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ÄÈÔÔÅÐÅÍÖÈÀËÜÍÀß ÀËÃÅÁÐÀ ÁÈÊÂÀÒÅÐÍÈÎÍÎÂ.
ÎÁÎÁÙÅÍÍÛÅ ÐÅØÅÍÈß ÁÈÂÎËÍÎÂÛÕ ÓÐÀÂÍÅÍÈÉ.2

Ë. À. Àëåêñååâà

Èíñòèòóò Ìàòåìàòèêè ÌÎèÍ ÐÊ
050010 Àëìàòû Ïóøêèíà, 125 alexeeva@math.kz

Ðàññìàòðèâàåòñÿ ôóíêöèîíàëüíîå ïðîñòðàíñòâî áèêâàòåðíèîíîâ íà ïðîñòðàíñòâå Ìèíêîâñêîãî. Ñ
ââåäåíèåì äèôôåðåíöèàëüíûõ îïåðàòîðîâ � áèãðàäèåíòîâ ðàññìîòðåíû áèêâàòåðíèîííûå âîëíî-
âûå (áèâîëíîâûå) óðàâíåíèÿ è èõ îáîáùåííûå ðåøåíèÿ. Ðàññìîòðåíû óäàðíûå âîëíû è óñëîâèÿ
íà èõ ôðîíòàõ. Ïîñòðîåíû îáîáùåííûå ðåøåíèÿ óðàâíåíèÿ â ñëó÷àÿõ ñòàöèîíàðíûõ êîëåáàíèé è
ñòàòè÷åñêîì, õàðàêòåðíîì äëÿ çàäà÷ òåîðèè ïîëÿ. Â êà÷åñòâå ïðèìåðà ðàññìîòðåíû áèâîëíîâîå
óðàâíåíèå, ýêâèâàëåíòíîå ñèñòåìå óðàâíåíèé Ìàêñâåëëà, è åãî îáîáùåííûå ðåøåíèÿ.

1. Áèãðàäèåíòû è áèâîëíîâîå óðàâíåíèå. Ðàññìîòðèì ÷àñòíûå ñëó÷àè äèôôåðåíöè-
àëüíûõ îïåðàòîðîâ, õàðàêòåðíûå äëÿ çàäà÷ ìàòåìàòè÷åñêîé ôèçèêè, íî áóäåì ðàññìàòðèâàòü
èõ íà ïðîñòðàíñòâå îáîáùåííûõ áèêâàòåðíèîíîâ B̂(M) íà ïðîñòðàíñòâå Ìèíêîâñêîãî M [1].

Â [1] ââåäåíû äèôôåðåíöèàëüíûå îïåðàòîðû � âçàèìíûå êîìïëåêñíûå ãðàäèåíòû (áèãðàäè-
åíòû):

∇+ = ∂τ + i∇, ∇− = ∂τ − i∇,

ãäå ∂τ = ∂/∂τ , ∇ = grad = (∂1, ∂2, ∂3) . Èõ äåéñòâèå íà Ê îïðåäåëåíî êàê â àëãåáðå êâàòåðíèî-
íîâ: (ñîîòâåòñòâåííî çíàêàì)

∇±F = (∂τ ± i∇) ◦ (f + F ) = (∂τf ∓ i (∇, F ))± ∂τF ± i∇f ± i[∇, F ]

èëè â òðàäèöèîííîé çàïèñè:

∇±F = (∂τf ∓ i div F )± ∂τF ± igrad f ± i rot F.

Ëåãêî ïðîâåðèòü, ÷òî âîëíîâîé îïåðàòîð ¤ ïðåäñòàâèì â âèäå ñóïåðïîçèöèè:

¤ =
∂2

∂τ2
−4 = ∇− ◦ ∇+ = ∇+ ◦ ∇−.

Keywords: Algebra, biquaternion, bigradient, biwave equation, generalized solution, shock waves, Lorenz
transformation, stationary vibration, Maxwell equation, vector �eld potentials

2010 Mathematics Subject Classi�cation: 46S10
c
 Ë. À. Àëåêñååâà, 2010.
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Çäåñü 4 - òðåõìåðíûé îïåðàòîð Ëàïëàñà
Èñïîëüçóÿ ýòî ñâîéñòâî, ìîæíî ñòðîèòü ÷àñòíûå ðåøåíèÿ äèôôåðåíöèàëüíûõ áèêâàòåðíè-

îííûõ óðàâíåíèé íà B(M) âèäà:

∇±K(τ, x) = G(τ, x), (1)

êîòîðîå íàçîâåì äëÿ êðàòêîñòè áèâîëíîâûì óðàâíåíèåì. À ðåøåíèÿ ýòîãî óðàâíåíèÿ áóäåì
íàçûâàòü ± áèïîòåíöèàëàìè G .

Â [1] ïîêàçàíî, ÷òî ïðè îáîáùåííûõ ïðåîáðàçîâàíèÿõ Ëîðåíöà áèâîëíîâûå óðàâíåíèÿ ñî-
õðàíÿþò âèä.

2. Îáîáùåííûå ðåøåíèÿ áèâîëíîâîãî óðàâíåíèÿ. Åñëè âçÿòü âçàèìíûé áèãðàäèåíò
â (1) ñîîòâåòñòâåííî çíàêó, òî ïîëó÷èì âîëíîâîå óðàâíåíèå:

¤K̂ = ∇∓Ĝ. (2)

Òåîðåìà 2.1. Îáîáùåííûì ðåøåíèåì áèâîëíîâîãî óðàâíåíèÿ (15) ÿâëÿåòñÿ ñâåðòêà:

K̂ = ∇∓Ĝ ∗ ψ,

ãäå ψ(τ, x) � ôóíäàìåíòàëüíîå ðåøåíèå âîëíîâîãî óðàâíåíèÿ:

¤ψ = δ(τ)δ(x).

Äîêàçàòåëüñòâî. Çäåñü â ïðàâîé ÷àñòè ñòîÿò ñèíãóëÿðíûå δ -ôóíêöèè. Äåéñòâèòåëüíî,
èñïîëüçóÿ àññîöèàòèâíîñòü è ñâîéñòâî äèôôåðåíöèðîâàíèÿ ñâåðòêè, ïîëó÷èì

∇±K̂ = ∇±∇∓
(
Ĝ ∗ ψ

)
= ¤

(
Ĝ∗ψ

)
= Ĝ∗¤ψ = Ĝ ∗ δ(τ)δ(x) = Ĝ.

Ôóíäàìåíòàëüíûå ðåøåíèÿ îïðåäåëÿþòñÿ ñ òî÷íîñòüþ äî ðåøåíèé îäíîðîäíîãî âîëíîâîãî
óðàâíåíèÿ. Äëÿ çàäà÷ ñ íà÷àëüíûìè ïî âðåìåíè óñëîâèÿìè â êà÷åñòâå ôóíäàìåíòàëüíîãî ðå-
øåíèÿ óäîáíî èñïîëüçîâàòü ïðîñòîé ñëîé íà ñâåòîâîì êîíóñå τ = ‖x‖ :

ψ = (4π ‖x‖)−1δ(τ − ‖x‖), (3)

êîòîðûé íàçîâåì âîëíîâîé ôóíêöèåé.
Òåîðåìà 2.2. Ïðè G = 0 ðåøåíèå îäíîðîäíîãî áèâîëíîâîãî óðàâíåíèÿ èìååò âèä :

K0 = ∇∓{C0ψ0(τ, x)}, (4)

ãäå C0 � ëþáîé ïîñòîÿííûé áèêâàòåðíèîí, à ψ0(τ, x) � ðåøåíèå îäíîðîäíîãî âîëíîâîãî óðàâ-
íåíèÿ:

¤ψ0 = 0,

ëèáî ïðåäñòàâèìî â âèäå ñóììû ðåøåíèé ïîäîáíîãî âèäà.
Äîêàçàòåëüñòâî. Î÷åâèäíî, ÷òî

∇±K0 = ∇±∇∓{C0ψ0(τ, x)} = ¤{C0ψ0(τ, x)} = {¤ψ0(τ, x)}C0 = 0.

Ò.å. K0 ÿâëÿåòñÿ ðåøåíèåì.
Îáðàòíî, åñëè K0 � ðåøåíèå áèâîëíîâîãî óðàâíåíèÿ, òîãäà êàæäàÿ êîìïîíåíòà ÿâëÿåòñÿ

ðåøåíèåì îäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ. Ïîýòîìó åãî ìîæíî ïðåäñòàâèòü â âèäå C0ψ0(τ, x)
èëè ðàçëîæèòü â ñóììó 4-õ òàêèõ áèïîòåíöèàëîâ äëÿ êàæäîé êîìïîíåíòû ñ ðàçíûìè ðåøåíè-
ÿìè îäíîðîäíîãî âîëíîâîãî óðàâíåíèÿ.

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 3 (37)
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3. Óäàðíûå âîëíû. Óñëîâèÿ íà ôðîíòàõ. Ðàññìîòðèì îáîáùåííûå ðåøåíèÿ îäíîðîä-
íîãî áèâîëíîâîãî óðàâíåíèÿ:

∇±K̂ = 0. (5)

Ïîñêîëüêó îíî ýêâèâàëåíòíî ñèñòåìå ãèïåðáîëè÷åñêèõ óðàâíåíèé, ñëåäîâàòåëüíî, ñóùåñòâóþò
ðàçðûâíûå íà õàðàêòåðèñòè÷åñêèõ ïîâåðõíîñòÿõ (S) ðåøåíèÿ ýòîé ñèñòåìû, íà êîòîðûõ, êàê
ëåãêî âèäåòü,

n2
τ = ‖n‖2 (6)

ãäå (nτ , n1, n2, n3) � íîðìàëü ê S â M , n = (n1, n2, n3), ‖n‖2 = n2
1 + n2

2 + n2
3. Ýòî êîíóñ

õàðàêòåðèñòè÷åñêèõ íîðìàëåé âîëíîâîãî óðàâíåíèÿ.
Îïðåäåëèì óñëîâèÿ, êîòîðûì äîëæíû óäîâëåòâîðÿòü ñêà÷êè ðåøåíèé íà òàêèõ ïîâåðõíî-

ñòÿõ, ÷òîáû îíè áûëè îáîáùåííûìè ðåøåíèÿìè (5).
Ïóñòü S � òàêàÿ ïîâåðõíîñòü â M . Ïðåäïîëîæèì, ÷òî âíå åå îíè íåïðåðûâíû è äèôôå-

ðåíöèðóåìû. Èñïîëüçóÿ ïðàâèëî îáîáùåííîãî äèôôåðåíöèðîâàíèÿ ðàçðûâíûõ ôóíêöèé äëÿ
ÁÊ ïîëó÷èì îáîáùåííûå ïðîèçâîäíûå:

∂τ F̂ = ∂τF + nτ [F]S δS(τ, x), ∂iF̂ = ∂iF + ni [F]S δS(τ, x),

ãäå ïåðâîå ñëàãàåìîå � îáû÷íàÿ ïðîèçâîäíàÿ, à âòîðîå � ïðîñòîé ñëîé íà S, (nτ , n1, n2, n3) �
êîìïîíåíòû åäèíè÷íîé íîðìàëè ê S â M : n2

τ + n2
1 + n2

2 + n2
3 = 1 ; [F]S � ñêà÷îê íà S:

[F(τ, x)]S = lim
ε→+0

{F(τ + εnτ , x + εn)− F(τ − εnτ , x− εn)} , (τ, x) ∈ S.

Â ñèëó ýòîãî, äëÿ (5) ïîëó÷èì

∇+K̂ = ∇+K + {nτ [k]S − i (n, [K]S) + nτ [K]S + in [k]S + i[n, [K]S ]} δS(τ, x) =
= ∇+K + (nτ + in) ◦ [K]S δS(τ, x) = 0

Ïîñêîëüêó ∇+K = 0 , îòñþäà ñëåäóþò óñëîâèÿ íà ñêà÷êè:

nτ [k]S − i (n, [K]S) = 0, nτ [K]S + in[k]S + i[n, [K]S ] = 0. (7)

Â R3 õàðàêòåðèñòè÷åñêîé ïîâåðõíîñòè ñîîòâåòñòâóåò ïîäâèæíûé âîëíîâîé ôðîíò St , ñ
íîðìàëüþ n , êîòîðûé ðàñïðîñòðàíÿåòñÿ ñî ñêîðîñòüþ

c = − nτ

‖n‖ = 1.

Ïîñëåäíåå � â ñèëó (7). Áóäåì íàçûâàòü òàêèå ðåøåíèÿ óäàðíûìè âîëíàìè.
Î÷åâèäíî, ïðè ðåãóëÿðíîé ïðàâîé ÷àñòè áèâîëíîâîãî óðàâíåíèÿ ïîëó÷èì òå æå ñîîòíîøå-

íèÿ. Ñôîðìóëèðóåì ýòîò ðåçóëüòàò â âèäå ïîëåçíîé òåîðåìû.
Òåîðåìà 3.1. Ðåãóëÿðíûå ðàçðûâíûå ðåøåíèÿ áèâîëíîâîãî óðàâíåíèÿ óäîâëåòâîðÿþò ñëå-

äóþùèì óñëîâèÿì íà ôðîíòàõ óäàðíûõ âîëí:

[K]S = im ◦ [K]S ,

ãäå m � åäèíè÷íûé âîëíîâîé âåêòîð, íàïðàâëåííûé â ñòîðîíó ðàñïðîñòðàíåíèÿ âîëíû â R3 .
Äîêàçàòåëüñòâî. Åñëè ïîäåëèòü (7) íà ‖n‖ , ñ ó÷åòîì (6), ïîëó÷èì óñëîâèÿ íà ôðîíòàõ

óäàðíûõ âîëí:
[k]S = −i (m, [K]S), [K]S = im [k]S + i[m, [K]S ].

Áèêâàòåðíèîííàÿ çàïèñü ýòèõ óðàâíåíèé äàíà â ôîðìóëå òåîðåìû.
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Ïåðâîå óðàâíåíèå îïèñûâàåò ïðîäîëüíûå âîëíû. Åñëè ïîäñòàâèòü åãî âî âòîðîå óðàâíåíèå,
ïîëó÷èì ñîîòíîøåíèå äëÿ êàñàòåëüíîé ñîñòàâëÿþùåé âåêòîðà Ê ê ôðîíòó âîëíû:

[K]S −m(m, [K]S) = i[m, [K]S ],

êîòîðîå ñâÿçûâàåò ñêà÷êè äåéñòâèòåëüíîé è ìíèìîé âåêòîðíîé ÷àñòè áèêâàòåðíèîíà äðóã ÷åðåç
äðóãà.

4. Çàäà÷à Êîøè äëÿ áèâîëíîâîãî óðàâíåíèÿ. Ðàññìîòðèì çàäà÷ó Êîøè äëÿ áèâîëíî-
âîãî óðàâíåíèÿ. Ïóñòü èçâåñòíû íà÷àëüíûå óñëîâèÿ:

K(0, x) = K0(x). (8)

Òðåáóåòñÿ ïîñòðîèòü ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå ýòèì äàííûì.
Èñïîëüçóåì äëÿ ýòîãî ìåòîä îáîáùåííûõ ôóíêöèé. Ââåäåì ðåãóëÿðíûå îáîáùåííûå ôóíê-

öèè âèäà Ĝ = H(τ)G(τ, x) , ãäå H(τ) � ôóíêöèÿ Õåâèñàéäà. Èñïîëüçóÿ ñâîéñòâî äèôôåðåí-
öèðîâàíèÿ ðåãóëÿðíûõ îáîáùåííûõ ôóíêöèé, ïîëó÷èì

∇±K̂ = Ĝ + δ(τ)K0(x).

Ñëåäîâàòåëüíî,

H(τ)K(τ, x) = ∇∓{H(τ)G ∗ ψ}+ G(0, x) ∗
x
ψ +∇∓{K0(x) ∗

x
ψ} (9)

(çäåñü çíàê " ∗
x

"îçíà÷àåò, ÷òî ñâåðòêà áåðåòñÿ òîëüêî ïî x ). Åå èíòåãðàëüíàÿ çàïèñü ëåãêî
âûïèñûâàåòñÿ, ñ ó÷åòîì âèäà ïîëíîé è íåïîëíîé ñâåðòêè ñ ψ . À èìåííî,

4πK̂(τ, x) = −∇∓




∫

r≤τ

G(τ − r, y)
dV (y)

r
+ τ−1

∫

r=τ

K0(y)dS(y)



− τ−1

∫

r=τ

G(0, y)dS(y). (10)

Çäåñü è äàëåå r = ‖y− x‖, dV (y) = dy1dy2dy3 , dS(y) � äèôôåðåíöèàë ïëîùàäè ñôåðû r = τ .
Ýòà ôîðìóëà ÿâëÿåòñÿ îáîáùåíèåì èçâåñòíîé ôîðìóëû Êèðõãîôà äëÿ ðåøåíèÿ çàäà÷è Êî-

øè äëÿ âîëíîâîãî óðàâíåíèÿ. Äëÿ ðåøåíèé áèâîëíîâîãî óðàâíåíèÿ áóäåì íàçûâàòü åå îáîá-
ùåííîé ôîðìóëîé Êèðõãîôà.

Â êà÷åñòâå ïðèìåðà ïðèëîæåíèÿ èçëîæåííîé òåîðèè áèâîëíîâîãî óðàâíåíèÿ ðàññìîòðèì
ñèñòåìó óðàâíåíèé Ìàêñâåëëà äëÿ ýëåêòðîìàãíèòíîãî ïîëÿ.

5. Áèêâàòåðíèîííàÿ ôîðìà óðàâíåíèé Ìàêñâåëëà è åå îáîáùåííûå ðåøåíèÿ.
Ñèñòåìà óðàâíåíèé Ìàêñâåëëà, ñîñòîÿùàÿ èç 8 óðàâíåíèé, â ïðîñòðàíñòâå áèêâàòåðíèîíîâ
èìååò âèä áèâîëíîâîãî óðàâíåíèÿ [3]:

∇+A + Θ = 0, (11)

ãäå
A = 0 + A =

√
εE(τ, x) + i

√
µH(τ, x), Θ = iρ(τ, x) + J(τ, x),

âåêòîðà E,H � íàïðÿæåííîñòè ýëåêòðè÷åñêîãî è ìàãíèòíîãî ïîëåé (ÝÌ-ïîëÿ); ε, µ � êîí-
ñòàíòû ýëåêòðè÷åñêîé ïðîâîäèìîñòè è ìàãíèòíîé ïðîíèöàåìîñòè ñðåäû; τ = ct , t � âðåìÿ,
c = 1/

√
εµ � ñêîðîñòü ñâåòà; ρ è J âûðàæàþòñÿ ÷åðåç ïëîòíîñòè ýëåêòðè÷åñêîãî çàðÿäà ρE

è ýëåêòðè÷åñêîãî òîêà jE ôîðìóëàìè:

ρ = ρE/
√

ε =
√

ε div E, J =
√

µ jE .
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Óäàðíûå ÝÌ-âîëíû. Èç òåîðåìû 2.1 ïîëó÷èì óñëîâèå íà ôðîíòàõ óäàðíûõ ÝÌ-âîëí:

[A]S = im ◦ [A]S ,

ãäå m � åäèíè÷íûé âîëíîâîé âåêòîð, íàïðàâëåííûé â ñòîðîíó ðàñïðîñòðàíåíèÿ âîëíû â R3 .
Äëÿ ñêàëÿðíîé è âåêòîðíîé ÷àñòåé â ýòîì ñëó÷àå îíî èìååò âèä:

(m, [A]S) = 0, [A]S = i[m, [A]S ]. (12)

Ïåðâîå óñëîâèå îçíà÷àåò, ÷òî óäàðíûå ÝÌ-âîëíû ÿâëÿþòñÿ ïîïåðå÷íûìè. Ðàñïèñûâàÿ âòîðîå
óñëîâèå äëÿ äåéñòâèòåëüíîé è ìíèìîé ÷àñòè, ïîëó÷èì ñâÿçü ñêà÷êà ýëåêòðè÷åñêîãî ïîëÿ ñ ñî
ñêà÷êîì ìàãíèòíîãî:

√
ε [E]S =

√
µ [[H]S ,m],

√
µ [H]S =

√
ε[m, [E]S ],

èëè, èñïîëüçóÿ âåêòîðà ýëåêòðè÷åñêîãî ñìåùåíèÿ D = εE è ìàãíèòíîé èíäóêöèè B = µH,
ñôîðìóëèðóåì òåîðåìó.

Òåîðåìà 5.1. Íà ôðîíòàõ óäàðíûõ ýëåêòðîìàãíèòíûõ âîëí âûïîëíÿþòñÿ ñëåäóþùèå
óñëîâèÿ íà ñêà÷êè:

[E]S = c [[B]S ,m], [H]S = c [m, [D]S ],

÷òî ýêâèâàëåíòíî óñëîâèÿì:

[D]S = c−1[[H]S ,m], [B]S = c−1[m, [E]S ],

ãäå c = 1/
√

εµ � ñêîðîñòü ñâåòà.
Çàäà÷à Êîøè. Ïðè èçâåñòíûõ çàðÿäàõ-òîêàõ è íà÷àëüíûõ äàííûõ èç êëàññà ðåãóëÿðíûõ

ôóíêöèé
A(0, x) = A0(x), (13)

ðåøåíèå çàäà÷è Êîøè äëÿ óðàâíåíèé Ìàêñâåëëà äàåòñÿ îáîáùåííîé ôîðìóëîé Êèðõãîôà:

4πA = ∇−




∫

r≤τ

Θ(τ − r, y)
dV (y)

r
+ τ−1

∫

r=τ

A0(y)dS(y)



 + τ−1

∫

r=τ

Θ(0, y)dS(y).

Îòñþäà íåòðóäíî çàïèñàòü èíòåãðàëüíûå ïðåäñòàâëåíèÿ äëÿ âåêòîðîâ íàïðÿæåííîñòè ÝÌ-ïîëÿ
E,H, êîòîðûå áóäóò èìåòü äîâîëüíî ãðîìîçäêèé âèä.

Ïðåîáðàçîâàíèÿ Ëîðåíöà äëÿ óðàâíåíèÿ Ìàêñâåëëà èìåþò âèä:

∇+A′ = Θ′, ãäå A
′
= L̄∗ ◦A ◦ L, Θ

′
= L̄∗ ◦Θ ◦ L.

Ðåëÿòèâèñòñêèå ôîðìóëû äëÿ íàïðÿæåííîñòè, çàðÿäà è òîêà (ïðè ϕ = 0 ):

A′ = (A− e(e, A)) + e
(e,A)√
1− v2

,

ρ′ =
ρ− v(e, J)√

1− v2
, J ′ = (J − e(e, J)) + e

(e, J)− vρ√
1− v2

.

6. Ñòàöèîíàðíûå êîëåáàíèÿ. Ðàññìîòðèì ðåøåíèÿ áèâîëíîâîãî óðàâíåíèÿ, îïèñûâàþ-
ùèå ãàðìîíè÷åñêèå êîëåáàíèÿ ñ ÷àñòîòîé ω > 0 :K(τ, x) = K(x)exp(−iωτ). Àíàëîãè÷íûé âèä
èìååò ïðàâàÿ ÷àñòü ýòîãî óðàâíåíèÿ.
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Â ýòîì ñëó÷àå óðàâíåíèå äëÿ êîìïëåêñíûõ àìïëèòóä èìååò âèä:

∇±ω K̂(x) = ωk(x)∓ div K(x)± grad k(x) + ωK(x)± rot K(x) = iĜ(x), (14)

ãäå ââåäåíû ñòàöèîíàðíûå áèãðàäèåíòû ∇±ω = (ω ±5 ) ñîîòâåòñòâåííî çíàêàì.
Âçÿâ îò ýòîãî óðàâíåíèÿ ñîïðÿæåííûé áèãðàäèåíò, ïîëó÷èì óðàâíåíèå Ãåëüìãîëüöà äëÿ

êîìïëåêñíûõ àìïëèòóä:
4K̂(x) + ω2K̂(x) = i∇∓ω Ĝ(x).

Ðåøåíèå ýòîãî óðàâíåíèÿ, â ñèëó ñâîéñòâà äèôôåðåíöèðîâàíèÿ ñâåðòêè, èìååò âèä:

K̂(x) = i∇∓ω {ψω(x) ∗ Ĝ(x)}, (15)

ãäå ψω(x) � ôóíäàìåíòàëüíîå ðåøåíèå óðàâíåíèÿ Ãåëüìãîëüöà. Â ÷àñòíîñòè, òàêîâûìè ÿâëÿ-
þòñÿ

ψω(x) = −(4πR)−1exp(±iω‖x‖), R = ‖x‖.
Çäåñü âûáîð çíàêà â ïðàâîé ÷àñòè çàâèñèò îò âûáîðà óñëîâèé èçëó÷åíèÿ íà áåñêîíå÷íîñòè. Òàê,
åñëè è ðåøåíèå äîëæíî óäîâëåòâîðÿòü óñëîâèÿì èçëó÷åíèÿ Çîììåðôåëüäà íà áåñêîíå÷íîñòè
[1], òî ψω(x) = −(4πR)−1exp(iω‖x‖).

Äîáàâëÿÿ ê ýòîìó ðåøåíèþ ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ:

∇±ω K̂(x) = 0, (16)

ïîëó÷èì îáùåå ðåøåíèå óðàâíåíèÿ (14).
Ôîðìóëó (4) ìîæíî èñïîëüçîâàòü äëÿ ëþáûõ îáîáùåííûõ ôóíêöèé, äîïóñêàþùèõ ñâåðòêó

ñ ψω(x) . Äëÿ ðåãóëÿðíûõ G(x) åå ìîæíî çàïèñàòü â èíòåãðàëüíîì âèäå.
Òåîðåìà 6.1. Åñëè ‖G(x)‖ = O(‖x‖−(2+ε)), ε > 0 , òî îáùåå ðåøåíèå óðàâíåíèÿ (14) èìååò

âèä:

−4iπK̂(x) = div

∫

R3

G(y)
eiωr

r
dV (y)− grad

∫

R3

g(y)
eiωr

r
dV (y)− rot

∫

R3

G(y)
eiωr

r
dV (y) +Ê0(x),

ãäå Ê0(x) � ðåøåíèå îäíîðîäíîãî óðàâíåíèÿ (15).
Åñëè G(x) � äèôôåðåíöèðóåìûé áèêâàòåðíèîí è åãî ïðîèçâîäíûå óäîâëåòâîðÿþò óñëîâèþ:

‖∂jG(x)‖ = O(‖x‖−(2+ε)), j = τ, x1, x2, x3,

òî
−4iπK(x) =

∫

R3

{divG(y)− grad g(y)− rot G(y)}exp(iωr)
r

dV (y) +Ê0(x).

Äîêàçàòåëüñòâî ñëåäóåò èç ïðåäñòàâëåíèÿ ñâåðòêè ðåãóëÿðíûõ ôóíêöèé. Ñõîäèìîñòü èí-
òåãðàëîâ ñëåäóåò èç àñèìïòîòè÷åñêèõ ñâîéñòâ ïîäûíòåãðàëüíûõ ôóíêöèé. Âñå ïðîèçâîäíûå
áåðóòñÿ â îáîáùåííîì ñìûñëå.

Ââåäåíèå ïðîèçâîäíîé ïîä çíàê èíòåãðàëîâ âîçìîæíî ïðè çàäàííûõ óñëîâèÿõ íà ïðàâóþ
÷àñòü.

Â äàííîì ñëó÷àå ðåøåíèå ÿâëÿåòñÿ êëàññè÷åñêèì â ñèëó ëåììû Äþáóà-Ðåéìîíà [2].
Òåîðåìà 6.2. Ðåøåíèåì îäíîðîäíîãî ñòàöèîíàðíîãî áèâîëíîâîãî óðàâíåíèÿ (17) ÿâëÿåòñÿ

ÁÊ K0 âèäà :
K0 = ∇∓{C0ψ0(ω, x)}, (17)

ãäå C0 � ëþáîé ïîñòîÿííûé ÁÊ, à ψ0
ω � ðåøåíèå óðàâíåíèÿ Ãåëüìãîëüöà:
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(∇+ ω2)ψ0
ω = 0. (18)

Äîêàçàòåëüñòâî. Â ñèëó (18),

∇±K0 = ∇±∇∓{C0ψ0
ω(ω, x)} = ¤{C0ψ0

ω(ω, x)} = C0¤{ψ0
ω(ω, x)} = 0.

Ðåøåíèÿ óðàâíåíèÿ Ãåëüìãîëüöà õîðîøî èçó÷åíû â òåîðèè ñïåöèàëüíûõ ôóíêöèé, ïîýòîìó
ïîñòðîåíèå ðåøåíèÿ îäíîðîäíîãî óðàâíåíèÿ íå äîëæíî âûçûâàòü çàòðóäíåíèé.

Â ñëó÷àå íåãàðìîíè÷åñêèõ ïåðèîäè÷åñêèõ êîëåáàíèé ñ çàäàííûì ïåðèîäîì ïî τ, ðàçëà-
ãàÿ ïðàâóþ ÷àñòü (1) â ðÿä Ôóðüå ïî τ, ïîëó÷èì âûøå ðàññìîòðåííóþ çàäà÷ó äëÿ êàæäîé
ãàðìîíèêè ðÿäà.

7. Ñòàòè÷åñêèå ðåøåíèÿ. Ïîòåíöèàëû âåêòîðíûõ ïîëåé. Â ñëó÷àå, êîãäà ïðàâàÿ
÷àñòü (1) íå çàâèñèò îò âðåìåíè, óðàâíåíèå ïðåîáðàçóåòñÿ ê âèäó:

∇K̂(x) = −div K(x) + grad k(x) + rot K(x) = Ĝ(x). (19)

Ïîñêîëüêó ∇ ◦∇ = −4 , îòñþäà èìååì

4K̂(x) = −5 Ĝ(x).

Îòêóäà ïîëó÷èì ðåøåíèå
K̂(x) = −∇{ψ0 ∗ Ĝ(x)}, (20)

ãäå ψ0(x) � ôóíäàìåíòàëüíîå ðåøåíèÿ óðàâíåíèÿ Ëàïëàñà: ∆ψ0(x) = δ(x) .
Â ÷àñòíîñòè, äëÿ çàòóõàþùèõ íà áåñêîíå÷íîñòè ðåøåíèé ñëåäóåò áðàòü [5]

ψ0(x) = −(4πR)−1.

Ôîðìóëó (20) ìîæíî èñïîëüçîâàòü äëÿ ëþáûõ îáîáùåííûõ ôóíêöèé, äîïóñêàþùèõ ñâåðòêó ñ
ψ0(x) .

Òåîðåìà 7.1. Åñëè ‖G(x)‖ = O(‖x‖−(2+ε)), ε > 0 , òî

4πK̂(x) = div

∫

R3

G(y)
r

dV (y)− grad

∫

R3

g(y)
r

dV (y)− rot

∫

R3

G(y)
r

dV (y).

Åñëè G(x) � äèôôåðåíöèðóåìûé áèêâàòåðíèîí è ‖∂jG(x)‖ = O(‖x‖−(2+ε)) (j = τ, x1, x2, x3) ,
òî ðåøåíèå (19) èìååò âèä :

4πK(x) =
∫

R3

(divG(y)− grad g(y)− rotG(y))
dV (y)

r
.

Äîêàçàòåëüñòâî. Ôîðìóëà ñëåäóåò èç ïðåäñòàâëåíèÿ ñâåðòêè è ãðàäèåíòà (19) íà B(M) :

4πK̂(x) = −∇
∫

R3

G(y)
r

dV (y).

Ñõîäèìîñòü èíòåãðàëîâ � èç óñëîâèé òåîðåìû. Çäåñü ïðîèçâîäíûå áåðóòñÿ â îáîáùåííîì ñìûñ-
ëå.

Äîêàçàòåëüñòâî äèôôåðåíöèðóåìîñòè ñëåäóåò èç ýêâèâàëåíòíîãî ïðåäñòàâëåíèÿ ñâåðòêè è
çàäàííûõ ñâîéñòâ ïîäûíòåãðàëüíûõ ôóíêöèé:

4πK̂(x) = −∇
∫

R3

G(x− y)
‖y‖ dV (y).
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8. Ïîòåíöèàëû âåêòîðíûõ ïîëåé. Êàê ïðèëîæåíèå ðàññìîòðèì çàäà÷è îïðåäåëåíèÿ
ïîòåíöèàëîâ âåêòîðíûõ ïîëåé.

Ñòàòè÷åñêèå ïîëÿ. Ëåãêî âèäåòü, ÷òî ñòàòè÷åñêîå áèêâàòåðíèîííîå óðàâíåíèå (19) ñîâïà-
äàåò ñ óðàâíåíèÿìè òåîðèè ïîëÿ, êîãäà òðåáóåòñÿ îïðåäåëèòü ñêàëÿðíûé ϕ(x) è âåêòîðíûé
Ψ(x) ïîòåíöèàëû âåêòîðíîãî ïîëÿ V (x) :

V (x) = grad ϕ(x) + rotΨ(x),

c êàëèáðîâêîé : divΨ(x) = f(x) . Òîãäà, ïîëàãàÿ G(x) = −f(x) + V (x) , èñïîëüçóÿ òåîðåìû 11.1
èëè 11.2, ïîëó÷èì:

4π(ϕ(x) + Ψ(x)) =
∫

R3

divV (y) + grad f(y)− rot V (y)
‖x− y‖ dy1dy2dy3.

Òàê ïðè ãàóññîâîé êàëèáðîâêå ( divΨ(x) = 0 ) èìååì:

4π(ϕ(x) + Ψ(x)) =
∫

R3

divV (y)− rot V (y)
‖x− y‖ dy1dy2dy3.

Äèíàìè÷åñêèå ïîëÿ. Òðåáóåòñÿ îïðåäåëèòü ñêàëÿðíûé è âåêòîðíûé ïîòåíöèàëû âåêòîðíîãî
ïîëÿ V (τ, x) :

∇+F = V (τ, x), F = f − iF,

c ëîðåíöåâîé êàëèáðîâêîé: ∂τf = div F . Èñïîëüçóåì áèâîëíîâîå óðàâíåíèå

∇+F = −i∂τF + igrad f + rot F = V (τ, x).

Ðåøåíèå ýòîãî óðàâíåíèÿ, óäîâëåòâîðÿþùåå óñëîâèÿì èçëó÷åíèÿ, äàåò îáîáùåííàÿ ôîðìóëà
Êèðõãîôà:

−4πF̂(τ, x) = ∇∓




∫

r≤τ

V(τ − r, y)
r

dy1dy2dy3 + τ−1

∫

r=τ

F0(y)dS(y)



 +

1
τ

∫

r=τ

V(0, y)dS(y).

Î÷åâèäíî, áèïîòåíöèàë îïðåäåëÿåòñÿ íåîäíîçíà÷íî, ñ òî÷íîñòüþ äî íà÷àëüíîãî óñëîâèÿ F0(x) .

Çàêëþ÷åíèå. Áèêâàòåðíèîííàÿ ôîðìà óðàâíåíèé, êàê âèäèì, ïîçâîëÿåò ïåðåõîäèòü îò
ðåøåíèÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé 8-ãî ïîðÿäêà ê ðåøåíèþ îäíîãî äèôôåðåíöè-
àëüíîãî, íî áèêâàòåðíèîííîãî óðàâíåíèÿ, ÷òî çíà÷èòåëüíî óïðîùàåò èõ ðåøåíèå è ðåøåíèå
êðàåâûõ çàäà÷. Â êà÷åñòâå èëëþñòðàöèè ñì. [4, 5], ãäå ïîñòðîåíû îáîáùåííûå ðåøåíèÿ êðàå-
âûõ çàäà÷ äëÿ ñèììåòðèçîâàííîé ñèñòåìû óðàâíåíèé Ìàêñâåëëà. Ýòè ðåçóëüòàòû ìîæíî çíà-
÷èòåëüíî ïðîùå ïîëó÷èòü, èñïîëüçóÿ áèêâàòåðíèîííóþ ôîðìó ýòèõ óðàâíåíèé. Çàìåòèì, ÷òî
ýòî òàêæå çíà÷èòåëüíî óïðîùàåò ðåøåíèå êðàåâûõ çàäà÷ íà ÝÂÌ.

Êàê çäåñü ïîêàçàíî, âîññòàíîâëåíèå ñêàëÿðíîãî è âåêòîðíîãî ïîòåíöèàëà âåêòîðíîãî ïîëÿ
òàêæå ïðèâîäèòñÿ ê áèêâàòåðíèîííûì äèôôåðåíöèàëüíûì óðàâíåíèÿì, êîòîðûå ëåãêî ðåøà-
þòñÿ.

Ãðóïïó ïðåîáðàçîâàíèé Ëîðåíöà è îðòîãîíàëüíûõ ïðåîáðàçîâàíèé òàêæå ëåãêî âû÷èñëÿòü,
èñïîëüçóÿ èõ áèêâàòåðíèîííîå ïðåäñòàâëåíèå. Â ìàòðè÷íîì ïðåäñòàâëåíèè ýòî äîâîëüíî òðó-
äîåìêàÿ ïðîöåäóðà.

Áèâîëíîâûå óðàâíåíèÿ è èõ ðåøåíèÿ àâòîð èñïîëüçîâàë ðàíåå äëÿ îäíîé ìîäåëè ýëåêòðî-
ãðàâèìàãíèòíîãî ïîëÿ [6,7]. Ìîæíî íàéòè ìíîãî äðóãèõ ïðèëîæåíèé äèôôåðåíöèàëüíîé àë-
ãåáðû áèêâàòåðíèîíîâ, ÷òî è ïðåäëàãàþ çàèíòåðåñîâàííîìó ÷èòàòåëþ.
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Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èìåíè Ê. Æóáàíîâà
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Óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ïñåâäîïåðèîäè÷åñêîãî ðåøå-
íèÿ êâàçèëèíåéíîé ñèñòåìû ñ ìàòðèöåé, çàâèñÿùåé îò ïàðàìåòðîâ.

Â ñâÿçè ñ èññëåäîâàíèåì çàäà÷ êâàçèïåðèîäè÷åñêèõ ðåøåíèé Ì. Óðàáå [1] ïðåäëîæèë ìå-
òîä ïñåâäîïåðèîäè÷åñêèõ ôóíêöèé. Ýòîò ìåòîä èñïîëüçîâàí äëÿ èññëåäîâàíèÿ çàäà÷ òàêîãî æå
õàðàêòåðà â [2] è [3]. Ïîïûòêà ñîçäàíèÿ áîëåå ñòðîéíîé òåîðèè ïñåâäîïåðèîäè÷åñêèõ ðåøåíèé
äèôôåðåíöèàëüíûõ óðàâíåíèé ïðèâîäèëà ê ðàññìîòðåíèþ êâàçèëèíåéíûõ ñèñòåì ñ ìàòðèöà-
ìè, ïåðèîäè÷åñêè çàâèñÿùèìè îò ïàðàìåòðîâ. Â ðàáîòå íà îñíîâå èäåè ìåòîäà, ïðèâåäåííîãî
â [4, 5], äàíû óñëîâèÿ ïðèâåäåíèÿ ñèñòåìû ê êàíîíè÷åñêîìó âèäó, äîêàçàòåëüñòâî êîòîðîãî
îïóùåíî ââèäó ïîäðîáíîé îñâåùåííîñòè â óêàçàííûõ âûøå ðàáîòàõ. Äàëåå, íà ýòîé îñíîâå
óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ïñåâäîïåðèîäè÷åñêèõ ðåøåíèé ëèíåéíûõ è
êâàçèëèíåéíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé. Äàííàÿ çàìåòêà ÿâëÿåòñÿ äàëüíåéøèì
ðàçâèòèåì ðåçóëüòàòîâ ðàáîò [6, 7].

Ðàññìîòðèì ëèíåéíóþ ñèñòåìó íåîäíîðîäíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé:

dx

dτ
= P (α)x + f(τ, eτ + α, α) (1)

ñ ïñåâäîïåðèîäè÷åñêîé ñ âåêòîð-ïåðèîäîì (θ, ω, ω) ñâîáîäíûì ÷ëåíîì f(τ, t, α) :

f(τ + θ, t + kω, α + kω) = f(τ, t, α) ∈ C(R×Rm ×Rm), k ∈ Zm, (2)

ãäå τ ∈ R = (−∞, +∞) , e = (1, ..., 1) � m -âåêòîð, P (α) � n × n � ìàòðèöà, çàâèñÿùàÿ
îò âåêòîð-ïàðàìåòðà α = (α1, ..., αm) ∈ R × ... × R = Rm , t = (t1, ..., tm)− âåêòîð, x =
(x1, ..., xn) � èñêîìàÿ âåêòîð-ôóíêöèÿ. Z � ìíîæåñòâî öåëûõ ÷èñåë, kω = (k1ω1, ..., kmωm) ,
ω0 = θ, ω1, ..., ωm � ðàöèîíàëüíî íåçàâèñèìûå ïîëîæèòåëüíûå ïåðèîäû.

Ïîñòàâèì çàäà÷ó îá èññëåäîâàíèè (θ, ω, ω) � ïñåâäîïåðèîäè÷åñêèõ ðåøåíèé:

x(τ + θ, eτ + α + kω, α + kω) = x(τ, eτ + α, α) ∈ C
(1,1,α)
τ,t,α (R×Rm ×Rm), k ∈ Zm. (1∗)

Keywords: Pseudoperiodic solution, matrix, which depends on parameter
2010 Mathematics Subject Classi�cation: 46S10
c
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ñèñòåìû (1).
Îïðåäåëåíèå. Ôóíêöèÿ x(τ, α) íàçûâàåòñÿ ïñåâäîïåðèîäè÷åñêîé, åñëè åå ìîæíî ïðåä-

ñòàâèòü ÷åðåç (θ, ω) �ïåðèîäè÷åñêóþ íåïðåðûâíóþ â R×Rm ×Rm ôóíêöèþ ϕ(τ, t, α) :

ϕ(τ + θ, t + kω, α + kω) = ϕ(τ, t, α) ∈ C(R×Rm ×Rm)

äëÿ âñåõ k = (k1, ..., km) ∈ Z × ...× Z = Zm â âèäå ñîîòíîøåíèÿ:

x(τ, α) = ϕ(τ, eτ + α, α).

Çàìåòèì, ÷òî êîãäà α = 0 , òî ïñåâäîïåðèîäè÷åñêàÿ ôóíêöèÿ îáðàùàåòñÿ â êâàçèïåðèîäè÷åñ-
êóþ ôóíêöèþ τ ∈ R ïî Áîðó.

Äëÿ íàøèõ öåëåé äîñòàòî÷íî îãðàíè÷èâàòüñÿ ðàññìîòðåíèåì ðåøåíèé äèôôåðåíöèàëüíûõ
óðàâíåíèé x(τ, eτ + α, α) ñ íåïðåðûâíûìè ω �ïåðèîäè÷åñêèìè íà÷àëüíûìè äàííûìè

x(0, α, α) = u(α), u(α + kω) = u(α) ∈ C(Rm) (3)

äëÿ âñåõ k ∈ Zm .
Ðàññìîòðèì ëèíåéíóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé âèäà:

dx

dτ
= P (α)x. (4)

Ïóñòü ìàòðèöà P (α) óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:
10 . Ïåðèîäè÷íà ïî α = (α1, ..., αm) ∈ R × ... × R = Rm ñ âåêòîð-ïåðèîäîì ω = (ω1, ..., ωm) è
íåïðåðûâíà èëè íåïðåðûâíî äèôôåðåíöèðóåìà. Ñëåäîâàòåëüíî, èìååì ñîîòíîøåíèå:

P (α + kω) = P (α) ∈ C(q)
α (Rm), k = (k1, ..., km) ∈ Z × ...× Z = Zm, (5)

ãäå kω = (k1ω1, ..., kmωm), Z � ìíîæåñòâî öåëûõ ÷èñåë, q = 0, 1 , ïåðèîäû ω1, ..., ωm ðàöèî-
íàëüíî íåñîèçìåðèìûå ïîëîæèòåëüíûå ïîñòîÿííûå.
20 . Êðàòíîñòè nj êîðíåé λ = λj(α + kω) õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ

h(λ, α) ≡ det [P (α)− λE] = 0 (6)

íå çàâèñÿò îò α ∈ Rm è k ∈ Zm , ãäå E � åäèíè÷íàÿ n× n -ìàòðèöà, 1 ≤ j ≤ χ ,
χ∑

j=1

nj = n.

30 . Ðàíãè rj , j = 1, χ ìàòðèö

Hj(α) ≡ P (α)− λj(α)E, 1 ≤ j ≤ χ, (7)

íå çàâèñÿò îò α ∈ Rm .
Ïðè óñëîâèÿõ 10 − 30 ñóùåñòâóåò n× n -ìàòðèöà Q(α) , îáëàäàþùàÿ ñâîéñòâàìè

det Q(α) 6= 0, Q(α + kω) = Q(α) ∈ C(q)
α (Rm), k ∈ Zm, (8)

Q−1(α)P (α)Q(α) = J(α), (9)
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ãäå J(α)− n× n �ìàòðèöà âèäà:

J(α) = diag [J1(µ1), ..., Jν(µν)] ,

ñ mp ×mp �êëåòêàìè
Jp(µp) = µpEp + Ip, p = 1, ν,

ñîîòâåòñòâóþùèìè ñîáñòâåííûì çíà÷åíèÿì µp ∈ Λ = {λ1, ..., λχ} , Ep −mp ×mp � åäèíè÷íàÿ
ìàòðèöà, Ip � ïåðâûé êîñîé ðÿä òàêîé æå ðàçìåðíîñòè,

ν∑
p=1

mp = n .

Òàêîå ïðèâåäåíèå äîêàçûâàåòñÿ ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè.
Òîãäà â ñèëó (8)�(9) è çàìåíû

x = Q(α)y (10)

ñèñòåìó (4) ìîæíî ïðèâåñòè ê âèäó:
dy

dτ
= J(α)y. (11)

Î÷åâèäíî, ÷òî êàæäîìó áëîêó Jj(λj(α)) ìàòðèöû J(α) ñîîòâåòñòâóåò áëîê ñèñòåìû (11),
êîòîðîé â ñêàëÿðíîé ôîðìå èìååò âèä:

dz1

dτ
= µ(α)z1,

dzj

dτ
= zj−1 + µ(α)zj , j = 2, r, (12)

ãäå µ(α) ïðåäñòàâëÿåò îäíî èç ñîáñòâåííûõ çíà÷åíèé ìàòðèöû P (α) . Èíòåãðèðóÿ ñèñòåìó (12)
èìååì:

zj(τ, α) =
j−1∑

l=0

τ l

l!
uj−l(α)eτµ(α), j = 2, r, (13)

ãäå u(α) = (u1(α), u2(α), ..., uj(α)) � ïðîèçâîëüíàÿ ôóíêöèÿ îò âåêòîð-ïàðàìåòðà α ∈ Rm ,
óäîâëåòâîðÿþùàÿ óñëîâèþ (3).

Åñëè äëÿ ñîáñòâåííûõ çíà÷åíèé µ(α) âûïîëíåíî óñëîâèå

Reµ(α) < 0, (14)

òî äëÿ ðåøåíèÿ (13) èìååì îöåíêó:

|z(τ − s, α)|r = sup
1≤j≤r

|zj(τ − s, α)| ≤ εre
−(τ−s)[|Reµ(α)|−δ] ‖u‖ , τ ≥ s, j = 1, r. (15)

ñ íåêîòîðûìè ïîñòîÿííûìè εr > 0 è δ > 0 .
Òåïåðü äîïóñòèì, ÷òî âñå ñîáñòâåííûå çíà÷åíèÿ µ(α) = λj(α), j = 1, ν, óäîâëåòâîðÿþò

óñëîâèþ (14). Òîãäà íà îñíîâå îöåíêè (15) èìååì îöåíêó äëÿ ðåøåíèé y(τ, α) ñèñòåìû (11)
âèäà:

|y(τ − s, α)| ≤ εe−γ(τ−s) ‖u‖ , τ ≥ s, (16)

ãäå ε > 0, γ > 0 � íåêîòîðûå ïîëîæèòåëüíûå ïîñòîÿííûå.
Òîãäà â ñèëó (10) è (16) èìååì îöåíêó äëÿ ðåøåíèÿ x(τ, α) ñèñòåìû (4):

|x(τ − s, α)| ≤ ‖Q‖ εe−γ(τ−s) ‖u‖ = Ge−γ(τ−s) ‖u‖ , τ ≥ s, (17)

ãäå G = ‖Q‖ ε, ‖Q‖ = max
α∈Rm

|Q(α)| , |Q(α)| = |[qij(α)]| = sup
1≤i≤n

n∑
j=1

|qij(α)| .
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Åñëè X(τ, α) � ìàòðèöàíò ñèñòåìû (4), òî åå ëþáîå ðåøåíèå x(τ, α) ñ íà÷àëüíûì äàííûì
x(0, α) = u(α) ïðåäñòàâëÿåòñÿ â âèäå:

x(τ, α) = X(τ, α)u(α), (18)

ãäå X(0, α) = E � åäèíè÷íàÿ ìàòðèöà.
Òîãäà â ñèëó îöåíêè (17) èç (18) èìååì:

|X(τ − s, α)| ≤ Ge−γ(τ−s), τ ≥ s, (19)

ñ ïîëîæèòåëüíûìè ïîñòîÿííûìè G ≥ 1 è γ > 0 .
Òàêèì îáðàçîì, íåîáõîäèìûì è äîñòàòî÷íûì óñëîâèåì îöåíêè (19) ÿâëÿåòñÿ îòðèöàòåëü-

íîñòü ðåàëüíûõ ÷àñòåé âñåõ ñîáñòâåííûõ çíà÷åíèé λj(α), j = 1, χ, ìàòðèöû P (α) , îáëàäàþ-
ùåé ñâîéñòâàìè 10 − 30 :

Reµ(α) = Reλj(α) < 0, j = 1, χ. (20)

Íåîáõîäèìîñòü óñëîâèÿ (20) äëÿ âûïîëíåíèÿ îöåíêè (19) ëåãêî äîêàçûâàåòñÿ ìåòîäîì îò ïðî-
òèâíîãî.

Òåîðåìà 1. Ïóñòü âûïîëíåíû óñëîâèÿ 10−30 è íåðàâåíñòâî (20). Òîãäà ñèñòåìà îäíîðîä-
íûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (4) íå èìååò ïñåâäîïåðèîäè÷åñêèõ ïî (τ, eτ +α, α) ðåøåíèé
ñ ïåðèîäîì (θ, ω, ω) , êðîìå íóëåâîãî.

Äåéñòâèòåëüíî, â ñèëó ïðåäñòàâëåíèÿ (18) è îöåíêè (19) ëþáîå ïñåâäîïåðèîäè÷åñêîå ðåøå-
íèå ñèñòåìû (4) ïðè τ → +∞ ñòðåìèòñÿ ê íóëþ. ßñíî, ÷òî ýòèì ñâîéñòâîì îáëàäàåò òîëüêî
íóëåâîå ðåøåíèå. Êàê áûëî ïîêàçàíî âûøå, óñëîâèå (19) ÿâëÿåòñÿ ñëåäñòâèåì óñëîâèé 10 − 30

è (20). Ñëåäîâàòåëüíî, òåîðåìà 1 äîêàçàíà.
Çàìåòèì, ÷òî â ñëó÷àå ïîñòîÿííîé ìàòðèöû P , ò.å. êîãäà îíà íå çàâèñèò îò ïàðàìåòðà

α, óñëîâèÿ 10 − 30 âûïîëíÿþòñÿ àâòîìàòè÷åñêè è äëÿ ñïðàâåäëèâîñòè òåîðåìû 1 äîñòàòî÷íî
òðåáîâàòü âûïîëíåíèÿ óñëîâèÿ (20).

Ðåøåíèå ëèíåéíîé íåîäíîðîäíîé ñèñòåìû (1) ïðåäñòàâëÿåòñÿ â âèäå:

x(τ, eτ + α, α) = X(τ, α)u(α) +

(τ,eτ+α)∫

(0,α)

X(τ, α)X−1(s, α)f(s, χ, α)de(s, χ), (21)

ãäå X(τ, α) �ìàòðèöàíò îäíîðîäíîé ñèñòåìû, ñîîòâåòñòâóþùåé ñèñòåìå (1).
Òîãäà èìååò ìåñòî ñëåäóþùàÿ òåîðåìà
Òåîðåìà 2. Ïóñòü âûïîëíåíû óñëîâèÿ 10 − 30 , (2) è (20). Òîãäà çàäà÷à (1)�(1 ∗ ) èìååò

åäèíñòâåííîå ðåøåíèå:

x∗(τ, eτ + α, α) = X(τ, α)

(τ,eτ+α)∫

(−∞,α)

X−1(s, α)f(s, χ, α)de(s, χ). (22)

Åäèíñòâåííîñòü ðåøåíèÿ (22) ñëåäóåò èç òåîðåìû 1. Íåïîñðåäñòâåííîé ïðîâåðêîé íåòðóäíî
óáåäèòüñÿ â ïåðèîäè÷íîñòè ðåøåíèÿ, ïðè÷åì íåñîáñòâåííûé èíòåãðàëà ñõîäèòñÿ â ñèëó îöåíêè
(19).

Äàëåå, ðàññìîòðèì ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíåíèé:

dξ

dτ
= Aξ + ϕ(τ), (24)

ãäå A− ïîñòîÿííàÿ ìàòðèöà è ϕ(τ) � âåêòîð-ôóíêöèÿ, îïðåäåëÿåìûå ñîîòíîøåíèÿìè:
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A = P (0), ϕ(τ) = f(τ, eτ, 0). (24)

Ñëåäñòâèå 1. Ïðè óñëîâèÿõ òåîðåìû 2 ñèñòåìà (23) ñ âõîäíûìè äàííûìè (24) èìååò
åäèíñòâåííîå êâàçèïåðèîäè÷åñêîå ðåøåíèå ξ∗(τ) âèäà:

ξ∗(τ) =

τ∫

−∞
K(τ − s)ϕ(s)ds, (25)

ãäå K(τ − s) = X(τ, 0)X−1(s, 0) = X(τ − s, 0) .
Äåéñòâèòåëüíî, òåîðåìà 2 âåðíà äëÿ âñåõ α ∈ Rm . Â ÷àñòíîñòè, è ïðè α = 0 îíà îñòàåòñÿ

ñïðàâåäëèâîé. Îòñþäà â ñëó÷àå (23) è (24) èìååì (25), ãäå ξ∗(τ) = x(τ, eτ, 0) â ñèëó èçâåñòíîé
òåîðåìû Ã. Áîðà ÿâëÿåòñÿ êâàçèïåðèîäè÷åñêèì, ïðè÷åì èíòåãðàë (22) îáðàùàåòñÿ â îáûêíî-
âåííûé íåñîáñòâåííûé èíòåãðàë (25).

Òåïåðü ðàññìîòðèì çàäà÷ó äëÿ íåëèíåéíîé ñèñòåìû:

dx

dτ
= P (τ, eτ + α, α)x + f(τ, eτ + α, α, x), (26)

x∗(τ + θ, eτ + α + kω, α + kω) = x∗(τ, eτ + α, α), k ∈ Zm, (26∗)

ãäå âåêòîð-ôóíêöèÿ f(τ, t, α, x) óäîâëåòâîðÿåò óñëîâèÿì:

f(τ + θ, t + kω, α + kω, x) = f(τ, t, α, x) ∈ C(R×Rm ×Rm ×Rn
∆), k ∈ Zm, (27)

|f(τ, t, α, x̄)− f(τ, t, α, x)| ≤ L |x̄− x| , (28)

ñ íåêîòîðîé ïîñòîÿííîé L > 0 äëÿ ëþáûõ (τ, t, α, x̄) è (τ, t, α, x) èç R×Rm×Rm×Rn
∆, Rn

∆ =
{x ∈ Rn

∆ : ‖x‖ ≤ ∆ = const > 0} , ïðè÷åì ïîñòîÿííûå G, γ, L, ∆ è M = ‖f(τ, t, α, 0)‖ ñâÿçàíû
ñîîòíîøåíèåì

G(M + L∆) < γ∆. (29)

Òåîðåìà 3. Ïóñòü âûïîëíåíû óñëîâèÿ 10− 30 , (20), (27), (28) è (29). Òîãäà ñèñòåìà (26)
èìååò åäèíñòâåííîå ïñåâäîïåðèîäè÷åñêîå ïî (τ, eτ + α, α) ðåøåíèå x∗(τ, eτ + α, α) ñ íîðìîé
‖x∗‖ ≤ ∆ .

Äëÿ äîêàçàòåëüñòâà òåîðåìû 3 ââîäèòñÿ ïðîñòðàíñòâî Π ïñåâäîïåðèîäè÷åñêèõ ôóíêöèé
x(τ, eτ+α, α) = (x1(τ, eτ+α, α), ..., xn(τ, eτ+α, α)) ñ íîðìîé ‖x‖ = max

R×Rm×Rm
sup

1≤j≤n
|xj(τ, eτ + α, α)| ,

êîòîðîå ÿâëÿåòñÿ ïîëíûì ïðîñòðàíñòâîì. Â çàìêíóòîì ìíîæåñòâå S∆(0) = {x(τ, eτ + α, α) ∈
Π : ‖x‖ ≤ ∆} ðàññìàòðèâàåòñÿ îïåðàòîð

(Qx)(τ, eτ + α, α) =

(τ,eτ+α)∫

(−∞,α)

X(τ, eτ + α, α)X−1(s, χ, α)f(s, χ, α, x(s, χ, α))de(s, χ), (30)

êîòîðûé â ñèëó óñëîâèé (5), (27) è (20) ïñåâäîïåðèîäè÷åñêóþ ôóíêöèþ ïåðåâîäèò â ïñåâäî-
ïåðèîäè÷åñêóþ, ïðè÷åì â ñèëó óñëîâèé (28), (29) è îöåíêè (19) èç (30) èìååì ‖Qx‖ ≤ G

γ [M +
L∆] < ∆ , ÷òî îçíà÷àåò Qx ∈ S∆(0) .

