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Abstract

In this paper a class of theories which had been picked out by Maximo Dick-
mann [D] and which he called weakly o-minimal is studied. In sections 1-3
properties of one-types over sets in a weakly o-minimal theory are studied. In
particular, in section 1 six basic kinds of one-types over sets are distinguished.
In section 2 notions of neighbourhood of a set in one-type, weak and almost
orthogonality of one-types are introduced. It is proved that a non-weak (non-
almost) orthogonality is equivalence relation and each f"“—class of the equiva-
lence contains one-types of only one kind from six basic ones. In section 3 it
is proved that all the one-types of each f"—class which contains at least one
definable one-type are definable. In section 4 it is proved that an expansion of a
model of a weakly o-minimal theory by any set of unary convex predicates has
a weakly o-minimal theory (Theorem 4.3). This result solves Problem of Cher-
lin, Macpherson, Marker, Steinhorn from the basic paper on weakly o-minimal
structures [MMS].

Some lemmas of the paper have analogies in o-minimal theories. In particular,
section 1-2 — in [M], [LM], [B], section 3 — in [MS], section 4 — in [MMS], [B].

The results of the paper have been announced in [B1],[B2].

1 Essential kinds of 1-types over sets of models of
weakly o-minimal theories

Definition 1.1 [LvdD] Model M of signature 3 is ordered minimal (o-minimal) if it
is (-definable totally ordered and the realization of each formula of the signature (M)
in one free variable is a disjoint union of finitely many of open intervals, points.

Definition 1.2 Let A be a subset of totally ordered set B. Then A is convex if for
any «, 5 € A the following holds:

VyeB [a<y<f=7v€Al.

Note 1.1 An intersection of family of convex subsets of arbitrary totally ordered set
is convex or empty.

*Supported by European Community Grant INTAS-93-3547.

1



Definition 1.3 [D]

(i) A totally ordered model M of signature ¥ is weakly ordered minimal (w.o.m.)
if the realization of each formula of the signature (M) in one free variable is a
disjoint union of finitely many convex subsets.

(ii) A theory T is said to be weakly ordered minimal (w.o.m.) if each model of T is
W.0.1.

Note 1.2 T is w.o.m. iff for any formula ®(z,y) of signature ¥ there is a natural
number ng < w such that for any model of T' for any @ € M'®, &(M,a) is an union
< ng —P(M,a)-separable convex subsets of M. Here, ®(M,a) :={b e M : M E
d(b,a)}.

Note 1.3 A set of all realizations of any 1-type over set of a model of w.o.m. theory
in any model of this theory is convex set, because each complete type is determined by
family of formulas, the realizations of which are convex (convex formula).

Everywhere we will hold on the following

Convention 1.1 Let a € M%) where I(a) = [, @ =< ay,...,aq; > . We will write
a € M whenever {aj,...,aq;} C M. Let 1 <m <[ then alm =< ay,...,a, >. In this
paper M is a model of w.o.m. theory T, M’ is a sufficiently large saturated elementary
extension of M, a,b,¢,d € M, &,3,7,4 € M'\ M. For C,D C M we write C < D
whenever ¢ € C, d € D, we have ¢ < d. For any convex D C M', D~ :={p € M':
f <D}, Dt :={pe M :5>D}.

If A< Bthen (A, B):={ye M |A<y< B}

We write A C B whenever a € A we have a € B.

We write AC Bif AC Band 3be€ B(b¢ A).

We always consider subset A of M’, such that M’ is |A|"-saturated.

p,q,m € S1(A) means always non-algebraic complete 1-types over A. We understand
that isolated type is non-algebraic isolated type. Auts(M’) is the group of automor-
phisms of M’ such that Vf € Aut,(M') Va € A (f(a) = a).

We use following notations x > F(M',y) < Vz[F(z,y) — z < ]

V(M z) > F(M', y) < V2Vt F(z,9) NV(t,Z) — 2 < {]

p(M') = {7 € M'V6(x) € p, M’ |- §(1)}, o |= p & a € p(M).

By Notes we always understand historical Notes or immediate corollaries of Definitions
or proofs of Lemmas or Claims. Sometimes we choose more long proof for Lemma in
order to have a possibility of formulating the Notes. Almost always we do not prove
the Notes.

Definition 1.4 A partition of A C M’ into two convex subsets C' and D (C' < D, C'U
D = A) is said to be (C,D)-cut in A. If C' has supremum or D has infimum in
AU{—00, 00}, then (C, D)-cut is said to be rational. Otherwise (C, D)-cut is irrational.
Sometimes, by (C, D)-cut we understand the following set of formulas : {¢ <z < d:
ceC,de D}.

Theorem 1.1 (B. Kulpeshov [K]) Let M be a linearly ordered structure. Then M is
w.o.m. iff the following conditions hold in M:

2



(i) Any (C, D)-cut in M has at most two complete one-types over M which extend
(C,D)-cut,

(ii) If a (C,D)-cut in M has two complete one-types over M which extend (C,D)-cut,
then each realization of these types is convex set in any elementary extension of

M.

Definition 1.5 [LP]| Let p € S;(A). We say that p is rational to the right (left) if
there is a € A (b € A) such that for any « |= p the following is true:

Vila < B < a=tp(6/A) = p]
(VBb < B < a=tp(B/A) =p]).

Definition 1.6 (i) Let p € S1(A) be non-isolated. We say that p is quasirational
to the right (left) if there is a formula U(x,a), a € A such that for any a = p
the following is true:

VBla < BAM' | U(B,a) = tp(B/A) = p]
(VBla > BAM' = U(B,a) = tp(B/A) = p).
(ii) A non-isolated, non-quasirational type p is irrational.
Note 1.4 Let p € S1(A). Then the following is true:
(i) If p is rational then it is quasirational.

(ii) If p is quasirational to the right (left) then
UM, a)" = p(M")" (U(M',a)” = p(M')").

(iii) p is quasirational to the right and to the left iff p is isolated.

Note 1.5 By Theorem of Kulpeshov we have:

(i) Let p € S1(M). Then p is quasirational to the right (left) iff there is a formula
U(z,a), a € M such that the following set of formulas

{r>c: M E=U(ca), ce MyU{U(z,a)}
{x<c:MEU(ca), ce M}U{U(z,a)})
has unique completion p from S;(M).

(ii)) Let p € S;(M). Then p is irrational iff p is determinated by irrational cut
(Cp, D).

Definition 1.7 We say that formula F(x,y,a) (G(z,y,a)),a € A is convex to the
right (left) if

M’ VyVa[(F(z,y,a) —» (y Sz AVz(y <2 <z — F(z,y,0)]

(M =Vyve[(G(z,y,a) — (x <y AVz(z <z <y — G(z,y,a)])
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Definition 1.8 Let p € S1(A). We say that a formula ®(z,y,a),a € A is p-stable if
Vo = p, 371,792 | p such that

4! < (I)(Mlaa7a) < V2

Note 1.6 Let Fi(x,y,a), Fy(z,y,b),a,be€ A be two 2-A-formulas, p € S1(A). Then if
Ja € p(M') such that Fy (M’ a,a) C Fo(M', o, b) we have:

V8 | p [FU(M',8,a) C Fy(M', 8,b)].

Definition 1.9 Let p € Si(A), Fy(x,y,a), Fy(z,y,b),a,b € A be two p-stable convex

to right (left) 2-A-formulas. We say that Fy(z,y,b) is greater than Fi(z,y,a) if Ja €
p(M") (=Va € p(M")), Fi(M' a,a) C Fo(M', o, b).

Note 1.7 Let p € S1(A). The set of all non-equivalent p-stable convex to the right
(left) 2-A-formulas is totally ordered.

Definition 1.10 Let p € S1(A) be a non-algebraic type. We say that p is semi-
quasisolitary to the right (left) if there is the greatest p-stable convex to the right (left)
2-A-formula F(x,y,a) (G(z,y,a)), a € A.

Note 1.8 Let p € S;(A) be semi-quasisolitary to the right (left). If 5 > a (a > )

and tp(8/A) = tp(a/A) = p, M' |- —F(8,0,a) (M’ = ~G(8,,0))
then for any formula ®(z, «, ¢), ¢ € A the following holds:

M = ®(B,a,¢) = VB, € F(M',a,a)* Nnp(M')
(Vo1 € G(M',a,a)” N p(M'))M' |= (B, . €))].

Definition 1.11 Let p € S1(A). We say that p is quasisolitary if it is semi-quasisoli-
tary to the right and to the left.

Definition 1.12 Let p € S1(A). We say that p-stable convex to the right (left) 2-A-
formula F'(z,y, a) is locally p-decreasing (p-increasing) if there are oy, ag € p(M') such
that

M'E Jx(F(x,az,a) N —F(z,01,a) A F(a,a0,a) Az > aq).

(M' = 3z(F(x,a9,a) A F(z,a1,a) A F(ag, ag,a) Az < ay)).

Lemma 1.1 Let p € S1(A) be a non-algebraic type. Then

(i) If F(x,y,a) is the greatest p-stable convex to the right (left) 2-A-formula, then
F(z,y,a) is non-locally p-decreasing (p-increasing).

(i1) If p is semi-quasisolitary then it is quasisolitary.



Proof. Suppose that F(x,y,a) is locally p-decreasing. Then there are o, 3,7 €
p(M’) such that
M Ea<B<yANF(y,a,a) N=F(v,8,a)

Let K(y,a,a) = Jz(F(x,a,a) A F(y,z,a)). Because F(z,y,a) is p-stable we have
F(y,a,a) = K(y, «, a).

So, F(M',~v,a) C F(M',«,a) and F(M',«,a)\F(M',~,a) # 0.
Let O(c, 5,7v,a) == a < <yANF(y,a,a) N=F(v,B,a) A\VNe(F(z,7v,a) = F(z,a,a)).
Then M’ = 0(a, B, 7, a).

Let f € Auta(M') such that f(y) = a. Then for any n < w
M= 0(f"(a), f7(B), ["(7), a).

So, M’ k= 6("(0), (), /"~ (), ) and
FOM', f7(a),a) > FOL, f*(a),a), fa) & F(M', "(8), a),
f(a) < F(B) < [ (o).
Thus, Vn < w[f"(a) € F(y,M',a) and f*~*(8) € F(y, M’,a)]. It contradicts to weak
o-minimality of M’. So, F(x,y,a) is a non-locally p-decreasing,.

(ii) Let F(x,y,a) from Definition 1.10.

