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.kzÏðåäëàãàåòñÿ ìåòîä ðåøåíèÿ êðàåâîé çàäà÷è îáûêíîâåííûõ äè��åðåí-öèàëüíûõ óðàâíåíèé ñ êðàåâûìè óñëîâèÿìè ïðè íàëè÷èè �àçîâûõ îãðà-íè÷åíèé. Îñíîâîé ìåòîäà ÿâëÿåòñÿ ïðèíöèï ïîãðóæåíèÿ, îñíîâàííûé íàîáùåì ðåøåíèè èíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà, êî-òîðûé ïîçâîëÿåò ñâåñòè èñõîäíóþ êðàåâóþ çàäà÷ó ê ñïåöèàëüíîé çàäà÷åîïòèìàëüíîãî óïðàâëåíèÿ. ÂâåäåíèåÏîñòðîåíèå ðåøåíèÿ êðàåâîé çàäà÷è îáûêíîâåííûõ äè��åðåíöèàëü-íûõ óðàâíåíèé ñ ëîêàëüíûìè è íåëîêàëüíûìè ñâÿçÿìè, à òàêæå �àçî-âûìè îãðàíè÷åíèÿìè îòíîñèòñÿ ê îäíîé èç ìàëîèññëåäîâàííûõ ïðîáëåìêà÷åñòâåííîé òåîðèè äè��åðåíöèàëüíûõ óðàâíåíèé. Èçâåñòíûå ìåòîäûèññëåäîâàíèÿ êðàåâûõ çàäà÷ îòíîñÿòñÿ ê ñëó÷àþ ñ ëîêàëüíûìè ñâÿçÿìèáåç �àçîâûõ îãðàíè÷åíèé [1℄. Âî ìíîãèõ çàäà÷àõ íà ïðàêòèêå èññëåäóå-ìûé ïðîöåññ îïèñûâàåòñÿ îáûêíîâåííûì äè��åðåíöèàëüíûì óðàâíåíèåìKeywords: Integral equation, immersion prin
iple, optimal 
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6 Ñ.À. Àéñàãàëèåâ, Æ.Õ. Æóíóñîâà, Ì.Í. Êàëèìîëäàåââ çàäàííîé îáëàñòè �àçîâîãî ïðîñòðàíñòâà ñèñòåìû. Âíå óêàçàííîé îáëà-ñòè ïðîöåññ îïèñûâàåòñÿ ñîâåðøåííî äðóãèìè óðàâíåíèÿìè, ëèáî èññëåäó-åìûé ïðîöåññ íå ñóùåñòâóåò. Â ÷àñòíîñòè, òàêèå ÿâëåíèÿ èìåþò ìåñòî âèññëåäîâàíèÿõ äèíàìèêè ÿäåðíûõ è õèìè÷åñêèõ ðåàêòîðîâ (âíå çàäàííîéîáëàñòè ðåàêòîðû íå ñóùåñòâóþò). Ïîýòîìó èññëåäîâàíèÿ êðàåâûõ çàäà÷îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé ñ �àçîâûìè îãðàíè÷åíèÿìèÿâëÿþòñÿ àêòóàëüíûìè.Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì èññëåäîâàíèÿ ïî óïðàâëÿåìî-ñòè è îïòèìàëüíîìó óïðàâëåíèþ ïðîöåññîâ, îïèñûâàåìûõ îáûêíîâåííûìèäè��åðåíöèàëüíûìè óðàâíåíèÿìè, íà îñíîâå ïîñòðîåíèÿ îáùåãî ðåøåíèÿèíòåãðàëüíîãî óðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ïîðÿäêà, èçëîæåííîãî â [2℄.Ïðèíöèï ïîãðóæåíèÿ äëÿ ðåøåíèÿ çàäà÷è óïðàâëÿåìîñòè ïðîöåññîâ ïðè-âåäåí â ðàáîòå [3℄. Â ðàáîòå [4℄ íà îñíîâå ïðèíöèïà ïîãðóæåíèÿ ðåøåíàçàäà÷à îïòèìàëüíîãî áûñòðîäåéñòâèÿ. �åøåíèÿ çàäà÷ óïðàâëÿåìîñòè è îï-òèìàëüíîãî áûñòðîäåéñòâèÿ äëÿ ïðîöåññîâ, îïèñûâàåìûõ ïàðàáîëè÷åñêèìóðàâíåíèåì, èçëîæåíû â [5℄. Îïòèìàëüíîå óïðàâëåíèå ïðîöåññîâ ñ êðàåâû-ìè óñëîâèÿìè ïðè íàëè÷èè �àçîâûõ è èíòåãðàëüíûõ îãðàíè÷åíèé èçëî-æåíî â [6℄. Áîëåå ïîëíóþ èí�îðìàöèþ î ðàáîòàõ ïî òåîðèè óïðàâëÿåìîñòèíåëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé ìîæíî íàéòè â [3-5℄.Ñóòü ïðåäëàãàåìîãî ìåòîäà ñîñòîèò â òîì, ÷òî íà ïåðâîì ýòàïå èññëå-äîâàíèÿ ïóòåì ââåäåíèÿ �èêòèâíîãî óïðàâëåíèÿ èñõîäíàÿ çàäà÷à ïîãðó-æàåòñÿ â çàäà÷ó óïðàâëÿåìîñòè. Äàëåå, ñóùåñòâîâàíèå ðåøåíèÿ èñõîäíîéçàäà÷è è ïîñòðîåíèå åå ðåøåíèÿ îñóùåñòâëÿåòñÿ ïóòåì ðåøåíèÿ çàäà÷èîïòèìàëüíîãî óïðàâëåíèÿ ñïåöèàëüíîãî âèäà. Ïðè òàêîì ïîäõîäå íåîá-õîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ êðàåâîé çàäà÷èìîãóò áûòü ïîëó÷åíû èç óñëîâèÿ äîñòèæåíèÿ íèæíåé ãðàíè �óíêöèîíà-ëà íà çàäàííîì ìíîæåñòâå, à ðåøåíèÿ èñõîäíîé êðàåâîé çàäà÷è ÿâëÿþò-ñÿ ïðåäåëüíûìè òî÷êàìè ìèíèìèçèðóþùèõ ïîñëåäîâàòåëüíîñòåé. Ìåòîäûðåøåíèÿ çàäà÷è óïðàâëÿåìîñòè äèíàìè÷åñêèõ ñèñòåì ìîæíî íàéòè â [7℄.Ïîñòàíîâêà çàäà÷è. �àññìîòðèì ñëåäóþùóþ êðàåâóþ çàäà÷ó:
ẋ = A(t)x + B(t)f(x, t) + µ(t), t ∈ I = [t0, t1], (1)ñ êðàåâûìè óñëîâèÿìè

(x(t0) = x0, x(t1) = x1) ∈ S ⊂ R2n (2)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Ïðèíöèï ïîãðóæåíèÿ äëÿ êðàåâîé çàäà÷è 7ïðè íàëè÷èè �àçîâûõ îãðàíè÷åíèé
x(t) ∈ G(t) : G(t) = {x ∈ Rn/γ(t) ≤ F (x, t) ≤ δ(t), t ∈ I}. (3)Çäåñü A(t), B(t) � çàäàííûå ìàòðèöû ñ êóñî÷íî-íåïðåðûâíûìè ýëåìåíòà-ìè ïîðÿäêîâ n×n, n×m ñîîòâåòñòâåííî, µ(t), t ∈ I, � çàäàííàÿ n-ìåðíàÿâåêòîð-�óíêöèÿ ñ êóñî÷íî-íåïðåðûâíûìè ýëåìåíòàìè, m-ìåðíàÿ âåêòîð-�óíêöèÿ f(x, t) îïðåäåëåíà è íåïðåðûâíà ïî ñîâîêóïíîñòè ïåðåìåííûõ

(x, t) ∈ Rn × I è óäîâëåòâîðÿåò óñëîâèÿì
|f(x, t) − f(y, t)| ≤ l |x − y| , ∀(x, t), (y, t) ∈ Rn × I, l = const > 0,

|f(x, t)| ≤ c0 |x| + c1(t), c0 = const ≥ 0, c1(t) ∈ L1(I, R1),

S � çàäàííîå âûïóêëîå çàìêíóòîå ìíîæåñòâî. Ôóíêöèÿ F (x, t) = (F1(x, t),
..., Fr(x, t)), t ∈ I,−r-ìåðíàÿ âåêòîð-�óíêöèÿ, íåïðåðûâíàÿ ïî ñîâîêóï-íîñòè àðãóìåíòîâ, γ(t) = (γ1(t), ..., γr(t)), δ(t) = (δ1(t), ..., δr(t)), t ∈ I, �çàäàííûå íåïðåðûâíûå �óíêöèè.Çàìåòèì, ÷òî1) åñëè A(t) ≡ 0, m = n, B(t) = In, ò.å. óðàâíåíèå (1) çàïèøåòñÿ ââèäå

ẋ = f(x, t) + µ(t) = f(x, t), t ∈ I. (4)Ïîýòîìó íèæå ïîëó÷åííûå ðåçóëüòàòû îñòàþòñÿ âåðíûìè äëÿ óðàâíåíèÿâèäà (4) ïðè óñëîâèÿõ (2), (3);2) åñëè f(x, t) = x + µ1(t) (ëèáî f(x, t) = C(t)x + µ1(t)), òî óðàâíåíèå(1) çàïèøåòñÿ â âèäå
ẋ = A(t)x + B(t)x + µ(t) = A(t)x + µ(t), t ∈ I, (5)ãäå A(t) = A(t) + B(t), µ(t) = B(t)µ1(t) + µ(t). Îòñþäà ñëåäóåò, ÷òî óðàâ-íåíèå (5) ÿâëÿåòñÿ ÷àñòíûì ñëó÷àåì óðàâíåíèÿ (1).Ñòàâÿòñÿ ñëåäóþùèå çàäà÷è.Çàäà÷à 1. Íàéòè íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿðåøåíèÿ êðàåâîé çàäà÷è (1)-(3).Çàäà÷à 2. Ïîñòðîèòü ðåøåíèå êðàåâîé çàäà÷è (1)-(3).Êàê ñëåäóåò èç ïîñòàíîâêè çàäà÷è, íåîáõîäèìî äîêàçàòü ñóùåñòâîâà-íèå ïàðû (x0, x1) ∈ S òàêîé, ÷òî ðåøåíèå ñèñòåìû (1), èñõîäÿùåå èç òî÷êèÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



8 Ñ.À. Àéñàãàëèåâ, Æ.Õ. Æóíóñîâà, Ì.Í. Êàëèìîëäàåâ
x0 â ìîìåíò âðåìåíè t0, ïðîõîäèò ÷åðåç òî÷êó x1 â ìîìåíò âðåìåíè t1, ïðèýòîì âäîëü ðåøåíèÿ ñèñòåìû (1) äëÿ êàæäîãî ìîìåíòà âðåìåíè âûïîëíÿ-åòñÿ �àçîâîå îãðàíè÷åíèå (13). Â ÷àñòíîñòè, ìíîæåñòâî S îïðåäåëÿåòñÿñîîòíîøåíèåì

S = {(x0, x1) ∈ R2n/Hj(x0, x1) ≤ 0, j = 1, p ;

< aj , x0 > + < bj , x1 > −dj = 0, j = p + 1, s},ãäå Hj(x0, x1), j = 1, p, � âûïóêëûå �óíêöèè îòíîñèòåëüíî ïåðåìåííûõ
(x0, x1), x0 = x(t0), x1 = x(t1); aj ∈ Rn, bj ∈ Rn, dj ∈ R1, j = p + 1, s, �çàäàííûå âåêòîðû è ÷èñëà, < ., . > � ñêàëÿðíîå ïðîèçâåäåíèå.Èíòåãðàëüíîå óðàâíåíèå. Îñíîâîé ïðåäëàãàåìîãî ìåòîäà ðåøåíèÿ çàäà÷(1), (2) ÿâëÿþòñÿ ñëåäóþùèå òåîðåìû î ñâîéñòâàõ ðåøåíèÿ èíòåãðàëüíîãîóðàâíåíèÿ Ôðåäãîëüìà ïåðâîãî ðîäà

Ku =

∫ t1

t0

K(t0, t)u(t)dt = a, (6)ãäå K(t0, t) = ‖Kij(t0, t)‖ , i = 1, n, j = 1, m, � èçâåñòíàÿ ìàòðèöà ïîðÿä-êà n × m ñ êóñî÷íî-íåïðåðûâíûìè ýëåìåíòàìè ïî t ïðè �èêñèðîâàííîì
t0, u(·) ∈ L2(I, Rm) � èñêîìàÿ �óíêöèÿ, I = [t0, t1], a ∈ Rn � çàäàííûé
n-ìåðíûé âåêòîð.Òåîðåìà 1. Èíòåãðàëüíîå óðàâíåíèå (6) ïðè ëþáîì �èêñèðîâàííîì a ∈
Rn èìååò ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà ìàòðèöà

C(t0, t1) =

∫ t1

t0

K(t0, t)K
∗(t0, t)dt (7)ïîðÿäêà n×n ÿâëÿåòñÿ ïîëîæèòåëüíî îïðåäåëåííîé, ãäå * � çíàê òðàíñ-ïîíèðîâàíèÿ.Òåîðåìà 2. Ïóñòü ìàòðèöà C(t0, t1) � ïîëîæèòåëüíî îïðåäåëåííàÿ. Òî-ãäà îáùåå ðåøåíèå èíòåãðàëüíîãî óðàâíåíèÿ (6) èìååò âèä

u(t) = K∗(t0, t)C
−1(t0, t1)a + v(t)−

−K∗(t0, t)C
−1(t0, t1)

∫ t1

t0

K(t0, t)v(t)dt, t ∈ I, (8)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Ïðèíöèï ïîãðóæåíèÿ äëÿ êðàåâîé çàäà÷è 9ãäå v(·) ∈ L2(I, Rm) � ïðîèçâîëüíàÿ �óíêöèÿ, a ∈ Rn � ëþáîé âåêòîð.Äîêàçàòåëüñòâà òåîðåì 1, 2 ïðèâåäåíû â ðàáîòå [2℄. Ïðèëîæåíèå òåî-ðåì 1, 2 äëÿ ðåøåíèÿ çàäà÷è óïðàâëÿåìîñòè è îïòèìàëüíîãî óïðàâëåíèÿèçëîæåíû â [3-6℄.Ïðèíöèï ïîãðóæåíèÿ. Íàðÿäó ñ äè��åðåíöèàëüíûì óðàâíåíèåì (1) ñ êðà-åâûìè óñëîâèÿìè (2) ðàññìîòðèì ëèíåéíóþ óïðàâëÿåìóþ ñèñòåìó
ẏ = A(t)y + B(t)u(t) + µ(t), t ∈ I, (9)

y(t0) = x0, y(t1) = x1, (x0, x1) ∈ S, (10)
u(·) ∈ L2(I, Rm). (11)Ëåãêî óáåäèòüñÿ â òîì, ÷òî óïðàâëåíèå u(·) ∈ L2(I, Rm), êîòîðîå ïåðå-âîäèò òðàåêòîðèþ ñèñòåìû (9) èç ëþáîãî íà÷àëüíîãî ñîñòîÿíèÿ x0 â ëþáîåæåëàåìîå ñîñòîÿíèå x1, ÿâëÿåòñÿ ðåøåíèåì èíòåãðàëüíîãî óðàâíåíèÿ

∫ t1

t0

Φ(t0, t)B(t)u(t)dt = a, (12)ãäå Φ(t, τ) = θ(t)θ−1(τ), θ(t) � �óíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé ëè-íåéíîé îäíîðîäíîé ñèñòåìû η̇ = A(t)η,
a = a(x0, x1) = Φ(t0, t1)[x1 − Φ(t1, t0)x0] −

∫ t1

t0

Φ(t0, t)µ(t)dt.Êàê ñëåäóåò èç (6) è (12), K(t0, t) = Φ(t0, t)B(t). Ââåäåì ñëåäóþùèåîáîçíà÷åíèÿ:
λ1(t, x0, x1) = C(t)a, C(t) = B∗(t)Φ∗(t0, t)W

−1(t0, t1),

W (t0, t1) =

∫ t1

t0

Φ(t0, t)B(t)B∗(t)Φ∗(t0, t)dt,

W (t, t1) = W (t0, t1) − W (t0, t),Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



10 Ñ.À. Àéñàãàëèåâ, Æ.Õ. Æóíóñîâà, Ì.Í. Êàëèìîëäàåâ
λ2(t, x0, x1) = C1(t)x0 + C2(t)x1 + µ1(t),

C1(t) = Φ(t, t0)W (t, t1)W
−1(t0, t1),

C2(t) = Φ(t, t0)W (t0, t)W
−1(t0, t1)Φ(t0, t1),

µ1(t) = Φ(t, t0)

∫ t

t0

Φ(t0, τ)µ(τ)dτ − C2(t)

∫ t1

t0

Φ(t1, t)µ(t)dt,

N1(t) = −C(t)Φ(t0, t1), N2(t) = −C2(t), t ∈ I.Òåîðåìà 3. Ïóñòü ìàòðèöà W (t0, t1) > 0. Óïðàâëåíèå u(·) ∈ L2(I, Rm)ïåðåâîäèò òðàåêòîðèþ ñèñòåìû (9) èç ëþáîé íà÷àëüíîé òî÷êè x0 ∈ Rnâ ëþáîå êîíå÷íîå ñîñòîÿíèå x1 ∈ Rn òîãäà è òîëüêî òîãäà, êîãäà
u(t) ∈ U = {u(·) ∈ L2(I, Rm)/u(t) = v(t) + λ1(t, x0, x1)+

+N1(t)z(t1, v), t ∈ I, ∀v(·) ∈ L2(I, Rm)},
(13)ãäå �óíêöèÿ z(t) = z(t, v), t ∈ I, ÿâëÿåòñÿ ðåøåíèåì äè��åðåíöèàëüíîãîóðàâíåíèÿ

.
z = A(t)z + B(t)v(t), z(t0) = 0, ν(·) ∈ L2(I, Rm). (14)�åøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ (9), ñîîòâåòñòâóþùåå óïðàâëå-íèþ u(t) ∈ U , îïðåäåëÿåòñÿ ïî �îðìóëå
y(t) = z(T ) + λ2(t, x0, x1) + N2(t)z(t1, v), t ∈ I. (15)Äîêàçàòåëüñòâî. Êàê ñëåäóåò èç òåîðåìû 1, äëÿ ñóùåñòâîâàíèÿ ðåøåíèÿèíòåãðàëüíîãî óðàâíåíèÿ (12) íåîáõîäèìî è äîñòàòî÷íî, ÷òîáû W (t0, t1) =

C(t0, t1) > 0, ãäå K(t0, t) = Φ(t0, t)B(t).Òåïåðü ñîîòíîøåíèå (8) çàïèøåòñÿ â âèäå (13). �åøåíèå ñèñòåìû (9), ñî-îòâåòñòâóþùåå óïðàâëåíèþ (13), îïðåäåëÿåòñÿ ïî �îðìóëå (15), ãäå z(t) =
z(t, v), t ∈ I, � ðåøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ (14). Òåîðåìà äî-êàçàíà. Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Ïðèíöèï ïîãðóæåíèÿ äëÿ êðàåâîé çàäà÷è 11Ëåììà 1. Ïóñòü ìàòðèöà W (t0, t1) > 0. Òîãäà êðàåâàÿ çàäà÷à (1)-(3)ðàâíîñèëüíà ñëåäóþùåé çàäà÷å:
u(t) = v(t) + λ1(t, x0, x1) + N1(t)z(t1, v) = f(y(t), t), t ∈ I, (16)

ż = A(t)z + B(t)v(t), z(t0) = 0, v(·) ∈ L2(I, Rm), (17)
y(t) ∈ G(t), (x0, x1) ∈ S, (18)ãäå y(t), t ∈ I, îïðåäåëÿåòñÿ ïî �îðìóëå (15), v(·) ∈ L2(I, Rm) � ïðîèç-âîëüíàÿ �óíêöèÿ.Äîêàçàòåëüñòâî. Äîêàçàòåëüñòâî ëåììû ñëåäóåò èç (1)-(3) è ðàâåíñòâ (13)-(15). Ïðè âûïîëíåíèè ñîîòíîøåíèé (16)-(18) y(t) = x(t), t ∈ I, ñëåäîâà-òåëüíî, x(t) ∈ G(t), t ∈ I. Ëåììà äîêàçàíà.�àññìîòðèì ñëåäóþùóþ çàäà÷ó îïòèìàëüíîãî óïðàâëåíèÿ: ìèíèìèçè-ðîâàòü �óíêöèîíàë

J(v, w, x0, x1) =
∫ t1
t0

[|u(t) − f(y(t), t)|2 + |w(t) − F (y(t), t)|2]dt =

=
∫ t1
t0

F0(t, v(t), w(t), x0, x1, z(t), z(t1))dt → inf

(19)ïðè óñëîâèÿõ
ż = A(t)z + B(t)v(t), z(t0) = 0, t ∈ I, (20)

v(·) ∈ L2(I, Rm), (x0, x1) ∈ S, (21)
w(t) ∈ W (t) = {w(·) ∈ L2(I, Rr)/γ(t) ≤ w(t) ≤ δ(t), t ∈ I}, (22)ãäå y(t), t ∈ I, îïðåäåëÿåòñÿ ïî �îðìóëå (15).Îáîçíà÷èì

X = L2(I, Rm) × W × S ⊂ H = L2(I, Rm) × L2(I, Rr) × Rn × Rn,

J∗ = inf
ξ∈X

J(ξ), ξ = (v, w, x0, x1) ∈ X, X∗ = {ξ∗ ∈ X/J(ξ∗) = 0}.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



12 Ñ.À. Àéñàãàëèåâ, Æ.Õ. Æóíóñîâà, Ì.Í. ÊàëèìîëäàåâÒåîðåìà 4. Ïóñòü ìàòðèöà W (t0, t1) ïîëîæèòåëüíî îïðåäåëåííàÿ, X∗ 6=
Ø. Äëÿ òîãî, ÷òîáû êðàåâàÿ çàäà÷à (1)-(3) èìåëà ðåøåíèå, íåîáõîäèìî èäîñòàòî÷íî, ÷òîáû J(ξ∗) = 0, ãäå ξ∗ = (v∗, w∗, x

∗
0, x

∗
1) ∈ X � îïòèìàëüíîåóïðàâëåíèå äëÿ çàäà÷è (19)-(22).Åñëè J∗ = J(ξ∗) = 0, òî �óíêöèÿ

x∗(t) = z(t, v∗) + λ2(t, x
∗
0, x

∗
1) + N2(t)z(t1, v∗), t ∈ I, (23)� ðåøåíèå êðàåâîé çàäà÷è (1)-(3). Åñëè J∗ > 0, òî êðàåâàÿ çàäà÷à (1)-(3)íå èìååò ðåøåíèÿ.Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïóñòü êðàåâàÿ çàäà÷à (1)-(3) èìååò ðå-øåíèå. Òîãäà, êàê ñëåäóåò èç ëåììû 1, çíà÷åíèå u(t) = f(y(t), t), t ∈ I,ãäå u(t), t ∈ I, îïðåäåëÿåòñÿ ïî �îðìóëå (16). Âêëþ÷åíèå y(t) ∈ G(t), t ∈

I, ðàâíîñèëüíî òîìó, ÷òî w(t) = F (y(t), t), ãäå γ(t) ≤ w(t) = F (y(t), t) ≤
δ(t). Ñëåäîâàòåëüíî, J(ξ∗) = 0. Çàìåòèì, ÷òî çíà÷åíèå J(ξ) ≥ 0 ∀ξ ∈ X.Íåîáõîäèìîñòü äîêàçàíà.Äîñòàòî÷íîñòü. Ïóñòü J(ξ∗) = 0. Ýòî âîçìîæíî òîãäà è òîëüêî òîãäà,êîãäà u(t) = f(y(t), t), w(t) = F (y(t), t), t ∈ I. Äîñòàòî÷íîñòü äîêàçàíà.Òåîðåìà äîêàçàíà.Ïåðåõîä îò êðàåâîé çàäà÷è (1)-(3) ê çàäà÷å îïòèìàëüíîãî óïðàâëåíèÿ(19)-(22) íàçûâàåòñÿ ïðèíöèïîì ïîãðóæåíèÿ.Îòìåòèì, ÷òî 1) çàäà÷à (19)-(22) ÿâëÿåòñÿ çàäà÷åé îïòèìàëüíîãî óïðàâ-ëåíèÿ ñî ñâîáîäíûì ïðàâûì êîíöîì òðàåêòîðèè â ðàñøèðåííîì ïðîñòðàí-ñòâå óïðàâëåíèé; 2) â îòëè÷èå îò ñòàíäàðòíûõ �óíêöèîíàëîâ (Ëàãðàíæà,Ìàéåðà, Áîëüöà) ïîäûíòåãðàëüíàÿ �óíêöèÿ F0 çàâèñèò îò âåêòîðà z(t1); 3)íåçàâèñèìî îò òîãî, ÷òî èñõîäíàÿ êðàåâàÿ çàäà÷à áóäåò ëèíåéíîé èëè íåëè-íåéíîé, äè��åðåíöèàëüíîå óðàâíåíèå â çàäà÷å (19)-(22) ÿâëÿåòñÿ ëèíåé-íûì; 4) �óíêöèîíàë J(ξ), ξ ∈ X, îãðàíè÷åí ñíèçó, ò.å. J(ξ) ≥ 0 ∀ξ ∈ X; 5)ïîñêîëüêó çàðàíåå íåâîçìîæíî óãàäàòü: êàêîå áóäåò çíà÷åíèå J∗, òî ïîëî-æèòåëüíûé îòâåò íà ñóùåñòâîâàíèå ðåøåíèÿ êðàåâîé çàäà÷è (1)-(3) ìîæåòáûòü ïîëó÷åí ïîñëå ðåøåíèÿ çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ (19)-(22).Îïòèìèçàöèîííàÿ çàäà÷à. �àññìîòðèì ðåøåíèå çàäà÷è îïòèìàëüíîãî óï-ðàâëåíèÿ (19)-(22), ãäå

F0(t, v, w, x0, x1, z, z(t1)) = |u(t) − f(y(t), t)|2 + |w(t) − F (y(t), t)|2 =

= F0(t, q), q = (ξ, z, z(t1)).Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Ïðèíöèï ïîãðóæåíèÿ äëÿ êðàåâîé çàäà÷è 13Òåîðåìà 5. Ïóñòü ìàòðèöà W (t0, t1) > 0, �óíêöèÿ F0(t, q) îïðåäåëåíà èíåïðåðûâíî äè��åðåíöèðóåìà ïî q = (ξ, z, z(t1)) è âûïîëíåíû ñëåäóþùèåóñëîâèÿ:
|F0z(t, ξ + ∆ξ, z + ∆z, z(t1) + ∆z(t1)) − F0z(t, ξ, z, z(t1))| ≤

≤ L(|∆z| + |∆z(t1)| + |∆ξ|),
∣

∣F0z(t, ξ + ∆ξ, z + ∆z, z(t1) + ∆z(t1)) − F0z(t1)(t, ξ, z, z(t1))
∣

∣ ≤

≤ L(|∆z| + |∆z(t1)| + |∆ξ|),

|F0ξ(t, ξ + ∆ξ, z + ∆z, z(t1) + ∆z(t1)) − F0ξ(t, ξ, z, z(t1))| ≤

≤ L(|∆z| + |∆z(t1)| + |∆ξ|)

∀ξ ∈ Rm+r+2n, ∀z ∈ Rn, ∀z(t1) ∈ Rn.Òîãäà �óíêöèîíàë (19) ïðè óñëîâèÿõ (20)-(22) íåïðåðûâåí è äè��åðåíöè-ðóåì ïî Ôðåøå â ëþáîé òî÷êå ξ ∈ X, ïðè÷åì
J ′(ξ) = (J ′

1(ξ), J
′
2(ξ), J

′
3(ξ), J

′
4(ξ)) ∈ H,ãäå

J ′
1(ξ) =

∂F0(t, q)

∂v
− B∗Ψ(t), J ′

2(ξ) =
∂F0(t, q)

∂v
, (24)

J ′
3(θ) =

∫ t1

t0

∂F0(t, q)

∂x0
dt, J ′

4(ξ) =

∫ t1

t0

∂F0(t, q)

∂x1
dt,

t ∈ I, q = q(t) = (v(t), w(t), x0, x1, z(t), z(t1)), z(t) � ðåøåíèå äè��åðåí-öèàëüíîãî óðàâíåíèÿ (20), à �óíêöèÿ Ψ(t) � ðåøåíèå ñîïðÿæåííîé ñè-ñòåìû
Ψ̇ =

∂F0(t, q)

∂z
− A∗(t)Ψ(t), Ψ(t1) = −

∫ t1

t0

∂F0(t, q)

∂z(t1)
dt. (25)Êðîìå òîãî, ãðàäèåíò J ′(ξ), ξ ∈ X, óäîâëåòâîðÿåò óñëîâèþ Ëèïøèöà

∥

∥J ′(ξ1) − J ′(ξ2)
∥

∥ ≤ K ‖ξ1 − ξ2‖ , ∀ ξ1, ξ2 ∈ X, (26)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



14 Ñ.À. Àéñàãàëèåâ, Æ.Õ. Æóíóñîâà, Ì.Í. Êàëèìîëäàåâãäå K > 0 � ïîñòîÿííàÿ Ëèïøèöà.Äîêàçàòåëüñòâî. Ïóñòü ξ, ξ+∆ξ ∈ X, ãäå ∆ξ = (∆v, ∆w, ∆x0, ∆x1). Ìîæ-íî ïîêàçàòü, ÷òî ∆ż = A(t)∆z + B(t)∆v, ∆z(t0) = 0, t ∈ I, à ïðèðàùåíèå�óíêöèîíàëà
∆J = J(ξ + ∆ξ) − J(ξ) =< J ′

1(ξ), ∆v >L2
+ < J ′

2(ξ), ∆w >L2
+

+ < J ′
3(ξ), ∆x0 >RnR + < J ′

4(ξ), ∆x1 >Rnn +R1 + R2 + R3 + R4,ãäå |R1 + R2 + R3 + R4| = |R| ≤ C∗ ‖∆ξ‖2 , C∗ = const > 0, |R|
‖∆ξ‖

X

→ 0ïðè ‖∆ξ‖ → 0. Îòñþäà ñëåäóåò óòâåðæäåíèå òåîðåìû 5. Òåîðåìà äîêàçàíà.Íà îñíîâå �îðìóë (24)-(26) ñòðîèì ïîñëåäîâàòåëüíîñòü
{ξn} = {vn(t), wn(t), xn

0 , xn
1} ⊂ Xïî àëãîðèòìó:

vn+1 = vn − xnJ ′
1(ξn), wn+1 = PW [wn − αnJ ′

2(ξn)], (27)
xn+1

0 = PS [xn
0 − αnJ ′

3(ξn)], xn+1
1 = PS [xn

1 − αnJ ′
4(ξn)], ,ãäå 0 < xn ≤ 2

K+2ε
, ε > 0, Pv[·] � ïðîåêöèÿ òî÷êè íà ìíîæåñòâå V .Ââåäåì ñëåäóþùèå ìíîæåñòâà:

Λ0 = {ξ ∈ X/J(ξ) ≤ J(ξ0)}, X∗∗ = {ξ∗∗ ∈ X/J(ξ∗∗) = inf
ξ∈X

J(ξ) = J∗.Òåîðåìà 6. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 5, ïîñëåäîâàòåëüíîñòü
{ξn} ⊂ X îïðåäåëÿåòñÿ ïî �îðìóëå (27). Òîãäà

1)J(ξn) − J(ξn+1) ≥ ε ‖ξn − ξn+1‖
2 , n = 0, 1, 2, ..., (28)

2) lim
n→∞

‖ξn − ξn+1‖ = 0. (29)Äîêàçàòåëüñòâî. Òàê êàê ξn+1 ÿâëÿåòñÿ ïðîåêöèåé òî÷êè ξn−αnJ ′(ξn), òî
< ξn+1 − ξn + αnJ ′(ξn), ξn − ξn+1 >H≥ 0 ∀ξ ∈ X. Îòñþäà, ñ ó÷åòîì òîãî,÷òî J(ξ) ∈ C1,1(X), ïîëó÷èì J(ξn) − J(ξn+1) ≥ ( 1

αn
− K

2 ) ‖ξn − ξn+1‖
2 ≥Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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ε ‖ξn − ξn+1‖

2. Ñëåäîâàòåëüíî, ÷èñëîâàÿ ïîñëåäîâàòåëüíîñòü {J(ξn)} ñòðî-ãî óáûâàåò è âåðíî íåðàâåíñòâî (28). �àâåíñòâî (29) ñëåäóåò èç îãðàíè÷åí-íîñòè ñíèçó �óíêöèîíàëà J(ξ), ξ ∈ X. Òåîðåìà äîêàçàíà.Òåîðåìà 7. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 5, ìíîæåñòâî Λ0 îãðà-íè÷åíî, �óíêöèÿ F0(t, q) âûïóêëàÿ ïî ïåðåìåííîé q ∈ Rn+r+4n. Òîãäà1. ìíîæåñòâî Λ0 ñëàáî áèêîìïàêòíî, X∗∗ 6= Ø;2. ïîñëåäîâàòåëüíîñòü {ξn} ÿâëÿåòñÿ ìèíèìèçèðóþùåé, ò.å.
lim

n→∞
J(ξn) = J∗ = inf

ξ∈X
J(ξ);3. ïîñëåäîâàòåëüíîñòü {ξn) ⊂ Λ0 ñëàáî ñõîäèòñÿ ê òî÷êå ξ∗∗ ∈ X∗∗;4. ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà ñêîðîñòè ñõîäèìîñòè:

0 ≤ J(ξn) − J∗ ≤
C1

n
, C1 = const > 0, n = 1, 2, ..., ;5. êðàåâàÿ çàäà÷à (1)-(3) èìååò ðåøåíèå òîãäà è òîëüêî òîãäà, êîãäà

lim
n→∞

J(ξn) = J∗ = inf
ξ∈X

J(ξ) = J(ξ∗∗) = 0.Äîêàçàòåëüñòâî. Òàê êàê F0(t, q) âûïóêëà ïî q, òî �óíêöèîíàë J(ξ), ξ ∈
X, ÿâëÿåòñÿ âûïóêëûì. Ïåðâîå óòâåðæäåíèå ñëåäóåò èç òîãî, ÷òî Λ0 �îãðàíè÷åííîå, âûïóêëîå çàìêíóòîå ìíîæåñòâî èç ðå�ëåêñèâíîãî áàíàõîâàïðîñòðàíñòâà H. Ìíîæåñòâî X∗∗ íåïóñòî èç-çà ñëàáîé ïîëóíåïðåðûâíîñòèñíèçó �óíêöèîíàëà J(ξ) íà ñëàáî áèêîìïàêòíîì ìíîæåñòâå Λ0. Âòîðîåóòâåðæäåíèå ñëåäóåò èç îöåíêè J(ξn) − J(ξn+1) ≥ ε ‖ξn − ξn+1‖

2 , n =
0, 1, 2, ..., è âûïóêëîñòè �óíêöèîíàëà J(ξ) íà Λ0. Òðåòüå óòâåðæäåíèå ñëå-äóåò èç ñëàáîé áèêîìïàêòíîñòè ìíîæåñòâà Λ0, ãäå {ξn} ⊂ Λ0. Îöåíêà ñêî-ðîñòè ñõîäèìîñòè ñëåäóåò èç íåðàâåíñòâ J(ξn)−J(ξn+1) ≥ ε ‖ξn − ξn+1‖

2 ,
J(ξn)−J(ξ∗∗) ≤ C2 ‖ξn − ξn+1‖

2 , C2 = const > 0. Ïîñëåäíåå óòâåðæäåíèåñëåäóåò èç òåîðåìû 4. Òåîðåìà äîêàçàíà.Ïîêàæåì íà îäíîì ïðèìåðå ïîëó÷åííûå âûøå ðåçóëüòàòû.Ïðèìåð. Óðàâíåíèå äâèæåíèÿ ñèñòåìû èìååò âèäÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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ξ̈ + ξ = cost, 0 < t < π, ξ(0) = 0, ξ(π) = 0, (30)ãäå �àçîâîå îãðàíè÷åíèå çàäàåòñÿ ñëåäóþùèì îáðàçîì:
0, 37t

π
− 0, 37 ≤ ξ(t) ≤

0, 44t

π
, t ∈ I = [0, π]. (31)Îáîçíà÷àÿ ξ = x1, ξ̇ = ẋ1 = x2, óðàâíåíèå (30) çàïèøåì â âåêòîðíîé�îðìå

ẋ = Ax + Bx + µ(t), x(0) = x0 =

(

0
δ

)

∈ S0,

x(π) = x1 =

(

0
β

)

∈ S1

(32)ãäå x =

(

x1

x2

)

, A =

(

0 1
0 0

)

, B =

(

0 0
−1 0

)

, µ(t) =

(

0
cos t

)

,

x0 ∈ S0 = {(x1(0), x2(0) ∈ R2/x1(0) = 0, x2(0) = δ ∈ R1},

x
1
∈ S1 = {(x1(π), x2(π) ∈ R2/x1(π) = 0, x2(π) = β ∈ R1}.Ôàçîâîå îãðàíè÷åíèå (31) èìååò âèä

0, 37t

π
− 0, 37 ≤ x1(t) ≤

0, 44t

π
, t ∈ I. (33)Ïðèíöèï ïîãðóæåíèÿ. Ëèíåéíî óïðàâëÿåìàÿ ñèñòåìà (ñì. (9), (10)) çàïè-øåòñÿ òàê:

ẏ = Ay + Bw(t) + µ(t), y(0) = x0, y(π) = x
1
, t ∈ I = [0, π], (34)

(δ, β) ∈ R2, w(·) ∈ L2(I, R′),ãäå B è ëèíåéíàÿ îäíîðîäíàÿ ñèñòåìà η̇ = A1η èìåþò âèä
B =

(

0
−1

)

, η =

(

η1

η2

)

, η̇1 = η2, η̇2 = 0.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Ïðèíöèï ïîãðóæåíèÿ äëÿ êðàåâîé çàäà÷è 17Ôóíäàìåíòàëüíàÿ ìàòðèöà ðåøåíèé ëèíåéíîé îäíîðîäíîé ñèñòåìû η̇ =
Aη îïðåäåëÿåòñÿ ïî �îðìóëå:
θ(t) = eAt =

(

1 t
0 1

)

, θ−1(t) = eAt =

(

1 −t
0 0

)

, Φ(t, τ) = θ(t)θ−1(τ).Âåêòîð
a = Φ(0, π)x

1
, − x0 −

∫ π

0
Φ(0, t)µ(t)dt =

(

−πβ −2
β −δ

)

.Ìàòðèöû
W (0, π) =

∫ π

0
Φ(0, t)BB∗Φ∗(0, t)dt =

(

π3/3 −π2/2
−π2/2 π

)

> 0,

W−1(0, π) =

(

12/π3 6/π2

6/π2 4/π

)

,

W (0, t) =

(

t3/3 −t2/2
−t2/2 t

)

, W (t, π) =

(

π3/3 − t3/3 −π2/2 + t2/2
−π2/2 + t2/2 π − t

)

.Òîãäà
d1(t, x0, x1) = B∗Φ∗(0, t)W−1(0, π)a = (

12t − 6π

π3
(−πβ − 2),

6t − 4π

π2
(β − δ)),

N1(t) = −B∗Φ∗(0, t)W−1(0, π)Φ(0, π) = (
−12t + 6π

π3
,
6t − 2π

π2
),

C1(t)x0 = Φ(t, 0)W (t, π)W−1(0, π)x0 =

=

(

6δ
π2 (π3

3 + t3

6 − π2t

2 ) + 4δ
π

(−π2

2 − t2

2 + πt)
6δ
π2 (−π2

2 − t2

2 + πt) + 4δ
π

(π − t)

)

,

C2(t) = Φ(t, 0)W (0, t)W−1(0, π)Φ(0, π) =

(

−2t3

π3 + 3π2

π2

t3

π2 − t2

π

−6t2

π3 + 6t
π2

3t2

π2 − 2t
π

)

,Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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C2(t)x1 =

(

β( t3

π2 − t2

π
)

β(3t2

π2 − 2t
π

)

)

, Φ(t, 0)

∫ t

0
Φ(0, τ)µ(τ)dτ =

(

1 − cos t
sin t

)

,

−C2(t)

∫ π

0
Φ(π, t)µ(t)dt =

(

4t3

π3 − 6t2

π2

12t2

π3 − 12t
π2

)

, µ2(t) =

(

1 − cos t + 4t3

π3 − 6t2

π2

sin t + 12t2

π3 − 12t
π2

)

.Êàê ñëåäóåò èç òåîðåìû 3, óðàâíåíèå
w(t) = v(t) + (−πβ − 2) (12t−6π)

π3 + (6t−4π)
π2 (β − δ)+

+ (−12t+6π)
π3 z1(π, v) + (6t−4π)

π2 z2(π, v), t ∈ I = [0, π],

(35)ãäå z(t, v), t ∈ I = [0, π], � ðåøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ
ż = Az + Bv(t), z(0) = 0, v(·) ∈ L2(I, R1). (36)�åøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ (34), ñîîòâåòñòâóþùåå óïðàâ-ëåíèþ (35), ðàâíî

y(t) =

(

y1(t)
y2(t)

)

= z(t, v) + λ2(t, x0, x1) + N2(t)z(π, v) = z(t, v)+

+C1(t)x0 + C2(t)x1 + µ2(t), t ∈ I = [0, π],ãäå
y1(t) = z1(t, v) + 6δ

π2 (π3

3 + t3

6 − π2t
2 )+

+4δ
π

(−π2

2 − t2

2 + πt) + β( t3

π2 − t2

π
)+

+1 − cos t + (4t3

π3 − 6t2

π2 ) + (2t3

π3 − 3t2

π2 )z1(π) + (−t3

π2 + t2

π
)z2(π),

(37)
y2(t) = z2(t, v) + 6δ

π2 (−π2

2 − t2

2 + πt) + 4δ
π

(π − t) + β(3t2

π2 − 2t
π

)−

− sin t + (12t2

π3 − 12t
π2 ) + (6t2

π3 − 6t
π2 )z1(π) + (−3t2

π2 + 2t
π

)z2(π), t ∈ I.