Íà îñíîâå óñëîâèé (19) è (28) ëåãêî ïîëó÷èòü, ÷òî äëÿ âñåõ x̄, x ∈ S∆(0) ñïðàâåäëèâà
îöåíêà:
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||Qx̄−Qx|| ≤ GL

γ
‖x̄− x‖ .

Òàê êàê, â ñèëó óñëîâèÿ (29), q = GL
γ < 1 , òî îïåðàòîð Q ÿâëÿåòñÿ ñæèìàþùèì. Ñëåäîâàòåëü-

íî, ïî ïðèíöèïó íåïîäâèæíûõ òî÷åê íàéäåòñÿ x∗(τ, eτ + α, α) ∈ S∆(0) òàêàÿ, ÷òî x∗ = Qx∗ .
Â ñèëó ýêâèâàëåíòíîñòè çàäà÷è (26)�(26 ∗ ) è ñóùåñòâîâàíèÿ íåïîäâèæíîé òî÷êè îïåðàòîðà Q
â S∆(0) èìååì ïîëíîå äîêàçàòåëüñòâî òåîðåìû 3.

Ñëåäñòâèå 2. Ïðè óñëîâèÿõ òåîðåìû 3 íåëèíåéíàÿ êâàçèïåðèîäè÷åñêàÿ ñèñòåìà óðàâíå-
íèé

dξ

dτ
= P (0)ξ + f(τ, eτ, 0, ξ)

èìååò åäèíñòâåííîå êâàçèïåðèîäè÷åñêîå ðåøåíèå ξ∗(τ) = x∗(τ, eτ, 0) .
Äîêàçàòåëüñòâî ñëåäñòâèÿ 2 ñëåäóåò èç òåîðåìû 3 ïðè α = 0 .
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Èíñòèòóò ïðîáëåì èíôîðìàòèêè è óïðàâëåíèÿ ÌÎÍ ÐÊ
050100 Àëìàòû Ïóøêèíà, 125

Â ðàáîòå ïðèâåäåíû ðåçóëüòàòû ðàçðàáîòêè óíèôèöèðîâàííûõ ìåòîäîâ ñèíòåçà ðå÷åâîãî ñèãíàëà
ïî ôîíåìíîìó òåêñòó íà ïðèìåðå êàçàõñêîãî ÿçûêà. Ìîäåëèðîâàíèå è ðàçðàáîòêà èíôîðìàöèîí-
íîé ñèñòåìû, ðåàëèçóþùåé äàííûå ìåòîäû, ìîãóò áûòü èñïîëüçîâàíû ïðè ðåàëèçàöèè ÷åëîâåêî-
ìàøèííûõ èíòåðôåéñîâ â ñîñòàâå ðàçëè÷íûõ èíôîðìàöèîííûõ ñèñòåì.

Ñèñòåìà ñèíòåçà ðå÷è � ýòî ìíîãîóðîâíåâàÿ êîìïëåêñíàÿ ìîäåëü ðå÷åâîé ôóíêöèè ÷åëîâåêà,
ñîñòîÿùàÿ èç ìíîæåñòâà ïîäñèñòåì. Âñå ïîäñèñòåìû â ðàìêàõ åäèíîé ñèñòåìû ðåøàþò îáùóþ
çàäà÷ó ïîëó÷åíèÿ ñèíòåçèðîâàííîãî ðå÷åâîãî ñèãíàëà.

Â êà÷åñòâå îñíîâíîé ìîäåëè ñèíòåçà ðå÷è âûáðàí êîìïèëÿòèâíûé ñèíòåç, êîòîðûé îñíîâàí
íà ïðèíöèïå ïîñòðîåíèÿ çàäàííîãî ðå÷åâîãî ñèãíàëà èç èìåþùåãîñÿ íàáîðà ýòàëîííûõ çâóêî-
âûõ ôðàãìåíòîâ [1]. Ïðè èñïîëüçîâàíèè äàííîé ìîäåëè ìîæíî ïîëó÷èòü íàèáîëåå íàòóðàëüíî
çâó÷àùóþ ñèíòåçèðîâàííóþ ðå÷ü. Ðàçðàáîòàíû ìåòîäû ôðàãìåíòèðîâàíèÿ ðå÷åâîãî ñèãíàëà, è
äàíà îöåíêà êîëè÷åñòâà íåîáõîäèìûõ ôðàãìåíòîâ êîìïèëÿöèè. Â ïðîöåññå ôîðìèðîâàíèÿ áà-
çû äàííûõ (ÁÄ) êàæäîå çàïèñàííîå âûðàæåíèå ôðàãìåíòèðóåòñÿ íà îïðåäåë¼ííûå åäèíè÷íûå
ñîñòàâëÿþùèå: íà ôîíåìû, ñëîãè, ñëîâà, îòäåëüíûå ôðàçû è äð. Ñ óâåëè÷åíèåì ðàçìåðà âû-
áðàííîãî áàçîâîãî ôðàãìåíòà óëó÷øàåòñÿ êà÷åñòâî ñèíòåçà, íî ïðè ýòîì óâåëè÷èâàþòñÿ îáú¼ì
ÁÄ è çàòðàòû íà å¼ ôîðìèðîâàíèå. Ôðàãìåíòàöèÿ ïðîèçâîäèòñÿ êàê ðó÷íûì, òàê è àâòîìà-
òè÷åñêèì ñïîñîáîì. Íàèáîëåå îïòèìàëüíûì ÿâëÿåòñÿ àâòîìàòè÷åñêèé ñïîñîá ôðàãìåíòàöèè ñ
ïîñëåäóþùåé ðó÷íîé êîððåêòèðîâêîé ðàñïîçíàííûõ ñåãìåíòîâ [2]. Ïîñëå âûäåëåíèÿ ðå÷åâûå
ôðàãìåíòû çàïèñûâàþòñÿ â ÁÄ, êóäà òàêæå â êà÷åñòâå âñïîìîãàòåëüíîé èíôîðìàöèè ñîõðàíÿ-
þòñÿ ðàçëè÷íûå èõ àêóñòè÷åñêèå ïàðàìåòðû, òàêèå êàê ÷àñòîòà îñíîâíîãî òîíà, äëèòåëüíîñòü,
ïîçèöèÿ â ñëîãå, èíôîðìàöèÿ î ñìåæíûõ ôîíåìàõ è äð.

Íà ýòàïå ñèíòåçà ðå÷è òðåáóåìàÿ ôðàçà ôîðìèðóåòñÿ èç îáùåãî ÷èñëà íàèáîëåå ïîäõîäÿùèõ
ôðàãìåíòîâ, êîòîðûå âûáèðàþòñÿ èç âñåãî ìíîæåñòâà äîñòóïíûõ â ÁÄ. Â õîäå ýòîãî ïðîöåññà
ñòðîèòñÿ äåðåâî ðåøåíèé, ãäå êàæäîìó äîñòóïíîìó ðåøåíèþ ñòàâèòñÿ â ñîîòâåòñòâèå âåòâü ñ
îïðåäåëåííûì âåñîì è ïðîèçâîäèòñÿ âûáîð ïî ìàêñèìàëüíîìó êðèòåðèþ.

Ïðåäëîæåí ìåòîä ôîíåòèêî-àêóñòè÷åñêîé êëàññèôèêàöèè è îïðåäåë¼í îïòèìàëüíî äîñòà-
òî÷íûé íàáîð ïàðàìåòðîâ äëÿ îñóùåñòâëåíèÿ êëàññèôèêàöèè ôîíåì â ðàìêàõ ïðîåêòèðóåìîé

Keywords: Speech synthesis, TTS, signal, FFT, fast Fourier transform, spline, Bezier curves.
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ìîäåëè. Âûäåëåíû îñíîâíûå ôîíåòèêî-àêóñòè÷åñêèå êëàññû: ïðîñòûå òîíàëüíûå çâóêè (îñíî-
âà � íèçêèå ÷àñòîòû), ïðîñòûå øóìîâûå çâóêè (îñíîâà � âûñîêèå ÷àñòîòû), èìïóëüñîïîäîáíûå
ùåëêàþùèå è âçðûâíûå çâóêè (êðàòêîâðåìåííûå èìïóëüñû âûñîêîé ëèáî íèçêîé ÷àñòîòû),
êîìáèíèðîâàííûå çâóêè (ìîãóò ñîñòîÿòü èç ëþáûõ ïðåäûäóùèõ ñîñòàâëÿþùèõ).

Äëÿ êàæäîãî èç ïåðå÷èñëåííûõ êëàññîâ èñïîëüçóþòñÿ ðàçëè÷íûå ìåòîäû äëÿ äèíàìè÷åñêîé
ìîäèôèêàöèè èõ èíòîíàöèîííûõ õàðàêòåðèñòèê.

Íàèáîëåå âàæíûì ýòàïîì ðåàëèçàöèè ñèñòåìû ÿâëÿåòñÿ ýòàï å¼ ïðîåêòèðîâàíèÿ. Èìåííî
îò âûáîðà îñíîâîïîëàãàþùåãî ïîäõîäà â íàèáîëüøåé ñòåïåíè çàâèñÿò êà÷åñòâåííûå ïîêàçàòå-
ëè ôóíêöèîíèðîâàíèÿ ñèñòåìû â öåëîì. Îøèáêè, äîïóùåííûå íà ýòàïå ïðîåêòèðîâàíèÿ, ìîãóò
ñâåñòè íà íåò âñþ ïðîäåëàííóþ ðàáîòó è ñèñòåìà ìîæåò îêàçàòüñÿ íåïðèãîäíîé äëÿ ïðàêòè-
÷åñêîãî ïðèìåíåíèÿ. Äëÿ ñèñòåì êîíêàòåíàòèâíîãî ñèíòåçà ðå÷è ïîäîáíûì îñíîâîïîëàãàþ-
ùèì ïîäõîäîì ÿâëÿåòñÿ âûáîð ýëåìåíòàðíîé ðå÷åâîé åäèíèöû, à òàêæå ìåòîäîâ ìîäèôèêàöèè
å¼ ïðîñîäè÷åñêèõ è èíòîíàöèîííûõ õàðàêòåðèñòèê. Â ñëó÷àå êîìïèëÿòèâíîãî ñèíòåçà ðå÷è
â ñèñòåìå îáû÷íî ïðèñóòñòâóåò êîíå÷íîå ìíîæåñòâî áàçîâûõ ôðàãìåíòîâ ðå÷åâîãî ñèãíàëà:
FB =

{
fB
1 ; fB

2 ; ...; fB
n

}
, ãäå n � îáùåå êîëè÷åñòâî ôðàãìåíòîâ. Äàííûå ôðàãìåíòû ïîëó÷àþòñÿ

â õîäå çàïèñè ðå÷è äèêòîðà è ïîñëåäóþùåãî âûäåëåíèÿ íåîáõîäèìûõ ôðàãìåíòîâ ñïåöèàëèñòà-
ìè ïî ôîíåòèêå. Ðàçìåðíîñòü áàçîâîãî ôðàãìåíòà è èõ êîëè÷åñòâî çàâèñèò îò âûáðàííîãî ïîä-
õîäà. Íàèáîëåå ÷àñòî èñïîëüçóþòñÿ ðå÷åâûå ôðàãìåíòû ñëåäóþùèõ ðàçìåðíîñòåé: ïîëóôîí �
ïîëîâèíà ôîíåìû; ôîíåìà � öåëàÿ ýëåìåíòàðíàÿ åäèíèöà; äèôîí � äâà ñìåæíûõ ïîëóôîíà ðàç-
ëè÷íûõ ôîíåì, âêëþ÷àþùèé ïåðåõîäíóþ îáëàñòü ìåæäó íèìè; ñëîãè, ñëîâà, ôðàçû è ò. ä. Êî-
ëè÷åñòâî ôðàãìåíòîâ â ñèñòåìå ìîæåò êîëåáàòüñÿ îò íåñêîëüêèõ ñîòåí äî íåñêîëüêèõ äåñÿòêîâ
òûñÿ÷. Äëÿ óâåëè÷åíèÿ êà÷åñòâà ñèíòåçà íåîáõîäèìî óâåëè÷èâàòü êîëè÷åñòâî èñïîëüçóåìûõ
áàçîâûõ ôðàãìåíòîâ, ÷òî â ñâîþ î÷åðåäü âëå÷¼ò óâåëè÷åíèå èñïîëüçóåìûõ ðåñóðñîâ, à òàêæå
âðåìåíè ñèíòåçà. Â ñèñòåìå ìîãóò îäíîâðåìåííî èñïîëüçîâàòüñÿ ðàçëè÷íûå òèïû áàçîâûõ ôðàã-
ìåíòîâ, êîòîðûå ñîñòàâëÿþò ñîîòâåòñòâóþùåå êîíå÷íîå ìíîæåñòâî òèïîâ: TB =

{
tB1 ; tB2 ; ...; tBn

}
,

ãäå n � îáùåå êîëè÷åñòâî èñïîëüçóåìûõ òèïîâ. Íàïðèìåð, ìîæíî âûäåëèòü ñëåäóþùèå òèïû
áàçîâûõ ôðàãìåíòîâ TB

k =
{
V B

T ; NB
T ;EB

T ; PB
T

}
: V B

T - âîêàëèçèðîâàííûå, NB
T - øóìîâûå, EB

T -
âçðûâíûå è ùåëêàþùèå, PB

T - ïàóçû. Êàæäîìó èç òèïîâ ñîîòâåòñòâóåò ìíîæåñòâî îáúåäèí¼í-
íûõ ïîä íèì çâóêîâûõ ôðàãìåíòîâ. Ïðè ýòîì äëÿ êàæäîãî òèïà óñòàíàâëèâàåòñÿ ñâîé íàáîð
ïðàâèë ìîäèôèêàöèè õàðàêòåðèñòèê RT =

{
rT
1 ; rT

2 ; ...; rT
n

}
, à òàêæå ìíîæåñòâî ìåòîäîâ ìîäèôè-

êàöèè M = {m1(p11; p12; ..; p1k);m2(p21; p22; ...; p2l); ..; mn(pn1; pn2; ...; pnj)}, êîòîðûìè îïåðèðóþò
äàííûå ïðàâèëà. Êàæäîå ïðàâèëî ìîæåò îïåðèðîâàòü îäíèì èëè íåñêîëüêèìè ìåòîäàìè. Êàæ-
äûé ìåòîä ìîæåò èìåòü ìíîæåñòâî ïàðàìåòðîâ ìîäèôèêàöèè {p11; p12; ..; p1k}. Ïîìèìî ìåòîäîâ
â ïðàâèëàõ ó÷àñòâóåò è ìíîæåñòâî õàðàêòåðèñòèê C =

{{
cB
1 ; cB

2 ; ...; cB
n

}
;
{
cE
1 ; cE

2 ; ...; cE
k

}}
, êàê

ñàìîãî áàçîâîãî ôðàãìåíòà cB
n , òàê è åãî êîíòåêñòíîãî îêðóæåíèÿ cE

k . Äàííîå ìíîæåñòâî õàðàê-
òåðèñòèê ìîæåò áûòü ïðåäñòàâëåíî â âèäå ìàòðèöû êîìïåòåíöèé, íà îñíîâå êîòîðîé âûáèðàåòñÿ
íàèáîëåå îïòèìàëüíûé óïîðÿäî÷åííûé íàáîð ìåòîäîâ ìîäèôèêàöèè ñ ñîîòâåòñòâóþùèìè èì
ïàðàìåòðàìè. Â îáùåì ñëó÷àå íåîáõîäèìî îïåðèðîâàòü ñëåäóþùèì êîìïëåêñíûì ìíîæåñòâîì
X =

({
FB

1 ;TB
1 ;RT

1 ; M1; C1

}
;
{
FB

2 ;TB
2 ;RT

2 ; M2; C2

}
; ...;

{
FB

n ; TB
n ; RT

n ; Mn; Cn

})
.

Ïðåäëîæåí ìåòîä ðåãóëèðîâàíèÿ ïàðàìåòðîâ ðå÷åâîãî ñèãíàëà ãëàäêèìè êðèâûìè Áåçüå.
Ïðè ðàññìîòðåíèè åñòåñòâåííîãî ðå÷åâîãî ñèãíàëà çàìåòíû ïëàâíûå èçìåíåíèÿ èíòîíàöèè,
äëèòåëüíîñòåé ôîíåì, ïëàâíûå ïåðåõîäû ìåæäó îáëàñòÿìè âûñîêîé è íèçêîé ãðîìêîñòè. Â
âèäó îïèñàííûõ ñâîéñòâ ïðè ïîñòðîåíèè ñèñòåì ñèíòåçà ðå÷è âàæíî îñóùåñòâëÿòü ïëàâíîå
èçìåíåíèå âñåõ ïàðàìåòðîâ ðå÷åâîãî ñèãíàëà. Òàê êàê ñàìè ïàðàìåòðû ðå÷åâîãî ñèãíàëà èìå-
þò ïëàâíóþ ñòðóêòóðó, ñëåäîâàòåëüíî, è ôóíêöèè, èõ ðåãóëèðóþùèå, äîëæíû èìåòü ïëàâíóþ
ôîðìó. Âòîðûì íå ìåíåå âàæíûì óñëîâèåì ÿâëÿåòñÿ ïðîñòîòà çàäàíèÿ äàííûõ ôóíêöèé. Íàè-
áîëåå îïòèìàëüíûì âàðèàíòîì ÿâëÿåòñÿ çàäàíèå ôóíêöèé íåñêîëüêèìè áàçîâûìè òî÷êàìè, à
îñòàëüíûå òî÷êè, â ñëó÷àå íåîáõîäèìîñòè, äîëæíû ðàññ÷èòûâàòüñÿ äèíàìè÷åñêè. Äëÿ ðåøå-
íèÿ çàäà÷è ïëàâíîãî ðåãóëèðîâàíèÿ ïàðàìåòðîâ ñèíòåçà èñïîëüçîâàíû ãëàäêèå êðèâûå Áåçüå,
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êîòîðûå çàäàþòñÿ îãðàíè÷åííûì íàáîðîì îïîðíûõ (áàçîâûõ) òî÷åê. Êðèâàÿ Áåçüå çàäà¼òñÿ
âûðàæåíèåì: B(t) =

∑n
i=0 Pibi,n(t), 0 < t < 1, ãäå Pi � ÿâëÿåòñÿ ôóíêöèåé êîìïîíåíò âåêòî-

ðîâ äëÿ îïîðíûõ âåðøèí, bi,n(t) � áàçèñíûå ôóíêöèè êðèâîé Áåçüå (ïîëèíîìû Áåðíøòåéíà):

bi,n(t) =
(

n
i

)
ti (1− t)n−i,

(
n
i

)
= n!

i!(n−i)! , ãäå n � ñòåïåíü ïîëèíîìà, i � ïîðÿäêîâûé íîìåð
îïîðíîé âåðøèíû. Ñ ïîìîùüþ ïàðàìåòðà t îïðåäåëÿåòñÿ òî÷êà, ïðèíàäëåæàùàÿ êðèâîé. Ïðè
ýòîì çà åäèíèöó ïðèíèìàåòñÿ âñÿ ïðîòÿæåííîñòü êðèâîé îò íà÷àëüíîé è äî êîíå÷íîé òî÷êè.

Äëÿ äîñòèæåíèÿ êà÷åñòâåííîãî ñèíòåçà âàæíî ïëàâíî ðåãóëèðîâàòü ñëåäóþùèå ïàðàìåòðû
ðå÷åâîãî ñèãíàëà: êîíòóð ÷àñòîòû îñíîâíîãî òîíà, àìïëèòóäíûå îãèáàþùèå, îãèáàþùàÿ ñïåê-
òðà. Íà ðèñ.1 ïðîèëëþñòðèðîâàí ïðîöåññ ìîäèôèêàöèè ðå÷åâîãî ñèãíàëà ïàðàìåòðè÷åñêèìè
êðèâûìè Áåçüå.

Ðèñ.1: Ïðîöåññ ìîäèôèêàöèè ðå÷åâîãî ñèãíàëà ïàðàìåòðè÷åñêèìè êðèâûìè Áåçüå.

Çàðàíåå ïîäãîòîâëåííûé, íîðìàëèçèðîâàííûé ïî äëèòåëüíîñòè ôîíåì è îáùåìó óðîâíþ
àìïëèòóä ðå÷åâîé ñèãíàë ïîäà¼òñÿ íà âõîä ñèñòåìû ðåãóëÿöèè ïàðàìåòðîâ [3]. Â çàâèñèìîñòè
îò òðåáóåìûõ èíòîíàöèîííûõ õàðàêòåðèñòèê ôîðìèðóþòñÿ êîíòóðû ÷àñòîòû îñíîâíîãî òîíà,
àìïëèòóäíûõ è ÷àñòîòíûõ îãèáàþùèõ, íà îñíîâå êîòîðûõ çàòåì îñóùåñòâëÿåòñÿ ìîäèôèêàöèÿ
èñõîäíîãî ðå÷åâîãî ñèãíàëà. Äëÿ ýòèõ öåëåé ïðåäëàãàþòñÿ ðàçëè÷íûå ìåòîäû ìîäèôèêàöèè
èíòîíàöèîííîé ñîñòàâëÿþùåé ðå÷åâîãî ñèãíàëà. Â ðå÷åâîì ñèãíàëå íàèáîëüøóþ èíòîíàöèîí-
íóþ ñîñòàâëÿþùóþ èìåþò âîêàëèçèðîâàííûå ó÷àñòêè. Äëÿ òàêèõ òèïîâ ðå÷åâûõ ôðàãìåíòîâ
êàê øóìîâûå è ïàóçû ìîæíî îãðàíè÷èòüñÿ ðåãóëèðîâàíèåì ëèøü èõ äëèòåëüíîñòåé áåç îñîáî-
ãî óùåðáà äëÿ îáùåãî êà÷åñòâà ñèíòåçà. Ñ òî÷êè çðåíèÿ íàòóðàëüíîñòè íàèáîëüøåå çíà÷åíèå
èìååò ðåãóëèðîâàíèå ñëåäóþùèõ àòðèáóòîâ: äëèòåëüíîñòè çâó÷àíèÿ ôîíåì, çàäàíèå êîíòóðà
÷àñòîòû îñíîâíîãî òîíà (×ÎÒ), ìåñòîïîëîæåíèå è äëèòåëüíîñòü ïàóç. Ïðåäëàãàþòñÿ ìåòîäû
äëÿ îñóùåñòâëåíèÿ èíòîíàöèîííîé ìîäèôèêàöèè âîêàëèçèðîâàííûõ ñîñòàâëÿþùèõ ðå÷åâîãî
ñèãíàëà. Äàííûå ìåòîäû àïðîáèðîâàíû è óñïåøíî èñïîëüçóþòñÿ â ðàìêàõ ñîçäàííîé ñèñòå-
ìû ñèíòåçà ðå÷è. Ïðåäëàãàåòñÿ ñëåäóþùèé ìåòîä ìîäóëÿöèè ðå÷åâîãî ñèãíàëà ïî àìïëèòóäå.
Ïðåäâàðèòåëüíî ïðîèçâîäèòñÿ ðàçìåòêà ïî F0 äëÿ ýëåìåíòîâ ìíîæåñòâà FB ∈ V B

T . Â ðåçóëüòà-
òå ïîëó÷àåì ìíîæåñòâî ñåãìåíòîâ SV =

((
IS
1 ; CS

1

)
;
(
IS
2 ; CS

2

)
; ...;

(
IS
n ;CS

n

))
, çàäàííûõ èíäåêñîì
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íà÷àëüíîé âûáîðêè IS
n è êîëè÷åñòâîì âõîäÿùèõ â äàííûé ñåãìåíò âûáîðîê CS

n ñëåäóþùèõ ïî
ïîðÿäêó çà íà÷àëüíîé âûáîðêîé (ðèñ. 2).

Ðèñ.2: Èñõîäíîå ñåãìåíòèðîâàííîå ìíîæåñòâî âûáîðîê âîêàëèçèðîâàííîãî ðå÷åâîãî ñèãíàëà.

Ïîñëå ðàçìåòêè ïðîèçâîäèòñÿ íîðìàëèçàöèÿ ìíîæåñòâà ñåãìåíòîâ SV ïî àìïëèòóäå. Äëÿ
íîðìàëèçàöèè ïî àìïëèòóäå èñïîëüçóþòñÿ èíäåêñû ãðàíè÷íûõ âûáîðîê íîðìàëèçèðóåìîãî
ìèêðîñåãìåíòà IS

n è IS
n+1. Èçíà÷àëüíî ôîðìà ñèãíàëà èçìåíÿåòñÿ òàêèì îáðàçîì, ÷òîáû âû-

ðîâíÿòü âûáîðêó ñ èíäåêñîì IS
n+1 äî óðîâíÿ âûáîðêè IS

n . Òàê íîâîå çíà÷åíèå àìïëèòóäíîãî
óðîâíÿ ZS

x äëÿ êàæäîé âûáîðêè ñ èíäåêñîì IS
x ∈ [IS

n ; IS
n+1] âû÷èñëÿåòñÿ ñëåäóþùèì îáðàçîì:

ZS
x = ZS

x

(
1 + x 1

IS
n+1−IS

n

(
ZS

n

ZS
n+1

− 1
))

, ãäå ZS
x � çíà÷åíèå àìïëèòóäíîãî óðîâíÿ äëÿ ðàññìàòðè-

âàåìîé âûáîðêè, x ∈ [0; IS
n+1 − IS

n ], ZS
n è ZS

n+1 � ñîîòâåòñòâåííî çíà÷åíèÿ äèñêðåòíûõ âûáîðîê
ñèãíàëà ñ èíäåêñàìè IS

n è IS
n+1, IS

n+1− IS
n > 0, ZS

n+1 6= 0. Çàòåì ãðàíè÷íûå âûáîðêè ïðèâîäÿòñÿ
ê çàäàííîìó àìïëèòóäíîìó óðîâíþ LS , à ïðîìåæóòî÷íûå òàêæå ïðîïîðöèîíàëüíî óâåëè÷è-

âàþòñÿ: ZS
x =

{
If ZS

n 6= 0, then ZS
x = ZS

x
LS

ZS
n

else ZS
x = ZS

x

. Íà ðèñ. 3 ïðîèëëþñòðèðîâàí ïðîöåññ

íîðìàëèçàöèè ïî àìïëèòóäíîìó óðîâíþ, â èòîãå êîòîðîãî ïîëó÷àåì h1 = h2 = h3 = h4 = LS .
Àìïëèòóäíàÿ íîðìàëèçàöèÿ ñèãíàëà ïîçâîëÿåò âïîñëåäñòâèè ïðèìåíèòü ê íåìó ïðîèçâîëüíóþ
îãèáàþùóþ àìïëèòóäíîãî óðîâíÿ è, òàêèì îáðàçîì, ïðîèçâåñòè ìîäóëÿöèþ ñèãíàëà ïî ãðîì-
êîñòè. Äëÿ çàäàíèÿ ïëàâíûõ îãèáàþùèõ ìîæíî èñïîëüçîâàòü ïàðàìåòðè÷åñêèå êðèâûå Áåçüå.

Ðèñ.3: Ïðîöåññ íîðìàëèçàöèè âîêàëèçèðîâàííîãî ìèêðîñåãìåíòà ðå÷åâîãî ñèãíàëà ïî àì-
ïëèòóäíîìó óðîâíþ: A � èñõîäíûé ìèêðîñåãìåíò, B � íîðìàëèçàöèÿ ãðàíè÷íûõ óðîâíåé, C �
ïðèâåäåíèå îáùåãî óðîâíÿ ê çàäàííîìó.

Êîîðäèíàòû (X,Y) ïðîèçâîëüíîé òî÷êè çàäàííîé ïàðàìåòðîì 0 < t < 1 âû÷èñëÿþòñÿ ñëå-
äóþùèì îáðàçîì:

X = T ·AX
i+1 + (1− T ) ·AX

i +
1
6

[
f (T ) ·XP

i+1 + f (1− T ) ·XP
i

]
,

Y = T ·AY
i+1 + (1− T ) ·AY

i +
1
6

[
f (T ) · Y P

i+1 + f (1− T ) · Y P
i

]
,

ãäå i � èíäåêñ áëèæàéøåé ñëåâà áàçîâîé òî÷êè èç ìíîæåñòâà A(X;Y ) ñîîòâåòñòâóþùåé óñëîâè-
ÿì i 1

Nmax
≤ t è (i + 1) 1

Nmax
≥ t. Nmax � äëèíà ìíîæåñòâà A(X;Y ) çà ìèíóñîì åäèíèöû. AX

i è
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AY
i � ñîîòâåòñòâåííî i-ûé ýëåìåíò ìíîæåñòâà A(X;Y ), çàäàþùèé êîîðäèíàòû X è Y i-îé áàçî-

âîé òî÷êè ïàðàìåòðè÷åñêîé êðèâîé. Ïðè ýòîì f (x) = x3−x, T = Nmax

(
t−Dmax

1
Nmax

)
,Dmax ={

If t Nmax > 0 and trunc (tNmax) = 0, then Dmax = tNmax − 1
else Dmax = trunc (tNmax)

, ãäå trunc (x) �
ôóíêöèÿ îêðóãëåíèÿ äðîáíîãî ÷èñëà äî öåëîé ÷àñòè â ìåíüøóþ ñòîðîíó. Ïåðåä íåïîñðåä-
ñòâåííûì âû÷èñëåíèåì êîîðäèíàò (X;Y ) ïðîèçâîëüíîé òî÷êè êðèâîé ïðîèçâîäèòñÿ ïðåäâà-
ðèòåëüíûé ðàñ÷¼ò ñëåäóþùèõ çíà÷åíèé ïðè èçìåíåíèè i â äèàïàçîíå [Nmax − 1; 1]: XP

i =
1

Di

(
WX

i −XP
i+1

)
, Y P

i = 1
Di

(
W Y

i −XY
i+1

)
, ãäå XP

0 = 0, Y P
0 = 0, XP

N max = 0, Y P
N max = 0. Çíà-

÷åíèÿ WX
i , W Y

i , Di âû÷èñëÿþòñÿ ïîñëåäîâàòåëüíî ïðè èçìåíåíèè i â äèàïàçîíå [1;Nmax − 2]:
WX

i = WX
i+1 − 1

4WX
i , W Y

i = W Y
i+1 − 1

4W Y
i , Di+1 = Di+1 − 1

4 .

Ïðè ýòîì èõ íà÷àëüíûå çíà÷åíèÿ çàäàþòñÿ ïðè èçìåíåíèè i â äèàïàçîíå [1;Nmax − 1]: WX
i =

6
((

AX
i+1 −AX

i

)− (
AX

i −AX
i−1

))
, W Y

i = 6
((

AY
i+1 −AY

i

)− (
AY

i −AY
i−1

))
, Di = 4.

Ìíîæåñòâà XP , Y P , W Y , WX , D èìåþò ðàçìåðíîñòü ðàâíóþ ðàçìåðíîñòè ìíîæåñòâà A(X;Y ).
Íà Ðèñ. 4 ïðîèëëþñòðèðîâàí ïðîöåññ ìîäèôèêàöèè àìïëèòóäû èñõîäíîãî ðå÷åâîãî ñèãíàëà ïî
îãèáàþùåé çàäàííîé íàáîðîì ïàðàìåòðè÷åñêèõ êðèâûõ Áåçüå.

Ðèñ. 4: Ïðîöåññ ìîäèôèêàöèè àìïëèòóäû èñõîäíîãî ðå÷åâîãî ñèãíàëà ïî îãèáàþùåé çàäàííîé
íàáîðîì ïàðàìåòðè÷åñêèõ êðèâûõ Áåçüå.

Ïðåäëîæåíû äâà ðàçëè÷íûõ ìåòîäà ìîäèôèêàöèè êîíòóðà ÷àñòîòû îñíîâíîãî òîíà:

1. Ìåòîä ïåðåêð¼ñòíîãî ñìåøèâàíèÿ ìèêðîïåðèîäîâ ðå÷åâîãî ñèãíàëà (áûñòðàÿ ðåàëèçà-
öèÿ).

2. Ìåòîä ÷àñòîòíîãî ðàçäåëåíèÿ è èíòåðïîëÿöèè ãëàäêèìè êðèâûìè Áåçüå (îðèåíòàöèÿ íà
êà÷åñòâî).

Íà ðèñ.5 ïðîèëëþñòðèðîâàí ïåðâûé ìåòîä.
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Ðèñ. 5: Èëëþñòðàöèÿ ìåòîäà ïåðåêð¼ñòíîãî ñìåøèâàíèÿ äâóõ êîïèé ñèãíàëà ñ çàäàííûì ñìå-
ùåíèåì è âñòðå÷íûì ïîíèæåíèåì àìïëèòóäíîãî óðîâíÿ.

Ïðîèçâîäèòñÿ ñåãìåíòàöèÿ ðå÷åâîãî ñèãíàëà íà ìèêðîñåãìåíòû ïî äèíàìèêå èçìåíåíèÿ ïå-
ðèîäà îñíîâíîãî òîíà: S = (s1; s2; ...; sk) = {P ; N}, ãäå k � îáùåå êîëè÷åñòâî ìèêðîñåãìåíòîâ.
Ìèêðîñåãìåíòû êëàññèôèöèðóþòñÿ è ðàñïðåäåëÿþòñÿ íà äâà ïîäìíîæåñòâà P è N � íà ïåðè-
îäè÷åñêèå è íåïåðèîäè÷åñêèå. Íà âõîä àëãîðèòìà ïîñëåäîâàòåëüíî ïîäàþòñÿ ìèêðîñåãìåíòû
p ∈ P ïîäëåæàùèå ìîäèôèêàöèè. Èìåþòñÿ äâå âðåìåííûå êîïèè ìîäèôèöèðóåìîãî ìèêðîñåã-
ìåíòà p1 è p2. Çâóêîâîé ñèãíàë êàæäîãî ìèêðîñåãìåíòà ïðåäñòàâëÿåòñÿ óïîðÿäî÷åííûì ìíî-
æåñòâîì äèñêðåòíûõ âûáîðîê V = (v1; v2; ...; vn), ãäå n � êîëè÷åñòâî äèñêðåòíûõ âûáîðîê â ñèã-
íàëå. Âî ìíîæåñòâå V ∈ p1 ñ êîíå÷íîé ïîçèöèè ïðîèçâîäèòñÿ óäàëåíèå ïîäìíîæåñòâà âûáîðîê,
êîëè÷åñòâî êîòîðûõ çàäà¼òñÿ q = L1−L2, ãäå L1 � äëèíà â âûáîðêàõ èñõîäíîãî ñèãíàëà ìèêðî-
ñåãìåíòà, à L2 � äëèíà ê êîòîðîé íåîáõîäèìî ïðèâåñòè L1. Óäàëåíèå ïðîèçâîäèòñÿ òîëüêî ïðè
óñëîâèè q > 0. Âî ìíîæåñòâå V ∈ p2 ñ íà÷àëüíîé ïîçèöèè ïðîèçâîäèòñÿ óäàëåíèå ïîäìíîæå-
ñòâà âûáîðîê, êîëè÷åñòâî êîòîðûõ òàêæå ðàâíî q. Óäàëåíèå ïðîèçâîäèòñÿ ïðè óñëîâèè q > 0.
Íàä ìíîæåñòâîì V ∈ p1 ïðîèçâîäèòñÿ îïåðàöèÿ ïî ïðèäàíèþ ñèãíàëó ôîðìû ïëàâíîãî ëè-
íåéíîãî óìåíüøåíèÿ àìïëèòóäíîãî óðîâíÿ äî íóëÿ. Ïðè äàííîé îïåðàöèè ìîäèôèöèðîâàííàÿ
äèñêðåòíàÿ âûáîðêà çàäà¼òñÿ âûðàæåíèåì yi =

(
1− i

n

) ·vi, ãäå i ∈ (0...n− 1), yi ∈ Y . Çàòåì íàä
ìíîæåñòâîì V ∈ p2 ïðîèçâîäèòñÿ îïåðàöèÿ ïî ïðèäàíèþ ñèãíàëó ôîðìû ïëàâíîãî ëèíåéíîãî
óâåëè÷åíèÿ àìïëèòóäíîãî óðîâíÿ îò íóëåâîãî äî èñõîäíîãî. Ïðè äàííîé îïåðàöèè ìîäèôèöè-
ðîâàííàÿ äèñêðåòíàÿ âûáîðêà çàäà¼òñÿ êàê ui = si·i

n , ãäå i ∈ (0...n− 1), ui ∈ U . Îïðåäåëÿåòñÿ
ïðèðàùåíèå äëèíû åäèíè÷íîãî ñåãìåíòà â õîäå åãî ìîäèôèêàöèè ∆L = L2−L1, ãäå L1 è L2 ñî-
îòâåòñòâåííî äëèíû èñõîäíîãî è ìîäèôèöèðîâàííîãî ìèêðîñåãìåíòîâ. Åñëè ÷àñòîòà îñíîâíîãî
òîíà, ïðèõîäÿùàÿñÿ íà åäèíè÷íûé ìèêðîñåãìåíò îáðàòíî ïðîïîðöèîíàëüíà åãî äëèíå F0 = 1

L ,
ãäå L � äëèíà ìèêðîñåãìåíòà, ñëåäîâàòåëüíî, ïðèðàùåíèå ÷àñòîòû îñíîâíîãî òîíà â õîäå å¼
ìîäèôèêàöèè ∆F0 = −

(
1
L − 1

L+∆L

)
. Óïîðÿäî÷åííûå ìíîæåñòâà Y � ñ êîíå÷íîé ïîçèöèè, à U

� ñ íà÷àëüíîé äîïîëíÿþòñÿ ïîäìíîæåñòâîì íóëåâûõ âûáîðîê Z = (z1 = 0; z2 = 0; ...; zh = 0),
ãäå h =

{
∆L, if ∆L > 0
0, in other case

. Êàæäûé ýëåìåíò ðåçóëüòèðóþùåãî ìíîæåñòâà âûáîðîê R ÿâëÿ-
åòñÿ ñóììîé ri = ui + yi, ãäå i ∈ (1...n + h), ri ∈ R. Ïðèðàùåíèå äëèòåëüíîñòè ñèãíàëà â öåëîì
ïðè ìîäèôèêàöèè F0 -êîíòóðà ÿâëÿåòñÿ ñóììîé ïðèðàùåíèé äëèòåëüíîñòåé âñåõ ñîñòàâëÿþ-
ùèõ åãî ìèêðîñåãìåíòîâ: ∆Lsignal =

∑i=k
i=1 ∆Li, ãäå ∆Li � ïðèðàùåíèå äëèíû ìèêðîñåãìåíòà

si ∈ S. Íàèáîëåå êà÷åñòâåííîãî ðåçóëüòàòà ïîçâîëÿåò äîáèòüñÿ ìåòîä ÷àñòîòíîãî ðàçäåëåíèÿ è
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èíòåðïîëÿöèè ãëàäêèìè êðèâûìè Áåçüå. Îí ñîñòîèò èç ñëåäóþùèõ ýòàïîâ:
1. Ðàçëîæåíèå âîêàëèçèðîâàííûõ ìèêðîñåãìåíòîâ íà âûñîêî÷àñòîòíûå è íèçêî÷àñòîòíûå ñî-
ñòàâëÿþùèå.
2. Ìîäèôèêàöèÿ äëèòåëüíîñòåé íèçêî÷àñòîòíûõ ñîñòàâëÿþùèõ êðèâûìè Áåçüå â ñîîòâåòñòâèè
ñ çàäàííûì F0 -êîíòóðîì.
3. Ñáîðêà ìîäèôèöèðîâàííûõ íèçêî÷àñòîòíûõ ñîñòàâëÿþùèõ ñ èñõîäíûìè âûñîêî÷àñòîòíûìè
ñîñòàâëÿþùèìè â åäèíûé ðåçóëüòèðóþùèé ìèêðîñåãìåíò.

Íà ðèñ. 6 ïðèâåä¼í ïðèìåð ðàçëîæåíèÿ ôðàãìåíòà ðå÷åâîãî ñèãíàëà íà âûñîêî÷àñòîòíûå
è íèçêî÷àñòîòíûå ñîñòàâëÿþùèå ñ ïîìîùüþ àëãîðèòìà áûñòðîãî ñèíóñíîãî ïðåîáðàçîâàíèÿ
Ôóðüå.

Ðèñ. 6: Ïðèìåð ðàçëîæåíèÿ ôðàãìåíòà ðå÷åâîãî ñèãíàëà íà âûñîêî÷àñòîòíûå è íèçêî÷àñòîòíûå
ñîñòàâëÿþùèå: À � èñõîäíûé ñåãìåíò; Á � åãî ñîñòàâëÿþùèå; 1 è 2 � ñîîòâåòñòâåííî ìîìåíòû
ðàçìûêàíèÿ è ñìû÷êè ãîëîñîâûõ ñâÿçîê.

Èñõîäíûé ñèãíàë çàäàí óïîðÿäî÷åííûì ìíîæåñòâîì äèñêðåòíûõ âûáîðîê:

SD = sD
0 ; sD

1 ; ...; sD
N−1,

ãäå N � êîëè÷åñòâî âûáîðîê. Çàäà¼òñÿ ÷àñòîòíàÿ ãðàíèöà, ðàçäåëÿþùàÿ äèàïàçîí íà íèçêèå è
âûñîêèå ÷àñòîòû: Fmid = 700Hz. Äëÿ àëãîðèòìà áûñòðîãî ïðåîáðàçîâàíèÿ Ôóðüå ïîäáèðàåòñÿ
îïòèìàëüíûé ðàçìåð îêíà RFFT , çíà÷åíèå êîòîðîãî ñîîòâåòñòâóåò óñëîâèÿì: RFFT = 2X+1,
X > 0, X ∈ {1, 2, ...,+∞} → min, 2X ≥ N . Ìàêñèìàëüíàÿ ÷àñòîòà äëÿ ïðåîáðàçîâàíèÿ Ôóðüå
âû÷èñëÿåòñÿ ïî ôîðìóëå Fmax = BSec

2BSmp
, ãäå BSec è BSmp � ñîîòâåòñòâåííî îáùåå êîëè÷åñòâî

áàéò â ñåêóíäó è êîëè÷åñòâî áàéò â îäíîé âûáîðêå äëÿ èñõîäíîãî ñèãíàëà. Ïðè ýòîì ðàçðåøåíèå
ïî ÷àñòîòå dF = Fmax

RFFT
. Â âèäó òîãî, ÷òî RFFT > N èñïîëüçóåòñÿ äîïîëíèòåëüíîå ìíîæåñòâî

SE =
{

sE
0 ; sE

1 ; ...; sE
RFFT−1

}
ðàçìåðíîñòüþ RFFT . Ïðè ýòîì èñõîäíîå ìíîæåñòâî SD ðàñïîëàãà-

åòñÿ â ñåðåäèíå ìíîæåñòâà SE ñ ïîçèöèè PD = RFFT−N
2 . Ëåâàÿ ÷àñòü ìíîæåñòâà SE îò âûáîðêè

sE
0 äî sE

P D−1
çàïîëíÿåòñÿ ñëåäóþùèì îáðàçîì:

sE
i =

{
If [(PD − i)÷N ] mod 2 = 0, then sE

i = sD
(P D−i)modN

else sE
i = sD

(N−1)−[(P D−i) mod N ]

,

ãäå i ∈ [0, PD − 1].
Ïðàâàÿ æå ÷àñòü ìíîæåñòâà SE îò âûáîðêè sE

P D+N
äî sE

RFFT−1 çàïîëíÿåòñÿ ïî ñëåäóþùåìó
ïðèíöèïó:
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sE
i =

{
If [(i− PD −N − 1) ÷ N ] mod 2 = 0, then sE

i = sD
N−1−(i−P D−N−1) mod N

,

else sE
i = sD

(i−P D−N−1) mod N
.

Òàêèì îáðàçîì, ïî îáå ñòîðîíû SD ïîëó÷àåì åãî çåðêàëüíîå ïðîäîëæåíèå. Â êðàéíèõ îáëà-
ñòÿõ SE ïðîèçâîäèòñÿ áûñòðîå äèñêðåòíîå ñèíóñíîå ïðåîáðàçîâàíèå Ôóðüå äàííîãî ìíîæåñòâà.
Â êà÷åñòâå ðåçóëüòàòà ïðåîáðàçîâàíèÿ ïîëó÷àåì ñëåäóþùåå ìíîæåñòâî:

SFFT =
{
sFFT
0 ; sFFT

1 ; ...; sFFT
RFFT−1

}
.

Êàæäîìó ýëåìåíòó ìíîæåñòâà SFFT ìîæíî ïîñòàâèòü â ñîîòâåòñòâèå ýëåìåíò ìíîæåñòâà

FFFT =
{
fFFT
0 = 0 · dF ; fFFT

1 = 1 · dF ; ...; fFFT
RFFT−1 = (RFFT − 1) · dF

}
.

Óâåëè÷èâàÿ èëè óìåíüøàÿ çíà÷åíèÿ â îïðåäåë¼ííîé îáëàñòè SFFT â ñîîòâåòñòâèè ñ òðåáóåìûì
äèàïàçîíîì ÷àñòîò èç FFFT ìîæíî äîáèòüñÿ óñèëåíèÿ (ïîäàâëåíèÿ) äàííîãî äèàïàçîíà ÷àñòîò
â ñîñòàâå ìîäèôèöèðóåìîãî ñèãíàëà. Äëÿ ýòîãî èñïîëüçóåòñÿ ìíîæåñòâî êîýôôèöèåíòîâ

CFFT =
{

cFFT
0 ; cFFT

1 ; ...; cFFT
RFFT−1

}
.

Ïðè ýòîì {
fFFT

i > Fmid, cFFT
i = 0,

fFFT
i ≤ Fmid, cFFT

i = 1,

ãäå i ∈ [ 0, RFFT − 1 ].
Êàæäûé ýëåìåíò ìíîæåñòâà SFFT óìíîæàåòñÿ íà ñîîòâåòñòâóþùèé åìó êîýôôèöèåíò èç

ìíîæåñòâà CFFT : SFFT
L =

{
cFFT
0 · sFFT

0 ; cFFT
1 · sFFT

1 ; ...; cFFT
RFFT−1

· sFFT
RFFT−1

}
. Äèñêðåòíîå ïðåîá-

ðàçîâàíèå Ôóðüå îáðàòíî ñàìîìó ñåáå. Èñïîëüçóÿ äàííîå ñâîéñòâî è âûïîëíèâ ÄÏÔ äëÿ SFFT
L ,

ïîëó÷àåì çâóêîâîé ñèãíàë SE
L , ñîäåðæàùèé òîëüêî íèçêèå ÷àñòîòû (< Fmid). Èç ìíîæåñòâà

SE
L óäàëÿþòñÿ âñå âûáîðêè, ïîðÿäêîâûé èíäåêñ i êîòîðûõ íàõîäèòñÿ â ñëåäóþùèõ èíòåðâà-

ëàõ: [ 0; PD − 1 ] è [ PD + N ; RFFT − 1 ]. Òàêèì îáðàçîì, ìíîæåñòâî SE
L ïðèîáðåòàåò âèä

SE
L =

{
sL
0 ; sL

1 ; ...; sL
N−1

}
. Ïîñëå âûäåëåíèÿ íèçêî÷àñòîòíîé ñîñòàâëÿþùåé ñèãíàëà íåñëîæíî âû-

äåëèòü è åãî âûñîêî÷àñòîòíóþ ñîñòàâëÿþùóþ. Äëÿ ýòîãî êàæäàÿ âûáîðêà èç SD ñóììèðóåòñÿ
ñ ñîîòâåòñòâóþùåé âûáîðêîé èç SE

L âçÿòîé â ïðîòèâîôàçå:

SE
H =

{ −sL
0 + sD

0 ; −sL
1 + sD

1 ; ...; −sL
N−1 + sD

N−1;
}

=
{
sH
0 ; sH

1 ; ...; sH
N−1

}
.

Äëÿ ïðèâåäåíèÿ ê òðåáóåìîé äëèíå L2 ïðîèçâîäèòñÿ óâåëè÷åíèå èëè óìåíüøåíèå äëèòåëüíîñòè
SE

L èíòåðïîëÿöèåé êðèâûìè Áåçüå. Ïðè ýòîì âñå âûáîðêè èç ìíîæåñòâà SE
L ïðèíèìàþòñÿ êàê

îïîðíûå òî÷êè êðèâîé Áåçüå. Íà îñíîâå ïîëó÷åííîé êðèâîé âû÷èñëÿåòñÿ òðåáóåìîå êîëè÷åñòâî
âûáîðîê L2, êîòîðûìè çàìåíÿåòñÿ èìåþùååñÿ ìíîæåñòâî SE

L . Åñëè L2 < L1, òîãäà äëèíà ìíî-
æåñòâà SE

H óìåíüøàåòñÿ äî L2 îòñå÷åíèåì ÷àñòè åãî ïðàâûõ ýëåìåíòîâ. Ïðîñóììèðîâàâ ìíîæå-
ñòâà SE

L è SE
H ïîëó÷àåì ðåçóëüòèðóþùåå ìíîæåñòâî SE

R =
{
sL
0 + sH

0 ; sL
1 + sL

1 ; ...; sL
L2−1 + sL

L2−1

}
.

Äàííîå ìíîæåñòâî ÿâëÿåòñÿ ìîäèôèöèðîâàííûì ïî äëèòåëüíîñòè ìèêðîïåðèîäîì ðå÷åâîãî
ñèãíàëà, ÷òî è òðåáîâàëîñü îñóùåñòâèòü. Îïåðàöèÿ èçìåíåíèÿ äëèòåëüíîñòè âûïîëíÿåòñÿ äëÿ
âñåãî ìíîæåñòâà ìèêðîïåðèîäîâ ñîñòàâëÿþùèõ ðå÷åâîé ñèãíàë.

Ïðîèçâåäåíà íàñòðîéêà è àäàïòàöèÿ ðàçðàáîòàííîé ñèñòåìû äëÿ ñèíòåçà ðå÷åâîãî ñèãíàëà
ïî ôîíåìíîìó òåêñòó íà êàçàõñêîì ÿçûêå, à òàêæå ïðîèçâåäåí àíàëèç ðàçëè÷íûõ îñîáåííîñòåé
êàçàõñêîãî ÿçûêà, èññëåäîâàí åãî ôîíåòè÷åñêèé ñîñòàâ. Îñóùåñòâëåíà êëàññèôèêàöèÿ ôîíå-
ìíîãî ñîñòàâà êàçàõñêîãî ÿçûêà ïî ôîðìå çâóêîâîé âîëíû è âûáîð ìåòîäîâ å¼ ìîäèôèêàöèè.
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Èññëåäîâàíû ïðàâèëà ïðåîáðàçîâàíèÿ áóêâà-ôîíåìà ñ öåëüþ ðàçðàáîòêè àëãîðèòìà ôîíåòè-
÷åñêîãî òðàíñêðèáèðîâàíèÿ êàçàõñêèõ òåêñòîâ [4]. Ðàçðàáîòàííûå ìàòåìàòè÷åñêèå ìåòîäû è
ìîäåëè ïîçâîëÿþò â øèðîêîì äèàïàçîíå îñóùåñòâëÿòü ìîäèôèêàöèþ èíòîíàöèîííûõ õàðàê-
òåðèñòèê íàáîðà ýòàëîííûõ ðå÷åâûõ ñèãíàëîâ ïî ìíîæåñòâó ðåãóëèðóåìûõ ïàðàìåòðîâ. Ïðî-
ãðàììíàÿ ðåàëèçàöèÿ äàííûõ ìåòîäîâ è ìîäåëåé ïîêàçàëà èõ äîñòàòî÷íóþ ýôôåêòèâíîñòü è
íàä¼æíîñòü [6-8]. Ïðè ýòîì ðåçóëüòàò ñèíòåçà èìååò âûñîêèå êà÷åñòâåííûå ïîêàçàòåëè. Íåðå-
ø¼ííûì îñòà¼òñÿ âîïðîñ ïîñòðîåíèÿ èíòîíàöèîííîé ìîäåëè êàçàõñêîãî ÿçûêà è ïîñëåäóþùèé
ïðîöåññ å¼ àëãîðèòìèçàöèè äëÿ ïîñòðîåíèÿ ïîëíîôóíêöèîíàëüíîãî ñèíòåçàòîðà êàçàõñêîé ðå-
÷è ïî òåêñòó [5].
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ÑÈÌÌÅÒÐÈ×ÅÑÊÈÅ ÊÎÖÈÊËÛ ÀËÃÅÁÐÛ ËÈ ÒÈÏÀ B2

À. Á. Áàêèðîâà

Èíñòèòóò Ìàòåìàòèêè ÌÎèÍ ÐÊ
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Â ðàáîòå îïèñàíî ïðîñòðàíñòâî ñèììåòðè÷åñêèõ êîöèêëîâ äëÿ àëãåáðû Ëè òèïà B2 íàä ïîëåì K.

Ââåäåíèå. Ïóñòü L � êëàññè÷åñêàÿ àëãåáðà Ëè òèïà B2 íàä ïîëåì K õàðàêòåðèñòèêè
p ≥ 0. Ïóñòü C2

com(L) � ïðîñòðàíñòâî áèëèíåéíûõ ñèììåòðè÷åñêèõ îòîáðàæåíèé ψ : L× L →
K,

ψ(a, b) = ψ(b, a),

äëÿ âñåõ a, b ∈ L. Äëÿ áèëèíåéíîãî îòîáðàæåíèÿ ψ : L× L → K îáîçíà÷èì ÷åðåç dψ òðèëè-
íåéíîå îòîáðàæåíèå dψ : L× L× L → K, îïðåäåëåííîå ïî ïðàâèëó:

dψ(a, b, c) = ψ([a, b], c) + ψ([b, c], a) + ψ([c, a], b).

Íàçîâåì ψ ∈ C2
com(L) êîììóòàòèâíûì êîöèêëîì, åñëè dψ = 0 . Ïóñòü Z2

com(L) � ïðîñòðàí-
ñòâî êîììóòàòèâíûõ êîöèêëîâ.

Êîììóòàòèâíûå êîöèêëû ïîÿâëþòñÿ ïðè èçó÷åíèè àíòè-Ëè äîïóñòèìûõ àëãåáð [1]. Àëãåáðà
A = (A, ◦) ñ âåêòîðíûì ïðîñòðàíñòâîì A è óìíîæåíèåì A×A → A, (a, b) 7→ a ◦ b íàçûâàåòñÿ
1 -àíòè-Ëè äîïóñòèìîé (êðàòêî 1 -Aëèà), åñëè

{[a, b], c}+ {[b, c], a}+ {[c, a], b} = 0,

äëÿ âñåõ a, b, c ∈ A . Çäåñü
[a, b] = a ◦ b− b ◦ a,

{a, b} = a ◦ b + b ◦ a

ñîîòâåòñòâåííî ëèåâî è æîðäàíîâî êîììóòàòîðû. Ìû ãîâîðèì, ÷òî àëãåáðà (A, ◦) ÿâëÿåòñÿ
äâóñòîðîííå Alia, åñëè

[a, b] ◦ c + [b, c] ◦ a + [c, a] ◦ b = 0,

a ◦ [b, c] + b ◦ [c, a] + c ◦ [a, b] = 0,

Keywords: The classical Lie algebra, central extension, commutative cocycle
2010 Mathematics Subject Classi�cation: 17B05
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 À. Á. Áàêèðîâà, 2010.
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äëÿ âñåõ a, b, c ∈ A. Çàìåòèì, ÷òî äâóñòîðîííå Alia àëãåáðà åñòü q -Alia äëÿ ëþáîãî q ∈ K .
Â ÷àñòíîñòè îíà ÿâëÿåòñÿ Lie-äîïóñòèìîé (â íàøåé òåðìèíîëîãèè −1 -Alia) è 1 -Alia. Ïóñòü
A = (A, ◦) be äâóñòîðîííå Alia àëãåáðà è L = A(−1) ÿâëÿåòñÿ åå àëãåáðîé Ëè, L = (A, [ , ]).
Åñëè L ïðîñòàÿ, òîãäà A òîæå ÿâëÿåòñÿ ïðîñòîé. Åñëè Z2

com(L) = 0 , òîãäà A Ëè è èçîìîðôíà
L.

Êàê ïîêàçàíî â [1] ëþáàÿ 1 -Alia àëãåáðà A îïðåäåëÿåòñÿ êàê àíòèêîììóòàòèâíàÿ àëãåáðà
ñ êîììóòàòèâíûì êîöèêëîì ñ êîýôôèöèåíòàì èç A . Åñëè äàííàÿ àíòèêîììóòàòèâíàÿ àëãåáðà
íå òîëüêî àíòèêîììóòàòèâíà, íî è Ëèåâà, òîãäà ñîîòâåòñòâóþùàÿ 1 -Alia àëãåáðà ÿâëÿåòñÿ
äâóñòîðîííå Alia.

Äëÿ àëãåáðû Ëè L âûáåðåì ñëåäóþùèé áàçèñ:

e1 = E1,2 + E4,5, e2 = 2E2,3 −E3,4, e3 = 2E1,3 + E3,5, e4 = E1,4 + E2,5,

h1 = E1,1 −E2,2 + E4,4 − E5,5, h2 = 2E2,2 − 2E4,4,

f1 = E2,1 + E4,5, f2 = E3,2 − 2E4,3, f3 = E3,1 + 2E5,3, f4 = E4,1 + E5,2,

h1 = hα, h2 = hβ, e1 = eα, e2 = eβ = e2,

e3 = eα+β, e4 = eα+2β, f1 = e−α, f2 = e−β, f3 = e−α−β, f4 = e−α−2β.

Ïóñòü H ïîäàëãåáðà Êàðòàíà L. Ðàçîáúåì C2
+(L) â ïðÿìóþ ñóììó âåñîâûõ ïîäïðî-

ñòðàíñòâ îòíîñèòåëüíî H :
C2

+(L) =
⊕

µ

C2
µ(L).