By (i) Vo, 5 € p(M'), a < B the following holds:
Ifge F(M' y,a) = M EVr(x > — (F(r,o,a) < F(x,5,a)))

Consider G(y, o, a) =y < a A F(a,y,a) ANVe(z > o — (F(z,a,a) <> F(x,y,a))).
Let Go(M',a,a) :=p(M")NG(M',a,a).

We claim that Go(y, , a) is the greatest convex to the left p-stable formula. If it is
not the greatest convex to the left p-stable formula then there is ®(x,y,¢),c € A, p-
stable formula such that 3y, v, € p(M’),

1 < ®(M' a,e) < Go(M',,¢), v, € (M, , C)

So, we have a & F(M',v,a), a ¢ F(M',vs,a). Notice,
a & F(M v,a) = Vay € [F(M',v,a)" Np(M')],v2 € ®(M’,a1,¢), by Note 1.8.
ag F(M' y,a) = Voq € [F(M',y,a)" Np(M")], 1 € (M, a1,¢), by Note 1.8.
Let o € [(F(M',y2,a) UF(M',y1,a))" Np(M')], f € Auta(M’) such that f(y,) =
75, Then f(ap) € [(F(M',2,3) U F(M’,,a))* 0 p(M")]
We have M’ = =P (v, ap, ¢) = M’ |= =P (72, f(ap), ¢). Contradiction.
Thus, Go(y, z,a) is the greatest convex to the left p-stable formula, and the formula
E(z,y,a) :== F(z,y,a) V Go(x,y,a) is equivalence relation.
So, the type p is quasisolitary. O
Further this equivalence E(x,y,a) we denote by E,(x,y,¢,).

Note 1.9 (i) Let p € S1(A), then for any convex to the right (left) p-stable 2-A-
formula F(x,y,a) there is a Fi(x,y,a) is a convex to the right (left) p-stable
formula such that Yo € p(M'), F(M',«,a) C Fi(M',«,a) and Fy(z,y,a) is non
locally p-decreasing (p-increasing).

(ii) V. Verbovsky constructed an example of w.o.m. theory with 1-type p and
F(z,y,a) that is p-stable convex to the right, locally p-decreasing formula.

(iii) Let p € S1(A) be quasisolitary. A set of all E,(x,y, ¢,)-classes of equivalence in
M’ is densely ordered. A set of representatives of E,(x,y,¢,)-classes in M’ is
ordered 2-indiscernible.



(iv) Let p € S1(A), ¥(x,y,b), b € A be p-stable, ¢(x, &), & € M’ such that Iy, py €
p(M'), p1 < ¢(M', &) < po. Then 3p), phy € p(M') such that for the formula

Hyp(x,a,b) == Iy (¢(y, @) N(z,y,b))

the following is true:

:U’/l < H¢,¢<M,7d7b) < /”LIQ

Proof. (i) Suppose, F(z,y,a) is convex to the right, p-stable, locally p-decreasing.
Let a, B,y € p(M'), a < <~, p € F(M',a,a), vy € F(M' a,a)\ F(M',5,a),
f € Auta(M’) such that f(a) = v. Then 33" € p(M’) such that f(8') = . So,
ag F(M',5,a)and B & F(M',5',a),5 & F(8,M',a). Let Fy(B, M’,a) be a maximal
< @, 8 >-definable convex of F/(S, M’,a) such that o € Fo(8, M, a).
Then, Fy(8, M',a) C p(M’). From proof of Lemma 1.1(i) follows that Vy[a < v <

B = F(B,va)l.
So, Fi(z,y,a) := 3z[Fo(y,z,a) A F(z,z,a) Nz > y|. It is clear that Fi(x,y,a)
satisfies the condition of Note 1.9 (i).

Convention 1.2 Further throughout in this paper we assume that any convex to the
right (left) p-stable formula is non locally p-decreasing (p-increasing)

Definition 1.13 [B] Let p € S1(A) be quasisolitary. We say that p is solitary if
E(r,y,a) = (z =y)

Definition 1.14 ([B] for o-minimal) Any non-algebraic, non-quasisolitary type p €
S1(A) is social.

Corollary 1.1 Let p € S1(A) be non-algebraic. Then p is quasisolitary iff family of
all convex to the right p-stable 2 — A-formulas has supremum iff family of all convex
to the left p-stable formulas has supremum.

Note 1.10 (i) If 7" is o-minimal, then each quasisolitary type is solitary (uniquely
realizable [LS]).

(ii) There exist the following six essential kinds of non-algebraic 1-types over set of
models with w.o.m. theory:
1-2) isolated (quasisolitary, social);
3-4) quasirational (quasisolitary, social);
5-6) irrational (quasisolitary, social).
Lemma 1.2 Let p,q € S1(A) be non-algebraic, o € p(M'), ®(x,y,a),a € A such that
O(M' a,a) C q(M') and Iy € q(M'), v € ®(M',«,a) (i.e. p isolates q). Then the

ollowing 1is true:
f g
(i) p is isolated iff q is isolated
(i1) p is quasirational iff q is quasirational

(1) p is irrational iff q is irrational



(iv) p is quasisolitary iff q is quasisolitary.
Note 1.11 (i) VB = p, ®(M',5,a) C q(M").

(ii) If g is irrational to the left (right), i.e. =3C(z,¢) such that
C(M',e)~UC(M',¢) = q(M')~ then for any formula ®(z, 8), 3 € M’ if
O(M',5) C q(M') then Iy € q(M’) such that v < ®(M’', B)(P(M', 5) < 7).

Proof of Lemma 1.2. (i) If p is isolated then ¢ is isolated. It is true for any types of
arbitrary theory. If g is isolated then q(M’) = U(M’,b) where U(M’,b) is a complete
formula of q. Let ~y, 3 € U(M’,b) such that v & ®(M', o, a), 3 € ®(M’,a,a). Let f €
Aut 4(M') such that f(vy) = 8. Then g & &(M’, f(a),a). So, a € ®(5, M',a) N p(M’)
and f(a) € ~®(B, M',a) Np(M').

Because T' is weakly o-minimal there is a formula H(z, 3,a) such that
H(M',B,a) < -H(M',B,a) or ~H(M',5,a) < H(M',B,a), o € H(M', 3,a),

f(a) € =H(M', 3,a). Then the following formula K (x,a,b) is complete for p:
K(z,a,b) == 3y1, Jya [U(y1,0) ANU(y2,0) N H(z,y1,a) AN —~H(z,y2,a)].

So, p is isolated. -
(ii) (=) Suppose p is quasirational to the right with a formula U(z,b), b € A from

Definition 1.6. Let
Ly(t,a,b) == 32[U(2,b) AVy((y > 2 AU(y,b)) = Yo(®(z,y,a) =t < x))].
Then for any formula in one free variable D(x,d), d € A the following is true:
[D(M',d) < q(M") = D(M’,d) C Ly,(M’,a,b)]A
Ag(M'")y < D(M',d) = D(M',d) N L,(M’,a,b) = 0)].
Thus, if L,(t,a,b) € ¢ then g is quasirational to the right and
q(M")" = Ly(M',a,b)* and if =L,(t,a,b) € q
then ¢ is quasirational to the left and
q(M")™ = Ly(M',a,b)~, q(M') C ~L,(M',a,b).

As g is complete type, so either L,(t,a,b) € g or ~L,(t,a,b) € q.
(<) Suppose ¢ is quasirational to the right with a formula

U(x,b),be A,UM'b)T = q(M')*.
We will show an existence of 2 — a-formula ®y(z,y, a) such that
vy € ¢(M'), ®o(y, M',a) C p(M").

By the preceding it means that p is quasirational.

Consider two cases:
a) There are ;,72 € q(M’) such that v; < (M’ a,a) < 7.
b) ®(M',a,a)t = q(M')*.



a) Let f € Auts(M’) such that f(vy1) = 2.
If ay, a0 € p(M’) such that f(a1) = «, f(a) = aq, then we have

(M ay,a) <y < P(M' a,a) <y < (M, an,a).

Let v € ®(M', o, a) then a € ®(, M',a) and (« € (ay, aq) or
a € (ag,aq)).

Let ®g(y, M',a) be a maximal convex < 7, a >-subformula of
®(v,y,a) such that a € $o(y, M’,a). Clearly that Oo(v, M’ a) C p(M’).
b) By Note 1.11(ii) there is v € ¢(M’) such that v < ®(M’', o, a).

Consider the following formula

Co(7,y,a,b) = V2(®(2,y,a) = v < 2 AU(2,0) A 32P(2,y,a)).

So, a € ®g(y, M’ a,b). If ®g(y, M',a,b) ¢ p(M') then there is D(z,d), d € A
such that D(M’,d) N p(M’) = 0 and D(M',d) C ®y(y, M’',a,b). Then for a formula
H(z,d,a) := Jy(D(y,d) AN®(z,y,a)) we have v < H(M',d,a) C q(M'). Contradiction,
because d,a € A and y € ¢(M’), Vv, € H(M',d,a), tp(y/A) # tp(11/A).

Thus, ®o(y, M’,a,b) C p(M").

(iii) follows from (i) and (ii).

(iv)

Claim 1.1 Ifp isolates q by a formula ®(x,y,a), a € A such that o € p(M')3 172 €
qM"), 11 < (M a,a) < v, P(M',a,a) # O then IPy(z,y,a) such that VB €
q(M")3p, p2 € p(M)

(I)0<67M/JC_L> % ®7 M1 < (I)0<67M/JC_L> < M2
and p is quasisolitary iff q is quasisolitary.

Proof of Claim 1.1 Let f € Auta(M') such that f(71) = 2. Let a; := f7'(a),ay =
f(a). We have

M) < (M ar,a) <y < (M, a,a) < v2 < P(M', ag,a) < f(72).

If a < f(a) then f~'(a) < a. We have oy < a < ap or ap < a < aj.

Let 8 € ®(M’' a,a). Consider the formula ®(5,y,a). Let ®o(S,y,a) be a convex
subformula of ®(5,y,a) such that o € $o(5, M’,a). We have oy < $o(8, M',a) < ay
or ag < Po(p, M',a) < .

Suppose p be quasisolitary. Let E,(z,y,¢,), ¢, € A be a formula from the proof of
Lemma 1.1(ii) which defines quasisolitarity of p. Let

E(z,t,¢,a) = JyTa(Po(t,y,a) A Ey(z,y,¢,) A P(z,2,a)), v € P(M',a,a).

We claim that for any formula H(z,y,d), d € A the following is true:

If H(z,y,d) is g-stable then H(M',~,d) C E(M’,~,¢,,a).