(38)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Ïðèíöèï ïîãðóæåíèÿ äëÿ êðàåâîé çàäà÷è 19Çàìåòèì, ÷òî y1(0) = 0, y2(0) = δ, y1(π) = 0, y2(π) = β.Îïòèìèçàöèîííàÿ çàäà÷à. Ïîñêîëüêó äëÿ äàííîãî ïðèìåðà f = y1, òî îï-òèìèçàöèîííàÿ çàäà÷à (22)-(25) çàïèøåòñÿ â âèäå: ìèíèìèçèðîâàòü �óíê-öèîíàë
J(v, p, δ, β) =

∫ π

0 [(w′t) − y1(t)
2 +

∣

∣p(t − y1(t)
2
∣

∣ dt =

=
∫ π

0 F0(t, v(t), p(t)), δ, β, z(t), z(π)))dt → inf
(39)ïðè óñëîâèÿõ (36), ãäå

v(·) ∈ L2(I, R1), p(t) ∈ V (t) =

= {p(·) ∈ L2(I, R1)/0,37t
π

− 0, 37 ≤ p(t) ≤ 0,44t
π

, t ∈ I},

(40)
δ ∈ R1, β ∈ R1.×àñòíûå ïðîèçâîäíûå

∂F0(t, q)

∂v
= 2[w(t) − y1(t)],

∂F0(t, q)

∂p
= 2[p(t) − y1(t)],

∂F0(t, q)

∂δ
= 2[w(t)−y1(t)] [

−6t + 4π

π2
−

6

π2
(
π3

3
+

t3

6
−

π2t

2
)−

4

π
(−

π2

2
−

t2

2
+πt)];

∂F0(t, q)

∂β
= 2[w(t) − y1(t)] [

−π(12t − 6π)

π3
+

6t − 4π

π2
− (

t3

π2
−

t2

π
)];

∂F0(t, q)

∂z1
= −2[w(t) − y1(t)] − 2[p(t) − y1(t)],

∂F0(t, q)

∂z2
= 0;

∂F0(t, q)

∂z1(π)
= 2[w(t)−y1(t)] [

−12t + 6π

π3
−(

2t3

π3
−

3t2

π2
)]+2[p(t)−y1(t)][−(

2t3

π3
−

3t2

π2
)],

∂F0(t, q)

∂z2(π)
= 2[w(t)−y1(t)] [

6t − 2π

π2
− (

−t3

π2
+

t2

π
)]+2[p(t)−y1(t)][−(

t3

π2
+

t2

π
)].Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



20 Ñ.À. Àéñàãàëèåâ, Æ.Õ. Æóíóñîâà, Ì.Í. ÊàëèìîëäàåâËåãêî óáåäèòüñÿ â òîì, ÷òî �óíêöèîíàë (39) ïðè óñëîâèÿõ (36), (40)ÿâëÿåòñÿ âûïóêëûì.Ìèíèìèçèðóþùèå ïîñëåäîâàòåëüíîñòè. Äëÿ äàííîé çàäà÷è óïðàâëåíèå θ =
(v, p, δ, β) ∈ X. Âûáèðàåì íà÷àëüíîå óïðàâëåíèå θ0 = (v0(t), p0(t), δ0, β0) ∈
X, ãäå v(·) ∈ L2(I, R1), p0(t) ∈ V (t), δ0 ∈ R1, β0 ∈ R1. Â ÷àñòíîñòè,
v0(t) ≡ 1, p0(t) = 0,405t

π
− 0, 185 ∈ V (t), δ0 = −π

8 , β0 = −π
8 . Íàõîäèìðåøåíèå äè��åðåíöèàëüíîãî óðàâíåíèÿ ż = Az + Bv(t) ïðè v = v0(t),ò. å. ż10 = z20, ż20 = v0(t), z10(0) = 0, z20(0) = 0. Èòàê, èçâåñòíû z10(t),

z20(t), t ∈ I. Òîãäà q0 = (v0, p0, δ0, β0, z0(t), z0(π)), z0(t) = (z10(t), z20(t)).Âû÷èñëèì ÷àñòíûå ïðîèçâîäíûå ∂F0(t,q0)
∂v

, ∂F0(t,q0)
∂p

, ∂F0(t,q0)
∂δ

, ∂F0(t,q0)
∂β

,
∂F0(t,q0)

∂z10
, ∂F0(t,q0)

∂z20
, ∂F0(t,q0)

∂z10(π) , ∂F0(t,q0)
∂z20(π) . Ñëåäóþùèå ïðèáëèæåíèÿ:

v1 = v0−α0J
′
1(θ0), p1 = PV [p0−α0J

′
2(θ0)], δ1 = δ0−α0J

′
3(θ0), β1 = β0−α0J

′
4(θ0),ãäå

J ′
1(θ0) =

∂F0(t, q0)

∂v
− B ∗ Ψ0(t), J

′
2(θ0) =

∂F0(t, q0)

∂p
,

J ′
3(θ0) =

∫ π

0

∂F0(t, q0)

∂δ
dt, J ′

4(θ0) =

∫ π

0

∂F0(t, q0)

∂β
dt,

αn = const =
1

K
> 0, n = 0, 1, 2, ....Çäåñü Ψ0(t) = (Ψ10(t), Ψ20(t)), t ∈ I, � ðåøåíèå ñîïðÿæåííîé ñèñòåìû

Ψ̇10 =
∂F0(t, q0)

∂z10
+ Ψ20, Ψ̇20 =

∂F0(t, q0)

∂z20
=

= 0, Ψ10(π) = −

∫ π

0

∂F0(t, q0)

∂z10(π)
dt, Ψ20(π) = −

∫ π

0

∂F0(t, q0)

∂z20(π)
dt.Â ðåçóëüòàòå íàõîäèì θ1 = (v1, p1, δ1, β1). Äàëåå ïîâòîðÿåòñÿ ïðîöåññïîñòðîåíèÿ {θn} ñ íà÷àëüíîé òî÷êîé θ1.Òàê êàê �óíêöèîíàë (39) ïðè óñëîâèÿõ (36), (40) ÿâëÿåòñÿ âûïóê-ëûì, òî ïîñëåäîâàòåëüíîñòü {θn} ÿâëÿåòñÿ ìèíèìèçèðóþùåé. Ìîæíî ïî-êàçàòü, ÷òî vn → v∗, pn → p∗, δn → δ∗, βn → β∗ ïðè n → ∞, çíà÷åíèå

J(v∗, p∗, δ∗, β∗) = 0, ãäå v∗(t) = t
2 sin t− π

4 sin t, p∗(t) = t
2 sin t− π

4 sin t, t ∈ I,
δ∗ = −π

4 , β∗ = −π
4 . ÔóíêöèèÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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z1(v∗) = cos t − 1 +

1

2
t sin t −

π

4
sin t +

π

4
t, t ∈ I,

z2(v∗) = −
1

2
(sin t − t cos t) −

π

4
cos t +

π

4
, t ∈ I.Çíà÷åíèÿ z1(π, v∗) = π2

4 − 2, z2(π, v∗) = 0. �åøåíèå èñõîäíîé çàäà÷è
x1∗(t) = y1∗(t) =

1

2
t sin t −

π

4
sin t,

x2∗(t) = y2∗(t) = −
π

4
+

1

2
sin t +

1

2
t cos t −

π

4
cos t +

π

4
, t ∈ I,

0, 37t

π
− 0, 37 ≤ x1∗(t) ≤

0, 44t

π
, t ∈ I = [0, π],

x0 = (0;−
π

4
), x0 = (0;−

π

4
), ξ(t) = x1∗(t), t ∈ I.Öèòèðîâàííàÿ ëèòåðàòóðà[1℄. Òèõîíîâ À.Í., Âàñèëüåâà À.Á., Ñâåøíèêîâ À.�., Äè��åðåíöèàëüíûåóðàâíåíèÿ, Ì.: Íàóêà, 1980.[2℄. Àéñàãàëèåâ Ñ.À., Îáùåå ðåøåíèå îäíîãî êëàññà èíòåãðàëüíûõ óðàâ-íåíèé, Ìàòåìàòè÷åñêèé æóðíàë, Èíñòèòóò ìàòåìàòèêè ÌÎÍ �Ê, 2005,Ò. 5, � 4, Ñ. 7 � 13.[3℄. Àéñàãàëèåâ Ñ.À., Óïðàâëÿåìîñòü íåêîòîðîé ñèñòåìû äè��åðåíöè-àëüíûõ óðàâíåíèé, Äè��åðåíöèàëüíûå óðàâíåíèÿ, 1991, T. 27, � 9, Ñ. 1476� 1486.[4℄. Àéñàãàëèåâ Ñ.À., Êàáèäîëäàíîâà À.À., Îïòèìàëüíîå áûñòðîäåé-ñòâèå íåëèíåéíûõ ñèñòåì ñ îãðàíè÷åíèÿìè, Äè��åðåíöèàëüíûå óðàâíå-íèÿ è ïðîöåññû óïðàâëåíèÿ, 2010, � 1, Ñ. 30 � 55.[5℄. Àéñàãàëèåâ Ñ.À., Áåëîãóðîâ À.Ï., Óïðàâëÿåìîñòü è áûñòðîäåé-ñòâèå ïðîöåññà, îïèñûâàåìîãî ïàðàáîëè÷åñêèì óðàâíåíèåì ñ îãðàíè÷åí-íûì óïðàâëåíèåì, Ñèáèðñêèé ìàòåìàòè÷åñêèé æóðíàë, 2012, T. 53, � 1,Ñ. 20 � 36.[6℄. Àéñàãàëèåâ Ñ.À., Êàáèäîëäàíîâà À.À., Îïòèìàëüíîå óïðàâëåíèåëèíåéíûìè ñèñòåìàìè ñ ëèíåéíûì êðèòåðèåì êà÷åñòâà è îãðàíè÷åíèÿ-ìè, Äè��åðåíöèàëüíûå óðàâíåíèÿ, 2012, T. 48, � 6, Ñ. 826 � 838.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



22 Ñ.À. Àéñàãàëèåâ, Æ.Õ. Æóíóñîâà, Ì.Í. Êàëèìîëäàåâ[7℄. Àéñàãàëèåâ Ñ.À., Àéñàãàëèåâ Ò.Ñ., Ìåòîäû ðåøåíèÿ êðàåâûõ çàäà÷,2002, 348 ñ. Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 12.03.2012 ã.
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24 Ë. À. Àëåêñååâà, Á. Ò. Ñàðñåíîâíàçåìíûõ ñîîðóæåíèé. Çäåñü ðàçðàáîòàíà ìàòåìàòè÷åñêàÿ ìîäåëü äëÿ èçó-÷åíèÿ òàêèõ ÿâëåíèé.Äëÿ ðåøåíèÿ íåñòàöèîíàðíûõ çàäà÷ â óïðóãèõ ñðåäàõ îäíèì èç íàè-áîëåå óäîáíûõ â ïðèëîæåíèÿõ ìåòîäîâ ÿâëÿåòñÿ ìåòîä áèõàðàêòåðèñòèêñ èñïîëüçîâàíèåì èäåé ìåòîäà ðàñùåïëåíèÿ, ðàçâèòûé �.Ò. Òàðàáðèíûì[1℄. Â íàñòîÿùåé ðàáîòå ýòîò ìåòîä ðàçâèò äëÿ ðåøåíèÿ êîíòàêòíûõ çàäà÷âçàèìîäåéñòâèÿ óïðóãèõ òåë ñ óãëîâûìè òî÷êàìè â óñëîâèÿõ ïëîñêîé äå-�îðìàöèè [2,3℄. Ïðèíÿòà ÿâíàÿ ðàçíîñòíàÿ ñõåìà, ïîñòðîåííàÿ íà îñíîâåìåòîäà áèõàðàêòåðèñòèê ñ ïðèâëå÷åíèåì èäåè ðàñùåïëåíèÿ ïî ïðîñòðàí-ñòâåííûì êîîðäèíàòàì. Ïîëó÷åíû ðàçðåøàþùèå ðàçíîñòíûå óðàâíåíèÿäëÿ âíóòðåííèõ, ãðàíè÷íûõ, óãëîâûõ, îñîáûõ è êîíòàêòíûõ òî÷åê ñîïðÿ-æåíèÿ ïîëîñû è ïîëóïëîñêîñòè. Äëÿ ìîäåëèðîâàíèÿ ïðîöåññà ñáðîñà íà-ïðÿæåíèé íà òðåùèíå èñïîëüçóþòñÿ ñèíãóëÿðíûå îáîáùåííûå �óíêöèèïî ìåòîäó, ïðåäëîæåííîìó â [4℄.Ïðîâåäåíû ÷èñëåííûå ýêñïåðèìåíòû ïî îïðåäåëåíèþ íàïðÿæåííî-äå-�îðìèðîâàííîãî ñîñòîÿíèÿ óïðóãîãî ïîëóïðîñòðàíñòâà è óïðóãîãî òåëàïðè ñáðîñå âåðòèêàëüíûõ è ãîðèçîíòàëüíûõ íàïðÿæåíèé íà òðåùèíå ñèñïîëüçîâàíèåì �èçèêî-ìåõàíè÷åñêèõ ïàðàìåòðîâ, òèïè÷íûõ äëÿ ãîðíûõïîðîä è ñòðîèòåëüíûõ ñîîðóæåíèé. Ïîñòðîåíû îñöèëëîãðàììû ñêîðîñòåéïåðåìåùåíèé äíåâíîé ïîâåðõíîñòè è óïðóãîãî òåëà è äè�ðàêöèîííûå êàð-òèíû ïîëåé ñêîðîñòåé è íàïðÿæåíèé ïðè îòðàæåíèè è ïðåëîìëåíèè óäàð-íûõ âîëí. Èññëåäîâàíî âëèÿíèå ïàðàìåòðîâ ìàññèâà, ãëóáèíû òðåùèíû èõàðàêòåðà âîçíèêàþùèõ óäàðíûõ âîëí íà íàïðÿæåííî-äå�îðìèðîâàííîåñîñòîÿíèå ñðåäû è óïðóãîãî òåëà. Òàêæå èçó÷åíî íàïðÿæåííî-äå�îðìèðî-âàííîå ñîñòîÿíèå óïðóãîãî òåëà (ñîîðóæåíèÿ) â çàâèñèìîñòè îò ðàññòîÿíèÿäî ýïèöåíòðà. 1. Ïîñòàíîâêà êîíòàêòíîé çàäà÷è�àññìîòðèì ñîñòàâíóþ íåîäíîðîäíóþ óïðóãóþ ñðåäó â óñëîâèÿõ ïëîñ-êîé äå�îðìàöèè: ïîëóïðîñòðàíñòâî x1 ≥ 0 îäíîðîäíîé èçîòðîïíîé óïðó-ãîé ñðåäû (ñðåäà D1) ñ ïëîòíîñòüþ ρ1 è êîý��èöèåíòàìè Ëàìå λ1 è µ1è ïîâåðõíîñòíîå âêëþ÷åíèå (ñðåäà D2 � èçîòðîïíîå óïðóãîå òåëî ñ âûñî-òîé d1 è øèðèíîé 2d2) ñ ïëîòíîñòüþ ρ2 è êîý��èöèåíòàìè Ëàìå λ2, µ2,(ðèñ.1).Ïðåäïîëàãàåòñÿ, ÷òî äî íà÷àëüíîãî ìîìåíòà âðåìåíè ñðåäà íàõîäèòñÿÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Äè�ðàêöèÿ íåñòàöèîíàðíûõ âîëí â óïðóãîé ïîëóïëîñêîñòè 25â ñîñòîÿíèè ïîêîÿ:
u

(k) = 0, u̇(k) = 0 (k = 1, 2), (1)à ïðè t ≥ 0 ïðîèñõîäèò ñáðîñ íàïðÿæåíèé íà ãîðèçîíòàëüíîé òðåùèíå S,êîòîðàÿ ðàñïîëîæåíà íà ãëóáèíå L (x1 = L, |x2| ≤ d).�ðàíèöû ïîëóïðîñòðàíñòâà è âêëþ÷åíèÿ ñâîáîäíû îò âíåøíèõ íàãðó-çîê:
σ

(1)
1j = 0 (j = 1, 2) ïðè x1 = 0, |x2 − d3| > d2, (2)

σ
(2)
1j = 0 (j = 1, 2) ïðè x1 = −d1, |x2 − d3| ≤ d2, (3)

σ
(2)
2j = 0 (j = 1, 2) ïðè |x2 − d3| = d2, −d1 ≤ x1 ≤ 0, (4)ãäå d3 � ãîðèçîíòàëüíàÿ êîîðäèíàòà öåíòðà ìàññ óïðóãîãî âêëþ÷åíèÿ (ñì.ðèñ.1).Óñëîâèÿ íà êîíòàêòíîé ãðàíèöå ïðîñòðàíñòâà è âêëþ÷åíèÿ îòâå÷àþòòðåáîâàíèÿì ïîëíîãî ñöåïëåíèÿ (æåñòêèé êîíòàêò):

v
(1)
j = v

(2)
j , σ

(1)
1j = σ

(2)
1j (j = 1, 2) ïðè x1 = 0, |x2 − d3| ≤ d2. (5)Çäåñü σ

(k)
ij (x, t) � êîìïîíåíòû òåíçîðà íàïðÿæåíèé k-îé ñðåäû â òî÷êå

x = (x1, x2) â ìîìåíò âðåìåíè t, v
(k)
j (x, t) � êîìïîíåíòû ñêîðîñòåé ïåðå-ìåùåíèé ýòèõ ñðåä.Òàê êàê íà áåñêîíå÷íîñòè îòñóòñòâóþò èñòî÷íèêè âîçìóùåíèé, òî î÷å-âèäíûì ÿâëÿåòñÿ òðåáîâàíèå:

uj → 0, σij → 0 (i, j = 1, 2) ïðè ||x|| → ∞.Äëÿ îïèñàíèÿ äâèæåíèÿ óïðóãîé ñðåäû èñïîëüçóþòñÿ äâå ñèñòåìû äè�-�åðåíöèàëüíûõ óðàâíåíèé:
σ

(k)
iβ,β + F

(k)
i = ρk

∂2u
(k)
i

∂t2
(i, k = 1, 2) (6)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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�èñ. 1: Óïðóãîå ïîëóïðîñòðàíñòâî D1 ñ ïîâåðõíîñòíûì âêëþ÷åíèåì D2è ñîîòíîøåíèÿ îáîáùåííîãî çàêîíà �óêà:
σ

(k)
ij = λku

(k)
β,βδij + µk(u

(k)
i,j + u

(k)
j,i ) (i, j, k = 1, 2). (7)Çäåñü ïî ïîâòîðÿþùèìñÿ ãðå÷åñêèì èíäåêñàì ïðîâîäèòñÿ ñóììèðîâàíèåîò 1 äî 2 (òåíçîðíàÿ ñâåðòêà), u

(k)
i = ∂ui

(k)

∂xk
, F

(k)
i � êîìïîíåíòû îáúåìíîéñèëû â k-îé ñðåäå, δij � ñèìâîë Êðîíåêåðà.Äëÿ ìîäåëèðîâàíèÿ ñáðîñà íàïðÿæåíèé íà òðåùèíå â ïîëóïðîñòðàí-ñòâå ââåäåíà îáúåìíàÿ ñèëà F

(1), êîìïîíåíòû F
(1)
i êîòîðîé îïðåäåëÿþòñÿñèíãóëÿðíîé îáîáùåííîé �óíêöèåé � ïðîñòûì ñëîåì íà ãîðèçîíòàëüíîéòðåùèíå S [4℄. Â äàííîì ñëó÷àå îíè èìåþò ñëåäóþùèé âèä:

F
(1)
i = nβ [σiβ]

S
δS(x) = nβ [σiβ]

S
δ(x1 − L)H(d − |x2|), i = 1, 2, (8)ãäå âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ � ñêà÷îê êîìïîíåíò òåíçîðà íàïðÿ-æåíèé íà áåðåãàõ òðåùèíû, n � åäèíè÷íàÿ íîðìàëü ê åå ïîâåðõíîñòè,çäåñü n = (n1, n2) = (1, 0), H(t) � �óíêöèÿ Õåâèñàéäà, δ(x1) � äåëüòà-�óíêöèÿ Äèðàêà. Ïðåäïîëàãàåòñÿ, ÷òî ñêà÷îê íàïðÿæåíèé íà òðåùèíå èç-âåñòåí:

nβ [σiβ(x)]
S

= Pi(x, t), x ∈ S, t > 0. (9)Çäåñü â ðàñ÷åòàõ îí èìååò èìïóëüñíûé âèä:
Pi(x, t) = Pte−atH(t) (a > 0), (10)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Äè�ðàêöèÿ íåñòàöèîíàðíûõ âîëí â óïðóãîé ïîëóïëîñêîñòè 27õàðàêòåðíûé äëÿ çåìëåòðÿñåíèé. Ïðè îïèñàííûõ óñëîâèÿõ íåîáõîäèìîîïðåäåëèòü íàïðÿæåííî-äå�îðìèðîâàííîå ñîñòîÿíèå ñðåäû è ïîâåðõíîñò-íîãî âêëþ÷åíèÿ D1 ∪ D2 ïðè t > 0.2. Îïðåäåëÿþùèå óðàâíåíèÿ�åøåíèå çàäà÷è óäîáíî îòûñêèâàòü â áåçðàçìåðíîì ïðîñòðàíñòâå ïå-ðåìåííûõ è èñêîìûõ �óíêöèé, êîòîðûå ïîëó÷àþòñÿ ïîñëå ââåäåíèÿ îáî-çíà÷åíèé [5℄:
c
(k)
1 =

c
(k)∗
1

c
(m)∗
1

; c
(k)
2 =

c
(k)∗
2

c
(m)∗
1

; xi =
x∗

i

L∗
; t =

t∗c
(m)∗
1

L∗
;

ρk =
ρ∗k
ρ∗m

; v
(k)
i =

u̇
(k)∗
i

c
(m)∗
1

; σ
(k)
ij =

σ
(k)∗
ij

ρ∗m

(

c
(m)∗
1

)2 ; F
(k)
i =

F
(k)∗
i L∗

ρ∗m

(

c
(m)∗
1

)2 ;

γ
(k)
11 = γ

(k)
22 = ρk

(

c
(k)
1

)2
; γ

(k)
12 = γ

(k)
21 = ρk

(

c
(k)
2

)2
; γ

(k)
33 = γ

(k)
11 − 2γ

(k)
12 .Çäåñü èíäåêñ * ïðèäàåòñÿ ðàçìåðíûì âåëè÷èíàì; èíäåêñ m îòíîñèòñÿ êìàòåðèàëó, â êîòîðîì ñêîðîñòü ïðîäîëüíûõ âîëí ÿâëÿåòñÿ íàèáîëüøåé; L∗� õàðàêòåðíûé ëèíåéíûé ðàçìåð; c

(k)∗
1 =

√

λ∗
k
+2µ∗

k

ρ∗
k

, c
(k)∗
2 =

√

µ∗
k

ρ∗
k

� ñêî-ðîñòè ðàñïðîñòðàíåíèÿ ïðîäîëüíûõ (ñæàòèÿ-ðàñøèðåíèÿ) è ïîïåðå÷íûõ(ñäâèãîâûõ) âîëí â k-îé ñðåäå.Ïîñëå ââåäåíèÿ áåçðàçìåðíûõ âåëè÷èí, èç óðàâíåíèé (6), (7) ïîñëå ïðî-ñòûõ ïðåîáðàçîâàíèé ïîëó÷èì ñèñòåìó óðàâíåíèé âèäà:
ρkv̇

(k)
i = σ

(k)
iβ,β + F

(k)
i (i, j, k = 1, 2),

σ̇
(k)
ij = γ

(k)
ij (v

(k)
i,j + v

(k)
j,i )

1

(1 + δij)
+ γ

(k)
33 (v

(k)
β,β − v

(k)
i,j )δij .

(11)Ñèñòåìà (11) èìååò äâà ñåìåéñòâà õàðàêòåðèñòè÷åñêèõ êîíóñîâ. Îáðàçóþ-ùèå ýòèõ êîíóñîâ ñîâïàäàþò ñ áèõàðàêòåðèñòèêàìè óðàâíåíèé (11). Âäîëüõàðàêòåðèñòèê, ëåæàùèõ â ïëîñêîñòè xα = 
onst, óðàâíåíèÿ (11) ÿâëÿþòñÿÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



28 Ë. À. Àëåêñååâà, Á. Ò. Ñàðñåíîâ�óíêöèÿìè òîëüêî äâóõ ïåðåìåííûõ (xj ; t) (j 6= α). Ýòî äàåò âîçìîæíîñòüçàïèñàòü óñëîâèÿ íà áèõàðàêòåðèñòèêàõ, êàê óñëîâèÿ íà õàðàêòåðèñòèêàõâ ñîîòâåòñòâóþùåé îäíîìåðíîé çàäà÷å. Ñîîòâåòñòâóþùèå ïðåîáðàçîâàíèÿìîæíî âûïîëíèòü, åñëè â ñèñòåìå óðàâíåíèé (11) ïîî÷åðåäíî çà�èêñèðî-âàòü îäíó èç ïðîñòðàíñòâåííûõ ïåðåìåííûõ. Ïðè ýòîì ñèñòåìà óðàâíåíèé(11) ðàñùåïëÿåòñÿ íà äâå ñèñòåìû óðàâíåíèé, ñîîòâåòñòâóþùèå íàïðàâëå-íèÿì j=1 è j =2 (i=1, 2):
v̇

(k)
i − ρ−1

k σ
(k)
ij,j = a

(k)
ij + F

(k)
i ,

σ̇
(k)
ij − γ

(k)
ij v

(k)
i,j = b

(k)
ij ,

(12)ãäå ââåäåíû îáîçíà÷åíèÿ
a

(k)
ij = ρ−1

k (σ
(k)
iβ,β − σ

(k)
ij,j),

b
(k)
ij = γ

(k)
ij v

(k)
j,i (1 − δij) + γ

(k)
33 (v

(k)
β,β − v

(k)
i,j )δij .

(13)Äè��åðåíöèàëüíûå óðàâíåíèÿ õàðàêòåðèñòèê èìåþò âèä
dxi = ±λ

(k)
ij dt, (14)à óñëîâèÿìè íà áèõàðàêòåðèñòèêàõ ÿâëÿþòñÿ ñîîòíîøåíèÿ

dσ
(k)
ij ∓ ρkλ

(k)
ij dv

(k)
i =

(

b
(k)
ij ∓ ρkλ

(k)
ij

[

a
(k)
ij + F

(k)
i

])

dt, (15)çäåñü λ
(k)
ij =

√

ρ−1
k γ

(k)
ij = c

(k)
1 δij + c

(k)
2 (1 − δij). Èç (14) âèäíî, ÷òî íà êàæ-äîé èç äâóõ ãèïåðïëîñêîñòåé èìåþòñÿ äâå ïàðû ñåìåéñòâ õàðàêòåðèñòèê,îïðåäåëÿþùèå ïðîäîëüíûå λ

(k)
ii è ñäâèãîâûå λ

(k)
ij (i 6= j, i, j = 1, 2) ñêî-ðîñòè ðàñïðîñòðàíåíèÿ âîëí. Â êàæäîé èç äâóõ ïëîñêîñòåé (xj ; t) èìåþò-ñÿ ïî äâà ñåìåéñòâà áèõàðàêòåðèñòèê ïîëîæèòåëüíîãî è îòðèöàòåëüíîãîíàïðàâëåíèé. Âåðõíèé çíàê ñîîòâåòñòâóåò õàðàêòåðèñòèêàì ïîëîæèòåëü-íîãî, à íèæíèé � îòðèöàòåëüíîãî íàïðàâëåíèé. Óðàâíåíèÿ (14) è (15)ñîîòâåòñòâóþò äðóã äðóãó ïðè îäèíàêîâîé ïàðå èíäåêñîâ è ïðè îäèíàêî-âîì ðàñïîëîæåíèè çíàêîâ. Óðàâíåíèÿ (12) è óñëîâèÿ (15) èñïîëüçóþòñÿäëÿ îòûñêàíèÿ ðåøåíèÿ ñ�îðìóëèðîâàííîé çàäà÷è (1) �(7).Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Äè�ðàêöèÿ íåñòàöèîíàðíûõ âîëí â óïðóãîé ïîëóïëîñêîñòè 293. Âûáîð òî÷å÷íîé ñõåìû øàáëîíàÏóñòü òåëî D1 ∪D2 ðàçáèâàåòñÿ íà ÿ÷åéêè, îáðàçóåìûå ïåðåñå÷åíèÿìèêîîðäèíàòíûõ ïîâåðõíîñòåé xi = const (i = 1, 2). Ëèíåéíûå ðàçìåðû ýòèõÿ÷ååê â íàïðàâëåíèè îñåé x1 è x2 ñ÷èòàþòñÿ ðàâíîìåðíûìè è ðàâíûìè h.Ïåðåñå÷åíèÿ ëèíèé xi = const (i = 1, 2) îáðàçóþò óçëû. Â ýòèõ óçëîâûõòî÷êàõ îòûñêèâàþòñÿ çíà÷åíèÿ èñêîìûõ �óíêöèé v
(k)
i , σ

(k)
ij (i, j = 1, 2) âðàçëè÷íûå ìîìåíòû âðåìåíè tn − τ, tn, tn + τ(n = 1, 2, ..., N) ñ øàãîì ïîâðåìåíè τ . Ïîëó÷èâøàÿñÿ ñåòêà ÿâëÿåòñÿ òðåõìåðíîé. Òî÷å÷íàÿ ñåòêà, íàîñíîâå êîòîðîé ñòðîèòñÿ ðàçíîñòíàÿ ñõåìà, ïîìèìî óïîìÿíóòûõ óçëîâûõòî÷åê ñîäåðæèò òî÷êè, îáðàçîâàííûå ïåðåñå÷åíèÿìè áèõàðàêòåðèñòèê ñãèïåðïëîñêîñòÿìè t = const. Ïðèíèìàåòñÿ øàáëîí, ñîñòîÿùèé èç óçëà Oè òî÷åê E

±(k)
ij , ëåæàùèõ íà êîîðäèíàòíûõ ëèíèÿõ xj = const è îòñòîÿùèõîò òî÷êè O íà ðàññòîÿíèÿ λ

(k)
ij τ . Â äàëüíåéøåì çíà÷åíèÿì �óíêöèé â òî÷-êå O ïðèïèñûâàåòñÿ âåðõíèé çíàê ”0”; â òî÷êàõ E

±(k)
ij � íèæíèé ”ij” èâåðõíèé çíàê ±( íàïðèìåð, σ

±(k)
ij ), à â òî÷êå A äîïîëíèòåëüíûé èíäåêñ íåïðèïèñûâàåòñÿ. Òî÷êè O è A ïðåäñòàâëÿþò ñîáîé îäíó è òó æå òî÷êó òåëàâ ìîìåíòû âðåìåíè, îòñòîÿùèå äðóã îò äðóãà íà îäèí øàã τ ïî âðåìåíè(ðèñ.2).Íà îñíîâàíèè îïèñàííûõ òî÷å÷íûõ ñõåì ðàçðàáàòûâàåìàÿ íèæå ìåòî-äèêà ðåøåíèÿ äèíàìè÷åñêèõ çàäà÷ ïîçâîëÿåò îïðåäåëèòü ñêîðîñòè ÷àñòèö

v
(k)
i è êîìïîíåíòû òåíçîðà íàïðÿæåíèé σ

(k)
ij â òî÷êå A íà ñëîå ïî âðåìåí

tn, åñëè èçâåñòíû èõ çíà÷åíèÿ íà ïðåäûäóùåì ñëîå tn−1 (n = 1, 2, ..., N) âòî÷êå O è â ïðèëåãàþùèõ ê íåé òî÷êàõ E
±(k)
ij .4. �àçðåøàþùèå ðàçíîñòíûå óðàâíåíèÿ âî âíóòðåííèõ òî÷êàõÈíòåãðèðîâàíèå ñèñòåìû óðàâíåíèé (12) îò òî÷êè O äî òî÷êè A è ñî-îòíîøåíèé (15) îò òî÷êè E

±(k)
ij äî òî÷êè A ìåòîäîì òðàïåöèè ïîçâîëÿåòïîëó÷èòü âûðàæåíèÿ ñëåäóþùåãî òèïà:

v
(k)
i = v

0(k)
i +

τ

2

(

ρ−1
k σ

0(k)
ii,i + a

0(k)
ii + F 0

i + ρ−1
k σ

(k)
ii,i + a

(k)
ii + F

(k)
i

)

,

σ
(k)
ij = σ

0(k)
ij +

τ

2

(

γ
(k)
ij v

0(k)
i,j + b

0(k)
ij + γ

(k)
ij v

(k)
i,j + b

(k)
ij

)

,
(16)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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σ

(k)
ij − σ

±(k)
ij ∓ ρkλ

(k)
ij (v

(k)
i − v

±(k)
i ) =

=
τ

2

(

b
(k)
ij + b

±(k)
ij ∓ ρkλ

(k)
ij

[

a
(k)
ij + a

±(k)
ij + F

(k)
i + F

±(k)
i

])

,
(17)ãäå ñèñòåìà óðàâíåíèé (16) è (17), ñîñòîÿùàÿ èç 13 óðàâíåíèé, ðàçðåøà-åòñÿ îòíîñèòåëüíî 13 íåèçâåñòíûõ äëÿ êàæäîé ñðåäû (k=1, 2): 5 �óíê-öèé v

(k)
i , σ

(k)
ij (v

(k)
1 , v

(k)
2 , σ

(k)
11 , σ

(k)
12 , σ

(k)
22 ) è èõ 8 ïðîèçâîäíûõ a

(k)
ij , b

(k)
ij

(v
(k)
1,1 , v

(k)
1,2 , v

(k)
2,1 , v

(k)
2,2 , σ

(k)
11,1, σ

(k)
12,2, σ

(k)
21,1, σ

(k)
22,2).Çíà÷åíèÿ �óíêöèé â íåóçëîâûõ òî÷êàõ E

±(k)
ij çàìåíÿþòñÿ âåëè÷èíàìè,âû÷èñëåííûìè ïî �îðìóëå Òåéëîðà ñ òî÷íîñòüþ äî ïåðâîãî ïîðÿäêà äëÿïðîèçâîäíûõ a

±(k)
ij è b

±(k)
ij è ñ òî÷íîñòüþ äî âòîðîãî ïîðÿäêà äëÿ �óíêöèé

v
±(k)
i è σ

±(k)
ij ÷åðåç èõ çíà÷åíèÿ â óçëîâûõ òî÷êàõ (x0

1, x
0
2, t0):

a
±(k)
ij = a

0(k)
ij ∓ λ

(k)
ij τ

∂a
0(k)
ij

∂xj
,

b
±(k)
ij = b

0(k)
ij ∓ λ

(k)
ij τ

∂b
0(k)
ij

∂xj
,

(18)
σ
±(k)
ij = σ

0(k)
ij ∓ λ

(k)
ij τ

∂σ
0(k)
ij

∂xj
+

1

2
(λ

(k)
ij τ)2

∂2σ
0(k)
ij

∂x2
j

,

v
±(k)
i = v

0(k)
i ∓ λ

(k)
ij τ

∂v
0(k)
i

∂xj
+

1

2
(λ

(k)
ij τ)2

∂2v
0(k)
i

∂x2
j

.

(19)Ïîäñòàâèâ ñîîòíîøåíèÿ (18), (19) â (17), çàòåì, èñêëþ÷èâ ïðè ïîìî-ùè (16) ïåðåìåííûå v
(k)
i è σ

(k)
ij è ó÷èòûâàÿ (18), ìîæíî ïîëó÷èòü âîñåìüóðàâíåíèé îòíîñèòåëüíî ïðîèçâîäíûõ v

(k)
i,j è σ

(k)
ij,j â ðàñ÷åòíîì ñëîå âðåìåíè

σ
(k)
ij,j ∓ ρkλ

(k)
ij v

(k)
i,j = σ

0(k)
ij,j + τ

[

γ
(k)
ij v

(k)
i,jj + b

(k)
ij,j

]

∓

∓ ρkλ
(k)
ij

(

v
0(k)
i,j + τ

[

ρ−1
k σ

0(k)
ij,jj + a

0(k)
ij,j

])

+ F±
i − F 0

i .
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�èñ. 2: Òî÷å÷íàÿ ñõåìà øàáëîíà: a) òðåõìåðíàÿ b) íà x2 = constÑêëàäûâàÿ è âû÷èòàÿ ïîî÷åðåäíî ñîîòâåòñòâóþùèå ïàðû óðàâíåíèé(20), ìîæíî íàéòè íåèçâåñòíûå ïðîèçâîäíûå
v

(k)
i,j = v

0(k)
i,j + τ

(

ρ−1
k σ

0(k)
ij,jj + a

0(k)
ij,j

)

+
1

2ρkλij

(

F−
i − F+

i

)

,

σ
(k)
ij,j = σ

0(k)
ij,j + τ

(

γ
(k)
ij v

(k)
i,jj + b

(k)
ij,j

)

+
1

2

(

F−
i + F+

i − 2F 0
i

)

.

