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Íèéåíõåéñîâûå îïåðàòîðíûå ïîëÿ: âîïðîñû
êëàññèôèêàöèè è ãåîäåçè÷åñêè ýêâèâàëåíòíûå ìåòðèêè

Äèíìóõàììåä Æóëäûçáàéóëû ÀÊÏÀÍ

ÌÃÓ èìåíè Ì.Â.Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ

E-mail: akpandz@my.msu.ru

Â äîêëàäå áóäåò ðàññêàçàíî ïðî êëàññèôèêàöèþ n-ìåðíûõ îïåðàòîðîâ Íèéåíõåéñà, êî-
ãäà õàðàêòåðèñòè÷åñêîå îòîáðàæåíèå èíâàðèàíòîâ (êîýôôèöèåíòîâ õàðàêòåðèñòè÷åñêîãî
ìíîãî÷ëåíà) èìååò ðàíã ìåíüøå n. Îñíîâíûì ìåòîäîì äîêàçàòåëüñòâ ÿâëÿåòñÿ èñïîëüçî-
âàíèÿ ìåòîäîâ Òåîðèè Îñîáåííîñòåé, à èìåííî îñîáåííîñòåé òèïà Ak.

Îïðåäåëåíèå. Ïóñòü Mn � ãëàäêîå ìíîãîîáðàçèå è L = (Lij) � ãëàäêîå òåíçîðíîå
ïîëå òèïà (1, 1). Êðó÷åíèåì Íèéåíõåéñà èëè òåíçîðîì Íèéåíõåéñà íàçûâàåòñÿ òåíçîð òèïà
(1, 2), êîòîðûé çàäàåòñÿ èíâàðèàíòíî:

NL(u, v) = L2[u, v] + [Lu, Lv]− L[Lu, v]− L[u, Lv],

ãäå u, v � âåêòîðíûå ïîëÿ.
Îïåðàòîðíîå ïîëå L íàçûâàåòñÿ îïåðàòîðîì Íèéåíõåéñà, åñëè NL ≡ 0.
Ïóñòü χ(t) = det(tE − L) = tn + σ1t

n−1 + . . .+ σn.
Òåîðåìà. Ïóñòü L � îïåðàòîð Íèéåíõåéñà, ïðè÷åì trL = σ1 = x1, . . . , σn−1 = xn−1

è detL = σn = f(x1, . . . , xn−1, y) (â ñìûñëå Ìîðñà). Ïóñòü f(x1, . . . , xn−1, y) èìååò íåâû-
ðîæäåííóþ îñîáåííîñòü ïî ïåðåìåííîé y â íóëå. Òîãäà âñå îïåðàòîðû Íèéåíõåéñà èìåþò
âèä:

L =


−x1 1 0 . . . 0 0
−x2 0 1 . . . 0 0
. . . . . . . . . . . . . . . . . .

−xn−2 0 0 . . . 1 0
−xn−1 0 0 . . . 0 ±2y
−y

2
0 0 . . . 0 0

 .
Ïóñòü äàëåå (Mn, g) áóäåò ðèìàíîâûì ìíîãîîáðàçèåì, äâå ìåòðèêè g ∼ ḡ áóäåì íàçû-

âàòü ãåîäåçè÷åñêè ýêâèâàëåíòíûìè, åñëè îíè çàäàþò îäíó è òó æå ãåîäåçè÷åñêóþ ïîñëå
ïåðåïàðàìåòðèçàöèè. ßñíî, ÷òî ýòî íåêîòîðàÿ ñèñòåìà óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-
íûõ. Î÷åíü óäîáíîé çàïèñüþ ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ îòíîñèòåëüíî
äâóõ ìåòðèê ÿâëÿåòñÿ:

∇kLij = λigjk + λjgik,

ãäå L = (detḡ
detg

)
1

n+1 gḡ−1g, λi = 1
2
∂(tr(Lg−1))

∂xi
.

Îïåðàòîð, êîòîðûé ïîëó÷àåòñÿ R = Lg−1 ÿâëÿåòñÿ îïåðàòîðîì Íèéåíõåéñà. Ïîëó÷àåì
ëèíåéíóþ ñèñòåìó Óð×Ï îòíîñèòåëüíî ìåòðèêè gij. Â äîêëàäå áóäóò ïîêàçàíû ïðèìåðû
ãåîäåçè÷åñêè ýêâèâàëåíòíûõ ìåòðèê äëÿ ìàëûõ ðàçìåðíîñòåé.

Ïîääåðæêà: Àâòîð ÿâëÿåòñÿ ñòèïåíäèàòîì ôîíäà Áàçèñ.

Êëþ÷åâûå ñëîâà: îïåðàòîðû Íèéåíõåéñà, êðó÷åíèå Íèéåíõåéñà, ãåîìåòðèÿ Íèéåíõåéñà, èíòåãðèðóåìûå ñèñòåìû,
ýêâèâàëåíòíûå ìåòðèêè.

2010 Mathematics Subject Classi�cation: 37K05, 37K06, 37K10, 37K25, 37K50, 53B10, 53A20, 53B20, 53B30,
53B50, 53B99, 53D17.
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Ïðåäñòàâëåíà ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ äèíàìèêó çàìêíóòîãî êîíòàêò-
íîãî íàãðåâà ñ èñïàðåíèåì ìåòàëëà ïðè ìãíîâåííîì âçðûâå ìèêðîâûñòóïà è ïðîöåññîì
çàæèãàíèÿ äóãè, â êîòîðîé òåìïåðàòóðíîå ïîëå äëÿ çîíû èñïàðåíèÿ ìåòàëëà ââåäåíî â
âèäå ëèíåéíîãî óðàâíåíèÿ òåïëîñòîéêîñòè è óáûâàíèÿ. Íåîáõîäèìî îïðåäåëèòü òåìïåðà-
òóðíûå ïîëÿ äëÿ æèäêîé è òâåðäîé ôàç ìåòàëëà, îïèñûâàåìûå ñôåðè÷åñêèì óðàâíåíèåì
òåïëîïðîâîäíîñòè ñ íåëèíåéíûìè òåïëîâûìè êîýôôèöèåíòàìè è äæîóëåâûì èñòî÷íèêîì
òåïëà. Ìåòîä ðåøåíèÿ çàäà÷è, îñíîâàííûé íà ïðåîáðàçîâàíèè ïåðåìåííûõ ïîäîáèÿ, ïîç-
âîëÿåò ñâåñòè çàäà÷ó ê îáûêíîâåííîìó äèôôåðåíöèàëüíîìó óðàâíåíèþ è èíòåãðàëüíîìó
óðàâíåíèþ òèïà Âîëüòåððà. Ñóùåñòâîâàíèå è åäèíñòâåííîñòü èíòåãðàëüíûõ óðàâíåíèé
äîêàçàíû ñ ïîìîùüþ òåîðåìû î íåïîäâèæíîé òî÷êå â áàíàõîâîì ïðîñòðàíñòâå.

Ñîãëàñíî ýòîé ìîäåëè, êàñàþùèéñÿ ìèêðîâûñòóï êîíòàêòà ìãíîâåííî âçðûâàåòñÿ çà
ñ÷åò çàæèãàíèÿ äóãè ñ ìîùíîñòüþ P , ïðèëîæåííîé ê òî÷êå êàñàíèÿ r = 0, ÷òî ìîæåò
áûòü îïèñàíî δ-ôóíêöèåé

Pδ(r, t) = P ·
exp

(
− r2

4a2t

)
2a

√
πt

, (1)

ãäå a � êîýôôèöèåíò òåìïåðàòóðîïðîâîäíîñòè. Äëÿ ìîäåëèðîâàíèÿ òåïëîîáìåíà íåîáõî-
äèìî ââåñòè òðè îáëàñòè D0, D1 è D2. Îáëàñòü D0 (0 < r < α(t)) � çîíà ïàðîâ ìåòàëëà,
D1 (α(t) < r < β(t)) è D2 (β(t) < r <∞) � æèäêàÿ è òâåðäàÿ çîíû ñîîòâåòñòâåííî.

Ìîäåëèðîâàíèå òåìïåðàòóðíîãî ïîëÿ â ïàðîâîé çîíå D0 ïðåäïîëàãàåò, ÷òî òåìïåðàòóðà
â ýòîé çîíå ñíèæàåòñÿ îò òåìïåðàòóðû θi, íåîáõîäèìîé äëÿ èîíèçàöèè ïàðîâ ìåòàëëîâ
â òî÷êå âçðûâà r = 0, äî òåìïåðàòóðû êèïåíèÿ θb íà ãðàíèöå ïàðîâîé è æèäêîñòíîé
çîíû r = α(t). Ó÷èòûâàÿ, ÷òî òîëùèíà ïàðîâîé çîíû äîñòàòî÷íî ìàëà ïî ñðàâíåíèþ ñ
æèäêîñòíîé, ýòó çîíó D0 ìîæíî ðàññìàòðèâàòü êàê òåïëîâîå ñîïðîòèâëåíèå ìåæäó äóãîé
è æèäêîñòíîé çîíîé, ò.å. òåìïåðàòóðà óìåíüøàåòñÿ ëèíåéíî

θ0(r, t) = θi − (θi − θb)
r

α(t)
. (2)

Ñâîáîäíàÿ ãðàíèöà r = α(t) ìîæåò áûòü îïðåäåëåíà èç áàëàíñà òåïëîâûõ ïîòîêîâ íà ýòîé
ãðàíèöå

P

2a
√
πt

= −λb
∂θ0
∂r

∣∣∣∣
r=α(t)

+ Lbγbα
′(t), (3)

ãäå λb, γb è Lb � òåïëîïðîâîäíîñòü, ïëîòíîñòü ìàòåðèàëà è ñêðûòàÿ òåïëîòà ïðè êèïåíèè.
Äëÿ òåìïåðàòóðû æèäêîé è òâåðäîé çîí èìååì óðàâíåíèÿ

c1(θ1)γ1(θ1)
∂θ1
∂t

=
1

r2
∂

∂r

[
λ1(θ1)r

2∂θ1
∂r

]
+ ρ1(θ1)j

2
1 , r ∈ D1, t > 0, (4)

c2(θ2)γ2(θ2)
∂θ2
∂t

=
1

r2
∂

∂r

[
λ2(θ2)r

2∂θ2
∂r

]
+ ρ2(θ2)j

2
2 , r ∈ D2, t > 0, (5)

λ1(θ1(α(t), t))
∂θ1
∂t

∣∣∣∣
r=α(t)

= −
P exp−

(
r2

4a2t

)
2a

√
πt

∣∣∣∣
r=α(t)

= −Pe−α
2
0

2a
√
πt
, t > 0, (6)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023
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θ1(β(t), t) = θm, t > 0, (7)

θ2(β(t), t) = θm, t > 0, (8)

−λ1(θ1(β(t), t))
∂θ1
∂r

∣∣∣∣
r=β(t)

= −λ2(θ2(β(t), t))
∂θ2
∂r

∣∣∣∣
r=β(t)

+ lmγmβ
′(t), t > 0, (9)

θ2(∞, t) = 0, t > 0, (10)

θ2(r, 0) = 0, α(0) = β(0) = 0, (11)

ãäå ci(θi), γi(θi), λi(θi) è ρi(θi)j
2
i , i = 1, 2 � óäåëüíàÿ òåïëîåìêîñòü, ïëîòíîñòü, òåï-

ëîïðîâîäíîñòü è äæîóëåâ íàãðåâ ñîîòâåòñòâåííî, âñå îíè çàâèñÿò îò òåìïåðàòóðû, θm �
òåìïåðàòóðà ïëàâëåíèÿ, lm � ñêðûòàÿ òåïëîòà ïëàâëåíèÿ, γm � ýòàëîííàÿ ïëîòíîñòü ïðè
ïëàâëåíèè , α(t)� ýòî ñâîáîäíàÿ ãðàíèöà, ê êîòîðîé ïðèêëàäûâàåòñÿ ìîùíîñòü ýëåêòðè÷å-
ñòâà, à β(t) � ýòî ïîëîæåíèå ãðàíèöû ðàçäåëà æèäêîñòü-òâåðäîå òåëî, êîòîðîå íåîáõîäèìî
íàéòè.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP09258948 ÌÎÍ ÐÊ è ïðîåêòû 80020210100002 è 80020210200003
èç Universidad Austral, Ðîñàðèî, Àðãåíòèíà.

Êëþ÷åâûå ñëîâà: çàäà÷à Ñòåôàíà, çàìêíóòûå ýëåêòðè÷åñêèå êîíòàêòû, íåëèíåéíûå òåïëîâûå êîýôôèöèåíòû,
ïîäîáíàÿ çàìåíà, òåîðèÿ íåïîäâèæíîé òî÷êè.

2010 Mathematics Subject Classi�cation: 80A22, 80A23, 35C11

Ëèòåðàòóðà
[1] Kharin S.N. Mathematical Models of Phenomena in Electrical Contacts, The Russian Academy of Sciences,

Siberian Branch, A.P. Ershov Institute of Informatics System, Novosibirsk, (2017).
[2] Kharin S.N., Nouri H., Amft D. Dynamics of Arc Phenomena at Closure of Electrical Contacts in Vacuum Circuit

Breakers, IEEE Transactions on Plasma Science, 19:1 (2005), 491�497.

[3] Holm R. Electrical Contacts. Theory and Applications, Fourth Edition, Springer-Verlag, Berlin, (1981).

Òåîðèÿ ôóíêöèîíàëüíûõ ïðîñòðàíñòâ è å¼ ïðèëîæåíèÿ.
Äîêëàä â ñâÿçè ñî ñòîëåòèåì Ò.È. Àìàíîâà

Ä.Á. ÁÀÇÀÐÕÀÍÎÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: dauren.mirza@gmail.com

Â äîêëàäå áóäåò äàíà (ïî íåîáõîäèìîñòè êðàòêàÿ) ðåòðîñïåêòèâà òåîðèè ôóíêöèî-
íàëüíûõ ïðîñòðàíñòâ è ðîäñòâåííûõ ðàçäåëîâ ôóíêöèîíàëüíîãî àíàëèçà â òåñíîé ñâÿçè ñ
íàó÷íîé áèîãðàôèåé Òóëåóáàÿ Èäðèñîâè÷à Àìàíîâà.

Â ÷àñòíîñòè, áóäóò äîñòàòî÷íî ïîäðîáíî îáñóæäåíû ãëàâíûå íàó÷íûå ðåçóëüòàòû Òó-
ëåóáàÿ Èäðèñîâè÷à, îñâåùåíû îñíîâíûå ôàêòû åãî ïðåïîäàâàòåëüñêîé è íàó÷íî-îðãàíè-
çàöèîííîé äåÿòåëüíîñòè. Êðîìå òîãî, áóäåò äàí êðàòêèé îáçîð íàó÷íûõ èññëåäîâàíèé â
Îòäåëå òåîðèè ôóíêöèé è ôóíêöèîíàëüíîãî àíàëèçà Èíñòèòóòà ìàòåìàòèêè è ìàòåìà-
òè÷åñêîãî ìîäåëèðîâàíèÿ è â Ðåñïóáëèêå Êàçàõñòàí â öåëîì, ïðîâîäèìûõ ïî íàñòîÿùåå
âðåìÿ ïî îñíîâíûì íàïðàâëåíèÿì íàó÷íîãî òâîð÷åñòâà Òóëåóáàÿ Èäðèñîâè÷à èëè áëèçêîé
ïðîáëåìàòèêå.

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP14869246 ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: ôóíêöèîíàëüíîå ïðîñòðàíñòâî, ïîëèãàðìîíè÷åñêèé îïåðàòîð, êðàåâàÿ çàäà÷à, âàðèàöèîííûé
ìåòîä, âëîæåíèå, èíòåðïîëÿöèÿ, äîìèíèðóþùàÿ ñìåøàííàÿ ãëàäêîñòü.

2010 Mathematics Subject Classi�cation: 46E35, 42B05, 42B15, 42B20, 42B25, 42B30, 42B35, 42B37, 42C40.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2023
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Äèôôåðåíöèàëüíûå óðàâíåíèÿ è ôóíêöèîíàëüíûå
ïðîñòðàíñòâà íà ñòðàòèôèöèðîâàííûõ ìíîæåñòâàõ

Í.Ñ. ÄÀÈÐÁÅÊÎÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
E-mail: Nurlan.Dairbekov@gmail.com

Ñòðàòèôèöèðîâàííîå ìíîæåñòâî Ω, â ïåðâîì ïðèáëèæåíèè, åñòü ñâÿçíîå ïîäìíîæå-
ñòâî ýâêëèäîâà ïðîñòðàíñòâà Rn, ñîñòîÿùåå èç êîíå÷íîãî ÷èñëà ïîïàðíî íåïåðåñåêàþùèõ-
ñÿ ñâÿçíûõ ïîäìíîãîîáðàçèé (áåç êðàÿ), íàçûâàåìûõ ñòðàòàìè:

Ω =
⋃

σkj∈Σ

σkj.

Ïåðâûé èíäåêñ ïîêàçûâàåò ðàçìåðíîñòü ñòðàòû, à âòîðîé ÿâëÿåòñÿ íîìåðîì ñòðàòû äàí-
íîé ðàçìåðíîñòè; k ìîæåò ìåíÿòüñÿ îò íóëÿ äî n. Ïðåäïîëàãàþòñÿ âûïîëíåííûìè ñëåäó-
þùèå òðåáîâàíèÿ íà âçàèìíûå ïðèìûêàíèÿ ñòðàò:

� çàìûêàíèå σkj êàæäîé ñòðàòû êîìïàêòíî, à å¼ ãðàíèöà ∂σkj = σkj \ σkj ÿâëÿåòñÿ
îáúåäèíåíèåì íåêîòîðûõ ñòðàò èç Σ;

� äëÿ ëþáûõ äâóõ ñòðàò σkj, σmi ∈ Σ ïåðåñå÷åíèå çàìûêàíèé σkj ∩σmi ëèáî ïóñòî, ëèáî
ñîñòîèò èç íåêîòîðûõ ñòðàò íàáîðà Σ.

Ìíîæåñòâî Ω ïðåäïîëàãàåòñÿ ïðåäñòàâëåííûì â âèäå îáúåäèíåíèÿ äâóõ íåïåðåñåêà-
þùèõñÿ ÷àñòåé, �âíóòðåííîñòè� Ω◦ è �ãðàíèöû� ∂Ω◦ = Ω \ Ω◦. Â êà÷åñòâå Ω◦ äîïóñòèìî
âçÿòü ëþáîå îòêðûòîå ñâÿçíîå ïîäìíîæåñòâî Ω, ñîñòîÿùåå èç íåêîòîðûõ ñòðàò è òàêîå,
÷òî çàìûêàíèå Ω◦ ñîâïàäàåò ñ Ω.

Ñòðàòèôèöèðîâàííîå ìíîæåñòâî Ω ñíàáæàåòñÿ òàê íàçûâàåìîé ñòðàòèôèöèðîâàííîé
ìåðîé, äëÿ êîòîðîé ìíîæåñòâî ω ⊂ Ω èçìåðèìî, åñëè êàæäîå ïåðåñå÷åíèå σkj∩ω èçìåðèìî
â ñìûñëå k-ìåðíîé ìåðû Ëåáåãà íà σkj. Ñòðàòèôèöèðîâàííàÿ ìåðà µ íà Ω (òî÷íåå íà M)
îïðåäåëÿåòñÿ ôîðìóëîé:

µ(ω) =
∑
σkj∈Σ

µk(ωkj),

â êîòîðîé µk(ωkj) îáîçíà÷àåò k-ìåðíóþ ìåðó Ëåáåãà ìíîæåñòâà ωkj = ω ∩ σkj.
Îñíîâíûå ôóíêöèîíàëüíûå ïðîñòðàíñòâà, ïðîñòðàíñòâà Ëåáåãà è ïðîñòðàíñòâà Ñîáî-

ëåâà, îïðåäåëÿþòñÿ ïî ñòðàòèôèöèðîâàííîé ìåðû.
Â äîêëàäå áóäåò äàí îáçîð òåîðåì âëîæåíèÿ, â ÷àñòíîñòè âûïîëíèìîñòü íåðàâåíñòâà

Ïóàíêàðå ∫
Ω

|u− P (u)|q dµ ≤ C

∫
Ω

|∇u|p dµ

è íåðàâåíñòâà Ñîáîëåâà � Ãàëüÿðäî∫
Ω

|u|qdµ

1/q

≤ C

∫
Ω0

|∇u|pdµ

1/p

.

Áóäåò îïèñàíî ïðèìåíåíèå ýòèõ íåðàâåíñòâ ê ðàçðåøèìîñòè ýëëèïòè÷åñêèõ óðàâíå-
íèé íà ñòðàòèôèöèðîâàííûõ ìíîæåñòâàõ ñ ãðàíè÷íûìè óñëîâèÿìè Äèðèõëå, Íåéìàíà è
Âåíöåëÿ.

Òàêæå áóäåò äàí îáçîð ñâîéñòâ ãàðìîíè÷åñêèõ ôóíêöèé íà ñòðàòèôèöèðîâàííîì ìíî-
æåñòâå: òåîðåìà î ñðåäíåì, íåðàâåíñòâî Õàðíàêà, óñòðàíèìûå îñîáåííîñòè.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023
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Îñíîâíûå ïîíÿòèÿ è íåêîòîðûå ðåçóëüòàòû ìîæíî íàéòè â ðàáîòàõ [1�3]

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP14871251 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: îïåðàòîð Ëàïëàñà, ãàðìîíè÷åñêàÿ ôóíêöèÿ, ñòðàòèôèöèðîâàííîå ìíîæåñòâî.

2010 Mathematics Subject Classi�cation: 31C05, 35J15, 58J05

Ëèòåðàòóðà
[1] Ïîêîðíûé Þ. Â., Ïåíêèí Î. Ì., Ïðÿäèåâ Â. Ë. è äð. Äèôôåðåíöèàëüíûå óðàâíåíèÿ íà ãåîìåòðè÷åñêèõ

ãðàôàõ, Ôèçìàòëèò, Ìîñêâà (2005).
[2] Äàèðáåêîâ Í. Ñ., Ïåíêèí Î. Ì., Ñàðûáåêîâà Ë. Î. Àíàëîã íåðàâåíñòâà Ñîáîëåâà íà ñòðàòèôèöèðîâàííîì

ìíîæåñòâå, Àëãåáðà è àíàëèç, 30:5 (2018), 149�158.

[3] Äàèðáåêîâ Í. Ñ., Ïåíêèí Î. Ì., Ñàðûáåêîâà Ë. Î. Íåðàâåíñòâî Ïóàíêàðå è p-ñâÿçíîñòü ñòðàòèôèöèðîâàí-

íîãî ìíîæåñòâà, Ñèá. ìàòåì. æóðí., 59:30 (2018), 1291�1302.

Ìåòîäû îïòèìèçàöèè â îáðàòíûõ çàäà÷àõ

Ñ.È. ÊÀÁÀÍÈÕÈÍ

Èíñòèòóò ìàòåìàòèêè èì. Ñ. Ë. Ñîáîëåâà ÑÎ ÐÀÍ, Íîâîñèáèðñê, Ðîññèÿ
E-mail: kabanikhin@sscc.ru

Â äîêëàäå áóäóò ðàññìîòðåíû ìåòîäû îïòèìèçàöèè, êîòîðûå èñïîëüçóþòñÿ ïðè ðåøå-
íèè îáðàòíûõ çàäà÷. Îñíîâîé òàêèõ ìåòîäîâ ÿâëÿåòñÿ ïîñòðîåíèå ìèíèìèçèðóþùåé ïîñëå-
äîâàòåëüíîñòè, â êîòîðîé íîìåð èòåðàöèè ÿâëÿåòñÿ ïàðàìåòðîì ðåãóëÿðèçàöèè è äîëæåí
áûòü ñîãëàñîâàí ñ óðîâíåì ïîãðåøíîñòè â äàííûõ. Â ñèëó íåêîððåêòíîñòè îáðàòíûõ çàäà÷
àíàëèç ñõîäèìîñòè ïðîâîäèòñÿ ïðè ïðåäïîëîæåíèè, ÷òî ðåøåíèå îáðàòíîé çàäà÷è ñóùå-
ñòâóåò è ïðèíàäëåæèò íåêîòîðîìó çàäàííîìó êëàññó � ìíîæåñòâó êîððåêòíîñòè ( êàê
ïðàâèëî, êîìïàêòó).

Áóäóò ðàññìîòðåíû òàêæå ìåòîäû îïòèìèçàöèè íà îñíîâå ýâîëþöèîííûõ àëãîðèòìîâ,
èñïîëüçóþùèõ èäåè èç ýâîëþöèîííîé áèîëîãèè äëÿ íàõîæäåíèÿ îïòèìàëüíûõ çíà÷åíèé
ïàðàìåòðîâ. Îíè ìîãóò áûòü ýôôåêòèâíûìè â çàäà÷àõ îïòèìèçàöèè ñ áîëüøèì êîëè÷å-
ñòâîì ïàðàìåòðîâ èëè êîãäà ôóíêöèÿ ïîòåðü íå ÿâëÿåòñÿ ãëàäêîé. Âûáîð ìåòîäà îïòèìè-
çàöèè çàâèñèò îò êîíêðåòíîé çàäà÷è è îñîáåííîñòåé ìîäåëè. Êàê ïðàâèëî, ãðàäèåíòíûé
ñïóñê ÿâëÿåòñÿ íàèáîëåå ðàñïðîñòðàíåííûì ìåòîäîì îïòèìèçàöèè â ìîäåëÿõ ìàøèííîãî
îáó÷åíèÿ.

Íåêîòîðûå ñâîéñòâà Íüþòîíîâîãî ïîòåíöèàëà

Ò.Ø. ÊÀËÜÌÅÍÎÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: kalmenov.t@mail.ru

Â ðàáîòå Êàëüìåíîâà Ò.Ø., Ñóðàãàíà Ä. [1] äîêàçàíî, ÷òî Íüþòîíîâûé (îáúåìíûé)
ïîòåíöèàë

u(x) =

∫
Ω

ε(x− y)f(y)dy, x ∈ Ω ⊂ Rn, (1)

ãäå ε(x− y) � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ

−∆xε(x− y) = δ(x− y), (2)

óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà

−∆xu = f(x) (3)

Institute of Mathemitics and Mathematical Modeling. Almaty, 2023
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è îäíîðîäíîìó ïîòåíöèàëüíîìó ãðàíè÷íîìó óñëîâèþ

N [u] |x∈∂Ω= −u(x)
2

+

∫
∂Ω

(
∂ε

∂ny
(x− y)u(y)− ε(x− y)

∂u

∂ny
(y)

)
dSy = 0, x ∈ ∂Ω. (4)

Îáðàòíî, åñëè u ∈ W 2
2 (Ω) óäîâëåòâîðÿåò óðàâíåíèþ Ëàïëàñà (3) è îäíîðîäíîìó ãðàíè÷-

íîìó óñëîâèþ (4), òî ðåøåíèå ýòîé çàäà÷è u(x), ò.å. çàäà÷è (3)�(4) íåçàâèñèìî îò ôîðìû
îáëàñòåé, âûïèñûâàåòñÿ â ÿâíîì âèäå ÷åðåç Íüþòîíîâûé ïîòåíöèàë, ò.å. â âèäå èíòåãðàëà
(1).

Åñòåñòâåííî, ìîæíî îæèäàòü, ÷òî óðàâíåíèå Ëàïëàñà ïðè íåîäíîðîäíîì ïîòåíöèàëü-
íîì ãðàíè÷íîì óñëîâèè, ò.å. ðåøåíèå çàäà÷è

−∆u = f(x), (5)

N [u] |x∈∂Ω= −u(x)
2

+

∫
∂Ω

(
∂ε

∂ny
(x− y)u(y)− ε(x− y)

∂u

∂ny
(y)

)
dSy = φ(x), x ∈ ∂Ω (6)

òàêæå âûïèñûâàåòñÿ â ÿâíîì âèäå.
Â ðàáîòå, èñïîëüçóÿ ñâîéñòâà ñëåäîâ ôóíäàìåíòàëüíîãî ðåøåíèÿ ε(x − y) íà ãðàíèöå

∂Ω ïîêàçàíî, ÷òî ðåøåíèå çàäà÷è (5)�(6) â ÿâíîì âèäå ìîæåò áûòü íàéäåíî òîëüêî äëÿ
ñïåöèàëüíûõ îáëàñòåé Ω.

Â ðàáîòå òàêæå ïðèâîäÿòñÿ íåêîòîðûå ñïåêòðàëüíûå ñâîéñòâà Íüþòîíîâîãî ïîòåíöèà-
ëà.

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP14871460 è AP09260126 ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: ïîòåíöèàë Íüþòîíà, ôóíäàìåíòàëüíûå ðåøåíèÿ, ïîòåíöèàëüíûå ãðàíè÷íûå óñëîâèÿ.
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Convolution equations on the Lie group G = (−1, 1) and their
applications

Roland DUDUCHAVA

The University of Georgia & A.Razmadze Mathematical Institute, Tbilisi, Georgia

For each Lie group G equiped with a manifold and the group operation (multiplication or
sum x ◦ y, inverse element, neutral element) there exists the unique left or right invariant Haar

measure dGx, homeomorphism c(x) : G→ Ĝ to an unitary group Ĝ, called the representation
of the Lie group G and, finally, perhaps the most important, the Fourier transformation FG,
which is an isomorphism of the Lebesgue-Hilbert spaces

FG : L2(G) → L2(Ĝ), (1)

with the inverse transformation F−1
G .

Most interesting in applications are convolution equations on different Lie groups

W 0
aφ(x) := F−1

G aFGφ(x) = cφ(x) +

∫
G

k(x ◦ y−1)φ(y)dGy = f(x), x ∈ G. (2)

where the Fourier transform of the kernel a(ξ) = c + (FGk)(ξ), ξ ∈ Ĝ is called the symbol.
Under certain conditions equation (2) has a unique solution φ(x) = (W 0

a−1f)(x);
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To such equations belong celebrated classical convolution equations of Wiener-Hopf on the
axes R = (−∞,∞), of Mellin equations on the half axes R+ = (0,∞) and Töplitz equations
on the grid of integers Z = {0,±1,±2, · · · }. These equations have ample of applications in
problems of Mathematical Physics, Probability theory, Elasticity theory etc.

I will speak about a Lie algebra-interval G = (−1, 1), which is equiped with the group
operation x◦y := (x+y)(1+xy)−1, x, y ∈ G. The invariant Haar measure is dGx := (1−x2)−1dx
and the Fourier transformation

(FGv)(ξ) :=

∫ 1

−1

(
1− y

1 + y

)iξ
v(y)dy

1− y2
=

∫ 1

−1

(
1− y

1 + y

)iξ
v(y)dGy, ξ ∈ R. (3)

These tools allow to solve exactly convolution integro-equations on this group

n∑
k=0

[
akD

ku(t)− bk

∫ 1

−1

(
1− τ 2

1− t2

)αk Dku(τ)dτ

τ − t

]
= f(t), ak, bk, αk ∈ C, t ∈ J , (4)

where Du(x) := −(1 − x2)
d

dx
u(x) is the natural derivative of functions on the group G (the

generator of the Lie algebra) and (FGD) = −2iξ, ξ ∈ R.
It turned out that to the class of convolution equations (4) belong the following celebrated

airfoil (Prandtl) equation with important applications

Pu(x) =
c0u(x)

1− x2
+
c1
πi

∫ 1

−1

u′(y)dy

y − x
= f(x), x ∈ J (5)

Also singular Tricomi and Lavrentjev-Bitsadze equation, which emerge in solving partial dif-
ferential equations of mixed type. Moreover, Laplace-Beltrami equation on the unit sphere in
S2 ⊂ R3 is also a G-convolution operator with a parameter.

In conclusion we touch recent results obtained in collaboration with Duván Cardona, Arne
Hendrickx &Michael Ruzhansky (Ghent University, Belgium) concerning Global pseudo-differen-
tial operators on the Lie group (cube) G = (−1, 1)n.

Inverse scattering method via Gelfand–Levitan–Marchenko
equation for nonlinear Klein–Gordon equation coupled with a scalar

field

Mansur I. ISMAILOV1,2

1Department of Mathematics, Gebze Technical University, Kocaeli, Turkey
2 Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

mismailov@gtu.edu.tr

A class of negative order Ablowitz–Kaup–Newell–Segur nonlinear evolution equations are
obtained by applying the Lax hierarchy of the Manakov system [1]. The inverse scattering
problem on the whole axis is examined in the case where Manakov system becomes the classical
Zakharov–Shabat system consists of two equations and admits a real symmetric potential.
Referring to these results, the N–soliton solutions for the the nonlinear Klein–Gordon equation
coupled with a scalar field [2] are obtained by using the inverse scattering method via the
Gelfand–Levitan–Marchenko equation [3,4]. (This is joint work with C. Sabaz).

Funding: The author is funded by the Science Committee of the Ministry of Education and Science of the Republic of

Kazakhstan (Grant No. AP09260126).

Keywords: Manakov system, negative order AKNS hierarchy, Inverse scattering method, Gelfand–Leitan–Marchenko

equation, Klein–Gordon equation coupled with a scalar field.
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Algebraic and elementary properties of Rogers Semilattices

Manat MUSTAFA

Department of Mathematics, Nazarbayev University, Astana, Kazakhstan

E-mail:manat.mustafa@nu.edu.kz

Studying computability phenomena leads to intriguing directions in mathematics and appli-
cations (as seen in [1-3]). Recursive mathematics and computability theory involve situations
that naturally necessitate the study of constructive objects. When examining the algorithmic
properties of such objects, the best approach is to use the techniques and notions from the
theory of computable numberings.

Arbitrary numbering of a countable class is a mapping which assigns natural indices to all
elements of this class. Goncharov and Sorbi proposed a general method for studying classes
of objects that can be constructively described in formal languages with a Gödel numbering
for formulas [4]. According to their approach, a numbering is computable if there exists a
function that is computable and, for every object and its index in the numbering, produces a
Gödel index of its constructive description. Thus, an object’s index relative to any computable
numbering can be considered its constructive description.

If there exists a computable function which translates indices of the sets in the first number-
ing into the indices of the same sets in the second numbering, then the first numbering is said to
be reducible to second one. Numberings which are reducible to each other are called equivalent.
Rogers semilattice of a family is a quotient structure of all computable numberings of the given
family modulo equivalence of the numberings ordered by the relation induced by reducibility of
numberings. The Rogers semilattice represents the algorithmic complexity of computations of
the set as a whole, and problems in the theory of computable numberings concern mainly the
algebraic and elementary properties of Rogers semilattices. The Rogers semilattice are used
also as a tool to classify properties of computable numberings for different families.

In this presentation, I will discuss the latest results regarding the computable numberings of
a range of sets in different hierarchies[5-7], as well as the algebraic and elementary characteristics
of the Rogers semilattices.
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Finite-Time Stability of Fractional-Order Discontinuous Nonlinear
Systems with State-Dependent Saturation Impulse and Asymmetric

Saturation Impulse

Rajan RAKKIYAPPAN

Department of Mathematics, Bharathiar University, Coimbatore, India

E-mail:rakkigru@gmail.com

The concepts of finite-time stability (FTS) and finite-time contractive stability (FTCS) for
fractional-order discontinuous nonlinear systems (FODNs) with state-dependent saturation im-
pulses (SDSI) and state-dependent asymmetric saturation impulses (SDASI) will be discussed
here. We will initially discuss the necessary and sufficient conditions for discontinuous function
and both saturation impulses. Furthermore, a dead zone function exists for the state-dependent
impulses when they are considered as asymmetric characteristics. By the method of mathe-
matical induction, the theory of convex analysis and Filippov mapping, we are discussing those
stability criteria for FODNs with saturation and asymmetric saturation impulses. The pro-
posed theoretical conclusions will be validated by two numerical simulations with saturation
and asymmetric saturation impulses.

Navier-Stokes Equations of Non-Newtonian fluids and Applications
in Polymer Processing

Dongming WEI

Department of Mathematics, Nazarbayev University, Astana, Kazakhstan

E-mail:dongming.wei@nu.edu.kz

In this talk, an introduction to the theory of rheology and non-Newtonian fluids is provided
as the background on mathematical modeling of such fluid flows. Applications and motivation
of the study of the Navier-Stokes (NS) problems arising from chemical engineering are demon-
strated. Some mathematical analysis of the NS equations including existence and uniqueness
is reviewed from the earlier studies. Numerical analysis of approximation of the NS equations
by iterative and penalty method is reported. Recent results will be presented from the research
projects funded by Kazakhstan Ministry of Education (AP05134166) and Nazarbayev Univer-
sity (021220FD4651) on the topic. Future research plans on particle filled fluids, coating die
free boundary flows, solid fluid interactions, flow manifold design and body optimization are
discussed.
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Higher-dimensional partitions

Damir YELIUSSIZOV
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Higher-dimensional partitions were introduced by P. A. MacMahon [1] as a natural general-
ization of the usual (one-dimensional) integer partitions and (two-dimensional) plane partitions.
While these objects arise in various fields including algebra, geometry, combinatorics, proba-
bility and statistical physics, not much is known about d-dimensional partitions for d ≥ 3, cf.
[2].

The story about higher-dimensional partitions involves some wrong conjectures starting
famously from MacMahon [1] on their enumeration and generating function, and later on their
asymptotics [3] suggested by physicists based on experiments from Monte Carlo simulations.

In the talk, I will summarize the history of higher-dimensional partitions (starting from
important results on the usual integer and plane partitions), show several open problems and
discuss some recent progress on this topic.
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Ôîðìóëüíî-îïðåäåëèìûé ìîäåëüíûé êîìïàíüîí òåîðèè

À. ÊÀÑÀÒÎÂÀ1,a, À. ÊÀÁÈÄÅÍÎÂ2,b Ì. ÁÅÊÅÍÎÂ3,c

1 Ìåäèöèíñêèé óíèâåðñèòåò Êàðàãàíäû, Êàðàãàíäû, Êàçàõñòàí
2,3 Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí

E-mail: aKassatova@qmu.kz, cbekenov50@mail.ru

Â ðàáîòå [1] íà ìíîæåñòâå ïîëíûõ òåîðèé ÿçûêà ïåðâîãî ïîðÿäêà ðàññìàòðèâàëîñü
ïðîèçâåäåíèå � è ïðÿìîå ïðîèçâåäåíèå PiTi, i∈I, ãäå Ti ïîëíûå òåîðèè.

Îïðåäåëåíèå 1. Êëàññ ìîäåëåé K íàçûâàåì ôîðìóëüíî-îïðåäåëèìûì, åñëè ñóùå-
ñòâóåò ìîäåëü A∈K òàêàÿ, ÷òî {X|Th(X)�Th(A)=Th(A)}=K, ãäå Th(X) � ýëåìåíòàðíàÿ
òåîðèÿ ìîäåëè X. Òåîðèÿ Th(A) â ýòîì ñëó÷àå íàçûâàåì îïðåäåëèòåëåì êëàññà K.

Îïðåäåëåíèå 2. Ìîäåëüíûé êîìïàíüîí T ′ òåîðèè T íàçûâàåòñÿ ôîðìóëüíî-îïðåäå-
ëèìûì, åñëè êëàññ ìîäåëåé ìîäåëüíîãî êîìïàíüîíà T ′ ôîðìóëüíî-îïðåäåëèì.

Èññëåäóåòñÿ ñóùåñòâîâàíèå ìîäåëüíîãî êîìïàíüîíà äëÿ àêñèîìàòèçèðóåìîãî èíäóê-
òèâíîãî êëàññà ìîäåëåé.

Òåîðåìà 1. Åñëè äëÿ àêñèîìàòèçèðóåìîãî èíäóêòèâíîãî êëàññà ìîäåëåé K êëàññ åãî
ýêçèñòåíöèîíàëüíî-çàìêíóòûõ ìîäåëåé ôîðìóëüíî-îïðåäåëèì, òî òåîðèÿ êëàññà K èìååò
ìîäåëüíûé êîìïàíüîí.

Ïðèìåð. Äëÿ òåîðèè áóëåâûõ àëãåáð ôîðìóëüíî-îïðåäåëèìûì ìîäåëüíûì êîìïàíüî-
íîì ÿâëÿåòñÿ òåîðèÿ áåçàòîìíûõ áóëåâûõ àëãåáð.

Funding: Ðàáîòà òðåòüãî èç àâòîðîâ âûïîëíåíà ïðè ãðàíòîâîì ôèíàíñèðîâàíèè � ÀÐ09259295 Êîìèòåòà íàóêè
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Îá àëãåáðàõ áèíàðíûõ ôîðìóë äëÿ ñëàáî öèêëè÷åñêè
ìèíèìàëüíûõ òåîðèé ñ òðèâèàëüíûì îïðåäåëèìûì

çàìûêàíèåì

Áåéáóò Øàéûêîâè÷ ÊÓËÏÅØÎÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
Êàçàõñòàíñêî-Áðèòàíñêèé òåõíè÷åñêèé óíèâåðñèòåò, Àëìàòû, Êàçàõñòàí

E-mail: b.kulpeshov@kbtu.kz

Äàííûé äîêëàä êàñàåòñÿ ïîíÿòèÿ ñëàáîé öèêëè÷åñêîé ìèíèìàëüíîñòè, ïåðâîíà÷àëüíî
èçó÷åííîãî â [1]. Ïóñòü A ⊆ M , ãäå M � öèêëè÷åñêè óïîðÿäî÷åííàÿ ñòðóêòóðà. Ìíîæå-
ñòâî A íàçûâàåòñÿ âûïóêëûì, åñëè äëÿ ëþáûõ a, b ∈ A âûïîëíÿåòñÿ ñëåäóþùåå ñâîéñòâî:
äëÿ ëþáîãî c ∈M ñ óñëîâèåìK(a, c, b) èìååò ìåñòî c ∈ A èëè äëÿ ëþáîãî c ∈M ñ óñëîâèåì
K(b, c, a) ñïðàâåäëèâî c ∈ A. Ñëàáî öèêëè÷åñêè ìèíèìàëüíàÿ ñòðóêòóðà åñòü öèêëè÷åñêè
óïîðÿäî÷åííàÿ ñòðóêòóðà M = ⟨M,K, . . .⟩ òàêàÿ, ÷òî ëþáîå îïðåäåëèìîå (ñ ïàðàìåòðàìè)
ïîäìíîæåñòâî ñòðóêòóðûM ÿâëÿåòñÿ îáúåäèíåíèåì êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ
â M .

Ïóñòü M � ñ÷åòíî êàòåãîðè÷íàÿ ñëàáî öèêëè÷åñêè ìèíèìàëüíàÿ ñòðóêòóðà, G :=
Aut(M). Ñëåäóÿ ñòàíäàðòíîé òåîðåòèêî-ãðóïïîâîé òåðìèíîëîãèè, ãðóïïà G íàçûâàåòñÿ
k-òðàíçèòèâíîé, åñëè äëÿ ëþáûõ ïîïàðíî ðàçëè÷íûõ a1, a2, . . . , ak ∈M è ïîïàðíî ðàçëè÷-
íûõ b1, b2, . . . , bk ∈M ñóùåñòâóåò g ∈ G, äëÿ êîòîðîãî g(a1) = b1, g(a2) = b2, . . . , g(ak) = bk.
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Êîíãðóýíöèåé íà M íàçûâàåòñÿ ëþáîå G-èíâàðèàíòíîå îòíîøåíèå ýêâèâàëåíòíîñòè íà
M. Ãðóïïà G íàçûâàåòñÿ ïðèìèòèâíîé, åñëè G ÿâëÿåòñÿ 1-òðàíçèòèâíîé è íå ñóùåñòâóåò
íåòðèâèàëüíûõ ñîáñòâåííûõ êîíãðóýíöèé íà M.

Ïóñòü f � óíàðíàÿ ôóíêöèÿ â M ñ Dom(f) = I ⊆ M , ãäå I � îòêðûòîå âûïóêëîå
ìíîæåñòâî. Ìû ãîâîðèì ÷òî f ÿâëÿåòñÿ ìîíîòîííîé âïðàâî (âëåâî) íà I, åñëè îíà ñîõðà-
íÿåò (îáðàùàåò) îòíîøåíèå K, ò.å. äëÿ ëþáûõ a, b, c ∈ I òàêèõ, ÷òî K(a, b, c), ìû èìååì
K(f(a), f(b), f(c)) (K(f(c), f(b), f(a))).

Áóäåì ãîâîðèòü, ÷òî ñëàáî öèêëè÷åñêè ìèíèìàëüíàÿ òåîðèÿ èìååò ðàíã âûïóêëîñòè
1, åñëè íå ñóùåñòâóåò îïðåäåëèìîãî îòíîøåíèÿ ýêâèâàëåíòíîñòè ñ áåñêîíå÷íûì ÷èñëîì
áåñêîíå÷íûõ âûïóêëûõ êëàññîâ.

Â ðàáîòå [2] áûëè îïèñàíû ñ÷åòíî êàòåãîðè÷íûå 1-òðàíçèòèâíûå íåïðèìèòèâíûå ñëàáî
öèêëè÷åñêè ìèíèìàëüíûå ñòðóêòóðû ðàíãà âûïóêëîñòè 1 ñ òðèâèàëüíûì îïðåäåëèìûì
çàìûêàíèåì ñ òî÷íîñòüþ äî áèíàðíîñòè.

Àëãåáðû áèíàðíûõ ôîðìóë ÿâëÿþòñÿ èíñòðóìåíòîì äëÿ èññëåäîâàíèÿ ñâÿçåé ìåæäó
ýëåìåíòàìè ìíîæåñòâ ðåàëèçàöèé òèïîâ íà áèíàðíîì óðîâíå îòíîñèòåëüíî ñóïåðïîçèöèè
áèíàðíûõ îïðåäåëèìûõ ìíîæåñòâ. Ìû áóäåì ðàññìàòðèâàòü àëãåáðû áèíàðíûõ èçîëèðó-
þùèõ ôîðìóë, ïåðâîíà÷àëüíî èçó÷åííûå â ðàáîòàõ [3, 4], ãäå ïîä áèíàðíîé èçîëèðóþùåé
ôîðìóëîé ïîíèìàåòñÿ ôîðìóëà âèäà φ(x, y), íå èìåþùàÿ ïàðàìåòðîâ è òàêàÿ, ÷òî äëÿ
íåêîòîðîãî ïàðàìåòðà a ôîðìóëà φ(a, y) èçîëèðóåò íåêîòîðûé ïîëíûé òèï èç S1({a}).
Ïîíÿòèÿ è îáîçíà÷åíèÿ, îòíîñÿùèåñÿ ê ýòèì àëãåáðàì, ìîæíî òàêæå íàéòè â ðàáîòàõ [3,
4]. Â ïîñëåäíèå ãîäû àëãåáðû áèíàðíûõ ôîðìóë èçó÷àþòñÿ èíòåíñèâíî è ïîëó÷èëè ñâîå
ïðîäîëæåíèå â ðàáîòàõ [5]�[8].

Â íàñòîÿùåì äîêëàäå ìû îáñóæäàåì àëãåáðû áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ
ñ÷åòíî êàòåãîðè÷íûõ ñëàáî öèêëè÷åñêè ìèíèìàëüíûõ òåîðèé ðàíãà âûïóêëîñòè 1 ñ 1-
òðàíçèòèâíîé íåïðèìèòèâíîé ãðóïïîé àâòîìîðôèçìîâ è òðèâèàëüíûì îïðåäåëèìûì çà-
ìûêàíèåì. Òàêæå ìû ïðåäñòàâëÿåì êðèòåðèé êîììóòàòèâíîñòè òàêèõ àëãåáð. Íàìè äîêà-
çàíà ñëåäóþùàÿ òåîðåìà:

Òåîðåìà. ÏóñòüM � ñ÷åòíî êàòåãîðè÷íàÿ 1-òðàíçèòèâíàÿ íåïðèìèòèâíàÿ ñëàáî öèê-
ëè÷åñêè ìèíèìàëüíàÿ ñòðóêòóðà ðàíãà âûïóêëîñòè 1 ñ dcl(a) = {a} äëÿ íåêîòîðîãî a ∈M .
Òîãäà àëãåáðà PM áèíàðíûõ èçîëèðóþùèõ ôîðìóë êîììóòàòèâíà ⇔ äëÿ ëþáîé âûïóê-
ëîé âïðàâî ôîðìóëû R(x, y), íå ÿâëÿþùåéñÿ ýêâèâàëåíòíîñòü-ãåíåðèðóþùåé, ôóíêöèÿ
r(y) := rend R(M, y) ÿâëÿåòñÿ ìîíîòîííîé âïðàâî íà M .
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Íàñòîÿùèé äîêëàä êàñàåòñÿ ïîíÿòèÿ ñëàáîé î-ìèíèìàëüíîñòè, ïåðâîíà÷àëüíî èññëå-
äîâàííîãî Ä. Ìàêôåðñîíîì, Ä. Ìàðêåðîì è ×. Ñòåéíõîðíîì â [1]. Ñëàáî î-ìèíèìàëüíîé
ñòðóêòóðîé íàçûâàåòñÿ ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà M = ⟨M,=, <, . . .⟩ òàêàÿ, ÷òî
ëþáîå îïðåäåëèìîå (ñ ïàðàìåòðàìè) ïîäìíîæåñòâî ñòðóêòóðû M ÿâëÿåòñÿ îáúåäèíåíèåì
êîíå÷íîãî ÷èñëà âûïóêëûõ ìíîæåñòâ â M .

Ïóñòü T � ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ, M |= T , A ⊆ M , p, q ∈ S1(A) � íåàëãåáðàè-
÷åñêèå òèïû. Ìû ãîâîðèì, ÷òî òèï p ÿâëÿåòñÿ íå ñëàáî îðòîãîíàëüíûì òèïó q (p ̸⊥w q),
åñëè ñóùåñòâóþò LA-ôîðìóëà H(x, y), α ∈ p(M) è β1, β2 ∈ q(M) òàêèå, ÷òî β1 ∈ H(M,α)
è β2 ̸∈ H(M,α).

Äðóãèìè ñëîâàìè, òèï p ÿâëÿåòñÿ ñëàáî îðòîãîíàëüíûì òèïó q (p ⊥w q), åñëè p(x)∪q(y)
èìååò åäèíñòâåííîå ðàñøèðåíèå äî ïîëíîãî 2-òèïà íàä A.

Â íàñòîÿùåì äîêëàäå ìû èññëåäóåì íîâûé âàðèàíò îðòîãîíàëüíîñòè íåàëãåáðàè÷åñêèõ
1-òèïîâ â ñëàáî î-ìèíèìàëüíûõ òåîðèÿõ: ïî÷òè âïîëíå îðòîãîíàëüíîñòü.

Íàì ïîíàäîáèòñÿ ïîíÿòèå (p, q)-ñåêàòîðà, ââåäåííîå â [2]. Ïóñòü A ⊆M , p, q ∈ S1(A) �
íåàëãåáðàè÷åñêèå òèïû, p ̸⊥w q. Áóäåì ãîâîðèòü, ÷òî LA-ôîðìóëà ϕ(x, y) ÿâëÿåòñÿ (p, q)-
ñåêàòîðîì, åñëè ñóùåñòâóåò a ∈ p(M) òàêîé, ÷òî ϕ(a,M)∩ q(M) ̸= ∅, ¬ϕ(a,M)∩ q(M) ̸= ∅,
ϕ(a,M) ∩ q(M) âûïóêëî, è [ϕ(a,M) ∩ q(M)]− = [q(M)]−.

Ïóñòü T � ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ, M |= T , A ⊆M , p, q ∈ S1(A) � íåàëãåáðàè÷å-
ñêèå òèïû. Áóäåì ãîâîðèòü, ÷òî òèï p íå ïî÷òè âïîëíå îðòîãîíàëåí òèïó q (p ̸⊥aq q), åñëè
ñóùåñòâóþò (p, q)-ñåêàòîð U(x, y) è A-îïðåäåëèìîå îòíîøåíèå ýêâèâàëåíòíîñòè Eq(x, y),
ðàçáèâàþùåå q(M) íà áåñêîíå÷íîå ÷èñëî âûïóêëûõ êëàññîâ, òàê, ÷òî äëÿ ëþáîãî a ∈ p(M)
ñóùåñòâóåò b ∈ q(M) òàêîé, ÷òî supU(a,M) = supEq(b,M).

Áóäåì ãîâîðèòü, ÷òî T ÿâëÿåòñÿ ïî÷òè âïîëíå î-ìèíèìàëüíîé, åñëè ïîíÿòèÿ ñëàáîé è
ïî÷òè âïîëíå îðòîãîíàëüíîñòè 1-òèïîâ ñîâïàäàþò.

Ïðèìåð. Ïóñòü M = ⟨M ;<,P 1
1 , P

1
2 , E

2, R2⟩ � ëèíåéíî óïîðÿäî÷åííàÿ ñòðóêòóðà òà-
êàÿ, ÷òî M åñòü íåïåðåñåêàþùååñÿ îáúåäèíåíèå èíòåðïðåòàöèé óíàðíûõ ïðåäèêàòîâ P1 è
P2, ïðè ýòîì P1(M) < P2(M). Ìû îòîæäåñòâëÿåì èíòåðïðåòàöèþ P2 ñ ìíîæåñòâîì ðàöè-
îíàëüíûõ ÷èñåë Q, óïîðÿäî÷åííîì êàê îáû÷íî, à P1 ñ Q×Q, óïîðÿäî÷åííîì ëåêñèêîãðà-
ôè÷åñêè. Ñèìâîë áèíàðíîãî îòíîøåíèÿ E îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì: äëÿ ëþáûõ
(a1, b1), (a2, b2) ∈ P1(M) èìååò ìåñòî E((a1, b1), (a2, b2)) ⇔ a1 = a2. Ñèìâîë áèíàðíîãî îòíî-
øåíèÿ R èíòåðïðåòèðóåòñÿ ñëåäóþùèì îáðàçîì: äëÿ ëþáûõ (a1, a2) ∈ P1(M), b ∈ P2(M)
èìååò ìåñòî R((a1, a2), b) ⇔ b < a1 +

√
2.

Ìîæåò áûòü óñòàíîâëåíî, ÷òî Th(M)� ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ. Îòíîøåíèå E(x, y)
ÿâëÿåòñÿ îòíîøåíèåì ýêâèâàëåíòíîñòè, ðàçáèâàþùèì P1(M) íà áåñêîíå÷íîå ÷èñëî áåñêî-
íå÷íûõ âûïóêëûõ êëàññîâ. Ïóñòü p(x) := {P1}, q(x) := {P2}. Î÷åâèäíî, ÷òî p, q ∈ S1(∅),
p ̸⊥w q, íî p ⊥aq q, ò.å. Th(M) íå ÿâëÿåòñÿ ïî÷òè âïîëíå î-ìèíèìàëüíîé.

Ðàíã âûïóêëîñòè ôîðìóëû ââåäåí â [3]. Â ÷àñòíîñòè, ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ
èìååò ðàíã âûïóêëîñòè 1, åñëè íå ñóùåñòâóåò ïàðàìåòðè÷åñêè îïðåäåëèìîãî îòíîøåíèÿ
ýêâèâàëåíòíîñòè ñ áåñêîíå÷íûì ÷èñëîì áåñêîíå÷íûõ âûïóêëûõ êëàññîâ. Ïîíÿòèå êâàçè-
ðàöèîíàëüíîãî 1-òèïà ââåäåíî â [4]. Ìû ãîâîðèì, ÷òî íåàëãåáðàè÷åñêèé p ∈ S1(A) ÿâëÿåòñÿ
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êâàçèðàöèîíàëüíûì âïðàâî (âëåâî), åñëè ñóùåñòâóåò âûïóêëàÿ LA-ôîðìóëà Up(x) ∈ p òà-
êàÿ, ÷òî äëÿ ëþáîé äîñòàòî÷íîé íàñûùåííîé ìîäåëè M ′ ≻ M supUp(M

′) = sup p(M ′)
(inf Up(M ′) = inf p(M ′)).

Äîêàçàíà ñëåäóþùàÿ òåîðåìà:
Òåîðåìà. Ïóñòü T � ñëàáî î-ìèíèìàëüíàÿ òåîðèÿ êîíå÷íîãî ðàíãà âûïóêëîñòè, èìå-

þùàÿ ìåíåå ÷åì 2ω ñ÷åòíûõ ìîäåëåé, Γ1 = {p1, p2, . . . , pm}, Γ2 = {q1, q2, . . . , ql} � ìàêñè-
ìàëüíûå ïîïàðíî ñëàáî îðòîãîíàëüíûå ñåìåéñòâà êâàçèðàöèîíàëüíûõ è èððàöèîíàëüíûõ
1-òèïîâ íàä ∅ ñîîòâåòñòâåííî äëÿ íåêîòîðûõ m, l < ω. Òîãäà T èìååò â òî÷íîñòè 3m6l

ñ÷åòíûõ ìîäåëåé ⇔ òåîðèÿ T � ïî÷òè âïîëíå î-ìèíèìàëüíàÿ.

Funding: Äàííîå èññëåäîâàíèå ïîääåðæàíî Êîìèòåòîì íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ Ðåñ-
ïóáëèêè Êàçàõñòàí (Ãðàíòû BR20281002 è AP19674850).
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Î âèäàõ ïðåäãåîìåòðèé àöèêëè÷åñêèõ òåîðèé

Ñåðãåé Áîðèñîâè÷ ÌÀËÛØÅÂ
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Ïðèâîäèòñÿ îïèñàíèå âèäîâ ïðåäãåîìåòðèé [1] äëÿ àöèêëè÷åñêèõ òåîðèé [2]. Ââîäÿòñÿ
íîâûå ïîíÿòèÿ a-ïðåäãåîìåòðèè, a-ìîäóëÿðíîñòè è a-ëîêàëüíî êîíå÷íîñòè.

Îïðåäåëåíèå 1. a-Ïðåäãåîìåòðèåé íàçûâàåòñÿ ìíîæåñòâî S âìåñòå ñ îïðåäåë¼ííîé
îïåðàöèåé çàìûêàíèÿ cl : P (S) → P (S), óäîâëåòâîðÿþùåé ñëåäóþùèì óñëîâèÿì:

1) äëÿ ëþáîãî X ⊆ S âûïîëíÿåòñÿ X ⊆ cl(X);
2) äëÿ ëþáîãî X ⊆ S âûïîëíÿåòñÿ cl(cl(X)) = cl(X);
3) äëÿ ëþáîãî X ⊆ S åñëè a ∈ cl(X), òî a ∈ cl(Y ) äëÿ íåêîòîðîãî êîíå÷íîãî Y ⊆ X.

Îïðåäåëåíèå 2. Äëÿ àöèêëè÷åñêèõ òåîðèé T â êà÷åñòâå a?ðàçìåðíîñòè dima(A), ãäå
A ⊆M |= T , ðàññìàòðèâàåòñÿ çíà÷åíèå µA+

∑
D′ νA∩D′ , ãäå µA ? ÷èñëî êîíå÷íûõ äåðåâüåâ

D ⊆M ñ óñëîâèåì A∩D ̸= ∅, à νA∩D′ ? ÷èñëî âåðøèí íàèìåíüøèõ äåðåâüåâK áåñêîíå÷íûõ
äåðåâüåâ D′ ⊆M ñ óñëîâèåì A ∩D′ ⊆ K.

Îïðåäåëåíèå 3. a-Ïðåäãåîìåòðèÿ ⟨S, cl⟩ íàçûâàåòñÿ a-ìîäóëÿðíîé, åñëè äëÿ ëþáûõ
acl-çàìêíóòûõ ìíîæåñòâ X0, Y0 ⊆ S, X0 íåçàâèñèìî îò Y0 îòíîñèòåëüíî X0 ∩ Y0, ò.å. äëÿ
ëþáûõ êîíå÷íîìåðíûõ acl-çàìêíóòûõ ìíîæåñòâ X ⊆ X0, Y ⊆ Y0 âåðíî:

1) åñëè ñóùåñòâóåò áåñêîíå÷íîå äåðåâî D, äëÿ êîòîðîãî X ∩ Y ∩ D = ∅, X ∩ D ̸= ∅,
Y ∩D ̸= ∅, òî âûïîëíÿåòñÿ ðàâåíñòâî:

dima(X ∩D) + dima(Y ∩D)+

+ρ(X ∩D, Y ∩D) = dima((X ∪ Y ) ∩D),

ãäå ρ(X ∩ D, Y ∩ D) � ÷èñëî âåðøèí êðàò÷àéøåãî ïóòè ìåæäó âåðøèíàìè x ∈ X ∩ D è
y ∈ Y ∩D;
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2) â îñòàëüíûõ ñëó÷àÿõ äëÿ êîìïîíåíò ñâÿçíîñòè D âûïîëíÿåòñÿ ðàâåíñòâî:

dima(X ∩D) + dima(Y ∩D)− dima(X ∩ Y ∩D) = dima((X ∪ Y ) ∩D).

Îïðåäåëåíèå 4. a-Ïðåäãåîìåòðèÿ ⟨S, acl⟩ íàçûâàåòñÿ a-ëîêàëüíî êîíå÷íîé, åñëè äëÿ
ëþáîãî êîíå÷íîãî ïîäìíîæåñòâà A ⊆ S, ìíîæåñòâî acl(A) êîíå÷íî.

Èìåþò ìåñòî ñëåäóþùèå òåîðåìû:

Òåîðåìà 1. Ïóñòü T � àöèêëè÷åñêàÿ òåîðèÿ. Òîãäà a-ïðåäãåîìåòðèÿ ⟨S, acl⟩ ëþáîé
íàñûùåííîé ìîäåëè M = ⟨S,R⟩ òåîðèè T ÿâëÿåòñÿ a-ìîäóëÿðíîé.

Îïðåäåëåíèå 5. 1) Áóäåì íàçûâàòü âåðøèíó a â ãðàôå n-âåðøèíîé (∞-âåðøèíîé),
åñëè îíà èíöèäåíòíà n ð�eáðàì (áåñêîíå÷íîìó ÷èñëó ð�eáåð).

2) Íàçîâ�eì n-îêðåñòíîñòüþ âåðøèíû a ìíîæåñòâî âåðøèí, ñîåäèí�eííûõ ñ íåé ÷åðåç
n ð�eáåð. Ýòî ìíîæåñòâî îáîçíà÷àåòñÿ ÷åðåç Nn(a).

3) Ïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë è ñèìâîëà ∞ áóäåì íàçûâàòü êîäîì âåð-
øèíû a îò âåðøèíû b, åñëè i-òûé ýëåìåíò ïîñëåäîâàòåëüíîñòè ÿâëÿåòñÿ ñòåïåíüþ i-òîé
âåðøèíû íà ïóòè îò ýëåìåíòà b ê ýëåìåíòó a.

4) Áóäåì ãîâîðèòü, ÷òî âåðøèíû èìåþò îäèí òèï, åñëè íà êàæäîé èõ îêðåñòíîñòè
èìååòñÿ îäíî è òîæå ÷èñëî âåðøèí îäèíàêîâîãî êîäà.

Òåîðåìà 2. Ïóñòü T � àöèêëè÷åñêàÿ òåîðèÿ. Òîãäà äëÿ ëþáîé ìîäåëè M = ⟨S,R⟩
òåîðèè T âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1) åñëè â ìîäåëè èìååòñÿ áåñêîíå÷íîå ÷èñëî êîíå÷íûõ êîìïîíåíò, òî a-ïðåäãåîìåòðèÿ
⟨S, acl⟩ íå ÿâëÿåòñÿ a-ëîêàëüíî êîíå÷íîé ⇔ ìîæíî âûäåëèòü áåñêîíå÷íîå ÷èñëî êîíå÷íûõ
ìíîæåñòâ ñ âåðøèíàìè îäíîãî òèïà;

2) åñëè â ìîäåëè èìååòñÿ áåñêîíå÷íàÿ êîìïîíåíòà, òî a-ïðåäãåîìåòðèÿ ⟨S, acl⟩ íå ÿâ-
ëÿåòñÿ a-ëîêàëüíî êîíå÷íîé ⇔ ïðè çàìûêàíèè íåêîòîðîé âåðøèíû ìîæíî âûäåëèòü áåñ-
êîíå÷íóþ âîçðàñòàþùóþ ïîäïîñëåäîâàòåëüíîñòü íàòóðàëüíûõ ÷èñåë n òàêóþ, ÷òî íà n-
îêðåñòíîñòè ìîæíî âûäåëèòü êîíå÷íîå ìíîæåñòâî âåðøèí îäíîãî òèïà.

Funding: Íàñòîÿùåå èññëåäîâàíèå ïîääåðæàíî Ðîññèéñêèì íàó÷íûì ôîíäîì, ïðîåêò � 22-21-00044.

Êëþ÷åâûå ñëîâà: ïðåäãåîìåòðèÿ, àöèêëè÷åñêàÿ òåîðèÿ, a-ïðåäãåîìåòðèÿ, a-ìîäóëÿðíîñòü, a-ëîêàëüíî êîíå÷-
íîñòü.

2010 Mathematics Subject Classi�cation: 03C07, 03C30, 05C63

Ëèòåðàòóðà
[1] Pillay A. Geometric Stability Theory, Clarendon Press, Oxford (1996).

[2] Åìåëè÷åâ Â.À., Ìåëüíèêîâ Î.È., Ñàðâàíîâ Â.È., Òûøêåâè÷ Ð.È. Ëåêöèè ïî òåîðèè ãðàôîâ, Íàóêà, Ìîñêâà

(1990), 384 ñ.

Ãåîìåòðè÷åñêèå ñâîéñòâà ãèïåððàñïðåäåëåíèÿ â
Åâêëèäîâîì ïðîñòðàíñòâå

Ä.Á. ÌÓÒÈÃÎËËÀÅÂÀ1,a,
1 ÊàçÍÓ èì.Àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: adanagul24.04.2000@gmail.com,

Â íàñòîÿùåé ðàáîòå ðàññìîòðåíû íåêîòîðûå ãåîìåòðè÷åñêèå ñâîéñòâà (n − 1)-ðàñïðå-
äåëåíèÿ â åâêëèäîâîì ïðîñòðàíñòâå En.

Ïóñòü n-ìåðíîå Åâêëèäîâî ïðîñòðàíñòâî En îòíåñåíî ê ïîäâèæíîìó ðåïåðó Rx =
(x, e⃗1, e⃗2, ..., e⃗n) èíôèíèòåçèìàëüíîå ïåðåìåùåíèå êîòîðîãî îïðåäåëÿåòñÿ äèôôåðåíöèàëü-
íûìè óðàâíåíèÿìè:

dx⃗ = ωJ e⃗J , de⃗J = ωKJ e⃗K (1)

(J,K, L, ... = 1, 2, ..., n; I, J,K, ... = 1, 2, ..., n− 1)
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Ôîðìû ωJ è ωKJ óäîâëåòâîðÿþò ñòðóêòóðíûì óðàâíåíèÿì:

DωJ = ωK ∧ ωKJ , DωKJ = ωLJ ∧ ωKL (2)

Ïóñòü â íåêîòîðîé îáëàñòè G ⊂ En çàäàíà âåùåñòâåííàÿ ôóíêöèÿ f(x1, x2, ..., xn). Óñëî-
âèå f = const. ðàññëàèâàåò îáëàñòü G íà∞1 ïîâåðõíîñòåé Vn−1 (ïîâåðõíîñòåé óðîâíÿ ýòîãî
èíâàðèàíòà), êàñàòåëüíûå ïðîñòðàíñòâà ê ýòèì ïîâåðõíîñòÿì çàäàþò â îáëàñòè G(n− 1)-
ðàñïðåäåëåíèå ∆n−1.

Òåîðåìà 1. Äëÿ òîãî, ÷òîáû âûïîëíÿëîñü ñîîòíîøåíèå y = tX, íåîáõîäèìî è äîñòà-
òî÷íî, ÷òîáû ãåîìåòðè÷åñêèé îáúåêò Λnin áûë íóëåâûì.

Òåîðåìà 2. Èíòåãðàëüíûå êðèâûå ðàñïðåäåëåíèÿ ∆(u⃗) ÿâëÿþòñÿ ëèíèÿìè êðèâèçíû
îòíîñèòåëüíî ∆(X) òîãäà è òîëüêî òîãäà, êîãäà∑

k

(−1)k−1(Λnik − ργik)det∥ΛniLK
∥ = 0(LK ̸= K),

ãäå ρ− êîðåíü óðàâíåíèÿ det∥Λnik − ργik∥ = 0.

Òåîðåìà 3. Åñëè èíòåãðàëüíûå êðèâûå ðàñïðåäåëåíèÿ ∆(u⃗), e⃗1 ∈ ∆(u⃗) ÿâëÿþòñÿ ãåî-
äåçè÷åñêèìè, òî det∥ΛniLk

= 0∥ è òåíçîðêðèâèçíû ãèïåðïîâåðõíîñòè Vn−1 óäîâëåòâîðÿåò
óñëîâèþ: Rstpq = 0, åñëè õîòÿ áû îäèí èç èíäåêñîâ ðàâåí åäèíèöå (LK ̸= K;K ̸= 1).

Àíàëîãè÷íî óáåæäàåìñÿ, ÷òî ñïðàâåäëèâà.

Òåîðåìà 4. ×òîáû ãåîäåçè÷åñêàÿ ëèíèÿ ∆(u⃗), e⃗1 ∈ ∆(u⃗) áûëà ïëîñêîé, íåîáõîäèìî è
äîñòàòî÷íî, ÷òîáû

γikΛnK1 = 0(i ̸= 1).

Ëèòåðàòóðà
[1] Ôàâàð Æ. Êóðñ ëîêàëüíîé äèôôåðåíöèàëüíîé ãåîìåòðèè, ÈË, Ìîñêâà (1960).
[2] Ôîìåíêî À.Ò. Ñèìïëåêòè÷åñêàÿ ãåîìåòðèÿ. Ìåòîäû è ïðèëîæåíèÿ, ÌÃÓ (1988).
[3] Ýéçåíõàðò Ë.Ï Ðèìàíîâà ãåîìåòðèÿ, Èçä-âî èíîñòð. ëèò., Ì.-Ë. (1948).
[4] Ðîçåíäîðí Ý. Ð., Ñîêîëîâ Ä.Ä. Î âîññòàíîâëåíèè äâóìåðíîé ïñåâäîðèìàíîâîé ìåòðèêè ïî çàäàííîé êðè-

âèçíå, Ôóíäàìåíòàëüíàÿ è ïðèêëàäíàÿ ìàòåìàòèêà, 11:1 (2005), 85�92.

[5] Áàçûëåâ Â.Ò. Î ìíîãîìåðíûõ ñåòÿõ â åâêëèäîâîì ïðîñòðàíñòâå, â: Ëèò. ìàòåì. ñá., Ó1, 4 (1966), 475�491.

Ðàññòîÿíèå Ãðîìîâà�Õàóñäîðôà ìåæäó ìíîæåñòâàìè
âåðøèí ïðàâèëüíûõ ìíîãîóãîëüíèêîâ, âïèñàííûõ â îäíó

îêðóæíîñòü

Òàëàíò Êàìáàðîâè÷ ÒÀËÈÏÎÂ1,a

1 ÊÔ ÌÃÓ èì. Ëîìîíîñîâà, Àñòàíà, Êàçàõñòàí

E-mail: atalipovtalant.live@gmail.com,

1. Ïðåäâàðèòåëüíûå ñâåäåíèÿ. Ïóñòü X � ïðîèçâîëüíîå ìåòðè÷åñêîå ïðîñòðàí-
ñòâî. Ðàññòîÿíèå ìåæäó òî÷êàìè x, y ∈ X áóäåì îáîçíà÷àòü d(x, y) èëè |xy|. Äëÿ íåïóñòûõ
A,B ⊂ X îïðåäåëèì

dH(A,B) = max
{
sup
a∈A

inf
b∈B

d(a, b), sup
b∈B

inf
a∈A

d(a, b)
}
.

Îïðåäåëåíèå. Âåëè÷èíà dH(A,B) íàçûâàåòñÿ ðàññòîÿíèåì Õàóñäîðôà ìåæäó A
è B. Ïóñòü X è Y � ìåòðè÷åñêèå ïðîñòðàíñòâà. Òðîéêó (X ′, Y ′, Z ′), ñîñòîÿùóþ èç ìåòðè-
÷åñêîãî ïðîñòðàíñòâà Z ′ è äâóõ åãî ïîäìíîæåñòâ X ′ è Y ′, èçîìåòðè÷íûõ ñîîòâåòñòâåííî
X è Y , íàçîâåì ðåàëèçàöèåé ïàðû (X, Y ). Ïîëîæèì

dGH(X, Y ) = inf
{
r : ∃(X ′, Y ′, Z ′), dH(X

′, Y ′) ⩽ r
}
.
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Îïðåäåëåíèå. Âåëè÷èíà dGH(X, Y ) íàçûâàåòñÿ ðàññòîÿíèåì Ãðîìîâà�Õàóñäîðôà
ìåæäó X è Y .

Îïðåäåëåíèå. Äëÿ ìíîæåñòâ X, Y ñîîòâåòñòâèåì ìåæäó X è Y íàçûâàåòñÿ R ⊂
X × Y òàêîå, ÷òî äëÿ ëþáîãî x ∈ X ñóùåñòâóåò y ∈ Y , äëÿ êîòîðûõ (x, y) ∈ R è, îáðàòíî,
äëÿ ëþáîãî y ∈ Y ñóùåñòâóåò x ∈ X, äëÿ êîòîðûõ (x, y) ∈ R. Åñëè X, Y � ìåòðè÷åñêèå
ïðîñòðàíñòâà, òî îïðåäåëèì èñêàæåíèå ñîîòâåòñòâèÿ R ñëåäóþùèì îáðàçîì: disR =

sup
{∣∣|x1x2| − |y1y2|

∣∣ : (x1, y1), (x2, y2) ∈ R
}
.

Ìíîæåñòâî âñåõ ñîîòâåòñòâèé ìåæäó X è Y áóäåì îáîçíà÷àòü R(X, Y ).
Òåîðåìà 1 [1]. Äëÿ ïðîèçâîëüíûõ îãðàíè÷åííûõ ìåòðè÷åñêèõ ïðîñòðàíñòâ X è Y

âûïîëíÿåòñÿ

dGH(X, Y ) =
1

2
inf
{
disR : R ∈ R(X, Y )

}
.

2. Îñíîâíûå ðåçóëüòàòû. Äëÿ êàæäîãî íàòóðàëüíîãî n ⩾ 2 îáîçíà÷èì ÷åðåç Pn
ìíîæåñòâî âåðøèí ïðàâèëüíîãî n-óãîëüíèêà, âïèñàííîãî â åäèíè÷íóþ îêðóæíîñòü S1.
Îòìåòèì, ÷òî P2 � ïàðà äèàìåòðàëüíî ïðîòèâîïîëîæíûõ òî÷åê. Íàäåëèì ìíîæåñòâà Pn
ìåòðèêîé, èíäóöèðîâàííîé ñ îêðóæíîñòè. Äëÿ m,n ⩾ 2 ïîëîæèì pm,n = dGH(Pm, Pn).

Òåîðåìà 2. Ïóñòü 2 ⩽ n ⩽ m è m äåëèòñÿ íà n áåç îñòàòêà, òîãäà

pn,m =
π

n
− π

m
.

Òåîðåìà 3. Ïóñòü m ⩾ 2, òîãäà

p2,m =

{
π
2
− π

2m
, åñëè m � íå÷åòíîå;

π
2
− π

m
, åñëè m � ÷åòíîå.

Òåîðåìà 4. Ïóñòü m ⩾ 3, à r � îñòàòîê îò äåëåíèÿ m íà 3, òîãäà

p3,m =

{
π
3
− π

m
, åñëè r = 0;

π
3
− rπ

3m
, åñëè r ̸= 0.

Êëþ÷åâûå ñëîâà: ìåòðè÷åñêàÿ ãåîìåòðèÿ, ðàññòîÿíèå Ãðîìîâà�Õàóñäîðôà, ìåòðè÷åñêîå ïðîñòðàíñòâî, óëüòðà-
ìåòðè÷åñêîå ïðîñòðàíñòâî.

2010 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20

Ëèòåðàòóðà

[1] Áóðàãî Ä.Þ., Áóðàãî Þ.Ä., Èâàíîâ Ñ.Â. Êóðñ ìåòðè÷åñêîé ãåîìåòðèè, Ìîñêâà�Èæåâñê, Èíñòèòóò êîì-

ïüþòåðíûõ èññëåäîâàíèé (2004).

Àëãåáðû áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ ãðàôîâ
Ìû÷åëüñêîãî

Äìèòðèé ÅÌÅËÜßÍÎÂ1,a,
1 Íîâîñèáèðñêèé ãîñóäàðñòâåííûé òåõíè÷åñêèé óíèâåðñèòåò, Íîâîñèáèðñê, Ðîññèÿ]

E-mail: adima-pavlyk@mail.ru

Îïðåäåëåíèå 1. Ìû÷åëüñêèàí èëè ãðàô Ìû÷åëüñêîãî íåîðèåíòèðîâàííîãî ãðàôà �
ãðàô, ñîçäàííûé ïðèìåíåíèåì êîíñòðóêöèè Ìû÷åëüñêîãî [1]. Êîíñòðóêöèÿ ñîõðàíÿåò îò-
ñóòñòâèå òðåóãîëüíèêîâ, íî óâåëè÷èâàåò õðîìàòè÷åñêîå ÷èñëî.

Îïðåäåëåíèå 2. Êîíñòðóêöèÿ Ìû÷åëüñêîãî ñòðîåòñÿ òàê, ïóñòü n âåðøèí çàäàííîãî
ãðàôà G � ýòî v0, v1 è òàê äàëåå. Ãðàô Ìû÷åëüñêîãî µ(G) ãðàôà G ñîäåðæèò G â êà÷åñòâå
ïîäãðàôà è åù¼ n + 1 âåðøèí � ïî âåðøèíå ui äëÿ êàæäîé âåðøèíû vi ãðàôà G, è åù¼
îäíà âåðøèíà w. Êàæäàÿ âåðøèíà ui ñîåäèíåíà ðåáðîì ñ w òàê, ÷òî âåðøèíû îáðàçóþò
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çâåçäó K1,n. Êðîìå òîãî, äëÿ êàæäîãî ðåáðà vivj ãðàôà G ãðàô Ìû÷åëüñêîãî âêëþ÷àåò
äâà ðåáðà �uivj è viuj.

Ïðèìåíÿÿ ïîñòðîåíèå ìû÷åëüñêèàíà ïîâòîðíî, íà÷èíàÿ ñ ãðàôà ñ åäèíñòâåííûì ðåá-
ðîì, ïîëó÷èì ïîñëåäîâàòåëüíîñòü ãðàôîâMi = µ(Mi−1), áóäåì íàçûâàòü èõ ãðàôàìè Ìû-
÷åëüñêîãî. Íåñêîëüêî ïåðâûõ ãðàôîâ â ýòîé ïîñëåäîâàòåëüíîñòè � ýòî ãðàôû M2 = K2 ñ
äâóìÿ âåðøèíàìè, ñîåäèí¼ííûìè ðåáðîì, öèêë M3 = C5 è M4 ýòî ãðàô ñ 11 âåðøèíàìè è
20 ð¼áðàìè.

Îïèñàíû àëãåáðû áèíàðíûõ èçîëèðóþùèõ ôîðìóë [2] äëÿ ãðàôîâ Ìû÷åëüñêîãî â îá-
ùåì âèäå. Çàìåíî, ÷òî êàæäîå ïðèìåíåíèå êîíñòðóêöèè Ìû÷åëüñêîãî ê ãðàôó óâåëè÷è-
âàåò äèàìåòð ãðàôà íà 1, ïîëó÷èëè çàâèñèìîñòü d = i− 2 ïðè Mi , ãäå i > 3.

Àëãåáðà Mi äëÿ ãðàôà Ìû÷åëüñêîãî Mi, ñ äèàìåòðîì ãðàôà n = i− 2, çàäà¼òñÿ ñëåäó-
þùåé òàáëèöåé:

· 0 1 2 3 4 . . . n
0 {0} {1} {2} {3} {4} . . . {n}
1 {1} {1, 2} {1, 2, 3} {0, 1, 2, 3, 4} {0, 1, 2, 3, . . . {0, 1, 2, 3,

4, 5} . . . , n}
2 {2} {1, 2, 3} {0, 1, 2, 3, 4} {0, 1, 2, 3, {0, 1, 2, 3, . . . {0, 1, 2, 3,

4, 5} 4, 5, 6} . . . , n}
3 {3} {0, 1, 2, 3, 4} {0, 1, 2, 3, {0, 1, 2, 3, {0, 1, 2, 3, . . . {0, 1, 2, 3,

4, 5} 4, 5, 6} 4, 5, 6, 7} . . . , n}
4 {4} {0, 1, 2, 3, {0, 1, 2, 3, {0, 1, 2, 3, {0, 1, 2, 3, 4, . . . {0, 1, 2, 3,

4, 5} 4, 5, 6} 4, 5, 6, 7} 5, 6, 7, 8} . . . , n}
. . . . . . . . . . . . . . . . . . . . . . . .

n {n} {0, 1, 2, 3, {0, 1, 2, 3, {0, 1, 2, 3, {0, 1, 2, 3, . . . {0, 1, 2, 3,
. . . , n} . . . , n} . . . , n} . . . , n} . . . , n}

Òåîðåìà 1. Àëãåáà áèíàðíûõ èçîëèðóþùèõ ôîðìóë äëÿ ãðàôà Ìû÷åëüñêîãîMi áóäåò
èçîìîðôíà àëãåáðå Mi.
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Binary weakly ordered minimal theories and conservative
extensions
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Let M = (M ; Σ) be an elementary submodel of a model N = (N ; Σ) (M ≺ N). We say that
N is n-conservative extension of M (M ≺n,c N), if for any ᾱ ∈ N \M (l(ᾱ) = n) its n-type
is definable. N is conservative extension of M (M ≺c N), if it is n-conservative extension for
any n < ω. L. van den Dries [1] proved that any any elementary extension of real closed field
is conservative, or any n-type over all real numbers is definable. Marker-Steinhorn [2] proved
that any 1-conservative pair of o-minimal models is conservative. B.Baizhanov [3] constructed
1-conservative, non 2-conservative pair of models of weakly o-minimal theory.

Theorem Let T be a binary weakly ordered minimal theory and M ≺1,c N. Suppose M ⊀c N
and, consequently, there exists ᾱ ∈ N \M such that tp(ᾱ|M) is not definable, length of tuple
ᾱ is minimal. Then there exists irrational 1-type over M , r ∈ S1(M) such that tp(ᾱ|M) ̸⊥w r,
tp(ᾱ|M) ⊥a r.
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Corollary 1 (Analogy of Marker-Steinhorn Theorem) Let T be a binary weakly ordered
minimal theory. If T is quite o-minimal or almost o-minimal, then for any elementary pair of
models M ≺ N the following holds: M ≺1,c N implies M ≺c N.

Corollary 2 (Analogy of L.van den Dries Theorem) Let M = (M ; Σ) be a model of a binary
weakly ordered minimal theory. Then there exists M+ = (M ; Σ+) weakly ordered minimal
expansion of M, such that any type over M is definable.
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Classifying of subvarities of varities of bicommutative algebra with
identity (ab)c+ (ba)c+ (ca)b+ c(ba) + c(ab) + b(ac) = 0

Zhaniya AKHMETOVA

SDU, Almaty, Kazakhstan

E-mail: 211101005@stu.sdu.edu.kz

THE ABSTRACT TEXT
One of the important problem of the theory of polynomial identitites in algebra is describe

all varieties of algebras with given system of identities. Our aim is to classify all subvarieties
of the variety of bicommutative algebras. Classifying is usually done in the language of lat-
tices. [1] completely describes the subvarieties of variety of the associative algebra. This work
describes in detail the subvarieties of a variety of a bicommutative algebra with the identity
(ab)c+(ba)c+(ca)b+c(ba)+c(ab)+b(ac)=0.

Defenition 1. An algebra (A, ·) is called bicommutative if any a, b, c ∈ A are satisfied the
following identities

(a · b) · c = (a · c) · b, (1)

a · (b · c) = b · (a · c). (2)

Theorem 1. Let f be generator of irreducible Sn-submodule of Pn(M). Then the conse-
quence of higher degrees from the f are equivalent to the following identities:

(a) f(n+1), f = fn, n = 1, 2

(b) g(n+1), f = fn, n = 1, 2, 3

(c) g(n+1), f = gn, n = 2, 3

(d) g(n+1), f = fn, n = 2

(e) g′(n+1), f = fn, n = 2

(f) g′(n+1), f = gn, n = 2

To illustrate this theorem we can use this form:
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g4

↗ ↑ ↖

f3 g3 g′3x ↗ ↖
x ↗

f2 g2x ↗

f1
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We denote the set of all n×n complex matrices byMn and the Schatten p-norm (0 < p ≤ ∞)
by ∥ · ∥p. Rotfel’d [1] proved that if x, y ∈ Mn and f : [0,∞) → [0,∞) is a concave function,
then

∥f(|x+ y|)∥1 ≤ ∥f(|x|) + f(|y|)∥1. (1)

Uchiyama [2] extended (1) that for any unitarily invariant norm ∥ · ∥ and concave function
f : [0,∞) → [0,∞)

∥f(|x+ y|)∥ ≤ ∥f(|x|)∥+ ∥f(|y|)∥, x, y ∈ Mn. (2)

In [3], the author interpolated (2) by proving that for all unitarily invariant norms ∥ · ∥ and
concave functions f : [0,∞) → [0,∞),

∥f(|x+ y|)∥ ≤ ∥f(1
2

(
|x|+ |y| x∗ + y∗

x+ y |x∗|+ |y∗|

)
)∥ ≤ ∥f(|x|)∥+ ∥f(|y|)∥, x, y ∈ Mn.

We denote by L0(0, α) the space of Lebesque measurable real-valued functions f on (0, α)
and define the decreasing rearrangement function f ∗ : (0, α) 7→ (0, α) for f ∈ L0(0, α) by

f ∗(t) = inf{s > 0 : µ({ω ∈ (0, α) : |f(ω)| > s}) ≤ t}, t ≥ 0.

If f, g ∈ L0(0, α) satisfy that
∫ t
0
f ∗(s)ds ≤

∫ t
0
g∗(s)ds for all t ≥ 0, we say that f is submajorized

by g, denote by f ≼ g.
Let (M, τ) be a semi-finite von Neumann algebra. We denote by L0(M) the set of all

τ -measurable operators and by µt(x) the generalized singular number of x ∈ L0(M).
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Theorem 1. Let x, y ∈ L0(M). If g : [0,∞) → [0,∞) is an increasing continuous
function, then

µt(g(|x+ y|)) ≤ µt(g(
1

2

(
|x|+ |y| x∗ + y∗

x+ y |x∗|+ |y∗|

)
)), 0 < τ < τ(1).