In opposite case we can choose g-stable H(z,y,d) such that
H(M' ~v,d)NE(M' ~,¢,,a) = 0.

Consider the folowing formula:

K(z,a,a,d) := Iy3z(P(y,a,a) A H(z,y,d) A ®o(z,2,a)).

By Note 1.9(iv), K(z,y,a,d) is p-stable because
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o 1 < O(M a,a) < v,
e H(z,y,d) is g-stable,
° VB € q<M’)E|(51,52 c p(M’), (51 < q)o(B,M/,C_l) < (52.

Let vo € H(M',~,d) then vy &€ E(M',~,¢,,a) and ®o(yo, M',a)NE,(M', a,¢,) = 0.

Let p € ®g(v,M',a) C K(M',a,a,d) then p ¢ E,(M',«,¢,). Contradiction. Thus

q is quasisolitary. By the same consideration from quasisolitarity of ¢ follows the

quasisolitarity of p. So, Claim 1.1 is proved. O
By Note 1.11 (ii), Lemma 1.2 (i-iii) we must consider the following case:

e p,q are quasirational or isolated.

e There exists ®(x,y,a),a € A, such that Va € p(M’), ®(M', a,a) C q(M'),
O(M' a,a)t =q(M)t or (M «,a)” = q(M')".

o VO(z,y,b), b€ A, Ya € p(M')
O(M',a,b) C q(M') = 0(M',a,b) = ®(M', v, @)).
We claim that in this case p,q are quasisolitary. Without loss of generality we

assume ®(M’' «,a) = q(M')" and p is quasirational to the right.
Notice that,

VB, a € p(M)[B > a = (M, 3,a) C (M «,a).

Let K(z,y,a) ==Vt (z <t <y — &M, za) C ®(M' a,a)). We claim that
K(z,y,a) is maximal convex to the left p-stable formula. If not there is p-stable
G(z,y,c), ¢ € A, such that

o G(M' a,¢) < K(M' «a,a)
e Jue GIM' a,¢),d(M «a,a) C (M’ p,a)

Let ®1(z,a,a,c) := y(G(y, o, ¢) AN ®(z,y,a)) A =P(x,a,a). By Note 1.9 (iv)

O (M, a,a,¢) C q(M'), by construction ®1(M’, o, a,¢) # ®(M’', a,a). Contradiction.
So, p is quasisolitary. The same consideration of ®y(z,y,a,b) from Lemma 1.2(ii),
(<)(b) gives us the quasisolitarity of g. O

Corollary 1.2 Let p,q € S1(A). Then q isolates p iff p isolates q.

2 Orthogonality of 1-types over sets, neighbour-
hoods of sets in 1-types

Definition 2.1 Let p € S1(A), B C M’ such that M’ is |B U A|"-saturated. Then a
neighbourhood of set B in the type p is the following set:

Vo(B) :={y € M'|3y1,v2 € p(M'),3H(x,b,¢),b € B,é € A,
< H(M' b,e)< vy, v € H(M',b,¢)}

. Let @ =< ay, ag,..., a4 > then V,(a) = V,({a1, aq, ..., ax}).
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Note 2.1 Let p € S1(A).
(i) Let 5 € p(M’). Then |V,(8)| = 1 iff p is solitary.

(ii) p is quasisolitary iff 38 € p(M’), V,(B) is (A U f)-definable set. (In fact,
EP(M/7B>EP) - V};(ﬁ))

Lemma 2.1 Let p € Si(A), B C M’ such that M’ is |A U B|"-saturated. Then the
following holds:

(1) Vy(B) is convex or empty.
(ii) Let p be irrational. ThenVa € M'\ M VH(z,a,a), a € A

[H(M',a,a) # 0, HM',a,a) Cp(M') = HM',a,a) C V,(a)]

fiii) Vy(B) # 0 = Fn,7 € p(M"), 7 < Vy(B) < .
(iv) VB € p(M') [Vy(B) £ 0, B¢ V,(B) =

= Vg € 51(A), Vy(8) NVy(B) = 0.

(v) Yoo € p(M') : V(B) < a g € p(M')[V,(B) < ap < V()]

Proof. (i) By Definition 2.1.

(ii) By Definition 2.1 and by Note 1.11(ii).

(iii) By Definition 2.1 and by Theorem of compactness.

(iv) Suppose that there exists ¢ € S1(A) such that V,(8) NV, (B) # 0. Then there
exists ®(x, 3,b), b€ A, IH(x,a,¢), @ € B, ¢ € A such that
Iy € (M, 3,0) N H(M', a,¢), ®(M’, 8,b) C V,(8), H(M',&,¢) C V,(B).

By Definition 2.1 3y, v, v3, 74 € q(M’) such that

7 < (I)(M/,ﬁ,b) < Y2, V3 < H(M,,O_é,(_j) < V4.

Let pn = min{y1, 73}, pe = max{ye, 1}, f € Auta(M’) such that f(u2) = pu.

Let By := f(B), B2 := f~1(B). So we have

(I)<M,7ﬂ175) < < H(M/a&aé) < p2 < CI)(Mlaﬁ%E)

and (1 < B < faor o < B < Br). ) )

Let K(y,a,b,¢) .= 3x(H(z,a,¢) N®(x,y,b)). Then § € K(M',&,b,¢) and py, B2 &
K(M' a,b,e¢).

Let Ki(z,a,b,¢) be a convex subformula of K (z,a,b, ) such that
B e K (M a,b,c). Thus

/61 < Kl(M/,@,B, E) < BQOFBQ < K1<M,,64,B, E) < ﬁl.

Thus 8 € V(&) and g € V,(B). Contradiction.
(v) Consider two cases: )
a) UM, B,a),B € B,ac A, UM, B,a)* = V,(B)*.
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b) = —na).
a) If p is social, then it is true by Theorem of compactness. Let p be quasisolitary.
Consider the following formula

K(x,B,d,ép) =UM', B,a)<xA Yy (UM, B,a)<y<z— E,(z,y,¢,).

If there is not such ag, then K(M', 3,a,¢,) = E,(M’',«,&,). So E,(M’,a,¢&,) C V,(B)
and a € V,(B). Contradiction.
b) It follows from Theorem of compactness. O

Note 2.2 Let p,q € S1(A).

() If a € p(M"). 5 € q(M") then € Vy(8) iff # € Vy(a) iff Vi(a) = V,(8) iff
Vi) = V,(8).

(i) If a1, 9,3 € p(M') such that a; < V,(az) < ag,Vy(an) # 0 then V(o) <
Volaz) < Volas) or Vo(as) < Volaz) < Vo(an).

Proof. (i) is immediate corollary of proof of Lemma 2.1(iv).
(ii) By Lemma 2.1(iv) the following is true:

Vg € S1(A), V() NVy(aj) =0,i# 7 € 1,2,3 and V() < Vy(a2) < Vy(as).

Then
tp(an /AU az) = tp(az/AU as), tp(ae/AUay) =tp(as/AUay).

Suppose there is ¢ € S1(A) such that V (on) < Vy(as) < Vy(aw). Let H(z,y,a),a €
A be a formula such that H(M’', ay,a) C V,(ay). Consider the following formula:

G(y,as,a) == y<ag A Ve Vz ((H(z,y,a) N H(z,a3,a)) = z < x).

Then a; € G(M', as,a), 0 € G(M', a3, a). Then as € V,(a3). Contradiction. Consid-
eration of other cases is the same. a
For notations of our notions we will use the analogous ones from Theory of stability

([S]; [Bal).

Definition 2.2 Let p,q € S1(A). We say that p is weakly orthogonal to ¢ (p LY q) if
for any H(z,y,a), a € A, for any a € p(M') the following holds:

[H(M',a,a) N (M) £ 0 = (M) € HOM', 0,a))
If p is not weakly orthogonal to ¢, we will denote this fact by p £* q.
Note 2.3 (i) p LY q=q LY p.
(ii) p LY ¢ < p(x) Uq(y) is complete 2 — A-type.
(iii) If p is algebraic then Vq € S1(A), p L* q.

Definition 2.3 Let p,q € S;1(A). We say that p is almost orthogonal to ¢ (p L% q), if
Ja € p(M') (= Va € p(M")), V(o) = 0. If p is not almost orthogonal to ¢, then we
denote this fact by p £ q.
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Note 2.4 Let p,q € S1(A). Then the following propositions are true:
i) pLl¥g=pLlq
(ii) There exists T — w.o.m. theory such that p £ ¢, p L% q.
(iii) Let T be o-minimal. Then (pL%¢ < p LY q).
Lemma 2.2 Let p,q € S1(A). Then the following propositions are true:
(i) Let p Y q. If p is social then q is social and p L* q.
(i) p L% q=q L% p.
(111) L* is relation of equivalence on Si(A).
(iv) LY is relation of equivalence on Si(A).

Proof. (i) Consider two cases:
a) p L%q,
b)p LY q pLq

If p £* q then by Claim 1.1 if p is social then ¢ is social.

Consider the case p " ¢, p L* g. We can construct the 2 — A-formula H(z,y,a),
a € A such that for any o € p(M’), H(M', a,a) — convex, =H (M’  «,a) — convex,

H(M' a,a) U-H(M' «,a) =M, 36, € HM'  «,a) Nqg(M'),
A8y € =H(M',a,a) Ng(M'), HM', a,a) < =H(M', v, a).
Note 2.5 Va, 5 € p(M')
[Fye HM',a,a)\ HM', 5,a) = H(M',8,a) C HM', «,a)].
Let a € p(M’). Consider f € Auta(M'), such that f(f;) = fa. Then
H(M' a,a) Cc HM', f(a),a)
Claim 2.1 If f(a) > a (f(a) < «) then for any f < a (8 > «),
pepM)HM, B,a) C HM, «,a) and there exists U(zx, «,¢), ¢ € A,
UM a,¢c) <a (UM, a,c) > «a) such that
VB <a,BepM)HM, B,a)c HM a,a)= € UM, a,c).

Proof of Claim 2.1. We suppose that f(a) > «a, a consideration of the case f(a) < «
is the same. Let ap = f~ () then

H(M' ag,a) C H(M', «,a).

Suppose there exists § € p(M'), < «a, H(M',a,a) C H(M', 3, a).
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Consider three < «, a >-definable sets:

Ki(M' a,a) = {yeM :v<a HM «a,a)=HM, va)},
Ky(M' a,a) == {veM :v<a, HM «aa) Cc HM v,a)},
Ky(M',a,a) == {yeM :y <o, HM v,a) Cc HM a,a)}.

ag € K3(M',a,a) Np(M'), B € Ko( M, ,a) Np(M').

