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August 24, 1994 at the age of 52 years died a prominent scientist-mathematician,
Doctor of Physical and Mathematical Sciences, Professor, Director of the Insti-
tute of Applied Mathematics of the National Academy and the Ministry of
Education of the Republic of Kazakhstan, Tulendy Garifovich Mustafin.

The pupil of the famous Siberian scientific school, he graduated from
Novosibirsk State University in 1965 and defended his PhD (1971) and doc-
torate (1990) thesis in Akademgorodok

After NSU he began as an assistant of Tselinograd Pedagogical Institute.
In 1972, when he was head of the Department of Algebra and Geometry, he has
been invited to the new Karaganda State University, where he worked until the
end of his life (22 years). In Karaganda State University he was head of the
department, the dean, vice-rector for academic affairs, last year of his career life
he was head of the Institute of applied mathematics of double subordination.
Tulendy Garifovich was a bright person, a real scientist and teacher. From the
first years of work in the University, while he was creating the scientific school,
he has oriented education of that school to the international level. His aim
was to get the recognition of foreign mathematicians. In 1966 (at age 23), he
gave a presentation at the International Congress of Mathematics in Moscow -
the highest forum of mathematicians around the world. At the same forum in
1994 in Zurich (Switzerland), he was the only representative from Karaganda.
In 1987 TG Mustafin, together with colleagues from Almaty and Siberia or-
ganizes International scientific cooperation of Karaganda, Almaty, Novosibirsk
and France universities (II-A-117 project).

In 1990, by this cooperation (the first time in the USSR),on the territory
of Karaganda State University, there was succesful Soviet-French symposium on
model theory, which was attended by 17 leading scientists from France, the USA,
Germany and Switzerland. All activities in the organization of this conference
was directed by T.G. Mustafin. In the same year(1990) he went to Helsinki,
to Logic Colloquium as a guest speaker, which means a high recognition of his
scientific authority.

In 1992 Tulendy Garifovich has stayed in Paris for two months, where
he has given lectures and done scientific work on a special grant of the Min-
istry of Science and Technology of France. Then, two more times,he leaved to
France,because of the invitation of French colleagues.

For a high level of scientific papers Tulendy Garifovich was awarded by
personal grant from the Soros Foundation, and his laboratory of Pure and Ap-
plied Logic was awarded by The international grant INTAS.

TG Mustafin has published over 75 scientific papers, mostly in domestic and
foreign famous journals and collections. He is the author of three books, founder



of some new directions in mathematics, which are picked up and now are de-
veloping by experts from France, Russia, Kazakhstan and other countries. His
works have a high citation index, which mean the great scientific achievements
in international practice. His theorems, methods and concepts are timeless.

Tulendy Garifovich founded a scientific model theory school in Karaganda,
which has received worldwide recognition. His students, most of whom are
PhDs, are continuing his work - the development of algebra and mathematical
logic in Kazakhstan.

Wherever Tulendy Garifovich was working and whatever he was doing,
he always was an example of high responsibility, deep vision and broad scope
of the issues involved. Although he was head of some departments and he has
been honored, he was always open and available to everyone. Surroundings have
been always amazed by his optimism and life loving..

Tulendy Garifovich Mustafin was not only a great scientist of world renown,
but also a great teacher and organizer of science, a man who was characterized
by the noble features of a patriot and a citizen.

EXPANDING OF O-MINIMAL MODEL BY CON-
VEX UNARY PREDICATES*

In work [1] there was formulated the following problem: let M be o-minimal,
M - the expansion of M, obtained by adding unary predicate, emiting M in a
convex subset, so is M* weakly o-minimal?

In this paper we prove a theorem, which is a solution of that problem.

Definition 1 [2,3]. Linearly ordered structure D is o-minimal if every defin-
able (definable with parameters) subset of D is a finite union of points and open
intervals I = (a,b), a € DU[—00], b € DU[o0].

Definition 2 [3]. The theory T is o-minimal if any model of theory T is o-
minimal.

Definition 3 . A subset D C U of linearly ordered structure D is called convex
if for any a,b € U is true [a<b—Vi(a<t <b—teU)].

Definition 4 [4]. Linearly ordered model D is called weakly o-minimal if ev-
ery definable (with constants definable) subset of D is a finite union of convex
subsets.

Definition 5 [4]. A theory T is called weakly o-minimal if any model of theory
T is weakly o-minimal.



Theorem 6 [5,6]. Any theory of the o-minimal model is o-minimal.
Note that the theory of weakly o-minimal model is not necessarily weakly
o-minimal. [1].