Ïóñòü
Z2

com(L) =
⊕

µ∈Λ

Z2
com,µ(L).

ψ1 = h∗1 ⊗ h∗2, ψ2 = h∗1 ⊗ e∗1, ψ3 = h∗1 ⊗ e∗2, ψ4 = h∗1 ⊗ e∗3,

ψ5 = h∗1 ⊗ e∗3, ψ6 = h∗1 ⊗ f∗1 , ψ7 = h∗1 ⊗ f∗2 , ψ8 = h∗1 ⊗ f∗3 ,

ψ9 = h∗1 ⊗ f∗4 , ψ10 = h∗2 ⊗ e∗1, ψ11 = h∗2 ⊗ e∗2, ψ12 = h∗2 ⊗ e∗3,

ψ13 = h∗2 ⊗ e∗4, ψ14 = h∗2 ⊗ f∗1 , ψ15 = h∗2 ⊗ f∗2 , ψ16 = h∗2 ⊗ f∗3 ,

ψ17 = h∗2 ⊗ f∗4 , ψ18 = e∗1 ⊗ e∗2, ψ19 = e∗1 ⊗ e∗3, ψ20 = e∗1 ⊗ e∗4,

ψ21 = e∗1 ⊗ f∗1 , ψ22 = e∗1 ⊗ f∗2 , ψ23 = e∗1 ⊗ f∗3 , ψ24 = e∗1 ⊗ f∗4 ,

ψ25 = e∗2 ⊗ e∗3, ψ26 = e∗2 ⊗ e∗4, ψ27 = e∗2 ⊗ f∗1 , ψ28 = e∗2 ⊗ f∗2 ,

ψ29 = e∗2 ⊗ f∗3 , ψ30 = e∗2 ⊗ f∗4 , ψ31 = e∗3 ⊗ e∗4, ψ32 = e∗3 ⊗ f∗1 ,

ψ33 = e∗3 ⊗ f∗2 , ψ34 = e∗3 ⊗ f∗3 , ψ35 = e∗3 ⊗ f∗4 , ψ36 = e∗4 ⊗ f∗1 ,

ψ37 = e∗4 ⊗ f∗2 , ψ38 = e∗4 ⊗ f∗3 , ψ39 = e∗4 ⊗ f∗4 , ψ40 = f∗1 ⊗ f∗2 ,

ψ41 = f∗1 ⊗ f∗3 , ψ42 = f∗1 ⊗ f∗4 , ψ43 = f∗2 ⊗ f∗3 , ψ44 = f∗2 ⊗ f∗4 ,

ψ45 = f∗3 ⊗ f∗4 , ψ46 = h∗1 ⊗ h∗1, ψ47 = h∗2 ⊗ h∗2, ψ48 = e∗1 ⊗ e∗1,

ψ49 = e∗2 ⊗ e∗2, ψ50 = e∗3 ⊗ e∗3, ψ51 = e∗4 ⊗ e∗4, ψ52 = f∗1 ⊗ f∗1 ,

ψ53 = f∗2 ⊗ f∗2 , ψ54 = f∗3 ⊗ f∗3 , ψ55 = f∗4 ⊗ f∗4 ,
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(hα = h1), (hβ = h2), (eα = e1), (eβ = e2),

(eα+β = e3), (eα+2β = e4), (e−α = f1), (e−β = f2), (e−α−β = f3), (e−α−2β = f4),

Îñíîâíûì ðåçóëüòàòîì ÿâëÿåòñÿ
Òåîðåìà 1. Ïóñòü L êëàññè÷åñêàÿ àëãåáðà Ëè òèïà B2 íàä ïîëåì K õàðàêòåðèñòèêè

charK ≥ 0. Òîãäà Z2
com(L) = 0, êðîìå ñëåäóþùèõ ñëó÷àåâ:

(a) Z2
com(L) ≈ 〈ψi | i = 1, 2, · · · , 18〉 ≈ K18, åñëè p = 2, ãäå ψ1 = e∗α+2β ⊗ e∗−α−2β ,

ψ2 = e∗β ⊗ e∗−β + e∗α+β ⊗ e∗−α−β ,
ψ3 = e∗α ⊗ e∗−α ,
ψ4 = h∗α ⊗ e∗α + h∗β ⊗ e∗α + e∗α+β ⊗ e∗−β ,
ψ5 = h∗α ⊗ e∗β + e∗α+β ⊗ e∗−α + e∗α+2β ⊗ e∗−α−β ,
ψ6 = h∗α ⊗ e∗α+β + e∗α ⊗ e∗β + e∗α+2β ⊗ e∗−β ,
ψ7 = h∗β ⊗ e∗α+2β + e∗β ⊗ e∗α+β ,
ψ8 = h∗α ⊗ e∗−α + h∗β ⊗ e∗−α + e∗β ⊗ e∗−α−β ,
ψ9 = h∗α ⊗ e∗−α−β + e∗β ⊗ e−α − 2β∗ + e∗−α ⊗ e∗−β ,
ψ10 = h∗β ⊗ e∗−α−2β + e∗−β ⊗ e∗−α−β ,
ψ11 = e∗α ⊗ e∗α+2β ,
ψ12 = e∗α ⊗ e∗−α−2β ,
ψ13 = e∗β ⊗ e∗β ,
ψ14 = e∗−α ⊗ e∗−α−2β ,
ψ15 = e∗α ⊗ e∗α ,
ψ16 = e∗α+2β ⊗ e∗α+2β ,
ψ17 = e∗−α ⊗ e∗−α ,
ψ18 = e∗−α−2β ⊗ e∗−α−2β ,
(b)Z2

com(L) ≈ 〈φ〉 ≈ K1, åñëè p = 3, ãäå ψ1 = 2(h∗α ⊗ h∗α) + h∗α ⊗ h∗β + h∗β ⊗ h∗β + e∗α ⊗ e∗−α +
2(e∗β ⊗ e∗−β) + 2(e∗α+β ⊗ e∗−α−β + e∗α+2β ⊗ e∗−α−2β ,

Äîêàçàòåëüñòâî. Ñëåäóåò èç òåîðåìû 1 è òåîðåìû 4.1 [1].
Ñëåäîâàòåëüíî, åñëè p 6= 2, 3, ñóùåñòâóåò òîëüêî îäíà ïðîñòàÿ àëãåáðà Ëè, èìåííî sl2,

ñ íåòðèâèàëüíîé ñòðóêòóðîé äâóñòîðîííå Alia àëãåáðû. Ñîîòâåòñòâóþùèå äâóñòîðîííå Alia
àëãåáðû îïèñàíû â òåîðåìå 6.5 [1].

Çàìå÷àíèå. Åñëè charK = 3, òîãäà òåîðåìà th1 íå âåðíà. Åñëè ( , ) åñòü ôîðìà Êèë-
ëèíãà íà L, òîãäà

ψ(a, b) = (a, b)

ÿâëÿåòñÿ êîììóòàòèâíûì êîöèêëîì íà L (òåîðåìà 6.3 [1]).
Ïóñòü H ïîäàëãåáðà Êàðòàíà L . Îáîçíà÷èì ïðîñòðàíñòâî äåêîìïîçèöèè áèëèíåéíûõ ôîðì

C2(L) â ïðÿìóþ ñóììó âåñîâûõ ïîäïðîñòðàíñòâ îòíîñèòåëüíî H :

C2(L) =
⊕

µ

C2
µ(L).

Âîçüìåì áàçèñ â L , äóàëüíûé áàçèñ ïðîñòðàíñòâà ëèíåéíûõ ôîðì L∗ è âîçüìåì áàçèñ ïðî-
ñòðàíñòâà êîììóòàòèâíûõ áèëèíåéíûõ ôîðì C2

com(L) . Ïðåäñòàâèì C2
com(L) êàê ïðÿìóþ ñóì-

ìó ñîáñòâåííûõ ïîäïðîñòðàíñòâ îòíîñèòåëüíî ïîäàëãåáðû Êàðòàíà H ,

C2
com(L) = ⊕µC2

com,µ(L).

Ïóñòü
Z2

com(L) =
⊕

µ∈Λ

Z2
com,µ(L).
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Äëÿ ëèíåéíûõ îòîáðàæåíèé f, g íà L îáîçíà÷èì f ¯ g êîììóòàòèâíîå áèëèíåéíîå îòîá-
ðàæåíèå îïðåäåëåííîå êàê

f ¯ g(a, b) = f(a)g(b) + f(b)g(a).

Áàçèñ C2
com(L) áóäåò ñîâìåñòèì ñ äåéñòâèåì H. Óñëîâèÿ êîöèêëè÷íîñòè íà ψ ∈ Z2

com,µ(L)
äàäóò íàì ñèñòåìû ëèíåéíûõ óðàâíåíèé. Ìû äîêàæåì, ÷òî äëÿ ëþáîãî µ ýòè óðàâíåíèÿ èìåþò
òðèâèàëüíîå ðåøåíèå, åñëè p 6= 2, 3. Äîêàçàòåëüñòâî ìû ïðèâåëè äëÿ ñëó÷àÿ ðàíãà 2. Ëåãêî
îáîáùàåòñÿ íà îáùèé ñëó÷àé.

Äîêàçàòåëüñòâî òåîðåìû 1 â ñëó÷àå rankL = 2. Ìû ïîêàæåì âû÷èñëåíèå Z2
com(L)

äëÿ ñëó÷àÿ L = B2.

Âîçüìåì ñëåäóþùèé áàçèñ àëãåáðû Ëè òèïà B2 = sl3,

e1 = E1,2 + E4,5, e2 = 2E2,3 −E3,4, e3 = 2E1,3 + E3,5, e4 = E1,4 + E2,5,

h1 = E1,1 −E2,2 + E4,4 − E5,5, h2 = 2E2,2 − 2E4,4,

f1 = E2,1 + E4,5, f2 = E3,2 − 2E4,3, f3 = E3,1 + 2E5,3, f4 = E4,1 + E5,2,

h1 = hα, h2 = hβ, e1 = eα, e2 = eβ = e2,

e3 = eα+β, e4 = eα+2β, f1 = e−α, f2 = e−β, f3 = e−α−β, f4 = e−α−2β.

Âîçüìåì äóàëüíûé áàçèñ ïðîñòðàíñòâà ëèíåéíûõ ôîðì L∗ ïî ïðàâèëó e∗i (ej) = δi,j .

Çàìåòèì, ÷òî ïðîñòðàíñòâî êîììóòàòèâíûõ ôîðì íà L åñòü ðàçìåðíîñòè 55 . Ñëåäóþùèå
êîììóòàòèâíûå áèëèíåéíûå ôîðìû íà C2(L,K) îáðàçóþò áàçèñ:

ψ1 = h∗1 ⊗ h∗2, ψ2 = h∗1 ⊗ e∗1, ψ3 = h∗1 ⊗ e∗2, ψ4 = h∗1 ⊗ e∗3,

ψ5 = h∗1 ⊗ e∗3, ψ6 = h∗1 ⊗ f∗1 , ψ7 = h∗1 ⊗ f∗2 , ψ8 = h∗1 ⊗ f∗3 ,

ψ9 = h∗1 ⊗ f∗4 , ψ10 = h∗2 ⊗ e∗1, ψ11 = h∗2 ⊗ e∗2, ψ12 = h∗2 ⊗ e∗3,

ψ13 = h∗2 ⊗ e∗4, ψ14 = h∗2 ⊗ f∗1 , ψ15 = h∗2 ⊗ f∗2 , ψ16 = h∗2 ⊗ f∗3 ,

ψ17 = h∗2 ⊗ f∗4 , ψ18 = e∗1 ⊗ e∗2, ψ19 = e∗1 ⊗ e∗3, ψ20 = e∗1 ⊗ e∗4,

ψ21 = e∗1 ⊗ f∗1 , ψ22 = e∗1 ⊗ f∗2 , ψ23 = e∗1 ⊗ f∗3 , ψ24 = e∗1 ⊗ f∗4 ,

ψ25 = e∗2 ⊗ e∗3, ψ26 = e∗2 ⊗ e∗4, ψ27 = e∗2 ⊗ f∗1 , ψ28 = e∗2 ⊗ f∗2 ,

ψ29 = e∗2 ⊗ f∗3 , ψ30 = e∗2 ⊗ f∗4 , ψ31 = e∗3 ⊗ e∗4, ψ32 = e∗3 ⊗ f∗1 ,

ψ33 = e∗3 ⊗ f∗2 , ψ34 = e∗3 ⊗ f∗3 , ψ35 = e∗3 ⊗ f∗4 , ψ36 = e∗4 ⊗ f∗1 ,

ψ37 = e∗4 ⊗ f∗2 , ψ38 = e∗4 ⊗ f∗3 , ψ39 = e∗4 ⊗ f∗4 , ψ40 = f∗1 ⊗ f∗2 ,

ψ41 = f∗1 ⊗ f∗3 , ψ42 = f∗1 ⊗ f∗4 , ψ43 = f∗2 ⊗ f∗3 , ψ44 = f∗2 ⊗ f∗4 ,

ψ45 = f∗3 ⊗ f∗4 , ψ46 = h∗1 ⊗ h∗1, ψ47 = h∗2 ⊗ h∗2, ψ48 = e∗1 ⊗ e∗1,

ψ49 = e∗2 ⊗ e∗2, ψ50 = e∗3 ⊗ e∗3, ψ51 = e∗4 ⊗ e∗4, ψ52 = f∗1 ⊗ f∗1 ,

ψ53 = f∗2 ⊗ f∗2 , ψ54 = f∗3 ⊗ f∗3 , ψ55 = f∗4 ⊗ f∗4 ,

Íàïîìíèì, ÷òî ìû èñïîëüçóåì ñëåäóþùåå îáîçíà÷åíèå f ¯g = f ⊗g +g⊗f. Ñëó÷àé µ = 0.
Òîãäà

ψ = y1ψ1 + y16ψ16 + y21ψ21 + y25ψ25 + y29ψ29 + y30ψ30.
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Èç óñëîâèÿ −ψ([a, b], c) + ψ([a, c], b)− ψ([b, c], a) = 0 äëÿ ñëåäóþùèõ (a, b, c) 's ìû èìååì:

(a, b, c) cocyclicity conditions
(hα, eα, e−α) −4y16 − y29 = 0
(hα, eβ, e−β) −y1 + 2y21 = 0
(hα, eα+β, e−α−β) −y1 − 2y25 − y29 = 0
(hβ, eα, e−α) −y1 + 2y16 = 0
(hβ, eβ, e−β) −4y21 − y30 = 0
(eα+β, e−α, e−β) y16 + y21 + y25 = 0

Äåòåðìèíàíò ñîîòâåòñòâóþùåé ìàòðèöû ðàâåí 12:
∣∣∣∣∣∣∣∣∣∣∣∣

0 −4 0 0 −1 0
−1 0 2 0 0 0
−1 0 0 −2 −1 0
−1 2 0 0 0 0
0 0 −4 0 0 −1
0 −1 −1 −1 0 0

∣∣∣∣∣∣∣∣∣∣∣∣

= 12,

÷òî îòëè÷íî îò íóëÿ,åñëè p 6= 2, 3. Òàêèì îáðàçîì,

y1 = 0, y16 = 0, y21 = 0, y25 = 0, y29 = 0, y30 = 0.

Ïîýòîìó,
Z2

com,µ(L) = 0 if µ = 0, p 6= 2, 3.

Ïîäîáíûå æå âû÷èñëåíèÿ íåîáõîäèìû äëÿ äðóãèõ ñëó÷àåâ.
Ñëó÷àé µ = −2λ1 + λ2. Òîãäà ψ = y2ψ2 + y8ψ8 + y24ψ24 ∈ Zµ

com(L,K). Ìû èìååì

(a, b, c) cocyclicity conditions
(hα, hβ, eα) y2 + 2y8 = 0
(hβ, eα+β, e−β) y8 + 3y24 = 0
(eα, eβ, e−β) y8 + y24 = 0

Èìååò ìàòðèöó ñ äåòåðìèíàíòîì -2:
∣∣∣∣∣∣

1 2 0
0 1 3
0 1 1

∣∣∣∣∣∣
= −2

Òàê,
y2 = 0, y8 = 0, y24 = 0,

è
Z2

com,µ(L) = 0 if µ = −2λ1 + λ2, p 6= 2.

Ñëó÷àé µ = λ1 − 2λ2. Òîãäà ψ = y3ψ3 + y9ψ9 + y23ψ23 ∈ H2
λ(L,K.) Ìû èìååì:

(a, b, c) cocyclicity conditions
(hα, hβ, eβ) −2y3 − y9 = 0
(hα, eα+β, e−α) y3 − 3y23 = 0
(eβ, eα+β, e−α−β) −y3 − y9 + y23 = 0
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Èìååò ìàòðèöó ñ äåòåðìèíàíòîì 4:
∣∣∣∣∣∣

−2 −1 0
1 0 −3
−1 −1 1

∣∣∣∣∣∣
= 4

Òàê, y3 = y9 = y23 = 0.
Ñëó÷àé µ = −λ1 − λ2. Òîãäà ψ = y4ψ4 + y10ψ10 + y14ψ14 ∈ Z2

com,µ(L,K). Ìû èìååì:

(a, b, c) cocyclicity conditions
(hα, hβ, eα+β) y10 − y4 = 0
(hβ, eα, eβ) 3y14 − y10 = 0
(eβ, eα+β, e−β) y10 − y14 = 0

Èìååò ìàòðèöó ñ äåòåðìèíàíòîì 2:
∣∣∣∣∣∣

−1 1 0
0 −1 3
0 1 −1

∣∣∣∣∣∣
= 2.

Òàêèì îáðàçîì, y4 = y10 = y14 = 0.
Ñëó÷àé µ = 2λ1 − λ2. Òîãäà ψ = y5ψ5 + y11ψ11 + y22ψ22 ∈ H2

λ(L,K.) Ìû èìååì:

(a, b, c) cocyclicity conditions
(hα, hβ, e−α) −y5 − 2y11 = 0
(eβ, e−α, e−β) y11 + y22 = 0
(eα+β, e−α, e−α−β) y5 + y11 + y22 = 0

Èìååò ìàòðèöó ñ äåòåðìèíàíòîì -2:
∣∣∣∣∣∣

−1 −2 0
0 1 1
1 1 1

∣∣∣∣∣∣
= −2.

Òàê, y5 = y11 = y22 = 0.
Ñëó÷àé µ = −λ1 + 2λ2. Òîãäà ψ = y6ψ6 + y12ψ12 + y18ψ18 ∈ Z2

com,µ(L,K). Ìû èìååì

(a, b, c) cocyclicity conditions
(hα, hβ, e−β) 2y6 + y12 = 0
(hα, eα, e−α−β) y6 − 3y18 = 0
(eα+β, e−β, e−α−β) y6 + y12 − y18 = 0

Èìååò ìàòðèöó ñ äåòåðìèíàíòîì 4:
∣∣∣∣∣∣

2 1 0
1 0 −3
1 1 −1

∣∣∣∣∣∣
= 4.

Òàê, y1 = y12 = y18 = 0.
Ñëó÷àé µ = λ1 + λ2. Òîãäà ψ = y7ψ7 + y13ψ13 + y26ψ26 ∈ Z2

com,µ(L). Ìû èìååì:

(a, b, c) cocyclicity conditions
(hα, hβ, e−α−β) y7 − y13 = 0
(hα, e−α, e−β) y7 + 3y26 = 0
(eα, e−α, e−α−β) −y7 + y26 = 0
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Èìååò ìàòðèöó ñ äåòåðìèíàíòîì 4:
∣∣∣∣∣∣

1 −1 0
1 0 3
−1 0 1

∣∣∣∣∣∣
= 4.

Òàê, y7 = y13 = y26 = 0.
Ñëó÷àé µ = −3λ1. Òîãäà ψ = y15ψ15 ∈ Z2

com,µ(L). Èç óñëîâèé êîöèêëè÷íîñòè (hα, eα, eα+β)
ìû èìååì: y15 = 0. Ñëåäîâàòåëüíî

Z2
com,−3λ1

(L,K) = 0.

Ñëó÷àé µ = −3λ1 + 3λ2. Â ýòîì ñëó÷àå ψ = y17ψ17 ∈ Z2
com,µ(L). Èç ñëåäóþùèõ óðàâíåíèé

(hα, eα, e−β) : −y17 = 0,

ìû ïîëó÷àåì
−y17 = 0.

Ñëåäîâàòåëüíî,
Z2

com,−3λ1+3λ2
= 0;

Ñëó÷àé µ = −3λ2. Òîãäà ψ = y19ψ19 ∈ Z2
com,λ(L) . Ìû èìååì:

dψ(hβ, eβ, eα+β) = 0 ⇒ y19 = 0,

Ñëåäîâàòåëüíî,
Z2

com,−3λ2
= 0.

Ñëó÷àé µ = 3λ1 − 3λ2. Òîãäà ψ = y20ψ20 ∈ Z2
com,µ(L). Ìû èìååì:

dψ(hβ, eβ, e−α) ⇒ −y20 = 0.

Ñëåäîâàòåëüíî,
Z2

com,3λ1−3λ2
= 0.

Ñëó÷àé µ = 3λ1. Òîãäà ψ = y27ψ27 ∈ Z2
com,µ(L). Ìû èìååì:

dψ(hβ, e−α, e−α−β) ⇒ −2y27 = 0.

Ñëåäîâàòåëüíî,
Z2

com,3λ1
= 0.

Ñëó÷àé µ = 3λ2. Òîãäà ψ = y28ψ28 ∈ Z2
com,µ(L). Èç ñëåäóþùåãî óðàâíåíèÿ

dψ(hβ, e−β, e−α−β) = 0 ⇒ y28 = 0.

Ñëåäîâàòåëüíî,
Z2

com,3λ2
= 0.

Ñëó÷àé µ = −4λ1 + 2λ2. Òîãäà ψ = y31ψ31 ∈ Z2
com,µ(L). Ìû èìååì:

dψ(eα, eα+β, e−β) ⇒ y31 = 0,

Ñëåäîâàòåëüíî,
Z2

com,4λ1−2λ2
= 0.
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Ñëó÷àé µ = 2λ1 − 4λ2. Òîãäà ψ = y32ψ32 ∈ Z2
com,µ(L). Ìû èìååì:

dψ(eβ, eα+β, e−α) ⇒ y32 = 0,

Ñëåäîâàòåëüíî,
Z2

com,2λ1−4λ2
= 0.

Ñëó÷àé µ = −2λ1 − 2λ2. Òîãäà ψ = y33ψ33 ∈ Z2
com,µ(L). Ìû èìååì:

(eα, eβ, eα+β) ⇒ −y33 = 0.

Ñëåäîâàòåëüíî,
Z2

com,−2λ1+2λ2
= 0.

Ñëó÷àé µ = 4λ1 − 2λ2. Òîãäà ψ = y34ψ34 ∈ Z2
com,µ(L). Ìû èìååì:

dψ(eβ, e−α, e−α−β) ⇒ y34 = 0,

òàê,
Z2

com,−4λ1+2λ2
= 0.

Ñëó÷àé µ = −2λ1 + 4λ2. Òîãäà ψ = y35ψ35 ∈ Z2
com,µ(L). Ìû èìååì:

dψ(eα, e−β, e−α−β) ⇒ −y35 = 0.

Òàêèì îáðàçîì
Z2

com,−2λ1+4λ2
= 0.

Ñëó÷àé µ = 2λ1 + 2λ2. Òîãäà ψ = y36ψ36 ∈ Z2
com,µ(L). Ìû èìååì:

dψ(e−α, e−β, e−α−β) ⇒ y36 = 0.

Ñëåäîâàòåëüíî,
Z2

com,2λ1+2λ2
= 0.

Äîêàçàòåëüñòâî òåîðåìû 1 â îáùåì ñëó÷àå. Åñëè ðàíã L ðàâåí 2, êàê ìû ïîêàçàëè
âûøå òåîðåìà âåðíà. Åñëè ðàíã L áîëüøå > 2, òîãäà ëþáûå äâà êîðíÿ γ, δ , ïîðîæäàþò
êîðíåâóþ ñèñòåìó ðàíãà 2 èëè êîðíåâóþ ñèñòåìó ðàíãà 1. Ëþáàÿ êîðíåâàÿ ñèñòåìà ðàíãà 1
ìîæåò áûòü ðàñøèðåíà äî êîðíåâîé ñèñòåìû ðàíãà 2. Ñëåäîâàòåëüíî, eγ , eδ ïîðàæäàåò àëãåáðó
Ëè ðàíãà 2 èëè ïîäàëãåáðó àëãåáðû ðàíãà 2. Òàêèì îáðàçîì, â ëþáîì ñëó÷àå

ψ(eγ , eδ) = 0

äëÿ êîììóòàòèâíîãî êîöèêëà ψ.
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CLASSICAL SOLUTION OF A NONREGULAR
CONJUNCTION PROBLEM FOR THE HEAT EQUATIONS

G. I. Bizhanova

Institute of Mathematics of the Ministry of Education and Sciences of the Republic of Kazakhstan,
050010 Almaty Pushkin str. 125, galya@math.kz, galina math@mail.ru

One dimensional conjunction boundary value problem for the heat equations with the incompatible
initial and boundary data is studied. It is shown that a nonful�llment of the compatibility conditions
leads to the appearance in the solution of the problem of the special functions (repeated integrals of a
probability), which are singular in the vicinity of a boundary of the domains as t → 0. After extraction
from the solution of these functions there is proved in the weighted and classical H�older spaces the
existence, uniqueness and estimates of the solution of the problem, to which the original problem was
reduced.

1. Introduction. Statement of the problem. Main de�nitions
When we investigate the initial boundary value problems for the parabolic equations in the H�older
space C

2+l,1+l/2
x t (ΩT ), l�positive noninteger, we require the ful�llment of the compatibility conditions

of the boundary and initial data. These conditions provide the continuous of the solution and
its derivatives and boundedness of the H�older constants of the higher derivatives in ΩT . The
compatibility conditions represent the functional identities connecting the given functions on the
boundary of the domain at the initial moment and they considerably restrict the arbitrariness of all
given functions in the problem.

Studying the boundary value problems in the weighted H�older space C l
s(ΩT ), s ∈ (l, 2 + l],

introduced by V.S.Belonosov we can get rid of one or two compatibility conditions, this depends on
the boundary conditions of the problems and the indexes s, l [1], [2], [9], but if in the problem there
is the �rst boundary condition, then we should require the ful�lment of the zero order compatibility
condition for any s, l.

Y. Martel and Ph. Souplet in [8] proved that the solution of the �rst boundary value problem
for the parabolic equation with incompatible data is not continuous in the closure of a domain.

Keywords: parabolic equation, incompatible data, existence, uniqueness, estimate of the solution, H�older space,
singular solution
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In [5] there was studied one dimensional �rst and second initial boundary value problems for the
heat equations with the incompatible data and was shown an order of the singularity of the solution
with respect to t in the vicinity of a boundary of a domain.

We study the conjunction boundary value problem for the heat equations with the incompatible
initial and boundary data of all necessary orders on the boundary of a domain. The nonful�lment
of the compatibility conditions of initial and boundary data leads to the appearance of the special
functions (repeated integrals of a probability) in the solution of the problem, which are singular in
the vicinity of a boundary of a domain as t → 0. After extraction of these functions from the solution
we derive the problem, for which the compatibility conditions of the all necessary orders are ful�lled
and prove the existence, uniqueness and estimates of the solutions of the obtained problem in the
weighted and classical H�older spaces.

In Chapter 1 we set the problem, determine the weighted and classical H�older spaces and
compatibility conditions for the considered problem and de�ne the special functions (repeated
integrals of the probability). The main results of the paper are formulated in the Chapter 2. In
the Chapter 3 we construct these special functions as the solutions of the auxiliary problems with
incompatible data. Then in Chapter 4 with the help of them after suitable substitutions of the
unknown functions in the problem we prove the unique solvability and derive the estimates of the
solution of the obtained problem in the weighted and classical H�older spaces.

Let D1 := R1− = {x : x ∈ (−∞, 0)}, D2 := R1
+ = {x : x ∈ (0,∞)}, DjT := Dj × (0, T ),

j = 1, 2, σT := (0, T ).
It is required to �nd the functions u1(x, t), u2(x, t) satisfying the heat equations

∂t u1 − a1 ∂2
x u1 = f1(x, t) in D1T , ∂t u2 − a2 ∂2

x u2 = f2(x, t) in D2T , (1.1)

the initial conditions
uj

∣∣
t=0

= u0j(x) in Dj , j = 1, 2, (1.2)

and the conjunction conditions

(u1 − u2)
∣∣
x=0

= ϕ(t), t ∈ (0, T ), (1.3)
(
λ1∂xu1 − λ2∂xu2

)∣∣
x=0

= ψ(t), t ∈ (0, T ). (1.4)

Here aj , λj , j = 1, 2, are positive constants, ∂k
t = ∂k/∂tk, ∂k

x = ∂k/∂xk, k = 1, 2, . . .. Further we
shall denote by C1, C2, . . . the positive constants and use the notation Dk

t = dk/dkt, Dk
x = dk/dkx.

We de�ne the weighted [1, 2] and classical [7] H�older spaces.
Let Ω ∈ R1, ΩT := Ω× (0, T ). By C l

s(ΩT ), l � positive noninteger, s ≤ l, we denote the Banach
space of the functions u(x, t) with the norm

|u|(l)s,ΩT
= sup

t<T
t

l−s
2 [u](l)

Ω′t
+

∑

s<2j0+j<l

sup
t<T

t
2j0+j−s

2 |∂j0
t ∂j

xu|Ω′t +

{
|u|(s)ΩT

, s ≥ 0,

0, s < 0,
(1.5)

where Ω′t = Ω× (t/2, t), |f |ΩT
= sup(x,t)∈ΩT

|f |,

[f ](l)ΩT
=

∑

2j0+j=[l]

[∂j0
t ∂j

xf ](l−[l])
x,ΩT

+
∑

0<l−2j0−j<2

[∂j0
t ∂j

xf ]
(

l−2j0−j
2

)

t,ΩT
,

[f ](α)
x,ΩT

= sup
(x,t),(z,t)∈ΩT

|f(x, t)− f(z, t)|
|x− z|α , [f ](α)

t,ΩT
= sup

(x,t),(x,τ)∈ΩT

|f(x, t)− f(x, τ)|
|t− τ |α , α ∈ (0, 1),

(1.6)
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|u|(s)ΩT
is the norm of the classical H�older space C

s,s/2
x t (ΩT ) :

|u|(s)ΩT
=

[s]∑

2j0+j=0

|∂j0
t ∂j

xu|ΩT
+

{
[u](s)ΩT

, s− noninteger,
0, s− integer,

where the H�older constants [u](s)ΩT
are determined by the formulas (1.6) with l = s.

C
l/2
s/2(σT ) is the Banach space of the functions v(t) with the norm

|v|(l/2)
s/2,σT

= sup
t<T

t
l−s
2 [D[l/2]

t v](l/2−[l/2])
σ′t

+
∑

s<2j0<l

sup
t<T

t
2j0−s

2 |Dj0
t v|σ′t +

{
|v|(s/2)

σT , s ≥ 0,

0, s < 0,

where σ′t = (t/2, t), |v|(s/2)
σT is the norm of the H�older space Cs/2(σT ):

|v|(s/2)
σT

=
[s/2]∑

j0=0

|Dj0
t v|σT +

{
[D[s/2]

t v](s/2−[s/2])
t,σT

, s/2− noninteger,
0, s/2− integer.

For s = l the spaces C l
s(ΩT ) and C

l/2
s/2(σT ) are the classical H�older spaces C

l, l/2
x t (ΩT ) and

C l/2(σT ) respectively.
De�ne the compatibility conditions of the initial and boundary functions for the problem (1.1)�

(1.4). Let u
(n)
j (x, t) = ∂n

t uj(x, t),

u
(n)
j (x) = ∂n

t uj(x, t)
∣∣
t=0

, u
(0)
j (x) =u0j(x), f

(n)
j (x) = ∂n

t fj(x, t)
∣∣
t=0

, j = 1, 2,

ϕ(n)(0) = Dn
t ϕ(t)

∣∣
t=0

, ψ(n)(0) = Dn
t ψ(t)

∣∣
t=0

, n = 0, 1, 2, . . . .
(1.7)

The functions u
(n)
j (x), n = 1, 2, . . . , are determined from the equations (1.1) and an initial conditions

(1.2), i.e.
u

(1)
j (x) = ∂tuj(x, t)

∣∣
t=0

= aj u′′0j(x) + f(x, 0), (1.8)

u(n)(x) =
(
∂n−1

t

(
a ∂2

xuj(x, t) + f(x, t)
))∣∣

t=0
=

(
aj ∂2

xu
(n−1)
j (x, t) + f (n−1)(x, t)

)∣∣
t=0

≡ an
j D2n

x u0j(x) +
n−1∑

ν=1

aν
j D2ν

x f
(n−1−ν)
j (x) + f

(n−1)
j (x), n = 2, 3, . . . .

(1.9)

Here Dn
x = dn/dnx, Dn

t = dn/dnt.
We denote

An := ϕ(n)(0)− (
u

(n)
1 (x)− u

(n)
2 (x)

)∣∣
x=0

, n = 0, 1, 2, . . . , (1.10)

Bn := ψ(n)(0)− (
λ1Dxu(n)(x)− λ2Dxu(n)(x)

)∣∣
x=0

, n = 0, 1, 2, . . . . (1.11)
The compatibility conditions of the n-th order for the problem (1.1)�(1.4) correspoding to the

conjunction conditions (1.3) and (1.4) respectively are
(
∂n

t u1(x, t)− ∂n
t u2(x, t)

)∣∣
t=0, x=0

≡ (
u

(n)
1 (x)− u

(n)
2 (x)

)∣∣
x=0

= Dn
t ϕ(t)

∣∣
t=0

≡ ϕ(n)(0), or An = 0, n = 0, 1, 2, . . . ,

and
(
λ1∂x∂n

t u1(x, t)− λ2∂x∂n
t u2(x, t)

)∣∣
t=0, x=0

≡ (
λ1Dxu

(n)
1 (x)− λ2Dxu

(n)
2 (x)

)∣∣
x=0

= Dn
t ψ(t)

∣∣
t=0

≡ ψ(n)(0), or Bn = 0, n = 0, 1, 2, . . . .
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In particular, the compatibility conditions of the zero, �rst and zero orders corresponding to the
boundary conditions (1.3) and (1.4) respectively have the form

A0 := ϕ(0)− (
u01(x)− u02(x)

)∣∣
x=0

= 0, (1.12)

A1 := ϕ′(0)− (
a1 u′′01 + f1(x, 0)− a2 u′′02 − f2(x, 0)

)∣∣
x=0

= 0; (1.13)
and

B0 := ψ(0)− (
λ1u

′
01(x)− λ2u

′
02(x)

)∣∣
x=0

= 0. (1.14)
For the problem (1.1)�(1.4) the following theorems are valid.

Theorem 1.1 [4, 9] Let α ∈ (0, 1), s ∈ (α, 2 + α].
For every functions u0j(x) ∈ Cs(Dj), fj(x, t) ∈ Cα

s−2(DjT ), j = 1, 2, ϕ(t) ∈ C
1+α/2
s/2 (σT ),

ψ(t) ∈ C
1+α

2
s−1
2

(σT ) satisfying the compatibility conditions

A0 = 0 for s ∈ (α, 1); A0 = 0, B0 = 0 for s ∈ [1, 2);
A0 = 0, A1 = 0, B0 = 0 for s ∈ [2, 2 + α],

where A0, A1, B0 are de�ned by the formulas (1.12)� (1.14), the problem (1.1) � (1.4) has a unique
solution uj(x, t) ∈ C2+α

s (DjT ), j = 1, 2, and an estimate for it takes place

2∑

j=1

|uj |(2+α)
s,DjT

≤ C1

( 2∑

j=1

(|u0j |(s)Dj
+ |fj |(α)

s−2,DjT

)
+ |ϕ|(1+α/2)

s/2,σT
+ |ψ|(

1+α
2

)
s−1
2

,σT

)
.

Theorem 1.2 [3, 7] For every functions u0j(x) ∈ C2+α(Dj), fj(x, t) ∈ C
α, α/2
x t (DjT ), j = 1, 2,

ϕ(t) ∈ C1+α/2(σT ), ψ(t) ∈ C
1+α

2 (σT ), α ∈ (0, 1), satisfying the compatibility conditions

A0 = 0, A1 = 0, B0 = 0,

where A0, A1, B0 are de�ned by the formulas (1.12)�(1.14), the problem (1.1) � (1.4) has a unique
solution uj(x, t) ∈ C

2+α, 1+α/2
x t (DjT ), j = 1, 2, and an estimate for it takes place

2∑

j=1

|uj |(2+α)
DjT

≤ C2

( 2∑

j=1

(|u0j |(2+α)
Dj

+ |fj |(α)
DjT

)
+ |ϕ|(1+α/2)

σT
+ |ψ|(

1+α
2

)
σT

)
.

Remark 1.1 Comparing Theorems 1.1 and 1.2 we can see that the consideration of the problem in
the weighted H�older space C2+α

s (DjT ) permits us to get rid of one or two compatibility conditions of
the highest orders. In any case the compatibility condition of the zero order: A0 = 0 must be ful�lled.

Further we shall apply the special functions (repeated integrals of the probability) inerfc ζ. De�ne
them [6], Ch. 7.2, page 122,

inerfc ζ :=
∫ ∞

ζ
in−1erfc ξ d ξ, n = 0, 1, 2, . . . ,

i−1erfc ζ :=
2√
π

e−ζ2
, i0erfc ζ := erfc ζ =

2√
π

∫ ∞

ζ
e−ξ2

d ξ, i1erfc ζ := ierfc ζ.

(1.15)

The following relations for them are ful�lled:

d/dζ inerfc ζ = −in−1erfc ζ, n = 0, 1, 2, . . . , (1.16)
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inerfc ζ =
1
2n

in−2 erfc ζ − ζ

n
in−1erfc ζ, n = 1, 2, . . . ,

inerfc 0 =
1

2n Γ(n/2 + 1)
, n = −1, 0, 1, . . . , (1.17)

where Γ(·) � Euler gamma � function. As it is seen from the formulas (1.15), (1.17) for ζ ≥ 0 these
functions are restricted

inerfc ζ ≤ inerfc 0, n = −1, 0, 1, . . . ,

and they satisfy an estimate [5]

inerfs ζ ≤ (
√

2)n+1inerfs
ζ√
2

e−ζ2/2, (ζ ≥ 0), n = −1, 0, 1, . . . . (1.18)

2. Main results
We shall prove that the nonful�lment of the compatibility conditions in the problem (1.1)�(1.4)
leads to the appearance in the solution of the special functions (repeated integrals of the probability)
inerfc x

2
√

ajt
, which are singular in the vicinity of the boundary x = 0 of a domain as t → 0. But the

main results of the present work are formulated in the general case, i.e. for every given functions
satisfying or not the compatibility conditions.

We remind that the ful�llment of the compatibility conditions of the n0�th order corresponding
to the boundary conditions (1.3) and (1.4) means An0 = 0 and Bn0 = 0 respectively, where An0 ,
Bn0 are determined by the formulas (1.10), (1.11).

Theorem 2.1 For every functions u0j(x) ∈ C2+α(Dj), fj(x, t) ∈ C
α, α/2
x t (DjT ), j = 1, 2, ϕ(t) ∈

C1+α/2(σT ), ψ(t) ∈ C
1+α

2 (σT ), α ∈ (0, 1), the problem (1.1) � (1.4) has a unique solution

uj(x, t) = V
(0)
j (x, t) + V

(2)
j (x, t) + W

(1)
j (x, t) + vj(x, t), j = 1, 2,

where
V

(0)
1 (x, t) = A0

λ2

æ
√

a2
erfs

−x

2
√

a1t
, V

(0)
2 (x, t) = −A0

λ1

æ
√

a1
erfs

x

2
√

a2t
(2.1)

V
(2)
1 (x, t) = A1

λ2

æ
√

a2

1
i2erfs 0

t i2erfs
−x

2
√

a1t
, V

(2)
2 (x, t) = −A1

λ1

æ
√

a1

1
i2erfs 0

t i2erfs
x

2
√

a2t
, (2.2)

W
(1)
j (x, t) = B0

2
æ

√
t ierfs

(−1)jx

2
√

ajt
, j = 1, 2, (2.3)

æ = λ1/
√

a1 + λ2/
√

a2, the values A0, A1, B0 are de�ned by the formulas (1.12)� (1.14), and the
functions vj(x, t) belong to C

2+α, 1+α/2
x t (DjT ), j = 1, 2, and satisfy an estimate

2∑

j=1

|vj |(2+α)
DjT

≤ C1

( 2∑

j=1

(|u0j |(2+α)
Dj

+ |fj |(α)
DjT

)
+ |ϕ|(1+α/2)

σT
+ |ψ|(

1+α
2

)
σT

)
. (2.4)

Theorem 2.2 Let α ∈ (0, 1), s ∈ (α, 2 + α].
For every functions u0j(x) ∈ Cs(Dj), fj(x, t) ∈ Cα

s−2(DjT ), j = 1, 2, ϕ(t) ∈ C
1+α/2
s/2 (σT ),

ψ(t) ∈ C
1+α

2
s−1
2

(σT ) the problem (1.1) � (1.4) has a unique solution

uj(x, t) =





V
(0)
j (x, t) + v

(1)
j (x, t), s ∈ (α, 1),

V
(0)
j (x, t) + W

(1)
j (x, t) + v

(2)
j (x, t), s ∈ [1, 2),

V
(0)
j (x, t) + V

(2)
j (x, t) + W

(1)
j (x, t) + v

(3)
j (x, t), s ∈ [2, 2 + α], j = 1, 2,
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where the functions V
(0)
j (x, t), V

(2)
j (x, t), W

(1)
j (x, t) are de�ned by the formulas (2.1)�(2.3), and

the functions v
(1)
j (x, t), v

(2)
j (x, t), v

(3)
j (x, t) belong to the space C2+α

s (DjT ), j = 1, 2, and satisfy an
estimate

2∑

j=1

|v(k)
j |(2+α)

s,DjT
≤ C2

(
|u0|(s)Dj

+ |fj |(α)
s−2,DjT

+ |ϕ|(1+α/2)
s/2,σT

+ |ψ|(
1+α

2
)

s−1
2

,σT

)
, k = 1, 2, 3. (2.5)

Theorem 2.3 Let α ∈ (0, 1), k = 0, 1, 2, . . . .
For every functions u0j(x) ∈ C 2+k+α(Dj), fj(x, t) ∈ C

k+α, k+α
2

x t (DjT ), j = 1, 2, ϕ(t) ∈
C 1+ k+α

2 (σT ), ψ(t) ∈ C
1+k+α

2 (σT ) the problem (1.1) � (1.4) has a unique solution uj(x, t) = Vj(x, t)+
Wj(x, t) + vj(x, t), j = 1, 2, where

Vj(x, t) =
1+[k/2]∑

n=0

V
(2n)
j (x, t), Wj(x, t) =

[ 1+k
2

]∑

n=0

W
(2n+1)
j (x, t), j = 1, 2, (2.6)

V
(2n)
1 (x, t) = An

λ2

æ
√

a2

1
n! i2nerfs 0

tni2nerfs
−x

2
√

a1t
,

V
(2n)
2 (x, t) = −An

λ1

æ
√

a1

1
n! i2nerfs 0

tni2nerfs
x

2
√

a2t
,

(2.7)

W
(2n+1)
j (x, t) = Bn

2
æ n! i2nerfs 0

tn+1/2i2n+1erfs
(−1)jx

2
√

ajt
, j = 1, 2, (2.8)

æ = λ1/
√

a1 +λ2/
√

a2, the values An, Bn are de�ned by formulas (1.10), (1.11), and the functions
vj(x, t) belong to the space C

2+k+α, 1+ k+α
2

x t (DjT ), j=1,2, and satisfy an estimate

2∑

j=1

|vj |(2+k+α)
DjT

≤ C3

( 2∑

j=1

(|u0j |(2+k+α)
Dj

+ |fj |(k+α)
DjT

)
+ |ϕ|(1+ k+α

2
)

σT + |ψ|(
1+k+α

2
)

σT

)
. (2.9)

Remark 2.1 In the Theorems 2.1�2.3 the compatibility conditions can be ful�lled or not. If some of
them take place, for instance, An0 = 0, Bm0 = 0, then V

(2n0)
j (x, t) = 0, W

(2m0+1)
j (x, t) = 0, j = 1, 2,

in accordance to the formulas (2.6)�(2.8). If the compatibility conditions of the all necessary orders
take place, i.e. An = 0, n = 0, . . . , 1 + [k/2], Bn = 0, n = 0, . . . , [1+k

2 ], then all the functions
V

(2n)
j (x, t), n = 0, . . . , 1 + [k/2], W

(2n+1)
j (x, t), n = 0, . . . , [1+k

2 ], j = 1, 2, are equalled to zero (in
the Theorems 2.1, 2.2 we have k = 0, and k = 0, 1, 2, . . . , in the Theorem 2.3).

3. Auxiliary problems
To reduce the problem (1.1)�(1.4) to the problem, for which all the necessary compatibility conditions
are ful�lled we construct the solutions of two conjunction problems with unknown functions V

(2n)
j (x, t)

and W
(2n+1)
j (x, t), j = 1, 2, n = 0, 1, . . .,

∂t V
(2n)
j − aj ∂2

x V
(2n)
j = 0 in DjT , j = 1, 2, (3.1)

V
(2n)
j

∣∣
t=0

= 0 in Dj , j = 1, 2, (3.2)

(V (2n)
1 − V

(2n)
2 )

∣∣
x=0

= An
tn

n!
,

(
λ1∂xV

(2n)
1 − λ2∂xV

(2n)
2

)∣∣
x=0

= 0, t ∈ (0, T ), (3.3)
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and
∂t W

(2n+1)
j − aj ∂2

x W
(2n+1)
j = 0 in DjT , j = 1, 2, (3.4)

W
(2n+1)
j

∣∣
t=0

= 0 in Dj , j = 1, 2, (3.5)

(W (2n+1)
1 −W

(2n+1)
2 )

∣∣
x=0

= 0,
(
λ1∂xW

(2n+1)
1 − λ2∂xW

(2n+1)
2

)∣∣
x=0

= Bn
tn

n!
, t ∈ (0, T ), (3.6)

where aj , λj , j = 1, 2, are positive constants

Lemma 3.1 The solutions V
(2n)
j (x, t) and W

(2n+1)
j (x, t) of the problems (3.1)�(3.3) and (3.4)�(3.6),

n = 0, 1, . . ., have the forms

V
(2n)
1 (x, t) = An

λ2

æ
√

a2

1
n! i2nerfs 0

tni2nerfs
−x

2
√

a1t
,

V
(2n)
2 (x, t) = −An

λ1

æ
√

a1

1
n! i2nerfs 0

tni2nerfs
x

2
√

a2t
,

(3.7)

W
(2n+1)
j (x, t) = Bn

2
n! i2nerfs 0

tn+1/2i2n+1erfs
(−1)jx

2
√

ajt
, j = 1, 2, (3.8)

where æ = λ1/
√

a1 + λ2/
√

a2, the functions ikerfs ζ are de�ned by the formulas (1.15).

Proof. Applying Laplace transform to the problems (3.1)�(3.3) and (3.4)�(3.6) we �nd the solutions
of them in the form

V
(2n)
1 (x, t) = −An

n!
λ2

æ
√

a2

∫ t

0
τn x

2
√

a1π(t− τ)3
e
− x2

4a1(t−τ) d τ, x < 0,

V
(2n)
2 (x, t) = −An

n!
λ1

æ
√

a1

∫ t

0
τn x

2
√

a2π(t− τ)3
e
− x2

4a2(t−τ) d τ, x > 0,

W
(2n+1)
j (x, t) =

Bn

n! æ

∫ t

0
τn 1√

π(t− τ)
e
− x2

4aj(t−τ) d τ, x < 0 for j = 1, x > 0 for j = 2.

By direct computations of these integrals we obtain the formulas (3.7), (3.8). ¤

In [5] with the help of the inequality (1.18) there was obtained that the functions V
(2n)
j (x, t),

W
(2n+1)
j (x, t), n = 0, 1, . . . , j = 1, 2, satisfy the estimates

|∂k
t ∂m

x V
(2n)
j | ≤ C1 t

2n−2k−m
2 e

− x2

8ajt , |∂k
t ∂m

x W
(2n+1)
j | ≤ C2 t

2n+1−2k−m
2 e

− x2

8ajt . (3.9)

These inequalities show that the functions V
(2n)
j (x, t) and W

(2n+1)
j (x, t) and their derivatives

have the singularities for 2n− 2k−m < 0 and 2n + 1− 2k−m < 0 respectively only in the vicinity
of the boundary x = 0 as t → 0. Really, due to an inequality |ξ|β e−ξ2 ≤ Cβ e−ξ2/2, β ≥ 0, from
(3.9) we shall have the estimates for |x| ≥ r0=const>0 and for all t ∈ [0, T ]

|∂k
t ∂m

x V
(2n)
j | ≤ C3

|An|
r2k+m−2n
0

e
− x2

16ajt , |∂k
t ∂m

x W
(2n+1)
j | ≤ C4

|Bn|
r2k+m−2n−1
0

e
− x2

16ajt , j = 1, 2. (3.10)
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4. Proofs of the Theorems 2.1�2.3
We prove the Theorems 2.1�2.3 with the help of the constructed functions V

(2n)
j and W

(2n+1)
j

determined by formulas (3.7), (3.8). They permit us to reduce (1.1)�(1.4) to the problem with
compatible initial and boundary data of all necessary orders.
Proof of Theorem 2.1. We assume that in the problem (1.1)�(1.4) the compatibility conditions
are not ful�lled, i.e.

A0 := ϕ(0)− (
u01(x)− u02(x)

)∣∣
x=0

6= 0, B0 := ψ(0)− (
λ1u

′
01(x)− λ2u

′
02(x)

)∣∣
x=0

6= 0,

A1 := ϕ′(t)|t=0 −
(
a1 u′′01+f1(x, 0)− a2 u′′02 − f2(x, 0)

)∣∣
x=0

6= 0.

In the problem (1.1)�(1.4) we make the substitution

uj(x, t) = V
(0)
j (x, t) + V

(2)
j (x, t) + W

(1)
j (x, t) + vj(x, t), j = 1, 2, (4.1)

where v1(x, t) and v2(x, t) are the new unknown functions, the functions V
(0)
j (x, t), V

(2)
j (x, t) and

W
(1)
j (x, t) are de�ned by the formulas (3.7), (3.8) with n = 0:

V
(0)
j (x, t) = (−1)1+jA0

λ3−j

æ√a3−j
erfs

(−1)j x

2
√

ajt
, (4.2)

V
(2)
j (x, t) = (−1)1+jA1

λ3−j

æ√a3−j

1
i2erfs 0

t i2erfs
(−1)j x

2
√

ajt
, (4.3)

W
(1)
j (x, t) = B0

2
æ

√
t ierfs

(−1)jx

2
√

ajt
, (4.4)

where x < 0 for j = 1, x > 0 for j = 2, æ = λ1/
√

a1 + λ2/
√

a2, erfc ζ = 2√
π

∫∞
ζ e−ξ2

d ξ,

inerfc ζ :=
∫∞
ζ in−1erfc ξ d ξ, n = 1, 2, . . ..

Taking into account that the functions V
(0)
j (x, t), V

(2)
j (x, t) and W

(1)
j (x, t) are the solutions of

the problems (3.1)�(3.3) and (3.4)�(3.6) respectively after substitution (4.1) we obtain the problem
for the functions vj(x, t), j = 1, 2,

∂t vj − aj ∂2
x vj = fj(x, t) in DjT , j = 1, 2, (4.5)

vj

∣∣
t=0

= u0j(x) in Dj , j = 1, 2, (4.6)

(v1 − v2)
∣∣
x=0

= ϕ(t)−A0 −A1 t, t ∈ (0, T ), (4.7)
(
λ1∂xv1 − λ2∂xv2

)∣∣
x=0

= ψ(t)−B0. t ∈ (0, T ). (4.8)
We shall show that the compatibility conditions for the problem (4.5)�(4.8) are ful�lled, really,

(
v1 − v2

)∣∣
x=0,
t=0

≡ (
u01(x)− u02(x)

)∣∣
x=0

= ϕ(0)−A0 ≡
(
u01(x)− u02(x)

)∣∣
x=0

; (4.9)

(
∂tv1 − ∂tv2

)∣∣
x=0,
t=0

≡ (
a1 u′′01(x)+f1(x, 0)

)∣∣
x=0

− (
a2 u′′02(x) + f2(x, 0)

)∣∣
x=0

= ϕ′(t)
∣∣
t=0

−A1 ≡
(
a1 u′′01(x)+f1(x, 0)

)∣∣
x=0

− (
a2 u′′02(x) + f2(x, 0)

)∣∣
x=0

;
(4.10)

(
λ1∂xv1 − λ2∂xv2

)∣∣
x=0,
t=0

≡ (
λ1u

′
01(x)− λ2u

′
02(x)

)∣∣
x=0

= ψ(0)−B0 ≡
(
λ1u

′
01(x)− λ2u

′
02(x)

)∣∣
x=0

.
(4.11)
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Thus, the compatibility conditions of the zero and �rst orders and zero order corresponding to
the boundary conditions (4.7) and (4.8) respectively take place, then under the conditions of the
Theorem 2.1 the problem (4.5)� (4.8) has a unique solution vj(x, t) ∈ C

2+α, 1+α/2
x t (DjT ), j = 1, 2, [7]

and it satis�es an estimate (2.4).
Consider the functions V

(2k)
j (x, t), W

(1)
j (x, t), j = 1, 2, k = 0, 1, determined by (4.2)�(4.4) and

their derivatives. Applying the formula d/dζ inerfc ζ = −in−1erfc ζ, n = 0, 1, 2, . . ., (see (1.16)) for
the iterated integrals of probability inerfc ζ we shall have

∂xV
(0)
j (x, t) = A0

λ3−j

æ
√

πa1a2

1√
t
e
− x2

4ajt , (4.12)

∂tV
(0)
j (x, t) = aj∂

2
xV

(0)
j (x, t) = −A0

λ3−j

2æ
√

πa1a2

x

t3/2
e
− x2

4ajt , (4.13)

∂xV
(2)
j (x, t) = A1

λ3−j

2æ
√

a1a2 i2erfs0

√
t ierfs

(−1)jx

2
√

ajt
, (4.14)

∂tV
(2)
j (x, t) = aj∂

2
xV

(2)
j (x, t) = (−1)1+jA1

λ3−j

4æ√a3−j i2erfs0
erfs

(−1)jx

2
√

ajt
, (4.15)

∂xW
(1)
j (x, t) = (−1)1+jB0

1
æ√aj

erfs
(−1)jx

2
√

ajt
, (4.16)

∂tW
(1)
j (x, t) = aj∂

2
xW

(1)
j (x, t) = B0

1
æ
√

π

1√
t
e
− x2

4ajt , j = 1, 2. (4.17)

The functions V
(0)
j (x, t), V

(2)
j (x, t) and W

(1)
j (x, t), j = 1, 2, are appeared in the solution (4.1)

of the problem (1.1)�(1.4) due to the nonful�llment of the compatibility conditions of the zero and
�rst orders (A0 6= 0 and A1 6= 0) corresponding to the boundary condition (1.3) and of the zero
order (B0 6= 0) corresponding to the boundary condition (1.4). Comparing the formulas (4.2)�(4.4),
(4.12)�(4.17) we can see that the most singular are the functions V

(0)
j (x, t), j = 1, 2, (A0 6= 0).

They are bounded, but discontinuous at the point x = 0, t = 0, their derivatives ∂xV
(0)
j (x, t) and

∂tV
(0)
j (x, t), ∂2

xV
(0)
j (x, t) determined by the formulas (4.12) and (4.13) are singular and their limits

as (x, t) → (0, 0) depend on the approach of an interior point (x, t) of a domain DjT to the point
(0, 0). Really, from (4.2), (4.12), (4.13) we obtain

lim
t→0

lim
|x|→0

V
(0)
j (x, t) = (−1)1+j A0

λ3−j

æ√a3−j
, lim

|x|→0
lim
t→0

V
(0)
j (x, t) = 0,

lim
t→0

lim
|x|→0

∂xV
(0)
j (x, t) = signA0∞, lim

|x|→0
lim
t→0

∂xV
(0)
j (x, t) = 0.

Let the point x tend to 0 as x = (−1)jl0
√

t, t → 0, l0 =const > 0, then

V
(0)
j ((−1)jl0

√
t, t) = (−1)1+j A0

λ3−j

æ√a3−j
erfs

l0
2√aj

,

∂xV
(0)
j (x, t)

∣∣
x=(−1)j l0

√
t
= A0

λ3−j

æ
√

πa1a2
e
− l20

4aj
1√
t
,

∂tV
(0)
j (x, t)

∣∣
x=(−1)j l0

√
t
= aj ∂2

xV
(0)
j (x, t)

∣∣
x=(−1)j l0

√
t
= −A0

λ3−jl0
2æ
√

πa1a2
e
− l20

4aj
1
t
.
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From here we can see that the derivatives ∂xV
(0)
j (x, t) and ∂tV

(0)
j (x, t), ∂2

xV
(0)
j (x, t) tend to

signA0∞ and −signA0∞ as signA0
1√
t
and −signA0

1
t respectively, when x = (−1)jl0

√
t, t → 0.

The functions V
(2)
j (x, t), ∂xV

(2)
j (x, t) and W

(1)
j (x, t), j = 1, 2, determined by the formulas

(4.3), (4.14) and (4.4) are continuous ones at the point (x = 0, t = 0), the derivatives ∂tV
(2)
j (x, t),

∂2
xV

(2)
j (x, t) and ∂xW

(1)
j (x, t) (see (4.15), (4.16)) are bounded, but discontinuous functions at the

point (x = 0, t = 0) as the function V
(0)
j (x, t) due to erfs (−1)jx

2
√

ajt
, and the derivatives ∂tW

(1)
j (x, t),

∂2
xW

(1)
j (x, t) (see (4.17)) are discontinuous functions at the point (x = 0, t = 0) as ∂xV

(0)
j (x, t) (see

(4.12)) and have the �nite or in�nite limits at this point depending on the approach of an interior
point (x, t) to the point (0, 0).