Because T' is w.om. K;(M',a,a), i = 1,2,3 is union of convex —K;(M', o, a)-
separable subsets, there are i € {1,2,3}, K] (M’, a,a) is the maximal convex < «,a >-
definable subset such that

Iy € K} (M',o,a) Np(M') = Vpu[p(M')” < p <y = pe K/(M,a,a).

Consider three cases:
1 = 1. We have two possibilities for p.
a) p is irrational to the left. So, 3C(z,¢), c € A

C(M',e) c K}(M',a,a), C(M', &) < p(M').
b) p is quasirational to the left, then 3C(z,¢), ¢ € A
C(M',e)-UC(M' e)=pM")".

Thus we have M’ = J2(C(M',¢) < z < a AVz(C(M',¢) < x < z —
— H(M',a,a) <> H(M',z,a))).
Consider the following formula:

O(y,¢,a) :=3[C(M',¢) < 2 AVx(C(M',¢) < x < 2z — —H(y,z,a)].

Then By, € ®(M’,¢,a) and py & ®(M’,¢,a). Contradiction.
i = 2. Then IK"(M’, ,a) — maximal < «,a >-definable subset of K3(M', o, a)
such that K*(M', a,a) C p(M'),
Kj(M',o,a) < K*(M', o, a@).
Let L(z,,a) =y (K (y,a,a) AN —H(z,y,a) N H(z,o,a)). So,
L(M',a,a) C g(M'). If 3u € g(M’) such that p < L(M', v, a), then
u< L(M' «,a) < 5. Contradiction with p L* q.
Thus L(M',o,a)” = q(M')~. It is possible by Note 1.11(ii) if ¢ is quasirational to
left or isolated. Then there is 1 — A—formula G(z, g),
g € A such that G(M',5)" UG(M',g) = q(M')~. Let
O1(a,a,g) :==32z(GM",g) < 2z ANH(z,a,a) AN\VNe(G(IM', ) <z < z —
— Jy(K(y,a,a) A —H(z,y,a)))). It is clear that M’ = ©4(«, a, g).
Notice that Vo € p(M') M' = ©4(6,a, g).
Consider arbitrary 6 € K3(M',o,a) N p(M') then H(M' «a,a) ¢ H(M',6,a) and
KJ(M',6,a) C K3(M',a,a).
So, Yoy € KI'(M',8,a) H(M, o, @) C H(M', a1, d).
It is contradiction with M’ = ©4(d, a, g).
i = 3. Then IKT"(M’, ,a) — maximal < «,a >-definable subset of Ky(M', o, a)
such that KI"(M', a,a) C p(M'),
Kj(M',o,a) < KI*(M', o, a@).

13



Let R(z,,a) := Jy (KP'(y,a,a) A H(x,y,a) A ~H(z,«a,a)). So, R(M', a,a) C
g(M"). If 3p € q(M") R(M', v, a) < p, then
f1 < R(M',a,a) < p. Contradiction with p 1% ¢

Thus R(M',a,a)t = q(M’')*. Tt is possible by Note 1.11(ii) if ¢ is quasirational to
the left or isolated. Then there is 1 — A—formula D(z, d),
d € A such that D(M’,d)* = q(M')*.

Let Oy(a, @, d) := Yo (D(z,d) AN ~H(z, o, a) —

= 3y(KP (1, 0.0) A ~H(2,y.0))). ]

Consider arbitrary § € K3(M',a,a) N p(M') then M’ |= ©5(d,a,d),
KI"(M',0,a) C K3(M', a,a) Np(M').

So, for (B, there exists oy € K3'(M’,d,a) such that 8, € H(M' aq,a). Then by
Note 2.5 H(M', a,a) C H(M', ay,a). Contradiction because a; € Kj(M', a, ).

So, p(M'") N KQ(M/,OC,C_L) = () and K;(M',a,a) Np(M') > K3(M', o, a).

Thus U(M’, a,a) is the maximal < «a,a >-definable subset of K3(M' «,a). It is
clear that U(z, o, a) is the required formula. So, Claim 2.1 is proved. O

Let G(z,a,a) := U(M',a,a) < x < a. Then G(z,y,a) is maximal convex to the
left p-stable 2 — A-formula. It means that p is quasisolitary. So, if p is social and
p L q, then p Y* ¢ and by Claim 1.1 ¢ is social.

Note 2.6 Let p,q € S1(A), p £* q. Then the following hold:
(i) If « € p(M’) then [p L% ¢ < V(o) = 0].
(ii) Ifp L% q,cr, B € p(M') then

[H(M',a,a) = HM', B, a) <k Ey(a, B,6)].

(iii) If p L* ¢, B C M’ such that V,(B) # () then

Va(B) =0 < 3a € p(M'), Vp(B) = Ep(M’, ,6)].

Proof (ii) follows from Claim 1.1.
(iii) p L* p for any p € Si(A) by Definition 2.3. If p f* ¢ then ¢ [* p by
Lemma 2.2(ii). Suppose © L% p, p L%q.

Claim 2.2 Let p € S1(A4), aj,an € p(M'), ®(z,8),8 € M’ such that V,(oy) <
d(M',3) < V(). Then for any q € S1(A)(p L q), for any ¥(z,y,a), a € A such
that W(M’, ay,a) C V() for the formula Kg ¢ (y, 3,a) := 3o (®(x, B) AV (y, z,a)) the
following is true:

Volon) < Kow(M', B,a) < Vy(az) or Vy(az) < Kow(M',B,a) < Vy(on).
Proof of Claim 2.2. By Note 2.2(ii) for any ag, oy € ®(M’, 5)
Valon) < Vi(an) < Vglaz) & Volaa) < Vi(ap) < Vg(a).
Then suppose that for any ay € ®(M’, 3)
V(o) < U(M', ap,a) < V().
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Thus, Vy(eu) < |J  ¥(M' ap,a) < Vy(as). Then

apE®(M',f)
Vo(on) < Kow(M', B,a) < Vg(as).
So, Claim 2.2 is proved. O
Note 2.7 Let p € Si(A), B C M’, V,(B) # 0 such that M’ is |[A U B|*-saturated.

(i) If ou < V,(B) < ag, aj,ay € p(M’') then for ¢ € S;1(A) such that ¢ L* p the
following is true:

Vo(B) # 0 and Vy(on) < Vo(B) < Vi(az) or Vy(az) < V4(B) < Vy(on).

(i) Yag € V,(B)Vq € S1(A), ¢ L* p the following is true:

Vi(ao) C Vy(B).

Consider § € r(M’'), then V,(5) # 0 because r L* p. By Note 2.7(i) and

Lemma 2.1(iii) V,(8) # 0. So, r L% ¢

(iv) p L™ p for any p € S1(A) by Definition 1.2. If p Y™ g then ¢ L™ p by Note 2.3(i).
Suppose  L* p,p L q,p L% q. Then p,q are quasisolitary by Lemma 2.2(i). Let
H(z,y,a) be a formula from Claim 2.1. Then from Note 2.6(ii), it follows:
Vay, o € p(M')[= —Ey(az, as,6,) =
= H(M',ay,a) C HM',as,a) or H(M', a,a) C H(M', aq,a)].

Let a ep(M’). If 3oy € p(M’) such that oy < a, M' = —E,(aq, @, ¢p),
H(M' ay,a) C H(M',«,a), then for any as, a3 € p(M')

M' = —Ey(ag, a3,¢p) Nag ANag = H(M',az,a) C H(M', as,a).

Without loss of generality suppose that H(z,y,a) is increasing on classes of equiv-
alence E,(z,vy, ¢,) of elements from p(M’).

Consider the following formula:
K(z,a,¢,a) :=Vylx <y <aA-Ey(z,y,¢) N Ey(y,, ) —
—>H(M’ xr,a) C HM',y,a) C H(M', a,a)).

If p is quasirational to the left then there is U,(x, b) such that
U,(M, D) = p(Mr),

M' | Vz[U,(M',b) < x < a — K(x,a,¢,,a)].

If p is non-quasirational to the left then IC'(M’, €) such that
C(M'je) c K(M' a,¢,,a), C(M' e) <p(M'). So, we have:

M' EVz[C(M' ) <z < a — K(z,a,py,a)l.

The same consideration of the formula
Ki(z,a,¢p,a) == Vy[la <y <z A-E,(2,y,¢) N E,(y,,6,)) —
— H(M',«a,a) C HM',y,a) C H(M', x,a)].
gives the formula D(xz,d) such that C'(M’, &) < p(M') < D(M’,d) and
M' EVaVy[C(M'e) <z <y < D(M',d) A =E,(z,y,¢,) —
— H(M',z,a) C H(M',y,a)].
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Let 8 € r(M’), then there is the formula ®(x,y,b) such that
O(M’, B,b) N p(M") # () and =®(M’, 3,b) N p(M') # 0. Suppose
v € ®(M',3,b) N p(M') and vy, € =®(M’, 3,b) N p(M') and 71 < 2. Let Hi(z,[3,b)
be the maximal convex subformula of ®(x, 3,b) such that v, € H,(M’,3,b). So, 7o >
H,(M',3,b). For 7o € p(M') there is u € g(M') such that u > H(M', v,,a). Then
Yo € H(M',B,a) N C(M',e)* N D(M',d)~ we have H(M', a,a) < pu.

Consider the formula

Hy(z,B,a,e,b) .= Jy(Hy(y,5,b) N\C(M' &) <y A H(x,y,a)).

Then Hy(M',3,b,d
~Hy(M', 8,b,d, ¢, a

,€,a) N q(M') # 0, because H(M',y1,a) Nq(M') # 0,
)N q(M') # 0, because > Ho(M',3,b,d,€,a). Thus, r f*¢q. O

Corollary 2.1 The equivalence relations Y* and J* partition the set of non-algebraic
types from S1(A) into the classes of equivalence as follows:

(i) Every J*“-class contains f*-classes or it coincides with a J*-class.
(ii) Every Y*-class contains types only one kind from siz basic kinds of Note 1.10.

(11i) Every Y“-class, which contains social types, is Y*-class.

Lemma 2.3 Let A, B,C C M’ such that M’ is |AU BUC|"-saturated, p,q € S1(A),
p LY q. Then the following hold:

(i) If p L q, then V,(B)NV,(C) = 0 iff Vo(B)NV4(C) =0
)

(ii) If p L% q, V,(B)NV,(C) =10, ( NV,(C) # 0, then 35 € q(M') such that
é)/q(B)ﬂVq(C) ( ) = Eqo(M',6,¢),

(iii) If p L* ¢, 3 € p(M') such that V,(B) < V(a) < V(C), then Vi (B)NV,(C) = 0.

