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Î ÐÀÇÐÅØÈÌÎÑÒÈ ÎÄÍÎÉ ÍÅËÎÊÀËÜÍÎÉ
ÊÐÀÅÂÎÉ ÇÀÄÀ×È

Ã.À.Àáäèêàëèêîâà

Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê.Æóáàíîâà
463000 Àêòîáå, ïð. À.Ìîëäàãóëîâîé, 34

Èçó÷àåòñÿ ëèíåéíàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåì óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà. Ìåòîäîì ïà-
ðàìåòðèçàöèè ïîëó÷åíû êîýôôèöèåíòíûå äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè
ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è è ïðåäëîæåí àëãîðèòì íàõîæäåíèÿ ðåøåíèÿ.

Ðàçëè÷íûå êðàåâûå çàäà÷è äëÿ ñèñòåìû óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà èçó÷åíû ìíîãè-
ìè àâòîðàìè. Îòìåòèì ëèøü ðàáîòû [1], [2]. Â ðàáîòå [3] ìåòîäîì ïàðàìåòðèçàöèè èññëåäîâàíû
âîïðîñû îäíîçíà÷íîé ðàçðåøèìîñòè êðàåâîé çàäà÷è äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî
óðàâíåíèÿ. Â [4], [5] ìåòîäîì ââåäåíèÿ ôóíêöèîíàëüíûõ ïàðàìåòðîâ, ÿâëÿþùèìñÿ ìîäèôè-
êàöèåé ìåòîäà ïàðàìåòðèçàöèè, óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ êîððåêòíîé
ðàçðåøèìîñòè íåëîêàëüíûõ êðàåâûõ çàäà÷ äëÿ ñèñòåìû ãèïåðáîëè÷åñêèõ óðàâíåíèé âòîðî-
ãî ïîðÿäêà. Íà îñíîâå ýòîãî ìåòîäà â [6] èññëåäîâàíà êîððåêòíàÿ ðàçðåøèìîñòü ñåìåéñòâà
äâóõòî÷å÷íûõ êðàåâûõ çàäà÷, â [7] óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ êîððåêòíîé ðàçðåøèìî-
ñòè çàäà÷è íàõîæäåíèÿ îãðàíè÷åííîãî íà ïîëîñå ðåøåíèÿ ñèñòåìû ëèíåéíûõ ãèïåðáîëè÷åñêèõ
óðàâíåíèé.

Ðàññìîòðèì íà Ω̄ =
{(

x, t
)

: t ≤ x ≤ t + ω, 0 ≤ t ≤ T
}
, T > 0, ω > 0, êðàåâóþ çàäà÷ó

D
[ ∂

∂x
u
]

= A
(
x, t

)∂u

∂x
+ P

(
x, t

)
u + f

(
x, t

)
, u ∈ Rn, (1)

B
(
y
)∂u

∂x

(
y, 0

)
+ C

(
y
)∂u

∂x

(
y + T, T

)
= d

(
y
)
, y ∈

[
0, ω

]
, (2)

u
(
t, t

)
= Ψ

(
t
)
, t ∈

[
0, T

]
, (3)

ãäå D =
∂

∂t
+

∂

∂x
; A(x, t), P (x, t) � (n×n) - ìàòðèöû, f

(
x, t

)
� n- âåêòîð-ôóíêöèÿ íåïðåðûâ-

íû ïî x è t íà Ω̄; B(y), C(y) � (n×n)−ìàòðèöû, n−âåêòîð-ôóíêöèÿ d(y) íåïðåðûâíû íà [0, ω];

Keywords: di�erential equation, non-local boundary value problem, parametrization's method
2000 Mathematics Subject Classi�cation: 35L20
c
 Ã.À.Àáäèêàëèêîâà, 2005.



6 Ã.À.Àáäèêàëèêîâà

ôóíêöèÿ Ψ(t) íåïðåðûâíî äèôôåðåíöèðóåìà íà [0, T ], ‖u‖ = max
i=1,n

|ui(x, t)|, ‖A(x, t)‖ =

= max
i=1,n

n∑
j=1

|aij(x, t)|.
Îáîçíà÷èì ÷åðåç C(Ω̄, Rn) ïðîñòðàíñòâî íåïðåðûâíûõ ïî x è t ôóíêöèé u : Ω̄ → Rn ñ

íîðìîé ‖u‖1 = max
x∈[0,ω]

max
t∈[0,T ]

‖u(x, t)‖.

Ââåäåì íîâóþ íåèçâåñòíóþ ôóíêöèþ v(x, t) =
∂u(x, t)

∂x
, òîãäà çàäà÷à (1)�(3) èìååò âèä

Dv = A(x, t)v + P (x, t)u + f(x, t), (x, t) ∈ Ω̄, (4)

B(y)v(y, 0) + C(y)v(y + T, T ) = d(y), y ∈ [0, ω], (5)

u(x, t) = Ψ(t) +

x∫

t

v(η, t)dη, t ∈ [0, T ]. (6)

Åñëè íåïðåðûâíàÿ ôóíêöèÿ u(x, t) ÿâëÿåòñÿ èçâåñòíîé, òî ðåøàÿ äâóõòî÷å÷íóþ êðàåâóþ
çàäà÷ó (4)�(5), íàõîäèì v(x, t). Åñëè ôóíêöèÿ v(x, t) èçâåñòíà, òî èç (6) îïðåäåëèì ôóíêöèþ
u(x, t). Åñëè ôóíêöèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (1)�(3), òî ïàðà (v(x, t), u(x, t)) áóäåò
ðåøåíèåì (4)�(6), ãäå v(x, t) =

∂u

∂x
, è, íàîáîðîò, åñëè (v(x, t), u(x, t)) � ðåøåíèå çàäà÷è (4)�(6),

òî ôóíêöèÿ u(x, t) ÿâëÿåòñÿ ðåøåíèåì èñõîäíîé çàäà÷è (1)�(3).
Èñïîëüçóÿ ìåòîä õàðàêòåðèñòèê, ñ ïîìîùüþ çàìåíû τ = t, ξ = x− t îòíîñèòåëüíî ôóíêöèé

ṽ(ξ, τ) ïîëó÷èì ñåìåéñòâî îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé íà H =
{

(ξ, τ) : 0 ≤
≤ ξ ≤ ω, 0 ≤ τ ≤ T

}
, T > 0, ω > 0,

∂ṽ

∂τ
= Ã(ξ, τ)ṽ + P̃ (ξ, τ)ũ(ξ, τ) + f̃(ξ, τ), τ ∈ [0, T ], (7)

ñ ãðàíè÷íûì óñëîâèåì

B(ξ)ṽ(ξ, 0) + C(ξ)ṽ(ξ, T ) = d(ξ), ξ ∈ [0, ω], (8)

ãäå ôóíêöèÿ ũ(ξ, τ) ñâÿçàíà ñ ṽ(ξ, τ) ôóíêöèîíàëüíûì ñîîòíîøåíèåì

ũ(ξ, τ) = Ψ(τ) +

ξ+τ∫

τ

ṽ(ς, τ)dς, τ ∈ [0, T ]. (9)

Çäåñü ṽ(ξ, τ) = v(ξ + τ, τ), Ã(ξ, τ) = A(ξ + τ, τ), P̃ (ξ, τ) = P (ξ + τ, τ), f̃(ξ, τ) =
f(ξ + τ, τ), ũ(ξ, τ) = u(ξ + τ, τ).

Â ñèëó çàìåíû τ = t, ξ = x−t ïî ôóíêöèè ũ(ξ, τ) îïðåäåëÿåì ôóíêöèþ u(x, t). Äëÿ ýòîãî
âûðàæàåì ïåðåìåííûå x è t ÷åðåç ïåðåìåííûå ξ è τ : x = x(ξ, τ). Îáîçíà÷èì u(x(ξ, τ), t) =
ũ(ξ, τ). Òîãäà ũ(ξ(x, t), τ) = u(x, t).

Íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà H̄ ïàðà ôóíêöèé (ṽ(ξ, τ), ũ(ξ, τ)) íàçûâàåòñÿ ðåøåíèåì
çàäà÷è (7)�(9) â øèðîêîì ñìûñëå, åñëè ôóíêöèÿ ṽ(ξ, τ) íà H̄ íåïðåðûâíî äèôôåðåíöèðóåìà
ïî ïåðåìåííîé τ è óäîâëåòâîðÿåò ñåìåéñòâó îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (7)
ñ ãðàíè÷íûì óñëîâèåì (8), ãäå ôóíêöèÿ ũ(ξ, τ) ñâÿçàíà ñ ôóíêöèåé ṽ(ξ, τ) ôóíêöèîíàëüíûì
ñîîòíîøåíèåì (9). Ïàðó íåïðåðûâíî äèôôåðåíöèðóåìûõ íà Ω̄ ôóíêöèé (v(x, t), u(x, t)), ïîëó-
÷åííóþ ñ ïîìîùüþ çàìåíû t = τ, x = ξ + τ èç ôóíêöèè (ṽ(ξ, τ), ũ(ξ, τ)) áóäåì íàçûâàòü
ðåøåíèåì â øèðîêîì ñìûñëå çàäà÷è (4)�(6). Íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà Ω̄ ôóíêöèÿ
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Î ðàçðåøèìîñòè îäíîé íåëîêàëüíîé êðàåâîé çàäà÷è 7

u(x, t) = ũ (ξ(x, t), τ) íàçûâàåòñÿ ðåøåíèåì çàäà÷è (1)�(3) â øèðîêîì ñìûñëå, åñëè îíà óäîâëå-
òâîðÿåò óðàâíåíèþ (1) ïðè âñåõ (x, t) ∈ Ω̄ è âûïîëíåíû ãðàíè÷íûå óñëîâèÿ (2)�(3).

Ïðè èçâåñòíîé ôóíêöèè ũ(ξ, τ), ðåøàÿ äâóõòî÷å÷íóþ êðàåâóþ çàäà÷ó (7)�(8), îïðåäåëèì
ôóíêöèþ ṽ(ξ, τ). Èç (9) ïî èçâåñòíîé ôóíêöèè ṽ(ξ, τ) íàõîäèì ôóíêöèþ ũ(ξ, τ). Åñëè (v(x, t),
u(x, t)) � ðåøåíèå çàäà÷è (4)�(6), ãäå v(x, t) = ∂u

∂x , òî ñ ó÷åòîì çàìåíû ξ = x − t, τ = t ïàðà
(ṽ(ξ, τ), ũ(ξ, τ)) áóäåò ðåøåíèåì çàäà÷è (7)�(9). È, íàîáîðîò, åñëè (ṽ(ξ, τ), ũ(ξ, τ)) ÿâëÿåòñÿ
ðåøåíèåì çàäà÷è (7)�(9), òî, ó÷èòûâàÿ çàìåíû x = ξ + τ, t = τ, ïàðà (v(x, t), u(x, t)) áóäåò
ðåøåíèåì çàäà÷è (4)�(6).

Ñëåäóÿ ðàáîòàì [3] � [7] äëÿ íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (7)�(9) ñòðîèì àëãîðèòì.
Øàã 0. Âçÿâ â (7) ũ(ξ, τ) = Ψ(τ), ðåøàÿ äâóõòî÷å÷íóþ êðàåâóþ çàäà÷ó (7)�(8), îïðåäåëèì

íà÷àëüíîå ïðèáëèæåíèå ṽ(0)(ξ, τ). Èç (9) ïðè ṽ(ξ, τ) = ṽ(0)(ξ, τ) íàõîäèì ũ(0)(ξ, τ).
Øàã 1. Âîçüìåì â ïðàâîé ÷àñòè (7) ũ(ξ, τ) = ũ(0)(ξ, τ). Ðåøàÿ êðàåâóþ çàäà÷ó (7)�(8),

îïðåäåëèì ïðèáëèæåíèå ṽ(1)(ξ, τ). Íàéäåííîå ṽ(1)(ξ, τ) ïîäñòàâèâ â (9), íàõîäèì ũ(1)(ξ, τ). È
ò.ä.

Òàêèì îáðàçîì, ïðîäîëæàÿ ýòîò ïðîöåññ, íà k-ì øàãå íàõîäèì
(
ṽ(k)(ξ, τ), ũ(k)(ξ, τ)

)
.

Äëÿ íàõîæäåíèÿ ðåøåíèÿ äâóõòî÷å÷íîé êðàåâîé çàäà÷è íà êàæäîì øàãå àëãîðèòìà ïðè-
ìåíÿåì ìåòîä ïàðàìåòðèçàöèè [3].

Îòìåòèì, ÷òî îäíèì èç îñíîâíûõ óñëîâèé îäíîçíà÷íîé ðàçðåøèìîñòè ñåìåéñòâà äâóõòî÷å÷-
íûõ êðàåâûõ çàäà÷ ÿâëÿåòñÿ îáðàòèìîñòü ìàòðèöû Qν(ξ, h), ν = 1, 2, ..., h > 0,

Qν(ξ, h) =




hB(ξ) 0 0 ... 0 hC(ξ)[I + Dν,N (ξ, h)]
I + Dν,1(ξ, h) −I 0 ... 0 0

0 I + Dν,2(ξ, h) −I ... 0 0
. . . ... . .
0 0 0 ... I + Dν,N−1(ξ, h) −I




,

ãäå I � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè n,

Dν,r(ξ, h) =

rh∫

(r−1)h

Ã(ξ, τ1)dτ1 +

rh∫

(r−1)h

Ã(ξ, τ1)

τ1∫

(r−1)h

Ã(ξ, τ2)dτ2dτ1 + ... +

+

rh∫

(r−1)h

Ã(ξ, τ1)...

τν−1∫

(r−1)h

Ã(ξ, τν)dτν ...dτ1.

Òå î ð åì à 1. Ïóñòü ïðè íåêîòîðûõ h > 0 : Nh = T è ν, ν = 1, 2, ...,
(
nN × nN

)
�

ìàòðèöà Qν(ξ, h) îáðàòèìà ïðè âñåõ ξ ∈ [0, ω] è âûïîëíÿþòñÿ íåðàâåíñòâà:
à)

∥∥∥
[
Qν(ξ, h)

]−1∥∥∥ ≤ γν(h);

á) qν(ξ, h) = γν(h)max
{

1, h
∥∥∥C(ξ)

∥∥∥
}[

eα(ξ)h − 1− α(ξ)h− . . .−

(
α(ξ)h

)ν

ν!

]
≤ σ < 1,

ãäå α(ξ) = max
τ∈[0,T ]

∥∥∥Ã(ξ, τ)
∥∥∥, σ = const.

Òîãäà ïîñëåäîâàòåëüíûå ïðèáëèæåíèÿ
(
ṽ(k)(ξ, τ), ũ(k)(ξ, τ)

)
ðàâíîìåðíî ñõîäÿòñÿ ê(

ṽ∗(ξ, τ), ũ∗(ξ, τ)
)
� åäèíñòâåííîìó ðåøåíèþ çàäà÷è (7)�(9).

Ä î ê à ç à ò å ë ü ñ ò â î. Äîêàçàòåëüñòâî òåîðåìû ïðîâîäèòñÿ ïî ñõåìå äîêàçàòåëüñòâà
òåîðåìû 1 [3, ñ.54] è òåîðåìû 1 [4, ñ.22]. Ïî óêàçàííîìó àëãîðèòìó èùåì ðåøåíèå çàäà÷è (7)�(9).
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8 Ã.À.Àáäèêàëèêîâà

Ïðèíÿâ â (7) ũ(ξ, τ) = Ψ(τ), èç (7)�(8) íàõîäèì íóëåâîå ïðèáëèæåíèå ṽ(0)(ξ, τ). Èç ñîîòíîøåíèÿ
(9) îïðåäåëèì ôóíêöèþ ũ(0)(ξ, τ) ∈ C(H, Rn). Ôóíêöèþ ṽ(k)(ξ, τ) ∈ C(H, Rn), k = 1, 2, . . . ,
íàõîäèì èç çàäà÷è

∂ṽ(k)

∂τ
= Ã(ξ, τ)ṽ(k) + P̃ (ξ, τ)ũ(k−1)(ξ, τ) + f̃(ξ, τ), ξ ∈ [0, ω], τ ∈ [(r − 1)h, rh), (10)

B(ξ)ṽ(k)(ξ, 0) + C(ξ)ṽ(k)(ξ, T ) = d(ξ), ξ ∈ [0, ω]. (11)

Òîãäà ôóíêöèÿ ũ(k)(ξ, τ), k = 1, 2, . . . , îïðåäåëÿåòñÿ èç ôóíêöèîíàëüíîãî ñîîòíîøåíèÿ

ũ(k)(ξ, τ) = Ψ(τ) +

ξ+τ∫

τ

ṽ(k)(ς, τ)dς, (ξ, τ) ∈ H. (12)

Ëèíåéíàÿ êðàåâàÿ çàäà÷à äëÿ ñåìåéñòâà îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

∂ṽ

∂τ
= Ã(ξ, τ)ṽ + F (ξ, τ), τ ∈ [0, T ], (13)

ñ óñëîâèåì (8) èìååò åäèíñòâåííîå ðåøåíèå ṽ(ξ, τ) ∈ C(H,Rn) è ñïðàâåäëèâà îöåíêà

max
τ∈[0,T ]

∥∥∥ṽ(ξ, τ)
∥∥∥ ≤ Mν(ξ, h)max

(
‖d(ξ)‖, max

τ∈[0,T ]
‖F (ξ, τ)‖

)
, (14)

ãäå

Mν(ξ, h) =
{

γν(h)
[
eα(ξ)h − 1

]
max

{
1 + h‖C(ξ)‖

ν−1∑

j=0

(α(ξ)h)j

j!
,
ν−1∑

j=0

(α(ξ)h)j

j!

}
+ eα(ξ)h

}
· h×

×
[
γν(h) · eα(ξ)h · 1

1− qν(ξ, h)
·max(1, h)‖C(ξ)‖(α(ξ)h)ν

ν!
+ 1

]
+

+γν(h)max
{

1 + h‖C(ξ)‖
ν−1∑

j=0

(α(ξ)h)j

j!
,
ν−1∑

j=0

(α(ξ)h)j

j!

}
· h.

Íà îñíîâå ðàáîòû [6] äàäèì îïðåäåëåíèå êîððåêòíîé ðàçðåøèìîñòè çàäà÷è (13), (8).

Îïð å ä å ë å í è å 1. Çàäà÷à (13), (8) íàçûâàåòñÿ êîððåêòíî ðàçðåøèìîé, åñëè äëÿ ëþáûõ
F (ξ, τ) ∈ C(H,Rn) è d(ξ) ∈ C([0, ω], Rn) îíà èìååò åäèíñòâåííîå ðåøåíèå ṽ(ξ, τ) ∈ C(H, Rn)
è èìååò ìåñòî ñëåäóþùàÿ îöåíêà

max
τ∈[0,T ]

‖ṽ(ξ, τ)‖ ≤ K(ξ)max
(
‖d(ξ)‖, max

τ∈[0,T ]
‖F (ξ, τ)‖

)
, (15)

ãäå K(ξ)− íåïðåðûâíàÿ íà [0, ω] ôóíêöèÿ, íå çàâèñÿùàÿ îò F (ξ, τ) è d(ξ). Èç (15) âûòåêàåò,
÷òî ïðè âûïîëíåíèè óñëîâèé òåîðåìû 1 çàäà÷à (13), (8) êîððåêòíî ðàçðåøèìà ñ ôóíêöèåé
K(ξ) = Mν(ξ, h).

Â îöåíêå (15) âîçüìåì ìàêñèìóì ïî ξ, òîãäà ïîëó÷èì êîíñòàíòó êîððåêòíîé ðàçðåøèìîñòè
K, êîòîðàÿ îïðåäåëÿåòñÿ ïî èñõîäíûì äàííûì çàäà÷è (13), (8) è íå çàâèñèò îò F (ξ, τ), d(ξ), è
ñïðàâåäëèâà îöåíêà

max
τ∈[0,T ]

‖ṽ(ξ, τ)‖ ≤ K max
(
‖d(ξ)‖, max

τ∈[0,T ]
‖F (ξ, τ)‖

)
, (16)
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Î ðàçðåøèìîñòè îäíîé íåëîêàëüíîé êðàåâîé çàäà÷è 9

ãäå K = γν(h)max
(
1 + h‖C(ξ)‖eα(ξ)h, eα(ξ)h

)
· h.

Ó÷èòûâàÿ (16), èìååì

max
τ∈[0,T ]

‖ṽ(0)(ξ, τ)‖ ≤ K max
(
‖d(ξ)‖, p max

τ∈[0,T ]
‖Ψ(τ)‖+ max

τ∈[0,T ]
‖f̃(ξ, τ)‖

)
, (17)

max
τ∈[0,T ]

∥∥∥∂ṽ(0)(ξ, τ)
∂τ

∥∥∥ ≤ aK max
(
‖d(ξ)‖, p max

τ∈[0,T ]
‖Ψ(τ)‖+ max

τ∈[0,T ]
‖f̃(ξ, τ)‖

)
+

+p max
τ∈[0,T ]

‖Ψ(τ)‖+ max
τ∈[0,T ]

‖f̃(ξ, τ)‖, (18)

ãäå K íå çàâèñèò îò d(ξ), f̃(ξ, τ), Ψ(τ); a = max
ξ∈[0,ω]

α(ξ), max
(ξ,τ)∈H̄

∥∥∥P̃ (ξ, τ)
∥∥∥ = p.

Èñïîëüçóÿ (16)�(18), îöåíèì

max
τ∈[0,T ]

‖ṽ(k+1)(ξ, τ)− ṽ(k)(ξ, τ)‖ ≤ Kp max
τ∈[0,T ]

‖ũ(k)(ξ, τ)− ũ(k−1)(ξ, τ)‖,

max
τ∈[0,T ]

∥∥∥∂ṽ(k+1)(ξ, τ)
∂τ

− ∂ṽ(k)(ξ, τ)
∂τ

∥∥∥ ≤ (aK + 1)p max
τ∈[0,T ]

‖ũ(k)(ξ, τ)− ũ(k−1)(ξ, τ)‖,

max
τ∈[0,T ]

‖ũ(k)(ξ, τ)− ũ(k−1)(ξ, τ)‖ ≤
ξ+τ∫

τ

max
τ∈[0,T ]

‖ṽ(k)(ς, τ)− ṽ(k−1)(ς, τ)‖dς. (19)

Òîãäà

max
τ∈[0,T ]

‖ṽ(k+1)(ξ, τ)− ṽ(k)(ξ, τ)‖ ≤ Kp

ξ+τ∫

τ

max
τ∈[0,T ]

‖ṽ(k)(ς, τ)− ṽ(k−1)(ς, τ)‖dς. (20)

Èç (19), (20) ñëåäóåò ðàâíîìåðíàÿ íà H ñõîäèìîñòü ïîñëåäîâàòåëüíîñòåé
{

ṽ(k)(ξ, τ)
}
,{

ũ(k)(ξ, τ)
}

ïðè k → ∞. Ýòè ïîñëåäîâàòåëüíîñòè ñõîäÿòñÿ ê ïðåäåëüíûì ôóíêöèÿì ṽ∗(ξ, τ) è
ũ∗(ξ, τ), êîòîðûå ÿâëÿþòñÿ ðåøåíèåì çàäà÷è (7)�(9). Âîñïîëüçîâàâøèñü îöåíêàìè (16), (17) è
(20), èìååì

max
(

max
τ∈[0,T ]

‖ṽ∗(ξ, τ)‖, max
τ∈[0,T ]

‖ũ∗(ξ, τ)‖
)
≤

≤ K∗max
(
‖d(ξ)‖, max

τ∈[0,T ]
‖f̃(ξ, τ)‖, max

τ∈[0,T ]
‖Ψ(τ)‖

)
, (21)

ãäå K∗ íå çàâèñèò îò d(ξ), f̃(ξ, τ),Ψ(τ).
Â îöåíêå (21) âîçüìåì ìàêñèìóì ïî ξ, òîãäà èìååì

max
(
‖ṽ∗‖1, ‖ũ∗‖1

)
≤ K∗max

(
‖d(ξ)‖, ‖f̃‖1, max

τ∈[0,T ]
‖Ψ(τ)‖

)
.

Åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è äîêàçûâàåòñÿ ìåòîäîì îò ïðîòèâíîãî. ×òî è òðåáîâàëîñü
äîêàçàòü.

Òå î ð åì à 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà çàäà÷à (1)�(3) èìååò åäèíñ-
òâåííîå ðåøåíèå u∗(x, t).
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10 Ã.À.Àáäèêàëèêîâà

Èç òåîðåìû 1 âûòåêàåò, ÷òî çàäà÷à (7)�(9) îäíîçíà÷íî ðàçðåøèìà. Òàê êàê çàäà÷à (7)�(9)
ýêâèâàëåíòíà çàäà÷å (4)�(6), à çàäà÷à (4)�(6) ýêâèâàëåíòíà çàäà÷å (1)�(3), òî ïîëó÷èì, ÷òî
çàäà÷à (1)�(3) èìååò åäèíñòâåííîå ðåøåíèå u∗(x, t).

Åñëè ïîñòðîåííîå ðåøåíèå â øèðîêîì ñìûñëå íåïðåðûâíî äèôôåðåíöèðóåìî ïî x è t, òî
ôóíêöèÿ u(x, t), îáëàäàþùàÿ íåïðåðûâíûìè ÷àñòíûìè ïðîèçâîäíûìè ∂u

∂x
, ∂2u

∂t∂x
,

∂2u

∂x2
, óäîâëå-

òâîðÿþùàÿ óðàâíåíèþ (1) ïðè âñåõ (x, t) ∈ Ω̄ ñ óñëîâèÿìè (2)�(3), ÿâëÿåòñÿ è êëàññè÷åñêèì
ðåøåíèåì çàäà÷è (1)�(3).
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Ïîëó÷åíû òåîðåìû ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè ñèëüíûõ ðåøåíèé äâóõ çàäà÷ ïðîòåêàíèÿ äëÿ
2D-3D ñèñòåìû Íàâüå-Ñòîêñà ñ íåñòàíäàðòíûìè ãðàíè÷íûìè óñëîâèÿìè.

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ äâå çàäà÷è ïðîòåêàíèÿ äëÿ ïîëíîé ñèñòåìû Íàâüå-
Ñòîêñà. Ïîëó÷åíû íåîáõîäèìûå àïðèîðíûå îöåíêè äëÿ ðåøåíèé îáåèõ èñêîìûõ çàäà÷. Íà îñíî-
âàíèè ðåçóëüòàòîâ ðàáîòû [1] è ïîëó÷åííûõ íèæå àïðèîðíûõ îöåíîê äîêàçûâàþòñÿ òåîðåìû ñó-
ùåñòâîâàíèÿ è åäèíñòâåííîñòè ñèëüíûõ ðåøåíèé çàäà÷ ïðîòåêàíèè äëÿ ñèñòåìû Íàâüå-Ñòîêñà.

1. Çàäà÷à ïðîòåêàíèÿ äëÿ 2D-3D ñèñòåìû Íàâüå-Ñòîêñà.
1.1. Ïîñòàíîâêà çàäà÷è. Ïóñòü Ω ⊂ Rd, d = 2, 3, � îáëàñòü è å¼ ãðàíèöà Γ, ñâÿçíûå

êîìïîíåíòû Γ0, Γ1 óäîâëåòâîðÿþò óñëîâèþ (i) èç ï.1.2 (ñì. [1]).
Áóäåì ðàññìàòðèâàòü íèæå íà÷àëüíî-êðàåâóþ çàäà÷ó, íàçûâàåìóþ íàìè çàäà÷åé ïðîòå-

êàíèÿ 1:

∂t~υ + (~υ,∇)~υ + grad p = ν∆~υ + ~f, div ~υ = 0, (x, t) ∈ Q = Ω× (0, T ), (1)

~υ(x, 0) = ~υ0 â Ω, (2)

~υ(x, t) = 0 íà Σ0,T = Γ0 × (0, T ), (3)

~υ · ~n = |~υ| íà Σ1,T = Γ1 × (0, T ), (4)

p(x, t) = ϕ(t) + const íà Σ1,T = Γ1 × (0, T ), (5)

îïèñûâàþùóþ äâèæåíèå âÿçêîé íåñæèìàåìîé æèäêîñòè â îáëàñòè Ω. Çäåñü ~υ, p � ñêîðîñòü,
äàâëåíèå æèäêîñòè ñîîòâåòñòâåííî; ν = const > 0 � êîýôôèöèåíò êèíåìàòè÷åñêîé âÿçêîñòè;
~f � îáúåìíàÿ ïëîòíîñòü âíåøíèõ ñèë; ~n � åäèíè÷íûé âåêòîð âíåøíåé íîðìàëè ê ãðàíèöå
Γ îáëàñòè Ω; ~υ0, ϕ(t) � çàäàííûå ôóíêöèè. Íèæå áóäåì ññûëàòüñÿ íà çàäà÷ó (1)�(5) äëÿ

Keywords: non-standard boundary condition, �ow problem, Navier-Stokes system
2000 Mathematics Subject Classi�cation: 35D05, 35Q30
c
 Ó.Ó.Àáûëêàèðîâ, 2005.



12 Ó.Ó.Àáûëêàèðîâ

çàäàííûõ ~υ0, ϕ(t) êàê íà çàäà÷ó 1. Íàðÿäó ñ çàäà÷åé 1 áóäåì ðàññìàòðèâàòü äðóãóþ çàäà÷ó
2, çàêëþ÷àþùóþñÿ â íàõîæäåíèè ðåøåíèÿ óðàâíåíèÿ Íàâüå-Ñòîêñà â ôîðìå Ãðîìýêè-Ëýìáà

∂t~υ + rot ~υ × ~υ + grad (p + |~υ|2 /2) = ν∆~υ + ~f, (6)

â êîòîðîé âìåñòî óñëîâèÿ (5) íà Σ1,T âûïîëíÿåòñÿ ñëåäóþùåå ñîîòíîøåíèå:

h :≡ p + |~υ|2/2 = ϕ(t) + const;
∫

Ω

h dx = 0 íà Σ1,T . (7)

Îïðåäåëåíèå ñèëüíîãî ðåøåíèÿ çàäà÷ 1, 2. Äâîéêó (~υ(x, t), p(x, t)) , óäîâëåòâîðÿþùóþ
óñëîâèÿì:

(i) ~υ ∈ L2(0, T ; V 2(Ω)), ∂t~υ ∈ L2(Q), ∇ p ∈ L2(Q),
(ii) ~υ(x, 0) = ~υ0(x),
(iii) ∂t~υ + (~υ,∇)~υ + grad p = ν∆~υ + ~f, div ~υ = 0 ïî÷òè âñþäó â Q,
(iv) ∇ p ∈ L2(0, T ; G(Ω)) â çàäà÷å 1,
(v) ∇h ∈ L2(0, T ; G(Ω)) â çàäà÷å 2,

íàçûâàåì ðåøåíèåì çàäà÷ 1, 2, ãäå V 2(Ω) ≡ V 1(Ω) ∩W 2,2(Ω).
1.2. Âñïîìîãàòåëüíûå ðåçóëüòàòû. Ïðåæäå ÷åì ïðèñòóïèòü ê âûâîäó àïðèîðíûõ îöå-

íîê, ïðèâåäåì íåêîòîðûå íåðàâåíñòâà âëîæåíèÿ äëÿ ôóíêöèé èç ïðîñòðàíñòâà W 2, 1(Ω).
Ëåììà 1.1 [2]. Ïóñòü Ω ⊂ Rd � îáëàñòü ñ êóñî÷íî-ãëàäêîé ãðàíèöåé Γ. Òîãäà äëÿ ïðîèç-

âîëüíîé ôóíêöèè ~υ(x) ∈ W 2, 1(Ω) èìååì

‖~υ(x)‖L2q/(q−2)(Ω) ≤ C(q, n)‖~υ‖n/q
W 2, 1(Ω)

‖~υ‖1−n/q
L2(Ω)

, (8)

åñëè q ≥ n ïðè n > 2 è q > 2 ïðè n = 2;
åñëè ~υ = 0, x ∈ Γ0 ⊂ Γ = ∂ Ω, mesΓ0 > 0, òî

‖~υ(x)‖L2q/(q−2)(Ω) ≤ C(q, n) ‖~υx‖n/q
L2(Ω)

‖~υ‖ 1−n/q
L2(Ω)

. (9)

Äàëåå â ïðåäïîëîæåíèÿõ ~u = 0, x ∈ Γ0 ⊂ Γ = ∂ Ω, mesΓ0 > 0 ñïðàâåäëèâî ñîîòíîøåíèå

‖~υ‖q,Ω ≤ C(q, n) ‖~υx‖2,Ω , (10)

ãäå q ≤ 2n/n− 2 ïðè n > 2 è q < ∞ ïðè n = 2.
Àïðèîðíûå îöåíêè çàäà÷è 1. Îòíîñèòåëüíî ðåøåíèÿ çàäà÷è 1 äîêàæåì òàêîå óòâåð-

æäåíèå.
Ëåììà 1.2. Ïóñòü ~f ∈ L2(Q), ~υ0(x) ∈ V 1(Ω), òîãäà äëÿ ãëàäêîãî ðåøåíèÿ çàäà÷è 1

ñïðàâåäëèâà îöåíêà

‖∂t~υ‖ 2, Q + max
0≤t≤T

‖~υ‖V 1(Ω) + ‖~υ‖L2(0, T ; W 2, 2(Ω)) ≤ C1 (11)

a) ïðè n = 2 è åñëè âûïîëíåíî
(

ν −
√

2 (‖~υ0‖V 0(Ω) +
∥∥∥~f

∥∥∥
2, 1, Q

)
)
≥ ρ1 > 0, (12)

b) ïðè n = 3 è åñëè âûïîëíåíî

ρ2 ≡ 1− C T

ν

(
‖~υ0‖2

V 1(Ω) +
1
ν

∥∥∥~f
∥∥∥

2

2,Q

)2

> 0. (13)
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Äîêàçàòåëüñòâî. Ñëó÷àé n = 2. Èç (1) ïîëó÷èì

1
2

d

dt
‖~υ‖2

V 0(Ω) +
∫

Ω

(~υ,∇)~υ · ~υ dx + ν‖~υ‖2
V 1(Ω) = (~f, ~υ)2,Ω. (14)

Â ñèëó (9) èìååì, ÷òî
∣∣∣((~υ,∇)~υ, ~υ)2,Ω

∣∣∣ ≤ ‖~υ‖2
4,Ω · ‖∇ ~υ‖2,Ω ≤

√
2‖~υ‖2

V 1(Ω) · ‖~υ‖V 0(Ω).

Ñëåäîâàòåëüíî, èç (14) âûâîäèòñÿ ñëåäóþùåå íåðàâåíñòâî

1
2

d

dt
‖~υ‖2

V 0(Ω) +
(
ν −

√
2 ‖~υ‖V 0(Ω)

)
2,Ω
‖~υ‖2

V 1(Ω) ≤
∥∥∥~f

∥∥∥
2,Ω

· ‖~υ‖V 0(Ω) . (15)

Òàê êàê ôóíêöèÿ ϕ(t) = ( ν − √2 ‖~υ‖V 0(Ω)) íåïðåðûâíà ïðè t ≥ 0 è ïîëîæèòåëüíà â òî÷êå
t = 0, òî ìîæåò áûòü îäíî èç äâóõ: èëè îíà ïîëîæèòåëüíà äëÿ âñåõ t ∈ [0, T ], èëè ñóùåñòâóåò
òàêîå t1 ≤ T , ÷òî ïðè t1 < T îíà ïîëîæèòåëüíà, à ïðè t = t1 îáðàùàåòñÿ â íóëü. Ïîêàæåì, ÷òî
âòîðîé ñëó÷àé íåâîçìîæåí.

Äåéñòâèòåëüíî, ïðåäïîëîæèì, ÷òî ñóùåñòâóåò ìîìåíò âðåìåíè t = t1 òàêîé, ÷òî ϕ(t1) = 0.
Òîãäà, îïóñêàÿ íåîòðèöàòåëüíîå ñëàãàåìîå â (15), èíòåãðèðîâàíèåì ïî t îò 0 äî τ ∈ [0, t1]
íàéäåì, ÷òî

‖~υ(τ)‖ V 0(Ω) ≤
∥∥∥~f

∥∥∥
2, 1, Q

+ ‖~υ0‖ V 0(Ω) = C1 (16)

âûïîëíÿåòñÿ ðàâíîìåðíî ïî τ ∈ [0, t1]. Îòêóäà ñ ó÷åòîì (12) ñëåäóåò, ÷òî

ϕ(t1) ≥ ρ1 > 0.

Ïîëó÷èëè ïðîòèâîðå÷èå.
Òàêèì îáðàçîì, ñîîòíîøåíèå (16) âûïîëíåíî ïðè âñåõ τ ∈ [0, T ] è ϕ(τ) ≥ ρ1 > 0 íà [0, T ].
Èíòåãðèðóÿ (15) ïî t ∈ [0, T ] è èñïîëüçóÿ (16), ïîëó÷èì ïîëåçíóþ îöåíêó

‖~υ‖2
L2(0, T ; V 1(Ω)) ≤

1
ρ1

[∥∥∥~f
∥∥∥

2, 1, Q

(∥∥∥~f
∥∥∥

2, 1, Q
+ ‖~υ0‖V 0(Ω)

)
+

1
2
‖~υ‖2

V 0(Ω)

]
. (17)

Äëÿ äîêàçàòåëüñòâà ñóùåñòâîâàíèÿ ðåøåíèÿ èñêîìîé çàäà÷è íàì íåîáõîäèìû ñèëüíûå îöåí-
êè äëÿ ~υ. Äëÿ ýòîãî óìíîæèì óðàâíåíèå èìïóëüñà (1) ( ñì. [1]) íà ∂t~υ â L2(Ω), ïîëó÷èì

ν

2
d

d t
‖~υ‖2

V 1(Ω) + ‖~υt‖2
V 0(Ω) ≤

∥∥∥~f
∥∥∥

2, Ω
· ‖~υt‖V 0(Ω) + ‖~υ‖4, Ω‖∇~υ‖4, Ω‖~υt‖2, Ω.

Ïðè îöåíêå ïîñëåäíåãî ñëàãàåìîãî âîñïîëüçóåìñÿ ìóëüòèïëèêàòèâíûìè íåðàâåíñòâàìè (8), (9)
è îöåíêîé (13) èç ï. 1.5. (ñì. [1]) ñòàöèîíàðíîé çàäà÷è, êîòîðóþ ñ ó÷åòîì îïðåäåëåííîãî òàì
æå îïåðàòîðà ∆1 çàïèøåì â òàêîì âèäå:

‖~υ‖W 2, 2(Ω) ≤ CΩ ‖∆1 ~υ‖ V 0(Ω). (18)

Òîãäà ïîñëåäíèé ÷ëåí áåç ñîìíîæèòåëÿ ‖~υt‖2, Ω èìååò ñëåäóþùèé âèä:

‖~υ ‖4, Ω‖∇~υ‖4, Ω ≤ C ‖~υ‖ 1/2
V 0(Ω)

· ‖~υ‖V 1(Ω) · ‖∆1~υ ‖1/2
V 0(Ω)

.

Ñ ïîìîùüþ ýòîãî ñîîòíîøåíèÿ è íåðàâåíñòâà Êîøè ïîëó÷èì

ν

2
d

d t
‖~υ‖2

V 1(Ω) +
1
2
‖~υt‖2

V 0(Ω) ≤
∥∥∥~f

∥∥∥
2

2, Ω
+ C2 ‖~υ‖2

V 1(Ω)‖~υ‖V 0(Ω)‖∆1 ~υ‖V 0(Ω). (19)
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Äàëåå ïîñëå óìíîæåíèÿ óðàâíåíèÿ (1) èç [1] íà ∆1 ~υ âûâîäèì

‖∆1~υ‖V 0(Ω) ≤
∥∥∥~f

∥∥∥
2, Ω

+ ‖~υt‖V 0(Ω) + ‖~υ‖4, Ω · ‖∇~υ‖4, Ω ≤

≤
∥∥∥~f

∥∥∥
2, Ω

+ ‖~υt‖V 0(Ω) + C ‖~υ‖1/2
V 0(Ω)

· ‖~υ‖V 1(Ω) · ‖∆1~υ‖1/2
V 0(Ω)

.

Ñëåäîâàòåëüíî, îòñþäà âûòåêàåò ñëåäóþùåå íåðàâåíñòâî:

‖∆1~υ‖V 0(Ω) ≤ 2
∥∥∥~f

∥∥∥
2, Ω

+ 2‖~υt‖V 0(Ω) + C2‖~υ ‖V 0(Ω) · ‖~υ‖2
V 1(Ω). (20)

Èç ñîîòíîøåíèÿ (19), ó÷èòûâàÿ (16) è (20), çàêëþ÷àåì, ÷òî

ν
d

dt
‖~υ‖2

V 1(Ω) +
1
2
‖~υt‖2

V 0(Ω) ≤ C1 ‖~υ‖4
V 1(Ω)‖~υ‖2

V 0(Ω) +
∥∥∥~f

∥∥∥
2

2, Ω
. (21)

Ñîîòíîøåíèå (21) ïðèâåäåì ê ñëåäóþùåìó ýêâèâàëåíòíîìó âèäó:

d

dt

{
exp

(
−C1

ν

t∫
0

‖~υ‖2
V 1(Ω)‖~υ‖2

V 0(Ω)dτ

)
· ‖~υ‖2

V 1(Ω)

}
≤

≤ 1
ν

∥∥∥~f
∥∥∥

2

2, Ω
· exp

(
−C1

ν

t∫
0

‖~υ‖2
V 1(Ω)‖~υ‖2

V 0(Ω)dτ

)
≤ 1

ν

∥∥∥~f
∥∥∥

2

2, Ω
.

Çàòåì, èíòåãðèðóÿ ïî âðåìåíè îò 0 äî t, t ∈ [0, T ], è ó÷èòûâàÿ îöåíêè (16), (17), ïîëó÷èì

max
0≤t≤T

‖~υ‖2
V 1(Ω) ≤ exp C2 · 1

ν

∥∥∥~f
∥∥∥

2

2, Q
+ ‖~υ0‖2

V 1(Ω), (22)

ãäå C2 = C1/ν.
Äàëåå èç (20) è (21) âûâîäÿòñÿ ñëåäóþùèå àïðèîðíûå îöåíêè:

‖~υt‖2
L2(0, T ; V 0(Ω)) ≤ 2[ν ‖~υ0‖2

V 1(Ω) +
∥∥∥~f

∥∥∥
2

2, Q
+ C3], (23)

‖~υ‖2
L2(0, T ;W 2, 2(Ω)) ≤ C2

Ω ‖∆1~υ‖2
2Ω ≤ C2

Ω[2
∥∥∥~f

∥∥∥
2

2, Q
+ C4]. (24)

Èç îöåíîê (22) è (24) âûòåêàåò ñïðàâåäëèâîñòü ïåðâîé ÷àñòè ëåììû.
Äëÿ äîêàçàòåëüñòâà (11) äëÿ ñëó÷àÿ b) óðàâíåíèå (1) óìíîæèì ñêàëÿðíî â L2(Ω) íà ∆1 ~υ.

Èìååì
ν

2
d

d t
‖~υ‖2

V 1(Ω) + ‖∆1 ~υ‖2
V 0(Ω) ≤ ‖(~υ, ∇)~υ‖2, Ω · ‖∆1 ~υ‖V 0(Ω) +

∥∥∥~f
∥∥∥

2, Ω
· ‖∆1 ~υ‖V 0(Ω) .

Äàëåå ñ ïîìîùüþ íåðàâåíñòâà Êîøè ïîëó÷èì

ν
d

d t
‖~υ‖2

V 1(Ω) + ‖∆1 ~υ‖2
V 0(Ω) ≤ 2

(
‖(~υ, ∇)~υ‖2

2, Ω +
∥∥∥~f

∥∥∥
2

2, Ω

)
.

Ïðè îöåíêå íåëèíåéíîãî ÷ëåíà â ïðàâîé ÷àñòè âîñïîëüçóåìñÿ ñëåäóþùèìè íåðàâåíñòâàìè:

‖(~υ, ∇)~υ ‖2, Ω ≤ ‖~υ‖6, Ω · ‖∇~υ‖3, Ω ≤ C11(3) ‖~υ‖3/2
V 1(Ω)

· ‖∆1 ~υ‖1/2
V 0(Ω)

ïðè n = 3,

‖(~υ, ∇)~υ ‖2, Ω ≤ ‖~υ‖4, Ω · ‖∇~υ‖4, Ω ≤ C11(2) ‖~υ‖3/2
V 1(Ω)

· ‖∆1 ~υ‖1/2
V 0(Ω)

ïðè n = 2.
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Ñëåäîâàòåëüíî, èç ïðåäûäóùåãî ñîîòíîøåíèÿ âûòåêàåò, ÷òî

ν
d

d t
‖~υ‖2

V 1(Ω) +
1
2
‖∆1 ~υ‖2

V 0(Ω) ≤
C11

2
‖~υ‖6

V 1(Ω) +
∥∥∥~f

∥∥∥
2

2, Ω
. (25)

Ïðè èíòåãðèðîâàíèè (25) ïî t ∈ [0, T ] îïóñòèì çíàêîîïðåäåëåííûé ÷ëåí â ëåâîé ÷àñòè, íàéäåì

‖~υ‖2
V 1(Ω) ≤ ‖~υ0‖2

V 1(Ω) +
C11

2 ν

∫ t

0
‖~υ(τ)‖6

V 1(Ω)dτ+
1
ν

∥∥∥~f
∥∥∥

2

2, Ω
. (26)

Îáîçíà÷èì ÷åðåç y(t) ≡
t∫
0

‖~υ(τ)‖ 6
V 1(Ω)dτ , òîãäà (26) ïðèíèìàåò âèä

dy

d t
(τ) ≤ (C1 + C2 y(τ))3 ,

ãäå C2 =
C11

2 ν
, C1 =

1
ν

∥∥∥~f
∥∥∥

2

2, Q
+ ‖~υ0‖2

V 1(Ω).
Òîãäà èç ïîñëåäíåãî äèôôåðåíöèàëüíîãî íåðàâåíñòâà ïîëó÷èì

y(t) ≤ C1

C2

[ (
1− 2C2

1 C2 t
)−1/2 − 1

]
,

îòêóäà ñ ó÷åòîì îñíîâíîãî ïðåäïîëîæåíèÿ (13) èìååì

1− 2C2
1 C2 t ≥ 1− C11

ν
T

(
1
ν

∥∥∥~f
∥∥∥

2

2, Q
+ ‖~υ0‖2

V 1(Ω)

)2

= ρ2,

åñëè t ∈ [0, T ]. Ñëåäîâàòåëüíî, èç (26) íàõîäèì

max
0≤t≤T

‖~υ‖2
V 1(Ω) ≤ C1 · ρ−1/2

2 . (27)

Èñïîëüçóÿ îöåíêó äëÿ ñòàöèîíàðíîé çàäà÷è (13) (ñì. [1]) ïðè èíòåãðèðîâàíèè ñîîòíîøåíèè
(25) îò 0 äî T , ìû ïîëó÷èì ñëåäóþùóþ îöåíêó:

‖~υ‖ 2
L2(0, T ;W 2, 2(Ω)) ≤ C2

Ω

(∥∥∥~f
∥∥∥

2

L2(Q)
+ C11 · (C1 ρ

−1/2
2 )3 T + ν ‖~υ0‖2

V 1(Ω)

)
≤ C5. (28)

Äëÿ ïîëó÷åíèÿ îöåíêè íà ~υt äåëàåì òå æå ïîñëåäîâàòåëüíîñòè äåéñòâèé, êàê ïðè âûâîäå
äëÿ ñëó÷àÿ a), ñëåäîâàòåëüíî, ïîëó÷èì

ν

2
d

d t
‖~υ‖2

V 1(Ω) +
1
2
‖~υt‖2

V 0(Ω) ≤
∥∥∥~f

∥∥∥
2

2, Ω
+ C2

11 ‖~υ‖3
V 1(Ω) · ‖∆1~υ‖V 0(Ω). (29)

Îòêóäà ëåãêî ïîëó÷èòü òðåáóåìóþ îöåíêó

‖~υt‖ 2
L2(Q) ≤ C6. (30)

Òåì ñàìûì, îöåíêè (27), (28), (30) ñîñòàâëÿþò âòîðóþ ÷àñòü, ò.å. ñëó÷àé b) ëåììû 1.2. Ëåììà
äîêàçàíà.

