the third order
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We consider the following multipoint problem for loaded partial di�erential equations at the

domain Ω = [0, T ]× [0, ω]

∂3u

∂x2∂t
= A(t, x)

∂2u

∂x2
+B(t, x)

∂2u(θ1, x)

∂x2
+ C(t, x)

∂2u(θ2, x)

∂x2
+ f(t, x), (1)

m∑
i=0

Mi(x)
∂u(ti, x)

∂x
= ϕ(x), x ∈ [0, ω], (2)

u(t, 0) = ψ1(t), t ∈ [0, T ], (3)

∂u(t, x)

∂x

∣∣∣
x=0

= ψ2(t), t ∈ [0, T ], (4)

where u(t, x) is unknown function, the functions A(t, x), B(t, x), C(t, x) and f(t, x) are

continuous on Ω, 0 < θ1 < θ2 < T , the functions Mi(x), i = 0,m, and ϕ(x) are continuously

di�erentiable on [0, ω], 0 = t0 < t1 < ... < tm−1 < tm = T , the functions ψ1(t) and ψ2(t) are

continuously di�erentiable on [0, T ].

The function u(t, x) ∈ C(Ω, R) that has partial derivatives ∂u(t,x)
∂x

∈ C(Ω, R), ∂u(t,x)
∂t

∈
∈ C(Ω, R), ∂

2u(t,x)
∂x2

∈ C(Ω, R), ∂
2u(t,x)
∂x∂t

∈ C(Ω, R), ∂
3u(t,x)
∂x2∂t

∈ C(Ω, R) is called a classical solution

to problem (1)�(4) if it satis�es equation (1) for all (t, x) ∈ Ω, multipoint condition (2) for all

x ∈ [0, ω], and boundary conditions (3), (4) for all t ∈ [0, T ].

Multipoint and nonlocal problems for loaded partial di�erential equations of the third order

arise in the study of various phenomena of biology, medicine and other natural sciences [1-6].

In the present report, we study the existence of classical solutions to multipoint problem

for the loaded partial di�erential equations of the third-order (1)�(4) and o�er the methods for

constructing their approximate solutions. Su�cient conditions for the existence and uniqueness

of classical solution to multipoint problem for the loaded partial di�erential equations of the
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third order are established. By introduction of new unknown functions [7-8], we have reduced

the considered problem to an equivalent problem consisting of a family of multipoint problems

for loaded ordinary di�erential equations �rst order with functional parameters and an integral

relations. We have o�ered the algorithm to �nd approximate solution to investigated problem

and have proved its convergence. We use of results in [6, 9] for establishing of solvability to the

family of multipoint problems for loaded ordinary di�erential equations.
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At the domain Ω = [0, T ]× [0, ω] we consider the following initial-boundary value problem

for the system of partial di�erential equations

∂3u

∂x2∂t
= A(t, x)u+ f(t, x), (1)

2∑
i=0

{
Ki(x)

∂2u(ti, x)

∂x2
+ Li(x)

∂2u(t, x)

∂x∂t
|t=ti +Mi(x)

∂u(ti, x)

∂x

}
= ϕ(x), (2)

x ∈ [0, ω],

u(t, 0) = ψ1(t), t ∈ [0, T ], (3)

∂u(t, x)

∂x

∣∣∣
x=0

= ψ2(t), t ∈ [0, T ], (4)

where u(t, x) = col(u1(t, x), u2(t, x), ..., un(t, x)) is unknown function, the n× n matrix A(t, x)

and n vector function f(t, x) are continuous on Ω, the n × n matrices Ki(x), Li(x), Mi(x),

i = 0, 2, and n vector function ϕ(x) are continuous on [0, ω], 0 ≤ t0 < t1 < t2 ≤ T , the n vector

functions ψ1(t) and ψ2(t) are continuously di�erentiable on [0, T ].

The function u(t, x) ∈ C(Ω, Rn) that has partial derivatives ∂u(t,x)
∂x

∈ C(Ω, Rn), ∂u(t,x)
∂t
∈

∈ C(Ω, Rn), ∂2u(t,x)
∂x2

∈ C(Ω, Rn), ∂2u(t,x)
∂x∂t

∈ C(Ω, Rn), ∂3u(t,x)
∂x2∂t

∈ C(Ω, Rn) is called a classical

solution to problem (1)�(4) if it satis�es system (1) for all (t, x) ∈ Ω and boundary conditions

(2), (3) and (4).

Initial-boundary value problems for systems of partial di�erential equations of the third order

arise in the study of various phenomena of natural science and technology [1-6].

In the present communication, we study the existence of classical solutions to nonlocal

problem for the system of partial di�erential equations third-order (1)�(4) and o�er the

methods for constructing their approximate solutions. Su�cient conditions for the existence

and uniqueness of classical solution to nonlocal problem for the system of partial di�erential

equations third order are established. By introduction of new unknown function [7-8], we have

reduced the considered problem to an equivalent problem consisting of a nonlocal problem for

the system of hyperbolic equations of second order with functional parameter and an integral

relation. We have o�ered the algorithm to �nd approximate solution to investigated problem

and have proved its convergence.
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On the interval [0, T ], consider the nonlinear two-point boundary value problem for the

loaded ordinary di�erential equation

dx

dt
= A(t)x+

m∑
j=0

Kj(t)x(θj) + εf0(t, x(θ0), x(θ1), . . . , x(θm)), x ∈ Rn, (1)

Bx(0) + Cx(T ) = d, (2)

where A(t) : [0, T ] → Rn, Kj(t) : [0, T ] → Rn, j = 1,m, f0 : [0, T ] × R(m+1)n → Rn are

continuous functions, θ0 = 0 < θ1 < . . . < θm = T, ε > 0.

Divide the interval [0, T ) into m parts by the load points: [0, T ) =
m⋃
r=1

[θr−1, θr). Let xr(t)

be the restriction of the function x(t) to the subinterval [θr−1, θr), r = 1,m. Introduce the

parameters λr = xr(tr−1), r = 1,m, and λm+1 = x(θm). Making the substitution ur(t) =

xr(t)−λr on every subinterval [θr−1, θr), r = 1,m, we obtain the boundary value problem with

parameters

dur
dt

= A(t)(ur + λr) +
m+1∑
j=1

Kj(t)λj + εf0(t, λ1, λ2, . . . , λm+1),
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ur(θr−1) = 0, t ∈ [θr−1, θr), r = 1,m

Bλ1 + Cλm+1 = d,

λp + lim
t→θp−0

up(t) = λp+1, p = 1,m.

To solve boundary value problem (1), (2), we propose a numerical method based on solving

the constructed multipoint boundary value problem with parameters.
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We consider issues of constructing mathematical models of extraction processes from solid

polydisperse porous materials considering the porosity of structure of particles, taking into

account the connection of the residence time of fractions with particle size in the extractant,

based on inverse problems of recovery of coe�cients of di�usion processes under various variants

of boundary conditions by a spatial variable.

We consider a mathematical model which models the extraction process of a target

component from the polydispersed porous material. The suggested model is demonstrated by

the example of a at solid material with bidispersed pores of di�erent size in the form of a

system of channels of macropores with micropores facing their walls. The macropores and the

micropores in the material have homogeneous size. We model a case when micropores of the

solid material (dispersed medium) are initially �lled with an oil (dispersion phase), which is

our target component. And the macropores are �lled in with a pure solvent. In the process of

extraction the oil di�uses from the micropore to the macropore, and then from the micropores

to the external solvent volume, wherein the ratio of concentrations in the macropore and the

micropore is taken in accordance with the linear law of adsorption. The well-posedness of the

formulated mathematical model has been justi�ed.

The theoretical mathematical science has deep enough advanced in solving inverse problems

for di�usion processes. And besides, as a rule, the problems are researched under simplest

selfadjoint boundary conditions by a spatial variable. Unlike the mentioned works we propose

to consider the problems with more general boundary conditions by a spatial variable. The

selfadjointness of the boundary conditions is not assumed, only requirement of their regularity

by Birkho� is su�cient. The inverse problems researched by us are directly obtained from

mathematical models of technological processes.
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There is studied nonlinear two-phase boundary value problem for the parabolic equations

in the unknown domains. Such problem is a mathematical model of the physical process with

phase transition. The unknown functions satisfying parabolic equations may be temperature,

concentration of the admixture in the substances, pressure of liquid and gas in porous medium

and so on.

The problem in the unknown domains is reduced to the nonlinear problem in the given

domains with the help of the non degenerate Hanzawa coordinate mapping.

The solution of the model problem corresponding to this nonlinear one is derived in the

explicit form. By direct estimation of the solution the existence, estimates of the solution in

the H�older space are established.
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In this report we study the nonlinear time-fractional di�usion equation

∂u

∂t
(x, t) =

∂2

∂x2
D1−α
∗t u(x, t+ F (x, t, u), in (0, a)× (0, T ] = Ω, (1)

with the following nonhomogeneous Cauchy-Dirichlet conditions

u(x, 0) = ϕ(x), x ∈ [0, a], (2)

u(0, t) = λ(t), u(a, t) = µ(t), 0 ≤ t ≤ T, (3)

where the functions F (x, t, u), ϕ(x), λ (t) , µ(t) are continuous and λ(t), µ(t) are nondecreasing

functions, D∗
α
t is the Caputo-Fabrizio type fractional derivative [2].

We estimate the fractional derivative of a function at its extreme points. These results are

analogous to the ones obtained in [1] for the Caputo fractional derivative. Then we use these

results to establish new maximum principles for linear fractional equations with Caputo-Fabrizio

type fractional derivative of non-singular kernel.
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The problems that imply the determination of coe�cients or the right-hand side of a

di�erential equation (together with its solution) are commonly referred to inverse problems

of mathematical physics. In this paper we consider one family of problems implying the

determination of the density distribution and of heat sources from given values of initial and

�nal distributions. This problem simulates the process of heat propagation in a thin closed wire
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wrapped around a weakly permeable insulation. The mathematical statement of such problems

leads to a inverse problem for the heat equation, where it is required to �nd not only a solution

of the problem, but also its right-hand side that depends only on a spatial variable.

We consider an inverse problem for a one-dimensional heat equation with involution and

with periodic boundary conditions with respect to a space variable. This problem simulates

the process of heat propagation in a thin closed wire wrapped around a weakly permeable

insulation. The inverse problem consists in the restoration (simultaneously with the solution)

of the unknown right-hand side of the equation, which depends only on the spatial variable.

The conditions for rede�nition are initial and �nal states. Existence and uniqueness results for

the given problem are obtained via the method of separation of variables.

In this talk, we will consider an inverse problem close to that investigated in [1], [2]. Together

with the solution it is necessary to �nd the unknown right-hand side of the equation. The

equation contains the usual time derivative and an involution with respect to the spatial

variable. In contrast to [1], we investigate the problem under nonlocal boundary conditions

with respect to the spatial variable. The conditions for rede�nition are initial and �nal states.

The second of the main di�erences in the investigated inverse problem being studied is that

the unknown function enters, both in the right-hand side of the equation, and in the conditions

of the initial and �nal overdetermination.

Let us consider a problem of modeling the thermal di�usion process which is close to that

described in the report of Cabada and Tojo [2], where the example that describes a concrete

situation in physics is given. Consider a closed metal wire (length 2π) wrapped around a thin

sheet of insulation material.

Assuming that the position x = 0 is the lowest of the wire, and the insulation goes up to

the left at −π and to the right up to π. Since the wire is closed, points −π and π coincide.

The layer of insulation is assumed to be slightly permeable. Therefore, the temperature

value from one side a�ects the di�usion process on the other side. For this reason, the standard

heat equation is modi�ed and to its right-hand side ∂2Φ
∂x2

(x, t) a third term ε∂
2Φ
∂x2

(−x, t) (where
|ε| < 1) is added. Here Φ(x, t) is the temperature at point x of the wire at time t.

We will consider the process which is so slow that it is described by an heat equation. Thus,

this process is described by the equation

Φt (x, t)− Φxx (x, t) + εΦxx (−x, t) = f (x) (1)

in the domain Ω = {(x, t) : −π < x < π, 0 < t < T}. Here f(x) is the in�uence of an external

source that does not change with time; t = 0 is an initial time point and t = T is a �nal one.

As the additional information we take values of the initial and �nal conditions of the

temperature

Φ (x, 0) = φ (x) , Φ(x, T ) = ψ(x), x ∈ [−π, π]. (2)
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Since the wire is closed, it is natural to assume that the temperature at the ends of the wire

is the same at all times:

Φ (−π, t) = Φ (π, t) , t ∈ [0, T ] . (3)

Consider the process in which the temperature at one end at every time point t is

proportional to the rate of change speed of the average value of the temperature throughout

the wire. Then,

Φ (−π, t) = γ
d

dt

∫ π

−π
Φ (ξ, t) dξ, t ∈ [0, T ] . (4)

Here γ is a proportionality coe�cient.

Thus the investigated process is reduced to the following mathematical inverse problem:

Find the right-hand side f(x) of the heat equation (1), and its solution Φ(x, t) subject to the

initial and �nal conditions (2), the boundary condition (3), and condition (4).

Existence and uniqueness results for the given problem are obtained via the method of

separation of variables.
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Research of Burgers equation has a long history, some of which is given in works [1�2] and

in the books [3] and [4]. In work [1�2] in the Sobolev classes it is established the existence,

uniqueness and regularity of the solution to the Burgers equation in non-cylindrical (non-

degenerating and degenerated) domains.
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In this paper we consider the questions of solvability of the nonhomogeneous boundary value

problem for the Burgers equation in in�nite angular domain G = {x, t : 0 < x < t, t > 0} wt + wwx − a2wxx = 0, {x, t} ∈ G,

w
∣∣
x=0

= w0(t), w
∣∣
x=t

= w1(t),
(1)

where w0(t), w1(t) are some given on (0,∞) functions.

The boundary value problem (1) is reduced to the study of the solvability of a system

consisting of two homogeneous integral equations

ν(t)− w0(t)

2a
√
π

t∫
0

ν(τ)d τ

(t− τ)1/2
= (Nw0(t)ϕ1) (t), (2)

ϕ1(t)− 1− w1(t)

2a
√
π

t∫
0

ϕ1(τ)d τ

(t− τ)1/2
= (Φw1(t)ν) (t), (3)

where

(Nw0(t)ϕ1) (t) =
1

2a
√
π

t∫
0

[
τ

(t− τ)3/2
+

w0(t)

(t− τ)1/2

]
E(t, τ)ϕ1(τ)d τ, (4)

(Φw1(t)ν) (t) =
1

2a
√
π

t∫
0

[
τ

(t− τ)3/2
+

1− w1(t)

(t− τ)1/2

]
E(t, τ)ν(τ)d τ, (5)

E(t, τ) = exp

{
− tτ

4a2(t− τ)

}
, ϕ1(t) = ϕ(t) exp

{
t

4a2

}
.

Thus, the nonhomogeneous boundary problem (1) is reduced to the problem on the

solvability for the system of integral equations (2)�(3).

We prove some lemmas which establish properties of integral operators (4)�(5) in weighted

space of essentially bounded functions and prove the existence of non-trivial solutions to the

homogeneous integral equations (2)�(3). On the basis of Lemmas the solvability theorems of the

nonhomogeneous boundary value problem for the Burgers equation in in�nite angular domain

are established.

Partially the results of our report are published in the paper [5�6].
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This talk is devoted to study s-number inequalities of triangular cylinders for the heat

operator. G. Polya [1] considered the same problem in the class of polygons with a given number

of sides. He obtained easily expected result for triangles. He proves that the �rst eigenvalue

of the Dirichlet Laplacian is minimized in the equilateral triangle among all traingles of given

area. For Neumann Laplacian operator, R.S. Laugersen and B. Siudeja [2] proved that the �rst

nonzero Neumann Laplacian eigenvalue is shown to be maximal for the equilateral triangle

among all triangles of given area. In this talk, we extend these inequalities for the s-numbers

of the heat operator.
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We consider the development of pseudo�di�erential operators generated by boundary value

problems. In particular, we derive an explicit formula for the quantization of pseudo�di�erential

operators induced by the derivative operator on a segment. Starts an interesting direction of

discrete analysis based on elliptic boundary value problems, continuing, in a sense, the analysis

on the torus started by M. Ruzhansky and V. Turunen, in which case one may think of a

problem having periodic boundary conditions.

Joint work with Professor Michael Ruzhansky.
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Global unsolvability of some time-fractional nonlinear
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This paper is devoted to singular solutions of the time-fractional Burgers and Korteweg-de

Vries equations, more precisely, to solutions that blow up in a �nite time. The problem of the

non-existence of global (with respect to t > 0) solutions of Cauchy problem is considered in

this paper.

The approach to the problem is based on the method of nonlinear capacity. This concept

for analyzing blow-up of solutions of nonlinear equations was suggested by Pokhozhaev in [1]

and further developed in joint papers with Mitidieri [2, 3]. Here, we give a simplest case of the

analysis of a "rough"crash i.e., the case where the solution tends to in�nity as t→ T on some

set Ω of values x, more exactly, when the corresponding integral of the form
∫
Ω

u(t, x)φ(x)dx

tends to in�nity as t→ T.
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We will introduce for consideration a class of continuously-di�erentiable at times t and

bounded on a norm matrices Ξ.

Consider the problem of construction of a material system by given (n − s)-dimensional

program manifold Ω (t) ≡ ω(t, x) = 0, in the following form [1]:

ẋ = f (t, x)−B(t)ξ, ξ = ϕ (σ) , σ = P T (t)ω, t ∈ I = [0, ∞) , (2.1)

where x ∈ Rn is a state vector of the object, f ∈ Rn is a vector-function, satisfying to conditions

of existence of a solution x(t) = 0, B ∈ Ξn×r, P ∈ Ξs×r are matrices, ω ∈ Rs(s ≤ n) is a

vector, ξ ∈ Rr is a vector-function, satisfying to conditions of local quadratic connection

ϕ(0) = 0 ∧ ϕT θ(σ −K−1ϕ) > 0, ∀ σ 6= 0, (2.2)

θ = diag ‖θ1, . . . , θr‖ , K = KT > 0.

Taking into account that Ω(t) is the integral manifold for the system (1), and assuming that

the Erugin function F (t, x, ω) = −Aω,−A ∈ Rs×s is Hurwitz matrix and di�erentiating the

manifold Ω(t) with respect to time t along the solutions of system (1), we get [2]:

ω̇ = −Aω −HBξ, ξ = ϕ (σ) , σ = P Tω, (2.3)

The given program Ω (t) is exactly realized only if the initial values of the state vector

satisfy the condition ω(t0, x0) = 0. However, this condition cannot always be exactly satis�ed.

Therefore, in the construction of systems of program motion, the requirement of the stability

of the program manifold Ω (t) with respect to the vector function ω should also be taken into

account (see[3-5]).

Statment of the problem. To get the condition of stability of a program manifold Ω(t)

of the basic control systems in relation to the given vector-function ω.

Theorem 1. Suppose that there exist matrices

L = LT > 0, β = diag (β1, . . . , βr) > 0
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and non-linear function ϕ(σ) satis�es the conditions (4). Then, for the absolute stability of the

program manifold Ω (t) with respect to the vector function ω it is su�cient performing of the

following conditions

l1(‖ω‖2 ≤ V ≤ l2(‖ω‖2, (2.4)

g1(‖ω‖2 ≤ −V̇ ≤ g2(‖ω‖2, (2.5)

where l1, l2, g1, g2 are positive constants.

Sketch of the proof. In this paper we use Lyapunov function in the form of "quadratic

form plus an integral from nonlinearity"and estimates of positive de�ned quadratic form.
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Êðàåâûå çàäà÷è ñ êîíîðìàëüíîé ïðîèçâîäíîé äëÿ óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà ñ

îäíîé ëèíèåé âûðîæäåíèÿ, â ñëó÷àå, êîãäà íà ëèíèè âûðîæäåíèÿ çàäàåòñÿ, ñëåä èëè ïðî-

èçâîäíóþ îò èñêîìîé ôóíêöèè, à òàêæå èõ ëèíåéíûå êîìáèíàöèè èçó÷åíû ñðàâíèòåëüíî

ìàëî. Îòìåòèì ðàáîòó Ì.À.Óñàíàòàøâèëè [1], Õ.Èñëîìîâ [2].

Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ êðàåâàÿ çàäà÷à ñ êîíîðìàëüíûì ïðîèçâîäíûì äëÿ

óðàâíåíèÿ ýëëèïòè÷åñêîãî òèïà âòîðîãî ðîäà

ymuxx + uyy = 0, −1 < m < 0. (1)

Ïóñòü D - êîíå÷íàÿ îäíîçíà÷íàÿ îáëàñòü â ïëîñêîñòè (x, y), îãðàíè÷åíà êðèâîé σ ïðè

x > 0, y > 0 ñ êîíöàìè â òî÷êàõ A(0, 0), B(1, 0) è îòðåçêîì AB îñè Ox îâ.
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Ââåäåì îáîçíà÷åíèÿ J = {(x, y) : 0 < x < 1, y = 0}, ∂D = ~σ∪AB, 2β = m
m+2

, ïðè÷åì

−1

2
< β < 0 (2)

Çàäà÷à ÑÊ. Òðåáóåòñÿ íàéòè ôóíêöèþ u(x, y), îáëàäàþùóþ ñëåäóþùèìè ñâîéñòâàìè:

1) u(x, y) ∈ C
(
D̄
)
∪ C1 (D ∪ σ ∪ J), ïðè÷åì ux è uy ìîãóò îáðàùàòüñÿ áåñêîíå÷íîñòü

ïîðÿäêà ìåíüøå ÷åì −2β â òî÷êàõ A (0, 0) è B (1, 0);

2) u(x, y)− äâàæäû íåïðåðûâíî äèôôåðåíöèðóåìîå ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè

D;

3) u(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

{δ(s)As[u] + ρ(s)u}|σ = ϕ(s), 0 < s < l,

a0 (x)uy (x, 0) +
n∑
j=1

aj (x)D
αj
0xu (x, 0) + an+1 (x)u (x, 0) = b(x), 0 < x < 1,

ãäå δ(s), ρ(s), ϕ(s), aj(x), b(x) çàäàííûå ôóíêöèè, ïðè÷¼ì

b(0) = 0, a0(1) 6= 0, (3)
aj(x) = xα1 āj(x), (j = 1, n), a0(x) = xα2 ā0(x),

an+1(x) = xα3 ān+1(x), āj(x), b(x) ∈ C
(
J
)
∩ C2 (J) , j = 0, n+ 1.

α1 > α2 > α3 > 0, α2 + α3 > 1

(4)

δ(s), ρ(s), ϕ(s) ∈ C[0, l]

δ2(s) + ρ2(s) 6= 0, ∀s ∈ [0, l] (5)

l - äëèíà âñåé êðèâîé σ , s - äëèíà äóãè êðèâîé σ , îòñ÷èòûâàåìàÿ îò òî÷êè B (1, 0),

à Dαj
0x [∗] � îïåðàòîð (â ñìûñëå Ðèìàíà - Ëèóâèëëÿ) èíòåãðèðîâàíèÿ � äðîáíîãî ïîðÿäêà

αj ∈ (−1, 0) [3].

Äîêàçàíà ñëåäóþùàÿ òåîðåìà.

Òåîðåìà 1. Åñëè âûïîëíåíû óñëîâèÿ (2) � (5) è

δ(s)ρ(s) ≥ 0, 0 ≤ s ≤ l,

an+1(x)

a0(x)
≤ 0,

(
aj(x)

a0(x)

)′
x

≥ 0,
aj(1)

a0(1)
≤ 0,

(
j = 1, n

)
,

òî â îáëàñòè D ñóùåñòâóåò åäèíñòâåííîå ðåøåíèÿ çàäà÷è ÑÊ.

Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è äîêàçûâàåòñÿ ìåòîäîì èíòåãðàëîâ ýíåðãèè[4], à ñóùå-

ñòâîâàíèå ìåòîäîì èíòåãðàëüíûõ óðàâíåíèé.
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Ïî çàäàííîìó ìíîæåñòâó

Λ(t) : λ(x, t) = 0, λ ∈ Rm x ∈ Rn, λ ∈ C22
xt (1)

òðåáóåòñÿ ïîñòðîèòü îáîáùåííóþ ñèëîâóþ ôóíêöèþ U = U (x, ẋ, t) òàê, ÷òîáû çàäàííîå

ìíîæåñòâî Λ (t) áûëî èíòåãðàëüíûì ìíîãîîáðàçèåì ñòîõàñòè÷åñêîãî óðàâíåíèÿ ëàãðàíæå-

âîé ñòðóêòóðû

d

dt

(
∂L

∂ẋν

)
− ∂L

∂xν
= σ

′

νj(x, ẋ, t)ξ̇j ,
(
ν = 1, n, j = 1, r

)
. (2)

Çäåñü {ξ1(t, ω), . . . , ξr(t, ω)} - ñèñòåìû ñëó÷àéíûõ ïðîöåññîâ ñ íåçàâèñèìûìè ïðèðàùåíèÿ-

ìè, êîòîðûå, ñëåäóÿ [1], ìîæíî ïðåäñòàâèòü â âèäå ñóììû ïðîöåññîâ:ξ = ξ0+
∫
c(y)P 0(t, dy),

ãäå ξ = (ξ1(t, ω), . . . , ξr(t, ω))T , ξ0−âåêòîðíûé âèíåðîâñêèé ïðîöåññ. P 0− ïóàññîíîâñêèé

ïðîöåññ.

Â äàííîé ðàáîòå â îòëè÷èå îò [2] ñòðîèòñÿ ñèëîâàÿ ôóíêöèÿ â ïðåäïîëîæåíèè, ÷òî

çàäàííîå èíòåãðàëüíîå ìíîãîîáðàçèå çàâèñèò ëèøü îò îáîáùåííûõ êîîðäèíàò è íå çà-

âèñèò îò îáîáùåííûõ ñêîðîñòåé. Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è íà ïåðâîì ýòàïå ïî

çàäàííîìó ìíîæåñòâó ìåòîäîì êâàçèîáðàùåíèÿ [3] â ñî÷åòàíèè ñ ìåòîäîì Åðóãèíà è â

ñèëó ñòîõàñòè÷åñêîãî äèôôåðåíöèðîâàíèÿ ñëîæíîé ôóíêöèè [1] ñòðîèòñÿ óðàâíåíèå Èòî

ẍ = f(x, ẋ, t) + σ(x, ẋ, t)ξ̇ òàê, ÷òîáû ìíîæåñòâî Λ(t) (1) ÿâëÿëîñü èíòåãðàëüíûì ìíîãîîá-

ðàçèåì ïîñòðîåííîãî óðàâíåíèÿ. Çàòåì, íà âòîðîì ýòàïå ïî ïîñòðîåííîìó óðàâíåíèþ Èòî

ñòðîÿòñÿ ýêâèâàëåíòíûå åìó óðàâíåíèÿ ëàãðàíæåâîé ñòðóêòóðû. È íà òðåòüåì ýòàïå èñêî-

ìóþ ñèëîâóþ ôóíêöèþ îïðåäåëèì â âèäå U (x, ẋ, t) = L (x, ẋ, t)−aijẋiẋj â ïðåäïîëîæåíèè,
÷òî îáîáùåííûé ëàãðàíæèàí èìååò âèä

L = T (x, ẋ, t) + U (x, ẋ, t) , ãäå T = aijẋiẋj,
(
i, j = 1, n

)
. (3)
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Äàëåå, ââîäèòñÿ ìàòðèöà hkν è ðàññìàòðèâàåòñÿ çàäà÷à íåïðÿìîãî ïðåäñòàâëåíèÿ ïî-

ñòðîåííîãî óðàâíåíèÿ Èòî hkν
(
ẍk − fk − σkj ξ̇j

)
≡ d

dt

(
∂L

∂xν

)
− ∂L

∂xν
− σ′νj ξ̇j.