)
(Vo(B), V,(C)) = 0 or (V,(C),V,(B)) =

Proof. (i) Tt follows from Claim 2.2 and Note 2.7 (ii).
(ii) Let H(z,y,b) be a formula from Claim 2.1, which was obtained from fact ¢ /"
p,q L* p such that Yoy, ay € g(M’) the following hold:

o H(M' ay,b) < -H(M' ay,b)
e 381, By € p(M"), By € H(M', a1,b), B2 € =H(M', cy, b)
o H(M' ay,b) C HM' ay,b) = =E (a1, ,¢,)
Without loss of generality as in proof of Claim 2.1 we suppose:
H(M' ay,b) C H(M',a,b) & a; < as&—E, (a1, az,¢,)

Suppose § £ Vy(B)\V,(C) # Ey(M',6,6) V6 € q(M') )
Let 0 € Vo(B) N V,4(C). Then there are two formulas ¢(x, 3),v(x,7),8 € BUA,7 €
C'U A such that § € (M, B)N(M',7) and Jpq, pio, 3, prg € g(M'’) such that
iy < Q(M', B) < pig, prs < O(M',75) < pua.
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Consider the formula ¢ (z, 3,¢,) := y(o(y, B)&E,(2,y,¢,)).

Because E,(z,vy,¢,) is p—stable it follows by Note 1.9 (i V) the existence p, uf such
that pj < ¢1(M', B,¢,) < iy and V6 € ¢1(M', B,¢,) E,(M',6,b) C ¢1(M', 3, ¢,)
Let ¢1(z,7,¢,) := 3y(¥(y, 7)&E,(,y,¢;)). Then for any )
0 € ¢1(M', B,¢0) N1 (M’ 7, ¢;) we have E,(M’,0,¢,) € ¢1(M', 8,¢,) NY(M',5,¢,).
So, Jay, as € q(M’) such that ay, as € ¢1(M’, 5,¢,) N1 (M, 7, ¢,) and
= —ey(aq, s, ¢,). Suppose o < ag. Let

Ky(7,B,0,8) := a1 3y (¢1(21, B,8) A ¢1(wa, B, 4) A —Ey(w1, 23, C) A
Axy < 29 A —H(y,21,b) A =H(y, 72,D)).
Then there are 1, B € p(M') such that
p(M')™ < i < Kg(M', 3,b,¢) < B2 < p(M')*
because there are as, oy € g(M') such that
az < V,(B) < oy and = —~E,(as, a1, ¢4) N Ey(ag, aq, ).

K¢(M’,B,§,§q) # 0. because Jug € H(M', cp,b) \ H(M', a1, b). Thus,
Mo € K¢(M’, ﬁ, b, Eq).
Consider

Ky(y,7,b,¢) = 31 Fzy (V1(21,7, E) A (22,7, E)A
N=Ey(11,79,6,) A1 < 29 A =H(y,21,b) A =H(y, z2,b)).

Then po € Ky (M',7,b,¢,) by the same consideration as for

Ky(M',3,b,¢,). So, o € V,(B) NV, (C). Contradiction.
Thus, 30 € ¢(M’) such that V,(B) N V,(C) = E,(M',6,¢,). For quasisolitary type
E,(M',6,¢,) = Vy(B). So, (ii) is proved.
(iii) By Lemma 2.1(v) we have V,(B) < V,(a) < V,(c). such that ¢(M’', 3) C

Vy(B), v(M',5) C (C),¢(M',B) Np(M',5 = E,(M’,§,¢,). The existence of these
¢,1,8 follows from proof (ii). Let 6(M’,31), 31 € B such that @(M’ B1) C V,(B)
and V,(B) C H(M',4,b). Suppose V,(B) C H(M’,6,b). Then V,(B)* = H(M',5,53)*.
If V,(B)* # H(M',5,53)", then there is 6(z, ), B B, 3 € H(M' 6,b) such that

O(M', 3;) < p. Consider the following formula

R(x,B,51,0) == 3y (8(y, B) A H(z,y,b) ANO(M', p1) < z).
So, R(M/:B>BDB> - %(B),R(M’,B,Bl,g)"— = H(M/75> 6)+
Suppose V,(C) C —=H(M',6,b). Then V,(C)~ = =H(M',6,b)".
If V,(C)~ # —H(M’,8,b)~, then there is 0y(z,71),71 € C,3u; € —~H(M',4,b) such
that 61(M’,~v1) < p;. Consider the following formula

L([E,’?,’th) = Ely (77Z)(ya’7) A _'H<m7y75) Nx < G(M/a’j/l))

L(M',7,791,b) C V,(C), L(M’,7,71,b) = ~H(M’,6,b)". )
Thus, if V,(B)" N—=H(M',§,b) # 0, then V,(C) C ~H(M’,0,b),

V,(C)~ ==H(M',§,b)~,V,(B)NV,(C) # 0. Contradiction. So, V,(B)" = ~H(M', d,b)
and V,(C)~ = H(M', 0, b). Contradiction with the existence of . Thus,
Va(B) NV,(C) = 0. =
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Note 2.8 Let A, B,C C M’ such that M’ is |AU B U C|*-saturated, p,q € S;(A),
p LY q,p L% q. Then the following is true:

(i) 3o € p(M), [Vy(B) < V(a) < V(C) or V(C) < Vila) < Vy(B)] i

30 € q(M)[Vy(B) < V,(8) < Vo(C) or Vo(C) < Vy(B) < Vy(B)].

(ii) Let p be quasirational to the right. Then the following is true:
Sa € p(M'), [V(B) < Vy(a) < Vy(C) < Up(M')* =
= 3B € q(M') Vy(B) < Vy(B) < Vy(C) < ¢(M')*
if ¢ is quasirational to the right or
g(M')” < V(C) < Vy(B) < Vo(B)

if ¢ is quasirational to the left]]. Here, U,(x) is A-definable formula such that
Up(M')* = p(M')".

(iii) Let p be quasirational to the right.
Ja € p(M'), [Vi(B) < Vy(a) < V,(C) < Up(M')"].

Then B B
VYO(M',B) C q(M'), B e BYIM' ) CqM), yeC

the following is true:

(@M, B)" = q(M')" = 0(M',5) C ®(M', B)].

3 Definability and strictly definability of one-types

Definition 3.1 Let p € S,(A), ¢(7,7),(Z) = n.

(i) Type p is said to be ¢(Z, y)—definable if there is 04(y, ¢), ¢ € A such that for any
a € A'® the following is true:

[M' = 04(a,¢) < ¢(z,a) € p|
(ii) Type p is said to be definable if for any ¢(z,y), p is ¢(Z, y)—definable

Note 3.1 Let p € Si(A). Then the following hold:
(i) If p is quasirational or isolated then p is definable
(ii) If A= M, where M is a model, then p is definable iff p is quasirational.
Lemma 3.1 Let p be an irrational type from Si(A). Then we have (i) = (ii).
(i) p is non-definable.
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(ii) There is a y—convex formula G(z,y) (i.e. ¥y € M’ G(M',7) is convez set),
such that the following is true:

(a) YD(z,d) € p3y1,72 € D(M’,d)3g € AW
[G(z,9) € pAm <G(M',§) <]
(b) ¥C(x,¢)VS(x,5), ¢,5€ A
[C(M',E) < p(M') < S(M',5) = IG1, g, € A
C(M',8) < G(M',§1) < p(M') < G(M',§5) < S(M', 5.

Proof. Let ¢(x,y) be a y—convex formula such that p is non—¢(z,y)—definable.
Suppose there is D(z,d),d € A, D(z,d) € p such that ¥g € A/@Vry,, v, € D(M’,d) the
following holds:

[’71 < (b(M/?g) <7V = (ﬁ(l’,g) gp]

Consider ¢y (x,7,d) == =32(¢p(M',5) < z A D(z,d)) A éd(x,5) Az < D(M’,d)*

If VC(z,¢)VS(z, 5), 525
D(M',d)” < O(M',e) < p(M') < S(M',3) < D(M',d)*
there are by, by € A9 such that
o p(M') C i (M, by, d)(= ¢i(, b1, d) € p)
o C(M'.) < ¢1 (M, by, d)
o S(M' 3) C ¢ (M by, d)
o p(M') < ¢1(M’, bz, d)

then the formula
G(JU Y1, Y2, ) —¢(~T Y1, ) _‘¢(37 Yo, )

satisfies the conditons a) and b).
Thus, there is Cy(z,¢;),¢1 € A :

D(M',d)~ < Cy(M', &) < p(M')
such that
Vb e AD[C(M',&) < ¢r(M',b,d) = p(M') < ¢(M',b,d)]
or (and) there is S;(z,3;),5; € A [p(M’') < S1(M',5,) < D(M’,d)*] such that
Vb e AW[S (M',5,) C ¢ (M',b,d) = p(M') C ¢1(M’,b,d)]
The same consideration for the formula

b2(z,7,d) == =32(D(z,d)) Az < d(M',5) A op(z,5) A D(M',d) < =
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gives the following: B
There is CQ(I,EQ),EQ S A,D(M/,d) < OQ(M/,EQ) < p(M/)
such that

Vb € AW [Cy(M',2) C ¢po(M', b, d) = ¢o(M',b,d) € p]
or (and) there is Sy(x, $2),52 € A :
p(M') < So(M',5,) < D(M',d)*

such that

Vb € AW [py(M',55) < So(M’,55) = ¢o(M',b,d) < p(M")]
Suppose there are such Cy(z,¢;), Sa(x, S2), then the formula

0(15(??7 Ja 517 52) = [El:c(¢1(x, ga J) — 3$(Cl($, El) A ¢(l’, g))
A3z (po(z, 9, d) — 3x(S2 (7, 5) A ¢(z,7))

/\E|£L‘¢1(.T, ga d) \ 3$¢2<x7 ga d))
has the following property:
va € A"DM' |=0,4(a,d, e, c) < ¢(x,a) € p

Then p is ¢(z, y)—definable. Contradiction.

The same consideration of the cases of the existence of (Cy, Cy), (S, Cs), (51, 52) gives
us the ¢(x, y)—definability of p.

Thus, ¢(x,y) satisfies the condition a).