Theorem 2. Let x, y ∈ L0(M). If f : [0,∞) → [0,∞) is a concave function, then

µ(f(|x+ y|)) ≼ µ(f(
1

2

(
|x|+ |y| x∗ + y∗

x+ y |x∗|+ |y∗|

)
)) ≼ µ(f(|x|)) + µ(f(|y|)).
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On countable categoricity of semantic Jonsson quasivarieties of
unars and graphs
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The abstract is dedicated to the study of the model-theoretic properties of well-known and
sufficiently prime classes in the sense of signatures of algebras, particularly unars and graphs.
The abstract is a continuation of the work [1]. Let us recall the main definitions which will be
needed.

Definition 1. [2, 80] A theory T is said to be Jonsson, if it satisfies the following conditions:
1) T has an infinite model;
2) T is inductive;
3) T has JEP property;
4) T has AP property.
A theory is called Robinson if it is universal and has JEP and AP properties.
Definition 2. [2, 80] Let κ ≥ ω. Jonsson theory T is called κ-categorical, if any two

models of power κ of theory T are isomorphic to each other.
Definition 3. Model A of theory T is called existentially closed model of theory T , if for

any model B of theory T such that A ⊆ B, for any ∃ - formula ∃xφ(x, y), for any a from A
(l(a)) = (l(y)) from B |= ∃xφ(x, a) follows that A |= ∃xφ(x, a)

We will denote a class of existentially closed models of theory T as E(T ). We will need the
following theorem proved by Ye.A. Palyutin for construction of main results of the thesis.

Theorem 1. [3] In order for the algebraic system A to be some ω-categorical universal, it
is necessary and sufficient that the following conditions will be satisfied:
1) A is locally finite;
2) there is a function g : ω → ω such that for every a ∈ A and for every finite subset X ⊆ A
the type tp(a,X,A) is realized in every subsystem B ⊆ A that contains X and has a power
≥ g(|X|).
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Let us consider the notions of Jonsson spectrum of class K and connected with it semantic
Jonsson quasivariety.

Definition 4. A set J(Th(K)) = {∆ | ∆ is Jonsson theory, ∆ = Th(K) ∪ {φi}} where
φi ∈ ∀∃(L0) and φ

i /∈ Th(K), i ∈ {0, 1}, Th(K) is elementary theory of quasivariety class K,
∀∃(L0) is a set of all ∀∃ sentences of language L

Definition 5. A set JC = {C∆ | ∆ ∈ J(Th(K)), C∆is a semantic model of ∆} is said to
be Jonsson semantic quasivariety of class K.

Definition 6. [4] A set JSp(K) of Jonsson theories of signature σ, where JSp(K) =
{T | T is Jonsson theory and ∀A |= K,A |= T}, is said to be Jonsson spectrum of K.

As class K we will use all existing universal unars or undirected graphs denoted as KU and
KG respectively.

Definition 7. A set RSp(JC) of Robinson theories of signature σ, where RSp(JC) =
{∆ |∆ is Robinson theory and ∀C∆ ∈ JC,C∆ |= ∆}, is said to be Robinson spectrum of class
JC, where JC is Jonsson semantic quasivariety.

Let us consider factor-set RSp(JCU)/▷◁ of Robinson spectrum of JCU that is Jonsson seman-
tic quasivariety of Robinson unars parted by means of cosemanticness relations and consider
the properties of [∆U ] ∈ RSp(JCU)/▷◁. We will denote a class of existentially closed models of
class [∆U ] as E([∆U ]).

Theorem 2. Let [∆U ] be a class of ω-categorical Robinson theory of unars. Then the
following conditions are equivalent:
1) A ∈ E([∆U ]), where A is a model of class [∆U ];
2) A is disjoint union of components with cycles of the same length.

Corollary 1. Classes [∆U ] of countable-categorical Robinson theories of unars are total-
categorical

Let us consider factor-set RSp(JCG)/▷◁ of Robinson spectrum of JCG that is Jonsson seman-
tic quasivariety of Robinson graphs parted by means of cosemanticness relations and consider
the properties of [∆G] ∈ RSp(JCG)/▷◁. We will denote a class of existentially closed models of
class [∆G] as E([∆G]).

Theorem 3. Let [∆G] be a class of ω-categorical Robinson theory of undirected graphs.
Then the following conditions are equivalent:
1) B ∈ E([∆G]), where B is a model of class [∆G];
2) B is infinite quite disconnected graph.

Corollary 2. Classes [∆G] of countable-categorical Robinson theories of graphs are total-
categorical

All definitions that were not given in the abstract can be found in [2].
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The study of model-theoretic relations of classical algebras and their syntactic properties
from the Jonsson theories consideration, which are, generally speaking, incomplete, allows one
to describe quite broad classes of theories. The abstract is a continuation of the work [1]. Let
us recall the main definitions that are needed.

Definition 1. [2, 80] A theory T is said to be Jonsson, if:
1) T has at least one infinite model;
2) T is ∀∃-axiomatizing;
3) T has JEP ;
4) T has AP .
∀-axiomatizing Jonsson theory is called the Robinson theory.
We can consider the Jonsson spectrum for K, which can be defined as follows.
Definition 2. [3] A set JSp(K) of Jonsson theories of language L, where JSp(K) =

{T |T is Jonsson theory and K ⊆Mod(T )}, is said to be Jonsson spectrum of K.
Definition 4. A set J(Th(K)) = {∆ | ∆ is Jonsson theory, ∆ = Th(K) ∪ {φi}} where

φi ∈ ∀∃(L0) and φ
i /∈ Th(K), i ∈ {0, 1}, Th(K) is elementary theory of quasivariety class K,

∀∃(L0) is a set of all ∀∃ sentences of language L
Definition 5. A set JC = {C∆ | ∆ ∈ J(Th(K)), C∆is a semantic model of ∆} is said to

be semantic Jonsson quasivariety of class K.
As class K we will use all existing universal unars and construct the next notion.
Definition 6. A set RSp(JCU) of Robinson theories of language L, where RSp(JCU) =

{∆ | ∆ is Robinson theory of unars and ∀C∆ ∈ JCU , C∆ |= ∆}, is said to be Robinson spec-
trum of class JCU , where JCU is semantic Jonsson quasivariety of Robinson unars.

We consider the cosemanticness relation on Robinson spectrum RSp(JCU) and get the
partition onto equivalence classes [∆] ∈ RSp(JCU)/▷◁ , where RSp(JCU)/▷◁ will be a factor-set.

Definition 7. [1] A fourset (Ω, ν, µ, ε) is called characteristic C and is denoted by char(C),
if

Ω = {χ(a) : a ∈ C}, ν ω \ {0} → ω ∪ {∞} such that ∀m > 0,

ν(m) =

{
k, if the quantity m− loops in C is equal to k < ω,

∞, otherwise;

µ : Ω → ω ∪ {∞} such that if α ∈ Ω and α ∈ χ(a), then µ(α) = k(a), if k(a) < ω and
µ(α) = ∞, if k(a) = |C|;

ε =

{
0, if |{a ∈ C : χ(a) = ω}| = 0,

∞, otherwise.

C is a semantic model of Robinson unars theory.
Definition 8. [1] Let us call arbitrary fourset (Ω∗∗, ν∗∗, µ∗∗, ε∗∗) a characteristic if the

following conditions are satisfied:
1) ∅ ̸= Ω∗∗ ⊆ {ω} ∪ (ω × ω); 2) ν∗∗ : ω \ {0} → ω ∪ {∞};
3) µ∗∗ : Ω∗∗ → ω ∪ {∞};
4) ε∗∗ ∈ {0,∞};
5) ω ∈ Ω∗∗ ⇔ ε = ∞;
6) (n,m) ∈ Ω∗∗ ∩ (ω × ω)&0 ≤ k < n⇒ (k,m) ∈ Ω∗∗;

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023



Annual International April Mathematical Conference – 2023 35

7) ν∗∗(m) > 0 ⇔ (0,m) ∈ Ω∗∗;
8) |Ω∗∗| = ω ⇒ ω ∈ Ω∗∗;
9) (n,m) ∈ Ω∗∗ ∩ (ω × ω) ⇒ (µ(n,m) = 0 ⇔ (n+ 1,m) ̸= Ω∗∗);
10) ω /∈ Ω∗∗&|Ω∗∗| < ω ⇒ ∃m < ω(ν(m) = ∞) ∨ ∃n < ω,m < ω ((n,m) ∈ Ω∗∗&µ(n,m) =

∞);

11) |Ω∗∗| = ω ⇒

{
µ(ω) ≥ k, if ∃k, l < ω(k = max{µ(n,m) : (n,m) ∈ Ω∗∗, n+m ≥ l})
µ(ω) = ∞, otherwise;

12) µ∗∗(ω) > 0.
Definition 9. As a characteristic Char([∆]) we will understand Char(C[∆]).
Theorem 1. 1) Every class [∆] has a characteristic.

2) For any characteristic π there is a class [∆], that has characteristic π.
3) Two classes [∆1], [∆2] are equivalent iff their characteristics are equal.

Here π is some arbitrary fourset (Ω∗∗, ν∗∗, µ∗∗, ε∗∗), [∆] ∈ RSp(JCU)/▷◁
All definitions that were not given in the abstract can be found in [2].
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Cayley’s first hyperdeterminant is a unique (up scale) SL(n)×d-invariant polynomial of degree
n on the tensor space (Cn)⊗d for even d, given by

det(X) =
∑

σ2,...,σd∈Sn

sgn(σ2) · · · sgn(σd)
n∏
i=1

Xi,σ2(i),...,σd(i),

where Sn is the symmetric group and X = (Xi1,...,id) ∈ (Cn)⊗d is written as a multidimensional
matrix in a fixed basis. The function det(X) was studied by Cayley in 1845 [2]. Even though
this function has many nice properties generalizing the properties of the matrix determinant,
some of its basic properties are still unknown. For instance, it is not known how to describe
when det(X) = 0 and this problem is in general NP-hard to decide [1].

By a d-multiplanar network we call an acyclic directed graph G that lies in a union of d
half-planes α1, . . . , αd with a common pivot line L (in R3). For simplicity we assume that L is
perpendicular to xy-plane. For instance, 2-multiplanar network is a planar graph. A multipath
of G is a union of paths P1 : A→ B1, . . . , Pd : A→ Bd, where for each i = 1, . . . , d the path Pi
starts at a source A ∈ L and ends at a sink Bi ∈ αi. When multipaths have no common vertices
we call them non-intersecting. For i = 1, . . . , n, select n points Bi

1, . . . , B
i
n ∈ αi in increasing
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order of z-coordinate. Let Xi1,...,id be the number of multipaths with sinks B1
i1
, . . . , Bd

id
. Note

that X = (Xi1,...,id) can be viewed as an element in (Cn)⊗d.
Theorem 1. det(X) counts the number of tuples (M1, . . . ,Mn) of non-intersecting multi-

paths, where Mj is a multipath with the sinks B1
j , . . . , B

d
j for j = 1, . . . , n.

This theorem is an analog of the celebrated Lindström–Gessel–Viennot lemma [3] about
non-intersecting paths in planar graphs. We also have a weighted and more general version of
Theorem 1 which works for some generalized d-dimensional networks.
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A finite algebra A with discrete topology τ generates a topological quasivariety Qτ (A)
consisting of all topologically closed subalgebras of non-zero direct powers of A endowed with
the product topology. Profinite algebras are exactly those that are isomorphic to inverse limits
of finite algebras. Such algebras are naturally equipped with Boolean topologies. A topology
τ is Boolean if it is compact, Hausdorff, and totally disconnected. A topological quasivariety
Qτ (A) is standard if every Boolean topological algebra with the algebraic reduct in Q(A) is
profinite. In this case, we say that algebra A generates a standard topological quasivariety.

The questions of the standardness of quasivarieties have been investigated by many authors.
The problem ”Which finite lattices generate a standard topological prevariety?” was suggested
by D.M. Clark, B.A. Davey, M.G. Jackson and J.G. Pitkethly in the paper [1]. The paper [2]
found sufficient conditions under which a quasivariety contains a continuum of non-standard
subquasivarieties.

We investigate the topological quasivariety generated by the specific finite modular lattice
A and prove that it is not standard. We would like to note that there is an infinite number of
lattices similar to the lattice A. The main result of this work is as follows.

Theorem. The topological quasivariety generated by the lattice A is not standard.
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Let M = ⟨M ; Σ⟩ be a model of theory T . We say that ⟨M ; Σ+⟩ is an expansion of model
M, where Σ ⊂ Σ+ and there is a formula φ(x̄) of signature Σ+ such that the set φ(Mn) is
non-definable with parameters from the model ⟨M ; Σ⟩.

There are different ways to expand given model with aim to understand what properties
of theory preserves this expansion and expanded by differen non-definable subset: elementary
submodel, indiscernible set, the graph of unary function, arbitrary set. Macperson-Marker-
Steinhorn [1] for special case proved in o-minimal theory weak o-minimality expanded by convex
subset by consideration the relation of formulas expanded language in expanded model with the
formulas in initial language in elementary extension of initial model. This approach is called
after time the name externally definable expansion. So, letM ≺ N and Θ(x, ᾱ), ᾱ ∈ N \M . Let
A = {a ∈ N |N |= Θ(a, ᾱ)}, then A∩M is called to be externally definable subset in M. Notice
that this set in stable theory is definable in M. Thus expansion model by externally definable
set has sense just in non-stable theory. B.S. Baizhanov [2] proved, that expansion of models
of weakly o-minimal theories by externally definable subsets admits quantifier elimination and
preserves weakly o-minimality. Shelah [3] proved, that expansion of model of NIP theory by
externally definable subsets preserves NIP. V. Verbovskiy [4], F.Wagner and A. Pillay [5] gave
simplified proof of Shelah. Baizhanov-Verbovskiy [6] introduced notions ordered omega-stable,
ordered superstable, ordered stable and proved that these theories are dependent. Following
theorem of Shelah externally definable expansion of ordered stable theory is ordered stable.

In report we consider the questions of externally definable expansion of models of ordered
superstable theory.
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Sayan BAIZHANOV1,a, Bektur BAIZHANOV2,b

1Institute of mathematics and mathematical modelling, Almaty, Kazakhstan
2Institute of mathematics and mathematical modelling, Almaty, Kazakhstan

E-mail: asayan-5225@mail.ru, bbaizhanov@math.kz

Definition. LetM = ⟨M ; Σ⟩ be a model of theory T . We say that ⟨M ; Σ+⟩ is an expansion
of model M, where Σ ⊂ Σ+ and there is a formula φ(x̄) of signature Σ+ such that the set φ(Mn)
is non-definable with parameters from the model ⟨M ; Σ⟩.

Main problem: to find conditions on new relations, under which the desired properties of
the initial model are preserved.

Among such properties are the following: decidability of an elementary theory of an ex-
panded model (for example, decidability of the theory of the field of real numbers, expanded
with a unary exponential function), model completeness, stability, superstability, omega-stability,
strong minimality, weak and strong o-minimality, finite cover property, absence of a formula
with the independence property, and so on. As a new predicate, non-definable in the orig-
inal model, elementary submodels, selected automorphisms, indiscernible subsets, externally
definable set and just a subsets without any restrictions (the general case).

Expansion of a model by elementary submodel (pair of models) considered by B. Poizat
(stable case) [1] and E. Bouscaren studied the pairs of superstable theories with dimensional
order property [2]; J. Baldwin and M. Benedict [3] proved stability of an expansion of model of
a stable theory by a predicate, which distinguishes a non-definable set, over which the model
is saturated. A. Wilkie [4] proved that an expansion by a unary exponential function the
field of real numbers, whose elementary theory admits quantifiers elimination is decidable and
o-minimal, has a model complete and o-minimal theory, Macpherson, Marker, Steinhorn [5]
proved that expansion by externally definable set in o-minimal theory for special case preserves
weakly o-minimality, B.S. Baizhanov [6] proved, that expansion of models of weakly o-minimal
theories by externally definable subsets admits quantifier elimination and preserves weakly o-
minimality. Shelah [7] proved, that expansion of model of NIP theory by externally definable
subsets preserves NIP. V. Verbovkiy [8] and A. Pilay [9] gave simplified proofs of Shelah’s
theorem.

A natural question about on expansion by type-definable relation arises. We will discuss
the conditions for theories preserving the properties by expansion by a unary type-definable
relation. There is an expansion of a omega-stable that does not preserve stability by 1-type
definable set.
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We assume that M is a saturated model of a complete theory T , A is a set such that M is
|A|+-saturated, p, q are non-isolated one-types.

Neighborhood of the element α in type p ∈ S1(A) (α |= p) denoted and defined by

Vp(α) := {β ∈ p(M)| there exists A-formula ϕ(x, y), β ∈ ϕ(M,α) ⊂ p(M), ϕ(β,M) ⊂ p(M)}.

It follows from the definition that (non-definable) binary relation x ∈ Vp(y) is an equivalence
relation.

Assume that p, q ∈ S1(A) and there exists a 2 − A-formula H(x, y) such that for any
α ∈ p(M) and any β ∈ q(M), H(α,M) ⊂ q(M), H(M,β) ⊂ p(M).

Lemma 1. Suppose H(M,β) ⊆ Vp(α) for some α ∈ p(M) and some β ∈ q(M). Then
∪γ∈Vq(β)H(M,γ) = Vp(α).

We say that one-type p is not almost orthogonal to one-type q (p ̸⊥a q), there is a 2 − A-
formula H(x, y) such that for any α ∈ p(M), H(α,M) ⊂ q(M).

A type q is less or equal to type p with respect to Rudin-Keisler order (q ≤RK p), if in any
model containing A, the realization of p implies the realization of q. It follows from definitions
that p ̸⊥a q implies q ≤RK p.

We will assume that the theory T has the property:
(*) For any any two one-types the following holds. If p ̸⊥a q, then q ̸⊥a p.
This assumption means that on the set S1(A) the binary relation ̸⊥a is an equivalence

relation. We say that p ̸⊥b q, if p ̸⊥a q and there exists 2 − A−formula H(x, y) such that for
any α ∈ p(M) there exists β ∈ q(M), H(α,M) ⊆ Vq(β). We will assume that the theory T has
the property:

(**) For any two one-types the following holds: If p ̸⊥a q, then q ̸⊥b p and p ̸⊥b q.
Weakly o-minimal theory has the property (**).
It follows from (**) and Lemma 1 that for such theories it is possible to introduce the notion

of a neighborhood of element α in another one-type.
Let α ∈ p(M), p ̸⊥a q, β ∈ q(M), H(M,α) ⊆ Vq(β). The neighborhood of element α in

one-type q is the set Vq(α) := {δ| |= H(δ, γ), γ ∈ Vp(α)}. By Lemma 1 we have Vp(α) = Vp(β)
and Vq(α) = Vq(β).

Thus, for theories satisfying (**) there is a partition of modelM over set A and consequently,
we have an equivalence relation over A.

Let A ⊂ M , α, β ∈ M , p := tp(α|A), q := tp(β|A). We say, that α and β are V -equivalent
over A and denote α ≈A β, if either tp(α|A) = tp(β|A) is isolated or p ̸⊥a q and Vp(α) = Vp(β)
(equivalently, Vq(α) = Vq(β)). Notice, that in general case, this relation of equivalence is not
definable.

Definition 1. Let I be countable sequence < α1, α2, ..., αn, ... >n<ω. For m < i < ω
denote by pm,i := tp(αi|Aᾱm), pi := tp(αi|A). We say that I is V -independent sequence over
set A, if for any m < i ̸= j < ω we have αi ̸≈Aᾱm αj or equivalently, Vpm,i

(αi) ∩ Vpm,i
(αj) = ∅.
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We say, that I, a V -independent sequence over A, is Vp-indiscernible sequence over A, if
tp(αi|Aᾱm) = tp(αj|Aᾱm), tp(αi|A) = tp(αj|A) = p for any m < i ̸= j < ω.

We will discuss the possibility of giving a characterization of an arbitrary model of theory
with (**) by the family of independent sequences (Vp-indiscernible sequences) and if such a
family can serve as an invariant for a model like in Baldwin-Lachlan result for ℵ1-categorical
theories.
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The talk includes some observations regarding complete countable theories of countable
signatures and their countable models.

Given a countable, not necessarily linearly ordered, theory of a countable signature, we
construct a corresponding countable linearly ordered theory of a countable signature while
preserving the number of countable non-isomorphic models. This is done by introducing a new
equivalence relation with dense co-dense equivalence classes for distinct elements of models of
the initial theory, which “respects” the initial signature. We show one-to-one correspondence
between classes of models of these theories, hence proving the following theorem.

Theorem 1. Let M = ⟨M ; Σ⟩ be a countable structure of a countable signature Σ. Then
there exists a countable linearly ordered structureM∗ such that I(Th(M),ℵ0) = I(Th(M∗),ℵ0).

Corollary 1. If there exists a theory T of a countable signature such that I(T, 2ℵ0) = ℵ1,
then there exists a linearly ordered theory T ∗ of a countable signature such that I(T ∗, 2ℵ0) = ℵ1.

Corollary 1 shows that, in attempts to solve Vaught’s conjecture, we can safely exclude
non-linearly-ordered theories from our consideration, but, at the same time, this restriction is
not of a substantial matter.

A theory T is said to be n-ary if every its formula is equivalent to a boolean combination
of formulas with at most n free variables.

Theorem 2. Let T be a complete countable theory. Suppose that T is n-ary for some
n < ω, and let p ∈ Sm(T ), where m > n. Then the type p is a unique extension of the set⋃
p′∈Sn(T ),
p′⊂p

p′ to a complete m-type over an empty set.

That is, the m-type p is uniquely determined by a union of a suitable family of n-types over
an empty set.
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The Kleinfeld algebras are given by identity:

x ◦ (y ◦ z) = y ◦ (z ◦ x)

. The Kleinfeld algebras were introduced by E. Kleinfield in [2]. B. A. Kupershmidt studied
Kleinfeld algebras in [1]. We use program, written on Haskell, to compute multilinear part
of small dimensions. We obtain tha P (3) = 7, P (4) = 27, P (5) = 130, P (6) = 759, P (7) =
5205, P (8) = 40990.

Theorem 1. Let A be a Kleinfeld algebra then

P (n) ≤ n! + 94∗(n−4)3−467∗(n−4)2+801∗(n−4)−408
2
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Our research is connected with constructions of Ehrenfeucht theories possessing various
additional properties, with findings and investigating structural properties of Ehrenfeucht the-
ories. M. G. Peretyat’kin [2] has constructed a complete decidable theory T 1 having exactly 3
nonisomorphic countable models by expanding a dense meet-tree structure [1] with constants

c
(0)
n , n ∈ ω, such that c

(0)
n < c

(0)
n+1, n ∈ ω. Here a dense meet-tree means that M = ⟨M ;<,⊓⟩ is

a lower semilattice without least and greatest elements such that: (a) for each pair of incom-
parable elements, their join does not exist; (b) for each pair of distinct comparable elements,
there is an element between them; (c) for each element a there exist infinitely many pairwise
incomparable elements greater than a, whose infimum is equal to a. Consequently, the theory
was used as a base to produce examples in the context of Ehrenfeucht theories.

The following theorem shows that additional expansions of Tdmt by strictly decreasing se-
quences of constants preserve the Ehrenfeuchtness of the theory and extends possibilities for
characteristic representations of Ehrenfeucht theories.

Theorem 1. Let T be a countable constant expansions of the dense meet-tree theory

Tdmt with k number of increasing sequence of constants (c
(i,0)
n )n∈ω and for each i there is τ(i)

number of decreasing sequence of constants (c
(1,i)
n )n∈ω, . . . , (c

(τ(i),i)
n )n∈ω defining the function
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d(m) = {i | τ(i) = m}, so that c
(i,0)
n < c

(1,i)
n , . . . , c

(i,0)
n < c

(τ(i),i)
n , n ∈ ω and c

(j,i)
n ∥ c(t,i)n for each

1 ≤ j ̸= t ≤ τ(i). Then T has exactly 3d(0) ·6d(1) ·33·d(2) ·3u countable models, where the number

u depends on a theory and can be defined as
∏n

s=2 3
s·C2

s .
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Two-dimensional Choudhury algebras
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A nonassociative algebra A over a field K is called a Choudhury algebra if it satisfies the
following identity:

x ◦ (y ◦ z) = (x ◦ z) ◦ y
Choudhury algebras were introduced by B. A. Kupershmidt in [1].
We prove the following theorems. Theorem 1. Any commutative Choudhury algebra is

associative.
Theorem 2. Let A to be non commutative Choudhury algebra and dimA2 = 2, A = lin <

e1, e2 >
e1e1 = α1e1 + α2e2
e1e2 = β1e1 + β2e2
e2e1 = γ1e1 + γ2e2
e2e2 = θ1e1 + θ2e2
We have 1-parametric algebra A(α1)
γ1 = α1 and other coefficients are zero. and 1-parametric algebra A(β1)
θ2 = β1 and other coefficients are zero. and 2-parametric algebra A(α1, β1)
θ2 = β1, γ2 = α1 and other coefficients are zero.
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A notion of transposed Poisson algebras [1] can be easily generalized for n-ary case (see [2]).
It is an algebra (A, ω, •) with n-ary operation ω and binary operation •, such that (A, ω) is
n-Lie, (A, •) is associative commutative and for any a0, a1, . . . , an ∈ A,

n a0 • ω(a1, . . . , an) =
n∑
i=1

(−1)i−1ω(a0 • ai, a1, . . . , âi, . . . , an).
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Construction details of n-Lie algebras considered below see [3],[4].
Theorem 1. Let A be W -type (n+ 1)-Lie algebras defined on A = K[x1, . . . , xn+1] by

ω(a1, . . . , an+1) = det


a1 a2 · · · an+1

∂1a1 ∂1(a2) · · · ∂1(an+1)
∂2a1 ∂2(a2) · · · ∂2(an+1)
...

... · · · ...
∂na1 ∂n(a2) · · · ∂n(an+1)

 .
Then (A, ω, ·) is transposed (n+ 1)-Poisson.

Theorem 2. Let p = 3 and A = K[x] with 4-wronskian

ω(a1, a2, a3, a4) = det


a1 a2 a3 a4

∂(a1) ∂(a2) ∂(a3) ∂(a4)
∂2(a1) ∂2(a2) ∂2(a3) ∂2(a4)
∂3(a1) ∂3(a2) ∂3(a3) ∂3(a4)

 .
Then (A, ω, ·) is transposed 4-Poisson.

Let Wn be wronskian, defined on differentiable functions g1 = g1(x), . . . , gn = gn(x) by

Wn(g1, . . . , gn) = det


g1 g2 · · · gn
g′1 g′2 · · · g′n
...

... · · · ...

g
(n−1)
1 g

(n−1)
2 · · · g

(n−1)
n


Then for any functions f = f(x), g1 = g1(x), . . . , gn = gn(x) the following identity holds

n f Wn(g1, . . . , gn) =

Wn(f g1, g2, . . . , gn) +Wn(g1, f g2, . . . , gn) + · · ·+Wn(g1, g2, . . . , f gn).

Theorem 3. Let L = K[x] with n-Wronskian

ω(a1, a2, . . . , an) = det


a1 a2 . . . an

∂(a1) ∂(a2) . . . ∂(an)
...

... . . .
...

∂n−1(a1) ∂n−1(a2) . . . ∂n−1(an)


Then (L, ω) is homotopy n-Lie and (L, ω, ·) is homotopy transposed n-Poisson.

Theorem 4. Let 3-product in L = K[x] is given by

ω(a1, a2, a3) = det

 a1 a2 a3
∂(a1) ∂(a2) ∂(a3)
∂5(a1) ∂5(a2) ∂5(a3)

+

2 det

 a1 a2 a3
∂2(a1) ∂2(a2) ∂2(a3)
∂4(a1) ∂4(a2) ∂4(a3)

+

det

 ∂(a1) ∂(a2) ∂(a3)
∂2(a1) ∂2(a2) ∂3(a3)
∂3(a1) ∂3(a2) ∂3(a3)


Then (L, ω) is homotopy 3-Lie. If p = 3, then (L, ω, ·) is homotopy transposed 3-Poisson.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2023



44 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2023

Funding: The authors were supported by the Science Committee of the Ministry of Science and Higher Education of
the Republic of Kazakhstan (Grant No. AP09259551).

Keywords: n-Lie algebras, Poisson algebras

2010 Mathematics Subject Classification: 17D99

References

[1] Bai C., Bai R., Guo L., Wu Y., Transposed Poisson algebras, Novikov-Poisson algebras, and 3-Lie algebras,
arXiv:2005.01110, 2021.
[2] Patricia Damas Beites, Bruno Leonardo Macedo Ferreira, Ivan Kaygorodov, Transposed Poisson structures,
arXiv:2007.00281v1, 2022.
[3] A.S. Dzhumadil’daev, Identities and derivations for Jacobian algebras, Contemp. Math. v.315, 245-278, 2002.

[4] A.S. Dzhumadil’daev, n-Lie Structures That Are Generated by Wronskians, Siberian Math. Journal, 46(2005), No.4,

pp. 601 - 612.

Weak Leibniz algebras and transposed Poisson algebras

Askar DZHUMADIL’DAEV1,a,
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E-mail: a dzhuma@hotmail.com

A weak Leibniz algebra is defined by the following polynomial identities

[a, b]c = 2a(bc)− 2b(ac), a[b, c] = 2(ab)c− 2(ac)b.

Example. Any two-sided Leibniz algebra is weak Leibniz. In particular, any Lie algebra is
weak Leibniz.

Example. Let ϵi ∈ K, for i ∈ I, and Aϵ is an algebra with base ei, i ∈ Z, and multiplcation

eiej = (i− j)ei+j +
∑
s∈I

ϵsei+j+s.

Then the algebra Aϵ is non-Lie simple weak Leibniz algebra. Note that any simple Leibniz
algebra is Lie.

An algebra with two binary operations A = (A, ◦, •), is called transposed Poisson (see
[1]), if (A, ◦) is Lie, (A, •) is associative commutative and associative part acts on Lie part as
1/2-derivation,

2a • (b ◦ c) = (a • b) ◦ c+ b • (a ◦ c), ∀a, b, c ∈ A.

Theorem 1. (p ̸= 2) If A is weak Leibniz, then the algebra (A, ◦, •) is transposed Poisson,
where a ◦ b = ab − ba, a • b = ab + ba. Conversely, if (A, ◦, •) is transposed Poisson, then the
algebra A with multiplication ab = 1/2(a ◦ b+ b ◦ a) is weak Leibniz.

An algebra (A, ·, •) is called Novikov-Poisson, if

I. (A, ·) is (left) Novikov, for any a, b, c ∈ A,

(a · b− b · a) · c = a · (b · c)− b · (a · c), (a · b) · c = (a · c) · b,

II. (A, •) is associative commutative, such that for any a, b, c ∈ A,

a • (b · c) = (a • b) · c, a · (b • c) = (a · b) • c+ b • (a · c),

Proposition. Let A = (A, ·, •) be Novikov-Poisson algebra. Then for any u, v ∈ A the
algebra Au,v = (A, ◦u, •v), where

a ◦u v = u • (a · b− b · a), a •v b = v • (a • b),

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023



Annual International April Mathematical Conference – 2023 45

is transposed Posson and the algebra Au,v under multiplication ab = 1/2(a ◦u b+ a •v b) is weak
Leibniz.

A weak Leibniz algebra A = (A, ·) is called special, if there exists transposed Poisson algebra
Bu,v constructed by Novikov-Poisson algebra B for some u, v ∈ B, such that A is a subalgebra
of Bu,v.

Let us construct a non-associative non-commutative polynomial of degree 5 by

h(t1, t2, t3, t4, t5) =

(((t5t1)t2)t3)t4 − (((t5t1)t3)t2)t4 − (((t5t2)t1)t3)t4+

(((t5t2)t3)t1)t4 + (((t5t3)t1)t2)t4 − (((t5t3)t2)t1)t4−

2(((t5t1)t4)t2)t3 + 2(((t5t1)t4)t3)t2 + 2(((t5t2)t4)t1)t3−

2(((t5t2)t4)t3)t1 − 2(((t5t3)t4)t1)t2 + 2(((t5t3)t4)t2)t1.

The polynomial h(t1, t2, t3, t4, t5) is skew-symmetric under variables t1, t2, t3.
Theorem 2. The identity h = 0 is a special weak Leibniz identity, i.e., it holds for special

weak Leibniz algebras, but not for all weak Leibniz algebras.
In particular h = 0 is identity for the algebra Aϵ. Any simple Lie algebra except sl2 and

Witt algebra W1 is exceptional. It will be interesting to construct non-Lie simple exceptional
weak Leibniz algebra (if exists).
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Ternary Tortkara algebras under Jacobian
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Zinbiel algebras are defined by the following identity

a ◦ (b ◦ c) = (a ◦ b+ b ◦ a) ◦ c.

For example, an algebra A = K[x] with multiplication a ◦ b = b
∫ x
0
a dx is Zinbiel.

Let [a, b] = a ◦ b − b ◦ a and {a, b} = a ◦ b + b ◦ a are Lie and Jordan commutators. In
[1] Loday has established that a plus-algebra A(+) = (A, { , }) of any Zinbiel algebra A is
associative commutative. In [2] it was proved that a minus-algebra A(−) = (A, [ , ]) of any
Zinbiel algebra A satisfies so called Tortkara identity

[[a, b], [c, d]] + [[a, d], [c, b]] = [J [a, b, c], d] + [J [a, d, c], b],

where J [a, b, c] = [[a, b], c] + [[b, c], a] + [[c, a], b] is Jacobian.
In [3] Bremner has found identity for Tortkara algebra endowed by ternary product [[a, b], c].

Now we endow Tortkara algebra A by ternary product J [a, b, c]. Let us introduce the following
commutator polynomials of degree 7,

F1(a, b, c, d, e, f, g) =
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J [a, d, J [e, f, J [b, c, g]]]− J [a, d, J [e, g, J [b, c, f ]]] + J [a, d, J [f, g, J [b, c, e]]]−

J [a, e, J [d, f, J [b, c, g]]] + J [a, e, J [d, g, J [b, c, f ]]]− J [a, e, J [f, g, J [b, c, d]]]+

J [a, f, J [d, e, J [b, c, g]]]− J [a, f, J [d, g, J [b, c, e]]] + J [a, f, J [e, g, J [b, c, d]]]−

J [a, g, J [d, e, J [b, c, f ]]] + J [a, g, J [d, f, J [b, c, e]]]− J [a, g, J [e, f, J [b, c, d]]]+

J [d, e, J [a, b, J [c, f, g]]]− J [d, e, J [a, c, J [b, f, g]]]− J [d, e, J [a, f, J [b, c, g]]] + J [d, e, J [a, g, J [b, c, f ]]]−

J [d, f, J [a, b, J [c, e, g]]] + J [d, f, J [a, c, J [b, e, g]]] + J [d, f, J [a, e, J [b, c, g]]]− J [d, f, J [a, g, J [b, c, e]]]+

J [d, g, J [a, b, J [c, e, f ]]]− J [d, g, J [a, c, J [b, e, f ]]]− J [d, g, J [a, e, J [b, c, f ]]] + J [d, g, J [a, f, J [b, c, e]]]+

J [e, f, J [a, b, J [c, d, g]]]− J [e, f, J [a, c, J [b, d, g]]]− J [e, f, J [a, d, J [b, c, g]]] + J [e, f, J [a, g, J [b, c, d]]]−

J [e, g, J [a, b, J [c, d, f ]]] + J [e, g, J [a, c, J [b, d, f ]]] + J [e, g, J [a, d, J [b, c, f ]]]− J [e, g, J [a, f, J [b, c, d]]]+

J [f, g, J [a, b, J [c, d, e]]]− J [f, g, J [a, c, J [b, d, e]]]− J [f, g, J [a, d, J [b, c, e]]] + J [f, g, J [a, e, J [b, c, d]]]−

J [a, J [b, d, e], J [c, f, g]] + J [a, J [b, d, f ], J [c, e, g]]− J [a, J [b, d, g], J [c, e, f ]]−

J [a, J [b, e, f ], J [c, d, g]] + J [a, J [b, e, g], J [c, d, f ]]− J [a, J [b, f, g], J [c, d, e]],

F2(a, b, c, d, e, f, g) =

2(J [d, e, J [f, g, J [a, b, c]]]− J [d, f, J [e, g, J [a, b, c]]] + J [d, g, J [e, f, J [a, b, c]]]+

J [e, f, J [d, g, J [a, b, c]]]− J [e, g, J [d, f, J [a, b, c]]] + J [f, g, J [d, e, J [a, b, c]]]),

F3(a, b, c, d, e, f, g) =

3(J [a, b, J [c, d, J [e, f, g]]]− J [a, b, J [c, e, J [d, f, g]]] + J [a, b, J [c, f, J [d, e, g]]]− J [a, b, J [c, g, J [d, e, f ]]]−

J [a, b, J [d, e, J [c, f, g]]] + J [a, b, J [d, f, J [c, e, g]]]− J [a, b, J [d, g, J [c, e, f ]]]−

J [a, b, J [e, f, J [c, d, g]]] + J [a, b, J [e, g, J [c, d, f ]]]− J [a, b, J [f, g, J [c, d, e]]]

−J [a, c, J [b, d, J [e, f, g]]] + J [a, c, J [b, e, J [d, f, g]]]− J [a, c, J [b, f, J [d, e, g]]] + J [a, c, J [b, g, J [d, e, f ]]]+

J [a, c, J [d, e, J [b, f, g]]]− J [a, c, J [d, f, J [b, e, g]]] + J [a, c, J [d, g, J [b, e, f ]]]+

J [a, c, J [e, f, J [b, d, g]]]− J [a, c, J [e, g, J [b, d, f ]]] + J [a, c, J [f, g, J [b, d, e]]]

+J [b, d, J [a, c, J [e, f, g]]]− J [b, e, J [a, c, J [d, f, g]]] + J [b, f, J [a, c, J [d, e, g]]]− J [b, g, J [a, c, J [d, e, f ]]]

−J [c, d, J [a, b, J [e, f, g]]] + J [c, e, J [a, b, J [d, f, g]]]− J [c, f, J [a, b, J [d, e, g]]] + J [c, g, J [a, b, J [d, e, f ]]]

−J [b, J [a, c, d], J [e, f, g]] + J [b, J [a, c, e], J [d, f, g]]− J [b, J [a, c, f ], J [d, e, g]] + J [b, J [a, c, g], J [d, e, f ]]

+J [c, J [a, b, d], J [e, f, g]]− J [c, J [a, b, e], J [d, f, g]] + J [c, J [a, b, f ], J [d, e, g]]− J [c, J [a, b, g], J [d, e, f ]]

+J [d, J [a, b, c], J [e, f, g]]− J [e, J [a, b, c], J [d, f, g]] + J [f, J [a, b, c], J [d, e, g]]− J [g, J [a, b, c], J [d, e, f ]]),

F6(a, b, c, d, e, f, g) =

6(−J [a, d, J [b, c, J [e, f, g]]] + J [a, e, J [b, c, J [d, f, g]]]− J [a, f, J [b, c, J [d, e, g]]] + J [a, g, J [b, c, J [d, e, f ]]]

+J [a, J [b, c, d], J [e, f, g]]− J [a, J [b, c, e], J [d, f, g]] + J [a, J [b, c, f ], J [d, e, g]]− J [a, J [b, c, g], J [d, e, f ]]).

Let

F (a, b, c, d, e, f, g) = F1(a, b, c, d, e, f, g) + F2(a, b, c, d, e, f, g) + F3(a, b, c, d, e, f, g) + F6(a, b, c, d, e, f, g).

Theorem. For any Tortkara algebra A its ternary algebra (A, J) has no non-trivial identity
in degree 5 and satisfies the identity of degree 7

F (a, b, c, d, e, f, g) = 0.
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Polynomial identities in Noviov algebras
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A vector space N over a field k equipped with a product (x, y) 7→ x ◦ y is called a Novikov
algebra if the following identities hold for all x, y, z ∈ N :

(x ◦ y) ◦ z − x ◦ (y ◦ z) = (y ◦ x) ◦ z − y ◦ (x ◦ z),
(x ◦ y) ◦ z = (x ◦ z) ◦ y.

Theorem 1.[1] Let N be a Novikov algebra over a field of zero characteristic satisfying a
nontrivial identity. Then N is right associator nilpotent.

We say that a differential polynomial algebra satisfies a weak Novikov identity if we can
substitute for its variables only Novikov polynomials.

Theorem 2.[1] Every Novikov PI-algebra over a field of characteristic zero satisfies a dif-
ferential polynomial identity of the form

a
(2)
1 · · · a(2)p ap+1 · · · ap+q = 0,

for some p, q ≥ 1.

Theorem 3.[1] Every multilinear T-ideal of the free Novikov algebra is finitely generated.

Corollary 1.[1] Over a field of zero characteristic, every system of Novikov identities is
equivalent to a finite one.

This is joint work with Vladimir Dotsenko (University of Strasburg, France) and Ualbai
Umirbaev (Wayne State University, USA).
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Locally nilpotency of polynomial mappings and polynomial
automorphism

R.K. KERIMBAYEV,

Al-Farabi Kazakh National University, Almaty, Kazakhstan

E-mail: ker im@mail.ru

This article discusses polynomial mappings, which are some of the most mysterious objects.
One of the tricky problems with polynomial mappings is their reversibility. The main difficulty
is the absence of a ring structure in the set of polynomial mappings. The set of polynomial
mappings constitutes only a semigroup. Their superposition is considered an operation. The
polynomial mappings of A. V. Yagzhev, H. Bass, E. Connel, and D. Wright are considered.
In accordance with this mapping, the local nilpotency of the polynomial mapping formed by
homogeneous polynomials is shown. This result is related to the fact that the Jacobi matrix of
the polynomial map is nilpotent. In this case, the method of matrix multiplication is different
from the usual multiplication. Since matrices are variable, their multiplication depends on the
points. As the points change, the corresponding Jacobi matrix also changes.

Theorem. A polynomial mapping with homogeneous polynomials of the same degree has
a nilpotent Jacobi matrix, then it is locally nilpotent.

Keywords: polynomial maps, Jacobian, local nilpotency.
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Two-dimensional Almost Lie algebras
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A nonassociative algebra A over a field K is called a Almost Lie algebra if it satisfies the
following identities:

(x ◦ y) ◦ z + (y ◦ z) ◦ x+ (z ◦ x) ◦ y = 0

x ◦ (y ◦ z)− (z ◦ x) ◦ y = 0

Almost Lie algebras were introduced by B. A. Kupershmidt in [1]. Every Lie algebra is Al-
most Lie algebra. We classify all two-dimensional Almost Lie algebras over field of characteristic
̸= 3. We prove the following theorem

Theorem 1. Let A be an Almost Lie algebra and dimA = 2. If A is not Lie algebra then
A is commutative, associative and nilpotent of nilpotency length, equal to 3
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On ranks and spectra for families of constant expansions of theories
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We describe possibilities of RS-ranks, ds-degrees, and e-spectra e-Sp [1] for families of
constant extensions of theories and establish rank links for families of theories with Cantor-
Bendixson ranks (CB-ranks) for given theories [2]. We show that the e-minimality [3] of a
family of constant expansions of the theory is equivalent to the existence and uniqueness of a
nonprincipal type with a given number of variables. In particular, for strongly minimal theo-
ries this means that the non-principal 1-type is unique over an appropriate tuple. We obtain
a model-theoretic characterization for the existence of the least generating set for a family
of theories. We also prove that any inessential finite expansion of an o-minimal Ehrenfeucht
theory preserves the Ehrenfeucht property, and this is true for constant expansions of dense
spherically ordered theories [4]. For the expansions under consideration, the dynamics of the
values of countable spectra is described.

Let T be a complete theory in a language L, a be a tuple of new constant symbols, of length
l(a) = n. We denote by TT,a the set of all expansions T (a) of T by constants in a.

Proposition. For any theory T and a tuple a the following conditions are equivalent: (1)
TT,a contains an approximating subfamily; (2) Sl(a)(T ) is infinite.

Corollary 1. For any theory T the following conditions are equivalent: (1) for some tuple
a, TT,a contains an approximating subfamily; (2) S(T ) contains nonisolated types, i.e., T is not
ω-categorical and does not have finite models.

Corollary 2. For any theory T and a tuple a with finite Sl(a)(T ), RS(TT,a) = 0 and
ds(TT,a) = |Sl(a)(T )|.

Theorem 1. (1) For any type p ∈ Sn(T ) and a tuple a with l(a) = n, CBn(p) = RSTT,a
(T ∪

p(a)). (2) For any tuple a, CBl(a)(T ) = RS(TT,a). (3) For any tuple a, if CBl(a)(T ) = RS(TT,a)
is an ordinal then ds(TT,a) equals CB-degree of Sl(a)(T ).

Corollary 3. For any theory T and a tuple a the following conditions are equivalent: (1)
TT,a is e-minimal; (2) T has unique nonprincipal l(a)-type.

Corollary 4. For any strongly minimal theory T , a tuple a and an element b the following
conditions are equivalent: (1) TT (a),b is e-minimal; (2) T has a nonprincipal 1-type over a.

Theorem 2. (1) If TT,a is finite then e-Sp(TT,a) = 0. (2) If TT,a is infinite and has finitely
many accumulation points then e-Sp(TT,a) = ds(TT,a). (3) If TT,a is infinite and has infinitely
many accumulation points then e-Sp(TT,a) ≤ min{2|T |,RS(TT,a)}, and e-Sp(TT,a) = |RS(TT,a)|
if RS(TT,a) is an ordinal. Moreover, if T is countable, then e-Sp(TT,a) = min{2ω,RS(TT,a)}.

Theorem 3. For any countable theory T the following conditions are equivalent: (1) for
any tuple a, TT,a has the least generating set; (2) T has a prime model.

Theorem 4. Let T be an o-minimal theory. If T is Ehrenfeucht then for any M |= T , for
any n < ω and for any ā = ⟨a1, . . . , an⟩ ∈ M the theory T1 = Th(⟨M, ā⟩) is also Ehrenfeucht.
Moreover, (1) if each ai is a realization of an isolated or a rational 1-type over ∅ then I(T1, ω) =
I(T, ω); (2) if there exist 1 ≤ s ≤ n and 1 ≤ i1 < i2 < . . . < is ≤ n such that ait is a
realization of an irrational type pit over ∅ for every 1 ≤ t ≤ s, where l = dim{pi1 , pi2 , . . . , pis},
then I(T1, ω) = 6mT−l3kT+2l.

Corollary 5. Let T be the family of all o-minimal Ehrenfeucht theories, Tā be the family
of all expansions T (ā) of T by constants in ā for each T ∈ T , where ā is a tuple of new constant
symbols. Then Tā preserves o-minimality and Ehrenfeuchtness.

Theorem 5. Let T be an Ehrenfeucht constant expansion of a dense n-spherical theory.
Then for any M |= T , for any m < ω and for any ā = ⟨a1, . . . , am⟩ ∈ M the theory T1 =
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Th(⟨M, ā⟩) is also Ehrenfeucht. Moreover, (1) if each ai is a realization of an isolated 1-type or a
rational 1-type over ∅, i.e., a 1-type responsible for 3 countable models, then I(T1, ω) = I(T, ω);
(2) if there exist 1 ≤ s ≤ m and 1 ≤ i1 < i2 < . . . < is ≤ m such that ait is a realization of an
irrational type pit over ∅, i.e., a 1-type, responsible for 2k + 2 countable models, with k ≥ 2 for
every 1 ≤ t ≤ s, then each addition of the constant ait replaces its multiplier 2k + 2 in I(T, ω)
by (2k−1 + 2)n for I(T1, ω).

Corollary 6. Let T be the family of all Ehrenfeucht constant expansions of dense n-
spherical theories, Tā be the family of all expansions T (ā) of T by constants in ā for each
T ∈ T , where ā is a tuple of new constant symbols. Then Tā preserves Ehrenfeuchtness.

Funding: The research is supported by Russian Scientific Foundation, Project No. 22-21-00044.

Keywords: rank, spectrum, family of theories, constant expansion.

2010 Mathematics Subject Classification: 03C30, 03C15, 03C50

References
[1] Sudoplatov S.V. Ranks for families of theories and their spectra, Lobachevskii Journal of Mathematics, 42:2

(2021), 2959–2968.
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We study Birkhoff-Maltsev problem for Lukasiewicz algebras. The main purpose of this
work is to identify some nontrivial properties of the quasivariety lattice Lq(L) of the variety L
generated by the set of all finite Lukasiewicz algebras.

Recall that a quasivariety is a class of algebras of the same type that is closed under subal-
gebras, direct products (including the direct product of an empty family) and ultraproducts. A
variety is a quasivariety which is closed under homomorphic images. A quasivariety K′ which
is contained in a quasivariety K is called a subquasivariety of K. The set Lq(K) of all subqua-
sivarieties of a given quasivariety K forms a complete lattice (under inclusion) which is called
a lattice of quasivarieties of K or a quasivariety lattice of K.

The Lukasiewicz algebra is called an algebra

Lp =
({

0,
1

p
, ...,

p− 1

p
, 1

}
,→,¬

)
, p ≥ 1,

with the operations defined as follows: for all x,y x→ y = min {1, 1− x+ y} and ¬x = 1− x.
The main result of this work is the following theorem.

Theorem. Let L be the variety generated by the set of all finite Lukasiewizc algebras.
Then L is Q-universal and contains continuum many Q-universal quasivarieties, quasivarieties
having no covers in the quasivariety lattice Lq(L), subclasses K ⊆ L having the property (N),
subclasses K ⊆ L having the property (N) but which are not Q-universal, non-standard sub-
quasivarieties without an independent basis of quasi-identities,non-standard subquasivarieties
with the so-called finitely split basis of quasi-identities.

Note that in [1] it was proved that the considered quasivariety lattice Lq(L) does not satisfy
any non-trivial lattice’s identity.
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The results obtained demonstrate the structural and algorithmic complexity of the quasi-
variety lattice of the variety generated by the set of all finite Lukasiewicz algebras.
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Countable models in complete theory
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Number of non-isomorphic countable models of the complete countable theory is important
characteristic of the class complete theories. In our report we will consider examples of theories
having maximal (2ℵ0) non-isomorphic countable models from the class of stable theories and
from the class of unstable theories. For the class of stable theories we give the examples based
on the notion of dimension of formulas [1] and for the class of unstable theories we give the
examples of the theories with definable linear order, as well of weakly o-minimal theory [2] and
as well non-weakly o-minimal theory [3].
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It is well-known that every associative Lyndon-Shirshov word corresponds to a unique nonas-
sociative Lyndon-Shirshov word by the arrangement of parentheses and the set of such words
forms the basis of the free Lie algebra, see [3]. The analogue of that result for the group
appeared in [4].

In the same way, we consider an associative algebra in alphabet X with derivation d and
denote it by As⟨X⟩(d). As an analogue for the associative Lyndon-Shirshov words, we consider
a subset of basis monomials of As⟨X⟩(d) of a weight −1, where the weight function is defined
as follows:

wt(x) = −1, x ∈ X;

wt(d(u)) = wt(u) + 1; wt(uv) = wt(u) + wt(v).

For every monomial of As⟨X⟩(d) of the weight −1, we define the rule of the arrangements of
parentheses and the product operations ≻, ≺. In that way, we obtain the set of nonassociative
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monomials with operations ≻ and ≺. Such a set is the basis of a free noncommutative Novikov
algebra, which is defined by the following identities:

x ≻ (y ≺ z) = (x ≻ y) ≺ z, (6)

(x ≺ y) ≻ z − x ≻ (y ≻ z) = x ≺ (y ≻ z)− (x ≺ y) ≺ z. (7)

The identities (6), (7) first appeared in [2]. Also, that algebra is derived in [1].
The main motivation for this work is as follows: the defining identities of Novikov algebra

come from commutative algebra with derivation under the operation

a ◦ b = ab′ or a ◦ b = a′b.

It depends on the definition of the Novikov algebra(left or right). The variety of noncom-
mutative Novikov algebras is a generalization of the variety of Novikov algebras in the case
a ≻ b = b ≺ a(or ≻op=≺). In that case, identity (6) comes to right-commutative (left-
commutative) and identity (7) comes to left-symmetric (right-symmetric). Therefore, we obtain
the following diagram:

↪→
≻op=≺

↪→

↪→

↪→

·op = ·

Nov

N-Nov

Com(d)

As(d)

where N-Nov and Com(d) stand for varieties of noncommutative Novikov algebras and commu-
tative algebras with derivation, respectively.
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We introduce variations of rigidity and describe possibilities of these variations.
Let T be a complete theory, M be a model of T , A be a set in M, b ∈ M , n ∈ ω \ {0}.

Following [1] the element b ∈ M is called n-algebraic over A if a ∈ acl(A) and it is witnessed
by a formula φ(x, a), for a ∈ A, with at most n solutions. If b is a 1-algebraic element over A
then b is definable over A, i.e., b ∈ dcl(A).

Following [2] a structure M with unique automorphism is called rigid.
By the definition the 1-algebraicity of each element in M over the empty set, i.e., the

condition M = dcl(∅) produces the rigid structure M.
We separate the forms of rigidity of a structure as follows: the semantic one is defined in

terms of trivial automorphism group, and the syntactic one is in terms of 1-algebraicity of the
universe over the empty set.
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Clearly, the syntactic rigidity implies the semantic one but not vice versa.

For a set A in a structure M, M is called semantically A-rigid or automorphically A-rigid if
any A-automorphism f ∈ Aut(M) is identical. The structure M is called syntactically A-rigid
if M = dcl(A).

A structureM is called ∀-semantically / ∀-syntactically n-rigid (respectively, ∃-semantically
/ ∃-syntactically n-rigid), for n ∈ ω, if M is semantically / syntactically A-rigid for any (some)
A ⊆M with |A| = n.

Clearly, syntactical A-rigidity and n-rigidity imply semantical ones, and vice versa for finite
structures, but not vice versa for some infinite ones. Besides, if M is Q-semantically / Q-
syntactically n-rigid, where Q ∈ {∀,∃}, then M is Q-semantically / Q-syntactically m-rigid
for any m ≥ n.

The least n such that M is Q-semantically / Q-syntactically n-rigid, where Q ∈ {∀,∃},
is called the Q-semantical / Q-syntactical degree of rigidity and it is denoted by degQ-semrig (M)

and degQ-syntrig (M), respectively. If such n does not exists we put degQ-semrig (M) = ∞ and

degQ-syntrig (M) = ∞, respectively.
Notice that all these characteristics have the upper bound |M | − 1 if the structure M is

finite.
By the definition, for any structure M the following inequalities hold:

deg∀-semrig (M) ≤ deg∀-syntrig (M), (8)

deg∃-semrig (M) ≤ deg∃-syntrig (M), (9)

deg∃-semrig (M) ≤ deg∀-semrig (M), (10)

deg∃-syntrig (M) ≤ deg∀-syntrig (M). (11)

In view of inequalities (8) and (9) we have the following:

Proposition. 1. For any Q ∈ {∀,∃} the pairs (degQ-semrig (M), degQ-syntrig (M)) belong to the

set DEGQ,sem,synt
rig ⇌ {(µ, ν) | µ, ν ∈ ω ∪ {∞}, µ ≤ ν}.

A series of examples shows that the difference between deg∃-semrig (M) and deg∃-syntrig (M)

can be arbitrary large, i.e., DEG∃,sem,synt
rig contains pairs with arbitrary large differences. We

obtain the following theorem on distributions for these characteristics:
Theorem. For each pair (µ, ν) ∈ DEG∃,sem,synt

rig there exists a structure Mµ,ν such that

deg∃-semrig (Mµ,ν) = µ and deg∃-syntrig (Mµ,ν) = ν.
The following examples illustrate the inequalities (8)–(11).
Examples. 1. If a structure M is defined by a group trigonometry [3] with at least two

elements then all degQ-semrig (M) and degQ-syntrig (M) equal 2. It admits generalizations for arbitrary
natural degrees n ≥ 3.

2. If M is an infinite structure in a language of unary predicates then exactly one of the
following conditions hold: i) deg∃-semrig (M) = deg∃-syntrig (M) = deg∀-semrig (M) = deg∀-syntrig (M) = 0,
if M = dcl(∅);

ii) deg∃-semrig (M) = deg∀-semrig (M) = 0 and deg∀-syntrig (M) = ∞, if M ̸= dcl(∅) and there are

no distinct elements a, b ∈ M with tp(a) = tp(b); here deg∃-syntrig (M) = n if there are exactly

n realizations of nonisolated 1-types in M and deg∃-syntrig (M) = ∞ if there are infinitely many

realizations of nonisolated 1-types inM; iii) deg∀-semrig (M) = deg∀-syntrig (M) = ∞, otherwise, with

similar arbitrary possibilities for deg∃-syntrig (M) and deg∃-syntrig (M) depending on cardinalities of
sets of realizations of isolated and nonisolated 1-types.
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Simple continued fractions for any irrational numbers α is represented in the following form

α = a0 +
1

a1 +
1

a2 +
1

a3 +
1

a4 + · · ·

= [a0, a1; a2; a3; a4; · · · ], (1)

where a0 is an integer and a1, a2, a3 · · · are positive integers. When α is quadratic irrational,
then according to the classical result due to Lagrange, the continued fraction must be eventually
periodic [1]. Moreover, Galois showed that the periodic part of the continued fractions for the

special quadratic irrational α =
√
d, for d is square-free integer, is a palindrome and we can

denote the expansion shortly in this form
√
d = [a0, a1; a2; ...a2; a1, 2a0], (2)

where the periodic part is over-lined. For a quadratic irrational α we let D(α) denote the
length of the periodic part of its continued fractions. Recently, Gawron and Kobos [3] studied

(D(n
√
d))∞n=1 and showed that the sequence has infinitely many limit points. They ask a

question whether it is true if for every non-square integer d ≥ 1 and every k ≥ 1 at least one
of the numbers k or k + 1 appears as a limit point of (D(n

√
d))∞n=1.

Motivated by this research question we consider some special cases when continued fractions
of n

√
d has a period 2 or 3. Our main results are as follows.

Theorem 1. Let a be a positive integer greater than or equal to 1, and let b be a divisor
of 2a, but 2a ̸= b. Suppose that d is a positive integer such that d = a2 + 2a

b
. Then, n

√
d has a

periodic part with length 2, that is, D(n
√
d) = 2.

Theorem 2. Let a be a positive integer greater than or equal to 1, and let b2 + 1 be a

divisor of 2ab+ 1, but 2a ̸= b. Suppose that d is a positive integer such that d = a2 +
2ab+ 1

b2 + 1
.

Then, n
√
d has a periodic part with length 3, that is, D(n

√
d) = 3.

Moreover, we pose a new question whether it is true that for every d ≥ 1 there exist infinitely
many n such that D(n

√
d) = 2. Answering this question, we obtain the following result.

Theorem 3. Let d be a positive square-free integer. Then, we have D(n
√
d) = 2 whenever

a positive integer n satisfies the Pell’s Diophantine equation n2 − dx2 = 1.
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Here the last equation is the exact representation of Pell’s equation of the form x2−Dy2 = 1.
It is well-known that Pell’s equation of this form has infinitely many solutions [2]. Consequently,
we can answer positively to the question above that for ∀d there exist infinitely many n such
that D(n

√
d) = 2.
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The main idea of this work is to construct a link between the concept of quasivarieties
and Jonsson theories. It is well-known that when a class K of L-structures is expanded, it
is connected with the technique of Universal Algebra. And when Th(K) does, we deal with
Jonsson theories.

LetK be a variety (quasivariety) in the classical sense, as in [1]. Let us consider the following
set of theories:

JTh(K) = {T | T is a Jonsson theory and

T = Th(K) ∪ {φi | φ ∈ ∀∃(L0), i ∈ {0; 1}, φ ∈ L0\Th(K)}}.

In other words, JTh(K) is a set of Jonsson theories {T1, T2, ...}, where each Tj consists of
the sentences from Th(K) and universal-existential L-sentences, or their negations, that are
not contained in Th(K).

Since every theory T ∈ JTh(K) is Jonsson, T has a semantic model CT . In this manner, we
have the class JC = {C1, C2...} of semantic models of the theories of JTh(K). The obtained
class of semantic models is called a semantic Jonsson variety (quasivariety).

We consider the Jonsson spectrum JSp(JC) of the semantic Jonsson variety (quasivariety)JC.
It is defined as follows:

JSp(JC) = {∆ | ∆ is a Jonsson theory and ∀Ci ∈ JC Ci |= ∆}.

Let us introduce a cosemanticness relation on JSp(JC), and since it is an equivalence
relation, we obtain a factor-set JSp(JC)/▷◁. Let [∆] be a cosemanticness class, i.e. [∆] ∈
JSp(JC)/▷◁.

In this work, we study some stability properties of the obtained cosemanticness classes in
the Jonsson sense. In [2], the following definition of Jonsson λ-stability was introduced. A
Jonsson theory T is J-λ-stable if, for any T -existentially closed model A, and for any subset X
of A,

|X| ≤ λ ⇒ |SJ(X)| ≤ λ.

The following theorem is a test that connects λ-stability in sense of S.Shelah and J-λ-
stability for Jonsson theories.

Theorem 1. [2] Let T be a perfect Jonsson theory and let T be complete for existential
sentences. Let λ ≥ ω. Then the following statements are equivalent:
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1) T is J-λ-stable;
2) T ∗ is λ-stable, where T ∗ = Th(C), C is a semantic model of T .

The following theorem generalizes Theorem 1 for the cosemanticness classes within the study
of Jonsson semantic varieties (quasivarieties).

Theorem 2. Let [∆] ∈ JSp(JC)/▷◁ and let ∆ be a perfect Jonsson theory complete for
∃-sentences for any ∆ ∈ [∆]. Then [∆] is J-λ-stable iff [∆]∗ is λ-stable, where [∆]∗ is the center
of the cosemanticness class [∆].
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Theorem 1. Let T be a countable theory of a signature Σ. Let P := ⟨pn(xn) : n ∈ ω⟩ and
Q := ⟨qn(yn) : n ∈ ω⟩ be two sequences of non-isolated types over an empty set in the theory
T such that for every natural number n ∈ ω there is a model Mn of T such that Mn realizes
pi and omits qi for each i ≤ n. Then there exists a countable model Mω of T that realizes each
type from P and omits each type from Q.

This theorem follows from the following proposition and the classical omitting type theorem
(Theorem 2). Theorem 1 has been proved in [1] under some additional hypotheses.

We say that T locally omits Σ if and only if for every formula φ(x1, ..., xn) which is consistent
with T , there exists σ ∈ Σ such that φ∧¬σ is consistent with T , that is, every consistent with
T formula φ(x1, ..., xn) in L be a non-isolated.

Proposition. Each type qn is non-isolated in the countable theory T0 = T ∪ {pn(dn)}n∈ω,
where dn ̸∈ Σ for each n, and thus T0 locally omits qn for each n < ω.

Theorem 2. [2] Let T be a consistent theory in a countable language L, and for each r < ω
let Σr(x1, ..., xnr) be a set of formulas in nr variables. If T locally omits each Σr, then T has a
countable model which omits each Σr.

Thus, the hypotheses of Theorem 1 and the conclusion of the Proposition imply that the
hypotheses of Theorem 2 hold. Then there exists a countable model Mω |= T0, which omits
each type from Q. Note that since pn(dn) is a part of T0 for each n < ω, each model of T0
realizes each type from P . Since T ⊆ T0, so Mω |= T .

Let T be a small and countable. In general T0 need not be small. The question is, can we
construct Mω which realizes each type from P and omits each type from Q, such that Mω is
prime over {d1, ..., dn, ...}?
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On elimination of imaginaries in Hrushovski’s strongly minimal sets

Viktor VERBOVSKIY1,a,

1 Satbayev University, Almaty, Kazakhstan
1 Institute of mathematics and mathematical modeling, Almaty, Kazakhstan

E-mail: aviktor.verbovskiy@gmail.com,

By a Hrushovski sm-class we mean a classK0 of finite L-structures for a relational vocabulary
L along with a notion of strong substructure which yields a generic structure that is a strongly
minimal set D by a construction patterned by E. Hrushovski. In fact, there are a lot of
variants of this construction. Here we consider the original Hrushovski’s counterexample to
Zilber’s trichotomy conjecture and the example by G. Paolini, where he constructed examples
of strongly minimal k-Steiner systems.

Recall that a pair of two disoint sets A and B is called a good pair if B ≤ A ∪ B, δ(B) =
δ(A ∪ B), for any proper non-empty subset C of A it holds that δ(B) < δ(C ∪ B) and each
element in B is in some relation with some element in A.

Theorem Assume that there exists n such that for each k ≥ n and µ(A/B) ≥ δ(B) for each
good pair (A/B). Then the elementary theory of this Hrushovski’s example does not admit
elimination of imaginaries.

Theorem Assume that there exists n such that for each k ≥ n and µ(A/B) ≥ δ(B) for
each good pair (A/B). Then the elementary theory of the corresponding Steiner systems does
not admit elimination of imaginaries.
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On definable subsets of an o-stable expansion of (Z, <,+)

Aisha YERSHIGESHOVA1,a

1 Suleyman Demirel University, Kaskelen, Kazakhstan

E-mail: aaisha.yershigeshova@gmail.com

Recall that when the number of types is less than 2|A| , for each set A of cardinality λ, we
have a stability in λ.

Definition 1. Linear ordered structure M is called o-stable in λ, if for any any subset
A ⊆ M such that |A| ≤ λ and for any arbitrary cut s in M there exist the biggest λ complete
types over A which are consistent with cut s.

Theory T is called o-stable in λ, if every model of T is o-stable.
Theory T is called o-stable, if there is a λ, such that T is λ stable.

Our question is the following: can we add a new relation P to (Z, <,+), which is not
definable in this structure, so that the elementary theory of the expanded structure (Z, <,+, P )
is o-stable.

Definition 2. We say that subsets B,C ⊆ Z are eventually equal if there is such n ∈ Z
such that B ∩ (n,+∞) = C ∩ (n,+∞).

Definition 3. A set is tangled if it eventually does not contain nZ+ k for any n and k.
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We showed the following lemmata.
Lemma 4. For each definable subset there is an integer n such that is each interval of

length n contains an element of the set and an element of its complement.

Lemma 5. Each definable subset is not tangled.
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2 Äèôôåðåíöèàëüíûå óðàâíåíèÿ, òåîðèÿ ôóíêöèé è ôóíêöèî-
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Î êðèòåðèÿõ ðàçðåøèìîñòè íåëîêàëüíîé çàäà÷è äëÿ
ãèïåðáîëè÷åñêîãî óðàâíåíèÿ

Ïåðèçàò ÀÁÄÈÌÀÍÀÏÎÂÀ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
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Íà ìíîæåñòâå [0, ω] × [0, T ] ðàññìàòðèâàåòñÿ íåëèíåéíàÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à
äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñî ñìåøàííîé ïðîèçâîäíîé

ux,t = f(x, t, u, ux), u ∈ R, (1)

u(0, t) = ψ(t), t ∈ [0, T ], (2)

g(x, ux(x, 0), ux(x, T )) = 0, x ∈ [0, ω], (3)

ãäå f : [0, ω]× [0, T ]× R× R → R, g : [0, ω]× R× R → R � íåïðåðûâíû.
Ðåøåíèåì çàäà÷è (1)-(3) íàçûâàåòñÿ ôóíêöèÿ u∗(x, t) ∈ C([0, ω]× [0, T ],R), óäîâëåòâî-

ðÿþùàÿ íà ìíîæåñòâå [0, ω]× [0, T ] óðàâíåíèþ (1) è óñëîâèÿì (2), (3).
Çàäà÷à (1)-(3) ñâîäèòñÿ ê ýêâèâàëåíòíîìó ñåìåéñòâó íåëèíåéíûõ êðàåâûõ çàäà÷ äëÿ

èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé Ôðåäãîëüìà, êîòîðàÿ èññëåäóåòñÿ ìåòîäîì ïàðà-
ìåòðèçàöèè: ïðåäëîæåí àëãîðèòì ðåøåíèÿ, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ åãî ñõîäè-
ìîñòè, âìåñòå ñ òåì ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ èçîëèðîâàííîãî ðå-
øåíèÿ, äëÿ áîëåå óçêîãî êëàññà ðåøåíèé óñòàíîâëåíî, ÷òî ýòè óñëîâèÿ ÿâëÿþòñÿ íåîá-
õîäèìûìè. Â ñèëó ýêâèâàëåíòíîñòè ñåìåéñòâà íåëèíåéíûõ êðàåâûõ çàäà÷ äëÿ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé Ôðåäãîëüìà è çàäà÷è (1)-(3) óñòàíîâëåíû êðèòåðèè ðàç-
ðåøèìîñòè íåëèíåéíàÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñî
ñìåøàííîé ïðîèçâîäíîé (1)-(3).
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ëîãàðèôìè÷åñêèìè ãëàäêîñòÿìè
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Ïóñòü x̄ = (x1, ..., xm) ∈ Rm è Im = [0, 2π)m, p = (p1, ..., pm), τ = (τ1, ..., τm) è ÷èñëà
τj, pj ∈ (1,+∞), j = 1, ...,m. ×åðåç L∗

p,τ (I
m) îáîçíà÷èì àíèçîòðîïíîå ïðîñòðàíñòâî Ëîðåí-

öà, âñåõ èçìåðèìûõ ïî Ëåáåãó ôóíêöèé f(x) îïðåäåëåííûõ íà Rm, èìåþùèõ 2π- ïåðèîä
ïî êàæäîé ïåðåìåííîé è äëÿ êîòîðûõ âåëè÷èíà

∥f∥∗p,τ =

[∫ 2π

0

t
τm
pm

−1
m

[
. . .

[∫ 2π

0

(
f ∗1,...,∗m(t1, ..., tm)

)τ1
t
τ1
p1

−1

1 dt1

] τ2
τ1

. . .

] τm
τm−1

dtm

] 1
τm
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êîíå÷íà , ãäå f ∗1,...,∗m (t1, ..., tm) - íåâîçðàñòàþùàÿ ïåðåñòàíîâêà ôóíêöèè |f (x)| ïî êàæäîé
ïåðåìåííîé xj ïðè ôèêñèðîâàííûõ îñòàëüíûõ ïåðåìåííûõ (ñì. [1]).

Â ñëó÷àå p1 = ... = pm = τ1 = ... = τm = p ïðîñòðàíñòâî Ëîðåíöà L∗
p,τ (I

m) ñîâïàäàåò ñ
ïðîñòðàíñòâîì Ëåáåãà Lp(Im) ñ íîðìîé ∥f∥p (ñì. [ 2], ãë. I, ï. 1.1).

L̊∗
p,τ (I

m) � ìíîæåñòâî âñåõ ôóíêöèé f ∈ L∗
p,τ (I

m), äëÿ êîòîðûõ èíòåãðàëüíûå ñðåäíèå
ïî êàæäîé ïåðåìåííîé ïî ïåðèîäó ðàâíû íóëþ. an(f) � êîýôôèöèåíòû Ôóðüå ôóíêöèè

f ∈ L(Im) ïî ñèñòåìå {ei⟨n,x⟩}Zm . Ïîëîæèì ⟨ȳ, x̄⟩ =
m∑
j=1

yjxj,

δs (f, x) =
∑
n∈ρ(s)

an (f) e
i⟨n,x⟩,

ãäå ρ(s̄) =
{
k = (k1, ..., km) ∈ Zm : 2sj−1 ≤ |kj| < 2sj , j = 1, ...,m

}
, sj = 1, 2, ..., ωk̄(f, t̄)p

�ñìåøàííûé ìîäóëü ãëàäêîñòè ôóíêöèè f ∈ Lp(I
m) (ñì. [2], [3]).

Ïóñòü 1 ≤ p < ∞, 0 < θ ≤ ∞, bj ∈ R, j = 1, ...,m. ×åðåç S0,b̄
p,θB îáîçíà÷èì ïðîñòðàíñòâî

âñåõ ôóíêöèé f ∈ L̊p(I
m), äëÿ êîòîðûõ

∥f∥Sr̄
p,θB

= ∥f∥p +

[∫ 1

0

...

∫ 1

0

ωθk̄(f, t̄)p

m∏
j=1

(1− log tj)
θbj

tj
dt1...dtm

] 1
θ

< +∞,

ãäå b = (b1, ..., bm), k = (k1, ..., km), kj ∈ N, j = 1, ...,m.

S0,b̄
p,θB � ïðîñòðàíñòâî, ñîñòîÿùèé èç âñåõ ôóíêöèé f ∈ L̊p(I

m), äëÿ êîòîðûõ

∥f∥
S0,b̄
p,θB

=

∑
s̄∈Zm

+

m∏
j=1

(sj + 1)bjθ∥δs(f)∥θp


1
θ

<∞,

ïðè 1 < p < +∞, 0 < θ ≤ +∞, b = (b1, ..., bm), bj ∈ R, j = 1, ...,m.
Îòìåòèì, ÷òî ýòè êëàññû ÿâëÿþòñÿ àíàëîãàìè ïðîñòðàíñòâ B0,b

p,θ è B
0,b
p,θ, ðàññìîòðåííûõ

â [4]�[5].
Ïîëó÷åíû ýêâèâàëåíòûå íîðìèðîâêè ïðîñòðàíñòâ S0,b̄

p,θB è S0,b̄
p,θB â òåðìèíàõ íàèëó÷øåãî

ïðèáëèæåíèÿ �óãëîì� , �áëîêîâ� ðÿäà Ôóðüå ôóíêöèè. Óñòàíîâëåíû óñëîâèÿ âëîæåíèÿ
ýòèõ ïðîñòðàíñòâ äðóã â äðóãà. Íàéäåíû óñëîâèÿ âëîæåíèÿ ïðîñòðàíñòâ S0,b̄

p,θB è S0,b̄
p,θB â

ïðîñòðàíñòâî Ëîðåíöà L̊∗
p,τ (I

m) , ïðè 1 < τ < p <∞. Â ÷àñòíîñòè, äîêàçàíû
Òåîðåìà 1. Ïóñòü 1 < p < +∞, 0 < θ ≤ ∞ è ÷èñëà bj > −1

θ
, äëÿ j = 1, . . . ,m.

Òîãäà S0,v
p,θB ⊂ S0,b

p,θB ⊂ S0,u
p,θB, ãäå v = (v1, . . . , vm), u = (u1, . . . , um), vj = bj +

1
min{2,p,θ} ,

uj = bj +
1

max{2,p,θ} , äëÿ j = 1, . . . ,m.

Òåîðåìà 2. Ïóñòü 1 < τ ≤ min{2, p}, 1 < p < ∞, 0 < θ ≤ ∞ è b = (b1, . . . , bm). Åñëè

÷èñëà bj > ( 1
τ
− 1

θ
)+ + 1

τ
− 1

p
, äëÿ j = 1, . . . ,m, òî S0,b

p,θB ⊂ L∗
p,τ (I

m).

Òåîðåìà 3. Ïóñòü 1 < τ < p < ∞, 0 < θ ≤ ∞ è b = (b1, . . . , bm). Åñëè bj +
1
θ
> 1

τ
− 1

p
,

äëÿ j = 1, . . . ,m, òî S0,b
p,θB ⊂ L∗

p,τ (I
m).
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Ìíîãîìåðíûå ãèïåðáîëî-ýëëèïòè÷åñêèå óðàâíåíèÿ îïèñûâàþò âàæíûå ôèçè÷åñêèå, àñò-
ðîíîìè÷åñêèå è ãåîìåòðè÷åñêèå ïðîöåññû. Íàïðèìåð, êîëåáàíèÿ óïðóãèõ ìåìáðàí â ïðî-
ñòðàíñòâå ìîæíî ìîäåëèðîâàòü â êà÷åñòâå ìíîãîìåðíîãî óðàâíåíèÿ Ëàâðåíòüåâà-Áèöàäçå.

Òåîðèÿ êðàåâûõ çàäà÷ äëÿ ãèïåðáîëî-ýëëèïòè÷åñêèõ óðàâíåíèé íà ïëîñêîñòè õîðîøî
èçó÷åíà. Îäíàêî, íàñêîëüêî èçâåñòíî àâòîðó, èõ ìíîãîìåðíûå àíàëîãè ìàëî èññëåäîâàíû.

Â äàííîé ðàáîòå óñòàíîâëåí êðèòåðèé îäíîçíà÷íîé ðàçðåøèìîñòè ñïåêòðàëüíûõ çà-
äà÷ Òðèêîìè äëÿ ìíîãîìåðíîãî óðàâíåíèÿ Ëàâðåíòüåâà-Áèöàäçå. Íàéäåíû ñîáñòâåííûå
çíà÷åíèÿ è ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè ýòèõ çàäà÷.

Ïóñòü Ωε− êîíå÷íàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà Em+1 òî÷åê (x1, ..., xm, t), îãðà-
íè÷åííàÿ ïðè t > 0 ñôåðè÷åñêîé ïîâåðõíîñòüþ Γ : |x|2 + t2 = 1, à ïðè t < 0 êîíóñàìè
Kε : |x| = −t + ε, K1 : |x| = 1 + t, ε−1

2
≤ t ≤ 0, ãäå |x| - äëèíà âåêòîðà x = (x1, ..., xm), à

0 ≤ ε < 1.
Îáîçíà÷èì ÷åðåç Ω+ è Ω−

ε ÷àñòè îáëàñòè Ωε, ëåæàùèå â ïîëóïðîñòðàíñòâàõ t > 0 è
t < 0, ÷åðåç Sε− îáùóþ ÷àñòü ãðàíèö îáëàñòè Ω+, Ω−

ε , ïðåäñòàâëÿþùèõ ñîáîé ìíîæåñòâî
{t = 0, ε < |x| < 1} òî÷åê èç Em. ×àñòü êîíóñîâ Kε, K1, îãðàíè÷èâàþùèõ îáëàñòè Ω−

ε ,
îáîçíà÷èì ÷åðåç Sε, S1 ñîîòâåòñòâåííî.

Â îáëàñòè Ωε ðàññìîòðèì ìíîãîìåðíîå óðàâíåíèÿ Ëàâðåíòüåâà�Áèöàäçå ñî ñïåêòðàëü-
íûì äåéñòâèòåëüíûì ïàðàìåòðîì µ

∆xu+ (sgnt)utt = µu, (1)

ãäå ∆x - îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, ..., xm, m ≥ 2.
Ðàññìîòðèì ñëåäóþùèå ñïåêòðàëüíûå çàäà÷è Òðèêîìè äëÿ óðàâíåíèÿ (1).
Çàäà÷à Tµ. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ωε ïðè t ̸= 0 èç êëàññà C(Ωε)∩

∩C2(Ω+ ∪ Ω−
ε ) óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u
∣∣∣
Γ
= 0, u

∣∣∣
Sε

= 0 (2)

èëè
u
∣∣∣
Γ
= 0, u

∣∣∣
S1

= 0. (3)

Â äàëüíåéøåì íàì óäîáíî ïåðåéòè îò äåêàðòîâûõ êîîðäèíàò x1, ..., xm, t ê ñôåðè÷åñêèì
r, θ1, ..., θm−1, t, r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π, i = 2, ..., m− 1, θ = (θ1, ..., θm−1).

Ïóñòü
{
Y k
n,m(θ)

}
− ñèñòåìà ëèíåéíî íåçàâèñèìûõ ñôåðè÷åñêèõ ôóíêöèé ïîðÿäêà n, 1 ≤

k ≤ kn, (m−2)!n!kn = (n+m−3)!(2n+m−2),W l
2(S

ε), l = 0, 1, ...− ïðîñòðàíñòâà Ñîáîëåâà.
Ñïðàâåäëèâû ñëåäóþùèå òåîðåìû.
Òåîðåìà 1. Ïðè ε = 0, çàäà÷à (1), (2) äëÿ êàæäîãî µ èìååò ñîáñòâåííûå ôóíêöèè.
Òåîðåìà 2. Åñëè ε > 0, òî ðåøåíèå çàäà÷è (1), (2) u(r, θ, t) ≡ 0 ⇔ µ ̸= −γ2s .
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Ñëåäñòâèå. Çàäà÷à (1), (2) èìååò ñîáñòâåííûå çíà÷åíèÿ µ = −γ2s è ñîîòâåòñòâóþùèå
èì ñîáñòâåííûå ôóíêöèè.

Òåîðåìà 3. Äëÿ ëþáîãî ε ≥ 0, çàäà÷à (1), (3) îäíîçíà÷íî ðàçðåøèìà ⇔ µ ̸= −γ2s .
Ñëåäñòâèå. Çàäà÷à (1), (3) èìååò ñîáñòâåííûå çíà÷åíèÿ µ = −γ2s è ñîîòâåòñòâóþùèå

èì ñîáñòâåííûå ôóíêöèè.
Çäåñü γs− ïîëîæèòåëüíûå íóëè ôóíêöèè Áåññåëÿ ïåðâîãî ðîäà Js(z) öåëîãî ïîðÿäêà

s ≥ m+1
2
.

Êëþ÷åâûå ñëîâà: êðèòåðèé, ñïåêòðàëüíûå çàäà÷è Òðèêîìè, ñîáñòâåííûå çíà÷åíèÿ, ñîáñòâåííûå ôóíêöèè, ñôå-
ðè÷åñêèå ôóíêöè.
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Î ðåøåíèå êðàåâîé çàäà÷è äëÿ óðàâíåíèÿ òðåòüåãî
ïîðÿäêà ñ ïåðåìåííûìè êîýôôèöèåíòàìè

Þñóïæîí ÀÏÀÊÎÂ1,a, Ðàõìàòèëëà ÓÌÀÐÎÂ2,b

1 Èíñòèòóò ìàòåìàòèêè èì. Â.È. Ðîìàíîâñêîãî ÀÍ ÐÓç, Òàøêåíò, Óçáåêèñòàí
1,2 Íàìàíãàíñêèé èíæåíåðíî-ñòðîèòåëüíûé èíñòèòóò, Íàìàíãàí, Óçáåêèñòàí
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Â ðàáîòàõ [1-2], ðàññìîòðåíû êðàåâûå çàäà÷è äëÿ óðàâíåíèé òðåòüåãî ïîðÿäêà ñ êðàò-
íûìè õàðàêòåðèñòèêàìè, ïðè ïîìîùè ïîñòðîåíèåì ôóíêöèè Ãðèíà. Â ðàáîòå [3] áûëî
íàéäåíà ðåøåíèÿ óðàâíåíèå ñ ïîñòîÿííûìè êîýôôèöèåíòàìè â âèäå Uxxx −Uyy +A1Uxx +
A2Ux + A3Uy + A4U = g1(x, y), ñ äðóãèìè êðàåâûìè óñëîâèÿìè.

Â îáëàñòè D = {(x, y) : 0 < x < p, 0 < y < q} ðàññìîòðèì ñëåäóþùåå óðàâíåíèå òðå-
òüåãî ïîðÿäêà â âèäà

L(u) = Uxxx − Uyy + A1 (x)Uxx + A2 (x)Ux + A3 (x)U + A4Uy = g1(x, y), (1)

ãäå p, q, A4 ∈ R, ,Ai (x) , g1(x, y), i = 1, 3 çàäàííûå, äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Çàìåíîé

U(x, y) = exp

−1

3

x∫
0

A1 (ξ) dξ +
A4

2
y

u(x, y),

óðàâíåíèå (1) ìîæíî ïðèâåñòè ê âèäó

uxxx − uyy + a1 (x)ux + a2 (x)u = g(x, y), (2)

Çàäà÷à B1. Íàéòè ôóíêöèþ u(x, y) èç êëàññà C3,2
x,y (D) ∩ C2,1

x,y

(
D
)
óäîâëåòâîðÿþùóþ

óðàâíåíèþ (2) è ñëåäóþùèìè êðàåâûìè óñëîâèÿìè:

u (x, 0) = 0, u (x, q) = 0, 0 ≤ x ≤ p,

u (0, y) = ψ1 (y) , ux (p, y) = ψ2 (y) , uxx (p, y) = ψ3 (y) , 0 ≤ y ≤ q,

ãäå ψi (y) , i = 1, 3, g(x, y) çàäàííûå ôóíêöèè.
Òåîðåìà 1. Åñëè çàäà÷à B1 èìååò ðåøåíèå, òî ïðè âûïîëíåíèè óñëîâèé a1(x) ≥

0, a2(x)− 1
2
a1

′(x) ≥ 0, îíî åäèíñòâåííî.
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Òåîðåìà 2. Åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:

1)ψi (y) ∈ C3 [0, q] , i = 1, 3;

2)
∂3g (x, y)

∂x∂y2
∈ C [0, q] , 0 ≤ x ≤ p; g (x, 0) = g (x, q) = 0;

3) 0 ≤ C <
λ21

Kp (1 + λ1)
;

4) a1 (p) = 0;

òî ðåøåíèå çàäà÷è B1 ñóùåñòâóåò.

Çäåñü C = max {|a1 (x)| , |a1′ (x)− a2 (x)| , x ∈ [0, p]} , λ1 = 3

√(
π
q

)2
,

K =
16

3

(
1− exp

(
−2

√
3π

3

))−1

.

Ðåøåíèå çàäà÷è B1 èìååò âèä:

u (x, y) =
∞∑
n=1

(
λ3n

p∫
0

Gn (x, ξ)fn (ξ) dξ +
p∫
0

Rn (x, ξ)λ
3
n

p∫
0

Gn (x, ξ)fn (ξ) dξdξ+

+1
2
ψ3x

2 + (ψ2n − ψ3p)x+ ψ1n

)
sin
(
πn
q
y
)
.

Çäåñü

fn (x) = −
(
a2(x)
λ3n

+ 1
)
ψ1n −

(
xa2(x)+a1(x)

λ3n
+ x
)
ψ2n−

−
(
xa1(x)−pa1(x)−xa2(x)p

λ3n
+ a2(x)

λ3n
x2 + 1

2
x2 − px

)
ψ3n +

gn(x)
λ3n

,

Gn (x, ξ) ôóíêöèÿ Ãðèíà çàäà÷è{
V ′′′ + λ3nV = λ3nfn (x)− a1V

′ − a2V,
V (0) = V ′ (p) = V ′′ (p) = 0.
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Âîññòàíîâëåíèå êîýôôèöèåíòîâ æåñòêîñòè â ñëó÷àå ñòðóíû,

èìåþùåé âèä ãðàô-äåðåâà

Ãàóhàð ÀÓÇÅÐÕÀÍa, Æàíñàÿ ÁÅÊÒÀËb, Àèÿêîç ÁÎËÀÒÊÛÇÛc
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Ðàññìîòðèì íà ãðàô-äåðåâå ñ ÷åòûðüìÿ ïîêîëåíèÿìè çàäà÷ó íà ñîáñòâåííûå çíà÷åíèÿ.

