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ÊÂÀÇÈËÈÍÅÉÍÛÕ ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

À. Ò. Àñàíîâà

Èíñòèòóò Ìàòåìàòèêè ÌÎèÍ ÐÊ
480100 ã.Àëìàòû óë.Ïóøêèíà, 125 anar@math.kz, dzhumabaev@list.ru

Ðàññìàòðèâàåòñÿ íåëîêàëüíàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåìû êâàçèëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâ-
íåíèé âòîðîãî ïîðÿäêà. Óñòàíîâëåíû êîýôôèöèåíòíûå óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî êëàñ-
ñè÷åñêîãî ðåøåíèÿ èññëåäóåìîé çàäà÷è è ïðåäëîæåí àëãîðèòì åãî íàõîæäåíèÿ.

Íåëîêàëüíûå êðàåâûå çàäà÷è äëÿ ëèíåéíûõ è íåëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñëó-
æàò îáúåêòîì èçó÷åíèÿ ìíîãèõ àâòîðîâ, íà÷èíàÿ ñ 60-õ ãîäîâ ïðîøëîãî ñòîëåòèÿ [1-10]. Â ñâÿçè
ñ ìíîãî÷èñëåííûìè ïðèìåíåíèÿìè íàèáîëüøåå âíèìàíèå ïðèâëåêëè ïîëóïåðèîäè÷åñêèå è ïå-
ðèîäè÷åñêèå êðàåâûå çàäà÷è [1-3, 6-10]. Äëÿ íèõ ðàçëè÷íûìè ìåòîäàìè áûëè ïîëó÷åíû óñëîâèÿ
ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ðåøåíèÿ. Âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè íåëîêàëüíîé
çàäà÷è äëÿ ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé â îáùåé ïîñòàíîâêå äî íàñòîÿùåãî âðåìåíè
îñòàþòñÿ àêòóàëüíûìè. Â [11] äëÿ èññëåäîâàíèÿ êðàåâîé çàäà÷è ñ äàííûìè íà õàðàêòåðèñòèêàõ
äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ñ äâóìÿ íåçàâèñèìûìè ïåðåìåííûìè áûë ïðåäëîæåí ìåòîä
ââåäåíèÿ ôóíêöèîíàëüíûõ ïàðàìåòðîâ. Îí ÿâëÿåòñÿ ìîäèôèêàöèåé ìåòîäà ïàðàìåòðèçàöèè
[12], ðàçðàáîòàííîãî äëÿ ðåøåíèÿ äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé, äëÿ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíûìè. Íà îñíîâå ýòîãî ìåòîäà áûëè
óñòàíîâëåíû êîýôôèöèåíòíûå íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ êîððåêòíîé îäíîçíà÷íîé
ðàçðåøèìîñòè çàäà÷è ëèíåéíîé íåëîêàëüíîé êðàåâîé çàäà÷è [13,14]. Â íàñòîÿùåé ðàáîòå ðå-
çóëüòàòû, ïîëó÷åííûå äëÿ ëèíåéíûõ ñèñòåì ãèïåðáîëè÷åñêèõ óðàâíåíèé, ïðèìåíÿþòñÿ äëÿ
èññëåäîâàíèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè êëàññè÷åñêîãî ðåøåíèÿ íåëîêàëüíîé êðàåâîé
çàäà÷è äëÿ êâàçèëèíåéíîé ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé.

Â Ω̄ = [0, T ]× [0, ω] ðàññìàòðèâàåòñÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåìû êâàçèëèíåéíûõ ãèïåðáî-
ëè÷åñêèõ óðàâíåíèé âòîðîãî ïîðÿäêà

∂2u

∂t∂x
= A(t, x)

∂u

∂x
+ f

(
t, x, u,

∂u

∂t

)
, u ∈ Rn, (1)

P2(x)
∂u(0, x)

∂x
+ P1(x)

∂u(0, x)
∂t

+ P0(x)u(0, x) + S2(x)
∂u(T, x)

∂x
+

Keywords: system of quasi-linear hyperbolic equations, nonlocal boundary value problem
2000 Mathematics Subject Classi�cation: 35L20, 35L70
c
 À. Ò. Àñàíîâà , 2004.



6 À. Ò. Àñàíîâà

+S1(x)
∂u(T, x)

∂t
+ S0(x)u(T, x) = ϕ(x), x ∈ [0, ω], (2)

u(t, 0) = ψ(t), t ∈ [0, T ], (3)

ãäå (n × n)-ìàòðèöû A(t, x), P2(x), P1(x), P0(x), S2(x), S1(x), S0(x), n-âåêòîð-ôóíêöèÿ ϕ(x)
íåïðåðûâíû íà Ω̄, [0, ω], ñîîòâåòñòâåííî, è n-âåêòîð-ôóíêöèÿ ψ(t) íåïðåðûâíî äèôôåðåíöè-

ðóåìà íà [0, T ], ||u(t, x)|| = max
i=1,n

|ui(t, x)|, ||A(t, x)|| = max
i=1,n

n∑

j=1

|aij(t, x)|. Óñëîâèÿ íà âåêòîð-

ôóíêöèþ f áóäóò ïðèâåäåíû íèæå.
Îáîçíà÷èì C(Ω̄, Rn) � ïðîñòðàíñòâî íåïðåðûâíûõ íà Ω̄ ôóíêöèé u : Ω̄ → Rn ñ íîðìîé
||u||0 = max

(t,x)∈Ω̄
||u(t, x)||. Ôóíêöèÿ u(t, x) ∈ C(Ω̄, Rn), èìåþùàÿ ÷àñòíûå ïðîèçâîäíûå

∂u(t, x)
∂x

∈ C(Ω̄, Rn), ∂u(t, x)
∂t

∈ C(Ω̄, Rn),
∂2u(t, x)

∂t∂x
∈ C(Ω, Rn) íàçûâàåòñÿ êëàññè÷åñêèì ðå-

øåíèåì çàäà÷è (1)�(3), åñëè îíà óäîâëåòâîðÿåò ñèñòåìå (1) ïðè âñåõ (t, x) ∈ Ω̄ è âûïîëíåíû
êðàåâûå óñëîâèÿ (2), (3).

Ðàññìîòðèì ïðåäâàðèòåëüíî ñëåäóþùóþ êðàåâóþ çàäà÷ó

∂v

∂t
= A(t, x)v + F (t, x), t ∈ [0, T ], (4)

P2(x)v(0, x) + S2(x)v(T, x) = Φ(x), x ∈ [0, ω], (5)

ãäå F (t, x) ∈ C(Ω̄, Rn), Φ(x) ∈ C([0, ω], Rn).
Ïðè ôèêñèðîâàííûõ x ∈ [0, ω] çàäà÷à (4), (5) ÿâëÿåòñÿ ëèíåéíîé äâóõòî÷å÷íîé êðàåâîé

çàäà÷åé äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Ïðè èçìåíåíèè ïåðåìåííîé x íà
[0, ω] ïîëó÷èì ñåìåéñòâî äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé.

Íåïðåðûâíàÿ ôóíêöèÿ v : Ω̄ → Rn, èìåþùàÿ íà Ω̄ ïðîèçâîäíóþ ïî t íàçûâàåòñÿ ðåøåíèåì
êðàåâîé çàäà÷è (4), (5), åñëè îíà óäîâëåòâîðÿåò ñèñòåìå (4) è óñëîâèþ (5) ïðè âñåõ (t, x) ∈ Ω̄.

Î ï ð å ä å ë å í è å 1. Çàäà÷à (4), (5) íàçûâàåòñÿ êîððåêòíî ðàçðåøèìîé, åñëè äëÿ
ëþáûõ F (t, x), Φ(x) îíà èìååò åäèíñòâåííîå ðåøåíèå v(t, x) ∈ C(Ω̄, Rn) è äëÿ íåãî ñïðàâåäëèâà
îöåíêà

||v(·, x)||1 = max
t∈[0,T ]

||v(t, x)|| ≤ K(x)max
(
||F (·, x)||1, ||Φ(x)||

)
, (6)

ãäå K(x) � íåïðåðûâíàÿ íà [0, ω] ôóíêöèÿ, íå çàâèñÿùàÿ îò F (t, x), Φ(x).
Â ðàáîòå [15] ñåìåéñòâî äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ (4), (5) èññëåäîâàëîñü ìåòîäîì ïàðà-

ìåòðèçàöèè è áûë óñòàíîâëåí êðèòåðèé êîððåêòíîé ðàçðåøèìîñòè èññëåäóåìûõ çàäà÷ â òåð-
ìèíàõ èñõîäíûõ äàííûõ. ×òîáû ñôîðìóëèðîâàòü ýòî óòâåðæäåíèå, ââåäåì ñëåäóþùèå îáîçíà-
÷åíèÿ

Dνr(h, x) =

rh∫

(r−1)h

A(τ1, x)dτ1 + ... +

rh∫

(r−1)h

A(τ1, x)...

τν−1∫

(r−1)h

A(τν , x)dτν ...dτ1,

Qν(h, x) =

∣∣∣∣∣∣∣∣∣∣

P2(x)h 0 0 . . . 0 S2(x)[I + DνN (h, x)]h
I + Dν1(h, x) −I 0 . . . 0 0

0 I + Dν2(h, x) −I . . . 0 0
. . . . . . . . . . . . . . . . . .
0 0 0 . . . I + DνN−1(h, x) −I

∣∣∣∣∣∣∣∣∣∣

,

ãäå h = T/N , N ∈ N, ν ∈ N, r = 1, N .

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 1 (11)
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Òå î ð åì à 1. Êðàåâàÿ çàäà÷à (4), (5) îäíîçíà÷íî ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà
ïðè íåêîòîðûõ h > 0 : Nh = T , ν ∈ N äëÿ êàæäîãî x ∈ [0, ω] ìàòðèöà Qν(h, x) : RnN → RnN

îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà
a) ||[Qν(h, x)]−1|| ≤ γν(h, x),

b) q(h, x, ν) = γν(h, x) ·max(1, h||S2(x)||)
[
eα(x)h −

ν∑
j=0

[α(x)h]j

j!

]
≤ β < 1,

ãäå α(x) = ||A(·, x)||1, β − const.

Èç òåîðåìû 1 ñëåäóåò, ÷òî äëÿ åäèíñòâåííîãî ðåøåíèÿ v∗(t, x) ∈ C(Ω̄, Rn) êðàåâîé çàäà÷è
(4), (5) ñïðàâåäëèâà îöåíêà

||v∗(·, x)||1 ≤ [K1(x, h, ν) + K2(x, h, ν)]max
(
||F (·, x)||1, ||Φ(x)||

)
, (7)

ãäå

K1(x, h, ν) =
{

[eα(x)h − 1]
γν(h, x)

1− qν(h, x)
max(1, h||S2(x)||) [α(x)h]ν

ν!
+ 1

}
K0(x, h, ν),

K2(x, h, ν) =
γν(g, x)

1− qν(h, x)
max(1, h||S2(x)||) [α(x)h]ν

ν!
·K0(x, h, ν)+

+hγν(h, x)max
{

1 + h||S2(x)||
ν−1∑

j=0

[α(x)h]j

j!
,

ν−1∑

j=0

[α(x)h]j

j!

}
,

K0(x, h, ν) = [eα(x)h − 1]γν(h, x)max
{

1 + h

ν−1∑

j=0

[α(x)h]j

j!
,

ν−1∑

j=0

[α(x)h]j

j!

}
h + heα(x)h.

Ôóíêöèÿ K(x, h, ν) = K1(x, h, ν) + K2(x, h, ν) â íåðàâåíñòâå (7) îãðàíè÷åíà íà [0, ω] ïðè ôèê-
ñèðîâàííûõ h > 0, ν = 1, 2, ... è íå çàâèñèò îò ôóíêöèé F (t, x), Φ(x). Ïîýòîìó â óñëîâèÿõ
òåîðåìû 1 ïðè âûáðàííûõ h, ν çàäà÷à (4), (5) áóäåò êîððåêòíî ðàçðåøèìîé ñ ôóíêöèåé K(x) =
K(x, h, ν).

Ââåäåì ìíîæåñòâî G(ψ, ψ̇, ρ) =
{

(t, x, u, w) : (t, x) ∈ Ω̄, ||u− ψ(t)|| < ρ, ||w − ψ̇(t)|| < ρ
}
.

Óñëîâèå Lip. Ôóíêöèÿ f(t, x, u, w) íåïðåðûâíà îòíîñèòåëüíî (t, x) ∈ Ω̄ ïðè ôèêñèðîâàííûõ
u,w è íà ìíîæåñòâå G(ψ, ψ̇, ρ) è óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà îòíîñèòåëüíî u,w

||f(t, x, u, w)− f(t, x, ū, w̄)|| ≤ L1(t, x) · ||u− ū||+ L2(t, x) · ||w − w̄||,

ãäå Li(t, x) ≥ 0 � íåïðåðûâíûå íà Ω̄ ôóíêöèè, i = 1, 2.
Ïóñòü F 0(t, x) = f(t, x, ψ(t), ψ̇(t)),
Φ0(x) = ϕ(x)− P1(x)ψ̇(0)− P0(x)ψ(0)− S1(x)ψ̇(T )− S0(x)ψ(T ),
L0(x) = max

(
max

t∈[0,T ]
L1(t, x) + max

t∈[0,T ]
L2(t, x), ||P1(x)||+ ||P0(x)||+ ||S1(x)||+ ||S0(x)||

)
,

ρ2(x) = max
(
K(x), α(x)K(x) + 1

)
max

{
||F 0(t, x)||1, ||Φ0(x)||

}
exp

{
x max

x∈[0,ω]
ρ1(x)

}
,

ρ1(x) = max
(
K(x), α(x)K(x) + 1

)
L0(x), ρ0(x) =

x∫
0

ρ2(ξ)dξ,

S1(ψ, ρ) =
{

u ∈ Rn, ||u− ψ(t)|| < ρ
}
, S2(ψ̇, ρ) =

{
w ∈ Rn, ||||w − ψ̇(t)|| < ρ

}
.

Ââåäåì íîâûå íåèçâåñòíûå ôóíêöèè v(t, x) =
∂u(t, x)

∂x
, w(t, x) =

∂u(t, x)
∂t

è çàäà÷ó (1)�(3)
çàïèøåì â âèäå

∂v

∂t
= A(t, x)v + f(t, x, u(t, x), w(t, x)), (8)
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P2(x)v(0, x) + S2(x)v(T, x) = ϕ(x)−
−P1(x)w(0, x)− P0(x)u(0, x)− S1(x)w(T, x)− S0(x)u(T, x), x ∈ [0, ω], (9)

u(t, x) = ψ(t) +

x∫

0

v(t, ξ)dξ, w(t, x) = ψ̇(t) +

x∫

0

∂v(t, ξ)
∂t

dξ. (10)

Óñëîâèå (3) ó÷òåíî â ñîîòíîøåíèÿõ (10).
Òðîéêà íåïðåðûâíûõ íà Ω̄ ôóíêöèé {v(t, x), u(t, x), w(t, x)} íàçûâàåòñÿ ðåøåíèåì çàäà÷è

(8)�(10), åñëè ôóíêöèÿ v(t, x) ∈ C(Ω̄, Rn) èìååò íà Ω íåïðåðûâíóþ ïðîèçâîäíóþ ïî t è óäî-
âëåòâîðÿåò îäíîïàðàìåòðè÷åñêîìó ñåìåéñòâó äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ äëÿ ñèñòåìû îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (8), (9), ãäå ôóíêöèè u(t, x), w(t, x) ñâÿçàíû ñ v(t, x),
∂v(t, x)

∂t
ôóíêöèîíàëüíûìè ñîîòíîøåíèÿìè (10).

Òå î ð åì à 2. Ïóñòü 1) ôóíêöèÿ f(t, x, u, w) óäîâëåòâîðÿåò óñëîâèþ Lip; 2) ïðè ôèêñè-
ðîâàííûõ u ∈ S1(ψ, ρ), w ∈ S2(ψ̇, ρ) êðàåâàÿ çàäà÷à (8), (9) êîððåêòíî ðàçðåøèìà ñ ôóíêöè-
åé K(x); 3) max

x∈[0,ω]
ρ0(x) ≤ ρ. Òîãäà çàäà÷à (1)�(3) èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå

u∗(t, x), ïðèíàäëåæàùåå S1(ψ, ρ).

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ýêâèâàëåíòíóþ çàäà÷å (1)�(3) çàäà÷ó (8)�(10). Åå
ðåøåíèå êîòîðîé íàõîäèì ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Íóëåâîå ïðèáëèæåíèå ïî
u(t, x), w(t, x) áåðåì â âèäå u0(t, x) = ψ(t), w0(t, x) = ψ̇(t). Òîãäà v(0)(t, x) íàõîäèì, êàê ðåøåíèå
çàäà÷è

∂v

∂t
= A(t, x)v + F 0(t, x), (11)

P2(x)v(0, x) + S2(x)v(T, x) = Φ0(x), x ∈ [0, ω]. (12)

Çàäà÷à (11), (12) ïî óñëîâèþ 2) êîððåêòíî ðàçðåøèìà. Ïîýòîìó îíà èìååò åäèíñòâåííîå ðåøå-
íèå v(0)(t, x) è ñïðàâåäëèâû îöåíêè

||v(0)(·, x)||1 ≤ K(x) max(||F 0(·, x)||1, ||Φ0(x)||),
∣∣∣∣
∣∣∣∣
∂v(0)(·, x)

∂t

∣∣∣∣
∣∣∣∣
1

≤ [α(x)K(x) + 1] max(||F 0(·, x)||1, |||Φ0(x)||).

Èñïîëüçóÿ çàòåì ñîîòíîøåíèÿ (10), íàõîäèì u(0)(t, x), w(0)(t, x):

u(0)(t, x) = ψ(t) +

x∫

0

v(0)(t, ξ)dξ, w(0)(t, x) = ψ̇(t) +

x∫

0

∂v(0)(t, ξ)
∂t

dξ,

äëÿ êîòîðûõ ñïðàâåäëèâû îöåíêè

||u(0)(·, x)− ψ(·)||1 ≤
x∫

0

||v(0)(·, ξ)||1dξ, ||w(0)(·, x)− ψ̇(·)||1 ≤
x∫

0

∣∣∣∣
∣∣∣∣
∂v(0)(·, ξ)

∂t

∣∣∣∣
∣∣∣∣
1

dξ.

Òîãäà

max(||u(0)(·, x)− ψ(·)||1, ||w(0)(·, x)− ψ̇(·)||1) ≤
x∫

0

max
(
||v(0)(·, ξ)||1,

∣∣∣∣
∣∣∣∣
∂v(0)(·, ξ)

∂t

∣∣∣∣
∣∣∣∣
1

)
dξ ≤
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≤
x∫

0

max(K(ξ), α(ξ)K(ξ) + 1) max(||F 0(·, ξ)||1, ||Φ0(ξ)||)dξ = ρ3(x) < ρ0(x).

Äëÿ k-ãî ïðèáëèæåíèÿ ïîëó÷èì

∂v(k)

∂t
= A(t, x)v(k) + f(t, x, u(k−1)(t, x), w(k−1)(t, x)), (13)

P2(x)v(k)(0, x) + S2(x)v(k)(T, x) = ϕ(x)− P1(x)w(k−1)(0, x)−
−P0(x)u(k−1)(0, x)− S1(x)w(k−1)(T, x)− S0(x)w(k−1)(T, x), x ∈ [0, ω]. (14)

Ïðè âûïîëíåíèè óñëîâèé à), á) Òåîðåìû 1 çàäà÷à (13), (14) èìååò åäèíñòâåííîå ðåøåíèå
v(k)(t, x) è äëÿ íåãî ñïðàâåäëèâû îöåíêè

||v(k)(·, x)||1 ≤ K(x)max(||F (k−1)(·, x)||1, ||Φ(k−1)(x)||),
∣∣∣∣
∣∣∣∣
∂v(k)(·, x)

∂t

∣∣∣∣
∣∣∣∣
1

≤ [α(x)K(x) + 1] max(||F (k−1)(·, x)||1, ||Φ(k−1)(x)||),

ãäå F (k−1)(t, x) = f(t, x, u(k−1)(t, x), w(k−1)(t, x)),
Φ(k−1)(x) = ϕ(x)− P1(x)w(k−1)(0, x)− P0(x)u(k−1)(0, x)− S1(x)w(k−1)(0, x)− S0(x)u(k−1)(T, x).
Èñïîëüçóÿ ñíîâà ñîîòíîøåíèÿ (10), íàõîäèì u(k)(t, x), w(k)(t, x)

u(k)(t, x) = ψ(t) +

x∫

0

v(k)(t, ξ)dξ, w(k)(t, x) = ψ̇(t) +

x∫

0

∂v(k)(t, ξ)
∂t

dξ, (15)

äëÿ êîòîðûõ ñïðàâåäëèâû îöåíêè

||u(k)(·, x)− ψ(·)||1 ≤
x∫

0

||v(k)(·, ξ)||1dξ, ||w(k)(·, x)− ψ̇(·)||1 ≤
x∫

0

∣∣∣∣
∣∣∣∣
∂v(k)(·, ξ)

∂t

∣∣∣∣
∣∣∣∣
1

dξ.

Îòñþäà ïîëó÷àåì

max
(
||u(k)(·, x)− ψ(·)||1, ||w(k)(·, x)− ψ̇(·)||1

)
≤

x∫

0

max
(
||v(k)(·, ξ)||1,

∣∣∣∣
∣∣∣∣
∂v(k)(·, ξ)

∂t

∣∣∣∣
∣∣∣∣
1

dξ

)
≤

≤
x∫

0

max
[
K(ξ), α(ξ)K(ξ) + 1

]
max

(
||F (k−1)(·, ξ)||1, ||Φ(k−1)(ξ)||

)
dξ < ρ,

ò.å. u(k) ∈ S1(ψ(t), ρ), w(k) ∈ S2(ψ̇(t), ρ).
Îáîçíà÷èì ∆v(k)(t, x) = v(k+1)(t, x)− v(k)(t, x), ∆u(k)(t, x) = u(k+1)(t, x)− u(k)(t, x),

∆w(k)(t, x) = w(k+1)(t, x) − w(k)(t, x) Íà îñíîâå ïðèâåäåííûõ âûøå îöåíîê äëÿ ∆v(k)(t, x),
∆u(k)(t, x), ∆w(k)(t, x) ïîëó÷èì

||∆v(k)(·, x)||1 ≤ K(x) ·max
{
||F (k)(·, x)− F (k−1)(·, x)||1, ||Φ(k)(x)− Φ(k−1)(x)||

}
,

||F (k)(·, x)− F (k−1)(·, x)||1 ≤
≤ max

t∈[0,T ]
L1(t, x) · ||u(k)(·, x)− u(k−1)(·, x)||1 + max

t∈[0,T ]
L2(t, x) · ||w(k)(·, x)− w(k−1)(·, x)||1 ≤
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≤
(

max
t∈[0,T ]

L1(t, x) + max
t∈[0,T ]

L2(t, x)
)

max
(
||u(k)(·, x)− u(k−1)(·, x)||1, ||w(k)(·, x)− w(k−1)(·, x)||1

)
,

||Φ(k)(x)− Φ(k−1)(x)|| ≤
(
||P1(x)||+ ||P0(x)||+ ||S1(x)||+ ||S0(x)||

)
×

×max
(
||u(k)(·, x)− u(k−1)(·, x)||1, ||w(k)(·, x)− w(k−1)(·, x)||1

)
.

Òîãäà
||∆v(k)(·, x)||1 ≤ K(x)L0(x)max

(
||∆u(k−1)(·, x)||1, ||∆w(k−1)(·, x)||1

)
, (16)

∣∣∣∣
∣∣∣∣
∂∆v(k)(·, x)

∂t

∣∣∣∣
∣∣∣∣
1

≤
(
α(x)K(x) + 1

)
L0(x) max

(
||∆u(k−1)(·, x)||1, ||∆w(k−1)(·, x)||1

)
, (17)

||∆u(k)(·, x)||1 ≤
x∫

0

||∆v(k)(·, ξ)||1dξ, ||∆w(k)(·, x)||1 ≤
x∫

0

∣∣∣∣
∣∣∣∣
∂∆v(k)(·, ξ)

∂t

∣∣∣∣
∣∣∣∣
1

dξ.

Îòñþäà èìååì

max
(
||∆u(k)(·, x)||1, ||∆w(k)(·, x)||1

)
≤

x∫

0

ρ1(ξ)max
(
||∆u(k−1)(·, ξ)||1, ||∆w(k−1)(·, ξ)||1

)
dξ. (18)

Òàê êàê íåðàâåíñòâî (18) ñïðàâåäëèâî äëÿ k = 1, 2, ..., òî, ïîñëåäîâàòåëüíî ïîäñòàâëÿÿ ñîîò-
âåòñòâóþùèå ðàçíîñòè â ïðàâóþ ÷àñòü, ïîëó÷èì

max
(
||∆u(k)(·, x)||1, ||∆w(k)(·, x)||1

)
≤ 1

k!
· [x max

x∈[0,ω]
ρ1(x)]k · max

x∈[0,ω]
ρ3(x).

Îòñþäà ñëåäóåò, ÷òî ïðè k →∞ ïîñëåäîâàòåëüíîñòè u(k)(t, x), w(k)(t, x) íà Ω̄ ðàâíîìåðíî ñõî-
äÿòñÿ ê u∗(t, x), w∗(t, x). Òîãäà èç ñîîòíîøåíèé (16), (17) âûòåêàåò, ÷òî ïîñëåäîâàòåëüíîñòè

v(k)(t, x), ∂v(k)(t, x)
∂t

òàêæå ðàâíîìåðíî ñõîäÿòñÿ íà Ω̄ ê v∗(t, x), ∂v∗(t, x)
∂t

. Ýòî îçíà÷àåò, ÷òî
òðîéêà ôóíêöèé {v∗(t, x), u∗(t, x), w∗(t, x)} ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (8)-(10) è ñïðàâåäëèâû
íåðàâåíñòâà

max
(
||v∗(·, x)||1,

∣∣∣∣
∣∣∣∣
∂v∗(·, x)

∂t

∣∣∣∣
∣∣∣∣
1

)
≤ ρ2(x),

max(||u∗(·, x)− ψ(·)||1, ||w∗(·, x)− ψ̇(·)||1) ≤ ρ0(x) ≤ ρ,

ò.å. u∗ ∈ S1(ψ, ρ), w∗ ∈ S2(ψ̇, ρ).
Òàê êàê çàäà÷è (8)�(10) è (1)�(3) ýêâèâàëåíòíû, òî ôóíêöèÿ u∗(t, x), ïðèíàäëåæàùàÿ

S1(ψ, ρ), áóäåò êëàññè÷åñêèì ðåøåíèåì çàäà÷è (1)�(3). Åäèíñòâåííîñòü ðåøåíèÿ äîêàçûâàåòñÿ
ìåòîäîì îò ïðîòèâíîãî. Òåîðåìà 2 äîêàçàíà.

Â êà÷åñòâå èëëþñòðàöèè èññëåäóåìîé çàäà÷è ðàññìîòðèì ñëåäóþùóþ äâóõòî÷å÷íóþ êðàå-
âóþ çàäà÷ó äëÿ ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé èç [5]

∂2u

∂t∂x
= P̃ (t, x)u + f̃

(
t, x, u,

∂u

∂t

)
, u ∈ Rn, (19)

u(t, 0) = u0(t) + ṽ(0), u(0, x) = u0(0) + ṽ(x), (20)

Ãu(0, x) + C̃u(T, x) = w̃(x), (21)
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ãäå (t, x) ∈ Ω̄0 = [0, T ] × [−a, a], ìàòðèöà P̃ (t, x) íåïðåðûâíà íà Ω̄0, Ã, C̃ � ïîñòîÿííûå
(n×n)-ìàòðèöû, n-âåêòîð-ôóíêöèÿ u0(t) íåïðåðûâíî äèôôåðåíöèðóåìà, âåêòîð-ôóíêöèÿ ṽ(x)
íåèçâåñòíà è ïîäëåæèò îïðåäåëåíèþ.

Äëÿ ïðèìåíåíèÿ ïîëó÷åííûõ â ñòàòüå ðåçóëüòàòîâ ââåäåì íîâóþ ôóíêöèþ ũ(t, x) è â çàäà÷å
(19)�(21) ñäåëàåì çàìåíó ũ(t, x) = u(t, x)− ṽ(x). Ïîëó÷èì

∂2ũ

∂t∂x
= P̃ (t, x)ũ + P̃ (t, x)v(x) + f̃

(
t, x, ũ + v,

∂ũ

∂t

)
, (22)

ũ(t, 0) = u0(t), ũ(0, x) = u0(0), (23)

(Ã + C̃)v(x) = w̃(x)−Au0(0)− C̃u(T, x). (24)

Êðàåâàÿ çàäà÷à (22), (23) ïðè ôèêñèðîâàííîì ṽ(x) ÿâëÿåòñÿ çàäà÷åé Ãóðñà äëÿ ñèñòåìû êâà-
çèëèíåéíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé. Íåèçâåñòíàÿ ôóíêöèÿ ṽ(x) åäèíñòâåííûì îáðàçîì
îïðåäåëÿåòñÿ èç ñîîòíîøåíèÿ (24) ïðè îáðàòèìîñòè ìàòðèöû Ã + C̃. Åñëè ïðåäïîëîæèòü, ÷òî
ôóíêöèÿ f̃ óäîâëåòâîðÿåò óñëîâèþ Lip ïî ïîñëåäíèì äâóì àðãóìåíòàì, ìàòðèöà Ã + C̃ � îá-
ðàòèìà, òî çàäà÷à (22)�(24) èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå. Ïðè âûïîëíåíèè óêà-
çàííûõ óñëîâèé êðàåâàÿ çàäà÷à (19)�(21) áóäåò îäíîçíà÷íî ðàçðåøèìà ïî òåîðåìå 2. Äàííûé
ðåçóëüòàò äîïîëíÿåò âûâîäû ðàáîò [5], [8] è ïîçâîëÿåò â òåðìèíàõ êîýôôèöèåíòîâ ñôîðìóëèðî-
âàòü ëåãêî ïðîâåðÿåìûå óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è
(19)�(21).
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Î ÑÒÀÁÈËÈÇÀÖÈÈ ÏÅÐÈÎÄÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ
ÓÏÐÀÂËÅÍÈß

À. Ó. Àõìåòîâà

Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê.Æóáàíîâà
463000 ã.Àêòîáå ïð. À.Ìîëäàãóëîâîé, 34 ahmetova1974@list.ru

Äëÿ íåëèíåéíîé ïåðèîäè÷åñêîé ñèñòåìû, ïîñòðîåííîé ïî ïðèíöèïó îáðàòíîé ñâÿçè, íàéäåíî íåïðå-
ðûâíîå ñòàáèëèçèðóþùåå óïðàâëåíèå. Ïîëó÷åíû ëåãêî è ýôôåêòèâíî ïðîâåðÿåìûå óñëîâèÿ ñòà-
áèëüíîñòè.

Óïðàâëÿåìûå êîëåáàòåëüíûå ñèñòåìû ïåðèîäè÷åñêîãî òèïà ðàñïðîñòðàíåíû â ðàçëè÷íûõ
îáëàñòÿõ ìåõàíèêè, òåõíèêè, ðàäèîòåõíèêè (ñì., íàïðèìåð, [1�3]). Ðåøåíèå çàäà÷è ñòàáèëè-
çàöèè êîëåáàíèé ÿâëÿåòñÿ âàæíûì ýòàïîì èññëåäîâàíèÿ òàêèõ ñèñòåì. Àêòóàëüíûì ÿâëÿåòñÿ
èçó÷åíèå âîïðîñîâ ñòàáèëèçèðóåìîñòè êîëåáàíèé è ïîñòðîåíèÿ ñòàáèëèçèðóþùèõ óïðàâëåíèé
äëÿ ñèñòåì ñî ìíîãèìè ñòåïåíÿìè ñâîáîäû.

Â íàñòîÿùåé ðàáîòå óêàçàííûå âîïðîñû èçó÷åíû â ñëó÷àå óïðàâëÿåìûõ êîëåáàíèé, îïèñû-
âàåìûõ ñèñòåìîé íåëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dy

dt
= f (t, y, v) , (1)

ãäå (t, y, v) ∈ R ×Rn ×Rn, f (t, y, v) ∈ C
(0,1,1)
tyv (R×Rn ×Rr) è f (t, y, v)− ω-ïåðèîäè÷åñêàÿ ïî t

ôóíêöèÿ.
Ïóñòü ω-ïåðèîäè÷åñêàÿ âåêòîð-ôóíêöèÿ y = yP (t) ∈ C1 ÿâëÿåòñÿ ïðîãðàììíûì (íåâîç-

ìóù¼ííûì) äâèæåíèåì ñèñòåìû (1), ñîîòâåòñòâóþùèì íåêîòîðîìó ïðîãðàììíîìó óïðàâëåíèþ
v = vP (t) , ãäå vP (t)− ω-ïåðèîäè÷åñêàÿ âåêòîð-ôóíêöèÿ êëàññà C.

Ðåøèì çàäà÷ó íåïðåðûâíîé ñòàáèëèçàöèè ïðîãðàììíîãî äâèæåíèÿ ñèñòåìû (1) ñ ïîìîùüþ
óïðàâëåíèé, êîòîðûå ïîñòðîåíû ïî ïðèíöèïó ëèíåéíîé îáðàòíîé ñâÿçè (ñì.[4]).

Èñïîëüçóÿ âåëè÷èíû x = y− yP (t) , u = v− vP (t) , çàïèøåì äëÿ (1) ñèñòåìó â îòêëîíåíèÿõ

dx

dt
= g (t, x, u) , (2)

ãäå g (t, x, u) = f (t, x + yP (t) , u + vP (t))− f (t, yP (t) , vp (t)) .

Keywords: periodic control system, di�erential equation, asymptotic stability, stabilizer
2000 Mathematics Subject Classi�cation: 49J20, 49K20
c
 À. Ó. Àõìåòîâà , 2004.
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Çàäà÷à ñîñòîèò â îòûñêàíèè òàêîãî çàêîíà àâòîìàòè÷åñêîãî óïðàâëåíèÿ îáúåêòîì, ïðè êî-
òîðîì ïðîãðàììíîå äâèæåíèå îêàçûâàåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì. Èíûìè ñëîâàìè, â
ñèñòåìå (2) ñëåäóåò ñäåëàòü àñèìïòîòè÷åñêè óñòîé÷èâûì ðåøåíèå x = 0 âûáîðîì óïðàâëåíèÿ

u = C (t) x, (3)

ãäå C (t) � íåïðåðûâíàÿ ω-ïåðèîäè÷åñêàÿ (r × n)-ìàòðèöà.
Âûäåëÿÿ â (2) ÷ëåíû, ëèíåéíûå îòíîñèòåëüíî x, u, ïîëó÷èì

dx

dt
= A (t) x + Q (t) u + G (t, x, u) ,

ãäå A (t) , Q (t)− ω-ïåðèîäè÷åñêèå ìàòðèöû ñîîòâåòñòâóþùèõ ðàçìåðîâ.
Íåëèíåéíàÿ ÷àñòü G (t, x, u) òàêîâà, ÷òî ôóíêöèÿ

‖G (t, x, u)‖
‖x‖+ ‖u‖ → 0

ðàâíîìåðíî îòíîñèòåëüíî t ∈ R ïðè ‖x‖+ ‖u‖ → 0.
Ðåøåíèå çàäà÷è ñòàáèëèçàöèè ñèñòåìû (2) ñîãëàñíî [5, c.83] ñâîäèòñÿ ê ðåøåíèþ çàäà÷è

ñòàáèëèçàöèè ñèñòåìû ëèíåéíîãî ïðèáëèæåíèÿ
dx

dt
= A (t) x + Q (t) u. (4)

Ïóñòü ñèñòåìà (4) ïðèâåäåíà ê âèäó

dx

dt
= (A0 + εB) x + Q (t) u, (5)

ãäå A0, B − ω-ïåðèîäè÷åñêèå ìàòðèöû, ε � ñêàëÿðíûé ïàðàìåòð.
Çàïèøåì ñèñòåìó (5), çàìêíóòóþ óïðàâëåíèåì (3),

dx

dt
= (A0 + εB + QC)x. (6)

Ïóñòü íîðìèðîâàííàÿ ïðè t = 0 ôóíäàìåíòàëüíàÿ ìàòðèöà Φ(t) îäíîðîäíîé ñèñòåìû

dϕ

dt
= A0 (t) ϕ

ω-ïåðèîäè÷åñêàÿ, ò.å. Φ(t + ω) = Φ (t) . Ïî ôîðìóëå

x = Φ (t) z (7)

ñäåëàåì çàìåíó â ñèñòåìå (6). Òîãäà äëÿ âåêòîðíîé âåëè÷èíû z ïîëó÷èì ñèñòåìó

dz

dt
= (εP + RCΦ) z, (8)

ãäå P = Φ−1BΦ, R = Φ−1Q.
Ïðèìåì ñëåäóþùèå îáîçíà÷åíèÿ

M = RRT , a = max
t

∥∥∥P (t)−M (t)M
−1

P
∥∥∥, µ = max

t

∥∥∥M (t) M
−1

∥∥∥,

ãäå t ∈ [0, ω], (·)T � îïåðàöèÿ òðàíñïîíèðîâàíèÿ ìàòðèö, ÷åðòà ñâåðõó îáîçíà÷àåò óñðåäíåíèå
ïî t ∈ [0, ω], ‖·‖ � êóáè÷åñêàÿ, ëèáî îêòàýäðè÷åñêàÿ íîðìà âåêòîðîâ ìàòðèö [6, c.21]; î÷åâèäíî,
÷òî a ≥ 0, µ ≥ 1.
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Ëåììà 1. Ïóñòü ìàòðèöà îáðàòíîé ñâÿçè â (8) âûáðàíà òàê, ÷òî âûïîëíÿþòñÿ íåðà-
âåíñòâà

σ ≡ ∥∥E + ωN
∥∥ < 1,

max
0≤t≤ω

‖N (t)‖ < 2
ω(1+

√
1+2m) ,

(9)

ãäåE � åäèíè÷íàÿ ìàòðèöà, N = εP + RCΦ, m = 1
1−σ .

Òîãäà ñèñòåìà (5) ñòàáèëèçèðóåìà óïðàâëåíèåì (3).

Äëÿ äîêàçàòåëüñòâà ëåììû äîñòàòî÷íî ñîñëàòüñÿ íà ëåììó [7, ñ.101] , ñîãëàñíî êîòîðîé
âûïîëíåíèå íåðàâåíñòâ (9) ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñè-
ñòåìû (8).

Òàê êàê (7) ÿâëÿåòñÿ ïðåîáðàçîâàíèåì Ëÿïóíîâà [6, c.154], òî ñèñòåìà (8) àñèìïòîòè÷åñêè
óñòîé÷èâà.

Òå î ð åì à 1. Ïóñòü âûïîëíåíû óñëîâèÿ

det M 6= 0, (|ε|a + µ λ) ω <
2

1 +
√

1 + 2
λω

, (10)

ãäåλ � âåùåñòâåííûé ïàðàìåòð, 0 < λ < λ0. Òîãäà âûáîðîì ìàòðèöû C ñèñòåìó (6) ìîæíî
ñäåëàòü àñèìïòîòè÷åñêè óñòîé÷èâîé.

Ä î ê à ç à ò å ë ü ñ ò â î. Ìàòðèöó îáðàòíîé ñâÿçè C â èñêîìîì óïðàâëåíèè áóäåì
èñêàòü â âèäå

C (t) =
[
RT (t) α + β (t)

]
Φ−1 (t) , (11)

ãäå α � ïîñòîÿííàÿ ìàòðèöà, ïîäëåæàùàÿ îïðåäåëåíèþ, β(t) � ω-ïåðèîäè÷åñêàÿ ìàòðèöà-
ôóíêöèÿ, ïîä÷èí¼ííàÿ óñëîâèþ

ω∫

0

R (τ) β (τ) dτ = 0. (12)

Ñ ó÷¼òîì (1) ñèñòåìà (8) ïðèíèìàåò âèä

dz

dt
= N (t) z, (13)

ãäå N = εP (t) + M (t)α + R (t) β (t) .

Ïîñòîÿííóþ α âûáåðåì òàê, ÷òîáû ìàòðèöà (11) óäîâëåòâîðÿëà óðàâíåíèþ

1
ω

ω∫

0

[εP (τ) + R (τ ) C (τ)Φ (τ)]dτ = −λE. (14)

Òîãäà ïîëó÷èì σ = 1− ωλ. Î÷åâèäíî, σ < 1, åñëè λω < 1.

Ïîäñòàâëÿÿ (11) â (14), ïîëó÷èì ñ ó÷¼òîì (12)

Mα = − (
λE + εP

)
. (15)

Ïîñêîëüêó det M 6= 0, òî èç (15) èìååì

α = −M
−1 (

λE + εP
)
. (16)
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Äàëåå íà îñíîâàíèè (16) íàõîäèì

C(t) =
[
−RT (t)M−1(λE + εP ) + β(t)

]
Φ−1(t), (17)

N (t) = εP (t)−M (t)M
−1 (

λE + ε P (t)
)

+ R (t) β (t)

èëè
N (t) = ε

[
P (t)−M (t) M

−1
P

]
− λM (t) M

−1 + R (t) β (t) . (18)

Âûïîëíèâ îöåíêó ïî íîðìå â (18), ïîëó÷èì

‖N (t)‖ ≤ |ε|a + λµ + ‖R (t)‖‖β (t)‖.
Ïóñòü λ äîñòàòî÷íî ìàëî, ò. å. 0 < λ < λ0. Òîãäà âûïîëíåíèå íåðàâåíñòâà (10) ÿâëÿåòñÿ

äîñòàòî÷íûì óñëîâèåì àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñèñòåìû (13) ïðè β = 0.
Ïóñòü β (t) (β (t) 6≡ 0) � ìàòðèöà, óäîâëåòâîðÿþùàÿ óñëîâèþ (12). Òîãäà ñèñòåìà (13) òàêæå

áóäåò àñèìïòîòè÷åñêè óñòîé÷èâîé, åñëè β (t) ïî íîðìå äîñòàòî÷íî ìàëà ‖β (t)‖ < ρ .
Ñîãëàñíî íåðàâåíñòâó (10) âåëè÷èíó ρ ìîæíî âûðàçèòü ÷åðåç èñõîäíûå äàííûå ñèñòåìû (6)

ñëåäóþùèì îáðàçîì. Ðàññìîòðèì ëèíåéíóþ ñèñòåìó
dz

dt
= K (t) z, (19)

ãäå K (t) = ε
[
P (t)−M (t) M

−1
P

]
− λM (t) M

−1 + R (t) β (t) .

Âñëåäñòâèå ïîä÷èíåííîñòè ìàòðèöû β (t) óñëîâèþ (12) èìååì K = −λE. Ïîñêîëüêó
‖K (t)‖ ≤ |ε|a + λµ + rβ , ãäå r = max

0≤t≤ω
‖R (t)‖, β̃ = max

0≤t≤ω
‖β (t)‖, òî ñîãëàñíî ëåììå âûïîë-

íåíèå íåðàâåíñòâà
ω

(
|ε|a + λµ + rβ̃

)
<

2

1 +
√

1 +
2

λω

(20)

ÿâëÿåòñÿ äîñòàòî÷íûì óñëîâèåì àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñèñòåìû (19) ïðè äîñòàòî÷íî
ìàëûõ λ, |ε|.

Èç (20) ïîëó÷àåì

β̃ <
1
r




2

1 +
√

1 +
2

λω

− λµ − |ε|a


 .

Òåîðåìà äîêàçàíà.
Ç àì å ÷ à í è å 1. Èç íåðàâåíñòâà (10) íåòðóäíî íàéòè îöåíêó îáëàñòè |ε| < ε0, â êîòîðîé

ñèñòåìà (6) ñòàáèëèçèðóåìà ïðè β (t) ≡ 0.

Äåéñòâèòåëüíî, ïîñêîëüêó íåðàâåíñòâî µλω <
2

1 +
√

1 +
2

λω

âûïîëíÿåòñÿ ïðè 0 < λ <

2
ωµ (µ + 2)

, òî ïðè ýòèõ çíà÷åíèÿõ λ èìååò ñìûñë íåðàâåíñòâî aω|ε| < 2

1 +
√

1 +
2

λω

−µ λω.

Îòñþäà íàõîäèì

|ε| < 1
aω

(
2

1 +
√

1 +
2

λω

− µλω

)
=

λ

a

(
2

λω +
√

λ2ω2 + 2λω
− µ

)
≡ ε0(λ).
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Ñë å ä ñ ò â è å 1. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû. Òîãäà ðåøåíèå y = yp (t) ñèñòåìû
(1) âûáîðîì óïðàâëåíèÿ (3) âñåãäà ìîæíî ñäåëàòü àñèìïòîòè÷åñêè óñòîé÷èâûì.

Äëÿ äîêàçàòåëüñòâà ñëåäñòâèÿ äîñòàòî÷íî ñîñëàòüñÿ íà ëåììó è òåîðåìó Ëÿïóíîâà [6, c.294].
Î÷åâèäíî, ïðîãðàììíîå äâèæåíèå y = yp(t) ñòàáèëèçèðóåòñÿ óïðàâëåíèåì

v − vP (t) =
[
−RT (t) M

−1 (
λE + εP

)
+ β (t)

]
Φ−1 (t) (y − yP (t)) .

Â õîäå äîêàçàòåëüñòâà òåîðåìû äàí êîíñòðóêòèâíûé ìåòîä ïîñòðîåíèÿ óïðàâëåíèÿ
v − vP (t) , ïðè ýòîì êîýôôèöèåíòû óñèëåíèÿ Cij (i = 1, ..., r; j = 1, ..., n) îïðåäåëÿþòñÿ â çà-
ìêíóòîé ôîðìå ÷åðåç ýëåìåíòû ìàòðèö A0, B è Q.

Ñ ïîìîùüþ ðàçðàáîòàííîãî ìåòîäà ìîæíî ñòðîèòü ñåìåéñòâà ñòàáèëèçèðóþùèõ óïðàâëåíèé
äëÿ ïðîèçâîëüíûõ ïðîãðàììíûõ äâèæåíèé. Äàííûé ìåòîä îðèåíòèðîâàí íà ñèòóàöèþ, êîòî-
ðàÿ âñòðå÷àåòñÿ ïî÷òè âñåãäà, êîãäà êîíñòðóêòèâíûå ïàðàìåòðû îáúåêòà óïðàâëåíèÿ èçâåñòíû
íåòî÷íî.

Ç àì å ÷ à í è å 2. Ñâîáîäà âûáîðà ïàðàìåòðà λ è ìàòðèöû β(t) ìîæåò áûòü èñïîëüçî-
âàíà ïðè ðåøåíèè çàäà÷ ïðàêòè÷åñêîé ðåàëèçàöèè ïîëó÷åííûõ çàêîíîâ óïðàâëåíèÿ, íàïðèìåð,
ïðè ïîëó÷åíèè îöåíîê íîðìû óïðàâëåíèÿ è íîðìû ôàçîâîãî âåêòîðà çàìêíóòîé ñèñòåìû, ïðè
âû÷èñëåíèè âåëè÷èíû äëèòåëüíîñòè ïåðåõîäíîãî ïðîöåññà, ñêîðîñòè çàòóõàíèÿ è äð.

Öèòèðîâàííàÿ ëèòåðàòóðà

1. Çóáîâ Â.È. Àíàëèòè÷åñêàÿ äèíàìèêà ãèðîñêîïè÷åñêèõ ñèñòåì. Ì., 1970.
2. Êàïðàíîâ Ì.Â., Êóëåøîâ Â.Í., Óòêèí Ã.Ì. Òåîðèÿ êîëåáàíèé â ðàäèîòåõíèêå. Ì.,

Íàóêà, 1984, 320 ñ.
3. ×åðíîóñüêî Ô.Ë., Àêóëåíêî Ë.Ä., Ñîêîëîâ Á.Í. Óïðàâëåíèå êîëåáàíèÿìè. Ì., 1980.
4. Ñàìîéëåíêî À.Ì., Êåíæåáàåâ Ê., Ëàïòèíñêèé Â.Í. Êîìïëåêñíîå èññëåäîâàíèå ïåðèî-

äè÷åñêèõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. (Ïðåïð./ ÍÀÍ Óêðàèíû. Èí-ò ìàòåìàòèêè; 95.1).Êèåâ,
1995.

5. Çóáîâ Â.È. Ëåêöèè ïî òåîðèè óïðàâëåíèÿ. Ì., 1975.
6. Äåìèäîâè÷ Á.Ï. Ëåêöèè ïî ìàòåìàòè÷åñêîé òåîðèè óñòîé÷èâîñòè. Ì., 1967.
7. Àõìåòîâà À.Ó. // Èçâåñòèÿ ÍÀÍ ÐÊ. 2003. �5. C.101�105.

Ïîñòóïèëà â ðåäàêöèþ 27.02.2004 ã.

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 1 (11)



Ìàòåìàòè÷åñêèé æóðíàë. Àëìàòû. 2004. Òîì 4. � 1 (11) . C. 17 � 20

ÓÄÊ 517.5

Î ÍÀÈËÓ×ØÈÕ N-×ËÅÍÍÛÕ ÏÐÈÁËÈÆÅÍÈßÕ
ÂÑÏËÅÑÊÀÌÈ Â ÑÌÅØÀÍÍÎÉ ÍÎÐÌÅ

Ä. Á. Áàçàðõàíîâ

Èíñòèòóò ìàòåìàòèêè ÌÎ è Í ÐÊ
480100 ã.Àëìàòû óë.Ïóøêèíà, 125 dauren@math.kz

Çäåñü ïðåäëîæåíà êðàòíàÿ ñèñòåìà âñïëåñêîâ, óñòàíîâëåíû åå áåçóñëîâíàÿ áàçèñíîñòü â
ëåáåãîâûõ ïðîñòðàíñòâàõ ñî ñìåøàííîé íîðìîé è ñóùåñòâîâàíèå ýëåìåíòà íàèëó÷øåãî N-÷ëåí-
íîãî ïðèáëèæåíèÿ ïî íåé â ýòèõ ïðîñòðàíñòâàõ.

1. Ââåäåíèå. Â ýòîé çàìåòêå ìû ïðåäëàãàåì áåçóñëîâíûé áàçèñ − êðàòíóþ ñèñòåìó
âñïëåñêîâ Ψd,x (îïðåäåëåíèå ñì â ðàçä. 2) − äëÿ ïðîñòðàíñòâà Lp(Rd) ïðè p ∈ (1,∞)d è
óñòàíàâëèâàåì ñóùåñòâîâàíèå ýëåìåíòà íàèëó÷øåãî N-÷ëåííîãî ïðèáëèæåíèÿ (îïðåäåëåíèå ñì.
â ðàçä. 4) ïî íåé.

2. Îïðåäåëåíèå ñèñòåìû âñïëåñêîâ. Ñíà÷àëà ââåäåì íåîáõîäèìûå îïðåäåëåíèÿ è îáî-
çíà÷åíèÿ. Ïóñòü N,Z,R,C � ìíîæåñòâà íàòóðàëüíûõ, öåëûõ, âåùåñòâåííûõ è êîìïëåêñíûõ
÷èñåë, ñîîòâåòñòâåííî; N0 = N ∪ {0}; d ∈ N, Rd− d-ìåðíîå âåùåñòâåííîå åâêëèäîâî ïðîñòðàí-
ñòâî.

Ïóñòü Lp(R), p ∈ [1,∞]− ïðîñòðàíñòâî âñåõ èçìåðèìûõ ôóíêöèé f : R→ C, ñóììèðóåìûõ
â p-é ñòåïåíè (ïðè p = ∞ ñóùåñòâåííî îãðàíè÷åííûõ) íà R, ñî ñòàíäàðòíîé íîðìîé ‖ f | Lp‖.

Äëÿ ôóíêöèè f : R→ C ïîëîæèì fk,j (x) := 2k/2f(2kx− j) (k, j ∈ Z).
Äàëåå, ïóñòü Lp(Rd), p = (p1, . . . , pd) ∈ [1,∞]d− ïðîñòðàíñòâî âñåõ èçìåðèìûõ ôóíêöèé

f : Rd → C ñ êîíå÷íîé ñìåøàííîé (âåêòîðíîé) íîðìîé ‖ f | Lp‖ = ‖ (· · · ‖ f | Lp1‖ · · · ) | Lpd
‖

(çäåñü íîðìà ‖ · | Lpj‖ ïðèìåíÿåòñÿ ïî j-é ïåðåìåííîé). Åñëè p1 = · · · = pd =: p, òî ïîëîæèì
Lp(Rd) := Lp(Rd).

Íàïîìíèì îïðåäåëåíèå êðàòíîìàñøòàáíîãî àíàëèçà (ÊÌÀ).
Ïîñëåäîâàòåëüíîñòü V = { Vk }k∈Z ïîäïðîñòðàíñòâ ïðîñòðàíñòâà L2(R) íàçûâàåòñÿ ÊÌÀ,

åñëè

i) Vk ⊂ Vk+1, k ∈ Z;

ii)
⋃

k∈Z Vk = L2(R);

Keywords: best N-term approximation, wavelet, mixed norm
2000 Mathematics Subject Classi�cation: 41A45, 26B40
c
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iii)
⋂

k∈Z Vk = { 0 };
iv) f(x) ∈ Vk ⇔ f(2x) ∈ Vk+1, k ∈ Z;

v) ñóùåñòâóåò ôóíêöèÿ φ ∈ L2(R) òàêàÿ, ÷òî ñèñòåìà { φ(x− j) }j∈Z ÿâëÿåòñÿ îðòîíîðìè-
ðîâàííûì áàçèñîì â V0.

Ôóíêöèÿ φ íàçûâàåòñÿ ìàñøòàáíîé ôóíêöèåé ÊÌÀ V.
Ñîãëàñíî òåîðèè âñïëåñêîâ (ñì., íàïðèìåð, [1, ãë.7]) ñóùåñòâóåò ôóíêöèÿ ϕ, íàçûâàåìàÿ

âñïëåñêîì, ïîðîæäåííûì ÊÌÀ V, òàêàÿ, ÷òî ñèñòåìà { ϕk,j }j∈Z îáðàçóåò îðòîíîðìèðîâàííûé
áàçèñ â Wk = Vk+1ªVk, îðòîãîíàëüíîì äîïîëíåíèè ïðîñòðàíñòâà Vk â Vk+1, äëÿ ëþáîãî k ∈ Z.
Êàê ñëåäñòâèå, ñèñòåìà { φ0,l(l ∈ Z), ϕk,j(k ∈ N0, j ∈ Z)} ÿâëÿåòñÿ îðòîíîðìèðîâàííûì áàçèñîì
â L2(R).