Ñ èñïîëüçîâàíèåì îáîçíà÷åíèé ðàáîò [1-3] ôîðìóëèðóåòñÿ è äîêàçûâàåòñÿ ñëåäóþùàÿ

òåîðåìà.

Òåîðåìà. Äëÿ íåïðÿìîãî ïîñòðîåíèÿ ìíîæåñòâà ñòîõàñòè÷åñêèõ óðàâíåíèé ëàãðàí-

æåâîé ñòðóêòóðû (2) ïî çàäàííîìó ìíîæåñòâó (1) ñ îáîáùåííûì ëàãðàíæèàíîì âèäà

(3) òàê, ÷òîáû ìíîæåñòâî (1) áûëî èíòåãðàëüíûì ìíîãîîáðàçèåì ïîñòðîåííûõ óðàâíå-

íèé íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû îáîáùåííàÿ ñèëîâàÿ ôóíêöèÿ U = U (x, ẋ, t) óäî-

âëåòâîðÿëà óñëîâèÿì (4)

∂2U

∂ẋν∂ẋk
= hkν − aνk;

∂U

∂xν
=

∂2U

∂ẋν∂t
+

∂2U

∂ẋν∂xk
ẋk + S̃1ν + S̃2ν + S̃3ν + hkvfk, (4)

à âåêòîð-ôóíêöèÿ f è ìàòðèöà σ - ñîîòâåòñòâåííî ñëåäóþùèì óñëîâèÿì

f = k

[
∂λ

∂x
C

]
+

(
∂λ

∂x

)+(
A− ẋT ∂2λ

∂x∂x
ẋ− 2

∂2λ

∂x∂t
− ∂2λ

∂t2

)
,

σi = si

[
∂λ

∂x
C

]
+

(
∂λ

∂x

)+

Bi, i, j = 1, r, ν = 1, n.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì 3357/ÃÔ4 ÌÎÍ ÐÊ.
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òåãðàëüíîå ìíîãîîáðàçèå, ñèëîâàÿ ôóíêöèÿ.

2010 Mathematics Subject Classi�cation: 34K29, 60H10

Ëèòåðàòóðà

[1] Ïóãà÷åâ Â.Ñ., Ñèíèöûí È.Í. Ñòîõàñòè÷åñêèå äèôôåðåíöèàëüíûå ñèñòåìû. Àíàëèç

è ôèëüòðàöèÿ, Íàóêà, Ì.(1990). [2] Òëåóáåðãåíîâ Ì.È., Àæûìáàåâ Ä.Ò. Î ïîñòðîåíèè

äèôôåðåíöèàëüíûõ óðàâíåíèé ïî çàäàííîìó èíòåãðàëüíîìó ìíîãîîáðàçèþ ïðè íàëè÷èè

ñëó÷àéíûõ âîçìóùåíèé ñ íåçàâèñèìûìè ïðèðàùåíèÿìè, Âåñòíèê ÐÓÄÍ. Ñåðèÿ: Ìàòå-

ìàòèêà. Èíôîðìàòèêà. Ôèçèêà, 2 (2013), 94-104. [3] Ìóõàìåòçÿíîâ È.À., Ìóõàðëÿìîâ

Ð.Ã. Óðàâíåíèÿ ïðîãðàììíûõ äâèæåíèé, Èçä-âî ÐÓÄÍ, M. (1986).

ÓÄÊ 517.956

Çàäà÷è Äèðèõëå äëÿ îäíîãî

êëàññà âûðîæäàþùèõñÿ ìíîãîìåðíûõ

ýëëèïòèêî-ïàðàáîëè÷åñêèõ óðàâíåíèé

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëëèðîâàíèÿ, 10 Àïðåëÿ, 2018



Traditional International April scienti�c conference in honor of the Science Day 39

Àëäàøåâ Ñ.À.

aldash51@mail.ru

Êîððåêòíîñòü êðàåâûõ çàäà÷ íà ïëîñêîñòè äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé ìåòîäîì òåî-

ðèè àíàëèòè÷åñêèõ ôóíêöèé êîìïëåêñíîãî ïåðåìåííîãî õîðîøî èçó÷åíû. Ïðè èññëåäî-

âàíèè àíàëîãè÷íûõ âîïðîñîâ, êîãäà ÷èñëî íåçàâèñèìûõ ïåðåìåííûõ áîëüøå äâóõ, âîçíè-

êàþò òðóäíîñòè ïðèíöèïèàëüíîãî õàðàêòåðà. Âåñüìà ïðèâëåêàòåëüíûé è óäîáíûé ìåòîä

ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé òåðÿþò ñâîþ ñèëó èç-çà îòñóòñòâèÿ ñêîëüêî-íèáóäü

ïîëíîé òåîðèè ìíîãîìåðíûõ ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé. Êðàåâûå çàäà÷è äëÿ

ýëëèïòè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà â îáëàñòÿõ ñ ðåáðàìè ïîäðîáíî èçó÷åíû.

ï.1. Ïîñòàíîâêà çàäà÷è è ðåçóëüòàò. Äëÿ îáùèõ ýëëèïòèêî - ïàðàáîëè÷åñêèõ óðàâ-

íåíèé âòîðîãî ïîðÿäêà ïîñòàíîâêó ïåðâîé êðàåâîé çàäà÷è (èëè çàäà÷à Äèðèõëå) âïåðâûå

îñóùåñòâèë Ã. Ôèêåðà [1]. Äàëüíåéøåå èçó÷åíèå ýòîé çàäà÷è ïðèâåäåíî â [2]. Â äàííîé ðà-

áîòå äëÿ îäíîãî êëàññà âûðîæäàþùèõñÿ ìíîãîìåðíûõ ýëëèïòèêî -ïàðàáîëè÷åñêèõ óðàâ-

íåíèé äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü è ïîëó÷åí ÿâíûé âèä êëàññè÷åñêîãî ðåøåíèÿ

çàäà÷è Äèðèõëå â öèëèíäðè÷åñêîé îáëàñòè. Â ñòàòüå èñïîëüçóåòñÿ ìåòîä, ïðåäëîæåííûé

â ðàáîòàõ [3-6].

Ïóñòü Ωαβ− öèëèíäðè÷åñêàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà Em+1 òî÷åê (x1, ..., xm, t),

îãðàíè÷åííàÿ öèëèíäðîì Γ = {(x, t) : : |x| = 1}, ïëîñêîñòÿìè t = α > 0 è t = β < 0, ãäå

|x|− äëèíà âåêòîðà x = (x1, ..., xm).

Îáîçíà÷èì ÷åðåç Ωα è Ωβ ÷àñòè îáëàñòè Ωαβ, à ÷åðåç Γα, Γβ− ÷àñòè ïîâåðõíîñòè Γ,

ëåæàùèå â ïîëóïðîñòðàíñòâàõ t > 0è t < 0; σα-âåðõíåå, à σβ - íèæíåå îñíîâàíèå îáëàñòè

Ωαβ.

Ïóñòü äàëåå S - îáùàÿ ÷àñòü ãðàíèö îáëàñòåé Ωα, Ωβ ïðåäñòàâëÿþùåå ìíîæåñòâî {t =

0, 0 < |x| < 1} â Em.
Â îáëàñòè Ωαβ ðàññìîòðèì âûðîæäàþùèõñÿ ìíîãîìåðíûå ýëëèïòèêî-ïàðàáîëè÷åñêèå

óðàâíåíèÿ

0 =


tq∆xu− ut +

m∑
i=1

di(x, t)uxi + e(x, t)u, t > 0,

|t|p∆xυ + utt +
m∑
i=1

ai(x, t)uxi + b(x, t)ut + c(x, t)u, t < 0,
(1)

ãäå p, q = const, q ≥ 0, p > 0, ∆x− îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, ..., xm, m ≥ 2.

Â äàëüíåéøåì íàì óäîáíî ïåðåéòè îò äåêàðòîâûõ êîîðäèíàò x1, ..., xm, t ê ñôåðè÷åñêèì

r, θ1, ..., θm−1, t, r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π, i = 2, 3, ...,m− 1, θ = (θ1, ..., θm−1).

Çàäà÷à 1(Äèðèõëå). Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωαβ ïðè t 6= 0 èç êëàññà

C(Ωαβ) ∩ C2(Ωα ∪ Ωβ), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u
∣∣∣
σα

= ϕ1(r, θ), u
∣∣∣
Γα

= ψ1(t, θ),

u
∣∣∣
Γβ

= ψ2(t, θ), u
∣∣∣
σβ

= ϕ2(t, θ).
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ïðè ýòîì ϕ1(1, θ) = ψ1(α, θ), ϕ2(1, θ) = ψ2(β, θ), ψ1(0, θ) = ψ2(0, θ)

Ïóñòü di(r, θ, t), e(r, θ, t) ∈ W l
2(Ωα) ⊂ C(Ω̄α), ai(r, θ, t), b(r, θ, t), c(r, θ, t) ∈ W l

2(Ωβ),

i = 1, ...,m, l ≥ m+ 1, e(r, θ, t) ≤ 0, ∀(r, θ, t) ∈ Ωα, c(r, θ, t) ≤ 0, ∀(r, θ, t) ∈ Ωβ.

Òîãäà ñïðàâåäëèâà

Òåîðåìà. Åñëè ϕ1(r, θ), ϕ2(r, θ) ∈ W p
2 (S), ψ1(t, θ) ∈ W p

2 (Γα), ψ2(t, θ) ∈ W p
2 (Γβ),

p > 3m
2
, òî çàäà÷à 1 îäíîçíà÷íî ðàçðåøèìà.

Îòìåòèì, ÷òî â ñëó÷àå, êîãäà ai(x, t) = b(x, t) = c(x, t) = di(x, t) = e(x, t) ≡ 0 äëÿ

çàäà÷è 1 òåîðåìà ïîëó÷åíà â [7].

Ðàáîòà ïîääåðæàíà ãðàíòîì AP05134615 Êîìèòåòà íàóêè Ìèíèñòåðñòâà îáðàçîâà-

íèÿ è íàóêè Ðåñïóáëèêè Êàçàõñòàí.
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Íà îòðåçêå 0 < t < T ðàññìîòðèì çàäà÷ó Êîøè äëÿ ñèñòåìû îáûêíîâåííûõ äèôôå-

ðåíöèàëüíûõ óðàâíåíèé
dyi
dt

+ ui(y, t) = 0, (1)

yi|t=0 = ξi. (2)

Çäåñü y(t) = (y1(t), y2(t), ..., yn(t)) ∈ Rn � íåèçâåñòíàÿ âåêòîð ôóíêöèÿ, à ξ = (ξ1, ξ2, ..., ξn) ∈
Rn � çàäàííûé ïîñòîÿííûé âåêòîð. Ôóíêöèè ui(y, t) ÿâëÿþòñÿ èçâåñòíûìè è äîñòàòî÷íî

ãëàäêèìè.

Â äîêëàäå èññëåäóåòñÿ âîïðîñ: åñëè ìíîæåñòâî âåêòîðîâ ξ çàïîëíÿåò âñå ïðîñòðàíñòâî

Rn, òî â êàêèõ ñëó÷àÿõ ðåøåíèÿ çàäà÷è Êîøè (1)-(2) áóäóò çàïîëíÿòü âñå ïðîñòðàíñòâî

Rn?

Èìååò ìåñòî

Òåîðåìà 1. Ïóñòü ui(y, t) ∈ C1(Rn × [0, T ]) è óäîâëåòâîðÿþò óñëîâèÿì Ëèïøèöà

∣∣ui(y, t)− ui(y, t)∣∣ ≤M |y − y|, ∀y, y ∈ Rn, (3)

|ui| ≤M,

ãäå M � ïîñòîÿííàÿ íå çàâèñÿùàÿ îò u = (u1, ..., un). Òîãäà, åñëè ξ = Rn, çàïîëíÿåò âñå

ïðîñòðàíñòâî Rn, òî ðåøåíèå {y(ξ, t)} = Rn äëÿ ôèêñèðîâàííûõ t ∈ [0, T ].

Ïðèìåð. Ïóñòü n = 1 è u(y) ≡ u = const. Òîãäà ðåøåíèå ñèñòåìû (1)-(2) ïðåäñòàâèìî â

âèäå y = e−utξ è äåéñòâèòåëüíî y(t) = e−utξ íàðÿäó ñ ξ ÿâëÿåòñÿ ïîäâèæíîé (ïî t) ñèñòåìîé

êîîðäèíàò â R1.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP05133239 è BR05236656 ÌÎÍ ÐÊ.
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Ðàññìàòðèâàòñÿ ñëåäóþùàÿ ðàçíîñòíî-äèíàìè÷åñêàÿ ñèñòåìà

xn+1 = Λxn +X(n, xn, yn, zn)

zn+1 = A(n)zn + zn + Z(n, xn, yn, zn),

(1)

ãäå Λ = (δsje
iϕj)

m

1 � äèàãîíàëüíàÿ ìàòðèöà, xn = ȳn−m � ìåðíûå âåêòîðû (÷åðòà îçíà÷àåò

êîìïëåêñíóþ ñîïðÿæåííîñòü), A(n) � k × k-ìàòðèöà, ñîáñòâåííûå ÷èñëà êîòîðîé îòäåëå-

íû (ïî ìîäóëþ) îò åäèíèöû, ñðåäè êîòîðûõ åñòü ïî ìîäóëþ áîëüøå è ìåíüøå åäèíèöû.

X(n, xn, yn, zn), Z(n, xn, yn, zn) ÿâëÿþòñÿ ôóíêöèÿìè, óäîâëåòâîðÿþùèìè óñëîâèÿì Ëèï-

øèöà ñ ìàëîé êîíñòàíòîé.

Ñ ïîìîùüþ äèñêðåòíûõ íåðàâåíñòâ äîêàçûâàåòñÿ ñóùåñòâîâàíèå 2m-ïàðàìåòðè÷åñêèõ

ñóììèðóåìûõ ìíîãîîáðàçèé äëÿ ðàçíîñòíî-äèíàìè÷åñêîé ñèñòåìû (1).

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì No. AP05131369 ÌÎÍ ÐÊ.
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Ïóñòü ρ, v, r � çàäàííûå âåñîâûå ôóíêöèè, îïðåäåëåííûå íà èíòåðâàëå J = (a, b), −∞ ≤
a < b ≤ ∞, óäîâëåòâîðÿþò íà ýòîì èíòåðâàëå ñëåäóþùèì òðåáîâàíèÿì: 0 < ρ(x) ∈ Lloc∞ (J), ρ−1(x) ∈ Lloc1 (J),

0 < v(x) ∈ C loc(J), 0 ≤ r(x) ∈ C loc(J).

Ââåäåì â ðàññìîòðåíèå ñëåäóþùèå âåëè÷èíû, õàðàêòåðèçóþùèå ëîêàëüíîå ïîâåäåíèå

âåñîâûõ ôóíêöèé:

ω(x, y) = sup
{
d > 0 :

x∫
x−d

ρ−1(τ)dτ ≤
x+y∫
x

ρ−1(τ)dτ, (x− d, x+ y] ⊂ J
}
,

d+(x) = sup
{
d > 0 : sup

x−ω(x,d)≤t≤x+d

v(t)

x+d∫
x−ω(x,d)

ρ−1(τ)dτ ≤ 1, [x, x+ d) ⊂ J
}
,

d−(x) = ω(x, d+(x)).
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Îáîçíà÷èì

∆(x) = [x− d−(x), x+ d−(x)] = [x−, x+], ∆−(x) = [x− d−(x), x],

∆+(x) = [x, x+ d+(x)].

Ïóñòü ACn+1

( ◦

R+

)
,
◦

R+ = [0,∞) � ñîâîêóïíîñòü ôóíêöèé, èìåþùèõ àáñîëþòíî íåïðå-

ðûâíûå ïðîèçâîäíûå (n+ 1)-ãî ïîðÿäêà è îáðàùàþùèõñÿ â íóëü íåêîòîðîé îêðåñòíîñòè

áåñêîíå÷íî óäàëåííîé òî÷êè, ñâîåé äëÿ êàæäîé ôóíêöèè.

Îáîçíà÷èì ÷åðåç Hn
∞ ïîïîëíåíèå ïðîñòðàíñòâà ACn+1

( ◦

R+

)
ïî íîðìå

‖f‖Hn
∞

=
∥∥ρf (n+1)

∥∥
∞ +

∥∥υf (n)
∥∥
∞ .

Çäåñü υ, ρ ∈ C [0, N ] , ∀N > 0. Ïðîäîëæèì ôóíêöèè υ, ρ ÷åòíûì îáðàçîì íà âñþ îñü è

ïóñòü

ρ∗ (x) =

 ∫
∆+(x)

ρ−1 (τ) dτ


−1

.

Ëåììà. Èìååò ìåñòî íåðàâåíñòâî

∥∥ρ∗f (n)
∥∥
∞ ≤ K ‖f‖Hn

∞
∀f ∈ ACn+1

( ◦

R+

)
,

ãäå ïîñòîÿííàÿ K > 0 íå çàâèñèò îò υ, ρ è f . Ïîëîæèì

Bn (x) = r (x)

∞∫
x

(s)n−1 ρ−1 (s) ds.

Òåîðåìà. Âëîæåíèå ïðîñòðàíñòâ Hn
∞ ↪→ L∞,r èìååò ìåñòî òîãäà è òîëüêî òîãäà,

êîãäà

Bn = sup
x>0

Bn (x) <∞.

È äëÿ íîðìû îïåðàòîðà âëîæåíèÿ E : Hn
∞ ⊂ L∞,r èìååò ìåñòî îöåíêà

C−1Bn ≤ ‖E‖ ≤ CBn,

ãäå ïîñòîÿííàÿ C > 0 íå çàâèñèò îò r, ρ, υ.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP05130928 Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè Ðåñïóáëèêè
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Äîñòàòî÷íûå óñëîâèÿ ïðåäêîìïàêòíîñòè ìíîæåñòâ â

ãëîáàëüíûõ ïðîñòðàíñòâàõ òèïà Ìîððè.
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Â äàííîé ðàáîòå ïðèâîäÿòñÿ äîñòàòî÷íûå óñëîâèÿ ïðåäêîìïàêòíîñòè ìíîæåñòâ â ãëîáàëü-

íûõ ïðîñòðàíñòâàõ òèïà Ìîððè GMw(·)
pθ (Rn). Èç ïðèâåäåííîé òåîðåìû â ñëó÷àå θ =∞ âû-

òåêàåò ðåçóëüòàò äëÿ îáîáùåííîãî ïðîñòðàíñòâà Mw(·)
p , à ïðè w(r) = r−λ, θ =∞0 ≤ λ ≤ n

p

âûòåêàåò èçâåñòíûé ðåçóëüòàò äëÿ ïðîñòðàíñòâà Ìîððè Mλ
p (Rn), à â ñëó÷àå λ = 0 � ýòî

õîðîøî èçâåñòíàÿ òåîðåìà Ôðåøå-Êîëìîãîðîâà.

Ïóñòü 1 ≤ p ≤ ∞, w � èçìåðèìàÿ íåîòðèöàòåëüíàÿ ôóíêöèÿ íà (0,∞) íå ýêâèâàëåíò-

íàÿ íóëþ. Ãëîáàëüíîå ïðîñòðàíñòâî òèïà Ìîððè GMw(·)
pθ ≡ GM

w(·)
pθ (Rn) îïðåäåëÿåòñÿ êàê

ìíîæåñòâî âñåõ ôóíêöèé f ∈ Llocp (Rn) ñ êîíå÷íîé êâàçèíîðìîé

‖f‖
GM

w(·)
pθ
≡ sup

x∈Rn

∥∥∥w(r) ‖f‖Lp(B(x,r))

∥∥∥
Lθ(0,∞)

,

ãäå B(x, r) - îòêðûòûé øàð ñ öåíòðîì â òî÷êå x ∈ Rn ðàäèóñà r > 0.

Ïðîñòðàíñòâî GMw(·)
pθ ñîâïàäàåò ñ îáîáùåííûì ïðîñòðàíñòâîì Ìîððè ïðè θ = ∞ [3],

[4]. Îáîáùåííûì ïðîñòðàíñòâîì Ìîððè M
w(·)
p ñîâïàäàåò ñ êëàññè÷åñêèì ïðîñòðàíñòâîì

Ìîððè Mλ
p ïðè w(r) = r−λ, ãäå 0 ≤ λ ≤ n

p
, êîòîðîå, â ñâîþ î÷åðåäü, ïðè λ = 0 ñîâïàäàåò ñ

ïðîñòðàíñòâîì Lp(Rn), à ïðè λ = n
p
ñ ïðîñòðàíñòâîì L∞(Rn).

Â ñîîòâåòñòâèè [1], [2], îáîçíà÷èì ÷åðåç Ωpθ ìíîæåñòâî âñåõ ôóíêöèé, êîòîðûå ÿâëÿ-

þòñÿ íåîòðèöàòåëüíûìè, èçìåðèìûìè íà (0,∞), íå ýêâèâàëåíòíûìè 0 è òàêèìè, ÷òî äëÿ

íåêîòîðîãî t > 0 (à, çíà÷èò, è äëÿ ëþáûõ t > 0)

‖w(r)r
n
p ‖Lθ(0,t) <∞, ‖w(r)‖Lθ(t,∞) <∞.

Ïðîñòðàíñòâî GMw(·)
pθ íåòðèâèàëüíî, òî åñòü ñîñòîèò íå òîëüêî èç ôóíêöèé, ýêâèâà-

ëåíòíûõ 0 íà Rn, òîãäà è òîëüêî òîãäà, êîãäà w ∈ Ωpθ (ñì. [3], [4]). Ïóñòü χ(A) � õàðàêòå-

ðèñòè÷åñêàÿ ôóíêöèÿ ìíîæåñòâà A ⊂ Rn è cA � äîïîëíåíèå A.

Òåîðåìà. Ïóñòü 1 ≤ p ≤ θ ≤ ∞ è w ∈ Ωpθ. Ïðåäïîëîæèì, ÷òî ìíîæåñòâîS ⊂
GMpθ,w(Rn) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

sup
f∈S
‖f‖GMpθ,w

<∞,

lim
u→0

sup
f∈S
‖f(·+ u)− f(·)‖GMpθ,w

= 0

è

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëëèðîâàíèÿ, 10 Àïðåëÿ, 2018



Traditional International April scienti�c conference in honor of the Science Day 45

lim
r→∞

sup
f∈S

∥∥∥fχCB(0,r)

∥∥∥
GMpθ,w

= 0

Òîãäà S ÿâëÿåòñÿ ïðåäêîìïàêòíûì ìíîæåñòâîì â GMpθ,w(Rn).

Çàìå÷àíèå. Â ñëó÷àå ïðîñòðàíñòâà ÌîððèMλ
p (0 < λ < n

p
) àíàëîãè÷íàÿ òåîðåìà áûëà

äîêàçàíà â ðàáîòå [5], à â ñëó÷àå λ = 0 � äîñòàòî÷íîå óñëîâèÿ õîðîøî èçâåñòíîé òåîðåìû

Ôðåøå-Êîëìîãîðîâà (ñì. [6]).

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâà Ìîððè, ïðåäêîìïàêòíîñòü ìíîæåñòâ, ãëîáàëüíûe ïðîñòðàíñòâà òèïà

Ìîððè.
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Ãðàíè÷íûå óñëîâèÿ îäíîìåðíîãî âîëíîâîãî îáúåìíîãî
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Ïóñòü Ω ∈ R2 � îáëàñòü, îãðàíè÷åííàÿ êðèâûìè x = α(t) è x = β(t) è îòðåçêàìè

ïðÿìûõ t = 0 è t = T > 0. Çäåñü α(t) < β(t), α(0) = 0, β(0) = 1, |α′(t)| < 1, |β′(t)| < 1.

Â Ω ðàññìîòðèì îáúåìíûé âîëíîâîé ïîòåíöèàë

u(x, t) =

∫
Ω

ε(x− ξ, t− τ)f(ξ, τ)dξdτ, (1)

ãäå ε(x, t) = 1
2
θ(t−|x|) � ôóíäàìåíòàëüíîå ðåøåíèå çàäà÷è Êîøè äëÿ âîëíîâîãî óðàâíåíèÿ

â R2
+ = {(x, t) ∈ R, t > 0}:

∂2u(x, t)

∂t2
− ∂2u(x, t)

∂x2
= f(x, t). (2)
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Ðàññìîòðèì óðàâíåíèå (2) â îáëàñòè Ω. Õîðîøî èçâåñòíî, ÷òî ïðè T > 1/2 ðåøåíèå

óðàâíåíèÿ (2) â Ω íå îäíîçíà÷íî âîññòàíàâëèâàåòñÿ ïî íà÷àëüíûì óñëîâèÿì

u(x, 0) = ut(x, 0) = 0, 0 ≤ x ≤ 1. (3)

Äëÿ îäíîçíà÷íîñòè íåîáõîäèìî èñïîëüçîâàíèå êðàåâûõ óñëîâèé.

Ñòàâèòñÿ çàäà÷åé ïîñòðîåíèå êðàåâûõ óñëîâèé, ïî êîòîðûì ðåøåíèå óðàâíåíèÿ (2) â

Ω áóäåò îäíîçíà÷íî îïðåäåëÿòüñÿ â âèäå (1).

Â äîêëàäå îáîñíîâûâàåòñÿ, ÷òî îáúåìíûé âîëíîâîé ïîòåíöèàë (1) íà áîêîâûõ ñòîðîíàõ

Ω óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

ux(α(t), t)− ut(α(t), t) = 0, 0 ≤ t ≤ T, (4)

ux(β(t), t) + ut(β(t), t) = 0, 0 ≤ t ≤ T. (5)

Îáðàòíî, ðåøåíèå óðàâíåíèÿ (2) ñ íà÷àëüíûìè óñëîâèÿìè (3) êðàåâûìè óñëîâèÿìè (4),

(5) ñóùåñòâóåò, åäèíñòâåííî è îïðåäåëÿåòñÿ â âèäå (1).

Â ñëó÷àå α(t) ≡ 0, β(t) ≡ 1 äàííûé ðåçóëüòàò ïîëó÷åí â [1].

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP05133271 ÊÍ ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: âîëíîâîå óðàâíåíèå, îáúåìíûé âîëíîâîé ïîòåíöèàë, êðàåâûå óñëîâèÿ
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Î ãëàäêîñòè îäíîé íåëîêàëüíîé êðàåâîé çàäà÷è ñ

ïîñòîÿííûì êîýôôèöèåíòîì äëÿ óðàâíåíèÿ ñìåøàííîãî

òèïà âòîðîãî ðîäà âòîðîãî ïîðÿäêà â ïðîñòðàíñòâå

C.Ç.ÄÆÀÌÀËÎÂ

Èíñòèòóò Ìàòåìàòèêè ÀÍ ÐÓç.,Òàøêåíò, Óçáåêèñòàí E-mail:siroj63@mail.ru

Ââåäåíèå è ïîñòàíîâêè çàäà÷

Ïóñòü Ω-îãðàíè÷åííàÿ îäíîñâÿçíàÿ îáëàñòü â ïðîñòðàíñòâå Rn ñ ãëàäêîé ãðàíèöåé ∂Ω.

Îáîçíà÷èì:Q = Ω×(0, T )×(0, `) = Q1×(0, `) = {(x, t, y);x ∈ Ω, 0 < y < `, 0 < t < T < +∞}
è S = ∂Ω× (0, T ).