−y′′j (xj) + qj(xj)yj(xj) = λyj(xj), 0 < xj < bj, j = 0, 1, 2, ...., 14, (1)
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y0(0) = 0, (2){
yj(bj) = ym(0) = yn(0),

y
′
j(bj) = y

′
m(0) + y

′
n(0) + kjym(0), j = 0, 1, 2, 3, 4, 5, 6

(3)

Çäåñü em, en - ýòî äóãè, ïåðåñåêàþùèåñÿ â îäíîé âåðøèíå j.

y7(b7) = y8(b8) = y9(b9) = y10(b10)

= y1(b11) = y12(b12) = y13(b13) = y14(b14) = 0.
(4)

Òåïåðü âîññòàíîâëåíèå êîýôôèöèåíòîâ æåñòêîñòè ïðîâîäèì, êîãäà ñòðóíà èìååò âèä
ãðàô-äåðåâà. Óñëîâèÿ (1) è (4) ïðåäñòàâëÿþò ãðàíè÷íûå óñëîâèÿ. Â òî æå âðåìÿ óñëîâèÿ
(3) ïðè j = 0, 1, 2, 3, 4, 5, 6 ÿâëÿþòñÿ óñëîâèÿìè ñîãëàñîâàíèÿ âî âíóòðåííèõ âåðøèíàõ
ãðàôà. Êîãäà êîýôôèöèåíòû æåñòêîñòè

k0 = k1 = k2 = k3 = k4 = k5 = k6 = 0,

òî óñëîâèÿ (3) ñîâïàäàþò ñ óñëîâèÿìè Êèðõãîôà [1].
Òàêèì îáðàçîì, ñòàâèòñÿ çàäà÷à îäíîçíà÷íîãî âîññòàíîâëåíèÿ êîýôôèöèåíòîâ æåñòêî-

ñòè k0, k1, k2, k3, k4, k5, k6 ïî íåêîòîðîìó íàáîðó ñîáñòâåííûõ çíà÷åíèé çàäà÷è (1) - (4). Ïðè
ýòîì ôóíêöèé qj(xj) ïðè j = 0, 1, ..., 14 ñ÷èòàþòñÿ çàäàííûìè.

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è íàì óäîáíî ââåñòè îáîçíà÷åíèÿ sj(xj) ïðè ðåøåíèÿ
óðàâíåíèÿ (1), ïîä÷èíåííûå óñëîâèÿì Êîøè

sj(bj) = 0, s′j(bj) = 1
Ðåøåíèå çàäà÷è íà ñîáñòâåííûå çíà÷åíèÿ (1) - (4) îáîçíà÷èì ÷åðåç
{y0(x0), ..., y14(x14)}
Â äîêëàäå âûÿâëåíû óñëîâèÿ âîññòàíîâëåíèÿ êîýôôèöèåíòîâ æåñòêîñòè k0, k1, k2, k3, k4,

k5, k6 ïî íåêîòîðîìó íàáîðó ñîáñòâåííûõ çíà÷åíèé çàäà÷è (1) - (4).

Êëþ÷åâûå ñëîâà: Ãðàô-äåðåâî, êîýôôèöèåíò æåñòêîñòè, óñëîâèÿ Êèðõãîôà.
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Ïóñòü 0 < u ≤ p ≤ ∞. Ïðîñòðàíñòâî Ìîððè M̃p
u ≡ Mp

u (Td)−ñîâîêóïíîñòü âñåõ
f ∈ Lu

(
Td
)
òàêèõ, ÷òî∥∥∥f | M̃p

u

∥∥∥ := sup
Q:|Q|≤1

|Q|1/p−1/u(

∫
Q

|f(x)|udx)1/u <∞.

Ïóñòü ψ ∈ C∞
0 (Rd) òàêàÿ,÷òî ψ(x) = 1, åñëè |x|∞ ≤ 1, ψ(x) = 0, åñëè |x|∞ ≥ 3/2. (Çäåñü

|x|∞ = max{|xκ| : κ = 1, . . . , d}, x = (x1, . . . , xd) ∈ Rd)
Ïîëîæèì φ0 := ψ, φ(x) := φ0(

x
2
) − φ0(x), φj(x) := φ(21−jx), φ−j ≡ 0, j = 1, 2, . . . .

Òîãäà
∑∞

j=−∞ φj(x) ≡ 1 íà Rd.

Ïóñòü ℓq := ℓq(Z) � ïðîñòðàíñòâî ÷èñëîâûõ ïîñëåäîâàòåëüíîñòåé (aj) := (aj)j∈Z ñ êî-
íå÷íîé ñòàíäàðòíîé (êâàçè)íîðìîé.
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Ïóñòü S ′ := S ′(Rd) �ïðîñòðàíñòâî Øâàðöà óìåðåííûõ ðàñïðåäåëåíèé, à S̃ ′ := S ′(Td) �
ïîäïðîñòðàíñòâî S ′ ðàñïðåäåëåíèé, 1-ïåðèîäè÷åñêèõ ïî êàæäîé ïåðåìåííîé; f̂ := F(f) è
F−1(f) � ïðÿìîå è îáðàòíîå ïðåîáðàçîâàíèÿ Ôóðüå ðàñïðåäåëåíèÿ f ∈ S ′.

Ïóñòü s ∈ R, 0 < q ≤ ∞, 0 < u ≤ p ≤ ∞.

Ïðîñòðàíñòâî Íèêîëüñêîãî-Áåñîâà-Ìîððè Ñ s
p,q,u := N s

p,q,u(Td) ñîñòîèò èç âñåõ ðàñïðå-

äåëåíèé f ∈ S̃ ′ òàêèõ, ÷òî

∥f |Ñ s
p,q,u∥ :=

∥∥∥∥∥(2js∑
ξ∈Zd

φj(ξ)f̂(ξ)e
2πiξx

)
| M̃p

u

∥∥ |ℓq
∥∥∥ <∞.

Ïóñòü, êðîìå òîãî, u ̸= ∞. Ïðîñòðàíñòâî Ëèçîðêèíà-Òðèáåëÿ-Ìîððè Ẽsp,q,u := Esp,q,u(Td)
ñîñòîèò èç âñåõ ðàñïðåäåëåíèé f ∈ S̃ ′ òàêèõ, ÷òî

∥f |Ẽsp,q,u∥ :=
∥∥∥∥∥(2js∑

ξ∈Zd

φj(ξ)f̂(ξ)e
2πiξx

)
| ℓq
∥∥ |M̃p

u

∥∥∥ <∞.

Ïóñòü τ ∈ R. Ïðîñòðàíñòâî òèïà Íèêîëüñêîãî-Áåñîâà, ñâÿçàííîå ñ ïðîñòðàíñòâîì Ìîð-
ðè, B̃s,τ

p,q := Bs,τ
p,q (Td) ñîñòîèò èç âñåõ ðàñïðåäåëåíèé f ∈ S̃ ′ òàêèõ, ÷òî

∥f | B̃s,τ
p,q∥ := sup

Q∈Q̃

1

|Q|τ
{ ∞∑
j=j(Q)

[ ∫
Q

2jsp
∣∣∣∑
ξ∈Zd

φj(ξ)f̂(ξ)e
2πiξx

∣∣∣p]q/pdx}1/q

<∞.

Ïðè 0 < p < ∞. Ïðîñòðàíñòâî òèïà Ëèçîðêèíà-Òðèáåëÿ, ñâÿçàííîå ñ ïðîñòðàíñòâîì
Ìîððè, F̃ s,τ

p,q := F s,τ
p,q (Td) ñîñòîèò èç âñåõ ðàñïðåäåëåíèé f ∈ S̃ ′ òàêèõ, ÷òî

∥f | F̃ s,τ
p,q ∥ := sup

Q∈Q̃

1

|Q|τ
{∫

Q

[ ∞∑
j=j(Q)

2jsq
∣∣∣∑
ξ∈Zd

φj(ξ)f̂(ξ)e
2πiξx

∣∣∣pq]p/qdx}1/p

<∞,

çäåñü Q � ìíîæåñòâî âñåõ äèàäè÷åñêèõ êóáîâ Q := Qjλ := {x ∈ Rd | 2jx− λ ∈ [0, 1)d}, j ∈
Z, λ ∈ Zd; j(Q) = − log2 l(Q), Q̃ � ìíîæåñòâî âñåõ äèàäè÷åñêèõ êóáîâ Q ⊂ [0, 1)d.

Ðàññìîòðèì åùå ïðîñòðàíñòâî B̃s,τp,q := Bs,τp,q (Td), ñîñòîÿùåå èç âñåõ ðàñïðåäåëåíèé f ∈ S̃ ′

òàêèõ, ÷òî

∥f | B̃s,τp,q∥ :=
{ ∞∑

j=0

sup
Q∈Q̃

[ ∫
Q

2jsp
∣∣∣∑
ξ∈Zd

φj(ξ)f̂(ξ)e
2πiξx

∣∣∣p]q/pdx}1/q

<∞.

ßñíî, ÷òî B̃s,τp,q ↪→ B̃s,τ
p,q .

I. Äåéñòâèòåëüíàÿ èíòåðïîëÿöèÿ. Ïóñòü 0 < θ < 1, s0, s1 ∈ R, s0 < s1, 0 < p < ∞, 0 ≤
τ ≤ 1

p
, 0 < q, q0, q1 ≤ ∞. Ïîëîæèì s := (1− θ)s0 + θs1.

Òåîðåìà 1. B̃s,τp,q = (B̃s0,τ
p,q0

, B̃s1,τ
p,q1

)θ,q â ñìûñëå ýêâèâàëåíòíûõ (êâàçè)íîðì.

Ñëåäñòâèå 1. B̃s,τp,q = (Ẽs0,τ
p,q0

, G̃s1,τ
p,q1

)θ,q â ñìûñëå ýêâèâàëåíòíûõ (êâàçè)íîðì (çäåñü
E,G ∈ {B,F} ëþáûå).

Ñëåäñòâèå 2. B̃s,τ
p,∞ = (Ẽs0,τ

p,q0
, G̃s1,τ

p,q1
)θ,∞ â ñìûñëå ýêâèâàëåíòíûõ (êâàçè)íîðì (çäåñü

ñíîâà E,G ∈ {B,F} ëþáûå).
Íèæå 0 < u ≤ p ≤ ∞
Òåîðåìà 2. Ñ s,τ

p,q,u = (Ẽs0,τ
p,q0,u

, G̃s1,τ
p,q1,u

)θ,q â ñìûñëå ýêâèâàëåíòíûõ (êâàçè)íîðì (çäåñü
E,G ∈ {E ,N} è p <∞ â ñëó÷àå E = E èëè G = E).

Ñëåäñòâèå 3. Åñëè s0 = 0, òî Ñ s,τ
p,q,u = (M̃p

u, Ẽ
s1,τ
p,q1,u

)θ,q â ñìûñëå ýêâèâàëåíòíûõ (êâà-
çè)íîðì (çäåñü E ∈ {E ,N} ).
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Ñëåäñòâèå 4. Åñëè s0 = 0, òî Ñ s,τ
p,q,u = (M̃p

u, B̃
s1,

1
p
− 1

u
p,q1 )θ,q â ñìûñëå ýêâèâàëåíòíûõ (êâà-

çè)íîðì.
II. Êîìïëåêñíàÿ èíòåðïîëÿöèÿ.
Òåîðåìà 3. Ïóñòü 0 < θ < 1, s ∈ R, 1 < q0, q1 ≤ ∞.
i) Ïóñòü 1 < u0 ≤ p0 <∞, 1 < u1 ≤ p1 <∞, ïîëîæèì 1

u
:= 1−θ

u0
+ θ

u1
, 1
p
:= 1−θ

p0
+ θ

p1
. Òîãäà

[M̃p0
u0
,M̃p1

u1
]θ = M̃p

u,

åñëè è òîëüêî åñëè u0p1 = u1p0.
ii) Ïóñòü 1 < u ≤ p <∞. Åñëè 1

q
:= 1−θ

q0
+ θ

q1
, òî

Ẽs
p,q,u = [Ẽs

p,q1,u
, Ẽs

p,q2,u
]θ, E ∈ {E ,N}.

Çàìå÷àíèå. Òåîðåìû 1, 2, 3 è ñëåäñòâèÿ 1, 2, 3, 4 ÿâëÿþòñÿ ïåðèîäè÷åñêèìè àíàëîãàìè
òåðåì 2.1, 2.2, ïðåäëîæåíèÿ 2.4 è ñëåäñòâèé 2.1, 2.2, 2.3, 2.4 ôóíäàìåíòàëüíîãî îáçîðà [1]
ñîîòâåòñòâåííî.

Funding: Àâòîð áûëà ïîääåðæàíà ãðàíòîì ÀÐ09258831 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâî Ìîððè, ïðîñòðàíñòâî òèïà Íèêîëüñêîãî�Áåñîâà, Ëèõîðêèíà�Òðèáåëÿ, èíòåðïî-
ëÿöèÿ.

2010 Mathematics Subject Classi�cation: 41A05, 46E30

Ëèòåðàòóðà
[1] Sickel W. Smoothness spaces related to Morrey spaces � a survey. II , Eurasian Math. J., 4:1 (2013), 82�124.

Âíóòðåííåêðàåâàÿ çàäà÷à ñî ñìåùåíèåì äëÿ
ñìåøàííî-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà

Æèðàñëàí ÁÀËÊÈÇÎÂ

ÈÏÌÀ ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ

E-mail: Giraslan@yandex.ru

Íà åâêëèäîâîé ïëîñêîñòè òî÷åê (x, y) ðàññìîòðèì óðàâíåíèå

0 =

{
(−y)muxx − uyy + λ(−y)m−2

2 ux, y < 0,
uxx − uyy + f, y > 0,

(1)

ãäå m, λ− çàäàííûå ÷èñëà, ïðè÷åì m > 0, |λ| ≤ m
2
; f = f (x, y)− çàäàííàÿ ôóíêöèÿ;

u = u (x, y)− èñêîìàÿ ôóíêöèÿ.
Óðàâíåíèå (1) ðàññìàòðèâàåòñÿ â îáëàñòè Ω = Ω1 ∪ Ω2 ∪ I, ãäå Ω1− ýòî îáëàñòü, îãðà-

íè÷åííàÿ õàðàêòåðèñòèêàìè σ1 = AC : x− 2
m+2

(−y)(m+2)/2 = 0 è
σ2 = CB : x + 2

m+2
(−y)(m+2)/2 = r óðàâíåíèÿ (1) ïðè y < 0, âûõîäÿùèìè èç òî÷êè

C = (r/2, yC), yC = −
[
r(m+2)

4

] 2
m+2

, ïðîõîäÿùèìè ÷åðåç òî÷êè A = (0, 0) è B = (r, 0),

ñîîòâåòñòâåííî, è îòðåçêîì I = AB ïðÿìîé y = 0; Ω2− îáëàñòü, îãðàíè÷åííàÿ õàðàêòåðè-
ñòèêàìè σ3 = AD : x− y = 0, σ4 = BD : x + y = r óðàâíåíèÿ (1) ïðè y > 0, âûõîäÿùèìè
èç òî÷åê A è B, ïåðåñåêàþùèìèñÿ â òî÷êå D =

(
r
2
, r
2

)
è îòðåçêîì I = AB.

Ðåãóëÿðíûì â îáëàñòè Ω ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì ôóíêöèþ u = u (x, y) èç
êëàññà u (x, y) ∈ C

(
Ω̄
)
∩ C1 (Ω) ∩ C2 (Ω1 ∪ Ω2), ïðè ïîäñòàíîâêå êîòîðîé óðàâíåíèå (1)

îáðàùàåòñÿ â òîæäåñòâî.
Çàäà÷à 1. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå

óñëîâèÿì
u [θ01 (x)] = ψ1(x), 0 ≤ x ≤ r, (2)
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α1(x)x
1−β2Dβ1

0x

{
tβ−1u [θ00(t)]

}
+ α2(x)D

β−1
0x uy(t, 0) + α3(x)u(x, 0) = ψ2(x), 0 < x < r, (3)

ãäå α1(x), α2(x), α3(x), ψ1(x), ψ2(x)− çàäàííûå íà îòðåçêå [0, r] ôóíêöèè, ïðè÷åì
α2
1(x) + α2

2(x) + α2
3(x) ̸= 0 ∀ x ∈ [0, r] .

Çäåñü θ00(x) =
(
x
2
,−(2− 2β)β−1x1−ε

)
, θ01(x) =

(
x
2
, x
2

)
� aôôèêñû òî÷åê ïåðåñå÷åíèÿ

õàðàêòåðèñòèê, âûõîäÿùèõ èç òî÷êè (x, 0) ñ õàðàêòåðèñòèêàìè AC è AD óðàâíåíèÿ (1)
ñîîòâåòñòâåííî; β1 = m−2λ

2(m+2)
, β2 =

m+2λ
2(m+2)

, β = β1 + β2 =
m
m+2

;

Dγ
cxφ(t) =


sgn(x−c)
Γ(−γ)

x∫
c

φ(t) dt
|x−t|1+γ , γ < 0,

sgn[γ]+1(x− c) d[γ]+1

dx[γ]+1
D
γ−[γ]−1
cx φ(t), γ > 0,

−

îïåðàòîð äðîáíîãî (â ñìûñëå Ðèìàíà-Ëèóâèëëÿ) èíòåãðî-äèôôåðåíöèðîâàíèÿ ïîðÿäêà
|γ|, ãäå [γ]− åñòü öåëàÿ ÷àñòü ÷èñëà γ [1, c. 28], [2].

Ñôîðìóëèðîâàííàÿ è èññëåäóåìàÿ â ðàìêàõ äàííîé ðàáîòû çàäà÷à (1)-(3) îòíîñèòñÿ ê
êëàññó êðàåâûõ çàäà÷ ñî ñìåùåíèåì Æåãàëîâà-Íàõóøåâà [3], [4].

Äîêàçàíà ñïðàâåäëèâîñòü ñëåäóþùåé òåîðåìû.
Ñïðàâåäëèâà ñëåäóþùàÿ

Òåîðåìà 1. Ïóñòü çàäàííûå ôóíêöèè α1(x), α2(x), α3(x), ψ1(x), ψ2(x), f(x, y) òàêîâû,
÷òî

α1(x), α2(x), α3(x) ∈ C1[0, r] ∩ C2(0, r),

ψ1(x), ψ2(x) ∈ C[0, r] ∩ C2(0, r),

f(x, y) ∈ C1(Ω2),

è âûïîëíåíî îäíî èç óñëîâèé: ëèáî

α2(x)− γ2α1(x) ̸= 0 ∀ x ∈ [0, r];

ëèáî æå

α2(x)− γ2α1(x) ≡ 0, α3(x) + γ1α1(x) ̸= 0 ∀ x ∈ [0, r].

Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå â îáëàñòè Ω ðåøåíèå çàäà÷è (1)-(3).
Â íåêîòîðûõ ÷àñòíûõ ñëó÷àÿõ ðåøåíèå çàäà÷è (1)-(3) ïîëó÷åíî è âûïèñàíî â ÿâíîì

âèäå.

Êëþ÷åâûå ñëîâà: âîëíîâîå óðàâíåíèå, âûðîæäàþùååñÿ ãèïåðáîëè÷åñêîå óðàâíåíèå, óðàâíåíèå Âîëüòåððà, ìåòîä
Òðèêîìè, ìåòîä èíòåãðàëüíûõ óðàâíåíèé, ìåòîäû òåîðèè äðîáíîãî èñ÷èñëåíèÿ.

2010 Mathematics Subject Classi�cation: 35L51

Ëèòåðàòóðà
[1] Íàõóøåâ À.Ì. Óðàâíåíèÿ ìàòåìàòè÷åñêîé áèîëîãèè. Ì.: Âûñø. øê., 301 c. (1995).
[2] Ñàìêî Ñ.Ã., Êèëáàñ À.À., Ìàðè÷åâ Î.È. Èíòåãðàëû è ïðîèçâîäíûå äðîáíîãî ïîðÿäêà è íåêîòîðûå èõ ïðè-

ëîæåíèÿ . Ìèíñê: Íàóêà è òåõíèêà, 688 c. (1987).
[3] Æåãàëîâ Â.È. Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà ñ ãðàíè÷íûì óñëîâèåì íà îáåèõ õàðàêòå-

ðèñòèêàõ ñ ðàçðûâàìè íà ïåðåõîäíîé ëèíèè // Ó÷åíûå çàïèñêè Êàçàíñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì.
Â.È. Ëåíèíà. 122:3, 3�16 (1962).

[4] Íàõóøåâ À.Ì. Î íåêîòîðûõ êðàåâûõ çàäà÷àõ äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé è óðàâíåíèé ñìåøàííîãî òèïà
// Äèôôåðåíö. óðàâíåíèÿ. 5:1, 44�59 (1969).
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Ðåøåíèå äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ
èíâîëþöèåé

Àêáîïå ÁÅÉÑÅÁÀÅÂÀ, Çåéíåï ÆÀÍÈÁÅÊ

Þæíî-Êàçàõñòàíñêèé óíèâåðñèòåò èì.Ì. Àóýçîâà, Øûìêåíò, Êàçàõñòàí

E-mail: akbope_a@mail.ru, zhanibekzeinep@mail.ru

Â íàñòîÿùåé ðàáîòå ìû èçó÷àåì ñïåêòðàëüíóþ çàäà÷ó äëÿ äèôôåðåíöèàëüíîãî îïåðà-
òîðà âòîðîãî ïîðÿäêà ñ èíâîëþöèåé è ñ êðàåâûìè óñëîâèÿìè òèïà Íåéìàíà. Ïîñòðîåíà
ôóíêöèÿ Ãðèíà èçó÷àåìîé êðàåâîé çàäà÷è.

Ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó

−u′′ (−x) = λu (x) + f (x) ,−1 < x < 1, u′ (−1) = 0, u′ (1) = 0 (1)

ãäå f(x)− íåïðåðûâíàÿ ôóíêöèÿ.
Òåîðåìà 1. Åñëè λ íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îäíîðîäíîé êðàåâîé çàäà÷è

(1), òî äëÿ ëþáîé íåïðåðûâíîé ôóíêöèè f(x) åå ðåøåíèå ïðåäñòàâèìî â âèäå

u (x) =
1

8ρ

{
eρ − e−ρ

eρ + e−ρ
(
eρx − e−ρx

) 1∫
−1

(
eρt − e−ρt

)
f (t) dt

−ie
ρi + e−ρi

eρi − e−ρi
(
eρix + e−ρix

) 1∫
−1

(
eρit + e−ρit

)
f (t) dt

+

−x∫
−1

[
−i
(
eρix + e−ρix

) (
eρit − e−ρit

)
+
(
eρx − e−ρx

) (
eρt + e−ρt

)]
f (t) dt

+

x∫
−x

[
i
(
eρix − e−ρix

) (
eρit + e−ρit

)
−
(
eρx + e−ρx

) (
eρt − e−ρt

)]
f (t) dt

+

1∫
x

[
i
(
eρix + e−ρix

) (
eρit − e−ρit

)
−
(
eρx − e−ρx

) (
eρt + e−ρt

)]
f (t) dt


Èç òåîðåìû âûòåêàåò âàæíîå

Ñëåäñòâèå 1. Åñëè λ íå ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì îäíîðîäíîé êðàåâîé çàäà÷è
(1), òî ñóùåñòâóåò åäèíñòâåííàÿ ôóíêöèÿ Ãðèíà çàäà÷è (1)

G (x, t, λ) =
1

8ρ

{
eρ − e−ρ

eρ + e−ρ
(
eρx − e−ρx

) 1∫
−1

(
eρt − e−ρt

)
f (t) dt

−ie
ρi + e−ρi

eρi − e−ρi
(
eρix + e−ρix

) 1∫
−1

(
eρit + e−ρit

)
f (t) dt+ g (x, t, λ)}

g(x, t, λ) =


−i (eρix + e−ρix) (eρit − e−ρit) + (eρx − e−ρx) (eρt + e−ρt) ,−1 ≤ t < −x
i (eρix − e−ρix) (eρit + e−ρit)− (eρx + e−ρx) (eρt − e−ρt) , −x ≤ t ≤ x

i (eρix + e−ρix) (eρit − e−ρit)− (eρx − e−ρx) (eρt + e−ρt) , x < t ≤ 1
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Â ñëó÷àå êðàåâûõ óñëîâèé òèïà Äèðèõëå ðàçðåøèìîñòü çàäà÷è ðàññìîòðåíà â ðàáîòå
[1].

Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÊÍ ÌÍèÂÎ ÐÊ (ãðàíò AP13068539)

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå ñ èíâîëþöèåé, ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì, áàçèñ.

Ëèòåðàòóðà
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Ðàçðåøèìîñòü íåëîêàëüíîé çàäà÷è äëÿ óðàâíåíèÿ
÷åòâåðòîãî ïîðÿäêà â ïðÿìîóãîëüíîé îáëàñòè

Àøèðìåò ÁÅÊÈÅÂ

Êàðàêàëïàêñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò, ã. Íóêóñ, Óçáåêèñòàí

E-mail: ashir1976@mail.ru

Â îáëàñòè Ω = {(x, t) : 0 < x < 1, 0 < t < β} ðàññìîòðèì óðàâíåíèå

Lv ≡ vtt (x, t)− vt (x, t)− vxxxx (x, t)− b2v (x, t) = f (x, t) ,

ãäå b = const è f(x, t) � çàäàííàÿ ôóíêöèÿ.
Çàäà÷à 1. Íàéòè â îáëàñòè Ω ôóíêöèþ v (x, t), óäîâëåòâîðÿþùóþ óñëîâèÿì

v (x, t) ∈ C3,0
x,t

(
Ω̄
)⋂

C4,2
x,t (Ω) , (1)

Lv ≡ f (x, t) , (x, t) ∈ Ω (2)

v (x, 0) = φ (x) , v (x, β) = ψ (x) , 0 ≤ x ≤ 1 (3)

v (0, t) = v (1, t) , vx (0, t) = 0, vxx (0, t) = vxx (1, t) , vxxx (0, t) = 0, 0 ≤ t ≤ β (4)

ãäå φ (x) , ψ (x) - çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ïðè÷åì φ (0) = φ (1) , ψ (0) =
ψ (1) , φ′ (0) = ψ′ (0) = 0, φ′′ (0) = φ′′ (1) , ψ′′ (0) = ψ′′ (1) , φ′′′ (0) = ψ′′′ (0) = 0. Ñèñòåìà
ôóíêöèé

X0 (x) = 1, X2k−1 (x) = cosλkx, X2k (x) = x sinλkx, λk = 2kπ, k = 1, 2, ... (5)

è

Y0 (x) = 2 (1− x) , Y2k−1 (x) = 4 (1− x) cosλkx, Y2k (x) = 4 sinλkx, λk = 2kπ, k = 1, 2, ...

áèîðòîãîíàëüíî è îáðàçóþò áàçèñ Ðèññà â L2 [0, 1] [1-3].
Êîððåêòíîñòü êðàåâîé çàäà÷è óñòàíàâëèâàåòñÿ äîêàçàòåëüñòâîì ñóùåñòâîâàíèÿ è åäèí-

ñòâåííîñòè ðåøåíèÿ. Ðåøåíèå çàäà÷è íàéäåíî âèäå ðÿäà ñîñòàâëåííûõ èç áàçèñíûõ ôóíê-
öèé Ðèññà (5).

Òåîðåìà 1. Åñëè φ (x) , ψ (x) ∈ C6 [0, 1], φ(2i) (0) = φ(2i) (1), ψ(2i) (0) = ψ(2i) (1),
φ(2i+1) (0) = ψ(2i+1) (0) = 0, i = 0, 1, 2, è f (x, t) ∈ C3,0

x,t

(
Ω̄
)
, f (0, t) = f (1, t) , fx (0, t) =

0, fxx (0, t) = fxx (1, t), òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (1)-(4).

Êëþ÷åâûå ñëîâà: íåëîêàëüíàÿ çàäà÷à, áèîðòîãîíàëüíàÿ ñèñòåìà, áàçèñ Ðèññà, ñóùåñòâîâàíèå, åäèíñòâåííîñòü
ðåøåíèÿ.
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Îáîáùåíèÿ àíàëîãîâ çàäà÷ Ãóðñà è Äàðáó-Ãóðñà-Áîäî â
êëàññàõ îáîáùåííûõ ôóíêöèé êîíå÷íîãî ïîðÿäêà

Àìàíãåëüäè ÁÅÐÄÈÌÓÐÀÒÎÂ

Ïåðìñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé ïîëèòåõíè÷åñêèé óíèâåðñèòåò Ðîññèÿ, ã. Ëûñüâà

E-mail: aman2460@mail.ru

Ââåäåíèå

Ïóñòü π ïàðàëëåëåïèïåä â Rn , n � ãðàíåé êîòîðîãî ëåæàò â êîîðäèíàòíûõ ïîäïðî-
ñòðàíñòâàõ ξi = 0, i = 0, 1, 2, ..., n Îáîçíà÷èì ÷åðåç πi åãî (n− 1)-ìåðíóþ ãðàíü, ëåæàùóþ
â ïîäïðîñòðàíñòâå ξi = 0, i = 0, 1, 2, ..., n
Ðàññìîòðèì îäíîðîäíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîñòîÿííûìè êîýôôè-
öèåíòàìè â ìàòðè÷íîé ôîðìå: P (D)u = 0 (1) ãäå u = (u1, ..., un)íåèçâåñòíàÿ âåêòîð ôóíê-
öèÿ àPij(D),i = 1, t, j = 1, s ïðîèçâîëüíûå ëèíåéíûå äèôôåðåíöèàëüíûå îïåðàòîðû ñ
ïîñòîÿííûìè êîýôôèöèåíòàìè, à ÷èñëà t è s ïðîèçâîëüíû. Àíàëîãè êëàññè÷åñêèõ çàäà÷
òèïà Ãóðñà è Äàðáó-Ãóðñà-Áîäî äëÿ îáîáùåííûõ ðåøåíèé çàäàþòñÿ ñëåäóþùèì îáðàçîì:
âìåñòî çíà÷åíèÿ ðåøåíèÿ è åãî ïðîèçâîäíûõ íà ãðàíÿõ (êîòîðûå, âîîáùå ãîâîðÿ íå îïðå-
äåëåíû åñëè ó ãèïåðïëîñêîñòè ýòèõ ãðàíåé õàðàêòåðèñòè÷åñêèå) ðåøåíèå çàäàåòñÿ ñðàçó
â íåêîòîðîé îêðåñòíîñòè. Äâóìåðíûé ñëó÷àé ïðè n = 2 çàäà÷à òèïà Ãóðñà ðàññìîòðåíà â
[2], à ïðè n = 3 çàäà÷à òèïà Äàðáó-Ãóðñà-Áîäî ðàññìîòðåíà â [1,4].

Ïîñòàíîâêà çàäà÷è

Ðàññìîòðèì ñëåäóþùèé àíàëîã âûøåóêàçàííûõ çàäà÷ , êîòîðàÿ èìååò ìåñòî óêàçàííîå
ñâîéñòâî ïðîäîëæàåìîñòè, åñëè äëÿ ñèñòåìû âûïîëíåíî óñëîâèÿ, àíàëîãè÷íîå òîìó, êîòî-
ðûå íàëàãàþòñÿ â êëàññè÷åñêèõ çàäà÷àõ òèïà Ãóðñà è Äàðáó-Ãóðñà-Áîäî: õàðàêòåðèñòè÷å-
ñêîå ìíîæåñòâî ñèñòåìû ïðèíàäëåæèò îêðåñòíîñòè îáúåäèíåíèÿ n ãèïåðïëîñêîñòåé, ñîîò-
âåòñòâóþùèõ óêàçàííûì ãðàíÿì. Çàäà÷à: ïðè êàêèõ óñëîâèÿõ âñÿêîå ñîîáùåíèå ðåøåíèå

ñèñòåìû (1) îïðåäåëåííîå â îêðåñòíîñòè îáúåäèíåíèÿ n ñîñåäíèõ ãðàíåé
n⋃
i=1

πi ïàðàëëåëå-

ïèïåäà π, ìîæåò áûòü ïðîäîëæåíî â íåêîòîðóþ îêðåñòíîñòü ýòîãî ïàðàëëåëåïèïåäà.

Òåîðåìà. Ïóñòü äëÿ íåêîòîðîãî c0 > 0, N ⊂
n⋃
i=1

{z ∈ Cn; |zi| ⩽ c0}. Òîãäà äëÿ ëþáîé

îêðåñòíîñòè L êîìïàêòà
n⋃
i=1

πi ñóùåñòâóåò L
′
ïàðàëëåëåïèïåäà π òàêàÿ, ÷òî äëÿ öåëîãî

qâñÿêóþ îáîáùåííóþ ôóíêöèþ u ∈ [W q
L]
s ÿâëÿþùóþñÿ îáîáùåííûì ðåøåíèåì ñèñòåìû

(1) íà L ìîæíî ïðîäîëæèòü ôóíêöèåé v ∈
[
WL′

q−c1
]s
ÿâëÿþùåéñÿ îáîáùåííûì ðåøåíèåì

ñèñòåìû (1) íà L
′
ïðè÷åì ∥v∥q−c1

L′ ≤ c2 ∥u∥qL ãäå c2 íå çàâèñèò îò u à c1 çàâèñèò ëèøü îò
îïåðàòîðà P (D).

Çàêëþ÷åíèå. Ïîëó÷åíî óñëîâèÿ, â çàäà÷àõ òèïà Ãóðñà è Äàðáó-Ãóðñà-Áîäî: õàðàê-
òåðèñòè÷åñêîå ìíîæåñòâî ñèñòåìû ïðèíàäëåæèò îêðåñòíîñòè îáúåäèíåíèÿ n ãèïåðïëîñêî-
ñòåé, ñîîòâåòñòâóþùèõ óêàçàííûì ãðàíÿì.

Êëþ÷åâûå ñëîâà:íåñîáñòâåííàÿ òî÷êà, ïðåîáðàçîâàíèå Ôóðüå, âûïóêëûé êîìïàêò, ôèíèòíûå ôóíêöèè, öåëûå
àíàëèòè÷åñêèå ôóíêöèè, õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ, àëãåáðàè÷åñêîå ìíîæåñòâî.
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Îãðàíè÷åííîñòü íåêîòîðîãî êëàññà ìàòðè÷íûõ îïåðàòîðîâ
èç lpv â lqu

Àéãóëü ÁÅÑÆÀÍÎÂÀa, Àéíóð ÒÅÌÈÐÕÀÍÎÂÀb

ÅÍÓ èì. Ë.Í. Ãóìèëåâà, Àñòàíà, Êàçàõñòàí

E-mail: abeszhanova@mail.ru, bainura-t@yandex.kz

Ïóñòü 1 < p, q < ∞ âåñîâûå ïîñëåäîâàòåëüíîñòè. Ïóñòü lpv - ïðîñòðàíñòâî ïîñëåäî-
âàòåëüíîñòåé f = {fi}∞i=1 äåéñòâèòåëüíûõ ÷èñåë, äëÿ êîòîðûõ êîíå÷íà íîðìà ∥f∥pv =

(
∑∞

i=1 |vifi|p)
1
p , 1 ≤ p <∞.

Ðàññìîòðèì âîïðîñ îãðàíè÷åííîñòè îïåðàòîðîâ

(
A+f

)
i
=

i∑
j=1

aijfj, i ≥ 1, (1)

(
A−f

)
j
=

∞∑
i=j

aijfi, j ≥ 1 (2)

èç lpv â lqu, ãäå aij > 0, i ≥ j ≥ 1 , ò.å. âûïîëíåíèå ñëåäóþùåãî íåðàâåíñòâà

∥A±f∥qu ≤ C∥f∥pv,∀f ∈ lpv. (3)

Ïðè aij = 1, i ≥ j ≥ 1 îïåðàòîðû (1), (2) ñîâïàäàþò ñ äèñêðåòíûìè îïåðàòîðàìè
Õàðäè.[1-3] Â ðàáîòàõ [4,5] ïîëó÷åíû êðèòåðèè îãðàíè÷åííîñòè è êîìïàêòíîñòè îïåðàòî-
ðîâ, ãäå ýëåìåíòû ìàòðèöû (aij) óäîâëåòâîðÿþò äèñêðåòíîìó ¾óñëîâèþ Îéíàðîâà¿.

Â 2012 ãîäó ðàáîòå [6] áûë ââåäåí øèðîêèé êëàññ ìàòðèö O+
n , O

−
n , n ≥ 0 è óñòàíîâëåíû

íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îãðàíè÷åííîñòè îïåðàòîðîâ (1), (2) èç lpv â lqu ïðè 1 <
p ≤ q < ∞, ãäå ñîîòâåòñòâóþùèå ìàòðèöû ïðèíàäëåæàò ýòèì êëàññàì. Îäíàêî óñëîâèÿ
îãðàíè÷åííîñòè îïåðàòîðîâ (1), (2), ìàòðèöû êîòîðûõ ïðèíàäëåæàò êëàññàì O+

n , O
−
n , n > 1

äëÿ ñëó÷àÿ 1 < q < p < ∞, âñå åùå îòêðûòàÿ çàäà÷à. Öåëü äàííîé ðàáîòû óñòàíîâèòü
íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îãðàíè÷åííîñòè îïåðàòîðîâ (1), (2) èç lpv â lqu ïðè
1 < q < p <∞ êîãäà ìàòðèöû ýòèõ îïåðàòîðîâ ïðèíàäëåæàò êëàññó O+

2 .
Â äàëüíåéøåì ñèìâîë M << K îçíà÷àåò, ÷òî M ≤ cK , ãäå êîíñòàíòà c > 0 çàâèñèò

òîëüêî îò íåñóùåñòâåííûõ ïàðàìåòðîâ. Åñëè M << K << M , òî M ≈ K.
Ââåäåì îïðåäåëåíèå êëàññà O+

2 .
Îïðåäåëåíèå 1. Ïóñòü (aij) íåîòðèöàòåëüíàÿ ìàòðèöà, ãäå aij íå óáûâàåò ïî ïåðâîìó

èíäåêñó äëÿ âñåõ i ≥ j ≥ 1 Ìàòðèöà (aij) ïðèíàäëåæèò êëàññó O+
2 , åñëè ñóùåñòâóþò

íåîòðèöàòåëüíûå ìàòðèöû (a2,0ij ), (a
2,1
ij ), (a

(1)
ij ), ÷èñëî r2 ≥ 1 òàêèå, ÷òî (a

(1)
ij ) ∈ O+

1

1

r2
(a2,0ik + a2,1ik a

(1)
kj + akj) ≤ aij ≤ r2(a

2,0
ik + a2,1ik a

(1)
kj + akj)

ïðè âñåõ i ≥ k ≥ j ≥ 1.
Çàìå÷àíèå 1. Êàê ïîêàçàíî â ðàáîòå [6] ìàòðèöû (a2,0ij ), (a

2,1
ij ), (a

(1)
ij ) ìîæíî ñ÷èòàòü

íåóáûâàþùèìè ïî ïåðâîìó èíäåêñó è íå âîçðàñòàþùèìè ïî âòîðîìó èíäåêñó.
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Òåîðåìà 1. Ïóñòü 1 < q < p < ∞ è (aij) ∈ O+
2 . Òîãäà îïåðàòîð (1) îãðàíè÷åí èç lpv â

lqu òîãäà è òîëüêî òîãäà, êîãäà M+ = max{M+
2,0,M

+
2,1,M

+
2,2}, ãäå

M+
2,0 =

 ∞∑
i=1

(
∞∑
s=i

(a2,0si )
quqs

) p
p−q
(

i∑
j=1

v−p
′

j

) p(q−1)
p−q

v−p
′

j


p−q
pq

,

M+
2,1 =

 ∞∑
i=1

(
∞∑
s=i

(
a2,1si
)q
uqs

) p
p−q
(

i∑
j=1

(
a
(1)
ij

)p′
v−p

′

j

) p(q−1)
p−q

∆+

(
i∑

j=1

(
a
(1)
ij

)p′
v−p

′

j

)
p−q
pq

,

M+
2,2 =

 ∞∑
i=1

(
∞∑
i=k

uqi

) p
p−q
(

i∑
j=1

(aij)
p′ v−p

′

j

) p(q−1)
p−q

∆+

(
i∑

s=1

(ais)
p′v−p

′

s

)
p−q
pq

,∆+gi = gi − gi−1.

Êðîìå òîãî, ∥A+∥p→q ≈M+ .

Êëþ÷åâûå ñëîâà: Íåðâàâåíñòâî Õàðäè, ìàòðè÷íûé îïåðàòîð, îãðàíè÷åííîñòü îïåðàòîðà.
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Â äîêëàäå ðàññìàòðèâàåòñÿ ïîñòàíîâêà íîâûõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ äâóìåðíîãî
âîëíîâîãî óðàâíåíèÿ ñ íåëîêàëüíûìè óñëîâèÿìè ïî ïðîñòðàíñòâåííûì ïåðåìåííûì, ÿâëÿ-
þùèìèñÿ ìíîãîìåðíûìè îáîáùåíèÿìè çàäà÷è Ñàìàðñêîãî-Èîíêèíà. Îáëàñòüþ ðàññìîò-
ðåíèÿ çàäà÷è ÿâëÿåòñÿ êðóãîâîé öèëèíäð Q ñ îñüþ âäîëü îñè t. Ñòàâÿòñÿ êëàññè÷åñêèå
íà÷àëüíûå óñëîâèÿ íà îñíîâàíèè öèëèíäðà è íîâûå íåëîêàëüíûå êðàåâûå óñëîâèÿ íà ïðî-
ñòðàíñòâåííûõ (áîêîâûõ) ãðàíèöàõ öèëèíäðà. Ïóñòü Ω = {(r, φ) : 0 ≤ r < 1, 0 ≤ φ ≤ 2π}
- åäèíè÷íûé êðóã, Q = {(r, φ, t) : 0 ≤ r < 1, 0 ≤ φ ≤ 2π, 0 < t < T} - ïðÿìîé êðóãî-
âîé öèëèíäð. Áóäåì ðàññìàòðèâàòü íîâóþ íåëîêàëüíóþ êðàåâóþ çàäà÷ó äëÿ äâóìåðíîãî
âîëíîâîãî óðàâíåíèÿ:

utt(r, φ, t)−∆u(r, φ, t) = f(r, φ, t), (r, φ, t) ∈ Q, (1)

ãäå ∆ - îïåðàòîð Ëàïëàñà â ïîëÿðíûõ êîîðäèíàòàõ (r, φ). Áóäåì èñïîëüçîâàòü êëàññè÷å-
ñêèå íà÷àëüíûå óñëîâèÿ

u|t=0 = τ(r, φ), ut|t=0 = ν(r, φ), (r, φ) ∈ Ω, (2)
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è íåëîêàëüíûå êðàåâûå óñëîâèÿ íà áîêîâîé ãðàíèöå êðóãîâîãî öèëèíäðà

u(1, φ, t)− αu(1, 2π − φ, t) = 0, 0 ≤ φ ≤ π, 0 ≤ t ≤ T, (3)

∂u

∂r
(1, φ, t)− ∂u

∂r
(1, 2π − φ, t) = 0, 0 ≤ φ ≤ π, 0 ≤ t ≤ T. (4)

Çäåñü α ̸= 1 - ôèêñèðîâàííîå äåéñòâèòåëüíîå ÷èñëî. Ïðàâóþ ÷àñòü óðàâíåíèÿ è íà÷àëü-
íûå óñëîâèÿ ìû áåðåì èç ñëåäóþùåãî "ñòàíäàðòíîãî"êëàññà ãëàäêîñòè äëÿ ãèïåðáîëè-
÷åñêèõ çàäà÷: f(r, φ, t) ∈ C1+ϵ(Q̄); τ(r, φ) ∈ C2+ϵ(Ω̄); ν(r, φ) ∈ C1+ϵ(Ω̄). Äîïîëíèòåëüíî
îò τ(r, φ) è ν(r, φ) ïîòðåáóåì óäîâëåòâîðåíèå êðàåâûì óñëîâèÿì (3), (4). Äëÿ ðåøåíèÿ
íà÷àëüíî-êðàåâîé çàäà÷è (1)-(4) ìû ïðèìåíÿåì ìåòîäèêó ñâåäåíèÿ ê ïîñëåäîâàòåëüíî-
ìó ðåøåíèþ äâóõ íà÷àëüíî-êðàåâûõ çàäà÷ ñ ñàìîñîïðÿæåííûìè êðàåâûìè óñëîâèÿìè ïî
ïðîñòðàíñòâåííîé ïåðåìåííîé, ïðåäëîæåííóþ â [1] äëÿ ñëó÷àÿ îäíîìåðíûõ ïàðàáîëè÷å-
ñêèõ íà÷àëüíî-êðàåâûõ çàäà÷ ñ íåóñèëåííî ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè. Îñíîâíûì
ðåçóëüòàòîì ðàáîòû ÿâëÿåòñÿ äîêàçàòåëüñòâî êîððåêòíîñòè ñôîðìóëèðîâàííîé çàäà÷è â
êëàññè÷åñêîì ñìûñëå.
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íåêîòîðûå ïðèìåíåíèÿ îáîáùåííûõ àíàëèòè÷åñêèõ
ôóíêöèé â äðîáíûõ ïðîñòðàíñòâàõ

Íàçàðáàé ÁËÈÅÂ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

Ðàññìîòðèì íåêîòîðûå âàæíûå, íà íàø âçãëÿä, ïðèìåíåíèÿ ðåçóëüòàòîâ, èçëîæåííûõ â
êíèãå àâòîðà [1] êîòîðàÿ èçäàíà è íà àíãëèéñêîì ÿçûêå [2](ïåðåâîä ïðîôåññîðîâ H.Begehr
è R.Radoc èç Ãåðìàíèè).

I. Òåîðèÿ îáîáùåííûõ àíàëèòè÷åñêèõ ôóíêöèè ïðîäîëæåíà â [1] íà êðàéíèå ñëó÷àè,
íå îõâà÷åííûå â èçâåñòíûõ ðàáîòàõ È.Í. Âåêóà è L. Bers, ÷òî ðàñøèðèëî è êðóã âàæíûõ
ïðèëîæåíèé, óêàçàííûõ È.Í. Âåêóà.

II. Ââåäåííû ïðîñòðàíñòâà Áåñîâà, âëîæåííûå â êëàññ íåïðåðûâíûõ ôóíêöèé, â êîòî-
ðûõ ñïðàâåäëèâà íåòåðîâàÿ òåîðèÿ äëÿ êëàññà ëèíåéíûõ ñèíãóëÿðíûõ óðàâíåíèé ñ ÿäðîì
Êîøè [3] è äëÿ ñèñòåì òàêèõ óðàâíåíèé [4]

III. Èçâåñòíûå ìåòîäû ðåøåíèÿ êðàåâûõ (Ðèìàíà-Ãèëüáåðòà) çàäà÷ äëÿ àíàëèòè÷åñêèõ
ôóíêöèé è ýëëèïòè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé íà ïëîñêîñòè ñóùåñòâåííî èñ-
ïîëüçóþò ñâîéñòâà èíòåãðàëîâ òèïà Êîøè, ôîðìóë Ñîõîöêîãî. Â [1] èçó÷åíû íåîáõîäèìûå
ñâîéñòâà ðÿäà òàêèõ èíòåãðàëüíûõ îïåðàòîðîâ â Â-ïðîñòðàíñòâàõ Áåñîâà. Îñòàíîâèìñÿ
êðàòêî íà íåêîòîðûõ èç íèõ.

Ïóñòü G îãðàíè÷åííàÿ îáëàñòü (êîìïëåêñíîé) ïëîñêîñòè ñ ëÿïóíîâñêîé ãðàíèöåé Γ ∈
Cν , 0 < ν ≤ 1.

Tf = − 1

π

∫∫
G

f(z)dGζ

ζ − x
,Πf = − 1

π

∫∫
G

f(z)dGζ

ζ − x

2

(dGζ = dξdη, ζ = ξ + iη, z = x+ iy).

Ñèíãóëÿðíûé èíòåãðàë Πf ïîíèìàåòñÿ â ñìûñëå ãëàâíîãî çíà÷åíèÿ ïî Êîøè.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023
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Òåîðåìà 1.1. Îïåðàòîð Tf ïåðåâîäèò ïðîñòðàíñòâî Bα
ρ,θ, 1 < θ < ∞, 1 ≤ θ ≤ ∞, 0 <

α < 1, â B1+α
ρ,θ è îãðàíè÷åí

|Tf |B1+α
ρ,θ (G) ≤M1 ||f | |Bα

ρ,θ(G). (1)

Îïåðàòîð Πf ïåðåâîäèò Bα
ρ,θ(G) â ñåáÿ è îãðàíè÷åí

|Πf |Bα
ρ,θ(G) ≤M2 ||f | |Bα

ρ,θ(G). (2)

è

∂Tf
∂z

= Πf .

Òåîðåìà 1.2. Åñëè f ∈ Bα
ρ,1(G), 1 < ρ < 2, α = 2

ρ
− 1 < ν ≤ 1, òî Tf áóäåò íåïðåðûâíîé

ôóíêöèåé z íà âñåé ïëîñêîñòè E : Tf ∈ C(E).

Ëåììà 1.2. Ïóñòü f(t) ∈ Bτ
ρ,θ(Γ), ãäå τ, ρ, θ óäîâëåòâîðÿþò îäíîìó èç óñëîâèé a) τ =

1
ρ
, 1 < ρ < 2, θ = 1; á) τ > 1

ρ
, 1 < ρ < 2, θ ≥ 1; â) τ > 1− 1

ρ
, ρ ≥ 2, θ > 1; è ïóñòü âûïîëíåíî

íåðàâåíñòâî τ + 1
ρ
− 1 < ν ≤ 1.

Òîãäà èíòåãðàë òèïà Êîøè Φ(z) = 1
πi

∫
Γ
f(τ)dτ
τ−z ïðèíàäëåæèò â Bα

ρ,1(G), α = τ + 1
ρ
− 1,

ïðèòîì

|Φ(z)|B1+α
ρ,θ (G) ≤M3 ||f | |Bτ

ρ,θ(Γ)
. (3)

Îòìåòèì îäèí èíòåðåñíûé, íà íàø âçãëÿä, ðåçóëüòàò âûòåêàþùèé èç Ëåììû. Â ñëó÷àå

à) èìååì f(t) ∈ B
1
ρ

ρ,1(Γ) ⊂ C(Γ), 1 < ρ < 2.

Çàìåòèì, ÷òî B
1
ρ

ρ,1(Γ) íå âëîæåíî â C
β(Γ) íè ïðè êàêîì 0 < β < 1, à èíòåãðàë òèïà Êîøè

Φ(z) ∈ C(Ḡ) èìååò ãðàíè÷íûå çíà÷åíèÿ Φ±(t) (èçíóòðè G è èçâíå Ḡ) è ||Φ± (t)| |Bτ
ρ,θ
(Γ) ≤

M4 ||f | |Bτ
ρ,θ
(Γ)

Ñèíãóëÿðíûé èíòåãðàë SΓf = 1
πi

∫
Γ
f(τ)dτ
τ−t , t ∈ Γ, ïîíèìàåìûé â ñìûñëå ãëàâíîãî çíà÷å-

íèÿ ïî Êîøè, îãðàíè÷åí â Bτ
ρ,θ(Γ) è ñïðàâåäëèâû ôîðìóëû Ñîõîöêîãî-Ïëåìåëÿ.

Ïðèìåíåíèÿ óêàçàííûõ ðåçóëüòàòîâ ê êðàåâûì çàäà÷àì ñîïðÿæåíèÿ (Ðèìàíà-Ãèëüáåð-
òà) îïóáëèêîâàíû â âèäå ïÿòè ñòàòåé â æóðíàëå. "Complex Var. Elliptic Equations."çà 2020-
2023ã.ã. Äàëåå ìîæíî ðàññìàòðèâàòü ïðèìåíåíèÿ ýòèõ ðåçóëüòàòîâ ê ðåøåíèþ êðàåâûõ
çàäà÷ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé íà ïëîñêîñòè â äðîáíûõ ïðîñòðàíñòâàõ.
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Â äîêëàäå ðàññìàòðèâàåòñÿ îäíà ìàòåìàòè÷åñêàÿ çàäà÷à, ìîäåëèðóþùàÿ ïðîöåññ òåïëî-
âîé äèôôóçèè â îäíîðîäíîì òîíêîì ïðîâîäå, êîíöû êîòîðîãî ñîåäèíåíû ìåæäó ñîáîé
(â êîëüöî). Äëèíà ïðîâîäà ðàâíÿåòñÿ l è íà íåãî íå äåéñòâóþò âíåøíèå èñòî÷íèêè. Ìû
ðàññìàòðèâàåì çàäà÷ó äèôôóçèè òåïëà â ýòîì ïðîâîäå ñ èçìåíåíèåì âðåìåíè ïðè èçâåñò-
íîì íà÷àëüíîì ðàñïðåäåëåíèè òåïëà â ïðîâîäå. Çàäà÷è î òåïëîâîé äèôôóçèè ìíîãîêðàòíî
ðàññìòàðèâàëèñü ðàíåå. Â äàííîì äîêëàäå ìû ðàññìàòðèâàåì çàäà÷ó ñ íåëîêàëüíûì èíòå-
ãðàëüíûì óñëîâèåì, êîòîðîå îáîáùàåò õîðîøî èçâåñòíîå óñëîâèå Ñàìàðñêîãî. Åñëè ÷åðåç
u(x, t) ìû îáîçíà÷èì çíà÷åíèå òåìïåðàòóðû â òî÷êå x ïðîâîäà â ìîìåíò âðåìåíè t, òî (êàê
õîðîøî èçâåñòíî) ïðîöåñññ ðàñïðîñòðàíåíèÿ òåïëà îïèñûâàåòñÿ óðàâíåíèåì òåïëîïðîâîä-
íîñòè

ut(x, t)− uxx(x, t) = 0. (1)

Ìàòåìàòè÷åñêîå ðàññìîòðåíèå óðàâíåíèÿ (1) ìû ïðîâîäèì â îáëàñòè Ω = {(x, t) : 0 < x <
l, 0 < t < T}. Íà÷àëüíîå ñîñòîÿíèå (ðàñïðåäåëåíèå òåïëà) â ïðîâîäå çàäàíî íà÷àëüíûì
óñëîâèåì

u
∣∣∣
t=0

= φ(x), 0 ≤ x ≤ l. (2)

Òàê êàê ïðîâîä çàìêíóò, òî òåìïåðàòóðà íà åãî îáîèõ êîíöàõ ñîâïàäàåò:

u(0, t)− u(l, t) = 0, 0 ≤ t ≤ T. (3)

Ê òî÷êå ñìûêàíèÿ êîíöîâ ïðîâîäà x = l òåìïåðàòóðíîå ñîåäèíåíèå íå èäåàëüíî, òàê
÷òî òåïëîâûå ïîòîêè ìîãóò íå ñîâïàäàòü. Ìû ðàññìàòðèâàåì ìîäåëü, â êîòîðîé ñðåäíÿÿ
âåëè÷èíà òåìïåðàòóðû ïî îñîáî âûäåëåííûì ó÷àñòêàì ïðîâîäà ÿâëÿåòñÿ ïîñòîÿííîé. Çà
âûäåëåíèå ýòèõ ó÷àñòêîâ îòâå÷àåò ôóíêöèÿ q(x) ∈ W 2

2 (0, 1). È ýòî óñëîâèå ìîæåò áûòü
ïðåäñòàâëåíî â âèäå ∫ l

0

q(x)u(x, t)dx = Const, 0 ≤ t ≤ T. (4)

Óñëîâèå (4) îáîáùàåò èçâåñòíîå óñëîâèå À.À. Ñàìàðñêîãî, êîòîðîå (ïðè q(x) = 1) áûëî èì
èñïîëüçîâàíî ïðè ìîäåëèðîâàíèè ïðîöåññîâ â âûñîêîòåìïåðàòóðíîé ïëàçìå.

Òåîðåìà 1. Ïóñòü q(x) ∈ W 2
2 (0, 1) è q

′(0) ̸= q′(l). Òîãäà äëÿ ëþáîé íà÷àëüíîé ôóíêöèè
φ(x) ∈ W 2

2 (0, 1) ñóùåñòâóåò åäèíñòâåííîå ñèëüíîå ðåøåíèå u(x, t) ∈ W 2,1
2 (Ω). Äîêàçàòåëü-

ñòâî òåîðåìû îñíîâàíî íà ïðèìåíåíèè ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ è ðåçóëüòàòîâ ðàáîò
[1-3].
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Â ïðÿìîóãîëüíîé îáëàñòè Ωa = {x, y| − 1 < x < 1, −a < y < a, 0 < a = const ≤ 1} ñ
ãðàíèöåé ∂Ωa ìû èçó÷àåì ñïåêòðàëüíóþ çàäà÷ó:

∆2w = λ2(−∆w), (x, y) ∈ Ωa, (1)

w = 0, ∂n⃗w = 0, (x, y) ∈ ∂Ωa, (2)

ãäå ∆ = ∂2x + ∂2y � îïåðàòîð Ëàïëàñà, n⃗ � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ∂Ωa,
èñêëþ÷àÿ âåðøèíû ïðÿìîóãîëüíèêà Ωa.

Âî-1-õ, ìû ðàññìàòðèâàåì ñëó÷àé êâàäðàòíîé îáëàñòè Ω1, ò.å. a = 1. Â ýòîì ñëó÷àå
çàäà÷à (1)�(2) áûëà ïðåäìåòîì èçó÷åíèÿ ðàáîò [1, 2], à òàêæå ìîíîãðàôèé [3, 4]. Îíà íà-
çâàíà çàäà÷åé èññëåäîâàíèÿ êîëåáàíèé èçãèáîâ çàæàòîé êâàäðàòíîé ïëàñòèíû, â îòëè÷èå
îò çàäà÷è äëÿ çàêðåïëåííîé ïëàñòèíû, ãäå âòîðîå óñëîâèå â (2) çàìåíÿåòñÿ íà ñëåäóþùåå:

∆w = 0, (x, y) ∈ ∂Ω1, (3)

è ïîñëåäíÿÿ íàçâàíà áàçîâîé ñïåêòðàëüíîé çàäà÷åé. Ñïåêòð áàçîâîé çàäà÷è äàåò íèæ-
íþþ îöåíêó ñîáñòâåííûõ çíà÷åíèé èñõîäíîé çàäà÷è, êîòîðàÿ, âîîáùå ãîâîðÿ, ìîæåò áûòü
è äîñòàòî÷íî ãðóáîé. Äëÿ óëó÷øåíèÿ ýòîé îöåíêè èñïîëüçóåòñÿ ñåìåéñòâî ñïåöèàëüíûõ
ïðîìåæóòî÷íûõ çàäà÷, ïîëó÷àåìûõ ïîñëåäîâàòåëüíûì "óñèëåíèåì" óñëîâèé (3) è ïîëó÷å-
íèåì óñëîâèé, àïïðîêñèìèðóþùèõ âòîðîå óñëîâèå èç (2). Ýòîò ïîäõîä íàçûâàþò ìåòîäîì
ïðîìåæóòî÷íûõ çàäà÷ Àðîíøàéíà-Âàéíøòåéíà [3, 4]. Îòìåòèì, ÷òî â ðàáîòàõ [3, 4] òàêæå
îòìå÷àåòñÿ âàæíîñòü çàäà÷è (1)�(2) äëÿ ñòðîèòåëüíîé ìåõàíèêè, ìåõàíèêè ñóäîñòðîåíèÿ
è ò.ä.

Ìû ïðèøëè ê çàäà÷å (1)�(2) (â òî÷íîñòè, íå ïðîâîäÿ íèêàêèõ èñêóññòâåííûõ ïðåîáðà-
çîâàíèé), èçó÷àÿ âîïðîñû ÷èñëåííîãî ðåøåíèÿ ïðÿìûõ è îáðàòíûõ çàäà÷ äëÿ ëèíåàðèçî-
âàííîãî äâóìåðíîãî óðàâíåíèÿ Íàâüå-Ñòîêñà. Ïðè ýòîì ìû èñïîëüçîâàëè èçâåñòíîå (äëÿ
äâóìåðíîãî ñëó÷àÿ) ïîíÿòèå ôóíêöèè òîêà.

Ðàíåå, ñïåêòðàëüíàÿ çàäà÷à (1)�(2) áûëà íàìè èçó÷åíà â ðàáîòå [5] äëÿ ñëó÷àÿ, êîãäà
îáëàñòü Ω ïðåäñòàâëÿåò ñîáîé êðóã ñ åäèíè÷íûì ðàäèóñîì.

Çàìå÷àíèå. Â ([3], ãëàâà VII, ï. 2) óêàçàíî ñëåäóþùåå: "Åñëè çàæàòàÿ ïëàñòèíà èìååò
ôîðìó êâàäðàòà èëè ëþáóþ äðóãóþ ôîðìó, îòëè÷íóþ îò êðóãà, òî" ... ñîáñòâåííûå çíà÷å-
íèÿ ... "íåëüçÿ âûðàçèòü òî÷íî ÷åðåç ýëåìåíòàðíûå èëè ïðîòàáóëèðîâàííûå ñïåöèàëüíûå
ôóíêöèè."

Äëÿ ôîðìóëèðîâêè áàçîâîé çàäà÷è ìû áóäåì çàìåíÿòü âòîðûå ãðàíè÷íûå óñëîâèÿ èç
(2) òîëüêî ÷àñòè÷íî. À, èìåííî, âìåñòî óñëîâèé (2) áóäåì èìåòü{

w(−1, y) = ∂xw(−1, y) = w(1, y) = ∂xw(1, y) = 0,

w(x,−1) = ∂2yw(x,−1) = w(x, 1) = ∂2yw(x, 1) = 0.
(6)

Âî-2-õ, îòäåëüíî ðàññìàòðèâàåòñÿ ñëó÷àé a ̸= 1, ò.å. êîãäà îáëàñòü Ωa ÿâëÿåòñÿ ïðÿìî-
óãîëüíèêîì. Îòìå÷àþòñÿ îòëè÷èÿ íèæíèõ îöåíîê ñîáñòâåííûõ çíà÷åíèé çàäà÷è (1)�(2) ñ
ïîìîùüþ ïðîìåæóòî÷íûõ ñïåêòðàëüíûõ çàäà÷ êàê â ñîîòâåòñòâèè ñ ôîðìóëàìè (3), òàê
è � ñ ôîðìóëàìè (6).
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ñâÿçàííûõ ñ ïðîñòðàíñòâàìè Ìîððè
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Ïóñòü ψ ∈ C∞
0 (Rd) òàêàÿ,÷òî ψ(x) = 1, åñëè |x|∞ ≤ 1, ψ(x) = 0, åñëè |x|∞ ≥ 3/2. (Çäåñü

|x|∞ = max{|xκ| : κ = 1, . . . , d}, x = (x1, . . . , xd) ∈ Rd)
Ïîëîæèì φ0 := ψ, φ(x) := φ0(

x
2
) − φ0(x), φj(x) := φ(21−jx), φ−j ≡ 0, j = 1, 2, . . . .

Òîãäà
∑∞

j=−∞ φj(x) ≡ 1 íà Rd.

Ïóñòü S ′ := S ′(Rd) � ïðîñòðàíñòâî Øâàðöà óìåðåííûõ ðàñïðåäåëåíèé, à S̃ ′ := S ′(Td)
� ïîäïðîñòðàíñòâî S ′ ðàñïðåäåëåíèé, 1-ïåðèîäè÷åñêèõ ïî êàæäîé ïåðåìåííîé; f̂ := F(f)
� ïðåîáðàçîâàíèå Ôóðüå ðàñïðåäåëåíèÿ f ∈ S ′.

Ïðè 0 < p, q ≤ ∞, s ∈ R, 0 ≤ τ ≤ 1/p

B̃s,τ
p,q := Bs,τ

p,q (Td) :=
{
f ∈ S̃ ′ :

∥∥∥f ∣∣∣B̃s,τ
p,q

∥∥∥ <∞
}

� ãëàäêîñòíîå ïðîñòðàíñòâî òèïà Íèêîëüñêîãî�Áåñîâà íà òîðå Td, àññîöèèðîâàííîå ñ ïðî-
ñòðàíñòâîì Ìîððè, ãäå

∥∥∥f ∣∣∣B̃s,τ
p,q

∥∥∥ = sup
Q∈Q̃

1

|Q|τ


∞∑

j=j(Q)

∫
Q

2jsp|
∑
ξ∈Zd

φj(ξ)f̂(ξ)e
2πiξx|pdx


q
p


1
q

.

Ïðè 0 < p <∞, 0 < q ≤ ∞, s ∈ R, 0 ≤ τ ≤ 1/p

F̃ s,τ
p,q := F s,τ

p,q (Td) :=
{
f ∈ S̃ ′ :

∥∥∥f ∣∣∣F̃ s,τ
p,q

∥∥∥ <∞
}

� ãëàäêîñòíîå ïðîñòðàíñòâî òèïà Ëèçîðêèíà-Òðèáåëÿ íà òîðå Td, àñîöèèðîâàííîå ñ ïðî-
ñòðàíñòâîì Ìîððè, ãäå

∥∥∥f ∣∣∣F̃ s,τ
p,q

∥∥∥ = sup
Q∈Q̃

1

|Q|τ


∫
Q

 ∞∑
j=j(Q)

2jsp|
∑
ξ∈Zd

φj(ξ)f̂(ξ)e
2πiξx|q


p
q

dx


1
p

.
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(Åñòåñòâåííàÿ ìîäèôèêàöèÿ ïðè p = ∞ è/èëè q = ∞.) Çäåñü Q � ìíîæåñòâî âñåõ äèà-
äè÷åñêèõ êóáîâ Q := Qjλ := {x ∈ Rd | 2jx − λ ∈ [0, 1)d}, j ∈ Z, λ ∈ Zd; l(Q) = 2−j �
äëèíà ðåáðà êóáà Q := Qjλ, j(Q) = − log2 l(Q); Q̃ � ìíîæåñòâî âñåõ äèàäè÷åñêèõ êóáîâ
Q ⊂ [0, 1)d.

Òåîðåìà 1. Ïóñòü 0 < q, q0, q1 ≤ ∞, −∞ < s0 < s1 <∞, τ0, τ1 ≥ 0, 0 < θ < 1.

(i) Ïóñòü 0 < p0, p1 <∞. Ïîëîæèì

1

p
:=

1− θ

p0
+

θ

p1
, τ := (1− θ)τ0 + θτ1, s := (1− θ)s0 + θs1.

Òîãäà ñóùåñòâóåò ïîëîæèòåëüíàÿ êîíñòàíòà C òàêàÿ, ÷òî íåðàâåíñòâî∥∥∥f ∣∣∣F̃ s,τ
p,q

∥∥∥ ≤ C
∥∥∥f ∣∣∣F̃ s0,τ0

p0,q0

∥∥∥1−θ ∥∥∥f ∣∣∣F̃ s1,τ1
p1,q1

∥∥∥θ
âûïîëíÿåòñÿ äëÿ âñåõ f ∈ S ′ (Td).

(ii) Ïóñòü 0 < p0 <∞. Ïîëîæèì

1

p
:=

1− θ

p0
, τ := (1− θ)τ0 + θτ1, s := (1− θ)s0 + θs1.

Òîãäà ñóùåñòâóåò ïîëîæèòåëüíàÿ êîíñòàíòà C òàêàÿ, ÷òî íåðàâåíñòâî∥∥∥f ∣∣∣F̃ s,τ
p,q

∥∥∥ ≤ C
∥∥∥f ∣∣∣F̃ s0,τ0

p0,q0

∥∥∥1−θ ∥∥∥f ∣∣∣B̃s1,τ1
∞,∞

∥∥∥θ
âûïîëíÿåòñÿ äëÿ âñåõ f ∈ S ′ (Td).

Òåîðåìà 2. Ïóñòü 0 < q, q0, q1 ≤ ∞, −∞ < s0 < s1 < ∞, τ0, τ1 ≥ 0, 0 < θ < 1, 0 <
p0, p1 <∞. Ïóñòü äàëåå p, τ è s êàê â òåîðåìå 1 è

1

p
:=

1− θ

p0
+

θ

p1
.

Òîãäà ñóùåñòâóåò ïîëîæèòåëüíàÿ êîíñòàíòà C òàêàÿ, ÷òî íåðàâåíñòâî∥∥∥f ∣∣∣B̃s,τ
p,q

∥∥∥ ≤ C
∥∥∥f ∣∣∣B̃s0,τ0

p0,q0

∥∥∥1−θ ∥∥∥f ∣∣∣B̃s1,τ1
p1,q1

∥∥∥θ
ñïðàâåäëèâî äëÿ âñåõ f ∈ S ′ (Td).
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Ðàññìîòðèì äâóìåðíóþ ëèíåéíóþ ñèñòåìó

D0x = B0x+ f 0(τ, t) (1)

ñ ìàòðè÷íûì îïåðàòîðîì äèôôåðåíöèðîâàíèÿ D0 = E ∂
∂τ

+ A0 ∂
∂t
ïî (τ, t) ∈ R × R, R =

(−∞,+∞), ãäå E � åäèíè÷íàÿ ìàòðèöà âòîðîãî ïîðÿäêà, A0 è B0 � ïîñòîÿííûå 2 × 2-
ìàòðèöû, f 0(τ, t) = (f 0

1 (τ, t), f
0
2 (τ, t)) � âåêòîð-ôóíêöèÿ ïåðåìåííûõ (τ, t) ∈ R×R ãëàäêîñòè

ñòåïåíè (1, 1) è ïåðèîäà (θ, ω) ïî (τ, t):

f 0(τ + θ, t+ ω) = f 0(τ, t) ∈ C
(1,1)
τ,t (R×R).

Âûáðàâ ìàòðèöó K, ïðèâîäÿùóþ ìàòðèöó A0 ê æîðäàíîâîé ôîðìå J , ââîäèì â ñèñòåìå
(1) çàìåíó

x = Ky

è ïîëó÷èì íîâóþ ñèñòåìó
Dy = By + f(τ, t) (2)

ñ ìàòðè÷íûì îïåðàòîðîì äèôôåðåíöèðîâàíèÿ D = E ∂
∂τ

+ J ∂
∂t
è ñ âõîäíûìè äàííûìè

J = K−1AK, B = K−1B0K, f(τ, t) = K−1f 0(τ, t).

Ïðåäïîëîæèì, ÷òî ñèñòåìà (1) óçêîãèïåðáîëè÷åñêàÿ, ñëåäîâàòåëüíî,

J = diag[λ1, λ2], λj ∈ R, j = 1, 2, λ1 ̸= λ2. (3)

Â ñâÿçè ñ óñëîâèåì (3) ïåðåìåííîé t ñîîòâåòñòâóþò äâå õàðàêòåðèñòèêè. Ñëåäîâàòåëüíî,
îïåðàòîð D èìååò äâóìåðíóþ õàðàêòåðèñòè÷åñêóþ ñèñòåìó óðàâíåíèé

dtj
dτ

= λj, j = 1, 2, t1 = t2 = t,

êàæäîå èç êîòîðûõ ðàññìîòðèì íà áåñêîíå÷íîé öèëèíäðè÷åñêîé ïîâåðõíîñòè, îáðàçîâàí-
íîé ïðÿìûì ïðîèçâåäåíèåì R × Sθ, ãäå τ ∈ R, t = tj ∈ Sθ, j = 1, 2. Ïðè ýòîì èìååì
õàðàêòåðèñòèêè

tj = t0j + λjs
(
τ − τ 0

)
≡ βj

(
τ, τ 0, t0j

)
, j = 1, 2,

ãäå s(τ) = θ{θ−1τ}, {τ} � îçíà÷àåò äðîáíóþ ÷àñòü τ ∈ R è îáëàäàåò ñâîéñòâàìè

ds(τ)

dτ
= 1, s(τ + θ) = s(τ), (τ, s(τ)) ∈ R× Sθ.

Ñòàâèì çàäà÷ó îá óñòàíîâëåíèè óñëîâèé ñóùåñòâîâàíèÿ ìíîãîïåðèîäè÷åñêèõ ðåøåíèé
ïåðèîäà (θ, ω) îäíîðîäíîé ëèíåéíîé ñèñòåìû

Dy = By (4)

è íåîäíîðîäíîé ñèñòåìû (2) ìåòîäîì ðàáîòû [1].
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Ïðåäïîëîæèì, ÷òî B = B(τ, t1, t2) è f(τ, t) = φ(τ, t1, t2) ÿâëÿþòñÿ (θ, ω, ω)-ïåðèîäè÷åñ-
êèìè ãëàäêèìè ìàòðè÷íî-âåêòîðíûìè ôóíêöèÿìè. Äàëåå, ââîäèì îïåðàòîð ïðîåêòèðîâà-
íèÿ P äëÿ óïðàâëåíèÿ ïåðåìåííûìè t1 è t2, òàê, ÷òîáû ïðè ïðîèçâåäåíèè ìàòðèö è èõ
êîìïîçèöèè ñ âåêòîð-ôóíêöèåé â êàæäîé ñèñòåìå ñòîÿëà ñâîÿ ïåðåìåííàÿ. Çàòåì, ñòðîèì
ìàòðèöàíò U(τ, t1, t2) ñèñòåìû (4):

DU(τ, t1, t2) = B(τ, t1, t2)U(τ, t1, t2), U(0, t1, t2) = E.

Òàêèì îáðàçîì, äîêàçàíû íèæåñëåäóþùèå óòâåðæäåíèÿ.
Òåîðåìà 1. Äëÿ òîãî ÷òîáû îäíîðîäíàÿ ñèñòåìà äîïóñêàëà (θ, ω, ω)-ïåðèîäè÷åñêèå ïî

(τ, t1, t2) ðåøåíèÿ, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû ñèñòåìà

[U(θ, t1, t2)− E]u(t1, t2) = 0 (5)

äîïóñêàëà (ω, ω)-ïåðèîäè÷åñêèå ãëàäêèå ïî (t1, t2) ñîáñòâåííûå ôóíêöèè u(t1, t2).
Òåîðåìà 2. Åñëè ñèñòåìà (5) èìååò òîëüêî íóëåâîå (θ, ω, ω)-ïåðèîäè÷åñêîå ðåøåíèå,

òî íåîäíîðîäíàÿ ñèñòåìà (2) äîïóñêàåò åäèíñòâåííîå (θ, ω, ω)-ïåðèîäè÷åñêîå ðåøåíèå.
Â íåêðèòè÷åñêîì ñëó÷àå ïðè B = const àíàëîãè ýòèõ òåîðåì äîêàçàíû â [1].
Äàííàÿ ðàáîòà ïðåäñòàâëÿåò îáîáùåíèå ýòèõ ðåçóëüòàòîâ íà îáùèé ñëó÷àé, êîòîðûå

ïîëó÷åíû íîâûì ïîäõîäîì, îñíîâàííîì íà ïåðèîäè÷åñêèõ õàðàêòåðèñòèêàõ îïåðàòîðà D.

Êëþ÷åâûå ñëîâà: îïåðàòîð äèôôåðåíöèðîâàíèÿ, óçêîãèïåðáîëè÷åñêîå óðàâíåíèå, ïåðèîäè÷åñêàÿ õàðàêòåðèñòè-
êà, ìíîãîïåðèîäè÷íîñòü.

2010 Mathematics Subject Classi�cation: 35B10, 35Å15, 35F35, 35L02, 32W99.

Ëèòåðàòóðà

[1] Zhumagaziyev A.Kh., Sartabanov Zh.A., Sultanaev Y.T. On a New Method for Investigation of Multiperiodic

Solutions of Quasilinear Strictly Hyperbolic System, Azerbaijan Journal of Mathematics, 1:12 (2022), 32�48.

Çàäà÷à ñî ñìåùåíèåì äëÿ ìîäåëüíîãî óðàâíåíèÿ
ñìåøàííîãî òèïà â îáëàñòè ýëëèïòè÷åñêàÿ ÷àñòü êîòîðîé

ãîðèçîíòàëüíàÿ ïîëîñà

Ð. ÇÓÍÍÓÍÎÂ1,a, D. JUNG1,2,b

1 Èíñòèòóò ìàòåìàòèêè èì. Â.È. Ðîìàíîâñêîãî Àêàäåìèè Íàóê Ðåñïóáëèêè Óçáåêèñòàí,
Òàøêåíò, Óçáåêèñòàí

2 Tashkent International School,Òàøêåíò, Óçáåêèñòàí

E-mail: ar.zunnunov@mathinst.uz, bdana26688@gmail.com

Ðàññìîòðèì óðàâíåíèå

sign y|y|muxx + uyy = 0,m = const > 0 (12)

â íåîãðàíè÷åííîé ñìåøàííîé îáëàñòè Ω = Ω1 ∪ AB ∪ Ω2, ãäå
Ω1 = {(x, y) : −∞ < x < +∞, 0 < y < 1}, à Ω2 - îáëàñòü ïîëóïëîñêîñòè y < 0, îãðàíè÷åí-
íàÿ îòðåçêîì AB ïðÿìîé y = 0 è õàðàêòåðèñòèêàìè

AC : x− [2/(m+ 2)] (−y)(m+2)/2 = 0, BC : x+ [2/(m+ 2)] (−y)(m+2)/2 = 1

óðàâíåíèÿ (1), âûõîäÿùèìè èç òî÷åê A(0, 0), B (1, 0). Ââåäåì îáîçíà÷åíèÿ

β = m/ (2m+ 4) , l0 = {(x, y) : 0 < x < 1, y = 0}, l1 = {(x, y) : −∞ < x < 0, y = 0}

l2 = {(x, y) : 1 < x < +∞, y = 0}, l3 = {(x, y) : −∞ < x < +∞, y = 0}
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θ0(x) =

(
x

2
,−
[
m+ 2

2
· x
2

] 2
m+2

)
, θ1(x) =

(
1 + x

2
,−
[
m+ 2

2
· 1− x

2

] 2
m+2

)
.

Çäåñü θ0(x) è θ1(x) åñòü òî÷êè ïåðåñå÷åíèÿ õàðàêòåðèñòèê óðàâíåíèÿ (1), âûõîäÿùèõ èç
òî÷êè (x, 0) ∈ l, ñ õàðàêòåðèñòèêàìè AC è BC ñîîòâåòñòâåííî.

Çàäà÷à TS. Íàéòè ôóíêöèþ u(x, y) ñî ñëåäóþùèì è ñâîéñòâàìè:
1) u(x, y) ∈ C(Ω∪ l1 ∪ l2 ∪AC ∪BC)∩C1(Ω∪ l1 ∪ l2)∩C2(Ω1 ∪Ω2), ïðè÷åì uy(x, 0) ïðè

x = 0 è x = 1 ìîæåò îáðàùàòüñÿ â áåñêîíå÷íîñòü ïîðÿäêà ìåíüøå 1− 2β;
2) óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòÿõ Ω1 è Ω2;
3) óäîâëåòâîðÿåò óñëîâèÿì

uy(x, 0) = ψi(x), ∀x ∈ li, (i = 1, 2)

u(x, 1) = ψ3(x),∀x ∈ l3

lim
|x|→∞

u(x, y) = 0, ðàâíîìåðíî ïî y ∈ [0, 1]

a(x)
{
D1−β

0x [u(θ0(x))]
}
+ b(x)

{
D1−β
x1 [u(θ1(x))]

}
+

+c(x)uy(x, 0) + g(x)u(x, 0) = d(x), ∀x ∈ l,

ãäå ψi(x),ψ3(x), a(x), b(x), c(x), g(x), d(x) - çàäàííûå ôóíêöèè, ïðè÷åì a2(x) + b2(x) +
c2(x) + g2(x) ̸= 0, ∀x ∈ l; a(x), b(x), c(x), g(x), d(x) ∈ C1

(
l
)
; ψi(x) ∈ C(li) è ïðè x = 0, x = 1

ìîæåò îáðàùàòüñÿ â áåñêîíå÷íîñòü ïîðÿäêà ìåíüøå 1− 2β à äëÿ äîñòàòî÷íî áîëüøèõ |x|
óäîâëåòâîðÿþò íåðàâåíñòâàì

|ψi(x)| ≤M1|x|−1−σ,M1, σ = const, σ > 0

Êðîìå ýòîãî ψ3(x) ∈ C(l3) è äëÿ äîñòàòî÷íî áîëüøèõ |x| óäîâëåòâîðÿåò íåðàâåíñòâó

|ψ3(x)| ≤M2|x|−ϵ,M2, ϵ = const, ϵ > 0

à Dα
0x[f(x)] è D

γ
x1[f(x)] � îïåðàòîðû äðîáíîãî â ñìûñëå Ðèìàíà-Ëèóâèëëÿ èíòåãðî-äèôôå-

ðåíöèðîâàíèÿ [1].
Â îãðàíè÷åííîé è íåîãðàíè÷åííîé îáëàñòÿõ âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè çàäà-

÷è TS ïðè âûïîëíåíèè óñëîâèé c(x) = g(x) = 0 , èññëåäîâàëèñü â ðàáîòàõ [2,3]. Â ñëó÷àå
êîãäà c(x) = g(x) ̸= 0 ýëëèïòè÷åñêàÿ ÷àñòü ÿâëÿåòñÿ âåðõíåé ïîëóïëîñêîñòüþ è èññëåäîâà-
íî â ðàáîòå [4]. Â äàííîé ñòàòüå , èññëåäóåòñÿ âîïðîñ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è ñî
ñìåùåíèåì â íåîãðàíè÷åííîé îáëàñòè ýëëèïòè÷åñêàÿ ÷àñòü êîòîðîé ÿâëÿåòñÿ ãîðèçîíòàëü-
íîé ïîëîñîé. Ïðè îãðàíè÷åíèÿõ íåðàâåíñòâåííîãî òèïà íà èçâåñòíûå ôóíêöèè ìåòîäîì
èíòåãðàëîâ ýíåðãèè äîêàçàíà òåîðåìà åäèíñòâåííîñòè. Ìåòîäîì ôóíêöèé Ãðèíà è ïóòåì
ðåäóêöèè ê óðàâíåíèþ Ôðåäãîëüìà âòîðîãî ðîäà óñòàíàâëèâàåòñÿ ñóùåñòâîâàíèå ðåøå-
íèÿ èññëåäóåìîé çàäà÷è, áåçóñëîâíàÿ ðàçðåøèìîñòü êîòîðîãî ñëåäóåò èç åäèíñòâåííîñòè
ðåøåíèÿ çàäà÷è.

Êëþ÷åâûå ñëîâà:çàäà÷à ñî ñìåùåíèåì, ìîäåëüíîå óðàâíåíèå ñìåøàííîãî òèïà, ãîðèçîíòàëüíàÿ ïîëîñà, ìåòîä
èíòåãðàëîâ ýíåðãèè, ìåòîä ôóíêöèé Ãðèíà, òåîðèÿ èíòåãðàëüíûõ óðàâíåíèé.

2010 Mathematics Subject Classi�cation: 35M10

Ëèòåðàòóðà
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ëîæåíèÿ. Ìèíñê: Íàóêà è òåõíèêà.-1987.
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ðåíöèàëüíûå óðàâíåíèÿ 1 (1978) 170-173.

[4] Ðåïèí Î.À., Êóìûêîâà Ñ.Ê. Îá îäíîé êðàåâîé çàäà÷å ñî ñìåùåíèåì äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà â
íåîãðàíè÷åííîé îáëàñòè Äèôôåðåíöèàëüíûå óðàâíåíèÿ 8 (2012) 1140-1149.

Ñâîéñòâà ðåøåòêè ãåîìåòðè÷åñêèõ òðèïîòåíòîâ â
íåéòðàëüíîì SFS-ïðîñòðàíñòâå

Ìóõòàð ÈÁÐÀÃÈÌÎÂ1,a, Ñàðñåíáàé ÒËÅÓÌÓÐÀÒÎÂ2,b
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Ãðàíåâî ñèììåòðè÷íûå ïðîñòðàíñòâà âïåðâûå ââåäåíû è èññëåäîâàíû ß.Ôðèäìàíîì
è Á.Ðóññî â ðàáîòàõ [1-4] êàê ãåîìåòðè÷åñêàÿ ìîäåëü êâàíòîâîé ìåõàíèêè. Îñíîâíîé öå-
ëüþ ïðîåêòà èññëåäîâàíèÿ ýòèõ ïðîñòðàíñòâ áûëî ãåîìåòðè÷åñêàÿ õàðàêòåðèçàöèÿ ïðî-
ñòðàíñòâ ñîñòîÿíèè îïåðàòîðíûõ àëãåáð, òî÷íåå ïðåäñîïðÿæåííûõ ïðîñòðàíñòâ JBW ∗-
òðîåê, äîïóñêàþùèõ àëãåáðàè÷åñêóþ ñòðóêòóðó. Ìû â ýòîé ðàáîòå èñïîëüçóåì ïîíÿòèÿ,
òåðìèíîëîãèè è îáîçíà÷åíèÿ èç ýòèõ ðàáîò. Â [2, Ïðåäëîæåíèå 4.5] äîêàçàíî, ÷òî äëÿ ëþ-
áîãî ôèêñèðîâàííîãî ãåîìåòðè÷åñêîãî òðèïîòåíòà ω â íåéòðàëüíîì ñèëüíî ãðàíåâî ñèì-
ìåòðè÷íîì ïðîñòðàíñòâå ( SFS-ïðîñòðàíñòâå) Z ìíîæåñòâî Lω := {v ∈ GU : v ≤ ω} ∪ {0}
ÿâëÿåòñÿ ïîëíîé îðòîìîäóëÿðíîé ðåøåòêîé ñ íàèìåíüøèì ýëåìåíòîì 0, íàèáîëüøèì ýëå-
ìåíòîì ω è îðòîäîïîëíåíèåì v 7→ v⊥ = ω − v. Â ðàáîòå [5], êîãäà ñóùåñòâóåò ãåîìåòðè-
÷åñêèé òðèïîòåíò e äëÿ êîòîðîãî Z2(e) = Z è Le ÿâëÿåòñÿ áóëåâîé àëãåáðîé, íàìè äàíî
îïèñàíèå ñèëüíî ãðàíåâî ñèììåòðè÷íûì ïðîñòðàíñòâàì, êîòîðûå èçîìåòðè÷åñêè èçîìîðô-
íû ê ïðåäñîïðÿæåííîìó ïðîñòðàíñòâó àòîìè÷íîé êîììóòàòèâíîé àëãåáðû ôîí Íåéìàíà.
À â ðàáîòå [6] äëÿ ãåîìåòðè÷åñêîãî òðèïîòåíòà e äëÿ êîòîðîãî Z1 = co(Fe

⋃
F−e) è êîãäà

Le ÿâëÿåòñÿ áóëåâîé àëãåáðîé, äàíî îïèñàíèå ñèëüíî ãðàíåâî ñèììåòðè÷íûì ïðîñòðàí-
ñòâàì, êîòîðûå èçîìåòðè÷åñêè èçîìîðôíû L1-ïðîñòðàíñòâó. Ïðè ïîëó÷åíèè ýòèõ îïèñà-
íèè êëþ÷åâîå ìåñòî èãðàåò ïðåäïîëîæåíèå, ÷òî Le ÿâëÿåòñÿ áóëåâîé àëãåáðîé. Ïîýòîìó
î÷åíü âàæíî íàéòè óñëîâèÿ, ïðè êîòîðûõ Lω ÿâëÿåòñÿ áóëåâîé àëãåáðîé. Â ýòîé ðàáîòå
ìû ïðèâåëè ýòè óñëîâèÿ â íåéòðàëüíîì SFS-ïðîñòðàíñòâå.