As it follows from the estimate (3.10) in the interior of the domain Dj |x| ≥ r0=const> 0 for
every t ∈ [0, T ] the functions V

(0)
j (x, t), V

(2)
j (x, t) and W

(1)
j (x, t), j = 1, 2, and all their derivatives

are continuous.
If some of the compatibility conditions are ful�lled (A0 = 0, or A1 = 0, or B0 = 0,), then

corresponding to them singular functions V
(0)
j (x, t), or V

(2)
j (x, t), or W

(1)
j (x, t), j = 1, 2, are equalled

to zero. ¤
Proof of Theorem 2.2. Let the compatibility conditions of all necessary orders in the problem

(1.1)�(1.4) are not ful�lled. We reduce this problem to the problem with compatible initial and
boundary data. For this in the problem (1.1)�(1.4) we make the substitution

uj = V
(0)
j (x, t) + v

(1)
j (x, t), s ∈ (α, 1), uj = V

(0)
j (x, t) + W

(0)
j (x, t) + v

(2)
j (x, t), s ∈ [1, 2),

uj = V
(0)
j (x, t) + V

(2)
j (x, t) + W

(1)
j (x, t) + v

(3)
j (x, t), s ∈ [2, 2 + α], j = 1, 2,

where the functions V
(0)
j (x, t), V

(2)
j (x, t) and W

(1)
j (x, t) are determined by the formulas (4.2)�(4.4).

Then for the new unknown functions v
(k)
j (x, t), k = 1, 2, 3, we obtain the following problems:

∂t v
(k)
j − aj ∂2

x v
(k)
j = fj(x, t) in DjT , j = 1, 2, k = 1, 2, 3, (4.18)

v
(k)
j

∣∣
t=0

= u0j(x) in Dj , j = 1, 2, k = 1, 2, 3, (4.19)

(v(1)
1 − v

(1)
2 )

∣∣
x=0

= ϕ(t)−A0,
(
λ1∂xv

(1)
1 − λ2∂xv

(1)
2

)∣∣
x=0

= ψ(t), t ∈ (0, T ); (4.20)

(v(2)
1 − v

(2)
2 )

∣∣
x=0

= ϕ(t)−A0,
(
λ1∂xv

(2)
1 − λ2∂xv

(2)
2

)∣∣
x=0

= ψ(t)−B0. t ∈ (0, T ), (4.21)
and

(v(3)
1 − v

(3)
2 )

∣∣
x=0

= ϕ(t)−A0 −A1 t,
(
λ1∂xv

(3)
1 − λ2∂xv

(3)
2

)∣∣
x=0

= ψ(t)−B0, t ∈ (0, T ). (4.22)

Consider the problem (4.18), (4.19), k = 1, (4.20) for the function v
(1)
j (x, t), j = 1, 2. For

s ∈ (α, 1) it is required the ful�llment of a zero order compatibility condition corresponding to the
�rst boundary condition (4.20) and it takes place due to (4.9). In the problem (4.18), (4.19), k = 2,
(4.21) for the functions v

(2)
j (x, t), j = 1, 2, s ∈ [1, 2), the compatibility conditions of the zero orders

corresponding to the both conditions (4.21) must be ful�lled and they take place as it is shown in
(4.9), (4.10) and in the problem (4.18), (4.19), k = 3, (4.22) for the functions v

(3)
j (x, t), j = 1, 2,

s ∈ [2, 2 + α], all necessary compatibility conditions of the zero, �rst and zero orders corresponding
to the �rst and second boundary conditions (4.22) respectively are ful�lled also, this follows from
(4.9)�(4.11). But then under the conditions of the Theorem 2.2 each of the problems (4.18), (4.19),
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k = 1, (4.20); (4.18), (4.19), k = 2, (4.21) and (4.18), (4.19), k = 3, (4.22) has a unique solution
v

(k)
j (x, t) ∈ C2+α

s (DjT ), j = 1, 2, k = 1, 2, 3, and it satis�es an estimate (2.5).
The behavior of the functions V

(0)
j (x, t), V

(2)
j (x, t) and W

(1)
j (x, t), j = 1, 2, was considered in

the proof of Theorem 2.1.
Due to the de�nition of the norm (1.5) of the weighted H�older space C2+α

s (ΩT ) the derivatives
∂xv

(1)
j (x, t); ∂tv

(1)
j (x, t), ∂2

xv
(1)
j (x, t) and their H�older constants have in Dj , j = 1, 2, the singularities

of the orders t
s−1
2 ; t

s−2
2 and t

s−2−α
2 , s ∈ (α, 1), respectively; the functions ∂tv

(2)
j (x, t), ∂2

xv
(2)
j (x, t)

and their H�older constants have in Dj , j = 1, 2, the singularities of the orders t
s−2
2 and t

s−2−α
2 ,

s ∈ [1, 2), respectively and the H�older constants of the derivatives ∂tv
(3)
j (x, t), ∂2

xv
(3)
j (x, t) have in

Dj , j = 1, 2, the singularities of the order t
s−2−α

2 , s ∈ [2, 2 + α).
We point out that the character and the origin of the singularities of the functions V

(0)
j (x, t),

V
(2)
j (x, t), W

(1)
j (x, t), j = 1, 2, and v

(k)
j (x, t), j = 1, 2 k = 1, 2, 3, are di�erent. The functions

V
(0)
j (x, t), V

(2)
j (x, t) and W

(1)
j (x, t), j = 1, 2, are appeared in the solution of the problem (1.1)�(1.4)

due to the nonful�lment of the compatibility conditions of the initial and boundary data and they
are singular only in the vicinity of the boundary point x = 0 as t → 0. The derivatives of the
functions v

(k)
j (x, t), j = 1, 2, k = 1, 2, 3, are singular in the whole domain Dj , j = 1, 2, as t → 0, and

this singularity appears, because an initial functions u0j(x) belong to Cs(Dj), s ∈ (α, 2 + α).
In the cases of the ful�llment of the compatibility conditions: A0 = 0, or A1 = 0, or B0 = 0

corresponding to them singular functions V
(0)
j (x, t), or V

(2)
j (x, t), or W

(1)
j (x, t), j = 1, 2, are equaled

to zero. ¤

Proof of Theorem 2.3. We assume that in the problem (1.1)�(1.4) the compatibility conditions
of the initial and boundary data of the all necessary orders are not ful�lled, i.e.

An := ϕ(n)(0)(0)− (
u

(n)
1 (x)− u

(n)
2 (x)

)∣∣
x=0

6= 0, n = 0, 1, 2, . . . , 1 + [k/2],

Bn := ψ(n)(0)− (
λ1Dxu(n)(x)− λ2Dxu(n)(x)

)∣∣
x=0

6= 0, n = 0, 1, 2, . . . , [
1 + k

2
].

As above in the problem (1.1)�(1.4) we make the substitution

uj(x, t) = Vj(x, t) + Wj(x, t) + vj(x, t), j = 1, 2,

where

Vj(x, t) =
1+[k/2]∑

n=0

V
(2n)
j (x, t), Wj(x, t) =

[ 1+k
2

]∑

n=0

W
(2n+1)
j (x, t), j = 1, 2,

V
(2n)
1 =An

λ2

æ
√

a2

1
n! i2nerfs 0

tni2nerfs
−x

2
√

a1t
, V

(2n)
2 (x, t)=−An

λ1

æ
√

a1

1
n! i2nerfs 0

tni2nerfs
x

2
√

a2t
,

W
(2n+1)
j (x, t) = Bn

2
æ n! i2nerfs 0

tn+1/2i2n+1erfs
(−1)jx

2
√

ajt
,

æ = λ1/
√

a1+λ2/
√

a2, then for the new unknown functions vj(x, t), j = 1, 2, we obtain the following
problem:

∂t vj − aj ∂2
x vj = fj(x, t) in DjT , j = 1, 2, (4.23)

vj

∣∣
t=0

= u0j(x) in Dj , j = 1, 2, (4.24)
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(v1 − v2)
∣∣
x=0

= ϕ(t)−
1+[k/2]∑

n=0

An

n!
tn, t ∈ (0, T ), (4.25)

(
λ1∂xv

(1)
1 − λ2∂xv

(1)
2

)∣∣
x=0

= ψ(t)−
[ 1+k

2
]∑

n=0

Bn

n!
tn, t ∈ (0, T ). (4.26)

It is easily to verify that in the problem (4.23)�(4.26) all compatibility conditions of the necessary
orders take place, really

(
∂n

t v1 − ∂n
t v2

)∣∣
x=0,
t=0

≡(
v

(n)
1 (x)− v

(n)
2 (x)

)∣∣
x=0

= ϕ(n)(0)−An

≡ (
u

(n)
1 (x)− u

(n)
2 (x)

)∣∣
x=0

, n = 0, . . . , 1 + [k/2],
(4.27)

(
λ1∂x∂n

t v1 − λ2∂x∂n
t v2

)∣∣
x=0,
t=0

≡ (
λ1Dxv

(n)
1 (x)− λ2Dxv

(n)
2 (x)

)∣∣
x=0

= ψ(n)(0)−Bn ≡
(
λ1Dxu

(n)
1 (x)− λ2Dxu

(n)
2 (x)

)∣∣
x=0

, n = 0, . . . , [
1 + k

2
].

(4.28)

In (4.27), (4.28) the functions uj(x, t) and vj(x), j = 1, 2, satisfy one and the same equations
(see (1.1), (4.23)) and initial data (see (1.2), (4.24)), so due to the formulas (1.7)� (1.9) we obtain
u

(n)
j (x) = v

(n)
j (x), j = 1, 2, then (4.27), (4.28) are identities and they mean that the compatibility

conditions of 0, . . . , 1+[k/2]�th and 0, . . . , [1+k
2 ]�th orders corresponding to the boundary conditions

(4.25) and (4.26) respectively are ful�lled. Then under the conditions of the Theorem 2.3 the problem
(4.23) � (4.26) has a unique solution vj(x, t) belonging to the space C

2+k+α, 1+ k+α
2

x t (DjT ), j = 1, 2,
and it satis�es an estimate (2.9) [7].

If some compatibility conditions take place: An0 = 0 or Bm0 = 0, then corresponding to them
singular functions V

(2n0)
j (x, t) or W

(2m0+1)
j (x, t) equal zero. ¤
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ÓÑÒÎÉ×ÈÂÎÑÒÜ ÐÅØÅÍÈß
ÐÀÇÍÎÑÒÍÎ-ÄÈÍÀÌÈ×ÅÑÊÈÕ ÑÈÑÒÅÌ ÏÎ ×ÀÑÒÈ

ÏÅÐÅÌÅÍÍÛÕ Â ÊÐÈÒÈ×ÅÑÊÎÌ ÑËÓ×ÀÅ
Ê. Á. Áîïàåâ, À. Ò. Æóíóñîâà

Æåòûñóñêèé Ãîñóäàðñòâåíûé Óíèâåðñèòåò èì. È. Æàíñóãóðîâà
040000 Òàëäûêîðãàí óë. Æàíñóãóðîâà, 187à aigul-z@mail.ru

Ðàññìàòðèâàåòñÿ çàäà÷à îá óñòîé÷èâîñòè ðåøåíèÿ ðàçíîñòíî-äèíàìè÷åñêîé ñèñòåìû (k + 2 + l)-
ãî ïîðÿäêà ïî îòíîøåíèþ ê k + 2 ïåðåìåííûì. Ðåøåíà çàäà÷à ñâåäåíèÿ óñòîé÷èâîñòè ïî ÷àñòè
ïåðåìåííûõ òðèâèàëüíîãî ðåøåíèÿ ðàçíîñòíî-äèíàìè÷åñêîé ñèñòåìû (k + 2)-ãî ïîðÿäêà ê óñòîé-
÷èâîñòè "óêîðî÷åííîé" ñèñòåìû âòîðîãî ïîðÿäêà â êðèòè÷åñêîì ñëó÷àå, êîãäà õàðàêòåðèñòè÷åñêîå
óðàâíåíèå èìååò ïàðó êîìïëåêñíûõ êîðíåé, ïî ìîäóëþ ðàâíûõ åäèíèöå, à îñòàëüíûå k êîðíåé ïî
ìîäóëþ ìåíüøå åäèíèöû.

Äëÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé çàäà÷è óñòîé÷èâîñòè òðèâèàëüíîãî ðåøåíèÿ ïî
âñåì ïåðåìåííûì áûëè ðàññìîòðåíû â [1].

Ïîñòàíîâêà çàäà÷è. Ðàññìàòðèâàåòñÿ ðàçíîñòíî-äèíàìè÷åñêàÿ ñèñòåìà (ÐÄÑ) (k + 2 + l)-
ãî ïîðÿäêà:

xn+1 = Axn + X (xn, yn) ,
yn+1 = Byn + Y (xn, yn) ,

(1)

ãäå n ∈ N
⋃ {0}, A = (aij), i, j = 1, k + 2, B = (bαβ), α, β = 1, l, ïîñòîÿííûå ìàòðèöû, xn =


x1n
...
x(k+2),n


, yn =




y1n
...
yln


. X è Y � (k+2) è l-ìåðíûå âåêòîð-ôóíêöèè, ðàçëîæåíèÿ êîòîðûõ

ïî ñòåïåíÿì ïåðåìåííûõ íà÷èíàþòñÿ ÷ëåíàìè íå íèæå âòîðîãî ïîðÿäêà.
Ïóñòü õàðàêòåðèñòè÷åñêîå óðàâíåíèå

D (λ) = |A− λE| = 0 (2)

ñèñòåìû ïåðâîãî ïðèáëèæåíèÿ

xn+1 = Axn (3)

Keywords: Di�erence-dynamical system, stability
2010 Mathematics Subject Classi�cation: 74H10
c
 Ê. Á. Áîïàåâ, À. Ò. Æóíóñîâà, 2010.
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èìååò ïàðó êîìïëåêñíûõ êîðíåé, ïî ìîäóëþ ðàâíûõ åäèíèöå è k êîðíåé ïî ìîäóëþ ìåíüøèõ
åäèíèöû: λ1 = eiα, λ2 = e−iα; |λj | < 1, j = 3, k + 2.

Ïðåäïîëîæèì, ÷òî α 6= 0, α 6= 2πp/q, ãäå p è q � öåëûå âçàèìíî ïðîñòûå ÷èñëà. Âîïðîñ
óñòîé÷èâîñòè â äàííîì ñëó÷àå íå ðåøàåòñÿ ïåðâûì ïðèáëèæåíèåì. Öåëü ñòàòüè � ïîêàçàòü,
÷òî ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ çàäà÷à óñòîé÷èâîñòè äëÿ (1) ýêâèâàëåíòíà àíàëîãè÷íîé
çàäà÷å äëÿ ÐÄÑ:

ξn+1 = aξn − bηn + ϕ(0) (ξn, ηn; zn) ,
ηn+1 = bξn + aηn + Ψ(ξn, ηn; zn) ,
zn+1 = Bzn + Z (ξn, ηn, zn) .

(4)

Âñïîìîãàòåëüíûå ïðåäëîæåíèÿ. Ïóñòü U = {u1, u2, ..., uk} åñòü m-âåêòîð-ôîðìà m-ãî
ïîðÿäêà ïåðåìåííûõ xn, òðåáóåòñÿ îïðåäåëèòü óñëîâèÿ, ïðè êîòîðûõ ñóùåñòâóåò äðóãàÿ k-
âåêòîð-ôîðìà: V = {v1, v2, ..., vk} òîãî æå ïîðÿäêà, óäîâëåòâîðÿþùàÿ óðàâíåíèþ

∆Vn = QVn + U, (5)

ãäå Q � åñòü (τ × τ) � ïîñòîÿííàÿ ìàòðèöà (aij), i, j = 1, τ , ∆Vn � ïåðâàÿ ðàçíîñòü âåêòîð
ôîðìû Vn â ñèëó ÐÄÑ (3).

Ïóñòü λj , j = 1, k + 2, � êîðíè õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (2), à ℵ1, ...,ℵτ � êîðíè
óðàâíåíèÿ:

D (ℵ) = |Q− ℵE| = 0. (6)
Òåîðåìà 1. Åñëè ìåæäó êîðíÿìè óðàâíåíèé (2) è (6) íå ñóùåñòâóåò íèêàêèõ ñîîòíî-

øåíèé âèäà:
λm1

1 λm2
2 ...λ

mk+2

k+2 − 1 = ℵi, i = 1, τ , (7)

ãäå m1, ..., mk+2 � öåëûå íåîòðèöàòåëüíûå ÷èñëà, ñâÿçàííûå ñîîòíîøåíèåì
∑k+2

j=1 mj = m, òî
ñóùåñòâóåò îäíà è òîëüêî îäíà âåêòîð-ôîðìà m-ãî ïîðÿäêà Vn, óäîâëåòâîðÿþùàÿ óðàâíåíèþ
(5).

Äîêàçàòåëüñòâî. Ïóñòü äàíà ôîðìà h (xn) ïîðÿäêà m, áóäåì íàõîäèòü ôîðìó g (xn) ïî-
ðÿäêà m, óäîâëåòâîðÿþùóþ óðàâíåíèþ:

g (Axn)− g (xn) = h (xn) . (8)

Ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ïðîèçâåäåíèÿõ xm1
1n ...x

mk+2

k+2 , m1 + m2 + ... +

mk+2 = m, ñëåâà è ñïðàâà â ïîñëåäíåì óðàâíåíèè, ïîëó÷èì àëãåáðàè÷åñêóþ ñèñòåìó
(

k + 2
m

)

ëèíåéíûõ íåîäíîðîäíûõ óðàâíåíèé îòíîñèòåëüíî êîýôôèöèåíòîâ ôîðìû g (xn) ñ ìàòðèöåé
(S −E) ïîðÿäêà

(
k + 2
m

)
. Ëåììà óòâåðæäàåò, ÷òî åñëè âûïîëíåíî óñëîâèå ρ = λm1

1 λm2
2 ...λ

mk+2

k+2 −
1 6= 0, äëÿ âñåõ êîðíåé ïðîèçâîäíîãî óðàâíåíèÿ |S − ρE| = 0, òî ñóùåñòâóåò åäèíñòâåííàÿ ôîð-
ìà g (xn) ïîðÿäêà m, óäîâëåòâîðÿþùàÿ óðàâíåíèþ (8). Äåéñòâèòåëüíî, ïðè ïîìîùè íåîñîáîãî
ïðåîáðàçîâàíèÿ Vn = BV ∗

n , ãäå B åñòü (k × k)-ïîñòîÿííàÿ íåîñîáåííàÿ ìàòðèöà òàêàÿ, ÷òî
ìàòðèöà C = B−1QB èìååò êàíîíè÷åñêèé âèä, óðàâíåíèå (1) áóäåò èìåòü âèä:

∆vn(3) = xivin + vi−1n + uin, i = 1, k. (9)

Èç óðàâíåíèÿ (9) íà îñíîâàíèè ëåììû 1 [2] î÷åâèäíî, ÷òî ôîðìû vin îïðåäåëÿþòñÿ åäèí-
ñòâåííûì îáðàçîì, åñëè ℵi íå óäîâëåòâîðÿþò ñîîòíîøåíèþ (6), ÷òî è òðåáîâàëîñü äîêàçàòü.

Ïðèâåäåíèå óðàâíåíèé ê ñïåöèàëüíîìó âèäó.Ïðè ïîìîùè ïîäñòàíîâêè ξn =
∑k+2

j=1 Ajxjn,
ηn =

∑k+2
j=1 Bjxjn, ãäå êîýôôèöèåíòû óäîâëåòâîðÿþò îäíîðîäíûì óðàâíåíèÿì:

∑k+2
j=1 Aiaij =
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aAj − bBj ;
∑k+2

i=1 Biaij = bAj + aBj , j = 1, k + 2, èëè
∑k+2

i=1 Ciaij = λ1Cj , Cj = Aj + iBj , ÐÄÑ (1)
ìîæíî ïðèâåñòè ê âèäó:

ξn+1 = aξn − bηn + ψ

(
ξn, ηn,

k
xjn

1

,
l

zτn
1

)
,

ηn+1 = bξn + aηn + θ

(
ξn, ηn,

k
xjn

1

,
l

zτn
1

)
,

xin+1 =
∑k

j=1 Pijxjn + Xj

(
ξn, ηn,

k
xjn

1

,
l

zτn
1

)
.

(10)

Õàðàêòåðèñòè÷åñêîå óðàâíåíèå ïåðâîãî ïðèáëèæåíèÿ ÐÄÑ (10) ðàñïàäàåòñÿ íà äâà óðàâíåíèÿ:

(a− λ)2 + b2 = 0, (11)
D (ℵ) = |Pij − ℵδij | = 0, i, j = 1, k. (12)

Â ñèëó ïðåäïîëîæåíèÿ î êîðíÿõ óðàâíåíèÿ (2), âñå êîðíè (3) ïî ìîäóëþ ìåíüøå åäèíèöû,
à êîðíè óðàâíåíèÿ (11) òàêîâû, ÷òî arctg

b

a
6= 2πp/q, arctg

b

a
6= 0.

ÐÄÑ (10) åùå ðàç ïðåîáðàçóåì, ââåäÿ íîâûå ïåðåìåííûå

ξin = xin − v (ξn, ηn, zn) , (13)

ãäå vi (ξn, ηn, zn) � àíàëèòè÷åñêèå ôóíêöèè ïåðåìåííûõ xn, yn, îáðàùàþòñÿ â íóëü ïðè xn =
yn = 0. ÐÄÑ (10) ïðèíèìàþò âèä:

ξn+1 = aξn − bηn + ψ


ξn, ηn, ξin + vi (ξn, ηn, zn)︸ ︷︷ ︸

i=1,k


 = aξn − bηn + ψ∗

(
ξn, ηn

k
ξ
1

in, zn

)
;

ηn+1 = bξn + aηn + θ


ξn, ηn, ξin + vi (ξn, ηn, zn)︸ ︷︷ ︸

i=1,k


 = bξn + aηn + θ∗

(
ξn, ηn,

k
ξ
1

in,
l
z
1

τn

)
; (14)

ζin+1 =
k∑

j=1

Pijζjn + piξn + qiηn +
∑

Pijvj (ξn, ηn, zn) + Xi


ξn, ηn, ξin+1 + vi︸ ︷︷ ︸

i=1,k


−

−vi (aξn − bηn + ψ∗; bξn + aηn + θ∗) =
k∑

j=1

Pijξin + Mi (ξn, ηn, ξ1n, ξ2n, ..., ξkn; zn).

Îáîçíà÷èì ÷åðåç M0
i (ξn, ηn, zn) ñîâîêóïíîñòü âñåõ ÷ëåíîâ â ôóíêöèÿõ Mi, íåçàâèñÿùóþ îò

ïåðåìåííûõ ξin:

M0
i

(
ξn, ηn,

l
zτn
1

)
=

∑k
j=1 Pijvj + Piξin + qiηin + Xi (ξn, ηn, vi; zn)−

−vi (aξn − bηn + ψ (ξn, yn, v, Bzn + ...) , bξn + aηn + θ) .
(15)

Öåëü ïðåîáðàçîâàíèÿ (13) � ïîäîáðàòü ôóíêöèè v1, v2, ..., vn òàêèì îáðàçîì, ÷òîáû ðàçëîæå-
íèÿ ôóíêöèè M0

i íà÷èíàëèñü ÷ëåíàìè íèæå N -ãî ïîðÿäêà, ãäå N � äîñòàòî÷íî áîëüøîå ÷èñëî.
Ñ ýòîé öåëüþ ïîëîæèì:
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vi (ξn, ηn, zn) = v
(1)
i

(
ξn, ηn,

l
zτn
1

)
+ v

(2)
i

(
ξn, ηn,

l
zτn
1

)
+ ..., i = 1, k, ãäå v

(m)
i

(
ξn, ηn,

l
zτn
1

)
�

ôîðìû m-ãî ïîðÿäêà ïåðåìåííûõ ξn, ηn. Òîãäà ÷ëåíû ïåðâîãî ïîðÿäêà â (15) áóäóò:
M01

i =
∑k

j=1 Pijv
(1)
j + Piξn + qiηn − v

(1)
i

(
aξn − bηn, bξn + aηn,

l
zτn
1

)
, i = 1, k, à ñîâîêóïíîñòü

÷ëåíîâ m-ãî ïîðÿäêà èìååò âèä M0m
i =

∑k
j=1 Pijv

(m)
j + u

(m)
i − v

(m)
i

(
aξn − bηn, bξn + aηn,

l
zτn
1

)
,

i = 1, k, ãäå u
(m)
i

(
ξn, ηn,

l
zτn
1

)
� ôîðìû k-ãî ïîðÿäêà, çàâèñÿùèå îò ôîðìû v

(j)
i , äëÿ êîòîðûõ

j < m. Äëÿ òîãî ÷òîáû ðàçëîæåíèå ôóíêöèé M0
i

(
ξn, ηn,

l
zτn
1

)
íà÷èíàëîñü ÷ëåíàìè ïîðÿäêà íå

íèæå N , íåîáõîäèìî, ÷òîáû âûïîëíÿëèñü óðàâíåíèÿ M0m
i = 0, m = 1, N − 1, i = 1, k, ò.å.

∆v
(m)
n(15) =

k∑

j=1

Pijv
(m)
j − v

(m)
i + u

(m)
i , m = 1, N − 1, i = 1, k, (16)

çäåñü ∆v
(m)
i(15) � îáîçíà÷àåò ïåðâóþ ðàçíîñòü ôîðìû v

(m)
i â ñèëó ÐÄÑ

ξn+1 = aξn − bηn; ηn+1 = aηn + bξn

yn+1 = Byn

}
. (17)

Äëÿ k = 1 ôîðìà u
(1)
i èçâåñòíà, à èìåííî, u

(1)
i = pixn + qiyn, çíà÷èò, â (16) ôîðìà u

(m)
i òîæå

èçâåñòíà, åñëè èçâåñòíû v
(j)
i , j = 1,m− 1. Ïî óñëîâèþ íè ïðè êàêèõ öåëûõ íåîòðèöàòåëüíûõ

m1 è m2 íå âûïîëíÿåòñÿ ñîîòíîøåíèå λm1
1 λm2

2 = ℵi, i = 1, k, ãäå m1 + m2 = m; λ1, λ2 � êîðíè
õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ (11), à x1, x2, ..., xk � êîðíè óðàâíåíèÿ (12). Ñëåäîâàòåëüíî, íà
îñíîâàíèè òåîðåìû âñïîìîãàòåëüíîãî ïðåäëîæåíèÿ ñèñòåìà (16) èìååò ðåøåíèå äëÿ v

(m)
i , êàêîâ

áû íè áûë èíäåêñ m.
Òàêèì îáðàçîì, ÐÄÑ â îáùåì âèäå (1) âñåãäà ìîæíî ïðèâåñòè ê ñèñòåìå âèäà (5), äëÿ êî-

òîðîé ðàçëîæåíèÿ ôóíêöèè M0
i (ξn, ηn, yn) áóäóò íà÷èíàòüñÿ ñ ÷ëåíîâ ñêîëü óãîäíî âûñîêîãî

ïîðÿäêà. Ïðè ýòîì âñå ñäåëàííûå ïðåîáðàçîâàíèÿ òàêîâû, ÷òî çàäà÷à óñòîé÷èâîñòè äëÿ èñõîä-
íûõ óðàâíåíèé (1) ýêâèâàëåíòíà òîé æå çàäà÷å äëÿ ÐÄÑ (5).

Ðåøåíèå çàäà÷è óñòîé÷èâîñòè äëÿ "óêîðî÷åííîé" ÐÄÑ. Ðàññìîòðèì ñèñòåìó âòî-
ðîãî ïîðÿäêà:

ξn+1 = aξn − bηn + ψ0 (ξn, ηn, yn) ; ηn+1 = bξn + aηn + θ0 (ξn, ηn, yn) , (18)

ãäå ψ0

(
ξn, ηn,

l
yτn
1

)
= ψ

(
ξ, ηn, 0, 0, ..., 0,

l
yτn
1

)
, θ0

(
ξn, ηn,

l
yτn
1

)
= θ

(
ξn, ηn, 0, 0, ..., 0;

l
yτn
1

)
� íåëè-

íåéíûå ÷ëåíû èç (18).
Áóäåì èñêàòü ôóíêöèþ Ëÿïóíîâà v (ξn, ηn) äëÿ ÐÄÑ (18) â âèäå:

v (ξn, ηn) = ξ2
n + η2

n + v3 (ξn, ηn) + ..., (19)

ãäå vj (ξn, ηn), j = 3, 4, ..., � íåèçâåñòíûå ôîðìû ïåðåìåííûõ ξn, ηn ïîñòàðàåìñÿ ïîäîáðàòü òàê
vj (ξn, ηn), ÷òîáû èìåëî ìåñòî ðàâåíñòâî:

∆v(18) = 0, (20)

òîãäà äëÿ îïðåäåëåíèÿ íåèçâåñòíûõ ôîðì ïîëó÷èì ôóíêöèîíàëüíûå óðàâíåíèÿ:

vj (aξn − bηn, bξn + aηn)− vj (ξn, ηn) = uj (ξn, ηn) ,
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ãäå uj (ξn, ηn) � èçâåñòíàÿ ôîðìà ïîðÿäêà j, åñëè èçâåñòíû âñå ôîðìû vn, k < j.
Òîãäà äëÿ íàõîæäåíèÿ ôîðìû vj (ξn, ηn), äîëæíî âûïîëíÿòüñÿ óñëîâèå:

expα (m1 −m2) 6= 1 (21)
ïðè âñåõ öåëûõ è ïîëîæèòåëüíûõ m1,m2, äëÿ êîòîðûõ âûïîëíåíî óñëîâèå m1 + m2 = m; åñëè
m = 2ν +1, òî óñëîâèå (21) âñåãäà âûïîëíÿåòñÿ . Ïîýòîìó ôîðìà íå÷åòíîãî ïîðÿäêà vm (ξn, ηn)
íàõîäèòñÿ âñåãäà îäíîçíà÷íî, åñëè íàéäåíû ôîðìû vj (ξn, ηn) ñ ìåíüøèìè íîìåðàìè. Åñëè
m = 2ν, òî â ñèëó íàëîæåííûõ óñëîâèé, óñëîâèå (21) íàðóøàåòñÿ ïðè m1 = m2 = ν èëè
m1 = m2 = t < ν.

Ïðè âñåõ îñòàëüíûõ êîìáèíàöèÿõ m1 6= m2 óñëîâèå (21) âûïîëíåíî. Äîïóñòèì, ÷òî âñå ôîð-
ìû vj (ξn, ηn) íàéäåíû ïðè vj < 2ν è óðàâíåíèå, îïðåäåëÿþùåå ôîðìó v2ν , íåðàçðåøèìî. Ýòî
îçíà÷àåò, ÷òî çàäà÷à óäîâëåòâîðåíèÿ óðàâíåíèÿ (20) ôóíêöèè v (ξn, ηn) âèäà (19) íåðàçðåøèìà.
Òîãäà v (ξn, ηn) áóäåì èñêàòü â âèäå êîíå÷íîé ñóììû, â êîòîðóþ âõîäÿò óæå íàéäåííûå ôîðìû
vj < 2ν, è ôîðìà v2v, óäîâëåòâîðÿþùàÿ óñëîâèþ:

v2k (ξn, ηn)− v (ξn, ηn) = u2ν (ξn, ηn) + G2ν (yn)
(
ξ2
n + η2

n

)τ
, (22)

ãäå 2τ +
∑l

j=1 kj = 2ν è G2ν � íåèçâåñòíàÿ ôóíêöèÿ îò yn. Èùåì v2ν â âèäå: v2v (ξn, ηn) =∑
α1+α2

Aα1α2 (yn) ξα1
n ηα2

n , ãäå Aα1α2 � íåèçâåñòíûå ïîñòîÿííûå. Ïóñòü u2ν (ξn, ηn) =
∑

α1+α2

Bα1α2 (yn) ξα1
n ηα2

n , ãäå Bα1α2 � èçâåñòíûå ïîñòîÿííûå. Òîãäà äëÿ îïðåäåëåíèÿ êîýôôèöèåíòîâ
Aα1α2 ïîëó÷èì èç (22) ñèñòåìó ëèíåéíûõ íåîäíîðîäíûõ óðàâíåíèé ñ îïðåäåëèòåëåì, ðàâíûì
íóëþ. Òàê êàê óñëîâèå (21) íàðóøàåòñÿ ëèøü ïðè îäíîé êîìáèíàöèè m1 = m2 = t, òî ñðå-
äè ïåðâûõ ìèíîðîâ ýòîãî îïðåäåëèòåëÿ íàéäåòñÿ ïî êðàéíåé ìåðå îäèí, ðàñïîëîæåííûé íà
ãëàâíîé äèàãîíàëè è îòëè÷íûé îò íóëÿ. Äëÿ ðàçðåøèìîñòè ñèñòåìû ëèíåéíûõ íåîäíîðîäíûõ
óðàâíåíèé, îïðåäåëÿþùèõ Aα1α2 (yn) , ïîòðåáóåòñÿ ïîä÷èíèòü ïðàâûå ÷àñòè îäíîìó óñëîâèþ.
Ýòî óñëîâèå áóäåò âûïîëíåíî, åñëè ïîñòîÿííàÿ G2ν (yn) íàõîäèòñÿ ïî ôîðìóëå:

G2ν = −Bα1α2 (yn) . (23)

Òåì ñàìûì ìû äîêàçàëè ñëåäóþùóþ òåîðåìó
Òåîðåìà 2. Åñëè G2ν (yn) < 0 äëÿ âñåõ −∞ < yjn < ∞, j = 1, l, òî óêîðî÷åííàÿ ñèñòåìà

(18) àñèìïòîòè÷åñêè óñòîé÷èâà ïî ÷àñòè ïåðåìåííûõ ξnηn; åñëè G2ν (yn) > 0, òî óêîðî÷åííàÿ
ñèñòåìà (18) íå óñòîé÷èâà ïî ÷àñòè ïåðåìåííûõ ξnηn.

Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî î÷åâèäíî, òàê êàê çäåñü â êà÷åñòâå ôóíêöèè Ëÿïóíîâà
ìîæåò áûòü âûáðàíà v (ξn, ηn) = ξ2

n + η2
n + v3 (ξn, ηn) + ... + v2k (ξn, ηn), ãäå v2k (ξn, ηn) íàéäåíà

óäîâëåòâîðÿþùåé óðàâíåíèþ (22). Ïåðâàÿ ðàçíîñòü îò v (ξn, ηn) â ñèëó ñèñòåìû (18) èìååò
âèä ∆v (ξn, ηn) = G2v

(
ξ2
n + η2

n

)τ + ..., çäåñü ... � ÷ëåíû áîëåå âûñîêîãî ïîðÿäêà. Ïðè ýòîì: v �
çíàêîîïðåäåëåííàÿ ôóíêöèÿ.
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Æåòûñóñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. È.Æàíñóãóðîâà
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Â ðàáîòå ñ ïîìîùüþ ìåòîäà âàðèàöèè ïîñòîÿííûõ è äèñêðåòíûõ íåðàâåíñòâ èññëåäóåòñÿ óñòîé÷è-
âîñòü ðàçíîñòíî-äèíàìè÷åñêèõ ñèñòåì.

Îäíèì èç íàèáîëåå ýôôåêòèâíûõ ìåòîäîâ ïîëó÷åíèÿ èíôîðìàöèè î ñèñòåìàõ ðàçíîñòíûõ
óðàâíåíèé (â ÷àñòíîñòè, î ñóùåñòâîâàíèè è îá óñòîé÷èâîñòè ðåøåíèé), êîãäà ïðàâûå ÷àñòè íå
îáÿçàòåëüíî àíàëèòè÷åñêèå, ÿâëÿåòñÿ ìåòîä îöåíêè ôóíêöèé, óäîâëåòâîðÿþùèõ äèñêðåòíûì
íåðàâåíñòâàì, ÷åðåç èçâåñòíûå ïàðàìåòðû è ôóíêöèè, âõîäÿùèå â ïðàâûå ÷àñòè ñèñòåìû.

Â ïðåäëàãàåìîé ðàáîòå ïîëó÷åíû ðåçóëüòàòû îá óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ
ðåøåíèÿ ðàçíîñòíî-äèíàìè÷åñêèõ ñèñòåì (ÐÄÑ), êîòîðûå ðàíåå íå ðàññìàòðèâàëèñü.

Ðàññìîòðèì ÐÄÑ:

xn+1 = A(n)xn + f(n, xn), xn0 = x0, (1)

ãäå A(n) � íåâûðîæäåííàÿ (m×m) ìàòðèöà,

f : Nn0 ×Rm → Rm; Nn0 = {n0, n0 + 1, . . . , n0 + k, . . .} .

Òåîðåìà 1. Ðåøåíèå x (n, n0, x0) ÐÄÑ (1) óäîâëåòâîðÿåò óðàâíåíèþ:

xn = X (n, n0) x0 +
n−1∑

k=n0

X−1 (n0, k)f (k, xk) , (2)

ãäå X (n, n0) � ôóíäàìåíòàëüíàÿ ìàòðèöà ë. ÐÄÑ:

xn+1 = A(n)xn. (3)

Keywords: di�erence and netly di�erence inequalities, di�erence-dynamical systems, stability of non-linear
di�erence-dynamical systems.

2010 Mathematics Subject Classi�cation: 45J5
c
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Äîêàçàòåëüñòâî. Ïóñòü

x (n, n0, x0) = X (n, n0) yn, yn0 = x0. (4)

Òîãäà, ïîäñòàâëÿÿ â óðàâíåíèå (1), ïîëó÷àåì:

X (n + 1, n0) yn+1 = A(n)X (n, n0) yn + f (n, xn) .

Îòêóäà
∆yn = X−1 (n + 1, n0) f (n, xn)

èëè ñóììèðóÿ ïî n îò 0 äî n− 1

yn =
n−1∑

k=n0

X−1 (n0, k + 1) f (k, xk) + xn0

è ïîäñòàâëÿÿ â (4), ïîëó÷èì:

x (n, n0, x0) = X (n, n0) x0 +
n−1∑

k=n0

X (n, n0) X−1 (n0, k + 1) f (k, xk)

èëè

x (n, n0, x0) = X (n, n0) x0 +
n−1∑

k=n0

X−1 (n0, k) f (k, xk). (5)

×òî è äîêàçûâàåò òåîðåìó.
Òåîðåìà 2. Ïóñòü X (n, n0) � ôóíäàìåíòàëüíàÿ ìàòðèöà ë. ÐÄÑ (3) è

f : Nn0 ×Rm → Rm f(n, 0) = 0;
∥∥X−1 (n + 1, n0) f (n, X (n, n0) yn)

∥∥ ≤ ϕ (n, ‖yn‖) , (6)

ãäå ôóíêöèÿ ϕ (n, ‖yn‖) íåóáûâàåò ïî n . Ïðåäïîëîæèì, ÷òî ðåøåíèÿ zn óðàâíåíèÿ

zn+1 = zn + ϕ (n, zn) (7)

îãðàíè÷åíû ïðè n ≥ n0 .
Òîãäà èç óñòîé÷èâîñòè ë. ÐÄÑ (3) ñëåäóåò ñîîòâåòñòâóþùåå ñâîéñòâî óñòîé÷èâîñòè

íóëåâîãî ðåøåíèÿ óðàâíåíèÿ ÐÄÑ (1).
Äîêàçàòåëüñòâî. Ëèíåéíîå ïðåîáðàçîâàíèå

xn = X (n, n0) yn

ïðèâîäèò ÐÄÑ (1) ê âèäó:

yn+1 = yn + X−1 (n + 1, n0) f (n,X (n, n0) yn) .

Îòñþäà èìååì:
‖yn+1‖ ≤ ‖yn‖+ ϕ (n, ‖yn‖) .

Åñëè ‖y0‖ ≤ z0 , òî ïîëó÷àåì [1] :
‖yn‖ ≤ zn,

ãäå zn � ðåøåíèå óðàâíåíèÿ (7) , òîãäà

‖xn‖ ≤ ‖X (n, n0)‖ ‖yn‖ ≤ ‖X (n, n0)‖ zn.
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Îòñþäà, åñëè ðåøåíèå ë. ÐÄÑ (3) àñèìïòîòè÷åñêè óñòîé÷èâî, òî ïî [1] èìååì:

‖X (n, n0)‖ ≤ M · λn−n0

ïðè íåêîòîðîì ñîîòâåòñòâóþùåì M > 0 è 0 < λ < 1 .
Òîãäà,

‖xn‖ ≤ M · λn−n0zn

è ýòî ïîêàçûâàåò, ÷òî ðåøåíèå xn = 0 àñèìïòîòè÷åñêè óñòîé÷èâî.
Òåïåðü, èñïîëüçóÿ ôîðìóëó âàðèàöèè ïîñòîÿííûõ (2), äîêàæåì ñëåäóþùóþ òåîðåìó îá

óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ.
Òåîðåìà 3. Ïðåäïîëîæèì, ÷òî

‖f (n, xn)‖ ≤ ϕn ‖xn‖ , (8)

ãäå ôóíêöèè ϕn � ïîëîæèòåëüíûå è
∞∑

n=n0

ϕn < ∞, òîãäà, åñëè íóëåâîå ðåøåíèå ë. ÐÄÑ (3)

óñòîé÷èâî (èëè àñèìïòîòè÷åñêè óñòîé÷èâî), òî íóëåâîå ðåøåíèå ÐÄÑ (1) óñòîé÷èâî (èëè
àñèìïòîòè÷åñêè óñòîé÷èâî).

Äîêàçàòåëüñòâî. Äåéñòâèòåëüíî, ïðèìåíÿÿ (8) ê (2), ïîëó÷àåì:

‖xn‖ ≤ M ‖x0‖+ M
n−1∑

k=n0

ϕk ‖xk‖,

îòñþäà ïî äèñêðåòíîìó àíàëîãó íåðàâåíñòâà Ãðîíyîëëà [2] ïîëó÷èì îöåíêè:

‖xn‖ ≤ M ‖x0‖ exp


M

n−1∑

k=n0

ϕk


 ,

îòêóäà è ñëåäóåò äîêàçàòåëüñòâî ïðè óñëîâèè äîñòàòî÷íî ìàëîãî çíà÷åíèÿ x0 , íàñòîëüêî, ÷òî

M ‖x0‖ exp


M

n−1∑

k=n0

ϕk


 < α.

Â ñëó÷àå àñèìïòîòè÷åñêîé óñòîé÷èâîñòè ñëåäóåò, ÷òî ïðè n >
__
N , ‖X (n, n0) x0‖ < ε, ïðåäû-

äóùåå íåðàâåíñòâî ìîæåò áûòü çàïèñàíî êàê

‖xn‖ ≤ ε exp


M

n−1∑

k=n0

ϕk


 ,

îòêóäà ñëåäóåò, ÷òî
lim

n→∞xn = 0.

Òåîðåìà äîêàçàíà.
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Ð. Ó. Æàõèíà, Æ. Í. Òàñìàìáåòîâ
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Â ðàáîòå ñ ïîìîùüþ ìåòîäà Ôðîáåíèóñà-Ëàòûøåâîé óñòàíîâëåíû íåîáõîäèìûå, à òàêæå íåîáõîäè-
ìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ êîíå÷íûõ ðåøåíèé äîïóñòèìûõ ñèñòåì äèôôåðåíöè-
àëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà.

Îñíîâíûå ñâåäåíèÿ. Ê.ß. Ëàòûøåâà óñòàíîâèëà [1] íåîáõîäèìûå è äîñòàòî÷íûå óñëî-
âèÿ ñóùåñòâîâàíèÿ êîíå÷íûõ ðåøåíèé ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíå-
íèé. Îáû÷íî âèä êîíå÷íîãî ðåøåíèÿ óñòàíàâëèâàåòñÿ ñ ïîìîùüþ ïîíÿòèÿ ðàíãà p = 1 + k
( k � ïîäðàíã) ââåäåííîãî À. Ïóàíêàðå è àíòèðàíãà m = −1 − χ (χ � àíòèïîäðàíã), ââå-
äåííîãî Ë. Òîìå. Äëÿ äîêàçàòåëüñòâà íåîáõîäèìîãî è äîñòàòî÷íîãî óñëîâèÿ ñóùåñòâîâàíèÿ
êîíå÷íîãî ðåøåíèÿ Ê.ß. Ëàòûøåâà ââåëà ïîíÿòèå ðàçìàõà êîýôôèöèåíòîâ çàäàííîãî óðàâíå-
íèÿ. Ñîãëàñíî ìåòîäó Ôðîáåíèóñà-Ëàòûøåâîé êîíå÷íûå ðåøåíèÿ ñóùåñòâóþò òîëüêî òîãäà,
êîãäà îäíîâðåìåííî ñóùåñòâóþò íîðìàëüíûå è íîðìàëüíî-ðåãóëÿðíûå ðåøåíèÿ [2]. Îáîáùàÿ
ìåòîä Ôðîáåíèóñà-Ëàòûøåâîé íà ñïåöèàëüíûå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñò-
íûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà, Æ.Í. Òàñìàìáåòîâ äîêàçàë [3] íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ ñóùåñòâîâàíèÿ êîíå÷íîãî ðåøåíèÿ âèäà:

Z = expQ(x, y) · xρ · yσ · S(x, y), (1)

ãäå ρ, σ � íåèçâåñòíûå ïîñòîÿííûå, S(x, y) � ìíîãî÷ëåí äâóõ ïåðåìåííûõ ïî âîçðàñòàþùèì
èëè óáûâàþùèì ñòåïåíÿì íåçàâèñèìûõ ïåðåìåííûõ, à ìíîãî÷ëåí Q(x, y) äâóõ ïåðåìåííûõ

Q(x, y) =
αp 0

p
· xp +

α0p

p
· yp + ... + α11 · xy + α10 · x + α01 · y (2)

ñ íåèçâåñòíûìè êîýôôèöèåíòàìè αp 0, α0p, ..., α11, α01, α10 , êîòîðûå ñëåäóåò îïðåäåëèòü.
Ñòåïåíü ìíîãî÷ëåíà Q(x, y) îïðåäåëÿåòñÿ ðàíãîì p = 1+ k ñèñòåìû. Ïðè ýòîì áóäåì ïðåäïî-
ëàãàòü, ÷òî îäíîâðåìåííî ñóùåñòâóåò è íîðìàëüíîå ðåøåíèå âèäà:

Z = expQ(x, y) · xρ · yσ ·
∞∑

µ, ν=0

Aµ, ν · x−µ · y−ν (A0,0 6= 0) (3)

Keywords: Wave equation, the �nal decisions
2010 Mathematics Subject Classi�cation: 34K29,60H10
c
 Ð. Ó. Æàõèíà, Æ. Í. Òàñìàìáåòîâ, 2010.



58 Ð. Ó. Æàõèíà, Æ. Í. Òàñìàìáåòîâ

è íîðìàëüíî-ðåãóëÿðíîå ðåøåíèå â âèäå:

Z = expQ(x, y) · xρ · yσ ·
∞∑

µ, ν=0

Bµ, ν · xµ · yν (B0,0 6= 0). (4)

Ìíîãî÷ëåí Q(x, y) äëÿ âñåõ ðåøåíèé îáùèé.
Åñëè èçó÷àåìàÿ ñèñòåìà èìååò ðàíã p > 0 , òî ñïðàâåäëèâî ïðåîáðàçîâàíèå:

Z(x, y) = expQ(x, y) · U(x, y) (5)

è íåèçâåñòíûå ïîñòîÿííûå ìíîãî÷ëåíà αp 0, α0p, ..., α11, α01 è α10 îïðåäåëÿþòñÿ èç òàê íà-
çûâàåìîé âñïîìîãàòåëüíîé ñèñòåìû, ïîëó÷åííîé ñ ïîìîùüþ ïðåîáðàçîâàíèÿ (5) èç èñõîäíîé
ñèñòåìû, ïóòåì ïðèðàâíèâàíèÿ ê íóëþ êîýôôèöèåíòîâ ïðè íàèáîëüøèõ ñòåïåíÿõ íåçàâèñèìûõ
ïåðåìåííûõ x è y . Ïîëó÷åííûå êîýôôèöèåíòû îáîçíà÷èì ÷åðåç b

(j)
p 0 , b

(j)
0p , ..., b

(j)
11 , b

(j)
01 , b

(j)
10

è b
(j)
00 . Òîãäà ìû ïîëó÷èì ïåðâîå íåîáõîäèìîå óñëîâèå ñóùåñòâîâàíèÿ êîíå÷íîãî ðåøåíèÿ (1)�

(2) èëè ðåøåíèé (3)�(4).
Ïîñòàíîâêà çàäà÷è. Èññëåäóåòñÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðî-

èçâîäíûõ âòîðîãî ïîðÿäêà:

(A(0) · x2 + a
(0)
10 · x + a

(0)
01 · y + a

(0)
00 ) · Zxx + ((1) · xy + a

(1)
10 · x + a

(1)
01 · y + a

(1)
00 ) · Zxy+

+ (a(2)
10 · x + a

(2)
00 ) · Zx + (a(3)

01 · y + a
(3)
00 ) · Zy + a

(4)
00 · Z = 0,

(A(2) · y2 + b
(0)
10 · x + b

(0)
01 · y + b

(0)
00 ) · Zyy + ((3) · xy + b

(1)
10 · x + b

(1)
01 · y + b

(1)
00 ) · Zxy+

+ (b(2)
10 · x + b

(2)
00 ) · Zx + (b(3)

01 · y + b
(3)
00 ) · Zy + b

(4)
00 · Z = 0,

(6)

ãäå A(t), a
(k)
ij è b

(k)
ij (t = 0, 1, 2, 3; i = 0, 1; j = 0, 1; k = 0, 1, 2, 3, 4) � íåêîòîðûå ïîñòîÿííûå,

à Z = Z(x, y) � îáùåå ðåøåíèå.
Öåëüþ ðàáîòû ÿâëÿåòñÿ óñòàíîâëåíèå óñëîâèÿ ñóùåñòâîâàíèÿ êîíå÷íîãî ðåøåíèÿ âèäà (1),

èñïîëüçóÿ ìåòîä Ôðîáåíèóñà-Ëàòûøåâîé, à òàêæå èçó÷åíèå ñâÿçè ñèñòåìû âèäà (6) ñ îäíèì
äîïóñòèìûì [4] äèôôåðåíöèàëüíûì óðàâíåíèåì ñ ïîñòîÿííûìè êîýôôèöèåíòàìè

( · x2 + a10 · x + a01 · y + a00) · Zxx + 2( · xy + b10 · x + b01 · y + b00) · Zxy+
( · y2 + c10 · x + c01 · y + c00) · Zyy + (B · x + d00) · Zx + (B · y + g00) · Zy =
= n · (n ·A−A + B) · Z.

(7)

Ãëàâíûå êîýôôèöèåíòû A è B â (7) äîëæíû áûòü òàêèìè, ÷òîáû ïðè ëþáîì íåîòðèöàòåëüíîì
m âûïîëíÿëîñü óñëîâèå:

A ·m + B 6= 0. (8)

Ñèñòåìà (6) è óðàâíåíèå (7) äîëæíû îáëàäàòü ðÿäîì ñâîéñòâ.
1. Áóäåì ïðåäïîëàãàòü, ÷òî êîýôôèöèåíòû ñèñòåìû óäîâëåòâîðÿþò âñåì óñëîâèÿì ñîâìåñò-

íîñòè [5]. Òîãäà ïðè âûïîëíåíèè ñëåäóþùèõ óñëîâèé ñîâìåñòíîñòè

1−
(1) · xy + a

(1)
10 · x + a

(1)
01 · y + a

(1)
00

(0) · x2 + a
(0)
10 · x + a

(0)
01 · y + a

(0)
00

·
(3) · xy + b

(1)
10 · x + b

(1)
01 · y + b

(1)
00

(2) · y2 + b
(0)
10 · x + b

(0)
01 · y + b

(0)
00

6= 0, (9)

ñèñòåìà (6) èìååò âñåãî ÷åòûðå ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøåíèé.
2. Ðàíã è àíòèðàíã ñèñòåìû (6) îïðåäåëÿþòñÿ íåðàâåíñòâàìè

1 + min
(0≤ν≤n−1)

βn − β0

n− ν
≤ p ≤ 1 + max

(1≤ν≤n)

βn − β0

ν
(ðàíã), (10)
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1 + min
(1≤ν≤n)

πν − π0

ν
= −m ≤ 1 + max

(0≤α≤n−1)

πν − π0

n− ν
(àíòèðàíã). (11)

Òåîðèÿ äîïóñòèìûõ óðàâíåíèé (7) áûëà ïîñòðîåíà óñèëèÿìè ðÿäà èçâåñòíûõ ìàòåìàòèêîâ,
òàêèõ êàê Ã. Êðîëë, È. Øåôôåð, Ã.Ê. Ýíãåëèñ, Ò. Êîðâèíäåð, Ä. Äæåêñîí, Ï.Ê. Ñóåòèí è
äð. Èõ ðåøåíèÿ ñâÿçàíû ñ îðòîãîíàëüíûìè ìíîãî÷ëåíàìè äâóõ ïåðåìåííûõ. Îäíàêî, íàøè èñ-
ñëåäîâàíèÿ íå îãðàíè÷èâàþòñÿ èññëåäîâàíèÿìè îðòîãîíàëüíûõ ìíîãî÷ëåíîâ äâóõ ïåðåìåííûõ,
ïîñêîëüêó ÷àñòíûå ñëó÷àè ñèñòåìû (6) îõâàòûâàþò îáøèðíûé êëàññ ñèñòåì, ðåøåíèÿìè êîòî-
ðûõ ÿâëÿþòñÿ è ñïåöèàëüíûå ôóíêöèé äâóõ ïåðåìåííûõ. Ïðèâåäåì îïðåäåëåíèÿ è îòäåëüíûå
ñâîéñòâà äîïóñòèìûõ óðàâíåíèé.

Òåîðåìà 1. Îñíîâíîå óðàâíåíèå

a · Zxx + 2b · Zxy + c · Zyy + d · Zx + g · Zy = λ · Z, (12)

( a, b, c, d, g � ìíîãî÷ëåíû) äîïóñòèìî òîãäà è òîëüêî òîãäà, êîãäà îíî èìååò âèä (7),
ãäå êîýôôèöèåíòû akm, bkm, ckm, d00, g00 � ïðîèçâîëüíûå ôèêñèðîâàííûå äåéñòâèòåëüíûå
÷èñëà, à ÷èñëà A è B òàêîâû, ÷òî ïðè ëþáîì öåëîì íåîòðèöàòåëüíîì p âûïîëíÿåòñÿ
óñëîâèå (8) [4].

Îïðåäåëåíèå 1. Ñîâìåñòíàÿ ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèç-
âîäíûõ âòîðîãî ïîðÿäêà (6) íàçûâàåòñÿ äîïóñòèìîé ñèñòåìîé, åñëè ñóììà äâóõ å¼ óðàâíåíèé
óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 1.

Îáû÷íî îñíîâíîå äèôôåðåíöèàëüíîå óðàâíåíèå (12) ñâÿçûâàþò ñ îñíîâíûì äèôôåðåíöè-
àëüíûì îïåðàòîðîì

Du = a ·D2
1 · Zxx + 2b ·D1 ·D2 · Zxy + c ·D2

2 · Zyy + d ·D1 · Zx + g ·D2 · Zy. (13)

Òîãäà, âîçíèêàåò âîïðîñ î ñóùåñòâîâàíèè ìíîãî÷ëåíîâ, êîòîðûå ÿâëÿþòñÿ ðåøåíèÿìè óðàâ-
íåíèÿ

DZ = λZ. (14)

Óðàâíåíèå (14) íàçûâàåòñÿ îñíîâíûì äèôôåðåíöèàëüíûì óðàâíåíèåì, ñîîòâåòñòâóþùèì
îïåðàòîðó (13).

Îïðåäåëåíèå 2. Îñíîâíîé äèôôåðåíöèàëüíûé îïåðàòîð (13) è îñíîâíîå óðàâíåíèå (14)
áóäåì íàçûâàòü äîïóñòèìûìè, åñëè äëÿ êàæäîãî öåëîãî íåîòðèöàòåëüíîãî ÷èñëà n ñóùå-
ñòâóåò òàêîå ÷èñëî λn , ÷òî óðàâíåíèå

DZ = λnZ. (15)

èìååò n + 1 ëèíåéíî íåçàâèñèìûõ ðåøåíèé â âèäå ìíîãî÷ëåíîâ ñòåïåíè n :

Qn0(x, y), Qn1(x, y), ..., Qnn(x, y) (16)

è íå èìååò íåòðèâèàëüíûõ ðåøåíèé âî ìíîæåñòâå ìíîãî÷ëåíîâ ñòåïåíè ìåíüøåé ÷åì n .
Èç ôîðìóëû (14) ñëåäóåò, ÷òî åñëè n = 0 , òî íåòðèâèàëüíîå ðåøåíèå ìîæåò áûòü òîëüêî

â ñëó÷àå λ0 = 0 . Çíà÷èò, åñëè óðàâíåíèå (14) äîïóñòèìî, òî ñóùåñòâóåò ïîñëåäîâàòåëüíîñòü
ñîáñòâåííûõ çíà÷åíèé

λ0 = 0, λ1, λ2, ..., λn, ... (17)

óðàâíåíèÿ (14), ïðè÷åì êàæäîìó çíà÷åíèþ λn ñîîòâåòñòâóåò ñèñòåìà n + 1 ëèíåéíî íåçàâè-
ñèìûõ ìíîãî÷ëåíîâ (16). Èç îïðåäåëåíèÿ äîïóñòèìîñòè óðàâíåíèÿ (14) òàêæå ñëåäóåò, ÷òî âñå
÷èñëà (17) ðàçëè÷íû ìåæäó ñîáîé. Ýòè è äðóãèå ñâîéñòâà äîïóñòèìîãî óðàâíåíèÿ è èõ ðåøåíèé
ïðèâîäÿòñÿ â [4].
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Íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ êîíå÷íîãî ðåøåíèÿ. Îïðåäåëèì ðàíã ñèñòå-
ìû (6). Åñëè ðàíã p > 0 , òî ïåðâîå íåîáõîäèìîå óñëîâèå ñóùåñòâîâàíèÿ êîíå÷íîãî ðåøåíèÿ
ñëåäóþùåå.