O-minimal theory has nice model-theoretic properties.

Theorem 7 [3]. For any set of o-minimal model D there exists a simple atomic
model.

Theorem 8 [3]. Let D be o-minimal structure, a € acl(AU[b] acl(A), AU[a,b] C
D. Then b € acl(AU[a]) acl(A)

Definition 9 [2]. 1 - type o-minimal model D is called single, if for any a,
realizing type in model D(c), true VB € D(«) if B8 realizes ,0 = a.

Definition 10 . The partition of o-minimal structure on two convexr subsets is
called a section. If the section has the largest element in the lower subset, the
section is called a rational [1]. Otherwise the section is called irrational.

Note that the smallest and largest elements can be —oo or oo.

We will identify the section with the appropriate quantifier-free type in the
signature |

Theorem 11 [3]. Linearly ordered model D is o-minimal if and only if any one
type of D is defined by section.

We note that B. Kulpeshov has given a description of the weakly o-minimal
model in terms of the types and sections.
Designation . Let D be elementary submodel of o-minimal model Di. By
D(A) we will define a simple atomic model of the D U A in the Dy model. If
A=aq,09,...,a, then D(A) = D(aq, ag, .., as)

It is obvious that to single type there corresponds irrational section.

Definition 12 . The type determined by rational section, we will call rational.
Not single, irrational 1 type we will call social.

Theorem 13 [7, lemma 7]. Irrational type o - minimal model is social if and
only if there exists an unary function h(z,d),d € D that Vzlh(z,d) > ] and is
right for any v [y realizes <> h(x,d) realizes |.
Agreement. Instead of a formula x < z < y we will write z € I, where x,y
variable symbols and I = (z, 2).
Often instead of JxIy(x < y) we will write II. If a < z < b and a,b
elements from D, we write z € J,J = (a,b). The record J C D means that



a,b € D. For example, if J C D, a € D1 D, then record o € J means that
a lies in D - a definable interval of J. Thus, I always uncertain interval, J
always an interval with the trailer elements lying in a certain model.

Definition 14 (o). Let p(z),q(y) € S1(D) - types o-minimal model D. We
will tell that orthogonal to q if for any «, realizing type , in model D(a) the
type q isn’t realized.

Definition 15 (b). The family of types [p1|i € K] C S1(D) is called orthogonal
if for any i € K for any o, (j € K,byj # 1, realizes p1) in model D([c]j €
K i]) don’t realize the type p;.

Definition 16 [5,9]. Let M o-minimal structure. (a) If X = [a], where
a € M, the X cage and dimX = O. If X is the interval (a,b)(a,b € MU—00,00),
the X cage and dimX = 1.

(b We will assume X C ™ is a cage with dimX = k. We will define two
types of cages in M™ 1 associated with X :

(1) Let h : X —  formular and continuous function. Then X; = graph
(h) = z,h(T) : T € X is the cage in M1, and we assume that dimX; = k.

Theorem 17 [5,9]. If X C ™ is the M-definable formular set, we can break X
on final number of cages. If X is defined by means of constants only from A,
then each cage is defined only by means of constants from A.

Further for lemmas of model D, M always o-minimal.

Lemma 18 . Let p,q € S1(D).

(a) [p is orthogonal to q <+ q is not orthogonal to p];  (b) If is orthogonal
to q, then (x) U q(y) full 2 type from S(D).

Proof. (b) follows from (a) and definition of orthogonality.

(a) Let is not orthogonal to ¢q. Then in model D(a) by defini-
tion 16(a) there exists an element § € D(«a), realizing type g. Then
for 3 there is a full formula O(y,a,d),d € D, not divisible by for-
mulas over D U [a] that D(a) | O(B,a,d). For any v € ©(D(a),a,d)
tp(y/D) = tp(B/D) = q. The formula ~(y,a,d) is equivalent to an open
interval or realizes one element. If it is true that 3!y(y,a,d), then
B € dcl(a,d) and by theorem 8a € dcl(B3,d),that means existence of
a formula v (,3,d) such that D(a) = 3 (z,3,d) and 9 («a,3,d). Then
formula 3! (z,y,d) € g And then the formula u(,,d) — ¢(z,y,d) and
O(y, z,d) defines bijection. Let g(y,d) = <> u(,,d).Then g(3,d) = a.The
formula 3u(,,d) breaks up to finite number of intervals and points.
We will consider opened definable interval d - of J containing 5. On
this interval g(y, d) is monotonous [5,9]. Jo = 3(u(,,d). and € J) Then
function g(y,d) monotonously maps J; to Jo. We will consider that g
increasing as a,d € D.