If VS(z,5),5 € A,p(M') < S(M',5), there is g € A such that

p(M') < (M',g) < S(M', 5),

then the formula

H(z,91,792) == v < ¢(M',52) A (2, 91)
is required for fairness of ii).
IfVC(z,¢),c € A,C(M',¢) < p(M’) there is g € A such that

C(M',¢) < p(M',g) < p(M'),

then the formula

H(z,91,72) =2 > ¢(M', 72) N ¢(,9:1)
is required for fairness of (ii).
If there are Cs(z, ¢3), S3(x, S3), ¢3,53 € A

Cs(M',¢3) < p(M') < S3(M’, 53)
such that
Vg € A[C3(M',¢3) < ¢(M',g) < S3(M',53) = ¢(z,9) € pl,
then p is ¢(z, y)—definable. Contradiction. So, the fairness of ii) is proved.
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Lemma 3.2 Let p,q € S1(A),p L" q.
Then p is definable iff q is definable.

Proof. By Corollary 2.1 and Note 3.1(ii) we can assume that p, ¢ are irrational.
Suppose p is non-definable, ¢ is definable. ) o
Let H(x,y,n),C1(y,¢1), Di(y, d1), Co(w,E2), Da(x,da), M, €1, G2, dy, dy € A such that
a) H(x,y,c) from Claim 2.2. B
b) C1(M';¢1) < p(M') < Dy(M’,dy)
C) CQ(M/,EQ) < (J(M,) < DQ(M/,d2>
d)
V’71,72 < M/[Cl(M,,El) <7 <7 < D1<M/,d1) =
Co(M',85) C H(M',7y1,n) € H(M',72,n) < Do(M’,ds)
(Co(M', ) < H(M',~v1,n) D H(M', ~,n) D Do(M', dy))

without loss of generality we can assume that H(x,y,7n) is increasing on
(Cl(M/, 51), D1<M,, dl)) Let
Oy, 21, 22) == G(M', z1) <y < G(M', z3),

where G(y, z) is formula from Lemma 3.1(ii). Then p is non—¢(y, z;, Z2)—definable.
Consider the formula

Y(x, 21, 22,1, €1, Co, i, do) := Fy(Ho(z,y,n) A C1(M',¢) <y < Dy(M',dy)A

CQ(M”,EQ) <x < DQ(M/,CZQ) N ¢(y, Z1, 52))

Here Hy(x,y,n) is the formula from proof of Claim 2.2.

Claim 3.1 Vai,a, € A'® the following is true:

[0(y,a1,a2) € p & w(fﬁ'aal,@,él,@,&,@) €q|

Proof of Claim 3.1. Suppose ¢(y, ai,as) € p.
Let v € p(M") N ¢(M', a1, @z), then

Ve M'[Co(M' ) < p < q(M') = pe HM ,~v,n)]

Because ¢ is irrational and Cy(M”,¢;) < v < D1(M’,d;) we have (x,a,,as,...) € q.
Suppose ¥ (x,ay,as, . ..) € q.
Let u € q(M")NY(M', a1, as,...), then there is v € p(M') such that p € H(M',~,n)
and v € ¢(M’, ay, as).
So, because p is irrational and Cy(M’, &) < p < Dy(M’,dy) we have ¢(y, a1, az) € p.
Thus, Claim 3.1 is proved.

Because ¢ is definable there is 0,,(Z1, Z2, ¢), ¢ € M such that Va,, a; € A the following
is true:

M' E ©g(ay,as,¢) < V(x,a,as,...) € q.

Thus, [p(y, a1, a2) € p< M' |= Og(ay, as, ¢)]. Contradiction.
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Definition 3.2 Let p € Si(A) be irrational. We say that p is quasimodel if p is
determinated by cut in A i.e. YG(x,¢)VD(x,d), ¢, d € A such that

G(M',e) < p(M") < D(M',d)
there are g, d € A such that the following is true:
G(M',e)<g<pM)<d< DM, d).
Note 3.2 Let p,q € S1(A), p be quasimodel, p /¥ ¢q. Then ¢ is non-definable.
Notation 3.1 Let B,C C M’'. We denote B< (C < B<Cor B<C, (B,C)=10.
Definition 3.3 (i) Let p € S1(A). We say that p is strictly definable over A if
YU (x, 2)3Gy (7,b), G5 (x,D), be A, Gy, (M',b) < p(M') < G%(M’,b)
such that for any a € A'®) the following is true:
M = I (Gy, (M, b) < x < G5 (M',b) ANV (z,a)) —
Vo (Gy (M’ b) < x < G5 (M',b) — U(z,a)).
or M’ = 3z(Gy,(M',b) < 2 < G%(M',b) ANV (z,a)) < ¥(x,a) € p.
(ii) Let ¥ € M'. We say that p is strictly definable over AU ¥
YU (z, 2)3Gy (7,b,7), G (2,b,7), b€ A,
Gy(M',b,3) N p(M) NGL(M',b,7)” #0
such that for any a € A'®) the following is true:
M' | 3x(Gy (M, b,7) < x < Go(M',b,7) AN¥(x,a)) —
Va(Gy (M’ b,7) < o < Gg(M',b,7) — ¥(x,a)).
Note 3.3 Let p € S;(A). Then the following are true:
(i) If p is isolated then p is strictly definable.

(ii) If p is quasirational, non-strictly definable over A then for any v € p(M’), p is
strictly definable over A U 7.

(iii) If pis irrational, non-definable then for any v; # v, € p(M’), p is strictly definable
over AU {1, 7}.

(iv) If A = M, where M is a model, then any non-algebraic type is non-strictly
definable.

Lemma 3.3 Let p € S;(A). Then the following is true:
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(i) Let p be quasirational to the right (left), then p is non-strictly definable over A
iff 3G, (x, by, a),b, € such that

VD(M',d) < p(M"), d € A, Jap € AD(M',d) < G,(M',b,,ap) < p(M').
(YVD(M',d) > p(M'"), d € A, Jap € Ap(M") < G,(M',b,,ap) < D(M',d)).

(ii) Let p be irrational. Then p is non-strictly definable over A if 3G}, (z, bp1, 1),
b,1 € A such that

VD(M',d) < p(M"), Jap € A D(M' d) < Gp1(M',b,1,adp) < p(M')
or (and) 3G, o(z, by o, Us), by € A such that
VD(M',d) > p(M"), Jap € AT [p(M') < Gpo(M',bys,ap) < D(M',d)].
(iii) Let p be irrational, non-strictly definable then there is ¥ € M’ \ A which is

determinated by G, 1, Gp2 or only by G, or only by G5 such that p is strictly
definable over A U 7.

Proof. (i),(ii) are true by Definition 3.3.
(iii) is true by Theorem of compactness. O

4 Expansions of models of weakly o-minimal theo-
ries by unary predicates

Definition 4.1 Let p € S;(A), A, B C M’ such that M’ is |A B|"-saturated model
of T.

(i) We say that B is weakly orthogonal to p (B L" p), if for any ®(z,3,a),5 €
B,a € A the following is true:

(M, 3.3) (p(M) # 0 = p(M') € B(M', 3, 3).

(ii) We say that B is almost orthogonal to p(B L% p), if V,(B) = 0.

(iii) Let B L* p, B LY q,a € p(M'), 5 € ¢(M'),p" :==tp(a|] AUB), ¢ :=tp(S|AU B).
Then p(M') = p'(M’), q(M") = ¢'(M'). We say that p is B-weakly orthogonal to
q (p(L™, B)q), if p’ L% ¢'. In opposite case, we say p is non B-weakly orthogonal
to ¢. We denote this fact by p(LY, B)q.

Note 4.1 Let p,q € S1(A), B C M'. Then the following holds:
(i) BLUp= B 1op
(ii) p,q € Si(A). I p L¥ ¢ (p L* q), then Vo € p(M') a L* g(ar L% q)

(iii) If B LY p(B L% p), then VC C B,C' L* p(C' L* p).
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(iv) p £ q[BL"p= B 1" q].
Note 4.2 Let p,q € S1(A), B C M'. Then the following is true:
e € M\A, B L% p. Then tp(3/A)Up(x) is complete I(3) + 1 — A-type.
e p /" q B 1" p Then p(L", B)g.

Note 4.3 Let p,q € S1(A), BC Cy, BCCy, B 1Yp, B1"q, p(LY, B)q. Then the
following is true:

T (Vo(Cr) <7 <Vp(Ca) or Vp(Ca) <y < Vp(Ch))

if
I(Ve(Cr) <n < Vy(Cz) or Vi(Ca) < < Vy(Ch)).

Proof of Note 4.3. Notice that V,(Cy) = V,y(C;\ B). The fairness of Note 4.3 follows
from Note 2.8(i).

Theorem 4.1 Let M be a model of w.o.m. theory T, M’ be an elementary extension
of M such that M’ is |M|*-saturated. Then for any & € M'"\M 33 € M'\M, 3y €
M'\M such that B =< Bi,..., Bia) >, tp(Bu|M) = tp(@|M), 1 < m < (&) and for
any ¢(x, 7, @) there is Ky(y, &, B,7,¢),é € M such that for any a € M'9) the following
holds:

[Bbe M : M | ¢ba,a) = M = Kyga,a,B,79,¢)].

Proof. It contains three stages:
(i) Choice of 3.

)
(ii) Choice of 4 and elimination of non-strictly definability.
(

(ili) Construction of K, and conclusion.

1) Choice of 3.

Let & =< aq,...,a, > . Let p,, = tp(a/MUalm —1),m € {1,2,...,n}.

Consider the sequence of one-types over S; (M), which is determinated by the following
considerations:

rn:=mn

Let Opyr :={r e Si(M)|ajm+1 LY r,alm LY r }.

If Opyr =0, then i1 = T, Bt = Bm

If O,41 # 0, then 7,4 is arbitrary type from O,,,1.

Notice that, Vr € Oy, 7(L", &|lm)ryi1. Let ph, oy, pi2, 1 € Tmy1 (M) such that

:U’71n+1 < ‘/;m+1 (d> < /’L'gn+1 if ‘/;m+1 (O_é) 7é @ and

M%nJrl S Hm+1(M/7 Q, (_l), :u?n +1le- m+1(M,7 a, C_L) if V7“m+1 (07) = 0.
Consider fm + 1 € Autpuajm(M’) such that:

o fri1(ph 1) = piyq, if Ty i quasirational to the right or irrational
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o fri1(t2 1) = fariq, if Ty i quasirational to the left.

 Let Brg1 =< frra(@n), frmpa(a), o, frmga(om) > . Then tp(Bm 1| M) = tp(alM),
Bma1|lm = alm. Let <1y Tigy ey Tig > be a sequence of all different types from 7 :=<

1,79, ...,y >, thenﬁ::< 6176i27"'767;8 > .