Ïðåäâàðèòåëüíûå ñâåäåíèÿ
Ïóñòü Z äåéñòâèòåëüíîå èëè êîìïëåêñíîå íîðìèðîâàííîå ïðîñòðàíñòâî. Ýëåìåíòû f, g ∈

Z íàçûâàþòñÿ âçàèìíî îðòîãîíàëüíûìè, åñëè ∥f+g∥ = ∥f−g∥ = ∥f∥+∥g∥. Âçàèìíî îðòî-
ãîíàëüíîñòü ýëåìåíòîâ f, g ∈ Z îáîçíà÷àåòñÿ â âèäå f ⋄ g. Ïî íîðìå âûñòàâëåííîé ãðàíüþ
åäèíè÷íîãî øàðà Z1 ïðîñòðàíñòâà Z ÿâëÿåòñÿ íå ïóñòîå ìíîæåñòâî (îáÿçàòåëüíî ̸= Z1)
èìåþùèé âèä Fx = {f ∈ Z1 : f(x) = 1}, ãäå x ∈ Z∗,∥x∥ = 1. Äëÿ ëþáîãî ïîäìíîæåñòâà
S ⊂ Z ïîëîæèì S⋄ = {f ∈ Z : f ⋄ g,∀g ∈ S} è íàçîâåì S⋄ îðòîãîíàëüíûì äîïîëíåíèåì ê
S. Ýëåìåíò u ∈ Z∗ íàçûâàåòñÿ ïðîåêòèâíîé åäèíèöåé, åñëè ∥u∥ = 1 è ⟨u, F ⋄

u ⟩ = 0.
Îïðåäåëèì ñèììåòðè÷íóþ ãðàíü êàê âûñòàâëåííóþ ïî íîðìå ãðàíü F â Z1 ñ ñëåäóþ-

ùèì ñâîéñòâîì: ñóùåñòâóåò ëèíåéíàÿ èçîìåòðèÿ SF èç Z íà Z, ñ S2
F = I (ìû íàçûâàåì

òàêîå îòîáðàæåíèå ñèììåòðèåé), òàêàÿ, ÷òî ìíîæåñòâî íåïîäâèæíûõ òî÷åê SF ÿâëÿåòñÿ
spF

⊕
F ⋄.

Îïðåäåëåíèå 1. Äåéñòâèòåëüíîå èëè êîìïëåêñíîå íîðìèðîâàííîå ïðîñòðàíñòâî Z
íàçûâàåòñÿ ñëàáî ãðàíåâî ñèììåòðè÷íûì ïðîñòðàíñòâîì (WFS-ïðîñòðàíñòâîì), åñëè
êàæäàÿ ïî íîðìå âûñòàâëåííàÿ ãðàíü Z1 ÿâëÿåòñÿ ñèììåòðè÷íîé.

Ãåîìåòðè÷åñêèì òðèïîòåíòîì íàçûâàåòñÿ ïðîåêòèâíàÿ åäèíèöà u ∈ Z∗ ñî ñâîéñòâîì,
÷òî F := Fu ÿâëÿåòñÿ ñèììåòðè÷íîé ãðàíüþ è S∗

Fu = u äëÿ íåêîòîðîé ñèììåòðèè SF
ñîîòâåòñòâóþùåé F . ×åðåç SF è GU îáîçíà÷àåì ìíîæåñòâà âñåõ ñèììåòðè÷íûõ ãðàíåé Z1
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è ãåîìåòðè÷åñêèõ òðèïîòåíòîâ â Z∗
1 , ñîîòâåòñòâåííî. Äëÿ u, v ∈ GU áóäåì ïèñàòü u ≤ v,

åñëè Fu ⊂ Fv.
ÍàWFS � ïðîñòðàíñòâå Z ïî êàæäîé ñèììåòðè÷íîé ãðàíè Fu îïðåäåëÿþòñÿ îáîáùåí-

íûå Ïèðñîâñêèå ïðîåêòîðû Pk(u), k = {0, 1, 2}, ñëåäóþùèì îáðàçîì:

P1(u) =
1

2
(I − SFu), P1(u)(Z) = {f ∈ Z : Suf = −f}

P0(u) è P2(u) ïðîåêòèðóþò Z íà F ⋄
u è spFu, ñîîòâåòñòâåííî. Äëÿ óäîáñòâà ââåäåì ñëåäóþ-

ùèå îáîçíà÷åíèÿ: Pk(u)(Z) = Zk(u), Z
∗
k(u) = Uk(u), SFu = Su, ãäå k ∈ {1, 2, 3}.

Ãåîìåòðè÷åñêèé òðèïîòåíò u íàçûâàåòñÿ ìèíèìàëüíûì, åñëè dimU2(u) = I. ×åðåç M
îáîçíà÷èì ìíîæåñòâî âñåõ ìèíèìàëüíûõ ãåîìåòðè÷åñêèõ òðèïîòåíòîâ. Ãåîìåòðè÷åñêèé
òðèïîòåíò u íàçûâàåòñÿ íåðàçëîæèìûì, åñëè äëÿ v ∈ GU èç v ≤ u , âûòåêàåò v = u.
×åðåç I îáîçíà÷èì ìíîæåñòâî âñåõ íåðàçëîæèìûõ ãåîìåòðè÷åñêèõ òðèïîòåíòîâ. Òàê êàê,
êàæäûé ìèíèìàëüíûé ãåîìåòðè÷åñêèé òðèïîòåíò ÿâëÿåòñÿ íåðàçëîæèìûì, òî M ⊂ I.
Ñæèìàþùèé ïðîåêòîð Q íà íîðìèðîâàííîì ïðîñòðàíñòâå Z íàçûâàåòñÿ íåéòðàëüíûì,
åñëè äëÿ ëþáîãî f ∈ Z èç ∥Qf∥ = ∥f∥ âûòåêàåò Qf = f .

Íîðìèðîâàííîå ïðîñòðàíñòâî Z íàçûâàåòñÿ íåéòðàëüíûì, åñëè äëÿ êàæäîé ñèììåò-
ðè÷íîé ãðàíè Fu ñîîòâåòñòâóþùèé ïðîåêòîð P2(u) ÿâëÿåòñÿ íåéòðàëüíûì. Åñëè ñèììåò-
ðè÷íàÿ ãðàíü F ñîñòîèò èç îäíîé òî÷êè, òî åå áóäåì íàçûâàòü âûñòàâëåííîé ïî íîðìå
òî÷êîé.

Îïðåäåëåíèå 2. WFS-ïðîñòðàíñòâî Z íàçûâàåòñÿ ñèëüíî ãðàíåâî ñèììåòðè÷íûì
ïðîñòðàíñòâîì ( SFS- ïðîñòðàíñòâîì), åñëè äëÿ êàæäîé ñèììåòðè÷íîé ãðàíè Fu èç
Z1 è êàæäîãî v ∈ Z∗ ñ ∥v∥ = 1 è Fu ⊂ Fv è èìååì S∗

uv = v, ãäå Su � ñèììåòðèÿ,
ñîîòâåòñòâóþùàÿ Fu.

Ïóñòü Z � ñèëüíî ãðàíåâî ñèììåòðè÷íîå ïðîñòðàíñòâî è u,w ∈ GU . Åñëè u ≤ w
è u ̸= w, òî èç [2, Ëåììà 4.2] âûòåêàåò, ÷òî (w − u) ∈ GU è (w − u) ⋄ u. Â ýòîì ñëó÷àå
ãåîìåòðè÷åñêèé òðèïîòåíò w−u íàçûâàåòñÿ îðòîãîíàëüíûì äîïîëíåíèåì u è îáîçíà÷àåòñÿ
u⊥.

Îñíîâíîé ðåçóëüòàò
Íàïîìíèì [5], ÷òî ãðàíü F âûïóêëîãî ìíîæåñòâà K íàçûâàåòñÿ ðàñùåïëåííîé ãðàíüþ,

åñëè ñóùåñòâóåò ãðàíü G , íàçûâàåìàÿ äîïîëíèòåëüíîé ê F , òàêàÿ, ÷òî F ∩ G = ∅ è
K ïðÿìàÿ âûïóêëàÿ ñóììà F

⊕
C G, ò.å. ëþáîé ýëåìåíò f ∈ K ìîæåò áûòü îäíîçíà÷íî

ïðåäñòàâëåí â âèäå f = tg+(1−t)h, ãäå t ∈ [0; 1], g ∈ F , h ∈ G. Òåïåðü ïðèâåäåì íåêîòîðûå
ñâåäåíèå èç òåîðèè ðåøåòîê, íåîáõîäèìûõ äëÿ èçëîæåíèÿ ðåçóëüòàòîâ. Â îðòîìîäóëÿðíîé
ðåøåòêå L ñêàæåì, ÷òî ýëåìåíò a êîììóòèðóåò ñ ýåìåíòîì b, åñëè b = (a ∧ b) ∨ (á ∧ b), ãäå
á ÿâëÿåòñÿ îðòîäîïîëíåíèåì a. Â Lω := {v ∈ GU : v ≤ ω} ∪ {0} (ñì. [2, Ïðåäëîæåíèå 4.5])
á ñîâïàäàåò ñ a⊥ .

Òåîðåìà (Ôîóëè-Õîëëàíäà). Åñëè â îðòîìîäóëÿðíîé ðåøåòêå L îäèí èç ýëåìåí-
òîâ a, b èëè c êîììóòèðóåò äâóìÿ äðóãèìè, òî

(x ∨ y) ∧ z = (x ∧ z) ∨ (y ∧ z)

è
(x ∧ y) ∨ z = (x ∨ z) ∧ (y ∨ z)

ãäå {x, y, z} = {a, b, c}.
Òåîðåìà. Ïóñòü Z íåéòðàëüíîå SFS � ïðîñòðàíñòâî è ω ∈ GU . Ïðåäïîëîæèì, ÷òî

äëÿ ëþáîãî u ∈ Lω ñèììåòðè÷íàÿ ãðàíü Fu åäèíè÷íîãî øàðà Z1 ÿâëÿåòñÿ ðàñùåïëÿåìîé
îòíîñèòåëüíî Fu⊥, ò.å. âûïîëíÿåòñÿ ðàâåíñòâî

Fω = Fu
⊕
C

Fu⊥

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023



Annual International April Mathematical Conference – 2023 85

.
Òîãäà Lω ÿâëÿåòñÿ áóëåâîé àëãåáðîé.
Äëÿ äîêàçàòåëüñòâà òåîðåìû íàì ïîíàäîáÿòñÿ ñëåäóþùåå ëåììû.
Ëåììà 1. Ïóñòü Z íåéòðàëüíîå SFS � ïðîñòðàíñòâî è ω ∈ GU . Åñëè äëÿ u ∈ Lω

ñèììåòðè÷íàÿ ãðàíü Fu åäèíè÷íîãî øàðà Z1 ÿâëÿåòñÿ ðàñùåïëÿåìîé îòíîñèòåëüíî Fu⊥,
ò.å. Fω = Fu

⊕
C Fu⊥, òî äëÿ ëþáîãî x ∈ Lω âûïîëíÿåòñÿ òîëüêî îäèí èç ñëåäóþùèõ

ñëó÷àåâ:
(i) x ≤ u;;
(ii) x ≤ u⊥;
(iii) x ∧ u ̸= 0 è x ∧ u⊥ ̸= 0.
Ëåììà 2. Ïóñòü Z íåéòðàëüíîå SFS � ïðîñòðàíñòâî è ω ∈ GU . Ïðåäïîëîæèì, ÷òî

äëÿ ëþáîãî u ∈ Lω ñèììåòðè÷íàÿ ãðàíü Fu åäèíè÷íîãî øàðà Z1 ÿâëÿåòñÿ ðàñùåïëÿåìîé
îòíîñèòåëüíî Fu⊥. Òîãäà ëþáûå äâà ýëåìåíòû x è y ðåøåòêè Lω âçàèìíî êîììóòèðóåò,
ò.å. âûïîëíÿåòñÿ ñëåäóþùèå ðàâåíñòâà:

(a) y = (x ∧ y) ∨ (x⊥ ∨ y);
(b) x = (y ∧ x) ∨ (y⊥ ∧ x).

Êëþ÷åâûå ñëîâà: íåéòðàëüíîå SFS � ïðîñòðàíñòâî, ðàñùåïëÿåìàÿ ãðàíü, áóëåâà àëãåáðà.
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Î êâàäðàòè÷íîé áëèçîñòè ñîáñòâåííûõ ôóíêöèé
¾íåâîçìóùåííîãî¿ è ¾âîçìóùåííîãî¿ îïåðàòîðîâ

äèôôåðåíöèðîâàíèÿ íà îòðåçêå

Íóðëàí ÈÌÀÍÁÀÅÂ1,2

1 Þæíî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé óíèâåðñèòåò, Øûìêåíò, Êàçàõñòàí
2 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
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Â ôóíêöèîíàëüíîì ïðîñòðàíñòâå W 1
2 (−1, 1) ðàññìàòðèâàåòñÿ çàäà÷à íà ñîáñòâåííûå

çíà÷åíèÿ îïåðàòîðà äèôôåðåíöèðîâàíèÿ íà îòðåçêå

L1y = y′(t) = λy(t), −1 ≤ t ≤ 1, (1)

y(−1)− y(1) = λ

1∫
−1

Φ(t)y(t)dt, (2)

ãäå Φ(t) - ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè è Φ(−1) = Φ(1) = 1, λ - êîìïëåêñíîå ÷èñëî,
ñïåêòðàëüíûé ïàðàìåòð.

Ñîïðÿæåííàÿ çàäà÷à.

L∗
1v = v′(t) + λ⃗Φ(t)v(−1) = λ⃗v(t), −1 ≤ t ≤ 1, (1∗)

ñ êðàåâûì óñëîâèåì
v(−1) = v(1), (2∗)
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òî åñòü íàãðóæåííûé îïåðàòîð äèôôåðåíöèðîâàíèÿ.
Â ñëó÷àå, êîãäà Φ(t) = 0, èìååì ¾íåâîçìóù¼ííóþ¿ ñïåêòðàëüíóþ çàäà÷ó:

L0y = y′(t) = λy(t), −1 ≤ t ≤ 1, y(−1) = y(1). (3)

×èñëà λ0k = ikπ, k = ±1,±2,±3, ... ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè, ïðè ýòîì ∀C >
0, y0k0 = C ·eikπt - ñîáñòâåííûå ôóíêöèè ¾íåâîçìóù¼ííîãî¿ îïåðàòîðà L0, êîòîðûå îáðàçóþò
ïîëíóþ îðòîíîðìèðîâàííóþ ñèñòåìó è áàçèñ Ðèññà â ïðîñòðàíñòâå L2(−1, 1). Ïðè λ = 0,
y(t) = C ̸= 0 ÿâëÿåòñÿ ñîáñòâåííûì çíà÷åíèåì è ñîáñòâåííîé ôóíêöèåé îïåðàòîðà L1.

Â ðàáîòå [1] äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 1. Ïóñòü Φ(t) - ôóíêöèÿ îãðàíè÷åííîé âàðèàöèè è Φ(−1) = Φ(1) = 1. Òîãäà

âñå ñîáñòâåííûå çíà÷åíèÿ ¾âîçìóù¼ííûõ¿ îïåðàòîðîâ L1 è L
∗
1 ïðèíàäëåæàò ïîëîñå |Reλ| =

x < k1 ïðè íåêîòîðîì k1, îáðàçóþò ñ÷¼òíîå ìíîæåñòâî è èìåþò àñèìïòîòèêó λ
(1)
k = ikπ +

O(1). Ïðè k → ∞, ñîîòâåòñòâóþùèå ñîáñòâåííûå ôóíêöèè y
(1)
k (t) ≈ C ·eikπt ·eεt ïðè k → ∞,

ε ≈ O(1), ∀C > 0.
Â íàñòîÿùåé çàìåòêå äîêàçûâàåòñÿ, ÷òî ñèñòåìû

{
y0k0(t)

}
è {y1k(t)} � êâàäðàòè÷íî áëèç-

êèå â L2(−1, 1).
Ëåììà. Ñèñòåìà {y1k(t)}, ñëåäîâàòåëüíî è ñèñòåìà {v1k(t)} îáðàçóþò áàçèñ Ðèññà â ïðî-

ñòðàíñòâå L2(−1, 1), íî íå ÿâëÿþòñÿ îðòîíîðìèðîâàííûìè.
Çàìå÷àíèå. Â êà÷åñòâå ïðèìåðà â ÷àñòíîì ñëó÷àå ìîæíî âçÿòü Φ(t) = cos 2πt, cos 2π =

cos(−2π) = 1.

Funding: Àâòîð ïîääåðæàí ãðàíòîì ÀÐ09260752.
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Îáðàòíàÿ çàäà÷à äëÿ âîçìóùåííîãî óðàâíåíèÿ ÷åòâåðòîãî
ïîðÿäêà ñ èíâîëþöèåé

Àñåëüõàí ÈÌÀÍÁÅÒÎÂÀa, Áîëàò ÑÅÉËÁÅÊÎÂb

Þæíî-Êàçàõñòàíñêèé óíèâåðñèòåò èì.Ì. Àóýçîâà, Øûìêåíò, Êàçàõñòàí
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Äëÿ îäíîìåðíîãî âîçìóùåííîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ñ èíâîëþöèåé

utt (x, t) + uxxxx (x, t) + α · uxxxx (−x, t) = f (x) (1)

â ïðÿìîóãîëüíîé îáëàñòè (x, t) ∈ Ω = {−1 < x < 1, 0 < t < T}, ðàññìîòðèì çàäà÷ó íàõîæ-
äåíèÿ ïàðû ôóíêöèè u(x, t), f(x), óäîâëåòâîðÿþùèõ óðàâíåíèþ (1). Ïðè ýòîì ôóíêöèÿ
u(x, t) äîëæíà óäîâëåòâîðÿòü íà÷àëüíûì óñëîâèÿì

u (x, 0) = φ (x) , u (x, T ) = ψ (x) , ut (x, 0) = 0,∈ [−1, 1] ,

è êðàåâûì óñëîâèÿì óñëîâèÿì òèïà Äèðåõëå

u (−1, t) = 0, (1, t) = 0, uxx (−1, t) = 0, uxx (1, t) = 0, t ∈ [0, T ] ,

ãäå −1 < α < 1, φ(x) è ψ(x) çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Ñ ïîìîùüþ ìåòîäà Ôóðüå äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ îáðàòíîé
çàäà÷è.
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Òåîðåìà. Ïóñòü φ (x) , ψ (x) ∈ C6 [−1, 1], φV I (x) , ψV I (x) ∈ L2 (−1, 1),
cos

√
1 + α

(
πk − π

2

)2
T ≤ δ0 < 1, cos

√
1− α(πk)2T ≤ δ1 < 1, k ∈ N è djφ(∓1)

dxj
= 0,

djψ(∓1)
dxj

= 0, j = 0, 2, 4. Òîãäà ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îáðàòíîé çàäà÷è, êîòî-
ðîå ìîæíî çàïèñàòü â âèäå

u(x, t) = φ(x) +
1

π6

∞∑
k=1

1− cos
√
1 + α

(
πk − π

2

)2
t

1− cos
√
1 + α

(
πk − π

2

)2
T

φ
(6)
k1 − ψ

(6)
k1(

k − 1
2

)6 cos

(
k − 1

2

)
πx

+
1

π6

∞∑
k=1

1− cos
√
1− α(πk)2t

1− cos
√
1− α(πk)2T

φ
(6)
k2 − ψ

(6)
k2

k6
sin πkx,

è

f(x) = φIV (x) + α · φIV (−x) + 1

π2

∞∑
k=1

φ
(6)
k1 − ψ

(6)
k1

1− cos
√
1 + α

(
πk − π

2

)2
T

1 + α(
k − 1

2

)2 cos(k − 1

2

)
πx

+
1

π2

∞∑
k=1

φ
(6)
k2 − ψ

(6)
k2

1− cos
√
1− α(πk)2T

1− α

k2
sinπkx,

ãäå

φ
(6)
k1 =

1∫
−1

φV I (x) cos

(
k − 1

2

)
πxdx, φ

(6)
k2 =

1∫
−1

φV I (x) sinπkxdx,

ψ
(6)
k1 =

1∫
−1

ψV I (x) cos

(
k − 1

2

)
πxdx, ψ

(6)
k2 =

1∫
−1

ψV I (x) sinπkxdx.

Ïðÿìûå çàäà÷è äëÿ âîçìóùåííîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ñ èíâîëþöèåé áûëè
ðàññìîòðåíû â ðàáîòå [1].

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÊÍ ÌÍèÂÎ ÐÊ (ãðàíò AP13068539).

Ëèòåðàòóðà

[1] Kirane M½ Sarsenbi, AA, Solvability of Mixed Problems for a Fourth-Order Equation with Involution and

Fractional Derivative, Fractal and Fractional., 7( 2): 131:2023 (ãîä). https://doi.org/10.3390/fractalfract7020131

Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ñ äðîáíîé ïðîèçâîäíîé,
èìåþùåå äâå ëèíèè âûðîæäåíèÿ

Áàõðîì ÈÐÃÀØÅÂ

Íàìàíãàíñêèé èíæåíåðíî-ñòðîèòåëüíûé èíñòèòóò, Íàìàíãàí, Óçáåêèñòàí
Èíñòèòóò Ìàòåìàòèêè èì.Â.È.Ðîìàíîâñêîãî ÀÍ ÐÓç

E-mail: bahromirgasev@gmail.com

Â îáëàñòè Ω = Ωx × Ωy, Ωx = {x : 0 < x < 1} , Ωy = {y : 0 < y < 1} , ðàññìîòðèì óðàâíå-
íèå

(−1)k+1Dα
0xu (x, y)− xsym

∂2ku

∂y2k
= 0, (1)

ãäå 0 < α < 1, 0 ≤ m < k, 0 ≤ s, s, k ∈ R,Dα
0x− îïåðàòîð äðîáíîãî äèôôåðåíöèðîâàíèÿ

Ðèìàíà-Ëèóâèëëÿ ïîðÿäêà α

Dα
0xu (x, y) =

1

Γ (1− α)

∂

∂x

x∫
0

u (τ, y) dτ

(x− τ)α
.
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Äëÿ óðàâíåíèÿ (1) ðàññìîòðèì çàäà÷ó.
Çàäà÷à À. Íàéòè ðåøåíèå óðàâíåíèÿ (1) èç êëàññà

Dα
0xu (x, y) ∈ C (Ω) , x1−αu (x, y) ∈ C

(
Ω̄x × Ωy

)
,

∂k−1u (x, y)

∂yk−1
∈ C

(
Ωx × Ω̄y

)
,
∂2ku (x, y)

∂y2k
∈ C (Ωx × Ωy) ,

óäîâëåòâîðÿþùèå óñëîâèÿì

∂ju (x, 0)

∂yj
=
∂ju (x, 1)

∂yj
= 0, 0 < x ≤ 1, j = 0, 1, ..., k − 1,

lim
x→0

Dα−1
0x u (x, y) = φ (y) ,

çäåñü ôóíêöèÿ φ (y)− äîñòàòî÷íî ãëàäêàÿ è óäîâëåòâîðÿåò åñòåñòâåííûì óñëîâèÿì ñîãëà-
ñîâàíèÿ.
Ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà ñóùåñòâîâàíèÿ.

Òåîðåìà 1. Ïóñòü ôóíêöèÿ φ (y) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

φ (y) ∈ C2k [0, 1] , φ(j) (0) = φ(j) (1) = 0,(
ymφ(2k) (y)

)(j)
(0) =

(
ymφ(2k) (y)

)(j)
(1) = 0, ymφ(2k) (y) ∈ C2k [0, 1] , j = 0, 1, ..., k − 1.

Òîãäà ðåøåíèå çàäà÷è À ñóùåñòâóåò â âèäå ñëåäóþùåãî ðÿäà:

u (x, y) =
xα−1

Γ (α)

∞∑
k=1

φkEα,1+ β
α
,1+β−1

α

(
−λxα+s

)
Yk (y) ,

çäåñü Yk (y) - ñîáñòâåííûå ôóíêöèè çàäà÷è{
Y (2k)(y) = (−1)kλy−mY (y),
Y (j)(0) = Y (j) (1) = 0, j = 0, 1, ..., k − 1,

φk =

1∫
0

φ (y) y−mYk (y) dy,

Eα,m,l (t) =
∞∑
i=0

ti
i∏

j=0

Γ (α (jm+ l) + 1)

Γ (α (jm+ l + 1) + 1)
, c0 = 1

- ôóíêöèÿ Êèëáàñà-Ñàéãî [1].
Åäèíñòâåííîñòü ïîñòàâëåííîé çàäà÷è ïîêàçûâàåòñÿ ñïåêòðàëüíûì ìåòîäîì.
Îòìåòèì, ÷òî àíàëîãè÷íàÿ çàäà÷à äëÿ óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ îäíîé ëèíèåé âû-

ðîæäåíèÿ ðàññìàòðèâàëàñü â ðàáîòå [2].

Êëþ÷åâûå ñëîâà: óðàâíåíèå, ÷åòíûé ïîðÿäîê , äðîáíàÿ ïðîèçâîäíàÿ, êðàåâàÿ çàäà÷à, ñîáñòâåííîå çíà÷åíèå,
ñîáñòâåííàÿ ôóíêöèÿ, ðÿä, ñõîäèìîñòü, ñóùåñòâîâàíèå, åäèíñòâåííîñòü.

2010 Mathematics Subject Classi�cation: 35G31

Ëèòåðàòóðà
[1] Kilbas A.A., Saigo M. On solution of integral equations of Abel-Volterra type, Di�er.Integral Equ., 5:8 (1995),

993�1011. [2] Smadiyeva A.G. Well-posedness of the initial-boundary value problems for the time-fractional degenerate
di�usion equations, Bulletin of the Karaganda University.Mathematics series., 107:3 (2022), 145�151.
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Îá îäíîé îáðàòíîé çàäà÷å òèïà Áèöàäçå-Ñàìàðñêîãî äëÿ
äðîáíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ âûðîæäåíèåì

Áàõòèåð ÊÀÄÈÐÊÓËÎÂ1,a, Îêèëæîí ÝÐÃÀØÅÂ2,b

1 Òàøêåíòñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò âîñòîêîâåäåíèÿ, Òàøêåíò, Óçáåêèñòàí
2 Íàöèîíàëüíûé èññëåäîâàòåëüñêèé óíèâåðñèòåò "ÒÈÈÈÌÑÕÒàøêåíò, Óçáåêèñòàí

E-mail: akadirkulovbj@gmail.com, bokiljonergashev@gmail.com

Â îáëàñòè Ω = {(x, t) : 0 < x < 1, 0 < t < T} ðàññìîòðèì ñëåäóþùóþ îáðàòíóþ çàäà÷ó
òèïà Áèöàäçå-Ñàìàðñêîãî:

Çàäà÷à BS. Òðåáóåòñÿ íàéòè ïàðó ôóíêöèé (u(x, t), g(x)) èç êëàññà

u, CD
α
0tu, uxx ∈ C(Ω), g(x) ∈ C[0, 1],

óäîâëåòâîðÿþùèõ â îáëàñòè Ω óðàâíåíèþ

CD
α
0tu(x, t) = tβuxx(x, t) + g(x)

è óñëîâèÿì
u(x, 0) = φ(x), u(x, T ) = ψ(x), 0 ≤ x ≤ 1,

u(0, t) = 0, u(1, t) = u(x0, t), 0 ≤ t ≤ T.

Çäåñü CD
α
0t, 0 < α ≤ 1 - èíòåãðî-äèôôåðåíöèàëüíûé îïåðàòîð Êàïóòî [1], φ(x), ψ(x) -

çàäàííûå ôóíêöèè, β ≥ 0, 0 < x0 < 1.
Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà:
Òåîðåìà. Ïóñòü ôóíêöèè φ(x), ψ(x) óäîâëåòâîðÿþò óñëîâèÿì

φ(x) ∈ C4[0, 1], φ(0) = φ′′(0) = 0, φ(i)(1) = φ(i)(x0), i = 0, 2,

ψ(x) ∈ C6[0, 1], ψ(0) = ψ′′(0) = 0, ψ(i)(1) = ψi(x0), i = 0, 2, 4.

Òîãäà çàäà÷à BS èìååò åäèíñòâåííîå ðåøåíèå.

Êëþ÷åâûå ñëîâà: îáðàòíàÿ çàäà÷à, îïåðàòîð Êàïóòî, ïàðàáîëè÷åñêîå óðàâíåíèå äðîáíîãî ïîðÿäêà, áàçèñ Ðèññà,
ñîïðÿæåííàÿ çàäà÷à.

2010 Mathematics Subject Classi�cation: 35K65, 34R30, 34K37, 34L10

Ëèòåðàòóðà

[1] Kilbas A.A., Srivastava H.M., Trujillo J.J. Theory and applications of fractional di�erential equations, Elsevier

Science, Amsterdam (2006).

Ñïåêòðàëüíûå ñâîéñòâà îäíîìåðíîãî Íüþòîíîâîãî
ïîòåíöèàëà

Òûíûñáåê ÊÀËÜÌÅÍÎÂa, À.ÊÀÄÈÐÁÅÊb, À.ÊÛÄÛÐÁÀÉÊÛÇÛc

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: akalmenov.t@mail.ru, broyale.ayan@gmail.com, catirgul.kydyrbaykyzy@bk.ru

Ðàññìîòðèì îäíîìåðíûé Íüþòîíîâîé ïîòåíöèàë

u(x) =
1

2

∫ 1

0

∣∣x− t
∣∣f(t)dt, x ∈ (0, 1). (1)

Íåïîñðåäñòâåííîì âû÷èñëåíèåì ìîæíî óñòàíîâèòü ÷òî u(x) óäîâëåòâîðÿåò óðàâíåíèþ

u′′(x) = f(x)
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è ãðàíè÷íûì óñëîâèÿì
N1(u) = u′(0) + u′(1) = 0

N2(u) = u′(1)− u(0)− u(1) = 0. (2)

Ïîýòîìó ñïåêòðàëüíàÿ çàäà÷à äëÿ Íüþòîíîâîãî ïîòåíöèàëà

1

2

∫ 1

0

∣∣x− t
∣∣ek(t)dt = ek(x)

λk
(3)

ñâîäèòñÿ ê ñïåêòðàëüíîé çàäà÷å
u′′(x) = λu (4)

N1(u) = 0, N2(u) = 0, (5)

Îòìåòèì ÷òî îïåðàòîð (1)-ñàìîñîïðîæÿííûé è èìååò ïîëíóþ îðòîíîðìèðîâàííóþ ñèñòåìó
ñîáñòâåííûõ âåêòîðîâ. Óìíîæèâ â L2(0, 1) óðàâíåíèå (1) íà u(x) ïîëó÷èì

(u′′(x), u(x))L2(0,1) = u′(1)u(1)− u′(0)u(0)−
∫ 1

0

(u′(x))2dx = λ

∫ 1

0

(u(x))2dx. (6)

Ó÷èòûâàÿ ãðàíè÷íûå óñëîâèÿ (2) ðàâåíñòâî (6) ïåðåïèøåì â âèäå

λ

∫ 1

0

(
u(x)

)2
dx = −u′(0)

(
u(1) + u(0)

)
−
∫ 1

0

(u′(x))2dx. (7)

Òàê êàê ïðàâàÿ ÷àñòü íåçíàêîîïðåäåëåíà, òî íåëüçÿ îæèäàòü ÷òî ñîáñòâåííûå çíà÷åíèÿ
çàäà÷è (4)-(5) áóäóò çíàêîîïðåäåëåííûìè.

Òåîðåìà. Ïî êðàéíåé ìåðå îäíî ñîáñòâåííîå çíà÷åíèå çàäà÷è (4)-(5) ÿâëÿåòñÿ ïîëî-
æèòåëüíûì.

Òåïåðü èññëåäóåì ñàìîñîïðÿæåííóþ ÷àñòü îäíîìåðíîé çàäà÷è Êîøè.
Èçâåñòíî ÷òî ðåøåíèå îäíîìåðíîé çàäà÷è Êîøè (ò.å îäíîìåðíûé îïåðàòîð Êîøè) äëÿ

óðàâíåíèÿ (1) ïðåäñòàâèì â âèäå

L−1
k f =

∫ x

0

(x− t)f(t)dt (8)

à ñàìîñîïðÿæåííûé îïåðàòîð Êîøè ê îïåðàòîð L−1
k f èìååò âèä

(L−1
k )∗f =

∫ x

1

(x− t)f(t)dt. (9)

Òîãäà îïåðàòîð Êîøè ïðåäñòàâèì â âèäå

L−1
k f =

L−1
k + (L−1

k )∗

2
f + i

L−1
k − (L−1

k )∗

2i
f (10)

îïåðàòîð L−1
k +(L−1

k )∗

2
ÿâëÿåòñÿ ñàìîñîïðÿæåííîé ÷àñòüþ îïåðàòîðà Êîøè, à L−1

k −(L−1
k )∗

2i
ìíè-

ìîé ÷àñòüþ (íåñàìîñîïðÿæåííîé ÷àñòüþ) îïåðàòîðà Êîøè L−1
k .

Ëåììà. Ñàìîñîïðÿæåííàÿ ÷àñòü îïåðàòîðà Êîøè ñîâïîäàåò ñ îäíîìåðíûì ïîòåíöè-
àëîì Íüþòîíà, ò.å

(L−1
k + L−1

k )∗

2
f =

1

2

∫ 1

0

∣∣x− t
∣∣f(t)dt

Ýòà ëåììà ñâÿçûâàåò êëàññè÷åñêèé îäíîìåðíûé ïîòåíöèàë Íüþòîíà ñ êëàññè÷åñêèì îä-
íîìåðíûì îïåðàòîðîì Êîøè.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP14871460 è AP09260126 ÌÍÂÎ ÐÊ.
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Êëþ÷åâûå ñëîâà: ïîòåíöèàë Íüþòîíà, ñïåêòðàëüíàÿ çàäà÷à, ãðàíè÷íûå óñëîâèÿ Íüþòîíîâîãî ïîòåíöèàëà.

2010 Mathematics Subject Classi�cation: 35J05, 35A08

Ëèòåðàòóðà

[1] Êàëüìåíîâ Ò.Ø., Ñóðàãàí Ä. Ê ñïåêòðàëüíûì âîïðîñàì îáúåìíîãî ïîòåíöèàëà, Äîêëàäû ÐÀÍ. 4:428 (2009),

16�19.

Êðèòåðèè åäèíñòâåííîñòè ðåøåíèÿ íåëîêàëüíîé ïî
âðåìåíè çàäà÷è äëÿ íåêîòîðûõ

äèôôåðåíöèàëüíî-îïåðàòîðíûõ óðàâíåíèé

Áàëòàáåê ÊÀÍÃÓÆÈÍa, Áàêûòáåê ÊÎØÀÍÎÂb

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: akanguzhin53@gmail.com, bkoshanov@list.ru

Ïóñòü Ω � êîíå÷íàÿ äâóìåðíàÿ îáëàñòü, îãðàíè÷åííàÿ ïðè y > 0 êðèâîé Ëÿïóíîâà
σ, îêàí÷èâàþùåéñÿ â îêðåñòíîñòè òî÷åê O(0, 0) è B(1, 0) ìàëûìè äóãàìè íîðìàëüíîé

êðèâîé σ0 :
(
x− 1

2

)2
+ 4

9
y3 = 1

4
, à ïðè y < 0 � õàðàêòåðèñòèêàìè

OC : x− 2
3
(−y)3/2 = 0, BC : x+ 2

3
(−y)3/2 = 1.

Â îáëàñòè Q = Ω× (0, T ) ðàññìîòðèì óðàâíåíèå

∂nu(x, y; t)

∂tn
+

n∑
j=1

pj(t)
∂n−ju(x, y; t)

∂tn−j
=

y
∂2u(x, y; t)

∂x2
+
∂2u(x, y; t)

∂y2
+ f(x, y; t), (x, y) ∈ Ω, 0 < t < T (1)

ñ êðàåâûìè óñëîâèÿìè ïî t

Uν(u(x, y; ·)) = 0, ν = 1, 2, . . . , n, (x, y) ∈ Ω (2)

è ñ óñëîâèÿìè ïî (x, y)

u(x, y; t)
∣∣
σ0

= 0, σ0 :

(
x− 1

2

)2

+
4

9
y3 =

1

4
, (3)

x5/6D
1/6
0+

(
u (χ0(x); t)x

−2/3
)
+ (1− x)5/6D

1/6
1−
(
u (χ1(x); t) (1− x)−2/3

)
= 0, (4)

ãäå

u (χ0(x); t) = u

(
x, −

[
3x

2

]2/3
; t

)
, 0 ≤ x ≤ 1

2
,

u (χ1(x); t) = u

(
x, −

[
3(1− x)

2

]2/3
; t

)
,

1

2
≤ x ≤ 1, 0 < t < T.

Çäåñü ãðàíè÷íûå óñëîâèÿ çàäàþòñÿ ñ ïîìîùüþ äðîáíûõ ïðîèçâîäíûõ Ðèìàíà-Ëèóâèëëÿ
[1]

D
1/6
0+ g(x) =

d

dx

∫ x

0

g(t)

(x− t)1/6
dt, D

1/6
1− g(x) = − d

dx

∫ 1

x

g(t)

(t− x)1/6
dt.

Ãëàâíîé öåëüþ äàííîé ñòàòüè ÿâëÿåòñÿ óñòàíîâëåíèå êðèòåðèÿ åäèíñòâåííîñòè ðåøåíèÿ
çàäà÷è (1)�(4).
Îïåðàòîðíàÿ çàïèñü âûøåïðèâåäåííîé çàäà÷è (1)�(4) èìååò âèä

Bu = Au(x, y; t) + f(x, y; t), (x, y; t) ∈ Q. (5)
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Çäåñü îïåðàòîð B äåéñòâóåò ïî ïåðåìåííîé t, à îïåðàòîð A äåéñòâóåò ïî ïåðåìåííûì
(x, y) è èõ ñïåêòðàëüíûå ñâîéñòâà ïðèâåäåíû â äàííîé ñòàòüå.

Â ðàáîòå [3] âû÷èñëåíû ñîïðÿæåííûå êðàåâûå óñëîâèÿ. Â ðàáîòå [4] äîêàçàíà, ÷òî îïå-
ðàòîð A ÿâëÿåòñÿ ñàìîñîïðÿæåííûì â ïðîñòðàíñòâå L2(Ω).

Òðåáîâàíèå I. Ñèñòåìà äâóõòî÷å÷íûõ ãðàíè÷íûõ óñëîâèé

U1(u(x, y; ·)) = 0, . . . , Un(u(x, y; ·)) = 0, (x, y) ∈ Ω

ýêâèâàëåíòíà íåêîòîðûì íîðìèðîâàííûì ðåãóëÿðíûì â ñìûñëå Áèðêãîôà êðàåâûì óñëî-
âèÿì [2].

Òåîðåìà 1. Ïóñòü âûïîëíåíî òðåáîâàíèå I. Òîãäà îäíîðîäíîå îïåðàòîðíîå óðàâíåíèå

Bu = Au (6)

èìååò òîëüêî òðèâèàëüíîå ðåøåíèå u ∈ D(B) ∩D(A) òîãäà è òîëüêî òîãäà, êîãäà

σ(B) ∩ σ(A) = ∅, (7)

ãäå σ(B) è σ(A) � ñïåêòðû îïåðàòîðîâ B è A ñîîòâåòñòâåííî.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP 08855402, AP 14869558 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ýëëèïòè÷åñêèå îïåðàòîðû âûñøèõ ïîðÿäêîâ, ðåãóëÿðíûå êðàåâûå çàäà÷è ïî âðåìåíè, ãðàíè÷-
íûå îïåðàòîðû, åäèíñòâåííîñòü ðåøåíèÿ, ñîáñòâåííûå ôóíêöèé, ïîëíûå îðòîíîðìèðîâàííûå ñèñòåìû.

2010 Mathematics Subject Classi�cation: 35G05, 35G10, 35P05
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öèàëüíûõ îïåðàòîðîâ, Èçâ. âóçîâ. Ìàòåì., 2 (1964), 82�93.
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Âîññòàíîâëåíèå ãðàíè÷íûõ óñëîâèé äèôôåðåíöèàëüíûõ
îïåðàòîðîâ íà ãðàôàõ ïî íàáîðó ñîáñòâåííûõ çíà÷åíèé

Áàëòàáåê ÊÀÍÃÓÆÈÍ1,2,a, Æàëãàñ ÊÀÉÛÐÁÅÊ1,2,b Ãàóhàð ÀÓÇÅÐÕÀÍ2,c

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
2 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí

E-mail: akanguzhin53@gmail.com, bkaiyrbek.zhalgas@gmail.com cauzerkhanova@gmail.com

Ïóñòü Γ = {V,E} -ãðàô-çâåçäà, ãäå V ìíîæåñòâî åãî âåðøèí, çàíóìåðîâàííûõ îò 0
äî m + 1; à ìíîæåñòâî E îçíà÷àåò ìíîæåñòâî åãî äóã e1, e2, ..., em. Íà êàæäîé äóãå ej
âûïîëíÿåòñÿ äèôôåðåíöèàëüíîå óðàâíåíèå

−y′′(xj) + pj(xj)yj(xj) = fj(xj), 0 < xj < bj (1)

Â äàëüíåéøåì ïðåäïîëàãàåì, ÷òî ôóíêöèé pj(x), x ≥ 1 ÿâëÿþòñÿ âåùåñòâåííûìè íåïðå-
ðûâíûìè íà ej. Âåðøèíà (m+1) ∈ V íàçûâàåòñÿ âíóòðåííåé âåðøèíîé ãðàôà-çâåçäû. Âî
âíóòðåííåé âåðøèíå (m+ 1 âûïîëíÿþòñÿ çàêîíû Êèðõãîôà{

ym+1(bm+1) = y1(0) = ... = ym(0)

y′m+1(bm+1) = y′1(0) + ...+ y′m(0)
(2)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023
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Âåðøèíû 0, 1, ...,m íàçûâàþòñÿ ãðàíè÷íûìè âåðøèíàìè ãðàôà-çâåçäû. Äëÿ äàëüíåéøèõ
öåëåé óäîáíî ââåñòè ôóíêöèé cj(xj), sj(xj), j = 1, 2, ...,m + 1. Ïðè êàæäîì j cj(xj), sj(xj)
ôóíêöèé ÿâëÿþòñÿ ðåøåíèÿìè îäíîðîäíîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ

−y′′(xj) + pj(xj)yj(xj) = 0, 0 < xj < bj (3)

c íà÷àëüíûìè óñëîâèÿìè{
cj(0) = s′j(0) = 1, c′j(0) = sj(0) = 0, j = 1, 2, ...,m,

cm+1(bm+1) = s′m+1(bm+1) = 1, c′m+1(bm+1) = sm+1(bm+1) = 0.

Òåîðåìà 1. Ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèé Øòóðìà-Ëèóâèëëÿ (1),(2) ñ óñëîâèÿìè
Êîøè â òî÷êå xm+1 = 0

θm+1(0) = 0, θ′(0) = 0 (4)

îáîçíà÷èì ÷åðåç Θ = (θ1(x1), θ2(x2), ..., θm+1(xm+1)) è îíî èìååò âèä

θm+1(xm + 1) =

xm+1∫
0

∣∣∣∣cm+1(xm+1) sm+1(xm+1)
cm+1(t) sm+1(t)

∣∣∣∣ fm+1(t)dt, xm+1 ∈ (em+1),

θm+1(xm + 1) =

bm+1∫
0

∣∣∣∣ cj(xj) Ajsj(xj)
cm+1(t) sm+1(t)

∣∣∣∣ fm+1(t)dt+

xj∫
0

∣∣∣∣cj(xj) sj(xj)
cj(t) sj(t)

∣∣∣∣ fj(t)dt.
ãäå A1, A2, ..., Am-ïðîèçâîëüíûå ÷èñëà, ïîä÷èíåííûå òðåáîâàíèþ A1+A2+ ...+Am = 1.Èç
òåîðåìû 1 ñëåäóåò, ÷òî ðåøåíèå çàäà÷è Êîøè (1),(2) çàâèñèò îò m + 1 ïðîèçâîëüíûõ
ïîñòîÿííûõ. Ïîñòîÿííûå A1, A2, ..., Am îïðåäåëÿþò â òî÷êå xm+1 = bm+1 äîëè ïîòîêîâ ïî
äóãàì e1, e2, ..., emîòíîñèòåëüíî ïîòîêà íà äóãå em+1. ×èñëà A1, A2, ..., Am áóäåì íàçûâàòü
êîíñòàíòàìè ñâÿçè.

Êëþ÷åâûå ñëîâà: Ñîáñòâåííûå çíà÷åíèÿ, óñëîâèÿ Êèðõãîôà, ãðàô-çâåçäà, âîëíîâîå óðàâíåíèå, ôîðìóëà Äàëàì-
áåðà.

2010 Mathematics Subject Classi�cation: 35G05, 35G10, 35P05

Êðàåâàÿ çàäà÷à ñ óñëîâèÿìè òèïà Øòóðìà äëÿ óðàâíåíèÿ
äðîáíîãî ïîðÿäêà ñ çàïàçäûâàþùèì àðãóìåíòîì

Ìàäèíà ÌÀÆÃÈÕÎÂÀ

ÈÏÌÀ ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ

E-mail: mazhgihova.madina@yandex.ru

Â ðàáîòå èññëåäóåòñÿ ëèíåéíîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå

Dα
0tu(t)− λu(t)− µH(t− τ)u(t− τ) = f(t), 0 < t < 1, (1)

ãäå Dα
0tu(t) � äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà � Ëèóâèëëÿ [1], α ∈ (n − 1, n], n ∈ N, H(t) �

ôóíêöèÿ Õåâèñàéäà, λ, µ � ïðîèçâîëüíûå ïîñòîÿííûå, τ � ôèêñèðîâàííîå ïîëîæèòåëüíîå
÷èñëî.

Îïðåäåëåíèå. Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) íàçîâåì ôóíêöèþ u(t) èç êëàññà
Dα−n

0t u(t) ∈ Cn(0, 1), u(t) ∈ L(0, 1), è óäîâëåòâîðÿþùóþ ýòîìó óðàâíåíèþ.
Çàäà÷à. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèÿì

n∑
k=1

aik lim
t→0

Dα−k
0t u(t) = ci, i = 1, p,

n∑
k=1

bjk lim
t→1

Dα−k
0t u(t) = cp+j, j = 1, q,

(2)
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ïðè÷åì p+ q = n, n ∈ N, aik, bjk, ci, cp+j � çàäàííûå ïîñòîÿííûå.
Â ðàáîòå äîêàçàíà òåîðåìà ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (1), (2).

Êëþ÷åâûå ñëîâà: óðàâíåíèå äðîáíîãî ïîðÿäêà, óðàâíåíèå ñ çàïàçäûâàþùèì àðãóìåíòîì, êðàåâàÿ çàäà÷à, îáîá-
ùåííàÿ çàäà÷à òèïà Øòóðìà.

2010 Mathematics Subject Classi�cation: 34B05, 34K10

Ëèòåðàòóðà
[1] Íàõóøåâ À.Ì. Äðîáíîå èñ÷èñëåíèå è åãî ïðèìåíåíèå, Ôèçìàòëèò, Ìîñêâà (2003).

Òåîðåìà Õàðäè-Ëèòòëâóäà

Àñõàò ÌÓÊÀÍÎÂa, Åðëàí ÍÓÐÑÓËÒÀÍÎÂb

Êàçàõñòàíñêèé ôèëèàë ÌÃÓ èì. Ì.Â. Ëîìîíîñîâà, Àñòàíà, Êàçàõñòàí

E-mail: amukanov.askhat@gmail.com, ber-nurs@yandex.ru

Ìû ðàññìàòðèâàåì êëàññè÷åñêóþ òåîðåìó Õàðäè-Ëèòòëâóäà (ñì. [5, 12 Ãëàâà]).
Òåîðåìà À. Ïóñòü {ak}∞k=0, {bk}∞k=1 � íåâîçðàñòàþùèå, íåîòðèöàòåëüíûå ïîñëåäîâàòåëü-
íîñòè, è ïóñòü èíòåãðèðóåìàÿ íà [0, 1] ôóíêöèÿ f(x) èìååò òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå

a0
2
+

∞∑
k=1

(ak cos 2πkx+ bk sin 2πkx). Òîãäà äëÿ âñåõ 1 < p <∞,

∥f∥Lp([0,1]) ≍
a0
2

+

(
∞∑
k=1

kp−2(apk + bpk)

) 1
p

. (1)

Àíàëîãè÷íûé ðåçóëüòàò äëÿ ôóíêöèè f(x) ñ ðÿäîì Ôóðüå
∞∑

k=−∞
cke

2πikx, ãäå {ck}∞k=0,

{ck}−∞
k=0 � íåâîçðàñòàþùèå, íåîòðèöàòåëüíûå ïîñëåäîâàòåëüíîñòè âûãëÿäèò ñëåäóþùèì îá-

ðàçîì:

∥f∥Lp([0,1]) ≍

(
∞∑

k=−∞

(|k|+ 1)p−2|ck|p
) 1

p

, 1 < p <∞. (2)

Ñîîòíîøåíèÿ (1), (2) áûëè îáîáùåíû âî ìíîãèõ ðàáîòàõ, (ñì. [1-4] è áèáëèîãðàôèþ â íèõ).
Â îñíîâíîì îáîáùåíèå òåîðåìû Õàðäè-Ëèòòëâóäà ïîëó÷àþò ïóòåì îñëàáëåíèÿ óñëîâèÿ
ìîíîòîííîñòè êîýôôèöèåíòîâ Ôóðüå, òåì ñàìûì ðàñøèðÿÿ êëàññ äîïóñòèìûõ ïîñëåäîâà-
òåëüíîñòåé. Â íåäàâíåé ðàáîòå [1] áûëî ïîëó÷åíî ñîîòíîøåíèå (1) äëÿ ïîñëåäîâàòåëüíîñòåé
èç, òàê íàçûâàåìîãî, êëàññà îáîáùåííî ìîíîòîííûõ ïîñëåäîâàòåëüíîñòåé GM1, ñîäåðæà-
ùåãî êëàññ ìîíîòîííûõ ïîñëåäîâàòåëüíîñòåé.

Îïðåäåëåíèå 1. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü (âîîáùå ãîâîðÿ, êîìïëåêñ-
íûõ) ÷èñåë {an}∞n=1 ïðèíàäëåæèò êëàññó GM1, åñëè ñóùåñòâóþò C > 0 è λ > 1, òàêèå, ÷òî
äëÿ âñåõ n ∈ N âûïîëíÿåòñÿ óñëîâèå:

2n∑
k=n

|ak − ak+1| ≤ C
λn∑
k=n

λ

|ak|
k
. (3)

Ñóùåñòâåííûì äîñòèæåíèåì â ðàáîòå [1] çàêëþ÷àåòñÿ â òîì, ÷òî àâòîðû íå íàêëàäûâàþò
íà êîýôôèöèåíòû Ôóðüå óñëîâèå íåîòðèöàòåëüíîñòè è ðàññìàòðèâàþò ïîñëåäîâàòåëüíî-
ñòè âåùåñòâåííûõ ÷èñåë, óäîâëåòâîðÿþùèõ óñëîâèþ (3).

Ìû ðàññìàòðèâàåì äðóãèå êëàññû îáîáùåííî ìîíîòîííûõ ïîñëåäîâàòåëüíîñòåé. Â ÷àñò-
íîñòè, áûë ðàññìîòðåí ñëåäóþùèé êëàññ.
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Îïðåäåëåíèå 2. Áóäåì ãîâîðèòü, ÷òî ïîñëåäîâàòåëüíîñòü êîìïëåêñíûõ ÷èñåë
{an}∞n=−∞ ïðèíàäëåæèò êëàññó GM2, åñëè ñóùåñòâóåò C > 0, òàêîå, ÷òî äëÿ âñåõ n ≥ 0
âûïîëíÿåòñÿ óñëîâèå:

∑
[2n−1]≤|m|<2n

|am − am+1| ≤ C sup
[2n−1]≤|m|≤2n

1

|m|+ 1

∣∣∣∣∣
m∑
j=0

aj

∣∣∣∣∣ .
Äëÿ äàííîãî êëàññà áûëà ïîëó÷åíà òåîðåìà.

Òåîðåìà 1. Ïóñòü {ak}∞k=−∞ ∈ GM2, è ïóñòü èíòåãðèðóåìàÿ íà [0, 1] ôóíêöèÿ f(x)

èìååò òðèãîíîìåòðè÷åñêèé ðÿä Ôóðüå
∞∑

k=−∞
cke

2πikx. Òîãäà äëÿ âñåõ 1 < p <∞,

∥f∥Lp([0,1]) ≍

(
∞∑

k=−∞

(|k|+ 1)p−2|ck|p
) 1

p

, 1 < p <∞.

Çàìå÷àíèå 1. Îñîáåííîñòüþ òåîðåìû 1 ÿâëÿåòñÿ òî, ÷òî êîýôôèöèåíòû {ck}∞k=−∞
êîìïëåêñíîçíà÷íûå. Ïîìèìî ýòîãî â ðàáîòå ìû ñðàâíèâàåì ðàññìàòðèâàåìûå íàìè êëàññû
îáîáùåííî ìîíîòîííûõ ïîñëåäîâàòåëüíîñòåé ñ êëàññàìè, ðàññìîòðåííûõ â ïðåäûäóùèõ
ðàáîòàõ.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP14870361 ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: ïðîñòðàíñòâî Ëåáåãà, òðèãîíîìåòðè÷åñêèå ðÿäû Ôóðüå, îáîáùåííàÿ ìîíîòîííîñòü.

2010 Mathematics Subject Classi�cation: 42A16, 42A32
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Î ïîëíîòå êîðíåâûõ âåêòîðîâ ñèíãóëÿðíîãî îïåðàòîðà
ïîðîæäåííîãî ëèíåéíîé ÷àñòüþ îïåðàòîðà Êîðòåâåãà-äå

Ôðèçà

Ìóñàêàí ÌÓÐÀÒÁÅÊÎÂ
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Âîïðîñàì ðàçðåøèìîñòè êðàåâûõ çàäà÷ äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé íå÷åòíîãî
ïîðÿäêà è â ÷àñòíîñòè, äëÿ óðàâíåíèÿ Êîðòåâåãà-äå Ôðèçà ïîñâÿùåíà çíà÷èòåëüíàÿ ëèòå-
ðàòóðà [1-5] è öèòèðóåìûå òàì ðàáîòû. Â îòëè÷èå îò ýòèõ èíòåðåñíûõ ðàáîò, â ýòîé ðàáîòå
â ïðîñòðàíñòâå L2(Ω) ðàññìàòðèâàåòñÿ îïåðàòîð ïîðîæäåííîé ëèíåéíîé ÷àñòüþ îïåðàòî-
ðà Êîðòåâåãà-äå Ôðèçà. Äëÿ ýòîãî îïåðàòîðà â íåîãðàíè÷åííîé îáëàñòè ñ íåîãðàíè÷åííûì
êîýôôèöèåíòîì áóäóò èçó÷åíû ñëåäóþùèå âîïðîñû: - ñóùåñòâîâàíèå ðåçîëüâåíòû; - ðàç-
äåëèìîñòü (ìàêñèìàëüíàÿ ðåãóëÿðíîñòü ðåøåíèé); - êîìïàêòíîñòü ðåçîëüâåíòû; - îöåíêè
ñèíãóëÿðíûõ ÷èñåë. Ïîìèìî âûøå óêàçàííûõ âîïðîñîâ, â ðàáîòå èññëåäóåòñÿ âîïðîñ î
ïîëíîòå êîðíåâûõ âåêòîðîâ.

Êëþ÷åâûå ñëîâà: îïåðàòîð Êîðòåâåãà-äå Ôðèçà, ðåçîëüâåíòà, ðàçäåëèìîñòü, ñèíãóëÿðíûå ÷èñëà.
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Íà÷àëüíî-êðàåâûå çàäà÷è äëÿ äðîáíîãî ïàðàáîëè÷åñêîãî
óðàâíåíèÿ ñ èíâîëþöèåé

Õàìèò ÌÓÐÀÒÎÂa, Áàòèðõàí ÒÓÐÌÅÒÎÂb

Ìåæäóíàðîäíûé êàçàõñêî-òóðåöêèé óíèâåðñèòåò èì.Õ.À.ßñàâè, Òóðêåñòàí, Êàçàõñòàí

E-mail: a87078220202h@gmail.com, bbatirkhan.turmetov@ayu.edu.kz

Â äàííîé ðàáîòå èññëåäóþòñÿ íà÷àëüíî-êðàåâûå çàäà÷è äëÿ äðîáíîãî ïàðàáîëè÷åñêîãî
óðàâíåíèÿ ñ èíâîëþöèåé. Ðàññìàòðèâàåìîå íàìè óðàâíåíèå ÿâëÿåòñÿ íåëîêàëüíûì îáîá-
ùåíèåì óðàâíåíèå òåïëîïðîâîäíîñòè âêëþ÷àþùèé äðîáíûå çíà÷åíèÿ ïðîèçâîäíîé ïî âðå-
ìåíè.

Äëÿ ëþáîãî α ∈ (0, 1] ïîëîæèì

Dαy(t) =

 1
Γ(1−α)

t∫
0

(
ln t

τ

)−α
δy(τ)dτ

τ
, 0 < α < 1

δy(t), α = 1

ãäå δ = t d
dt
,Dα - îïåðàòîð äèôôåðåíöèðîâàíèÿ ïîðÿäêà α â ñìûñëå Àäàìàðà [1]. Îáîçíà-

÷èì Q = {(t, x) : 0 < t < T, 0 < x < p}, ãäå p, T ïîëîæèòåëüíûå äåéñòâèòåëüíûå ÷èñëà.
Ïóñòü α ∈ (0, 1], β > 0. Ðàññìîòðèì â Q ñëåäóþùåå óðàâíåíèå

t−βDα
t u(t, x) = a0

∂2u(t, x)

∂x2
+ a1

∂2u(t, p− x)

∂x2
, (t, x) ∈ Q, (1)

ãäå a0, a1 íåêîòîðûå äåéñòâèòåëüíûå ÷èñëà.
Ðåãóëÿðíûì ðåøåíèåì óðàâíåíèÿ (1) ìû íàçîâåì ôóíêöèþ u(t, x) èç êëàññà C

(
Q̄
)
,

îáëàäàþùåå ñâîéñòâîì t−βDα
t u(t, x), uxx(t, x) ∈ C (Q) è óäîâëåòâîðÿþùåå â Q óðàâíåíèþ

(1) â êëàññè÷åñêîì ñìûñëå.
Â äàííîé ðàáîòå èññëåäóþòñÿ ñëåäóþùèå çàäà÷è:
Çàäà÷à D. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèå (1), óäîâëåòâîðÿþùåå óñëîâèÿì

u(0, x) = φ(x), 0 ≤ x ≤ p, (2)

u(t, 0) = u(t, p) = 0, 0 ≤ t ≤ T, (3)

ãäå φ(x) - çàäàííàÿ ôóíêöèÿ.
Çàäà÷à N. Íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèå (1), äëÿ êîòîðîé ux(t, x) ∈ C

(
Q̄
)
,

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ (2) è êðàåâûì óñëîâèÿì

ux(t, 0) = ux(t, p) = 0, 0 ≤ t ≤ T. (4)

Â ñëó÷àå îïåðàòîðà Êàïóòî àíàëîãè÷íûå çàäà÷è èññëåäîâàëèñü â ðàáîòå [2]. Îáîçíà÷èì

XD,k(x) =

√
2

p
sin

(
kπ

p
x

)
, λD,k =

(
a0 + a1(−1)k+1

)(kπ
p

)2

,

XN,k(x) =

√
2

p
cos

kπx

p
, λN,k =

(
a0 + (−1)ka1

)(kπx
p

)2

, k ∈ N.
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Îñíîâíûå óòâåðæäåíèÿ îòíîñèòåëüíî çàäà÷ D è N èçëîæåíû â ñëåäóþùèõ òåîðåìàõ.
Òåîðåìà 1. Ïóñòü 0 < α ≤ 1, β > 0, a0±a1 > 0, φ(x) ∈ C2

(
Q̄
)
è âûïîëíÿþòñÿ óñëîâèÿ

φ(0) = φ(p) = 0. Òîãäà ðåøåíèå çàäà÷è D ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâëÿåòñÿ â
âèäå ðÿäà

u(t, x) =
∞∑
k=1

 p∫
0

φ(τ)XD,k(τ)dτ

Rα

(
−λD,k
βα

tβ
)
XD,k(x).

Òåîðåìà 2. Ïóñòü 0 < α ≤ 1, β > 0, a0±a1 > 0, φ(x) ∈ C2
(
Q̄
)
è âûïîëíÿþòñÿ óñëîâèÿ

φ′(0) = φ′(p) = 0. Òîãäà ðåøåíèå çàäà÷è N ñóùåñòâóåò, åäèíñòâåííî è ïðåäñòàâëÿåòñÿ â
âèäå

u(t, x) =
∞∑
k=1

 p∫
0

φ(τ)XN,k(τ)dτ

Rα

(
−λN,k
βα

tβ
)
XN,k(x).

Çäåñü ôóíêöèÿ Rα(z) îïðåäåëÿåòñÿ ðàâåíñòâîì

Rα (z) =
∞∑
i=0

zi

(i!)α
.
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Íà÷àëüíî-êðàåâûå çàäà÷è äëÿ âîëíîâîãî óðàâíåíèÿ ñ
íåóñëèíåííî ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè
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Íà÷àëüíî-êðàåâûå çàäà÷è äëÿ ëèíåéíûõ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà ÿâëÿþò-
ñÿ äîñòàòî÷íî õîðîøî ðàçðàáîòàííîé ÷àñòüþ òåîðèè óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ
(ñìîòðè, íàïðèìåð, [1-3]). È îäíèì èç íàèáîëåå ðàçðàáîòàííûõ ìåòîäîâ èõ ðåøåíèÿ ÿâëÿ-
åòñÿ ìåòîä Ôóðüå, êîòîðûé òàêæå íàçûâàþò ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ èëè ìåòîäîì
ðàçëîæåíèÿ ïî ñîáñòâåííûì ôóíêöèÿì. Ýòîò ìåòîä áûë õîðîøî ðàçðàáîòàí äëÿ ñëó÷àÿ
ñàìîñîïðÿæåííûõ êðàåâûõ óñëîâèé ïî ïðîñòðàíñòâåííîé ïåðåìåííîé. Îäíàêî äëÿ ñëó÷àÿ
íåñàìîñïðÿæåííûõ êðàåâûõ óñëîâèé çàäà÷à åùå îñòàåòñÿ îòêðûòîé.

Â ðàáîòå ðàññìàòðèâàþòñÿ íà÷àëüíî-êðàåâûå çàäà÷è äëÿ îäíîìåðíîãî âîëíîâîãî óðàâ-
íåíèÿ

utt(x, t)− uxx(x, t) + q(x)u(x, t) = f(x, t), (x, t) ∈ Ω, (1)

â îáëàñòè Ω = (x, t) : 0 < x < 1, 0 < t < T , c íåëîêàëüíûìè êðàåâûìè óñëîâèÿìè îáùåãî
âèäà

Uj(u) = aj1ux(0, t) + aj2ux(1, t) + aj3u(0, t) + aj4u(1, t) = 0, j = 1, 2. (2)
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Äîïîëíèòåëüíî çàäàþòñÿ ñòàíäàðòíûå íà÷àëüíûå óñëîâèÿ

u(x, 0) = τ(x), ut(x, 0) = ν(x), 0 ≤ x ≤ 1. (3)

Ïðèìåíåíèå ìåòîäà Ôóðüå (ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ) ïðèâîäèò ê ñëåäóþùåé ñïåê-
òðàëüíîé çàäà÷å

−y′′(x) + q(x)y(x) = λy(x), 0 < x < 1, (4)

Uj(y) = aj1y
′(0) + aj2y

′(1) + aj3y(0) + aj4y(1) = 0, j = 1, 2. (5)

Õîðîøî èçâåñòíî, ÷òî â ñëó÷àå, åñëè óñëîâèÿ (5) ÿâëÿþòñÿ óñèëåííî ðåãóëÿðíûìè, òî
ñèñòåìà êîðíåâûõ âåêòîðîâ çàäà÷è (4)-(5) îáðàçóåò áàçèñ Ðèññà â L2(0, 1). È ìåòîä Ôó-
ðüå ìîæåò áûòü ðåàëèçîâàí äëÿ ðåøåíèÿ çàäà÷è (1)-(3). Îäíàêî, êîãäà êðàåâûå óñëîâèÿ
(5) ÿâëÿþòñÿ íåóñèëåííî ðåãóëÿðíûìè, ñèñòåìà êîðíåâûõ âåêòîðîâ çàäà÷è (4)-(5) ìîæåò
íå îáðàçîâûâàòü áåçóñëîâíîãî áàçèñà. È ýòî íå äàåò âîçìîæíîñòè èñïîëüçîâàíèÿ ìåòîäà
Ôóðüå. Â ñëó÷àå, êîãäà êðàåâûå óñëîâèÿ (5) ÿâëÿþòñÿ íåðåãóëÿðíûìè, ñèñòåìà êîðíåâûõ
âåêòîðîâ çàäà÷è (4)-(5) íå îáðàçóåò áåçóñëîâíîãî áàçèñà. Òàêèì îáðàçîì, äëÿ ïðèìåíå-
íèÿ ìåòîäà Ôóðüå îñòàëñÿ íåîáîñíîâàííûì ñëó÷àé, êîãäà êðàåâûå óñëîâèÿ (5) ÿâëÿþòñÿ
íåóñèëåííî ðåãóëÿðíûìè.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ èìåííî òàêîé ñëó÷àé. Ïîñòðîåí àëãîðèòì äîêàçà-
òåëüñòâà êîððåêòíîñòè (â êëàññè÷åñêîì è îáîáùåííîì ñìûñëàõ) íà÷àëüíî-êðàåâîé çàäà÷è
(1)-(3) äëÿ ñëó÷àÿ, êîãäà êðàåâûå óñëîâèÿ (5) ÿâëÿþòñÿ íåóñèëåííî ðåãóëÿðíûìè. Ýòîò
ìåòîä ìîæåò áûòü ïðèìåíèì íåçàâèñèìî îò òîãî, îáðàçóåò ëè ñèñòåìà êîðíåâûõ âåêòîðîâ
çàäà÷è (4)-(5) áåçóñëîâíûé áàçèñ â L2(0, 1) èëè íåò.

Ìåòîäèêà îñíîâàíà íà ìåòîäå ðåøåíèÿ çàäà÷ òåïëîïðîâîäíîñòè ñ íåóñèëåííî ðåãóëÿð-
íûìè êðàåâûìè óñëîâèÿìè [4].
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äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîäíûõ
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Íà Ω = [0, X]× [0, Y ] ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à

∂3u

∂x∂y2
= a(x, y)

∂2u

∂x∂y
+ b(x, y)

∂2u

∂y2
+ d(x, y)

∂u

∂y
+ f(x, y), (x, y) ∈ Ω, (1)

u(0, y) = φ(y), y ∈ [0, Y ], (2)
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α1(x)
∂u(x, 0)

∂x
+ α2(x)

∂2u(x, 0)

∂x∂y
=

= ψ(x) + α3(x)
∂u(x, Y )

∂x
+ α4(x)

∂2u(x, Y )

∂x∂y
, x ∈ [0, X], (3)

β1(x)
∂u(x, 0)

∂x
+ β2(x)

∂2u(x, 0)

∂x∂y
=

= θ(x) + β3(x)
∂u(x, Y )

∂x
+ β4(x)

∂2u(x, Y )

∂x∂y
, x ∈ [0, X], (4)

ãäå ôóíêöèè f(x, y), a(x, y), b(x, y), d(x, y) íåïðåðûâíû íà Ω, ôóíêöèè αj(x), βj(x), j = 1, 4,
ψ(x), θ(x) íåïðåðûâíî-äèôôåðåíöèðóåìû íà [0, X], φ(y) íåïðåðûâíî-äèôôåðåíöèðóåìàÿ
íà [0, Y ] ôóíêöèÿ.

Â ñîîáùåíèè èññëåäóþòñÿ âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ íåëî-
êàëüíîé êðàåâîé çàäà÷è äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ òðåòüåãî ïîðÿäêà. Ïðåäëîæåí
àëãîðèòì íàõîæäåíèÿ ïðèáëèæåííîãî ðåøåíèÿ. Ñïðàâåäëèâî óòâåðæäåíèå

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1) ôóíêöèè a(x, y), b(x, y), d(x, y), f(x, y) íåïðåðûâíû íà Ω,
2) ôóíêöèÿ φ(y) íåïðåðûâíî-äèôôåðåíöèðóåìà íà [0, Y ],
3) ôóíêöèè ψ(x), θ(x) íåïðåðûâíî-äèôôåðåíöèðóåìû íà [0, X],
4) ∥∆(x)∥ ≤ γ, ãäå γ > 0,

5) q = 1
γ
max

(
ρ1, ρ2

)
e2M(max{X,Y }+2)max{X,Y }

max{X,Y }+2
(XY +X)(A+DX) < 1,

ãäå
max

(x,y)∈Ω
∥a(x, y)∥ < A, max

(x,y)∈Ω
∥b(x, y)∥ < B, max

(x,y)∈Ω
∥d(x, y)∥ < D,

∆(x) =

(
α1(x)− α3(x)

)(
β2(x)− β3(x)Y − β4(x)

)
−

−
(
α2(x)− α3(x)Y − α4(x)

)(
β1(x)− β3(x)

)
̸= 0,

ρ1 =

(
max
x∈[0,X]

∥β2(x)− β3(x)Y − β4(x)∥+ max
x∈[0,X]

∥ − α2(x) + α3(x)Y + α4(x)∥
)
×

×
(

max
x∈[0,X]

∥α3(x) + β3(x)∥Y + max
x∈[0,X]

∥α4(x) + β4(x)∥
)
,

ρ2 =

(
max
x∈[0,X]

∥α1(x)− α3(x)∥+ max
x∈[0,X]

∥ − β1(x) + β3(x)∥
)
×

×
(

max
x∈[0,X]

∥α3(x) + β3(x)∥Y + max
x∈[0,X]

∥α4(x) + β4(x)∥
)
,

òîãäà íåëîêàëüíàÿ çàäà÷à (1)-(4) èìååò åäèíñòâåííîå ðåøåíèå.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì AP09259780 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, íåëîêàëüíàÿ çàäà÷à, äèôôåðåíöèàëüíîå óðàâíåíèå, ìåòîä ïîñëåäîâàòåëüíûõ
ïðèáëèæåíèé, çàäà÷à Ãóðñà.
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Î ñóììèðóåìûõ ðåøåíèÿõ îäíîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ

Êîðäàí ÎÑÏÀÍÎÂa , Áåêìóðàò ÅËÒÓÐÅÅÂb

Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Í. Ãóìèëåâà, Íóð-Ñóëòàí, Êàçàõñòàí

E-mail: akordan.ospanov@gmail.com, bertureevbekmurat@gmail.com

Â ðàáîòå ðàññìàòðèâàåòñÿ ñëåäóþùåå óðàâíåíèå ñ íåîãðàíè÷åííûìè êîýôôèöèåíòàìè

L0y = −s(x) (ρ(x)y′)′ + r(x)y′ + q(x)y = f(x), (1)

ãäå x ∈ R = (−∞,∞), à s ≥ 1, ρ > 0, r ≥ 1 è q - ãëàäêèå ôóíêöèè îò x, f ∈ L1(R). ×åðåç
L îáîçíà÷èì çàìûêàíèå â L1 äèôôåðåíöèàëüíîãî îïåðàòîðà L0y = −s (ρy′)′ + ry′ + qy ñ
D(L0) = C

(2)
0 (R).

Ðåøåíèåì (1) íàçîâåì ýëåìåíò y ∈ D(L) òàêîé, ÷òî Ly = f .
Ìû óñòàíàâëèâàåì äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ y

óðàâíåíèÿ (1), à òàêæå âûïîëíåíèÿ ñëåäóþùåãî íåðàâåíñòâà ìàêñèìàëüíîé ðåãóëÿðíîñòè

∥s (ρy′)′ ∥1 + ∥ry′∥1 + ∥qy∥1 ≤ C∥f∥1,

ãäå ∥ · ∥1 - íîðìà â L1(R). Êðîìå òîãî, ìû ïðèâîäèì óñëîâèÿ êîìïàêòíîñòè ðåçîëüâåíòû
L−1 è îöåíêó ïîïåðå÷íèêîâ ïî Êîëìîãîðîâó îäíîãî ìíîæåñòâà, ñâÿçàííîãî ñ ðåøåíèåì.

Funding: Ïåðâûé àâòîð áûë ïîääåðæàí ãðàíòîì AP14870261 ÊÍ ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíîå óðàâíåíèå, ñèëüíîå ðåøåíèå, êîððåêòíîñòü, êîýðöèòèâíàÿ îöåíêà, ïîïå-
ðå÷íèê ìíîæåñòâà ðåøåíèé.
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Î íåðàâåíñòâå Õàðíàêà äëÿ ìÿãêîãî ëàïëàñèàíà íà
ñòðàòèôèöèðîâàííîì ìíîæåñòâå

Îëåã ÏÅÍÊÈÍ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû. Êàçàõñòàí.
Âîðîíåæñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò. Âîðîíåæ. Ðîññèÿ.

E-mail: o.m.penkin@gmail.com

Â äîêëàäå îáñóæäàåòñÿ ðåçóëüòàò, ïîëó÷åííûé ñîâìåñòíî ñ Í.Ñ. Äàèðáåêîâûì è Ä.Â.
Ñàâàñòååâûì â ðàìêàõ îáùåãî èññëåäîâàíèÿ êëàññè÷åñêîé ðàçðåøèìîñòè çàäà÷è Äèðèõ-
ëå äëÿ ìÿãêîãî ëàïëàñèàíà íà ñòðàòèôèöèðîâàííîì ìíîæåñòâå. Îòñóòñòâèå ïîëíîöåííîé
òåîðåìû î ñðåäíåì äëÿ ëàïëàñèàíà íà ñòðàòèôèöèðîâàííîì ìíîæåñòâå Ω0 ∪ ∂Ω0 äåëàåò
çàäà÷ó äîêàçàòåëüñòâà íåðàâåíñòâà Õàðíàêà äëÿ ãàðìîíè÷åñêèõ â ñìûñëå òàêîãî ëàïëàñè-
àíà ôóíêöèé äîâîëüíî òðóäî¼ìêîé. Òåì íå ìåíåå óäàëîñü ïîëó÷èòü òî÷íûé àíàëîã íåðà-
âåíñòâà Õàðíàêà äëÿ íåîòðèöàòåëüíûõ ãàðìîíè÷åñêèõ ôóíêöèé â êëàññè÷åñêîé ôîðìå
supu ≤ C inf u, âûïîëíÿþùåãîñÿ íà ëþáîì êîìïàêòå â Ω0 ñ íåçàâèñÿùåé îò u êîíñòàíòîé.
Òî÷íûå îïèñàíèÿ îòíîñÿùèõñÿ ê äàííîé òåìàòèêå ïîíÿòèé ìîæíî íàéòè â ðàáîòàõ [1],[2].
Ðàíåå íåðàâåíñòâî Õàðíàêà äîêàçûâàëîñü ëèøü äëÿ ñïåöèàëüíûõ êîìïàêòîâ, ñîñòàâëåí-
íûõ ëèøü èç òî÷åê ñòðàò ìàêñèìàëüíîé è íà åäèíèöó ìåíüøåé ðàçìåðíîñòè (Áåñåäèíà
Ñ.Â.). Íàìè ñíÿòû âñå îãðàíè÷åíèÿ. Îêàçàëîñü äàæå, ÷òî íåðàâåíñòâî Õàðíàêà âûïîëíÿ-
åòñÿ äàæå äëÿ ñòðàòèôèöèðîâàííûõ ìíîæåñòâ, íå äîïóñêàþùèõ êëàññè÷åñêóþ ðàçðåøè-
ìîñòü çàäà÷è Äèðèõëå.
Funding: Ðàáîòà ïîääåðæàíà ãðàíòîì AP14871251 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: îïåðàòîð Ëàïëàñà, ñòðàòèôèöèðîâàííîå ìíîæåñòâî, ãàðìîíè÷åñêàÿ ôóíêöèÿ.
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Ôîðìóëà Äàëàìáåðà

äëÿ äèôôóçèîííî-âîëíîâîãî óðàâíåíèÿ
ñ äðîáíîé ïðîèçâîäíîé Ëèóâèëëÿ

Àðñåí ÏÑÕÓ

Èíñòèòóò ïðèêëàäíîé ìàòåìàòèêè è àâòîìàòèçàöèè ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ

E-mail: pskhu@list.ru

Ðàññìîòðèì óðàâíåíèå (
∂σ

∂yσ
− ∂2

∂x2

)
u(x, y) = 0. (1)

Çäåñü ÷åðåç ∂σ

∂yσ
îáîçíà÷åíà äðîáíàÿ ïðîèçâîäíàÿ Ëèóâèëëÿ ïîðÿäêà σ, σ ∈ (0, 2), ïî ïåðå-

ìåííîé y, ñ íà÷àëîì â òî÷êå y = −∞ [1]:

∂σ

∂yσ
u(x, y) =

1

Γ(n− σ)

∂n

∂yn

∫ y

−∞
u(x, t)(y − t)n−σ−1dt,

ãäå σ ∈ (n− 1, n], n ∈ N (ò.î. â ðàññìàòðèâàåìîì ñëó÷àå n ∈ {1, 2}).
Óðàâíåíèå (1) ñîâïàäàåò ñ óðàâíåíèåì äèôôóçèè ïðè σ = 1 è ïðè σ → 2 ïåðåõîäèò â

âîëíîâîå óðàâíåíèå. Ðåøåíèå ïîñëåäíåãî, êàê èçâåñòíî, ìîæåò áûòü ïðåäñòàâëåíî ôîðìó-
ëîé Äàëàìåáðà, à èìåííî â âèäå ñóììû ðåøåíèé óðàâíåíèé ïåðâîãî ïîðÿäêà ux + uy = 0
è ux − uy = 0. Îêàçûâàåòñÿ, àíàëîãè÷íîå ïðåäñòàâëåíèå èìååò ìåñòî è äëÿ óðàâíåíèé
âèäà (1). Â ñëó÷àå óðàâíåíèÿ ñ äðîáíîé ïðîèçâîäíîé ñ íà÷àëîì â êîíå÷íîé òî÷êå òàêîå
ïðåäñòàâëåíèå íàéäåíî â [2].

Â äàííîé ðàáîòå ïîêàçàíî, ÷òî ëþáîå ðåøåíèå óðàâíåíèÿ (1) ìîæåò áûòü çàïèñàíî â
âèäå ñóììû ðåøåíèé óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ïåðâîãî ïîðÿäêà(

∂

∂x
+

∂α

∂yα

)
u+(x, y) = 0 è

(
∂

∂x
− ∂α

∂yα

)
u−(x, y) = 0, (2)

ãäå α = σ/2. Òàêæå, íàéäåíû ñîîòíîøåíèÿ, ñâÿçûâàþùèå ñëåäû ðåøåíèé óðàâíåíèé (1) è
(2) íà áîêîâûõ ó÷àñòêàõ ãðàíèöû ïðÿìîóãîëüíîé îáëàñòè.

Êëþ÷åâûå ñëîâà: äèôôóçèîííî-âîëíîâîå óðàâíåíèå, äðîáíàÿ ïðîèçâîäíàÿ Ëèóâèëëÿ, ôîðìóëà Äàëàìáåðà.
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Î êðèòåðèè ðåãóëÿðíîé ðàçðåøèìîñòè ïåðåîïðåäåëåííîé
çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ãåëëåðñòåäòà

Àëåêñàíäð ÐÎÃÎÂÎÉ1,a, Òûíûñáåê ÊÀËÜÌÅÍÎÂ2,b

1Óíèâåðñèòåò Ìèðàñ, Øûìêåíò, Êàçàõñòàí
2Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí

E-mail: arog2005@list.ru, bkalmenov.t@mail.ru

Ìèíèìàëüíûå îïåðàòîðû, ïîðîæäåííûå ïåðåîïðåäåëåííûìè ãðàíè÷íûìè óñëîâèÿìè
äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé, ïðèìåíÿþòñÿ â îïèñàíèè ðåãóëÿðíûõ êðàåâûõ çàäà÷
äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé è òåñíî ñâÿçàíû ñ òåîðèåé ñóæåíèé è ðàñøèðåíèé îïå-
ðàòîðîâ. Ïîñòðîåíèå ìèíèìàëüíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ âàæíî è ñ ïðàêòè÷å-
ñêîé òî÷êè çðåíèÿ äëÿ îáðàòíûõ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè. Íàñòîÿùàÿ ðàáîòà ïîñâÿ-
ùåíà èçó÷åíèþ ïåðåîïðåäåëåííîé çàäà÷è Êîøè äëÿ óðàâíåíèÿ Ãåëëåðñòåäòà. Êàê èçâåñò-
íî, ãëóáîêîå èçó÷åíèå óðàâíåíèé ñìåøàííîãî òèïà áûëî íà÷àòî ñ ðàáîòû Ô.Òðèêîìè [1],
à èçó÷åííàÿ èì çàäà÷à ïîëó÷èëà íàçâàíèå çàäà÷è Òðèêîìè. Ñ.Ãåëëåðñòåäò ðåøàåò çàäà÷ó
Òðèêîìè äëÿ áîëåå îáùåãî óðàâíåíèÿ [2], êîòîðîå âïîñëåäñòâèè áûëî íàçâàíî óðàâíåíè-
åì Ãåëëåðñòåäòà. Íàìè óñòàíîâëåí êðèòåðèé êðèòåðèé ðåãóëÿðíîé ðàçðåøèìîñòè äèôôå-
ðåíöèàëüíîãî îïåðàòîðà, ïîðîæäåííîãî ïåðåîïðåäåëåííîé çàäà÷åé Êîøè äëÿ óðàâíåíèÿ
Ãåëëåðñòåäòà. Äîêàçàòåëüñòâî îñíîâàíî íà ñâîéñòâàõ ïîòåíöèàëà Ãåëëåðñòåäòà, ñâîéñòâàõ
ðåøåíèé çàäà÷è Ãóðñà â õàðàêòåðèñòè÷åñêîì òðåóãîëüíèêå è ñïåöèàëüíûõ ôóíêöèÿõ.

Ïåðåîïðåäåëåííàÿ çàäà÷à Êîøè. Â êîíå÷íîé îáëàñòè Ω ⊂ R2, îãðàíè÷åííîé îòðåçêîì
AB : y = 0, 0 < x < 1, è õàðàêòåðèñòèêàìè AC : x − 2

m+2
(−y)m+2

2 = 0 è BC : x +
2

m+2
(−y)m+2

2 = 1 óðàâíåíèÿ

Lu ≡ −(−y)muxx + uyy = f(x, y), (1)

òðåáóåòñÿ íàéòè ðåãóëÿðíîå ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Ω, óäîâëåòâîðÿþùåå óñëî-
âèÿì

u|y=0 = 0,
∂u

∂y

∣∣∣∣
y=0

= 0, (2)

u|
AC: x− 2

m+2
(−y)

m+2
2 =0

= 0, u|
BC: x+ 2

m+2
(−y)

m+2
2 =1

= 0. (3)

Äîêàçàíà ñëåäóùàÿ îñíîâíàÿ òåîðåìà.
Òåîðåìà 1. Ïåðåîïðåäåëåííàÿ çàäà÷à Êîøè (çàäà÷à (1)-(3)) ðåãóëÿðíî ðàçðåøèìà òî-

ãäà è òîëüêî òîãäà, êîãäà âûïîëíåíû óñëîâèÿ

ξ∫
0

dξ1

ξ∫
1

(η1 − ξ1)
2β

(ξ − ξ1)
β (η1 − ξ)β

· f1 (ξ1, η1) dη1 = 0, (4)

ξ∫
0

dξ1

ξ∫
1

η1 − ξ1

(ξ − ξ1)
1−β (η1 − ξ)1−β

· f1 (ξ1, η1) dη1 = 0. (5)

ãäå ôóíêöèÿ f1 îïðåäåëÿåòñÿ ïî çàäàííîé ôóíêöèè f(x, y) èç óðàâíåíèÿ (1). Ïðè ýòîì
ðåøåíèå çàäà÷è (1)-(3) ïðåäñòàâèìî ïî ôîðìóëå

u (ξ, η) =

ξ∫
0

dξ1

η∫
1

R (ξ, η, ξ1, η1) · f1 (ξ1, η1) dη1, (6)
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ãäå R (ξ, η, ξ1, η1) - ôóíêöèÿ Ðèìàíà çàäà÷è Ãóðñà:

R (ξ, η, ξ1, η1) = k · (η1 − ξ1)
2β

(η − ξ1)
β (η1 − ξ)β

· F (β, β; 1;σ) . (7)
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íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ
òåïëîïðîâîäíîñòè ïðè ïåðèîäè÷åñêèõ êðàåâûõ óñëîâèÿõ â
ñëó÷àå îòñóòñòâèÿ ñîãëàñîâàíèÿ íà÷àëüíûõ è ãðàíè÷íûõ

äàííûõ

Ìàõìóä ÑÀÄÛÁÅÊÎÂ1,a, Àëòûíàé ÌÛÐÇÀÕÌÅÒÎÂÀ1,2,b

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
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Â äîêëàäå ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òåïëîïðîâîäíî-
ñòè ïðè ïåðèîäè÷åñêèõ êðàåâûõ óñëîâèÿõ â ñëó÷àå îòñóòñòâèÿ ñîãëàñîâàíèÿ íà÷àëüíûõ è
ãðàíè÷íûõ äàííûõ.

Çàäà÷à Ð. Íàéòè â îáëàñòè Ω = {(x, t) : 0 < x < l, 0 < t < T} ðåøåíèå u(x, t) óðàâíåíèÿ
òåïëîïðîâîäíîñòè

ut − k2uxx = f(x, t), (1)

óäîâëåòâîðÿþùåå íà÷àëüíîìó óñëîâèþ

u(x, 0) = φ(x), 0 ≤ x ≤ l, (2)

è ïåðèîäè÷åñêèì êðàåâûì óñëîâèÿì{
ux(0, t)− ux(l, t) = 0,
u(0, t)− u(l, t) = 0.