Statement. For any J C D, a € J C Jo,J C D,3€JC Jp,9(J,d) = J.
As J' it is possible to take g~ 1(J, d).

For any 3, realizing type ¢, in model D(8) the type p is real-
ized. Really, the element g(3’,d) from D(3') has to realize (). If it
doesn’t realize type (r), owing to the theorem 10 there exists J C D,
v e Jep(x),g(B,d) € J. But then g~ 1(g(3,d)) = 8 € J. But according
to the statement the formula y € J belongs to type ¢ that contra-
dicts a choice 3. We will notice that if O(D(a),a,d) = Jy = (d1,02),
then tp(d1/D) = q or tp(da/D) = q. If 6; € Dy that as in an interval
(61, 0) there is no elements from D, then according to the theorem 10
tp(d1/D) = tp(B/D). From this we have that ¢; € dcl(D U «).

If 61,02 € D, in the range of J, there exists an element from D
that contradicts a choice O(y,«,d). Then for §; € D it is possible to
carry out a similar reasoning, as well as for 5.

Lemma 19 . Let p, g € S1(D). p is not orthogonal to q. Then
a) rational <> q rational;

b) - social +» q - social;

c) - single < q - single.

Proof. Existence of function ¢(y,d,d € D follows from the proof
of a lemma 1 (a), d € D transferring any realization of type ¢ to re-
alization of type and for any realization a of type exists in D(«)
an element j3, realizing type ¢ that f(3,d) = . We will notice that in
model D(a) the set of realization of type is a convex set of R,. And
as between two convex sets R, and R, formed by types and ¢, exists
bijective continuous map, a type of these convex sets same. Convex
set R, single-elemented if and only if R, single-elemented. R, has the
smallest upper limit in D if and only if R; has the smallest upper
limit from D or the greatest lower limit from D.

Lemma 20 . (a) Let the D elementary submodel of o - minimal model
M. If the M can be received from the D by consecutive realization of
social and single types, for any a,b;,ba(by < a < by,a € D,by,bo € M D)
there exist 1,co from D, where by < ¢; < a < 3 < by holds.

(b) Let Q = [q1]i € S| is orthogonal family of irrational 1-st
type o-minimal model M, = 1|i€ S [ realizes q;. Then for any
B1, for any 1,72 from ( B1)(B1 € (71,72)) there exists ci,co € , that



’yl<1<,81<2<gamma2.

Proof, (b) follows from definition 16(b).
(a) We will copy a lemma condition.
Let the D elementary submodel of o-minimal model M. Let (JD;,
where k - some ordinal, such that [ < k.
1)D = Do;
2)D1:D2, ifi<j<k',
3)D1 + 1= Di(a1 + 1), a1 + 1 realizes social or single type over D;
4)|J Dy, if j - a limit ordinal.
Then for any j < k, for any ,b1,b2(b1 < a < by, a from D, by, by €
Dy D) exist c¢j,c0 € D, that b < 1 < < ¢3 < by. We will prove by
method of transfinite induction.

Let j =i+ 1. For any € D and any 1,82 € D1 +1 D1(f1 < a < 32)
exist 71,72 € Dy, that 51 < 71 < a < 72 < f(2.Because tp((81/D1) =
tp(B2/D1), then by induction assumption in intervals J; = (v1,a),Js =
(a,7v2) exist elements from D.

The next lemma is specification of the theorem 14.

Lemma 21 . Let () € S(M) - social. Then for any v € (o)[tp(y/D)]
= () and a < v — 1is true, there is an unary function h(z,d, that
v < by d), tp(h(a, /) = ()- )

Proof. Let v € D(a), tp(a/D) = (). If the formula O(z, «,d) full over
DUa, it defines an open interval or a point (owing to o-minimality of
D).

If O(z, o, d) defines a point O(v, o, d), it is possible to define unary
function as in the proof of a lemma 1(a).

If O(z, o, d)(D(a)) = (71,72), then Iy € (d1,d2)tp(v/D) = ().

If tp(62/D) = (), then 62 € D and therefore type is rational.
Therefore, tp(62/D) = (). And as §; € dcl(d, ), it is possible to define
the function h(z,d) which isn’t removing for’ limits of a convex set of
realization of type (z) as in a lemma 1 (a).

Lemma 22 . (a) Let p,q € S1(D), - irrational type, orthogonal to single
type q, o - realization of type p. Then the only type q € S1(D(a)), the
expanding q, is single.