(21)Ñèñòåìó óðàâíåíèé (21) ìîæíî èñïîëüçîâàòü äëÿ îïðåäåëåíèÿ íåèç-âåñòíûõ ïðîèçâîäíûõ êàê âî âíóòðåííèõ, òàê è ãðàíè÷íûõ óçëîâûõ òî÷-êàõ èññëåäóåìîé îáëàñòè. Îäíàêî, âàæíî èìåòü ïðîìåæóòî÷íûå ñîîòíî-øåíèÿ (20), êîòîðûå èñïîëüçóþòñÿ ïðè ðåøåíèè ñèñòåì óðàâíåíèé, ãäåçàäàíû ãðàíè÷íûå �óíêöèè. Ïîäñòàíîâêà ðàâåíñòâ (21) â (16) ïîçâîëÿåòïîëó÷èòü íåèçâåñòíûå �óíêöèè v
(k)
i è σ

(k)
ij âî âíóòðåííèõ óçëîâûõ òî÷êàõíåîäíîðîäíîãî òåëà â ìîìåíò âðåìåíè tn + τ (n = 1, 2, ..., N).5. �àçíîñòíûå óðàâíåíèÿ â ãðàíè÷íûõ òî÷êàõÍà ãðàíè÷íûõ ëèíèÿõ xj = const çàäàíû äâà êîìïîíåíòà íàïðÿæåíèÿ(ñì. (2)-(4)). Â ðàñ÷åòàõ íå ìîãóò áûòü èñïîëüçîâàíû äâà óñëîâèÿ èç (20),óñëîâèÿ íà äâóõ õàðàêòåðèñòèêàõ, íå ïðèíàäëåæàùèõ èññëåäóåìîé îáëà-ñòè. Òåì ñàìûì, ïî ñðàâíåíèþ ñ âíóòðåííèìè òî÷êàìè ÷èñëî óðàâíåíèé(20) ñîêðàùàåòñÿ íà äâà. Ñîâîêóïíîñòü îñòàâøèõñÿ óðàâíåíèé (20), (16)è äâóõ ãðàíè÷íûõ óñëîâèé èç (2)-(4) ÿâëÿåòñÿ çàìêíóòîé ëèíåéíîé ñèñòå-Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



32 Ë. À. Àëåêñååâà, Á. Ò. Ñàðñåíîâìîé îòíîñèòåëüíî òðèíàäöàòè íåèçâåñòíûõ (âîñüìè ïðîèçâîäíûõ è ïÿòè�óíêöèé). Òî÷êè êîíòàêòíûõ ëèíèé òàêæå ðàññìàòðèâàþòñÿ, êàê ãðàíè÷-íûå òî÷êè òîëüêî äëÿ îòäåëüíûõ îáëàñòåé D1 ∪ D2. Â êàæäîé èç ýòèõòî÷åê ñîïðÿæåíèÿ ÷èñëî óðàâíåíèé (20), (16) ðàâíî 22, à íåèçâåñòíûõ �26. Çàìêíóòàÿ ñèñòåìà óðàâíåíèé ïîëó÷àåòñÿ, åñëè èñïîëüçîâàòü íàðÿäóñ óðàâíåíèÿìè (16), (20) ÷åòûðå óñëîâèÿ æåñòêîãî ñöåïëåíèÿ ïîëîñû èïîëóïëîñêîñòè (5).6. �àçíîñòíûå óðàâíåíèÿ â ñâîáîäíûõ óãëîâûõ òî÷êàõÍà óãëîâûõ òî÷êàõ, îáðàçîâàâøèõñÿ ïåðåñå÷åíèåì äâóõ ãðàíèö, âñåóñëîâèÿ, çàäàííûå íà äâóõ ãðàíèöàõ, äîëæíû âûïîëíÿòüñÿ. Ïîýòîìó âóãëîâûõ òî÷êàõ çàäàþòñÿ ÷åòûðå óñëîâèÿ, êîòîðûå, âçàìåí ÷åòûðåì óñëî-âèÿì íà ÷åòûðåõ áèõàðàêòåðèñòèêàõ, íå ïðèíàäëåæàùèõ îáëàñòè D1∪D2,çàìûêàþò ñèñòåìó ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî òðèíàäöàòè íåèç-âåñòíûõ.Â âåðõíèõ óãëîâûõ òî÷êàõ òåëà D2 (ðèñ.1) çàäàíû ÷åòûðå êîìïîíåíòûòåíçîðà íàïðÿæåíèé. Â ñèëó çàêîíà ïàðíîñòè êàñàòåëüíûõ íàïðÿæåíèéòîëüêî òðè èç íèõ ÿâëÿþòñÿ ëèíåéíî-íåçàâèñèìûìè. ×èñëî íåèçâåñòíûõïðîèçâîäíûõ ìîæíî ñîêðàòèòü íåïîñðåäñòâåííûì äè��åðåíöèðîâàíèåì(3), (4); ïîëó÷àåòñÿ, ÷òî σ
(k)
21,1 = 0 è σ

(k)
12,1 = 0. Îñòàëüíûå íåèçâåñòíûåâû÷èñëÿþòñÿ ïðè ïîñëåäîâàòåëüíîì ðåøåíèè óðàâíåíèé (20) è (16).7. �àçíîñòíûå óðàâíåíèÿ â êîíòàêòíûõ óãëîâûõ òî÷êàõÍèæíèå óãëîâûå òî÷êè òåëà D2 ÿâëÿþòñÿ êîíòàêòíûìè òî÷êàìè íåîä-íîðîäíîé ñðåäû D1∪D2, êîòîðûå èìåþò îñîáåííîñòè. �àçâèâàÿ èäåè, âïåð-âûå îïèñàííûå â [6℄, âû÷èñëÿþòñÿ ðàçíîñòíûå óðàâíåíèÿ â êîíòàêòíûõ óã-ëîâûõ òî÷êàõ èññëåäóåìîãî òåëà. Â ýòèõ îñîáûõ òî÷êàõ èç �èçè÷åñêèõ ñî-îáðàæåíèé ïðèíèìàåòñÿ, ÷òî êîìïîíåíòû íàïðÿæåíèé σ

(2)
22 = 0 è σ

(2)
12 = 0,è èñïîëüçóþòñÿ óñëîâèÿ êîíòàêòà (5).Â ýòèõ îñîáûõ òî÷êàõ ïðîèçâîäíûå ìîãóò òåðïåòü ðàçðûâû. Ïîýòîìóïðåäïîëàãàåòñÿ, ÷òî îáëàñòü D1 ïî ëèíèè ïðîäîëæåíèÿ áîêîâûõ ñòîðîíòåëà D2 ìûñëåííî ðàçäåëÿåòñÿ íà ïîäîáëàñòè (I), (II). Òåì ñàìûì, îêîëîîñîáûõ òî÷åê ðàññìàòðèâàþòñÿ òðè ïîäîáëàñòè (I), (II), (III) (ðèñ.1). Äëÿïîäîáëàñòåé (I) è (II) ïðèíèìàþòñÿ óñëîâèÿ íåïðåðûâíîñòè �óíêöèé:Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Äè�ðàêöèÿ íåñòàöèîíàðíûõ âîëí â óïðóãîé ïîëóïëîñêîñòè 33
v

(I)
i = v

(II)
i , σ

(I)
ij = σ

(II)
ij (i, j = 1, 2) (22)è èõ ïðîèçâîäíûõ

v
(I)
i,1 = v

(II)
i,1 , σ

(I)
i1,1 = σ

(II)
i1,1 (i = 1, 2). (23)Äâåíàäöàòü ïðîèçâîäíûõ äëÿ ïåðâîé ñðåäû è âîñåìü ïðîèçâîäíûõ äëÿâòîðîé ñðåäû âû÷èñëÿþòñÿ ïî �îðìóëå (21). Ïîäñòàâëÿÿ â óðàâíåíèå (16)ïðîèçâîäíûå, íàéäåííûå òàêèì îáðàçîì äëÿ êàæäîé ïîäîáëàñòè, è âûïîë-íÿÿ óñëîâèÿ (5), (22) è (23), âû÷èñëÿþòñÿ íåèçâåñòíûå �óíêöèè â ýòèõòî÷êàõ, êàê ìíîãîñâÿçíûõ óçëàõ ñîâîêóïíîñòè ïîäîáëàñòåé (I), (II), (III).Çíà÷åíèÿ ïðîèçâîäíûõ â óçëîâûõ òî÷êàõ èññëåäóåìîé îáëàñòè íà íèæ-íåì ñëîå ïî âðåìåíè âû÷èñëÿþòñÿ ñ èñïîëüçîâàíèåì öåíòðàëüíîé ðàçíîñòèâî âíóòðåííèõ óçëîâûõ òî÷êàõ, à â ãðàíè÷íûõ òî÷êàõ � ñîîòâåòñòâóþùè-ìè àïïðîêñèìàöèÿìè "âïåðåä"è "íàçàä".8. Òî÷íîñòü è óñòîé÷èâîñòü ÷èñëåííîãî ðåøåíèÿÍåîáõîäèìîå óñëîâèå óñòîé÷èâîñòè ñåòî÷íî-õàðàêòåðèñòè÷åñêîãî ìåòî-äà, âûòåêàþùåãî èç óñëîâèÿ Íåéìàíà (ñïåêòðàëüíûé ðàäèóñ ðàñøèðåííîéìàòðèöû íå ïðåâîñõîäèò åäèíèöû), îòûñêèâàåòñÿ â âèäå [7℄:

max|
τλ

(k)
ij

h
| ≤ 1 , (24)ãäå λ

(k)
ij ÿâëÿþòñÿ êîý��èöèåíòàìè ãèïåðáîëè÷åñêîé ñèñòåìû. Ôèçè÷åñêèòàêîå îãðàíè÷åíèå îçíà÷àåò, ÷òî ðåøåíèå â âåðøèíå ãèïåðêîíóñà âûðàæà-åòñÿ ÷åðåç íà÷àëüíîå çíà÷åíèå âíóòðè îáëàñòè, îãðàíè÷åííîé ïîâåðõíî-ñòüþ ãèïåðêîíóñà, ò.å. ðåøåíèå â èñêîìîé òî÷êå îïðåäåëÿåòñÿ ÷åðåç îá-ëàñòü âëèÿíèÿ. Â äàëüíåéøåì, ïðè ïðîâåäåíèè ðàñ÷åòîâ øàãè ïðîñòðàí-ñòâåííî - âðåìåííîé ñåòêè âûáèðàþòñÿ ñîãëàñíî óñëîâèþ óñòîé÷èâîñòè(24), êîòîðîå âûðàæàåò óñëîâèå Êóðàíòà - Ôðèäðèõñà - Ëåâè. Ìíîãî÷èñ-ëåííûìè ðàñ÷åòàìè ýêñïåðèìåíòàëüíî ïðîâåðåíî, ÷òî óñëîâèå | τ

h
| ≤ 1

2 îáåñ-ïå÷èâàåò óñòîé÷èâîñòü ñ÷åòà äëÿ áîëüøîãî ìîìåíòà âðåìåíè, à òàêæå âû-áîð øàãîâ ïî âðåìåíè τ = 0.025 è ïðîñòðàíñòâà h = 0.05 îáåñïå÷èâàåòñõîäèìîñòü ïî ñåòêå (ñðåäíÿÿ îòíîñèòåëüíàÿ ïîãðåøíîñòü 0, 1%) [2℄.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



34 Ë. À. Àëåêñååâà, Á. Ò. Ñàðñåíîâ9. Äè�ðàêöèÿ îòðàæåííûõ è ïðåëîìëåííûõ âîëíïðè ñáðîñå âåðòèêàëüíûõ íàïðÿæåíèé íà òðåùèíå�àñ÷åò áûë ïðîèçâåäåí äëÿ ãðóíòà (D1) è (D2) áåòîíà ïðè ñëåäóþùèõáåçðàçìåðíûõ çíà÷åíèÿõ èñõîäíûõ äàííûõ: ρ1 = 1; c
(1)
1 = 0.964; c

(1)
2 =

0.557; ρ2 = 1; c
(2)
1 = 1; c

(2)
2 = 0.612; τ = 0.025; h = 0.05; d1 = 1; d2 =

0.5, L = 4.8; d = 0.45; d3 âàðüèðóåòñÿ: d3 = 0 è d3 = 5.Ñêà÷îê íàïðÿæåíèé íà òðåùèíå çàäàåòñÿ â âèäå èìïóëüñà
P1(x, t) = 20te−10tH(t), P2(x, t) = 0,äëÿ ïðåäñòàâëåíèÿ δ - �óíêöèè Äèðàêà èñïîëüçóþòñÿ äåëüòàîáðàçíûå ïî-ñëåäîâàòåëüíîñòè δε(x) :

lim
ε→0

δε(x) = δ(x), δε(x) =

{

(2ε)−1, x ∈ [−ε, ε]
0, x /∈ [−ε, ε]

}

,

Fi = F ε
i = nβ [σiβ]

S
δε(x1 − L)H(d − |x2|), i = 1, 2,è ïàðàìåòð äåëüòàîáðàçíîé �óíêöèè ε = h = 0.05.Íà ðèñóíêå 3 ïðåäñòàâëåíû îñöèëëîãðàììû ñêîðîñòåé ïåðåìåùåíèéäíåâíîé ïîâåðõíîñòè x1 = 0 â òî÷êàõ 
 êîîðäèíàòîé x2 = 0, 1, 2, 3 ïðè äè-�ðàêöèè óäàðíûõ âîëí Â íà÷àëå êîîðäèíàò v2 = 0, ò.ê. ñáðîñ íàïðÿæåíèèïðîèñõîäèò ñèììåòðè÷íî è ïàðàëëåëüíî îñè Ox1. Çàïàçäûâàíèå ïîÿâëåíèÿêîëåáàíèé íà ãðà�èêàõ îñöèëëîãðàìì ñâÿçàíî ñ äâèæåíèåì óäàðíîé âîëíûîò òðåùèíû äî òî÷êè íàáëþäåíèÿ, äëÿ êîòîðîãî òðåáóåòñÿ îïðåäåëåííîåâðåìÿ, ñâÿçàííîå ñî ñêîðîñòüþ ðàñïðîñòðàíåíèÿ óïðóãèõ âîëí â ñðåäå. Âäàííîì ñëó÷àå ñêîðîñòè ðàñïðîñòðàíåíèÿ ïðîäîëüíûõ è ïîïåðå÷íûõ âîëíâ áåçðàçìåðíûõ âåëè÷èíàõ ñîñòàâëÿþò c1 = 1 è c2 = 0.577 ñîîòâåòñòâåííî.Íà ðèñóíêå 4 ïðåäñòàâëåíî ïîëå ñêîðîñòåé â óïðóãîì ïîëóïðîñòðàíñòâå ñîñâîáîäíîé äíåâíîé ïîâåðõíîñòüþ. Çäåñü ðàñ÷åòû ïðèâåäåíû äëÿ ìîìåíòîââðåìåíè, êîãäà óäàðíàÿ âîëíà òîëüêî äîøëà äî äíåâíîé ïîâåðõíîñòè (à) èîòðàçèëàñü îò íåå (á).Cáðîñ âåðòèêàëüíûõ íàïðÿæåíèé íà òðåùèíå ïîðîæäàåò ïðîäîëüíûåóäàðíûå âîëíû, à êðàÿ òðåùèíû ðàáîòàþò, êàê èñòî÷íèêè ñäâèãîâûõ öè-ëèíäðè÷åñêèõ âîëí (ðèñ.4à). Ïðè äè�ðàêöèè âîëí íà ñâîáîäíîé ïîâåðõíî-ñòè íà÷èíàåò �îðìèðîâàòüñÿ ïîâåðõíîñòíàÿ âîëíà, à íàëîæåíèå ïàäàþùèõÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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�èñ. 3: Îñöèëëîãðàììû ñêîðîñòåé v1 (à) è ñêîðîñòåé v2 (á) äíåâíîé ïî-âåðõíîñòè ïðè x1 = 0, x2 = 0; 1; 2; 3è îòðàæåííûõ âîëí �îðìèðóåò â ñðåäå ñëîæíóþ äè�ðàêöèîííóþ êàðòèíó(ðèñ.4á).Ïîäðîáíî äè�ðàêöèÿ óïðóãèõ âîëí â óïðóãîé ïîëóïëîñêîñòè ïðè ñáðî-ñå íàïðÿæåíèé íà òðåùèíàõ â îòñóòñòâèè ïîâåðõíîñòíûõ âêëþ÷åíèé ðàñ-ñìîòðåíà â [5℄. Çäåñü äàäèì àíàëèç ðåçóëüòàòîâ ïðåëîìëåíèÿ óïðóãèõ âîëíïðè ñáðîñå âåðòèêàëüíûõ íàïðÿæåíèé íà òðåùèíå (òðåùèíà ðàçðûâà) íàïîâåðõíîñòíîì âêëþ÷åíèè ïðè ðàçíîì ðàññòîÿíèè âêëþ÷åíèÿ îò ýïèöåí-òðà äëÿ d3 = 0 (âêëþ÷åíèå â ýïèöåíòðå ) è äëÿ d3 = 5 (âêëþ÷åíèå íà ðàñ-ñòîÿíèè 5L îò ýïèöåíòðà). Ñêîðîñòè ðàñïðîñòðàíåíèÿ ïðîäîëüíûõ âîëí âáåçðàçìåðíûõ âåëè÷èíàõ ñîñòàâëÿþò c
(1)
1 = 0.964 è c

(2)
1 = 1 ñîîòâåòñòâåííî.Íà ðèñóíêàõ 5,6,7 ïðåäñòàâëåíû âåêòîðíûå ïîëÿ ñêîðîñòåé òî÷åê òå-ëà D2, íàõîäÿùåãîñÿ â ýïèöåíòðå ( à) d3 = 0) è íà óäàëåíèè îò íåãî ( á)

d3 = 5 ), â ðàçíûå ìîìåíòû âðåìåíè: êîãäà ïðåëîìëåííûå óäàðíûå âîëíûðàñïðîñòðàíèëèñü äî ñåðåäèíû âêëþ÷åíèÿ è âåðõíÿÿ ÷àñòü òåëà åùå ïî-êîèòñÿ (ðèñ. 5), äîøëè äî åãî âåðõíåé ïîâåðõíîñòè (ðèñ.6) è îòðàæåííûåîò íåå âîëíû äîøëè äî îñíîâàíèÿ (ðèñ.7).Êîãäà òåëî íàõîäèòñÿ â ýïèöåíòðå, â íåì âíà÷àëå ïðåîáëàäàþò âåð-òèêàëüíûå ïåðåìåùåíèÿ, ïîðîæäåííûå ïðîäîëüíîé âîëíîé ðàñøèðåíèÿ-ñæàòèÿ. Ñ òå÷åíèåì âðåìåíè äè�ðàêöèîííàÿ êàðòèíà óñëîæíÿåòñÿ ñ ïî-ÿâëåíèåì âèõðåâûõ çîí â îêðåñòíîñòè óãëîâûõ òî÷åê âáëèçè ñâîáîäíîéÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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�èñ. 4: Âåêòîðíîå ïîëå ñêîðîñòåé óïðóãîãî ïîëóïðîñòðàíñòâà äî è ïîñëåîòðàæåíèÿ óäàðíûõ âîëí: t = 1 (à); t = 2 (á)
Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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�èñ. 5: Âåêòîðíîå ïîëå ñêîðîñòåé â D2ïîâåðõíîñòè. Âîçðàñòàþò ñäâèãîâûå äå�îðìàöèè âáëèçè áîêîâûõ ñòåíîê,�îðìèðóþòñÿ ïîâåðõíîñòíûå âîëíû íà ãðàíèöå òåëà.Ïðè óäàëåíèè òåëà îò ýïèöåíòðà ïðè ïîäõîäå óäàðíîé âîëíû è åå ïðå-ëîìëåíèè â íà÷àëå äâèæåíèÿ òåëà íàáëþäàåòñÿ ðåçêîå ãîðèçîíòàëüíîå ñìå-ùåíèå íèæíåé ÷àñòè, ïðèëåæàùåé ê îñíîâàíèþ, ïðè ñîõðàíåíèè âåðòè-êàëüíîãî ïîëîæåíèÿ åãî âåðõíåé ÷àñòè, êîòîðîå ðàñïðîñòðàíÿåòñÿ â åãîâåðõíþþ ÷àñòü. Ò.å. â òåëå �îðìèðóåòñÿ óäàðíàÿ ñäâèãîâàÿ âîëíà, êîòî-ðàÿ âî âçàèìîäåéñòâèè ñ ïðîäîëüíûìè è îòðàæåííûìè âîëíàìè ïîðîæäàåòñëîæíóþ âèõðåâóþ äè�ðàêöèîííóþ êàðòèíó â òåëå.Íà ðèñóíêàõ 8 - 11 ïðåäñòàâëåíû èçîëèíèè ïåðâîãî è âòîðîãî èíâàðè-àíòîâ òåíçîðà íàïðÿæåíèè â ðàçíûå ìîìåíòû âðåìåíè:
I1 = σ11 + σ22 + σ33; I2 = σ11σ22 − σ21σ12 + σ33σ11 + σ33σ22,ãäå σ33 =

c2
1
−2c2

2

2(c2
1
−c2

2
)
(σ11 + σ22). Îíè õàðàêòåðèçóþò ðàñïðåäåëåíèå äàâëå-íèÿ è èíòåíñèâíîñòü êàñàòåëüíûõ íàïðÿæåíèé â èññëåäóåìîì òåëå. Ýòèèíâàðèàíòû òàêæå õàðàêòåðèçóþò ñîîòâåòñòâåííî îáúåìíûå è ñäâèãîâûåäå�îðìàöèè, ðàñïðîñòðàíÿþùèåñÿ â óïðóãîì òåëå D2.Ñðàâíèâàÿ ðèñóíêè 8 è 9, âèäèì, ÷òî òåëî â ýïèöåíòðå ïîäâåðãàåòñÿîáîèì èçìåíåíèÿì ñõîæåãî õàðàêòåðà, ïðè÷åì îíè ñèììåòðè÷íû îòíîñè-òåëüíî îñè x1 è äëÿ òåëà, ñìåùåííîãî îò ýïèöåíòðà, õàðàêòåð îáúåìíûõè ñäâèãîâûõ èçìåíåíèé ñõîæè, íî çäåñü äè�ðàêöèîííàÿ êàðòèíêà íåñèì-Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



38 Ë. À. Àëåêñååâà, Á. Ò. Ñàðñåíîâ

�èñ. 6: Âåêòîðíîå ïîëå ñêîðîñòåé â D2

�èñ. 7: Âåêòîðíîå ïîëå ñêîðîñòåé â D2Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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�èñ. 8: Èçîëèíèè ïåðâîãî èíâàðèàíòà íàïðÿæåíèÿ òåëà D2

�èñ. 9: Èçîëèíèè âòîðîãî èíâàðèàíòà íàïðÿæåíèÿ òåëà D2Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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�èñ. 10: Èçîëèíèè ïåðâîãî èíâàðèàíòà íàïðÿæåíèÿ òåëà D2

�èñ. 11: Èçîëèíèè âòîðîãî èíâàðèàíòà íàïðÿæåíèÿ òåëà D2Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Äè�ðàêöèÿ íåñòàöèîíàðíûõ âîëí â óïðóãîé ïîëóïëîñêîñòè 41ìåòðè÷íà. Ñ òå÷åíèåì âðåìåíè ïðîèñõîäèò ïåðåîòðàæåíèå âîëí êàê îòâåðõíèõ è íèæíèõ ãðàíåé âêëþ÷åíèÿ, òàê è îò åãî áîêîâûõ ïîâåðõíîñòåé.Óäàðíûå âîëíû òåðÿþò ýíåðãèþ ñ ðàññòîÿíèåì è âðåìåíåì, ïîýòîìó äàâëå-íèå è èíòåíñèâíîñòü êàñàòåëüíûõ íàïðÿæåíèé â ïåðâîì òåëå ñðàâíèòåëüíîáîëüøå, ÷åì âî âòîðîì. Çàêëþ÷åíèåÏðè ñèëüíûõ çåìëåòðÿñåíèÿõ óäàðíûå ñåéñìè÷åñêèå âîëíû, âîçäåé-ñòâóÿ íà íàçåìíûå ñîîðóæåíèÿ, ïîðîæäàþò óäàðíûå âîëíû â êîíñòðóê-öèÿõ ñîîðóæåíèé, êîòîðûå èõ äå�îðìèðóþò, ïðèâîäÿ ñîîðóæåíèå ê ðàç-ðóøåíèþ. Íà ðèñóíêàõ 4-6 ïåðåìåùåíèÿ ïî êîíòóðó ñîîðóæåíèÿ ïîêàçû-âàþò, êàê ìåíÿåòñÿ �îðìà ñîîðóæåíèÿ ïðè ïðîõîäå óäàðíûõ ñåéñìè÷å-ñêèõ âîëí. Äëÿ çäàíèé â ýïèöåíòðå ñîîðóæåíèå èñïûòûâàåò äå�îðìàöèþðàñøèðåíèÿ-ñæàòèÿ â âåðòèêàëüíîì íàïðàâëåíèè. Äëÿ îòäàëåííûõ îò ýïè-öåíòðà çäàíèé ïðåîáëàäàþùèìè ÿâëÿþòñÿ ãîðèçîíòàëüíûå ñäâèãîâûå äå-�îðìàöèè, êîòîðûå íàèáîëåå ðàçðóøèòåëüíû äëÿ ñîîðóæåíèé. Ïîýòîìó âñåéñìîîïàñíûõ ðåãèîíàõ ïðè ñòðîèòåëüñòâå íàçåìíûõ ñîîðóæåíèé ñëåäóåòèñïîëüçîâàòü ìàòåðèàëû ñ áîëüøèì çàïàñîì ïðî÷íîñòè ïî äå�îðìàöèÿìñäâèãà, à â áëî÷íûõ êîíñòðóêöèÿõ èñïîëüçîâàòü ñîåäèíåíèÿ, îáåñïå÷èâà-þùèå ïîäâèæíîñòü áëîêîâ ïðè îòíîñèòåëüíûõ ñäâèãîâûõ äå�îðìàöèÿõ,ïðè ñîõðàííîñòè êîíñòðóêöèè â öåëîì.Öèòèðîâàííàÿ ëèòåðàòóðà[1℄. Òàðàáðèí �. Ò., Ñòðîèòåëüíàÿ ìåõàíèêà è ðàñ÷åò ñîîðóæåíèé, Ì.,1981, � 4, C. 38 � 43.[2℄. Äæóçáàåâ Ñ. Ñ., Äèññåðòàöèÿ íà ñîèñêàíèå ó÷åíîé ñòåïåíè êàíäè-äàòà �èçèêî-ìàòåìàòè÷åñêèõ íàóê, Òóðêåñòàí, 1997, 134 ñ.[3℄. Äæóçáàåâ Ñ. Ñ., Ñàðñåíîâ Á. Ò., Ìàòåìàòè÷åñêèé æóðíàë, Àëìàòû,2003, Ò. 3, � 1(7), C. 55 � 62.[4℄. Àëåêñååâà Ë.À., Äèëüäàáàåâà È.Ø., Ìàòåìàòè÷åñêèé æóðíàë, 2007,Ò. 7, � 2(25), C. 19 � 31.[5℄. Àëåêñååâà Ë. À., Ñàðñåíîâ Á. Ò., Ñá. íàó÷í. òðóäîâ ÍÈÀ �Ê, Ìå-òîäû ýêñïåðèìåí-òàëüíîé �èçèêè, Àëìàòû, 2010, Ñ. 63 � 73.[6℄. Åðæàíîâ Æ. Ñ., Àéòàëèåâ Ø. Ì., Ìàñàíîâ Æ. Ê., Ñåéñìîíàïðÿ-æåííîå ñîñòîÿíèå ïîäçåìíûõ ñîîðóæåíèé â àíèçîòðîïíîì ïîðîäíîì ìàñ-Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



42 Ë. À. Àëåêñååâà, Á. Ò. Ñàðñåíîâñèâå, Àëìà-Àòà: Íàóêà, 1980.[7℄. �îäóíîâ Ñ.Ê. è äð., ×èñëåííîå ðåøåíèå ìíîãîìåðíûõ çàäà÷ ãàçîâîéäèíàìèêè, Ì.: Íàóêà, 1976. Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 11.03.2011 ã.
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44 À.Ò.Àñàíîâàäàëüíåéøåå ðàçâèòèå â ðàáîòàõ [6-21℄, ãäå òàêæå ñîäåðæàòñÿ îáçîð è áèá-ëèîãðà�èÿ. Óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ïåðèîäè÷åñêèõ ðå-øåíèé ãèïåðáîëè÷åñêèõ óðàâíåíèé ñî ñìåøàííîé ïðîèçâîäíîé íà ïîëîñå èïëîñêîñòè áûëè ïîëó÷åíû â ðàçëè÷íûõ òåðìèíàõ ñ ïîìîùüþ ìåòîäîâ èí-òåãðàëüíûõ óðàâíåíèé, �óíêöèîíàëüíîãî àíàëèçà è òåîðèè ïåðèîäè÷åñêèõðåøåíèé îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé [1-21℄.Â íàñòîÿùåé ðàáîòå èññëåäóåòñÿ ïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à äëÿñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé ñî ñìåøàííûìè ïðîèçâîäíûìè â ïî-ñòàíîâêå L. Cesari [1℄. Äàþòñÿ íîâûå óñëîâèÿ ñóùåñòâîâàíèÿ è åäèíñòâåí-íîñòè ïåðèîäè÷åñêîãî ðåøåíèÿ íà ïîëîñå ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâ-íåíèé ñî ñìåøàííîé ïðîèçâîäíîé â òåðìèíàõ èñõîäíûõ äàííûõ. Â îñíîâåïðèìåíÿåìîãî ìåòîäà ëåæèò ââåäåíèå íîâûõ íåèçâåñòíûõ �óíêöèé [22-27℄è ñâåäåíèå ðàññìàòðèâàåìîé çàäà÷è ê ýêâèâàëåíòíîé ïåðèîäè÷åñêîé êðàå-âîé çàäà÷å ñ �óíêöèîíàëüíûì ïàðàìåòðîì. Ïðè äîêàçàòåëüñòâå îñíîâíîãîóòâåðæäåíèÿ èñïîëüçîâàíû ðåçóëüòàòû ðàáîòû [24℄.Îñíîâíîé ðåçóëüòàòÍà ïîëîñå Ω = (−∞,+∞)× [0, ω] ðàññìàòðèâàåòñÿ ñèñòåìà ãèïåðáîëè-÷åñêèõ óðàâíåíèé ñî ñìåøàííîé ïðîèçâîäíîé
∂2u

∂t∂x
= A(t, x)

∂u

∂x
+B(t, x)

∂u

∂t
+ C(t, x)u+ f(t, x) (1)ñ óñëîâèÿìè

u(t, 0) = ψ(t), t ∈ (−∞,+∞), (2)

u(0, x) = ψ(0) + ν(x), x ∈ [0, ω], (3)

u(t+ T, x) = u(t, x), (t, x) ∈ Ω, (4)ãäå u(t, x) = col(u1(t, x), u2(t, x), ..., un(t, x)) � íåèçâåñòíàÿ �óíêöèÿ, ν(x)� íåèçâåñòíàÿ âåêòîð-�óíêöèÿ, èìåþùàÿ íåïðåðûâíóþ ïðîèçâîäíóþ îò-íîñèòåëüíî x íà [0, ω] è óäîâëåòâîðÿþùàÿ óñëîâèþ ν(0) = 0 , T > 0 .Ïðåäïîëîæèì, ÷òî: i) (n × n) -ìàòðèöû A(t, x), B(t, x), C(t, x) , n -âåêòîð-�óíêöèÿ f(t, x) íåïðåðûâíû íà Ω è ïåðèîäè÷íû îòíîñèòåëüíîïåðåìåííîé t ñ ïåðèîäîì T ; ii) n - âåêòîð-�óíêöèÿ ψ(t) íåïðåðûâíîäè��åðåíöèðóåìà íà [0, T ] è ïåðèîäè÷íà ñ ïåðèîäîì T âìåñòå ñ ïðîèç-âîäíîé. Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Î ïåðèîäè÷åñêèõ ðåøåíèÿõ ñèñòåìû 45Ôóíêöèÿ u(t, x) ∈ C(Ω, Rn) , èìåþùàÿ ÷àñòíûå ïðîèçâîäíûå ∂u(t, x)

∂x
∈

∈ C(Ω, Rn) , ∂u(t, x)
∂t

∈ C(Ω, Rn) , ∂2u(t, x)

∂t∂x
∈ C(Ω, Rn) , íàçûâàåòñÿ ïåðè-îäè÷åñêèì ðåøåíèåì çàäà÷è (1) - (4), åñëè îíà óäîâëåòâîðÿåò ñèñòåìåóðàâíåíèé (1) è óñëîâèÿì (2), (3), (4) ïðè íàéäåííîé �óíêöèè ν(x) .Äëÿ ðåøåíèÿ çàäà÷è (1)-(4) ïðåäëàãàåòñÿ ñëåäóþùàÿ çàìåíà �óíêöèè

u(t, x) : u(t, x) = ũ(t, x) + ν(x) . Òîãäà îò çàäà÷è (1)-(4) ïåðåõîäèì ê ñëåäó-þùåé ýêâèâàëåíòíîé çàäà÷å:
∂2ũ

∂t∂x
= A(t, x)

∂ũ

∂x
+B(t, x)

∂ũ

∂t
+C(t, x)ũ+A(t, x)ν̇(x)+C(t, x)ν(x)+f(t, x),

(5)
ũ(t, 0) = ψ(t), t ∈ (−∞,+∞), (6)

ũ(0, x) = ψ(0), x ∈ [0, ω], (7)

ũ(t+ T, x) = ũ(t, x), (t, x) ∈ Ω̄. (8)�àññìîòðèì çàäà÷ó (5)-(8) â ïðÿìîóãîëüíîé îáëàñòè Ω̄T = [0, T ] × [0, ω] .Çàäà÷à (5)-(7) ÿâëÿåòñÿ çàäà÷åé �óðñà îòíîñèòåëüíî �óíêöèè ũ(t, x) ïðè�èêñèðîâàííîé ν(x) .Ââåäåì íîâûå íåèçâåñòíûå �óíêöèè v(t, x) =
∂u(t, x)

∂x
, w(t, x) =

∂u(t, x)

∂tè çàïèøåì åå ðåøåíèå â âèäå ñèñòåìû òðåõ èíòåãðàëüíûõ óðàâíåíèé:
ṽ(t, x) =

t
∫

0

{

A(τ, x)ṽ(τ, x) +B(τ, x)w̃(τ, x) + C(τ, x)ũ(τ, x)+

+A(τ, x)ν̇(x) + C(τ, x)ν(x) + f(τ, x)
}

dτ, (9)

w̃(t, x) = ψ̇(t) +

x
∫

0

{

A(t, ξ)ṽ(t, ξ) +B(t, ξ)w̃(t, ξ) + C(t, ξ)ũ(t, ξ)+

+A(t, ξ)ν̇(ξ) + C(t, ξ)ν(ξ) + f(t, ξ)
}

dξ, (10)

ũ(t, x) = ψ(t) +

t
∫

0

x
∫

0

{

A(τ, ξ)ṽ(τ, ξ) +B(τ, ξ)w̃(τ, ξ) + C(τ, ξ)ũ(τ, ξ)+Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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+A(τ, ξ)ν̇(ξ) + C(τ, ξ)ν(ξ) + f(τ, ξ)

}

dξdτ, (11)Â ýòîì ñëó÷àå èç óñëîâèÿ ïåðèîäè÷íîñòè (8) ñëåäóþò óñëîâèÿ òèïà Ïó-àíêàðå ũ(0, x) = ũ(T, x), ṽ(0, x) = ṽ(T, x), w̃(0, x) = w̃(T, x), x ∈ [0, ω].Îòñþäà, ó÷èòûâàÿ óñëîâèÿ (7), ïîëó÷èì
ṽ(T, x) = 0, x ∈ [0, ω]. (12)Â èíòåãðàëüíîì ñîîòíîøåíèè (9), ïîäñòàâëÿÿ âìåñòî ṽ(τ, x) ñîîòâåòñòâó-þùóþ ïðàâóþ ÷àñòü ïðè t = τ p - ðàç, ïîëó÷èì ñëåäóþùåå âûðàæåíèå:

ṽ(t, x) = Dp(t, x)ν̇(x) + Ep(t, x)ν(x) +Gp(t, x, ṽ)+

+Hp(t, x, ũ, w̃) + F (t, x), (13)ãäå
Dp(t, x) =

t
∫

0

A(τ1, x)dτ1 +

t
∫

0

A(τ1, x)

τ1
∫

0

A(τ2, x)dτ2dτ1 + ...+

+

t
∫

0

A(τ1, x)...

τp−2
∫

0

A(τp−1, x)

τp−1
∫

0

dτpdτp−1...dτ1,

Ep(t, x) =

t
∫

0

C(τ1, x)dτ1 +

t
∫

0

A(τ1, x)

τ1
∫

0

C(τ2, x)dτ2dτ1 + ...+

+

t
∫

0

A(τ1, x)...

τp−2
∫

0

C(τp−1, x)

τp−1
∫

0

dτpdτp−1...dτ1,

Gp(t, x, ṽ) =

t
∫

0

A(τ1, x)...

τp−2
∫

0

A(τp−1, x)

τp−1
∫

0

A(τp, x)ṽ(τp, x)dτpdτp−1...dτ1,

Hp(t, x, ũ, w̃) =

t
∫

0

[B(τ1, x)w̃(τ1, x) + C(τ1, x)ũ(τ1, x)]dτ1+Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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+

t
∫

0

A(τ1, x)

τ1
∫

0

[B(τ2, x)w̃(τ2, x) + C(τ2, x)ũ(τ2, x)]dτ2dτ1 + ...+

+

t
∫

0

A(τ1, x)...

τp−2
∫

0

A(τp−1, x)

τp−1
∫

0

[B(τp, x)w̃(τp, x) + C(τp, x)ũ(τp, x)]dτp...dτ1,

Fp(t, x) =

t
∫

0

f(τ1, x)dτ1 +

t
∫

0

A(τ1, x)

τ1
∫

0

f(τ2, x)dτ2dτ1 + ...+

+

t
∫

0

A(τ1, x)...