Ðåøåíèÿ çàäà÷è ïðîòåêàíèÿ 2 îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè.
Ëåììà 1.3. Ïóñòü ~f(x, t) ∈ L2(Q), ~υ0(x) ∈ V 1(Ω). Òîãäà äëÿ ãëàäêîãî ðåøåíèÿ çàäà÷è

ïðîòåêàíèÿ 2 èìååò ìåñòî àïðèîðíàÿ îöåíêà (11) â ñëåäóþùèõ ñëó÷àÿõ: (i) ïðè n = 2 �
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áåçóñëîâíî; (ii) ïðè n = 3, åñëè âûïîëíåíî (13); (iii) ïðè n = 3, åñëè âûïîëíÿåòñÿ ñëåäóþùåå
óñëîâèå ìàëîñòè äàííûõ çàäà÷è:

ρ3 ≡ 1− 2 C(Ω) · δ

[
1
ν

∥∥∥~f
∥∥∥

2

2, Ω
+ ‖~υ0‖ 2

V 1(Ω)

]1/2

> 0, (31)

ãäå C(Ω) � ïîñòîÿííàÿ èç ñîîòíîøåíèÿ (18), δ � êîíñòàíòà íåðàâåíñòâà âëîæåíèÿ W 2, 2(Ω) ⊂
C(Ω) ïðè n = 3.

Äîêàçàòåëüñòâî. Âûâîä îöåíîê ðåøåíèÿ çàäà÷è 2 àíàëîãè÷åí âûâîäàì îöåíîê ëåììû
1.2. (ñì. [1]), ïîýòîìó îãðàíè÷èìñÿ ëèøü êðàòêèì èçëîæåíèåì ñõåìû ðàññóæäåíèé.

Èñïîëüçóÿ ôîðìó Ãðîìýêè-Ëýìáà, ïåðåïèøåì (1) â ýêâèâàëåíòíîì âèäå

~υt + ~υ × rot ~υ +∇
(

p +
1
2
|~υ|2

)
= ν ∆ ~υ + ~f â Q. (32)

Ïîñëå óìíîæåíèÿ óðàâíåíèÿ (32) ñêàëÿðíî íà âåêòîð ~υ, ïîëó÷èì ñîîòíîøåíèå
1
2

d

d t
‖~υ‖2

V 0(Ω) + ν ‖~υ‖2
V 1(Ω) ≤

∥∥∥~f
∥∥∥

2, Ω
· ‖~υ‖V 0(Ω).

Îòêóäà òåìè æå ðàññóæäåíèÿìè ïîëó÷èì (16) è (17).
Äîêàçàòåëüñòâî ñëó÷àåâ (i)-(ii) àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 1.2. ñ òîé ëèøü ðàçíèöåé,

÷òî âìåñòî óðàâíåíèÿ (1) ó÷àñòâóåò óðàâíåíèå (32).
Äëÿ äîêàçàòåëüñòâà ñëó÷àÿ (iii) óðàâíåíèå èìïóëüñà (32) óìíîæèì ñêàëÿðíî íà ∆1 ~υ â

L2(Ω). Îöåíèì îòäåëüíî íåëèíåéíûé ÷ëåí ñëåäóþùèì îáðàçîì:

|(rot ~υ × ~υ, ∆1~υ)| ≤ max
Ω
|~υ| · ‖rot ~υ‖2, Ω · ‖∆1~υ‖V 0(Ω) ≤ C7 ‖∆1~υ‖2

V 0(Ω) · ‖~υ‖V 1(Ω) , (33)

ãäå C7 = CΩ · δ.
Òàêèì îáðàçîì, èñïîëüçóÿ (33), ïîëó÷èì

ν
d

d t
‖~υ‖2

V 1(Ω) +
(
1− 2C7‖~υ‖V 1(Ω)

)
‖∆1~υ‖2

V 0(Ω) ≤
∥∥∥~f

∥∥∥
2

2, Ω
. (34)

Ñ ïîäîáíûìè ðàññóæäåíèÿìè, êàê ïðè ïîëó÷åíèè îöåíîê ëåììû 1.2., óñòàíîâèì èç (34)
îöåíêó

max
0≤t≤T

‖~υ‖V 1(Ω) + ‖~υ‖L2(0, T ; W 2, 2(Ω)) ≤ C8.

Ïîñëå ýòîãî èç ðàâåíñòâà, ïîäîáíîãî (29), ñëåäóåò îöåíêà

‖~υt‖2, Q ≤ C9.

Òàêèì îáðàçîì, ëåììà 1.3 äîêàçàíà.
1.3. Òåîðåìû ñóùåñòâîâàíèÿ. Ïåðåéäåì òåïåðü ê äîêàçàòåëüñòâó ðàçðåøèìîñòè çàäà÷

ïðîòåêàíèÿ 1,2. Äëÿ ýòîãî áóäåì èñïîëüçîâàòü ìåòîä Ôàýäî-Ãàëåðêèíà.
Â êà÷åñòâå áàçèñà â ãèëüáåðòîâîì ïðîñòðàíñòâå V 2(Ω) ≡ W 2,2(Ω)∩V 1(Ω) âîçüìåì ñîáñòâåí-

íûå ôóíêöèè îïåðàòîðà ∆1 ñ íåñòàíäàðòíûìè ãðàíè÷íûìè óñëîâèÿìè, êîòîðûå, êàê ýòî
óñòàíîâëåíî â ([1], ñì. ëåììó 1.5), îáðàçóþò îðòîíîðìèðîâàííóþ ñèñòåìó â V 0(Ω) è ÿâëÿþòñÿ
îðòîãîíàëüíûìè â ïðîñòðàíñòâå V 1(Ω).

Ðàññìîòðèì ñèñòåìó ãàëåðêèíñêèõ ïðèáëèæåíèé äëÿ 2D-3D ñèñòåìû Íàâüå-Ñòîêñà (1).
Ïóñòü {~wj(x), j = 1, 2, ...} � ïîëíàÿ, ëèíåéíî íåçàâèñèìàÿ ñèñòåìà â V 0(Ω), ãàëåðêèíñêîå
ïðèáëèæåíèå äëÿ ~υ(x, t) ïîñòðîèì â ñëåäóþùåì âèäå:

~υN = ~υN (x, t) =
N∑

j=1

cjN (t)~wj(x), (35)
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ãäå cjN (t), j = 1, 2, ..., N, t ∈ [0, T ], � íåèçâåñòíûå êîýôôèöèåíòû, ïîäëåæàùèå îïðåäåëåíèþ
èç ãàëåðêèíñêèõ ïðèáëèæåíèé äëÿ (1):

d

d t
ckN +

N∑

i=1

N∑

j=1

ciN cjN ai j k + ckN ν ak = fk(t), k = 1, 2, ..., N, (36)

ai j k = ( (~wi,∇) ~wj , ~wk) â çàäà÷å 1, aijk = ( ~wi × rot ~wj , ~wk) â çàäà÷å 2;
fk =

(
~f, ~wj

)
; ak = −λk, λk � ñîáñòâåííîå ÷èñëî îïåðàòîðà ∆1, ñîîòâåòñòâóþùåå ñîáñòâåííîé

ôóíêöèè ~wk. Íà÷àëüíûå çíà÷åíèÿ ckN (0) îïðåäåëÿþòñÿ èç ðàçëîæåíèÿ âåêòîð-ôóíêöèé ~υ0(x)
â ðÿä Ôóðüå:

ckN (0) = (~υ0, ~wk) , k = 1, 2, ..., N. (37)

Ñôîðìóëèðóåì îñíîâíûå óòâåðæäåíèÿ, ñïðàâåäëèâîñòü êîòîðûõ óñòàíîâèì äàëåå ñ ïîìî-
ùüþ ìåòîäà Ôàýäî-Ãàëåðêèíà.

Òåîðåìà 1.1. Ïóñòü ~f(x, t) ∈ L2(Q), ~υ0(x) ∈ V 1(Ω) è âûïîëíåíî (12) èëè (13). Òîãäà
çàäà÷à ïðîòåêàíèÿ 1 èìååò åäèíñòâåííîå ðåøåíèå

~υ(x, t) ∈ L2(0, T ; V 2(Ω)) ∩W 1, 2(0, T ; L2(Ω)), ∇p ∈ L2(0, T ;G(Ω)).

Òåîðåìà 1.2. Ïóñòü ~f(x, t) ∈ L2(Q), ~υ0(x) ∈ V 1(Ω). Òîãäà â ñëó÷àå n = 2, ò.å. â ïëîñêî-
ïàðàëåëüíîì äâèæåíèè æèäêîñòè, çàäà÷à ïðîòåêàíèÿ 2 èìååò åäèíñòâåííîå ðåøåíèå

~υ(x, t) ∈ L2(0, T ; V 2(Ω)) ∩W 1, 2(0, T ; L2(Ω)), ∇p ∈ L2(Q). (38)

Â ñëó÷àå n = 3 çàäà÷à 2 îäíîçíà÷íî ðàçðåøèìà â êëàññå ôóíêöèé (38) �â ìàëîì�, ò.å. ïðè
íàëè÷èè îäíîãî èç óñëîâèé (13), ëèáî (31).

Ïðåæäå âñåãî îòìåòèì, ÷òî åäèíñòâåííîñòü ðåøåíèé çàäà÷ 1, 2 â ôóíêöèîíàëüíîì
êëàññå ~υ(x, t) ∈ L2(0, T ; W 2, 2(Ω)) ∩ W 1, 2(0, T ; L2(Ω)) äîêàçûâàåòñÿ íà îñíîâå ñîîòíîøåíèÿ,
ïîëó÷àþùåãîñÿ äîìíîæåíèåì óðàâíåíèÿ äëÿ ðàçíîñòè ~υ1 − ~υ2 = ~u äâóõ âîçìîæíûõ ðåøåíèé
íà ~u è èíòåãðèðîâàíèåì ïî îáëàñòè Q.

Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ðåøåíèÿ ïðîâåäåì äëÿ îäíîãî êîíêðåòíîãî ñëó÷àÿ,
ïîñêîëüêó äëÿ äðóãèõ âñå ðàññóæäåíèÿ ïî÷òè íå ìåíÿþòñÿ. Ïóñòü, íàïðèìåð, â òåîðåìå 1.1
èìååò ìåñòî ñîîòíîøåíèå (12).

Ïîñêîëüêó âñå ÷ëåíû â ñèñòåìå (36) çàâèñÿò îò íåèçâåñòíûõ ciN ãëàäêèì îáðàçîì, òî äëÿ
ðàçðåøèìîñòè çàäà÷è (36), (37) íà âñåì èíòåðâàëå [0, T ] äîñòàòî÷íî óáåäèòüñÿ â àïðèîðíîé
îãðàíè÷åííîñòè ciN , i = 1, 2, ..., N .

Äëÿ ýòîãî óìíîæèì óðàâíåíèå äëÿ ckN â ñèñòåìå (36) íà ckN è ïðîñóììèðóåì ïî k îò 1 äî
N . Â ðåçóëüòàòå ïîëó÷èì

1
2

d

d t
‖~υN‖2

V 0(Ω) + ν ‖~υN‖2
V 1(Ω) +

∫

Ω

( (~υN , ∇) ~υN , ~υN ) dx =
(

~f, ~υN

)
2, Ω

. (39)

Òàê êàê äëÿ ~υN (0) è ~f èìååò ìåñòî íåðàâåíñòâî (12), ïîñêîëüêó ‖~υN (0)‖V 0(Ω) ≤ ‖~υ0‖V 0(Ω),
òî, äåéñòâóÿ òàêæå êàê â ëåììå 1.2, ïîëó÷èì îöåíêè (16), (17):

max
0≤t≤T

‖~υN‖V 0(Ω) = max
0≤t≤T

[
N∑

i=1
(ciN )2

]1/2

≤ C10 , N = 1, 2, ...,

‖~υN‖L2(0, T ; V 1(Ω)) ≤ C11 , N = 1, 2, ...

(40)
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Óñòàíîâèì, ÷òî äëÿ ïðèáëèæåíèé ~υN èìååò ìåñòî îöåíêà (11), ðàâíîìåðíàÿ ïî N . Ïîñëå
óìíîæåíèÿ óðàâíåíèÿ äëÿ ckN íà dckN

dt
è íà λk · ckN , ñóììèðóÿ ïîëó÷åííûå âûðàæåíèÿ ïî k

îò 1 äî N , äëÿ ~υN áóäåì èìåòü ñîîòíîøåíèÿ (19), (20), èç êîòîðûõ òî÷íî òàê æå, êàê â ëåììå
1.2, âûòåêàåò îöåíêà

‖∂t~υN‖L2(Ω) + max
0≤t≤T

‖~υN‖V 1(Ω) + ‖~υN‖ L2(0, T ; W 2, 2(Ω)) ≤ C12 , (41)

ðàâíîìåðíàÿ ïî N = 1, 2, ...
Èç àïðèîðíûõ îöåíîê (40), (41) ñëåäóåò, ÷òî èç ïîñëåäîâàòåëüíîñòè ãàëåðêèíñêèõ ïðè-

áëèæåíèé { ~υN} ìîæíî âûäåëèòü ïîñëåäîâàòåëüíîñòü, êîòîðóþ ðàäè óäîáñòâà îáîçíà÷èì ïî-
ïðåæíåìó ÷åðåç { ~υN}, òàêóþ, ÷òî

~υN → ~υ ∗ − ñëàáî â L∞(0, T ; V 1(Ω)),

~υN → ~υ ñëàáî â W 1, 2(0, T ; V 0(Ω)), (42)
~υN → ~υ ñëàáî â L2(0, T ; V 1(Ω))

ïðè N →∞.
Ïóñòü ~ϕ (x, t) ∈ L2(0, T ; V 1(Ω)). Ðàññìîòðèì ôóíêöèþ ~ϕS(x, t) =

S∑
i=1

(~ϕ, ~wi) ~wi =
S∑

i=1
αi ~wi.

Óìíîæèì êàæäîå èç ðàâåíñòâ (36) íà ñîîòâåòñòâóþùåå αk, ñ÷èòàÿ N > S è αj = 0, j > S,
ðåçóëüòàòû ñëîæèì ïî âñåì k îò 1 äî N è ïðîèíòåãðèðóåì ïî t îò 0 äî T . Â ðåçóëüòàòå ïîëó÷èì

(∂t~υN + (~υN ,∇) ~υN , ~ϕS) + ν (~υN , ~ϕS)L2(0, T ;V 1(Ω)) =
(

~f, ~ϕS

)
2, Ω

. (43)

Èç ñîîòíîøåíèé (42) è îöåíêè (41) âûòåêàåò, ÷òî ðàâåíñòâî (43) ñïðàâåäëèâî äëÿ ôóíêöèè
~υ è ïðîèçâîëüíîé ϕ ∈ L2(0, T ; V 1(Ω)).

Ïîñëå ïðèìåíåíèÿ ôîðìóëû Ãàóññà-Îñòðîãðàäñêîãî âî âòîðîì ÷ëåíå ðàâåíñòâà (43), áóäåì
èìåòü òîæäåñòâî (

∂t~υ + (~υ,∇) ~υ − ν ∆~υ − ~f, ~ϕ
)

= 0

äëÿ ëþáîé ~ϕ ∈ L2(0, T ; V 1(Ω)), à ñëåäîâàòåëüíî, è äëÿ âñåõ ϕ ∈ L2(0, T ; V 0(Ω)). Îòêóäà
ââèäó ðàçëîæåíèÿ L2(Q) = L2(0, T ; V 0(Ω)) ⊕ L2(0, T ; G(Ω)) íàéäåòñÿ åäèíñòâåííûé ýëåìåíò
∇p ∈ L2(0, T ; G(Ω)) òàêîé, ÷òî

∂t~υ + (~υ,∇) ~υ − ν ∆~υ − ~f = −∇p ïî÷òè âñþäó â Q.

Çàìå÷àíèå 1.1. Åñëè îáëàñòü Ω òàêîâà, ÷òî îöåíêà (18) íå âåðíà, òî íà îñíîâå íåðà-
âåíñòâ (40) ìîæíî äîêàçàòü ñóùåñòâîâàíèå ñëàáîãî ðåøåíèÿ çàäà÷è 2 â êëàññå ôóíêöèé,
èìåþùèõ êîíå÷íóþ ýíåðãåòè÷åñêóþ íîðìó

‖~υ‖Q ≡ sup
0≤t≤T

‖~υ‖L2(Ω) + ‖∇ ~υ‖L2(Q) .

Ïðè÷åì â ïëîñêîì ñëó÷àå n = 2 ýòî ðåøåíèå åäèíñòâåííî.
Çàìå÷àíèå 1.2. Óñëîâèå (13) â òåîðåìàõ 1.1, 1.2 îçíà÷àåò, ÷òî ëèáî ìàëû

∥∥∥~f
∥∥∥

L2(Q)
è

‖~υ0‖V 1(Ω), ëèáî ìàë èíòåðâàë ñóùåñòâîâàíèÿ ðåøåíèÿ.
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ÑÈÍÒÅÇ ÀÄÀÏÒÈÂÍÎÉ ÀÂÒÎÌÀÒÈÇÈÐÎÂÀÍÍÎÉ
ÎÁÓ×ÀÞÙÅÉ ÑÈÑÒÅÌÛ

Áàéìóõàìåäîâ Ì.Ô.

Êîñòàíàéñêèé ÃÓ èì. À.Áàéòóðñûíîâà
458000 ã. Êîñòàíàé óë. Òàðàíà, 118

Ðàññìîòðåíû ïðèíöèïû ïðîåêòèðîâàíèÿ àäàïòèâíûõ àâòîìàòèçèðîâàííûõ ñèñòåì óïðàâëåíèÿ ñëî-
æíûìè îáúåêòàìè, ïðåäëîæåíà àíàëèòè÷åñêàÿ ìîäåëü îáúåêòà óïðàâëåíèÿ â ìàòðè÷íîé ôîðìå,
ïðèâåäåíû àëãîðèòìû ïðîåêòèðîâàíèÿ àäàïòèâíîé àâòîìàòèçèðîâàííîé îáó÷àþùåé ñèñòåìû.

Êëàññè÷åñêàÿ ñõåìà àâòîìàòèçèðîâàííîé ñèñòåìû óïðàâëåíèÿ (ÀÑÓ) âêëþ÷àåò óïðàâëÿå-
ìûé îáúåêò è óïðàâëÿþùóþ ñèñòåìó, íàõîäÿùèåñÿ â íåêîòîðîé îêðóæàþùåé ñðåäå è âçàèìî-
äåéñòâóþùèå äðóã ñ äðóãîì çà ñ÷åò óïðàâëÿþùèõ è îáðàòíûõ ñâÿçåé. Ó÷àùèéñÿ âóçà ìîæåò
ðàññìàòðèâàòüñÿ êàê óïðàâëÿåìûé îáúåêò, íà êîòîðûé ïðåïîäàâàòåëÿìè â òå÷åíèå äëèòåëüíîãî
âðåìåíè ñèñòåìàòè÷åñêè îêàçûâàþòñÿ îïðåäåëåííûå öåëåíàïðàâëåííûå óïðàâëÿþùèå âîçäåé-
ñòâèÿ. Ñ ôîðìàëüíîé òî÷êè çðåíèÿ ýòî îçíà÷àåò, ÷òî ÷åëîâåê êàê îáúåêò óïðàâëåíèÿ ïðåäñòàâ-
ëÿåò ñîáîé ñëîæíóþ, ìíîãîïàðàìåòðè÷åñêóþ, ñëàáîäåòåðìèíèðîâàííóþ ñèñòåìó.

Ïîñòðîåíèå àíàëèòè÷åñêîé ìîäåëè ñëîæíîãî îáúåêòà óïðàâëåíèÿ (ÑÎÓ) çàòðóäíåíî èç-
çà îòñóòñòâèÿ èëè íåäîñòàòêà àïðèîðíîé èíôîðìàöèè îá îáúåêòå óïðàâëåíèÿ, à òàêæå èç-çà
îãðàíè÷åííîñòè è ñëîæíîñòè èñïîëüçóåìîãî ìàòåìàòè÷åñêîãî àïïàðàòà. Â ñâÿçè ñ ýòèì ïðåä-
ëàãàåòñÿ ïóòü ðåøåíèÿ äàííîé ïðîáëåìû, ñîñòîÿùèé â ïîýòàïíîì ðåøåíèè ñëåäóþùèõ çàäà÷.

1. Îòêàçàâøèñü îò ïîïûòîê ïîñòðîåíèÿ êîíêðåòíîé ñîäåðæàòåëüíîé àíàëèòè÷åñêîé ìîäåëè
ÑÎÓ, ðàçðàáîòàòü àáñòðàêòíóþ ìîäåëü áîëåå îáùåãî êëàññà (íàïðèìåð, ìàòðè÷íóþ èíôîðìà-
öèîííóþ).

2. Îáó÷èòü àáñòðàêòíóþ èíôîðìàöèîííóþ ìîäåëü ïóòåì ó÷åòà èíôîðìàöèè î ðåàëüíîì ïî-
âåäåíèè ÑÎÓ, ïîñòóïàþùåé â ïðîöåññå ýêñïåðèìåíòàëüíîé ýêñïëóàòàöèè ÀÑÓ; íà ýòîì ýòàïå
àäàïòèðóåòñÿ è êîíêðåòèçèðóåòñÿ àáñòðàêòíàÿ ìîäåëü ÑÎÓ, ò.å. â íåé âñå áîëåå òî÷íî îòðàæà-
þòñÿ âçàèìîñâÿçè ìåæäó âõîäíûìè ïàðàìåòðàìè è ñîñòîÿíèÿìè ÑÎÓ.

3. Íà îñíîâå êîíêðåòíîé ñîäåðæàòåëüíîé èíôîðìàöèîííîé ìîäåëè ðàçðàáîòàòü àëãîðèòìû
ðåøåíèÿ ñëåäóþùèõ çàäà÷ ÀÑÓ:

� ðàñ÷åò âëèÿíèÿ ôàêòîðîâ íà ïåðåõîä ÑÎÓ â ðàçëè÷íûå âîçìîæíûå ñîñòîÿíèÿ (îáó÷åíèå,
àäàïòàöèÿ);

Keywords: adaptive system, control object, learning system
2000 Mathematics Subject Classi�cation: 65G40
c
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� ïðîãíîçèðîâàíèå ïîâåäåíèÿ ÑÎÓ ïðè êîíêðåòíîì óïðàâëÿþùåì âîçäåéñòâèè è âûðàáîòêà
ìíîãîôàêòîðíîãî óïðàâëÿþùåãî âîçäåéñòâèÿ (îñíîâíàÿ çàäà÷à ÀÑÓ);

� âûÿâëåíèå ôàêòîðîâ, âíîñÿùèõ îñíîâíîé âêëàä â äåòåðìèíàöèþ ñîñòîÿíèÿ ÑÎÓ; êîíòðî-
ëèðóåìîå óäàëåíèå âòîðîñòåïåííûõ ôàêòîðîâ ñ íèçêîé äèôôåðåíöèðóþùåé ñïîñîáíîñòüþ, ò.å.
ñíèæåíèå ðàçìåðíîñòè ìîäåëè ïðè çàäàííûõ îãðàíè÷åíèÿõ;

� ñðàâíåíèå âëèÿíèÿ ôàêòîðîâ, ñðàâíåíèå ñîñòîÿíèé ÑÎÓ.
1.Ïîñòðîåíèå ìîäåëè ÑÎÓ.
Ìîäåëü ÑÎÓ äîëæíà îáåñïå÷èâàòü îòðàæåíèå âçàèìîñâÿçåé ìåæäó âõîäíûìè è âûõîäíûìè

ïàðàìåòðàìè ÑÎÓ è îêðóæàþùåé ñðåäû (ôàêòîðàìè), ñ îäíîé ñòîðîíû, è áóäóùèìè ñîñòîÿíèÿ-
ìè ÑÎÓ� ñ äðóãîé. Ïðåäëàãàåòñÿ ïðåäñòàâèòü èíôîðìàöèîííóþ ìîäåëü ÑÎÓ àäàïòèâíîé ÀÑÓ
â ôîðìå äâóìåðíîé ìàòðèöû, ñòîëáöû êîòîðîé ñîîòâåòñòâóþò âîçìîæíûì áóäóùèì êîíå÷íûì
ñîñòîÿíèÿì ÑÎÓ (â òîì ÷èñëå, öåëåâûì), à ñòðîêè � âõîäíûì ïàðàìåòðàì, ò.å. ôàêòîðàì.

Äëÿ íà÷àëà ðàáîòû ïî êîíêðåòèçàöèè ìîäåëè ÑÎÓ ðàçðàáàòûâàþò îïèñàòåëüíûå è êëàñ-
ñèôèêàöèîííûå øêàëû, íåîáõîäèìûå äëÿ ôîðìàëèçîâàííîãî îïèñàíèÿ ïðåäìåòíîé îáëàñòè.
Îïèñàòåëüíûå øêàëû îïèñûâàþò ïðèçíàêè ïðîøëûõ è àêòóàëüíûõ ñîñòîÿíèé ñðåäû è îáúåêòà
óïðàâëåíèÿ, à êëàññèôèêàöèîííûå � âñå âîçìîæíûå, â òîì ÷èñëå öåëåâûå, áóäóùèå ñîñòîÿíèÿ
ÑÎÓ. Èíôîðìàöèÿ î ñîñòîÿíèè ñðåäû è îáúåêòà óïðàâëåíèÿ, à òàêæå âàðèàíòàõ óïðàâëÿþùèõ
âîçäåéñòâèé ïðåîáðàçîâûâàåòñÿ ê ôîðìàëüíîìó âèäó ñ èñïîëüçîâàíèåì îïèñàòåëüíûõ øêàë.
Êðîìå òîãî, ýêñïåðòàìè ñ èñïîëüçîâàíèåì êëàññèôèêàöèîííûõ øêàë óñòàíàâëèâàåòñÿ, ê êàêèì
ðåçóëüòàòàì íà ïðàêòèêå ïðèâîäÿò òå èëè èíûå óïðàâëÿþùèå âîçäåéñòâèÿ íà îáúåêò óïðàâ-
ëåíèÿ, íàõîäÿùèéñÿ â îïðåäåëåííîì àêòóàëüíîì ñîñòîÿíèè è â äàííîé îêðóæàþùåé ñðåäå. Â
ðåçóëüòàòå ïîëó÷àåòñÿ òàê íàçûâàåìàÿ "îáó÷àþùàÿ âûáîðêà".

Íà îñíîâå îáó÷àþùåé âûáîðêè, ñîäåðæàùåé èíôîðìàöèþ î òîì, êàêèå ôàêòîðû äåéñòâî-
âàëè, êîãäà ÑÎÓ ïåðåõîäèë â òå èëè èíûå ñîñòîÿíèÿ, ìåòîäîì ïðÿìîãî ñ÷åòà ôîðìèðóåòñÿ
ìàòðèöà àáñîëþòíûõ ÷àñòîò, èìåþùàÿ ñëåäóþùèé âèä (òàáë.1).

Òàáëèöà 1

Ìàòðèöà àáñîëþòíûõ ÷àñòîò

Ôàêòîðû Ñîñòîÿíèå ÑÎÓ Ñóììà
. . . j . . .

. . .
i N j

i Ni

. . .
Ñóììà N j N

çäåñü NJ
I − êîëè÷åñòâî ïåðåõîäîâ ÑÎÓ â j -e ñîñòîÿíèå ïðè äåéñòâóþùåì i -îì ôàêòîðå ïî

äàííûì îáó÷àþùåé âûáîðêè.
Ìàòðè÷íàÿ èíôîðìàöèîííàÿ ìîäåëü ÑÎÓ àäàïòèâíîé ÀÑÓ ìîæåò áûòü ïðåäñòàâëåíà â

âèäå ìàòðèöû, ãäå ýëåìåíòàìè ìàòðèöû ÿâëÿþòñÿ ÷àñòíûå êðèòåðèè IJ
I , îòðàæàþùèå âëèÿíèå

i ôàêòîðà íà ïåðåâîä ÑÎÓ â j -e ñîñòîÿíèå (ñì. òàáë.2).
Âûðàæåíèå äëÿ ðàñ÷åòà êîëè÷åñòâà èíôîðìàöèè â i -ì ôàêòîðå î ïåðåõîäå ÑÎÓ â j -e

ñîñòîÿíèå èìååò âèä:

Ij
i = K ∗ log2 ((N j

i N)/(NiN
j)), (1)

ãäå K ∗ log2 (W )/Log2(N) � íîðìèðîâî÷íûé êîýôôèöèåíò, îïðåäåëÿåìûé êîëè÷åñòâîì âîç-
ìîæíûõ ñîñòîÿíèé ÑÎÓ � W, à òàêæå ñóììàðíûì êîëè÷åñòâîì çàðåãèñòðèðîâàííûõ ñëó÷àåâ
äåéñòâèÿ ðàçëè÷íûõ ôàêòîðîâ � N.
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Òàêèì îáðàçîì, â ñîîòâåòñòâèè ñ âûðàæåíèåì (1) íåïîñðåäñòâåííî íà îñíîâå ìàòðèöû àá-
ñîëþòíûõ ÷àñòîò (òàáëèöà 1) ðàññ÷èòûâàåòñÿ ìàòðèöà èíôîðìàòèâíîñòåé ôàêòîðîâ (òàáëèöà
2).

Òàáëèöà 2
Ìàòðè÷íàÿ èíôîðìàöèîííàÿ ìîäåëü ÑÎÓ àäàïòèâíîé ÀÑÓ

Ôàêòîðû Ñîñòîÿíèÿ
ÑÎÓ

Äèôôåðåíöèðóþùàÿ ìîùíîñòü ôàêòîðà

J

. . .
I

∥∥∥Ij
i

∥∥∥ σi

. . .
Äåòåðìèíèðîâàííîñòü
ñîñòîÿíèÿ ÑÎÓ

σj σ

2. Ïðîãíîçèðîâàíèå ïîâåäåíèÿ îáúåêòà óïðàâëåíèÿ ïðè êîíêðåòíîì óïðàâëÿþ-
ùåì âîçäåéñòâèè è âûðàáîòêà ìíîãîôàêòîðíîãî óïðàâëÿþùåãî âîçäåéñòâèÿ.

Ïðåäëîæåííàÿ ìîäåëü ïîçâîëÿåò ïðîãíîçèðîâàòü ïîâåäåíèå ÑÎÓ ïðè âîçäåéñòâèè íà íåãî
öåëîé ñèñòåìû ôàêòîðîâ:

Ij = f(
µ

Ij
i ). (2)

Ñêàëÿðíàÿ ôóíêöèÿ Ij âåêòîðíîãî àðãóìåíòà íàçûâàåòñÿ èíòåãðàëüíûì êðèòåðèåì. Îñíîâ-
íàÿ ïðîáëåìà ñîñòîèò â âûáîðå òàêîãî àíàëèòè÷åñêîãî âèäà èíòåãðàëüíîãî êðèòåðèÿ, êîòîðûé
îáåñïå÷èë áû ýôôåêòèâíîå ðåøåíèå çàäà÷è ÀÑÓ.

Â ìíîãîêðèòåðèàëüíîé ïîñòàíîâêå çàäà÷à ïðîãíîçèðîâàíèÿ ñîñòîÿíèÿ ÑÎÓ ïðè îêàçàíèè
íà íåãî çàäàííîãî ìíîãîôàêòîðíîãî óïðàâëÿþùåãî âîçäåéñòâèÿ Ij ñâîäèòñÿ ê ìàêñèìèçàöèè
èíòåãðàëüíîãî êðèòåðèÿ:

j∗ = arg max
j∈J

((

µ

Ij
i ,

µ

Li)), (3)

ãäå
µ

I = {Ij
I} � ïðîôèëü j− ãî ñîñòîÿíèÿ ÑÎÓ;

µ

Li = {L1} � ïðîôèëü òåêóùåãî ñîñòîÿíèÿ ÑÎÓ (ìàññèâ-ëîêàòîð), ò.å.

L1 =
{

1,
0,

ò.å. ê âûáîðó òàêîãî ñîñòîÿíèÿ ÑÎÓ, äëÿ êîòîðîãî èíòåãðàëüíûé êðèòåðèé ìàêñèìàëåí.
Çàäà÷à ïðèíÿòèÿ ðåøåíèÿ î âûáîðå íàèáîëåå ýôôåêòèâíîãî óïðàâëÿþùåãî âîçäåéñòâèÿ ÿâ-

ëÿåòñÿ îáðàòíîé çàäà÷åé ïî îòíîøåíèþ ê çàäà÷å ìàêñèìèçàöèè èíòåãðàëüíîãî êðèòåðèÿ, ò.å.
âìåñòî òîãî, ÷òîáû ïî íàáîðó ôàêòîðîâ ïðîãíîçèðîâàòü ñîñòîÿíèå ÑÎÓ, íåîáõîäèìî, íàîáî-
ðîò, ïî çàäàííîìó (öåëåâîìó) ñîñòîÿíèþ ÑÎÓ îïðåäåëèòü òàêîé íàáîð ôàêòîðîâ, êîòîðûé ñ
íàèáîëüøåé ýôôåêòèâíîñòüþ ïåðåâåë áû îáúåêò óïðàâëåíèÿ â ýòî ñîñòîÿíèå.

Åñëè çàäàíî íåêîòîðîå îïðåäåëåííîå öåëåâîå ñîñòîÿíèå, òî âûáîð óïðàâëÿþùèõ âîçäåé-
ñòâèé äëÿ ôàêòè÷åñêîãî ïðèìåíåíèÿ ïðîèçâîäèòñÿ èç ñïèñêà, â êîòîðîì âñå âîçìîæíûå óïðàâ-
ëÿþùèå âîçäåéñòâèÿ ðàñïîëîæåíû â ïîðÿäêå óáûâàíèÿ èõ âëèÿíèÿ íà ïåðåâîä ÑÎÓ â äàí-
íîå öåëåâîå ñîñòîÿíèå. Òàêîé ñïèñîê íàçûâàåòñÿ èíôîðìàöèîííûì ïîðòðåòîì ñîñòîÿíèÿ ÑÎÓ.
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Óïðàâëÿþùèå âîçäåéñòâèÿ ìîãóò áûòü îáúåäèíåíû â ãðóïïû, âíóòðè êàæäîé èç êîòîðûõ îíè
àëüòåðíàòèâíû (íåñîâìåñòíû), à ìåæäó ãðóïïàìè � íåò (ñîâìåñòíû). Â ýòîì ñëó÷àå âíóòðè
êàæäîé ãðóïïû âûáèðàþò îäíî èç äîñòóïíûõ óïðàâëÿþùèõ âîçäåéñòâèé ñ ìàêñèìàëüíûì âëè-
ÿíèåì. Â êà÷åñòâå èíòåãðàëüíîãî êðèòåðèÿ ïðèíÿòà ñëåäóþùàÿ çàâèñèìîñòü:

Ij =
1

σ2
j σ

2
i A

A∑

i=1

(
Ij
i −

ρ

Ij

)(
Li −

ρ

L

)
, (4)

ãäå
ρ

Ij = 1
A

A∑
i=1

Ij
i � ñðåäíÿÿ èíôîðìàòèâíîñòü ïî ïðîôèëþ êëàññà,

ρ

L = 1
A

A∑
i=1

Ii � ñðåäíåå ïî ïðîôèëþ ðàñïîçíàâàåìîãî îáúåêòà,

σ2
j = 1

A−1

A∑
i=1

(
Ij
i −

ρ

Ij

)2

� ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå èíôîðìàòèâíîñòåé ïðîôèëÿ
êëàññà,

σ2
j = 1

A−1

A∑
i=1

(
Ii −

ρ

I

)2

� ñðåäíåêâàäðàòè÷íîå îòêëîíåíèå ïî ïðîôèëþ ðàñïîçíàâàåìîãî
îáúåêòà.

Ðåçóëüòàò ïðîãíîçèðîâàíèÿ ïîâåäåíèÿ ÑÎÓ, îïèñàííîãî äàííîé ñèñòåìîé ôàêòîðîâ, ïðåä-
ñòàâëÿåò ñîáîé ñïèñîê ñîñòîÿíèé, â êîòîðîì îíè ðàñïîëîæåíû â ïîðÿäêå óáûâàíèÿ ñóììàðíîãî
êîëè÷åñòâà èíôîðìàöèè î ïåðåõîäå ÑÎÓ â êàæäîå èç íèõ.

3. Îñîáåííîñòè àäàïòèâíîé îáó÷àþùåé ñèñòåìû (ÀÎÑ).
Ïîä àäàïòèâíîé îáó÷àþùåé ñèñòåìîé áóäåì ïîíèìàòü àâòîìàòèçèðîâàííóþ îáó÷àþùóþ ñè-

ñòåìó, àäàïòèðîâàííóþ ê èíäèâèäóàëüíûì õàðàêòåðèñòèêàì îáó÷àåìîãî è ïðåäìåòó îáó÷åíèÿ
[1].

Âñå çíàíèÿ, ñîõðàíÿåìûå â ÀÎÑ, óñëîâíî ðàçîáüåì íà äâå ãðóïïû: çíàíèÿ î ïðåäìåòíîé
îáëàñòè è óïðàâëÿþùèå âîçäåéñòâèÿ, îïðåäåëÿþùèå ïîñëåäîâàòåëüíîñòü ïðåäúÿâëåíèÿ ôðàã-
ìåíòîâ ó÷åáíîé èíôîðìàöèè.

Çíàíèÿ î ïðåäìåòíîé îáëàñòè íàèáîëåå ïðîñòî óêëàäûâàþòñÿ â ñåìàíòè÷åñêóþ ñåòü, ãäå
êàæäûé óçåë � ýòî ôðàãìåíò ïðåäìåòíîé îáëàñòè, îáëàäàþùèé ïîëíîòîé è îòíîñèòåëüíîé
íåçàâèñèìîñòüþ îò äðóãèõ ôðàãìåíòîâ. Äóãè, ñâÿçûâàþùèå óçëû â ñåòè, îïðåäåëÿþò çàâèñè-
ìîñòü ìåæäó äâóìÿ óçëàìè. Â êà÷åñòâå âåñà äóãè ââåäåì ïîíÿòèå çíà÷èìîñòè ïðåäøåñòâóþùåãî
óçëà äëÿ óñïåøíîãî èçó÷åíèÿ ìàòåðèàëà ïîñëåäóþùåãî óçëà.

Î÷åâèäíî, ÷òî â îáùåì ñëó÷àå âñå óçëû òàêîé ñåòè íå íàõîäÿòñÿ â ëèíåéíîì ïîðÿäêå. Äëÿ
óñïåøíîãî èçó÷åíèÿ ìàòåðèàëà íåîáõîäèìî èçó÷èòü âñå ôðàãìåíòû ïðåäìåòíîé îáëàñòè, ò.å.
ïðîéòè ÷åðåç âñå óçëû. Ïðè÷åì â êàæäûé ìîìåíò âðåìåíè èçó÷àåòñÿ ðîâíî îäèí ôðàãìåíò.
Äëÿ ýòîãî ïîñëåäîâàòåëüíîñòü óçëîâ â ñåòè íåîáõîäèìî ïðåîáðàçîâàòü â ëèíåéíûé ïîðÿäîê
òàê, ÷òîáû îòíîøåíèÿ ìåæäó îòäåëüíûìè óçëàìè â ñåòè íå áûëè íàðóøåíû. Äëÿ ýòîãî ñëåäóåò
âîñïîëüçîâàòüñÿ ìåõàíèçìîì òîïîëîãè÷åñêîé ñîðòèðîâêè, îïðåäåëåííûì íà ÷àñòè÷íî óïîðÿäî-
÷åííîì ìíîæåñòâå [2].

Óïðàâëÿþùèå âîçäåéñòâèÿ äîëæíû ó÷èòûâàòü ñîñòîÿíèå îáó÷àåìîãî äëÿ òîãî, ÷òîáû äî-
ñòèãíóòü ìàêñèìàëüíîé ñòåïåíè óñâîåíèÿ ó÷åáíîãî ìàòåðèàëà ïðè èñïîëüçîâàíèè ÀÎÑ.

Òàêèì îáðàçîì, íà ïåðâûé ïëàí âûõîäÿò ïðîáëåìû âûáîðà ñóùåñòâåííûõ õàðàêòåðèñòèê
îáó÷àåìîãî è èõ îäíîçíà÷íîãî îïðåäåëåíèÿ â õîäå ðàáîòû ÀÎÑ.

Âñå õàðàêòåðèñòèêè îáó÷àåìîãî óñëîâíî ðàçäåëèì íà äâå êàòåãîðèè: ïñèõîëîãè÷åñêèå ôàê-
òîðû è ó÷åáíûå ôàêòîðû.

Ê ïñèõîëîãè÷åñêèì ôàêòîðàì, âëèÿþùèì íà îáó÷åíèå, îòíåñåì ñëåäóþùèå [3]:
� îñíîâíûå ñâîéñòâà âíèìàíèÿ, òèï íåðâíîé ñèñòåìû;
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� òèïû òåìïåðàìåíòà (ñàíãâèíèê, õîëåðèê, ôëåãìàòèê, ìåëàíõîëèê);
� îñîáåííîñòè ïàìÿòè, ìûøëåíèÿ;
� óðîâåíü èíòåëëåêòóàëüíûõ ñïîñîáíîñòåé;
� õàðàêòåð è ñòåïåíü ìîòèâàöèè ê èçó÷àåìîìó ïðåäìåòó.
Îñîáåííîñòè ñòðóêòóðû èíäèâèäóàëüíîãî çíàíèÿ â êîíêðåòíîé ïðåäìåòíîé îáëàñòè ñîîò-

âåòñòâóþò îáùåìó óðîâíþ ïîçíàâàòåëüíîãî ðàçâèòèÿ îáó÷àþùåãîñÿ è åãî èíäèâèäóàëüíûì
ïñèõîëîãè÷åñêèì õàðàêòåðèñòèêàì, êîòîðûå ïðàêòè÷åñêè íèêîãäà íå áûâàþò îäèíàêîâûìè ó
ðàçëè÷íûõ îáó÷àþùèõñÿ.

Òàêèå ôàêòîðû ñëåäóåò îòíåñòè ê ïîñòîÿííûì ôàêòîðàì, âîçäåéñòâóþùèì íà îáó÷àåìîãî.
Îíè íå ìåíÿþòñÿ â òå÷åíèå ðàáîòû ñ ÀÎÑ. Îïðåäåëåíèå ýòèõ õàðàêòåðèñòèê ñëåäóåò ïðîâå-
ñòè äî íà÷àëà ïðîöåññà îáó÷åíèÿ è ñîõðàíÿòü äëÿ êàæäîãî îáó÷àåìîãî ñ öåëüþ ïîâòîðíîãî
èñïîëüçîâàíèÿ. Äàííûå õàðàêòåðèñòèêè îïðåäåëÿþòñÿ ñ ïîìîùüþ ïñèõîëîãè÷åñêèõ òåñòîâ.

Ê ó÷åáíûì ôàêòîðàì áóäåì îòíîñèòü ñâåäåíèÿ î ñòåïåíè óñâîåíèÿ îòäåëüíûõ ôðàãìåíòîâ
èíôîðìàöèè. Äàííûå ôàêòîðû íå ÿâëÿþòñÿ ïîñòîÿííûìè, èçìåíÿþòñÿ â ïðîöåññå ðàáîòû ñ
ÀÎÑ. Äëÿ âûÿâëåíèÿ äàííûõ õàðàêòåðèñòèê íåîáõîäèìî ñïðîåêòèðîâàòü ñèñòåìó äèàãíîñòè-
êè çíàíèé, è ïðîâîäèòü òàêóþ äèàãíîñòèêó ïîñëå èçó÷åíèÿ êàæäîãî ôðàãìåíòà ïðåäìåòíîé
îáëàñòè.

4. Àëãîðèòì ïðîåêòèðîâàíèÿ ÀÎÑ.
Ñôîðìóëèðóåì îáùèé ïîäõîä ê ïðîåêòèðîâàíèþ ÀÎÑ íà îñíîâå èçëîæåííûõ âûøå ïðèí-

öèïîâ ïî ñîçäàíèþ àäàïòèâíûõ ÀÑÓ ñëîæíûìè îáúåêòàìè.
1. Ðàçðàáîòàòü ñåìàíòè÷åñêóþ ìîäåëü ïðåäìåòíîé îáëàñòè:
� óñòàíîâèòü ôðàãìåíòû ïðåäìåòíîé îáëàñòè;
� óñòàíîâèòü îòíîøåíèÿ çàâèñèìîñòåé ìåæäó íèìè;
� îïðåäåëèòü ñòåïåíü çíà÷èìîñòè êàæäîãî èñõîäÿùåãî óçëà äëÿ êàæäîãî óçëà â îòíîøåíè-

ÿõ.
2. Ïðåîáðàçîâàòü ñåìàíòè÷åñêóþ ìîäåëü â ëèíåéíûé ñïèñîê èçó÷àåìûõ ôðàãìåíòîâ, óñòà-

íîâèâ òåì ñàìûì ïîðÿäîê èõ èçó÷åíèÿ â ÀÎÑ.
3. Ðàçðàáîòàòü îïðåäåëèòåëüíûå øêàëû äëÿ ôàêòîðîâ, õàðàêòåðèçóþùèõ îáó÷àåìîãî êàê

ñëîæíûé îáúåêò óïðàâëåíèÿ.
3.1. Øêàëû äëÿ îïðåäåëåíèÿ ïñèõîëîãè÷åñêèõ õàðàêòåðèñòèê äåéñòâóþò íà ïðîòÿæåíèè

ðàáîòû âñåé ÀÎÑ.
Ê ïðèìåðó, øêàëà "òèï òåìïåðàìåíòà" èìååò ÷åòûðå çíà÷åíèÿ: ñàíãâèíèê, õîëåðèê, ôëåã-

ìàòèê, ìåëàíõîëèê. Øêàëà "òèï âîñïðèÿòèÿ" èìååò òðè çíà÷åíèÿ: âèçóàëèñò, àóäèîëèñò, êèíå-
ñòåòèê.

3.2. Øêàëû äëÿ îïðåäåëåíèÿ ôàêòîðîâ ïðåäûñòîðèè äåéñòâóþò â ðàìêàõ èçó÷åíèÿ îäíîãî
êîíêðåòíîãî óçëà ïðåäìåòíîé îáëàñòè. Â íèõ îòîáðàæàåòñÿ èíôîðìàöèÿ î ñòåïåíè îâëàäåíèÿ
îáó÷àåìûì ìàòåðèàëîì òåõ óçëîâ, êîòîðûå íàõîäÿòñÿ â îòíîøåíèè ñ òåêóùèì óçëîì è ÿâëÿ-
þòñÿ ïî îòíîøåíèþ ê íåìó îïðåäåëÿþùèìè. Êàæäàÿ øêàëà îïðåäåëÿåò ðîâíî îäèí âåäóùèé
óçåë. Çíà÷åíèÿ òàêîé øêàëû ìîãóò áûòü ñëåäóþùèìè: "íåóäîâëåòâîðèòåëüíî", "óäîâëåòâîðè-
òåëüíî", "õîðîøî", "îòëè÷íî".

3.3. Øêàëû ó÷åáíîé èíôîðìàöèè. Çíà÷åíèÿ ýòèõ øêàë � àëüòåðíàòèâíûå âàðèàíòû ïðåä-
ñòàâëåíèÿ èíôîðìàöèè ïî òåêóùåìó ôðàãìåíòó.

4. Ïîñòðîèòü îáó÷àþùèå âûáîðêè.
4.1. Äëÿ êàæäîãî óçëà ñòðîèòñÿ ñâîÿ îáó÷àþùàÿ âûáîðêà, ãäå â êà÷åñòâå ôàêòîðîâ áåðóòñÿ

çíà÷åíèÿ âñåõ òðåõ òèïîâ øêàë (3.1�3.3), à â êà÷åñòâå ñîñòîÿíèé áåðåòñÿ êëàññèôèêàöèîííàÿ
øêàëà, îïðåäåëÿþùàÿ óðîâåíü óñâîåíèÿ òåêóùåãî óçëà (îò "íåóäîâëåòâîðèòåëüíî" äî "îòëè÷-
íî").