(b) Let p,q1,90 € S(D), p - social, single type q; orthogonal to
single type q2, o realizes type p. Then the single type q, is orthogonal
to the single type g2,q1 U q1 from S1(D(«)), g2 Uq2 € S1(D(a)).

Proof. (a) Uniqueness of type ¢ follows from a lemma 1(b). Let
B realizes type q. We will consider model D(a)(8). In model D(«a)(53)
there exists at least one element ; from D(a)(8) D(«a), that tp(8;/D(a)) =
tp(8/D(@)).

Case 1. 8 < 1 Let D(B) is a simple model over D U () in
model D(a)(8), D(8) = D()(5).

From uniqueness of a type ¢ it follows that 8; € D(5). We wil a
(y) determines type r() € S1(D(8)). The type r(y) is rational and re-
alizes in model D(8)(a). Therefore, the type r(y) is not orthogonal to
type (z) € S1(D(B)), C . From lemma 2(a) it follows that /() is rational.

Case 2 5>

Considered similar to the case 1. Instead of section Rs(y) is con-
sidered section L;(y) =[d <y < B|ld < 8,d € D(5)].

Consequently, the convex set of realizations of the type p(z) model
D(B) should be limited from the top or bottom element from D(f).
This may not be an element from D(5) D, in otherwise types p(z) and
q(y) are not orthogonal. Therefore, this element should be made of
D, which means that p(z) is rational.

(b) Let o implements type p, 3, realize type ¢;. At the model D(f;)
are not implemented types of p [Lemma 2 (b)] and ¢2(by the condition
of the lemma). In model D(3;)(e) not implemented ¢, such that g,
is single (lemma 5 (a)), and p’ - social [theorem 14](here ¢» C ¢, €
S1(D(A1)),p C p' € S1(D(«))). Then in model D(«)(51) D D(f1)(a) does
not occur type ¢;. Adoption from lemma 5(b) that of the arbitrary
choice of «, 3.

Lemma 6. Let M o - minimal structure, Q = [q1, ..., ¢s|q; € S1(M),1 <
i < 5| - orthogonal family types of the M, B = (3;|1 < i < s, realizes
type ¢1). Then for any formula ¥ (y1,...,Yym,d),d € M if M(5,...,0m) E
¥(B1, ..y fm,d), then there are exists intervals Ji, ..., J,, C M such that,
following done

1)piedi, 1<i<s;

2)M =Vyi,...,Yys((y1 € 1) — = > (Y1, .-, Ys, d))-

Proof. Consider the formula ¢(y.51, ... Bs,d) Implementation of this
formula must be infinite, otherwise case Theorem 3, € M(f,...,Bs,d),
which contradicts to orthogonality ) family types. Because of the



o-minimal-existence should be (f8s,...,3;,d) - determinable interval
Ji C M(Bs,...,08s), that 8; € J; and right

M(/BZ?"'?ﬁS) ':Vyl[yl S Jl - > w(yhBQa"'aﬂS?d)] (1)

Obviously, for any J; € J; formula (1) will be performed from
lemma 3(b) the existence of a J; C M, that J; C J; and §; € J;.

Let 91 (B2,...,8s,d) :=Vyily1 € J1 — — > Y(y1, B2, ..., Bs,d). Repeating
(s-1) times the argument, we obtain Jo,...J; C M.

Lemma 7. Let D o-minimal model. f(@,b) and g(@,b) two functions
(b € D) such that D = Va[f(u,b) < g(u,b)]. The formula (%, d) such that
D =V Vup[0(iy,d) &  O(uz,d) — — > f(u1,b) < g(ta,b). Then right

D = Jol¥alo(a,d) — — > [f(a,) < = < g(a b)]] or

D |= 3z[Valf(a,d) — — > [f(a,b) < z < g(a,b)]]]

Proof. Let H(z,b,d) := Valf(u,d)— > f(u,b) < x]. Since D o-a mini-
mal model, then H(D,b,d) splits into a finite number of intervals b&d -
definable and H(D,b,d) # () and, since any g(@,b) with condition 6(u,d)
satisfies H(z,b,d). Consequently, there is a lower boundary point.
Suppose a lower bound H(D,b,d),c € D.

Case 1. c€ H(D,b,d)

In this case, for any u, if D | 6(u,d). — — > f(u,b) < c. Hence
g(u,b) > c.

Case 2. c€ H(D,b,d)

In this case for any @, if D |= 0(4,d) — — > ¢(@,b) > c. Consequently,
f(a,b) <c.

Hence the conclusion of Lemma 2.