}
(3)

Õîðîøî èçâåñòíî, ÷òî äëÿ ñóùåñòâîâàíèÿ êëàññè÷åñêîãî ðåøåíèÿ íåîáõîäèìî âûïîë-
íåíèå óñëîâèé ñîãëàñîâàíèÿ. Íàïðèìåð, óñëîâèÿìè ñîãëàñîâàíèÿ íóëåâîãî è ïåðâîãî ïî-
ðÿäêîâ ÿâëÿþòñÿ

A0 ≡ φ(0)− φ(l) = 0, A1 ≡ φ′(0)− φ′(l) = 0. (4)

Óñëîâèå ñîãëàñîâàíèÿ âòîðîãî ïîðÿäêà âîçíèêàþò, êîãäà ìû ðàññìàòðèâàåì ðåøåíèÿ çà-
äà÷è èç êëàññà u ∈ C2,1

x,t (Ω̄). Äëÿ ôóíêöèé èç òàêîãî êëàññà ìû ìîæåì ïåðåéòè ê ïðåäåëó
â óðàâíåíèè (1) ïðè t→ 0 ïðè x = 0 è x = l. Òîãäà ïîëó÷àåì

A2 = −k2[φ′′(0)− φ′′(l)]− [f(0, 0)− f(l, 0)] = 0. (4)

Äëÿ çàäà÷è ñ êðàåâûìè óñëîâèÿìè Äèðèõëå âîïðîñ î ðåøåíèÿõ ïðè ðàññîãëàñîâàíèè
ãðàíè÷íûõ è íà÷àëüíûõ äàííûõ èññëåäîâàí â [1]. Íàìè ðàññìàòðèâàåòñÿ çàäà÷à ñ íåêîëü-
íûìè êðàåâûìè óñëîâèÿìè.
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Òåîðåìà 1. Äëÿ ëþáûõ φ ∈ C2+α[0, l], f ∈ C
α,α/2
x,t (Ω̄), íå óäîâëåòâîðÿþùèõ óñëîâèÿì

ñîãëàñîâàíèÿ íóëåâîãî è ïåðâîãî ïîðÿäêîâ, çàäà÷à (1)-(3) èìååò åäèíñòâåííîå ðåøåíèå

u(x, t) = V0(x, t) + V1(x, t) + υ(x, t), (5)

ãäå ôóíêöèè V0(x, t) è V1(x, t) - íåðåãóëÿðíûå ÷àñòè ðåøåíèÿ, îïðåäåëÿåìûå ôîðìóëàìè

V0(x, t) = −1

2
A0

(
erfc

x

2k
√
t
− erfc

l − x

2k
√
t

)
, (5)

V1(x, t) = A1k
√
t

(
ierfc

x

2k
√
t
+ ierfc

l − x

2k
√
t

)
, (6)

à υ(x, t) ïðèíàäëåæèò êëàññó C2+α,1+α/2
x,t (Ω̄) è äëÿ íå¼ ñïðàâåäëèâà îöåíêà

∥υ∥2+α,1+α/2Ω ≤ C
{
∥φ∥2+α[0,l] + ∥f∥(α,α/2)Ω

}
. (7)

Òåîðåìà 2. Äëÿ ëþáûõ φ ∈ C2+α[0, l], f ∈ C
α,α/2
x,t (Ω̄), íå óäîâëåòâîðÿþùèõ óñëîâèÿì

ñîãëàñîâàíèÿ ïåðâîãî è âòîðîãî ïîðÿäêîâ, çàäà÷à (1)-(3) èìååò åäèíñòâåííîå ðåøåíèå

u(x, t) = V0(x, t) + V1(x, t) + V2(x, t) + υ(x, t),

ãäå ôóíêöèè V0(x, t), V1(x, t) è V2(x, t)- íåðåãóëÿðíûå ÷àñòè ðåøåíèÿ, îïðåäåëÿåìûå ôîð-
ìóëàìè (5), (6) è

V2(x, t) = A2
t

i2erfc0

(
i2erfc

x

2k
√
t
− i2erfc

l − x

2k
√
t

)
. (8)

à υ(x, t) ïðèíàäëåæèò êëàññó C2+α,1+α/2
x,t (Ω̄) è äëÿ íåå ñïðàâåäëèâà îöåíêà (7).
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Çàäà÷à îïðåäåëåíèÿ ÿäðà óðàâíåíèÿ âÿçêîóïðóãîñòè ñ
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Ðàññìàòðèâàåòñÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ êîëåáàíèÿ ñòðóíû ñ ïàìÿòüþ
â îáëàñòè Ω = {(x, t) : x > 0, t ∈ R} :

utt − uxx −
t∫

0

m(τ)uxx(x, t− τ)dτ = 0, (x, t) ∈ Ω, (1)
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ñ íà÷àëüíûì è ãðàíè÷íûìè óñëîâèÿìè

u |t<0≡ 0, (2)

u |x=0= δ(t), t ∈ R, (3)

ãäå δ(t)− äåëüòà-ôóíêöèÿ Äèðàêà. Äëÿ îïðåäåëåíèÿ íåèçâåñòíîé ôóíêöèè m(t), t > 0
äîïîëíèòåëüíîå óñëîâèå çàäàåòñÿ â ñëåäóþùåì ñïåöèàëüíîì âèäå:

ux(0, t) +

t∫
0

m(τ)ux(0, t− τ)dτ = f(t), (4)

f(t)− çàäàííàÿ ïðè t > 0 ôóíêöèÿ.
Çàäàíèå äîïîëíèòåëüíîé èíôîðìàöèè â òàêîì ñïåöèàëüíîì âèäå èñïîëüçîâàëèñü â ðà-

áîòàõ [1], [2] äëÿ îïðåäåëåíèÿ ôóíêöèè ïàìÿòè ñðåäû, âõîäÿùåé â ãèïåðáîëè÷åñêîå è ïà-
ðàáîëè÷åñêîå óðàâíåíèÿ.

Ñíà÷àëà èññëåäóåòñÿ ïðÿìàÿ çàäà÷à óðàâíåíèÿ (1) - (3), ïðè ýòîì ìû ïîëó÷àåì èí-
òåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî èñêîìîé ôóíêöèè u(x, t) è íåîáõîäèìûå óñëîâèÿ íà
äàííûå çàäà÷è. Äàëåå èññëåäóåòñÿ îáðàòíàÿ çàäà÷à ïî îïðåäåëåíèþ ÿäðà èíòåãðàëüíîãî
÷ëåíà ïî èìåþùèåñÿ èíôîðìàöèè (4), î ðåøåíèè ïðÿìîé çàäà÷è. Îáðàòíàÿ çàäà÷à çà-
ìåíÿåòñÿ ýêâèâàëåíòíîé ñèñòåìîé èíòåãðàëüíûõ óðàâíåíèé äëÿ íåèçâåñòíûõ ôóíêöèé.
Ê ïîñëåäíåé â ïðîñòðàíñòâå íåïðåðûâíûõ ôóíêöèé ñ âåñîâûìè íîðìàìè (êàê â ðàáîòàõ
[3]�[5]) ïðèìåíÿåòñÿ ïðèíöèï ñæàòûõ îòîáðàæåíèé.

Ïðåäïîëîæèì,÷òî ôóíêöèÿ f(t) èìååò âèä

f(t) = −δ′(t)− h(0)

2
δ(t) + θ(t)f0(t), (5)

ãäå f0(t)− ðåãóëÿðíàÿ ôóíêöèÿ.
Îñíîâíûì ðåçóëüòàòîì äàííîé ðàáîòû ÿâëÿåòñÿ ñëåäóþùàÿ òåîðåìà ãëîáàëüíîé îäíî-

çíà÷íîé ðàçðåøèìîñòè îáðàòíîé çàäà÷è.
Òåîðåìà. Ïóñòü ôóíêöèÿ f(t) èìååò âèä (5) è f0(t) ∈ C1[0, T ], T > 0. Òîãäà â îáëàñòè

D2 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå îáðàòíîé çàäà÷è m(t) ∈ C2[0, T ] äëÿ ëþáîãî T > 0.

Êëþ÷åâûå ñëîâà: èíòåãðî- äèôôåðåíöèàëüíîå óðàâíåíèå,îáðàòíàÿ çàäà÷à,äåëüòà-ôóíêöèÿ Äèðàêà, óðàâíåíèå
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Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå âòîðîãî ïîðÿäêà ñ èíâîëþöèåé

−y′′
(x) + αy

′′
(−x) + q(x)y(x) = λy(x), −1 < x < 1 (1)

ñ àíòèïåðèîäè÷åñêèìè êðàåâûìè óñëîâèÿìè

y(−1) = −y(1), y
′
(−1) = −y′

(1), (2)

ãäå −1 < α < 1. Ýòà çàäà÷à ÿâëÿåòñÿ íåñàìîñîïðÿæåííîé ñïåêòðàëüíîé çàäà÷åé, òàê
êàê êîýôôèöèåíò q(x) = q1(x) + iq2(x) ÿâëÿåòñÿ êîìïëåêñíîçíà÷íîé ôóíêöèåé, q(x) ∈
L1(−1, 1).

Ñîïðÿæåííàÿ ñïåêòðàëüíàÿ çàäà÷à èìååò ñëåäóþùèé âèä:

−z′′
(x) + αz

′′
(−x) + q(x)z(x) = λz(x)

ñ êðàåâûìè óñëîâèÿìè (2). Â ñëó÷àå óðàâíåíèÿ ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

−y′′
(x) + αy

′′
(−x) = λy(x), −1 < x < 1, y(−1) = −y(1), y

′
(−1) = −y′

(1) (3)

ñîáñòâåííûå ôóíêöèè çàäà÷è îáðàçóþò ïîëíóþ îðòîíîðìèðîâàííóþ ñèñòåìó â êëàññå
L2(−1, 1) :

{
cos

(
k +

1

2

)
πx, sin

(
k +

1

2

)
πx

}
, k = 0, 1, 2, ...

Ïóòåì ñðàâíåíèÿ ñ ýòîé ñèñòåìîé ñèñòåìû ñîáñòâåííûõ ôóíêöèé çàäà÷è (1), (2) ïîëó-
÷åí ñëåäóþùèé ðåçóëüòàò.

Òåîðåìà. Åñëè âñå ñîáñòâåííûå çíà÷åíèÿ ñïåêòðàëüíûõ çàäà÷ (1), (2) è (3) ÿâëÿþòñÿ
ïðîñòûìè, òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé çàäà÷è (1), (2) îáðàçóåò áàçèñ ïðîñòðàíñòâà
L2(−1, 1).

Ñïðàâåäëèâîñòü òåîðåìû â ñëó÷àå çàäà÷è Íåéìàíà, ïåðèîäè÷åñêîé çàäà÷è óñòàíîâëåíà
â ðàáîòàõ [1], [2].
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Ðàçðåøèìîñòü ñìåøàííûõ çàäà÷ äëÿ âîçìóùåííîãî
âîëíîâîãî óðàâíåíèÿ ñ èíâîëþöèåé

Àáäèæàõàí ÑÀÐÑÅÍÁÈa, Ýëìèðà ÌÓÑÈÐÅÏÎÂÀb

Þæíî-Êàçàõñòàíñêèé óíèâåðñèòåò èì.Ì. Àóýçîâà, Øûìêåíò, Êàçàõñòàí
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Äëÿ îäíîìåðíîãî âîçìóùåííîãî âîëíîâîãî óðàâíåíèÿ ñ èíâîëþöèåé

utt(x, t) = uxx(x, t)− αuxx(−x, t)− q(x)u(x, t), (x, t) ∈ Ω (1)

ñ íà÷àëüíûìè óñëîâèÿìè

u(x, 0) = ϕ(x), ut(x, 0) = ψ(x),−1 ≤ x ≤ (2)

è êðàåâûìè óñëîâèÿìè òèïà Äèðèõëå

u(−1, t) = 0, u(1, t) = 0 (3)

óñòàíîâëåíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ, ãäå Ω = { −1 < x < 1, t >
0} ,−1 < α < 1. Îòìåòèì,÷òî ðàññìîòðåí ñëó÷àé êîãäà q(x) ÿâëÿåòñÿ êîìïëåêñíîçíà÷íîé
ôóíêöèåé.

Ðåøåíèå çàäà÷è èùåì â âèäå ðÿäà Ôóðüå

u(x, t) =
∞∑
k=1

(
ak cos

√
λkt+ bk sin

√
λkt
)
Xk(x), (4)

ãäå {Xk(x)} ñèñòåìà ñîáñòâåííûõ ôóíêöèé íåñàìîñîïðÿæåííîé ñïåêòðàëüíîé çàäà÷è

LαX(x) ≡ −X ′′
(x) + αX

′′
(−x) + q(x)X(x) = λX(x), (5)

îáðàçóþùàÿ áàçèñ Ðèññà â êëàññå L2(−1, 1).
Åùå îäíèì èç âàæíûõ óñòàíîâëåííûõ íàìè ðåçóëüòàòîâ ÿâëÿåòñÿ áàçèñíîñòü Ðèññà ñîá-
ñòâåííûõ ôóíêöèé ñïåêòðàëüíîé çàäà÷è (5) ñ êîìïëåêñíîçíà÷íûì êîýôôèöèåíòîì q(x).
Ïîïóòíî ïîëó÷åíû óñëîâèÿ íà êîýôôèöèåíòû q(x), îáåñïå÷èâàþùèå òðåáóåìîå ðàñïîëî-
æåíèå êîìïëåêñíûõ ñîáñòâåííûõ çíà÷åíèé íà êîìïëåêñíîé λ - ïëîñêîñòè, êîòîðûå òàêæå
èìåþò âàæíûå çíà÷åíèÿ â íàñòîÿùåì èññëåäîâàíèè. Ýòè ôàêòû èãðàþò âàæíóþ ðîëü ïðè
äîêàçàòåëüñòâå ñëåäóþùåãî ðåçóëüòàòà.

Òåîðåìà. Ïóñòü âûïîëíåíû ñëåäóþùèå óñëîâèÿ:
1) âñå ñîáñòâåííûå çíà÷åíèÿ ñïåêòðàëüíîé çàäà÷è (5) ÿâëÿþòñÿ ïðîñòûìè,
2) ôóíêöèÿ q(x) ∈ C2[−1, 1],
3) ôóíêöèÿ ϕ(x) ∈ C4[−1, 1] è ôóíêöèè ϕ(x), Lαϕ óäîâëåòâîðÿþò óñëîâèÿì (3),
4) ôóíêöèÿ ψ(x) ∈ C2[−1, 1] è óäîâëåòâîðÿåò óñëîâèÿì (3).
Òîãäà ñìåøàííàÿ çàäà÷à (1), (2), (3) èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ïðåäñòàâèìî

â âèäå ðÿäà (4).
Àíàëîãè÷íûå ðåçóëüòàòû â ñëó÷àå ïåðèîäè÷åñêèõ è àíòèïåðèîäè÷åñêèõ êðàåâûõ óñëî-

âèé óñòàíîâëåíà â ðàáîòå [1].

Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÊÍ ÌÍèÂÎ ÐÊ (ãðàíò AP13068539).

Ëèòåðàòóðà
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Èññëåäîâàíèå ìíîãîïåðèîäè÷åñêèõ ðåøåíèé ìåòîäîì
ïåðèîäè÷åñêèõ õàðàêòåðèñòèê îïåðàòîðà

äèôôåðåíöèðîâàíèÿ ñèñòåì

Æàéøûëûê ÑÀÐÒÀÁÀÍÎÂ

Àêòþáèíñêèé ðåãèîíàëüíûé óíèâåðñèòåò èìåíè Ê.Æóáàíîâà, Àêòîáå, êàçàõñòàí
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Ïðîáëåìû ìíîãîïåðèîäè÷åñêèõ ðåøåíèé x = x(τ, t) ïåðèîäà (θ, ω) ñèñòåì

Dx = f(τ, t, x), f(τ, t, x) ∈ C
(0,e,ẽ)
τ,t,x (Sθ × Smω ×Rn) (1)

c îïåðàòîðîì äèôôåðåíöèðîâàíèÿ D = ∂
∂τ

+ ⟨e, ∂
∂t
⟩ ïî τ ∈ Sθ, t = (t1, ..., tm) ∈ Sω1 ×

...× Sωm = Smω èññëåäîâàëèñü [1] ìåòîäîì äèàãîíàëüíûõ õàðàêòåðèñòèê δ(σ, τ, t) = t− τ +

σ, êîòîðûé ïðèâîäèë íà÷àëüíóþ çàäà÷ó ñ óñëîâèåì x|τ=τ0 = u(t) ∈ C
(e)
t (Smω ) ê ñèñòåìå

èíòåãðàëüíûõ óðàâíåíèé

x(τ, t) = u
(
δ
(
τ 0, τ, t

))
+

τ∫
τ0

f (σ, δ (σ, τ, t) , x (σ, δ (σ, τ, t))) dσ, (2)

ãäå êîìïîçèöèè ôóíêöèé u(t), f(τ, t, x) è õàðàêòåðèñòèê δ(τ 0, τ, t), δ(σ, τ, t) íàðóøàþò θ-
ïåðèîäè÷íîñòü ñèñòåìû ïî τ è ñòàëî íåâîçìîæíûì ïðèìåíåíèå ðàçëè÷íûõ ìåòîäîâ ïðè-
áëèæåíèé è ïðåîáðàçîâàíèé äëÿ óñòàíîâëåíèÿ ñóùåñòâîâàíèÿ è ïîñòðîåíèÿ èñêîìûõ (θ, ω)-
ïåðèîäè÷åñêèõ ðåøåíèé, çà èñêëþ÷åíèåì íåêðèòè÷åñêîãî ñëó÷èÿ êâàçèëèíåéíûõ ñèñòåì,
ãäå e è ẽ � âåêòîðû m è n-ìåðíûå ñ åäèíè÷íûìè êîìïîíåíòàìè, Sα � îêðóæíîñòü äëèíû
α.

Òàêàÿ ïðîáëåìà îá îòðèöàòåëüíîì âëèÿíèè äèàãîíàëüíûõ õàðàêòåðèñòèê â èñëåäî-
âàíèè òàêèõ çàäà÷ ñòîÿëà â òå÷åíèè äîëãèõ ëåò ñî âðåìåí ïîÿâëåíèÿ ìåòîäà èçó÷åíèÿ
çàäà÷ êâàçèïåðèîäè÷åñêèõ ðåøåíèé ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
íà îñíîâå ïåðåõîäà ê çàäà÷àì ìíîãîïåðèîäè÷åñêèõ ðåøåíèé ñèñòåì ñ îïåðàòîðîì äèôôå-
ðåíöèðîâàíèÿ D.

Äëÿ ðåøåíèÿ ýòîé ïðîáëåìû ïðèøëîñü àíàëèçèðîâàòü ìûñëè î ðàññìîòðåíèè óðàâ-
íåíèÿ õàðàêòåðèñòèê ṫ = e îïåðàòîðà D íà ðàçëè÷íûõ ìíîãîîáðàçèÿõ åâêëèäîâîãî ïðî-
ñòðàíñòâà. Íàïðèìåð, â ñëó÷àå ðàññìîòðåíèÿ åãî íà ïëîñêîì ìíîãîîáðàçèè ìû ïðèõîäèì ê
äèàãîíàëüíûì õàðàêòåðèñòèêàì, î êîòîðûõ óïîìèíàëîñü âûøå. Åãî ìîæíî ðàññìàòðèâàòü
òàêæå íà êîíå÷íîì òîðîèäàëüíîì è öèëèíäðè÷åñêîì ìíîãîáðàçèÿõ. Â ðåøåíèè ïîñòàâëåí-
íîé ïðîáëåìû íàèáîëåå óäîáíûì îêàçàëîñü ðàññìîòðåíèå åãî íà áåñêîíå÷íîì öèëèíäðè÷å-
ñêîì ìíîãîáðàçèè, êîòîðîå ïîðîæäàëî ïîíÿòèå âèíòîâîé ñïèðàëåâèäíîé õàðàêòèðèñòèêè
β(σ, τ, t) = t−s(τ−σ) îïåðàòîðà äèôôåðåíöèðîâàíèÿ D, ãäå s(τ) = θ{θ−1τ}, {τ} � äðîáíàÿ
÷àñòü τ ∈ R. Ïðè ýòîì íàðÿäó ñ ñèñòåìîé (1) èíòåãðàëüíàÿ ñèñòåìà ïî ðåøåíèþ íà÷àëüíîé
çàäà÷è âèäà

x(τ, t) = u(β(τ 0, τ, t)) +

τ∫
τ0

f(σ, β(σ, τ, t), x(σ, β(σ, τ, t)))dσ (3)

ñòðîèòñÿ ìíîãîïåðèîäè÷åñêèìè âõîäíûìè äàííûìè ïåðèîäà (θ, ω). Â äàííîì ñëó÷àå θ-
ïåðèîäè÷åñêàÿ õàðàêòåðèñòèêà β(σ, τ, t) ïî σ è τ íå èìååò îòðèöàòåëüíîãî âëèÿíèÿ â ÿâ-
íîì âèäå êàê äèàãîíàëüíàÿ õàðàêòèðèñòèêà δ(σ, τ, t). Õàðàêòåðèñòèêà β(σ, τ, t) � âèíòîâàÿ,
ñëåäîâàòåëüíî, îíà ïåðèîäè÷åñêàÿ ïåðèîäà θ.

Íà îñíîâå îïèñàííîãî ìåòîäà ìîæíî äîêàçàòü íèæåñëåäóþùóþ òåîðåìó îá óñëîâèè
ìíîãîïåðèîäè÷íîñòè ðåøåíèé ñèñòåìû (1).
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Òåîðåìà. Äëÿ òîãî ÷òîáû ðåøåíèå x = φ(τ, t, β(0, τ, t), u(β(0, τ, t))) ñèñòåìû (1) áû-
ëà (θ, ω)-ïåðèîäè÷åñêèì, íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû íà÷àëüíàÿ ôóíêöèÿ u(t) áûëà

ðåøåíèåì êëàññà C
(e)
t (Smω ) ôóíêöèîíàëüíîé ω-ïåðèîäè÷åñêîé ñèñòåìû

u(t) = φ(θ, t, t, u(t)). (4)

Â ñëó÷àå ìåòîäà äèàãîíàëüíûõ õàðàêòåðèñòèê àíàëîã óñëîâèÿ (4) ïðåäñòàâëåí ôóíêöèî-
íàëüíî-ðàçíîñòíîé ñèñòåìîé [2, 3].

Êëþ÷åâûå ñëîâà: îïåðàòîð äèôôåðåíöèðîâàíèÿ, ìíîãîïåðèîäè÷åñêàÿ èíòåãðàëüíàÿ ñèñòåìà, ïëîñêèå ìíîãî-
îáðàçèÿ, öèëèíäðè÷åñêèå ìíîãîîáðàçèÿ, äèàãîíàëüíàÿ õàðàêòåðèñòèêà, ïåðèîäè÷åñêàÿ õàðàêòåðèñòèêà, óñëîâèå
ìíîãîïåðèîäè÷íîñòè.

2010 Mathematics Subject Classi�cation: 35B10, 35Å15, 35F50, 32W99
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Îáðàòíàÿ çàäà÷à äëÿ äâóõìåðíîãî âîçìóùåííîãî
óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ñ èíâîëþöèåé
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Íàñòîÿùàÿ ðàáîòà ïîñâÿùåíà èññëåäîâàíèþ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ
ñìåøàííûõ çàäà÷ äëÿ äâóìåðíîãî âîçìóùåííîãî óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ñ èíâîëþ-
öèåé

ut (x, y, t) +
∂4

∂x4
u (x, y, t) + α

∂4

∂x4
u (−x, y, t) + ∂4

∂y4
u (x, y, t) = f (x, y) (1)

â ïðÿìîóãîëüíîé îáëàñòè (x, y, t) ∈ E = −1 < x, y < 1, 0 < t < T , ðàññìîòðèì çàäà÷ó
íàõîæäåíèÿ ïàðû ôóíêöèé u(x, y, t), f(x, y), óäîâëåòâîðÿþùèõ óðàâíåíèþ (1). Ïðè ýòîì
ôóíêöèÿ u(x, y, t) äîëæíà óäîâëåòâîðÿòü íà÷àëüíûì óñëîâèÿì

u (x, y, 0) = φ (x, y) , u (x, y, T ) = ψ (x, y) , x, y ∈ [−1, 1]

è êðàåâûì óñëîâèÿì ïåðèîäè÷åñêîãî âèäà

u (−1, y, t) = u (1, y, t) , ux (−1, y, t) = ux (1, y, t)

,
uxx (−1, y, t) = uxx (1, y, t) , uxxx (−1, y, t) = uxxx (1, y, t) , t ∈ [0, T ]

ãäå |α| < 1, φ(x, y) è ψ(x, y) èçâåñòíûå äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Ñ ïîìîùüþ ìåòîäà ðàçäåëåíèÿ ïåðåìåííûõ äîêàçàíî ñóùåñòâîâàíèå è åäèíñòâåííîñòü
ðåøåíèÿ îáðàòíîé çàäà÷è.

Institute of Mathemitics and Mathematical Modeling. Almaty, 2023
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Òåîðåìà 1. Ïóñòü φi,jx,y (±1) = ψi,jx,y (±1) = 0, i = 0, 1, 2, 3, 4, 5, j = 0, 2, 4 è φ (x, y),

ψ (x, y) ∈ C6 [−1, 1]× [−1, 1], φV I (x, y) , ψV I (x, y) ∈ L2 (−1, 1)× (−1, 1). Òîãäà ñóùåñòâóåò
åäèíñòâåííîå ðåøåíèå îáðàòíîé çàäà÷è êîòîðîå ìîæíî çàïèñàòü â âèäå

u (x, y, t) = φ (x, y) +
1− e−(

π
2 )

4
t

1− e−(
π
2 )

4
T

φ
(6)
0 − ψ

(6)
0(

π
2

)6 cos
(π
2
y
)

+
∞∑
k=1

1− e
−
[
(1+α)(πk)4+(πk+π

2 )
4
]
t

1− e
−
[
(1+α)(πk)4+(πk+π

2 )
4
]
T

φ
(6)
k1 − ψ

(6)
k1

(πk)6
cosπkx cos

(
k +

1

2

)
πy

+
∞∑
k=1

1− e−(2−α)(πk)4t

1− e−(2−α)(πk)4T

φ
(6)
k2 − ψ

(6)
k2

(πk)6
sin πkx sin πky,

è

f (x, y) = φIVx (x, y) + α · φIVx (−x, y) + φIVy (x, y) +
φ
(6)
0 − ψ

(6)
0

1− e−(
π
2 )

4
T

1(
π
2

)2 cos(π2 y)

+
∞∑
k=1

φ
(6)
k1 − ψ

(6)
k1

1− e
−
[
(1+α)(πk)4+(πk+π

2 )
4
]4
T

(1 + α) (πk)4 +
(
πk + π

2

)4
(πk)6

cosπkx cos

(
k +

1

2

)
πy

+
∞∑
k=1

φ
(6)
k2 − ψ

(6)
k2

1− e−(2−α)(πk)4T

2− α

(πk)2
sin πkx sin πky,

ãäå

φ
(6)
0 =

1

2

1∫
−1

1∫
−1

φV Iy (x, y) cos
(π
2
y
)
dxdy, ψ

(6)
0 =

1

2

1∫
−1

1∫
−1

ψV Iy (x, y) cos
(π
2
y
)
dxdy,

φ
(6)
k1 =

1∫
−1

1∫
−1

φV Ix (x, y) cosπkx cos

(
k +

1

2

)
πydxdy, φ

(6)
k2 =

1∫
−1

1∫
−1

φV Ix (x, y) sinπkx sin πkydxdy,

ψ
(6)
k1 =

1∫
−1

1∫
−1

ψV Ix (x, y) cosπkx cos

(
k +

1

2

)
πydxdy, ψ

(6)
k2 =

1∫
−1

1∫
−1

ψV Ix (x, y) sinπkx sinπkydxdy.

Â ñëó÷àå êðàåâûõ óñëîâèé òèïà Äèðèõëå ðàçðåøèìîñòü ïðÿìîé çàäà÷è ðàññìîòðåíà â
ðàáîòå [1].

Funding: Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå ÊÍ ÌÍèÂÎ ÐÊ (ãðàíò AP13068539)
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Ñïåêòð ïðåîáðàçîâàíèè Ãèëüáåðòà â ïðîñòðàíñòâå Îðëè÷à
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Ïóñòü f êîìïëåêñíîçíà÷íàÿ ëîêàëüíî èíòåãðèðóåìàÿ ôóíêöèÿ íà R. Òîãäà Ïðåîáðàçî-
âàíèå Ãèëüáåðòà Hf ôóíêöèè f îïðåäåëÿåòñÿ ñëåäóþùèì èíòåãðàëîì

(Hf)(x) := 1

πi
P.V.

∫ ∞

−∞

f(t)

x− t
dt = lim

ε→0+

1

πi

(∫ x−ε

−∞
+

∫ ∞

x+ε

)
f(t)

x− t
dt (1)

ïî÷òè âñþäó êîãäà ñóùåñòâóåò ïðåäåë.
Ïóñòü òåïåðü LΦ(R) ïðîñòðàíñòâî Îðëè÷à íàä R. Èçâåñòíî ÷òî, (ñì. [1]), ïðåîáðàçîâà-

íèå Ãèëüáåðòà îãðàíè÷åí èç LΦ(R) â ñàìî ñåáÿ åñëè ïðîñòðàíñòâî Îðëè÷à LΦ(R) ðåôëåê-
ñèâíà.

Ïðåäïîëîæèì ÷òî ïðîñòðàíñòâî Îðëè÷à LΦ(R) ðåôëåêñèâíà. À çíà÷èò ïðåîáðàçîâàíèå
Ãèëüáåðòà îãðàíè÷åí â LΦ(R) : H : LΦ(R) → LΦ(R). Òîãäà èç ñïåêòðàëüíîé òåîðèè ëèíåé-
íûõ îïåðàòîðîâ èçâåñòíî ÷òî ñïåêòð ïðåîáðàçîâàíèè Ãèëüáåðòà íå ïóñò. È íàøà ðàáîòà
çàêëþ÷àåòñÿ â èçó÷åíèè ñïåêòðà äàííîãî îïåðàòîðà. Òàêæå èçâåñòíî ÷òî H2 = I, ãäå I
òîæäåñòâåííûé îïåðàòîð íà LΦ(R)([1]).

Äëÿ òîãî ÷òîáû îïèñàòü ñïåêòð ïðåîáðàçîâàíèè Ãèëüáåðòà â LΦ(R) ìû âîçïîëüçîâà-
ëèñü òåîðèåé àáñòðàêòíûõ Áàíàõîâûõ àëãåáð [2]. Ïóñòü B àáñòðàêòíàÿ Áàíàõîâà àëãåáðà.
Ýëåìåíò E ∈ B íàçûâàåòñÿ àëãåáðàè÷åñêèì åñëè íàéäåòñÿ ïîëèíîì

p(λ) =
n∑
i=0

αiλ
i

ñ êîýôôèöèåíòàìè αi ∈ C è αn ̸= 0 òàêèå ÷òî

p(E) =
n∑
i=0

αiE
i = 0.

Óòâåðæäåíèå 1. Ïóñòü B àáñòðàêòíàÿ Áàíàõîâà àëãåáðà è E ∈ B àëãåáðàè÷åñêèé
ýëåìåíò òàêîé ÷òî p(E) = 0. Òîãäà,

(1) Ðåçîëüâåíòà ýëåìåíòà E ïðåäñòàâèìà â âèäå

Rλ(E) =
1

p(λ)

n−1∑
i=0

λiBi

ãäå

Bj =
n∑

k=i+1

αkE
k−i−1.

2. Ñïåêòð ýëåìåíòà E, σ(E), ñîäåðæèòñÿ âî ìíîæåñòâå íóëåé ïîëèíîìà p.
3. Åñëè ñòåïåíü ïîëèíîìà n ìèíèìàëüíàÿ, òî ñïåêòð ðàâåí ìíîæåñòâó íóëåé ïîëèíîìà

p.
Èç óòâåðæäåíèÿ 1, è ïðèâåäåííûõ âûøå ôàêòîâ ïðèõîäèì ê ñëåäóþùåé îñíîâíîé òåî-

ðåìå
Òåîðåìà 1. Ïóñòü ïðîñòðàíñòâî Îðëè÷à LΦ(R) ðåôëåêñèâíà èH ïðåîáðàçîâàíèå Ãèëü-

áåðòà íà LΦ(R). Òîãäà
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(i) σ(H) = σp(H) = {±1}.
(ii) ρ = C \ {±1} è ðåçîëüâåíòà èìååò ñëåäóþùóþ ôîðìó

Rλ(H) =
1

2
(λ+ 1)−1(I −H) +

1

2
(λ− 1)−1(I +H).

Êëþ÷åâûå ñëîâà: Ïðåîáðàçîâàíèå Ãèëüáåðòà, ñïåêòð îïåðàòîðà, ðåçîëüâåíòà, ïðîñòðàíñòâî Îðëè÷à.
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Î ïðåäñòàâèìîñòè óðàâíåíèÿ Èòî â âèäå ñòîõàñòè÷åñêèõ
óðàâíåíèé Ëàãðàíæà ñ íåïîòåíöèàëüíûìè ñèëàìè
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Â êëàññå îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (ÎÄÓ) çàäà÷à Ãåëüìãîëüöà [1]
èññëåäîâàíà äîñòàòî÷íî ïîëíî [ñì., íàïðèìåð, 2], à â ðàáîòàõ [3-5] çàäà÷à Ãåëüìãîëüöà
èññëåäóåòñÿ ïðè äîïîëíèòåëüíîì ïðåäïîëîæåíèè î íàëè÷èè ñëó÷àéíûõ âîçìóùåíèé.

Â ðàáîòå [6] â êëàññå ÎÄÓ èññëåäîâàëàñü íåêîòîðàÿ ìîäèôèêàöèÿ çàäà÷è Ãåëüìãîëüöà.
Â íàñòîÿùåé ðàáîòå ýòà ìîäèôèêàöèÿ çàäà÷è Ãåëüìãîëüöà ðåøàåòñÿ â êëàññå ñòîõàñòè÷å-
ñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé Èòî.

Ïîñòàíîâêà çàäà÷è. Ïóñòü çàäàíî ñòîõàñòè÷åñêîå óðàâíåíèå âòîðîãî ïîðÿäêà

dẋν = Fν(x, ẋ, t)dt+ σνj(x, ẋ, t)d0ξ
j, ν = 1, n.; j = 1,m. (1)

Ñòàâèòñÿ çàäà÷à ïîñòðîåíèÿ ïî çàäàííîìó óðàâíåíèþ (1) ýêâèâàëåíòíûõ óðàâíåíèé
âèäà

d

(
∂L

∂ẋk

)
− ∂L

∂xk
dt = Qk(x, ẋ, t)dt+ σ

′

kj(x, ẋ, t)d0ξ
j, k = 1, n (2)

ñ çàäàííîé ñòðóêòóðîé ñèë Qk.
Ïðåäïîëàãàåì, ÷òî ôóíêöèè, âõîäÿùèå â ïðèâåäåííûå âûøå óðàâíåíèÿ, îáëàäàþò íåîá-

õîäèìîé äëÿ äàëüíåéøèõ ðàññóæäåíèé ãëàäêîñòüþ è óäîâëåòâîðÿþò òåîðåìå ñóùåñòâîâà-
íèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè â êëàññå ñòîõàñòè÷åñêèõ äèôôåðåíöèàëüíûõ
óðàâíåíèé Èòî [7]. Ïóñòü (Ω, U, P ) � âåðîÿòíîñòíîå ïðîñòðàíñòâî ñ ïîòîêîì {Ut}. Çäåñü
{ξ1(t), ξ2(t), ..., ξm(t)} � ñèñòåìà âèíåðîâñêèõ ïðîöåññîâ ñ åäèíè÷íîé ìàòðèöåé ëîêàëüíûõ
äèñïåðñèé, à ýêâèâàëåíòíîñòü ðåøåíèé óðàâíåíèé (1) è (2) ïîíèìàåòñÿ â ñìûñëå ïî÷òè
íàâåðíîå.

Çàäà÷à ïîñòðîåíèÿ óðàâíåíèÿ (2) ïî çàäàííîìó óðàâíåíèþ (1) ïðè îòñóòñòâèè ñëó÷àé-
íûõ âîçìóùåíèé σνj ≡ σ

′
νj ≡ 0 ðàññìîòðåíà â [6], à ïðè íàëè÷èè ñëó÷àéíûõ âîçìóùåíèé

è Qk ≡ 0 èññëåäîâàíà â [3] ìåòîäîì äîïîëíèòåëüíûõ ïåðåìåííûõ. Çäåñü è äàëåå ïî ïîâòî-
ðÿþùèìñÿ èíäåêñàì ñîìíîæèòåëåé ïðåäïîëàãàåòñÿ ñóììèðîâàíèå.

Èíà÷å ãîâîðÿ, ñòàâèòñÿ çàäà÷à îïðåäåëåíèÿ ïî çàäàííûì Fν , σνj óñëîâèé íà ôóíêöèè
L è σ

′
νj, ïðè êîòîðûõ óðàâíåíèå (2) áûëî áû ýêâèâàëåíòíî óðàâíåíèþ (1) ñ çàäàííîé

ñòðóêòóðîé ñèë Qk.
Â ñëó÷àå, êîãäà Qk � ïðîèçâîëüíûå íåïîòåíöèàëüíûå ñèëû, äîêàçàíà òåîðåìà.
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Òåîðåìà 1. Íåîáõîäèìûìè è äîñòàòî÷íûìè óñëîâèÿìè ïðåäñòàâèìîñòè óðàâíåíèÿ (1)
â âèäå óðàâíåíèÿ (2) ñ ïðîèçâîëüíûìè íåïîòåíöèàëüíûìè ñèëàìè ÿâëÿþòñÿ óñëîâèÿ

∂2L

∂ẋk∂ẋν
= δνk , ãäå δνk =

{
1, ν = k
0, ν ̸= k

, (3)

σ
′

kj(x, ẋ, t) = σνj(x, ẋ, t). (4)

À â ñëó÷àå, êîãäà Qk äîïóñêàþò îáîáùåííóþ ôóíêöèþ Ðåëåÿ R(x, ẋ), ò.å. èìååò ìåñòî

ïðåäñòàâëåíèå Qk(x, ẋ) = − ∂R

∂xk
, òîãäà óðàâíåíèå (2) çàïèøåòñÿ â âèäå

d(
∂L

∂ẋk
)− ∂L

∂xk
dt = − ∂R

∂xk
+ σ

′

kj(x, ẋ, t)d0ξ
j, (5)

è ñïðàâåäëèâà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà 2. Íåîáõîäèìûìè è äîñòàòî÷íûìè óñëîâèÿìè ïðåäñòàâèìîñòè (1) â âèäå

(5) ñ íåïîòåíöèàëüíûìè ñèëàìè, äîïóñêàþùèìè ôóíêöèþ Ðýëåÿ, ÿâëÿþòñÿ óñëîâèÿ (3),

(4) è
∂R

∂xk
=

∂L

∂xk
− ∂2L

∂ẋk∂t
− ∂2L

∂ẋk∂xν
ẋν − Fk(x, ẋ, t).
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Îá îäíîì îáùåì ðåøåíèè êðàåâîé çàäà÷è ñ èìïóëüñíûì
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Ðàññìîòðèì ëèíåéíóþ êðàåâóþ çàäà÷ó

dx

dt
= A(t)x+ f(t), t ∈ (0, T ), x ∈ Rn, (1)

Bx(0) + Cx(T ) = d, d ∈ Rn, (2)

x(θi + 0)− x(θi − 0) = pi, i = 1,m, (3)

ãäå n × n ìàòðèöà A(t) è n - âåêòîð f(t) êóñî÷íî- íåïðåðûâíûå íà [0, T ] ñ âîçìîæíûìè
ðàçðûâàìè â òî÷êàõ èìïóëüñíûõ âîçäåéñòâèé t = θi.
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Âîçüìåì ∆m+1: t0 = 0 < θ1 < θ2 < ... < θm < θm+1 = T . Îáîçíà÷èì ÷åðåç
C([0, T ],∆m+1, R

n(m+1)) ïðîñòðàíñòâî ñèñòåì x[t] = (x1(t), x2(t), . . . , xm+1(t)), ãäå ôóíê-
öèè xr : [tr−1, tr) → Rn íåïðåðûâíû è lim

t→tr−0
xr(t), r = 1,m+ 1, ñ íîðìîé ||x[·]||2 =

max
r=1,m+1

sup
t∈[tr−1,tr)

||xr(t)||.

Ïóñòü x(t) - ðåøåíèå óðàâíåíèÿ (1) è xr(t) - åãî ñóæåíèå íà èíòåðâàë [tr−1, tr), ò. å.
xr(t) = x(t), t ∈ [tr−1, tr), r = 1,m+ 1. Òîãäà x[t] = (x1(t), x2(t), . . . , xm+1(t)) ∈
C([0, T ],∆m+1, R

n(m+1)), è åãî ýëåìåíòû xr(t), r = 1,m+ 1, óäîâëåòâîðÿþò ñëåäóþùåé ñè-
ñòåìå ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dxr
dt

= A(t)xr + f(t), t ∈ [tr−1, tr), r = 1,m+ 1. (4)

Ââåäåì ïàðàìåòðû λr = xr(tr−1), r = 1,m+ 1. Äåëàåì ïîäñòàíîâêó ur(t) = xr(t) − λr
íà êàæäîì r-îì èíòåðâàëe [tr−1, tr), ïîëó÷èì ñèñòåìó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ïàðàìåòðàìè

dur
dt

= A(t)(ur + λr) + f(t), t ∈ [tr−1, tr), r = 1,m+ 1, (5)

ñ íà÷àëüíûì óñëîâèåì
ur(tr−1) = 0, r = 1,m+ 1. (6)

Äëÿ ëþáîãî ôèêñèðîâàííîãî λr ∈ Rn, r = 1.m+ 1 çàäà÷à Êîøè (5), (6) èìååò åäèíñòâåííîå
ðåøåíèå ur(t, λr) è ñèñòåìà ôóíêöèé u[t, λ] = (u1(t, λ1), u2(t, λ2)
, . . . , um+1(t, λm+1)) ∈ C([0, T ],∆m+1, R

n(m+1)).
Àíàëîãè÷íî [1, 1008 ñ.], ââåäåì íîâîå îáùåå ðåøåíèå äëÿ îáûêíîâåííîãî äèôôåðåíöè-

àëüíîãî óðàâíåíèå c èìïóëüñíûì âîçäåéñòâèåì (1).
Îïðåäåëåíèå 1. [1] Ïóñòü u[t, λ] = (u1(t, λ1), u2(t, λ2), . . . , um+1(t, λm+1)) áóäåò ðåøå-

íèåì çàäà÷è Êîøè (5), (6) äëÿ ïàðàìåòðà λ = (λ1, λ2, ..., λm+1) ∈ Rn(m+1). Òîãäà ôóíêöèÿ
x(∆m+1, t, λ), çàäàííàÿ ðàâåíñòâàìè

x(∆r, t, λ) = λr + ur(t, λr) äëÿ t ∈ [tr−1, tr), r = 1,m+ 1, è
x(∆m+1, T, λ) = λm+1 + lim

t→T−0
um+1(t, λm+1),

íàçûâàåòñÿ ∆m+1 îáùèì ðåøåíèåì äëÿ óðàâíåíèé (1).
Êàê ñëåäóåò èç îïðåäåëåíèÿ 1, îáùåå ðåøåíèå ∆m+1 çàâèñèò îò m + 1 ïðîèçâîëüíûõ

âåêòîðîâ λr ∈ Rn è óäîâëåòâîðÿåò óðàâíåíèþ (1) äëÿ âñåõ
t ∈ (0, T )\{θr, r = 1,m+ 1}.

Âîçüìåì Xr(t), ôóíäàìåíòàëüíóþ ìàòðèöó îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâ-
íåíèå

dx

dt
= A(t)x, t ∈ [tr−1, tr], r = 1,m+ 1,

è çàïèøåì ðåøåíèÿ äëÿ çàäà÷è Êîøè ñ ïàðàìåòðàìè (5), (6) â âèäå:

ur(t, λr) = Xr(t)

t∫
tr−1

X−1
r (τ)A(τ)dτλr +Xr(t)

t∫
tr−1

X−1
r (τ)f(τ)dτ, t ∈ [tr−1, tr),

r = 1,m+ 1.
Òåîðåìà 1. Ïóñòü êóñî÷íî-íåïðåðûâíàÿ íà [0, T ] ôóíêöèÿ x̃(t) ñ âîçìîæíûìè òî÷êàìè

ðàçðûâà t = tr, r = 1,m, è x(∆m+1, t, λ) - îáùåå ðåøåíèå ∆m+1 äëÿ óðàâíåíèÿ (1). Ïðåäïî-
ëàãàåì ÷òî ôóíêöèÿ x̃(t) èìååò íåïðåðûâíóþ ïðîèçâîäíóþ è óäîâëåòâîðÿåò óðàâíåíèþ (1)

äëÿ âñåõ t ∈ (0, T )\{tr, r = 1,m}. Òîãäà ñóùåñòâóåò åäèíñòâåííàÿ λ̃ = (λ̃1, λ̃2, ..., λ̃m+1) ∈
Rn(m+1) òàêîé ÷òî, ðàâåíñòâî x(∆m+1, t, λ̃) = x̃(t) âûïîëíÿåòñÿ äëÿ âñåõ t ∈ [0, T ].
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óðàâíåíèÿ ñ ìíîæåñòâåííîé èíâîëþöèåé
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Â äàííîé ðàáîòå ââîäèòñÿ ïîíÿòèÿ íåëîêàëüíîãî àíàëîãà îïåðàòîðà Ëàïëàñà è äëÿ ñî-
îòâåòñòâóþùåãî íåëîêàëüíîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ â öèëèíäðè÷åñêîé îáëàñòè èçó-
÷àþòñÿ ïðÿìûå è îáðàòíûå çàäà÷è. Äîêàçàíû òåîðåìû î ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
ðåøåíèÿ ðàññìàòðèâàåìûõ çàäà÷.

Ïóñòü Q = Ω× (0, T ), ãäå Ω− åäèíè÷íûé øàð èç Rn, n ≥ 2, ∂Ω− åäèíè÷íàÿ ñôåðà. Äëÿ
ëþáîãî x = (x1, ..., xn) èç Ω̄ ðàññìîòðèì îòîáðàæåíèÿ Sjx = (x1, ..., xj−1,−xj, xj+1, ...xn), 1 ≤
j ≤ l, l ≤ n. Åñëè ðàññìîòðèì âñåâîçìîæíûå ïðîèçâåäåíèÿ îòîáðàæåíèé âèäà Sjx, òî îá-
ùåå êîëè÷åñòâî òàêèõ îòîáðàæåíèé, ñ ó÷åòîì îòîáðàæåíèÿ S0x = x áóäåò ðàâíÿòüñÿ 2l.
Åñëè ââåñòè çàïèñü èíäåêñà ñóììèðîâàíèÿ i â äâîè÷íîé ñèñòåìå ñ÷èñëåíèÿ (in...i1)2 ≡ i,
ãäå ik = 0, 1 ïðè k = 1, ..., l, òî ìû ìîæåì ðàññìîòðåòü îòîáðàæåíèÿ âèäà Sill · ... · Si11 x.

Ïóñòü a0, a1, a2, a3, ..., a2l−1 � íåêîòîðûé íàáîð äåéñòâèòåëüíûõ ÷èñåë. Ââåäåì îïåðàòîð

Llv(x) =
2l−1∑
i=0

ai∆v
(
Sill ...S

i1
1 x
)

Îòìåòèì, ÷òî ñïåêòðàëüíûå âîïðîñû îïåðàòîðà Ll èçó÷åíû â ðàáîòå [1].
Ðàññìîòðèì çàäà÷ó

∂u(t, x)

∂t
= Llu(t, x) + F (t, x), (t, x) ∈ Q, (1)

u(0, x) = φ(x), x ∈ Ω̄, (2)

u(t, x) = 0, 0 ≤ t ≤ T, x ∈ ∂Ω. (3)

Ðåøåíèåì çàäà÷è (1)-(3) íàçîâåì ôóíêöèþ u(t, x) ∈ C(Q̄), äëÿ êîòîðîé ut(t, x) è Lxu(t, x)
ïðèíàäëåæàò êëàññó C(Q), è óäîâëåòâîðÿþò óñëîâèÿì (1)-(3) â êëàññè÷åñêîì ñìûñëå.

Ââåäåì îáîçíà÷åíèå θk =
2l−1∑
i=0

(−1)k⊗iai, ãäå k = 0, 1, ..., 2l−1, k ⊗ i ≡ (kl...k1)2⊗(il...i1)2 =

k1 · i1 + ...+ kl · il.
Òåîðåìà 1. Ïóñòü â çàäà÷å (1)-(3) êîýôôèöèåíòû ai, i = 0, 1, ..., 2l − 1 òàêèå, ÷òî äëÿ

âñåõ k = 0, 1, ..., 2l−1 âûïîëíÿþòñÿ óñëîâèÿ θk > 0, ôóíêöèè φ(x) è F (t, x) óäîâëåòâîðÿþò
óñëîâèÿì:

1) φ(x) ∈ Cq
(
Ω̄
)
,
∂q+1φ(x)

∂xq11 ...∂x
qn
n

∈ L2 (Ω) , q1 + ...+ qn = q + 1, q =
[n
2

]
+ 1,

φ(x)|∂Ω = ∆φ(x)|∂Ω = ... = ∆[ q2 ]φ(x)
∣∣∣
∂Ω

= 0;
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2) F (t, x) ∈ Cq
(
Q̄
)
,
∂q+1F (t, x)

∂xq11 ...∂x
qn
n

∈ L2 (Ω) , q1 + ...+ qn = q + 1, q =
[n
2

]
+ 1,

F (t, x)|∂Ω = ∆F (t, x)|∂Ω = ... = ∆[ q+2
4 ]F (t, x)

∣∣∣
∂Ω

= 0.

Òîãäà ðåøåíèå çàäà÷è (1)-(3) ñóùåñòâóåò è åäèíñòâåííî.
Â ðàáîòå òàêæå èçó÷åíû îáðàòíûå çàäà÷è ïî îòûñêàíèþ ìíîæèòåëåé ïðàâîé ÷àñòè

F (t, x) = f(x)g(t), çàâèñÿùèõ îò ïðîñòðàíñòâåííûõ ïåðåìåííûõ è âðåìåíè. Àíàëîãè÷íûå
çàäà÷è äëÿ êëàññè÷åñêîãî ïàðàáîëè÷åñêîãî óðàâíåíèÿ â ñëó÷àå n = 2 è Ω− ïðÿìîóãîëüíèê
èçó÷åíû â ðàáîòå [2].

Funding: Äàííàÿ ðàáîòà áûëà ïîääåðæàíà ãðàíòîì AP09259074 ÌÎÍ ÐÊ.
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Â äîêëàäå ðàññìàòðèâàåòñÿ âòîðàÿ íà÷àëüíî-êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ ñóáäèôôóçèè.
Òî åñòü äëÿ óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ äðîáíîé ïðîèçâîäíîé ïî âðåìåíè:

Dα
t u(x, t) = a(x)uxx(x, t) + b(x)ux(x, t) + c(x)u(x, t) + f(x, t), (1)

ãäå u(x, t) - èñêîìàÿ ôóíêöèÿ, à a(x), b(x), c(x), f(x, t) - èçâåñòíûå ôóíêöèè. Ïîêàçàòåëü
0 < α < 1 - ýòî ïîðÿäîê äðîáíîé ïðîèçâîäíîé ïî âðåìåíè.

Â ðàáîòå èñïîëüçóåòñÿ äðîáíàÿ ïðîèçâîäíàÿ Êàïóòî:

Dα
t v(t) =

1

Γ(1− α)

∫ t

0

dv(s)

ds
(t− s)−αds.

Çàäà÷à ðàññìàòðèâàåòñÿ â ïðîñòðàíñòâåííîì èíòåðâàëå 0 < x < l è âðåìåííîì èíòåðâàëå
0 < t < T . Ðàññìàòðèâàþòñÿ ãðàíè÷íûå óñëîâèÿ òèïà Íåéìàíà

ux(0, t) = g1(t), ux(l, t) = g2(t) (2)

è íà÷àëüíîå óñëîâèå
u(x, 0) = ϕ(x), 0 ≤ x ≤ l, (3)

ãäå g1(t), g2(t) è ϕ(x) - çàäàííûå ôóíêöèè.
Â ñëó÷àå, êîãäà âìåñòî êðàåâîãî óñëîâèÿ (2) èñïîëüçóåòñÿ óñëîâèå Äèðèõëå

u(0, t) = g1(t), u(l, t) = g2(t) (4)

ýòà çàäà÷à áûëà ïîäðîáíî èññëåäîâàíà â [1]. Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ ðàçðàáîò-
êà ïàðàëëåëüíûõ àëãîðèòìîâ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è (2)-(3) äëÿ óðàâíåíèÿ
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äèôôóçèè ñ äðîáíûì âðåìåíåì (1). Ïîñëå ïðèìåíåíèÿ êîíå÷íî-ðàçíîñòíîé ñõåìû äëÿ
àïïðîêñèìàöèè áàçèñíîãî óðàâíåíèÿ çàäà÷à ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû ëèíåéíûõ àë-
ãåáðàè÷åñêèõ óðàâíåíèé äëÿ êàæäîãî ïîñëåäóþùåãî âðåìåííîãî óðîâíÿ. Ðàçðàáîòàííûå
ïàðàëëåëüíûå àëãîðèòìû îñíîâàíû íà àëãîðèòìå Òîìàñà, àëãîðèòìå ïàðàëëåëüíîé ïðî-
ãîíêè è ìåòîäå óñêîðåííîé ñâåðõðåëàêñàöèè äëÿ ðåøåíèÿ ýòîé ñèñòåìû.

Funding: Àâòîðû ïîääåðæàíû ãðàíòîì No AP19175805 ÌÍÂÎ ÐÊ.

Keywords: óðàâíåíèå äèôôóçèè, óñëîâèå Íåéìàíà, äðîáíàÿ ïðîèçâîäíàÿ, âû÷èñëèòåëüíûé àëãîðèòì, ïàðàëëåëü-
íûå âû÷èñëåíèÿ, ìåòîä ïðîãîíêè.
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Îá îäíîì ïîäõîäå ê ðåøåíèþ ìíîãîòî÷å÷íîé êðàåâîé
çàäà÷è äëÿ èíòåãðî- äèôôåðåíöèàëüíûõ óðàâíåíèé òèïà
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Óðàâíåíèÿ ïàíòîãðàôà (â òîì ÷èñëå è â ñëó÷àå α > 1) èçó÷àþòñÿ äàâíî. Â 1940 ã. K.Mahler
[1] ââåë â òåîðèþ ÷èñåë ôóíêöèîíàëüíî-äèôôåðåíöèàëüíûå óðàâíåíèÿ òàêîãî òèïà. Â 1971
ãîäó L.Fox è äð. [2] è J.Ockendon è äð. [3] ïðåäëîæèëè òàêîãî ðîäà óðàâíåíèÿ â êà÷åñòâå
ìîäåëåé äëÿ èçó÷åíèÿ íåêîòîðûõ ïðîìûøëåííûõ çàäà÷. Â ðàáîòå [4] À.Iserles è Y.Liu
èçó÷àëè èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå ïàíòîãðàôà.

Ìíîãîòî÷å÷íûå êðàåâûå çàäà÷è äëÿ ðàçëè÷íûõ äèôôåðåíöèàëüíûõ è èíòåãðî-äèôôå-
ðåíöèàëüíûõ óðàâíåíèé è èõ ïðèìåíåíèÿ ðàññìîòðåíû âî ìíîãèõ ðàáîòàõ. Ìíîãîòî÷å÷íûå
êðàåâûå óñëîâèÿ ÿâëÿþòñÿ âàæíûìè â ïðèêëàäíîì ïëàíå, òàê êàê èìåþò ïðÿìîå îòíîøå-
íèå ê òåîðèè ñïëàéíà è èíòåðïîëèðîâàíèÿ, à òàêæå èñïîëüçóþòñÿ â èññëåäîâàíèè çàäà÷ ñ
ìíîãîîïîðíûìè áàëêàìè. Íàïðèìåð, â ðàáîòå [5] ìíîãîòî÷å÷íûå êðàåâûå óñëîâèå ïðèìå-
íåíû ïðè ïðîåêòèðîâàíèè ìîñòîâ.

Ïîýòîìó, â íàñòîÿùåé ðàáîòå ìû ðåøèëè èññëåäîâàòü ìíîãîòî÷å÷íóþ êðàåâóþ çàäà÷ó
äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, èìåþùèå ïðåîáðàçîâàíèÿ òèïà ïàíòîãðàôà.
Äëÿ îïðåäåëåíèÿ îäíîçíà÷íîé ðàçðåøèìîñòè èññëåäóåìîé çàäà÷è, áóäåò ïðèìåíåí ìåòîä
ïàðàìåòðèçàöèè ïðîôåññîðà Ä.Äæóìàáàåâà [6].

Íà îòðåçêå [0, 1] ðàññìàòðèâàåòñÿ ìíîãîòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ èíòåãðî-äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ òèïà ïàíòîãðàôà

dx(t)

dt
= A(t)x(t) +

1∫
0

K(t, s)x(εs)ds+ f(t), t ∈ [0, 1], ε ≤ 1, x ∈ Rn, (1)

m∑
i=0

Bix(θi) = d, d ∈ Rn, (2)

0 = θ0 < . . . < θk = ε < . . . < θm−1 < θm = 1,

ãäå ìàòðèöàK1(t, s) íåïðåðûâíà íà [0, 1], ìàòðèöàK(t, s) íåïðåðûâíà ñîîòâåòñòâåííî íà
[0, 1]×[0, 1], à n- ìåðíàÿ âåêòîð-ôóíêöèÿ f(t) íåïðåðûâíà íà [0, 1]. Bi, i = 0,m- ïîñòîÿííûå
ìàòðèöû.
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Ê êðàåâîé çàäà÷å (1), (2) ïðèìåíÿåì ìåòîä ïàðàìåòðèçàöèè, äëÿ ýòîãî ïðîèçâîäèì

ðàçáèåíèå: [0, 1) =
m⋃
r=1

[tr−1, tr), ãäå ti = θi, i = 0,m. Îáîçíà÷èì h = max {h1, h1, . . . , hm},

hi = θi − θi−1, i = 1,m, α = max
t∈[0,1]

∥A(t)∥ , β = max
t,s∈[0,1]

∥K(t, s)∥ .

Ââåäÿ îáîçíà÷åíèÿ λr = xr (tr−1) , r = 1,m, λm+1 = lim
t→1−

xm (t) è íà êàæäîì èíòåðâàëå

t ∈ [tr−1, tr) ïðîèçâåäåì çàìåíó xr(t) = ur(t)+λr, r = 1,m. Òîãäà èñõîäíóþ êðàåâóþ çàäà÷ó
ôîðìàëüíî ðàçáèâàåì íà äâå ÷àñòè, ò.å. íà çàäà÷ó Êîøè äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî
óðàâíåíèÿ òèïà ïàíòîãðàôà è ñèñòåìó àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî ââåäåííûõ
ïàðàìåòðîâ. Òðåáóÿ îäíîçíà÷íóþ ðàçðåøèìîñòü ïîëó÷åííîé çàäà÷è Êîøè, îäíîçíà÷íóþ
ðàçðåøèìîñòü èññëåäóåìîé êðàåâîé çàäà÷è ñâåäåì ê îáðàòèìîñòè ïîëó÷åííîé ìàòðèöû
ñèñòåì àëãåáðàè÷åñêèõ óðàâíåíèé. Íà îñíîâå ìåòîäà ïàðàìåòðèçàöèè óñòàíîâèì:

Òåîðåìà. Êðàåâàÿ çàäà÷à (1), (2) îäíîçíà÷íî ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà
ìàòðèöà Qε(h) áûëà îáðàòèìà ïðè h ∈ (0, h0], ãäå e

αh0βh0 < 1.

Funding: Àâòîðû áûëè ïîääåðæàíû ãðàíòîì � AP09259137 ÌÎÍ ÐÊ.
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Î íåêîòîðûõ ñâîéñòâàõ îäíîé ñïåöèàëüíîé ôóíêöèè
Ôîêñà ñ ÷åòûðüìÿ ïàðàìåòðàìè

Ôàòèìà ÕÓØÒÎÂÀ

ÈÏÌÀ ÊÁÍÖ ÐÀÍ, Íàëü÷èê, Ðîññèÿ

E-mail: khushtova@yandex.ru

Ïóñòü 0 < ρ ⩽ 2, µ, σ è ν ∈ C, (σ + ν)/2 /∈ Z. Ðàññìîòðèì ôóíêöèþ îò êîìïëåêñíîãî
ïåðåìåííîãî z

J ρ,µ,σ
ν (z) = H 2, 1

2, 3

[(z
2

)2 ∣∣∣∣ ( 1− σ/2, 1
)
,
(
µ− ρ σ/2, ρ

)(
ν/2, 1

)
,
(
1− σ/2, 1

)
,
(
− ν/2, 1

) ] , (1)

ãäå H 2,1
2,3 [...] � H-ôóíêöèÿ Ôîêñà [1], [2]. Ôóíêöèÿ (1) âîçíèêàåò ïðè èññëåäîâàíèè êðàåâûõ

çàäà÷ äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ îïåðàòîðîì Áåññåëÿ, äåéñòâóþùèì ïî ïðî-
ñòðàíñòâåííîé ïåðåìåííîé, è ïðîèçâîäíîé äðîáíîãî ïîðÿäêà ïî âðåìåííîé ïåðåìåííîé
[3], [4]. ×àñòíûìè ñëó÷àÿìè ôóíêöèè (1) ÿâëÿþòñÿ ôóíêöèè

J 1,1,ν
ν (z) =

(z
2

)−ν
γ

(
ν;
z2

4

)
, J 1,1,2+ν

ν (z) =
(z
2

)ν
exp

(
−z

2

4

)
,

J 1,1,2−ν
ν (z) =

(z
2

)ν
E1,1+ν

(
−z

2

4

)
,

√
zJ 2ρ,µ,3/2

−1/2 (z) =
√
2πϕ (−ρ, µ− ρ; z) ,
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J 1,1,σ
ν (z) =

Γ ((σ + ν)/2)

Γ (1 + ν)

(z
2

)ν
Φ

(
(σ + ν)/2, 1 + ν;−z

2

4

)
.

Çäåñü γ (ν; z) � íåïîëíàÿ ãàììà-ôóíêöèÿ [5, ñ. 254], Eρ,µ (z) � ôóíêöèÿ òèïà Ìèòòàã-Ëåô-
ôåëåðà [6, ñ. 117], ϕ (ρ, µ; z) � ôóíêöèÿ Ðàéòà [7], Φ (a, c; z) � âûðîæäåííàÿ ãèïåðãåîìåòðè-
÷åñêàÿ ôóíêöèÿ [5, ñ. 237].

Äëÿ ôóíêöèè (1) ñïðàâåäëèâû ñâîéñòâà
Ñâîéñòâî 1. Èìååò ìåñòî ôîðìóëà

J ρ,µ,σ
ν (z) = (−1)nJ ρ,µ+nρ,σ+2n

ν (z) +
n−1∑
k=0

dk

(z
2

)−σ−2k

, n = 1, 2, ...,

ãäå

dk =
(−1)kΓ ((ν + σ)/2 + k)

Γ (µ+ ρk) Γ (1 + (ν − σ)/2− k)
.

Ñâîéñòâî 2. Ñïðàâåäëèâà ôîðìóëà

z1−σ
d

dz

[
zσJ ρ,µ+1,σ

ν (z)
]
=

2

ρ

[
µJ ρ,µ+1,σ

ν (z)− J ρ,µ,σ
ν (z)

]
. (13)

Ñâîéñòâî 3. Èìååò ìåñòî ôîðìóëà äèôôåðåíöèðîâàíèÿ

dn

dzn
[
zµ−ρσ/2−1J ρ,µ,σ

ν (λz−ρ/2)
]
= zµ−n−ρσ/2−1J ρ,µ−n,σ

ν (λz−ρ/2), (14)

ãäå λ = const, n = 1, 2, ...

Íåêîòîðûì äðóãèì ñâîéñòâàì ôóíêöèè (1) ïîñâÿùåíû ðàáîòû [8]-[10].
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Çàäà÷à Òðèêîìè äëÿ óðàâíåíèÿ ñìåøàííîãî òèïà âòîðîãî
ðîäà â îáëàñòè ýëëèïòè÷åñêàÿ ÷àñòü êîòîðîé
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Ðàññìîòðèì óðàâíåíèå ñìåøàííîãî òèïà âòîðîãî ðîäà

uxx + sign y|y|muyy = 0, 0 < m < 1 (1)

â íåîãðàíè÷åííîé ñìåøàííîé îáëàñòè D = D1 ∪ J ∪D2,
ãäå D1 = {(x, y) : −∞ < x < +∞, 0 < y < 1}, J = {(x, y) : y = 0, 0 < x < 1} à D2 - êîíå÷íàÿ
îáëàñòü ïîëóïëîñêîñòè y < 0, îãðàíè÷åííàÿ îòðåçêîì AB ïðÿìîé y = 0 è õàðàêòåðèñòè-
êàìè

AC : x− [2/(2−m)] (−y)(2−m)/2 = 0, BC : x+ [2/(2−m)] (−y)(2−m)/2 = 1

óðàâíåíèÿ (1), âûõîäÿùèìè èç òî÷åê A(0, 0), B(1, 0) è ïåðåñåêàþùèìèñÿ â òî÷êå
C(1/2,−((2−m)/4)2/(2−m)).

Ââåäåì îáîçíà÷åíèÿ β = m/ (2m+ 4), J1 = {(x, y) : y = 0, −∞ < x < 0},
J2 = {(x, y) : y = 0, 1 < x < +∞},J3 = {(x, y) : y = 1, −∞ < x < +∞}.

Çàäà÷à T. Íàéòè ôóíêöèþ u(x, y) ñî ñëåäóþùèì è ñâîéñòâàìè:
1) u(x, y) ∈ C(D ∪ J1 ∪ J2 ∪ AC ∪BC);
2) ïåðâûå åå ïðîèçâîäíûå íåïðåðûâíû â D1 è D2 ïðè÷åì uy(x,+0) = −uy(x,−0),

0 < x < 1, è â òî÷êàõ A(0, 0), B(1, 0) ïðîèçâîäíàÿ uy ìîæåò îáðàùàòüñÿ â áåñêîíå÷íîñòü
èíòåãðèðóåìîãî ïîðÿäêà;

3) u(x, y) ∈ C2(D1) óäîâëåòâîðÿåò óðàâíåíèþ (1);
4) u(x, y) â D2 åñòü îáîáùåííîå ðåøåíèå óðàâíåíèÿ (1) èç êëàññà R , ââåäåííîãî È.Ë.

Êàðîëåì [1];
5) u(x, y) óäîâëåòâîðÿåò óñëîâèÿì

uy(x, 0) = ψi(x),∀x ∈ Ji, (i = 1, 2)

u(x, 1) = ψ3(x),∀x ∈ J3

lim
|x|→∞

u(x, y) = 0, (ðàâíîìåðíî ïî)∀y ∈ [0, 1]

u |AC = ψ(x),∀x ∈ [0, 1/2]

ãäå ψi(x), ψ3(x), ψ(x) - çàäàííûå ôóíêöèè, ïðè÷åì ψi(x) â òî÷êàõ A(0, 0), B(1, 0) ìî-
æåò îáðàùàòüñÿ â áåñêîíå÷íîñòü èíòåãðèðóåìîãî ïîðÿäêà à òàêæå ψi(x) ∈ C(Ji), à äëÿ
äîñòàòî÷íî áîëüøèõ |x| óäîâëåòâîðÿþò íåðàâåíñòâàì

|ψi(x)| ≤M1|x|−1−σ,M1, σ = const, σ > 0.

Ôóíêöèÿ ψ3(x) ∈ C(J3), èìååò âòîðóþ ïðîèçâîäíóþ îãðàíè÷åííóþ è èíòåãðèðóåìóþ â
[0, 1/2] à äëÿ äîñòàòî÷íî áîëüøèõ |x| óäîâëåòâîðÿåò íåðàâåíñòâó
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|ψ3(x)| ≤M2|x|−ϵ,M2, ϵ = const, ϵ > 0.

Â äàííîé ðàáîòå , èññëåäóåòñÿ âîïðîñ îäíîçíà÷íîé ðàçðåøèìîñòè âèäîèçìåíåííîé çà-
äà÷è Òðèêîìè â íåîãðàíè÷åííîé îáëàñòè ýëëèïòè÷åñêàÿ ÷àñòü êîòîðîé ÿâëÿåòñÿ ãîðèçîí-
òàëüíîé ïîëîñîé. Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ ìåòîäîì èíòåãðàëîâ ýíåðãèè .
Ìåòîäîì ôóíêöèé Ãðèíà è ïóòåì ðåäóêöèè ê óðàâíåíèþ Ôðåäãîëüìà âòîðîãî ðîäà óñòà-
íàâëèâàåòñÿ ñóùåñòâîâàíèå ðåøåíèÿ èññëåäóåìîé çàäà÷è, áåçóñëîâíàÿ ðàçðåøèìîñòü êî-
òîðîãî ñëåäóåò èç åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è.

Êëþ÷åâûå ñëîâà: çàäà÷à Òðèêîìè, óðàâíåíèå ñìåøàííîãî òèïà âòîðîãî ðîäà, ãîðèçîíòàëüíàÿ ïîëîñà, ìåòîä
èíòåãðàëîâ ýíåðãèè, ìåòîä ôóíêöèé Ãðèíà.
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A nonlocal problem for integro-partial differential equations of
mixed type
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On the domain Ω = [0, T ] × [0, ω] we consider a nonlocal problem for a system of integro-
partial differential equations of mixed type

∂2u

∂x∂t
= A(t, x)

∂u

∂x
+B(t, x)

∂u

∂t
+ C(t, x)u+ f(t, x)+

+φ1(t, x)

T∫
0

ψ1(s, x)
∂u(s, x)

∂x
ds+ φ2(t, x)

t∫
0

ψ2(s, x)
∂u(s, x)

∂x
ds, (1)

P2(x)
∂u(0, x)

∂x
+ P1(x)

∂u(t, x)

∂t

∣∣∣
t=0

+P0(x)u(0, x)+

+S2(x)
∂u(T, x)

∂x
+ P1(x)

∂u(t, x)

∂t

∣∣∣
t=T

+P0(x)u(T, x) = d(x), x ∈ [0, ω], (2)

u(t, 0) = θ(t), t ∈ [0, T ], (3)

where u(t, x) = (u1(t, x), ..., un(t, x)) is unknown function, the n × n matrices A(t, x), B(t, x),
C(t, x), φ1(t, x), φ2(t, x), ψ1(t, x), ψ2(t, x) are continuous on Ω, the n vector function f(t, x)
is continuous on Ω, n × n matrices P2(x), P1(x), P0(x), S2(x), S1(x), S0(x) are continuous
on [0, ω], n vector function d(x) is continuous on [0, ω], the n vector function is continuously
differentiable on [0, T ].

Continuous function u : Ω → Rn that has a continuous partial derivatives ∂u
∂x
, ∂u
∂t
, ∂2u
∂x∂t

on Ω is called a solution to the nonlocal problem for the system of integro-partial differential
equations of mixed type (1)–(3) if it satisfies system (1) and conditions (2), (3) for all (t, x) ∈ Ω
and x ∈ [0, ω], t ∈ [0, T ], respectively.

We study the solvability of the nonlocal problem for the system of integro-partial differential
equations of mixed type with degenerate kernels.

Using a new functions [1] the original problem is reduced to a family of boundary value prob-
lems for the system Volterra-Fredholm integro-differential equations with an unknown functions
[2].
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Further, we are transfered this problem to the family of boundary value problems for the
2n system Fredholm integro-differential equations with an unknown functions.

For solving this problem we use Dzhumabaev’s parametrization method [3-6].
Then, by introducing an additional functional parameter as the value of the solution on the

boundary of the domain, the problem is reduced to an equivalent problem containing a family
of Cauchy problems for a system of Fredholm integro-differential equations with unknown
functions. We apply results in [7-10] for establishing the solvability conditions of the family
of boundary value problems for the 2n system Fredholm integro-differential equations with an
unknown functions.

Conditions for the unique solvability of the original problem are obtained in terms of the
solvability of families of Cauchy problems for the system of Fredholm integro-differential equa-
tions.

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP09258829).

Keywords: nonlocal problem, integro-partial differential equations of mixed type, family of boundary value problems,
integro-differential equations of mixed type, parametrization method, solvability.
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On the best constant for hypoelliptic Sobolev inequality

Yermurat ADILBEKOV

Institute of Mathematics and Mathematical Modeling, Kazakhstan

E-mail: adilbekov.yermurat@gmail.com

In this talk, we investigate the best constant in hypoelliptic homogeneous Sobolev and
Gagliardo-Nirenberg inequality. We refer to the recent works [1] and [2] for the best constants
in the Sobolev inequality with inhomogeneous norm and critical Gagliardo-Nirenberg inequality,
where the best constants were expressed in the variational form as well as in terms of the ground
state solutions of the nonlinear Schrödinger equation.

This talk is based on the joint research with Nurgissa Yessirkegenov (Suleyman Demirel
University, Kazakhstan).

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP09058474).
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Inverse source problems for heat convection system governing
Kelvin-Voigt flows

Stanislav ANTONTSEV1, Khonatbek KHOMPYSH2,a

1 Lavrentyev Institute of Hydrodynamics SB RAS, Novosibirsk, Russia
2Al-Farabi Kazakh National University, Almaty, Kazakhstan

E-mail: akonat k@mail.ru

In this work, we consider some inverse source problems for the following heat convection
system governing motion of incompressible viscoelastic Kelvin-Voigt fluids

vt + (v · ∇)v − κ∆vt − ν∆v +∇π = g(x, t)θ(x, t) + f(t)h(x, t), (x, t) ∈ QT

div v(x, t) = 0, (x, t) ∈ QT ,

θt + (v · ∇) θ − λ∆θ = j(t)ϕ(x, t), (x, t) ∈ QT ,

which is supplemented with the initial conditions

v(x, 0) = v0 (x) , θ(x, 0) = θ0(x), x ∈ Ω,

the dirichlet boundary condition for θ(x, t)

θ(x, t) = 0, (x, t) ∈ ΓT ,

and for v the sticking-boundary condition

v(x, t) = 0, (x, t) ∈ ΓT

or the sliding-boundary condition

vn(x, t) = v · n = 0, (D(v) · n)×n = 0, (x, t) ∈ ΓT

and with the integral overdetermination conditions∫
Ω

vσ(x)dx = e(t),

∫
Ω

θη(x)dx = δ(t), t ≥ 0,

where QT = Ω× (0, T ), and Ω is a bounded domain in Rd, d = 2, 3, with a smooth boundary
∂Ω.

The inverse problems consist of finding velocity v(x, t), pressure π(x, t), temperature θ(x, t),
and intensities of external forces f(t) and heat source j(t). The talk deals to establish the
existence and uniqueness of weak and strong solutions of these posed inverse problems.

Funding: This work has been funded by Grant number AP19674862 the Ministry of Education and Science of the
Republic of Kazakhstan (MES RK), Kazakhstan.

Keywords: Inverse problem; Kelvin-Voigt; heat convection; incompressible viscoelastic fluids.
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Radial and logarithmic refinements of the weighted Hardy
inequality

Kuralay APSEIT

Suleyman Demirel University, Almaty, Kazakhstan

E-mail: kuralay.apseit@sdu.edu.kz

In this talk, we discuss weighted versions of radial and logarithmic refinements of the fol-
lowing Hardy’s inequality using the factorization method of differential operators from [1]-[3]:∫

Ω

|(∇f)(x)|2dnx ⩾
∫
Ω

|x− x0|−2 |f(x)|2
{
(n− 2)2

4

+
1

4

m∑
j=1

j∏
k=1

[lnk (γ/ |x− x0|)]−2

}
dnx,

, (1)

valid for f ∈ C∞
0 (Ω), assuming that Ω ⊂ Rn, n ∈ N, n ⩾ 2, is open and bounded with

x0 ∈ Ω,m ∈ N, and the logarithmic terms lnk (γ/ |x− x0|) , k ∈ N.
Moreover, we discuss generalizations of these results on homogeneous Lie groups.
This talk is based on the joint research with Nurgissa Yessirkegenov (Suleyman Demirel

University, Kazakhstan).
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Asymptotic behavior of the solution of a boundary value problem
with an initial jump for a singularly perturbed integro-differential

equation

Zhanar ARTYKBAYEVAa, Aziza MIRZAKULOVAb

Al-Farabi Kazakh National University

E-mail: aartykbaeva.zhanar@gmail.com, bmirzakulovaaziza@gmail.com

We consider third-order linear differential equation with a small parameter at the two highest
derivatives

Lεy ≡ ε2y′′′ + εA0(t)y
′′ + A1(t)y

′ + A2(t)y = F (t) +

∫ 1

0

2∑
j=0

Hj(t, x)y
(j)(x, ε)dx (1)

for 0 < t < 1 with the initial conditions

h1y ≡ y(0, ε) = α, h2y ≡ y′(0, ε) = β, h3y ≡ y(1, ε) = γ, (2)
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where ε > 0 is a small parameter, Ai(t) (i = 0, 2), F (t), H0(t, x), H1(t, x) and H2(t, x) are
given functions and α, β, γ are known constants. Let us assume that:

I. Ai ∈ C2[0, 1], i = 0, 2, F ∈ C[0, 1], and H0, H1, H2 ∈ C(D), where D = {0 ≤ t ≤ 1, 0 ≤
x ≤ 1}.

II. A1(t) ̸= 0, 0 ≤ t ≤ 1.
III. The roots of the “additional characteristic equation”

µ2 + A0(t)µ+ A1(t) = 0

satisfy the conditions Reµ1(t) < −γ1 < 0, Reµ2(t) < −γ2 < 0.
IV. Assume that 1 is not an eigenvalue of the kernel H(t, s, ϵ).
Under the assumptions I-IV, we obtain the analytical formula of the solution for the bound-

ary value problem with initial jump (1)-(2). Theorem about the existence and uniqueness of the
solution is proved. Using the asymptotic properties of the Cauchy and boundary functions, the
asymptotic estimate of the solution was obtained. From this asymptotic estimate, we showed
that the solution of problem (1)-(2) at the point t = 0 has an initial jump of order zero of the
second degree. Other type of boundary value problems for the equation (1) are considered in
[1-3].

Keywords: singularly perturbed equation, asymptotic estimate, Cauchy function, boundary function, small parameter,
fundamental solution.
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Direct and inverse problems for the Barenblatt-Zheltov-Kochina
type fractional equations with the Hilfer fractional derivative

Ravshan ASHUROV1,a, Yusuf FAYZIEV2,b, Nozima TUKHTAEVA1,c

1Institute of Mathematics, Uzbekistan Academy of Science, Student Town str.,100174, Tashkent,
Uzbekistan

2National University of Uzbekistan, Student Town str.,100174, Tashkent, Uzbekistan

E-mail: aashurov@gmail.com, bfayziev.yusuf@mail.ru, cnozimatoxtayeva3715@gmail.com

Let H be a separable Hilbert space and the operator A : H → H be a self-adjoint, positive,
unbounded arbitrary operator with the domain of definition D(A). Suppose that operator A
has a complete orthonormal system of eigenfunctions {vk} in the spaceH and the corresponding
set of positive eigenvalues {λk}. We can renumber eigenvalues non-descendingly, that is, write
0 < λ1 ≤ λ2 · · · → +∞.

Let the vector-function (or simply function) g(t) be defined in the interval [0, +∞) with
values in H. The Hilfer fractional derivative of order 0 < α < 1 and 0 ≤ β ≤ 1 are defined as
(see e.g.[1])

Dα,βg(t) = Iβ(1−α)
d

dt
I(1−β)(1−α)g(t). (1)

Let 0 < α < 1 and 0 ≤ β ≤ 1 are given numbers. Consider the following Cauchy problem:{
Dα,β
t u(t) + A(1 + γDα,β

t )u(t) = f, 0 < t ≤ T,
I(1−β)(1−α)u(t)|t=+0 = φ, 0 < t ≤ T.

(2)
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Definition 1. We call a function u(t) ∈ C((0, T ];H) the solution of the problem (2), if

Dα,β
t u(t), A(Dα,β

t u(t)), Au(t) ∈ C((0, T ];H) and it satisfies conditions (2).
Theorem 1. Let f ∈ H.
i) If γ > 0 and φ ∈ D(A), then there is a unique solution to the direct problem (2) and it

has the form

u(t) =
∞∑
k=1

[
φkt

−δEα,1−δ(−µktα) +
fk

1 + γλk
tαEα,α+1(−µktα)

]
vk, (3)

where fk, φk are the Fourier coefficients of the functions f and φ respectively, µk =
λk

1 + γλk
and δ = (1− α)(1− β).

ii) If γ = 0 and φ ∈ H, then there is a unique solution to the forward problem and it has
the form

u(t) =
∞∑
k=1

[
φkt

−δEα,1−δ(−λktα) + fkt
αEα,α+1(−λktα)

]
vk.

Here Eρ, µ(z) is the two parametric Mittag-Leffler function.
The main goal of this work is to study the inverse problem of determining the right-hand

side of equation in problem (2). Now assume that in problem (2), along with the function u(t),
the function f is also unknown. To study the inverse problem, we need an additional condition.
As an additional condition, we use the following:

T∫
0

u(τ)dτ = ψ. (4)

We call the problem (2) with an additional condition (4) the inverse problem of finding
the pair {u(t), f}. The solution of the inverse problem is defined in exactly the same way as
Definition 1.

The following theorem holds for the inverse problem.
Theorem 2. Let ψ ∈ D(A) and φ ∈ D(A) if γ > 0, and φ ∈ H if γ = 0. Then the inverse

problem (2), (4) has a unique solution {u(t), f} and this solution has the form

u(t) =
∞∑
k=1

[
φkt

−δEα,1−δ(−µktα) +
fk

1 + γλk
tαEα,α+1(−µktα)

]
vk (5)

and

f =
∞∑
k=1

fkvk, (6)

where

fk =

(
ψk

Tα+1Eα,α+2(−µkTα)
− T 1−δEα,2−δ(−µkTα)
Tα+1Eα,α+2(−µkTα)

φk

)
(1 + γλk)

and ψk, φk are the Fourier coefficients of the functions ψ and φ respectively.

Keywords: Cauchy problems, the Hilfer derivatives, inverse problems.
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Inverse problem for the subdiffusion equation with fractional
Caputo derivative

Ravshan ASHUROV1,a, Marjona SHAKAROVA2,b

Institute of Mathematics, Uzbekistan Academy of Science, Student Town str.,100174, Tashkent,
Uzbekistan

E-mail: aashurovr@gmail.com, bshakarova2104@gmail.com

Let ρ ∈ (0, 1] be a fixed number. Consider the following initial-boundary value problem
Dρ
t u(x, t)−∆u(x, t) = f(x)g(t), x ∈ Ω, t ∈ (0, T ],

u(x, t)|∂Ω = 0,

u(x, 0) = φ(x), x ∈ Ω.

(1)

Here f(x), g(t) and φ(x) are continuous functions in the domain Ω ⊂ RN and Dρ
t stands for

the Caputo fractional derivative.
The main purpose of this study is the inverse problem of determining the right-hand side

of the equation, namely function f(x). To solve the inverse problem, we consider an additional
condition of the following form:

u(x, t0) = ψ(x), x ∈ Ω, (2)

where t0 is a given fixed point of the segment (0, T ].
In order to prove the existence of solutions of forward and inverse problems, it is necessary

to study the convergence of the following series:

∞∑
k=1

λτk|hk|2, τ >
N

2
, (3)

where hk are the Fourier coefficients of function h(x). In the case of integers τ , by V.A. Il’in,
conditions are obtained for the convergence of such series in terms of the membership of function
h(x) in the classical Sobolev spaces W k

2 (Ω). To formulate these conditions, we introduce the
class Ẇ 1

2 (Ω) as the closure in the W 1
2 (Ω) norm of the set of all functions that are continuously

differentiable in Ω and vanish near the boundary of Ω.
The theorem of V.A. Il’in [1] states that, if function h(x) satisfies the conditions

h(x) ∈ W

[
N
2

]
+1

2 (Ω) and h(x),∆h(x), ....,∆

[
N
4

]
h(x) ∈ Ẇ 1

2 (Ω), (4)

then the number series (3) converges. Similarly, if in (3) we replace τ by τ + 2, then the
convergence conditions will have the form:

h(x) ∈ W

[
N
2

]
+3

2 (Ω) and h(x),∆h(x), ....,∆

[
N
4

]
+1h(x) ∈ Ẇ 1

2 (Ω). (5)

Lemma 1. Let ρ = 1, g(t) ∈ C1[0, T ] and g(t0) ̸= 0. Then there exists a number k0 such
that, starting from the number k ≥ k0, the following estimates hold:

C0

λk
≤ |bk,1(t0)| ≤

C1

λk
,

where

bk,1(t0) =

t0∫
0

e−λksg(t0 − s)ds
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and constants C0 and C1 > 0 depend on k0 and t0.
Lemma 2. Let ρ ∈ (0, 1), g(t) ∈ C1[0, T ] and g(0) ̸= 0. Then there exist numbers m0 > 0

and k0 such that, for all t0 ≤ m0 and k ≥ k0, the following estimates hold:

C0

λk
≤ |bk,ρ(t0)| ≤

C1

λk
,

where

bk,ρ(t0) =

t0∫
0

g(t0 − s)sρ−1Eρ,ρ(−λksρ)ds

and constants C0 and C1 > 0 depend on m0 and k0.
Let N = Kρ ∪ K0,ρ, where N is the set of all natural numbers. Kρ and K0,ρ are sets such

that: if bk,ρ(t0) ̸= 0, k ∈ Kρ, otherwise, if bk,ρ(t0) = 0, then k ∈ K0,ρ.
Theorem 1. Let ρ ∈ (0, 1], g(t) ∈ C[0, T ] and g(t) ̸= 0, t ∈ [0, T ]. Moreover let function

φ(x) satisfy condition (4) and ψ(x) satisfy condition (5). Then there exists a unique solution
of the inverse problem (1)-(2).

Theorem 2. Let function φ(x) satisfy condition (4) and ψ(x) satisfy condition (5). Further,
we will assume that for ρ = 1 the conditions of Lemma 1 are satisfied, and for ρ ∈ (0, 1), the
conditions of Lemma 2 are satisfied and t0 is sufficiently small. If set K0,ρ is empty, i.e.
bk,ρ(t0) ̸= 0, for all k, then there exists a unique solution of the inverse problem (1)-(2). If set
K0,ρ is not empty, then for the existence of a solution to the inverse problem, it is necessary
and sufficient that the following conditions

ψk = φkEρ(−λkt0), k ∈ K0,ρ,

be satisfied. In this case, the solution to the problem (1)-(2) exists, but is not unique.

