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ÖÈËÈÍÄÐÎÌ È ÒÐÅÓÃÎËÜÍÈÊÎÌ

Á. Ê. Àëèåâà, À. Æ. Íàéìàíîâà

Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ
480100 Àëìàòû, óë. Ïóøêèíà, 125 ked@math.kz

Ñ ïîìîùüþ ìåòîäà ôèêòèâíûõ îáëàñòåé ÷èñëåííî ìîäåëèðóåòñÿ ïðîöåññ îáðàçîâàíèÿ âèõðåé ïðè
îáòåêàíèè ñòðàòèôèöèðîâàííûì ïîòîêîì öèëèíäðà è òðåóãîëüíèêà. Ïðèâåäåíû ðåçóëüòàòû èñ-
ñëåäîâàíèÿ âëèÿíèÿ ôîðìû ïðåïÿòñòâèÿ íà âèõðåâîé ñëåä çà òåëîì. Âûÿâëåíû îòëè÷èòåëüíûå
îñîáåííîñòè îáòåêàíèÿ òåë.

Ïðè ðåøåíèè ìíîãèõ çàäà÷ àýðîãèäðîäèíàìèêè íåîáõîäèìî çíàíèå çàêîíîìåðíîñòåé îáòå-
êàíèÿ ñèñòåìû ðàçëè÷íûõ òåë. Âîïðîñû îáòåêàíèÿ ñèñòåìû òåë âëàæíûì ïîòîêîì âîçäóõà
òåîðåòè÷åñêè íå ðàññìàòðèâàëèñü. Îñíîâíûìè òðóäíîñòÿìè èññëåäîâàíèÿ òàêèõ òèïîâ òå÷å-
íèé ÿâëÿþòñÿ îòñóòñòâèå äîñòàòî÷íî íàäåæíûõ ìîäåëåé òóðáóëåíòíîñòè, ýôôåêòèâíûõ ìåòî-
äîâ èíòåãðèðîâàíèÿ óðàâíåíèé Íàâüå-Ñòîêñà ïðè ðàñ÷åòå òå÷åíèé ñ ìàëûìè ÷èñëàìè Ìàõà, à
òàêæå è ìíîãîñâÿçíîñòü ðàññìàòðèâàåìîé îáëàñòè.

Â ðàáîòå ÷èñëåííî ìîäåëèðóåòñÿ ïðîöåññ îáðàçîâàíèÿ âèõðåâîãî ñëåäà íà ïðèìåðå îáòåêà-
íèÿ ñòðàòèôèöèðîâàííûì ïîòîêîì öèëèíäðà è òðåóãîëüíèêà ñ ïðèìåíåíèåì ìåòîäà ôèêòèâ-
íûõ îáëàñòåé.

Ïîñòàíîâêà çàäà÷è. Íåñòàöèîíàðíîå äâóìåðíîå òå÷åíèå ñæèìàåìîãî òóðáóëåíòíîãî ãàçà â
ïîëå ñèëû òÿæåñòè (áåç ó÷åòà ñèë Êîðèîëèñà) â îãðàíè÷åííîé îáëàñòè Ω1 ∈ R2 ñ ãðàíèöåé S
ñâîäèòñÿ ê ðåøåíèþ ñèñòåìû íåëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ

ρ
d~V

dt
= − 1

Fr
ρ− 1

γM2
∇P + KM∆b

~V , (1)

ρ
dT

dt
=

γ − 1
γ

dP

dt
+ KH∆bT − ρLc∆ , (2)

∂ρ

∂t
+ div ρ~V = 0 , (3)

Keywords: vorticity, vortical wake, strati�ed �ow, low Mach number �ow
2000 Mathematics Subject Classi�cation: 76B47
c
 Á. Ê. Àëèåâà, À. Æ. Íàéìàíîâà, 2003.
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dq

dt
= Kq∆bq, q = qv + qc, (4)

ρ =
P

T (1 + 0, 61qv) (1− qc)
, (5)

ãäå d
dt = ∂

∂t + u ∂
∂x + w ∂

∂z , ∆b = ∂2

∂x2 + ∂2

∂z2 , Lc =
{

0, ïðè q ≤ qvs

Lc, ïðè q > qvs
, ∆ =

{
0 , q ≤ qvs
dqvs

dt , q > qvs
.

Óäåëüíàÿ âëàæíîñòü ïðè ñîñòîÿíèè íàñûùåíèÿ èìååò âèä

qvs = 0, 622 E0 exp (17, 27 (T − 1) /T ) /P. (6)

Óðàâíåíèÿ (1)�(5) çàïèñàíû â áåçðàçìåðíîé ôîðìå. Â êà÷åñòâå ïàðàìåòðîâ îáåçðàçìåðè-
âàíèÿ ïðèíÿòû õàðàêòåðíûå âåëè÷èíû äëÿ ðàññìàòðèâàåìîãî òå÷åíèÿ: H � âûñîòà îáëàñòè,
V0 � ìàêñèìàëüíàÿ ñêîðîñòü íåâîçìóùåííîãî ïîòîêà, T0 è ρ0 � òåìïåðàòóðà è ïëîòíîñòü íà
âõîäå, ìàñøòàá âðåìåíè t0−H/V0, äëÿ äàâëåíèÿ P è óïðóãîñòè íàñûùåíèÿ E0−ρ0RT0. Çäåñü
KM , KH , Kq � áåçðàçìåðíûå êîýôôèöèåíòû òóðáóëåíòíîé âÿçêîñòè, ñâÿçàííûå ìåæäó ñîáîé
ñëåäóþùèì îáðàçîì: KM = 1

Re , Re = V0H
ν , KH = KM/Pr, Kq = KM/Sc, Lc− óäåëüíàÿ òåïëîòà

êîíäåíñàöèè, ∆− ñêîðîñòü êîíäåíñàöèè âîäÿíîãî ïàðà, qv− óäåëüíàÿ âëàæíîñòü, qc− óäåëüíàÿ
âîäíîñòü îáëàêà, qvs− óäåëüíàÿ âëàæíîñòü íàñûùåíèÿ, q− óäåëüíîå âëàãîñîäåðæàíèå. Îñòàëü-
íûå îáîçíà÷åíèÿ � îáùåïðèíÿòûå. Òóðáóëåíòíîñòü îïèñûâàåòñÿ ïðîñòåéøåé K-ìîäåëüþ.

Îñíîâíûå òðóäíîñòè, âîçíèêàþùèå ïðè ÷èñëåííîì èíòåãðèðîâàíèè ñèñòåìû óðàâíåíèé (1)�
(5) ïðè ìàëûõ ÷èñëàõ Ìàõà, óêàçàíû è èññëåäîâàíû â ðàáîòàõ [1�3]. Äëÿ èõ óñòðàíåíèÿ îñó-
ùåñòâëÿåòñÿ ïðåîáðàçîâàíèå, êîòîðîå îñíîâûâàåòñÿ íà ïðåäñòàâëåíèè èñêîìûõ âåëè÷èí, èçìå-
íÿþùèõñÿ â íåêîòîðûõ íåîïðåäåëåííûõ ïðåäåëàõ, ê äðóãèì ïåðåìåííûì, èçìåíåíèå êîòîðûõ
çàâåäîìî ïðîèñõîäèò â èíòåðâàëå ïîðÿäêà åäèíèöû. Âìåñòå ñî ñëàáî èçìåíÿþùèìñÿ â âîç-
äóøíîì ïîòîêå áåçðàçìåðíûì ñòàòè÷åñêèì äàâëåíèåì P ∗

(
∂P ∗
∂z = −γM2

Fr ρ∗
)
ââîäèòñÿ áåçðàç-

ìåðíîå äèíàìè÷åñêîå äàâëåíèå P̄ (îòíåñåííîå ê óäâîåííîìó íàïîðó � ρ0V
2
0 ), èçìåíÿþùååñÿ â

ïðåäåëàõ îò íóëÿ äî çíà÷åíèÿ ïîðÿäêà åäèíèöû: P̄ = P−P ∗
γM2 . Òîãäà ïîëíîå äàâëåíèå èìååò âèä:

P = γM2P̄ + P ∗.
Âî èçáåæàíèå òðàäèöèîííîãî ïðåîáðàçîâàíèÿ óðàâíåíèé â ñèñòåìó êîîðäèíàò, ñâÿçàííóþ ñ

ïðîôèëåì îáòåêàåìîãî ïðåïÿòñòâèÿ, äëÿ ðåøåíèÿ ñèñòåìû (1)�(5) ïðèìåíÿåòñÿ ìåòîä ôèêòèâ-
íûõ îáëàñòåé ñ ïðîäîëæåíèåì ïî ìëàäøèì êîýôôèöèåíòàì â ðàñøèðåííîé îáëàñòè. Ïðè ýòîì
ðàññìàòðèâàåìàÿ îáëàñòü Ω1 äîïîëíÿåòñÿ äî ïðÿìîóãîëüíèêà Ω = {0 ≤ x ≤ L, 0 ≤ z ≤ H}, ãäå
L− äëèíà îáëàñòè.

Ïîñëå ýòèõ ìîäèôèêàöèé ñèñòåìà (1)�(5), îïèñûâàþùàÿ ñóùåñòâåííî äîçâóêîâûå òå÷åíèÿ,
ïðåîáðàçóåòñÿ ê âèäó

d (uρ)ε

dt
= −∂P̄ ε

∂x
+ KM∆bu

ε − ξρε (uε − uε
nx) ,

d (wρ)ε

dt
= −∂P̄ ε

∂z
+ KM∆bw

ε +
(ρ∗ − ρε)

Fr
− ξρε (wε − wε

nz) ,

ρε dT ε

dt
=

γ − 1
γ

d
(
γM2P̄ ε + P ∗)

dt
+ KH∆bT

ε − ρεLc∆− ξρε (T ε − T ε
0 ) , (7)

∂uε

∂x
+

∂wε

∂z
= − 1

ρε

∂ρε

∂t
− V ε

ρε
grad ρε,

Ìàòåìàòè÷åñêèé æóðíàë 2003. Òîì 3. � 2 (8)
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dqε

dt
= Kq∆bq

ε − ξ (qε − qε
0) ,

ρε =
γM2P̄ ε + P ∗

T ε (1 + 0, 61qε
v) (1− qε

c) ,

ãäå ξ =





0 , ïðè (x, z) ∈ Ω1,

ε−2 , ïðè (x, z) ∈ Ω/Ω1,
ε > 0 � ìàëûé ïàðàìåòð, uε

nx, wε
nz, T ε

0 , qε
0 � ñîñòàâ-

ëÿþùèå ñêîðîñòè, òåìïåðàòóðà è óäåëüíîå âëàãîñîäåðæàíèå íà ïðåïÿòñòâèè, ñîîòâåòñòâåííî.
Ïîñòàíîâêà íà÷àëüíûõ è ãðàíè÷íûõ óñëîâèé. Â íà÷àëüíûé ìîìåíò âðåìåíè ãàç íàõî-

äèòñÿ â ñîñòîÿíèè ïîêîÿ, íà÷àëüíîå ðàñïðåäåëåíèå òåìïåðàòóðû ïî÷òè íå èçìåíÿåòñÿ ñ âûñî-
òîé (ñóõîóñòîé÷èâàÿ èçîòåðìè÷åñêàÿ àòìîñôåðà): T = 1−mz, m = 0.01, ãäå m− âåðòèêàëüíûé
ãðàäèåíò òåìïåðàòóðû. Ïðè ýòîì íà÷àëüíûå ðàñïðåäåëåíèÿ ïëîòíîñòè è ãèäðîñòàòè÷åñêîãî
äàâëåíèÿ èçìåíÿþòñÿ ïî ýêñïîíåíöèàëüíîìó çàêîíó âèäà

P ∗ = exp
(
−γM2

Fr
z

)
, ρ = exp

(
−γM2

Fr
z

)
. (8)

Òîãäà óäåëüíîå âëàãîñîäåðæàíèå ñ âûñîòîé âîçðàñòàåò ïî çàêîíó q = RH qvs, ãäå RH− çàäàííàÿ
îòíîñèòåëüíàÿ âëàæíîñòü, qvs îïðåäåëÿåòñÿ ïî ñîîòâåòñòâóþùèì çíà÷åíèÿì òåìïåðàòóðû è
ãèäðîñòàòè÷åñêîãî äàâëåíèÿ ïî ôîðìóëå qvs = 0, 622 E0 exp (17, 27 (T − 1) /T ) /P.

Íà âõîäå çàäàí ëèíåéíûé ðîñò ïîëÿ ñêîðîñòè ïî âðåìåíè u = 2t , w = 0 äî ìîìåíòà t = 0, 5.
Äàëåå ñêîðîñòü ïðèíèìàåòñÿ ïîñòîÿííîé u = 1 , w = 0. Îñòàëüíûå óñëîâèÿ ñëåäóþùèå

T = 1−mz, q = RH qvs, ρ = exp
(
−γM2

Fr
z

)
. (9)

Íà íèæíåé è âåðõíåé ãðàíèöå óñëîâèÿ äëÿ ïîëÿ ñêîðîñòè ñîâïàäàþò ñ óñëîâèÿìè íà âõîäå,
äëÿ òåìïåðàòóðû è âëàæíîñòè îíè èìåþò âèä

∂f

∂z
= 0, f = [T, q]. (10)

Íà ïîâåðõíîñòè îáòåêàåìîãî òåëà

u = 0, w = 0, T = 1−mz, q = RHqvs. (11)

Íà âûõîäå ïðèíÿòû ìÿãêèå ãðàíè÷íûå óñëîâèÿ

w = 0,
∂f

∂x
= 0, f = [u, T, q]. (12)

Çàäà÷à (7) ñ íà÷àëüíûìè è ãðàíè÷íûìè óñëîâèÿìè (8)-(12) ðåøàåòñÿ ÷èñëåííî, îïèñàíèå
ìåòîäà ïðèâåäåíî â ðàáîòå [4].

Àíàëèç ïîëó÷åííûõ ðåçóëüòàòîâ. Ðàñ÷åòû ïðîâîäèëèñü â ñëåäóþùåì äèàïàçîíå ïà-
ðàìåòðîâ: 0, 0022 ≤ M ≤ 0, 0387; 0, 0045 ≤ Fr ≤ 0, 0095; KM = 0, 0012; Pr = Sc = 0, 71;
0, 16 ≤ E0 ≤ 1, 5; 0, 5 ≤ Lc ≤ 1.5; 0 ≤ RH ≤ 0, 9. Ðàñ÷åòíàÿ ñåòêà ñîñòîèò èç (215õ61) ÿ÷ååê
ñ øàãàìè hx = 0, 035 , hz = 0, 025 è øàãîì ïî âðåìåíè τ = 0, 0025.

Â êà÷åñòâå ïðåïÿòñòâèé áûëè ïðèíÿòû:
1) z = c ± (

b2 − x2/a2
)

1/2 - öèëèíäðè÷åñêîå òåëî êðóãëîé ôîðìû, ãäå c = 0, 75, a2 =
0, 04, b2 = 0, 04 .
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2)z = c ± k (x− a) - öèëèíäðè÷åñêîå òåëî òðåóãîëüíîé ôîðìû, ãäå c = 0, 75, k = 0, 5,
a = 2, 05.

Çäåñü äëÿ ïðîñòîòû öèëèíäðè÷åñêîå òåëî êðóãëîé ôîðìû áóäåì íàçûâàòü öèëèíäðîì, à
öèëèíäðè÷åñêîå òåëî òðåóãîëüíîé ôîðìû � òðåóãîëüíèêîì.

Íèæå èçëîæåíû ðåçóëüòàòû ÷èñëåííîãî ýêñïåðèìåíòà ïî èññëåäîâàíèþ âëèÿíèÿ ôîðìû òå-
ëà íà ïðîöåññ âèõðåîáðàçîâàíèÿ ïðè îáòåêàíèè îäèíî÷íîãî òåëà ïîòîêîì òóðáóëåíòíîãî âëàæ-
íîãî âîçäóõà.

Íà ðèñóíêàõ 1 (öèëèíäð) è 2 (òðåóãîëüíèê) ïðèâåäåíû ýâîëþöèè âèõðåîáðàçîâàíèÿ (èçî-
ëèíèè çàâèõðåííîñòè) ïðè Re = 800, M = 0, 026, Fr = 0, 007, Lc = 0, 5, RH = 0, 9, E0 = 0.16,
m = 0.01, H = 1, 5.

Êàê âèäíî èç ðèñóíêîâ, â îáîèõ ñëó÷àÿõ íàáëþäàåòñÿ íåñòàöèîíàðíàÿ êàðòèíà òå÷åíèÿ.
Òàê, ïðè îáòåêàíèè öèëèíäðà â íà÷àëüíûé ìîìåíò âðåìåíè ïîä äåéñòâèåì ïðîöåññà äèôôóçèè
îáðàçóþòñÿ äâà ñèììåòðè÷íî ðàñïîëîæåííûõ âäîëü îñè òåëà âèõðÿ ïðîòèâîïîëîæíûõ çíàêîâ
(âåðõíèé - ñ îòðèöàòåëüíûì çíàêîì, íèæíèé - ñ ïîëîæèòåëüíûì), äèàìåòð êîòîðûõ ïî÷òè â
äâà ðàçà ìåíüøå ïîïåðå÷íûõ ðàçìåðîâ îáòåêàåìîãî òåëà (ðèñ.1,à). Ñ òå÷åíèåì âðåìåíè âåðõíèé
âèõðü ïðèîáðåòàåò óäëèíåííóþ ôîðìó, ñóùåñòâåííî óâåëè÷èâàÿñü â ðàçìåðàõ, âûòåñíÿåò íèæ-
íèé, âñëåäñòâèå ÷åãî è ïðîèñõîäèò åãî ñõîä (ðèñ.1,á). Ïîñëå ýòîãî âçàìåí îòîðâàâøåãîñÿ âèõðÿ
îáðàçóåòñÿ íîâûé óæå â íèæíåé ïîëóïëîñêîñòè, êîòîðûé, òàêæå óâåëè÷èâàÿñü, ñïîñîáñòâóåò
îòðûâó âåðõíåãî âèõðÿ (ðèñ.1,â). Çàòåì âíîâü íà÷èíàåòñÿ ôîðìèðîâàíèå âåðõíåãî âèõðÿ, âû-
òåñíÿþùåãî ñ òå÷åíèåì âðåìåíè íèæíèé (ðèñ.1,ã). Òàêèì îáðàçîì, ïðîèñõîäèò ïåðèîäè÷åñêèé
îòðûâ âèõðåé (ðèñ.1,â-ä), ïðèâîäÿùèé ñî âðåìåíåì ê âèõðåâîé äîðîæêå, ñîñòîÿùåé èç âåðõíåé
è íèæíåé ñåðèè âèõðåé (ðèñ.1,ã).

Ïðè îáòåêàíèè òðåóãîëüíèêà (ðèñ.2) êàê è â ïðåäûäóùåì ñëó÷àå â íà÷àëüíûé ìîìåíò âðå-
ìåíè çà òåëîì îáðàçóþòñÿ âèõðè ïðîòèâîïîëîæíûõ çíàêîâ (ðèñ.2,à), ðàçìåðû êîòîðûõ ñîèç-
ìåðèìû ñ ðàçìåðàìè îáòåêàåìîãî òåëà. Êàðòèíà ñõîäà âèõðåé àíàëîãè÷íà îòðûâó âèõðåé çà
öèëèíäðîì (ò.å. âåðõíèé âèõðü, óâåëè÷èâàÿñü ñî âðåìåíåì, âûòåñíÿåò íèæíèé è, íàîáîðîò).
Êàê ñëåäóåò èç ñðàâíåíèÿ ðèñóíêîâ 1-2, îòëè÷èòåëüíîé îñîáåííîñòüþ îáòåêàíèÿ òðåóãîëüíèêà
ÿâëÿåòñÿ òî, ÷òî ðàçìåðû âèõðåâîãî ñëåäà áîëüøå, ñîîòâåòñòâåííî, çàâèõðåííîñòü â îäèí è òîò
æå ìîìåíò âðåìåíè äëÿ òðåóãîëüíèêà ðàñïðîñòðàíÿåòñÿ íà áîëüøåå ðàññòîÿíèå âíèç ïî ïîòîêó,
÷òî ñâèäåòåëüñòâóåò î òîì, ÷òî òðåóãîëüíèê ÿâëÿåòñÿ ïëîõî îáòåêàåìûì òåëîì.

Íà ðèñ.3-4 ïðèâåäåíû ðàñïðåäåëåíèÿ ïîëåé âåêòîðà ñêîðîñòè. Âèäíî, ÷òî è âîçìóùåíèÿ
ñêîðîñòåé äëÿ òðåóãîëüíèêà (ðèñ.4) ðàñïðîñòðàíÿþòñÿ òàêæå íà áîëüøåå ðàññòîÿíèå âíèç ïî
ïîòîêó.

Èçìåíåíèå èíòåíñèâíîñòè çàâèõðåííîñòè âèõðåâîãî ñëåäà âî âðåìåíè ìîæíî ïðîñëåäèòü èç
ðèñóíêà 5, ãäå ïðåäñòàâëåíû ïîëîæèòåëüíàÿ G+(òîíêàÿ ëèíèÿ) è îòðèöàòåëüíàÿ G−(æèðíàÿ
ëèíèÿ) ñîñòàâëÿþùèå ñóììàðíîãî ïîòîêà çàâèõðåííîñòè. Ýòè ñîñòàâëÿþùèå âû÷èñëåíû ïó-
òåì èíòåãðèðîâàíèÿ çàâèõðåííîñòè ïî ó÷àñòêó âèõðåâîãî ñëåäà S1, ãäå G+ =

∫
ω+dS, G− =∫ |ω−|dS. Ó÷àñòîê S1 âûáèðàåòñÿ êàê ïðÿìîóãîëüíèê âûñîòîé H è äëèíîé, ðàâíîé ðàññòîÿíèþ

îò òî÷êè, îòñòîÿùåé îò òåëà íà 4hx, äî òî÷êè, îòñòîÿùåé îò òåëà íà x = L. Èç ðèñóíêà ñëåäó-
åò, ÷òî ïîìèìî áîëüøåé äëèíû âèõðåâîãî ñëåäà çà òðåóãîëüíèêîì, çàâèõðåííîñòè ïðåâûøàþò
çàâèõðåííîñòè çà öèëèíäðîì.

Íèæå ïðèâîäÿòñÿ ðåçóëüòàòû ÷èñëåííîãî èññëåäîâàíèÿ âëèÿíèÿ íà âèõðåâîé ñëåä ðàññòî-
ÿíèÿ ìåæäó òåëàìè ïðè îáòåêàíèè äâóõ òåë òðåóãîëüíîé ôîðìû, ðàñïîëîæåííûõ òàíäåìîì.
Êàê ñëåäóåò èç ðèñóíêà è êàê áûëî ðàíåå óêàçàíî, ïðè îáòåêàíèè îäíîãî òðåóãîëüíèêà (ðèñ.6,à,
H = 2) âîçíèêàåò òå÷åíèå òèïà âèõðåâîé äîðîæêè Êàðìàíà. Ïðè îáòåêàíèè äâóõ òðåóãîëüíè-
êîâ, ðàñïîëîæåííûõ íà ðàññòîÿíèè `x = 3d; 3, 5d (d = 0, 4 � âûñîòà òðåóãîëüíèêà, `x � ïðî-
äîëüíîå ðàññòîÿíèå ìåæäó öåíòðàìè òåë) ñ íóëåâûì óãëîì âûíîñà (âûíîñ îïðåäåëÿåòñÿ óãëîì
ìåæäó ëèíèåé, ïðîõîäÿùåé ÷åðåç îñè òåëà, è íàïðàâëåíèåì ïîòîêà), ïîòîê, îòîðâàâøèéñÿ îò
ïåðåäíåãî òðåóãîëüíèêà, ïðèñîåäèíÿåòñÿ ê çàäíåìó ïðåïÿòñòâèþ, â ðåçóëüòàòå ÷åãî çàòðóä-
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íÿåòñÿ ñõîä âèõðåé ñ ïåðåäíåãî òåëà (ðèñ.6,á,â). Ïðè óäàëåíèè òåë íà ðàññòîÿíèå `x = 5, 5d
(ðèñ.6,ã) âîçìóùåíèÿ çà îáîèìè òåëàìè óâåëè÷èâàþòñÿ è, êàê âèäíî èç ðèñóíêà, âèõðåâîé ñëåä
çà ïåðâûì ïðåïÿòñòâèåì, ðàñïðîñòðàíÿÿñü âíèç ïî ïîòîêó, âçàèìîäåéñòâóåò ñ òå÷åíèåì âáëè-
çè âòîðîãî ïðåïÿòñòâèÿ, âûçûâàÿ óâåëè÷åíèå àìïëèòóäû çà íèì. Î÷åâèäíî, â ýòîì ñëó÷àå
ïðîèñõîäèò èíòåðôåðåíöèÿ çàâèõðåííîñòè. Â ðåçóëüòàòå ýòîé èíòåðôåðåíöèè âèõðåâîé ñëåä
óâåëè÷èâàåòñÿ, ïðèâîäÿ ê ýôôåêòó ðåçîíàíñà. Ýòîò ðåçóëüòàò îçíà÷àåò, ÷òî õàðàêòåðèñòèêè
ïîòîêà çàâèñÿò îò ôàçû ïîäâåòðåííûõ âîçìóùåíèé, âûçâàííûõ ïåðâûì ïðåïÿòñòâèåì è ìåñòî-
ïîëîæåíèåì âòîðîãî ïðåïÿòñòâèÿ.

Â çàêëþ÷åíèå îòìåòèì, ÷òî ÷èñëåííûé àíàëèç ïîçâîëèë âûÿâèòü îñíîâíûå çàêîíîìåðíîñòè
îáðàçîâàíèÿ âèõðåé, â ÷àñòíîñòè, âèõðåâóþ äîðîæêó Êàðìàíà ïðè îáòåêàíèè ïîòîêîì ñæèìà-
åìîãî ãàçà îäèíî÷íîãî òåëà, è âëèÿíèå ôîðìû ïðåïÿòñòâèÿ íà âèõðåâîé ñëåä çà òåëîì. Âûÿâ-
ëåííûé ýôôåêò "ðåçîíàíñà"ñïîñîáñòâóåò ïîíèìàíèþ çàêîíîìåðíîñòåé âçàèìîäåéñòâèÿ âèõðåé,
âîçíèêàþùèõ ïðè îáòåêàíèè ïîòîêîì ñæèìàåìîãî ãàçà äèñêðåòíî ðàñïîëîæåííûõ òåë ñ ðàç-
ëè÷íûìè óãëàìè âûíîñà.
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Ðèñ. 1: Ðàñïðåäåëåíèå çàâèõðåííîñòè
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Ðèñ. 2: Ðàñïðåäåëåíèå çàâèõðåííîñòè
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Ðèñ. 3: Ïîëå âåêòîðà ñêîðîñòè
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Ðèñ. 4: Ïîëå âåêòîðà ñêîðîñòè
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Ðèñ. 5: Ðàñïðåäåëåíèå èíòåíñèâíîñòè çàâèõðåííîñòè ïîëîæèòåëüíûõ (òîíêàÿ ëèíèÿ) è îòðèöà-
òåëüíûõ (æèðíàÿ ëèíèÿ) ñîñòàâëÿþùèõ ïîòîêà çà îäèíî÷íûì òåëîì (ñïëîøíîé ëèíèåé - ïðè
îáòåêàíèè öèëèíäðà, ïóíêòèðíîé ëèíèåé - ïðè îáòåêàíèè òðåóãîëüíèêà)

Ðèñ. 6: Ïîëå âåêòîðà ñêîðîñòè
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ÓÄÊ 517.956

Î ÇÀÄÀ×Å ÁÈÖÀÄÇÅ-ÑÀÌÀÐÑÊÎÃÎ ÄËß ÂÎËÍÎÂÎÃÎ
ÓÐÀÂÍÅÍÈß

Ñ. Ò. Àõìåòîâà

Þæíî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ì.Î.Àóýçîâà
ã. Øûìêåíò, ïð. Òàóêå-õàíà, 5

Èññëåäîâàíû ñïåêòðàëüíûå ñâîéñòâà äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñ îòêëîíÿþùèìèñÿ àðãóìåí-
òàìè. Ðåçóëüòàòû ïðèìåíåíû â çàäà÷å Áèöàäçå-Ñàìàðñêîãî äëÿ âîëíîâîãî óðàâíåíèÿ.

Â ðàáîòå [1] À.Â.Áèöàäçå è À.À.Ñàìàðñêèé äîêàçàëè ñóùåñòâîâàíèå è åäèíñòâåííîñòü êëàñ-
ñè÷åñêîãî ðåøåíèÿ ýëëèïòè÷åñêîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà ñ êðàåâûìè óñëîâèÿìè, ñâÿçû-
âàþùèìè çíà÷åíèå èñêîìîé ôóíêöèè íà êóñêå S ãðàíèöû ∂Q ñî çíà÷åíèÿìè íà ýòîì æå êóñêå,
íî ñäâèíóòîì âíóòðü îáëàñòè, ïðè÷åì íà ∂Q,S çàäàâàëèñü óñëîâèÿ Äèðèõëå. Â ðàáîòàõ [2], [3]
áûëà óñòàíîâëåíà åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé âòîðî-
ãî ïîðÿäêà ñ êðàåâûìè óñëîâèÿìè óêàçàííîãî âèäà, âêëþ÷àþùèìè òàêæå êîñóþ ïðîèçâîäíóþ.
Â ðàáîòàõ [4], [5] ðàññìàòðèâàëèñü îáîáùåííûå ðåøåíèÿ ýëëèïòè÷åñêèõ óðàâíåíèé ïîðÿäêà
2p, óäîâëåòâîðÿþùèå îáùèì ãðàíè÷íûì óñëîâèÿì, ñâÿçûâàþùèì ñëåäû èñêîìîé ôóíêöèè è
åå ïðîèçâîäíûõ íà âñåé ãðàíèöå ∂Q ñ èõ ñëåäàìè íà ãëàäêîì ìíîãîîáðàçèè áåç êðàÿ Γ ⊂ Q.
Äîêàçàíà íåòåðîâîñòü óêàçàííûõ êðàåâûõ çàäà÷. Åñòåñòâåííûì îáîáùåíèåì êðàåâîé çàäà÷è
À.Â.Áèöàäçå - À.À.Ñàìàðñêîãî ÿâëÿåòñÿ òîò ñëó÷àé, êîãäà ñëåä èñêîìîé ôóíêöèè íà íåêî-
òîðûõ êóñêàõ ãðàíèöû ðàâåí ëèíåéíîé êîìáèíàöèè ñëåäîâ íà òåõ æå êóñêàõ, íî ñäâèíóòûõ
âíóòðü îáëàñòè. Â ðàáîòå [6] äîêàçàíû äèñêðåòíîñòü è ïîëóîãðàíè÷åííîñòü ñïåêòðà ýëëèïòè÷å-
ñêîãî îïåðàòîðà ñ óêàçàííûìè êðàåâûìè óñëîâèÿìè. Â îòëè÷èå îò óðàâíåíèé ýëëèïòè÷åñêîãî
òèïà ñïåêòðàëüíûå âîïðîñû êðàåâûõ çàäà÷ äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ÿâëÿþòñÿ ìàëî
èçó÷åííûìè. Çäåñü ñëåäóåò îòìåòèòü ðåçóëüòàòû Êàëüìåíîâà Ò.Ø., êîòîðûå îòðàæåíû â [7,8].

Ïóñòü Ω ⊂ R2 � êîíå÷íàÿ îáëàñòü, îãðàíè÷åííàÿ îòðåçêàìè AB: 0 ≤ x ≤ 1 îñè y = 0 è
õàðàêòåðèñòèêàìè AC: x + y = 0, BC: x− y = 1 óðàâíåíèÿ

Lu = uxx − uyy = f(x, y). (0.1)

Çàäà÷à Sa. Íàéòè ðåøåíèå óðàâíåíèÿ (0.1), óäîâëåòâîðÿþùåãî óñëîâèþ

u
∣∣∣
AB

= 0, (0.2)

Keywords: problem of Bisadze-Samarsky, wave equation
2000 Mathematics Subject Classi�cation: 35L20
c
 Ñ. Ò. Àõìåòîâà, 2003.
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u
∣∣∣
AC:x+y=0,x−y=t

= a · u
∣∣∣
BC:x−y=1,x+y=t

, t ∈ [0, 1], (0.3)

ãäå a � ïðîèçâîëüíîå êîìïëåêñíîå ÷èñëî.
Èìååò ìåñòî

Òå î ð åì à 1. Çàäà÷à Sa ÿâëÿåòñÿ ðåãóëÿðíîé òîëüêî ïðè a 6= −1 è ñàìîñîïðÿæåííîé
òîãäà è òîëüêî òîãäà, êîãäà ïðè |a| = 1, a 6= −1. Ïðè a 6= −1 äëÿ ëþáîé f ∈ L2(Ω) ðåøåíèè
ýòîé çàäà÷è ïðèíàäëåæèò W 1

2 (Ω).

Çàäà÷à Tα. Íàéòè ðåøåíèå óðàâíåíèÿ (0.1), óäîâëåòâîðÿþùåå óñëîâèþ

u
∣∣∣
AB

= 0, (0.4)

ϕ(y) = αψ(y), −1
2
≤ y ≤ 0, (0.5)

ãäå ϕ(y) = u
∣∣∣
AC

= u(−y, y), ψ(y) = u
∣∣∣
BC

= u(1 + y, y), α � ïðîèçâîëüíîå êîìïëåêñíîå ÷èñëî.

Òå î ð åì à 2. Çàäà÷à Tα îäíîçíà÷íî ñèëüíî ðàçðåøèìà, åñëè è òîëüêî åñëè α2 6= 1. Åñëè
α2 6= 1, òî äëÿ ëþáîé f ∈ L2(Ω) ñóùåñòâóåò åäèíñòâåííîå ñèëüíîå ðåøåíèå u(x, y) çàäà÷è Tα,
u ∈ W 1

2 (Ω) ∩ C(Ω) è óäîâëåòâîðÿåò íåðàâåíñòâó

||u||1 ≤ C · ||f ||0. (0.6)

Êðîìå òîãî, åñëè α2 6= 1, òî îïåðàòîð L−1
Tα

âîëüòåððîâ è ëþáîé ýëåìåíò u ∈ D(LTα) óäîâëåò-
âîðÿåò íåðàâåíñòâó

||u||0 ≥ C · ||u||1, u ∈ D(LTα).

Çäåñü LTα - çàìûêàíèå â L2(Ω) äèôôåðåíöèàëüíîãî îïåðàòîðà (0.1) íà ïîäìíîæåñòâå ôóíêöèé
u ∈ C2(Ω), óäîâëåòâîðÿþùèõ óñëîâèþ (0.4), (0.5).

Çàäà÷à Kα. Íàéòè ðåøåíèå óðàâíåíèÿ (0.1), óäîâëåòâîðÿþùåå óñëîâèÿì

ux |AB= uy |AB= 0, (0.7)

u(Dα) = 0, (0.8)

ãäå òî÷êà Dα

(
0 ≤ α ≤ 1

2

)
èìååò êîîðäèíàòû (α,−α), åñëè ëåæèò íà ÀÑ è - (1 − α,−α), åñëè

ëåæèò íà ÂÑ.

Òå î ð åì à 3. Ïóñòü α > 0. Òîãäà çàäà÷è Kα è Tα (ñîïðÿæåííàÿ) íå ÿâëÿþòñÿ âîëüòåð-
ðîâûìè. Ñîáñòâåííûå çíà÷åíèÿ çàäà÷ ïîëîæèòåëüíû è âûðàæàþòñÿ ôîðìóëîé

λk =
(2k + 1

2α

)2
, k = 0, 1, 2, ...

Ñîáñòâåííûå ôóíêöèè çàäà÷ Kα è Tα íå ïîëíû â L2(Ω) è èìåþò âèä

uk(x, y) = cos
(2k + 1

2α
πy

)
, k = 0, 1, 2, ..., (0.9)

vk(x, y) = Θ(2α− x + y)J0(
√

λk(x + y)(2α− x + y)), (0.10)

ñîîòâåòñòâåííî. Çäåñü J0(z) � ôóíêöèÿ Áåññåëÿ, Θ(t) � ôóíêöèÿ Õåâèñàéäà.
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Â íàñòîÿùåé ðàáîòå ðàññìîòðåíà êðàåâàÿ çàäà÷à òèïà À.Â.Áèöàäçå-À.À.Ñàìàðñêîãî äëÿ
âîëíîâîãî óðàâíåíèÿ. Ïðè ýòîì îáíàðóæåíà åå ñâÿçü ñî ñïåêòðàëüíîé òåîðèåé äèôôåðåíöèàëü-
íûõ îïåðàòîðîâ ñ îòêëîíÿþùèìèñÿ àðãóìåíòàìè.

Ðàññìîòðèì çàäà÷ó Êîøè

y′ = λy(α− x), x ∈ [0, 1], (1)

y(0) = 0, (2)

ãäå 0 < α < 1 � íåêîòîðîå ôèêñèðîâàííîå ÷èñëî, λ � êîìïëåêñíûé ñïåêòðàëüíûé ïàðàìåòð.
Îáùåå ðåøåíèå óðàâíåíèÿ (1) èìååò âèä

y = K[sinλx + cosλ(α− x)].

Ïîýòîìó èç óñëîâèÿ (2) ïîëó÷èì K cosλα = 0. Òàê êàê K 6= 0, òî cosλα = 0, λα = π
2 + nπ.

Ñëåäîâàòåëüíî, ñîáñòâåííûìè çíà÷åíèÿìè çàäà÷è (1), (2) ÿâëÿþòñÿ ÷èñëà

λn =
π(2n + 1)

2α
, n = 0,±1,±2,±3, ..., (3)

à ñîîòâåòñòâóþùèå èì ñîáñòâåííûå ôóíêöèè -

yn(x) = Kn

[
sin

π(2n + 1)
2α

x + cos
π(2n + 1)

2α
(α− x)

]
. (4)

Ïðåîáðàçóåì âòîðîå ñëàãàåìîå

cos
π(2n + 1)

2α
(α− x) = cos

[π(2n + 1)
2

− π(2n + 1)
2α

x
]

=

= cos
π(2n + 1)

2
cos

π(2n + 1)
2α

x + sin
π(2n + 1)

2
sin

π(2n + 1)
2α

x = (−1)n sin
π(2n + 1)

2α
x.

Òîãäà
yn(x) = Kn[1 + (−1)n] sin

π(2n + 1)
2α

x.

Ñëåäîâàòåëüíî, çà ñîáñòâåííûå ôóíêöèè çàäà÷è (1), (2) ìîæíî ïðèíÿòü ôóíêöèè

ym(x) = Km[1 + (−1)n] sin
π(4m + 1)

2α
x, (5)

ãäå Km - íåêîòîðûå ïîñòîÿííûå. Ôóíêöèè (5) íå ïîëíû â ïðîñòðàíñòâå L2(0, 1). Â ñàìîì äåëå,
ïðè 0 < α ≤ 1

4 ôóíêöèÿ

f(x) =
{

1, 0 ≤ x ≤ 4α,
0, 4α < x ≤ 1

îðòîãîíàëüíà êî âñåì ôóíêöèÿì (5).
Ôîðìàëüíî ïðîäèôôåðåíöèðîâàâ óðàâíåíèå (1) ïî "ïàðàìåòðó" α, ïîëó÷èì

∂2y

∂α∂x
= λy′α(α− x) = −λ2y, y(0) = 0, y′(α) = λy(0) = 0. (6)

Ïîñëåäíåå ðàâåíñòâî "ïîäñêàçûâàåò", ÷òî ôóíêöèè un(x, y) = yn(x+y) ÿâëÿþòñÿ ñîáñòâåííûìè
ôóíêöèÿìè íåêîòîðîé êðàåâîé çàäà÷è äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ. Â ñàìîì äåëå,

∂2un

∂x∂y
= −

(4n + 1
2α

)2
uα(x, y),

Ìàòåìàòè÷åñêèé æóðíàë 2003. Òîì 3. � 2 (8)
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un(x, y)
∣∣∣
x+y=0

= 0,
∂un

∂x

∣∣∣
x+y=α

=
∂un

∂y

∣∣∣
x+y=α

= cos
(
2nπ +

π

2

)
= 0,

ãäå un(x, y) = sin (4n+1)π
2α (x + y)

Èòàê, â òðåóãîëüíèêå ABC, îãðàíè÷åííîì îòðåçêàìè AC: x + y = 0, BC: y − x = 1 è AB:
y = 0, 0 ≤ x ≤ 1, DE :x + y = α, ðåøåíà êðàåâàÿ çàäà÷à äëÿ ãèïåðáîëè÷åñêîãî óðàíåíèÿ

uxy = −λ2u, (7)

u
∣∣∣
AC

= 0, (8)

ux

∣∣∣
DE

= uy

∣∣∣
DE

= 0. (9)

Çàìåòèì, ÷òî îòðåçîê DE íàõîäèòñÿ âíóòðè îáëàñòè õàðàêòåðèñòè÷åñêîãî òðåóãîëüíèêà ABC.
Ñôîðìóëèðóåì ïîëó÷åííûé ðåçóëüòàò.