4.2. Îòäåëüíî ñòðîèòñÿ îáó÷àþùàÿ âûáîðêà, îõâàòûâàþùàÿ âåñü ïðîöåññ èçó÷åíèÿ çàäàí-
íîé ïðåäìåòíîé îáëàñòè. Â êà÷åñòâå îïðåäåëèòåëüíûõ øêàë âûñòóïàþò øêàëû òèïà 3.2, ðàç-
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ðàáîòàííûå äëÿ âñåõ óçëîâ ïðåäìåòíîé îáëàñòè. Îñîáåííîñòüþ äàííîé îáó÷àþùåé âûáîðêè
ÿâëÿåòñÿ òî, ÷òî íåêîòîðîå ñîñòîÿíèå îáó÷åííîñòè â îäíîì ñëó÷àå ÿâëÿåòñÿ ñîñòîÿíèåì, ò.å.
ðåçóëüòàòîì íåêîòîðîãî âîçäåéñòâèÿ íà îáó÷àåìîãî ñèñòåìîé, à â äðóãîì ñëó÷àå � ôàêòîðîì,
âëèÿþùèì íà ñëåäóþùåå ñîñòîÿíèå îáó÷àåìîãî. Î÷åâèäíî, ÷òî êàæäîå òåêóùåå ñîñòîÿíèå �
ýòî íåêîòîðûé èòîã îáó÷åíèÿ ïî âñåì ïðåäûäóùèì óçëàì. Òàêèì îáðàçîì, öåëåâîå ñîñòîÿíèå
� ýòî äîñòèæåíèå ïîñëåäíåãî óçëà â ëèíåéíîé ïîñëåäîâàòåëüíîñòè óçëîâ ïðåäìåòíîé îáëàñòè.
È öåëü ÀÎÑ � äîñòèæåíèå ìàêñèìàëüíîãî óðîâíÿ îáó÷åííîñòè â ýòîì óçëå.

5. Íà îñíîâå îáó÷àþùåé âûáîðêè ñîãëàñíî ôîðìóëå (1) ñòðîèòñÿ ìàòðè÷íàÿ èíôîðìàöèîí-
íàÿ ìîäåëü (òàáëèöà 2). Íà îñíîâå îáó÷àþùèõ âûáîðîê (4.1) àíàëîãè÷íî ñòðîÿòñÿ ìàòðè÷íûå
èíôîðìàöèîííûå ìîäåëè äëÿ êàæäîãî óçëà. Âûäåëåíèå ìîäåëåé ïî îòäåëüíûì óçëàì ïîçâîëÿ-
åò çíà÷èòåëüíî ñîêðàòèòü ðàçìåð îñíîâíîé ìàòðè÷íîé ìîäåëè óïðàâëåíèÿ îáó÷åíèåì ïî âñåé
ïðåäìåòíîé îáëàñòè.

Îñíîâíàÿ ìàòðè÷íàÿ ìîäåëü â ðåçóëüòàòå áóäåò ïîñòðîåíà òàêèì îáðàçîì, ÷òî îáåñïå÷èò
ïîñëåäîâàòåëüíûé ïåðåõîä îò íà÷àëüíîãî ê êîíå÷íîìó óçëàì. À ïðè âûáîðå êàæäîãî óçëà
÷àñòíàÿ ìîäåëü ýòîãî óçëà ïîçâîëèò âûáðàòü àëüòåðíàòèâíîå ïðåäñòàâëåíèå èíôîðìàöèè òàêèì
îáðàçîì, ÷òîáû ïîëó÷èòü ìàêñèìàëüíûé ðåçóëüòàò.

6. Ïðîöåññ óïðàâëåíèÿ ñâåäåòñÿ ê òîìó, ÷òî âûáðàâ î÷åðåäíîé óçåë, ÀÎÑ áóäåò âûáèðàòü
ñîãëàñíî ôîðìóëå (4) òàêèå ïðåäñòàâëåíèÿ èçó÷àåìîãî óçëà èç âñåõ èìåþùèõñÿ, êîòîðûå ïðè-
âåäóò ê ìàêñèìàëüíîé ñòåïåíè îáó÷åííîñòè äëÿ êàæäîãî óçëà.

7. Êàæäûé ñåàíñ îáó÷åíèÿ ïîïîëíÿåò îáó÷àþùèå âûáîðêè. Ïîñëå íàêîïëåíèÿ áîëüøîãî
êîëè÷åñòâà íàáëþäåíèé âîçìîæíî ïîâòîðåíèå øàãà 5, ãäå ìîäåëè ïåðåñòðàèâàþòñÿ. Òåì ñàìûì
äîñòèãàåòñÿ àäàïòàöèÿ ñàìîé ìîäåëè.

8. Èçìåíåííûå íà îñíîâå ýêñïåðèìåíòàëüíûõ äàííûõ ìîäåëè ïîäâåðãàþòñÿ àíàëèçó. Èç
ìîäåëè ìîãóò áûòü èñêëþ÷åíû íåêîòîðûå ôàêòîðû, êîòîðûå íå âëèÿþò íà ïðîöåññ âûáîðà
àëüòåðíàòèâíûõ ðåøåíèé.
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Ìåòîäîì ïàðàìåòðèçàöèè èññëåäóåòñÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ íàãðóæåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé. Óñòàíîâëåíû êîýôôèöèåíòíûå íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îä-
íîçíà÷íîé ðàçðåøèìîñòè ðàññìàòðèâàåìîé çàäà÷è.

Íà îòðåçêå [0, T ] ðàññìàòðèâàåòñÿ ëèíåéíàÿ êðàåâàÿ çàäà÷à äëÿ íàãðóæåííûõ äèôôåðåí-
öèàëüíûõ óðàâíåíèé

dx

dt
= A(t)x +

m∑

i=0

Ki(t)x(θi) + f(t), t ∈ (0, T ), 0 = θ0 < θ1 < ... < θm−1 < θm = T, (1)

Bx(0) + Cx(T ) = d, d ∈ Rn, ‖x‖ = max
k=1,n

|xk|, (2)

ãäå (n×n)�ìàòðèöû A(t), Ki(t) è n�âåêòîð-ôóíêöèÿ f(t) íåïðåðûâíû íà [0, T ], B, C− (n×n)−
ìàòðèöû. Íàãðóæåííûå îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ âñòðå÷àþòñÿ â ðàçëè÷-
íûõ çàäà÷àõ ïðèëîæåíèÿ [1]. Òàêèå óðàâíåíèÿ òàêæå âîçíèêàþò ïðè àïïðîêñèìàöèè èíòåãðî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ. Öåëüþ ðàáîòû ÿâëÿåòñÿ íàõîæäåíèå íåîáõîäèìûõ è äîñòàòî÷-
íûõ óñëîâèé îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (1), (2) â òåðìèíàõ èñõîäíûõ äàííûõ: A(t),
Ki(t), B, C, T . Äëÿ ýòîé öåëè ê çàäà÷å (1), (2) ïðèìåíÿåòñÿ ìåòîä ïàðàìåòðèçàöèè [2].

Ïóñòü hj = θj − θj−1, j = 1,m. Âîçüìåì ÷èñëî l ∈ N è ïî íåìó ïðîèçâåäåì ðàçáèåíèå

[0, T ) =
ml⋃
r=1

[tr−1, tr), ãäå t0 = θ0 = 0, tml = θm = T, til = θi, i = 0,m, h1
l = ts − ts−1, s = 1, l,

h2
l = ts−ts−1, s = l + 1, 2l, ..., hm

l = ts−ts−1, s = (m− 1)l + 1,ml. ×åðåç xr(t) îáîçíà÷èì ñóæåíèå

Keywords: loaded ordinary di�erential equation, two-point boundary-value problem, unique solvability, parametrization
method
2000 Mathematics Subject Classi�cation: 34B37
c
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ôóíêöèè x(t) íà r-é èíòåðâàë [tr−1, tr). Ïðè ýòîì çàäà÷à (1), (2) ñâåäåòñÿ ê ìíîãîòî÷å÷íîé
êðàåâîé çàäà÷å äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dxr

dt
= A(t)xr +

m−1∑

i=0

Ki(t)xil+1(θi) + Km(t) lim
t→T−0

xml(t) + f(t), t ∈ [tr−1, tr), r = 1,ml, (3)

Bx1(0) + C lim
t→T−0

xml(t) = d, (4)

lim
t→ts−0

xs(t) = xs+1(ts), s = 1,ml − 1. (5)

Çäåñü (5) � óñëîâèÿ ñøèâàíèÿ ðåøåíèÿ âî âíóòðåííèõ òî÷êàõ ðàçáèåíèÿ. Åñëè x(t) � ðåøåíèå
çàäà÷è (1), (2), òî ñèñòåìà åãî ñóæåíèé x[t] = (x1(t), x2(t), . . . , xml(t))′ ÿâëÿåòñÿ ðåøåíèåì çàäà-
÷è (3)�(5). È íàîáîðîò, åñëè ñèñòåìà âåêòîð-ôóíêöèé x̃[t] = (x̃1(t), x̃2(t), ..., x̃ml(t))′− ðåøåíèå
çàäà÷è (3)�(5), òî ôóíêöèÿ x̃(t), îïðåäåëÿåìàÿ ðàâåíñòâàìè x̃(t) = x̃r(t), t ∈ [tr−1, tr), r = 1,ml,
x̃(T ) = lim

t→T−0
x̃ml(t), áóäåò ðåøåíèåì èñõîäíîé çàäà÷è. Ââåäåì îáîçíà÷åíèÿ λr = xr(tr−1) è íà

êàæäîì èíòåðâàëå [tr−1, tr), r = 1,ml ïðîèçâåäåì çàìåíó ur(t) = xr(t)−λr. Òîãäà çàäà÷à (3)�(5)
ñâåäåòñÿ ê ýêâèâàëåíòíîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ ïàðàìåòðàìè

dur

dt
= A(t)[ur(t) + λr] +

m−1∑

i=0

Ki(t)λil+1 + Km(t)λml + Km(t) lim
t→T−0

uml(t) + f(t), (6)

ur(tr−1) = 0, t ∈ [tr−1, tr), r = 1,ml,

Bλ1 + Cλml + C lim
t→T−0

uml(t) = d, (7)

λs + lim
t→ts−0

us(t) = λs+1, s = 1, ml − 1. (8)

Åñëè ïàðà (λ, u[t]), ãäå λ = (λ1 , λ2 , ..., λml)
′ ∈ Rnml, u[t] = (u1(t), u2(t), ..., uml(t))

′
,− ðåøå-

íèå çàäà÷è (6)�(8), òî ñèñòåìà ôóíêöèé x[t] = (λ1 + u1(t), λ2 + u2(t), ..., λml + uml(t))
′ áóäåò

ðåøåíèåì çàäà÷è (3)�(5). È íàîáîðîò, åñëè x̃[t] = (x̃1(t), x̃2(t), ..., x̃ml(t))− ðåøåíèå (3)�(5), òî
ïàðà (λ̃, ũ[t]), ãäå λ̃ = (x̃1(0), x̃2(t1), ..., x̃ml(tml−1))′, ũ[t] = (x̃1(t)− x̃1(0), x̃2(t)− x̃2(t1), ..., x̃ml(t)−
x̃ml(tml−1))′, áóäåò ðåøåíèåì çàäà÷è (6)�(8). Ïîÿâëåíèå íà÷àëüíîãî óñëîâèÿ ur(tr−1) = 0, r =
1,ml, ïîçâîëÿåò ïðè ôèêñèðîâàííûõ λ = (λ1, λ2, ..., λml)

′ îïðåäåëèòü ôóíêöèè ur(t) èç èíòåã-
ðàëüíûõ óðàâíåíèé

ur(t) =

t∫

tr−1

A(τ)[ur(τ) + λr]dτ +

t∫

tr−1

m−1∑

i=0

Ki(τ)λil+1dτ +

t∫

tr−1

Km(τ)λmldτ+

+

t∫

tr−1

Km(τ) lim
t→T−0

uml(t)dτ +

t∫

tr−1

f(τ)dτ, t ∈ [tr−1, tr), r = 1,ml. (9)

Â óðàâíåíèè (9) ïðè r = ml âìåñòî uml(τ) ïîäñòàâëÿÿ ñîîòâåòñòâóþùóþ ïðàâóþ ÷àñòü è ïî-
âòîðèâ ýòîò ïðîöåññ ν ðàç, çàòåì ïåðåõîäÿ ê ïðåäåëó ïðè t → T − 0, èìååì

lim
t→T−0

uml(t) =

T∫

tml−1

A(τ1)...

τν−1∫

tml−1

A(τν)uml(τν)dτν . . . dτ1 +
[ T∫

tml−1

A(τ1)dτ1 + ... +

T∫

tml−1

A(τ1)...

Ìàòåìàòè÷åñêèé æóðíàë 2005. Òîì 5. � 3 (17)



Î íåîáõîäèìûõ è äîñòàòî÷íûõ óñëîâèÿõ îäíîçíà÷íîé ðàçðåøèìîñòè äâóõòî÷å÷íîé ... 27

...

τν−1∫

tml−1

A(τν)dτν ...dτ1

]
λml +

[ T∫

tml−1

m−1∑

i=0

Ki(τ1)dτ1 + ... +

T∫

tml−1

A(τ1)...

τν−1∫

tml−1

m−1∑

i=0

Ki(τν)dτν ...dτ1

]
×

×λil+1 +
[ T∫

tml−1

Km(τ1)dτ1 + ... +

T∫

tml−1

A(τ1) . . .

τν−2∫

tml−1

A(τν−1)

τν−1∫

tml−1

Km(τν)dτν ...dτ1

]
λml+

+

T∫

tml−1

f(τ1)dτ1 + ... +

T∫

tml−1

A(τ1) . . .

τν−2∫

tml−1

A(τν−1)

τν−1∫

tml−1

f(τν)dτν ...dτ1+

+
[ T∫

tml−1

Km(τ1)dτ1 + ... +

T∫

tml−1

A(τ1)...

τν−2∫

tml−1

A(τν−1)

τν−1∫

tml−1

Km(τν)dτν ...dτ1

]
lim

t→T−0
uml(t).

Ïðåäïîëàãàÿ îáðàòèìîñòü ìàòðèöû

Pν(l) = I −
T∫

tml−1

Km(τ1)dτ1 − ...−
T∫

tml−1

A(τ1)...

τν−2∫

tml−1

A(τν−1)

τν−1∫

tml−1

Km(τν)dτν ...dτ1,

çäåñü I− åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè (n×n), ïîëó÷èì ïðåäñòàâëåíèå ïðåäåëüíîãî çíà÷åíèÿ
ôóíêöèè uml(t) â ñëåäóþùåì âèäå
lim

t→T−0
uml(t) =

= [Pν(l)]−1

[
Gνml(uml, T ) + Dνml(T )λml +

m−1∑

i=0

H i
νml(T )λil+1 + Hm

νml(T )λml + Fνml(T )
]
. (10)

Ââåäåì îáîçíà÷åíèÿ

Dνr(t) =

t∫

tr−1

A(τ1)dτ1 + ... +

t∫

tr−1

A(τ1) . . .

τν−2∫

tr−1

A(τν−1)

τν−1∫

tr−1

A(τν)dτν ...dτ1,

H i
νr(t) =

t∫

tr−1

Ki(τ1)dτ1 + ... +

t∫

tr−1

A(τ1) . . .

τν−1∫

tr−1

Ki(τν)dτν ...dτ1, i = 0,m,

Fνr(t) =

t∫

tr−1

f(τ1)dτ1 + ... +

t∫

tr−1

A(τ1)...

τν−2∫

tr−1

A(τν−1)

τν−1∫

tr−1

f(τν)dτν ...dτ1,

Gνr(u, t) =

t∫

tr−1

A(τ1)...

τν−2∫

tr−1

A(τν−1)

τν−1∫

tr−1

A(τν)ur(τν)dτν ...dτ1, r = 1, ml.

Ñíîâà â óðàâíåíèè (9) âìåñòî ur(τ) ïîäñòàâèâ ñîîòâåòñòâóþùóþ ïðàâóþ ÷àñòü è ïîâòîðèâ ýòîò
ïðîöåññ ν ðàç, ñ ó÷åòîì (10) ïîëó÷èì ïðåäñòàâëåíèå ôóíêöèè ur(t) âèäà:

ur(t) = Dνr(t)λr +
m−1∑

i=0

H i
νr(t)λil+1 + Hm

νr(t)λml + Fνr(t) + Gνr(u, t) + Hm
νr(t)×
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×[Pν(l)]−1

[
Gνml(uml, T ) + Dνml(T )λml +

m−1∑

i=0

H i
νml(T )λil+1 + Hm

νml(T )λml + Fνml(T )
]
. (11)

Ïåðåõîäÿ â ïðàâîé ÷àñòè (11) ê ïðåäåëó ïðè t → tr − 0, ïîäñòàâèâ ñîîòâåòñòâóþùèå çíà÷åíèÿ
â óñëîâèÿ (7),(8) è óìíîæèâ (7) íà hm

l , ïîëó÷èì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ
ïàðàìåòðîâ λ = (λ1, λ2, ..., λml)

′
:

hm

l
Bλ1 +

hm

l
C

[
I +Dνml(T )+Hm

νml(T )+Hm
νml(T )[Pν(l)]−1Dνml(T )+Hm

νml(T )[Pν(l)]−1Hνml(T )
]
×

×λml +
hm

l
C

[
I + Hm

νml(T )[Pν(l)]−1

] m−1∑

i=0

H i
νml(T )λil+1 =

hm

l

[
d− CFνml(T )−

−CHm
νml(T )[Pν(l)]−1Fνml(T )− CGνml(uml, T )− CHm

νml(T )[Pν(l)]−1Gνml(uml, T )
]
, (12)

[
I + Dνs(ts)

]
λs +

[
Hm

νs(ts) + Hm
νs(ts)[Pν(l)]−1Dνml(T ) + Hm

νs(ts)[Pν(l)]−1Hm
νml(T )

]
λml+

+
m−1∑

i=0

[
Hνs(ts) + Hm

νs(ts)[Pν(l)]−1H i
νml(T )

]
λil+1 − λs+1 = −Fνs(ts)−Hm

νs(ts)×

×[Pν(l)]−1Fνml(T )−Gνs(us, ts)−Hm
νs(ts)[Pν(l)]−1Gνml(uml, T ), s = 1,ml − 1. (13)

Îáîçíà÷èâ ìàòðèöó ëåâîé ÷àñòè ñèñòåì óðàâíåíèé (12), (13) ÷åðåç Qν(l), çàïèøåì åå â âèäå

Qν(l)λ = −Fν(l)−Gν(u, l), λ ∈ Rnml, (14)

ãäå Fν(l) =
(
−hm

l
d +

hm

l
CFνml(T ) +

hm

l
CHm

νml[Pν(l)]−1Fνml(T ), Fν1(t1) + Hm
ν1(t1)×

×[Pν(l)]−1Fνml(T ), ..., Fνml−1(tml−1) + Hm
νml−1(tml−1)[Pν(l)]−1Fνml(T )

)′

,

Gν(u, l) =
(

hm

l
CGνml(uml, T ) +

hm

l
CHm

νml(T )[Pν(l)]−1Gνml(uml, T ), Gν1(u1, t1) + Hm
ν1(t1)×

×[Pν(l)]−1Gνml(uml, T ), ..., Gνml−1(uml−1, tml−1) + Hm
νml−1(tml−1)[Pν(l)]−1Gνml(uml, T )

)′

.

Èòàê, äëÿ íàõîæäåíèÿ íåèçâåñòíûõ ïàð (λ, u[t]) èìååì çàìêíóòóþ ñèñòåìó óðàâíåíèé (9),
(14). Ïàðà (λ, u[t]) � ðåøåíèå çàäà÷è (6)�(8), íàõîäèòñÿ êàê ïðåäåë ïîñëåäîâàòåëüíîñòè ïàð
(λ(k), u(k)[t]), k = 0, 1, 2, . . . , îïðåäåëÿåìîé ïî ñëåäóþùåìó àëãîðèòìó.
0-øàã. à) Ïðåäïîëàãàÿ, ÷òî ïðè âûáðàííîì ν ìàòðèöà Qν(l) îáðàòèìà, íà÷àëüíîå ïðèáëèæåíèå
ïî ïàðàìåòðó λ(0) = (λ(0)

1 , λ
(0)
2 , ..., λ

(0)
ml )

′ ∈ Rnml îïðåäåëèì èç óðàâíåíèÿ Qν(l)λ = −Fν(l).
á) Èñïîëüçóÿ êîìïîíåíòû âåêòîðà λ(0) ∈ Rnml è ðåøàÿ çàäà÷è Êîøè (6) ïðè λr = λ

(0)
r íà èí-

òåðâàëàõ [tr−1, tr), íàõîäèì u
(0)
r (t), r = 1,ml.

1-øàã. à) Ïîäñòàâëÿÿ íàéäåííûå u
(0)
r (t) â ïðàâóþ ÷àñòü (14), èç óðàâíåíèÿ Qν(l)λ = −Fν(l)−

−Gν(u(0), l) îïðåäåëèì λ(1) = (λ(1)
1 , λ

(1)
2 , ..., λ

(1)
ml )

′ ∈ Rnml.
á) Íà îòðåçêàõ [tr−1, tr), r = 1, ml, ðåøàÿ çàäà÷è Êîøè (6) ïðè λr = λ

(1)
r , íàõîäèì ôóíêöèè

u
(1)
r (t). È ò.ä. Ïðîäîëæàÿ ïðîöåññ, íà k−îì øàãå ïîëó÷àåì ñèñòåìó ïàð (λ(k)

r , u
(k)
r (t)), r = 1,ml,

k = 0, 1, 2, ...
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×åðåç C([0, T ], Rn) îáîçíà÷èì ïðîñòðàíñòâî íåïðåðûâíûõ íà [0, T ] ôóíêöèé x : [0, T ] → Rn

ñ íîðìîé ‖x‖1 = max
t∈[0,T ]

‖x(t)‖; ÷åðåç α, β îáîçíà÷èì ÷èñëà, îãðàíè÷èâàþùèå ñâåðõó íîðìû
ìàòðèö A(t), Ki(t) íà [0, T ]. Äîñòàòî÷íûå óñëîâèÿ îñóùåñòâèìîñòè è ñõîäèìîñòè ïðåäëîæåí-
íîãî àëãîðèòìà, ñóùåñòâîâàíèå è åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1), (2), à òàêæå åãî îöåíêó
óñòàíàâëèâàåò

Òå î ð åì à 1. Ïóñòü ïðè íåêîòîðûõ l ∈ N è ν ∈ N ìàòðèöû Pν(l) : Rn → Rn, Qν(l) :
Rnml → Rnml îáðàòèìû è âûïîëíÿþòñÿ íåðàâåíñòâà:

à) µν(T ) = ‖[Pν(l)]−1‖eαhm
l

hm

l

(
αhm

l

)ν 1
ν!

β < 1, á) ||[Qν(l)]−1|| ≤ γν(l),

â) qν(l) = γν(l)max
(

1,
hm

l
‖C‖

)(
1 + β

h

l

ν−1∑

j=0

(αh

l

)j 1
j!
‖[Pν(l)]−1‖

)
×

×
{

e
αh
l −

ν∑

j=0

(αh

l

)j 1
j!

+ (m + 1)β
h

l

(
e

αh
l −

ν−1∑

j=0

(αh

l

)j 1
j!

)
+ β

h

l

(
e

αh
l −

ν−1∑

j=0

(αh

l

)j 1
j!

)
×

× 1
1− µν(T )

(
e

αhm
l − 1 + e

αhm
l

hm

l
(m + 1)β + e

αhm
l

hm

l
β‖[Pν(l)]−1‖σ(T )

)}
< 1,

ãäå h = max
j=1,m

hj , σ(T ) =
ν∑

j=1

(
αhm

l

)j 1
j! + (m + 1)β hm

l

ν−1∑
j=0

(
αhm

l

)j 1
j! .

Òîãäà äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé (1), (2)
èìååò åäèíñòâåííîå ðåøåíèå x∗(t) è äëÿ íåãî ñïðàâåäëèâà îöåíêà

‖x∗‖1 ≤ Mν(l)max(‖f‖1, ‖d‖), (15)

ãäå Mν(l) =
{

γν(l)
[
e

αh
l − 1 + e

αh
l

h

l
(m + 1)β + e

αh
l

h

l
β

1
1− µν(T )

(
e

αhm
l − 1 + e

αhm
l

hm

l
(m + 1)β+

+e
αhm

l
hm

l
β‖[Pν(l)]−1‖σ(T )

)]
max

[
1 + ‖C‖

ν−1∑

j=0

(
αhm

l

)j 1
j!

hm

l
+ ‖C‖βhm

l

ν−1∑

j=0

(
αhm

l

)j 1
j!
×

×‖[Pν(l)]−1‖
ν−1∑

j=0

(
αhm

l

)j 1
j!

hm

l
, max
i=1,ml−1

(ν−1∑

j=0

(
αhi

l

)j 1
j!

+ β
ν−1∑

j=0

(
αhi

l

)j 1
j!
‖[Pν(l)]−1‖×

×
ν−1∑

j=0

(αhm

l

)j 1
j!

hm

l

)]
+e

αh
l +e

αh
l

β

1− µν(T )
[
e

αhm
l

hm

l
+e

αhm
l

hm

l
β‖[Pν(l)]−1‖

ν−1∑

j=0

(
αhm

l

)j 1
j!

hm

l

]}×

×h

l

{
γν(l)

[
e

αh
l + e

αh
l

h

l
(m + 1)β + e

αh
l

h

l
β

1
1− µν(T )

(
e

αhm
l − 1 + e

αhm
l

hm

l
(m + 1)β+

+e
αhm

l
hm

l
β‖[Pν(l)]−1‖σ(T )

)]
max(1,

hm

l
‖C‖) 1

1− qν(l)

(
1 +

h

l
β

ν−1∑

j=0

(
αh

l

)j 1
j!
‖[Pν(l)]−1‖

)
×

×
(

αh

l

)ν 1
ν!

+ 1
}

+ γν(l)max
{

1 + ‖C‖
ν−1∑

j=0

(
αhm

l

)j 1
j!

hm

l
+ ‖C‖βhm

l

ν−1∑

j=0

(
αhm

l

)j 1
j!
‖[Pν(l)]−1‖×

×
ν−1∑

j=0

(
αhm

l

)j 1
j!

hm

l
, max
i=1,ml−1

(ν−1∑

j=0

(
αhi

l

)j 1
j!

+ β

ν−1∑

j=0

(
αhi

l

)j 1
j!
‖[Pν(l)]−1‖

ν−1∑

j=0

(
αhm

l

)j 1
j!

hm

l

)}
h

l
.
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Äîêàçàòåëüñòâî. Ïðè ïðåäïîëîæåíèÿõ òåîðåìû èç íóëåâîãî øàãà àëãîðèòìà îïðåäåëèì
è îöåíèì λ(0) :

||λ(0)|| = max
r=1,ml

‖λ(0)
r ‖ ≤ γν(l)‖Fν(l)‖ ≤ γν(l)

h

l
×

×max
{

1 + ‖C‖
ν−1∑

j=0

(
αhm

l

)j 1
j!

hm

l
+ ‖C‖βhm

l

ν−1∑

j=0

(
αhm

l

)j 1
j!
‖[Pν(l)]−1‖

ν−1∑

j=0

(
αhm

l

)j 1
j!

hm

l
,

max
i=1,ml−1

[ν−1∑

j=0

(
αhi

l

)j 1
j!

+ β
ν−1∑

j=0

(
αhi

l

)j 1
j!
‖[Pν(l)]−1‖

ν−1∑

j=0

(
αhm

l

)j 1
j!

hm

l

]}
max(‖f‖1, ‖d‖). (16)

Èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà -Áåëëìàíà, ïîëó÷èì

‖u(0)
r (t)‖ ≤ [eα(t−tr−1) − 1 + eα(t−tr−1)(t− tr−1)(m + 1)β]‖λ(0)‖+ eα(t−tr−1)(t− tr−1)β×

×‖ lim
t→T−0

u
(0)
ml (t)‖+ eα(t−tr−1)(t− tr−1) sup

t∈[tr−1,tr)
‖f(t)‖, t ∈ [tr−1, tr), r = 1,ml,

‖u(0)
r (t)‖ ≤

[
eα(t−tr−1) − 1 + eα(t−tr−1)(t− tr−1)(m + 1)β + eα(t−tr−1)(t− tr−1)×

× β

1− µν(T )
(
e

αhm
l − 1 + e

αhm
l

hm

l
(m + 1)β + eαhm

hm

l
β‖[Pν(l)]−1‖σ(T )

)]‖λ(0)‖+

+eα(t−tr−1)(t− tr−1)
[

sup
t∈[tr−1,tr)

‖f(t)‖+
β

1− µν(T )

(
e

αhm
l

hm

l
sup

t∈[tml−1,tml)
‖f(t)‖+

+e
αhm

l
hm

l
β‖[Pν(l)]−1‖

ν−1∑

j=0

(αhm

l

)j 1
j!

hm

l
sup

t∈[tml−1,tml)
‖f(t)‖

)]
, t ∈ [tr−1, tr), r = 1,ml. (17)

Ïî ïåðâîìó øàãó àëãîðèòìà îïðåäåëèì λ(1) è îöåíèì íîðìó ðàçíîñòè λ(1) − λ(0) :

‖λ(1) − λ(0)‖ ≤ γν(l)‖Gν(u(0), l)‖ ≤ γν(l)×

×max(1,
hm

l
‖C‖)

[
1 +

h

l
β

ν−1∑

j=0

(αh

l

)j 1
j!
‖[Pν(l)]−1‖

](
αh

l

)ν 1
ν!
‖u(0)‖2, (18)

ãäå ‖u(0)‖2 = max
r

sup
t∈[tr−1,tr)

‖u(0)
r (t)‖, r = 1, ml.

Ïðîäîëæàÿ èòåðàöèîííûé ïðîöåññ, íàõîäèì ïîñëåäîâàòåëüíîñòü ñèñòåìû ïàð (λ(k)
r , u

(k)
r (t)), r =

1,ml, k = 1, 2, ... Ïðèìåíÿÿ íåðàâåíñòâî Ãðîíóîëëà-Áåëëìàíà, îöåíèâàåì ðàçíîñòü ðåøåíèé
çàäà÷ Êîøè ÷åðåç ðàçíîñòü ïàðàìåòðîâ:
∥∥∥u(k)

r (t)−u(k−1)
r (t)

∥∥∥ ≤
{

eα(t−tr−1)−1+eα(t−tr−1)(t−tr−1)(m+1)β+eα(t−tr−1)(t−tr−1)β
1

1− µν(T )
×

×
[
e

αhm
l − 1 + e

αhm
l

hm

l
(m + 1)β + e

αhm
l

hm

l
β‖[Pν(l)]−1‖σ(T )

]}∥∥λ(k) − λ(k−1)
∥∥. (19)

Èç óðàâíåíèÿ (14) îöåíèì ðàçíîñòü ïàðàìåòðîâ λ(k+1) − λ(k) :

‖λ(k+1) − λ(k)‖ ≤ γν(l)‖Gν(u(k), l)−Gν(u(k−1), l)‖ ≤ γν(l)max
(

1,
hm

l
‖C‖

)
×
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×
(

1+β
h

l

ν−1∑

j=0

(αh

l

)j 1
j!
‖[Pν(l]−1‖

)
max

r=1,ml

{ tr∫

tr−1

α...

τν−1∫

tr−1

α‖u(k)
r (τν)− u(k−1)

r (τν−1)‖dτν ...dτ1

}
.

Âìåñòî
∥∥∥u

(k)
r (τν)− u

(k−1)
r (τν−1)

∥∥ ïîäñòàâëÿÿ ïðàâóþ ÷àñòü íåðàâåíñòâà (19) è âû÷èñëÿÿ ïîâòîð-
íûå èíòåãðàëû, ïîëó÷èì

‖λ(k+1) − λ(k)‖ ≤ qν(l)
∥∥λ(k) − λ(k−1)

∥∥, k = 1, 2, ... (20)

Òàê êàê qν(l) < 1, òî èç íåðàâåíñòâ (20),(19) ñëåäóåò ñõîäèìîñòü ïîñëåäîâàòåëüíîñòè λ
(k)
r ê λ∗r

è ðàâíîìåðíàÿ íà [tr−1, tr) ñõîäèìîñòü ôóíêöèè u
(k)
r (t) ê u∗r(t), r = 1,ml, ïðè k → ∞, à òàêæå

ñïðàâåäëèâîñòü îöåíîê:

‖λ∗ − λ(k)‖ ≤ γν(l)
[qν(l)]k

1− qν(l)
max

(
1,

hm

l
‖C‖)

(
1 +

h

l
β

ν−1∑

j=0

(αh

l

)j 1
j!
‖[Pν(l)]−1‖

)(
αh

l

)ν 1
ν!
‖u(0)‖2,

‖u∗r(t)− u(k)
r (t)‖ ≤

{
e

αh
l − 1 + e

αh
l

h

l
(m + 1)β + e

αh
l

h

l
β

1
1− µν(T )

×

×
[
e

αhm
l − 1 + e

αhm
l

hm

l
(m + 1)β + e

αhm
l

hm

l
β‖[Pν(l)]−1‖σ(T )

]}
‖λ∗ − λ(k)‖.

Èñïîëüçóÿ ýòè íåðàâåíñòâà ïðè k = 0 è ó÷èòûâàÿ óñòàíîâëåííûå îöåíêè (16), (17) è ðàâåíñòâà
x∗(t) = λ∗r + u∗r(t), t ∈ [tr−1, tr), r = 1,ml, x∗(T ) = λ∗ml + lim

t→T−0
u∗ml(t), ïîëó÷èì (15). Åäèíñòâåí-

íîñòü ðåøåíèÿ çàäà÷è (1), (2) äîêàçûâàåòñÿ ìåòîäîì îò ïðîòèâíîãî. Òåîðåìà 1 äîêàçàíà.
×òîáû äîêàçàòü íåîáõîäèìîñòü óñëîâèé òåîðåìû 1 äëÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà-

÷è (1), (2), âîñïîëüçóåìñÿ ñëåäóþùèì óòâåðæäåíèåì, óñòàíàâëèâàþùèì âçàèìîñâÿçü ìåæäó
çíà÷åíèÿìè òî÷íîãî ðåøåíèÿ çàäà÷è (1), (2) â òî÷êàõ ðàçáèåíèÿ è ðåøåíèåì óðàâíåíèÿ, ñî-
ñòàâëåííîãî ïî äàííûì çàäà÷è (1), (2).

Ëåììà 1. Åñëè ìàòðèöà P∗(l) = lim
ν→∞Pν(l) îáðàòèìà è ôóíêöèÿ x∗(t) � ðåøåíèå çàäà÷è

(1), (2), òî λ∗ = (λ∗1, λ
∗
2, ..., λ

∗
ml) ñ êîìïîíåíòàìè λ∗r = x∗(tr−1), r = 1,ml, óäîâëåòâîðÿåò

óðàâíåíèþ
H̃−1Q∗(l)λ∗ = −F∗(f, d, l), (21)

ãäå H̃ = 1
l diag

(
hmI, h1I, ..., h1I︸ ︷︷ ︸

l

, h2I, ..., h2I︸ ︷︷ ︸
l

, ..., hm−1I, . . . , hm−1I︸ ︷︷ ︸
l

, hmI, . . . , hmI︸ ︷︷ ︸
l−1

)
,

Q∗(l) = lim
ν→∞Qν(l), F∗(f, d, l) = H̃−1 lim

ν→∞Fν(l).

È íàîáîðîò, åñëè ìàòðèöà P∗(l) îáðàòèìà è âåêòîð λ̃ = (λ̃1, λ̃2, ..., λ̃ml) óäîâëåòâîðÿåò óðàâíå-
íèþ (21), òî ôóíêöèÿ x̃(t), îïðåäåëÿåìàÿ ðàâåíñòâàìè x̃(t) = λ̃r + ũr(t), t ∈ [tr−1, tr), r = 1,ml,
x̃(T ) = λ̃ml + lim

t→T−0
ũml(t), ãäå ũr(t) � ðåøåíèå çàäà÷è Êîøè (6) ïðè λr = λ̃r, áóäåò ðåøåíèåì

çàäà÷è (1), (2).

Äîêàçàòåëüñòâî. Ïóñòü x∗(t) � ðåøåíèå çàäà÷è (1), (2). Òîãäà â ñèëó ýêâèâàëåíòíîñòè
çàäà÷ (1), (2) è (6)�(8) ïàðà (λ∗, u∗[t]), ãäå λ∗ = (x∗(0), x∗(t1), ..., x∗(tml−1)), u∗[t] = (x∗(t) −
x∗(0), x∗(t)−

Ìàòåìàòè÷åñêèé æóðíàë 2005. Òîì 5. � 3 (17)



32 Ý. À.Áàêèðîâà

− x∗(t1), . . . , x∗(t) − x∗(tml−1)),− ðåøåíèå çàäà÷è ñ ïàðàìåòðàìè (6)�(8). Ïî ïðåäïîëîæåíèþ
ìàòðèöà P∗(l) îáðàòèìà è ‖[P∗(l)]−1‖ ≤ p∗. Âçÿâ ν1 ∈ N, óäîâëåòâîðÿþùèì íåðàâåíñòâó

p∗‖P∗(l)− Pν(l)‖ ≤ p∗β
hm

l

(
e

αhm
l −

ν−1∑

j=0

(αhm

l

)j 1
j!

)
<

1
2
,

ïî òåîðåìå î ìàëûõ âîçìóùåíèÿõ îãðàíè÷åííî îáðàòèìûõ îïåðàòîðîâ [3, ñ.142] ïîëó÷èì îá-
ðàòèìîñòü ìàòðèöû Pν(l) è ‖[Pν(l)]−1‖ ≤ 2p∗ äëÿ âñåõ ν ≥ ν1. Òîãäà äëÿ ν ≥ ν1 èìåþò ìåñòî
ðàâåíñòâà

u∗r(t) = Dνr(t)λ∗r +
m−1∑

i=0

H i
νr(t)λ

∗
il+1 + Hm

νr(t)λ
∗
ml + Fνr(t) + Gνr(u∗, t) + Hm

νr(t)×

×[Pν(l)]−1

[
Gνml(u∗, T ) + Dνml(T )λ∗ml +

m−1∑

i=0

H i
νml(T )λ∗il+1 + Hm

νml(T )λ∗ml + Fνml(T )
]
, (22)

Qν(l)λ∗ = −Fν(l)−Gν(u∗, l). (23)

Òàê êàê ïîñëåäîâàòåëüíîñòü ôóíêöèîíàëüíûõ ìàòðèö Dνr(t), Hνr(t) è âåêòîð-ôóíêöèè Fνr(t)
ðàâíîìåðíî ñõîäÿòñÿ íà [tr−1, tr), r = 1, ml, ê D∗r(t), H∗r(t), F∗r(t) ñîîòâåòñòâåííî ïðè ν →∞
è Gνr(u∗, t) â ñèëó îöåíêè

‖Gνr(u∗, t)‖ ≤ max
(
1,

hm

l
‖C‖

)(
1 +

h

l
β

ν−1∑

j=0

(αh

l

)j 1
j!
‖[Pν(l)]−1‖

)(
αh

l

)ν 1
ν!
‖u(0)‖2

íà [tr−1, tr) ðàâíîìåðíî ñòðåìèòñÿ ê íóëþ, òî ïåðåõîäÿ ê ïðåäåëó ïðè ν → ∞ â (22),(23) è
óìíîæàÿ îáå ÷àñòè (23) íà H̃−1, ïîëó÷èì

u∗r(t) = D∗r(t)λ∗r +
m−1∑

i=0

H i
∗r(t)λ

∗
il+1 + Hm

∗r(t)λ
∗
ml + F∗r(t) + Hm

∗r(t)×

×[P∗(l)]−1

[
D∗ml(T )λ∗ml +

m−1∑

i=0

H i
∗ml(T )λ∗il+1 + Hm

∗ml(T )λ∗ml + F∗ml(T )
]
, (24)

H̃−1Q∗(l)λ∗ = −F∗(f, d, l), (25)

ò.å. λ∗ = (λ∗1, λ
∗
2, . . . , λ

∗
ml) óäîâëåòâîðÿåò óðàâíåíèþ (21).

Òåïåðü ïóñòü λ̃ = (λ̃1, λ̃2, ..., λ̃ml) ∈ Rnml � ðåøåíèå ñèñòåìû óðàâíåíèé (21), ò.å.

Bλ̃1 + C

[
I + D∗ml(T ) + Hm

∗ml(T ) + Hm
∗ml(T )[P∗(l)]−1(D∗ml(T ) + Hm

∗ml(T ))
]
λ̃ml+

+C

[
I + Hm

∗ml(T )[P∗(l)]−1

] m−1∑

i=0

H i
∗ml(T )λ̃il+1 = d− CF∗ml(T )

[
I + Hm

∗ml(T )[P∗(l)]−1

]
, (26)

1
ts − ts−1

[I + D∗s(ts)]λ̃s +
1

ts − ts−1

m−1∑

i=0

H i
∗s(ts)λ̃il+1 +

1
ts − ts−1

Hm
∗s(ts)λ̃ml+

+
1

ts − ts−1
Hm
∗s(ts)[P∗(l)]

−1

[
D∗ml(T )λ̃ml +

m−1∑

i=0

H i
∗ml(T )λ̃il+1 + Hm

∗ml(T )λ̃ml

]
−
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− 1
ts − ts−1

λ̃s+1 = − 1
ts − ts−1

F∗s(ts)− 1
ts − ts−1

Hm
∗s(ts)[P∗(l)]

−1F∗ml(T ), s = 1,ml − 1. (27)

Òàê êàê ũr(t) � ðåøåíèå çàäà÷è Êîøè (6) ïðè λr = λ̃r, r = 1,ml, è ñîãëàñíî (24) ïðåäñòàâèìî
â âèäå

ũr(t) = D∗r(t)λ̃r +
m−1∑

i=0

H i
∗r(t)λ̃il+1 + Hm

∗r(t)λ̃ml + F∗r(t) + Hm
∗r(t)[P∗(l)]

−1×

×
[
D∗ml(T )λ̃ml +

m−1∑

i=0

H i
∗ml(T )λ̃il+1 + Hm

∗ml(T )λ̃ml + F∗ml(T )
]
, (28)

òî äîñòàòî÷íî äîêàçàòü âûïîëíåíèå óñëîâèé (7), (8). Óìíîæèâ (27) íà ts − ts−1, s = 1,ml − 1,
ïåðåïèøåì (26), (27) â ñëåäóþùåì âèäå:

Bλ̃1 + Cλ̃ml + C

[
D∗ml(T )λ̃ml +

m−1∑

i=0

H i
∗ml(T )λ̃il+1 + Hm

∗ml(T )λ̃ml + F∗ml(T )+

+Hm
∗ml(T )[P∗(l)]−1

(
D∗ml(T )λ̃ml +

m−1∑

i=0

H i
∗ml(T )λ̃il+1 + Hm

∗ml(T )λ̃ml + F∗ml(T )
)]

= d,

λ̃s +
[
D∗s(ts)λ̃s +

m−1∑

i=0

H i
∗s(ts)λ̃il+1 + Hm

∗s(ts)λ̃ml + F∗s(ts) + Hm
∗s(ts)[P∗(l)]

−1×

×
(

D∗ml(T )λ̃ml +
m−1∑

i=0

H i
∗ml(T )λ̃il+1 + Hm

∗ml(T )λ̃ml + F∗ml(T )
)]

= λ̃s+1, s = 1,ml − 1.

Îòñþäà â ñèëó ðàâåíñòâà (28) âûðàæåíèÿ, ñòîÿùèå â êâàäðàòíûõ ñêîáêàõ, ðàâíû lim
t→tr−0

ũr(t),

r = 1,ml. Ïîýòîìó ïàðà (λ̃, ũr[t]) óäîâëåòâîðÿåò óñëîâèÿì (7), (8). Ëåììà äîêàçàíà.

Òå î ð åì à 2. Åñëè ìàòðèöà P∗(l) îáðàòèìà, òî êðàåâàÿ çàäà÷à (1),(2) îäíîçíà÷íî ðàç-
ðåøèìà òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî l ∈ N ñóùåñòâóåò ν ∈ N, ïðè êîòîðîì
ìàòðèöû Pν(l), Qν(l) îáðàòèìû è âûïîëíÿþòñÿ íåðàâåíñòâà à), á), â) òåîðåìû 1.

Äîêàçàòåëüñòâî. Äîñòàòî÷íîñòü ñëåäóåò èç òåîðåìû 1. Äîêàæåì íåîáõîäèìîñòü. Ïóñòü
‖[P∗(l)]−1‖ ≤ p∗. Âûáðàâ ν1, óäîâëåòâîðÿþùèì íåðàâåíñòâàì

p∗‖P∗(l)− Pν(l)‖ ≤ p∗
hm

l
β

(
e

αhm
l −

ν−1∑

j=0

(αhm

l

)j 1
j!

)
<

1
2
,

µν(T ) = 2p∗e
αhm

l
hm

l

(
αhm

l

)ν 1
ν!

β < 1,

ïî òåîðåìå î ìàëûõ âîçìóùåíèÿõ îãðàíè÷åííî îáðàòèìûõ îïåðàòîðîâ ïîëó÷èì îáðàòèìîñòü
ìàòðèöû Pν(l) è ñïðàâåäëèâîñòü íåðàâåíñòâ ‖[Pν(l)]−1‖ ≤ 2p∗, µν(T ) < 1 äëÿ âñåõ ν ≥ ν1. Òàêèì
îáðàçîì, íåðàâåíñòâî à) òåîðåìû 1 âûïîëíÿåòñÿ ïðè âñåõ ν ≥ ν1. Ðàññìîòðèì ìàòðèöó Q∗(l)
è äîêàæåì åå îáðàòèìîñòü. Äëÿ ýòîãî äîñòàòî÷íî óñòàíîâèòü, ÷òî óðàâíåíèå Q∗(l)λ = 0 èìååò
òîëüêî íóëåâîå ðåøåíèå. Äîïóñòèì ïðîòèâíîå è ïðåäïîëîæèì, ÷òî íàéäåòñÿ íåíóëåâîé âåêòîð
λ̃ = (λ̃1, λ̃2, ..., λ̃ml)

′ ∈ Rnml è Q∗(l)λ̃ = 0. Òîãäà ñîãëàñíî ëåììå 1 ñèñòåìà ïàð (λ̃, ũ[t]), ãäå ũ[t]
� ñèñòåìà ðåøåíèé çàäà÷ Êîøè (6) íà [tr−1, tr) ïðè λr = λ̃r, r = 1,ml, ÿâëÿåòñÿ íåíóëåâûì
ðåøåíèåì îäíîðîäíîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷è äëÿ íàãðóæåííûõ äèôôåðåíöèàëüíûõ

Ìàòåìàòè÷åñêèé æóðíàë 2005. Òîì 5. � 3 (17)



34 Ý. À.Áàêèðîâà

óðàâíåíèé ñ ïàðàìåòðàìè (6)�(8) è â ñèëó ýêâèâàëåíòíîñòè çàäà÷ (1), (2) è (6)�(8) îäíîðîäíàÿ
êðàåâàÿ çàäà÷à (1), (2) èìååò íåíóëåâîå ðåøåíèå. Îòñþäà, ó÷èòûâàÿ, ÷òî çàäà÷à (1), (2) ïðè
f(t) = 0, d = 0 èìååò òàêæå òðèâèàëüíîå ðåøåíèå, ïðèäåì ê ïðîòèâîðå÷èþ ñ îäíîçíà÷íîé
ðàçðåøèìîñòüþ çàäà÷è (1), (2). Ïîýòîìó Q∗(l) îáðàòèìà è ‖[Q∗(l)]−1‖ ≤ γ∗(l). Âîçüìåì ν ≥ ν1

è îöåíèì ðàçíîñòü
‖Q∗(l)−Qν(l)‖ ≤

≤ max
(
1,

hm

l
‖C‖)

{
e

αh
l −

ν∑

j=0

(αh

l

)j 1
j!

+ (m + 1)β
h

l

(
e

αh
l −

ν−1∑

j=0

(αh

l

)j 1
j!

)
+ ‖[P∗(l)]−1‖βh

l
×

×
(

e
αh
l −

ν−1∑

j=0

(αh

l

)j 1
j!

)(
e

αh
l − 1

)
+ β

h

l

ν−1∑

j=0

(αh

l

)j 1
j!

(
e

αh
l −

ν−1∑

j=0

(αh

l

)j 1
j!