τp−2
∫

0

A(τp−1, x)

τp−1
∫

0

F (τp, x)dτpdτp−1...dτ1.Èç âûðàæåíèÿ (13) íàõîäèì çíà÷åíèå �óíêöèè ṽ(t, x) ïðè t = T è, ïîä-ñòàâëÿÿ åãî â ñîîòíîøåíèå (12), ïðèäåì ê ñèñòåìå äè��åðåíöèàëüíûõóðàâíåíèé îòíîñèòåëüíî �óíêöèè ν(x) :
Dp(T, x)ν̇(x) = −Ep(T, x)ν(x) −Gp(T, x, ṽ) −Hp(T, x, ũ, w̃) − F (T, x), (14)

x ∈ [0, ω] .Ïî íàøèì ïðåäïîëîæåíèÿì �óíêöèÿ ν(x) óäîâëåòâîðÿåò óñëîâèþ
ν(0) = 0. (15)Òàêèì îáðàçîì, äëÿ îïðåäåëåíèÿ �óíêöèè ν(x) ïðè �èêñèðîâàííûõ ṽ,

ũ, w̃ èìååì ñèñòåìó îáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé (14) ñóñëîâèåì (15).Åñëè èçâåñòíà ν(x) , òî èç (9)-(11) íàõîäèì �óíêöèè ṽ(t, x), ũ(t, x),
w̃(t, x) . Îáðàòíî, åñëè èçâåñòíû �óíêöèè ṽ(t, x), ũ(t, x), w̃(t, x) , òî èçñèñòåìû óðàâíåíèé (14) ñ óñëîâèåì (15) ìîæåì íàéòè ν(x) . Òàê êàê íåèç-âåñòíûìè ÿâëÿþòñÿ êàê ṽ(t, x), ũ(t, x), w̃(t, x) , òàê è ν(x) , äëÿ íàõîæäå-íèÿ ðåøåíèÿ çàäà÷è (5)- (8) èñïîëüçóåì èòåðàöèîííûé ìåòîä. Ïàðó (ν∗(x),
ũ∗(t, x)) � ðåøåíèå çàäà÷è (5)-(8), îïðåäåëÿåì, êàê ïðåäåë ïîñëåäîâàòåëü-íîñòè (ν(k)(x), ũ(k)(t, x)) , k = 0, 1, 2, ... , ïî ñëåäóþùåìó àëãîðèòìó.Øàã-0. a) Ïðåäïîëàãàÿ, ÷òî ïðè âûáðàííîì p ∈ N ìàòðèöà Dp(T, x)îáðàòèìà äëÿ âñåõ x ∈ [0, ω] , è ïîëàãàÿ â ïðàâîé ÷àñòè ñèñòåìû (14)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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ν(x) = 0 , ṽ(t, x) = 0 , ũ(t, x) = ψ(t) , w̃(t, x) = ψ̇(t) , íàõîäèì íà÷àëü-íîå ïðèáëèæåíèå ν̇(0)(x) , òîãäà, ó÷èòûâàÿ óñëîâèå (15), íàõîäèì ν(0)(x) :
ν(0)(x) =

x
∫

0

ν̇(0)(ξ)dξ ; b) èç ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (9)-(11) ïðè
ν̇(x) = ν̇(0)(x) , ν(x) = ν(0)(x) íàõîäèì ṽ(0)(t, x), ũ(0)(t, x), w̃(0)(t, x) .Øàã-1. a) Ïðåäïîëàãàÿ â ïðàâîé ÷àñòè ñèñòåìû (14) ν(x) = ν(0)(x) ,
ṽ(t, x) = ṽ(0)(t, x) , ũ(t, x) = ũ(0)(t, x), w̃(t, x) = w̃(0)(t, x) , íàõîäèì ν̇(1)(x) ,ñíîâà, èñïîëüçóÿ óñëîâèå (15), íàõîäèì ν(1)(x) : ν(1)(x) =

x
∫

0

ν̇(1)(ξ)dξ ; b)èç ñèñòåìû èíòåãðàëüíûõ óðàâíåíèé (9)-(11) ïðè ν̇(x) = ν̇(1)(x) , ν(x) =
ν(1)(x) íàõîäèì ṽ(1)(t, x), ũ(1)(t, x), w̃(1)(t, x) , è òàê äàëåå.Íà k-øàãå íàõîäèì �óíêöèè ν̇(k)(x) , ν(k)(x), ṽ(k)(t, x), ũ(k)(t, x), w̃(k)(t, x) ,
k = 1, 2, ... .Óñëîâèÿ ñëåäóþùåãî óòâåðæäåíèÿ ïîçâîëÿþò óñòàíîâèòü ñõîäèìîñòüïðåäëîæåííîãî àëãîðèòìà è îäíîçíà÷íóþ ðàçðåøèìîñòü çàäà÷è (1)- (4).Òåîðåìà. Ïóñòü îòíîñèòåëüíî äàííûõ çàäà÷è (1)-(4) âûïîëíÿþòñÿ óñëî-âèÿ i)-ii). Ïðåäïîëîæèì, ÷òî ïðè íåêîòîðîì p , p ∈ N, ìàòðèöà Dp(T, x) :
Rn → Rn îáðàòèìà äëÿ âñåõ x ∈ [0, ω] è ñïðàâåäëèâû ñëåäóþùèå íåðà-âåíñòâà:a) ||[Dp(T, x)]

−1|| ≤ γp(T, x);b) qp(T, x) = γp(T, x) ·
[

eα(x)T −
p

∑

j=0

α(x)T ]j

j!

]

≤ χ < 1, ãäå
γp(T, x) � ïîëîæèòåëüíàÿ íåïðåðûâíàÿ �óíêöèÿ ïî x ∈ [0, ω] , χ−const.Òîãäà çàäà÷à (1) � (4) èìååò åäèíñòâåííîå ïåðèîäè÷åñêîå ðåøåíèå.Äîêàçàòåëüñòâî. Ïðè ïðåäïîëîæåíèÿõ i)-ii) îòíîñèòåëüíî äàííûõ çàäà÷èèìååì ñëåäóþùèå íåðàâåíñòâà:

||Ep(T, x)|| ≤ T max
t∈[0,T ]

||C(t, x)||

p−1
∑

j=0

[α(x)T ]j

j!
,

||Fp(T, x)|| ≤ T max
t∈[0,T ]

||f(t, x)||

p−1
∑

j=0

[α(x)T ]j

j!
,

||Hp(T, x, ũ, w̃)|| ≤ b0(x) max
t∈[0,T ]

[

||w̃(t, x)|| + ||ũ(t, x)||
]

, (16)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Î ïåðèîäè÷åñêèõ ðåøåíèÿõ ñèñòåìû 49ãäå b0(x) = T
p−1
∑

j=0

[α(x)T ]j

j! max{ max
t∈[0,T ]

||B(t, x)||, max
t∈[0,T ]

||C(t, x)||}.Ïî óñëîâèþ à) ïðè �èêñèðîâàííûõ ν(x), ũ(t, x), w̃(t, x), ṽ(t, x) �óíê-öèÿ ν̇(x) îïðåäåëÿåòñÿ åäèíñòâåííûì îáðàçîì èç óðàâíåíèÿ (14) è
ν̇(x) = −[Dp(T, x)]

−1Ep(T, x)ν(x) − [Dp(T, x)]
−1Gp(T, x, ṽ)−

−[Dp(T, x)]
−1Hp(T, x, ũ, w̃) − [Dp(T, x)]

−1F (T, x), x ∈ [0, ω]. (17)Ïðè �èêñèðîâàííûõ ν̇(x), ν(x) ñèñòåìà èíòåãðàëüíûõ óðàâíåíèé (9)-(11)èìååò åäèíñòâåííîå ðåøåíèå {ũ(t, x), w̃(t, x), ṽ(t, x)} è ñïðàâåäëèâû íåðà-âåíñòâà:
max

t∈[0,T ]
||ṽ(t, x)|| ≤

[

eα(x)T − 1
]

||ν̇(x)|| + Teα(x)T max
t∈[0,T ]

||f(t, x)||+

+Teα(x)T max
t∈[0,T ]

||C(t, x)|| · ||ν(x)|| + Teα(x)T×

×max
{

max
t∈[0,T ]

||B(t, x)||, max
t∈[0,T ]

||C(t, x)||
}

max
t∈[0,T ]

[

||ũ(t, x)|| + ||w̃(t, x)||
]

, (18)

max
t∈[0,T ]

[

||ũ(t, x)|| + ||w̃(t, x)||
]

≤

{

max
t∈[0,T ]

||ψ(t)|| + max
t∈[0,T ]

||ψ̇(t)||+

+(1 + T )

[

x
∫

0

[

1 + α(ξ)Teα(ξ)T
]

max
t∈[0,T ]

||f(t, ξ)||dξ +

x
∫

0

α(ξ)Teα(ξ)T ||ν̇(ξ)||dξ+

+

x
∫

0

[

1 + α(ξ)Teα(ξ)T
]

max
t∈[0,T ]

||C(t, ξ)|| · ||ν(ξ)||dξ

]}

×

× exp

{

x
∫

0

(1 + α(ξ)Teα(ξ)T ) max{ max
t∈[0,T ]

||B(t, ξ)||, max
t∈[0,T ]

||C(t, ξ)||}dξ

}

. (19)Èñïîëüçóÿ íåðàâåíñòâî �ðîíóîëëà - Áåëëìàíà â èíòåãðàëüíîì óðàâíåíèè(9), äëÿ ðàçíîñòè ṽ(k)(t, x) − ṽ(k−1)(t, x) ïîëó÷èì îöåíêó
||ṽ(k)(t, x) − ṽ(k−1)(t, x)|| ≤

[

eα(x)t − 1
]

||ν̇(k)(x) − ν̇(k−1)(x)||+Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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+Teα(x)t max

t∈[0,T ]
||C(t, x)|| · ||ν(k)(x) − ν(k−1)(x)||+

+Teα(x)t max
{

max
t∈[0,T ]

||B(t, x)||, max
t∈[0,T ]

||C(t, x)||
}

×

× max
t∈[0,T ]

[

||w̃(k)(t, x) − w̃(k−1)(t, x)|| + ||ũ(k)(t, x) − ũ(k−1)(t, x)||
]

. (20)Äëÿ ðàçíîñòåé ν(k)(x)−ν(k−1)(x), ũ(k)(t, x)−ũ(k−1)(t, x) , w̃(k)(t, x)−w̃(k−1)(t, x),
k = 0, 1, 2, ... , ó÷èòûâàÿ íåðàâåíñòâà (18) � (20), ïîëó÷èì

||ν(k)(x) − ν(k−1)(x)|| ≤

x
∫

0

||ν̇(k)(ξ) − ν̇(k−1)(ξ)||dξ, (21)

max
t∈[0,T ]

[

||w̃(k)(t, x) − w̃(k−1)(t, x)|| + ||ũ(k)(t, x) − ũ(k−1)(t, x)||
]

≤

≤

x
∫

0

a0(ξ, x)||ν̇
(k)(ξ) − ν̇(k−1)(ξ)||dξ, (22)ãäå a0(ξ, x) = ea1(x)(1 + T )

[

α(ξ)Teα(ξ)T + a2(x)
]

,

a2(x) =
x
∫

0

[

1 + α(ξ)Teα(ξ)T
]

max
t∈[0,T ]

||C(t, ξ)||dξ,

a1(x) =
x
∫

0

(1 + α(ξ)Teα(ξ)T ) max
[

max
t∈[0,T ]

||B(t, ξ)||, max
t∈[0,T ]

||C(t, ξ)||
]

dξ.Òîãäà äëÿ ðàçíîñòè ν̇(k+1)(x) − ν̇(k)(x) , èñïîëüçóÿ îöåíêó (17), èìååì
||ν̇(k+1)(x) − ν̇(k)(x)|| ≤ γp(T, x)

[

||Ep(T, x)|| · ||ν
(k)(x) − ν(k−1)(x)||+

+b0(x) max
t∈[0,T ]

[

||w̃(k)(t, x) − w̃(k−1)(t, x)|| + ||ũ(k)(t, x) − ũ(k−1)(t, x)||
]

+

+

T
∫

0

α(x)...

τp−2
∫

0

α(x)

τp−1
∫

0

α(x)||ṽ(k)(τp, x) − ṽ(k−1)(τp, x)||dτpdτp−1...dτ1

]
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Î ïåðèîäè÷åñêèõ ðåøåíèÿõ ñèñòåìû 51Ïîäñòàâëÿÿ (20) â ýòî âûðàæåíèå è âû÷èñëÿÿ ïîâòîðíûå èíòåãðàëû, òàêæåó÷èòûâàÿ îöåíêè (21), (22), ïîëó÷èì
||ν̇(k+1)(x) − ν̇(k)(x)|| ≤ χ||ν̇(k)(x) − ν̇(k−1)(x)||+

+

x
∫

0

b1(ξ, x)||ν̇
(k)(ξ) − ν̇(k−1)(ξ)||dξ, (23)ãäå b1(ξ, x) = γp(t, x) · T

[

Teα(x)T max
t∈[0,T ]

||C(t, x)|| + a0(ξ, x)b2(x)
]

,

b2(x) = Teα(x)T b0(x) max
(

max
t∈[0,T ]

||B(t, x)||, max
t∈[0,T ]

||C(t, x)||
)

.Èç íóëåâîãî è ïåðâîãî øàãîâ àëãîðèòìà ñëåäóåò
||ν̇(0)(x)|| ≤ γp(T, x)

(

||Fp(T, x)|| + b0(x) max
t∈[0,T ]

[

||ψ̇(t)|| + ||ψ(t)||
])

= d1(x),

||ν(0)(x)|| ≤

≤

x
∫

0

γp(T, ξ)
{

||Fp(T, ξ)|| + b0(ξ) max
t∈[0,T ]

[

||ψ̇(t)|| + ||ψ(t)||
]}

dξ = d2(x),

||ν̇(1)(x) − ν̇(0)(x)|| ≤ γp(T, x)||Ep(T, x)|| · d2(x) + χ · d1(x)+

+γp(T, x)
[

ea1(x)b0(x) + b3(x)
]

max
t∈[0,T ]

[

||ψ̇(t)|| + ||ψ(t)||
]

+

+γp(T, x)
[

b2(x)e
a1(x)(1 + T )

x
∫

0

(

1 + α(ξ)Teα(ξ)T
)

max
t∈[0,T ]

||f(t, ξ)||dξ+

+b3(x) max
t∈[0,T ]

||f(t, x)||
]

+ γp(T, x)e
a1(x)×

×
[

(1 + T )b2(x)a2(x) + b3(x) max
t∈[0,T ]

||C(t, x)||
]

x
∫

0

||d1(ξ)||dξ
)

= d(x), (24)

b3(x) = T
[

eα(x)T − 1 − ...− (α(x)T )p−1

(p−1)!

]
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52 À.Ò.ÀñàíîâàÄëÿ �óíêöèè Θk(x) = ||ν̇(k+1)(x) − ν̇(k)(x)|| íà áàçå (23) óñòàíîâèìñëåäóþùåå íåðàâåíñòâî:
Θk(x) ≤ χk

k
∑

j=0

k!

(k − j)! · j!
·

1

j!

(

b̃1
χ

)j

· d̃,ãäå b̃1 = max
x∈[0,ω]

ω
∫

0

b1(ξ, x)dξ, d̃ = max
x∈[0,ω]

d(x) .Ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè {Θk(x)} äîêàçûâàåòñÿ àíàëîãè÷íî òåîðå-ìå 1 èç [24℄. Îòñþäà ñëåäóåò ðàâíîìåðíàÿ ñõîäèìîñòü ðÿäà ∞
∑

k=1

Θk(x) ïðè
x ∈ [0, ω] , äîêàçûâàþùàÿ ðàâíîìåðíóþ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè
{ν̇(k)(x)} ê íåïðåðûâíîé ïî x ∈ [0, ω] �óíêöèè ν̇∗(x) .Èç íåðàâåíñòâà (21) âûòåêàåò ðàâíîìåðíàÿ íåïðåðûâíîñòü ïîñëåäîâà-òåëüíîñòè ν(k)(x) ê �óíêöèè ν∗(x) . Íà îñíîâå îöåíîê (22), (20) óñòàíî-âèì ðàâíîìåðíóþ ñõîäèìîñòü ïîñëåäîâàòåëüíîñòåé ũ(k)(t, x) , w̃(k)(t, x) ,
ṽ(k)(t, x) îòíîñèòåëüíî (t, x) ∈ ΩT ê �óíêöèÿì ũ∗(t, x) , w̃∗(t, x) , ṽ∗(t, x)ñîîòâåòñòâåííî. Î÷åâèäíî, ÷òî �óíêöèÿ ũ∗(t, x) ÿâëÿåòñÿ íåïðåðûâíîé íà
ΩT è óäîâëåòâîðÿåò óñëîâèþ ïåðèîäè÷íîñòè. Èñïîëüçóÿ ïåðèîäè÷íîñòüìàòðèö A(t, x), B(t, x), C(t, x) , âåêòîð-�óíêöèé f(t, x) , ψ(t) íà ïîëî-ñå Ω , ïîëó÷àåì, ÷òî íàéäåííàÿ �óíêöèÿ ũ∗(t, x) áóäåò ïåðèîäè÷åñêîé ïîïåðåìåííîé t ñ ïåðèîäîì T íà ïîëîñå Ω . Òàêèì îáðàçîì, ïàðà �óíêöèé
(ν∗(x), ũ∗(t, x)) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (5)-(8).Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (5)-(8) äîêàçûâàåòñÿ îò ïðîòèâíîãî.Èç ýêâèâàëåíòíîñòè çàäà÷ (1)-(4) è (5)-(8) ñëåäóåò ñóùåñòâîâàíèå åäèí-ñòâåííîãî ïåðèîäè÷åñêîãî ðåøåíèÿ çàäà÷è (1)-(4) � ïàðû �óíêöèé {u∗(t, x),
ν∗(x)} . Òåîðåìà äîêàçàíà. Çàêëþ÷åíèåÒàêèì îáðàçîì, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàçðåøè-ìîñòè çàäà÷è (1) � (4) â òåðìèíàõ ìàòðèöû A(t, x) , T è êîëè÷åñòâà ïî-âòîðíûõ èíòåãðàëîâ m . Ýòè ðåçóëüòàòû äîïîëíÿþò óñòàíîâëåííûå ðàíååïðèçíàêè ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è (1) � (4) è ðàñ-øèðÿþò êëàññ ðàçðåøèìûõ ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷ íà ïîëîñå äëÿñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé ñî ñìåøàííîé ïðîèçâîäíîé.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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Ïðèáëèæåííîå âîññòàíîâëåíèå ïñåâäîäè��åðåíöèàëüíûõ îïåðàòîðîâ 57
zm = {1, 2, ...,m}; T

m ≡ (R/Z)m � m�ìåðíûé òîð. Äëÿ x = (x1, ..., xm), y =

(y1, ..., ym) ∈ R
m ïîëîæèì xy = x1y1 + ... + xmym, ‖x‖ =

√
xx, |x| = |x1| +

...+ |xm|, |x|∞ = max{|xκ| : κ ∈ zm}.Ïóñòü S(Rm) è S ′(Rm) � ïðîñòðàíñòâà Øâàðöà ïðîáíûõ �óíêöèé èðàñïðåäåëåíèé íà R
m ñîîòâåòñòâåííî; ̂f ≡ Fm(f) è f̌ ≡ F−1

m (f) � ïðÿìîåè îáðàòíîå ïðåîáðàçîâàíèÿ Ôóðüå f ∈ S ′(Rm). Äàëåå, ïóñòü S ′(Tm) �ïðîñòðàíñòâî 1�ïåðèîäè÷åñêèõ (ïî âñåì ïåðåìåííûì) ðàñïðåäåëåíèé, ò.å.ñîâîêóïíîñòü âñåõ f ∈ S ′(Rm) òàêèõ, ÷òî 〈f, ϕ(· + λ)〉 = 〈f, ϕ〉 äëÿ âñåõ
ϕ ∈ S(Rm) è ëþáûõ λ ∈ Z

m. Õîðîøî èçâåñòíî, ÷òî f ∈ S ′(Tm), åñëè èòîëüêî åñëè supp ̂f ⊂ Z
m, ò.å. ðàñïðåäåëåíèå ̂f îáðàùàåòñÿ â 0 íà îòêðûòîììíîæåñòâå R

m\Zm.�àññìîòðèì ãëàäêèé ñèìâîë ψ : R
m×R

m → C (ò.å. ψ( · , · ) ∈ C∞(Rm×

R
m)) è ãëàäêèé ïåðèîäè÷åñêèé ñèìâîë ˜ψ : T

m × Z
m → C (ò.å. ˜ψ(· , ξ) ∈

C∞(Tm) äëÿ êàæäîãî ξ ∈ Z
m) è ñîîòâåòñòâóþùèå èì �îðìàëüíûå ïñåâäî-äè��åðåíöèàëüíûå îïåðàòîðû (ÏÄÎ)

ψ(x,D) : f(x) → ψ(x,D)f(x) =

∫

Rm

̂f(ξ)ψ(x, ξ)e2πiξxdξ,

˜ψ(x,D) : f(x) → ˜ψ(x,D)f(x) =
∑

ξ∈Zm

̂f(ξ) ˜ψ(x, ξ)e2πiξx.Ââåäåì ñëåäóþùèå êëàññû ñèìâîëîâ ("òèïà ïðîèçâåäåíèÿ" ïðè n ≥ 2).Ôèêñèðóåì n ∈ N , n ≤ m, è âåêòîð m = (m1, ...,mn) ∈ N
n ñ |m| = m(m = m, åñëè n = 1, m = 1 ≡ (1, . . . , 1) ∈ N

m, åñëè n = m). Ïðåäñòàâèì
x = (x1, . . . , xm) ∈ R

m â âèäå x = (x1, . . . , xn), ãäå xν = (xκν−1+1, ..., xκν ) ∈

R
mν ; κ0 = 0, κν = m1 + ... + mν ; kν ≡ {κν−1 + 1, . . . , κν}, ν ∈ zn. Äëÿ

λ = (λ1, . . . , λn) ∈ N
m
0 ïîëîæèì
∂λ =

∂|λ|

∂λ1

x1
...∂λnxn

, ∆λ = ∆λ1

1 ◦ ... ◦ ∆λm
m ,Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



58 Ä. Á. Áàçàðõàíîâçäåñü ∆λκ
κ � êîíå÷íàÿ ðàçíîñòü ïîðÿäêà λκ (ñ øàãîì 1) ïî κ�é ïåðåìåííîé,

κ ∈ zm.Îïðåäåëåíèå 1. Ïóñòü t = (t1, ..., tn) ∈ R
n; K = (K1, ...,Kn) ∈ N

n. Òîãäài) ñèìâîë ψ(x, ξ) ïðèíàäëåæèò êëàññó ΨtKm ≡ ΨtKm(Rm), åñëè äëÿ ëþáûõ
λ ∈ N

m
0 ñ λκ ≤ Kν , κ ∈ Kν , ν ∈ zn, è µ ∈ N

m
0 íàéäåòñÿ ïîñòîÿííàÿ cλµ > 0òàêàÿ, ÷òî

|∂λξ ∂
µ
xψ(x, ξ)| ≤ cλµ

∏

ν∈zn

(1 + ‖ξ‖)tν−|λν |, x, ξ ∈ R
m;ii) ïåðèîäè÷åñêèé ñèìâîë ˜ψ(x, ξ) ïðèíàäëåæèò êëàññó ˜ΨtKm ≡ ΨtKm(Tm),åñëè äëÿ ëþáûõ λ ∈ N

m
0 ñ λκ ≤ Kν , κ ∈ Kν , ν ∈ zn, è µ ∈ N

m
0 íàéäåòñÿïîñòîÿííàÿ cλµ > 0 òàêàÿ, ÷òî

|∆λ
ξ∂

µ
x

˜ψ(x, ξ)| ≤ cλµ
∏

ν∈zn

(1 + ‖ξν‖)tν−|λν |, x ∈ T
m, ξ ∈ Z

m.Çàìå÷àíèå 1. Ïðè n = 1 êëàññ ñèìâîëîâ ΨtKm åñòü èçâåñòíûé êëàññ
St Ë. Õåðìàíäåðà, êîòîðûé èãðàåò âàæíóþ ðîëü â òåîðèè äè��åðåíöè-àëüíûõ îïåðàòîðîâ ñ ïåðåìåííûìè êîý��èöèåíòàìè; ñì., íàïðèìåð, [1℄.Ïðè n = m ≥ 2 ýòè êëàññû ñîäåðæàò ñèìâîëû ÏÄÎ ñìåøàííîãî òèïà.Â íåñêîëüêî áîëåå îáùåì ñëó÷àå 1 ≤ n ≤ m òàêèå ÏÄÎ åñòåñòâåííûìîáðàçîì âîçíèêàþò â ñâÿçè ñ �óíêöèîíàëüíûìè ïðîñòðàíñòâàìè "òèïàïðîèçâåäåíèÿ"; ñì., íàïðèìåð, [2℄, [3℄, [4℄, [5℄, [6℄, [7, 
h. II, �5.20-5.23,
h.III, �5.27℄.Â íàñòîÿùåé ðàáîòå ñòðîèòñÿ ëèíåéíûé ìåòîä ïðèáëèæåííîãî âîññòà-íîâëåíèÿ ÏÄÎ, êîòîðûé äàåò õîðîøóþ ïîãðåøíîñòü ïðèáëèæåíèÿ äëÿêàæäîãî ÏÄÎ ñ ñèìâîëîì èç êëàññà ΨtvKm

ε ϑ (Im) (ñì. Îïðåäåëåíèå 3 íèæå)íà ýëåìåíòàõ ïîäõîäÿùèõ �óíêöèîíàëüíûõ ïðîñòðàíñòâ òèïà Íèêîëüñêî-ãî � Áåñîâà Bsm
p q (Im) è òèïà Ëèçîðêèíà � Òðèáåëÿ Lsm

p q (Im).Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Ïðèáëèæåííîå âîññòàíîâëåíèå ïñåâäîäè��åðåíöèàëüíûõ îïåðàòîðîâ 592. Ôóíêöèîíàëüíûå ïðîñòðàíñòâàÏóñòü Lp(I
m)(1 ≤ p ≤ ∞) � ïðîñòðàíñòâî èçìåðèìûõ �óíêöèé f :

I
m → C, ñóììèðóåìûõ â ñòåïåíè p (ïðè p = ∞ ñóùåñòâåííî îãðàíè÷åí-íûõ) íà I

m, ñî ñòàíäàðòíîé íîðìîé ‖f |Lp(I
m)‖; çäåñü I ∈ {R,T}; Lp ≡

Lp(R
m), ˜Lp ≡ Lp(T

m). ßñíî, ÷òî äëÿ f ∈ L1 (⊂ S ′(Rm)) è g ∈ ˜L1 (⊂ S ′(Tm))
̂f(ξ) =

∫

Rm

f(x)e−2πiξxdx, ξ ∈ R
m, ĝ(ξ) =

∫

Tm

g(x)e−2πiξxdx, ξ ∈ Z
m.Äàëåå, ℓq = ℓq(N

n
0 ) (1 ≤ q ≤ ∞) � ïðîñòðàíñòâî ÷èñëîâûõ ïîñëåäîâàòåëü-íîñòåé (aα) = (aα)α∈Nn

0
ñ êîíå÷íîé íîðìîé

‖(aα) | ℓq‖ =
(

∑

α∈Nn
0

|aα|
q
)1/q

(1 ≤ q <∞), ‖(aα) | ℓ∞‖ = sup(|aα| : α ∈ N
n
0 );

ℓq(Lp(I
m)) (ñîîòâåòñòâåííî, Lp(Im; ℓq)) � ïðîñòðàíñòâî �óíêöèîíàëüíûõïîñëåäîâàòåëüíîñòåé (gα(x)) = (gα(x))α∈Nn

0
, x ∈ I

m, ñ êîíå÷íîé íîðìîé
‖(gα) | ℓq(Lp(I

m))‖ = ‖(‖gα |Lp(I
m)‖) | ℓq‖(ñîîòâåòñòâåííî,

‖(gα) |Lp(I
m; ℓq‖ = ‖‖(gα(·)) | ℓq‖ |Lp(I

m)‖).Òåïåðü îïðåäåëèì (m�êðàòíîå) ðàçáèåíèå åäèíèöû íà R
m. Âûáåðåì�óíêöèè ην0 ∈ S(Rmν ) (ν ∈ zn) òàêèå, ÷òî 0 ≤ ̂ην0 (ξν) ≤ 1, ξν ∈ R

mν ;

̂ην0 (ξν) = 1, åñëè |ξν |∞ ≤ 1; ̂ην0 (ξν) = 0, åñëè |ξν |∞ ≥ 3/2 (ν ∈ zn). Ïîëî-æèì ̂ην (ξν) ≡ ̂ην0 (2−1ξν) − ̂ην0 (ξν); ̂ηνj (ξν) ≡ ̂ην (2−j+1ξν), j ∈ N; òîãäà
{̂ηνj (ξ

ν), j ∈ N0}� ãëàäêîå ðàçáèåíèå åäèíèöû (ïî "êîðèäîðàì" ) íà R
mν (ν ∈ zn), à

{η̂α(ξ) ≡
n

∏

ν=1

̂ηναν (ξ
ν), α = (α1, . . . , αn) ∈ N

n
0}Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



60 Ä. Á. Áàçàðõàíîâ� (m � êðàòíîå) ãëàäêîå ðàçáèåíèå åäèíèöû íà R
m.Íàêîíåö, ââåäåì îïåðàòîðû ∆η

α ≡ ∆η,R
α : S ′(Rm) → S ′(Rm) è ˜∆η

α ≡

∆η,T
α : S ′(Tm) → S ′(Tm) ñëåäóþùèì îáðàçîì :

∆η
α(f, x) ≡ ∆η,R

α (f, x) = F−1
m ( η̂α ̂f )(x) = ηα ∗ f(x)(ñâåðòêà ïîíèìàåòñÿ â ñìûñëå òåîðèè ðàñïðåäåëåíèé),

˜∆η
α(f, x) ≡ ∆η,T

α (f, x) =
∑

ξ∈Zm

η̂α(ξ) ̂f(ξ)e2πi ξx.Îïðåäåëåíèå 2. Ïóñòü s = (s1, . . . , sn) ∈ R
n
+, 1 ≤ p, q ≤ ∞; I ∈ {R,T}.I. Ïðîñòðàíñòâî òèïà Íèêîëüñêîãî�Áåñîâà Bsm

p q (Im) ñîñòîèò èç âñåõ�óíêöèé f ∈ Lp(I
m), äëÿ êîòîðûõ êîíå÷íà íîðìà

‖ f |Bsm

p q (Im) ‖ = ‖(2αs∆η,I
α (f, x)) | ℓq(Lp(I

m))‖.II. Ïðîñòðàíñòâî òèïà Ëèçîðêèíà�Òðèáåëÿ Lsm
p q (Im) (p <∞) ñîñòî-èò èç âñåõ �óíêöèé f ∈ Lp(I

m), äëÿ êîòîðûõ êîíå÷íà íîðìà
‖ f |Lsm

p q (Im) ‖ = ‖(2αs∆η,I
α (f, x)) |Lp(I

m; ℓq)‖.Åäèíè÷íûå øàðû Bsm
p q (Im) è Lsm

p q (Im) ýòèõ ïðîñòðàíñòâ áóäåì íàçûâàòüêëàññàìè òèïà Íèêîëüñêîãî�Áåñîâà è Ëèçîðêèíà�Òðèáåëÿ ñîîòâåòñòâåí-íî; ïîëîæèì ðàäè êðàòêîñòè Asm
p q = Asm

p q (Rm), ˜Asm
p q = Asm

p q (Tm), ãäå A ∈

{B,B, L,L}.Èç êëàññà ΨtKm(Im) ñ ïîìîùüþ äîïîëíèòåëüíûõ óñëîâèé ãëàäêîñòèâûäåëèì êëàññ ΨtυKm

ε ϑ (Im).Îïðåäåëåíèå 3. Ïóñòü 1 ≤ ϑ ≤ ∞; t = (t1, ..., tn) ∈ R
n, υ = (υ1, ..., υn) ∈

R
n
+; ε = (ε1, ..., εn) ∈ [0, 1]n; K = (K1, ...,Kn) ∈ N

n. ÒîãäàÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Ïðèáëèæåííîå âîññòàíîâëåíèå ïñåâäîäè��åðåíöèàëüíûõ îïåðàòîðîâ 61i) ñèìâîë ψ(x, ξ) ∈ ΨtKm ïðèíàäëåæèò êëàññó ΨtυKm

ε ϑ ≡ ΨtυKm

ε ϑ (Rm),åñëè äëÿ ëþáûõ λ ∈ N
m
0 ñ λκ ≤ Kν , κ ∈ kν , ν ∈ zn, µ ∈ N

m
0 è ëþáîãî

z ⊂ zn(z 6= ∅) íàéäåòñÿ ïîñòîÿííàÿ cλµ(z) > 0 òàêàÿ, ÷òî (ż = zn \ z)
‖∂λξ ∂

µ
xψ(x, ξ) |Bvz mz

∞ϑ ‖ ≤ cλµ(z)
∏

ν∈z

(1 + ‖ξν‖)tν−|λν |+υνεν ×

×
∏

ν∈ż

(1 + ‖ξν‖)tν−ρν |λ
ν |+δν |µν |, x, ξ ∈ R

m;ii) ïåðèîäè÷åñêèé ñèìâîë ˜ψ(x, ξ) ∈ ΨtKm ïðèíàäëåæèò êëàññó ˜ΨtυKm

ε ϑ ≡

ΨtυKm

ε ϑ (Tm), åñëè äëÿ ëþáûõ λ ∈ N
m
0 ñ λκ ≤ Kν , κ ∈ kν , ν ∈ zn, µ ∈ N

m
0 èëþáîãî z ⊂ zn(z 6= ∅) íàéäåòñÿ ïîñòîÿííàÿ cλµ(z) > 0 òàêàÿ, ÷òî

‖∆λ
ξ∂

µ
x

˜ψ(x, ξ) | ˜Bυz mz

∞ϑ ‖ ≤ cλµ(z)
∏

ν∈z

(1 + ‖ξν‖)tν−|λν |+υνεν×

×
∏

ν∈ż

(1 + ‖ξν‖)tν−|µν |, x ∈ T
m, ξ ∈ Z

m.(Çäåñü íîðìà ‖ · |Bvz mz

∞ϑ (
∏

ν∈z I
mν )‖ ïðèìåíÿåòñÿ ïî "ïåðåìåííîé" xz ≡

(xν : ν ∈ z) ).3. Êîíñòðóêöèÿ ëèíåéíîãî ìåòîäà âîññòàíîâëåíèÿ ÏÄÎÏîëîæèìem ≡ em(0) = {0 , 1}m, em(1) = em \ {(0 , . . . , 0 )};

ΛR(m, j) = Z
m, ΛT(m, j) ≡ Λ(m, j) = Z

m ∩ [0, 2j − 1]m, j ∈ N0.Îáîçíà÷èì ÷åðåç WR
m (ñîîòâåòñòâåííî, WT

m) m�ìåðíóþ ñèñòåìó (ñîîòâåò-ñòâåííî, ïåðèîäèçèðîâàííûõ) âñïëåñêîâ Ìåéåðà :
WI

m ≡ {wι,Ijλ | λ ∈ ΛI(m, j), ι ∈ em(signj), j ∈ N0}(x ∈ I
m; I ∈ {R,T});äëÿ âåêòîðà a = (a1, ..., an) ∈ R

n è z ⊂ zn(z 6= ∅) ÷åðåç az îáîçíà÷àåì âåêòîð
(aν : ν ∈ z). Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



62 Ä. Á. Áàçàðõàíîâõîðîøî èçâåñòíî, ÷òî WI
m îáðàçóåò îðòîíîðìèðîâàííûé áàçèñ L2(I

m) èáåçóñëîâíûé áàçèñ Lp(Im)(1 < p <∞) (îïðåäåëåíèå è ñâîéñòâà WI
m ñì. [8,Ch.3℄; ñì. åùå [9, �2℄). Ââåäåì òåïåðü (m� êðàòíóþ) ñèñòåìó

WI

m ≡ WI

m1
⊗ · · · ⊗WI

mn
≡

≡ {wι,Iαλ(x) = wι
1,I

α1 λ1(x
1)×· · ·×wι

n,I
αn λn

(xn) | λ ∈ ΛI(m, α), ι ∈ em(α), α ∈ N
n
0};çäåñü em(α) = {ι ∈ em : ιν ∈ emν (signαν), ν ∈ zn}, ΛI(m, α) = {λ ∈

∈ Z
m | λν ∈ ΛI(mν , αν), ν ∈ zn} (x ∈ I

m); ïîëîæèì w̃ιαλ(x) = wι,Tαλ(x),

˜Wm = WT
m.Äëÿ îïðåäåëåííîñòè äàëüíåéøèå ðàññìîòðåíèÿ ïðîâåäåì â ïåðèîäè÷å-ñêîì ñëó÷àå I = T; îíè ñïðàâåäëèâû (ñ î÷åâèäíûìè èçìåíåíèÿìè) è âñëó÷àå I = R.Çàïèøåì f ∈ S′(Tm) è g(x) ≡ ψ(x,D)f(x) �îðìàëüíî â âèäå ðÿäàÔóðüå ïî ñèñòåìå ˜Wm :

f(x) =
∑

α

∑

ι

∑

λ

f ιαλw̃
ι
αλ(x), f ιαλ = 〈f, w̃ιαλ〉,

g(x) =
∑

α

∑

ι

∑

λ

gιαλw̃
ι
αλ(x), gιαλ = 〈g, w̃ιαλ〉,ïðè ýòîì

gιαλ =
∑

β

∑



∑

ξ

aι,α,β;λ,µf
ι
βµ,ãäå áåñêîíå÷íàÿ (÷èñëîâàÿ) ìàòðèöà (aι,α,β;λ,µ : α, β ∈ N

n
0 , λ ∈ Λ(m, α), µ ∈

Λ(m, β), ι ∈ em(α),  ∈ em(β)) îäíîçíà÷íî îïðåäåëÿåòñÿ ïî ÏÄÎ ψ(x,D).Äëÿ u > 0 è γ ∈ R
n
+ ïîëîæèì
gιαλ(u; γ) =

∑

βγ<u

∑



∑

µ

aι,α,β;λ,µf
ι
βµ,Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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I linu,γ(f) = (f ιαλ | αγ < u, ι ∈ em(α), λ ∈ Λ(m, α)),

J lin
u,γ (ψ) = (aι,α,β;λ,µ | αγ < u, βγ < u;

ι ∈ Em(α),  ∈ em(β);λ ∈ Λ(m, α), µ ∈ Λ(m, β)),îïðåäåëèì òåïåðü ìåòîä ïðèáëèæåííîãî âîññòàíîâëåíèÿ çíà÷åíèé ÏÄÎ
ψ(x,D)f(x), èñïîëüçóþùèé èí�îðìàöèþ J lin

u,γ (ψ) îá îïåðàòîðå è èí�îð-ìàöèþ I linu,γ(f) î �óíêöèè, ïî �îðìóëå
slin(I linu,γ(f),J lin

u,γ (ψ);x) =
∑

αγ<u

∑

ι

∑

λ

gιαλ(u; γ)w̃
ι
αλ(x). (♣)Ëåãêî âèäåòü (ñëåäóåò ïðèìåíèòü ëåììó 5.1 èç [9℄), ÷òî ïðè γ ≥ mâåðíû îöåíêè

N =
∑

αγ<u

∑

ι∈em(α)

∑

λ∈Λ(m,α)

1 ≍ 2uuω−1;

M =
∑

αγ<u

∑

βγ<u

∑

ι∈em(α)

∑

∈em(β)

∑

λ∈Λ(m,α)

∑

ξ∈Λ(m,β)

1 = N2,ãäå ω = |{ν ∈ zn : γν = mν}| (|A| � ÷èñëî ýëåìåíòîâ êîíå÷íîãî ìíîæåñòâà
A). Òàêèì îáðàçîì, âñåãî "åäèíèö èí�îðìàöèè� N +M ≍M ≍ 22uuω−1.4. Îñíîâíîé ðåçóëüòàòÏðåæäå âñåãî âûáåðåì âåêòîð γ = (γ1, ..., γn) ∈ R

n. Ïîëîæèì σν =
υν−1
mν

− (1
p
− 1

r
)+, ν ∈ zn; σ ≡ min{σν : ν ∈ zn}, ω = |{ν ∈ zn : σν = σ}|. Íåîãðàíè÷èâàÿ îáùíîñòè, ñ÷èòàåì, ÷òî σ = σ1 = ... = σω < σν , ν ∈ zn\zω.Âûáåðåì ÷èñëà σ′

ν , ν ∈ zn, èç óñëîâèé: σ = σ
′

1 = ... = σ
′

ω, σ < σ
′

ν < σν ïðè
ν ∈ zn\zω. Íàêîíåö, ïîëàãàåì γν = σ

′

νmν/σ, ν ∈ zn.Áóäåì èñïîëüçîâàòü çíàêè≪ è≍ ïîðÿäêîâîãî íåðàâåíñòâà è ðàâåíñòâà:äëÿ �óíêöèé F : R+ → R+ è H : R+ → R+ ïèøåì F (u) ≪ H(u) ïðè u→