Keywords: forward and inverse problems, the Caputo derivatives, Fourier method.
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A numerical method for solving boundary value problem for
Volterra-Fredholm integro-differential equations
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We consider the system of Volterra-Fredholm integro-differential equations with degenerate
kernels

dx

dt
= A(t)x+

m∑
k=1

φk(t)

T∫
0

ψk(s)x(s)ds+
m∑
k=1

ϕk(t)

t∫
0

χk(s)x(s)ds+ f(t), t ∈ (0, T ), (1)

with boundary condition
Bx(0) + Cx(T ) = d, d ∈ Rn, (2)

where the matrices A(t), φk(t), ϕk(t), ψk(s), χk(s), k = 1,m and vector f(t) are continuous on
[0, T ].
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A solution to problem (1), (2) is a vector function x(t), continuous on [0, T ] and continuously
differentiable on (0, T ). It satisfies the integro-differential equation (1) and boundary condition
(2).

Many questions of physics and technology lead to the study of integro-differential equations.
Integro-differential equations of mixed type contain integral terms of Volterra and Fredholm,
also called Volterra-Fredholm integro-differential equations. Many problems in biology, chem-
istry and mechanics lead to the Volterra-Fredholm integro-differential equations [1], [2].

In the present paper, the results of article [3] are extended to the two-point boundary value
problem for the system of Volterra-Fredholm integro-differential equations with degenerate ker-
nels (1), (2). Using the algorithms of the Dzhumabaev parametrization method [4], a numerical
approach for solving problem (1), (2) is proposed.
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Szegö type factorization of Haagerup noncommutative Hardy spaces
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Astana IT University, Astana, Kazakhstan
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We studied the Szegö type factorization for the non-tracial case and extended the Szegö type
factorization in [2].

Let M be a σ-finite von Neumann algebra equipped with a normal faithful state φ, and let
A be a maximal subdiagonal algebra of M.

Lemma 1. Let h ∈ H1(A) and [DE(h)]1 = L1(D). If x, y ∈ L2(M) satisfy xy = h, then
there is an isometry u ∈ M such that u∗y, xu ∈ H2(A), E(xuu∗y) = E(h).

Lemma 2. Let 1 ≤ r ≤ ∞, 2 ≤ p, q ≤ ∞ and 1
r
= 1

p
+ 1

q
. Suppose that h ∈ Hr(A) and

[DE(h)]r = Lr(D). If x ∈ Lp(M), y ∈ Lq(M) satisfy xy = h, then there is an isometry u ∈ M
such that u∗y ∈ Hq(A), xu ∈ Hp(A), E(xuu∗y) = E(h).

Theorem 1. Let 1 ≤ r ≤ ∞, 2 ≤ p, q ≤ ∞ and 1
r
= 1

p
+ 1

q
. If h ∈ Hr(A) and

[DE(h)]r = Lr(D), then there are h1 ∈ Hq(A), h2 ∈ Hp(A) such that E(h) = E(h1)E(h2) and
∥h∥r = ∥h1∥p∥h2∥q.

Theorem 2. Let M be finite. Suppose 0 < r, p, q ≤ ∞ satisfy 1
r
= 1

p
+ 1

q
and let

h ∈ Hr(A) satisfy [DE(h)]r = Lr(D). If x ∈ Lp(M), y ∈ Lq(M) satisfy xy = h, then there is
an unitary u ∈ M such that u∗y ∈ Hq(A), xu ∈ Hp(A).
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The weighted Hölder spaces generated
by the problems for the parabolic equations
with incompatible initial and boundary data

Galina BIZHANOVA

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
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When we study the boundary value problems for the parabolic equations in the Hölder
spaces we require the fulfillment of the compatibility of the initial and boundary data. This
guarantee the continuity of the solution and all its admissible derivatives in the closure of
domain. Let the problem is the mathematical model of physical process. If the process is
continuous, then the compatibility of the initial and boundary data is fulfilled. If the given
functions and coefficients of the problem have jumps, then the initial and boundary data are
not compatible, but the process can pass.

The incompatibility of the data leads th the appearance of the singular solutions. In [1]
– [4] there were found these singular solutions in the explicit form of the problems for the
heat equations with constant coefficients. If we consider the problems for the parabolic equa-
tions with variable coefficients, we should study the solutions in the weighted spaces. The

weighted Hölder space with the weight t1/2 eδ0
x2

t , δ0 > 0, was determined to solve the first
one–dimensional boundary value problem [5], here x > 0 is the distance from the point x to the
boundary x = 0. G. Liberman studied the problems in [6] in the weighted Hölder space with
the parabolic weight (x2+ t)1/2. The relation between these two weighted spaces is established.
It is proved that the solution of the problem is represented in the sum of the Hölder function
and the singular functions belonging to the Hölder weighted space, the number of them equals
the number of the incompatibility of the initial and boundary data.

Funding: The author is supported by the grant no. AP14871251 of the Ministry of Education and Science of Republic
of Kazakhstan.
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uniqueness, estimates of the solution.
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On the embedding of the space of generalized fractional-maximal
functions in rearrangement-invariant spaces

Nurzhan BOKAYEV1,a, Amiran GOGATISHVILI2,b, Azhar ABEK3,c
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The space of generalized fractional-maximal functions is determined. The question of em-
bedding such a space in permutation-invariant spaces is considered.

Definition 1. Let R ∈ (0;∞]. A function Φ : (0;R) → R+ belongs to the class Bn(R) if
the following conditions hold: Φ decreases and is continuous on (0;R); there exists a constant
C ∈ R+ such that

r∫
0

Φ(ρ)ρn−1dρ ≤ CΦ(r)rn, r ∈ (0, R).

Let Φ : R+ → R. The generalized fractional-maximal function MΦf is defined for the
function f ∈ E(Rn) ∩ Lloc1 (Rn) by the equality

(MΦf)(x) = sup
r>0

Φ(r)

∫
B(x,r)

|f(y)|dy,

where B(x, r) is a ball with the center at the point x ∈ Rn and radius r.
In the case Φ(r) = rα−n, α ∈ (0;n) we obtain the classical fractional-maximal function

Mαf .
Let E is rearrangement-invariant space (briefly: RIS [1]). We introduce the space of gen-

eralized fractional maximal functions MΦ
E = MΦ

E (R
n) as the set of the functions u, for which

there is a function f ∈ E(Rn) such that

u(x) = (MΦf)(x),

∥u∥MΦ
E
= inf{∥f∥E : f ∈ E(Rn), MΦf = u}.

Let f ∗ be a decreasing rearrangement of f ([1]). We consider the following cone of decreasing
rearrangements of generalized fractional maximal functions equipped with functional:

K1 ≡ KMΦ
E := {h ∈ L+(R+) : h(t) = u∗(t), t ∈ R+, u ∈MΦ

E},

ρK1(h) = inf{∥u∥MΦ
E
: u ∈MΦ

E ; u
∗(t) = h(t), t ∈ R+}.

Let E ′ is the associated RIS, Ẽ and Ẽ ′ are their Luxemburg representations, i.e. RIS such
that ∥f∥E = ∥f ∗∥Ẽ, ∥g∥E′ = ∥g∗∥Ẽ′ [1] .

In the following Theorem 1 we give the criterion for embedding the space of generalized
fractional maximal functions in rearrangement invariant spaces X(Rn).

Theorem 1. Let Φ ∈ Bn(∞). The embedding

MΦ
E (Rn) ↪→ X(Rn)

is equivalence to the embedding

K1M
Φ
E (R+) 7→ X̃(R+)).

Theorem 2. Let Φ ∈ Bn(∞). The optimal RIS X0 = X0(Rn) for embedding

MΦ
E (Rn) ↪→ X(Rn)
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is defined by following norm:

∥f∥X̃0(0,∞) = sup
g∗

{ ∞∫
0

f ∗(τ)g∗(τ)dτ : g ∈ L0(0,∞), sup
t∫
0

h(s)ds≤
t∫
0

g∗(s)ds

∥∥ ∞∫
t

Φ(s1/n)sh(s)ds
∥∥
E′ ≤ 1

}
.

Note that in the works [2, 3, 4] the generalized Riesz potential was considered using the
convolution operator:

Af(x) = (G ∗ f)(x) = 2π−n/2
∫
Rn

G(x− y)f(y)dy.
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Local and blowing up solutions to a nonlinear time-space fractional
diffusion equation
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In the present paper, we study the Cauchy-Dirichlet problem to a nonlocal nonlinear diffu-
sion equation with polynomial nonlinearities

Dα
0|tu+ (−∆)spu = γ|u|m−1u+ µ|u|q−2u, γ, µ ∈ R, m > 0, q > 1,

involving time-fractional Caputo derivative Dα
0|t of order α ∈ (0, 1) given by (see [1])

Dα
0|tu(t) = I1−α0|t

d

dt
u(t) =

1

Γ(1− α)

t∫
0

(t− s)−αu′ (s) ds, ∀t ∈ (0, T ]

and space-fractional p-Laplacian operator (−∆)sp, for s ∈ (0, 1), p > 1 defined by

(−∆)spu(x) = CN,s,p P.V.

∫
RN

|u(x)− u(y)|p−2(u(x)− u(y))

|x− y|N+sp
dy,

where CN,s,p =
sp22s−2

π
N−1

2

Γ(N+sp
2

)

Γ( p+1
2

)Γ(1−s) is a normalization constant and ”P.V.” is an abbreviation for

”in the principal value sense” (see [2]).
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We give a simple proof of the comparison principle for the considered problem using purely
algebraic relations, for different sets of γ, µ,m and q.

The Galerkin approximation method is used to prove the existence of a local weak solution.
The blow-up phenomena, existence of global weak solutions and asymptotic behavior of global
solutions are classified using the comparison principle.
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Tricomi problem for mixed parabolic-hyperbolic equation with
non-classical boundary condition
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We consider the mixed parabolic-hyperbolic type equation

Lu =

{
ux − uyy, y > 0,

uxx − uyy, y < 0,
= f(x, y) in Ω, (1)

where Ω is a simple connected domain, located in the plane of independent variables x and y,
bounded by y > 0 with segments AA0, BB0, A0B0, where A(0, 0), B(1, 0), A0(0, 1), B0(1, 1)
and by y < 0 with characteristics AC : x+ y = 0, BC : x− y = 1 of the equation (1).

We use the following notations: Ω1 = Ω ∩ (y > 0), Ω2 = Ω ∩ (y < 0).
Problem T. Find a function u(x, y) with the following properties:

1. u(x, y) ∈ C1(Ω) ∩ C1,2
x,y(Ω1) ∩ C2(Ω2);

2. u(x, y) satisfies equation (1) in Ω1 and Ω2;

3. u(x, y) satisfies the following boundary conditions:

u(x, y)|AA0 = ψ(y), 0 ≤ y ≤ 1, (2)

(ux(x, y) + auy(x, y))|A0B0
= 0, (3)

u(x, y)|AC = 0, (4)

where a is a positive number, f, ψ are given functions with the necessary smoothness.
In the case a = 0, the condition (3) will be equivalent to the condition u(x, y)|A0B0 = ψ(1).

In this case, the problem T coincides with the well-known Tricomi problem. Thus, we call the
problem T an analogue of the Tricomi problem.

The boundary condition (3) are observed during the cooling process of a thin solid rod, one
end of which is in contact with a liquid [1]. Another possible application of such boundary
condition is mentioned in [2] as modeling a boundary reaction during chemical diffusion, where
the term dux(1, t) represents the diffusion transfer of materials to the boundary.

In this paper the conditions for the correctness of the formulated Tricomi (1)-(4) problem
are found.
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Spectrum of the perturbed Laplace-Beltrami operator
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Let S2 be the two-dimensional sphere of the Euclidean space R3. Choose [1] a fixed reversible
self-adjoint Laplace-Beltrami operator B0 = B∗

0 = I −∆S2 acting in the Hilbert space L2(S
2).

The domain of definition of this operator is denoted as W 2
2 (S

2) ⊂ L2(S
2). We formulate

new correlatively solvable problems for the operator (I −∆S2) on the punctured sphere S2
0 =

S2\{x0}. Here x0 is a fixed point in S2 [2,3]. For x0 ∈ S2 there is a finite set of elements
{ψ0(x), ψ1(x), ψ2(x)} defined as follows:

ψ0(x) = ε(x, t), ψ1(x) =
∂

∂t1
ε(x, t), ψ2(x) =

∂

∂t2
ε(x, t),

where x ∈ S2
0 .

Let h(t) be an arbitrary element of the classW 2
2,U(S

2
0). Then the function h(x) is represented

as the following:

h(x) = g(x)− α0ψ0(x)− α1ψ1(x)− α2ψ2(x), (1)

where g(x) is some smooth function of the spaceW 2
2 (S

2), α0, α1, α2 are some complex numbers.
Moreover, representation (1) is unique.

Theorem 1. Let γ0, γ1, γ2 be an arbitrary set of linear functionals on the space L2(S
2).

Then for any f ∈ L2(S
2) the following problem

B0Jh(x) = f(x), x ∈ S2
0 , Uk(h) = γk(B0Jh), k = 0, 1, 2 (2)

has a unique solution of the class W 2
2,U(S

2
0). The operator corresponding to problem (2) will be

denoted by Bγ.
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Global existence and blow-up of solutions to porous medium
equation and pseudo-parabolic equation for Baouendi-Grushin

operator
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In this talk, we discuss a global existence and blow-up of the positive solutions to the initial-
boundary value problem of the nonlinear porous medium equation and the nonlinear pseudo-
parabolic equation for the Baouendi-Grushin operator. Our proof is based on the Poincaré
inequality from the paper [1] for the Baouendi-Grushin operator and the concavity argument.

This talk is based on the joint research with Michael Ruzhansky (Ghent University, Bel-
gium).

Funding: This research is funded by the Science Committee of the Ministry of Science and Higher Education of the
Republic of Kazakhstan (Grant No. AP14972714).

Keywords: Hardy inequalities, Baouendi-Grushin operator, factorization method.

2020 Mathematics Subject Classification: 35K91, 35B44, 35A01

References
[1] D. Suragan, N. Yessirkegenov. Sharp remainder of the Poincaré inequality for Baouendi–Grushin vector fields,
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We consider the following boundary value problem for loaded hyperbolic equations with
mixed derivatives:

∂2u

∂x∂t
= A(x, t)

∂u

∂x
+ A0(x, t)

∂u

∂x

∣∣∣∣
x=x0

+ f
(
x, x0, t, u,

∂u

∂t

)
, (1)

u(x, 0) = u(x, T ), x ∈ [0, ω], (2)

u(0, t) = ψ(t), t ∈ [0, T ], (3)

Here f : Ω × R2 → R, -continuous on Ω̄, ψ(t)− and satisfies the condition ψ(0) = ψ(T ).
Functions A(x, t), A0(x, t) are continuous on Ω̄, x0 is the load point.

A function u(x, t) ∈ C(Ω), that has partial derivatives
∂u(x, t)

∂x
,
∂u(x, t)

∂t
,
∂2u(x, t)

∂x∂t
∈ C(Ω),

is called a solution of problem (1)-(3), if it satisfies equation (1) for all (x, t) ∈ Ω, take the
value ψ(t), t ∈ [0, T ] on the characteristic x = 0 and has equal values on the characteristics
t = 0, t = T for all x, x0 ∈ [0, ω].

Nonlinear hyperbolic equations with loading arise in various fields such as hydromechanics,
acoustics and geophysics. The study of these equations is important for understanding the
behavior of physical systems and developing numerical methods for solving them. One of the
important classes of solutions to these boundary value problems are isolated solutions. The
existence of isolated solutions is not always guaranteed, and determining the conditions for
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their existence is a difficult task. Over the years, many researchers have studied the topic of
sufficient conditions for the existence of an isolated solution of the boundary value problem for
a nonlinear loaded hyperbolic equation. These conditions depend on several factors such as
the equation’s properties, the boundary conditions, and the loading, and may involve various
functional spaces and analytical techniques. The study of these conditions has led to significant
progress in the theory of nonlinear hyperbolic equations and has motivated the development of
new numerical methods.

Several authors have contributed to this research area, and their work has provided impor-
tant insights into the topic. Some of the notable works include papers by L. V. Kantorovich,
G. M. Fikhtengol’ts, V. A. Solonnikov, S. D. Eidelman, S. A. Lomov, A. V. Bitsadze, O. A. La-
dyzhenskaya [1], Nakhushev A.M.[2], among others. Also, boundary value problems for loaded
differential equations have been studied by many authors [3-5].

In this paper, researched sufficient conditions for the existence of an ”isolated” solution of
a boundary value problem for a nonlinear loaded hyperbolic equation are studied.
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A multipoint problem for impulsive systems of essentially loaded
differential equations
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We consider the following linear multi-point boundary value problem for systems of essen-
tially loaded differential equations with impulse effect:

dx

dt
= A0(t)x+

m∑
i=1

Mi(t) lim
t→θi+0

ẋ(t) + f(t), t ∈ (0, T ), (1)

m+1∑
j=0

Djx(θj) = d, d ∈ Rn, x ∈ Rn, (2)

Bi lim
t→θi−0

x(t)− Ci lim
t→θi+0

x(t) = φi, φi ∈ Rn, i = 1,m. (3)

Here (n × n) -matrices A0(t), Mi(t) (i = 1,m), and n-vector-function f(t) are piecewise con-
tinuous on [0, T ] with possible discontinuities of the first kind at the points t = θi, (i = 1,m);
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Dj, (j = 0,m+ 1), Bi and Ci, (i = 1,m) are constant (n× n)-matrices, and φi, (i = 1,m) and
d are constant n vectors, 0 = θ0 < θ1 < θ2 < . . . < θm−1 < θm < θm+1 = T .

A solution to problem (1)–(3) is a piecewise continuously differentiable vector function x(t)
on [0, T ] which satisfies the system of essentially loaded differential equations (1) on [0, T ] except
the points t = θi, (i = 1,m), the condition (2), and conditions of impulse effects at the fixed
time points (3).

Many important problems of mathematical physics and mathematical biology lead to boun-
dary-value problems for loaded equations [1]. Problems for essentially loaded differential equa-
tions with impulse effects and methods for finding their solutions considered in [2, 3]. These
problems arise when modeling various processes of natural science.

In the present paper, a linear multi-point boundary value problem for systems of essentially
loaded differential equations with impulse effect is investigated. The Dzhumabaev parameteri-
zation method [4] is used for solving this problem. A numerical algorithm is offered for solving
the considering problem.

Funding: This research has been funded by the Committee of Science of the Ministry of Science and Higher Education
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Caffarelli-Kohn-Nirenberg type inequalities with remainder terms

Madina KALAMAN

Suleyman Demirel University, Kaskelen, Kazakhstan

E-mail: 211101011@stu.sdu.edu.kz

Inspired by the recent work [1], in this talk we discuss Caffarelli-Kohn-Nirenberg type in-
equalities with remainder terms. For this, we first obtain a weighted Hardy identity that implies
an improved Hardy inequality. In particular case, we get an improvement version of the classical
Caffarelli-Kohn-Nirenberg inequality. Moreover, the constants are obtained in explicit forms.

This talk is based on the joint research with Nurgissa Yessirkegenov (Suleyman Demirel
University, Kazakhstan).
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Hardy-type inequalities for a class of iterated operators

Aigerim KALYBAY1,a, Ryskul OINAROV2,b

1 KIMEP University, Almaty, Kazakhstan
2 L.N. Gumilyov Eurasian National University, Astana, Kazakhstan

E-mail: akalybay@kimep.kz, bo ryskul@mail.ru

Let I = (0,∞), 1 < p, q <∞ and 0 < θ <∞. Suppose that u, v and w are weight functions,

i.e., positive functions measurable on I. Moreover, ∥f∥p,v ≡ ∥vf∥p =
( ∞∫

0

v(t)|f(t)|pdt
) 1

p

is the

norm of the Lebesgue space Lp,v(I) ≡ Lp(v, I).
For f ≥ 0 we consider the following Hardy-type inequality:

∥Kf∥q,u ≤ C∥f∥p,v, (1)

where

Kf(x) =

( x∫
0

w(t)

( t∫
0

f(s) ds

)θ
dt

) 1
θ

.

In 2013, in the paper [1], it was proved that the boundedness of the multidimensional Hardy
operator from a Lebesgue space to a Morrey-type space is equivalent to the validity of inequality
(1). Motivated by this connection with Morrey-type spaces, in the last decade inequality (1)
have been studied in many works.

The main result reads:
Theorem 1. Let 1 < q < min{p, θ} <∞. Then inequality (1) holds if and only if

B =

( ∞∫
0

( ∞∫
z

u(x)

( x∫
z

w(t)dt

) q
θ

dx

) p
p−q
( z∫

0

v1−p
′
(s) ds

) p(q−1)
p−q

v1−p
′
(z)dz

) p−q
pq

<∞.

Moreover, C ≈ B, where C is the best constant in (1).
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Inverse problem for Kelvin-Voigt equations with memory
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Let Ω be a bounded domain in Rd, d ≥ 2, with a smooth boundary ∂Ω. QT = Ω×(0, T ), T <
∞ is a bounded cylinder with ΓT = ∂Ω× [0, T ]. This work deals with the recovering of a time-
dependent source function f(t), velocity field u and a pressure p from the following system of
integro-differential Kelvin-Voigt equations governing flows of incompressible viscoelastic fluids

ut − κ∆ut − ν∆u+ (u · ∇)u−
t∫

0

K(t− s)∆u(x, s)ds+∇p = f(t)g(x, t) in QT ,
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div u(x, t) = 0 in QT ,

supplemented with the initial condition

u(x, 0) = u0(x) in Ω,

the boundary condition
u(x, t) = 0 on ΓT ,

and the integral overdetermination condition∫
Ω

uωdx = e(t), t ∈ [0, T ],

where, g(x, t), K(t),u0(x), ω(x), e(t) are given functions, ν and κ > 0 are coefficients of the
kinematic viscosity and relaxation of the fluids. In this work, we establish the issues of local
and global in time existence and uniqueness of weak and also strong generalized solutions.

Funding: This research work has been funded by Grant number AP09057950 the Ministry of Education and Science of
the Republic of Kazakhstan (MES RK), Kazakhstan.
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An Inverse problem for pseudoparabolic equation with memory

Khonatbek KHOMPYSHa, Moldir SHAZYNDAYEVAb

Al-Farabi Kazakh National University, Almaty, Kazakhstan

E-mail: akonat k@mail.ru, bmoldir.trz@gmail.com

In this work, we consider the following inverse problem for the pseudoparabolic equation
with memory

yt (x, t)− αyxx (x, t)− βyxxt (x, t)−
t∫

0

K(t− τ)yxx(x, τ)dτ = f(x)g(x, t) + h(x, t), (1)

(x, t) ∈ QT := (0, l)× [0, T ],

which supplemented with the initial condition

y (x, 0) = y0 (x) , x ∈ [0, l], (2)

the boundary conditions
y (0, t) = y (l, t) = 0, t ∈ [0, T ], (3)

and with the final overdetermination condition

y (x, T ) = a (x) , x ∈ [0, l]. (4)

The studying of inverse problem consists of finding of the functions y(x, t) and a coefficient
of right-hand side f(x) from the system (1)-(4) under the given constants α, β and the given
functions y0(x), a(x), g(x, t), h(x, t), and K(t). In this talk, we study the questions of existence,
uniqueness and the stability of a strong generalized solution.

Funding: This work was partially supported by the Grant AP19676624.
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A maximum principle for time-fractional diffusion equation with
memory

Samat MAMBETOV

Al-Farabi Kazakh National University, Almaty, Kazakhstan
Khoja Akhmet Yassawi International Kazakh–Turkish University,

Turkistan, Kazakhstan

E-mail: samat.mambetov@ayu.edu.kz

In the present paper, we consider the following time-fractional diffusion equation with mem-
ory

∂α0|tu(x, t) =
∂2

∂x2
Iβ0|tu(x, t) + F (x, t) in (0, a)× (0, T ], (1)

supplemented with the initial and boundary conditions

u(x, 0) = ϕ(x) on [0, a], (2)

u(0, t) = ψ1(t), u(a, t) = ψ2(t) for 0 ≤ t < T, (3)

since a and T are real numbers that are positive, the functions F , ϕ, ψ1 and ψ2 are continuous in
a way that ϕ(0) = ψ1(0) and ϕ(a) = ψ2(0). Here, I

β
0|t is the Riemann-Liouville fractional integral

of order β > 0, defined as (see [1])

Iβ0|tu(x, t) =
1

Γ (β)

t∫
0

(t− s)β−1u (x, s) ds, t ∈ (0, T ],

and ∂α0|t = I1−α0|t
∂
∂t
u(x, t) is the left Caputo fractional derivative with α ∈ (0, 1).

The purpose of this paper is to study the maximum principle of linear fractional diffusion
equation (1)-(3).

Funding: This research has been funded by the Science Committee of the Ministry of Education and Science of the
Republic of Kazakhstan (Grant No. AP09259578).
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lem.

2010 Mathematics Subject Classification: 35B50, 26A33, 35R11.

References
[1] Kilbas A. A., Srivastava H. M., Trujillo J.J. Theory and Applications of Fractional Differential Equations, North-

Holland Mathematics Studies (2006).

Compactness of commutators for Riesz potential on Local
Morrey-type spaces
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The paper considers Morrey-type local spaces from LMw
pθ The main work is the proof of the

commutator compactness theorem for the Riesz potential [b, Iα] in local Morrey-type spaces
from LMw1

pθ to LMw2
qθ . In this paper we consider the Riesz Potential in the following form

Iαf(x) =
∫
Rn

f(y)
|x−y|n−αdy, The Riesz Potential Iα plays an important role in the harmonic anal-

ysis and theory of operators. For a function b ∈ Lloc(Rn) by Mb denote multiplier opera-
tor Mbf = bf , where f - measurable function. Then the commutator between Iα and Mb
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is defined by [b, Iα] = MbIα − IαMb =
∫
Rn

[b(x)−b(y)]f(y)
|x−y|n−α dy. The commutators for Riesz Po-

tential were investigated. It is said that the function b(x) ∈ L∞(Rn) belongs to the space
BMO(Rn), if ∥b∥∗ = supQ⊂Rn

1
|Q|

∫
Q

|b(x)− bQ| dx = supQ∈Rn M(b,Q) < ∞, where Q - cube Rn

and bQ = 1
|Q|

∫
Rn

f(y)dy. By VMO(Rn) we denote the BMO-closure C∞
0 (Rn), where C∞

0 (Rn)

the set of all functions from C∞(Rn) with compact support. Through the χ(A) denotes the
characteristic function of the set B ⊂ Rn, and cA denotes the complement of A.

Theorem 1. Let 1 < p ≤ q < ∞, 0 < α < n and b ∈ VMO(Rn). 1 < p < n
α

1
q
= 1

p
− α

n
,

w1, w2 ∈ Ωθ satisfy the conditions
∥∥∥w2(r)

(
r
t+r

)n
p

∥∥∥
Lθ(0,∞)

≤ ∥w1(r)∥Lθ(t,∞),

A∗
0 := supt>0(

∫∞
t

∫∞
τ
(1 + ln τ

r
)drw(τ)dτ)

1
q [
∫∞
t
v(t)dv]−

1
p ,

A∗
1 := supt>0W

1
q (t)(

∫∞
t
(U∗(τ)
V∗(τ)

)p
′
v(τ)dτ)

1
p′ < ∞. Then the commutator [b, Iα] is a compact

operator from LMw1
pθ to LMw2

pθ .
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Multidimensional Hardy inequality and applications

Kairat MYNBAEV

Kazakh-British Technical University, Almaty, Kazakhstan

E-mail: k mynbayev@ise.ac

We report a series of results on the Hardy inequality and its applications. They hold for
a Hardy type operator generated by a family of subsets {Ω (t) : t ≥ 0} of an open set Ω in
a Hausdorff topological space X. The condition on this family will be stated in full. The
conditions on the subsets are based on the following observation. In the classical case one can
notice that the subdomain Ω (t) = (0, t) of Ω = (0,∞) has ω (t) = t as the boundary in the
relative topology and that Ω (t) = {s ∈ Ω : ω (s) < ω (t)} .

Sinnamon [1] considered the Hardy inequality under similar conditions. His method consists
in reducing the multidimensional problem to a one-dimensional and requires one additional step
to write out the conditions in terms of original weights and measures. Our method is direct.
We develop two approaches. One derives from Prokhorov [2] and the other is elementary, based
on binary partitions. For the lack of space, we formulate just one of the main statements. For
the applications, we only mention their one-dimensional predecessors.

We write A ≍ B to mean that c1A ≤ B ≤ c2A with constants c1, c2 that do not depend
on weights and measures. Let Ω be an open subset of a Hausdorff topological space X with
σ-additive measures µ, ν. The measures are defined on a σ-algebra M that contains the Borel-
measurable sets.

Assumption. a) {Ω(t) : t ≥ 0} is a one-parametric family of open subsets of Ω which
satisfy monotonicity: for t1 < t2, Ω(t1) is a proper subset of Ω(t2).

b) Ω(t) start at the empty set and eventually cover almost all Ω: Ω(0) = ∩t>0Ω(t) =
∅, ν (Ω\ ∪t>0 Ω(t)) = 0.

c) Further, denote ω(t) = Ω(t) ∩ (Ω\Ω(t)) the boundary of Ω(t) in the relative topology.
We require the boundaries to be disjoint and cover almost all Ω: ω(t1) ∩ ω(t2) = ∅, t1 ̸=
t2, ν(Ω\ ∪t>0 ω(t)) = 0.

d) Passing to a different parametrization, if necessary, we can assume that
ν (Ω\ ∪t≤N ω(t)) > 0 for any N <∞.
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It follows that for ν-almost each y ∈ Ω there exists a unique τ(y) > 0 such that y ∈ ω(τ(y)),
which allows us to define

Tf(y) =

∫
Ω(τ(y))

fdν, y ∈ Ω,

for any non-negative M-measurable f. (A more general definition of a Hardy-type operator is
given in [3].) We denote by C the least constant in the inequality(∫

Ω

(Tf)q udµ

)1/q

≤ C

(∫
Ω

fpvdν

)1/p

.

For 1 < p ≤ q <∞ let

Ψ(t) =

(∫
Ω\Ω(t)

udµ

)1/q (∫
Ω(t)

v−p
′/pdν

)1/p′

.

In case 0 < q < p, 1 < p <∞ put 1/r = 1/q − 1/p and

Φ(y) =

(∫
Ω\Ω(τ(y))

udµ

)1/p(∫
Ω(τ(y))

v−p
′/pdν

)1/p′

.

Theorem. 1) If 1 < p ≤ q <∞, then A ≤ C ≤ 4A where A = supt>0Ψ(t).

2) If 1 < p <∞ and 0 < q < p, then C ≍ B, where B =
(∫

Ω
Φrudµ

)1/r
.

In both cases we also have compactness statements.
Application 1. Heinig and Sinnamon (1998) obtained a criterion for the boundedness of∫ b(x)

a(x)
fdν where the functions a, b are non-negative, increasing, continuous and satisfy a (0) =

b (0) , a (x) < b (x) for x ∈ (0,∞) , a (∞) = b (∞) = ∞.
Application 2. Sawyer (1990) and Stepanov (1993) considered

∫ x
0
fdν on the cones of

non-increasing functions and non-decreasing functions, resp.
Application 3. Sawyer (1990) found a condition for the boundedness of 1

x

∫ x
0
fdν.
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An algorithm for solving a periodic boundary value problem for
impulsive Fredholm integro-differential equations
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The periodic boundary value problem for impulsive Fredholm integro-differential equations
is considered

dx

dt
= A(t)x+

k∑
l=1

∫ T

0

φl(t)ψl(s)x(s)ds+ f(t), t ∈ (0, T ) \ {θj}, j = 1,m, x ∈ Rn, (1)
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(θ0 = 0 < θ1 < . . . < θm < θm+1 = T ),

x(0) = x(T ), (2)

∆x(θj) =

j−1∑
i=0

dijx(θi + 0), j = 1,m, (3)

where ∆x(θj) = x(θj + 0) − x(θj − 0), the square matrices A(t), φl(t), ψl(t) of order n are
continuous on [0, T ], f(t) is piecewise continuous on [0, T ], with the possible exception of the
points t = θj, j = 1,m, the square matrices dij of order n are constant.

Denote by PC([0, T ], Rn, {θj}mj=1) the space of piecewise continuous functions x : [0, T ] → Rn

continuous on [θp−1, θp), p = 1,m+ 1, with the norm ||x||1 = sup
t∈[0,T ]

||x(t)||.

A solution to problem (1)-(3) is defined as a piecewise continuously differentiable function
x(t) ∈ PC([0, T ], Rn, {θj}mj=1) on (0, T ) satisfying the integro-differential equation (1), the
periodic condition (2), and the impulsive input conditions (3).

In [1], the Dzhumabaev parametrization method [2] was applied to a linear boundary value
problem for the impulsive Fredholm integro-differential equation to establish necessary and
sufficient conditions for the solvability. These conditions were derived in the terms of a matrix
which was constructed via the fundamental matrix of the differential part of equation and the
resolvent of an auxiliary Fredholm integral equation.

In the communication, problem (1)-(3) is investigated and an algorithm for solving this
problem is proposed.
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On the best constants for integral Hardy inequalities on
homogeneous Lie groups
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E-mail: imangali.oryngaliyev@gmail.com

The well-known fact that for Lp spaces with 0 < p < 1, the Hardy inequality is not satisfied
for arbitrary non-negative functions but is satisfied for non-negative monotone functions. The
sharp constant was found in the Hardy-type inequality for non-negative monotone functions,
and this statement was proved in work by Burenkov [1].

In [2], the study of Hardy inequalities was conducted on metric measure spaces that pos-
sess polar decompositions. Additionally, new weighted Hardy inequalities were presented on
homogeneous Lie groups with p = 1 and 1 ≤ q <∞.

In this work, we discuss some Hardy-type integral inequalities for 0 < p < 1 via a sec-
ond parameter q > 0 with sharp constant. These inequalities are new generalizations to the
inequalities founded in [1].

This talk is based on the joint research with Nurgissa Yessirkegenov (Suleyman Demirel
University, Kazakhstan).
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On 2× 2 positive matrices of τ-measurable operators
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We denote the set of all n× n complex matrices by Mn and by M2(Mn) the set of all 2× 2
block matrices, i.e.,

M2(Mn) =

{(
x1,1 x1,2
x2,1 x2,2

)
, xi,j ∈ Mn, i, j = 1, 2

}
.

We use the direct sum notation x⊕ y for the block-diagonal matrix

(
x 0
0 y

)
.

Let x, y ∈ Mn be Hermitian matrices such that ±y ≤ x. In general,

sj(y) ≤ sj(x), j = 1, 2, · · · , n

not holds (see [p. 121, 1]). But, Burqan and Kittaneh [1] proved that the following relation
holds.

k∏
j=1

sj(y) ≤
k∏
j=1

sj(x), k = 1, 2, · · · , n. (1)

Let (M, τ) be a semi-finite von Neumann algebra. We denote by L0(M) the set of all
τ -measurable operators and by µt(x) the generalized singular number of x ∈ L0(M). We
generalize (1) for operators in Llog+(M).

Theorem 1. The following statements are equivalent:
(i) If x, y ∈ Llog+(M) are self-adjoint operators such that ±y ≤ x, then y ≼log x.

(ii) If a, b ∈ M, x, y ∈ Llog+(M) and

(
x z
z∗ y

)
≥ 0, then

a∗zb+ b∗z∗a ≼log a
∗xa+ b∗yb.

(iii) If x, y, z ∈ Llog+(M) and

(
x z
z∗ y

)
≥ 0, then z∗ + z ≼log x+ y.

(iv) If x, y ∈ Llog+(M) are positive operators, then x− y ≼log x+ y.

(v) If x, y, z ∈ Llog+(M) and

(
x z
z∗ y

)
≥ 0, then z∗ ⊕ z ≼log x⊕ y.

Corollary The following statements are equivalent:
(i) If x, y ∈ Mn are Hermitian matrices and ±y ≤ x, then

k∏
j=1

sj(y) ≤
k∏
j=1

sj(x), k = 1, 2, · · · , n.
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(ii) If x, y, z, a, b ∈ Mn and

(
x z
z∗ y

)
≥ 0, then

k∏
j=1

sj(a
∗zb+ b∗z∗a) ≤

k∏
j=1

sj(a
∗xa+ b∗yb), k = 1, 2, · · · , n.

(iii) If x, y,∈ Mn and

(
x z
z∗ y

)
≥ 0, then

k∏
j=1

sj(z + z∗) ≤
k∏
j=1

sj(x+ y), k = 1, 2, · · · , n.

(iv) If x, y ∈ Mn are positive semi-definite matrices, then

k∏
j=1

sj(x− y) ≤
k∏
j=1

sj(x+ y), k = 1, 2, · · · , n.

(v) If x, y,∈ Mn and

(
x z
z∗ y

)
≥ 0, then

k∏
j=1

sj(z ⊕ z∗) ≤
k∏
j=1

sj(x⊕ y), k = 1, 2, · · · , n.
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Spectrum of the Hilbert transform in Lorentz spaces over R+

B.OZBEKBAYa, K.TULENOVb, M.AKHYMBEKc
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Let f be a complex-valued locally integrable function on R+. The Hilbert transform Sf of
the function f is defined by the following singular integral

(Sf)(t) :=
1

πi
P.V.

∞∫
0

f(x)

t− x
dx, (1)

where P.V. denotes the Cauchy principal value of the integral.
definition.[1. Definition 4.1] Let 0 < p ≤ ∞, 0 < q ≤ ∞. Then the Lorentz Lp,q(R+)

space is the set of all Lebesgue measurable functions f such that the functional ∥f∥Lp,q < ∞,
where
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∥f∥Lp,q =


(∞∫

0

(
t
1
pf ∗(t)

)q
dt
t

) 1
q

if 1 < p <∞, 1 ≤ q <∞,

sup
t>0

t
1
pf ∗(t) if 0 < p ≤ ∞, q = ∞.

(2)

The Lorentz space Lp,q is the generalization of the Lebesgue space Lp. If we take p = q, Lp,q
coincides with Lp and

∥f∥Lp,p = ∥f∥Lp , (f ∈ Lp). (3)

Remark. The Hilbert transform is bounded from Lp,q(R+) to Lp,q(R+) [2].
Theorem 1. Let 1 < p < ∞ and 1 < q < ∞. The Hilbert transform S maps Lp,q(R+)

space to itself. Then the spectrum of the operator S is equal to the set

σ(S) =

{
λ : λ = ±1or

1

2π
arg

λ+ 1

λ− 1
=

1

p

}
.

Moreover, for λ, which belong to the resolvent set ρ(S), we can define the resolvent operator
R(λ, S) in the following way

R(λ, S)f(x) = (λ2 − 1)−1

λf(x) + 1

πi

∞∫
0

(y
x

)w(λ)
(y − x)−1f(y)dy

 (4)

where w(λ) =
1

2iπ
log

λ+ 1

λ− 1
is holomorphic and w(∞) = 0.
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On some inequalities for positive matrix of τ measurable operators
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Let (M, τ) be a semi-finite von Neumann algebra, L0(M) be the set of all τ -measurable
operators. We studied generalized singular numbers of 2 × 2 positive matrices with entries in
L0(M). We proved the equivalence of several inequalities associated with these generalized
singular numbers and gave symmetric norm’s version of this results, i.e., we extend the related
inequalities of 2× 2 positive semi-definite block matrices in [1-5] to the 2× 2 positive matrices
of τ -measurable operators case. We prove that if y ∈ L0(M) is a self-adjoint operator, then

µt(y) ≤ µt(y+ ⊕ y−), t > 0,

where y+, y− are the positive and negative parts of y, respectively. We also prove the equiva-
lence of the corresponding inequalities and some symmetric norm inequalities.

Theorem 1. Let x, y ∈ L0(M) be self-adjoint operators such that ±y ≤ x. Then

2µt(y) ≤ µt((x+ y)⊕ (x− y)) ≤ 2µt(x⊕ x), t > 0.

Theorem 2. The following statements are equivalent:

(i) If x, y ∈ L0(M) are positive operators, then

µt(x− y) ≤ µt(x⊕ y), t > 0.
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(ii) If x, y ∈ L0(M), then

2µt(xy
∗) ≤ µt(x

∗x+ y∗y), t > 0.

(iii) If x, y, z ∈ L0(M) and

(
x z
z∗ y

)
≥ 0, then

2µt(z) ≤ µt(

(
x z
z∗ y

)
), t > 0.

(iv) If x, y ∈ L0(M) are self-adjoint operators such that ±y ≤ x, then

2µt(y) ≤ µt((x+ y)⊕ (x− y)), t > 0.

(v) If x, y ∈ L0(M) are self-adjoint operators, then

µt(x+ y) ≤ µt((x+ + y+)⊕ (x− + y−)), t > 0.

Corollary 1. Let x, y ∈ L0(M) be self-adjoint operators. Then

µt(x+ y) ≤ µt((x+ + y+)⊕ (x− + y−)), t > 0.
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Improved Rellich inequality with remainder terms

Meruert SEITKAN

Suleyman Demirel University, Kaskelen, Kazakhstan

E-mail: 211101013@stu.sdu.edu.kz

In this work we obtain Hardy and Rellich identities with remainder terms on stratified Lie
groups. By dropping non-negative terms, these identities imply Hardy and Rellich inequal-
ities. In the Euclidean case we obtain improved Hardy and Rellich inequalities. Moreover,
the constants are obtained in explicit forms. In the paper [1] similar results were obtained for
particular cases.

This talk is based on the joint research with Nurgissa Yessirkegenov (Suleyman Demirel
University, Kazakhstan).
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Critical Hardy-Sobolev identities and inequalities
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Let us recall the Badiale-Tarantello conjecture [1]:
Let x = (x′, x′′) ∈ RN × Rn−N , 2 ≤ N ≤ n and 1 ≤ p < N. Then the constant CN,p =

p
N−p in

the inequality ∥∥∥∥ f

|x′|

∥∥∥∥
Lp(Rn)

≤ CN,p ∥∇f∥Lp(Rn) (1)

is optimal for all f ∈ C∞
0 (Rn\{x′ = 0}), where |x′| is the Euclidean norm on RN and ∇ is the

standard gradient. When p < N this conjecture was proved first in [2], then recently in [3] by
a different method.

In this talk, we show the critical case p = N of the inequality (1) involving the logarithmic
weight with an optimal constant. Moreover, we discuss stability type results, critical Sobolev
type identities and higher-order versions. Interestingly, in the higher-order case, we obtain with
a constant involving the Stirling numbers of second kind.
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Strong generalised solution of the heat equation on a metric star
graph

Z.A.SOBIROV1,2,a, A.A.TUREMURATOVA1,3,b

1 National University of Uzbekistan, Tashkent, Uzbekistan
2 V.I. Romanovskiy Institute of Mathematics, Tashkent,Uzbekistan

3 Branch of Russian Economic University named after G. V. Plekhanov in Tashkent, Tashkent,
Uzbekistan

E-mail: az.sobirov@nuu.uz, bariuxanturemuratova@gmail.com

We investigate the heat conduction equation on the simple star graph. A star metric graph
Γ with n bond consists of a finite set of vertices V = {vk}nk=0 and a finite set of edges E = {ek}j1,
where the edge ek connects the vertices v0 and xk, k = overline1, n (see in [2]). By assigning the
intervalss (0, lk) to the bond ek, k = 1, n, of the graph we define the coordinates on each of the
edges. Where the vertex of the graph has a coordinate 0 in each bond. We put G = Γ× (0, T ].

W 2,1
2 (G) is the Hilbert space consisting of all elements of L2(G) having generalized deriva-

tives ut, uxi , and uxixj from L2(G). W̊
1,0
2 (G) is a subspace ofW 1,0

2 (G) which dense set is smooth
functions equal to zero on boundary vertices of graph (see [3]).

On each bounds we consider the heat conduction equation

Lu ≡ u
(k)
t −∆u(k) = f (k), x ∈ Γ, t ∈ (0, T ], k = 1, 2, ..., n, (1)

where ∆u(k) ≡ ∂2uk
∂x2k

. We need to find strong solutions u = (u1, u2, ..., un) of equation (1) in

W 2,1
2,0 (G) ≡ W 2,1

2 (G)
⋂
W̊ 1,0

2 (G), satisfying the initial conditions

u(k)(x, 0) = φ(k)(x), x ∈ ek, k = 1, 2, ..., n, (2)

the vertex conditions

u(k)(0, t) = u(j)(0, t), i ̸= j, k, j = 1, 2, ..., n, t ∈ (0, T ], (3)

n∑
k=1

δ2k
∂u(k)(0, t)

∂x
= 0, k = 1, 2, ..., n, t ∈ (0, T ], (4)

and the boundary conditions

uk(lk, t) = 0, k = 1, 2, ..., n, t ∈ (0, T ]. (5)

We notice, that in [3] it was obtained weak solution of diffusion equation with fractional
time derivative with f ∈ L∞(0, T ;L2(Γ)). In our case we obtained strong solutions of problem
(1)-(5) when right hand side of the equation in L2(G).

Theorem. Let f ∈ L2(G) and φ ∈ W̊ 1
2 (Γ), then the problem (1)-(5) is uniquely solvable

in W 2,1
2,0 (G) and the following estimates hold

1

4
ess sup

0≤τ≤t
∥u∥2Γ+∥ux∥2Qt

≤ t∥f∥2Qt
+

1

2
∥φ∥2Γ

∥ux(x, t)∥22,Γ +
∫
QT

(u2t + (∆u)2)dxdt =∥ux(x, 0)∥22,Γ +
∫
QT

(Lu)2dxdt.

Keywords: heat conduction equation, metric graph, generalized solution.
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Recent progress on Hardy type inequalities

Durvudkhan SURAGAN

Nazarbayev University, Astana, Kazakhstran
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E-mail: durvudkhan.suragan@nu.edu.kz

In this talk, we will discuss a new improvement of the classical Lp-Hardy inequality on the
multidimensional Euclidean space. Recently, in [1], there has been a new kind of development
of the one-dimensional Hardy inequality. Using some radialisation techniques of functions and
then exploiting symmetric decreasing rearrangement argu- ments on the real line, the new
multidimensional version of the Hardy inequality will be presented. Some consequences and
generalizations will be also discussed. This talk is mainly based on [2]-[3].
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Critical exponents for the evolution equations with combined
nonlinearities

Berikbol T. TOREBEK

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan

E-mail: torebek@math.kz

This work studies the large-time behavior of solutions to the quasilinear inhomogeneous
parabolic equation with combined nonlinearities. This equation is a natural extension of the
heat equations with combined nonlinearities considered by Jleli-Samet-Souplet in [1]. Firstly,
we focus on an interesting phenomenon of discontinuity of the critical exponents. In particular,
we will fill the gap in the results of [1] for the critical case. We are also interested in the influence
of the forcing term on the critical behavior of the considered problem, so we will define another
critical exponent depending on the forcing term.
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On optimal domain for the hilbert transform in symmetric spaces

Kanat TULENOV

Institute of Mathematics and Mathematical Modeling, Almaty, Kazakhstan
PDE and Analysis centre, Ghent University, Ghent, Belgium

E-mail: tulenov@math.kz

Over the last decades optimal domain and optimal range for some classical operators in
harmonic analysis have been studied by many authors. In this work, we will discuss optimal
domain for the Hilbert transform among symmetric spaces of measurable functions with trivial
Boyd indices. We will show two examples of optimal domain spaces in a special case, when
these optimal domains are symmetric spaces with trivial boyd indices. Similar problems were
studied for finite Hilbert transform and Hardy type operators [1]-[4].
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On weighted integrability of the sum of series with monotone
coefficients with respect to multiplicative systems

Mendybai TURGUMBAEV1,a, Zauresh SULEIMENOVA2,b, Dariga TUNGUSHBAEVA3,c

1 Karaganda Buketov university, Karaganda, Kazakhstan
2,3 L.N.Gumilyov Eurasian National University, Astana, Kazakhstan

E-mail: amentur60@mail.ru, bzr-s2012@yandex.ru, cdtungushbaeva@mail.ru

In this work we consider the series with monotone coefficients on multiplicative systems.
We investigate the problem: under what conditions imposed on the weight function and the
coefficients of the series, the sum of this series will belong to the space Lp with the weight.

Let {ψk}∞k=0 is the multiplicative system with generating sequence {pk}∞k=1, pk ≥ 2, k ∈ N;
m0 = 1, mn = p1p2 · · · pn, n ∈ N, [1], [2].

Definition. Let φ(x) - be a non-negative measurable function on [0,∞). Let us say that
φ(x) satisfies condition B1, if for all x ≥ 1 the inequality∫ ∞

x

φ(t)

t2
dt ≤ C

φ(x)

x
,

where C- is a positive number independent of x.
Theorem 1. Let 1 < p < ∞, 1

p
+ 1

p′
= 1, f(x) =

∑∞
k=0 akψk (x) , ak ↓ 0 at k → ∞

and
let φ (x) be a non-negative measurable function on [1, ∞). Then
10. If φ

(
1
x

)
∈ Lp(0, 1) and

∞∑
n=1

(
mn−1∑
k=0

ak + amnmn+1

)p ∫ 1/mn

1/mn+1

φp
(
1

x

)
dx <∞,
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then φ
(
1
x

)
f (x) ∈ Lp (0, 1).

20. If the function φ−p′ (x) satisfies the condition B1 and φ
(
1
x

)
f (x) ∈ Lp (0, 1) ,

sup
n
pn = K <∞, then

∑∞
n=1

(∑mn+1−1
k=0 ak

)p ∫ 1/mn

1/mn+1
φp
(
1
x

)
dx <∞.

Theorem 2. Let 1 < p < ∞, 1
p
+ 1

p′
= 1, f(x) =

∑∞
k=0 akψk (x) , ak ↓ 0 at k → ∞

and

let φ (x) be a non-negative measurable function on [1, ∞). Then

10. If function φp (x) satisfies condition B1 and

∞∑
n=0

apmn
·mp

n+1

∫ 1/mn

1/mn+1

φp
(
1

x

)
dx <∞,

then φ
(
1
x

)
f (x) ∈ Lp (0, 1).

20. If φ−p′ (x) satisfies condition B1 and φ
(
1
x

)
f (x) ∈ Lp (0, 1), then

∞∑
n=0

apmn+1
·mp

n+1

∫ 1/mn

1/mn+1

φp
(
1

x

)
dx <∞.

Theorem 3. Let 1 < p <∞, 1
p
+ 1

p′
= 1,

f(x) =
∞∑
k=0

akψk (x) , ak ↓ 0 at k → ∞ and

let φ (x) be a non-negative measurable function on [1, ∞), sup
n
pn = N <∞. Then

10. If the function φp (x) satisfies condition B1 and

∞∑
n=1

apn · np
∫ n+1

n

φp (x)

x2
dx <∞, then φ

(
1

x

)
f (x) ∈ Lp (0, 1).

20. If φ−p′ (x) it satisfies the condition B1 and φ
(
1
x

)
f (x) ∈ Lp (0, 1), then the converse

assertion takes place.

For the case of series in the Walsh system, similar results were obtained in [3].
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On a limit solution of a singular boundary value problem
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We consider the differential equation

dx

dt
= f(t, x), x ∈ Rn, t ∈ (0, T ), (1)

where f(t, x) : (0, T )×Rn → Rn is a continuous function. Let x0(t) be a function continuously
differentiable on (0, T ). We suppose that the function α(t) = ∥f ′

x(t, x0(t))∥ satisfies the following
relations:

lim
δ→0+0

T/2∫
δ

α(t)dt = ∞, lim
δ→0+0

T−δ∫
T/2

α(t)dt = ∞.

Various problems for equations with singularities at the endpoints of the domain intervals
have been studied by numerous authors (see [1-3] and references therein). In order to study the
behavior of solutions of equation (1) at singular points, one can use so-called “limit solutions”.
In [4], for a nonlinear differential equation considered on the whole real axis, the concept of
a “limit solution as t → ∞” was introduced. Some conditions were derived, under which all
solutions of the differential equation from a functional ball coincide with a limit solution when
t→ ∞. By means of Lyapunov transformations and limit solutions, regular two-point boundary
value problems were constructed to approximate the restrictions of solutions bounded on the
whole real line to a finite interval. To this end, iterative processes for unbounded operator
equations [5] and the results obtained in [6] were used where analogous problems were studied
for a linear ordinary differential equation.

It was proved that, under certain assumptions on the right-hand part of the equation, the
limit solution x0(t) possesses an attracting property; i.e. there exists a functional ball centered
at x0(t) where the differential equation has at least one solution, and all solutions from this
ball coincide with x0(t). This property made it possible to solve the problem of approximation
of a solution bounded on the whole real axis.

The attracting property of the limit solution was established under assumption that the
differential equation linearized along the limit solution

dy

dt
= f ′

x(t, x0(t))y

admits an exponential dichotomy on R. However, if the differential equation has certain singu-
larities in the domain, this assumption may be violated.

The concept of a limit solution was extended in [7] to the case of a nonlinear differential
equation with a singularity at the left endpoint of the domain interval. In this case the limit
solution was introduced with a weight which is chosen taking into account the singularities. It
was proved that the weighted limit solution also has the attracting property.

In the present paper, we consider a singular boundary value problem for equation (1) on
a finite interval. We define the concept of a limit solution at singular points and establish
conditions under which this solution possess an attracting property. We then construct approx-
imating regular two-point boundary value problems that allow us find approximate solutions
of the singular boundary value problem with any specified accuracy.
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Microelectromechanical system (MEMS) is one of the active research areas in engineering.
The growing demand for better microelectronic devices requires the creation of new technolo-
gies. Reviews of some of these devices can be found in Refs. [1],[2]. An important component
in modeling of MEMS devices is the physical properties of the material. There are many ma-
terials which are good candidates for MEMS applications, but they have nonlinear mechanical
properties. The most commonly used materials for MEMS applications are polysilicon, alu-
minum, and Titanium alloys etc. [1], [3]. We propose to study a natural generalization of the
Kelvin-Voigt damping for the power-law materials in the following form:

σ = K|ε|n−1ε+ cd|ε̇|m−1ε̇,

where σ, ε,K, cd, n ∈ (0, 1) and m denote the stress, the strain, the strength and the strain-rate
damping coefficient, the strain-hardening and the strain-rate sensitivity exponent, respectively
[4]. Main results of our talk were published in [5].
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The operators C1 and C∞ are defined on spaces L1(0, 1) and (L1 + L∞) (0,∞), respectively,
by

C1f(t) =
1

t

∫ t

0

f(s) ds, t ∈ (0, 1), (1)

C∞f(t) =
1

t

∫ t

0

f(s) ds, t ∈ (0,∞). (2)

The linear maps C1 : f 7→ C1f and C∞ : f 7→ C∞f are called the Cesáro-Hardy operator.
Definition. [1, Definition II 4.1] Let (Ω,Σ, µ) be a totally σ-finite measure space and let

M+(Ω) denote the class of non-negative measurable functions on Ω.
Let ρ : M+(Ω) → [0;∞] satisfy the following five conditions for all f , g, fn ∈ M+(Ω), all

measurable sets E ∈ Σ with µ(E) <∞ and all constants a ≥ 0

1. ρ(f) = 0 ⇔ f = 0 a.e.,
ρ(f + g) ≤ ρ(f) + ρ(g), ρ(af) = aρ(f)

2. 0 ≤ g ≤ f a.e. ⇒ ρ(g) ≤ ρ(f)

3. 0 ≤ fn ↑ f a.e ⇒ ρ(fn) ↑ ρ(f)

4. µ(E) <∞ ⇒ ρ(χE) <∞

5. µ(E) <∞ ⇒
∫
E
fdµ < CEρ(f)

for some constant CE, 0 < CE <∞, depending on E and ρ, but independent of f .
Then ρ is said to be rearrangement invariant if ρ(f) = ρ(g) for every equimeasurable func-

tions f and g in M+(Ω) and the Banach function space X(Ω) with given norm ρ is called
rearrangement invariant (r.i.) space.

Remark. We consider the cases when Ω = (0, 1) and Ω = (0,∞).
The dilation operator Es : X(Ω) → X(Ω) for 0 < s <∞ is defined by

(Esf) (t) = f (st) . (3)

The upper and lower Boyd indices of r.i. spaceX(Ω) are respectively defined by [1, Definition
III.5.12]

α := inf
0<s<1

− log ∥Es∥X→X

log s
, α := sup

s>1

− log ∥Es∥X→X

log s
.

Remark. The Cesáro-Hardy operator is bounded from r.i. space X(Ω) to X(Ω) if and only
if α < 1 [3, Theorem 1].

The following theorems are the main results of this paper.
Theorem 1. Let C1 : X(0, 1) → X(0, 1) be the Cesáro-Hardy operator mapping r.i. space

X(0, 1) into itself. And let upper (α) and lower (α) Boyd indices of X(0, 1) be 0 ≤ α ≤ α < 1.
Then the spectrum of the operator C1 in r.i. space X(0, 1) is the set
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σ(C1) =

{
λ ∈ C : Re

(
1

λ

)
≥ 1− α

}
.

Theorem 2. Let C∞ : X(0,∞) → X(0,∞) be the Cesáro-Hardy operator defined as in
(2). And let X(0,∞) be a rearrangement invariant space with upper and lower Boyd indices
such that 0 ≤ α ≤ α < 1. Then the spectrum of C∞ in r.i. space X(0,∞) becomes the set

σ(C∞) =

{
λ ∈ C : 1− α ≤ Re

(
1

λ

)
≤ 1− α

}
.

Note that the spectrum of C∞ is the circle
{
λ ∈ C : Re

(
1
λ

)
= 1− α

}
when α and α coincide.
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Let 0 < q, p, r <∞, 1
p
+ 1

p′
= 1 and f = {fi}∞i=1 arbitrary sequence of real numbers. Suppose

that u = {ui}∞i=1, v = {vi}∞i=1 and w = {wi}∞i=1 be positive sequences of real numbers, which
will be called weight sequences. We denote by lp,v the space of sequences f of real numbers
such that

∥f∥p,v =

(
∞∑
i=1

|vifi|p
) 1

p

<∞.

For any f ∈ lp,v we consider the following discrete Hardy-type inequalities ∞∑
n=1

uqn

(
n∑
k=1

∣∣∣∣∣wk
∞∑
i=k

ai,kfi

∣∣∣∣∣
r) q

r

 1
q

≤ C

(
∞∑
i=1

|vifi|p
) 1

p

, (1)

where C is a positive constant independent of f and (ai,k), i ≥ k is a matrix, whose non-negative
entries satisfy the discrete Oinarov condition: there exists a constant d ≥ 1, entries ai,k are
almost non-decreasing in i and almost non-increasing in k, such that the inequalities

1

d
(ai,j + aj,k) ≤ ai,k ≤ d(ai,j + aj,k), i ≥ j ≥ k ≥ 1 (2)

We also need the following quantities: J−
r,p(α, β) = sup

f ̸=0

(
β∑

k=α

∣∣∣wk

β∑
i=k

ai,kfi

∣∣∣r) 1
r

(
β∑

i=α
|vifi|p

) 1
p

, f ∈ lp,v.

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023



Annual International April Mathematical Conference – 2023 157

The purpose of the work is to obtain weighted estimates of inequalities (1) and its dual
version for the cases: 1 < p ≤ q < ∞ and 1 < r < ∞; p ≤ q < ∞, 0 < p < 1 and 1 < r < ∞.
Similiar integral inequalities were considered in works [1]-[4].

Theorem 1. Let 0 < p ≤ 1, p ≤ q < ∞ and 1 < r < ∞. Let the entries of the matrix
(ai,k) satisfy condition (2). Then inequality (1) holds if and only if B+ = max{B+

1 , B
+
2 } < ∞,

where

B+
1 = sup

j≥1

(
∞∑
n=j

uqn

) 1
q

J−
r,p(1, j),

B+
2 = sup

j≥1

 j∑
n=1

uqn

(
n∑
k=1

arj,kw
r
k

) q
r

 1
q

v−1
j .

Moreover, C ≈ B+, where C is the best constant in (1).

Theorem 2. Let 1 < p ≤ q < ∞ and 1 < r < ∞. Let the entries of the matrix (ai,k)
satisfy condition (2). Then inequality (1) holds if and only if M+ = max{M+

1 ,M
+
2 ,M

+
3 } <∞,

where

M+
1 = sup

j≥1

(
∞∑
n=j

uqn

) 1
q

J−
r,p(1, j),

M+
2 = sup

j≥1

 j∑
n=1

uqn

(
n∑
k=1

arj,kw
r
k

) q
r

 1
q ( ∞∑

i=j

v−p
′

i

) 1
p′

,

M+
3 = sup

j≥1

 j∑
n=1

uqn

(
n∑
k=1

wrk

) q
r

 1
q ( ∞∑

i=j

ap
′

i,jv
−p′
i

) 1
p′

.

Moreover, C ≈M+, where C is the best constant in (1).

Remark. The statements of the main results are also given for dual version of the inequality
(1).
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First, let us recall the Hardy inequality for Baouendi-Grushin vector fields by Garofalo [1],∫
Rn

(
|∇xf |2 + |x|2γ |∇yf |2

)
dz ≥

(
Q− 2

2

)2 ∫
Rn

(
|x|2γ

|x|2+2γ + (1 + γ)2|y|2

)
|f |2dz, (1)

where z = (x1, ..., xm, y1, ..., yk) = (x, y) ∈ Rm × Rk with n = m + k, m, k ≥ 1, γ ≥ 0, Q =
m + (1 + γ)k and f ∈ C∞

0

(
Rm × Rk\{(0, 0)}

)
. Here, ∇xf and ∇yf are the gradients of f in

the variables x and y, respectively.
In this talk, we discuss some improved versions of the Hardy inequality for the Baouendi-

Grushin operator by factorizing differential expressions, inspired by the work of Gesztesy and
Littlejohn [2]. Similarly to [3], we also discuss the Hardy inequality with general weights
ϕ(z) and ψ(z). However, in this work, the inequality is generalised for the Baouendi-Grushin
operator. In the special cases, the inequality recovers classical, critical and weighted Hardy
inequalities in the Euclidean settings.

This talk is based on the joint research with Nurgissa Yessirkegenov (Suleyman Demirel
University, Kazakhstan).
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Consider the problem of construction of the control systems with speed feedback, taking
into account the compressibility of the fluid given (n−s)-dimensional program manifold Ω (t) ≡
ω(t, x) = 0, in the following form [1-3]:

ẋ = f (t, x)− b1ξ, t ∈ I = [0, ∞) ,

ξ̇ = z, ż = −λ3
λ2
z +

1

λ2
φ(σ)ψ(ν),

σ = pTω − qξ −Nξ̇,

(1)

where x ∈ Rn is a state vector of the object, f ∈ Rn is a vector-function, satisfying to conditions
of existence of a solution x(t) = 0, and b1 ∈ Rn, p ∈ Rs are constant vectors,q,N are constant
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coefficients of position and speed feedbacks, σ is the total control impulse-signal, and φ(σ) is
function differentiable with respect to σ, satisfies the following conditions

φ(0) = 0 ∧ φ(σ)σ > 0 ∀σ ̸= 0 ∧ ∂φ

∂σ

∣∣∣
σ=0

< χ > 0, (2)

and the function ψ(ν) takes into account the actions of the external load.
Here λ1, λ2, λ3 are expressed in terms of the coefficients of the equation of the hydraulic

actuator, taking into account the compressibility of the fluid contained in the hydraulic cylin-
der[4]:

λ1 =
m

khl
, λ2 =

h

khl
, λ3 = 1 +

khe
khl

, a =
m

p0F
, b =

h

p0F
, c =

k0
p0F

,

the equation (1) will be written in the following form

λ1
...
ξ + λ2ξ̈ + λ3ξ̇ = φ(σ)ψ(ν), (3)

where the function φ(σ) = kνσ is continuous in σ and ν is determined by the formula

ν = 1− (aξ̈ + bξ̇ + cξ)signσ. (4)

This problem reduce to investigation of quality properties of the following system with
respect to vector-function ω [2, 3]:

ω̇ = −Aω − bξ, t ∈ I = [0, ∞) ,

ξ̇ = z, ż = −λ3
λ2
z +

1

λ2
φ(σ)ψ(ν),

σ = pTω − qξ −Nξ̇,

(5)

Here nonlinearity satisfies also to generalized conditions (2), and F (t, x, ω) = −Aω, A ∈
Rs×s, H =

∂ω

∂x
, b = Hb1.

Using a non-singular transformation [5], the system (5) can be reduced to an equivalent
form

ω̇ = −ρω + 1
λ2
φ(σ)ψ(ν),

ω̇s+2 =
1
λ2
φ(σ)ψ(ν),

σ = gTω,
(6)

where
ωs+1 = ξ, ωs+2 = z, µ1 = 0, ..., µs+1 = 0,

µs+2 = 1, ps+1 = −q, ps+2 = −N,
and ρ = diag(ρ1, ..., ρs) are roots of equation

D(ρ) =∥ A+ ρE ∥= 0. (7)

Theorem 1. If the Erugin function is linear with respect to ω , the nonlinearity φ(σ)
satisfies condition (2), the function ψ(ν) is determined by formula (4), the coefficients of rigid
and speed feedback are positive , the roots of equation (7) are different positive numbers and

ρs+1 =
khl + khe

m
, then in order for the program manifold of the automatic system of indirect

control, taking into account the compressibility of the fluid was absolutely stable with respect
to the vector function ω, it suffices to satisfy equalities gk+2lk

∑s+1
i=1

li
ρi+ρk

= 0 k = 1, ..., s+ 1,

and inequality gs+2 < 0, where l1, ..., ls+1 are real numbers.
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Êàê èçâåñòíî, çàêîíû ìåõàíèêè è äðóãèõ ðàçäåëîâ òåîðåòè÷åñêîé ôèçèêè îäèíàêîâî
ôîðìóëèðóþòñÿ â ðàçëè÷íûõ èíåðöèàëüíûõ ñèñòåìàõ îò÷åòà. Íà ÿçûêå ìàòåìàòèêè ýòî
îçíà÷àåò òî, ÷òî äîëæíî ñóùåñòâîâàòü íåâûðîæäåííîå îðòîãîíàëüíîå ïðåîáðàçîâàíèå ÷å-
òûðåõìåðíîãî ïðîñòðàíñòâà � âðåìåíè, òàêîå, ÷òî ôîðìà ëþáîãî óðàâíåíèÿ äâèæåíèÿ íå
äîëæíî èçìåíÿòüñÿ (îáåñïå÷åíèå ôîðìèíâàðèàíòíîñòè óðàâíåíèÿ) ïðè òàêîì ëèíåéíîì,
íåâûðîæäåííîì ïðåîáðàçîâàíèè ÷åòûðåõìåðíîãî êîíòèíóóìà â ñåáÿ.

Â ñâÿçè ñ ýòèì îòìåòèì, ÷òî â ñîâðåìåííîé òåîðåòè÷åñêîé ôèçèêå ïðèçíàíû äâà âèäà
îðòîãîíàëüíûõ ïðåîáðàçîâàíèé. Ïåðâûå, òàê íàçûâàåìûå ïðåîáðàçîâàíèÿ Ãàëèëåÿ ñîõðà-
íÿþò âèä íåêîòîðûõ óðàâíåíèé ìåõàíèêè Íüþòîíà, íî íå îáåñïå÷èâàþò ôîðìèíâàðèàíò-
íîñòü óðàâíåíèé Ìàêñâåëëà â ýëåêòðîäèíàìèêå. Â ñâîþ î÷åðåäü, çíàìåíèòûå ïðåîáðàçî-
âàíèÿ Ëîðåíöà, îñòàâëÿÿ íåèçìåííûìè ôîðìû óðàâíåíèé Ìàêñâåëëà, íå îáåñïå÷èâàþò
ôîðìèíâàðèàíòíîñòü óðàâíåíèé ìåõàíèêè Íüþòîíà è ðÿäà äðóãèõ, äàæå ëèíåéíûõ óðàâ-
íåíèé òåîðåòè÷åñêîé ôèçèêè. Ïðè÷åì î ñîõðàíåíèè âèäà íåëèíåéíûõ óðàâíåíèé äâèæåíèÿ
(ïðè ýòèõ ïðåîáðàçîâàíèÿõ) è ãîâîðèòü íå ïðèõîäèòñÿ.

Â äàííîé ðàáîòå àâòîð äàåò îïèñàíèå (îáîñíîâàíèå) îäíîé ãðóïïû íåâûðîæäåííûõ
îðòîãîíàëüíûõ ïðåîáðàçîâàíèé ÷åòûðåõìåðíîãî ïðîñòðàíñòâà � âðåìåíè â ñåáÿ, àïðèîðè
îáåñïå÷èâàþùèõ ôîðìèíâàðèàíòíîñòü ëþáîãî (ëèíåéíîãî èëè íåëèíåéíîãî) óðàâíåíèÿ
äâèæåíèÿ òåîðåòè÷åñêîé ôèçèêè. Ïîêàçàíî, ÷òî ïðåîáðàçîâàíèÿ Ãàëèëåÿ ÿâëÿþòñÿ ÷àñò-
íûì ñëó÷àåì ðàññìàòðèâàåìûõ èì ïðåîáðàçîâàíèé.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ äâèæåíèÿ, ôîðìèíâàðèàíòíîñòü, ãðóïïà Ïóàíêàðå, ðåãóëÿðíûå
4 � âåêòîðû òåîðåòè÷åñêîé ôèçèêè.
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Îá îäíîé êðàåâîé çàäà÷å äëÿ ñèñòåìû
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé òåïëî- è

ìàññîîáìåíà ñ íîðìàëüíûìè ïðîèçâîäíûìè âûñîêîãî
ïîðÿäêà

Å.Ì. ÕÀÉÐÓËËÈÍ1,a, À.Ñ. ÀÆÈÁÅÊÎÂÀ1,b

1 Satbayev University, Àëìàòû, Êàçàõñòàí

E-mail: akhairullin_42_42@mail.ru, baliya_azhibek@mail.ru

Ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à

Lk[Uk(x, t)] = µk

∫ t

0

∆Uk(x, τ)dτ + fk(x, t), k = 1, 2, (1)

â îáëàñòè
QT ≡

{
(x′, xn, t) : x

′ ∈ Rn−1, xn ∈ R+, t ∈ ]0, T [
}
,

óäîâëåòâîðÿþùàÿ íà÷àëüíûì óñëîâèÿì:

Uk(x, 0) = 0 (2)

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023
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è ãðàíè÷íûì óñëîâèÿì:

2∑
k=1

akUk(x, t)

∣∣∣∣∣
xn=0

= φ1(x
′, t), (x′, t) ∈ Q

(1)
T ≡ QT \ xn, (3)

2∑
k=1

mk∑
kn=0

b
(k)
kn

∂knUk(x, t)

∂xn
kn

∣∣∣∣∣
xn=0

= φ2(x
′, t), mk ≥ 1, (4)

ãäå Lk = ( ∂
∂t

− λk∆), ∆ - îïåðàòîð Ëàïëàñà ïî ïåðåìåííîé x = (x1, x2, . . . , xn); λk -

ïîëîæèòåëüíûå ïîñòîÿííûå, ïðè÷åì 0 < λ1 < λ2; µk, ak, b
(k)
kn

- çàäàííûå ïîñòîÿííûå,

µk ≥ 0, b
(k)
m ̸= 0.

Ðåøåíèå êðàåâîé çàäà÷è (1)-(4) èùåòñÿ â âèäå ñóììû òåïëîâîãî ïîòåíöèàëà äâîéíîãî
ñëîÿ ñ íåèçâåñòíûìè ïëîòíîñòÿìèΨk(x

′, t) è ôóíêöèè Êîøè ÈÄÓ (1). Ïðèâîäèòñÿ Ëåììà î
íàõîæäåíèè ïðåäåëîâ íîðìàëüíûõ ïðîèçâîäíûõ m-ãî ïîðÿäêà ôóíêöèè Uk(x, t) â îêðåñò-
íîñòè ãèïåðïëîñêîñòè xn = 0. Èñïîëüçóÿ Ëåììó è ãðàíè÷íûå óñëîâèÿ (3) è (4), ïîëó-
÷åíà ñèñòåìà èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (ÑÈÄÓ) îòíîñèòåëüíî íåèçâåñòíûõ
ïëîòíîñòåé Ψk(x

′, t) ñ îïåðàòîðîì Fk ≡ ∂
∂t
− λk∆x′ , k = 1, 2. Èñïîëüçóÿ ìåòîä ðåãóëÿðèçà-

öèè, âûäåëÿÿ õàðàêòåðèñòè÷åñêóþ ÷àñòü ÑÈÄÓ è ïðèìåíÿÿ èíòåãðàëüíûå ïðåîáðàçîâàíèÿ
Ôóðüå-Ëàïëàñà, íàéäåíî ðåøåíèå ÈÄÓ ïðè âûïîëíåíèè óñëîâèÿ ðàçðåøèìîñòè.

Òåîðåìà. Åñëè φk(x
′, t) ∈ C2,1

x′,t

(
Q

(1)
T

)
, fk(x, t) ∈ Cm

xn (QT ) è qk =
λ1z2k−λ2
z2k−1

> 0 (zk - êîðíè

õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ), òî ñóùåñòâóåò ôóíêöèÿ Uk(x, t) ∈ Cm
xn(QT ), ÿâëÿþùàÿ-

ñÿ ðåøåíèåì êðàåâîé çàäà÷è (1)-(4), ãäå íåèçâåñòíûå ôóíêöèè Ψk(x
′, t) îïðåäåëÿþòñÿ èç

ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà-Ôðåäãîëüìà.

Funding: Ðàáîòà ïîääåðæàíà ãðàíòîì ÀÐ09259848 ÊÍ ÌÎÍ ÐÊ.
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ïðîèçâîäíûå âûñîêîãî ïîðÿäêà, óñëîâèÿ ðàçðåøèìîñòè, ðåãóëÿðèçàöèÿ.

2010 Mathematics Subject Classi�cation: 35K45, 58J35
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Ìåòîä îáîáùåííûõ ôóíêöèé â êðàåâûõ çàäà÷àõ äèíàìèêè
òåðìîóïðóãèõ ñòåðæíåé

À.Í. ÄÀÄÀÅÂÀ1,a, Í.Æ. ÀÉÍÀÊÅÅÂÀ2,b

1Êàçàõñêèé íàöèîíàëüíûé èññëåäîâàòåëüñêèé òåõíè÷åñêèé óíèâåðñèòåò
èì. Ê.È.Ñàòïàåâà, Êàçàõñòàí, Àëìàòû

2Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè, Êàçàõñòàí, Àëìàòû
àâòîðà

E-mail: adady1262@mail.ru,
bnursaule_math@mail.ru

Èññëåäóþòñÿ ïðîñòðàíñòâåííî-îäíîìåðíûå êðàåâûå çàäà÷è íåñâÿçàííîé òåðìîóïðóãî-
ñòè [1,2], êîòîðûå ìîæíî èñïîëüçîâàòü äëÿ èññëåäîâàíèÿ òåðìîíàïðÿæåííîãî ñîñòîÿíèÿ
ðàçëè÷íûõ ñòåðæíåâûõ êîíñòðóêöèè â óñëîâèÿõ òåïëîâîãî íàãðåâà è äèíàìè÷åñêîãî íà-
ãðóæåíèÿ. Ðàññìàòðèâàþòñÿ çàäà÷è îïðåäåëåíèÿ ïåðåìåùåíèé, äåôîðìàöèé, íàïðÿæåíèé,
òåìïåðàòóðû è òåïëîâûõ ïîòîêîâ ïðè ðàçëè÷íûõ êðàåâûõ óñëîâèÿõ íà åãî êîíöàõ è äåé-
ñòâóþùèõ ñèëîâûõ è òåïëîâûõ èñòî÷íèêîâ ïî âñåé äëèíå ñòåðæíÿ.
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Íà îñíîâå ìåòîäà îáîáùåííûõ ôóíêöèé [3,4] ïîñòðîåíû îáîáùåííûå ðåøåíèÿ íåñòàöè-
îíàðíûõ è ïåðèîäè÷åñêèõ ïî âðåìåíè êðàåâûõ çàäà÷ ïðè äåéñòâèè ñèëîâûõ è òåïëîâûõ
èñòî÷íèêîâ ðàçëè÷íîãî òèïà. Äåéñòâóþùèå èñòî÷íèêè ìîãóò áûòü çàäàíû è ñèíãóëÿðíû-
ìè îáîáùåííûìè ôóíêöèÿìè.

Ðàññìîòðåíû óäàðíûå óïðóãèå âîëíû, êîòîðûå âîçíèêàþò â òàêèõ êîíñòðóêöèÿõ ïðè
äåéñòâèè óäàðíûõ íàãðóçîê. Ïîëó÷åíû ðåãóëÿðíûå èíòåãðàëüíûå ïðåäñòàâëåíèÿ îáîáùåí-
íûõ ðåøåíèé, êîòîðûå äàþò àíàëèòè÷åñêîå ðåøåíèå ïîñòàâëåííûõ êðàåâûõ çàäà÷. Îñîáåí-
íîñòü ïîñòðîåííûõ ðåøåíèé äåëàåò èõ óäîáíûìè äëÿ èññëåäîâàíèÿ ñåòåâûõ òåðìîóïðóãèõ
ñèñòåì, êîòîðûå ìîæíî ìîäåëèðîâàòü òåðìîóïðóãèìè ãðàôàìè.

Êëþ÷åâûå ñëîâà:ïðîñòðàíñòâåííî-îäíîìåðíûå óðàâíåíèÿ òåðìîóïðóãîñòè, êðàåâûå çàäà÷è, ìåòîä îáîáùåííûõ
ôóíêöèé, òåðìîíàïðÿæåííîå ñîñòîÿíèå
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Êðàåâûå çàäà÷è âîëíîâîãî óðàâíåíèÿ íà çâåçäíîì ãðàôå

Ë.À. ÀËÅÊÑÅÅÂÀ1,a, Ã.Ä. ÀÐÅÏÎÂÀ2,b

1 Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíè, Àëìàòû, Êàçàõñòàí
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Ðàññìàòðèâàåòñÿ çâåçäíûé ãðàô èç N îòðåçêîâ (A0, Aj) äëèíû Lj (j = 1, N) ñ îáùåé
âåðøèíîé A0. Íà êàæäîì îòðåçêå ââîäèòñÿ ñâîÿ ñèñòåìà êîîðäèíàò (xj, t) ñ íà÷àëîì â óçëå
A0: xj = 0 è ôóíêöèé ñîñòîÿíèÿ uj(xj, t) êîòîðûå óäîâëåòâîðÿþò âîëíîâîìó óðàâíåíèþ

∂2uj
∂x2j

(xj, t)−
1

c2
∂2uj
∂t2

(xj, t) = Gj(xj, t), 0 < xj < Lj, t > 0, (1)

íà÷àëüíûì óñëîâèÿì

uj(xj, 0) = 0, 0 ≤ xj ≤ Lj,
∂

∂t
uj(xj, 0) = 0, 0 ≤ xj ≤ Lj. (2)

Çäåñü ðàññìîòðèì òðè êðàåâûå çàäà÷è ñ êðàåâûìè óñëîâèÿìè ïåðâîãî è âòîðîãî íà êîíöàõ

uj(Lj, t) = ωj(t), t ≥ 0, (3)

∂

∂xj
uj(Lj, t) = pj(t), t ≥ 0, (4)

uj(Lj, t) + λj
∂

∂xj
uj(Lj, t) = dj(t), t ≥ 0, (5)

Â óçëå A0 ðàññìîòðèì ëèíåéíûå óñëîâèÿ òðàíñìèññèè îáùåãî âèäà:

N∑
j=1

α1ijuj(0, t) + β1ijuj(Lj, t) +
N∑
j=1

α2ijpj(0, t) + β2ijpj(Lj, t) = bi(t), i = 1, N. (6)
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Äëÿ ðåøåíèÿ êðàåâûõ çàäà÷ íà ãðàôå, ñïåðâà èñïîëüçóåòñÿ ìåòîä îáîáùåííûõ ôóíêöèè
íà îòðåçêå [1,2] è ïîñëå èñïîëüçóåì ïðåîáðàçîâàíèå Ôóðüå ïî âðåìåíè. Òîãäà ãðàíè÷íûå
è êîíòàêòíûå óñëîâèÿ íà ãðàôå ïðèìóò âèä

N∑
j=1

α1ijω̂1j(ω) + β1ijω̂2j(ω) +
N∑
j=1

α2ij p̂j(ω) + β2ij p̂j(ω) = b̂i(ω), i = 1, N. (7)

Òåîðåìà. Ðàçðåøàþùàÿ ñèñòåìà óðàâíåíèé äëÿ òðàíñôîðìàíò êðàåâûõ çàäà÷ íà ãðà-
ôå èìååò âèä: {

0.5, 0
−0.5 cos kjLj, −0.5k−1

j sin kjLj

}{ ⌢
w1j (ω)
⌢
p 1j (ω)

}
+

+

{
0.5 cos kjLj, 0.5k−1

k sin kjLj
0.5, 0

}{ ⌢
w2j (ω)
⌢
p 2j (ω)

}
=

{
F1j(x, ω)
F2j(x, ω)

}
, (8)

Ñèñòåìû 4N ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé (6), (7) ñ ãðàíè÷íûìè óñëîâèÿìè
(N) â ñîîòâåòñòâèè ñ ðåøàåìîé êðàåâîé çàäà÷åé äàþò ðàçðåøàþùóþ ñèñòåìó óðàâíåíèé
äëÿ îïðåäåëåíèÿ 4N ãðàíè÷íûõ è óçëîâûõ ôóíêöèé, ïî 4 íà êàæäîì ýëåìåíòå ãðàôà.
Îïðåäåëèòåëü ýòîé ñèñòåìû ïîçâîëÿåò îïðåäåëèòü ñïåêòðàëüíûå õàðàêòåðèñòèêè ýòîãî
çâåçäíîãî ãðàôà. Ìîæíî îïðåäåëèòü òðàíñôîðìàíòó Ôóðüå ûj(xj, ω) íà êàæäîì ýëåìåíòå
ãðàôà, à çàòåì ïîñòðîèòü èõ îðèãèíàëû.

Ðàáîòà âûïîëíåíà ïðè ôèíàíñîâîé ïîääåðæêå Êîìèòåòà íàóêè Ìèíèñòåðñòâà íàóêè è âûñøåãî îáðàçîâàíèÿ
Ðåñïóáëèêè Êàçàõñòàí (ãðàíò AP09261033).
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Áèîëîãè÷åñêàÿ èíâàçèÿ â ìîäåëè õèùíèê-æåðòâà ñî
ñâîáîäíîé ãðàíèöåé

Àëèìàðäîí Íóðèääèíîâè÷ ÝËÌÓÐÎÄÎÂ

Èíñòèòóò ìàòåìàòèêè Àêàäåìèÿ íàóê ÓçÐ, Òàøêåíò, Óçáåêèñòàíà

E-mail: elmurodov@mathinst.uz,

Â ìàòåìàòè÷åñêîé ýêîëîãèè èììèãðàöèÿ íîâûõ âèäîâ ÿâëÿåòñÿ îäíîé èç ñàìûõ âàæ-
íûõ òåì. Ñ òî÷êè çðåíèÿ ìàòåìàòè÷åñêîé ýêîëîãèè ðàçëè÷íûå ìîäåëè èíâàçèè â ïîñëåäíåå
âðåìÿ âûäâèãàëèñü è èññëåäîâàëèñü ìíîãèìè ìàòåìàòèêàìè-ýêîëîãàìè. Íàïðèìåð, [1�2]
ïðåäëîæèëè ïîïóëÿöèîííûå ìîäåëè ðåàêöèè-äèôôóçèè ñî ñâîáîäíîé ãðàíèöåé, ÷òîáû ïî-
íÿòü ïðîöåññ íîâîé èëè èíâàçèâíîé ïîïóëÿöèè.

Ðàçóìíî ïðåäïîëîæèòü, ÷òî õèùíèê âòîðãàåòñÿ â íîâóþ ñðåäó îáèòàíèÿ ñî ñêîðîñòüþ,
ïðîïîðöèîíàëüíîé ãðàäèåíòàì õèùíèêîâ â íåé. Òàêîãî ðîäà ñâîáîäíûå ãðàíè÷íûå óñëî-
âèÿ óæå ââîäèëèñü â [3�5]. Äëÿ áîëåå ýêîëîãè÷åñêèõ ïðåäïîñûëîê ñâîáîäíûõ ãðàíè÷íûõ
óñëîâèé ìîæíî òàêæå îáðàòèòüñÿ ê [6].

Â ïðîöåññå ðàññåëåíèÿ õèùíèêîâ íåêîòîðûå èç íèõ ïîãèáàþò îò ãîëîäà, õîëîäà è áî-
ëåçíåé. Ìû õîòèì ïîíÿòü, êàê óðîâåíü ñìåðòíîñòè âëèÿåò íà ðàñïðîñòðàíåíèå. Ïîâåäåíèå
õèùíè÷åñòâà âñåãäà ìåíÿåòñÿ â çàâèñèìîñòè îò ðàçìåðà æåðòâû, è ìíîãèå ýêîëîãè îòìå÷à-
þò, ÷òî ôóíêöèîíàëüíàÿ ðåàêöèÿ, çàâèñÿùàÿ îò ñîîòíîøåíèÿ, áîëåå ðàçóìíà äëÿ îïèñàíèÿ
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ïðîöåññà õèùíè÷åñòâà äëÿ íåêîòîðûõ õèùíèêîâ. Îñíîâûâàÿñü íà ýòèõ ôàêòàõ, ìû ðàñ-
ñìàòðèâàåì ñëåäóþùóþ ðåàêöèîííî-äèôôóçèîííóþ ñèñòåìó õèùíèê-æåðòâà ñî ñâîáîäíîé
ãðàíèöåé, âêëþ÷àþùóþ ÷ëåí ñìåðòè:

ut − uxx −m1ux = u (1− u)− uv
u+mv

, Q = {(t, x) : 0 < x < l, t > 0}
vt − dvxx −m2vx = kv

(
1− bv

u+av

)
, D = {(t, x) : 0 < x < s(t), t > 0},

u(0, x) = u0(x), 0 ⩽ x ⩽ l,

v(0, x) = v0(x), 0 ⩽ x ⩽ s0 = s(0) < l,

ux(t, 0) = vx(t, 0) = u(t, l) = 0, v(t, x) = 0, s(t) ≤ x ≤ l, t > 0,

ṡ(t) = −µvx(t, s(t)), t > 0,

(1)

ãäå x = s(t) ïðåäñòàâëÿåò îïðåäåëÿåìóþ äâèæóùóþñÿ ãðàíèöó; u(t, x) âûðàæàåò ïëîò-
íîñòü ïîïóëÿöèè âèäîâ-õèùíèêîâ, à v(t, x) îáîçíà÷àåò ïëîòíîñòü ïîïóëÿöèè âèäîâ-æåðòâ.
a, b, d,m, k, µ è mi (i = 1, 2) ¯ ïîëîæèòåëüíûå êîíñòàíòû. Ïîäðîáíîå çíà÷åíèå ýòèõ
êîýôôèöèåíòîâ ìîæíî óçíàòü èç [7]. Íà÷àëüíûå ôóíêöèè u0(x) è v0(x) ñîîòâåòñòâåííî
óäîâëåòâîðÿþò{

u0(x) ∈ C2([0, l]), u′0(0) = u0(l) = 0 è u0(x) ⩾ 0 â [0, l];

v0(x) ∈ C2[0, s0], v0(s0) = 0, v′0(0) = 0 è v0(x) ⩾ 0 â [0, s0].