)
‖[P∗(l)]−1‖βh

l
×

×‖[Pν(l)]−1‖
(

e
αh
l −

ν−1∑

j=0

(αh

l

)j 1
j!

)
+ β

h

l

(
e

αh
l −

ν−1∑

j=0

(αh

l

)j 1
j!

)
‖[P∗(l)]−1‖(m + 1)β

h

l
e

αh
l +

+β
h

l

ν−1∑

j=0

(αh

l

)j 1
j!
‖[P∗(l)]−1‖βh

l

(
e

αh
l −

ν−1∑

j=0

(αh

l

)j 1
j!

)
‖[Pν(l)]−1‖(m + 1)β

h

l

(
e

αh
l −

ν−1∑

j=0

(αh

l

)j 1
j!

)}
.

Òàê êàê ïðàâàÿ ÷àñòü íåðàâåíñòâà ïðè ν →∞ ñòðåìèòñÿ ê íóëþ, òî íàéäåòñÿ ν2 ≥ ν1, ïðè
êîòîðîì

γ∗(l)‖Q∗(l)−Qν(l)‖ <
1
2

∀ν ≥ ν2.

Òîãäà ïî òåîðåìå î ìàëûõ âîçìóùåíèÿõ îãðàíè÷åííî îáðàòèìûõ îïåðàòîðîâ ìàòðèöà Qν(l)
îáðàòèìà è ‖[Qν(l)]−1‖ ≤ 2γ∗(l) ïðè ν ≥ ν2. Ó÷èòûâàÿ, ÷òî

qν(l) ≤ 2γ∗(l)max
(

1,
hm

l
‖C‖

)(
1 + 2p∗β

h

l

ν−1∑

j=0

(αh

l

)j 1
j!

)
×

×
{

e
αh
l −

ν∑

j=0

(αh

l

)j 1
j!

+ (m + 1)β
h

l

(
e

αh
l −

ν−1∑

j=0

(αh

l

)j 1
j!

)
+ β

h

l

(
e

αh
l −

ν−1∑

j=0

(αh

l

)j 1
j!

)
×

× 1
1− µν(T )

(
e

αhm
l − 1 + e

αhm
l

hm

l
(m + 1)β + 2p∗e

αhm
l

hm

l
βσ(T )

)}
,

è âûðàæåíèÿ, ñòîÿùèå â ôèãóðíûõ ñêîáêàõ ñòðåìÿòñÿ ê íóëþ ïðè ν →∞, íàéäåì ν3 ≥ ν2, óäî-
âëåòâîðÿþùèì íåðàâåíñòâó qν3(l) < 1. Èòàê, äëÿ ëþáîãî l ∈ N ïðè âûáîðå ν = ν3 âûïîëíÿþòñÿ
âñå óñëîâèÿ òåîðåìû 1. Òåîðåìà 2 äîêàçàíà.

Íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (1), (2) ïðè K0(t) ≡
0, Km(t) ≡ 0 ïîëó÷åíû â [4].
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Äîêàçûâàåòñÿ òåîðåìà î äîñòàòî÷íîì óñëîâèè ñóùåñòâîâàíèÿ ãàìîãðàôè÷åñêîãî ðåøåíèÿ íüþòîíî-
âîé çàäà÷è äåâÿòè òåë, èçîáðàæàåìîãî â âèäå äâóõ âðàùàþùèõñÿ êâàäðàòîâ ñ îäèíàêîâîé óãëîâîé
ñêîðîñòüþ.

Îñíîâíîé çàäà÷åé àíàëèòè÷åñêîé äèíàìèêè â ïðåäñòàâëåíèè À. Ïóàíêàðå ÿâëÿåòñÿ îòûñ-
êàíèå âñåõ ñòàöèîíàðíûõ ðåøåíèé çàäàííîé ãàìèëüòîíîâîé ñèñòåìû äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ àíàëèòè÷åñêèì, ïåðèîäè÷åñêèì ïî ëàãðàíæåâûì êîîðäèíàòàì ãàìèëüòîíèàíîì. Ïðè-
ìåíèòåëüíî ê äèôôåðåíöèàëüíûì óðàâíåíèÿì îáùåé íüþòîíîâîé çàäà÷è ìíîãèõ òåë ïåðâûé
ïðîðûâ áûë ðåàëèçîâàí Î.Äçèîáåêîì [1], À.Âèíòíåðîì [2], Á. Ýëüìàáñóòîì è Ä.Áàíêîì äëÿ
åâêëèäîâûõ ïðîñòðàíñòâ [3]. Äëÿ ïðîñòðàíñòâ Íåõâèëëà ñ "ðåãóëÿðèçîâàííûì âðåìåíåì"Å.À.
Ãðåáåíèêîâûì áûë íàéäåí íîâûé êëàññ îãðàíè÷åííûõ è íåîãðàíè÷åííûõ ãîìîãðàôè÷åñêèõ ðå-
øåíèé [4]. Ýòè ñòàöèîíàðíûå ðåøåíèÿ îáëàäàþò ïîëíîé äèíàìè÷åñêîé è ãåîìåòðè÷åñêîé ñèì-
ìåòðèåé â ñîîòâåòñòâóþùèõ ïðîñòðàíñòâàõ. Ä. Áàíê è Á. Ýëüìàáñóò òàêæå ïîêàçàëè [3], ÷òî â
åâêëèäîâîì ïðîñòðàíñòâå ñóùåñòâóþò òî÷íûå ðåøåíèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé íüþòî-
íîâîé ïðîáëåìû ìíîãèõ òåë "ñ íåïîëíîé ñèììåòðèåé", êîãäà âçàèìíî ïðèòÿãèâàþùèåñÿ ìåæäó
ñîáîé òåëà îáðàçóþò íå îäèí ïðàâèëüíûé ìíîãîóãîëüíèê (êàê â ñëó÷àå ïîëíîé ñèììåòðèè), à
íåñêîëüêî òàêèõ ïðàâèëüíûõ ìíîãîóãîëüíèêîâ ñ îäíîçíà÷íîé âçàèìíîé îðèåíòàöèåé êàæäîãî
èç íèõ îòíîñèòåëüíî äðóãèõ. Ýòîò ðåçóëüòàò Ä. Áàíêà è Á. Ýëüìàáñóòà íå èñ÷åðïûâàåò âñå ìíî-
æåñòâî ñòàöèîíàðíûõ ðåøåíèé îáùåé íüþòîíîâîé çàäà÷è ìíîãèõ òåë è ìîæíî äîïóñòèòü, ÷òî
áóäóò íàéäåíû è äðóãèå ñòàöèîíàðíûå ðåøåíèÿ. Âìåñòå ñ òåì, ñòàöèîíàðíûå ðåøåíèÿ Áàíêà-
Ýëüìàáñóòà ìîæíî èñïîëüçîâàòü êàê ãåíåðàòîð íîâîãî êëàññà çàäà÷ êîñìè÷åñêîé äèíàìèêè �
îãðàíè÷åííûõ çàäà÷ ñ íåïîëíîé ñèììåòðèåé.

Â ðàáîòå ïðèâîäèòñÿ îòûñêàíèå äîñòàòî÷íîãî óñëîâèÿ ñóùåñòâîâàíèÿ ãàìîãðàôè÷åñêîãî
ðåøåíèÿ îãðàíè÷åííîé çàäà÷è äåâÿòè òåë. Äëÿ ýòîãî ñíà÷àëà ïðèâåäåì ôîðìóëèðîâêó òåîðåìû
Áàíêà-Ýëüìàáñóòà â óäîáíîé äëÿ íàñ ôîðìå.

Òåîðåìà 1 [3]. Ïóñòü èìååòñÿ N+1 = pn+1 âçàèìíî ïðèòÿãèâàþùèõñÿ ìåæäó ñîáîé òåë
P0, P1, . . . , PN ñ ìàññàìè M0,M1, . . . , MN . Ïóñòü êðîìå òîãî, òåëà P1, P2, . . . , PN îáðàçóþò
Keywords: gamographic solution, many-body problem
2000 Mathematics Subject Classi�cation: 42A16
c
 Èõñàíîâ Å.Â., 2005.
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p ïðàâèëüíûõ êîíöåíòðè÷åñêèõ n-óãîëüíèêîâ ñ îáùèì öåíòðîì P0, â âåðøèíàõ êàæäîãî èç
êîòîðûõ ìàññû ðàâíû ìåæäó ñîáîé M1 = M2 = . . . = Mn = m1,Mn+1 = Mn+2 = . . . = M2n =
= m2, . . . ,MN−n+1 = MN−n+2 = . . . = MN = mp, è êàæäûé ìíîãîóãîëüíèê îðèåíòèðîâàí
îòíîñèòåëüíî äâóõ ñîñåäíèõ íà óãîë π

n è âðàùàåòñÿ âîêðóã öåíòðà P0 ñ óãëîâîé ñêîðîñòüþ

ω2
l =

M0

|q3
l,k|

+
1

ql,k





∑

1≤r≤p
r 6=l

mr

n∑

j=1

ql,k − qr,j

|ql,k − qr,j |3 + ml

∑

j=1
j 6=k

ql,k − ql,j

|ql,k − ql,j |3





, (1)

ãäå ql,k = (xl,k, yl,k) � êîîðäèíàòû òåëà Pk(k = 1, 2, . . . , n) , íàõîäÿùåãîñÿ â êàæäîé âåðøèíå l
- ãî ìíîãîóãîëüíèêà,

|ql,k − qr,j |3 =
[
(xl,k − xr,j)2 + (yl,k − yr,j)2

] 3
2 .

Åñëè äëÿ çàäàííûõ êîîðäèíàò ql,k ñóùåñòâóþò òàêèå íàáîðû çíà÷åíèé
ïàðàìåòðîâ m1,m2, . . . , mp, ÷òîáû èìåëè ìåñòî ðàâåíñòâà

ω2
1 = ω2

2 = . . . = ω2
p = ω2 (2)

òîãäà ïëîñêàÿ íüþòîíîâà ïðîáëåìà (N +1)-òåë èìååò òî÷íîå ãàìîãðàôè÷åñêîå ðåøåíèå, îïè-
ñûâàåìîå ãåîìåòðè÷åñêè p ïðàâèëüíûìè n-óãîëüíèêàìè, âðàùàþùèìèñÿ ñ óãëîâîé ñêîðîñòüþ
ω âîêðóã òåëà P0.

Çàìå÷àíèå 1. Ïîñëåäíåå ïðåäëîæåíèå èç ôîðìóëèðîâêè òåîðåìû Áàíêà-Ýëüáàìñóòà ìî-
æåò áûòü çàìåíåíî ñëåäóþùåé ôðàçîé: åñëè äëÿ çàäàííûõ çíà÷åíèé ïàðàìåòðîâ m1,m2, . . . ,
mp ñóùåñòâóþò òàêèå íàáîðû êîîðäèíàò (xl,k, yl,k), ÷òîáû èìåëè ìåñòî ðàâåíñòâà (2), òîãäà
ïëîñêàÿ íüþòîíîâà ïðîáëåìà (N + 1)-ãî òåë èìååò òî÷íîå ãàìîãðàôè÷åñêîå ðåøåíèå, îïèñû-
âàåìîå ãåîìåòðè÷åñêè p ïðàâèëüíûìè n-óãîëüíèêàìè, âðàùàþùèìèñÿ ñ óãëîâîé ñêîðîñòüþ ω
âîêðóã òåëà P0.

Çàéìåìñÿ âûâîäîì îñíîâíûõ ñîîòíîøåíèé ìåæäó ïàðàìåòðàìè ìîäåëè. Äëÿ äèíàìè÷åñêîé
ìîäåëè êîëüöåîáðàçíîé ïëîñêîé íüþòîíîâîé ïðîáëåìû 9-òè òåë ÷èñëî êâàäðàòîâ p ðàâíî 2, à
ïàðàìåòð n î÷åâèäíî ðàâåí 4 (n = 2, n = 4), ïîýòîìó ñíà÷àëà íåîáõîäèìî íàïèñàòü â ÿâíîé
ôîðìå ìàêñèìóì 16 ñîîòíîøåíèé âèäà (1), ÷òîáû äàëåå ìîæíî áûëî âûâåñòè ñîîòíîøåíèÿ
ìåæäó äèíàìè÷åñêèìè è ãåîìåòðè÷åñêèìè ïàðàìåòðàìè, óäîâëåòâîðÿþùèå ðàâåíñòâà (2). Ãà-
ìîãðàôè÷åñêîå ðåøåíèå çàäà÷è 9-òè òåë â âèäå äâóõ êîíöåíòðè÷åñêèõ êâàäðàòîâ èçîáðàæåíî
âî âðàùàþùåéñÿ ñèñòåìå êîîðäèíàò P0xy (ðèñ. 1 ) ñ óäîáíûì ëèíåéíûì ìàñøòàáîì P0P1 = 1 :

Óñëîâèÿ ñóùåñòâîâàíèÿ òàêèõ òî÷íûõ ãàìîãðàôè÷åñêèõ ðåøåíèé â çàäà÷å 9-òè òåë â îáùåé
ôîðìå çàïèñûâàþòñÿ ñ ïîìîùüþ ñëåäóþùèõ ðàâåíñòâ:

ω2
l xl,k =

M0xl,k

(x2
l,k + y2

l,k)
3
2

+
∑

1≤r≤2,r 6=l

mr

4∑

j=1

xl,k − xr,j

[(xl,k − xr,j)2 + (yl,k − yr,j)2]
3
2

+

+ml

4∑

j=1,j 6=k

xl,k − xl,j

[(xl,k − xl,j)2 + (yl,k − yl,j)2]
3
2

, (3)

ω2
l yl,k =

M0yl,k

(x2
l,k + y2

l,k)
3
2

+
∑

1≤r≤2,r 6=l

mr

4∑

j=1

yl,k − yr,j

[(xl,k − xr,j)2 + (yl,k − yr,j)2]
3
2

+

+ml

4∑

j=1,j 6=k

yl,k − yl,j

[(xl,k − xl,j)2 + (yl,k − yl,j)2]
3
2

. (4)
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Ðèñ. 1:

Òàêàÿ "ïîêîîðäèíàòíàÿ" ôîðìà çàïèñè òåîðåìû Áàíêà-Ýëüìàáñóòà óêàçûâàåò íà òî, ÷òî
óãëîâàÿ ñêîðîñòü ωl âðàùåíèÿ l -ãî ìíîãîóãîëüíèêà íå çàâèñèò îò èíäåêñà âåðøèíû ñ íîìåðîì
k, ïîýòîìó ïðîâåðêà óñëîâèé (2) òåîðåìû ñâîäèòñÿ ê ïîëó÷åíèþ çàâèñèìîñòåé ìåæäó äèíàìè-
÷åñêèìè ïàðàìåòðàìè � ìàññàìè m1, m2, . . . , mp è ãåîìåòðè÷åñêèìè ïàðàìåòðàìè � ðàäèóñàìè
îêðóæíîñòåé, â êîòîðûå âïèñàíû ïðàâèëüíûå n- óãîëüíèêè. Êîîðäèíàòû áîëüøåãî êâàäðàòà
P1P2P3P4, èçîáðàæåííîãî íà ðèñ.1, î÷åâèäíî, äàþòñÿ òàáëèöåé:

P1 : x11 = 1; y11 = 0; P2 : x12 = 0; y11 = 1;

P3 : x13 = −1; y13 = 0; P4 : x14 = 0; y14 = −1.

Åñëè îáîçíà÷èòü ðàññòîÿíèå P0P5 ÷åðåç (1−α) (0≤α≤1 � ðàçíîñòü ìåæäó ðàäèóñàìè îïè-
ñàííûõ îêðóæíîñòåé âîêðóã êâàäðàòîâ), òî êîîðäèíàòû âåðøèí ìåíüøåãî êâàäðàòà P5P6P7P8

âûðàæàþòñÿ ôîðìóëàìè:

P5 : x21 =
(1− α)

√
2

2
; y21 =

(1− α)
√

2
2

; P6 : x22 = −(1− α)
√

2
2

; y22 =
(1− α)

√
2

2
;

P7 : x23 = −(1− α)
√

2
2

; y23 = −(1− α)
√

2
2

; P8 : x24 =
(1− α)

√
2

2
; y22 = −(1− α)

√
2

2
;

Òîãäà òàáëèöà âñåõ âçàèìíûõ ðàññòîÿíèé ìåæäó äåâÿòüþ òåëàìè èìååò âèä:

P0P1 = P0P2 = P0P3 = P0P4 = 1;

P0P5 = P0P6 = P0P7 = P0P8 = 1− α;
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P1P2 = P2P3 = P3P4 = P4P1 =
√

2;

P5P6 = P6P7 = P7P8 = P8P5 = (1− α)
√

2;

P1P3 = P2P4 = 2; P5P7 = P6P8 = 2(1− α);

P1P5 = P1P8 = P2P5 = P2P6 = P3P6 = P3P7 = P4P7 = P4P8 =
√

2−
√

2− α(2−
√

2) + α2;

P1P6 = P1P7 = P2P7 = P2P8 = P3P5 = P3P8 = P4P6 = P4P5 =
√

2 +
√

2− α(2 +
√

2) + α2.

Ïîäñòàâëÿÿ ïîëó÷åííûå âûðàæåíèÿ â ôîðìóëû (3) è (4) äëÿ l = 1 è k = 1, 2, 3, 4,, ïîëó÷àåì
äëÿ ωl ôîðìàëüíî øåñòíàäöàòü àíàëèòè÷åñêèõ âûðàæåíèé, èç êîòîðûõ äåéñòâèòåëüíî ðàçëè÷-
íûìè ÿâëÿþòñÿ äâà òàêèõ âûðàæåíèÿ. Íàïðèìåð, ìîæíî ïî ôîðìóëàì (3) è (4) âû÷èñëèòü ω2

1

è ω2
2 äëÿ l = 1 è l = 2 è â ðåçóëüòàòå ýòîãî ïîëó÷èì

ω2
1 = M0 +

m1(4 +
√

2)
4
√

2
+ m2

[
2− (1− α)

√
2

[2−√2− α(2−√2) + α2]
3
2

+
2 + (1− α)

√
2

[2 +
√

2− α(2−√2) + α2]
3
2

]
, (5)

ω2
2 =

M0

(1− α)3
+

m1

√
2

1− α

{
(1− α)

√
2− 1

[2−√2− α(2−√2) + α2]
3
2

+
(1− α)

√
2 + 1

[2 +
√

2− α(2−√2) + α2]
3
2

}
+

+
m2(4 +

√
2)

4
√

2(1− α)3
. (6)

Àíàëèòè÷åñêèå âûðàæåíèÿ (5) è (6) ðàçëè÷íû. Îíè ñîâïàäàþò òîëüêî â ñëó÷àå ðàâåíñòâà
ìàññ m1 = m2 è α = 0 . Ïðè òàêèõ óñëîâèÿõ êîëüöåîáðàçíàÿ äèíàìè÷åñêàÿ ìîäåëü çàäà÷è 9-òè
òåë ïåðåõîäèò â äèíàìè÷åñêóþ ìîäåëü, ðàññìîòðåííóþ â [4], à èìåííî, èìååì â ýòîì ñëó÷àå
ðàâíîìåðíîå âðàùåíèå ïðàâèëüíîãî âîñüìèóãîëüíèêà P1P2P3P4P5P6P7P8 âîêðóã öåíòðà P0 ñ
óãëîâîé ñêîðîñòüþ

ω2 = M0 + m
4
√

2 +
√

2 + 4
√

2−√2 + 4 +
√

2
4
√

2
. (7)

Åñëè ðàññìàòðèâàòü ñëó÷àé m1 6= m2 è α 6= 0, òîãäà äëÿ ñóùåñòâîâàíèÿ â çàäà÷å 9-òè òåë
ãàìîãðàôè÷åñêîãî ðåøåíèÿ, èçîáðàæåííîãî äâóìÿ êâàäðàòàìè, âðàùàþùèìèñÿ ñ îäèíàêîâîé
óãëîâîé ñêîðîñòüþ âîêðóã öåíòðà P0, íåîáõîäèìî, ÷òîáû

ω2 = ω2
1 = ω2

2. (8)

Óñëîâèå (8) âûðàæàåò çàâèñèìîñòü ìåæäó ìàññàìè m1, m2,M0 è ðàññòîÿíèåì α, ïðè êîòî-
ðûõ ñóùåñòâóåò íåîáõîäèìîå äëÿ äàëüíåéøåãî èññëåäîâàíèÿ ãàìîãðàôè÷åñêîå ðåøåíèå ïëîñêîé
íüþòîíîâîé ïðîáëåìû 9-òè òåë ñ íåïîëíîé ñèììåòðèåé. Ðàâåíñòâî (8) ìîæåò áûòü íàïèñàíî â
ÿâíîì âèäå:

m2 = m1ϕ1(α) + M0ϕ0(α). (9)

Âûâîä èç âûïîëíåííûõ âûøå ïðåîáðàçîâàíèé ìîæíî ïðåäñòàâèòü â âèäå òåîðåìû.
Òåîðåìà 2. Äîñòàòî÷íûì óñëîâèåì ñóùåñòâîâàíèÿ ãàìîãðàôè÷åñêîãî ðåøåíèÿ íüþòîíî-

âîé çàäà÷è 9-òè òåë, èçîáðàæàåìîãî â âèäå äâóõ âðàùàþùèõñÿ ñ îäèíàêîâîé óãëîâîé ñêîðî-
ñòüþ êâàäðàòîâ, ÿâëÿåòñÿ âûïîëíåíèå ðàâåíñòâà (8), ãäå ω1, ω2 âûðàæàþòñÿ ôîðìóëàìè (5),
(6).
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ÀÏÏÐÎÊÑÈÌÀÖÈß ÎÃÐÀÍÈ×ÅÍÍÎÃÎ ÐÅØÅÍÈß
ÑÈÑÒÅÌ ËÈÍÅÉÍÛÕ ÎÁÛÊÍÎÂÅÍÍÛÕ
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ

ÍÅÎÃÐÀÍÈ×ÅÍÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ
Å.Â.Êîêîòîâà

Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê.Æóáàíîâà
030000 ã.Àêòîáå óë. áðàòüåâ Æóáàíîâûõ, 263 zhubanov@mail.ru

Èññëåäóåòñÿ çàäà÷à íàõîæäåíèÿ îãðàíè÷åííîãî ðåøåíèÿ ñèñòåì ëèíåéíûõ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé ñ íåîãðàíè÷åííîé ìàòðèöåé. Ïîñòðîåíû ðåãóëÿðíûå äâóõòî÷å÷íûå êðàå-
âûå çàäà÷è, àïïðîêñèìèðóþùèå èñõîäíóþ çàäà÷ó. Óñòàíîâëåíà âçàèìîñâÿçü ìåæäó êîððåêòíûìè
ðàçðåøèìîñòÿìè èñõîäíîé è àïïðîêñèìèðóþùåé çàäà÷àìè. Ïîëó÷åíà îöåíêà àïïðîêñèìàöèè.

Íà (0, T ) ðàññìàòðèâàåòñÿ ñèñòåìà ëèíåéíûõ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
dx

dt
= A(t)x + f(t), x ∈ Rn, ‖x‖ = max

i
|xi|, (1)

ãäå A(t), f(t) íåïðåðûâíû íà (0, T ), ‖A(t)‖ = max
i

n∑
j=1

|aij(t)| = α(t), α(t) � íåïðåðûâíàÿ íà

(0, T ) ôóíêöèÿ, óäîâëåòâîðÿþùàÿ óñëîâèÿì

lim
t→0+0

α(t) = ∞, lim
t→T−0

α(t) = ∞,
T/2∫
0

α(t)dt = ∞,
T∫

T/2

α(t)dt = ∞.

×åðåç C̃1/α((0, T ), Rn) îáîçíà÷èì ïðîñòðàíñòâî íåïðåðûâíûõ è îãðàíè÷åííûõ ñ âåñîì 1/α(t)
íà (0, T ) ôóíêöèé f : (0, T ) → Rn ñ íîðìîé ‖f‖α = sup

t∈(0,T )
‖f(t)/α(t)‖ .

Îãðàíè÷åííîå íà (0, T ) ðåøåíèå óðàâíåíèÿ (1), êîãäà f(t) ∈ C̃1/α((0, T ), Rn), íàçîâåì ðåøå-
íèåì çàäà÷è 1α.

Â ñòàòüå [2] ïî âûáðàííîìó θ > 0 ïðîèçâåäåíî ðàçáèåíèå (0, T ) =
∞⋃

r=−∞
[tr−1, tr), ãäå òî÷êè

tr, r ∈ Z, âûáðàíû èç ñîîòíîøåíèé: t0 = T/2,
tr∫

tr−1

α(t)dt = θ. Ïîëó÷åíû íåîáõîäèìûå è äî-

ñòàòî÷íûå óñëîâèÿ êîððåêòíîé ðàçðåøèìîñòè çàäà÷è 1α â òåðìèíàõ äâóñòîðîííå-áåñêîíå÷íîé
áëî÷íî-ëåíòî÷íîé ìàòðèöû Qν,h(θ). Â íàñòîÿùåé ñòàòüå èññëåäóåòñÿ

Keywords: linear system of ordinary di�erential equations, bounded solution, unbounded coe�cient
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Çàäà÷à 2α. Ïî çàäàííîìó ε > 0 òðåáóåòñÿ îïðåäåëèòü ÷èñëà T1 ∈ (0, T/2), T2 ∈ (T/2, T ),
âåùåñòâåííûå (n× n)−ìàòðèöû B, C, n−âåêòîð d, ïðè êîòîðûõ xT1,T2 , ðåøåíèå äâóõòî÷å÷íîé
êðàåâîé çàäà÷è

dx

dt
= A(t)x + f(t), t ∈ (T1, T2), x ∈ Rn, (2)

Bx(T1) + Cx(T2) = d, (3)

óäîâëåòâîðÿåò íåðàâåíñòâó max
t∈[T1,T2]

‖xT1,T2(t)− x∗(t)‖ < ε, ãäå x∗(t) � ðåøåíèå çàäà÷è 1α.

Çàäà÷ó 2α áóäåì ðàññìàòðèâàòü ïðè âûïîëíåíèè ñëåäóþùèõ ïðåäïîëîæåíèé.
Ïðåäïîëîæåíèå 1. Ïóñòü lim

t→0+0

A(t)
α(t)

= A0, lim
t→T−0

A(t)
α(t)

= AT è ñîáñòâåííûå çíà÷åíèÿ ξ0
i ,

ξT
i , i = 1, n, ìàòðèö A0, AT òàêèå, ÷òî Reξ0

i 6= 0, ReξT
i 6= 0.

Ïðåäïîëîæåíèå 2. Ñïðàâåäëèâû ñîîòíîøåíèÿ lim
t→0+0

f(t)
α(t)

= f0, lim
t→T−0

f(t)
α(t)

= fT .

Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ ôóíêöèè

δ1(T1, T2) = max

(
sup

t∈(0,T1]
‖A(t)/α(t)−A0‖ , sup

t∈[T2,T )
‖A(t)/α(t)−AT ‖

)
,

δ2(T1, T2) = max

(
sup

t∈(0,T1]
‖f(t)/α(t)− f0‖ , sup

t∈[T2,T )
‖f(t)/α(t)− fT ‖

)

óäîâëåòâîðÿþò óñëîâèþ δk(T1, T2) → 0 ïðè T1 → 0 + 0, T2 → T − 0, k = 1, 2.
×åðåç S0, ST îáîçíà÷èì âåùåñòâåííûå íåîñîáûå (n×n)−ìàòðèöû, ïðèâîäÿùèå ñîîòâåòñòâåí-

íî A0, AT ê îáîáùåííî-æîðäàíîâîé ôîðìå Ã0 = S0A0S
−1
0 =

∥∥∥∥
A0

11 0
0 A0

22

∥∥∥∥ , ÃT = ST AT S−1
T =

=
∥∥∥∥

AT
11 0
0 AT

22

∥∥∥∥ , ãäå A0
11 è A0

22 ñîñòîÿò èç îáîáùåííî-æîðäàíîâûõ êëåòîê, ñîîòâåòñòâóþùèõ
ñîáñòâåííûì çíà÷åíèÿì ìàòðèöû A0 ñ îòðèöàòåëüíûìè è ïîëîæèòåëüíûìè äåéñòâèòåëüíûìè
÷àñòÿìè, ÷èñëî êîòîðûõ îáîçíà÷èì ñîîòâåòñòâåííî n0

1 è n0
2, AT

11 è AT
22 ñîñòîÿò èç îáîáùåííî-

æîðäàíîâûõ êëåòîê, ñîîòâåòñòâóþùèõ nT
1 ñîáñòâåííûì çíà÷åíèÿì ìàòðèöû AT ñ îòðèöàòåëü-

íûìè äåéñòâèòåëüíûìè ÷àñòÿìè è nT
2 ñîáñòâåííûì çíà÷åíèÿì ìàòðèöû AT ñ ïîëîæèòåëüíûìè

äåéñòâèòåëüíûìè ÷àñòÿìè.
Ïóñòü P1 =

∥∥∥∥
In1 0
0 0

∥∥∥∥ , P2 =
∥∥∥∥

0 0
0 In2

∥∥∥∥ , ãäå Inr , r = 1, 2, � åäèíè÷íûå nr−ìàòðèöû.

Òå î ð åì à 1. Â ïðåäïîëîæåíèè 1 çàäà÷à 1α êîððåêòíî ðàçðåøèìà òîãäà è òîëüêî òîãäà,
êîãäà à) n0

1 = nT
1 = n1; n0

2 = nT
2 = n2; á) ñóùåñòâóþò T 0

1 ∈ (0, T/2), T 0
2 ∈ (T/2, T ) òàêèå,

÷òî äëÿ ëþáûõ T1 ∈ (0, T 0
1 ), T2 ∈ (T 0

2 , T ) äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à (2), (3), ãäå B = −P1S0,
C = P2ST , êîððåêòíî ðàçðåøèìà ñ íåçàâèñÿùåé îò T1, T2 êîíñòàíòîé K1.

Äîêàçàòåëüñòâî. Íåîáõîäèìîñòü. Ïî òåîðåìå 3 èç [2] ìàòðèöà Q1,h(θ) îáðàòèìà ∀θ ∈ (0, θ0]
è ‖[Q1,h(θ)]

−1‖L(mn) ≤ γ/θ, ãäå γ � êîíñòàíòà, íåçàâèñÿùàÿ îò θ, mn, L(mn) � ïðîñòðàíñòâà,
ââåäåííûå â [3]. Â ìàòðèöå Q1,h(θ) çàìåíèì A(t) íà α(t)A0 � â áëî÷íûõ ñòðîêàõ ñ íîìåðàìè
r = −N1,−N1 − 1, . . . è íà α(t)AT â áëî÷íûõ ñòðîêàõ ñ íîìåðàìè r = N2, N2 + 1, . . . (t−N1 =
T1, tN2 = T2). Ïîëó÷åííóþ ìàòðèöó îáîçíà÷èì Qθ,T1,T2 . Âûáèðàÿ T 0

1 ∈ (0, T/2), T 0
2 ∈ (T/2, T ),

óäîâëåòâîðÿþùèìè óñëîâèþ γδ1(T 0
1 , T 0

2 − hN2(θ)) ≤ 1/2, ïî òåîðåìå î ìàëûõ âîçìóùåíèÿõ
îãðàíè÷åííî îáðàòèìûõ îïåðàòîðîâ ïîëó÷èì, ÷òî ìàòðèöà Qθ,T1,T2 : mn → mn äëÿ âñåõ T1 ∈
(0, T 0

1 ), T2 ∈ (T 2
2 , T ) îáðàòèìà è ñïðàâåäëèâà îöåíêà

‖Qθ,T1,T2‖L(mn) ≤
γT1,T2

1− γδ1(T1, T2 − hN2(θ))
· 1
θ
≤ 2γ

θ
,
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ãäå γT1,T2 → γ ïðè T1 → 0 + 0, T2 → T − 0.

Ïóñòü D � äâóñòîðîííå-áåñêîíå÷íàÿ áëî÷íî-äèàãîíàëüíàÿ ìàòðèöà, D = diag(drr),
ãäå drr = S0 ïðè r = 0,−1,−2, . . . è drr = ST ïðè r = 1, 2, . . . , è Q̃θ,T1,T2 = DQθ,T1,T2D

−1.

Îñóùåñòâëÿÿ ïåðåñòàíîâêó â ìàòðèöå Q̃θ,T1,T2 , ïîëó÷èì ìàòðèöó Mθ,T1,T2 :

Mθ,T1,T2 =

∥∥∥∥∥∥∥∥∥∥

M11(θ) 0 0 0 0
0 M22(θ) M23(θ) 0 0

M31(θ) 0 M33(θ) 0 M35(θ)
0 0 M43(θ) M44(θ) 0
0 0 0 0 M55(θ)

∥∥∥∥∥∥∥∥∥∥

.

Ìàòðèöà M33(θ) èìååò ðàçìåðû [(N1 + N2 − 1)n + n0
1 + nT

2 ]× (N1 + N2)n :

M33(θ) =

∥∥∥∥∥∥∥∥∥∥∥

−P 0
1 0 0 . . . 0 0 0

I + Ã−N1+1(θ) −I 0 . . . 0 0 0
. . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 I + ÃN2−1(θ) −I

0 0 0 . . . 0 0 I + ÃT (θ)

∥∥∥∥∥∥∥∥∥∥∥

,

â áëî÷íîé ñòðîêå, ñîîòâåòñòâóþùåé íîìåðó p = 0, âìåñòî ìàòðèöû −I ñòîèò ìàòðèöà −S0S
−1
T ,

Ãp(θ) =





S0

tp∫
tp−1

A(t)dtS−1
0 , p = −N1 + 1,−N1 + 2, . . . ,−1, 0,

ST

tp∫
tp−1

A(t)dtS−1
T , p = 1, 2, . . . , N2 − 1;

P 0
1 = (In0

1
, 0) � ìàòðèöà ðàçìåðà n0

1 × n, P T
2 = (0, IT

n2
) � ìàòðèöà ðàçìåðà nT

2 × n.

Àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 5 èç [1] ïîêàçûâàåòñÿ, ÷òî ìàòðèöà M33(θ) îáðàòèìà
è ‖[M33(θ)]−1‖ ≤ γ̃/θ ñ íåçàâèñÿùåé îò θ êîíñòàíòîé γ̃. Îòñþäà ñëåäóåò âûïîëíåíèå óñëîâèÿ à)
òåîðåìû è îãðàíè÷åííàÿ îáðàòèìîñòü ìàòðèöû N33(θ), ïîëó÷åííîé ïåðåñòàíîâêîé â ìàòðèöå
M33(θ) :

N33(θ) =

∥∥∥∥∥∥∥∥∥

−P 0
1 0 0 . . . 0 0 P T

2 (I + ÃT θ)
I + Ã−N1+1θ −I 0 . . . 0 0 0

. . . . . . . . . . . . . . . . . . . . .

0 0 0 . . . 0 I + ÃN2−1θ −I

∥∥∥∥∥∥∥∥∥
.

Ïðèìåíÿÿ òåîðåìó 1 èç [3] è òåîðåìó î ìàëûõ âîçìóùåíèÿõ îãðàíè÷åííî îáðàòèìûõ îïåðà-
òîðîâ, ìîæíî ïîêàçàòü, ÷òî âûïîëíÿåòñÿ óñëîâèå (á) òåîðåìû.

Äîñòàòî÷íîñòü. Îáîçíà÷èì ÷åðåç Q̃1(θ) ìàòðèöó N33(θ) ñ ïåðâîé áëî÷íîé ñòðîêîé, óìíî-
æåííîé íà θ > 0. Èç òåîðåìû 4 [3] ñëåäóåò, ÷òî ∀ε > 0 íàéäåòñÿ θ(ε) > 0 òàêîå, ÷òî äëÿ âñåõ
θ ∈ (0, θ(ε)] ìàòðèöà Q̃1(θ) îáðàòèìà è ‖[Q̃1(θ)]−1‖ ≤ (1 + ε)K1ζ1ζ2/θ = (1 + ε)K̃1/θ.

Òîãäà M33(θ) òàêæå îãðàíè÷åííî îáðàòèìà. Ó÷èòûâàÿ ñòðóêòóðó ìàòðèöû Mθ,T1,T2 è îãðà-
íè÷åííóþ îáðàòèìîñòü ìàòðèö Mkk(θ), k = 1, 2, 4, 5, ïîëó÷èì, ÷òî ìàòðèöà Mθ,T1,T2 îãðàíè-
÷åííî îáðàòèìà. Äàëåå, ðàññóæäàÿ ïî ñõåìå äîêàçàòåëüñòâà òåîðåìû 5 èç [1], óñòàíîâèì, ÷òî
‖Q−1

1,θ‖L(mn) ≤ γ1/θ, ãäå γ1 � êîíñòàíòà, íåçàâèñÿùàÿ îò T1, T2. Òîãäà ïî òåîðåìå 3 èç [2] ïðè
ν = 1 çàäà÷à 1α êîððåêòíî ðàçðåøèìà. Òåîðåìà äîêàçàíà.
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Òå î ð åì à 2. Ïóñòü âûïîëíÿþòñÿ ïðåäïîëîæåíèÿ 1 è 2 è çàäà÷à 1α êîððåêòíî ðàçðåøè-
ìà ñ êîíñòàíòîé K. Òîãäà äëÿ ëþáûõ T1 ∈ (0, T 0

1 ), T2 ∈ (T 0
2 , T ), ãäå T 0

1 ∈ (0, T/2), T 0
2 ∈ (T/2, T )

� ÷èñëà, îïðåäåëÿåìûå íåðàâåíñòâîì Kδ1(T 0
1 , T 0

2 ) < 1, äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à

dx

dt
= A(t)x + f(t), t ∈ (T1, T2), (4)

P1S0A0x(T1) + P2ST AT x(T2) = −P1S0f0 − P2ST fT (5)

èìååò åäèíñòâåííîå ðåøåíèå xT1,T2 è ñïðàâåäëèâà îöåíêà

max
t∈[T1,T2]

||xT1,T2(t)− x∗(t)|| ≤ K

1−Kδ1(T1, T2)
(K||f ||αδ1(T1, T2) + δ2(T1, T2)), (6)

ãäå x∗(t) � ðåøåíèå çàäà÷è 1α.

Äîêàçàòåëüñòâî. Âûáåðåì θ > 0 è ïðèìåíèì ê çàäà÷å 1α ìåòîä ïàðàìåòðèçàöèè. Òîãäà
ñîãëàñíî òåîðåìå 3 èç [2] ∀ε > 0 ñóùåñòâóåò θ = θ(ε) òàêîå, ÷òî äëÿ âñåõ θ ∈ (0, θ(ε)] ìàòðèöà
Q1,h(θ) îáðàòèìà è ‖Q−1

1,h(θ)
‖ ≤ (1 + ε)K/θ.

Ïóñòü (λ∗, u∗(t)) ∈ mn ×mn(h(θ)) � ðåøåíèå êðàåâîé çàäà÷è ñ ïàðàìåòðîì (4)�(6) èç [2].
Òîãäà ñïðàâåäëèâî ñîîòíîøåíèå

[I +

tr∫

tr−1

A(t)dt]λ∗r − λ∗r+1 = −
tr∫

tr−1

f(t)dt−
tr∫

tr−1

A(t)u∗r(t)dt, r ∈ Z, (7)

ãäå ‖
tr∫

tr−1

A(t)u∗r(t)dt‖ ≤ θ2[(1 + ε)Keθ + 1]eθ‖f‖α = θ2c.

Èç ýòîãî íåðàâåíñòâà ñëåäóåò, ÷òî ïðè äîñòàòî÷íî ìàëûõ θ > 0 ïîñëåäíèì ÷ëåíîì â (7) ìîæíî
ïðåíåáðå÷ü. Â ñèñòåìå (7) çàìåíèì A(t) � α(t)A0, f(t) íà α(t)f0 ïðè r = −N1, N1 − 1, . . . è,
ñîîòâåòñòâåííî, íà α(t)AT , α(t)fT ïðè r = N2, N2 + 1, . . .

Âûáèðàÿ ε > 0 óäîâëåòâîðÿþùèì íåðàâåíñòâó (1+ε)Kδ1(T 0
1 , T 0

2 ) < 1, è, ðàññóæäàÿ ïî ñõåìå
äîêàçàòåëüñòâà òåîðåìû 7 èç [1], ïîëó÷èì, ÷òî

max
t∈[T1,T2]

‖xT1,T2−x∗(t)‖ ≤ (1 + ε)K
1− (1 + ε)Kδ1(T1, T2)

[K‖f‖αδ1(T1, T2)+δ2(T1, T2)+cθ]+(c+c1)θ, (8)

ãäå c, c1 � êîíñòàíòû, íåçàâèñÿùèå îò θ. Ïåðåõîäÿ â (8) ê ïðåäåëó ïðè θ → 0, ïîëó÷àåì (6).
Òåîðåìà äîêàçàíà.
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Èññëåäóåòñÿ ñåìåéñòâî ìîðôèçìîâ âåêòîðíîãî ñëîåíèÿ, îïðåäåëÿåìîå ñèñòåìàìè äèôôå-
ðåíöèàëüíûõ óðàâíåíèé, ýêâèâàëåíòíûõ ëèíåéíûì äèôôåðåíöèàëüíûì óðàâíåíèÿì. Äîêàçû-
âàåòñÿ, ÷òî óêàçàííîå ñåìåéñòâî ìîðôèçìîâ âåêòîðíîãî ñëîåíèÿ íå ÿâëÿåòñÿ íàñûùåííûì.

1. Ïðèâåäåì ñíà÷àëà èñïîëüçóåìûå çäåñü ïîíÿòèÿ è ôàêòû, èç ñòàòåé Â.Ì. Ìèëëèîíùèêîâà
[1]�[3].

Ïóñòü (E, p,B) � âåêòîðíîå ðàññëîåíèå ñî ñëîåì Rn è áàçîé B (B � ïîëíîå ìåòðè÷åñêîå
ïðîñòðàíñòâî). Íà (E, p, B) ôèêñèðóåòñÿ íåêîòîðàÿ ðèìàíîâà ìåòðèêà (ñì. [4], ñòð. 58�59).

Ðàññìàòðèâàåòñÿ ãîìîìîðôèçì ãðóïïû Z (ãðóïïû R) â ãðóïïó èçîìîðôèçìîâ âåêòîðíîãî
ðàññëîåíèÿ (E, p,B). Íàïîìíèì, ÷òî ýòî îçíà÷àåò ñëåäóþùåå: ïðè âñÿêîì t ∈ Z (t ∈ R) äàíû
Xt-ãîìåîìîðôèçì E íà E è χt-ãîìåîìîðôèçì B íà B òàêèå, ÷òî pXt = χtp; ïðè âñÿêîì b ∈ B
ñóæåíèå Xt[b] îòîáðàæåíèÿ Xt íà ñëîé p−1(b) åñòü ëèíåéíîå îòîáðàæåíèå p−1(b) → p−1(χtb);
ïðè âñÿêèõ t, s ∈ Z (ñîîòâåòñòâåííî R) èìåþò ìåñòî ðàâåíñòâà Xt+s = Xt ·Xs, χt+s = χt · χs.

Îáðàç òî÷êè t ïðè ýòîì ãîìîìîðôèçìå áóäåì îáîçíà÷àåòñÿ ÷åðåç (Xt, χt), âìåñòî X1 ïèøåì
X, âìåñòî χ1 - χ.

Ïðåäïîëàãàåòñÿ, ÷òî ñóùåñòâóåò ôóíêöèÿ a(·) : B → R+, óäîâëåòâîðÿþùàÿ ðàâåíñòâó
a(χtb) = a(b) äëÿ âñÿêîãî b ∈ B è âñÿêîãî t ∈ Z (ñîîòâåòñòâåííî t ∈ R) è òàêàÿ, ÷òî ïðè âñÿêîì
t ∈ N (ñîîòâåòñòâåííî t ∈ R+) èìååò ìåñòî íåðàâåíñòâî

max(‖Xt[b]‖, ‖X−t[b]‖) ≤ et·a(b) (1)

(íîðìà ëèíåéíîãî îòîáðàæåíèÿ ñëîÿ íà ñëîé îïðåäåëÿåòñÿ ñòàíäàðòíûì îáðàçîì ÷åðåç íîðìû
â ñëîÿõ, èíäóöèðîâàííûå ôèêñèðîâàííîé âûøå ðèìàíîâîé ìåòðèêîé âåêòîðíîãî ðàññëîåíèÿ
(E, p,B)).

Ñ÷èòàåòñÿ, ÷òî ïðè âñÿêîì m ∈ N

(X(m), χ(m)) def= (Xm, χm).

Keywords: the sated families of the morphisms
2000 Mathematics Subject Classi�cation:
c
 È. Ð. Êàïøàåâ, 2005.
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Ïîëó÷åííîå òàêèì îáðàçîì ñåìåéñòâî ìîðôèçìîâ (Xm, χm) m ∈ N âåêòîðíîãî ðàññëîåíèÿ
(E, p,B) óäîâëåòâîðÿåò ñëåäóþùåìó óñëîâèþ: ñóùåñòâóåò ôóíêöèÿ a(·) : B → R+ òàêàÿ, ÷òî
äëÿ âñÿêèõ b ∈ B, m ∈ N èìååò ìåñòî íåðàâåíñòâî

max(‖X(m, b)‖, ‖ [X(m, b)]−1 ‖) ≤ em·a(b), (2)

ãäå ÷åðåç X(m, b) îáîçíà÷åíî ñóæåíèå îòîáðàæåíèÿ X(m) íà ñëîé p−1(b); òàêèì îáðàçîì, åñ-
ëè X(m) = Xm, òî X(m, b) = Xm[b]. Áîëåå òîãî, òàê îïðåäåëåííîå ñåìåéñòâî ìîðôèçìîâ
(X(m), χ(m)) (m ∈ N) óäîâëåòâîðÿåò óñëîâèÿì à) - â):

à) (X, χ) - èçîìîðôèçì âåêòîðíîãî ðàññëîåíèÿ (E, p, B);
á) ïðè âñÿêîì m ∈ N èìåþò ìåñòî ðàâåíñòâà

X(m) = Xm, χ(m) = χm;

â) ñóùåñòâóåò ôóíêöèÿ a(·) : B → R+ òàêàÿ, ÷òî a(χmb) = a(b) äëÿ âñÿêèõ b ∈ B, m ∈ Z, è
òàêàÿ, ÷òî ïðè âñÿêîì b ∈ B èìååò ìåñòî íåðàâåíñòâî

max(‖X[b]‖, ‖ [X[b]]−1 ‖) ≤ ea(b). (3)

Ïðîâåðêà âñåõ ýòèõ óòâåðæäåíèé òðèâèàëüíà.
Íàïîìíèì îïðåäåëåíèå íàñûùåííîãî ñåìåéñòâà ìîðôèçìîâ, äàííîå â [2, ñ.452]:
Îïð å ä å ë å í è å.Ñåìåéñòâî ìîðôèçìîâ (X(m), χ(m)) : (E, p,B) → (E, p, B) (m ∈ N),

óäîâëåòâîðÿþùåå óñëîâèÿì à) - â), íàçûâàåòñÿ íàñûùåííûì, åñëè äëÿ âñÿêîé òî÷êè b ∈ B
òàêîé, ÷òî χmb 6= b ïðè âñÿêîì m 6= 0, äëÿ âñÿêîãî ε > 0, äëÿ âñÿêîãî áàçèñà {ξ1, . . . , ξn}
âåêòîðíîãî ïðîñòðàíñòâà p−1(b) è âñÿêèõ îêðåñòíîñòåé U(ξi) òî÷åê ξi (i ∈ {1, . . . , n}) (â
ïðîñòðàíñòâå E) íàéäåòñÿ δ > 0 òàêîå, ÷òî äëÿ âñÿêîãî t ∈ N è âñÿêèõ íåâûðîæäåííûõ
ëèíåéíûõ îïåðàòîðîâ

Ym : p−1(χm−1b) → p−1(χmb)

(m ∈ {1, . . . , t}), óäîâëåòâîðÿþùèõ ïðè âñÿêîì m ∈ {1, . . . , t} íåðàâåíñòâó

‖Ym(X[χm−1b])−1 −E‖+ ‖X[χm−1b]Y −1
m − E‖ < δ (4)

íàéäåòñÿ òî÷êà b′ ∈ B òàêàÿ, ÷òî
dB(b′, b) < ε, (5)

è äëÿ âñÿêîãî m ∈ {0, . . . , t} íàéäåòñÿ èçîìîðôèçì ñëîåâ (êàê åâêëèäîâûõ ïðîñòðàíñòâ)

ψm : p−1(χmb′) → p−1(χmb),

ïðè÷åì âûïîëíåíû ñëåäóþùèå òðåáîâàíèÿ:
i) ψ−1

0 ξi ∈ U(ξi) ïðè âñÿêîì i ∈ {1, . . . , n};
ii) ïðè âñÿêîì m ∈ {1, . . . , t} äèàãðàììà

p−1(χm−1b′)
X[χm−1b′]−−−−−−−→ p−1(χmb′)yψm−1

yψm

p−1(χm−1b) Ym−−−−→ p−1(χmb)

(6)

êîììóòàòèâíà.