Lemma 4.1 If for Vj € {1,iy,...,is}, 7; is irrational, then Vo(z,7,a),Ya € M'®
the following holds:

[3be M,M" = ¢(b,a,a) & M' = 3z(dp(z,a,a) A N\ oz,a b))

Proof of Lemma 4.1.
(=) It is clear because tp(f;/M) = tp(a/M)
(<) Let M’ |= 3x(d(x, a,a) AA NjefLiz,...iis} ¢(z, a, B]))
Suppose ¢(M',a, &)\ M = 0, (M’ a,&) = Up_, ¢u(M’,a, &), where {¢r|k < ny} is
maximal —¢(M’, a, &)-separable convex family of subformulas of ¢(x,a, @) (Note 1.2).
Let k < ng such that ¢ (M',a,a) # 0
Then there is r € S7(M’) such that ¢p(M' a,a) C r(M').
Let j € {1,iy,...,4s} such that r € O;.
By Corollary 2.1(ii) and because r(L", a|j — 1)r; and r; is irrational, r is irrational.
By Note 1.11(ii) ¢ (M’, @, &) C V,(&). By choice of 3; and by Note 4.3 V,.(a) N V,.(5;) =
@. Then ¢k(M/, a, 66) m ‘/7«(6]) = @ SO, gb(M/, a, O_é) ﬂ /\jE{l,iQ ..... Z‘S}qb(M,, a, Bj) = w
Contradiction. Thus, ¢(M’', a,a) N\ M # (. O

Note 4.4 Lemma 4.1 answers to B. Poizat question on number of copies of & for
irrational types in o-minimal case. In [BP] a number of such copies is 2/®. Lemma 4.1
strengthens their result because it holds for weakly o-minimal theories and the number
of such copies is < [(@).

(2) Choice of 4 and elimination of non-strictly definability.
Let j € {1,2,...,n} such that:

e r; is quasirational
® 1 FTi_10rT;="1]
o Vk €{1,2,...,n} [ry is quasirational, r # r,_1 = k > j]
We will choice 4 by back induction on m : n,n—1,..., 7 such that the following holds:
Yo €A1 C ... CH1 Cy; =7 € M\M
Vi,m e {j,j+1,...,n—1,n} we have:
(@) V5 € Vylaa), tp(6/MJali = 11U Fm) = tplas/M Jali = 1) = dim

(0)m NV, () < <V, (@), if p; is quasirational to the right
V(@) < n < Vp,(Jm), if p; is quasirational to the left.

(€)m  Gmm+1 1s strictly definable over M Ua|(m — 1) U m
Choice of 4,,. Suppose ¥,,.+1 has been determinated already:.
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Consider ¢ m+1- If gmm-1 is strictly definable over M U @|(m —1) U %im41 then we pose
VYm = Ym+1

If Gmm+1 is non-strictly definable over M UJa|(m — 1) UJm+1 then by Lemma 3.3(ii),
(iii) and Note 3.3(i) it needs to consider two cases:

a) pp is quasirational

b) py, is irrational

Let p; be irrational, then

Iy, () == {32 (¢1(w, oz, al(i — 1),a) A(x, @, 6li = 1, Fms1,)) =

— Va(po(z, ay, @i — 1,a) — Y(x, a,&li — 1, Y1, 0))|
&1(x,y, @i_1,a;), p2(z, y, &1, @) — p; — stable formulas,
(@, by @li — 1, Y1, b) is (@) + 1 — M Jali — 1 Ams1 — formulas}.
Let p; be a quasirational to the right, U;(x,ali — 1,¢),¢ € M be a formula such
that p;(M')* = U;(M")*, then

— Jri[ry < ¢(M',a,a) AVo(oy <x < Uy (M)t —

— ¢<x,ﬁa@“ - 17’7m+17b) :
QS(M/,EY,&) C Pz(M/),¢($,ﬂ>@‘Z - 17;)/m+1a6) 18
l(a)+1— (MJali — 1U7pi1) — formula}.

If p; is quasirational to the left, then QRL,, (u) is definable as QRR,,(u).

Claim 4.1 (i) I,,(u), QRR,,(a), QRLp;(u) are consistent for suitable p;, i € {j,j+
1,...,n}.

(i1) For any i = I,, we have :

Vo € Vp, (i) [tp(6/M U ali — 1 U Apqq U i) = tp(a /M U ali — 1U Y U )]

(iii) For any i = QRR,,(u) the following is true:

In € pi(M') Vy, (1, 1) < < Vp,(@).

() For any i = QRL,,(u) the following is true:
I € pi(M') [Vp, (@) <0 < Vo (Ymr, )],

Proof of Claim 4.1. Proof follows from the fairness (a)m+1, (b)m+1-
a) pn, 1s quasirational. Without loss of generality we assume that p,, is quasirational
to the right. Because ¢, ,+1 i non-strictly definable, by Lemma 3.3(i) there is a
formula G(x, &|m—1, 4,41, @) such that VD(z, alm—1,Yi1,d),d € M D(M', &|m—
1, Yms1,d) < p(M') there is ap € M'™ such that

D(M',alm — 1, 3m41,d) < G(M',alm — 1, Ymi1,ap) < p(M").
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Consider

Qm(@) = U L(@U U QRR,,(u)| JQRLy,(u)J

i€{j,j+1,...,n} pi—quasirational

DM alm — 1, Ami1,d) < G(M',a@|lm — 1, i1, @) < iy
D(M,a o_z|m - 17:}/m+17 J) < p(M’)}

Qm(u) is consistent set of [(u)-formulas because for any finite subset of Q,,(a) we can
choice suitable ¢ € M'® which satisfies it.

Let fi,, € M’ such that fi,, | Qn(a), then f,, =< 7/,,€, > where é,, € M,7 €
M\ M.
Thus, 7y, =< ﬁm—i—la’%n >
b) pp, is irrrational. From non-strictly definability of ¢, ,+1 by Lemma 3.3 (iii) fol-
lows the existence of Gy(x,a|lm — 1, Ypi1, o, U1), Go(z, @lm — 1,5,,11, %, Uz) or only
Gi(z,alm — 1,441, ¢ 1) or only Go(z, @lm — 1, Y41, €2, Uz). Without loss of gen-
erality we suppose the existence of Gy, Gs. Let

Qum(U1,t) = |J I (@1, 1) U U QRR,, (11, u2) | JQRL,, (11, 2) |

i€{l,..,n} pi—quasirational

U{C(M,7@|m - 177m+175> < Gl(M/7@|m - 177m+17ﬂj> < O <

< GQ(M/7C_Y|m o 17P_Ym+177~_b2) < D<M/7d‘m - 17f_7m+17 d)’
C’(M’,o?\m - 17’7m+176) < qm,m+1(M/) < D(M/a@’m - 177m+1>g)7
C(z), D(z) are M | Ja|m — 1| J¥m+1-definable formulas }.

Let fi,, € M’ such that fi,, = Qm(u,us), then g, =< 7/,,¢€,), where 7/ €
M\M, &, € M.
So, pose Vm =< :ym-kla:)/;n >,
€m =< €my1,€, > . It is clear that 7,, satisfies the conditions (@), (b)m, (¢)m by
construction of @),,.

(3) Construction of K and conclusion.
Let ¢(x, z, @) be an arbitrary formula.
Definition of ¢, (x, zZ, &lm — 1,3, Cn), m=n+1,n,...,j.
Denote by ¢,41(z, z, @) := ¢(x, Z, &).

Consider the type ¢ m+1. Because g, m1 is strictly definable over M Ua|m—1U%,,,
for the formula ¢y, 1(x, Z, &|m — 1, Ym, Ym+1, Cmr1) there are G (Y, @|m — 1,3, €m),
Gy (Ym, @lm — 1, Y, €m), €m € M such that

M' = GV (Ym, @m — 1,3, Em) < i < G5 (Y, @l — 1, Y, €1

and for b,a € M we have:

C) M/ ): Elym(GT(MI> <Ym < GTQn(M/> A (berl(b?daa’m - 17ym7f7m+176m+1)) -
Vym(GT(M/) < Ym < ng(M/) — ¢m+1(b7a7@|m - 1,ym,7m+1)).
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d) M, ): Elym(GT(M/) <Ym < G;n(M/) A ¢m+1(b7da@|m - 1ayma’7m+1aém+1))

= ¢m+1<b> a, 6‘|m -1, Ym, ’7m+1) € Gmm+1-
Denote by

(2, Z,alm — 1, 4, C) := Yy (GT (M) < yp < GF(M') —

— ¢m+1($a 27 O7|m - 17 Ym, ﬁ’m-‘y—l? Em-‘rl))’

Claim 4.2 (i) Vb,a € M [M' = ¢pmi1(b,a, &lm, Y1, Cmr1) <
And M’ ): ¢m(bada@’m - 17f_}/maém)]'

(i) M' =NaVzZ[pm(x, Z2,alm — 1, Y, €m) = Gma1 (T, Z, @My Vg1, Cmt1) -

i) Ya € M[M' = Jx¢,,(x,a,alm — 1,7, ¢n) —
(1i1) gl

= M' = 3x¢pi1(z, @, &M, Vi1, Cnyr)].

Proof of Claim 4.2. (i) follows from c).
(ii) follows from definition of ¢,,.
(iii) follows from (ii).

Note 4.5 M' =VaVz[p,(x, Z,alm — 1, Ym, ¢m) — o(x, 2, &)].

Claim 4.3 Leta € M'® § € ¢,,(M', @, a&|m—1,%m,m). Then Vi € M'\M, tp(f/MU
alm —1UA,) =tp(a/M Ualm —1U%,)) the following is true:

0 € o(M',a, 1), and ¢ (M',a,alm — 1,9m,¢n) C ¢(M',a, fi).

Proof of Claim 4.3. By construction of ¢,,(x, z,&|m — 1,7,,) we have:

¢m<w7 27 @’m - 17 f_}/ma ém) =

VY VY1 - - Vyu \ GLM') < y; < GH(M'
j=m
By Note 4.5, M’ |= ¢(0, a, @).

Because A\j_ o GHM') < y; < GH(M") € tp(< Ay Qg1 - - -, 0 > /M UG|IM—1,7),
we have M’ ): gb(é a, fi).

(I
Conclusion. Let 7 :=7;, ¢ :=¢;.