×åðåç Ed îáîçíà÷èì ñîâîêóïíîñòü âñåõ âåðøèí åäèíè÷íîãî êóáà [0, 1]d ïðîñòðàíñòâà Rd, ò.å.
Ed = {ε = (ε1, . . . , εd) : εk ∈ {0, 1}, k = 1, . . . , d}, Ed∗ = Ed \ {0} (çäåñü 0 = (0, . . . , 0) ∈ Rd).

Äëÿ ε ∈ E îïðåäåëèì ôóíêöèþ ψ(�) : Rd → C ñëåäóþùèì îáðàçîì

ψ(�)(x) =
d∏

i=1

ψ(εi)(xi)

(çäåñü ψ(0) = φ, ψ(1) = ϕ).
×åðåç Dd îáîçíà÷èì ñîâîêóïíîñòü âñåõ äèàäè÷åñêèõ êóáîâ Qd ïðîñòðàíñòâà Rd, ÷åé îáúåì

|Qd| íå ïðåâîñõîäèò 1; äëÿ ïðîèçâîëüíîãî êóáà Qd ∈ Dd,

Qd = Qd,k,m = {x ∈ Rd : mj ≤ 2kxj < mj + 1, j = 1, . . . , d}

è äëÿ ëþáîãî ε ∈ Ed ïîëîæèì ψ
(�)
Qd

(x) := ψ
(�)
k (x−m) :=

∏d
i=1 ψ

(εi)
k,mi

(xi).
Ñîâîêóïíîñòü

Ψd,x(φ, ϕ) = {ψ(0)
Qd

(x) : Qd ∈ Dd, |Qd| = 1} ∪ {ψ(�)
Qd

(x) : Qd ∈ Dd, |Qd| ≤ 1, ε ∈ E∗d}

íàçîâåì ñèñòåìîé (d-ìåðíûõ) âñïëåñêîâ, ïîðîæäåííîé (îäíîìåðíûì) ÊÌÀ V.
Ôèêñèðóåì n ∈ N, n ≤ d. Ïîëîæèì ed = {1, . . . , d}. Äëÿ ïðîèçâîëüíîãî ïîäìíîæåñòâà

e ⊂ ed îáîçíà÷èì ÷åðåç |e| êîëè÷åñòâî åãî ýëåìåíòîâ è äëÿ x = (x1, . . . , xd) ∈ Rd ïîëîæèì
x(e) = (xj1 , . . . , xj|e|) ∈ R|e| (çäåñü ∅ 6= e = {1 ≤ j1 < . . . < j|e| ≤ d}). Äàëåå ôèêñèðóåì
ðàçáèåíèå e = {e(1), . . . , e(n)} ìíîæåñòâà ed (ò.e. ed = ∪n

j=1e
(j), e(j)∩e(k) = ∅ ïðè j 6= k, e(j) 6= ∅,

j ∈ en) è ïîëîæèì dj = |e(j)|, j ∈ en è d = (d1, . . . , dn). Ðàäè óäîáñòâà ïèøåì x = (x1, . . . ,xn),
ãäå xj = x(e(j)) ∈ Rdj , j ∈ en äëÿ ëþáîãî x ∈ Rd.

Îáîçíà÷èì ÷åðåç Dd ñîâîêóïíîñòü âñåõ äèàäè÷åñêèõ ïàðàëëåëåïèïåäîâ Q èç Rd âèäà Q =
Qd1 × · · · ×Qdn , ãäå Qdi ∈ Ddi , i = 1, . . . , n.

Âûáåðåì n ÊÌÀ Vi è ñîîòâåòñòâóþùèå èì ìàñøòàáíûå ôóíêöèè φi è âñïëåñêè ϕi (i =
1, . . . , n).

Òåíçîðíîå ïðîèçâåäåíèå Ψd,x := Ψd,x(φ1, ϕ1; . . . ;φn, ϕn) ñèñòåì Ψdi,xi(φi, ϕi) (i = 1, . . . , n)
íàçîâåì êðàòíîé (d-ìåðíîé) ñèñòåìîé âñïëåñêîâ. Òàêèì îáðàçîì, êðàòíàÿ ñèñòåìà ìîæåò áûòü
ïðåäñòàâëåíà â ñëåäóþùåì âèäå

Ψd,x := Ψd,x(φ1, ϕ1; . . . ; φn, ϕn) :=

⋃
e⊂en

{∏

i∈e

ψ
(0)
i;Qdi

(xi)
∏

i∈e

ψ
(�i)
i;Qdi

(xi) : Q ∈ Dd, |Qdi | = 1, i ∈ e; εi ∈ Edi∗ , i ∈ e

}
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(çäåñü 0 ∈ Rdi (i ∈ e), εi ∈ Edi (i ∈ e); e = en \ e).
Âñþäó äàëåå áóäåì ïðåäïîëàãàòü, ÷òî äëÿ i = 1, . . . , n âûïîëíåíû íåðàâåíñòâà |ϕi(x)| ≤

ωi(x), x ∈ R, ãäå ÷åòíûå, íåîòðèöàòåëüíûå, íåâîçðàñòàþùèå íà [0,∞) ôóíêöèè ωi ∈ L∞(R)
óäîâëåòâîðÿþò óñëîâèÿì ∫ ∞

0
ωi(x) ln(1 + x)dx < ∞.

3. Áåçóñëîâíûå áàçèñû âñïëåñêîâ â Lp(Rd). Ñïðàâåäëèâà ñëåäóþùàÿ

Òå î ð åì à 1. Ïóñòü p = (p1, . . . , pd) ∈ (1,∞)d. Òîãäà êðàòíàÿ ñèñòåìà âñïëåñêîâ Ψd,x

ÿâëÿåòñÿ áåçóñëîâíûì áàçèñîì äëÿ ïðîñòðàíñòâà Lp(Rd).

Ç àì å ÷ à í è å 1. Ïî áàçèñàì âñïëåñêîâ â ðàçëè÷íûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ èìå-
åòñÿ îáøèðíàÿ áèáëèîãðàôèÿ, ïîäðîáíåå ñì., íàïðèìåð, [2], [3], [1]. Íåïîñðåäñòâåííî ïî òåî-
ðåìå 1 îòìåòèì, ÷òî îíà ïðè d = n = 1 äîêàçàíà â [1] (ñì. òàì òåîðåìó 10 ãë.7), à ïðè
d = n > 1 åå íåòðóäíî âûâåñòè èç ýòîãî ðåçóëüòàòà. Â ñëó÷àå d > n = 1, p1 = . . . = pd

ïðè áîëåå æåñòêèõ óñëîâèÿõ íà ÊÌÀ îíà óñòàíîâëåíà â [2]. ×àñòíûé ñëó÷àé òåîðåìû 1 ñ
φ1 = . . . = φn = φM , ϕ1 = . . . = ϕn = ϕM , ãäå φM è ϕM− ìàñøòàáíàÿ ôóíêöèÿ è âñïëåñê
Ìåéåðà, è e(j) = {i(j)+1, . . . , i(j)+dj}, ãäå i(1) = 0, i(j) = d1 + . . .+dj−1, j = 2, . . . , n, ïðèâåäåí
â [4] (òàì æå ñì. äîïîëíèòåëüíûå ññûëêè).

4. Î íàèëó÷øèõ N-÷ëåííûõ ïðèáëèæåíèÿõ. Ïóñòü X− (êîìïëåêñíîå) ëèíåéíîå
íîðìèðîâàííîå ïðîñòðàíñòâî ñ íîðìîé ‖ · ‖X , Φ = {ϕm}m∈N− ïðîèçâîëüíàÿ ñèñòåìà ýëåìåíòîâ
X. Äëÿ ýëåìåíòà f ∈ X ââåäåì âåëè÷èíó

σN (f, Φ, X) = inf{‖f −
N∑

j=1

ajϕkj‖X : aj ∈ C, kj ∈ N (j = 1, . . . , N)},

êîòîðàÿ íàçûâàåòñÿ íàèëó÷øèì N-÷ëåííûì ïðèáëèæåíèåì ýëåìåíòà f ïî ñèñòåìå Φ (â ïðî-
ñòðàíñòâå X). Ïîëèíîì

gN (f) =
N∑

j=1

aj(f)ϕkj(f),

äëÿ êîòîðîãî âûïîëíÿåòñÿ ðàâåíñòâî

‖f − gN (f)‖X = σN (f, Φ, X),

(åñëè òàêîâîé ñóùåñòâóåò) íàçûâàåòñÿ ýëåìåíòîì íàèëó÷øåãî N-÷ëåííîãî ïðèáëèæåíèÿ äëÿ
f (ïî ñèñòåìå Φ).

Òå î ð åì à 2. Ïóñòü p = (p1, . . . , pd) ∈ [1,∞]d, N ∈ N. Òîãäà äëÿ ëþáîé ôóíêöèè ïðî-
ñòðàíñòâà Lp(Rd) ñóùåñòâóåò ýëåìåíò íàèëó÷øåãî N-÷ëåííîãî ïðèáëèæåíèÿ ïî ñèñòåìå
Ψd,x.

Ç àì å ÷ à í è å 2. Êàê îòìå÷àåòñÿ â [5], ñóùåñòâîâàíèå ýëåìåíòà íàèëó÷øåãî N-÷ëåííîãî
ïðèáëèæåíèÿ ïî êðàòíîé ñèñòåìå Õààðà (ñ n = d) â ïðîñòðàíñòâå Lp([0, 1]d) (p ∈ [1,∞])
äîêàçàíî â [6].
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Â ðàáîòå ðàññìàòðèâàþòñÿ ñëåäóþùèå ìîäåëüíûå çàäà÷è äëÿ ýëëèïòè÷åñêèõ óðàâ-
íåíèé â ïîëóïðîñòðàíñòâå Rn

+ = {x |x′ = (x1, . . . , xn−1) ∈ Rn−1, xn > 0}:
çàäà÷à Äèðèõëå ( Çàäà÷à I)

∆u− cu = f(x), x ∈ Rn
+, (1)

u|xn=0 = ϕ(x′), (2)

ãäå ∆ := ∂2
xn

+ . . . + ∂2
xn

� îïåðàòîð Ëàïëàñà, c ≥ 0;
çàäà÷à ñ íàêëîííîé ïðîèçâîäíîé (Çàäà÷à II)

∆u− cu = f(x), x ∈ Rn
+, (3)

b∇u− b0 u|xn=0 :=
n∑

i=1

bi∂xiu− b0u|xn=0 = ϕ(x′), (4)

ãäå b = (b1, . . . , bn) = (b′, bn), ∇ := (∂x1 , . . . , ∂xn) = (∇′, ∂xn), c ≥ 0, bn > 0, b0 ≥ 0.

Èçâåñòíû òî÷íûå ðåøåíèÿ çàäà÷ Äèðèõëå è Íåéìàíà äëÿ óðàâíåíèé Ëàïëàñà è Ïóàññîíà
â ïîëóïðîñòðàíñòâå xn > 0 â âèäå ïîòåíöèàëîâ [1�5]. Íàïðèìåð, ïîòåíöèàëû äâîéíîãî ñëîÿ ñ
îãðàíè÷åííîé ïëîòíîñòüþ ϕ è ïðîñòîãî ñëîÿ ñ ôèíèòíîé ϕ ÿâëÿþòñÿ ðåøåíèÿìè çàäà÷ Äè-
ðèõëå è Íåéìàíà, ñîîòâåòñòâåííî, äëÿ óðàâíåíèÿ Ëàïëàñà â ïîëóïðîñòðàíñòâå [1,3]; îáúåìíûé
ïîòåíöèàë

∫
Ω f(y)Γ(x − y)e−

√
c|x−y|dy, ãäå c ≥ 0, Γ � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ

Ëàïëàñà, óäîâëåòâîðÿåò óðàâíåíèþ (1) â îáëàñòè Ω [2,4,5]. Òî÷íîå ðåøåíèå Çàäà÷è II äëÿ óðàâ-
íåíèÿ Ëàïëàñà ñ ãðàíè÷íîé ôóíêöèåé ϕ(x′), ðàâíîé íóëþ, ïîñòðîåíî â [4].

Â ìîíîãðàôèè Ñ.Ä.Ýéäåëüìàíà [6] ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèÿ ýëëèïòè÷åñêîé ñè-
ñòåìû áûëà ïîëó÷åíà êàê ïðåäåë èíòåãðàëà

∫ t
0 G(x, β) dβ ïðè t → ∞ îò ôóíäàìåíòàëüíîé

Keywords: boundary value problem, elliptic equation, asymptotic solution, unfounded domain
2000 Mathematics Subject Classi�cation: 35J25, 35C05, 35B40
c
 Ã. È. Áèæàíîâà, 2004.
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ìàòðèöû G(x, t) ðåøåíèÿ ñîîòâåòñòâóþùåé ïàðàáîëè÷åñêîé ñèñòåìû. Ýòîò ìåòîä ïîçâîëÿåò ïî-
ñòðîèòü òî÷íûå ðåøåíèÿ Çàäà÷ I, II â ïîëóïðîñòðàíñòâå â âèäå òåïëîâûõ ïîòåíöèàëîâ, èçó÷èòü
èõ â êëàññàõ ôóíêöèé, ðàñòóùèõ íà áåñêîíå÷íîñòè ýêñïîíåíöèàëüíî è ïî ñòåïåííîìó çàêîíó.
Ïîñòðîåííûå ðåøåíèÿ â ÿâíîì âèäå ïîçâîëÿþò ïîíÿòü ðîëü êîýôôèöèåíòîâ c, b, b0 â îáåñïå-
÷åíèè ñóùåñòâîâàíèÿ ðåøåíèé (ñõîäèìîñòè íåñîáñòâåííûõ èíòåãðàëîâ), èçó÷èòü àñèìïòîòè÷å-
ñêîå ïîâåäåíèå ðåøåíèé íà áåñêîíå÷íîñòè â çàâèñèìîñòè îò çàäàííûõ ãðàíè÷íîé ôóíêöèè ϕ
è ïðàâîé ÷àñòè óðàâíåíèÿ f . Èññëåäîâàíèþ àñèìïòîòèêè ðåøåíèé ýëëèïòè÷åñêèõ çàäà÷ ïðè
|x| → ∞ ïîñâÿùåíî áîëüøîå ÷èñëî ðàáîò. Êàê ïðàâèëî, çàäà÷è ðàññìàòðèâàþòñÿ ëèáî â öèëèí-
äðè÷åñêîé îáëàñòè (íåîãðàíè÷åííîé ïî îäíîé ïðîñòðàíñòâåííîé ïåðåìåííîé), ëèáî â ñëîå (îáëà-
ñòè, îãðàíè÷åííîé ïî îäíîé ïåðåìåííîé). Óêàæåì ñòàòüþ Þ.Â.Åãîðîâà, Â.À.Êîíäðàòüåâà "Îá
àñèìïòîòèêå ðåøåíèé ïàðàáîëè÷åñêèõ è ýëëèïòè÷åñêèõ çàäà÷ â íåîãðàíè÷åííûõ îáëàñòÿõ"ñ
èñ÷åðïûâàþùåé áèáëèîãðàôèåé ïî ýòîìó âîïðîñó [7].

Â íàñòîÿùåé ñòàòüå áóäóò ïîñòðîåíû òî÷íûå ðåøåíèÿ Çàäà÷ I, II ïðè ïîìîùè ïðåîáðà-
çîâàíèé Ôóðüå è Ëàïëàñà, óñòàíîâëåíû àñèìïòîòè÷åñêèå ïðåäñòàâëåíèÿ ðåøåíèÿ Çàäà÷è I ñ
ïðàâîé ÷àñòüþ óðàâíåíèé f(x), ðàâíîé eβ|x|, β > 0 èëè |x|γ , γ > 0, è ñ ãðàíè÷íîé ôóíêöèåé
ϕ = eβ|x′|, β > 0 èëè ϕ = |x|γ , γ > 0 (Òåîðåìà 3). Âî âòîðîé ÷àñòè ñòàòüè áóäåò ïîñòðîåíî â
ÿâíîì âèäå ðåøåíèå çàäà÷è ñîïðÿæåíèÿ äëÿ ýëëèïòè÷åñêèõ óðàâíåíèé (Çàäà÷è III), ïîëó÷åíû
ôîðìóëû, óñòàíàâëèâàþùèå àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèé Çàäà÷ II, III ïðè |x| → ∞.

Ðàññìîòðèì ïàðàáîëè÷åñêèå çàäà÷è, ñîîòâåòñòâóþùèå çàäà÷àì (1), (2) è (3), (4) äëÿ óðàâ-
íåíèÿ

∂tv −∆v + cv = g(x, t), x ∈ Rn
+, t > 0 (5)

ñ íóëåâûì íà÷àëüíûì óñëîâèåì
v|t=0 = 0 (6)

è ñ óñëîâèåì Äèðèõëå
v|xn=0 = ψ(x′, t) (7)

èëè ñ íàêëîííîé ïðîèçâîäíîé
n∑

i=1

bi∂xiv − b0v|xn=0 = ψ(x′, t). (8)

Ïðèìåíèì ê ýòèì çàäà÷àì èíòåãðàëüíûå ïðåîáðàçîâàíèÿ Ëàïëàñà ïî t è Ôóðüå ïî x′

ṽ(s′, p) =
1

(2π)
n−1

2

∫ ∞

0
e−ptdt

∫

Rn−1

v(x′, t)e−ix′s′dx′.

Èç óðàâíåíèÿ (5) ïðè óñëîâèè (6) ìû íàéäåì ðåøåíèå â âèäå

ṽ(s′, xn, p) =
1
2r

∫ ∞

0
g̃(s′, yn, p)e−r|xn−yn|dyn + χ(s′, p)e−rxn , (9)

ãäå r2 = p + s′2 + c, χ � íåèçâåñòíàÿ ôóíêöèÿ. Îïðåäåëèâ åå èç ãðàíè÷íûõ óñëîâèé (7) èëè
(8) è ïîäñòàâèâ â ôîðìóëó (9), áóäåì èìåòü ðåøåíèÿ â îáëàñòè èçîáðàæåíèé Ëàïëàñà è Ôóðüå
çàäà÷è (5)�(7)

ṽ = ψ̃ e−rxn +
1
2r

∫ ∞

0
g̃(s′, yn, p)[e−r|xn−yn| − e−r(xn+yn)]dyn (10)

è çàäà÷è (5), (6), (8)

ṽ = −ψ̃(s′, p)
∫ ∞

0
e−r(xn+bnσ)−(b0−ib′s′)σdσ +

1
2r

∫ ∞

0
g̃(s′, yn, p)[e−r|xn−yn| + e−r(xn+yn)]dyn+
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+(ib′s′ − b0)
1
r

∫ ∞

0
dσ

∫ ∞

0
g̃(s′, yn, p)e−r(xn+yn+bnσ)−(b0−ib′s′)σdyn. (11)

Çäåñü b′s′ = b1s1 + . . . + bn−1sn−1.
Ïðè âûâîäå ôîðìóëû (11) áûëî òàêæå èñïîëüçîâàíî ïðåäñòàâëåíèå äðîáè â âèäå

1
bnr + b0 − ib′s′

=
∫ ∞

0
e−bnrσ−(b0−ib′s′)σdσ

íà îñíîâàíèè óñëîâèÿ Re(bnr + b0 − ib′s′) > 0.
Ïðèìåíÿÿ òàáëè÷íûå ôîðìóëû îáðàòíûõ ïðåîáðàçîâàíèé Ëàïëàñà è Ôóðüå [8] ê ôóíêöèÿì

(10), (11), ìû ïîëó÷èì ðåøåíèÿ ïàðàáîëè÷åñêèõ çàäà÷ (5)�(7)

v(x, t) = −2
∫ t

0
dτ

∫

Rn−1

ψ(y′, t− τ)Γxn(x′ − y′, xn, τ)e−cτ dy′+

+
∫ t

0
dτ

∫

Rn
+

g(y, t− τ)[Γ(x− y, τ)− Γ(x′ − y′, xn + yn, τ)]e−cτdy

(12)

è (5), (6), (8)

v(x, t) = 2
∫ t

0
dτ

∫

Rn−1

ψ(y′, t− τ) dy′
∫ ∞

0
e−b0σΓxn(x′ − y′ + b′σ, xn + bnσ, τ)e−cτ dσ+

+
∫ t

0
dτ

∫

Rn
+

g(y, t− τ)[Γ(x− y, τ)− Γ(x′ − y′, xn + yn, τ)]e−cτdy− (13)

−2 bn

∫ t

0
dτ

∫

Rn
+

g(y, t− τ) dy′
∫ ∞

0
e−b0σ Γ(x′ − y′ + b′σ, xn + yn + bnσ, τ)e−cτ dσ,

ãäå Γ(x, t) � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ òåïëîïðîâîäíîñòè ∂tv(x, t)−∆v(x, t) = 0,

Γ(x, t) =
1

(2
√

πt)n
e−x2/4t.

Â ôîðìóëàõ (12), (13) ïîëîæèì ψ(y′, t − τ) = ϕ(y′), g(y, t − τ) = −f(y) è óñòðåìèì t ê ∞.
Â ðåçóëüòàòå ïîëó÷èì ôóíêöèè

u(x) =
∫

Rn−1

ϕ(y′) d y′
∫ ∞

0

(− 2Γxn(x′ − y′, xn, τ)
)
e−cτ d τ−

−
∫

Rn
+

f(y)dy

∫ ∞

0
[Γ(x− y, τ)− Γ(x′ − y′, xn + yn, τ)]e−cτdτ := v1 − v2

(14)

è

u(x) = −
∫

Rn−1

ϕ(y′)dy′
∫ ∞

0
e−b0σ dσ

∫ ∞

0

(− 2Γxn(x′ − y′ + b′σ, xn + bnσ, τ)
)
e−cτ dτ−

−
∫

Rn
+

f(y)dy

∫ ∞

0
[Γ(x− y, τ)− Γ(x′ − y′, xn + yn, τ)]e−cτdτ−

−bn

∫

Rn
+

f(y)dy

∫ ∞

0
e−b0σdσ

∫ ∞

0

(− 2Γxn(x′ − y′ + b′σ, xn + yn + bnσ, τ)
)
e−cτdτ :=

:= −v3 − v2 − bnv4.

(15)

Ïîêàæåì, ÷òî ôóíêöèè (14) è (15) ÿâëÿþòñÿ ðåøåíèÿìè ýëëèïòè÷åñêèõ çàäà÷ (1),(2) è
(3),(4), ñîîòâåòñòâåííî.
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Ò å î ð å ì à 1. Ïóñòü c > 0. Ôóíêöèÿ u(x), îïðåäåëÿåìàÿ ôîðìóëîé (14), ÿâëÿåòñÿ
ðåøåíèåì çàäà÷è (1), (2).

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ôóíêöèþ (14) u = v1− v2. Ó÷èòûâàÿ, ÷òî Γ(x, τ)
ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøåíèåì óðàâíåíèÿ òåïëîïðîâîäíîñòè ∂τv(x, τ) − ∆v(x, τ) = 0,
ïîëó÷èì

(∆− c)v1 = −2
∫

Rn−1

ϕ(y′) dy′
∫ ∞

0

d

dτ

(
Γxn(x′ − y′, xn, τ) e−cτ

)
dτ = 0, (16)

−(∆− c)v2 = −
∫

Rn
+

f(y) dy

∫ ∞

0

d

dτ

(
Γ(x− y, τ)− Γ(x′ − y′, xn + yn, τ) e−cτ

)
dτ =

= lim
τ→0

∫

Rn
+

f(y)Γ(x− y, τ) e−cτ dy = f(x),
(17)

òî åñòü ôóíêöèÿ (14) ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (1). ×òîáû ïîêàçàòü, ÷òî îíà óäîâëåòâîðÿåò
ãðàíè÷íîìó óñëîâèþ (2), ïðåäñòàâèì ïëîòíîñòü ϕ(y′) â ïîòåíöèàëå v1 â âèäå ϕ(y′)−ϕ(x′)+ϕ(x′).
Òîãäà èíòåãðàë ñ ïëîòíîñòüþ ϕ(y′) − ϕ(x′) áóäåò ñòðåìèòüñÿ ê íóëþ ïðè xn → 0, êðîìå òîãî
v2(x) → 0 ïðè xn → 0 è ìû ïîëó÷èì

lim
xn→0

u(x) = lim
xn→0

v1 = −2ϕ(x′) lim
xn→0

∫

Rn−1

dy′
∫ ∞

0
Γxn(x′ − y′, xn, τ) e−cτ dτ.

Èíòåãðèðóÿ ïî y′, à çàòåì ê èíòåãðàëó ïî τ ïðèìåíÿÿ òàáëè÷íûé èíòåãðàë [9]
∫ ∞

0
e−a2t2−b2/z2

dt =
√

π

2a
e−2ab, a > 0, b > 0, (18)

áóäåì èìåòü

−2
∫

Rn−1

dy′
∫ ∞

0
Γxn(x′ − y′, xn, τ) e−cτ dτ =

∫ ∞

0

xn

2
√

πτ3
e−x2

n/(4τ)−cτ dτ = e−
√

cxn , (19)

òîãäà
lim

xn→0
u(x) = lim

xn→0
v1 = ϕ(x′). (20)

Òàêèì îáðàçîì, ôóíêöèÿ (14) óäîâëåòâîðÿåò òàêæå ãðàíè÷íîìó óñëîâèþ (2), òî åñòü îíà
ÿâëÿåòñÿ ðåøåíèåì Çàäà÷è I.

Ò å î ð å ì à 2. Ïóñòü c > 0, bn > 0, b0 ≥ 0. Ôóíêöèÿ u(x), îïðåäåëÿåìàÿ ôîðìóëîé (15),
ÿâëÿåòñÿ ðåøåíèåì çàäà÷è(3), (4).

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì ôóíêöèþ u = −v3 − v2 − bnv4 (15). Ôóíêöèè
v3, v4 óäîâëåòâîðÿþò îäíîðîäíûì óðàâíåíèÿì ∆vm− cvm = 0, m = 3, 4 òàêæå êàê è ôóíêöèÿ
v1 óäîâëåòâîðÿåò ðàâåíñòâó (16), à ôóíêöèÿ −v2 ÿâëÿåòñÿ ðåøåíèåì óðàâíåíèÿ (3) â ñèëó
ñîîòíîøåíèÿ (17).

Ïîäñòàâèì ïîòåíöèàë −v3 â ãðàíè÷íîå óñëîâèå (4) è ó÷òåì ñîîòíîøåíèå (20), òîãäà áóäåì
èìåòü

−(b∇− b0)v3 = 2
∫

Rn−1

ϕ(y′) dy′
∫ ∞

0
e−cτdτ

∫ ∞

0

d

dσ

(
Γxn(x′ − y′ + b′σ, xn + bnσ, τ)e−b0σ

)
dσ =

= −2
∫

Rn−1

ϕ(y′) dy′
∫ ∞

0
Γxn(x′−y′, xn, τ) e−cτ dτ = v1(x) → ϕ(x′), xn → 0.
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Ðàññìîòðèì ñóììó èíòåãðàëîâ −v2−bnv4 ñ ïëîòíîñòüþ f(x). Ïðèíèìàÿ âî âíèìàíèå î÷åâèäíûå
ðàâåíñòâà b′∇′v2|xn=0 = 0, v2|xn=0 = 0, ìû ïîëó÷èì

−(b∇− b0)(v2 + bnv4)|xn=0 =
(− bn∂xnv2 − (b∇− b0)v4

)|xn=0 =

= 2 bn

∫

Rn
+

f(y)dy

∫ ∞

0
Γyn(x′ − y′, yn, τ)e−cτdτ+

+2 bn

∫

Rn
+

f(y) dy

∫ ∞

0
e−cτdτ

∫ ∞

0

d

dσ

(
Γyn(x′ − y′ + b′σ, xn + yn + bnσ, τ) e−b0σ

)
dσ|xn=0 = 0.

Ìû ïîêàçàëè, ÷òî ôóíêöèÿ (15) äåéñòâèòåëüíî ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3) (4). ¤
Ïðåäñòàâèì ðåøåíèå Çàäà÷è I â âèäå, ïîçâîëÿþùåì îïðåäåëèòü àñèìïòîòè÷åñêîå ïîâåäåíèå

ðåøåíèÿ íà áåñêîíå÷íîñòè â çàâèñèìîñòè îò çàäàííûõ ôóíêöèé ϕ(x′) è f(x). Ïðè âûâîäå ýòèõ
ïðåäñòàâëåíèé ðåøåíèÿ íàì ïîòðåáóþòñÿ îöåíêè èíòåãðàëîâ, êîòîðûå óñòàíîâèì â ëåììàõ.

Ë å ì ì à 1. Ïóñòü a > 0, ω > 0, λ > 0, p > −1. Ñïðàâåäëèâû ñëåäóþùèå îöåíêè
èíòåãðàëîâ:

j(1)
p :=

∫ ∞

a
σpe−ωσ dσ ≤ maxp(1, ω)

1
ω1+p

p!(1 + a)pe−ωa, p− öåëîå, (21)

j(1)
p ≤ max1+p(1, ω)

1
ω2+p

(1 + [p])!(1 + 1/a)(1 + a)pe−ωa, p− íåöåëîå, (22)

j(2)
p :=

∫ ∞

0
(a + λσ)pe−ωσ dσ ≤ maxp(ω, λ)

1
ω1+p

p!(1 + a)p, p− öåëîå, (23)

j(2)
p ≤ max1+p(ω, λ)

1
ω2+p

(1 + [p])!(1 + 1/a)(1 + a)p, p− íåöåëîå. (24)

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü p � öåëîå íåîòðèöàòåëüíîå ÷èñëî. Â èíòåãðàëå
j
(1)
p ïðîèçâåäåì çàìåíó ïåðåìåííîé ωσ = z, ïðîèíòåãðèðóåì ïî ÷àñòÿì n ðàç è âîñïîëüçóåìñÿ
íåðàâåíñòâîì k! ≤ p!, k ≤ p, òîãäà áóäåì èìåòü

j(1)
p ≤ 1

ω1+p

∫ ∞

ωa
zpe−z dz =

1
ω1+p

p∑

k=0

p!
(p− k)!

(ωa)p−ke−ωa ≤ p!
ω1+p

p∑

k=0

p!
(p− k)!k!

(ωa)p−ke−ωa.

Ïðèâëåêàÿ ôîðìóëó áèíîìà Íüþòîíà

(α + β)p =
p∑

k=0

p!
(p− k)!k!

αkβp−k, (25)

ïîëó÷èì îöåíêó (21)

j(1)
p ≤ 1

ω1+p
p!(1 + ωa)pe−ωa ≤ maxp(1, ω)

1
ω1+p

p!(1 + a)pe−ωa.

Ïóñòü p � íåöåëîå ÷èñëî, áîëüøå −1. Ïðåäñòàâèì åãî â âèäå p = [p] + δ, δ ∈ (0, 1), [p] ≥ −1.
Èñïîëüçóÿ íåðàâåíñòâà (21) è ñëåäóþùåå (ωa)δ ≤ (1 + ωa)δ, áóäåì èìåòü îöåíêó (22)

j(1)
p ≤ 1

ω1+p

∫ ∞

ωa
z[p]+1−(1−δ)e−z dz ≤ 1

ω1+p(ωa)1−δ

∫ ∞

ωa
z[p]+1e−z dz ≤

≤ 1
ω2+p

(1 + [p])!1/a(1 + ωa)1+pe−ωa ≤ max1+p(1, ω)
1

ω2+p
(1 + [p])!(1 + 1/a)(1 + a)pe−ωa.
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Â èíòåãðàëå j
(2)
p ïðîèçâåäåì ïîäñòàíîâêó a + λσ = z

j(2)
p =

1
λ

∫ ∞

a
zpe−ωz/λ+ωa/λ dz.

Îòñþäà ïðè ïîìîùè îöåíîê (21), (22) ïîëó÷èì ôîðìóëû (23), (24). ¤
Ë å ì ì à 2. Ïóñòü a > 0, ω > 0. Ñïðàâåäëèâû ñëåäóþùèå îöåíêè èíòåãðàëîâ:

i(1)
p :=

∫ ∞

0
ρp 1√

ρ2 + a2
e−ω

√
ρ2+a2

dρ ≤

≤ maxp−1(1, ω)
1
ωp

(p− 1)!(1 + a)p−1 e−ωa, p ≥ 1, p− öåëîå,
(26)

i(1)
p ≤ maxp(1, ω)[p]!

1
ω1+p

(1 + 1/a)(1 + a)p−1e−ωa, p > 1, p− íåöåëîå, (27)

i(2)
p :=

∫ ∞

0
ρpe−ω

√
ρ2+a2

dρ ≤ max1+p(1, ω)
1

ω1+p
p!(1 + a)p+1e−ωa, p ≥ 0, p− öåëîå, (28)

i(2)
p ≤ max2+p(1, ω)

1
1 + p

(2 + [p])!
1

ω2+p
(1 + 1/a)(1 + a)1+pe−ωa, p > −1, p− íåöåëîå. (29)

Ä î ê à ç à ò å ë ü ñ ò â î. Â èíòåãðàëå i
(1)
p âîñïîëüçóåìñÿ íåðàâåíñòâîì ρ =

√
ρ2 ≤

≤
√

ρ2 + a2, ïðîèçâåäåì çàìåíó ïåðåìåííîé èíòåãðèðîâàíèÿ σ =
√

ρ2 + a2, òîãäà áóäåì èìåòü

i(1)
p ≤

∫ ∞

a
σp−1e−ωσ dσ.

Ïðèìåíåíèå íåðàâåíñòâ (21), (22) ñðàçó ïðèâîäèò ê òðåáóåìûì ôîðìóëàì (26), (27).
Ðàññìîòðèì èíòåãðàë i

(2)
p . Âçÿâ åãî ïî ÷àñòÿì, ìû ïîëó÷èì èíòåãðàë i

(1)
2+p

i(2)
p =

ω

1 + p

∫ ∞

0
ρ2+p 1√

ρ2 + a2
e−ω

√
ρ2+a2

dρ ≡ ω

1 + p
i
(1)
2+p.

Îòñþäà â ñèëó îöåíîê (26), (27) áóäåì èìåòü íåðàâåíñòâà (28), (29). ¤
Ë å ì ì à 3. Ïóñòü n � öåëîå ÷èñëî, n ≥ 1, A > 0. Äëÿ èíòåãðàëà

Jn :=
∫ ∞

0
zn−1e−z2−A2/z2

dz (30)

ñïðàâåäëèâû ñëåäóþùèå îöåíêè:

J1 =
√

π/2 e−2A, n = 1, (31)

Jn ≤
√

π2
n−3

2 (n− 2)!!A
n−1

2 (1 +
1

4A
)

n−1
2 e−2A, n = 2m + 1, (32)

Jn ≤
√

π2
n+4

2 (n− 1)!!An/2(1 +
1

4A
)1+n/2e−2A, n = 2m, (33)

ãäå m = 1, 2, . . ., (2m− 1)!! = 1 · 3 · . . . · (2m− 3) · (2m− 1).
Ä î ê à ç à ò å ë ü ñ ò â î. Ïðè n = 1, èñïîëüçóÿ òàáëè÷íûé èíòåãðàë (18), ñðàçó ïîëó÷èì

âûðàæåíèå (31).
Ïóñòü n > 1. Ïðèìåíèì ôîðìóëó [9; 3.478, 4.]

∫ ∞

0
tν−1e−βtp−γ/tp dt =

2
p

(γ

β

) ν
2p

Kν/p(2
√

βγ), Re β > 0, Re γ > 0,
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ãäå Kµ(z) � ôóíêöèÿ Ìàêäîíàëüäà (ôóíêöèÿ Áåññåëÿ ìíèìîãî àðãóìåíòà), ïîëîæèâ â íåé
p = 2, ν = n, β = 1, γ = A2, òîãäà áóäåì èìåòü

Jn = An/2 Kn/2(2A). (34)

Ôóíêöèÿ Ìàêäîíàëüäà Kn/2(z) âûðàæàåòñÿ â êîíå÷íîì âèäå òîëüêî ïðè èíäåêñàõ n/2 = m+1/2
ñ öåëûì ïîëîæèòåëüíûì m [9; 8.468]

Km+1/2(z) =
√

π

2z
e−z

m∑

k=0

(m + k)!
k!(m− k)!(2z)k

.

Îöåíèì ôóíêöèþ Km+1/2(z). Äëÿ ýòîãî ïðèìåíèì íåðàâåíñòâî (m + k)! ≤ (2m)! =
= 2mm!(2m− 1)!! è ôîðìóëó áèíîìà Íüþòîíà (25)

Km+1/2(z) ≤
√

π

2z
e−z2m(2m− 1)!!

m∑

k=0

m!
k!(m− k)!(2z)k

=

=
√

π/z2m−1/2 (2m + 1)!!
2m + 1

(1+
1
2z

)me−z.

(35)

Òîãäà èç ðàâåíñòâà (34) ïîëó÷èì îöåíêó (32) äëÿ n = 2m + 1.
Ïóñòü n = 2m, m ≥ 1. Ñâåäåì èíòåãðàë Jn ê èíòåãðàëó ñ íå÷åòíûì èíäåêñîì. Äëÿ ýòîãî

îöåíèì åãî, çàòåì ïðèìåíèì ôîðìóëó (34)

Jn ≤ (
∫ A

0
+

∫ ∞

A
)zn−1e−z2−A2/z2

dz ≤
∫ ∞

0
(Azn−2 +

1
A

zn)e−z2−A2/z2
dz =

= AJn−1 + 1/AJn+1 = A
n+1

2 Km−1+1/2(2A) + A
n−1

2 Km+1/2(2A)

Èñïîëüçóÿ îöåíêó (35) ôóíêöèè Ìàêäîíàëüäà, ïîëó÷èì òðåáóåìîå íåðàâåíñòâî (33)

Jn ≤
√

π2
n+2

2 (n− 1)!!An/2(1 +
1

4A
)1+n/2

(
1/23(1 +

1
4A

)−2 +
1

4A
(1 +

1
4A

)−1
) ≤

≤ √
π2

n+4
2 (n− 1)!!An/2(1 +

1
4A

)1+n/2.

Ñ ë å ä ñ ò â è å 1. Äëÿ èíòåãðàëà

In =
∫ ∞

0
(−2Γxn(ρ, xn + a, τ)) e−cτdτ ≡

∫ ∞

0

xn + a

(2π
√

τ)nτ
e−

ρ2+(xn+a)2

4τ
−cτdτ, c > 0, a ≥ 0

ñïðàâåäëèâû ñëåäóþùèå îöåíêè ïðè xn > 0:

In ≤ C1
1

x
(n−3)/2
n

(
1 + 1/xn

)n−1
2

xn + a

ρ2 + (xn + a)2
e−
√

c
√

ρ2+(xn+a)2 , n = 2m + 1; (36)

In ≤ C1
1

x
(n−3)/2
n

(1 + 1/xn)
n−1

2
1√

ρ2 + (xn + a)2
e−
√

c
√

ρ2+(xn+a)2 , n = 2m + 1; (37)

In ≤ C2
1

x
(n−2)/2
n

(1 + 1/xn)1+n/2 xn + a√
ρ2 + (xn + a)2

e−
√

c
√

ρ2+(xn+a)2 , n = 2m; (38)

In ≤ C2
1

x
(n−2)/2
n

(1 + 1/xn)1+n/2e−
√

c
√

ρ2+(xn+a)2 , n = 2m. (39)

(Çäåñü è äàëåå ÷åðåç C1, C2, . . . áóäåì îáîçíà÷àòü ïîëîæèòåëüíûå ïîñòîÿííûå.)

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 1 (11)



28 Ã. È. Áèæàíîâà

Ä î ê à ç à ò å ë ü ñ ò â î. Ðàññìîòðèì èíòåãðàë In. Ïðîèçâåäåì çàìåíó ïåðåìåííîé
(ρ2 + (xn + a)2)/τ = 4z2

In = 2
xn + a

(ρ2 + (xn + a)2)n/2πn/2

∫ ∞

0
zn−1e−z2−A2/z2

dz, A2 = c
ρ2 + (xn + a)2

4
.

Ìû ïîëó÷èëè èíòåãðàë Jn (30). Ïðèìåíÿÿ ê íåìó ôîðìóëû (32), (33), áóäåì èìåòü

In ≤ (n− 2)!!
c(n−1)/4

π(n−1)/2

xn + a

(ρ2 + (xn + a)2)(n+1)/4

(
1 +

1
2
√

c
√

ρ2 + (xn + a)2
)n−1

2 e−
√

c
√

ρ2+(xn+a)2 ≤

≤ (n− 2)!!
π(n−1)/2

max(n−1)/2(
√

c, 1/2)

x
(n−3)/2
n

(
1+1/xn

)n−1
2

xn + a

ρ2 + (xn + a)2
e−
√

c
√

ρ2+(xn+a)2 , n = 2m + 1;

In ≤ 23(n− 1)!!√
cπ(n−1)/2

max1+n/2(
√

c, 1/2)

x
(n−2)/2
n

(
1+1/xn

)1+n/2 xn + a√
ρ2 + (xn + a)2

e−
√

c
√

ρ2+(xn+a)2 , n = 2m.

Îöåíêè (36), (38) óñòàíîâëåíû. Îòñþäà ïîñëå ïðèìåíåíèÿ íåðàâåíñòâà (xn + a)/√
ρ2 + (xn + a)2 ≤ 1 áóäóò ñëåäîâàòü îöåíêè (37), (39).
Îáðàòèìñÿ ê çàäà÷å (1), (2). Ìû ïîñòðîèëè åå ðåøåíèå â ôîðìå (14) u(x) = v1(x)− v2(x).

Çàìåòèì, ÷òî ïðè ïîëîæèòåëüíûõ ôóíêöèÿõ ϕ(y′) è f(y) ïîòåíöèàëû v1(x), v2(x) òàêæå ïîëî-
æèòåëüíû.

Ò å î ð å ì à 3. Ïóñòü c > 0 â çàäà÷å (1), (2). Äëÿ åå ðåøåíèÿ u(x) = v1−v2, îïðåäåëÿåìîãî
âûðàæåíèåì (14), ñïðàâåäëèâû ñëåäóþùèå ôîðìóëû ïðè xn > 0:
1. åñëè ϕ(x

′
) = eβ|x′|, β > 0,

√
c > β, òîãäà

0 < v1(x) = µ1,nΦ1,n(xn) eβ|x′|−(
√

c−β)xn , (40)

Φ1,n(xn) =

{
(1 + 1/xn)n−2(1 + xn)

n−3
2 , n = 2m + 1,

(1 + 1/xn)n(1 + xn)n/2, n = 2m;
(41)

åñëè ϕ(x′) = |x′|γ , γ > 0, òîãäà

0 < v1(x) = [µ2,n|x′|γ + µ3,n(1 + xn)γΦ2,n(xn; γ)] e−
√

cxn , (42)

Φ2,n =
{

Φ1,n, γ − öåëîå,
Φ3,n, γ − íåöåëîå, Φ3,n =

{
(1 + 1/xn)n−1(1 + xn)

n−3
2 , n = 2m + 1,

(1 + 1/xn)n+1(1 + xn)n/2, n = 2m;
(43)

2. åñëè f(x) = eβ|x|, β > 0,
√

c > β, òîãäà

0 < v2(x) = µ4,n eβ|x| ∀n ≥ 2; (44)

åñëè f(x) = |x|γ , γ > 0, òîãäà

0 < v2(x) = µ5,n |x|γ + µ6,n ∀n ≥ 2, (45)

ãäå âåëè÷èíû µ1,n − µ6,n ïîëîæèòåëüíû è îãðàíè÷åíû ∀x ∈ Rn
+.

Ä î ê à ç à ò å ë ü ñ ò â î. 1. Ïóñòü ϕ(x′) = eβ|x′|, β > 0. Ïðåäñòàâèì ïîòåíöèàë v1(x)
(ñì. ôîðìóëó (14)) â âèäå (40)

0 < v1(x) ≡
∫

Rn−1

eβ|y′| dy′
∫ ∞

0

(− 2Γxn(x′ − y′, xn, τ)
)
e−cτdτ = µ1,n Φ1,n(xn) eβ|x′|−(

√
c−β)xn ,
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îòñþäà íàéäåì êîýôôèöèåíò µ1,n

µ1,n = Φ−1
1,n(xn) e−β|x′|+(

√
c−β)xn

∫

Rn−1

eβ|y′| dy′
∫ ∞

0

(− 2Γxn(x′ − y′, xn, τ)
)
e−cτdτ. (46)

Èñïîëüçóÿ íåðàâåíñòâî Ìèíêîâñêîãî

( n∑

k=0

(ak + bk)2
)1/2 ≤ ( n∑

k=0

a2
k

)1/2 +
( n∑

k=0

b2
k

)1/2
,

ïîëó÷èì ñëåäóþùèå îöåíêè:

|y′| ≡ |x′ − y′ + x′| ≤ |x′ − y′|+ |x′|,

eβ|y′| ≤ eβ|x′−y′|+β|x′|, β > 0. (47)
Ïðèìåíèì íåðàâåíñòâî (47) â ïîòåíöèàëå (46), ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì ñ

ðàäèóñîì ρ = |x′ − y′|, âîñïîëüçóåìñÿ îöåíêàìè èíòåãðàëà ïî τ (37), (39) è íåðàâåíñòâîì
ρ ≤

√
ρ2 + x2

n â ïîêàçàòåëå ýêñïîíåíòû eβρ, çàòåì, ïðèâëåêàÿ ôîðìóëû (26), (28) ê èíòåãðàëàì
ïî ρ, ïîëó÷èì

µ1,n ≤ C3Φ−1
1,ne(

√
c−β)xn

1

x
(n−3)/2
n

(1 + 1/xn)
n−1

2

∫ ∞

0
ρn−2 1√

ρ2 + x2
n

e−(
√

c−β)
√

ρ2+x2
n dρ ≤

≤ C4Φ−1
1,ne(

√
c−β)xn

1

x
(n−3)/2
n

(1 + 1/xn)
n−1

2 (1 + xn)n−3e−(
√

c−β)xn =

= C4Φ−1
1,n(1 + 1/xn)n−2(1 + xn)

n−3
2 = C4, n = 2m + 1;

µ1,n ≤ C5Φ−1
1,ne(

√
c−β)xn

1

x
(n−2)/2
n

(1 + 1/xn)1+n/2

∫ ∞

0
ρn−2e−(

√
c−β)

√
ρ2+x2

n dρ ≤

≤ C6Φ−1
1,ne(

√
c−β)xn

1

x
(n−2)/2
n

(1 + 1/xn)1+n/2(1 + xn)n−1e−(
√

c−β)xn =

= C6Φ−1
1,n(1 + 1/xn)n(1+xn)n/2 = C6, n = 2m.

Ìû ïîêàçàëè, ÷òî êîýôôèöèåíò µ1,n îãðàíè÷åí, è óñòàíîâèëè ôîðìóëó (40) ∀n ≥ 2.
Ïóñòü |x| → ∞, x ∈ Rn

+. Èç ôîðìóë (40), (41) âèäíî, ÷òî åñëè òî÷êà x íàõîäèòñÿ íà êðóãîâîì
êîíóñå β|x′| = (

√
c − β)xn, òî ôóíêöèÿ v1(x) ïðè n = 3 îãðàíè÷åíà, à ïðè n 6= 3 ñòðåìèòñÿ ê

∞; åñëè òî÷êà x ëåæèò âíóòðè êîíóñà (β|x′| < (
√

c− β)xn), òî v1(x) → 0 ýêñïîíåíöèàëüíî äëÿ
âñåõ n; åñëè òî÷êà x íàõîäèòñÿ âíå êîíóñà, òî v1(x) → ∞ ýêñïîíåíöèàëüíî äëÿ âñåõ n. Åñëè
|x′| ≤ R, R > 0, òî v1(x) → 0, òî åñòü â öèëèíäðå S = {x ∈ Rn

+ : |x′| ≤ R, xn > 0} ôóíêöèÿ
v1(x) èñ÷åçàåò íà áåñêîíå÷íîñòè; â ñëîå {x ∈ Rn

+ : x′ ∈ Rn−1, 0 < xn ≤ R} v1 →∞.
Ðàññìîòðèì ñëó÷àé, êîãäà ϕ(x′) = |x′|γ , γ > 0 â ïîòåíöèàëå v1(x) (ñì. ôîðìóëó (14)). Êàê

è âûøå, ïðåäñòàâèì åãî â âèäå (42) è ê ïëîòíîñòè |y′|γ ïðèìåíèì íåðàâåíñòâî

|y′|γ ≤ Cγ(|x′ − y′|γ + |x′|γ), (48)

êîòîðîå âûòåêàåò èç îöåíêè

(α + β)γ ≤ Cγ(αγ + βγ), α > 0, β > 0, γ > 0,

òîãäà áóäåì èìåòü

0 < v1(x) = [µ2,n|x′|γ + µ3,n(1 + xn)γΦ2,n(xn; γ)] e−
√

cxn =
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=
∫

Rn−1

|y′|γ dy′
∫ ∞

0
(−2 Γxn(x′ − y′, xn, τ))e−cτdτ

≤ Cγ |x′|γ
∫

Rn−1

dy′
∫ ∞

0
(−2Γxn)e−cτdτ+Cγ

∫

Rn−1

|x′ − y′|γ dy′
∫ ∞

0
(−2Γxn) e−cτdτ.

Îòñþäà íàéäåì îöåíêè äëÿ êîýôôèöèåíòà µ2,n ïðè ïîìîùè ôîðìóëû (19) è äëÿ µ3,n

µ2,n ≤ Cγe
√

cxn

∫

Rn−1

dy′
∫ ∞

0
(−2Γxn)e−cτdτ = Cγe

√
cxn−√cxn = Cγ ;

µ3,n ≤ CγΦ−1
2,n(1 + xn)−γe

√
cxn

∫

Rn−1

|x′ − y′|γ dy′
∫ ∞

0
(−2Γxn)e−cτdτ. (49)

Â èíòåãðàëå (49) ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì, ïîëîæèâ ρ = |x′ − y′|, è âîñïîëü-
çóåìñÿ îöåíêàìè (37), (39)

µ3,n ≤ C7Φ−1
2,ne

√
cxn

(1 + xn)−γ

x
(n−3)/2
n

(1 + 1/xn)
n−1

2

∫ ∞

0
ρn−2+γ 1√

ρ2 + x2
n

e−
√

c
√

ρ2+x2
n dρ, n = 2m + 1;

µ3,n ≤ C8Φ−1
2,n(1 + xn)−γe

√
cxn

1

x
(n−2)/2
n

(1+1/xn)1+n/2

∫ ∞

0
ρn−1+γe−

√
c
√

ρ2+x2
n dρ, n = 2m.

Çàòåì ïðè öåëîì ïîêàçàòåëå γ ïðèìåíèì íåðàâåíñòâà (26), (28), à ïðè íåöåëîì � (27), (29),
è ïðèíèìàÿ âî âíèìàíèå ôîðìóëó (43), îïðåäåëÿþùóþ ôóíêöèþ Φ2,n, ïîëó÷èì

µ3,n ≤ C9(1 + xn)−γe
√

cxn
1

x
(n−3)/2
n

(1 + 1/xn)
n−1

2 (1 + xn)n−3+γ e−
√

cxn ×

×
{

Φ−1
1,n, γ − öåëîå,

(1 + 1/xn)Φ−1
3,n, γ − íåöåëîå, = C9, n = 2m + 1;

µ3,n ≤ C10(1 + xn)−γe
√

cxn
1

x
(n−2)/2
n

(1 + 1/xn)1+n/2(1 + xn)n−1+γ e−
√

cxn

×
{

Φ−1
1,n, γ − öåëîå,

(1 + 1/xn)Φ−1
3,n, γ − íåöåëîå, = C10, n = 2m.

Ôîðìóëà (42) è îãðàíè÷åííîñòü êîýôôèöèåíòîâ µ2,n, µ3,n óñòàíîâëåíû.
Èç ôîðìóëû (42) âèäíî, ÷òî åñëè |x| → ∞, x ∈ Rn

+, òî v1 → 0 â öèëèíäðå |x′| ≤ R è v1 →∞
â ñëîå 0 < xn ≤ R.
2. Ðàññìîòðèì ïîòåíöèàë v2(x), îïðåäåëÿåìûé ôîðìóëîé (14).

Ïóñòü f(x) = eβ|x|, β > 0, √c > β. Î÷åâèäíî, ÷òî v2(x) > 0 ïðè xn > 0, yn > 0, òàê êàê
Γ(·, xn−yn, τ) ≥ Γ(·, xn +yn, τ), τ 6= 0. Ïðåäñòàâèì ïîòåíöèàë v2(x) â âèäå (44) v2(x) = µ4,n eβ|x|,
íàéäåì êîýôôèöèåíò µ4,n(x)

µ4,n(x) = e−β|x|
∫

Rn
+

eβ|y|dy

∫ ∞

0
[Γ(x− y, τ)− Γ(x′ − y′, xn + yn, τ)]e−cτdτ

è îöåíèì èíòåãðàë. Äëÿ ýòîãî âìåñòî ðàçíîñòè ôóíäàìåíòàëüíûõ ðåøåíèé çàïèøåì èõ ñóììó
è â èíòåãðàëå ñ Γ(·, xn +yn, τ) ïðîèçâåäåì ïîäñòàíîâêó yn = −zn. Äàëåå ïðèìåíèì íåðàâåíñòâî
(47) ê ïëîòíîñòè eβ|y| ñ y è x âìåñòî y′ è x′ è ïåðåéäåì ê ñôåðè÷åñêèì êîîðäèíàòàì ñ ρ = |x−y|,
òîãäà áóäåì èìåòü

µ4,n ≤ e−β|x|
∫

Rn

eβ|y|dy

∫ ∞

0
Γ(x− y, τ)e−cτdτ = æn

∫ ∞

0
ρn−1 eβρ dρ

∫ ∞

0

1
(2
√

πτ)n
e−

ρ2

4τ
−cτ dτ, (50)

ãäå æn � ïëîùàäü åäèíè÷íîé ñôåðû â Rn.
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Ïóñòü n = 2. Â èíòåãðàëå ïî ρ ñäåëàåì çàìåíó ïåðåìåííîé èíòåãðèðîâàíèÿ
(ρ/(2

√
τ)− β

√
τ)2 = ζ è îöåíèì åãî

µ4,n ≤ 1
2π

∫ ∞

0
e−(c−β2)τdτ

∫ ∞

β2τ
(1+

β
√

τ√
ζ

)e−ζdζ ≤ 1
π

∫ ∞

0
e−(c−β2)τdτ

∫ ∞

β2τ
e−ζdζ =

1
πc

, n = 2. (51)

Ïðè n ≥ 3 â èíòåãðàëå (50) ïðîèçâåäåì ïîäñòàíîâêó ρ2/τ = 4z2

µ4,n ≤ C11

∫ ∞

0
ρ eβρ dρ

∫ ∞

0
zn−3e−z2−B2/z2

dz, B2 = cρ2/4.