Lemma 8. Let Y b-definable cell in D, b €D. K(b,D') =Y C D'.
Then, if some extension D; models D exist ay,...,a; € D; D, which is
carried out

1)< ay,..,a1 >€ K(b, D) =Y (Dj);
2)[a1, ..., a1] - algebraically independent over D, then dimY = 1.
Proof. By induction 1.

1 = 1. Obviously, K(b,z) = Z € I C D, where I b-definable open
interval.

14+ 1D, =K(,ai,...,ai,a;+1). By definition, the cells < a1, ...,a; >
lies in the X (D}), where X is a cell dimension 1. a;;1 € acl(D,ay, ..., a;).



Therefore, K (b, z1, ..., 2;, zi+1) determines a cell of dimension 1 + 1.

Lemma 9. For theory T signatures ), comprising linear order
axioms, had only weakly o-minimal expansion, it is necessary and
sufficient that for any formula ¢(z,y) there was a positive integer N,
that

—3y3dx;. E|JCN¢(&&—\E¢(JIZ',JI]‘,§)) eT

<ep(x,2,9) = (d(x, Y&z, )&z # X —— > ((z<z——>VtHz <t <
x——>¢t,y)))&lz<z——>Vi(zx<t<z——>¢(ty)))))).

The proof follows easily from the definition of weak o-minimal the-
ory. Let D model of the minimum-theory Q - orthogonal family of
single types of S1(D), R family social types of S;(D). Fix an enumer-
ation R. We assume that D is elementary submodel some [PUQUD|"
- saturated model and all and the elements in question are in this
model fixed |PUQ U D|t-saturated model.

We define by induction on < n,m > (n < k = |P|,m < w)) The fol-
lowing model elements and types:

A,=0. D,=D;
A, =[o i <njj <w;a;; < g j+1 implement one type. p € PJ;
D, = D(A,);

Apm = Uicp Ai Uy jlj < m, oy, implement type P.

) <n 7t

with minimum ordinal in D(|

Al

<n
Note 1. A, ,, - algebraically independent set on D.

Note 2. tp(an,, Ony, - -, Oy, /D):tp(a7 o ... ,a;k/D) for all a,,, , an,

niy? ng?

A, \Ujcn,A; equally ordered sequences of the same length.

Let p=tp(ay,1/D). But the construction of p - social. Therefore,
the section defined by p, consists of two non-empty convex subsets
of D. We denote by C, top convex set. Consider the following set
besnvantornyh formulas of the signature of the ), = {<}.

Rymi1(z) = (a <z < clc € C;a € D, , such that Ve e Cp,a < c.

Proposition 3. R, ,,+1(X) defines an irrational section in D, ,,, and
therefore the only way expands to the full over the D, ,,.

10



Proof. Compatibility of R, ,,(z) should be of a kind convex set C,
defined social type p. Suppose, R, ;,+1(z) defines an irrational section.
Consequently, there is a € D, \ D, that is,with any e € D, ,,, \ D is
true [a < e— > c € C(a < c<e)] and the type tp(a/D) = tp(ay,1/D) = p.

Theorem 14 implies the existence of a function h(x,d),deD, that
h(a,d);a and tp(h(a,d)/D)=p. This contradicts and selecting a, as
h(a,d)e D, , Consequently, R, ,,+1(x)defines the irrational section
that only way completed to type over S;(D,,,) and is social over the
D, . Take an arbitrary realization of the type R, ,,(x). Let derive
it through oy, 41

DA, m+1 = Anm,U[om,my1] is algebraically independent on D. By
the construction oy, ., € D(A, ).

2) By the induction hypothesis, tp(ay,, ..., an, , an /D) = (a;, ' ol /D).

ey Qs

Consider the types of tp(ay,,, ..., O, , G, O mt1/D);
(2)
tp(oz;ll,...,a;lk,a;l,oz;’j/D) (3)

7 7

In models D(a,,, ..., 0, , &) and D (o, ..., a,, , @) the elements o, 41

and a, ; respectively, implement a single social type, defined by a con-
vex set C,,. Uniqueness is follow from lemma 4. Therefore, the types
(2) and (3) match. Let B=[3;—/, implementation of the type q; €Q).
Let D:=D(U,<xA,UB).

Proposition 4. a) U, A,U B - algebraically independent set on D;

b) tp(Bs / D(A U(B\[5s])) - and the single type determined by the
section D;

c)va,a’ € A, VB € B. ) .
[tp(a/D)=tp(a /D)-; tp(a, 5/D)=tp(a, 3/D)].