Â îáëàñòè Q ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà

Lu = K(x, t)utt −
n∑

i,j=1

∂

∂xi
(aij(x)uxj)− a(x, t)uyy + α(x, t)ut+

+c(x, t)u = f(x, t, y). (1)
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ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû óðàâíåíèÿ (1) äîñòàòî÷íî ãëàäêèå ôóíêöèè. Ïðåäïîëî-

æèì: aij(x) = aji(x), x ∈ Ω, ξ ∈ Rn, |ξ|2 =
n∑
i=1

ξ2
i .

Êðîìå òîãî, ïóñòü âûïîëíåíî îäíî èç óñëîâèå

a).
n∑

i,j=1

aij(x)ξiξj ≥ a0|ξ|2; ãäå a0 − const > 0,

b).
n∑

i,j=1

aij(x)ξiξj ≤ a1|ξ|2; ãäå a1 − const < 0,

Êðîìå òîãî, ïóñòü K(x, 0) ≤ 0 ≤ K(x, T ), ïðè x ∈ Ω̄ è íà çíàê ôóíêöèè K(x, t) ïî ïåðåìåí-

íîé t âíóòðè îáëàñòè Q̄ íå íàêëàäûâàåì íèêàêèõ îãðàíè÷åíèé, òî åñòü ôóíêöèÿ K(x, t)

âíóòðè îáëàñòè ìîæåò ìåíÿòü çíàê. Óðàâíåíèå (1)- ýëëèïòè÷åñêîå, ïàðàáîëè÷åñêîå èëè

ãèïåðáîëè÷åñêîå âíóòðè åñëè ñîîòâåòñòâåííî K(x, t) > 0, K(x, t) = 0 è K(x, t) < 0. Òàêèå

óðàâíåíèÿ íàçûâàþòñÿ óðàâíåíèÿìè ñìåøàííîãî òèïà [2].

Íåëîêàëüíàÿ êðàåâàÿ çàäà÷à.

Íàéòè îáîáùåííîå ðåøåíèå u(x, t, y) óðàâíåíèÿ (1) èç ïðîñòðàíñòâà Ñîáîëåâà Wm+2
2 (Q),

(m = 0, 1, 2, ...), óäîâëåòâîðÿþùåå íåëîêàëüíûì êðàåâûì óñëîâèÿì

γ · u(x, 0, y) = u(x, T, y), (2)

u|S = 0, (3)

u(x, t, 0) = u(x, t, `) = 0, (4)

Îòìåòèì, ÷òî â ðàáîòàõ [2],[3] â ñëó÷àå, êîãäà K(x, 0) ≤ 0 ≤ K(x, T ), a(x, t) = 0 è ïðè

îñëàáëåííûõ óñëîâèÿõ íà êîýôôèöèåíòû óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî ïîðÿäêà

(1), èçó÷åíû îäíîçíà÷íîå ðàçðåøèìîñòè è ãëàäêîñòüè ðåøåíèÿ íåëîêàëüíîé êðàåâîé

çàäà÷è (1)-(3) â ïðîñòðàíñòâàõ Ñîáîëåâà. Â äàííîé ðàáîòå, â ñëó÷àå a(x, t) 6= 0 è ïðè

âûïîëíåíèå óñëîâèå (1)-(4) íà ðåøåíèå óðàâíåíèÿ (1) èçó÷àåòñÿ îäíîçíà÷íîå ðàçðå-

øèìîñòè è ãëàäêîñòè ðåøåíèå çàäà÷è (1)-(4) â ìíîãîìåðíûõ ïðîñòðàíñòâàõ Ñîáîëåâà

Wm+2
2 (Q), m = 0, 1, 2....

Êëþ÷åâûå ñëîâà: óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî ðîäà, îäíîçíà÷íîå ðàçðåøèìîñòè

è ãëàäêîñòè ðåøåíèÿ.
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Íà [0, T ] ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à

dx

dt
= εf(t, x) + ϕ(t)

∫ T

0

ψ(τ)x(τ)dτ, t ∈ (0, T ), x ∈ Rn, (1)

g[x(0), x(T )] = 0, (2)

ãäå ε > 0, (n × n) ìàòðèöû ϕ(t), ψ(τ) íåïðåðûâíû íà [0, T ], f : [0, T ] × Rn → Rn, è

g : R2n → Rn íåïðåðûâíûå ôóíêèè.

Â [1] áûë ïðåäëîæåí íîâûé ïîäõîä ê îïðåäåëåíèþ îáùåãî ðåøåíèÿ äëÿ èíòåãðî-

äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà. Ââåäåíî ∆N îáùåå ðåøåíèå äëÿ ëèíåéíî-

ãî èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà è ïðåäëîæåíû ìåòîäû ðåøåíèÿ

ëèíåéíîé êðàåâîé çàäà÷è äëÿ ýòîãî óðàâíåíèÿ. Ïîêàçàíî, ÷òî äëÿ ëþáîãî ðåãóëÿðíîãî

ðåøåíèÿ ∆N ñóùåñòâóåò åäèíñòâåííîå íîâîå îáùåå ðåøåíèå è äàíû àëãîðèòìû íàõîæäå-

íèÿ åãî êîýôôèöèåíòîâ è ïðàâûõ ÷àñòåé. Îñíîâíàÿ èäåÿ ïðåäëàãàåìûõ ìåòîäîâ ÿâëÿåòñÿ

ïîñòðîåíèÿ ñèñòåìû ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ïðîèçâîëüíûõ ïà-

ðàìåòðîâ ∆N îáùåãî ðåøåíèÿ.

Â íàñòîÿùèì ñîîáùåíèè ∆N îáùåå ðåøåíèå ïîñòðîåíî äëÿ íåëèíåéíîãî èíòåãðî-

äèôôåðåíöèàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà (1). Ïîäñòàâëÿÿ åãî ñîîòâåòñòâóþùèå âûðà-

æåíèÿ â êðàåâîå óñëîâèå, (2) è óñëîâèÿì íåïðåðûâíîñòè ðåøåíèÿ âî âíóòðåííèõ òî÷êàõ

ðàçáèåíèÿ ∆N ïîëó÷èì ñèñòåìó íåëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî åãî

ïðîèçâîëüíûõ ïàðàìåòðîâ

Q∗(∆N ;λ) = 0, λ ∈ RnN . (3)

Ïðåäëàãàåòñÿ ìåòîä ðåøåíèÿ êðàåâîé çàäà÷è (1), (2) îñíîâàííîé íà ðåøåíèé ñèñòåìû

(3). Çíà÷åíèå QT (∆N ; λ̂) äëÿ âûáðàííîãî λ̂ íàõîäÿòñÿ ðåøåíèåì ñïåöèàëüíîé çàäà÷è Êîøè

äëÿ íåëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé [2].

Äëÿ íàõîæäåíèÿ ýëåìåíòîâ ìàòðèöû ßêîáè ∂Q∗(∆N ;λ)
∂λ

: RnN → RnN

ðåøàþòñÿ ìàòðè÷íûå ñïåöèàëüíûå çàäà÷è Êîøè äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíå-

íèé Ôðåäãîëüìà.
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and their applications on solving the boundary value problems, J. Comp. Appl. Math., 2018,

327, 79-108. [2] Äæóìàáàåâ Ä. Ñ., Áàêèðîâà Ý.À., Ìûíáàåâà Ñ.Ò. ×èñëåííàÿ ðåàëèçàöèÿ îä-

íîãî àëãîðèòìà íàõîæäåíèÿ ðåøåíèÿ ñïåöèàëüíîé çàäà÷è Êîøè äëÿ íåëèíåéíûõ èíòåãðî-

äèôôåðåíöèàëüíûõ óðàâíåíèé Ôðåäãîëüìà. Ìàò.æóðíàë., 2017, �4(66), 25-36.

Êðàåâàÿ çàäà÷à äëÿ âîëíîâîãî óðàâíåíèÿ â

ïðÿìîóãîëüíèêå ñ äàííûìè íà âñåé ãðàíèöå îáëàñòè

À. ÄÓÊÅÍÁÀÅÂÀ1,a, Ì. ÑÀÄÛÁÅÊÎÂ1,b

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ,

Àëìàòû, Êàçàõñòàí

E-mail: adukenbayeva@math.kz, bsadybekov@math.kz

Ïóñòü Ω ⊂ R2 - ïðÿìîóãîëüíàÿ îáëàñòü, îãðàíè÷åííàÿ ïðÿìûìè: AB : 0 ≤ x ≤ a, y = 0;

BC : x = a, 0 ≤ y ≤ b; CD : 0 ≤ x ≤ a, y = b è AD : x = 0, 0 ≤ y ≤ b.

Â Ω ðàññìîòðèì íåîäíîðîäíîå âîëíîâîå óðàâíåíèå:

uxx − uyy = f(x, y). (1)

Õîðîøî èçâåñòíî, ÷òî çàäà÷à Äèðèõëå äëÿ âîëíîâîãî óðàâíåíèÿ (1) â ïðÿìîóãîëüíîé

îáëàñòè, âîîáùå ãîâîðÿ, íå ÿâëÿåòñÿ êîððåêòíîé. Íàïðèìåð, â ñëó÷àå íàøåé îáëàñòè Ω,

ëåãêî âèäåòü, ÷òî îäíîðîäíîå óðàâíåíèå (1) ñ óñëîâèÿìè Äèðèõëå

u|AB∪BC∪AD = 0, (2)

u|CD = 0 (3)

èìååò ñ÷åòíîå ÷èñëî íåíóëåâûõ ðåøåíèé âèäà

umn(x, y) = sin
mπx

a
sin

nπy

b
, m, n = 1, 2, ...

ïðè âûïîëíåíèè óñëîâèé na = mb.

Çàäà÷à Äèðèõëå äëÿ âîëíîâîãî óðàâíåíèÿ ÿâëÿåòñÿ îäíîé èç íàèáîëåå ñëîæíûõ ìî-

äåëåé ìàòåìàòè÷åñêîé ôèçèêè. Âîëíîâîå óðàâíåíèå îïèñûâàåò ïî÷òè âñå ðàçíîâèäíîñòè

ìàëûõ êîëåáàíèé â ðàñïðåäåëåííûõ ìåõàíè÷åñêèõ ñèñòåìàõ, òàêèõ êàê ïðîäîëüíûå çâó-

êîâûå êîëåáàíèÿ â ãàçå, â æèäêîñòè, â òâåðäîì òåëå; ïîïåðå÷íûå êîëåáàíèÿ â ñòðóíàõ

è ò.ï. Êîìïîíåíòû ýëåêòðîìàãíèòíûõ âåêòîðîâ è ïîòåíöèàëîâ, è, ñëåäîâàòåëüíî, ìíîãèå
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ýëåêòðîìàãíèòíûå ÿâëåíèÿ (îò êâàçèñòàòèêè äî îïòèêè) â òîé èëè èíîé ìåðå îáúÿñíÿþòñÿ

ñâîéñòâàìè ðåøåíèé âîëíîâîãî óðàâíåíèÿ.

Âïåðâûå íååäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Äèðèõëå äëÿ âîëíîâîãî óðàâíåíèÿ áûëà

îòìå÷åíà â ðàáîòàõ Æ. Àäàìàðà, À. Ãóáåðà. Â ñâîåé ðàáîòå Ä. Áîðæèí è Ð. Äàôôèí ðàñ-

ñìîòðåëè çàäà÷ó Äèðèõëå äëÿ îäíîðîäíîãî óðàâíåíèÿ (1) â ïðÿìîóãîëüíèêå Ω. Èñïîëüçóÿ

ïðåîáðàçîâàíèå Ëàïëàñà, îíè ïîêàçàëè, ÷òî åñëè ÷èñëî a/b � èððàöèîíàëüíîå, òî èìååò

ìåñòî åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è â êëàññå íåïðåðûâíî äèôôåðåíöèðóåìûõ ôóíêöèé

ñ ñóììèðóåìûìè ïî Ëåáåãó âòîðûìè ïðîèçâîäíûìè. À â ðàáîòàõ Ê.Á. Ñàáèòîâà, êîãäà

a/b ÿâëÿåòñÿ àëãåáðàè÷åñêèì ÷èñëîì ñòåïåíè n ≥ 2, ïîëó÷åíî óñëîâèå ñóùåñòâîâàíèÿ è

åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Äèðèõëå.

Â äîêëàäå íàìè ïðåäëàãàþòñÿ íîâûå ïîñòàíîâêè ëîêàëüíûõ êðàåâûõ çàäà÷ äëÿ âîë-

íîâîãî óðàâíåíèÿ â ïðÿìîóãîëüíîé îáëàñòè, â êîòîðîé êðàåâûå óñëîâèÿ çàäàþòñÿ íà âñåé

ãðàíèöå îáëàñòè. Äîêàçûâàåòñÿ êîððåêòíîñòü ñôîðìóëèðîâàííûõ çàäà÷ â êëàññè÷åñêîì è

îáîáùåííîì ñìûñëàõ.

Äëÿ îáîñíîâàíèÿ èõ êîððåêòíîñòè íåîáõîäèìî èìåòü ýôôåêòèâíîå ïðåäñòàâëåíèå îá-

ùåãî ðåøåíèÿ çàäà÷è. Â ýòîì íàïðàâëåíèè íàìè ïîëó÷åíà óäîáíàÿ ôîðìóëà ïðåäñòàâëåíèÿ

îáùåãî ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ â ïðÿìîóãîëüíîé îáëàñòè, îñíîâàííàÿ íà êëàññè÷å-

ñêîé ôîðìóëå Äàëàìáåðà. Ïðè ýòîì ïîñòðîåííîå îáùåå ðåøåíèå óæå çàâåäîìî óäîâëåòâî-

ðÿåò êðàåâûì óñëîâèÿì ïî ïðîñòðàíñòâåííîé ïåðåìåííîé.

Äàëåå, çàäàâàÿ ðàçëè÷íûå êðàåâûå óñëîâèÿ ïî âðåìåííîé ïåðåìåííîé, ìû ïîëó÷àåì

íåêîòîðûå ôóíêöèîíàëüíûå èëè ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå óðàâíåíèÿ. Òàêèì

îáðàçîì, äîêàçàòåëüñòâî êîððåêòíîñòè ñôîðìóëèðîâàííûõ çàäà÷ ñâåäåíî ê âîïðîñó ñóùå-

ñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ñîîòâåòñòâóþùåãî ôóíêöèîíàëüíîãî óðàâíåíèÿ.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP05133271 ÊÍ ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: Âîëíîâîå óðàâíåíèå, êîððåêòíîñòü çàäà÷, êëàññè÷åñêîå ðåøåíèå, ñèëüíîå ðåøåíèå,

ôîðìóëà Äàëàìáåðà

2010 Mathematics Subject Classi�cation: 35L05, 35L20

Ìàêñèìàëüíàÿ ðåãóëÿðíîñòü îäíîãî êëàññà

äèôôåðåíöèàëüíûõ óðàâíåíèé òðåòüåãî ïîðÿäêà

Ê.Í. ÎÑÏÀÍÎÂ1,a, Æ.Á. ÅÑÊÀÁÛËÎÂÀ1,b

1 Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí

E-mail: aospanov_kn@enu.kz, bjuli_e92@mail.ru

Ðàññìîòðèì óðàâíåíèå

Ly = −y′′′ + p (x) y′ + q (x) y = f(x), (1)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëëèðîâàíèÿ, 10 Àïðåëÿ, 2018
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ãäå f ∈ L2(R), R = (−∞, +∞). Äëÿ 0 ≤ v(x) ∈ Cloc(R) ïîëîæèì

v∗(x) = sup
{
d : d−1 ≥ ‖v‖L1(x−d/2, x+d/2)

}
, x ∈ R.

Òåîðåìà 1. Ïóñòü p ≥ 1 - íåïðåðûâíî äèôôåðåíöèðóåìàÿ, q - íåïðåðûâíàÿ ôóíêöèè,

óäîâëåòâîðÿþùèå ñëåäóþùèì óñëîâèÿì:

à) íàéäóòñÿ δ− > 0 è δ+ > 0 òàêèå, ÷òî

max

(
sup
t>0

t ‖p∗‖2
L2(t−δ+,+∞) , sup

τ<0
(−τ) ‖p∗‖2

L2(−∞,τ+δ−)

)
< +∞;

á) äëÿ íåêîòîðûõ ÷èñåë a ≥ 1, b > 0 âûïîëíåíû íåðàâåíñòâà

a−1 ≤ p∗ (x)(p∗(η))−1 ≤ a ∀η ∈ (x− b/2p∗(x), x+ b/2p∗(x)), x ∈ R,
ïðè÷åì íàéäåòñÿ g òàêîå, ÷òî a3b−1 ≤ g;

â) sup
x∈R

[
‖p‖L2(x−0.25p∗(x), x+0.25p∗(x)) (p∗(x))3/2

]
<∞;

ã) sup
x>0
‖q‖L2(0, x)

∥∥(p∗)−2
∥∥
L2(τ(x),+∞)

+ sup
s<0
‖q‖L2(s, 0)

∥∥(p∗)−2
∥∥
L2(−∞, η(s))

<∞

ãäå τ(x) = max

(
x/4, x− 8 sup

x>0
(p∗)−1 (x)

)
,

η(s) = min

(
x/4, s+ 8 sup

x<0
(p∗)−1 (x)

)
.

Òîãäà äëÿ êàæäîé ïðàâîé ÷àñòè f ∈ L2(R) óðàâíåíèå (1) èìååò, ïðèòîì åäèíñòâåííîå

ðåøåíèå y. Êðîìå òîãî, äëÿ y ñïðàâåäëèâà îöåíêà

‖y′′′‖2 + ‖py′‖2 + ‖qy‖2 ≤ C ‖f‖2 . (2)

Óñëîâèÿ òåîðåìû áëèçêè ê íåîáõîäèìûì, à èìåííî:

- åñëè óñëîâèå à) íå âûïîëíÿåòñÿ, òî ïðè q = 0 äëÿ øèðîêîãî êëàññà ôóíêöèé p(x)

ðåøåíèé óðàâíåíèÿ (1), ïðèíàäëåæàùèõ L2(R) íåò, ò.å. íàøà çàäà÷à òåðÿåò ñìûñë;

- åñëè q (x) = 0, à äëÿ y èìååò ìåñòî îöåíêà (2), òî âûïîëíåíî â);

-åñëè èìååò ìåñòî îöåíêà (2) è äëÿ íåêîòîðîãî ε > 0

max

[
sup
x>0
‖q‖−1

L2(0, x) ‖q‖L2(x, (1+ε)x) , sup
t<0
‖q‖−1

L2(t, 0) ‖q‖L2((1−ε)t, t)

]
< +∞,

òî âûïîëíÿåòñÿ óñëîâèå ã).

Ïðèìåð. Óñëîâèÿ òåîðåìû âûïîëíåíû äëÿ óðàâíåíèÿ

−y′′′ +
(

1 + 20e
√

1+x2 sin2 ex
2
)
y′ + x2n cos2 5xy = f(x), f ∈ L2(R) (3)

Ñëåäîâàòåëüíî, (3) èìååò, ïðèòîì åäèíñòâåííîå ñèëüíîå ðåøåíèå y èç L2(R) è äëÿ y ñïðà-

âåäëèâà îöåíêà

‖y′′′‖2 +
∥∥∥(1 + 20e

√
1+x2 sin2 ex

2
)
y′
∥∥∥

2
+
∥∥x2n cos2 5x y

∥∥
2
≤ C ‖f‖2 .

Îöåíêà (2) ïîçâîëÿåò ïðè ìèíèìàëüíûõ îãðàíè÷åíèÿõ íà êîýôôèöèåíòû ïîëó÷èòü

îïòèìàëüíóþ ãëàäêîñòü è ïîâåäåíèå ðåøåíèÿ óðàâíåíèÿ (1), à òàêæå ýôôåêòèâíî ïðèìå-

íÿåòñÿ äëÿ èçó÷åíèÿ êâàçèëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïóòåì èñïîëüçîâàíèÿ

ìåòîäîâ ëèíåàðèçàöèè, îñíîâàííûõ íà òåîðåìàõ î íåïîäâèæíîé òî÷êå îòîáðàæåíèé.
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Ðåøàåìûå â ðàáîòå çàäà÷è â ñëó÷àå, êîãäà p = 0, à q çíàêîîïðåäåëåí, äëÿ óðàâíåíèÿ (1)

èçó÷àëèñü ÌóðàòáåêîâûìÌ.Á., Àìàíîâîé Ò.Ò., ÎòåëáàåâûìÌ., Áèðãåáàåâûì À., Àéòêîæà

Æ.Æ. è äð. Èõ ðåçóëüòàòû ìîæíî ðàñïðîñòðàíèòü íà óðàâíåíèå (1), ãäå ðîñò p â íåêîòîðîì

ñìûñëå ïîä÷èíÿåòñÿ q. Îñíîâíîå îòëè÷èå íàøåé ðàáîòû ñîñòîèò â òîì, ÷òî ðîñò p â òåîðåìå

1 íå çàâèñèò îò q.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP05131649 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå òðåòüåãî ïîðÿäêà, íåîãðàíè÷åííûé êîýôôèöèåíò, îáîáùåííîå ðåøåíèå,

êîððåêòíàÿ ðàçðåøèìîñòü, êîýðöèòèâíàÿ îöåíêà,

2010 Mathematics Subject Classi�cation: 34A30, 34B40, 34C11

Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñïåêòðàëüíîé çàäà÷è

äëÿ îïåðàòîðà Øòóðìà-Ëèóâèëëÿ ñ èíòåãðàëüíûì

âîçìóùåíèåì êðàåâîãî óñëîâèÿ àíòèïåðèîäè÷åñêîãî òèïà

Í.Ñ. ÈÌÀÍÁÀÅÂ

Þæíî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Øûìêåíò,

Êàçàõñòàí

E-mail: imanbaevnur@mail.ru

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ [1] ñïåêòðàëüíàÿ çàäà÷à:

L1 (u) ≡ −u′′ (x) = λu (x) , 0 < x < 1, (1)

U1 (u) ≡ u (0) + u (1) = 0, (2)

U2 (u) ≡ u′ (0) + u′ (1) =
1∫
0

p (x)u (x) dx, p (x) ∈ L1 (0, 1) . (3)

Ôóíêöèþ p (x) ïðåäñòàâèì â âèäå ðÿäà Ôóðüå ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå:

p (x) =
∞∑
k=1

[ak cos (2 (k − 1)π)x+ bksin (2 (k − 1) π)x] (4)

Òåîðåìà 1. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü àíòèïåðèîäè÷åñêîé ñïåêòðàëüíîé

çàäà÷è ñ âîçìóùåííûìè êðàåâûìè óñëîâèÿìè (1) - (3) ïðåäñòàâèì â âèäå

∆1 (λ) = 2
(

1 + cos
√
λ
)
− 2 sin

√
λ
∞∑
k=1

bk
(2k−1)π

λ−((2k−1)π)2
,

bk− êîýôôèöèåíòû ðàçëîæåíèÿ (4) ôóíêöèè p (x) â òðè-ãîíîìåòðè÷åñêèé ðÿä Ôó-

ðüå.

Funding: Àâòîðû áûëè ïîääåðæàíû ïðè ôèíàíñîâîé ïîääåðæêå ãîñóäàðñòâåííîãî ãðàíòà "Ëó÷øèé ïðå-

ïîäàâàòåëü ÂÓÇà - 2017"ÌÎÍ ÐÊ.
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Êëþ÷åâûå ñëîâà: ñîáñòâåííûå çíà÷åíèå, ñîáñòâåííûå ôóíêöèé,îïåðàòîð Øòóðìà-Ëèóâèëëÿ, Õàðàêòå-

ðèñòè÷åñêèé îïðåäåëèòåëü.

2010 Mathematics Subject Classi�cation: 34B10, 34L10

Ëèòåðàòóðà
[1] Èìàíáàåâ Í.Ñ. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñïåêòðàëüíîé çàäà÷è äëÿ îïåðàòîðà Øòóðìà-

Ëèóâèëëÿ ñ èíòåãðàëüíûì âîçìóùåíèåì êðàåâîãî óñëîâèÿ àíòèïåðèîäè÷åñêîãî òèïà, Âåñòíèê ÊàðÃÓ.-

Ñåðèÿ Ìàòåìàòèêà, 2:82 (2016), 68�73.

Îáðàòíàÿ çàäà÷à îäíîìåðíîãî ïîòåíöèàëà

Òûíûñáåê ÊÀËÜÌÅÍÎÂ1,a, Óëçàäà ÈÑÊÀÊÎÂÀ1,b,

Íóðáåê ÊÀÕÀÐÌÀÍ1,2,c

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ,

Àëìàòû, Êàçàõñòàí
2 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè,

Àëìàòû, Êàçàõñòàí

E-mail: akalmenov@math.kz, biskakova@math.kz, cn.kakharman@math.kz

Ïóñòü ε(x, ξ) � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ Øòóðìà-Ëèóâèëëÿ

− ∂2

∂x2
ε(x, ξ) + q(x)ε(x, ξ) = δ(x, ξ), 0 < x < 1, (1)

ãäå q(x) ∈ C1[0, 1].

Ðàññìîòðèì îáðàòíóþ çàäà÷ó ïîòåíöèàëà:

Íàéòè ïëîòíîñòü ρ(x) îäíîìåðíîãî ïîòåíöèàëà çàäàâàåìîãî ôîðìóëîé

1∫
0

ε(x, ξ)ρ(ξ)dξ = u(x), (2)

ãäå u(x) ∈ C2[0, 1] � çàäàííîå çíà÷åíèå îäíîìåðíîãî ïîòåíöèàëà Íüþòîíà.

Çàäà÷à (1)-(2) ÿâëÿåòñÿ íåêîððåêòíîé, ïîñêîëüêó (2) ýòî åñòü óðàâíåíèå Ôðåäãîëüìà

ïåðâîãî ðîäà.

Îñíîâíûì ðåçóëüòàòîì äîêëàäà ÿâëÿåòñÿ îïðåäåëåíèå êðèòåðèÿ ñóùåñòâîâàíèÿ ðåøå-

íèÿ ýòîé îáðàòíîé çàäà÷è:

Òåîðåìà 1. Çàäà÷à (2) èìååò ðåøåíèå ρ(x) òîãäà è òîëüêî òîãäà, êîãäà u(x) óäîâëå-

òâîðÿåò ïîòåíöèàëüíîìó ãðàíè÷íîìó óñëîâèþ, ò.å.

−u′(1)ε(x, 1) + u′(0)ε(x, 0) + u(1)
∂

∂ξ
ε(x, 1)− u(0)

∂

∂ξ
ε(x, 0)

∣∣∣∣
x=1

= 0, (3)

−u′(1)ε(x, 1) + u′(0)ε(x, 0) + u(1)
∂

∂ξ
ε(x, 1)− u(0)

∂

∂ξ
ε(x, 0)

∣∣∣∣
x=0

= 0. (4)
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Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ñëó÷àé q(x) ≡ 0. Òîãäà ε(x, ξ) çàäàåòñÿ ôîðìóëîé

ε(x, ξ) =
1

2
|x− ξ| , (5)

à óñëîâèÿ (3)-(4) çàïèøóòñÿ â âèäå

u′(1) + u′(0) = 0, u′(0) = u(1) + u(0). (6)

Òåì ñàìûì, îáðàòíàÿ çàäà÷à ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà u(x) ∈ C2[0, 1] è

óäîâëåòâîðÿåò óñëîâèÿì (5)-(6), ïðè ýòîì ρ(x) = u′′(x).