2. Ðàññìîòðèì ñåìåéñòâî ìîðôèçìîâ, ïîñòðîåííîå â � 3 [5].
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Ïóñòü ìíîæåñòâî âñåõ ëèíåéíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = A(t) · x, x ∈ Rn, (7)

òàêèõ, ÷òî A(·) : R → Hom(Rn, Rn) � íåïðåðûâíîå îòîáðàæåíèå, äëÿ êîòîðîãî sup
t∈R

‖A(t)‖ <

+∞, íàäåëÿåòñÿ ñòðóêòóðîé ìåòðè÷åñêîãî ïðîñòðàíñòâà çàäàíèåì ðàññòîÿíèÿ ïî ôîðìóëå

d(A1, A2) = sup ‖A1(t)−A2(t)‖.

(çäåñü òî÷êà ẋ = Ai(t) · x ïðîñòðàíñòâà îáîçíà÷åíà ÷åðåç Ai). Ïîëó÷åííîå ìåòðè÷åñêîå ïðî-
ñòðàíñòâî Mn � ïîëíîå.

Ñ÷èòàåòñÿ, ÷òî
B

def= Mn, E
def= B ×Rn, p

def= pr1, (8)
ãäå pr1 � ïðîåêöèÿ ïðîèçâåäåíèÿ B ×Rn íà ïåðâûé ñîìíîæèòåëü.

Òàêèì îáðàçîì çàäàíî òðèâèàëüíîå âåêòîðíîå ðàññëîåíèå (E, p,B). Ïóñòü äëÿ âñÿêîãî t ∈ R

Xt(A, x) = (χ(t)A, X(t, 0, A)x), (9)

χtA(·) = A(t + (·)), (10)
ãäå A ∈ B, x ∈ Rn, X(Θ, τ, A) - îïåðàòîð Êîøè ñèñòåìû ẋ = A(t) · x.

Ïðè âñÿêîì t ∈ R èìåþò ìåñòî ôîðìóëû:

Xt ·X−t = X0 = 1E , X−t ·Xt = X0 = 1E ,

χt · χ−t = χ0 = 1B, χ−t · χt = χ0 = 1B,

ò.å. (X−t, χ−t)-ìîðôèçì âåêòîðíîãî ðàññëîåíèÿ (E, p, B), îáðàòíûé (Xt, χt), ñëåäîâàòåëüíî,
(Xt, χt)-èçîìîðôèçì âåêòîðíîãî ðàññëîåíèÿ (E, p,B).

Òàêèì îáðàçîì ïîñòðîåí ãîìîìîðôèçì ãðóïïû R â ãðóïïó èçîìîðôèçìîâ âåêòîðíîãî ðàñ-
ñëîåíèÿ (E, p, B), îáðàçîì òî÷êè t ∈ R ïðè ýòîì ãîìîìîðôèçìå ÿâëÿåòñÿ (Xt, χt).

Ôóíêöèÿ a(·) : B → R+ îïðåäåëÿåòñÿ ôîðìóëîé

a(A) def= sup
t∈R

‖A(t)‖.

Èìååì
a(χtA) = a(A) = sup

t∈R
‖A(t)‖.

Ñïðàâåäëèâîñòü ïðè âñÿêèõ b ∈ B, t ∈ R+ íåðàâåíñòâà (1) âûòåêàåò èç ôîðìóëû (9) â ñèëó
èçâåñòíîãî íåðàâåíñòâà

‖X(t, 0, A)‖ ≤ e|
R t
0 ‖A(s)ds‖| ≤ e|t·a(A)|,

êîòîðîìó óäîâëåòâîðÿåò îïåðàòîð Êîøè ñèñòåìû ẋ = A(t) · x ïðè âñÿêèõ A ∈ B, t ∈ R.
Ïîëîæèâ

(X(m), χ(m)) def= (Xm, χm)

ïîëó÷àåì ñåìåéñòâî ìîðôèçìîâ

(X(m), χ(m)) : (E, p, B) → (E, p,B),

(m ∈ N), óäîâëåòâîðÿþùåå óñëîâèÿì à) � â).
Â ñòàòüå [3] äîêàçûâàåòñÿ, ÷òî ñåìåéñòâî ìîðôèçìîâ (8) ÿâëÿåòñÿ íàñûùåííûì.
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Íàøà öåëü � èññëåäîâàòü ýòî ñâîéñòâî äëÿ ñåìåéñòâà ìîðôèçìîâ, îïðåäåëÿåìûõ ïîäìíî-
æåñòâàìè ñèñòåì, ýêâèâàëåíòíûõ ëèíåéíûì äèôôåðåíöèàëüíûì óðàâíåíèÿì.

Ðàññìîòðèì äèôôåðåíöèàëüíîå óðàâíåíèå

ÿ = a(t) · y, y ∈ R, (11)

ãäå a(·) : R → R � íåïðåðûâíîå îòîáðàæåíèå äëÿ êîòîðîãî sup
t∈R

|a(t)| < ∞.
Óðàâíåíèå (11) ýêâèâàëåíòíî ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = A(t)x, x ∈ R2, A(t) =
(

0 1
a(t) 0

)
. (12)

Áóäåì òàêæå ðàññìàòðèâàòü äèôôåðåíöèàëüíîå óðàâíåíèå âèäà

ÿ = [a(t) + bε(t)] · y, y ∈ R, (13)

ãäå bε(·) : R → R � íåïðåðûâíîå îòîáðàæåíèå äëÿ êîòîðîãî sup
t∈R

|bε(t)| < ε, ε > 0.
Óðàâíåíèþ (13) ýêâèâàëåíòíà ñèñòåìà äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = [A(t) + Bε(t)] · x, x ∈ R2, (14)

ãäå ìàòðèöà Bε(t) èìååò ïðåäñòàâëåíèå è îöåíêó

Bε(t) =
(

0 0
bε(t) 0

)
, sup

t∈R
‖Bε(t)‖ < ε. (15)

Ëåììà 1. . Ïóñòü äàíî äèôôåðåíöèàëüíîå óðàâíåíèå (11) è ïóñòü X(Θ, τ, A) � îïåðàòîð
Êîøè ýêâèâàëåíòíîé ñèñòåìû (12). Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî
äëÿ âñÿêèõ t ∈ N âñåãäà íàéäóòñÿ íåâûðîæäåííûå ëèíåéíûå îïåðàòîðû Wm : R2 → R2 (m ∈
{1, . . . , t}) óäîâëåòâîðÿþùèå ïðè âñÿêîì m ∈ {1, . . . , t} íåðàâåíñòâó

‖Wm[X(m,m− 1, A)]−1 − E‖+ ‖X(m,m− 1, A)W−1
m − E‖ < δ (16)

äëÿ êîòîðûõ íå ñóùåñòâóåò íåïðåðûâíîãî îòîáðàæåíèÿ

Aε(·) : [0, t] → Hom(R2, R2)

óäîâëåòâîðÿþùåãî óñëîâèÿì:
1) sup

t∈[0,t]

‖Aε(t)−A(t)‖ < ε;

2) X(m,m− 1, Aε) = Wm ïðè âñÿêîì m ∈ {1, . . . , t},
ãäå X(m,m− 1, Aε) � îïåðàòîð Êîøè ñèñòåìû (14) ýêâèâàëåíòíîé óðàâíåíèþ (13).

Äîê à ç à ò å ë ü ñ ò â î .. Ïðåäïîëîæèì îáðàòíîå. Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0
òàêîå, ÷òî äëÿ âñÿêèõ t ∈ N è âñÿêèõ íåâûðîæäåííûõ ëèíåéíûõ îïåðàòîðîâ Wm : R2 → R2

(m ∈ {1, . . . , t}), óäîâëåòâîðÿþùèõ íåðàâåíñòâó (16) íàéäåòñÿ íåïðåðûâíîå îòîáðàæåíèå Aε(·) :
[0, t] → Hom(R2, R2) óäîâëåòâîðÿþùåå óñëîâèÿì 1), 2).

Ïóñòü X(t, s, Aε) � îïåðàòîð Êîøè ñèñòåìû (14). Òîãäà äëÿ ∀t, s ∈ R ñïðàâåäëèâî ðàâåíñòâî:

Ẋ(t, s, Aε) = Aε(t) · X(t, s, Aε) = [A(t) + Bε(t)] · X(t, s, Aε).

Óìíîæàÿ ïîñëåäíåå ðàâåíñòâî ñïðàâà íà X−1(t, s, Aε) ïîëó÷èì ñîîòíîøåíèå

Bε(t) = Ẋ(t, s, Aε) · X−1(t, s, Aε)−A(t), (17)
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ñïðàâåäëèâîå äëÿ ∀t, s ∈ R.
Ðàññìîòðèì óðàâíåíèå

ÿ =
2t2 − 1

(1 + t2)2
· y. (18)

Óðàâíåíèþ (18) ýêâèâàëåíòíà ñèñòåìà

ẋ = A(t) · x, A(t) =

(
0 1

2t2−1
(1+t2)2

0

)
, x ∈ R2. (19)

Îïåðàòîð Êîøè ñèñòåìû (19) èìååò âèä:

X(t, s, A) =
1

3
√

(1 + t2)(1 + s2)
·
(

f1(t,s)
1+s2 −3s− s3 + 3t + t3

f2(t,s)
(1+t2)(1+s2)

3+3ts+ts3+3t2+2t4

1+t2

)
, (20)

ãäå
f1(t, s) = 3 + 3s2 + 2s4 + 3ts + t3s,

f2(t, s) = −3t− 3ts2 − 2ts4 + 3s + 3st2 + 2st4.

Ïîëîæèì ïðè âñÿêîì m ∈ {1, . . . , t} (t ∈ N)

Wm = X(m,m− 1, A) +

(
0 0
0 rm

3
√

(1+m2)3(1+(m−1)2)

)
, (21)

ãäå rm > 0 � íåêîòîðûå äåéñòâèòåëüíûå ÷èñëà çàâèñÿùèå îò δ è m.
Èìååì

Wm · [X(m,m− 1, A)]−1 =
rm

g1(m, m− 1)
·
(

0 0
−f2(m,m− 1) f1(m, m− 1)

)
, (22)

X(m,m− 1, A) ·W−1
m =

rm

g2(m,m− 1)
·
(

0 0
f2(m, m− 1) f1(m,m− 1)

)
, (23)

ãäå
g1(t, s) = 9 · (1 + t2)3 · (1 + s2)2,

g2(t, s) = (1 + t2) · (g3(t, s) + f1(t, s) · r),
g3(t, s) = 9(1 + 2t2 + t4 + 4s2t2 + 2s2t4 + 2s4t2 + s4t4 + s2 + s4).

Òåïåðü, åñëè âûáðàòü rm óäîâëåòâîðÿþùèìè íåðàâåíñòâó

rm <
δ

2max{|f2(m,m− 1)|, |f1(m,m− 1)|}×

×max{g1(m,m− 1), (1 + m2) · (g3(m, m− 1) + |f1(m,m− 1)| · rm)},
òî ïîëó÷èì, ÷òî îïåðàòîðû Wm ïðè âñÿêîì m ∈ {1, . . . , t} óäîâëåòâîðÿþò íåðàâåíñòâó (16).

Òîãäà â ñèëó ïðåäïîëîæåíèÿ, äëÿ âñÿêèõ m ∈ {1, . . . , t}

X(m,m− 1, Aε) = Wm

è â ñèëó ðàâåíñòâ (17), (21) è (20) èìååì

Bε(m) = Ẇm ·W−1
m −A(m) =
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=
rm

g2(m,m− 1)
·
(

f2(m,m− 1) −f1(m,m− 1) · (1 + m2)
3f2(m,m−1)·m

1+m2 3f1(m, m− 1) ·m

)
. (24)

Îäíàêî, â ñèëó óðàâíåíèÿ (13), ìàòðèöà Bε(t) äîëæíà èìåòü ïðåäñòàâëåíèå (15), êîòîðîìó
ïðàâàÿ ÷àñòü (24) íå óäîâëåòâîðÿåò. Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò ëåììó.

Ðàññìîòðèì ñåìåéñòâî ìîðôèçìîâ G

(X(m), χ(m)) : (E, p,B) → (E, p, B), (25)

(m ∈ N), âåêòîðíîãî ðàññëîåíèÿ (E, p,B), ïðè÷åì

B = M2, E = B ×R2, p = pr1, (26)

Xt(A, x) = (χtA, X(t, 0, A) · x), (27)
χtA(·) = A(t + (·)), (28)

ãäå A ∈ B, x ∈ R2, X(Θ, τ, A) � îïåðàòîð Êîøè ñèñòåìû (12), ýêâèâàëåíòíîé óðàâíåíèþ (11).
Íåòðóäíî óáåäèòüñÿ, ÷òî ñåìåéñòâî ìîðôèçìîâ (25), (27), (28) óäîâëåòâîðÿåò óñëîâèÿì à)

� â).
Ëåììà 2. . Ñåìåéñòâî ìîðôèçìîâ G âåêòîðíîãî ðàññëîåíèÿ (26) íå ÿâëÿåòñÿ íàñûùåí-

íûì.

Äîê à ç à ò å ë ü ñ ò â î .. Ïðåäïîëîæèì îáðàòíîå, ò.å. ÷òî ñåìåéñòâî ìîðôèçìîâ (25), (27), (28)
âåêòîðíîãî ðàññëîåíèÿ (26) ÿâëÿåòñÿ íàñûùåííûì.

Òîãäà â ñèëó îïðåäåëåíèÿ, äëÿ âñÿêîé òî÷êè b ∈ B òàêîé, ÷òî χmb 6= b ïðè âñÿêîì m 6= 0, äëÿ
âñÿêîãî ε > 0 äëÿ âñÿêîãî áàçèñà {ξ1, ξ2} âåêòîðíîãî ïðîñòðàíñòâà p−1(b) è âñÿêèõ îêðåñòíîñòåé
U(ξi) òî÷åê ξi (i = 1, 2)(â ïðîñòðàíñòâå E) íàéäåòñÿ δ > 0 òàêîå, ÷òî äëÿ âñÿêîãî t ∈ N è
âñÿêèõ íåâûðîæäåííûõ ëèíåéíûõ îïåðàòîðîâ Ym : p−1(χm−1b) → p−1(χmb) (m ∈ {1, . . . , t}),
óäîâëåòâîðÿþùèõ ïðè âñÿêîì m ∈ {1, . . . , t} íåðàâåíñòâó (4) íàéäåòñÿ òî÷êà b′ ∈ B òàêàÿ,
÷òî dB(b, b′) < ε è äëÿ âñÿêîãî m ∈ {0, . . . , t} íàéäåòñÿ èçîìîðôèçì ñëîåâ (êàê åâêëèäîâûõ
ïðîñòðàíñòâ) ψm : p−1(χmb′) → p−1(χmb), ïðè÷åì âûïîëíåíû óñëîâèÿ i) � ii).

Ïîëîæèì ε = ε è ïîäáåðåì δ > 0 è t òàêèìè, ÷òîáû âûïîëíÿëîñü óñëîâèå ëåììû 1. Çàôèê-
ñèðóåì â ïðîñòðàíñòâå B êàêóþ-íèáóäü òî÷êó b = A, à çàòåì âûáåðåì â ïðîñòðàíñòâå p−1(b)
ïðîèçâîëüíûé áàçèñ {ξ1, ξ2}.

Ðàññìîòðèì îòîáðàæåíèå Ym : p−1(χm−1b) → p−1(χmb) âèäà

Ym(A, ξ) = (χmA, Wm ξ), (29)

ãäå A ∈ B, ξ ∈ R2, Wm = W (m,m − 1) (m ∈ {1, . . . , t}) � ëþáîé íåâûðîæäåííûé îïåðàòîð èç
óñëîâèÿ ëåììû 1.

Íåòðóäíî óáåäèòüñÿ, ÷òî â òàêîì ñëó÷àå îïåðàòîð Ym óäîâëåòâîðÿåò íåðàâåíñòâó (4).
Òîãäà â ñèëó ïðåäïîëîæåíèÿ, íàéäåòñÿ òî÷êà b′ ∈ B òàêàÿ, ÷òî dB(b, b′) < ε è äëÿ âñÿêîãî

m ∈ {0, . . . , t} íàéäåòñÿ èçîìîðôèçì ñëîåâ ψm : p−1(χmb′) → p−1(χmb), ïðè÷åì âûïîëíåíû
òðåáîâàíèÿ i) � ii).

Ïóñòü b′ = Aε, ãäå Aε = Aε(t) � îïåðàòîð èç óñëîâèÿ ëåììû 1.
Òàê êàê ε = ε, òî óñëîâèå dB(b, b′) < ε âûïîëíåíî.
Òðåáîâàíèå ii) ïðåäïîëàãàåò êîììóòàòèâíîñòü äèàãðàììû (6), îòêóäà, ó÷èòûâàÿ (27), (29),

ïîëó÷èì:
p−1(χm−1b′)

X[χm−1b′]−−−−−−−→ p−1(χmb′)yp2,χm−1b′
yp2,χmb′

R2 X(m,m−1,Aε)−−−−−−−−−→ R2

(30)
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p−1(χm−1b) Ym−−−−→ p−1(χmb)yp2,χm−1b

yp2,χmb

R2 Wm−−−−→ R2

(31)

ãäå p2,b � ñóæåíèå íà ñëîé p−1(b) îòîáðàæåíèÿ pr2 (pr2 � ïðîåêöèÿ ïðîèçâåäåíèÿ íà âòîðîé
ñîìíîæèòåëü).

Èç êîììóòàòèâíîñòè äèàãðàìì (6), (30), (31) ñëåäóåò êîììóòàòèâíîñòü äèàãðàììû

R2 X(m,m−1,Aε)−−−−−−−−−→ R2

p2,χm−1b·ψm−1·(p2,χm−1b′ )
−1

y
yp2,χmb·ψm·(p2,χmb′ )

−1

R2 Wm−−−−→ R2

(32)

Îòêóäà ñëåäóåò óòâåðæäåíèå: äëÿ ∀ ε > 0 ∃ δ > 0 òàêîå, ÷òî äëÿ âñÿêèõ t ∈ N âñåãäà íàé-
äóòñÿ íåâûðîæäåííûå ëèíåéíûå îïåðàòîðû Wm : R2 → R2 (m ∈ {1, . . . , t}) óäîâëåòâîðÿþùèå
ïðè âñÿêîì m ∈ {1, . . . , t} íåðàâåíñòâó (16) äëÿ êîòîðûõ ñóùåñòâóåò íåïðåðûâíîå îòîáðàæåíèå
Aε(·) : [0, t] → Hom(R2, R2) óäîâëåòâîðÿþùåå óñëîâèÿì 1) � 2). Òàê êàê ïîëó÷åííîå óòâåðæäå-
íèå ïðîòèâîðå÷èò óñëîâèþ ëåììû 1, òî ëåììà äîêàçàíà.

3. Ðàññìîòðèì, òåïåðü, ëèíåéíûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, âèäà

y(n) + a1(t)y(n−1) + . . . + an(t)y = 0, (33)

ãäå sup
t
|ai(t)| < ∞, (i = 1, n) è ýêâèâàëåíòíûå èì ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé

ẋ = A(t) · x, x ∈ Rn. (34)

Íà ìíîæåñòâå ñèñòåì (34) ââåäåì ìåòðèêó. Ïîëó÷åííîå ìåòðè÷åñêîå ïðîñòðàíñòâî îáîçíà÷èì
÷åðåç Mn.

Ñåìåéñòâî ìîðôèçìîâ

(X(m), χ(m)) : (E, p, B) → (E, p,B),

(m ∈ N), âåêòîðíîãî ðàññëîåíèÿ (E, p,B), ãäå

B = Mn, E = B ×Rn, p = pr1, (35)

Xt(A, x) = (χtA, X(t, 0, A) · x),

χtA(·) = A(t + (·)),
îáîçíà÷èì ÷åðåç S (çäåñü A ∈ B, x ∈ Rn, X(Θ, τ, A) - îïåðàòîð Êîøè ñèñòåìû (34), ýêâèâà-
ëåíòíîé óðàâíåíèþ (33)).

Òå î ð åì à 1. . Ïóñòü äàíî äèôôåðåíöèàëüíîå óðàâíåíèå (33) è ïóñòü X(Θ, τ, A) � îïå-
ðàòîð Êîøè ýêâèâàëåíòíîé ñèñòåìû (34). Òîãäà äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå,
÷òî äëÿ âñÿêèõ t ∈ N âñåãäà íàéäóòñÿ íåâûðîæäåííûå ëèíåéíûå îïåðàòîðû Wm : Rn → Rn

(m ∈ {1, . . . , t}) óäîâëåòâîðÿþùèå ïðè âñÿêîì m ∈ {1, . . . , t} íåðàâåíñòâó (16) äëÿ êîòîðûõ íå
ñóùåñòâóåò íåïðåðûâíîãî îòîáðàæåíèÿ

Aε(·) : [0, t] → Hom(Rn, Rn)
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óäîâëåòâîðÿþùåãî óñëîâèÿì:
I) sup

t∈[0,t]

‖Aε(t)−A(t)‖ < ε;

II) X(m,m− 1, Aε) = Wm ïðè âñÿêîì m ∈ {1, . . . , t},
ãäå X(m,m− 1, Aε) � îïåðàòîð Êîøè ñèñòåìû (34) ýêâèâàëåíòíîé óðàâíåíèþ (33).

Äîê à ç à ò å ë ü ñ ò â î .. Ðàññìîòðèì óðàâíåíèå

y(n) = a(t)y(n−2), y ∈ R. (36)

Ñèñòåìà, ýêâèâàëåíòíàÿ (36), èìååò âèä:

ẋ = A(t) · x, x ∈ Rn,

ãäå

A(t) =




0 1 0 . . . 0 0
0 0 1 . . . 0 0

. . . . . . . . . . . . . . . . . .
0 0 0 . . . 1 0
0 0 0 . . . 0 1
0 0 0 . . . a(t) 0




.

Ïðåäïîëîæèì, ÷òî èìååò ìåñòî óòâåðæäåíèå îáðàòíîå óòâåðæäåíèþ òåîðåìû. Ýòî îçíà÷àåò,
÷òî ïðè âñåõ t ∈ N äëÿ âñÿêèõ ëèíåéíûõ îïåðàòîðîâ Wm, óäîâëåòâîðÿþùèõ ïðè âñÿêîì
m ∈ {1, . . . , t} íåðàâåíñòâó (16), âñåãäà ñóùåñòâóåò ìàòðèöà Bε(t) = Aε(t) − A(t) èìåþùàÿ
ïðåäñòàâëåíèå

Bε(t) =




0 . . . 0 0
0 . . . 0 0

. . . . . . . . . . . .
0 . . . bε(t) 0


 , sup

t
|bε(t)| < ε,

òàêàÿ, ÷òî âûïîëíåíû óñëîâèÿ I), II).
Ñ äðóãîé ñòîðîíû, åñëè â óðàâíåíèè (36) ïðîèçâåñòè çàìåíó y(n−2) = z, òî ïîëó÷èì óæå

ðàññìîòðåííîå â ï.2 óðàâíåíèå âòîðîãî ïîðÿäêà

z̈ = a(t) · z, z ∈ R2.

Äëÿ ýòîãî óðàâíåíèÿ, ñîãëàñíî ëåììå 1, ïðè âñåõ t ∈ N âñåãäà ìîæíî ïîäîáðàòü ëèíåéíûå
îïåðàòîðû Wm, óäîâëåòâîðÿþùèå ïðè âñÿêîì m ∈ {1, . . . , t} íåðàâåíñòâó (16), äëÿ êîòîðûõ íå
ñóùåñòâóåò ìàòðèöà Bε(t), èìåþùàÿ ïðåäñòàâëåíèå (15), òàêàÿ, ÷òî âûïîëíåíû óñëîâèÿ 1), 2).
Ïîëó÷åííîå ïðîòèâîðå÷èå äîêàçûâàåò òåîðåìó.

Òå î ð åì à 2. Ñåìåéñòâî ìîðôèçìîâ S âåêòîðíîãî ðàññëîåíèÿ (35) íå ÿâëÿåòñÿ íàñû-
ùåííûì.

Äîêàçàòåëüñòâî òåîðåìû àíàëîãè÷íî äîêàçàòåëüñòâó ëåììû 2 è îñíîâûâàåòñÿ íà ñïðàâåä-
ëèâîñòè òåîðåìû 1.

Çàêëþ÷åíèå. Ñåìåéñòâà ìîðôèçìîâ îïðåäåëÿåìûå ñèñòåìàìè äèôôåðåíöèàëüíûõ óðàâ-
íåíèé, ýêâèâàëåíòíûõ ëèíåéíûì äèôôåðåíöèàëüíûì óðàâíåíèÿì n-ãî ïîðÿäêà, íå ÿâëÿþòñÿ
íàñûùåííûìè.
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Òàðàçñêèé ãîñóäàðñòâåííûé ïåäàãîãè÷åñêèé èíñòèòóò,
484041 Òàðàç, ïðîñïåêò Æàìáûëà, 16 mmuratbekov@hotbox.ru

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì.àëü-Ôàðàáè
480012 Àëìàòû, óë. Ìàñàí÷è, 39/47 mmuratbekov@kazsu.kz

Â ðàáîòå èññëåäóåòñÿ ïîëóïåðèîäè÷åñêàÿ çàäà÷à Äèðèõëå äëÿ îäíîãî êëàññà óðàâíåíèé ñìåøàííî-
ãî òèïà. Ïðè íåêîòîðûõ óñëîâèÿõ íà êîýôôèöèåíòû ïîëó÷åíû ñëåäóþùèå ðåçóëüòàòû: ãëàäêîñòü
ðåøåíèé, äâóñòîðîííèå îöåíêè ñèíãóëÿðíûõ è ñîáñòâåííûõ ÷èñåë.

Èçâåñòíî, ÷òî ñïåêòðàëüíàÿ òåîðèÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ãèïåðáîëè÷åñêîãî è
ñìåøàííîãî òèïîâ äî ñèõ ïîð èññëåäîâàíà ñëàáî ïî ñðàâíåíèþ ñî ñïåêòðàëüíûìè âîïðîñàìè
ýëëèïòè÷åñêèõ îïåðàòîðîâ. Ñèñòåìàòè÷åñêîå èçó÷åíèå ñïåêòðàëüíûõ âîïðîñîâ äëÿ îïåðàòîðîâ
ñìåøàííîãî òèïà íà÷àòî ñ ðàáîò Ò.Ø. Êàëüìåíîâà [1], Å.È. Ìîèñååâà [2�3], Ñ.Ì. Ïîíîìàðåâà
[4]. Âåñüìà èñ÷åðïûâàþùàÿ áèáëèîãðàôèÿ ñîäåðæèòñÿ â ìîíîãðàôèè Å.È. Ìîèñååâà [5].

Ðàññìîòðèì îïåðàòîð ñìåøàííîãî òèïà

Lu = −k(y)uxx − uyy + a(y)ux + c(y)u, (1)

ïåðâîíà÷àëüíî îïðåäåëåííûé íà C∞
0,π(Ω)-ìíîæåñòâå, ñîñòîÿùåì èç áåñêîíå÷íî äèôôåðåíöèðóå-

ìûõ ôóíêöèé, óäîâëåòâîðÿþùèõ óñëîâèÿì u(−π, y) = u(π, y), ux(−π, y) = ux(π, y) è ôèíèòíûõ
ïî ïåðåìåííîé y, ãäå k(y) � êóñî÷íî-íåïðåðûâíàÿ ôóíêöèÿ íà îòðåçêå [-1,1], yk(y) >0 ïðè y 6=0,
k(0)=0 è

Ω = {(x, y) : −π < x < π,−1 < y < 1},
Îòìåòèì, ÷òî îïåðàòîð L äîïóñêàåò çàìûêàíèå, è åãî òàêæå îáîçíà÷èì ÷åðåç L.
Ðàçðåøèìîñòü ïîëóïåðèîäè÷åñêîé çàäà÷è Äèðèõëå äëÿ óðàâíåíèÿ Lu = f , ãäå Lu îïðåäåë¼í

ðàâåíñòâîì (1), áûëà ðàññìîòðåíà â ðàáîòå [6].
Ïðèâåä¼ì ðÿä íåîáõîäèìûõ îáîçíà÷åíèé è îïðåäåëåíèé, êîòîðûå íàì ïîíàäîáÿòñÿ â äàëü-

íåéøåì.
Keywords: estimates of spectrum, mixed type operator, semi-periodical Dirichlet problem
2000 Mathematics Subject Classi�cation: 35M10, 35P15
c
 Ì.Á. Ìóðàòáåêîâ, Ì.Ì. Ìóðàòáåêîâ, 2005.
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Ïóñòü ôóíêöèÿ u(x, y) ∈ L2(Ω). Òîãäà ñïðàâåäëèâî ñëåäóþùåå ðàçëîæåíèå:

u(x, y) =
∞∑

n=−∞
un(y)einx,

ãäå {einx} � ïîëíàÿ ñèñòåìà â L2(�π, π), un(y) � êîýôôèöèåíòû Ôóðüå. Çäåñü ðàâåíñòâî ïî-
íèìàåòñÿ â ìåòðèêå L2(Ω).

Îïðåäåëåíèå. Äðîáíîé ïðîèçâîäíîé Dα
xu ïî õ ïîðÿäêà α > 0 îò ôóíêöèè u(x, y) íàçîâ¼ì

âûðàæåíèå [7]

Dα
xu = e

iπα
2

∞∑

n=0

nαun(y)einx + e−
iπα
2
−1

−1∑
n=−∞

|n|αun(y)einx.

Çäåñü ðàâåíñòâî ïîíèìàåòñÿ â ìåòðèêå L2(Ω).
Ïóñòü A � âïîëíå íåïðåðûâíûé îïåðàòîð. Òîãäà ñîáñòâåííûå ÷èñëà (A∗A)1/2 íàçûâàþòñÿ

s-÷èñëàìè îïåðàòîðà A (ñîáñòâåííûìè ÷èñëàìè ïî Øìèäòó) [8].
Íåíóëåâûå s-÷èñëà áóäåì íóìåðîâàòü â ïîðÿäêå èõ óáûâàíèÿ ñ ó÷åòîì èõ êðàòíîñòè, òàê

÷òî
sk(A) = λk((A∗A)1/2), k = 1, 2, ...

Ïóñòü A � íåêîòîðûé ëèíåéíûé îïåðàòîð â ãèëüáåðòîâîì ïðîñòðàíñòâå H, òîãäà ÷åðåç σ(A)
áóäåì îáîçíà÷àòü ñïåêòð îïåðàòîðà A.

Ïóñòü M � öåíòðàëüíî-ñèììåòðè÷åñêîå ïîäìíîæåñòâî H, ò.å. M=�M .
Âåëè÷èíà

dk = inf
{Gk}

sup
u∈M

inf ‖u− v‖, k = 0, 1, 2, ...

íàçûâàåòñÿ k-ïîïåðå÷íèêîì ïî Êîëìîãîðîâó ìíîæåñòâà M , ãäå Gk � ïîäïðîñòðàíñòâî ðàçìåð-
íîñòè k([9]).

Ïîïåðå÷íèêè îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè:
1) d0 > d1 > d2 > . . . ;
2) dk(M̃) 6 dk(M), M̃ ⊂ M , k=1,2,3,. . . ;
3) dk(nM) = ndk(M), n > 0, nM = {x′ = nx, x ∈ M}.
Èçâåñòíî [8], ÷òî åñëè A � êàêîé-ëèáî âïîëíå íåïðåðûâíûé îïåðàòîð, òî sk(A) (k =1,2,. . . )

ñîâïàäàþò ñ k�ïîïåðå÷íèêîì ïî Êîëìîãîðîâó ìíîæåñòâà M=AS, íà êîòîðîå îïåðàòîð A îòîá-
ðàæàåò åäèíè÷íûé øàð S={x ∈ H: ‖x‖ 6 1}.

Ôîðìóëèðîâêà îñíîâíûõ ðåçóëüòàòîâ.
Ò å î ð åì à 1. Ïóñòü âûïîëíåíî óñëîâèå
i) |a(y)| > δ0 > 0, c(y) > δ > 0 � íåïðåðûâíûå ôóíêöèè íà îòðåçêå [-1,1].
Òîãäà

à) îïåðàòîð (L + λE) ïðè λ >0 íåïðåðûâíî îáðàòèì;
á) îïåðàòîðû r(y)Dx(L+λE)−1, r(y)Dy(L+λE)−1 îãðàíè÷åíû â L2(Ω), ãäå r(y) � íåïðåðûâíàÿ
ôóíêöèÿ íà îòðåçêå [-1,1]. Çäåñü Dx = ∂

∂x , Dy = ∂
∂y ;

â) îïåðàòîð r(y)Dα
x
(L + λE)−1 � âïîëíå íåïðåðûâåí, åñëè 0 6 α < 1.

.
Òå î ð åì à 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1. Òîãäà äëÿ ñîáñòâåííûõ ÷èñåë ïî

Øìèäòó ñïðàâåäëèâà îöåíêà
1
k
c−1 6 sk 6 c

1
k1/2

, k = 1, 2, ...,

ãäå c >0 íå çàâèñèò îò k.
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Òå î ð åì à 3. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà
à) ñïåêòð σ(L−1) � äèñêðåòíîå ìíîæåñòâî;
á) äëÿ ëþáîãî λ ∈ σ(L−1), îòëè÷íîãî îò íóëÿ ñïðàâåäëèâà îöåíêà

|λk| 6 c
1

k1/2
, k = 1, 2, ...,

ãäå c >0 íå çàâèñèò îò k.

Íàïîìíèì [8], ÷òî ÷åðåç σp îáîçíà÷àþò ìíîæåñòâî âñåõ âïîëíå íåïðåðûâíûõ îïåðàòîðîâ
òàêèõ, ÷òî

‖A‖p
σp

=
∞∑

k=1

sp
k(A) < ∞,

ãäå sk(A) � ñîáñòâåííûå ÷èñëà ïî Øìèäòó âïîëíå íåïðåðûâíîãî îïåðàòîðà À.
Â ñëåäóþùåé òåîðåìå ïðèâåäåíî óòâåðæäåíèå î ïðèíàäëåæíîñòè ðåçîëüâåíòû îïåðàòîðà

(1) êëàññó σp.

Òå î ð åì à 4. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà ðåçîëüâåíòà îïåðàòîðà L ïðèíàäëåæèò
êëàññó σp, åñëè p >2.

Îòìåòèì, ÷òî ðåçóëüòàòû äàííîé ðàáîòû ÷àñòè÷íî àíîíñèðîâàëèñü â [13�14].
Äëÿ äîêàçàòåëüñòâà òåîðåì 1�4 íàì ïîíàäîáÿòñÿ íåñêîëüêî âñïîìîãàòåëüíûõ óòâåðæäåíèé

è îöåíîê.

Âñïîìîãàòåëüíûå ëåììû è íåðàâåíñòâà.

Ë åììà 1. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà îïåðàòîð (L + λE) ïðè λ >0 íåïðåðûâíî
îáðàòèì è äëÿ íåãî ñïðàâåäëèâî ðàâåíñòâî

(L + λE)−1f =
∞∑

n=−∞
(ln + λE)−1fneinx (2)

â ñìûñëå L2(Ω), ãäå (ln + λE)−1 � îáðàòíûé îïåðàòîð ê çàìêíóòîìó îïåðàòîðó (ln + λE)
ïåðâîíà÷àëüíî, îïðåäåëÿåìîìó íà C∞

0 (−1, 1) ðàâåíñòâîì

(ln + λE)u = −u′′(y) + (n2k()y) + ina(y) + c(y) + λ)u(y). (3)

Äîêàçàòåëüñòâî ýòîé ëåììû ìîæíî íàéòè â ðàáîòå [6].

Ëåììà 2. Ïóñòü îïåðàòîð (ln+λE) îïðåäåëåí ðàâåíñòâîì (3) íà ìíîæåñòâå C∞
0 (−1, 1)

(n = 0,±1,±2, ...) è ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà ñïðàâåäëèâà îöåíêà
∥∥(ln + λE)−1

∥∥
2→2

6 c

λ1/2
,

ãäå c > 0 � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò n.

Äîêàçàòåëüñòâî. Äëÿ ëþáîãî u(y) ∈ C∞
0 (−1, 1)èìååì

〈(ln + λE)u, u〉 =

1∫

−1

[
|u|2 + (n2k(y) + ina(y) + c(y) + λ)|u|2

]
dy. (4)
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Îòñþäà ñ ó÷åòîì óñëîâèÿ i) íàõîäèì

|〈(ln + λE)u, u〉| >
∣∣∣∣∣∣

1∫

−1

ina(y)|u|2dy

∣∣∣∣∣∣
> |n|δ0‖u‖2.

Òåïåðü, ïîëüçóÿñü íåðàâåíñòâîì Êîøè-Áóíÿêîâñêîãî, ïîëó÷àåì

‖(ln + λE)u‖2 > |n|δ0‖u‖2, n = ±1,±2, ... (5)

Èç (4) è íåðàâåíñòâà Êîøè ñ ε =1 âûòåêàåò, ÷òî

1
2
‖(ln + λE)u‖2

2 >
1∫

−1

[∣∣u′∣∣2 + (c(y) + λ)|u|2
]
dy −

1∫

−1

n2|k(y)||u|2dy.

Ïîëüçóÿñü óñëîâèåì i) è òåì, ÷òî λ >0, ïîëó÷àåì

1
2
‖(ln + λE)u‖2

2 > 1
2

1∫

−1

[∣∣u′∣∣2 + (c(y) + λ)|u|2
]
dy −

1∫

−1

n2|k(y)||u|2dy (6)

Îáúåäèíÿÿ (5) è (6), îêîí÷àòåëüíî èìååì

c2‖(ln + λE)u‖2
2 > λ‖u‖2

2, n = 0,±1,±2, ....

Çäåñü ó÷èòûâàëîñü, ÷òî ïðè n= 0 èìååì îïåðàòîð Øòóðìà-Ëèóâèëëÿ è äëÿ íåãî ñïðàâåäëèâà
ïîñëåäíÿÿ îöåíêà. Ëåììà 2 äîêàçàíà.

Ëåììà 3. Ïóñòü âûïîëíåíû óñëîâèÿ ëåììû 2. Òîãäà ñïðàâåäëèâà îöåíêà
∥∥(ln + λE)−1

∥∥
2→2 6 1

|n| · δ0
, n = ±1,±2, ... (7)

Äîêàçàòåëüñòâî ëåììû 3 ñëåäóåò èç íåðàâåíñòâà (5).

Ëåììà 4. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà ñïðàâåäëèâà îöåíêà
∥∥∥∥

d

dy
(ln + λE)−1

∥∥∥∥
2→2

6 c, n = ±1,±2, ...

ãäå c > 0 � ïîñòîÿííîå ÷èñëî.

Äîêàçàòåëüñòâî. Áëàãîäàðÿ óñëîâèþ i) è íåðàâåíñòâàì (5) è (6) ïîëó÷àåì, ÷òî äëÿ ëþáîãî
u ∈ D(ln)

c‖(ln + λE)u‖2
2 >

∥∥u′
∥∥2

2
+ ‖u‖2

2,

ãäå c > 0 íå çàâèñèò îò u è n.
Îòñþäà

∥∥∥∥
d

dy
((ln + λE)−1

∥∥∥∥
2→2

= sup
f∈α2(−1,1)

∥∥∥ d
dy ((ln + λE)−1f

∥∥∥
2

‖f‖2

=

= sup
u∈D(ln+λE)

‖u′‖2

‖(ln + λE)u‖2

6 c < ∞.
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Ëåììà äîêàçàíà.
Ïåðåéäåì òåïåðü ê íåïîñðåäñòâåííîìó äîêàçàòåëüñòâó îñíîâíûõ òåîðåì.
Äîêàçàòåëüñòâî òåîðåìû 1.
Äîêàçàòåëüñòâî ïóíêòà à) òåîðåìû 1 ñðàçó âûòåêàåò èç ëåììû 1.
Äîêàæåì ïóíêò á) òåîðåìû 1. Â ñèëó ïóíêòà à) è ëåììû 3 èìååì

∥∥∥r(y)Dx(L + λE)−1f̃k

∥∥∥
2

2
=

∥∥∥∥∥r(y)
k∑

n=−k

in(ln + λE)−1fneinx

∥∥∥∥∥

2

2

=

=
k∑

n=−k

∥∥r(y)in(ln + λE)−1fneinx
∥∥2

2
6 max

y∈[−1,1]
|r(y)|

k∑
n=−k

n2
∥∥(ln + λE)−1

∥∥2

2
×

×‖fn‖2
2 6 c0sup

{n}
|n|2∥∥(ln + λE)−1

∥∥2

2

k∑
n=−k

‖fn‖2
2 6 c0

δ2
0

∥∥∥f̃k

∥∥∥
2

2
,

f̃k(x, y) =
k∑

n=−k

fn · einx, ||f̃k − f ||2 → 0 ïðè k →∞.

Îòñþäà, ïåðåõîäÿ ê ïðåäåëó, èìååì
∥∥r(y)Dx(L + λE)−1

∥∥
2→2

6 c0

δ0
< ∞.

Äàëåå âû÷èñëèì íîðìó
∥∥∥r(y)Dy(L + λE)−1f̃k

∥∥∥
2

2
=

k∑
n=−k

∥∥∥r(y) d
dy (ln + λE)−1fn(y)

∥∥∥
2

2
6

6 max
y∈[−1,1]

|r(y)|
k∑

n=−k

∥∥∥ d
dy (ln + λE)−1fn

∥∥∥
2

2
6 c0

k∑
n=−k

∥∥∥ d
dy (ln + λE)−1

∥∥∥
2

2→2
· ‖fn‖2

2.

Îòñþäà â ñèëó ëåììû 4, ïåðåõîäÿ ê ïðåäåëó, ïîëó÷àåì, ÷òî
∥∥r(y)Dy(L + λE)−1

∥∥
2→2

6 c < ∞.

Ïóíêò á) òåîðåìû 1 äîêàçàí.
Ïîëüçóÿñü ïðåäñòàâëåíèåì îïåðàòîðà è îïðåäåëåíèåì äðîáíîé ïðîèçâîäíîé, ïîëó÷àåì, ÷òî

r(y)Dα
x
(L + λE)−1f̃k = r(y)e

iπα
2

k∑
n=0

nα(ln + λE)−1fn(y)einx+

+r(y)
−iπα

2

1∑
n=−k

|n|α(ln + λE)−1fn(y)einx.

Èç ëåììû 1 ñëåäóåò, ÷òî (ln + λE) èìååò íåïðåðûâíûé îáðàòíûé îïåðàòîð (ln + λE)−1,
à èç ëåììû 4 ÿñíî, ÷òî îáëàñòü çíà÷åíèé îïåðàòîðà (ln + λE)−1ïðèíàäëåæèò W 1

2 (−1, 1) äëÿ
ëþáîãî n. Òîãäà èç èçâåñòíûõ òåîðåì ñîáîëåâñêîãî ïðîñòðàíñòâà ([10]) ñëåäóåò, ÷òî îïåðàòîð
r(y)(ln + λE)−1 âïîëíå íåïðåðûâåí äëÿ êàæäîãî n è ïðè ýòîì ñïðàâåäëèâî íåðàâåíñòâî

∥∥r(y)|n|α(ln + λE)−1f
∥∥

2→2
6 |n|α
|n| · δ0

, 0 6 α < 1, n = ±1,±2, . . . (8)

Ïîñëåäíåå íåðàâåíñòâî ñëåäóåò èç ëåììû 3.
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Òàê êàê äëÿ êàæäîãî n îïåðàòîð r(y)|n|α(ln + λE)−1âïîëíå íåïðåðûâåí èç L2â L2, òî èç
èçâåñòíûõ òåîðåì äëÿ âïîëíå íåïðåðûâíûõ îïåðàòîðîâ ([11]) ñëåäóåò, ÷òî îïåðàòîð r(y)Dα

x
(L+

+ λE)−1 âïîëíå íåïðåðûâåí, åñëè

µ = lim
|n|→∞

µ = lim
|n|→∞

∥∥r(y)|n|α(ln + λE)−1
∥∥

2→2
= 0

Èç (8) âèäíî, ÷òî µ→0 ïðè n →∞. Âïîëíå íåïðåðûâíîñòü îïåðàòîðà r(y)Dα
x
(L +

+ λE)−1 äîêàçàíà. Òåîðåìà 1 äîêàçàíà ïîëíîñòüþ.
Äëÿ äàëüíåéøåãî èçëîæåíèÿ íàì íåîáõîäèìû íåêîòîðûå âàæíûå îöåíêè è âêëþ÷åíèÿ.
Ââåäåì ñëåäóþùèå ìíîæåñòâà:

M =
{

u ∈ L2(Ω) : ‖Lu‖2
2 + ‖u‖2

2 6 1
}

,

M̃c =
{

u ∈ L2(Ω) : ‖ux‖2
2 + ‖uy‖2

2 + ‖u‖2
2 6 c

}
,

˜̃Mc−1 =
{

u ∈ L2(Ω) : ‖uxx‖2
2 + ‖uyy‖2

2 + ‖ux‖2
2 + ‖uy‖2

2 + ‖u‖2
2 6 c−1

}
.

Òîãäà èìååò ìåñòî ñëåäóþùàÿ ëåììà.

Ëåììà 5. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà ñïðàâåäëèâû ñëåäóþùèå âêëþ÷åíèÿ:

˜̃Mc−1 ⊆ M ⊆ M̃c,

ãäå c > 0 � ïîñòîÿííàÿ, íå çàâèñÿùàÿ îò u(x,y).

Äîêàçàòåëüñòâî. Ïóñòü u(x, y) ∈ ˜̃Mc−1 , òîãäà

‖Lu‖2
2 + ‖u‖2

2 = ‖−k(y)uxx − uyy + a(y)ux + c(y)u‖2
2 + ‖u‖2

2 6
6 ‖−k(y)uxx‖2

2 + ‖uyy‖2
2 + ‖a(y)ux‖2

2 + ‖c(y)u‖2
2 + ‖u‖2

2 6
6 c(‖uxx‖2

2 + ‖uyy‖2
2 + ‖ux‖2

2 + ‖u‖2
2) 6 c(‖uxx‖2

2 + ‖uyy‖2
2 + ‖ux‖2

2+
+‖uy‖2

2 + ‖u‖2
2) 6 c · c−1 6 1,

ãäå
c = max

y∈[−1,1]
{|k(y)|, |a(y)|, |c(y)|}

Îòñþäà ñëåäóåò, ÷òî
˜̃Mc−1 ⊆ M.

Ïóñòü òåïåðü u ∈ M . Òîãäà â ñèëó ïóíêòà á) òåîðåìû 1 èìååì

‖ux‖2
2 + ‖uy‖2

2 + ‖u‖2
2) 6 c(‖Lu‖2

2 + ‖u‖2
2) 6 c

ò.å.
M ⊆ M̃c.

Ëåììà äîêàçàíà.

Ëåììà 6. Ïóñòü âûïîëíåíî óñëîâèå i). Òîãäà ñïðàâåäëèâà îöåíêà

c−1 ˜̃
dk 6 sk+1 6 cd̃k, k = 1, 2, ...,

ãäå c > 0 � íåêîòîðàÿ ïîñòîÿííàÿ, sk+1 � ñèíãóëÿðíûå ÷èñëà îïåðàòîðà L−1; d̃k,
˜̃
dk � ïî-

ïåðå÷íèêè ñîîòâåòñòâóþùèõ ìíîæåñòâ M̃, ˜̃M .
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Äîêàçàòåëüñòâî. Èç ëåììû 5 è ñâîéñòâ ïîïåðå÷íèêîâ ñëåäóåò, ÷òî

c−1 ˜̃
dk 6 dk 6 cd̃k.