Òå î ð åì à 4. Åñëè 0 < α < 1, òî êðàåâàÿ çàäà÷à

y′ = λy(α− x), y(0) = 0, x ∈ [0, 1] (10)

èìååò áåñêîíå÷íîå ìíîæåñòâî ñîáñòâåííûõ çíà÷åíèé è ñîîòâåòñòâóþùèõ èì ñîáñòâåííûõ
ôóíêöèé:

λn =
π(2n + 1)

2α
, n = 0,±1,±2,±3, ...,

yn = Kn[1 + (−1)n] sin
π(2n + 1)

2α
x.

Ïðè 0 < α ≤ 1
4 ñîáñòâåííûå ôóíêöèè íå ïîëíû â ïðîñòðàíñòâå L2(0, 1). Ôóíêöèè un(x, y) =

yn(x + y) ÿâëÿþòñÿ ðåøåíèåì êðàåâîé çàäà÷è

uxy = −λ2u, u
∣∣∣
AC

= 0, ux

∣∣∣
DE

= uy

∣∣∣
DE

= 0.
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ÍÅÊÎÒÎÐÛÕ ÔÓÍÊÖÈÎÍÀËÜÍÛÕ ÏÐÎÑÒÐÀÍÑÒÂ

ÑÌÅØÀÍÍÎÉ ÃËÀÄÊÎÑÒÈ.II

Ä. Á. Áàçàðõàíîâ

Èíñòèòóò ìàòåìàòèêè ÌÎ è Í ÐÊ
Àëìàòû, óë.Ïóøêèíà, 125 dauren@math.kz

Óñòàíîâëåíà òåîðåìà ïðåäñòàâëåíèÿ äëÿ ïðîñòðàíñòâ Ëèçîðêèíà-Òðèáåëÿ ñìåøàííîé ãëàä-
êîñòè. Ïîëó÷åíû íåêîòîðûå ýêâèâàëåíòíûå íîðìèðîâêè è òåîðåìû âëîæåíèÿ äëÿ ýòèõ ïðî-
ñòðàíñòâ. Äàíû äîïîëíèòåëüíûå õàðàêòåðèçàöèè ïðîñòðàíñòâ Íèêîëüñêîãî-Áåñîâà, ðàññìîò-
ðåííûõ â ïåðâîé ÷àñòè ðàáîòû.

6. Îïðåäåëåíèå ïðîñòðàíñòâà MFs
pq(Rd). Ïðåäëàãàåìàÿ çàìåòêà ÿâëÿåòñÿ ïðîäîëæå-

íèåì ðàáîòû [1] (ìû áóäåì èñïîëüçîâàòü îïðåäåëåíèÿ è îáîçíà÷åíèÿ, ââåäåííûå òàì, áåç äî-
ïîëíèòåëüíûõ ïîÿñíåíèé è ññûëàòüñÿ íà ðàáîòó [1] êàê íà ÷àñòü I; êðîìå òîãî, ìû ïðîäîëæèì
íóìåðàöèþ îïðåäåëåíèé, òåîðåì è ò.ä. ). Íàñòîÿùàÿ (âòîðàÿ) ÷àñòü ðàáîòû ïîñâÿùåíà, â îñíîâ-
íîì, èçó÷åíèþ ïðîñòðàíñòâ Ëèçîðêèíà-Òðèáåëÿ MFs

pq(Rd) : ïðåäëîæåí îäèí èç âîçìîæíûõ
âàðèàíòîâ îïðåäåëåíèÿ ýòèõ ïðîñòðàíñòâ, ïîëó÷åíû íåêîòîðûå òåîðåìû âëîæåíèÿ, à òàêæå
ðÿä ýêâèâàëåíòíûõ íîðìèðîâîê äëÿ íèõ. Êðîìå òîãî, â íåñêîëüêèõ ñëó÷àÿõ ïàðàëëåëüíî ïðè-
âîäÿòñÿ ýêâèâàëåíòíûå íîðìèðîâêè äëÿ èçó÷àâøèõñÿ â ÷àñòè I ïðîñòðàíñòâ MBs

pq(Rd).
Îïðåäåëèì "ñìåøàííûå" óñðåäíåííûå ëîêàëüíûå êîíå÷íûå ðàçíîñòè äëÿ ôóíêöèè f ∈

Lp( Rd) (p = (p1, . . . ,pn),pj ∈ [1, ∞]dj (j ∈ en), k ∈ Nn, ∅ 6= e ⊂ en) :

δk(e)( f ; t(e); x) = sup{
∏

j∈e

τ
−dj

j

∫

h(e)∈Rd(e):|hj |∞≤τj , j∈e

|∆k(e)(h(e))f | dh(e) : 0 < τj < tj j ∈ e },

t(e) ∈ R|e|+ , x ∈ Rd.

Îïð å ä å ë å í è å 3. Ïóñòü s = (s1, . . . , sn) ∈ [0, ∞)n, e? := e[s] 6= ∅, p = (p1, . . . ,pn),
pj ∈ [1, ∞)dj (j ∈ en), q(e?) = (qj , j ∈ e?) ∈ [1, ∞]|e?|. Ôèêñèðóåì k(e?) ∈ N|e?| òàêîå,

Keywords: Function space, mixed smoothness, representation by entire function of exponential type, equivalent norms,
embedding
2000 Mathematics Subject Classi�cation: 41A45, 26B40
c
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÷òî kj > sj (j ∈ e?). Ïðîñòðàíñòâî MFs
pq(e?) = MFs

pq(e?)( Rd) ñîñòîèò èç âñåõ ôóíêöèé
f ∈ Lp( Rd), äëÿ êîòîðûõ âûïîëíÿåòñÿ óñëîâèå

‖ δk(e)( f ; t(e); x) ·
∏

j∈e

t
−sj

j | L∗q(e) ‖ ∈ Lp( Rd) ∀ ∅ 6= e ⊂ e?;

íîðìà ôóíêöèè f ∈ MFs
pq(e?) îïðåäåëÿåòñÿ ðàâåíñòâîì

‖ f | MFs
pq(e?) ‖ = ‖ f | Lp ‖ +

∑

?6=e⊂e?

‖ ‖ δk(e)( f ; t(e); x) ·
∏

j∈e

t
−sj

j | L∗q(e) ‖ | Lp ‖; (5)

åñëè e? = en, òî MFs
pq(e?) =: MFs

pq.

Ç àì å ÷ à í è å 5. Îòìåòèì, ÷òî ñòàíäàðòíûå ðàññóæäåíèÿ ïîçâîëÿþò ëåãêî óñòàíî-
âèòü, ÷òî ôóíêöèîíàëû (1) (ñì. ÷àñòü I, îïðåäåëåíèå 1) è (5) äåéñòâèòåëüíî ÿâëÿþòñÿ íîð-
ìàìè è ÷òî ïðîñòðàíñòâà MBs

pq(e?) è MFs
pq(e?), ñíàáæåííûå, ñîîòâåòñòâåííî, íîðìàìè

(1) è (5), ÿâëÿþòñÿ áàíàõîâûìè ïðîñòðàíñòâàìè.

Ç àì å ÷ à í è å 6. Â [2, ãë.2] äàåòñÿ ñèñòåìàòè÷åñêîå èçëîæåíèå ðàçëè÷íûõ àñïåê-
òîâ òåîðèè ïðîñòðàíñòâ Sr

p,qB(R2) è Sr
p,qF (R2). Çäåñü r = (r1, r2) ∈ R2 (äîïóñêàþò-

ñÿ è íåïîëîæèòåëüíûå çíà÷åíèÿ êîîðäèíàò), p = (p1, p2) ∈ (0,∞]2 â ïåðâîì ñëó÷àå è
p = (p1, p2) ∈ (0,∞)2 âî âòîðîì, q = (q1, q2) ∈ (0,∞]2, êîòîðûå îïðåäåëÿþòñÿ íà îñíîâå
äåêîìïîçèöèîííîé òî÷êè çðåíèÿ (â ñëó÷àå êëàññè÷åñêèõ èçîòðîïíûõ ïðîñòðàíñòâ Br

pq(Rn)
è F r

pq(Rn) ñì. [3]) è áëèçêè ê ïðîñòðàíñòâàì MBs
pq(e?) è MFs

pq(e?) , ñîîòâåòñòâåííî, ïðè
n = 2, d = (1, 1), r = s, p = p, q = q, à ïðè äîïîëíèòåëüíûõ îãðàíè÷åíèÿõ íà âåêòîð s è
ñîâïàäàþò ñ íèìè (ñì. äàëåå çàìå÷àíèÿ 8 è 11; ñì. åùå [4], [5]).

7. Òåîðåìà ïðåäñòàâëåíèÿ äëÿ ïðîñòðàíñòâ MFs
pq. Â ýòîì ðàçäåëå ìû ñôîðìóëèðóåì

òåîðåìó ïðåäñòàâëåíèÿ äëÿ MFs
pq, êîòîðàÿ ÿâëÿåòñÿ îäíèì èç îñíîâíûõ èíñòðóìåíòîâ ïðè

èññëåäîâàíèè ýòèõ ïðîñòðàíñòâ.

Òå î ð åì à 7. Ïóñòü s ∈ [0, ∞)n, e? 6= ∅, q(e?) ∈ [1, ∞]|e?|, d ∈ Nn, p = (p1, . . . ,pn),
pj ∈ [1, ∞)dj (j ∈ en). Òîãäà ôóíêöèÿ f ∈ Lp( Rd) ïðèíàäëåæèò ïðîñòðàíñòâó MFs

pq(e?)

òîãäà è òîëüêî òîãäà, êîãäà îíà äîïóñêàåò ñõîäÿùååñÿ â Lp ïðåäñòàâëåíèå

f =
∑

m(e?)∈N|e?|
0

Qm(e?), Qm(e?) ∈ E(p, e?, 2m(e?)) (m(e?) ∈ N|e?|
0 ),

äëÿ êîòîðîãî âûïîëíÿåòñÿ óñëîâèå { 2(s,m(e?)) Qm(e?)(·) }m(e?)∈N|e?|
0

∈ Lp( lq(e?) ). Ïðè ýòîì
âåëè÷èíà

inf ‖ { 2(s,m(e?)) Qm(e?)(·) }m(e?)∈N|e?|
0

| Lp( lq(e?) ) ‖, (6)

ãäå íèæíÿÿ ãðàíü áåðåòñÿ ïî âñåâîçìîæíûì òàêèì ïðåäñòàâëåíèÿì, ýêâèâàëåíòíà íîðìå
‖ f | MBs

pq(e?) ‖. Áîëåå òîãî, íàéäåòñÿ ïîñëåäîâàòåëüíîñòü { Um(e?) }m(e?)∈N|e?|
0

ëèíåéíûõ
îïåðàòîðîâ Um(e?) : Lp( Rd ) → E(p, e?, 2m(e?)), íåïðåðûâíûõ èç Lp( Rd) â Lp( Rd),

(m(e?) ∈ N|e?|
0 ) òàêàÿ, ÷òî

f =
∑

m(e?)∈N|e?|
0

Um(e?)f,

ïðè÷åì
‖ f | MBs

pq(e?) ‖ ≈ ‖ { 2(s,m(e?)) Um(e?)f }m(e?)∈N|e?|
0

| lq(e?)( Lp ) ‖. (7)
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Ç àì å ÷ à í è å 7. Îòìåòèì, ÷òî îïåðàòîðû Um(e?), ôèãóðèðóþùèå â òåîðåìå 7, òå
æå, ÷òî è â òåîðåìå 1 ÷àñòè I.

Ç àì å ÷ à í è å 8. Äëÿ óïîìèíàâøèõñÿ â çàìå÷àíèè 6 ïðîñòðàíñòâ Sr
p,qB(R2) è Sr

p,qF (R2)
àíàëîãè÷íàÿ òåîðåìà ïðåäñòàâëåíèÿ ïðè äîïîëíèòåëüíîì îãðàíè÷åíèè íà âåêòîð r ïîëó÷åíà
â [2].

8. Ýêâèâàëåíòíûå íîðìèðîâêè äëÿ MBs
pq(e?)(Rd). Ïðåæäå âñåãî (êàê è â ÷àñòè I) îòìå-

òèì, ÷òî (êàê ñëåäóåò èç òåîðåìû 7) íîðìû (5), îòâå÷àþùèå ðàçíûì k(e?) > s(e?) (ñì. îïðåäå-
ëåíèå 3), ýêâèâàëåíòíû (è ôàêòè÷åñêè ïðîñòðàíñòâî MFs

pq(e?)(Rd) íå çàâèñèò îò òàêîãî k(e?)),
à òàêæå ÷òî âåëè÷èíà (6) è âûðàæåíèå ñïðàâà â (7) ÿâëÿþòñÿ íîðìàìè äëÿ MFs

pq(e?)(Rd), ýêâè-
âàëåíòíûìè èñõîäíîé. Â ñëåäóþùèõ òåîðåìàõ ïðèâîäÿòñÿ äðóãèå ýêâèâàëåíòíûå íîðìèðîâêè
äëÿ ýòèõ ïðîñòðàíñòâ.

Òå î ð åì à 8. Ïóñòü s ∈ [0, ∞)n, e? 6= ∅, q(e?) ∈ [1, ∞]|e?|, d ∈ Nn, p = (p1, . . . ,pn),
pj ∈ [1, ∞)dj (j ∈ en). Ïóñòü, äàëåå, r(e?) ∈ N|e?|

0 è k(e?) ∈ N|e?| òàêèå, ÷òî rj < sj <
rj + kj , j ∈ e?. Òîãäà ôóíêöèÿ f ∈ Lp ïðèíàäëåæèò ïðîñòðàíñòâó MFs

pq(e?)(Rd) òîãäà
è òîëüêî òîãäà, êîãäà äëÿ âñåõ α(e?) ∈ N|e?|

0 òàêèõ, ÷òî |αj | = rj , j ∈ e? è e ⊂ e?

ñóùåñòâóþò åå îáîáùåííûå ïðîèçâîäíûå ∂�(e)f ∈ Lp è âûïîëíåíî ñëåäóþùåå óñëîâèå

‖ ‖ δk(e)( ∂�(e)f ; t(e); x) ·
∏

j∈e

t
rj−sj

j | L∗q(e) || | Lp ‖ < ∞,

ïðè ýòîì ôóíêöèîíàë

‖ f | Lp ‖ +
∑

?6=e⊂e?

∑

�(e):|�j |=rj ,j∈e?

‖ ‖ δk(e)( ∂�(e)f ; t(e); x) ·
∏

j∈e

t
rj−sj

j | L∗q(e) || | Lp ‖

ÿâëÿåòñÿ íîðìîé äëÿ MFs
pq(e?), ýêâèâàëåíòíîé èñõîäíîé.

Ñëåäóþùàÿ òåîðåìà � àíàëîã òåîðåìû 3 ÷àñòè I äëÿ ïðîñòðàíñòâ MFs
pq.

Òå î ð åì à 9. Ïóñòü s ∈ (0, ∞)n, d ∈ Nn.

i) Ïðè p = (p1, . . . ,pn), pj ∈ (1,∞)dj (j ∈ en) è q ∈ (1,∞)n ôóíêöèÿ f ∈ Lp( Rd)
ïðèíàäëåæèò ïðîñòðàíñòâó MFs

pq òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ óñëîâèå
{ 2(s,m) Fm ∗ f }m∈Nn

0
∈ Lp( lq), ïðè÷åì

‖ f | MFs
pq ‖ ≈ ‖ { 2(s,m) Fm ∗ f }m∈Nn

0
| Lp( lq) ‖.

ii) Ïðè p = (p1, . . . ,pn), pj ∈ [1,∞)dj (j = 1, . . . , n) è q ∈ [1,∞]n ôóíêöèÿ f ∈ Lp( Rd)

ïðèíàäëåæèò ïðîñòðàíñòâó MFs
pq òîãäà è òîëüêî òîãäà, êîãäà âûïîëíÿåòñÿ óñëîâèå

{ 2(s,m) Gm ∗ f }m∈Nn
0
∈ lq( Lp), ïðè÷åì

‖ f | MFs
pq ‖ ≈ ‖ { 2(s,m) Gm ∗ f }m(∈Nn

0
| Lp( lq) ‖.

Ç àì å ÷ à í è å 9. Cðàâíèâàÿ óòâåðæäåíèå ÷àñòè i) ïðèâåäåííîé òåîðåìû è òåîðåìû 2.3
ðàáîòû [9], ìû ïîëó÷àåì îïèñàíèå ïðîñòðàíñòâ MFs

pq c d = (1, . . . , 1) ∈ Nn, q = 2d è p =
(p, . . . , p) ∈ (1,∞)n â òåðìèíàõ (ñìåøàííûõ) îáîáùåííûõ ïðîèçâîäíûõ â ñìûñëå Ëèóâèëëÿ.
Ýòî æå âåðíî è äëÿ ñëó÷àÿ ïðîèçâîëüíîãî p, óäîâëåòâîðÿþùåãî óñëîâèÿì òåîðåìû 9.
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Âûáåðåì ïðîèçâîëüíûå ôóíêöèè φj ∈ C2( Rdj ), j ∈ en ñ êîìïàêòíûìè íîñèòåëÿìè òàêèå,
÷òî ∫

Rdj

φj(xj)dxj 6= 0.

Òåïåðü îïðåäåëèì äëÿ f ∈ Lp, ∅ 6= e ⊂ en, m(e) ∈ N|e|0 è k ∈ N|e| ñëåäóþùèå ôóíêöèè

Φk(e)
m(e)f(x) = 2(m(e),k(e))

∫

Rd(e)

∆k(e)(h(e))f(x)
∏

j∈e

φj(2(m(e),k(e)) · hj) dh(e).

Òå î ð åì à 10. Ïóñòü s ∈ (0, ∞)n, d ∈ Nn.
i) Ïðè p = (p1, . . . ,pn), pj ∈ (1,∞)dj (j ∈ en) è q ∈ (1,∞)n äëÿ ôóíêöèè f ∈ Lp( Rd)

ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:
a) f ïðèíàäëåæèò ïðîñòðàíñòâó MFs

pq;

b) äëÿ âñåõ ∅ 6= e ⊂ en âûïîëíÿåòñÿ óñëîâèå { 2(s(e),m(e))Φk(e)
m(e)f(x) }

m(e)∈N|e|0

∈ Lp( lq(e)),
ïðè÷åì

‖ f | MFs
pq ‖ ≈ ‖ f | Lp ‖+

∑

? 6=e⊂en

‖ { 2(s(e),m(e))Φk(e)
m(e)f(x) }

m(e)∈N|e|0

| Lp( lq(e)) ‖;

c) äëÿ âñåõ ∅ 6= e ⊂ en âûïîëíÿåòñÿ óñëîâèå
{ 2(s(e),m(e))δk(e)( f ; 2−m(e); x) }

m(e)∈N|e|0

∈ Lp( lq(e)), ïðè÷åì

‖ f | MFs
pq ‖ ≈ ‖ f | Lp ‖+

∑

?6=e⊂en

‖ { 2(s(e),m(e))δk(e)( f ; 2−m(e); x) }
m(e)∈N|e|0

| Lp( lq(e)) ‖;

ii) Ïðè p = (p1, . . . ,pn), pj ∈ (1,∞)dj (j = 1, . . . , n) è q ∈ [1,∞]n äëÿ ôóíêöèè
f ∈ Lp( Rd) ñëåäóþùèå óñëîâèÿ ðàâíîñèëüíû:

a) f ïðèíàäëåæèò ïðîñòðàíñòâó MBs
pq;

b) äëÿ âñåõ ∅ 6= e ⊂ en âûïîëíÿåòñÿ óñëîâèå { 2(s(e),m(e))Φk(e)
m(e)f(x) }

m(e)∈N|e|0

∈ lq(e)( Lp),
ïðè÷åì

‖ f | MBs
pq ‖ ≈ ‖ f | Lp ‖+

∑

? 6=e⊂en

‖ { 2(s(e),m(e))Φk(e)
m(e)f(x) }

m(e)∈N|e|0

| lq(e)( Lp) ‖;

c) äëÿ âñåõ ∅ 6= e ⊂ en âûïîëíÿåòñÿ óñëîâèå
{ 2(s(e),m(e))δk(e)( f ; 2−m(e); x) }

m(e)∈N|e|0

∈ lq(e)( Lp), ïðè÷åì

‖ f | MBs
pq ‖ ≈ ‖ f | Lp ‖+

∑

?6=e⊂en

‖ { 2(s(e),m(e))δk(e)( f ; 2−m(e); x) }
m(e)∈N|e|0

| lq(e)( Lp) ‖.

Ç àì å ÷ à í è å 10. Òåîðåìû 3, 9 è 10 ÿâëÿþòñÿ àíàëîãàìè äëÿ ïðîñòðàíñòâ MBs
pq

è MFs
pq õàðàêòåðèçàöèé, ïîëó÷åííûõ äëÿ àíèçîòðîïíûõ ïðîñòðàíñòâ îáîáùåííîé ãëàäêî-

ñòè Ã.À.Êàëÿáèíûì (ñì. [6, òåîðåìà 1]); îòíîñèòåëüíî ïðîñòðàíñòâ ñìåøàííîé ãëàäêîñòè
Sr

p,qB(R2) è Sr
p,qF (R2) ñì. òàêæå [2, òåîðåìû 2.3.3 è 2.3.4].

Ïóñòü S(Rd), S ′(Rd) � ïðîñòðàíñòâàØâàðöà âñåõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ áûñòðî
óáûâàþùèõ êîìïëåêñíîçíà÷íûõ ôóíêöèé è ìåäëåííî ðàñòóùèõ ðàñïðåäåëåíèé (îáîáùåííûõ
ôóíêöèé) íà Rd, ñîîòâåòñòâåííî. Äëÿ t ∈ (0, 1), j ∈ N, f ∈ S ′(Rd), g ∈ S(Rd) îáîçíà÷èì
gt(x) = t−dg(x/t), gj(x) = g2−j (x), f̂ � ïðåîáðàçîâàíèå Ôóðüå ðàñïðåäåëåíèÿ f , à f ∗ g �
ñâåðòêà f è g.
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Âûáåðåì ôóíêöèè σ◦i , σi ∈ S(Rdi) ( i ∈ en ), óäîâëåòâîðÿþùèå ïðè íåêîòîðûõ εi >
0, Ki ∈ N0 (K = (K1, . . . , Kn)) òàóáåðîâûì óñëîâèÿì

|σ̂◦i (ξi)| > 0 ïðè |ξi| 5 2εi, |σ̂i(ξi)| > 0 ïðè εi

2
5 |ξi| 5 2εi

è ìîìåíòíûì óñëîâèÿì
∂�iσi(0) = 0, |αi| 5 Ki.

Ïîëîæèì σi0(xi) = σ◦i (xi), σij(xi) = 2jdiσi(2jxi) (j ∈ N),

σk(x) =
n∏

i=1

σiki(xi), k = (k1, . . . , kn) ∈ Nn
0 .

Òå î ð åì à 11. Ïóñòü âåêòîðà s ∈ (0,∞)n, q ∈ [1,∞]n è K ∈ Nn
0 òàêîâû, ÷òî

si < Ki + 1, i ∈ en.
i) Ïóñòü p = (p1, . . . ,pn),pj ∈ [1,∞]dj (j ∈ en). Òîãäà ðàñïðåäåëåíèå f ∈ S ′(Rd)

ïðèíàäëåæèò ïðîñòðàíñòâó MBs
pq òîãäà è òîëüêî òîãäà, êîãäà { 2(s,k)σk ∗ f } ∈ lq( Lp),

ïðè ýòîì
‖ f | MBs

pq ‖ ≈ ‖ { 2(s,k)σk ∗ f } | lq( Lp) ‖.
ii) Ïóñòü p = (p1, . . . ,pn), pj ∈ [1,∞)dj (j ∈ en) è, åñëè qj = ∞ äëÿ íåêîòîðîãî j ∈ en,

òî qi = ∞, i = 1, . . . , j. Òîãäà ðàñïðåäåëåíèå f ∈ S ′(Rd) ïðèíàäëåæèò ïðîñòðàíñòâó MFs
pq

òîãäà è òîëüêî òîãäà, êîãäà { 2(s,k)σk ∗ f } ∈ Lp( lq), ïðè ýòîì

‖ f | MFs
pq‖ ≈ ‖ { 2(s,k)σk ∗ f } | Lp( lq) ‖.

Ç àì å ÷ à í è å 11. Â ðàáîòàõ [7], [8] èçó÷àëèñü ïðîñòðàíñòâà MBs
pq(Rd), MFs

pq(Rd) è
MBs,e

pq(Rd), MFs,e
pq(Rd), ñîîòâåòñòâåííî (â íåñêîëüêî èíûõ îáîçíà÷åíèÿõ), êîòîðûå îïðåäåëÿ-

ëèñü ñ äåêîìïîçèöèîííîé òî÷êè çðåíèÿ (òàì äîïóñêàþòñÿ çíà÷åíèÿ, ìåíüøèå 1, äëÿ êîìïî-
íåíò âåêòîðîâ p, q ). Òåîðåìà 11 óòâåðæäàåò, â ÷àñòíîñòè, ÷òî â åå óñëîâèÿõ ïðîñòðàí-
ñòâà èç îïðåäåëåíèé 1 ÷àñòè I è 3 ñîâïàäàþò ñ ñîîòâåòñòâóþùèìè ïðîñòðàíñòâàìè èç
óêàçàííûõ ðàáîò.

9. Òåîðåìû âëîæåíèÿ. Çäåñü ñôîðìóëèðóåì ñëåäóþùèå òåîðåìû âëîæåíèÿ.

Òå î ð åì à 12. i) Ïóñòü s ∈ (0,∞)n, q ∈ [1,∞]n, p = (p1, . . . ,pn), pj ∈ [1,∞]dj (j ∈ en).
Òîãäà ñïðàâåäëèâû (íåïðåðûâíûå) âëîæåíèÿ

S(Rd) ⊂ MBs
pq ⊂ S ′(Rd).

Åñëè, êðîìå òîãî, q ∈ [1,∞)n, pi ∈ [1,∞)di , i ∈ en, òî S(Rd) ïëîòíî â MFs
pq.

ii) Ïóñòü s ∈ (0,∞)n, q ∈ [1,∞]n, p = (p1, . . . ,pn), pj ∈ [1,∞)dj (j ∈ en). Òîãäà
ñïðàâåäëèâû (íåïðåðûâíûå) âëîæåíèÿ

S(Rd) ⊂ MFs
pq ⊂ S ′(Rd).

Åñëè, êðîìå òîãî, q ∈ [1,∞)n, òî S(Rd) ïëîòíî â MFs
pq.

Òå î ð åì à 13. Ïóñòü s, s∗ ∈ (0,∞)n, s ≤ s∗, q, q∗ ∈ [1,∞]n, ïðè÷åì äëÿ j ∈ en

òàêèõ, ÷òî sj = s∗j , ñ÷èòàåì, ÷òî qj ≤ q∗j ; d ∈ Nn, p = (p1, . . . ,pn), pj ∈ [1,∞)dj (j ∈ en).
Òîãäà ñïðàâåäëèâî (íåïðåðûâíîå) âëîæåíèå

MFs∗
pq∗ ⊂ MFs

pq.
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Òå î ð åì à 14. Ïóñòü s ∈ (0,∞)n, q, q∗ ∈ [1,∞]n, d ∈ Nn, p = (p1, . . . ,pn), p∗ =
(p∗1, . . . ,p∗n), pj ,p∗j ∈ [1,∞)dj , pj ≤ p∗j(j ∈ en), ïðè÷åì s∗ = (s∗1, . . . , s∗n) : s∗j =
sj −

∑dj

k=1 ( 1
pjk

− 1
p∗jk

) > 0, j ∈ en. Òîãäà ñïðàâåäëèâî âëîæåíèå

MFs
pq ⊂ MFs∗

p∗q∗ .

Ç àì å ÷ à í è å 12. Äëÿ ïðîñòðàíñòâ Sr
p,qB(R2) è Sr

p,qF (R2), îáñóæäàâøèõñÿ â çàìå÷à-
íèè 2 âûøå, ðÿä òåîðåì âëîæåíèÿ, â òîì ÷èñëå è àíàëîãè ñôîðìóëèðîâàííûõ â ýòîì ðàçäåëå,
ïîëó÷åí â [2, ãë.2]

10. Âñïîìîãàòåëüíûå óòâåðæäåíèÿ. Â äîêàçàòåëüñòâàõ îñíîâíûõ ðåçóëüòàòîâ ðàáîòû
êëþ÷åâóþ ðîëü èãðàþò ïðèâîäèìûå â ýòîì ðàçäåëå ïðåäëîæåíèÿ (íàðÿäó ñ ïðåäëîæåíèÿìè èç
÷àñòè I).

Ðàññìîòðèì d-ìåðíîå ïðåîáðàçîâàíèå Ãèëüáåðòà ôóíêöèè f : Rd → C (çäåñü d = |d| =
d1 + · · ·+ dn )

Hf(x) = lim
ε→0

Hεf(x), ãäå Hεf(x) =
∫

|xi−yi|>εi,i∈ed

f(y) dy∏
i∈ed

(xi − yi)
(ε = (ε1, . . . , εd), εi > 0).

Ï.È.Ëèçîðêèíûì (ñì. [10, òåîðåìà 1]) äîêàçàíî, ÷òî îïåðàòîð Hε îïðåäåëÿåò îãðàíè÷åííîå
ïðåîáðàçîâàíèå ïðîñòðàíñòâà Lp( Rd) (p = (p1, . . . , pd) ∈ (1,∞)d) â ñåáÿ, ò.å.

‖ Hεf | Lp ‖ ≤ C ‖ f | Lp ‖, f ∈ Lp,

ïðè ýòîì ïîñòîÿííàÿ C íå çàâèñèò îò f è ε, è ÷òî Hεf ñõîäèòñÿ ïî íîðìå Lp( Rd) ïðè
ε → 0 è îïðåäåëåííûé òàêèì îáðàçîì îïåðàòîð H îãðàíè÷åí â Lp( Rd).

Äëÿ ïîñëåäîâàòåëüíîñòè f = { fm }m∈Nn
0

îïðåäåëèì ïðåîáðàçîâàíèå Ãèëüáåðòà ïîêîîðäè-
íàòíî, ò.å.

Hf = { Hfm }m∈Nn
0
.

Ïðåäë îæåíè å 5. i) Ïóñòü p ∈ (1,∞)d, q ∈ (0,∞]n. Òîãäà îïåðàòîð ïðåîáðàçîâàíèÿ
Ãèëüáåðòà H îãðàíè÷åí èç lq( Lp) â ñåáÿ, ò.å.

‖ Hf | lq( Lp) ‖ ≤ Cpq ‖ f | lq( Lp) ‖, f ∈ lq( Lp).

ii) Ïóñòü p ∈ (1,∞)d, q ∈ (1,∞)n. Òîãäà îïåðàòîð ïðåîáðàçîâàíèÿ Ãèëüáåðòà H îãðàíè÷åí
èç Lp( lq) â ñåáÿ, ò.å.

‖ Hf | Lp( lq) ‖ ≤ C?
pq ‖ f | Lp( lq) ‖, f ∈ Lp( lq).

Äîêàçàòåëüñòâî ÷àñòè i) ýòîãî ïðåäëîæåíèÿ íåìåäëåííî ñëåäóåò èç óïîìÿíóòîé âûøå òåî-
ðåìû Ï.È.Ëèçîðêèíà. Ïðèíöèïèàëüíûé ÷àñòíûé ñëó÷àé ÷àñòè ii) (ñ p = (p, . . . , p), p ∈
(1,∞), q = (q, . . . , q), q ∈ (1,∞) ) òàêæå óñòàíîâëåí Ï.È.Ëèçîðêèíûì [11].

Äëÿ òîãî, ÷òîáû ñôîðìóëèðîâàòü ñëåäóþùèå äâà óòâåðæäåíèÿ, íàì ïîíàäîáèòñÿ ïîíÿòèå
ìàêñèìàëüíîé ôóíêöèè. Äëÿ ëîêàëüíî èíòåãðèðóåìîé ôóíêöèè f : Rd → C îáîçíà÷èì ÷åðåç
Mif åå ìàêñèìàëüíóþ ôóíêöèþ Õàðäè-Ëèòòëâóäà îòíîñèòåëüíî "ïåðåìåííîé" xi, i ∈ en

Mif(x) = sup
t>0

t−di

∫

|yi|<t

| f(. . . ,xi + yi, . . .)| dyi,
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à ÷åðåç M[s]f � åå ñèëüíóþ ìàêñèìàëüíóþ ôóíêöèþ

M[s]f(x) = sup
ti>0,i∈ed

∏

i∈ed

t−1
i

∫

|yi|<ti,i∈ed

| f(x + y)| dy,

Ïîëîæèì M(� )f = Mτ1 · · · Mτd
f , ãäå τ = (τ1, . . . , τd) � ïðîèçâîëüíàÿ ïåðåñòàíîâêà

ìíîæåñòâà ed.
Ñëåäóþùåå óòâåðæäåíèå î ìàêñèìàëüíîì íåðàâåíñòâå äëÿ öåëûõ ôóíêöèé ýêñïîíåíöèàëü-

íîãî òèïà äîêàçàíî Ã.À.Êàëÿáèíûì (ñì. [6, ëåììà 6]).

Ïðåäë îæåíè å 6. Äëÿ ëþáîãî ìóëüòèèíäåêñà α ∈ Nd
0 ñóùåñòâóåò ïîñòîÿííàÿ

C�,d > 0 òàêàÿ, ÷òî äëÿ ëþáîé öåëîé ôóíêöèè g(x) ýêñïîíåíöèàëüíîãî òèïà Ni ïî
ïåðåìåííîé xi, i ∈ ed ñïðàâåäëèâî íåðàâåíñòâî

|∂�g(x)| ≤ C�,d

∏

i∈ed

Nαi
i (1 + Ni|xi − yi|) M[s]g(y) ∀ x, y ∈ Rd.

Ïðåäë îæåíè å 7. i) Ïóñòü p ∈ (1,∞]d; τ = (τ1, . . . , τd) � ïðîèçâîëüíàÿ ïåðåñòà-
íîâêà ed. Òîãäà äëÿ ëþáîé ôóíêöèè f ∈ Lp( Rd)

‖ M(� )f | Lp ‖ ≤ Ap ‖ f | Lp ‖.

ii) Ïóñòü p ∈ (1,∞)d; q ∈ (1,∞]n, ïðè÷åì, åñëè qi = ∞ äëÿ íåêîòîðîãî i ∈ en, òî
qj = ∞, j = 1, . . . , i; τ = (τ1, . . . , τd) � ïðîèçâîëüíàÿ ïåðåñòàíîâêà ìíîæåñòâà ed. Òîãäà
äëÿ ëþáîé ôóíêöèîíàëüíîé ïîñëåäîâàòåëüíîñòè { gk(x) } ∈ Lp( lq)

‖ { M(� )gk} | Lp( lq) ‖ ≤ Ap,q ‖ {gk} | Lp( lq) ‖.

×àñòü i) ýòîãî ïðåäëîæåíèÿ ëåãêî äîêàçàòü, èñïîëüçóÿ ðàññóæäåíèÿ èç äîêàçàòåëüñòâà
ëåììû 4 ðàáîòû [12]; ÷àñòü ii) ñ q ∈ (0,∞)n ñîäåðæèòñÿ â ëåììå 4 èç [7]. Íàêîíåö, ÷àñòü ii)
ñ q ∈ (0,∞]n òàêèì, ÷òî ∃i : qj ∈ (1,∞), j = i + 1, . . . , n, qj = ∞, j = 1, . . . , i, ëåãêî ñëåäóåò
èç ïðåäûäóùåé, åñëè äîïîëíèòåëüíî èñïîëüçîâàòü ñîîáðàæåíèÿ èç çàìå÷àíèÿ â ðàçäåëå 1.2.3
èç [3].

Ïðåäë îæåíè å 8. Ïóñòü p ∈ (0,∞]d, q ∈ (0,∞]n, η = (η1, . . . , ηn) ∈ (0,∞)n. Äëÿ
ïðîèçâîëüíîé ïîñëåäîâàòåëüíîñòè {gk(x)}k∈Nn

0
íåîòðèöàòåëüíûõ è èçìåðèìûõ íà Rd

ôóíêöèé ïîëîæèì

Gm(x) = G�m(x) =
∑

k∈Nn
0

n∏

i=1

2−|ki−mi|ηigk(x), x ∈ Rd, m ∈ Nn
0 .

Òîãäà íàéäóòñÿ ïîñòîÿííûå C1 = C1(p, q, η) > 0, C2 = C2(q, η) > 0 òàêèå, ÷òî ñïðàâåäëèâû
íåðàâåíñòâà

‖ {Gk} | lq( Lp) ‖ ≤ C1‖ {gk} | lq( Lp) ‖,
‖ {Gk} | Lp( lq) ‖ ≤ C2‖ {gk} | Lp( lq) ‖.

Ïðåäë îæåíè å 9. Ïóñòü r ∈ (0, 1]; {bk}k∈Nn
0
, {vk}k∈Nn

0
� äâå êðàòíûå ïîñëåäî-

âàòåëüíîñòè ñî çíà÷åíèÿìè â (0,∞] è (0,∞) ñîîòâåòñòâåííî. Ïðåäïîëîæèì, ÷òî äëÿ
íåêîòîðîãî âåêòîðà L∗ = (L∗1, . . . , L

∗
n), Li > 0, i ∈ en

vk = O(2(k,L∗)), |k| → ∞
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è äëÿ ëþáîãî L = (L1, . . . , Ln), Li > 0, i ∈ en ñóùåñòâóåò C̃L > 0 òàêîå, ÷òî

vm ≤ C̃L

∑

k∈Nn
0

2−(k,L)bm+kv1−r
m+k, m ∈ Nn

0 .

Òîãäà äëÿ ëþáîãî âåêòîðà L, Li > 0, i ∈ en

vr
m ≤ C̃L

∑

k∈Nn
0

2−r(k,L)bm+k, m ∈ Nn
0

ñ òîé æå ñàìîé ïîñòîÿííîé C̃L.

Ïðåäëîæåíèÿ 8 è 9 äîêàçàíû â [7] (ñì. òàì ëåììû 2 è 3, ñîîòâåòñòâåííî).
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Î ÊÐÀÅÂÎÉ ÇÀÄÀ×Å ÄËß ÍÀÃÐÓÆÅÍÍÎÃÎ
ÓÐÀÂÍÅÍÈß ÑÌÅØÀÍÍÎÃÎ ÒÈÏÀ

Ì.Ò. Äæåíàëèåâ, Ì.È. Ðàìàçàíîâ

Èíñòèòóò ìàòåìàòèêè ÌÎ è Í ÐÊ
Àëìàòû, óë.Ïóøêèíà, 125 dzhenali@math.kz

Äëÿ ãèïåðáîëî-ýëëèïòè÷åñêîãî óðàâíåíèÿ ñ íåëîêàëüíûìè ãðàíè÷íûìè óñëîâèÿìè ïîêàçà-
íî ñóùåñòâîâàíèå åäèíñòâåííîãî L2-ñèëüíîãî ðåøåíèÿ, óäîâëåòâîðÿþùåãî íà ëèíèè èçìåíåíèÿ
òèïà óðàâíåíèÿ óñëîâèÿì íåïðåðûâíîñòè ðåøåíèÿ è åãî ïðîèçâîäíîé ïî âðåìåíè ñ ëîãàðèô-
ìè÷åñêèì âåñîì.