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP05133239 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå Øòóðìà-Ëèóâèëëÿ, ôóíäàìåíòàëüíîå ðåøåíèå, Íüþòîíîâûé ïîòåíöèàë.

2010 Mathematics Subject Classi�cation: 34B05, 34B24, 45B05

Ëèòåðàòóðà
[1] Êàëüìåíîâ Ò.Ø., Ñóðàãàí Ä. Ê ñïåêòðàëüíûì âîïðîñàì îáúåìíîãî ïîòåíöèàëà, Äîêëàäû ÐÀÍ,

428:(1) (2008), 16�19.

[2] Êàëüìåíîâ Ò.Ø., Èñêàêîâà Ó.À. Êðèòåðèé ñèëüíîé ðàçðåøèìîñòè ñìåøàííîé çàäà÷è Êîøè äëÿ

óðàâíåíèÿ Ëàïëàñà, Äîêëàäû ÐÀÍ, 414:(2) (2007), 168�171.

Âîññîçäàíèå êóñî÷íî-îäíîðîäíîãî ñòåðæíÿ ïî

ñîáñòâåííûì ÷àñòîòàì

Æ. ÊÀÉÛÐÁÅÊ1,a, À. ÍÓÐÌÅÒÎÂÀ2,b

1 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
2 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Àëü-Ôàðàáè , Àëìàòû, Êàçàõñòàí

E-mail: akayyrbek.zhalgas@mail.ru, bserjan.t.90@mail.ru

Â íàñòîÿùåé ðàáîòå ìû ïîêàæåì êàê ïîñòðîèòü êóñî÷íî-îäíîðîäíûé ñòåðæåíü, èìå-

þùèé â òî÷íîñòè äâà êîíå÷íûõ ñïåêòðà. Ìû ðàññìàòðèâàåì êîëåáëþùèéñÿ ñòåðæåíü, òî

åñòü óðàâíåíèå

(A(x)v′(x))
′
+ ω2A(x)v(x) = 0 (1)

ñ êðàåâûìè óñëîâèÿìè

i)v′(0) = 0 = v′(L); ii)v(0) = 0 = v′(L); (2)

Ìû çàìåíèì óðàâíåíèå (1) íà äâà ñïàðåííûõ óðàâíåíèåì ïåðâîãî ïîðÿäêà, à èìåííî:

v′(x) = iω
p(x)

A(x)
, p′(x) = iω(x)A(x)v(x).

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëëèðîâàíèÿ, 10 Àïðåëÿ, 2018
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Çàìåòèì, ÷òî iωp(x) = A(x)v′(x) , îòêóäà v(x) è p(x) íåïðåðûâíû â òî÷êå ðàçðûâà A(x).

Âîçüìåì µ(x) =
√
A(x) è îïðåäåëèì íèæíþþ è âåðõíþþ âåëè÷èíû

D =
1

2

(
µv + µ−1p

)
, U =

1

2

(
µv − µ−1p

)
(3)

Îíè óäîâëåòâîðÿþò óðàâíåíèÿì

D′ = iωD + µ′µ−1U, U ′ = −iωUµ′µ−1D

åñëè A(x) ïîñòîÿííà, òî µ′ = 0 è

D′ = iωD, U ′ = −iωU.

Ïîñëåäíèå óðàâíåíèÿ èìåþò ðåøåíèå

D = D0 exp(iωx), U = U0 exp(−iωx) (4)

Ïóñòü A(x) èìååò âèä

A(x) = Aj, (j − 1)∆ ≤ x ≤ j∆, j = 1, 2, ..., n.

Îïðåäåëèì âåëè÷èíû

Dj = D(j∆+), Uj = U(j∆+), D∗j = D(j∆−), U∗j = U(j∆−) (5)

ãäå + èëè − ÿâëÿþòñÿ çíà÷åíèÿìè ñïðàâà èëè ñëåâà îò j∆ ñîîòâåòñòâåííî. Èç óðàâíåíèÿ

(4) ñëåäóåò

D∗j = exp(iω∆)Dj−1, U∗j = exp(−iω∆)Uj−1

Âîçüìåì z = e2iω∆ . Òàê êàê z = e2iω∆ ÿâëÿåòñÿ ïåðèîäè÷åñêîé ôóíêöèåé îò ω ñ ïåðè-

îäîì π/∆, òî êàæäîå çíà÷åíèå z ïîçâîëÿåò ïîñòðîèòü áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü

ñîáñòâåííûõ çíà÷åíèé ñ ðàâíûìè ïðîìåæóòêàìè π/∆, è êàæäîå z−1 äàåò äðóãóþ òàêóþ

ïîñëåäîâàòåëüíîñòü. Ñëåäîâàòåëüíî, ýòî ñèñòåìà íå òîëüêî èìååò ñîáñòâåííûå çíà÷åíèÿ

(ωj)
2n
0 , íî è

ωmn+j = mπ
∆

+ ωj, j = 0, 1, ..., n, åñëè m ÿâëÿåòñÿ ÷åòíûì,

ωmn+j = mπ
∆

+ ωj, j = 0, 1, ..., n, åñëè m ÿâëÿåòñÿ íå÷åòíûì.

È òàê ìû ïî çàäàííûì ïîñòîÿííîé ôóíêöèé A(x) íàøëè ÷àñòîòó ñòåðæíÿ.

Êëþ÷åâûå ñëîâà:ñòåðæåíü,÷àñòîòà,êóñî÷íî-îäíîðîäíûé ñòåðæåíü

Ëèòåðàòóðà

[1] Ãëýäâåëë Ã.Ë. Îáðàòíûå çàäà÷è òåîðèè êîëåáàíèé, Ìîñêâà, Èæåâñê (2008).

Îá îäíîé çàäà÷å Áèöàäçå-Ñàìàðñêîãî äëÿ óðàâíåíèÿ

Øòóðìà-Ëèóâèëëÿ
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Íóðáåê ÊÀÕÀÐÌÀÍ1,2,a,

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè,

Àëìàòû, Êàçàõñòàí

E-mail: an.kakharman@math.kz

Â 1969 ãîäó âûøëà ðàáîòà À.Â. Áèöàäçå è À.À. Ñàìàðñêîãî [1] ïîñâÿùåííàÿ ïîñòàíîâêå

è ðåøåíèþ íîâîãî òèïà íåëîêàëüíîé çàäà÷è.

Îñíîâíîå îòëè÷èå çàäà÷ òàêîãî òèïà îò îáû÷íûõ ãðàíè÷íûõ çàäà÷ â òîì, ÷òî íà ìíî-

ãîîáðàçèè, ó÷àñòâóþùåì â óñëîâèè, äèôôåðåíöèàëüíîå óðàâíåíèå âûïîëíÿåòñÿ.

Ðàññìîòðèì çàäà÷ó Áèöàäçå-Ñàìàðñêîãî íà èíòåðâàëå x ∈ (−1, 1)

Lu = −u′′ (x) + q (x)u (x) = f(x), −1 < x < 1, (1)

ñ âíóòðåííå-êðàåâûì óñëîâèåì

u′(0) + u′(1) = 0, (2)

u′(0) = u(0) + u(1). (3)

Òåîðåìà 1. Ïóñòü q(x) > 0, ïðè 0 ≤ x ≤ 1. Òîãäà äëÿ ëþáîé f ∈ L2(−1, 1) ñóùåñòâóåò

åäèíñòâåííîå îáîáùåííîå ðåøåíèå u ∈ W 2
2 (−1, 1) çàäà÷è Áèöàäçå-Ñàìàðñêîãî (1)-(3), è

ýòî ðåøåíèå óäîâëåòâîðÿåò íåðàâåíñòâó

‖u‖W 1
2 (0,1) ≤ C‖f‖L2(0,1),

ãäå ïîñòîÿííàÿ C íå çàâèñèò îò u(x).

Òàêæå â äîêëàäå áóäåò äàíà êîíñòðóêöèÿ ðåãóëÿðíîãî ðåøåíèÿ è îáîáùåííîãî ðåøåíèé
çàäà÷è Áèöàäçå-Ñàìàðñêîãî (1)-(3). Ïîñòðîåíà çàäà÷à, ñîïðÿæåííàÿ ê çàäà÷å Áèöàäçå-
Ñàìàðñêîãî (1)-(3) è óñòàíîâëåí êðèòåðèé ãëàäêîñòè åå ðåøåíèÿ.

Funding: Àâòîð áûë ïîääåðæàíû ãðàíòîì AP05133239 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: Çàäà÷à Áèöàäçå-Ñàìàðñêîãî, ïîòåíöèàëüíûå óñëîâèÿ.

2010 Mathematics Subject Classi�cation: 34B05, 34B24

Ëèòåðàòóðà

[1] Áèöàäçå À.Â., Ñàìàðñêèé À.À. Î íåêîòîðûõ ïðîñòåéøèõ îáîáùåíèÿõ ëèíåéíûõ ýëëèïòè÷åñêèõ

êðàåâûõ çàäà÷, Äîêëàäû ÀÍ ÑÑÑÐ, 185:(4) (1969), 739�774.

� >>> �

Ñóùåñòâîâàíèå ðåçîëüâåíòû è êîýðöèòèâíûå îöåíêè äëÿ

îïåðàòîðà Øðåäèíãåðà ñ îòðèöàòåëüíûì ïàðàìåòðîì â

ïðîñòðàíñòâå L2(R
n)
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Ì. ÌÓÐÀÒÁÅÊÎÂ1,a, Ì. ÌÓÐÀÒÁÅÊÎÂ2,b

1 Òàðàçñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Òàðàç, Êàçàõñòàí
2 Êàçàõñêèé óíèâåðñèòåò ýêîíîìèêè, ôèíàíñîâ è ìåæäóíàðîäíîé òîðãîâëè, Àñòàíà,

Êàçàõñòàí

E-mail: amusahan_m@mail.ru, bmmuratbekov@kuef.kz

Â ðàáîòå â ïðîñòðàíñòâå L2(Rn) èçó÷àåòñÿ îïåðàòîð Øðåäèíãåðà ñ îòðèöàòåëüíûì

ïàðàìåòðîì.

Lt = −∆ +
(
−t2 + itb(x) + q(x)

)
.

Çäåñü −∞ < t <∞, i2 = −1, ∆ � îïåðàòîð Ëàïëàñà, x = (x1, ..., xn) ∈ Rn.

Îïåðàòîð Lt, íåòðóäíî óáåäèòüñÿ, åñòåñòâåííûì îáðàçîì âîçíèêàåò ïðè èçó÷åíèè

ñèíãóëÿðíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ãèïåðáîëè÷åñêîãî òèïà â ïðîñòðàíñòâå

L2(Rn+1).

Êàê èçâåñòíî ïðè t = 0 ñóùåñòâîâàíèå ðåçîëüâåíòû îïåðàòîðà Øðåäèíãåðà ∆ + q(x)

äîñòàòî÷íî õîðîøî èçó÷åíû, íàïðèìåð, â ðàáîòàõ Ò. Êàòî [1], Ì. Ðèäà è Á. Ñàéìîíà [2],

Ì. Îòåëáàåâà [3] è äð.

Ïðèâåäåì ôîðìóëèðîâêè îñíîâíûõ ðåçóëüòàòîâ.

Ðàññìîòðèì îïåðàòîð

(Lt + µI)u = −∆u+
(
−t2 + itb(x) + q(x)

)
u

ïåðâîíà÷àëüíî îïðåäåëåííûé íà ìíîæåñòâå C∞0 (Rn), ãäå µ ≥ 0.

Â äàëüíåéøåì ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû b(x), q(x) óäîâëåòâîðÿþò óñëîâèþ: i)

|b(x)| ≥ δ0 > 0, q(x) ≥ δ > 0 � íåïðåðûâíûå ôóíêöèè â Rn.

Îïåðàòîð Lt+µI äîïóñêàåò çàìûêàíèå â ïðîñòðàíñòâå L2(Rn), êîòîðîå îáîçíà÷èì òàê-

æå ÷åðåç Lt + µI.

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà îïåðàòîð Lt+µI ïðè µ ≥ 0 îãðàíè÷åííî

îáðàòèì â ïðîñòðàíñòâå L2(Rn).

Òåîðåìà 2. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà ïðè µ ≥ 0 äëÿ âñåõ u ∈ D(Lt) ñïðà-

âåäëèâû îöåíêè:

a)
n∑
i=1

∥∥∥ ∂u
∂xi

∥∥∥
2

+
∥∥∥√q(x)u

∥∥∥
2
≤ c ‖(Lt + µI)u‖;

b)
n∑
i=1

∥∥∥ ∂u
∂xi

∥∥∥
2

+
∥∥∥√q(x)u

∥∥∥
2

+
∥∥∥√t · b(x)u

∥∥∥
2
≤ c ‖(Lt + µI)u‖

c > 0 � ïîñòîÿííîå ÷èñëî, ‖t‖ ≥ β > 0.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÌÎÍ ÐÊ íà 2018-2020 ãã. (ÈÐÍ:AP05131080).

Êëþ÷åâûå ñëîâà: îïåðàòîð Øðåäèíãåðà, ðåçîëüâåíòà, êîýðöèòèâíûå îöåíêè, îïåðàòîð Ëàïëàñà

2010 Mathematics Subject Classi�cation: 35J10, 47A10

Ëèòåðàòóðà
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[1] Kato T. Schr�odinger operators with singular potentials, Israel Journal of Mathematics, 13:1-2 (1972),

135�140.

[2] Ðèä Ì., Ñàéìîí Á. Ìåòîäû ñîâðåìåííîé ìàòåìàòè÷åñêîé ôèçèêè: Ãàðìîíè÷åñêèé àíàëèç, ñàìî-

ñîïðÿæåííîñòü, Ìèð, Ìîñêâà (1978), òîì 2.

[3] Îòåëáàåâ Ì. Îá óñëîâèÿõ ñàìîñîïðÿæåííîñòè îïåðàòîðîâ Øðåäèíãåðà ñ îïåðàòîðíûì ïîòåíöèà-

ëîì, Óêðàèíñêèé ìàòåìàòè÷åñêèé æóðíàë, 28:6 (1976), 763�771.

Î ñóùåñòâîâàíèé ðåçîëüâåíòû è ðàçäåëèìîñòè îäíîãî

êëàññà ñèíãóëÿðíûõ ëèíåàðèçîâàííûõ îïåðàòîðîâ

Êîðòâåãà - äå Ôðèçà

Ì. ÌÓÐÀÒÁÅÊÎÂ1,a, À. ÑÓËÅÉÌÁÅÊÎÂÀ2,b

1 Òàðàçñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Òàðàç, Êàçàõñòàí
2 Òàðàçñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Òàðàç, Êàçàõñòàí

E-mail: amusahan_m@mail.ru, bsuleimbekovaa@mail.ru

Â ðàáîòå èçó÷àåòñÿ ñèíãóëÿðíûé ëèíåàðèçîâàííûé îïåðàòîð Êîðòâåãà - äå Ôðèçà ñ

íåîãðàíè÷åííûìè êîýôôèöèåíòàìè. Äëÿ ýòîãî îïåðàòîðà áóäåò èçó÷åí âîïðîñ î ñóùå-

ñòâîâàíèè ðåçîëüâåíòû â ïðîñòðàíñòâå L2 (R) è áóäåò ïîêàçàíî, êàê äèôôåðåíöèàëüíûå

ñâîéñòâà ýëåìåíòîâ èç îáëàñòè îïðåäåëåíèÿ îïåðàòîðà çàâèñèò îò êîýôôèöèåíòîâ îïåðà-

òîðà.

Ðàññìîòðèì äèôôåðåíöèàëüíûé îïåðàòîð

Lu+ λu =
∂u

∂y
+R2 (y)

∂3u

∂x3
+R1 (y)

∂u

∂x
+R0 (y) u+ λu (1.1)

ïåðâîíà÷àëüíî îïðåäåëåííûé íà C∞0, π
(
Ω
)
, ãäå Ω = {(x, y) : −π ≤ x ≤ π , −∞ < y <∞},

λ ≥ 0, ãäå C∞0, π � ìíîæåñòâî, ñîñòîÿùåå èç áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèè è

óäîâëåòâîðÿþùèõ óñëîâèÿì:

u(i)
x (−π, y) = u(i)

x (π, y) i = 0, 1, 2 (1.2)

è ôèíèòíûõ ïî ïåðåìåííîé y.

Â äàëüíåéøåì ïðåäïîëîæèì, ÷òî êîýôôèöèåíòû R0 (y) , R1 (y) , R2 (y) óäîâëåòâîðÿþò

óñëîâèÿì:

i) R0 (y) ≥ δ0 > 0, R1 (y) ≥ δ1 > 0, −R2 (y) ≥ δ2 > 0 � íåïðåðûâíûå ôóíêöèè â R =

(−∞,∞);

ii) M0 = sup
|y−t|≤1

R0(y)
R0(t)

<∞; M1 = sup
|y−t|≤1

R1(y)
R1(t)

<∞; M2 = sup
|y−t|≤1

R2(y)
R2(t)

<∞.

Îïåðàòîð L + λI äîïóñêàåò çàìûêàíèå â ïðîñòðàíñòâå L2 (Ω), êîòîðîå îáîçíà÷èì òàê

æå ÷åðåç L+ λI.

Òåîðåìà 1. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà îïåðàòîð L+λI ïðè λ ≥ 0 íåïðåðûâíî

îáðàòèì.
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Îïðåäåëåíèå. Áóäåì ãîâîðèòü îïåðàòîð L ðàçäåëèì, åñëè äëÿ ôóíêöèé u ∈ D (L)

èìååò ìåñòî îöåíêà∥∥∥∥∂u∂y
∥∥∥∥

2

+

∥∥∥∥R2 (y)
∂3u

∂x3

∥∥∥∥
2

+

∥∥∥∥R1 (y)
∂u

∂x

∥∥∥∥
2

+ ‖R0 (y) u‖2 ≤

≤ C (‖Lu‖2 + ‖u‖2)

ãäå C � íå çàâèñèò îò u (x, y).

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ i)− ii). Òîãäà îïåðàòîð L ðàçäåëèì.

Ïðèìåð. Ïóñòü R0 (y) = |y|+ 1, R1 (y) = e|y|, R2 (y) = −10 · e|y| −∞ < y <∞. Íåòðóäíî

óáåäèòüñÿ, ÷òî âûïîëíÿþòñÿ âñå óñëîâèÿ òåîðåìû 2. Ñëåäîâàòåëüíî îïåðàòîð L ðàçäåëèì,

ò.å. ∥∥∥∥∂u∂y
∥∥∥∥

2

+

∥∥∥∥10 · e|y|∂
3u

∂x3

∥∥∥∥
2

+

∥∥∥∥e|y|∂u∂x
∥∥∥∥

2

+ ‖(|y|+ 1) u‖2 ≤

≤ C (‖Lu‖2 + ‖u‖2)

C � ïîñòîÿííîå ÷èñëî.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì ÌÎÍ ÐÊ íà 2018-2020 ãã. (ÈÐÍ:AP05131080).

Êëþ÷åâûå ñëîâà: îïåðàòîð Êîðòâåãà - äå Ôðèçà, ðåçîëüâåíòà, ðàçäåëèìîñòü, ñèíãóëÿðíûé ëèíåàðèçî-

âàííûé îïåðàòîð

2010 Mathematics Subject Classi�cation: 47A10, 47A50, 54D65

Ëèòåðàòóðà
[1] Temam R. Sur un problem non lineaire, J. Math. Pures Apple, 48:2 (1969), 159-172.

[2] Ëèîíñ Æ.Ë. Íåêîòîðûå ìåòîäû ðåøåíèÿ íåëèíåéíûõ êðàåâûõ çàäà÷, Ìèð, Ìîñêâà (1972), 586 c.

Î äðîáíûõ àíàëîãàõ çàäà÷ Äèðèõëå è Íåéìàíà äëÿ

óðàâíåíèÿ Ëàïëàñà

Ê. ÍÀÇÀÐÎÂÀ1,a, Á. ÒÓÐÌÅÒÎÂ2,b

1,2 Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò èì.À.ßñàâè, Òóðêåñòàí, Êàçàõñòàí

E-mail: agjnazarova@mail.ru, bturmetovbh@mail.ru

Â íàñòîÿùåì äîêëàäå èçëàãàþòñÿ âîïðîñû ðàçðåøèìîñòè äðîáíûõ àíàëîãîâ êðàåâûõ

çàäà÷ Äèðèõëå è Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà. Â êà÷åñòâå ãðàíè÷íûõ îïåðàòîðîâ

ðàññìàòðèâàþòñÿ îïåðàòîðû äðîáíîãî äèôôåðåíöèðîâàíèÿ â ñìûñëå Ðèìàíà-Ëèóâèëëÿ

è Êàïóòî. Ðàññìàòðèâàåìûå çàäà÷è ðåøàþòñÿ ñâåäåíèåì èõ ê èíòåãðàëüíûì óðàâíåíèÿì

Ôðåäãîëüìà. Äîêàçàíû òåîðåìû î ñóùåñòâîâàíèè è åäèíñòâåííîñòè ðåøåíèé èññëåäóåìûõ

çàäà÷.

Ïóñòü Ω - åäèíè÷íûé øàð, ∂Ω - åäèíè÷íàÿ ñôåðà,

Dαu(x) =
d

dr
J1−αu(x), Dα

∗ u(x) = J1−α
[
du

dr

]
(x) , 0 < α ≤ 1
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ñîîòâåòñòâåííî ïðîèçâîäíûå ïîðÿäêà α â ñìûñëå Ðèìàíà-Ëèóâèëëÿ è Êàïóòî [1].

Ïóñòü 0 ≤ αm < ... < α1 < α ≤ 1, aj ≥ 0, j = 1, 2, ...,m,m ≥ 1. Ââåäåì îáîçíà÷åíèÿ

Pm (D) = Dα +
m∑
j=1

aj ·Dαj , P ∗m (D) = Dα
∗ +

m∑
j=1

aj ·D
αj
∗

Ðàññìîòðèì â îáëàñòè Ω ñëåäóþùèå çàäà÷è

Çàäà÷à D. Ïóñòü 0 ≤ αm < ... < α1 < α < 1. Íàéòè ãàðìîíè÷åñêóþ â îáëàñòè

Ω ôóíêöèþ u(x) ∈ C2(Ω) ∩ C(Ω̄), äëÿ êîòîðîé rαDαu(x) ∈ C
(
Ω̄
)
è óäîâëåòâîðÿþùóþ

ãðàíè÷íîìó óñëîâèþ

Pm (D)u (x) = f (x) , x ∈ ∂Ω.

Çàäà÷à N. Ïóñòü 0 < αm < ... < α1 < α ≤ 1. Íàéòè ãàðìîíè÷åñêóþ â îáëàñòè

Ω ôóíêöèþ u(x) ∈ C2(Ω) ∩ C(Ω̄), äëÿ êîòîðîé rαDα
∗ u(x) ∈ C

(
Ω̄
)
è óäîâëåòâîðÿþùóþ

ãðàíè÷íîìó óñëîâèþ

P ∗m (D)u (x) = f (x) , x ∈ ∂Ω.

Îòìåòèì, ÷òî çàäà÷è D è N â ñëó÷àå aj = 0, j = 1, 2, ...,m áûëè èçó÷åíû â ðàáîòàõ [2,3].

Îñíîâíûå óòâåðæäåíèÿ îòíîñèòåëüíî çàäà÷ D è N.

Òåîðåìà 1. Ïóñòü 0 ≤ αm < ... < α1 < α < 1, aj ≥ 0, j = 1, 2, ...,m. Òîãäà äëÿ ëþáîãî

f (x) ∈ C (∂Ω) ðåøåíèå çàäà÷è D ñóùåñòâóåò è åäèíñòâåííî.

Òåîðåìà 2. Òåîðåìà 4. Ïóñòü 0 < αm < ... < α1 < α ≤ 1, aj ≥ 0, j = 1, 2, ...,m, f (x) ∈
C (∂Ω) . Òîãäà äëÿ ðàçðåøèìîñòè çàäà÷è N íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ óñëîâèÿ∫

Ω

f(x)dx = 0. (1)

Åñëè ðåøåíèå çàäà÷è ñóùåñòâóåò, òî îíî åäèíñòâåííî ñ òî÷íîñòüþ äî ïîñòîÿííîãî çíà÷å-

íèÿ.

Çàìå÷àíèå. Èç ýòèõ óòâåðæäåíèé ñëåäóåò, ÷òî çàäà÷à D áåçóñëîâíà ðàçðåøèìà è ñëå-
äîâàòåëüíî îáîáùàåò çàäà÷ó Äèðèõëå íà ãðàíè÷íûå îïåðàòîðû äðîáíîãî ïîðÿäêà. Äëÿ
ðàçðåøèìîñòè çàäà÷è N íåîáõîäèìî âûïîëíåíèÿ óñëîâèÿ (1). Ýòî óñëîâèå ñîâïàäàåò ñ
óñëîâèåì ðàçðåøèìîñòè çàäà÷è Íåéìàíà. Ïîýòîìó, äàííàÿ çàäà÷à îáîáùàåò èçâåñòíóþ
çàäà÷ó Íåéìàíà äëÿ óðàâíåíèÿ Ëàïëàñà.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP05131268/ÃÔ ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: : óðàâíåíèå Ëàïëàñà, çàäà÷à Äèðèõëå, çàäà÷à Íåéìàíà, äðîáíàÿ ïðîèçâîäíàÿ, îïåðà-

òîð Ðèìàíà-Ëèóâèëëÿ, îïåðàòîð Êàïóòî.

2010 Mathematics Subject Classi�cation: 35J05; 35J25; 26A33

Ëèòåðàòóðà
[1] Kilbas A.A., Srivastava H.M., Trujillo J.J. Theory and Applications of Fractional Di�erential Equations,

Elsevier, Amsterdam (2006).
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[2] Karachik V. V., Turmetov B.Kh.,Torebek B.T. On some integro-di�erential operators in the class of

harmonic functions and their applications, Siberian Advances in Mathematics, 22:2 (2012), 115�134.

[3] Turmetov B.Kh., Torebek B. T. On Solvability of a Boundary Value Problem for the Poisson Equation

with the Boundary operator of a fractional order, Boundary Value Problems, 2013:93 (2013), 18 ð.

Îá îäíîé íà÷àëüíîé çàäà÷å äëÿ âûðîæäàþùåãîñÿ

óðàâíåíèÿ ãèïåðáîëè÷åñêîãî òèïà âòîðîãî ðîäà

À.Á. ÎÊÁÎÅÂ1,a

1 Ôåðãàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, Ôåðãàíà, Óçáåêèñòàí

E-mail: aaoqboyev@mail.ru

Ðàññìîòðèì óðàâíåíèå

Lα,λ (u) ≡ uxx + y uyy + αuy − λ2 u = 0 (1)

â êîíå÷íîé îäíîñâÿçíîé îáëàñòè D ïëîñêîñòè xOy, îãðàíè÷åííîé ïðè y ≤ 0 õàðàêòåðèñ-

òèêàìè AC : x− 2
√
−y = 0, BC : x+ 2

√
−y = 1 è AB : y = 0 óðàâíåíèÿ (1), ãäå λ ∈ R èëè

iλ ∈ R, à α ∈ R, ïðè÷åì α ∈ (−1/2, 0).