Çäåñü ïîñëåäíèé èíòåãðàë åñòü Jn−2, îïðåäåëÿåìûé ôîðìóëîé (30), äëÿ êîòîðîãî ìû óñòà-
íîâèëè îöåíêè (32), (33). Âîñïîëüçóåìñÿ èìè

µ4,n ≤ C12

∫ ∞

0
ρ

n−1
2 (1 + 1/ρ)

n−3
2 e−(

√
c−β)ρ dρ =

= C13

∫ ∞

0
ρ (1 + ρ)

n−3
2 e−(

√
c−β)ρ dρ = C14, n = 2m + 1, m = 1, 2, . . . ;

(52)

µ4,n ≤ C15

∫ ∞

0
(1 + ρ)n/2e−(

√
c−β)ρ dρ = C16, n = 2m, m = 2, 3, . . . (53)

Òàêèì îáðàçîì, ìû ïîëó÷èëè îöåíêè (51)�(53) äëÿ µ4,n è äîêàçàëè ôîðìóëó (44).
Ïóñòü òåïåðü f(x) = |x|γ , γ > 0. Ïðåäñòàâèì ôóíêöèþ v2(x) â âèäå (45) è ïðèìåíèì

íåðàâåíñòâî (48) |y|γ ≤ Cγ(|x− y|γ + |x|γ), òîãäà

µ5,n|x|γ + µ6,n = v2(x) ≡
∫

Rn
+

|y|γ dy

∫ ∞

0
[Γ(x− y, τ)− Γ(x′ − y′, xn + yn, τ)]e−cτdτ ≤

≤
∫

Rn

|y|γ dy

∫ ∞

0
Γ(x− y, τ) e−cτdτ ≤

≤ Cγ |x|γ
∫

Rn

dy

∫ ∞

0
Γ(x− y, τ) e−cτdτ+Cγ

∫

Rn

|x− y|γ dy

∫ ∞

0
Γ(x− y, τ) e−cτdτ.

Îòñþäà ñëåäóþò îöåíêè äëÿ êîýôôèöèåíòîâ µ5,n, µ6,n

µ5,n ≤ Cγ

∫

Rn

dy

∫ ∞

0
Γ(x− y, τ) e−cτ dτ = Cγ

∫ ∞

0
e−cτ dτ = Cγ/c ∀n ≥ 2;

µ6,n ≤ Cγ

∫

Rn

|x− y|γ dy

∫ ∞

0
Γ(x− y, τ)e−cτ dτ ≤ C17

∫ ∞

0

1
τn/2

e−cτ dτ

∫ ∞

0
ρn−1+γ e−ρ2/(4τ) dρ,

ãäå ρ = |x−y| � ñôåðè÷åñêàÿ êîîðäèíàòà. Âûïîëíÿÿ çàìåíó ïåðåìåííîé ρ/(2
√

τ) = z, ïîëó÷èì

µ6,n ≤ C18

∫ ∞

0
τγ/2e−cτ dτ

∫ ∞

0
zn−1+γe−z2

dz = C19 ∀n ≥ 2.

Ôîðìóëà (45) è îãðàíè÷åííîñòü êîýôôèöèåíòîâ µ5,n, µ6,n óñòàíîâëåíû.
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ÍÎÐÌÀËÜÍÀß ÔÎÐÌÀ ÍÅËÈÍÅÉÍÛÕ
ÐÀÇÍÎÑÒÍÎ-ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ. II

Ê.Á. Áîïàåâ

Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ
480100 ã.Àëìàòû, óë. Ïóøêèíà, 125

4.1. Ð å ç î í à í ñ í à ÿ í î ð ì à ë ü í à ÿ ô î ð ì à ï î ÷ ò è ï å ð è î ä è -
÷ å ñ ê è õ (ï. ï.) ñ è ñ ò å ì. Ðàññìîòðèì ñèñòåìó (1.1) [1] ñ êîýôôèöèåíòàìè èç C0

è ââåäåì ñïåêòð ñèñòåìû S. Äëÿ ýòîãî, îáúåäèíÿÿ ñïåêòðû êîýôôèöèåíòîâ âñåõ êîìïîíåíò
âåêòîð- ïîëèíîìîâ Gj , ïîëó÷èì ìíîæåñòâî Sj , òîãäà S =

∞⋃
j=0

Sj . ×åðåç S0,k =
K⋃

j=0
Sj îáîçíà÷èì

ñïåêòð â k-îì ïðèáëèæåíèè.
Ïóñòü L � íåêîòîðîå êîíå÷íîå èëè ñ÷åòíîå ìíîæåñòâî äåéñòâèòåëüíûõ ÷èñåë. ×åðåç M(L)

îáîçíà÷èì ìèíèìàëüíûé ìîäóëü ìíîæåñòâà L. Ýëåìåíòû γ ∈M(L) èìåþò êîíå÷íîå ïðåäñòàâ-
ëåíèå [2]

γ =
∑

r

qrλr,

ãäå qr � öåëûå ÷èñëà, λr ∈ L. ×åðåç Mk(L)⊂M(L) îáîçíà÷èì ìíîæåñòâî òàêèõ γ, ó êîòîðûõ â
óêàçàííîì ïðåäñòàâëåíèè ∑

r

|qr| ≤ k.

Òåîðåìà 1 [1] ãàðàíòèðóåò ñóùåñòâîâàíèå ó ñèñòåìû (1.1) íåïðåðûâíîé íîðìàëüíîé ôîðìû.
Óòî÷íèì åå ñòðóêòóðó â ðàññìàòðèâàåìîì ïî÷òè ïåðèîäè÷åñêîì ñëó÷àå. Ïðåæäå âñåãî îòìå-
òèì, ÷òî ñèñòåìà (3.18) áóäåò ï.ï., à åå ñïåêòð áóäåò ñîäåðæàòüñÿ â M(S). Äåéñòâèòåëüíî, ïðè
îïðåäåëåíèè G

(s)
p,j(n, µ) è ϕ

(s)
p,j(n, µ) èç (4.7) èñïîëüçóåòñÿ ëåììà 7. Ïîýòîìó ñïåêòð ôóíêöèé äëÿ

g(n, µ) è ôóíêöèé ω
(s)
p,j (n, µ) (4.7) ñîäåðæèòñÿ â M(S).

Íåòðóäíî ñäåëàòü èíäóêòèâíûé âûâîä î òîì, ÷òî ñïåêòð ôóíêöèé ω
(s)
p,j (n, µ) äëÿ âñåõ p, j

ñîäåðæèòñÿ â M(S). Áîëåå òî÷íî, S
ω

(s)
p,j

⊆Mnj (S0,j).
Áàçîé äëÿ èíäóêöèè ñëóæèò äîêàçàòåëüñòâî òîãî, ÷òî ñïåêòð âåêòîð-ôóíêöèé

G0 = (g(1)(n, µ), . . . , g(q)(n, µ)), φ0(ϕ(1)(n, µ), ..., ϕ(q)(n, µ)) ñîäåðæèòñÿ â S0.

Keywords: normal form, nonlinear system, di�erence-dynamical system
2000 Mathematics Subject Classi�cation: 42A10
c
 Ê.Á. Áîïàåâ, 2004.
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Äåéñòâèòåëüíî, óðàâíåíèÿ (4.7) äëÿ îïðåäåëåíèÿ g(s), ϕ(s) ñîîòâåòñòâóþò â ýòîì ñëó÷àå
çíà÷åíèÿì p = 0, g = 0 è èìåþò âèä (3.1), ãäå ω(s) = f (s)(n, µ).

Ââåäåì òåïåðü ñëåäóþùåå
Î ï ð å ä å ë å í è å 6. Âåêòîð p∈P q

+ è ñîîòâåòñòâóþùèå åìó ÷ëåíû è êîýôôèöèåíòû
s-ãî óðàâíåíèÿ ï.ï. ñèñòåìû (1.1) íàçîâåì ðåçîíàíñíûìè, åñëè

(∃µ0 ∈D)(ρp−δs(µ0)− 1 ∈M|p|(S)). (4.10)

Ñîîòíîøåíèå (4.10) îçíà÷àåò, ÷òî âåêòîð p � ðåçîíàíñíûé, åñëè R
ω

(s)
p,j

6= ∅ è, ñëåäîâàòåëüíî,
ñîîòâåòñòâóþùåå óðàâíåíèå (4.7) � ðåçîíàíñíîå.

Ïðèìåíåíèå ëåììû 7 ïîçâîëÿåò ïðè íàõîæäåíèè êîýôôèöèåíòîâ íîðìàëüíîé ôîðìû ïðè-
äåðæèâàòüñÿ ñëåäóþùåé àëüòåðíàòèâû:

1. åñëè óðàâíåíèå (4.7) � ðåçîíàíñíîå (â ÷àñòíîñòè, ðåãóëÿðíîå), òî ïîëàãàåì g(n, µ) = 0;
2. åñëè óðàâíåíèå (4.7) � ðåçîíàíñíîå, òî ïîëàãàåì

g(n, µ) = ωα(n, µ), (4.11)

ãäå ωα(n, µ) � �ðåçîíàíñíàÿ α-ñðåçêà� ôóíêöèè ω(n, µ).
Âûøåèçëîæåííîå ïîçâîëÿåò ìîäèôèöèðîâàòü òåîðåìó 1 äëÿ ï.ï. ñèñòåì ñëåäóþùèì îáðà-

çîì.
Ò å î ð å ì à 2. Ïóñòü ñèñòåìà (1.1) èìååò ï.ï êîýôôèöèåíòû èç C l

0 è ìàòðèöó
A(µ), ãäå ñîáñòâåííûå ÷èñëà ρ(µ) óäîâëåòâîðÿþò óñëîâèþ Ëèïøèöà. Òîãäà ñóùåñòâóåò C l

0 �
ïðåîáðàçîâàíèå (1.3), ïðèâîäÿùåå (1.1) ê ðåçîíàíñíîé íåïðåðûâíîé íîðìàëüíîé ôîðìå

xsn+1 = ρs(µ)xsn +
α∑

j=1

kj∑

p=1

′F (s)
p,j (n, µ)xp (s = 1, l), (4.12)

ãäå øòðèõ îçíà÷àåò, ÷òî ñóììèðîâàíèå âåäåòñÿ òîëüêî ïî ðåçîíàíñíûì âåêòîðàì p, è

G
(s)
pj (n, µ) = 0 ïðè Rω(s) = ∅. (4.13)

Ñïåêòð ñèñòåìû (4.12) ñîäåðæèòñÿ â M(S). Ñðàâíåíèå òåîðåì 1 è 2 ïîêàçûâàåò, ÷òî ñòðóê-
òóðà ñèñòåìû (4.12) ïðîùå, ÷åì (3.18), ò.ê. åñëè â îáùåì íåàâòîíîìíîì ñëó÷àå íîðìàëüíàÿ
ôîðìà ñîäåðæèò íåðåãóëÿðíûå ÷ëåíû, òî â ï.ï. ñëó÷àå â íåé ñîäåðæàòñÿ òîëüêî ðåçîíàíñíûå
÷ëåíû.

4.2. Ð å ç î í à í ñ í à ÿ í î ð ì à ë è ç à ö è ÿ F -ñ è ñ ò å ì. Âûäåëèì èç
ðàññìîòðåííîãî âûøå êëàññà ï.ï. ñèñòåì áîëåå ïðîñòîé êëàññ.

Î ï ð å ä å ë å í è å 7. Ïî÷òè ïåðèîäè÷åñêóþ ñèñòåìû (1.1) ñ êîýôôèöèåíòàìè èç C l
0

íàçîâåì F -ñèñòåìîé, åñëè äëÿ âñåõ ðåçîíàíñíûõ âåêòîðîâ ñîîòâåòñòâóþùåå óðàâíåíèå (4.7)
îáëàäàåò ñâîéñòâîì F .
(Áîëåå êðàòêî: (1.1) � F -ñèñòåìà, åñëè äëÿ âñåõ ðåçîíàíñíûõ p R

ω
(s)
p,j

= R
ω

(s)
p,j

).
Î÷åâèäíî, äîñòàòî÷íûì óñëîâèåì òîãî, ÷òî (1.1) � F -ñèñòåìà, ÿâëÿåòñÿ òî, ÷òî ìíîæåñòâî

Mn(S)(∀n) íå èìååò ïðåäåëüíûõ òî÷åê. Îòñþäà íåïîñðåäñòâåííî âûòåêàåò, ÷òî F -ñèñòåìàìè
ÿâëÿþòñÿ ïåðèîäè÷åñêèå ñèñòåìû è ñèñòåìû, êîýôôèöèåíòû êîòîðûõ ïðåäñòàâèìû êîíå÷íûìè
ðÿäàìè Ôóðüå ñ ïðîèçâîëüíûì ñïåêòðîì. Óæå ýòîò ôàêò äåëàåò öåëåñîîáðàçíûì ââåäåíèå
êëàññà F -ñèñòåì.

Äëÿ F -ñèñòåì ðÿä ââåäåííûõ âûøå îïðåäåëåíèé è êîíñòðóêöèé óïðîùàåòñÿ. Â ÷àñòíîñòè,
ïðè èçó÷åíèè óðàâíåíèÿ (3.1) íåò íåîáõîäèìîñòè ââîäèòü ìíîæåñòâî Mk(S). Âìåñòî îïðåäåëå-
íèé 5,6 áóäåì èìåòü
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Î ï ð å ä å ë å í è å 5 F. Óðàâíåíèå (4.10) íàçûâàåòñÿ ðåçîíàíñíûì â D, åñëè
ìíîæåñòâî Rω 6= ∅.

Î ï ð å ä å ë å í è å 6 F. Âåêòîð p ∈ P l, |p| = k è ñîîòâåòñòâóþùèå åìó ÷ëåíû s-ãî
óðàâíåíèÿ F -ñèñòåìû (1.1) íàçûâàþòñÿ ðåçîíàíñíûìè, åñëè

(∃µ0 ∈D)(ρp−δs(µ0)− 1 ∈Mj(S)). (4.14)

Ïðè ðåøåíèè óðàâíåíèÿ (4.7) (ñì. ëåììó 7) íåò íåîáõîäèìîñòè ââîäèòü ”α − ñðåçêó” è â
ðåçîíàíñíîì ñëó÷àå äîñòàòî÷íî ïîëàãàòü

G(n, µ) = ω(n, µ) +
∑

λ∈Rω

ωλ(µ)eiλn.

Â ñâÿçè ñ èçëîæåííûì ðåçîíàíñíàÿ íåïðåðûâíàÿ íîðìàëüíàÿ ôîðìà F -ñèñòåì èìååò òîò
æå âèä (4.12), íî ñòðóêòóðà êîýôôèöèåíòîâ çíà÷èòåëüíî ïðîùå, òàê êàê îíè îïðåäåëÿþòñÿ
ôîðìóëàìè (4.11). Êðîìå òîãî, â (4.12) ïðèñóòñòâóþò òîëüêî òå ÷ëåíû xp, äëÿ êîòîðûõ R

ω
(s)
p,j

6=
6= ∅, â òî âðåìÿ êàê â îáùåì ñëó÷àå â (4.12) ïðèñóòñòâóþò ÷ëåíû, äëÿ êîòîðûõ R

ω
(s)
p,j

6= ∅.
Â ñâÿçè ñ óïðîùåíèåì ñòðóêòóðû ñïåêòðà êîýôôèöèåíòîâ F -ñèñòåì ïîÿâëÿåòñÿ âîçìîæ-

íîñòü ïðèâåäåíèÿ íîðìàëüíîé ôîðìû F -ñèñòåì ê àâòîíîìíîìó âèäó.
4.3. Ð å ç î í à í ñ í à ÿ í å ï ð å ð û â í à ÿ í î ð ì à ë ü í à ÿ ô î ð ì à F -ñ è ñ -

ò å ì â ê ð è ò è ÷ å ñ ê î ì ñ ë ó ÷ à å. Çäåñü ìû èçó÷àåì âåùåñòâåííûå F -ñèñòåìû (1.1) â
ïðåäïîëîæåíèè, ÷òî ïðè èçìåíåíèè ïàðàìåòðà µ ñïåêòð ìàòðèöû A(µ) ïåðåñåêàåò åäèíè÷íóþ
îêðóæíîñòü, íå ïðîõîäÿ ÷åðåç êîîðäèíàòíûå åäèíèöû. Öåëü íàñòîÿùåãî ïóíêòà � óòî÷íèòü
ñòðóêòóðó ðåçîíàíñíîé íîðìàëüíîé ôîðìû â ýòîì ñëó÷àå, ïîäãîòîâèâ åå ê èñïîëüçîâàíèþ äëÿ
ðåøåíèÿ çàäà÷ óñòîé÷èâîñòè.

Ïðåäïîëîæèì, ÷òî
1) ìàòðèöà A(µ) èìååò ïðè µ ∈D m ïàð ñîáñòâåííûõ çíà÷åíèé ρs, ρs = ds(µ)e±iϕs(µ), s =

= 1,m òàêèõ, ÷òî ds(µ0) = 1; ϕs(µ0) 6= 0;
2) îñòàëüíûå ñîáñòâåííûå çíà÷åíèÿ ρ2m+1(µ, ..., ρl(µ) â D ïî ìîäóëþ ñòðîãî îòäåëåíû îò

åäèíèöû.
Òàêèì îáðàçîì, ïðè µ = µ0 â ñèñòåìå (1.1) ìàòðèöà A(µ) èìååò æîðäàíîâó ôîðìó

A(µ) =




A1(µ) 0 0
0 A1(µ) 0
0 0 A2(µ)


 ,

ãäå A2(µ) = (δsjρ2m+j)k
1, A1(µ) = diag(ρ1(µ), . . . , ρm(µ)).

Èç óñëîâèÿ âåùåñòâåííîñòè èñõîäíîé ñèñòåìû ñëåäóåò, ÷òî â (1.1) âåêòîð yn � êîìïëåêñ-
íûé. Ïðåäñòàâèì åãî â âèäå òðîéêè âåêòîðîâ yn = (ξn, ξn, ωn), ãäå ξn = (ξ1n, ..., ξmn), ξn =
= (ξ1n, ..., ξmn) ξs = ys, ξs = ym+s, ωn = (ω1n, ..., ωkn)≡ (y2m+1,n, ..., yln), k = l − 2m, s = 1,m.

Àíàëîãè÷íûì îáðàçîì ïðåäñòàâèìû è ïåðåìåííûå â íîðìàëüíîé ôîðìå (4.12)
xn = (un, un, νn), un = (u1n, ..., umn), un = (u1n, ..., umn),
usn = xsn, usn = xm+s,n, νn = (ν1n, ..., νkn)≡ (x2m+1,n, ..., xln).
Óðàâíåíèÿ äëÿ xsn+1, xm+sn+1, ysn+1, ym+sn+1 áóäóò êîìïëåêñíî ñîïðÿæåííûìè. Óòî÷íèì

çàïèñü ÷ëåíîâ è êîýôôèöèåíòîâ ïðè íèõ. Âåêòîð p ∈ P l
+ çàïèøåì â âèäå òðîéêè âåêòîðîâ p =

= (h, q, r), ãäå h = (h1, ..., hm), q = (q1, ..., qm), r = (r1, ..., rk), hs = ps, qs = ps+m, rj = p2m+j ,
s = 1,m, j = 1, k.

Çàïèñü ìîíîìîâ xp
n, yp

n ïðèìåò âèä yp
n = ξh

nξ
q
nωr

n, xp
n = uh

nuq
nνr

n.
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Êîýôôèöèåíòû ïðè íèõ â s-ûõ óðàâíåíèÿõ (1.1) è (4.12) çàïèøóòñÿ â ôîðìå G
(s)
p,j = G

(s)
h,q,r,j ,

F
(s)
p,j = F

(s)
h,q,r,j , s = 1, l, j = 1, 2, ...

Â ñâÿçè ñ ïðåäïîëîæåíèÿìè 1), 2) â ñïåêòðå ìàòðèöû A(µ) ïåðåìåííûå ξn, un � êðèòè÷å-
ñêèå, Vn, ωn � íåêðèòè÷åñêèå ïðè µ = µ0.

Èçó÷èì ñòðóêòóðó ðåçîíàíñíûõ ÷ëåíîâ è íîðìàëüíîé ôîðìû â ðàññìàòðèâàåìîì êðèòè÷å-
ñêîì ñëó÷àå [3].

Î ï ð å ä å ë å í è å 8. Ñèñòåìà (1.1) îáëàäàåò âíóòðåííèì ðåçîíàíñîì N -ãî ïîðÿäêà,
åñëè ñóùåñòâóåò òàêîé öåëî÷èñëåííûé âåêòîð τ ∈P l

+ ñ âçàèìíî ïðîñòûìè êîìïîíåíòàìè è

íîðìîé N = |τ | =
l∑

j=1
|τj |, ÷òî

(τ, ϕ) = χ, χ ∈M(S), (4.15)

ãäå M(S) � ìèíèìàëüíûé ìîäóëü ëîãàðèôìà ñïåêòðà ñèñòåìû S, ρs(µ0), s = 1,m.
Ç à ì å ÷ à í è å 1. Åñëè ðàññìàòðèâàåìàÿ ñèñòåìà � L-ïåðèîäè÷åñêàÿ ñ ïåðèîäîì L,

òî M(S) = {2νπL−1}, â àâòîíîìíîì ñëó÷àå M(S) = {2νπ}.
Ç à ì å ÷ à í è å 2. Â (4.15) âñå êîìïîíåíòû âåêòîðà τ íå îòðèöàòåëüíû.
Äåéñòâèòåëüíî, åñëè ïðè íåêîòîðîì s τs < 0, òî ïåðåîáîçíà÷èì ξs ÷åðåç ξs. Òîãäà âìåñòî

ϕs â (4.15) áóäåò ó÷àñòâîâàòü −ϕs, ÷òî ïðèâåäåò ê çàìåíå τs íà −τs.
Â äàëüíåéøåì ñ÷èòàåì, ÷òî â (4.15) âñå τs ≥ 0. Ðåçîíàíñíûå âåêòîðà j-ãî ïîðÿäêà â s-îì

óðàâíåíèè îïðåäåëÿþòñÿ äëÿ F -ñèñòåì ôîðìóëàìè (4.10), êîòîðûå â ýòîì ñëó÷àå ïðèìóò âèä

(∃µ0 ∈D)(αh+q(µ0) exp i[(h− q, ϕ(µ0))− i(r, ln |η|)]− ρs(µ0)) ∈Mj(S), (4.16)

ãäå η = (ρm+1(µ0), ..., ρl(µ0)), |h|+ |q|+ |r| = j.
Àíàëèç ñòðóêòóðû ðåçîíàíñíûõ ÷ëåíîâ óðàâíåíèé ïðîâåäåì òîëüêî äëÿ ïåðâûõ m êðèòè-

÷åñêèõ óðàâíåíèé (s = 1,m), íå ðàññìàòðèâàÿ óðàâíåíèÿ äëÿ usn, ξsn.
À. Ò î æ ä å ñ ò â å í í û é ð å ç î í à í ñ. Ëþáàÿ ñèñòåìà (1.1) íåçàâèñèìî îò íàëè÷èÿ

âíóòðåííåãî ðåçîíàíñà îáëàäàåò òîæäåñòâåííûì ðåçîíàíñîì. Îí ïîðîæäåí òîæäåñòâåííûì ïî
ϕ(µ0) ñîîòíîøåíèåì

eiϕs(µ0)−iϕs(µ0) = ρs(µ0) · ρm(µ0)+s = 1 (s = 1, m). (4.17)

Ó÷èòûâàÿ, ÷òî α(µ0) = 1 è χ∈Mj(S) ∀j|j ∈N {1}, äëÿ îïðåäåëåíèÿ âåêòîðîâ p = (h, q, r),
ñîîòâåòñòâóþùèõ òîæäåñòâåííîìó ðåçîíàíñó, ïîëó÷èì èç (4.17) ïðè µ = µ0

(h− q − δs, ϕs(µ0)) = 2kπ, k = 0, 1, ..., r = 0, s = 1,m;
((h− q, ϕs(µ0)) = 2kπ, ηr−δs(µ0) = 1, s = 2m + 1, ..., l.
Èç ýòèõ ñîîòíîøåíèé, êîòîðûå äîëæíû âûïîëíÿòüñÿ òîæäåñòâåííî ïî ϕ(µ0), ïîëó÷èì èñ-

êîìûå âåêòîðà

h = q + δs, r = 0 ïðè s = 1,m,

h = q, r = lb ïðè s = 2m + 1, ..., l, (4.18)

ãäå lb = (0, ..., ε2m+b, ..., 0) − k-ìåðíûé âåêòîð � íóëåâîé, åñëè ε2m+b = 0 è b-é åäèíè÷íûé îðò,
åñëè ε2m+b = 1.

Òàêèì îáðàçîì, ÷ëåíû òîæäåñòâåííîãî ðåçîíàíñà â s-îì óðàâíåíèè íîðìàëüíîé ôîðìû
ñîãëàñíî (4.18) èìåþò âèä

usn(uu)q ïðè s = 1,m,

νb
n(unun)q ïðè s = 2m + 1, ..., l, (4.19)
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ãäå (un · un)q = uq1
1nuq1

1n, ..., uqm
mnuqm

mn.
Âñå ÷ëåíû òîæäåñòâåííîãî ðåçîíàíñà èìåþò íå÷åòíûé ïîðÿäîê.
Îáîçíà÷èì ìíîæåñòâî âñåõ âåêòîðîâ (4.18) ïîðÿäêà 2j + 1 â s-îì óðàâíåíèè ÷åðåç R0

s,2j+1,
ìíîæåñòâî âñåõ âåêòîðîâ òîæäåñòâåííîãî ðåçîíàíñà â s-îì óðàâíåíèè � ÷åðåç

R0
s =

∞⋃

j=1

R0
s,2j+1.

.
Â. Â í ó ò ð å í í è é ð å ç î í à í ñ. Ïóñòü ñèñòåìà (1.1) èìååò âíóòðåííèé

ðåçîíàíñ (4.14). Ìíîæåñòâî ðåçîíàíñíûõ âåêòîðîâ s-ãî óðàâíåíèÿ îáîçíà÷èì R
(1)
s , à ÷åðåç R

(1)
s,j

� ìíîæåñòâî ýòèõ âåêòîðîâ ñ íîðìîé |p| = j,

R(1)
s =

⋃

j

R
(1)
s,j .

Äëÿ îïðåäåëåíèÿ âåêòîðîâ âîñïîëüçóåìñÿ âíîâü ñîîòíîøåíèåì (4.15) ïðè µ = µ0. Çàìå÷àÿ,
÷òî èç âêëþ÷åíèÿ χ∈M(S) ïðè ëþáîì öåëîì τ 6= 0 ñëåäóåò τχ∈M(S), èç (4.14) è (4.15) èìååì
∀p ∈R

(1)
s

(h− q, ϕ(µ0))− ir ln ρ(µ0) + i ln ρs(µ0) = τχ. (4.20)

Â (4.20) ïðè s ≤m èìååì ρs(µ0) = eiϕs(µ0). Ó÷èòûâàÿ ñîîòíîøåíèå |η(µ0)| 6= 1, âèäèì, ÷òî
(4.20) ðàâíîñèëüíî ñîîòíîøåíèÿì

(h− q − δs, ϕ(µ0)) = τχ, r = 0. (4.21)

Èç (4.14) çàìåòèì, ÷òî ëþáîé ðåçîíàíñíûé âåêòîð p = (h, q, q) ∈ R
(1)
s óäîâëåòâîðÿåò ðàâåí-

ñòâàì (h− q − δs, ϕ(µ0)) = τχ, r = 0, χ 6= 0.
Âûäåëèì âåêòîðû p∈R

(1)
s,j , ò.å. âåêòîðû p = (h, q, 0), óäîâëåòâîðÿþùèå (4.21) ïðè |h+q| = j.

Äëÿ ýòîãî â (4.21) íóæíî óêàçàòü îãðàíè÷åíèÿ íà χ, ïðè êîòîðûõ |h + q| = j. Ýëåìåíòàðíûé
àíàëèç ïîêàçûâàåò [4], ÷òî öåëûå χ óäîâëåòâîðÿþò íåðàâåíñòâàì

−
[
j + 1

L

]
≤χ≤

[
j + 1

L

]
, (4.22)

ãäå L � ïîðÿäîê âíóòðåííåãî ðåçîíàíñà, j � ïîðÿäîê ðåçîíàíñíîãî ÷ëåíà.
Èç (4.22) âèäíî, ÷òî (4.21) âïåðâûå äîïóñêàåò ðåøåíèÿ (h, q, 0) òîëüêî ïðè j = L−1 è òîãäà

χ = −1. Ïåðâîå íåïóñòîå ìíîæåñòâî ñðåäè R
(1)
s,L � ýòî R

(1)
s,L−1. Îíî ñîäåðæèò åäèíñòâåííûé

âåêòîð p = (h, q, r), ãäå
h = 0, q = k − δs, r = 0. (4.23)

Ïîñêîëüêó íåîáõîäèìî, ÷òîáû q ∈ P l
+, òî (4.23) îïðåäåëÿåò ðåçîíàíñíûé ÷ëåí òîëüêî ïðè

ks > 0. Åñëè ks = 0, òî R
(1)
s,L−1 = ∅ è ïåðâûì íåïóñòûì ìíîæåñòâîì áóäåò R

(1)
s,L−1, ñîäåðæàùåå

âåêòîð p = (h, q, r), ãäå
h = δs, q = k, r = 0. (4.24)

Âåêòîðû (4.23), (4.24) îïðåäåëÿþò ìëàäøèå ÷ëåíû âíóòðåííåãî ðåçîíàíñà s-ãî êðèòè÷åñêîãî
óðàâíåíèÿ íîðìàëüíîé ñèñòåìû:

uk−δs ïðè ks > 0,
uuk ïðè ks = 0.

Âñå ìíîæåñòâî Rs èìååò âèä R
(1)
G =

∞⋃
j=L−1

R
(1)
G,j ïðè ks > 0, R

(1)
G =

∞⋃
j=L+1

R
(1)
G,j ïðè ks = 0.
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Ñ. Ð å ç î í à í ñ í û å â å ê ò î ð û í å ê ð è ò è ÷ å ñ ê è õ ó ð à â í å í è é(
R(1)

s1

)
, s = 2m + 1, l. Â ýòîì ñëó÷àå ïðè s≥ 2m + 1 â (4.20) ρs(µ0) = ηs(µ0) è âñå èñêîìûå

âåêòîðû s-ãî íåêðèòè÷åñêîãî óðàâíåíèÿ îïðåäåëÿþòñÿ èç ðàâåíñòâà

(h− q, ϕ)− i(r − δs, ln η(µ0)) = τχ. (4.25)

Ó÷èòûâàÿ, ÷òî |ηs(µ0)| 6= 1, èç (4.25) äëÿ p = (h, q, r) ∈R
(1)
s ïîëó÷èì

h− q = τχ, r = lb (4.26)

(âåêòîð lb ââåäåí â (4.18)).
Â ìíîæåñòâî R

(1)
sj âõîäÿò âñå âåêòîðû p = (h, q, r) ñ íîðìîé j, óäîâëåòâîðÿþùèå (4.26) ïðè

|τ | ≤
[

j−1
L

]
. Ìëàäøèå ÷ëåíû âíóòðåííåãî ðåçîíàíñà èìåþò ïîðÿäîê j = L + 1 è âèä

νlb
n uk, νlb

n uk, b = 1, k. (4.26)

Ç à ì å ÷ à í è å 3. Ïðîâåäåííûé àíàëèç ñòðóêòóðû ÷ëåíîâ âíóòðåííåãî ðåçîíàíñà ïîêà-
çûâàåò, ÷òî âïåðâûå ýòè ÷ëåíû â íîðìàëüíîé ôîðìå ïîÿâëÿþòñÿ ëèøü â (L− 1)-ì ïîðÿäêå,
ãäå L � ïîðÿäîê ðåçîíàíñà. Ïîýòîìó âíóòðåííèé ðåçîíàíñ L-ãî ïîðÿäêà ñóùåñòâåííî âëèÿåò
íà ðåøåíèå çàäà÷ óñòîé÷èâîñòè è êîëåáàíèé òîëüêî â ñëó÷àå, êîãäà íåîáõîäèìî ó÷èòûâàòü
âëèÿíèå ÷ëåíîâ ïîðÿäêà íå íèæå, ÷åì (L− 1).

4.4. Ñ ò ð ó ê ò ó ð à ð å ç î í à í ñ í î é í î ð ì à ë ü í î é ô î ð ì û.
Ïðè íàõîæäåíèè êîýôôèöèåíòîâ F

(s)
p,j (n, µ) íîðìàëüíîé ôîðìû ðåøàþòñÿ ñîîòâåòñòâóþùèå

ñèñòåìû ðàçíîñòíûõ óðàâíåíèé

ϕ
(s)
∗,j(n + 1, µ)− ρs(µ)

αh+q
(µ) ei(h−q, ϕ(µ)) + (r, ln η(µ))

· ϕ(s)
∗,j(n, µ) = G

(s)
∗,j(n, µ),

ãäå ∗ = (h, q, r).

à) Ò î æ ä å ñ ò â å í í û é ð å ç î í à í ñ. Åñëè (h, q, r)∈R0
s, òî â (4.28) ïðè µ = µ0

êîýôôèöèåíò ïðè ϕ
(s)
∗,j îáðàùàåòñÿ â íóëü. Ñëåäîâàòåëüíî, ðåçîíàíñíàÿ ÷àñòü ñïåêòðà ôóíêöèè

G
(s)
∗,j òîæäåñòâåííî ðàâíà íóëþ è òîãäà

F
(s)
∗,j = Mn

(
G

(s)
∗,j(n, µ)

)
.

Òàêèì îáðàçîì, âñå êîýôôèöèåíòû ïðè ÷ëåíàõ òîæäåñòâåííîãî ðåçîíàíñà íå çàâèñÿò îò n.
Äëÿ êîýôôèöèåíòîâ ïðè ÷ëåíàõ òîæäåñòâåííîãî ðåçîíàíñà, îïðåäåëÿåìûõ â ñèëó (4.18)

âåêòîðàìè p = (q, q + δs, 0) ïðè s = 1,m è p = (q, q, p0) ïðè s = 2m + 1, ..., l, áóäåì èñïîëüçîâàòü
îáîçíà÷åíèÿ: F

(s)
∗,j (µ) = F

(s)
∗,j,b(µ).

Âåêòîð q ∈ Pm
+ îäíîçíà÷íî îïðåäåëÿåò ÷ëåíû òîæäåñòâåííîãî ðåçîíàíñà (4.19).

á) Â í ó ò ð å í í è é ð å ç î í à í ñ. Ëþáîé âåêòîð (h, q, r) ∈ R
(1)
s óäîâëåòâî-

ðÿåò ñîîòíîøåíèþ (4.20) ïðè íåêîòîðîì ôèêñèðîâàííîì çíà÷åíèè τ, êîòîðîå îáîçíà÷èì ÷åðåç
τ

(s)
∗ (∗=⇒ h, q, r).

Ïðè µ = µ0 êîýôôèöèåíò ïðè ϕ
(s)
∗,j(µ) â (4.28) èìååò âèä eiτ (s)χ.
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Ðåçîíàíñíàÿ ÷àñòü ñïåêòðà ôóíêöèè ϕ
(s)
∗,j èìååò âèä

R
G

(s)
∗,j

=
{
−τ

(s)
∗ χ

}
.

Ïîýòîìó äëÿ êîýôôèöèåíòîâ âíóòðåííåãî ðåçîíàíñà ïîëó÷èì

g
(s)
∗,j (n, µ) = g

(s)
∗,j (µ) exp

(
−τ

(s)
∗ χn

)
,

ãäå g
(s)
∗,j � ñîîòâåòñòâóþùèå êîýôôèöèåíòû Ôóðüå ôóíêöèè g

(s)
∗,j (n, µ).

Èçëîæåííîå ìîæíî ðåçþìèðîâàòü â âèäå ñëåäóþùåé òåîðåìû.
Ò å î ð å ì à 3. 1) Ïóñòü âåùåñòâåííàÿ F -ñèñòåìà (1.1) ñ ìàòðèöåé A(µ), óäîâëåòâî-

ðÿþùåé óñëîâèÿì 1), 2) (ï.4.2), îáëàäàåò ïðè µ = µ0 åäèíñòâåííûì âíóòðåííèì ðåçîíàíñîì
L-ãî ïîðÿäêà (4.15).

2) Ïóñòü â îáëàñòè D äðóãèõ âíóòðåííèõ ðåçîíàíñîâ íåò.
Òîãäà ðåçîíàíñíàÿ íåïðåðûâíàÿ íîðìàëüíàÿ ôîðìà èìååò âèä

usn+1 = αs(µ)elϕ(s)(µ)usn + usn

∞∑

j=1

εj




lj∑

|q|=1

F
(s)
q,j (µ)(un · un)q+

+
hj1∑

L−1

′F (s)
∗,j (µ) exp(−lτ

(s)
∗ χn)uτ

(s)
∗

n (unun)q


, (4.27)

νbn+1 = ηb(µ)νbn + εb+2mνb+1 +
∑

c=1

νlb
n




∞∑

j=N≥1


∑

|q|=j

g(b+2m)
q,c (µ)(unun)q+

+

( nj∑

L+1

′F (b+2m)
∗,j (µ) exp(−lτ

(b+2m)
∗ χn)uτ

(b+2m)
∗ (unun)q

))]
,

ãäå s = 1,m, b = 1, k.
Øòðèõ ïðè ñóììå îçíà÷àåò, ÷òî ñóììèðîâàíèå âåäåòñÿ ëèøü ïî p = (h, q, r)∈R

(1)
s ñ íîðìîé,

ìåíÿþùåéñÿ â óêàçàííûõ ãðàíèöàõ lj =
⌊

1
2nj

⌋
.

Ñäåëàåì íåñêîëüêî çàìå÷àíèé ê òåîðåìå. Â ñèñòåìå (4.27) óðàâíåíèÿ äëÿ usn+1 íå âûïè-
ñàíû. Êàæäûé ïîëèíîì ïðè εj ñîñòîèò èç äâóõ ãðóïï ÷ëåíîâ: òîæäåñòâåííîãî è âíóòðåííåãî
ðåçîíàíñà.

Åñëè ïðè íåêîòîðîì j lj < L− 1, òî ÷ëåíû âíóòðåííåãî ðåçîíàíñà îòñóòñòâóþò.

4.5. Ï ð è â å ä å í è å í î ð ì à ë ü í îé ô î ð ì û ê à â ò î í î ì í î ì ó
â è ä ó. Èç (1.1) âèäíî, ÷òî ïðè íàëè÷èè â (1.1) âíóòðåííåãî ðåçîíàíñà íîðìàëüíàÿ ôîðìà
ïðè D 6= 0 íå ÿâëÿåòñÿ àâòîíîìíîé ñèñòåìîé. Íî íåòðóäíî äîáèòüñÿ, ÷òîáû ñèñòåìà (4.27)
ñòàëà àâòîíîìíîé. Äëÿ ýòîãî âûïîëíèì çàìåíû usn =⇒ zsn, usn =⇒ zsn ïî ôîðìóëàì usn =
= zsneiϕs(µ0)n. Ïðè ýòîì ñèñòåìà (4.27) ïðèìåò âèä

zsn+1 = αs(µ)liϕs(µ)−iϕs(µ0)zsn +


zsn

∞j∑

j=1

εj




lj∑

|q|=1

F
(s)
q,j (µ)(znzn)q +

nj∑

L−1

F
(s)
∗,j (µ)zτ

(s)
∗ χ(znzn)q





 ,

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 1 (11)



40 Ê.Á. Áîïàåâ

υbn+1 = ηb(µ)υbn + εb+2mυb+1n +
k∑

i=1

υlb
n



∞∑

j=1

εj

lj∑

|q=1|
F

(b+2m)
q,p,0 (µ)(znzn)q+

+
nj∑

L+1

F
(b+2m)
∗,j (µ)zτ

(b+2m)k
∗ (znzn)q

]
. (4.28)

Ïîëó÷åííûå ñèñòåìû áóäóò èñïîëüçîâàíû äëÿ èññëåäîâàíèÿ óñòîé÷èâîñòè è êîëåáàíèé â
F -ñèñòåìàõ. Îòìåòèì, ÷òî, åñëè èñõîäíûå ñèñòåìû àâòîíîìíû, òî ïîñëå çàìåíû usn =⇒ zsn,
íîðìàëüíàÿ ôîðìà àâòîíîìíûõ ñèñòåì ïðèìåò òàêîé æå âèä, êàê (4.28). Òàêèì îáðàçîì, ïîëó-
÷åííûå ñèñòåìû ïîçâîëÿþò îäíîâðåìåííî èçó÷àòü àâòîíîìíûå è ïî÷òè ïåðèîäè÷åñêèå ñèñòåìû.
Îòìåòèì, ÷òî â àâòîíîìíîì ñëó÷àå ÷ëåíû âíóòðåííåãî ðåçîíàíñà ìîãóò ïðèñóòñòâîâàòü òîëüêî
ïðè m≥ 2.
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ÊÎÐÐÅÊÒÍÀß ÐÀÇÐÅØÈÌÎÑÒÜ ËÈÍÅÉÍÎÉ
ÄÂÓÕÒÎ×Å×ÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È Ñ ÏÀÐÀÌÅÒÐÎÌ

Ä. Ñ.Äæóìàáàåâ, Á. Á.Ìèíãëèáàåâà

Èíñòèòóò Ìàòåìàòèêè ÌÎèÍ ÐÊ
480100 ã.Àëìàòû óë.Ïóøêèíà, 125 anar@math.kz, dzhumabaev@list.ru

Â òåðìèíàõ ìàòðèöû eQν(h), ñîñòàâëÿåìîé ïî ïðàâîé ÷àñòè äèôôåðåíöèàëüíîãî óðàâíåíèÿ, è ãðà-
íè÷íîìó óñëîâèþ óñòàíîâëåíû ïðèçíàêè êîððåêòíîé ðàçðåøèìîñòè êðàåâîé çàäà÷è ñ ïàðàìåòðîì.
Ïîëó÷åíû ðåêóððåíòíûå ôîðìóëû íàõîæäåíèÿ ýëåìåíòîâ ìàòðèöû [ eQν(h)]−1.

Äèôôåðåíöèàëüíûå óðàâíåíèÿ, âñòðå÷àþùèåñÿ â ïðèëîæåíèÿõ, îáû÷íî ñîäåðæàò ðàçëè÷-
íûå ïàðàìåòðû, õàðàêòåðèçóþùèå âëèÿíèå òåõ èëè èíûõ ôàêòîðîâ íà îïèñûâàåìûå èìè ïðî-
öåññû.

Íàëè÷èå ïàðàìåòðîâ ïðèâîäèò ê ðàçëè÷íûì çàäà÷àì äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ
(ñì.[1]).

Äâóõòî÷å÷íûå êðàåâûå çàäà÷è ñ ïàðàìåòðàìè èçó÷àþòñÿ, íà÷èíàÿ ñ ðàáîò Õèêîçàêà-Íîáîðó
[2], Çàâèøà[3] è Òàêàõàøè [4]. Â äàëüíåéøåì êðàåâûå çàäà÷è ñ ïàðàìåòðàìè ðàçëè÷íûìè ìå-
òîäàìè èññëåäîâàëèñü ìíîãèìè àâòîðàìè [5�21]. Â ñîîòâåòñòâèè ñ ïðèìåíÿåìûì ìåòîäàìè,
ïîäõîäàìè óñëîâèÿ ðàçðåøèìîñòè çàäà÷è è ñõîäèìîñòè ïðåäëàãàåìûõ àëãîðèòìîâ íàõîæäåíèÿ
åå ðåøåíèÿ áûëè ïîëó÷åíû â ðàçëè÷íûõ òåðìèíàõ.

Â íàñòîÿùåé ñòàòüå ìåòîäîì ïàðàìåòðèçàöèè (ì.ï.) [22] èññëåäóåòñÿ ëèíåéíàÿ äâóõòî÷å÷íàÿ
êðàåâàÿ çàäà÷à ñ ïàðàìåòðîì

dx

dt
= A(t)x + B(t)µ + f(t), t ∈ [0, T ], x ∈ Rn, µ ∈ Rm, (1)

C0µ + C1x(0) + C2x(T ) = d, d ∈ Rn+m, ||x|| = max
i=1,..,n

|xi|, (2)

ãäå ìàòðèöû A(t), B(t), âåêòîð-ôóíêöèÿ f(t) íåïðåðûâíû íà [0, T ]. ×åðåç α, β îáîçíà÷èì ÷èñëà,
îãðàíè÷èâàþùèå ñâåðõó íîðìû ìàòðèö A(t), B(t) ïðè t ∈ [0, T ] :

||A(t)|| = max
i

n∑

j=1

|aij(t)| ≤ α, ||B(t)|| = max
i

m∑

j=1

|bij(t)| ≤ β.

Keywords: parametrization's method, two-point boundary-value problem with parameter, ordinary di�erential equation
2000 Mathematics Subject Classi�cation: 34B08
c
 Ä. Ñ.Äæóìàáàåâ, Á. Á.Ìèíãëèáàåâà, 2004.
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Çàäà÷à çàêëþ÷àåòñÿ â îïðåäåëåíèè ïàðû (µ∗, x∗(t)), ãäå ôóíêöèÿ x∗(t) ïðè µ = µ∗ óäîâ-
ëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ (1) è êðàåâûì óñëîâèÿì (2). Îòìåòèì, ÷òî çäåñü
íåèçâåñòíûé ïàðàìåòð µ ñîäåðæèòñÿ êàê â äèôôåðåíöèàëüíîì óðàâíåíèè, òàê è â êðàåâîì
óñëîâèè. Ïðè äîïîëíèòåëüíûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ìàòðèö Cs, s = 0, 1, 2 ïîëó÷èì
ðàññìîòðåííûå ðàíåå ÷àñòíûå âèäû äâóõòî÷å÷íûõ êðàåâûõ çàäà÷ ñ ïàðàìåòðîì. ×àñòíûì ñëó-
÷àåì (2) ïðè m = n ÿâëÿþòñÿ íàèáîëåå èçó÷åííûå ãðàíè÷íûå óñëîâèÿ

x(0) = x1, x(T ) = x2, xs ∈ Rn, s = 1, 2. (2′)

Çàäà÷à (1), (2′) ÷àñòî âîçíèêàåò â òåîðèè óïðàâëåíèÿ: èç îáëàñòè èçìåíåíèÿ µ ñëåäóåò âûáðàòü
òàêîå óïðàâëåíèå µ∗, ÷òîáû ïðîöåññ, îïèñûâàåìûé äèôôåðåíöèàëüíûì óðàâíåíèåì (1) è èìå-
þùèé íà÷àëüíîå ñîñòîÿíèå x1, ÷åðåç âðåìÿ T íàõîäèëñÿ áû â çàäàííîì ñîñòîÿíèè x2. Çàäà÷ó
(1), (2) ìîæíî òàêæå ðàññìàòðèâàòü êàê îáðàòíóþ: èçâåñòíà ñòðóêòóðà äèôôåðåíöèàëüíîãî
óðàâíåíèÿ (A(t), B(t), f(t)) è ïî äîïîëíèòåëüíîé èíôîðìàöèè (2) íàäî âîññòàíîâèòü ïðàâóþ
÷àñòü äèôôåðåíöèàëüíîãî óðàâíåíèÿ (1).

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (1), (2) â òåðìèíàõ
îáðàòèìîñòè ìàòðèöû ñïåöèàëüíîé ñòðóêòóðû Q̃ν(h), ñîñòàâëÿåìîé ïî èñõîäíûì äàííûì, ïî-
ëó÷åíû â [23,24].

Öåëüþ ðàáîòû ÿâëÿåòñÿ îïðåäåëåíèå êîýôôèöèåíòíûõ óñëîâèé êîððåêòíîé ðàçðåøèìîñòè
çàäà÷è (1), (2) è íàõîæäåíèå ðåêóððåíòíûõ ôîðìóë, ïîçâîëÿþùèõ ïîáëî÷íî îïðåäåëèòü ýëå-
ìåíòû ìàòðèöû [Q̃ν(h)]−1.

Âîçüìåì øàã h > 0 : Nh = T è ïðîèçâåäåì ðàçáèåíèå

[0, T ) =
N⋃

r=1

[(r − 1)h, rh).

×åðåç xr(t) îáîçíà÷èì ñóæåíèå ôóíêöèè x(t) íà r-é èíòåðâàë [(r − 1), rh) è çàäà÷ó (1), (2)
ñâåäåì ê ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å

dxr

dt
= A(t)xr + B(t)µ + f(t), t ∈ [(r − 1), rh), r = 1, ..., N, (3)

C0µ + C1x1(0) + C2 lim
t→T−0

xN (t) = d, (4)

lim
t→sh−0

xs(t) = xs+1(sh), s = 1, ..., N − 1, (5)

ãäå (5) � óñëîâèÿ ñêëåèâàíèÿ ðåøåíèÿ âî âíóòðåííèõ òî÷êàõ ðàçáèåíèÿ èíòåðâàëà [0, T ). Çàäà-
÷è (1), (2) è (3)�(5) ýêâèâàëåíòíû â ñëåäóþùåì ñìûñëå. Åñëè ïàðà (µ, x(t)) � ðåøåíèå çàäà÷è
(1), (2), òî ïàðà (µ, x[t]), ãäå x[t] = (x1(t), x2(t), ..., xN (t))′ � ñèñòåìà ñóæåíèé ôóíêöèè x(t),
ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (3)�(5). Íàîáîðîò, åñëè (µ̃, x̃[t]), ãäå x̃[t] = (x̃1(t), x̃2(t), ..., x̃N (t))′ �
ðåøåíèå çàäà÷è (3)�(5), òî ïàðà (µ̃, x̃(t)) ñ ôóíêöèåé x̃(t), îïðåäåëÿåìîé ðàâåíñòâàìè x̃(t) =
x̃r(t), t ∈ [(r − 1)h, rh), r = 1, ..., N, x̃(T ) = lim

t→T−0
x̃N (t), áóäåò ðåøåíèåì çàäà÷è (1), (2).

Â ïåðâîì óòâåðæäåíèè äèôôåðåíöèàëüíûå óðàâíåíèÿ (3) è óñëîâèå (4) âûïîëíÿþòñÿ â ñèëó
(1), (2), à ñèñòåìà ðàâåíñòâ (5) ñëåäóåò èç íåïðåðûâíîñòè íà [0, T ] ôóíêöèè x(t). Âî âòîðîì
óòâåðæäåíèè ââèäó (3)�(5) ôóíêöèÿ x̃(t) íåïðåðûâíà íà [0, T ] è óäîâëåòâîðÿåò êðàåâîìó óñëî-
âèþ (2). Ïðè ýòîì îíà èìååò íåïðåðûâíóþ ïðîèçâîäíóþ è óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó
óðàâíåíèþ (1) âî âñåõ òî÷êàõ [0, T ] êðîìå òî÷åê ðàçáèåíèÿ t = (s−1)h, s = 2, ..., N. Òîãäà èç (3),
(5) è íåïðåðûâíîñòè A(t), B(t), f(t) íà [0, T ] ñëåäóåò, ÷òî ôóíêöèÿ x̃(t) èìååò íåïðåðûâíûå ïðî-
èçâîäíûå è óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ (1) è ïðè t = (s− 1)h, s = 2, ..., N.
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Ââåäåì îáîçíà÷åíèÿ: λ0 = µ, λr = xr[(r − 1)h], r = 1, ..., N è íà êàæäîì èíòåðâàëå [(r −
1)h, rh), ïðîèçâåäÿ çàìåíó ur(t) = xr(t)− λr, ïîëó÷èì ìíîãîòî÷å÷íóþ êðàåâóþ çàäà÷ó ñ ïàðà-
ìåòðîì

dur

dt
= A(t)ur + A(t)λr + B(t)λ0 + f(t), ur[(r − 1)h] = 0, (6)

t ∈ [(r − 1)h, rh), r = 1, ..., N,

C0λ0 + C1λ1 + C2λN + C2 lim
t→T−0

uN (t) = d, (7)

λs + lim
t→sh−0

us(t) = λs+1, s = 1, ..., N − 1. (8)

Åñëè ïàðà (λ, u[t]), ãäå λ = (λ0, λ1, ..., λN )′ ∈ RnN+m, u[t] = (u1(t), u2(t), ..., uN (t))′ � ðåøåíèå
çàäà÷è (6)�(8), òî ïàðà (µ, x[t]) ñ ïàðàìåòðîì µ = λ0 è ñèñòåìîé ôóíêöèé x[t] = (λ1 +u1(t), λ2 +
u2(t), ..., λN +uN (t))′ áóäåò ðåøåíèåì çàäà÷è (3)�(5). È, íàîáîðîò, åñëè ïàðà (µ̃, x̃[t]) � ðåøåíèå
çàäà÷è (3)�(5), òî ïàðà (λ̃, ũ[t]), ãäå λ̃ = (µ̃, x̃1(0), ..., x̃N ((N − 1)h))′, ũ[t] = (x̃1(t)− x̃1(0), x̃2(t)−
x̃2(h), ..., x̃N (t)− x̃N [(N − 1)h])′, áóäåò ðåøåíèåì çàäà÷è (6)�(8).Ïîÿâëåíèå íà÷àëüíîãî óñëîâèÿ
â òî÷êå t = (r−1)h ïîçâîëÿåò ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòðîâ λ0, λr ôóíêöèþ ur(t)
îïðåäåëèòü èç èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà âòîðîãî ðîäà

ur(t) =

t∫

(r−1)h

A(τ)[ur(τ) + λr]dτ +

t∫

(r−1)h

B(τ)λ0dτ +

t∫

(r−1)h

f(τ)dτ, (9)

t ∈ [(r − 1)h, rh), r = 1, ..., N. Âìåñòî ur(τ) ïîäñòàâèâ ñîîòâåòñòâóþùóþ ïðàâóþ ÷àñòü (9) è
ïîâòîðèâ ýòîò ïðîöåññ ν (ν = 1, 2, . . .) ðàç, ïîëó÷èì ïðåäñòàâëåíèå ôóíêöèè ur(t) âèäà

ur(t) = Dν,r(t)λr + Hν,r(t)λ0 + Fν,r(t) + Gν,r(u, t), t ∈ [(r − 1)h, rh), (10)

ãäå

Dν,r(t) =
ν−1∑

j=0

t∫

(r−1)h

A(τ1)...

τj∫

(r−1)h

A(τj+1)dτj+1...dτ1,

Hν,r(t) =

t∫

(r−1)h

B(τ1)dτ1 +
ν−1∑

j=1

t∫

(r−1)h

A(τ1) . . .

τj−1∫

(r−1)h

A(τj)

τj∫

(r−1)h

B(τj+1)dτj+1dτj ...dτ1,

Fνr(t) =

t∫

(r−1)h

f(τ1)dτ1 +
ν−1∑

j=1

t∫

(r−1)h

A(τ1)...

τj−1∫

(r−1)h

A(τj)

τj∫

(r−1)h

f(τj+1)dτj+1dτj . . . dτ1,

Gνr(u, t) =

t∫

(r−1)h

A(τ1) . . .

τν−1∫

(r−1)h

A(τν)ur(τν)dτν . . . dτ1, τ0 = t, r = 1, N.