1. Ïîñòàíîâêà çàäà÷è. Â îáëàñòè Q, ãäå Q = Q1 ∪ Q2, Q1 = {x, t| 0 < x < 2π, 0 < t <
T}, Q2 = {x, t| 0 < x < 2π, −T < t < 0}, òðåáóåòñÿ íàéòè ðåøåíèå óðàâíåíèÿ ñìåøàííîãî
(ãèïåðáîëî-ýëëèïòè÷åñêîãî) òèïà

Lu≡−tD2
t u(x, t)−D2

xu(x, t) + θ(t)
m∑

k=1

αku(x, tk) + θ(−t)
M∑

k=m+1

αku(x, tk) = f(x, t), (1)

óäîâëåòâîðÿþùåå ñëåäóþùèì ãðàíè÷íûì óñëîâèÿì
Dp

xu(0, t) = Dp
xu(2π, t), Dp

t u(x, T ) = µpD
p
t u(x,−T ) (2)

è óñëîâèÿì "ñêëåèâàíèÿ" íà îòðåçêå [0, 2π] îñè t = 0

u(0+, x) = u(0−, x), lim
t→0+

D1
t u(t, x)
ln t

= lim
t→0−

D1
t u(t, x)
ln(−t)

, (3)

ãäå Dt =
∂

∂t
, Dx =

∂

∂x
, p = 0, 1.

Ïðåäïîëîæèì, ÷òî

T < +∞, f ∈L2(Q), µp ∈C, p = 0, 1, αk ∈C, tk ∈ (−T, T ), k = 1,M, θ(t) =
{

1, t > 0,
0, t < 0.

(4)

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ èññëåäîâàíèå âîïðîñîâ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè
L2-ñèëüíîãî ðåøåíèÿ äëÿ ãðàíè÷íîé çàäà÷è (1) � (3) ïðè óñëîâèÿõ (4).

2. Îñíîâíîé ðåçóëüòàò. Ââåäåì íåîáõîäèìûå â äàëüíåéøåì îïðåäåëåíèå è îáîçíà÷åíèÿ.
Keywords: mixed type equation, loaded equation, strongly solvability
2000 Mathematics Subject Classi�cation: 34K06, 34K10, 35M10
c
 Ì.Ò. Äæåíàëèåâ, Ì.È. Ðàìàçàíîâ, 2003.
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Îïð å ä å ë å í è å 1. Ôóíêöèþ u(x, t) ∈ L2(Q) íàçûâàåì L2-ñèëüíûì ðåøåíèåì çàäà÷è
(1)�(3), åñëè ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü {u(n)(x, t)}∞n=1 ⊂ C2,2

x,t (Q \ {t = 0}) ∩ C(Q),
óäîâëåòâîðÿþùàÿ óñëîâèÿì (2) � (3), òàêàÿ, ÷òî u(n) → u(x, t), Lu(n) → f(x, t) ïðè n →∞
â L2(Q).

Ïóñòü Jν(z), Nν(z), Iν(z), Kν(z)− öèëèíäðè÷åñêèå ôóíêöèè (ñîîòâåòñòâåííî ôóíêöèè Áåñ-
ñåëÿ è Íåéìàíà è ìîäèôèöèðîâàííûå ôóíêöèè Áåññåëÿ). Äàëåå, ïóñòü S = {s| s = 0,±1,±
±2, ...} è

η1
s(t, τ) = 2

√
tτ

[
I1(2s

√
t)K1(2s

√
τ)− I1(2s

√
τ)K1(2s

√
t)

]
, 0 < t≤ τ ≤ T, (5)

η2
s(t, τ) = π

√
tτ

[
J1(−2s

√−t)N1(−2s
√−τ)− J1(−2s

√−τ)N1(−2s
√−t)

]
, (6)

−T ≤ τ ≤ t < 0;

∆s =




J0 − µ0 · I0 s−1
√

T [−J1 + µ1I1] −s−2[I0 − 1] s−2[1− J0]

s2[J0 − µ0I0] s
√

T [−J1 + µ1I1] −I0 −J0

µ0

m∑
1

αkD
1
τη

1
s(tk, τ)|τ=T −µ1

m∑
1

αkη
1
s(tk, T ) s−2δ1

s 0

M∑
m+1

αkD
1
τη

2
s(tk.τ)|τ=−T −

M∑
m+1

αkη
2
s(tk,−T ) 0 s−2δ2

s




, (7)

ãäå
J0 = J0(−2s

√
T ), I0 = I0(2s

√
T ), J1 = J1(−2s

√
T ), I1 = I1(2s

√
T );

à âåëè÷èíû δ1
s , δ2

s îïðåäåëÿþòñÿ ïî ñëåäóþùèì ôîðìóëàì

δ1
s = 1 +

m∑

k=1

αk

{
D1

τη
1
s(tk, τ)|τ=T + 1

}
=

= 1 +
m∑

k=1

αk − 2s
m∑

k=1

αk

√
tk

[
I1(2s

√
tk) ·K0(2s

√
T ) + I0(2s

√
T ) ·K1(2s

√
tk)

]
,

δ2
s = 1−

M∑

k=m+1

αk

{
D1

τη
2
s(tk, τ)|τ=−T + 1

}
=

= 1−
M∑

k=m+1

αk − πs

M∑

k=m+1

αk

√−tk

[
J1(−2s

√−tk) ·N0(−2s
√

T )−

−J0(−2s
√

T ) ·N1(−2s
√−tk)

]
.

Çäåñü η1
s(t, τ), η2

s(t, τ) ÿâëÿþòñÿ ôóíêöèÿìè Êîøè [1], ñîîòâåòñòâåííî, äëÿ çàäà÷ (12) è (13).

Òå î ð åì à 1. Ãðàíè÷íàÿ çàäà÷à (1)�(4) èìååò åäèíñòâåííîå L2-ñèëüíîå ðåøåíèå òîãäà
è òîëüêî òîãäà, êîãäà âûïîëíåíû ñëåäóþùèå óñëîâèÿ

|∆s| 6= 0 ∀s ∈S . (8)

Çäåñü è äàëåå â ðàáîòå |B| îçíà÷àåò äåòåðìèíàíò ìàòðèöû B. Óñëîâèå (8) â òåðìèíàõ
äàííûõ (4) äàåò ïîëíîå îïèñàíèå êîððåêòíûõ ãðàíè÷íûõ çàäà÷ âèäà (1)�(3).

Çàìå÷àíèå 1. Â ñëó÷àå îòñóòñòâèÿ íàãðóçêè, ò.å. êîãäà αk ≡ 0, |∆s| ≡ 0, ãðàíè÷íàÿ çàäà÷à
(1)�(3), âîîáùå ãîâîðÿ, ðàçðåøèìà íåîäíîçíà÷íî. Âîçíèêàåò íåîáõîäèìîñòü èñïîëüçîâàíèÿ òàê
íàçûâàåìîãî ðàçðûâíîãî "ñêëåèâàíèÿ" Ôðàíêëÿ [2�4].
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3. Äîêàçàòåëüñòâî òåîðåìû 1. Ðåøàåì çàäà÷ó ìåòîäîì ðàçäåëåíèÿ ïåðåìåííûõ [5]. Ïóñòü

u(x, t) =
∑

s∈S

us(t) exp{isx}. (9)

Èñïîëüçóÿ ïðåäñòàâëåíèå f(x, t) =
∑

s∈S
fs(t) exp{isx}, ñâåäåì çàäà÷ó (1)�(3) ê ñëåäóþùåé çà-

äà÷å äëÿ îòûñêàíèÿ ôóíêöèé {us(t), s ∈S }

−tu
′′
s (t) + s2us(t) + θ(t)

m∑

k=1

αkus(tk) + θ(−t)
m∑

k=m+1

αkus(tk) = fs(t), (10)

Dp
t us(T ) = µpD

p
t us(−T ), p = 0, 1, s ∈S . (11)

Åñëè ââåñòè âñïîìîãàòåëüíûå íåèçâåñòíûå ÷èñëà ϕs è νs, òî çàäà÷ó (10)�(11) ìîæíî ñâåñòè ê
èçó÷åíèþ ñëåäóþùèõ äâóõ ïîäçàäà÷

{
−tu

′′
s (t) + s2us(t) + M1[us] = fs(t), t ∈ (0, T ),

us(T ) = µ0ϕs, D1
t us(T ) = µ1νs, s ∈S ;

(12)

{
−tu

′′
s (t) + s2us(t) + M2[us] = fs(t), t ∈ (−T, 0),

us(−T ) = ϕs, D1
t us(−T ) = νs, s ∈S ,

(13)

ãäå

M1[us] =
m∑

k=1

αkus(tk), M2[us] =
M∑

k=m+1

αkus(tk). (14)

Èñïîëüçóÿ ôóíêöèè Êîøè ηj
s(t, τ), j = 1, 2, (5) è (6), ðåøåíèÿ çàäà÷ (12), (13) ìîæíî ïðåä-

ñòàâèòü ñîîòâåòñòâåííî â âèäå

u1
s(t) = ϕs · µ0

[−D1
τη

1
s(t, τ)

]
|τ=T

+ νs · µ1 · η1
s(t, T )−

− M1[us] ·
T∫

t

1
τ
· η1

s(t, τ)dτ +

T∫

t

η1
s(t, τ) · f1

s (τ)
τ

dτ, (15)

u2
s(t) = ϕs ·

[−D1
τη

2
s(t, τ)

]
|τ=−T

+ νs · η2
s(t,−T ) +

+ M2[us] ·
t∫

−T

1
τ
· η2

s(t, τ)dτ −
t∫

−T

η2
s(t, τ) · f2

s (τ)
τ

dτ. (16)

Âû÷èñëèì êîýôôèöèåíòû ïðè M1[us] è M2[us]. Èìååì

10.

T∫

t

1
τ
η1

s(t, τ)dτ = 2
√

t

T∫

t

[
I1(2s

√
t) ·K1(2s

√
τ)− I1(2s

√
τ) ·K1(2s

√
t)

]
· dτ√

τ
=

=
2
√

τ

s

2s
√

τ∫

2s
√

t

[
I1(2s

√
t) ·K1(y)− I1(y) ·K1(2s

√
t)

]
dy =

= −2
√

t

s

{
I1(2s

√
t)

[
K0(2s

√
T )−K0(2s

√
t)

]
+ K1(2s

√
t) ·

[
I0(2s

√
τ)− I0(2s

√
t)

]}
=
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= −2
√

t

s

{[
I1(2s

√
t) ·K0(2s

√
T ) + K1(2s

√
t) · I0(2s

√
T )

]
−

[
I1(2s

√
t) ·K0(2s

√
t)+

+ K1(2s
√

t) · I0(2s
√

t)
]}

=
1
s2

D1
τη

1
s(t, τ)|τ=T +

1
s2

;

20.

t∫

−T

1
τ
η2

s(t, τ)dτ = π
√−t

t∫

−T

[
J1(−2s

√−t)N1(−2s
√−τ)−

−J1(−2s
√−τ)N1(−2s

√−t)
] dτ√−τ

=

=
π · √−t

s

−2s
√−t∫

−2s
√

T

[
J1(−2s

√−t) ·N1(y)− J1(y) ·N1(−2s
√−t)

]
dy =

= −π
√−t

s

{
J1(−2s

√−t)
[
N0(−2s

√−t)−N0(−2s
√

T )
]
−

− N1(−2s
√−t)

[
J0(−2s

√−t)− J0(−2s
√

T )
]}

=

= −π
√−t

s

{[
J1(−2s

√−t)N0(−2s
√−t)− J0(−2s

√−t)N1(−2s
√−t)

]
−

−
[
J1(−2s

√−t)N0(−2s
√

T )− J0(−2s
√

T )N1(−2s
√−t)

]}
= −π

√−t

s

2
−2s

√−tπ
+

+
sπ
√−t

s2

[
J1(−2s

√−t) ·N0(−2s
√

T )− J0(−2s
√

T )N1(−2s
√−t)

]
=

1
s2

+
1
s2

Dτη
2
s(t, τ)|τ=−T .

Çäåñü ñîîòâåòñòâåííî äëÿ 10 è 20 èñïîëüçîâàíû ñëåäóþùèå çàìåíû è ïðåîáðàçîâàíèÿ:
2s
√

τ = y,
dτ√

τ
=

dy

s
, I ′0(z) = I1(z), K ′

0(z) = −K1(z), Iν(z)Kν+1(z) + Iν+1(z)Kν(z) =
1
z
;

−2s
√−τ = y,

dτ√−τ
=

dy

s
, N ′

0(z) = −N1(z), J ′0(z) = −J1(z),

Jν(z)Nν+1(z)− Jν+1(z)Nν(z) = − 2
πz

.

Ñ ó÷åòîì ñîîòíîøåíèé 10, 20 ïðåäñòàâëåíèÿ ðåøåíèé (15), (16) çàäà÷ (12), (13) ïðèíèìàþò
âèä

u1
s(t) = −ϕsµ0D

1
sη

1
s(t, τ)|τ=T + νsµ1η

1
s(t, T )−

− M1[u1
s]

[
D1

τη
1
s(t, τ)|τ=T + 1

] 1
s2

+

T∫

τ

η1
s(t, τ)

f1
s (τ)
τ

dτ, (17)

u2
s(t) = −ϕsD

1
sη

2
s(t, τ)|τ=−T + νsη

2
s(t,−T ) +

+ M2[u2
s]

[
D1

τη
2
s(t, τ)|τ=−T + 1

] 1
s2
−

t∫

−T

η2
s(t, τ)

fs(τ)
τ

dτ. (18)

Äëÿ íàõîæäåíèÿ íåèçâåñòíûõ âåëè÷èí ϕs, νs, M1[u1
s], M2[u2

s] èñïîëüçóåì óñëîâèÿ ñîïðÿæåíèÿ
(3)

u1
s(0+) = u2

s(0−), lim
t→0+

D1
t u

1
s(t)

ln t
= lim

t→0−
D1

t u
2
s(t)

ln(−t)
.
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Íàéäåì âûðàæåíèå äëÿ u1
s(0+) :

u1
s(0+) = −ϕs · µ0 ·Dτη

1
s(0, τ)|τ=T

+ νs · µ1η
1
s(0, T )−

− 1
s2
·M1[u1

s] ·
[
D1

τη
1
s(0, τ)|τ=T

+ 1
]
+

T∫

0

η1
s(0, τ)

f1
s (τ)
τ

dτ.

Â ýòîì âûðàæåíèè âû÷èñëèì çíà÷åíèÿ êîýôôèöèåíòîâ â êàæäîì ñëàãàåìîì ÷åðåç äàííûå
èñõîäíîé çàäà÷è. Òàê êàê I1(x) ∼= x è K1(x) ∼= 1

x ïðè x → 0 (ýòî ñïðàâåäëèâî â ñèëó ñâîéñòâ
öèëèíäðè÷åñêèõ ôóíêöèé), òî

D1
τη

1
s(t, τ)|τ=T,t=0

=
{
−s · 2

√
t[I1(2s

√
t) ·K0(2s

√
T ) + I0(2s

√
T )K1(2s

√
t)

}
|t=0

= −I0(2s
√

T ),

η1
s(0, T ) = 2

√
T ·

√
t ·

[
I1(2s

√
t) ·K1(2s

√
T )− I1(2s

√
T ) ·K1(2s

√
t)

]
|t=0

= −
√

T

s
I1(2s

√
T ),

[
D1

τη
1
s(t, τ)

]
|τ=T,t=0

+ 1 = −I0(2s
√

T ) + 1,

T∫

0

η1
s(0, τ)

f1
s (τ)
τ

dτ =

T∫

0

2
√

τt
[
I1(2s

√
t)K1(2s

√
τ)− I1(2s

√
τ) ·K1(2s

√
t)

]
|t=0

f(τ)
τ

dτ =

= −1
s

T∫

0

I1(2s
√

τ) · f(τ)√
τ

dτ.

Òàêèì îáðàçîì, äëÿ ñëó÷àÿ t → 0+ ïîëó÷àåì

u1
s(0+) = ϕs · µ0 · I0(2s

√
T )− νsµ1

√
T

s
I1(2s

√
T ) +

1
s2

[
I0(2s

√
T )− 1

]
M1

s [u1
s]−

− 1
s

T∫

0

I1(2s
√

τ)
f(τ)√

τ
dτ. (19)

Äàëåå ïîñòóïèì àíàëîãè÷íî ïðåäûäóùåìó ñëó÷àþ. Äëÿ ñîîòâåòñòâóþùèõ êîýôôèöèåíòîâ
ñ ó÷åòîì ñâîéñòâ öèëèíäðè÷åñêèõ ôóíêöèé N1(z) ∼= − 2

πx , x → 0 èìååì

D1
τη

2
s(0−, τ)|τ=−T

= sπ
√−t

[
J1(−2s

√−t)N0(−2s
√

T )− J0(−2s
√

T )N1(−2s
√−t)

]
=

= −J0(−2s
√

T ),

η2
s(0−, τ)|τ=−T

= π
√

T
√−t

[
J1(−2s

√−t)N1(−2s
√

T )− J1(−2s
√

T )N1(−2s
√−t)

]
=

= −
√

T

s
J1(−2s

√
T ),

D1
τη

2
s(0−, τ)|τ=−T

+ 1 = −J0(−2s
√

T ) + 1,

0∫

−T

η2
s(0−, τ)

fs(τ)
τ

dτ = −1
s

0∫

−T

J1(−2s
√−τ)

fs(τ)√−τ
dτ.
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Òàêèì îáðàçîì, äëÿ ñëó÷àÿ t → 0− ïîëó÷àåì:

u2
s(0−) = ϕsJ0(−2s

√
T )− νs

√
T

s
J1(−2s

√
T ) +

1
s2

[
1− J0(−2s

√
T )

]
M2[u2

s] +

+
1
s

0∫

−T

J1(−2s
√−τ)

fs(τ)√−τ
dτ. (20)

Çàïèøåì ïåðâîå óñëîâèå ñîïðÿæåíèÿ (óñëîâèå íåïðåðûâíîñòè ðåøåíèÿ íà ëèíèè ïàðàáîëè-
÷åñêîãî âûðîæäåíèÿ) èç (3) u1

s(0+) = u2
s(0−). Èìååì

[
J0(−2s

√
T )− µ0 · I0(2s

√
T )

]
ϕs −

√
T

[
J1(−2s

√
T )− µ1I1(2s

√
T )

]

s
νs +

+
1− I0(2s

√
T )

s2
M1[u1

s] +
1− J0(2s

√
T )

s2
M2[u2

s] =

= Ψ1
s ≡

0∫

−T

J1(−2s
√−τ) · fs(τ)

s
√−τ

dτ +

T∫

0

I1(2s
√

τ)
fs(τ)
s
√

τ
dτ. (21)

Äëÿ âòîðîãî óñëîâèÿ ñîïðÿæåíèÿ èç (3) ïðîäèôôåðåíöèðóåì ðàâåíñòâà (17), (18) ïî t, ðàç-
äåëèì êàæäîå ñëàãàåìîå íà ln t è ln(−t), ñîîòâåòñòâåííî, è âû÷èñëèì lim

t→±0
êàæäîãî ñëàãàåìîãî

â îòäåëüíîñòè.
Òàê êàê {√t ·K1(2s

√
t)}′ = −s ·K0(2s

√
t), (

√
t · I1(2s

√
t))′ = s · I0(2s

√
t), òî äëÿ ñîîòâåòñòâó-

þùèõ ñëàãàåìûõ u1
s(t) ôîðìóëû (17) áóäåì èìåòü

lim
t→0

1
ln t

d

dt

[
D1

τη
1
s(t, τ)|τ=T

]
= lim

t→0

1
ln t

d

dt

{
−s · 2

√
t
[
I1(2s

√
t) ·K0(2s

√
T ) + I0(2s

√
T )K1(2s

√
t)

]}
=

= lim
t→0

1
ln t

(−s2 · 2)
[
I0(2s

√
t) ·K0(2s

√
T )− I0(2s

√
T ) ·K0(2s

√
t)

]
=

= 2s2 · I0(2s
√

T ) lim
t→0

K0(2s
√

t)
ln t

= 2s2 · I0(2s
√

T ) lim
t→0

−s/
√

t ·K1(2s
√

t)
1
t

= −s2 · I0(2s
√

T );

lim
t→0

1
ln t

d

dt

[
η1

s(t, T )
]

=
1

ln t

d

dt

{
2
√

T ·
√

t[I1(2s
√

t) ·K1(2s
√

T )− I1(2s
√

T ) ·K1(2s
√

t)]
}

=

= lim
t→0

s · 2
√

T · 1
ln t

[
I0(2s

√
t)K1(2s

√
T ) + I1(2s

√
T )K0(2s

√
t)

]
= s · 2

√
T · I1(2s

√
T ) · (−1

2
) =

= −s
√

T · I1(2s
√

T );

lim
t→0

1
ln t

d

dt

[
D1

τη
1
s(t, τ)|τ=T

+ 1
]

= −s2 · I0(2s
√

T );

lim
t→0

d

dt

T∫

t

η1
s(t, τ)

f1
s (τ)
τ

dτ = lim
t→0

T∫

t

s · 2√τ
1

ln t
[I0(t) ·K1(τ) + I1(τ) ·K0(t)]

f(τ)
τ

dτ =

= −s

T∫

0

f1
s (τ)√

τ
I1(2s

√
τ)dτ.
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Òàêèì îáðàçîì, ïîëó÷àåì

lim
t→0+

D1
t u

1
s(t)

ln t
= ϕsµ0s

2I0(2s
√

T )− νsµ1s
√

TI1(2s
√

T ) + M1[u1
s]I0(2s

√
T )− s

T∫

0

I1(2s
√

τ)
f1

s (τ)√
τ

dτ.

(22)
Àíàëîãè÷íî äëÿ u2

s(t) èìååì

lim
t→0−

1
ln t

d

dt
[D1

τη
2
s(t, τ)|τ=−T ] = lim

t→0−
1

ln t

{
s · π√−t

[
J1(−2s

√−t)N0(T )− J0(T )N1(−2s
√−t)

]}′
=

= lim
t→0−

s2π
1

ln(−t)
[
J0(−2s

√−t)N0(T )− J0(T )N0(−2s
√−t)

]
= −s2π lim

t→0

s√−t
N1(−2s

√−t)

1
t

J0 =

= −s2J0(T ) lim
t→0−

π

s√−t
· −2
2s
√−tπ

1
t

= −s2J0(−2s
√

T );

lim
t→0−

1
ln(−t)

d

dt
[η2

s(t,−T )] = lim
t→0−

sπ
√

T
[
J0(t)N1(T )− J1(T )N0(−2s

√−t)
]

ln(−t)
= −s

√
TJ1(−2s

√
T );

lim
t→0−

1
ln(−t)

d

dt

[
D1

τη
2
s(t, τ)|τ=−T + 1

]
= −s2J0(−2s

√
T );

lim
t→0−

1
ln(−t)

d

dt

t∫

−T

η2
s(t, τ)

f2
s (τ)
τ

dτ = −s

0∫

−T

J1(−2s
√−τ)

f2
s (τ)√−τ

dτ.

Òàêèì îáðàçîì, ìû ïîëó÷àåì

lim
t→0−

D1
t u

2
s(t)

ln(−t)
= ϕs · s2J0(−2s

√
T )− νs · s ·

√
TJ1(−2s

√
T )−

−M2[u2
s] · J0(−2s

√
T ) + s

0∫

−T

J1(−2s
√−τ)

f2
s (τ)√−τ

dτ. (23)

Èç âòîðîãî óñëîâèÿ ñîïðÿæåíèÿ èç (3) ñ ó÷åòîì (22) è (23) íåïîñðåäñòâåííî ñëåäóåò, ÷òî

s2
[
J0(−2s

√
T )− µ0I0(2s

√
T )

]
ϕs − s

√
T

[
J1(−2s

√
T )− µ1I1(2s

√
T )

]
νs −

−I0(2s
√

T )M1[u1
s]− J0(−2s

√
T )M2[u2

s] = Ψ2
s ≡−s

0∫

−T

J1(−τ)
fs(τ)√−τ

dτ − s

T∫

0

I1(τ)
fs(τ)√

τ
dτ. (24)

Äàëåå, â ïðåäñòàâëåíèÿõ ðåøåíèé u1
s(t) (17) è u2

s(t) (18) ïðèìåì t = tk, óìíîæèì çàòåì îáå
÷àñòè (âñå ñëàãàåìûå) íà ñîîòâåòñòâóþùèå ìíîæèòåëè αk è ïðîñóììèðóåì ïî k, ñîîòâåòñòâåííî,
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îò 1 äî m è îò m + 1 äî M . Â ðåçóëüòàòå ïîëó÷èì

µ0 ·
m∑

k=1

αk ·D1
τη

1
s(tk, τ)|τ=T

ϕs − µ1 ·
m∑

k=1

αk · η1
s(tk, T )νs + δ1

s ·
1
s2

M1[u1
s] =

= Ψ3
s ≡

m∑

k=1

αk

T∫

tk

η1
s(tk, τ) · f1

s (τ)
τ

dτ, (25)

M∑

k=m+1

αk ·D1
τη

2
s(tk, τ)|τ=−T

ϕs −
M∑

k=m+1

αk · η2
s(tk,−T )νs + δ2

s ·
1
s2

M2[u2
s] =

= Ψ4
s ≡−

M∑

k=m+1

αk

tk∫

−T

η2
s(tk, τ) · f2

s (τ)
τ

dτ. (26)

Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ íåèçâåñòíûõ ϕs, νs, M1, M2 ïîëó÷àåì ñèñòåìó àëãåáðàè÷å-
ñêèõ óðàâíåíèé (21), (24), (25), (26). Ñîñòàâèì ìàòðèöó (7) êîýôôèöèåíòîâ ýòîé ñèñòåìû

∆s =




J0 − µ0 · I0

√
T
s [−J1 + µ1I1] −s−2[I0 − 1] s−2[1− J0]

s2[J0 − µ0I0] s
√

T [−J1 + µ1I1] −I0 −J0

µ0

m∑
1

αkD
1
τη

1
s(tk, τ)|τ=T −µ1

m∑
1

αkη
1
s(tk, T ) s−2δ1

s 0

M∑
m+1

αkD
1
τη

2
s(tk.τ)|τ=−T −

M∑
m+1

αkη
2
s(tk,−T ) 0 s−2δ2

s




=

=




0 0 s−2 s−2

s2(J0 − µ0I0) s
√

T (−J1 + µ1I1) −I0 −J0

µ0

m∑
1

αkD
1
τη

1
s(tk, τ)|τ=T −µ1

m∑
1

αkη
1
s(tk, T ) s−2δ1

s 0

M∑
m+1

αkD
1
τη

2
s(tk, τ)|τ=−T −

M∑
m+1

αkη
2
s(tk,−T ) 0 s−2δ2

s




.

Çäåñü ïðèíÿòû ñëåäóþùèå îáîçíà÷åíèÿ

J0 = J0(−2s
√

T ), I0 = I0(2s
√

T ), J1 = J1(−2s
√

T ), I1 = I1(2s
√

T ).

Îòñþäà íåïîñðåäñòâåííî ìû ïîëó÷àåì êðèòåðèé îäíîçíà÷íîé ðàçðåøèìîñòè ñèñòåìû (21),
(24), (25) è (26): |∆s| 6= 0 ∀s ∈S , ñîâïàäàþùèé ñ óñëîâèåì òåîðåìû (8).

Òåïåðü èç ñèñòåìû óðàâíåíèé (21), (24), (25), (26) îïðåäåëèì íåèçâåñòíûå âåëè÷èíû ϕs, νs,
M1, M2 ïî ôîðìóëàì

ϕs =
|∆ϕs |
|∆s| , νs =

|∆νs |
|∆s| , M1[u1

s] =
|∆M1[u1

s]|
|∆s| , M2[us] =

|∆M2[u2
s]|

|∆s| ∀s ∈S , (27)

ãäå, êàê îáû÷íî, ìàòðèöû ∆ϕs , ∆νs , ∆M1[u1
s], ∆M2[u2

s] ïîëó÷àþòñÿ èç ìàòðèöû ∆s çàìåíîé ñî-

îòâåòñòâóþùèõ ñòîëáöîâ ýëåìåíòàìè Ψ1
s, Ψ2

s, Ψ3
s, Ψ4

s.
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Äàëåå, ïîäñòàâëÿÿ (27) â (17) è (18), ïîëó÷àåì

u1
s(t) = − |∆ϕs |

|∆s| µ0D
1
sη

1
s(t, τ)|τ=T

+
|∆νs |
|∆s| µ1η

1
s(t, T )−

− |∆M1[u1
s]|

|∆s|
[
D1

τη
1
s(t, τ)|τ=T + 1

] 1
s2

+

T∫

τ

η1
s(t, τ)

f1
s (τ)
τ

dτ, t ∈ (0, T ), (28)

u2
s(t) = − |∆ϕs |

|∆s| D1
sη

2
s(t, τ)|τ=−T

+
|∆νs |
|∆s| η

2
s(t,−T ) +

+
|∆M2[u2

s]|
|∆s| [D1

τη
2
s(t, τ)|τ=−T + 1]

1
s2
−

t∫

−T

η2
s(t, τ)

fs(τ)
τ

dτ, t ∈ (−T, 0). (29)

Òàêèì îáðàçîì, íàìè óñòàíîâëåíà ñëåäóþùàÿ

Ëåììà 1. Êàæäàÿ èç ãðàíè÷íûõ çàäà÷ (12) è (13), à çíà÷èò, è ãðàíè÷íûõ çàäà÷ (10)�
(11) ïðè óñëîâèÿõ òåîðåìû 1 (8) è ïðè ëþáûõ íåïðåðûâíûõ ôóíêöèÿõ f1

s (t), f2
s (t), s ∈ S ,

èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå u1
s(t), u2

s(t), s ∈ S . Ýòè ðåøåíèÿ âûðàæàþòñÿ
ôîðìóëàìè (28) è (29).

Äàëåå, àíàëîãè÷íî êàê â ðàáîòå [5] óñòàíàâëèâàþòñÿ ðàâíîìåðíûå ïî s ∈ S àïðèîðíûå
îöåíêè äëÿ ðåøåíèé (28) è (29) çàäà÷ (12) è (13), ò.å. îöåíêè âèäà

‖u1
s(t)‖L2(0,T ) ≤ C1‖f1

s (t)‖L2(0,T ) ∀s ∈S ,

‖u2
s(t)‖L2(−T,0) ≤ C2‖f2

s (t)‖L2(−T,0) ∀s ∈S ,

ãäå ïîñòîÿííûå C1, C2 íå çàâèñÿò îò s. Çíà÷èò, è äëÿ ðåøåíèé çàäà÷ (10)�(11) ñïðàâåäëèâà
îöåíêà

‖us(t)‖L2(−T,T ) ≤ C‖fs(t)‖L2(−T,T ) ∀s ∈S ,

ãäå ïîñòîÿííàÿ C íå çàâèñÿò îò s. Òåïåðü äîêàçàòåëüñòâî òåîðåìû 1 çàâåðøàåòñÿ ïðèìåíåíèåì
àíàëîãà ëåììû 1 èç [6, ñ.118], ñôîðìóëèðîâàííîé äëÿ íàøåãî ñëó÷àÿ â ðàáîòå [7].
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ÎÏÐÅÄÅËÈÌÀß ÑËÎÆÍÎÑÒÜ ÀÐÈÔÌÅÒÈ×ÅÑÊÈÕ
ÑÒÐÓÊÒÓÐ

Ï. Ò. Äîñàíáàé

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èìåíè àëü-Ôàðàáè
480012 Àëìàòû, Ìàñàí÷è 49/37 dosant@kazsu.kz

Â ðàáîòå ïðèâîäèòñÿ íîâîå äîêàçàòåëüñòâî ðåçóëüòàòà È. Êîðåöà î òîì, ÷òî àðèôìåòè÷åñêàÿ
ñòðóêòóðà ñ îòíîøåíèÿìè ñîñåäñòâà è äåëèìîñòè ÿâëÿåòñÿ îïðåäåëèìî ñëîæíåéøåé. Êðîìå òîãî,
çäåñü äîêàçûâàåòñÿ áîëåå ñèëüíûé ðåçóëüòàò î òîì, ÷òî àðèôìåòè÷åñêàÿ ñòðóêòóðà ñ îòíîøåíèÿìè
ñîñåäñòâà è îòíîñèòåëüíîé äåëèìîñòè òàêæå ÿâëÿåòñÿ îïðåäåëèìî ñëîæíåéøåé.

Äæóëèÿ Ðîáèíñîí ïîêàçàëà, ÷òî íà íàòóðàëüíûõ ÷èñëàõ îïåðàöèè ñëîæåíèÿ è óìíîæå-
íèÿ ìîæíî ýëåìåíòàðíî âûðàçèòü ÷åðåç ôóíêöèþ ñëåäîâàíèÿ è îòíîøåíèå äåëèìîñòè [1]. Ýòî
îçíà÷àåò, ÷òî âìåñòå ñ ôóíêöèåé ñëåäîâàíèÿ îòíîøåíèå äåëèìîñòè ìîæåò ðàññìàòðèâàòüñÿ êàê
ïåðâè÷íîå, áàçèñíîå ïîíÿòèå àðèôìåòèêè. Â ðàáîòå Èâàíà Êîðåöà áûëî äîêàçàíî, ÷òî àðèôìå-
òè÷åñêàÿ ñòðóêòóðà ñ îòíîøåíèÿìè ñîñåäñòâà è äåëèìîñòè ÿâëÿåòñÿ îïðåäåëèìî ñëîæíåéøåé
[2]. Ìû ïåðåäîêàæåì ýòîò ðåçóëüòàò È.Êîðåöà è îáîáùèì åãî íà ñëó÷àé àðèôìåòè÷åñêîé ñòðóê-
òóðû ñ îòíîøåíèÿìè ñîñåäñòâà è îòíîñèòåëüíîé äåëèìîñòè.

Ñíà÷àëà íàïîìíèì íåîáõîäèìûå îïðåäåëåíèÿ è îáîçíà÷åíèÿ. Ïóñòü N = {0, 1, 2, . . .} � ìíî-
æåñòâî íàòóðàëüíûõ ÷èñåë. Ñòðóêòóðà 〈N, σ〉 íàçûâàåòñÿ àðèôìåòè÷åñêîé ñòðóêòóðîé, åñëè
îòíîøåíèÿ, ôóíêöèè è êîíñòàíòû ñèãíàòóðû σ îïðåäåëèìû (íà ÿçûêå ëîãèêè ïåðâîãî ïîðÿä-
êà) ÷åðåç ñëîæåíèå è óìíîæåíèå. Àðèôìåòè÷åñêàÿ ñòðóêòóðà íàçûâàåòñÿ îïðåäåëèìî ñëîæíåé-
øåé, åñëè â íåé ýëåìåíòàðíî âûðàçèìû îïåðàöèè ñëîæåíèÿ è óìíîæåíèÿ. Îòíîøåíèå ñîñåäñòâà
îïðåäåëÿåòñÿ ÷åðåç ôóíêöèþ ñëåäîâàíèÿ ñëåäóþùèì îáðàçîì: S(a, b) ® a = s(b) ∨ b = s(a).
Îòíîøåíèå äåëèìîñòè | îïðåäåëÿåò íà íàòóðàëüíûõ ÷èñëàõ ÷àñòè÷íûé ëèíåéíûé ïîðÿäîê (ìû
ïèøåì m|n, åñëè m äåëèò n). Ìû ãîâîðèì, ÷òî ÷èñëà m è n ñðàâíèìû ïî äåëèìîñòè è ïèøåì
mEn, åñëè m äåëèò n èëè n äåëèò m , ò.å.

xEy ® x|y ∨ y|x.

Äëÿ óäîáñòâà ìû áóäåì èíîãäà E íàçûâàòü îòíîøåíèåì îòíîñèòåëüíîé äåëèìîñòè, à êîãäà ýòî
ÿñíî èç êîíòåêñòà, î äàííîì îòíîøåíèè ìû áóäåì ãîâîðèòü ïðîñòî "ñðàâíèìîñòü".

Ñíà÷àëà äëÿ àðèôìåòè÷åñêîé ñòðóêòóðû M = 〈N ; S, |〉, ãäå | � îáû÷íîå îòíîøåíèå äåëåíèÿ
íà ìíîæåñòâå íàòóðàëüíûõ ÷èñåë, äîêàæåì ñëåäóþùóþ ëåììó.
Keywords: arithmetical structure, de�nable relation and function, de�nable strongest structure
2000 Mathematics Subject Classi�cation: 82B80
c
 Ï. Ò. Äîñàíáàé, 2003.
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Ëåììà 1. Ïóñòü p � ïðîñòîå ÷èñëî. Òîãäà äëÿ íàòóðàëüíûõ ÷èñåë α è β ñëåäóþùèå
óñëîâèÿ ýêâèâàëåíòíû:
i) (α äåëèò β) èëè (p = 2 è α = 2 è pβ 6= 1);
ii) ñîñåä pα äåëèò ñîñåäà pβ, ò. å. âûïîëíÿåòñÿ ñëåäóþùåå ïðåäëîæåíèå: ∃x∃y(S(pα, x) ∧
S(pβ, y) ∧ x|y).

Äîêàçàòåëüñòâî. (i) ⇒ (ii) î÷åâèäíî.
(ii) ⇒ (i). Ïóñòü ñîñåä pα äåëèò ñîñåäà pβ. Ìîæíî ñ÷èòàòü β 6= 0 è α < β, òàê êàê α > β âëå÷åò
(pα − 1) = (pβ + 1), îòêóäà p = 2, α = 2 è β = 1.

Íåîáõîäèìî ðàññìîòðåòü ñëåäóþùèå âîçìîæíîñòè:
1. (pα − 1)|(pβ − 1);
2. (pα − 1)|(pβ + 1);
3. (pα + 1)|(pβ − 1);
4. (pα + 1)|(pβ + 1).
Ñëó÷àé 1 ÿâëÿåòñÿ ñëåäñòâèåì èçâåñòíîãî ôàêòà: (pm − 1, pn − 1) = p(m,n) − 1.
Ñëó÷àé 2. Òàê êàê β > α, òî ñóùåñòâóþò òàêèå q, r ∈N , ÷òî

β = αq + r, 0≤ r < α. (∗)

Òîãäà èç (pα−1)|(pβ +1) è ðàâåíñòâà (pβ +1) = pr(pαq−1)+pr +1 ñëåäóåò, ÷òî (pα−1)|(pr +1),
à ýòî âîçìîæíî òîëüêî ïðè p = 2, α = 2 è r = 1.

Ñëó÷àé 3. Ïóñòü â ïðåäñòàâëåíèè (*) ÷èñëî q � ÷åòíîå è q = 2k äëÿ íåêîòîðîãî k∈N . Òîãäà
pβ − 1 = pαq+r − 1 = ((p2kα+r + p(2k−1)α+r)− (p(2k−1)α+r + p(2k−2)α+r) + ...− (pα+r + pr) + pr − 1,
òî åñòü (pα + 1)|(pr − 1), ÷òî íåâîçìîæíî.

Ïðè q = 2k + 1 èìååì pβ − 1 = pαq+r − 1 = ((p(2k+1)α+r + p2kα+r) − (p2kα+r + p(2k−1)α+r) +
+ ... + (pα+r + pr)− (pr + 1) ò. å. (pα + 1)|(pr − 1). Òîãäà r = 0 è α|β.

Ñëó÷àé 4. (pα + 1)|(pβ + 1). Åñëè â (*) q � ÷åòíîå, òî ðàññóæäåíèå, ïðèâåäåííîå äëÿ ñëó÷àÿ
3, ïðîõîäèò è äëÿ ýòîãî ñëó÷àÿ. Ïðè íå÷åòíîì q èìååì pβ + 1 = pαq+r + pr − pr + 1 = pr(pαq +
+ 1)− (pr − 1), îòêóäà (pα + 1)|(pr − 1). Òîãäà r = 0, ò. å. α|β.

Îïðåäåëèìîñòü îòíîøåíèé â àðèôìåòè÷åñêèõ ñòðóêòóðàõ.
Ïðåæäå âñåãî îòìåòèì ýêñòåíöèîíàëüíîñòü îòíîøåíèÿ |

x = y ® (x|y ∧ y|z).

Ïîýòîìó â çàïèñÿõ ôîðìóë ìû ìîæåì èñïîëüçîâàòü ñèìâîë ðàâåíñòâà, òàê êàê ðàâåíñòâî ýëå-
ìåíòîâ âûðàæàåòñÿ ÷åðåç |. Ìû ìîæåì òàêæå ïðèìåíÿòü êîíñòàíòû â ôîðìóëàõ, òàê êàê â
ÿçûêå ëîãèêè ïåðâîãî ïîðÿäêà êàæäîå íàòóðàëüíîå ÷èñëî âûäåëÿåòñÿ ñ ïîìîùüþ îòíîøåíèÿ
ñîñåäñòâà S.