Âèäîèçìåíåííàÿ çàäà÷à Êîøè. Òðåáóåòñÿ íàéòè ôóíêöèþ u(x, y) ∈ C2(D)∩C(D),

óäîâëåòâîðÿþùóþ â îáëàñòè D óðàâíåíèþ (1) è íà÷àëüíûì óñëîâèÿì

u(x, 0) = τ(x), x ∈ [0, 1] ; lim
y→0

(−y)α
∂

∂y
[u− A−α (τ, λ)] = ν(x), x ∈ (0, 1) , (2)

ãäå τ(x) è ν(x) - çàäàííûå ôóíêöèè, 2β = 2α− 1, σ = 4λ
√
−yz(1− z),

A−α (τ, λ) =
8γ1y

(1 + β) (1 + 2β)

1∫
0

(
λ2 − d2

dt2

)
τ(t) [z(1− z)] 1+β J1+β (σ)dz+

+γ1

1∫
0

τ(t) [z(1− z)]β Jβ (σ)dz, γ1 =
Γ (2 + 2β)

Γ2 (1 + β)
, Jγ(z) =

∞∑
k=0

(−1)k(z/2)2k

k!(1 + γ)k
.

Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà. Åñëè τ(x) ∈ C 3 [0, 1] è ν (x) ∈ C 1 [0, 1], òî ôóíêöèÿ u(x, y), îïðåäåëåííàÿ

ôîðìóëîé

u(x, y) = A−α (τ, λ)− γ2(−y)1−α

1∫
0

ν(t) [z(1− z)]−β J−β(σ)dz, (3)

ÿâëÿåòñÿ åäèíñòâåííûì ðåøåíèåì çàäà÷è {(1), (2)}, ãäå γ2 = 2Γ(2−2α)
Γ2(3/2−α)

.

Â õàðàêòåðèñòè÷åñêèõ êîîðäèíàòàõ ξ = x − 2
√
−y è η = x + 2

√
−y óðàâíåíèå (1)

ïåðåõîäèò â óðàâíåíèå òèïà Ýéëåðà-Ïóàññîíà-Äàðáó

∂2ũ

∂ξ∂η
− β

η − ξ

(
∂ũ

∂η
− ∂ũ

∂ξ

)
− 1

4
λ2 ũ = 0, (4)
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îáëàñòü D ïðåîáðàçóåòñÿ â îáëàñòü ∆ = {(ξ, η) : 0 < ξ < η < 1}, à (2) - â

ũ(ξ, ξ) = τ (ξ) , lim
η→ξ

(η − ξ)2α−1

42α−1

(
∂

∂ξ
− ∂

∂η

)[
ũ− Ã−α (τ, λ)

]
= ν(ξ). (5)

Â äàëüíåéøåì äëÿ ïðîñòîòû èçëîæåíèÿ îïóñêàåì çíàê ∼.
Ñîãëàñíî ôîðìóëå (3), ðåøåíèå çàäà÷è {(4), (5)} îïðåäåëÿåòñÿ ôîðìóëîé

u(ξ, η) = A−α (τ, λ)− 42β−1γ2

η∫
ξ

(η − t)−β(t− ξ)−β J−β(σ)ν(t)dt. (6)

Îïðåäåëåíèå. Ôóíêöèÿ u(ξ, η) íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì

óðàâíåíèÿ (1) â îáëàñòè D èç êëàññà Rλ
2s, åñëè åå ìîæíî ïðåäñòàâèòü â âèäå (6) è

τ (x) = τ (s) + sign(x− s)
x∫
s

|x− ζ|−2β I−β [λ(x− ζ)]T (ζ) dζ, (7)

ãäå ν(x), T (x) ∈ C(0, 1)
⋂
L[0, 1], Iγ(z) = Jγ(iz), a s = 0, 1.

Ïîäñòàâëÿÿ (7) â (6) è âûïîëíÿÿ íåêîòîðûå ïðåîáðàçîâàíèÿ, ïîëó÷èì ïðåäñòàâëåíèå

îáîáùåííîãî ðåøåíèÿ óðàâíåíèÿ (1) èç êëàññà Rλ
2s :

u(ξ, η) =

(1−s)ξ+s∫
sη

r−β1 I−β [λ
√
r1]T (ζ)dζ +

η∫
ξ

r−β2 J−β [λ
√
r2]N(ζ)dζ,

ãäå r1 = (η − ζ) (ξ − ζ), r2 = (η − ζ) (ζ − ξ), N (ζ) = 1
2 cosπβ

T (ζ)− 42β−1γ2ν(ζ).

Êëþ÷åâûå ñëîâà: Ãèïåðáîëè÷åñêîå óðàâíåíèå, âûðîæäàþùååñÿ óðàâíåíèÿ âòîðîãî ðîäà,

âèäåèçìåíåííàÿ çàäà÷à Êîøè, îáùåå ðåøåíèå, ðåãóëÿðíîå ðåøåíèå, îáîáùåííîå ðåøåíèå.

2010 Mathematics Subject Classi�cation: 35L15, 35L80

Î êàíòîðîâîé êîìïîíåíòå ñïåêòðà îïåðàòîðà

òåïëîïðîâîäíîñòè ñ îòêëîíÿþùèìñÿ àðãóìåíòîì

À. ØÀËÄÀÍÁÀÅÂ1,a, Ì. ØÎÌÀÍÁÀÅÂÀ1,b, È. ÎÐÀÇÎÂ1,c

1 Þæíî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.Ì.Àóåçîâà, Øûìêåíò,

Êàçàõñòàí

E-mail: ashaldanbaev51@mail.ru, bmtshomanbaeva@mail.ru,
ci orazov@mail.ru

Ñàìîñîïðÿæåííûé îïåðàòîð A â ãèëüáåðòîâîì ïðîñòðàíñòâå H ðàçëàãàåòñÿ â âèäå

A =

∫ +∞

−∞
λdE(λ), (1)
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ãäå dE(λ) - îïåðàòîðíàÿ ìåðà, ñîñòîÿùàÿ è òðåõ êîìïîíåíòîâ:

E(λ) = dEc(λ) + dEa(λ) + dEk(λ),

ãäå Ec(λ) - ñêà÷êîîáðàçíàÿ ôóíêöèÿ, Ea(λ) - àáñîëþòíî íåïðåðûâíà. Ôóíêöèÿ Ea(λ) ðàâíà

èíòåãðàëó Ëåáåãà îò ñâîåé ïðîèçâîäíîé, à ïðîèçâîäíàÿ Ek(λ) ðàâíà íóëþ äëÿ ïî÷òè âñåõ

λ. (Ôóíêöèÿ Êàíòîðà ÿâëÿåòñÿ ôóíêöèåé òèïà Ek(λ)). Ñêà÷êè ïðîèñõîäÿò â ñîáñòâåííûõ

çíà÷åíèÿõ îïåðàòîðà A. Ñïåêòð A íàçûâàåòñÿ àáñîëþòíî íåïðåðûâíûì â èíòåðâàëå I, åñëè

(v, Eλv) àáñîëþòíî íåïðåðûâíàÿ ôóíêöèÿ â I äëÿ êàæäîãî v â ãèëüáåðòîâîì ïðîñòðàíñòâå

H; â ïðîòèâíîì ñëó÷àå ñïåêòð áóäåò êóñî÷íûì.

Êàæåòñÿ ðàçóìíûì ïðåäïîëîæåíèå, ÷òî ñïåêòðû ãàìèëüòîíèàíà àòîìîâ è ìîëåêóë, èñ-

êëþ÷àÿ ñîáñòâåííûå çíà÷åíèÿ, âñåãäà àáñîëþòíî íåïðåðûâíû, èíà÷å ãîâîðÿ, äåêîìïîçèöèÿ

ïðîèçâåäåíèÿ (v, Eλv) âñåãäà ñîñòîèò èç ïåðâûõ äâóõ ÷ëåíîâ (1). Îäíàêî ýòî íå äîêàçàíî,

êðîìå íåêîòîðûõ ñëó÷àåâ, ïîäîáíûõ àòîìó âîäîðîäà, äëÿ êîòîðûõ èçâåñòíî ÿâíîå âûðà-

æåíèå äëÿ E(λ) [1].

Â ñâÿçè ñ ýòèì ïðåäñòàâëÿþò èíòåðåñ îïåðàòîðû, îáëàäàþùèå Êàíòîðîâûì ñîñòàâëÿ-

þùèì ñïåêòðà, êàêîâûì ÿâëÿåòñÿ èçó÷åííûé íàìè ñïåêòð îïåðàòîðà òåïëîïðîâîäíîñòè ñ

îòêëîíÿþùèìñÿ àðãóìåíòîì.

Ïîñòàíîâêà çàäà÷è. Ïóñòü Ω ⊂ R2 - ÷åòûðåõóãîëüíèê, îãðàíè÷åííûé îòðåçêàìè:

{AB : 0 ≤ t ≤ T, x = 0;BC : 0 ≤ x ≤ l, t = T,CD : 0 ≤ t ≤ T, x = l;DA : 0 ≤
x ≤ l, t = 0}. ×åðåç C2,1(Ω) îáîçíà÷èì ìíîæåñòâî ôóíêöèé u(x, t) äâàæäû íåïðåðûâíî

äèôôåðåíöèðóåìûõ ïî x è åäèíîæäû ïî t â îáëàñòè Ω. Ïîä ãðàíèöåé îáëàñòè Ω ïîíèìàåì

ñîâîêóïíîñòü îòðåçêîâ Γ = AB ∪ AD ∪ CD. Öåëüþ ðàáîòû ÿâëÿåòñÿ èçó÷íèå ñâîéñòâ

ñïåêòðà îïåðàòîðà, ïîðîæäåííîãî â îáëàñòè Ω äèôôåðåíöèàëüíûì âûðàæåíèåì

Lu = ut(x, T − t) + uxx(x, t) + aux, a− const (2)

è êðàåâûìè óñëîâèÿìè

u|t=0 = 0, u|x=0 = 0, u|x=l = 0. (3)

Ïîä îïåðàòîðîì ïîíèìàåòñÿ çàìûêàíèå ýòîãî ïîêà íåçàìêíóòîãî îïåðàòîðà.

Òåîðåìà (à) Åñëè Tπ
2l2

- èððàöèîíàëüíîå ÷èñëî, òî ñïåêòð îïåðàòîðà (2)-(3) ïðè a = 0

ñîâïàäàåò ñ ÷èñëîâîé îñüþ (−∞,+∞). Ñïåêòð ñîñòîèò èç áåñêîíå÷íîãî ÷èñëà ñîáñòâåí-

íûõ çíà÷åíèé è èç ïðåäåëüíûõ òî÷åê ñîáñòâåííûõ çíà÷åíèé. Îïåðàòîð L îáðàòèì, íî (L)−1

íåîãðàíè÷åí. (b) Åñëè Tπ
2l2

- ðàöèîíàëüíîå ÷èñëî è 1
4
/∈ (m2 Tπ

2l2
),m = 1, 2, ..., òî îïåðàòîð L

îãðàíè÷åííî îáðàòèì. Ñïåêòð îïåðàòîðà L ñîñòîèò èç áåñêîíå÷íîãî ìíîæåñòâà ñîáñòâåí-

íûõ çíà÷åíèé è èõ ïðåäåëüíûõ òî÷åê, êîòîðûå òàêæå áåñêîíå÷íû è íå èìåþò ïðåäåëü-

íîé òî÷êè, òî÷íåå, íà êàæäîì îãðàíè÷åííîì ñåãìåíòå ñîäåðæèòñÿ ëèøü êîíå÷íîå ÷èñëî

ïðåäåëüíûõ òî÷åê ìíîæåñòâà ñîáñòâåííûõ çíà÷åíèé {λm,n},m = 1, 2, ...;n = 0, 1, 2, .... (ñ)

Åñëè Tπ
2l2

- ðàöèîíàëüíîå ÷èñëî, òî ñïåêòð îïåðàòîðà è 1
4
∈ (m2 Tπ

2l2
),m = 1, 2, ..., òî îá-

ðàòíûé îïåðàòîð (L)−1 íå ñóùåñòâóåò, λ = 0 ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì. Ñïåêòð
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ñîñòîèò èç áåñêîíå÷íîãî ìíîæåñòâà ñîáñòâåííûõ çíà÷åíèé è èõ ïðåäåëüíûõ òî÷åê, êî-

òîðûå òàêæå áåñêîíå÷íû è ðàçáðîñàíû îò −∞ äî +∞. Êàæäûé îãðàíè÷åííûé çàìêíó-

òûé ñåãìåíò ñîäåðæèò ëèøü êîíå÷íîå ÷èñëî ïðåäåëüíûõ òî÷åê ñîáñòâåííûõ çíà÷åíèé

λm,n,m = 1, 2, ...;n = 0, 1, 2, .... Íîëü ìîæåò áûòü áåñêîíå÷íîêðàòíûì ñîáñòâåííûì çíà-

÷åíèåì. Â ñïåêòðàëüíîì ðàçëîæåíèè îïåðàòîðà L îòñóòñòâóåò àáñîëþòíî íåïðåðûâíàÿ

êîìïîíåíòà.

Êëþ÷åâûå ñëîâà: îïåðàòîð òåïëîïðîâîäíîñòè, ñïåêòð, îòêëîíÿþùèéñÿ àðãóìåíò.

2010 Mathematics Subject Classi�cation: 35PXX, 35K05, 35K20

Ëèòåðàòóðà
[1] Ðèõòìàéåð Ð. Ïðèíöèïû ñîâðåìåííîé ìàòåìàòè÷åñêîé ôèçèêè, Ìèð, Ìîñêâà, (1982).

Íåêîòîðûå ñïåêòðàëüíûå õàðàêòåðèñòèêè

äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî ïîðÿäêà ñ

èíâîëþöèåé

À.À. ÑÀÐÑÅÍÁÈ

ÞÊÃÓ èì. Ì. Àóýçîâà, Øûìêåíò, Êàçàõñòàí

E-mail: abdisalam@mail.ru,

Â ðàáîòå èññëåäîâàíû âîïðîñû àáñîëþòíîé è ðàâíîìåðíîé ñõîäèìîñòè ðàçëîæåíèé

ïî ñîáñòâåííûì ôóíêöèÿì, ðàñïîëîæåíèå ñîáñòâåííûõ çíà÷åíèé äèôôåðåíöèàëüíûõ

îïåðàòîðîâ âòîðîãî ïîðÿäêà ñ èíâîëþöèåé. Ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ

äèôôåðåíöèàëüíûõ îïåðàòîðîâ âòîðîãî ïîðÿäêà ñ èíâîëþöèåé

−X ′′ (x) + αX ′′ (−x) + q (x)X (x) = λX (x) , −1 < x < 1, −1 < α < 1,

X (−1) = 0, X (1) = 0. (1)

Óðàâíåíèå (1) ñîäåðæèò ïðåîáðàçîâàíèå èíâîëþöèè. Ïàðàìåòð α óäîâëåòâîðÿåò óñëî-

âèþ −1 < α < 1, ôóíêöèÿ q (x) íåïðåðûâíà íà îòðåçêå [−1, 1]. Ñïåêòðàëüíûå çàäà÷è òèïà

(1) èçó÷àëèñü òàêæå â ðàáîòàõ [1], [2].

Òåîðåìà 1. Åñëè ôóíêöèÿ q (x) ≥ 0 íà ïðîìåæóòêå −1 ≤ x ≤ 1, òî âñå ñîáñòâåííûå

çíà÷åíèÿ λk ñïåêòðàëüíîé çàäà÷è (1) ïîëîæèòåëüíû.

Òåîðåìà 2. Åñëè ÷èñëî
√

1−α
1+α

íå ÿâëÿåòñÿ ÷åòíûì è êîýôôèöèåíò q (x) óðàâíåíèÿ

(1) âåùåñòâåííàÿ ôóíêöèÿ, òî äëÿ ëþáîé äâàæäû äèôôåðåíöèðóåìîé ôóíêöèè ϕ (x),

óäîâëåòâîðÿþùåé óñëîâèÿì ϕ (−1) = ϕ (1) = 0, ðÿä Ôóðüå

ϕ (x) =
∞∑
k=1

(ϕ,Xk)Xk (x)
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ïî ïîëíîé îðòîíîðìèðîâàííîé ñèñòåìå {Xk (x)} ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé

çàäà÷è (1) ñõîäèòñÿ àáñîëþòíî è ðàâíîìåðíî.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP05131225 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèå ñ èíâîëþöèé, ñîáñòâåííûå çíà÷åíèå, ñîáñòâåííûå

ôóíêöèé, áàçèñ.

2010 Mathematics Subject Classi�cation: 34B10, 34L10

Ëèòåðàòóðà
[1] Kritskov L., Sarsenbi A.M. Spectral properties of a nonlocal problem for a second-order di�erential

equation with an involution, Di�erential Equations, 51:8 (2015), 984�990.

[2] Kritskov L., Sarsenbi A.M. Basicity in Lp of root functions for di�erential equations with involution,

Electronic Journal of Di�erential Equations, :278 (2015), 1�9.

Áàçèñíûå ñâîéñòâà äèôôåðåíöèàëüíîãî îïåðàòîðà âòîðîãî

ïîðÿäêà ñ èíâîëþöèåé

À.Ì. ÑÀÐÑÅÍÁÈ1,a, À.À. ÑÀÐÑÅÍÁÈ 2,b

1 ÞÊÃÓ èì. Ì. Àóýçîâà, ÍÖ ÒèÏÌ, Øûìêåíò, Êàçàõñòàí
2 ÞÊÃÓ èì. Ì. Àóýçîâà, Øûìêåíò, Êàçàõñòàí

E-mail: aabzhahan@gmail.com , babdisalam.sarsenbi@gmail.com

Ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ âîïðîñîâ ðàâíîñõîäèìîñòè ðàçëîæåíèé ïî ñîáñòâåí-

íûì ôóíêöèÿì è áàçèñíîñòè ñîáñòâåííûõ ôóíêöèé äèôôåðåíöèàëüíûõ îïåðàòîðîâ âòî-

ðîãî ïîðÿäêà ñ èíâîëþöèåé.

Â èíòåðâàëå G = (−1, 1) ÷èñëîâîé îñè ðàññìàòðèâàåòñÿ ñïåêòðàëüíàÿ çàäà÷à äëÿ

äèôôåðåíöèàëüíûõ îïåðàòîðîâ âòîðîãî ïîðÿäêà ñ èíâîëþöèåé

−X ′′ (x) + αX ′′ (−x) + q (x)X (x) = λX (x) , −1 < x < 1, −1 < α < 1,

X ′ (−1) = 0, X ′ (1) = 0. (1)

Óðàâíåíèå (1) ñîäåðæèò ïðåîáðàçîâàíèå èíâîëþöèè. Ïàðàìåòð α óäîâëåòâîðÿåò óñëîâèþ

−1 < α < 1, ôóíêöèÿ q (x) íåïðåðûâíà íà îòðåçêå [−1, 1]. Äîêàçàíî ñóùåñòâîâàíèå ôóíê-

öèè Ãðèíà êðàåâîé çàäà÷è (1). Óñòàíîâëåíû àñèìïòîòè÷åñêèå îöåíêè ôóíêöèè Ãðèíà ïðè

áîëüøèõ çíà÷åíèÿõ ñïåêòðàëüíîãî ïàðàìåòðà. Ïðè ïîìîùè ýòèõ ðåçóëüòàòîâ äîêàçàíû

òåîðåìû î ðàâíîñõîäèìîñòè ðàçëîæåíèé ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è

(1) ñ ðàçëîæåíèåì ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è

−X ′′ (x) + αX ′′ (−x) = λX (x) , −1 < x < 1, −1 < α < 1,

X ′ (−1) = 0, X ′ (1) = 0. (2)
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Â ðàáîòå [1] èññëåäîâàíà ñïåêòðàëüíàÿ çàäà÷à (2), êîòîðàÿ èìååò äâå ñåðèè ñîáñòâåí-

íûõ çíà÷åíèé

λk1 = (1 + α)
(
k + 1

2

)2
π2, λk2 = (1− α) k2π2, k = 0,±1, ±2, ....

Áûëî óñòàíîâëåíî, ÷òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé âèäà

{
Xk1 = sin(l + 1

2
)πx, l = 0, 1, 2, ...; Xk2 = cos kπx, k = 1, 2, ...;

}
îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ ïðîñòðàíñòâà L2(−1, 1).

Ñ ïîìîùüþ ôóíêöèè Ãðèíà ìîæíî íàïèñàòü, ðàçëîæåíèå ïðîèçâîëüíîé ôóíêöèè f (x) èç

êëàññà L1(−1, 1) ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è (5)..

Çàìå÷àíèå. Åñëè ÷èñëî
√

1−α
1+α

íå ÿâëÿåòñÿ ÷åòíûì, òî âñå ñîáñòâåííûå çíà÷åíèÿ îä-

íîêðàòíû.

Â êîìïëåêñíîé ρ−ïëîñêîñòè ðàññìîòðèì îêðóæíîñòè

Ck1, k = 0, 1, 2, ...; Ck2, k = 1, 2, ..., c îáùèì öåíòðîì â íà÷àëå êîîðäèíàò:

Ck1 : |ρ| =
√

1 + α
(
k + 1

2

)
π + 1

8
; Ck2 : |ρ| =

√
1− αkπ + 1

8
.

Ýòè îêðóæíîñòè íå ïåðåñåêàþòñÿ è íå ïðîõîäÿò ÷åðåç òî÷êè ρk1 èρk2. Ïðè

λ = ρ2îêðóæíîñòè Ck1,Ck2 ñîîòâåòñòâåííî ïåðåõîäÿò â îêðóæíîñòè C̃k1,C̃k2 â λ ïëîñêîñòè.

Äëÿ ëþáîé ôóíêöèè f (x) ∈ L1 (−1.1) ÷àñòè÷íûå ñóììû ðàçëîæåíèÿ ïî ñîáñòâåííûì

ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è (2) ìîæíî çàïèñàòü â âèäå

σm (f) = − 1
2πi

∫
Cm

(
1∫
−1

G (x, t, λ) f (t) dt

)
2ρdρ.

×àñòè÷íûå ñóììû ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì ñïåêòðàëüíîé çàäà÷è (1)

îáîçíà÷èì ÷åðåç

Sm (f) = − 1
2πi

1∫
−1

[ ∫
Cm

Gq(x, t, λ)2ρdρ

]
f(t)dt

Ïîñëåäîâàòåëüíîñòü Sm (f) íàçîâåì ðàâíîñõîäÿùèìñÿ ñ ïîñëåäîâàòåëüíîñòüþ σm (f)íà

ïðîìåæóòêå−1 ≤ x ≤ 1, åñëè Sm − σm → 0 ðàâíîìåðíî íà ýòîì ïðîìåæóòêå ïðè m→∞.
Ñôîðìóëèðóåì òåîðåìó î ðàâíîñõîäèìîñòè.

Òåîðåìà 1. Åñëè ÷èñëî
√

1−α
1+α

íå ÿâëÿåòñÿ ÷åòíûì, òî äëÿ ëþáîé ôóíêöèè f (x) ∈
L1 (−1, 1) ïîñëåäîâàòåëüíîñòü Sm (f) ðàâíîñõîäèòñÿ ñ ïîñëåäîâàòåëüíîñòüþ σm (f) .

Òåîðåìà 2. Åñëè ÷èñëî
√

1−α
1+α

íå ÿâëÿåòñÿ ÷åòíûì, òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé

ñïåêòðàëüíîé çàäà÷è (1) îáðàçóåò áàçèñ ïðîñòðàíñòâà L2(−1, 1).
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Ñôîðìóëèðóåì òåîðåìó î áàçèñíîñòè ñîáñòâåííûõ ôóíêöèé â ñàìîñîïðÿæåííîì ñëó-

÷àå.

Òåîðåìà 3. Åñëè ÷èñëî
√

1−α
1+α

íå ÿâëÿåòñÿ ÷åòíûì è êîýôôèöèåíò q (x) óðàâíåíèÿ

(3) âåùåñòâåííàÿ ôóíêöèÿ, òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è (1)

îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ ïðîñòðàíñòâà L2(−1, 1).

Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÊÍ ÌÎÍ ÐÊ, ãðàíò AP05131225
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3 Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå è óðàâíåíèÿ ìàòåìàòè÷åñêîé ôèçèêè

Green's Tensor of Motion Equations of Two-Components

Biot's Media at stationary oscillation

E.B. KURMANOV

Institute of mathematics and mathematical modeling ESM RK, Almaty, Kazakhstan

E-mail: ergaly90@mail.ru,

The study of propagation and di�raction of seismic waves in rock mass requires

mathematical modeling such processes in geological structure with di�erent physical properties

and for di�erent type of seismic waves. Di�raction of seismic waves is more studied in isotropic

and anisotropic elastic media. But these models do not take into account many real properties

of the rock mass. These are, for example, porosity and presence of groundwater. Saturated with

liquid or gas porous medium, from the point of view of continuum mechanics, is essentially

a two-component continuous medium, one component of which is particles of liquid (gas),

other are solid elastic particles of the skeleton of a rock mass. There are various mathematical

models of the two-component medium, developed by di�erent authors. The most famous of

them are the models of M. Biot [1], Ya. I. Frenkel [2], V. N. Nikolaevskiy [3], L. P. Khoroshun

[4]. However, the class of solved tasks to them is very limited and mainly associated with

the study of particular solutions of these equations based in the classic domains by use the

variables separation methods and the theory of special functions. We mark here the school of

academician Kh.A. Rakhmatullin [5] and also the investigations of Kazakh mechanics school of

academician Zh. S. Erzhanov, which studied propagation of seismic waves in water saturated

media, their di�raction on circular tunnels and pipelines by use Biot's model [6]. A variety of

multicomponent media, the complexity of processes associated with their deformation, lead to

a large di�erence in the methods of modelling and analysis of seismic problems in them. Here

we consider Biot's equations

(λ+ µ) grad div us + µ∆us +Q grad div uf + F S (x, t) = ρ11ü
s + ρ12ü

f

Q grad div us +R grad div uf + F f (x, t) = ρ12ü
s + ρ22ü

f ,
(3.1)

Here us(x, t) is the displacement vector of the elastic skeleton, uf (x, t) is the displacement

vector of the �uid,x ∈ R3, t is time. The constants ρ11, ρ12, ρ22 have the dimension of a

density and are associated with the density with the mass density of a composing the skeleton

particles and �uid relationships:

ρ11 = (1−m) ρs − ρ12,
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where m is the porosity of the medium. The connected density ρ12 associated with the variance

of the deviations of micro velocity of liquid particles in pores of the average �ow velocity of the

�uid and depends on the geometry of the pores.

Here N is the dimension of the space (N = 1, 2, 3). For a plane deformation N = 2, the

total spatial deformation corresponds to N = 3. The case N = 2 describes the processes of

propagation of waves in porous rods. Following solutions may be theoretically used for spaces

of higher dimension.

Constants λ, µ are Lame's parameters isotropic elastic skeleton, Q and R characterize the

interaction of the skeleton with liquid on the basis of the Biot's law for the stresses:

σij = (A∇kuk +Q∇kUk) δij +N (∇iui +∇jui) ,

σ = −mp = R∇kUk +Q∇kuk
(3.2)

We constructed Green's tensor - the fundamental solutions of (1) by the action of

concentrated mass forces of the type:

F j
i (x, t) = δji δ (x) e−iωt, i, j = 1, 6,

where ω is frequency of oscillation, which satis�es to radiation conditions at in�nity. For

this the Fourier transformation of this tensor were used [7,8].

On it base the generalized solutions of Biot's medium have been constructed by the action

of arbitrary concentrated and distributed forces and sources of oscillations.

Funding: The authors were supported by the grant no. 0824/GF4 of the Ministry of Education and Science of

Republic of Kazakhstan.

Keywords: porous water saturated medium, Biot's equations, generalised solutions .