Ïåðåõîäÿ ê ïðåäåëó ïðè t → rh− 0, â ïðàâîé ÷àñòè (10) èìååì

lim
t→rh−0

ur(t) = Hνr(rh)λ0 + Dνr(rh)λr + Fνr(rh) + Gνr(u, rh). (11)

Ïîäñòàâëÿÿ â (7), (8) âìåñòî lim
t→rh−0

ur(t), r = 1, ..., N ñîîòâåòñòâóþùèå èì ïðàâûå ÷àñòè (11)
è óìíîæàÿ îáå ÷àñòè (7) íà h > 0, ïîëó÷àåì ëèíåéíóþ ñèñòåìó óðàâíåíèé îòíîñèòåëüíî íåèç-
âåñòíûõ ïàðàìåòðîâ λ

Q̃ν(h)λ = −Fν(h)−Gν(u, h), λ ∈ RnN+m, (12)
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ãäå Q̃ν(h) =

=




[C0 + C2HνN (Nh)]h C1h 0 . . . 0 C2[I + Dν,N (Nh)]h
Hν1(h) I + Dν1(h) −I . . . 0 0

. . . . . . . . . . . . . . . . . .
Hν,N−1((N − 1)h) 0 0 . . . I + Dν,N−1[(N − 1)h] −I


 ,

Fν(h) = (−hd + hC2Fν,N (Nh), Fν1(h), . . . , Fν,N−1((N − 1)h))
′ ∈ RnN+m,

Gν(u, h) = (hC2Gν,N (u, Nh), Gν1(u, h), . . . , Gν,N−1(u, (N − 1)h))
′ ∈ RnN+m.

Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ ïàðû (λ, u[t])− ðåøåíèÿ çàäà÷è (6)�(8) èìååì çàìêíóòóþ
ñèñòåìó óðàâíåíèé (9), (12). Åñëè èçâåñòåí ïàðàìåòð λ = (λ0, λ1, ..., λN )′, òî èç (9) íàéäåì
ñèñòåìó ðåøåíèé çàäà÷ Êîøè u[t]. Åñëè èçâåñòíû u[t], òî èç (12) îïðåäåëèì çíà÷åíèÿ ïàðàìåòðà
λ ∈ RnN+m. Òàê êàê íåèçâåñòíûìè ÿâëÿþòñÿ êàê λ, òàê è u[t], òî äëÿ íàõîæäåíèÿ ðåøåíèÿ
çàäà÷è (6)�(8) ïðèìåíÿåòñÿ ìåòîä ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ïðè ýòîì ó÷èòûâàåòñÿ, ÷òî
ôóíêöèÿ ur(t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è Êîøè íà [(r−1)h, rh) ñ íóëåâûì íà÷àëüíûì óñëîâèåì
â òî÷êå t = (r− 1)h, r = 1, ..., N è ïàðà (λ, u[t]) � ðåøåíèå çàäà÷è (6)�(8) íàõîäèòñÿ êàê ïðåäåë
ïîñëåäîâàòåëüíîñòè ïàð (λ(k), u(k)[t]), k = 0, 1, 2, ..., îïðåäåëÿåìîé ïî ñëåäóþùåìó àëãîðèòìó:

0 øàã. à)Ïðåäïîëàãàÿ, ÷òî ïðè âûáðàííûõ h > 0 : Nh = T, ν ∈ N ìàòðèöà Q̃ν(h) : RnN+m →
RnN+m îáðàòèìà, íà÷àëüíîå ïðèáëèæåíèå ïî ïàðàìåòðó λ(0) ∈ RnN+m îïðåäåëÿåì èç óðàâíå-
íèÿ Q̃ν(h)λ = −Fν(h), ò.å λ(0) = −[Q̃ν(h)]−1Fν(h).

á)Èñïîëüçóÿ âåêòîðíûå êîîðäèíàòû λ(0) = (λ(0)
0 , λ

(0)
1 , ..., λ

(0)
N )′ ∈ RnN+m è ðåøàÿ çàäà÷è

Êîøè (6) ïðè λ0 = λ
(0)
0 , λr = λ

(0)
r íà èíòåðâàëàõ [(r − 1)h, rh), íàõîäèì ôóíêöèè u

(0)
r (t), r =

1, ..., N .
1 øàã. à)Â ïðàâîé ÷àñòè (12) âìåñòî u ïîäñòàâëÿÿ u(0)[t] = (u(0)

1 (t), u(0)
2 (t), ..., u(0)

N (t))′, ïåðâîå
ïðèáëèæåíèå ïî ïàðàìåòðó λ(1) îïðåäåëÿåì èç óðàâíåíèÿ Q̃ν(h)λ = −Fν(h) − Gν(u(0), h).
Ââèäó îáðàòèìîñòè ìàòðèöû Q̃ν(h) ïîëó÷èì λ(1) = −[Q̃ν(h)]−1[Fν(h) + Gν(u(0), h)].

á)Èñïîëüçóÿ λ(1) = (λ(1)
0 , λ

(1)
1 , ..., λ

(1)
N )′ ∈ RnN+m è ðåøàÿ çàäà÷ó Êîøè (6) ïðè λ0 =

λ
(1)
0 , λr = λ

(1)
r íà èíòåðâàëàõ [(r − 1)h, rh), íàõîäèì ôóíêöèè u

(1)
r (t), r = 1, ..., N. È ò.ä.

Àëãîðèòì ì.ï. çàâèñèò îò äâóõ ÷èñëîâûõ ïàðàìåòðîâ: h > 0 : Nh = T è ν ∈ N. Â òåîðåìå 1
èç [24, c.59] äîêàçàíî, ÷òî åñëè ñóùåñòâóþò ÷èñëà h, ν, ïðè êîòîðûõ ìàòðèöà Q̃ν(h) îáðàòèìà
è âûïîëíÿþòñÿ íåêîòîðûå íåðàâåíñòâà, òî àëãîðèòì ñõîäèòñÿ. Â òåîðåìå òàêæå ïîêàçàíî, ÷òî
ýòè óñëîâèÿ îáåñïå÷èâàþò îäíîçíà÷íóþ ðàçðåøèìîñòü çàäà÷è (1), (2), è äàíà îöåíêà ðàçíîñòè
ìåæäó ðåøåíèåì è åãî ïðèáëèæåíèåì, ïîëó÷àåìûì íà k-îì øàãå àëãîðèòìà.

×åðåç C([0, T ], Rn) îáîçíà÷èì ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé x : [0, T ] → Rn ñ íîðìîé
||x||1 = max

t∈[0,T ]
||x(t)||. Èç òåîðåìû 1 [24] è óñòàíîâëåííûõ â íåé îöåíîê ñëåäóåò

Òå î ð åì à 1. Ïóñòü ïðè íåêîòîðûõ h > 0 : Nh = T è ν ∈ N ìàòðèöà Q̃ν(h) : RnN+m →
RnN+m îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà

à) ||[Qν(h)]−1|| ≤ γν(h),

á) qν(h) = γν(h) ·max(1, h‖C2‖)
{

eαh − 1− αh− . . .− (αh)ν

ν!
+ βh(eαh − 1− ...− (αh)ν−1

(ν − 1)!
)
}

< 1.

Òîãäà êðàåâàÿ çàäà÷à ñ ïàðàìåòðîì (1), (2) èìååò åäèíñòâåííîå ðåøåíèå (µ∗, x∗(t)) è äëÿ íåãî
ñïðàâåäëèâà îöåíêà

max(||µ∗||, ||x∗||1) ≤ Mν(h)max(||d||, ||f ||1), (13)
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ãäå

Mν(h) =
{

γν(h)[eαh − 1 + βheαh] max{1 + h||C2||
ν−1∑

j=0

(αh)j

j!
,
ν−1∑

j=0

(αh)j

j!
}+ eαh

}
h×

×
{

γν(h)(1 + βh)eαh max(1, h||C2||)
1− qν(h)

(αh)ν

ν!
+ 1

}
+ γν(h)max{1 + h||C2||

ν−1∑

j=0

(αh)j

j!
,
ν−1∑

j=0

(αh)j

j!
}h.

Î ï ð å ä å ë å í è å. Çàäà÷à (1),(2) íàçûâàåòñÿ êîððåêòíî ðàçðåøèìîé, åñëè äëÿ ëþáûõ
f(t), d îíà èìååò åäèíñòâåííîå ðåøåíèå (µ∗, x∗(t)) è äëÿ íåãî ñïðàâåäëèâî íåðàâåíñòâî

max(||µ∗||, ||x∗||1) ≤ Kmax(||f ||1, ||d||),

ãäå K − const, íå çàâèñÿùàÿ îò f(t), d.

×èñëî K íàçûâàåòñÿ êîíñòàíòîé êîððåêòíîé ðàçðåøèìîñòè çàäà÷è (1), (2).
Èç îöåíêè (13) ñëåäóåò, ÷òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1 çàäà÷à (1), (2) êîððåêòíî

ðàçðåøèìà ñ êîíñòàíòîé K = Mν(h). Â òåîðåìå 2 èç [24, c.61] äîêàçàíî, ÷òî åñëè çàäà÷à (1),
(2) îäíîçíà÷íî ðàçðåøèìà, òî äëÿ ëþáîãî h > 0 : Nh = T ñóùåñòâóåò ν = ν(h) òàêîå, ÷òî ïðè
ýòèõ h, ν âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1. Îòñþäà è èç òåîðåìû 1 ñëåäóåò, ÷òî îäíîçíà÷íàÿ
ðàçðåøèìîñòü çàäà÷è (1), (2) ýêâèâàëåíòíà åå êîððåêòíîé ðàçðåøèìîñòè.

Ïóñòü ïàðà (µ∗, x∗(t)) � ðåøåíèå çàäà÷è (1), (2). Òîãäà à)ïàðà (λ∗, u∗[t]) ñ ïàðàìåòðàìè
λ∗0 = µ∗, λ∗r = x∗[(r − 1)h], r = 1, ..., N è ôóíêöèÿìè u∗r(t) = x∗(t) − x∗[(r − 1)h], t ∈ [(r −
1)h, rh), r = 1, ..., N áóäåò ðåøåíèåì çàäà÷è (6)�(8); á) ñóùåñòâóþò òàêèå ÷èñëà β1, β2, ÷òî
||λ∗|| ≤ β1, ||u∗r(t)|| ≤ β2, t ∈ [(r−1)h, rh), r = 1, N ; â)äëÿ ëþáîãî ν ∈ N èìåþò ìåñòî ðàâåíñòâà

u∗r(t) = Dν,r(t)λ∗r + Hν,r(t)λ∗0 + Fν,r(t) + Gν,r(u∗, t), t ∈ [(r − 1)h, rh), r = 1, N, (14)

Q̃ν(h)λ∗ = −Fν(h)−Gν(u∗, h). (15)

Òàê êàê ||Gν,r(u∗, t)|| ≤ max(1, h||C2||) (αh)ν

ν! β2 è Dν,r(t), Hν,r(t), Fν,r(t) ïðè ν → ∞ íà [(r−
−1)h, rh) ðàâíîìåðíî ñõîäÿòñÿ ê

D∗,r(t) =
∞∑

j=0

t∫

(r−1)h

A(τ1)...

τj∫

(r−1)h

A(τj+1)dτj+1...dτ1,

H∗,r(t) =

t∫

(r−1)h

B(τ1)dτ1 +
∞∑

j=1

t∫

(r−1)h

A(τ1) . . .

τj−1∫

(r−1)h

A(τj)

τj∫

(r−1)h

B(τj+1)dτj+1dτj ...dτ1,

F∗,r(t) =

t∫

(r−1)h

f(τ1)dτ1 +
∞∑

j=1

t∫

(r−1)h

A(τ1)...

τj−1∫

(r−1)h

A(τj)

τj∫

(r−1)h

f(τj+1)dτj+1dτj . . . dτ1, r = 1, N,

òî, ïåðåõîäÿ ê ïðåäåëó ïðè ν →∞ â (14), (15)è ðàçäåëèâ îáå ÷àñòè (15) íà h > 0, ïîëó÷èì

u∗r(t) = D∗,r(t)λ∗r + H∗,r(t)λ∗0 + F∗,r(t), t ∈ [(r − 1)h, rh), r = 1, N, (16)

1
h

Q̃∗(h)λ∗ = −F∗(A,C2, f, d), (17)

ãäå F∗(A,C2, f, d) = (−d + C2F∗,N (Nh), 1
hF∗,1(h), ..., 1

hF∗,N−1[(N − 1)h])′ ∈ RnN+m. Òàêèì îá-
ðàçîì, åñëè (λ∗, u∗[t]) � ðåøåíèå çàäà÷è (6)�(8), òî ïàðàìåòð λ∗ = (λ∗0, λ

∗
1, ..., λ

∗
N )′ ∈ RnN+m
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óäîâëåòâîðÿåò óðàâíåíèþ (17), à ñîîòâåòñòâóþùèå èì ðåøåíèÿ çàäà÷ Êîøè (6) � ôóíêöèè
u∗r(t) èìåþò âèä (16). Òåïåðü ïóñòü λ̃ = (λ̃0, λ̃1, ..., λ̃N )′ ∈ RnN+m � ðåøåíèå ñèñòåì óðàâíåíèé

[C0 + C2H∗,N (Nh)]λ0 + C1λ1 + C2[I + D∗,N (Nh)]λN = d− C2F∗,N (Nh), (18)

1
h

H∗,s(sh)λ0 +
1
h

[I + D∗,s(sh)]λs − 1
h

λs+1 = −1
h

F∗,s(sh), s = 1, N − 1, (19)

ò.å. 1
hQ̃∗(h)λ̃ = −F∗(A,C2, f, d) è ũ[t] = (ũ1(t), ũ2(t), ..., ũN (t))′− ñèñòåìà ðåøåíèé çàäà÷ Êîøè

(6) íà [(r − 1)h, rh) ïðè λ̃0 = λ̃0, λ̃r = λ̃r, r = 1, N. Ïîêàæåì, ÷òî ïàðà (λ̃, ũ[t]) � ðåøåíèå
çàäà÷è (6)�(8). Òàê êàê ũr(t) � ðåøåíèå çàäà÷è Êîøè (6) ïðè λ0 = λ̃0, λr = λ̃r, òî èç (16)
è åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè (6) ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòðîâ λ0, λr

ñëåäóåò, ÷òî

ũr(t) = D∗,r(t)λ̃r + H∗,r(t)λ̃0 + F∗,r(t), t ∈ [(r − 1)h, rh), r = 1, N, (20)

Ââèäó (18), (19) èìåþò ìåñòî ðàâåíñòâà

C0λ̃0 + C1λ̃1 + C2λ̃N + C2[D∗,N (Nh)λ̃N + H∗,N (Nh)λ̃0 + F∗,N (Nh)] = d, (21)

λ̃s + [D∗,s(sh)λ̃s + H∗,s(sh)λ̃0 + F∗,s(sh)] = λ̃s+1, s = 1, N − 1. (22)

Òîãäà â ñèëó (20) âûðàæåíèÿ, ñòîÿùèå â êâàäðàòíûõ ñêîáêàõ â (21), (22), ðàâíû lim
t→rh−0

ũr(t),

r = 1, N è ïàðà (λ̃, ũ[t]) óäîâëåòâîðÿåò òàêæå (7) è (8).
Ñëåäóþùåå óòâåðæäåíèå óñòàíàâëèâàåò íåîáõîäèìîñòü óñëîâèé òåîðåìû 1 ïðè ôèêñèðîâàí-

íûõ ν ∈ N.

Òå î ð åì à 2. Êðàåâàÿ çàäà÷à ñ ïàðàìåòðîì (1), (2) êîððåêòíî ðàçðåøèìà òîãäà è òîëüêî
òîãäà, êîãäà äëÿ ëþáîãî ν ∈ N ñóùåñòâóåò h = h(ν) > 0 : Nh = T , ïðè êîòîðîì ìàòðèöà
Q̃ν(h) : RnN+m → RnN+m îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà à), á) òåîðåìû 1.

Ä î ê à ç à ò å ë ü ñ ò â î. Äîñòàòî÷íîñòü óñëîâèé òåîðåìû äëÿ êîððåêòíîé ðàçðåøèìîñòè
çàäà÷è (1), (2) ñëåäóåò èç òåîðåìû 1. Äîêàæåì íåîáõîäèìîñòü. Ïóñòü çàäà÷à (1),(2) êîððåêòíî
ðàçðåøèìà ñ êîíñòàíòîé K. Òîãäà, êàê óñòàíîâëåíî â òåîðåìå 2 èç [24, c.61], ìàòðèöà Q̃∗(h) :
RnN+m → RnN+m îáðàòèìà ïðè ëþáîì h > 0 : Nh = T . Ïîêàæåì ñóùåñòâîâàíèå h0 > 0, ïðè
êîòîðîì äëÿ ëþáîãî h ∈ (0, h0] : Nh = T ñïðàâåäëèâà îöåíêà

||[Q̃∗(h)]−1|| ≤ γ

h
, (23)

ãäå γ − const, íå çàâèñÿùàÿ îò h. Äëÿ ýòîé öåëè ðàññìîòðèì óðàâíåíèå

Qhλ ≡ 1
h

Q̃∗(h)λ = c, λ, c ∈ RnN+m. (24)

Âîçüìåì ε > 0 è h0 = h0(ε) âûáåðåì, óäîâëåòâîðÿþùèì íåðàâåíñòâó 1
αh0

(eαh0 − 1 − αh0) ≤
2ε

(4+ε)(2+ε) . Òîãäà äëÿ ëþáûõ h ∈ (0, h0], c = (c0, c1, ..., cN )′ ∈ RnN+m ìîæíî ïîñòðîèòü ôóíêöèþ
fc(t) ∈ C([0, T ], Rn), îáëàäàþùóþ ñâîéñòâàìè 1

hF∗,s(sh) = −cs+1, s = 1, N − 1, 1
hF∗,N (Nh) = 0,

||fc||1 ≤ (1 + ε
2)||c||.

Äëÿ ýòîãî ïî cs+1, s = 1, N − 1, èñïîëüçóÿ ëåììó èç [22, c.57], ñëåäóåò ïîñòðîèòü íåïðåðûâ-
íûå íà [(s− 1)h, sh] ôóíêöèè fs+1(t), óäîâëåòâîðÿþùèå óñëîâèÿì fs+1[(s− 1)h] = fs+1(sh) = 0,

max
t∈[(s−1)h,sh]

||fs+1(t)|| ≤ (1 + ε
2)||cs+1||, F (A, fs+1) ≡ 1

h

sh∫
(s−1)h

fs+1(τ1)dτ1+
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+ 1
h

∞∑
j=1

sh∫
(s−1)h

A(τ1)...
τj−1∫

(s−1)h

A(τj)
τj∫

(s−1)h

fs+1(τj+1)dτj+1dτj ...dτ1 = cs+1 è ôóíêöèþ fc(t) îïðåäå-

ëèòü ðàâåíñòâàìè fc(t) = fs+1(t), t ∈ [(s − 1)h, sh], s = 1, N, fc(t) = 0, t ∈ [T − h, T ]. Òåïåðü,
åñëè âçÿòü dc = (c0, c1)′ ∈ Rn+m, òî λc = (λc

0, λ
c
1, ..., λ

c
N )′ ∈ RnN+m ñ êîîðäèíàòàìè λc

0 = µc, λ
c
r =

xc[(r − 1)h], r = 1, N, ãäå (µc, xc(t)) � ðåøåíèå çàäà÷è (1), (2) ïðè f(t) = fc(t), d = dc áóäåò
åäèíñòâåííûì ðåøåíèåì óðàâíåíèÿ (24) è

||Q−1
h c|| = ||λc|| = max(||µc||, max

r=1,N
||xc[(r − 1)h]||) ≤

≤ max(||µc||, ||xc||1) ≤ Kmax(||dc||, ||fc||1). (25)

Â ïîñëåäíåì íåðàâåíñòâå (25) ìû èñïîëüçîâàëè êîððåêòíóþ ðàçðåøèìîñòü çàäà÷è (1), (2). Ó÷è-
òûâàÿ, ÷òî ïî ïîñòðîåíèþ fc(t) è ïî âûáîðó dc èìååò ìåñòî íåðàâåíñòâî max(||dc||, ||fc||1) ≤
(1 + ε/2)||c||, èç (25) ïîëó÷èì îöåíêó ||Q−1

h c|| ≤ (1 + ε/2)K||c||, îòêóäà ââèäó ïðîèçâîëüíîñòè
c ∈ RnN+m ñëåäóåò, ÷òî ||Q−1

h || ≤ (1 + ε/2)K. Ïîýòîìó äëÿ ëþáîãî h ∈ (0, h0] : Nh = T

||[Q̃∗(h)]−1|| = 1
h ||Q−1

h || ≤ (1 + ε/2) 1
h , ãäå K � êîíñòàíòà êîððåêòíîé ðàçðåøèìîñòè çàäà÷è (1),

(2), è íîðìà íå çàâèñèò îò h, ò.å. (23) ñïðàâåäëèâà ñ γ = (1 + ε/2)K.
Òàê êàê

||Q̃∗(h)− Q̃ν(h)|| ≤ max(1, h||C2||)
{

eαh− 1−αh− ...− (αh)ν

ν!
+βh[eαh− 1−αh− ...− (αh)ν−1

(ν − 1)!
]
}

,

òî, âûáèðàÿ h1 = h1(ε, ν) ∈ (0, h0] : Nh1 = T, óäîâëåòâîðÿþùèì íåðàâåíñòâó

(1 + ε
2)K

h
max(1, h||C2||)

{
eαh − 1− αh− ...− (αh)ν

ν!
+

+βh[eαh − 1− αh− ...− (αh)ν−1

(ν − 1)!
]
}

<
ε

2(1 + ε)
, (26)

ïî òåîðåìå î ìàëûõ âîçìóùåíèÿõ îãðàíè÷åííî îáðàòèìûõ îïåðàòîðîâ [25, c.142] ïîëó÷èì, ÷òî
ìàòðèöà Q̃ν(h) îáðàòèìà ïðè âñåõ h ∈ (0, h1] : Nh = T è äëÿ åå îáðàòíîé ñïðàâåäëèâà îöåíêà

||[Q̃ν(h)]−1|| ≤ (1 + ε)
K

h
. (27)

Îòñþäà ïðè h = h1 ïîëó÷èì îáðàòèìîñòü ìàòðèöû Q̃ν(h1) è âûïîëíèìîñòü íåðàâåíñòâà à)
òåîðåìû ñ ÷èñëîì γν(h1) = (1 + ε) K

h1
.

Èç (26) ñëåäóåò íåðàâåíñòâî á) qν(h1) = 1
h1

(1 + ε)K ×max(1, h||C2||)(eαh − 1− ...− (αh)ν

ν! +

βh[eαh − 1− ...− (αh)ν−1

(ν−1)! ]) < ε
ε+2 < 1. Òåîðåìà 2 äîêàçàíà.

Ñëåäóþùåå óòâåðæäåíèå óñòàíàâëèâàåò âçàèìîñâÿçü ìåæäó êîíñòàíòîé êîððåêòíîé ðàçðå-
øèìîñòè K è ÷èñëîì, îãðàíè÷èâàþùèì ñâåðõó íîðìó ìàòðèöû, îáðàòíîé ê Q̃ν(h).

Òå î ð åì à 3. Êðàåâàÿ çàäà÷à (1), (2) êîððåêòíî ðàçðåøèìà òîãäà è òîëüêî òîãäà, êîãäà
äëÿ ëþáîãî ν ∈ N ñóùåñòâóåò h0 = h0(ν) òàêîå, ÷òî ïðè âñåõ h ∈ (0, h0] : Nh = T ìàòðèöà
Q̃ν(h) : RnN+m → RnN+m îáðàòèìà è

||[Q̃ν(h)]−1|| ≤ γ

h
, (28)

ãäå γ − const, íå çàâèñÿùàÿ îò h. Ïðè÷åì, åñëè èçâåñòíà K � êîíñòàíòà êîððåêòíîé ðàç-
ðåøèìîñòè çàäà÷è (1), (2), òî äëÿ ëþáîãî ε > 0 íàéäåòñÿ h = h(ε, ν) > 0 è îöåíêà (28)
âûïîëíÿåòñÿ ñ êîíñòàíòîé γ = (1 + ε)K ïðè h ∈ (0, h] : Nh = T. È, îáðàòíî, åñëè èìååò
ìåñòî (28), òî K = γ.
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Ä î ê à ç à ò å ë ü ñ ò â î. Íåîáõîäèìîñòü. Ïóñòü çàäà÷à (1), (2) êîððåêòíî ðàçðåøèìà
è K � åå êîíñòàíòà.

Òîãäà, êàê áûëî óñòàíîâëåíî ïðè äîêàçàòåëüñòâå òåîðåìû 2, äëÿ ëþáîãî ε > 0 ñóùåñòâóåò
h1 = h1(ε, ν) > 0 òàêîå, ÷òî ïðè âñåõ h ∈ (0, h1] : Nh = T ìàòðèöà Q̃ν(h) îáðàòèìà è ñîãëàñíî
(27) îöåíêà (28) âûïîëíÿåòñÿ ñ êîíñòàíòîé γ = (1 + ε)K.

Äîñòàòî÷íîñòü. Ïóñòü ìàòðèöà Q̃ν(h) îáðàòèìà ïðè âñåõ h ∈ (0, h0] : Nh = T è åå îáðàòíàÿ
óäîâëåòâîðÿåò (28). Ó÷èòûâàÿ, ÷òî â ñèëó (28) qν(h) = O(hν) è âûáèðàÿ h̃ ∈ (0, h0] : Nh̃ = T,
óäîâëåòâîðÿþùèì íåðàâåíñòâó qν(h̃) < 1, èç òåîðåìû 1 ïîëó÷èì êîððåêòíóþ ðàçðåøèìîñòü
çàäà÷è (1), (2) ñ êîíñòàíòîé Mν(h̃). Òàê êàê ïðè íàøèõ ïðåäïîëîæåíèÿõ Mν(h) èìååò âèä

Mν(h) =
{

γ

h
[eαh − 1 + βheαh]max{1 + h||C2||

ν−1∑

j=0

(αh)j

j!
,

ν−1∑

j=0

(αh)j

j!
}+ eαh

}
h×

×
{

γ

h
(1 + βh)eαh max(1, h||C2||)

1− qν(h)
(αh)ν

ν!
+ 1

}
+

γ

h
max{1 + h||C2||

ν−1∑

j=0

(αh)j

j!
,
ν−1∑

j=0

(αh)j

j!
}h,

òî, ïåðåõîäÿ ê ïðåäåëó ïðè h → 0, ïîëó÷èì, ÷òî K = lim
h→0

Mν(h) = γ. Òåîðåìà 3 äîêàçàíà.
Îäíèì èç îñíîâíûõ óñëîâèé êîððåêòíîé ðàçðåøèìîñòè çàäà÷è (1), (2) ÿâëÿåòñÿ îáðàòèìîñòü

ìàòðèöû Q̃ν(h) ïðè íåêîòîðûõ ν, h. Áëî÷íî-ëåíòî÷íàÿ ñòðóêòóðà ìàòðèöû Q̃ν(h) ïîçâîëÿåò
óñòàíîâèòü àíàëîãè÷íûå (5.5) èç [22, c.62] ðåêóððåíòíûå ôîðìóëû, ïîáëî÷íî îïðåäåëÿþùèå
ýëåìåíòû ìàòðèöû [Q̃ν(h)]−1. Ðàññìîòðèì óðàâíåíèå

Q̃ν(h)λ = p, λ, p ∈ RnN+m, (29)

êîòîðîå ïîáëî÷íî çàïèñûâàåòñÿ â âèäå

h[C0 + C2Hν,N (Nh)]λ0 + hC1λ1 + hC2[I + Dν,N (Nh)]λN = p1, (30)

Hν,j(jh)λ0 + [I + Dν,j(jh)]λj − λj+1 = pj+1, j = 1, 2, ..., N − 1. (31)

Íà îñíîâå (31) âûðàçèì λr+1, r = 1, N − 1 ÷åðåç λ0, λ1 è pj , j = 2, r :

λr+1 =
{

Hν,r(rh) +
2∑

k=r

k∏

i=r

[I + Dν,i(ih)]Hν,k−1[(k − 1)h]
}

λ0+

+
1∏

i=r

[I + Dν,i(ih)]λ1 − pr+1 −
2∑

k=r

k∏

i=r

[I + Dν,i(ih)]pk. (32)

Îòêóäà ïðè r = N − 1 èìååì

λN =
{

Hν,N−1[(N − 1)h] +
2∑

k=N−1

k∏

i=N−1

[I + Dν,i(ih)]Hν,k−1[(k − 1)h]
}

λ0+

+
1∏

i=N−1

[I + Dν,i(ih)]λ1 − pN −
2∑

k=N−1

k∏

i=N−1

[I + Dν,i(ih)]pk. (33)

Â (30) âìåñòî λN ïîäñòàâèâ ïðàâóþ ÷àñòü (33), ïîëó÷èì óðàâíåíèå

hM(λ0, λ1)′ = p1 + hC2

N∑

j=2

j∏

s=N

[I + Dν,s(sh)]pj (34)
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ñ ìàòðèöåé

M = [C0 + C2Hν,N (Nh) + C2

N∑

j=2

j∏

s=N

[I + Dν,s(sh)]Hν,j−1[(j − 1)h]; C1 + C2

j∏

s=N

[I + Dν,s(sh)]].

Ëåììà 1. Ìàòðèöà Q̃ν(h) : RnN+m → RnN+m îáðàòèìà òîãäà è òîëüêî òîãäà, êîãäà
îáðàòèìà ìàòðèöà M : Rn+m → Rn+m.

Ä î ê à ç à ò å ë ü ñ ò â î. Ïóñòü ìàòðèöà Q̃ν(h) îáðàòèìà. Òîãäà îäíîðîäíîå óðàâíåíèå

hM(λ0, λ1)′ = 0

èìååò òîëüêî íóëåâîå ðåøåíèå λ0 = 0 ∈ Rm, λ1 = 0 ∈ Rn. Äåéñòâèòåëüíî, åñëè λ0 èëè λ1

� íåíóëåâîé âåêòîð, òî ñ ïîìîùüþ (32), ãäå pi = 0, i = 1, N, îïðåäåëèâ îñòàëüíûå λr+1, r =
1, N − 1, ïîëó÷èì íåíóëåâîå ðåøåíèå λ ∈ RnN+m îäíîðîäíîãî óðàâíåíèÿ Q̃ν(h)λ = 0, ÷òî
ïðîòèâîðå÷èò îáðàòèìîñòè ìàòðèöû Q̃ν(h).

Òåïåðü ïóñòü îáðàòèìà ìàòðèöà M. Òîãäà îïðåäåëèâ (λ0, λ1)′ èç (34) è ïîäñòàâëÿÿ èõ â (32)
íàéäåì ðåøåíèå λ = (λ0, λ1, ..., λN )′ ∈ RnN+m óðàâíåíèÿ (29) ïðè ëþáîì p ∈ RnN+m.

Ïîêàæåì åäèíñòâåííîñòü ðåøåíèÿ óðàâíåíèÿ (29). Äåéñòâèòåëüíî, åñëè λ, λ̃ � ðåøåíèÿ
óðàâíåíèÿ (29) ïðè çàäàííîì p ∈ RnN+m, òî µ = λ− λ̃ áóäåò ðåøåíèåì îäíîðîäíîãî óðàâíåíèÿ
Q̃ν(h)λ = 0. Òàê êàê äëÿ áëî÷íûõ ýëåìåíòîâ âåêòîðà µ = (µ0, µ1, ..., µN )′ ∈ RnN+m ñïðàâåäëèâû
ðàâåíñòâà

µr+1 = Hν,r(rh) +
2∑

k=r

k∏

i=r

[I + Dν,i(ih)]Hν,k−1[(k − 1)h]µ0 +
1∏

i=r

[I +Dν,i(ih)]µ1, r = 1, N − 1, (35)

òî îòñþäà, îïðåäåëèâ µN ÷åðåç µ0, µ1 è ïîäñòàâèâ åãî â ñîîòâåòñòâóþùåå îäíîðîäíîå óðàâíåíèå
(30), ïîëó÷èì, ÷òî M(µ0, µ1)′ = 0. Èç îáðàòèìîñòè ìàòðèöû M ñëåäóåò µ0 = 0, µ1 = 0 è òîãäà
èç (35) µr+1 = 0 äëÿ âñåõ r = 1, N − 1. Ïîýòîìó ìàòðèöà Q̃ν(h) îáðàòèìà. Ëåììà 1 äîêàçàíà.

Ëåììà 2. Åñëè ìàòðèöà M : Rn+m → Rn+m îáðàòèìà, òî áëî÷íûå ýëåìåíòû ìàòðèöû

[Q̃ν(h)]−1 = (vi,j), i, j = 1, N

ìîæíî îïðåäåëèòü ðåêóððåíòíûìè ôîðìóëàìè:

v1,1 =
1
h

M−1, v1,N = M−1C2[I + Dν,N (Nh)], (36)

v1,r = v1,r+1[I + Dν,r(rh)], r = 2, N − 1, (37)

v2,j = [Hν,1(h), I + Dν,1(h)]v1,j , j 6= 2, j = 1, N (38)

v2,2 = [Hν,1(h), I + Dν,1(h)]v1,2 − I, (39)

vi,j = Hν,i−1[(i− 1)h]P0v1,j + [I + Dν,i−1[(i− 1)h]]vi−1,j , i = 3, ..., N ; i 6= j, (40)

vi,i = Hν,i−1[(i− 1)h]P0v1,i + [I + Dν,i−1[(i− 1)h]]vi−1,i − I, i = 3, ..., N (41)

ãäå P0 = [Im, 0] � m× (m + n)-ìàòðèöà, Im � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè m.
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Ä î ê à ç à ò å ë ü ñ ò â î. Èç îáðàòèìîñòè ìàòðèöû M ïî ëåììå 1 ñëåäóåò îáðàòèìîñòü
ìàòðèöû Q̃ν(h).

Ââèäó îáðàòèìîñòè M èç (34) èìååì

(λ0, λ1)′ =
1
h

M−1p1 + M−1C2

N∑

r=2

j∏

s=N

[I + Dν,s(sh)]pr,

îòêóäà ñëåäóþò (36), (37).
Èç ðàâåíñòâ

λ2 = [Hν,1(h), I + Dν,1(h)](λ0, λ1)′ − p2, (λ0, λ1)′ =
N∑

j=1

v1,jpj

ïîëó÷èì (38), (39).
Ïîñëåäóþùèå áëî÷íûå ñòðîêè íàéäåì, èñïîëüçóÿ ðàâåíñòâà

λr+1 = Hν,r(rh)λ0 + [I + Dν,r(rh)]λr − pr+1, r = 2, N − 1.

Ó÷èòûâàÿ, ÷òî λ0 =
N∑

j=1
P0v1,jpj , èìååì

λr+1 = [I + Dν,r(rh)]
N∑

j=1

vr,jpj + Hν,r(rh)
N∑

j=1

P0v1,jpj − pr+1 =

=
N∑

j=1

{
[I + Dν,r(rh)]vr,j + Hν,r(rh)P0v1,j

}
pj − pr+1, r = 2, N − 1. (42)

Ñðàâíèâàÿ ñîîòâåòñòâóþùèå êîýôôèöèåíòû ðàâåíñòâ (42) è

λr+1 =
N∑

j=1

vr+1,jpj , r = 1, N − 1,

ïîëó÷èì (40), (41). Ëåììà 2 äîêàçàíà.
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×ÈÑËÅÍÍÛÅ ÐÀÑ×ÅÒÛ ÒÓÐÁÓËÅÍÒÍÛÕ ÑÒÐÓÉÍÛÕ
ÒÅ×ÅÍÈÉ Â ÊÀÍÀËÀÕ

À. Ï. Ìàêàøåâà

Èíñòèòóò ìàòåìàòèêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè
480100 ã.Àëìàòû óë.Ïóøêèíà, 125 ked@math.kz

×èñëåííî ðåøåíà çàäà÷à èñòå÷åíèÿ ñèñòåìû ñâåðõçâóêîâûõ òóðáóëåíòíûõ ñòðóé, ðàñïðîñòðàíÿ-
þùèõñÿ â ñïóòíîì ïîòîêå ñ ÷àñòè÷íî îãðàíè÷åííîé îáëàñòüþ. Ðåøåíèÿ ïîëó÷åíû ìåòîäîì ðàñ-
ùåïëåíèÿ ñ èñïîëüçîâàíèåì ìàòðè÷íîé ïðîãîíêè äëÿ ïàðàáîëèçîâàííûõ óðàâíåíèé Íàâüå-Ñòîêñà.
Âûÿâëåíû îñîáåííîñòè ïðîñòðàíñòâåííîãî òå÷åíèÿ â çàâèñèìîñòè îò ñòåïåíè íåðàñ÷åòíîñòè, ÷èñåë
Ìàõà ñòðóè è ïîòîêà.

Èñòå÷åíèå ñèñòåìû ñâåðõçâóêîâûõ òóðáóëåíòíûõ ñòðóé â ñïóòíûé ñâåðõçâóêîâîé (äîçâóêî-
âîé) ïîòîê âûçûâàåò îáðàçîâàíèå ñëîæíîé ñòðóêòóðû òå÷åíèÿ ñ ðàñïðîñòðàíÿþùèìèñÿ ñêà÷êà-
ìè óïëîòíåíèÿ, êîòîðûå âçàèìîäåéñòâóþò ñ ïîãðàíè÷íûì ñëîåì. Èññëåäîâàíèþ ýòîãî ÿâëåíèÿ
ïîñâÿùåíî çíà÷èòåëüíîå ÷èñëî òåîðåòè÷åñêèõ è ýêñïåðèìåíòàëüíûõ ðàáîò [1�3]. Áîëüøèíñòâî
òåîðåòè÷åñêèõ ðàáîò ïðîèçâîäèëèñü â äâóìåðíîé ïîñòàíîâêå [2,3]. Ñ òî÷êè çðåíèÿ ïðàêòèêè
âûçûâàþò çíà÷èòåëüíûé èíòåðåñ ñîïëà, èñòå÷åíèå èç êîòîðûõ èìååò òðåõìåðíóþ ñòðóêòóðó.

Öåëü äàííîé ðàáîòû � ÷èñëåííîå èññëåäîâàíèå ïðîñòðàíñòâåííûõ òå÷åíèé ñòðóé, èñòåêà-
þùèõ èç êîìïîíîâîê ñîïåë ïðè íàëè÷èè ñòåíêè âäîëü îäíîé èç êîîðäèíàòíûõ îñåé. Ðàññìàò-
ðèâàåòñÿ òóðáóëåíòíûé ðåæèì òå÷åíèÿ ñ óìåðåííîé ñòåïåíüþ íåðàñ÷åòíîñòè.

Ï î ñ ò à í î â ê à ç à ä à ÷ è. Ðàññìàòðèâàåòñÿ èñòå÷åíèå ñèñòåìû ñâåðõçâóêî-
âûõ òóðáóëåíòíûõ ñòðóé èç êðóãëûõ ñîïåë îäèíàêîâîãî ðàçìåðà â ñïóòíûé ïîòîê ñ ÷àñòè÷íî
îãðàíè÷åííîé îáëàñòüþ.

Èñõîäíûìè ÿâëÿþòñÿ ñèñòåìà ïàðàáîëèçîâàííûõ óðàâíåíèé Íàâüå-Ñòîêñà â äåêàðòîâîé ñè-
ñòåìå êîîðäèíàò â êîíñåðâàòèâíîé ôîðìå

∂ E3

∂ x
+

∂ F3

∂ y
+

∂ G3

∂ z
= 0, (1)

E3 = E, F3 = F − Fv, G3 = G−Gv,

E =




ρu
ρu2 + p

ρuv
ρuw

(Et + p) u




, F =




ρv
ρuv

ρv2 + p
ρvw

(Et + p) v




, G =




ρw
ρuw
ρvw

ρw2 + p
(Et + p) w




,

Keywords: pressure, jet, Mach number, boundary layer, supersonic (subsonic) �ow
2000 Mathematics Subject Classi�cation: 76F40
c
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Fv =
1

Re

(
0, µt

∂u

∂y
,

4
3
µt

∂v

∂y
, µt

∂w

∂y
, uµt

∂u

∂y
+

4
3
vµt

∂v

∂y
+ wµt

∂w

∂y
+

k

(γ − 1) M2
a Pr

∂T

∂y

)T

,

Gv =
1

Re

(
0, µt

∂u

∂z
, µt

∂v

∂z
,

4
3
µt

∂w

∂z
, uµt

∂u

∂z
+ vµt

∂v

∂z
+

4
3
wµt

∂w

∂z
+

k

(γ − 1)M2
a Pr

∂T

∂z

)T

,

p = (γ − 1)
[
Et − 1

2
(
ρu2 + ρv2 + ρw2

)]
, cv =

1
γ (γ − 1) M2

a

,

T =
(

1
ρ cv

) [
Et − 1

2
(
ρu2 + ρv2 + ρw2

)]
.

Ñèñòåìà (1) çàïèñàíà â áåçðàçìåðíîé ôîðìå â îáùåïðèíÿòûõ îáîçíà÷åíèÿõ. Â êà÷åñòâå
îïðåäåëÿþùèõ ïàðàìåòðîâ ïðèíÿòû ïàðàìåòðû íà ñðåçå ñîïëà ( u0 , ρ0 , T0), à õàðàêòåðíûì
ðàçìåðîì � ðàäèóñ ñðåçà ñîïëà r. Äàâëåíèå è ïîëíàÿ ýíåðãèÿ îòíåñåíû ê çíà÷åíèþ ρ0 u2

0.
Çäåñü γ = cp/cv � îòíîøåíèå óäåëüíûõ òåïëîåìêîñòåé, cp , cv � òåïëîåìêîñòè ïðè ïîñòî-

ÿííûõ äàâëåíèè è îáúåìå, ñîîòâåòñòâåííî, µt � êîýôôèöèåíò òóðáóëåíòíîé âÿçêîñòè, Ma �
÷èñëî Ìàõà ñòðóè, Pr � ÷èñëî Ïðàíäòëÿ.

Ïðåäïîëàãàåòñÿ, ÷òî ãàç � ñîâåðøåííûé ñ ïîêàçàòåëåì àäèàáàòû γ = 1.4.
Äëÿ çàìûêàíèÿ ñèñòåìû óðàâíåíèé (1) êîýôôèöèåíò òóðáóëåíòíîé âÿçêîñòè îïðåäåëÿåòñÿ

ñ ïîìîùüþ àëãåáðàè÷åñêîé ìîäåëè Â.Í. Âàòñà, Ì.Äæ. Âåðòëå [4], ïîñêîëüêó ýòó ìîäåëü ìîæ-
íî ïðèìåíÿòü äëÿ âñåé îáëàñòè òå÷åíèÿ, âêëþ÷àÿ ïîòåíöèàëüíîå ÿäðî è ó÷àñòîê ïîëíîñòüþ
òóðáóëåíòíîãî òå÷åíèÿ

µt = Cρδ∗ (umax − umin) , (2)
ãäå C � ýìïèðè÷åñêèé êîýôôèöèåíò, δ∗ � ïàðàìåòð õàðàêòåðíîãî ëèíåéíîãî ìàñøòàáà.

Ã ð à í è ÷ í û å ó ñ ë î â è ÿ. Äëÿ òîãî, ÷òîáû èçáåæàòü ðàñ÷åòà âñåé òîíêîé ïðèñòåííîé
îáëàñòè, ðàñ÷åò ïðîèçâîäèòñÿ ñ âíåøíåé ãðàíèöû âÿçêîãî ïîäñëîÿ y = δB, â êîòîðîì

τ = τw, q = qw, v = w = 0,
∂ p

∂ y
= 0, 0 ≤ z ≤ L1, x > 0, (3)

ãäå τ è q � òóðáóëåíòíûå íàïðÿæåíèå òðåíèÿ è ïîòîê òåïëà; τw è qw � òóðáóëåíòíûå íàïðÿæå-
íèå òðåíèÿ è ïîòîê òåïëà íà ñòåíêå; δB = y+/(uτRe) � ðàññòîÿíèå îò ñòåíêè äî òóðáóëåíòíîãî

ÿäðà ïîòîêà, y+ � óíèâåðñàëüíàÿ ïåðåìåííàÿ, uτ =
(

1
2Cf

)1/2 u∞ � äèíàìè÷åñêàÿ ñêîðîñòü, Cf

� êîýôôèöèåíò òðåíèÿ ïîòîêà íà ñòåíêå, u∞ = M∞
Ma

√
T∞,∞ îòíîñèòñÿ ê çíà÷åíèÿì ïàðàìåòðîâ

ñïóòíîãî ïîòîêà.
Òóðáóëåíòíîå íàïðÿæåíèå òðåíèÿ â (3) îïðåäåëÿåòñÿ ôîðìóëîé Ïðàíäòëÿ [8]

τ = ρl2
(

∂u

∂y

)2

,

ãäå l = χ y � ïóòü ñìåøåíèÿ, χ = 0.41 � ïîñòîÿííàÿ Êàðìàíà, íàïðÿæåíèå òðåíèÿ íà ñòåíêå
τw = 1

2ρu2∞Cf . Òîãäà ïåðâîå óðàâíåíèå (3) çàïèøåòñÿ â âèäå
[
∂u

∂y

]

y=δB

=
Re

χy+
u2

τ , 0 ≤ z ≤ L1, x > 0,

êîòîðîå åñòü ãðàíè÷íîå óñëîâèå äëÿ ïðîäîëüíîé ñîñòàâëÿþùåé ñêîðîñòè.
Âûðàæåíèå äëÿ òóðáóëåíòíîãî ïîòîêà òåïëà èììåò âèä

q = −λ

(
∂T

∂y

)
.
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Ñâÿçü òðåíèÿ ñ òåïëîïåðåíîñîì èìååò âèä [8]

qw = ρcpu∞ (Tw − T∞)
Cf

2
.

Çäåñü êîýôôèöèåíò ñîïðîòèâëåíèÿ òðóáû λ = ρνtwcp (νtw = χy uτ � êèíåìàòè÷åñêèé êîýô-
ôèöèåíò òóðáóëåíòíîé âÿçêîñòè íà ñòåíêå). Ãðàíè÷íîå óñëîâèå äëÿ òåìïåðàòóðû çàïèøåòñÿ â
âèäå [

∂T

∂y

]

y=δB

=
Re

χy+

u2
τ

u∞
(Tw − T∞) , 0 ≤ z ≤ L1, x > 0.

Ãðàíè÷íûå óñëîâèÿ íà îñè ñèììåòðèè èìåþò âèä

∂u

∂z
=

∂v

∂z
=

∂ρ

∂z
=

∂T

∂z
= 0, w = 0, z = 0 , z = L1, 0 ≤ y ≤ L, x > 0,

∂u

∂y
=

∂w

∂y
=

∂ρ

∂y
=

∂T

∂y
= 0, v = 0, y = L, 0 ≤ z ≤ L1 , x > 0,

ãäå L , L1 � ïîïåðå÷íûå ðàçìåðû ðàññìàòðèâàåìîé îáëàñòè ïî îñÿì y è z.
Ãðàíè÷íûå óñëîâèÿ âî âõîäíîì ñå÷åíèè (íà÷àëüíûå óñëîâèÿ) çàäàâàëèñü ñëåäóþùèì îáðà-

çîì. Â ñòðóå

u = 1, v = w = 0, T = 1, ρ = 1;

â ñïóòíîì ïîòîêå
T = 1, u = u∞, v = w = 0, p =

1
γ M2

a n
.

Â ñïóòíîì ïîòîêå âáëèçè ñòåíêè ñêîðîñòü îïèñûâàåòñÿ ñòåïåííûì çàêîíîì [3]

u = u∞
(y

δ

)1/7
, v = w = 0, δB ≤ y ≤ δ, 0 ≤ z ≤ L1.

Çäåñü δ = 0.0586 (u∞Re)−1/5 � òîëùèíà òóðáóëåíòíîãî ïîãðàíè÷íîãî ñëîÿ.
Ïîëå òåìïåðàòóðû çàäàíî çàâèñèìîñòüþ òåìïåðàòóðû îò ñêîðîñòè äëÿ ñëó÷àÿ T = Tw[5],

äàâëåíèå îïðåäåëÿåòñÿ â âèäå ∂ p
∂ y = 0.

Ì å ò î ä ð å ø å í è ÿ. Äëÿ îáåñïå÷åíèÿ óñòîé÷èâîñòè ðåøåíèÿ â äîçâóêîâûõ ÷àñòÿõ
ïîëÿ òå÷åíèÿ äàâëåíèå ðåãóëèðóåòñÿ ìåòîäîì, ïðåäëîæåííûì Âèíüåðîíîì [7].

Ñîãëàñíî ýòîìó ìåòîäó âåêòîð ïîòîêà E ïðåäñòàâëÿåòñÿ â âèäå ñóììû äâóõ âåêòîðîâ

E = E + Ep,

E =




ρu
ρ u2 + ω p

ρuv
ρuw

(Et + p) u




, Ep =




0
(1− ω) p

0
0
0




. (4)

Ïàðàìåòð ω âû÷èñëÿåòñÿ ñ íåêîòîðûì êîýôôèöèåíòîì çàïàñà

ω =
σγM2

x

1 + (γ − 1) M2
x

,

ãäå Mx = u/a � ìåñòíîå ÷èñëî Ìàõà, a � ñêîðîñòü çâóêà.
Ñ ó÷åòîì (4) ñèñòåìà óðàâíåíèé (1) çàïèñûâàåòñÿ â âèäå

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 1 (11)



×èñëåííûå ðàñ÷åòû òóðáóëåíòíûõ ñòðóéíûõ òå÷åíèé â êàíàëàõ 55

∂
−→
E

∂x
+

∂
−→
Ep

∂x
+

∂
(−→

F −−→Fv

)

∂y
+

∂
(−→

G −−→Gv

)

∂z
= 0, (5)

ãäå èíäåêñ 3 äëÿ ïðîñòîòû îïóùåí.
Äëÿ ÷èñëåííîãî ðåøåíèÿ ñèñòåìû óðàâíåíèé (3) èñïîëüçóåòñÿ íåÿâíàÿ êîíå÷íî-ðàçíîñòíàÿ

ñõåìà Áèìà-Óîðìèíãà [6].
Äëÿ ýòîãî âÿçêèå ÷ëåíû ïðåäñòàâëÿþòñÿ â âèäå ñóììû

Fv
n+1 = Fv1

n+1 + Fv2
n, Gv

n+1 = Gv1
n+1 + Gv2

n, (6)

Fv1 =
µt

Re

(
0,

∂u

∂y
,

4
3

∂v

∂y
,

∂w

∂y
,

γ

Pr
∂

∂y

(
Et

ρ

))T

, Gv1 =
µt

Re

(
0,

∂ u

∂z
,

∂ v

∂ z
,

4
3

∂w

∂z
,

γ

Pr
∂

∂z

(
Et

ρ

))T

,

à âåêòîðû Fv2 è Gv2 ñîäåðæàò äèññèïàòèâíûå ÷ëåíû âèäà

Fv2 =
1

Re




0
0
0
0(

µt − γ k
Pr

)(
u ∂ u

∂ y + w ∂ w
∂ y

)
+

+
(

4
3µt − γ k

Pr

)
v ∂ v

∂ y




, Gv2 =
1

Re




0
0
0
0(

µt − γ k
Pr

) (
u ∂u

∂ z + v ∂ v
∂ z

)
+

+
(

4
3µt − γ k

Pr

)
w ∂w

∂ z




.

Íà êàæäîì øàãå ïî x â ñèñòåìå óðàâíåíèé (1) êîíâåêòèâíûå ÷ëåíû ëèíåàðèçóþòñÿ ñ ïîìî-
ùüþ çàìåíû èõ çíà÷åíèé ñ (n+1)-ãî ñëîÿ ðàçëîæåíèÿìè â ðÿäû Òåéëîðà ñ èçâåñòíûõ çíà÷åíèé
íà ïðåäûäóùåì ñëîå ñ íîìåðîì n

En+1 = AnUn+1, Fn+1 = RnUn+1, Gn+1 = SnUn+1, (7)

An =
(

∂E

∂U

)n

, Rn =
(

∂F

∂U

)n

, Sn =
(

∂G

∂U

)n

.

Âûðàæåíèÿ äëÿ ýëåìåíòîâ ìàòðèö An , Rn , Sn ïðèâåäåíû â [7].
Ñ ó÷åòîì (6), (7) ñèñòåìà (1) çàïèñûâàåòñÿ ñëåäóþùèì îáðàçîì

[
An + ∆x

(
∂

∂y
Rn − ∂

∂y
µn

t

∂

∂y

(
1

U1
n

))
+ ∆x

(
∂

∂z
Sn − ∂

∂z
µn

t

∂

∂z

(
1

U1
n

))]
Un+1 =

= An−1Un + Fv2
n + Gv2

n, (8)

U = [ρ, ρu, ρv, ρw, Et]
T = [U1, U2, U3, U4, U5]

T .

Ïîñëå ïðèìåíåíèÿ ôàêòîðèçàöèè ñèñòåìà (8) ïðåäñòàâëÿåòñÿ â âèäå

[
An + ∆x

(
∂

∂y
Rn − ∂

∂y
µn

t

∂

∂y

(
1

U1
n

))]
(An)−1

[
An + ∆x

(
∂

∂z
S n − ∂

∂z
µn

t

∂

∂z

(
1

U1
n

))]
×

×U n+1 = An−1Un + Fv2
n + Gv2

n.

Â ðåçóëüòàòå, ñîãëàñíî ïðèíöèïó ðàñùåïëåíèÿ ðåøåíèå íàõîäèòñÿ ñ ïîìîùüþ ìàòðè÷íîé
ïðîãîíêè â òðè ýòàïà.
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Øàã 1.
[
An + ∆x

(
∂

∂z
S n − ∂

∂z
µn

t

∂

∂z

(
1

U1
n

))
+ ε

∂2

∂z2

]
U1 = An−1U n + Fv2

n + Gv2
n + ε1

∂4

∂z4
U n.

Øàã 2.
U2 = AnU1. (9)

Øàã 3.
[
An + ∆x

(
∂

∂y
Rn +

∂

∂y
µn

t

∂

∂y

(
1

U1
n

)
+ ε

∂2

∂y2

)]
U n+1 = U2 + ε1

∂4

∂y4
U n.

Äëÿ ïîäàâëåíèÿ âûñîêî÷àñòîòíûõ âîçìóùåíèé â ðåøåíèå (9) ââîäÿòñÿ ñãëàæèâàþùèå ÷ëå-
íû âòîðîãî è ÷åòâåðòîãî ïîðÿäêîâ ñ êîýôôèöèåíòàìè ε è ε1.