Õèùíèê v(t, x) � ýòî çàõâàò÷èê, êîòîðûé èçíà÷àëüíî ñóùåñòâóåò â ïîäèíòåðâàëå [0, s0]
èç [0, l] è èìååò óñëîâèÿ Ëåñëè-Ãàóýðà, êîòîðûå èçìåðÿþò ïîòåðþ ïîïóëÿöèè õèùíèêîâ
èç-çà ðåäêîñòè äîáû÷è. Æåðòâà u (àáîðèãåííûé âèä) èçíà÷àëüíî ðàñïðåäåëåíà ïî âñåé
îáëàñòè [0, L]. Íàøà îñíîâíàÿ öåëü � ïîíÿòü, êàê èñõîäíûå äàííûå v0(x) âëèÿþò íà óñïåõ
èëè íåóäà÷ó âòîðæåíèÿ õèùíèêà. Ìû âûâîäèì äèõîòîìèþ ðàñøèðåíèÿ è èñ÷åçíîâåíèÿ è
äàåì ÷åòêèå êðèòåðèè ðàñøèðåíèÿ è èñ÷åçíîâåíèÿ â ýòîé ìîäåëè.

Òåîðåìà 1. Ïóñòü u(t, x), v(t, x), s(t) � ðåøåíèå (1) äëÿ t ∈ [0, T ], T > 0. Òîãäà

0 < u(t, x) ⩽ max {1, ∥u0∥∞} =M1, Q, (15)

0 < v(t, x) ⩽ max {M1 + a, ∥v0∥∞} =M2, D, (16)

0 < ṡ(t) ⩽M3 = µN, 0 < t ≤ T, (17)

ãäå N = max
{
v0(x)
s0−x ,

kM2

m2

}
.

Äàëåå äëÿ êàæäîãî óðàâíåíèÿ ñèñòåìû îòäåëüíî ñôîðìóëèðóåì ñîîòâåòñòâóþùóþ
çàäà÷ó: 

Ut = Uyy + F1(t, y, U, V, Uy), Q,

U(0, y) = U0(y), 0 ≤ y ≤ l,

Uy(t, 0) = 0, U(t, l) = 0 t > 0,

(2)

ãäå F1(t, y, U, V, Uy) = m1Uy − U(1− U) + V
(

U
U+m

)
.

Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1, è íåïðåðûâíàÿ â Q̄ ôóíêöèÿ u
óäîâëåòâîðÿåò óñëîâèÿì (2). Åñëè U(t, y) èìååò îáîáùåííûå ïðîèçâîäíûå Uty, Uyy, èíòå-
ãðèðóåìûå ñ êâàäðàòîì â Q, òîãäà

|Uy(t, y)| ≤M4(M2, b0, u0), (t, y) ∈ Q̄,

|U |Q1+γ ≤M5(M4),

|U |Q2+β ≤M6(M5).

Â ñëó÷àå (1) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ τ = t, y = x
s(t)

âûïðÿìëÿåì ãðàíèöó. Òîãäà D
áóäåò îòîáðàæàòüñÿ â Ω = {(τ, y) : 0 < τ, 0 < y < 1}, à äëÿ ôóíêöèè w(τ, y) = u(τ, ys(τ))
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ïîëó÷àåì óðàâíåíèå ñ îãðàíè÷åííûìè êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ. Èñïîëüçóÿ óñòà-
íàâëèâàåì îöåíêè äëÿ |wy|, |w|1+γ â Ω̄.

Â ýòîé ñòàòüå ìû ïîêàæåì, ÷òî ñèñòåìà (1) äîïóñêàåò åäèíñòâåííîå ðåøåíèå è äëÿ ýòîé
ñèñòåìû âûïîëíÿåòñÿ ðàñòåêàþùàÿñÿ äèõîòîìèÿ èñ÷åçíîâåíèÿ, à èìåííî, ïðè t→ ∞ ëèáî

(i) õèùíèê v(x, t) óñïåøíî ðàñïðîñòðàíÿåòñÿ â íîâóþ ñðåäó â òîì ñìûñëå, ÷òî s(t) → ∞,
èëè

(ii) õèùíèê v(x, t) íå ìîæåò óñòàíîâèòüñÿ è â êîíöå êîíöîâ èñ÷åçàåò, ò. å. lim
t→∞

s(t) =

s∞ <∞, ∥v(x, t)∥C[0,s(t)] → 0 è u(x, t) → 1.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ðåàêöèè-äèôôóçèè, ñî ñâîáîäíîé ãðàíèöåé, ìîäåëè õèùíèê-æåðòâà, ëîêàëüíàÿ
íåîäíîðîäíîñòü, ïðîçðà÷íûå êðàåâûå óñëîâèÿ.

2020 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20
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Êðàåâàÿ çàäà÷à äëÿ òåðìîóïðóãîé ïîëóïëîñêîñòè ñ
ïîëîñòüþ

Á.H. ÀËÈÏÎÂÀ

Ìåæäóíàðîäíûé óíèâåðñèòåò èíôîðìàöèîííûõ òåõíîëîãèé, Àëìàòû, Êàçàõñòàí
University of Kentucky, KY, USA
E-mail: alipova.bakhyt@gmail.com

Èññëåäîâàíèå òåðìîäèíàìè÷åñêèõ ïðîöåññîâ â ñðåäàõ è êîíñòðóêöèÿõ îòíîñèòñÿ ê ÷èñ-
ëó àêòóàëüíûõ íàó÷íî-òåõíè÷åñêèõ ïðîáëåì, äëÿ ðåøåíèÿ êîòîðûõ ðàçâèâàþòñÿ ðàçëè÷-
íûå àíàëèòè÷åñêèå è ÷èñëåííûå ìåòîäû. Ìàòåìàòè÷åñêèå ìîäåëè òåðìîóïðóãèõ ñðåä íàè-
áîëåå ïîëíî ðàçðàáîòàíû Íîâàöêèì Â.[1]. Â ðàáîòàõ [2-5] è äð. íà îñíîâå òåîðèè ïîòåí-
öèàëà è ïðÿìûõ ìåòîäîâ ïîñòðîåíèÿ äèíàìè÷åñêèõ àíàëîãîâ ôîðìóë Ãðèíà ðàçðàáîòàí
ìåòîä ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé äëÿ ðåøåíèÿ êðàåâûõ çàäà÷ òåðìîóïðóãîñòè
â ïðîñòðàíñòâå ïðåîáðàçîâàíèé Ëàïëàñà. Îäíàêî ÷èñëî ðàáîò â äàííîì íàïðàâëåíèÿ ïî
ïðåæíåìó îñòàåòñÿ âåñüìà îãðàíè÷åííûì.

Çäåñü ðàçâèâàåòñÿ ÌÃÈÓ äëÿ èññëåäîâàíèÿ äèíàìèêè òåðìîóïðóãîãî ïîëóïðîñòðàí-
ñòâà ñ öèëèíäðè÷åñêîé ïîëîñòüþ â óñëîâèÿõ ïëîñêîé äåôîðìàöèè.

Ðàññìàòðèâàåòñÿ ïåðâàÿ êðàåâàÿ çàäà÷à äèíàìèêè îäíîðîäíîé òåðìîóïðóãîé ïîëóïëîñ-
êîñòè, îñëàáëåííîé ïîëîñòüþ, ïðè çàäàííûõ íàãðóçêàõ è òåïëîâîì ïîòîêå íà âíóòðåííåé
ãðàíèöå ïîëîñòè, òðåáóåòñÿ íàéòè ïåðåìåùåíèÿ è òåìïåðàòóðó ñðåäû. Çàäàíû äåéñòâóþ-
ùèå ïðîèçâîëüíûå ìàññîâûå ñèëû è òåïëîâûå èñòî÷íèêè.

Äëÿ ðåøåíèÿ òàêîé çàäà÷è ìåòîäîì ãðàíè÷íûõ èíòåãðàëüíûõ óðàâíåíèé ïîñòðîåí òåí-
çîð Ãðèíà äëÿ òåðìîóïðóãîãî ïîëóïðîñòðàíñòâà [6] ñî ñâîáîäíîé ãðàíèöåé. Èñïîëüçóÿ
ñâîéñòâî ôóíäàìåíòàëüíûõ ðåøåíèé, ïîñòðîåíî ðåøåíèå (ïåðåìåùåíèÿ è òåìïåðàòóðà) âî
âñåé îáëàñòè îïðåäåëåíèÿ. Â ïðîñòðàíñòâå îáîáùåííûõ ôóíêöèé ïîëó÷åí àíàëîã ôîðìó-
ëû Ñîìèëüÿíû äëÿ äâóñâÿçíîãî ïîëóïðîñòðàíñòâà. Ïîñòðîåíû ãðàíè÷íûå èíòåãðàëüíûå
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óðàâíåíèÿ, ïîçâîëÿþùèå ðåøàòü êðàåâûå çàäà÷è ðàçíîãî òèïà, âêëþ÷àÿ äàííóþ êðàåâóþ
çàäà÷ó.

Ïîëó÷åííûå ôîðìóëû ïîçâîëÿþò ðåøàòü íå òîëüêî ïåðâóþ êðàåâóþ çàäà÷ó, íî è 3
äðóãèå êðàåâûå çàäà÷è. Âñå ïîñòðîåííûå óðàâíåíèÿ ïîääàþòñÿ ÷èñëåííîìó ðåøåíèþ íà
îñíîâå èíòåðïîëÿöèè ãðàíèöû è èñêîìûõ ôóíêöèé ñïëàéíàìè, ïîðÿäîê êîòîðûõ âûáèðà-
åòñÿ â çàâèñèìîñòè îò òðåáóåìîé òî÷íîñòè ðåøåíèÿ çàäà÷è.
Êëþ÷åâûå ñëîâà: Êðàåâàÿ çàäà÷à, òåðìîóïðóãàÿ ïîëóïëîñêîñòü, ïîëîñòü, òåíçîð Ãðèíà, îáîáùåííàÿ ôóíêöèÿ,
ãðàíè÷íûå èíòåãðàëüíûå óðàâíåíèÿ.
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Ôîðñèðîâàííûå äâèæåíèÿ ñ ïåðåìåííûì óñêîðåíèåì

Ê.Í. ÀÍÀÕÀÅÂ1,a , Ì.Õ. ÌÈÑÈÐÎÂ1,b

1Êàáàðäèíî-Áàëêàðñêèé ãîñóäàðñòâåííûé àãðàðíûé óíèâåðñèòåò èì. Â.Ì. Êîêîâà. Íàëü÷èê,
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Ôîðñèðîâàííûå äâèæåíèÿ âîçíèêàþò ïðè äèíàìè÷åñêèõ (èìïóëüñíûõ, ãðàâèòàöèîííûõ è äð.) ïåðåìåùåíèÿõ
êàê ïðèðîäíûõ ãåîôèçè÷åñêèõ îáúåêòîâ, òàê è èñêóññòâåííûõ òåë [1-3]. Îñîáåííîñòüþ òàêèõ äâèæåíèé ÿâëÿåò-
ñÿ íàëè÷èå ïåðåìåííîãî óñêîðåíèÿ (ïîëîæèòåëüíîãî, îòðèöàòåëüíîãî), äëÿ îïèñàíèÿ êîòîðûõ ââåäåí ïàðàìåòð
¾ôîðñàæ¿ Φ (ì/ñåê3) [4], õàðàêòåðèçóþùèé ðåæèì èçìåíåíèÿ óñêîðåíèÿ âî âðåìåíè

Φ = a′ (t) = V ′′ (t) = S′′′ (t) , (18)

ãäå a (t), V (t) è S (t) - óñêîðåíèå, ñêîðîñòü è ïðîéäåííûé ïóòü. Ïðè ýòîì, çíà÷åíèå ôîðñèðîâàííîé ñêîðîñòè
äâèæåíèÿ VΦ â îáùåì ñëó÷àå áóäåò ðàâíî

VΦ = V0 + aΦ · t; aΦ = a0 +Φ · t = a0 +Φt, (19)

ãäå Φt = Φ · t - óñêîðÿþùàÿñÿ (çàìåäëÿþùàÿñÿ) ÷àñòü ôîðñèðîâàííîãî ïåðåìåííîãî óñêîðåíèÿ aΦ; V0 è a0 -
íà÷àëüíûå çíà÷åíèÿ ñêîðîñòè è óñêîðåíèÿ.

Â çàâèñèìîñòè îò âåëè÷èí a0 è Φ ïîëó÷àþòñÿ ðàçëè÷íûå ñëó÷àè ôîðñèðîâàííîãî äâèæåíèÿ ñ ïåðåìåííûìè
óñêîðåíèÿìè [4], ïðè ýòîì ôîðñàæ ¾Φ¿ ìîæåò èìåòü êàê ïîñòîÿííîå, òàê è ïåðåìåííîå çíà÷åíèÿ â âèäå ðàçëè÷íûõ
ôóíêöèè. Â ÷àñòíîñòè, äëÿ ñëó÷àÿ ïîñòîÿííîé âåëè÷èíû ôîðñàæà Φ = const (ñîîòâåòñòâóþùåìó ðûâêó), çíà÷åíèå
ñêîðîñòè VC ïîëó÷èì, èíòåãðèðóÿ ïåðåìåííîå óñêîðåíèå (29)

VC = V0 + a0 · t+ 0.5 · Φ · t2. (20)

Ïðèìåð äâèæåíèÿ ïî (20) (ïðè V0 = 0, a0 = 2, Φ=2) äàí Ôèëü÷àêîâûì Ï.Ô. â [5, ñ. 302].
Äëÿ âûðàæåíèÿ æå ïåðåìåííûõ çíà÷åíèé ôîðñàæà Φ èñïîëüçóåì ïðèáëèæåííûõ ìåòîä, øèðîêî ðàñïðîñòðà-

íåííûé â ïðèêëàäíûõ èññëåäîâàíèÿõ, ïî êîòîðîìó ïîäñ÷åòû ôîðñàæà ïðîâîäÿòñÿ òîëüêî ïî çíà÷åíèþ ìîäóëÿ
âðåìåíè â (ñåê), óñòàíàâëèâàÿ ïðè ýòîì îáùóþ ðàçìåðíîñòü â (ì/ñåê3). Â êà÷åñòâå ïðèìåðà ðàññìàòðèâàåòñÿ ñâî-
áîäíîå ïàäåíèå â ñîïðîòèâëÿþùåéñÿ ñðåäå ïàðàøþòèñòà (ðîñòîì 1.7 ì, ìàññîé 80 êã) â ìîìåíòû âðåìåíè t= 0; 2;
4; 6; 8; 10; 12; 16; 20; 22 (ñåê) ñî ñêîðîñòÿìè V= 0; 17.0; 27.3; 32.5; 35.1; 36.4; 37.1; 37.6; 37.7 â (ì/ñåê) � äëÿ äàííîãî
ñëó÷àÿ ôîðñàæ Φ (ì/ñåê3) (íà îñíîâå îáðàòíîãî ðàñ÷åòà) è ñêîðîñòü VΦ (ì/ñåê) îïðåäåëÿþòñÿ çàâèñèìîñòÿìè:

Φ = −g
t

[
1− 1√

1 + 0.065 · t2

]
;VΦ = (g − Φt)t =

gt√
1 + 0.065 · t2

. (21)

Çíà÷åíèÿ ñêîðîñòè VΦ= 0; 17.5; 27.5; 32.2; 34.5; 35.8; 36.6; 37.4; 37.8, ïîäñ÷èòàííûå ïî (21) äîñòàòî÷íî áëèçêî
(<< 2-3 % ) ñîãëàñóþòñÿ ñ çàäàííûìè èñõîäíûìè âåëè÷èíàìè.

Ïàðàìåòð ¾Φ¿ ìîæåò áûòü èñïîëüçîâàí äëÿ îïèñàíèÿ äèíàìè÷åñêèõ õàðàêòåðèñòèê ôîðñèðîâàííûõ äâèæåíèé
(ìàÿòíèêà [6, 7], áåçâèõðåâûõ ïîòîêîâ [8] è äð.).

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023
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Â ïîñëåäíèå íåñêîëüêî äåñÿòèëåòèé äèíàìè÷åñêîå ïîâåäåíèå êîíêóðåíòíî-äèôôóçèîííûõ ñèñòåì â îäíîðîä-
íûõ èëè ãåòåðîãåííûõ ñðåäàõ øèðîêî èçó÷àëîñü. Â [1, 2] àâòîðû èçó÷àëè äèíàìèêó äâóõ îðãàíèçìîâ, èçìåíÿÿ
èõ êîýôôèöèåíòû ñëó÷àéíîé äèôôóçèè, ðåñóðñîåìêîñòü è êîíêóðåíòîñïîñîáíîñòü, à òàêæå îïèñûâàëè ãëîáàëü-
íóþ äèíàìèêó äâóõ îðãàíèçìîâ. Èõ èññëåäîâàíèÿ âíåñëè âûäàþùèéñÿ âêëàä â ñèñòåìû êîíêóðåíöèè è ðàñïðî-
ñòðàíåíèÿ. Äëÿ ìîäåëè êîíêóðåíöèè äâóõ îðãàíèçìîâ ëèáî îáà îðãàíèçìà âûæèâàþò, ëèáî ïîáåæäàþò çà ñ÷åò
âûìèðàíèÿ äðóãèõ îðãàíèçìîâ [3,4]). Â [5,6] èçó÷àëè êîíêóðåíòíóþ ñèñòåìó Ëîòêè-Âîëüòåððû ñ ïåðèîäè÷åñêîé
àäâåêöèåé ñðåäû îáèòàíèÿ. Ñ áèîëîãè÷åñêîé òî÷êè çðåíèÿ ýòîò ïóëüñèðóþùèé ôðîíò ïóòåøåñòâèé ïðåäîñòàâèë
âîçìîæíîñòü äâóì êîíêóðèðóþùèì âèäàì âçàèìîäåéñòâîâàòü â ãåòåðîãåííûõ ñðåäàõ îáèòàíèÿ. Îñíîâûâàÿñü íà
ïðåäïîëîæåíèè, ÷òî ðåñóðñíàÿ ôóíêöèÿ â ïðîñòðàíñòâåííûõ ïåðåìåííûõ óìåíüøàåòñÿ, Lou et al. [6] îïèñàë êîíêó-
ðåíöèþ ìåæäó äâóìÿ âîäíûìè îðãàíèçìàìè ñ ðàçíûìè ñòðàòåãèÿìè äèôôóçèè çà îäèí è òîò æå ðåñóðñ â ñèñòåìå
ðåàêöèÿ-äèôôóçèÿ-àäâåêöèÿ Ëîòêè-Âîëüòåððû. Â [8] àâòîð èçó÷àë âëèÿíèå ñòðàòåãèé äèôôóçèè íà èñõîä êîí-
êóðåíöèè ìåæäó äâóìÿ ïîïóëÿöèÿìè, â òî âðåìÿ êàê âèäû ðàñïðåäåëåíû â ñîîòâåòñòâèè ñ èõ ñîîòâåòñòâóþùåé
åìêîñòüþ â êîíêóðåíòíî-äèôôóçèîííûõ ñèñòåìàõ. Îäíàêî â ñèñòåìàõ êîíêóðåíöèè-äèôôóçèè-àäâåêöèè èçó÷åíèå
ðàçíûõ âèäîâ ñ ðàçíûìè ôóíêöèÿìè ðàñïðåäåëåíèÿ áóäåò áîëåå ñëîæíûì. Òàí è ×åí [9] èçó÷àëè ïîïóëÿöèîííóþ
äèíàìèêó êîíêóðåíöèè ìåæäó äâóìÿ îðãàíèçìàìè ñ òî÷êè çðåíèÿ ðå÷íîé ýêîëîãèè.

Ìû èññëåäóåì ïðîáëåìó ãëîáàëüíîãî íàïðàâëåííîãî äèíàìè÷åñêîãî ïîâåäåíèÿ ñèñòåìû àäâåêöèè Ëîòêè-Âîëü-
òåððû ìåæäó äâóìÿ îðãàíèçìàìè â ãåòåðîãåííûõ ñðåäàõ, ãäå äâà îðãàíèçìà êîíêóðèðóþò çà ðàçíûå ôóíäàìåí-
òàëüíûå ðåñóðñû.

Ìû îáñóæäàåì ñëåäóþùóþ ãëîáàëüíóþ äèíàìèêó àäâåêòèâíîé ñèñòåìû :

ut = d1(u)uxx − α1ux + (a1 −−− b1u−−− c1v), −l < x < l, 0 < t ≤ T, (1)

vt = d2(v)vxx − α2vx + v(a2 −−− b2u−−− c2v), −l < x < l, 0 < t ≤ T, (2)

u(x, 0) = u0(x) ≥ 0, v(x, 0) = v0(x) ≥ 0 ,−l < x < l, (3)

u(t,−l) = m1u(t1,−−−l0), u(t, l) = m2u(t, l0), 0 < t ≤ T, (4)

v(t,−l) = n1v(t1,−−−l0), v(t, l) = n2v(t, l0), 0 < t ≤ T, (5)

ãäå u(x, t) è v(x, t) � ïëîòíîñòè ïîïóëÿöèè áèîëîãè÷åñêèõ îðãàíèçìîâ, ai , bi , ci, mi, ni, αi ïîëîæèòåëüíûå êîí-
ñòàíòû è êîýôôèöèåíòû íåëèíåéíîé äèôôóçèè di(ξ), i = 1, 2 è ïîëîæèòåëüíûå íà÷àëüíûå ôóíêöèè u0(x), v0(x)
óäîâëåòâîðÿþò ñëåäóþùèì óñëîâèÿì

1)di(ξ) > di(0) > 0, i = 1, 2, di(ξ) ∈ C1+α(Ω) äëÿ âñåõ ξ, ïðèíàäëåæàùèõ çàìêíóòîìó ìíîæåñòâó;
2)u0(x) ∈ C2[−l, l], v0(x) ∈ C2([−l, l]), 0 < l0 < l, |mi| ≤ 1, |ni| ≤ 1 i = 1, 2
Èçâåñòíî, ÷òî äîêàçàòåëüñòâî êëàññè÷åñêîé ðàçðåøèìîñòè êðàåâûõ çàäà÷ òåñíî ñâÿçàíî ñ àïðèîðíûìè îöåí-

êàìè øàóäåðîâñêîãî òèïà. Èçâåñòíûå ìåòîäû ïîëó÷åíèÿ ýòèõ îöåíîê âïëîòü äî ãðàíèöû îïèðàþòñÿ íà íóëåâûå
ãðàíè÷íûå óñëîâèÿ (èëè æå ãëàäêèå ãðàíè÷íûå äàííûå). Ñëåäîâàòåëüíî, äëÿ íåëîêàëüíûõ çàäà÷ ýòè ìåòîäû íå
ðàáîòàþò. Äëÿ êàæäîãî òèïà íåëîêàëüíûõ óñëîâèé íàäî áóäåò ðàçðàáàòûâàòü ñâîåîáðàçíûé ïîäõîä óñòàíîâëåíèÿ
àïðèîðíûõ îöåíîê [10]. Çäåñü, â ñëó÷àå çàäà÷è ñ âíóòðåííåãðàíè÷íûìè íåëîêàëüíûìè óñëîâèÿìè äëÿ ïàðàáîëè-
÷åñêîé ñèñòåìû ìû ïîïðîáîâàëè ðåøèò ýòó ïðîáëåìó.

Íåëîêàëüíûå óñëîâèÿ ÿâëÿþòñÿ åñòåñòâåííûì îáîáùåíèåì îáû÷íûõ êðàåâûõ óñëîâèé, à çàäà÷è ñ íåëîêàëüíû-
ìè ãðàíè÷íûìè óñëîâèÿìè èìåþò êîíêðåòíûå ïðèëîæåíèÿ .

Institute of Mathemitics and Mathematical Modeling. Almaty, 2023



170 Òðàäèöèîííàÿ àïðåëüñêàÿ ìàòåìàòè÷åñêàÿ êîíôåðåíöèÿ � 2023

Êëþ÷åâûå ñëîâà:Íåëîêàëüíûå óñëîâèÿ, àïðèîðíûå îöåíêè, ñèñòåìà ðåàêöèÿ-äèôôóçèÿ-àäâåêöèÿ, êîíêóðåíöèÿ,
ïîïóëÿöèîííîÿ äèíàìèêà

2020 Mathematics Subject Classi�cation: 35B35, 35B32, 35K57

Ëèòåðàòóðà
[1] He, X., Ni, W. Global dynamics of the Lotka-Volterra competition-di�usion system: Di�usion and spatial hetero-

geneity I. Commun.Pure Appl. Math. 2016, 69, 981�1014.
[2] He, X., Ni, W. Global dynamics of the Lotka-Volterra competition-di�usion system with equal amount of total

resources, II. Calc.Var. Partial Di�er Equ. 2016, 55, 25. Axioms 2021, 10, 195
[3] Wang, Q. Global directed dynamics of a Lotka-Volterra competition-di�usion system Nonlinear Anal. Real World

Appl. 2020, 55, 103144.
[4] Du, L., Li, W., Wu, S. Propagation phenomena for a bistable Lotka-Volterra competition system with advection

in a periodic habitat. Z. Angew. Math. Phys. 2019, 71 , 2402�2435.
[5] Du, L., Li, W., Wu, S. Pulsating fronts and front-like entire solutions for a reaction-advection-di�usion competition

model in a periodic habitat. J. Di�er. Equ. 2019, 266, 8419�8458.
[6] Lou, Y., Zhao, X., Zhou, P.Global dynamics of a Lotka-Volterra competition-di�usion-advection system in hete-

rogeneous environments. J. Math. Pures Appl. 2019, 121, 47�82.
[7] Kamrujjaman, M. Interplay of resource distributions and di�usion strategies for spatially heterogeneous populations.

J. Math. Model. 2019, 7, 175�198.
[8] Tang, D., Chen, Y.Global dynamics of a Lotka-Volterra competition-di�usion system in advective homogeneous

environments. J.Di�er. Equ. 2020, 269,1465�1483.
[9] Xu, F., Gan, W., Tang, D. Global dynamics of a Lotka-Volterra competitive system from river ecology: General

boundary conditions. Nonlinearity 2020, 33, 1528�1541.
[10] Òàõèðîâ Æ. Î. Íåëèíåéíûå êîëåáàíèÿ, 2019, ò. 22, �4 .

Âîññòàíîâëåíèå äâóõ êîýôôèöèåíòîâ â ñìåøàííîé çàäà÷å
äëÿ óðàâíåíèÿ êîëåáàíèé ñ íåêëàññè÷åñêèì êðàåâûì

óñëîâèåì

À.Þ. ÙÅÃËÎÂ1,a, Î.À. ÀÍÄÐÅßÍÎÂÀ2,b

1 Óíèâåðñèòåò ÌÃÓ-ÏÏÈ, Øýíü÷æýíü, Êèòàé
2 ÌÃÓ èìåíè Ì.Â.Ëîìîíîñîâà, Ìîñêâà, Ðîññèÿ
E-mail: ashcheg@cs.msu.ru, boksashka@gmail.com

Ïóñòü ïðè ïîëîæèòåëüíûõ çíà÷åíèÿõ a, β, T , l < aT , èìååòñÿ ïðÿìàÿ çàäà÷à

utt(x, t) = a2uxx(x, t) + f(x)g(t), (x, t) ∈ QT , (1)

−βux(x, t)
∣∣
x=0

= µ(t)− ut(x, t)
∣∣
x=0

, 0 ⩽ t ⩽ T, (2)

ux(x, t)
∣∣
x=l

= 0, 0 ⩽ t ⩽ T, (3)

u(x, t)
∣∣
t=0

= φ(x), ut(x, t)
∣∣
t=0

= ψ(x), 0 ⩽ x ⩽ l, (4)

ãäå QT = {(x, t) : 0<x<l, 0<t⩽T}. Óðàâíåíèÿ (1), (2), (3) îïèñûâàþò èçìåíåíèå àìïëèòóäû u(x, t) ìàëûõ ïîïå-
ðå÷íûõ êîëåáàíèé ñòðóíû, ëåâûé êîíåö êîòîðîé ¾èñïûòûâàåò ñîïðîòèâëåíèå âíåøíåé ñðåäû, ïðîïîðöèîíàëüíîå
ñêîðîñòè å�å äâèæåíèÿ¿ (ñì. [1, Ãë.II, �1, ï.7]) è ìîæåò íàõîäèòüñÿ, íàïðèìåð, â ïîòîêå æèäêîñòè, à ïðàâûé êîíåö
ñòðóíû íå çàêðåïëåí. Ïðîèçâåäåíèå f(x)g(t) îïðåäåëÿåò ïëîòíîñòü ñèëû, äåéñòâóþùåé íà áîêîâóþ ïîâåðõíîñòü
ñòðóíû, êîýôôèöèåíò a � ñêîðîñòü ðàñïðîñòðàíåíèÿ êîëåáàíèé âäîëü ñòðóíû, êîýôôèöèåíò β � íàòÿæåíèå (ñè-
ëà íàòÿæåíèÿ) ñòðóíû ïî íàïðàâëåíèþ å�å îñè, ôóíêöèÿ µ(t) � ñêîðîñòü âíåøíåé ñðåäû â ïëîñêîñòè ïîïåðå÷íûõ
êîëåáàíèé ñòðóíû ïðè x = 0. Óñëîâèÿ (4) � íà÷àëüíûå.

Çàäà÷à (1)-(4) ìîæåò ðàññìàòðèâàòüñÿ êàê ìîäåëü äâèæåíèÿ áóðà â ãëóáîêèõ íåôòÿíûõ ñêâàæèíàõ, ÷òî îïðå-
äåëÿåò èíòåðåñ ê cõîæèì çàäà÷àì [2], [3].

Ïóñòü â ðàìêàõ îáðàòíîé çàäà÷è ïðè ïîëîæèòåëüíûõ çíà÷åíèÿõ a, β, T , l<aT , èçâåñòíû ôóíêöèè φ(x), ψ(x),
g(t) ïðè x∈ [0, l] è t∈ [0, T ], è äîïîëíèòåëüíî çàäàíà ôóíêöèÿ h(t), t∈ [0, T ], òàêàÿ, ÷òî

h(t) = u(l, t), t ∈ [0, T ], (5)

ãäå u(x, t) � ðåøåíèå çàäà÷è (1)-(4). Òðåáóåòñÿ âîññòàíîâèòü ôóíêöèè f(s) è µ(t) ïðè s∈ [0, l], t∈ [0, T̂ ], T̂ = T−(l/a), è
çàòåì ïîëó÷èòü ðåøåíèå u(x, t) çàäà÷è (1)-(4) íà ìíîæåñòâå Λl,T = {(x, t) : 0⩽ t⩽T− (l−x)/a, 0⩽x⩽ l}, òàê, ÷òîáû
íàéäåííûå ôóíêöèè f(s), µ(t) è u(x, t) óäîâëåòâîðÿëè óðàâíåíèþ (1) íà ìíîæåñòâå Λl,T , óñëîâèþ (2) ïðè t∈ [0, T̂ ],
óñëîâèÿì (3), (5) ïðè t∈ [0, T ] è óñëîâèÿì (4).

Óñòàíàâëèâàþòñÿ ñëåäóþùèå óòâåðæäåíèÿ.
Òåîðåìà 1. Åñëè çàäàíû ôóíêöèè φ(x), ψ(x), f(x), g(t), µ(t) òàêèå, ÷òî çíà÷åíèå µ′(0) ñóùåñòâóåò, è âûïîë-

íÿþòñÿ óñëîâèÿ
φ(x) ∈ C2[0, l], ψ(x) ∈ C1[0, l], g(t) ∈ C1[0, T ], φ′(l) = ψ′(l) = 0, (6)
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f(x)∈C[0,l], µ(t)∈C[0,T ], µ(0)=ψ(0)−βφ′(0), µ′(0)=a2φ′′(0)−βψ′(0)+f(0)g(0), (7)

òî çàäà÷à (1)-(4) èìååò åäèíñòâåííîå ðåøåíèå u(x, t) ∈ C2(QT ).
Òåîðåìà 2. Åñëè çàäàíû ôóíêöèè φ(x), ψ(x), g(t), h(t), óäîâëåòâîðÿþùèå óñëîâèÿì (6), óñëîâèþ

g(0) ̸= 0, (8)

à ó ôóíêöèè h(t) ñóùåñòâóåò çíà÷åíèå h′(0), è äëÿ h(t) âûïîëíÿþòñÿ óñëîâèÿ

h(t) ∈ C[0, T ], h(0) = φ(l), h′(0) = ψ(l),

òî îáðàòíàÿ çàäà÷à (1)-(5) íå ìîæåò èìåòü áîëåå îäíîãî ðåøåíèÿ.
Òåîðåìà 3. Ïóñòü çàäàíû ôóíêöèè φ(x), ψ(x), g(t), h(t), óäîâëåòâîðÿþùèå óñëîâèÿì (6), (8) è óñëîâèÿì

h(t) ∈ C2[0, T ], h(0) = φ(l), h′(0) = ψ(l).

Òîãäà ñóùåñòâóåò ðåøåíèå îáðàòíîé çàäà÷è (1)-(5).
Òåîðåìà 2 è òåîðåìà 3 äîêàçûâàþòñÿ äëÿ çíà÷åíèé T ∈ ((l/a), (3l/a)], ÷òî âïîëíå äåìîíñòðèðóåò ñõåìû äî-

êàçàòåëüñòâ, ñ âîçìîæíîñòüþ ïåðåíåñåíèÿ àíàëîãè÷íîãî àíàëèçà íà á�îëüøèå T > (3l/a). Íà îñíîâå èññëåäîâàíèÿ
ðåøåíèÿ îáðàòíîé çàäà÷è ïðåäëàãàåòñÿ èòåðàöèîííûé àëãîðèòì å�å ïðèáëèæåííîãî ðåøåíèÿ.

Funding: Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå National Natural Science Foundation of China (No. 12171036)
è Beijing Natural Science Foundation (Key Project No. Z210001).

Êëþ÷åâûå ñëîâà: óðàâíåíèå êîëåáàíèé, îáðàòíàÿ çàäà÷à, íåêëàññè÷åñêîå êðàåâîå óñëîâèå.
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Î òî÷íûõ ðåøåíèÿõ óðàâíåíèÿ íåðàçðûâíîñòè

Íàçûì ÁÎËÀÒ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
E-mail: bolat.nazym.armankyzy@gmail.com

Ðàññìîòðèì ïëîñêîïàðàëëåëüíîå, ñòàöèîíàðíîå òå÷åíèå íåñæèìàåìîé æèäêîñòè â íåêîòîðîé îáëàñòè G ⊂ R2.
Êàê èçâåñòíî, â ýòîì ñëó÷àå èìååò ìåñòî óðàâíåíèå íåðàçðûâíîñòè âèäà

∂V1

∂x
+
∂V2

∂y
= 0

ãäå V1 (x, y),V2 (x, y) � èñêîìûå êîìïîíåíòû ñêîðîñòè ÷àñòèö æèäêîñòè.
Èçâåñòíî, ÷òî òî÷íîå ðåøåíèå óðàâíåíèÿ (1) ïèøåòñÿ â ñëåäóþùåé ôîðìå:{

V1 = u(x, y)

V2 = −v(x, y)

ãäå f (z) = u(x, y)+ iv(x, y) � ïðîèçâîëüíàÿ, àíàëèòè÷åñêàÿ ôóíêöèÿ êîìïëåêñíîãî ïåðåìåííîãî z = x + iy â îáëà-
ñòè G ⊂ R2.

Äàííàÿ ôîðìóëà îïèñûâàåò êîíòèíóóì òî÷íûõ ðåøåíèé óðàâíåíèÿ íåðàçðûâíîñòè, ãäå âñå ðåøåíèÿ ñîîòâåò-
ñòâóþò òîëüêî áåçâèõðåâûì òå÷åíèÿì æèäêîñòè, êîãäà rot

−→
V = 0

Êàê èçâåñòíî, òå÷åíèå æèäêîñòè, ïðîèñõîäÿùèå â ïðèðîäå, îñóùåñòâëÿþòñÿ âèõðåâûì äâèæåíèåì. Èç ÷åãî ñëå-
äóåò íåîáõîäèìîñòü îïèñàíèÿ ìåòîäà, êîòîðîå äàñò òàêæå âèõðåâûå ðåøåíèÿ óðàâíåíèÿ íåðàçðûâíîñòè, rot

−→
V ̸= 0
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Îïðåäåëåíèå ×åòûðå ñêàëÿðà (äåéñòâèòåëüíûå ëèáî êîìïëåêñíûå ÷èñëà) α1 , α2 , β1 , β2� íàçûâàþòñÿ ðàçðåøàþ-
ùèìè ïàðàìåòðàìè óðàâíåíèÿ (1), åñëè âûïîëíÿåòñÿ óñëîâèå: α1α2 + β1β2 = 0 . Èç ýòîãî îïðåäåëåíèÿ ñëåäóåò, ÷òî
óðàâíåíèå (1) èìååò áåñ÷èñëåííîå ìíîæåñòâî íàáîðîâ ðàçðåøàþùèõ ïàðàìåòðîâ. Îïðåäåëåííûé íàáîð ìû áóäåì
îáîçíà÷àòü òàê:

SP = (α1 , α2 , β1 , β2 )

Òåîðåìà Ïóñòü f (z) = u(x, y)+ iv(x, y) � ïðîèçâîëüíàÿ ôóíêöèÿ êîìïëåêñíîãî ïåðåìåííîãî, SP = (α1 , α2 , β1 , β2 )
� ïðîèçâîëüíûé íàáîð ðàçðåøàþùèõ ïàðàìåòðîâ. Òîãäà óðàâíåíèå íåðàçðûâíîñòè (1) èìååò òî÷íîå ðåøåíèå âèäà:

{
V1 = β1u(α1x, α2y)

V2 = β2 v(α1x, α2y)
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Îïèñàíèå óñòðàíèìûõ îñîåííîñòåé ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè â çàäàí-
íîì ôóíêöèîíàëüíîì êëàññå òðàäèöèîííî ïðèâëåêàåò âíèìàíèå áîëüøîãî ÷èñëà èññëåäîâàòåëåé. Êëàññè÷åñêèì
ðåçóëüòàòîì â ýòîì íàïðàâëåíèè ÿâëÿåòñÿ òåîðåìà îá óñòðàíèìîñòè ìíîæåñòâà íóëåâîé åìêîñòè, â ÷àñòíîñòè,
ìíîæåñòâà êîíå÷íîé (n − 2)-ìåðû Õàóñäîðôà, äëÿ îãðàíè÷åííîé ãàðìîíè÷åñêîé ôóíêöèè íà îáëàñòè ýâêëèäîâà
ïðîñòðàíñòâà Rn.

Â äîêëàäå áóäóò ïðåäñòàâëåíû ðåçóëüòàòû, ïîëó÷åííûå â ñîâìåñòíîé ðàáîòå àâòîðà ñ Î. Ì. Ïåíêèíûì è Ä. Â.
Ñàâàñòååâûì, îá àíàëîãå òåîðåìû îá óñòðàíèìîé îñîáåííîñòè äëÿ îãðàíè÷åííîé ãàðìîíè÷åñêîé ôóíêöèè â ñìûñëå
�ìÿãêîãî ëàïëàñèàíà� íà ñòðàòèôèöèðîâàííîì ìíîæåñòâå ñ ïëîñêèìè âíóòðåííèìè ñòðàòàìè.

Îïðåäåëåíèÿ ñòðàòèôèöèðîâàííîãî ìíîæåñòâà è îòíîñÿùèõñÿ ê íåìó ïîíÿòèé ìîæíî íàéòè â [1]�[3].

Îñíîâíîé ðåçóëüòàò óòâåðæäàåò, ïðè îïðåäåëåííûõ óñëîâèÿõ, ÷òî äëÿ òàêîé ôóíêöèè íà n-ìåðíîì ñòðàòèôè-
öèðîâàííîì ìíîæåñòâå óñòðàíèìûì ÿâëÿåòñÿ îáúåäèíåíèå ñòðàò, ðàçìåðíîñòü êîòîðûõ íå ïðåâîñõîäèò n− 2.
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Î ðåøåíèÿõ â âèäå îðòîãîíàëüíûõ ìíîãî÷ëåíîâ äâóõ
ïåðåìåííûõ îäíîé ñïåöèàëüíîé ñèñòåìû

Æ.Ê. ÓÁÀÅÂÀ1,a, Ì.Æ. ÒÀËÈÏÎÂÀ2,b, Ð.Ó. ÆÀÕÈÍÀ3,b
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Ïîñòàíîâêà çàäà÷è. Ðàññìàòðèâàåòñÿ âîçìîæíîñòè ïîñòðîåíèÿ ðåøåíèé íåîäíîðîäíîé ñèñòåìû ñîñòîÿùåé
èç äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà âèäà

j+k=ω+1∑
j+k=0

(rj,k − αj,kx
h)xjykpj,k = f1(x, y),

j+k=ω+1∑
j+k=0

(tj,k − βj,ky
h)xjykpj,k = f2(x, y), (1)

ãäå p0,0(x, y) = Z(x, y)(j = 0, k = 0)- îáùàÿ íåèçâåñòíàÿ;pj,k- ðàçëè÷íûå ïîðÿäêè ÷àñòíûõ ïðîèçâîäíîé íåèçâåñòíîé
ôóíêöèè Z(x, y); fi(x, y)(i = 1, 2)- àíàëèòè÷åñêàÿ ôóíêöèÿ äâóõ ïåðåìåííûõ [1].

Ñîîòâåòñòâóþùóþ îäíîðîäíóþ ñèñòåìó ïîëó÷èì ïðè fi(x, y) ≡ 0. Îíè íàèáîëåå èçó÷åíû. Èññëåäîâàíèå ïðî-
âîäèòñÿ ïðè ðàçëè÷íûõ çíà÷åíèÿõ ïîñòîÿííîé h è ω. Íàïðèìåð:

1. ïðè fi(x, y) = 0, h = 1-ïîëó÷èì ñèñòåìó òèïà Êàìïå äå Ôåðüå;
2. Åñëè fi(x, y) ̸= 0, h ≥ 2 è ω = 1, òî çàäà÷à ñâîäèòñÿ ê ïîñòðîåíèþ ðåøåíèÿ ñèñòåìû

x2(r2,0 − α2,0x
h)p2,0 − xy(r1,1 − α1,1x

h)p1,1 + x(r1,0 − α1,0x
h)p1,0 + y(r0,1 − α0,1x

h)p0,1+

+(r0,0 − α0,0x
h)p0,0 = f1(x, y),

y2(t0,2 − β0,2y
h)p0,2 − xy(t1,1 − β1,1y

h)p1,1 + x(t1,0 − β1,0y
h)p1,0 + y(t0,1 − β0,1y

h)p0,1+

+(t0,0 − β0,0y
h)p0,0 = f2(x, y). (2)

Ñîãëàñíî îáùåé òåîðèè òàêèõ ñèñòåì ñïðàâåäëèâî óòâåðæäåíèå.
Òåîðåìà 1. Ñîîòâåòñòâóþùàÿ îäíîðîäíàÿ ñèñòåìà, ñîñòîÿùàÿ èç äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñò-

íûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà

x2(r2,0 − α2,0x)p2,0 + xy(r1,1 − α1,1x)p1,1 + x(r1,0 − α1,0x)p1,0 + y(r0,1 − α0,1x)p0,1+

+(r0,0 − α0,0x)p0,0 = 0,

y2(t0,2 − β0,2y)p0,2 + xy(t1,1 − β1,1y)p1,1 + y(t1,0 − β1,0y)p1,0 + y(t0,1 − β0,1y)p0,1+

+(t0,0 − β0,0y)p0,0 = 0. (3)

ïðè âûïîëíåíèè óñëîâèè ñîâìåñòèìîñòè è óñëîâèÿ èíòåãðèðóåìîñòè

1− xy(r1,1 − α1,1x
h)xy(t1,1 − β1,1y

h)

x2(r2,0 − α2,0xh)y2(t0,2−β0,2yh)
̸= 0 (4)

èìååò äî ÷åòûð¼õ ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé Zj(x, y)(j = 1, 2).
Òåîðåìà 2. Ïðåîáðàçîâàíèå

xh = u, yh = υ (5)

îäíîðîäíóþ ñèñòåìó (3) ïðèâîäèòü ê ñèñòåìå ãèïåðãåîìåòðè÷åñêîãî òèïà îòíîñèòåëüíî íîâûõ ïåðåìåííûõ u è υ âè-

äà (3), èç êîòîðîé ïðè h = 2 âûâîäÿòñÿ âñå áèîðòîãîíàëüíûå ìíîãî÷ëåíû Àïïåëÿ:Jm,n(α; γ, γ
′
;x, y), Fm,n(γ, γ

′
;x, y))

è Em,n(γ, γ
′
;x, y)) Ýðìèòà.

Ïîëó÷åííàÿ ñèñòåìà ãèïåðãåîìåòðè÷åñêîãî òèïà ñ ïîìîùüþ ýëåìåíòàðíûõ ïðåîáðàçîâàíèè (2) ïðèâîäèòñÿ
îäíîìó èç ñèñòåì Ãîðíà (F1)−(F4), ïîýòîìó ðåøåíèÿ èõ âûðàæàþòñÿ ÷åðåç ôóíêöèè Àïïåëÿ F1−F4 â çàâèñèìîñòè
îò âèäà ïðåîáðàçîâàíèÿ ñèñòåìû Ãîðíà.

Âèä ðåøåíèÿ íåîäíîðîäíîé ñèñòåìû (1) çàâèñèò îò ôîðìû ïðàâîé ÷àñòè fi(x, y) (i = 1, 2). Êàê è â îáûêíîâåí-
íîì ñëó÷àå ñïðàâåäëèâî óòâåðæäåíèå [2].

Êëþ÷åâûå ñëîâà: àíàëèòè÷åñêàÿ ôóíêöèÿ, íåîäíîðîäíàÿ ñèñòåìà, îäíîðîäíàÿ ñèñòåìà, ÷àñòíûõ ïðîèçâîäíûõ,
âòîðîãî ïîðÿäêà.

2010 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20

Ëèòåðàòóðà
[1] Ðàäæàáîâ Í., Òàñìàìáåòîâ Æ.Í., Óáàåâà Æ.Ê. Îñîáåííîñòè ðåøåíèÿ ñèñòåì òèïà Êëàóçåíà, Âåñòíèê

íàöèîíàëüíîé èíæåíåðíîé Àêàäåìèè ÐÊ, ñåðèÿ ôèçèêî-ìàòåìàòè÷åñêèé, 3:85 (2022), 137�147.
[2] Òàëèïîâà Ì.Æ., Òàñìàìáåòîâ Æ.Í. Î íàõîæäåíèè ÷àñòíûõ ðåøåíèé îäíîé íåîäíîðîäíîé ñèñòåìû â ÷àñò-

íûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà, Âåñòíèê ÀÃÓ èì. Ê.Æóáàíîâà, 2 (2000), 27�30.
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Î áëèçîñòè íèçêî÷àñòîòíûõ ÷àñòåé ñïåêòðîâ êîëåáàíèé
ìåìáðàí è ñåòîê èç ñòðóí.

Ð.Í. ÇÈÌÈÍ

Satbayev university, Àëìàòû, Êàçàõñòàí
E-mail: r.zimin@satbayev.university

Äîêëàä ïîñâÿùåí íîâîìó ïîäõîäó ê èññëåäîâàíèþ íèçêî÷àñòîòíûõ ÷àñòåé ñïåêòðîâ íåïðåðûâíûõ ìåõàíè÷å-
ñêèõ ñðåä (ìåìáðàí) è àíàëîãè÷íîé ÷àñòè ñïåêòðà ïîëóíåïðåðûâíûõ ñðåä (ñåòîê èç ñòðóí).

Ïóñòü ñåòêà èç ñòðóí çàïîëíÿåò íåêîòîðóþ êóñî÷íî - ãëàäêóþ îáëàñòü Ω.
Çàäà÷à î ñïåêòðå ñîáñòâåííûõ êîëåáàíèé ñåòêè èç ñòðóí èìååò âèä:

Tku
′′ + λρku = 0, (1)∑

γ∈R(A)

Tku
′
k + λmkuk = 0, (2)

u|∂Γk = 0, (3)

ãäå êîýôôèöèåíò Tk - íàòÿæåíèå ñòðóíû, ρk - ïëîòíîñòü ñòðóíû, mk - íàëè÷èå ñîñðåäîòî÷åííîé ìàññû â âåðøèíàõ.
Âñå ýòè âåëè÷èíû ïðåäïîëàãàþòñÿ ïîñòîÿííûìè. Èíäåêñ k - îçíà÷àåò ïîðÿäîê "ñãóùåíèÿ"ñåòîê.

Îòìåòèì, ÷òî ìû îãðàíè÷èìñÿ ðàññìîòðåíèåì íèçêî÷àñòíîé ÷àñòè ñïåêòðà. Êàê áûëî ïîêàçàíî Ì.Ã. Çàâãî-
ðîäíèì (ñì. [1]), âûñîêî÷àñòîòíàÿ àñèìïòîòèêà ñïåêòðà çàäà÷è (1) - (3) òàêàÿ æå êàê è ó ñòðóíû.

Â òîé æå îáëàñòè Ω ðàññìîòðèì çàäà÷ó î ñîáñòâåííûõ êîëåáàíèÿõ ìåìáðàíû

σ∆u+ λρu = 0,

u|∂Ω = 0,

ãäå σ - íàïðÿæåíèå â ìåìáðàíå, à ρ - åå ïëîòíîñòü.
Ñ÷èòàÿ, ÷òî ðàçìåð ÿ÷åéêè ñåòêè ðàâåí hk, âûáåðåì ôèçè÷åñêèå ïàðàìåòðû ñåòêè èç ñòðóí òàê, ÷òîáû ìàññà

è íàòÿæåíèÿ âûäåëåííîãî ó÷àñòêà íà ñåòè è ìåìáðàíå áûëè ðàâíû (ñì. íàïðèìåð [2]).
Ñîâìåñòíî ñ Æ. Òóðàð ïîëó÷åíà îöåíêà ïåðâîãî ñîáñòâåííîãî çíà÷àåíèÿ çàäà÷è (1) - (3) äëÿ íåðåãóëÿðíîé

ñåòêè èç ñòðóí, ïðè óñëîâèè áëèçîñòè, â òîì ñìûñëå êàê îïèñàíî âûøå, ìàññû è íàòÿæåíèé.
Òàê æå áûëè ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû äëÿ ïîäñ÷åòà ñîáñòâåííûõ çíà÷åíèé è ñîáñòâåííûõ ôóíêöèé

äëÿ òàêîé íåðåãóëÿðíîé ñåòè.

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP14871251 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: ñòðàòèôèöèðîâàííîå ìíîæåñòâî, ñîáñòâåííûå çíà÷åíèÿ ìåìáðàíû è ñåòîê èç ñòðóí, íåðåãó-
ëÿðíûå ñåòêè.

2010 Mathematics Subject Classi�cation: 34B09, 35J15, 35P15, 35P20, 65N25

Ëèòåðàòóðà
[1] Zavgorodnii M.G., Pokornyui Yu. V. On the spectrum of second�order boundary�value problems on spatial

networks, Usp. Mat. Nauk, 44 (1989), 220�221/
[2] Komarov A.V., Penkin O.M. On spectra of nonperiodic woven membrane, Jornal of Math. Sc., 133:1, (2006),

883�902.

Çàäà÷à Ãåëëåðñòåäòà äëÿ óðàâíåíèÿ ñìåøàííîãî
ïàðàáîëî-ãèïåðáîëè÷åñêîãî òèïà â òðåõìåðíîì

ïðîíñòðíñòâå

Õ. Ê. ÈÁÐÎÕÈÌÎÂ

Íàìàíãàíñêèé èíæåíåðíî-ñòðîèòåëüíûé èíñòèòóò, Íàìàíãàí, Óçáåêèñòàí
E-mail: xusniddin571@mail.ru

Òåîðèÿ óðàâíåíèé ñìåøàííîãî òèïà, îñíîâîïîëîæíèêîì êîòîðîé ÿâëÿåòñÿ Ô. Òðèêîìè, â íàñòîÿùåå âðåìÿ
ïðåâðàòèëàñü â îäèí èç èíòåíñèâíî ðàçâèâàþùèõñÿ ðàçäåëîâ ñîâðåìåííîé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ ÷àñòíûìè ïðîèçâîäíûìè.

×èñëî ðàáîò, ïîñâÿùåííûõ èññëåäîâàíèÿì ðàçëè÷íûõ êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ñìåøàííîãî òèïà äî-
ñòàòî÷íî âåëèêî, îäèí èç òàêèõ çàäà÷ ÿâëÿåòñÿ çàäà÷à Òðèêîìè äëÿ ýëëèïòèêî-ãèïåðáîëè÷åñêîãî óðàâíåíèÿ â
òðåõìåðíîì ïðîñòðàíñòâå, êîòîðîå ñ ïîìîùüþ ìåòîäà èíòåãðàëüíîãî ïðåîáðàçîâàíèÿ Ôóðüå âïåðâûå èññëåäîâà-
íà À.Â.Áèöàäçå [1]. Çàòåì ïîÿâèëèñü ðÿä ðàáîò À.Ì.Íàõóøåâà, À.Ì.Åæîâà, Ñ.Ï.Ïóëüêèíà, Ñ.Ì.Ïîíîìàðåâà, ãäå
ðàññìàòðèâàëèñü êðàåâûå çàäà÷è äëÿ óðàâíåíèé ýëëèïòèêî-ãèïåðáîëè÷åñêîãî òèïà â áåñêîíå÷íîé öèëèíäðè÷åñêîé
îáëàñòè. Êðàåâûå çàäà÷è äëÿ ñìåøàííûõ óðàâíåíèé ïàðàáîëî - ãèïåðáîëè÷åñêîãî òèïà â òðåõìåðíîì ïðîñòðàíñòâå,
èñïîëüçóÿ èíòåãðàëüíûå ïðåîáðàçîâàíèÿ ðàññìàòðèâàëèñü â ðàáîòàõ Ò.Ä.Äæóðàåâà, À.Ñîïóåâà [2].

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023
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Â áåñêîíå÷íîé ïðèçìàîáðàçíîé îáëàñòè Ω òðåõìåðíîãî åâêëèäîâîãî ïðîñòðàíñòâå ïåðåìåííûõ (x, y, z), îãðà-

íè÷åííîé ïîâåðõíîñòüþ S =
7∑

n=1

Sn, ãäå

S1 : x = 0, 0 ≤ y ≤ h, z ∈ R, S2 : x = 1, 0 ≤ y ≤ h, z ∈ R, S3 : x+ y = 0, z ∈ R,

S4 : x+ y = ε1, 0 ≤ ε1 ≤ 1, z ∈ R, S5 : x− y = ε1, z ∈ R,

S6 : x− y = 1, z ∈ R, S7 : y = h, h > 0, 0 ≤ x ≤ 1, z ∈ R,

ðàññìîòðèì óðàâíåíèÿ

0 =

{
Uy − Uxx − Uzz + µ2

1U, y > 0,
Uyy − Uxx − Uzz + µ2

2U, y < 0,
µ2
i = const, i = 1, 2. (22)

Ïóñòü
Ω1 = Ω1 ∩ (y > 0) , Ω1

2 = Ω1 ∩ {(x, y, z) , 0 < x < ε1, y < 0, z ∈ R} ,
Ω1

3 = Ω1 ∩ {(x, y, z) , ε1 < x < 1, y < 0, z ∈ R} , D1 = Ω1 ∩ (z = 0) ,

D1 = Ω1 ∩ (z = 0) , D1
n = Ω1

n ∩ (z = 0) , n = 2, 3, σn = Sn ∩ (z = 0) , n = 1, 7,

I0 = Ω1 ∩ Ω
1
2, J1 = Ω1 ∩ Ω

1
3, jn = Jn ∩ (z = 0) , n = 0, 1 , jn = j0 ∩ j1.

Çàäà÷à Gα. Íàéòè ðåãóëÿðíîå â îáëàñòè Ω1\ (y = 0) ðåøåíèå óðàâíåíèÿ (1) îáëàäàþùåå ñëåäóþùèìè ñâîéñòâàìè:

1)
U (x, y, z) ∈ C

(
Ω1 ∪ Ω

1
2 ∪ Ω

1
3

)
∩ C1 [(Ω1 ∪ J0 ∪ J1)∪

(
Ω1

2 ∪ J0
)
∪
(
Ω1

3 ∪ J1
)]

∩
∩C2

(
Ω1 ∪ Ω1

2 ∪ Ω1
3

)
;

2) U (x, y, z) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì

U |S1
= Φ1 (y, z) , U |S2

= Φ2 (y, z) , U |S5
= Ψ1 (x, z) , z ∈ R, (23)

lim
z→±∞

U (x, y, z) = lim
z→±∞

Uz (x, y, z) = 0. (24)

3) ôóíêöèè U (x, y, z) è Uy (x, y, z) óäîâëåòâîðÿþò óñëîâèÿì ñêëåèâàíèÿ

U (x,−0, z) = αU (x,+0, z) ,

Uy (x,−0, z) = βk (x)Uy (x,+0, z) + γk (x)U (x,+0, z) + Pk (x, z) ,

α = const > 0, lim
z→±∞

Pk (x, z) = 0, (x, z) ∈ Jk, k = 0, 1 .

Ðåøåíèå çàäà÷è Gα ñëåäóÿ èäåè À.Â.Áèöàäçå [1], áóäåì èñêàòü â êëàññå èíòåãðàëîâ Ôóðüå.
Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è Gα äîêàçûâàåòñÿ, èñïîëüçóÿ ïðèíöèï ìàêñèìóìà äëÿ ïàðàáîëè÷åñêèõ è ãè-

ïåðáîëè÷åñêèõ óðàâíåíèé ïîëó÷åíèåì àïðèîðíûõ îöåíîê èñêîìûõ ðåøåíèé. Ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è Gα

ýêâèâàëåíòíûì îáðàçîì ñâîäèòñÿ ê èíòåãðàëüíîìó óðàâíåíèþ Ôðåäãîëüìà âòîðîãî ðîäà, ðàçðåøèìîñòü êîòîðîãî
ñëåäóåò èç åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Gα.

Êëþ÷åâûå ñëîâà: Ñìåøàííàÿ ïàðàáîëî-ãèïåðáîëè÷åñêàÿ óðàâíåíèÿ, êðàåâàÿ çàäà÷à, åäèíñòâåííîñòü, ñóùåñòâî-
âàíèå, ïðèíöèï ìàêñèìóìà, àïðèîðíàÿ îöåíêà, óñëîâèÿ ñêëåèâàíèÿ.

2010 Mathematics Subject Classi�cation: 35C10, 35G15
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ðåøåíèÿ âûðîæäåííûõ ãèïåðãåîìåòðè÷åñêèõ ñèñòåì

Æ.Í.ÒÀÑÌÀÌÁÅÒÎÂ1,a, À.À. ÈÑÅÍÎÂÀ2,b

1 Àêòþáèíñêèé ðåãèîíàëüíûé óíèâåðñèòåò èì.Ê.Æóáàíîâà, Àêòîáå, Êàçàõñòàí
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E-mail: atasmam45@gmail.com, bakkenje−ia@mail.ru

Ïðè èññëåäîâàíèè ìíîãî÷ëåíîâ Ëàãåððà äâóõ ïåðåìåííûõ ñëåäóåò ðàññìàòðèâàòü èõ ñâÿçü ñ 20-òüþ âûðîæ-
äåííûìè ãèïåðãåîìåòðè÷åñêèìè ðÿäàìè äâóõ ïåðåìåííûõ, [1]. Ïîêà íå óñòàíîâëåíû, ñêîëüêî ñóùåñòâóåò ñèñòåì
òèïà Ëàãåððà è îíè êàêèì èç 20-òè âûðîæäåííûõ ñèñòåì ñâÿçàíû. Â ðÿäå ðàáîò Æ.Í.Òàñìàìáåòîâà [2] â êà÷åñòâå
ñâÿûâàþùåé ñèñòåìû áûëà ïîäîáðàíà ñèñòåìà Ãîðíà (Ψ2 ) è èçó÷åíà ñâÿçü ìåæäó âûðîæäåííîé ãèïåðãåîìåòðè÷å-
ñêîé ôóíêöèåé Ãóìáåðòà è ìíîãî÷ëåíîì Ëàãåððà äâóõ ïåðåìåííûõ . Îäíàêî, íåèçó÷åííûìè îñòàþòñÿ ñâÿçü ýòèõ
ìíîãî÷ëåíîâ ñ íîðìàëüíî-ðåãóëÿðíûìè ðåøåíèÿìè.

Íàèáîëåå èçó÷åííîé ñèñòåìîé Ãîðíà ÿâëÿåòñÿ ñèñòåìà

Institute of Mathemitics and Mathematical Modeling. Almaty, 2023
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x1Zx1x1 + (γ1 − x1)Zx1 − x2Z(x2) − λZ = 0
x2Zx2x2 + (γ2 − x2)Zx2 − x1Z(x1) − λZ = 0

}
(25)

ãäå γi, (i = 1, 2) íåêîòîðûå ïîñòîÿííûå, à Z(x1, x2) îáùàÿ íåèçâåñòíàÿ.
Òåîðåìà 1. Ñèñòåìà Ãîðíà (1) èìååò ÷åòûðå ëèíåéíî-íåçàâèñèìûå ÷àñòíûå ðåøåíèÿ,îäíèì èç êîòîðîé ÿâëÿ-

åòñÿ ôóíêöèÿ Ãóìáåðòà

Ψ
(2)
2 (λ; γ1, γ2;x1, x2) =

∞∑
m1,m2=0

(λ)m1+m2

(γ1)m1 · (γ2)m2

· x
m1
1

m1!

xm2
2

m2!
. (2)

Îïðåäåëåíèå 1. Ðåøåíèå âèäà

W (x1, x2) = exp(α1,0x1 + α0,1x2)x
ρ1
1 x

ρ2
2

∞∑
m1,m2=0

Am1,m2x
m1
1 xm2

2 , (A0,0 ̸= 0), (3)

ãäå ρj (j = 1, 2), Am1,m2(m1,m2 = 0, 1, ...), α1,0, α0,1-íåèçâåñòíûå ïîñòîÿííûå,à ðÿä â ïðàâîé ÷àñòè ñõîäèòñÿ âáëèçè
îñîáåííîñòè (x1 = 0, x2 = 0) íàçûâàåòñÿ íîðìàëüíî-ðåãóëÿðíûì ðåøåíèåì äâóõ ïåðåìåííûõ. Ñëåäóþùàÿ òåîðåìà
óñòàíàâëèâàåò íîðìàëüíî-ðåãóëÿðíûå ðåøåíèÿ ñèñòåìû Ãîðíà (1).

Òåîðåìà 2. Âñïîìîãàòåëüíàÿ ñèñòåìà

x1Ux1x1 + (2α1,0x1 + γ1 − x1)Ux1 − x2U(x2) + [(α2
1,0 − α1,0)x1 + γ1α1,0 − α1,0x2 − λ]U = 0

x2Ux2x2 + (2α0,1x1 + γ2 − x2)Ux2 − x1U(x1) + [(α2
0,1 − α0,1)x2 + γ2α0,1 − α0,1x1 − λ]U = 0

ïîëó÷åííàÿ èç ñèñòåìû Ãîðíà (1) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ

W (x1, x2) = exp(α1,0x1 + α0,1x2)U(x1, x2) (4)

ãäå α1,0, α0,1 -íåèçâåñòíûå ïîñòîÿííûå, ïðè âûïîëíåíèè äâóõ íåîáõîäèìûõ óñëîâèé

α2
1,0 − α1,0 = 0, α2

0,1 − α0,1 = 0,

f
(j)
0,0(ρ1, ρ2, ) = ρj(ρj − 1 + γj) = 0 (5)

èìåþò äâà ðåøåíèÿ â âèäå íîðìàëüíî-ðåãóëÿðíûõ ðÿäîâ:

W3(x1, x2) = exp(x1)(1 +
λ

γ1
x1 −

γ2 − λ

γ2
x2 +

λ(λ+ 1− γ2)

γ1γ2
x1x2+

+
λ(λ+ 1)

γ1(γ1 + 1)
· x

2
1

2!
+

(γ2 − λ) · (γ2 + 1− λ)

γ2(γ2 + 1)
· x

2
2

2!
+ · · · ) (6)

W4(x1, x2) = exp(x2)(1−
γ1 − λ

γ1
x1 +

λ

γ2
x2 +

λ(λ+ 1− γ1)

γ1γ2
x1x2

+
(γ1 − λ) · (γ1 + 1− λ)

γ1(γ1 + 1)
· x

2
1

2!
+

λ(λ+ 1)

γ2(γ2 + 1)
· x

2
2

2!
+ · · · ). (7)

Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ ìåòîäîì Ôðîáåíèóñà-Ëàòûøåâîé. Âñïîìîãàòåëüíàÿ ñèñòåìà ïîëó÷åííàÿ
èç ñèñòåìû Ãîðíà (1) ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (4) èìåþò ðåøåíèÿ (6) è (7) â âèäå:

W3(x1, x2) = exp(x1)U1(x1, x2),W4(x1, x2) = exp(x2)U2(x1, x2).

Êëþ÷åâûå ñëîâà: ìíîãî÷ëåíû Ëàãåððà, ñèñòåìà Ãîðíà, ãèïåðãåîìåòðè÷åñêàÿ ñèñòåìà, íîðìàëüíî-ðåãóëÿðíîå
ðåøåíèå, âñïîìîãàòåëüíàÿ ñèñòåìà.
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Òðàíñïîðòíûå ðåøåíèÿ óðàâíåíèé Ìàêñâåëëà ïðè
äîñâåòîâûõ ñêîðîñòÿõ

È.À. ÊÀÍÛÌÃÀÇÈÅÂÀ

Åâðàçèéñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. Ë.Ãóìèëåâà, Àñòàíà, Êàçàõñòàí, E-mail: ilmira
69@mail.ru

Óðàâíåíèÿ Ìàêñâåëëà ÿâëÿþòñÿ îñíîâîïîëàãàþùèìè â ñîâðåìåííîé ýëåêòðîäèíàìèêå è ÿâëÿþòñÿ îïðåäåëÿþ-
ùèìè ïðè èçó÷åíèè ýëåêòðîìàãíèòíûõ ïîëåé, ïîðîæäàåìûõ ðàçíîîáðàçíûìè èçëó÷àòåëÿìè ÝÌ âîëí. Ïîñòðîåíè-
åì è èññëåäîâàíèåì ðåøåíèé ýòèõ óðàâíåíèé è êðàåâûõ çàäà÷ äëÿ íèõ â îáëàñòÿõ ðàçíîé ãåîìåòðèè çàíèìàþòñÿ
ìíîãèå ó÷åíûå, íà÷èíàÿ ñî âòîðîé ïîëîâèíû XIX âåêà. Áèáëèîãðàôèÿ â ýòîì íàïðàâëåíèè âåñüìà îáøèðíàÿ,
íà÷èíàÿ ñ ìíîãîîáðàçíîé ó÷åáíîé ëèòåðàòóðû ïî ýëåêòðîìàãíåòèçìó.

Çäåñü íàñ áóäóò èíòåðåñîâàòü ïðåæäå âñåãî îáîáùåííûå ðåøåíèÿ ýòîé ñèñòåìû óðàâíåíèé, êîãäà äåéñòâèå èç-
ëó÷àòåëåé îïèñûâàåòñÿ ñèíãóëÿðíûìè îáîáùåííûìè ôóíêöèÿìè, ñîñðåäîòî÷åííûìè èìïóëüñíûìè, îïèñûâàåìûå
äåëüòà-ôóíêöèÿìè è èõ ïðîèçâîäíûìè, ëèáî ñèíãóëÿðíûìè ïðîñòûìè è äâîéíûìè ñëîÿìè íà ëèíèÿõ è ïîâåðõíî-
ñòÿõ ðàçëè÷íîé ôîðìû.

Òåíçîð Ãðèíà è îáîáùåííûå ðåøåíèÿ íåñòàöèîíàðíûõ óðàâíåíèé Ìàêñâåëëà è èõ ãàìèëüòîíîâîé ôîðìû â
èçîòðîïíûõ è àíèçîòðîïíûõ ñðåäàõ ïîñòðîåí â ðàáîòàõ [1-3]. Íà åãî îñíîâå, ñ èñïîëüçîâàíèåì Ìåòîäà Îáîáùåííûõ
Ôóíêöèé, ðàçðàáîòàí Ìåòîä Ãðàíè÷íûõ Èíòåãðàëüíûõ Óðàâíåíèé äëÿ ðåøåíèÿ íåñòàöèîíàðíûõ è ñòàöèîíàðíûõ
êðàåâûõ çàäà÷ ýëåêòðîäèíàìèêè â îáëàñòÿõ ñ ïðîèçâîëüíîé ãåîìåòðèåé ãðàíèö â [4,5].

Ñðåäè äåéñòâóþùèõ èñòî÷íèêîâ èçëó÷åíèÿ ÝÌ âîëí íàèáîëåå ðàñïðîñòðàíåííûìè ÿâëÿþòñÿ ïîäâèæíûå, ðàñ-
ïîëîæåííûå íà ïëàòôîðìàõ ðàçëè÷íûõ òðàíñïîðòíûõ ñðåäñòâ. Î÷åâèäíî, ÷òî ñêîðîñòü äâèæåíèÿ ñóùåñòâåííî
âëèÿåò íà ïðîöåññû ðàñïðîñòðàíåíèÿ ÝÌ âîëí â ñðåäàõ ñ ðàçëè÷íîé ýëåêòðè÷åñêîé ïðîâîäèìîñòüþ è ìàãíèòíîé
ïðîíèöàåìîñòüþ, êàê è ôîðìà ñàìîãî èñòî÷íèêà è õàðàêòåð åãî ðàáîòû. Èññëåäîâàíèÿ â ýòîì íàïðàâëåíèè íå
ñòîëü ìíîãî÷èñëåííû è ñâÿçàíû ñ îïðåäåëåííûì âèäîì èñòî÷íèêà èçëó÷åíèÿ .

Çäåñü ðàññìàòðèâàþòñÿ òðàíñïîðòíûå ðåøåíèÿ ñèñòåìû óðàâíåíèé Ìàêñâåëëà ïðè äåéñòâèè ïîäâèæíûõ èñòî÷-
íèêîâ ÝÌ âîëí, äâèæóùèõñÿ ñ ïîñòîÿííîé ñêîðîñòüþ â ôèêñèðîâàííîì íàïðàâëåíèè. Ïîñòðîåíû ôóíäàìåíòàëü-
íûå è îáîáùåííûå ðåøåíèÿ ïðè ñêîðîñòÿõ äâèæåíèÿ, ìåíüøå ñêîðîñòè ñâåòà, äàíû èõ ðåãóëÿðíûå ïðåäñòàâëåíèÿ
â àíàëèòè÷åñêîé ôîðìå. Ïðèâåäåíû ïðèìåðû äëÿ ïîäâèæíûõ èçëó÷àòåëåé ðàçíîãî âèäà, ïîëåçíûå äëÿ ðàäèîòåõ-
íè÷åñêèõ ïðèëîæåíèé.

Êëþ÷åâûå ñëîâà: Òðàíñïîðòíûå óðàâíåíèÿ Ìàêñâåëëà, ñêîðîñòü ñâåòà, ñêîðîñòü äâèæåíèÿ, ÷èñëî Ìàõà, òåíçîð
Ãðèíà, îáîáùåííûå ðåøåíèÿ.
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Ðàññìîòðåí ìåòîä ÷èñëåííîãî ðåøåíèÿ îñåñèììåòðè÷íîé çàäà÷è îá îïðåäåëåíèè òåìïåðàòóðû â êîíòàêòå öè-
ëèíäðè÷åñêîé ôîðìû ñ ó÷åòîì ôàçîâûõ ïðåâðàùåíèé (Solid= Liquid). Ìàòåìàòè÷åñêàÿ ïîñòàíîâêà çàäà÷è âîçíèê-
ëà ïðè ìîäåëèðîâàíèè òåïëîâûõ ïðîöåññîâ, ïðîèñõîäÿùèõ â êîíòàêòàõ ïðè çàæèãàíèè ìåæäó íèìè ýëåêòðè÷åñêîé
äóãè, [2]. Ìàòåìàòè÷åñêàÿ ìîäåëü ñîñòîèò èç íåîäíîðîäíîãî óðàâíåíèÿ òåïëîïðîâîäíîñòè ñ ïåðåìåííûìè êîýôôè-
öèåíòàìè:

cpρ
∂T

∂t
=

1

r

∂

∂r

(
rλ
∂T

∂r

)
+

∂

∂z

(
λ
∂T

∂z

)
+ q0 − LS_L

dX

dt
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ñ ñîîòâåòñòâóþùèìè íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè è äèôôåðåíöèàëüíîãî óðàâíåíèÿ êèíåòèêè èçìåíåíèÿ
æèäêîé ôàçû ìåòàëëà:

dX

dt
= K · sign(X −Xeq) · |X −Xeq|ν ; (t > 0, 0 < r < rk, 0 < z < z0) ,

ãäå T = T (t, r, z) � òåìïåðàòóðà, ◦C; X = X(t, r, z) � îòíîñèòåëüíîå êîëè÷åñòâî æèäêîé ôàçû â åäèíèöå îáúåìà,
λ = λ(T,X) � êîýôôèöèåíò òåïëîïðîâîäíîñòè [W/m · K], LS_L � ñêðûòàÿ òåïëîòà ïëàâëåíèÿ, [J/m3], q0 �
ïëîòíîñòü äæîóëåâà èñòî÷íèêà òåïëà, [J/m3], K � êîýôôèöèåíò êèíåòèêè ôàçîâîãî ïåðåõîäà, [1/sec].

Xeq � ðàâíîâåñíîå ñîäåðæàíèå ôàçû, â ñîîòâåòñòâèè ñ äèàãðàììîé ñîñòîÿíèÿ:

X(0, r, z) = 0; Xeq =

{
1, T > Tmelting

0, T < Tmelting

}
Òàêîé ïîäõîä ïîçâîëÿåò èçáåæàòü ïðîáëåì, ïîÿâëÿþùèõñÿ ïðè èñïîëüçîâàíèè êëàññè÷åñêîé çàäà÷è Ñòåôàíà

â ìîäåëÿõ òàêèõ ïðîöåññîâ, [1], â ÷àñòíîñòè:
� âû÷èñëåíèå íîðìàëüíûõ ïðîèçâîäíûõ äëÿ íåèçâåñòíîé (2-õ, 3-õ ìåðíîé) ãðàíèöû ôàçîâîãî ïåðåõîäà;
� ïîÿâëåíèå íîâîé èëè èñ÷åçíîâåíèå ñóùåñòâóþùåé îáëàñòè ôàçû, . . . è ò.ä.
Äëÿ îïðåäåëåíèÿ êîýôôèöèåíòà êèíåòèêè ôàçîâûõ ïðåâðàùåíèé èñïîëüçóåòñÿ ñðàâíåíèå ðåøåíèÿ àâòîìî-

äåëüíîé çàäà÷è Ñòåôàíà ñ ðåøåíèåì äàííîé çàäà÷è ïðè ñîîòâåòñòâóþùèõ ãðàíè÷íûõ óñëîâèÿõ. Ïðè ýòîì ãðàíèöà
ðàçäåëà ôàç â ýòîé ìîäåëè îïðåäåëÿåòñÿ êàê ëèíèÿ èçîòåðìû ñîîòâåòñòâóþùåé òåìïåðàòóðå ôàçîâîãî ïåðåõîäà,
íî òàêæå ñóùåñòâóåò è ïåðåõîäíàÿ îáëàñòü, ñîäåðæàùàÿ ñìåñü æèäêîé è òâåðäîé ôàç (∼ 3% ðàçìåðà îáëàñòè æèä-
êîé ôàçû), ÷òî âïîëíå ñîîòâåòñòâóåò ðåàëüíûì ïðîöåññàì, [1]. Íà ðèñóíêå 1 ïðèâåäåí ïðèìåð ðàñ÷åòà ìåæôàçíîé
ãðàíèöû:

Ðèñóíîê 1. Ðàññ÷èòàííûå êîîðäèíàòû ñâîáîäíîé ãðàíèöû α(t, r, z) äëÿ çíà÷åíèé âðåìåíè: 1 ∼ 5s, 2 ∼ 10s, 3 ∼ 25s
è êîýôôèöèåíòà K = 0.3[1/s]

Ïîäîáíûé ìåòîä áûë èñïîëüçîâàí ðàíåå, [3], äëÿ ðåøåíèÿ îäíîìåðíîé çàäà÷è è ïîëó÷åíî óäîâëåòâîðèòåëüíîå
ñîâïàäåíèå ñ ðåøåíèåì ñîîòâåòñòâóþùåé çàäà÷è Ñòåôàíà.
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Îáçîð ñîâðåìåííîãî ñîñòîÿíèÿ òåîðèè ãðîçîâîãî ýëåêòðè÷åñòâà, ïîêàçûâàåò, ÷òî ðàáîòà ïî åå óñîâåðøåíñòâî-
âàíèþ âñå áîëåå óñèëèâàåòñÿ [1, 2]. Ñ îäíîé ñòîðîíû ãëàâíîé ñîñòàâëÿþùåé ãëîáàëüíîé ýëåêòðè÷åñêîé öåïè, îáú-
åäèíÿþùåé àòìîñôåðó è Çåìëþ ÿâëÿåòñÿ ãðîçà, à ñ äðóãîé ýëåêòðîñòàòè÷åñêèå ñèëû ñóùåñòâåííî âëèÿþò íà

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023
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ýâîëþöèþ äèíàìè÷åñêèõ è ìèêðîôèçè÷åñêèõ õàðàêòåðèñòèê îáëàêîâ è îñàäêîâ, è, êàê ñëåäñòâèå, íà ïåðåíîñ òåï-
ëà è âëàãè â àòìîñôåðå. Ïîýòîìó èññëåäîâàíèÿ ãðîç, íàïðàâëåííûå íà ðàñêðûòèå ïîëíîé êàðòèíû öåëîãî ðÿäà
ïðîöåññîâ, ïðîòåêàþùèõ â àòìîñôåðå, ÿâëÿåòñÿ àêòóàëüíîé.

Â ïîñëåäíèå äåñÿòèëåòèÿ çíà÷èòåëüíî ðàñøèðèëèñü èññëåäîâàíèÿ ÿâëåíèé è ïðîöåññîâ, ïðîòåêàþùèõ â êîí-
âåêòèâíûõ îáëàêàõ, â êîòîðûõ îáëàêî ðàññìàòðèâàåòñÿ êàê ôðàêòàëüíûé îáúåêò. Ñ÷èòàÿ ãðîçîâîå îáëàêî ôðàê-
òàëüíûì îáúåêòîì ñ ôðàêòàëüíîé ñòðóêòóðîé èëè ïðîñòî ôðàêòàëüíîé ñðåäîé, â ðàáîòå ðàññìàòðèâàåòñÿ ãðîçîâàÿ
ìîäåëü êó÷åâî-äîæäåâûõ îáëàêîâ ñìåøàííîé ñòðóêòóðû, â êîòîðîé ó÷èòûâàåòñÿ âëèÿíèå ïàðàìåòðà ôðàêòàëüíî-
ñòè ñðåäû íà ìåõàíèçì ãåíåðàöèè çàðÿäîâ.

Åñëè ñðåäà ôðàêòàëüíàÿ, òî ýòî îçíà÷àåò, ÷òî îíà ñ íåöåëîé ìàññîâîé ðàçìåðíîñòüþ D, êîòîðàÿ ÿâëÿåòñÿ
êîëè÷åñòâåííîé õàðàêòåðèñòèêîé îäíîé èç îñîáåííîñòåé ñàìîîðãàíèçóþùåéñÿ ãðîçîâîé ñèñòåìû. Ïðîöåññû, ïðî-
òåêàþùèå â òàêîé ñðåäå, õîðîøî îïèñûâàþòñÿ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè, ñîäåðæàùèìè ïðîèçâîäíûå
äðîáíîãî ïîðÿäêà [3].

Â ðàññìàòðèâàåìîé ìîäåëè áîëüøèå ñêîðîñòè îáðàçîâàíèÿ çàðÿäîâ íà ãèäðîìåòåîðàõ îáúÿñíÿþòñÿ ñ ïîçè-
öèè ñóùåñòâîâàíèÿ ìåõàíèçìîâ ¾ìãíîâåííîãî¿ äåéñòâèÿ, ê êîòîðûì ìîæíî îòíåñòè ìåõàíèçì ýëåêòðèçàöèè ïðè
ñîóäàðåíèè è ðàçðóøåíèè êðóïíûõ ãèäðîìåòåîðîâ â ýëåêòðè÷åñêîì ïîëå.

Ó÷åò ôðàêòàëüíûõ ñâîéñòâ â ìîäåëè ãðîçîâîãî îáëàêà îñóùåñòâëÿåòñÿ ñ ïîìîùüþ ïðèìåíåíèÿ ïîíÿòèÿ ýô-
ôåêòèâíîé ñêîðîñòè èçìåíåíèÿ íåêîòîðîé ôèçè÷åñêîé âåëè÷èíû f , îïðåäåëÿåìîãî â ñëåäóþùåì âèäå [4]
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Ðèìàíà-Ëèóâèëëÿ.

Ïðè ýòîì äîïóñêàÿ, ÷òî îñíîâíûì ìåõàíèçìîì ãåíåðàöèè çàðÿäîâ âî ôðàêòàëüíîé ãðîçîâîé ñðåäå ÿâëÿåòñÿ
ýëåêòðèçàöèÿ ïðè ñîóäàðåíèè ãðàäèí ñ êàïëÿìè â ýëåêòðè÷åñêîì ïîëå ïîëó÷åíî âûðàæåíèå äëÿ çàðÿäà ãðàäèíû
â ñëåäóþùåì âèäå
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)
drk = const; a (rk, rã)-ðàçìåð ãðàäèíû ïîñëå ñî-

óäàðåíèÿ ñ êàïëåé; qc (t) - çàðÿä óíîñèìîå êàïëÿìè; vk è vã - êîíå÷íàÿ ñêîðîñòü ïàäåíèÿ ãðàäèíû è êàïëè; E-
íàïðÿæåííîñòü ýëåêòðè÷åñêîãî ïîëÿ.

Äëÿ (28) ñïðàâåäëèâî íà÷àëüíîå ëîêàëüíîå óñëîâèå

q (0) = q0. (27)

Óðàâíåíèå (28) è íà÷àëüíîå óñëîâèå (29) îáðàçóþò çàäà÷ó Êîøè äëÿ äðîáíîãî óðàâíåíèÿ ãåíåðàöèè çàðÿäîâ
ãðàäèí â ðàññìàòðèâàåìîé ìîäåëè, à åå ðåøåíèå îïèñûâàåò ïðîöåññ ýëåêòðèçàöèè ãðàäèí â êó÷åâî-äîæäåâûõ
îáëàêàõ óìåðåííûõ øèðîò, â êîòîðîì ó÷èòûâàåòñÿ ôðàêòàëüíîñòü îáëà÷íîé ñðåäû.

Íà îñíîâå ïðåäëàãàåìîé ìîäåëè ìîæíî ñêàçàòü, ÷òî ýëåêòðîôèçè÷åñêèå ïðîöåññû, ïðîòåêàþùèå â ãðîçîâûõ
îáëàêàõ òåñíî ñâÿçàíû ñ ôðàêòàëüíîñòüþ ñàìîé ñðåäû è, ÷òî ïðåäëîæåííàÿ ïîëóýìïèðè÷åñêàÿ ìîäåëü âïîëíå
óäîâëåòâîðèòåëüíî îïèñûâàåò îñíîâíûå ÷åðòû ðàññìàòðèâàåìîãî ïðîöåññà çàðÿæåíèÿ ãðàäèí.

Êëþ÷åâûå ñëîâà: Ãðîçà, ìàòåìàòè÷åñêàÿ ìîäåëü, ôðàêòàëüíàÿ ñðåäà, äèôôåðåíöèàëüíîå óðàâíåíèå ñ äðîáíûìè
ïðîèçâîäíûìè.

2020 Mathematics Subject Classi�cation: 86À10, 86À25
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Àëãîðèòì ïîëó÷åíèÿ èçîáðàæåíèÿ ñàìîïîäîáíîãî
îáúåêòà íà êîìïëåêñíîé ïëîñêîñòè

Å.Æ. ÊÓÐÛØÁÀÅÂ1,a

1 Êàçàõñêèé íàöèîíàëüíûé ïåäàãîãè÷åñêèé óíèâåðñèòåò èì. Àáàÿ, ã. Àëìàòû, Êàçàõñòàí
E-mail: yerke1984@gmail.com

Â äàííîé ðàáîòå ïîñòðîåí àëãîðèòì ïîëó÷åíèÿ èçîáðàæåíèÿ ñàìîïîäîáíîãî îáúåêòà, êîòîðûé ÿâëÿåòñÿ ðå-
çóëüòàòîì âû÷èñëåíèÿ îòíîñèòåëüíîé ïîãðåøíî- ñòè ðàçëè÷íûõ êîíå÷íî-ðàçíîñòíûõ ñõåì ðåøåíèÿ çàäà÷è Êîøè
âòîðîãî ïîðÿäêà íà êîìïëåêñíîé ïëîñêîñòè. Ñ ïîìîùüþ ïðîãðàììû ìîæíî íàáëþäàòü ïðè êàêèõ óñëîâèÿõ è íà
êàêèõ òî÷êàõ çíà÷åíèå ïîãðåøíîñòè ìîæåò ñòðåìèòüñÿ ê áåñêîíå÷- íîñòè èëè îñòàâàòüñÿ â îáëàñòè îïðåäåëåííûõ
çíà÷åíèé. Ïðèâîäèòñÿ êîìïüþòåð- íûé ãðàôè÷åñêèé àíàëèç óêàçàííûõ ÿâëåíèé. Êîìïüþòåð ìîæíî ïðåâðàòèòü â
ñâîåîáðàçíûé ìèêðîñêîï è íàáëþäàòü ñ åãî ïîìîùüþ çà ïîâåäåíèåì ãðàíèö îáëà- ñòè. Ìîäåëèðîâàíèå ïîêàçûâàåò,
÷òî ïàðàìåòðû, òàêèå êàê øàã äèñêðåòèçàöèè, òî÷íîñòü îöåíêè, îáëàñòè íà êîìïëåêñíîé ïëîñêîñòè âëèÿþò íà
óñòîé÷èâîñòü.