2010 Mathematics Subject Classi�cation: 74H05, 74K25

References
[1] Biot M.A.Mechanics of deformation and acoustic wave propagation in a porous medium, Mechanics,

Periodic collection of translations of foreign articles, No 6, 1963, P.103-104.

[2] Frenkel Ya. I., "To the theory of seismic and seismoelectric phenomena in a moist soil News of USSR

Academy of Sciences, geography and geophysics series, 8
’
, No 4,1944, P. 133-149.

[3] Nikolaevskyi V.I., Mechanics of porous and fractured medium, Nauka, Moscow,1984, P. 232

[4] Khoroshun L. P.,"To the theory of saturated porous media Applied mechanics, V. 12, No 12, 1976, P.

66-82

[5] Rakhmatullin Kh.A., Saatov Ya.U., Filippov I.G., Artykov T.U. , Waves in two-component media. Nauka

Uzb SSR, Tashkent, 1974, P. 266.

[6] Yerzhanov Zh. S., Aitaliev Sh.M., Alexeyeva L.A. , Dynamics of tunnels and underground pipelines,

Nauka Kaz SSR, Alma-Ata, 1989, P. 240

[7] Alexeyeva L.A., Kurmanov E.B. Fundamental and generalized solutions of the equations of motion of the

two-component M. Biot's medium. 1. Fourier transformation of fundamental solutions and their regularization

Math. Journal 2017. V.17, No 2, P. 13-30

[8] Alexeyeva L.A., Kurmanov E.B. Fourier Transform of Fundamental Solutions for the Motion Equations

of Two-component Biot's Media // AIP Conference Proceedings 2017

Institute of Mathemitics and Mathematical Modeling, Almaty, April 10, 2018



70 Òðàäèöèîííàÿ ìåæäóíàðîäíàÿ àïðåëüñêàÿ íàó÷íàÿ êîíôåðåíöèÿ, ïîñâÿùåííàÿ Äíþ
ðàáîòíèêîâ íàóêè

The method of heat polynomials for the solution of

gylindrical free boundary problems

S.N. KHARIN

Kazakh-British Technical University, Almaty, Kazakhstan

E-mail: staskharin@yahoo.com,

The method of the heat polynomials enables one to get an analytical solution of the Stefan

problem. This approach was successfully applied for the solution of the one- and two-phase

Stefan problems [1]�[2]. It can be extended also for the axisymmetric cylindrical problems in a

domain with a moving boundary.

1. The heat equation for a circle with moving boundary

Let us consider the problem for the dimensionless heat equation

∂θ

∂t
=
∂2θ

∂r2
+

1

r

∂θ

∂r
, 0 ≤ r < ct, 0 < t < T (1)

with the boundary condition

θ(ct, t) = f(t) =
∞∑
n=0

f (n)(0)

n!
tn. (2)

Here t is the dimensionless Fourier criterion. The initial condition is omitted because the

domain degenerates into a point. The solution of this problem can be represented in the form

of the heat polynomials

θ(r, t) =
∞∑
n=0

AnR2n,1(r, t) =
∞∑
n=0

An(4t)nLn

[
−r

2

4t

]
=
∞∑
n=0

Ann!
n∑
k=0

22kr2(n−k)tk

k! [(n− k)!]2
. (3)

Satisfying the boundary condition (2) we get

∞∑
n=0

AnR2n,1(ct, t) =
∞∑
n=0

An

n∑
k=0

βk,nt
2n−k =

∞∑
n=0

f (n)(0)

n!
tn. (4)

Comparing the coe�cients at similar order of t we get the recurrent expression for the unknown

coe�cients An.

It should be noted that this method is very useful for the small values of the Fourier

criterion t. In this case we can take an approximate solution not in the form of a series but as

a polynomial.

We can use also the another approach for the solution of this problem using the orthogonality

of the Laguerre polynomials. Any function f(t) can be expanded into the power series with

respect to Laguerre polynomials

φ(t) =
∞∑
n=0

CnLn(t), Cn =

∫ ∞
0

e−tLn(t)φ(t)dt. (5)
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Thus, satisfying the solution θ(r, t) =
∑∞

n=0An(4t)nLn

[
− r2

4t

]
the boundary condition

θ(α(t), t) = f(t) we can expand the function φ(t) = (4t)nLn

[
−α(t)2

4t

]
into series (5) and then

�nd the coe�cients An.

2. Generalized heat equation

The method described above can be applied also for the generalized heat equation

∂θ

∂t
=
∂2θ

∂r2
+
ν

r

∂θ

∂r
, 0 ≤ r < α(t), 0 < t < T, (6)

if we use the generalized Laguerre polynomials for the solution of the equation (6)

θ(r, t) =
∞∑
n=0

CnRn,ν(r, t), Rn,ν(r, t) = n!(4t)nL(β)
n

(
−r2/4t

)
, β =

ν − 1

2
. (7)
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Òðàíñôîðìàíòà ôóðüå òåíçîðà ãðèíà óðàâíåíèé

íåñâÿçàííîé òåðìîóïðóãîñòè â

ïðîñòðàíñòâåííî-îäíîìåðíîì ñëó÷àå

Í. ÀÉÍÀÊÅÅÂÀ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÊÍ ÌÎÍ ÐÊ, Àëìàòû,

Êàçàõñòàí

E-mail: ainalain95@icloud.com

Ñòåðæíåâûå êîíñòðóêöèè øèðîêî èñïîëüçóþòñÿ â ñòðîèòåëüñòâå è ìàøèíîñòðîåíèè â êà-

÷åñòâå îïîð ìîñòîâ, ñîåäèíèòåëüíûõ è ïåðåäàòî÷íûõ çâåíüåâ äëÿ êîíñòðóêòèâíûõ ýëåìåí-

òîâ ñàìûõ ðàçíûõ ìàøèí è ìåõàíèçìîâ. Çàäà÷è äèíàìèêè òåðìîóïðóãèõ ñòåðæíåé ìîäåëè-

ðóþòñÿ ñèñòåìàìè äèôôåðåíöèàëüíûõ óðàâíåíèé ñìåøàííîãî ãèïåðáîëî-ïàðàáîëè÷åñêîãî

òèïà. Â äàííîé ðàáîòå ïîëó÷åíû è èññëåäîâàíû òðàíñôîðìàíòû Ôóðüå ôóíäàìåíòàëüíûõ

ðåøåíèé óðàâíåíèé íåñâÿçàííîé òåðìîóïðóãîñòè â ïðîñòðàíñòâåííî-îäíîìåðíîì ñëó÷àå,

îïèñûâàþùèå äèíàìèêó ñòåðæíåé ñ ó÷åòîì èõ òåðìîóïðóãèõ ñâîéñòâ ïðè ïðîäîëüíûõ

êîëåáàíèÿõ.
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Ðàññìàòðèâàåòñÿ òåðìîóïðóãèé ñòåðæåíü, êîòîðûé õàðàêòåðèçóåòñÿ ëèíåéíîé ïëîòíî-

ñòüþ ρ,ñêîðîñòüþ ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí â ñòåðæíå cè òåðìîóïðóãèìè êîíñòàíòà-

ìè γ è k [1].Èññëåäóåì ïðîäîëüíûå ïåðåìåùåíèÿ ñå÷åíèé ñòåðæíÿ u (x, t) è òåìïåðàòóðíîå

ïîëå θ (x, t), êîòîðûå îïèñûâàþòñÿ ñèñòåìîé ãèïåðáîëî-ïàðàáîëè÷åñêèõ óðàâíåíèé âèäà:

ρc2∂
2ui
∂x2
− ρ∂

2ui
∂t2
− γθ,x + ρF, (x, t) = 0, θ,xx − k−1θ,t + F2 (x, t) = 0 (1)

Òåðìîóïðóãîå íàðïÿæåíèå σ(x, t) â ñòåðæíå îïèñûâàåòñÿ ñîîòíîøåíèåì Äþàìåëÿ -

Íåéìàíà:

σ(x, t) = ρc2u,x − γθ (2)

çäåñü Fi - ïðîäîëüíàÿ êîìïîíåíòà âíåøíåé ñèëû íà åäèíèöó äëèíû; F2(x, t) - âåëè÷è-

íà, õàðàêòåðèçóþùàÿ êîëè÷åñòâî âûäåëåííîãî òåïëîâûìè èñòî÷íèêàìèòåïëà íà åäèíèöó

äëèíû çà åäèíèöó âðåìåíè ui,x = ∂ui
∂x
, ui,t = ∂ui

∂t
, . . . , u1 = u, u2 = θ.Òðåáóåòñÿ ïîñòðîèòü ðå-

øåíèå ñèñòåìû óðàâíåíèé (1) ïðè F1 è F2 ïðèíàäëåæàùèõ êëàññó îáîáùåííûõ ôóíêöèé

ìåäëåííîãî ðîñòà S ′(R2) ñ íîñèòåëåì {x ∈ R1, t ≥ 0} [2].
Ìàòðèöà ôóíäàìåíòàëüíûõ ðåøåíèé U j

i (x, t) - ýòî ðåøåíèå ñèñòåìû óðàâíåíèé (1) ïðè

äåéñòâèè ñîñðåäîòî÷åííîãî èìïóëüñíîãî èñòî÷íèêà Fk = δ(x)δ(t)δjk, k, j = 1, 2, óäîâëåòâî-

ðÿþùåå óñëîâèÿì èçëó÷åíèÿ. Äëÿ åå ïîñòðîåíèÿ èñïîëüçóåì ïðÿìîå è îáðàòíîå ïðåîáðà-

çîâàíèå Ôóðüå ïî x, tîáîáùåííûõ ôóíêöèé. Â ïðîñòðàíñòâå ïðåîáðàçîâàíèé Ôóðüå Ū j
i

èìååò âèä:

Ū j
1 =

δj1(ξ2 − ik−1ω) + iξγ̃δj2
∆(ξ, ω)

, Ū j
2 =

δj2(c2ξ2 − ω2)

∆(ξ, ω)
, i, j = 1, 2 (3)

ãäå îïðåäåëèòåëü ñèñòåìû ∆(ξ, ω) = (ξ2 − ik−1ω)(c2ξ2 − ω2). Ðåçóëüòàòû èññëåäîâàíèÿ

äåéñòâèòåëüíîé è ìíèìîé ÷àñòè ýòîé ìàòðèöû, ïðåäñòàâëåíû â ãðàôè÷åñêîì âèäå.

Äëÿ ïîñòðîåíèÿ îðèãèíàëà, óäîâëåòâîðÿþùåãî óñëîâèÿì èçëó÷åíèÿ, ïîëó÷åíî ïðåä-

ñòàâëåíèå Ū j
k(ξ, ω) â âèäå:

Ū j
1 =

δj1 (ξ2 − ik−1ω) + iξγ̃δj2
c2 (λ1 − λ2)

{
1

ξ2 − λ1

− 1

ξ2 − λ2

}
, (4)

Ū j
2 =

δj2(c2ξ2 − ω2)

c2(λ1 − λ2)

{
1

ξ2 − λ1

− 1

ξ2 − λ2

}
(5)

ãäå λ1 = ω2

c2
, λ2 = iωk−1 êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ: ∆ (ξ, ω) = 0. Ïðåä-

ñòàâëåíèå (6) ïîçâîëÿåò ïîñòðîèòü îðèãèíàë òåíçîðà Ãðèíà, èñïîëüçóÿ ôóíäàìåíòàëüíûå

ðåøåíèÿ âîëíîâîãî óðàâíåíèÿ, óðàâíåíèÿ òåïëîïðîâîäíîñòè è ðåãóëÿðèçàöèþ i
(ω+i0)

, êî-

òîðàÿ ÿâëÿåòñÿ ïðåîáðàçîâàíèåì Ôóðüå ôóíêöèè Õåâèñàéäà H(t) [3].
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Ñóùåñòâîâàíèå ãëîáàëüíûõ ðåøåíèé ñèñòåìû Ãîäóíîâà-Ñóëòàíãàçèíà [1] äîêàçûâàëîñü

ìíîãèìè èññëåäîâàòåëÿìè äëÿ óçêèõ êëàññîâ íà÷àëüíûõ ôóíêöèé.

Â äîêëàäå ðàññìîòðåíà ýòà ñèñòåìà:
∂f1
∂t

+ ∂f1
∂x

= f 2
2 − f1f3 ≡ F,

∂f2
∂t

= −2F,
∂f3
∂t
− ∂f3

∂x
= F,

(1)

â îáëàñòèQ = [0, T ]×[0, 1], t ∈ [0, T ], x ∈ [0, 1] c íà÷àëüíûìè è ïåðèîäè÷åñêèìè óñëîâèÿìè:

fk(0, x) = ϕk(x), fk(t, 0) = fk(t, 1), k = 1, 3. (2)

Ìîäåëü (1) ñ íà÷àëüíî-ãðàíè÷íûìè óñëîâèÿìè (2) îáëàäàåò îñíîâíûìè ñâîéñòâàìè äëÿ

íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà [1], òàêèìè êàê çàêîíû ñîõðàíåíèÿ ìàññû, èìïóëüñà è

H− òåîðåìà.

Íà÷àëüíûå ôóíêöèè {ϕk} òàêèå, ÷òî

ϕk(x) > 0 ∧ ϕk(x) ∈ W 1
p (G) ∩ L∞(G), k = 1, 3; 1 < p ≤ ∞ (3)

è ïåðèîäè÷åñêèå.

Äëÿ çàäà÷è (1)�(2) èñïîëüçóåòñÿ ìåòîä ðàñùåïëåíèÿ [2] è ðåøåíèÿ îïðåäåëÿþòñÿ èç

ñëåäóþùèõ ïîäñèñòåì: 
f
n+1/2
1 −fn1

τ
= (fn2 )2 − fn1 fn3 ≡ F n,

f
n+1/2
2 −fn2

τ
= −2F n,

f
n+1/2
3 −fn3

τ
= F n,

(4)
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fn+1
1 −fn+1/2

1

τ
+

∂fn+1
1

∂x
= 0,

fn+1
2 −fn+1/2

2

τ
= 0,

fn+1
3 −fn+1/2

3

τ
− ∂fn+1

3

∂x
= 0,

(5)

ñ íà÷àëüíî-ãðàíè÷íûìè óñëîâèÿìè (2).

Òåîðåìà 1. Ïóñòü íà÷àëüíûå äàííûå {ϕk(x)} óäîâëåòâîðÿþò óñëîâèÿì (3), òî äëÿ

ðåøåíèÿ ñèñòåì (4)�(5) ñ íà÷àëüíî-ãðàíè÷íûìè óñëîâèÿìè (2), ñïðàâåäëèâû îöåíêè:∥∥ V n+j/2
∥∥
Lp(G)
≤
∥∥ ϕ1 − ϕ3

∥∥
Lp(G)

; V n+1 = fn+1
1 − fn+1

3 ,∥∥ V n+j/2
x

∥∥
Lp(G)
≤
∥∥ ϕ1,x − ϕ3,x

∥∥
Lp(G)

, j = 1, 2, (6)

∥∥ 3∑
k=1

f
n+1/2
k

∥∥
Lp(G)
≤
∥∥ 3∑
k=1

ϕk
∥∥
Lp(G)

+Tc, {fn+j/2
k } > 0, c = ‖V 0

x ‖Lp(G)

max
1≤m≤3

∥∥ fn+j/2
m

∥∥
Lp(G)
≤

3∑
k=1

∥∥ ϕk ∥∥Lp(G)
+Tc, j = 1, 2,∀p = 2m, m ∈ N,

ãäå n = 0,M, τ <
(

2
( 3∑
k=1

∥∥ ϕk ∥∥L∞(G)
+Tc

) )−1

, V 0 = ϕ1 − ϕ3, (7)

Äîêàçàíà ñëåäóþùàÿ îñíîâíàÿ

Òåîðåìà 2. Åñëè íà÷àëüíûå ôóíêöèè óäîâëåòâîðÿþò óñëîâèþ (3), òîãäà ñóùåñòâóåò

åäèíñòâåííîå ïîëîæèòåëüíîå ðåøåíèå çàäà÷è (1)�(2)

{fk} ∈ W 1
p (Q) ∩ L∞(G), ∀p = 2m

è îíî óäîâëåòâîðÿåò ñèñòåìå (1) ïî÷òè âñþäó â Q = [0, T ] × G, ∀T <∞.
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Ðàññìîòðèì ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîä-

íûìè ïåðâîãî ïîðÿäêà

∂u

∂x
+

n∑
k=1

p1k(x)yk
∂u

∂y1

+ · · ·+
n∑
k=1

pnk(x)yk
∂u

∂yn
= 0 (1)
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ãäå x0 ≤ x < +∞, x0 > 0, −∞ < y1, . . . , yn < +∞, ôóíêöèè pik(x), i = 1, . . . , n; k =

1, . . . , n; èìåþò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà íà ïðîìåæóòêå x0 ≤
x < +∞. Ñëåäóþùåå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî

ïîðÿäêà
∂u

∂x
+

(
n∑
k=1

p1k(x)yk + g1(x, y1, . . . , yn)

)
∂u

∂y1

+

. . .+

(
n∑
k=1

pnk(x)yk + gn(x, y1, . . . , yn)

)
∂u

∂yn
= 0 (2)

íàçûâàåòñÿ âîçìóùåííûì óðàâíåíèåì, ãäå gi(x, y1, . . . , yn), i = 1, . . . , n; ìàëûå âîçìóùå-

íèÿ, êîòîðûå óäîâëåòâîðÿþò íåêîòîðîìó óñëîâèþ ìàëîñòè.

Îïðåäåëåíèå 1.Åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1) ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî

ïîðÿäêà (1) èìååò èíòåãðàëüíûé áàçèñ, êîòîðûé ñòðåìÿòñÿ ê íóëþ ïðè x0 → +∞,

2) âîçìóùåííîå óðàâíåíèå (2), êîòîðîå ïîëó÷àåòñÿ èç óðàâíåíèÿ (1) ïðè ìàëûõ âîçìóùå-

íèÿõ, èìååò èíòåãðàëüíûé áàçèñ, êîòîðûé ñòðåìÿòñÿ ê íóëþ ïðè x0 → +∞, òîãäà ëèíåéíîå

îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà (1)

íàçûâàåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì ïðè x0 → +∞.

Òåîðåìà 1. Åñëè ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðî-

èçâîäíûìè ïåðâîãî ïîðÿäêà (1) è âîçìóùåííîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíû-

ìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà (2) óäîâëåòâîðÿþò ñëåäóþùèå óñëîâèÿ: pik(x), i =

1, . . . , n. k = 1, . . . , n; íåïðåðûâíûå äåéñòâèòåëüíûå ôóíêöèé, îïðåäåëåííûå íà ïîëóîñè

I = [x0,+∞), êðîìå òîãî âûïîëíÿþòñÿ 1)-4):

(1)pk−1,k−1(x)− pkk(x) ≥ αϕ(x), x ∈ I, k = 2, . . . , n. α > 0, ϕ(x) ∈ C(I),

ϕ(x) > 0, q(x) =
x∫
x0

ϕ(s)ds ↑ +∞;

(2) lim
x→+∞

|pik(x)|
ϕ(x)

= 0, i 6= k, i = 1, 2, . . . , n, k = 1, 2, . . . , n;

(3) lim
x→+∞

1
q(x)

x∫
x0

pkk(s)ds = βk, k = 1, 2, . . . , n, β1 < 0;

(4)g(x, y) = colon (g1(x, y1, . . . , yn), . . . , gn(x, y1, . . . , yn)) èìååò íåïðåðûâíûå ÷àñòíûå ïðîèç-

âîäíûå íà ìíîæåñòâå x0 ≤ x < +∞, x0 > 0, −∞ < y1, . . . , yn < +∞, gi(x, 0, . . . , 0) = 0, i =

1, . . . , n. ‖g(x, y)‖ ≤ ϕ(x)‖y‖, lim
x→+∞

ϕ(x) = 0 Òîãäà ëèíåéíîå îäíîðîäíîå äèôôåðåíöèàëü-

íîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè ïåðâîãî ïîðÿäêà (1) àñèìïòîòè÷åñêè óñòîé÷èâî

ïðè x0 → +∞.

Êëþ÷åâûå ñëîâà: óðàâíåíèå, ÷àñòíûå ïðîèçâîäíûå ïåðâîãî ïîðÿäêà

2010 Mathematics Subject Classi�cation: 35B35
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Â íàñòîÿùåì äîêëàäå èññëåäóþòñÿ âîïðîñû êîíå÷íîñòè áèñèìóëÿöèé (îòíîøåíèé ýêâè-

âàëåíòíîñòè) â óïîðÿäî÷åííûõ ãèáðèäíûõ ñèñòåìàõ. Äîêàçàíî ÷òî ñëàáî î-ìèíèìàëüíûå

ãèáðèäíûå ñèñòåìû êîíå÷íîãî ðàíãà âûïóêëîñòè, èìåþùèå ìàëîå ÷èñëî ñ÷åòíûõ ìîäåëåé,

äîïóñêàþò êîíå÷íóþ áèñèìóëÿöèþ.

Ãèáðèäíûå ñèñòåìû � ýòî ìàòåìàòè÷åñêèå ìîäåëè ñèñòåì óïðàâëåíèÿ, â êîòîðûõ

íåïðåðûâíàÿ äèíàìèêà, ïîðîæäàåìàÿ â êàæäûé ìîìåíò âðåìåíè îäíîé èç àïðèîðíî çàäàí-

íîãî íàáîðà íåïðåðûâíûõ ñèñòåì, ïåðåìåæàåòñÿ ñ äèñêðåòíûìè îïåðàöèÿìè, ïîäàþùèìè

êîìàíäû ëèáî íà ìãíîâåííîå ïåðåêëþ÷åíèå ñ îäíîé ñèñòåìû íà äðóãóþ, ëèáî íà ìãíî-

âåííóþ ïåðåñòðîéêó ñ çàäàííûõ òåêóùèõ êîîðäèíàò íà äðóãèå êîîðäèíàòû, ëèáî íà òî

è äðóãîå îäíîâðåìåííî. Ãèáðèäíàÿ äèíàìèêà ñèñòåìû çàêëþ÷àåòñÿ â àëüòåðíèðîâàííîé

êîìáèíàöèè íåïðåðûâíîé äèíàìèêè ñ äèñêðåòíîé. Íåïðåðûâíàÿ è äèñêðåòíàÿ ñîñòàâëÿ-

þùèå ñèñòåìû ìîãóò âêëþ÷àòü íåêîòîðûå ïàðàìåòðû, âëèÿþùèå íà ïîâåäåíèå ñèñòåìû.

Ãèáðèäíûå ñèñòåìû ÷àñòî âñòðå÷àþòñÿ â ðàçëè÷íûõ ïðèêëàäíûõ çàäà÷àõ èç òàêèõ îá-

ëàñòåé çíàíèÿ, êàê àâòîìîáèëåñòðîåíèå, àâèàñòðîåíèå, ðîáîòîòåõíèêà, ýëåêòðîýíåðãåòèêà,

îáåñïå÷åíèå áåçîïàñíîãî äâèæåíèÿ â ïðîñòðàíñòâå, íà ñóøå, íà âîäå è äð. Ìàòåìàòè÷å-

ñêàÿ ìîäåëü ãèáðèäíîé ñèñòåìû âîçíèêàåò êàæäûé ðàç, êîãäà íåîáõîäèìî èññëåäîâàòü

âçàèìîäåéñòâèå ñðåäû, íåïðåðûâíî èçìåíÿþùåéñÿ â ñîîòâåòñòâèè ñ íåêîòîðûìè ôèçè-

÷åñêèìè çàêîíàìè, è óïðàâëÿþùèõ ýëåìåíòîâ, ñðàáàòûâàþùèõ â äèñêðåòíûå ìîìåíòû

âðåìåíè. Ïðèìåðàìè òàêèõ êîìïëåêñîâ ìîãóò ñëóæèòü ýëåêòðîííûå ñèñòåìû àâòîìàòè÷å-

ñêîãî óïðàâëåíèÿ ñàìîëåòîì, ëèáî àâòîìîáèëåì, ñèñòåìû àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ

òåìïåðàòóðû, âëàæíîñòè â ïîìåùåíèè è äð.

Â íàñòîÿùåì äîêëàäå ðàññìàòðèâàþòñÿ çàäà÷è äîñòèæèìîñòè è âåðèôèêàöèè äëÿ ãè-

áðèäíîé ñèñòåìû. Çàäà÷à äîñòèæèìîñòè ñîñòîèò â ïîñòðîåíèè ìíîæåñòâà äîñòèæèìîñòè

ãèáðèäíîé ñèñòåìû, ñîñòîÿùåì èç âñåâîçìîæíûõ ñîñòîÿíèé ñèñòåìû, â êîòîðûå ìîæíî

ïåðåéòè ïðè ïîìîùè ñîîòâåòñòâóþùåãî äîïóñòèìîãî óïðàâëÿþùåãî âîçäåéñòâèÿ èç ôèê-

ñèðîâàííîãî â çàäàííûé íà÷àëüíûé ìîìåíò âðåìåíè ñîñòîÿíèÿ (èëè ìíîæåñòâà òàêîâûõ).

Ê çàäà÷àì äîñòèæèìîñòè ïðèìûêàþò çàäà÷è âåðèôèêàöèè, â êîòîðûõ íåîáõîäèìî óçíàòü,

ìîæåò ëè àíàëèçèðóåìàÿ ñèñòåìà ïîïàñòü (èëè, íàîáîðîò, íå ïîïàñòü) â îäíî èç ïðåäïè-

ñàííûõ ñîñòîÿíèé (�æåëàòåëüíûõ� èëè �íåæåëàòåëüíûõ�). Òàêàÿ ïîñòàíîâêà çàäà÷è ìîæåò

áûòü îáóñëîâëåíà, íàïðèìåð, ïðîáëåìàìè îáåñïå÷åíèÿ áåçîïàñíîñòè äâèæåíèÿ â ïðîñòðàí-

ñòâå.

Âàæíûì ïîäõîäîì ê âîïðîñàì ðàçðåøèìîñòè äëÿ àëãîðèòìîâ âåðèôèêàöèè ãèáðèä-

íûõ ñèñòåì ÿâëÿåòñÿ ïîñòðîåíèå áèñèìóëÿöèè. Áèñèìóëÿöèè � ýòî ôàêòîð-ïðîñòðàíñòâà
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ñ êîíå÷íûì ÷èñëîì ñîñòîÿíèé, â êîòîðûõ ñâîéñòâà äîñòèæèìîñòè ýêâèâàëåíòíû ýòèì æå

ñâîéñòâàì â ïåðâîíà÷àëüíîé ãèáðèäíîé ñèñòåìå ñ áåñêîíå÷íûì ÷èñëîì ñîñòîÿíèé. Ðàíåå

â [1] áûëè ââåäåíû î-ìèíèìàëüíûå ãèáðèäíûå ñèñòåìû, ÿâëÿþùèåñÿ ãèáðèäíûìè ñèñòå-

ìàìè, ó êîòîðûõ ñîîòâåòñòâóþùèå ìíîæåñòâà ÿâëÿþòñÿ îïðåäåëèìûìè â î-ìèíèìàëüíîé

òåîðèè. Â íàñòîÿùåå âðåìÿ äàííûå ñèñòåìû ÿâëÿþòñÿ àêòèâíûì îáúåêòîì èññëåäîâàíèÿ,

íàïðèìåð, ïðèâåäåì îäíó èç ïîñëåäíèõ ðàáîò [2].