Îòñþäà, ó÷èòûâàÿ ðàâåíñòâî sk+1 = dk ([8-9]), ïîëó÷àåì äîêàçàòåëüñòâî ëåììû 6.
Ââåä¼ì ñëåäóþùóþ ôóíêöèþ N(λ) =

∑
dk>λ

1 � êîëè÷åñòâî dk, áîëüøèõ λ > 0.

Ëåììà 7. Ïóñòü âûïîëíåíî óñëîâèå ëåììû 5. Òîãäà ñïðàâåäëèâà îöåíêà
˜̃N(cλ) 6 N(λ) 6 Ñ(c−1λ), (9)

ãäå N(λ) =
∑

sk+1>λ

1 , Ñ(λ) =
∑

d̃k>λ

1 , ˜̃N(λ) =
∑

˜̃
dk>λ

1.

Äîêàçàòåëüñòâî. Ïîëüçóÿñü ëåììîé 6, íàõîäèì

N(λ) =
∑

sk+1>λ

1 6
∑

cd̃k>λ

1 =
∑

d̃k>c−1λ

1 = Ñ(c−1λ).

Àíàëîãè÷íî
˜̃N(cλ) =

∑

˜̃
dk>cλ

1 =
∑

c−1d̃k>λ

1 6
∑

sk+1>λ

1 = N(λ).

Îòêóäà ìû îêîí÷àòåëüíî ïðèõîäèì ê íåðàâåíñòâó (9). Ëåììà äîêàçàíà.
Ïåðåéä¼ì òåïåðü ê äîêàçàòåëüñòâó òåîðåì 2 è 3.
Äîêàçàòåëüñòâî òåîðåìû 2.
Äëÿ ôóíêöèé Ñ(λ) =

∑
d̃k>λ

1, ˜̃N(λ) =
∑

˜̃
dk>λ

1 ñïðàâåäëèâû îöåíêè (äîêàçàòåëüñòâî îöåíîê

ìîæíî íàéòè â ðàáîòå [9]):
c−1λ−2 6 Ñ(λ) 6 cλ−2, (10)

c−1λ−1 6 ˜̃N(λ) 6 cλ−1, (11)
ãäå c íå çàâèñèò îò λ >0.

Ïóñòü λ = d̃k, òîãäà Ñ(d̃k) = k è èç (10) ñëåäóåò, ÷òî

c−1d−2
k 6 k 6 cd−2

k .

Îòñþäà
c−1 1

k1/2
6 d̃k 6 c

1
k1/2

.

Òî÷íî òàê æå èìååì
c−1 1

k
6 ˜̃

dk 6 c
1
k
.

Òåïåðü, ïîëüçóÿñü ëåììîé 6, ïîëó÷àåì, ÷òî

c−1 1
k

6 sk 6 c
1

k1/2
, k = 1, 2, ... (12)

Òåîðåìà 2 äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 3.
Äëÿ âïîëíå íåïðåðûâíûõ îïåðàòîðîâ ñïðàâåäëèâî íåðàâåíñòâî Âåéëÿ [8]:

k
Π

j=1
|λj(A)| 6 k

Π
j=1

sj(A), k = 1, 2, ..., (13)
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ãäå A � âïîëíå íåïðåðûâíûé îïåðàòîð, λj(A) � ñîáñòâåííûå ÷èñëà, ïðîíóìåðîâàííûå â ïîðÿä-
êå íåâîçðàñòàíèÿ àáñîëþòíûõ âåëè÷èí, sj(A) � ñèíãóëÿðíûå ÷èñëà, ðàñïîëîæåííûå â íåâîç-
ðàñòàþùåì ïîðÿäêå.

Èç (12) è (13) èìååì ïðè ëþáîì k = 1, 2, . . .

|λk|k 6
k
Π

j=1
|λj | 6

k
Π

j=1
sj 6 ck(k!)−

1
2 .

Äàëåå, èñïîëüçóÿ íåðàâåíñòâî ekk! > kk (k = 1, 2, ...), íàõîäèì

|λk|k 6 ck(k!)−
1
2 6 cke

k
2 k−

k
2 .

Îòñþäà îêîí÷àòåëüíî èìååì

|λk| 6 ck−
1
2 , k = 1, 2, ...

Òåîðåìà 3 äîêàçàíà.
Äîêàçàòåëüñòâî òåîðåìû 4. Äîêàçàòåëüñòâî óòâåðæäåíèÿ òåîðåìû 4 íåïîñðåäñòâåííî

âûòåêàåò èç òåîðåì 1�2.
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Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåííîãî îãðàíè÷åííîãî íà âñåé îñè ðåøåíèÿ
ñåìåéñòâà ñèñòåì îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ íåîãðàíè÷åííûìè êîýôôèöèåí-
òàìè è ïðàâîé ÷àñòüþ è óñòàíîâëåíà åãî îöåíêà. Ðåçóëüòàòû èñïîëüçîâàíû äëÿ íàõîæäåíèÿ óñëî-
âèé ñóùåñòâîâàíèÿ è åäèíñòâåííîñòè îãðàíè÷åííîãî íà ïîëîñå ðåøåíèÿ ñèñòåì ãèïåðáîëè÷åñêèõ
óðàâíåíèé ñ íåîãðàíè÷åííûìè êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ.

Íà R = (−∞;∞) ðàññìàòðèâàåòñÿ ñåìåéñòâî ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé

∂V

∂t
= A(x, t)V + F (x, t), V ∈ Rn, x ∈ [0, ω]. (1)

×åðåç C∗(Ω, Rn) îáîçíà÷èì ïðîñòðàíñòâî îãðàíè÷åííûõ ôóíêöèé V : Ω → Rn, íåïðåðûâíûõ
ïî t ∈ R ïðè x ∈ [0, ω] è ðàâíîìåðíî îòíîñèòåëüíî t ∈ R íåïðåðûâíûõ ïî x ∈ [0, ω] ñ íîðìîé

‖V ‖∗ = sup
(x,t)∈Ω

‖V (x, t)‖, ‖V (x, t)‖ = max
i=1,...,n

|Vi(x, t)|, Ω = [0;ω]× (−∞;∞).

Ïðåäïîëàãàåòñÿ, ÷òî ýëåìåíòû (n × n)-ìàòðèöû A(x, t) è n-âåêòîð-ôóíêöèÿ F (x, t) íåïðå-
ðûâíû è, âîîáùå ãîâîðÿ, íåîãðàíè÷åíû â Ω. Èññëåäóåòñÿ ðåøåíèå ñèñòåìû (1), óäîâëåòâîðÿþ-
ùåå óñëîâèþ

V (x, t) ∈ C∗(Ω, Rn). (2)

Ôóíêöèÿ V ∗(x, t) èç C∗(Ω, Rn), èìåþùàÿ íà Ω íåïðåðûâíóþ ïðîèçâîäíóþ ïî t, íàçûâàåòñÿ
ðåøåíèåì çàäà÷è (1), (2), åñëè îíà óäîâëåòâîðÿåò ñèñòåìå (1) ïðè âñåõ (x, t) ∈ Ω.

Çàäà÷à (1), (2) ïðè ôèêñèðîâàííîì x ∈ [0, ω] ÿâëÿåòñÿ çàäà÷åé íàõîæäåíèÿ îãðàíè÷åííîãî
íà âñåé îñè ðåøåíèÿ, êîòîðàÿ èññëåäîâàíà ðàçëè÷íûìè ìåòîäàìè, îáçîð è áèáëèîãðàôèþ ïî
Keywords: bounded solution, family of systems of ordinary di�erential equations, unbounded coe�cient, system of
hyperbolic equations
2000 Mathematics Subject Classi�cation: 35L20, 35L70
c
 Ì. Í. Îñïàíîâ, 2005.
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íèì ìîæíî íàéòè â [1�4]. Â íàñòîÿùåé ðàáîòå çàäà÷à (1), (2) èññëåäóåòñÿ ïðè âûïîëíåíèè
ñëåäóþùèõ ïðåäïîëîæåíèé:

i) â ìàòðèöå A(x, t) èìååò ìåñòî äèàãîíàëüíîå ïðåîáëàäàíèå ïî ñòðîêàì ñ íåïðåðûâíîé
ôóíêöèåé θ(x, t), ò.å.

|aii(x, t)| ≥
∑

i 6=j

|aij(x, t)|+ θ(x, t), ãäå θ(x, t) ≥ α > 0, i = 1, n, α− const;

ii) äëÿ ëþáûõ (x, t) ∈ Ω èìååò ìåñòî íåðàâåíñòâî θ(x, t)
|aii(x, t)| ≥ η > 0; η − const;

iii) äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî èç |x − x| < δ, x, x ∈ [0, ω], ñëåäóåò
íåðàâåíñòâî ∣∣∣∣

θ(x, t)− θ(x, t)
θ(x, t)

∣∣∣∣ < ε äëÿ âñåõ t ∈ R.

Ñïðàâåäëèâà ñëåäóþùàÿ

Òå î ð åì à 1. Ïóñòü âûïîëíåíû óñëîâèÿ: a)ýëåìåíòû ìàòðèöû A(x, t) óäîâëåòâîðÿþò
ïðåäïîëîæåíèÿì i), ii),iii); b) ñòîëáöû ìàòðèöû A(x, t)

θ(x, t)
è âåêòîð-ôóíêöèÿ F (x, t)

θ(x, t)
ïðèíàäëå-

æàò ïðîñòðàíñòâó C∗(Ω, Rn).
Òîãäà çàäà÷à (1),(2) èìååò åäèíñòâåííîå ðåøåíèå V ∗(x, t) è äëÿ íåãî ñïðàâåäëèâà îöåíêà

‖V ∗(x, ·)‖1 = sup
t∈R

‖V ∗(x, t)‖ ≤
∥∥∥∥
F (x, ·)
θ(x, ·)

∥∥∥∥
1

, x ∈ [0, ω]. (3)

Äîêàçàòåëüñòâî. Ïóñòü x ∈ [0, ω] � ëþáàÿ ôèêñèðîâàííàÿ òî÷êà. Èç íåïðåðûâíîñòè ýëå-
ìåíòîâ ìàòðèöû A(x, t) ïî ïåðåìåííîé t ñëåäóåò åå îãðàíè÷åííîñòü íà ëþáîì êîìïàêòå [−T, T ].
Ðàññìîòðèì äâóõòî÷å÷íóþ êðàåâóþ çàäà÷ó

dVT

dt
= A(x, t)VT + F (x, t), t ∈ (−T, T ),

VT (−T ) = VT (T ).

Â ðàáîòå [4] ýòà çàäà÷à èññëåäîâàíà ìåòîäîì ïàðàìåòðèçàöèè è óñòàíîâëåíî ñóùåñòâîâàíèå
åäèíñòâåííîãî ðåøåíèÿ V ∗

T (x, t), à òàêæå ñïðàâåäëèâîñòü îöåíêè

max
t∈[−T ;T ]

‖V ∗
T (x̄, t)‖ ≤ max

t∈[−T ;T ]

∥∥∥∥
F (x̄, t)
θ(x̄, t)

∥∥∥∥ . (4)

Òàê êàê ñåìåéñòâî ôóíêöèé V ∗
T (x, t) îòíîñèòåëüíî T îãðàíè÷åíî, òî èç íåãî ñòàíäàðòíûì

äèàãîíàëüíûì ìåòîäîì ìîæíî âûäåëèòü ïîäïîñëåäîâàòåëüíîñòü V ∗
T ′(x, t), ñõîäÿùóþñÿ ê îãðà-

íè÷åííîìó íà R ðåøåíèþ V ∗(x, t) óðàâíåíèÿ (1) ïðè âñåõ t ∈ R, ò. å.

lim
T ′→∞

V ∗
T ′(x, t) = V ∗(x, t), t ∈ R.

Îöåíêà (4) ñïðàâåäëèâà ïðè ëþáîì T > 0. Ïîýòîìó, ïîäñòàâëÿÿ âìåñòî Ò T ′ è ïåðåõîäÿ â (4) ê
ïðåäåëó ïðè T ′ →∞, ïîëó÷èì

sup
t∈R

‖V ∗(x, t)‖ ≤ sup
t∈R

∥∥∥∥
F (x, t)
θ(x, t)

∥∥∥∥ . (5)
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Íåðàâåíñòâî (5) ñïðàâåäëèâî äëÿ ëþáîãî x ∈ [0, ω] è èç íåãî ñëåäóåò îöåíêà (3). Òåïåðü ïîêà-
æåì, ÷òî V ∗(x, t) ∈ C∗(Ω, Rn). Ïóñòü x1 ∈ [0, ω], x2 ∈ [0, ω], à V (x1, t) è V (x2, t) � ñîîòâåòñòâó-
þùèå èì ðåøåíèÿ çàäà÷è (1), (2). Òîãäà

dV (x1, t)
dt

= A(x1, t)V (x1, t) + F (x1, t), (6a)

dV (x2, t)
dt

= A(x2, t)V (x2, t) + F (x2, t), (6á)

è ïîëàãàÿ ∆V (x1, x2, t) = V (x1, t)− V (x2, t), ∆A(x1, x2, t) = A(x1, t)−A(x2, t), èìååì

d∆V (x1, x2, t)
dt

= A(x1, t)∆V (x1, x2, t) + F̃ (∆A(x1, x2, t), V (x2, t), ∆F (x1, x2, t)), (7)

ãäå F̃ (∆A(x1, x2, t), V (x2, t), ∆F (x1, x2, t)) = ∆F (x1, x2, t)−∆A(x1, x2, t)V (x2, t).
Â ìàòðèöå A(x1, t) èìååò ìåñòî äèàãîíàëüíîå ïðåîáëàäàíèå ïî ñòðîêàì ñ íåïðåðûâíîé ôóíê-
öèåé θ(x1, t). Òàê êàê

∥∥∥∥∥
F̃ (∆A(x1, x2, t), V (x2, t), ∆F (x1, x2, t))

θ(x1, t)

∥∥∥∥∥ =
∥∥∥∥
∆F (x1, x2, t)

θ(x1, t)
− ∆A(x1, x2, t)

θ(x1, t)
V (x2, t)

∥∥∥∥ =

=
∥∥∥∥
F (x1, t)− F (x2, t)

θ(x1, t)
− A(x1, t)−A(x2, t)

θ(x1, t)
V (x2, t)

∥∥∥∥ ≤
∥∥∥∥
F (x1, t)
θ(x1, t)

− F (x2, t)
θ(x2, t)

· θ(x2, t)
θ(x1, t)

∥∥∥∥+

+
∥∥∥∥
(

A(x1, t)
θ(x1, t)

− A(x2, t)
θ(x2, t)

· θ(x2, t)
θ(x1, t)

)
V (x2, t)

∥∥∥∥ ≤
∥∥∥∥
F (x1, t)
θ(x1, t)

− F (x2, t)
θ(x2, t)

∥∥∥∥+

+
∥∥∥∥
F (x2, t)
θ(x2, t)

· θ(x1, t)− θ(x2, t)
θ(x1, t)

∥∥∥∥ +
∥∥∥∥
A(x1, t)
θ(x1, t)

− A(x2, t)
θ(x2, t)

∥∥∥∥ · ‖V (x2, t)‖+

+
∥∥∥∥
A(x2, t)
θ(x2, t)

· θ(x1, t)− θ(x2, t)
θ(x1, t)

∥∥∥∥ · ‖V (x2, t)‖ ,

òî èç ïðåäïîëîæåíèÿ òåîðåìû è îãðàíè÷åííîñòè íà Ω ôóíêöèè V (x, t) ñëåäóåò ÷òî âåêòîð-
ôóíêöèÿ
F̃ (∆A(x1, x2, t), V (x2, t), ∆F (x1, x2, t))

θ(x1, t)
íåïðåðûâíà è îãðàíè÷åíà íà R äëÿ ëþáûõ x1, x2 ∈ [0, ω].

Òîãäà ñîãëàñíî òåîðåìå 4 èç [4] ñïðàâåäëèâà îöåíêà

‖∆V (x1, x2, ·)‖1 ≤
∥∥∥∥
F (x1, ·)
θ(x1, ·) −

F (x2, ·)
θ(x2, ·)

∥∥∥∥
1

+
∥∥∥∥
F (x2, ·)
θ(x2, ·) ·

θ(x1, ·)− θ(x2, ·)
θ(x1, ·)

∥∥∥∥
1

+

+
∥∥∥∥
A(x1, ·)
θ(x1, ·) −

A(x2, ·)
θ(x2, ·)

∥∥∥∥
1

· ‖V (x2, ·)‖1 +
∥∥∥∥
A(x2, ·)
θ(x2, ·) ·

θ(x1, ·)− θ(x2, ·)
θ(x1, ·)

∥∥∥∥
1

· ‖V (x2, ·)‖1 .

Îòñþäà âûòåêàåò, ÷òî äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 òàêîå, ÷òî ||∆V (x1, x2, t)|| < ε,
êàê òîëüêî |x1 − x2| < δ, x1, x2 ∈ [0, ω] äëÿ ëþáîãî t ∈ R, ò.å. V ∗(x, t) ∈ C∗(Ω̄, Rn).

Äîêàæåì åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (1),(2). Ïóñòü Ṽ (x, t) òàêæå ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è(1),(2). Òîãäà ðàçíîñòü ∆V (x, t) = V ∗(x, t)−Ṽ (x, t) ÿâëÿåòñÿ ðåøåíèåì îäíîðîäíîãî óðàâ-
íåíèÿ, ñîîòâåòñòâóþùåãî (1), è âåêòîð-ôóíêöèè ∆Vi(x, t) (i = 1, n) óäîâëåòâîðÿþò ñêàëÿðíûì
óðàâíåíèÿì, ïðè÷åì äëÿ ëþáîãî x ∈ [0, ω]

d∆Vi

dt
= aii(x, t)∆Vi +

∑

i6=j

aij(x, t)∆Vj , x ∈ [0, ω]. (8)
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Åñëè |a(x, t)| ≥ γ > 0 � íåïðåðûâíàÿ íà R ôóíêöèÿ, òî ñêàëÿðíîå óðàâíåíèå ż = a(x, t)z
èìååò òîëüêî íóëåâîå îãðàíè÷åííîå íà R ðåøåíèå. Äåéñòâèòåëüíî, åñëè ż = a(x, t)z(x, t) è

z(x, t0) 6= 0, òî èç ïðåäñòàâëåíèÿ ðåøåíèÿ z(x, t) = exp

[
−

t∫
t0

a(x, τ)dτ

]
z(x, t0) ñëåäóåò, ÷òî

z → ∞ ïðè t → ∞ èëè t → −∞. Ïîýòîìó 4Vi(x, t) ÿâëÿåòñÿ åäèíñòâåííûì îãðàíè÷åííûì íà
R ðåøåíèåì óðàâíåíèÿ (8) è äëÿ íåãî ñïðàâåäëèâà îöåíêà

sup
t∈R

|4Vi(x, t)| ≤ sup
t∈R

∑

i6=j

|aij(x, t)|
|aii(x, t)| sup

t∈R
|4Vj(x, t)|.

Îòñþäà â ñèëó ïðåäïîëîæåíèé îòíîñèòåëüíî ìàòðèöû A(x, t) èìååì

sup
t∈R

∣∣4Vi(x, t)
∣∣ ≤ sup

t∈R

∣∣∣∣1−
θi(x, t)
aii(x, t)

∣∣∣∣ sup
t∈R

∣∣4Vi(x, t)
∣∣ ≤ (1− η)| sup

t∈R
|4Vi(x, t)|, i = 1, n, (9)

êîòîðîå ïîêàçûâàåò, ÷òî 4V (x, t) = 0. Íåðàâåíñòâî (9) ñïðàâåäëèâî äëÿ ëþáîãî x ∈ [0, ω] è
ïîýòîìó ∆V (x, t) = 0 èëè V ∗(x, t) = Ṽ (x, t) ïðè âñåõ (x, t) ∈ Ω̄.

Òåîðåìà 1 äîêàçàíà.
Ñ ïîìîùüþ äîêàçàííîé òåîðåìû èññëåäóåì çàäà÷ó íàõîæäåíèÿ ðåøåíèÿ ñèñòåìû ãèïåðáî-

ëè÷åñêèõ óðàâíåíèé

∂2U

∂t∂x
= A(x, t)

∂U

∂x
+ C(x, t)U + F (x, t), U ∈ Rn, (x, t) ∈ Ω̄, (10)

óäîâëåòâîðÿþùåãî óñëîâèÿì

U(0, t) = ψ(t),
∂U

∂x
∈ C∗(Ω̄, Rn). (11)

Çäåñü ñòîëáöû (n×n) � ìàòðèö A(x, t), C(x, t) è n-âåêòîð-ôóíêöèÿ F (x, t) íåïðåðûâíû è, âîîáùå
ãîâîðÿ, íåîãðàíè÷åíû â Ω̄, à ψ(t)− íåïðåðûâíî äèôôåðåíöèðóåìàÿ ôóíêöèÿ, îãðàíè÷åííàÿ íà
R âìåñòå ñî ñâîåé ïðîèçâîäíîé ψ̇t. Êðîìå òîãî, îòíîñèòåëüíî ìàòðèöû A(x, t) ïðåäïîëàãàþòñÿ
âûïîëíåííûìè óñëîâèÿ i) � iii).

Çàäà÷à íàõîæäåíèÿ ðåøåíèÿ, óäîâëåòâîðÿþùåãî óñëîâèÿì (11), äëÿ áîëåå îáùåé ñèñòåìû
ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ îãðàíè÷åííûìè êîýôôèöèåíòàìè è ïðàâîé ÷àñòüþ ðàññìîòðåíà
â [6].

Íåïðåðûâíàÿ ôóíêöèÿ U : Ω̄ → Rn, èìåþùàÿ ÷àñòíûå ïðîèçâîäíûå ∂U(x, t)
∂x

,
∂2U(x, t)

∂t∂x
,

íàçûâàåòñÿ êëàññè÷åñêèì ðåøåíèåì çàäà÷è (10), (11), åñëè îíà óäîâëåòâîðÿåò ñèñòåìå (10) ïðè
âñåõ (x, t) ∈ Ω̄ è äîïîëíèòåëüíûì óñëîâèÿì (11).

Ñïðàâåäëèâà

Òå î ð åì à 2. Ïóñòü âûïîëíåíû óñëîâèÿ òåîðåìû 1 è ñòîëáöû ìàòðèöû C(x, t)
θ(x, t)

ïðèíàä-
ëåæàò ïðîñòðàíñòâó C∗(Ω̄, Rn).

Òîãäà çàäà÷à (10), (11) èìååò åäèíñòâåííîå êëàññè÷åñêîå ðåøåíèå V (x, t) è ñïðàâåäëèâû
ñëåäóþùèå îöåíêè:

||U(x, ·)||1 ≤ ‖K(x, ·)‖1‖ψ(·)‖1 +

x∫

0

∣∣∣
∣∣∣F (ξ, ·)
θ(ξ, ·)

∣∣∣
∣∣∣
1
||K(ξ, ·)||1dξ, (12)

∣∣∣
∣∣∣∂U(ξ, ·)

∂x

∣∣∣
∣∣∣
1
≤

∣∣∣
∣∣∣C(x, ·)
θ(x, ·)

∣∣∣
∣∣∣
1
· ||K(x, ·)||1 · ||ψ(·)||1+
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+
∣∣∣
∣∣∣C(x, ·)
θ(x, ·)

∣∣∣
∣∣∣
1
·

x∫

0

∣∣∣
∣∣∣F (ξ, ·)
θ(ξ, ·)

∣∣∣
∣∣∣
1
· ||K(ξ, ·)||1dξ +

∣∣∣
∣∣∣F (x, ·)
θ(x, ·)

∣∣∣
∣∣∣
1
, (13)

ãäå ||K(x, ·)||1 = exp

x∫

0

∣∣∣
∣∣∣C(ξ, ·)
θ(ξ, ·)

∣∣∣
∣∣∣
1
dξ, ||ψ(·)||1 = sup

t∈R
||ψ(t)||.

Äîêàçàòåëüñòâî. Ââåäåì íåèçâåñòíóþ ôóíêöèþ V (x, t) =
∂U(x, t)

∂x
è çàäà÷ó (10), (11)

ñâåäåì ê ñëåäóþùåé ýêâèâàëåíòíîé çàäà÷å:
∂V

∂t
= A(x, t)V + C(x, t)U(x, t) + F (x, t), V (x, t) ∈ C∗(Ω, Rn), (14)

U(x, t) = ψ(t) +

x∫

0

V (ξ, t)dξ. (15)

Â çàäà÷å (14),(15) óñëîâèå U(0, t) = ψ(t) ó÷òåíî â ñîîòíîøåíèè (15). Ïàðó íåïðåðûâíûõ íà Ω
ôóíêöèé {V (x, t), U(x, t)} íàçîâåì ðåøåíèåì çàäà÷è (14),(15), åñëè ôóíêöèÿ V (x, t) ∈ C∗(Ω, Rn)
èìååò íåïðåðûâíóþ íà Ω ïðîèçâîäíóþ ïî t è óäîâëåòâîðÿåò îäíîïàðàìåòðè÷åñêîìó ñåìåéñòâó
ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèè (14), ãäå ôóíêöèÿ U(x, t) ñâÿçàíà ñ V (x, t) ôóíêöèîíàëü-
íûì ñîîòíîøåíèåì (15).

Ðåøåíèå çàäà÷è (14),(15)-ïàðó {V (x, t), U(x, t)} íàéäåì ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëè-
æåíèé. Çà íóëåâîå ïðèáëèæåíèå ïî U(x, t) âîçüìåì ψ(t), à V (0)(x, t) íàéäåì, êàê ðåøåíèå çàäà÷è

∂V (0)

∂t
= A(x, t)V (0) + C(x, t)ψ(t) + F (x, t), (x, t) ∈ Ω, V (0)(x, t) ∈ C∗(Ω, Rn). (16)

Ïî òåîðåìå 1 ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è (16) � ôóíêöèÿ V (0)(x, t) è ñïðàâåä-
ëèâà îöåíêà

||V (0)(x, ·)||1 ≤
∣∣∣
∣∣∣C(x, ·)
θ(x, ·)

∣∣∣
∣∣∣
1
||ψ(·)||1 +

∣∣∣
∣∣∣F (x, ·)
θ(x, ·)

∣∣∣
∣∣∣
1
. (17)

Ôóíêöèþ U (0)(x, t) íàéäåì èç ñîîòíîøåíèÿ U (0)(x, t) = ψ(t)+
x∫
0

V (0)(ξ, t)dξ è äëÿ íåãî èìååì

||U (0)(x, ·)||1 ≤ ||ψ(·)||1 +

x∫

0

{∣∣∣
∣∣∣C(ξ, ·)
θ(ξ, ·)

∣∣∣
∣∣∣
1
||ψ(·)||1 +

∣∣∣
∣∣∣F (ξ, ·)
θ(ξ, ·)

∣∣∣
∣∣∣
1

}
dξ. (18)

Òàê êàê U (0)(x, t) − U (0)(x̂, t) =
bx∫
x

V (0)(ξ, t)dξ äëÿ ëþáûõ x, x̂ ∈ [0, ω] è V (x, t) ∈ C∗(Ω, Rn),

òî ôóíêöèÿ V (0)(x, t) ïðèíàäëåæèò ïðîñòðàíñòâó C∗(Ω, Rn).
Ïðåäïîëàãàÿ, ÷òî èçâåñòíû U (k−1)(x, t) ∈ C∗(Ω, Rn), ôóíêöèþ V (k)(x, t) íàéäåì, êàê ðåøå-

íèå çàäà÷è
∂V

∂t
= A(x, t)V + C(x, t)U (k−1)(x, t) + F (x, t), (x, t) ∈ Ω, V (x, t) ∈ C∗(Ω, Rn). (19)

Âíîâü ê çàäà÷å (19) ïðèìåíÿÿ òåîðåìó 1, íàéäåì V (k)(x, t), è ñëåäóþùèå ïðèáëèæåíèÿ ïî U(x, t)
îïðåäåëÿåì èç ñîîòíîøåíèé:

U (k)(x, t) = ψ(t) +

x∫

0

V (k)(ξ, t)dξ, k = 1, 2, ... (20)

Ìàòåìàòè÷åñêèé æóðíàë 2005. Òîì 5. � 3 (17)



66 Ì. Í. Îñïàíîâ

è ïî âûøåèçëîæåííîé ñõåìå óñòàíàâëèâàåì, ÷òî êàæäàÿ èç ôóíêöèé V (k)(x, t), U (k)(x, t),
k = 1, 2, ..., áóäåò ïðèíàäëåæàòü ïðîñòðàíñòâó C∗(Ω, Rn).
Ñîñòàâèì ðàçíîñòè ∆V (k)(x, t) = V (k)(x, t)− V (k−1)(x, t), ∆U (k)(x, t) = U (k)(x, t)− U (k−1)(x, t),
k = 1, 2, ..., è äëÿ íèõ ñ ïîìîùüþ (17)-(18) óñòàíîâèì îöåíêè

||∆V (k)(x, ·)||1 ≤
∣∣∣
∣∣∣C(x, ·)
θ(x, ·)

∣∣∣
∣∣∣
1
||∆U (k−1)(x, ·)||1, k = 1, 2, ..., (21)

||∆U (k)(x, ·)||1 ≤
x∫

0

||∆V (k)(ξ, ·)||1dξ, k = 1, 2, ..., (22)

îòêóäà ñëåäóþò îñíîâíûå íåðàâåíñòâà

||∆V (k)(x, ·)||1 ≤
∣∣∣
∣∣∣C(x, ·)
θ(x, ·)

∣∣∣
∣∣∣
1

x∫

0

||∆V (k−1)(ξ, ·)||1dξ, k = 1, 2, ..., (23)

||∆U (k)(x, ·)||1 ≤
x∫

0

∣∣∣
∣∣∣C(x, ·)
θ(x, ·)

∣∣∣
∣∣∣
1
||∆U (k−1)(ξ, ·)||1dξ, k = 1, 2, ... (24)

Èç (23) è (24) ñëåäóåò ñõîäèìîñòü â íîðìå ïðîñòðàíñòâà C∗(Ω, Rn) ïîñëåäîâàòåëüíîñòåé
V (k)(x, t), U (k)(x, t)(k = 1, 2...) ïðè k → ∞. Ïðè ýòîì ïðåäåëüíûå ôóíêöèè V (∗)(x, t),
U (∗)(x, t) ïðèíàäëåæàò ïðîñòðàíñòâó C∗(Ω, Rn) è ïàðà ôóíêöèé {V (∗)(x, t), U (∗)(x, t)} ÿâëÿåòñÿ
ðåøåíèåì çàäà÷è (14), (15).

Ïîêàæåì åäèíñòâåííîñòü ðåøåíèÿ çàäà÷è (10), (11). Ïóñòü ñèñòåìà ôóíêöèé {Ṽ (x, t),
Ũ(x, t)} � äðóãîå ðåøåíèå ðàññìàòðèâàåìîé çàäà÷è. Òîãäà èõ ðàçíîñòü {∆V (x, t) = V (∗)(x, t)−
Ṽ (x, t), ∆U(x, t) = U (∗)(x, t)−Ũ(x, t)} áóäåò ðåøåíèåì îäíîðîäíîé çàäà÷è (14),(15), ãäå F (x, t) =
0, ψ(t) = 0, ò.å.

∂∆V

∂t
= A(x, t)∆V + C(x, t)∆U(x, t), ∆V ∈ C∗(Ω, Rn), (25)

∆U(x, t) =

x∫

0

∆V (ξ, t)dξ. (26)

Òàê êàê C(x, t)
θ(x, t)

∈ C∗(Ω, Rn), ∆U(x, t) ∈ C∗(Ω, Rn), òî ñîãëàñíî òåîðåìå 1 èç (25) ñëåäóåò íåðà-
âåíñòâî

||∆V (x, ·)||1 ≤
∣∣∣
∣∣∣C(x, ·)
θ(x, ·)

∣∣∣
∣∣∣
1
||∆U(x, ·)||1. (27)

Ó÷èòûâàÿ (26), àíàëîãè÷íî (21),(22) óñòàíîâèì îöåíêó

||∆U(x, ·)||1 ≤
x∫

0

||∆V (ξ, ·)||1dξ (28),

è, ïîäñòàâèâ (28) â (27), ïîëó÷àåì

||∆V (x, ·)||1 ≤
∣∣∣
∣∣∣C(x, ·)
θ(x, ·)

∣∣∣
∣∣∣
1

x∫

0

||∆V (ξ, ·)||1dξ,
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îòêóäà ∆V (x, t) = 0.
Èç (28), (27) èìååì íåðàâåíñòâî

||∆U(x, ·)||1 ≤
x∫

0

∣∣∣
∣∣∣C(x, ·)
θ(x, ·)

∣∣∣
∣∣∣
1
||∆U(ξ, ·)||1dξ,

â ñèëó êîòîðîãî ∆U(x, t) = 0 äëÿ âñåõ (x, t) ∈ Ω. Òàêèì îáðàçîì, çàäà÷à (14), (15) èìååò
åäèíñòâåííîå ðåøåíèå.

Äîêàæåì ñïðàâåäëèâîñòü îöåíîê (12), (13). Ïóñòü{V ∗, U∗} � ðåøåíèå çàäà÷è (14), (15), ò.å.

∂V ∗

∂t
= A(x, t)V ∗(x, t) + C(x, t)U∗(x, t) + F (x, t), (29)

U∗(x, t) = ψ(t) +

x∫

0

V ∗(ξ, t)dξ. (30)

Â ñèëó ïðèíàäëåæíîñòè âåêòîð-ôóíêöèé C(x, t)V ∗(x, t)
θ(x, t)

,
F (x, t)
θ(x, t)

ïðîñòðàíñòâó C∗(Ω, Rn) íà
îñíîâå òåîðåìû 1 èç (29) èìååì

sup
t∈R

||V ∗(x, t)|| ≤ sup
t∈R

∣∣∣
∣∣∣C(x, t)
θ(x, t)

∣∣∣
∣∣∣ sup

t∈R
||U∗(x, t)||+ sup

t∈R

∣∣∣
∣∣∣F (x, t)
θ(x, t)

∣∣∣
∣∣∣. (31)

Ââèäó(30),(31) ñïðàâåäëèâà îöåíêà

sup
t∈R

||U∗(x, t)|| ≤ sup
t∈R

||ψ(t)||+
x∫

0

sup
t∈R

∣∣∣
∣∣∣C(ξ, t)
θ(ξ, t)

∣∣∣
∣∣∣ sup

t∈R
||U∗(ξ, t)||dξ +

x∫

0

sup
t∈R

∣∣∣
∣∣∣F (ξ, t)
θ(ξ, t)

∣∣∣
∣∣∣dξ, (32)

îòêóäà, èñïîëüçóÿ íåðàâåíñòâî Ãðîíóîëëà-Áåëüìàíà, ïîëó÷àåì (12).
Èç (31) è (32) ñëåäóåò ñïðàâåäëèâîñòü îöåíêè (13).
Òåîðåìà 2 äîêàçàíà.
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ÎÁ ÀÑÈÌÏÒÎÒÈ×ÅÑÊÎÌ ÏÎÂÅÄÅÍÈÈ ÐÅØÅÍÈß
ÎÄÍÎÌÅÐÍÎÉ ÄÂÓÕÔÀÇÍÎÉ ÂÛÐÎÆÄÅÍÍÎÉ ÇÀÄÀ×È

ÌÀÑÊÅÒÀ-ÂÅÐÈÃÈÍÀ

Ì. À. Ñàõàóåâà

Èíñòèòóò ìàòåìàòèêè ÌÎÍ ÐÊ
050010 Àëìàòû, óë.Ïóøêèíà, 125

Èçó÷åíî àñèìïòîòè÷åñêîå ïîâåäåíèå ïðè áîëüøèõ çíà÷åíèÿõ âðåìåíè ðåøåíèÿ îäíîìåðíîé äâóõ-
ôàçíîé âûðîæäåííîé çàäà÷è Ìàñêåòà-Âåðèãèíà.

Ïóñòü Ω � íåêîòîðàÿ îáëàñòü äâóìåðíîãî ïðîñòðàíñòâà ïåðåìåííûõ (x, t), îãðàíè÷åííàÿ
îáëàñòüþ D0 íà ãèïåðïëîñêîñòè t = 0 è ìíîãîîáðàçèåì S â ïîëóïðîñòðàíñòâå 0 < t < ∞.

Ïðåäïîëîæèì, ÷òî ìíîæåñòâî Dτ = Ω ∩ {t = τ} äëÿ ëþáîãî τ > 0 ÿâëÿåòñÿ íåïóñòîé
îãðàíè÷åííîé îáëàñòüþ â ïðîñòðàíñòâå ïåðåìåííîé x. Ïóñòü D∞ � îãðàíè÷åííàÿ, îäíîñâÿç-
íàÿ, îäíîìåðíàÿ îáëàñòü â ïðîñòðàíñòâå ïåðåìåííîé x. Îáîçíà÷èì ÷åðåç ∂Dt è ∂D∞ ãðàíèöû
îáëàñòåé Dt è D∞, ñîîòâåòñòâåííî.

Ïóñòü ôóíêöèÿ z(x, t) îïðåäåëåíà â Ω, ôóíêöèÿ z0(x) � â D∞.
Ïðèâåäåì íåêîòîðûå íåîáõîäèìûå îïðåäåëåíèÿ [1, 2].

Îïð å ä å ë å í è å 1. Áóäåì ãîâîðèòü, ÷òî Dt → D∞ ïðè t →∞, åñëè
à) äëÿ ëþáîãî ε > 0 ñóùåñòâóåò T0 òàêîå, ÷òî äëÿ ëþáûõ òî÷åê (x1, t) ∈ Dt, y2 ∈ D∞

íàéäóòñÿ òî÷êè (x2, t) ∈ Dt, y1 ∈ D∞, óäîâëåòâîðÿþùèå ñîîòíîøåíèÿì |x1 − y1| < ε, |x2 −
y2| < ε, êàê òîëüêî t ≥ T1;

á) ñóùåñòâóåò âçàèìíî îäíîçíà÷íîå ñîîòâåòñòâèå x ↔ y ìåæäó òî÷êàìè y ∈ ∂D∞ è
òî÷êàìè x, äëÿ êîòîðûõ (x, t) ∈ ∂Dt è ïðè t →∞ sup

y∈∂D∞
|x− y| → 0.

Îïð å ä å ë å í è å 2. Ôóíêöèÿ z(x, t) ñòàáèëèçèðóåòñÿ ê ôóíêöèè z0(y) ïðè x → y, t →∞,
ãäå (x, t) ∈ Ω, y ∈ D∞ ( lim

x→y
t→∞

z(x, t) = z0(y)), åñëè äëÿ ëþáîãî ε > 0 ñóùåñòâóåò δ > 0 è T0 òàêèå,

÷òî |z(x, t) − z0(y)| < ε, êàê òîëüêî |x − y| < δ è t ≥ T0. Åñëè δ è T0 íå çàâèñÿò îò y, òî
z(x, t) ðàâíîìåðíî â Ω ñòàáèëèçèðóåòñÿ ê z0(y) ïðè x → y, t →∞.

Keywords: free boundary problem, parabolic equation, asymptotic behavior of solution
2000 Mathematics Subject Classi�cation: 35A05,35K20
c
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Ââåäåì ñëåäóþùèå îáîçíà÷åíèÿ:

Ω(1) = {(x, t) : 0 < x < α(t); t > 0}, Ω(2) = {(x, t) : α(t) < x < b; t > 0};
D(m)

τ = Ω(m) ∩ {t = τ}, τ > 0, m = 1, 2;

D
(1)
0 = {x : 0 < x < α0}, D

(2)
0 = {x : α0 < x < b, 0 < α0 = α(0) < b};

∂D
(1)
t = {(x, t) : x = 0, α(t); t > 0}, ∂D

(2)
t = {(x, t) : x = α(t), b; t > 0};

Lm

(
x, t,

∂

∂x
,

∂

∂t

)
=

∂

∂t
− am

∂2

∂x2
+ cm � ïàðàáîëè÷åñêèé îïåðàòîð, m = 1, 2,

ãäå am, cm � ïîëîæèòåëüíûå ïîñòîÿííûå.
Ïîñòàíîâêà çàäà÷è. Òðåáóåòñÿ íàéòè ôóíêöèè u1(x, t), u2(x, t), α(t), óäîâëåòâîðÿþùèå

ñëåäóþùèì óñëîâèÿì:

Lmum = 0 â Ω(m), m = 1, 2, (1)

um

∣∣
t=0

= u0m(x), x ∈ D
(m)
0 , m = 1, 2, (2)

α(0) = α0, (3)
u1

∣∣
x=0

= p1(t), u2

∣∣
x=b

= p2(t), t > 0, (4)
u1

∣∣
x=α(t)

= u2

∣∣
x=α(t)

, t > 0, (5)

λ1
∂u1

∂x

∣∣∣∣
x=α(t)

= λ2
∂u2

∂x

∣∣∣∣
x=α(t)

= 0, t > 0, (6)

ãäå λ1, λ2 � ïîëîæèòåëüíûå ïîñòîÿííûå.
Çàäà÷à (1)�(6) ÿâëÿåòñÿ âûðîæäåííîé çàäà÷åé Ìàñêåòà-Âåðèãèíà. Âîïðîñû ñóùåñòâîâàíèÿ

è åäèíñòâåííîñòè ðåøåíèÿ äàííîé çàäà÷è â âåñîâîì ïðîñòðàíñòâå Ãåëüäåðà èçó÷åíû â [3]. Â
êëàññè÷åñêîé çàäà÷å Ìàñêåòà-Âåðèãèíà [4, 5] âìåñòî óñëîâèÿ (6) ðàññìàòðèâàåòñÿ óñëîâèå

λ1
∂u1

∂x
= λ2

∂u2

∂x
= −κdα

dt
,

ãäå κ = const > 0, ïðè κ = 0 áóäåì èìåòü âûðîæäåííóþ çàäà÷ó Ìàñêåòà-Âåðèãèíà (1)�(6),
êîòîðàÿ áûëà ïîñòàâëåíà Ã.È.Áèæàíîâîé.

Çàäà÷à Ìàñêåòà-Âåðèãèíà îïèñûâàåò äâèæåíèå æèäêîñòè â ïîðèñòîé ñðåäå. Îíà âîçíèêà-
åò, íàïðèìåð, â ãèäðîñòðîèòåëüñòâå ïðè óñòðîéñòâå ïðîòèâîôèëüòðàöèîííûõ çàâåñ [6], êîãäà
â ïîðîäû îñíîâàíèÿ è áåðåãîâûõ ïðèìûêàíèé ïëîòèí íàãíåòàþòñÿ öåìåíòíûå, ãëèíèñòûå, ñè-
ëèêàòíûå è äðóãèå ðàñòâîðû, çàïîëíÿþùèå ïîðû è òðåùèíû ïîðîä è ïðèäàþùèå èì âîäî-
íåïðîíèöàåìîñòü; ïðè íàãíåòàíèè æèäêîñòè â ïîðèñòóþ ñðåäó ïðè âíåêîíòóðíîì çàâîäíåíèè
íåôòÿíûõ ìåñòîðîæäåíèé ïðè âòîðè÷íîé äîáû÷å íåôòè.

Â çàäà÷å (1)�(6) ôóíêöèè u1(x, t), u2(x, t) � äàâëåíèÿ íàãíåòàåìîé è âûòåñíÿåìîé æèä-
êîñòåé ñîîòâåòñòâåííî, äâèæóùèõñÿ â ïîðèñòîé ñðåäå áåç ñìåøèâàíèÿ, x = α(t) � ëèíèÿ èõ
ðàçäåëà (ñâîáîäíàÿ ãðàíèöà).

Èññëåäóåì àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ çàäà÷è (1)�(6) ïðè áîëüøèõ çíà÷åíèÿõ âðå-
ìåíè.

Áóäåì ïðåäïîëàãàòü, ÷òî ñóùåñòâóåò åäèíñòâåííîå ðåøåíèå çàäà÷è ïðè t > 0 è çàäàííûå
ôóíêöèè òàêîâû, ÷òî α(t) ÿâëÿåòñÿ ìîíîòîííîé ôóíêöèåé, ïðè÷åì

0 < β < b, ãäå β = lim
t→∞α(t). (7)

Îáîçíà÷èì D
(1)
∞ = {x : 0 < x < β}, D

(2)
∞ = {x : β < x < b}, ∂D

(1)
∞ = {x : x = 0, β},

∂D
(2)
∞ = {x : x = β, b}.
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Ñòðåìëåíèå D
(m)
t ê D

(m)
∞ ïðè t → ∞ (m = 1, 2) áóäåì ïîíèìàòü â ñìûñëå îïðåäåëåíèÿ 1.

Ïîä ñõîäèìîñòüþ ôóíêöèé u1, u2 ïðè t →∞ áóäåì ïîíèìàòü èõ ðàâíîìåðíóþ ñòàáèëèçàöèþ â
ñìûñëå îïðåäåëåíèÿ 2.

Ç àì å ÷ à í è å 1. Ïðè âûïîëíåíèè óñëîâèÿ (7) áóäåò ñëåäîâàòü, ÷òî D
(m)
t → D

(m)
∞ ïðè

t →∞ (m = 1, 2) â ñìûñëå îïðåäåëåíèÿ 1.

Àñèìïòîòè÷åñêîå ïîâåäåíèå ðåøåíèÿ çàäà÷è (1)�(6) áóäåì èçó÷àòü, ïîëüçóÿñü ìåòîäàìè
ðàáîò [1, 7].

Ïðèâåäåì âñïîìîãàòåëüíûå ëåììû.

Ëåììà 1. Ïóñòü ôóíêöèÿ

z(x, t) ∈ C2,1
x,t (Ω

(1)) ∩ C1,0
x,t (Dt

(1) × t > 0) ∩ C(Ω(1)) (8)

óäîâëåòâîðÿåò ñëåäóþùèì óñëîâèÿì:

L1z > 0, (x, t) ∈ Ω(1),

z
∣∣
t=0

> 0, x ∈ D
(1)
0 , z

∣∣
x=0

> 0,
∂z

∂x

∣∣∣∣
x=α(t)

< 0, t > 0.

Òîãäà z(x, t) > 0 äëÿ ëþáîãî (x, t) ∈ {(x, t) : x ∈ D
(1)
t , t ≥ 0}.

Äîêàçàòåëüñòâî. Ïðåäïîëîæèì îáðàòíîå. Ïóñòü óñëîâèå z(x, t) > 0 íàðóøàåòñÿ â òî÷êå
t = t0, x ∈ D

(1)
t0 , ïðè÷åì â ñèëó íà÷àëüíîãî óñëîâèÿ áóäåì èìåòü t0 > 0. Ïîêàæåì, ÷òî â

ãðàíè÷íûõ òî÷êàõ îáëàñòè D
(1)
t0

: x = 0, x = α(t0) z(x, t0) 6= 0. Â ñàìîì äåëå, èç ãðàíè÷íûõ
óñëîâèé ñëåäóåò, ÷òî z(0, t0) > 0. Ïîêàæåì, ÷òî è z(α(t0), t0) > 0. Ïðåäïîëîæèì ïðîòèâíîå:
ïóñòü z(x, t0) = 0 ïðè x = α(t0). Òîãäà èç ãðàíè÷íîãî óñëîâèÿ ∂z

∂x

∣∣∣∣
x=α(t)

< 0 âûòåêàåò, ÷òî ïðè

t = t0 â îêðåñòíîñòè òî÷êè x = α(t0) z(x, t0) < 0. Îòñþäà è èç íåïðåðûâíîñòè z(x, t), â ñâîþ
î÷åðåäü, ñëåäóåò, ÷òî z(x, t) < 0 â îêðåñòíîñòè t = t0 ïðè t < t0, à ýòî íåâîçìîæíî, òàê êàê ïðè
t < t0 z(x, t0) > 0. Òàêèì îáðàçîì, z(x, t0) = 0 âî âíóòðåííåé òî÷êå îáëàñòè D

(1)
t0

≡ (0, α(t0)).
Ïîëîæèì äëÿ îïðåäåëåííîñòè, ÷òî z(x, t0) = 0 â òî÷êå x0 ∈ D

(1)
t0

. Ó÷èòûâàÿ, ÷òî z(x, t0) > 0
ïðè x ∈ [0, x0) è (x0, b], à òàêæå, ÷òî z(x0, t0) = 0, çàêëþ÷àåì, ÷òî z(x0, t0) = min

x∈D
(1)
t0

z(x, t0),

ïðè÷åì íåîáõîäèìûì óñëîâèåì ìèíèìóìà áóäóò ñîîòíîøåíèÿ:

∂z

∂x
(x0, t0) = 0,

∂2z

∂x2
(x0, t0) ≥ 0.