Ïðè àïïðîêñèìàöèè ïðîèçâîäíûõ â êîíâåêòèâíûõ è äèôôóçèîííûõ ÷ëåíàõ èñïîëüçîâàíû
ñëåäóþùèå êîíå÷íî-ðàçíîñòíûå âûðàæåíèÿ

∂

∂ y
RU =

Ri+1Ui+1 −Ri−1Ui−1

2∆y
,

∂

∂ z
SU =

Sj+1Uj+1 − Sj−1Uj−1

2∆z
,

∂

∂y
µt

∂U

∂y
=

(
µti + µti+1

)
(Ui+1 − Ui)−

(
µti + µti−1

)
(Ui − Ui−1)

2∆ y2
.

À í à ë è ç ð å ç ó ë ü ò à ò î â. ×èñëåííûå èññëåäîâàíèÿ ïðîâåäåíû ñî ñëåäóþùèìè
ïàðàìåòðàìè: γ = 1.4, Pr = 0.71 , 1 ≤ Ma ≤ 3 , 2 ≤ M∞ ≤ 5 , 1 ≤ n ≤ 10.
Èñïîëüçîâàíà ñåòêà, ñîäåðæàùàÿ â ïîïåðå÷íûõ íàïðàâëåíèÿõ 51õ51 óçëîâ, ñ øàãàìè ∆ y =
∆ z = 0.15, , øàã ïî ìàðøåâîé êîîðäèíàòå âàðüèðóåòñÿ â ïðåäåëàõ ∆ x = 0.0035÷ 0.015.

Íà÷àëüíûå äàííûå çàäàâàëèñü ïðè x = 0.1 äëÿ óñëîâèé Cf = 1.5 · 10−3, Tw = 0.3 , y+ = 50,
σ = 0.71, Re = 2500.

Ýìïèðè÷åñêèé êîýôôèöèåíò C = 0.005 â (2) ïîäîáðàí èç òåñòîâûõ ðàñ÷åòîâ ïðè δ∗ =
[umax − umin]/(∂u/∂y)max .

Íà ðèñ. 1 ïðåäñòàâëåíû ïðîôèëè ïðîäîëüíîé ñîñòàâëÿþùåé ñêîðîñòè è èçìåíåíèå ÷èñëà
Ìàõà â ñëîå y = δB äëÿ Ma = 1.5, M∞ = 2, n = 1. Ïî ìåðå ðàñïðîñòðàíåíèÿ âíèç ïî òå÷åíèþ
ñòðóÿ ðàñøèðÿåòñÿ, ñêîðîñòü â íåé ïîâûøàåòñÿ è ïðèáëèæàåòñÿ ê ñâîåìó ìàêñèìàëüíîìó çíà-
÷åíèþ, ò.å. ê ñêîðîñòè ïîòîêà (ðèñ.1, à-ã). Â ñëîå y = δB ïðîäîëüíàÿ ñîñòàâëÿþùàÿ ñêîðîñòè
óìåíüøàåòñÿ è ñîîòâåòñòâóåò ïðîôèëþ ïîãðàíè÷íîãî ñëîÿ. Ñîîòâåòñòâåííî, óìåíüøåíèå ñêî-
ðîñòè âäîëü y = δB ïðèâîäèò ê òîìó, ÷òî ÷èñëî Ìàõà M òàêæå ïàäàåò è â ñå÷åíèè x ≈ 35
ñâåðõçâóêîâîé ïîòîê (M ≈ 1) ïåðåõîäèò â äîçâóêîâîé (ðèñ.1, ä).

Òå÷åíèå íåäîðàñøèðåííûõ ñòðóé èìååò ðÿä îñîáåííîñòåé, îòëè÷àþùèõ åãî îò èçîáàðè÷å-
ñêèõ. Ñ öåëüþ èõ âûÿâëåíèÿ èññëåäîâàíî âëèÿíèå ïàðàìåòðîâ íåðàñ÷åòíîñòè íà êàðòèíó òå-
÷åíèÿ. Èç ðàñïðåäåëåíèÿ äàâëåíèÿ (ðèñ.2, à Ma = 1.5, M∞ = 2, n = 4) íà ãðàíèöå âÿçêîãî
ïîäñëîÿ y = δB (êðèâûå 1) è ïî îñè ñòðóè (êðèâûå 2) äîñòàòî÷íî ÷åòêî ïðîñëåæèâàþòñÿ âîëíû
ñæàòèÿ (ìèíèìóì) è ðàçðåæåíèÿ (ìàêñèìóì), ïåðåñåêàþùèå îñü ñòðóè è äîñòèãàþùèå ïîãðà-
íè÷íîãî ñëîÿ. Íà ðèñ.2, á-ä ïîêàçàíû ïðîñòðàíñòâåííûå êàðòèíû ïîëÿ äàâëåíèÿ â ñå÷åíèÿõ
ñòðóè x = 4.54, 13.7, 22.8 è 100. Âèäíî, ÷òî ïî ìåðå ðàñïðîñòðàíåíèÿ ñòðóè âíèç ïî ïîòîêó
îò íà÷àëüíîãî ó÷àñòêà â ñïóòíûé ïîòîê ñ áîëåå íèçêèì äàâëåíèåì íà÷èíàåò ðàñïðîñòðàíÿòüñÿ
âîëíà ñæàòèÿ (ðèñ.2, á). Ýòà âîëíà, äîñòèãàÿ ñ îäíîé ñòîðîíû ïîãðàíè÷íîãî ñëîÿ, ñ äðóãîé �
ãðàíèöû êîìïîíîâêè, îòðàæàåòñÿ (ðèñ.2, â) è ðàñïðîñòðàíÿåòñÿ â îáðàòíîì íàïðàâëåíèè. Ïðè
ýòîì îòðàæåíèå îò ïîãðàíè÷íîãî ñëîÿ îïåðåæàåò îòðàæåíèå îò îñè ñèììåòðèè ñòðóè (ðèñ.2, ã).
Èç ðèñ.2, à òàêæå ñëåäóåò, ÷òî óâåëè÷èâàåòñÿ äàâëåíèå íà âíåøíåé ãðàíèöå ïîãðàíè÷íîãî ñëîÿ.
Òàêèì îáðàçîì, ïåðâîíà÷àëüíî îñåñèììåòðè÷íàÿ óäàðíàÿ âîëíà ïîñëå îòðàæåíèÿ îò èñõîäíûõ
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ãðàíèö ïðèîáðåòàåò ñóùåñòâåííî òðåõìåðíûé õàðàêòåð. Äàëåå, âñëåäñòâèå èíòåíñèâíûõ äèñ-
ñèïàòèâíûõ ïðîöåññîâ, îáóñëîâëåííûõ âÿçêèìè è óäàðíî-âîëíîâûìè ïðîöåññàìè, âîçìóùåíèå
äàâëåíèÿ âíèç ïî ïîòîêó îñëàáåâàåò (ðèñ.2, ä).

Èç ãðàôèêîâ ðàñïðåäåëåíèé òåìïåðàòóðû â y = δB ((ðèñ.3, à êðèâàÿ 1, Ma = 1.5, M∞ =
2, n = 4), à òàêæå â ñå÷åíèÿõ ñòðóé x = 4.54, 41, 114 è 146 (ðèñ.3, á-ä) ñëåäóåò, ÷òî ïîëå
òåìïåðàòóðû íà÷èíàåò íåðàâíîìåðíûì îáðàçîì ïîâûøàòüñÿ îò íà÷àëüíîãî ó÷àñòêà è âïëîòü
äî x ≈ 135. Çàòåì ïî ìåðå ïðèáëèæåíèÿ äàâëåíèÿ ê èçîáàðè÷åñêîìó ñîñòîÿíèþ òåìïåðàòóðà
ñòàíîâèòñÿ ïîñòîÿííîé. Èç ðàñïðåäåëåíèÿ ïðîäîëüíîé ñîñòàâëÿþùåé ñêîðîñòè (ðèñ.3, à, 2) è
÷èñëà Ìàõà (ðèñ.3, à, 3) â ñëîå y = δB âèäíî, ÷òî â ýòîì ñëó÷àå äèíàìè÷åñêèé è òåìïåðàòóðíûé
ïîãðàíè÷íûå ñëîè ìåíüøå, ÷åì ïðè èçîáàðè÷åñêîì òå÷åíèè (ðèñ.1, ä).

Ðåçóëüòàòû ÷èñëåííûõ ýêñïåðèìåíòîâ äëÿ ðàçëè÷íûõ M∞ ïîêàçûâàþò, ÷òî ñ óâåëè÷åíèåì
÷èñëà Ìàõà ñïóòíîãî ïîòîêà äàëüíîáîéíîñòü ñòðóè ðàñòåò è óìåíüøàþòñÿ äèíàìè÷åñêèé è
òåìïåðàòóðíûé ïîãðàíè÷íûå ñëîè. Ñîîòâåòñòâåííî, ïåðåõîä â ñëîå y = δB îò ñâåðõçâóêîâîãî
òå÷åíèÿ â äîçâóêîâîé çàòÿãèâàåòñÿ. Ê ïðèìåðó, äëÿ M∞ = 5 ïîòîê ñòàíîâèòñÿ äîçâóêîâûì
òîëüêî ïðè x ≈ 120 (Ðèñ.4, à Ma = 1.5, n = 4, T0 = T∞), à äëÿ M∞ = 2 ïðè x ≈ 25 (ðèñ.4,
à, 3). Âëèÿíèå M∞ ïðîÿâëÿåòñÿ ñóùåñòâåííî â ðàñïðåäåëåíèè ïîëÿ òåìïåðàòóðû. Èç ðèñ.4,
á ñëåäóåò, ÷òî íà íà÷àëüíîì ó÷àñòêå òåìïåðàòóðà âáëèçè ñëîÿ y = δB áîëüøå çíà÷åíèÿ, ÷åì
íà y = δB. Äàëåå, ïî ìåðå óäàëåíèÿ îò ñðåçà ñîïëà òåìïåðàòóðà â ïîòîêå ïîâûøàåòñÿ è åå
ìàêñèìóì ïåðåìåùàåòñÿ ê ñëîþ y = δB (ðèñ.4, â-å).

×èñëåííûå ýêñïåðèìåíòû ïîêàçûâàþò, ÷òî ïðè áîëüøèõ Ma è M∞ ñêîðîñòü ñòðóè âûðàâ-
íèâàåòñÿ ñî ñêîðîñòüþ ïîòîêà òîëüêî ê ñå÷åíèþ x ≈ 100. Â òî âðåìÿ, êàê äëÿ ìåíüøèõ ÷èñåë
Ìàõà (Ma = 1.5, M∞ = 2, n = 4) ñêîðîñòü ñòðóè è ïîòîêà óæå ðàâíû â ñå÷åíèè x ≈ 10.

Ç à ê ë þ ÷ å í è å. Èñòå÷åíèå íåäîðàñøèðåííîé ñòðóè èç ñèñòåìû ñîïåë â ñïóòíûé ïîòîê
ñ ÷àñòè÷íî îãðàíè÷åííîé îáëàñòüþ èìååò ñóùåñòâåííî ïðîñòðàíñòâåííûé õàðàêòåð âñëåäñòâèè
òîãî, ÷òî âîëíà ñæàòèÿ, îòðàæàÿñü îò ïîãðàíè÷íîãî ñëîÿ, äîñòèãàåò öåíòðà ñòðóè áûñòðåå,
÷åì âîëíà, èäóùàÿ îò îñè ñèììåòðèè. Àíàëèç âëèÿíèÿ ñòåíêè íà ñèììåòðèþ ñëîÿ ñìåøåíèÿ
ïîêàçûâàåò, ÷òî ñòðóÿ òåðÿåò ñèììåòðèþ, êîãäà ïîòîê ïåðåõîäèò ïîëíîñòüþ â äîçâóêîâîé.
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Ðèñ. 1: Ïðîôèëè ïðîäîëüíîé ñîñòàâëÿþùåé ñêîðîñòè â ñå÷åíèÿõ: à)-ã) x = 4.54, 13.7, 77.5, 145;
ä) èçìåíåíèå ÷èñëà Ìàõà â ñëîå y = δB.
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Ðèñ. 2: à) Ðàñïðåäåëåíèå äàâëåíèÿ â ñëîå y = δB (êðèâàÿ 1) è ïî îñè ñòðóè (êðèâàÿ 2); ïðîôèëè
äàâëåíèÿ â ñå÷åíèÿõ: à)-ä) x = 4.54, 13.7,22.8,100.
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Ðèñ. 3: Ðàñïðåäåëåíèå â ñëîå y = δB: 1 - òåìïåðàòóðû, 2 - ñêîðîñòè, 3 - ÷èñëà Ìàõà; ïîëÿ
òåìïåðàòóðû â ñå÷åíèÿõ ñòðóè: á)-ä) x = 4.54, 41, 114, 146.
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Ðèñ. 4: Èçìåíåíèå ÷èñëà Ìàõà â ñëîå y = δB (à); ïðîôèëü òåìïåðàòóðû â ñå÷åíèè x = 4.54 (á);
ïîëÿ òåìïåðàòóðû â ñå÷åíèÿõ: â)-å) x = 4.54, 100, 114, 146.
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Äàíû îäíîìåðíûå ïðåäñòàâëåíèÿ îòîáðàæåíèÿ, çàäàííîãî ìíîãîìåðíûì àíàëîãîì íåëèíåéíîãî
ëîãèñòè÷åñêîãî ðàçíîñòíîãî óðàâíåíèÿ ñ ïðîèçâîëüíîé ìàòðèöåé ïàðàìåòðîâ.

Ïóñòü çàäàíà ïîëóäèíàìè÷åñêàÿ ñèñòåìà {fm, K, Z+}, ãäå f : Rn → Rn, fx = (1−∑n
1 xi)Ax,

K = {x ∈ Rn|x ≥ 0,
n∑
1

xi ≤ 1}, A � ìàòðèöà ïàðàìåòðîâ, Z+ = N
⋃{0} [1]. Èíâàðèàíòíîñòü

ìíîæåñòâà K (â ïîëîæèòåëüíîì íàïðàâëåíèè), ò.å. âûïîëíåíèå óñëîâèÿ fK ⊆ K îáåñïå÷è-
âàåòñÿ âûáîðîì ìàòðèöû A: A � íåîòðèöàòåëüíàÿ ìàòðèöà (aij ≥ 0 ∀i, j = 1, n) [2, ñ.332] è
‖A‖ = max

j

n∑
i=1

aij ≤ 4.
Ïî òåîðåìå Ïåððîíà-Ôðîáåíèóñà ìàòðèöà A èìååò ìàêñèìàëüíîå ñîáñòâåííîå çíà÷åíèå λ ≥

0, êîòîðîìó ñîîòâåòñòâóåò ñîáñòâåííûé âåêòîð e ≥ 0 [2, c.344].
Ïðè n = 1 x ∈ R, A ≡ λ 6= 0− const, K ≡ I = [0, 1] è ìû ïðèõîäèì ê èçâåñòíîìó è õîðîøî

èçó÷åííîìó êâàäðàòè÷íîìó óíèìîäàëüíîìó îòîáðàæåíèþ f ≡ χλ, χλ = λ(1 − x)x [3�4]. Ïðè
λ ∈ (0, 4] ìû ïîëó÷àåì íà I ñåìåéñòâî îäíîìåðíûõ îäíîïàðàìåòðè÷åñêèõ îòîáðàæåíèé χλ.

Ñëó÷àè, êîãäà îòîáðàæåíèå f ñ ïðîèçâîëüíîé íåîòðèöàòåëüíîé ìàòðèöåé A èìååò îäíîìåð-
íûå îäíîïàðàìåòðè÷åñêèå ïðåäñòàâëåíèÿ âî âñåì ôàçîâîì ïðîñòðàíñòâå K ÿâëÿþòñÿ ñêîðåå
èñêëþ÷åíèåì, ÷åì ïðàâèëîì. Òåì íå ìåíåå, â äàííîé ñòàòüå ìû ïîêàæåì, ÷òî ñóùåñòâóþò
ñåìåéñòâà îäíîìåðíûõ îòîáðàæåíèé, çàâèñÿùèõ íå áîëåå, ÷åì îò n ïàðàìåòðîâ, çàäàþùèå îä-
íîìåðíûå p-ïàðàìåòðè÷åñêèå, 1 ≤ p ≤ n ïðåäñòàâëåíèÿ îòîáðàæåíèÿ f è îïðåäåëÿþùèå, òàêèì
îáðàçîì, îäíîìåðíóþ p-ïàðàìåòðè÷åñêóþ äèíàìèêó ñèñòåìû fm íà K.

1. Ðàññìîòðèì âíà÷àëå îäíîìåðíîå îäíîïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå îòîáðàæåíèÿ f ,
÷òîáû ïîíÿòü ìåõàíèçì âîçíèêíîâåíèÿ îäíîìåðíûõ ìíîãîïàðàìåòðè÷åñêèõ ïðåäñòàâëåíèé.

Ïóñòü A ≥ 0 � ìàòðèöà, ïðèâîäèìàÿ ê ñêàëÿðíîìó âèäó, ò.å. A = λE. Òîãäà ∀x ∈ Rn

íàïðàâëåíèå, îáðàçîâàííîå âåêòîðîì x, ÿâëÿåòñÿ ñîáñòâåííûì äëÿ ìàòðèöû A. Ïîýòîìó ∀x ∈ K
ìàêñèìàëüíûé â K îòðåçîê ëó÷à, íàïðàâëåííîãî âäîëü âåêòîðà x, ÿâëÿåòñÿ èíâàðèàíòíûì
ìíîæåñòâîì îòíîñèòåëüíî îòîáðàæåíèÿ f . Îòìåòèì, ÷òî êàæäûé òàêîé îòðåçîê, îáîçíà÷èì åãî
Keywords: dynamical system, nonlinear dynamics, one-dimensional many parameters representation of a map
2000 Mathematics Subject Classi�cation: 37C05, 39A05, 65P30
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÷åðåç J , îïðåäåëÿåòñÿ âûáîðîì íàïðàâëåíèÿ âåêòîðà x, à íå åãî äëèíîé, ò.å. ìîæíî ñ÷èòàòü,
÷òî îí çàäàåòñÿ åäèíè÷íûì ñîáñòâåííûì âåêòîðîì ìàòðèöû A. Íà J îòîáðàæåíèå f ëèíåéíî
èçîìîðôíî îòîáðàæåíèþ χλ, ò.å. f = χλ, ãäå λ > 0 � ñîáñòâåííîå çíà÷åíèå ìàòðèöû A.

Äëÿ äàëüíåéøåãî èçëîæåíèÿ íàì ïîíàäîáèòñÿ ââåñòè íåêîòîðûå îïðåäåëåíèÿ. Î÷åâèäíî,
÷òî ìíîæåñòâî Kp = Rp

⋂
K ÿâëÿåòñÿ öèêëè÷åñêèì èíâàðèàíòíûì ìíîæåñòâîì, åñëè Rp � p-

ìåðíîå öèêëè÷åñêîå ïîäïðîñòðàíñòâî îòíîñèòåëüíî ëèíåéíîãî îïåðàòîðà, çàäàííîãî ìàòðèöåé
A [2, c.166].
Î ï ð å ä å ë å í è å 1. Ñêàæåì, ÷òî îòîáðàæåíèå f èìååò îäíîìåðíîå p-ïàðàìåòðè÷åñêîå
ïðåäñòàâëåíèå (èëè, ÷òî äèíàìèêà ñèñòåìû fm ÿâëÿåòñÿ îäíîìåðíîé p-ïàðàìåòðè÷åñêîé) íà
öèêëè÷åñêîì èíâàðèàíòíîì ìíîæåñòâå Kp ⊆ K, 1 ≤ p ≤ n, åñëè ∀x ∈ Kp ìàêñèìàëüíûé â Kp

îòðåçîê ëó÷à J , íàïðàâëåííîãî âäîëü x, ÿâëÿåòñÿ èíâàðèàíòíûì ìíîæåñòâîì îòíîñèòåëüíî
îòîáðàæåíèÿ fp. Íà J îòîáðàæåíèå fp èìååò îäíîìåðíîå ïðåäñòàâëåíèå â âèäå ñóïåðïîçèöèè
îòîáðàæåíèé χλ, ò.å.

fp = χλp ◦ . . . ◦ χλ1 , (∗)
ãäå λ1 > 0, . . . , λp > 0 � íåêîòîðûå ÷èñëà.

Òàêèì îáðàçîì, îòîáðàæåíèå f ñ ìàòðèöåé, ïðèâîäèìîé ê ñêàëÿðíîìó âèäó, èìååò îäíî-
ìåðíîå îäíîïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå ñ îäíèì è òåì æå ïàðàìåòðîì λ âî âñåì ôàçîâîì
ïðîñòðàíñòâå K è, çíà÷èò, äèíàìèêà ñèñòåìû fm ÿâëÿåòñÿ îäíîìåðíîé îäíîïàðàìåòðè÷åñêîé.

2. Ðàññìîòðèì äàëåå ñëó÷àé, êîãäà ìàòðèöà A ≥ 0 ÿâëÿåòñÿ íåðàçëîæèìîé èíäåêñà èìïðè-
ìèòèâíîñòè n. Òîãäà A ïðèâîäèìà ê "öèêëè÷åñêîìó"âèäó [2, ñ.335] ñ ýëåìåíòàìè ai,i+1 > 0,
i = 1, n− 1, a1,n > 0 è aij = 0 äëÿ âñåõ îñòàëüíûõ i, j ∈ {1, . . . , n}. Ïðè ýòîì n

√∏
i,j

aij = λ > 0

� ìàêñèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû A. Çäåñü ñóììèðîâàíèå âåäåòñÿ ïî âñåì i, j,
äëÿ êîòîðûõ aij 6= 0. Â ýòîì ñëó÷àå ïðîñòðàíñòâî Rn ÿâëÿåòñÿ öèêëè÷åñêèì îòíîñèòåëüíî
ëèíåéíîãî îïåðàòîðà, çàäàííîãî ìàòðèöåé A, ò.å. ∀x ∈ Rn Anx = λnx. Îáîçíà÷èì f = fn.
∀x ∈ K âåêòîð fnx çàïèøåì, n ðàç ïðîèòåðèðîâàâ îòîáðàæåíèå f . Â ðåçóëüòàòå ïîëó÷èì
fx = fnx =

n−1∏
j=0

(1 −
n∑

i=1
(f jx)i)Anx = λn

n−1∏
j=0

(1 −
n∑

i=1
(f jx)i)x, ò.å. ëþáîé ìàêñèìàëüíûé â K

îòðåçîê ëó÷à J , íàïðàâëåííîãî âäîëü x, ÿâëÿåòñÿ èíâàðèàíòíûì ìíîæåñòâîì îòíîñèòåëüíî
îòîáðàæåíèÿ f = fn. Ñîãëàñíî [5] íà ìíîæåñòâå J îòîáðàæåíèå f = fn èìååò îäíîìåðíîå ïðåä-
ñòàâëåíèå â âèäå (*) ñ p ÷èñëàìè λ1, . . . , λp (â äàííîì ñëó÷àå p = n), 0 < λi ≤ 4,

p∏
i=1

λi = λp,

i = 1, p. Ïîýòîìó íà âñåì K äèíàìèêà ñèñòåìû fm ÿâëÿåòñÿ îäíîìåðíîé n-ïàðàìåòðè÷åñêîé.
Äàëüíåéøèå ðåçóëüòàòû ïîëó÷åíû äëÿ îäíîìåðíûõ ïðåäñòàâëåíèé îòîáðàæåíèÿ f íà èíâà-

ðèàíòíûõ ìíîæåñòâàõ, íå îáÿçàòåëüíî ÿâëÿþùèõñÿ öèêëè÷åñêèìè. Ïîñêîëüêó àñèìïòîòè÷åñêîå
ïîâåäåíèå ñèñòåìû fm îïðåäåëÿåòñÿ õàðàêòåðîì åå äèíàìèêè íà ïðèòÿãèâàþùèõ èíâàðèàíò-
íûõ ìíîæåñòâàõ, òî èìååò ìåñòî
Î ï ð å ä å ë å í è å 2. Ñêàæåì, ÷òî îòîáðàæåíèå f èìååò îäíîìåðíîå p-ïàðàìåòðè÷åñêîå
ïðåäñòàâëåíèå (èëè, ÷òî äèíàìèêà ñèñòåìû fm ÿâëÿåòñÿ îäíîìåðíîé p-ïàðàìåòðè÷åñêîé) íà
èíâàðèàíòíîì ìíîæåñòâå U ⊆ K, åñëè ∀x ∈ U ω(x) ∈ Kp, ãäå Kp � öèêëè÷åñêîå èíâàðèàíò-
íîå ìíîæåñòâî ñ îäíîìåðíîé p-ïàðàìåòðè÷åñêîé äèíàìèêîé.

3. Ïóñòü A ≥ 0 � íåðàçëîæèìàÿ ìàòðèöà èíäåêñà èìïðèìèòèâíîñòè p < n. Òîãäà â Rn

ñóùåñòâóåò öèêëè÷åñêîå ïîäïðîñòðàíñòâî Rp, îáðàçîâàííîå âåêòîðîì e > 0, êîòîðûé îòâå-
÷àåò ìàêñèìàëüíîìó ñîáñòâåííîìó çíà÷åíèþ λ > 0 è, çíà÷èò, ∀x ∈ Rp Apx = λpx. Òàêîå
öèêëè÷åñêîå ïîäïðîñòðàíñòâî åäèíñòâåííî, ò.ê. äðóãèõ íåîòðèöàòåëüíûõ ñîáñòâåííûõ âåêòî-
ðîâ, ëèíåéíî íåçàâèñèìûõ ñ e, ìàòðèöà A íå èìååò [2, c.342]. Îáîçíà÷àÿ f = fp è ïîâòîðÿÿ
ðàññóæäåíèÿ ï.3 îòíîñèòåëüíî îòîáðàæåíèÿ f = fp íà ìíîæåñòâå Kp = Rp

⋂
K, ïîëó÷èì,

÷òî ∀x ∈ Kp ìàêñèìàëüíûé â K îòðåçîê ëó÷à J , íàïðàâëåííîãî âäîëü x, ÿâëÿåòñÿ èíâàðè-
àíòíûì ìíîæåñòâîì îòíîñèòåëüíî îòîáðàæåíèÿ fp; íà ìíîæåñòâå Kp îòîáðàæåíèå fp èìååò

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 1 (11)



64 È. Í. Ïàíêðàòîâà

îäíîìåðíûé âèä (*) ñ p ÷èñëàìè λ1, . . . , λp, ò.å. äèíàìèêà ñèñòåìû fm íà Kp ÿâëÿåòñÿ îäíî-
ìåðíîé p-ïàðàìåòðè÷åñêîé. Ìíîæåñòâî Kp ÿâëÿåòñÿ ïðèòÿãèâàþùèì â K, ò.ê. ñîäåðæèò âñå
ω-ïðåäåëüíûå ìíîæåñòâà ñèñòåìû fm. Ïîýòîìó ñîãëàñíî îïðåäåëåíèþ 2 äèíàìèêà ñèñòåìû fm

íà âñåì K ÿâëÿåòñÿ îäíîìåðíîé p-ïàðàìåòðè÷åñêîé.
Òåïåðü ñôîðìóëèðóåì îñíîâíîé ðåçóëüòàò îá îäíîìåðíîì ïðåäñòàâëåíèè âî âñåì ôàçîâîì

ïðîñòðàíñòâå K îòîáðàæåíèÿ f c ïðîèçâîëüíîé íåîòðèöàòåëüíîé ìàòðèöåé A. Ñïðàâåäëèâà
ñëåäóþùàÿ

Ò å î ð å ì à. Ïóñòü A ≥ 0 è λ > 0. Òîãäà ∀x ∈ K ñóùåñòâóþò âåêòîð y ∈ K è ÷èñëî
p ∈ N , 1 ≤ p ≤ n òàêèå, ÷òî ðåàëèçóåòñÿ îäíà èç ñëåäóþùèõ âîçìîæíîñòåé:
1) ìàêñèìàëüíûé â K îòðåçîê ëó÷à, íàïðàâëåííîãî âäîëü y, ÿâëÿåòñÿ èíâàðèàíòíûì ìíîæå-
ñòâîì îòíîñèòåëüíî fp, íà êîòîðîì îòîáðàæåíèå fp èìååò îäíîìåðíîå ïðåäñòàâëåíèå (*)
ñ p ÷èñëàìè λ1 > 0, . . . , λp > 0, ãäå y ≡ x, ëèáî y ∈ ω(x);
2) çà p øàãîâ òðàåêòîðèÿ fmx ïîïàäàåò â òî÷êó y = 0.

Ä î ê à ç à ò å ë ü ñ ò â î. Ñëó÷àé íåðàçëîæèìîé ìàòðèöû A èíäåêñà èìïðèìèòèâíîñòè
p ≤ n áûë ðàññìîòðåí â ïï.2,3. Çäåñü p � èíäåêñ èìïðèìèòèâíîñòè ìàòðèöû A è ∀x ∈ K
ñóùåñòâóåò y ∈ Kp òàêîé, ÷òî y ≡ x ïðè p = n è y ∈ ω(x) ⊂ Kp ïðè p < n.

Ìû èñêëþ÷àåì ñëó÷àé λ = 0, ò.ê. ïðè λ = 0 ìàòðèöà A ÿâëÿåòñÿ íèëüïîòåíòíîé [2, c.195] è
∀x ∈ K ωf = {0}, ãäå ωf � ìíîæåñòâî âñåõ ω-ïðåäåëüíûõ ìíîæåñòâ îòîáðàæåíèÿ f íà K.

Ïóñòü äàëåå A � ðàçëîæèìàÿ ìàòðèöà è λ > 0. Òîãäà ïðîñòðàíñòâî Rn ðàñùåïëÿåòñÿ íà öèê-
ëè÷åñêèå èíâàðèàíòíûå ïîäïðîñòðàíñòâà îòíîñèòåëüíî ëèíåéíîãî îïåðàòîðà, çàäàííîãî ìàò-
ðèöåé A [2, c.166]. Ñðåäè ñîáñòâåííûõ ÷èñåë ìàòðèöû A âûáåðåì ïîëîæèòåëüíûå ñîáñòâåííûå
÷èñëà, êîòîðûì ñîîòâåòñòâóþò íåîòðèöàòåëüíûå ñîáñòâåííûå âåêòîðû ìàòðèöû A. Îáîçíà÷èì
âñå ðàçëè÷íûå òàêèå ÷èñëà ÷åðåç ξ1 > . . . > ξs > 0, óïîðÿäî÷èâ èõ ïî óáûâàíèþ. Çäåñü ξ1 ≡ λ
� ìàêñèìàëüíîå ñîáñòâåííîå çíà÷åíèå ìàòðèöû A. Ïóñòü P � ìíîæåñòâî âñåõ ðàçëè÷íûõ ïî-
êàçàòåëåé p ýëåìåíòàðíûõ äåëèòåëåé âèäà (ξ − ξi)p, i = 1, s, 1 ≤ p ≤ n. Òîãäà Kp

i = Rp
i

⋂
K �

öèêëè÷åñêîå èíâàðèàíòíîå ïîäìíîæåñòâî, ãäå Rp
i � öèêëè÷åñêîå ïîäïðîñòðàíñòâî, îòâå÷àþùåå

ýëåìåíòàðíîìó äåëèòåëþ âèäà (ξ − ξi)p, 1 ≤ p ≤ n. ∀x ∈ Kp
i ìàêñèìàëüíûé â Kp

i îòðåçîê ëó÷à,
íàïðàâëåííîãî âäîëü x, ÿâëÿåòñÿ èíâàðèàíòíûì ìíîæåñòâîì îòíîñèòåëüíî îòîáðàæåíèÿ fp,
èìåþùåãî îäíîìåðíîå ïðåäñòàâëåíèå (*) ñ p ÷èñëàìè λ1, . . . , λp è, çíà÷èò, ∀x ∈ Kp

i ñóùåñòâóþò
y ∈ Kp

i , y ≡ x è p � ðàçìåðíîñòü ìíîæåñòâà Kp
i .

Äàëåå ïðè äîêàçàòåëüñòâå òåîðåìû ìû èñïîëüçóåì ñëåäóþùèé ðåçóëüòàò, îïóáëèêîâàííûé
â [6].

Ïóñòü ξt, 1 ≤ t ≤ s � íàèáîëüøåå èç ñîáñòâåííûõ çíà÷åíèé ξ1, . . . , ξs, ñîîòâåòñòâóþùèõ íåîò-
ðèöàòåëüíûì ñîáñòâåííûì âåêòîðàì, ïðèíàäëåæàùèì íàèìåíüøåìó èíâàðèàíòíîìó ïîäïðî-
ñòðàíñòâó, ñîäåðæàùåìó âåêòîð x ∈ K. Òîãäà ω(x) ⊂ Kq

t , ãäå Kq
t � öèêëè÷åñêîå èíâàðèàíòíîå

ìíîæåñòâî, îòâå÷àþùåå ýëåìåíòàðíîìó äåëèòåëþ âèäà (ξ−ξt)q, ñ ìàêñèìàëüíîé ðàçìåðíîñòüþ
q, ò.å. q = max

p∈P
p äëÿ ñîáñòâåííîãî çíà÷åíèÿ ξt.

Ñîãëàñíî ýòîìó óòâåðæäåíèþ ìíîæåñòâî Kq
t ÿâëÿåòñÿ ïðèòÿãèâàþùèì äëÿ òðàåêòîðèè âû-

áðàííîé òî÷êè x è, çíà÷èò, ñóùåñòâóþò y ∈ ω(x) ⊂ Kq
t è p ≡ q.

Î÷åâèäíî, ÷òî âòîðàÿ âîçìîæíîñòü äëÿ òðàåêòîðèé ñèñòåìû fm ðåàëèçóåòñÿ òîëüêî íà
öèêëè÷åñêèõ èíâàðèàíòíûõ ìíîæåñòâàõ, îòâå÷àþùèõ ýëåìåíòàðíûì äåëèòåëÿì ñ íóëåâûìè
ñîáñòâåííûìè çíà÷åíèÿìè (èëè èõ îáúåäèíåíèÿì). ω-ïðåäåëüíûå ìíîæåñòâà òðàåêòîðèé ýòèõ
ìíîæåñòâ çà êîíå÷íîå ÷èñëî øàãîâ p, 1 ≤ p ≤ n ïîïàäàþò â òî÷êó íóëü è, çíà÷èò, y = 0.
Òåîðåìà äîêàçàíà.

Ñ ë å ä ñ ò â è å. Ïóñòü p1 è p∗ � íàèáîëüøèå èç âñåõ ïîêàçàòåëåé p ∈ P ýëåìåíòàð-
íûõ äåëèòåëåé âèäà (ξ − ξ1)p è (ξ − ξi)p, i = 1, s, ñîîòâåòñòâåííî. Òîãäà ïî÷òè âî âñåì (ñ
òî÷íîñòüþ äî ìíîæåñòâ ìåðû íóëü) ôàçîâîì ïðîñòðàíñòâå K îòîáðàæåíèå fp1 èìååò îä-
íîìåðíîå p1-ïàðàìåòðè÷åñêîå ïðåäñòàâëåíèå (*) è, çíà÷èò, äèíàìèêà ñèñòåìû fm ÿâëÿåòñÿ
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îäíîìåðíîé p1-ïàðàìåòðè÷åñêîé ïî÷òè âñþäó íà K, ïîñêîëüêó îïðåäåëÿåòñÿ õàðàêòåðîì ïî-
âåäåíèÿ ñèñòåìû íà ïðèòÿãèâàþùåì ìíîæåñòâå Kp1

1 (èëè íà êàæäîì èç òàêèõ ìíîæåñòâ,
åñëè èõ áîëüøå îäíîãî). Òåì íå ìåíåå, íà âñåì K äèíàìèêà ñèñòåìû fm ÿâëÿåòñÿ îäíîìåðíîé
p∗-ïàðàìåòðè÷åñêîé.

Ç à ì å ÷ à í è å 1. Ïðè p∗ = 1 äèíàìèêà ñèñòåìû {fm,K, Z+} ÿâëÿåòñÿ îäíîìåðíîé
îäíîïàðàìåòðè÷åñêîé.

Ç à ì å ÷ à í è å 2. Âî ìíîæåñòâå Kp
i ïîäìíîæåñòâî, ñîñòîÿùåå èç ìàêñèìàëüíûõ â

K îòðåçêîâ ëó÷åé, íàïðàâëåííûõ âäîëü âåêòîðîâ x,Ax, . . . , Ap−1x ∀x ∈ Kp
i ÿâëÿåòñÿ öèêëè÷å-

ñêèì èíâàðèàíòíûì. Êàê ñëåäóåò èç [5] è äîêàçàííîé òåîðåìû, íà ýòîì ïîäìíîæåñòâå íàáîð
÷èñåë λ1, . . . , λp îäíîçíà÷íî îïðåäåëÿåòñÿ âûáîðîì åäèíè÷íîãî âåêòîðà, íàïðàâëåííîãî âäîëü x,
è îòîáðàæåíèå fp èìååò îäíîìåðíûé âèä (*). Áîëåå òîãî, íàáîð ÷èñåë λ1, . . . , λp ñîõðàíÿåòñÿ
äëÿ âñåõ òî÷åê âûáðàííîãî ïîäìíîæåñòâà, â òî âðåìÿ êàê îäíîìåðíûé âèä îòîáðàæåíèÿ fp

äëÿ íà÷àëüíûõ âåêòîðîâ ýòîãî ïîäìíîæåñòâà, íåêîëëèíåàðíûõ âåêòîðó x, ïîëó÷àåòñÿ èç (*)
ñ ïîìîùüþ öèêëè÷åñêîé ïåðåñòàíîâêè åãî ñîìíîæèòåëåé.

Ç à ì å ÷ à í è å 3. Â îáùåì ñëó÷àå íàáîðû ïàðàìåòðîâ λ1, . . . , λp äëÿ ðàçíûõ ìíîæåñòâ
Kp

i îòëè÷àþòñÿ êàê ïî êîëè÷åñòâó âõîäÿùèõ â íèõ ïàðàìåòðîâ, òàê è ïî "êà÷åñòâó", ïî-
ñêîëüêó ÷èñëîâûå çíà÷åíèÿ ïàðàìåòðîâ äàæå îäíîãî è òîãî æå ìíîæåñòâà Kp

i ìåíÿþòñÿ
â çàâèñèìîñòè îò íàïðàâëåíèÿ âåêòîðà x (ñì. çàìå÷àíèå 2); äëÿ íåñîâïàäàþùèõ ìíîæåñòâ
Kp

i , i = 1, s, 0 ≤ p ≤ n îáëàñòè îïðåäåëåíèÿ ïàðàìåòðîâ òàêæå íå ñîâïàäàþò.
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1. I n t r o d u c t i o n. Let X1, ...Xn be independent identically distributed (i.i.d.) random
variables(r.v.). Consider the problem of testing of a compound parametric hypothesis H0, according
to which a distribution of the Xi is a member of a parametric family

P{Xi ≤ x | H0} = F (x; θ), θ = (θ1, ..., θs)T ∈ Θ ⊂ Rs, x ∈ R1,

where Θ is an open set. Denote by f(x; θ) the density of the probability distribution function F (x; θ)
with respect to a certain σ− �nite measure µ. Let

N
(n)
j = 6= {i : Xi ∈ ∆j , i = 1, ..., n},

pj(θ) =
∫

∆j

dF (x;θ), j = 1, ..., r, (1)

where ∆j are non-intersecting grouping intervals such that

∆1 ∪ · · · ∪∆r = R1, ∆i ∩∆j = ∅, i 6= j.

Denote V(n) a column r � vector of a standardized grouped frequency with components

v
(n)
i = [npi(θ)]−1/2(N (n)

i − npi(θ)), i = 1, ..., r. (2)

Using (2) the standard Pearson's chi-squared statistic X2
n(θ) under a simple null hypothesis H0 (the

parameter θ is considered to be known)

X2
n(θ) = V(n)TV(n) =

r∑

i=1

[N (n)
i − npi(θ)]2

npi(θ)

Keywords: Exponential family of distributions, method of moments, modi�ed chi-squared tests, EDF tests, power of
chi-squared tests.
2000 Mathematics Subject Classi�cation: 62F03, 65C05
c
 N. Pya, 2004.
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possesses in the limit the chi-squared probability distribution χ2
r−1 with r-1 degrees of freedom.

But if θ is unknown and one has to estimate it, the limit distribution of the Pearson's statistic
X2

n(θ∗n) changes in accordance with the asymptotical properties of an estimator θ∗n. In this paper
the Nikulin-Rao-Robson and Mirvaliev's statistics for the exponential family of distributions are
considered. For improvement of ine�cient method of moments estimators (MME) an iterative
procedure suggested by Fisher [1] is applied for the Nikulin-Rao-Robson statistic. A power com-
parison of some the empirical distribution function (EDF) tests with the above-mentioned statistics
is investigated.

2. M o d i f i e d c h i - s q u a r e d t e s t s. Let

q = (p1/2
1 (θ), ..., p1/2

r (θ))T ,

and B be r × s matrix with elements

1√
pi(θ)

∂pi(θ)
∂θj

, i = 1, ..., r, j = 1, ..., s. (3)

The Fisher's information contained in V(n) is de�ned by the matrix BTB.
For the e�ective maximum likelihood estimator (MLE) Nikulin [2�4] was the �rst who proposed

a modi�cation of the Pearson's statistic for continuous distributions with shift and scale parameters.
Rao and Robson [5] had obtained the same result related to the exponential family (see also Moore
and Spruill [6]). The Nikulin-Rao-Robson statistic can be written down as

Y12(θ̂n) = X2
n(θ̂n) + P2

n(θ̂n), (4)

where θ̂n is MLE of θ,
P2

n(θ̂n) = V(n)TBn(Jn −BT
nBn)−1BT

nV(n), (5)

Bn = B(θ̂n), Jn = J(θ̂n) and

J(θ) = Eθ

[(
∂logf

∂θ

)(
∂logf

∂θ

)T
]
.

The Nikulin-Rao-Robson statistic Y12(θ̂n) in the limit possesses the chi-squared probability distri-
bution χ2

r−1.
Let a function g(x) = (g1(x), ..., gs(x))T be such that the equation

m(θ) = ḡ,

where
ḡ = (ḡ1, ..., ḡs)T , m(θ) = (m1(θ), ..., ms(θ))T ,

ḡj =
1
n

n∑

i=1

gj(Xi), mj(θ) =
∫

gj(x)dF (x; θ)

is uniquely and continuously resolved with respect to θ̄n = m−1(ḡ). The estimator θ̄n is called the
method of moment estimator (MME). Functions gi(x) = xi, i = 1, ..., s are the most often used in
R1.

Let K be s×s matrix with elements
∫

gi(x)
∂f(x;θ)

∂θj
dx. i, j = 1, ..., s. (6)
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Under the regularity conditions of Hsuan and Robson [7] the MME θ̄n satis�es under H0 the
following condition

n1/2(θ̄n − θ0) = n−1/2
n∑

j=1

K−1(g(Xj)−m) + op(1) (7)

Let
V = (ϑij), ϑij = mij −mimj , (8)

where
mij = E

[
gi(X)gj(X)

]
, i, j = 1, ..., s

and C is a r×s matrix with elements

p
−1/2
i (θ)

(∫

∆i

gj(x)f(x; θ)dx− pi(θ)mj(θ)
)

, i = 1, ..., r, j = 1, ..., s. (9)

Let
A = I− qqT + C(V −CTC)−1CT , (10)

L = V + (C−BK−1V)TA(C−BK−1V), (11)

where elements of matrices K and C are de�ned by formulas (6), (9) and the elements of s×s matrix
V by (8) respectively, I being r-dimensional identity matrix.

M. Mirvaliev [8] showed that under proper regularity conditions the statistic

Y22(θ̄n) = X2
n(θ̄n) + R2

n(θ̄n)−Q2
n(θ̄n), (12)

where
R2

n(θ̄n) = V(n)TCn

(
Vn −CT

nCn

)−1CT
nV(n), (13)

Q2
n(θ̄n) = V(n)TAn

(
Cn −BnK−1

n Vn

)
L−1

n

(
Cn −BnK−1

n Vn

)T
AnV(n), (14)

Kn = K(θ̄n), Vn = V(θ̄n), Cn = C(θ̄n),

An = I− qqT + Cn(Vn −CT
n Cn)−1CT

n

and
Ln = Vn + (Cn −BnK−1

n Vn)TAn(Cn −BnK−1
n Vn),

will possess in the limit the chi-squared probability distribution χ2
r−1.

Consider the exponential family of distributions with the density

f(x; θ) = h(x)exp{
s∑

m=1

θmxm + v(θ)}, x ∈ X ⊆ R1,

X is open in R1, X = {x : f(x;θ) > 0}, θ ∈ Θ.
This family contains such distributions as Poisson, normal distribution, etc. Evidently that

Un =

(
n∑

i=1

Xi,

n∑

i=1

X2
i , ...,

n∑

i=1

Xs
i

)T

is the complete minimal su�cient statistic for θ.
Suppose that
1) the support X does not depend on θ,
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2) Hessian
Hv(θ) = −

[
∂2

∂θi∂θj
v(θ)

]

s×s

of the function v(θ) is positive de�nite,
3) the moments ms(θ) = EθXs

1 exist.
In this case, using the results of Zacks [9], it is not di�cult to show (see, for example, Dzhaparidze
and Nikulin [10], Greenwood and Nikulin [11]) that the maximum likelihood estimator θ̂n = θ̂n(Un)
and the method of moments estimator θ̄n = θ̄n(Un) of θ coincide, i.e. θ̄n ≡ θ̂n. Let

m(θ) = (m1(θ), ...,ms(θ))T .

One can verify that
m(θ) = − ∂

∂θ
v(θ).

T h e o r e m. Assume conditions 1)-3) are ful�lled. Then for the exponential family of
distributions the Nikulin-Rao-Robson Y12(θ̂n) and Mirvaliev Y22(θ̄n) statistics are identically equal.
P r o o f. First, show that Q2

n(θ̄) = 0. For this family

pi =
∫

∆i

h(x)exp{
s∑

k=1

θkx
k + v(θ)}dx,

∂pi

∂θj
=

∫

∆i

f(x, θ) · (xj +
∂

∂θj
v(θ))dx.

Then, an element of matrix Bn is

bij = p
−1/2
i

∂pi

∂θj
= p

−1/2
i

∫

∆i

f(x,θ)(xj +
∂

∂θj
v(θ))dx = p

−1/2
i

(∫

∆i

xj · f(x,θ)dx− pi ·mj

)
.

An element of matrix Cn is

cij = p
−1/2
i

(∫

∆i

xj · f(x,θ)dx− pi ·mj

)
.

From this it follows that Bn = Cn.
Consider the matrices Kn and Vn

kij =

∞∫

−∞
gi(x)

∂f

∂θj
dx, gi(x) = xi.

Since
∂f

∂θj
= f(x,θ) · (xj +

∂

∂θj
v(θ)),

then

kij =

∞∫

−∞
xi+jf(x,θ)dx +

∞∫

−∞
xif(x,θ)

∂

∂θj
v(θ)dx = mij −mimj .

And as vij = mij −mimj , then
Kn = Vn.

Therefore
Cn −BnK−1

n Vn = Cn −Bn = 0
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and Q2
n(θ) = 0.

Now show that R2
n(θ̄) = P2

n(θ̂).
Since

∂lnf

∂θi
=

∂

∂θi

[
ln(h(x)) +

s∑

i=1

θix
i + v(θ)

]
= xi +

∂

∂θi
v(θ) = xi −mi,

it is not di�cult to show that for the considered case J = Vn.
Then

Cn(Vn −CT
nCn)−1CT

n = Bn(J −BT
nBn)−1BT

n

and
R2

n(θ̄) = P2
n(θ̂).

Hence
Y12(θ̂n) ≡ Y22(θ̄n).

3. O n i t e r a t i v e p r o c e d u r e a n d p o w e r c o m p a r i s o n. It is well known
that exact MLEs can not be given in an explicit form for the logistic probability distribution. That
is why Nikulin-Rao-Robson statistic Y12(θ̂n) (4) can not be considered when comparing powers of
di�erent chi-squared type test statistics for the logistic probability distribution. In this case iterative
procedure suggested by Fisher for improvement of ine�cient MMEs for Y12(θ̂n) may be applied.

Consider the following iterative procedure

θ̃
i+1
n = θ̃

i
n −

(
∂2Ln

∂θ2

)−1

˜θ
i

n

(
∂Ln

∂θ

)
˜θ

i

n

, i = 0, 1, ...,

where Ln = Ln(X1, ..., Xn; θ) =
∑n

i=1 logfθ(Xi). Alternatively, observing that

− 1
n

∂2Ln

∂θ2 → Iθ

in probability (under θ), where Iθ is the Fisher's information matrix per single observation, Fisher
suggested also the asymptotically equivalent procedure of scoring

θ̃
i+1
n = θ̃

i
n +

1
n

(
I−1(θ)

)
˜θ

i

n

(
∂Ln

∂θ

)
˜θ

i

n

, i = 0, 1, ... (15)

"He pointed out that if the starting value θ̃
0
n is any √n- consistent estimator for θ (for instance,

constructed, when it is possible, by using MMEs), then the result of the very �rst iteration θ̃
1
n,

is an estimator for θ as e�cient asymptotically as the maximum likelihood estimator θ̂n" (K.O.
Dzaparidze [12]).

To illustrate the practical application of this procedure consider the following Monte Carlo
experiment.

Using Microsoft Excel N=5000 samples of n=1000 of logistic pseudorandom numbers Xi were
generated. Two Neyman-Pearson classes (Greenwood and Nikulin [11]) for normal (N) alternative
distribution were considered. For every sample θ̄1, θ̄2 and �rst iterations (15) were de�ned. Then
statistics Y12(θ̃

1
n) were evaluated for each sample.

As it was expected, the Nikulin-Rao-Robson statisticY12(θ̃
1
n) follows the chi-squared distribution

with one degree of freedom.
Consider tests for the goodness-of-�t based on EDF statistics. It is well known that the limit

distribution of these EDF statistics are those of some weighted sums of independent non-central
chi-squared random variables (Shorack and Wellner [13]). It should be noted that these statistics are
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not distribution free and depend on the method of parameters estimation. Only MME's are used in
this study for two unknown parameters of the logistic distribution.

Let F̂ denote the estimate of the distribution function with p.d.f.(probability distribution func-
tion)

f(x; θ) =
π√
3θ2

exp
(
− π√

3
x−θ1

θ2

)

[
1 + exp

(
− π√

3
x−θ1

θ2

)]2 , x ∈ R1 (16)

and θ1 and θ2 being replaced by their estimates. Let Fn denote the empirical distribution function
based on a sample x1, x2, ..., xn. The well-known Kolmogorov-Smirnov statistic D, the Anderson-
Darling A2 and Cramer-Von Mises W2 statistics are considered

D = supx|Fn(x)− F̂ (x)|,

W2 = n

∞∫

−∞
(Fn(x)− F̂ (x))2dF̂ (x),

A2 = n

∞∫

−∞

(Fn(x)− F̂ (x))2

F̂ (x)(1− F̂ (x))
dF̂ (x).

Let zi = F̂ (xi), then

D+ = maxi

(
i

n
− zi

)
, D− = maxi

(
zi − i− 1

n

)
, D = max(D+,D−),

W2 =
∑

i

{
zi − (2i− 1)

2n

}2

+
1

12n
,

A2 = −n− 1
n

∑

i

[
(2i− 1)ln(zi) + (2n + 1− 2i)ln(1− zi)

]
.

To compare these EDF tests with the Nikulin-Rao-Robson statistics the same number of N=5000
samples of n=1000 of logistic pseudorandom numbers Xi were generated. And for the normal
alternative distribution the simulated results of power comparison of the EDF statistics and Y12(θ̃

1
n)

are shown in Table 1.

Table 1

α
Power of

D
Power of

W2
n

Power of
A2

Power of
Y12(θ̃

1
n)

Ha: Normal
0.10
0.05
0.01

0.851
0.723
0.388

0.963
0.910
0.705

0.982
0.949
0.820

0.945
0.896
0.726

From this table one can see that the Anderson-Darling statistics gives the most powerful test for
the considered sample size and the normal alternative.

4. C o n c l u s i o n. When testing the compound hypothesis about a probability distribution
from the exponential family, Nikulin-Rao-Robson Y12(θ̂n) and Mirvaliev's Y22(θ̄n) statistics co-
incide. If there is no any asymptotic equivalent to MLE θ̂n estimator of θ, then for testing of
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the compound hypothesis about the logistic probability distribution one may use the Nikulin-Rao-
Robson statistic Y12(θ̃

1
n) based on two Neyman-Pearson classes, where θ̃

1
n is the �rst iteration of

the Fisher's procedure for improvement of ine�cient method of moments estimators.
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Î ÍÅÎÁÕÎÄÈÌÛÕ È ÄÎÑÒÀÒÎ×ÍÛÕ ÓÑËÎÂÈßÕ
ÑÓÙÅÑÒÂÎÂÀÍÈß ÈÇÎËÈÐÎÂÀÍÍÎÃÎ ÐÅØÅÍÈß

ÍÅËÈÍÅÉÍÎÉ ÄÂÓÕÒÎ×Å×ÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È
Ñ.Ì. Òåìåøåâà

Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê.Æóáàíîâà
463000 ã.Àêòîáå ïð. À.Ìîëäàãóëîâîé, 34 nur15@mail.ru

Ìåòîäîì ïàðàìåòðèçàöèè èññëåäóåòñÿ íåëèíåéíîå îáûêíîâåííîå äèôôåðåíöèàëüíîå óðàâíåíèå ñ
íåëèíåéíûì äâóõòî÷å÷íûì êðàåâûì óñëîâèåì. Â òåðìèíàõ ôóíêöèé ïðàâîé ÷àñòè äèôôåðåíöè-
àëüíîãî óðàâíåíèÿ è ãðàíè÷íîãî óñëîâèÿ óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùå-
ñòâîâàíèÿ "èçîëèðîâàííîãî" ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è.

Èññëåäîâàíèþ êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ïîñâÿùå-
íû ðàáîòû ìíîãèõ àâòîðîâ [1�10]. Â ñîîòâåòñòâèè ñ ïðèìåíÿåìûì ìåòîäîì óñëîâèÿ ñóùåñòâî-
âàíèÿ ðåøåíèÿ, ñõîäèìîñòè ïðåäëàãàåìûõ àëãîðèòìîâ ïîëó÷åíû â ðàçëè÷íûõ òåðìèíàõ. Ïðè
ýòîì îñîáûé èíòåðåñ ïðåäñòàâëÿþò òå ìåòîäû, êîòîðûå ïîçâîëÿþò óñëîâèÿ ðàçðåøèìîñòè çà-
äà÷è óñòàíîâèòü â òåðìèíàõ èñõîäíûõ äàííûõ. Â [11] äëÿ ëèíåéíîé äâóõòî÷å÷íîé êðàåâîé
çàäà÷è ïðåäëîæåí ìåòîä ïàðàìåòðèçàöèè (ì.ï.).