Çàôèêñèðóåì ïðîñòîå ÷èñëî p. Ðàññìîòðèì Np = {pn : n ∈N}. Â äàëüíåéøåì äëÿ óäîáñòâà
áóäåì îáîçíà÷àòü pn ÷åðåç n̄. Î÷åâèäíî, ìíîæåñòâî Np îïðåäåëèìî â M. Íà ýòîì ìíîæåñòâå
åñòåñòâåííûì îáðàçîì îïðåäåëÿåòñÿ îòíîøåíèå ïîðÿäêà m̄ < n̄, åñëè m̄|n̄, à çíà÷èò, îïðåäåëÿ-
åòñÿ è ôóíêöèÿ ñëåäîâàíèÿ. Èñïîëüçóÿ ëåììó 1, íà Np ìîæíî îïðåäåëèòü è îòíîøåíèå m̄|̄n̄
äåëèìîñòè ñòåïåíåé (ò. å. äåëèìîñòü n íà m) ñëåäóþùèì îáðàçîì:

à) ôîðìóëîé ∃x∃y(S(m̄, x) ∧ S(n̄, y) ∧ (x|y)) äëÿ p > 2;
á) ôîðìóëîé n̄ = 1 ∨ (n̄ 6= 1 ∧ m̄ = 4 ∧ ∃x(S(n̄, x) ∧ 5|x)) ∨ (n̄ 6= 1 ∧ m̄ 6= 4 ∧ (∃x∃y(S(m̄, x) ∧

S(n̄, y) ∧ x|y)) äëÿ p = 2.
Òàêèì îáðàçîì, ñîãëàñíî [1] íà Np ìîæíî óíèôîðìíî îïðåäåëèòü ñóììó (è ïðîèçâåäåíèå)

ñòåïåíåé ïðîñòîãî ÷èñëà p. Áîëåå òî÷íî, ñóùåñòâóåò ôîðìóëà ϕ(x, y, z, t) òàêàÿ, ÷òî a, b, c, p
óäîâëåòâîðÿþò ýòîé ôîðìóëå òîãäà è òîëüêî òîãäà, êîãäà p � ïðîñòîå ÷èñëî è ýëåìåíòû a, b, c∈
∈Np óäîâëåòâîðÿþò ñîîòíîøåíèþ a = m̄, b = n̄, c = m + n äëÿ íåêîòîðûõ m,n.
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Êàê ñëåäñòâèå íà ñòðóêòóðå M îïðåäåëÿåòñÿ óìíîæåíèå x · y = z òîãäà è òîëüêî òîãäà,
êîãäà äëÿ ëþáîãî ïðîñòîãî p âåðíî "åñëè a � íàèáîëüøàÿ ñòåïåíü, äåëÿùàÿ x, b � íàèáîëüøàÿ
ñòåïåíü, äåëÿùàÿ y, è c � íàèáîëüøàÿ ñòåïåíü, äåëÿùàÿ z, òî ϕ(a, b, c, p)".

Òåïåðü, ñ ïîìîùüþ ôîðìóëû Äæ. Ðîáèíñîí (îíà îïðåäåëÿåò ñëîæåíèå, êîãäà S � ôóíêöèÿ
ñëåäîâàíèÿ)

S(a · b) · S(b · c) = S[(c · c) · S(a · b)]
îïðåäåëÿåì îòíîøåíèå I(a, b, c) ® (a + b = c ∨ |a− b| = c)).

Äàëåå ìû îïðåäåëÿåì ñóììó êâàäðàòîâ

z = x2 + y2 ⇔ ∀t(I(x, y, t) ↔ I(z, 2xy, t2)

è ñóììó ÷åòûðåõ êâàäðàòîâ

t = x2 + y2 + u2 + z2 ⇔ (x = y ∧ u = z ∧ t = 2(x2 + u2)) ∨ ((x 6= y ∨ u 6= z) ∧ ∃a∃b∃c∃d(I(x, y, a)∧

I(x, y, c) ∧ I(u, z, b) ∧ I(u, z, d) ∧ I(a2 + b2, c2 + d2, 2t) ∧ ¬I(2xy, 2uz, t))).
Ïî èçâåñòíîé òåîðåìå Ëàãðàíæà êàæäîå íàòóðàëüíîå ÷èñëî ïðåäñòàâèìî â âèäå ñóììû

÷åòûðåõ êâàäðàòîâ öåëûõ ÷èñåë. Êâàäðàò íå÷åòíîãî ÷èñëà âñåãäà ðàâåí 1 ïî ìîäóëþ 4, ÷òî
ïîçâîëÿåò ôîðìóëüíî âûäåëèòü âñå êëàññû âû÷åòîâ ïî ìîäóëþ 4. Ýòî, â ñâîþ î÷åðåäü, ïîç-
âîëÿåò îïðåäåëèòü ôóíêöèþ ñëåäîâàíèÿ ÷åðåç îòíîøåíèå ñîñåäñòâà. Òîãäà ïî òåîðåìå Äæ.
Ðîáèíñîí ñòðóêòóðà M ÿâëÿåòñÿ îïðåäåëèìî ñëîæíåéøåé.

Â êà÷åñòâå ñëåäñòâèÿ ïðèâåäåì åùå îäíó îïðåäåëèìî ñëîæíåéøóþ ñòðóêòóðó
N = 〈N ; S, E〉. Êàê ïîêàçàíî â [4], ñëåäóþùèå îòíîøåíèÿ âûðàçèìû â N:

"x � ïîëîæèòåëüíàÿ ñòåïåíü ïðîñòîãî ÷èñëà"⇔ Π(x) ® x 6= 1∧∃y(y 6= x∧∀z(yEz → xEz));
"x � ñîñòàâíîå ÷èñëî, ñâîáîäíîå îò êâàäðàòîâ"⇔ Σ(x) ® ¬Π(x) ∧∀y∀z(xEy ∧ xEz ∧ yEz ∧

Π(y) ∧Π(z) → y = z);
"x � ïðîñòîå ÷èñëî"⇔ π(x) ® Π(x) ∧ ∃y(Σ(y) ∧ xEy).
Êðàòíîå m ÷èñëà n íàçîâåì ñóùåñòâåííûì, åñëè m äåëèòñÿ íà íåêîòîðîå ïðîñòîå ÷èñëî,

íà êîòîðîå íå äåëèòñÿ n. Î÷åâèäíî, y ÿâëÿåòñÿ ñóùåñòâåííûì êðàòíûì x òîãäà è òîëüêî òîãäà,
êîãäà â N èñòèííà ôîðìóëà

∆(x, y) ® xEy ∧ ∃z(π(z) ∧ yEz ∧ ¬zEx).

È, íàêîíåö, îïðåäåëèìî îòíîøåíèå äåëèìîñòè
"x äåëèò y"⇔ xEy ∧ ∀z(∆(y, z) → xEz).
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ÊÎËÅÁÀÍÈÉ ÓÏÐÓÃÎÉ ÎÄÍÎÐÎÄÍÎÉ ÌÎÄÅËÈ ÇÅÌËÈ

À. K. Åãîðîâ, Ó. Ä. Åðøèáàåâ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè
ã. Àëìàòû

Ðàññìîòðåíà ìîäåëü Çåìëè â âèäå îäíîðîäíîãî óïðóãîãî øàðà èç íåñæèìàåìîãî ìàòåðèàëà ïîñòî-
ÿííîé ïëîòíîñòè. Äëÿ êëàññà C1 ñâîáîäíûõ êîëåáàíèé, íàçûâàåìûõ êðóòèëüíûìè,ïîëó÷åíû îáùèå
ðåøåíèÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ïåðåìåùåíèÿõ. Ñ ó÷åòîì íóëåâûõ ãðàíè÷íûõ
óñëîâèé â íàïðÿæåíèÿõ â ðàññìàòðèâàåìîì ñëó÷àå, ïîëó÷åíî õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ
îïðåäåëåíèÿ ÷àñòîò ñâîáîäíûõ êðóòèëüíûõ êîëåáàíèé óïðóãîé îäíîðîäíîé ìîäåëè Çåìëè.

Ðàññìîòðèì ìîäåëü Çåìëè â âèäå îäíîðîäíîãî óïðóãîãî øàðà ðàäèóñà r0 èç íåñæèìàåìîãî
ìàòåðèàëà ñ ìîäóëåì ñäâèãà G è ïëîòíîñòüþ ρ1. Îáðàòèìñÿ ê êëàññó ñâîáîäíûõ êîëåáàíèé
Çåìëè, íàçûâàåìûõ êðóòèëüíûìè [1].

Óðàâíåíèÿ äèíàìè÷åñêèõ êðóòèëüíûõ êîëåáàíèé, çàïèñàííûå äëÿ âîçìóùåíèé ïåðåìåùå-
íèé â ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò r, θ, λ, èìåþò âèä

r2 ∂2u2

∂r2
+ 2r

∂u2

∂r
+ ρ1f

2u2
r2

G
=

2
sin θ

∂χ

∂λ
,

(1)

r2 ∂2u3

∂r2
+ 2r

∂u3

∂r
+ ρ1f

2u3
r2

G
= −2

∂χ

∂θ
,

ãäå χ îòâå÷àåò ðàäèàëüíîé êîìïîíåíòå ðîòîðà âåêòîðà ïåðåìåùåíèÿ.
Èç óðàâíåíèé (1) ïîëó÷àåì óðàâíåíèå îòíîñèòåëüíî χ

(∇2 + ∆)χ = 0, (2)

ãäå

Keywords: elastic model of Earth, incompressible material, �uctuation
2000 Mathematics Subject Classi�cation: 74J05, 74B05
c
 À. K. Åãîðîâ, Ó. Ä. Åðøèáàåâ, 2003.
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∇2 =
∂

∂θ2
+ ctgθ

∂

∂θ
+

1
sin2 θ

∂2

∂λ2
(3)

� îïåðàòîð Áåëüòðàìè [2],

∆ = r2 ∂2

∂r2
+ 2r

∂

∂r
+ ρ1f

2 r2

G
. (4)

Ïîëàãàåì

χ = χ(r)Pm
n (cos θ) cosmλ, (5)

Pm
n (cos θ) � ïðèñîåäèíåííàÿ ôóíêöèÿ Ëåæàíäðà ïåðâîãî ðîäà n-íîé ñòåïåíè m-ãî ïîðÿäêà.
Èìååì

∇2χ = −χ(r)n(n + 1)Pm
n (cos θ) cosmλ. (6)

Ñ ó÷åòîì (3)-(4) óðàâíåíèå (2) ïðèîáðåòàåò âèä

r2 d2χ(r)
dr2

+ 2r
dχ(r)

dr
+ ρ1f

2χ(r)
r2

G
− n(n + 1)χ(r) = 0. (7)

Èíòåãðèðóÿ óðàâíåíèå (2) ñ ðåãóëÿðíîé îñîáîé òî÷êîé r = 0 ñ ïîìîùüþ îáîáùåííîãî ñòå-
ïåííîãî ðÿäà [3], ïîëó÷èì

χ(r) = C2r
n

[
1− ρ1f

2r2

2G(2n + 3)
+ ...

]
, (8)

ãäå Ñ2 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ èíòåãðèðîâàíèÿ.
Ïåðåìåùåíèÿ ïðèìåì â âèäå

u2 = u2(r)
Pm

n (cos θ)
sin θ

sinmλ, (9)

u3 = u3(r)
dPm

n (cos θ)
dθ

cosmλ. (10)

Çàïèøåì óðàâíåíèÿ (1) ñ ó÷åòîì (5), (9), (10) ñëåäóþùèì îáðàçîì

r2 d2u2

dr2
+ 2r

du2

dr
+ ρ1f

2 r2

G
u2 = −2mχ(r), (11)

r2 d2u3

dr2
+ 2r

du3

dr
+ ρ1f

2 r2

G
u3 = −2χ(r). (12)

Íàéäåì îáùåå ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ

r2 d2u∗i
dr2

+ 2r
du∗i
dr

+ ρ1f
2 r2

G
u∗i = 0, (i = 2, 3), (13)

îòâå÷àþùåå óðàâíåíèÿì (11) è (12), â âèäå

u∗i (r) = C1(1− 1
6
ρ1f

2 1
G

r2 + ...), (14)

ãäå C1 � ïðîèçâîëüíàÿ ïîñòîÿííàÿ èíòåãðèðîâàíèÿ.
×àñòíûå ðåøåíèÿ íåîäíîðîäíûõ óðàâíåíèé (11) è (12) íàéäåíû â ñëåäóþùåì âèäå
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u2(r) = mC2r
n

[
− 2

n(n + 1)
+

ρ1r
2f2

Gn(n + 1)(2n + 3)
− ...

]
, (15)

u3(r) = C2r
n

[
− 2

n(n + 1)
+

ρ1r
2f2

Gn(n + 1)(2n + 3)
− ...

]
. (16)

Îáùåå ðåøåíèå óðàâíåíèé (11) è (12) äëÿ àìïëèòóä ïåðåìåùåíèé èìååò âèä

u2(r) = C1(1− 1
6
ρ1f

2 1
G

r2 + ...)+

+mC2r
n

[
− 2

n(n + 1)
+

ρ1f
2

G

r2

n(n + 1)(2n + 3)
− ...

]
, (17)

u3(r) = C1(1− 1
6
ρ1f

2 1
G

r2 + ...)+

+C2r
n

[
− 2

n(n + 1)
+

ρ1f
2

G

r2

n(n + 1)(2n + 3)
− ...

]
. (18)

Ãðàíè÷íûå óñëîâèÿ ñâîáîäíûõ êîëåáàíèé � óñëîâèÿ îòñóòñòâèÿ íàïðÿæåíèé íà äíåâíîé
ïîâåðõíîñòè

σ12 = 0, σ13 = 0, ïðè r = r0. (19)
Ó÷èòûâàÿ ôèçè÷åñêèé çàêîí â íàøåì ñëó÷àå

σ12 = G

(
∂u2

∂r
− u2

r

)
, 2σ13 = G

(
∂u3

∂r
− u3

r

)
, (20)

ïåðåïèøåì (19) â âèäå

du2

dr
− u2

r0
= 0,

du3

dr
− u3

r0
= 0, ïðè r = r0. (21)

Ó÷èòûâàÿ (17) è (18), èç (21) ïîëó÷èì õàðàêòåðèñòè÷åñêîå óðàâíåíèå äëÿ îïðåäåëåíèÿ ÷à-
ñòîò ñâîáîäíûõ êðóòèëüíûõ êîëåáàíèé Çåìëè

f4
(
a′′11a

′′
22 − a′′21a

′′
12

)
+ f2

[(
a′′11a

′
22 + a′′22a

′
11

)−

−(
a′′21a

′
12 + a′′12a

′
21

)]
+

(
a′11a

′
22 − a′21a

′
12

)
= 0, (22)

ãäå

a′11 = − 1
r0

, a′′11 = −1
6
ρ1

r0

G
, a′12 =

2m(1− n)r(n−1)
0

n(n + 1)
,

a′′12 =
ρ1mr

(n+1)
0

Gn(2n + 3)
, a′21 = − 1

r0
, a′′21 = −1

6
ρ1

r0

G
, (23)

a′22 =
2(1− n)r(n−1)

0

n(n + 1)
, a′′22 =

ρ1r
(n+1)
0

Gn(2n + 3)
.

Ðåøàÿ áèêâàäðàòíîå àëãåáðàè÷åñêîå óðàâíåíèå (22), íàõîäèì êîìïëåêñíûå ÷àñòîòû f ñâî-
áîäíûõ êðóòèëüíûõ êîëåáàíèé Çåìëè.
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Ñîãëàñíî ñîîòíîøåíèþ Ýéëåðà

exp(ift) = eift = ei(a+bi)t = e−bt(cos at + i sin at),

ãäå f = a+ bi, a = Re f , b = Im f , i � ìíèìàÿ åäèíèöà, âåëè÷èíà a � äåéñòâèòåëüíàÿ ÷àñòîòà
êîëåáàíèé, âåëè÷èíà b õàðàêòåðèçóåò ëèáî ðîñò êîëåáàíèé (b < 0), ëèáî èõ çàòóõàíèå (b > 0).
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Ïîñòðîåíû ñèñòåìû àâòîìàòè÷åñêîãî óïðàâëåíèÿ êóðñîì êîðàáëÿ è ñàìîëåòà ïî çàäàííîìó
ìíîãîîáðàçèþ. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ àáñîëþòíîé óñòîé÷èâîñòè ïðîãðàììíîãî ìíîãî-
îáðàçèÿ îòíîñèòåëüíî çàäàííîé ôóíêöèè.

Ïîñòðîåíèÿ âñåãî ìíîæåñòâà ñèñòåì óðàâíåíèé ïî çàäàííîé êðèâîé â âèäå îáðàòíûõ çà-
äà÷ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñôîðìóëèðîâàíû â [1]. Ðåøåíèå ýòèõ çàäà÷
ïîëó÷èëè äàëüíåéøåå ðàçâèòèå â ðàáîòàõ [2, 3], è êàê îáùàÿ çàäà÷à ïî ïîñòðîåíèþ ñèñòåì
îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé âîññòàíîâëåíèÿ è çàìûêàíèÿ ïî çàäàííîìó ìíî-
ãîîáðàçèþ ñôîðìóëèðîâàíû â [2]. Â [3] ïðèâåäåí îáçîð èññëåäîâàíèé ïî àíàëèòè÷åñêîìó ïî-
ñòðîåíèþ ñèñòåì ïðîãðàììíîãî äâèæåíèÿ. Ïîñòðîåíèþ ñèñòåì àâòîìàòè÷åñêîãî óïðàâëåíèÿ
ïî çàäàííîìó ìíîãîîáðàçèþ ïîñâÿùåíû ðàáîòû [4 - 6]. Â íèõ ñèñòåìû óïðàâëåíèÿ ñòðîèëèñü
äëÿ ñëó÷àÿ, êîãäà íåëèíåéíàÿ ôóíêöèÿ ϕ(σ), ÿâëÿåòñÿ ñêàëÿðíîé. Óñòàíîâëåíû äîñòàòî÷íûå
óñëîâèÿ àáñîëþòíîé óñòîé÷èâîñòè. Â [6] ýòà çàäà÷à ðåøàëàñü äëÿ ôóíêöèè Åðóãèíà F (t, x, ω)
ÿâëÿþùåéñÿ ëèíåéíîé îòíîñèòåëüíî ìíîãîîáðàçèÿ è èìåþùåé íåêîòîðóþ îãðàíè÷åííóþ íåëè-
íåéíîñòü. Â [7 � 8] èçó÷åíà çàäà÷à ïîñòðîåíèÿ ñèñòåì àâòîìàòè÷åñêîãî óïðàâëåíèÿ, êîãäà
íåëèíåéíàÿ ôóíêöèÿ ÿâëÿåòñÿ âåêòîðíîé è óäîâëåòâîðÿåò óñëîâèÿì ëîêàëüíîé êâàäðàòè÷íîé
ñâÿçè.

Öåëüþ íàøåé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå ñèñòåì àâòîìàòè÷åñêîãî óïðàâëåíèÿ êóðñîì êî-
ðàáëÿ è ñàìîëåòà.

Ïóñòü äèôôåðåíöèàëüíîå óðàâíåíèå

ϕ̇ = f(t, ϕ), (1)

ãäå f, ϕ � 3-ìåðíûå âåêòîðû, îáëàäàåò ãëàäêèì èíòåãðàëüíûì ìíîãîîáðàçèåì Ω(t), îïðåäåëÿ-
åìûì óðàâíåíèåì

ω(t, ϕ) = 0. (2)

Keywords: system control, programm manyfold, stability
2000 Mathematics Subject Classi�cation: 34K29
c
 Ñ. Ñ. Æóìàòîâ, 2003.
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Óðàâíåíèå (1) ìîæíî çàïèñàòü â âèäå ñèñòåìû




ϕ̇1 = ϕ2,
ϕ̇2 = ϕ3,
ϕ̇3 = f3(t, ϕ1, ϕ2, ϕ3).

Â ïðîñòðàíñòâå R3 âûäåëèì îáëàñòü G(R)

G(r) = {(t, ϕ) : t ≥ 0 ∧ ‖ω(t.ϕ)‖ ≤ r < ∞}.

Îòíîñèòåëüíî ϕ ∈ R3 ïðåäïîëàãàåòñÿ, ÷òî ïðè âñåõ t ≥ t0
1) ïðàâûå ÷àñòè ñèñòåìû (1) íåïðåðûâíû ïî âñåì ïåðåìåííûì è óäîâëåòâîðÿþò óñëîâèÿì

ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ ϕ = ϕ(t);

2) âåêòîð-ôóíêöèÿ ω(t, ϕ) íåïðåðûâíà âìåñòå ñ ÷àñòíûìè ïðîèçâîäíûìè ∂ω

∂ϕ
,
∂ω

∂t
â íåêîòî-

ðîé çàìêíóòîé îãðàíè÷åííîé îáëàñòè G ⊂ R3, ñîäåðæàùåé ìíîãîîáðàçèå Ω(t).
Çàäàííàÿ ïðîãðàììà (2) òî÷íî âûïîëíÿåòñÿ ëèøü ïðè óñëîâèè, åñëè íà÷àëüíûå çíà÷åíèÿ

âåêòîðà ñîñòîÿíèÿ ñèñòåìû óäîâëåòâîðÿþò óñëîâèÿì ω(t0, ϕ0). Íî ýòè óñëîâèÿ íå âñåãäà ìîãóò
áûòü òî÷íî âûïîëíåíû. Ïîýòîìó ïðè ïîñòðîåíèè ñèñòåì ïðîãðàììíîãî äâèæåíèÿ ñëåäóåò èìåòü
â âèäó åùå è òðåáîâàíèå óñòîé÷èâîñòè ïðîãðàììíîãî ìíîãîîáðàçèÿ Ω(t).

Â ñèëó òîãî, ÷òî ìíîãîîáðàçèå Ω(t) ÿâëÿåòñÿ èíòåãðàëüíûì, äëÿ ñèñòåìû (3) èìååò ìåñòî

ω̇ =
∂ω

∂ϕ
ϕ̇ +

∂ω

∂t
= F (t, ϕ, ω), (4)

ãäå F (t, ϕ, 0) ≡ 0 - íåêîòîðàÿ âåêòîð-ôóíêöèÿ Åðóãèíà.
Óðàâíåíèå (4) òàêæå çàïèñûâàåòñÿ â âèäå ñèñòåìû





ω̇1 = ω2,
ω̇2 = ω3,
ω̇3 = F3(t, ϕ, ω).

Ïóñòü
F (t, ϕ, ω) = −γT ω, γ = (0, γ2, γ3). (5)

Âìåñòå ñ óðàâíåíèåì (1) ðàññìîòðèì óðàâíåíèÿ ñèñòåìû àâòîìàòè÷åñêîãî óïðàâëåíèÿ êóðñîì
êîðàáëÿ [9]:
êîðàáëÿ êàê îáúåêòà óïðàâëåíèÿ êóðñîì áåç ó÷åòà âíåøíåãî âîçäåéñòâèÿ (fϕ = 0)

ϕ̇ = f(t, ϕ) + κT δ, κ = (κ1, κ2, 0, 0)T , δ = (δ1, δ2, δ3, δ4) (6)

èçìåðèòåëüíîãî îðãàíà, ïåðâîãî è âòîðîãî äèôôåðåíöèðóþùèõ çâåíüåâ

xi = ϕi (i = 1, 2, 3) (7)

óñèëèòåëåé è ïðåîáðàçóþùåãî ýëåìåíòà

xy = k4x5; Tnσ̇ + σ = k5xy; e = F (σ) ∈ C(0,5), F (0) = 0; (8)

èñïîëíèòåëüíîãî îðãàíà
aT δ = kδ = F (σ), a = (1, a1, a2, a3)T (9)

çàêîíà óïðàâëåíèÿ

Tσσ̇ + σ = cT ω + sT δ, c = (c1, c2, c3)T , s = (c4, c5, c6, 0)T . (10)
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Èçâåñòíî, ÷òî ôóíêöèÿ F (σ) ÿâëÿåòñÿ ôóíêöèåé óïðàâëåíèÿ ïî îòêëîíåíèþ îò ïðîãðàììû,
òàê êàê íà ïðîãðàììíîì ìíîãîîáðàçèè îíà îáðàùàåòñÿ â íóëü è ñèñòåìà (6 - 10) ïðèíèìàåò
âèä (1), ïðè âûïîëíåíèè óñëîâèé





κ1δ1 + κ2δ2 = 0,
δ1 + a1δ2 + a2δ3 + a3δ4 = 0,
c4δ1 + c5δ2 + c6δ3 = 0.

(11)

Ñëåäîâàòåëüíî, ìíîãîîáðàçèå (2) è äëÿ (6 � 10) ÿâëÿåòñÿ èíòåãðàëüíûì.
Äèôôåðåíöèðóÿ (2) ïî âðåìåíè t â ñèëó ñèñòåìû óðàâíåíèé (6 � 10), ñ ó÷åòîì (4) è (5)

ïîëó÷àåì 



ω̇ = −aT ω − τT δ,
xi = ϕi (i = 1, 2, 3),
xy = k4x5; Tnσ̇ + σ = k5xy; e = F (σ) ∈ C(0,5), F (0) = 0,
aT δ = kδ = F (σ), a = (1, a1, a2, a3)T ,
Tσσ̇ + σ = cT ω + sT δ, c = (c1, c2, c3)T , s = (c4, c5, c6, 0)T .

(12)

Çäåñü τ =
∂ω

∂ϕ
κ,

Ïðîãðàììíîå ìíîãîîáðàçèå Ω(t) íàçûâàåòñÿ àáñîëþòíî óñòîé÷èâûì, åñëè îíî óñòîé÷èâî â
öåëîì íà ðåøåíèÿõ ñèñòåìû óðàâíåíèé (6 - 10) ïðè ëþáîé ω(t0, ϕ0) è ôóíêöèè F (σ), óäîâëåò-
âîðÿþùåé óñëîâèÿì (8).

Ñòàâèòñÿ çàäà÷à: Íàéòè óñëîâèÿ àáñîëþòíîé óñòîé÷èâîñòè ïðîãðàììíîãî ìíîãîîáðàçèÿ
Ω(t) îòíîñèòåëüíî âåêòîð-ôóíêöèè ω(t, ϕ). Ïîñëå èñêëþ÷åíèÿ ïðîìåæóòî÷íûõ ïåðåìåííûõ èç
(12), ââîäÿ îáîçíà÷åíèÿ





ηi = ϕi (i = 1, 2, 3), η4 = δ1, η5 = δ2, η6 = δ3,
a32 = a2, a33 = a1, a34 = τ1, a35 = τ2, a64 = r1,
a65 = r2, a66 = r3, kδ/a3F (σ) = f(σ), ck/Tσ = βk, ρ = T−1

σ ,
(13)

ïîëó÷èì ñèñòåìó âèäà {
η̇ = −Aη − bf(σ),
σ̇ = βT η − r0,

(14)

ãäå
ηT = ‖η1, . . . , η6‖, bT = ‖0, . . . , 0, b6‖, βT = ‖β1, . . . , β6‖,

A = ‖aij‖6
1, a12 = a23 = a45 = a56 = −1,

à îñòàëüíûå ýëåìåíòû ðàâíû íóëþ. Ïðèâåäåì íåêîòîðûå ÷èñëîâûå äàííûå è îáîçíà÷åíèÿ èç
[9]:
a1 = 0, 682c−1; a2 = 0, 0302c−2; τ1 = 0, 0463c−3; τ2 = 0, 0222c−1; k1 = 0, 15B/ãðàä;
α1 = 0, 78 · 10−3c−3; α2 = 0, 2888c2; α3 = 12, 5c; kδ = 2, 1ãðàä/ìì; k = 5; k4 = 2 · 103;
k5 = 0, 1ìì/B; koc2 = 3 · 10−3; koc3 = 1 · 10−3; Tn = 0.01c,

Tσ =
Tn(1 + k4koc3)

α0
; α0 = 1 + k4(k5koc2koc3); k0 = α−1

0 T−1
σ ;

β1 = k−1
0 k1k4k5; β2 = k−1

0 k2k4k5; β3 = k−1
0 k3k4k5;

β4 = −k−1
0 k4k5koc1; β5 = −k−1

0 k4k5koc5; β6 = −k−1
0 k4k5koc6.
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Íåïîñðåäñòâåííîå èññëåäîâàíèå ñèñòåìû (14) íà óñòîé÷èâîñòü âòîðûì ìåòîäîì Ëÿïóíîâà
íåâîçìîæíî, òàê êàê ìàòðèöà A èìååò îäíî ñîáñòâåííîå íóëåâîå ðåøåíèå. Ïîýòîìó ñíà÷àëà
ñèñòåìó (14) ïðèâîäèì ê âèäó 




ẋ = −Px− df(σ),
σ̇ = νT x− r0 − rξ,

ξ̇ = f(σ),
(15)

ãäå
ξ = x6/d6; P = diag‖ρ1, . . . , ρ5‖; dT = ‖d1, . . . , d5‖;

di = Ti6b6 (i = 1, . . . , 5); βT T−1 = ‖νT ,−γ‖; γ = T66b6ν6,

ñ ïîìîùüþ ïðåîáðàçîâàíèÿ x = Tη [7].
Çäåñü ìàòðèöà ïðåîáðàçîâàíèÿ T îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì

T =

∥∥∥∥∥∥∥∥∥∥∥∥

−a2r1 −a1r1 −r1 −τ2r1 + τ1r2 a2τ1r3 τ1

0 (a1 − ρ2)∆2(ρ2) ∆2(ρ2) A14(ρ2) 0 τ1 − τ2ρ2

0 (a1 − ρ3)∆2(ρ3) ∆2(ρ3) A14(ρ3) 0 τ1 − τ2ρ3

0 0 0 A14(ρ4) A15(ρ4) τ1 − τ2ρ4

0 0 0 A14(ρ5) A15(ρ5) τ1 − τ2ρ5

0 0 0 A14(ρ6) A15(ρ6) τ1 − τ2ρ6

∥∥∥∥∥∥∥∥∥∥∥∥

ñ ýëåìåíòàìè
A11(ρ) = ∆1(ρ)∆2(ρ); A12(ρ) = −(ρ− a1)∆2(ρ);

A13(ρ) = ∆2(ρ); A14(ρ) = τ1ρ
2 − τ1r3ρ− τ2r1 + τ1r2;

A15(ρ) = ∆1(ρ)[τ2ρ
2 − (τ1 + τ3)ρ + τ1r3]; A15(ρ) = τ1 − τ2ρ;

∆1(ρ) = ρ2 − a1ρ + a2; ∆2(ρ) = ρ3 − r3ρ
2 + r2ρ− r1,

à Aij ÿâëÿþòñÿ àëãåáðàè÷åñêèìè äîïîëíåíèÿìè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ |A− ρE| = 0.
Åñëè ïîëîæèì Tn = 0, òî èç (15) ïîëó÷èì ñèñòåìó íåïðÿìîãî óïðàâëåíèÿ âèäà

{
ẋ = −Px− df(σ),
ξ̇ = f(σ); σ = νT x− γξ.

(16)

Äëÿ àáñîëþòíîé óñòîé÷èâîñòè ïðîãðàììíîãî ìíîãîîáðàçèÿ Ω(t) â óãëå (0, 5) äîñòàòî÷íî ñó-
ùåñòâîâàíèÿ íåêîòîðîãî âåùåñòâåííîãî ÷èñëà q è âûïîëíåíèÿ ÷àñòîòíîãî íåðàâåíñòâà Ïîïîâà
[8]

Π(i$) = 1/5 + Re(1 + i$q)W (i$) > 0 ∀ $ ∈]−∞,∞[ (17)

è óñëîâèÿ ïðåäåëüíîé óñòîé÷èâîñòè
γ > 0, (18)

ãäå W (i$) = γ/i$ + νT (P + i$E)−1d, à ìàòðèöû P, d, ν, γ îïðåäåëÿþòñÿ èç ñîîòíîøåíèÿ (15).
Óñëîâèå (17) ïðèâîäèòñÿ ê âèäó [8]

Π(µ) = 1/5 + νT (P 2 + µE)−1Rd + q[γ + µνT P 2 + µE)−1d] > 0 (19)

Òåîðåìà 1.Äëÿ àáñîëþòíîé óñòîé÷èâîñòè ïðîãðàììíîãî ìíîãîîáðàçèÿ Ω(t) îòíîñèòåëü-
íî âåêòîð-ôóíêöèè ω(t, ϕ) â óãëå (0, 5) íåîáõîäèìî è äîñòàòî÷íî âûïîëíåíèÿ íåðàâåíñòâà (19)
ïðè âûïîëíåíèè óñëîâèé

νidi ≥ 0 ∨ νidi ≤ 0 ∀ i51. (20)
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Ðàññìîòðèì òåïåðü óðàâíåíèÿ äâèæåíèÿ ñèñòåìû óïðàâëåíèÿ êóðñîì ñàìîëåòà â ðåæèìå
àâòîïèëîòà [10] {

T 2ψ̈ + Uψ̇ + kψ = 0; µ̇ = fT (σ),
σ = aω + Eω̇ + G2ω̈ − l−1µ,

(21)

êîòîðûå îáëàäàþò ãëàäêèì ìíîãîîáðàçèåì Ω(t), çàäàííûì óðàâíåíèåì

ω(τ, ψ) = 0. (22)

Çäåñü ïîñòîÿííàÿ T 2 õàðàêòåðèçóåò èíåðöèîííîñòü îáúåêòà ðåãóëèðîâàíèÿ, U � åñòåñòâåííîå
äåìïôèðîâàíèå, k õàðàêòåðèçóåò äåéñòâèå âîññòàíàâëèâàþùåé ñèëû, a, E, G2, l � ïîñòîÿííûå
ðåãóëÿòîðà.

Ñòàâèòñÿ çàäà÷à: Îïðåäåëèòü óñëîâèÿ óñòîé÷èâîñòè ïðîãðàììíîãî ìíîãîîáðàçèÿ (22).
Äèôôåðåíöèðóÿ ïðîãðàììíîå ìíîãîîáðàçèå (22) äâàæäû ïî τ , â ñèëó ñèñòåìû (21) ïîëó÷èì

ω̈ =
∂2ω

∂τ2
+ 2

∂2ω

∂τ∂ψ
ψ̇ +

∂2ω

∂ψ2
ψ̇2 +

∂ω

∂ψ

[
− U

T 2
ψ̇ − k

T 2
ψ − µ

T 2

]
. (23)

Ïðåäïîëîæèì, ÷òî [8]




∂2ω

∂τ2
+ 2

∂2ω

∂τ∂ψ
ψ̇ +

∂2ω

∂ψ2
ψ̇2 +

∂ω

∂ψ

(
− U

T 2
ψ̇ − k

T 2
ψ

)
= F (τ, ψ, ω, ω̇),

F (τ, ψ, ω, ω̇) = −α1ω̇ − α2ω.
(24)

Òîãäà èìååì 



ω̈ + α1ω̇ + α2ω +
∂ω

∂ψ

µ

T 2
= 0,

µ̇ = fT (σ),
σ = aω + Eω̇ + G2ω̈ − l−1µ.

(25)

Ïóñòü ∂ω

∂ψ
= h− const. Ââåäåì îáîçíà÷åíèÿ





ω = η1; ω̇ =
√

rη2; µ = iξ, t =
τ√
r
, r = i,

i = lT 2

T 2+lG2h
; ϕ(σ) = 1

i
√

r
fT (σ); a1 = −α2

r ; a2 = − α2√
r
,

p1 = a− α2G
2; p2 = (E − α1G

2)
√

r.

(26)

Ñèñòåìó (25) ïðèâîäèì ê íîðìàëüíîé ôîðìå â áåçðàçìåðíûõ ïåðåìåííûõ




η̇ = −Aη − bξ,

ξ̇ = ϕ(σ),
σ = pT η − ξ,

(27)

ãäå
η =

∥∥∥∥
η1

η2

∥∥∥∥ ; A =
∥∥∥∥

0 −1
a2 a1

∥∥∥∥ ; b =
∥∥∥∥

0
1

∥∥∥∥ ; p =
∥∥∥∥

p1

p2

∥∥∥∥ ; ϕ(σ) ∈ C(0,k].

Ñèñòåìó (27) ñ ïîìîùüþ çàìåíû z1 = η2, z2 = −a2η1 − η2 − ξ ïðåîáðàçóåì ê âèäó




ż = −Az − δϕ(σ),
ξ̇ = ϕ(σ),
σ = mT z − γξ.

(28)
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Çäåñü
mT =

∥∥∥∥−
P1a1

a2
+ p2,

p1

a2

∥∥∥∥ ; γ = 1 +
p1

a2
.

Ìàòðèöà L îïðåäåëÿåòñÿ ñëåäóþùèì îáðàçîì [11]:

l1 = c2 +
c1a1

2a2
+

c3a1 + c1

2a1
; l2 =

c1

2a2
; l3 =

c3

2a1
+

c1

2a1a2

Òåîðåìà 2.Ïóñòü ìàòðèöà (−A) ãóðâèöåâà.
Òîãäà äëÿ àáñîëþòíîé óñòîé÷èâîñòè ïðîãðàììíîãî ìíîãîîáðàçèÿ (22) ñèñòåìû (21) äîñòà-
òî÷íî âûïîëíåíèÿ óñëîâèé

γ > 0 ∧ c > 0,

c3

a1
+

c1

a1a2
+

p1

a2
= 0 ∧ c1

a2
− p1a1

a2
+ p2 = 0.

Òåîðåìà 3.Äëÿ àáñîëþòíîé óñòîé÷èâîñòè ïðîãðàììíîãî ìíîãîîáðàçèÿ (22) ñèñòåìû (21)
â óãëå (0, k] äîñòàòî÷íî ñóùåñòâîâàíèÿ íåêîòîðîãî âåùåñòâåííîãî ÷èñëà q è âûïîëíåíèÿ íåðà-
âåíñòâà

π(µ, q) = k−1 + γq + mT (A2 + µE)−1(A + qµE)b > 0 ∀µ ≥ 0.
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Î ÑÂÎÉÑÒÂÀÕ ÊÎÐÍÅÂÛÕ ÏÎÄÏÐÎÑÒÐÀÍÑÒÂ
ÇÀÄÀ×È ÒÐÈÊÎÌÈ

Ò. Ø. Êàëüìåíîâ,Ì. À. Äæàìàíêàðàåâ,Ä. Ò. Êàëüìåíîâ

Þæíî-Êàçàõñòàíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.Àóýçîâà
486001 Øûìêåíò, ïð.Òàóêå-õàíà, 5

Äîêàçàíà áåñêîíå÷íîìåðíîñòü êîðíåâûõ âåêòîðîâ çàäà÷è Òðèêîìè

Ïóñòü Ω⊂R2 � êîíå÷íàÿ îáëàñòü, îãðàíè÷åííàÿ ïðè y > 0 áåñêîíå÷íî ãëàäêîé êðèâîé σ, à
ïðè y < 0−õàðàêòåðèñòèêàìè AC : x− 2

3(−y)
3
2 = 1, BC : x + 2

3(−y)
3
2 = 1 óðàâíåíèÿ

Lu≡−yuxx − uyy = λu, (1)

ãäå λ � êîìïëåêñíûé ïàðàìåòð.
Ñïåêòðàëüíàÿ çàäà÷à Òðèêîìè. Íàéòè ñîáñòâåííûå è ïðèñîåäèíåííûå ôóíêöèè óðàâíåíèÿ
(1), óäîâëåòâîðÿþùèå êðàåâîìó óñëîâèþ

u|σ∪AC = 0. (2)

Â äàëüíåéøåì áóäåì ïðåäïîëàãàòü, ÷òî êðèâàÿ σ îêàí÷èâàåòñÿ ìàëûìè äóãàìè íîðìàëüíîé
êðèâîé σ0 :

(
x− 1

2

)2 + 4
9y2 = 1

4 .
Îñíîâíûì ðåçóëüòàòîì íàñòîÿùåé ðàáîòû ÿâëåòñÿ
Òåîðåìà 1. Ñîáñòâåííûå è ïðèñîåäèíåííûå ôóíêöèè (êîðíåâûå ôóíêöèè) çàäà÷è Òðèêîìè
îáðàçóþò áåñêîíå÷íîìåðíîå êîðíåâîå ïîäïðîñòðàíñòâî.