Åñëè ðàññìàòðèâàòü ìíîæåñòâî, ïîëó÷åííîå èç ôîðìóëû îòíîñèòåëüíîé ïî- ãðåøíîñòè íà êîìïëåêñíîé ïëîñ-
êîñòè, òî, ïîñëå èòåðàöèîííîãî ïðîöåññà, çíà÷å- íèÿ, ëåæàùèå âíå ýòèõ ìíîæåñòâ, ñòðåìÿòñÿ ê áåñêîíå÷íîñòè.
Âíóòðåííèå ãðà- íèöû ìíîæåñòâ èìåþò âîëíîîáðàçíóþ ôîðìó. Îáëàñòü, ãäå ïîÿâëÿåòñÿ íåóñòîé- ÷èâîñòü, ñìå-
ùàåòñÿ ê ãðàíèöå ìíîæåñòâà, è åãî òðàåêòîðèÿ âûðèñîâûâàåòñÿ îñî- áûì îáðàçîì, è èìåííî çäåñü ïîÿâëÿþòñÿ
óäèâèòåëüíî êðàñèâûå ôîðìû. Ïðè- ÷åì ôðàêòàëû è ñàìîïîäîáíûå îáúåêòû èç äèôôåðåíöèàëüíûõ óðàâíåíèé
èìåþò ìåæäó ñîáîé è ñõîæèå ñâîéñòâà, è ðàçëè÷èÿ.

Ïîëó÷åííîå ìíîæåñòâî èìååò êîëüöåîáðàçíûé âèä, âíóòðè êîëüöà è çà åãî ïðåäåëàìè íàõîäÿòñÿ ñðàâíèòåëüíî
áîëüøèå îáëàñòè íåóñòîé÷èâîñòè. Ïî èçîáðà- æåíèþ ìíîæåñòâà çàìåòíî, ÷òî öåíòð êîëüöà ñìåùåí íàëåâî ïî
äåéñòâèòåëüíîé îñè. Â äàííîì ìíîæåñòâå íàõîäÿòñÿ íåñêîëüêî óñòîé÷èâûõ çîí, è ìîæíî ïîñòðî- èòü ãðàôèê,
èñïîëüçóÿ êîîðäèíàòû öåíòðîâ ýòèõ çîí. Êðèâàÿ ãðàôèêà ïðîõîäèò ÷åðåç öåíòðû óñòîé÷èâûõ çîí è îáðàçóåò
ëèíèþ, êîòîðàÿ ïðîõîäèò ÷åðåç àòòðàê- òîðû. Êñòàòè, ïîèñê äàííîé ôóíêöèè ìîæíî ðàññìîòðåòü, êàê îòäåëüíóþ
çàäà÷ó.

Ïðè óâåëè÷åíèè òî÷íîñòè îöåíêè, ìîæíî çàìåòèòü, ÷òî ìíîæåñòâî êîíöåí- òðèðóåòñÿ îêîëî óñòîé÷èâûõ çîí.
À ïðè ïîýòàïíîì óìåíüøåíèè òî÷íîñòè îöåíêè óñòîé÷èâûå çîíû ïðèáëèæàþòñÿ ê äðóã äðóãó, è â ðåçóëüòàòå
îáðàçóþò åäèíóþ îáëàñòü â âèäå êîëüöà. Âàðüèðóÿ êîëè÷åñòâîì äåëåíèé â èíòåðâàëå, òî åñòü çíà- ÷åíèåì øàãà
äèñêðåòèçàöèè, òàêæå ìîæíî ïîëó÷èòü ðàçíîîáðàçíûå èçîáðàæåíèÿ ìíîæåñòâà. Çäåñü ÿâíî ïðîñëåæèâàåòñÿ îïðå-
äåëåííàÿ çàêîíîìåðíîñòü � êîëè÷å- ñòâî óñòîé÷èâûõ çîí çàâèñèò îò êîëè÷åñòâà äåëåíèé. Òàêæå ïðè óâåëè÷åíèè
êî- ëè÷åñòâà äåëåíèé ðàäèóñ ìíîæåñòâà óâåëè÷èâàåòñÿ. Äàííûé ïðîöåññ î÷åíü íàïî- ìèíàåò äåëåíèå êëåòîê â
áèîëîãèè, òî åñòü ó ìíîæåñòâà èìååòñÿ ñâîéñòâî ñàìîïî- äîáèÿ, è äàííîå ñâîéñòâî ïðèáëèæàåò ðàññìàòðèâàåìîå
ìíîæåñòâî ê ôðàêòàëàì. Íî, êàê ïîêàçàë ýêñïåðèìåíò, íåëüçÿ áåñêîíå÷íî óìåíüøàòü øàã äèñêðåòèçàöèè, ïðè
îïðåäåëåííûõ øàãàõ, â öåíòðå ìíîæåñòâà, ãäå çíà÷åíèå îòíîñèòåëüíîé ïî- ãðåøíîñòè ðàíüøå ñòðåìèëîñü ê áåñêî-
íå÷íîñòè, íà÷èíàåò îáðàçîâûâàòüñÿ íîâàÿ óñòîé÷èâàÿ çîíà. À ïðè î÷åíü ìàëûõ çíà÷åíèÿõ øàãà ìíîæåñòâî ÿâíî
äåìîí- ñòðèðóåò ñòîõàñòè÷åñêîå ïîâåäåíèå, íî ïðè ýòîì ìíîæåñòâî íå òåðÿåò ñâîéñòâà ñàìîïîäîáèÿ.

Àíàëîãè÷íûå èçîáðàæåíèÿ áûëè ïîëó÷åíû â ðàáîòàõ [1, 2, 3] è äðóãèõ àâòîðîâ.

Êëþ÷åâûå ñëîâà: ñàìîïîäîáèå, äèôôåðåíöèàëüíûå óðàâíåíèÿ, îòíîñèòåëüíàÿ ïîãðåøíîñòü, ìàòåìàòè÷åñêîå ìî-
äåëèðîâàíèå.
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Î ïîñòàíîâêå êðàåâîé çàäà÷è äëÿ íåîäíîðîäíîãî
óðàâíåíèÿ ÷åòâåðòîãî ïîðÿäêà ñ íåñèììåòðè÷íûìè

óñëîâèÿìè ïî âðåìåíè

Ñ.Ì. ÌÀÌÀÆÎÍÎÂ

Èíñòèòóò ìàòåìàòèêè èì. Â.È. Ðîìàíîâñêîãî ÀÍ ÐÓç, Òàøêåíò, Óçáåêèñòàí
E-mail: sanjarbekmamajonov@gmail.com

Â äàííîé ðàáîòå â îáëàñòè Ω = {(x, y) : 0 < x < p, 0 < y < q} ðàññìàòðèâàåòñÿ óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà
â âèäå

L[u] = uxxxx + a1(x)uxx + a2(x)ux + a3(x)u− uyy = f(x, y), (1)

ãäå p, q ∈ R, ai(x), i = 1, 3, f(x, y) çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè.
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Óðàâíåíèå (1), îáû÷íî íàçûâàåòñÿ óðàâíåíèåì ÷åòâåðòîãî ïîðÿäêà ñ êðàòíûìè õàðàêòåðèñòèêàìè, ñîäåðæàùåå
âòîðóþ ïðîèçâîäíóþ ïî âðåìåíè.

Äëÿ óðàâíåíèÿ (1) â îáëàñòè Ω èçó÷èì ñëåäóþùóþ çàäà÷ó.
Çàäà÷à A. Íàéòè ôóíêöèþ u(x, y) èç êëàññà C4,2

x,y(Ω)∩C3,1
x,y(Ω̄), óäîâëåòâîðÿþùóþ óðàâíåíèþ (1) â îáëàñòè Ω

è ñëåäóþùèì êðàåâûì óñëîâèÿì:
uy(x, 0) = u(x, q) = 0, 0 ≤ x ≤ p,

u(0, y) = ψ1(y), u(p, y) = ψ2(y),
uxx(0, y) = ψ3(y), uxx(p, y) = ψ4(y), 0 ≤ y ≤ q,

ãäå ψi(y), i = 1, 4 çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè.
Îòìåòèì, ÷òî â ñòàòüå [1] ðàññìîòðåí ñëó÷àé a1 = a2 = 0, a3 ̸= 0, à â ðàáîòàõ [2-3] èññëåäîâàíû êðàåâûå

çàäà÷è äëÿ ìîäåëüíûõ óðàâíåíèé ÷åòâåðòîãî ïîðÿäêà ñïåêòðàëüíîì ìåòîäîì. Â ðàáîòàõ [4-5], èññëåäîâàíû êðàåâûå
çàäà÷è äëÿ óðàâíåíèå (1) êîãäà âñå êîýôôèöèåíòû ïîñòîÿííûå. Â ñòàòüå [6] èññëåäîâàíî ïåðâàÿ êðàåâàÿ çàäà÷à
äëÿ óðàâíåíèå (1).

Òåîðåìà 1. Åñëè çàäà÷à A èìååò ðåøåíèå, òî ïðè âûïîëíåíèè óñëîâèé 2a3(x) + a′′1 (x)− a′2(x) ≥ 0, a1(x) ≤ 0,
îíî åäèíñòâåííî.

Òåîðåìà 2. Åñëè âûïîëíÿþòñÿ ñëåäóþùèå óñëîâèÿ:
1) ψi(q) = ψ′

i(0) = ψ′′
i (q) = 0, ψi(t) ∈ C3[0, q], i = 1, 4;

2) f(x, q) = fy(x, 0) = 0, fxyy(x, y) ∈ C[0, q],
q∫
0

|fyy(x, y)|dy <∞,
q∫
0

|fxyy(x, y)|dy <∞, 0 ≤ x ≤ p;

3) C <
µ3
1(1− exp(−2µ1p))

2

p (2µ2
1 + 3µ1 (1 + exp(−4µ1p)) + 3)

,

òî ðåøåíèå çàäà÷è A ñóùåñòâóåò. Çäåñü,

C = max
ξ∈[0,p]

{∣∣∣a(j)i (ξ)
∣∣∣ , ∣∣a′′1 (ξ)∣∣ , i = 1, 3, j = 0, 1

}
, µ1 =

√
π

4q
.

Åäèíñòâåííîñòü ðåøåíèÿ ïîñòàâëåííîé çàäà÷è äîêàçàíà ìåòîäîì èíòåãðàëîâ ýíåðãèè. Ðåøåíèå âûïèñàíî ÷åðåç
ïîñòðîåííóþ ôóíêöèþ Ãðèíà.

Êëþ÷åâûå ñëîâà: óðàâíåíèå ÷åòâåðòîãî ïîðÿäêà, êðàòíûå õàðàêòåðèñòèêè, ìëàäøèå ÷ëåíû, êðàåâàÿ çàäà÷à,
åäèíñòâåííîñòü, ñóùåñòâîâàíèå, ôóíêöèÿ Ãðèíà.
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Îáðàòíàÿ êîýôôèöèåíòíàÿ çàäà÷à äëÿ ìîäåëè äèíàìèêè
ïîïóëÿöèè ñ âîçðàñòíûì ñòðóêòóðèðîâàíèåì è

ìèãðàöèîííûìè ïîòîêàìè

À.Þ. ÙÅÃËÎÂ1,a, Ñ. Â. ÍÅÒÅÑÎÂ2,b
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Ðàññìàòðèâàåòñÿ îáðàòíàÿ çàäà÷à âîññòàíîâëåíèÿ êîýôôèöèåíòà m(x) â ìîäåëè ðàçâèòèÿ ïîïóëÿöèè (ñòð. 73
â [1]) ñ âîçðàñòíûì ñòðóêòóðèðîâàíèåì èíäèâèäóóìîâ (îñîáåé) è ó÷¼òîì ìèãðàöèîííûõ ïîòîêîâ. Ïðè ýòîì ïðÿìàÿ
çàäà÷à èìååò âèä:

ut(x, t) + ux(x, t) + µ(x)u(x, t) = m(x)− e(x)u(x, t), x ∈ [0, l], t ∈ [0, T ], (1)

u(0, t) =

∫ l

0

β(ξ)u(ξ, t) dξ, t ∈ [0, T ], (2)
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u(x, 0) = φ(x), x ∈ [0, l]. (3)

Ôóíêöèÿ u(x, t) îïðåäåëÿåò ÷èñëî èíäèâèäóóìîâ (èõ ïëîòíîñòü) âîçðàñòà x â ïîïóëÿöèè â ìîìåíò âðåìåíè t;
ôóíêöèè µ(x) è m(x), e(x) õàðàêòåðèçóþò åñòåñòâåííóþ ñìåðòíîñòü îñîáåé è ìèãðàöèîííûå ïîòîêè (âõîäíîé èì-
ìèãðàöèîííûé è âûõîäíîé ýìèãðàöèîííûé) îñîáåé âîçðàñòà x, ñîîòâåòñòâåííî; β(x) � ïëîòíîñòü ðåïðîäóêòèâíîñòè
(ðîæäàåìîñòè) îñîáåé âîçðàñòà x, ôóíêöèÿ φ(x) çàäà�åò ðàñïðåäåëåíèå îñîáåé ïî âîçðàñòàì â ôèêñèðîâàííûé (íà-
÷àëüíûé) ìîìåíò âðåìåíè.

Â ðàìêàõ îáðàòíîé çàäà÷è òðåáóåòñÿ âîññòàíîâèòü êîýôôèöèåíò m(x) è çàòåì ôóíêöèþ u(x, t) ïî çàäàííûì
çíà÷åíèÿì ôóíêöèé β(x), φ(x), µ(x), e(x), è ïî äîïîëíèòåëüíî èçâåñòíûì çíà÷åíèþ x1 ∈ (0, l], è ôóíêöèè g(t), ãäå

g(t) = u(x1, t), t ∈ [0, T ]. (4)

Â ðàáîòå ñôîðìóëèðîâàíû óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè ïðÿìîé çàäà÷è (1)�(3). Ïðåäñòàâëåíû äîñòàòî÷-
íûå óñëîâèÿ åäèíñòâåííîñòè ðåøåíèÿ îáðàòíîé çàäà÷è (1)�(4). Ïðåäëîæåí àëãîðèòì ÷èñëåííîãî ðåøåíèÿ îáðàòíîé
çàäà÷è.

Â ñõîæèõ ïîñòàíîâêàõ áåç ó÷�åòà ìèãðàöèîííûõ ïîòîêîâ çàäà÷à èññëåäîâàëàñü â ðàáîòàõ [2]�[6].

Funding: Ðàáîòà âûïîëíåíà ïðè ÷àñòè÷íîé ïîääåðæêå National Natural Science Foundation of China (No. 12171036)
è Beijing Natural Science Foundation (Key Project No. Z210001).
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òèïà c äèôôåðåíöèàëüíûì îïåðàòîðîì Êàïóòî
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Ðàññìîòðèì óðàâíåíèå

0 =


uxx − CD

α
oy uy x > 0, y > 0, 0 < α < 1,

uxx − (−x)muyy x < 0, y > 0, m > 0,
(−y)nuxx − uyy x > 0, y < 0, n > 0,

(28)

Â îáëàñòè D îãðàíè÷åííîé ïðè x > 0, y > 0 îòðåçêàìè AB, BB0, B0A0, A0A ïðÿìûõ y = 0, x = 1, y = 1 ;x = 0 è
ïðè x > 0, y < 0 (x < 0, y > 0) îãðàíè÷åííîé îòðåçêîì ïðÿìîé AC2 = {(x, y) : x = 0, −1 ≤ y ≤ 0} ,
(AC1 = {(x, y) : −1 ≤ x ≤ 0, y = 0}) è õàðàêòåðèñòèêîé BC2 : x+ 1

q
(−y)q = 1, (A0C1 : y + 1

p
(−x)p = 1) óðàâíåíèÿ

(28), ãäå 2p = m+ 2, 2q = n+ 2, à AD
α
oy [·]−îïåðàòîð Êàïóòî[1].

Ââåäåì îáîçíà÷åíèÿ:

D0 = D ∩ {x > 0, y > 0} , D1 = D ∩ {x < 0, y > 0} , D2 = D ∩ {x > 0, y < 0} ,

I1 = { (x, y) : x = 0, 0 < y < 1 } I2 = { (x, y) : 0 < x < 1 , y = 0 } ,

∆1 = D0 ∪D11 ∪ I1, D11 = D1 ∩
{
y − 1

p
(−x)p > 0

}
, D12 = D1 ∩

{
y − 1

p
(−x)p < 0

}
∆2 = D0 ∪D21 ∪ I2, D21 = D2 ∩

{
x− 1

q
(−y)q > 0

}
, D22 = D2 ∩

{
x− 1

q
(−y)q < 0

}
,

C21

(
1

2
,−(q/2)1/q

)
, C11

(
−(p/2)1/p,

1

2

)
, 2α1 =

n

n+ 2
, 2β1 =

m

m+ 2
,
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ïðè÷åì

0 < β1 < α1 <
1

2
(29)

Çàäà÷à A. Òðåáóåòñÿ îïðåäåëèòü ôóíêöèþ u(x, y)èç êëàññà ôóíêöèé

W =
{
u(x, y) : u ∈ C(D̄0) ∩ C(D̄1) ∩ C(D̄2), u ∈ C2(D11 ∪D12 ∪D21 ∪D22) ,

uxx ∈ C(D0), cD
α
0y u ∈ C(D0)

}
îáëàäàþùóþ ñëåäóþùèìè ñâîéñòâàìè: 1) u(x, y) óäîâëåòâîðÿåò óðàâíåíèþ (28) â îáëàñòÿõ D0, D1jè D2j (j = 1, 2);
2) y1−αuy(x, y) ∈ C(D0 ∪ I2), uy(x, y) ∈ C(D2 ∪ I2) è íà ëèíèè I2 âûïîëíÿåòñÿ óñëîâèå ñêëåèâàíèÿ:

u(x,+0) = δ1(x)u(x,−0) + δ2(x),

lim
y→+0

y1−αuy(x, y) = lim
y→−0

uy(x, y), (x, 0) ∈ I2;

3) ux(x, y) ∈ C(D0 ∪ I1) ∩ C(D1 ∪ I1) è íà ëèíèè I1 âûïîëíÿåòñÿ óñëîâèå ñêëåèâàíèÿ:

u(+0, y) = δ3(y)u(−0, y) + δ4(y),

lim
x→+0

ux(x, y) = lim
x→−0

ux(x, y), (x, 0) ∈ I1;

4) u(x, y) óäîâëåòâîðÿåò êðàåâûì óñëîâèÿì:

u(x, y)|BB0
= φ0(y), 0 ≤ y ≤ 1, u(x, y)|AC2

= φ2(y), −1 ≤ y ≤ 0,

u(x, y)|AC1
= ψ2(y), −1 ≤ x ≤ 0, u(x, y)|A0C11

= ψ1(y),
1

2
≤ y ≤ 1,

u(x, y)|BC21
= φ1(x),

1

2
≤ x ≤ 1,

ãäå φ0(y), φi(x), ψi(y), δi(x), δi+2(y) (i = 1, 2)-çàäàííûå ôóíêöèè, ïðè÷åì

φ0(0) = φ1(28), φ2(0) = ψ2(0),

φ0(y) ∈ C [0, 1] ∩ C1(0, 1), (30)

φ1(x) ∈ C3

[
1

2
, 1

]
, ψ1(y) ∈ C3

[
1

2
, 1

]
, (31)

ψ2(x) ∈ C [−1, 0] ∩ C2(−1, 0), φ2(y) ∈ C [−1, 0] ∩ C2(−1, 0). (32)

Çàìåòèì, ÷òî çàäà÷à A äëÿ óðàâíåíèÿ (28) ñ õàðàêòåðèñòèêîé ëèíèåé èçìåíåíèÿ òèïà èçó÷åíà â ðàáîòå [1]
Äîêàçàíà ñëåäóþùàÿ òåîðåìà.
Òåîðåìà. Åñëè âûïîëíåíû óñëîâèÿ (29), (5)-(7), òî â îáëàñòè D ñóùåñòâóåò åäèíñòâåííîå ðåãóëÿðíîå

ðåøåíèå çàäà÷è A.
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Ðàññìîòðèì óðàâíåíèå 
uxx −Dγ

0,yu = 0, γ ∈ (0, 1), y > 0,

−(−y)muxx + uyy +
α0

(−y)1−m
2
ux +

β0
y
uy = 0, y < 0,

(1)

ãäå Dγ
0,y � ÷àñòíàÿ äðîáíàÿ ïðîèçâîäíàÿ Ðèìàíà�Ëèóâèëëÿ îò ôóíêöèè u(x, y) ïîðÿäêà γ (0 < γ < 1)
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(Dγ
0,yu)(x, y) = (

∂

∂y
)

1

Γ(1− γ)

y∫
0

u(x, t)dt

(y − t)γ
, 0 < γ < 1, y > 0,

â êîíå÷íîé îáëàñòè D, îãðàíè÷åííîé îòðåçêàìè OO0, BB0, O0B0 ïðÿìûõ x = 0, x = 1, y = 1 ñîîòâåòñòâåííî,
ëåæàùèõ â ïîëóïëîñêîñòè y > 0 è õàðàêòåðèñòèêàìè

OC : x− 2

m+ 2
(−y)

m+2
2 = 0, BC : x+

2

m+ 2
(−y)

m+2
2 = 1

óðàâíåíèÿ (1) â ïîëóïëîñêîñòè y < 0. Ïóñòü D+ = D ∩ (y > 0), D− = D ∩ (y < 0), I � èíòåðâàë 0 < x < 1 ïðÿìîé
y = 0. Â (1) m, α0, β0 - íåêîòîðûå äåéñòâèòåëüíûå ÷èñëà, óäîâëåòâîðÿþùèå óñëîâèÿì m > 0, |α0| < m+2

2
,

−m
2
< β0 < 1.

Çàäà÷à. Íàéòè ðåøåíèå u(x, y) óðàâíåíèÿ (1) â îáëàñòè D, óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u(0, y) = φ1(y), u(1, y) = φ2(y), 0 ≤ y ≤ 1, (2)

A1(I
−α,0,α+β−1
0+ u[θ(t)])(x) +A2u(x, 0) = g(x), (3)

à òàêæå óñëîâèÿì ñîïðàæåíèÿ

lim
y→0+

y1−γu(x, y) = lim
y→0−

u(x, y), ∀x ∈ I, (4)

lim
y→0+

y1−γ(y1−γu(x, y))y = lim
y→0−

(−y)β0uy(x, y), ∀x ∈ I, (5)

ãäå A1, A2 � äåéñòâèòåëüíûå êîíñòàíòû òàêèå, ÷òî

− Γ(β)A2

Γ(α+ β)
< A1 < 0

(
0 < A1 < − Γ(β)A2

Γ(α+ β)

)
, (6)

φ1(y), φ2(y), g(x) � çàäàííûå ôóíêöèè òàêèå, ÷òî

g(x) ∈ C1(I) ∩ C3(I), φ1(0) = φ2(0) = 0, y1−γφ1(y), y
1−γφ2(y) ∈ C([0, 1]). (7)

θ0(x) � òî÷êà ïåðåñå÷åíèÿ õàðàêòåðèñòèê óðàâíåíèÿ (1), âûõîäÿùèõ èç òî÷êè (x, 0) ∈ I, ñ õàðàêòåðèñòèêîé
OC;

α =
m+ 2(β0 + α0)

2(m+ 2)
, β =

m+ 2(β0 − α0)

2(m+ 2)
,

(Iα,β,η
0+ f)(x) � îïåðàòîð îáîáùåííîãî äðîáíîãî èíòåãðî-äèôôåðåíöèðîâàíèÿ ñ ãèïåðãåîìåòðè÷åñêîé ôóíêöèåé Ãàóñ-

ñà F (a, b, c; z), ââåäåííîé Ì.Ñàéãî [1].

Îòìåòèì, ÷òî íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ óðàâíåíèÿ (1) â íåîãðàíè÷åííûõ è îãðàíè÷åííûõ îáëàñòÿõ
èçó÷åíû â ðàáîòàõ [2], [3]. Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ (1) â ñëó÷àå, êîãäà α0 = 0, β0 = 0 èçó÷åíà â ðàáîòå [4].

Äîêàçàíà îäíîçíà÷íàÿ ðàçðåøèìîñòü èçó÷àåìîé çàäà÷è.

Êëþ÷åâûå ñëîâà: êðàåâàÿ çàäà÷à, äèôôåðåíöèàëüíîå óðàâíåíèå äðîáíîãî ïîðÿäêà, ãèïåðãåîìåòðè÷åñêàÿ ôóíê-
öèÿ Ãàóññà, ïðèíöèï ýêñòðåìóìà, åäèíñòâåííîñòü ðåøåíèÿ, ñóùåñòâîâàíèå ðåøåíèÿ, ñèíãóëÿðíûé êîýôôèöèåíò.

2010 Mathematics Subject Classi�cation: 35M10, 35M12, 35Q05, 35R11
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[3] Ruziev M. Kh, Zunnunov R. T . On a nonlocal problem for mixed type equation with partial Riemann-Liouville
fractional derivative, Fractal and Fractional, 6:2 (2022), 110.
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Ïðèáëèæåííîå ïîëîæåíèå ðàâíîâåñèÿ â çàäà÷å
ðàñïðîñòðàíåíèÿ ýïèäåìèè ñ îãðàíè÷åííûì ñðîêîì
äåéñòâèÿ âàêöèíàöèè è âîçìîæíîñòüþ ïîâòîðíîãî

çàðàæåíèÿ

Ñ.ß. ÑÅÐÎÂÀÉÑÊÈÉ1,a,

1 Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè, Àëìàòû, Êàçàõñòàí
E-mail: aserovajskys@mail.ru

Îäíîé èç âàæíåéøèõ õàðàêòåðèñòèê äèíàìè÷åñêîé ñèñòåìû ÿâëÿåòñÿ ïîëîæåíèå ðàâíîâåñèÿ, íà êîòîðîå ñè-
ñòåìà ìîæåò âûõîäèòü, õîòÿ è íå îáÿçàòåëüíî âûõîäèò. Îäíàêî âîçìîæíàÿ ñèòóàöèÿ, êîãäà ðåøåíèå çàäà÷è äëÿ
ñèñòåìû, äîïóñêàþùåé ïîëîæåíèå ðàâíîâåñèÿ, ñî âðåìåíåì ñòðåìèòñÿ ê íåêîòîðîìó ñîñòîÿíèþ, êîòîðîå íèêàê íå
ìîæåò áûòü ïîëîæåíèåì ðàâíîâåñèÿ. Èíòåðåñíî, ÷òî ïîäîáíàÿ ïîâåäåíèå ñèñòåìû áûëî îáíàðóæåíî ïðè àíàëèçå
ìàòåìàòè÷åñêîé ìîäåëè ðåàëüíîãî ïðîöåññà.

Ðàññìàòðèâàåòñÿ ðàçâèòèå ýïèäåìèè â óñëîâèÿõ âàêöèíàöèè íàñåëåíèÿ, êîãäà âðåìÿ äåéñòâèÿ âàêöèíû, à òàê-
æå ïåðèîä, â òå÷åíèå êîòîðîãî ñîõðàíÿåòñÿ èììóíèòåò ó ïåðåáîëåâøèõ ëþäåé ñ÷èòàþòñÿ îãðàíè÷åííûìè. Äàííûé
ïðîöåññ îïèñûâàåòñÿ íåëèíåéíîé ñèñòåìîé, ñîñòîÿùåé èç äåâÿòè îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé.
Îíè õàðàêòåðèçóþò èçìåíåíèå ñî âðåìåíåì ÷èñëåííîñòè ñëåäóþùèõ ãðóïï íàñåëåíèÿ: çäîðîâûõ, âàêöèíèðîâàí-
íûõ, áûâøèõ â êîíòàêòå ñ áîëüíûìè, ò.å. êîíòàêòíûõ, âàêöèíèðîâàííûõ êîíòàêòíûõ, òðåõ ãðóïï áîëüíûõ (íåâû-
ÿâëåííûõ, èçîëèðîâàííûõ è ãîñïèòàëèçèðîâàííûõ), èììóíèçèðîâàííûõ è óìåðøèõ.

Ëåãêî óáåäèòüñÿ, ÷òî ñèñòåìà îáëàäàåò ïåðâûì èíòåãðàëîì, ÿâëÿþùèìñÿ ÷èñëåííîñòüþ âñåé ïîïóëÿöèè (ñóììå
÷èñëåííîñòåé âñåõ ðàññìàòðèâàåìûõ ãðóïï íàñåëåíèÿ), è ïîëîæåíèåì ðàâíîâåñèÿ, äëÿ êîòîðîãî ÷èñëåííîñòü âñåõ
ãðóïï êîíòàêòíûõ è áîëüíûõ ðàâíû íóëþ. Ïåðâîå ñâîéñòâî ãîâîðèò î òîì, ÷òî îáùàÿ ÷èñëåííîñòü ïîïóëÿöèè ñî
âðåìåíåì íå ìåíÿåòñÿ, à âòîðîå ñîîòâåòñòâóåò çàâåðøåíèþ ýïèäåìèè.

Ðàñ÷åòû ñèñòåìû, ïðîâîäèìûå ïðè ðàçóìíîì íàáîðå åå ïàðàìåòðîâ (îíè âûáèðàþòñÿ ÷àñòè÷íî íà îñíîâå ýêñ-
ïåðòíûõ îöåíîê, ÷àñòè÷íî ñ ïîìîùüþ ðåøåíèÿ ñîîòâåòñòâóþùèõ îáðàòíûõ çàäà÷), ïîêàçûâàþò, ÷òî ïîñëå çíà-
÷èòåëüíûõ èçìåíåíèé ôóíêöèé ñîñòîÿíèÿ ñèñòåìû, ñîîòâåòñòâóþùèõ ñíà÷àëà áóðíîìó ðîñòó ýïèäåìèè, çàòåì
ìåäëåííîìó ðîñòó, äîñòèæåíèþ åå ïèêà è ïîñòåïåííîìó çàòóõàíèþ, âîñåìü èç äåâÿòè ðåøåíèé ñî âðåìåíåì (ïðè-
ìåðíî ÷åðåç òðè ãîäà ïîñëå íà÷àëà ýïèäåìèè) ñòàáèëèçèðóþòñÿ è âûõîäÿò íà íåêîòîðîå ñîñòîÿíèå. Íà ãðàôèêàõ
ìû âèäèì çàòóõàþùèå êîëåáàíèÿ, ñ îïðåäåëåííîãî ìîìåíòà âðåìåíè âûãëÿäÿùèå êàê ïðÿìûå, ïàðàëëåëüíûå êîîð-
äèíàòíîé îñè. Îäíàêî ýòî íèêàê íå ìîæåò áûòü ïîëîæåíèåì ðàâíîâåñèÿ, ïîñêîëüêó âñå ðàññìàòðèâàåìûå ôóíêöèè
çäåñü ïðèíèìàþò ïîëîæèòåëüíûå çíà÷åíèÿ, õîòÿ, êàê áûëî óñòàíîâëåíî ðàíåå, ïÿòü èç íèõ â ðàâíîâåñèè äîëæíû
ðàâíÿòüñÿ íóëþ. Äîïîëíèòåëüíóþ ñòðàííîñòü âíîñèò ïîâåäåíèå äåâÿòîãî ðåøåíèÿ (÷èñëî óìåðøèõ), êîòîðîå ìî-
íîòîííî ðàñòåò, ÷òî, êàçàëîñü áû, âñòóïàåò â ïðîòèâîðå÷èå ñî ñâîéñòâàìè ïåðâîãî èíòåãðàëà: ñóììà âñåõ ðåøåíèé
äîëæíà áûòü ïîñòîÿííîé.

Ïîëó÷åííûå ðåçóëüòàòû èìåþò, òåì íå ìåíåå, åñòåñòâåííîå îáúÿñíåíèå. Äåâÿòàÿ ôóíêöèÿ äåéñòâèòåëüíî âîç-
ðàñòàåò, ïîñêîëüêó â ïðàâîé ÷àñòè ñîîòâåòñòâóþùåãî óðàâíåíèÿ íàõîäèòñÿ ïîëîæèòåëüíàÿ âåëè÷èíà. Îäíàêî âå-
ëè÷èíà ýòà (ñêîðîñòü ðîñòà ðàññìàòðèâàåìîé ôóíêöèè) ÿâëÿåòñÿ äîñòàòî÷íî ìàëîé, äà è íà÷àëüíîå çíà÷åíèå ýòîé
ôóíêöèè òàêæå. Òàêèì îáðàçîì, íà äîñòàòî÷íî áîëüøîì èíòåðâàëå âðåìåíè îíà ïðàêòè÷åñêè íå îêàçûâàåò âëèÿíèå
íà ïîâåäåíèå ñèñòåìû â öåëîì (÷èñëî óìåðøèõ â ðåçóëüòàòå ýïèäåìèè ìíîãî ìåíüøå ÷èñëåííîñòè âñåé ïîïóëÿöèè).
Åñëè åþ âîîáùå ïðåíåáðå÷ü, òî ïîëó÷åííàÿ ñèñòåìà èç âîñüìè óðàâíåíèé îáëàäàåò ñâîèì ïîëîæåíèåì ðàâíîâåñèÿ,
ñóùåñòâåííî îòëè÷àþùåéñÿ îò ïîëîæåíèÿ ðàâíîâåñèÿ ïîëíîé ñèñòåìû. Èìåííî â åãî ìàëóþ îêðåñòíîñòü âûõî-
äèò ðåøåíèå èñõîäíîé ñèñòåìû åùå äî òîãî, êàê íà÷íåò ñêàçûâàòüñÿ âëèÿíèå äåâÿòîé ôóíêöèè. Îäíàêî äåâÿòàÿ
ôóíêöèÿ, õîòü è ìåäëåííî, íî ïðîäîëæàåò ðàñòè. Òîãäà, èñõîäÿ èç îïðåäåëåíèÿ ïåðâîãî èíòåãðàëà (ñóììà âñåõ
ðåøåíèé ïîñòîÿííà), ñîâîêóïíîñòü âñåõ îñòàëüíûõ ôóíêöèé â ñóììå áóäåò óáûâàòü. À ïîñêîëüêó óáûâàíèå ýòî
ìåäëåííîå è ðàñïðåäåëÿåòñÿ íà âñå âîñåìü ôóíêöèé, òî âèçóàëüíî ýòî î÷åíü äîëãî îñòàåòñÿ íåçàìåòíûì. Åñòå-
ñòâåííî, ïðè íåîãðàíè÷åííîì âîçðàñòàíèè âðåìåíè ïÿòü ôóíêöèé áóäóò ñòðåìèòñÿ ê íóëþ, à ñèñòåìà âûéäåò íà
ñâî¼ ñîáñòâåííîå ïîëîæåíèå ðàâíîâåñèÿ.

Èíòåðåñíî, ÷òî íàéäåííîå ¾ïðèáëèæåííîå ïîëîæåíèå ðàâíîâåñèÿ¿ èìååò ãëóáîêèé ïðàêòè÷åñêèé ñìûñë. Ïî-
ëó÷åííûå ðåçóëüòàòû ãîâîðÿò î òîì, ÷òî ïîñëå áóðíîãî òå÷åíèÿ ýïèäåìèè (â íàøåì ñëó÷àå � ïðèìåðíî ÷åðåç òðè
ãîäà ïîñëå åå íà÷àëà), ñèòóàöèÿ ñòàáèëèçèðóåòñÿ íà îòíîñèòåëüíî íåâûñîêîì óðîâíå ïî ñðàâíåíèþ ñ ïèêîì ýïè-
äåìèè. Ýòî îçíà÷àåò, ÷òî êòî-òî âñ¼ ðàâíî áóäåò çàáîëåâàòü (âîçìîæíî äàæå íåîäíîêðàòíî), à êòî-òî � äàæå è
óìèðàòü. Òåì ñàìûì ýïèäåìèÿ îñòàíåòñÿ äîñòàòî÷íî äîëãî, íî óæå íå áóäåò ïðåäñòàâëÿòü ñåðüåçíîé îïàñíîñòè
äëÿ ïîïóëÿöèè â öåëîì. Èìåííî òàêèì ñâîéñòâîì è îáëàäàþò îáû÷íûå ýïèäåìèè.

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì AP09260317 ÌÎÍ ÐÊ.

Êëþ÷åâûå ñëîâà: äèôôåðåíöèàëüíûå óðàâíåíèÿ, ïîëîæåíèå ðàâíîâåñèÿ, ýïèäåìèîëîãèÿ

2010 Mathematics Subject Classi�cation: 92B99, 39A99, 34A99, 60G99

Institute of Mathemitics and Mathematical Modeling. Almaty, 2023
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Àíàëèòè÷åñêèå âûðàæåíèÿ â òåîðèè îáðàòíûõ çàäà÷
óðàâíåíèé ìóëüòè-ôèçè÷åñêèõ ïðîöåññîâ â ìíîãîñëîéíûõ

ñðåäàõ

À. Â. ÑÈÍÈÖÀ

Êàçàõñòàíñêî-Áðèòàíñêèé Òåõíè÷åñêèé Óíèâåðñèòåò, ã. Àëìàòû, Êàçàõñòàí
E-mail: a.sinitsa@kbtu.kz

Â äîêëàäå ïðåäëàãàåòñÿ ê ðàññìîòðåíèþ ðåøåíèå îáðàòíîé çàäà÷è êîíâåêòèâíîãî ïåðåíîñà ïîòîêîâ òåïëà è
ìàññû ïîñðåäñòâîì âûâîäà àíàëèòè÷åñêèõ óðàâíåíèé. Ñòàâèòñÿ ïðÿìàÿ çàäà÷à ïîñðåäñòâîì çàïèñè íåñòàöèîíàð-
íîãî óðàâíåíèÿ äèôôóçèè äëÿ ìíîãîñëîéíîé îáëàñòè è ãðàíè÷íûõ óñëîâèé III ðîäà. Ïðÿìàÿ çàäà÷à ðåøàåòñÿ
àíàëèòè÷åñêè ïîñðåäñòâîì ãîìîãåíèçàöèè ãðàíè÷íûõ óñëîâèé è äîêàçàòåëüñòâîì ïîñòðîåííûõ Ëåìì è Òåîðåìû
î ïîäîáðàííûõ îöåíêàõ, ïîçâîëÿþùèõ ðåøàòü òðàíñöåíäåíòíûå óðàâíåíèÿ äëÿ ñîáñòâåííûõ çíà÷åíèé àíàëèòè-
÷åñêèõ âûðàæåíèé ãîìîãåíèçèðîâàííîé çàäà÷è. Ðàññìàòðèâàþòñÿ ìèíèìèçèðóþùèå ôóíêöèîíàëû, ïîçâîëÿþùèå
îïðåäåëÿòü 9 ïàðàìåòðîâ îáëàñòè îïðåäåëåíèÿ îäíîâðåìåííî, âêëþ÷àÿ ãåîìåòðè÷åñêèé ïàðàìåòð ñèñòåìû.

Ïðåäëàãàåòñÿ ê ðàññìîòðåíèþ òàêæå ìåòîäèêà àíàëèòè÷åñêîãî ðåøåíèÿ îáðàòíîé çàäà÷è äëÿ ìîäåëè òåðìàëü-
íîãî ðàñøèðåíèÿ ïëîñêîïàðàëëåëüíîé ïëàñòèíû. Äëÿ äàííîé çàäà÷è ïðåäëàãàåòñÿ ðàññìîòðåòü àíàëèòè÷åñêèé
ìåòîä ðåäóöèðîâàíèÿ ðàçìåðíîñòè.

Ðàáîòà âûïîëíåíà â ðàìêàõ íàó÷íî-èññëåäîâàòåëüñêîé ðàáîòû äîêòîðàíòà íà áàçå Øêîëû ïðèêëàäíîé ìàòå-
ìàòèêè ÀÎ ¾ÊÁÒÓ¿.

Êëþ÷åâûå ñëîâà: óðàâíåíèå äèôôóçèè, êðàåâàÿ çàäà÷à, ìíîãîñëîéíàÿ ñðåäà, ïëàñòèíà,òåïëîâîé ïîòîê .

2020 Mathematics Subject Classi�cation: 8J35

Ëèòåðàòóðà
[1] Sinitsa F.V. Design of novel inverse analysis methodology for exact estimation of elasticity parameters in

thermoelastic stress model. Pergamon-Elsevier Science Ltd, International Communications in Heat and Mass Transfer,
vol. 135, art. no. 106096, 2022. DOI: 10.1016/j.icheatmasstransfer.2022.106096.

[2] Sinitsa A.V. Analytical inverse analysis methodological approach for thermo-physical parameters estimation of
multilayered medium terrain with homogenized sampled measurements. MDPI, Symmetry, 14 (11), art. no. 2248, 2022.
DOI: 10.3390/sym14112248.

Èçó÷åíèå îñîáåííîñòè ïîñòðîåíèÿ ðåøåíèé âûðîæäåííîé
ñèñòåìû â âèäå ôóíêöèè Áåññåëÿ ìíîãèõ ïåðåìåííûõ

Æ.Í. ÒÀÑÌÀÌÁÅÒÎÂ

Çàïàäíî�Êàçàõñòàíñêèé óíèâåðñèòåò èìåíè Ì.Óòåìèñîâà , Óðàëüñê, Êàçàõñòàí
E-mail:tasmam45@gmail.com

Èçó÷åíû îñîáåííîñòè ïîñòðîåíèÿ ðåøåíèé íåîäíîðîäíîé âûðîæäåííîé ñèñòåìû

n∑
j=1

Zj
∂2W

∂Zj∂Zi
+ γ

∂W

∂Zi
−W = fi(Z1, Z2)(i = 1, n) (1)

ïîëó÷åííîé èç ñèñòåìû Ëàóðà÷åëëà

Zi(1− Zi)
∂2W

∂Z2
i

+

n∑
j=1

Zj
∂2W

∂Zj∂Zi
+

+(γ − (αi + βi + 1)Zi)
∂W

∂Zi
− αiβiW = 0(i = 1, n)

ïóò¼ì äâîéíîãî ïðåäåëüíîãî ïåðåõîäà ïî ïàðàìåòðàì αi è βi, ãäå fj(Z1, Z2) �àíàëèòè÷åñêèå ôóíêöèè îò äâóõ
ïåðåìåííûõ Z1 è Z2.

Åñëè fj(Z1, Z2) ≡ 0, òî ïîëó÷èì âûðîæäåííóþ îäíîðîäíóþ ñèñòåìó, èçó÷åíèåì êîòîðîé çàíèìàëñÿ Õóäîæíè-
êîâ Â.È.[1]

n∑
j=1

Zj
∂2W

∂Zj∂Zi
+ γ

∂W

∂Zi
−W = 0.(i = 1, n)

Â îáùåì ñëó÷àå, èçó÷åííàÿ Â.È.Õóäîæíèêîâûì ñèñòåìà ñîñòîèò èç 3-õ ñèñòåì, ïîëó÷åííûå èç ñèñòåìû Ëàó-
ðè÷åëëà FB ïóòåì ïðåäåëüíîãî ïåðåõîäà. Ïîñòðîåííîå ðåøåíèå Õóäîæíèêîâà, â îáùåì ñëó÷àå, ïðåäñòàâëÿåòñÿ â
âèäå

Φk,l
B,n

(
(αk) ,

(
α

′
l

)
, (βk)

(γ)
|(zn)

)
=

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023



Annual International April Mathematical Conference – 2023 187

=
∑

i1,...,in

∏
(αk)ik (βk)ik
(γ)∑ in

·
∏

(α
′
l)il+k ·

∏ (Zn)
in

in!
, (2)

ãäå èñïîëüçîâàíû ñîêðàùåíèÿ è îáîçíà÷åíèÿ:

(an) = (a1, a2, ..., an),
∏

(αn)in =

n∏
k=1

(αk)ik ,

lim
βi−→∞

(βi)n
βn
l

= 1, lim
αi−→∞

(αi)n
αn
l

= 1.

Âûøåóêàçàííûå òðè ñèñòåìû Â.È.Õóäîæíèêîâà ìîæíî èçó÷àòü âìåñòå êàê â ðàáîòå [1] èëè îòäåëüíî, êàê â
ðàáîòå [2], âûÿâëÿÿ îòäåëüíûå ñâîéñòâà ðåøåíèÿ âèäà (2).

Â äàííîé ðàáîòå ìû áîëüøå áóäåì îáðàùàòü âíèìàíèå íà ðàíåå íå èçó÷åííûå íåîäíîðîäíûå ñèñòåìû âèäà (1)
è èõ ñâÿçü ñ ôóíêöèÿìè Áåññåëÿ ìíîãèõ ïåðåìåííûõ.

Â ðàáîòå ðàññìàòðèâàåòñÿ ðàçëè÷íûå ÷àñòíûå ñëó÷àè.
1. Ïóñòü j = 1, i = 1 è f1(Z1, Z2) = Zρ1

1 . Òîãäà äëÿ ïîëó÷åííîãî èç (1) âûðîæäåííîãî íåîäíîðîäíîãî óðàâíåíèå

Z1WZ1Z1 + γWZ1 −W = kZρ1+1
1 (3)

(k è ρ1 -ïîñòîÿííûå) ñïðàâåäëèâî óòâåðæäåíèå.
Òåîðåìà 1. Âûðîæäåííîå íåîäíîðîäíîå óðàâíåíèå (3) èìååò ðåøåíèå â âèäå ôóíêöèè Ëîììåëÿ:

W = kZρ1−1
1

∞∑
m=0

(−1)m( 1
2
Z1)

2m+2Γ( 1
2
ρ1 − 1

2
γ + 1

2
)Γ( 1

2
ρ1 +

1
2
γ + 1

2
)

Γ( 1
2
ρ1 − 1

2
γ +m+ 3

2
)Γ( 1

2
ρ1 +

1
2
γ +m+ 3

2
)

=

= kSρ1,ν(Z1).

Äîêàçàòåëüñòâî ïðèâîäèòñÿ çàìåíîé W = Z−ν
1 J(x), ñ ïîìîùüþ êîòîðîé óðàâíåíèå (3) ïðèâîäèòñÿ ê íåîäíî-

ðîäíîìó óðàâíåíèþ Áåññåëÿ [3].

Êëþ÷åâûå ñëîâà: âûðîæäåííàÿ ñèñòåìà, íåîäíîðîäíàÿ ñèñòåìà, ôóíêöèè Áåññåëÿ, àíàëèòè÷åñêàÿ ôóíêöèÿ ,
ñèñòåìû Ëàóðè÷åëëà.

2010 Mathematics Subject Classi�cation: 35Q79, 35K05, 35K20

Ëèòåðàòóðà
[1] Õóäîæíèêîâ Â.È. Äâå íîâûå âûðîæäåííûå ãèïåðãåîìåòðè÷åñêèå ôóíêöèè ìíîãèõ ïåðåìåííûõ è èíòå-

ãðàëüíûå óðàâíåíèÿ ñ ñíèìè, Äèôôåðåíöèàëüíûå óðàâíåíèÿ, 6:39 (2003), 835�843.
[2] Tasmambetov Zh.N., Ubayeva Zh.K. Exceptions of formulating the normal-regular solutions jf con�uent, Loba-

chevskii journal of mathematics, 8:43 (2022), 2309�2331.
[3] Âàòñîí Ã.Í. Òåîðèÿ áåññåëåâûõ ôóíêöèè, ÈË, (1919), 972.

Êðàåâàÿ çàäà÷à äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà ñ
êðàòíûìè õàðàêòåðèñòèêàìè â òðåõìåðíîì ïðîñòðàíñòâå â

ïîëóîãðàíè÷åííîé îáëàñòè
À. À. ÕÀÌÈÒÎÂ

Íàìàíãàíñêèé èíæåíåðíî-ñòðîèòåëüíûé èíñòèòóò, Íàìàíãàí, Óçáåêèñòàí
E-mail: azizbek.khamitov.93@mail.ru

Â îáëàñòè D− = {(x, y, z) : −∞ < x < 0, 0 < y < q, 0 < z < r } ðàññìîòðèì óðàâíåíèÿ

L [u] ≡ ∂3u

∂x3
− ∂2u

∂y2
− ∂2u

∂z2
= 0, (1)

ãäå q > 0, r > 0 - ïîñòîÿííûå âåùåñòâåííûå ÷èñëà, è äëÿ íåãî èññëåäóåì ñëåäóþùóþ çàäà÷ó.
Çàäà÷à B. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè D− èç êëàññà C3,2,2

x,y,z

(
D−) ∩ C2,1,1

x,y,z

(
D− ∪ Γ

)
, èìåþùèå

îãðàíè÷åíèå ïåðâûå ïðîèçâîäíûå ïî x, y è z, âòîðîé ïðîèçâîäíîé ïî x ïðè x → −∞, è uy, uz ∈ L2

(
D−), è

óäîâëåòâîðÿþùèå êðàåâûìè óñëîâèÿìè

u (x, 0, z) = u (x, q, z) = 0, u (x, y, 0) = u (x, y, r) = 0,−∞ < x < 0, (2)

u (0, y, z) = ψ2 (y, z) , ux (0, y, z) = ψ3 (y, z) ,
lim

x→−∞
u (x, y, z) = 0, 0 ≤ y ≤ q, 0 ≤ z ≤ r, (3)

ãäå Γ = ∂D− - ãðàíèöà îáëàñòè D−, ψi (y, z) , i = 1, 2 - çàäàííûå äîñòàòî÷íî ãëàäêèå ôóíêöèè, ïðè÷åì
ψi (o, z) = ψi (q, z) = 0,

∂2ψi (0, z)

∂y2
=
∂2ψi (q, z)

∂y2
= 0,

∂3ψi (y, 0)

∂y3
=
∂3ψi (y, r)

∂y3
= 0,

∂5ψi (y, 0)

∂y3∂z2
=
∂5ψi (y, r)

∂y3∂z2
= 0,

i = 1, 2. (4)
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Îòìåòèì, ÷òî àíàëîãè÷íàÿ çàäà÷à â ïëîñêîñòè ïîëóîãðàíè÷åííûõ îáëàñòÿõ, â ðàáîòàõ [1-3] èññëåäîâàíû, íåêî-
òîðûå êîððåêòíûå êðàåâûå çàäà÷è, à òàêæå â ðàáîòàõ [4-5] â êîíå÷íûå îáëàñòè èçó÷åíû êðàåâûå çàäà÷è â òðåõ-
ìåðíîì ïðîñòðàíñòâå.

Òåîðåìà 1. Åñëè çàäà÷à B èìååò ðåøåíèå, òî îíî åäèíñòâåííî.

Òåîðåìà 2. Åñëè ôóíêöèè
∂i+jψ1 (y, z)

∂yi∂zj
∈ L2 [0 < y < q, 0 < z < r] , i, j = 0, 3 è âûïîëíÿþòñÿ óñëîâèÿ ñîãëà-

ñîâàíèÿ (4), òî ðåøåíèå çàäà÷è B ñóøåñòâóåò è ïðåäñòàâëÿåòñÿ â âèäå

u (x, y, z) =
2

√
qr

+∞∑
n,m=1

e
1
2
kn,mx

[
ψ1n,m

2√
3
cos

(√
3

2
kn,mx+

π

6

)
+

+ψ2n,m
2√

3kn,m

sin

(√
3

2
kn,mx

)]
× sin

(
nπ

q
y

)
sin
(mπ
r
z
)
,

ãäå ψ1n,m è ψ2n,m - êîýôôèöèåíòû Ôóðüå, ïðè÷åì
ψ1n,m =

2
√
qr

q∫
0

r∫
0

ψ1 (y, z) sin

(
nπ

q
y

)
sin
(mπ
r
z
)
dydz,

ψ2n,m =
2

√
qr

q∫
0

r∫
0

ψ2 (y, z) sin

(
nπ

q
y

)
sin
(mπ
r
z
)
dydz.

Êëþ÷åâûå ñëîâà: Äèôôåðåíöèàëüíîå óðàâíåíèå ñ ÷àñòíûìè ïðîèçâîäíûìè, óðàâíåíèå òðåòüåãî ïîðÿäêà, êðàò-
íûå õàðàêòåðèñòèêè, êðàåâàÿ çàäà÷à, åäèíñòâåííîñòü, ñóùåñòâîâàíèå, ðÿä, ïîëóîãðàíè÷åííàÿ îáëàñòü, àáñîëþòíàÿ
è ðàâíîìåðíàÿ ñõîäèìîñòü.

2010 Mathematics Subject Classi�cation: 35C10, 35G15

Ëèòåðàòóðà
[1] Àïàêîâ Þ.Ï. Ê ðåøåíèþ êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ Uxxx−Uyy = 0 â íåîãðàíè÷åííûõ îáëàñòÿõ. Äîêëàäû

Àêàäåìèè Íàóê Ðåñïóáëèêè Óçáåêèñòàí. �Òàøêåíò, 3: (2006), 17�20.
[2] Àïàêîâ Þ.Ï. Ðåøåíèå êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà ñ êðàòíûìè õàðàêòåðèñòèêàìè â

íåîãðàíè÷åííûõ îáëàñòÿõ. Èçâåñòèÿ Êàáàðäèíî-Áàëêàðñêîãî íàó÷íîãî öåíòðà ÐÀÍ. �Íàëü÷èê, 2(22): (2008),
147�151.

[3] Àïàêîâ Þ.Ï. Ðåøåíèå êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ òðåòüåãî ïîðÿäêà ñ êðàòíûìè õàðàêòåðèñòèêàìè ìå-
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-Ñ 14�22.

[4] Ñàáèòîâ Ê. Á. Íà÷àëüíî-ãðàíè÷íûå çàäà÷è äëÿ óðàâíåíèÿ êîëåáàíèé ïðÿìîóãîëüíîé ïëàñòèíû. Èçâåñòèÿ
âóçîâ. Ìàòåìàòèêà, 10:(2021), 60�70.

[5] Þëäàøåâ Ò. Ê. Îá îäíîé êðàåâîé çàäà÷å äëÿ èíòåãðî-äèôôåðåíöèàëüíîãî óðàâíåíèÿ â ÷àñòíûõ ïðîèçâîä-
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Ñôåðè÷åñêàÿ ìîäåëü òåïëîìàññîïåðåíîñà â
ýëåêòðè÷åñêèõ êîíòàêòàõ ïðè êîðîòêîé äóãå

Ñ.Í. ÕÀÐÈÍ1,a,

1Êàçàõñòàíñêî-Áðèòàíñêèé òåõíè÷åñêèé óíèâåðñèòåò, Àëìàòû, Êàçàõñòàí
E-mail: astaskharin@yahoo.com

Ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü, îïèñûâàþùàÿ äèíàìèêó òåìïåðàòóðíîãî ïîëÿ â ýëåêòðè÷åñêèõ êîíòàê-
òàõ ïðè èõ íàãðåâå òåïëîâûì ïîòîêîì êîðîòêîé äóãè, êîòîðûé ñ÷èòàåòñÿ ìíîãîêîìïîíåíòíûì è çàâèñÿùèì îò
òåìïåðàòóðû äóãè è ïÿòíà êîíòàêòà. Äëÿ êàòîäà ýòè ñîñòàâëÿþùèå ó÷èòûâàþò èîííóþ áîìáàðäèðîâêó êàòî-
äà, ëó÷èñòûé íàãðåâ ñòîëáîì äóãè, íàãðåâ çà ñ÷åò ýìèññèè îáðàòíûõ ýëåêòðîíîâ, òåðìîýìèññèîííîå îõëàæäåíèå,
ïîòåðè ìîùíîñòè çà ñ÷åò ôàçîâûõ ïåðåõîäîâ. Ìîùíîñòü, ïîäâîäèìàÿ ê àíîäó, âêëþ÷àåò íàãðåâ âñëåäñòâèå êèíå-
òè÷åñêîé ýíåðãèè áîìáàðäèðóþùèõ ýëåêòðîíîâ è ëó÷èñòîãî íàãðåâà ñòîëáîì äóãè, à òàêæå îõëàæäåíèå çà ñ÷åò
ôàçîâûõ ïðåâðàùåíèé.

Ìîäåëü áàçèðóåòñÿ íà ñôåðè÷åñêîé çàäà÷å Ñòåôàíà ñ íåëèíåéíûìè ãðàíè÷íûìè óñëîâèÿìè è ñïåöèàëüíûì
êîýôôèöèåíòîì, ó÷èòûâàþùèì âûáðîñ ÷àñòè æèäêîãî ðàñïëàâà. Äëÿ åå ðåøåíèÿ ðàçðàáîòàí èòåðàöèîííûé ìåòîä
ìàæîðàíòíûõ ôóíêöèé, ïîçâîëÿþùèé ïîëó÷àòü ïîñëåäîâàòåëüíîñòè çàâûøåííûõ è çàíèæåííûõ òåìïåðàòóð â
æèäêîé è òâåðäîé çîíàõ êîíòàêòíîé ïëîùàäêè, à òàêæå ñîîòâåòñòâóþùèå çíà÷åíèÿ âåëè÷èí ýðîçèè.

Ðåçóëüòàòû ÷èñëåííûõ ðàñ÷åòîâ ñðàâíèâàþòñÿ ñ ýêñïåðèìåíòàëüíûìè äàííûìè.

Funding: Àâòîð áûë ïîääåðæàí ãðàíòîì ïðîåêòà AP09258948 ÊÍ ÌÍÂÎ ÐÊ.

Êëþ÷åâûå ñëîâà: òåìïåðàòóðíûå è ýëåêòðîìàãíèòíûå ïîëÿ, êîðîòêàÿ ýëåêòðè÷åñêêàÿ äóãà, íåëèíåéíîå íåîäíî-
ðîäíîå óðàâíåíèå òåïëîïðîâîäíîñòè, çàäà÷à Ñòåôàíà, ìåòîä ìàæîðàíòíûõ ôóíêöèé.

2010 Mathematics Subject Classi�cation: 35K05, 80A22
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Êâàçèñòàöèîíàðíàÿ ìîäåëü äèíàìèêè íàãðåâà
ðàçìûêàþùèõñÿ ýëåêòðè÷åñêèõ êîíòàêòîâ

Þ.Ð. ØÏÀÄÈ

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ, Àëìàòû, Êàçàõñòàí
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Ïðè ðàçìûêàíèè ýëåêòðè÷åñêîé öåïè ìåæäó êîíòàêòàìè âûêëþ÷àòåëÿ âñïûõèâàåò ýëåêòðè÷åñêàÿ äóãà, âû-
çûâàþùàÿ ïëàâëåíèå êîíòàêòà (àíîäà). Èçó÷åíèå ïðîöåññà ïëàâëåíèÿ êîíòàêòà ïðèâîäèò ê çàäà÷å Ñòåôàíà äëÿ
óðàâíåíèÿ òåïëîïðîâîäíîñòè, â êîòîðîé íåîáõîäèìî ó÷èòûâàòü çàâèñèìîñòè ðàñïðåäåëåíèÿ òåìïåðàòóðû â çîíå
ðàñïëàâà îò ïëîòíîñòè òåïëîâîãî ïîòîêà èç äóãè â êîíòàêò è îò ïëîòíîñòè òåïëîâûõ èñòî÷íèêîâ, âîçíèêàþùèõ çà
ñ÷åò ïðîõîæäåíèÿ ýëåêòðè÷åñêîãî òîêà ÷åðåç çîíó ðàñïëàâà êîíòàêòà.

Â àíàëèçå ýòîé çàäà÷è ïëàâëåíèÿ êîíòàêòà ÷àñòî âûñîêèì îêàçûâàåòñÿ ÷èñëî Ñòåôàíà, êîòîðîå â ôèçè÷åñêîì
ñìûñëå îòðàæàåò îòíîøåíèå ïëîòíîñòè òåïëîâîé ýíåðãèè, ïåðåäàâàåìîé â ðåçóëüòàòå òåïëîïðîâîäíîñòè ìàòåðèàëà
òåïëîíîñèòåëÿ, ê ïëîòíîñòè òåïëîâîé ýíåðãèè, çàòðà÷åííîé íà óâåëè÷åíèå åãî âíóòðåííåé ýíåðãèè. Íàëè÷èå òàêîãî
ôàêòîðà ïðèâîäèò ê çàäà÷å äëÿ êâàçèñòàöèîíàðíîãî íàãðåâà çîíû ðàñïëàâà êîíòàêòà.

Ñîîòâåòñòâóþùàÿ ìàòåìàòè÷åñêàÿ ìîäåëü ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì. Íåîáõîäèìî íàéòè çàêîí r =
α(t) èçìåíåíèÿ îáëàñòè ðàñïëàâà Ω = {(r, t)|0 < b < r < α(t) <∞, 0 < t < ta} è òåìïåðàòóðó θ(r, t) â ýòîé îáëàñòè,
åñëè òåìïåðàòóðà θ(r, t) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ

1

r2
∂

∂r

(
r2λ(r, t, θ)

∂θ

∂r

)
+
q(r, t, θ)

r4
= 0, (1)

êðàåâûì óñëîâèÿì

α(0) = b, −
(
λ(r, t, θ)

∂θ

∂r

)
r=b

= P (t), θ(α(t), t) = θ̂(t) (2)

è óñëîâèþ Ñòåôàíà íà ïîäâèæíîé ãðàíèöå

−
(
λ(r, t, θ)

∂θ

∂r

)
r=α(t)

= L(t, θ̂(t))
dα(t)

dt
(3)

Çàäà÷à èìååò îäíó êðèòè÷åñêóþ òî÷êó. Ýòî ìîìåíò t = 0 íà÷àëà ðàñõîæäåíèÿ êîíòàêòîâ è âñïûøêè ýëåêòðè-
÷åñêîé äóãè â ýòîò ìîìåíò, ïðèâîäÿùåé ê çàðîæäåíèþ çîíû ðàñïëàâà.

Èññëåäîâàíèå çàäà÷è ïðîâîäèòñÿ ïðè ñëåäóþùèõ òðåáîâàíèÿõ ê ïàðàìåòðàì ïðîöåññà.

1) Ôóíêöèè λ(r, t, θ), q(r, t, θ) íåïðåðûâíû ïî âñåì ñâîèì ïåðåìåííûì â îáëàñòè r ≥ b, 0 ≤ t ≤ ta, θ ≥ 0,
ôóíêöèÿ λ(r, t, θ) äîïîëíèòåëüíî èìååò íåïðåðûâíûå ïðîèçâîäíûå ïî ïåðåìåííûì r, θ è èìåþò ìåñòî îãðàíè÷åíèÿ
çíà÷åíèé ýòèõ ôóíêöèé

λ(r, t, θ) ≥ λmin > 0, q(r, t, θ) ≥ 0; (4)

2) Ôóíêöèè P (t), θ̂(t), L(t, θ̂(t)) íåïðåðûâíû íà îòðåçêå 0 ≤ t ≤ ta è óäîâëåòâîðÿþò íà íåì óñëîâèÿì

P (t) ≥ 0, P (t) ̸≡ 0, θ̂(t) ≥ 0, L(t, θ̂) ≥ Lmin > 0. (5)

Ïðè âûïîëíåíèè óñëîâèé, óêàçàííûõ â ïóíêòàõ 1) è 2), çàäà÷à (1)�(3) ñâîäèòñÿ ê ýêâèâàëåíòíîé ñèñòåìå äâóõ
óðàâíåíèé, âêëþ÷àþùåé:

à) îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå äëÿ ãðàíèöû α(t),

á) íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå îòíîñèòåëüíî òåìïåðàòóðû θ(r, t).

Ðàññìàòðèâàþòñÿ ñâîéñòâà ñèñòåìû èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé. Äîêàçûâàåòñÿ, ÷òî åñëè ôóíê-
öèÿ q(r, t, θ) íå çàâèñèò îò òåìïåðàòóðû θ, òî ñèñòåìà èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ðàçðåøèìà è èìååò
åäèíñòâåííîå ðåøåíèå.
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Inverse problem for third-order equation of parabolic-hyperbolic
type with the Caputo operator
Obidjon ABDULLAYEV1,a, Aygul MATCHANOVA2,b

1 Kimyo International University In Tashkent, Uzbekistan
2 V. I. Romanovskiy Institute of Mathematics, Tashkent, Uzbekistan

E-mail: aobidjon.mth@gmail.com, boygul87-87@mail.ru

Let Ω be one connected domain, restricted by segments BB0, B0A0, A0A (accordingly on the lines x = 1, y = h, x =
0) and by the characteristics AC : x+ y = 0, BC : x− y = 1 of the wave equation, with A(0, 0), B(1, 0) and C

(
1
2
,− 1

2

)
.

Introduce designations: Ω1 = Ω ∩ {y > 0} , Ω2 = Ω ∩ {y < 0} .

In the formulated domain Ω, we consider the equation(
a
∂

∂x
+ b

)
Lu = f(x)g(y) (33)

where

Lu ≡

{
L1u = uxx − CD

α
0yu; (x, y) ∈ Ω1

L2u = uxx − uyy; (x, y) ∈ Ω2

g(y) ≡

{
g1(y); y > 0

g2(y); y < 0

and cD
α
ay is the partial Caputo fractional derivative of order 0 < α < 1 of a function u(x, y) with respect to the second

variable[1]:

CD
α
0yu(x, y) =

1

Γ(1− α)

∫ y

0

(y − t)−α ut(x, t)dt,

a, b are given real constants and a ̸= 0.
In the domain Ω for the Eq.(33) we will formulate and investigate this:

Problem A .To find para of functions {u(x, y), f(x)} with the following properties:

1)f(x) ∈ C(0, 1) ∩ L1(0, 1);

2)u(x, y) ∈ C(Ω1) ∩ C(Ω2);u ∈ C1(Ω2\BC),

uxx ∈ C(Ω1 ∪AA0);CD
α
0yu ∈ C(Ω1 ∪AB);

cD
α
0yux ∈ C(Ω1), uxxx ∈ C(Ω1);uxxx, uyyx ∈ C(Ω2);

3) u(x, y) satisfies boundary conditions:

u(0, y) = φ1(y), 0 ⩽ y ⩽ h;

u(1, y) = φ2(y), 0 ⩽ y ⩽ h;

uxx(0, y) = φ3(y), 0 < y < h;

u |BC = ψ2(x),
1

2
⩽ x ⩽ 1;

∂u

∂n
|AC = ψ3(y), −1

2
⩽ y < 0;

u
(x
2
,−x

2

)
= δ1(x)u(x,−0) + δ2(x), 0 ⩽ x ⩽ 1;

4) on the line of change AB, for the u(x, y) takes place integral gluing conditions:

u(x,+0) = γ1(x)u(x,−0) + γ2(x), 0 ⩽ x ⩽ 1;

lim
y→+0

CD
α
0yu(x, y) = λ1(x)uy(x,−0) + λ2(x)

∫ x

0

r(t)u(t, 0)dt+ λ3(x), x ∈ (0, 1),

where n is an internal normal and φi(y), ψj(x), ψ3(y), gj(y), λi(x), δj(x), γj(x) (i = 1, 3, j = 1, 2) are given func-

tions, moreover
2∑

i=1

λ2
i ̸= 0, δ1(0) ̸= 1, γ1(x) ̸= 0 for all x ∈ [0, 1].

Under certain conditions on given functions, unique solvability of the formulated problem is proved.

Keywords: parabolic-hyperbolic type, Caputo derivatives, integral gluing condition, integral equations

2010 Mathematics Subject Classification: 517.956

References
[1] A.A. Kilbas, H.M. Srivastava, J.J. Trujillo. Theory and Applications of Fractional Differential Equations., North-

Holland Mathematics Studies, vol. 204,Elsevier Science B.V., Amsterdam. 2006

Èíñòèòóò ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ. Àëìàòû, 2023



Annual International April Mathematical Conference – 2023 191

Solving a Boundary Value Problem for a Fractionally Loaded Heat
Equation in a quarter-space

M.T. KOSMAKOVA1,a, D.M. AKHMANOVA2,b A.N. KHAMZEYEVA3,c

1,2,3 Karaganda Buketov University, Karaganda, Kazakhstan
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In a domain Q = {(x, y; t)|0 ≤ x < +∞;−∞ < y < +∞; t > 0} we consider a BVP for an equation

ut = a2∆u+ λ
{

RLD
β
0tu(x, y; t)

}∣∣∣
x−1=t,y−1=t,t>0

+Φ(x, y; t) (1)

with an initial condition:
u
∣∣∣
t=0

= 0 (2)

and with a boundary condition:

u
∣∣∣
x=0

= 0, (3)

where

RLD
β
0tf(t) =

1

Γ(1− β)

d

dt

∫ t

0

f(τ)

(t− τ)β
dτ

is the Riemann-Liouville derivative of an order β; 0 < β < 1.
Here the load moves along a straight line:

x− 1

1
=
y − 1

1
=
t

1
; t > 0

.
It will also require a boundedness condition for solving problem (1)-(3) in a domain Q. We will assume that the

function
Φ(x, y; t) ∈ L∞(A) ∩ C(B), (4)

where
A = {(x, y; t)|x > 0; y ∈ R; t ∈ [0, T ]},

B = {(x, y; t)|x > 0; y ∈ R; t ≥ 0}, T = const > 0

Then the solution of problem (1)-(3) has the form [Polyanin, page 176, problem 2.2 1-2]:

u(x, y; t) = λ

∫ t

0

∫ +∞

0

∫ +∞

−∞
µ(τ) G(x, y; ξ, η; t− τ)dηdξdτ + F (x, y; t), (5)

where

F (x, y; t) =

∫ t

0

∫ +∞

0

∫ +∞

−∞
Φ(ξ, η; τ) G(x, y; ξ, η; t− τ)dηdξdτ, (6)

G(x, y; ξ, η; t) =
1

4a2t

{
exp

(
− (x− ξ)2 + (y − η)2

4a2t

)
− exp

(
− (x+ ξ)2 + (y − η)2

4a2t

)}
.

Denote
µ(τ) =

{
RLD

β
0tu(x, y; t)

}∣∣∣
x−1=t,y−1=t,t>0

.

Applying to (5) the operator of fractional differentiation in the sense of the Riemann-Liouville an order β, 0 < β < 1
and substituting x − 1 = t, y − 1 = t we obtain the Volterra integral equation of the second kind with respect to the
function µ(t):

µ(t)− λ

Γ(1− β)

∫ t

0

µ(τ)

(t− τ)β
dτ = f1(t), (7)

where
f1(t) =

{
RLD

β
0tu(x, y; t)

}∣∣∣
x−1=t,y−1=t,t>0

(8)

Theorem 1. Equation (7) is uniquely solvable in the class µ(t) ∈ C([0;T ]), for any right side f1(t) ∈ AC([0;T ]),
and the solution to equation (7) is determined by the formula

µ(t) = f1(t) + λf1(t) ∗ t−βE1−β,1−β

(
λt1−β

)
, (9)

where Ea,b(z) is the two-parameter Mittag-Leffler function and ∗ is the convolution.
Theorem 2. Let conditions (4) and F (x, y; t) ∈ L1(t ∈ [0;T ]) be satisfied, the function F (x, y; t) is determined

by formula (6), the function µ(t) is defined by formula (9). Then in the class L1(t ∈ [0;T ]) BVP (1)-(3) has a unique
solution defined by formula

u(x, y; t) = λf1(t) ∗ E1−β

(
λt1−β

)
+ F (x, y; t),

where the function f1(t) is determined by relation (8).
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Biquaternionic representation of photons and light emitters
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In [1-7] the author developed a biquaternionic model of electro-gravimagnetic field (EGM field), EGM charges and
EGM currents, and EGM interactions based on biquaternionic generalizations of Maxwell and Dirac equations. The
biquaternionic wave ( biwave ) equation expresses EGM charges and currents through the bigradient of EGM field
intensity like.

Here we present the ether equation as biquaternionic generalization of 8 Maxwell equations by use Hamilton form of
quaternions [8]. Monochromatic solutions of this equation are constructed based on which the biquaternionic represen-
tations of photons are obtained. Free waves in the ether are considered. It is shown that they and photon biquaternions
contain a gravitational component, which determines the light pressure.

Biquaternions of various light emitters (ball, spherical, ring, circular pulsars) are presented.
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Application of stochastic global optimization methods for solving
inverse problems
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The paper presents epidemiological calculations of mathematical modeling of cases of COVID-19 infection in Kaza-
khstan from December 12, 2021, to January 20, 2022 [1]. Using the developed model, based on the Covasim software
package, and using incomplete statistical data on the incidence of the population, the inverse problem of restoring the
model’s parameters was solved. To solve the inverse problem, stochastic global optimization methods were used - the
Parzen tree-like estimation method, the differential evolution algorithm, and the firefly algorithm. The analysis of incom-
plete data was carried out by regression analysis and machine learning methods. And also the epidemiological parameters
of the model were refined, such as the rate of transmission of infection, testing, and the initial number of infected people
in the country, and an algorithm was developed for the identifiability of unknown parameters.

As a result of the developed algorithm, it was shown that with an increase in the mobility of citizens during the
New Year holidays in public places (shopping malls, markets, etc.), the number of detected cases of COVID-19 infection
increased by 3.5 times. Comparison of simulation results with real data showed an error in tens of people (0.2%). Thus,
mathematical modeling gave a qualitative coincidence of forecasts with reality.

The impact of the COVID-19 pandemic on the economy of Kazakhstan was studied in [2], based on the mathematical
apparatus of the nonlinear input-output balance, which allows you to find the equilibrium point in the set of industry
resources and prices. An analysis was also made of the macroeconomic response of the Kazakh economy to the pandemic.

Keywords: inverse problems, optimization methods, forecasting.
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Time-optimal problem for parabolic equation
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Consider the following mathematical model of the heat conduction process along the domain Ω = {(x, t) : 0 < x <
l, t > 0}:

∂u(x, t)

∂t
=
∂2u(x, t)

∂x2
, x ∈ (0, l), t > 0, (1)

with boundary conditions
ux(0, t) = −µ(t), ux(l, t) = 0, t > 0, (2)

and initial condition
u(x, 0) = 0, 0 ≤ x ≤ l. (3)

Let M > 0 be some given constant. We say that the function µ(t) is an admissible control if this function is
differentiable on the half-line t ≥ 0 and satisfies the following constraints

µ(0) = 0, |µ(t)| ≤ M.

We consider the weight function ρ(x) ∈W 2
2 [0, l] satisfying the conditions

ρ′(x) ≤ 0, ρ′′(x) ≥ 0,
1

l

l∫
0

ρ(x) dx = 1.

Set

ρ(x) =
∞∑

k=1

ρk cos
kπx

l
, x ∈ (0, l),
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where

ρk =
2

l

l∫
0

ρ(x) cos
kπx

l
dx, k = 1, 2, ...

In the present work we consider the following problem.
Problem A. For a given constant θ > 0 problem A consists in looking for the minimal value of T > 0 so that for

t > 0 the solution u(x, t) of the initial-boundary value problem (1)-(3) with some admissible control µ(t) exists and for
t ≥ T satisfies the equality

l∫
0

ρ(x)u(x, t) dx = θ, t ≥ T.

More recent results concerned with this problem were established in [1], [2], [3]. Detailed information on the problems
of optimal control for distributed parameter systems is given in the monograph [4].

Theorem 1. Let

0 < θ <
ρ1 l

2M

π2
.

Set

T0 = − l2

π2
ln

(
1− θ π2

ρ1 l2M

)
.

Then a solution Tmin of the Problem A exists and the estimate Tmin ≤ T0 is valid.
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Inverse multiple particles problem and blurring
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The Prony method of scattering data analysis is extended to an inverse problem for a fiber-reinforced composite.
Unidirectional fibers of shear moduli µk(k = 1, 2, ..., n) are embedded in the host of shear modulus µ. We consider
antiplane strain of the fibrous composite when a section perpendicular to the axis of fibers is the unit disk which contains
n non-overlapping inclusions. The contact between the components is supposed to be perfect. The main attention is
paid to rigid inclusions when µk ≫ µ. Let the longitudinal displacement u be given on the unit circle. Other components
of displacement vanish in the unit disk in the antiplane statement.

The considered problem is written in terms of complex potentials and solved by a method of functional equations.
In particular, the out-of-plane traction proportional to the normal derivative ∂u

∂n
is found on the unit circle. This yields

a constructive method to symbolic
approximation of the Dirichlet-to-Neumann operator for an arbitrary multiply
connected circular domain. The method is applied to the inverse problem for non-overlapping equal disks whose centers
ak(k = 1, 2, ..., n) have to be determined [1,2].

Let the displacement u and the traction µ ∂u
∂n

be given on the outer unit circle. We construct explicitly a polynomial
Pn(z) whose complex roots coincide with the centers of inclusions ak. This result can be considered as solution to the
special Prony problem. The considered examples demonstrate the effect of blurring for large n when a part of disks
adjoin the boundary is properly determined. The location of the deeper disks is blurry and can be determined by the
same equation Pn(z) = 0, but solved with higher accuracy.

Funding: The authors were supported by the grant no. AP08856381 of the Ministry of Education and Science of
Republic of Kazakhstan.
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On Fisher-KPP equation with the fractional p-Laplacian
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In this conference, we show that if the initial date is between zero and one, then the global solution of a Dirichlet
Fisher-KPP equation with the fractional p-Laplacian is also between zero and one. Moreover, a large time behavior of
the global solution is provided. In addition, some blow-up results are given.

Funding: This research is funded by the Science Committee of the Ministry of Education and Science of the Republic
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Diffraction problems on a triangular lattice
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Motivated by applications of recent interest related to analog circuits, crystalline materials, and metamaterials,
we investigate thin-slit diffraction problems on the semi-infinite triangular lattice, cf. [1]. Analyzing regular processes
when waves at the level of the microstructural scales are neglected, it is possible to consider the continuum limit of
corresponding equations. However, industrial and scientific interest is growing in the study of nano- and microstructure
of modern materials and composites. One of the effective ways to investigate microstructural processes in the materials is
to consider their discrete structures. Thus, for the triangular lattice, we study Dirichlet problems for the two-dimensional
discrete Helmholtz equation in a half-plane. Using the notion of the radiating solution, we prove the existence and
uniqueness of a solution for the real wave number k ∈ (0, 3)\{2

√
2} without passing to the complex wave number.

Besides, an exact representation formula for the solution is derived. We also developed a numerical calculation method
and demonstrate by example the effectiveness of our approach related to the propagation of wavefronts in metamaterials
through two small openings.

Funding: This work was supported by Shota Rustaveli National Science Foundation of Georgia (SRNSFG) [FR-21-301].
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Traveling wave speed and profile of a “go or growing” glioblastoma
multiform model
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Glioblastoma multiforme (GBM) is a fast-growing and deadly brain tumor due to its ability to aggressively invade
the nearby brain tissue. A host of mathematical models in the form of reaction-diffusion equations have been formulated
and studied in order to assist clinical assessment of GBM growth and its treatment prediction. To better understand
the speed of GBM growth and form, we propose a two population reaction-diffusion GBM model based on the ‘go or
grow’ hypothesis. Our model is validated by in vitro data and assumes that tumor cells are more likely to leave and
search for better locations when resources are more limited at their current positions. Our findings indicate that the
tumor progresses slower than the simpler Fisher model, which is known to overestimate GBM progression. Moreover, we
obtain accurate estimations of the traveling wave solution profiles under several plausible GBM cell switching scenarios
by applying the approximation method introduced by Canosa.

Funding: This research is partially supported by the Science Committee of the Ministry of Education and Science of
the Republic of Kazakhstan Grant No AP08052345 and Nazarbayev University under Collaborative Research Program
Grant No 11022021CRP1509.
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Collocation heat polynomials method for solving inverse Stefan
type problems
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The heat polynomials method (HPM) or polynomial Trefftz method [1] was first described in 1892 by Appell in the
paper [2]. Later an idea was developed by Rosenbloom and Widder in the following works [3-5]. Further development
of their idea has been continued in papers Futakiewicz [6], Grysa [7] and Kassabek [8]. The essence of this method is to
construct an approximate solution to the problem in a form of linear combinations or series of heat polynomials that a
priori satisfy a differential equation.

Let us consider the one-dimensional heat conduction problem with a free-moving boundary

∂u

∂t
= a2

∂2u

∂x2
.

The approximate solution which satisfies exactly this equation is assumed in the form of a linear combination of heat
polynomials in the form

u(x, t) =

M∑
n=0

cnvn(x, t),

where

vn(x, t) =

[n2 ]∑
m=0

a2mxn−2mtm

m!(n− 2m)!
, n = 1, 2, . . . .

The unknown coefficients cn are determined by simultaneous minimization of the residuals which can be applied by
different methods, e.g. the collocation method, the least squares method, or other methods.

Funding: The authors were supported by the grant no. AP09258948 ”A free boundary problems in mathematical
models of electrical contact phenomena” of the Ministry of Education and Science of Republic of Kazakhstan.
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Time dependent inverse source problem for an integro-differential
pseudoparabolic equation

Kh. KHOMPYSH1,a, M. MUKHAMBETKALIYEV1,b

1 Al-Farabi Kazakh National University, Almaty, Kazakhstan
E-mail: akhompysh.khonatbek@gmail.com, bmukhambetkaliyevmurat@gmail.com

ABSTRACT
In this work we study the following time dependent inverse source problem for the following one dimensional pseu-
doparabolic equation:

ut − αuxx − βuxxt −
t∫

0

K(t− τ)uxx(x, τ)dτ = f(t)g(x, t) + h(x, t), in (0, l)× (0, T ), (1)

supplemented by the initial condition
u(x, 0) = u0(x), x ∈ (0, l) (2)

and boundary conditions
u(0, t) = u(l, t) = 0, t ∈ [0, T ] (3)

and the integral overdetermination condition∫ l

0

(u(x, t)ω(x) + βux(x, t)ωx(x)) dx = φ(t), t ∈ [0, T ], (4)

where 0 < l, T <∞. The inverse problem consists of finding the the functions u(x, t) and f(t) from (1)-(4) by the given
positive constants α, β, and the given functions g(x, t), h(x, t),K(t), u0(x), w(x), φ(t).

In this work, we investigate the global in time existence and uniqueness of strong solution of the inverse problem
(1)-(4).

Funding: This work was supported by the Grant no.AP19676624.
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Abstract. We study a mathematical model (34) of coastal waves in the shallow water approximation. The model
consists of the following equation which is considered in [3]:

∂h

∂t
+
∂hU

∂x
= 0,

∂hU

∂t
+

∂

∂x

(
hU2 +

gh2

2
+ h3φ+

h2ḧ

3

)
=

∂

∂x

(
4

Re
h3√φ∂U

∂x

)
,

∂hφ

∂t
+
∂hUφ

∂x
=

8h
√
φ

Re

(
∂U

∂x

)2

− Crhφ
3
2 .

(34)
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The model contains two empirical parameters. The first one controls turbulent dissipation. The second one is responsible
for the eddy viscosity and is determined by the turbulent Reynolds number. We study here travelling waves solutions
to this model. The existence of an analytical and numerical solution of the problem in the form of a traveling wave is
shown. The singular points of the system are described. It is shown that there exists a critical value of the Reylnols
number corresponding to the transition from a monotonic profile to an oscillatory one. The paper is organized as follows:
Firstly, we present the governing system of ordinary differential equations (ODE) for travelling waves. Secondly, the
Lyapunov function for the corresponding ODE system is derived, and finally, the behavior of the solution of the ODE
system is discussed.
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A variety of models are used to describe the predator-prey interactions. The dynamical relationship between a
predator and a prey has long been among the dominant topics in mathematical ecology due to its universal existence
and importance ([1]-[3]).

In this article, we study the following a Leslie-Gower prey-predator model via a free boundary:

k1(u)ut − uxx −m1ux = u (1− u)− auv, (t, x) ∈ D, (1)

k2(v)vt − dvxx −m2vx = b

(
1− v

u+ c

)
, (t, x) ∈ D, (2)

u (0, x) = u0 (x) , 0 ≤ x ≤ s (0) ≡ s0, (3)

v (0, x) = v0 (x) , 0 ≤ x ≤ s0, (4)

ux (t, 0) = 0, 0 ≤ t ≤ T, (5)

u (t, s (t)) = 0, 0 ≤ t ≤ T, (6)

vx (t, 0) = 0, 0 ≤ t ≤ T, (7)

v (t, s(t)) = 0, 0 ≤ t ≤ T, (8)

s′ (t) = −µ (ux (t, s (t)) + ρvx (t, s (t))) , 0 ≤ t ≤ T, (9)

where D = {(t, x) : 0 < t ≤ T, 0 < x < s(t)}; u (t, x), v (t, x) are population densities at time t at point x; s (t) is a free
boundary, which represent propagation fronts.

Assume that the data of the problem satisfy the following conditions:

(i) ki0, d, mi, a, b, c, µ, ρ are positive constants, i = 1, 2;

(ii) u0 ∈ C2 ([0, s0]), u
′
0 = u0(s0) = 0, u0 > 0 in [0, s0) and lim

x→s0

u0(x)
s0−x

= 0,

v0 ∈ C2 ([0, s0]), v
′
0 = v0(s0) = 0, v0 > 0 in [0, s0) and lim

x→s0

v0(x)
s0−x

= 0;

(iii) ki (ξ) ≥ ki0 for any ξ > 0,

(iv) ac+ a < 1,
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Problem (1)-(9) was studied in [3] in the case mi = 0 and ki = 1, i = 1, 2.
In this article, first we establish two-sided bounds for u(t, x), v(t, x) and s′(t), and then a Hölder norm bounds for

u(t, x), v(t, x). On the basic of a priori estimates, the existence and uniqueness of the solution is proved. And we study
the asymptotic behavior of two species evolving in a domain with a free boundary.

Theorem 1. Let (u, v, s(t)) be a solution of (1)-(9). Then there hold estimates:

0 < u (t, x) ≤M1, (t, x) ∈ D,

0 < v (t, x) ≤M2, (t, x) ∈ D,

0 < s′(t) ≤M3, 0 ≤ t ≤ T.

The following theorem shows that lim
t→∞

s(t) = s∞ = +∞ is sufficient for a successful spreading:

Theorem 2. Suppose that (u, v, s(t)) is the solution of (1)-(9). If s∞ = +∞, then we have

lim
t→+∞

∥u(t, x)∥C([0,s(t)]) =M1, lim
t→∞

∥v(t, x)∥C([0,s(t)]) =M2.

The following theorem shows that the finiteness of s∞ leads both species, u and v, to vanish.
Theorem 3. Suppose that (u, v, s(t)) is the solution of (1)-(9). If s∞ < +∞, then we have

lim
t→+∞

∥u(t, x)∥C([0,s(t)]) = 0, lim
t→∞

∥v(t, x)∥C([0,s(t)]) = 0.

Keywords: prey-predator system, reaction-diffusion equation, parabolic equation, aprior bounds, existence and unique-
ness, asymptotic behavior.
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