∞, åñëè íàéäåòñÿ òàêàÿ êîíñòàíòà C = C(F,H) > 0, ÷òî âåðíî íåðàâåíñòâîÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



64 Ä. Á. Áàçàðõàíîâ
F (u) ≤ CH(u) äëÿ u ≥ u0 > 0; F (u) ≍ H(u), åñëè îäíîâðåìåííî F (u) ≪

H(u) è H(u) ≪ F (u). Íèæå p∗ = min{p, 2}.Òåîðåìà 1. Ïóñòü s, υ ∈ R
n
+, t ∈ R

n; 1 ≤ p, q, r, ϑ ≤ ∞ òàêèå, ÷òî s− t =

υ − 1, σ > 0; ε ∈ [0, 1]n; K = m + 1(1 = (1, ..., 1) ∈ N
n). Òîãäà ñïðàâåäëèâûñëåäóþùèå óòâåðæäåíèÿ.I. Ïóñòü 1 ≤ r ≤ p ≤ ∞, r < ∞, 1 ≤ q ≤ ∞. Òîãäà äëÿ ëþáîãîïåðèîäè÷åñêîãî ñèìâîëà ˜ψ ∈ ˜ΨtυKm

ε ϑ âåðíà îöåíêà
sup{‖ ˜ψ(x,D)f − slin(J lin

u,γ (
˜ψ), I linu,γ(f), · ) | ˜Lr‖ | f ∈ ˜Bsm

p q } ≪
˜ψ

≪
˜ψ

(

logω−1N

N

)σ

(logω−1N)(
1

p∗
− 1

q
)+ ;åñëè, êðîìå òîãî, 1 < p <∞, òî äëÿ ëþáîãî ˜ψ ∈ ˜ΨtυKm

ε ϑ

sup{‖ ˜ψ(x,D)f − slin(J lin
u,γ (

˜ψ), I linu,γ(f), · ) | ˜Lr‖ | f ∈ ˜Lsm

p q } ≪
˜ψ

≪
˜ψ

(

logω−1N

N

)σ

(logω−1N)
( 1

2
− 1

q
)+ ;áîëåå òîãî, íàéäóòñÿ ñèìâîëû ˜ψ⋆, ˜ψ∗ ∈ ˜ΨtυKm

ε ϑ òàêèå, ÷òî
sup{‖ ˜ψ⋆(x,D)f − slin(J lin

u,γ (
˜ψ⋆), I linu,γ(f), · ) | ˜Lr‖ | f ∈ ˜Bsm

p q } ≍
˜ψ⋆

≍
˜ψ⋆

(

logω−1N

N

)σ

(logω−1N)
( 1

p∗
− 1

q
)+ ;

sup{‖ ˜ψ∗(x,D)f − slin(J lin
u,γ (

˜ψ∗), I linu,γ(f), · ) | ˜Lr‖ | f ∈ ˜Lsm

p q } ≍
˜ψ∗

≍
˜ψ∗

(

logω−1N

N

)σ

(logω−1N)
( 1

2
− 1

q
)+ ;Çäåñü è íèæå îáîçíà÷åíèÿ ≪

˜ψ
è ≍

˜ψ
ïîä÷åðêèâàþò, ÷òî êîíñòàíòû â îïðåäåëåíèè

≪ è ≍ çàâèñÿò îò ˜ψ.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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ε ϑ

sup{‖ ˜ψ(x,D)f − slin(J lin
u,γ (

˜ψ), I linu,γ(f), · ) | ˜L1‖ | f ∈ ˜Lsm

1 q } ≪
˜ψ

≪
˜ψ

(

logω−1N

N

)σ

(logω−1N)
1− 1

q ;áîëåå òîãî, íàéäåòñÿ ñèìâîë ˜ψ⋆ ∈ ˜ΨtυKm

ε ϑ òàêîé, ÷òî
sup{‖ ˜ψ⋆(x,D)f − slin(J lin

u,γ (
˜ψ⋆), I linu,γ(f), · ) | ˜L1‖ | f ∈ ˜Lsm

1 q } ≍
˜ψ⋆

≍
˜ψ⋆

(

logω−1N

N

)σ

(logω−1N)
1− 1

q .II. Ïóñòü 1 ≤ p < r < ∞, 1 ≤ q ≤ ∞. Òîãäà äëÿ ëþáîãî ñèìâîëà
˜ψ ∈ ˜ΨtυKm

ε ϑ âåðíû îöåíêè
sup{‖ ˜ψ(x,D)f − slin(J lin

u,γ (
˜ψ), I linu,γ(f), · ) | ˜Lr‖ | f ∈ ˜Bsm

p q } ≪
˜ψ

≪
˜ψ

(

logω−1N

N

)σ

(logω−1N)
( 1

r
− 1

q
)+ ,

sup{‖ ˜ψ(x,D)f − slin(J lin
u,γ (

˜ψ), I linu,γ(f), · ) | ˜Lr‖ | f ∈ ˜Lsm

p q } ≪
˜ψ

≪
˜ψ

(

logω−1N

N

)σ

;áîëåå òîãî, íàéäóòñÿ ñèìâîëû ˜ψ⋆, ˜ψ∗ ∈ ˜ΨtυKm

ε ϑ òàêèå, ÷òî
sup{‖ ˜ψ⋆(x,D)f − slin(J lin

u,γ (
˜ψ⋆), I linu,γ(f), · ) | ˜Lr‖ | f ∈ ˜Bsm

p q } ≍
˜ψ⋆

≍
˜ψ⋆

(

logω−1N

N

)σ

(logω−1N)
( 1

r
− 1

q
)+ ,

sup{‖ ˜ψ∗(x,D)f − slin(J lin
u,γ (

˜ψ∗), I linu,γ(f), · ) | ˜Lr‖ | f ∈ ˜Lsm

p q } ≍
˜ψ∗

≍
˜ψ∗

(

logω−1N

N

)σ

.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



66 Ä. Á. ÁàçàðõàíîâIII. Ïóñòü 1 ≤ p, q ≤ r = ∞. Òîãäà äëÿ ëþáîãî ñèìâîëà ˜ψ ∈ ˜ΨtυKm

ε ϑâåðíû îöåíêè
sup{‖ ˜ψ(x,D)f − slin(J lin

u,γ (
˜ψ), I linu,γ(f), · ) | ˜L∞‖ | f ∈ ˜Bsm

p q } ≪
˜ψ

≪
˜ψ

(

logω−1N

N

)σ

(logω−1N)
1− 1

qè (åñëè, êðîìå òîãî, p <∞)
sup{‖ ˜ψ(x,D)f − slin(J lin

u,γ (
˜ψ), I linu,γ(f), · ) | ˜L∞‖ | f ∈ ˜Lsm

p q } ≪
˜ψ

≪
˜ψ

(

logω−1N

N

)σ

(logω−1N)
1− 1

p ;áîëåå òîãî, íàéäóòñÿ ñèìâîëû ˜ψ⋆, ˜ψ∗ ∈ ˜ΨtυKm

ε ϑ òàêèå, ÷òî
sup{‖ ˜ψ⋆(x,D)f − slin(J lin

u,γ (
˜ψ⋆), I linu,γ(f), · ) | ˜L∞‖ | f ∈ ˜Bsm

p q } ≍
˜ψ⋆

≍
˜ψ⋆

(

logω−1N

N

)σ

(logω−1N)
1− 1

q ,

sup{‖ ˜ψ∗(x,D)f − slin(J lin
u,γ (

˜ψ∗), I linu,γ(f), · ) | ˜L∞‖ | f ∈ ˜Lsm

p q } ≍
˜ψ∗

≍
˜ψ∗

(

logω−1N

N

)σ

(logω−1N)
1− 1

p .5. Ñõåìà äîêàçàòåëüñòâà òåîðåìû 1Êëþ÷åâûìè èíãðåäèåíòàìè äîêàçàòåëüñòâà òåîðåìû 1 ÿâëÿþòñÿ ïðè-âîäèìûå íèæå òåîðåìû 2 è 3, à òàêæå óñòàíîâëåííûå ðàíåå àâòîðîì îöåíêèïîïåðå÷íèêîâ Ôóðüå êëàññîâ ˜Bsm
p q è ˜Lsm

p q â ìåòðèêå ˜Lr [10℄.Øàã 1. Íà ýòîì øàãå óñòàíàâëèâàåòñÿ , ÷òî ÏÄÎ ψ(x,D) ñ ñèìâîëîìèç ΨtυKm

ε ϑ (ñîîòâåòñòâåííî, ÏÄÎ ˜ψ(x,D) ñ ñèìâîëîì èç ˜ΨtυKm

ε ϑ ) äåéñòâó-åò íåïðåðûâíî èç Asm
p q â As−m

p q (ñîîòâåòñòâåííî, èç ˜Asm
p q â ˜As−m

p q ), çäåñü
A = {B,L} â áîëåå îáùåì êîíòåêñòå, íåæåëè òðåáóåòñÿ äëÿ äîêàçàòåëü-ñòâà Òåîðåìû 1. Èìåííî, âåðíàÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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n
+, t ∈ R

n
+ òàêèå, ÷òî t < s, υ ∈ R

n
+, 1 ≤ p, q, ϑ ≤

∞, ε ∈ [0, 1]n; K ∈ N
n òàêîé, ÷òî K > m. Ïóñòü äàëåå ñèìâîë ψ ∈ ΨtυKm

ε ϑ(ïåðèîäè÷åñêèé ñèìâîë ˜ψ ∈ ˜ΨtυKm

ε ϑ ). Òîãäà ÏÄÎ ψ(x,D) (ñîîòâåòñòâåí-íî, ïåðèîäè÷åñêèé ÏÄÎ ˜ψ(x,D)) ÿâëÿåòñÿ íåïðåðûâíûì èç Bsm
p q â Bs−tm

p q(ñîîòâåòñòâåííî, èç ˜Bsm
p q â ˜Bs−tm

p q ) è ïðè p < ∞ èç Lsm
p q â Ls−tm

p q (ñîîò-âåòñòâåííî, èç ˜Lsm
p q â ˜Ls−tm

p q ), åñëè äëÿ êàæäîãî ν ∈ zn âûïîëíåíî îäíî èçñëåäóþùèõ óñëîâèé:i) sν − tν < υν ;ii) sν − tν = υν , εν < 1, ϑ ≤ q ≤ ∞;iii) sν − tν = υν , εν = ϑ = q = 1.Îòìåòèì, ÷òî â íåïåðèîäè÷åñêîì ñëó÷àå ñ K = (∞, ...,∞), t = 0 ýòàòåîðåìà ïîëó÷åíà â [5℄.Øàã 2. Çäåñü óñòàíàâëèâàåòñÿ ñâÿçü ìåæäó ïîãðåøíîñòüþ ìåòîäà âîñ-ñòàíîâëåíèÿ ÏÄÎ (♣) ñ ñèìâîëîì èç ˜ΨtυKm

ε ϑ íà êëàññå ˜Asm
p q è ñîîòâåòñòâó-þùèì ïîïåðå÷íèêîì Ôóðüå. Íàïîìíèì, ÷òî ïîïåðå÷íèêîì Ôóðüå ïîðÿäêà

N ìíîæåñòâà ˜F ⊂ ˜Lq íàçûâàåòñÿ âåëè÷èíà
ϕN (˜F, ˜Lq) = inf

{gj}Nj=1

sup
f∈˜F

‖f −
N

∑

j=1

〈f, gj〉gj ‖q,ãäå 〈 · , ·〉 � ñêàëÿðíîå ïðîèçâåäåíèå �óíêöèé è íèæíÿÿ ãðàíü áåðåòñÿ ïîâñåì îðòîíîðìèðîâàííûì ñèñòåìàì {gj}
N
j=1 ⊂ ˜L∞.Òåîðåìà 3. Ïóñòü s, υ ∈ R

n
+, t ∈ R

n, 1 ≤ p, q, r, ϑ ≤ ∞ òàêèå, ÷òî s− t =

υ − 1, σ > 0; ε ∈ [0, 1]n; K = m + 1(1 = (1, ..., 1) ∈ N
n). Òîãäà äëÿ ëþáîãîïåðèîäè÷åñêîãî ñèìâîëà ˜ψ ∈ ˜ΨtυKm

ε ϑ âåðíà îöåíêà
sup{‖g − slin(J lin

u,γ (
˜ψ), I linu,γ(f)) | ˜Lr‖ | f ∈ ˜Asm

p q } ≪
˜ψ

≪
˜ψ
ϕN (˜As−tm

p q , ˜Lr) = ϕ√
M

(˜As−tm

p q , ˜Lr).Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



68 Ä. Á. ÁàçàðõàíîâÊðîìå òîãî, íàéäåòñÿ ñèìâîë ˜ψ⋆ ∈ ˜ΨtυKm

ε ϑ òàêîé, ÷òî
sup

{

‖g⋆ − slin(J lin
u,γ (

˜ψ⋆(·, ·)), I linu,γ(f)) | ˜Lr‖ |f ∈ ˜Asm

p q

}

≍
˜ψ⋆

≍
˜ψ⋆
ϕN (˜As−tm

p q , ˜Lr) = ϕ√
M

(˜As−tm

p q , ˜Lr).Çäåñü g⋆(x) = ˜ψ⋆(x,D)f(x); A � ýòî B èëè L .Øàã 3. Òåïåðü (ââèäó òåîðåìû 3) äëÿ ïîëó÷åíèÿ òðåáóåìûõ îöåíîêïîãðåøíîñòè âîññòàíîâëåíèÿ ÏÄÎ ñ ñèìâîëîì èç êëàññà ˜ΨtυKm

ε ϑ îñòàåòñÿïðèìåíèòü îöåíêè ïîïåðå÷íèêîâ Ôóðüå êëàññîâ ˜Bs−tm
p q è ˜Ls−tm

p q â ìåòðèêå
˜Lr èç ðàáîòû [10℄. Îòìåòèì, ÷òî ýòè îöåíêè ïîïåðå÷íèêîâ Ôóðüå ðàíåå÷àñòè÷íî àíîíñèðîâàíû â çàìåòêå [11℄ (òàì èñïîëüçîâàíû íåñêîëüêî èíûåîáîçíà÷åíèÿ). Ïîëüçóÿñü ñëó÷àåì, îòìåòèì, ÷òî â ñëó÷àå À òåîðåìû 1 èç[11℄ äëÿ êëàññîâ Ëèçîðêèíà � Òðèáåëÿ âìåñòî óñëîâèÿ p <∞ äîëæíî áûòü
1 < p <∞. Öèòèðîâàííàÿ ëèòåðàòóðà[1℄. Õ¼ðìàíäåð Ë., Àíàëèç ëèíåéíûõ äè��åðåíöèàëüíûõ îïåðàòîðîâ ñ÷àñòíûìè ïðîèçâîäíûìè, Ïñåâäîäè��åðåíöèàëüíûå îïåðàòîðû, Ì., "Ìèð" ,1987, Ò. 3.[2℄. Fe�erman R., Stein E.M., Singular integrals on produ
t spa
es, Adv.Math., 1982, V.45, P. 117 � 143.[3℄. Chang S.-Y.A., Fe�erman R., Some re
ent developments in Fourieranalysis and Hp�theory on produ
t domains, Bull. Amer Math. So
., 1985, V.12, P. 1 � 43.[4℄. Fe�erman R., Harmoni
 analysis on produ
t spa
es, Ann. Math., 1987,V.126, P. 109 � 130.[5℄. Yamazaki M., Boundedness of produ
t type pseudodi�erential operatorson spa
es of Besov type, Math. Na
hr., 1987, V. 188, P. 297 � 315.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Ïðèáëèæåííîå âîññòàíîâëåíèå ïñåâäîäè��åðåíöèàëüíûõ îïåðàòîðîâ 69[6℄. Carbery A., Seeger A.,Hp and Lp variants of multiparameter Calderon�Zygmund theory, Trans. Amer Math. So
., 1992, V. 334, P. 719 � 747.[7℄. Stein E.M., Harmoni
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On the solutions of the linear free boundary problems of Stefan type 71Consider the following problem.It is required to �nd the fun
tion u(x, t) satisfying the heat equation
∂tu− a∆u = 0 in DT , (1.1)initial and boundary 
onditions

u|t=0 = 0 in D, (1.2)
(ε ∂tu− b∇Tu)|xn=0 = Φ(x′, t) on RT , (1.3)where all 
oe�
ients are 
onstant, a > 0 b = (b′, bn), b′ = (b1, . . . , bn−1),

∂t = ∂
∂t
, ∂xi

= ∂
∂xi

, ∇T = colon(∂x1
, . . . , ∂xn

), ∇′T = colon(∂x1
, . . . , ∂xn−1

) �
olumn-ve
tors, b∇T = b1 ∂x1
+ . . . ,+bn ∂xn

- s
alar produ
t, ∆ = ∂2
x1

+ . . .+
∂2

xn
.The problem (1.1) � (1.3) des
ribes the heat transfer in a body. Moreover,it is a linearized one - phase free boundary problem of a Stefan type. Inthe H�oder spa
es this problem with ε = 1 was studied by B.V.Bazalyi [1℄,E.V.Radkevi
h [2℄, G.I.Bizhanova and V.A.Solonnikov [3℄ and others. In [4℄J.F. Rodrigues, V.A.Solonnikov, F. Yi have investigated one-phase linear andnonlinear free boundary problems for the se
ond order paraboli
 equations witha small parameter ε > 0 at the time derivative in the boundary 
ondition. Theyhave established the uniform with respe
t to ε estimates of the solution in theH�older spa
e C2+α, 1+α/2

x t (ΩT ) , from whi
h the existen
e of the solutions tothe 
onsidered problems with ε = 0 follows.To study the 
onvergen
e of the solution of the perturbed problem as ε→ 0,its asymptoti
s with respe
t to a small parameter we have to �ned the estimatesof the solution in the H�older spa
e C2+l,1+l/2
x t (DT ), l � positive non-integer,

[l] = 0, 1, . . . , with a 
onstant independent on ε.Moreover, we should know thebehavior of a time derivative ε∂tu|xn=0 as a small parameter ε goes to zero.In a Chapter 2 we derive the estimates of a solution in a H�older spa
e
C

2+l,1+l/2
x t (DT ), l � positive non-integer, with a 
onstant, whi
h is not dependon ε. In a Chapter 3 there is obtained an estimate of a time derivative of thesolution ε∂tu|xn=0 in a spa
e C1+β,

1+β

2

x′ t (RT ), β ∈ (0, α/2).We shall study the problem in the H�older spa
e C2+l, 1+l/2
x t (ΩT ), l - positiveÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



72 G. I. Bizhanovanon-integer, of the fun
tions u(x, t) with the norm [5℄:
|u|

(2+l)
ΩT

=
∑

2m0+|m|≤2+[l]

|∂m0

t ∂m
x u|ΩT

+
∑

2m0+|m|=2+[l]

[∂m0

t ∂m
x u]

(α)
ΩT

+
∑

2m0+|m|=1+[l]

[∂m0

t ∂m
x u]

( 1+α

2
)

t,ΩT
, α = l − [l] ∈ (0, 1), (1.4)where ΩT := Ω × (0, T ), Ω is a domain in R

n, n ≥ 2, m = (m1, . . . ,mn), miare the nonnegative integers, |m| = m1 + . . .+mn,
|v|ΩT

= max
(x,t)∈Ω

| v|, [v]
(α)
ΩT

= [v]
(α)
x,ΩT

+ [v]
(α/2)
t,ΩT

,

[v]
(α)
x,ΩT

= max
(x,t),(z,t)∈ΩT

∣

∣v(x, t) − v(z, t)
∣

∣

|x− z|α
,

[v]
(α)
t,ΩT

= max
(x,t),(x,t1)∈ΩT

∣

∣v(x, t) − v(x, t1)
∣

∣

|t− t1|α
, α ∈ (0, 1).By ◦

C
2+l, 1+l/2

x t (ΩT ) we designate the subset of the fun
tions u(x, t) ∈

C
2+l, 1+l/2
x t (ΩT ), su
h that ∂k

t u
∣

∣

t=0
= 0, k = 0, . . . , 1 + [l/2].The following lemma is valid.Lemma 1.1 [6℄. In ◦

C
2+l, 1+l/2

x t (ΩT ) the norm |u|
(2+l)
ΩT

de�ned by formula (1.4)is equivalent to the norm
||u||

(2+l)
ΩT

= sup
(x,t)∈ΩT

t−(1+l/2)|u(x, t)| +
∑

2m0+|m|=2+[l]

[∂m0

t ∂m
x u]

(α)
ΩT

+
∑

2m0+|m|=1+[l]

[∂m0

t ∂m
x u]

( 1+α

2
)

t,ΩT
, α = l − [l] ∈ (0, 1). (1.5)We formulate the main results for the problem (1.1)�(1.3).Theorem 1.1. Let bn > 0, 0 < ε ≤ ε0, l� positive non-integer, [l] = 0, 1, . . . .For every fun
tion Φ(x′, t) ∈

◦
C

1+l, 1+l

2

x′ t (RT ) the problem (1.1)-(1.3) has aunique solution u(x, t) ∈
◦
C

2+l,1+l/2

x t (DT ), ε ∂tu(x, t)|xn=0 ∈
◦
C

1+l, 1+l

2

x′ t (RT ),Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



On the solutions of the linear free boundary problems of Stefan type 73and it satis�es an estimate
|u|

(2+l)
DT

+ |ε∂tu|
(1+l)
RT

≤ C1|Φ|
(1+l)
RT

, (1.6)where a 
onstant C1 does not depend on ε.Theorem 1.2. Let bn > 0, 0 < ε ≤ ε0, Φ(x′, t) ∈
◦
C

1+α, 1+α

2

x′ t (RT ).The time derivative ε∂tu(x, t)|xn=0 in the 
ondition (1.3) of the problem(1.1) � (1.3) satis�es an estimate
|ε∂tu|

C
1+β,

1+β

2

x′ t
(RT )

≤ C2ε
α−β

2 |Φ|
(1+α)
RT

, β ∈ (0, α/2), (1.7)where a 
onstant C2 is independent on ε.Consider the problem with the two unknown fun
tions u(x, t) and ψ(x′t)

∂tu− a∆u = 0 in DT , (1.8)
u|t=0 = 0 in D, (1.9)

u|xn=0 − µψ = 0 on RT , (1.10)
(ε ∂tψ − b∇u+ h′∇′ψ)|xn=0 = Φ(x′, t) on RT , (1.11)where h′ = (h1, . . . , hn−1), all 
oe�
ients are 
onstant.Ex
luding the fun
tion ψ(x′, t) we obtain for the fun
tion u(x, t) theproblem (1.1) � (1.3) and the following theorems:Theorem 1.3. Let bn > 0, µ > 0, 0 < ε ≤ ε0, l� positive non-integer,

[l] = 0, 1, . . . , .For every fun
tion Φ(x′, t) ∈
◦
C

1+l, 1+l

2

x′ t (RT ) the problem (1.8)-(1.11)has a unique solution u(x, t) ∈
◦
C

2+l,1+l/2

x t (DT ), ψ(x′, t) ∈
◦
C

2+l,1+l/2

x′ t (RT ),
ε ∂tψ(x′, t) ∈

◦
C

1+l, 1+l

2

x′ t (RT ), and it satis�es the estimate
|uj |

(2+l)
DT

+ |ψ|
(2+l)
RT

+ |ε∂tψ|
(1+l)
RT

≤ C3|Φ|
(1+l)
RT

,where a 
onstant C3 does not depend on ε.Theorem 1.4. Let bn > 0, µ > 0, 0 < ε ≤ ε0, Φ(x′, t) ∈
◦
C

1+α, 1+α

2

x′ t (RT ).Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



74 G. I. BizhanovaThe time derivative ε∂tψ(x′, t) in the 
ondition (1.11) of the problem (1.8)� (1.11) satis�es an estimate
|ε∂tu|

C
1+β,

1+β

2

x′ t
(RT )

≤ C4ε
α−β

2 |Φ|
(1+α)
RT

, β ∈ (0, α/2),where a 
onstant C4 is independent on ε.2. Proof of Theorem 1.1Consider the problem (1.1)�(1.3).Lemma 2.1.Let bn > 0, 0 < ε ≤ ε0, l� positive non-integer, [l] = 0, 1, . . . .For every fun
tion Φ(x′, t) ∈
◦
C

1+l, 1+l

2

x′ t (RT ) the solution of the problem(1.1)�(1.3) has a form
u(x, t) =

1

ε

∫ t

0
dτ

∫

Rn−1

Φ(y′, τ)Gε(x
′ − y′, xn, t− τ) dy′ :=

1

ε

(

Φ ∗Gε

)

, (2.1)where
Gε(x

′ − y′, xn, t− τ) = −2a

∫ t−τ

0
Γxn

(x′ − y′ +
b′

ε
σ, xn +

bn
ε
σ, t− τ − σ) dσ

≡

∫ t

0

xn + bn σ/ε

(2
√

aπ(t− τ − σ)n(t− τ − σ)
e
−

(x
′
−y

′
+b

′
σ/ε)

2
+(xn+bnσ/ε)

2

4a2(t−τ−σ) d σ. (2.2)We remind that
Γ(x, t) =

1

(2
√
aπt)n

e− x
2

4atis a fundamental solution to the heat equation (1.1), whi
h satis�es an estimate
|∂k

t ∂
m
x Γ(x, t)| ≤ C5

1

t
n+2k+|m|

2

e−
x
2

8at . (2.3)Proof. We apply Lapla
e (L) with respe
t to t and Fourier (F ) with respe
t to
x′ transforms to the problem (1.1)�(1.3)

F L [u(x, t)] := ũ(s′, xn, p) =

∫ ∞

0
e−ptdt

∫

Rn−1

e−ix′s′dx′,Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



On the solutions of the linear free boundary problems of Stefan type 75where s′ = (s1, . . . , s
′
n−1), x′s′ = x1s1 + . . .+ xn−1sn−1, then we �nd

ũ =
1

εζ
Φ̃e−rxn , ζ = p+

βbn
ε
r −

is′b′

ε
, r2 =

p+ as′2

a
.Here Re ζ ≥ c0 > 0, so we 
an represent the fra
tion 1/ζ as follows

1

ζ
=

∫ ∞

0
e−ζσdσand obtain

ũ =
1

ε
Φ̃

∫ ∞

0
e−(p+( bn

ε
+xn)r− is

′
b
′

ε
)σdσ.Applying the inverse Lapla
e and Fourier transforms [7℄ and 
onvolutionformula we �nd the solution to the problem (1.1)�(1.3) in the expli
it form(2.1).We see that a parameter ε is 
ontained in the form 1

ε
in the formula (2.1)and in the exponents in (2.2) of a Green fun
tion Gε(x, t), i.e. the fun
tion

u(x, t) has inde�niteness of 0
0 order as ε→ 0. �Proof of Theorem 1.1. Consider the fun
tion u(x′, 0, t) = 1

ε

(

Φ ∗ Gε

)

|xn=0. Toprove that u(x′, 0, t) belongs to the spa
e ◦
C

1+l, 1+l

2

x′ t (RT ), l � noninteger, [l] =
0, 1, . . ., we should estimate due to (1.5) the H�older 
onstants

[∂m0

t ∂m′

x′ u(x′, 0, t)]
(α)
RT
, 2m0 + |m′| = 2 + [l], (2.4)

[∂m0

t ∂m′

x′ u(x′, 0, t)]
( 1+α

2
)

t,RT
, 2m0 + |m′| = 1 + [l] (2.5)and modulo u(x′, 0, t), where α = l − [l] ∈ (0, 1), m′ = (m1, . . . ,mn−1).Considering [l] = 2k and [l] = 2k+ 1, k = 0, 1, . . . , as in [8℄ we verify thatto estimate the H�older 
onstants (2.4, (2.5) we have to estimate the followingones

1

ε
[(ϕ1 ∗ ∂tGε)|xn=0]

(α)
RT
,

1

ε
[(ϕ2 ∗ ∂xµ

Gε)|xn=0]
(α)
RT
, µ = 1, . . . , n− 1, (2.6)

1

ε
[(ϕ2 ∗ Gε)|xn=0]

( 1+α

2
)

t,RT
,Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



76 G. I. Bizhanovawhere ϕ1(x
′, t) ∈

◦
C

1+α, 1+α

2

x′ t (RT ), ϕ2(x
′, t) ∈

◦
C

α,α/2

x′ t (RT ).After the 
hange of a variable τ we represent the potentials in (2.6) in theform
vj(x

′, t) := −
2a

ε

∫ t

0
dτ

∫

Rn−1

ϕj(y
′, τ)Gε(x

′ − y′, xn, t− τ) dy′|xn=0

= −
2a

ε

∫ t

0
dτ

∫

Rn−1

dy′
∫ τ

0
ϕj(y

′, τ−σ)Γxn
(x′−y′+

b′

ε
σ, xn+

bn
ε
σ, t−τ) dσ|xn=0,

j = 1, 2, 
ompose the di�eren
es with respe
t to t
△1 := ∂tv1(x

′, t) − ∂t1v1(x
′, t1), △2 := ∂x′v1(x

′, t) − ∂x′v1(x
′, t1),

△3 := v2(x
′, t) − v2(x

′, t1), t1 < t, t1, t ∈ (0, T ],and with respe
t to spatial variables x′
△4 := ∂tv1(x

′, t) − ∂tv1(z
′, t), △5 := ∂x′v2(x

′, t) − ∂x′v2(z
′, t), x′, z′ ∈ D.Estimating them we obtain the same integrals with respe
t to τ and σ asin [9℄.Thus, for the H�older 
onstants (2.6) and 
onsequently for (2.4), (2.5) wehave

∑

2m0+|m′|=2+[l]

[∂m0

t ∂m′

x′ u(x′, 0, t)]
(α)
RT

+
∑

2m0+|m′|=1+[l]

[∂m0

t ∂m′

x′ u(x′, 0, t)]
( 1+α

2
)

t,RT

≤ C6

(

∑

2m0+|m′|=1+[l]

[∂m0

t ∂m′

x′ Φ]
(α)
RT

+
∑

2m0+|m′|=[l]

[∂m0

t ∂m′

x′ Φ]
( 1+α

2
)

t,RT

) (2.7)where a 
onstant C6 does not depend on εWe estimate the modulo of u(x′, 0, t). For this we apply the inequality(2.3) for Γ(x, t) and |Φ(x′, t)| ≤ M t
1+l

2 , M = [∂
[ 1+l

2
]

t Φ]
( 1+l

2
−[ 1+l

2
])

t,RT
, then afterintegrating with respe
t to y′ we obtain

|u(x′, 0, t)| ≤ C7M
1

ε

∫ t

0

τ
1+l

2

t− τ
dτ

∫ t−τ

0
e
−

b
2
nσ

2

8aε2(t−τ) dσÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



On the solutions of the linear free boundary problems of Stefan type 77
≤ C8Mt

1+l

2

∫ t

0

dτ
√
t− τ

= C9Mt1+l/2, (2.8)here C9 is independent on ε.Gathering the estimates (2.7), (2.8) we shall have by the Lemma 1.1
|u|

(2+l)
RT

≤ C10||u||
(2+l)
RT

≤ C11|Φ|
(1+l)
RT

. (2.9)Thus, we have proved that the tra
e u(x, t)|xn=0 on the boundary xn = 0of a domain D belongs to the spa
e ◦
C

2+l,1+l/2

x′ t (RT ) and satis�es an estimate(2.9), but then the fun
tion u(x, t) as a solution of the �rst boundary valueproblem for the heat equation (1.1) belongs to ◦
C

2+l,1+l/2

x t (DT ) and satis�es anestimate [5℄
|u|

(2+l)
DT

≤ C12|u|
(2+l)
RT

≤ C13|Φ|
(1+l)
RT

, (2.10)where the 
onstant C13 is independent on ε.From the boundary 
ondition (1.3) we �nd
|ε∂tu|

(2+l)
RT

≤ C14|Φ|
(1+l)
RT

, (2.11)where a 
onstant C14 does not depend on ε. The inequalities (2.10), (2.11) leadto the estimate (1.6) and Theorem 1.1. �3. Proof of Theorem 1.2Consider the problem (1.1) � (1.3). We represent the solution in the form
u(x, t) = −

2a

ε

∫ t

0
dτ

∫

Rn−1

dy′
∫ τ

0
Φ(y′, τ − σ)

×Γxn
(x′ − y′ +

b′

ε
σ, xn +

bn
ε
σ, t− τ) dσ.From the boundary 
ondition (1.3) we �nd

ε∂tu|xn=0 = b∇T
xu|xn=0 + Φ(x′t). (3.1)We 
al
ulate b∇T

xu|xn=0:
b∇T

xu(x, t)|xn=0 = −
2a

ε

∫ t

0
dτ

∫

Rn−1

Φ(y′, τ)dy′Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



78 G. I. Bizhanova
×

∫ τ

0
b∇T

x Γxn
(x′ − y′ +

b′

ε
σ, xn +

bn
ε
σ, t− τ) dσ|xn=0 − w1(x

′, t), (3.2)where
w1(x

′, t) =
2a

ε

∫ t

0
dτ

∫

Rn−1

dy′
∫ τ

0

(

Φ(y′, τ − σ) − Φ(y′, τ)
)

× b∇T
x Γxn

(x′ − y′ +
b′

ε
σ, xn +

bn
ε
σ, t− τ) dσ|xn=0

≡
2a

ε

∫ t

0
dτ

∫

Rn−1

dy′
∫ t−τ

0

(

Φ(y′, t− τ − σ) − Φ(y′, t− τ)
)

× b∇T
x Γxn

(x′ − y′ +
b′

ε
σ, xn +

bn
ε
σ, τ) dσ|xn=0. (3.3)We 
an see that an integral with respe
t to σ in (3.2) may be written inthe form

∫ τ

0

b

ε
∇T

x Γxn
(x′ − y′ +

b′

ε
σ, xn +

bn
ε
σ, t− τ) dσ|xn=0 =

∫ τ

0

d

dσ
Γxn

(·) dσ

= −Γxn
(x′ − y′, xn, t− τ) + Γxn

(x′ +
b′

ε
τ, xn +

bn
ε
τ, t− τ).Substituting this expression into (3.2) and applying the jump formula forthe double layer potential

−2a

∫ t

0
dτ

∫

Rn−1

Φ(y′, τ)Γxn
(x′ − y′, xn, t− τ)dy′ → Φ(x′, t) as xn → 0,we obtain

b∇T
xu(x, t)|xn=0 = −Φ(x′, t) − w1(x

′, t) − w2(x
′, t), (3.4)where

w2(x
′, t) = 2a

∫ t

0
dτ

∫

Rn−1

Φ(y′, τ)Γxn
(x′ +

b′

ε
τ, xn +

bn
ε
τ, t− τ)dy′|xn=0

≡ 2a

∫ t

0
dτ

∫

Rn−1

Φ(y′, t−τ)Γxn
(x′+

b′

ε
(t−τ), xn+

bn
ε

(t−τ), τ)dy′|xn=0, (3.5)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



On the solutions of the linear free boundary problems of Stefan type 79and substituting an expression (3.4) into the formula (3.1) we �nd
ε∂tu|xn=0 = −w1(x

′, t) − w2(x
′, t). (3.6)Consider the fun
tions w1(x

′, t), w2(x
′, t). We should estimate their normsin C2+β, 1+β/2

x t (ΩT ), β ∈ (0, α), α ∈ (0, 1):
|wj |

C
1+β,

1+β

2

x′ t
(RT )

:= |wj |RT
+

n−1
∑

µ=1

|∂xµ
wj |RT

+
n−1
∑

µ=1

(

[∂xµ
wj ]

(β)
x′,RT

+ [∂xµ
wj ]

(β/2
t,RT

)

+[wj ]
( 1+α

2
)

t,RT
, j = 1, 2. (3.7)We evaluate all terms of this norm.We shall make use of the estimates of the fun
tion Φ(x′, t) ∈

◦
C

1+α, 1+α

2

x′ t

(RT ) :

|∂k
xµ

Φ(x′, t)| ≤Mkt
1+α−k

2 , Mk = [Φ]
( 1+α−k

2
)

t,RT
, µ = 1, . . . , n−1, k = 0, 1, (3.8)

|∂k
xν

Φ(x′, t) − ∂k
xν

Φ(x′, t1)| ≤Mk(t− t1)
1+α−k

2 , t1 < t, k = 0, 1, (3.9)an inequality
|ξ|γe−ξ2

≤ Cγe
−ξ2/2, γ ≥ 0, (3.10)and also Lemma 3.1.Lemma 3.1. The following estimate is valid

e
−

(x
′
+b

′
σ/ε)

2
+b

2
nσ

2
/ε

2

8a(t−τ) ≤ e
−

γ
2
1

x
2

t−τ
−

γ
2
2

σ
2

ε2(t−τ) , (3.11)where b′ = (b1, . . . , bn−1),
γ2

1 =
b2n

16a(b′2 + b2n)
, γ2

2 =
b2n
16a

.Proof.We apply the H�older and Young inequalities to the expression 2σ
∣

∣x′b′/ε
∣

∣

2σ
∣

∣x′b′/ε
∣

∣ ≤ 2(|x′|
√
δ) (

|b′|σ

ε
√
δ
) ≤ δx′2 +

b′2σ2

δε2
, δ > 0.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



80 G. I. BizhanovaLetting δ = (b′2 + b2n/2)/(b′2 + b2n), we shall have
(x′2 + b′σ/ε)2 + b2nσ

2/ε2 ≥ x′2 +
b′2 + b2n
ε2

σ2 − 2|x′b′|σ/ε

≥ (1 − δ)x′2 +
1

ε2
(

b2 −
b′2

δ

)

σ2 =
b2nx

′2

2(b′2 + b2n)
+

(b′2 + b2n)b2n
2ε2(b′2 + b2n/2)

σ2

≥
b2n

2(b′2 + b2n)
x′2 +

b2n
2ε2

σ2.This estimate leads to (3.11) �Continuation of a proof of Theorem 1.1. Consider the potential w1(x
′, t) de�nedby formula (3.3). We apply an estimate (2.3) for Γ(x, t), (3.9), (3.11) andintegrate with respe
t to y′

|∂k
xµ
w1(x

′, t)| ≤ C15Mk
1

ε

∫ t

0
dτ

∫ t−τ

0

σ
1+α−k

2

(t− τ)3/2
e
−

γ
2
2

σ
2

ε2(t−τ) dσ,then we apply the inequalities σ 1+β−k

2 ≤ t
1+β−k

2 and (3.10) and integrate withrespe
t to σ
|∂k

xµ
w1(x

′, t)| ≤ C16Mkε
α−β

2 t
1+β−k

2

∫ t

0

dτ

(t− τ)1−
α−β

4

= C17Mkε
α−β

2 t
1+β−k

2 t
α−β

4 ,and from here we �nd
|∂k

xµ
w1(x

′, t)|Rt
≤ C17ε

α−β

2 t
1+β−k

2 t
α−β

4 [Φ]
( 1+α−k

2
)

t,Rt
, (3.12)

k = 0, 1, β ∈ (0, α), t ∈ (0, T ].An integral w2(x
′, t) determined by (3.5) is evaluated as above

|∂k
xµ
w2(x

′, t)| ≤ C18Mk

∫ t

0

τ
1+α−k

2

t− τ
e
−

γ
2
2

τ
2

ε2(t−τ) dτ ≤ C19Mkε
α−β

2 t
1+β−k

2 t
α−β

4 ,and
|∂k

xµ
w2(x

′, t)|Rt
≤ C19ε

α−β

2 t
1+β−k

2 t
α−β

4 [Φ]
( 1+α−k

2
)

t,RT
, (3.13)

k = 0, 1, t ∈ (0, T ], β ∈ (0, α).Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



On the solutions of the linear free boundary problems of Stefan type 81Now we estimate the H�older 
onstants with respe
t to t. We 
ompose thedi�eren
es △j,k := ∂k
xµ
wj(x