Èç ïîñëåäíåãî íåðàâåíñòâà è èç óñëîâèÿ ∂z

∂t
> a1

∂2z

∂x2
− c1z ïîëó÷èì

∂z

∂t
(x0, t0) > 0. (9)

Ñ äðóãîé ñòîðîíû, òàê êàê z(x, t) > 0 ïðè t ∈ [0, t0), à ïðè t = t0 z(x, t) äîñòèãàåò ìèíèìóìà,
òî ∂z

∂t
(x0, t0) ≤ 0, ÷òî ïðîòèâîðå÷èò íåðàâåíñòâó (9). Çíà÷èò, íàøå ïðåäïîëîæåíèå íåâåðíî,

ñëåäîâàòåëüíî, âíóòðè îáëàñòè {(x, t) : x ∈ D
(1)
t , t > 0} ôóíêöèÿ z(x, t) ïîëîæèòåëüíà.
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Ëåììà 2. Ïóñòü ôóíêöèÿ z(x, t) èç (8) óäîâëåòâîðÿåò óñëîâèÿì

L1z = 0, (x, t) ∈ Ω(1),

z
∣∣
t=0

= χ0(x), x ∈ D
(1)
0 , z

∣∣
x=0

= χ1(t),
∂z

∂x

∣∣∣∣
x=α(t)

= χ2(t), t > 0,

ãäå χ0(x) � íåïðåðûâíàÿ â D
(1)
0 ôóíêöèÿ, χ1(t), χ2(t) � íåïðåðûâíî-äèôôåðåíöèðóåìûå ïðè

t ≥ 0 ôóíêöèè; lim
t→∞χ1(t) = lim

t→∞χ2(t) = 0, D
(1)
t → D

(1)
∞ ïðè t → ∞. Òîãäà lim

x→y
t→∞

z(x, t) = 0

ðàâíîìåðíî â Ω(1), ãäå y ∈ D
(1)
∞ .

Äîêàçàòåëüñòâî. Ââåäåì ôóíêöèþ

ϕ(x) = e
2b2√

a1 − e
x√
a1 ,

ãäå (x, t) ∈ {(x, t) : x ∈ D
(1)
t , t ≥ 0}.

Îáîçíà÷èì µ1 = inf
x∈D

(1)
t

t≥0

ϕ(x), µ2 = sup
x∈D

(1)
t

t≥0

ϕ(x) (çäåñü µ1, µ2 áóäóò îãðàíè÷åííûìè ïðè ëþáîì

t ≥ 0 â ñèëó îãðàíè÷åííîñòè D
(1)
t ïðè ëþáîì t ≥ 0).

Òàê êàê ïî óñëîâèþ lim
t→∞χ1(t) = lim

t→∞χ2(t) = 0, òî

∀ ε > 0 ∃ T0 òàêîå, ÷òî ∀t ≥ T0 |χm(t)| < ε, m = 1, 2. (10)

Ðàññìîòðèì ôóíêöèþ ψ(x, t),

ψ(x, t) =
[
b1ε +

A

µ1
e
− t−T0

µ2

]
ϕ(x), (11)

ãäå b1 = 1 + 1
µ0

+ a1, A, µ0 � ïîëîæèòåëüíûå ïîñòîÿííûå.

Âû÷èñëèì L1ψ =
(

∂

∂t
− a1

∂2

∂x2
+ c1

)
ψ,

L1ψ =
[
b1ε +

A

µ1
e
− t−T0

µ2

]
L1ϕ(x)− A

µ1µ2
e
− t−T0

µ2 ϕ(x).

Ó÷èòûâàÿ, ÷òî â ñèëó c1 > 0

L1ϕ = e
x√
a1 + c1

(
e

2b√
a1 − e

x√
a1

)
> 1 â Ω(1),

à ϕ(x) ≤ µ2, è ïðèíèìàÿ âî âíèìàíèå, ÷òî b1 > 1, áóäåì èìåòü

L1ψ > ε, (x, t) ∈ Ω(1) ∩ {t > T0}.

Âû÷èñëèì ãðàíè÷íûå çíà÷åíèÿ ôóíêöèè ψ(x, t):

ψ

∣∣∣∣
x=0

=
[
b1ε +

A

µ1
e
− t−T0

µ2

](
e

2b√
a1 − 1

)
> ε,

∂ψ

∂x

∣∣∣∣
x=α(t)

= −
[
b1ε +

A

µ1
e
− t−T0

µ2

]
1√
a1

e
x√
a1 < −ε.
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Ïîëîæèì A = sup
x∈D

(1)
T0

|z(x, T0)|, òîãäà

ψ

∣∣∣∣
t=T0

=
[
b1ε +

A

µ1

]
ϕ(x) > sup

x∈D
(1)
T0

|z(x, T0)|.

Ñîáåðåì ïîëó÷åííûå íåðàâåíñòâà

L1ψ > ε, (x, t) ∈ Ω(1) ∩ {t > T0},
ψ

∣∣
t=T0

> sup
x∈D

(1)
T0

|z(x, T0)|,

ψ

∣∣∣∣
x=0

> ε,
∂ψ

∂x

∣∣∣∣
x=α(t)

< −ε, t ≥ T0.

(12)

Ñ äðóãîé ñòîðîíû, ó÷èòûâàÿ (10), ïîëó÷èì

L1z = 0, (x, t) ∈ Ω(1) ∩ {t > T0},
z
∣∣
t=T0

≥ − sup
x∈D

(1)
T0

|z(x, T0)|,

z

∣∣∣∣
x=0

> −ε,
∂z

∂x

∣∣∣∣
x=α(t)

< ε, t ≥ T0.

(13)

Àíàëîãè÷íûå ñîîòíîøåíèÿ çàïèøåì äëÿ ôóíêöèè z1(x, t) = −z(x, t) :

L1z1 = 0, (x, t) ∈ Ω(1) ∩ {t > T0},
z1

∣∣
t=T0

≥ − sup
x∈D

(1)
T0

|z(x, T0)|,

z1

∣∣∣∣
x=0

> −ε,
∂z1

∂x

∣∣∣∣
x=α(t)

< ε, t ≥ T0.

(14)

Ñîïîñòàâëÿÿ (12) c (13) è (14), íà îñíîâàíèè ëåììû 1 ïîëó÷èì ψ ± z > 0 äëÿ ëþáîãî (x, t) ∈
Ω(1) ∩ {t ≥ T0}. Îòñþäà

z > −ψ, z < ψ, ∀ (x, t) ∈ Ω(1) ∩ {t ≥ T0}.
Òîãäà áóäåì èìåòü

|z(x, t)| < ψ(x, t) ∀ (x, t) ∈ Ω(1) ∩ {t ≥ T0}. (15)
Ïðèíèìàÿ âî âíèìàíèå (11), ïîëó÷èì

|z(x, t)| < µ2

[
b1ε +

A

µ1
e
− t−T0

µ2

]
∀ (x, t) ∈ Ω(1) ∩ {t ≥ T0}. (16)

Íàéäåì t, ïðè êîòîðûõ A
µ1

e
− t−T0

µ2 ≤ b1ε. Ðåøàÿ ýòî íåðàâåíñòâî îòíîñèòåëüíî t è ó÷èòûâàÿ
îãðàíè÷åííîñòü âåëè÷èíû A, áóäåì èìåòü

t ≥ T0 − µ2 ln
εµ1b1

A
.

Îòñþäà, ïðèíèìàÿ âî âíèìàíèå (16), ïîëó÷èì, ÷òî

|z(x, t)| < ε1 ∀ (x, t) ∈ Ω(1) ∩ {t ≥ T1},
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ãäå T1 = T0 − µ2 ln
εµ1b1

A
, ε1 = 2µ2b1ε, ε � ïðîèçâîëüíîå. Âîçüìåì ε ñòîëü ìàëûì, ÷òîáû

εµ1b1

A
< 1, òîãäà î÷åâèäíî,÷òî T1 > T0.

Òàêèì îáðàçîì, ∀ ε1 > 0 è ∀ y ∈ D
(1)
∞ â ñèëó ñõîäèìîñòè D

(1)
t ê D

(1)
∞ íàéäóòñÿ δ > 0 è T1

òàêèå , ÷òî |z(x, t)| < ε1 ∀ t ≥ T1 è |x − y| < δ. À ýòî è îçíà÷àåò ðàâíîìåðíóþ ñòàáèëèçàöèþ
ôóíêöèè z(x, t) ê íóëþ ïðè t →∞.

Ç àì å ÷ à í è å 2. Âñå ëåììû îñòàþòñÿ ñïðàâåäëèâûìè, êîãäà çàäà÷à ðàññìàòðèâàåòñÿ â
îáëàñòè Ω(2).

Äîêàæåì òåïåðü òåîðåìó î ðàâíîìåðíîé ñòàáèëèçàöèè ðåøåíèÿ çàäà÷è (1)�(6).

Òå î ð åì à 1. Ïóñòü lim
t→∞α(t) = β, 0 < β < b, u0m(x) ∈ C(D(m)

0 ), pm(t) � íåïðåðûâíûå
ôóíêöèè ïðè t ≥ 0; lim

t→∞ pm(t) = pm, ïðè÷åì p2 > p1; âåëè÷èíû a2, c2 è p1, p2 òàêîâû, ÷òî
âûïîëíåíî óñëîâèå

0 < b−
√

a2

c2
ln

(
p2

p1
+

√(
p2

p1

)2

− 1
)

< b. (17)

Òîãäà

lim
x→y
t→∞

u1(x, t) = v1(y) ðàâíîìåðíî â Ω(1)
,

lim
x→y
t→∞

u2(x, t) = v2(y) ðàâíîìåðíî â Ω(2)
,

ãäå y ∈ D
(m)
∞ , ôóíêöèè vm óäîâëåòâîðÿþò ñîîòíîøåíèÿì

d2vm

dx2
− cm

am
vm = 0, x ∈ D(m)

∞ , v1

∣∣
x=0

= p1, v2

∣∣
x=b

= p2,

v1

∣∣
x=β

= v2

∣∣
x=β

, λ1
dv1

dx

∣∣∣∣
x=β

= λ2
dv2

dx

∣∣∣∣
x=β

= 0

è ðàâíû
v1(x) =

p1

1 + e

q
c1
a1

β

(
e

q
c1
a1

(β−x)
+ e

q
c1
a1

x)
, (18)

v2(x) =
p2

1 + e
2
q

c2
a2

(b−β)

(
e

q
c2
a2

(β−x)
+ e

q
c2
a2

(b−2β+x))
, (19)

β = b−
√

a2

c2
ln

(
p2

p1
+

√(
p2

p1

)2

− 1
)

.

Äîêàçàòåëüñòâî. Ðàññìîòðèì ôóíêöèþ w1(x, t) = u1(x, t)−v1(x). Îíà ÿâëÿåòñÿ ðåøåíèåì
ñëåäóþùåé çàäà÷è:

L1w1 = 0, (x, t) ∈ Ω(1), w1

∣∣
t=0

= u01(x)− v1(x), x ∈ D
(1)
0 ,

w1

∣∣
x=0

= p1(t)− p1, λ1
∂w1

∂x

∣∣∣∣
x=α(t)

= 0.
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Ãðàíè÷íîå çíà÷åíèå ôóíêöèè w1(x, t) ïðè x = 0 ñòðåìèòñÿ ê íóëþ ïðè t → ∞. Ïîýòîìó íà
îñíîâàíèè ëåììû 2

lim
x→y
t→∞

w1(x, t) = lim
x→y
t→∞

[u1(x, t)− v1(x)] = 0

èëè lim
x→y
t→∞

u1(x, t) = v1(y) ðàâíîìåðíî â Ω(1), ãäå y ∈ D
(1)
∞ .

Àíàëîãè÷íî äîêàçûâàåòñÿ, ÷òî lim
x→y
t→∞

u2(x, t) = v2(y) ðàâíîìåðíî â Ω(2), ãäå y ∈ D
(2)
∞ .

Íàéäåì òåïåðü β, äëÿ ýòîãî ïîäñòàâèì ôóíêöèè (18), (19) â óñëîâèå v1

∣∣
x=β

= v2

∣∣
x=β

. Òîãäà
ïîëó÷èì

p1 = p2
2e

q
c2
a2

(b−β)

1 + e

q
c2
a2

(b−β)
.

Îáîçíà÷èâ
Θ = e

q
c2
a2

(b−β)
, (20)

èç ïîñëåäíåãî ðàâåíñòâà ïîëó÷èì ñëåäóþùåå êâàäðàòíîå óðàâíåíèå äëÿ íàõîæäåíèÿ Θ: Θ2p1−
2p2Θ + p1 = 0, åãî ðåøåíèÿ èìåþò âèä

Θ1,2 =
p2

p1
±

√(
p2

p1

)2

− 1.

Ðàññìîòðèì èõ. Òàê êàê p2 > p1, òî 0 < Θ1 =
p2

p1
−

√(
p2

p1

)2

− 1 < 1 è âåëè÷èíà β = b−
√

a2

c2
lnΘ1

áóäåò áîëüøå b, ÷òî íåâîçìîæíî, òàê êàê 0 < β < b. Çíà÷èò, êîðåíü Θ1 íå ïîäõîäèò.

Ðàññìîòðèì âòîðîé êîðåíü Θ2 =
p2

p1
+

√(
p2

p1

)2

− 1 ≥ 1. Ïîäñòàâëÿÿ â (20), ïîëó÷èì êîðåíü

β = b −
√

a2

c2
ln

(
p2

p1
+

√(
p2

p1

)2

− 1
)
, êîòîðûé â ñèëó óñëîâèÿ (17) ïðèíàäëåæèò èíòåðâàëó

(0, b).
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Ñ ÏÅÐÅÌÅÍÍÛÌÈ ÊÎÝÔÔÈÖÈÅÍÒÀÌÈ

À.À. Ñàìáåòîâà

Êàçàõñêèé íàöèîíàëüíûé óíèâåðñèòåò èì. àëü-Ôàðàáè
ã. Àëìàòû, óë. Ìàñàí÷è, 39/47 aigera22@mail.ru.

Ñ ïîìîùüþ ñïåöèàëüíûõ ïîòåíöèàëîâ â ðàáîòå ïîêàçàíî ñóùåñòâîâàíèå ðåøåíèÿ ãðàíè÷íîé çà-
äà÷è äëÿ áèïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ïåðåìåííûìè êîýôôèöèåíòàìè.

1. Ïîñòàíîâêà çàäà÷è: òðåáóåòñÿ íàéòè ðåãóëÿðíîå ðåøåíèå u(x, y, t) ñëåäóþùåãî óðàâíåíèÿ:

Lu := δ2u(x, y, t) = F (x, y, t) (1)

â îáëàñòè Dt = {(x, y, t) : 0 < x < ∞, −∞ < y < ∞, 0 < t < ∞} ñ íà÷àëüíûìè óñëîâèÿìè

u(x, y, t)|t=0 = f0(x, y), (2)

δu(x, y, t)|t=0 = f1(x, y) (3)
è êðàåâûìè óñëîâèÿìè

u(x, y, t)|x=0 = ϕ0(y, t), (4)
∂u(x, y, t)

∂x |x=0
= ϕ1(y, t), (5)

ãäå δ ≡ ∂
∂t − a(x, y, t)∆ − B( ∂

∂x , ∂
∂y ) = ∂

∂t − a(x, y, t)∆ − b1(x, y, t) ∂
∂x − b2(x, y, t) ∂

∂y − b(x, y, t) �
ïàðàáîëè÷åñêèé îïåðàòîð, ∆ � îïåðàòîð Ëàïëàñà. Êîýôôèöèåíòû

a(x, y, t) ∈ C2,2,1
x,y,t (Dt), bi(x, y, t) ∈ C1,1,1

x,y,t (Dt), i = 1, 2, 3, a(x, y, t) > a0, a0 − const.

Çàäàííûå ôóíêöèè F (x, y, t) ∈ Cα,α,0
x,y,t , fi(x, y) ∈ C1,0

x,y , ϕ0(y, t) ∈ C(Rt) , ϕ1(y, t) ∈ C(Rt)
îãðàíè÷åíû. Êðîìå òîãî ýòè ôóíêöèè óäîâëåòâîðÿþò óñëîâèþ ñîãëàñîâàíèÿ

f0(0, y) = ϕ0(y, 0),
∂

∂x
f0(0, y) = ϕ0(y, 0). (6)

Keywords: boundary value problem, surface potential, value potential, biparabolic equation
2000 Mathematics Subject Classi�cation: 37C75
c
 À.À. Ñàìáåòîâà, 2005.
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2. Ïîñòðîåíèå ëèíåéíî íåçàâèñèìûõ ðåøåíèé äëÿ óðàâíåíèÿ Lu = 0 .
Äëÿ ïîñòðîåíèÿ ëèíåéíî íåçàâèñèìûõ ðåøåíèé G1 , G2 óðàâíåíèÿ Lu = 0 áóäåì èñïîëü-

çîâàòü ìåòîä Å.Ëåâè [1], êîòîðûé ñîñòîèò â òîì, ÷òî ðåøåíèÿ ðàçûñêèâàþòñÿ â âèäå ñóììû
äâóõ ñëàãàåìûõ: ãëàâíîãî ÷ëåíà è íåêîòîðîãî äîáàâî÷íîãî ñëàãàåìîãî, ïðè÷åì â êà÷åñòâå ãëàâ-
íûõ ÷ëåíîâ âûáèðàþòñÿ ëèíåéíî-íåçàâèñèìûå ðåøåíèÿ óðàâíåíèÿ δ2

0 ≡ ( ∂
∂t − a(ξ, η, τ)∆)2u ñ

"çàìîðîæåííûì" êîýôôèöèåíòîì â òî÷êå (ξ, η, τ) : G
(ξ,η,τ)
0 (x−ξ, y−η, t−τ) è (t−τ)G(ξ,η,τ)

0 (x−
− ξ, y − η, t− τ) , ãäå

G
(ξ,η,τ)
0 (x− ξ, y − η, t− τ) =

1
(2

√
πa(ξ, η, τ)(t− τ))2

e
− (x−ξ)2+(y−η)2

4a(ξ,η,τ)(t−τ) .

Èç îáùåé òåîðèè ñëåäóåò, ÷òî ôóíêöèÿ G
(ξ,η,τ)
0 (x − ξ, y − η, t − τ) ∈ C∞

x,y,t(Dt) ïðè t > τ è
ñïðàâåäëèâû îöåíêè:

1.

|Dr
t D

s
xG

(ξ,η,τ)
0 (x− ξ, y − η, t− τ)| ≤M

e−δ
(x−ξ)2+(y−η)2

t−τ

(t− τ)1+r+s/2
, (7)

2.
|Dr

t D
s
xG

(ξ,η,τ)
0 (x− ξ, y − η, t− τ)−Dr

t D
s
xG

(ξ′,η,τ1)
0 (x− ξ, y − η, t− τ)|≤

≤M
|ξ − ξ′|+ |η − η′|+ |τ − τ1|1/2

(t− τ)1+r+s/2
e−

(x−ξ)2+(y−η)2

t−τ . (8)

Ëèíåéíî íåçàâèñèìûå ðåøåíèÿ áóäåì èñêàòü â âèäå

Gi(x, y, t; ξ, η, τ) = (t−τ)iG
(ξ,η,τ)
0 (x−ξ, y−η, t−τ)+

t∫

τ

dλ

∞∫

0

∞∫

−∞
(t−λ)iG

(ξ1,η1,λ)
0 (x−ξ1, y−η1, t−λ)×

×Φ0(ξ1, η1, λ; ξ, η, τ)dξ1dη1 = G
(ξ,η,τ)
i (x− ξ, y − η, t− τ) + Gi1(x, y, t; ξ, η, τ), i = 0, 1, (9)

ãäå Φi(x, y, t; ξ, η, τ) , i = 1, 2, � íåèçâåñòíûå ôóíêöèè. Íåèçâåñòíûå ôóíêöèè âûáèðàþòñÿ òàê,
÷òîáû G0(x, y, t; ξ, η, τ) , G1(x, y, t; ξ, η, τ) óäîâëåòâîðÿëè ñîîòâåòñòâåííî óðàâíåíèÿì δu = 0 ,
δ2u = 0 . Â ñèëó ñâîéñòâ îáúåìíîãî ïîòåíöèàëà ñ ÿäðîì G

(ξ,η,τ)
0 (x− ξ, y−η, t− τ) îòíîñèòåëüíî

Φi(x, y, t; ξ, η, τ) ïîëó÷èì ñëåäóþùåå èíòåãðàëüíîå óðàâíåíèå Âîëüòåðà-Ôðåäãîëüìà 2-ãî ðîäà:

Φi(x, y, t; ξ, η, τ) = Ki(x, y, t; ξ, η, τ) +

t∫

τ

dλ

∞∫

0

∞∫

−∞
Ki(x, y, t; ξ1, η1, λ)×

×Φi(ξ1, η1, λ; ξ, η, τ)dξ1dη1, (10)

ãäå
K1(x, y, t; ξ, η, τ) = [a(x, y, t)− a(ξ, η, τ)]∆G

(ξ,η,τ)
i (x− ξ, y − η, t− τ)+

+B(
∂

∂x
,

∂

∂y
)G(ξ,η,τ)

0 (x− ξ, y − η, t− τ), (11)

K2(x, y, t; ξ, η, τ) = [a2(x, y, t)− a2(ξ, η, τ)]∆2(t− τ)G(ξ,η,τ)
0 (x− ξ, y − η, t− τ)−

−2[a(x, y, t)− a(ξ, η, τ)](∆G
(ξ,η,τ)
0 (x− ξ, y − η, t− τ) + (t− τ)

∂

∂t
∆G

(ξ,η,τ)
0 (x− ξ, y − η, t− τ))−
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−2[B(
∂

∂x
,

∂

∂y
)G(ξ,η,τ)

0 (x− ξ, y − η, t− τ) + (t− τ)
∂

∂t
B(

∂

∂x
,

∂

∂y
)G(ξ,η,τ)

0 (x− ξ, y − η, t− τ)]+

+B(
∂

∂x
,

∂

∂y
)(t− τ)G(ξ,η,τ)

0 (x− ξ, y − η, t− τ). (12)

Íåòðóäíî ïîêàçàòü, ÷òî ÿäðî Ki(x, y, t; ξ, η, τ) , i = 1, 2, óäîâëåòâîðÿþò ñëåäóþùèì îöåíêàì:

|K1(x, y, t; ξ, η, τ)| ≤M
1

(t− τ)3/2
exp{−δ

(x− ξ)2 + (y − η)2

t− τ
}, (13)

|K2(x, y, t; ξ, η, τ)| ≤M
1

(t− τ)3/2
exp{−(x− ξ)2 + (y − η)2

t− τ
}. (14)

Òî åñòü ÿäðî Ki(x, y, t; ξ, η, τ) , i = 1, 2, èìååò ñëàáóþ îñîáåííîñòü. Ïîýòîìó èíòåãðàëüíîå
óðàâíåíèå 2-ãî ðîäà (11) èìååò åäèíñòâåííîå ðåøåíèå, êîòîðîå ìîæåò áûòü íàéäåíî ìåòîäîì
ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé. Ïðè÷åì íåèçâåñòíûå ôóíêöèè Φi(x, y, t; ξ, η, τ) , i = 1, 2, óäî-
âëåòâîðÿþò íåðàâåíñòâàì

|Φ1(x, y, t; ξ, η, τ)| ≤M
1

(t− τ)3/2
e−δ

(x−ξ)2+(y−η)2

t−τ ,

|Φ2(x, y, t; ξ, η, τ)| ≤M
1

(t− τ)3/2
e−δ

(x−ξ)2+(y−η)2

t−τ ,

|Φ1(x, y, t; ξ, η, τ)− Φ1(x′, y′, t; ξ, η, τ)| ≤M
|x− x′|β + |y − y′|β

(t− τ)2−γ/2
[e−δ

(x−ξ)2+(y−η)2

t−τ + e−δ
(x′−ξ)2+(y−η)2

t−τ ],

|Φ2(x, y, t; ξ, η, τ)− Φ2(x′, y′, t; ξ, η, τ)| ≤M
|x− x′|β + |y − y′|β

(t− τ)1−γ/2
[e−δ

(x−ξ)2+(y−η)2

t−τ + e−δ
(x′−ξ)2+(y−η)2

t−τ ],

0 < β < α, γ = α− β.

Âòîðûå ñëàãàåìûå â ðàâåíñòâàõ (9) è (10) èìåþò ñëåäóþùèå îöåíêè:

|G01(x, y, t; ξ, η, τ)| ≤M
1

(t− τ)1/2
e−δ

(x−ξ)2+(y−η)2

t−τ ,

|Dr
xDr

yD
s
t G01(x, y, t; ξ, η, τ)| ≤M

1
(t− τ)1/2+r/2+s

e−δ
(x−ξ)2+(y−η)2

t−τ , 0≤ r + 2s≤ 2,

|G11(x, y, t; ξ, η, τ)| ≤M(t− τ)1/2e−δ
(x−ξ)2+(y−η)2

t−τ ,

|Dr
xDr

yD
s
t G11(x, y, t; ξ, η, τ)| ≤M

1
(t− τ)r/2+s−1/2

e−δ
(x−ξ)2+(y−η)2

t−τ , 0≤ r + 2s≤ 4.

3. Îáúåìíûå áèïàðàáîëè÷åñêèå ïîòåíöèàëû.
Ïðè ïîìîùè ëèíåéíî íåçàâèñèìûõ ðåøåíèé G0(x, y, t; ξ, η, τ), G1(x, y, t; ξ, η, τ) ïîñòðîèì

ñëåäóþùèå îáúåìíûå ïîòåíöèàëû:

V0(x, y, t) =
∫

D

∫
f0(ξ, η)G0(x, y, t; ξ, η, τ)dξdη, (15)

V1(x, y, t) =
∫

D

∫
f1(ξ, η)G1(x, y, t; ξ, η, τ)dξdη, (16)
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V (x, y, t) =

t∫

0

dτ

∫

D

∫
F (ξ, η, τ)G1(x, y, t; ξ, η, τ)dξdη. (17)

Òàê êàê ãëàâíûå ÷àñòè G0(x, y, t; ξ, η, τ) , G1(x, y, t; ξ, η, τ) ÿâëÿþòñÿ ôóíäàìåíòàëüíûìè ðå-
øåíèÿìè óðàâíåíèÿ δ2

0u = 0, òî â ñèëó ñâîéñòâ îáúåìíûõ òåïëîâûõ ïîòåíöèàëîâ îòíîñèòåëüíî
V0(x, y, t) , V1(x, y, t) , V (x, y, t) íåòðóäíî óáåäèòüñÿ â ñïðàâåäëèâîñòè ñëåäóþùèõ óòâåðæäå-
íèé.

Òå î ð åì à 1. Åñëè f0(x, y) ∈ C(D) è îãðàíè÷åííàÿ ôóíêöèÿ, òî ïðè t > 0 V0(x, y, t) ∈
∈ C2,2,1

x,y,t è δ2V0(x, y, t) = 0 . Êðîìå òîãî, lim
t→0

V0(x, y, t) = f0(x, y) .

Òå î ð åì à 2. Åñëè f1(x, y) ∈ C(D) è îãðàíè÷åííàÿ ôóíêöèÿ, òî ïðè t > 0 V1(x, y, t) ∈
∈ C4,4,2

x,y,t è δ2V1(x, y, t) = 0 , lim
t→0

δV1(x, y, t) = f1(x, y) .

Òå î ð åì à 3. Åñëè F (x, y, t) ∈ C
α,α,α/2
x,y,t (D) è îãðàíè÷åííàÿ ôóíêöèÿ, òî ïðè t > 0

V (x, y, t) ∈ C4,4,2
x,y,t , LV (x, y, t) = F (x, y, t).

Ç àì å ÷ à í è å 1. Ïðè ïîìîùè îáúåìíûõ ïîòåíöèàëîâ êðàåâóþ çàäà÷ó (1)-(5) ìîæíî óïðî-
ñòèòü, ò.å. ñâåñòè ê îäíîðîäíîìó óðàâíåíèþ ñ íóëåâûìè íà÷àëüíûìè óñëîâèÿìè. Ïîýòî-
ìó, íå óìåíüøàÿ îáùíîñòè ïîñòàíîâêè çàäà÷è, â äàëüíåéøåì áóäåì ñ÷èòàòü F (x, y, t) = 0 ,
fi(x, y) = 0 , i = 1, 2 .

4. Ñïåöèàëüíûå ïîòåíöèàëû è èõ ñâîéñòâà.
Ïðè ïîìîùè ëèíåéíî-íåçàâèñèìûõ ðåøåíèé G0(x, y, t; ξ, η, τ) è G1(x, y, t; ξ, η, τ) ïîñòðîèì

ñëåäóþùèå ñïåöèàëüíûå ÿäðà:

K0(x, y, t; ξ, η, τ) = 2a(ξ, η, τ)
∂3G1(x, y, t; ξ, η, τ)

∂x3
+ 3

∂G0(x, y, t; ξ, η, τ)
∂x

,

K1(x, y, t; ξ, η, τ) = 2a(ξ, η, τ)
∂2G1(x, y, t; ξ, η, τ)

∂x2
+ G0(x, y, t; ξ, η, τ).

Ôóíêöèè K0(x, y, t; ξ, η, τ) ìîæíî ïðåäñòàâèòü â âèäå

K0(x, y, t; ξ, η, τ) = K00(x, y, t; ξ, η, τ) + K01(x, y, t; ξ, η, τ),

ãäå
K00(x, y, t; ξ, η, τ) =

(x− η)3

8a(ξ, η, τ)π(t− τ)3
e
− (x−ξ)2+(y−η)2

4a(t−τ) ,

à ôóíêöèþ K1(x, y, t; ξ, η, τ) ïðåäñòàâèì â âèäå

K1(x, y, t; ξ, η, τ) = K10(x, y, t; ξ, η, τ) + K11(x, y, t; ξ, η, τ),

K10(x, y, t; ξ, η, τ) =
(x− ξ)2

4a(ξ, η, τ)(t− τ)2
e
− (x−ξ)2+(y−η)2

4a(t−τ)2 .

Ïîäðîáíîå èññëåäîâàíèå ïîêàçûâàåò, ÷òî âòîðûå ñëàãàåìûå

K01(x, y, t; ξ, η, τ),K11(x, y, t; ξ, η, τ)

óäîâëåòâîðÿþò ñëåäóþùèì îöåíêàì:

|Ki1(x, y, t; ξ, η, τ)| ≤ 1
(t− τ)1/2−α/2

e−δ
x2+(y−η)2

t−τ , (18)
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| ∂

∂x
Ki1(x, y, t; ξ, η, τ)| ≤ 1

(t− τ)1−α/2
e−δ

x2+(y−η)2

t−τ , i = 0, 1. (19)

Ñëåäóåò îòìåòèòü, ÷òî ïîñòðîåííûå ÿäðà K0(x, y, t; ξ, η, τ) , K1(x, y, t; ξ, η, τ) òàêæå óäîâëåòâî-
ðÿþò óðàâíåíèþ Lu = 0 .

Ïðè ïîìîùè ÿäåð K0(x, y, t; ξ, η, τ) , K1(x, y, t; ξ, η, τ) ïîñòðîèì ïîâåðõíîñòíûå ïîòåíöèàëû:

W0(x, y, t) =

t∫

0

dτ

∞∫

−∞
σ0(η, τ)K0(x, y, t; ξ, η, τ)dη, (20)

W1(x, y, t) =

t∫

0

dτ

∞∫

−∞
σ1(η, τ)K1(x, y, t; ξ, η, τ)dη. (21)

Îòíîñèòåëüíî ïîòåíöèàëîâ W0(x, y, t) , W1(x, y, t) ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.

Ëåììà 1. Åñëè ôóíêöèÿ σ0(y, t)∈Cα(D) è îãðàíè÷åíà, òîãäà âûïîëíÿþòñÿ ïðåäåëüíûå
ñîîòíîøåíèÿ

lim
x→0

W0(x, y, t) = σ0(y, t) + W0(0, y, t). (22)

Äîêàçàòåëüñòâî. Çàïèøåì ïîòåíöèàë W0(x, y, t) â âèäå ñóììû äâóõ ñëàãàåìûõ:

W0(x, y, t) = W00(x, y, t) + W01(x, y, t) =

t∫

0

dτ

∞∫

−∞
σ0(η, τ)K00(x, y, t; ξ, η, τ)dη+

+

t∫

0

dτ

∞∫

−∞
σ0(η, τ)K01(x, y, t; ξ, η, τ)dη.

Â [2, 3] ïðèâåäåíî äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ïðåäåëà lim
x→0

W00(x, y, t) = σ1(y, t) . Èç îöåíêè
(18)�(19) ñëåäóåò, ÷òî èíòåãðàë W01(x, y, t) èìååò ñëàáóþ îñîáåííîñòü, ò.å.

lim
x→0

W01(x, y, t) = W01(0, y, t).

Ëåììà 1 äîêàçàíà.

Ëåììà 2. Åñëè ôóíêöèÿ σ0(y, t)∈Cα(D) è îãðàíè÷åíà, òîãäà âûïîëíÿþòñÿ ïðåäåëüíûå
ñîîòíîøåíèÿ

lim
x→0

∂

∂x
W0(x, y, t) =

∂

∂x
W0(0, y, t). (23)

Äîêàçàòåëüñòâî. Äëÿ ýòîãî çàïèøåì ïîòåíöèàë ∂
∂xW0(x, y, t) â âèäå ñóììû äâóõ ñëàãàå-

ìûõ:

∂

∂x
W0(x, y, t) =

∂

∂x
W00(x, y, t) +

∂

∂x
W01(x, y, t) =

t∫

0

dτ

∞∫

−∞
σ0(η, τ)

∂

∂x
K00(x, y, t; ξ, η, τ)dη+

+

t∫

0

dτ

∞∫

−∞
σ0(η, τ)

∂

∂x
K01(x, y, t; ξ, η, τ)dη.
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Äîêàçàòåëüñòâî ñóùåñòâîâàíèÿ ïðåäåëà lim
x→0

∂
∂xW00(x, y, t) = 0 ïðèâåäåíî â [2, 3]. Èç îöåíêè

(18)�(19) ñëåäóåò, ÷òî èíòåãðàë ∂
∂xW01(x, y, t) èìååò ñëàáóþ îñîáåííîñòü, òàê ÷òî ñïðàâåäëèâî

lim
x→0

∂

∂x
W01(x, y, t) =

∂

∂x
W01(0, y, t).

Ëåììà 2 äîêàçàíà.

Ëåììà 3. Åñëè ôóíêöèÿ σ1(y, t) ∈ C(Dt) è îãðàíè÷åíà, òî âûïîëíÿþòñÿ ñîîòíîøåíèÿ

lim
x→0

W1(x, y, t) = W1(0, y, t), (24)

lim
x→0

∂

∂x
W1(x, y, t) = σ1(y, t) +

∂

∂x
W1(0, y, t). (25)

5. Ñâåäåíèå êðàåâîé çàäà÷è (1)�(5) ê ñèñòåìå èíòåãðàëüíûõ óðàâíåíèé.
Ðåøåíèå áóäåì èñêàòü â âèäå ñóììû ñïåöèàëüíî, ïîñòðîåííûõ ïîòåíöèàëîâ çàäà÷è (1)�(5):

u(x, y, t) = W0(x, y, t) + W1(x, y, t) =

=

t∫

0

dτ

∞∫

−∞
σ0(η, τ)K0(x, y − η, t− τ)dη +

t∫

0

dτ

∞∫

−∞
σ1(η, τ)K1(x, y − η, t− τ)dη, (26)

ãäå σ0(y, t) , σ1(y, t) � íåèçâåñòíûå íåïðåðûâíûå ôóíêöèè.
Íåòðóäíî óáåäèòüñÿ, ÷òî ôóíêöèÿ u(x, y, t), îïðåäåëÿåìàÿ ðàâåíñòâîì (24), óäîâëåòâîðÿåò

îäíîðîäíîìó óðàâíåíèþ Lu = 0 è íóëåâûì íà÷àëüíûì óñëîâèÿì (2)�(3).
Íåèçâåñòíûå ôóíêöèè σ0(y, t) , σ1(y, t) âûáåðåì òàê, ÷òîáû èìåëè ìåñòî êðàåâûå óñëîâèÿ

(4), (5). Â ñèëó ñâîéñòâ ïîòåíöèàëîâ W0(x, y, t) , W1(x, y, t) èç êðàåâûõ óñëîâèé (4), (5) îòíîñè-
òåëüíî σ0(y, t) , σ1(y, t) ïîëó÷èì ñëåäóþùóþ ñèñòåìó ñèíãóëÿðíûõ èíòåãðàëüíûõ óðàâíåíèé:

σ0(y, t) +

t∫

0

dτ

∞∫

−∞
σ0(η, τ)K01(x, y, t; ξ, η, τ)dη +

t∫

0

dτ

∞∫

−∞
σ1(η, τ)K11(x, y, t; ξ, η, τ)dη = ϕ0(y, t),

σ1(y, t) +

t∫

0

dτ

∞∫

−∞
σ0(η, τ)

∂

∂x
K01(x, y, t; ξ, η, τ)dη+

+

t∫

0

dτ

∞∫

−∞
σ0(η, τ)

∂

∂x
K11(x, y, t; ξ, η, τ)dη = ϕ1(y, t). (27)

Ââîäÿ îïåðàòîðíóþ çàïèñü, ñèñòåìà áóäåò èìåòü âèä
{

σ0 + R11σ0 + R12σ1 = ϕ0,
σ1 + R21σ1 + R22σ0 = ϕ1.

(28)

Òàêèì îáðàçîì, äàííóþ çàäà÷ó ñâåëè ê ñèñòåìå èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (26).
Ïîëó÷åííóþ ñèñòåìó ìîæíî ðåøèòü ìåòîäîì ïîñëåäîâàòåëüíûõ ïðèáëèæåíèé [4].
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Òå î ð åì à 4. Åñëè êîýôôèöèåíòû

a(x, y, t) ∈ C
1,1,(1+α)/2
x,y,t (Dt), bi(x, y, t) ∈ Cα,α,0

x,y,t (Dt),

c(x, y, t) ∈ Cα,α,0
x,y,t (Dt), a(x, y, t) > a0, a0 − const,

çàäàííûå ôóíêöèè

F (x, y, t) ∈ Cα,α,0
x,y,t , fi(x, y) ∈ C1,0

x,y, ϕ0(y, t) ∈ C(Rt), ϕ1(y, t) ∈ C(Rt)

îãðàíè÷åíû, êðîìå òîãî óäîâëåòâîðÿþò óñëîâèþ ñîãëàñîâàíèÿ f0(0, y) = ϕ0(y, 0) , ∂
∂xf0(0, y) =

= ϕ1(y, 0) , òî ðåøåíèå êðàåâîé çàäà÷è (1)�(5) ìîæíî ïðåäñòàâèòü â âèäå ñóììû îáúåìíûõ
ïîòåíöèàëîâ (15)�(17) è ïîâåðõíîñòíûõ ïîòåíöèàëîâ (20)�(21).
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Î ÑÓÙÅÑÒÂÎÂÀÍÈÈ ÍÎÐÌÀËÜÍÛÕ ÐÅØÅÍÈÉ
ÍÅÎÄÍÎÐÎÄÍÛÕ ÑÈÑÒÅÌ ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ
ÓÐÀÂÍÅÍÈÉ Â ×ÀÑÒÍÛÕ ÏÐÎÈÇÂÎÄÍÛÕ ÂÒÎÐÎÃÎ

ÏÎÐßÄÊÀ
Ì.Æ.Òàëèïîâà

Àêòþáèíñêèé ãîñóäàðñòâåííûé óíèâåðñèòåò èì. Ê.Æóáàíîâà
030000 ã.Àêòîáå, óë. Áð. Æóáàíîâûõ, 263 talipova mira@rambler.ru

Ñ ïîìîùüþ ìåòîäà Ôðîáåíèóñà - Ëàòûøåâîé óñòàíîâëåíû íåîáõîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ
íîðìàëüíûõ ðåøåíèé íåîäíîðîäíûõ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ
âòîðîãî ïîðÿäêà. Íàéäåíû òðåáîâàíèÿ íà ðåêóððåíòíûå ñèñòåìû, îïðåäåëÿþùèå íåèçâåñòíûå êî-
ýôôèöèåíòû íîðìàëüíûõ ðåøåíèé, ïðè êîòîðûõ ýòè óñëîâèÿ ÿâëÿþòñÿ òàêæå è äîñòàòî÷íûìè.

Ðàññìàòðèâàåòñÿ íåîäíîðîäíàÿ ñèñòåìà äâóõ ñîâìåñòíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé â ÷àñ-
òíûõ ïðîèçâîäíûõ âòîðîãî ïîðÿäêà âèäà:

Zxx + xk · p1 · Zx + yk · p2 · Zy + x2k · p3 · Z = p4(x, y),

Zyy + xk · q1 · Zx + yk · q2 · Zy + y2k · q3 · Z = q4(x, y),
(1)

ãäå ðàíã p = k + 1 > 0, êîýôôèöèåíòû pi = pi(x, y) è qi = qi(x, y) (i = 1, 2, 3) ïðåäñòàâèìû
ñõîäÿùèìèñÿ ðÿäàìè äâóõ ïåðåìåííûõ

pi(x, y) =
∞∑

µ,ν=0

a(i)
µ,ν · x−µ · y−ν , qi(x, y) =

∞∑

µ,ν=0

b(i)
µ,ν · x−µ · y−ν (i = 1, 2, 3). (2)

Ñèñòåìà (1) èìååò ðÿä îòëè÷èòåëüíûõ ñâîéñòâ.
1. Ñîãëàñíî àíàëèòè÷åñêîé òåîðèè òàêèõ ñèñòåì, äëÿ íåå îñîáåííîñòü (∞,∞) ÿâëÿåòñÿ èð-

ðåãóëÿðíîé.
Ñîîòâåòñòâóþùàÿ îäíîðîäíàÿ ñèñòåìà

Zxx + xk · p1 · Zx + yk · p2 · Zy + x2k · p3 · Z = 0,

Zyy + xk · q1 · Zx + yk · q2 · Zy + y2k · q3 · Z = 0
(3)

Keywords: rang, normal solution,nonhomogeneous partial di�erential equation of second order
2000 Mathematics Subject Classi�cation: 35A20,35A25,35C05
c
 Ì.Æ.Òàëèïîâà, 2005.



Î ñóùåñòâîâàíèè íîðìàëüíûõ ðåøåíèé íåîäíîðîäíûõ ñèñòåì . . . 83

ñ èððåãóëÿðíîé îñîáåííîñòüþ â (∞,∞) èçó÷åíû â ðàáîòàõ [1]-[2]. Óñòàíîâëåíû íåîáõîäèìûå
óñëîâèÿ ñóùåñòâîâàíèÿ íîðìàëüíîãî ðåøåíèÿ ñèñòåìû (3):

Z = exp (Q(x, y)) · xρ · yσ ·
∞∑

µ,ν=0

Cµ,ν · x−µ · y−ν (C0,0 6= 0) , (4)

Q (x, y) =
αk+1,0

k + 1
· xk+1 +

α0,k+1

k + 1
· yk+1 + ... + α1,1 · xy + α1,0 · x + α0,1 · y, (5)

ãäå ρ, σ, Cµ,ν (µ, ν = 0, 1, 2, . . .) � íåêîòîðûå ïîñòîÿííûå; α1,0, α0,1, α1,1, . . . , αk+1,0, α0,k+1 �
íåîïðåäåëåííûå êîýôôèöèåíòû.

Ïåðâîå íåîáõîäèìîå óñëîâèå ñóùåñòâîâàíèÿ íîðìàëüíîãî ðåøåíèÿ (4) ïîçâîëÿåò îïðåäåëèòü
íåèçâåñòíûå ïàðàìåòðû Q (x, y) , à âòîðîå � íàéòè êîðíè ñèñòåìû îïðåäåëÿþùèõ óðàâíåíèé �
ïàðó (ρ, σ).

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ óñòàíîâëåíèå íåîáõîäèìûõ óñëîâèé ñóùåñòâîâàíèÿ è
íîðìàëüíûõ ðåøåíèé íåîäíîðîäíîé ñèñòåìû (1). Íîðìàëüíî-ðåãóëÿðíûå ðåøåíèÿ íåîäíîðîä-
íîé ñèñòåìû (1) âáëèçè îñîáåííîñòè (0, 0) áûëè ïîñòðîåíû â ðàáîòå [3].

2. Îäíîðîäíàÿ ñèñòåìà (3) ÿâëÿåòñÿ ñèñòåìîé Âèëü÷èíñêîãî [4] è ïðè âûïîëíåíèè óñëîâèÿ
ñîâìåñòíîñòè îíà èìååò ÷åòûðå ëèíåéíî-íåçàâèñèìûõ ÷àñòíûõ ðåøåíèÿ.

3. Äëÿ ñèñòåìû (1)-(2) ñïðàâåäëèâà òåîðåìà 1 èç [3, ñ. 48], óñòàíàâëèâàþùàÿ ïðåäñòàâëåíèå
îáùåãî ðåøåíèÿ íåîäíîðîäíîé ñèñòåìû â âèäå ñóììû ÷àñòíîãî ðåøåíèÿ íåîäíîðîäíîé ñèñòåìû
� Z (x, y) è îáùåãî ðåøåíèÿ îäíîðîäíîé ñèñòåìû � Zo (x, y) :

Z (x, y) = Zo (x, y) + Z (x, y) . (6)

4. Â ñëó÷àå, êîãäà íåîäíîðîäíàÿ ñèñòåìà (1)-(2) èìååò èððåãóëÿðíóþ îñîáåííîñòü (∞,∞),
ïðàâóþ ÷àñòü ìîæíî ïðåäñòàâèòü â âèäå íîðìàëüíûõ ðÿäîâ Òîìå äâóõ ïåðåìåííûõ, ò.å. â âèäå

p4(x, y) = exp (Q(x, y)) · xα · yβ ·
∞∑

µ,ν=0
pµ,ν · x−µ · y−ν (p0,0 6= 0) ,

q4(x, y) = exp (Q(x, y)) · xγ · yδ ·
∞∑

µ,ν=0
qµ,ν · x−µ · y−ν (q0,0 6= 0) .

(7)

Êàê è â îäíîðîäíîì ñëó÷àå, ïðè îïðåäåëåíèè ÷àñòíûõ ðåøåíèé íåîäíîðîäíîé ñèñòåìû íåîá-
õîäèìûå óñëîâèÿ ñóùåñòâîâàíèÿ íîðìàëüíûõ ðåøåíèé óñòàíàâëèâàþòñÿ àíàëîãè÷íî. Îòëè÷èå
çàêëþ÷àåòñÿ â îïðåäåëåíèè íåèçâåñòíûõ ïîñòîÿííûõ Cµ,ν (µ, ν = 0, 1, 2, ...) â èñêîìîì ðåøå-
íèè (4).

Ñîãëàñíî ìåòîäó Ôðîáåíèóñà-Ëàòûøåâîé äëÿ îòûñêàíèÿ íåîïðåäåëåííûõ ïàðàìåòðîâ
αk+1,0, α0,k+1, . . . , α1,1, α1,0, α0,1 ìíîãî÷ëåíà Q(x, y) èñïîëüçóåòñÿ ñëåäóþùåå ïðåîáðàçîâàíèå:

Z (x, y) = exp (Q(x, y)) · U (x, y) . (8)

Ñèñòåìà (1) ñ êîýôôèöèåíòàìè (2), (7), ïîëó÷åííàÿ ïîñëå ïðåîáðàçîâàíèÿ (8), íàçûâàåòñÿ
âñïîìîãàòåëüíîé è îíà ïðèíèìàåò ñëåäóþùèé âèä:

Uxx +
[
2 ·Qx + xk · p1

] · Ux + yk · p2 · Uy +
{[

(Qx)2 + Qxx

]
+ xk · p1 ·Qx+

+yk · p2 ·Qy + x2k · p3

} · U = p∗4(x, y),

Uyy + xk · q1 · Ux +
[
2 ·Qy + yk · q2

] · Uy +
{[

(Qy)2 + Qyy

]
+ xk · q1 ·Qx+

+yk · q2 ·Qy + y2k · q3

} · U = q∗4(x, y),

(9)
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ãäå
p∗4(x, y) = xα · yβ ·

∞∑
µ,ν=0

pµ,ν · x−µ · y−ν (p0,0 6= 0) ,

q∗4(x, y) = xγ · yδ ·
∞∑

µ,ν=0
qµ,ν · x−µ · y−ν (q0,0 6= 0) .