Ðàíã âûïóêëîñòè ââåäåí â [3]. Íàìè äîêàçàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà 1. Êàæäàÿ ñëàáî î-ìèíèìàëüíàÿ ãèáðèäíàÿ ñèñòåìà êîíå÷íîãî ðàíãà âû-

ïóêëîñòè, èìåþùàÿ ìàëîå ÷èñëî ñ÷åòíûõ ìîäåëåé, äîïóñêàåò êîíå÷íóþ áèñèìóëÿöèþ.

Funding: Âòîðîé àâòîð áûë ïîääåðæàí ÊÍ ÌÎÍ ÐÊ (ãðàíò AP05132546).

Êëþ÷åâûå ñëîâà: ãèáðèäíàÿ ñèñòåìà, áèñèìóëÿöèÿ, ñëàáàÿ î-ìèíèìàëüíîñòü, ðàíã âûïóêëîñòè

2010 Mathematics Subject Classi�cation: 68Q60, 68Q85, 03C64
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Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí,

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: zhanat-78@mail.ru

Èçó÷àåòñÿ ìîäåëüíàÿ äâóõôàçíàÿ çàäà÷à, êîòîðàÿ âîçíèêàåò ïðè ðåøåíèè íåëèíåéíîé

çàäà÷è äëÿ ñèñòåìû ïàðàáîëè÷åñêèõ óðàâíåíèé. Èñõîäíàÿ íåëèíåéíàÿ çàäà÷à ñî ñâîáîäíîé

ãðàíèöåé òèïà Ôëîðèíà îïèñûâàåò ïðîöåññ ôèëüòðàöèè æèäêîñòåé è ãàçîâ â ïîðèñòîé

ñðåäå. Â ïðîñòðàíñòâå Ãåëüäåðà äîêàçàíû ñóùåñòâîâàíèå, åäèíñòâåííîñòü è êîýðöèòèâíûå

îöåíêè ðåøåíèÿ.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì No. AP05133898 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: Ïàðàáîëè÷åñêèå óðàâíåíèÿ, êîýðöèòèâíûå îöåíêè, ïðîñòðàíñòâî Ãåëüäåðà.

2010 Mathematics Subject Classi�cation: 35K20, 35B45, 35B30, 35C15, 35R35.

Î ãðàíè÷íîé çàäà÷å äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â

áåñêîíå÷íîé îáëàñòè
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Ìàäè ÅÐÃÀËÈÅÂ1,a

1 Èíñòèòóò Ìàòåìàòèêè è Ìàòåìàòè÷åñêîãî Ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: ergaliev@math.kz

Â áåñêîíå÷íîé îáëàñòè G1 = {x̃, t̃| t̃ > 0,−k1t̃ < x̃ < k2t̃} ðàññìîòðåíî óðàâíåíèå

òåïëîïðîâîäíîñòè

ũt̃(x̃, t̃) = ũx̃x̃(x̃, t̃) (1)

ñ îäíîðîäíûìè ãðàíè÷íûìè óñëîâèÿìè:

ũ(x̃, t̃)|x̃=−k1 t̃ = ũ(x̃, t̃)|x̃=k2 t̃ = 0, (2)

ãäå k1 > 0, k2 > 0.

Â ðàáîòå áûëî ïîêàçàíî, ÷òî äàííóþ çàäà÷ó ñ ïîìîùüþ íåñêîëüêèõ ïðåîáðàçîâàíèé

ìîæíî ñâåñòè ê çàäà÷å äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè â îáëàñòè G = {x, t| t > 0, 0 <

x < t}:
ut(x, t) = a2uxx(x, t), x, t ∈ G, (3)

u(x, t)|x=0 = u(x, t)|x=t = 0, (4)

ãäå a = 1√
k1+k2

.

À äëÿ çàäà÷è (3),(4) àâòîðàìè ðàáîòû [3] áûëî ïîêàçàíî ñóùåñòâîâàíèå íåòðèâèàëüíîãî

ðåøåíèÿ è âèä ýòîãî ðåøåíèÿ.
Òàêæå â íàñòîÿùåé ðàáîòå áûëè ïðèâåäåíû è àëüòåðíàòèâíûå ïðåîáðàçîâàíèÿ, îäèí

èç êîòîðûõ - ïîâîðîò îñåé íà íåîáõîäèìûé óãîë.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì 0823/ÃÔ4 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: óðàâíåíèå òåïëîïðîâîäíîñòè, îäíîðîäíàÿ ãðàíè÷íàÿ çàäà÷à, íåòðèâèàëüíîå ðåøåíèå

2010 Mathematics Subject Classi�cation: 35Ê02, 35K20

Ëèòåðàòóðà
[1] Äæåíàëèåâ Ì.Ò., Ðàìàçàíîâ Ì.È. Íàãðóæåííûå óðàâíåíèÿ êàê âîçìóùåíèÿ äèôôåðåíöèàëüíûõ

óðàâíåíèé, ÃÛËÛÌ, Àëìàòû (2010).

[2] Amangaliyeva M.M., Jenaliyev M.T., Kosmakova M.T., Ramazanov M.I. About Dirichlet boundary value

problem for the heat equation in the in�nite angular domain, Boundary Value Problems, 2014:213 (2014), 1�24.

[3] Amangaliyeva M.M., Jenaliyev M.T., Kosmakova M.T., Ramazanov M.I. On a Volterra equation of the

second kind with "incompressible"kernel, Advances in Di�erence Equations, 2015:71 (2015), 1�14.

Ïåðâàÿ êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè

â ðàñøèðÿþùåéñÿ îáëàñòè

À.À. ÊÀÂÎÊÈÍa, À.Ò. ÊÓËÀÕÌÅÒÎÂÀb Þ.Ð. ØÏÀÄÈc

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: akavokin_alex@yahoo.com, bkulakhmetova@mail.ru
cyu-shpadi@yandex.ru
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Â îáëàñòè Ω = {0 < x < α0t, 0 < t < T} ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ óðàâíå-

íèÿ
∂u

∂t
= a2∂

2u

∂x2
+ f(x, t) (1)

ñ óñëîâèÿìè íà ãðàíèöàõ îáëàñòè x = 0 è x = α0t

u(0, t) = ϕ(t), u(α0t, t) = ψ(t). (2)

Ðåøåíèå çàäà÷è (1)�(2) èùåòñÿ â âèäå èíòåãðàëüíîãî ïðåäñòàâëåíèÿ

u(x, t) = u1(x, t) +W (x, t) + F (x, t), (3)

ãäå u1(x, t) � ÷àñòíîå ðåøåíèå íà÷àëüíî-êðàåâîé çàäà÷è äëÿ îäíîðîäíîãî óðàâíåíèÿ (1) â

îáëàñòè 0 < x < ∞, t > 0 ïðè óñëîâèÿõ u(x, 0) = 0, u(0, t) = ϕ(t), u(∞, t) = 0, W (x, t) �

òåïëîâîé ïîòåíöèàë äâîéíîãî ñëîÿ îòíîñèòåëüíî ïîäâèæíîé ãðàíèöû x = α0t ñ íåîïðåäå-

ëåííîé ïëîòíîñòüþ θ(t) è F (x, t) � òåïëîâîé îáúåìíûé ïîòåíöèàë ñ ïëîòíîñòüþ f(x, t).

Íà îñíîâàíèè âòîðîãî êðàåâîãî óñëîâèÿ â (2) è ôîðìóëû ñêà÷êà ïîòåíöèàëà äâîéíîãî

ñëîÿ çàäà÷à (1)�(2) ïðèâîäèòñÿ ê èíòåãðàëüíîìó óðàâíåíèþ

θ(t) = g(t) +

∫ t

0

K(t, τ)θ(τ)dτ, (4)

ãäå

K(t, τ) =
1

2a
√
π(t− τ)

{
exp

(
−α

2
0(t− τ)

4a2

)
+
t+ τ

t− τ
exp

(
−α

2
0(t+ τ)2

4a2(t− τ)

)}
, (5)

g(t) = u1(α0t, t) + F (α0t, t)− ψ(t). (6)

Ðåøåíèå óðàâíåíèÿ (4) ñòðîèòñÿ ïî èòåðàöèîííîé ñõåìå Ïèêàðà

θ0(t) = g(t), θn(t) = g(t) +

∫ t

0

K(t, τ)θn−1(τ)dτ, n = 1, 2, . . . . (7)

Ïðîáëåìà óðàâíåíèÿ (4), ÿâëÿþùàÿñÿ ñëåäñòâèåì âûðîæäåíèÿ îáëàñòè Ω â ìîìåíò

t = 0, ñîñòîèò â òîì, ÷òî limt→0

∫ t
0
K(t, τ)dτ = 1 6= 0 . Â ðåçóëüòàòå èíòåãðàëüíîå óðàâíåíèå

(4) ëèøü ôîðìàëüíî îòíîñèòñÿ ê òèïó Âîëüòåððà 2-ãî ðîäà. Âïåðâûå ýòîò ôàêò îòìå÷åí â

[1]. Â ðàáîòå [2] ïîêàçàíî ñóùåñòâîâàíèå ñîáñòâåííûõ ôóíêöèé èíòåãðàëüíîãî îïåðàòîðà

óðàâíåíèÿ (4) è èññëåäîâàíû åãî ñïåêòðàëüíûå ñâîéñòâà. Òåì íå ìåíåå, äëÿ äîñòàòî÷íî

øèðîêîãî êëàññà ôóíêöèé g(t) ñóùåñòâóåò ðåøåíèå óðàâíåíèÿ (4), èìåþùåå ïðàêòè÷åñêîå

ïðèëîæåíèå.

Îïðåäåëåíèå 1. Ââåäåì ôóíêöèîíàëüíûé êëàññ Mβ(0, T ), ê êîòîðîìó îòíåñåì âñå

íåïðåðûâíûå ôóíêöèè h(t), t ∈ (0, T ), óäîâëåòâîðÿþùèå óñëîâèþ |h(t)| < Aht
ε, ãäå ε > β.

Òåîðåìà 1. Ïóñòü â èíòåãðàëüíîì óðàâíåíèè (4) g(t) ∈M 1
2
(0, T ). Òîãäà èòåðàöèîííàÿ

ñõåìà Ïèêàðà (7) ñõîäèòñÿ ê ôóíêöèè θ(t) ∈M0(0, T ).

Òåîðåìà 2. Ïóñòü ôóíêöèè ϕ(t) è ψ(t) ïðèíàäëåæàò êëàññó M 1
2
(0, T ), à ôóíêöèÿ

f(x, t) îïðåäåëåíà â çàìûêàíèè îáëàñòè Ω, íåïðåðûâíà â íåì ïî t è óäîâëåòâîðÿåò óñëîâèþ

Institute of Mathemitics and Mathematical Modeling, Almaty, April 10, 2018
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Ãåëüäåðà ïî x. Òîãäà:

1) ôóíêöèÿ g(t), îïðåäåëåííàÿ âûðàæåíèåì (6), ïðèíàäëåæèò êëàññó M 1
2
(0, T );

2) âûðàæåíèå (3), â êîòîðîì ïëîòíîñòü ïîòåíöèàëà äâîéíîãî ñëîÿ θ(t) îïðåäåëåíà èç

óðàâíåíèÿ (4), ÿâëÿåòñÿ ðåøåíèåì êðàåâîé çàäà÷è (1) � (2).

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì 5133/ÃÔ4 ÌÎÍ ÐÊ

Êëþ÷åâûå ñëîâà: óðàâíåíèå òåïëîïðîâîäíîñòè â âûðîæäåííîé îáëàñòè, èíòåãðàëüíûé îïåðàòîð Âîëü-

òåððà, ìåòîä Ïèêàðà

2010 Mathematics Subject Classi�cation: 45D99, 35K20

Ëèòåðàòóðà
[1] Õàðèí Ñ.Í., Òåïëîâûå ïðîöåññû â ýëåêòðè÷åñêèõ êîíòàêòàõ è ñâÿçàííûå ñ íèìè ñèíãóëÿðíûå èí-

òåãðàëüíûå óðàâíåíèÿ, Àâòîðåô. äèñ. êàíä., Àëìà-Àòà (1970).

[2] Ðàìàçàíîâ Ì.È. Èññëåäîâàíèå ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé îñîáîãî èíòåãðàëü-

íîãî óðàâíåíèÿ Âîëüòåððà âòîðîãî ðîäà, Ñá. Äèôôåðåíöèàëüíûå óðàâíåíèÿ è èõ ïðèëîæåíèÿ, Àëìà-Àòà,

(1979) 83�90.

Âîññòàíîâëåíèå ïëîùàäåé ñå÷åíèé ïðîäîëüíî

êîëåáëþùåãîñÿ ñòåðæíÿ ïî åãî ÷àñòîòàì

Æ. ÌÀÄÈÁÀÉÓËÛ

ÐÃÏ íà ÏÕÂ "Èíñòèòóò ìåõàíèêè è ìàøèíîâåäåíèÿ èìåíè àêàäåìèêà

Ó.À.Äæîëäàñáåêîâà"ÊÍ ÌÎÍ ÐÊ ,

Àëìàòû, Êàçàõñòàí.

E-mail: zhumabaymadibaiuly@gmail.com.

Â ìîíîãðàôèè [1] ïîêàçàíî, ÷òî äëÿ íàõîæäåíèÿ êîýôôèöèåíòà A(x) äîñòàòî÷íî çà-

äàòü äâå áåñêîíå÷íûõ ïîñëåäîâàòåëüíîñòè ñîáñòâåííûõ ÷àñòîò ïðîäîëüíî êîëåáëþùåãîñÿ

ñòåðæíÿ. Êàê èçâåñòíî, ïðîäîëüíûå êîëåáàíèÿ ñòåðæíÿ îïèñûâàþòñÿ äèôôåðåíöèàëüíûì

óðàâíåíèåì âòîðîãî ïîðÿäêà

(A(x)v′(x))
′
+ ω2A(x)v(x) = 0.

Ïåðâàÿ ïîñëåäîâàòåëüíîñòü ñîáñòâåííûõ ÷àñòîò ïðîäîëüíî êîëåáëþùåãîñÿ ñòåðæíÿ ñî-

îòâåòñòâóåò ãðàíè÷íûì óñëîâèÿì

v′(0) = v′(L).

Âòîðàÿ ïîñëåäîâàòåëüíîñòü ñîáñòâåííûõ ÷àñòîò ïðîäîëüíî êîëåáëþùåãîñÿ ñòåðæíÿ ñî-

îòâåòñòâóåò ãðàíè÷íûì óñëîâèÿì

v(0) = v′(L).

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëëèðîâàíèÿ, 10 Àïðåëÿ, 2018
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Â ñëó÷àå êóñî÷íî-îäíîðîäíîãî ñòåðæíÿ, òî åñòü êîãäà ôóíêöèÿ A(x) ÿâëÿåòñÿ êóñî÷íî-

ïîñòîÿííîé, äëÿ âîññòàíîâëåíèÿ A(x) äîñòàòî÷íî äâóõ êîíå÷íûõ íàáîðîâ ñîáñòâåííûõ ÷à-

ñòîò [2]. Îòìåòèì, ÷òî àëãîðèòì âîññòàíîâëåíèÿ Àíäåðñåíà òðåáóåò èñïîëüçîâàíèå èçâåñò-

íîãî â òåîðèè ôóíêöèè êîìïëåêñíîãî ïåðåìåííîãî àëãîðèòìà Øóðà [3]. Ïåðâîíà÷àëüíîå

íàçíà÷åíèå àëãîðèòìà Øóðà çàêëþ÷àåòñÿ â òîì, ÷òîáû ïîëó÷èòü êðèòåðèè ïðîâåðêè óñëî-

âèÿ

max
(|z|<1)

|f(z)| ≤ 1,

ãäå f(z) - ãîëîìîðôíàÿ ôóíêöèÿ.

Â äîêëàäå îáñóæäàåòñÿ àëãîðèòì âîññòàíîâëåíèÿ ôóíêöèè A(x) ïî äâóì êîíå÷íûì

íàáîðàì ïðîäîëüíûõ ÷àñòîò. Ïðè ýòîì ïðåäëàãàåìûé àëãîðèòì íå èñïîëüçóåò àëãîðèòì

Øóðà. Ïðèâåäåíû ÷èñëåííûå èëëþñòðàòèâíûå ïðèìåðû.

Â çàêëþ÷åíèè âûðàæàþ áëàãîäàðíîñòü íàó÷íîìó êîíñóëüòàíòó ïðîôåññîðó Á.Å. Êàí-

ãóæèíó çà âíèìàíèå ê ðàáîòå.

Êëþ÷åâûå ñëîâà: àëãîðèòì âîññòàíîâëåíèÿ, íàáîð ïðîäîëüíûõ ÷àñòîò, àëãîðèòì Øóðà.

Ëèòåðàòóðà

[1] Ëåâèòàí Á.Ì. Îáðàòíûå çàäà÷è Øòóðìà-Ëèóâèëëÿ. Ì.: Íàóêà, 1984.

[2] Andersson, L.-E. (1990) AJgorithms for so]ving inverse eigenvalue proÛems for Sturm-

Liouvi!Je equations in Inverse ProÛems in Action, ed. Ð.Ñ. Sabatier, Berlin: Springer. 449.

[3] Schur, J. (1917) Ober Potenzreihen, die im Innern des Einheitskreises beschrankt sind.

[34], 147, 205-232. 451.

Ê âîïðîñó îïðåäåëåíèÿ äëèíû ìàòåðèàëà â ðóëîíå

Ò.Ñ. ÌÓÑÒÀÔÈÍ1,a, Á.Á. ÑÅÐÈÊÎÂ2,b

1 Ìåæäóíàðîäíûé óíèâåðñèòåò èíôîðìàöèîííûõ òåõíîëîãèé, Àëìàòû, Êàçàõñòàí
2 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: amusta�ntima@mail.ru, bbagdat@mail.ru

Äàííàÿ ðàáîòà îòíîñèòñÿ ê îáëàñòè îïðåäåëåíèÿ ãåîìåòðè÷åñêèõ ïàðàìåòðîâ îáúåêòîâ

îòðàñëåé ïðîìûøëåííîñòè, ïðîèçâîäñòâåííûé öèêë êîòîðûõ ñîäåðæèò íåîáõîäèìîñòü â

èçìåðåíèè äëèíû ïîëîñû ñêàòàííîé â ðóëîí ìàòåðèàëà íà ëèíèÿõ ðàñêðîÿ ïîëîñû. Îñå-

âàÿ íàìîòêà ãèáêèõ ïëîñêèõ ìàòåðèàëîâ (áóìàãà, ìåòàëëè÷åñêèé ëèñò, òêàíü, ïëåíêà è

ò.ä.) øèðîêî ïðèìåíÿåòñÿ â ïðîìûøëåííîì ïðîèçâîäñòâå. Â çàâèñèìîñòè îò ñïåöèôèêè

òåõíîëîãè÷åñêîãî ïðîöåññà è ñèñòåìû ëîãèñòèêè ïðåäúÿâëÿåòñÿ ðÿä òðåáîâàíèé, îäíèì èç

êîòîðûõ ÿâëÿåòñÿ îïðåäåëåíèå äëèíû íàìîòàííîãî â ðóëîí ìàòåðèàëà. Â ñâÿçè ñ ýòèì è

óâåëè÷åíèåì ïîñòàâîê ðóëîííîé ñòàëè, ñäà÷åé ìåòàëëà ïî ìàññå ðàçðàáàòûâàþòñÿ ñïîñîáû

èçìåðåíèÿ äëèíû ïîëîñû â ðóëîíå, ÿâëÿþùèåñÿ âàæíûìè äëÿ ïðåäïðèÿòèé ìàøèíîñòðî-

èòåëüíîãî ïðîôèëÿ ïðè ðåøåíèè çàäà÷è îïòèìàëüíîãî ðàñêðîÿ ïðÿìîóãîëüíîé ïîëîñû íà

ìåíüøèå ïðÿìîóãîëüíèêè.
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Ïîñòàíîâêà çàäà÷è. Ïóñòü îáúåêò, èìåþùèé âèä ïîëîñû ïðÿìîóãîëüíîé ôîðìû, ñêàòàí

â ðóëîí ïî îäíîé èç ñòîðîí ïðÿìîóãîëüíèêà. Òðåáóåòñÿ îïðåäåëèòü äëèíó L ïîëîñû èç

ëåãêî èçâëåêàåìûõ ãåîìåòðè÷åñêèõ ïàðàìåòðîâ ðóëîíà.

Îáúåêòîì ðàññìîòðåíèÿ ìîæåò áûòü ëþáîé ìàòåðèàë ïðÿìîóãîëüíîé ôîðìû, ïîçâîëÿ-

þùèé ñêàòûâàíèå åãî â ðóëîí ïî îäíîé èç ñòîðîí ïðÿìîóãîëüíèêà.

Ñóùåñòâóåò íåñêîëüêî âàðèàíòîâ ïîñòàíîâîê ýòîé çàäà÷è äëÿ ðóëîíà ïîëîñû ïðÿìî-

óãîëüíîé ôîðìû, ñêàòàííîé â ðóëîí ïî îäíîé èç ñòîðîí ïðÿìîóãîëüíèêà, â çàâèñèìîñòè

îò õàðàêòåðà íàìîòêè - ïëîòíàÿ, íåïëîòíàÿ è ïðîèçâîëüíàÿ.

Ïî ïåðâûì äâóì âàðèàíòàì òèïîâ íàìîòêè èçâåñòíû ðåøåíèÿ, êîòîðûå ñâîäÿòñÿ ê

èçâåñòíûì ôîðìóëàì îïðåäåëåíèÿ äëèíû êëàññè÷åñêèõ êðèâûõ - àðõèìåäîâà ñïèðàëü è

ëîãàðèôìè÷åñêàÿ ñïèðàëü [1].

Ðàññìîòðèì êàæäûé âàðèàíò íàìîòêè ñïèðàëè îòäåëüíî.

1. Ïëîòíàÿ íàìîòêà. Áóäåì ñ÷èòàòü ñïèðàëüþ ãðàíèöó ìåæäó ñëîÿìè ñâåðíóòîãî â ðó-

ëîí ìàòåðèàëà, òàê êàê âèòêè ïîëó÷àåìîé ñïèðàëè âñåãäà áóäóò íàõîäèòüñÿ íà îäèíàêîâîì

ðàññòîÿíèè äðóã îò äðóãà, ðàâíîì òîëùèíå ìàòåðèàëà, - àðõèìåäîâà ñïèðàëü. Ïðè ïëîò-

íîé íàìîòêå è èçâåñòíîé òîëùèíå ïîëîñû ìàòåðèàëà ðàñ÷åò äëèíû ðóëîíà ïðîèçâîäèòñÿ

ïî ôîðìóëå îïðåäåëåíèÿ äëèíû àðõèìåäîâîé ñïèðàëè [1].

Íåäîñòàòêè: Ôîðìà ñïèðàëè äîëæíà áûòü áëèçêà ê ôîðìå àðõèìåäîâîé ñïèðàëè, ôîð-

ìà áîáèíû äîëæíà áûòü áëèçêà ê îêðóæíîñòè.

2. Íåïëîòíàÿ íàìîòêà (ðàâíîìåðíàÿ). Ïóñòü ïðîìåæóòêè ìåæäó âèòêàìè ðóëîíà

íåîäèíàêîâû - âîçðàñòàþò îò âíóòðåííèõ âèòêîâ ê âíåøíèì ãðàíèöàì. Â ìàòåìàòè÷åñêîì

ñìûñëå âèòêè âñå âðåìÿ ðàñïîëàãàþòñÿ ïîä îäíèì è òåì æå óãëîì ê ïðÿìîé, èñõîäÿùåé èç

öåíòðà ñïèðàëè, - ëîãàðèôìè÷åñêàÿ ñïèðàëü [1]. Åñëè íàìîòêà ðàâíîìåðíàÿ, íî íåïëîòíàÿ,

ìîæíî ïîñ÷èòàòü äëèíó èñõîäÿ èç èçâåñòíîãî ÷èñëà âèòêîâ è èçâåñòíîé òîëùèíå ïîëîñû

ìàòåðèàëà ïî ôîðìóëå îïðåäåëåíèÿ äëèíû ëîãàðèôìè÷åñêîé ñïèðàëè [1].

Íåäîñòàòêè: Ôîðìà ñïèðàëè äîëæíà áûòü áëèçêà ê ôîðìå ëîãàðèôìè÷åñêîé ñïèðàëè,

ôîðìà áîáèíû äîëæíà áûòü áëèçêà ê îêðóæíîñòè.

3. Íåèçâåñòíàÿ íàìîòêà (íåðàâíîìåðíàÿ). Äëÿ ýòîãî ñëó÷àÿ ïðåäëîæåí ñïîñîá îïðåäå-

ëåíèÿ äëèíû ìàòåðèàëà ïðÿìîóãîëüíîé ôîðìû, ñêàòàííîé â ðóëîí, äîñòîèíñòâàìè êîòî-

ðîãî ÿâëÿþòñÿ íàëè÷èå ëåãêîäîñòóïíûõ ïðîöåäóð èçìåðåíèÿ, îòñóòñòâèå ãðîìîçäêèõ îïå-

ðàöèé âçâåøèâàíèÿ, ïîâûøåíèå íàäåæíîñòè è òî÷íîñòè, óïðàâëåíèå ïðîöåññîì òî÷íîñòè

ïðè îïðåäåëåíèè äëèíû ìàòåðèàëà äëÿ çàäà÷ îïòèìàëüíîãî ðàñêðîÿ ïîëîñû íà ìåíüøèå

÷àñòè.
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Ïðåäëàãàåòñÿ ìîäåëü ïðîãíîçèðîâàíèÿ ïðîöåññà òâåðäåíèÿ çàêëàäî÷íîãî ìàññèâà ïî

äàííûì íàáëþäåíèé çà ïîêàçàòåëÿìè ñîñòîÿíèé çàêëàäî÷íîãî ìàòåðèàëà, âûïîëíåííûõ â

îïðåäåëåííûå ìîìåíòû âðåìåíè.

Öåëü ìîäåëè - ïîâûñèòü äîñòîâåðíîñòü ïðîãíîçîâ è ïîëó÷èòü ñðåäñòâà, êîòîðûå ïîç-

âîëÿþò áîëåå òî÷íî îïðåäåëèòü ïðîãíîçèðóåìóþ òðàåêòîðèþ èçìåíåíèÿ ñîñòîÿíèÿ çàêëà-

äî÷íîãî ìàòåðèàëà ïî íàáîðàì ïðèçíàêîâ ñîñòîÿíèÿ â îïðåäåëåííûå ìîìåíòû âðåìåíè.

Ìåòîäèêà ïîñòðîåíèÿ ìîäåëè îñíîâàíà íà ðåçóëüòàòàõ ðàñïîçíàâàíèÿ îáðàçîâ è ïðîãíî-

çèðîâàíèÿ. Ïðèìåíåíèå ðàçðàáîòàííîé ìîäåëè ê ðåøåíèþ êîíêðåòíûõ çàäà÷ ïðîãíîçà

ïîçâîëÿåò èññëåäîâàòü ñîñòîÿíèå çàêëàäî÷íîãî ìàññèâà ïî ìåðå ðàçâèòèÿ åãî ñîñòîÿíèÿ è

óñòàíàâëèâàòü ìîìåíò ýêñïëóàòàöèîííîé ãîòîâíîñòè.

Ïîñòàíîâêà çàäà÷è. Ïóñòü îáúåêòîì ðàññìîòðåíèÿ ÿâëÿåòñÿ õèìèêî-òåõíîëîãè÷êñêèé

ïðîöåññ, ðàññìàòðèâàåìûé êàê ïðîöåññ ðàçâèòèÿ ñîñòîÿíèÿ îáúåêòà âî âðåìåíè. Òðåáóåòñÿ

îïðåäåëèòü êëàññ ïðèíàäëåæíîñòè òðàåêòîðèè èçìåíåíèÿ ñîñòîÿíèÿ.