Òåîðåìà 2. Äëÿ òîãî, ÷òîáû âñïîìîãàòåëüíàÿ ñèñòåìà, ïîëó÷åííàÿ ñ ïîìîùüþ ïðåîáðà-
çîâàíèÿ (5) èç ñèñòåìû (6), èìåëà õîòÿ áû îäíî ðåøåíèå âèäà (1), íåîáõîäèìî, ÷òîáû èìåëè
ìåñòî ðàâåíñòâà

b
(j)
p0 = 0, b

(j)
0p = 0, ..., b

(j)
01 = 0, b

(j)
10 = 0, b

(j)
00 = 0 (j = 1, 2), (18)

ãäå ïðàâûå ÷àñòè b
(j)
p0 , b

(j)
0p , ..., b

(j)
10 è b

(j)
00 ðàâåíñòâ (18) ïîëó÷åíû èç âñïîìîãàòåëüíîé ñè-

ñòåìû ïóòåì ïðèðàâíèâàíèÿ ê íóëþ êîýôôèöèåíòîâ ïðè íàèáîëüøèõ ñòåïåíÿõ íåçàâèñèìûõ
ïåðåìåííûõ x è y ïðè íîâîé íåèçâåñòíîé U(x, y) .

Ýòî íåîáõîäèìîå óñëîâèå îáùåå è äëÿ íîðìàëüíîãî ðåøåíèÿ (3), à òàêæå íîðìàëüíî-ðåãóëÿðíîãî
ðåøåíèÿ (4). Ïðè âûïîëíåíèè óñëîâèè (18) èç îñíîâíîé âñïîìîãàòåëüíîé ñèñòåìû ïîëó÷àåì ðÿä
ñèñòåì. Èõ íàçîâ¼ì ïðèñîåäèíåííûìè. Îáû÷íî ïîÿâëåíèå áîëüøîãî êîëè÷åñòâà ïðèñîåäèíåí-
íûõ ñèñòåì çàòðóäíÿåò èçó÷åíèå ñèñòåì âèäà (6).

Ñëåäóþùèì ýòàïîì ïîñòðîåíèÿ ðåøåíèÿ âèäà (1) ÿâëÿåòñÿ ïîñòðîåíèå ìíîãî÷ëåíà äâóõ
ïåðåìåííûõ:

S(x, y) = xα · yβ ·
m,n∑

µ, ν=0

Bµ, ν · xµ · yν (B0,0 6= 0), (19′)

S(x, y) = xγ · yδ ·
m,n∑

µ, ν=0

Aµ, ν · 1
xµ · yν

(A0,0 6= 0), (19′′)

ãäå α, β, γ, δ � íåêîòîðûå ïîñòîÿííûå; Aµ, ν , Bµ, ν , (µ, ν = 0, 1, 2, ...) � íåèçâåñòíûå êîýô-
ôèöèåíòû; γ = α + m, δ = β + n . Ïðè÷åì (19) ñâÿçàíà ñ íîðìàëüíî-ðåãóëÿðíûì ðåøåíèåì
(4), ò.å. ïîëó÷àåòñÿ, êîãäà îáðûâàåòñÿ ðÿä â ïðàâîé ÷àñòè:

U(x, y) = xρ · yσ ·
∞∑

µ, ν=0

Bµ, ν · xµ · yν (B0,0 6= 0). (20)

Àíàëîãè÷íî, êîãäà îáðûâàåòñÿ íîðìàëüíûé ðÿä

U(x, y) = xρ · yσ ·
∞∑

µ, ν=0

Aµ, ν · x−µ · y−ν (A0,0 6= 0), (21)

ïîëó÷èì ìíîãî÷ëåí (19′′). Ïîýòîìó, íàì ñíà÷àëà âàæíî óñòàíîâèòü íåîáõîäèìûå óñëîâèÿ ñó-
ùåñòâîâàíèÿ ðåøåíèÿ âèäà (20) è (21).

Òåîðåìà 3. Äëÿ òîãî ÷òîáû âñïîìîãàòåëüíàÿ ñèñòåìà èìåëà ðåøåíèÿ âèäà (20), íåîáõî-
äèìî, ÷òîáû ïàðà (ρ, σ) áûëà êîðíåì ñèñòåìû îïðåäåëÿþùèõ óðàâíåíèé îòíîñèòåëüíî îñî-
áåííîñòè (0, 0) âèäà:





f
(1)
00 (ρ, σ) = a

(0)
00 · ρ · (ρ− 1) + a

(1)
00 · ρσ + a

(2)
00 · ρ + a

(3)
00 · σ + a

(4)
00 = 0,

f
(2)
00 (ρ, σ) = b

(0)
00 · σ · (σ − 1) + b

(1)
00 · ρσ + b

(2)
00 · ρ + b

(3)
00 · σ + b

(4)
00 = 0,

(22)

ãäå f
(j)
00 (ρ, σ), (j = 1, 2) åñòü êîýôôèöèåíòû ïðè íóëåâûõ ñòåïåíÿõ ( x0 è y0 ) ñèñòåìû õà-

ðàêòåðèñòè÷åñêèõ ôóíêöèé, ïîëó÷åííîé èç âñïîìîãàòåëüíîé ñèñòåìû ïóòåì ïîäñòàíîâêè
âìåñòî íåèçâåñòíîé Z(x, y) = xρ · yσ .
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Òåîðåìà 4. Äëÿ òîãî ÷òîáû âñïîìîãàòåëüíàÿ ñèñòåìà èìåëà ðåøåíèÿ âèäà (21), íåîáõî-
äèìî, ÷òîáû ïàðà (ρ, σ) áûëà êîðíåì ñèñòåìû îïðåäåëÿþùèõ óðàâíåíèé îòíîñèòåëüíî îñî-
áåííîñòè (∞,∞) âèäà:





ϕ
(1)
00 (ρ, σ) = A(0) · ρ · (ρ− 1) + A(1) · ρσ + a

(2)
10 · ρ + a

(3)
01 · σ + a

(4)
00 = 0,

ϕ
(2)
00 (ρ, σ) = A(2) · σ · (σ − 1) + A(3) · ρσ + b

(2)
10 · ρ + b

(3)
01 · σ + b

(4)
00 = 0,

(23)

ãäå ϕ
(j)
00 (ρ, σ), (j = 1, 2) � êîýôôèöèåíòû ïðè íàèáîëüøèõ ñòåïåíÿõ ñèñòåìû õàðàêòåðèñòè-

÷åñêèõ ôóíêöèé.
Íåèçâåñòíûå êîýôôèöèåíòû Aµ, ν è Bµ, ν , (µ, ν = 0, 1, 2, ...) îïðåäåëÿþòñÿ èç ðåêóððåíò-

íûõ ïîñëåäîâàòåëüíîñòåé ñèñòåì [3].
Âñå ýòî ïîêàçûâàåò, ÷òî êîíå÷íîå ðåøåíèå (1) ñóùåñòâóåò òîëüêî òîãäà, êîãäà âûïîëíÿþòñÿ

ïåðâûå è âòîðûå íåîáõîäèìûå óñëîâèÿ. Îòñþäà óáåæäàåìñÿ, ÷òî êîíå÷íîå ðåøåíèå (1) ñóùå-
ñòâóåò ïðè ñóùåñòâîâàíèè íîðìàëüíîãî ðÿäà Òîìå (3) è íîðìàëüíî-ðåãóëÿðíîãî ðåøåíèÿ (4)
îäíîâðåìåííî, ò.å. íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ ýòèõ ðåøåíèé ñîâïàäàþò.

Ïðèìåíåíèå ìåòîäà Ôðîáåíèóñà-Ëàòûøåâîé. Îïðåäåëèì ðàíã è àíòèðàíã ñèñòåìû
(6). Ïðèìåíÿÿ ôîðìóëû (10) è (11), óáåæäàåìñÿ, ÷òî ðàíã p ≤ 0 è àíòèðàíã m ≤ 0 . Â ýòîì
ñëó÷àå ìíîãî÷ëåí Q(x, y) ≡ 0 è ïåðâîå íåîáõîäèìîå óñëîâèå âûïîëíÿåòñÿ àâòîìàòè÷åñêè. Îñòà-
åòñÿ ïîñòðîèòü ðåøåíèå (20), (21) è îïðåäåëèòü óñëîâèÿ ñóùåñòâîâàíèÿ êîíå÷íîãî ðåøåíèÿ âèäà
(19), òî åñòü óñëîâèÿ êîãäà ðÿä (20) è (21) îáðûâàþòñÿ îäíîâðåìåííî.

Ñîñòàâëÿÿ ñèñòåìó õàðàêòåðèñòè÷åñêèõ ôóíêöèé èçó÷àåìîé ñèñòåìû (6), óáåæäàåìñÿ, ÷òî
å¼ ñëåäóþùèé ÷àñòíûé ñëó÷àé:

(A(0) · x2 + a
(0)
10 · x) · Zxx + (A(1) · xy + a

(1)
10 · x + a

(1)
01 · y + a

(1)
00 ) · Zxy + (a(2)

10 · x+
+ a

(2)
00 ) · Zx + (a(3)

01 · y + a
(3)
00 ) · Zy + a

(4)
00 · Z = 0,

(A(2) · y2 + b
(0)
01 · y) · Zyy + (A(3) · xy + b

(1)
10 · x + b

(1)
01 · y + b

(1)
00 ) · Zxy + (b(2)

10 · x+
+ b

(2)
00 ) · Zx + (b(3)

01 · y + b
(3)
00 ) · Zy + b

(4)
00 · Z = 0

(24)

óäîâëåòâîðÿåò óñëîâèÿì òåîðåìû 3 è òåîðåìû 4 îäíîâðåìåííî. Äåéñòâèòåëüíî, ñèñòåìà õàðàê-
òåðèñòè÷åñêèõ ôóíêöèé ïîëó÷åííîé ñèñòåìû (24):

Z1[xρ · yσ] ≡ xρ+1 · yσ+1 ·
{

a
(1)
00 · ρσ + [a(1)

10 · ρσ + a
(3)
00 · σ] · x + [a(0)

10 · ρ · (ρ− 1)+

+a
(1)
01 · ρσ + a

(2)
00 · ρ] · y + [A(0) · ρ · (ρ− 1) + A(1) · ρσ + a

(2)
10 · ρ + a

(3)
01 · σ + a

(4)
00 ] · xy

}
,

Z2[xρ · yσ] ≡ xρ+1 · yσ+1 ·
{

b
(1)
00 · ρσ + [b(0)

01 · σ · (σ − 1) + b
(1)
10 · ρσ + b

(3)
00 · σ] · x+

+[b(2)
00 · ρ + b

(1)
01 · ρσ] · y + [A(2) · σ · (σ − 1) + A(3) · ρσ + b

(2)
10 · ρ + b

(3)
01 · σ + b

(4)
00 ] · xy

}
(25)

èìååò ñèñòåìû îïðåäåëÿþùèõ óðàâíåíèé è îòíîñèòåëüíî îñîáåííîñòè (0, 0) :




f
(1)
00 (ρ, σ) ≡ a

(1)
00 · ρσ = 0,

f
(2)
00 (ρ, σ) ≡ b

(1)
00 · ρσ = 0,

(26)

è îòíîñèòåëüíî îñîáåííîñòè (∞,∞) :




ϕ
(1)
00 (ρ, σ) ≡ A(0) · ρ · (ρ− 1) + A(1) · ρσ + a

(2)
10 · ρ + a

(3)
01 · σ + a

(4)
00 = 0,

ϕ
(2)
00 (ρ, σ) ≡ A(2) · σ · (σ − 1) + A(3) · ρσ + b

(2)
10 · ρ + b

(3)
01 · σ + b

(4)
00 = 0.

(27)
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Ñèñòåìà îïðåäåëÿþùèõ óðàâíåíèé (26) ïðè a
(1)
00 6= 0 è b

(1)
00 6= 0 èìååò òîëüêî îäíó ïàðó

êîðíåé (ρ1, σ1) = (0, 0) .
Åñëè ñèñòåìà (24) ñîâìåñòíàÿ è âûïîëíÿåòñÿ óñëîâèå èíòåãðèðóåìîñòè (9), òî îíà èìååò

îäíî ðåøåíèå âèäà:

Z(x, y) =
∞∑

µ, ν=0

Bµ, ν · xµ · yν (B0,0 6= 0). (28)

ñîîòâåòñòâóþùåå ïîêàçàòåëþ (ρ1, σ1) = (0, 0) .
Èçâåñòíî [6], ÷òî ñèñòåìà âèäà (27) èìååò äî ÷åòûðåõ ïàð êîðíåé (ρ′i, σ

′
i) (i = 1, 2, 3, 4) .

Îïðåäåëèì ðàçìàõ êîýôôèöèåíòîâ ñèñòåìû [3].
Îïðåäåëåíèå 3. Ðàçìàõîì êîýôôèöèåíòîâ ñèñòåìû (24) íàçûâàåòñÿ ÷èñëî ñëàãàåìûõ

ν + 1 â ïðàâîé ÷àñòè ñèñòåìû õàðàêòåðèñòè÷åñêèõ ôóíêöèé (25).
Â îáùåì ñëó÷àå, êîãäà êîýôôèöèåíòû ñèñòåìû (6) � ìíîãî÷ëåíû äâóõ ïåðåìåííûõ, ðàçìàõ

êîýôôèöèåíòîâ êàæäîãî èç óðàâíåíèé ñèñòåìû ìîæíî íàéòè îòäåëüíî è íàèáîëüøåå èç íèõ
âûáèðàåòñÿ â êà÷åñòâå ðàçìàõà êîýôôèöèåíòîâ ñèñòåìû.

Â ñèëó êîíå÷íîñòè ðàçìàõà êîýôôèöèåíòîâ ñèñòåìû ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè
÷èñëî ñëàãàåìûõ â êàæäîé ðåêóððåíòíîé çàâèñèìîñòè íå ïðåâîñõîäèò ν+1 . Ñëåäóåò îòìåòèòü,
÷òî ñèñòåìà (24) ïîëó÷åíà èç ñèñòåìû (6) ïðè a

(0)
00 = a

(0)
01 = 0 è b

(0)
00 = b

(0)
10 = 0 . Ïîýòîìó, ðàçìàõ

êîýôôèöèåíòîâ ñèñòåìû â ðàçëè÷íûõ ñëó÷àÿõ îïðåäåëÿåòñÿ èíäèâèäóàëüíî. Ðàçìàõ ñèñòåìû
ν + 1 = 3 + 1 = 4 ( ν = 3 ).

Ïóñòü â (19′) ïîêàçàòåëè íåçàâèñèìûõ ïåðåìåííûõ α è β îïðåäåëÿþòñÿ èç ñèñòåìû îïðå-
äåëÿþùèõ óðàâíåíèé (26), à â (19′′) ïîêàçàòåëè γ è δ íàõîäÿòñÿ èç ñèñòåìû îïðåäåëÿþùèõ
óðàâíåíèé îòíîñèòåëüíî îñîáåííîñòè (∞,∞) (27). Òîãäà íà îñíîâàíèè îáùèõ èññëåäîâàíèé â
[3] ìîæíî ñôîðìóëèðîâàòü ðÿä òåîðåì.

Òåîðåìà 5. Äëÿ òîãî ÷òîáû ñèñòåìà (24), ðàçìàõ êîòîðîé ðàâåí ÷åòûðåì, èìåëà ðåøåíèÿ
â êîíå÷íîì âèäå (19′) � (19′′) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû â ðàçíîñòè ïàð (γ, δ)−(α, β) =
(q, g) ÷èñëà q è g áûëè öåëûìè ÷èñëàìè èëè íóëÿìè.

Â ñëó÷àå îòñóòñòâèÿ ëîãàðèôìè÷åñêèõ ðåøåíèé, åñëè (γi, δi) − (α1, β1) = (qi, gi) (i =
1, 2, 3, 4) áóäóò öåëûìè ÷èñëàìè èëè íóëÿìè, âîçìîæíî ñóùåñòâîâàíèå äî ÷åòûðåõ êîíå÷-
íûõ ðåøåíèé â âèäå ìíîãî÷ëåíîâ äâóõ ïåðåìåííûõ.

Åñëè íå âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 5, òî ñèñòåìà (24) èìååò îäíî íîðìàëüíî-ðåãóëÿðíîå
ðåøåíèå âèäà (20) è äî ÷åòûðåõ ðåøåíèé âèäà (21).

Ñâÿçü èçó÷àåìûõ ñèñòåì ñ äîïóñòèìûìè óðàâíåíèÿìè. Âàæíûì ÷àñòíûì ñëó÷àåì
ñèñòåìû (24) ÿâëÿåòñÿ ñèñòåìà Àïïåëÿ (F2) :

{
x(1− x) ·Υxx + xy ·Υxy + [α− (c + a + 1) · x] ·Υx − a · y ·Υy − c · a ·Υ = 0,

y(1− y) ·Υyy + xy ·Υxy + [β − (c + b + 1) · y] ·Υy − b · x ·Υx − c · b ·Υ = 0,
(29)

ñ ðåøåíèåì â âèäå ãèïåðãåîìåòðè÷åñêîé ôóíêöèè äâóõ ïåðåìåííûõ Àïïåëÿ:

F2(a, b, c, α, β; x, y) =
∞∑

k=0

∞∑

s=0

(a)k · (b)s · (c)(k+s)

(α)k · (β)s · k! · s! · x
k · ys. (30)

Äàííàÿ ôóíêöèÿ çàâèñèò îò ïÿòè äåéñòâèòåëüíûõ ïàðàìåòðîâ a, b, c, α, β è ïðè öåëûõ îò-
ðèöàòåëüíûõ çíà÷åíèÿõ ïàðàìåòðîâ a, b, c ðàçëîæåíèå (30) ïðåâðàùàåòñÿ â êîíå÷íóþ ñóììó.
Èòàê, ôóíêöèÿ F2(a, b, c, α, β;x, y) ïðåâðàùàåòñÿ â ïîëèíîì äâóõ ïåðåìåííûõ [7]:

1. ïðè α = −k ïîëó÷èì ìíîãî÷ëåí ñòåïåíè k;
2. ïðè β = −s è c = −r ïîëó÷èì ìíîãî÷ëåí äâóõ ïåðåìåííûõ ñòåïåíè s + r èëè ïðè

óñëîâèÿõ
a = −k, b = −s, c = k + s + γ (31)
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ôóíêöèÿ F2(a, b, c, α, β; x, y) ïðèâîäèòñÿ ê âèäó:

F2(x, y;−k,−s, k + s + γ, α, β) =
∞∑

p=0

∞∑

q=0

(−k)p · (−s)q · (k + s + γ)(p+q)

(α)p · (β)q · p! · q! · xp · yq. (32)

Ó÷èòûâàÿ ðàâåíñòâà

(−k)p = 0, p > k, (−s)q = 0, q > s, (33)

íàõîäèì, ÷òî ôóíêöèÿ (32) åñòü ìíîãî÷ëåí ñòåïåíè k + s ïî ñîâîêóïíîñòè ïåðåìåííûõ. Ïîëó-
÷åííûé ìíîãî÷ëåí îáîçíà÷èì ÷åðåç

Bhs(x, y) = Bhs(x, y; α, β, γ) =
k∑

p=0

s∑

q=0

(−k)p · (−s)q · (k + s + γ)(p+q)

(α)p · (β)q · p! · q! · xp · yq. (34)

Â îòëè÷èå îò ìíîãî÷ëåíîâ ïåðâîãî ðîäà Anm(x, y) ïðèâåäåííûõ â [8], ýòè ìíîãî÷ëåíû íà-
çûâàþòñÿ ìíîãî÷ëåíàìè Àïïåëÿ âòîðîãî ðîäà. Êàæäûé èç íèõ ÿâëÿåòñÿ ìîíè÷åñêèì, òî åñòü
ñîäåðæèò òîëüêî îäèí ÷ëåí ñòåïåíè k + s . Ïåðâûé èíäåêñ k îçíà÷àåò íàèâûñøóþ ñòåïåíü
ïî x , à âòîðîé èíäåêñ s íàèâûñøóþ ñòåïåíü ïî y . Òàêèì îáðàçîì, ìíîãî÷ëåí Bk0(x, y) íå
çàâèñèò îò y , à B0s(x, y) íå çàâèñèò îò x .

Ïðèâåäåì íåñêîëüêî ìíîãî÷ëåíîâ Àïïåëÿ âòîðîãî ðîäà, èñïîëüçóÿ ôîðìóëó (34):

B00(x, y) = 1, B10(x, y) = 1− 1 + γ
α · x,

B01(x, y) = 1− 1 + γ
β

· y,

B20(x, y) = 1− 2 · (2 + γ)
α · x + (2 + γ) · (3 + γ)

α · (α + 1) · x2,

B11(x, y) = 1− (2 + γ)
α · x− (2 + γ)

β
· y + (2 + γ) · (3 + γ)

α · β · xy,

B02(x, y) = 1− 2 · (2 + γ)
β

· y + (2 + γ) · (3 + γ)
β · (β + 1) · y2.

(35)

Â ðàáîòå [4] äîêàçàíî, ÷òî ôóíêöèÿ

υ = F2(a, b, c, α, β; x, y)

óäîâëåòâîðÿåò ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé (29). Ñêëàäûâàÿ äâà óðàâíåíèÿ ýòîé
ñèñòåìû, ïîëó÷èì îäíî äèôôåðåíöèàëüíîå óðàâíåíèå â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà

x · (1− x) · Vxx − 2xy · Vxy + y · (1− y) · Vyy + [α− (a + b + c + 1) · x] · Vx+

+ [β − (a + b + c + 1) · y] · Vy − c · (a + b) · V = 0.
(36)

Ãèïåðãåîìåòðè÷åñêàÿ ôóíêöèÿ Àïïåëÿ F2(a, b, c, α, β; x, y) óäîâëåòâîðÿåò è äèôôåðåíöè-
àëüíîìó óðàâíåíèþ (36). Ïîëó÷åííîå óðàâíåíèå ïðè óñëîâèÿõ (31) èìååò âèä:

x · (1− x) · Vxx − 2xy · Vxy + y · (1− y) · Vyy + [α− (γ + 1) · x] · Vx+

+ [β − (γ + 1) · y] · Vy + (k + s) · (k + s + γ) · V = 0.
(37)

Ñëåäîâàòåëüíî, ìíîãî÷ëåí (34) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ (37). Ñîá-
ñòâåííîå ÷èñëî óðàâíåíèÿ (37) îáîçíà÷èì ÷åðåç

λks = (k + s) · (k + s + γ)
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Â [4] áûëî óñòàíîâëåíî, ÷òî â ñëó÷àå ðàññìîòðåíèÿ ìíîãî÷ëåíà Àïïåëÿ ïåðâîãî ðîäà Anm(x, y)
ñîáñòâåííîå ÷èñëî èìååò âèä:

λnm = (n + m) · (n + m + γ).

Íàéäåííûå ñîáñòâåííûå ÷èñëà λks è λnm ðàçëè÷íû.
Â îáîèõ ñëó÷àÿõ ïîëó÷àåòñÿ óðàâíåíèå âèäà (37). Ïîýòîìó, äâå ñèñòåìû ìíîãî÷ëåíîâ

{Anm(x, y)}, {Bks(x, y)} (38)

ÿâëÿþòñÿ ñîáñòâåííûìè ôóíêöèÿìè îäíîãî è òîãî æå äèôôåðåíöèàëüíîãî óðàâíåíèÿ (37). Ïî-
ñêîëüêó ñîáñòâåííûå ÷èñëà λks è λnm òàêæå ðàçëè÷íû ìåæäó ñîáîé, òî ìíîãî÷ëåíû Anm(x, y)
è Bks(x, y) îðòîãîíàëüíû ìåæäó ñîáîé, òî åñòü âûïîëíÿåòñÿ óñëîâèå îðòîãîíàëüíîñòè:

∫

G

∫
h(x, y) ·Anm(x, y) ·Bks(x, y)dxdy = 0.

Âûøåïðèâåäåííûå ñâîéñòâà îðòîãîíàëüíûõ ìíîãî÷ëåíîâ äâóõ ïåðåìåííûõ ïðèâåäåíû â ìî-
íîãðàôèè Ï.Ê.Ñóåòèíà [4]. Îäíàêî, íà êîíêðåòíîì ïðèìåðå ñèñòåìû Àïïåëÿ (F2) ìû óáåäè-
ëèñü, ÷òî ðåøåíèÿìè èçó÷åííûõ íàìè ñèñòåì âèäà (6) è (24) ÿâëÿþòñÿ íå òîëüêî îðòîãîíàëüíûå
ìíîãî÷ëåíû, íî è ãèïåðãåîìåòðè÷åñêèå ôóíêöèè äâóõ ïåðåìåííûõ âèäà (30).

Îòñþäà äåëàåì íåêîòîðûå îáùèå âûâîäû îòíîñèòåëüíî èñõîäíîé ñèñòåìû (6) è åå ÷àñòíûõ
ñëó÷àåâ (24) è (29).

1. Èçó÷åííàÿ èñõîäíàÿ ñèñòåìà (6) ñîäåðæèò áîëüøîå êîëè÷åñòâî ðàçëè÷íûõ ñèñòåì, ðå-
øåíèÿìè êîòîðûõ ÿâëÿþòñÿ îðòîãîíàëüíûå ìíîãî÷ëåíû è ãèïåðãåîìåòðè÷åñêèå ôóíêöèé äâóõ
ïåðåìåííûõ.

2. Ê èçó÷åíèþ ñèñòåìû (6) ïðèìåíèì ìåòîä Ôðîáåíèóñà-Ëàòûøåâîé. Äåéñòâèòåëüíî, èñ-
ïîëüçóÿ óñëîâèÿ ñîâìåñòíîñòè è èíòåãðèðóåìîñòè, à òàêæå íåîáõîäèìûå óñëîâèÿ ñóùåñòâî-
âàíèÿ ðåøåíèÿ âèäà (20) è (21), ìû âûäåëèëè ñèñòåìó âèäà (24). Îòñþäà � ñèñòåìó (29) ñ
ðåøåíèåì (30).

Ñèñòåìà îïðåäåëÿþùèõ óðàâíåíèé îòíîñèòåëüíî îñîáåííîñòè (0, 0) ñèñòåìû (22) èìååò âèä:




f
(1)
00 (ρ, σ) ≡ ρ · (ρ− 1 + γ) = 0,

f
(2)
00 (ρ, σ) ≡ σ · (σ − 1 + γ′) = 0,

(39)

îòêóäà îïðåäåëÿåì ÷åòûðå ïàðû êîðíåé:

1. ρ1 = 0, σ1 = 0; 3. ρ2 = 1− γ, σ1 = 0; ,

2. ρ1 = 0, σ2 = 1− γ′; 4. ρ2 = 1− γ, σ2 = 1− γ′.
(40)

Òàêèì æå îáðàçîì íàéäåì, ÷òî ñèñòåìà îïðåäåëÿþùèõ óðàâíåíèé îòíîñèòåëüíî îñîáåííîñòè
(∞,∞) ñèñòåìû (29):





f
(1)
10 (ρ, σ) ≡ −[ρ · (ρ− 1) + ρ · σ + (c + a + 1) · ρ + a · σ + c · a] = 0,

f
(1)
01 (ρ, σ) ≡ −[σ · (σ − 1) + ρ · σ + (c + b + 1) · σ + b · ρ + c · b] = 0

(41)

èìååò òîëüêî òðè ïàðû êîðíåé:
I. (ρ3 = −a, σ3 = −b) ;
II. (ρ3 = −a, σ4 = a− c) ;
III. (ρ4 = b− c, σ4 = −b) .
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Îòñþäà ðàçíîñòü ïàð (ρ3, σ3) − (ρ1, σ1) = (−a,−b) − (0, 0) = (−a,−b), êàê íàèìåíüøàÿ
ðàçíîñòü, îïðåäåëÿåò óñëîâèå ñóùåñòâîâàíèÿ êîíå÷íîãî ðåøåíèÿ. Ýòî îçíà÷àåò, ÷òî âûïîë-
íÿåòñÿ íåîáõîäèìîå è äîñòàòî÷íîå óñëîâèå òåîðåìû 5, òîëüêî çäåñü ðàçìàõ êîýôôèöèåíòîâ
ν +1 = 1+1 = 2 . Íà ñàìîì äåëå, â äàííîì ñëó÷àå ïîêàçàòåëè â (19′) � (19′′) : γ−α = −a− 0 =
q, δ− β = −b− 0 = g è ïàðà ïðèíèìàåò öåëûå íåîòðèöàòåëüíûå çíà÷åíèÿ òîëüêî òîãäà, êîãäà
a è b öåëûå îòðèöàòåëüíûå ÷èñëà èëè íóëü, ÷òî ñîâïàäàåò ñ óñëîâèÿìè ïðèâåäåííûìè íàìè
âûøå. Ïðèâåäåì óòî÷íåíèå òåîðåìû 5 [8].

Òåîðåìà 6. Åñëè ðàçíîñòè (γi − α, δi − β) èëè (γ −αi, δ− βi) ðàâíû öåëûì ÷èñëàì, òî
êîíå÷íûå ðåøåíèÿ îïðåäåëÿþòñÿ òåìè èç ðàçíîñòåé, êîòîðûå ÿâëÿþòñÿ ìèíèìàëüíûìè.

3. Óðàâíåíèå (37), ïîëó÷åííîå ïóòåì ñëîæåíèÿ äâóõ óðàâíåíèé ñèñòåìû (29), ïðè âûïîëíå-
íèè óñëîâèé (31) äîïóñòèìîå. Ïîñêîëüêó óäîâëåòâîðÿþòñÿ âñå óñëîâèè òåîðåìû 1: ïðåäñòàâèìî
â âèäå (7) è âûïîëíÿåòñÿ óñëîâèå (8). Ïîýòîìó èìååò N + 1 ëèíåéíî íåçàâèñèìûõ ðåøåíèé
â âèäå ìíîãî÷ëåíîâ ñòåïåíè N = k + s . Îíè ìîíè÷åñêèå. Íåñêîëüêî ïåðâûõ ìíîãî÷ëåíîâ
ïðèâåäåíû â (35). Âñå îíè óäîâëåòâîðÿþò óðàâíåíèþ (37), à òàêæå ñèñòåìå (29) ïðè óñëîâèÿõ
(31).

Åñëè â óðàâíåíèè (37) ïîëîæèòü

γ = B − 1 k + s = N, d00 = −α, g00 = −β,

òî èç (37) ïîëó÷èì óðàâíåíèå

(x2 − x) · Vxx + 2xy · Vxy + (y2 − y) · Vyy + (B · x + d00) · Vx+

+ (B · y + g00) · Vy = N · (N − 1 + B) · V.
(42)

Ïðè d00 = g00 = 0 èç ýòîãî óðàâíåíèÿ ïîëó÷èì íîðìàëüíóþ ôîðìó ïåðâîãî òèïà äëÿ
êàíîíè÷åñêîãî äîïóñòèìîãî óðàâíåíèÿ (7) [4].

Õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí äëÿ óðàâíåíèÿ (42) èìååò âèä:

α(x, y) = ac− b2 = xy · (1− x− y).

Ýòîò õàðàêòåðèñòè÷åñêèé ìíîãî÷ëåí ñîâïàäàåò ñ õàðàêòåðèñòè÷åñêèì ìíîãî÷ëåíîì ñèñòå-
ìû (29).

Òàêèì îáðàçîì, íà êîíêðåòíûõ ïðèìåðàõ íàìè èçó÷åíà ñâÿçü ñèñòåìû òèïà (6) ñ óðàâíå-
íèåì âèäà (7) è ñâÿçàííûõ ñ íèìè äîïóñòèìûìè óðàâíåíèÿìè. Ìåòîä Ôðîáåíèóñà-Ëàòûøåâîé
ê íåïîñðåäñòâåííîìó èçó÷åíèþ äîïóñòèìûõ óðàâíåíèé ïðîõîäèò òîëüêî â îòäåëüíûõ ñëó÷à-
ÿõ. Ïîýòîìó òðåáóåòñÿ èçó÷èòü ýêâèâàëåíòíóþ èì ñèñòåìó. Òàêîå èçó÷åíèå îñîáîãî òðóäà íå
ñîñòàâëÿåò.

Öèòèðîâàííàÿ ëèòåðàòóðà

1. Ëàòûøåâà Ê. ß. Íîðìàëüíûå ðåøåíèÿ ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïîëèíî-
ìèàëüíûìè êîýôôèöèåíòàìè. Àâòîðåôåðàò äèññ. äîêòîðà ôèç.-ìàò. íàóê. Êèåâ, 1962.

2. Ëàòûøåâà Ê. ß., Òåðåùåíêî Í., Îðåë Ã.Ñ. Íîðìàëüíî-ðåãóëÿðíûå ðåøåíèÿ è èõ ïðèëî-
æåíèÿ. Êèåâ, 1974.

3. Òàñìàìáåòîâ Æ.Í. Íîðìàëüíûå ðåøåíèÿ ñïåöèàëüíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíå-
íèé â ÷àñòíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà ñ ïîëèíîìèàëüíûìè êîýôôèöèåíòàìè. Àâòîðåôåðàò äèññ.
äîêòîðà ôèç.-ìàò. íàóê. Àëìàòû, 2004.

4. Ñóåòèí Ï.Ê. Îðòîãîíàëüíûå ìíîãî÷ëåíû ïî äâóì ïåðåìåííûì. Ì., 1988.
5. Wilczynski E.J. Projective di�erential Geometry of Curves and Ruled surfaces. Leipzig: Leubner,

1906.

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 3 (37)



66 Ð. Ó. Æàõèíà, Æ. Í. Òàñìàìáåòîâ

6. Sternberg W. //Math. Ann. 1920. Bd.81. P. 119�186.
7. Appell P. and Kampe de Feriet M.J. Functions hypergeometriges of hyperspheriges Polynomes

d'Hermite. Paris. Gauthier-Villars, 1926.
8. Æàõèíà Ð.Ó. //Ïîèñê. 2009. � 3. C. 186�191.

Ïîñòóïèëà â ðåäàêöèþ 12.08.2010ã.

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 3 (37)



Ìàòåìàòè÷åñêèé æóðíàë. Àëìàòû. 2010. Òîì 10. � 3 (37) . C. 67�74

ÓÄÊ 517.958

ÄÈÍÀÌÈ×ÅÑÊÈÅ ÀÍÀËÎÃÈ ÔÎÐÌÓË ÃÐÈÍÀ È ÃÀÓÑÑÀ
ÄËß ÃÈÏÅÐÁÎËÈ×ÅÑÊÈÕ ÓÐÀÂÍÅÍÈÉ

Ã. Ê. Çàêèðüÿíîâà

Èíñòèòóò Ìàòåìàòèêè ÌÎèÍ ÐÊ
050010 Àëìàòû Ïóøêèíà, 125 zakir@math.kz

Äëÿ ñòðîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ ðàññìîòðåíû ðåøåíèÿ â êëàññå óäàðíûõ âîëí. Íà îñíîâå
ìåòîäà îáîáùåííûõ ôóíêöèé ïîëó÷åíû óñëîâèÿ íà âîëíîâûõ ôðîíòàõ. Ïîñòàâëåíû äâå íà÷àëüíî-
êðàåâûå çàäà÷è è äîêàçàíà åäèíñòâåííîñòü èõ ðåøåíèé. Ïîñòðîåíû äèíàìè÷åñêèå àíàëîãè ôîðìóë
Ãðèíà, Ãàóññà äëÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ.

Ïðîöåññû ðàñïðîñòðàíåíèÿ âîëí â ñïëîøíûõ ñðåäàõ îïèñûâàþòñÿ, êàê ïðàâèëî, ãèïåðáî-
ëè÷åñêèìè óðàâíåíèÿìè, äëÿ êîòîðûõ õàðàêòåðíûì ÿâëÿåòñÿ íàëè÷èå õàðàêòåðèñòè÷åñêèõ ïî-
âåðõíîñòåé, íà êîòîðûõ ñàìè ðåøåíèÿ, ëèáî èõ ïðîèçâîäíûå ðàçðûâíû. Â ôèçè÷åñêèõ ïðîöåñ-
ñàõ îíè îïèñûâàþò óäàðíûå âîëíû, íà ôðîíòàõ êîòîðûõ èññëåäóåìûå õàðàêòåðèñòèêè ïðîöåñ-
ñà (ñêîðîñòè, íàïðÿæåíèÿ, äàâëåíèå, òåìïåðàòóðà è äð.) ìîãóò èìåòü ñêà÷êè. Ìàòåìàòè÷åñêàÿ
òåîðèÿ êðàåâûõ çàäà÷ äëÿ òàêèõ óðàâíåíèé òðåáóåò ïðèâëå÷åíèå àïïàðàòà òåîðèè îáîáùåí-
íûõ ôóíêöèé, ò.ê., â îòëè÷èå îò ýëëèïòè÷åñêèõ óðàâíåíèé, ðåøåíèÿ òàêèõ óðàâíåíèé, êàê
ïðàâèëî, îòíîñÿòñÿ ê êëàññó îáîáùåííûõ ôóíêöèé. Â [1, 2] ïðåäëîæåí Ìåòîä Îáîáùåííûõ
Ôóíêöèé ðåøåíèÿ íåñòàöèîíàðíûõ êðàåâûõ çàäà÷ äëÿ âîëíîâîãî óðàâíåíèÿ Äàëàìáåðà â ìíî-
ãîìåðíûõ ïðîñòðàíñòâàõ. Íà åãî îñíîâå áûë ðàçðàáîòàí ÌÎÔ äëÿ ðåøåíèÿ íåñòàöèîíàðíûõ
êðàåâûõ çàäà÷ äèíàìèêè àíèçîòðîïíûõ óïðóãèõ ñðåä [3, 4]. Çäåñü èñïîëüçóåòñÿ ýòîò ìåòîä äëÿ
èññëåäîâàíèÿ ðåøåíèé äâóõ íà÷àëüíî-êðàåâûõ çàäà÷ äëÿ ñòðîãî ãèïåðáîëè÷åñêîãî óðàâíåíèÿ
â êëàññå óäàðíûõ âîëí. Ïîëó÷åíû óñëîâèÿ íà âîëíîâûõ ôðîíòàõ. Ðàññìàòðèâàþòñÿ âîïðîñû
åäèíñòâåííîñòè ðåøåíèé â êëàññå óäàðíûõ âîëí. Ïîñòðîåíû àíàëîãè ôîðìóë Ãðèíà è Ãàóññà,
ïîçâîëÿþùèå ïîëó÷èòü èõ îáîáùåííûå ðåøåíèÿ.

1. Îáîáùåííûå ðåøåíèÿ ãèïåðáîëè÷åñêîãî óðàâíåíèÿ. Óñëîâèÿ íà ôðîíòàõ. Ðàñ-
ñìàòðèâàåòñÿ ñòðîãî ãèïåðáîëè÷åñêîå óðàâíåíèå âòîðîãî ïîðÿäêà c ïîñòîÿííûìè êîýôôèöèåí-
òàìè

L(∂x, ∂t)u(x, t) = G(x, t), (x, t) ∈ RN+1, (1)

L(∂x, ∂t) =
N∑

i,j

aij
∂2

∂xi∂xj
− ρ

∂2

∂t2
. (2)

Keywords: Hyperbolic equation, wave fronts, fundamental solution, generalized solution
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Êîýôôèöèåíòû aij = aji óäîâëåòâîðÿþò óñëîâèþ ñòðîãîé ãèïåðáîëè÷íîñòè: aij ≥ λ‖ξ‖ ,
λ = const > 0 , ρ = const , G � ðåãóëÿðíàÿ ôóíêöèÿ. Ïðåäïîëàãàÿ ñóììèðîâàíèå ïî ïîâòîðÿ-
þùèìñÿ èíäåêñàì â ïðîèçâåäåíèè (ïîäîáíî òåíçîðíîé ñâåðòêå), äàëåå çíàê ñóììû îïóñêàåì.
Ââåäåì îáîçíà÷åíèÿ: u,i = ∂u/∂xi , u,ij = ∂2u/∂xi∂xj , u,t = ∂u/∂t , u,tt = ∂2u/∂t2 .

Ïóñòü u(x, t) � ðåøåíèå óðàâíåíèÿ (1) � äâàæäû äèôôåðåíöèðóåìàÿ ôóíêöèÿ ïî÷òè âñþäó,
çà èñêëþ÷åíèåì, áûòü ìîæåò, õàðàêòåðèñòè÷åñêîé ïîâåðõíîñòè F , íåïîäâèæíîé â RN+1 è ïî-
äâèæíîé â RN (âîëíîâîé ôðîíò Ft ), íà êîòîðîé ïðîèçâîäíûå ìîãóò èìåòü ñêà÷êè. Óðàâíåíèå
òàêîé ïîâåðõíîñòè F èìååò âèä:

aijνiνj − ρν2
t = 0. (3)

ν(x, t) = (ν1, ..., νN , νt) � íîðìàëü ê õàðàêòåðèñòè÷åñêîé ïîâåðõíîñòè, ñâÿçàííàÿ ñî ñêîðîñòüþ
c ïîâåðõíîñòè F â ïðîñòðàíñòâå RN ñîîòíîøåíèåì c = −νt/‖ν‖RN , ‖ν‖ = √

νjνj . Äëÿ âûâîäà
óñëîâèé íà ñêà÷êè óäîáíî âîñïîëüçîâàòüñÿ àïïàðàòîì òåîðèè îáîáùåííûõ ôóíêöèé.

Îáîçíà÷èì ÷åðåç D′(RN+1) ïðîñòðàíñòâî îáîáùåííûõ ôóíêöèé f̂(x, t) , îïðåäåëåííûõ íà
ïðîñòðàíñòâå D(RN+1) � ôèíèòíûõ áåñêîíå÷íî äèôôåðåíöèðóåìûõ ôóíêöèé ϕ(x, t) . Äëÿ
ðåãóëÿðíûõ ôóíêöèé f̂ èìååì:

(f̂(x, t), ϕ(x, t)) =

∞∫

−∞
dτ

∫

RN

f(x, τ)ϕ(x, τ)dV (x), dV (x) = dx1...dxN , ∀ϕ ∈ D(RN+1).

Ðåøåíèå u(x, t), ðàññìàòðèâàåìîå êàê ðåãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ, îáîçíà÷èì ÷åðåç
û(x, t) = u(x, t) . Àíàëîãè÷íî Ĝ(x, t) = G(x, t) .

Îïðåäåëåíèå 1. Ôóíêöèÿ û(x, t) íàçûâàåòñÿ îáîáùåííûì ðåøåíèåì óðàâíåíèÿ (1), åñëè
îíà óäîâëåòâîðÿåò ýòîìó óðàâíåíèþ â îáîáùåííîì ñìûñëå, ò.å. äëÿ ∀ϕ ∈ D(RN+1) âûïîë-
íÿåòñÿ ðàâåíñòâî: (Lû, ϕ) = (G,ϕ) , ãäå L � äèôôåðåíöèàëüíûé îïåðàòîð (2).

Îáîçíà÷èì ÷åðåç [f ]Ft � ñêà÷îê ôóíêöèè f íà âîëíîâîì ôðîíòå Ft :

[f(x, t)]Ft = f+(x, t)− f−(x, t) = lim
ε→+0

(f(x + εm, t)− f(x− εm, t)), x ∈ Ft,

çäåñü m(x, t) = (m1, ..., mN ) � åäèíè÷íûé âåêòîð íîðìàëè ê ïîâåðõíîñòè Ft , íàïðàâëåííûé â
ñòîðîíó ðàñïðîñòðàíåíèÿ ôðîíòà âîëíû.

Òåîðåìà 1. Åñëè u(x, t) óäîâëåòâîðÿåò óðàâíåíèþ (1) ïî÷òè âñþäó, çà èñêëþ÷åíèåì âîë-
íîâûõ ôðîíòîâ, óäîâëåòâîðÿþùèõ óñëîâèþ (3), íà êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ íà ñêà÷êè

[u(x, t)]Ft
= 0, (4)

[aiju,i mj + ρcu,t ]Ft
= 0, (5)

òî û(x, t) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì (1).
Äîêàçàòåëüñòâî. Ñ ó÷åòîì ïðàâèë äèôôåðåíöèðîâàíèÿ îáîáùåííûõ ôóíêöèé [5]:

û,i = u,i +[u]F νiδF (x, t), (6)

û,ij = u,ij +([u]F νiδF (x, t)),j + [u,i ]F νjδF (x, t), (7)
ãäå ïåðâûå ñëàãàåìûå ñïðàâà â (6) è (7) ÿâëÿþòñÿ ïðîèçâîäíûìè â êëàññè÷åñêîì ñìûñëå,
α(x, t)δF (x, t) � ñèíãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ � ïðîñòîé ñëîé íà F ñ ïëîòíîñòüþ α :

(α(x, t)δF (x, t), ϕ(x, t)) =
∫

F
α(x, t)ϕ(x, t)dS(x, t) ∀ϕ ∈ D(RN+1),

dS(x, t) � äèôôåðåíöèàë ïëîùàäè ïîâåðõíîñòè â òî÷êå (x, t).
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C ó÷åòîì âûðàæåíèé (6)�(7) óðàâíåíèå (1) äëÿ ôóíêöèè û èìååò âèä:

L(∂x, ∂t)û(x, t)− Ĝ(x, t) = aiju,ij (x, t)− ρu,tt (x, t)−G(x, t) + aij [u,i ]F νjδF (x, t)+ (8)

+{aij [u]F νiδF (x, t)},j −ρ[u,t ]F νtδF (x, t)− ρ{[u]F νtδF (x, t)},t .

Ôóíêöèÿ û áóäåò óäîâëåòâîðÿòü óðàâíåíèþ (1) â îáîáùåííîì ñìûñëå, åñëè ïðàâàÿ ÷àñòü
âûðàæåíèÿ (8) ðàâíà íóëþ, ò.å. äîëæíû ðàâíÿòüñÿ íóëþ

[u(x, t)]F = 0, [aiju,i νj − ρu,t νt]F = 0. (9)

Çàïèøåì ýòè óñëîâèÿ íà ñîîòâåòñòâóþùåì âîëíîâîì ôðîíòå Ft . Â ñèëó íåïðåðûâíîñòè ôóíê-
öèè u(x, t) âíå ôðîíòà âîëíû èìååì [u]F = lim

ε→+0
(u(x + εm, t)− u(x− εm, t)) = [u]Ft . Ñ ó÷åòîì

mi = νi/‖ν‖N , óñëîâèÿ (9) íà ïîäâèæíûõ âîëíîâûõ ôðîíòàõ ïðèìóò âèä (4), (5), ãäå c åñòü
ñêîðîñòü äâèæåíèÿ âîëíîâîãî ôðîíòà, êîòîðàÿ îïðåäåëÿåòñÿ ðåøåíèåì õàðàêòåðèñòè÷åñêîãî
óðàâíåíèÿ (3) è ðàâíà c =

√
aijmimj/ρ . Ïîýòîìó âñå ïëîòíîñòè ïðîñòûõ è äâîéíûõ ñëîåâ

íà ïîâåðõíîñòè ðàâíû íóëþ. Ñëåäîâàòåëüíî, îáîáùåííîå ðåøåíèå òàêæå óäîâëåòâîðÿåò (1).
Òåîðåìà äîêàçàíà.

Ñëåäñòâèåì óñëîâèÿ íåïðåðûâíîñòè ðåøåíèÿ íà ôðîíòå âîëíû ÿâëÿåòñÿ óñëîâèå íåïðåðûâ-
íîñòè êàñàòåëüíûõ ïðîèçâîäíûõ ôóíêöèé u(x, t) íà âîëíîâîì ôðîíòå, êîòîðîå èìååò âèä:

[cu,i−u,t mt]Ft
= 0, i = 1, N. (10)

Çàìåòèì, ÷òî â îòëè÷èå îò óðàâíåíèÿ Äàëàìáåðà, ñêîðîñòü íå ÿâëÿåòñÿ ïîñòîÿííîé è çàâèñèò
îò íàïðàâëåíèÿ íîðìàëè íà ôðîíòå âîëíû.

2. Ïîñòàíîâêà êðàåâûõ çàäà÷. Åäèíñòâåííîñòü ðåøåíèé. Ïóñòü â îáëàñòè x ∈ S− ⊂
RN , îãðàíè÷åííîé ïîâåðõíîñòüþ Ëÿïóíîâà S ñ íåïðåðûâíîé âíåøíåé íîðìàëüþ, òðåáóåòñÿ
ïîñòðîèòü ðåøåíèå êðàåâûõ çàäà÷ äëÿ óðàâíåíèÿ (1) ïðè t ≥ 0 . Îáîçíà÷èì ÷åðåç D− = S− ×
[0,∞) � ïðîñòðàíñòâåííî-âðåìåííîé öèëèíäð: (x, t) ∈ D− , D = S × [0,∞) , n = (n1, ..., nN ) �
åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ïîâåðõíîñòè S (‖n‖ = 1) : ‖n(x2)−n(x1)‖ = O(‖x2−x1)
äëÿ x1, x2 ∈ S . Ïðåäïîëàãàåòñÿ, ÷òî G ∈ C(D− ∪D) .

Êðàåâàÿ çàäà÷à I. Íàéòè ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì
ïðè t = 0

u(x, 0) = u0(x), x ∈ (S− ∪ S), u,t (x, 0) = u1(x), x ∈ S−, (11)
óñëîâèÿì Äèðèõëå

u(x, t) = uS(x, t), x ∈ S, (12)
è óñëîâèÿì íà âîëíîâûõ ôðîíòàõ (4)�(5).

Êðàåâàÿ çàäà÷à II. Íàéòè ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå íà÷àëüíûì óñëîâèÿì
(11) ïðè t = 0 , óñëîâèÿì òèïà óñëîâèé Íåéìàíà

aiju,i nj = g(x, t), x ∈ S, (13)

è óñëîâèÿì íà âîëíîâûõ ôðîíòàõ (4)-(5).
Ïðåäïîëàãàåòñÿ, ÷òî íà÷àëüíûå óñëîâèÿ çàäàíû è èçâåñòíî îäíî èç ãðàíè÷íûõ óñëîâèé

ñîîòâåòñòâåííî ðàññìàòðèâàåìîé êðàåâîé çàäà÷å.
Îïðåäåëåíèå 2. Ôóíêöèÿ u(x, t) ∈ C2(D−) ∩ C1(D− ∪ D) íàçûâàåòñÿ êëàññè÷åñêèì ðå-

øåíèåì óðàâíåíèÿ (1), åñëè îíà óäîâëåòâîðÿåò óðàâíåíèþ (1) â öèëèíäðå D− , íà÷àëüíûì
óñëîâèÿì (11) íà îñíîâàíèè, ãðàíè÷íûì óñëîâèÿì (12) ëèáî (13) íà S � áîêîâîé ïîâåðõíîñòè
ýòîãî öèëèíäðà è èìååò îãðàíè÷åííîå ÷èñëî âîëíîâûõ ôðîíòîâ, íà êîòîðûõ âûïîëíÿþòñÿ
óñëîâèÿ íà ñêà÷êè (4)�(5).
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Çàìå÷àíèå.Íåîáõîäèìûì óñëîâèåì ñóùåñòâîâàíèÿ äèôôåðåíöèðóåìîãî ðåøåíèÿ íà÷àëüíî-
êðàåâîé çàäà÷è ÿâëÿþòñÿ óñëîâèÿ ãëàäêîñòè: G ∈ C(D−) , u0(x) ∈ C1(S−∪S) , u1(x) ∈ C(S−)
è óñëîâèÿ ñîãëàñîâàíèÿ íà÷àëüíûõ è ãðàíè÷íûõ äàííûõ. Åñëè ýòè óñëîâèÿ íå âûïîëíÿþòñÿ,
âîçíèêàþò âîëíîâûå ôðîíòû, õàðàêòåðíûå äëÿ óäàðíûõ âîëí. Çäåñü áóäåì ïðåäïîëàãàòü òîëü-
êî ðåãóëÿðíîñòü ýòèõ ôóíêöèé è òîëüêî îäíî èç äâóõ óñëîâèé ñîãëàñîâàíèÿ:

uS(x, 0) = u0(x). (14)

Ââåäåì ñëåäóþùèå ôóíêöèè W(x, t) = 0, 5aiju,i u,j , K(x, t) = 0, 5ρu,t
2 , E(x, t) = K(x, t) +

W(x, t) , L(x, t) = K(x, t)−W(x, t) .
Òåîðåìà 2. Åñëè u(x, t) � êëàññè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è, òî

∫

S−

(E(x, t)− E(x, 0))dV (x) =

t∫

0

∫

S

u,St (x, t)g(x, t)dS(x)dt−
∫

D−

G(x, t)u,t (x, t)dV (x, t).

Äîêàçàòåëüñòâî. Óìíîæàÿ (1) íà u,t ïîñëå ïðîñòûõ ïðåîáðàçîâàíèé ïîëó÷èì:

(aiju,i (x, t)u,t (x, t)),j −E ,t (x, t) = G(x, t)u,t (x, t).

Ïðîèíòåãðèðóåì ïîëó÷åííîå ñîîòíîøåíèå ïî îáëàñòè D− , ñ ó÷åòîì ðàçáèåíèÿ îáëàñòè èíòå-
ãðèðîâàíèÿ âîëíîâûìè ôðîíòàìè Fk . Çàìåòèì, ÷òî ïåðâûå äâà ñëàãàåìûå ìîæíî ðàññìàòðè-
âàòü êàê äèâåðãåíöèþ ñîîòâåòñòâóþùåãî âåêòîðà â ïðîñòðàíñòâå RN+1 , êîòîðàÿ â îáëàñòÿõ
ìåæäó ôðîíòàìè íåïðåðûâíà. Ïîýòîìó, èñïîëüçóÿ òåîðåìó Îñòðîãðàäñêîãî-Ãàóññà â RN+1 ,
ïîëó÷èì: ∫

D−

(aiju,i u,t ),j dV (x, t)−
∫

D−

E ,t (x, t)dV (x, t)−
∫

D−

Gu,t dV (x, t) =

=
∫

D

(aiju,i u,t )njdS(x, t)−
∫

S−

(E(x, t)− E(x, 0))dV (x)+ (15)

+
∑

k

∫

Fk

[aiju,i u,t nj − E(x, t)nt]Fk
dFk(x, t)−

∫

D−

Gu,t dV (x, t) = 0.

Çäåñü è äàëåå dV (x, t) = dV (x)dt ; dS(x) , dS(x, t) = dS(x)dt � äèôôåðåíöèàëû ïëîùàäè
ïîâåðõíîñòåé S è D ñîîòâåòñòâåííî.

Ðàññìîòðèì âûðàæåíèå ñêà÷êà â (15), ó÷èòûâàÿ óñëîâèÿ íà ñêà÷êè (5), (10), à òàêæå ðà-
âåíñòâà [ab] = a+[b] + b−[a] , [a2] = (a+ + a−)[a] :

[aiju,i u,t nj − E(x, t)nt] = [aiju,i u,t nj ]− 0, 5[aiju,i u,j nt − aiju,i u,t nj ]−

−0, 5[aiju,i u,t nj ]− 0, 5nt[u,t u,t ] = 0, 5{(u,t )+[aiju,i nj − u,t nt]+

+[u,t ](aiju,i nj − u,t nt)−} − 0, 5{(aiju,i )+[u,j nt − u,t nj ]+

+[aiju,i ](u,j nt − u,t nj)−} = 0, 5[u,t ](aiju,i nj − u,t nt)−−
−0, 5[aiju,i ](u,j nt − u,t nj)− = 0, 5[u,t nj ](aiju,i )−−
−0, 5[u,i nt](aiju,j )− = 0, 5aiju,i [u,t nj − u,j nt] = 0.
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Òàêèì îáðàçîì, âûðàæåíèå (15) ïðèìåò âèä:

∫

S−

(E(x, t)− E(x, 0))dV (x) =

t∫

0

∫

S

aiju,i nju,t dS(x)dt−
∫

D−

Gu,t dV (x, t)

Ñ ó÷åòîì îáîçíà÷åíèé äëÿ ãðàíè÷íûõ ôóíêöèé, îòñþäà ïîëó÷àåì ôîðìóëó òåîðåìû.
Ñëåäñòâèå 1. Åñëè u � êëàññè÷åñêîå ðåøåíèå (1), òî íà ôðîíòàõ

[E(x, t)]Ft = c−1[aiju,i nju,t ]Ft . (16)

Ñëåäñòâèå 2. Åñëè âíåøíèå âîçäåéñòâèÿ íà ñèñòåìó îòñóòñòâóþò, ò.å. G(x, t) = 0 ,
g(x, t) = 0 , òî ïîëíàÿ ýíåðãèÿ ñèñòåìû íå ìåíÿåòñÿ ñî âðåìåíåì:

∫

S−

E(x, t)dV (x) =
∫

S−

E(x, 0)dV (x).

Òåîðåìà 3. Åñëè êëàññè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è ñóùåñòâóåò, òî îíî åäèíñòâåííî.
Äîêàçàòåëüñòâî. Â ñèëó ëèíåéíîñòè çàäà÷è äîñòàòî÷íî äîêàçàòü åäèíñòâåííîñòü ðåøåíèÿ

îäíîðîäíîé êðàåâîé çàäà÷è. Åñëè ñóùåñòâóþò äâà ðåøåíèÿ u1, u2 , òî ðàçíîñòü ýòèõ ðåøåíèé
u = u2−u1 óäîâëåòâîðÿåò óðàâíåíèþ ñ îäíîðîäíîé ïðàâîé ÷àñòüþ, ò.å. G = 0 , íóëåâûì íà÷àëü-
íûì óñëîâèÿì um(x) = 0 (m = 0, 1) è îäíîðîäíûì ñîîòâåòñòâóþùèì ãðàíè÷íûì óñëîâèÿì
u(x, t) = 0 ëèáî g(x, t) = 0 äëÿ x ∈ S . Èç òåîðåìû 2 íåòðóäíî ïîëó÷èòü:

∫
S−
E(x, t)dV (x) = 0 .