Proof. a) By construction and by Lemma 5(b);
b) follows from a) and Lemma 3(b);

c) follows from Proposition 4(a), Lemma 1(b), Lemma 5(b)

11



We now turn to the proof of the fundamental theorem.

Let D o-minimal model. O={U, |\ €K)- family of convex subsets of
model D. Each convex subset defines two full one type. The set of all
1-defined types O family is divided into three sets: rational, single and
social types. For each type there is a constant sound of the D, defining
this type. In the set of single types choose maximum orthogonal
subfamily, which denote through Q. The rest of the single types of
this set determined using D - definable functions and realizations
types in Q (Lemma 5(b)). Many social types denoted with P and
fix these types ordinals. Consider the model D, built in the previous
paragraph for the P and Q.

P,={peP — Ja, 1 €A, a,, realized type p}

By construction, for any pinP\P, exist D-definable function f(u, d), 3aa €A,
that tp(f(a,d)/D)= p.

Consider the model of D = ;D, Uy, A €K, which unary predicates
U, defined convex sets of the same name as from O.

Proposal 1(tight). For any formula ;(Z) signature model D*, there
is exists a formula ,(z,a, 3,d) model Dt, (& € A, € B,d € D), such
that for any beD is true

[D+ = u(b) <= D = ¢ (b, a, 3, d)]

The proof is by induction on the steps of building in formulas [1].

For a binary predicate U, (x) corresponding to the formula is a
conjunction of two formulas suitable to the following:

r<d z<d d<z, d<mzz< f(a:cZ), gla,d) <z, g(B,d) <
r, x<g(Bd), x<ani, api1<w, By<z, x<p,. Herea, a,;¢
A B,B,€B, d,deD.

Let () # Jz¢(z,y) the formula DT model signature. Then the for-
mula for ¢(z,y) by the induction hypothesis There is exists a formula
¢¢(9£7§70?n10%, _ B B _
cees By oy Bryd), d € D, that Ya,b € DD = ¢(a,b) # DT = pg(a,b, dp, dim,
...,6m, ,B.,,d)] Here o, =< Olp iy s Ol gy ooey Ol iy 2>, 11 < 1 < ... <
ks Oy, =< Oy iy s Omjgs ooy Om g = jl < jg << jk-

By condition 2, and proposition 4(c) we can change constant as
follows:
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Qp i, — — > Qn3 : Q5 — — > Qi 3%

Qp gy — — > Qn6 : Oy gy — — > Qm 6t
Qpj, —— > Qp 3k © Qm,j; — — > Qi 34
Therefore, we can assume that a, =< ap3,..., 03k >,...; Qpy =<

Qi 3y ooy A 35 >y eene
By Theorem formula 18 1(z,%, z,,d) falls into a finite number of
formulas (Lemma 8), defining cells. Therefore, we can assume that

the formula ¢y4(z, 7, &, 8,d) is equivalent to disjunction of the form for-
mula

x=h(7, &, B,d);

- f(y,a,B,d) < = <g(y,a, B,d), where h(y,z,t,d), £(y, % t,d),g(y, z,t,d) -
d - definable function.

We claim that ¢, (7, @, B,d) is a disjunction formulas of the form

AL,.. 3.  JxVz,..VZ, V.. Vi,

[((&&(an,&‘—l < zZp1 < Ozn732‘+1)&(ts e L,&t, € I,«)) = h(g, 2y eeey s
tsy s tr, d))&x = A(Y, Gy oevy Qi Bsy ooy Bry )& Bs € I&..&0, € I&&(z =
h(Y, Qg ooy Qs by ooy by d))]; (6)

g, .. 3L x|V, ..., Vi, Vis, .. Vi,]

[((&&(an,?ﬂ—l < Zn,1 < an,Si-}-l)&(tS € I’m&tr € 17)) A f(g7z;b7 oy Zm,
Loy sty d)) <& < G(U, Zny eeey Zmy Ly voes b, )&Bs € I5&.. &0, € & (G, Aty -, iy
7[35, '“,ﬂrv) <z < g(ga Oy ooy O, Ls,y ""tﬂd))] (7)

Here o, ;=< ap3,...,n 3k >, Om =< Q. 3,..., Oy 31 >
Zn =< Zpds e Znk Sy Zmoi=< Zmyly e Zmyl >
— ’ . . .
Qp =< Qnjps On oy Qnge >y J1 < J2 < .o < Jg
!