Îòìåòèì, ÷òî ñïåêòðàëüíîé çàäà÷å Òðèêîìè ïîñâÿùåíû ðàáîòû [1]�[3], ïpè÷åì â pàáîòå [1]
ìåòîäîì ýêñòpåìóìà äîêàçàíà íåïóñòîòà ñïåêòpà çàäà÷è Òpèêîìè.

×åðåç LT è LT ∗ îáîçíà÷èì çàìûêàíèå îïåðàòîðà (1) â L2(Ω), ñîîòâåòñòâåííî, íà ïîäìíîæå-
ñòâå ôóíêöèé u ∈ C∞(Ω), u|σ∪AC = 0 è v ∈ C∞(Ω), v|σ∪BC = 0. Îáðàòèìîñòü îïåðàòîðîâ LT è
LT ∗ íà âñåì L2(Ω), è ïîëíàÿ íåïðåðûâíîñòü èõ îáðàòíûõ îïåðàòîðîâ L−1

T è L−1
T ∗ äîêàçàíà â [4].

Ïîä êîðíåâûìè ôóíêöèÿìè çàäà÷è (1)�(2) áóäåì ïîíèìàòü êîðíåâûå âåêòîpû îïåðàòîðà LT .
Ïóñòü ÷èñëî êîpíåâûõ âåêòîðîâ îïåpàòîpà LT {ui}, ñîîòâåòñòâóþùèõ ñîáñòâåííûì çíà÷å-

íèÿì {λi}, êîíå÷íî, ò.å. i = 1, 2, ..., N . Â äàëüíåéøåì áóäåì èñïîëüçîâàòü pàçëîæåíèå ïðîñòðàí-
ñòâà L2(Ω) â âèäå [5]

L2 = Lλ,T ∗ ⊕ L⊥λ,T ∗ , L2 = Lλ,T ⊕ L⊥λ,T , (3)

Keywords: Tricomi problem, mixed equation, completeness of root-vectors
2000 Mathematics Subject Classi�cation: 42A16
c
 Ò. Ø. Êàëüìåíîâ,Ì. À. Äæàìàíêàðàåâ,Ä. Ò. Êàëüìåíîâ, 2003.
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ãäå Lλ,T ∗ , Lλ,T � êîðíåâûå ïðîñòðàíñòâà LT ∗ è LT , ñîîòâåòñòâåííî, ò.å. ëèíåéíûå âåêòîðíûå
ïðîñòðàíñòâà, íàòÿíóòûå íà êîðíåâûå âåêòîðû {ui}, {vi}, à L⊥λ,T ∗ , L⊥λ,T � èõ îðòîãîíàëüíûå
äîïîëíåíèÿ â L2(Ω).
Ëåììà 1. Êîpíåâûå âåêòîpû ui îïåpàòîpà LT ïðèíàäëåæàò ïðîñòðàíñòâó C∞(Ω)∩Cβ(Ω),

0 < β < 1
6 è ∀u, u =

N∑
i=1

ciui ∈ Lλ,T ñïpàâåäëèâî íåpàâåíñòâî

‖Lk
T u‖L2(Ω) ≤ C|λ|‖u‖L2(Ω), k = 1, 2, ..., (4)

ãäå λ = maxi=1,...,N |λi|, λi � ñîáñòâåííûå çíà÷åíèÿ îïåpàòîpà LT .
Äîêàçàòåëüñòâî . Ðåøåíèå çàäà÷è Òpèêîìè u = L−1

T f ïpåäñòàâèìî â âèäå [5]

u(x, y) = L−1
T f =





ξ∫
0

dξ1

η∫
ξ

H(ξ, η, ξ1, η1)f1(ξ1, η1)dη1+

+k
ξ∫
0

ν(ξ)(η − ξ)−
3
2 (η − t)−

3
2 , y < 0,

∫ ∫
Ω1

G(x, y, x1, y1)f(x1, y1)dy−

−
1∫
0

G(x, y, t, 0)ν(t)dt, y > 0

(5)

ãäå
ν(x) = uy(x, 0),
ξ = x− 2

3(−y)
3
2 , η = x + 2

3(−y)
3
2 ,

f1(ξ, η) = 1
4

(
4
3

) 3
2 f

(
ξ+η
2 , η−ξ

2

)
(η − ξ)−

2
3 ,

k = 1
4

(
4
3

) 1
3

Γ( 1
6)

πΓ( 1
6)
, G(x, y, x1, y1) - ôóíêöèÿ Ãpèíà çàäà÷è Õîëüìãpåíà äëÿ ópàâíåíèÿ (1), ò.å.

−yGxx −Gyy = δ(x− x1, y − y1), G|σ = 0, Gy|y=0 = 0. (6)

Â ñëó÷àå íîpìàëüíîãî êîíòópà σ0:
(
x− 1

2

)2 + 4
9y3 = 1

4 ôóíêöèÿ G(x, y, x1, y1) ïpåäñòàâèìà â
âèäå

G(x, y, x1, y1) = q(x, y, x1, y1)− (2πr0)
1
3 q(x, y, x1, y1), (7)

q(x, y, x1, y1) = kr
−1/3
1 F (1/6, 1/6, 1/3, 1− σ0),

r2 = (x1 − x0)2 + 4
3(y3/2

1 − y3/2)2,
r2
1 = (x1 − x0)2 + 4

3(y3/2
1 + y3/2)2,

σ = r2

r2
1
, r0 =

(
x− 1

2

)2 + 4
9y3,

x = x− 1
2

4r2
0
, y = y3/2

4r2
0
.

Çäåñü H(ξ, η, ξ1, η1) � ôóíêöèÿ Ðèìàíà � Àäàìàpà, ïîñòpîåííàÿ Ñ.Ãåëëåpñòåäòîì [5], ïpåä-
ñòàâèìà â âèäå

H(ξ, η, ξ1, η1) =
{

R(ξ, η, ξ1, η1), η1 ≥ ξ,

R(ξ, η, ξ1, η1), η1 ≤ ξ,
(8)

ãäå

R(ξ, η, ξ1, η1) = (η1 − ξ1)1/3(η − ξ1)−1/6(η1 − ξ)−1/6F

(
1/6, 1/6, 1,

(ξ − ξ1)(η1 − η)
(η1 − ξ)(η − ξ1)

)
(9)

� ôóíêöèÿ Ðèìàíà ópàâíåíèÿ (1),

R(ξ, η, ξ1, η1) = γ1(η1 − ξ1)1/6(ξ − ξ1)1/6(η − η1)−1/6F

(
1/6, 1/6, 1/3,

(η1 − ξ1)(η − ξ1)
(ξ − ξ1)(η − η1)

)
,
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γ =
Γ(1/6)

Γ(1/3)Γ(5/6)
, (10)

ν(x) = uy(x, 0) � påøåíèå ñèíãóëÿpíîãî èíòåãpàëüíîãî ópàâíåíèÿ

ν(x) +
1

π
√

3

1∫

0

(
t

x

)2/3 (
1

t− x
− 1

t + x− 2 + λ

)
ν(t)dt = F (x), (11)

F (x) = F1(x) + F2(x),
f1(x) =

∫ ∫

Ω1

G(x, 0, x1, y1)f(x1, y1)dx1dy1, (12)

F2(x) = 1
kπ
√

3
d
dx

x∫
0

f2(t)dt

(x−t)2/3 ,

f2(x) = γ
x∫
0

(x− ξ1)−1/6dξ1

x∫
ξ

(x− η1)−1/6(η1 − ξ1)1/3f1(ξ1, η1)dη1,

f1(ξ1, η1) =
(

4
3

)2/3 (η − ξ)−2/3.

(13)

Îápàùåíèå èíòåãpàëüíîãî ópàâíåíèÿ (11) èìååò âèä [6]

ν(x) =
3
4


F (x)− 1

π
√

3

1∫

0

(
t

x

1− t

1− x

)1/3 (
1

t− x
− 1

t + x− 2 + λ

)
F (t)dt


 . (14)

Ïîëüçóÿñü ñâîéñòâàìè ñèíãóëÿpíîãî èíòåãpàëà (14) è ãèïåpãåîìåòpè÷åñêîé ôóíêöèåé F [5],
ìîæíî ïîêàçàòü, ÷òî åñëè f ∈ C∞(Ω) ∩ Cγ(Ω), 0 < γ < 1

6 , òî u = L−1
T f ∈ C∞(Ω) ∩ Cγ+ε(Ω)

0 < γ + ε < 1
6 , ò.å. påøåíèå çàäà÷è Òpèêîìè îáëàäàåò âíóòpåííåé ãëàäêîñòüþ, ïpè÷åì

‖L−1
T f‖Cγ+ε(Ω) ≤ C‖f‖Cγ(Ω), 0 < γ + ε <

1
6
. (15)

Åñëè u ∈ Lλ,T , òî

u =
N∑

i=1

ciui, (16)

ãäå ui - êîpíåâîé âåêòîp (ñîáñòâåííûé èëè ïpèñîåäèíåííûé), ò.å.
LT u0

i = λiu
0
i , LT uj

i − λiu
j
i = uj−1

i , j = 1, ...

Çäåñü u0
i � ñîáñòâåííûé âåêòîp, ñîîòâåòñòâóþùèé ñîáñòâåííîìó çíà÷åíèþ λi, uj

i � ïpèñîåäè-
íåííûé âåêòîp ê ñîáñòâåííîìó âåêòîpó u0

i . Ïpèíàäëåæíîñòü ui∈C∞(Ω) ñëåäóåò èç ñîîòíîøåíèÿ
(17) è èç âíóòpåííåãî ïîâûøåíèÿ ãëàäêîñòè çàäà÷è Òpèêîìè (ñì. [5]).

Ñíà÷àëà äîêàæåì íåpàâåíñòâî (4) â ñëó÷àå, êîãäà λi � ïpîñòûå ñîáñòâåííûå çíà÷åíèÿ, ò.å.
êîãäà îòñóòñòâóþò ïpèñîåäèíåííûå âåêòîpû. Â ýòîì ñëó÷àå èìååì

Lk
T u =

n∑

i=1

ciL
kui =

N∑

i=1

ciλ
k
i ui.

Îòñþäà

‖Lk
T u‖L2(Ω) = ‖

N∑

i=1

ciλ
k
i ui‖L2(Ω) ≤

n∑

i=1

‖ciλ
k
i ui‖L2(Ω)≤
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≤|λ|k
n∑

i=1

‖ciui‖L2(Ω), |λ|k = maxi=1,...,N{|λi|}. (17)

Òàê êàê u 6≡0, òî ñóùåñòâóåò C > 0 òàêîå, ÷òî ‖ciui‖ ≤ C
N ‖u‖.

Ñ ó÷åòîì ýòîãî, èç íåpàâåíñòâà (17) èìååì

‖Lk
T u‖L2(Ω) ≤ |λ|kC‖u‖L2(Ω). (18)

Â ñëó÷àå, êîãäà λi � êpàòíûå ñîáñòâåííûå çíà÷åíèÿ, íåpàâåíñòâî (4) äîêàçûâàåòñÿ àíàëîãè÷íî.
Ëåììà äîêàçàíà.

Ëåììà 2. Äëÿ ëþáîãî öåëîãî ÷èñëà m > 0 ñóùåñòâóåò ôóíêöèÿ ũ ∈ C2m(Ω) ∩ Cγ(Ω) ∩
D(Lk

T ) ∩ L⊥λ,T ∗, k = 0, 1, ..., m− 1, 0 < γ < 1
6 .

Äîêàçàòåëüñòâî. Îïpåäåëèì ôóíêöèþ ũ(x) ñëåäóþùèì îáðàçîì

ũ(x) =
n∑

i=1

ciui(x) = u(x), x ∈ Ω \ Ω1, (19)

ũ(x) = u+(x), x ∈ Ω1, (20)

ãäå Ω1 ⊂ Ω � ïpîèçâîëüíàÿ âíóòpåííÿÿ ïîäîáëàñòü Ω ñ ∂Ω1 ∈ C∞, ui � êîpíåâûå âåêòîpû
îïåpàòîpà LT è ïîñòîÿííûå ci, i = 1, n ïîäëåæàò îïpåäåëåíèþ.

Èç ëåììû 1 ñëåäóåò, ÷òî ïpè ëþáîì öåëîì m > 0: ui ∈ C2m(Ω) ∩ D(Lk
T ), i = 1, 2, ..., N ,

k = 0, 1, ..., m− 1.
Ïóñòü Ω2⊂Ω, Ω1⊂Ω2 è ∂Ω2 ∈C∞. Òîãäà ui ∈C2m(Ω2)∩D(Lk

T ) è u∈C2m(Ω2 \ Ω1)∩D(Lk
T ).

Ôóíêöèþ u(x) =
N∑

i=1
ciui ïpîäîëæèì èç îáëàñòè Ω2 \Ω1 â îáëàñòü Ω1 ñ ñîõpàíåíèåì ãëàäêîñòè.

Âîçìîæíîñòü òàêîãî ïpîäîëæåíèÿ óñòàíîâëåíà â [7].
Îòìåòèì òàêæå, ÷òî ãëàäêîå ïpîäîëæåíèå èç Ω2 \Ω1 â Ω1 ìîæíî îñóùåñòâèòü êàê påøåíèå

ñëåäóþùåé ýëëèïòè÷åñêîé çàäà÷è

(−∆)mu+ = f+(x),

∂j

∂ξj
u+

∣∣∣∣
∂Ω

=
∂j

∂ηj
u

∣∣∣∣
∂Ω1

, j = 0, ..., m− 1, (21)

ãäå ∂
∂η− êîíîpìàëüíàÿ ïpîèçâîäíàÿ, ïîpîæäåííàÿ îïåpàòîpîì Ëàïëàñà ∆.
Íåèçâåñòíûå ïîñòîÿííûå ci âûáåpåì èç óñëîâèÿ

(ũ, vj)L2(Ω) = 0, j = 1, ..., N, (22)

ãäå vj � êîpíåâûå âåêòîpû ñîïpÿæåííîãî îïåpàòîpà LT ∗ . Â ñèëó ïpîèçâîëüíîñòè Ω2⊂Ω èìååì,
÷òî ũ ∈ C2m(Ω) ∩ Cγ(Ω) ∩ D(LT ), ò.å. ũ|σ∪AC = 0. Ëåãêî ïpîâåpèòü, ÷òî Lkũ ∈ C2(m−k)(Ω) ∩
Cγ(Ω) ∩D(LT ), k = 1, 2, ..., m − 1 è (Lk

T ũ, vj)L2(Ω) = (ũ, Lk
T ∗vj)L2(Ω) = 0, k = 0, ..., m − 1, ò.å.

Lk
T ũ ∈ L⊥λ,T ∗ . Ëåììà äîêàçàíà.
Ëåììà 3. Ïóñòü f(x)∈L⊥λ,T ∗, ò.å. f(x) îpòîãîíàëüíà âñåì êîpíåâûì âåêòîpàì îïåpàòîpà

LT ∗ . Òîãäà äëÿ ëþáîãî íàòópàëüíîãî ÷èñëà k ñïpàâåäëèâî íåpàâåíñòâî

‖L−K
T f‖L2(Ω) ≤

c

dk
‖f‖L2(Ω), (23)

ãäå ïîñòîÿííûå c è d íå çàâèñÿò îò f , ïpè÷åì d � ïpîèçâîëüíîå ïîëîæèòåëüíîå ÷èñëî.
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Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ñîãëàñíî òåîpåìå [4] påçîëüâåíòà îïåpàòîpà LT Rλf =
= (LT − λI)−1f ïpè f ∈ L⊥λ,T ∗ ÿâëÿåòñÿ öåëîé àíàëèòè÷åñêîé ôóíêöèåé ïî λ è pàçëàãàåòñÿ â
pÿä Håéìàíà

Rλf = (LT − λI)−1f =
∞∑

k=0

λkL−k−1
T f(x). (24)

Òàê êàê pÿä Håéìàíà (24) ñõîäèòñÿ ïpè ëþáîì êîìïëåêñíîì λ, òî, óìíîæèâ pÿä (24) íà ïpî-
èçâîëüíóþ ôóíêöèþ v(x) ∈ L2(Ω) è ó÷èòûâàÿ ôîpìóëó

‖L−k−1
T f‖0 = sup

‖v‖0=1
|(L−k−1

T f, v)0|,

êàê è â pàáîòå [9] ìîæíî ïîêàçàòü, ÷òî ñóùåñòâóåò òàêàÿ ïîñòîÿííàÿ C, ÷òî

‖L−k−1
T f‖L2(Ω) ≤

C‖f‖L2(Ω)

dk
(25)

äëÿ ïpîèçâîëüíîãî d >> 1. Ëåììà äîêàçàíà.
Òåïåpü äîêàæåì òåîpåìó 1. Ïóñòü ũ(x) ôóíêöèÿ èç ëåììû 2. Ïîëîæèì

Lk
T ũ(x) = f(x), k = 0, 1, ...,m− 1. (26)

Ïîñêîëüêó ũ = u =
N∑

i=1
ciui â Ω \ Ω1, òî â ñèëó ëåììû 1 èìååì

‖Lk
T ũ‖L2(Ω\Ω1) = ‖Lk

T u‖L2(Ω\Ω1) ≤ |λ|kc‖ũ‖L2(Ω\Ω1). (27)

Òàê êàê ũ = L−k
T f , íåpàâåíñòâî (27) ïåpåïèøåòñÿ â âèäå

‖f‖L2(Ω\Ω1) ≤ c̃|λ|kc‖L−k
T f‖L2(Ω\Ω1). (28)

Ïîñêîëüêó f ∈ L⊥λ,T ∗ , òî íà îñíîâàíèè íåpàâåíñòâà (25) èìååì

‖L−k
T f‖L2(Ω\Ω1) ≤ ‖L−k

T f‖L2(Ω) ≤
C‖f‖L2(Ω)

dk
. (29)

Èç íåpàâåíñòâ (28)�(29) ñëåäóåò

‖f‖L2(Ω\Ω1) ≤
c̃|λ|k
dk

c‖f‖L2(Ω), k = 0, 1, ..., m− 1. (30)

Ïðè ôèêñèpîâàííûõ ïîñòîÿííûõ c̃ è c è ïpîèçâîëüíûõ d >> 1 è k, m èç (30) ñëåäóåò, ÷òî

f = Lk
T ũ =

N∑
i=1

ciλ
k
i ui ≡ 0 â Ω \ Ω1. Îòñþäà, êàê è â [8], ïîëó÷èì, ÷òî ui(x) ≡ 0 â Ω \ Ω1, ò.å.

ui(x) ≡ 0 â Ω, i = 1, 2, ..., N . Ýòî ïpîòèâîpå÷èò íåïóñòîòå ñïåêòpà çàäà÷è Òpèêîìè (ñì. [5]).
Òåîpåìà äîêàçàíà.
Çàìå÷àíèå. Â äîêàçàòåëüñòâå òåîpåìû 1 â îñíîâíîì èñïîëüçîâàëàñü âíóòpåííÿÿ ãëàäêîñòü
îïåpàòîpà L−k

T f , k = 0, 1, ..., â Ω è êîíå÷íîìåpíîñòü êîpíåâîãî ïîäïpîñòpàíñòâà LT . Ïîýòîìó
òåîpåìà 1 îñòàåòñÿ ñïpàâåäëèâîé äëÿ îáùåãî êëàññà äèôôåpåíöèàëüíûõ ópàâíåíèé.

Ïóñòü îïåðàòîð LQ ïîðîæäàåòñÿ äèôôåðåíöèàëüíûì óðàâíåíèåì

Lu≡
∑

|α|≤m

aα(x)Dαu = f(x) (31)
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è ãpàíè÷íûì óñëîâèåì
Qu|∂Ω = 0, (32)

u = L−1f

ãäå Q � ëèíåéíûé ãðàíè÷íûé îïåðàòîð òàêîé, ÷òî âûïîëíÿåòñÿ íåðàâåíñòâî

‖L−k
Q f‖

W k+β
2 (Ω)

≤ C‖f‖W k
2 (Ω), 0 < β ≤m. (33)

Òîãäà èìååò ìåñòî
Òåîðåìà 2. Ïóñòü êîýôôèöèåíòû óðàâíåíèÿ (31) è ãðàíè÷íîå óñëîâèå Q òàêîâû, ÷òî âû-
ïîëíÿåòñÿ óñëîâèå (33). Òîãäà ñïåêòð îïåðàòîðà LQ ëèáî ïóñò, ëèáî áåñêîíå÷åí.
Îòìåòèì, ÷òî óñëîâèþ (33) óäîâëåòâîpÿþò âñå êëàññè÷åñêèå çàäà÷è: çàäà÷è Äèpèõëå è Håéìàíà
(ïpè åäèíñòâåííîñòè påøåíèÿ) äëÿ îáùèõ ýëëèïòè÷åñêèõ ópàâíåíèé, çàäà÷à Êîøè, ñìåøàííàÿ
çàäà÷à Êîøè, çàäà÷à Ãópñà äëÿ ãèïåpáîëè÷åñêèõ ópàâíåíèé, â ñëó÷àå ãëàäêèõ êîýôôèöèåí-
òîâ ëþáàÿ êîppåêòíàÿ êpàåâàÿ çàäà÷à äëÿ ïpîèçâîëüíûõ îáûêíîâåííûõ äèôôåpåíöèàëüíûõ
ópàâíåíèé.

Àâòîpû áëàãîäàpÿò ÷ëåí-êîppåñïîíäåíòà ÀH ÐÊ Ì.Î.Îòåëáàåâà çà öåííîå îáñóæäåíèå pà-
áîòû.
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ÊÐÀÅÂÛÕ ÇÀÄÀ× Ñ ÏÀÐÀÌÅÒÐÎÌ

Á. Á. Ìèíãëèáàåâà

Èíñòèòóò Ìàòåìàòèêè ÌÎèÍ ÐÊ
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Íà îñíîâå ìåòîäà ïàðàìåòðèçàöèè óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷-
íîé ðàçðåøèìîñòè ëèíåéíîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è ñ ïàðàìåòðîì â òåðìèíàõ èñõîäíûõ
äàííûõ.

Êðàåâûå çàäà÷è ñ ïàðàìåòðîì äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ÷àñòî âîç-
íèêàþò â ïðèëîæåíèÿõ è èññëåäîâàíû ìíîãèìè àâòîðàìè [1 � 7].

Â äàííîé ðàáîòå ðàññìàòðèâàåòñÿ ëèíåéíàÿ êðàåâàÿ çàäà÷à ñ ïàðàìåòðîì

dx

dt
= A(t)x + B(t)µ + f(t), t ∈ (0, T ), x ∈ Rn, µ ∈ Rm, (1)

C0µ + C1x(0) + C2x(T ) = d, (2)

ãäå A(t), B(t), f(t) íåïðåðûâíû íà [0, T ], A(t), B(t) � ìàòðèöû ðàçìåðíîñòè (n×n) è (n×m),
C0 − ((n + m)×m)− ìàòðèöà, C1, C2− ìàòðèöû ðàçìåðíîñòè ((n + m)× n), d ∈ Rn+m, ||x|| =
max

i
|xi|, ||A(t)|| = max

i

n∑
j=1

|aij(t)| ≤ α, ||B(t)|| = max
i

m∑
j=1

|bij(t)| ≤ β, α, β−const, i = 1, 2, . . . , n.

×åðåç C([0, T ], Rn) îáîçíà÷èì ïðîñòðàíñòâî íåïðåðûâíûõ íà [0, T ] ôóíêöèé x : [0, T ] →
Rn ñ íîðìîé ||x||1 = max

t∈[0,T ]
||x(t)||.

Çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè ïàðû (µ∗, x∗(t)), ãäå ôóíêöèÿ x∗(t) ïðè µ = µ∗ óäîâëå-
òâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ (1) è êðàåâûì óñëîâèÿì (2).

Åñëè èçâåñòíà ôóíäàìåíòàëüíàÿ ìàòðèöà X(t) óðàâíåíèÿ

dx

dt
= A(t)x,

Keywords: parametrization method, two-point boundary-value problem, ordinary di�erential equation
2000 Mathematics Subject Classi�cation: 34B08
c
 Á. Á. Ìèíãëèáàåâà, 2003.
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òî îáùåå ðåøåíèå óðàâíåíèÿ (1) èìååò âèä

x(t) = X(t) · c +

t∫

0

X(t) ·X−1(τ)[B(τ)µ + f(τ)]dτ, (3)

ãäå c−n-ìåðíûé âåêòîð. Ïîäñòàâëÿÿ (3) â êðàåâûå óñëîâèÿ (2), äëÿ íåèçâåñòíûõ c ∈ Rn, µ ∈ Rm

ïîëó÷èì óðàâíåíèå

[C0 + C2

T∫

0

X(T )X−1(τ)B(τ)dτ ]µ+

+[C1X(0) + C2X(T )]c = d− C2

T∫

0

X(T )X−1(τ)f(τ)dτ,

ãäå [C0+C2

T∫
0

X(T )X−1(τ)B(τ)dτ ]−((n+m)×m)− ìàòðèöà, [C1X(0)+C2X(T )]−((n+m)×n)−
ìàòðèöà. Òîãäà îäíîçíà÷íàÿ ðàçðåøèìîñòü çàäà÷è (1)�(2) ýêâèâàëåíòíà îáðàòèìîñòè ((n+m)×
(n + m)) ìàòðèöû

D = [C0 + C2

T∫

0

X(T )X−1(τ)B(τ)dτ, C1X(0) + C2X(T )].

Èçâåñòíî, ÷òî ïîñòðîåíèå ôóíäàìåíòàëüíîé ìàòðèöû âîçìîæíî äëÿ óçêîãî êëàññà ïåðåìåííûõ
ìàòðèö A(t). Öåëüþ ðàáîòû ÿâëÿåòñÿ íàõîæäåíèå íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèé îäíî-
çíà÷íîé ðàçðåøèìîñòè çàäà÷è (1) - (2) â òåðìèíàõ èñõîäíûõ äàííûõ A(t), B(t), C0, C1, C2, T .

Äëÿ ðåøåíèÿ ïîñòàâëåííîé çàäà÷è èñïîëüçóåì ìåòîä ïàðàìåòðèçàöèè [8,9].
Âîçüìåì øàã h > 0 : Nh = T è ïðîèçâåäåì ðàçáèåíèå îòðåçêà

[0, T ) =
N⋃

r=1

[(r − 1)h, rh).

Ñóæåíèå ôóíêöèè x(t) íà r-ûé èíòåðâàë [(r − 1), rh), r = 1, ..., N îáîçíà÷èì ÷åðåç xr(t). Òîãäà
çàäà÷à (1)�(2) ñâåäåòñÿ ê ýêâèâàëåíòíîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å

dxr

dt
= A(t)xr + B(t)µ + f(t), t ∈ [(r − 1), rh), r = 1, ..., N, (4)

C0µ + C1x1(0) + C2 lim
t→T−0

xN (t) = d, (5)

lim
t→sh−0

xs(t) = xs+1(sh), s = 1, ..., N − 1. (6)

Çäåñü (6)� óñëîâèÿ ñøèâàíèÿ ðåøåíèÿ âî âíóòðåííèõ òî÷êàõ ðàçáèåíèÿ. Åñëè (µ, x(t)) - ðåøå-
íèå êðàåâîé çàäà÷è (1)�(2), òî î÷åâèäíî, ÷òî (µ, xr(t)), ãäå xr(t) = x(t) ïðè t ∈ [(r − 1)h, rh),
r = 1, ..., N ÿâëÿåòñÿ ðåøåíèåì ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è (4)�(6). È, íàîáîðîò, åñëè
(µ, xr(t)), r = 1, ..., N− ðåøåíèå çàäà÷è (4)�(6), òî ïàðà (µ, x(t)), ãäå x(t) = xr(t) ïðè t ∈
[(r − 1)h, rh), r = 1, ..., N, x(T ) = lim

t→T−0
xN (t) áóäåò ðåøåíèåì èñõîäíîé êðàåâîé çàäà÷è.

Îáîçíà÷èì ÷åðåç λr çíà÷åíèå ôóíêöèè xr(t) â òî÷êå t = (r − 1)h. Íà êàæäîì èíòåðâàëå
[(r − 1)h, rh) ïðîèçâåäåì çàìåíó ur(t) = xr(t) − λr, r = 1, ..., N, λ0 = µ. Â ðåçóëüòàòå ïîëó÷èì
êðàåâóþ çàäà÷ó

dur

dt
= A(t)ur + A(t)λr + B(t)λ0 + f(t), ur[(r − 1)h] = 0,
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t ∈ [(r − 1)h, rh), r = 1, ..., N, (7)

C0λ0 + C1λ1 + C2λN + C2 lim
t→T−0

uN (t) = d, (8)

λs + lim
t→sh−0

us(t) = λs+1, s = 1, ..., N − 1. (9)

Çàäà÷è (4)�(6) è (7)�(9) ýêâèâàëåíòíû: åñëè (µ, xr(t)), r = 1, ..., N ÿâëÿåòñÿ ðåøåíèåì çàäà÷è
(4)�(6), òî (λ0, λr, ur(t)), ãäå λ0 = µ, λr = xr[(r − 1)h], ur(t) = xr(t) − λr, t ∈ [(r − 1)h, rh),
r = 1, ..., N áóäåò ðåøåíèåì çàäà÷è (7)�(9) è, íàîáîðîò, åñëè (λ0, λr, ur(t))−ðåøåíèå çàäà÷è
(7)�(9), òî ïàðà (µ, xr(t)), r = 1, ..., N, ãäå µ = λ0, xr(t) = λr + ur(t)) ïðè t ∈ [(r− 1)h, rh), r =
1, ..., N− ðåøåíèå çàäà÷è (4)�(6). Îäíàêî, çàäà÷à (7)�(9) îòëè÷àåòñÿ îò çàäà÷è (4)�(6) òåì,
÷òî çäåñü èìåþòñÿ íà÷àëüíûå óñëîâèÿ ur[(r− 1)h] = 0, êîòîðûå ïîçâîëÿþò îïðåäåëèòü ur(t) èç
èíòåãðàëüíûõ óðàâíåíèé

ur(t) =

t∫

(r−1)h

A(τ)[ur(τ) + λr]dτ +

t∫

(r−1)h

B(τ)λ0dτ +

t∫

(r−1)h

f(τ)dτ (10)

ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòðîâ λ0, λr, r = 1, ..., N.

Âìåñòî ur(τ) ïîäñòàâèì ñîîòâåòñòâóþùóþ ïðàâóþ ÷àñòü (10) è, ïîâòîðèâ ïðîöåññ ν (ν =
1, 2, . . .) ðàç, ïîëó÷èì

ur(t) =
{ t∫

(r−1)h

A(τ1)dτ1 +

t∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

A(τ2)dτ2dτ1 + . . .

+

t∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

A(τ2) . . .

τν−1∫

(r−1)h

A(τν)dτν . . . dτ1

}
λr+

+
{ t∫

(r−1)h

B(τ1)dτ1 +

t∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

B(τ2)dτ2dτ1 + . . .

+

t∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

A(τ2) . . .

τν−1∫

(r−1)h

B(τν)dτν . . . dτ1

}
λ0+

+

t∫

(r−1)h

f(τ1)dτ1 +

t∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

f(τ2)dτ2dτ1 + . . .

+

t∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

A(τ2) . . .

τν−1∫

(r−1)h

f(τν)dτν . . . dτ1+

+

t∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

A(τ2) . . .

τν−1∫

(r−1)h

A(τν)ur(τν)dτν . . . dτ1. (11)
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Ââåäåì îáîçíà÷åíèÿ

Dνr(h) =

rh∫

(r−1)h

A(τ1)dτ1 +

rh∫

(r−1)h

A(τ1)

τ1∫

(r−1)rh

A(τ2)dτ2dτ1 + . . .

+

rh∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

A(τ2) . . .

τν−1∫

(r−1)h

A(τν)dτν . . . dτ1,

Hνr(h) =

rh∫

(r−1)h

B(τ1)dτ1 +

rh∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

B(τ2)dτ2dτ1 + . . .

+

rh∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

A(τ2) . . .

τν−1∫

(r−1)h

B(τν)dτν . . . dτ1,

Fνr(h) =

rh∫

(r−1)h

f(τ1)dτ1 +

rh∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

f(τ2)dτ2dτ1 + . . .

+

rh∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

A(τ2) . . .

τν−1∫

(r−1)h

f(τν)dτν . . . dτ1,

Gνr(u, h) =

rh∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

A(τ2) . . .

τν−1∫

(r−1)h

A(τν)ur(τν)dτν . . . dτ1.

Ïåðåõîäÿ â ïðàâîé ÷àñòè (11) ê ïðåäåëó ïðè t → rh− 0, èìååì

lim
t→rh−0

ur(t) = Gνr(u, h) + Dνr(h)λr + Hνr(h)λ0 + Fνr(h), r = 1, ..., N. (12)

Ïîäñòàâëÿÿ â ãðàíè÷íûå óñëîâèÿ (8) è óñëîâèÿ ñêëåèâàíèÿ (9) âìåñòî ur(t) åãî âûðàæåíèå
(12), ïîëó÷èì ñèñòåìó Nn+m óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ ïàðàìåòðîâ λ0, λ1, . . . , λN :

[C0 + C2HνN (h)]λ0 + C1λ1 + [C2 + C2DνN (h)]λN = d− FνN (h)−GνN (u, h),

Hνr(h)λ0 + (I + Dνr(h))λr − λr+1 = −Fνr(h)−Gνr(u, h), r = 1, ..., N − 1. (12a)

Óìíîæèì îáå ÷àñòè (12a) íà h > 0 è ïåðåïèøåì ïîëó÷åííóþ ñèñòåìó óðàâíåíèé äëÿ îïðåäåëå-
íèÿ íåèçâåñòíûõ ïàðàìåòðîâ λ = (λ0, λ1, ..., λN ) ∈ RnN+m â ìàòðè÷íîì âèäå

Qν(h)λ = −Fν(h)−Gν(u, h), (13)

ãäå

Qν(h) =




[C0 + C2HνN (h)]h C1h 0 . . . 0 C2[I + Dν,N (h)]h
Hν1(h) I + Dν1(h) −I . . . 0 0

. . . . . . . . . . . . . . . . . .
Hν,N−1(h) 0 0 . . . I + Dν,N−1 −I


 ,
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Fν(h) = (−hd + hC2Fν,N (h), Fν1(h), . . . , Fν,N−1(h))
′ ∈ RnN+m,

Gν(u, h) = (hC2Gν,N (u, h), Gν1(u, h), . . . , Gν,N−1(u, h))
′ ∈ RnN+m.

Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ íåèçâåñòíûõ (λ0, λr, ur(t)), r = 1, ..., N èìååì çàìêíóòóþ ñèñ-
òåìó óðàâíåíèé (10), (13).

Ðåøåíèå ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è ñ ïàðàìåòðîì (7)�(9) íàõîäèì ïî ñëåäóþùåìó àë-
ãîðèòìó.

Øàã 0. Íà÷àëüíîå ïðèáëèæåíèå ïî ïàðàìåòðó

λ(0) = (λ(0)
0 , λ

(0)
1 , . . . λ

(0)
N ) ∈ RnN+m

îïðåäåëÿåì èç óðàâíåíèÿ Qν(h)λ = −Fν(h). Íà îòðåçêå [(r − 1)h, rh), ðåøàÿ çàäà÷ó Êîøè (7)
ïðè λ0 = λ

(0)
0 , λr = λ

(0)
r , íàõîäèì u

(0)
r (t), r = 1, ..., N .

Øàã 1. Ïîäñòàâëÿÿ íàéäåííûå u
(0)
r (t), r = 1, .., N â ïðàâóþ ÷àñòü (13), èç óðàâíåíèÿ

Qν(h)λ = −Fν(h)−Gν(u(0), h) îïðåäåëÿåì λ(1) = (λ(1)
0 , λ

(1)
1 , . . . , λ

(1)
N ). Íà îòðåçêå [(r − 1)h, rh),

ðåøàÿ çàäà÷ó Êîøè (7) ïðè λ0 = λ
(1)
0 , λr = λ

(1)
r , íàõîäèì u

(1)
r (t), r = 1, ..., N. È ò.ä.

Ïðîäîëæàÿ ïðîöåññ, íà k-îì øàãå ïîëó÷àåì ïîñëåäîâàòåëüíîñòü

(λ(k)
0 , λ(k)

r , u(k)
r (t)), r = 1, ..., N, k = 1, 2, ...

.

Òå î ð åì à 1. Ïóñòü ïðè íåêîòîðûõ h > 0 : Nh = T è ν(ν = 1, 2, . . .) ìàòðèöà
Qν(h) : RnN+m → RnN+m îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà

||[Qν(h)]−1|| ≤ γν(h), (15a)

qν(h) = γν(h) ·max(1, h‖C2‖)(1 +
β

α
) · [eαh − 1− αh− . . .− (αh)ν

ν!
] < 1. (15b)

Òîãäà êðàåâàÿ çàäà÷à (1)�(2) èìååò åäèíñòâåííîå ðåøåíèå (µ∗, x∗(t)) è ñïðàâåäëèâà îöåíêà

‖µ∗ − µ(k)‖ ≤ γν(h)max(1, h||C2||)(αh)ν

ν!
· [qν(h)]k

1− qν(h)
·M(h), (16a)

||x∗(t)− x(k)(t)|| ≤ γν(h)max(1, h||C2||)(αh)ν

ν!
eαh · [qν(h)]k

1− qν(h)
·M(h), t ∈ [0, T ], (16b)

ãäå M(h) = γν(h) · [eαh − 1](1 + β
α)max

{
1 + h||C2||

ν−1∑
j=0

(αh)j

j! ,
ν−1∑
j=0

(αh)j

j!

}
×

×max(||d||, ||f(t)||1)h + eαh||f(t)||1h,
x(k)(t) � êóñî÷íî-íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ íà [0, T ], äëÿ êîòîðîé ôóíêöèÿ
λ

(k)
r + u

(k)
r (t) ÿâëÿåòñÿ ñóæåíèåì íà [(r − 1)h, rh), r = 1, 2, . . . , N.

Äîêàçàòåëüñòâî. Èç îáðàòèìîñòè Qν(h) ñëåäóåò ñóùåñòâîâàíèå λ(0) è

||λ(0)|| = max
r=0,1,...,N

||λ(0)
r || ≤ ||[Qν(h)]−1|| · ||Fν(h)|| ≤

≤ γν(h) ·max
{

h||d||+ +h||C2||
ν−1∑

j=0

(αh)j

j!
||f(t)||1h,

ν−1∑

j=0

(αh)j

j!
||f(t)||1h

}
≤
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≤ γν(h)max
{

1 + h||C2||
ν−1∑

j=0

(αh)j

j!
,
ν−1∑

j=0

(αh)j

j!

}
max(||d||, ||f(t)||1) · h. (17)

Ïðè íàøèõ ïðåäïîëîæåíèÿõ çàäà÷à Êîøè (7) ïðè λ0 = λ
(0)
0 , λr = λ

(0)
r èìååò åäèíñòâåííîå

ðåøåíèå u
(0)
r (t). Ïî íåðàâåíñòâó Ãðîíóîëëà-Áåëëìàíà

||u(0)
r (t)|| ≤ [eα[t−(r−1)h] − 1](||λ(0)

r ||+ β

α
‖λ(0)

0 ‖)+

+eα[t−(r−1)h] · sup
t∈[(r−1)h,rh)

||f(t)||h, r = 1, 2, . . . , N,

îòêóäà ñ ó÷åòîì (17) ïîëó÷àåì

||u(0)(t)||2 = max
r

sup
t∈[(r−1)h,rh)

||u(0)
r (t)|| ≤ M(h). (18)

Ïî ïåðâîìó øàãó àëãîðèòìà îïðåäåëÿåì λ(1) è îöåíèâàåì ||λ(1) − λ(0)||

||λ(1) − λ(0)|| ≤ γν(h)||Gν(u(0), h)|| ≤ γν(h) max(1, h||C2||)(αh)ν

ν!
||u(0)(t)||2 ≤

≤ γν(h)max(1, h||C2||)(αh)ν

ν!
M(h). (19)

Ïðîäîëæàÿ èòåðàöèîííûé ïðîöåññ, íàõîäèì ïîñëåäîâàòåëüíîñòü (λ(k)
0 , λ

(k)
r , u

(k)
r (t)),

r = 1, 2, . . . , N, k = 1, 2, . . . Âíîâü èñïîëüçóÿ íåðàâåíñòâà Ãðîíóîëëà-Áåëëìàíà, îöåíèâàåì
ðàçíîñòü ðåøåíèé çàäà÷ Êîøè ÷åðåç ðàçíîñòü ïàðàìåòðîâ

||u(k)
r (t)− u(k−1)

r (t)|| ≤ [eα[t−(r−1)h] − 1](||λ(k)
r − λ(k−1)

r ||+ β

α
||λ(k)

0 − λ
(k−1)
0 ||). (20)

Èç óðàâíåíèÿ (13) ñëåäóåò, ÷òî

||λ(k+1) − λ(k)|| = ||[Qν(h)]−1[Gν(u(k), h)−Gν(u(k−1), h)]|| ≤ γν(h)max(1, h||C2||)×

×max
r

{ rh∫

(r−1)h

α . . .