Â íàñòîÿùåé ñòàòüå ì.ï. ïðèìåíÿåòñÿ ê íåëèíåéíîé äâóõòî÷å÷íîé êðàåâîé çàäà÷å

dx

dt
= f(t, x), t ∈ [0, T ], x ∈ Rn, ‖x‖ = max

i=1,n
|xi|, (1)

g[x(0), x(T )] = 0, (2)

ãäå f : [0, T ]×Rn → Rn, g : Rn ×Rn → Rn � íåïðåðûâíû.
Â îòëè÷èå îò ëèíåéíîé çàäà÷è çäåñü âîçíèêàþò òðóäíîñòè, ñâÿçàííûå ñ íàõîæäåíèåì íà-

÷àëüíîãî ïðèáëèæåíèÿ è îáëàñòè, ãäå èùåòñÿ ðåøåíèå. Ïîýòîìó ïî øàãó h > 0 ïðîèçâåäåì
ðàçáèåíèå [0, T ) =

N⋃
r=1

[(r − 1)h, rh) è çàäà÷ó (1), (2) èññëåäóåì ì.ï. ñ âûáîðîì íåïðåðûâíûõ

íà [(r − 1)h, rh] ôóíêöèé Rr(t) ≥ 0 , r = 1, N , ÷èñëà ρ > 0, ó÷èòûâàþùèõ ñâîéñòâà äèô-
ôåðåíöèàëüíîãî óðàâíåíèÿ è ãðàíè÷íûõ óñëîâèé. Òàêîé ïîäõîä ïîçâîëÿåò "óòî÷íèòü" îöåíêè
îáëàñòè ñóùåñòâîâàíèÿ ðåøåíèÿ çàäà÷è (1), (2), óñòàíîâèòü íåîáõîäèìûå è äîñòàòî÷íûå óñëî-
âèÿ ñóùåñòâîâàíèÿ èçîëèðîâàííîãî ðåøåíèÿ â òåðìèíàõ ôóíêöèé f, g.

Keywords: parameterization's method, nonlinear two-point boundary-value problem, isolated solution
2000 Mathematics Subject Classi�cation: 34B15
c
 Ñ.Ì. Òåìåøåâà, 2004.



74 Ñ.Ì. Òåìåøåâà

Îáîçíà÷èì ÷åðåç xr(t) âåêòîð-ôóíêöèþ ðàçìåðíîñòè n , ñîâïàäàþùóþ ñ x(t) íà ïðîìå-
æóòêå [(r−1)h, rh), r = 1, N è çàäà÷ó (1), (2) ñâåäåì ê ýêâèâàëåíòíîé ìíîãîòî÷å÷íîé êðàåâîé
çàäà÷å

dxr

dt
= f(t, xr), t ∈ [(r − 1)h, rh), r = 1, N, (3)

g[x1(0), lim
t→Nh−0

xN (t)] = 0, (4)

lim
t→sh−0

xs(t) = xs+1(sh), s = 1, N − 1 (5)

ãäå (5) � óñëîâèÿ ñêëåèâàíèÿ ðåøåíèÿ âî âíóòðåííèõ òî÷êàõ ðàçáèåíèÿ t = sh, s = 1, N − 1 .
Ýêâèâàëåíòíîñòü çàäà÷ (1), (2) è (3)�(5) çàêëþ÷àåòñÿ â ñëåäóþùåì. Åñëè x(t) � ðåøåíèå

çàäà÷è (1), (2), òî {xr(t)}, r = 1, N, � ñèñòåìà åãî ñóæåíèé íà [(r− 1)h, rh), r = 1, N , ÿâëÿ-
åòñÿ ðåøåíèåì çàäà÷è (3)-(5). È, íàîáîðîò, åñëè ñèñòåìà ôóíêöèé (x̃r(t)), r = 1, N, � ðåøåíèå
çàäà÷è (3) � (5), òî ôóíêöèÿ x̃(t) , îïðåäåëÿåìàÿ ðàâåíñòâàìè x̃(t) = x̃r(t), t ∈ [(r − 1)h, rh),
r = 1, N, x̃(T ) = lim

t→T−0
x̃N (t) , ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1), (2).

×åðåç λr îáîçíà÷èì çíà÷åíèå ôóíêöèè xr(t) â òî÷êå t = (r − 1)h, è ïðîèçâåäÿ çàìåíó
ur(t) = xr(t)− λr, r = 1, N, ïîëó÷èì ìíîãîòî÷å÷íóþ êðàåâóþ çàäà÷ó ñ ïàðàìåòðîì

dur

dt
= f(t, ur + λr), ur[(r − 1)h] = 0, t ∈ [(r − 1)h, rh), r = 1, N, (6)

g[λ1, λN + lim
t→Nh−0

uN (t)] = 0, (7)

λs + lim
t→sh−0

us(t)− λs+1 = 0, s = 1, N − 1. (8)

Åñëè ñèñòåìà ïàð (λr, ur(t)), t ∈ [(r − 1)h, rh), r = 1, N, � ðåøåíèå ìíîãîòî÷å÷íîé êðàåâîé
çàäà÷è ñ ïàðàìåòðîì (6)�(8), òî ñèñòåìà ôóíêöèé (λr +ur(t)), t ∈ [(r−1)h, rh), r = 1, N, ÿâ-
ëÿåòñÿ ðåøåíèåì çàäà÷è (3)�(5); è, îáðàòíî, åñëè ñèñòåìà ôóíêöèé (x̃r(t)), t ∈ [(r − 1)h, rh),
r = 1, N, � ðåøåíèå ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è áåç ïàðàìåòðà (3)�(5), òî ñèñòåìà ïàð
(λ̃r = x̃r[(r− 1)h], ũr(t) = x̃r(t)− x̃r[(r− 1)h]), t ∈ [(r− 1)h, rh), r = 1, N ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è (6)�(8).

Ñâåäåíèå çàäà÷è (3)�(5) ê çàäà÷å ñ ïàðàìåòðîì (6)�(8) ïðèâåëî ê ïîÿâëåíèþ íà÷àëüíî-
ãî óñëîâèÿ ur[(r − 1)h] = 0, r = 1, N. Ïîýòîìó ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòðà
λr ∈ Rn ôóíêöèÿ ur(t) , [(r− 1)h, rh) óäîâëåòâîðÿåò íåëèíåéíîìó èíòåãðàëüíîìó óðàâíåíèþ
Âîëüòåððà âòîðîãî ðîäà

ur(t) =

t∫

(r−1)h

f(τ, λr + ur(τ))dτ, t ∈ [(r − 1)h, rh), r = 1, N. (9)

Îïðåäåëèì lim
t→rh−0

ur(t) =
rh∫

(r−1)h

f(t, λr +ur(t))dt, r = 1, N, è ïîäñòàâèì èõ â (7), (8). Óìíîæèâ

(7) íà h > 0 , ïîëó÷èì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî ïàðàìåòðîâ λr ∈ Rn, r = 1, N :

hg
[
λ1, λN +

Nh∫

(N−1)h

f(t, λN + uN (t))dt
]

= 0,

λs +

sh∫

(s−1)h

f(t, λs + us(t))dt− λs+1 = 0, s = 1, N − 1,
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êîòîðóþ çàïèøåì â âèäå: Q1,h(λ, u) = 0, λ ∈ RnN . (10)

Èòàê, äëÿ íàõîæäåíèÿ ïàð (λr, ur(t)), r = 1, N, èìååì ñèñòåìó óðàâíåíèé (9), (10), îïðåäå-
ëÿåìóþ ÷åðåç ôóíêöèè f, g è h .

×åðåç C̃([(r − 1)h, rh), Rn) îáîçíà÷èì ìíîæåñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ íà [(r −
1)h, rh) ôóíêöèé ur : [(r − 1)h, rh) → Rn. Âûáåðåì øàã h > 0 : Nh = T, âåêòîð λ(0) =
(λ(0)

1 , λ
(0)
2 , . . . , λ

(0)
N )′ ∈ RnN è ïðåäïîëîæèì, ÷òî çàäà÷à Êîøè (6) ïðè λr = λ

(0)
r èìååò ðåøåíèå

u
(0)
r (t) ∈ C̃([(r − 1)h, rh), Rn), r = 1, N. Ìíîæåñòâî òàêèõ λ(0) ∈ RnN , îáîçíà÷èì G0(f, h), à

ñîîòâåòñòâóþùóþ èì ñèñòåìó ðåøåíèé çàäà÷ Êîøè ÷åðåç u(0)[t] = (u(0)
1 (t), u(0)

2 (t), . . . , u(0)
N (t))′.

Âîçüìåì λ(0) ∈ G0(f, h), åìó ñîîòâåòñòâóþùóþ u(0)[t], íåïðåðûâíûå íà [(r−1)h, rh] ôóíêöèè
Rr(t) ≥ 0, r = 1, N, ÷èñëî ρ > 0 è ïîñòðîèì ìíîæåñòâà:

S(λ(0), ρ) =
{

(λ1, λ2, . . . , λN )′ ∈ RnN : ‖λr − λ
(0)
r ‖ < ρ, r = 1, N

}
,

S(u(0)[t], R[t]ρ) =
{

(u1(t), u2(t), . . . , uN (t))′, ur(t) ∈ C̃([(r − 1)h, rh), Rn) :

‖ur(t)− u
(0)
r (t)‖ ≤ Rr(t)ρ, t ∈ [(r − 1)h, rh), r = 1, N

}
,

G0
1(R[t], ρ) =

{
(t, x) : t ∈ [0, T ], ‖x− λ

(0)
r − u

(0)
r (t)‖ < (Rr(t) + 1)ρ, t ∈ [(r − 1)h, rh),

r = 1, N, ‖x− λ
(0)
N − lim

t→T−0
u

(0)
N (t)‖ < (RN (T ) + 1)ρ

}
,

G0
2(R[t], ρ) =

{
(v, w) : ‖v − λ

(0)
1 ‖ < ρ, ‖w − λ

(0)
N − lim

t→T−0
u

(0)
N (t)‖ < (RN (T ) + 1)ρ

}
.

Ó ñ ë î â è å A1 . Ôóíêöèè f(t, x), g(v, w) ñîîòâåòñòâåííî â G0
1(R[t], ρ), G0

2(R[t], ρ)
èìåþò ðàâíîìåðíî íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå f ′x(t, x), g′v(v, w), g′w(v, w) è âûïîëíÿ-
þòñÿ íåðàâåíñòâà ‖f ′x(t, x)‖ ≤ L(t), ‖g′v(v, w)‖ ≤ L1, ‖g′w(v, w)‖ ≤ L2, ãäå L(t) �íåïðåðûâíàÿ
íà [0, T ] ôóíêöèÿ, L1, L2 �ïîñòîÿííûå.

Ïðåäïîëàãàÿ ñóùåñòâîâàíèå λ(0) ∈ G0(f, h), çà íà÷àëüíîå ïðèáëèæåíèå çàäà÷è (6) � (8)
âîçüìåì ñèñòåìó ïàð (λ(0)

r , u
(0)
r (t)) , r = 1, N , è ïîñëåäóþùèå ïðèáëèæåíèÿ ñòðîèì ïî ñëåäó-

þùåìó àëãîðèòìó:
Øàã 1. a) Ïàðàìåòð λ(1) = (λ(1)

1 , λ
(1)
2 , . . . , λ

(1)
N )′ ∈ RnN îïðåäåëèì èç óðàâíåíèÿ (10) ïðè

u = u(0). á) Ðåøàÿ çàäà÷ó Êîøè (6) ïðè λr = λ
(1)
r , íàéäåì u

(1)
r (t), t ∈ [(r−1)h, rh), r = 1, N.

Øàã 2. a) Ïàðàìåòð λ(2) = (λ(2)
1 , λ

(2)
2 , . . . , λ

(2)
N )′ ∈ RnN îïðåäåëèì èç óðàâíåíèÿ (10) ïðè

u = u(1). á) Ðåøàÿ çàäà÷ó Êîøè (6) íà [(r − 1)h, rh) λr = λ
(2)
r , íàéäåì u

(2)
r (t), r = 1, N.

Ïðîäîëæàÿ òàêèì îáðàçîì, íà k -îì øàãå ïîëó÷èì ñèñòåìó ïàð (λ(k)
r , u

(k)
r (t)), t ∈ [(r −

1)h, rh), r = 1, N.

Ïî (λ(k)
r , u

(k)
r (t)), r = 1, N , ñîñòàâèì ïàðó (λ(k), u(k)[t]), ãäå λ(k) = (λ(k)

1 , λ
(k)
2 , . . . , λ

(k)
N )′ ,

u(k)[t] = (u(k)
1 (t), u(k)

2 (t), . . . , u(k)
N (t))′.

Äîñòàòî÷íûå óñëîâèÿ îñóùåñòâèìîñòè, ñõîäèìîñòè àëãîðèòìà è ñóùåñòâîâàíèÿ èçîëèðî-
âàííîãî ðåøåíèÿ ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è ñ ïàðàìåòðîì (6)�(8) óñòàíàâëèâàåò

Òå î ð åì à 1. Ïóñòü ñóùåñòâóþò h > 0 : Nh = T (N = 1, 2, . . .) , λ(0) ∈ G0(f, h),
íåïðåðûâíûå íà [(r−1)h, rh] ôóíêöèè Rr(t) ≥ 0, r = 1, N, ÷èñëî ρ > 0, ïðè êîòîðûõ âûïîë-
íåíî óñëîâèå A1 , ìàòðèöà ßêîáè ∂Q1,h(λ, u)/∂λ îáðàòèìà äëÿ ëþáûõ (λ, u[t]) ∈ S(λ(0), ρ)×
× S(u(0)[t], R[t]ρ) è èìåþò ìåñòî íåðàâåíñòâà: 1)

∥∥∥
[∂Q1,h(λ, u)

∂λ

]−1∥∥∥ ≤ γ1(h),

2) q1(h) = γ1(h)max(L2h, 1) max
r=1,N

(
e

rhR
(r−1)h

L(t)dt

− 1−
rh∫

(r−1)h

L(t)dt
)

< 1,

3) 1
1− q1(h)

γ1(h)‖Q1,h(λ(0), u(0))‖ < ρ, 4) e

tR
(r−1)h

L(τ)dτ

− 1 ≤ Rr(t), t ∈ [(r − 1)h, rh],
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r = 1, N. Òîãäà ïîñëåäîâàòåëüíîñòü ïàð (λ(k), u(k)[t])
(
λ(k) = (λ(k)

1 , λ
(k)
2 , . . . , λ

(k)
N )′, u(k)[t] =

(u(k)
1 (t), u(k)

2 , . . . , u
(k)
N (t))′

)
, îïðåäåëÿåìàÿ ïî àëãîðèòìó, äëÿ âñåõ k = 0, 1, 2, ... ñîäåðæèòñÿ

â S(λ(0), ρ) × S(u(0)[t], R[t]ρ), ñõîäèòñÿ ê (λ∗, u∗[t]) � ðåøåíèþ çàäà÷è (6)�(8) è ñïðàâåäëèâû
îöåíêè

à) ‖λ∗ − λ(k)‖ ≤ [q1(h)]k
γ1(h)

1− q1(h)
‖Q1,h(λ(0), u(0))‖,

á) ‖u∗r(t)− u
(k)
r (t)‖ ≤

(
e

tR
(r−1)h

L(τ)dτ

− 1
)
‖λ∗r − λ

(k)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N.

Ïðè÷åì ëþáîå ðåøåíèå çàäà÷è (6)�(8) â S(λ(0), ρ)× S(u(0)[t], R[t]ρ) èçîëèðîâàíî.

Ä î ê à ç à ò å ë ü ñ ò â î. Âîçüìåì λ(0) = (λ(0)
1 , λ

(0)
2 , . . . , λ

(0)
N )′ ∈ G0(f, h), åìó ñî-

îòâåòñòâóþùóþ u(0)[t] = (u(0)
1 (t), u(0)

2 (t), . . . , u(0)
N (t))′. Â ñèëó íåðàâåíñòâà 3) ñóùåñòâóåò ÷èñëî

ε0 > 0 , óäîâëåòâîðÿþùåå íåðàâåíñòâàì ε0γ1(h) < 1 , γ1(h)||Q1,h(λ(0), u(0))|| < [1 − ε0γ1(h)]ρ .
Ââèäó óñëîâèÿ A1 ìàòðèöà ßêîáè ∂Q1,h(λ, u(0))/∂λ ðàâíîìåðíî íåïðåðûâíà â S(λ(0), ρ) è
äëÿ ε0 > 0 ñóùåñòâóåò δ0 ∈ (0, ρ/2] òàêîå, ÷òî ||∂Q1,h(λ, u(0))/∂λ − ∂Q1,h(λ̃, u(0))/∂λ|| < ε0 ,
åñëè λ, λ̃ ∈ S(λ(0), ρ) , ||λ − λ̃|| < δ0 . Âîçüìåì ÷èñëî α0 = max(1, γ1(h)||Q1,h(λ(0), u(0))||/δ0) è
ïîñòðîèì èòåðàöèîííûé ïðîöåññ: λ(1,0) = λ(0),

λ(1,m+1) = λ(1,m) − 1
α0

[
∂Q1,h(λ(1,m), u(0))

∂λ

]−1

Q1,h(λ(1,m), u(0)), m = 0, 1, .... (11)

Â ñèëó óñëîâèé òåîðåìû, îïåðàòîð Q1,h(λ, u(0)) â S(λ(0), ρ) óäîâëåòâîðÿåò âñåì ïðåäïîëîæå-
íèÿì òåîðåìû 1 èç [12]. Ïîýòîìó èòåðàöèîííûé ïðîöåññ (11) ñõîäèòñÿ ê λ(1) ∈ S(λ(0), ρ) �
èçîëèðîâàííîìó ðåøåíèþ óðàâíåíèÿ Q1,h(λ, u(0)) = 0 è

‖λ(1) − λ(0)‖ ≤ γ1(h)‖Q1,h(λ(0), u(0))‖ < ρ. (12)

Äëÿ ðåøåíèÿ çàäà÷è Êîøè (6) íà [(r − 1)h, rh) ïðè λr = λ
(1)
r èñïîëüçóåì ìåòîä ïîñëåäîâà-

òåëüíûõ ïðèáëèæåíèé: u(1,0)
r (t) = u

(0)
r (t),

u(1,m+1)
r (t) =

t∫

(r−1)h

f(τ, λ(1)
r + u(1,m)

r (τ))dτ, t ∈ [(r − 1)h, rh), r = 1, N, m = 0, 1, 2, . . . .

Ïðè ïðåäïîëîæåíèÿõ òåîðåìû ñïðàâåäëèâû îöåíêè

‖u(1,m)
r (t)− u(1,m−1)

r (t)‖ ≤ 1
m!

( t∫

(r−1)h

L(τ)dτ
)m
‖λ(1)

r − λ(0)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N, (13)

‖u(1,m)
r (t)− u(1,0)

r (t)‖ ≤
m∑

i=1

1
i!

( t∫

(r−1)h

L(τ)dτ
)i
‖λ(1)

r − λ(0)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N. (14)

Èç (13) ñëåäóåò ðàâíîìåðíàÿ íà [(r − 1)h, rh) ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè u
(1,m)
r (t) ê

u
(1)
r (t), r = 1, N. Ïåðåõîäÿ â (14) ê ïðåäåëó ïðè m →∞, ïîëó÷èì îöåíêè:

‖u(1)
r (t)− u(0)

r (t)‖ ≤
(
e

tR
(r−1)h

L(τ)dτ

− 1
)
‖λ(1)

r − λ(0)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N. (15)
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Â ñèëó íåðàâåíñòâ (12), 4) ñèñòåìà ðåøåíèé çàäà÷ Êîøè u(1)[t] ïðèíàäëåæèò ìíîæåñòâó
S(u(0)[t], R[t]ρ). Èç ñòðóêòóðû îïåðàòîðà Q1,h(λ, u(0)) , ðàâåíñòâà Q1,h(λ(1), u(0)) = 0 è îöåíêè
(15) ñëåäóåò, ÷òî

γ1(h)‖Q1,h(λ(1), u(1))‖ = γ1(h)‖Q1,h(λ(1), u(1))−Q1,h(λ(1), u(0))‖ =

= γ1(h)max
{

h
∥∥∥g

[
λ

(1)
1 , λ

(1)
N +

Nh∫

(N−1)h

f(t, λ(1)
N + u

(1)
N (t))dt

]
−

−g
[
λ

(1)
1 , λ

(1)
N +

Nh∫

(N−1)h

f(t, λ(1)
N + u

(0)
N (t))dt

]∥∥∥,

max
s=1,N−1

∥∥∥
sh∫

(s−1)h

f(t, λ(1)
s + u(1)

s (t))dt−
sh∫

(s−1)h

f(t, λ(1)
s + u(0)

s (t))dt
∥∥∥
}
≤

≤ γ1(h)max(L2h, 1) max
r=1,N

{ rh∫

(r−1)h

‖f(t, λ(1)
r + u(1)

r (t))− f(t, λ(1)
r + u(0)

r (t))‖dt
}
≤

≤ γ1(h)max(L2h, 1) max
r=1,N

{ rh∫

(r−1)h

L(t)‖u(1)
r (t)− u(0)

r (t)‖dt
}
≤

≤ γ1(h) max(L2h, 1) max
r=1,N

(
e

rhR
(r−1)h

L(t)dt

− 1−
rh∫

(r−1)h

L(t)dt
)
‖λ(1)

r − λ(0)
r ‖,

ò.å.
γ1(h)‖Q1,h(λ(1), u(1))‖ ≤ q1(h)‖λ(1) − λ(0)‖. (16)

Âîçüìåì ρ1 = γ1(h)‖Q1,h(λ(1), u(1))‖ è ïîêàæåì, ÷òî S(λ(1), ρ1) ⊂ S(λ(0), ρ). Äåéñòâèòåëüíî,
åñëè ‖λ− λ(1)‖ < γ1(h)‖Q1,h(λ(1), u(1))‖, òî, ó÷èòûâàÿ íåðàâåíñòâà 2), 3) òåîðåìû è (12), (16)
èìååì

‖λ− λ(0)‖ ≤ ‖λ− λ(1)‖+ ‖λ(1) − λ(0)‖ ≤ γ1(h)‖Q1,h(λ(1), u(1))‖+ ‖λ(1) − λ(0)‖ ≤

≤ [q1(h) + 1]‖λ(1) − λ(0)‖ <
1

1− q1(h)
γ1(h)‖Q1,h(λ(0), u(0))‖ < ρ.

Èç óñëîâèé òåîðåìû ñëåäóåò, ÷òî îïåðàòîð Q1,h(λ, u(1)) â S(λ(1), ρ1) óäîâëåòâîðÿåò âñåì óñ-
ëîâèÿì òåîðåìû 1 èç [12]. Ïîýòîìó èòåðàöèîííûé ïðîöåññ λ(2,0) = λ(1),

λ(2,m+1) = λ(2,m) − 1
α0

[
∂Q1,h(λ(2,m), u(1))

∂λ

]−1

Q1,h(λ(2,m), u(1)), m = 0, 1, ....

ñõîäèòñÿ ê λ(2) ∈ S(λ(1), ρ1) � èçîëèðîâàííîìó ðåøåíèþ óðàâíåíèÿ Q1,h(λ, u(1)) = 0 è ‖λ(2)−
λ(1)‖ ≤ γ1(h)‖Q1,h(λ(1), u(1))‖. Îòñþäà è èç (16) ñëåäóåò, ÷òî

‖λ(2) − λ(1)‖ ≤ q1(h)‖λ(1) − λ(0)‖. (17)
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Ðåøåíèå çàäà÷è Êîøè (6) íà [(r− 1)h, rh) ïðè λr = λ
(2)
r � ôóíêöèþ u

(2)
r (t) íàéäåì ìåòîäîì

ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé: u
(2,0)
r (t) = u

(1)
r (t),

u(2,m+1)
r (t) =

t∫

(r−1)h

f(τ, λ(2)
r + u(2,m)

r (τ))dτ, t ∈ [(r − 1)h, rh), r = 1, N, m = 0, 1, 2, . . . ,

è óñòàíîâèì íåðàâåíñòâà

‖u(2,m)
r (t)− u(2,m−1)

r (t)‖ ≤ 1
m!

( t∫

(r−1)h

L(τ)dτ
)m
‖λ(2)

r − λ(1)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N, (20)

‖u(2,m)
r (t)− u(2,0)

r (t)‖ ≤
m∑

i=1

1
i!

( t∫

(r−1)h

L(τdτ)
)i
‖λ(2)

r − λ(1)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N, (21)

‖u(2,m)
r (t)− u(0)

r (t)‖ ≤
m∑

i=1

1
i!

( t∫

(r−1)h

L(τ)dτ
)i
‖λ(2)

r − λ(0)
r ‖+

+
(
e

rhR
(r−1)h

L(τ)dτ

−
m∑

i=0

1
i!

( t∫

(r−1)h

L(τ)dτ
)i)

‖λ(1)
r − λ(0)

r ‖, t ∈ [(r − 1)h, rh), r = 1, N. (22)

Èç (20) ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè u
(2,m)
r (t) ê u

(2)
r (t), t ∈ [(r −

1)h, rh), r = 1, N. Ïåðåõîäÿ â (21) è (22) ê ïðåäåëó ïðè m →∞, ïîëó÷èì îöåíêè:

‖u(2)
r (t)− u(1)

r (t)‖ ≤
(
e

tR
(r−1)h

L(τ)dτ

− 1
)
‖λ(1)

r − λ(0)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N, (23)

‖u(2)
r (t)− u(0)

r (t)‖ ≤
(
e

tR
(r−1)h

L(τ)dτ

− 1
)
‖λ(2)

r − λ(0)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N. (24)

Â ñèëó íåðàâåíñòâ 4), (24) ñèñòåìà ðåøåíèé çàäà÷ Êîøè u(2)[t] ïðèíàäëåæèò S(u(0)[t], R[t]ρ).
Ïðîäîëæàÿ ïðîöåññ, íà k− îì øàãå íàéäåì λ(k), u(k)[t], äëÿ êîòîðûõ àíàëîãè÷íî (17),

(23), (24) óñòàíîâèì íåðàâåíñòâà

‖λ(k+1) − λ(k)‖ ≤ q1(h)‖λ(k) − λ(k−1)‖, (25)

‖u(k)
r (t)− u(k−1)

r (t)‖ ≤
(

e

tR
(r−1)h

L(τ)dτ

− 1
)
‖λ(k)

r − λ(k−1)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N, (26)

‖u(k)
r (t)− u(0)

r (t)‖ ≤
(
e

tR
(r−1)h

L(τ)dτ

− 1
)
‖λ(k)

r − λ(0)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N. (27)

Òàê êàê

‖λ(k+1) − λ(k)‖ ≤ q1(h)‖λ(k) − λ(k−1)‖ ≤ [q1(h)]2‖λ(k−1) − λ(k−2)‖ ≤ . . . ≤ [q1(h)]k‖λ(1) − λ(0)‖,

òî ‖λ(k) − λ(0)‖ ≤ ‖λ(k) − λ(k−1)‖+ . . . + ‖λ(2) − λ(1)‖+ ‖λ(1) − λ(0)‖ ≤
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≤
(
1 + q1(h) + . . . + [q1(h)]k−1

)
‖λ(1) − λ(0)‖ <

1
1− q1(h)

γ1(h)‖Q1,h(λ(0), u(0))‖ < ρ. (28)

Èç íåðàâåíñòâ 2), (25)-(28) ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü ïàð (λ(k), u(k)[t]) äëÿ âñåõ k =
1, 2, ... ïðèíàäëåæèò S(λ(0), ρ) × S(u(0)[t], R[t]ρ) è ñõîäèòñÿ ê (λ∗, u∗[t]) � ðåøåíèþ çàäà÷è ñ
ïàðàìåòðîì (6)�(8). Â íåðàâåíñòâàõ

‖λ(k+p) − λ(k)‖ ≤ ‖λ(k+p) − λ(k+p−1)‖+ . . . + ‖λ(k+2) − λ(k+1)‖+ ‖λ(k+1) − λ(k)‖ ≤

≤ [q1(h)]k
(
1 + q1(h) + . . . + [q1(h)]p−1

)
‖λ(1) − λ(0)‖ <

1
1− q1(h)

[q1(h)]kγ1(h)‖Q1,h(λ(0), u(0)‖,

‖u(k+p)
r (t)− u(k)

r (t)‖ ≤
(
e

tR
(r−1)h

L(τ)dτ

− 1
)
‖λ(k+p)

r − λ(k)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N,

ïåðåõîäÿ ê ïðåäåëó ïðè p → ∞, ïîëó÷èì îöåíêè à), á). Ïîêàæåì èçîëèðîâàííîñòü ðåøåíèÿ
(λ∗, u∗[t]). Âûáåðåì ÷èñëî ε > 0 òàêîå, ÷òî

εγ1(h) < 1, q1(h) < 1− εγ1(h). (29)

Ñîãëàñíî óñëîâèþ A1 è ñòðóêòóðû ìàòðèöû ßêîáè ∂Q1,h(λ, u)
∂λ

âûòåêàåò åå ðàâíîìåðíàÿ
íåïðåðûâíîñòü â S(λ∗, ρ)× S(u∗[t], R[t]ρ). Ïîýòîìó íàéäåòñÿ ÷èñëî δ > 0, ïðè êîòîðîì

∥∥∥∥
∂Q1,h(λ, u)

∂λ
− ∂Q1,h(λ∗, u∗)

∂λ

∥∥∥∥< ε

äëÿ âñåõ (λ, u) ∈ S(λ∗, δ) × S(u∗[t], R[t]δ). Çàìåòèì, ÷òî åñëè (λ∗, u∗[t]) ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è (6)�(8), òî Q1,h(λ∗, u∗) = 0.

Ïóñòü (λ̃, ũ[t]) ∈ S(λ∗, δ)× S(u∗[t], R[t]δ) � ðåøåíèå çàäà÷è (6)�(8), îòëè÷íîå îò (λ∗, u∗[t]).
. Òàê êàê Q1,h(λ∗, u∗) = 0 è, ïî íàøåìó ïðåäïîëîæåíèþ, Q1,h(λ̃, ũ) = 0 , òî èç ðàâåíñòâ

λ∗ = λ∗−
[
∂Q1,h(λ∗, u∗)

∂λ

]−1

Q1,h(λ∗, u∗), λ̃ = λ̃−
[
∂Q1,h(λ∗, u∗)

∂λ

]−1

Q1,h(λ̃, ũ)

ñëåäóåò, ÷òî

λ∗ − λ̃ = λ∗ − λ̃−
[
∂Q1,h(λ∗, u∗)

∂λ

]−1[
Q1,h(λ∗, u∗)−Q1,h(λ̃, u∗) + Q1,h(λ̃, u∗)−Q1,h(λ̃, ũ)

]
=

= −
[
∂Q1,h(λ∗, u∗)

∂λ

]−1
1∫

0

(
∂Q1,h(λ̃ + t(λ∗ − λ̃), u∗)

∂λ
− ∂Q1,h(λ∗, u∗)

∂λ

)
dt(λ∗ − λ̃)−

−
[
∂Q1,h(λ∗, u∗)

∂λ

]−1

[Q1,h(λ̃, u∗)−Q1,h(λ̃, ũ)],

îòêóäà ‖λ∗ − λ̃‖ ≤ γ1(h)
1− εγ1(h)

‖Q1,h(λ̃, u∗)−Q1,h(λ̃, ũ)‖ ≤ γ1(h)
1− εγ1(h)

×

×max
{

h

∥∥∥∥g

[
λ̃1, λ̃N +

Nh∫

(N−1)h

f(τ, λ̃N + u∗N (τ))dτ

]
−g

[
λ̃1, λ̃N +

Nh∫

(N−1)h

f(τ, λ̃N + ũN (τ))dτ

]∥∥∥∥,
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max
s=1,N−1

∥∥∥∥
sh∫

(s−1)h

f(τ, λ̃s + u∗s(τ))dτ −
sh∫

(s−1)h

f(τ, λ̃s + ũs(τ))dτ

∥∥∥∥
}
≤

≤ γ1(h)
1− εγ1(h)

max(L2h, 1) max
r=1,N

{ rh∫

(r−1)h

L(τ)‖u∗r(τ)− ũr(τ)‖dτ

}
.

Òàê êàê ‖u∗r(t)− ũr(t)‖ =
∥∥∥∥

t∫

(r−1)h

f(τ, λ∗r + u∗r(τ))dτ −
t∫

(r−1)h

f(τ, λ̃r + ũr(τ))dτ

∥∥∥∥≤

≤
t∫

(r−1)h

L(τ)(‖λ∗r − λ̃r‖+ ‖u∗r(τ)− ũr(τ)‖)dτ,

òî èñïîëüçóÿ ëåììó Ãðîíóîëëà-Áåëëìàíà, ïîëó÷èì

‖u∗r(t)− ũr(t)‖ ≤
(

e

tR
(r−1)h

L(τ)dτ

− 1
)
‖λ∗r − λ̃r‖.

Òîãäà ‖λ∗ − λ̃‖ ≤ γ1(h)
1− εγ1(h)

max(L2h, 1) max
r=1,N

{
e

rhR
(r−1)h

L(t)dt

− 1−
rh∫

(r−1)h

L(t)dt

}
‖λ∗ − λ̃‖,

èëè ‖λ∗ − λ̃‖ ≤ q1(h)
1− εγ1(h)

‖λ∗ − λ̃‖.

Òåì ñàìûì, â ñèëó íåðàâåíñòâ (29) ïîëó÷èì, ÷òî λ̃r = λ∗r, ũr(t) = u∗r(t), t ∈ [(r − 1)h, rh),
r = 1, N, ò.å. ðåøåíèå ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è ñ ïàðàìåòðîì èçîëèðîâàíî. Òåîðåìà 1
äîêàçàíà.

Ôóíêöèè x(k)(t) , k = 0, 1, . . . , îïðåäåëèì ðàâåíñòâàìè x(k)(t) = λ
(k)
r + u

(k)
r (t) , t ∈ [(r −

1)h, rh) , r = 1, N, x(k)(T ) = λ
(k)
r + lim

t→T−0
u

(k)
N (t) è ÷åðåç S(x(0)(t), [R[t]+1]ρ) îáîçíà÷èì ìíîæå-

ñòâî êóñî÷íî - íåïðåðûâíûõ äèôôåðåíöèðóåìûõ ôóíêöèé x : [0, T ] → Rn , óäîâëåòâîðÿþùèõ
íåðàâåíñòâàì ||x(t) − x(0)(t)|| < [Rr(t) + 1]ρ , t ∈ [(r − 1)h, rh) , r = 1, N, ||x(T ) − x(0)(T )|| <
[Rr(T ) + 1]ρ . Òàê êàê çàäà÷à (1), (2) ýêâèâàëåíòíà çàäà÷å (6)�(8), òî èç òåîðåìû 1 ñëåäóåò

Òå î ð åì à 2. Åñëè âûïîëíåíû óñëîâèÿ òåîðåìû 1, òî ïîñëåäîâàòåëüíîñòü ôóíêöèé
(x(k)(t)), k = 0, 1, . . . , ñîäåðæèòñÿ â S(x(0)(t), (R[t]+1)ρ), ñõîäèòñÿ ê x∗(t) ∈ S(x(0)(t), [R[t]+
1]ρ) � ðåøåíèþ çàäà÷è (1), (2) è ñïðàâåäëèâû íåðàâåíñòâà

‖x∗(t)− x(k)(t)‖ ≤ [q1(h)]k
γ1(h)

1− q1(h)
e

tR
(r−1)h

L(τ)dτ

‖Q1,h(λ(0), u(0))‖, t ∈ [(r − 1)h, rh), r = 1, N.

Ïðè÷åì ëþáîå ðåøåíèå çàäà÷è (1), (2) â S(x(0)(t), (R[t] + 1)ρ) èçîëèðîâàíî.

Ââåäåì îïðåäåëåíèå "èçîëèðîâàííîãî" ðåøåíèÿ êðàåâûõ çàäà÷ ñ íåïðåðûâíî äèôôåðåí-
öèðóåìûìè äàííûìè, êîòîðîå ÿâëÿåòñÿ ìîäèôèêàöèåé îïðåäåëåíèÿ èçîëèðîâàííîãî ðåøåíèÿ
èç [7, ñ. 733].
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Îïð å ä å ë å í è å 1. Ðåøåíèå çàäà÷è (1), (2) � ôóíêöèÿ x∗(t) íàçûâàåòñÿ "èçîëèðî-
âàííûì", åñëè ñóùåñòâóåò ÷èñëî ρ0 > 0, ïðè êîòîðîì ôóíêöèè f, g ñîîòâåòñòâåííî â
G∗

3,ρ0
= {(t, x) : t ∈ [0, T ], ‖x− x∗(t)‖ < ρ0}, G∗

4,ρ0
= {(v, w) : ‖v − x∗(0)‖ < ρ0, ‖w − x∗(T )‖ <

< ρ0} èìåþò ðàâíîìåðíî íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå f ′x(t, x), g′v(v, w), g′w(v, w) è
ëèíåéíàÿ îäíîðîäíàÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à

dy

dt
= f ′x(t, x∗(t))y, t ∈ [0, T ], y ∈ Rn, (30)

g′v[x
∗(0), x∗(T )]y(0) + g′w[x∗(0), x∗(T )]y(T ) = 0 (31)

èìååò òîëüêî òðèâèàëüíîå ðåøåíèå y(t) ≡ 0.

Ç à ì å ÷ à í è å. Â óñëîâèè A1 è îïðåäåëåíèè "èçîëèðîâàííîãî" ðåøåíèÿ äîñòàòî÷íî
òðåáîâàòü ñóùåñòâîâàíèÿ íåïðåðûâíûõ, à íå ðàâíîìåðíî íåïðåðûâíûõ, ÷àñòíûõ ïðîèçâîäíûõ
f ′x(t, x), g′v(v, w), g′w(v, w). Òàê êàê ρ > 0, ρ0 > 0, òî ìîæíî âûáðàòü θ > 0 òàêîå, ÷òî
ρθ = ρ − θ > 0, ρ0,θ = ρ0 − θ > 0 è â çàìêíóòûõ ìíîæåñòâàõ G

0
1(R[t], ρθ) = {(t, x) : t ∈

[0, T ], ‖x−λ
(0)
r −u

(0)
r (t)‖ ≤ (Rr(t)+ 1)ρθ, t ∈ [(r− 1)h, rh), r = 1, N, ‖x−λ

(0)
N + lim

t→T−0
u

(0)
N (t)‖ ≤

(RN (T )+1)ρθ}, G
0
2(R[t], ρθ) = {(v, w) : ‖v−λ

(0)
1 ‖ ≤ ρθ, ‖w−λ

(0)
N − lim

t→T−0
u

(0)
N (t)‖ ≤ (RN (T )+1)ρθ},

G
0
3,ρθ

= {(t, x) : t ∈ [0, T ], ‖x − x∗(t)‖ ≤ ρ0,θ}, G
0
4,ρθ

= {(v, w) : ‖v − x∗(0)‖ ≤ ρ0,θ, ‖w −
x∗(T )‖ ≤ ρ0,θ}, â ñèëó êîíå÷íîìåðíîñòè èñõîäíîé ñèñòåìû, ÷àñòíûå ïðîèçâîäíûå f ′x(t, x),
g′v(v, w), g′w(v, w) áóäóò ðàâíîìåðíî íåïðåðûâíûìè. Òåïåðü íàì äîñòàòî÷íî ðàññìîòðåòü ýòè
ïðîèçâîäíûå â G0

1(R[t], ρθ), G0
2(R[t], ρθ), G0

3,ρθ
, G0

4,ρθ
.

Òå î ð åì à 3. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1 çàäà÷à (1), (2) â S(x(0)(t), [R(t) + 1]ρ)
èìååò "èçîëèðîâàííîå" ðåøåíèå.

Ä î ê à ç à ò å ë ü ñ ò â î. Èç òåîðåìû 2 ñëåäóåò ñóùåñòâîâàíèå èçîëèðîâàííîãî ðåøåíèÿ
x∗(t) ∈ S(x(0)(t), [R(t) + 1]ρ) . Ïîêàæåì, ÷òî ýòî ðåøåíèå ÿâëÿåòñÿ èçîëèðîâàííûì â ñìûñ-
ëå îïðåäåëåíèÿ. Ðàññìîòðèì ëèíåéíóþ îäíîðîäíóþ êðàåâóþ çàäà÷ó (30), (31). Ïî ìàòðèöàì
A∗(t) = f ′x(t, x∗(t)) , B∗ = g′v[x∗(0), x∗(T )] , C∗ = g′w[x∗(0), x∗(T )] ñîñòàâèì (nN×nN) - ìàòðèöó
ñïåöèàëüíîé ñòðóêòóðû

Q1(∗, h) =

∣∣∣∣∣∣∣∣∣∣∣∣∣

B∗h 0 0 . . . 0 C∗
h
I +

NhR
(N−1)h

A∗(t)dt
i
h

I +
hR
0

A∗(t)dt −I 0 . . . 0 0

. . . . . . . . . . . . . . . . . .

0 0 0 . . . I +
(N−1)hR
(N−2)h

A∗(t)dt −I

∣∣∣∣∣∣∣∣∣∣∣∣∣

, (32)

ãäå I � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè n.
Ââåäÿ îáîçíà÷åíèÿ: λ∗r = x∗[(r − 1)h], u∗r(t) = x∗(t) − λ∗r , t ∈ [(r − 1)h, rh), r = 1, N ,

íåòðóäíî çàìåòèòü, ÷òî ìàòðèöà ßêîáè ∂Q1,h(λ∗, u∗)
∂λ

ñîâïàäàåò ñ Q1(∗, h) . Òîãäà â ñèëó óñëî-
âèé òåîðåìû 1 ìàòðèöà Q1(∗, h) îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà:

||f ′x(t, x∗(t))|| ≤ L(t), ||g′w[x∗(0), x∗(T )]|| ≤ L2, ||[Q1(∗, h)]−1|| ≤ γ1(h),

q1(h) = γ1(h) max(1, h‖C∗‖) max
r=1,N

{
e

rhR
(r−1)h

L(t)dt

− 1−
rh∫

(r−1)h

L(t)dt

}
< 1.
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Ïðè ýòèõ óñëîâèÿõ ïî ñõåìå äîêàçàòåëüñòâà òåîðåìû 1 èç [11, ñ. 54], ëåãêî óñòàíîâèòü ñó-
ùåñòâîâàíèå åäèíñòâåííîãî òðèâèàëüíîãî ðåøåíèÿ îäíîðîäíîé çàäà÷è (30), (31). Òåîðåìà 3
äîêàçàíà.

Ñëåäóþùåå óòâåðæäåíèå ïîêàçûâàåò, ÷òî óñëîâèÿ òåîðåìû 1 íå òîëüêî äîñòàòî÷íû, íî è
íåîáõîäèìû äëÿ ñóùåñòâîâàíèÿ "èçîëèðîâàííîãî" ðåøåíèÿ çàäà÷è (1), (2).

Òå î ð åì à 4. Êðàåâàÿ çàäà÷à (1), (2) èìååò "èçîëèðîâàííîå" ðåøåíèå òîãäà è òîëüêî
òîãäà, êîãäà ñóùåñòâóþò h > 0 : Nh = T (N = 1, 2, . . .), λ(0) ∈ G0(f, h), íåïðåðûâíûå íà
[(r − 1)h, rh] ôóíêöèè Rr(t) ≥ 0, r = 1, N, ÷èñëî ρ > 0, ïðè êîòîðûõ âûïîëíåíî óñëîâèå
A1, ìàòðèöà ßêîáè ∂Q1,h(λ, u)

∂λ
îáðàòèìà äëÿ ëþáûõ (λ, u[t]) ∈ S(λ(0), ρ)× S(u(0)[t], R[t]ρ) è

èìåþò ìåñòî íåðàâåíñòâà 1)�4) òåîðåìû 1.

Ä î ê à ç à ò å ë ü ñ ò â î í å î á õ î ä è ì î ñ ò è.Ïóñòü x∗(t) � "èçîëèðîâàííîå" ðåøå-
íèå çàäà÷è (1), (2) è ôóíêöèè f , g ñîîòâåòñòâåííî â G∗

3,ρ0
, G∗

4,ρ0
èìåþò ðàâíîìåðíî íåïðå-

ðûâíûå ÷àñòíûå ïðîèçâîäíûå f ′x(t, x) , g′v(v, w) , g′w(v, w) . Òîãäà ñóùåñòâóþò ÷èñëà α , L1 ,
L2 , îãðàíè÷èâàþùèå

ýòè ôóíêöèè ||f ′x(t, x)|| ≤ α, (t, x) ∈ G∗
3,ρ0

, ||g′v(v, w)|| ≤ L1, ||g′w(v, w)|| ≤ L2, (v, w) ∈ G∗
4,ρ0

è îäíîðîäíàÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à (34), (35) èìååò òîëüêî òðèâèàëüíîå ðåøåíèå. Ïðè-
ìåíÿÿ òåîðåìó 3 èç [3, c.59] ïîëó÷èì, ÷òî ñóùåñòâóåò h : Nh = T, ïðè êîòîðîì ìàòðèöà (32)
îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà:

à)||[Q1(∗, h)]−1|| ≤ γ∗1(h), á)q∗1(h) = γ∗1(h)max(1, hL2)
{

eαh − 1− αh
}

< 1.

Ïðè íàéäåííîì øàãå h > 0 çà λ(0) , u(0)[t] âîçüìåì λ∗ = (x∗(0), x∗(h), ..., x∗((N − 1)h))′ ∈
∈ RnN , u∗[t] = (u∗1(t), u

∗
2(t), ..., u

∗
N (t))′, ãäå u∗r(t) = x∗(t) − x∗[(r − 1)h] , t ∈ [(r − 1)h, rh),

r = 1, N, ôóíêöèè Rr(t) îïðåäåëèì ðàâåíñòâàìè: Rr(t) = eα[t−(r−1)h] − 1 , t ∈ [(r − 1)h, rh] ,
r = 1, N . ×èñëà ρ1 > 0 , ε1 > 0 âûáèðàåì óäîâëåòâîðÿþùèìè íåðàâåíñòâàì

eαhρ1 < ρ0, ε1γ
∗
1(h) < 1, q∗1(h) < 1− ε1γ

∗
1(h), (33)

îáåñïå÷èâàþùèå âêëþ÷åíèå G∗
1(R[t], ρ1) ⊂ G∗

3,ρ0
, G∗

2(R[t], ρ1) ⊂ G∗
4,ρ0

. Òîãäà èç ðàâíîìåðíîé
íåïðåðûâíîñòè ÷àñòíûõ ïðîèçâîäíûõ f ′x(t, x) , g′v(v, w) , g′w(v, w) â G∗

3,ρ0
, G∗

4,ρ0
ñëåäóåò, ÷òî

óñëîâèå A1 âûïîëíÿåòñÿ â G∗
1(R[t], ρ1) , G∗

2(R[t], ρ1) è ìàòðèöà ßêîáè ∂Q1,h(λ, u)
∂λ

ðàâíîìåðíî
íåïðåðûâíà â S(λ∗, ρ1)×S(u∗[t], eαhρ1) . Ïîýòîìó äëÿ ε1 > 0 cóùåñòâóåò ρ∗ = ρ∗(ε1) ∈ (0, ρ1],

òàêîå ÷òî
∣∣∣
∣∣∣∂Q1,h(λ, u)

∂λ
− ∂Q1,h(λ∗, u∗)

∂λ

∣∣∣
∣∣∣ ≤ ε1

ïðè âñåõ (λ, u[t]) ∈ S(λ∗, ρ∗)× S(u∗[t], eαhρ∗) . Òàê êàê ε1γ
∗
1(h) < 1 , òî îòñþäà è èç òåîðåìû î

ìàëûõ âîçìóùåíèÿõ îãðàíè÷åííî îáðàòèìûõ îïåðàòîðîâ [13, c.142 ] ñëåäóåò, ÷òî ìàòðèöà ßêî-
áè îáðàòèìà ïðè âñåõ (λ, u[t]) ∈ S(λ∗, ρ∗)× S(u∗[t], eαhρ∗) è

∣∣∣
∣∣∣
[∂Q1,h(λ, u)

∂λ

]−1∣∣∣
∣∣∣ ≤ γ∗1(h)

1− ε1γ∗1(h)
,

ò.å. íåðàâåíñòâî 1) òåîðåìû 1 âûïîëíÿåòñÿ ñ γ1(h) =
γ∗1(h)

1− ε1γ∗1(h)
. ×èñëî q1(h) =

q∗1(h)
1− ε1γ∗1(h)

â ñèëó (37) ìåíüøå åäèíèöû è, ó÷èòûâàÿ, ÷òî Q1,h(λ∗, u∗) = 0 , óñòàíîâèì ñïðàâåäëèâîñòü
íåðàâåíñòâ 2), 3) òåîðåìû 2. Òåîðåìà 4 äîêàçàíà.

Åñëè x∗(t) ÿâëÿåòñÿ "èçîëèðîâàííûì" ðåøåíèåì, òî ïî òåîðåìå 4 ñóùåñòâóþò
h > 0 : Nh = T, ρ1 > 0, R[t] ≥ 0, ïðè êîòîðûõ óñëîâèÿ òåîðåìû 1 âûïîëíÿþòñÿ â

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 1 (11)



Î íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèÿõ ñóùåñòâîâàíèÿ èçîëèðîâàííîãî ðåøåíèÿ... 83

S(λ∗, ρ1) × S(u∗[t], ρ1R[t]), ãäå λ∗ = (x∗(0), x∗(h), . . . , x∗((N − 1)h))′ ∈ RnN , u∗[t] =
(u∗1(t), u

∗
2(t), ..., u

∗
N (t))′, u∗r(t) = x∗(t) − x∗[(r − 1)h] , t ∈ [(r − 1)h, rh), r = 1, N. Òîãäà, ñî-

ãëàñíî òåîðåìàì 1, 2 ýòî ðåøåíèå áóäåò èçîëèðîâàííûì â îáû÷íîì ñìûñëå.
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ON SINGULAR PROBLEMS FOR SELF-SIMILAR SOLUTIONS
TO THE SYSTEMS OF NONLINEAR WAVE EQUATIONS

ARISING IN THE INFLATIONARY COSMOLOGY
N. B. Konyukhova, A. L. Dyshko

Dorodnicyn Computing Centre of RAS, N. A. Voronov Institute of Theoretical and Experimental Physics
119991 Moscow Russia Vavilov str., 40 nadja@ccas.ru

A brief representation on a correct statement and analytical-numerical approach to some singular
problems arising from the in�ationary cosmology models with scalar Higgs �elds is given. The formulated
problems are more common than studied in [1]�[7].

I n t r o d u c t i o n. The in�ationary cosmology is the morden theory of the very early stages
of the evolution of the Universe where a space-time is postulated as the de Sitter space (see, e.g.,
[8]�[10] and references there). For the corresponding cosmological paradigm, the scalar Higgs �elds
(or the �elds with spontaneous break of symmetry) play an important role as well as in the theory
of the elementary particles (with reference to the particle physics, see, e.g., [11], [12]); in particular,
the objects generated by such �elds could be treated as the prototypes (pre-images) of a matter.

For the topic of this paper, the previous results have been obtained in [1]�[7]: in the four-
dimensional de Sitter space, the scalar neutral Higgs �elds (until three ones) were considered; for
self-similar soliton-type solutions of the corresponding NWEqs, the singular ODEs were obtained
and studied by analytical-numerical methods.

In this paper we consider a general case of N interacting scalar Higgs �elds in the (D + 1)-
dimensional de Sitter space (D ≥ 1, 1 ≤ N ≤ D). For a corresponding system of NWEqs, we
construct self-similar soliton-type solutions de�ned and bounded in all the P -dimensional subspace
on spatial variables (1 ≤ P ≤ D) and including into themselves the investigated solutions (for D = 3
and N = 1, 2, 3) as the particular cases.

In what follows, we use the system of units with c = ~ = 1, where c is the speed of light in
vacuum and ~ is the Plank constant. In this system, which is commonly used in cosmology, the only
Keywords: (D + 1)-dimensional space-time with the de Sitter metric (D ≥ 1), N interacting scalar Higgs �elds
(1 ≤ N ≤ D), system of N nonlinear wave equations (NWEqs), singular problem in all the space, the domain
walls with the di�erent space symmetries, a thin-wall approximation, self-similar soliton-type solutions, second-order
nonlinear ordinary di�erential equation (ODE) with the singularities and large parameter, singular boundary value
problem (BVP) and its solvability, a multiplicity of solutions, associated singular spectral problem (SP) for a bifurcation
parameter (singular self-adjoint Sturm-Liouville problem), continuability of solutions on an in�nite interval and their
asymptotic behavior
2000 Mathematics Subject Classi�cation: 35L05, 35Q51
c
 N. B. Konyukhova, A. L. Dyshko , 2004.



On singular problems for self-similar solutions to the systems of nonlinear wave equations ... 85

nontrivial dimension is that of mass ([m] = M), and both length ([l] = L) and time ([t] = T ) have
the dimension 1/M : [c] = L/T , [~] = ML2/T (dimension of ~ follows from the relation E = ~ω), so
that c = ~ = 1 implies L = T = 1/M (in detail see, e.g., [9]�[11]).

1. S t a t e m e n t o f s i n g u l a r p r o b l e m f o r s y s t e m o f n o n l
i n e a r w a v e e q u a t i o n s. The (D + 1)-dimensional space-time with the coordinates
x0 = t, x1, . . . , xD is called the de Sitter space when it is provided with the metric

ds2 = dt2 − exp(2Ht)
D∑

i=1

dx2
i , (1)

where ds is an element of length, D ≥ 1 and 0 < H is the Hubble constant, [H] = M (1/H is called
the de Sitter horizon). The metric tensor corresponding to (1) satis�es the Einstein equation with
the cosmological constant

Λ = D(D − 1)H2/2. (2)

In this space-time, we consider a system of N nonlinear scalar neutral �elds {ϕj}N
j=1 with the Higgs

self-action potential

U(ϕ1, . . . , ϕN ) = λ2(
N∑

j=1

ϕ2
j − ν2)2, (3)

where λ and ν are positive parameters, [λ] = M whereas both ϕj and ν are the dimensionless
quantities. The column ~ϕ with components ϕ1, . . . , ϕN can be treated as a uni�ed �eld with values
in the N -dimensional space of columns RN

field.
The values ϕj ≡ ϕvj such that

∑N
j=1 ϕ2

vj = ν2 are called the true degenerate vacua of the same
depth d (d = λ2ν4) because they correspond to the lowest-energy stable states of the �eld whereas
the point ϕ1 = . . . = ϕN = 0 is referred to as a trivial (or false) vacuum because it corresponds to
unstable equilibrium of the �eld.