) — ¢(x,2,d|m - 17ymaym+1a s 7yn)]

Ky(z,a,

Q|

B,7,0) i =3w(d(x, z,a) A N 0@, 2, 8m) Ady(e, 2,0l — 1,7, 8).

me{1,ia,...sis}

Let @ € M3 suppose Ib € M, M' |= ¢(b, a, a).
):

Then M’ |= ¢(b,a, B3,,) because tp(B,,/M p(a/M), Ym € {1,iy,...,is}.
By Claim 4.2(i) we have

M/ ’: ¢j(baa7a|j - 17:%6)‘
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Thus, M’ |= Ky(a, a, 3,7,¢).
Suppose ¢(M' a,a) N M = ().
Let r € S1(M), ¢(M',a,a) Nr(M') # 0. Denote by ¢"(M',a,a) := ¢(M',a,a) N
r(M").
So, ¢"(M',a,@) is < a, & >-definable by Note 1.2 and because ¢(M’', a, &) "M = ().
Let m € {1,2,...,n} such that r € O, then r(L", alm — 1)ry,.
V

By Constructlon of B there is n, V,, (&) <n <V, (Bwm) or V. (Bm) <n <V, (&).
Then by Note 4.3 we have V,.(a@) N V,(3,,) = 0.

)
Note 4.6 (i) If ¢"(M’',a,a) C V,(a) then ¢"(M',a,a) N ¢ (M',a, Bm) = 0.
(ii) If r is irrational then ¢"(M' @, &) N ¢" (M, @, 3m) = 0.

or (M a,alm — 1,3, Cm) 1= ¢m(M’,a,d|m — 1, 9m) Nr(M') is
< a,a|m — 1,4y, ¢y, >-definable by Note 4.5 and because ¢(M',a,a) N M = (.

Claim 4.4 Let r be quasirational. Then ¢%, (M’ a,&lm — 1,9, ¢n) = 0.

Proof of Claim 4.4 Without loss of generality we suppose that r, p,, are quasirational
to the right.

By construction of 4 we have:
Vo () <1 < Vp,, (@) < Uy, (M')".

By Notes 4.3, 2.8(ii)

V(s @) < < Vp(a) < U (M)
Suppose, ¢! (M',a, alm — 1,7%,,) # 0. By Note 2.8(iii)

¢ (M, a,a) C @l (M alm — 1, Y, Cn)-
It is contradiction with Note 4.5 and Note 1.3. a

Note 4.7 If r is quasirational then ¢}(M’,a,alj —1,7,¢) = 0.

Proof of Note 4.7. 1t follows from Claim 4.2(ii) and Claim 4.4. O
Thus by Note 4.6(ii) and Note 4.7 we have

(M a,a)n () oM@, Bn)Ne; (M, alj—1,7,¢) = 0.
mE{l,il ..... is}

It means that M’ = ~K,(a,a, 3,7, ¢). Thus,
M' E Ky(a,a, B,7,¢) iff ¢(M' a,a)nN M # 0.
So, Theorem 4.1 is proved. a

Theorem 4.2 Let M be a model of w.o.m. theory T, M’ be an elementary extension
of M. Then for any irrational quasisolitary one-type p € Sy(M),p(M') # 0, for any

formula ¢(x, Z,y) there exists the formula Ky(Z,¢,,y),¢, € A such that for any a €
M'®) the following holds:

@€ M, M' = ¢(b,d,a) < M | Ky(a,c,,a)).

Here, « is arbitrary element from p(M').
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Proof. Let E,(x,y,¢,) from Lemma 1.1(ii),

Ky(2,6,y) = 3x3y1, ey <y <y A=Ep(y,v2,6) A —Ep(y, y1,6) A
A Vi <t <y — (2, 2,1))]

By note 1.5(ii) there exists the cut (C,, D,) of M such that C, < p(M’) < D,.
Necessity. Let b € M such that M’ = (b, a, ). Then ¢(b,a, M) U i(b,a, M),

where {;(b,a, M") | i < ny} is finite family of —¢(b,a, M")— separable Convex (b,a)-
definable subsets of ¥ (b, a, M’).
Let v;(b,a, M") such that « € ¥;(b,a, M’). So, ¥;(b,a,y) € p. Because p is de-
terminated by (C,, D,), there exists ¢ € C,, d € D, such that ¢,d € ¢;(b,a, M’) and
€ (¢,d) and

MEc<a<dAVte<t<d— ¢iba,t)AN-E,ca,cy) A-E,(d a,c,)

Thus M' = Ky(a, ¢y, o).
Sufficity. M' = Ky(a, ¢, a).Let

L(y1,a,a,¢y) = FxIyplyr < o <ys A=E,(y1, o, ) A Ey(y2, o, G) A
A Vi(yy <t <yo— P(x,a,t))]

L(M' «a,a,¢,) N M # 0 because Vy € L(M', a, a,¢,) the following holds:
Vv € M'[(v < < aA-Ey(n,a,8)) = M = Ly, a,a,c,)]
Because p is quasisolitary there is e € C), such that M’ |= L(e, o, @, ).

Let R(y2,e,,a,¢,) = 3z[c <a <ys AEy(y2, @, ) A
A V(e <t <y = Y(z,a,1))]
By the same consideration as left, there exists d € D, such that M’ = R(d, ¢, o, a,c,).
So, M' = JaVtle <t < d — Y(z,a,t)).
Since M < M', M |= FaVitje <t < d — ¥(z,a,t)].
So, there is b € M such that

M EVtle <t <d—(b,a,t)],
€ (¢,d) thus M' = ¢(b,a, «). O

Note 4.8 Let M be a model of w.oom. theory T, M’ be an elementary extension
of M. Then for any pi,ps,...,p, € Si(M) irrational, quasisolitary types such that
p1(x1) U...Upy(z,) complete n-type over M, p;(M’') # 0, 1 < i < n for any formula
U(z,Z,y1, ..., Yn) there exists the formula Ky, (Z, ¢, y1,...,ys), ¢ € A such that for any
a € M'® the following holds:

[Fbe M, M' =v¢(b,a,a) < M' = Ky(a,c, a)l.

Here, @ =< aq, ..., >, «; is arbitrary element from p;(M’), 1 <i <n.
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Note 4.9 Theorem 4.2 was proved by Macpherson, Marker, Steinhorn [MMS] for ir-
rational solitary one-type in o-minimal model. (In fact, in real closed field).

Theorem 4.3 Let M be a model of w.o.m. theory, Mt be an expansion of M by the
family of unary predicates. Then M™ is a model of w.o.m. theory iff the realization of
each predicate is finite number of convexr subsets.

Note 4.10 Let M be a model of w.o.m. theory, M* be an expansion of M such that
M is weakly o-minimal.

If the theory of M™ is not weakly o-minimal then this expansion of M must be
contained some n-ary (n > 2) predicate which is non-M-definable in M.

Proof. Let M’ be an elementary extension of M such that M’ is |M|*-saturated.

Let MT =< M,%, Q3% >)cs, where Q4(M’) is finite number of convex sets. Let
Ly == {BrilBri € (Cri, Dyy), where (Cy;, Dy ;) is irrational cut in M, which is deter-
mined by Q}, Z(L,) :={p € M'\ M : 3a € L,3,5 € M'\ M, 3,7 were chosen on
@ by Theorem 4.1, u € aU S UF}.

Let Ly := UpewZ"(Ly).
Denote by

Y=Y U{Q|res}), SH(IMUL,) =St U{c,Jlae MUL}

Fact 4.1 For any quantifier-free formula 6(y) of signature LT there is ®y(y, @) of
Y(Ls) such that ) ) B
Vb e MM™ = 0(b) < M |= dy(b, a)]

Proof. We replace ”QA(y)” by 7 V (Brar—1 <y < Brak)”-

Fact 4.2 If for the formula 0(x,7) of signature X% there is the formula ¢g(x,y, @) of
signature S(M U L) such that

Vb,a € M[M* |=0(b,a) & M’ |= ¢g(b,a, )]

then for the formulas Ky, (y,d',¢1), K-y, (y, &', C2) from Theorem 4.1, the following is

true:
(i) Va € M[M™ = 32b(z,a) & M' = Ky,(a,a', ¢,
(i) Va € MM EV2l(x,a) & M' = -K 4,(a,d, ).

Proof. (i) follows from Theorem 4.1 and Definition K. (ii) follows from (i) and

from the equivalence of formulas

_|¢9(ZL', Y, O_d) = ¢_\9(£E, Y, 64)

Denote by
¢3x0(x, )(ga a, E) = K¢9 (ga O/a C)

/

y
¢V$9($,§) (ga a, é) = T gy (ga @/7 é)



Fact 4.3 For any formula 0(y) of signature X7 there is a formula ¢g(y, &, ¢),c € M
of signature (M U Ls) such that

Va € M'D[M* = 0(a) & M' = ¢g(a, a, ).

Proof. 1t follows from Fact 4.1, Fact 4.2 and from the representation of #(y) in the
following form:

9(@) = Rll‘l R Rnl'n(01<xlu B 7xnag))7

where R; € {3,V},01(x1,...,2,,7) is quantifier-free formula of signature X+.
Fact 4.4 M™ is model of weakly o-minimal theory.

Proof. Let 0(z,a) be an arbitrary formula with one free variable of signature X+ (M).
By Fact 4.3 there is the formula ¢y(z, 7, &, ¢),é € M such that for any b € M, any
a € M'® the following is true:

M+ ): Q(b, (_l) = M’ ): ¢9(b7a7@75>]

Consider the formula ¢y(x,a, @, ¢). By weak o-minimality of M’
¢9(M/7 a,q, E) = U:Lil gbé(Ml, a, @, E)'
Let ay,ay € ¢h(M',a,a,c)\ M.
Then (ay,as) C ¢y(M',a,a,c) because ¢}(M',a, @, ¢) is convex.
Here (a1, a2) :={y € M'|a; < v < as}.
Thus for any a € (ay,a2) N M follows a € Yj(M',a, @, ).
So, the realization of the formula 6(z,a) is union of finite number of —0(M™,a)-
separable convex subsets of M.
This number does not depend from a, only from the formula ¢ (z, g, &, ¢) of the weakly
o-minimal theory by Note 1.2. Thus the theory Th(M™) is weakly o-minimal. O
Sufficity of Theorem 4.3 follows from Fact 4.4.
Necessity of Theorem 4.3 follows from Definition 1.3.

Note 4.11 In paper [MMS] Theorem 4.2, Facts 4.1, 4.2, 4.3, 4.4 are represented
for Ly = {ay,...,an, ...}, pi = tp(oi/M) — solitary, V,, (L1 \ ;) = 0,M << R, <
,+,-,0,1 >,
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