τν−2∫

(r−1)h

α

τν−1∫

(r−1)h

α||u(k)
r (τν)− u(k−1)

r (τν)||dτνdτν−1 . . . dτ1

}
. (21)

Ïîäñòàâëÿÿ ñþäà ïðàâóþ ÷àñòü íåðàâåíñòâà (20) è âû÷èñëÿÿ ïîâòîðíûå èíòåãðàëû, èìååì

||λ(k+1) − λ(k)|| ≤ qν(h)||λ(k) − λ(k−1)||, k = 1, 2, . . .

Â ñèëó (15b), (19)-(21) ïîñëåäîâàòåëüíîñòü (λ(k)
0 , λ

(k)
r , u

(k)
r (t)) ñõîäèòñÿ ê (λ∗0, λ

∗
r, u

∗
r(t))

ïðè k →∞ è èìåþò ìåñòî îöåíêè

||λ∗ − λ(k)|| ≤ [qν(h)]k

1− qν(h)
· γν(h)max(1, ||C2||)(αh)ν

ν!
)M(h),

||u∗r(t)− u(k)
r (t)|| ≤ [eαh − 1]

[qν(h)]k

1− qν(h)
· γν(h)max(1, h||C2||) · (αh)ν

ν!
M(h).

Òàê êàê (λ∗0, λ
∗
r, u

∗
r(t)), r = 1, ..., N ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (7)�(9), òî (µ∗, x∗(t)), ãäå µ∗ = λ∗0,

x∗(t) = λ∗r + u∗r(t), t ∈ [(r − 1)h, rh), r = 1, ..., N áóäåò ðåøåíèåì èñõîäíîé çàäà÷è (1)�(2) è
ñïðàâåäëèâû îöåíêè (16).
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Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ. Ïðåäïîëîæèì îáðàòíîå. Ïóñòü (µ∗, x∗(t)), (µ̃, x̃(t)) � äâà
ðåøåíèÿ çàäà÷è (1)�(2). Òîãäà ñîîòâåòñòâóþùèå èì (λ∗0, λ

∗
r, u

∗
r(t)), λ∗0 = µ∗ è (λ̃0, λ̃r, ũr(t)),

λ̃0 = µ̃, r = 1, . . . , N áóäóò ðåøåíèÿìè êðàåâîé çàäà÷è (7)�(9) è, àíàëîãè÷íî, (19)�(20)

||u∗r(t)− ũr(t)|| ≤ (eαh − 1)||λ∗r − λ̃r||,

||λ∗ − λ̃|| ≤ qν(h)||λ∗ − λ̃||,
ãäå qν(h) < 1. Îòñþäà λ∗r = λ̃r è u∗r(t) = ũr(t), ò.å. x∗(t) = x̃(t), µ∗ = µ̃, t ∈ [0, T ]. Òåîðåìà
äîêàçàíà.

Òå î ð åì à 2. Êðàåâàÿ çàäà÷à (1)�(2) îäíîçíà÷íî ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà
äëÿ ëþáîãî h > 0 : Nh = T,N = 1, 2, . . . ñóùåñòâóåò ν = ν(h), ïðè êîòîðîì ìàòðèöà Qν(h) :
RnN+m → RnN+m îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà (15).

Äîêàçàòåëüñòâî. Äîñòàòî÷íîñòü ñëåäóåò èç òåîðåìû 1.
Äîêàæåì íåîáõîäèìîñòü óñëîâèé òåîðåìû. Ïðè íàøèõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî

A(t), B(t) è f(t) äëÿ ëþáûõ λ0 ∈ Rm, λr ∈ Rn ðåøåíèå çàäà÷è Êîøè (7) ïðåäñòàâèìî â âèäå
ñóììû ðàâíîìåðíî ñõîäÿùèõñÿ íà [(r − 1)h, rh) ðÿäîâ

ur(t) =
[ t∫

(r−1)h

A(τ1)dτ1 +

t∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

A(τ2)dτ2dτ1 + . . .

]
λr+

+
[ t∫

(r−1)h

B(τ1)dτ1 +

t∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

B(τ2)dτ2dτ1 + . . .

]
λ0+

+

t∫

(r−1)h

f(τ1)dτ1 +

t∫

(r−1)h

A(τ1)

τ1∫

(r−1)h

f(τ2)dτ2dτ1 + . . .

Îòñþäà íàõîäèì
lim

t→rh−0
ur(t) = D∗

r(h)λr + H∗
r (h)λ0 + F ∗

r (h), (22a)

ãäå D∗
r(h) = lim

ν→∞Dνr(h), H∗
r (h) = lim

ν→∞Hνr(h), F ∗
r (h) = lim

ν→∞Fνr(h). Ïîäñòàâëÿÿ ïðàâóþ ÷àñòü
(22a) â (8), (9) óìíîæàÿ îáå ÷àñòè (8) íà h−1, ïîëó÷èì

h−1Q∗(h)λ = −F ∗(A, f, d, h), (22b)

ãäå Q∗(h) = lim
ν→∞Qν(h), F ∗(A, f, d, h) = h−1 lim

ν→∞Fν(h).

Åñëè λ̃ = (λ̃0, λ̃1, . . . , λ̃N ) ∈ RnN+m− ðåøåíèå óðàâíåíèÿ (22a), òî, ðåøàÿ çàäà÷ó Êîøè (7)
ïðè λ0 = λ̃0, λr = λ̃r íà [(r − 1)h, rh), íàõîäèì ũr(t), r = 1, ..., N. Ñîñòàâèì ôóíêöèþ x̃(t) =
ũr(t) + λ̃r, t ∈ [(r− 1)h, rh), r = 1, ..., N, x̃(T ) = lim

t→T−0
ũN (t) + λ̃N è ïîëîæèì µ̃ = λ̃0. Òîãäà ïàðà

(µ̃, x̃(t)) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)�(2).
Ñ äðóãîé ñòîðîíû, åñëè (µ, x(t))− ðåøåíèå çàäà÷è (1)�(2), òî â ñèëó ýêâèâàëåíòíîñòè çàäà÷

(1)�(2) è (7)�(9) âåêòîð λ = (λ0, λ1, . . . , λN ) ∈ RnN+m, ãäå λ0 = µ, λr = x[(r − 1)h], ÿâëÿåòñÿ
ðåøåíèåì óðàâíåíèÿ (22a).

Ïîêàæåì îáðàòèìîñòü ìàòðèöû Q∗(h). Äëÿ ýòîãî äîñòàòî÷íî óñòàíîâèòü, ÷òî óðàâíåíèå
Q∗(h)λ = 0 èìååò òîëüêî íóëåâîå ðåøåíèå. Äîïóñòèì λ̃ = (λ̃0, λ̃1, . . . , λ̃N ) ∈ RnN+m, λ̃ 6= 0
è Q∗(h)λ̃ = 0. Òîãäà (λ̃0, λ̃r, ũr(t)), ãäå ũr(t)− ðåøåíèå çàäà÷è Êîøè (7) íà [(r − 1)h, rh) ïðè
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λ0 = λ̃0, λ̃r = λ̃r, r = 1, ..., N, áóäåò íåíóëåâûì ðåøåíèåì îäíîðîäíîé ìíîãîòî÷å÷íîé êðàåâîé
çàäà÷è ñ ïàðàìåòðîì

dur

dt
= A(t)ur + A(t)λr + B(t)λ0, ur[(r − 1)h] = 0,

t ∈ [(r − 1)h, rh), r = 1, ..., N,

C0λ0 + C1λ1 + C2λN + C2 lim
t→T−0

uN (t) = 0,

λs + lim
t→sh−0

us(t) = λs+1, s = 1, ..., N − 1.

Îòñþäà ñëåäóåò ñóùåñòâîâàíèå íåíóëåâîãî ðåøåíèÿ äâóõòî÷å÷íîé êðàåâîé çàäà÷è
dx

dt
= A(t)x + B(t)µ, t ∈ (0, T ),

C0µ + C1x(0) + C2x(T ) = 0,

÷òî ïðîòèâîðå÷èò îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (1)�(2). Ïîýòîìó Q∗(h) îáðàòèìà
è ||[Q∗(h)]−1|| ≤ γ(h). Òàê êàê

||Q∗(h)−Qν(h)|| ≤ max(1, h||C2||)(1 +
β

α
)[eαh − 1− . . .− (αh)ν

ν!
]

è ïðàâàÿ ÷àñòü íåðàâåíñòâà ñòðåìèòñÿ ê íóëþ ïðè ν →∞, òî íàéäåòñÿ ν̄, ïðè êîòîðîì

γ(h)max(1, h||C2||)(1 +
β

α
)[eαh − 1− . . .− (αh)ν̄

ν̄!
] <

1
2

è ||Q∗(h)−Qν(h)|| < 1
2 . Ïî òåîðåìå î ìàëûõ âîçìóùåíèÿõ îãðàíè÷åííî îáðàòèìûõ îïåðàòîðîâ

[10,c.142] ìàòðèöà Qν̄(h) áóäåò îáðàòèìîé è

||[Qν̄(h)]−1|| ≤ γ(h)
1− γ(h)||Q∗(h)−Qν̄ || <

γ(h)
1− 1

2

= 2γ(h) = γν̄

è
qν̄(h) = γν̄(h) ·max(1, h||C2||)(1 +

β

α
)[eαh − 1− . . .− (αh)ν̄

ν̄!
] < 1.

Òåîðåìà äîêàçàíà.
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Î ÐÅØÅÍÈÈ ÑÈÑÒÅÌ ÒÈÏÀ ËÀÃÅÐÐÀ

Æ. Í. Òàñìàìáåòîâ

Àêòþáèíñêèé ãîñ.óíèâåðñèòåò èì. Ê.Æóáàíîâà
463000 Àêòîáå, óë. À.Ìîëäàãóëîâîé, 34 tasmam@rambler.ru

Îïðåäåëåí êëàññ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî
ïîðÿäêà, ðåøåíèÿìè êîòîðûõ ÿâëÿþòñÿ îðòîãîíàëüíûå ìíîãî÷ëåíû Ëàãåððà ïî äâóì ïåðåìåí-
íûì.

Èññëåäîâàíèÿ ñîñòîÿíèÿ ýëåêòðîíà, íàõîäÿùåãîñÿ â êóëîíîâñêîì ïîëå, à òàêæå äðóãèå
çàäà÷è ñîâðåìåííîé ôèçèêè è ìàòåìàòèêè ïðèâîäÿò ê ëèíåéíûì îáûêíîâåííûì äèôôåðåí-
öèàëüíûì óðàâíåíèÿì, ðåøåíèÿìè êîòîðûõ ÿâëÿþòñÿ îáîáùåííûå ïîëèíîìû Ëàãåððà. Ýòè ïî-
ëèíîìû äîñòàòî÷íî èçó÷åíû â ðàáîòàõ Ê.ßêîáè, Ý.Ëàãåððà, Ã.Ñåãå, Ø.Ýðìèòà, T.Ñòèëüòüåñà
è äð. èçâåñòíûõ ìàòåìàòèêîâ [1]. Äî ñèõ ïîð ìàëîèçó÷åííûìè îñòàþòñÿ ïîëèíîìû Ëàãåððà
äâóõ ïåðåìåííûõ è èõ ñâÿçü ñ ñèñòåìàìè äâóõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ âòîðîãî ïîðÿäêà, õîòÿ â ðàáîòàõ Ã.Êðîëëÿ, È.Øåôåðà, Ã.Ê. Ýíãåëèñà, Ï.Ê. Ñóåòèíà
òàêàÿ ñâÿçü óñòàíîâëåíà ñ îäíèì äèôôåðåíöèàëüíûì óðàâíåíèåì â ÷àñòíûõ ïðîèçâîäíûõ âòî-
ðîãî ïîðÿäêà. Ýòè äèôôåðåíöèàëüíûå óðàâíåíèÿ íàçûâàþòñÿ äîïóñòèìûìè è îðòîãîíàëüíûå
ìíîãî÷ëåíû äâóõ ïåðåìåííûõ îïðåäåëÿþòñÿ êàê ñîáñòâåííûå ôóíêöèè òàêèõ óðàâíåíèé [2].

Â äàííîé ðàáîòå îïðåäåëåí êëàññ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèç-
âîäíûõ âòîðîãî ïîðÿäêà, ðåøåíèÿìè êîòîðûõ ÿâëÿþòñÿ îðòîãîíàëüíûå ìíîãî÷ëåíû Ëàãåððà
ïî äâóì ïåðåìåííûì.

Ïîñòàíîâêà çàäà÷è. Ïóñòü çàäàíà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðî-
èçâîäíûõ âòîðîãî ïîðÿäêà

x · Zxx + (1 + α− a · x) · Zx + (b− 1) · y · Zy + n · Z = 0,
y · Zyy + (1 + β − b · y) · Zy + (a− 1) · x · Zx + m · Z = 0,

}
(1)

ãäå a, b � íåêîòîðûå ïîñòîÿííûå è a 6= 1, b 6= 1;α > −1, β > −1;Z = Z (x, y) � îáùàÿ íåèçâåñò-
íàÿ.

Èñïîëüçóÿ ìåòîä Ôðîáåíèóñà-Ëàòûøåâîé, òðåáóåòñÿ íàéòè ðåøåíèÿ ñèñòåìû (1) è åå ðàç-
ëè÷íûõ ÷àñòíûõ ñëó÷àåâ â âèäå ñïåöèàëüíûõ ôóíêöèé è îðòîãîíàëüíûõ ìíîãî÷ëåíîâ äâóõ
ïåðåìåííûõ, â ÷àñòíîñòè, â âèäå ìíîãî÷ëåíîâ Ëàãåððà ïî äâóì ïåðåìåííûì.

Keywords: Laguerre type system, orthogonal polynomial
2000 Mathematics Subject Classi�cation: 35A20, 35A25, 35C05
c
Æ. Í. Òàñìàìáåòîâ, 2003.
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Äëÿ ñèñòåìû (1) êàê ñèñòåìû òèïà Âèëü÷èíñêîãî [3], âñåãäà âûïîëíÿåòñÿ óñëîâèå èíòåãðè-
ðóåìîñòè. Äîïóñòèì, ÷òî ñèñòåìà (1) ñîâìåñòíà. Ñèñòåìà (1) èìååò îñîáåííîñòè (0, 0), (0,∞),
(∞, 0) è (∞,∞). Ðåãóëÿðíîñòü è èððåãóëÿðíîñòü îñîáåííîñòåé ìîæíî îïðåäåëèòü ïî ðàíãó p è
àíòèðàíãó m ýòîé ñèñòåìû [4]. Äëÿ ñèñòåìû (1) ðàíã p = 1 è m = 0, ïîýòîìó îñîáåííîñòü (0, 0)
ÿâëÿåòñÿ ðåãóëÿðíîé, à (∞,∞) � èððåãóëÿðíîé. Èìååò ìåñòî ïðåîáðàçîâàíèå

Z = exp (α10 · x + α01 · y) · U (x, y) (2)

c íåèçâåñòíûìè êîýôôèöèåíòàìè α10 è α01. Íîâàÿ íåèçâåñòíàÿ U (x, y) îïðåäåëÿåòñÿ èç âñïî-
ìîãàòåëüíûõ ñèñòåì â âèäå îáîáùåííûõ ñòåïåííûõ ðÿäîâ äâóõ ïåðåìåííûõ ïî âîçðàñòàþùèì

U (x, y) = xρ · yσ ·
∞∑

µ,ν=0

Aµν · xµ · yν (A00 6= 0) , (3)

èëè � óáûâàþùèì

U (x, y) = xρ · yσ ·
∞∑

µ,ν=0

Bµν · x−µ · y−ν (B00 6= 0) (4)

ñòåïåíÿì íåçàâèñèìûõ ïåðåìåííûõ x è y.
Îïðåäåëåíèå ðåøåíèé îáùåé ñèñòåìû. Ðåøåíèå ñèñòåìû èùåì â âèäå îáîáùåííîãî

ñòåïåííîãî ðÿäà (3). Ñèñòåìà õàðàêòåðèñòè÷åñêèõ ôóíêöèé

L1[xρ · yσ] = xρ · yσ{ρ · (ρ + α) + [a · ρ + (b− 1) · σ − n] · x},
L2[xρ · yσ] = xρ · yσ{σ · (σ + β)− [b · σ + (−1) · ρ−m] · y}

èìååò ñèñòåìû îïðåäåëÿþùèõ óðàâíåíèé îòíîñèòåëüíî îñîáåííîñòè (0, 0)

f
(1)
00 (ρ, σ) ≡ ρ · (ρ + α) = 0,

f
(2)
00 (ρ, σ) ≡ σ · (σ + β) = 0

}
(5)

è îòíîñèòåëüíî îñîáåííîñòè (∞,∞)

f
(1)
10 (ρ, σ) ≡ ϕ

(1)
00 (ρ, σ) = −[a · ρ + (b− 1) · σ − n] = 0,

f
(2)
01 (ρ, σ) ≡ ϕ

(2)
00 (ρ, σ) = −[b · σ − (a− 1) · ρ−m] = 0.

}
(6)

Ñèñòåìà îïðåäåëÿþùèõ óðàâíåíèé (5) èìååò ÷åòûðå ïàðû êîðíåé: (ρ1 = 0, σ1 = 0); ( ρ2 = −α,
σ1 = 0); (ρ1 = 0, σ2 = −β); ( ρ2 = −α, σ2 = −β). Èññëåäîâàíèÿ ïîêàçûâàþò, ÷òî ñîâìåñòíîñòü
ñèñòåìû (1) îáåñïå÷èâàåòñÿ òîëüêî ïðè âûïîëíåíèè óñëîâèé a = b, n = m. Ïðè ýòèõ óñëîâèÿõ
óäàåòñÿ íàéòè òîëüêî îäíî ðåøåíèå, ñîîòâåòñòâóþùåå ïàðå (ρ1 = 0, σ1 = 0)

Z1 (x, y) = 1− n

1! · (α + 1)
· x− n

1! · (β + 1)
· y +

(a− 1 + n) · n
1! · (α + 1) · (β + 1)

· xy−

− (a− n) · n
2! · (α + 1) · (α + 2)

· x2 − (a− n) · n
2! · (β + 1) · (β + 2)

· y2 − .... (7)

Åñëè ñèñòåìà îïðåäåëÿþùèõ óðàâíåíèé (6) èìååò õîòÿ áû îäíó ïàðó êîðíåé, òî ñèñòåìà (1) ïðè
âûïîëíåíèè óñëîâèé ñîâìåñòíîñòè èìååò õîòÿ áû îäíî ðåøåíèå â âèäå îáîáùåííûõ ñòåïåííûõ
ðÿäîâ ïî óáûâàþùèì ñòåïåíÿì (4).

Ñèñòåìà (1) èìååò ðÿä èíòåðåñíûõ ÷àñòíûõ ñëó÷àåâ, èçó÷åííûõ â ðàáîòàõ Ã.Ê.Ýíãåëèñà,
Ï.Ê.Ñóåòèíà è äð [2]. Ïåðåõîäèì ê ðàññìîòðåíèþ ýòèõ ñëó÷àåâ.
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I. Íàèáîëåå èíòåðåñíûé ñëó÷àé ïîëó÷àåòñÿ ïðè α > −1, β > −1; α 6= 0, β 6= 0; a = b = 1 è
n 6= m. Òîãäà èìååì ñèñòåìó

x · Zxx + (1 + α− x) · Zx + n · Z = 0,
y · Zyy + (1 + β − y) · Zy + m · Z = 0,

}
(8)

ðåøåíèÿìè êîòîðîé ÿâëÿþòñÿ îáîáùåííûå ïîëèíîìû L
(α)
n (x) è L

(β)
m (y).

Äåéñòâèòåëüíî, ïåðâîå óðàâíåíèå, êàê îáûêíîâåííîå óðàâíåíèå Ëàãåððà [5], â èíòåðâàëå
(0,∞) èìååò ðåøåíèå â âèäå îáîáùåííîãî ïîëèíîìà Ëàãåððà

L(α)
n (x) = Cn · F (−n, α + 1;x) = Cn ·

[
1− n

1! · (α + 1)
· x +

n (n− 1)
2! · (α + 1) · (α + 2)

· x2 − ...

+(−1)n · n (n− 1) ...1
n! · (α + 1) · (α + n)

· xn

]
, (9)

ïîñêîëüêó ïðè α > −1 íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì òîãî, ÷òî óðàâíåíèå

x · Zxx + (α + 1− x) · Zx + λ1 · Z = 0 (10)

èìååò ðåøåíèå â âèäå ìíîãî÷ëåíà, ÿâëÿåòñÿ ðàâåíñòâî λ1 = n. Åäèíñòâåííûì ðåøåíèåì â âèäå
ìíîãî÷ëåíà ÿâëÿåòñÿ L

(α)
n (x) [1].

Àíàëîãè÷íî, íàéäåì ðåøåíèå âòîðîãî óðàâíåíèÿ ñèñòåìû (8)

L(β)
m (y) = Cm · F (−m, β + 1; y) = Cm ·

[
1− m

1! · (β + 1)
· y +

m (m− 1)
2! · (β + 1) · (β + 2)

· y2 − ...

+(−1)m · m (m− 1) ...1
m! · (β + 1) · (β + m)

· ym

]
. (11)

Êàê è â ïðåäûäóùåì ñëó÷àå ïðè β > −1 íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì òîãî, ÷òî
óðàâíåíèå

y · Zyy + (β + 1− y) · Zy + λ2 · Z = 0 (12)

èìååò ðåøåíèå â âèäå ìíîãî÷ëåíà ÿâëÿåòñÿ ðàâåíñòâî λ2 = m. Åäèíñòâåííîå ðåøåíèå � ýòî
ìíîãî÷ëåí L

(β)
m (y).

Ðåøåíèå ñèñòåìû (8) ïðåäñòàâèìî â âèäå ïðîèçâåäåíèÿ îáîáùåííûõ ïîëèíîìîâ, ò.å.

Z (x, y) = Z10 (x) · Z01 (y) = L(α)
n (x) · L(β)

m (y) =

= Cnm ·
[
1− n

1! (α + 1)
· x− m

1! (β + 1)
· y +

n ·m
1! (α + 1) (β + 1)

· xy− (13)

−...+(−1)n+m n · (n− 1) ...1
n! (α + 1) ... (α + n)

· m · (m− 1) ...1
m! (β + 1) ... (β + m)

· xn · ym

]
,

ãäå Z10 (x) � ÷àñòíîå ðåøåíèå ïåðâîãî óðàâíåíèÿ ñèñòåìû (8), Z01 (y) � ÷àñòíîå ðåøåíèå âòî-
ðîãî óðàâíåíèÿ; Cnm = Cn · Cm, ãäå

Cn = (α + 1) · (α + 2) · ... · (α + n) =
Γ (α + n + 1)

Γ (α + 1)
,

Cm = (β + 1) · (β + 2) · ... · (β + m) =
Γ (β + m + 1)

Γ (β + 1)
,

Cnm = Cn · Cm =
Γ (α + n + 1)

Γ (α + 1)
· Γ (β + m + 1)

Γ (β + 1)
.

Ïðèâåäåííûå âûøå ðàññóæäåíèÿ ïîêàçûâàþò ñïðàâåäëèâîñòü ñëåäóþùåãî óòâåðæäåíèÿ
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Òå î ð åì à 1. Ïóñòü α > −1, β > −1. Ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà

x · Zxx + (1 + α− x) · Zx + λ1 · Z = 0,
y · Zyy + (1 + β − y) · Zy + λ2 · Z = 0,

}
(14)

ãäå λ1 è λ2 � ïàðàìåòðû, èìååò ðåøåíèåì ìíîãî÷ëåí, íå ðàâíûé íóëþ òîæäåñòâåííî, òîãäà
è òîëüêî òîãäà, êîãäà λ1 è λ2 èìåþò âèä λ1 = n, λ2 = m.

Ýòî ðåøåíèå îïðåäåëÿåòñÿ â âèäå (13) è ïðåäñòàâèìî â âèäå ïðîèçâåäåíèÿ îáîáùåííûõ
ïîëèíîìîâ Ëàãåððà ïî íåçàâèñèìûì ïåðåìåííûì x è y

L(αβ)
nm

(x, y) =
Γ (α + n + 1)

Γ (α + 1)
· Γ (β + m + 1)

Γ (β + 1)
·
[
1− n

1! (α + 1)
· x− m

1! (β + 1)
· y+

+
n ·m

1! (α + 1) (β + 1)
· xy − ... (15)

+ (−1)n+m n · (n− 1) ...1
n! (α + 1) ... (α + n)

· m · (m− 1) ...1
m! (β + 1) ... (β + m)

· xn · ym

]
.

Òåîðåìó ìîæíî äîêàçàòü è äðóãèì ïóòåì, íåïîñðåäñòâåííî ïîäñòàâëÿÿ ðÿä

Z (x, y) =
∞∑

µ,ν=0

Cµν · xµ · yν (C00 6= 0) (16)

â ñèñòåìó (14).
II. Ïóñòü â ñèñòåìå (1) α = 0, β = 0; a = 1, b = 1 è n 6= m. Ðåøåíèåì ïîëó÷åííîé ñèñòåìû

x · Zxx + (1− x) · Zx + n · Z = 0,
y · Zyy + (1− y) · Zy + m · Z = 0

}
(17)

ÿâëÿåòñÿ ïðîèçâåäåíèå ïðîñòûõ ïîëèíîìîâ Ëàãåððà

Lnm (x, y) =
Γ (n + 1)

Γ (1)
· Γ (m + 1)

Γ (1)
·
[
1− n

1!
· x− m

1!
· y+

+
n ·m

1!
· xy − ...+ (−1)n+m n · (n− 1) ...1

n! · 1 · 2 · ... · n ·
m · (m− 1) ...1
m! · 1 · 2 · ... ·m · xn · ym

]
. (18)

III. Òðåòèé ÷àñòíûé ñëó÷àé, ïîëó÷àþùèéñÿ èç ñèñòåìû (1) ïðè α = −1, β = −1; a = b =
1, n 6= m, ïîìîãàåò ðàñêðûòü ñâÿçü ïîëèíîìîâ Ëàãåððà è Ýðìèòà. Äåéñòâèòåëüíî, â ýòîì ñëó÷àå
ïîëó÷åííàÿ ñèñòåìà

x · Zxx + x · Zx + n · Z = 0,
y · Zyy + y · Zy + m · Z = 0

}

ñ ïîìîùüþ çàìåíû ïðèâîäèòñÿ ê ñèñòåìå âèäà

Zxx − x · Zx + λ1 · Z = 0,
Zyy − y · Zy + λ2 · Z = 0.

}
(19)

Äëÿ ýòîé ñèñòåìû ñïðàâåäëèâî ñëåäóþùåå óòâåðæäåíèå.

Òå î ð åì à 2. Ïóñòü α = −1, β = −1; a = b = 1, n 6= m. Ñèñòåìà äèôôåðåíöèàëüíûõ
óðàâíåíèé (19), ïîëó÷åííàÿ èç ñèñòåìû (8) ñ ïîìîùüþ çàìåíû ïåðåìåííûõ x1 = x2 è y1 = y2,
ãäå λ1 è λ2 � ïàðàìåòðû, èìååò ðåøåíèåì ìíîãî÷ëåí, íå ðàâíûé íóëþ òîæäåñòâåííî, òîãäà
è òîëüêî òîãäà, êîãäà λ1 è λ2 èìåþò âèä λ1 = n, λ2 = m.
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Ýòî ðåøåíèå îïðåäåëÿåòñÿ â âèäå ïðîèçâåäåíèÿ ìíîãî÷ëåíîâ Ýðìèòà Hn (x) è Hm (y)

Hnm (x, y) = Hn (x) ·Hm (y) = (−1)n+m · e
�

x2

2
+ y2

2

�
· dn

dxn

(
e−

x2

2

)
· dm

dym

(
e−

y2

2

)
. (20)

Èçâåñòíî [2], ÷òî ïðîèçâåäåíèÿ ìíîãî÷ëåíîâ Ëàãåððà âèäà (15) óäîâëåòâîðÿþò îäíîìó äèô-
ôåðåíöèàëüíîìó óðàâíåíèþ â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà

x · Zxx + y · Zyy + (1 + α− x) · Zx + (1 + β − y) · Zy + (n + m) · Z = 0, (21)

ïîëó÷åííîìó ïóòåì ñëîæåíèÿ äâóõ óðàâíåíèé ñèñòåìû (1) è (8). Ýòî óðàâíåíèå îòíîñèòñÿ ê
äåñÿòîé íîðìàëüíîé ôîðìå äîïóñòèìûõ óðàâíåíèé è íàçûâàåòñÿ óðàâíåíèåì Ëàãåððà. Îòñþäà
ïðè α = 0, β = 0 ïîëó÷àåì óðàâíåíèå

x · Zxx + y · Zyy + (1− x) · Zx + (1− y) · Zy + (n + m) · Z = 0, (22)

îòíîñÿùååñÿ ê ýòîìó òèïó óðàâíåíèé, ñ ðåøåíèÿìè â âèäå (18).
Óðàâíåíèå

Zxx + Zyy + x · Zx + y · Zy + (n + m) · Z = 0, (23)

ïîëó÷åííîå ïóòåì ñëîæåíèÿ äâóõ óðàâíåíèé ñèñòåìû (19), îòíîñèòñÿ ê òðèíàäöàòîé íîðìàëü-
íîé ôîðìå îñíîâíîãî äîïóñòèìîãî óðàâíåíèÿ, ðåøåíèÿìè êîòîðîãî ÿâëÿåòñÿ ïðîèçâåäåíèå ìíî-
ãî÷ëåíîâ Ýðìèòà (20). Ýòî óðàâíåíèå íàçûâàåòñÿ óðàâíåíèåì Ýðìèòà-Ýðìèòà.

Òàêèì îáðàçîì, óñòàíîâëåíà ñâÿçü èçó÷àåìûõ ñèñòåì (8), (17) è (19) ñ óðàâíåíèÿìè â ÷àñò-
íûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà (21), (22), (23). Ïî àíàëîãèè ñ îäíèì óðàâíåíèåì â ÷àñòíûõ
ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñèñòåìó (1) è åå ÷àñòíûå ñëó÷àè (8), (17) è (19) òàêæå íàçîâåì
ñèñòåìàìè òèïà Ëàãåððà. Ðåøåíèÿ ýòèõ ñèñòåì íàçîâåì ïîëèíîìàìè Ëàãåððà. Ïðè ðàçëè÷íûõ
çíà÷åíèÿõ α, β, a, b ýòè ðåøåíèÿ îäíîâðåìåííî óäîâëåòâîðÿþò è ñèñòåìå òèïà Ëàãåððà è îäíîìó
èç óðàâíåíèé âèäà (21), (22) è (23).

Ïðèìåíåíèå ïîíÿòèÿ ðàíãà è àíòèðàíãà ïîçâîëÿåò ïîëó÷èòü è äðóãèå ðåøåíèÿ ñèñòåì òèïà
Ëàãåððà, à òàêæå óðàâíåíèé òèïà Ëàãåððà. Äåéñòâèòåëüíî, ïðè ð=1 è m ≤ 0 èç ñèñòåìû (8) ñ
ïîìîùüþ ïðåîáðàçîâàíèÿ (2) ïîëó÷èì ÷åòûðå âñïîìîãàòåëüíûå ñèñòåìû:

1. Ïðè (α10 = 0, α01 = 0) ìíîãî÷ëåí Q (x, y) = α10 · x + α01 · y ≡ 0 è ïîëó÷èòñÿ èñõîäíàÿ
ñèñòåìà (8). Âîçìîæíîñòè íàõîæäåíèÿ ðåøåíèé â âèäå ìíîãî÷ëåíîâ íàìè èññëåäîâàíû ðàíåå.

2. Ïàðà (α10 = 1, α01 = 0) îïðåäåëÿåò ìíîãî÷ëåí Q (x, y) = x è ñèñòåìó

x · Uxx + (α + 1 + x) · Ux + (α + n + 1) · U = 0,
y · Uyy + (β + 1− y) · Uy + m · U = 0.

}

3. Ïàðà (α10 = 0, α01 = 1) îïðåäåëÿåò ìíîãî÷ëåí Q (x, y) = y è ñèñòåìó

x · Uxx + (α + 1− x) · Ux + n · U = 0,
y · Uyy + (β + 1 + y) · Uy + (β + 1 + m) · U = 0.

}

4. Íàêîíåö, ïàðà (α10 = 1, α01 = 1) îïðåäåëÿåò ìíîãî÷ëåí Q (x, y) = x + y è ñîîòâåòñò-
âóþùóþ ñèñòåìó

x · Uxx + (α + 1 + x) · Ux + (α + n + 1) · U = 0,
y · Uyy + (β + 1 + y) · Uy + (β + m + 1) · U = 0,

}

îäíèì èç ðåøåíèé êîòîðîé ÿâëÿåòñÿ

Z (x, y) = ex+y ·
[
1− α + n + 1

1! (α + 1)
· x− β + m + 1

1! (β + 1)
· y +

(α + n + 1) · (β + m + 1)
1! (α + 1) (β + 1)

· xy+
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+
(α + n + 1) · (α + n + 2)

2! (α + 1) (α + 2)
· x2 +

(β + m + 1) · (β + m + 2)
2! (β + 1) (β + 2)

· y2 + ...

]
.

Àíàëîãè÷íî ìîæíî ïîñòðîèòü è äðóãèå ðåøåíèÿ âñåõ âñïîìîãàòåëüíûõ ñèñòåì, à òàêæå
íàéòè óñëîâèÿ, êîãäà îíè îáðàùàþòñÿ â êîíå÷íûå ðåøåíèÿ. Âñå ýòè ðåøåíèÿ îòíîñÿòñÿ ê
íîðìàëüíî-ðåãóëÿðíûì ðåøåíèÿì [6] âèäà

Z (x, y) = expQ (x, y) · xρ · yσ ·
∞∑

µ,ν=0

Cµ,ν · xµ · yν (C0,0 6= 0) ,

ãäå ρ, σ, Cµ,ν (µ, ν = 0, 1, 2, ...) � íåèçâåñòíûå ïîñòîÿííûå, Q (x, y) � ìíîãî÷ëåí äâóõ ïåðåìåí-
íûõ ñ íåèçâåñòíûìè êîýôôèöèåíòàìè, ïîäëåæàùèå îïðåäåëåíèþ [7].
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ÇÀÄÀ×À ÎÁ ÎÑÅÑÈÌÌÅÒÐÈ×ÍÎÌ ÈÇÃÈÁÅ ÊÐÓÃËÎÉ
ÃÈÁÊÎÉ ÏËÀÑÒÈÍÛ Ñ Ó×ÅÒÎÌ ÍÀ×ÀËÜÍÎÉ

ÊÐÈÂÈÇÍÛ

À. Í. Òþðåõîäæàåâ, Ã. Ó. Ìàìàòîâà

Êàçàõñêèé íàöèîíàëüíûé òåõíè÷åñêèé óíèâåðñèòåò èì.Ê.È.Ñàòïàåâà
ã. Àëìàòû, óë.Ñàòïàåâà, 22

Ðàññìàòðèâàåòñÿ êðóãëàÿ ãèáêàÿ ïëàñòèíà ñ íà÷àëüíûì ïðîãèáîì, çàêðåïëåííàÿ ïî êîíòóðó è
ïîäâåðãàþùàÿñÿ äåéñòâèþ ðàâíîìåðíî ðàñïðåäåëåííîé ïîïåðå÷íîé íàãðóçêè èíòåíñèâíîñòè q.

Îñíîâíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé òåîðèè ãèáêîé êðóãëîé ïëàñòèíû ñ íà-
÷àëüíûì ïðîãèáîì èìååò ñëåäóþùèé âèä [1]

D
d

dr

(∇2ω
)

= ψ +
h

r

dΦ
dr

(
dω

dr
+

dωí÷
dr

)
,

d

dr

(∇2Φ
)

= −E

r

(
1
2

(
dω

dr

)2

+
dωí÷
dr

dω

dr

)
,





(1)

ãäå ψ � ôóíêöèÿ íàãðóçêè, ðàâíàÿ

ψ =
1
r

r∫

0

qrdr,

Φ � ôóíêöèÿ íàïðÿæåíèÿ, ââåäåííàÿ ïî ôîðìóëàì

σr =
1
r

dΦ
dr

, σϕ =
d2Φ
d

r2,

E � ìîäóëü óïðóãîñòè, ω � ïðîãèá, ωí÷ � íà÷àëüíûé ïðîãèá, σr, σϕ � ðàäèàëüíîå è òàíãåí-
öèàëüíîå íàïðÿæåíèÿ.

À.Ñ. Âîëüìèð äëÿ ïîëó÷åíèÿ ðåøåíèÿ òàêîãî ðîäà çàäà÷ çàäàåòñÿ ôîðìîé ïðîãèáà è â äàëü-
íåéøåì èñïîëüçóåò ìåòîä Áóáíîâà-Ãàëåðêèíà [1]. Ñèñòåìà óðàâíåíèé (1) íåðåäêî èññëåäóåòñÿ
Keywords: Corner of a de�ection, nonlinear equation,�exible plate,initial curvature,bend, stretching
2000 Mathematics Subject Classi�cation: 74B05, 74B20
c
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ìåòîäîì ìàëîãî ïàðàìåòðà, êîãäà ìíîæèòåëü ïåðåä íåëèíåéíûìè ÷ëåíàìè ÿâëÿåòñÿ ìàëûì.
Â ñëó÷àå, êîãäà òàêîå îãðàíè÷åíèå íà ìíîæèòåëü íå ñòàâèòñÿ, ïîëó÷åíèå ðåøåíèÿ ÿâëÿåòñÿ
ïðîáëåìîé. Ïîýòîìó ìîæíî âîñïîëüçîâàòüñÿ ìåòîäîì ÷àñòè÷íîé äèñêðåòèçàöèè äèôôåðåíöè-
àëüíûõ óðàâíåíèé, òî÷íîñòü ïîëó÷àåìîãî ðåøåíèÿ äëÿ êîòîðîãî ìíîãîêðàòíî ïðîâåðÿëàñü ïðè
ðåøåíèè çàäà÷, ñâÿçàííûõ c ïîëó÷åíèåì èçãèáîâ ïëàñòèí [2].

Ïîëüçóÿñü ìåòîäîì ÷àñòè÷íîé äèñêðåòèçàöèè äèôôåðåíöèàëüíûõ óðàâíåíèé [2], [3],çàïè-
øåì âòîðîå óðàâíåíèå ñèñòåìû (1) â âèäå

d3Φ
dr3

+
1
r

d2Φ
dr2

− 1
r2
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dr

= −1
2

n∑
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,

(2)

ãäå δ(r − rk) � îáîáùåííàÿ äåëüòà-ôóíêöèÿ Äèðàêà.
Îáùåå ðåøåíèå óðàâíåíèÿ (2) èìååò ñëåäóþùåå âûðàæåíèå.
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1
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,

ãäå H(r − rk) � ôóíêöèÿ Õåâèñàéäà.
Ðàññìîòðèì ïëàñòèíó ñ îòâåðñòèåì âíóòðåííåãî ðàäèóñà ra. Âíåøíèé ðàäèóñ îáîçíà÷èì

÷åðåç c. Îòìåòèì, ÷òî ñèñòåìà óðàâíåíèé (1) çàïèñàíà äëÿ ïëàñòèíû ïîñòîÿííîé òîëùèíû h.
Âñëåäñòâèå òîãî, ÷òî íà ra íå íàêëàäûâàåòñÿ îãðàíè÷åíèå î ìàëîñòè, ïðîèçâîëüíóþ ïîñòîÿííóþ
C2 ïðèìåì ðàâíîé íóëþ. Ãðàíè÷íûå óñëîâèÿ çàäàäèì â âèäå.