′, t) − ∂k
xµ
wj(x

′, t), j = 1, 2:
△1,k = −

2a

ε

∫ t

t1

dτ

∫

Rn−1

dy′
∫ t−τ

0

(

∂k
yµ

Φ(y′, t− τ − σ) − ∂k
yµ

Φ(y′, t− τ)
)

×b∇T
x Γxn

(x′ − y′ +
b′

ε
σ, xn +

bn
ε
σ, τ) |xn=0dσ (3.14)

−
2a

ε

∫ t1

0
dτ

∫

Rn−1

dy′
∫ t−τ

t1−τ

(

∂k
yµ

Φ(y′, t− τ − σ) − ∂k
yµ

Φ(y′, t− τ)
)

b∇T
x Γxn

(·) |xn=0dσ

−
2a

ε

∫ t1

0
dτ

∫

Rn−1

dy′
∫ t1−τ

0

˜△1,k(y
′, t, t1, τ, σ)b∇T

x Γxn
(·) |xn=0dσ,where

˜△1,k = ∂k
yµ

Φ(y′, t− τ − σ) − ∂k
yµ

Φ(y′, t− τ)

−∂k
yµ

Φ(y′, t1 − τ − σ) + ∂k
yµ

Φ(y′, t1 − τ);

△2,k

= 2a

∫ t

t1

dτ

∫

Rn−1

∂k
yµ

Φ(y′, t−τ)Γxn
(x′−y′+

b′

ε
(t−τ), xn+

bn
ε

(t−τ), τ) |xn=0dy
′

+2a

∫ t1

0
dτ

∫

Rn−1

˜△2,k(y
′, t, t1, τ)Γxn

(·)|xn=0dy
′ + 2a

∫ t1

0
dτ

∫

Rn−1

(3.15)
×∂k

yµ
Φ(y′, t1−τ)dy

′

∫ t

t1

b

ε
∇T

x Γxn
(x′−y′+

b′

ε
(t2−τ), xn+

bn
ε

(t2−τ), τ) |xn=0 dt2,here ∂t2Γxn
(x′ − y′ + b′

ε
(t2 − τ), xn + bn

ε
(t2 − τ), τ) = b

ε
∇T

x Γxn
(·),

˜△2,k = ∂k
yµ

Φ(y′, t− τ) − ∂k
yµ

Φ(y′, t1 − τ). (3.16)We evaluate |˜△1,k| = |˜△1,k|
θ|˜△1,k|

1−θ. Letting θ = 1+β−k
1+α−k

, β ∈ (0, α), k =
0, 1, and applying an inequality (3.9) for Φ we shall have

|˜△1,k| = |
(

∂k
yµ

Φ(y′, t− τ − σ) − ∂k
yµ

Φ(y′, t1 − τ − σ)
)

+
(

∂k
yµ

Φ(y′, t1 − τ) − ∂k
yµ

Φ(y′, t− τ)
)

|θ×Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



82 G. I. Bizhanova
|
(

∂k
yµ

Φ(y′, t−τ−σ)−∂k
yµ

Φ(y′, t−τ)
)

+
(

∂k
yµ

Φ(y′, t1−τ)−∂
k
yµ

Φ(y′, t1−τ−σ))
)

|1−θ

≤ C20

(

Mk(t− t1)
1+α−k

2

)θ(
Mkσ

1+α−k

2

)1−θ
= C20Mk(t− t1)

1+β−k

2 σ
α−β

2 , (3.17)here t1 < t, σ ≥ 0.Consider the di�eren
e (3.14). We make use of the inequalities (2.3) for Γ,(3.9) for Φ, (3.11) and (3.17) and integrate with respe
t to y′, then we obtain
|△1,k| ≤ C21Mk

1

ε

(

(

∫ t

t1

dτ

∫ t−τ

0
+

∫ t1

0
dτ

∫ t−τ

t1−τ

)σ
1+α−k

2

τ3/2
e−

γ
2
2

σ
2

ε2τ dσ

+(t− t1)
1+β−k

2

∫ t1

0
dτ

∫ t1−τ

0

σ
α−β

2

τ3/2
e−

γ
2
2

σ
2

ε2τ dσ
)

.In the �rst integral we apply the inequalities σ 1+β−k

2 ≤ (t − τ)
1+β−k

2 ≤

(t− t1)
1+β−k

2 and (3.10) and integrate with respe
t to σ letting γ2σ

ε
√

τ
= ζ, thenwe shall have

|△1,k| ≤ C22Mk
1

ε
(t− t1)

1+β−k

2 ε1+
α−β

2

∫ t

0

dτ

τ1−α−β

4and
|△1,k| := |∂k

xµ
wj(x

′, t) − ∂k
xµ
wj(x

′, t)| ≤ C23Mkε
α−β

2 t
α−β

4 (t− t1)
1+β−k

2 ,

[∂k
xµ
w1]

( 1+β−k

2
)

t,Rt
≤ C23ε

α−β

2 t
α−β

4 (t− t1)
1+β−k

2 [∂k
xµ

Φ]
1+α−k

2

t,Rt
, (3.18)here β ∈ (0, α), k = 0, 1, t1 < t, t1, t ∈ (0, T ].Now with the help of the estimates (3.8), (3.9) we evaluate ˜△2,k =

∂k
yµ

Φ(y′, t− τ) − ∂k
yµ

Φ(y′, t1 − τ) determined by (3.16)
˜△2,k ≤

(

Mk(t− t1)
1+α−k

2

)θ(
Mk

(

(t− τ)
1+α−k

2 + (t1 − τ)
1+α−k

2

))1−θ

≤ C24Mk(t− t1)
1+β−k

2 (t− τ)
α−β

2 , θ =
1 + β − k

1 + α− k
, (3.19)

β ∈ (0, α), t1 < t, k = 0, 1.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



On the solutions of the linear free boundary problems of Stefan type 83Consider the di�eren
e △2,k determined by the formula (3.15). Afterintegrating with respe
t to y′ and applying the inequalities (3.8) and (3.19)wederive
|△2,k| ≤ C25Mk

(

∫ t

t1

(t− τ)
1+α−k

2

τ
e−

γ
2
2
(t−τ)

2

ε2τ dτ

+(t− t1)
1+β−k

2

∫ t1

0

(t− τ)
α−β

2

τ
e−

γ
2
2
(t−τ)

2

ε2τ dτ

+
1

ε

∫ t

t1

dt2

∫ t1

0

(t1 − τ)
1+α−k

2

τ3/2
e−

γ
2
2
(t2−τ)

2

ε2τ dτ
)

.In the �rst and last integrals we make use of the estimates
(t− τ)

1+β−k

2 ≤ (t− t1)
1+β−k

2 , τ ∈ (t1, t),and
(t1 − τ)

1+α−k

2 ≤ (t2 − τ)
1+α−k

2 ≤
(t2 − τ)1+

α−β

2

(t2 − t1)
1−β+k

2

, t2 ∈ (t1, t),respe
tively, then applying an inequality (3.10) in all integrals we obtain
|△2,k| ≤ C26Mkε

α−β

2

(

(t− t1)
1+β−k

2

∫ t

0

dτ

τ1−α−β

4

+

∫ t

t1

dt2

(t2 − t1)
1−β−k

2

∫ t1

0

dτ

τ1−α−β

4

)

,and
|△2,k| := |∂k

xµ
w2(x

′, t) − ∂k
xµ
w2(x

′, t)| ≤ C27Mkε
α−β

2 t
α−β

4 (t− t1)
1+β−k

2 ,from here we �nd
[∂k

xµ
w2]

( 1+β−k

2
)

t,Rt
≤ C27ε

α−β

2 t
α−β

4 [∂k
xµ

Φ]
1+α−k

2

t,Rt
, (3.20)where β ∈ (0, α), k = 0, 1, t ∈ (0, T ].We 
ompose the di�eren
es of the derivatives ∂xµ

wj(x
′, t), j = 1, 2, µ =

1, . . . , n− 1, with respe
t to the spatial variables x′:
△3 := ∂xµ

w1(x
′, t)(x′, t) − ∂xµ

w1(z
′, t)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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=

2a

ε

∫ t

0
dτ

∫

|y′−z′|≤2r

(

Φyµ
(y′, τ − σ) − Φyµ

(y′, τ)
)

dy′
∫ τ

0

(

b′∇′T
y′ − bn∂yn

)

×
(

Γyn
(x′−y′+

b′

ε
σ, yn +

bn
ε
σ, t−τ)−Γyn

(z′−y′+
b′

ε
σ, yn +

bn
ε
σ, t−τ)

)

|yn=0dσ

−
2a

ε

∫ t

0
dτ

∫

|y′−z′|≥2r

(

Φyµ
(y′, τ − σ) − Φyµ

(y′, τ)
)

dy′
∫ τ

0

n−1
∑

ν=1

(xν − zν) (3.21)
×

∫ 1

0
∂yν

(

b′∇′T
y′ − bn∂yn

)

Γyn
(z′ − y′ +

b′

ε
σ+λ(x′ − z′), yn +

bn
ε
σ, t− τ)|yn=0dλ,here b∇T

x = b′∇′T
y′ − bn∂yn

,
△4 := ∂xµ

w2(x
′, t) − ∂xµ

w2(z
′, t)

= 2a

∫ t

0
dτ

∫

|y′−z′|≤2r

Φyµ
(y′, τ)

×
(

Γyn
(x′−y′+

b′

ε
τ, yn+

bn
ε
τ, t−τ)−Γyn

(z′−y′+
b′

ε
τ, yn+

bn
ε
τ, t−τ)

)

|yn=0 dy
′

−2a

∫ t

0
dτ

∫

|y′−z′|≤2r

Φyµ
(y′, τ)

n−1
∑

ν=1

(xν − zν) (3.22)
×

∫ 1

0
∂yν

Γyn
(z′ − y′ +

b′

ε
σ + λ(x′ − z′), yn +

bn
ε
σ, t− τ)|yn=0dλdy

′,where r = |x′ − z′|.Consider the di�eren
e △3 (see (3.21)). We apply the inequalities (3.11)to the exponent in Γ, (3.9) for Φ, pass to the spheri
al 
oordinates letting
ρ = |x′ − y′|, ρ = |z′ − y′| and ρ = |z′ − y′ + λ(x′ − z′)| in the �rst, se
ond andthird integrals respe
tively, then we obtain
|△3| ≤ C28M1

1

ε

(

∫ t

0
dτ

(

∫ 3r

0
+

∫ 2r

0

)

ρn−2dρ

∫ τ

0

σα/2

(t− τ)
n+2

2

e
−

γ
2
1

ρ
2

t−τ
−

γ
2
2

σ
2

ε2(t−τ) dσ

+r

∫ t

0
dτ

∫ ∞

r

ρn−2 dρ

∫ τ

0

σα/2

(t− τ)
n+3

2

e
−

γ
2
1

ρ
2

t−τ
−

γ
2
2

σ
2
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On the solutions of the linear free boundary problems of Stefan type 85Using the estimates
ρn−p−β

(t− τ)
n−p−β

2

e−
γ
2
1

ρ
2

t−τ ≤ C29, p = 1, 0,
σα/2

εα/2(t− τ)α/4
e
−

γ
2
2

σ
2

ε2(t−τ) ≤ C30e
−

γ
2
2

σ
2

2ε2(t−τ)in the two �rst integrals with p = 1 and last one with p = 0 and integratingwith respe
t to σ we shall have
|△3| ≤ C31M1

ε1+α/2

ε

∫ t

0

dτ

(t− τ)1−
α−2β

2 2

(

(

∫ 3r

0
+

∫ 2r

0

) dρ

ρ1−β
+ r

∫ ∞

r

dρ

ρ2−β

)

,

β ∈ (0, α/2),

|△3| := |∂xµ
w1(x

′, t)(x′, t) − ∂xµ
w1(z

′, t)| ≤ C32M1ε
α/2t

α−2β

2 |x′ − z′|β,and from here we obtain
[∂xµ

w1]
(β)
x′,Rt

≤ C32ε
α/2t

α−2β

2 [Φ]
(α

2
)

t,Rt
, β ∈ (0, α/2). (3.23)The di�eren
e △4 := ∂xµ

w2(x
′, t)−∂xµ

w2(z
′, t) determined by the formula(3.22) is estimated as above

|△4| ≤ C33M1

(

∫ t

0

τα/2

(t− τ)
n+1

2

dτ
(

∫ 3r

0
+

∫ 2r

0

)

ρn−2e
−

γ
2
1

ρ
2

t−τ
−

γ
2
2

τ
2

ε2(t−τ) dρ

+r

∫ t

0

τα/2

(t− τ)
n+2

2

dτ

∫ ∞

r

ρn−2 e
−

γ
2
1

ρ
2

t−τ
−

γ
2
2

τ
2

ε2(t−τ)dρ ≤ C34M1ε
α/2t

α−2β

2 |x′ − z′|β,and
[∂xµ

w1]
(β)
x′,Rt

≤ C34ε
α/2 t

α−2β

2 [Φ]
(α

2
)

t,Rt
, β ∈ (0, α/2). (3.24)Gathering the estimates (3.12), (3.13), (3.18), (3.20), (3.23), (3.24) we shallhave the estimates of the norms (3.7) of the fun
tions w1(x

′, t), w2(x
′, t) andfrom the formula (3.6) we obtain an estimate (1.7) of a derivative ε∂tu|xn=0 =

−w1(x
′, t) − w2(x

′, t)

|ε∂tu|
C

1+β,
1+β

2

x′ t
Rt

≤ C35ε
α−β

2 t
α−2β

2 |Φ|
(1+α)
Rt

, β ∈ (0, α/2), t ∈ (0, T ],Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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∫ t

0
K(t, x, y, s, u(s, x, y))ds +

∫ t

0

∫ x

0
N(t, x, y, s, z, u(s, z, y))dzds+

+

∫ t

0

∫ x

0

∫ y

0
M(t, x, y, s, z, w, u(s, z, w))dwdzds = f(t, x, y), (1)ãäå (t, x, y) ∈ G,K(t, x, y, s, u),N(t, x, y, s, z, u),M(t, x, y, s, z, w, u) è f(t, x, y)� èçâåñòíûå �óíêöèè, à u(t, x, y) � íåèçâåñòíàÿ �óíêöèÿ â îáëàñòè G =
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88 Æ.À. Çóëïóêàðîâ�àçëè÷íûå âîïðîñû äëÿ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà ïåðâîãîðîäà èññëåäîâàëèñü â [1-5℄. Â ÷àñòíîñòè, â [4℄ äëÿ ëèíåéíûõ èíòåãðàëü-íûõ óðàâíåíèé Âîëüòåððà ïåðâîãî ðîäà ñ ãëàäêèìè ÿäðàìè äîêàçàíî ñó-ùåñòâîâàíèå ìíîãîïàðàìåòðè÷åñêîãî ñåìåéñòâà ðåøåíèé. Â [5℄ èçó÷åíû âî-ïðîñû ðåãóëÿðèçàöèè è åäèíñòâåííîñòè ðåøåíèé ñèñòåì íåëèíåéíûõ èí-òåãðàëüíûõ óðàâíåíèé Âîëüòåððà ïåðâîãî ðîäà ñ äâóìÿ íåçàâèñèìûìèïåðåìåííûìè. Çäåñü ïðè âûáîðå ïàðàìåòðà ðåãóëÿðèçàöèè äîïóñêàåòñÿ,÷òî �óíêöèè K(t, x, y, s, u), N(t, x, y, s, z, u), M(t, x, y, s, z, w, u) ìîãóò áûòüíåãëàäêèìè. Âñþäó, â äàëüíåéøåì, ïðåäïîëàãàåòñÿ, ÷òî K(t, x, y, s, u) =
K0(t, x, y, s)u + K1(t, x, y, s, u).Ïðåäïîëîæèì âûïîëíåíèå ñëåäóþùèõ óñëîâèé:a) ïðè ëþáîì �èêñèðîâàííîì (t, x, y) ∈ G = {(t, x, y) : 0 ≤ t ≤ T ; 0 ≤
x ≤ X; 0 ≤ y ≤ Y }�óíêöèÿK0(t, x, y, s) ∈ L1(0, t), �óíêöèèK1(t, x, y, s, u),
M(t, x, y, s, z, w, u) è M(t, x, y, s, z, w, u) íåïðåðûâíû ñîîòâåòñòâåííî â îá-ëàñòÿõ G1 × R, G2 × R è G3 × R ,

G1 = {(t, x, y, s) : 0 ≤ s ≤ t ≤ T, 0 ≤ x ≤ X, 0 ≤ y ≤ Y },

G2 = {(t, x, y, s, z) : 0 ≤ s ≤ t ≤ T, 0 ≤ z ≤ x ≤ X, 0 ≤ y ≤ Y },

G3 = {(t, x, y, s, z, w) : 0 ≤ s ≤ t ≤ Y, 0 ≤ z ≤ x ≤ X, 0 ≤ w ≤ y ≤ Y },

K0(t, x, y, s) ≥ 0 ïðè (t, x, y) ∈ G è ϕ(t, x, y) =
∫ t

0 K0(s, x, y, s)ds íåïðåðûâ-íû â îáëàñòè G;á) ïðè t > τ äëÿ ëþáûõ (t, x, y, s), (τ, x, y, s) ∈ G1 ñïðàâåäëèâî
|K0(t, x, y, s) − K0(τ, x, y, s)| ≤ C

∫ t

τ

K0(s, x, y, s)ds,ãäå 0 < C � èçâåñòíàÿ ïîñòîÿííàÿ;â) ïðè t > τ äëÿ ëþáûõ (t, x, y, s, u1), (τ, x, y, s, u1), (t, x, y, s, u2),
(τ, x, y, s, u2) ∈ G1 × R ñïðàâåäëèâî
|K1(t, x, y, s, u1) − K1(τ, x, y, s, u1) − K1(t, x, y, s, u2) + K1(τ, x, y, s, u2)| ≤

≤ C1

∫ t

τ

K0(s, x, y, s)ds |u1 − u2| ,ãäå 0<C1 � íåêîòîðàÿ ïîñòîÿííàÿ;Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà ïåðâîãî ðîäà 89ã) ïðè t > τ äëÿ ëþáûõ (t, x, y, s, z, u1), (τ, x, y, s, z, u1), (t, x, y, s, z, u2),
(τ, x, y, s, z, u2) ∈ G2 × R ñïðàâåäëèâî
|N(t, x, y, s, z, u1) − N(τ, x, y, s, z, u1) − N(t, x, y, s, z, u2) + N(τ, x, y, s, u2)| ≤

≤ C2

∫ t

τ

K(s, x, y, s)ds |u2 − u1| ,ãäå 0 < C2 � íåêîòîðàÿ ïîñòîÿííàÿ èN(t, x, y, t, z, u) ≡ 0 ïðè (t, x, y, s, z, u) ∈
G4 × R , G4 = {(t, x, y, z) : 0 ≤ t ≤ T ; 0 ≤ z ≤ x ≤ X; 0 ≤ y ≤ Y };ä) ïðè t > τ äëÿ ëþáûõ (t, x, y, s, z, w, u1), (τ, x, y, s, z, w, u1), (t, x, y, s, z, w, u2),
(τ, x, y, s, z, w, u2) ∈ G3 × R ñïðàâåäëèâî

|M(t, x, y, s, z, w, u1) − M(τ, x, y, s, z, w, u1) − M(t, x, y, s, z, u2)+

+M(τ, x, y, s, z, w, u2)| ≤ C3

∫ t

τ

K(s, x, y, s)ds |u2 − u1| ,ãäå 0 < C � íåêîòîðàÿ ïîñòîÿííàÿ èM(t, x, y, t, z, w, u) ≡ 0 ïðè (t, x, y, z, w, u) ∈
G5 × R,

G5 = {(t, x, y, z, w) : 0 ≤ t ≤ T ; 0 ≤ z ≤ x ≤ X; 0 ≤ w ≤ y ≤ Y }.Íàðÿäó ñ óðàâíåíèåì (1) áóäåì ðàññìàòðèâàòü ñëåäóþùåå óðàâíåíèå:
εu(t, x, y, ε) +

∫ t

0
K0(t, x, y, s)u(s, x, y, ε)ds+

+

∫ t

0
K1(t, x, y, s, u(s, x, y, ε))ds +

∫ t

0

∫ x

0
N(t, x, y, s, z, u(s, z, y, ε))dzds+

+

∫ t

0

∫ x

0

∫ y

0
M(t, x, y, s, z, w, u(s, z, w, ε))dwdzds =

= f(t, x, y) + ǫu(0, x, y), (t, x, y) ∈ G, (2)ãäå 0 < ǫ � ìàëûé ïàðàìåòð è u(t, x, y) � ðåøåíèå óðàâíåíèÿ (1).�åøåíèå óðàâíåíèÿ (2) áóäåì èñêàòü â âèäå
u(t, x, y, ǫ) = u(t, x, y) + ξ(t, x, y, ǫ). (3)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



90 Æ.À. ÇóëïóêàðîâÏîäñòàâëÿÿ (3) â (2), ó÷èòûâàÿ, ÷òî u(t, x, y) � ðåøåíèå óðàâíåíèå (1)è ïðåîáðàçóÿ, ïîëó÷èì
ξ(t, x, y, ε) +

1

ε

∫ t

0
K0(s, x, y, s)ξ(s, x, y, ε)ds =

= −
1

ε

∫ t

0
[K0(t, x, y, s) − K0(s, x, y, s)]ξ(s, x, y, ε)ds−

−
1

ε

∫ t

0
[K1(t, x, y, s, u(s, x, y) + ξ(s, x, y, ε)) − K1(t, x, y, s, u(s, x, y))ds]−

−
1

ε

∫ t

0

∫ x

0
[N(t, x, y, s, z, u(s, z, y)+ξ(s, z, y, ε))−N(t, x, y, s, z, u(s, z, y))]dzds−

−
1

ε

∫ t

0

∫ x

0

∫ y

0
[M(t, x, y, s, z, w, u(s, z, w) + ξ(s, z, w, ε))−

−M(t, x, y, s, z, w, u(s, z, y))]dwdzds − [u(t, x, y) − u(0, x, y)].Ïðèìåíèì ðåçîëüâåíòó ÿäðà 1
ε
K0(s, x, y, s) è, èñïîëüçóÿ �îðìóëó Äè-ðèõëå, ó÷èòûâàÿ, ÷òî

1

ε

∫ t

0
K0(s, x, y, s)e−

1

ε

∫

t

s
K(τ,x,y,τ)dτds = 1 − e−

1

ε

∫

t

0
K0(s,x,y,s)ds,è çàìåíèâ τ íà s, èìååì

ξ(t, x, y, ε) = F (t, x, y, ε) +

∫ t

0
H(t, x, y, s, ε)ξ(s, x, y, ε)ds+

+

∫ t

0
L(t, x, y, s, u(s, x, y) + ξ(s, x, y, ε), u(s, x, y), ε)ds+

+

∫ t

0

∫ x

0
N1(t, x, y, s, z, u(s, z, y) + ξ(s, z, y, ε), u(s, z, y), ε)dzds+

+

∫ t

0

∫ x

0

∫ y

0
M1(t, x, y, s, z, w, u(s, z, w) + ξ(s, z, w, ε), u(s, z, y), ε)dwdzds,(4)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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H(t, x, y, s, ε) = −

1

ε
[K0(t, x, y, s) − K0(s, x, y, s)]e−

1

ε

∫

t

s
K(τ,x,y,τ)dτ−

−
1

ε2

∫ t

s

K(τ, x, y, τ)e−
1

ε

∫

t

s
K0(τ,x,y,τ)dτ [K0(t, x, y, s) − K0(τ, x, y, s)]dτ, (5)

L(t, x, y, s, u(s, x, y) + ξ(s, x, y, ε), u(s, x, y), ε) = −
1

ε
[K1(t, x, y, s, u(s, x, y)+

+ξ(s, x, y, ε)) − K1(t, x, y, s, u(s, x, y))]e−
1

ε

∫

t

0
K(τ,x,y,τ)dτ−

−
1

ε2

∫ t

s

K0(τ, x, y, τ)e−
1

ε

∫

t

0
K(τ,x,y,τ)dτ×

×[K1(t, x, y, s, u(s, x, y) + ξ(s, x, y, ε))−K1(τ, x, y, s, u(s, x, y) + ξ(s, x, y, ε))−

−K1(t, x, y, s, u(s, x, y)) + K1(τ, x, y, s, u(s, x, y))]dτ, (6)
N1(t, x, y, s, z, u(s, z, y) + ξ(s, z, y, ε), u(s, z, y), ε) =

= −
1

ε
[N(t, x, y, s, z, u(s, z, y) + ξ(s, z, y, ε)) − N(t, x, y, s, z, u(s, z, y))]×

×e−
1

ε

∫

t

s
K0(τ,x,y,τ)dτ−

1

ε2

∫ t

s

K0(τ, x, y, τ)e−
1

ε

∫

t

s
K0(τ,x,y,τ)dτ [N(t, x, y, s, z, u(s, z, y)+

+ξ(s, z, y, ε)) − N(τ, x, y, s, z, u(s, z, y) + ξ(s, z, y, ε))−

−N(t, x, y, s, z, u(s, z, y)) + N(τ, x, y, s, z, u(s, z, y))]dτ, (7)
M1(t, x, y, s, z, w, u(s, z, w) + ξ(s, z, w, ε), u(s, z, w), ε) =

= −
1

ε
[M(t, x, y, s, z, w, u(s, z, y)+ξ(s, z, w, ε))−M(t, x, y, s, z, w, u(s, z, w))]×

×e−
1

ε

∫

t

s
K0(τ,x,y,τ)dτ −

1

ε2

∫ t

s

K0(τ, x, y, τ)e−
1

ε

∫

t

s
K0(τ,x,y,τ)dτ×

×[M(t, x, y, s, z, w, u(s, z, w) + ξ(s, z, w, ε))−Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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−M(τ, x, y, s, z, w, u(s, z, w) + ξ(s, z, w, ε))−

−M(t, x, y, s, z, w, u(s, z, w)) + M(τ, x, y, s, z, w, u(s, z, w))]dτ, (8)
F (t, x, y, ε) = [u(t, x, y) − u(0, x, y)]e−

1

ε

∫

t

0
K0(τ,x,y,τ)dτ−

−
1

ε2

∫ t

s

K0(τ, x, y, τ)e−
1

ε

∫

t

s
K0(τ,x,y,τ)dτ [u(t, x, y) − u(s, x, y)]ds. (9)Ïðåäâàðèòåëüíî äîêàæåì ñëåäóþùèå ëåììû.Ëåììà 1. Ïóñòü

F (t, x, y, ε) = −u(t, x, y)e−
1

ε

∫

t

s
K(τ,x,y,τ)dτ−

−
1

ε

∫ t

o

K0(s, x, y, s)e−
1

ε

∫

t

s
K0(τ,x,y,τ)dτ [u(t, x, y) − u(s, x, y)]ds,ãäå u(t, x, y) ∈ C(G), u(0, x, y) = 0 ïðè x ∈ [0, X], y ∈ [0, Y ], K0(t, x, y, t) ∈

L1(G), K0(t, x, y, t) > 0 ïðè ïî÷òè âñåõ (t, x, y) ∈ G, �óíêöèÿ ϕ(t, x, y) =
∫ t

0 K0(s, x, y, s)ds íåïðåðûâíà ïî ñîâîêóïíîñòè (t, x, y) ∈ G. Â ýòîì ñëó÷àåñïðàâåäëèâà îöåíêà
‖F (t, x, y, ε)‖ ≤ 3 ‖u(t, x, y)‖C e

− 1

ε1−β + ωū(εβ) = C0(ε),ãäå β ∈ (0, 1) è ωū(δ) = sup
|υ−υ0|<δ

x∈[0;X]

y∈[0;Y ]

∣

∣u(ϕ−1(υ, x, y), x, y) − u(ϕ−1(υ0, x, y), x, y)
∣

∣,
ϕ−1(υ, x, y) � îáðàòíàÿ �óíêöèÿ �óíêöèè υ = ϕ(t, x, y).Äîêàçàòåëüñòâî. 1) Åñëè 0 ≤ t ≤ ϕ−1(εβ , x, y), x ∈ [0, X], y ∈ [0, Y ], òî èç(9) èìååì

|F (t, x, y, ε)| = ωū(εβ)e−
1

ε
ϕ(t,x,y)+

+ωū(εβ)

∫ t

o

1

ε
K(s, x, y, s)e−

1

ε

∫

t

s
K(τ,x,y,τ)dτds = ωū(εβ). (10)2) Åñëè ϕ−1(εβ , x, y) ≤ t ≤ T, x ∈ [0, X], y ∈ [0, Y ], òî

|u(t, x, y)| e−
1

ε
ϕ(t,x,y) ≤ ‖u(t, x, y)‖C e

− 1

ε1−β ; (11)Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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∣

∣

1

ε

∫ ϕ−1(ϕ(t,x,y)−εβ ,x,y)

0
K(s, x, y, s)e−

1

ε

∫

t

s
K(τ,x,y,τ)dτ [u(t, x, y) − u(s, x, y)]ds+

+
1

ε

∫ t

ϕ−1(ϕ(t,x,y)−εβ ,x,y)
K(s, x, y, s)e−

1

ε2

∫

t

s
K(τ,x,y,τ)dτ [u(t, x, y)−u(s, x, y)]ds

∣

∣ ≤

≤ 2 ‖u(t, x, y)‖C e
− 1

ε1−β + ωū(εβ). (12)Èç (10), (11) è (12) ñëåäóåò ñïðàâåäëèâîñòü ëåììû 1.Ëåììà 2. Ïóñòü �óíêöèÿ H(t, x, y, s, ǫ) îïðåäåëåíà â �îðìóëå (5) è âû-ïîëíÿþòñÿ óñëîâèÿ à) è á). Òîãäà ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:
|H(t, x, y, s, ε)| ≤ C4,ãäå C4 = C(1 + e−1).Äîêàçàòåëüñòâî. Ñ ó÷åòîì óñëîâèé à) è á), èç (5) ïîëó÷èì íåðàâåíñòâî

|H(t, x, y, s, ε)| ≤
1

ε
e−

1

ε

∫

t

s
K(τ,x,y,τ)dτC

∫ t

s

K(τ, x, y, τ)dτ+

+
1

ε2

∫ t

s

K(τ, x, y, τ)e−
1

ε

∫

t

s
K(τ,x,y,τ)dτdτC

∫ t

s

K(τ, x, yτ)dτ.Â ýòîì ñëó÷àå äëÿ ïåðâîãî ñëàãàåìîãî èìååì
Ce−

1

ε

∫

t

s
K(τ,x,y,τ)dτ

(

1

ε

∫ t

s

K(τ, x, y, τ)dτ

)

=

=

∣

∣

∣

∣

η =
1

ε

∫ t

s

K(τ, x, y, τ)dτ

∣

∣

∣

∣

= Cηe−η ≤ Ce−1.À äëÿ âòîðîãî óæå ñïðàâåäëèâî áîëåå ñòðîãîå ñîîòíîøåíèå:
C

1

ε

∫ t

s

K(τ, x, y, τ)e−
1

ε

∫

t

s
K(τ,x,y,τ)dτ

(

1

ε

∫ t

τ

K(υ, x, y, υ)dυ

)

dτ =

=

∣

∣

∣

∣

∣

η = −1
ε

∫ t

s
K(τ, x, y, τ)dτ

1
ε

∫ t

s
K(τ, x, y, τ)dτ ≤ η ≤ 0

∣

∣

∣

∣

∣

=Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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= C

∫ 0

1

ε

∫

t

s
K(τ,x,y,τ)dτ

ηe−ηdη ≤ C

∫ ∞

0
ηe−ηdη ≤ C.Ñëåäîâàòåëüíî, îòñþäà âûòåêàåò ñïðàâåäëèâîñòü ëåììû 2.Ëåììà 3. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ à) è â) è �óíêöèÿ

L(t, x, y, s, u(s, x, y) + ξ(s, x, y, ε), u(s, x, y), ε)îïðåäåëåíà �îðìóëîé (6), K0(t, x, y, t) > 0 ïî÷òè ïðè âñåõ (t, x, y) ∈ G.Òîãäà äëÿ ýòîé �óíêöèè ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà:
|L (t, x, y, s, u(s, x, y) + ξ(s, x, y, ε), u(s, x, y), ε )| ≤ C5 |ξ (s, x, y, ε )| ,ãäå C5 = C(1 + e−1).Äîêàçàòåëüñòâî. Ñ ó÷åòîì óñëîâèé à) è â), èç (6) ïîëó÷èì

|L (t, x, y, s, u(s, x, y) + ξ(s, x, y, ε), u(s, x, y), ε )| ≤

≤ C
1

ε

∫ t

s

K0(τ, x, y, τ)dτe−
1

ε

∫

t

s
K0(τ,x,y,τ)dτ |ξ (s, x, y, ε )|+

+ C
1

ε

∫ t

s

K0(τ, x, y, τ) e−
1

ε

∫

t

τ
K0(s,x,y,s)ds 1

ε

∫ t

τ

K0(s, x, y, s)ds |ξ(s, x, y, ε)| dτ.Îáîçíà÷èâ η = 1
ε

∫ t

0 K(τ, x, y, τ)dτ è ó÷èòûâàÿ, ÷òî sup
η>0

(ηe−η) = e−1, äëÿïåðâîãî ñëàãàåìîãî ïîëó÷èì
C

1

ε

∫ t

s

K0(τ, x, y, τ)dτ e−
1

ε

∫

t

0
K0(τ,x,y,τ)dτ |ξ (s, x, y, ε )| ≤ C |ξ(s, x, y, ε)| e−1,äëÿ âòîðîãî �

C
1

ε

∫ t

s

K0(τ, x, y, τ) e−
1

ε

∫

t

0
K(τ,x,y,τ)dτ×

×
1

ε

∫ t

s

K0(s, x, y, s) e−
1

ε

∫

t

τ
K(τ,x,y,τ)dτdsdτ |ξ (s, x, y, ε )| ≤

≤ C

∫ ∞

0
ηe−ηdη = C |ξ(s, x, y, ε)| .Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà ïåðâîãî ðîäà 95Îòñþäà âûòåêàåò ñïðàâåäëèâîñòü ëåììû 3.Ëåììà 4. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ à) è ã) è �óíêöèÿ
N1(t, x, y, s, z, u(s, z, y) + ξ(s, z, y, ε), u(s, z, y), ε)îïðåäåëåíà �îðìóëîé (7), K0(t, x, y, t) > 0 ïî÷òè ïðè âñåõ (t, x, y) ∈ G.Òîãäà ñïðàâåäëèâà îöåíêà

|N1 (t, x, y, s, z, u(s, z, y) + ξ(s, z, y, ε), u(s, z, y), ε )| ≤ C6 |ξ (s, x, y, ε )| ,ãäå C6 = C(1 + e−1).Äîêàçàòåëüñòâî. Ïðèíèìàÿ âî âíèìàíèå óñëîâèÿ à) è ã), èç (7) ïîëó÷àåìòðåáóåìóþ îöåíêó.Ëåììà 5. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ à) è ä) è �óíêöèÿ
M(t, x, y, s, z, w, u(s, z, w) + ξ(s, z, w, ε), u(s, z, w), ε)îïðåäåëåíà �îðìóëîé (8); K0(t, x, y, t) > 0 ïî÷òè ïðè âñåõ (t, x, y) ∈ G.Òîãäà ñïðàâåäëèâà îöåíêà

|M (t, x, y, s, z, w, u(s, z, w) + ξ(s, z, w, ε), u(s, z, w), ε )| ≤ C7 |ξ (s, z, w, ε )| ,ãäå C7 = C(1 + e−1).Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ïðåäûäóùèõ ëåìì.Äàëåå, ó÷èòûâàÿ ëåììû 1-5, èç (4) èìååì
|ξ(t, x, y, ε)| ≤ C0(ε) + C8

∫ t

0
|ξ(s, x, y, ε)| ds +

∫ t

0

∫ x

0
C6 |ξ(s, z, y, ε)| dzds+

+

∫ t

0

∫ x

0

∫ y

0
C7 |ξ(s, z, w, ε)| dwdzds, (13)ãäå C8 = (C + C1)(1 + e−1); C0(ε) = 4 ‖u(t, x, y)‖ e

1

ε1−β + ωū(εβ), β ∈(0;1),
ω↼

u
(δ) = sup

|υ − υ0| < δ
x ∈ [0, X]
y ∈ [0, Y ]

∣

∣u(ϕ−1(υ, x, y), x, y) − u(ϕ−1(υ0, x, y), x, y)
∣

∣ ,

Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



96 Æ.À. Çóëïóêàðîâ
ϕ−1(υ, x, y) � îáðàòíàÿ �óíêöèÿ �óíêöèè ϕ(t, x, y) =

∫ t

0 K0(s, x, y, s)ds.Îáîçíà÷èì
a(t, x, y, ε) = C0(ε) +

∫ t

0

∫ x

0
C6 |ξ(s, z, y, ε)| dzds+

+

∫ t

0

∫ x

0

∫ y

0
C7 |ξ(s, z, w, ε)| dwdzds. (14)Òîãäà íåðàâåíñòâî (13) èìååò âèä:

|ξ(t, x, y, ε)| ≤ a(t, x, y, ε) +

∫ t

0
C8 |ξ(s, x, y, ε)| ds. (15)Ïðèìåíèì íåðàâåíñòâî �ðîíóëëà-Áåëëìàíà ê íåðàâåíñòâó (15) è, èñïîëü-çóÿ ðåçîëüâåíòó R(t, s) = C8e

C8(t−s), ïîëó÷èì
|ξ(t, x, y, ε)| ≤ a(t, x, y, ε) +

∫ t

0
C8e

C8(t−s)a(s, x, y, ε)ds.Âìåñòî a(t, x, y, ε) ïîñòàâèì (14) è ïîñëå ýëåìåíòàðíûõ ïðåîáðàçîâàíèéïîñëåäíåå íåðàâåíñòâî ïðèìåò âèä:
|ξ(t, x, y, ε)| ≤ C0(ε)e

C8T +

∫ t

0

∫ x

0
C6e

C8T |ξ(s, z, y, ε)| ds+

+

∫ t

0

∫ x

0

∫ y

0
C7e

C8T |ξ(s, z, w, ε)| dwdzds. (16)Â äàëüíåéøåì èñïîëüçóåì ëåììû.Ëåììà 6. Ïóñòü ξ(t, x), b(t, x) ∈ C([0, T ] × [0, X]), b(t, x) ≥ 0 ïðè (t, x) ∈
[0, T ]×[0, X] è |ξ(t, x)| ≤ b(t, x)+

∫ t

0

∫ x

0 K |ξ(s, z)| dzds , (t, x) ∈ [0, T ]×[0, X],ãäå 0 < K � ïîñòîÿííàÿ. Òîãäà ñïðàâåäëèâî íåðàâåíñòâî
|ξ(t, x)| ≤ b(t, x) +

∫ t

0

∫ t

0
R(t, x, s, z)b(s, z)dzds, (t, x) ∈ [0, T ] × [0, X], (17)ãäå R(t, x, s, z) =

∑∞
n=0 Kn+1

1
(t−s)n(x−z)n

(n!)2
.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà ïåðâîãî ðîäà 97Äîêàçàòåëüñòâî. Ïóñòü |ξ(t, x)| ≤ ϑ(t, x), b(t, x) ≥ 0. Ïðèìåíèì ìåòîäïîñëåäîâàòåëüíûõ ïðèáëèæåíèé, èìååì
{