Q=< Qmiy s Omins -y Qi >, 1 <1g <..<71

o
Qp =< Op2,0n 3 On 3i—1, On 37, O 3i+1 >

_
Oy =< Qm, 2, U 3y oeey Oy 3515 Ay 345 O 3341 >
_ _ _ ! _ _
Q=< Qpyeees Qg >, Q@ =< Qg yeeey Qi >

Proposition 5. For any beD is true

(D" 4u(b,a@, B,d) ¢ DF = u(b)].
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Evidence. Since in model D(a,[) is satisfied Formula (6) or (7),
there are exists intervals J;, ...,J,: C D(o‘z',ﬁ_), that replacing these in-
tervals vague intervals I, ..., I, formula (6) or (7) eliminates quanti-
fiers 3I,,...,3I,, B, € Js,...B € J.,J. C D(a,B) Since 8, ¢ D(a ,3\ B)
and tp(8s/D(a, B\ Bs)) - single that is determined by the D section
(statement 4(b)), there is exists J, C J, that J, C D and 8, € J, C J,
Consequently, there exists intervals Js,...,J,. C D, (5s|inds, ..., 8, € J;.),
for which satisfied, formula (6) or (7). Thus, we got
D(&" = oYz, Vo Vs V) [(&&(an3i-1 < 2n1 < nziv1)&ts € Jo&. &ty €

Jr) 2 =h(b, Zny ey Zmy tsy ooy by d)];

D(a" | 3aVz,.. Vo V. V) [(&&(an 3i-1 < Zn1 < angiy1)&ts € Jo&. &ty €
Jr) > (b, 2y ey Zims by s By d) < T < g(by 20y ooy Zimy T, )]

Terms of the form oy, 3,1 < 2,1 < ap3i+1 allow arguments to pass
to the types, since any tuples elements from D(d'), sending satisfying
the formulas (8),(9), we must implement one type of D, which as well
(Theorem 7, Theorem 10, Lemma 4). Therefore, by the truth of the
formulas (6), (7), the truth statements (10),(11). follows.

For any 7., ..., Yims Os, s Oy T » ...,’y}nl,é;, ...,(5; € D true

Oy (5; € J,, then h(b, 7y, ..., Ym, 6)=h(b, T s s Vo s 5/); (10)

LBy s s Vims O oens 0) < G, s oves im0y 01 0,)] . _ (11)
By the compactness theorem, there exists formula 0(z,d;) € tp(a/D),
that’s true

Vi Vi VZ VL [0(z,d)&0(Z, dy)&t € JxexJ && T € Jixex,
h(b,z,t,d) = h( ] (12)

=l
N
~

=

or [F(b,z,t,d) < g(b,z ,t ,d)] (13)

Formula (12) or (13) a true D' model, and hence in D, since they
contain only parameter D.

Case 1. (12) the truth in D.

Take arbitrary dy,, ..., Gy .Cs, ..., ¢, € D, such that D |= 0(dy,, ..., am,d1)& cs €
J& ¢ € J,.
Then (12) h(b,a,¢,d)=h(b,a, 3,d). From here it follows that h(b, &, 3,d)€D
and consequently there exists a € D; h(b, a, 3,d) = a. Hence the truth
of the formula v,(a,b, &, 3, d).

Case 2. (13) holds in D.
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From Lemma 7 implies the existence of a ceD, which
D V2vi[0(z,d1)& T € Js]x...xJr > f(b,Z,1,d) < c < g(b,z1,d) or
DE VzVt[h(z,d1)&  t € Js)xexd, <> f(b,z,t,d) < c < g(b,Z,t,d)].

For definiteness we assume that the first formula implemented.
From the fact that 0(z,d,) € tp(a/D), B € Jsx ... xJ,., then f(b,a, 3,d) <
c <g(b,a, B, d).

Look an interval (c,g(b,a, 3,d)). By lemma 3(a) there exists acD,
that cijajg(b, @, 3, d).

We have f(b, @, 3, d)jajg(h, @, 3, d). Therefore, D' |= 1y (a,b,a, 3,t,d) (14)

(14) is performed in cases (1) and (2). By the induction the as-
sumption for the formula ¢, true D* = ¢(a,b). From D* = 3zé(z,b)
Therefore, DT = u(b).