Ñóùåñòâóåò íåñêîëüêî âàðèàíòîâ ïîñòàíîâîê è ðåøåíèé ýòîé çàäà÷è.

Îáúåêòîì ðàññìîòðåíèÿ ìîæåò áûòü ëþáîé ïðîöåññ ðàçâèòèÿ, ðàññìàòðèâàåìûé êàê

äèíàìè÷åñêèé îáúåêò.

Ðàññìàòðèâàåòñÿ âàðèàíò ïðîöåññà, ïðè êîòîðîì íàáîð ïàðàìåòðîâ ñîñòîÿíèé ìåíÿåòñÿ

â çàâèñèìîñòè îò ìîìåíòà âðåìåíè íàáëþäåíèÿ çà íèì.
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Íà Ω = [0, X] × [0, Y ] ðàññìàòðèâàåòñÿ ïîëóïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à äëÿ íåëè-

íåéíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïðîèçâîëüíûìè ôóíêöèÿìè

∂2z

∂x∂y
= k

∂z

∂x
· ∂z
∂y

+ a(x, y)
∂z

∂x
+ f(x, y) (1)

z(0, y) = ϕ(y), (2)

z(x, 0) = z(x, Y ), (3)

ãäå k = const, ϕ(y) - çàäàííàÿ ôóíêöèÿ çàâèñÿùàÿ y, a(x, y), f(x, y) - ïðîèçâîëüíûå ôóíê-

öèè çàâèñÿùèå îò x è y. Â ðàáîòå G.B.Whitham [1] áûëè ðàññìîòðåíû óðàâíåíèÿ ñîäåðæà-

ùèå ïðîèçâîëüíûå ïàðàìåòðû âèäà

∂2z

∂x∂y
= k

∂z

∂x
· ∂z
∂y

+ s
∂z

∂x
+m

∂z

∂y
.

Òàêèå óðàâíåíèÿ âñòðå÷àþòñÿ â íåêîòîðûõ çàäà÷àõ õèìè÷åñêîé òåõíîëîãèè è õðîìîòîãðà-

ôèè. Çàìåíà u = ekz â çàäà÷å (1)-(3) ïðèâîäèò ê ëèíåéíîé ïîëóïåðèîäè÷åñêîé êðàåâîé

çàäà÷å
∂2u

∂x∂y
= a(x, y)

∂u

∂y
+ kf(x, y)u (4)

u(0, y) = ekϕ(y), (5)

u(x, 0) = u(x, Y ), (6)

z(x, y) =
1

k
lnu(x, y). (7)

Â ðàáîòå [2] çàäà÷à (4)-(6) èññëåäîâàëàñü ìåòîäîì ïàðàìåòðèçàöèè [3]. Â òåðìèíàõ ìàòðè-

öû Qν(x, h), ýëåìåíòû êîòîðîé îïðåäåëÿþòñÿ ÷åðåç a(x, y) áûëè óñòàíîâëåíû äîñòàòî÷íûå

óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (4)-(6). Â ñîîáùåíèè èññëåäóþòñÿ âîïðîñû

ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè ðåøåíèÿ äàííîé çàäà÷è è ñõîäèìîñòü àëãîðèòìà íàõîæ-

äåíèÿ åå ðåøåíèÿ. Ñïðàâåäëèâî óòâåðæäåíèå

Òåîðåìà. Ïóñòü ïðè íåêîòîðîì øàãå h > 0, Nh = Y,N = 1, 2, ..., ÷èñëà ïîäñòàíîâîê

ν, ν = 1, 2, ..., (N × N) - ìàòðèöà Qν(x, h), îáðàòèìà ïðè âñåõ x ∈ [0, X] è âûïîëíÿþòñÿ

íåðàâåíñòâà:

1)‖[Qν(x, h)]−1‖ ≤ γν(x, h),

2)qν(x, h) =
(α(x)h)ν

ν!

[
1 + γν(x, h)

ν∑
j=1

(α(x)h)j

j!

]
≤ µ < 1,

ãäå µ = const, a(x) = max
y∈[0,Y ]

‖a(x, y)‖. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1)-

(3).
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Î íåëîêàëüíîé êðàåâîé çàäà÷å äëÿ óðàâíåíèÿ ñìåøàííîãî

òèïà ñ ñèíãóëÿðíûì êîýôôèöèåíòîì â íåîãðàíè÷åííîé

îáëàñòè
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Ïóñòü D = D+∪D−∪ I - îáëàñòü êîìïëåêñíîé ïëîñêîñòè z = x+ iy, ãäå D+- ïîëóïëîñ-

êîñòü y > 0,D− - êîíå÷íàÿ îáëàñòü ïîëóïëîñêîñòè y < 0, îãðàíè÷åííàÿ õàðàêòåðèñòèêàìè

AC è BC óðàâíåíèÿ

signy |y|m uxx + uyy −
m

2y
uy = 0,m > 0. (1)

èñõîäÿùèìè èç òî÷åê A(−1, 0), B(1, 0) è îòðåçêîì AB ïðÿìîé y = 0, I =

(x, y) : −1 < x < 1, y = 0. Ââåäåì îáîçíàå÷åíèÿ: I1 = {(x, y) : −∞ < x < −1, y = 0},
I2 = {(x, y) : 1 < x <∞, y = 0}.

Çàäà÷à A. Íàéòè â îáëàñòè D ôóíêöèþ u(x, y), óäîâëåòâîðÿþùóþ ñëåäóþùèì óñëî-

âèÿì:

1) u(x, y) ∈ C(D̄), ãäå D̄ = D ∪ Ī1 ∪ ĀC ∪ B̄C ∪ Ī2;

2) u(x, y) ∈ C2 (D+) è óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòè D+;

3) u(x, y) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì êëàññà R1 [1] (τ ′(x), ν(x) ∈ H ïðè÷åì τ ′(x),

è ν(x) íåïðåðûâíû â òî÷êå x = −1) óðàâíåíèÿ (1) â îáëàñòè D−;

4) íà èíòåðâàëå âûðîæäåíèÿ èìååò ìåñòî óñëîâèå ñîïðÿæåíèÿ

lim
y→−0

(−y)−m/2
∂u

∂y
= lim

y→+0
y−m/2

∂u

∂y
, x ∈ I,

ïðè÷åì ýòè ïðåäåëû ïðè x→ 1 ìîãóò èìåòü îñîáåííîñòè íèæå åäèíèöû;
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5) âûïîëíåíî lim
R→+∞

u(x, y) = 0, y ≥ 0, R2 = x2 + 4(m+ 2)−2ym+2;

6) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

u(x, y)|y=0 = τi(x), x ∈ Īi, i = 1, 2,

u[θ0(x)] = µu[θk(x)] + (1− µ)u(x, 0) + ψ(x), x ∈ [−1, 1],

τi(x), ψ(x) - çàäàííûå ôóíêöèè, ïðè÷åì τi(±1) = 0, i = 1, 2, ψ(−1) = 0, µ 6= 1 ïîñòî-

ÿííàÿ, θ0(x) = x0−1
2
− i(m+2

4
(1 + x0))

2
m+2 , θk(x) = kx0−1

1+k
− i( (m+2)(1+x0)

2(1+k)
)

2
m+2 - àôôèêñû òî÷åê

ïåðåñå÷åíèÿ õàðàêòåðèñòèêè AC è êðèâîé AC1 : x− 2k
m+2

(−y)
m+2

2 = −1,

k = const > 1, ãäå C1 ∈ BC, ñ õàðàêòåðèñòèêîé , èñõîäÿùåé èç òî÷êè (x0, 0), x0 ∈
(−1, 1).

Çàìåòèì, ÷òî êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) â êîíå÷íîé îáëàñòè èññëåäîâàíà â ðàáî-

òå [2]. Â äàííîé ðàáîòå èçó÷àåòñÿ êðàåâàÿ çàäà÷à ñ àíàëîãîì óñëîâèÿ Áèöàäçå-Ñàìàðñêîãî

äëÿ óðàâíåíèÿ (1) â íåîãðàíè÷åííîé îáëàñòè.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíîå óðàâíåíèå, åäèíñòâåííîñòü ðåøåíèÿ, ñóùåñòâîâàíèå

ðåøåíèÿ.

2010 Mathematics Subject Classi�cation: 35A02, 35J25, 35J70

Ëèòåðàòóðà

[1] Ñìèðíîâ Ì.Ì. Óðàâíåíèÿ ñìåøàííîãî òèïà, Âûñøàÿ øêîëà, Ìîñêâà(1985).
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Áèöàäçå-Ñàìàðñêîãî äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà, Èçâåñòèÿ âóçîâ.Ìàòåìàòèêà, 10(

2016), 36�40.

Î íåëèíåéíîé çàäà÷å ñî ñâîáîäíîé ãðàíèöåé ñ îäíèì

íåëîêàëüíûì óñëîâèåì äëÿ êâàçèëèíåéíîãî óðàâíåíèÿ

äèôôóçèè

Ð.Í.ÒÓÐÀÅÂ

Èíñòèòóò Ìàòåìàòèêè ÀÍ ÐÓç.,Òàøêåíò, Óçáåêèñòàí E-mail:rasul.turaev@mail.ru

Â ñîâðåìåííîé íàóêå íàáëþäàåòñÿ ïîâûøåííûé èíòåðåñ ê ïðîöåññàì, ïðîèñõîäÿùèì â

íåëèíåéíûõ ñðåäàõ. Çäåñü ìîæíî óêàçàòü çàäà÷è ãèäðî- è ãàçîäèíàìèêè, ôèçèêè ïëàçìû,

òåîðèè õèìè÷åñêèõ ðåàêöèé è äð [1]. Â ñâÿçè ñ ïîñòàíîâêîé íîâûõ çàäà÷ âîçíèêàåò íåîá-

õîäèìîñòü ðàçðàáîòêè íîâûõ ïîäõîäîâ â èññëåäîâàíèè íåëèíåéíûõ çàäà÷ ìàòåìàòè÷åñêîé

ôèçèêè, ðåøàþùèõñÿ ñ ïîìîùþ ìàòåìàòè÷åñêèõ ìîäåëåé ïðîöåññîâ â íåëèíåéíûõ ñðåäàõ.

Ïðè ýòîì ìíîãèå èç óêàçàííûõ çàäà÷ äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ïðèâîäÿòñÿ ê êðàå-

âûì çàäà÷àì ñî ñâîáîäíîé ãðàíèöåé. Òåîðèÿ êëàññè÷åñêîé ðàçðåøèìîñòè çàäà÷è Ñòåôàíà

è äðóãèõ çàäà÷ ñî ñâîáîäíûìè ãðàíèöàìè äëÿ ïàðàáîëè÷åñêèõ óðàâíåíèé ïîñòðîåíà.

Â íàñòîÿùåé ðàáîòå èçó÷àåòñÿ íåëèíåéíàÿ íåëîêàëüíàÿ çàäà÷à ñî ñâîáîäíîé ãðàíèöåé

òèïà Ôëîðèíà äëÿ êâàçèëèíåéíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ.
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Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ íàéòè íà íåêîòîðîì îòðåçêå 0 < t ≤ T íåïðå-

ðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèþ s(t), òàêóþ, ÷òî s(0) = s0 > 0, 0 < ṡ(t) ≤ N ,

s(t)−óäîâëåòâîðÿåò óñëîâèþ Ãåëüäåðà, à ôóíêöèÿ u(t, x) â îáëàñòè D = {(t, x) : 0 < t ≤
T, 0 < x < s(t)} óäîâëåòâîðÿåò óðàâíåíèþ

ut(t, x) = a(ux)uxx(t, x) + b(u)ux(t, x), (t, x) ∈ D (1)

è ñëåäóþùèì íà÷àëüíûì è ãðàíè÷íûì óñëîâèÿì

u(0, x) = ϕ(x), 0 ≤ x ≤ s0, (2)

ux(t, 0) = ψ(t), 0 ≤ t ≤ T, (3)

αu(t, 0) = u(t, s(t)), 0 ≤ t ≤ T, (4)

ux(t, s(t)) = p, 0 ≤ t ≤ T. (5)

Â ðàáîòå [2] èçó÷åíà ëîêàëüíàÿ çàäà÷à Ñòåôàíà, à â ðàáîòå [3] èçó÷åíà çàäà÷à Ñòåôàíà

ñ íåëîêàëüíûìè óñëîâèÿìè äëÿ òàêîãî óðàâíåíèÿ.

Èññëåäîâàíèå ïðîâîäèòñÿ ïî ñëåäóþùåé ñõåìå. Ñíà÷àëà óñòàíàâëèâàþòñÿ íåêîòîðûå

àïðèîðíûå îöåíêè äëÿ ðåøåíèé s(t), u(t, x) è èõ ïðîèçâîäíûå. Äëÿ ýòîãî ïîñòàâëåííóþ

çàäà÷ó (1)-(5) ñâåäåì ê ýêâèâàëåíòíîé çàäà÷å (òèïà Ñòåôàíà) äëÿ ôóíêöèé s(t), ux(t, x).

Îáîçíà÷èì ux(t, x) = v(t, x). Òîãäà èç çàäà÷è (1)-(5) ïîëó÷èì ñëåäóþùóþ çàäà÷ó

vt(t, x) = a(v)vxx(t, x) + a′v(v)v(t, x) · vx(t, x)+

+b(u)vx(t, x) + b′u(u) · v2(t, x), (t, x) ∈ D, (6)

v(0, x) = ϕ′(x), 0 ≤ x ≤ s0, (7)

v(t, 0) = ψ(t), 0 ≤ t ≤ T, (8)

v(t, s(t)) = p, 0 ≤ t ≤ T, (9)

ṡ(t) =
αa(ψ(t))

p
vx(t, 0)− a(p)

p
vx(t, s(t))+

+
αψ(t)

p
b(u(t, 0))− b(u(t, s(t))), 0 ≤ t ≤ T. (10)

Äàëåå, íà îñíîâå óñòàíîâëåííûõ îöåíîê èññëåäóåòñÿ ïîâåäåíèå ñâîáîäíîé ãðàíèöû, äî-

êàçûâàåòñÿ åäèíñòâåííîñòü ðåøåíèÿ. È â èòîãå äîêàçûâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ ïî-

ëó÷åííûé è ïåðâîíà÷àëüíîé çàäà÷è ïðè ïîìîùè ìåòîäîì íåïîäâèæíîé òî÷êè Øàóäåðà

[3].

Êëþ÷åâûå ñëîâà: çàäà÷à Ôëîðèíà, íåèçâåñòíàÿ ãðàíèöà, çàäà÷à Ñòåôàíà, åäèíñòâåí-

íîñòü ðåøåíèÿ, ñóùåñòâîâàíèå ðåøåíèÿ.

2010 Mathematics Subject Classi�cation: 35K05, 35K20, 35K59
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Ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå ïðîñòðàíñòâåííûõ

êîëåáàíèé îáîëî÷å÷íûõ êîíñòðóêöèé ñ ïðîòåêàþùåé

æèäêîñòüþ

Á.À. ÕÓÄÀßÐÎÂ, 1,a, Ô.Æ. ÒÓÐÀÅÂ 2,b

1,2 Òàøêåíòñêèé èíñòèòóò èíæåíåðîâ èððèãàöèè è ìåõàíèçàöèè ñåëüñêîãî õîçÿéñòâà,
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E-mail: abakht-�po@yandex.ru , bt.fozil86@mail.ru

Ðàññìîòðèì ïîâåäåíèå òîíêîé êðóãîâîé âÿçêîóïðóãîé öèëèíäðè÷åñêîé îáîëî÷êè, âíóò-

ðè êîòîðîé ñ ïîñòîÿííîé ñêîðîñòüþ äâèæåòñÿ èäåàëüíàÿ æèäêîñòü. Ñêîðîñòü æèäêîñòè

ðàâíà U è èìååò íàïðàâëåíèå, ñîâïàäàþùåå ñ íàïðàâëåíèåì îñè Ox.

Óðàâíåíèÿ äâèæåíèÿ îáîëî÷êè, ïîëó÷åííûå â ðàìêàõ êëàññè÷åñêèõ òåîðèè îáîëî÷åê

[1], ñ ó÷åòîì íàëè÷èÿ âÿçêîóïðóãîãî îñíîâàíèÿ, èìåþò âèä:

(1−R∗)
{
∂2u
∂x2

+ 1−µ
2R2

∂2u
∂θ2

+ 1+µ
2R

∂2v
∂x∂θ

+ L1(w)
}
− ρ1−µ2

E
∂2u
∂t2

= 0,

(1−R∗)
{

1
R2

∂2v
∂θ2

+ 1−µ
2

∂2v
∂x2

+ 1+µ
2R

∂2u
∂x∂θ

+ L2 (w)
}
− ρ1−µ2

E
∂2v
∂t2

= 0,

D(1−R∗)∇4w + L∗3(u, v, w) + k1(1− ∗)w + ρh∂
2w
∂t2

= q.

Ñ ïîìîùüþ ìåòîäà Áóáíîâà- Ãàëåðêèíà ìàòåìàòè÷åñêàÿ ìîäåëü çàäà÷è ñâîäèòñÿ ê ðå-

øåíèþ ñèñòåìû îáûêíîâåííûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, ãäå íåçàâèñèìîé

ïåðåìåííîé ÿâëÿåòñÿ âðåìÿ. Ðåøåíèå èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé îïðåäåëÿ-

þòñÿ ÷èñëåííûì ìåòîäîì, îñíîâàííûì íà èñêëþ÷åíèè îñîáåííîñòè â ÿäðå ðåëàêñàöèè

èíòåãðàëüíîãî îïåðàòîðà [2-4]. Ðàçðàáîòàí âû÷èñëèòåëüíûé àëãîðèòì, äëÿ ðåøåíèÿ çàäà÷

äèíàìèêè âÿçêîóïðóãèõ òðóáîïðîâîäîâ ñ ïðîòåêàþùåé æèäêîñòè. Íà îñíîâå ðàçðàáîòàí-

íîãî âû÷èñëèòåëüíîãî àëãîðèòìà ñîçäàí êîìïëåêñ ïðèêëàäíûõ ïðîãðàìì. ×èñëåííî èñ-

ñëåäîâàíî âëèÿíèå ñèíãóëÿðíîñòè â ÿäðàõ íàñëåäñòâåííîñòè íà êîëåáàíèÿ êîíñòðóêöèé,

îáëàäàþùèõ âÿçêîóïðóãèìè ñâîéñòâàìè.
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Âòîðîé ïîòåíöèàë äâîéíîãî ñëîÿ äëÿ ýëëèïòè÷åñêîãî

óðàâíåíèÿ ñ ñèíãóëÿðíûì êîýôôèöèåíòîì

À.ÕÀÑÀÍÎÂ1,a, Ò.Ã.ÝÐÃÀØÅÂ2,b
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Ïóñòü R+
p � ïîëîâèíà x1 > 0 p−ìåðíîãî åâêëèäîâà ïðîñòðàíñòâà òî÷åê x = (x1, ..., xp);

Ω � êîíå÷íàÿ îáëàñòü â R+
p , îãðàíè÷åííàÿ ãèïåðïîâåðõíîñòüþ Γ è ÷àñòüþ Γ1 ãèïåðïëîñêî-

ñòè x1 = 0; Ωe = R+
p \ (Ω ∪ Γ).

Ðàññìîòðèì â R+
p ýëëèïòè÷åñêîå óðàâíåíèå ñ ñèíãóëÿðíûì êîýôôèöèåíòîì

p∑
i=1

uxixi +
2α

x1

ux1 = 0, (1)

ãäå α � äåéñòâèòåëüíîå ÷èñëî, ïðè÷åì 0 < 2α < 1; p ≥ 2.

Èñïîëüçóÿ âòîðîå ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ (1) â âèäå [1]

q2(x, ξ) = k2r
2α−px1−2α

1 ξ1−2α
1 F

(
p

2
− α, 1− α; 2− 2α; 1− r2

1

r2

)
,

ãäå k2 � èçâåñòíàÿ ïîñòîÿííàÿ,

ξ = (ξ1, ..., ξp), r2 =

p∑
i=1

(xi − ξi)2, r2
1 = (x1 + ξ1)2 +

p∑
i=2

(xi − ξi)2,

îïðåäåëèì ïîòåíöèàë äâîéíîãî ñëîÿ ôîðìóëîé

w(2)(x) =

∫
Γ

ξ2α
1 µ2(ξ)

∂q2(ξ, x)

∂n
dΓ. (2)

Çäåñü µ2(ξ) ∈ C(Γ) � ïëîòíîñòü, ∂
∂n

=
p∑
i=1

cos (n, xi)
∂
∂xi

� íîðìàëüíàÿ ïðîèçâîäíàÿ,

n−âíåøíÿÿ íîðìàëü ê ãðàíèöå Γ. Ïîòåíöèàë äâîéíîãî ñëîÿ (2) ïðè µ2(ξ) = 1 îáîçíà÷èì

÷åðåç w(2)
1 (x).
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Ïîòåíöèàë w(2)(x) ÿâëÿåòñÿ ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) â ëþáîé îáëàñòè èç

R+
p , íå èìåþùåé îáùèõ òî÷åê íè ñ ãèïåðïîâåðõíîñòüþ Γ, íè ñ ãèïåðïëîñêîñòüþ x1 = 0.

Ïîòåíöèàë äâîéíîãî ñëîÿ w(2)(x) îïðåäåëåí âî âñåõ òî÷êàõ ïîëóïðîñòðàíñòâà x1 > 0.

Ëåììà 1. Åñëè Γ � ïîâåðõíîñòü Ëÿïóíîâà, êîòîðàÿ îáðàçóåò ñ ãèïåðïëîñêîñòüþ x1 = 0

ïðÿìîé óãîë, òî

∫
Γ

ξ2α
1

∣∣∣∣∂q2(ξ, x)

∂n

∣∣∣∣ dΓ ≤ B, w
(2)
1 (x) =


k0(x)− 1, x ∈ Ω,

k0(x)− 1
2
, x ∈ Γ,

k0(x), x ∈ Ωe,

ãäå

k0(x) = (1− 2α)k2x
1−2α
1

∫
Γ1

(
x2

1 +

p∑
i=2

(ξi − xi)2

)α− p
2

dξ′Γ1,

ξ′ = (ξ2, ..., ξp); B - ïîñòîÿííàÿ.

Òåîðåìà 1. Ïîòåíöèàë äâîéíîãî ñëîÿ w(2)(x) èìååò ïðåäåëû ïðè ñòðåìëåíèè òî÷êè x

ê òî÷êå ξ ãèïåðïîâåðõíîñòè Γ èçâíå è èçíóòðè. Åñëè ïðåäåë çíà÷åíèé w(2)(x) èçíóòðè

îáîçíà÷èòü ÷åðåç w
(2)
i (x), à ïðåäåë èçâíå � ÷åðåç w

(2)
e (x), òî èìåþò ìåñòî ôîðìóëû

w
(2)
i (x) = −1

2
+

∫
Γ

µ2(ξ)K2(ξ, x)dΓ,

w(2)
e (x) =

1

2
+

∫
Γ

µ2(ξ)K2(ξ, x)dΓ,

ãäå

K2(ξ, x) = ξ2α
1

∂

∂nξ
{q2(ξ, x)} , µ2(ξ) ∈ C(Γ).

Ëåììà 1 è òåîðåìà 1 ïðè p = 2 äîêàçàíû â [2].

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêîå óðàâíåíèå ñ ñèíãóëÿðíûì êîýôôèöèåíòîì, ôóíäàìåí-

òàëüíîå ðåøåíèå, âòîðîé ïîòåíöèàë äâîéíîãî ñëîÿ.
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Îñíîâîé ÷èñëåííîãî ðåøåíèÿ ëèíåéíûõ è íåëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ

óðàâíåíèé (ÈÄÓ) òèïà Âîëüòåððà ÿâëÿþòñÿ õîðîøî ðàçðàáîòàííûå ÷èñëåííûå ìåòîäû.

Äëÿ ðåøåíèé èíòåãðàëüíûõ è ÈÄÓ èñïîëüçóþòñÿ ðàçëè÷íûå ìåòîäû. Íàïðèìåð, ìåòîä

èíòåãðàëüíûõ è òèïà èíòåãðàëüíûõ ïðåîáðàçîâàíèé, Ðóíãå-Êóòòà, óñðåäíåíèÿ, çàìîðàæè-

âàíèÿ è äðóãèå. Â ðàáîòàõ [1-4] ïðåäëîæåí ýôôåêòèâíûé ïîäõîä ê ÷èñëåííîìó ðåøåíèþ

ñèñòåì ëèíåéíûõ è íåëèíåéíûõ ÈÄÓ ñî ñëàáî-ñèíãóëÿðíûìè ÿäðàìè íàñëåäñòâåííîñòè.

Ýòîò ìåòîä îñíîâàí íà ñîâìåñòíîì ðàöèîíàëüíîì èñïîëüçîâàíèè ðàçëè÷íûõ àíàëèòè÷å-

ñêèõ ïðåîáðàçîâàíèé, ïîçâîëÿþùèõ ñâåñòè èñõîäíûå ñèñòåìû ê ñèñòåìå èíòåãðàëüíûõ

óðàâíåíèé ñ ðåãóëÿðíûìè ÿäðàìè è óñòîé÷èâîãî ÷èñëåííîãî èíòåãðèðîâàíèÿ, îáåñïå÷èâà-

þùåãî ïîëó÷åíèå ðåøåíèÿ çàäà÷ ñ âûñîêîé ñòåïåíüþ òî÷íîñòè. Â äàííîé ðàáîòå íà îñíîâå

èíòåãðàëüíûõ ìîäåëåé, ïîñòðîåíû ìàòåìàòè÷åñêèå ìîäåëè íåëèíåéíûõ äèíàìè÷åñêèõ çà-

äà÷ òðóáîïðîâîäîâ, ñ ïðîòåêàþùèõ ãàçî-æèäêîñòåé. Ïîëó÷åííûå íåëèíåéíûå ÈÄÓ â ÷àñò-

íûõ ïðîèçâîäíûõ ñ ïîìîùüþ ìåòîäà Áóáíîâà-Ãàëåðêèíà ïðè ðàññìîòðåííûõ ãðàíè÷íûõ

óñëîâèÿõ ñâîäÿòñÿ ê ðåøåíèþ ñèñòåì íåëèíåéíûõ îáûêíîâåííûõ ÈÄÓ ñ ïîñòîÿííûìè èëè

ïåðåìåííûìè êîýôôèöèåíòàìè îòíîñèòåëüíî ôóíêöèè âðåìåíè. Äëÿ èññëåäîâàíèÿ êîëå-

áàòåëüíûõ ïðîöåññîâ òðóáîïðîâîäîâ ïðåäëàãàåòñÿ ÷èñëåííûé àëãîðèòì ðåøåíèå íåëèíåé-

íûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ñèíãóëÿðíûìè ÿäðàìè. Íà îñíîâå ðàçðà-

áîòàííîãî âû÷èñëèòåëüíîãî àëãîðèòìà ñîçäàí êîìïëåêñ ïðèêëàäíûõ ïðîãðàìì. ×èñëåííî

èññëåäîâàíî âëèÿíèå ñèíãóëÿðíîñòè â ÿäðàõ íàñëåäñòâåííîñòè íà êîëåáàíèÿ êîíñòðóêöèé,

îáëàäàþùèõ âÿçêîóïðóãèìè ñâîéñòâàìè.
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