Â ñèëó ïîëîæèòåëüíîñòè ïîäûíòåãðàëüíîãî âûðàæåíèÿ ñëåäóåò, ÷òî u ≡ 0 . Òåîðåìà äîêàçàíà.
Òåîðåìà 4. Åñëè u(x, t) � êëàññè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è, òî

∫

D−
L(x, t)dV (x, t) =

∫

D−

G(x, t)u(x, t)dV (x, t)−

−
t∫

0

∫

S

g(x, t)uS(x, t)dS(x)dt− ρc

∫

S−

(u(x, t)u,t (x, t)− u0(x)u1(x))dV (x).

Äîêàçàòåëüñòâî. Óìíîæàÿ (1) íà u , ïîñëå íåêîòîðûõ ïðåîáðàçîâàíèé ïîëó÷èì:

L(x, t) + (aiju,i u),j −(ρu,t u),t = Gu. (17)

Ïðîèíòåãðèðóåì (17) ïî îáëàñòè D− ñ ó÷åòîì ðàçáèåíèÿ åå âîëíîâûìè ôðîíòàìè Fk . Àíàëî-
ãè÷íî, êàê â òåîðåìå 2, èñïîëüçóÿ òåîðåìó Îñòðîãðàäñêîãî-Ãàóññà, èìååì:

∫

D−
L(x, t)dV (x, t) =

∫

D−

{(ρu,t u),t−(aiju,i u),j }dV (x, t) +
∫

D−

GudV (x, t) =

=
∫

S−

ρ(u,t u− u0(x)u1(x))ntdV (x)−
∫

D

aiju,i unjdS(x, t)+

+
∑

k

∫

Fk

[ρu,t unt − aiju,i unj ]Fk
dFk(x, t) +

∫

D−

GudV (x, t) =

= −ρc

∫

S−

(uu,t−u0(x)u1(x))dV (x)−
∫

D

g(x, t)uS(x, t)dS(x, t) +
∫

D−

GudV (x, t).
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Òàêèì îáðàçîì, ó÷èòûâàÿ óñëîâèÿ (10), ãðàíè÷íûå óñëîâèÿ (12)�(13), ïîëó÷èì ôîðìóëó òåî-
ðåìû.

3. Äèíàìè÷åñêèé àíàëîã ôîðìóëû Ãðèíà, Ãàóññà â ïðîñòðàíñòâå îáîáùåííûõ
ôóíêöèé. Ââåäåì îïðåäåëåííûå íà âñåì ïðîñòðàíñòâå RN îáîáùåííûå ôóíêöèè û(x, t) =
u(x, t)H−

D(x, t) , Ĝ(x, t) = G(x, t)H−
D(x, t) , ãäå u(x, t) � êëàññè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è,

H−
D(x, t) = H−

S (x)H(t) � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ ïðîñòðàíñòâåííî-âðåìåííîãî öèëèíäðà
D−(x, t) , H−

S (x) = lim
ε→0

[V (S− ∩ Oε(x))/V (Oε(x))] � õàðàêòåðèñòè÷åñêàÿ ôóíêöèÿ îáëàñòè S−

[7], ãäå Oε(x) = {y : ‖y−x‖ < ε} . Åñëè ãðàíèöà îáëàñòè S � ãëàäêàÿ ñ íåïðåðûâíîé íîðìàëüþ,
òî H−

S (x) = 1/2 äëÿ x ∈ S . H(t) � ôóíêöèÿ Õåâèñàéäà: H(0) = 1/2 .
Ïóñòü U(x, t) ìàòðèöà Ãðèíà � ðåøåíèå óðàâíåíèÿ (1) äëÿ G(x, t) = δ(x)δ(t) , óäîâëåòâî-

ðÿþùåå óñëîâèÿì: U(x, 0) = 0 , U,t (x, 0) = 0 , x 6= 0 . Ââåäåì ïåðâîîáðàçíóþ ìàòðèöû Ãðèíà
U(x, t) ïî âðåìåíè:

V (x, t) = U(x, t) ∗
t

H(t), ∂tV (x, t) = U(x, t). (18)

Çäåñü ñèìâîë ” ∗
t

” îçíà÷àåò íåïîëíóþ ñâåðòêó ôóíêöèé ïî t , êîòîðàÿ äëÿ ðåãóëÿðíûõ ôóíê-

öèé èìååò âèä f(x, t) ∗
t

g(x, t) = H(t)
t∫
0

f(x, t − τ)g(x, τ)dτ . Ïåðâîîáðàçíàÿ ìàòðèöû Ãðèíà

V (x, t) ÿâëÿåòñÿ ðåøåíèåì (1) ïðè G(x, t) = δ(x)H(t) .
Òåîðåìà 5. Åñëè êëàññè÷åñêîå ðåøåíèå êðàåâîé çàäà÷è u(x, t) ñóùåñòâóåò è åäèíñòâåííî,

òî îáîáùåííîå ðåøåíèå û(x, t) ïðåäñòàâèìî â âèäå ñâåðòêè:

û(x, t) = U ∗G + U ∗
x

u1(x)H−
S (x) + (U ∗

x
u0(x)H−

S (x)),t− (19)

−U ∗ g(x, t)δS(x)H(t)− aijV,j ∗u,t niδS(x)H(t)− aijV,j ∗
x

u0(x)niδS(x).

Çäåñü δS(x) � ñèíãóëÿðíàÿ îáîáùåííàÿ ôóíêöèÿ � ïðîñòîé ñëîé íà ïîâåðõíîñòè S [5], ñîîò-
âåòñòâåííî g(x, t)δS(x)H(t) � ïðîñòîé ñëîé íà áîêîâîé ïîâåðõíîñòè öèëèíäðà D = S × [0,∞) ,
δ(t) � ôóíêöèÿ Äèðàêà.

Äîêàçàòåëüñòâî. Äåéñòâóÿ îïåðàòîðîì L íà û(x, t) , èñïîëüçóÿ ïðàâèëà äèôôåðåíöèðî-
âàíèÿ îáîáùåííûõ ôóíêöèé, ñ ó÷åòîì ðàâåíñòâ [5]:

∂jH
−
D(x, t) = −njδS(x)H(t), ∂tH

−
D(x, t) = δ(t)H−

S (x) (20)

è óñëîâèé íà ôðîíòàõ (4)�(5), ïîëó÷èì:

L(∂x, ∂t)û(x, t) = aiju,ij H−
S (x)H(t)− aiju,i njδS(x)H(t)−

−(aijuniδS(x)),j H(t)− ρu,tt H−
S (x)H(t) + ρ{uδ(t),t +uδ(t)}H−

S (x),

ò.å. L(∂x, ∂t)û(x, t) = G(x, t) + {ρuδ(t),t +ρuδ(t)}H−
S (x)−

−g(x, t)δS(x)H(t)− {aijuniδS(x)H(t)},j = Ĝ(x, t). (21)

Ñâîéñòâî ôóíäàìåíòàëüíîãî ðåøåíèÿ U(x, t) óðàâíåíèÿ (1) ïîçâîëÿåò ïîñòðîèòü îáîáùåííîå
ðåøåíèå (1) â âèäå ñâåðòêè:

ω̂(x, t) = U ∗G + U ∗
x

ρu1(x)H−
S (x) + ρ(U ∗

x
u0(x)H−

S (x)),t−

−U(x, t) ∗ g(x, t)δS(x)H(t)− U(x, t) ∗ (aijuniδS(x)),j H(t), (22)
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ãäå ” ∗ ” îáîçíà÷àåò ïîëíóþ ñâåðòêó ïî (x, t) [5], ïåðåìåííàÿ x ïîä çâåçäî÷êîé ñîîòâåòñòâóåò
ñâåðòêå òîëüêî ïî x . Ïîñëåäíþþ ñâåðòêó â (22) ìîæíî ïðåîáðàçîâàòü, ïîëüçóÿñü îáîçíà÷åíèåì
(18) è ïðàâèëàìè äèôôåðåíöèðîâàíèÿ ñâåðòîê è îáîáùåííûõ ôóíêöèé:

U(x, t) ∗ (aijuniδS(x)H(t)),j = ∂tV (x, t) ∗ (aijuniδS(x)H(t)),j =

= aij∂jV (x, t) ∗ utniδS(x)H(t) + aij∂jV (x, t) ∗ u0(x)niδS(x).

Ïîäñòàâëÿÿ ýòî ñîîòíîøåíèå â (22), ïîëó÷èì ïðàâóþ ÷àñòü (21) Ĝ(x, t) .
Ïîêàæåì, ÷òî (22) ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì (1). Äåéñòâèòåëüíî, åñëè U(x, t) � ôóí-

äàìåíòàëüíîå ðåøåíèå (1), ðåøåíèå äëÿ ïðîèçâîëüíîé Ĝ ìîæåò áûòü ïðåäñòàâëåíî â âèäå
ñâåðòêè: ω̂ = U ∗ Ĝ . Ïîäñòàâèâ ýòî â (1), ïîëó÷èì:

Lω̂ = L(U ∗ Ĝ) = (LU) ∗ Ĝ = δ(x, t) ∗ Ĝ = Ĝ

Ïîñêîëüêó äëÿ ∀ϕ ∈ D(RN+1)

(ω̂, ϕ) = (U ∗ Ĝ, ϕ) = (U ∗ Lû, ϕ) = (LU ∗ û, ϕ) = (δ(x, t) ∗ û, ϕ) = (û, ϕ),

îòñþäà ñëåäóåò, ÷òî ω̂ = û è óòâåðæäåíèå òåîðåìû. Â ñèëó ëåììû äþ Áóà-Ðåéìîíà [5] ω(x, t)
ÿâëÿåòñÿ êëàññè÷åñêèì ðåøåíèåì (1).

Â (19) ïëîòíîñòè ïðîñòûõ è äâîéíûõ ñëîåâ îïðåäåëÿþòñÿ çàäàííûìè íà÷àëüíûìè óñëî-
âèÿìè (11) è ãðàíè÷íûìè óñëîâèÿìè (12)�(13), ÷àñòü èç êîòîðûõ, â çàâèñèìîñòè îò ðåøàåìîé
êðàåâîé çàäà÷è, èçâåñòíà. Òàêèì îáðàçîì, ïîëó÷åííàÿ ôîðìóëà ïî èçâåñòíûì íà÷àëüíûì è ãðà-
íè÷íûì çíà÷åíèÿì âîññòàíàâëèâàåò ðåøåíèå â îáëàñòè, ïîýòîìó åå ìîæíî íàçâàòü àíàëîãîì
ôîðìóëû Ãðèíà äëÿ ðåøåíèé óðàâíåíèé (1). Îíà ÿâëÿåòñÿ îáîáùåííûì ðåøåíèåì ïîñòàâëåí-
íûõ çàäà÷ è ìîæåò èñïîëüçîâàòüñÿ ïðè ∀Ĝ â òîì ÷èñëå è ñèíãóëÿðíûõ, ÷òî õàðàêòåðíî äëÿ
ôèçè÷åñêèõ çàäà÷.

5. Àíàëîã ôîðìóëû Ãàóññà â ïðîñòðàíñòâå îáîáùåííûõ ôóíêöèé. Ââåäåì ôóíêöèþ
T (x, t, n) = aijU,i nj , óäîâëåòâîðÿþùóþ â ñèëó ñâîéñòâ ñèììåòðèè îïåðàòîðà (2) è δ - ôóíêöèè
ñëåäóþùèì ñîîòíîøåíèÿì ñèììåòðèè:

T (x− y, t, n) = −T (y − x, t, n) = −T (x− y, t,−n).

Òåîðåìà 6. Ïðè ôèêñèðîâàííîì n ôóíêöèÿ T (x, t, n) ÿâëÿåòñÿ ôóíäàìåíòàëüíûì ðåøå-
íèåì óðàâíåíèÿ (1), ñîîòâåòñòâóþùèì ìóëüòèïîëþ òèïà

G(x, t) = aijnjδ,i δ(t).

Ëåììà 1. Â D′(RN+1) äèíàìè÷åñêèé àíàëîã ôîðìóëû Ãàóññà èìååò âèä:

−aijV,i nj ∗
x

δS(x)− ρU,t ∗
x

H−
S (x) = H−

D(x, t). (23)

Äîêàçàòåëüñòâî. Ñâåðíåì îáå ÷àñòè óðàâíåíèÿ (1) äëÿ U(x, t) ïðè G = δ(x, t) ñ õàðàê-
òåðèñòè÷åñêîé ôóíêöèåé H−

S (x)H(t) , èñïîëüçóÿ ñâîéñòâà äèôôåðåíöèðîâàíèÿ ñâåðòîê, ñîîò-
íîøåíèÿ (18), (20):

(aijU,ij −ρU,tt ) ∗H−
S (x)H(t) = aijU,i ∗(H−

S (x)H(t)),j −ρU ∗ (H−
S (x)H(t)),tt =

= aijV,it ∗(H−
S (x)H(t)),j −(ρU ∗H−

S (x)δ(t)),t = aijV,i ∗(−njδS(x))δ(t)−
−ρU,t ∗H−

S (x)δ(t) = −aijV,i nj ∗
x
δS(x)− ρU,t ∗

x
H−

S (x) = H−
D(x, t).
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Ôîðìóëà ëåììû äîêàçàíà.
Ôîðìóëà (23) ÿâëÿåòñÿ äèíàìè÷åñêèì àíàëîãîì èçâåñòíîé ôîðìóëû Ãàóññà äëÿ ïîòåíöèàëà

äâîéíîãî ñëîÿ [5].
Äèíàìè÷åñêèé àíàëîã ôîðìóëû Ãðèíà (19) äëÿ x ∈ S äàåò ãðàíè÷íûå èíòåãðàëüíûå óðàâ-

íåíèÿ äëÿ ðåøåíèÿ ïîñòàâëåííûõ íà÷àëüíî-êðàåâûõ çàäà÷. Ýòî íåòðóäíî ïîêàçàòü, èñïîëüçóÿ
äèíàìè÷åñêèé àíàëîã ôîðìóëû Ãàóññà, ïîäîáíî äîêàçàòåëüñòâó, ïðèâåäåííîìó â [2].
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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÇÀÄÀ×È ÊÎØÈ-ÍÈÊÎËÅÒÒÈ ÄËß
ÎÁÛÊÍÎÂÅÍÍÎÃÎ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÎÃÎ ÓÐÀÂÍÅÍÈß

À. Å. Èìàí÷èåâ

Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê. Æóáàíîâà
030000 Àêòîáå Áð. Æóáàíîâûõ, 263 imanchiev_ae@mail.ru

Èññëåäóåòñÿ çàäà÷à Êîøè-Íèêîëåòòè äëÿ ñèñòåì íåëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ìåòîäîì ïàðàìåòðèçàöèè. Ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâà-
íèÿ "èçîëèðîâàííîãî" ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è â òåðìèíàõ èñõîäíûõ äàííûõ.

Ðàññìàòðèâàåòñÿ çàäà÷à Êîøè-Íèêîëåòòè äëÿ ñèñòåìû íåëèíåéíûõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé

dx

dt
= f(t, x), t ∈ [0, T ], x ∈ Rn, (1)

xi(ti) = x0
i , i = 1, n, (2)

ãäå f : [0, T ] × Rn → Rn, 0 = t1 < t2 < ... < tn = T , x0
i - ïîñòîÿííûå, i = 1, n, ‖x(t)‖ =

max
i= ¯1,n

|xi(t)|.
×åðåç C([0, T ], Rn) îáîçíà÷èì ïðîñòðàíñòâî íåïðåðûâíûõ ôóíêöèé x : [0, T ] → Rn ñ íîðìîé

||x||0 = max
t∈[0,T ]

||x(t)||.
Ðåøåíèåì çàäà÷è (1), (2) íàçûâàåòñÿ íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà [0, T ] âåêòîð-ôóí-

êöèÿ x(t) = (x1(t), x2(t), ..., xn(t))′ ∈ C([0, T ], Rn), óäîâëåòâîðÿþùàÿ ñèñòåìå óðàâíåíèé (1) è
óñëîâèþ (2).

Çàäà÷à Êîøè-Íèêîëåòòè ÿâëÿåòñÿ îäíîé èç èçâåñòíûõ ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷, êîòî-
ðàÿ ÷àñòî âñòðå÷àåòñÿ â ïðèëîæåíèÿõ. Âîïðîñû ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè è ïîñòðîåíèÿ
ïðèáëèæåííûõ ìåòîäîâ íàõîæäåíèÿ ðåøåíèÿ ìíîãîòî÷å÷íûõ êðàåâûõ çàäà÷ èññëåäîâàíû ìíî-
ãèìè àâòîðàìè [1-10]. Â ñîîòâåòñòâèè ïðèìåíÿåìûì ïðè ýòîì ìåòîäàì îòâåòû íà íèõ ïîëó÷åíû
â ðàçíûõ òåðìèíàõ. Â íàñòîÿùåé ðàáîòå çàäà÷à (1), (2) èññëåäóåòñÿ ìåòîäîì ïàðàìåòðèçàöèè
[11].

Keywords: The problem Cauchy-Nikoletti, nonlinear system of di�erential equations, solvability, izolated solution
2010 Mathematics Subject Classi�cation: 34B10
c
 À. Å. Èìàí÷èåâ, 2010.
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Çàïèøåì óñëîâèå (2) â âåêòîðíîé ôîðìå
n∑

j=1

Mjx(tj) = x0, x0 = (x0
1, x

0
2, ..., x

0
n)′ ∈ Rn, (3)

çäåñü Mj � (n × n)-ìàòðèöà, íà j-îé ñòðîêå è j-îì ñòîëáöå êîòîðîé ðàñïîëîæåíà åäèíèöà,
îñòàëüíûå ýëåìåíòû - íóëè, j = 1, n, ò.å. Mj = {m(j)

ik }n
1 : m

(j)
ik = 0, i 6= j, k 6= j, i = 1, n,

k = 1, n; m
(j)
jj = 1, j = 1, n.

Ïðèâåäåì ñõåìó ìåòîäà ïàðàìåòðèçàöèè. Âîçüìåì íåêîòîðîå ÷èñëî h > 0 è ðàçîáüåì ïðîìå-
æóòîê [0, T ) íà N ÷àñòåé (N = 1, 2, ...) ñ øàãîì h = T

N : [0, T ) =
N⋃

r=1
[(r−1)h, rh). Cóæåíèå ôóíê-

öèè x(t) íà r-é èíòåðâàë [(r − 1)h, rh) îáîçíà÷èì ÷åðåç xr(t), ò.å. xr(t) = x(t), t ∈ [(r − 1)h, rh),
r = 1, N , lim

t→T−0
xN (t) = x(T ).

×åðåç C([0, T ], h, RnN ) îáîçíà÷èì ïðîñòðàíñòâî ñèñòåì ôóíêöèé x[t] = (x1(t), x2(t), ..., xN (t))′,
ãäå xr : [(r − 1)h, rh) → Rn íåïðåðûâíà è èìååò êîíå÷íûé ëåâîñòîðîííèé ïðåäåë lim

t→rh−0
xr(t)

ïðè âñåõ r = 1, N ñ íîðìîé ||x[·]||1 = max
r=1,N

sup
t∈[(r−1)h,rh)

||xr(t)||.
Îò çàäà÷è (1), (3) ïåðåéäåì ê ýêâèâàëåíòíîé êðàåâîé çàäà÷å:

dxr

dt
= f(t, xr), t ∈ [(r − 1)h, rh), r = 1, N, (4)

n−1∑

j=1

Mjxrj (tj) + Mn lim
t→rn−0

xrn(t) = x0, (5)

lim
t→sh−0

xs(t) = xs+1(sh), s = 1, N − 1. (6)

Çäåñü rj � íîìåð èíòåðâàëà, êîòîðîìó ïðèíàäëåæèò òî÷êà tj ïðè âûáðàííîì N :
tj ∈ [(rj − 1)h, rjh), h = T

N , 1 = r1 ≤ r2 ≤ r3 ≤ ... ≤ rn = N . Ðàâåíñòâà (6) èìåþò ìåñòî â
ñèëó íåïðåðûâíîñòè ðåøåíèÿ çàäà÷è (1), (3) è ÿâëÿþòñÿ óñëîâèÿìè ñêëåèâàíèÿ âî âíóòðåííèõ
òî÷êàõ ðàçáèåíèÿ.

Ðåøåíèåì çàäà÷è (4)�(6) ÿâëÿåòñÿ ñèñòåìà ôóíêöèé x∗[t] = (x∗1(t), x
∗
2(t), ..., x

∗
N (t))′ ∈

C([0, T ], h, RnN ), ãäå íåïðåðûâíî äèôôåðåíöèðóåìàÿ è îãðàíè÷åííàÿ íà [(r− 1)h, rh) ôóíêöèÿ
x∗r(t) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ (4) ïðè âñåõ t ∈ [(r − 1)h, rh) (ïðè t =
(r − 1)h óðàâíåíèþ (4) óäîâëåòâîðÿåò ïðàâîñòîðîííÿÿ ïðîèçâîäíàÿ ôóíêöèè x∗r(t)), èìåþò
ìåñòî ðàâåíñòâà (5), (6).

Åñëè x∗(t) � ðåøåíèå çàäà÷è (1), (3), òî ñèñòåìà ôóíêöèé x∗[t] = (x∗1(t), x
∗
2(t), ..., x

∗
N (t))′ ∈

C([0, T ], h, RnN ), ãäå x∗r(t) � ñóæåíèå ôóíêöèè x∗(t) íà èíòåðâàë [(r − 1)h, rh), r = 1, N ,
lim

t→T−0
x∗N (t) = x∗(T ), ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (4)�(6). È, îáðàòíî, åñëè ñèñòåìà ôóíêöèé

x̃[t] = (x̃1(t), x̃2(t), ..., x̃N (t))′ ∈ C([0, T ], h, RnN ), ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (4)�(6), òî ôóíêöèÿ
x̃(t), îïðåäåëÿåìàÿ ðàâåíñòâàìè x̃(t) = x̃r(t), t ∈ [(r − 1)h, rh), r = 1, N , x̃(T ) = lim

t→T−0
x̃N (t),

áóäåò ðåøåíèåì çàäà÷è (1), (3).
Ââåäåì îáîçíà÷åíèå λr = xr[(r − 1)h] è â çàäà÷å (4)-(6) íà êàæäîì èíòåðâàëå [(r − 1)h, rh)

ïðîèçâåäÿ çàìåíó xr(t) = ur(t) + λr, t ∈ [(r − 1)h, rh), r = 1, N , ïîëó÷èì ýêâèâàëåíòíóþ
ìíîãîòî÷å÷íóþ êðàåâóþ çàäà÷ó ñ ïàðàìåòðàìè:

dur

dt
= f(t, λr + ur), t ∈ [(r − 1)h, rh), r = 1, N, (7)

ur((r − 1)h) = 0, r = 1, N, (8)
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M1λ1 +
n−1∑

j=2

Mjλrj +
n−1∑

j=2

Mjurj (tj) + MnλN + Mn lim
t→T−0

uN (t) = x0, (9)

λs + lim
t→sh−0

us(t)− λs+1 = 0, s = 1, N − 1. (10)

Ðåøåíèåì çàäà÷è (7)�(10) ÿâëÿåòñÿ ïàðà (λ∗, u∗[t]) ñ ýëåìåíòàìè λ∗ = (λ∗1, λ
∗
2, ..., λ

∗
N )′ ∈

RnN , u∗[t] = (u∗1(t), u
∗
2(t), ..., u

∗
N (t))′ ∈ C([0, T ], h, RnN ), ãäå íåïðåðûâíî äèôôåðåíöèðóåìàÿ è

îãðàíè÷åííàÿ íà [(r − 1)h, rh) ôóíêöèÿ u∗r(t) óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ
(7) ïðè âñåõ t ∈ [(r − 1)h, rh) (ïðè t = (r − 1)h óðàâíåíèþ (7) óäîâëåòâîðÿåò ïðàâîñòîðîííÿÿ
ïðîèçâîäíàÿ ôóíêöèè u∗r(t)), âûïîëíÿåòñÿ óñëîâèå u∗r((r − 1)h) = 0, r = 1, N , è äëÿ λ∗1, λ∗r2

+
u∗rj

(t2), λ∗r3
+ u∗rj

(t3),..., λ∗N + lim
t→T−0

u∗N (t), λ∗s + lim
t→sh−0

u∗s(t), λ∗s+1, s = 1, N − 1, èìåþò ìåñòî
ðàâåíñòâà (9), (10).

Åñëè x∗(t) � ðåøåíèå çàäà÷è (1), (3), òî ïàðà (λ∗, u∗[t]) ñ ýëåìåíòàìè λ∗ = (λ∗1, λ
∗
2, ..., λ

∗
N )′,

u∗[t] = (u∗1(t), u
∗
2(t), ..., u

∗
N (t))′, ãäå λ∗r = x∗r((r − 1)h), u∗r(t) = x∗r(t) − x∗r((r − 1)h), t ∈ [(r −

1)h, rh), x∗r(t) � ñóæåíèå ôóíêöèè x∗(t) íà èíòåðâàë [(r − 1)h, rh), r = 1, N , ÿâëÿåòñÿ ðåøå-
íèåì çàäà÷è (7)-(10). È, îáðàòíî, åñëè ïàðà (λ̃, ũ[t]) ñ ýëåìåíòàìè λ̃ = (λ̃1, λ̃2, ..., λ̃N )′, ũ[t] =
(ũ1(t), ũ2(t), ..., ũN (t))′, ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (7)�(10), òî ôóíêöèÿ x̃(t), îïðåäåëÿåìàÿ ðà-
âåíñòâàìè x̃(t) = λ̃r + ũr(t), t ∈ [(r − 1)h, rh), r = 1, N , x̃(T ) = λ̃N + lim

t→T−0
ũN (t), ÿâëÿåòñÿ

ðåøåíèåì çàäà÷è (1), (3). Çàäà÷à (7)�(10) îòëè÷àåòñÿ îò çàäà÷è (4)�(6) òåì, ÷òî çäåñü ïîÿâè-
ëèñü íà÷àëüíûå óñëîâèÿ (8).

Çàäà÷è Êîøè (7), (8) ïðè ôèêñèðîâàííûõ çíà÷åíèÿõ ïàðàìåòðîâ λr ýêâèâàëåíòíû èíòå-
ãðàëüíûì óðàâíåíèÿì Âîëüòåððà âòîðîãî ðîäà

ur(t) =

t∫

(r−1)h

f(τ, λr + ur(τ))dτ, t ∈ [(r − 1)h, rh), r = 1, N. (11)

Âìåñòî ur(τ) ïîäñòàâëÿÿ ïðàâóþ ÷àñòü (11) è ïîâòîðÿÿ ýòîò ïðîöåññ ν ðàç, ïîëó÷èì ñëåäóþùåå
ïðåäñòàâëåíèå äëÿ ôóíêöèè ur(t):

ur(t) =

t∫

(r−1)h

f

(
τ1, λr +

τ1∫

(r−1)h

f

(
τ2, λr + ... +

τν−1∫

(r−1)h

f(τν , λr + ur(τν))dτν

)
...dτ2

)
dτ1, (12)

t ∈ [(r − 1)h, rh), r = 1, N.

Îïðåäåëèâ èç (12) urj (tj), j = 2, n− 1, lim
t→sh−0

us(t), s = 1, N − 1, lim
t→T−0

uN (t), ïîäñòàâèâ
íàéäåííûå çíà÷åíèÿ â (9), (10), ïðåäâàðèòåëüíî óìíîæèâ (9) íà h = T

N > 0, ïîëó÷èì ñèñòåìó
íåëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ ïàðàìåòðîâ:

hM1λ1 + h
n−1∑
j=2

Mjλrj + hMnλN − hx0+

+h

n−1∑

j=2

Mj

tj∫

(rj−1)h

f

(
τ1, λrj +

τ1∫

(rj−1)h

f

(
τ2, λrj + ... +

τν−1∫

(rj−1)h

f(τν , λrj + urj (τν))dτν

)
...dτ2

)
dτ1+

+hMn

T∫

(N−1)h

f

(
τ1, λN +

τ1∫

(N−1)h

f

(
τ2, λN + ...+

τν−1∫

(N−1)h

f(τν , λN +uN (τν))dτν

)
...dτ2

)
dτ1 = 0, (13)

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 3 (37)



78 À. Å. Èìàí÷èåâ

λs +

sh∫

(s−1)h

f

(
τ1, λs +

τ1∫

(s−1)h

f

(
τ2, λs + ...+

τν−1∫

(s−1)h

f(τν , λs +us(τν))dτν

)
...dτ2

)
dτ1−λs+1 = 0, (14)

s = 1, N − 1.

Çàïèøåì ñèñòåìó óðàâíåíèé (13), (14) â âèäå:

Qν,h(λ, u) = 0, λ ∈ RnN . (15)

Â äàëüíåéøåì ïðåäïîëàãàåì ñëåäóþùåå.
Óñëîâèå À.Ñóùåñòâóþò h > 0 : T = Nh (N ∈ N), ν ∈ N, òàêèå, ÷òî ñèñòåìà íåëè-

íåéíûõ óðàâíåíèé Qν,h(λ, 0) = 0 èìååò ðåøåíèå λ(0) = (λ(0)
1 , λ

(0)
2 , ..., λ

(0)
N )′ ∈ RnN è çàäà÷à

Êîøè (7), (8) ïðè λr = λ
(0)
r , r = 1, N , èìååò ðåøåíèå u(0)[t] ∈ C([0, T ], h, RnN ), u(0)[t] =

(u(0)
1 (t), u(0)

2 (t), ..., u(0)
N (t))′.

Ïî ïàðå (λ(0), u(0)[t]) ðàâåíñòâàìè x(0)(t) = λ
(0)
r +u

(0)
r (t), t ∈ [(r−1)h, rh), r = 1, N , x(0)(T ) =

λ
(0)
N + lim

t→T−0
u

(0)
N (t), îïðåäåëèì êóñî÷íî-íåïðåðûâíóþ íà [0, T ] ôóíêöèþ x(0)(t).

Âûáåðåì ÷èñëà ρλ > 0, ρu > 0, ρx > 0 è ñîñòàâèì ìíîæåñòâà:
S(λ(0), ρλ) =

{
λ = (λ1, λ2, ..., λN )′ ∈ RnN : ||λ− λ(0)|| = max

r=1,N
||λr − λ

(0)
r || < ρλ

}
,

S(u(0)[t], ρu) =
{

u[t] ∈ C([0, T ], h, RnN ) : ||u[·]− u[·]||1 < ρu

}
,

S(x(0)(t), ρx) =
{

x(t) ∈ C([0, T ], Rn) : ||x− x(0)||0 < ρx

}
,

G0
1(ρx) =

{
(t, x) : t ∈ [0, T ], ||x− x(0)(t)|| < ρx

}
.

Óñëîâèå Â.Ôóíêöèÿ f â G0
1(ρx) íåïðåðûâíà, èìååò ðàâíîìåðíî íåïðåðûâíóþ ÷àñòíóþ

ïðîèçâîäíóþ f ′x è âûïîëíÿåòñÿ íåðàâåíñòâî ||f ′x(t, x)|| ≤ L(t), ãäå L(t) ∈ C([0, T ]).
Çà íà÷àëüíîå ïðèáëèæåíèå ðåøåíèÿ çàäà÷è (7)-(10) âîçüìåì ïàðó (λ(0), u(0)[t]) è ïîñëåäî-

âàòåëüíîñòü (λ(k), u(k)[t]), k = 1, 2, ..., íàéäåì ïî ñëåäóþùåìó àëãîðèòìó:
Øàã 1. à) Èç óðàâíåíèÿ Qν,h(λ, u(0)) = 0 íàéäåì ïàðàìåòð λ(1) = (λ(1)

1 , λ
(1)
2 , ..., λ

(1)
N )′ ∈ RnN ;

á) Ðåøàÿ çàäà÷è Êîøè (7), (8) ïðè λr = λ
(1)
r , r = 1, N , íàéäåì ñèñòåìó ôóíêöèé u(1)[t] =

(u(1)
1 (t), u(1)

2 (t), ..., u(1)
N (t))′.

Øàã 2. à) Èç óðàâíåíèÿ Qν,h(λ, u(1)) = 0 íàéäåì ïàðàìåòð λ(2) = (λ(2)
1 , λ

(2)
2 , ..., λ

(2)
N )′ ∈ RnN ;

á) Ðåøàÿ çàäà÷è Êîøè (7), (8) ïðè λr = λ
(2)
r , r = 1, N , íàéäåì ñèñòåìó ôóíêöèé u(2)[t] =

(u(2)
1 (t), u(2)

2 (t), ..., u(2)
N (t))′.

Ïðîäîëæàÿ ïðîöåññ, íà øàãå k íàéäåì ïàðó (λ(k), u(k)[t]), óäîâëåòâîðÿþùóþ ðàâåíñòâàì
Qν,h(λ(k), u(k−1)) = 0 è du

(k)
r (t)
dt = f(t, λ(k)

r + u
(k)
r ), t ∈ [(r − 1)h, rh), u

(k)
r ((r − 1)h) = 0,

r = 1, N, k = 1, 2, ... .

Äîñòàòî÷íûå óñëîâèÿ îñóùåñòâèìîñòè è ñõîäèìîñòè àëãîðèòìà, îäíîâðåìåííî îáåñïå÷èâà-
þùèå ñóùåñòâîâàíèå ðåøåíèÿ çàäà÷è (7)�(10), à òàêæå îöåíêó åå ðåøåíèÿ óñòàíàâëèâàåò

Òåîðåìà 1. Ïóñòü ïðè íåêîòîðûõ ν, h > 0 : T = Nh âûïîëíåíû óñëîâèÿ À, Â, ìàòðè-
öà ßêîáè ∂Qν,h(λ, u)

∂λ
îáðàòèìà äëÿ âñåõ (λ, u[t]) ∈ S(λ(0), ρλ) × S(u(0)[t], ρu) è âûïîëíÿþòñÿ

íåðàâåíñòâà
1)

∣∣∣
∣∣∣
[

∂Qν,h(λ,u)
∂λ

]−1∣∣∣
∣∣∣ ≤ γν(h);

2) qν(h) = γν(h) ·max
(
1, h

n∑
j=2

||Mj ||
)

max
r=1,N

{
exp

(
rh∫

(r−1)h

L(t)dt

)
−

ν∑
i=0

1
i!

(
rh∫

(r−1)h

L(t)dt

)i}
< 1;

3) γν(h)
1−qν(h) ||Qν,h(λ(0), u(0))|| < ρλ;
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4) γν(h)
1−qν(h) ||Qν,h(λ(0), u(0))|| max

r=1,N

[
exp

(
rh∫

(r−1)h

L(t)dt

)
− 1

]
< ρu;

5) max
r=1,N

max
l=1,ν

{
ρλ

l−1∑
i=0

1
i!

(
rh∫

(r−1)h

L(t)dt

)i

+ ρu
1

(l−1)!

(
rh∫

(r−1)h

L(t)dt

)l−1}
≤ ρx.

Òîãäà îïðåäåëÿåìàÿ àëãîðèòìîì ïîñëåäîâàòåëüíîñòü ïàð (λ(k), u(k)[t]) äëÿ ëþáîãî k =
0, 1, 2, ..., ñîäåðæèòñÿ â S(λ(0), ρλ)×S(u(0)[t], ρu), ñõîäèòñÿ ê ðåøåíèþ (λ∗, u∗[t]) ∈ S(λ(0), ρλ)×
S(u(0)[t], ρu) çàäà÷è (7)�(10) è ñïðàâåäëèâû îöåíêè:

a) ||λ∗ − λ(k)|| ≤ {qν(h)}k

1−qν(h) γν(h)||Qν,h(λ(0), u(0))||,

b) ||u∗[·]− u(k)[·]||1 ≤ max
r=1,N

sup
t∈[(r−1)h,rh)

[
exp

(
t∫

(r−1)h

L(τ)dτ

)
− 1

]
||λ∗ − λ(k)||.

Ïðè÷åì ëþáîå ðåøåíèå çàäà÷è (7)�(10) â S(λ(0), ρλ)× S(u(0)[t], ρu) â èçîëèðîâàíî.
Äîêàçàòåëüñòâî. Âîçüìåì ëþáóþ ïàðó (λ, u[t]) ∈ S(λ(0), ρλ)×S(u(0)[t], ρu). Â ñèëó óñëîâèÿ

Â èìåþò ìåñòî íåðàâåíñòâà:

||λr + ur(t)− λ(0)
r − u(0)

r (t)|| ≤ ||λr − λ(0)
r ||+ ||ur(t)− u(0)

r (t)|| < ρλ + ρu < ρx, (161)

∣∣∣∣
∣∣∣∣λr +

t∫

(r−1)h

f(τ1, λr + ur(τ1))dτ1 − λ(0)
r − u(0)

r (t)
∣∣∣∣
∣∣∣∣ ≤ ||λr − λ(0)

r ||+

+
∣∣∣∣
∣∣∣∣

t∫

(r−1)h

f(τ1, λr + ur(τ1))dτ1 −
t∫

(r−1)h

f(τ1, λ
(0)
r + u(0)

r (τ1))dτ1

∣∣∣∣
∣∣∣∣ ≤ ||λr − λ(0)

r ||+

+

t∫

(r−1)h

L(τ1)
[
||λr−λ(0)

r ||+||ur(τ1)−u(0)
r (τ1)||

]
dτ1 ≤ ρλ

1∑

i=0

1
i!

[ t∫

(r−1)h

L(t)dt

]i

+ρu

t∫

(r−1)h

L(t)dt < ρx,

(162)
...,

∣∣∣∣
∣∣∣∣λr +

t∫

(r−1)h

f

(
τ1, λr +

τ1∫

(r−1)h

f

(
τ2, λr + ... +

τν−2∫

(r−1)h

f(τν−1, λr + ur(τν−1))dτν−1

)
...dτ2

)
dτ1−

−λ(0)
r − u(0)

r (t)
∣∣∣∣
∣∣∣∣≤ ρλ

ν−1∑

i=0

1
i!

[ t∫

(r−1)h

L(t)dt

]i

+ ρu
1

(ν − 1)!

[ t∫

(r−1)h

L(t)dt

]ν−1

< ρx, (16ν)

t ∈ [(r − 1)h, rh), r = 1, N.
Ââèäó (161), (162), (16ν), íåðàâåíñòâà 5) òåîðåìû, äëÿ âñåõ t ∈ [(r − 1)h, rh), r = 1, N , ïàðû

(t, λr + ur(t)), (t, λr +
t∫

(r−1)h

f(τ1, λr + ur(τ1))dτ1), ...,

(t, λr +
t∫

(r−1)h

f

(
τ1, λr +

τ1∫
(r−1)h

f

(
τ2, λr + ... +

τν−2∫
(r−1)h

f(τν−1, λr + ur(τν−1))dτν−1

)
...dτ2

)
dτ1)

ïðèíàäëåæàò ìíîæåñòâó G0
1(ρx).

Ðåøåíèå çàäà÷è (7)�(10) íàéäåì ïî àëãîðèòìó. Çà íà÷àëüíîå ïðèáëèæåíèå âîçüìåì ïàðó
(λ(0), u(0)[t]). k−å ïðèáëèæåíèå ïî ïàðàìåòðó λ(k) íàéäåì èç óðàâíåíèÿ Qν,h(λ, u(k−1)) = 0,
λ ∈ RnN . Èñïîëüçóÿ ðàâåíñòâî Qν,h(λ(k−1), u(k−2)) = 0, óñòàíîâèì ñïðàâåäëèâîñòü íåðàâåíñòâà

γν(h)‖Qν,h(λ(k−1), u(k−1))‖ ≤ qν(h)‖λ(k−1) − λ(k−2)‖ ≤ [qν(h)]k−1‖λ(1) − λ(0)‖. (17)
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Âîçüìåì ρk−1 = γν(h)‖Qν,h(λ(k−1), u(k−1))‖ è ïîêàæåì, ÷òî S(λ(k−1), ρk−1 + ε1) ⊂ S(λ(0), ρλ).
Äëÿ ëþáîãî λ ∈ S(λ(k−1), ρk−1 + ε1) â ñèëó (17) âûïîëíÿåòñÿ ñëåäóþùåå:

||λ− λ(0)|| ≤ ||λ− λ(k−1)||+ ||λ(k−1) − λ(k−2)||+ ... + ||λ(1) − λ(0)|| <
< ρk−1 + ε1 + [qν(h)]k−2‖λ(1) − λ(0)‖+ ... + qν(h)‖λ(1) − λ(0)‖+ ‖λ(1) − λ(0)‖ ≤

≤ ([qν(h)]k−1 + ... + qν(h) + 1)‖λ(1) − λ(0)‖+ ε1 <

<
1

1− qν(h)
‖λ(1) − λ(0)‖+ ε1 ≤ γν(h)

1− qν(h)
‖Qν,h(λ(0), u(0))‖+ ε1 < ρλ,

ò.å. S(λ(k−1), ρk−1 + ε1) ⊂ S(λ(0), ρλ).
Òàê êàê Qν,h(λ, u(k−1)) â S(λ(k−1), ρk−1 +ε1) óäîâëåòâîðÿåò âñåì óñëîâèÿì òåîðåìû 1 èç [12],

òî â S(λ(k−1), ρk−1 + ε1) ñóùåñòâóåò ðåøåíèå λ(k) óðàâíåíèÿ Qν,h(λ, u(k−1)) = 0 è ñïðàâåäëèâà
îöåíêà:

‖λ(k) − λ(k−1)‖ ≤ γν(h)||Qν,h(λ(k−1), u(k−1))||. (18)

Èç çàäà÷è Êîøè dur

dt
= f(t, λ(k)

r + ur), ur((r − 1)h) = 0, t ∈ [(r − 1)h, rh), r = 1, N, ñ
ó÷åòîì óñëîâèÿ Â, íåðàâåíñòâ 4), 5) ñëåäóåò ñóùåñòâîâàíèå u

(k)
r (t) è îöåíêà

‖u(k)
r (t)− u(k−1)

r (t)‖ ≤
(

e

tR
(r−1)h

L(τ)dτ

− 1
)
‖λ(k)

r − λ(k−1)
r ‖, t ∈ [(r − 1)h, rh), r = 1, N, (19)

îòñþäà ïîëó÷èì u(k)[t] ∈ S(u(0)[t], ρu).
Åñëè ρk = γν(h)‖Qν,h(λ(k), u(k))‖ = 0, òî Qν,h(λ(k), u(k)) = 0 è ïàðà (λ(k), u(k)[t]) ÿâëÿåòñÿ

ðåøåíèåì çàäà÷è (7)�(10). Ñîãëàñíî (17), (18) óñòàíîâèì, ÷òî

‖λ(k) − λ(k−1)‖ ≤ qν(h)‖λ(k−1) − λ(k−2)‖. (20)

Èç (19), (20) è óñëîâèÿ 2) òåîðåìû: qν(h) < 1, ñëåäóåò, ÷òî ïîñëåäîâàòåëüíîñòü ïàð (λ(k), u(k)[t])
ïðè k → ∞ ñõîäèòñÿ ê (λ∗, u∗[t]) � ðåøåíèþ çàäà÷è (7)�(10). Ïðè÷åì â ñèëó íåðàâåíñòâ 4),
5) òåîðåìû ïàðû (λ(k), u(k)[t]), k = 1, 2, ..., è (λ∗, u∗[t]) ïðèíàäëåæàò S(λ(0), ρλ) × S(u(0)[t], ρu).
Ââèäó (19), (20) ëåãêî ïîêàçàòü, ÷òî ïðè âñåõ k = 1, 2, ..., è p ∈ N

‖λ(k+p) − λ(k)‖ < 1
1−qν(h) [qν(h)]k‖λ(1) − λ(0)‖,

‖u(k+p)[·]− u(k)[·]‖1 ≤ max
r=1,N

sup
t∈[(r−1)h,rh)

(
e

tR
(r−1)h

L(τ)dτ

− 1
)
‖λ(k+p) − λ(k)‖.

Ïåðåõîäÿ ê ïðåäåëó ïðè p →∞ â ïîñëåäíèõ íåðàâåíñòâàõ, ïîëó÷èì îöåíêè à), á) òåîðåìû.
Èçîëèðîâàííîñòü ðåøåíèÿ óñòàíàâëèâàåòñÿ àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 2 èç [12].

Òåîðåìà 1 äîêàçàíà.
Ôóíêöèè x(k)(t), k = 0, 1, 2, ..., îïðåäåëèì ðàâåíñòâàìè: x(k)(t) = λ

(k)
r + u

(k)
r (t), t ∈

[(r − 1)h, rh), r = 1, N , x(k)(T ) = λ
(k)
N + lim

t→T−0
u

(k)
N (t). Ââèäó ýêâèâàëåíòíîñòè çàäà÷ (1), (3) è

(7)-(10) èç òåîðåìû 1 ñëåäóåò
Òåîðåìà 2. Ïóñòü ñóùåñòâóþò ν, h > 0 : T = Nh, ρλ > 0, ρu > 0, ρx > 0, ïðè êî-

òîðûõ âûïîëíÿþòñÿ óñëîâèÿ À, Â, ìàòðèöà ßêîáè ∂Qν,h(λ, u)
∂λ

îáðàòèìà äëÿ âñåõ (λ, u[t]) ∈
S(λ(0), ρλ)× S(u(0)[t], ρu) è ñïðàâåäëèâû íåðàâåíñòâà 1)�5) òåîðåìû 1.

Òîãäà ïîñëåäîâàòåëüíîñòü ôóíêöèé x(k)(t), k = 1, 2, ..., ñîäåðæèòñÿ â S(x(0)(t), ρx), ñõî-
äèòñÿ ê x∗(t) ∈ S(x(0)(t), ρx) � ðåøåíèþ çàäà÷è (1), (3) è ñïðàâåäëèâî íåðàâåíñòâî:

‖x∗(t)−x(k)(t)‖ ≤ [qν(h)]k
γν(h)

1− qν(h)
e

tR
(r−1)h

L(τ)dτ

‖Qν,h(λ(0), u(0))‖, t ∈ [(r−1)h, rh), r = 1, N.
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Ïðè÷åì ëþáîå ðåøåíèå çàäà÷è (1), (3) â S(x(0)(t), ρx) èçîëèðîâàíî.
Â òåîðåìå 2 èçîëèðîâàííîå ðåøåíèå ïîíèìàåòñÿ êàê èçîëèðîâàííûé ýëåìåíò ìíîæåñòâà ðå-

øåíèé è òàêîå ðåøåíèå íå òîëüêî íå îáåñïå÷èâàåò åãî íåïðåðûâíóþ çàâèñèìîñòü îò èñõîäíûõ
äàííûõ, íî è íå ñîõðàíÿåò ñâîéñòâî ðàçðåøèìîñòè ïðè ìàëûõ èçìåíåíèÿõ ïðàâîé ÷àñòè äèôôå-
ðåíöèàëüíîãî óðàâíåíèÿ. Òàê êàê ïîñòðîåíèå àëãîðèòìîâ íàõîæäåíèÿ ïðèáëèæåííûõ ðåøåíèé
ïðåäïîëàãàåò ìàëîñòü èçìåíåíèÿ ðåøåíèÿ ïðè ìàëûõ âîçìóùåíèÿõ ïðàâîé ÷àñòè äèôôåðåí-
öèàëüíîãî óðàâíåíèÿ, òî ââîäèòñÿ ñëåäóþùåå îïðåäåëåíèå èçîëèðîâàííîñòè.

Îïðåäåëåíèå 1. Ðåøåíèå x∗(t) çàäà÷è (1), (3) íàçûâàåòñÿ "èçîëèðîâàííûì", åñëè ñóùå-
ñòâóåò ÷èñëî ρ0 > 0, ïðè êîòîðîì ôóíêöèÿ f â G∗

1(ρ0) =
{

(t, x) : t ∈ [0, T ], ||x − x∗(t)|| < ρ0

}

èìååò ðàâíîìåðíî íåïðåðûâíóþ ïðîèçâîäíóþ f ′x è ëèíåéíàÿ îäíîðîäíàÿ ìíîãîòî÷å÷íàÿ êðàå-
âàÿ çàäà÷à

dy

dt
= f ′x(t, x∗(t))y, t ∈ [0, T ], y ∈ Rn, (21)

n∑

j=1

Mjy(tj) = 0 (22)

èìååò òîëüêî òðèâèàëüíîå ðåøåíèå y(t) = 0.
Òåîðåìà 3. Ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1 ëþáîå ðåøåíèå (1), (3) èç S(x(0)(t), ρx)

ÿâëÿåòñÿ "èçîëèðîâàííûì".
Äîêàçàòåëüñòâî. Èç òåîðåìû 2 ñëåäóåò ñóùåñòâîâàíèå èçîëèðîâàííîãî ðåøåíèÿ x∗(t) ∈

S(x(0)(t), ρx). Ïîêàæåì, ÷òî ýòî ðåøåíèå ÿâëÿåòñÿ èçîëèðîâàííûì â ñìûñëå îïðåäåëåíèÿ. Ðàñ-
ñìîòðèì ëèíåéíóþ îäíîðîäíóþ êðàåâóþ çàäà÷ó (21), (22). Ïî ìàòðèöàì A∗(t) = f ′x(t, x∗(t)),
C∗

j = Mj , j = 1, n, ñîñòàâëÿåòñÿ (nN × nN)-ìàòðèöà ñïåöèàëüíîé ñòðóêòóðû Qν(∗, h), àíà-
ëîãè÷íî ìàòðèöå Qν(h) èç [13], ñ ó÷åòîì îáîçíà÷åíèé. Îáîçíà÷èâ ÷åðåç λ∗r çíà÷åíèå ôóíêöèè
x∗(t) ïðè t = (r− 1)h è íà èíòåðâàëàõ [(r− 1)h, rh) ââåäÿ ôóíêöèè u∗r(t) = x∗(t)− λ∗r , r = 1, N ,
íåòðóäíî óñòàíîâèòü, ÷òî ìàòðèöà ßêîáè ∂Qν,h(λ∗,u∗)

∂λ ñîâïàäàåò ñ Qν(∗, h). Òîãäà â ñèëó óñëîâèé
òåîðåìû 1 ìàòðèöà Qν(∗, h) îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà: ||f ′x(t, x∗(t))|| ≤ L(t),

qν(h) = γν(h)max(1, h
n∑

j=2
||C∗

j ||) max
r=1,N

{
exp

(
rh∫

(r−1)h

L(t)dt

)
−

ν∑
i=0

1
i!

( rh∫
(r−1)h

L(t)dt
)i

}
< 1.

Ïðè ýòèõ óñëîâèÿõ ñóùåñòâîâàíèå òîëüêî òðèâèàëüíîãî ðåøåíèÿ îäíîðîäíîé çàäà÷è (21), (22)
óñòàíàâëèâàåòñÿ ïî ñõåìå äîêàçàòåëüñòâà òåîðåìû 1 èç [13]. Òåîðåìà 3 äîêàçàíà.

Ñëåäóþùåå óòâåðæäåíèå ïîêàçûâàåò, ÷òî óñëîâèÿ òåîðåìû 1 íå òîëüêî äîñòàòî÷íû, íî è
íåîáõîäèìû äëÿ ñóùåñòâîâàíèÿ "èçîëèðîâàííîãî" ðåøåíèÿ.

Òåîðåìà 4. Êðàåâàÿ çàäà÷à (1), (3) èìååò "èçîëèðîâàííîå" ðåøåíèå òîãäà è òîëüêî òî-
ãäà, êîãäà äëÿ ëþáîãî ν (ν = 1, 2, ...), ñóùåñòâóþò ÷èñëà h = h(ν) : Nh = T (N = 1, 2, ...),
ρλ > 0, ρu > 0, ρx > 0, ïðè êîòîðûõ âûïîëíÿþòñÿ óñëîâèÿ À, Â, ìàòðèöà ßêîáè ∂Qν,h(λ, u)

∂λ
îáðàòèìà äëÿ âñåõ (λ, u[t]) ∈ S(λ(0), ρλ)× S(u(0)[t], ρu) è ñïðàâåäëèâû íåðàâåíñòâà 1) � 5) òåî-
ðåìû 1.

Äîêàçàòåëüñòâî íåîáõîäèìîñòè. Ïóñòü x∗(t) � "èçîëèðîâàííîå" ðåøåíèå çàäà÷è (1),
(3). Òîãäà, ïî îïðåäåëåíèþ, ñóùåñòâóåò ÷èñëî ρ0 > 0 è ôóíêöèÿ f(t, x) â G∗

1(ρ0) èìååò ðàâ-
íîìåðíî íåïðåðûâíóþ ÷àñòíóþ ïðîèçâîäíóþ f ′x. Ïîýòîìó íàéäåòñÿ ÷èñëî α, îãðàíè÷èâàþùåå
ýòó ôóíêöèþ ||f ′x(t, x)|| ≤ L0, äëÿ âñåõ (t, x) ∈ G∗

1(ρ0). Îòðåçîê [0, T ] ðàçîáüåì íà ðàâíûå
÷àñòè ñ øàãîì h > 0 : Nh = T (N = 1, 2, ...) è ðàññìîòðèì ýêâèâàëåíòíóþ ìíîãîòî÷å÷íóþ
êðàåâóþ çàäà÷ó ñ ïàðàìåòðàìè. Ïàðà (λ∗, u∗[t]) ñ ýëåìåíòàìè λ∗ = (λ∗1, λ

∗
2, ..., λ

∗
N )′ ∈ RnN ,

u∗[t] = (u∗1(t), u
∗
2(t), ..., u

∗
N (t))′ ∈ C([0, T ], h, RnN ), ãäå λ∗r = x∗((r−1)h), u∗r(t) = x∗(t)−x∗((r−1)h),

t ∈ [(r − 1)h, rh), r = 1, N , áóäåò ðåøåíèåì çàäà÷è (7)�(10).
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Òàê êàê x∗(t) óäîâëåòâîðÿåò óðàâíåíèþ (1) è f(t, x∗(t)) íåïðåðûâíà íà [0, T ], òî íàéäåòñÿ
÷èñëî L0 > 0 òàêîå, ÷òî ||ẋ∗||0 ≤ L̃, è äëÿ êàæäîãî r = 1, N ñïðàâåäëèâà îöåíêà:

||u∗r(t)|| = ||x∗(t)− x∗((r − 1)h)|| ≤ sup
t∈[(r−1)h,rh)

||ẋ∗(t)||h ≤ L̃h, t ∈ [(r − 1)h, rh). (23)

Èç ñóùåñòâîâàíèÿ òîëüêî òðèâèàëüíîãî ðåøåíèÿ îäíîðîäíîé êðàåâîé çàäà÷è (21), (22), ñëåäóåò
îäíîçíà÷íàÿ ðàçðåøèìîñòü íåîäíîðîäíîé êðàåâîé çàäà÷è

dy
dt = f ′x(t, x∗(t))y + ϕ(t), t ∈ [0, T ], y ∈ Rn,

n∑
j=1

Mjy(tj) = d,

ϕ(t) ∈ C([0, T ], Rn), d ∈ Rn. Òîãäà, ñîãëàñíî òåîðåìå 4 èç [13], ñóùåñòâóåò øàã h0 > 0, ÷òî
äëÿ âñåõ h ∈ (0, h0] : Nh = T ìàòðèöà Q∗

ν(h) = ∂Qν,h(λ∗,u∗)
∂λ îáðàòèìà è ||[Q∗

ν(h)]−1|| ≤ γν

h ,
ãäå γν � const, íå çàâèñÿùàÿ îò h. Âîçüìåì ÷èñëî ε > 0, óäîâëåòâîðÿþùèì íåðàâåíñòâó
εγν ≤ 1

4 è, èñïîëüçóÿ ðàâíîìåðíóþ íåïðåðûâíîñòü f ′x(t, x) íàéäåì ρ∗λ > 0, ρ∗u > 0 òàêèå, ÷òî

max
l=1,ν

{
ρ∗λ

l−1∑
i=0

(hL0)i

i! + ρ∗u
(hL0)l−1

(l−1)!

}
= ρ∗ ∈ ∈ (0, ρ0] è

∣∣∣∣
∣∣∣∣
∂Qν,h(λ,u)

∂λ − ∂Qν,h(λ∗,u∗)
∂λ

∣∣∣∣
∣∣∣∣ ≤ ε äëÿ âñåõ

(λ, u[t]) ∈ S(λ∗, ρ∗λ) × S(u∗[t], ρ∗u). Ïðèìåíÿÿ òåîðåìó î ìàëûõ âîçìóùåíèÿõ îãðàíè÷åííî îáðà-
òèìûõ îïåðàòîðîâ [14, c. 142] ïîëó÷èì, ÷òî ìàòðèöà ßêîáè ∂Qν,h(λ,u)

∂λ îãðàíè÷åííî îáðàòèìà è∣∣∣∣
∣∣∣∣
[

∂Qν,h(λ,u)
∂λ

]−1∣∣∣∣
∣∣∣∣ ≤ 4γν

3h äëÿ âñåõ (λ, u[t]) ∈ S(λ∗, ρ∗λ)×S(u∗[t], ρ∗u). Âûáåðåì h1 ∈ (0, h0] : Nh1 = T

(N = 1, 2, ...) òàê, ÷òîáû âûïîëíÿëèñü íåðàâåíñòâà:

L̃h1 ≤ ρ∗u
2

, (24)

4γν

3h
L̃max

(
1, h1

n∑

j=2

||Mj ||
)(h1L0)ν

ν!
<

ρ∗λ
2

, (25)

4γν

3h
L̃max

(
1, h1

n∑

j=2

||Mj ||
)(h1L0)ν

ν!