Proposition 6. For any beD is true
[D+ ': H(B) e 7%(5’ C_Y, Ba J)]‘

Proof. D* | u(b <+ DT | ¢(a,b), a € D). By the induction hy-
pothesis, D’ E Y¢(a,b,&,5,d). And the formula v, is equivalent to a
disjunction of formulas of the form (4),(5), that is true

D' = a = h(b,a,p,d) (15)
or

D' = f(b,a,B,d) <a< g(ba,f,d) (16)
M:=D(a). Then M(fi, ..., B,)=a=h(b, &, 3, d) (7))
or

M(B1, ..., Bn) EE(b, @ B, d)iaigh,a, B,d  (18)

By Lemma 6 there exists intervals J;, ...,J, C M such that

1)B, € J., .., Br € Jos

2)ME Vi, (t, € J.&..&t, € J, <> a = h(b,a,t,d)) (19)
or
M Vi, ..., Vit (ts € J.&..&t, € J. & f(b,a,t,d) < a < g(b,a,t,d)] (20)

As with 3, € J.,..,J. cD(a), in D(a) is not realized tp(3,/D) and

it is a single, then by Lemma 3(b), there exists J, C J;, Js CD,Bs € Js.
Thus, D(&) = Vi, ..., t-((ts € Js&...&t, € J;.)) <> a = h(b, @,t,d) (21)
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Da = Vg, ..,V ((ts € Jo&, ... &t € J. < f(b,a,t,d) <a < g(b,at,d) (22)

From this for any 5 € D, if tp(7/D)=tp(a/D), them D’ |= Vi(t €
)

Jox...xJ, < a = h(b,7,t,d) (23)

D/ ': VE(E S JnX----XJT < (f(l;777’£ d) <a< g(Bv'TYfE) d)) (24)
Determine ,.—y c D(OL,), 7}/ =< "y_n,,’}/;n >, fy_n =< Tn,1s -y Yn,k > ===
....... Y =< Vm, 1y o Yo

Qnp 2 < Tn,1 < Qp 40n 5 < Tn,2 < QAn 7y e
Un3i—1 < Vn,j < On 3541

A 3i—1 < Ynj < On 3j+1-

From Theorem 10 and Lemma 4 that tp(7/D) =tp(a/D). From
this D(a") E VaVi((&&anzi-1 < 21 < anzin&&t € Jxo.xJ, < a =
h(b,z,t,d) (25)

D(Q_A” ': YEVE(&&QH73,'_1 < zZpa < Oén,3i+1&t7 € Jx...xJ, & f(B,E,E, J) <
a<g(b,ztd) (26)

Hence, replacing a 3x and J, to 3, we obtain that b satisfies (6)
or (7).

So from proposition 2, 3 follow proposal 1.

Theorem 19. Let D o-minimal model, (U)|\A € K) family of convex
subsets of D. Then theory Th(< D,Uy >)cx) weakly o-minimal.

Proof. For the D, there are three possibilities:

a) D - tight o-minimal model

b) D - discrete on-minimal model;

c) D - a mixed-minimal model.

a) Let u(z,b) arbitrary formula with one free variable with pa-

rameters from D+.7 According to Proposition 1, there exists formula
Ye(z,9,a,6,d) (&, €D ,de D), such that for any acD

[D* |= p(a,b <= D' =1,(a,b,a,B,d)
Consider the formula 1,(z,b,a&,3,d). According to o-minimal of D
Y, (D',b,@, 3,d) = UI, U [U[d]] -T have a finite union intervals and sin-
gletons. Let al,a; € I1ND. Then [a1,a2) € I, and hence for any
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de [a1,a2)ND And D' |= ¥, (d, &, B3,d) and by Proposition 1, D* = p(d, b).
Therefore, the implementation of the formula u(z,b) falls into a finite
number of convex sets as the number of such convex sets, depen-
dent on b, and from the formula v,(2,7,@a,,d) o-minimal model D.
By Theorem 6, for formula wu(z,y,d,ﬁ,d) the number of convex sets
must be limited and this number does not depend on b. Consequently,
the number of convex m sets for formulas u(z,y) is limited. Conse-

quently, by Lemma 9 DT model theory of weakly-minimal.

b) Note that, in a discrete o-minimal models do not there is a
single type of [Theorem 14]. Analogue Proposition 1 for a discrete
o-minimal model follows Theorem Pillay - Steynhorna and its proof
(analogue) repeats the proof of Proposition 1 in a simpler form. The
role of model D played by the following model D'=D(A), where A =
0— tp(d/ D)eP). For each peP in A there are exactly two elements
that satisfy p. Here P - maximal orthogonal subset of social (Non-
principal) types of S;(D) from a variety of social types, determine by
means of a family of convex sets. First induction step uses only the
following formula: x<d, d<uz, z< f(5), f(0)<z z<d 0<
z|d € D, & <A, f- unary strictly monotone e-definable function

c) Mixed case stems from a), b) and Theorem Pillai-Steynhorna
[6], in which it is proved that any Formula for minimum-theory is
a Boolean combination of formulas discrete and dense parts of the
model.
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