ϑ0(t, x) = b(t, x),

ϑn(t, x) ≤ b(t, x) +
∫ t

0

∫ x

0 C7ϑn−1(s, z)dzds, n ∈ N,

ϑ(t, x) = b(t, x) +
∞

∑

n=1

[ϑn(t, x) − ϑn−1(t, x, )], (18)
ϑ2(t, x) − ϑ1(t, x, ) =

∫ t

0

∫ x

0
C9[ϑ1(t, x) − ϑ0(t, x, )]dzds =

=

∫ t

0

∫ x

0
C9

(
∫ t

0

∫ x

0
C9b(s1, z1)dz1ds1

)

dzds,îòñþäà, ïðèìåíÿÿ �îðìóëó Äèðèõëå, ïîëó÷èì
ϑ2(t, x) − ϑ1(t, x, ) = C2

9

∫ t

0

∫ x

0
b(s, z)(t − s)(x − z)dzds.Ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè ïîëó÷èì

ϑn(t, x) − ϑn−1(t, x, ) = Cn
9

∫ t

0

∫ x

0
b(s, z)

(t − s)n−1

(n − 1)!
·
(x − z)n−1

(n − 1)!
dzds.Òîãäà èç (18) èìååì

ϑn(t, x) − ϑn−1(t, x, ) = b(t, x)+

+

∫ t

0

∫ x

0
b(s, z)[C9 +

∞
∑

n=2

Cn
9

(t − s)n−1(x − z)n−1

((n − 1)!)2
]dzds =

= b(t, x) +

∫ t

0

∫ x

0
R(t, x, s, z)b(s, z)dzds,ãäå R(t, x, s, z) =

∑∞
n=0 Cn+1

9
(t−s)n(x−z)n

(n!)2
. Ëåììà äîêàçàíà.Ëåììà 7. Ïóñòü ξ(t, x, y), g(t, x, y) ∈ C(G), g(t, x, y) ≥ 0 ïðè (t, x, y) ∈ Gè

ξ(t, x, y) ≤ g(t, x, y) + C10

∫ t

0

∫ x

0

∫ y

0
|ξ(s, z, w)| dwdzds, (t, x, y) ∈ C(G),Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



98 Æ.À. Çóëïóêàðîâãäå 0 < C10 � íåêîòîðàÿ ïîñòîÿííàÿ. Äëÿ òðåõ ïåðåìåííûõ òàêæå ñïðà-âåäëèâî íåðàâåíñòâî
|ξ(t, x, y)| ≤ g(t, x, y) +

∫ t

0

∫ x

0

∫ y

0
R1(t, x, y, s, z, w)g(s, z, w)dwdzds,

(t, x, y) ∈ C(G), (19)ãäå G = {(t, x, y) : 0 ≤ t ≤ T, 0 ≤ x ≤ X, 0 ≤ y ≤ Y } è
R1(t, x, y, s, z, w) =

∞
∑

n=0

Cn+1
10

(t − s)n(x − z)n(y − w)n

(n!)3
.Äîêàçàòåëüñòâî àíàëîãè÷íî äîêàçàòåëüñòâó ïðåäûäóùåé ëåììû.Èç (16), ïðèìåíÿÿ ëåììó 6 è �îðìóëó Äèðèõëå, ïîëó÷èì

|ξ(t, x, ε)| ≤ C0(ε)e
C8T +

∫ t

0

∫ x

0
C0(ε)e

C8T R(t, x, s, z)dzds+

+

∫ t

0

∫ x

0

∫ y

0
[C7e

C8T +

∫ s

0

∫ x

0
R(t, x, s1, z1)C7e

C8T dz1ds1] |ξ(s1, z, y, ε| dwdzds,(20)ãäå R(t, x, s, z) = C7e
C8T

∑∞
n=0(C7e

C8T )n (t−s)n(x−z)n

(n!)2
.Èç (20) ïîëó÷èì íåðàâåíñòâî

|ξ(t, x, y, ε)| ≤ C11 +

∫ t

0

∫ x

0

∫ y

0
C11 |ξ(s, z, w, ε)| dwdzds, (21)ãäå C11 = C0(ε)e

C8T [1 + R(T, X, 0, 0)TX].Èç (21), ïðèìåíÿÿ íåðàâåíñòâî (19) è �îðìóëó Äèðèõëå, ïîëó÷èì
|ξ(t, x, y, ε)| ≤ C11 +

∫ t

0

∫ x

0

∫ y

0
R(t, x, y, s, z, w)C11dwdzds, (22)ãäå R(t, x, y, s, z, w) = C12

∑∞
n=0 Cn

12
(t−s)n(x−z)n(y−w)n

(n!)3
.Èç íåðàâåíñòâà (22) ïîëó÷èì

|ξ(t, x, y, ε)| ≤ C11[1 + R(T, X, Y, 0, 0, 0)TXY ] → 0Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà ïåðâîãî ðîäà 99ïðè ε → 0. Ïîëó÷èëè ñëåäóþùóþ îöåíêó:
|ξ(t, x, y, ε)| ≤ C0(ε)e

C8T , (23)ãäå C0(ε) = 3 ‖u(t, x, y)‖C e
− 1

ε1−β + ωū(εβ).Òàêèì îáðàçîì, äîêàçàíà ñëåäóþùàÿ òåîðåìà.Òåîðåìà. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ à)-ä) è óðàâíåíèå (1) èìååò íåïðå-ðûâíîå ðåøåíèå u(t, x, y) íà G, êðîìå òîãî, ïóñòü K0(t, x, y, t) > 0 ïðè ïî-÷òè âñåõ (t,x,y)∈G. Òîãäà ðåøåíèå óðàâíåíèÿ (2) ïðåäñòàâèìî â âèäå (3),ïðè÷åì ýòî ðåøåíèå ïðè ǫ→0 ñõîäèòñÿ ïî íîðìå C(G) ê íåïðåðûâíîìóðåøåíèþ óðàâíåíèÿ (1) â îáëàñòè G è ñïðàâåäëèâî (23).Ñëåäñòâèå.Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ òåîðåìû 1. Òîãäà ðåøåíèå óðàâ-íåíèÿ (1) åäèíñòâåííî â ïðîñòðàíñòâå C(G).Äîêàçàòåëüñòâî. Ïóñòü óðàâíåíèå (1) ïðè �èêñèðîâàííîé f(t,x,y) èìååòäâà ðåøåíèÿ u1(t,x,y) è u2(t,x,y). Ñíà÷àëà ïîêàæåì, ÷òî u1(0,x,y)=u2(0,x,y),x∈[0;X], y∈[0;Y ]. Â ñàìîì äåëå, èç (1) èìååì
∫ t

0
K0(t, x, y, s)[u1(s, x, y)) − u2(s, x, y)]ds+

+

∫ t

0
[K1(t, x, y, s, u(s, x, y)) − K1(t, x, y, s, u(s, x, y)]ds+

+

∫ t

0

∫ x

0
[N(t, x, y, s, z, u1(s, z, y)) − N(t, x, y, s, z, u2(s, z, y))]dzds+

+

∫ t

0

∫ x

0

∫ y

0
[M(t, x, y, s, z, w, u1(s, z, w))−

−M(t, x, y, s, z, w, u2(s, z, w))]dwdzds = 0.Ïîñëåäíåå óðàâíåíèå ïðåîáðàçóåì ê ñëåäóþùåìó âèäó:
[u1(0, x, y) − u2(0, x, y)]

∫ t

0
K0(s, x, y, s)ds =

= −

∫ t

0
K0(s, x, y, s)[u1(s, x, y) − u1(0, x, y) − u2(s, x, y) − u2(0, x, y)]ds−Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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−

∫ t

0
[K0(t, x, y, s) − K0(s, x, y, s)](u1(s, x, y) − u2(s, x, y))ds−

−

∫ t

0
[K1(t, x, y, s, u1(s, x, y)) − K1(s, x, y, s, u1(s, x, y))−

−K1(t, x, y, s, u2(s, x, y)) − K1(s, x, y, s, u2(s, x, y))]ds−

−

∫ t

0

∫ x

0
[N(t, x, y, s, z, u1(s, z, y)) + N(s, x, y, s, z, u1(s, z, y))−

−N(t, x, y, s, z, u2(s, z, y)) + N(s, x, y, s, z, u2(s, z, y))]dzds−

−

∫ t

0

∫ x

0

∫ y

0
[M(t, x, y, s, z, w, u1(s, z, w)) − M(s, x, y, s, z, w, u1(s, z, w))−

−M(t, x, y, s, z, w, u2(s, z, w)) + M(s, x, y, s, z, w, u2(s, z, w))]dwdzds.Â ñèëó óñëîâèé à)-ä) îòñþäà, ïðèìåíÿÿ �îðìóëó Äèðèõëå, çàòåì çàìå-íèâ τ íà s, ïî òåîðåìå î ñðåäíåì ïîëó÷èì
|u1(0, x, y) − u2(0, x, y)|

∫ t

0
K0(s, x, y, s)ds ≤ [ sup

(s,x,y)∈G

|u1(s, x, y) − u1(0, x, y)|+

+ sup
(s,x,y)∈G

|u2(s, x, y) − u2(0, x, y)|]

∫ t

0
K0(s, x, y, s)ds+

+[‖u1(t, x, y)‖C + ‖u2(t, x, y)‖C ]Ct×

×

∫ t

0
K0(s, x, y, s)ds + [‖u1(t, x, y)‖C + ‖u2(t, x, y)‖C ]Ctx

∫ t

0
K0(s, x, y, s)ds+

+[‖u1(t, x, y)‖C + ‖u2(t, x, y)‖C ]Ctxy

∫ t

0
K0(s, x, y, s)ds.Ïî óñëîâèþ ∫ t

0 K0(s, x, y, s)ds > 0 ïðè (t, x, y) ∈ G. Òîãäà, äåëÿ îáå÷àñòè ïîñëåäíåãî íåðàâåíñòâà íà ∫ t

0 K0(s, x, y, s)ds è ïåðåõîäÿ ê ïðåäåëóïðè t → 0, ïîëó÷èì ‖u1(0, x, y) − u2(0, x, y)‖ = 0 ïðè x ∈ [0;X], y ∈ [0;Y ].Äàëåå, óðàâíåíèå (2), êîòîðîå ÿâëÿåòñÿ óðàâíåíèåì âòîðîãî ðîäà, èìå-åò åäèíñòâåííîå ðåøåíèå u(t, x, y, ǫ) â ïðîñòðàíñòâå íåïðåðûâíûõ �óíê-öèé íà G è, â ñèëó òåîðåìû, åãî ìîæíî ïðåäñòàâèòü â âèäå (3). Ïîëîæèì
u(t, x, y, ǫ) = u1(t, x, y) + ξ1(t, x, y, ǫ) è u(t, x, y, ǫ) = u2(t, x, y) + ξ2(t, x, y, ǫ),Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Íåëèíåéíîå èíòåãðàëüíîå óðàâíåíèå Âîëüòåððà ïåðâîãî ðîäà 101ãäå u1(t, x, y), u2(t, x, y) � äâà ðåøåíèÿ óðàâíåíèÿ (1) ïðè �èêñèðîâàííîé
f(t, x, y); ‖ξ1(t, x, y, ε)‖ → 0, ‖ξ2(t, x, y, ε)‖ → 0; ïðè ǫ → 0

|u1(t, x, y) − u2(t, x, y)| ≤ ‖ξ1(t, x, y, ε)‖C + ‖ξ2(t, x, y, ε)‖C .Îòñþäà, ïåðåõîäÿ ê ïðåäåëó ïðè ǫ → 0, èìååì u1(t, x, y) = u2(t, x, y). Ñëåä-ñòâèå äîêàçàíî. Öèòèðîâàííàÿ ëèòåðàòóðà[1℄. Ìàãíèöêèé Í. À. Ëèíåéíûå èíòåãðàëüíûå óðàâíåíèÿ Âîëüòåððàïåðâîãî è òðåòüåãî ðîäà, Âû÷èñë. ìàòåì. è ìàòåì. �èçèêè, 1979, Ò. 19,� 4, Ñ. 970 � 988.[2℄. Ëàâðåíòüåâ Ì. Ì., �îìàíîâ Â. �., Øèøàòñêèé Ñ. �. Íåêîððåêòíûåçàäà÷è ìàòåìàòè÷åñêîé �èçèêè è àíàëèç, Ì: Íàóêà, 1980.[3℄. Äåíèñîâ À. Ì. Î ïðèáëèæåííîì ðåøåíèè óðàâíåíèÿ Âîëüòåððàïåðâîãî ðîäà, ñâÿçàííîãî ñ îäíîé îáðàòíîé çàäà÷åé äëÿ óðàâíåíèÿ òåï-ëîïðîâîäíîñòè, Âåñòí. Ìîñê. óíèâ-òà, Ñåð.15. Âû÷èñë. ìàòåì. è êèáåðí.,1980, � 3, Ñ.49 � 52.[4℄. Èìàíàëèåâ Ì. È., Àñàíîâ À. Î ðåøåíèÿõ ñèñòåì íåëèíåéíûõ èí-òåãðàëüíûõ óðàâíåíèé Âîëüòåððà ïåðâîãî ðîäà, Äîêë. ÀÍ ÑÑÑ�, 1989,Ò. 309, � 5, Ñ. 1052 � 1055.[5℄. Èìàíàëèåâ Ì. È., Àñàíîâ À. Î ðåøåíèÿõ ñèñòåì íåëèíåéíûõ äâó-ìåðíûõ èíòåãðàëüíûõ óðàâíåíèé Âîëüòåððà ïåðâîãî ðîäà, Äîêë. ÀÍ ÑÑÑ�,1991, Ò. 317, � 1, Ñ. 22 � 35.Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 21.12.2011 ã.
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ÓÄÊ 517.956ON THE SOLVABILITY OF ONE NONLOCAL BOUNDARYPROBLEM FOR THE LAPLACE OPERATOR IN A HALF-DISKN. S. Imanbaev, M. A. SadybekovInstitute of Mathemati
s, Informati
s and Me
hani
s of MES of KRShev
henko 28, 050010 Almaty, Kazakhstan, e-mail: makhmud-s�mail.ruThe nonlo
al boundary problem for the Lapla
e equation in a half-disk is
onsidered. The di�eren
e of this problem is the impossibility of dire
t applyingof the Fourier method (separation of variables). Be
ause the 
orrespondingspe
tral problem for the ordinary di�erential equation has the system ofeigenfun
tions not forming a basis. Based on these eigenfun
tions there is
onstru
ted a spe
ial system of fun
tions that already forms the basis. Thisis used for solving of the nonlo
al boundary equation. The existen
e and theuniqueness of the 
lassi
al solution of the problem are proved.1. Statement of the problemOur goal is to �nd a fun
tion u(r, θ) ∈ C0(D̄) ∩C2(D) satisfying in D theequation

∆u = 0 (1)with the boundary 
onditions
u(1, θ) = f(θ), 0 ≤ θ ≤ π, (2)Keywords: Lapla
e equation, basis, eigenfun
tions, nonlo
al boundary value problem2010 Mathemati
s Subje
t Classi�
ation: 33C10, 34B30, 35J, 35P10
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On the solvability of one nonlo
al boundary problem 103
u(r, 0) = 0, r ∈ [0, 1], (3)

∂u

∂θ
(r, 0) =

∂u

∂θ
(r, π) + αu(r, π), r ∈ (0, 1), (4)where D = {(r, θ) : 0 < r < 1, 0 < θ < π}, α > 0, f(θ) ∈ C2[0, π], f(0) =

0, f ′(0) = f ′(π) + αf(π).The problem (1)�(4) with α = 0 was 
onsidered in the paper [1℄ for theLapla
e equation and in the papers [2, 3℄ for the Helmholtz equation. Theexisten
e and the uniqueness of the solution of the problem are proved byapplying the method of separation of variables and proving the basis of thespe
ial fun
tion systems of the Samarskii-Ionkin type in Lp. In 
ontrast to thesepapers in 
ase of α 6= 0 it is impossible to use dire
tly the Fourier method ofseparation of variables. Be
ause the 
orresponding spe
tral problem for theordinary di�erential equation has the system of eigenfun
tions not forming abasis. 2. The uniqueness of the solutionTheorem 1. The solution of the problem (1)�(4) is unique.Proof. Suppose that there exist two fun
tions u1(r, θ) and u2(r, θ) satisfyingthe 
onditions of the problem (1)�(4). We show that the fun
tion u(r, θ) =
u1(r, θ) − u2(r, θ) is equal to 0.Consider the fun
tion U(r, θ) = u(r, θ) + u(r, π − θ) in the domain D1 =
{(r, θ) : 0 < r < 1, 0 < θ < π/2}. It is easy to see that

∆U = 0;

∂U

∂θ
(r, π/2) = 0,

∂U

∂θ
(r, 0) = αU(r, 0) at 0 < r < 1;

U(1, θ) = 0 at 0 ≤ θ ≤ π/2.Sin
e α > 0, then U = 0 in the domain D̄1 by the maximum prin
iple andthe Zaremba-Giraud prin
iple [4, p. 26℄ for the Lapla
e equation. This meansthat u(r, θ) = −u(r, π − θ), in parti
ular u(r, 0) = u(r, π) = 0 at r ∈ [0, 1].The equality u(r, θ) = 0 in D̄ follows from the uniqueness of the solution ofthe Diri
hlet problem for the Lapla
e equation. The proof of the theorem is
omplete. Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



104 N. S. Imanbaev, M. A. Sadybekov3. Forming the basisIf solutions of equation (1) satisfying the 
onditions (3), (4) will be soughtin the form of u(r, θ) = R(r)ϕ(θ), then R(r) = r
√

λ, Re√λ ≥ 0 and for thefun
tion ϕ(θ) we get a spe
tral problem
−ϕ′′(θ) = λϕ(θ), 0 < θ < π; ϕ(0) = 0, ϕ′(0) = ϕ′(π) + αϕ(π). (5)This problem has two series of eigenvalues. All the eigenvalues are simpleand the 
orresponding system of eigenfun
tions does not form the basis inthe domain L2(0, π) [5℄. But in the paper [6℄ a spe
ial system of fun
tionsis built based of these eigenfun
tions whi
h does form the basis. And thisfa
t was applied for the solution of nonlo
al initial-boundary problem for theheat equation. In the papers [7, 8℄ one family of problems simulating thedetermination of the temperature and density of heat sour
es from given valuesof the initial and �nal temperature is similarly 
onsidered.Let us present the ne
essary fa
ts from the paper [6℄. The problem (5) hastwo series of eigenvalues λ(1)

k = (2k)2, k = 1, 2, ..., λ
(2)
k = (2βk)

2, k = 0, 1, 2, ....Herein βk are the roots of the equation tgβ = α/2β, β > 0, they satisfy theinequalities k < βk < k+1/2, k = 0, 1, 2, ..., and two-side estimates are 
arriedout for δk = βk − k where k is large enough,
α

2k

(

1 −
1

2k

)

< δk <
α

2k

(

1 +
1

2k

)

. (6)The eigenfun
tions of the problem (5) have the form
ϕ

(1)
k (θ) = sin(2kθ), k = 1, 2, ...; ϕ

(2)
k (x) = sin 2βkθ, k = 0, 1, 2, ....This system is almost normal but does not form even an ordinary basis inthe domain L2(0, π). The additional system 
onstru
ted from the previous one

ϕ0(θ) = (2β0)
−1ϕ

(2)
0 (θ), ϕ2k(θ) = ϕ

(1)
k (θ),

ϕ2k−1(θ) = (ϕ
(2)
k (θ) − ϕ

(1)
k (θ))(2δk)

−1, k = 1, 2, ...is a Riesz basis in the domain L2(0, π). Biorthogonal to it is the system
ψ0(θ) = 2β0ψ

(2)
0 (θ), ψ2k(θ) = ψ

(2)
k (θ) + ψ

(1)
k (θ),Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



On the solvability of one nonlo
al boundary problem 105
ψ2k−1(θ) = 2δkψ

(2)
k (θ), k = 1, 2, ....This system is 
onstru
ted from the eigenfun
tions

ψ
(1)
k (θ) = C

(1)
k cos(2kθ + γk), k = 1, 2, ...,

ψ
(2)
k (θ) = C

(2)
k cos(βk(1 − 2θ)), k = 0, 1, 2, ...,of the problem 
onjugated to (5). The 
onstants C(j)

k are taken from thebiorthogonal relations (

ϕ
(j)
k , ψ

(j)
k

)

= 1, j = 1, 2.If the fun
tion f(θ) ∈ C2[0, π] and satis�es the boundary 
onditions of theproblem (5), then its Fourier series by the system ϕk(θ) 
onverges uniformly.We 
an 
al
ulate that
ϕ′′

0(θ) = −λ
(2)
0 (θ), ϕ′′

2k(θ) = −λ
(1)
k ϕ2k(θ),

ϕ′′
2k−1(θ) = −λ

(2)
k ϕ2k−1(θ) −

λ
(2)

k
−λ

(1)

k

2δk
ϕ2k(θ).

(7)4. Constru
tion of the formal solution of the problemConsidering the se
tion 3, we 
an write any solution of the problem (1) - (4)in the form of a biorthogonal series
u(r, θ) =

∞
∑

k=0

Rk(r)ϕk(θ), (8)where Rk(r) = (u(r, ·), ψk(·)) ≡
∫ π

0 u(r, θ)ψk(θ)dθ. The fun
tions (8) satisfythe boundary 
onditions (3) and (4).Substituting (8) into equation (1) and the boundary 
onditions (2), takinginto a

ount (7), for �nding unknown fun
tions Rk(r) we obtain the followingproblems:
r2R′′

0(r) + rR′
0(r) − λ

(2)
0 R0(r) = 0,

r2R′′
2k−1(r) + rR′

2k−1(r) − λ
(2)
k R2k−1(r) = 0,

r2R′′
2k(r) + rR′

2k(r) − λ
(1)
k R2k(r) =

λ
(2)

k
−λ

(1)

k

2δk
R2k−1(r),

(9)with the boundary 
onditions Rk(1) = fk, where fk are the Fourier 
oe�
ientsof the expansion of the fun
tion f(θ) into the biorthogonal series by ϕk(θ).Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



106 N. S. Imanbaev, M. A. SadybekovThe regular solution of (9) exists, is unique and 
an be written in theexpli
it form:
R0(r) = f0r

√

λ
(2)

0 , R2k−1(r) = f2k−1r

√

λ
(2)

k ,

R2k(r) = f2kr

√

λ
(1)

k + f2k−1
r

√

λ
(2)

k −r

√

λ
(1)

k

2δk
.

(10)Substituting (10) into (8), we obtain a formal solution of the problem
u(r, θ) = f0

r2β0

2β0
sin(2β0θ) +

∑∞
k=1 f2k−1

r2k

2δk
[r2δk sin(2(k + δk)θ) − sin(2kθ)]+

+
∑∞

k=1 f2kr
2k sin(2kθ). (11)5. Main TheoremHere we state our main result.Theorem 2. If f(θ) ∈ C2[0, π], f(0) = 0, f ′(0) = f ′(π) + αf(π), thenthere exists a unique 
lassi
al solution u(r, θ) ∈ C0(D̄)∩C2(D) of the problem(1) - (4).Proof. The uniqueness of the 
lassi
al solution of the problem follows fromTheorem 1. The formal solution of the problem is shown in the form of (11).In order to make sure that these fun
tions are really the desired solutions weneed to verify the appli
ability of the superposition prin
iple. For it we need toshow the 
onvergen
e of the series, the possibility of termwise di�erentiation,and to prove the 
ontinuity of these fun
tions on the boundary of the half-disk.The possibility of di�erentiating the series (11) any number of times at

r < 1 is an obvious 
onsequen
e of the 
onvergen
e of power series and two-sided estimates (6) for δk. Let us justify the uniform 
onvergen
e of the series(8) at r ≤ 1. For this we use the sign of the uniform 
onvergen
e of Weierstrass.By dire
t 
al
ulation it is easy to see that the series (11) is majorized by theseries C1(|f0|+|f1|+|f2|+...). This series 
onverges [6℄ due to the requirementsof the theorem imposed on f(θ). Sin
e all the terms of the series (11) are
ontinuous fun
tions, then the fun
tion u(r, θ) is 
ontinuous in the boundarydomain D̄. The proof of the theorem is 
omplete.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



On the solvability of one nonlo
al boundary problem 1076. The 
onjugated problem: the uniqueness andthe existen
e of the solutionLet us now formulate a problem 
onjugated to (1)-(4). We look for afun
tion v(r, θ) ∈ C0(D̄) ∩ C2(D) satisfying the equation
∆v = 0 (12)in D with the boundary 
onditions

v(1, θ) = g(θ), 0 ≤ θ ≤ π, (13)
v(r, 0) = v(r, π), r ∈ [0, 1], (14)

∂v

∂θ
(r, π) + αv(r, π) = 0, r ∈ (0, 1), (15)where g(θ) ∈ C2[0, π], g(0) = g(π), g′(π) + αg(π) = 0.We 
an easily verify the 
onjuga
y of the problems (1)-(4) and (12)-(15)by dire
t 
al
ulation. The uniqueness of the solution of the problem (12)-(15) follows from the maximum prin
iple and the Zaremba-Giraud prin
iple[4, p. 26℄ for the Lapla
e equation. The existen
e of the solution and itsrepresentation in the form of a biorthogonal series 
an be proved similar toTheorem 2. Let us show this result without the proof.Theorem 3. If g(θ) ∈ C2[0, π], g(0) = g(π), g′(π) + αg(π) = 0, then thereexists a unique 
lassi
al solution v(r, θ) ∈ C0(D̄) ∩ C2(D) of the problem(12) - (15). Referen
es[1℄. E. I. Moiseev and V. E. Ambartsumyan, On the solvability of nonlo
alboundary value problem with the equality of �ows at the part of the boundaryand 
onjugated to its problem, Di�er. Equ., 2010, V. 46, � 5, P. 718 � 725.[2℄. E. I. Moiseev and V. E. Ambartsumyan, Solvability of some nonlo
alboundary value problems for the Helmholtz equation in a half-disk, DokladyMathemati
s, 2010, V. 82, � 1, P. 621 � 624.[3℄. E. I. Moiseev and V. E. Ambartsumyan, On the solvability of nonlo
alboundary value problem for the Helmholtz equation with the equality of �ows atthe part of the boundary and its 
onjugated problem, Integral Transforms andSpe
ial Fun
tions, 2010, V. 21, � 12, P. 897 � 906.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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ases, J. Math. Anal. Appl., 1990, V. 146,� 1, P. 148 � 191.[6℄. A. Yu. Mokin, On a family of initial-boundary value problems for theheat equation, Di�er. Equ., 2009, V. 45, � 1, P. 126 � 141.[7℄. I. Orazov, M. A. Sadybekov, One nonlo
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es, Izv. Vyssh. U
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lass of problems of determiningthe temperature and density of heat sour
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un(f, Λ, x) =
a0

2
+

n
∑

ν=1

λ(n)
ν (aν cos νx + bν sin νx)Keywords: Fourier series, 
ommon Poison methods, linear methods of summation,trigonometri
 system, asymptoti
 behavior2010 Mathemati
s Subje
t Classi�
ation: 42A10
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110 Ë. Ï. Ôàëàëååâ(aν , bν � êîý��èöèåíòû Ôóðüå �óíêöèè f(x) ∈ C2π), îáðàçîâàííûõ îãðà-íè÷åííûìè â ñîâîêóïíîñòè ìíîæèòåëÿìè λ
(n)
ν , â [1℄ ïðèâåäåíà îöåíêà

‖un(·)‖C2π
≤ C{ln n

n
∑

k=0

(∆ λk)
2



ln (k + 1) +
n
∑

l=0,l 6=k

ln

∣

∣

∣

∣

k + l + 1

k − l

∣

∣

∣

∣



}
1

2 , (1)
∆ λk = λk − λk+1 6= 0, k = 1, 2, ..., N, C > 0, C = const.Îöåíêà (1) ÿâëÿåòñÿ áîëåå òîíêîé ïî ñðàâíåíèþ ñ àíàëîãè÷íûìè îöåí-êàìè, ïðèâåäåííûìè ß.Ñ. Áóãðîâûì â [2, 3℄. Äëÿ ÷àñòíûõ ñóìì Ôóðüå,èìåþùèõ ýêñïîíåíöèàëüíûé ïîðÿäîê ðîñòà

S[21ε ], S[22ε ], ..., S[2Nε ], ..., [y] − öåëàÿ ÷àñòü y,èç (1) ìîæíî ïîëó÷èòü ëåãêî ïðîâåðÿåìûå óñëîâèÿ îãðàíè÷åííîñòè íîðìîïåðàòîðîâ
‖un(·)‖C2π

≤ C{ln n
n
∑

k=0

(∆ λk)
2
(

kε + N1−ε
)

}
1

2 , (2)ãäå ∆ λk 6= 0, k = 1, 2, ..., N, ∆ λN = λN , 0 < ε < 1, λ0 = 1, n = 2Nε �ñòåïåíü ïîëèíîìà, ∆ λk = λnk
−λnk+1, nk =

[

2kε]

. Îöåíêà (2) ìîæåò áûòüïîëó÷åíà èç îöåíêè (1), èñõîäÿ èçà) ñâîéñòâ èíòåãðàëîâ Ôðóëëàíè,á) àñèìïòîòè÷åñêèõ ñâîéñòâ èíòåãðàëüíîãî êîñèíóñà (x → ∞):
ci x = −

∫ ∞

x

cos t

t
dt =

sin x

x
−

cos x

x2
−

2sin x

x3
+

6cos x

x4
+ O

(

1

x5

)

,â) èñïîëüçîâàíèÿ ñâîéñòâ âñïîìîãàòåëüíîé �óíêöèè
ϕ(x) =

2xε

+ 2kε

+ 1

2kε − 2xε , x ≥ 1, k = 1, 2, ... .Ïóñòü
uN (f, Λ, x) =

N
∑

k=0

∆ λk Snk
(f, x), nk =

[

2kε
]
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Ñêîðîñòü ñõîäèìîñòè ëèíåéíûõ ñðåäíèõ 111
k = 0, 1, ..., N, ∆ λk = λnk

− λnk+1,

Snk
(·) � ñóììû Ôóðüå ñ ýêñïîíåíöèàëüíûì ïîðÿäêîì ðîñòà.D.J. Newman óñòàíîâèë, ÷òî åñëè nk = 2k, òî ñóùåñòâóþò f(x) ∈ C2π,äëÿ êîòîðûõ ëþáîé ðåãóëÿðíûé ïî Òåïëèöó ìåòîä íå îáåñïå÷èâàåò ðàâíî-ìåðíîé ñõîäèìîñòè. Ò. Êîâàëüñêè îáîáùèë ðåçóëüòàò Ä. Íüþìàíà, äîêà-çàâ, ÷òî äëÿ ïðîèçâîëüíîé ëàêóíàðíîé ïî Àäàìàðó, ò.å.

nk+1

nk

≥ q > 1,ïîñëåäîâàòåëüíîñòè {nk} ñóùåñòâóåò f(x) ∈ C2π òàêàÿ, ÷òî f(0) = 0, íî
Snk

(f, 0) = 1, k = 1, 2, ... . Ýòî îçíà÷àåò ñóùåñòâîâàíèå òàêèõ f(x) ∈ C2π,äëÿ êîòîðûõ íèêàêîé ìåòîä íå îáåñïå÷èâàåò âîññòàíîâëåíèÿ ïî ïîäïîñëå-äîâàòåëüíîñòÿì ÷àñòíûõ ñóìì ñ ëàêóíàðíûìè íîìåðàìè.Èç (2) ñëåäóåò (ñì. [1℄), ÷òî (C, α) � ñðåäíèå ×åçàðî áóäóò ðåãóëÿðíûïðè α > 1
2 , 0 < ε ≤ 1

2 , ÷òî ñðàâíèìî ñ ðåçóëüòàòîì Ò. Êîâàëüñêîãî (0 <
ε ≤ 1

2 , α > ε), ïîëó÷åííûì ñïåöèàëüíî. Óñòàíîâëåíà ðåãóëÿðíîñòü ñðåäíèõÇèãìóíäà, �èññà, Ôàâàðà, Âàëëå Ïóññåíà è äð., ê êîòîðûì íå ïðèìåíèìûäîñòàòî÷íûå óñëîâèÿ îãðàíè÷åííîñòè íîðì un(·) ìíîãèõ àâòîðîâ.Èñïîëüçóÿ íåêîòîðûå èäåè ðàáîòû [4℄ î ñâÿçè íåïðåðûâíûõ è äèñêðåò-íûõ ìåòîäîâ ñóììèðîâàíèÿ, ïðèìåíèì óñòàíîâëåííûå íàìè ðåçóëüòàòû èïîñòðîåíèÿ äëÿ ìåòîäîâ ×åçàðî, �èññà ê ìåòîäó Ïóàññîíà (A, l), l > 0.Ïóñòü λk(r) = rk, k = 0, 1, 2, ..., 0 < r < 1. (ìåòîä (A, 1)).Òàê êàê λk(r) → 1 ïðè r → 1, òî ïî òåîðåìå Áàíàõà-Øòåéíãàóçà äëÿðàâíîìåðíîé ñõîäèìîñòè îïåðàòîðà un(·) ê f(x) íåîáõîäèìà è äîñòàòî÷íàîãðàíè÷åííîñòü ‖uN (·)‖C2π
.Ïîñòðîèì ìàòðè÷íûé îïåðàòîð äëÿ ìíîæèòåëåé λk(r) = rk, 0 < r <

1, k = 0, 1, ... ,

λ0 = r0 = 1,
λ1 = λ[21ε ] = r1,
λ2 = λ[21ε ]+1 = ... = λ[22ε ] = r2,
λ3 = λ[22ε ]+1 = ... = λ[23ε ] = r3,Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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λN = λ[2(N−1)ε ]+1 = ... = λ[2Nε ] = rN .Ïóñòü

∆λi =

{

rk(1 − r), i =
[

2kε]

, k = 0, 1, ..., N, ...,
0, i 6=

[

2kε]

, i ≤ n =
[

2Nε]

,òîãäà
(∆λi)

2 =

{

r2k(1 − r)2, i =
[

2kε]

, k = 0, 1, ..., N, ...,
0, i 6=

[

2kε]

, i ≤ n =
[

2Nε]

.Ïðîâåðèì îãðàíè÷åííîñòü ‖uN (·)‖, èñïîëüçóÿ íåðàâåíñòâî (2).Ïóñòü N =
[

1
1−r

] (ñì. [4℄), òîãäà
‖uN‖ ≤ C{ln 2Nε

N
∑

k=0

(1 − r)2 · r2k(kε + N1−ε)}
1

2 =

= C{(1 − r)2
N
∑

k=0

N ε · (r2)k · kε + (1 − r)2N

N
∑

k=0

r2k}
1

2 ≤

≤ C(1 − r){
1

(1 − r)ε
·

1

(1 − r)ε+1
+

1

1 − r2
·

1

1 − r
}

1

2 = C(1 − r)
1

2
−ε ≤ Cïðè ε ≤ 1

2 , C > 0, C = const.Ïðè ýòîì ÷èñëà kε çàìåíåíû íà ÷èñëà ×åçàðî Aε
k, ñóììû∑N

k=0 îöåíåíûñâåðõó áåñêîíå÷íîé ñóììîé, èñïîëüçîâàíû �îðìóëû
1

(1 − x)α+1
=

∞
∑

ν=0

Aα
ν xν , 0 < x < 1, Aα+β+1

n =

n
∑

ν=0

Aα
n−ν Aβ

ν , α, β, α+β > −1.(3)Ñ ïîìîùüþ ìåòîäà (A, 1) ïîñòðîèì îïåðàòîð uN (f, Λ, x) ïî ïîäïîñëåäîâà-òåëüíîñòÿì Snk
ñóìì Ôóðüå, èìåþùèì ñòåïåííîé ïîðÿäîê ðîñòà:

un(f, Λ, x) =
N
∑

k=0

∆λkSnk
(f, x), nk = [kγ ], k = 0, 1, ..., γ ≥ 1,

[y] � öåëàÿ ÷àñòü y.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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λ0 = r0 = 1,
λ1 = r1,
λ2 = ... = λ[2γ ] = r2,
λ3 = λ[2γ ]+1 = λ[2γ ]+2 = ... = λ[3γ ] = r3,
λ4 = λ[3γ ]+1 = λ[3γ ]+2 = ... = λ[4γ ] = r4,
λN = λ[(N−1)γ ]+1 = λ[(N−1)γ ]+2 = ... = λ[Nγ ] = rN .Ïóñòü

∆1λi =

{

rk(1 − r), i = [kγ ] , k = 0, 1, ..., N, ..., γ ≥ 1,
0, i 6= [kγ ] , i ≤ n = [Nγ ] − ñòåïåíü ïîëèíîìà.Â [5℄ ïðèâåäåíî äîñòàòî÷íîå óñëîâèå îãðàíè÷åííîñòè íîðì ìàòðè÷íûõîïåðàòîðîâ, ïîñòðîåííûõ ïî ñóììàì Ôóðüå ñî ñòåïåííûì ïîðÿäêîì ðîñòà:

‖uN (·)‖C2π→C2π
≤ C{n

1

γ

N
∑

k=0

(∆λk)
2
(

1 + (N − k)
1− 1

γ · k
1

γ
−1
)

}
1

2 , γ ≥ 1, n = [Nγ ] .(4)Ïóñòü N =
[

1
1−r

] (ñì. [4℄), n
1

γ =
[

1
1−r

]

.Èç [4℄ ñëåäóåò
‖uN‖ ≤ C{

1

1 − r

N
∑

k=0

(1 − r)2 · r2k
(

1 + (N − k)
1− 1

γ · k
1

γ
−1
)

} =

= C(1 − r)
N
∑

k=1

r2k
(

1 + (N − k)
1− 1

γ · k
1

γ
−1
)

. (5)Òàê êàê
N
∑

k=1

r2k < C
∞
∑

k=0

r2k =
C

1 − r
(r → 1−),Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



114 Ë. Ï. Ôàëàëååâòî ïîñëå ïðèìåíåíèÿ îäíîãî ïðåîáðàçîâàíèÿ Àáåëÿ â (5) ïîëó÷èì
C(1 − r)

N
∑

k=1

r2k (N − k)
1− 1

γ · k
1

γ
−1

=

= C(1 − r)
N
∑

k=1

(r2k − r2k+1)
k
∑

ν=1

(N − ν)
1− 1

γ · ν
1

γ
−1

=

= C(1 − r)2
N
∑

k=1

r2k
k
∑

ν=1

N0 ≤ C(1 − r)2
∞
∑

k=1

k · r2k ≤ C,ò.ê.
∞
∑

k=1

k · rk =
C

(1 − r)2
, C > 0 ïðè r → 1 − .Ïðè ýòîì ìû âîñïîëüçîâàëèñü �îðìóëàìè (3) äëÿ α = 1 − 1

γ
, β = 1

γ
− 1,

α + β = 0, A0
n = Aα

0 = 1.Òàêèì îáðàçîì, èñõîäÿ èç äîñòàòî÷íûõ óñëîâèé (2) è (4), ïîêàçàíî, ÷òîíîðìû îïåðàòîðîâ, ïîñòðîåííûõ ïðè Ïóàññîíîâñêîì ñóììèðîâàíèè ïîäïî-ñëåäîâàòåëüíîñòåé ñóìì Ôóðüå ñî ñòåïåííûì è ýêñïîíåíöèàëüíûì ïîðÿä-êàìè ðîñòà, îãðàíè÷åíû, ÷òî âìåñòå ñ rk → 1, k = 0, 1, 2, ..., ïðè r → 1−ãàðàíòèðóåò èõ ðàâíîìåðíóþ ñõîäèìîñòü â ïðîñòðàíñòâå C2π. Ïîêàæåì,÷òî ýòè óñëîâèÿ îáåñïå÷èâàþò îïðåäåëåííóþ ñêîðîñòü ñõîäèìîñòè íà ïðî-ñòåéøèõ êëàññàõ �óíêöèé.Îáîçíà÷èì ÷åðåç ur(f, x) îïåðàòîð, ïîñòðîåííûé ïî ïîäïîñëåäîâàòåëü-íîñòè ñóìì Ôóðüå ñî ñòåïåííûì ïîðÿäêîì ðîñòà ïîñðåäñòâîì ñóììèðîâà-íèÿ ìåòîäîì (A, 1) Ïóàññîíà.Òåîðåìà 1. Ïðè r → 1− ñïðàâåäëèâû ñëåäóþùèå îöåíêè (γ ≥ 1, 0 < α ≤
1, 0 < r < 1):

sup
f∈Lip1α

‖f(x) − ur(f, x)‖C2π
=











O((1 − r)α), 0 < α < 1
2γ

,

O
(√

(1 − r) ln 1
1−r

)

, α = 1
2γ

,

O(
√

1 − r), 1
2γ

< α ≤ 1,

(6)ïðè÷åì ïåðâàÿ è òðåòüÿ îöåíêè òî÷íû ïî ïîðÿäêó, ïðè γ = 1 âñå òðèîöåíêè òî÷íû ïî ïîðÿäêó.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Ñêîðîñòü ñõîäèìîñòè ëèíåéíûõ ñðåäíèõ 115Äîêàçàòåëüñòâî.Âîñïîëüçóåìñÿ ñõåìîé ïîëó÷åíèÿ ñöåíêè (4), ïðèâåäåí-íîé â [5℄ (ñì. òàêæå [1℄):
|un(f, Λ, x) − f(x)| ≤ c

∫ π

0
|f(x + t) − f(x)| ·

∣

∣

∣

∣

∣

N
∑

ν=1

∆λν

sin(νγ + 1
2)t

2sin t
2

∣

∣

∣

∣

∣

dt ≤

≤ c

∫ 1

n

0
tα

∣

∣

∣

∣

∣

N
∑

ν=1

∆λν

sin(νγ + 1
2)t

t

∣

∣

∣

∣

∣

dt+c

∫ π

1

n

∣

∣

∣

∣

∣

N
∑

ν=1

∆λν

sin(νγ + 1
2)t

t1−α

∣

∣

∣

∣

∣

dt = I1+I2.Ïðè ýòîì äëÿ îãðàíè÷åííûõ ìíîæèòåëåé ñóììèðîâàíèÿ λ
(n)
ν

I1 ≤ c
N
∑

ν=1

|∆λν | (ν
γ+

1

2
)

∫ 1

n

0
tαdt =

c

nα
·
1

n

N
∑

ν=1

|∆λν | (ν
γ+

1

2
) ≤

c

nα

N
∑

ν=1

|∆λν | ≤

c

nα
{N

N
∑

ν=1

(∆λν)
2}

1

2 ≤
c

nα
{n

1

γ

N
∑

ν=1

(∆λν)2 (1 + (N − ν)
1− 1

γ · ν
1

γ
−1

)} ≤
c

nαäëÿ ëþáûõ 0 < α ≤ 1 â ñèëó (4).Çàìåòèì äàëåå, ÷òî
An =

∫ π

1

n

dt

t
1−2α+ 1

γ

=











O(n
1

γ
−2α

), 0 < α < 1
2γ

,

O(ln n), α = 1
2γ

,

O(1), 1
2γ

< α ≤ 1.Ïîýòîìó
I2 ≤ c{

∫ π

1

n

∣

∣

∣

∣

∣

N
∑

ν=1

∆λν sin(νγ +
1

2
)

∣

∣

∣

∣

∣

2(√

t
1

γ
−1

)2

dt

∫ π

1

n

dt

t
1−2α+ 1

γ

}
1

2 ≤

≤
c
√

An
√

n
1

γ

{n
1

γ

∫ π

0

∣

∣

∣

∣

∣

N
∑

ν=1

∆λν sin(νγ +
1

2
)t

∣

∣

∣

∣

∣

2

· t
1

γ
−1

dt}
1

2 .Â [5℄ ïîêàçàíî, ÷òî
{n

1

γ

∫ π

0

∣

∣

∣

∣

∣

N
∑

ν=1

∆λν sin(νγ +
1

2
)t

∣

∣

∣

∣

∣

2

· t
1

γ
−1

dt}
1

2 ≤Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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≤ c{n

1

γ

N
∑

ν=1

(∆λν)
2 (1 + (N − ν)

1− 1

γ · ν
1

γ
−1

)}
1

2 ≤ c â ñèëó (4).Îáúåäèíÿÿ îöåíêè èíòåãðàëîâ I1 è I2 äëÿ îïåðàòîðîâ, ìíîæèòåëè ñóììè-ðîâàíèÿ êîòîðûõ îáðàçóþò îãðàíè÷åííóþ ïðàâóþ ÷àñòü îöåíêè (4), ïîëó-÷èì ñëåäóþùóþ îöåíêó:
sup

f∈Lip1α

‖f(x) − un(f, x)‖C2π
=























O(n−α), 0 < α < 1
2γ

,

O

(

√

ln n

n
1
γ

)

, α = 1
2γ

,

O

(
√

n
− 1

γ

)

, 1
2γ

< α ≤ 1.