1
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ω|r=c = 0. (5)
Òîãäà â ñèëó óñëîâèé (3) ðåøåíèå çàäà÷è (2) � (3) çàïèøåòñÿ ñëåäóþùèì îáðàçîì
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Ïîäñòàâèì ïîëó÷åííîå âûðàæåíèå â ïåðâîå óðàâíåíèå ñèñòåìû (1) è âûïîëíèì äàëåå äèñ-
êðåòèçàöèþ ìíîæèòåëÿ dω

dr
â ïðàâîé ÷àñòè ýòîãî óðàâíåíèÿ. Â ðåçóëüòàòå ïåðâîå óðàâíåíèå

ñèñòåìû (1) ïðèìåò âèä

d3ω

dr3
+

1
r

d2ω

dr2
− 1

r2

dω

dr
=

ψ

D
+

hσo

Dra
· dωí÷

dr
· 1
r
− Eh

4D r
·

n∑

k=1

(rk + rk+1)×

×
(

1
rk

(
1
2

(
dωk

dr

)2

+
dωí÷k

dr

dωk

dr

)(
r − r2

k

r

)
H (r − rk) −

−
(

1
rk+1

(
1
2

(
dωk+1

dr

)2

+
dωí÷k+1

dr

dωk+1

dr

)(
r − r2

k+1

r

)
H (r − rk+1)

)
dωí÷
dr

)
+

+
hσo

2Dra

n∑

k=1

(rk + rk+1)
(

1
rk

dωk

dr
δ (r − rk)− 1

rk+1

dωk+1

dr
δ (r − rk+1)

)
− (7)

−Eh

8D
·

n∑

k=2

(rk+1 − rk−1)

{
k−1∑

i=1

(ri + ri+1)

(
1
ri

(
1
2

(
dωi

dr

)2

+
dωí÷i

dr

dωi

dr

)
×

×
(

r − r2
i

r

)
− 1

ri+1

(
1
2

(
dωi+1

dr

)2

+
dωí÷i+1

dr

dωi+1

dr

)(
r − r2

i+1

r

))}
dωk

dr
δ(r − rk).

Ïîñëå ñîîòâåòñòâóþùèõ ïðåîáðàçîâàíèé ñ ó÷åòîì ñâîéñòâ îáîáùåííûõ ôóíêöèé è óñëîâèé
(4) ïîëó÷èì

dω

dr
= F (r) +

Eh

8D

n∑

k=1

(rk + rk+1)

((
1
2

(
dωk

dr

)2

+
dωí÷k

dr

dωk

dr

) (
1
r
B(r, rk)−

−rA(r, rk)− r

c2
B(c, rk) + rA(c, rk)

)
−

(
1
2

(
dωk+1

dr

)2

+
dωí÷k+1

dr

dωk+1

dr

)
×

×
(

1
r
B(r, rk+1)− rA(r, rk+1)−

( r

c2
B(c, rk+1) + rA(c, rk+1)

))
+

+
hσo

4Dra

n∑

k=1

(rk + rk+1)
[((

r

rk
− rk

r

)
H(r − rk)− r

rk
+

rkr

c2

)
dωk

dr
−

−
((

r

rk+1
− rk+1

r

)
H(r − rk+1)− r

rk+1
+

rk+1r

c2

)
dωk+1

dr

]
+

+
Eh

16D

n∑

k=2

(rk+1 − rk−1)

{
k−1∑

i=1

(ri + ri+1)

((
1
2

(
dωi

dr

)2

+
dωí÷i

dr

dωi

dr

)
×

×
[(

r2
k

rir
− ri

r
− r

ri
+

rir

r2
k

)
H(r − rk)−

(
r2
k

ric2
− ri

c2
− 1

ri
+

ri

r2
k

)
r

]
−

−
(

1
2

(
dωi+1

dr

)2

+
dωí÷i+1

dr

dωi+1

dr

)[(
r2
k

ri+1r
− ri+1

r
− r

ri+1
+

ri+1r

r2
k

)
H(r − rk)−

−
(

r2
k

ri+1c2
− ri+1

c2
− 1

ri+1
+

ri+1

r2
k

)
r

])}
dωk

dr
, (8)
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ãäå
F (r) =

r

2D

∫
ψdr − 1

2Dr

∫
r2ψdr +

hσor

2Dra

∫
1
r

dωí÷
dr

dr− hσo

2Drar

∫
dωí÷
dr

r dr−

−r

[
1

2D

∫
ψdr +

1
2Dc2

∫
r2ψdr − hσo

2Dra

∫
1
r

dωí÷
dr

dr+
hσo

2Drac2

∫
dωí÷
dr

r dr

]

r=c

,

B(r, rk) =
∫ (

r2

rk
− rk

)
dωí÷
dr

H(r − rk)dr,

A(r, rk) =
∫ (

1
rk
− rk

r2

)
dωí÷
dr

H(r − rk)dr.

Ïðè ýòîì óãëû ïîâîðîòà â òî÷êàõ rk, k = 1, n îïðåäåëÿþòñÿ èç ñèñòåìû ñëåäóþùèõ àëãåáðàè-
÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà

k = 1

Eh

16D
(r1 + r2)

(
1
r1

B(r1, r1)− r1A(r1, r1)− r1

c2
B(c, r1) + r1A(c, r1)

)(
dω1

dr

)2

+

+
{

Eh

8D
(r1 + r2)

dω1

dr

(
1
r1

B(r1, r1)− r1A(r1, r1)− r1

c2
B(c, r1) + r1A(c, r1)

)
+

+
hσo

4Dra
(r1 + r2)

(
r2
1

c2
− 1

)
− 1

}
dω1

dr
+ F (r1) = 0,

k = 2, n

Eh

16D
(rk+1 − rk−1)

(
1
rk

B(rk, rk)− rkA(rk, rk)− rk

c2
B(c, rk) + rkA(c, rk)

)(
dωk

dr

)2

+

+
{

Eh

8D
(rk+1 − rk−1)

dωí÷k

dr

(
1
rk

B(rk, rk)− rkA(rk, rk)− rk

c2
B(c, rk) + rkA(c, rk)

)
+

+
hσo

4Dra
(rk+1 − rk−1)

(
r3
k

c2
− 1

)
+

Eh

16D
(rk+1 − rk−1)

{
(r1 + r2)

((
1
2

(
dω1

dr

)2

+

+
dωí÷1

dr

dω1

dr

) [(
r2
k

r1c2
− r1

c2
− 1

r1
+

r1

r2
k

)
rk +

k−1∑

i=2

(ri+1 − ri−1)

(
1
2

(
dωi

dr

)2

+

+
dωí÷i

dr

dωi

dr

) (
r2
k

ric2
− ri

c2
− 1

ri
+

ri

r2
k

)
rk

}
− 1

}
dωk

dr
+

Eh

8D
{(r1 + r2)×

×
((

1
2

(
dω1

dr

)2

+
dωí÷1

dr

dω1

dr

) (
1
rk

B(rk, r1)− rkA(rk, r1)− rk

c2
B(c, r1)+

+rkA(c, r1)
)

+
k∑

i=2

(ri+1 − ri−1)

(
1
2

(
dωi

dr

)2

+
dωí÷i

dr

dωi

dr

)(
1
rk

B(rk, ri) −

−rkA(rk, ri)− rk

c2
B(c, ri) + rkA(c, ri)

)}
+

hσo

4Dra
(r1 + r2)

(
rkr1

c2
− r1

rk

)
dω1

dr
+
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+
hσo

4D ra

k−1∑

i=2

(ri+1 − ri−1)
(

rkri

c2
− ri

rk

)
dωi

dr
+

Eh

16D

k−1∑

j=2

(rj+1 − rj−1) {(r1 + r2)×

×
((

1
2

(
dω1

dr

)2

+
dωí÷1

dr

dω1

dr

){
r2
j

r1rk
− r1

rk
− rk

r1
+

rkr1

r2
j

−
(

r2
j

ric2
− r1

c2
− 1

r1
+

+
r1

r2
j

)
rk

}
+

j−1∑

i=2

(rj+1 − rj−1)

(
1
2

(
dωi

dr

)2

+
dωí÷i

dr

dωi

dr

) {
r2
j

rirk
− ri

rk
− rk

ri
+

rkri

r2
j

−

−
(

r2
j

ric2
− ri

c2
− 1

ri
+

ri

r2
j

)
rk

}}
+ F (rk) = 0.

Èíòåãðèðóÿ (8) è ó÷èòûâàÿ óñëîâèå (5), ðåøåíèå ïåðâîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
ñèñòåìû (1) ïîëó÷èì â âèäå

ω =
∫ (

F (r) +
Eh

8D

n∑

k=1

(rk + rk+1)

((
1
2

(
dωk

dr

)2

+
dωí÷k

dr

dωk

dr

) (
1
r
B(r, rk) −

−rA(r, rk)− r

c2
B(c, rk) + rA(c, rk)

)
−

(
1
2

(
dωk+1

dr

)2

+
dωí÷k+1

dr

dωk+1

dr

)
×

×
(

1
r
B(r, rk+1)− rA(r, rk+1)− r

c2
B(c, rk+1) + rA(c, rk+1)

)))
dr−

−
[∫ (

F (r) +
Eh

8D

n∑

k=1

(rk + rk+1)

((
1
2

(
dωk

dr

)2

+
dωí÷k

dr

dωk

dr

)
×

×
(

1
r
B(r, rk)− rA(r, rk)− r

c2
B(c, rk) + rA(c, rk)

)
−

(
1
2

(
dωk+1

dr

)2

+
dωí÷k+1

dr
×

×dωk+1

dr

)(
1
r
B(r, rk+1)− rA(r, rk+1)− r

c2
B(c, rk+1) + rA(c, rk+1)

)))
dr

]

r=c

+

+
hσo

4Dra

n∑

k=1

(rk + rk+1)
[((

r2

2rk
− rk ln

r

rk
− rk

2

)
H(r − rk)− r2

2rk
+

rkr
2

2c2
+

+rk ln
c

rk

)
dωk

dr
−

((
r2

2rk+1
− rk+1 ln

r

rk+1
− rk+1

2

)
H(r − rk+1)− r2

2rk+1
+

rk+1r
2

2c2
+

+rk+1 ln
c

rk+1

)
dωk+1

dr

]
+

Eh

16D

n∑

k=2

(rk+1 − rk−1)

{
k−1∑

i=1

(ri + ri+1)

((
1
2

(
dωi

dr

)2

+

+
dωí÷i

dr

dωi

dr

) [((
r2
k

ri
− ri

)
ln

r

rk
− r2

2ri
+

rir
2

2r2
k

+
r2
k

2ri
− ri

2

)
H(r − rk)−

−
(

r2
k

ric2
− ri

c2
− 1

ri
+

ri

r2
k

)
r2

2
−

(
r2
k

ri
− ri

)
ln

c

rk

]
−

(
1
2

(
dωi+1

dr

)2

+
dωí÷i+1

dr
×

×dωi+1

dr

)[((
r2
k

ri+1
− ri+1

)
ln

r

rk
− r2

2ri+1
+

ri+1r
2

2r2
k

+
r2
k

2ri+1
− ri+1

2

)
H(r − rk)−
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−
(

r2
k

ri+1c2
− ri+1

c2
− 1

ri+1
+

ri+1

r2
k

)
r2

2
−

(
r2
k

ri+1
− ri+1

)
ln

c

rk

])}
dωk

dr
.

Ñóùåñòâóþùèé ìåòîä íàõîæäåíèÿ ðåøåíèé íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
Áóáíîâà-Ãàëåðêèíà [4] õîòÿ è ÿâëÿåòñÿ âåñüìà ïîëåçíûì, îäíàêî ïðè îáùåé ïîñòàíîâêå çà-
äà÷è è ñòðåìëåíèè ÷èñëà ëèíåéíîé êîìáèíàöèè çàäàííîé ëèíåéíîé íåçàâèñèìîé ñèñòåìû ê
áåñêîíå÷íîñòè íå ìîæåò ãàðàíòèðîâàòü äàæå ñëàáóþ ñõîäèìîñòü ïðèáëèæåííîãî ðåøåíèÿ ê
òî÷íîìó. Â ýòîé ñâÿçè ïðèìåíåíèå ìåòîäà ÷àñòè÷íîé äèñêðåòèçàöèè ê ðàññìàòðèâàåìîé ñèñòå-
ìå íåëèíåéíûõ óðàâíåíèé îêàçûâàåòñÿ âåñüìà öåëåñîîáðàçíûì.

Êðèâûå èçìåíåíèÿ ïðîãèáà äëÿ fí÷ = 0, 2h; fí÷ = 0, 5h; fí÷ = 0, 8h;
h = 0, 02m, q = 104H/m2; E = 2 · 1011H/m2; µ = 0, 3; δ0 = 0

Íà ïðèâåäåííîì ðèñóíêå ïîêàçàí ãðàôèê èçãèáà ãèáêîé ïëàñòèíû ïðè îòäåëüíûõ íà÷àëü-
íûõ çíà÷åíèÿõ ñòðåëû ïðîãèáà fí÷.

Ïîñêîëüêó êðèâûå ðåøåíèÿ êâàçèñòàòè÷åñêèõ çàäà÷ ÿâëÿþòñÿ ïëàâíûìè, òî ïîëó÷åíèå çíà-
÷åíèé ôóíêöèé dΦ/dr, ω â íåñêîëüêèõ òî÷êàõ äàåò õîðîøåå ñîâïàäåíèå ñ òî÷íûì.
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ÎÁÛÊÍÎÂÅÍÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

Ð. Å. Óòåøîâà

Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê.Æóáàíîâà
463000 Àêòîáå, ïð. À.Ìîëäàãóëîâîé, 34 ruteshova@yandex.ru

Ìåòîäîì ïàðàìåòðèçàöèè ñ íåðàâíîìåðíûì øàãîì ðàçáèåíèÿ èññëåäóåòñÿ çàäà÷à íàõîæäåíèÿ
îãðàíè÷åííîãî íà âñåé îñè ðåøåíèÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Â òåðìèíàõ
áëî÷íî-ëåíòî÷íîé äâóñòîðîííå-áåñêîíå÷íîé ìàòðèöû Qν,eh(θ), ïîñòðîåííîé ïî âûáðàííîìó ðàçáèå-
íèþ è èíòåãðàëàì îò ìàòðèöû äèôôåðåíöèàëüíîãî óðàâíåíèÿ íà èíòåðâàëàõ ðàçáèåíèÿ, ïîëó÷åíû
íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ êîððåêòíîé ðàçðåøèìîñòè ðàññìàòðèâàåìîé çàäà÷è.

Çàäà÷à 1. Íàéòè îãðàíè÷åííîå íà R = (−∞,∞) ðåøåíèå óðàâíåíèÿ
dx

dt
= A(t)x + f(t), x ∈ Rn, (1)

ãäå A(t), f(t) íåïðåðûâíû è îãðàíè÷åíû íà R, ‖x‖ = max
j
|xj |, ‖A(t)‖ = max

j

n∑
k=1

|ajk(t)| ≤ α(t),

α(t) - íåïðåðûâíàÿ è îãðàíè÷åííàÿ íà R ôóíêöèÿ.
Âîïðîñû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è 1 ðàçëè÷íûìè ìåòîäàìè èññëå-

äîâàíû ìíîãèìè àâòîðàìè [1]�[8].
Â [9] çàäà÷à íàõîæäåíèÿ îãðàíè÷åííîãî íà âñåé îñè ðåøåíèÿ èññëåäîâàíà ìåòîäîì ïàðà-

ìåòðèçàöèè. Ðàçáèâàÿ R ñ øàãîì h > 0 è ñâîäÿ çàäà÷ó 1 ê ýêâèâàëåíòíîé ñèíãóëÿðíîé êðàåâîé
çàäà÷å ñ ïàðàìåòðîì, ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ åå êîððåêòíîé ðàçðåøè-
ìîñòè. Â íàñòîÿùåé ñòàòüå ïðèìåíåíèåì ìåòîäà ïàðàìåòðèçàöèè ñ íåðàâíîìåðíûì øàãîì ðàç-
áèåíèÿ óñòàíàâëèâàþòñÿ íîâûå ïðèçíàêè êîððåêòíîé ðàçðåøèìîñòè çàäà÷è 1.

Ïî âûáðàííûì ÷èñëàì θ > 0, δ0 > 0 òî÷êè ts ∈ R, s ∈ Z îïðåäåëÿåì ðàâåíñòâàìè t0 = 0,
ts∫

ts−1

α̃(t)dt = θ, ãäå α̃(t) = max(α(t), δ0). Ïðîèçâåäåì ðàçáèåíèå R =
∞⋃

s=−∞
[ts−1, ts).

Äâóñòîðîííå-áåñêîíå÷íóþ ïîñëåäîâàòåëüíîñòü ïîëîæèòåëüíûõ ÷èñåë hs = ts−ts−1, s ∈ Z,
îáîçíà÷èì ÷åðåç h̃(θ), ò.å. h̃(θ) = (. . . , hs(θ), hs+1(θ), . . .). Î÷åâèäíî, ÷òî θ

δ
≤ hs(θ) ≤ θ

δ0
, ãäå

Keywords: di�erential equation, parameterization's method, non-uniform partition, correct solvability.
2000 Mathematics Subject Classi�cation: 34B40
c
 Ð. Å. Óòåøîâà, 2003.
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δ = sup
t∈R

α̃(t). ×åðåç H îáîçíà÷èì äâóñòîðîííå-áåñêîíå÷íóþ ìàòðèöó H = diag(. . . , hs, hs+1, . . .),

s ∈ Z.

Ââåäåì ñëåäóþùèå ïðîñòðàíñòâà:
C̃(R,Rn) � ïðîñòðàíñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ íà R ôóíêöèé ñ íîðìîé

‖x‖1 = sup
t∈R

‖x(t)‖

mn - ïðîñòðàíñòâî îãðàíè÷åííûõ äâóñòîðîííå-áåñêîíå÷íûõ ïîñëåäîâàòåëüíîñòåé λs ∈ Rn ñ
íîðìîé

‖λ‖2 = ‖(. . . , λs, λs+1, . . .)‖2 = sup
s
‖λs‖, s ∈ Z

L(mn)− ïðîñòðàíñòâî âñåõ ëèíåéíûõ îãðàíè÷åííûõ îïåðàòîðîâ, îòîáðàæàþùèõ mn â ñåáÿ,
ñ èíäóöèðîâàííîé íîðìîé,

mn(h̃) � ïðîñòðàíñòâî îãðàíè÷åííûõ äâóñòîðîííå-áåñêîíå÷íûõ ïîñëåäîâàòåëüíîñòåé íåïðå-
ðûâíûõ è îãðàíè÷åííûõ íà [ts−1, ts) ôóíêöèé xs(t) ñ íîðìîé

‖x[t]‖3 = ‖(. . . , xs(t), xs+1(t), . . . ‖3 = sup
s

sup
t∈[ts−1,ts)

‖xs(t)‖, s ∈ Z.

Ïðè âûáðàííîì ðàçáèåíèè R ê çàäà÷å 1 ïðèìåíÿåì ìåòîä ïàðàìåòðèçàöèè.
Ñóæåíèå ôóíêöèè x(t) ∈ C̃(R, Rn) íà s−é èíòåðâàë [ts−1, ts), s ∈ Z îáîçíà÷èì ÷åðåç xs(t),

ò.å. xs(t) - âåêòîð-ôóíêöèÿ ðàçìåðíîñòè n, ñîâïàäàþùàÿ ñ x(t) íà [ts−1, ts).
Ðàçðåøèìîñòü çàäà÷è 1 ýêâèâàëåíòíà ñóùåñòâîâàíèþ ðåøåíèÿ

x[t] = (. . . , xs(t), xs+1(t), . . .) ∈ mn(h̃)

ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è äëÿ óðàâíåíèé

dxs

dt
= A(t)xs + f(t), t ∈ [ts−1, ts)

ñ óñëîâèÿìè ñøèâàíèÿ ðåøåíèÿ â òî÷êàõ ðàçáèåíèÿ

lim
t→ts−0

xs(t) = xs+1(ts), s ∈ Z.

Îáîçíà÷èì ÷åðåç λs çíà÷åíèå ôóíêöèè xs(t) â òî÷êå t = ts−1 è íà êàæäîì èíòåðâàëå [ts−1, ts)
ïðîèçâåäåì çàìåíó us(t) = xs(t)− λs. Ïîëó÷èì êðàåâóþ çàäà÷ó ñ ïàðàìåòðîì

dus

dt
= A(t)[us + λs] + f(t), t ∈ [ts−1, ts), (2)

us(ts−1) = 0, (3)

lim
t→ts−0

us(t) + λs = λs+1, s ∈ Z, (4)

(λ, u(t)) ∈ mn ×mn(h̃), (5)

Åñëè ïàðà (λ∗, u∗[t]) ∈ mn ×mn(h̃)− ðåøåíèå çàäà÷è (2)-(5), òî ôóíêöèÿ x∗(t), ïîëó÷åííàÿ
ñêëåèâàíèåì ñèñòåì ôóíêöèé (λ∗s+u∗s(t), s ∈ Zïðèíàäëåæèò ïðîñòðàíñòâó C̃(R, Rn) è óäîâëå-
òâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ (1) ïðè âñåõ t ∈ R. È íàîáîðîò, åñëè x(t)− ðåøåíèå
çàäà÷è 1, òî ïàðà (λ, u[t]), ãäå λ = (. . . , xs(ts−1), xs+1(ts), . . .), u[t] = (. . . , xs(t)−xs(ts−1), xs+1(t)−
xs+1(ts), . . .) ïðèíàäëåæèò mn ×mn(h̃) è óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ (2) ñ
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íà÷àëüíûì óñëîâèåì (3) è óñëîâèÿìè ñøèâàíèÿ ðåøåíèÿ â òî÷êàõ ðàçáèåíèÿ (4). Ïðè ôèêñè-
ðîâàííûõ çíà÷åíèÿõ ïàðàìåòðà λs çàäà÷à Êîøè (2)�(3) èìååò åäèíñòâåííîå ðåøåíèå us(t),
óäîâëåòâîðÿþùåå èíòåãðàëüíîìó óðàâíåíèþ

us(t) =

ts∫

ts−1

A(τ)[us(τ) + λs]dτ +

ts∫

ts−1

f(τ)dτ, t ∈ [ts−1, ts), s ∈ Z. (6)

Ïîäñòàâëÿÿ âìåñòî us(τ) ñîîòâåòñòâóþùóþ ïðàâóþ ÷àñòü ðàâåíñòâà (6) è ïîâòîðÿÿ ýòîò
ïðîöåññ ν(ν = 1, 2, . . .) ðàç, ïîëó÷èì

us(t) =
[∫ t

ts−1

A(τ1)dτ1 +
∫ t

ts−1

A(τ1)

τ1∫

ts−1

A(τ2)dτ2dτ1 + . . .+
∫ t

ts−1

A(τ1) . . .

τν−1∫

ts−1

A(τν)dτν . . . dτ1

]
λs+

+
∫ t

ts−1

f(τ1)dτ1+
∫ t

ts−1

A(τ1)

τ1∫

ts−1

f(τ2)dτ2dτ1+. . .+
∫ t

ts−1

A(τ1) . . .

τν−2∫

ts−1

A(τν−1)

τν−1∫

ts−1

f(τν)dτνdτν−1 . . .

. . . dτ1 +
∫ t

ts−1

A(τ1) . . .

τν−2∫

ts−1

A(τν−1)

τν−1∫

ts−1

A(τν)us(τν)dτνdτν−1 . . . dτ1. (7)

Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ

Dν,s(hs) =
∫ ts

ts−1

A(τ1)dτ1 + . . . +
∫ ts

ts−1

A(τ1) . . .

τν−1∫

ts−1

A(τν)dτν . . . dτ1, Fν,s(hs) =
∫ ts

ts−1

f(τ1)dτ1+

+
∫ ts

ts−1

A(τ1)

τ1∫

ts−1

f(τ2)dτ2dτ1 + . . . +
∫ ts

ts−1

A(τ1) . . .

τν−2∫

ts−1

A(τν−1)

τν−1∫

ts−1

f(τν)dτνdτν−1 . . . dτ1,

Gν,s(u, hs) =
∫ ts

ts−1

A(τ1) . . .

τν−2∫

ts−1

A(τν−1)

τν−1∫

ts−1

A(τν)us(τν)dτνdτν−1 . . . dτ1.

Èç (7) íàéäåì lim
t→ts−0

us(t), s ∈ Z. Ïîäñòàâëÿÿ â (4) âûðàæåíèå (7) äëÿ us(t), ïîëó÷èì äâóñòî-
ðîííå-áåñêîíå÷íóþ ñèñòåìó óðàâíåíèé îòíîñèòåëüíî ïàðàìåòðîâ λs

[I + Dν,s(hs)]λs − λs+1 = −Fν,s(h, s)−Gν,s(u, hs), s ∈ Z, (8)

ãäå I � åäèíè÷íàÿ ìàòðèöà ïîðÿäêà n.
Áëî÷íî-ëåíòî÷íóþ äâóñòîðîííå-áåñêîíå÷íóþ ìàòðèöó, ñîîòâåòñòâóþùóþ ëåâîé ÷àñòè ñè-

ñòåìû (8), îáîçíà÷èì ÷åðåç Q
ν,eh(θ)

. Â êàæäîé áëî÷íîé ñòðîêå ìàòðèöû Q
ν,eh(θ)

íåíóëåâûìè
ÿâëÿþòñÿ ëèøü I +Dν,s(hs) è −I. Ïîýòîìó äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè h̃(θ) ìàòðèöà Q

ν,eh(θ)
ïåðåâîäèò ýëåìåíòû ïðîñòðàíñòâà mn ñíîâà â mn, ïðè÷åì

‖Q
ν,eh(θ)

‖L(mn) ≤ 2 +
ν∑

j=1

θj

j!
.
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Ñèñòåìó óðàâíåíèé (8) çàïèøåì â âèäå

Q
ν,eh(θ)

λ = −Fν(h̃)−Gν(u, h̃), λ ∈ mn, (9)

ãäå
Fν(h̃) = (. . . , Fν,s(hs), Fν,s+1(hs+1), . . .) ∈ mn,

Gν(u, h̃) = (. . . , Gν,s(u, hs), Gν,s+1(u, hs+1), . . .) ∈ mn

äëÿ ëþáûõ u[t] ∈ mn(h̃) è h̃(θ).
Ðåøåíèå ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è (2)�(5) íàéäåì êàê ïðåäåë ïîñëåäîâàòåëüíîñòè ïàð

(λ(k)
s , u

(k)
s ), s ∈ Z, îïðåäåëÿåìîé ïî ñëåäóþùåìó àëãîðèòìó.

Ø à ã 0. Ïðåäïîëàãàÿ, ÷òî Q
ν,eh(θ)

: mn → mn îãðàíè÷åííî îáðàòèìà, èç óðàâíåíèÿ Q
ν,eh(θ)

λ =

−Fν(h̃) îïðåäåëèì íà÷àëüíîå ïðèáëèæåíèå ïî ïàðàìåòðó λ(0) ∈ mn. Íà îòðåçêàõ [ts−1, ts),
ðåøàÿ çàäà÷ó Êîøè (2),(3) ïðè λs = λ

(0)
s , íàõîäèì u

(0)
s (t), s ∈ Z.

Ø à ã 1. Ïîäñòàâëÿÿ íàéäåííûå u
(0)
s (t), s ∈ Z â ïðàâóþ ÷àñòü (9), èç óðàâíåíèÿ Q

ν,eh(θ)
λ =

−Fν(h̃) − Gν(u(0), h̃) îïðåäåëèì λ(1) ∈ mn. Íà îòðåçêàõ [ts−1, ts), ðåøàÿ çàäà÷ó Êîøè (2)-(3)
ïðè λs = λ

(1)
s , íàõîäèì u

(1)
s (t), s ∈ Z.

È ò.ä.
Äîñòàòî÷íûå óñëîâèÿ ûïîëíåíèÿ è ñõîäèìîñòè ïðåäëîæåííîãî àëãîðèòìà, à òàêæå îöåíêó

ðåøåíèÿ çàäà÷è 1 óñòàíàâëèâàåò

Òå î ð åì à 1. Ïóñòü äëÿ íåêîòîðîé ïîñëåäîâàòåëüíîñòè h̃(θ) = (. . . , hs(θ), hs+1(θ), . . .) è
íåêîòîðîãî ν(ν = 1, 2, . . .) ìàòðèöà H−1Q

ν,eh(θ)
: mn → mn îáðàòèìà è âûïîëíÿþòñÿ ñëåäóþ-

ùèå íåðàâåíñòâà
‖[H−1Q

ν,eh(θ)
]−1‖L(mn) ≤ βν(h̃), (10)

qν(h̃) =
δ

θ
βν(h̃)[eθ − 1− θ − . . .− θν

ν!
] < 1. (11)

Òîãäà çàäà÷à 1 èìååò åäèíñòâåííîå ðåøåíèå x∗(t) ∈ C̃(R, Rn) è ñïðàâåäëèâà îöåíêà

‖x‖1 ≤ δ

θ
βν(h̃)[eθM(h̃)

1

1− qν(h̃)

θν

ν!
+ ‖f‖1

θ

δ0

ν−1∑

j=0

θj

j!
] + M(h̃), (12)

ãäå M(h̃) = ‖f‖1
θ

δ0
[eθ + (eθ − 1)βν(h̃)

δ

θ

ν−1∑

j=0

θj

j!
].

Äîêàçàòåëüñòâî ïðîâîäèòñÿ ïî ñõåìå äîêàçàòåëüñòâà òåîðåì 1 è 2 ñòàòüè [10] ñ ó÷åòîì îöå-
íîê: ‖H‖ ≤ θ

δ0
, ‖H−1‖ ≤ δ

θ
.

Ïåðåõîäÿ â óðàâíåíèè (9) ê ïðåäåëó ïðè ν →∞ è ó÷èòûâàÿ íåðàâåíñòâî

‖Gν(u∗, h̃)‖2 ≤ θν

ν!
‖u∗[t]‖3,

ïîëó÷èì, ÷òî λ∗ ∈ mn óäîâëåòâîðÿåò ñîîòíîøåíèþ

H−1Q∗,eh(θ)
λ = −F∗(A, f, h̃(θ)), λ ∈ mn. (13)

Çäåñü H−1Q∗,eh(θ)
= lim

ν→∞H−1Q
ν,eh(θ)

, F∗(A, f, h̃(θ)) = lim
ν→∞H−1Fν(h̃).
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Óðàâíåíèå (13) äëÿ çàäà÷è 1 ÿâëÿåòñÿ òî÷íîé ðàçíîñòíîé ñõåìîé ïðè íåðàâíîìåðíîì øàãå
ðàçáèåíèÿ [11]. Â ðîëè êðàåâûõ óñëîâèé âûñòóïàåò òðåáîâàíèå ïðèíàäëåæíîñòè ðåøåíèÿ ïðî-
ñòðàíñòâó mn. Åñëè λ̂ = (. . . , λ̂s, λ̂s+1, . . .) ∈ mn � ðåøåíèå óðàâíåíèÿ (13) ïðè f(t) = f̂(t),
òî, ðåøàÿ çàäà÷è Êîøè íà èíòåðâàëàõ [ts−1, ts) ïðè ñîîòâåòñòâóþùèõ λs, íàéäåì ôóíêöèè
ûs(t), s ∈ Z. Òîãäà, ñêëåèâàÿ ñèñòåìû ôóíêöèé (λ̂s + ûs(t)), s ∈ Z, íàõîäèì, ÷òî x̂(t) �
ðåøåíèå çàäà÷è 1 ïðè f(t) = f̂(t). Îáðàòíî, åñëè x̃(t) � ðåøåíèå çàäà÷è 1 ïðè f(t) = f̃(t), òî
λ̃ = (. . . , λ̃s, λ̃s+1, . . .), ãäå λ̃s = x̃(ts−1), ïðèíàäëåæèò mn è óäîâëåòâîðÿåò óðàâíåíèþ (13) ïðè
f(t) = f̃(t).

Îïð å ä å ë å í è å 1. Çàäà÷à 1 íàçûâàåòñÿ êîððåêòíî ðàçðåøèìîé ñ êîíñòàíòîé K, åñ-
ëè äëÿ ëþáîé ôóíêöèè f(t) ∈ C̃(R, Rn) îíà èìååò åäèíñòâåííîå ðåøåíèå x(t) ∈ C̃(R, Rn) è
ñïðàâåäëèâî íåðàâåíñòâî

‖x‖1 ≤ K‖f‖1,

ãäå K � êîíñòàíòà, íå çàâèñÿùàÿ îò f(t).

Ïîêàæåì, ÷òî ïðè ôèêñèðîâàííîì ν óñëîâèÿ òåîðåìû 1 íå òîëüêî äîñòàòî÷íû, íî è íåîáõî-
äèìû äëÿ êîððåêòíîé ðàçðåøèìîñòè. Äëÿ ýòîãî íàì ïîíàäîáèòñÿ âñïîìîãàòåëüíîå óòâåðæäå-
íèå.

Ëåììà 1. Ïóñòü íà [ts−1, ts] çàäàíà íåïðåðûâíàÿ (n × n)−ìàòðèöà A(t) è ‖A(t)‖ ≤
α(t), α(t) íåïðåðûâíà íà [ts−1, ts],

ts∫
ts−1

α̃(t)dt = θ, ãäå α̃(t) = max(α(t), δ0).

Òîãäà ïðè ëþáûõ ε > 0, θ > 0, óäîâëåòâîðÿþùèõ ñîîòíîøåíèþ

eθ − 1 ≤ ε

2(1 + ε
2)(1 + ε)

, (14)

äëÿ âñÿêîãî b ∈ Rn ñóùåñòâóåò ôóíêöèÿ fb(t) ∈ C([ts−1, ts], Rn), îáëàäàþùàÿ ñëåäóþùèìè
ñâîéñòâàìè:

fb(ts−1) = 0, fb(ts) = 0, (15)

max
t∈[ts−1,ts]

‖fb(t)‖ ≤ (1 + ε)‖b‖, (16)

F (A, fb) ≡ 1
hs

ts∫

ts−1

fb(t)dt +
1
hs

ts∫

ts−1

A(t)

t∫

ts−1

fb(τ)dτdt+

+
1
hs

ts∫

ts−1

A(t)

t∫

ts−1

A(τ)

τ∫

ts−1

dτ1dτdt + . . . = b. (17)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïî çàäàííûì ε > 0, θ > 0, ts, ts−1 ïîñòðîèì ôóíêöèþ

ω(ε, hs, t) =





2 + ε

εhs
(t− ts−1), ts−1 ≤ t <

εhs

2 + ε
+ ts−1,

1,
εhs

2 + ε
+ ts−1 ≤ t ≤ ts − εhs

2 + ε
,

−2 + ε

εhs
(t− ts), ts − εhs

2 + ε
≤ t ≤ ts.

Î÷åâèäíî, ÷òî

ω(ε, hs, ts−1) = ω(ε, hs, ts) = 0,
1
hs

ts∫

ts−1

ω(ε, hs, t)dt =
1

1 + ε
2

.
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Â êà÷åñòâå f (0)(t) âîçüìåì c(0)(t) = ω(ε, hs, t)(1 +
ε

2
)b. Ôóíêöèÿ c(0)(t) óäîâëåòâîðÿåò ñëå-

äóþùèì ñîîòíîøåíèÿì:

c(0)(ts−1) = c(0)(ts) = 0, ‖c(0)(t)‖ ≤ (1 +
ε

2
)b,

1
hs

ts∫

ts−1

c(0)(t)dt = b.

Îáîçíà÷èì ÷åðåç M(A, c) ðÿä, ñîñòàâëåííûé èç ïîâòîðíûõ èíòåãðàëîâ

M(A, c) ≡ 1
hs

ts∫

ts−1

A(t)

t∫

ts−1

c(τ)dτdt +
1
hs

ts∫

ts−1

A(t)

t∫

ts−1

A(τ)

τ∫

ts−1

c(τ1)dτ1dτdt + . . . .

Äëÿ ëþáîé íåïðåðûâíîé íà [ts−1, ts] ôóíêöèè c(t) ðÿä M(A, c) ñõîäèòñÿ, ïðè÷åì

‖M(A, c)‖ ≤ 1
hs

ts∫

ts−1

α(t)

t∫

ts−1

‖c(τ)‖dτdt +
1
hs

ts∫

ts−1

α(t)

t∫

ts−1

α(τ)

τ∫

ts−1

‖c(τ1)‖dτ1dτdt + . . . ≤

≤ 1
hs

hs(

ts∫

ts−1

α(t)dt +

ts∫

ts−1

α(t)

t∫

ts−1

α(τ)dτdt + . . .) max
t∈[ts−1,ts]

‖c(t)‖ ≤

≤ (θ +
θ2

2!
+ . . .) max

t∈[ts−1,ts]
‖c(t)‖ = (eθ − 1) max

t∈[ts−1,ts]
‖c(t)‖.

Îáîçíà÷èì ÷åðåç b(1) ñóììó ðÿäà ïðè c(t) = c(0)(t). Òîãäà

‖b(1)‖ = ‖M(A, c(0))‖ ≤ (eθ − 1)(1 +
ε

2
)‖b‖

è ôóíêöèè c(j)(t) = −ω(ε, hs, t)(1 + ε
2)b(j), ãäå b(j) = M(A, c(j−1)), j = 1, 2, . . . óäîâëåòâîðÿþò

ñîîòíîøåíèÿì
1
hs

ts∫

ts−1

c(j)(t)dt = −b(j),

max
t∈[ts−1,ts]

‖c(j)(t)‖ ≤ (1+
ε

2
)‖b(j)‖ ≤ (1+

ε

2
)(eθ−1)(1+

ε

2
)‖b(j−1)‖ ≤ . . . ≤ (1+

ε

2
){(eθ−1)(1+

ε

2
)}j‖b‖.

Ñîñòàâëÿÿ ñóììó ïåðâûõ k + 1 ÷ëåíîâ ôóíêöèîíàëüíîé ïîñëåäîâàòåëüíîñòè {c(j)(t)}, j =

0, 1, 2, . . . , ïîëó÷èì ôóíêöèþ f (k)(t) =
k∑

j=0
c(j)(t), êîòîðàÿ ïðèíàäëåæèò C([ts−1, ts], Rn) è ïðè-

íèìàåò íóëåâûå çíà÷åíèÿ íà êîíöàõ èíòåðâàëà. Ôóíêöèÿ f (k)(t) óäîâëåòâîðÿåò ñëåäóþùèì
ñîîòíîøåíèÿì

1
hs

ts∫

ts−1

f (k)(t)dt + M(A, f (k)) =
1
hs

∑

j=0

k

ts∫

ts−1

c(j)(t)dt + M(A,
k∑

j=0

c(j)) =

=
1
hs

ts∫

ts−1

c(0)(t)dt +
1
hs

k∑

j=1

ts∫

ts−1

c(j)(t)dt +
k∑

j=0

M(A, c(j)) =
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= b−
k∑

j=1

b(j) +
k∑

j=1

M(A, c(j−1)) + M(A, c(k)) = b−
k∑

j=1

b(j) +
k∑

j=1

b(j) + M(A, c(k)) = b + M(A, c(k)),

‖f (k)(t)‖ ≤
k∑

j=0

{(eθ − 1)(1 +
ε

2
)}j(1 +

ε

2
)‖b‖, k = 1, 2, . . .

Ïî ïðåäïîëîæåíèþ
(eθ − 1)(1 +

ε

2
) ≤ ε

2(1 + ε)
<

1
2
.

Ïîýòîìó ôóíêöèîíàëüíàÿ ïîñëåäîâàòåëüíîñòü {f (k)(t)}, k = 0, 1, . . . íà [ts−1, ts] ðàâíîìåð-
íî ñõîäèòñÿ ê íåêîòîðîé ôóíêöèè f∗(t) ∈ C([ts−1, ts], Rn). Ôóíêöèÿ f∗(t) ïðèíèìàåò íóëåâûå
çíà÷åíèÿ â òî÷êàõ t = ts−1, t = ts è

max
t∈[ts−1,ts]

‖f (∗)(t)‖ ≤ (1 + ε
2)‖b‖

1− ε
2(1+ε)

= (1 + ε)‖b‖.