(
eh1L0 − 1

)
<

ρ∗u
2

. (26)

Ïîêàæåì, ÷òî S(0, ρ∗u/2) ⊂ S(u∗[t], ρ∗u). Äåéñòâèòåëüíî, åñëè u[t] ∈ S(0, ρ∗u/2) òî â ñèëó (23),
(24), ||u[·]− u∗[·]||1 ≤ ||u[·]||1 + ||u∗[·]||1 < ρ∗u

2 + ρ∗u
2 = ρ∗u, ò.å. u[t] ∈ S(u∗[t], ρ∗u). Ïðè h ∈ (0, h1] :

Nh = T (N = 1, 2, ...) ðàññìîòðèì ñèñòåìó íåëèíåéíûõ óðàâíåíèé

Qν,h(λ, 0) = 0, λ ∈ RnN . (27)

Òàê êàê ìàòðèöà ßêîáè ∂Qν,h(λ,0)
∂λ ðàâíîìåðíî íåïðåðûâíà â S(λ∗, ρ∗λ), îöåíêà

∣∣∣
∣∣∣
[

∂Qν,h(λ,0)
∂λ

]−1∣∣∣
∣∣∣ ≤

4γν

3h ñïðàâåäëèâà äëÿ âñåõ λ ∈ S(λ∗, ρ∗λ). Ââèäó (23), (25) è ðàâåíñòâà Qν,h(λ∗, u∗) = 0 èìååì,
÷òî 4γν

3h ||Qν,h(λ∗, 0)|| = 4γν

3h ||Qν,h(λ∗, 0) − Qν,h(λ∗, u∗)|| ≤ 4γν

3h max
(
1, h

n∑
j=2

||Mj ||
)

(hL0)ν

ν! L̃h < ρ∗λ.

Ïîýòîìó, ñîãëàñíî òåîðåìå 1 èç [12] ñèñòåìà óðàâíåíèé (27) èìååò ðåøåíèå λ(0) ∈ S(λ∗, ρ∗λ) è

||λ(0) − λ∗|| ≤ 4γν

3h
max

(
1, h

n∑

j=2

||Mj ||
)(hL0)ν

ν!
L̃h < ρ∗λ. (28)

Ðåøåíèå çàäà÷è Êîøè (7), (8) ïðè λr = λ
(0)
r , r = 1, N , íàéäåì ìåòîäîì ïîñëåäîâàòåëüíûõ

ïðèáëèæåíèé: u
(0,0)
r (t) = u∗r(t),
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u
(0,m+1)
r (t) =

t∫
(r−1)h

f(τ, λ(0)
r + u

(0,m)
r (τ)dτ, m = 0, 1, 2, ..., t ∈ [(r − 1)h, rh), r = 1, N.

Äëÿ ëþáîãî m = 0, 1, 2, ..., ôóíêöèÿ u
(0,m+1)
r (t) èìååò êîíå÷íûé ëåâîñòîðîííèé ïðåäåë, ðàâíûé

rh∫
(r−1)h

f(τ, λ(0)
r +u

(0,m)
r (τ)dτ , r = 1, N , è ñèñòåìà ôóíêöèé u(0,m+1)[t] = (u(0,m+1)

1 (t), u(0,m+1)
2 (t), ...,

u
(0,m+1)
N (t))′ ïðèíàäëåæèò ïðîñòðàíñòâó C([0, T ], h, RnN ).
Èç íåðàâåíñòâ ||u(0,1)

r (t)− u
(0,0)
r (t)|| = ||u(0,1)

r (t)− u∗r(t)|| =
=

∣∣∣∣
∣∣∣∣

t∫
(r−1)h

f(τ, λ(0)
r + u∗r(τ)dτ −

t∫
(r−1)h

f(τ, λ∗r + u∗r(τ)dτ

∣∣∣∣
∣∣∣∣ ≤ L0(t− (r − 1)h)||λ(0)

r − λ∗r||,

||u(0,2)
r (t)− u

(0,1)
r (t)|| ≤

t∫
(r−1)h

L0||u(0,1)
r (τ)− u

(0,0)
r (τ)||dτ ≤ (L0(t−(r−1)h))2

2! ||λ(0)
r − λ∗r||,

||u(0,m+1)
r (t)− u

(0,m)
r (t)|| ≤ (L0(t−(r−1)h))m+1

(m+1)! ||λ(0)
r − λ∗r ||, t ∈ [(r − 1)h, rh), r = 1, N,

ñëåäóåò îöåíêà ||u(0,m+1)[·]− u(0,m)[·]||1 ≤ (L0(t−(r−1)h))m+1

(m+1)! ||λ(0) − λ∗||, m = 0, 1, 2, ...,

îòêóäà, ó÷èòûâàÿ ïîëíîòó ïðîñòðàíñòâà C([0, T ], h, RnN ), ïîëó÷èì ñõîäèìîñòü {u(0,m)[t]} ê
u(0)[t] ∈ C([0, T ], h, RnN ) ïðè m →∞ è

||u(0)[·]− u∗[·]||1 ≤ 4γν

3h
L̃max

(
1, h

n∑

j=2

||Mj ||
)(hL0)ν

ν!

(
ehL0 − 1

)
<

ρ∗u
2

. (29)

Òàêèì îáðàçîì, èìååò ìåñòî óñëîâèå À è îöåíêè (28), (29).

Òåïåðü âîçüìåì ρλ = ρ∗λ/2, ρu = ρ∗u/2, ρx = max
l=1,ν

{
ρλ

l−1∑
i=0

(hL0)i

i! + ρu
(hL0)l−1

(l−1)!

}
è âûáåðåì

h2 ∈ (0, h1] : Nh2 = T , óäîâëåòâîðÿþùèì íåðàâåíñòâàì

4γν

3h2
max

(
1, h2

n∑

j=2

||Mj ||
)(

eh2L0 −
ν∑

i=0

(h2L0)i

i!

)
≤ 1

3
, (30)

2γνL̃max
(
1, h2

n∑

j=2

||Mj ||
)(h2L0)ν

ν!

(
4γν

3h2
max

(
1, h2

n∑

j=2

||Mj ||
)(h2L0)ν

ν!

(
eh2L0−1

)
+1

)
< ρλ, (31)

2γνL̃max
(
1, h2

n∑

j=2

||Mj ||
)(h2L0)ν

ν!

(
4γν

3h2
max

(
1, h2

n∑

j=2

||Mj ||
)(h2L0)ν

ν!

(
eh2L0 − 1

)
+ 1

)
×

×
(
eh2L0 − 1

)
< ρu. (32)

Åñëè (λ, u[t]) ∈ S(λ(0), ρλ)× S(u(0)[t], ρu), òî, íà îñíîâàíèè (25), (26), (28), (29) ïîëó÷èì:
||λ− λ∗|| ≤ ||λ− λ(0)||+ ||λ(0) − λ∗|| ≤ ρλ + 4γν

3h max
(
1, h

n∑
j=2

||Mj ||
)

(hL0)ν

ν! L̃h < ρ∗λ,

||u[·]−u∗[·]||1 ≤ ||u[·]−u(0)[·]||1+ ||u(0)[·]−u∗[·]||1 ≤ ρu + 4γν

3h L̃max
[
1, h

n∑
j=2

||Mj ||
]

[hL0]ν

ν!

[
ehL0−1

]
<

< ρ∗u, ò.å. S(λ(0), ρλ) ⊂ S(λ∗, ρ∗λ), S(u(0)[t], ρu) ⊂ S(u∗[t], ρ∗u) ïðè âñåõ h ∈ (0, h2]. Ïîýòîìó â G∗
1(ρ0)

âûïîëíÿåòñÿ óñëîâèå Â. Íåðàâåíñòâî 1) òåîðåìû 1 âûïîëíÿåòñÿ ñ ïîñòîÿííîé γν(h) ≤ 4γν

3h . Òîãäà

qν(h) = 4γν

3h max
(
1, h

n∑
j=2

||Mj ||
)(

ehL0 −
ν∑

i=0

(hL0)i

i!

)
, è â ñèëó (30) qν(h) ≤ 1

3 ïðè h ∈ (0, h2].

Ïðèíèìàÿ âî âíèìàíèå îöåíêè
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||u(0)[·]||1 ≤ ||u(0)[·]− u∗[·]||1 + ||u∗[·]||1 ≤ L̃h

(
4γν

3h max
(
1, h

n∑
j=2

||Mj ||
)

(hL0)ν

ν!

(
ehL0 − 1

)
+ 1

)
,

||Qν,h(λ(0), u(0))|| = ||Qν,h(λ(0), u(0))−Qν,h(λ(0), 0)|| ≤ max
(
1, h

n∑
j=2

||Mj ||
)

(hL0)ν

ν! ||u(0)[·]||1
è íåðàâåíñòâà (31), (32), ïîëó÷èì ñëåäóþùåå: γν(h)

1−qν(h) ||Qν,h(λ(0), u(0))|| ≤
≤ 2γν(h)L̃max

(
1, h

n∑
j=2

||Mj ||
)

(hL0)ν

ν!

(
4γν

3h max
(
1, h

n∑
j=2

||Mj ||
)

(hL0)ν

ν!

(
ehL0 − 1

)
+ 1

)
< ρλ.

Òàêèì îáðàçîì, ïðè âûáîðå ρλ = ρ∗λ/2, ρu = ρ∗u/2, ρx = max
l=1,ν

{
ρλ

l−1∑
i=0

(hL0)i

i! + ρu
(hL0)l−1

(l−1)!

}
, âñå

óñëîâèÿ òåîðåìû 1 âûïîëíÿþòñÿ äëÿ ëþáîãî h ∈ (0, h2] : Nh = T (N = 1, 2, ...).
Òåîðåìà 4 äîêàçàíà.
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ÏÎÑÒÐÎÅÍÈÅ ÌÀÒÅÌÀÒÈ×ÅÑÊÎÉ ÌÎÄÅËÈ
ÏÐÎÖÅÑÑÀ ÐÀÇÐÀÁÎÒÊÈ ÍÅÔÒßÍÛÕ ÇÀËÅÆÅÉ Ñ

ÂÛÑÎÊÎÂßÇÊÎÉ ÍÅÔÒÜÞ
Ì. Æ. Ìóêèìáåêîâ, Á. Ê. Øåðêåøáàåâà

Àòûðàóñêèé èíñòèòóò íåôòè è ãàçà
060002 Àòûðàó Àçàòòûê, 1

Â ðàáîòå ðàññìàòðèâàåòñÿ ïîñòðîåíèå ìàòåìàòè÷åñêîé ìîäåëè ïàðîòåïëîâîãî âîçäåéñòâèÿ íà íåô-
òÿíîé ïëàñò.

Ïîñòàíîâêà çàäà÷è. Ìíîãî÷èñëåííûå èññëåäîâàíèÿ ïîêàçûâàþò, ÷òî ñóùåñòâåííî óâåëè-
÷èòü íåôòåîòäà÷ó ïëàñòîâ íà ñîâðåìåííîì ýòàïå ìîæíî ëèøü ïóòåì èçìåíåíèÿ ôèçè÷åñêèõ
è ôèçèêî-õèìè÷åñêèõ ñâîéñòâ âûòåñíÿþùåé æèäêîñòè, äîáèâàÿñü ïðè ýòîì èçìåíåíèÿ òåì-
ïåðàòóðíîãî ðåæèìà ïðîöåññà âûòåñíåíèÿ íåôòè èç ïëàñòà. Äëÿ ïîâûøåíèÿ íåôòåîòäà÷è â
ïëàñò íàãíåòàþò âîäó ñ ïîâûøåííûì äàâëåíèåì, ñ äîáàâêàìè ïîâåðõíîñòíî-àêòèâíûõ âåùåñòâ
(ÏÀÂ) è ùåëî÷åé, ðàñòâîðû ïîëèìåðîâ, ïîâûøàþùèå âÿçêîñòü âîäû. Ýòè ìåòîäû ïîâûøåíèÿ
ýôôåêòèâíîñòè çàâîäíåíèÿ îñíîâàíû íà íàïðàâëåííîì âîçäåéñòâèè àêòèâíûìè àãåíòàìè íà ðå-
ãóëèðóåìûå ïàðàìåòðû ïðîöåññà òàêèì îáðàçîì, ÷òîáû îáåñïå÷èâàëèñü íàèëó÷øèå ôèçè÷åñêèå
è ôèçèêî-õèìè÷åñêèå óñëîâèÿ âûòåñíåíèÿ íåôòè èç êîëëåêòîðà.

Â ðàáîòå ðàññìàòðèâàåòñÿ ìåòîä ïàðîòåïëîâîãî âîçäåéñòâèÿ íà íåôòÿíîé êîëëåêòîð, ïîç-
âîëÿþùèé óëó÷øèòü ïðîöåññ èçâëå÷åíèÿ íåôòè èç ïëàñòîâ ïî ñðàâíåíèþ ñ òðàäèöèîííûìè
ìåòîäàìè ðàçðàáîòêè. Îáëàñòüþ ïðèìåíåíèÿ ìåòîäà ïàðîòåïëîâîãî âîçäåéñòâèÿ ÿâëÿþòñÿ, êàê
ïðàâèëî, ïëàñòû, íàñûùåííûå âûñîêîâÿçêîé íåôòüþ (áîëåå 50�100 ìÏàñ) [1�3].

Âìåñòå ñ òåì, ïðèìåíåíèå ýòîãî ìåòîäà óâåëè÷åíèÿ íåôòåîòäà÷è òðåáóåò äîâîëüíî çíà-
÷èòåëüíûõ äîïîëíèòåëüíûõ çàòðàò, ïîýòîìó ðåøåíèå î åãî âíåäðåíèè íà êîíêðåòíîì ìåñòî-
ðîæäåíèè ïðèíèìàåòñÿ íà îñíîâå òåõíèêî-ýêîíîìè÷åñêîãî ñðàâíåíèÿ âàðèàíòîâ ïàðîòåïëîâîãî
âîçäåéñòâèÿ è áàçîâîãî ìåòîäà ðàçðàáîòêè (îáû÷íî, ðåæèì èñòîùåíèÿ ïëàñòîâîé ýíåðãèè).
Îäíàêî, â ðÿäå ñëó÷àåâ äëÿ ïðåäâàðèòåëüíîé îöåíêè âîçìîæíîñòè ïðèìåíåíèÿ ýòîãî ìåòîäà
íà ãðóïïå îáúåêòîâ ìîãóò áûòü òàêæå ïîëåçíû çàâèñèìîñòè òåõíîëîãè÷åñêîé ýôôåêòèâíîñòè
ìåòîäà îò îñíîâíûõ ãåîëîãî-ôèçè÷åñêèõ ïàðàìåòðîâ ïëàñòîâ. Òåõíîëîãè÷åñêàÿ ýôôåêòèâíîñòü
ïàðîòåïëîâîãî âîçäåéñòâèÿ îïðåäåëÿëàñü äâóìÿ ïîêàçàòåëÿìè: ïðèðîñòîì êîíå÷íîãî êîýôôè-
öèåíòà íåôòåîòäà÷è ïî ñðàâíåíèþ ñ áàçîâûì ðåæèìîì ðàçðàáîòêè è óäåëüíûì ðàñõîäîì ïàðà
íà äîïîëíèòåëüíóþ äîáû÷ó íåôòè çà âåñü ïåðèîä ïðèìåíåíèÿ ìåòîäà ïàðîòåïëîâîãî âîçäåé-
ñòâèÿ íà îáúåêòå.

Keywords: Problem of mathematical modeling, oil �eld exploration, computation analysis
2010 Mathematics Subject Classi�cation: 42A10
c
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Ìàòåìàòè÷åñêàÿ ìîäåëü íåèçîòåðìè÷åñêîé ìíîãîôàçíîé ïëàíîâîé ôèëüòðàöèè ïëàñòîâîãî
òå÷åíèÿ îïèñûâàåòñÿ ñëåäóþùèìè óðàâíåíèÿìè (â áåçðàçìåðíîì âèäå):

H(x, y)
∂(mρBsB)

∂t
+div(ρBWB)+NB =

N1∑

i=1

%B,niδ(x−xni, y−yni)−
N2∑

i=1

%B,∂iδ(x−x∂i, y−y∂i), (1)

H(x, y)
∂(mρHsH)

∂t
+ div(ρHWH) =

N2∑

i=1

%Hiδ(x− x∂i, y − y∂i), (2)

H(x, y)
∂(mρΓsΓ)

∂t
+ div(ρΓWΓ) =

N2∑

i=1

%Γiδ(x− x∂i, y − y∂i), (3)

H(x, y)
∂(mρKsK)

∂t
+div(ρKWK)+NK =

N1∑

i=1

%K,niδ(x−xni, y−yni)−
N2∑

i=1

%K,∂iδ(x−x∂i, y−y∂i), (4)

WB = −Hk
fB

µB
5 P, WH = −Hk

fH

µH
5 P,

WΓ = −Hk
fΓ

µΓ
5 P, WK = −Hk

fK

µK
5 P, (5)

sB + sH + sΓ + sK = 1, (6)

ρB = ρB(p, T ), ρH = ρH(p, T ),

ρΓ = ρΓ(p, T ), ρK = ρK(p, T ), (7)

∂

∂t
[Hm(iBρBsB + iHρHsH + iΓρΓsΓ + iKρKsK) + H(1−m)cïρï]+

+div(ρBWBiB + ρHWHiH + ρΓWΓiΓ + ρKWKiK) =

= div(λ∇T ) +
N1∑

i=1

%òåïëî,niδ(x− xni, y − yni)−
N2∑

i=1

%òåïëî,∂iδ(x− x∂i, y − y∂i), (8)

ãäå iB = cBT, iH = cHT, iΓ = cΓT, iK = cKT + r(T ). Çäåñü sB, sH , sΓ, sK � íàñûùåííîñòü
âîäû, íåôòè, ãàçà è ïàðà ñîîòâåòñòâåííî; p, T, H � äàâëåíèå, òåìïåðàòóðà, òîëùèíà ïëà-
ñòà ñîîòâåòñòâåííî; k, m � àáñîëþòíàÿ ïðîíèöàåìîñòü, ïîðèñòîñòü ïëàñòà; ρB, ρH , ρΓ, ρK �
ïëîòíîñòü âîäû, íåôòè, ãàçà è ïàðà ñîîòâåòñòâåííî; r(T ) � ñêðûòàÿ òåïëîòà ïàðîîáðàçîâà-
íèÿ; fB, fH , fΓ, fK è µB, µH , µΓ, µK � îòíîñèòåëüíûå ôàçîâûå ïðîíèöàåìîñòè è âÿçêîñòü
âîäû, íåôòè, ãàçà è ïàðà ñîîòâåòñòâåííî; cB, cH , cΓ, cK , cï è λB, λH , λΓ, λK , λï � êîýôôè-
öèåíòû òåïëîåìêîñòè è òåïëîïðîâîäíîñòè âîäû, íåôòè, ãàçà, ïàðà è ïîðîäû ñîîòâåòñòâåííî;
%B,ni, %B,∂i � ïðèâåäåííûå äåáèòû âîäû íà íàãíåòàòåëüíûõ è äîáûâàþùèõ ñêâàæèíàõ ñîîòâåò-
ñòâåííî; %Hi, %Γ,ni � ïðèâåäåííûå äåáèòû íåôòè è ãàçà íà äîáûâàþùèõ ñêâàæèíàõ ñîîòâåò-
ñòâåííî; %K,ni, %K,∂i � ïðèâåäåííûå äåáèòû ïàðà íà íàãíåòàòåëüíûõ è äîáûâàþùèõ ñêâàæèíàõ
ñîîòâåòñòâåííî; %òåïëî,ni, %òåïëî,∂i � ïðèâåäåííûå ðàñõîäû êîëè÷åñòâà òåïëà íà íàãíåòàòåëü-
íûõ è äîáûâàþùèõ ñêâàæèíàõ ñîîòâåòñòâåííî; (xni, yni) � êîîðäèíàòû i-îé íàãíåòàòåëüíîé
ñêâàæèíû; (x∂i, y∂i) � êîîðäèíàòû i-îé äîáûâàþùåé ñêâàæèíû; N1, N2 � êîëè÷åñòâî íàãíåòà-
òåëüíûõ ñêâàæèí è äîáûâàþùèõ ñêâàæèí ñîîòâåòñòâåííî.
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Â êà÷åñòâå íà÷àëüíûõ óñëîâèé áåðóòñÿ íà÷àëüíûå ðàñïðåäåëåíèå äàâëåíèÿ è òåìïåðàòóðà
ïëàñòà; îñðåäíåííûå ïî ìîùíîñòè íàñûùåííîñòü âîäû, íåôòè, ãàçà è ïàðà â íà÷àëüíûé ìîìåíò
âðåìåíè:

(p, T )|t=0 = (p0, T 0),

(sB, sH , sΓ, sK)|t=0 = (s0
B, s0

H , s0
Γ, s0

K). (9)

Íà ãðàíèöàõ îáëàñòè òå÷åíèÿ çàäàþòñÿ óñëîâèÿ íåïðîòåêàíèÿ ôëþèäîâ è îòñóòñòâèÿ òåïëîâîãî
ïîòîêà:

(WBn, WHn, WΓn, WKn)|Γ = 0, (
∂T

∂n
)|Γ = 0. (10)

Çàäàþòñÿ ïîääåðæèâàåìûå äàâëåíèÿ íà íàãíåòàòåëüíûõ è äîáûâàþùèõ ñêâàæèíàõ ñîîòâåò-
ñòâåííî. Íà íàãíåòàòåëüíûõ ñêâàæèíàõ çàäàþòñÿ òåìïåðàòóðà, äàâëåíèå íàãíåòàåìîãî ïàðà.

×èñëåííûé àëãîðèòì
Â îáëàñòè 0 ≤ x ≤ lx, 0 ≤ y ≤ ly, 0 < t ≤ T ââåäåì ñëåäóþùèå ðàçíîñòíûå ñåòêè. Íà ïåðâîé

ñåòêå (xi, yj , tnS) áóäåì îïðåäåëÿòü íàñûùåííîñòü, à íà äðóãîé ñåòêå (xi, yj , tnP,T ) � äàâëåíèå è
òåìïåðàòóðó. Çäåñü xi+1 = xi + hxi, yj+1 = yj + hyj , hxi = hxi−1+hxi

2 , hyj = hyj−1+hyj

2 , t0 =
0, tnP,T = tn−1

P,T + ∆tn, (i = 0, . . . , N1, j = 0, . . . , N2, n = 0, . . . , M), tn+1
S,C − tnP,T = ∆t0, ãäå

∆t0 = const (∆t0 � çàäàâàåìûé íà÷àëüíûé øàã). Ñèñòåìó óðàâíåíèé (1)�(4) àïïðîêñèìèðó-
åì ñëåäóþùèìè ðàçíîñòíûìè óðàâíåíèÿìè:

hxihyjHijmij(sn+1
Bij ρn

Bij − sn
Bijρ

n−1
Bij ) = hyj∆tn[(ρB

∂p

∂x
)n
i+1/2j − (ρB

∂p

∂x
)n
i−1/2j ]+

+hxi∆tn[(ρB
∂p

∂x
)n
ij+1/2j − (ρB

∂p

∂x
)n
ij−1/2j ] + ∆tn

N1∑

i=1

%n
B,nδij −∆tn

N2∑

i=1

%n
B,∂δij , (11)

hxihyjHijmij(sn+1
Hij ρn

Hij − sn
Hijρ

n−1
Hij ) = hyj∆tn[(ρH

∂p

∂x
)n
i+1/2j − (ρH

∂p

∂x
)n
i−1/2j ]+

+hxi∆tn[(ρH
∂p

∂x
)n
ij+1/2j − (ρH

∂p

∂x
)n
ij−1/2j ] + ∆tn

N2∑

i=1

%n
Hδij , (12)

hxihyjHijmij(sn+1
Γij ρn

Γij − sn
Γijρ

n−1
Γij ) = hyj∆tn[(ρΓ

∂p

∂x
)n
i+1/2j − (ρΓ

∂p

∂x
)n
i−1/2j ]+

+hxi∆tn[(ρΓ
∂p

∂x
)n
ij+1/2j − (ρΓ

∂p

∂x
)n
ij−1/2j ] + ∆tn

N2∑

i=1

%n
Γδij , (13)

hxihyjHijmij(sn+1
Kij ρn

Kij − sn
Kijρ

n−1
Kij ) = hyj∆tn[(ρK

∂p

∂x
)n
i+1/2j − (ρK

∂p

∂x
)n
i−1/2j ]+

+hxi∆tn[(ρK
∂p

∂x
)n
ij+1/2j − (ρK

∂p

∂x
)n
ij−1/2j ]+∆tn

N1∑

i=1

%n
K,nδij −∆tn

N2∑

i=1

%n
K,∂δij −hxihyj∆tnNn

K , (14)

ãäå δij =
{

1, xi = xH , yi = yH

0, xi 6= xH , yi 6= yH
, çäåñü (ρB

∂p
∂x)n

ij+1/2j =

{
fn

BijD
n
Bi+1/2j , åñëèDn

Bi+1/2j ≥ 0
fn

Bi+1jD
n
Bi+1/2j , åñëèDn

Bi+1/2j < 0
,

ãäå Dn
Bi+1/2j = −bn

Bi+1/2j(
pn

i+1j−pn
ij

hxi
), bn

Bi+1/2j = 1
2 [(ρB

Hk
µB

)n
i+1j + (ρB

Hk
µB

)n
ij ], àíàëîãè÷íî çàïèñûâà-

þòñÿ äëÿ îñòàëüíûõ ñëó÷àåâ. Èñêëþ÷èâ èç óðàâíåíèé (11)�(14) íàñûùåííîñòè sn+1
Bi,j , sn+1

Hi,j , sn+1
Γi,j ,
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sn+1
Ki,j ñ èñïîëüçîâàíèåì ñîîòíîøåíèÿ: sn+1

Bi,j + sn+1
Hi,j + sn+1

Γi,j + sn+1
Ki,j = 1, ïîëó÷èì ñëåäóþùåå ðàç-

íîñòíîå óðàâíåíèå îòíîñèòåëüíî äàâëåíèÿ:

sn
Bijρ

n−1
Bij

ρn
Bij

+
sn
Hijρ

n−1
Hij

ρn
Hij

+
sn
Γijρ

n−1
Γij

ρn
Γij

+
sn
Kijρ

n−1
Kij

ρn
Kij

+
∆tn

ρn
BijhxiHijmij

[(ρB
∂p

∂x
)n
i+1/2j − (ρB

∂p

∂x
)n
i−1/2j ]+

+
∆tn

ρn
BijhyiHijmij

[(ρB
∂p

∂y
)n
i+1/2j − (ρB

∂p

∂y
)n
i−1/2j ] +

∆tn

ρn
HijhxiHijmij

[(ρH
∂p

∂x
)n
i+1/2j − (ρH

∂p

∂x
)n
i−1/2j ]+

+
∆tn

ρn
HijhyiHijmij

[(ρH
∂p

∂y
)n
i+1/2j − (ρH

∂p

∂y
)n
i−1/2j ] +

∆tn

hxihyiHijmijρn
Bij

[
N1∑

i=1

%n
B,Hδij −

N2∑

i=1

%n
B,∂δij ]+

+
∆tn

ρn
ΓijhxiHijmij

[(ρΓ
∂p

∂x
)n
i+1/2j − (ρΓ

∂p

∂x
)n
i−1/2j ] +

∆tn

ρn
ΓijhyiHijmij

[(ρΓ
∂p

∂y
)n
i+1/2j − (ρΓ

∂p

∂y
)n
i−1/2j ]+

+
∆tn

ρn
KijhxiHijmij

[(ρK
∂p

∂x
)n
i+1/2j − (ρK

∂p

∂x
)n
i−1/2j ] +

∆tn

ρn
KijhyiHijmij

[(ρK
∂p

∂y
)n
i+1/2j − (ρK

∂p

∂y
)n
i−1/2j ]+

+
∆tn

hxihyiHijmijρn
Kij

[
N1∑

i=1

%n
K,Hδij −

N2∑

i=1

%n
K,∂δij ]− hxihyi∆tnNn

K+

+
∆tn

hxihyiHijmijρn
Hij

N2∑

i=1

%n
Hδij + +

∆tn

hxihyiHijmijρn
Γij

N2∑

i=1

%n
Γδij = 1. (15)

Óðàâíåíèå (15) ÿâëÿåòñÿ íåëèíåéíûì îòíîñèòåëüíî äàâëåíèÿ. Äëÿ íàõîæäåíèÿ äàâëåíèÿ óðàâ-
íåíèå ðåøàåòñÿ èòåðàöèîííûì ìåòîäîì ïåðåìåííûõ íàïðàâëåíèé [4,5]. ×èñëî èòåðàöèé çàäàåò-
ñÿ òàêèì îáðàçîì, ÷òîáû äèñáàëàíñ ïî ôàçàì áûë íåçíà÷èòåëüíûì. Çàòåì, ïî èçâåñòíîìó pn

ij è
sn+1
Bij , sn+1

Hij , sn+1
Γij , sn+1

Kij , èç ñîîòíîøåíèé (11)�(14) íàõîäèòñÿ òåìïåðàòóðà ïëàñòà ïóòåì ðåøåíèÿ
óðàâíåíèÿ (8) âûøåïðèâåäåííûì èòåðàöèîííûì ìåòîäîì.

×èñëåííûå ðåçóëüòàòû
Ðàñ÷åòû ïðîâîäèëèñü äëÿ îáúåêòîâ ñî ñëåäóþùèìè îñíîâíûìè áàçîâûìè ãåîëîãî-ôèçè÷åñêèìè

óñëîâèÿìè: âÿçêîñòü íåôòè â ïëàñòîâûõ óñëîâèÿõ 260 ìÏàñ; ýôôåêòèâíàÿ íåôòåíàñûùåííàÿ
òîëùèíà ïëàñòà 15 ì; ïðîíèöàåìîñòü 2 ìêì; ïîðèñòîñòü 32%; ãëóáèíà çàëåãàíèÿ 400 ì; íà-
÷àëüíàÿ íåôòåíàñûùåííîñòü 0,78 [6�8]. Áàçîâàÿ ïëîòíîñòü ñåòêè ñêâàæèí 2 ãà/ñêâ. Ñèñòåìà
ðàçìåùåíèÿ ñêâàæèí îáðàùåííàÿ: øåñòèòî÷å÷íàÿ. Ñðîê ðàçðàáîòêè îáúåêòà íà áàçîâîì ðåæè-
ìå âî âñåõ âàðèàíòàõ îãðàíè÷èâàëñÿ 25 ãîäàìè, à ïðè ïàðîòåïëîâîì âîçäåéñòâèè � äîñòèæåíèåì
98%-íîé îáâîäíåííîñòè äîáûâàåìîé ïðîäóêöèè. Íà ðèñóíêå 1 ïðåäñòàâëåí îäèí èç âàðèàíòîâ
ðàçðàáîòêè ìåñòîðîæäåíèÿ (6-òî÷å÷íàÿ ñõåìà ðàçðàáîòêè), ãäå â öåíòðàëüíîé (ãàçîâîé) îáëà-
ñòè ðàñïîëîæåí ðÿä èç äâóõ íàãíåòàòåëüíûõ ñêâàæèí, à ïî êðàÿì ìåñòîðîæäåíèÿ (â íåôòÿíûõ
îáëàñòÿõ) ðàçìåùåíû äâà ðÿäà èç ÷åòûðåõ äîáûâàþùèõ ñêâàæèí.

Äëÿ êàæäîãî àíàëèçèðóåìîãî ïàðàìåòðà èññëåäîâàëèñü çàâèñèìîñòè ïîêàçàòåëåé èçâëå÷å-
íèÿ íåôòè: êîýôôèöèåíòû íåôòåîòäà÷è íà åñòåñòâåííîì ðåæèìå è ïðè ïðèìåíåíèè ïðîöåññà
ïàðîòåïëîâîãî âîçäåéñòâèÿ, à òàêæå ïðèðîñò êîýôôèöèåíòà íåôòåîòäà÷è. Èññëåäîâàëèñü òàê-
æå çàâèñèìîñòè óäåëüíîãî ðàñõîäà ïàðà íà îáùóþ äîáû÷ó íåôòè ïðè ïàðîòåïëîâîì âîçäåé-
ñòâèè è íà äîïîëíèòåëüíóþ íåôòü çà âåñü ïåðèîä ðàçðàáîòêè îáúåêòà.
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Ðèñ. 1: Âàðèàíò ðàçðàáîòêè ìåñòîðîæäåíèÿ.

Ðèñ. 2: Ðàñïðåäåëåíèå äàâëåíèÿ ïëàñòà äëÿ ñðåäíåé ñòàäèè ðàçðàáîòêè.

Íà ðèñóíêàõ 2, 3 ïðåäñòàâëåíî ðàñïðåäåëåíèå äàâëåíèÿ, òåìïåðàòóðû, íàñûùåííîñòè íåô-
òè, ãàçà äëÿ ñðåäíåé ñòàäèè ðàçðàáîòêè ìåñòîðîæäåíèÿ, ñîîòâåòñòâóþùåãî ðèñóíêó 1. Çíà÷è-
òåëüíîå âëèÿíèå íà ýôôåêòèâíîñòü ïðîöåññà ïàðîòåïëîâîãî âîçäåéñòâèÿ îêàçûâàåò âÿçêîñòü
ïëàñòîâîé íåôòè. Ðàñ÷åòû ïîêàçûâàþò, ÷òî îáùàÿ íåôòåîòäà÷à ïëàñòà ïðè ïàðîòåïëîâîì âîç-
äåéñòâèè ñíèæàåòñÿ ïðè óâåëè÷åíèè âÿçêîñòè íåôòè. Ýòî ñâÿçàíî, âî-ïåðâûõ, ñ íåáëàãîïðèÿò-
íûì èçìåíåíèåì ñîîòíîøåíèÿ ïîäâèæíîñòåé íåôòè è âûòåñíÿþùåãî àãåíòà, îñîáåííî â ìåíü-
øåé ñòåïåíè ïðîãðåâàåìûõ çîíàõ ïëàñòà. Êðîìå òîãî, ñ óâåëè÷åíèåì âÿçêîñòè íåôòè èçìåíÿåòñÿ
ýôôåêòèâíîñòü åå âûòåñíåíèÿ íåïîñðåäñòâåííî â çîíàõ ïàðîòåïëîâîãî âîçäåéñòâèÿ. Áîëåå âÿç-
êèå íåôòè ñîäåðæàò ìåíüøåå êîëè÷åñòâî ëåãêèõ ôðàêöèé, ÷òî ñíèæàåò âëèÿíèå íà ìåõàíèçì
èõ âûòåñíåíèÿ èñïàðåíèÿ è ïðèâîäèò ê óâåëè÷åíèþ îñòàòî÷íîé íåôòåíàñûùåííîñòè â çîíå
ïàðà è ñíèæåíèþ êîýôôèöèåíòà íåôòåîòäà÷è. Ñíèæåíèå íåôòåîòäà÷è ïëàñòà ñ óâåëè÷åíè-
åì âÿçêîñòè íåôòè ïðè ïàðîòåïëîâîì âîçäåéñòâèè ïðèâîäèò ê ñîîòâåòñòâóþùåìó óâåëè÷åíèþ
óäåëüíîãî ðàñõîäà ïàðà íà îáùóþ äîáû÷ó íåôòè è, â êîíå÷íîì èòîãå, ê óõóäøåíèþ îáùèõ
òåõíèêî-ýêîíîìè÷åñêèõ ïîêàçàòåëåé ðàçðàáîòêè îáúåêòîâ.
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Ðèñ. 3: Ðàñïðåäåëåíèå òåìïåðàòóðû ïëàñòà äëÿ ñðåäíåé ñòàäèè ðàçðàáîòêè.

Òàêèì îáðàçîì, ñ óâåëè÷åíèåì âÿçêîñòè íåôòè (â ïðåäåëàõ ðàññìàòðèâàåìûõ âåëè÷èí) ýô-
ôåêòèâíîñòü ïðèìåíåíèÿ ïðîöåññà ïàðîòåïëîâîãî âîçäåéñòâèÿ çà âåñü ïåðèîä ðàçðàáîòêè îáú-
åêòà âîçðàñòàåò. Ãëóáèíà çàëåãàíèÿ ïëàñòà âëèÿåò è íà ïîêàçàòåëè íåïîñðåäñòâåííî âûòåñíåíèÿ
íåôòè èç ïîðèñòîé ñðåäû ïàðîì. Ñ óâåëè÷åíèåì ãëóáèíû óâåëè÷èâàåòñÿ äàâëåíèå çàêà÷êè ïàðà
â ïëàñò, ñêðûòàÿ òåïëîòà ïàðîîáðàçîâàíèÿ êîòîðîãî óìåíüøàåòñÿ. Âëèÿíèå èçìåíåíèÿ ýôôåê-
òèâíîé òîëùèíû ïëàñòà íà ýôôåêòèâíîñòü ïàðîòåïëîâîãî âîçäåéñòâèÿ îïðåäåëÿåòñÿ äâóìÿ
ôàêòîðàìè. Ïðè óâåëè÷åíèè ýôôåêòèâíîé òîëùèíû ñíèæàåòñÿ äîëÿ òåïëà, óõîäÿùåãî èç ïëà-
ñòà â îêðóæàþùèå ïîðîäû. Îñîáåííî ýòîò ôàêòîð îêàçûâàåò ñèëüíîå âëèÿíèå íà íåôòåîòäà÷ó
ïëàñòà äî çíà÷åíèé åãî òîëùèíû 10-15 ì. Ñ äðóãîé ñòîðîíû, óâåëè÷åíèå ýôôåêòèâíîé òîëùè-
íû ïëàñòà ïðèâîäèò (îñîáåííî ñâûøå 10-15 ì) ê ñíèæåíèþ åãî îõâàòà âîçäåéñòâèåì. Îñîáåííî
ñèëüíîå âëèÿíèå íà ïðîöåññ ïàðîòåïëîâîãî âîçäåéñòâèÿ îêàçûâàåò ïîðèñòîñòü ïëàñòà � åå óâå-
ëè÷åíèå ïîâûøàåò ýôôåêòèâíîñòü èñïîëüçîâàíèÿ òåïëà è ïðèâîäèò ê óëó÷øåíèþ ïîêàçàòåëåé
ïðîöåññà.

Îáðàùàåò íà ñåáÿ âíèìàíèå òàêæå íàëè÷èå îïòèìóìà â çàâèñèìîñòÿõ ïðèðîñòà êîýôôè-
öèåíòà íåôòåîòäà÷è çà ñ÷åò ïðèìåíåíèÿ ïàðîòåïëîâîãî âîçäåéñòâèÿ îò ïðîíèöàåìîñòè ïëàñòà.
Íàëè÷èå îïòèìàëüíîé îáëàñòè îòìå÷àåòñÿ è â çàâèñèìîñòè ïðèðîñòà íåôòåîòäà÷è ïëàñòà ïðè
ïðèìåíåíèè ïðîöåññà ïàðîòåïëîâîãî âîçäåéñòâèÿ îò ïëîòíîñòè ñåòêè ñêâàæèí.

Â öåëîì ïîëó÷åííûå ðåçóëüòàòû ïîêàçûâàþò çíà÷èòåëüíîå âëèÿíèå ãåîëîãî-ôèçè÷åñêèõ
ïàðàìåòðîâ ïëàñòà íà ýôôåêòèâíîñòü ïðèìåíåíèÿ ïðîöåññà ïàðîòåïëîâîãî âîçäåéñòâèÿ.

Òàêèì îáðàçîì, èñïîëüçîâàíèå â êà÷åñòâå ïîêàçàòåëÿ ýôôåêòèâíîñòè ïðèðîñò êîýôôèöèåí-
òà íåôòåîòäà÷è ïëàñòà ïî ñðàâíåíèþ ñ áàçîâûì ðåæèìîì ðàçðàáîòêè è ñîîòâåòñòâóþùèé åìó
óäåëüíûé ðàñõîä ïàðà íà äîáû÷ó äîïîëíèòåëüíîé íåôòè ïîçâîëÿåò óòî÷íèòü âëèÿíèå íåêî-
òîðûõ ãåîëîãî-ôèçè÷åñêèõ ïàðàìåòðîâ íà ýôôåêòèâíîñòü ïðèìåíåíèÿ ìåòîäà ïàðîòåïëîâîãî
âîçäåéñòâèÿ íà ïëàñò.
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ÎÁ ÎÄÍÎÌ ÏÎÄÕÎÄÅ Ê ÍÀÕÎÆÄÅÍÈÞ ÍÀ×ÀËÜÍÎÃÎ
ÏÐÈÁËÈÆÅÍÈß ÐÅØÅÍÈß ÍÅËÈÍÅÉÍÎÉ

ÄÂÓÕÒÎ×Å×ÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È

Ê. Æ. Íàçàðîâà

Èíñòèòóò Ìàòåìàòèêè ÌÎèÍ ÐÊ
050010 Àëìàòû Ïóøêèíà, 125, anar@math.kz

Ïîñòðîåíà ñèñòåìà íåëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî ïàðàìåòðîâ äëÿ íàõîæäåíèÿ íà÷àëüíîãî
ïðèáëèæåíèÿ ðåøåíèÿ íåëèíåéíîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è. Ïðåäëîæåí ñïîñîá íàõîæäåíèÿ
ðåøåíèé ïîñòðîåííîé ñèñòåìû.

Íà îòðåçêå [0, T ] ðàññìàòðèâàåòñÿ íåëèíåéíàÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à

dx

dt
= f(t, x), t ∈ (0, T ), x ∈ Rn, (1)

g[x(0), x(T )] = 0, (2)

ãäå f : [0, T ]×Rn −→ Rn, g : Rn ×Rn −→ Rn � íåïðåðûâíûå ôóíêöèè.
Âîïðîñû ðàçðåøèìîñòè è ïîñòðîåíèÿ ïðèáëèæåííîãî ðåøåíèÿ çàäà÷è (1), (2) ðàçëè÷íûìè

ìåòîäàìè èññëåäîâàíû ìíîãèìè àâòîðàìè [1�9].
Â ðàáîòå [10] êðàåâàÿ çàäà÷à (1),(2) èññëåäîâàëàñü ìåòîäîì ïàðàìåòðèçàöèè [9], ãäå äîïîë-

íèòåëüíûå ïàðàìåòðû ââîäÿòñÿ êàê çíà÷åíèÿ ðåøåíèÿ â íà÷àëüíûõ òî÷êàõ èíòåðâàëîâ ðàçáèå-
íèÿ îòðåçêà [0, T ]. Ïðåäëîæåí ñïîñîá âûáîðà íà÷àëüíîãî ïðèáëèæåíèÿ ðåøåíèÿ çàäà÷è (1),(2)
îñíîâàííûé íà ðåøåíèè ñèñòåìû íåëèíåéíûõ óðàâíåíèé, ñîñòàâëåííîé èç êðàåâûõ óñëîâèé è
óñëîâèé ñêëåèâàíèÿ ðåøåíèÿ â òî÷êàõ ðàçáèåíèÿ îòðåçêà.

Â ðàáîòå [11] äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à (1),(2) äëÿ ñèñòåì îáûêíîâåííûõ äèôôåðåíöè-
àëüíûõ óðàâíåíèé èññëåäîâàëàñü ìîäèôèöèðîâàííûì ìåòîäîì ïàðàìåòðèçàöèè, ãäå äîïîëíè-
òåëüíûå ïàðàìåòðû ââîäÿòñÿ êàê çíà÷åíèÿ ðåøåíèÿ â ñåðåäèíàõ èíòåðâàëîâ ðàçáèåíèÿ îòðåçêà
[0, T ].

Â íàñòîÿùåé ðàáîòå ïðîáëåìà âûáîðà íà÷àëüíîãî ïðèáëèæåíèÿ èññëåäóåòñÿ íà îñíîâå ìî-
äèôèöèðîâàííîãî ìåòîäà ïàðàìåòðèçàöèè.

Keywords: Di�erential equation, the parameterization's method, the non-uniform partition, the correct solvability.
2010 Mathematics Subject Classi�cation: 34B40
c
 Ê. Æ. Íàçàðîâà, 2010.
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Èñïîëüçóÿ ìåòîäèêó ðàáîòû [11] ïî øàãó ðàçáèåíèÿ h̃ = 2h > 0 : 2Nh = T è ôóíêöèÿì f, g è
÷èñëó ïîäñòàíîâîê ν ∈ N, ñîñòàâèì ñèñòåìó íåëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ
ïàðàìåòðîâ λ ∈ RnN :

h̃g

[
λ1 +

0∫

h

f(τ1, λ1 + . . . +

τν−1∫

h

f(τν , λ1 + u1(τν))dτν . . .)dτ1,

λN +

Neh∫

(2N−1)h

f(τ1, λN + . . . +

τν−1∫

(2N−1)h

f(τν , λN + uN (τν))dτν . . .)dτ1

]
= 0, (3)

λs +

seh∫

(2s−1)h

f(τ1, λs + . . . +

τν−1∫

(2s−1)h

f(τν , λs + us(τν))dτν . . .)dτ1 − λs+1−

−
seh∫

(2s+1)h

f(τ1, λs+1 + . . . +

τν−1∫

(2s+1)h

f(τν , λs+1 + us+1(τν))dτν . . .)dτ1] = 0, s = 1, N − 1, (4)

êîòîðóþ çàïèøåì â âèäå
Q

ν,eh(λ, u) = 0, λ ∈ RnN . (5)

Âûáåðåì øàã h̃ = 2h > 0 : 2Nh = T, âåêòîð λ(0) = (λ(0)
1 , λ

(0)
2 , . . . , λ

(0)
N )′ ∈ RnN . Âîçüìåì

λ(0) ∈ G0(f, h̃), åìó ñîîòâåòñòâóþùóþ u(0)[t], íåïðåðûâíûå íà [(r − 1)h̃, rh̃] ôóíêöèè Rr(t) ≥
0, r = 1, N, ÷èñëî ρ > 0 è ïîñòðîèì ìíîæåñòâà:

S(λ(0), ρ) =
{
λ = (λ1, . . . , λN )

′ ∈ RnN : ‖λr − λ(0)
r ‖ < ρ, r = 1, N

}
,

S(u(0)[t], R[t]ρ) =
{
u[t] = (u1(t), . . . , uN (t))

′
, u[t] ∈ C([0, T ], h̃, RnN ) :

‖ur(t)− u(0)
r (t)‖ < Rr(t)ρ, t ∈ [(r − 1)h̃, rh̃), r = 1, N

}
,

G0
1(R[t], ρ) =

{
(t, x) : t ∈ [0, T ], ‖x− λ(0)

r − u(0)
r (t)‖ < [Rr(t) + 1]ρ,

t ∈ [(r − 1)h̃, rh̃), r = 1, N,

‖x− λ
(0)
N − lim

t→T−0
u

(0)
N (t)‖ < [RN (T ) + 1]ρ, t = T

}
,

G0
2(R[t], ρ) =

{
(ϑ, ω) : ‖ϑ− λ

(0)
1 − u

(0)
1 (0)‖ ≤ [R1(0) + 1]ρ,

‖ω − λ
(0)
N − lim

t→T−0
u

(0)
N (t)‖ ≤ [RN (T ) + 1]ρ.

}
.

×åðåç U0(f, g, L(t), L1, L2, h̃) îáîçíà÷èì ñîâîêóïíîñòü (λ(0), u(0)[t], R[t], ρ) ïðè êîòîðûõ ôóíê-
öèè f(t, x), g(v, w) ñîîòâåòñòâåííî â G0

1(R[t], ρ), G0
2(R[t], ρ) èìåþò ðàâíîìåðíî íåïðåðûâíûå

÷àñòíûå ïðîèçâîäíûå f
′
x(t, x), g

′
v(v, w), g

′
w(v, w) è âûïîëíÿþòñÿ íåðàâåíñòâà:

‖f ′x(t, x)‖ ≤ L(t), ‖g′v(v, w)‖ ≤ L1, ‖g′w(v, w)‖ ≤ L2,

ãäå íåïðåðûâíàÿ íà [0, T ] ôóíêöèÿ L(t) óäîâëåòâîðÿåò ñîîòíîøåíèÿì:

e

(2r−1)hR
t

L(τ)dτ
− 1 ≤ Rr(t), t ∈ [(r − 1)h̃, (2r − 1)h), r = 1, N,
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e

tR
(2r−1)h

L(τ)dτ

− 1 ≤ Rr(t), t ∈ [(2r − 1)h, rh̃), r = 1, N,

à L1, L2− ïîñòîÿííûå.
Îäíèì èç îñíîâíûõ óñëîâèé ïðèìåíåíèÿ ìåòîäà ïàðàìåòðèçàöèè äëÿ íàõîæäåíèÿ ðåøåíèÿ

íåëèíåéíûõ êðàåâûõ çàäà÷ ÿâëÿåòñÿ âûáîð íà÷àëüíîãî ïðèáëèæåíèÿ ïî ïàðàìåòðó � λ(0). Åñëè
íåèçâåñòíà îáëàñòü ïðèíàäëåæíîñòè ðåøåíèÿ ðàññìàòðèâàåìîé êðàåâîé çàäà÷è, òî èñïîëüçóÿ
íà÷àëüíîå óñëîâèå u[(r−1)h̃] = 0, r = 1, N, îïðåäåëèì êîìïîíåíòû ïàðàìåòðà λ(0) èç ñèñòåìû
óðàâíåíèé (5). Ïóñòü λ(0) ∈ G0(f, h̃) ðåøåíèå ñèñòåì óðàâíåíèé (5) è (λ(0), u(0)[t], R[t], ρ) ∈
U0(f, g, L(t), L1, L2, h̃).

Ñëåäóþùåå óòâåðæäåíèå óñòàíàâëèâàåò îöåíêó ðàçíîñòè ìåæäó λ(0)− ðåøåíèåì (5) è ïàðà-
ìåòðîì λ∗, êîìïîíåíòû êîòîðîãî ñîñòàâëåíû èç çíà÷åíèé ðåøåíèÿ çàäà÷è (1), (2) â ñåðåäèíàõ
èíòåðâàëîâ ðàçáèåíèÿ îòðåçêà [0, T ].

Òåîðåìà 1. Åñëè ìàòðèöà ßêîáè
∂Q

ν,eh(λ, u)

∂λ
îáðàòèìà ïðè âñåõ (λ, u) ∈

S(λ(0), ρ)× S(u(0)[t], R[t]ρ) è âûïîëíÿþòñÿ íåðàâåíñòâà 1), 2), 3) òåîðåìû 1 èç [7], òî èìååò
ìåñòî îöåíêà

‖λ∗ − λ(0)‖ ≤ γν(h̃)

1− qν(h̃)
max(1, h̃max(L1, L2))×

× max
r=1,N

sup
t∈[(r−1)eh,reh)

∥∥∥
t∫

(2r−1)h

f(τ, λ(0)
r )dτ

∥∥∥×

×e

∣∣ tR
(2r−1)h

L(τ)dτ
∣∣
1
ν!

[( (2r−1)h∫

(r−1)eh L(t)dt
)ν

+
( reh∫

(2r−1)h

L(t)dt
)ν

]
. (6)

Äîêàçàòåëüñòâî. Ó÷èòûâàÿ ñòðóêòóðó îïåðàòîðà Q
ν,eh(λ, u) è ðàâåíñòâî Q

ν,eh(λ(0), 0) = 0, èç
íåðàâåíñòâà à) òåîðåìû 1 èç [9] ïðè k = 0 ïîëó÷èì:

‖λ∗ − λ(0)‖ ≤ γν(h̃)

1− qν(h̃)
‖Q

ν,eh(λ(0), u(0))‖ =
γν(h̃)

1− qν(h̃)
‖Q

ν,eh(λ(0), u(0))−

−Q
ν,eh(λ(0), 0)‖ ≤ γν(h̃)

1− qν(h̃)

{
max(1, h̃L1)×

× max
r=1,N

∣∣∣
(r−1)eh∫

(2r−1)h

L(τ1) . . .

τν−1∫

(2r−1)h

L(τν)‖u(0)
r (τν)‖dτν . . . dτ1

∣∣∣ + max(1, h̃L2)×

× max
r=1,N

reh∫

(2r−1)h

L(τ1) . . .

τν−1∫

(2r−1)h

L(τν)‖u(0)
r (τν)‖dτν . . . dτ1

}
≤

≤ γν(h̃)

1− qν(h̃)
max(1, h̃max(L1, L2))× max

r=1,N
sup

t∈[(r−1)eh,reh)

‖u(0)
r (t)‖×

× 1
ν!

[∣∣∣
( (2r−1)h∫

(r−1)eh L(t)dt
)ν∣∣∣ +

( reh∫

(2r−1)h

L(t)dt
)ν]

. (7)
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Èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà-Áåëëìàíà [11] îöåíèì u
(0)
r (t) :

‖u(0)
r (t)‖ ≤

∥∥∥
t∫

(2r−1)h

f(τ, λ(0)
r )dτ

∥∥∥e

∣∣ tR
(2r−1)h

L(τ)dτ
∣∣
. (8)

Ó÷èòûâàÿ (8), èç (7) ïîëó÷èì íåðàâåíñòâî (6). Òåîðåìà 1 äîêàçàíà.
Èç îöåíêè (6) âèäíî, ÷òî íà÷àëüíîå ïðèáëèæåíèå ïî ïàðàìåòðó áóäåò òåì áëèæå ê òî÷íîìó

ðåøåíèþ λ∗, ÷åì ìåíüøå øàã ðàçáèåíèÿ h̃ > 0 èëè ÷åì áîëüøå ÷èñëî ïîäñòàíîâîê ν ∈ N. Íà-
÷àëüíîå ïðèáëèæåíèå ïî ïàðàìåòðó λ(0) ∈ RnN áóäåì èñêàòü êàê ðåøåíèå ñèñòåì óðàâíåíèé (5).
Ñèñòåìà óðàâíåíèé (3),(4) ÿâëÿåòñÿ ñëîæíîé íåëèíåéíîé ñèñòåìîé ðàçìåðíîñòè nN. Îäíàêî
ýòà ñèñòåìà ïîëíîñòüþ îïðåäåëÿåòñÿ ïî èñõîäíûì äàííûì çàäà÷è è äëÿ íàõîæäåíèÿ åãî ðå-
øåíèÿ λ(0) ∈ RnN ìîæíî ïðèìåíèòü èçâåñòíûå ìåòîäû òåîðèè íåëèíåéíûõ ñèñòåì óðàâíåíèé.
Ðàññìîòðèì ñèñòåìó (5) ïðè íåêîòîðûõ ν ∈ N, h̃ > 0 : 2Nh = T :

Q
ν,eh(λ, 0) = 0, λ ∈ RnN , (9)

êîòîðàÿ â âåêòîðíî êîîðäèíàòíîé ôîðìå èìååò âèä:

h̃g

[
λ1 +

0∫

h

f(τ1, λ1 + . . . +

τν−1∫

h

f(τν , λ1)dτν . . .)dτ1,

λN +

Neh∫

(2N−1)h

f(τ1, λN + . . . +

τν−1∫

(2N−1)h

f(τν , λN )dτν . . .)dτ1

]
= 0, (10)

λs +

seh∫

(2s−1)h

f(τ1, λs + . . . +

τν−1∫

(2s−1)h

f(τν , λs)dτν . . .)dτ1−

−λs+1 −
seh∫

(2s+1)h

f(τ1, λs+1 + . . . +

τν−1∫

(2s+1)h

f(τν , λs+1)dτν . . .)dτ1] = 0. (11)

Ïóñòü λ̃
ν,eh = (λ̃1, λ̃2, ..., λ̃N ) � ðåøåíèå ñèñòåìû (9). Äàëåå ðàññìîòðèì ñèñòåìó (9) ïðè íåêîòî-

ðîì ν ∈ N, ĥ = eh
2 , êîòîðàÿ çàïèñûâàåòñÿ â âèäå ñèñòåì óðàâíåíèé ðàçìåðíîñòè 2nN :

ĥg

[
λ1 +

0∫

bh
2

f(τ1, λ1 + . . . +

τν−1∫

bh
2

f(τν , λ1)dτν . . .)dτ1,

λ2N +

T∫

(4N−1)
bh
2

f(τ1, λ2N + . . . +

τν−1∫

(4N−1)
bh
2

f(τν , λ2N )dτν . . .)dτ1

]
= 0, (12)

λs +

sbh∫

(2s−1)
bh
2

f(τ1, λs + . . . +

τν−1∫

(2s−1)
bh
2

f(τν , λs)dτν . . .)dτ1−
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−λs+1 −
sbh∫

(2s+1)
bh
2

f(τ1, λs+1 + . . . +

τν−1∫

(2s+1)
bh
2

f(τν , λs+1)dτν . . .)dτ1] = 0, s = 1, 2N − 1, (13)

ò.å.
Q

ν,bh(λ, 0) = 0, λ ∈ R2nN . (14)

Íà÷àëüíîå ïðèáëèæåíèå λ̂
ν,bh = (λ̂1, λ̂2, ..., λ̂2N ) ñèñòåìû íåëèíåéíûõ óðàâíåíèé (14) îïðåäåëèì

ñëåäóþùèì îáðàçîì:

λ̂1 = λ̃1 +

bh
2∫

bh f(τ1, λ̃1 + . . . +

τν−1∫

bh f(τν , λ̃1)dτν . . .)dτ1,

λ̂2 = λ̃1 +

3bh
2∫

bh f(τ1, λ̃1 + . . . +

τν−1∫

bh f(τν , λ̃1)dτν . . .)dτ1,

λ̂3 = λ̃2 +

5bh
2∫

3bh f(τ1, λ̃2 + . . . +

τν−1∫

3bh f(τν , λ̃2)dτν . . .)dτ1,

λ̂4 = λ̃2 +

7bh
2∫

3bh f(τ1, λ̃2 + . . . +

τν−1∫

3bh f(τν , λ̃2)dτν . . .)dτ1,

· · · · · · · · · · · · · · ·

λ̂2s−1 = λ̃s +

(4s−3)bh
2∫

(2s−1)bh f(τ1, λ̃s + . . . +

τν−1∫

(2s−1)bh f(τν , λ̃s)dτν . . .)dτ1, (15)

λ̂2s = λ̃s +

(4s−1)bh
2∫

(2s−1)bh f(τ1, λ̃s + . . . +

τν−1∫

(2s−1)bh f(τν , λ̃s)dτν . . .)dτ1, s = 1, N. (16)

Âçÿâ λ̂
ν,bh, ÷èñëî ρ1 > 0, ïîñòðîèì ìíîæåñòâà:

S(λ̂
ν,bh, ρ1) =

{
(λ̂1, λ̂2, ..., λ̂2N )

′ ∈ R2nN : ‖λr − λ̂r‖ < ρ1, r = 1, 2N
}
,

G0
1(λ̂ν,bh, ρ1) =

{
(t, x) : t ∈ [0, T ], ‖x− λ̂s‖ < ρ1, t ∈ [(s− 1)ĥ, sĥ), s = 1, 2N,

G0
2(λ̂ν,bh, ρ1) =

{
(ϑ, ω) : ‖ϑ− λ̂1‖ ≤ ρ1, ‖ω − λ̂2N − ‖ ≤ ρ1

}
.