(7)Âîçâðàùàÿñü ê îáîçíà÷åíèÿì n = [Nγ ] , N =
[

1
1−r

]

, èç (7) ïîëó÷èì (6).Ïåðâàÿ îöåíêà â (7) íå ìîæåò áûòü óëó÷øåíà ñîãëàñíî òåîðåìå Äæåêñîíà.Ïîêàæåì, ÷òî ïîñëåäíÿÿ îöåíêà â (7) íå ìîæåò áûòü óëó÷øåíà íà âñåìêëàññå ìàòðèö Λ1, ýëåìåíòû êîòîðûõ óäîâëåòâîðÿþò óñëîâèþ (4), è íàâñåì êëàññå Lip1α äëÿ âñåõ γ > 1. �àññìîòðèì ìàòðèöó (N =
[

1
1−r

]):
λ0 = 1,
λ1 = N−1√

N(
√

N+1)
· r1,

λ2 = λ3 = ... = λ[2γ ] = N−1√
N(

√
N+1)

· r2,
λ3 = λ[2γ ]+1 = λ[2γ ]+2 = ... = λ[3γ ] = N−1√

N(
√

N+1)
· r3,

λN = λ[(N−1)γ ]+1 = λ[(N−1)γ ]+2 = ... = λ[Nγ ] = N−1√
N(

√
N+1)

· rN .Äëÿ íåå
∆ λ0 = 1 − λ1 = 1 −

(

1 −
1

√
N

)

r =
r

√
N

+ 1 − r,

(∆ λ0)
2 = 1 − r + o(1 − r) ïðè r → 1 − . (8)Ëåãêî ïîäñ÷èòàòü, ÷òîÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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∆ λi =

(

1 −
1

√
N

)

(1−r) ·rk, i = [Nγ ] , ∆ λi = 0, i 6= [Nγ ] , k = 0, 1, 2, ... .Ïîêàæåì, ÷òî ïîñòðîåííàÿ ìàòðèöà ïðèíàäëåæèò êëàññó ìàòðèö Λ1,ò.å. ïðàâàÿ ÷àñòü íåðàâåíñòâà (4) äëÿ íåå îãðàíè÷åíà:
N{(∆ λ0)

2 +
N
∑

k=1

(∆ λk)
2 (1 + (N − k)

1− 1

γ · k
1

γ
−1

)} < c.Òàê êàê N =
[

1
1−r

]

, òî èç (8) ñëåäóåò, ÷òî N (∆ λ0)
2 ≤ c, c > 0, c = const.Àíàëîãè÷íî óñòàíàâëèâàåòñÿ, ÷òî

N

N
∑

k=1

(1 − r)2 r2k ≤ c(1 − r)

N
∑

k=1

r2k ≤ c(1 − r)

∞
∑

k=1

r2k ≤ (1 − r) ·
c

1 − r2
≤ c.Ïîêàæåì îãðàíè÷åííîñòü âåëè÷èíû

B = N(1 − r)2
N
∑

k=1

r2k
(

(N − k)
1− 1

γ · k
1

γ
−1
)

.Ïåðåõîäÿ ê ÷èñëàì ×åçàðî è ñîâåðøàÿ ïðåîáðàçîâàíèå Àáåëÿ, ïîëó÷èì
B = c(1 − r)

N
∑

k=1

(r2k − r2k+1)
k
∑

ν=0

A
1− 1

γ

N−ν · A
1

γ
−1

ν =

= c(1 − r)2
N
∑

k=1

r2k
k
∑

ν=0

A0
k = c(1 − r)2

N
∑

k=1

k · r2k ≤ c,òàê êàê
N
∑

k=1

k · r2k ≤
∞
∑

k=1

k · r2k ≤
c

(1 − r2)2
, r → 1 − .Òàêèì îáðàçîì, ïîñòðîåííàÿ ìàòðèöà ïðèíàäëåæèò êëàññó ìàòðèö Λ1.Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



118 Ë. Ï. ÔàëàëååâÄëÿ �óíêöèè f(t) = cos t ëåãêî ïðîâåðèòü, ÷òî
ur(cos t,Λ1, x) =

1

π

∫ π

−π

cos (x + t){
1

2
+

Nγ

∑

k=1

cos kt}dt = λ1 cos x.Ïîýòîìó èç (8) ñëåäóåò
|uN (cos t,Λ1, x) − f(x)| = |1 − λ1| · |cos x| =

=
c

√
N

+ O(1 − r) = c

√

n
− 1

γ = O
(√

1 − r
)

, r → 1 − .Ïðè γ = 1, êàê îòìå÷åíî â [1, 5℄, óñëîâèå (4) ïðåâðàùàåòñÿ â èçâåñòíîåóñëîâèå Ñòå÷êèíà-Ôîìèíà è òî÷íîñòü âñåõ òðåõ îöåíîê â (7) óñòàíîâëåíàÀ.Â. Áàñêàêîâûì.Ïóñòü vr(f, x) � îïåðàòîð, ïîñòðîåííûé ïî ïîäïîñëåäîâàòåëüíîñòÿì ÷àñò-íûõ ñóìì Ôóðüå ñ ýêñïîíåíöèàëüíûì ïîðÿäêîì ðîñòà nk =
[

2kε]

, 0 < ε ≤
1
2 , k = 1, 2, ..., N, ..., ïîñðåäñòâîì ñóììèðîâàíèÿ ìåòîäîì Ïóàññîíà (A, 1).Óñëîâèå (2), ãàðàíòèðóþùåå îãðàíè÷åííîñòü íîðì ñîîòâåòñòâóþùèõ îïå-ðàòîðîâ, äîñòàòî÷íî òî÷íî. Ñ ïîìîùüþ íåãî áûëà óñòàíîâëåíà ðåãóëÿð-íîñòü ìíîãèõ äèñêðåòíûõ ìåòîäîâ ñóììèðîâàíèÿ íà êëàññå C2π áåç äîïîë-íèòåëüíûõ òðåáîâàíèé ê ñòðóêòóðíûì ñâîéñòâàì �óíêöèé.Òåîðåìà 2. Ïðè r → 1− ñïðàâåäëèâà ñëåäóþùàÿ îöåíêà (0 < ε ≤ 1

2 , 0 <
r < 1):

sup
f∈Lip1α

‖f(x) − vr(f, x)‖C2π
= O

(

(1 − r)
ε

2

)

, 0 < α ≤ 1.Äîêàçàòåëüñòâî òåîðåìû îñíîâûâàåòñÿ íà ñëåäóþùèõ äâóõ ëåììàõ.Ëåììà 1. Äëÿ îãðàíè÷åííûõ â ñîâîêóïíîñòè ìíîæèòåëåé ñóììèðîâàíèÿ
{λk}, k = 1, 2, ..., âûïîëíåíî íåðàâåíñòâî
I = c{

∫ π

1

n

∣

∣

∣

∣

∣

n
∑

k=1

∆λk sin(k +
1

2
)t

∣

∣

∣

∣

∣

dt

t
} ≤ c

√
ln n{

∫ π

0

∣

∣

∣

∣

∣

n
∑

k=1

∆λk sin(k +
1

2
)t

∣

∣

∣

∣

∣

2
dt

t
}
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Ñêîðîñòü ñõîäèìîñòè ëèíåéíûõ ñðåäíèõ 119Ëåììà 2. Ïóñòü Λ2 � êëàññ ìàòðèö Λ, äëÿ êîòîðûõ ïðàâàÿ ÷àñòü íåðà-âåíñòâà (2) îãðàíè÷åíà è
Mn(α) = sup

Λ⊂Λ2

sup
f∈Lip1α

‖f(x) − ur(f, Λ, x)‖C2π
.Òîãäà ïðè 0 < ε ≤ 1

2 , 0 < α ≤ 1 èìååò ìåñòî îöåíêà
Mn(α) ≤

c
√

ln n
.Äîêàçàòåëüñòâî îáåèõ ëåìì èñïîëüçóåò íåñëîæíûå êîìáèíàöèè ïðîñòûõðåçóëüòàòîâ.Ïîëàãàÿ N =

[

1
1−r

]

, 0 < r < 1, n =
[

2Nε]

, N = 1, 2, ..., ó÷èòûâàÿîãðàíè÷åííîñòü ìíîæèòåëåé λk = rk, èç ëåìì 1,2 ïîëó÷èì óòâåðæäåíèåòåîðåìû 2.Çàìåòèì, ÷òî îáå äîêàçàííûå òåîðåìû ñïðàâåäëèâû äëÿ f(x) ∈ Lip(α, p),ò.å. w(f, t)p ≤ ≤ c · tα, 0 < α ≤ 1, 1 ≤ p ≤ ∞, äëÿ îãðàíè÷åííûõ ìíîæè-òåëåé ñóììèðîâàíèÿ (|λk| < c), k = 1, 2, ... . Ýòî ñëåäóåò èç íåðàâåíñòâ
‖f − un(·)‖p ≤

1

n
w(f,

π

n
)p

n
∑

ν=0

|λν | + c

∫ π

π

n

∣

∣

∣

∣

∣

n
∑

k=1

∆λk sin(k +
1

2
)t

∣

∣

∣

∣

∣

dt

t
≤

≤
c

nα
+

c
√

ln n
√

ln n
{

∫ π

0

∣

∣

∣

∣

∣

n
∑

k=0

∆λk sin(k +
1

2
)t

∣

∣

∣

∣

∣

2
dt

t
}

1

2 <
c

√
ln n

.�åçóëüòàòû, äîêàçàííûå â òåîðåìàõ 1,2, àíîíñèðîâàíû â [6℄.Öèòèðîâàííàÿ ëèòåðàòóðà[1℄. Ôàëàëååâ Ë. Ï., Àïïðîêñèìàòèâíûå ñâîéñòâà ëèíåéíûõ ñðåäíèõðÿäîâ Ôóðüå, Àâòîðå�åðàò äèññ. íà ñîèñê. ó÷. ñòåïåíè ä.�.-ì.íàóê, Àëìà-òû, 1993, Ñ. 33.[2℄. Bugrov Ja. S., On linear summation methods of Fourier series, AnalysisMath., 1979, T. 5, P. 119 � 133.[3℄. Áóãðîâ ß. Ñ., Ëèíåéíûå ñðåäíèå ðÿäîâ è èíòåãðàëîâ Ôóðüå è ñêî-ðîñòü èõ ñõîäèìîñòè, Òð. Ìàòåì. èí-òà ÀÍ ÑÑÑ�, 1984, Ò. 170, Ñ. 77 �85. Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



120 Ë. Ï. Ôàëàëååâ[4℄. Óëüÿíîâ Ï. Ë., Î ïðèáëèæåíèè �óíêöèé, Ñèá. ìàòåì. æóðíàë, 1964,Ò. 5, � 2, Ñ. 418 � 437.[5℄. Bliev N. K. and Falaleev L. P., Rate of 
onvergen
e of linear meansubsequen
ies of Fourier sums, Topi
s in polynomials of one and several variablesand their appli
ations, Singapure, 1993, World S
ienti�
 Publ., P. 65 � 79.[6℄. Ôàëàëååâ Ë. Ï., Ñêîðîñòü ñõîäèìîñòè ëèíåéíûõ ñðåäíèõ ïîäïîñëå-äîâàòåëüíîñòåé ñóìì Ôóðüå, VI ìåæä. ñèìïîçèóì "�ÿäû Ôóðüå è èõ ïðè-ëîæåíèÿ", Þæíûé �åäåðàëüíûé óíèâåð., 25 ìàÿ � 1 èþíÿ 2010ã., �îñòîâ-íà Äîíó, Òåç. äîêë., Ñ. 34 � 35.Ñòàòüÿ ïîñòóïèëà â ðåäàêöèþ 09.08.2011 ã.
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Ìàòåìàòè÷åñêèé æóðíàë. Àëìàòû. 2012. Òîì 12. � 2 (44). C. 121 � 129ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÆÈÇÍÜÄÀÓËÅÒ ÓÌÁÅÒÆÀÍÎÂÈ× ÓÌÁÅÒÆÀÍÎÂ(ê 80-ëåòèþ ñî äíÿ ðîæäåíèÿ)Â èþëå ýòîãî ãîäà èñïîëíèëîñü 80 ëåò ñî äíÿðîæäåíèÿ Äàóëåòà Óìáåòæàíîâè÷à Óìáåòæàíî-âà � âûäàþùåãîñÿ êàçàõñòàíñêîãî ìàòåìàòèêà,ñïåöèàëèñòà â îáëàñòè äè��åðåíöèàëüíûõ óðàâ-íåíèé, ÷ëåí-êîððåñïîíäåíòà ÍÀÍ �Ê, äîêòîðà�èçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðî�åññîðà.Äàóëåò Óìáåòæàíîâè÷ ðîäèëñÿ 25 èþëÿ 1932ãîäà â àóëå � 1 Øàëêàðñêîãî ðàéîíà Àêòþáèí-ñêîé îáëàñòè.Â 1950 ãîäó ïîñëå îêîí÷àíèÿ Øàëêàðñêîéêàçàõñêîé ñðåäíåé øêîëû Ä.Ó. Óìáåòæàíîâ ïî-ñòóïèë íà �èçèêî-ìàòåìàòè÷åñêèé �àêóëüòåòÊàçàõñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì.Ñ.Ì. Êèðîâà. Óñïåøíî îêîí÷èâ åãî â 1955 ã., Ä.Ó. Óìáåòæàíîâ ïîñòó-ïèë â àñïèðàíòóðó Êàçàõñêîãî ïåäàãîãè÷åñêîãî èíñòèòóòà èì. Àáàÿ, îò-êóäà áûë êîìàíäèðîâàí â Ìîñêîâñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì.Ì.Â. Ëîìîíîñîâà äëÿ ïðîäîëæåíèÿ ðàáîòû ïî òåìå êàíäèäàòñêîé äèññåð-òàöèè ïîä ðóêîâîäñòâîì ïðî�åññîðà �.Ý. Âèíîãðàäà, ó÷åíèêà ïðî�åññîðàÂ.Â. Íåìûöêîãî. Ïî îêîí÷àíèè àñïèðàíòóðû Ä.Ó. Óìáåòæàíîâ ðàáîòà-åò â Êàç�Ó ñ 1959 ïî 1973 ãîä ñíà÷àëà ñòàðøèì ïðåïîäàâàòåëåì, ñ 1965ãîäà � äîöåíòîì êà�åäðû ìàòåìàòè÷åñêîãî àíàëèçà, ñ 1965 ïî 1967 ãîä� çàìåñòèòåëåì äåêàíà ìåõàíèêî-ìàòåìàòè÷åñêîãî �àêóëüòåòà Êàç�Ó ïîíàó÷íîé ðàáîòå.Â 1964 ãîäó çàùèùàåò êàíäèäàòñêóþ äèññåðòàöèþ íà òåìó "Î êâà-çèïåðèîäè÷åñêèõ è ïî÷òè ïåðèîäè÷åñêèõ ðåøåíèÿõ íåëèíåéíûõ ñèñòåìîáûêíîâåííûõ äè��åðåíöèàëüíûõ óðàâíåíèé, ñîäåðæàùèõ ìàëûé ïàðà-ìåòð", íàó÷íûé ðóêîâîäèòåëü - äîêòîð �èçèêî-ìàòåìàòè÷åñêèõ íàóê, ïðî-�åññîð Â.Õ. Õàðàñàõàë. Ñ 1973 ïî 1985 ãîä ðàáîòàåò â Êàçàõñêîì ãîñó-



122 Äàóëåò Óìáåòæàíîâè÷ Óìáåòæàíîâäàðñòâåííîì Æåíñêîì ïåäàãîãè÷åñêîì èíñòèòóòå çàâåäóþùèì êà�åäðîéìàòåìàòè÷åñêîãî àíàëèçà, à ñ 1982 ãîäà � îäíîâðåìåííî äåêàíîì �èçèêî-ìàòåìàòè÷åñêîãî �àêóëüòåòà.Â àâãóñòå 1985 ãîäà Ä.Ó. Óìáåòæàíîâ ïåðåõîäèò íà ðàáîòó â Èíñòèòóòìàòåìàòèêè è ìåõàíèêè ÀÍ ÊàçÑÑ� íà äîëæíîñòü çàâåäóþùåãî ëàáîðàòî-ðèåé ñíà÷àëà ïðèêëàäíûõ ìåòîäîâ àíàëèçà, çàòåì ñ 1987 ãîäà � îáûêíîâåí-íûõ äè��åðåíöèàëüíûõ óðàâíåíèé. Ñ 1966 ãîäà, ïîñëå ñìåðòè ïðî�åññîðàÂ.Õ. Õàðàñàõàëà åãî ïåðâûé ó÷åíèê Ä.Ó. Óìáåòæàíîâ âîçãëàâëÿåò ïðîâî-äèìóþ â Êàçàõñòàíå íàó÷íî-èññëåäîâàòåëüñêóþ ðàáîòó ïî ïðîáëåìàì òåî-ðèè ïåðèîäè÷åñêèõ è ïî÷òè ïåðèîäè÷åñêèõ ðåøåíèé äè��åðåíöèàëüíûõóðàâíåíèé. Íà îñíîâå ìåòîäà ìàëîãî ïàðàìåòðà Ïóàíêàðå èì ïîëó÷åíûÿâíûå êðèòåðèè ñóùåñòâîâàíèÿ êâàçèïåðèîäè÷åñêèõ ðåøåíèé íåàâòîíîì-íûõ è àâòîíîìíûõ ñèñòåì, êîòîðûå áûëè ðàçâèòû è îáîáùåíû íà ñ÷åòíûåñèñòåìû, èíòåãðî-äè��åðåíöèàëüíûå óðàâíåíèÿ, îáûêíîâåííûå äè��å-ðåíöèàëüíûå óðàâíåíèÿ â áàíàõîâîì ïðîñòðàíñòâå. �àçðàáîòàí àíàëèòè÷å-ñêèé àïïàðàò èññëåäîâàíèÿ ìíîãîïåðèîäè÷åñêèõ è ïî÷òè ìíîãîïåðèîäè÷å-ñêèõ ðåøåíèé ñèñòåì äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîä-íûõ ïåðâîãî ïîðÿäêà, ñîäåðæàùèõ ðàçëè÷íûå ìàëûå ïàðàìåòðû. Ýòè ðå-çóëüòàòû áûëè îïóáëèêîâàíû â ìîíîãðà�èè "Ïî÷òè ìíîãîïåðèîäè÷åñêèåðåøåíèÿ äè��åðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ" (èçä-âî"Íàóêà" ÊàçÑÑ�, Àëìà-Àòà, 1979) è ëåãëè â îñíîâó åãî äîêòîðñêîé äèñ-ñåðòàöèè, óñïåøíî çàùèùåííîé èì â 1983 ãîäó â Èíñòèòóòå ìàòåìàòèêèÓÑÑ�. Â 1984 ãîäó åìó ïðèñâîåíî ó÷åíîå çâàíèå ïðî�åññîðà. Â ïîñëå-äóþùèå ãîäû Ä.Ó. Óìáåòæàíîâ èññëåäîâàë ïî÷òè ïåðèîäè÷åñêèå ðåøåíèÿèíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé ïåðåíîñà, ïàðàáîëè÷åñêèõ è ãèïåð-áîëè÷åñêèõ óðàâíåíèé è êðàåâûõ çàäà÷ äëÿ íèõ. Ïîëó÷åííûå èì íàó÷íûåðåçóëüòàòû ïîëîæåíû â îñíîâó åãî ìîíîãðà�èè "Ïî÷òè ïåðèîäè÷åñêèå ðå-øåíèÿ ýâîëþöèîííûõ óðàâíåíèé", êîòîðàÿ âûøëà â èçäàòåëüñòâå "Íàóêà"ÊàçÑÑ� â 1990 ãîäó.Ïîñëåäíèå ãîäû æèçíè Ä.Ó. Óìáåòæàíîâ èçó÷àåò ïî÷òè ïåðèîäè÷åñêèåâ ñìûñëå Ñòåïàíîâà ðåøåíèÿ äè��åðåíöèàëüíûõ óðàâíåíèé ñ ýëëèïòè÷å-ñêèì îïåðàòîðîì. Èì ââîäèòñÿ íîâîå �óíêöèîíàëüíîå ïðîñòðàíñòâî �óíê-öèé äðîáíîé ãëàäêîñòè ìíîãèõ ïåðåìåííûõ, äîïóñêàþùèõ èíòåãðàëüíîåïðåäñòàâëåíèå â âèäå ñâåðòêè ñ ìàòðè÷íûì ÿäðîì Áåññåëÿ-Ìàêäîíàëüäàè ñ ïîòåíöèàëàìè èç êëàññà Ñòåïàíîâà. Äîêàçàíû òåîðåìû âëîæåíèÿ äëÿÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Äàóëåò Óìáåòæàíîâè÷ Óìáåòæàíîâ 123ýòîãî ïðîñòðàíñòâà è íà èõ îñíîâå ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùå-ñòâîâàíèÿ è åäèíñòâåííîñòè ïî÷òè ïåðèîäè÷åñêèõ ðåøåíèé ïî Ñòåïàíî-âó ñèñòåìû ñ ïîëîæèòåëüíî-îïðåäåëåííûì ýëëèïòè÷åñêèì îïåðàòîðîì âäðîáíîé ñòåïåíè.Äàóëåò Óìáåòæàíîâè÷ îïóáëèêîâàë äâå ìîíîãðà�èè è îêîëî 130 ñòà-òåé, ìíîãèå èç êîòîðûõ âûøëè â æóðíàëàõ "Äîêëàäû �ÀÍ", "Äè��åðåí-öèàëüíûå óðàâíåíèÿ", "Óêðàèíñêèé ìàòåìàòè÷åñêèé æóðíàë", "ÂåñòíèêÌ�Ó. Ñåðèÿ ìàòåì.", "Äîêëàäû ÍÀÍ �Ê", "Âåñòíèê ÍÀÍ �Ê", "Èçâå-ñòèÿ ÍÀÍ �Ê. Ñåðèÿ �èç.-ìàòåì." è äð. Èì íàïèñàíû ñòàòüè è î÷åð-êè î ìàòåìàòèêå è ìàòåìàòèêàõ ñòàðøåãî ïîêîëåíèÿ: Þ.À. Ìèòðîïîëü-ñêîì, Î.À. Æàóòûêîâå, Õ.È. Èáðàøåâå, À.Ê. Áåäåëüáàåâå, Â.Õ. Õàðàñà-õàëå, À.À. Åðìåêîâå, êîòîðûå áûëè îïóáëèêîâàíû â æóðíàëàõ, ãàçåòàõ,ýíöèêëîïåäè÷åñêèõ èçäàíèÿõ.Ä.Ó. Óìáåòæàíîâ óäåëÿë áîëüøîå âíèìàíèå ïîäãîòîâêå íàó÷íûõ èíàó÷íî-ïåäàãîãè÷åñêèõ êàäðîâ. Ïîä åãî íåïîñðåäñòâåííûì ðóêîâîäñòâîìçàùèùåíû 1 äîêòîðñêàÿ è 18 êàíäèäàòñêèõ äèññåðòàöèé. Ñðåäè åãî ó÷åíè-êîâ - äîêòîðà �èç.-ìàò.íàóê Æ.À. Ñàðòàáàíîâ, À.Ò. Àñàíîâà, À.Á. Áåðæà-íîâ è äð. �àáîòàÿ â Êàç�Ó, Êàç�îñÆåíÏÈ, ÊÈÌÝÏå è Èíñòèòóòå ìàòåìà-òèêè ÍÀÍ �Ê, îí ïîêàçàë ñåáÿ, êàê òðóäîëþáèâûé, âäóì÷èâûé ó÷åíûé èïåäàãîã, èíèöèàòèâíûé ðóêîâîäèòåëü, çàáîòëèâûé òîâàðèù è îáàÿòåëüíûé÷åëîâåê. Åãî ëåêöèè îòëè÷àëèñü ãëóáîêîé ñîäåðæàòåëüíîñòüþ, ïðîñòîòîéè äîõîä÷èâîñòüþ èçëîæåíèÿ òåîðåòè÷åñêîãî ìàòåðèàëà.Â 1994 ãîäó Ä.Ó. Óìáåòæàíîâ áûë èçáðàí ÷ëåí-êîððåñïîíäåíòîì Íàöè-îíàëüíîé àêàäåìèè íàóê �Ê. Îí áûë ÷ëåíîì Ïðîáëåìíîãî íàó÷íîãî ñîâåòàïî ìàòåìàòèêå ïðè ÎÔÌÍ ÍÀÍ �Ê, ñïåöèàëèçèðîâàííûõ ó÷åíûõ ñîâå-òîâ ïî çàùèòå äîêòîðñêèõ è êàíäèäàòñêèõ äèññåðòàöèé, ðåäêîëëåãèè ïî�èçèêî-ìàòåìàòè÷åñêèì íàóêàì ïðè �ëàâíîé ðåäàêöèè ÊÑÝ. Îí ÿâëÿëñÿïåðâûì Ïðåäñåäàòåëåì ýêñïåðòíîãî ñîâåòà ïî ìàòåìàòèêå è èí�îðìàòè-êå ÂÀÊ �Ê. Çà óñïåøíóþ è äîáðîñîâåñòíóþ ðàáîòó îí áûë íàãðàæäåííàãðóäíûìè çíà÷êàìè "Çà îòëè÷íûå óñïåõè â ðàáîòå" ÌèíÂÓÇà ÑÑÑ�(1982ã.), "Îòëè÷íèê íàðîäíîãî ïðîñâåùåíèÿ ÊàçÑÑ�" ÌèíÂÓÇà ÊàçÑÑ�(1985ã.), Ïî÷åòíûìè ãðàìîòàìè. Âìåñòå ñ ñóïðóãîé, Íàðåí Êîñæàíîâíîé,Äàóëåò Óìáåòæàíîâè÷ âîñïèòàë è âûðàñòèë ÷åòûðåõ äî÷åðåé Æóìàãóëü,Àëìó, Øîëïàí è �àóøàí.Äàóëåò Óìáåòæàíîâè÷ Óìáåòæàíîâ óøåë èç æèçíè 30 èþëÿ 1996 ãîäàÌàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



124 Äàóëåò Óìáåòæàíîâè÷ Óìáåòæàíîâïîñëå òÿæåëîé ïðîäîëæèòåëüíîé áîëåçíè.Â 1997 ãîäó áûëà óñòàíîâëåíà ìåìîðèàëüíàÿ äîñêà íà ñòåíå Øàëêàð-ñêîé êàçàõñêîé ñðåäíåé øêîëû � 1, ãäå îí ó÷èëñÿ, åãî èìåíåì íàçâàíàóëèöà â ã. Øàëêàð Àêòþáèíñêîé îáëàñòè, ãäå îí æèë ñ ðîäèòåëÿìè â äåò-ñêèå è þíîøåñêèå ãîäû. Åãî ïîðòðåò ñ áèîãðà�è÷åñêèìè äàííûìè, åãîìîíîãðà�èè ìîæíî óâèäåòü â Àêòþáèíñêîì îáëàñòíîì êðàåâåä÷åñêîì ìó-çåå â ýêñïîçèöèè, ïîñâÿùåííîé äåÿòåëÿì íàóêè è êóëüòóðû.Â íàñòîÿùåå âðåìÿ íàó÷íûå èäåè è íàïðàâëåíèÿ ïðî�åññîðà Ä.Ó. Óì-áåòæàíîâà óñïåøíî ðàçâèâàþòñÿ åãî ó÷åíèêàìè è ïîñëåäîâàòåëÿìè.Áèáëèîãðà�èÿ1. Óìáåòæàíîâ Ä.Ó. Î ïðèìåíèìîñòè ìåòîäà ìàëîãî ïàðàìåòðà Ïóàí-êàðå â òåîðèè ïî÷òè ïåðèîäè÷åñêèõ ðåøåíèé ñèñòåì íåëèíåéíûõ äè��å-ðåíöèàëüíûõ óðàâíåíèé // Âåñòíèê ÀÍ ÊàçÑÑ�. 1963. �7. Ñ. 85-88.2. Óìáåòæàíîâ Ä.Ó. Ê âîïðîñó î ïåðèîäè÷åñêèõ è êâàçèïåðèîäè÷å-ñêèõ ðåøåíèÿõ íåêîòîðûõ êâàçèëèíåéíûõ äè��åðåíöèàëüíûõ óðàâíåíèé// Èçâåñòèÿ ÀÍ ÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1965. Âûï. 1. Ñ. 54-64.3. Óìáåòæàíîâ Ä.Ó. Îá îäíîé òåîðåìå ñóùåñòâîâàíèÿ ïðî÷òè ïåðèîäè-÷åñêèõ ðåøåíèé äè��åðåíöèàëüíûõ óðàâíåíèé â ëèíåéíûõ íîðìèðîâàí-íûõ ïðîñòðàíñòâàõ // Èçâåñòèÿ ÀÍ ÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1967. Âûï.1. Ñ. 36-44.4. Êàïèøåâ Ê.Ê., Óìáåòæàíîâ Ä.Ó. Î ìíîãîïåðèîäè÷åñêèõ ðåøåíèÿõîäíîãî êëàññà èíòåãðî-äè��åðåíöèàëüíûõ óðàâíåíèé ñ ìàëûìè ïàðàìåò-ðàìè // Èçâåñòèÿ ÀÍ ÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1968. �3. Ñ. 32-38.5. Óìáåòæàíîâ Ä.Ó. Î ãîëîìîð�íûõ îòíîñèòåëüíî ïàðàìåòðà ïåðè-îäè÷åñêèõ è ïî÷òè ïåðèîäè÷åñêèõ ðåøåíèÿõ îäíîãî êëàññà óðàâíåíèé â÷àñòíûõ ïðîèçâîäíûõ // Âåñòíèê Ìîñêîâñêîãî óíèâåðñèòåòà. Ñåð. ìàòåì.è ìåõ. 1969. �3. Ñ. 37-43.6. Óìáåòæàíîâ Ä.Ó. Î ïî÷òè ïåðèîäè÷åñêèõ ðåøåíèÿõ îäíîãî êëàññàóðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ìàëûìè ïàðàìåòðàìè // Äè��åðåí-öèàëüíûå óðàâíåíèÿ. 1970. Ò. 6. �5. Ñ. 913-916.7. Óìáåòæàíîâ Ä.Ó. Î ïî÷òè ïåðèîäè÷åñêèõ ðåøåíèÿõ îäíîé ñèñòåìûóðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà // Èçâåñòèÿ ÀÍ ÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1971. �3. Ñ. 64-68.8. Ñàðòàáàíîâ Æ.À., Óìáåòæàíîâ Ä.Ó. Î ïîñòðîåíèè ìíîãîïåðèîäè÷å-Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)



Äàóëåò Óìáåòæàíîâè÷ Óìáåòæàíîâ 125ñêîãî ðåøåíèÿ îäíîé ñèñòåìû ñ÷åòíûõ óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîä-íûìè // Èçâåñòèÿ ÀÍ ÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1971. �5. Ñ. 61-66.9. Óìáåòæàíîâ Ä.Ó. Ïîñòðîåíèå ìíîãîïåðèîäè÷åñêîãî ðåøåíèÿ îäíîéñèñòåìû êâàçèëèíåéíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ // ÈçâåñòèÿÀÍ ÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1971. �5. Ñ. 72-77.10. Òàðàíîâ Í.À., Óìáåòæàíîâ Ä.Ó. Ê âîïðîñó î ïðèâîäèìîñòè íåêî-òîðîé ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ îäèíàêîâîé ãëàâíîé÷àñòüþ // Èçâåñòèÿ ÀÍ ÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1972. �3. Ñ. 76-80.11. Óìáåòæàíîâ Ä.Ó. Ê ïîñòðîåíèþ ìíîãîïåðèîäè÷åñêîãî ðåøåíèÿ îä-íîé ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ îäèíàêîâîé ãëàâíîé ÷à-ñòüþ ïàðàìåòðàìè // Äè��åðåíöèàëüíûå óðàâíåíèÿ. 1972. Ò. 8. �7. Ñ.1326-1329.12. Òàðàíîâ Í.À., Óìáåòæàíîâ Ä.Ó. Îá îäíîé ñèñòåìå óðàâíåíèé â ÷àñò-íûõ ïðîèçâîäíûõ ñ îäèíàêîâîé ãëàâíîé ÷àñòüþ // Èçâåñòèÿ ÀÍ ÊàçÑÑ�.Ñåð. �èç.-ìàòåì. 1973. �1. Ñ. 67-72.13. Òóëåãåíîâà Ì.Á., Óìáåòæàíîâ Ä.Ó. Î ìíîãîïåðèîäè÷åñêèõ ðåøå-íèÿõ îäíîé ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ // Èçâåñòèÿ ÀÍÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1973. �3. Ñ. 57-61.14. Óìáåòæàíîâ Ä.Ó. Î ñóùåñòâîâàíèè ïî÷òè ìíîãîïåðèîäè÷åñêîãî ðå-øåíèÿ îäíîé êâàçèëèíåéíîé ñèñòåìû óðàâíåíèé ñ ÷àñòíûìè ïðîèçâîäíû-ìè // Èçâåñòèÿ ÀÍ ÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1974. �5. Ñ. 23-27.15. Ñàðòàáàíîâ Æ.À., Óìáåòæàíîâ Ä.Ó. Î ìíîãîïåðèîäè÷åñêîì ðåøå-íèè îäíîé ñèñòåìû óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ñ ïîñòîÿííûì çàïàç-äûâàíèåì // Èçâåñòèÿ ÀÍ ÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1976. �5. Ñ. 48-52.16. Áåðæàíîâ À.Á., Óìáåòæàíîâ Ä.Ó. Î ãîëîìîð�íîì ìíîãîïåðèîäè-÷åñêîì ðåøåíèè îäíîãî ñ÷åòíîãî èíòåãðî-äè��åðåíöèàëüíîãî óðàâíåíèÿâ ÷àñòíûõ ïðîèçâîäíûõ // Èçâåñòèÿ ÀÍ ÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1977.�5. Ñ. 61-66.17. Óìáåòæàíîâ Ä.Ó. Î ïî÷òè ìíîãîïåðèîäè÷åñêîì ðåøåíèè îäíîé ãè-ïåðáîëè÷åñêîé ñèñòåìû äè��åðåíöèàëüíûõ óðàâíåíèé // Èçâåñòèÿ ÀÍÊàçÑÑ�. Ñåð. �èç.-ìàòåì. 1979. �1. Ñ. 63-67.18. Åëóáàåâ Ñ.Å., �ìáåòæàíîâ Ä.�. Ìàòåìàòèêàëû© èíäóêöèÿ æºíåîíû­ ©îëäàíûëóû. Àëìà-Àòà: Çíàíèå. 1979. 48 á.19. Óìáåòæàíîâ Ä.Ó. Ïî÷òè ìíîãîïåðèîäè÷åñêèå ðåøåíèÿ äè��åðåí-öèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ. Àëìà-Àòà: Íàóêà ÊàçÑÑ�,Ìàòåìàòè÷åñêèé æóðíàë 2012. Òîì 12. � 2 (44)
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