It is convenient to introduce the dimensionless variables

ϕj,new = ϕj,old/ν, ~rnew = (a0H/ν)~rold, τ = − exp(−Ht)/ν, (4)

where a new time variable τ (conformal time) is especially important:

{0 ≤ t < ∞} ⇐⇒ {−ν−1 ≤ τ < 0} and {−∞ < t < ∞} ⇐⇒ {−∞ < τ < 0} (5)

whereas for a geodesicly complete space we must put formally −∞ < τ < ∞ (in detail see, e.g.,
[13, p.139]). To study the object evolution for t > 0, it is enough to consider the main interval
−ν−1 ≤ τ < 0 extending under the necessity obtained solution onto geodesicly complete space.

In what follows,
0 < C = λν/H =

√
d/(νH) (6)

is a dimensionless parameter relating the values and depth of the Higgs-�eld vacua to the de Sitter
horizon.

If we use the dimensionless variables (4), then the true vacua satisfy relation

N∑

j=1

ϕ2
vj = 1, (7)

i.e., for N ≥ 2 they form the unit (hyper)sphere in the �eld space RN
field; for N = 1, there are two

vacuum values ϕ1± = ±1.
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At last, extending the approach and hypothesises of [1], [14] on the general case under considera-
tion in this paper, we obtain the equations describing a system of scalar Higgs �elds in the de Sitter
space in the form

∂2ϕj

∂τ2
− [(D − 1)/τ ]

∂ϕj

∂τ
−∆Dϕj + (4C2/τ2)ϕj

( N∑

s=1

ϕ2
s − 1

)
= 0, j = 1, . . . , N, (8)

−→r ∈ RD, τ ∈ [−ν−1, 0),

where ∆D is the D-dimensional Laplace operator.
We look for a solution {ϕj(~r, τ)}N

j=1 to Eqs.(8) de�ned and bounded in all the subspace RP ⊆
RD ∀τ ∈ [−ν−1, 0], di�erent from true vacua and satisfying condition

lim
|−→r |→∞

N∑

j=1

ϕ2
j (
−→r , τ) = 1 ∀−→r , τ : −→r ∈ RP , τ ∈ [−ν−1, 0). (9)

R e m a r k 1. According to (2), Λ = 0 when D = 1, i.e., a gravitating matter is absent but
Eqs. (8) are formally valid !

R e m a r k 2. If N = 1 then the problem (8), (9) is invariant under change from ϕ1 to
−ϕ1 and when one of the vacuum states (e.g., ϕv1+ = 1) is observed, discrete symmetry is said to
be spontaneously broken. The symmetry is called global if it is independent of both time and spatial
coordinates. If N ≥ 2 then the problem (8), (9) has a global SO(N) symmetry in the space of the
�elds, i.e., remains invariant under the transformation

−→ϕ ⇒ A−→ϕ , −→ϕ ∈ RN , A ∈ RN × RN , AT A = EN , detA = 1, (10)

where EN is an identity N × N�matrix and A is the matrix of orthogonal rotations in RN
field. The

global SO(N) symmetry is said to be spontaneously broken as a speci�c point is singled out from the
continuous set of vacua on the unit (hyper)sphere (7), moreover for N ≥ 3 the SO(N) symmetry is
broken incompletely: the SO(N − 1) symmetry holds, where SO(N − 1) is the group of orthogonal
rotations in the �eld space RN−1

field about the axis containing the point in question (it is in just the
same way as in [11] for the Higgs �elds in the Minkowski space).

2. C l a s s i f i c a t i o n o f s o m e s o l u t i o n s w i t h t h e v a r i o u s
s p a c e s y m m e t r i e s.

For the problem (8), (9), the solutions with the di�erent space symmetries are de�ned below.
D e f i n i t i o n 1. For D ≥ 1 and N = P = 1, let ϕ1 = ϕ(x1, τ) be a one-dimensional

solution to the problem (8), (9). We say that ϕ(x1, τ) is a domain wall (or a heteroclinic solution)
if it satis�es condition

[ lim
x1→−∞

ϕ(x1, τ)][ lim
x1→∞

ϕ(x1, τ)] = −1 ∀τ ∈ [−ν−1, 0), (11)

i.e., it is a transition layer between two di�erent vacua, whereas ϕ(x1, τ) is a wave swell (either a
solitary wave or a homoclinic solution) if it satis�es condition

[ lim
x1→−∞

ϕ(x1, τ)][ lim
x1→∞

ϕ(x1, τ)] = 1 ∀τ ∈ [−ν−1, 0), (12)

i.e., it is a splash over the same vacuum.
In what follows we rename r = x1 for P = 1 where r ∈ (−∞,∞).
When P ≥ 2, we introduce in RP the polar ((hyper)spherical) coordinates r, θ1, . . . , θP−1:
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x1 = r sin θP−1 sin θP−2 · · · sin θ2 sin θ1,
x2 = r sin θP−1 sin θP−2 · · · sin θ2 cos θ1,
x3 = r sin θP−1 sin θP−2 · · · cos θ2,
. . . . . . . . . . . . . . . . . . . . . . . . . . .
xP−1 = r sin θP−1 cos θP−2,
xP = r cos θP−1,

(13)

r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θk ≤ π, k = 2, ..., P − 1.

In these coordinates, as it is well known, the P -dimensional Laplace operator has the form

∆P ≡ ∂2/∂r2 + [(P − 1)/r]∂/∂r + (1/r2)LP−1, (14)

where LP−1(θ1, . . . , θP−1) is the Laplace-Beltrami operator:

LP−1 =
1
h

P−1∑

j=1

∂

∂θj

( h

hj

∂

∂θj

)
, (15)

hP−1 = 1, hP−2 = sin2 θP−1, . . . , h1 = sin2 θP−1 sin2 θP−2 · · · sin2 θ2,
h = sinP−2 θP−1 sinP−3 θP−2 · · · sin θ2.

(16)

Further we use the following fact. Let U1(x1, . . . , xP−1) be a homogeneous harmonic polinomial of
the �rst degree on the variables x1, . . . , xP−1. Going over to the (hyper)polar coordinates (13), we
obtain

U1(x1, . . . , xP−1) = rY1(θ1, . . . , θP−1), (17)

where Y1 is a (hyper)spherical function of the �rst order. Then Y1 satis�es equation

LP−1Y1 = −(P − 1)Y1, (18)

where the Laplace-Beltrami operator LP−1 is given by (15), (16) (see, e.g., [15], p.117).
In the polar coordinates (13), we de�ne the following solutions to the problem (8), (9).
D e f i n i t i o n 2. For D ≥ 2, N = 1 and 2 ≤ P ≤ D, a P -dimensional (hyper)bubble is a

centrally symmetric solution ϕ1 = ϕ(r, τ) to the problem (8), (9) where r is a radial variable in the
polar coordinates (13) in RP , and the bubble radius R(τ) is de�ned by the relation

ϕ(R(τ), τ) = 0, τ ∈ [−ν−1, 0); (19)

if there are more than one radius, then we say about enclosed bubbles.
R e m a r k 3. For D = 3, N = 1 and P = 2, 3, there exist the equations for a basic bubble

radius R(τ) in the thin-wall approximation, namely when a thikness of a bubble wall (i.e., the value
l ∼ 1/C) is negligible as compared with its radius (see [16]�[19]). Using the analogous approach and
taking into account Eq. (14), we get a common equation for D ≥ 2 and 2 ≤ P ≤ D:

R′′ = −[(P − 1)/R−DR′/τ ][1− (R′)2], −ν−1 ≤ τ < 0. (20)

The dynamical problems for Eq. (20) are of separate interest. Here we only indicate that this equation
has the exact critical solutions as the radii of the bubbles collapsing in τ = 0, i.e., in an in�nite time
t:

Rb1(τ) = −τ
√

(P − 1)/D, τ ∈ [−ν−1, 0); (21)

Rb2(τ) = −τ, τ ∈ [−ν−1, 0). (22)
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The formulae (20)-(22) are formally valid also for D = P = 1.
R e m a r k 4. For D ≥ 1 and N = 1, if and only if P = D the problem (8), (9) has the

exact generalized solutions independent of C: for D ≥ 2, in the geodesicly complete space we obtain
the bubble-like solutions as the shock waves,

ϕbg±(r, τ) = ±sign(r − |τ |), 0 < r < ∞, −∞ < τ < ∞; (23)

for D = 1, we have the generalized domain walls in the form (23) with r ∈ (−∞,∞) and ±τ instead
of |τ |.

For the main interval −ν−1 ≤ τ ≤ 0, the radii of the generalized bubbles (23) evolve as (22).
D e f i n i t i o n 3. For D ≥ 2 and N = P = 2, a (hyper)string (or, for D = 2, a ring) is a

solution to the problem (8), (9) having the form

ϕ1 = ϕ(r, τ) sin(nθ1), ϕ2 = ϕ(r, τ) cos(nθ1), n = 1, 2, . . . , (24)

where r and θ1 are the polar coordinates in R2, and the string radius R(τ) is de�ned by the relation
(19) (if there are more than one radius, then we say about enclosed strings).

D e f i n i t i o n 4. For D ≥ 3, 3 ≤ P ≤ D and N = P , a P -dimensional (hyper)monopole
is a solution to the problem (8), (9) having the form

ϕ1 = ϕ(r, τ) sin θP−1 sin θP−2 · · · sin θ2 sin θ1,
ϕ2 = ϕ(r, τ) sin θP−1 sin θP−2 · · · sin θ2 cos θ1,
ϕ3 = ϕ(r, τ) sin θP−1 sin θP−2 · · · cos θ2,
. . . . . . . . . . . . . . . . . . . . . . . . . . . . . .
ϕP−1 = ϕ(r, τ) sin θP−1 cos θP−2,
ϕP = ϕ(r, τ) cos θP−1,

(25)

where r, θ1, . . . , θP−1 are the polar coordinates (13) in RP , and the monopole radius R(τ) is de�ned
by the relation (19); if there are more than one radius, then we say about enclosed monopoles.

R e m a r k 5. In the thin-wall approximation, the formulae for a basic string (monopole)
radius are the same as (20), (21), (22).

For all constructions described above, the condition (9) implies

lim
r→∞ϕ2(r, τ) = 1 ∀τ ∈ [−ν−1, 0) (26)

where ϕ(r, τ) is the same as in De�nitions 1, 2, 3 or 4 respectively.
3. S e l f-s i m i l a r s o l i t o n s a n d a s s o c i a t e d s i n g u l a r p r o

b - l e m s f o r O D E s. At last we look for the self-similar solutions of the indicated above
types setting ψ(ξ) = ϕ(r/τ). For ψ(ξ), taking into account (14), (18), (24), (25) and (26), we get
the common problem

[(1− ξ2)ψ′]′ − [(D − 1)ξ − (P − 1)/ξ]ψ′ = Qψ/ξ2 + 4C2ψ(ψ2 − 1), (27)

−∞ < ξ < −1, −1 < ξ < 0,

lim
ξ→−∞

ψ2(ξ) = 1, (28)

where a value of Q is connected with N , D and P and the following restrictions are valid: 1) if
N = 1 then Q = 0, for (D ≥ 1) ∧ (1 ≤ P ≤ D); 2) if N = 2 then Q = Qn = n2 (n = 1, 2, . . .), for
(D ≥ 2) ∧ (P = 2); 3) if N ≥ 3 then Q = P − 1, for (D ≥ N) ∧ (P = N). As particular cases, Eq.
(27) includes ODEs of [1]�[7].
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R e m a r k 6. For D ≥ 2 and 2 ≤ P ≤ D, if the problem (27), (28) has a solution ψob(ξ, C)
with one zero ξz on the interval (−1, 0) (i.e., ψob(ξz, C) = 0, ξz ∈ (−1, 0)) then the relation

Rob(τ, C) = ξz(C)τ, τ ∈ [−ν−1, 0), (29)

is valid where Rob is the radius of the corresponding self-similar object. Thus the self-similar object
collapses in an in�nite time t. Moreover, it should be expected that the relation

ξz(C) ≈ −
√

(P − 1)/D, C À 1, (30)

holds, i.e., (29) becomes the same as (21) when C →∞. At least it has been con�rmed numerically
for bubbles, strings and monopoles in the four-dimensional space-time (see [2]�[7]).

R e m a r k 7. For Q = 0, if and only if P = D the problem (27), (28) has the exact generalized
solutions independent of C: in the geodesicly complete space we obtain the shock waves

ψbg±(ξ) = ±sign(1± ξ), −∞ < ξ < ∞. (31)

For the main interval −∞ < ξ < 0, we obtain ξz = −1 ∀C and (29) becomes the same as (22).
The solutions (31) are the same as (23). Moreover for geodesicly complete space we obtain also
the generalized solutions to the problem (27), (28) in the forms ψ̃bg±(ξ) = ±sign(ξ), ψ̂bg±(ξ) =
±sign(1− |ξ|)sign(ξ), −∞ < ξ < ∞, etc. It follows from the representation of Eq. (27) in the form
[ξD−1(1− ξ2)ψ′]′ = 4C2ξD−1ψ(ψ2 − 1).

3.1. S i n g u l a r B V P o n a f i n i t e i n t e r v a l a n d i t s s o l v -
a b i l i t y. Let us consider Eq. (27) on the interval (−1, 0). First of all we need to de�ne the
limiting boundary conditions (BCs) at the singular points ξ = −1 and ξ = 0. On a classi�cation of
[20], these points are regular singular ones but there is no theory of nonlinear ODEs with such points
both in [20] and in the other well-known monographs, e.g., in [21] (according to [20], the behavior
of solutions near such points are enough nontrivial to study).

For singular points ξ = −1 and ξ = 0, we set the limiting conditions

| lim
ξ→−1+0

ψ(ξ)| < ∞, lim
ξ→−1+0

[(1 + ξ)ψ′(ξ)] = 0; (32)

| lim
ξ→−0

ψ(ξ)| < ∞, lim
ξ→−0

[ξψ′(ξ)] = 0. (33)

For P = 1 (it implies Q = 0), we replace (33) by BCs

ψ(0) = 0 or ψ′(0) = 0. (34)

Let us consider the problem (27), (32) (the problem (27), (33)) locally in a vicinity of singular point
as a singular Cauchy problem (CP).

For a principal linear ODE near the point ξ = −1, i.e., for the equation (1 + ξ)2ψ′′ − [(P −
D − 2)/2](1 + ξ)ψ′ = 0, ξ ∼ −1, the characteristic exponents at the point ξ = −1 are λ1 = 0
and λ2 = (P − D)/2. Similarly, for the linear ODE ξ2ψ′′ + ξ(P − 1)ψ′ − Qψ = 0, ξ ∼ 0, the
characteristic exponents at the point ξ = 0 are the following: 1) if Q = 0 then λ1 = 0 and λ2 = 2−P ;
2) if (Q = n2, n = 1, 2, . . .)∧ (P = 2) then λ1,2 = ±n ; 3) if Q = P − 1 then λ1 = 1 and λ2 = 1−P .

Then the next two propositions are the corollaries of the theorem 5 in [22] (this not complicated
theorem has been obtained as the corollary and generalization of some Lyapunov results [23]).

P r o p o s i t i o n 1. For any �xed C2, Q and P,D : P −D ≤ 0, singular CP (27), (32) has
a one-parameter family of solutions. Each solution of this set is a holomorphic function at the point
ξ = −1:

ψ(ξ, c0) = c0 +
∞∑

k=1

ck(c0)(1 + ξ)k, |1 + ξ| ≤ ∆1(c0), ∆1 > 0, (35)
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where c0 is a parameter,

c1 = c0[Q− 4C2(1− c2
0)]/(D − P + 2),

c2 = {c1[3D + Q− P − 4C2(1− 3c2
0) + 4] + 8C2c0(1− c2

0)}/[2(D − P + 4)],
c3 = [3(D − P + 6)]−1{2c2[3D − P + Q/2 + 9− 2C2(1− 3c2

0)]+
+c1[4C2(2− 6c2

0 + 3c0c1)− 3(D + 1)]− 4C2c0(1− c2
0)},

c4 = [4(D − P + 8)]−1{c3[9D − 3P + Q + 42− 4C2(1− 3c2
0)]−

−c2[6D + 14− 8C2(1− 3c2
0 + 3c0c1)] + c1[D + 1− 4C2(1− 3c2

0 + 6c0c1 − c2
1)]},

ck+1 = [(k + 1)(D − P + 2k + 2)]−1
{

ck[Q− 4C2 + k(5k + 3D − P − 1)]+
+ck−1[8C2 − (k − 1)(4k + 3D − 5)] + ck−2[(k − 2)(k + D − 2)− 4C2]+
+4C2

[∑k−2
l=0

∑k−l−2
m=0 clcmck−l−m−2 − 2

∑k−1
l=0

∑k−l−1
m=0 clcmck−l−m−1+

∑k
l=0

∑k−l
m=0 clcmck−l−m

]}
, k = 4, 5, . . . (36)

C o r o l l a r y 1. The family (35), (36) includes a trivial solution ψ0 ≡ 0 corresponding to
c0 = 0 and, for Q = 0, also the vacuum solutions ψ± = ±1 corresponding to c0 = ±1 respectively.

R e m a r k 8. Let us rewrite the conditions (37) in the form

lim
ξ→−1+0

[ψ(ξ)− c0] = lim
ξ→−1+0

[(1 + ξ)ψ′(ξ)] = 0, (37)

where c0 is a parameter. Then, in other words, Proposition 1 denotes that for any �xed C2, Q, c0

and P, D : P −D ≤ 0, singular CP (27), (37) has a unique solution (i.e., it is a correctly solvable
problem). This solution is a holomorphic function at the point ξ = −1 represented by the series (35),
(36).

P r o p o s i t i o n 2. For any �xed C2, D and P, Q: (P ≥ 2) ∧ (Q = 0) (the case I) either
(P = 2) ∧ (Q = n2, n = 1, 2, . . .) (the case II) or (P ≥ 3) ∧ (Q = P − 1) (the case III), singular
CP (27), (33) has a one-parameter family of solutions. Each solution of this set is a holomorphic
function at the point ξ = 0:

ψ(ξ, b0) = ξq[b0 +
∞∑

k=1

b2k(b0)ξ2k], |ξ| ≤ ∆0(b0), ∆0 > 0, (38)

where b0 is a parameter; for the case I, q = 0 and

b2k+2 = [(k + 1)(2k + P )]−1
{
b2k[k(2k + D)− 2C2] + 2C2

∑k
l=0

∑k−l
m=0 b2lb2mb2k−2l−2m

}
,

k = 0, 1, . . . ;
(39)

for the case II, q = n and

b2k = b2k−2[(2k + n− 2)(2k + n + D − 2)− 4C2]/[4k(k + n)], k = 1, . . . , n,
b2k = [4k(k + n)]−1

{
b2k−2[(2k + n− 2)(2k + n + D − 2)− 4C2]+

+4C2
∑k−n−1

l=0

∑k−n−l−1
m=0 b2lb2mb2(k−n−l−m−1)

}
, k = n + 1, n + 2, . . . ;

(40)

for the case III, q = 1 and

b2 = (D + 1− 4C2)b0/[2(2 + P )], b2k =
{
b2k−2[(2k − 1)(2k + D − 1)− 4C2]+

4C2
∑k−2

l=0

∑k−l−2
m=0 b2lb2mb2k−2l−2m−4

}
/[2k(2k + P )], k = 2, 3, . . .

(41)

C o r o l l a r y 2. The family (38), (39) includes a trivial solution ψ0 ≡ 0 corresponding to
b0 = 0 and the vacuum solutions ψ± = ±1 corresponding to b0 = ±1 respectively; both the set (38),
(40) and (38), (41) include a trivial solution ψ0 ≡ 0 corresponding to b0 = 0.

Ìàòåìàòè÷åñêèé æóðíàë 2004. Òîì 4. � 1 (11)



On singular problems for self-similar solutions to the systems of nonlinear wave equations ... 91

R e m a r k 9. Let us rewrite the conditions (33) in the form

lim
ξ→−0

[ξ−qψ(ξ)− b0] = lim
ξ→−0

[ξψ′(ξ)] = 0, (42)

where b0 is a parameter and q is the same as in Proposition 2. Then, in other words, Proposition 2
denotes that for any �xed C2, D, b0 and P , Q : (P ≥ 2) ∧ (Q = 0) either (P = 2) ∧ (Q = n2, n =
1, 2, . . .), or (P ≥ 2) ∧ (Q = P − 1), singular CP (27), (42) has a unique solution (i.e., it is a
correctly solvable CP). This solution is a holomorphic function at the point ξ = 0 represented by the
series (38), (39) either (38), (40) or (38), (41) respectively.

Taking into account Propositions 1, 2 and the input restrictions on the parameters D, P and
Q, we obtain that singular BVP (27), (32), (33) is a correctly formulated problem with respect to
a number of the BCs near the both ends of the singular interval (-1, 0). For P = 1, analogous
statement concerns to the problem (27), (32), (34) on the interval (-1, 0].

P r o p o s i t i o n 3. For any �xed C2 6= 0, when (D ≥ 2) ∧ (P ≥ 2) ∧ (Q = 0) either
(D ≥ 2) ∧ (P = 2) ∧ (Q = n2, n = 1, 2, . . .) or (D ≥ 3) ∧ (P ≥ 3) ∧ (Q = P − 1) any solution of
singular BVP (27), (32), (33) satis�es restriction

|ψ(ξ)| ≤ 1, −1 ≤ ξ ≤ 0. (43)

This problem is solvable and in general there occurs a multiplicity of solutions (in particular ψ0(ξ) ≡ 0
is a solution to the problem and, when Q = 0, the values ψ±(ξ) ≡ ±1 are the solutions as well;
for Q 6= 0 these vacuum values are the super- and subsolution respectively). For (D ≥ 1) ∧ (P =
1) ∧ (Q = 0), the restriction (43) concerns to the solutions of singular BVP (27), (32), (34) witn
ψ0(ξ) ≡ 0 and ψ±(ξ) ≡ ±1 as the particular solutions to the problem.

3.2. M u l t i p l i c i t y o f s o l u t i o n s a n d a s s o c i a t e d s i n g u -
l a r S P. We used Propositions 1, 2, 3 to solve BVP (27), (32), (33) (BVP (27), (32), (34))
numerically by shooting methods. As it was expected, the number of solutions depends on the value
of C. With the growth of C, a new solution appears as a small perturbation of the false vacuum,
moreover critical points of the global bifurcation are the eigenvalues (EVs) of the associated singular
SP. This problem is formulated for the linear ODE obtained by the linearization of Eq. (270 on a
trivial solution:

[(1− ξ2)ψ′]′ − [(D − 1)ξ − (P − 1)/ξ]ψ′ −Qψ/ξ2 + 4C2ψ = 0, −1 < ξ < 0, (44)

| lim
ξ→−1+0

ψ(ξ)| < ∞, lim
ξ→−1+0

[(1 + ξ)ψ′(ξ)] = 0; (45)

| lim
ξ→−0

ψ(ξ)| < ∞, lim
ξ→−0

[ξψ′(ξ)] = 0. (46)

For P = 1, we replace (46) by (34). If C = Cm is the EV of singular linear SP (44), (45), (46) (SP
(44), (45), (34) ) then for each

C : Cm < C < Cm+1,

the input nonlinear BVP (27), (32), (33) (BVP (27), (32), (34)) has exactly m nontrivial solutions

ψ1(ξ, C), . . . , ψm(ξ, C)

(to within sign) di�erent from ψ±(ξ) = ±1 where ψk(ξ, C) has equally k zeros on the interval (−1, 0)
(for P = 1, on the interval (−1, 1)).

As far as we know, no theory of singular self-adjoint Sturm-Liouville problems for ODEs with
two singular points has been developed to the present day. To solve singular SP (44), (45), (46) (SP
(44), (45), (34)) we use a phase method (see, e.g., [24], [25], [26]). Moreover there are some cases
with the exact solutions:
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1) when (D = P = 1) ∧ (Q = 0), we obtain the Legendre equation

[(ξ2 − 1)ψ′]′ = 4C2ψ, −1 < ξ < 1, (47)

so that there are the exact EVs,

C = Cm =
√

m(m + 1)/2, m = 1, 2, . . . , (48)

and the eigenfunctions proportional to the Legendre polynomials Pm(ξ);
2) when (D = 3) ∧ (P = 1) ∧ (Q = 0), in the variable v(ξ) =

√
1− ξ2ψ(ξ) we obtain the

associated Legendre equation
[
(1− ξ2)v′

]′
+

[
2(2C2 + 1)− 1/(1− ξ2)

]
v = 0, −1 < ξ < 1, (49)

and for each
C = Cm = [(m + 1)(m + 2)/4− 1/2]1/2, m = 1, 2, . . . , (50)

singular SP has a nontrivial solution vm(ξ) proportional to the function
√

1− ξ2P ′
m+1(ξ);

3) when (D = 3) ∧ (P = 3) ∧ (Q = 0), in the variable v(ξ) = ξψ(ξ) we obtain the Legendre
equation [

(ξ2 − 1)v′
]′

= 2(2C2 + 1)v, −1 < ξ < 0, (51)

and for each C ∼ Cm, where

Cm =
[
(2m + 1)(m + 1)/2− 1/2

]1/2
, m = 1, 2, . . . , (52)

we obtain a small solution ψm(ξ) to the input nonlinear BVP (44), (45), (46) approximately pro-
portional to the function P2m+1(ξ)/ξ, where P2m+1(ξ) is the Legendre polynomial.

3.3. C o n t i n u a b l e s o l u t i o n s a n d t h e i r a s y m p t o t i c b e -
h a v i o r. Finally we establish that the solutions of nonlinear singular BVP (27), (32), (33) (BVP
(27), (32), (34) ) determine multiple self-similar solutions to the input singular problem (8), (9) of
the types de�ned in Section 2.

P r o p o s i t i o n 4. For any �xed C2 and D, P , Q satisfying restrictions of Proposition
1, each solution of Eq. (27) from the set (35), (36) is continuable to the left with no limit and for
C2 > D2/32 has the asymptotics

ψ(ξ, c0) = sign(c0) + A(c0)|ξ|−D/2
{
cos

((√
32C2 −D2/2

)
ln |ξ|+ δ(c0)

)
+ o(1)

}
, ξ → −∞,

where A(c0) and δ(c0) are the constants uniquely de�ned by a speci�cation of a value of c0 in the
expansion (35), (36), so that ψ(ξ, c0) with c0 6= 0 satis�es condition (28) (it is a natural condition
for the solutions of the family (35), (36)).

C o r o l l a r y 3. For singular BVP (27), (32), (33) with �xed C2 > D2/32 and D, P , Q
satisfying the input restrictions, each nontrivial and di�erent from ψ± = ±1 solution ψ(ξ), continued
to the left with no limit and used for the input problem (8), (9) as a function ϕ(r/τ), ϕ(r/τ) = ψ(ξ),
de�nes a self-similar (hyper)bubble (N = 1) either a self-similar (hyper)string (N = 2) or a self-
similar (hyper)monopole (N ≥ 3); for singular BVP (27), (32), (34) when N = 1, the analogous
statement is valid for self-similar domain walls and wave swells (see De�nitions 1�4).

For large values of C, the behavior of solutions is qualitatively consistent both with the thin-wall
approximations and the results of singular perturbation theory.

In detail, see in [2]�[7] the analytical-numerical results relating to the case D = 3.
This work was supported by RFBR, project N 02-01-00050.
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ÈÑÑËÅÄÎÂÀÍÈÅ ÈÍÒÅÐÂÀËÜÍÛÕ ÑÈÑÒÅÌ
ÓÏÐÀÂËÅÍÈß Ñ ÏÐÈÌÅÍÅÍÈÅÌ ÏÎÄÕÎÄÀ

ÊÂÀÇÈÐÀÑÙÅÏËÅÍÈß

Ã. À. Ñàìèãóëèíà

Èíñòèòóò ïðîáëåì èíôîðìàòèêè è óïðàâëåíèÿ ÌÎÍ ÐÊ
480053 ã.Àëìàòû óë.Ïóøêèíà, 125 galinasamigulina@mail.ru

Èññëåäóåòñÿ àñèìïòîòè÷åñêàÿ óñòîé÷èâîñòü èíòåðâàëüíûõ êâàçèðàñùåïëåííûõ ñèñòåì óïðàâëåíèÿ
íà îñíîâå ïåðñïåêòèâíîãî áèîëîãè÷åñêîãî ïîäõîäà Èñêóññòâåííûõ Èììóííûõ Ñèñòåì (AIS).

1. Â â å ä å í è å. Èñïîëüçóåìûé â äîêëàäå ïîäõîä êâàçèðàñùåïëåíèÿ íà îñíîâå àëãåáðàè-
÷åñêèõ ïðîåêòîðîâ [1�2] ÿâëÿåòñÿ îäíèì èç ìåòîäîâ äåêîìïîçèöèè, êîòîðûé ïîçâîëÿåò çàìåòíî
óïðîñòèòü ñòðóêòóðó è îáëåã÷èòü èññëåäîâàíèå ñèñòåì óïðàâëåíèÿ. Îäíàêî äàííûé ïîäõîä íå
ðàñïðîñòðàíåí íà ïåðñïåêòèâíûé êëàññ èíòåðâàëüíî-çàäàííûõ îáúåêòîâ óïðàâëåíèÿ.

Îñíîâû èíòåðâàëüíûõ âû÷èñëåíèé, èçëîæåííûå â ðàáîòàõ ðîäîíà÷àëüíèêîâ èíòåðâàëüíîãî
àíàëèçà, êîòîðûìè ÿâëÿþòñÿ R. Moore [3], G. Alefeld [4], Øîêèí Þ.È. [5] è äð., ïîçâîëÿþò
íà îñíîâå ðàñøèðåííîé àðèôìåòèêè Êàóõåðà ðåøàòü çàäà÷è àíàëèçà è ñèíòåçà èíòåðâàëüíî�
çàäàííûõ ñèñòåì óïðàâëåíèÿ. Íåîáõîäèìî îòìåòèòü, ÷òî ïî÷òè âñå çàäà÷è èíòåðâàëüíîãî àíà-
ëèçà ÿâëÿþòñÿ NP-ïîëíûìè.

Äàííàÿ ñòàòüÿ ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû [6], â êîòîðîé äëÿ èñõîäíîé ìàòåìàòè÷å-
ñêîé ìîäåëè, ïðåäñòàâëåííîé â ïðîñòðàíñòâå ñîñòîÿíèé ñòàöèîíàðíîé ñèñòåìîé èíòåðâàëüíûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé, ïîëó÷åí íà îñíîâå àëãåáðàè÷åñêèõ ïðîåêòîðîâ èíòåðâàëüíûé
àíàëîã ìåòîäà êâàçèðàñùåïëåíèÿ. Äëÿ íàõîæäåíèÿ ïðîåêòîðîâ èñïîëüçóåòñÿ ñòàíäàðòíàÿ ïðî-
öåäóðà ïîãðóæåíèÿ èíòåðâàëüíîãî ïðîñòðàíñòâà â åâêëèäîâî ïðîñòðàíñòâî, ïðè êîòîðîì ñî-
õðàíÿþòñÿ àëãåáðàè÷åñêèå è òîïîëîãè÷åñêèå ñòðóêòóðû èíòåðâàëüíîãî ïðîñòðàíñòâà.

Â ðåçóëüòàòå êâàçèðàñùåïëåíèÿ èíòåðâàëüíî�çàäàííàÿ ñèñòåìà äåêîìïîçèðóåòñÿ íà âçàè-
ìîñâÿçàííûå ïîäñèñòåìû, êîòîðûå ýêâèâàëåíòíû ïî äèíàìè÷åñêèì ñâîéñòâàì èñõîäíîé ñèñòå-
ìå. Â ñîîòâåòñòâóþùèõ ïîäïðîñòðàíñòâàõ èìååì (n − 1) ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé è îäíî íåëèíåéíîå äèôôåðåíöèàëüíîå óðàâíåíèå. Ïðè îïðåäåëåííûõ óñëîâèÿõ âçàèìî-
ñâÿçÿìè ìåæäó ïîäñèñòåìàìè ìîæíî ïðåíåáðå÷ü. Òîãäà èññëåäîâàíèå äèíàìè÷åñêèõ ñâîéñòâ
èñõîäíîé ñèñòåìû ìîæåò áûòü ñâåäåíî ê àíàëèçó áîëåå ïðîñòûõ ïî ñòðóêòóðå ïîäñèñòåì.

Keywords: intellectual systems, interval systems, quasi- splitting approach, biological approach of Arti�cial Immune
Systems, molecular recognition, asymptotic stability.
2000 Mathematics Subject Classi�cation: 65G40
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Ïîñëåäíèå äîñòèæåíèÿ â êèáåðíåòèêå, èíôîðìàòèêå, èñêóññòâåííîì èíòåëëåêòå ïðèâåëè ê
ôîðìèðîâàíèþ è áóðíîìó ðàçâèòèþ íîâîé îáëàñòè èññëåäîâàíèÿ � èñêóññòâåííîìó èëè èíòåë-
ëåêòóàëüíîìó óïðàâëåíèþ, êîòîðàÿ ÿâëÿåòñÿ ñìåæíîé ñ îáëàñòüþ êëàññè÷åñêîé òåîðèè óïðàâ-
ëåíèÿ è èñêóññòâåííîãî èíòåëëåêòà.

Ïîä èíòåëëåêòóàëüíîé ñèñòåìîé [7] ïîíèìàåòñÿ ñèñòåìà, îáúåäèíåííàÿ èíôîðìàöèîííûì
ïðîöåññîì ñîâîêóïíîñòü òåõíè÷åñêèõ ñðåäñòâ è ïðîãðàììíîãî îáåñïå÷åíèÿ, ðàáîòàþùàÿ âî âçà-
èìîäåéñòâèè ñ ÷åëîâåêîì èëè àâòîíîìíî, ñïîñîáíàÿ íà îñíîâàíèè ñâåäåíèé îá îêðóæàþùåé
ñðåäå è ñîáñòâåííîì ñîñòîÿíèè ïðè íàëè÷èè çíàíèé è ìîòèâàöèè ñèíòåçèðîâàòü öåëü, ïðèíè-
ìàòü ðåøåíèå î äåéñòâèè è íàõîäèòü ðàöèîíàëüíûå ñïîñîáû äîñòèæåíèÿ öåëè. Òî åñòü ýòî
òàêàÿ ñèñòåìà, êîòîðàÿ äîëæíà èìåòü ñïîñîáíîñòü âîñïðèíèìàòü èíôîðìàöèþ î ïðîöåññàõ,
âîçìóùåíèÿõ è óñëîâèÿõ ôóíêöèîíèðîâàíèÿ, âûâîäèòü çàêëþ÷åíèÿ è îáó÷àòüñÿ [8�9].

Ïðè ðàçðàáîòêå èíòåëëåêòóàëüíûõ ñèñòåì óïðàâëåíèÿ íåîáõîäèìî âûïîëíåíèå îñíîâíûõ
ïðèíöèïîâ îðãàíèçàöèè äàííûõ ñèñòåì [10], ïðåäëîæåííûõ Çàõàðîâûì Â.Í.

1) Ïðèíöèï èíôîðìàöèîííîãî îáìåíà, êîòîðûé ïîäðàçóìåâàåò íàëè÷èå òåñíîãî èíôîðìàöè-
îííîãî îáìåíà ñèñòåìû èíòåëëåêòóàëüíîãî óïðàâëåíèÿ ñ ðåàëüíûì ìèðîì. Ýòî òåñíîå âçàèìî-
äåéñòâèå ïîçâîëÿåò ïîñòîÿííî ïîëó÷àòü äîïîëíèòåëüíóþ èíôîðìàöèþ äëÿ ïîïîëíåíèÿ çíàíèé
è ïðèíÿòèÿ ðåøåíèé.

2) Ïðèíöèï îòêðûòîñòè è ðàçâèâàåìîñòè, êîòîðûé îáåñïå÷èâàåò îòêðûòîñòü ñèñòåì èíòåë-
ëåêòóàëüíîãî óïðàâëåíèÿ äëÿ ñàìîîáó÷åíèÿ è ñàìîîðãàíèçàöèè.

3) Ïðèíöèï ïðîãíîçèðîâàíèÿ, ïîçâîëÿþùèé ïðåäñêàçûâàòü èçìåíåíèÿ â ñèñòåìå ïðè ðàç-
ëè÷íûõ óïðàâëåíèÿõ, äëÿ êàæäîãî èç êîòîðûõ ñèñòåìà îñóùåñòâëÿåò ïðîãíîç èçìåíåíèé íà
îïðåäåëåííûé îòðåçîê âðåìåíè âïåðåä äëÿ îöåíêè íàèáîëåå ïðåäïî÷òèòåëüíûõ óïðàâëåíèé è
ñîîòâåòñòâóþùåé êîððåêòèðîâêè ðåàëèçóåìîãî óïðàâëåíèÿ.

4) Ïðèíöèï âîçðàñòàíèÿ òî÷íîñòè ñ óìåíüøåíèåì èíòåëëåêòóàëüíîñòè. Áîëåå âåðõíèé óðî-
âåíü ðåøàåò áîëåå òâîð÷åñêóþ è ñëîæíóþ çàäà÷ó, êîòîðàÿ çà÷àñòóþ íå ìîæåò áûòü ðåøåíà
àëãîðèòìè÷åñêè. Íåòî÷íîñòü çíàíèé î ìîäåëè îáúåêòà óïðàâëåíèÿ è ñðåäå êîìïåíñèðóåòñÿ
ââåäåíèåì áîëåå âûñîêèõ óðîâíåé èíòåëëåêòóàëüíîñòè.

5) Ïðèíöèï ÷àñòè÷íîé äåãðàäàöèè, êîòîðûé ïîäðàçóìåâàåò ëèøü ÷àñòè÷íóþ óòðàòó ðà-
áîòîñïîñîáíîñòè ïðè íàðóøåíèÿõ â ðàáîòå âûñøèõ óðîâíåé óïðàâëåíèÿ, ïðè îòêàçàõ è ñáîÿõ
ïîäñèñòåì áëàãîäàðÿ äåöåíòðàëèçàöèè óïðàâëåíèÿ, ÷àñòè÷íîìó äóáëèðîâàíèþ ôóíêöèé è ïå-
ðåêðåñòíûì ñâÿçÿì.

Â íàñòîÿùåå âðåìÿ äîâîëüíî ïðîäâèíóòûì â îáëàñòè èíòåëëåêòóàëüíîãî óïðàâëåíèÿ ÿâëÿ-
åòñÿ ïðèìåíåíèå Èñêóññòâåííûõ Èììóííûõ Ñèñòåì (Artificial Immune Systems), ïîñòðîåí-
íûå íà ïðèíöèïàõ îáðàáîòêè èíôîðìàöèè ìîëåêóëàìè áåëêîâ. Ìàòåìàòè÷åñêàÿ îñíîâà äàííîãî
ïîäõîäà çàêëþ÷àåòñÿ âî ââåäåíèè ïîíÿòèÿ ôîðìàëüíîãî ïåïòèäà [11], êàê ìàòåìàòè÷åñêîé àá-
ñòðàêöèè ñâîáîäíîé ýíåðãèè áåëêîâîé ìîëåêóëû îò åå ïðîñòðàíñòâåííîé ôîðìû, îïèñàííîé â
àëãåáðå êâàòåðíèîíîâ. Èñêóññòâåííûå èììóííûå ñèñòåìû îáëàäàþò ñïîñîáíîñòüþ ê îáó÷åíèþ,
óçíàâàíèþ è ïðèíÿòèþ ðåøåíèé â íåçíàêîìîé ñèòóàöèè.

Ïðèìåíåíèå ïîäõîäà Èñêóññòâåííûõ Èììóííûõ Ñèñòåì äëÿ ñîçäàíèÿ èíòåëëåêòóàëüíûõ
êâàçèðàñùåïëåííûõ ñèñòåì óïðàâëåíèÿ [12�13] èíòåðâàëüíî�çàäàííûìè îáúåêòàìè îáåñïå÷è-
âàåò âûïîëíåíèå îñíîâíûõ ïðèíöèïîâ îðãàíèçàöèè èíòåëëåêòóàëüíûõ ñèñòåì óïðàâëåíèÿ [14]
è ïîçâîëÿåò îñóùåñòâèòü äîñòîâåðíûé ïðîãíîç ïîâåäåíèÿ èíòåëëåêòóàëüíîé ñèñòåìû, âûáîð
ïðåäïî÷òèòåëüíûõ óïðàâëåíèé è êîððåêòèðîâêó òåêóùåãî óïðàâëåíèÿ.

2. Ï î ñ ò à í î â ê à ç à ä à ÷ è. Ïóñòü ìàòåìàòè÷åñêàÿ ìîäåëü èíòåðâàëüíî -
çàäàííîãî îáúåêòà óïðàâëåíèÿ ïðåäñòàâëåíà â ïðîñòðàíñòâå ñîñòîÿíèé ñòàöèîíàðíîé ñèñòåìîé
èíòåðâàëüíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñëåäóþùèì îáðàçîì:

˙X(t) = [A]X(t) + [B]U(t), t ∈ [t0,∞), (1)
ãäå ìíîæåñòâîI(t0) ⊂ [0,∞), t � òåêóùåå âðåìÿ, t0 � íà÷àëüíîå âðåìÿ;
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X(t) ∈ Rn � âåêòîð ñîñòîÿíèé äàííîé ñèñòåìû;
[A] = [aij ], i, j = 1, n � èíòåðâàëüíàÿ ìàòðèöà îáúåêòà óïðàâëåíèÿ ðàçìåðíîñòè (n × n) c
ýëåìåíòàìè [aij ] = [aij , aij ], i, j = 1, n, [A] ∈ Mn,n(I(R)), ãäå Mn,n(I(R)) � ìíîæåñòâî ìàòðèö,
ýëåìåíòàìè êîòîðûõ ÿâëÿþòñÿ èíòåðâàëû: [a, a] = {a ∈ R

∧
a ≤ a ≤ a}, a, a � íèæíèå è

âåðõíèå ãðàíèöû çíà÷åíèé ýëåìåíòîâ ìàòðèöû [A], I(R) � ìíîæåñòâî âñåõ èíòåðâàëîâ;
[B] = [bj ], j = 1, n � èíòåðâàëüíûé âåêòîð îáúåêòà óïðàâëåíèÿ ðàçìåðíîñòè (n×1), bj = [bj , bj ],
j = 1, n, [B] ∈ Mn,1(I(R)), ãäå Mn,1(I(R)) � ìíîæåñòâà âåêòîðîâ, ýëåìåíòàìè êîòîðûõ ÿâëÿþòñÿ
èíòåðâàëû [b, b] = {b ∈ R

∧
b ≤ b ≤ b}, b, b � íèæíèå è âåðõíèå ãðàíèöû çíà÷åíèé ýëåìåíòîâ

âåêòîðà [B].
Óïðàâëåíèå U(t) âûáèðàåòñÿ òàê, ÷òîáû îáåñïå÷èòü æåëàåìóþ äèíàìèêó â çàìêíóòîé ñè-

ñòåìå:

U(t) = U(X(t), t), (2)

ãäå U(t) ∈ R1 � ñêàëÿðíîå óïðàâëåíèå.
Æåëàåìàÿ äèíàìèêà çàìêíóòîé ñèñòåìû óïðàâëåíèÿ çàäàåòñÿ â âèäå

σ(t) = [CT ]X, (3)

ãäå [C] ∈ Rn � const, [CT ] = [c1, c2, ..., cn−1, 1] = (c
′
, 1), c

′ ∈ R1x(n−1).
Ñîîòíîøåíèÿ (1),(2),(3) îïðåäåëÿþò ìàòåìàòè÷åñêóþ ìîäåëü, äàëåå íàçûâàåìóþ IS�ñèñòå-

ìîé.
Çàäà÷à èññëåäîâàíèÿ ôîðìóëèðóåòñÿ ñëåäóþùèì îáðàçîì: ðàçðàáîòàòü ïðîöåäóðó èññëå-

äîâàíèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè èíòåðâàëüíî�çàäàííîé ñèñòåìû óïðàâëåíèÿ íà îñíîâå
ìåòîäà êâàçèðàñùåïëåíèÿ è áèîëîãè÷åñêîãî ïîäõîäà Èñêóññòâåííûõ Èììóííûõ Ñèñòåì.

Ïîñëå ïðèìåíåíèÿ ïðîöåäóðû ñòàíäàðòíîãî ïîãðóæåíèÿ èíòåðâàëüíîãî ïðîñòðàíñòâà â åâ-
êëèäîâî è íàõîæäåíèÿ îïåðàòîðîâ ïðîåêòèðîâàíèÿ P1 è P2 [15] äëÿ èíòåðâàëüíî�çàäàííîé ñè-
ñòåìû óïðàâëåíèÿ êâàçèðàñùåïëåííàÿ IS�ñèñòåìà ìîæåò áûòü ïðåäñòàâëåíà â âèäå ïîäñèñòåì
IS1, IS2 ñëåäóþùèì îáðàçîì

IS1 : ẋ
′
(t) = Axx

′
(t) + hxσ(t), (4)

IS2 : σ̇(t) = aσσ(t) + hσx
′
(t) + bσu(t), t ∈ [t0,∞), (5)

ãäå Ax ∈ R(2n−2)×(2n−2), hx, hσ ∈ R2n−2, aσ, bσ ∈ R2.
Îáîçíà÷èì ÷åðåç (·′) ñîêðàùåíèå (·) íà ïîñëåäíèé ýëåìåíò, åñëè ýòî âåêòîð, è íà ïîñëåä-

íþþ ñòðîêó è ïîñëåäíèé ñòîëáåö, åñëè ýòî ìàòðèöà. Òîãäà èìååì ñëåäóþùèå âûðàæåíèÿ äëÿ
ïàðàìåòðîâ êâàçèðàñùåïëåííûõ ïîäñèñòåì

Ax = (P1A)
′ − a

′
2ncT

′
, hx = (

P1Ab

cT b
)
′
, (6)

aσ =
cT Ab

cT b
, hσ = (cT A)

′ − cT a2ncT
′
, bσ = cT b. (7)

Ìàòðèöà M îïðåäåëÿåò ñâÿçü ìåæäó ðåøåíèåì x(t) èñõîäíîé ñèñòåìû è ðåøåíèÿìè êâàçè-
ðàñùåïëåííûõ ïîäñèñòåì x

′
(t), σ(t):

M =

(
E2n−2

b
′

cT b

−cT
′

b2n

cT b

)
. (8)
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Òàêèì îáðàçîì, ìåòîä êâàçèðàñùåïëåíèÿ ïîçâîëÿåò ïåðåéòè îò èñõîäíîãî èíòåðâàëüíîãî
óðàâíåíèÿ (1) ê ñîâîêóïíîñòè óðàâíåíèé (4), (5), çàïèñàííûõ îòíîñèòåëüíî ôóíêöèé x

′
(t) è

σ(t), ñîõðàíÿÿ ïðè ýòîì êèíåìàòè÷åñêîå ïîäîáèå.
3. È ñ ñ ë å ä î â à í è å à ñ è ì ï ò î ò è ÷ å ñ ê î é ó ñ ò î é ÷ è â î ñ ò è

ê â à ç è ð à ñ ù å ï ë å í í û õ ñ è ñ ò å ì ó ï ð à â ë å í è ÿ í à î ñ í î â å
ï î ä õ î ä à È ñ ê ó ñ ñ ò â å í í û õ È ì ì ó í í û õ Ñ è ñ ò å ì.

Ïóñòü óïðàâëåíèå U(t) áóäåò òàêèì [1], ÷òî äëÿ ìîìåíòà âðåìåíè t1 ≥ t0 ðåøåíèÿ x
′
(t), σ(t)

ïîäñèñòåì IS1 è IS2 óäîâëåòâîðÿþò íåðàâåíñòâó

‖σ(t)‖ ≤ δ‖x′(t)‖+ η, (9)

ãäå δ, η − const, δ ≥ 0, η ≥ 0.
Â äàííîì ñëó÷àå àñèìïòîòèêà ðåøåíèé IS�ñèñòåìû (1) îïðåäåëÿåòñÿ àñèìïòîòèêîé ðåøå-

íèé IS1�ïîäñèñòåìû.
B ñëó÷àå, êîãäà âûïîëíÿåòñÿ îáðàòíîå íåðàâåíñòâî

‖σ(t)‖ > δ‖x′(t)‖+ η, (10)

ãäå t ∈ I(t1), àñèìïòîòèêà ðåøåíèé îïðåäåëÿåòñÿ ïîäñèñòåìîé IS2.
Â ïðîñòðàíñòâå ñîñòîÿíèé âûäåëèì ìíîæåñòâà êîíóñíîãî òèïà ñëåäóþùåãî âèäà:

Gδ,η = {x ∈ R2n : ‖σ(x)‖ ≤ δ‖x′(x)‖+ η}, (11)

ïóñòü η = 0,

Gσ,η = {x ∈ R2n : ‖σ(x)‖ > δ‖x′(x)‖+ η}, (12)

ïóñòü η = 0. Òàêèì îáðàçîì, çàäàííûå ìíîæåñòâà ïîðîæäàþò â ïðîñòðàíñòâå R2n äâà êëàññà
ðåøåíèé: {x(t)}1, {x(t)}2 äëÿ t ∈ I(t0). Ïåðâûé êëàññ ðåøåíèé îòíîñèòñÿ ê îáëàñòè Gδ,η (ïîä-
ñèñòåìà IS1). Âòîðîé êëàññ ðåøåíèé îòíîñèòñÿ ê îáëàñòè Gδ,σ (ïîäñèñòåìà IS2 ). Èññëåäîâàíèå
äèíàìè÷åñêèõ ñâîéñòâ èñõîäíîé IS�ñèñòåìû ñâîäèòñÿ ê èññëåäîâàíèþ ëèáî ïîäñèñòåìû IS1,
ëèáî ïîäñèñòåìû IS2.

Òàê êàê ïðè êâàçèðàñùåïëåíèè ñ÷èòàåòñÿ [1], ÷òî ïðîñòðàíñòâî R2n ïðåäñòàâëÿåòñÿ ïðÿìîé
ñóììîé ïîäïðîñòðàíñòâ L1 è L2: L1 ⊆ R2n, L2 ⊆ R2n, òî îáëàñòü G1

δ,η áóäåò äîïîëíåíèåì
ìíîæåñòâà Gδ,η äî ïîäïðîñòðàíñòâà L1, à îáëàñòü G2

δ,η áóäåò äîïîëíåíèåì ìíîæåñòâà Gδ,η äî
ïîäïðîñòðàíñòâà L2.

Îáëàñòü G1
δ,η îòíîñèòñÿ ê òðåòüåìó êëàññó ðåøåíèé, à îáëàñòü G2

δ,η � ê ÷åòâåðòîìó êëàññó.
Äàííàÿ êëàññèôèêàöèÿ ðåøåíèé íåîáõîäèìà äëÿ èññëåäîâàíèÿ àñèìïòîòè÷åñêîé óñòîé÷èâî-
ñòè êâàçèðàñùåïëåííûõ ïîäñèñòåì íà îñíîâå ïåðñïåêòèâíîãî íåòðàäèöèîííîãî ïîäõîäà Èñêóñ-
ñòâåííûõ Èììóííûõ Ñèñòåì [16].

Â îñíîâå ïîäõîäà Èñêóññòâåííûõ Èììóííûõ Ñèñòåì ëåæèò èäåÿ âçàèìîäåéñòâèÿ ìåæäó
áåëêàìè (ïåïòèäàìè) èììóííîé ñèñòåìû ÷åëîâåêà è ÷óæåðîäíûìè àíòèãåíàìè, òî åñòü â âîç-
ìîæíîñòè ïðîèçâîëüíîãî ñâÿçûâàíèÿ (ìîëåêóëÿðíîãî óçíàâàíèÿ) ïîñðåäñòâîì îïðåäåëåíèÿ
ýíåðãèè ñâÿçè ìåæäó ôîðìàëüíûìè ïåïòèäàìè. Ïðîöåññû, ïðîèñõîäÿùèå ïðè îáðàáîòêå èí-
ôîðìàöèè åñòåñòâåííûìè ñèñòåìàìè, è ïðèíöèïû èõ ôóíêöèîíèðîâàíèÿ ïîðàæàþò ñâîåé ýô-
ôåêòèâíîñòüþ, ýêîíîìè÷íîñòüþ è áûñòðîäåéñòâèåì.

Ñîãëàñíî èäåîëîãèè AIS ôîðìèðóþòñÿ ýòàëîííûå ìàòðèöû óïðàâëåíèÿ U1, U2, U1, U2 äëÿ
êàæäîãî èç 4 êëàññîâ, êîòîðûå âûáèðàþòñÿ â çàâèñèìîñòè îò îáëàñòåé ôóíêöèîíèðîâàíèÿ
è îïðåäåëÿþòñÿ òåõíîëîãè÷åñêèìè ïðîöåññàìè, ïàðàìåòðàìè êâàçèðàñùåïëåííûõ ïîäñèñòåì.
Çàòåì äëÿ óëó÷øåíèÿ ñïåöèôè÷íîñòè óçíàâàíèÿ êàæäàÿ ýòàëîííàÿ ìàòðèöà ñâîðà÷èâàåòñÿ â
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êâàäðàòíóþ ìàòðèöó, ïîñëå ñèíãóëÿðíîãî ðàçëîæåíèÿ êîòîðûõ ïîëó÷àåì ïðàâûå è ëåâûå ñèí-
ãóëÿðíûå âåêòîðà {x1, y1}, {x2, y2},... ýòàëîííûõ ìàòðèö. Ôîðìèðóþòñÿ òàêæå ìàòðèöû óïðàâ-
ëåíèÿ, ðàññìàòðèâàåìûå êàê îáðàçû: u1, u2, ...un . Ñîãëàñíî ïîäõîäó Èñêóññòâåííûõ Èììóííûõ
Ñèñòåì ýíåðãèÿ ñâÿçè ìåæäó ôîðìàëüíûìè ïåïòèäàìè ìîæåò áûòü ïðåäñòàâëåíà â âèäå

W1 = −xT
1 uy1, W2 = −xT

2 uy2, W3 = −xT
3 uy3, W4 = −xT

4 uy4, (13)

ãäå T � ñèìâîë òðàíñïîíèðîâàíèÿ.
Èçâåñòíî, ÷òî íàòèâíàÿ (ôóíêöèîíàëüíàÿ) óêëàäêà áåëêîâîé öåïè ñîîòâåòñòâóåò ìèíèìóìó

ýíåðãèè ñâÿçè. Ïîýòîìó ìèíèìàëüíîå çíà÷åíèå ýíåðãèè ñâÿçè îïðåäåëÿåò êëàññ, ê êîòîðîìó
ïðèíàäëåæèò äàííûé îáðàç:

k : Wk = min{W1,W2, W3,W4}. (14)

C èñïîëüçîâàíèåì àëãåáðû êâàòåðíèîíîâ, ñèíãóëÿðíîãî ðàçëîæåíèÿ ìàòðèö ðàçðàáîòàíû
ïðîöåäóðû îáó÷åíèÿ ñ ó÷èòåëåì, ñàìîîáó÷åíèÿ, êëàññèôèêàöèè èñõîäíîé èíôîðìàöèè è ðàñ-
ïîçíàâàíèÿ îáðàçîâ äëÿ èññëåäîâàíèÿ àñèìïòîòè÷åñêîé óñòîé÷èâîñòè èíòåðâàëüíî-çàäàííûõ
êâàçèðàñùåïëåííûõ ïîäñèñòåì ñ öåëüþ âûáîðà ïðåäïî÷òèòåëüíûõ óïðàâëåíèé è êîððåêòèðîâ-
êè òåêóùåãî óïðàâëåíèÿ. Íèæå ïðèâåäåí àëãîðèòì, êîòîðûé ñîñòîèò èç 10 øàãîâ. Íåîáõîäèìî
îòìåòèòü, ÷òî îáðàáîòêà ìíîãîìåðíîé ñîâîêóïíîñòè äàííûõ íåèçáåæíî âåäåò ê óâåëè÷åíèþ
ýíåðãåòè÷åñêèõ ïîãðåøíîñòåé, êîòîðûå çàâèñÿò îò ðÿäà ôàêòîðîâ è ñóùåñòâåííî âëèÿþò íà
äîñòîâåðíîñòü ïðîãíîçà. Íåñîìíåííûì äîñòîèíñòâîì äàííîãî àëãîðèòìà ÿâëÿåòñÿ øàã 9. Ýíåð-
ãåòè÷åñêàÿ îöåíêà ïîãðåøíîñòåé íóæíà äëÿ ïîâûøåíèÿ êà÷åñòâà (äîñòîâåðíîñòè) ïðîãíîçà
ïîâåäåíèÿ èíòåëëåêòóàëüíîé ñèñòåìû.