Ó÷èòûâàÿ îöåíêó
‖M(A, c(k))‖ ≤ {(eθ − 1)(1 +

ε

2
)}k+1‖b‖,

ðàâåíñòâî

F (A, f) =
1
hs

ts∫

ts−1

f(t)dt + M(A, f)

è ïåðåõîäÿ ê ïðåäåëó ïðè k →∞ â óðàâíåíèè

1
hs

ts∫

ts−1

f (k)(t)dt + M(A, f (k)) = b + M(A, c(k)),

ïîëó÷èì, ÷òî ôóíêöèÿ f (∗)(t) óäîâëåòâîðÿåò òàêæå óñëîâèþ (17).
Ëåììà äîêàçàíà.

Òå î ð åì à 2. Çàäà÷à 1 êîððåêòíî ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî
ν(ν = 1, 2, . . .) íàéäåòñÿ θ(ν) > 0 òàêîå, ÷òî ïðè âñåõ h̃(θ) = (. . . , hs(θ), hs+1(θ), . . .) ìàòðèöà
H−1Q

ν,eh(θ)
: mn → mn îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà (10), (11).

Ä î ê à ç à ò å ë ü ñ ò â î. Äîñòàòî÷íîñòü âûïîëíåíèÿ óñëîâèé òåîðåìû äëÿ êîððåêòíîé
ðàçðåøèìîñòè çàäà÷è 1 ñëåäóåò èç òåîðåìû 1.

Íåîáõîäèìîñòü. Ïîêàæåì îáðàòèìîñòü ìàòðèöû H−1Q
ν,eh(θ)

: mn → mn ïðè âñåõ θ ∈ (0, θ0].
Ðàññìîòðèì óðàâíåíèå

H−1Q
ν,eh(θ)

= b, λ, b ∈ mn.

Î÷åâèäíî, ÷òî KerH−1Q
ν,eh(θ)

ñîñòîèò òîëüêî èç íóëåâîãî ýëåìåíòà ïðîñòðàíñòâà mn. Äåé-
ñòâèòåëüíî, ïðåäïîëîæèì, ÷òî ñóùåñòâóåò λ̃ ∈ mn, äëÿ êîòîðîãî H−1Q

ν,eh(θ)
λ̃ = 0 è ‖λ̃‖ 6= 0.

Íà èíòåðâàëàõ [ts−1, ts), s ∈ Z, ðåøàÿ çàäà÷è Êîøè (2), (3) è ïîëàãàÿ λs = λ̃s, ïîëó÷èì
ïîñëåäîâàòåëüíîñòü ũ[t] = (. . . , ũs(t), ũs+1(t), . . .) ∈ mn(h̃), s ∈ Z.

Ôóíêöèÿ x̃(t), ïîëó÷åííàÿ ïóòåì ñêëåèâàíèÿ ñèñòåì ôóíêöèé (λ̃s + ũs(t)), s ∈ Z, ïðèíàäëå-
æèò ïðîñòðàíñòâó C̃(R, Rn) è óäîâëåòâîðÿåò óðàâíåíèþ (1) ñ íóëåâîé ïðàâîé ÷àñòüþ. Òîãäà,
ó÷èòûâàÿ, ÷òî sup

t∈R
‖x̃(t)‖ 6= 0, ïðèõîäèì ê ïðîòèâîðå÷èþ ñ êîððåêòíîé ðàçðåøèìîñòüþ çàäà÷è 1,
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ò.ê. äðóãèì ðåøåíèåì çàäà÷è 1 ÿâëÿåòñÿ x(t) = 0. Ñëåäîâàòåëüíî, ìàòðèöà H−1Q
ν,eh(θ)

:
mn → mn îáðàòèìà.

Äëÿ ε > 0 âûáåðåì θ0 = θ0(ε) > 0, óäîâëåòâîðÿþùåå íåðàâåíñòâó (14). Ñîãëàñíî ëåììå äëÿ
ëþáûõ bs ∈ Rn, s ∈ Z ìîæíî ïîñòðîèòü ôóíêöèè fbs(t) ∈ C([ts−1,ts ], Rn), s ∈ Z, îáëàäàþùèå
ñâîéñòâàìè: F∗(A, fbs) = bs è ‖fbs(t)‖ ≤ (1 + ε)‖bs‖, s ∈ Z. Òîãäà ôóíêöèÿ fb(t), îïðåäåëÿåìàÿ
ðàâåíñòâàìè fb(t) = fbs(t), t ∈ [ts−1, ts], ïðèíàäëåæèò C̃(R, Rn) è óäîâëåòâîðÿåò ñîîòíîøåíèÿì
F∗(A, fb, h̃(θ0)) = b è ‖fb(t)‖ ≤ (1 + ε)‖b‖.

Òàê êàê óðàâíåíèå (13) � òî÷íàÿ ðàçíîñòíàÿ ñõåìà çàäà÷è 1, êîòîðàÿ ïî ïðåäïîëîæå-
íèþ êîððåêòíî ðàçðåøèìà, òî � fb(t) ∈ C̃(R, Rn) (13) èìååò åäèíñòâåííîå ðåøåíèå λb =
(. . . , λb

s, λ
b
s+1, . . .) ∈ mn, ãäå λb

s = xb(ts−1), xb(t) � ðåøåíèå çàäà÷è 1 ïðè f(t) = fb(t). Ó÷è-
òûâàÿ êîððåêòíóþ ðàçðåøèìîñòü çàäà÷è 1, èìååì

‖λb‖ = sup
s∈Z

‖xb(ts−1)‖ ≤ sup
t∈R

‖x(t)‖ ≤ K sup
t∈R

‖fb(t)‖ ≤ K(1 + ε)‖b‖. (18)

Â ñèëó òîãî, ÷òî óðàâíåíèå (13) äëÿ ëþáîãî b ∈ mn èìååò åäèíñòâåííîå ðåøåíèå λb ∈ mn,
ïðèíèìàÿ âî âíèìàíèå îöåíêó (18), ÷òî ñëåäóþùåå:

à) [H−1Q∗,eh(θ)
]−1 îïðåäåëåíà âî âñåì ïðîñòðàíñòâå mn,

á) ‖[H−1Q∗,eh(θ)
]−1‖L(mn) ≤ (1 + ε)K.

Ó÷èòûâàÿ íåðàâåíñòâî

‖H−1Q∗,eh(θ)
−H−1Q

ν,eh(θ)
‖L(mn) ≤

δ

θ

[
eθ − 1− θ − . . .− θν

ν!

]

è âûáèðàÿ θ ∈ (0, θ0], óäîâëåòâîðÿþùåå íåðàâåíñòâó

(1 + ε)Kδ

θ

[
eθ − 1− θ − . . .− θν

ν!

]
<

ε

1 + 2ε
, (19)

ïî òåîðåìå î ìàëûõ âîçìóùåíèÿõ îãðàíè÷åííî îáðàòèìûõ îïåðàòîðîâ ïîëó÷èì îãðàíè÷åííóþ
îáðàòèìîñòü H−1Q

ν,eh(θ)
è îöåíêó

‖[H−1Q
ν,eh(θ)

]−1‖L(mn) ≤ (1 + 2ε). (20)

Òîãäà â ñèëó íåðàâåíñòâà (19)

qν(h̃(θ)) = (1 + 2ε)K
δ

θ

[
eθ − 1− θ − . . .− θν

ν!

]
<

ε

1 + ε
< 1.

Òåîðåìà äîêàçàíà.
Ñëåäóþùåå óòâåðæäåíèå óñòàíàâëèâàåò âçàèìîñâÿçü ìåæäó ÷èñëîì, îãðàíè÷èâàþùèì ñâåð-

õó ‖[H−1Q
ν,eh(θ)

]−1‖L(mn), è êîíñòàíòîé êîððåêòíîé ðàçðåøèìîñòè K.

Òå î ð åì à 3. Çàäà÷à 1 êîððåêòíî ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî ν
íàéäåòñÿ θ0 = θ0(ε) > 0 òàêîå, ÷òî äëÿ ëþáîé ïîñëåäîâàòåëüíîñòè h̃(θ), θ ∈ (0, θ0], ìàòðèöà
H−1Q

ν,eh(θ)
: mn → mn îáðàòèìà, ïðè÷åì åé îáðàòíàÿ óäîâëåòâîðÿåò îöåíêå

‖[H−1Q
ν,eh(θ)

]−1‖L(mn) ≤ β, (21)

ãäå β − const, íå çàâèñÿùàÿ îò h̃(θ).
Åñëè ïðè ýòîì èçâåñòíà êîíñòàíòà K, òî äëÿ ëþáîãî ε > 0 íàéäåòñÿ θ(ε, ν) > 0 è îöåíêà

(21) âûïîëíÿåòñÿ ñ êîíñòàíòîé β = (1 + ε)K ïðè θ ∈ (0, θ(ε, ν)]. Îáðàòíî, åñëè èìååò ìåñòî
(21), òî K = β.
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Ä î ê à ç à ò å ë ü ñ ò â î. Íåîáõîäèìîñòü. Ïóñòü çàäà÷à 1 êîððåêòíî ðàçðåøèìà ñ
êîíñòàíòîé K. Äëÿ ε > 0 âûáåðåì θ(ε, ν) ∈ (0, θ0(ε)], óäîâëåòâîðÿþùåå íåðàâåíñòâó (19). Òîãäà,
êàê áûëî ïîêàçàíî â òåîðåìå 2, ìàòðèöà H−1Q

ν,eh(θ)
áóäåò îáðàòèìîé ïðè âñåõ θ ∈ (0, θ(ε, ν)] è

îáðàòíàÿ åé ìàòðèöà óäîâëåòâîðÿåò îöåíêå (20), ò.å. β = (1 + ε)K.
Äîñòàòî÷íîñòü. Ïóñòü âûïîëíÿåòñÿ îöåíêà (21). Âûáåðåì θ, óäîâëåòâîðÿþùåå íåðàâåíñòâó

(11). Òîãäà ñîãëàñíî òåîðåìå 1 çàäà÷à 1 èìååò åäèíñòâåííîå ðåøåíèå x∗(t) ∈ C̃(R,Rn), äëÿ
êîòîðîãî ñïðàâåäëèâà îöåíêà (12). Ïåðåõîäÿ â (12) ê ïðåäåëó ïðè θ → 0, ïîëó÷èì

‖x∗(t)‖1 ≤ β‖f‖1,

ò.å. çàäà÷à 1 êîððåêòíî ðàçðåøèìà ñ êîíñòàíòîé β.
Òåîðåìà äîêàçàíà.
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HAMILTON FORM OF MAXWELL EQUATIONS AND ITS QUATERNIONS
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The Hamilton form of Maxwell equations is investigated for A-�eld. This is equivalent to Maxwell
equations for electromagnetic �eld [1]. The generalized solutions of these equations are determined
including shock electromagnetic waves. Quaternions of A � �eld tension, pulse � energy, charge �
current and conservation laws are constructed.

Identi�cations: ε, µ are the electric and magnetic permeability of vacuum; c = (ε µ)−1/2 is the
speed of electromagnetic waves. E, H are the tensions of electric and magnetic �elds ; jE , jH are the
densities of electric and magnetic currents; the density of energy is W = 0, 5

(
ε ‖E‖2 + µ ‖H‖2

)
,

the Pointing's vector is P = c−1E ×H, τ = ct.
Theorem 1. The system of Maxwell's equations for electromagnetic �elds is equivalent to the

system
∂τA + i rot A + J = 0, ρ = divA, (1)

W = 0, 5(A,A∗), P = 0, 5 i A×A∗,

where A =
√

εE + i
√

µH, A∗ =
√

ε E − i
√

µH, J =
√

µ jE − i
√

ε jH .
Theorem 2. The solution of Eq.(1) continued and di�erentiable everywhere except for the front

Ft is generalized solution of (1) if [A]Ft
+ i [A]Ft

×m = 0 where c = −∂t Ft/‖∇Ft‖.For E and H
this condition is equivalent to the next ones

√
ε [E]Ft

=
√

µ [H]Ft
×m,

√
µ [H]Ft

=
√

εm× [E]Ft
.

Here m = ∇Ft/ ‖∇Ft‖ is a wave vector, [A]Ft
is a jump A at Ft, ∇ = grad, the sign ” × ” means

vector product.
Further scalar and vector products of a and b are denoted as: (a, b), [a, b].
Theorem 3. The generalized solutions of Eq. (1) satisfy to conservation laws of a charge and

energy: ∂tρ + divJ = 0, [ρ]Ft = 0; ∂τW + divP = −Re(J,A∗), [W ]Ft = (m, [P ]Ft).
Theorem 4. If the current J(x, t) ∈D′

+(R4) and supp
x

J is limited then the solution of Eq.(1)
satis�ed to conditions of radiation at in�nity is represented in a form of convolution

A = ∂τψ ∗ J + c∇ψ ∗ ρ− i [∇, ψ ∗ J ],

Çäåñü ïîìåùåíû òåçèñû Ìåæäóíàðîäíîé íàó÷íîé êîíôåðåíöèè "Äèôôåðåíöèàëüíûå óðàâíåíèÿ",
ïîñâÿùåííîé 100-ëåòèþ Ê.Ï.Ïåðñèäñêîãî, êîòîðûå íå âîøëè â ñáîðíèê òåçèñîâ.
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where ψ = −(4πR)−1δ(t − R/c) is a fundamental solution of a wave equation in D′(R4) ( simple
stratum on a light cone {(x, t) : R = ‖x‖ = ct}).

If we consider vector of tension of A - �eld as a quaternion : A = 0 + iA, A∗ = 0− iA∗ then

0, 5A ◦A∗ = −(W + iP ), DA = −(i ρ + J),

D∗DA = i ¤A = (∂τρ + div J)−∇ρ− ∂τJ + i rot J,

where complex gradients of A - �eld as D = ∂τ + i∇, D∗ = ∂τ − i∇ we put. The theorems 1, 3
and 4 follow, from this results.

Since α2 =< (A,A∗) =< W > , we may call A-�eld as energetic �eld.
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ÓÄÊ 517.946
Î ìíîãîïåðèîäè÷åñêîì ïî ÷àñòè ïåðåìåííûõ

ðåøåíèè îäíîé êâàçèëèíåéíîé ñèñòåìû

Áåðæàíîâ À.Á., Êóðìàíãàëèåâ Å.Ê.
Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê. Æóáàíîâà

Ðàññìàòðèâàåòñÿ ñèñòåìà

Dx≡ ∂x

∂t
+ a(t, ϕ, ψ, x, ε)

∂x

∂ϕ
+ b(t, ϕ, ψ, x, ε)

∂x

∂ψ
=

= P (t, ϕ, ψ)x + µF (t, ϕ, ψ, x, µ), (1)

ãäå a,b, ϕ, ψ � c÷åòíîìåðíûå âåêòîðû, P � n x n-ìàòðèöà, x, F � n-âåêòîðû, ε>0, µ>0 �
ïàðàìåòðû.

Ïóñòü f(t,ϕ,ψ) � ôóíêöèÿ, îïðåäåëåííàÿ â îáëàñòè R × Rϕ × Rψ, ãäå R=(-∞, +∞); Rϕ =
= ϕ : ||ϕ|| < ∞; ||ϕ|| < ∞}; Rψ={ψ : ||ψ|| < ∞}; ϕ, ψ � c÷åòíîìåðíûå âåêòîðû ñ íîðìàìè
||ϕ|| = sup

k
|ϕk|, ||ψ|| = sup

k
|ψk|.

Ôóíêöèþ f(t,ϕ,ψ) íàçîâåì ìíîãîïåðèîäè÷åñêîé ïî ÷àñòè ïåðåìåííûõ, åñëè îíà (θ, ω)-
ïåðèîäè÷íà ïî t, ϕ è ðàâíîìåðíî îòíîñèòåëüíî ψ, ò.å.

∃θ, ωk > 0, k= 1,2, . . . òàêèå, ÷òî ïðè ëþáûõ (t,ϕ,ψ)∈R×Rϕ ×Rψ èìååò ìåñòî ðàâåíñòâî

f(t,ϕ,ψ) = f(t+θ,ϕ + ∧
qω,ψ),

ãäå ∧
qω=( ∧

q1ω1,
∧

q2ω2, . . . ), q = (q1, q2, . . . ) � öåëî÷èñëåííûé âåêòîð.
Äîêàçûâàåòñÿ, ÷òî ïðè óñëîâèÿõ, àíàëîãè÷íûõ [1], è ïðè äîñòàòî÷íî ìàëûõ çíà÷åíèÿõ ïà-

ðàìåòðîâ ε è µ ñèñòåìà (1) äîïóñêàåò åäèíñòâåííîå ìíîãîïåðèîäè÷åñêîå ðåøåíèå ïî t, ϕ .
Ýòî ðåøåíèå ÿâëÿåòñÿ èíòåãðàëüíûì ìíîãîîáðàçèåì â ñìûñëå Áîãîëþáîâà-Ìèòðîïîëüñêîãî

[2] ñîîòâåòñòâóþùåé õàðàêòåðèñòè÷åñêîé ñ÷åòíîé ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé

dϕ

dt
= a(t, ϕ, ψ, x, ε),

dψ

dt
= b(t, ϕ, ψ, x, ε), (2)

dx

dt
= P (t, ϕ, ψ)x + µF (t, ϕ, ψ, x, µ).

Ìàòåìàòè÷åñêèé æóðíàë 2003. Òîì 3. � 2 (8)
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ÓÄÊ 517.9

Îá óñòîé÷èâîñòè D � ñèñòåì ïî ïåðâîìó ïðèáëèæåíèþ

Ñàðòàáàíîâ Æ.À., Ìóõàìáåòîâà À.À.

Ðàññìàòðèâàåòñÿ ñèñòåìà óðàâíåíèé

Dx = f(t, ϕ, ψ, x) (2)

ñ äèôôåðåíöèàëüíûì îïåðàòîðîì D = ∂
∂t +

m∑
k=1

∂
∂ϕk

, ãäå t ∈ (−∞, +∞) = R, ϕ = (ϕ1, ..., ϕm) ∈
∈R× ...×R = Rm, ψ = ϕ−et∈Rm, e = (1, ..., 1) � m-âåêòîð, x = (x1, ..., xn)∈Rn, f � çàäàííàÿ
n-âåêòîð-ôóíêöèÿ îáëàäàþùàÿ ñâîéñòâàìè ïåðèîäè÷íîñòè, ãëàäêîñòè è îãðàíè÷åííîñòè âèäà

f(t, ϕ + kω, ψ + kω, x) = f(t, ϕ, ψ, x) ∈ C(0,1,1,1)(R×Rm ×Rm ×Rn), (3)

|f(t, ϕ, ψ, x)| ≤ M (4)

äëÿ âñåõ öåëî÷èñëåííûõ âåêòîðîâ k = (k1, ..., km) ∈ Zm, ω = (ω1, ..., ωm) � âåêòîð-ïåðèîä ñ
ïîëîæèòåëüíûìè ðàöèîíàëüíî íåñîèçìåðèìûìè êîìïîíåíòàìè, kω = (k1ω1, ..., kmωm)-êðàòíûé
âåêòîð-ïåðèîä, M = const > 0, | · | � îáîçíà÷àåò åâêëèäîâóþ âåêòîðíóþ íîðìó.

Äîêàçûâàåòñÿ, ÷òî ïðè óñëîâèÿõ (3) è (4) ðåøåíèÿ x = x(t, ϕ; t0, ψ + et0, u(ψ + et0)) ñè-
ñòåìû (2) ñ íà÷àëüíûìè ôóíêöèÿìè u(ϕ) èç ôóíêöèîíàëüíîãî ïðîñòðàíñòâà U íåïðåðûâíî
äèôôåðåíöèðóåìûõ è ω � ïåðèîäè÷åñêèõ ôóíêöèé ñ íîðìîé ‖u‖ = sup

ϕ
|u(ϕ)| ñóùåñòâóþò è

îïðåäåëåíû âî âñåì ïðîñòðàíñòâå íåçàâèñèìûõ ïåðåìåííûõ (t, ϕ), ïðè÷åì x ∈ U äëÿ êàæäîãî
t ∈R.

Äàëåå, äëÿ ðåøåíèé x óêàçàííîãî êëàññà, îáû÷íûì îáðàçîì ââåäåíî ïîíÿòèå óñòîé÷èâîñòè
îòíîñèòåëüíî âîçìóùåíèÿ íà÷àëüíûõ ôóíêöèé è äîêàçàíà òåîðåìà îá óñòîé÷èâîñòè òðèâèàëü-
íîãî ðåøåíèÿ ñèñòåìû (2), êîãäà f èìååò âèä f(t, ϕ, ψ, x) = P (t, ϕ)x + g(t, ϕ, ψ, x) ñ ìàòðèöåé
P (t, ϕ) ñèñòåìû âàðèàöèè, ãàðàíòèðóþùèå âûïîëíåíèå óñëîâèÿ Ïåðñèäñêîãî îá àñèìïòîòè÷å-
ñêîé óñòîé÷èâîñòè

|X(t, ϕ; t0, ψ + et0)| ≤ Γe−γ(t−t0),

ãäå X(t, ϕ; t0, ψ + et0) � ìàòðèöàíò, Γ > 0 è γ > 0 � ïîñòîÿííûå, à âåêòîð-ôóíêöèÿ g ÿâëÿåòñÿ
áåñêîíå÷íî ìàëîé âûøå ïåðâîãî ïîðÿäêà â îêðåñòíîñòè ðåøåíèÿ x = 0.

ÓÄÊ 517.9

Íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ íîðìàëüíûõ ðåøåíèé íåîäíîðîäíûõ ñèñòåì
äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà.

Ì.Æ. Òàëèïîâà
Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê.Æóáàíîâà

463000 Àêòîáå, ïðîñïåêò Àëèè Ìîëäàãóëîâîé 34, Êàçàõñòàí, talip1977@rambler.ru

Ìàòåìàòè÷åñêèé æóðíàë 2003. Òîì 3. � 2 (8)
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Ðàññìîòðèì íåîäíîðîäíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ
âòîðîãî ïîðÿäêà âèäà:

{
Zxx + xk · p1 · Zx + yk · p2 · Zy + x2k · p3 · Z = p4(x, y),
Zyy + xk · q1 · Zx + yk · q2 · Zy + y2k · q3 · Z = q4(x, y),

(1)

ãäå êîýôôèöèåíòû pi(x, y) è qi(x, y) (i = 1, 2, 3) ïðåäñòàâèìû ñõîäÿùèìèñÿ ðÿäàìè äâóõ ïåðå-
ìåííûõ

pi(x, y) =
∞∑

µ,ν=0

p(i)
µ,ν · x−µ · y−ν , qi(x, y) =

∞∑

µ,ν=0

q(i)
µ,ν · x−µ · y−ν , (2)

ïîäðàíã k− ïîñòîÿííîå ÷èñëî, êîòîðûå îïðåäåëÿåòñÿ ïî íàèáîëüøèì ñòåïåíÿì íåçàâèñèìûõ
ïåðåìåííûõ x è y êîýôôèöèåíòîâ ñèñòåìû (1), Z = Z(x, y) � îáùàÿ íåèçâåñòíàÿ ôóíêöèÿ, à
ïðàâûå ÷àñòè ñèñòåìû (1) ïðåäñòàâèìû ñòåïåííûìè ðÿäàìè äâóõ ïåðåìåííûõ âèäà

p4(x, y) = expG(x, y) · xα · yβ ·
∞∑

µ,ν=0

aµ,ν · x−µy−ν(a0,0 6= 0),

q4(x, y) = expG(x, y) · xα · yβ ·
∞∑

µ,ν=0

bµ,ν · x−µy−ν(b0,0 6= 0). (3)

Öåëüþ äàííîé ðàáîòû ÿâëÿåòñÿ ïîñòðîåíèå íîðìàëüíûõ ðåøåíèé ñèñòåìû (1)�(3), óñòà-
íàâëèâàÿ â õîäå ýòîãî íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ òàêèõ ðåøåíèé.

Íîðìàëüíûå ðåøåíèå èùåì â âèäå

Z = expQ(x, y) · xρ · yσ ·
∞∑

µ,ν=0

Cµ,ν · x−µ · y−ν (4)

Q(x, y) =
αk+1,0

k + 1
· xk+1 +

α0,k+1

k + 1
· yk+1 + . . . + α1,1 · xy + α1,0 · x + α0,1 · y (5)

ãäå ρ, σ, Cµ,ν (µ, ν = 0, 1, 2, . . .) � íåêîòîðûå ïîñòîÿííûå, αk+1,0, α0,k+1, . . . , α1,1, α0,1, α1,0 �
íåîïðåäåëåííûå êîýôôèöèåíòû, êîòîðûå ñëåäóåò îïðåäåëèòü.

Ïåðâîå íåîáõîäèìîå óñëîâèå ñóùåñòâîâàíèÿ íîðìàëüíîãî ðåøåíèÿ (4) ñâÿçàíî ñ îïðåäå-
ëåíèåì íåèçâåñòíûõ ïàðàìåòðîâ ìíîãî÷ëåíà Q(x, y), à âòîðîå � ñ îïðåäåëåíèåì íåèçâåñòíûõ
ïîñòîÿííûõ ρ è σ êîðíè ñèñòåìû îïðåäåëÿþùèõ óðàâíåíèé.

Îáà óñëîâèÿ ñóùåñòâîâàíèÿ íîðìàëüíûõ ðåøåíèé óñòàíàâëèâàþòñÿ êàê è äëÿ îäíîðîä-
íûõ ñèñòåì, îòëè÷èå ñîñòîèò â îïðåäåëåíèè íåèçâåñòíûõ ïîñòîÿííûõ Cµ,ν (µ, ν = 0, 1, 2, . . .) â
èñêîìîì ðåøåíèè (4). Ðåçóëüòàòû èññëåäîâàíèé ñôîðìóëèðîâàíû â âèäå òåîðåì.

ÓÄÊ 517.9

Ðåøåíèå äîïóñòèìûõ ñèñòåì, ñâÿçàííûõ ñ òðèíàäöàòîé íîðìàëüíîé ôîðìîé
Æ.Í.Tàñìàìáåòîâ

Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê.Æóáàíîâà
463000 Àêòîáå, ïð.À.Ìîëäàãóëîâîé,34

Èçó÷àþòñÿ ÷àñòíûå ñëó÷àè ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ
âòîðîãî ïîðÿäêà

(
a

(0)
00 + a

(0)
10 · x

)
· Zxx +

(
a

(1)
00 + a

(1)
10 · x

)
· Zx + b

(3)
01 · y · Zy + a

(2)
00 · Z = 0,(

b
(0)
00 + b

(0)
01 · y

)
· Zyy + a

(3)
10 · x · Zx +

(
b
(3)
00 + b

(2)
01 · y

)
· Zy + b

(2)
00 · Z = 0,

(1)

Ìàòåìàòè÷åñêèé æóðíàë 2003. Òîì 3. � 2 (8)
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ãäå a
(i)
j0 , b

(i)
0j (i = 0, 1, 2, 3; j = 0, 1) � íåêîòîðûå ïîñòîÿííûå, ñâÿçàííûå ñ òðèíàäöàòîé íîðìàëüíîé

ôîðìîé, ðåøåíèÿìè êîòîðîé ÿâëÿþòñÿ îðòîãîíàëüíûå ìíîãî÷ëåíû äâóõ ïåðåìåííûõ. Òðèíàä-
öàòîé íîðìàëüíîé ôîðìîé íàçûâàåòñÿ óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà âèäà

Zxx + Zxy + (B · x + d00) · Zx + (B · y + g00) · Zy = n ·B · Z, (2)

B, d00, g00 è n � íåêîòîðûå ïîñòîÿííûå.
Ã.Êðîëë, È.Øåôôåð, Ã.Ýíãåëèñ, Ò.Êîðâèíäåð, Ï.Ê.Ñóåòèí áîëüøîå âíèìàíèå óäåëÿëè ñâÿ-

çÿì îðòîãîíàëüíûõ ìíîãî÷ëåíîâ äâóõ ïåðåìåííûõ ñ äèôôåðåíöèàëüíûìè óðàâíåíèÿìè â ÷àñò-
íûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà âèäà (2), ãäå îðòîãîíàëüíûå ìíîãî÷ëåíû îïðåäåëÿþòñÿ êàê
ñîáñòâåííûå ôóíêöèè ýòèõ óðàâíåíèé. Íåñìîòðÿ íà äàííûå èññëåäîâàíèÿ, äî ñèõ ïîð ìàëîèçó-
÷åííûìè îñòàþòñÿ ìíîãèå ñâîéñòâà îðòîãîíàëüíûõ ìíîãî÷ëåíîâ ïî äâóì ïåðåìåííûì, îñîáåííî
èõ ñâÿçü ñ ñèñòåìàìè äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà
âèäà (1).

Â äàííîé ðàáîòå ìåòîäîì Ôðîáåíèóñà-Ëàòûøåâîé èçó÷àåòñÿ íåñêîëüêî êîíêðåòíûõ ÷àñò-
íûõ ñëó÷àåâ ñèñòåìû (1), ãäå óñòàíàâëèâàþòñÿ âîçìîæíîñòè ïîñòðîåíèÿ ðåøåíèÿ â âèäå ñïå-
öèàëüíûõ ôóíêöèé èëè îðòîãîíàëüíûõ ìíîãî÷ëåíîâ äâóõ ïåðåìåííûõ.

Íàèáîëåå îáùèì è âàæíûì ÷àñòíûì ñëó÷àåì ñèñòåìû (1) ÿâëÿåòñÿ ñèñòåìà äèôôåðåíöè-
àëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà

Zxx + a · x · Zx + (B − b) · y · Zy + n · Z = 0,
Zyy + (B − a) · x · Zx + b · y · Zy + m · Z = 0,

}
(3)

ãäå a, b, B, n è m � íåêîòîðûå ïîñòîÿííûå, Z = Z(x, y) � íåèçâåñòíàÿ. Òðåáóåòñÿ íàéòè Z(x, y)
â âèäå ñïåöèàëüíûõ ôóíêöèé èëè îðòîãîíàëüíûõ ìíîãî÷ëåíîâ äâóõ ïåðåìåííûõ.

Êîýôôèöèåíòû ïðè ñòàðøèõ ïðîèçâîäíûõ Zxx è Zyy ðàâíû åäèíèöå, ïîýòîìó Z(x, y) ìîæíî
èñêàòü â âèäå ïðîñòîãî ñòåïåííîãî ðÿäà äâóõ ïåðåìåííûõ

Z(x, y) =
∞∑

µ,ν=0

Cµ,ν · xµ · yν (C0,0 6= 0) .

Îáùåå ðåøåíèå ïðåäñòàâëÿåòñÿ â âèäå

Z(x, y) = C0,0 ·
(
1− n

2!
· x2− −m

2!
· y2 − ...

)
+ C1,0 · x ·

(
1− B − a + m

2!
· y2 − a + n

3!
· x2 − ...

)
+

+C0,1 · y
(

1− B − b + n

2!
· x2 − b + m

3!
· y2 − ...

)
+ C1,1 · xy ·

(
1− a + B − b + n

3!
· x2 −

−B − a + b + m

3!
· y2 − ...

)
.

Ñêëàäûâàÿ äâà óðàâíåíèÿ ñèñòåìû (3), ïîëó÷èì îäíî óðàâíåíèå, îòíîñÿùååñÿ òàêæå ê òðè-
íàäöàòîé íîðìàëüíîé ôîðìå âèäà (2).

Àíàëîãè÷íî ðàññìàòðèâàþòñÿ äâà ñëó÷àÿ, êîãäà â ñèñòåìå (3) ïîñòîÿííûå B, a, b, n è m
óäîâëåòâîðÿþò óñëîâèÿì: B = a,B = b,B = a = b = −2, n = 2k,m = 2l è n1 > 0, m1 > 0 �
öåëûå ÷èñëà è B = a, B = b, B = a = b = −1.

Ìàòåìàòè÷åñêèé æóðíàë 2003. Òîì 3. � 2 (8)
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ÕÐÎÍÈÊÀ

ÑÅÌÈÍÀÐ ÈÍÑÒÈÒÓÒÀ ÌÀÒÅÌÀÒÈÊÈ ÌÎÍ ÐÊ
Íèæå ïóáëèêóåòñÿ àííîòàöèÿ äîêëàäà, çàñëóøàííîãî íà ñåìèíàðå 1 îêòÿáðÿ 2003 ã.

Æ.Í.Òàñìàìáåòîâ (Àêòîáå) "Íîðìàëüíûå ðåøåíèÿ ñïåöèàëüíûõ ñèñòåì äèôôåðåíöè-
àëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïîëèíîìèàëüíûìè êîýôôèöèåí-
òàìè".

Ðàññìàòðèâàåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî
ïîðÿäêà

Zxx + P (1) · Zxy + P (2) · Zx + P (3) · Zy + P (4) · Z = 0,

Zyy + Q(1) · Zxy + Q(2) · Zx + Q(3) · Zy + Q(4) · Z = 0,

}
(1)

ãäå P (i) = P (i)(x, y), Q(i) = Q(i)(x, y) � àíàëèòè÷åñêèå ôóíêöèè èëè ìíîãî÷ëåíû äâóõ ïåðåìåí-
íûõ, Z = Z(x, y) - îáùàÿ íåèçâåñòíàÿ, êîòîðóþ ñëåäóåò îïðåäåëèòü.

Èññëåäóþòñÿ âîïðîñû, ñâÿçàííûå ñ ðàçðàáîòêîé ýôôåêòèâíûõ àëãîðèòìîâ ïîñòðîåíèÿ ðå-
øåíèé ñèñòåì ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïî-
ðÿäêà (1) â âèäå ñòåïåííûõ, íîðìàëüíûõ, ïîäíîðìàëüíûõ ðÿäîâ äâóõ ïåðåìåííûõ, à òàêæå
íîðìàëüíî - ðåãóëÿðíûõ è çàìêíóòûõ ðåøåíèé.

Äëÿ ñèñòåìû (1) ïðè ïðåäïîëîæåíèè 1 − P (1) · Q(1) 6= 0 âûâåäåíû è ñèñòåìàòèçèðîâàíû
óñëîâèÿ ñîâìåñòíîñòè. Ïðèâåäåíà êëàññèôèêàöèÿ îñîáûõ êðèâûõ. Óñòàíîâëåí ïðîñòîé ïðèçíàê
îïðåäåëåíèÿ ðåãóëÿðíûõ è èððåãóëÿðíûõ îñîáåííîñòåé, ïðèìåíÿåìîé ïðè èçó÷åíèè ñèñòåì,
ðåøåíèÿìè êîòîðûõ ÿâëÿþòñÿ ñïåöèàëüíûå ôóíêöèè è îðòîãîíàëüíûå ìíîãî÷ëåíû äâóõ ïåðå-
ìåííûõ.

Ðàçðàáîòàíû ýôôåêòèâíûå àëãîðèòìû ïîñòðîåíèÿ íîðìàëüíûõ ðÿäîâ âèäà

Z = expG(x, y) · xρ · yσ ·
∞∑

µ,ν=0

Cµ,ν · x−µ · y−ν (C0,0 6= 0)

è íîðìàëüíî-ðåãóëÿðíûõ ðåøåíèé

Z = expG(x, y) · xρ · yσ ·
∞∑

µ,ν=0

Cµ,ν · xµ · yν (C0,0 6= 0),

G(x, y) =
αk+1,0

k + 1
· xk +

α0,k+1

k + 1
· yk + ... + α11 · xy + α10 · x + α01 · y, ρ, σ, Cµ,ν (µ, ν = 0, 1, 2, ...)

- íåèçâåñòíûå ïîñòîÿííûå, αk+1,0, α0,k+1, ... , α11, α10, α01 - íåèçâåñòíûå êîýôôèöèåíòû
ìíîãî÷ëåíà G(x, y).

Äîêàçàíà îñíîâíàÿ òåîðåìà îá àñèìïòîòè÷åñêîì ïðåäñòàâëåíèè íîðìàëüíûõ ðÿäîâ âáëè-
çè áåñêîíå÷íî óäàëåííîé òî÷êè. Ïîêàçàíà ìåòîäèêà îïðåäåëåíèÿ íåèçâåñòíûõ êîýôôèöèåíòîâ
îïðåäåëÿþùåãî ìíîæèòåëÿ, ÿâëÿþùåãîñÿ îáùèì äëÿ íîðìàëüíûõ è íîðìàëüíî- ðåãóëÿðíûõ
ðåøåíèé. Ââåäåíû ïîíÿòèÿ ðàíãà è àíòèðàíãà. Ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ
íîðìàëüíûõ, íîðìàëüíî - ðåãóëÿðíûõ è êîíå÷íûõ ðåøåíèé.
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ÏÐÀÂÈËÀ ÎÔÎÐÌËÅÍÈß ÑÒÀÒÅÉ
Ñòàòüè, íàïðàâëÿåìûå â "Ìàòåìàòè÷åñêèé æóðíàë", äîëæíû óäîâëåòâîðÿòü ñëå-

äóþùèì òðåáîâàíèÿì:

1. Ñòàòüÿ ìîæåò áûòü ïðåäñòàâëåíà â ïîëíîì îáúåìå èëè â âèäå êðàòêîãî ñîîáùåíèÿ
íà ðóññêîì èëè àíãëèéñêîì ÿçûêàõ.

2. Ñòàòüÿ ïðåäñòàâëÿåòñÿ â äâóõ ýêçåìïëÿðàõ è ÿâëÿåòñÿ îðèãèíàëîì äëÿ ïå÷àòè.
Â ëåâîì âåðõíåì óãëó íåîáõîäèìî óêàçàòü èíäåêñ ÓÄÊ, äàëåå íàçâàíèå ñòàòüè è
ôàìèëèè àâòîðîâ ïî àëôàâèòó.

3. Ê ñòàòüå ïðèëàãàþòñÿ â äâóõ ýêçåìïëÿðàõ íà ðóññêîì è àíãëèéñêîì ÿçûêàõ (äëÿ
ñòàòüè íà àíãëèéñêîì ÿçûêå òîëüêî íà àíãëèéñêîì): íàçâàíèå ñòàòüè; ôàìèëèè
è èíèöèàëû àâòîðîâ; êëþ÷åâûå ñëîâà; àâòîðåôåðàò ñ óêàçàíèåì èíäåêñà 2000
Mathematics Subject Classi�cation.

4. Êðîìå òâåðäûõ êîïèé íåîáõîäèìî ïðåäñòàâèòü â ðåäàêöèþ äèñêåòó ñ ïîäãîòîâëåí-
íûì â LATEX tex-ôàéëîì ñòàòüè èëè ïåðåñëàòü åãî ýëåêòðîííîé ïî÷òîé e-mail:
journal@math.kz (ñì. îáðàçåö îôîðìëåíèÿ ñòàòüè â http://www.math.kz/ â
ðàçäåëå "Ìàòåìàòè÷åñêèé æóðíàë").

5. Îáúåì ñòàòåé (ñòàíäàðòíûé ôîðìàò â LATEX) íå äîëæåí ïðåâûøàòü 10 æóðíàëüíûõ
ñòðàíèö (íå áîëåå 20 ìàøèíîïèñíûõ ñòð. ÷åðåç 2 èíòåðâàëà), êðàòêèå ñîîáùåíèÿ
� 3 æóðíàëüíûå ñòðàíèöû (íå áîëåå 6 ìàøèíîïèñíûõ ñòð. ÷åðåç 2 èíòåðâàëà).
Îáúåì ðåôåðàòà � íå áîëåå 1/4 ñòð. (0,5 ìàøèíîïèñíîé ñòð.).

6. Íóìåðîâàííûå ôîðìóëû ñëåäóåò ïèñàòü â îòäåëüíîé ñòðîêå.

7. Ñïèñîê ëèòåðàòóðû ñîñòàâëÿåòñÿ ïî ïîðÿäêó ññûëîê â òåêñòå. Ïðè ññûëêå íà ìî-
íîãðàôèþ íåîáõîäèìî óêàçàòü ñòðàíèöó (íàïðèìåð, [1, ñ.45]). Ññûëêè íà íåîïóá-
ëèêîâàííûå ðàáîòû íå äîïóñêàþòñÿ. Ñïèñîê ëèòåðàòóðû ïðèâîäèòñÿ â ñëåäóþùåì
âèäå.
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(c) Kato J.// Proceedings of World Congress of Nonlinear Analysis. Nampa. 1992.
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8. Ñòàòüÿ äîëæíà áûòü ïîäïèñàíà âñåìè àâòîðàìè. Â êîíöå ñòàòüè íåîáõîäèìî óêà-
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