Òåîðåìà 2. Ïóñòü λ̃
ν,eh � ðåøåíèå ñèñòåìû (9) è ôóíêöèè f(t, x), g(v, w) ñîîòâåòñòâåííî â

G1(λ̂ν,bh, ρ1), G2(λ̂ν,bh, ρ1) èìååò ðàâíîìåðíî íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå f ′x(t, x), g′v(v, w),

g′w(v, w), ìàòpèöà ßêîáè
∂Q

ν,bh(λ, 0)

∂λ
îápàòèìà äëÿ âñåõ λ ∈ S(λ̂

ν,bh, ρ1) è âûïîëíåíû ñëåäóþùèå
íåðàâåíñòâà:
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1)
∥∥
[∂Q

ν,bh(λ, 0)

∂λ

]−1∥∥∥ ≤ γν(ĥ), 2) γν(ĥ)‖Q
ν,bh(λ̂

ν,bh, 0)‖ < ρ1.

Òîãäà ñóùåñòâóåò λ
ν,bh ∈ S(λ̂

ν,bh, ρ1) � èçîëèðîâàííîå ðåøåíèå óðàâíåíèÿ (14), äëÿ êîòîðîãî
ñïðàâåäëèâû îöåíêè:

‖λ
ν,bh − λ̂

ν,bh‖ ≤ γν(ĥ)max
(
1, ĥmax(L1, L2)

) ĥ

2
M · 1

(ν − 1)!
×

× max
s=1,2N

{∣∣
(s−1)bh∫

(2s−1)
bh
2

L(t)dt
∣∣ν−1 +

( sbh∫

(2s−1)
bh
2

L(t)dt
)ν−1

}
, (17)

ãäå M = max
j=1,N

max
r=1,2N

sup
t∈[(r−1)eh,reh)

‖f(t, λj)‖.

Äîêàçàòåëüñòâî. Òàê êàê îïåðàòîð Q
ν,bh(λ, 0) â S(λ̂

ν,bh, ρ1) óäîâëåòâîðÿåò âñåì ïðåäïîëîæå-
íèÿì òåîðåìû 1 èç [9], òî ñóùåñòâóåò ÷èñëî α ≥ 1 òàêîå, ÷òî ïîñëåäîâàòåëüíîñòü

{
λ

(m)

ν,bh }
,

m = 0, 1, 2, . . . , îïpåäåëÿåìàÿ èòåpàöèîííûì ïpîöåññîì: λ
(0)

ν,bh = λ̂
ν,bh,

λ
(m+1)

ν,bh = λ
(m)

ν,bh − 1
α

[∂Q
ν,bh(λ(m)

ν,bh , 0)

∂λ

]−1
·Q

ν,bh(λ(m)

ν,bh , 0),

ñõîäèòñÿ ê λ
ν,bh � èçîëèðîâàííîìó ðåøåíèþ ñèñòåì óðàâíåíèé (14) â S(λ̂

ν,bh, ρ1) è èìååò ìåñòî
íåðàâåíñòâî:

‖λ
ν,bh − λ̂

ν,bh‖ ≤ γν(ĥ)‖Q
ν,bh(λ, 0)‖. (18)

Ó÷èòûâàÿ, ÷òî Q
ν,eh(λ, 0) = 0 îöåíèì íîðìó îïåðàòîðà Q

ν,bh(λ, 0) :

‖Q
ν,bh(λ, 0)‖ ≤ max

{
ĥ

∥∥∥∥∥g

[
λ̂1 +

0∫

bh
2

f(τ1, λ̂1 + . . . +

τν−1∫

bh
2

f(τν , λ̂1)dτν . . .)dτ1,

λ̂2N +

T∫

(4N−1)
bh
2

f(τ1, λ̂2N + . . . +

τν−1∫

(4N−1)
bh
2

f(τν , λ̂2N )dτν . . .)dτ1

]
−

−g

[
λ̃1 +

0∫

bh f(τ1, λ̃1 + . . . +

τν−1∫

bh f(τν , λ̃1)dτν . . .)dτ1,

λ̃N +

T∫

(2N−1)bh f(τ1, λ̃N + . . . +

τν−1∫

(2N−1)bh f(τν , λ̃N )dτν . . .)dτ1

]∥∥∥∥∥,

max
s=1,2N−1

∥∥∥∥∥λ̂s +

sbh∫

(2s−1)
bh
2

f(τ1, λ̂s + . . . +

τν−1∫

(2s−1)
bh
2

f(τν , λ̂s)dτν . . .)dτ1−
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−λ̂s+1 −
sbh∫

(2s+1)
bh
2

f(τ1, λ̂s+1 + . . . +

τν−1∫

(2s+1)
bh
2

f(τν , λ̂s+1)dτν . . .)dτ1]−

−λ̃s −
seh∫

(2s−1)bh f(τ1, λ̃s + . . . +

τν−1∫

(2s−1)bh f(τν , λs)dτν . . .)dτ1+

+λ̃s+1 +

seh∫

(2s+1)bh f(τ1, λ̃s+1 + . . . +

τν−1∫

(2s+1)bh f(τν , λ̃s+1)dτν . . .)dτ1]

∥∥∥∥∥

}
≤

≤ max
(
1, ĥmax(L1, L2)

) ĥ

2
M · 1

(ν − 1)!
×

× max
s=1,2N

{∣∣∣
(s−1)bh∫

(2s−1)
bh
2

L(t)dt
∣∣∣
ν−1

+
( sbh∫

(2s−1)
bh
2

L(t)dt
)ν−1

}
, (19)

ãäå M = max
j=1,N

max
r=1,2N

sup
t∈[(r−1)bh,rbh)

‖f(t, λ̂j)‖.

Ïîäñòàâëÿÿ â (18) ïðàâóþ ÷àñòü (19), ïîëó÷èì ñïðàâåäëèâîñòü îöåíêè (17). Èç ïîëó÷åííîé
îöåíêè âèäíî, ÷òî íîðìà ðàçíîñòè λ

ν,bh − λ̂
ν,bh ïðè óâåëè÷åíèè ÷èñëà ðàçáèåíèé N ñòàíîâèòñÿ

ìàëîé âåëè÷èíîé. Çäåñü ìû îñóùåñòâèëè ïðîäâèæåíèå ïî øàãó 2h èñõîäÿ èç ðåøåíèÿ ñèñòåì
óðàâíåíèé (9) ïðè íåêîòîðûõ ν, h̃. Òåïåðü îñóùåñòâèì ïðîäâèæåíèå ïî ν. Ïóñòü λ̃

ν,eh ∈ RnN

ðåøåíèÿ ñèñòåì óðàâíåíèé (10),(11). Ðàññìîòðèì ïðè íåêîòîðûõ ν + 1, h̃ ñèñòåìó íåëèíåéíûõ
óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ ïàðàìåòðîâ λ :

Q
ν+1,eh(λ, 0) = 0, λ ∈ RnN . (20)

Äëÿ îïðåäåëåíèÿ ðåøåíèÿ óðàâíåíèé âîñïîëüçóåìñÿ ñíîâà òåîðåìîé 1 èç [9]. Â êà÷åñòâå íà-
÷àëüíîãî ïðèáëèæåíèÿ âîçüìåì âåêòîð λ̃

ν,eh ∈ RnN � ðåøåíèå óðàâíåíèÿ (9). Âçÿâ λ̃
ν,eh, ÷èñëî

ρ2 > 0, ïîñòðîèì ìíîæåñòâà:

S(λ̃
ν,eh, ρ2) =

{
(λ̃1, λ̃2, ..., λ̃N )

′ ∈ RnN : ‖λr − λ̃r‖ < ρ2, r = 1, N
}
,

G0
1(λ̃ν,eh, ρ2) =

{
(t, x) : t ∈ [0, T ], ‖x− λ̃s‖ < ρ2, t ∈ [(s− 1)h, sh), s = 1, N,

G0
2(λ̃ν,eh, ρ2) =

{
(ϑ, ω) : ‖ϑ− λ̃1‖ ≤ ρ2, ‖ω − λ̃N‖ ≤ ρ2

}
.

Òåîðåìà 3. Ïóñòü λ̃
ν,eh � ðåøåíèå ñèñòåìû (9) è ôóíêöèè f(t, x), g(v, w) ñîîòâåòñòâåííî â

G1(λ̃ν,eh, ρ2), G2(λ̃ν,eh, ρ2) èìåþò ðàâíîìåðíî íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå f ′x(t, x), g′v(v, w),

g′w(v, w), ìàòpèöà ßêîáè
∂Q

ν+1,eh(λ, 0)

∂λ
îápàòèìà äëÿ âñåõ λ ∈ S(λ̃

ν,eh, ρ2) è âûïîëíåíû ñëåäóþ-
ùèå íåðàâåíñòâà:

1)
∥∥
[∂Q

ν+1,eh(λ, 0)

∂λ

]−1∥∥∥ ≤ γν+1(h̃), 2) γν+1(h̃)‖Q
ν+1,eh(λ̃

ν+1,eh, 0)‖ < ρ2.

Òîãäà ñóùåñòâóåò λ
ν+1,eh ∈ S(λ̃

ν,eh, ρ2) � èçîëèðîâàííîå ðåøåíèå óðàâíåíèÿ (20), äëÿ êîòîðîãî
ñïðàâåäëèâû îöåíêè:

‖λ
ν+1,eh − λ̃

ν,eh‖ ≤ γν(h̃)max
(
1, h̃max(L1, L2)

) h̃

2
M · 1

ν!
×
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× max
s=1,N

{∣∣∣
(s−1)eh∫

(2s−1)
eh
2

L(t)dt
∣∣∣
ν

+
( seh∫

(2s−1)
eh
2

L(t)dt
)ν

}
, (21)

ãäå M = max
j=1,N

max
r=1,N

sup
t∈[(r−1)eh,reh)

‖f(t, λ̃j)‖.

Äîêàçàòåëüñòâî. Òàê êàê îïåðàòîð Q
ν+1,eh(λ, 0) â S(λ̃

ν,eh, ρ2) óäîâëåòâîðÿåò âñåì ïðåäïîëî-
æåíèÿì òåîðåìû 1 èç [11], òî ñóùåñòâóåò ÷èñëî α ≥ 1 òàêîå, ÷òî ïîñëåäîâàòåëüíîñòü

{
λ

(m)

ν+1,eh}
,

m = 0, 1, 2, . . . , îïpåäåëÿåìàÿ èòåpàöèîííûì ïpîöåññîì λ
(0)

ν+1,eh = λ̃
ν,eh,

λ
(m+1)

ν+1,eh = λ
(m)

ν+1,eh − 1
α

[∂Q
ν+1,eh(λ(m)

ν+1,eh, 0)

∂λ

]−1
·Q

ν+1,eh(λ(m)

ν+1,eh, 0),

ñõîäèòñÿ ê λ
ν+1,eh � èçîëèðîâàííîìó ðåøåíèþ ñèñòåì óðàâíåíèé (20) â S(λ̃

ν,eh, ρ2) è èìååò ìåñòî
íåðàâåíñòâî:

‖λ
ν+1,eh − λ̃

ν,eh‖ ≤ γν+1(h̃)‖Q
ν+1,eh(λ, 0)‖. (22)

Ó÷èòûâàÿ, ÷òî Q
ν,eh(λ, 0) = 0, îöåíèì íîðìó îïåðàòîðà Q

ν+1,eh(λ, 0) :

‖Q
ν+1,eh(λ, 0)‖ = ‖Q

ν+1,eh(λ, 0)−Q
ν,eh(λ, 0)‖ ≤

≤ max
(
1, h̃max(L1, L2)

) h̃

2
M · 1

ν!
×

× max
s=1,N

{∣∣∣
(s−1)eh∫

(2s−1)
eh
2

L(t)dt
∣∣∣
ν

+
( seh∫

(2s−1)
eh
2

L(t)dt
)ν

}
, (23)

ãäå M = max
j=1,N

max
r=1,N

sup
t∈[(r−1)eh,reh)

‖f(t, λ̃j)‖.

Ïîäñòàâëÿÿ â (22) íåðàâåíñòâî (23), ïîëó÷èì ñïðàâåäëèâîñòü îöåíêè (21). Òàêèì îáðà-
çîì, ââåäåíèå äîïîëíèòåëüíûõ ïàðàìåòðîâ ïîçâîëÿåò ïðîáëåìó âûáîðà íà÷àëüíîãî ïðèáëèæå-
íèÿ äëÿ íåëèíåéíîé äâóõòî÷å÷íîé êðàåâîé çàäà÷è (1), (2) ñâåñòè ê íàõîæäåíèþ λ(0) ∈ RnN

� ðåøåíèÿ ñèñòåìû óðàâíåíèé (9). Ïðîäâèæåíèå ïî ÷èñëó ïîäñòàíîâîê ν ∈ N è ïî øàãó
h > 0 : 2Nh = T îñóùåñòâëÿåòñÿ íà îñíîâå èòåðàöèîííûõ ïðîöåññîâ, ãäå â êà÷åñòâå íà÷àëüíîãî
ïðèáëèæåíèÿ áåðåòñÿ ðåøåíèå óðàâíåíèÿ (9) ïðè ïðåäûäóùèõ ïàðàìåòðîâ ν è h̃.
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ÔÎÒÎÃÐÀÂÈÒÀÖÈÎÍÍÎÉ ÏËÎÑÊÎÉ ÇÀÄÀ×Å ÒÐÅÕ ÒÅË

À. Ò. Òóðåøáàåâ

Êûçûëîðäèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Êîðêûò Àòà
120014 Êûçûëîðäà Àéòåêå Áè, 29À aturesh@mail.ru

Ðàññìàòðèâàåòñÿ ôîòîãðàâèòàöèîííàÿ îãðàíè÷åííàÿ çàäà÷à òðåõ òåë, â êîòîðîé îáà îñíîâíûõ ãðà-
âèòèðóþùèõ òåëà ÿâëÿþòñÿ èñòî÷íèêàìè èçëó÷åíèÿ ñâåòîâîé ýíåðãèè.

Ïðîâåäåí íåëèíåéíûé àíàëèç óñòîé÷èâîñòè òðåõïàðàìåòðè÷åñêîãî ñåìåéñòâà òðåóãîëüíûõ òî-
÷åê ëèáðàöèè (ëàãðàíæåâûõ ðåøåíèé) â ïðîñòðàíñòâå ïàðàìåòðîâ ñèñòåìû ñ ó÷åòîì ðåçîíàíñíûõ
ðåæèìîâ 3-ãî è 4-ãî ïîðÿäêîâ.

Â ñâÿçè ñ âîçðîñøèì èíòåðåñîì ê èññëåäîâàíèþ êîñìè÷åñêîãî ïðîñòðàíñòâà â ïîñëåäíèå
äåñÿòèëåòèÿ îñîáîå âíèìàíèå ó÷åíûõ áûëî óäåëåíî èçó÷åíèþ ïðèêëàäíûõ çàäà÷ íåáåñíîé ìå-
õàíèêè è êîñìîäèíàìèêè, ñðåäè êîòîðûõ öåíòðàëüíîå ìåñòî çàíèìàåò ôîòîãðàâèòàöèîííàÿ çà-
äà÷à òðåõ òåë, êîòîðàÿ ÿâëÿåòñÿ ïðîñòåéøåé äèíàìè÷åñêîé ìîäåëüþ, àäåêâàòíî îïèñûâàþùåé
ïîâåäåíèå ÷àñòèö â ïîëå äâóõ ãðàâèòèðóþùèõ è îäíîâðåìåííî èçëó÷àþùèõ òåë.

Ïîäàâëÿþùåå áîëüøèíñòâî ðàáîò [1�4], ïîñâÿùåííûõ èññëåäîâàíèþ ôîòîãðàâèòàöèîííîé
çàäà÷è òðåõ òåë, áûëî ïðîâåäåíî ëèøü íà îñíîâå àíàëèçà óðàâíåíèé â âàðèàöèÿõ. Îäíàêî
èç óñòîé÷èâîñòè ëèíåàðèçîâàííîé ñèñòåìû íèêàêèõ îêîí÷àòåëüíûõ âûâîäîâ îòíîñèòåëüíî ïî-
âåäåíèÿ èñõîäíîé ñèñòåìû ñäåëàòü íåëüçÿ. Â ðàáîòå [5] ïðîâåäåíî íåëèíåéíîå èññëåäîâàíèå
óñòîé÷èâîñòè òðåóãîëüíûõ òî÷åê ëèáðàöèè ëèøü äëÿ íåêîòîðûõ ÷àñòíûõ çíà÷åíèé ïàðàìåò-
ðîâ ñèñòåìû. Â íàñòîÿùåé ðàáîòå âïåðâûå ïðîâîäèòñÿ ïîëíûé íåëèíåéíûé àíàëèç óñòîé÷èâî-
ñòè òðåõïàðàìåòðè÷åñêîãî ñåìåéñòâà òðåóãîëüíûõ òî÷åê ëèáðàöèè â ïëîñêîé êðóãîâîé çàäà÷å.

Äâèæåíèå ÷àñòèöû P (x, y, z) ïðåíåáðåæåííî ìàëîé ìàññû áóäåì èçó÷àòü â ïîëå äâóõ ãðà-
âèòèðóþùèõ è îäíîâðåìåííî èçëó÷àþùèõ òåë S1 è S2, ñ÷èòàåìûõ ìàòåðèàëüíûìè òî÷êàìè,
è îáðàùàþùèõñÿ äðóã îòíîñèòåëüíî äðóãà ïî êåïëåðîâîé îðáèòå. Íà÷àëî O ïðÿìîóãîëüíîé
ñèñòåìû êîîðäèíàò Oxyz ïîìåñòèì â öåíòð ìàññ îñíîâíûõ òåë; îñü Ox íàïðàâèì âäîëü ïðÿ-
ìîé, ñîåäèíÿþùåé îñíîâíûå òåëà, à îñü Oz � ïåðïåíäèêóëÿðíî ïëîñêîñòè èõ îðáèòàëüíîãî
äâèæåíèÿ â ñòîðîíó, îòêóäà âðàùåíèå âèäíî ïðîèñõîäÿùèì ïðîòèâ õîäà ÷àñîâîé ñòðåëêè. Ïðè
ýòîì äëÿ óäîáñòâà âûáåðåì ñëåäóþùèå åäèíèöû èçìåðåíèÿ: ñóììó ìàññ îñíîâíûõ òåë S1 è S2

Keywords: A photogravitational problem of three bodies, triangular points libration, stability on Lyapunov, the
nonlinear analysis, the particle movement, the limited circular problem
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ïðèìåì çà åäèíèöó ìàññû, ðàññòîÿíèå ìåæäó íèìè � çà åäèíèöó äëèíû, îòíîøåíèå T/2π � çà
åäèíèöó âðåìåíè (ãäå T � ïåðèîä îáðàùåíèÿ îñíîâíûõ òåë). Òîãäà äâèæåíèå ÷àñòèöû çàäàåòñÿ
êàíîíè÷åñêèìè óðàâíåíèÿìè:

dqi

dt
=

∂H

∂pi

,
dpi

dt
= −∂H

∂qi

, (i = 1, 2, 3), (1)

ãäå qi ñóòü äåêàðòîâû êîîðäèíàòû ÷àñòèöû P (x, y, z), pi � ñîîòâåòñòâóþùèå êàíîíè÷åñêèå èì-
ïóëüñû, à H(x, y, z, p1, p2, p3) � àíàëèòè÷åñêàÿ ôóíêöèÿ Ãàìèëüòîíà îòíîñèòåëüíî êîîðäèíàò è
èìïóëüñîâ, êîòîðàÿ â íàøåì ñëó÷àå èìååò âèä:

H =
1
2
(p2

1 + p2
2 + p2

3) + (p1y − p2x)−Q1(1− µ)/R1 −Q2µ/R2,

Rα =
√

(x− xα)2 + y2 + z2, (α = 1, 2). (2)

Çäåñü Q1 è Q2 � êîýôôèöèåíòû ðåäóêöèè ìàññ îñíîâíûõ òåë, êîòîðûå äëÿ òðåóãîëüíûõ òî÷åê
ìîãóò ïðèíèìàòü òîëüêî ïîëîæèòåëüíûå çíà÷åíèÿ [1], çàâèñÿùèå îò èíòåíñèâíîñòè èõ èçëó-
÷åíèÿ è ïàðóñíîñòè èçó÷àåìîé ÷àñòèöû, õàðàêòåðèçóåìîé îòíîøåíèåì ïëîùàäè ïîïåðå÷íîãî
ñå÷åíèÿ ê åå ìàññå. Êàê è â êëàññè÷åñêîé, äèôôåðåíöèàëüíûå óðàâíåíèÿ (1) çàäà÷è íå èìåþò
îáùåãî ðåøåíèÿ. Îäíàêî èçâåñòíû ÷àñòíûå ðåøåíèÿ, îòâå÷àþùèå ïîëîæåíèÿì îòíîñèòåëüíîãî
ðàâíîâåñèÿ. Åñëè êëàññè÷åñêàÿ çàäà÷à äîïóñêàåò ïÿòü òî÷íûõ ÷àñòíûõ ðåøåíèé, òî â ôîòîãðà-
âèòàöèîííîé çàäà÷å ñóùåñòâóþò òðåõïàðàìåòðè÷åñêèå ñåìåéñòâà äåâÿòè ÷àñòíûõ ðåøåíèé, òðè
èç íèõ (êîëëèíåàðíûå òî÷êè ëèáðàöèè) ðàñïîëîæåíû íà îñè Ox, äâà (òðåóãîëüíûå òî÷êè ëèá-
ðàöèè) � â îðáèòàëüíîé ïëîñêîñòè, à ÷åòûðå (êîìïëàíàðíûå òî÷êè ëèáðàöèè) � âíå ïëîñêîñòè
îðáèòàëüíîãî äâèæåíèÿ îñíîâíûõ òåë.

Èññëåäóåì óñòîé÷èâîñòü òðåóãîëüíûõ òî÷åê ëèáðàöèè â ïðåäïîëîæåíèè, ÷òî îðáèòà îñíîâ-
íûõ òåë êðóãîâàÿ, à òåëî P áåñêîíå÷íî ìàëîé ìàññû â íà÷àëüíûé ìîìåíò âðåìåíè èñïûòûâàåò
òîëüêî âîçìóùåíèÿ, íå âûâîäÿùèå åãî èç ïëîñêîñòè âðàùåíèÿ îñíîâíûõ òåë S1 è S2.

Â óðàâíåíèÿ (1) ââîäèì âîçìóùåíèÿ ïî ôîðìóëàì:

x = x∗ + q1, y = y∗ + q2, p1 = p∗1 + p1, p2 = p∗2 + p2, q3 = p3 = z∗0 = p∗3 = 0, (3)

ãäå
x∗ = 0, 5(Q2/3

1 −Q
2/3
2 − 1)− µ, y∗ = ±0, 5

√
2(Q2/3

1 + Q
2/3
2 )− (Q2/3

1 −Q
2/3
2 )− 1,

p∗1 = ∓0, 5
√

2(Q2/3
1 + Q

2/3
2 )− (Q2/3

1 −Q
2/3
2 )− 1, p∗2 = 0, 5(Q2/3

1 −Q
2/3
2 + 1)− µ, (4)

è ðàñêëàäûâàÿ ãàìèëüòîíèàí â ðÿä ïî ñòåïåíÿì âîçìóùåíèé qi è pi â îêðåñòíîñòè ðàññìàòðè-
âàåìîé òî÷êè, ïðèíèìàåìîé çà íà÷àëî êîîðäèíàò, ïîëó÷èì:

H = H2 + H3 + H4 + . . . . (5)

Çäåñü Hm � îäíîðîäíûå ïîëèíîìû ñòåïåíè m (m = 2, 3, 4, ...) îòíîñèòåëüíî îáîáùåííûõ êîîð-
äèíàò qi è èìïóëüñîâ pi, òàê ÷òî

Hm =
∑

ν+l=m

hν1 ν2 l1 l2q
ν1
1 qν2

2 pl1
1 pl2

2 . (6)

Òîãäà â âûðàæåíèè (5) ôîðìû H2,H3 è H4 ñ ó÷åòîì (3) è (4) ïðèìóò ñëåäóþùèé âèä:

H2 =
1
2
(p2

1 + p2
2) + p1q2 − p2q1 + h200q

2
1 + h020q

2
2 + h110q1q2, (7)
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H3 = h300q
3
1 + h030q

3
2 + h210q

2
1q2 + h120q1q

2
2, (8)

H4 = h400q
4
1 + h040q

4
2 + h004q

4
3 + h310q

3
1q2 + h130q1q

3
2 + h220q

2
1q

2
2. (9)

ãäå
h20 = −1

2
[
3
4
(1− µ)

Q2
11

Q
2/3
1

+
3
4
µ

Q2
22

Q
2/3
2

− 1],

h11 = −3
4

√
Q12[(1− µ)

Q11

Q
2/3
1

− µ
Q22

Q
2/3
12

],

h02 = −1
2
[
3
4
(1− µ)

Q12

Q
2/3
1

+
3
4
µ

Q12

Q
2/3
2

− 1],

h30 =
1
16

[(1− µ)(5Q2
11 − 12Q

2/3
1 )

Q11

Q
4/3
1

+ µ(5Q2
22 − 12Q2/3

2 )
Q2

22

Q
4/3
2

],

h21 = − 1
16

√
Q12[(1− µ)(Q2/3

1 − 5
4
Q2

11)/Q
4/3
1 + µ(Q2/3

2 − 5
4
Q2

22)/Q
4/3
2 ],

h12 = −5
8
[(1− µ)(0, 8Q

2/3
1 −Q12)

Q11

Q
4/3
1

− µ(0, 8Q
2/3
2 −Q12)

Q22

Q
4/3
2

], (10)

h03 = − 5
16

√
Q12[(1− µ)(2, 4Q

2/3
1 −Q12)/Q

4/3
1 + µ(2, 4Q

2/3
1 −Q12)/Q

4/3
2 ],

h40 = −1
8
[(1− µ)(3Q4/3

1 − 7, 5Q
4/3
1 Q2

11 + 35Q4
11/16)/Q2

1 + µ(3Q4/3
2 − 7, 5Q

2/3
2 Q2

22 + 35Q4
22/16)/Q2

2],

h31 = − 5
16

√
Q12[(1− µ)Q11(1, 75Q2

11 − 3Q
2/3
1 )/Q2

1 + µQ22(1, 75Q2
22 − 3Q

2/3
2 )/Q2

2],

h22 = − 5
16

[(1− µ)(0, 8Q
4/3
1 −Q

2/3
1 Q12 −Q2

11(Q
2/3
1 − 1, 75Q12))/Q2

1+

+µ(0, 8Q
2/3
2 −Q

2/3
2 Q12 −Q2

22(Q
2/3
2 − 1, 75Q12))/Q2

2],

h13 = − 5
16

√
Q12[(1− µ)Q11(1, 75Q12 − 3Q

2/3
1 )/Q2

1 − µQ22(1, 75Q12 − 3Q
2/3
2 )/Q2

2],

h04 = − 5
32

[(1− µ)(2, 4Q
4/3
1 − 6Q

2/3
1 Q12 + 1, 75Q2

12)/Q2
1 + µ(2, 4Q

4/3
2 − 6Q

2/3
2 Q12 + 1, 75Q2

12)/Q2
2],

Q12 = 2(Q2/3
1 + Q

2/3
2 )− (Q2/3

1 −Q
2/3
2 )2 − 1, Q11 = 1 + Q

2/3
1 −Q

2/3
2 , Q22 = 1−Q

2/3
1 + Q

2/3
2 .

Ðàññìîòðèì ñëó÷àé, êîãäà H2 íå ÿâëÿåòñÿ çíàêîîïðåäåëåííîé ôóíêöèåé, à õàðàêòåðèñòè-
÷åñêîå óðàâíåíèå ñèñòåìû íå èìååò êîðíåé ñ íåíóëåâîé âåùåñòâåííîé ÷àñòüþ (â ïðîòèâíîì
ñëó÷àå òðèâèàëüíîå ðåøåíèå ñèñòåìû íåóñòîé÷èâî ïî Ëÿïóíîâó). Êàê âèäíî èç (4), H2 íå ÿâ-
ëÿåòñÿ çíàêîîïðåäåëåííîé ôóíêöèåé, è ñëåäîâàòåëüíî, èç óñòîé÷èâîñòè ëèíåéíîé ñèñòåìû íå
ñëåäóåò óñòîé÷èâîñòü ïîëíîé ñèñòåìû. Ïîëàãàÿ, ÷òî â ñèñòåìå îòñóòñòâóþò ðåçîíàíñû 3-ãî è
4-ãî ïîðÿäêîâ, ïîñëå ïðèìåíåíèÿ ïðåîáðàçîâàíèÿ Áèðêãîôà è îãðàíè÷èâàÿñü ðàçëîæåíèåì äî
÷åòâåðòîãî ïîðÿäêà âêëþ÷èòåëüíî, ôóíêöèþ Ãàìèëüòîíà ìîæíî çàïèñàòü â âèäå:

H∗ = ω1r1 − ω2r2 + c20r
2
1 + c11r1r2 + c02r

2
2, 2ri = q2

i + p2
i (i = 1, 2). (11)

Ñîãëàñíî òåîðåìå Àðíîëüäà-Ìîçåðà [6] ïðè îäíîâðåìåííîì âûïîëíåíèè óñëîâèé:

k1ω1 + k2ω2 6= 0, (12)

C(ω1, ω2) = c20ω
2
2 + c11ω1ω2 + c02ω

2
1 6= 0, (13)
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ãäå k1, k2 � öåëûå ÷èñëà, óäîâëåòâîðÿþùèå óñëîâèþ 0 < |k1|+ |k2| ≤ 4 (k = |k1|+ |k2| � ïîðÿäîê
ðåçîíàíñà), à cij � êîýôôèöèåíòû íîðìàëüíîé ôîðìû, çàâèñÿùèå îò ÷àñòîò ω1 è ω2 ëèíåéíîé
ñèñòåìû, äëÿ âñåõ çíà÷åíèé ìàññîâîãî ïàðàìåòðà µ èç îáëàñòè óñòîé÷èâîñòè ëèíåéíîé ñèñòåìû
âñþäó ñîõðàíÿåòñÿ óñòîé÷èâîñòü ïî Ëÿïóíîâó èñõîäíîé ñèñòåìû (1). Èñêëþ÷åíèå ñîñòàâëÿþò
ìíîæåñòâà òî÷åê, îòâå÷àþùèå ðåçîíàíñàì 3-ãî è 4-ãî ïîðÿäêîâ, êîòîðûå îïðåäåëÿþòñÿ âûðà-
æåíèÿìè

µ1 =
1
2
[1−

√
225Q12

4Q
2/3
1 Q

2/3
2

− 16
√

Q12

2 3√Q1
3√Q2

], (14)

µ2 =
1
2
[1−

√
25Q12

4Q
2/3
1 Q

2/3
2

− 1

5
√

Q12

2 3√Q1
3√Q2

]. (15)

Ïðè ðåçîíàíñå íîðìàëèçîâàííûé ãàìèëüòîíèàí ïðèìåò âèä:

H = 2ω2r1 − ω2r2 + A(ω1, ω2)r2
√

r1sin(ϕ1 + 2ϕ2) + O((r1 + r2)2), (16)

ãäå A(ω1, ω2) = −
√

ω2(x2
1002 + y2

1002).
Â îáîáùåííîé ôîòîãðàâèòàöèîííîé îãðàíè÷åííîé ïëîñêîé çàäà÷å òðåõ òåë âûðàæåíèå èìå-

åò âèä:

A(ω1, ω2) = −[ω2
25
64

((1− µ)(0, 8Q
2/3
1 −Q12)Q11/Q

4/3
1 − µ(0, 8Q

2/3
2 −Q12)Q22/Q

4/3
2 )2]1/2, (17)

ω2 =
√

2
2

[1−
√√√√36µ(1− µ)[2(Q2/3

1 + Q
2/3
2 )− (Q11 − 1)2 − 1]

4Q
2/3
1 Q

2/3
2

]1/2,

êîòîðîå ïðè ïîëîæèòåëüíûõ çíà÷åíèÿõ Q1 è Q2 íèãäå íå îáðàùàåòñÿ â íóëü. Îòêóäà ñëåäóåò,
÷òî â îãðàíè÷åííîé ôîòîãðàâèòàöèîííîé çàäà÷å òðåõ òåë â îáëàñòè óñòîé÷èâîñòè ëèíåéíîé ñè-
ñòåìû òðåóãîëüíûå òî÷êè ëèáðàöèè âñþäó óñòîé÷èâû ïî Ëÿïóíîâó, çà èñêëþ÷åíèåì ìíîæåñòâà
òî÷åê, îïðåäåëÿåìîãî ñîîòíîøåíèåì (12), äëÿ êîòîðûõ ðåàëèçóåòñÿ ðåçîíàíñ òðåòüåãî ïîðÿäêà.

Ïðè íàëè÷èè â ñèñòåìå ðåçîíàíñà ÷åòâåðòîãî ïîðÿäêà ω1 = 3ω2 ñ ïîìîùüþ ïðåîáðàçîâàíèÿ
Áèðêãîôà â èñõîäíîì ãàìèëüòîíèàíå óíè÷òîæèì ÷ëåíû òðåòüåé ñòåïåíè. Íîðìàëèçîâàííûé
ïðè ýòîì ãàìèëüòîíèàí â ïîëÿðíûõ êîîðäèíàòàõ ïðèìåò ñëåäóþùèé âèä:

H∗ = 3ω2r1 − ω2r2 + c20r
2
1 + c11r1r2 + c02r

2
2 + B(ω1, ω2)r2

√
r1r2cos(ϕ1 + 3ϕ2) + O((r1 + r2)5/2).

Çäåñü B(ω1, ω2) = 1
3ω2

√
3(x2

1003 + y2
1003). Ñëåäóåò çàìåòèòü, ÷òî åñëè â êëàññè÷åñêîé çàäà÷å

äëÿ êîíêðåòíîãî çíà÷åíèÿ µ êîýôôèöèåíòû B(ω1, ω2), c20, c11 è c02 ïðèíèìàþò ïîñòîÿííûå
çíà÷åíèÿ (÷òî íàìíîãî óïðîùàåò èññëåäîâàíèå çàäà÷è), òî â ôîòîãðàâèòàöèîííîé çàäà÷å ýòè
æå êîýôôèöèåíòû íå îñòàþòñÿ ïîñòîÿííûìè è ÿâëÿþòñÿ ôóíêöèÿìè êîîðäèíàò x, y èëè Q1

è Q2, âñëåäñòâèå ÷åãî çàäà÷à ðåçêî óñëîæíÿåòñÿ. Èñïîëüçóÿ ðåçóëüòàòû À.Ï. Ìàðêååâà [7]
ïîëó÷èì, ÷òî ïðè ðåçîíàíñå ÷åòâåðòîãî ïîðÿäêà ω1 = 3ω2, îïðåäåëÿåìîì ìíîæåñòâîì òî÷åê èç
îáëàñòè óñòîé÷èâîñòè ëèíåéíîé ñèñòåìû, òðåóãîëüíûå òî÷êè ëèáðàöèè ïðè

a) |F1| > |F2| − óñòîé÷èâû ïî Ëÿïóíîâó, (18)

b) |F1| < |F2| − íåóñòîé÷èâû, (19)

ãäå F1 = c20 + 3c11 + 9c02, F2 = 3
√

3B(ω1, ω2). Çäåñü êîýôôèöèåíòû cij , ÿâëÿþùèåñÿ èíâà-
ðèàíòàìè ôóíêöèè Ãàìèëüòîíà (5) îòíîñèòåëüíî êàíîíè÷åñêèõ ïðåîáðàçîâàíèé, çàâèñÿò îò
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êîýôôèöèåíòîâ hν1ν2l1l2 îäíîðîäíûõ ïîëèíîìîâ (6) ñòåïåíè m (m = 3, 4), êîòîðûå â íàøåì
ñëó÷àå ÿâëÿþòñÿ ôóíêöèÿìè ïàðàìåòðîâ ñèñòåìû-êîýôôèöèåíòîâ ðåäóêöèè Q1 è Q2 è áåçðàç-
ìåðíîãî ìàññîâîãî ïàðàìåòðà µ. Âñëåäñòâèå ãðîìîçäêîñòè âûðàæåíèé ýòèõ êîýôôèöèåíòîâ,
ïîëó÷åííûõ â ðåçóëüòàòå íîðìàëèçàöèè, èññëåäîâàíèÿ ïðîâîäèëèñü íà êîìïüþòåðå ïðè ïî-
ìîùè ñïåöèàëüíî ðàçðàáîòàííîé ïðîãðàììû. ×èñëåííûì èññëåäîâàíèåì áûëî äîêàçàíî, ÷òî
äëÿ âñåâîçìîæíûõ çíà÷åíèé ïàðàìåòðîâ ñèñòåìû ðåçîíàíñíûå ìíîæåñòâà òî÷åê 3-ãî ïîðÿäêà
â îáîáùåííîé ôîòîãðàâèòàöèîííîé îãðàíè÷åííîé çàäà÷å òðåõ òåë âñåãäà íåóñòîé÷èâû. Ïîñòðî-
åíà îáëàñòü óñòîé÷èâîñòè òðåóãîëüíûõ òî÷åê äëÿ çíà÷åíèÿ ìàññîâîãî ïàðàìåòðà µ = 0, 01
(ðèñ.1).

Ðèñ. 1: Îáëàñòü óñòîé÷èâîñòè òðåóãîëüíûõ òî÷åê ëèáðàöèè ïðè µ = 0, 01. 1 � îáëàñòü óñòîé-
÷èâîñòè â ëèíåéíîì ïðèáëèæåíèè; 2 � óñòîé÷èâûå ìíîæåñòâà òî÷åê ïðè ðåçîíàíñå ÷åòâåðòîãî
ïîðÿäêà; 3 � íåóñòîé÷èâûå ðåçîíàíñíûå ïîäìíîæåñòâà ÷åòâåðòîãî ïîðÿäêà.

Ðèñ. 2: Îáëàñòü óñòîé÷èâîñòè òðåóãîëüíûõ òî÷åê ëèáðàöèè ïðè µ = 0, 01. 1 � îáëàñòü óñòîé÷è-
âîñòè â ëèíåéíîì ïðèáëèæåíèè; 2 � ìíîæåñòâà òî÷åê, ãäå C(ω1, ω2) = 0.

Óñòàíîâëåíî, ÷òî â ñëó÷àå µ = 0, 01 ðåçîíàíñ ω1 = 2ω2 3-ãî ïîðÿäêà íå ðåàëèçóåòñÿ. Íàé-
äåíû ó÷àñòêè îáëàñòè, ñîîòâåòñòâóþùèå ðåçîíàíñó ω1 = 3ω2, ãäå âûïîëíÿåòñÿ íåðàâåíñòâî
|c20 + 3c11 + 9c02| > 3

√
3B(ω1, ω2), ÷òî ñâèäåòåëüñòâóåò îá óñòîé÷èâîñòè ïî Ëÿïóíîâó èññëå-
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äóåìûõ òî÷åê ëèáðàöèè â ïëîñêîì âàðèàíòå çàäà÷è (â ñëó÷àå ïðîñòðàíñòâåííîé çàäà÷è èìååò
ìåñòî óñòîé÷èâîñòü â 4-îì ïîðÿäêå); íà äðóãèõ ó÷àñòêàõ îáëàñòè, ãäå íåðàâåíñòâî ìåíÿåò çíàê
íà îáðàòíûé, èìååò ìåñòî íåóñòîé÷èâîñòü èññëåäóåìûõ òî÷åê. Óêàçàíû îáëàñòè (ðèñ.2), â êî-
òîðûõ óñëîâèå (13) íå âûïîëíÿåòñÿ. Òàêèì îáðàçîì, íà îñíîâå ÊÀÌ-òåîðèè äîêàçàíî, ÷òî â
îáëàñòè óñòîé÷èâîñòè â ïåðâîì ïðèáëèæåíèè òðåóãîëüíûå òî÷êè â ïëîñêîé çàäà÷å òðåõ òåë
âñþäó óñòîé÷èâû ïî Ëÿïóíîâó, çà èñêëþ÷åíèåì ìíîæåñòâà òî÷åê, â êîòîðûõ ðåàëèçóþòñÿ ðå-
çîíàíñû ω1 = 2ω2, ω1 = 3ω2 è íå âûïîëíÿåòñÿ óñëîâèå C(ω1, ω2) 6= 0 òåîðåìû Àðíîëüäà-Ìîçåðà.
Ñëåäîâàòåëüíî, âîïðîñ îá óñòîé÷èâîñòè òðåóãîëüíûõ òî÷åê ëèáðàöèè â ïëîñêîé ôîòîãðàâèòà-
öèîííîé çàäà÷å òðåõ òåë ðåøåí äî êîíöà.
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ÃÐÀÍÈ×ÍÛÌÈ ÍÀ×ÀËÜÍÛÌÈ ÑÊÀ×ÊÀÌÈ

À. Á. Óàèñîâ

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè
050012 Àëìàòû Ìàñàí÷è, 39/47 murathan.dauylbaev@kaznu.kz

Â ðàáîòå èññëåäóåòñÿ ñèíãóëÿðíî âîçìóùåííàÿ êðàåâàÿ çàäà÷à ïðè óñëîâèè, ÷òî äåéñòâèòåëüíûå
÷àñòè êîðíåé äîïîëíèòåëüíîãî õàðàêòåðèñòè÷åñêîãî óðàâíåíèÿ èìåþò ïðîòèâîïîëîæíûå çíàêè.
Ïîñòðîåíî àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ ñèíãóëÿðíî âîçìóùåííîé êðàåâîé çàäà÷è ñ ãðà-
íè÷íûìè íà÷àëüíûìè ñêà÷êàìè.

Ðàññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó:

Lεy ≡ ε2y′′′ + εA (t) y′′ + B (t) y′ + C (t) y = F (t) (1)

y (0, ε) = a0 , y′ (0, ε) = a1, y′ (1, ε) = b1 , (2)
ãäå ε > 0− ìàëûé ïàðàìåòð, b1, ai(i = 0, 1)− èçâåñòíûå ïîñòîÿííûå.

Â ðàáîòå [1] áûëè óñòàíîâëåíû ñëåäóþùèå ïðåäåëüíûå ðàâåíñòâà:

lim
ε→0

y (t, ε) = ȳ (t) , 0 ≤ t ≤ 1, lim
ε→0

y(j) (t, ε) = ȳ(j) (t) , 0 < t < 1, j = 1, 2, (3)

ãäå y (t, ε) � ðåøåíèå çàäà÷è (1), (2), ȳ (t) � ðåøåíèå ñîîòâåòñòâóþùåé âûðîæäåííîé çàäà÷è. Èç
(3) âèäíî, ÷òî ȳ(j) (t) , j = 1, 2, ìîæíî èñïîëüçîâàòü â êà÷åñòâå àñèìïòîòè÷åñêîãî ïðèáëèæåíèÿ
ê y(j) (t, ε) , j = 1,2, òîëüêî íà ïðîìåæóòêå 0 < t0(ε) ≤ t ≤ t1(ε) < 1, ïðè÷åì ýòè ïðåäåëüíûå
ðàâåíñòâà íè÷åãî íå ãîâîðÿò î òî÷íîñòè ýòèõ ïðèáëèæåíèé. Åñòåñòâåííî ïîñòàâèòü âîïðîñ î
ïîëó÷åíèè ðàâíîìåðíîãî ïðèáëèæåíèÿ ñ ëþáîé ñòåïåíüþ òî÷íîñòüþ ïî ìàëîìó ïàðàìåòðó.

Äëÿ ïîñòðîåíèÿ àñèìïòîòèêè ðåøåíèÿ çàäà÷è (1),(2) ïîòðåáóåì âûïîëíåíèÿ ñëåäóþùèõ
óñëîâèé:

I. Ïóñòü êîýôôèöèåíòû A(t), B(t), C(t) è ïðàâàÿ ÷àñòü F (t) óðàâíåíèÿ (1) äîñòàòî÷íîå
÷èñëî ðàç äèôôåðåíöèðóåìû íà îòðåçêå 0 ≤ t ≤ 1.

II. B(t) 6= 0 ïðè t ∈ [0, 1].
Keywords: Asymptotic expansion, singular perturbation, ordinary di�erential equations, boundary valued problem.
2010 Mathematics Subject Classi�cation: 34B40
c
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III. Äîïîëíèòåëüíîå õàðàêòåðèñòè÷åñêîå óðàâíåíèå

µ3 + A(t)µ2 + B(t)µ = 0

èìååò ðàçëè÷íûå êîðíè µ1 = 0, µ2, µ3, ïðè÷åì Reµ2 < 0, Re µ3 > 0.

IV.
a0C(0) + a1B(0) 6= F (0),


a0 exp


−

1∫

0

C(x)
B(x)

dx


 +

1∫

0

F (s)
B(s)

exp


−

1∫

s

C(x)
B(x)

dx


ds


 · C(1) + b1B(1) 6= F (1).

Èñõîäÿ èç îöåíêè (18) ðàáîòû [1], çàêëþ÷àåì, ÷òî àñèìïòîòè÷åñêîå ðàçëîæåíèå ðåøåíèÿ
çàäà÷è (1),(2) ñëåäóåò èñêàòü â âèäå:

y (t, ε) = yε (t) + ε uε (τ) + εwε (s) , τ =
t

ε
, s =

t− 1
ε

, 0 ≤ t ≤ 1, (4)

ãäå
yε (t) = y0 (t) + εy1 (t) + ε2y2 (t) + . . . ,

uε (τ) = u0 (τ) + εu1 (τ) + ε2u2 (τ) + . . . , (5)
wε (s) = w0 (s) + εw1 (s) + ε2w2 (s) + . . . .

Ïîäñòàâëÿÿ (4) ñ ó÷åòîì (5) â (1) è ïðèðàâíèâàÿ êîýôôèöèåíòû ïðè îäèíàêîâûõ ñòåïåíÿõ
ε, ïîëó÷àåì:

B (t) y′0 (t) + C (t) y0 (t) = F (t) , (60)
B (t) y′1 (t) + C (t) y1 (t) = −A (t) y′′0(t), (61)
B (t) y′k (t) + C (t) yk (t) = −A (t) y′′k−1 (t)− y′′′k−2 (t) , (6k)

d3u0

dτ3
+ A(0)

d2u0

dτ2
+ B(0)

du0

dτ
= 0, (70)

d3u1

dτ3
+ A(0)

d2u1

dτ2
+ B(0)

du1

dτ
= Φ1 (τ) , (71)

d3uk

dτ3
+ A(0)

d2uk

dτ2
+ B(0)

duk

dτ
= Φk (τ) , k = 2, 3, . . . , (7k)

ãäå
Φ1 (τ) = −A′ (0) τ

1!
ü0 (τ)− B′ (0) τ

1!
u̇0 (τ) + C(0)u0 (τ) ,

Φk (τ) = −
k∑

j=1

A(j) (0) τ j

j!
ük−j (τ)−

k−1∑

j=0

B(j) (0) τ j

j!
u̇k−j (τ)−

k∑

j=1

C(j−1) (0) τ j−1

(j − 1)!
uk−j (τ).

Çäåñü òî÷êè ñâåðõó îçíà÷àþò ïðîèçâîäíûå ïî τ .
Àíàëîãè÷íî, íàõîäèì:

d3w0

ds3
+ A(1)

d2w0

ds2
+ B(1)

dw0

ds
= 0, (80)

d3w1

ds3
+ A(1)

d2w1

ds2
+ B(1)

dw1

ds
= P1 (s) , (81)

d3wk

ds3
+ A(1)

d2wk

ds2
+ B(1)

dwk

ds
= Pk (s) , k = 2, 3, . . . , (8k)
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ãäå
P1 (s) = −A′ (1) s

1!
ẅ0 (s)− B′ (1) s

1!
ẇ0 (s) + C(1)w0 (s) ,

Pk (s) = −
k∑

j=1

A(j) (1) sj

j!
ẅk−j (s)−

k−1∑

j=0

B(j) (1) sj

j!
ẇk−j (s)−

k∑

j=1

C(j−1) (1) sj−1

(j − 1)!
wk−j (s).

Çäåñü òî÷êè ñâåðõó îçíà÷àþò ïðîèçâîäíûå ïî s.
Äëÿ îäíîçíà÷íîãî îïðåäåëåíèÿ yk (t), uk (τ), wk(s) ïîäñòàâèì ðàçëîæåíèÿ (4), (5) â êðàåâûå

óñëîâèÿ (2), è ïðèðàâíèâàÿ âûðàæåíèÿ, ñòîÿùèå ïðè îäèíàêîâûõ ñòåïåíÿõ ε, ïîëó÷àåì:

y0 (0) = a0, (9)

y′0 (0) + u̇0 (0) = a1, y′0 (1) + ẇ0 (0) = b1, (10)

yk (0) + uk−1 (0) = 0,

y′k (0) + u̇k (0) = 0, y′k (1) + ẇk (0) = 0, k ≥ 1.

Èç çàäà÷è (6)0, (9) îäíîçíà÷íî îïðåäåëÿåòñÿ y0(t) ïðè 0 ≤ t ≤ 1:

y0(t) = a0 exp


−

t∫

0

C(x)
B(x)

dx


 +

t∫

0

F (p)
B(p)

exp


−

t∫

p

C(x)
B(x)

dx


dp.

Îáðàòèìñÿ òåïåðü ê óðàâíåíèþ (7)0 è ðàâåíñòâó (10). Â (7)0 èñïîëüçóÿ êîðåíü µ = µ2 è ïåðâîå
óñëîâèå èç (10), ãäå Re µ2 < 0, ïîëó÷àåì:

u̇0 (τ) = (a1 − y′0 (0))eµ2(0)τ , τ ≥ 0. (11)

Èñïîëüçóÿ òðåáîâàíèÿ
u0 (τ) → 0, ïðè τ → +∞,

èç (11), ïîëó÷èì:
u0 (τ) =

a1 − y′0 (0)
µ2(0)

eµ2(0)τ , τ ≥ 0, (12)

ãäå
u0 (0) =

a1 − y′0 (0)
µ2(0)

. (13)

Êðîìå òîãî, èç (11) íàõîäèì

ü0 (τ) = µ2(0)(a1 − y′0 (0))eµ2(0)τ , τ ≥ 0. (14)

Àíàëîãè÷íî, èç (80) èñïîëüçóÿ êîðåíü µ = µ3, òðåáîâàíèÿ w0 (τ) → 0 ïðè s → −∞, è âòîðîå
óñëîâèå èç (10), ãäå Re µ3 > 0, ïîëó÷àåì:

ẅ0 (τ) = µ3(1)(b1 − y′0 (1))eµ3(1)s , ẇ0 (s) = (b1 − y′0 (1))eµ3(1)s , s ≤ 0, (15)

w0 (s) =
b1 − y′0 (1)

µ3(1)
eµ3(1)s , s ≤ 0, (16)

ãäå
w0 (0) =

b1 − y′0 (1)
µ3(1)

. (17)

Ìàòåìàòè÷åñêèé æóðíàë 2010. Òîì 10. � 3 (37)



110 À. Á. Óàèñîâ

Èç ôîðìóë (11)-(17) äëÿ w0 (s) , ẇ0 (s) , ẅ0 (s) , u0 (τ) , u̇0 (τ) , ü0 (τ) ïîëó÷èì ýêñïîíåí-
öèàëüíûå îöåíêè:∣∣∣∣

(j)
u0 (τ)

∣∣∣∣ ≤ Keµ2(0)τ , τ ≥ 0,

∣∣∣∣
(j)
w0 (s)

∣∣∣∣ ≤ Keµ3(1)s, s ≤ 0, j = 0, 1, 2.

Èòàê, ïîñòðîåíû ÷ëåíû àñèìïòîòèêè íóëåâîãî ïîðÿäêà.
Îïðåäåëåíèå ñëåäóþùèõ ÷ëåíîâ àñèìïòîòèêè ïðîõîäèò ïî òàêîé æå ñõåìå äëÿ ëþáîãî k ≥ 1.

Ïðè÷åì äëÿ êîýôôèöèåíòîâ uk(τ), wk(s) ñïðàâåäëèâû îöåíêè:
∣∣∣∣
(j)
uk (τ)

∣∣∣∣ ≤ Keµ̄2(0)τ , τ ≥ 0,

∣∣∣∣
(j)
wk (s)

∣∣∣∣ ≤ Keµ̄3(1)s, s ≤ 0, j = 0, 1, 2.

Äëÿ äîêàçàòåëüñòâà ñïðàâåäëèâîñòè àñèìïòîòè÷åñêîãî ðàçëîæåíèÿ ðåøåíèÿ çàäà÷è (1), (2)
îïðåäåëèì ÷ëåíû ðàçëîæåíèÿ (4),(5) äî íîìåðà N âêëþ÷èòåëüíî è îáðàçóåì ÷àñòè÷íóþ ñóììó
YN (t, ε):

YN (t, ε) =
N∑

k=0

εkyk (t) + ε

N∑

k=0

uk

(
t

ε

)
εk + ε

N∑

k=0

wk

(
t− 1

ε

)
εk. (18)

Ëåììà. Ïóñòü âûïîëíåíû óñëîâèÿ I-IV. Òîãäà ôóíêöèÿ YN (t, ε), âûðàæàåìàÿ ôîðìóëîé
(18), óäîâëåòâîðÿåò ñèíãóëÿðíî âîçìóùåííîé çàäà÷å (1),(2) ñ òî÷íîñòüþ ïîðÿäêà O

(
εN+1

)
ïðè ε → 0 :

LεYN (t, ε)− F (t) = O
(
εN+1

)
, 0 ≤ t ≤ 1 ,

Y ′
N (0, ε)− a1 = O

(
e

µ2
ε

)
, YN (1, ε)− b0 = O

(
εN+1

)
, Y ′

N (1, ε)− b1 = O
(
e−

µ3
ε

)
.

Òåîðåìà. Ïóñòü âûïîëíåíû óñëîâèÿ I-IV. Òîãäà ïðè äîñòàòî÷íî ìàëûõ ε > 0 íà ñåãìåíòå
0 ≤ t ≤ 1 ðåøåíèå çàäà÷è (1),(2) ñóùåñòâóåò, åäèíñòâåííî è óäîâëåòâîðÿåò îöåíêå:

y (t, ε) = YN (t, ε) + O
(
εN+1

)
, 0 ≤ t ≤ 1.

Èç òåîðåìû ñëåäóåò, ÷òî â òî÷êàõ t = 0 è t = 1 ïðîèçâîäíàÿ y′′ (t, ε) èìååò ïîëþñû ïî ε:

y′′ (0, ε) = O

(
1
ε

)
, y′′ (1, ε) = O

(
1
ε

)
,

à ðåøåíèå y (t, ε) îáëàäàåò ÿâëåíèåì íà÷àëüíîãî ñêà÷êà ïåðâîãî ïîðÿäêà:
lim
ε→0

y′ (0, ε)− y′0 (0) = ∆0, lim
ε→0

y′ (1, ε)− y′0 (1) = ∆1,

ãäå

∆1 = b1 − F (1)
B(1)

+
C(1)
B(1)

·

a0 exp




1∫

0

C(x)
B(x)

dx


−

1∫

0

F (s)
B(s)

exp


−

1∫

s

C(x)
B(x)

dx


ds


,

∆0 = a1 − F (0)
B(0)

+
C(0)
B(0)

· a0.
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Èçó÷àåòñÿ îäíîìåðíàÿ çàäà÷à ñîïðÿæåíèÿ äëÿ óðàâíåíèé òåïëîïðîâîäíîñòè ïðè ðàññîãëà-
ñîâàíèè íà÷àëüíûõ è ãðàíè÷íûõ äàííûõ. Óñòàíàâëèâàåòñÿ, ÷òî íåâûïîëíåíèå óñëîâèé ñîãëàñî-
âàíèÿ ïðèâîäèò ê ïîÿâëåíèþ â ðåøåíèè çàäà÷è ñïåöèàëüíûõ ôóíêöèé (ïîâòîðíûõ èíòåãðàëîâ
âåðîÿòíîñòè), êîòîðûå ÿâëÿþòñÿ ñèíãóëÿðíûìè â îêðåñòíîñòè ãðàíèöû îáëàñòåé ïðè t → 0. Ïî-
ñëå âûäåëåíèÿ èç ðåøåíèÿ ýòèõ ôóíêöèé äîêàçûâàþòñÿ â âåñîâûõ è êëàññè÷åñêèõ ïðîñòðàí-
ñòâàõ Ãåëüäåðà ñóùåñòâîâàíèå, åäèíñòâåííîñòü è îöåíêè ðåøåíèÿ çàäà÷è, ê êîòîðîé ñâåëàñü
èñõîäíàÿ.
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