À ë ã î ð è ò ì.
Øàã 1. Ïðèìåíåíèå ñòàíäàðòíîé ïðîöåäóðû ïîãðóæåíèÿ [15] èíòåðâàëüíîãî ïðîñòðàíñòâà

â åâêëèäîâî ïðîñòðàíñòâî, ïðè êîòîðîì ñîõðàíÿþòñÿ àëãåáðàè÷åñêèå è òîïîëîãè÷åñêèå ñòðóê-
òóðû èíòåðâàëüíîãî ïðîñòðàíñòâà.

Øàã 2. Ïîëó÷åíèå âûðàæåíèÿ äëÿ îïåðàòîðîâ ïðîåêòèðîâàíèÿ P1 è P2 èíòåðâàëüíî-çàäàí-
íîé ñèñòåìû óïðàâëåíèÿ [6].

Øàã 3. Ïîëó÷åíèå êâàçèðàñùåïëåííûõ ïîäñèñòåì IS1 è IS2 íà îñíîâå îïåðàòîðîâ ïðîåêòè-
ðîâàíèÿ P1 è P2 [6].

Øàã 4. Êëàññèôèêàöèÿ îáëàñòåé ðåøåíèé êâàçèðàñùåïëåííûõ ïîäñèñòåì IS1, IS2.
Øàã 5. Ñîçäàíèå ìàòðèö óïðàâëåíèÿ (ýòàëîíîâ) äëÿ êàæäîãî êëàññà, ñâîðà÷èâàíèå èõ â

êâàäðàòíûå ìàòðèöû äëÿ óëó÷øåíèÿ ñïåöèôè÷íîñòè óçíàâàíèÿ, ñèíãóëÿðíîå ðàçëîæåíèå äàí-
íûõ ìàòðèö è îïðåäåëåíèå ïðàâûõ è ëåâûõ ñèíãóëÿðíûõ âåêòîðîâ. Ìàòðèöû ýòàëîíîâ ðàññìàò-
ðèâàþòñÿ êàê àíòèãåíû.

Øàã 6. Îáó÷åíèå Èñêóññòâåííîé Èììóííîé Ñèñòåìû (ñ ó÷èòåëåì, áåç ó÷èòåëÿ).
Øàã 7. Ñîçäàíèå ìàòðèö óïðàâëåíèÿ (îáðàçîâ), ñâîðà÷èâàíèå èõ â êâàäðàòíóþ ìàòðèöó

äëÿ óëó÷øåíèÿ ñïåöèôè÷íîñòè óçíàâàíèÿ. Ìàòðèöû îáðàçîâ ðàññìàòðèâàþòñÿ êàê àíòèòåëà.
Øàã 8. Îïðåäåëåíèå ìèíèìàëüíîé ýíåðãèè ñâÿçè ìåæäó ôîðìàëüíûìè ïåïòèäàìè (àíòèòå-

ëàìè è àíòèãåíàìè) è ðåøåíèå çàäà÷è ðàñïîçíàâàíèÿ îáðàçîâ.
Øàã 9. Îöåíêà ýíåðãåòè÷åñêîé îøèáêè Èñêóññòâåííîé Èììóííîé Ñèñòåìû íà îñíîâå

ñâîéñòâ ãîìîëîãè÷íûõ áåëêîâ [17].
Øàã 10. Îïðåäåëåíèå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè èíòåðâàëüíî-çàäàííîé ñèñòåìû óïðàâ-

ëåíèÿ ïî êâàçèðàñùåïëåííûì ïîäñèñòåìàì.
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4. Ó ñ ò ð à í å í è å ï î ã ð å ø í î ñ ò å é ý í å ð ã å ò è ÷ å ñ ê è õ î ö å í î ê
AIS. Ïîãðåøíîñòè ýíåðãåòè÷åñêèõ îöåíîê Èñêóññòâåííîé Èììóííîé Ñèñòåìû çàòðóäíÿþò
îïðåäåëåíèå íàòèâíîé óêëàäêè áåëêîâîé öåïè, êîòîðàÿ ñîîòâåòñòâóåò ñàìîìó íèæíåìó óðîâíþ
â ñïåêòðå ýíåðãèé áåëêîâîé öåïè è ÿâëÿåòñÿ íàèáîëåå ñòàáèëüíîé ñòðóêòóðîé. Óñòðàíåíèå ïî-
ãðåøíîñòåé ýíåðãåòè÷åñêèõ îöåíîê îñóùåñòâëÿåòñÿ ñîãëàñíî ðàçðàáîòàííîìó àëãîðèòìó [17],
îñíîâàííîìó íà ñâîéñòâàõ ãîìîëîãè÷íûõ áåëêîâ.

Ãîìîëîãè÷íûå áåëêè [18] (áåëêè, èìåþùèå îäèíàêîâîå ïðîèñõîæäåíèå) èìåþò ïðèìåðíî
îäèíàêîâûå ñòðóêòóðû, íåñìîòðÿ íà ìíîãî÷èñëåííûå ìóòàöèè â àìèíîêèñëîòíîé ïîñëåäîâà-
òåëüíîñòè. Íåîáõîäèìî îòìåòèòü, ÷òî ãîìîëîãèÿ âîçìîæíà ïðè íàëè÷èè âñåãî òîëüêî 25 ïðî-
öåíòîâ îäèíàêîâûõ àìèíîêèñëîòíûõ îñòàòêîâ â îäèíàêîâûõ ïîçèöèÿõ öåïè [19], êîòîðûå îáåñ-
ïå÷èâàþò îäèíàêîâûå ïðîñòðàíñòâåííûå ñòðóêòóðû.

Íàòèâíàÿ óêëàäêà öåïè ìîæåò áûòü íàéäåíà â ïðîöåññå ñâîðà÷èâàíèÿ öåïè, ãäå ïîòåíöèàë
êàæäîãî âçàèìîäåéñòâèÿ óñðåäíåí ïî ãîìîëîãàì [20]. Äëÿ ïðåäñêàçàíèÿ ñòðóêòóðû áåëêà ìû
äîëæíû îïðåäåëèòü óêëàäêó áåëêîâîé öåïè N ñ ìèíèìàëüíîé ñâîáîäíîé ýíåðãèåé.

Áóäåì ñ÷èòàòü, ÷òî ïåïòèäû, îòíîñÿùèåñÿ ê îäíîìó êëàññó, ÿâëÿþòñÿ ãîìîëîãè÷íûìè è
èìåþò ñõîäíóþ ïðîñòðàíñòâåííóþ ñòðóêòóðó. Òîãäà âû÷èñëåííàÿ ýíåðãèÿ íàòèâíîé ñòðóêòóðû
ïðåäñòàâëÿåòñÿ â âèäå

E
′
N = EN + ∆EN , (15)

ãäå EN � èñòèííîå çíà÷åíèå ýíåðãèè íàòèâíîé ñòðóêòóðû, ∆EN � ïîãðåøíîñòü ýíåðãåòè÷åñêîé
îöåíêè.

Óñðåäíÿÿ ïîòåíöèàëû ïî ãîìîëîãàì, ïîëó÷èì ñëåäóþùåå âûðàæåíèå

< E∗
i >G=

∑
E∗

i

G
, (16)

ãäå ñèìâîë < ... > îçíà÷àåò óñðåäíåíèå ïî ãîìîëîãàì, G � ÷èñëî ãîìîëîãè÷íûõ ïåïòèäîâ.
Âû÷èñëåííàÿ ýíåðãèÿ íàòèâíîé ñòðóêòóðû, óñðåäíåííàÿ ïî ãîìîëîãàì, áëèçêà ê ñâîåé èñ-

òèíîé âåëè÷èíå

< E∗
i >G≈ EN . (17)

Êà÷åñòâî ðàñïîçíàâàíèÿ íàòèâíîé ñòðóêòóðû õàðàêòåðèçóåòñÿ Z�ôàêòîðîì [21], êîòîðûé
îïðåäåëÿåòñÿ ñðåäíèì ÷èñëîì ñòàíäàðòíûõ îòêëîíåíèé ìåæäó ýíåðãèåé íàòèâíîé ñòðóêòóðû
è ýíåðãèåé ñëó÷àéíî âûáðàííîé óêëàäêè öåïè:

Z =
EN− < E >

(E− < E >2)
1
2

, (18)

ãäå EN ≈< E∗
i >G, < E > � ñðåäíåå ÷èñëî ñòàíäàðòíûõ îòêëîíåíèé ïî ãîìîëîãàì, E � ýíåðãèÿ

ñëó÷àéíî âûáðàííîé óêëàäêè öåïè.
Â çàâèñèìîñòè îò âåëè÷èíû Z îïðåäåëÿåòñÿ ñòåïåíü äîñòîâåðíîñòè ïðîãíîçà íà îñíîâå AIS.
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ХРОНИКА

ПАМЯТИ ПРОФЕССОРА ШАЛТАЯ СМАГУЛОВИЧА
СМАГУЛОВА

22 февраля исполнился год, как не стало Шалтая Смагуловича Смагулова, а 16 марта 2004
г. ему бы было 55 лет.

Шалтай Смагулович поступил на механико-математический факультет КазГУ им. С.М.Ки-
рова в 1967 г. В то время декан факультета профессор Х.И.Ибрашев наладил крепкие научные
связи с Сибирским отделением АН СССР. К нам приезжали видные математики из Новоси-
бирска, читали лекции; наши студенты, выпускники мех–мата направлялись в Новосибирский
университет для учебы, в аспирантуру. В 1970 г. в Новосибирский университет для продол-
жения учебы в числе одаренных студентов едет Шалтай Смагулов. В 1972 г. по окончании
университета он остается стажером–исследователем на кафедре, возглавляемой академиком
АН СССР Яненко Н.Н. Потом была учеба в аспирантуре, работа младшим, старшим научным
сотрудником Института теоретической и прикладной механики СО АН СССР. В Академго-
родке Шалтай Смагулович провел 14 лет, и в 1984 г. в возрасте 35 лет, получив прекрасную
математическую подготовку, он переезжает в Алма–Ату и до последних своих дней работает в
КазГУ им. аль–Фараби, в разное время занимая должности заведующего кафедрой, директора
НИИ математики и механики при КазГУ, декана мех–мата. И все эти годы он напряженно за-
нимается научной работой. В то время в Казахстане уже существовала сильная школа по теоре-
тической вычислительной математике, основанная академиком НАН РК У.М.Султангазиным.
Однако Шалтай Смагулович нашел свои задачи: задачи гидродинамики, теории фильтрации,
свои методы решения и тем самым продолжил развитие теории численных методов в респуб-
лике.

Как–то я ездила в Академгородок, выступала на семинаре в Институте гидродинамики СО
РАН, после семинара известные ученые расспрашивали меня про Шалтая Смагуловича, очень
тепло о нем отзывались, хотя прошло много времени после того, как он покинул Академгоро-
док.

Вокруг профессора Смагулова всегда находилось много молодежи: студентов, стажеров,
аспирантов, докторантов. Он замечательно проводил семинары, на которых всегда присут-
ствовало много слушателей, очень эмоционально реагировал на выступления, комментировал
непонятные места, сердился, когда видел неверные выкладки, и от души радовался хорошим
результатам. Он подготовил много кандидатов и докторов наук, которые продолжают зани-
маться задачами, поставленными Шалтаем Смагуловичем. Его научный, организаторский ав-
торитет был общепризнан. Он очень тонко улавливал новые задачи, научные направления,
новые веяния времени. Одним из первых в республике он стал изучать физические процессы
добычи нефти, заниматься математическим моделированием этих процессов и последующей
численной реализацией полученных модельных задач.

Шалтая Смагуловича мы, его друзья, очень ценили, уважали, любили, понимали, какого
таланта и души человеком, какого масштаба личностью, каким выдающимся математиком он
был. И очень горько осознавать, что его нет. Пройдет время, я думаю, его ученики, коллеги
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осмыслят значение его научной, организационной деятельности, напишут об этом. Жизнь про-
фессора Шалтая Смагуловича Смагулова была яркой, интересной, насыщенной напряженным
трудом, и такой он ее сделал сам.

Г.И.Бижанова

Математический журнал 2005. Том 5. № 4 (18)
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ÏÀÌßÒÈ ÈÌÀÍÀ ÁÀÇÀÐÁÅÊÎÂÈ×À ÁÀÉÑÀÊÀËÎÂÀ

26 ÿíâàðÿ 2004 ãîäà ïîñëå òÿæåëîé áîëåçíè óøåë èç
æèçíè èçâåñòíûé ó÷åíûé â îáëàñòè òåîðèè óïðàâëåíèÿ,
êàíäèäàò ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, âåäóùèé íàó÷-
íûé ñîòðóäíèê ëàáîðàòîðèè äèôôåðåíöèàëüíûõ óðàâíå-
íèé Èíñòèòóòà ìàòåìàòèêè ÌÎÍ ÐÊ Èìàí Áàçàðáåêîâè÷
Áàéñàêàëîâ.

È.Á.Áàéñàêàëîâ ðîäèëñÿ 11 ôåâðàëÿ 1938 ãîäà â ñå-
ëå Øàÿí Àëãàáàññêîãî ðàéîíà Þæíî-Êàçàõñòàíñêîé îá-
ëàñòè. Â 1955 ãîäó îí ïîñòóïèë â Êàçàõñêèé ãîñóäàðñòâåí-
íûé óíèâåðñèòåò èìåíè Ñ.Ì.Êèðîâà è óñïåøíî çàêîí÷èë
åãî â 1960 ãîäó ïî ñïåöèàëüíîñòè "ìàòåìàòèêà". Ñâîé òðó-
äîâîé ïóòü îí íà÷àë â Ñåêòîðå ìàòåìàòèêè è ìåõàíèêè
Àêàäåìèè íàóê ÊàçÑÑÐ ñ äîëæíîñòè ñòàðøåãî ëàáîðàí-
òà. Ñ 1962 ãîäà ïî 1965 îí ó÷èëñÿ â àñïèðàíòóðå ïîä ðó-
êîâîäñòâîì èçâåñòíîãî ó÷åíîãî Â.Â.Øèðîêîðàäà. Â 1967
ãîäó íà îáúåäèíåííîì ó÷åíîì ñîâåòå Îòäåëåíèÿ ôèçèêî-
ìàòåìàòè÷åñêèõ íàóê ÀÍ ÊàçÑÑÐ çàùèòèë êàíäèäàòñêóþ
äèññåðòàöèþ íà òåìó "Î âåðîÿòíîñòè ïîïàäàíèÿ íà äàí-
íîå ìíîæåñòâî àïåêñà òðàåêòîðèè ðåëåéíîé ñèñòåìû ñ ïî-

ìåõîé."
Ñ 1967 ãîäà äî êîíöà ñâîåé æèçíè Èìàí Áàçàðáåêîâè÷ ðàáîòàë â ëàáîðàòîðèè äèôôåðåíöè-

àëüíûõ óðàâíåíèé Èíñòèòóòà ìàòåìàòèêè ÍÀÍ ÐÊ íà äîëæíîñòÿõ ìëàäøåãî, ñòàðøåãî, âåäó-
ùåãî íàó÷íîãî ñîòðóäíèêà.

È.Áàéñàêàëîâ ïî ïðàâó ñ÷èòàåòñÿ îäíèì èç îñíîâàòåëåé íàïðàâëåíèÿ òåîðèè ñòîõàñòè÷å-
ñêîãî îïòèìàëüíîãî óïðàâëåíèÿ â Êàçàõñòàíå. Òðóäû ó÷åíîãî â îáëàñòè òåîðèè óïðàâëåíèÿ è
äèôôåðåíöèàëüíûõ èãð áûëè âûñîêî îöåíåíû â Ñîâåòñêîì Ñîþçå. Îí ðàáîòàë âìåñòå ñ òàêèìè
âèäíûìè ó÷åíûìè êàê àêàäåìèêè Êðàñîâñêèé Í.Í., Îñèïîâ Þ.Ñ., Êóðæàíñêèé À.Á. â Óðàëü-
ñêîì îòäåëåíèè àêàäåìèè íàóê ÑÑÑÐ. Èì ðåøåíà çàäà÷à íàõîæäåíèÿ âåðîÿòíîñòè ïîïàäàíèÿ
íà äàííîå ìíîæåñòâî àïåêñà òðàåêòîðèè ðåëåéíîé ñèñòåìû àâòîìàòè÷åñêîãî ðåãóëèðîâàíèÿ
ïîäâåðæåííîé äåéñòâèþ âíåøíèõ âîçìóùàþùèõ ñèë � ïîìåõ, êîòîðûå èìåþò ñëó÷àéíûé õà-
ðàêòåð. Èññëåäîâàí ïðîöåññ ñëåæåíèÿ çà öåëüþ îïòè÷åñêîé îñè ðàäàðà ïðè èçâåñòíîì óãëå
çàõâàòà íàïðàâëåííîñòè àíòåííû è èçâåñòíûì ñòîõàñòè÷åñêîì çàêîíå ïîÿâëåíèÿ ïîìåõè � ôå-
äèíãà, èìåþùåãî ðàçëè÷íûå ïðîèñõîæäåíèÿ. Îïðåäåëåíà âåðîÿòíîñòü óäåðæàíèÿ öåëè â óãëå
çàõâàòà.

Èì ïðîâåäåíû ãëóáîêèå èññëåäîâàíèÿ, îñíîâàííûå íà ïðàâèëå ýêñòðåìàëüíîãî ïðèöåëèâà-
íèÿ, êàê ðåãóëÿðíûé ñëó÷àé çàäà÷è ïîâåäåíèÿ, ïî íàõîæäåíèþ óñëîâèé ïîãëîùàåìîñòè óêëî-
íÿþùåãî èãðîêà ïðåñëåäóåìûì èãðîêîì, ìîäèôèêàöèè èãðîâûõ çàäà÷ ñ íåïîëíîé èíôîðìàöè-
åé. Íàéäåíû îïòèìàëüíûå óïðàâëåíèÿ àíñàìáëåì òðàåêòîðèé ñòîõàñòè÷åñêîé ñèñòåìû â óñëî-
âèÿõ íåîïðåäåëåííîñòè. Äîêàçàíû òåîðåìû ñóùåñòâîâàíèÿ ðåøåíèé ñòîõàñòè÷åñêèõ âêëþ÷å-
íèé ñïåöèàëüíûõ âèäîâ. Óñòàíîâëåí ïðèíöèï ðàçäåëåíèÿ ñòîõàñòè÷åñêîé çàäà÷è îïòèìàëüíîãî
óïðàâëåíèÿ è íàáëþäåíèÿ â óñëîâèÿõ íåîïðåäåëåííîñòè, ìèíèìàêñíàÿ çàäà÷à óïðàâëåíèÿ äëÿ
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ñòàòèñòè÷åñêè íåîïðåäåëåííûõ ñèñòåì. Â êëàññå ôóíêöèîíàëîâ, èçìåðèìûõ ïî âðåìåíè è çàâè-
ñÿùèõ îò íàáëþäàåìîãî ñèãíàëà, ïîëó÷åíû íåîáõîäèìûå óñëîâèÿ îïòèìàëüíîãî óïðàâëåíèÿ â
âèäå ïðèíöèïà ìàêñèìóìà. Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óïðàâëÿåìîñòè è îöåíêè êîîðäèíàò
â ñòàòèñòè÷åñêè íåîïðåäåëåííûõ ñèòóàöèÿõ ñ íåïðåðûâíûì âðåìåíåì.

È.Á.Áàéñàêàëîâ àêòèâíî ó÷àñòâîâàë â ïîäãîòîâêå âûñîêîêâàëèôèöèðîâàííûõ íàó÷íûõ êàä-
ðîâ. Ïîä åãî ðóêîâîäñòâîì çàùèùåíû òðè êàíäèäàòñêèå äèññåðòàöèè. Îí ÷èòàë ëåêöèè â Êàçàõ-
ñêîì Íàöèîíàëüíîì óíèâåðñèòåòå èìåíè Àëü-Ôàðàáè, Êàçàõñêîì Íàöèîíàëüíîì óíèâåðñèòåòå
èìåíè Ê.È.Ñàòïàåâà, Êàçàõñêîé àêàäåìèè óïðàâëåíèÿ èìåíè Ò.Ðûñêóëîâà.

Èìàí Áàçàðáåêîâè÷ âûñòóïàë ñ íàó÷íûìè äîêëàäàìè íà Ìåæäóíàðîäíûõ êîíôåðåíöèÿõ
(×åõîñëîâàêèÿ, Áîëãàðèÿ), íà Âñåñîþçíûõ êîíôåðåíöèÿõ (Ìîñêâà, Ñâåðäëîâñê,Ñàðàíñê, Èð-
êóòñê, Ñàìàðêàíä, Íîâîñèáèðñê), íà Ðåñïóáëèêàíñêèõ êîíôåðåíöèÿõ. Ñâûøå ñåìèäåñÿòè åãî
íàó÷íûõ òðóäîâ îïóáëèêîâàíû â ðàçëè÷íûõ ïåðèîäè÷åñêèõ èçäàíèÿõ ìåæäóíàðîäíîãî, âñåñî-
þçíîãî è ðåñïóáëèêàíñêîãî çíà÷åíèÿ.

Çà çàñëóãè â îáëàñòè ìàòåìàòèêè è çà âêëàä â åå ðàçâèòèå îí áûë íàãðàæäåí Ïî÷åòíûìè
ãðàìîòàìè è ìåäàëÿìè Ðåñïóáëèêè Êàçàõñòàí.

Ñâåòëûé îáðàç èçâåñòíîãî ó÷åíîãî, çàìå÷àòåëüíîãî ïåäàãîãà, áåñêîðûñòíîãî äðóãà, êàíäèäà-
òà ôèçèêî-ìàòåìàòè÷åñêèõ íàóê Èìàíà Áàçàðáåêîâè÷à Áàéñàêàëîâà íàâñåãäà îñòàíåòñÿ â ïàìÿ-
òè è ñåðäöàõ åãî êîëëåã, äðóçåé è áëèçêèõ.

Êîëëåêòèâ èíñòèòóòà Ìàòåìàòèêè.

Ìàòåìàòè÷åñêèé æóðíàë
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ÌÅÆÄÓÍÀÐÎÄÍÛÉ ÐÎÑÑÈÉÑÊÎ-ÊÀÇÀÕÑÒÀÍÑÊÈÉ
ÑÈÌÏÎÇÈÓÌ

"Óðàâíåíèÿ ñìåøàííîãî òèïà è ðîäñòâåííûå
ïðîáëåìû àíàëèçà è èíôîðìàòèêè"

Ïåðâîå èíôîðìàöèîííîå ñîîáùåíèå
ïîñâÿùåííûé Ãîäó Ðîññèè â Êàçàõñòàíå
è 50-ëåòèþ ñî äíÿ âñòóïëåíèÿ ÐÔ â ÞÍÅÑÊÎ 22�26 ìàÿ 2004ã.,
ï.Ýëüáðóñ, Êàáàðäèíî-Áàëêàðñêàÿ ðåñïóáëèêà, Ðîññèÿ

ÎÐÃÊÎÌÈÒÅÒ ÑÈÌÏÎÇÈÓÌÀ

Ïðåäñåäàòåëü: Íàõóøåâ À.Ì., àêàäåìèê ÀÌ ÀÍ (Íàëü÷èê, Ðîññèÿ);
ñîïðåäñåäàòåëü: Êàëüìåíîâ Ò.Ø., àêàäåìèê ÍÀÍ ÐÊ (Øûìêåíò, Êàçàõñòàí);
çàì.ïðåäñåäàòåëÿ: Åëååâ Â.À., àêàäåìèê ÀÌ ÀÍ (Íàëü÷èê, Ðîññèÿ);
ó÷åíûé ñåêðåòàðü: Êóìûêîâà Ñ.Ê., ê.ô.-ì.í., äîöåíò;

÷ëåíû îðãêîìèòåòà: Àëäàøåâ Ñ.À., ïðîôåññîð (Àëìàòû, Êàçàõñòàí); Âàãàáîâ À.È., ïðî-
ôåññîð (Ìàõà÷êàëà, Ðîññèÿ); Âîëêîäàâîâ Â.Ô., ïðîôåññîð (Ñàìàðà, Ðîññèÿ); Äàíàåâ Í.Ò., ïðî-
ôåññîð (Àëìàòû, Êàçàõñòàí); Äæåíàëèåâ Ì.Ò., ïðîôåññîð (Àëìàòû, Êàçàõñòàí);Æåãàëîâ Â.È.,
ïðîôåññîð (Êàçàíü, Ðîññèÿ);Æåíñûêáàåâ À.À., àêàäåìèê ÍÀÍ ÐÊ (Àëìàòû, Êàçàõñòàí); Çàðó-
áèí À.Í., ïðîôåññîð (Îðåë, Ðîññèÿ); Èâàíîâ Ï.Ì., àêàäåìèê ÀÌÀÍ (Íàëü÷èê, Ðîññèÿ); Èëüèí
Â.À., àêàäåìèê ÐÀÍ (Ìîñêâà, Ðîññèÿ); Êàðàìóðçîâ Á.Ñ., ïðîôåññîð (Íàëü÷èê, Ðîññèÿ); Êå-
ðåôîâ À.À., ÷ëåí-êîðð. ÀÌ ÀÍ (Íàëü÷èê, Ðîññèÿ); Êîæàíîâ À.È., ïðîôåññîð (Íîâîñèáèðñê,
Ðîññèÿ); Êî÷êàðîâ À.Ì., ïðîôåññîð (×åðêåññê, Ðîññèÿ); Êóñðàåâ À.Ã., ïðîôåññîð (Âëàäèêàâ-
êàç, Ðîññèÿ); Ìîèñååâ Å.È., àêàäåìèê ÐÀÍ (Ìîñêâà, Ðîññèÿ); Îòåëáàåâ Ì.Î., àêàäåìèê ÍÀÍ
ÐÊ (Àñòàíà, Êàçàõñòàí), Îøõóíîâ Ì.Ì., àêàäåìèê ÀÌ ÀÍ (Íàëü÷èê, Ðîññèÿ); Ïðèëåïêî À.È.,
ïðîôåññîð (Ìîñêâà, Ðîññèÿ); Ðåïèí Î.À., ïðîôåññîð (Ñàìàðà, Ðîññèÿ); Ñàáèòîâ Ê.Á., ïðîôåñ-
ñîð (Ñòåðëèòàìàê, Ðîññèÿ); Ñàçîíîâ Â.Ã., ïðîôåññîð (Âëàäèêàâêàç, Ðîññèÿ); Ñîëäàòîâ À.Ï.,
ïðîôåññîð (Âåëèêèé Íîâãîðîä, Ðîññèÿ); Ñóëòàíãàçèí Ó.Ì., àêàäåìèê ÍÀÍ ÐÊ (Àëìàòû, Êà-
çàõñòàí), Ñóõèíîâ À.È., ïðîôåññîð (Òàãàíðîã, Ðîññèÿ); Õà÷åâ Ì.Ì., ÷ëåí-êîðð. ÀÌ ÀÍ (Íàëü-
÷èê, Ðîññèÿ); Øõàíóêîâ-Ëàôèøåâ Ì.Õ., àêàäåìèê ÀÌ ÀÍ (Íàëü÷èê, Ðîññèÿ).

ÒÅÌÀÒÈÊÀ ÑÈÌÏÎÇÈÓÌÀ

Ñåêöèÿ 1. Óðàâíåíèÿ ñìåøàííîãî òèïà è ðîäñòâåííûå ïðîáëåìû äðîáíîãî èñ÷èñëåíèÿ è
ôðàêòàëüíîãî àíàëèçà

Ñåêöèÿ 2. Ìàòåìàòè÷åñêîå è èíôîðìàöèîííîå ìîäåëèðîâàíèå íåëîêàëüíûõ ïðîöåññîâ è
ñèñòåì ñ ïàìÿòüþ.

Äëÿ ó÷àñòèÿ â ðàáîòå ñèìïîçèóìà íåîáõîäèìî ïðåäñòàâèòü çàÿâêó íà ó÷àñòèå, ìàòåðèàëû
äîêëàäà è ýêñïåðòíîå çàêëþ÷åíèå.
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ÇÀßÂÊÀ ÍÀ Ó×ÀÑÒÈÅ

1. Ôàìèëèÿ, èìÿ, îò÷åñòâî
2. Íàçâàíèå îðãàíèçàöèè
3. Äîëæíîñòü, ó÷åíàÿ ñòåïåíü
4. Ãîä ðîæäåíèÿ
5. Àäðåñ äëÿ ïåðåïèñêè
6. Òåëåôîí, E-mail
7. Âèä äîêëàäà (ïëåíàðíûé � 30 ìèí., ñåêöèîííûé � 15 ìèí.) è íîìåð ñåêöèè
Âñå ïîçèöèè çàïîëíÿþòñÿ ïîëíîñòüþ.
Çàÿâêè ïðåäîñòàâëÿþòñÿ â ýëåêòðîííîì è ïå÷àòíîì âàðèàíòàõ.

ÌÀÒÅÐÈÀËÛ ÄÎÊËÀÄÀ

Îáúåì äîêëàäà � íå áîëåå 3 ñòðàíèö ôîðìàòà À4, íàáðàííûõ ñ èñïîëüçîâàíèåì ïàêåòà
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ÐÅÔÅÐÀÒÛ � ABSTRACTS

ÓÄÊ: 517.956.3 2000 MSC: 35L20, 35L70
Asanova A.T. On boundary value problem for system of quasi-linear hyperbolic

equations // Mathematical journal. 2004. Vol. 4. No. 1 (11). P.5�11.
The nonlocal boundary value problem for system of quasi-linear hyperbolic equations of second

order is considered. The coe�cient condition of existence of a unique classical solution of the problem
are established and the solution algorithm is proposed.

References � 15.

ÓÄÊ: 517.956.3 2000 MSC: 35L20, 35L70
Àñàíîâà À.Ò. Êâàçèñûçû©òû ãèïåðáîëàëû© òå­äåóëåð æ³éåñi ³øií øåòòiê åñåï

òóðàëû// Ìàòåìàòèêàëû© æóðíàë. 2004. Ò. 4. � 1 (11). Á.5�11.
Åêiíøi ðåòòi êâàçèñûçû©òû ãèïåðáîëàëû© òå­äåóëåð æ³éåñi ³øií áåéëîêàë øåòòiê åñåï

©àðàñòûðûëàäû. Çåðòòåëiï îòûð¡àí åñåïòi­ æàë¡ûç êëàññèêàëû© øåøiìiíi­ áàð áîëóûíû­ êî-
ýôôèöèåíòòiê øàðòòàðû òà¡àéûíäàë¡àí æºíå îíû òàáó àëãîðèòìi ´ñûíûë¡àí.

Áèáë. � 15.

ÓÄÊ: 517.9 2000 MSC: 49J20, 49K20
Akhmetova A. U. On stabilization of periodical control systems // Mathematical journal.

2004. Vol. 4. No. 1 (11). P.12�16.
For nonlinear periodical system formed by the principle of linear inverse connection the stabilizer

control of uninterrupted type is obtained as well as e�ectively tested su�cient condition of stabili-
zation.

References � 7.

ÓÄÊ: 517.9 2000 MSC: 49J20, 49K20
Àõìåòîâà À. �. Áàñ©àðóäû­ ïåðèîäòû æ³éåëåðií ©àëûï©à êåëòiðó òóðàëû//

Ìàòåìàòèêàëû© æóðíàë. 2004. Ò. 4. � 1 (11). Á.12�16.
Ñûçû©òû êåði áàéëàíûñ ©à¡èäàñû áîéûíøà ©´ðûë¡àí, ñûçû©òû åìåñ ïåðèîäòû æ³éåäå

³çiëiññiç òèïòi ©àëûï©à êåëòiðåòií áàñ©àðóëàð òàáûë¡àí. �àëûïòûëû© ³øií î­àé æºíå òèiìäi
òåêñåðiëåòií æåòêiëiêòi øàðòòàð àëûí¡àí.

Áèáë. � 7.
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ÓÄÊ: 517.5 2000 MSC: 41A45, 26B40
Bazarkhanov D.B. On best N-term wavelet approximation in mixed norm // Mathe-

matical journal. 2004. Vol. 4. No. 1 (11). P.17�20.
Here we obtain that a multiple wavelet system is unconditional basis for Lebesgue spaces with

mixed norm as well as existence of element of best N-term approximation with respect to that system
for any function in those spaces.

References � 6.

ÓÄÊ: 517.5 2000 MSC: 41A45, 26B40
Áàçàðõàíîâ Ä.Á. Àðàëàñ íîðìàäà òîë©ûíøàëàðìåí å­ òèiìäi N-ì³øåëi æóû©òà-

óëàð òóðàëû// Ìàòåìàòèêàëû© æóðíàë. 2004. Ò. 4. � 1 (11). Á.17�20.
Á³ë ìà©àëàäà òîë©ûíøàëàð åñåëi æ³éåñi àðàëàñ íîðìàëû Ëåáåã êå­iñòiêòåðiíäå øàðòñûç

áàçèñ áîëàòûíäû¡û àíû©òàë¡àí. Ñîíûìåí ©àòàð îñû êå­iñòiêòåðäi­ êåç êåëãåí ôóíêöèÿñû ³øií
îñû æ³éåãå ñºéêåñ å­ òèiìäi N-ì³øåëi æóû©òàó ýëåìåíòiíi­ áàð åêåíäiãi ê°ðñåòiëãåí.

Áèáë. � 6.

ÓÄÊ: 517.95 2000 MSC: 35J25, 35C05, 35B40
Bizhanova G.I. On the asymptotic solutions of the boundary value problems for the

elliptic equations in a half-space, I// Mathematical journal. 2004. Vol. 4. No. 1 (11). P.21�32.
The solutions in the explicit form of the Dirichlet and with directional derivative problems for the

second order elliptic equations in a half-space xn > 0 are obtained. There are derived the formulas
establishing the asymptotic behavior of the Dirichlet problem as |x| → ∞.

References � 9.

ÓÄÊ: 517.95 2000 MSC: 35J25, 35C05, 35B40
Áèæàíîâà Ã.È. Æàðòûëàé êå­iñòiêòåãi ýëëèïñòiê òå­äåóëåðäi­ øåòòiê åñåïòåðiíi­

àñèìïòîòèêàëû© øåøiìäåði òóðàëû, I// Ìàòåìàòèêàëû© æóðíàë. 2004. Ò. 4. � 1 (11).
Á.21�32.

Åkiíøi ðåòòi ýëëèïñòiê òå­äåó óøií xn > 0 æàðòûëàé êå­iñòiãiíäå ê°ëáåó òóûíäûëû æºíå
Äèðèõëå åñåïòåðåíi­ àé©ûí òóðäå øåøiìi ò³ð¡ûçûëäû. Äèðèõëå åñåáiíi­ øåøiìiíi­ |x| → ∞
àñèìïòîòèêàëû© òºðòiái­ òà¡àéûíäàéòûí ôîðìóëà àëàíäû.

Áèáë. � 9.

ÓÄÊ: 517.9 2000 MSC: 42A10
Bopayev K.B. The normal form of nonlinear di�erence-dynamic system. II// Mathe-

matical journal. 2004. Vol. 4. No. 1 (11). P.33�40.
The methods of continuous normalization by parameter of nonlinear DDS are considered in this

paper. The problem of normalization is solved in the class of invertible transformations represented
by formal kinds with continuous and bounded coe�cients. Continuous normal form consisting of
irregular classes is constructed for non-autonomous systems with parameter and Jordan matrix of
linear approximation.

References � 4.
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ÓÄÊ: 517.9 2000 MSC: 42A10
Áîïàåâ Ê.Á. Ñûçû©òû©åìåñ àéûðûìäû-äèíàìèêàëû© æ³éåíi­ ©àëûïòû ò³ði//

Ìàòåìàòèêàëû© æóðíàë. 2004. Ò. 4. � 1 (11). Á.33�40.
Á´ë æ´ìûñòû­ìà©ñàòû ñûçû©òû© åìåñ àéûðûìäû-äèíàìèêàëû© æ³éåíi­ ïàðàìåòð áîé-

ûíøà óçiëiåñiç íîðìàëèçàöèÿëàí¡àí æ³éåñiíi­ ºäiñií òàëäàóäàí ò´ðàäû.
Á´ë åñåï ïàðàìåòð áîéûíøà æºíå äiñêðåòòi àéíûìàëû êîýôôèöèåíòòåð áîéûíøà ³çiëiññiç

æºíå øåêòåëãåí ôîðìàëäi ©àòàðëàð ò³ðiíäå, ©éòûìäû ò³ðëåíäiðó êëàññûíäà (íîëäi­ àéìà¡ûí-
äà) øåøiëåäi.

Ñûçäû©òû© æóû©òàóäû­ ïàðàìåòðëi æîðäàí ìàòðèöàñû áàð àâòîíîìäû åìåñ æ³éåñi ³øií
òåê ðåãóëÿðëû© åìåñ ì³øåëåðäåí ò´ðàòûí ³çiëiññiç íîðìàë ò³ði ©´ðûë¡àí. �çiëiññiç ïàðàìåòð-
äåí òºóåëäi äóçëiê ïåðèîäòû æºíå àâòîíîìäû æ³éå ³øií íîðìàëèçàöèÿëàó ïðîöåññi æàçûë¡àí.

Áèáë. � 4.

ÓÄÊ: 519.624 2000 MSC: 34B08
Dzhumabaev D.S., Minglibaeva B.B. Correct solvability of linear two-point boundary-

value problem with parameter// Mathematical journal. 2004. Vol. 4. No. 1 (11). P.41�51.
The criteria of correct solvability of boundary-value problem with parameter are established in

the terms of matrix Q̃ν(h) constructed by right part of di�erential equation and boundary condition.
The recurrent formulas to �nd the elements of the matrix Q̃ν(h) are obtained.

References � 25.

ÓÄÊ: 519.624 2000 MSC: 34B08
Æ´ìàáàåâ Ä.Ñ., Ìèíãëèáàåâà Á.Á. Ïàðàìåòði áàð ñûçû©òû ©îñ í³êòåëi øåòòiê

åñåïòi­ êîððåêòiëi øåøiëiìäiãi// Ìàòåìàòèêàëû© æóðíàë. 2004. Ò. 4. � 1 (11). Á.41�51.
Äèôôåðåíöèàëäû© òå­äåóäi­ î­ æà¡û æºíå øåêàðàëû© øàðò áîéûíøà ©´ðàñòûðûëàòûí

Q̃ν(h) ìàòðèöàñû òåðìèíiíäå ïàðàìåòðëi øåòòiê åñåïòi­ êîððåêòi øåøiëiìäiãiíi­ áåëãiëåði òà-
¡àéûíäàë¡àí. [Q̃ν(h)]−1 ìàòðèöàñû ýëåìåíòòåðií òàáóäû­ ðåêóððåíòòi ôîðìóëàëàðû àëûí¡àí.

Áèáë. � 25.

ÓÄÊ: 532.526 2000 MSC: 76F40
Makasheva A.P. Numerical calculations of turbulent jet �ows in the channels//

Mathematical journal. 2004. Vol. 4. No. 1 (11). P.52�61.
Numerical investigation of current system of the supersonic turdulent jets, spreading in the

stream with partly limited region has been done. The solutions are obtained by the splitting method
using the matrix sweep method for parabolized Navier-Stokes equation. The three-dimensional �ow
features depending on Macy numbers of jet and � ow are revealed.

References � 8.

ÓÄÊ: 532.526 2000 MSC: 76F40
Ìà©àøåâà À.Ï. Êàíàëäà¡û òóðáóëåíòòiê à¡ûíøàëàðäà¡û ñàíäû© åñåïòåóëåð//

Ìàòåìàòèêàëû© æóðíàë. 2004. Ò. 4. � 1 (11). Á.52�61.
Æàðòûëàé ©îðøàë¡àí îðòàäà òàðàëàòûí äûáûñ æûëäàìäû¡ûíàí æî¡àðû òóðáóëåíòòiê

à¡ûíøàëàðäû­ åðåêøåëiêòåði ñàíäû© çåðòòåëäi. Ïàðàáîëàëû© Íàâüå-Ñòîêñ òå­äåóëåð æ³é-
åñiíi­ øåøiìi ìàòðèöàëû© ïðîãîíêàíû ïàéäàëàíûï òàáûëäû. À¡ûíøà ìåí à¡ûíäà¡û Ìàõ ñàí-
äàðûíû­ êå­iñò©òåãi à¡ûñ©à ºñåð åòó åðåêøåëiêòåði àé©ûíäàëäû.
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Áèáë. � 8.

ÓÄÊ: 517.9 2000 MSC: 37C05, 39A05, 65P30
Pankratova I.N. One-Dimensional Representations of Many-Dimensional Analogy of

Nonli- near Logistic Di�erence Equation// Mathematical journal. 2004. Vol. 4. No. 1 (11).
P.62�65.

One-dimensional representations of a map given by many-dimensional analogy of nonlinear
logistic di�erence equation with arbitrary matrix of parameters are obtained.

References � 6.

ÓÄÊ: 517.9 2000 MSC: 37C05, 39A05, 65P30
Ïàíêðàòîâà È.Í. Áåéñûçû© ëîãèñòèêàëû© àéûðûìäû© òå­äåóäi­ ê°ï°ëøåìäi

òºðiçäåñòiãiíi­ áið °ëøåìäi êåéiïòåëói// Ìàòåìàòèêàëû© æóðíàë. 2004. Ò. 4. � 1 (11).
Á.62�65.

Ïàðàìåòðëåðäi­ åðêií ìàòðèöàñû áàð áåéñûçû© ëîãèñòèêàëû© àéûðûìäû© òå­äåóäi­ áåðië-
ãåí ê°ï°ëøåìäi òºðiçäåñòiãiíi­ áið °ëøåìäi êåéiïòåëóiíi­ áåéíåñi áåðiëãåí.

Áèáë. � 6.

ÓÄÊ: 519.2 2000 MSC: 62F03, 65C05
Ïÿ Í. Çàìå÷àíèå î íåêîòîðûõ ìîäèôèöèðîâàííûõ êðèòåðèÿõ ñîãëàñèÿ õè-

êâàäðàò//Ìàòåìàòè÷åñêèé æóðíàë. 2004. Ò. 4. � 1 (11).C.66�72.
Â äàííîé ñòàòüå ðàññìàòðèâàþòñÿ äâå ìîäèôèöèðîâàííûå õè-êâàäðàò ñòàòèñòèêè (Íèêó-

ëèíà-Ðàî-Ðîáñîíà è Ìèðâàëèåâà) äëÿ ýêñïîíåíöèàëüíîãî ñåìåéñòâà ðàñïðåäåëåíèÿ. Ïîêàçà-
íî, êîòîðûå ðàâíû. Èçâåñòíî, ÷òî ïîëó÷åíèå îöåíîê ìàêñèìàëüíîãî ïðàâäîïîäîáèÿ äëÿ ëî-
ãèñòè÷åñêîãî ðàñïðåäåëåíèÿ â ÿâíîì âèäå âûçûâàåò áîëüøèå òðóäíîñòè. Â ýòîì ñëó÷àå ìîæ-
íî èñïîëüçîâàòü èòåðàöèîííûé ìåòîä (ïðåäëîæåííûé Ôèøåðîì) óëó÷øåíèÿ íåýôôåêòèâíûõ
îöåíîê, ïîëó÷åííûõ ïî ìåòîäó ìîìåíòîâ. Ýòîò ìåòîä áûë ïðèìåíåí äëÿ ñòàòèñòèêè Íèêóëè-
íà-Ðàî-Ðîáñîíà, îñíîâàííîé íà êëàññàõ Íåéìàíà-Ïèðñîíà ïðè ïðîâåðêå ñëîæíîé ãèïîòåçû î
ëîãèñòè÷åñêîì ðàñïðåäåëåíèè. Ïðîâåäåíî ñðàâíåíèå ìîùíîñòåé êðèòåðèåâ ñîãëàñèÿ, îñíîâàí-
íûõ íà ýìïèðè÷åñêîé ôóíêöèè ðàñïðåäåëåíèÿ, òàêèõ êàê, ñòàòèñòèêè Êîëìîãîðîâà-Ñìèðíîâà,
Àíäåðñîíà-Äàðëèíãà è Êðàìåðà-Ôîí Ìèçåñà, ñ âûøåóïîìÿíóòîé ñòàòèñòèêîé òèïà õè-êâàäðàò.

Èñòî÷íèêè � 13.

ÓÄÊ: 519.2 2000 MSC: 62F03, 65C05
Ïÿ Í. Êåéáið ò³ðëåíäiðiëãåí õè�êâàäðàò êðèòåðèÿëàðäûí êåëiñiìi òóðàëû åñ-

êåðòó. // Ìàòåìàòèêàëû© æóðíàë. 2004. Ò. 4. � 1 (11). Á.66�72.
Á´ë ìà©àëàäû ³ëåñòiðóäi­ ýêñïîíåíöèàëäû ò³ði åëi ìëäèôèêàöèÿëàí¡àí õè-êâàäðàò ñòàòè-

ñòèêàñû (Íèêóëèí-Ðàî-Ðîáñîí ìåí Ìèðâàëèåâ) ©àðàñòûðûëàäû. Ñòàòèñòèêàíû­ ìºëiìåòòåði
ñºòòåð ºäiñi áîéûíøà áà¡àëàó ñºéêåñòåíäiðiëãåíäå °çàðà òåïå-òå­ åêåíäiãi ê°ðñåòiëãåí. À©è©àò
ò³ðiíäåãi ëîãèñòèêàëû© ³ëåñòåðó ³øií ìàêñèìàëäû øûíàéûëû© áà¡àëàó¡à æåòó ³ëêåí ©èûí-
äû©òàð òóäûðàòûíû áåëãiëi. Ì³íäàé æà¡äàéäà ñºòòåð ºäiñi áîéûíøà àëûí¡àí òèiìñiç áà¡àëà-
óëàðäû æà©ñàðòó ºäiñií (Ôèøåðìåí ³ñûíûë¡àí) ëîãèñòèêàëû© ³ëåñòiðó ò³ðàëû ê³ðäåëi ãèïî-
òåçàíû òåêñåðóäå Íåéìàí-Ïèðñàí êëàññûíà íåãiçäåëãåí Íèêóëèí - Ðàî - Ðîáñîí ñòàòèñòèêàñû
³øií ©îëäàíó¡à áîëàäû. Êîëìàãîðîâ - Ñìèðíîâ, Àíäåðñîí - Äàðëèíã æºíå Êðàìåð - Âîí - Ìèññ
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ñòàòèñòèêàñû ñèÿ©òû ³ëåñòiðóäi­ ýìïèðèêàëû© ôóíêöèÿñûíà íåãiçäåëãåí ñòàòèñòèêàëàðäû õè-
êâàäðàò ñòàòèñòèêàñûìåí, êåëiñiìíi­ êðèòåðèéëåðiíi­ ê³øòiëiãií ñàëûñòûðó æ³ðèçiëãåí.

Áèáë. � 13.

ÓÄÊ: 517.624.3 2000 MSC: 34B15
Temesheva S.M. On necessary and su�cient conditions of existence of nonlinear

two-points boundary value problems isolated solution// Mathematical journal. 2004. Vol. 4.
No. 1 (11). P.73�83.

Nonlinear ordinary di�erential equation with nonlinear two-point boundary-value problem is
investigated by parameterization's method. The necessary and su�cient conditions of existence of
considering problem isolated solution are established in the term of righthand side of the di�erential
equation and the boundary condition.

References � 13.

ÓÄÊ: 517.624.3 2000 MSC: 34B15
Òåìåøåâà Ñ.Ì. Èíòåðâàëû áið©àëûïòû åìåñ á°ëãåíäå åêi í³êòåëi øåòòiê åñåái-

íèi­ áiðìºíäi øåøiëóiíi­ áåëãiñi // Ìàòåìàòèêàëû© æóðíàë. 2004. Ò. 4. � 1 (11). Á.73�83.
Æºé äèôôåðåíöèàëäû© òå­äåóëåð ³øií åêi í³êòåëi øåêòiê åñåái ©àðàñòûðûëàäû. Á°ëøåê-

òåó ©àäàìû áið ©àëûïòû åìåñ ïàðàìåòðëåó ºäiñiìåí áið ìºíäi øåøiëiìäiãiíi­ ©àæåòòi æºíå
æåòêiëiêòi øàðòòàðû àëûí¡àí.

Áèáë. � 13.
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ÏÐÀÂÈËÀ ÎÔÎÐÌËÅÍÈß ÑÒÀÒÅÉ
Ñòàòüè, íàïðàâëÿåìûå â "Ìàòåìàòè÷åñêèé æóðíàë", äîëæíû óäîâëåòâîðÿòü ñëå-

äóþùèì òðåáîâàíèÿì:

1. Ñòàòüÿ ìîæåò áûòü ïðåäñòàâëåíà â ïîëíîì îáúåìå èëè â âèäå êðàòêîãî ñîîáùåíèÿ
íà ðóññêîì èëè àíãëèéñêîì ÿçûêàõ.

2. Ñòàòüÿ ïðåäñòàâëÿåòñÿ â äâóõ ýêçåìïëÿðàõ è ÿâëÿåòñÿ îðèãèíàëîì äëÿ ïå÷àòè.
Â ëåâîì âåðõíåì óãëó íåîáõîäèìî óêàçàòü èíäåêñ ÓÄÊ, äàëåå íàçâàíèå ñòàòüè è
ôàìèëèè àâòîðîâ ïî àëôàâèòó.

3. Ê ñòàòüå ïðèëàãàþòñÿ â äâóõ ýêçåìïëÿðàõ íà êàçàõñêîì, ðóññêîì è àíãëèéñêîì
ÿçûêàõ (äëÿ ñòàòüè íà àíãëèéñêîì ÿçûêå òîëüêî íà àíãëèéñêîì): íàçâàíèå ñòàòüè;
ôàìèëèè è èíèöèàëû àâòîðîâ; êëþ÷åâûå ñëîâà; àâòîðåôåðàò ñ óêàçàíèåì èíäåêñà
2000 Mathematics Subject Classi�cation.

4. Êðîìå òâåðäûõ êîïèé íåîáõîäèìî ïðåäñòàâèòü â ðåäàêöèþ äèñêåòó ñ ïîäãîòîâëåí-
íûì â LATEX tex-ôàéëîì ñòàòüè èëè ïåðåñëàòü åãî ýëåêòðîííîé ïî÷òîé e-mail:
journal@math.kz (ñì. îáðàçåö îôîðìëåíèÿ ñòàòüè â http://www.math.kz/ â
ðàçäåëå "Ìàòåìàòè÷åñêèé æóðíàë").

5. Îáúåì ñòàòåé (ñòàíäàðòíûé ôîðìàò â LATEX) íå äîëæåí ïðåâûøàòü 10 æóðíàëüíûõ
ñòðàíèö (íå áîëåå 20 ìàøèíîïèñíûõ ñòð. ÷åðåç 2 èíòåðâàëà), êðàòêèå ñîîáùåíèÿ
� 3 æóðíàëüíûå ñòðàíèöû (íå áîëåå 6 ìàøèíîïèñíûõ ñòð. ÷åðåç 2 èíòåðâàëà).
Îáúåì ðåôåðàòà � íå áîëåå 1/4 ñòð. (0,5 ìàøèíîïèñíîé ñòð.).

6. Íóìåðîâàííûå ôîðìóëû ñëåäóåò ïèñàòü â îòäåëüíîé ñòðîêå.

7. Ñïèñîê ëèòåðàòóðû ñîñòàâëÿåòñÿ ïî ïîðÿäêó ññûëîê â òåêñòå. Ïðè ññûëêå íà ìî-
íîãðàôèþ íåîáõîäèìî óêàçàòü ñòðàíèöó (íàïðèìåð, [1, ñ.45]). Ññûëêè íà íåîïóá-
ëèêîâàííûå ðàáîòû íå äîïóñêàþòñÿ. Ñïèñîê ëèòåðàòóðû ïðèâîäèòñÿ â ñëåäóþùåì
âèäå.

Öèòèðîâàííàÿ ëèòåðàòóðà

(a) Ôèëèïïîâ À.Ô.Äèôôåðåíöèàëüíûå óðàâíåíèÿ ñ ðàçðûâíîé ïðàâîé ÷àñ-
òüþ. Ì., 1985. (äëÿ ìîíîãðàôèé)

(b) Ìåëüíèêîâ À.Â.// Óñïåõè ìàòåì.íàóê. 1996. Ò 51, âûï. (èëè �) 8. Ñ. 61 �
69.

(c) Kato J.// Proceedings of World Congress of Nonlinear Analysis. Nampa. 1992.
P. 57 � 61.

8. Ñòàòüÿ äîëæíà áûòü ïîäïèñàíà âñåìè àâòîðàìè. Â êîíöå ñòàòüè íåîáõîäèìî óêà-
çàòü îðãàíèçàöèþ, îò êîòîðîé íàïðàâëåíà ñòàòüÿ, è e-mail (ïðè íàëè÷èè).

9. Ñëåäóåò òàêæå îòäåëüíî ïðåäñòàâèòü ñëåäóþùèå ñâåäåíèÿ: Ô.È.Î.(ïîëíîñòüþ),
ìåñòî ðàáîòû, äîëæíîñòü, àäðåñà è òåëåôîíû (ñëóæ. è äîì.), à òàêæå e-mail (ïðè
íàëè÷èè).

Ðåäàêöèÿ îñòàâëÿåò çà ñîáîé ïðàâî íà îòêëîíåíèå ñòàòüè, åñëè åå ñîäåðæàíèå è
îôîðìëåíèå íå îòâå÷àþò òðåáîâàíèÿì æóðíàëà.
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