(10)

Îòñþäà âèäíî, ÷òî êàê â ñèñòåìå (1), òàê è â ñèñòåìå (9) íàèáîëüøèå ñòåïåíè êîýôôèöè-
åíòîâ ïðè ÷àñòíûõ ïðîèçâîäíûõ ïî x, y è ïðè èñêîìîé ôóíêöèè îñòàþòñÿ áåç èçìåíåíèé, ò.å.
ñîîòâåòñòâåííî k è 2k. Çíà÷èò ïðåîáðàçîâàíèå (8) íå èçìåíÿåò ðàíãà ñèñòåìû (1).

Äàëåå ìû èññëåäóåì óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèÿ âñïîìîãàòåëüíîé ñèñòåìû (9) â âèäå
îáîáùåííîãî ñòåïåííîãî ðÿäà

U (x, y) = xρ · yσ ·
∞∑

µ,ν=0

Cµ,ν · x−µ · y−ν (C0,0 6= 0) (11)

â çàâèñèìîñòè îò îñîáåííîñòè (∞,∞).
Êîýôôèöèåíòû ïðè U(x, y) â ïåðâîì óðàâíåíèè îáîçíà÷èì ÷åðåç R3(x, y), à âî âòîðîì óðàâ-

íåíèè � ÷åðåç E3(x, y) :

R3(x, y) =
{[

(Qx)2 + Qxx

]
+ xk · p1 ·Qx + yk · p2 ·Qy + x2k · p3

}
,

E3(x, y) =
{[

(Qy)2 + Qyy

]
+ xk · q1 ·Qx + yk · q2 ·Qy + y2k · q3

}
.

Èç âñïîìîãàòåëüíîé ñèñòåìû (9), ïðèðàâíèâàÿ ê íóëþ êîýôôèöèåíòû ïðè ñòàðøèõ ñòåïåíÿõ
íåçàâèñèìûõ ïåðåìåííûõ x è y íåèçâåñòíîé ôóíêöèè U(x, y), ñ ïîìîùüþ íåêîòîðûõ ñèñòåì
äâóõ àëãåáðàè÷åñêèõ óðàâíåíèé îïðåäåëÿåì íåèçâåñòíûå ïàðàìåòðû αk+1,0, α0,k+1, . . . , α1,1,
α1,0, α0,1 ìíîãî÷ëåíà Q(x, y).

Ýòè ñèñòåìû ìû îáîçíà÷èì ÷åðåç

d
(j)
k+1,0 = 0, d

(j)
0,k+1 = 0, . . . , d

(j)
1,1 = 0, d

(j)
1,0 = 0, d

(j)
0,1 = 0 (j = 1, 2). (12)

Ìåòîäèêó äëÿ íàõîæäåíèÿ êîýôôèöèåíòîâ ìíîãî÷ëåíà Q(x, y) ïðèâåäåì äëÿ ñëó÷àÿ k = 1.
Òîãäà ðàíã ñèñòåìû (9) ðàâåí p = 1 + 1 = 2,

Q(x, y) =
α1,0

2
· x2 +

α0,1

2
· y2 + α1,1 · xy + α2,0 · x + α0,2 · y,

Qx = α1,0 · x + α1,1 · y + α2,0; Qxx = α10,

Qy = α0,1 · y + α1,1 · x + α0,2; Qyy = α0,1.

(13)

Âî âñïîìîãàòåëüíîé ñèñòåìå (9) êîýôôèöèåíòû R3(x, y) è E3(x, y) ïðèíèìàþò âèä:

R3(x, y) = d
(1)
2,0 · x2 + d

(1)
0,2 · y2 + d

(1)
1,1 · xy + d

(1)
1,0 · x + d

(1)
0,1 · y + d

(1)
0,0 + . . . + d

(1)
1,0 ·

1
x

+ . . . ,

E3(x, y) = d
(2)
2,0 · x2 + d

(2)
0,2 · y2 + d

(2)
1,1 · xy + d

(2)
1,0 · x + d

(2)
0,1 · y + d

(2)
0,0 + . . . + d

(2)
1,0 ·

1
x

+ . . . ,

ãäå d
(j)
2,0, d

(j)
0,2, . . . (j = 1, 2) çàâèñÿò îò íåèçâåñòíûõ êîýôôèöèåíòîâ ìíîãî÷ëåíà Q(x, y).

Äëÿ òîãî, ÷òîáû âñïîìîãàòåëüíàÿ ñèñòåìà (9) èìåëà õîòÿ áû îäíî ðåøåíèå âèäà (11), íåîá-
õîäèìî âûïîëíåíèå ðàâåíñòâ (12) ïðè k = 1.

Îòñþäà ïîëó÷àåì øåñòü ñèñòåì õàðàêòåðèñòè÷åñêèõ óðàâíåíèé äëÿ îïðåäåëåíèÿ êîýôôè-
öèåíòîâ:

d
(1)
2,0 = α2

1,0 + α1,0 · a(3)
0,0 = 0

d
(2)
2,0 = α2

1,1 + α1,0 · b(1)
0,0 = 0



 ïðè x2; (14)
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d
(1)
0,2 = α2

1,1 + α0,1 · a(2)
0,0 = 0

d
(2)
0,2 = α2

0,1 + α0,1 · b(2)
0,0 + b

(3)
0,0 = 0



 ïðè y2; (15)

d
(1)
1,1 = 2α1,0 · α1,1 + α1,1 · a(1)

0,0 + α1,1 · a(2)
0,0 = 0

d
(2)
1,1 = 2α0,1 · α1,1 + α1,1 · b(1)

0,0 + α1,1 · b(3)
0,0 = 0



 ïðè xy; (16)

d
(1)
1,0 = 2α1,0 · α2,0 + α1,0 · b(1)

1,0 + α2,0 · a(1)
0,0 + α1,1 · a(1)

0,1 + α1,1 · a(2)
0,1 + a

(3)
1,0 = 0

d
(2)
1,0 = 2α1,1 · α0,2 + α0,1 · b(1)

1,0 + α1,1 · b(1)
0,1 + α2,0 · b(1)

0,1 + α1,1 · b(2)
0,1 = 0



 ïðè x; (17)

d
(1)
0,1 = 2α1,1 · α2,0 + α1,1 · a(1)

1,0 + α0,1 · a(2)
0,1 + α1,1 · a(2)

1,0 + α0,2 · a(2)
0,0 = 0

d
(2)
0,1 = 2α0,1 · α0,2 + α1,1 · b(1)

1,0 + α0,1 · b(2)
0,1 + α1,1 · b(2)

1,0 + α0,2 · b(2)
0,0 + b

(3)
1,0 = 0



 ïðè y; (18)

d
(1)
0,0 = α2

2,0 + α1,0 + α1,0 · a(1)
2,0 + α1,1 · a(1)

1,1 + α2,0 · a(1)
1,0 + α0,1 · a(2)

0,2+

+α1,1 · a(2)
1,1 + α0,2 · a(2)

0,1 + a
(3)
0,2 = 0

d
(2)
0,0 = α2

0,2 + α0,1 + α1,0 · a(1)
2,0 + α1,1 · a(1)

1,1 + α2,0 · a(1)
0,0 + α0,1 · a(2)

0,2+

+α1,1 · a(2)
1,1 + α0,2 · a(1)

0,1 + a
(3)
2,0 = 0





ïðè x0, y0. (19)

Íåèçâåñòíûå êîýôôèöèåíòû α1,0, α0,1, α1,1 îïðåäåëÿþòñÿ èç ñèñòåì (14)-(16), à α2,0 è α0,2 �
èç ñèñòåì (17)�(19).

Òåïåðü îïðåäåëèì ρ, σ è Cµ,ν . Ïîäñòàâëÿÿ (11) â (9), ïîëó÷àåì ñèñòåìó õàðàêòåðèñòè÷åñêèõ
óðàâíåíèé

xρ · yσ ·
{

C0,0 · ϕ(j)
00 (ρ, σ) +

[
C1,0 · ϕ(j)

00 (ρ + 1, σ) + C0,0 · ϕ(j)
10 (ρ, σ)

]
· 1
x

+

+
[
C0,1 · ϕ(j)

00 (ρ, σ + 1) + C0,0 · ϕ(j)
01 (ρ, σ)

]
· 1
y

+
[
C1,1 · ϕ(j)

00 (ρ + 1, σ + 1)+

+C1,0 · ϕ(j)
01 (ρ + 1, σ) + C0,1 · ϕ(j)

10 (ρ, σ + 1) + C0,0 · ϕ(j)
11 (ρ, σ)

]
· 1
xy

+ . . .

}
= ϕj(x, y),

(20)

ãäå ϕ1(x, y) = p∗4(x, y), ϕ2(x, y) = q∗4(x, y), à ϕj
00(ρ, σ) (j = 1, 2) èìååò âèä îòíîñèòåëüíî îñîáåí-

íîñòè (∞,∞) : 



ϕ
(1)
0,0(ρ, σ) = ρ · (ρ− 1) + a

(1)
00 · ρ + a

(2)
00 · σ + a

(3)
00 ,

ϕ
(2)
0,0(ρ, σ) = σ · (σ − 1) + b

(1)
00 · ρ + b

(2)
00 · σ + b

(3)
00 .

(21)

Îòñþäà ñëåäóåò, ÷òî (11) áóäåò ôîðìàëüíûì ÷àñòíûì ðåøåíèåì òîëüêî òîãäà, êîãäà íåîïðå-
äåëåííûå êîýôôèöèåíòû Cµ,ν (µ, ν = 0, 1, 2, . . .) óäîâëåòâîðÿþò ñëåäóþùåé ðåêóððåíòíîé ñè-
ñòåìå:

C0,0 · ϕ(j)
0,0(ρ, σ) = α

(j)
0,0,

C1,0 · ϕ(j)
0,0(ρ + 1, σ) + C0,0 · ϕ(j)

1,0(ρ, σ) = α
(j)
1,0,

C0,1 · ϕ(j)
0,0(ρ, σ + 1) + C0,0 · ϕ(j)

0,1(ρ, σ) = α
(j)
0,1,

C1,1 · ϕ(j)
0,0(ρ + 1, σ + 1) + C1,0 · ϕ(j)

0,1(ρ + 1, σ)+

+C0,1 · ϕ(j)
1,0(ρ, σ + 1) + C0,0 · ϕ(j)

1,1(ρ, σ) = α
(j)
1,1

C2,0 · ϕ(j)
0,0(ρ + 2, σ) + C1,0 · ϕ(j)

1,0(ρ + 1, σ) + C0,0 · ϕ(j)
2,0(ρ, σ) = α

(j)
2,0

. . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . . .

(22)
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Ïîëó÷åííàÿ ðåêóððåíòíàÿ ñèñòåìà, îïðåäåëÿþùàÿ íåèçâåñòíûå êîýôôèöèåíòû Cµ,ν (µ, ν =
0, 1, 2, . . .), ðàñïàäàåòñÿ íà äâå ñèñòåìû: α

(1)
µ,ν = pµ,ν , êîãäà j = 1; α

(2)
µ,ν = qµ,ν , êîãäà j = 2 (µ, ν =

0, 1, 2, . . .), ãäå pµ,ν è qµ,ν � êîýôôèöèåíòû ñîîòâåòñòâóþùèõ îáîáùåííûõ ñòåïåííûõ ðÿäîâ
p∗4(x, y) è q∗4(x, y). Ïóñòü êîýôôèöèåíòû Cµ,ν (µ, ν = 0, 1, 2, . . .), îïðåäåëåííûå ïîñëåäîâàòåëüíî
èç ýòèõ äâóõ ñèñòåì ïðè j = 1 è j = 2, îäèíàêîâûå. Èç (22) îíè îïðåäåëÿþòñÿ òîëüêî ïðè
óñëîâèè, êîãäà ñòåïåíè α+k1, β +k1 è α+k2, β +k2, ãäå kj (j = 1, 2) � ëþáûå íàòóðàëüíûå
÷èñëà, íå ÿâëÿþòñÿ ïîêàçàòåëÿìè ðåøåíèÿ îäíîðîäíîé ñèñòåìû (3).

Èç ñèñòåìû õàðàêòåðèñòè÷åñêèõ óðàâíåíèé (20) âèäíî, ÷òî ñõîäèìîñòü ðÿäîâ ϕj(x, y) (j =
1, 2) îáåñïå÷èâàåò ñõîäèìîñòü ðÿäà (11). Òîãäà ìîæíî ïîñòðîèòü ÷àñòíîå ðåøåíèå Z(x, y) íåîä-
íîðîäíîé ñèñòåìû (1).

Âî âòîðîì ñëó÷àå, êîãäà ñòåïåíè α + k1, β + k1 è α + k2, β + k2, ãäå kj (j = 1, 2) � ëþáûå
íàòóðàëüíûå ÷èñëà, ÿâëÿþòñÿ ïîêàçàòåëÿìè ðåøåíèÿ îäíîðîäíîé ñèñòåìû (3), ïîëó÷èì òàê
íàçûâàåìûé "ðåçîíàíñíûé" ñëó÷àé, êîãäà ïðàâàÿ ÷àñòü íåîäíîðîäíîé ñèñòåìû (1) ñîâïàäàåò
ñ îäíèì èç ÷àñòíûõ ðåøåíèé ñîîòâåòñòâóþùåé îäíîðîäíîé ñèñòåìû (3).

Ñëåäîâàòåëüíî, ñïðàâåäëèâû ñëåäóþùèå óòâåðæäåíèÿ.
Ëåììà 1. Äëÿ òîãî, ÷òîáû âñïîìîãàòåëüíàÿ ñèñòåìà (9), ïîëó÷åííàÿ ñ ïîìîùüþ ïðå-

îáðàçîâàíèÿ (8) èç ñèñòåìû (1)�(2), (7), èìåëà õîòÿ áû îäíî ðåøåíèå âèäà (11), íåîáõîäèìî,
÷òîáû èìåëè ìåñòî ðàâåíñòâà (12).

Ëåììà 2. . Äëÿ òîãî, ÷òîáû âñïîìîãàòåëüíàÿ ñèñòåìà (9) èìåëà ðåøåíèÿ âèäà (11),
íåîáõîäèìî, ÷òîáû ïàðà (ρ, σ) áûëà êîðíåì ñèñòåìû îïðåäåëÿþùèõ óðàâíåíèé ϕ

(j)
0,0 = 0 îò-

íîñèòåëüíî îñîáåííîñòè (∞,∞), ãäå ϕ
(j)
0,0(ρ, σ) (j = 1, 2) åñòü êîýôôèöèåíòû ïðè ñòàðøèõ

÷ëåíàõ ñèñòåìû õàðàêòåðèñòè÷åñêèõ ôóíêöèé, ïîëó÷åííûõ èç âñïîìîãàòåëüíîé ñèñòåìû (9)
ïóòåì ïîäñòàíîâêè âìåñòî íåèçâåñòíîé U(x, y) âûðàæåíèÿ xρ · yσ.

Íà îñíîâå ëåìì 1 è 2 äîêàæåì ñëåäóþùåå óòâåðæäåíèå.
Òå î ð åì à 1. . Åñëè êîýôôèöèåíòû ðÿäà (4) Cµ,ν (µ, ν = 0, 1, 2, . . .) óäîâëåòâîðÿþò ðå-

êóððåíòíîé ñèñòåìå (22), òî íåîäíîðîäíàÿ ñèñòåìà (1)-(2) ñ ïðàâîé ÷àñòüþ (7) èìååò íîð-
ìàëüíûå ðåøåíèÿ âèäà (4).

Äîê à ç å ò å ë ü ñ ò â î. Ñëåäóÿ [1], íîðìàëüíûå ðåøåíèÿ íåîäíîðîäíîé ñèñòåìû (1)�(2)
èùåì â âèäå ðÿäà (4). Ïî ëåììå 1 îïðåäåëÿþòñÿ êîýôôèöèåíòû ìíîãî÷ëåíà Q(x, y), à ïî ëåììå
2 � ρ è σ, êîòîðûå âõîäÿò â îáîáùåííûé ñòåïåííîé ðÿä (4). Îñòàâøèåñÿ ïîêà íåîïðåäåëåííûìè
Cµ,ν (µ, ν = 0, 1, 2, . . .), òàêæå âõîäÿùèå â ðÿä (4), îïðåäåëÿþòñÿ èç ðåêóððåíòíîé ñèñòåìû (22).
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Ðàññìàòðèâàåòñÿ ëèíåéíàÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à ñ èìïóëüñíûì âîçäåéñòâèåì â ôèêñèðî-
âàííûå ìîìåíòû âðåìåíè äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé. Óñòàíàâëè-
âàþòñÿ íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ êîððåêòíîé ðàçðåøèìîñòè äàííîé çàäà÷è.

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ äâóõòî÷å÷íàÿ êðàåâàÿ çàäà÷à ñ èìïóëüñíûì âîçäåéñòâèåì â ôèê-
ñèðîâàííûå ìîìåíòû âðåìåíè äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé

dx

dt
= A(t)x + f(t), t ∈ [0, T ]\{θ1, θ2, . . . , θm}, θi ∈ (0, T ), i = 1,m, x ∈ Rn, (1)

B0x(0) + C0x(T ) = d, d ∈ Rn, (2)

Bix(θi − 0)− Cix(θi + 0) = pi, pi ∈ Rn, i = 1,m, (3)

ãäå ìàòðèöà A(t), âåêòîð-ôóíêöèÿ f(t) íåïðåðûâíû íà [0, T ], Bi, Ci (i = 0,m) � ïîñòîÿí-
íûå ìàòðèöû. Ðåøåíèåì çàäà÷è (1)�(3) ÿâëÿåòñÿ êóñî÷íî-íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà
[0, T ] âåêòîð-ôóíêöèÿ x(t), êîòîðàÿ óäîâëåòâîðÿåò äèôôåðåíöèàëüíîìó óðàâíåíèþ (1) íà [0, T ],

êðîìå òî÷åê t = θi, à òàêæå óñëîâèÿì (2) è (3), ‖x‖ = max
i
|xi|, ||A(t)|| = max

i

n∑
j=1

|aij(t)| ≤ α,

‖f‖1 = max
t∈[0,T ]

‖f(t)‖. ×åðåç C̃([0, T ], Rn) îáîçíà÷èì ïðîñòðàíñòâî êóñî÷íî-íåïðåðûâíûõ íà [0, T ]

ôóíêöèé x : [0, T ] → Rn ñ íîðìîé ‖x‖2 = max
i=0,m

sup
t∈[θi,θi+1)

‖x(t)‖, ãäå θ0 = 0, θm+1 = T. Ê

íåîáõîäèìîñòè èçó÷åíèÿ êðàåâûõ çàäà÷ äëÿ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñ-
íûì âîçäåéñòâèåì ïðèâîäÿò ìíîãèå çàäà÷è ôèçèêè, òåõíèêè, áèîëîãèè, êîòîðûå îïèñûâàþò
ðåàëüíûå ïðîöåññû, ïîäâåðãàþùèåñÿ èìïóëüñíîìó âîçäåéñòâèþ. Îáçîð è áèáëèîãðàôèþ ðà-
áîò, ïîñâÿùåííûõ èññëåäîâàíèþ ñèñòåì äèôôåðåíöèàëüíûõ óðàâíåíèé ñ èìïóëüñíûì âîçäåé-
ñòâèåì ìîæíî íàéòè â [1�6]. Â [7] ïåðèîäè÷åñêàÿ êðàåâàÿ çàäà÷à ñ èìïóëüñíûì âîçäåéñòâè-
åì â îäíîé âíóòðåííåé òî÷êå èíòåðâàëà èññëåäîâàíà ìåòîäîì ïàðàìåòðèçàöèè [8]. Ïðåäëî-
æåíû àëãîðèòìû íàõîæäåíèÿ ðåøåíèÿ è óñòàíîâëåíû äîñòàòî÷íûå óñëîâèÿ èõ ñõîäèìîñòè,
Keywords: ordinary di�erential equation, two-point boundary-value problem, impulse in�uence, parametrization's
method
2000 Mathematics Subject Classi�cation: 34B37
c
 À. Á.Òëåóëåñîâà, 2005.
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îáåñïå÷èâàþùèå îäíîçíà÷íóþ ðàçðåøèìîñòü ðàññìàòðèâàåìîé çàäà÷è. Â [9] ïðåäëîæåíû àë-
ãîðèòìû íàõîæäåíèÿ ðåøåíèÿ çàäà÷è (1)�(3) è â òåðìèíàõ ìàòðèöû Qν(h1, h2, . . . , hm+1),
ν ∈ N, hj = θj − θj−1, j = 1, m + 1, θ0 = 0, θm+1 = T, ñîñòàâëÿåìîé ïî ìàòðèöàì A(t),
Bi, Ci, i = 0,m, ìîìåíòàì âðåìåíè âîçäåéñòâèÿ èìïóëüñà θj , ïîëó÷åíû óñëîâèÿ èõ ñõîäèìîñòè.
Óñòàíîâëåíî, ÷òî èç îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (1)�(3) ñëåäóåò ñóùåñòâîâàíèå ν, ïðè
êîòîðîì ìàòðèöà Qν(h1, h2, . . . , hm+1) îáðàòèìà è âûïîëíÿþòñÿ íåêîòîðûå íåðàâåíñòâà. Â íà-
ñòîÿùåé ðàáîòå èññëåäóåòñÿ âëèÿíèå èçìåíåíèÿ øàãà ðàçáèåíèÿ èíòåðâàëà ïðè ôèêñèðîâàííîì
ν íà ñõîäèìîñòü àëãîðèòìà, îäíîçíà÷íóþ ðàçðåøèìîñòü çàäà÷è (1)�(3).

Âîçüìåì ÷èñëî l ∈ N è ïî íåìó ïðîèçâåäåì ðàçáèåíèå [0, T ) =
(m+1)l⋃

r=1
[tr−1, tr), ãäå t0 = 0,

tr = tr−1 + h1
l , r = 1, l tr = tr−1 + h2

l , r = l + 1, 2l, . . . , tr = tr−1 + hm+1

l , r = ml + 1, (m + 1)l,
h0 = max

i=1,m+1
hi, h0 = min

i=1,m+1
hi, δ = h0

h0
.

×åðåç xr(t) îáîçíà÷èì ñóæåíèå ôóíêöèè x(t) íà r-é èíòåðâàë [tr−1, tr) è çàäà÷ó (1)-(3)
ñâåäåì ê ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å ñ èìïóëüñíûì âîçäåéñòâèåì:

dxr

dt
= A(t)xr + f(t), t ∈ [tr−1, tr), r = 1, (m + 1)l, (4)

B0x1(0) + C0 lim
t→T−0

x(m+1)l(t) = d, (5)

Bi lim
t→til−0

xil(t)− Cixil(til+1) = pi, i = 1,m, (6)

lim
t→ts−0

xs(t) = xs+1(ts), s = {1, (m + 1)l − 1} \ {il}, i = 1,m. (7)

Çäåñü (7) � óñëîâèÿ ñøèâàíèÿ ðåøåíèÿ âî âíóòðåííèõ òî÷êàõ ðàçáèåíèÿ. Åñëè x(t) � ðåøåíèå
çàäà÷è (1)�(3), òî ñèñòåìà åãî ñóæåíèé x[t] = (x1(t), x2(t), . . . , x(m+1)l(t))′ ÿâëÿåòñÿ ðåøåíèåì
çàäà÷è (4)�(7). È íàîáîðîò, åñëè ñèñòåìà âåêòîð-ôóíêöèé x̃[t] = (x̃1(t), x̃2(t), . . . , x̃(m+1)l(t))

′ �
ðåøåíèå çàäà÷è (4)�(7), òî ôóíêöèÿ x̃(t), îïðåäåëÿåìàÿ ðàâåíñòâàìè x̃(t) = x̃r(t), t ∈ [tr−1, tr),
r = 1, (m + 1)l, x̃(T ) = lim

t→T−0
x̃(m+1)l(t), áóäåò ðåøåíèåì èñõîäíîé çàäà÷è. Ââåäåì îáîçíà÷åíèÿ

λr = xr(tr−1) è íà êàæäîì èíòåðâàëå [tr−1, tr) ïðîèçâåäåì çàìåíó ur(t) = xr(t) − λr. Òîãäà
çàäà÷à (4)�(7) ñâåäåòñÿ ê ýêâèâàëåíòíîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å ñ ïàðàìåòðàìè

dur

dt
= A(t)[ur(t) + λr] + f(t), t ∈ [tr−1, tr), ur(tr−1) = 0, r = 1, (m + 1)l, (8)

B0λ1 + C0 lim
t→T−0

u(m+1)l(t) + C0λ(m+1)l = d, (9)

Bi lim
t→til−0

uil(t) + Biλil − Ciλil+1 = pi, i = 1,m, (10)

λs + lim
t→ts−0

us(t) = λs+1, s = {1, (m + 1)l − 1} \ {il}, i = 1,m. (11)

Åñëè ïàðà (λ, u[t]), ãäå λ = (λ1 , λ2 , . . . , λ(m+1)l)
′ ∈ Rn(m+1)l, u[t] = (u1(t), u2(t), . . . , u(m+1)l(t))

′

� ðåøåíèå çàäà÷è (8)�(11), òî ñèñòåìà ôóíêöèé x[t] = (λ1 + u1(t), λ2 + u2(t), . . . , λ(m+1)l +
u(m+1)l(t))

′ áóäåò ðåøåíèåì çàäà÷è (4)�(7). È íàîáîðîò, åñëè x̃[t] = (x̃1(t), x̃2(t), . . . , x̃(m+1)l(t))
′

� ðåøåíèå (4)�(7), òî ïàðà (λ̃, ũ[t]), ãäå λ̃ = (x̃1(0), x̃2(t1), . . . , x̃(m+1)l(T ))′, ũ[t] = (x̃1(t) −
x̃1(0), x̃2(t)− x̃2(t2), . . . , x̃(m+1)l(t)− x̃(m+1)l(t(m+1)l−1))′ áóäåò ðåøåíèåì çàäà÷è (8)�(11). Îäíàêî
çàäà÷à (8)�(11) îò çàäà÷è (4)�(7) îòëè÷àåòñÿ òåì, ÷òî çäåñü ïîÿâèëèñü íà÷àëüíûå óñëîâèÿ
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â òî÷êàõ t = tr−1, r = 1, (m + 1)l, êîòîðûå ïîçâîëÿþò îïðåäåëèòü ur(t), t ∈ [tr−1, tr), r =
1, (m + 1)l, èç èíòåãðàëüíîãî óðàâíåíèÿ Âîëüòåððà âòîðîãî ðîäà

ur(t) =

t∫

tr−1

A(τ)[ur(τ) + λr]dτ +

t∫

tr−1

f(τ)dτ, t ∈ [tr−1, tr), r = 1, (m + 1)l. (12)

Âìåñòî ur(τ) ïîäñòàâèâ ñîîòâåòñòâóþùóþ ïðàâóþ ÷àñòü (12) è ïîâòîðèâ ýòîò ïðîöåññ ν (ν =
= 1, 2, . . .) ðàç, ïîëó÷èì ïðåäñòàâëåíèå ôóíêöèè ur(t) âèäà

ur(t) = Dν,r(t)λr + Fν,r(t) + Gν,r(u, t), t ∈ [tr−1, tr), r = 1, (m + 1)l, (13)

ãäå

Dν,r(t) =
ν−1∑

j=0

t∫

tr−1

A(τ1) . . .

τj∫

tr−1

A(τj+1)dτj+1 . . . dτ1,

Fν,r(t) =

t∫

tr−1

f(τ1)dτ1 +
ν−1∑

j=1

t∫

tr−1

A(τ1) . . .

τj−1∫

tr−1

A(τj)

τj∫

tr−1

f(τj+1)dτj+1dτj . . . dτ1,

Gν,r(u, t) =

t∫

tr−1

A(τ1) . . .

τν∫

tr−1

A(τν+1)ur(τν+1)dτν+1 . . . dτ1, r = 1, (m + 1)l.

Èç (13) íàõîäèì

lim
t→tr−0

ur(t) = Dνr(tr)λr + Fνr(tr) + Gνr(ur, tr), r = 1, (m + 1)l. (14)

Ïîäñòàâëÿÿ ñîîòâåòñòâóþùèå ïðàâûå ÷àñòè (14) â óñëîâèÿ (9), (10), (11) è óìíîæèâ (9), (10) íà
ñîîòâåòñòâóþùèå hi

l > 0, i = 1,m + 1, ïîëó÷èì ñèñòåìó óðàâíåíèé îòíîñèòåëüíî íåèçâåñòíûõ
ïàðàìåòðîâ λ1 , λ2 , . . . , λ(m+1)l :

hm+1

l
B0λ1 +

hm+1

l
C0 [I + D

ν,(m+1)l
(T )]λ(m+1)l =

= d
hm+1

l
− hm+1

l
C0Fν,(m+1)l

(T )− hm+1

l
C0Gν,(m+1)l(u, T ), (15)

hi

l
Bi[I + Dν,il(til)]λil − hi

l
Ciλil+1 =

hi

l
pi − hi

l
BiFν,il(til)− hi

l
BiGν,il(u, til), i = 1,m, (16)

[I + Dν,s(ts)]λs − λs+1 = −Fν,s(ts)−Gν,s(u, ts), s = {1, (m + 1)l − 1}\{il}, i = 1,m, (17)

ãäå I � åäèíè÷íàÿ ìàòðèöà ðàçìåðíîñòè (n× n), êîòîðóþ çàïèøåì â âèäå

Qν(l)λ = −Fν(l)−Gν(u, l), λ ∈ Rn(m+1)l, (18)

Qν(l)− (n(m+1)l×n(m+1)l) � ìàòðèöà, ñîîòâåòñòâóþùàÿ ëåâîé ÷àñòè ñèñòåì óðàâíåíèé (15),
(16), (17):

Fν(l) =
(
− d

hm+1

l
+

hm+1

l
C0Fν,(m+1)l(T ), Fν,1(t1), . . . ,

h1

l
p1 − h1

l
B1Fν,l(tl),

Fν,l(tl + 1), . . . ,
hm

l
pm − hm

l
BmFν,ml(tml), Fν,ml+1(tml+1, . . . , Fν,(m+1)l−1(t(m+1)l−1)

)
,
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Gν(u, l) =
(hm+1

l
C0Gν,(m+1)l(u, T ), Gν,1(u, t1), . . . , Gν,l−1(u, tl−1),

h1

l
B1Gν,l(u, tl), Gν,(u, tl+1),

, . . . ,
hm

l
BmGν,ml(u, tml), Gν,ml+1(u, tml+1), . . . , Gν,(m+1)l−1(u, t(m+1)l−1)

)
∈ Rn(m+1)l.

Òàêèì îáðàçîì, äëÿ íàõîæäåíèÿ ïàðû (λ, u[t]) � ðåøåíèÿ çàäà÷è (8)�(11) èìååì çàìêíóòóþ
ñèñòåìó óðàâíåíèé (12), (18). Ïàðà (λ, u[t]) � ðåøåíèå çàäà÷è (8)�(11), íàõîäèòñÿ êàê ïðåäåë
ïîñëåäîâàòåëüíîñòè ïàð (λ(k), u(k)[t]), k = 0, 1, 2, . . . , îïðåäåëÿåìîé ïî ñëåäóþùåìó àëãîðèò-
ìó.
0-øàã. à) Ïðåäïîëàãàÿ, ÷òî ïðè âûáðàííûõ l ∈ N, ν ∈ N ìàòðèöà Qν(l) : Rn(m+1)l → Rn(m+1)l

îáðàòèìà, íà÷àëüíîå ïðèáëèæåíèå ïî ïàðàìåòðó λ(0) = (λ(0)
1 , λ

(0)
2 , . . . , λ

(0)
(m+1)l)

′ ∈ Rn(m+1)l îïðå-
äåëÿåì èç óðàâíåíèÿ Qν(l)λ = −Fν(l), ò.å. λ(0) = −[Qν(l)]−1Fν(l).
á) Èñïîëüçóÿ êîìïîíåíòû âåêòîðà λ(0) ∈ Rn(m+1)l è ðåøàÿ çàäà÷è Êîøè (8) ïðè λr = λ

(0)
r íà

èíòåðâàëàõ [tr−1, tr), íàõîäèì ôóíêöèè u
(0)
r (t), r = 1, (m + 1)l.

1-øàã. à) Íàéäåííûå u
(0)
r (t) ïîäñòàâëÿÿ â ïðàâóþ ÷àñòü (18), èç óðàâíåíèÿ Qν(l)λ = −Fν(l)−

Gν(u(0), l) îïðåäåëÿåì ïåðâîå ïðèáëèæåíèå ïî ïàðàìåòðó λ(1). á) Ðåøàÿ çàäà÷ó Êîøè (8) íà
èíòåðâàëàõ [tr−1, tr) ïðè λr = λ

(1)
r , íàõîäèì ôóíêöèè u

(1)
r (t), r = 1, (m + 1)l. È ò.ä.

Ïðîäîëæàÿ ïðîöåññ, íà k−îì øàãå ïîëó÷àåì ñèñòåìó ïàð (λ(k)
r , u

(k)
r (t)), r = 1, (m + 1)l,

k = 0, 1, 2, . . .
Äîñòàòî÷íûå óñëîâèÿ ñõîäèìîñòè ïðåäëîæåííîãî àëãîðèòìà è îöåíêó ðåøåíèÿ çàäà÷è (1)�(3)
óñòàíàâëèâàåò

Òå î ð åì à 1. Ïóñòü ïðè íåêîòîðûõ l ∈ N è ν ∈ N, ìàòðèöà Qν(l) : Rn(m+1)l → Rn(m+1)l

îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà:

à) ||[Qν(l)]−1|| ≤ γν(l),

á) qν(l) = γν(l)max(1, max
i=1,m

hi

l
‖Bi‖, hm+1

l
‖C0‖)×

[
exp

(αh0

l

)
−

ν∑

j=0

1
j!

(αh0

l

)j]
< 1.

Òîãäà êðàåâàÿ çàäà÷à ñ èìïóëüñíûì âîçäåéñòâèåì (1)�(3) èìååò åäèíñòâåííîå ðåøåíèå x∗(t)
è äëÿ íåãî ñïðàâåäëèâà îöåíêà

‖x∗‖2 ≤ Lν(l)max(‖d‖, ‖f‖1, max
i=1,m

‖pi‖), (19)

ãäå

Lν(l) =



γν(l)

[
exp

(αh0

l

)
−1

]
max



1 +

hm+1

l
‖C0‖

ν−1∑

j=0

1
j!

(αh0

l

)j
,
ν−1∑

j=0

1
j!

(αh0

l

)j
,

1 + max
i=1,m

hi

l
‖Bi‖

ν−1∑

j=0

1
j!

(αh0

l

)j



 + exp

(αh0

l

)




h0

l
×

×
{

γν(l)
1

1− qν(l)
exp

(αh0

l

)
max

(
1,

hm+1

l
‖C0‖, max

i=1,m

hil

l
‖Bi‖

)
+ 1

}
+

+γν(l)max



1 +

hm+1

l
‖C0‖

ν−1∑

j=0

1
j!

(αhm+1

l

)j
, 1 + max

i=1,m

hil

l
‖Bi‖

ν−1∑

j=0

1
j!

(αhil

l

)j
,

ν−1∑

j=0

1
j!

(αh0

l

)j



 .
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Äîêàçàòåëüñòâî òåîðåìû 1 ïðîâîäèòñÿ ïî ñõåìå äîêàçàòåëüñòâà òåîðåìû 2 èç [9, ñ.97�99].
Ïðè äîêàçàòåëüñòâå íåîáõîäèìîñòè ìû âîñïîëüçóåìñÿ ñëåäóþùèì óòâåðæäåíèåì.

Ëåììà 1. Åñëè x∗(t) � ðåøåíèå çàäà÷è (1)�(3), òî λ∗ = (λ∗1, λ
∗
2, . . . , λ

∗
(m+1)l)

′ ñ êîìïî-
íåíòàìè λ∗r = x∗(tr−1), r = 1, (m + 1)l, óäîâëåòâîðÿåò óðàâíåíèþ

H−1Q∗(l)λ∗ = −F∗(f, d, p1, . . . , pm, l), λ∗ ∈ Rn(m+1)l, (20)

ãäå äèàãîíàëüíàÿ ìàòðèöà

H =
1
l
diag

(
hm+1I, h1I, . . . , h1I︸ ︷︷ ︸

l

, h1I, h2I, . . . , h2I︸ ︷︷ ︸
l

, . . . , hmI, hm+1I, . . . , hm+1I︸ ︷︷ ︸
l

)

èìååò ðàçìåðíîñòü (n(m + 1)l)× (n(m + 1)l), Q∗(l) = lim
ν→∞Qν(l),

F∗(f, d, p1, . . . , pm, l) = H−1 lim
ν→∞Fν(l).

È íàîáîðîò, åñëè λ̃ = (λ̃1, λ̃2, . . . , λ̃(m+1)l)
′ � ðåøåíèå (20), òî ôóíêöèÿ x̃(t), îïðåäåëÿåìàÿ

ðàâåíñòâàìè x̃(t) = λ̃r + ũr(t), t ∈ [tr−1, tr), r = 1, (m + 1)l, x̃(T ) = lim
t→T−0

x̃(t) = λ̃(m+1)l +

lim
t→T−0

ũ(m+1)l(t), - ðåøåíèå çàäà÷è Êîøè (8) ïðè λr = λ̃r, r = 1, (m + 1)l, áóäåò ðåøåíèåì
çàäà÷è (8)�(11).

Äîêàçàòåëüñòâî. Ïóñòü x∗(t) � ðåøåíèå çàäà÷è (1)�(3), òîãäà ïàðà (λ∗, u∗[t]), ãäå λ∗r =
x∗(tr−1), è u∗r(t) = x∗(t)−x∗(tr−1), t ∈ [tr−1, tr), r = 1, (m + 1)l, áóäåò ðåøåíèåì çàäà÷è (8)�(11)
è èìåþò ìåñòî ðàâåíñòâà

u∗r(t) = Dν,r(t)λ∗r + Fν,r(t) + Gν,r(u∗, t), t ∈ [tr−1, tr), r = 1, (m + 1)l, (21)

Qν(l)λ∗ = −Fν(l)−Gν(u∗, l). (22)

Òàê êàê Dν,r(t), Fν,r(t) ïðè ν → ∞ íà [tr−1, tr), r = 1, (m + 1)l, ðàâíîìåðíî ñõîäÿòñÿ ê D∗,r(t),
F∗,r(t), à Gν,r(u, t) â ñèëó îöåíêè

‖Gν,r(u, t)‖ ≤ max
(

1, max
i=1,m

hi

l
‖Bi‖, hm+1

l
‖C0‖

)
1
ν!

(αh0

l

)ν
sup

t∈[tr−1,tr)
‖ur(t)‖

ñòðåìèòñÿ ê íóëþ, òî â (21), (22) ïåðåõîäÿ ê ïðåäåëó ïðè ν →∞ è óìíîæèâ îáå ÷àñòè (22) íà
H−1, ïîëó÷èì

u∗r(t) = D∗,r(t)λ∗r + F∗,r(t), t ∈ [tr−1, tr), r = 1, (m + 1)l, (23)

H−1Q∗(l)λ∗ = −F∗(f, d, p1, . . . , pm, l). (24)

Òàêèì îáðàçîì, åñëè (λ∗, u∗[t]) � ðåøåíèå çàäà÷è (8)�(11), òî λ∗ = (λ∗1, λ
∗
2, . . . , λ

∗
(m+1)l)

′ óäî-
âëåòâîðÿåò óðàâíåíèþ (24), à ñîîòâåòñòâóþùèå èì u∗r(t) � ðåøåíèå çàäà÷ Êîøè (8), èìåþò âèä
(23). Òåïåðü ïóñòü λ̃ = (λ̃1, λ̃2, . . . , λ̃(m+1)l)

′ � ðåøåíèå ñèñòåìû óðàâíåíèé (20), ò.å.

B0 λ̃1 + C0 [I + D∗,(m+1)l(T )]λ̃(m+1)l = d− C0F∗,(m+1)l(T ), (25)

Bi[I + D∗,il(til)]λ̃il − Ciλ̃il+1 = pi −BiF∗,il(til), i = 1,m, (26)
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1
ts−ts−1

[I + D∗,s(ts)]λ̃s − 1
ts−ts−1

λ̃s+1 = − 1
ts−ts−1

F∗,s(ts), s = {1, (m + 1)l − 1}\{il}, i = 1,m,

(27)
è ũ[t] = (ũ1(t), ũ2(t), . . . , ũ(m+1)l(t))

′− ñèñòåìà ðåøåíèé çàäà÷ Êîøè (8) íà [tr−1, tr) ïðè λr = λ̃r,

r = 1, (m + 1)l. Ïîêàæåì, ÷òî ïàðà (λ̃, ũ[t]) � ðåøåíèå çàäà÷è (8)-(11). Òàê êàê ũ[t] � ðåøåíèå
çàäà÷è Êîøè (8) ïðè λr = λ̃r, òî èç ðàâåíñòâà (23) ñëåäóåò, ÷òî

ũr(t) = D∗,r(t)λ̃r + F∗,r(t), t ∈ [tr−1, tr), r = 1, (m + 1)l. (28)

Ïåðåïèøåì (25)�(27) â ñëåäóþùåì âèäå:

B0 λ̃1 + C0 λ̃(m+1)l
+ C0 [D∗,(m+1)l

(T )λ̃
(m+1)l

+ F∗,(m+1)l
(T )] = d, (29)

Biλ̃il + Ciλ̃il+1 + Bi[D∗,il(til)λ̃il + F∗,il(til)] = pi, i = 1, m, (30)

1
ts−ts−1

λ̃s+
1

ts−ts−1

[D∗,s(ts)λ̃s+F∗,s(ts)] =
1

ts−ts−1

λ̃s+1, s = {1, (m + 1)l − 1}\{il}, i = 1,m, (31)

è â ñèëó ðàâåíñòâà (28) âûðàæåíèÿ, ñòîÿùèå â êâàäðàòíûõ ñêîáêàõ, ðàâíû lim
t→tr−0

ũr(t),

r = 1, (m + 1)l. Îòñþäà ñëåäóåò, ÷òî ïàðà (λ̃, ũr[t]) ÿâëÿåòñÿ ðåøåíèåì çàäà÷è (8)�(11).
Ëåììà äîêàçàíà.
Ñëåäóþùåå óòâåðæäåíèå óñòàíàâëèâàåò, ÷òî óñëîâèÿ òåîðåìû 1 íå òîëüêî äîñòàòî÷íû, íî è
íåîáõîäèìû äëÿ îäíîçíà÷íîé ðàçðåøèìîñòè çàäà÷è (1)�(3).

Òå î ð åì à 2. Êðàåâàÿ çàäà÷à ñ èìïóëüñíûì âîçäåéñòâèåì (1)�(3) îäíîçíà÷íî ðàçðåøèìà
òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî l ∈ N ñóùåñòâóåò ν ∈ N, ïðè êîòîðîì ìàòðèöà
Qν(l) : Rn(m+1)l → Rn(m+1)l îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà à), á) òåîðåìû 1.

Òåîðåìà 2 äîêàçûâàåòñÿ àíàëîãè÷íî ñõåìå äîêàçàòåëüñòâà òåîðåìû 3 èç [9, ñ.101] ñ íåçíà-
÷èòåëüíûìè èçìåíåíèÿìè è ñ ó÷åòîì ââåäåíèÿ l ∈ N.

Îïð å ä å ë å í è å 1. Çàäà÷à (1)�(3) íàçûâàåòñÿ êîððåêòíî ðàçðåøèìîé, åñëè äëÿ ëþáûõ
f(t), d, p1, . . . , pm îíà èìååò åäèíñòâåííîå ðåøåíèå x∗(t) è äëÿ íåãî ñïðàâåäëèâî íåðàâåíñòâî

‖x∗‖ ≤ K max(‖d‖, ‖f‖1, max
i=1,m

‖pi‖), (36)

ãäå K − const, íåçàâèñÿùàÿ îò f(t), d, pi, i = 1,m.

×èñëî K íàçûâàåòñÿ êîíñòàíòîé êîððåêòíîé ðàçðåøèìîñòè çàäà÷è (1)�(3). Ïîêàæåì, ÷òî
äëÿ êîððåêòíîé ðàçðåøèìîñòè çàäà÷è (1)�(3) ïðè ôèêñèðîâàííîì ν óñëîâèÿ òåîðåìû íå òîëüêî
äîñòàòî÷íû, íî è íåîáõîäèìû.

Òå î ð åì à 3. Êðàåâàÿ çàäà÷à ñ èìïóëüñíûì âîçäåéñòâèåì (1)�(3) êîððåêòíî ðàçðåøèìà
òîãäà è òîëüêî òîãäà, êîãäà äëÿ ëþáîãî ν ∈ N ñóùåñòâóåò l = l(ν) > 0, l ∈ N, ïðè êîòîðîì
ìàòðèöà Qν(l) : Rn(m+1)l → Rn(m+1)l îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà à), á) òåîðåìû
1.

Äîêàçàòåëüñòâî. Äîñòàòî÷íîñòü ñëåäóåò èç òåîðåìû 1. Äîêàæåì íåîáõîäèìîñòü. Ïóñòü
êðàåâàÿ çàäà÷à (1)�(3) êîððåêòíî ðàçðåøèìà. Îáðàòèìîñòü ìàòðèöû Q∗(l) óñòàíàâëèâàåòñÿ
àíàëîãè÷íî ñõåìå äîêàçàòåëüñòâà îáðàòèìîñòè ìàòðèöû Q∗(h1, h2, . . . , hm+1) òåîðåìû 3 èç [9,
ñ.101�102]. Ìàòðèöà Q∗(l) îáðàòèìà ïðè ëþáûõ l ∈ N è ‖[Q∗(l)]−1‖ ≤ γ(l). Ïîêàæåì, ÷òî
ñóùåñòâóåò l0, ïðè êîòîðîì äëÿ âñåõ l ≥ l0 ñïðàâåäëèâà îöåíêà

‖[H−1Q∗(l)]−1‖ ≤ γ̂, (37)
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à γ̂ � êîíñòàíòà, íåçàâèñÿùàÿ îò l. Ñ ýòîé öåëüþ ðàññìîòðèì óðàâíåíèå

H−1Q∗(l)λ = c, λ, c ∈ Rn(m+1)l. (38)

Ïóñòü ε > 0, à l0(ε) óäîâëåòâîðÿåò íåðàâåíñòâó exp
(

αh0

l − 1
)
≤ ε/2

2(1+ε/4)(1+ε/2) . Òåïåðü äëÿ
âñåõ c = (c1, c2, . . . , c(m+1)l)

′ ∈ Rn(m+1)l, èñïîëüçóÿ ëåììó èç [3], ìîæíî ïîñòðîèòü ôóíêöèþ
fc(t) ∈ C̃([0, T ], Rn), îáëàäàþùóþ ñâîéñòâàìè

Fr(A, fc) ≡ 1
tr − tr−1

tr∫

tr−1

fc(t)dt +
1
hr

tr∫

tr−1

A(t)

t∫

tr−1

fc(τ)dτdt+

+
1

tr − tr−1

tr∫

tr−1

A(t)

t∫

tr−1

A(τ)

τ∫

tr−1

fc(τ1)dτ1dτdt + . . . = cr+1, r = 1, (m + 1)l − 1,

Fil(A, fc) = 0, i = 1,m, ‖fc‖1 ≤ (1 + ε/2)‖c‖. Åñëè âçÿòü dc = −c1, p1(c) = −cl+1, p2(c) =
−c2l+1, . . . , pm(c) = −cml+1, òî F∗(dc , fc, p1(c), p2(c), . . . , pm(c), l) = −c. Èç îäíîçíà÷íîé ðàçðåøè-
ìîñòè (1)-(3) è íåðàâåíñòâà (36) ïðè âñåõ d ∈ Rn, f(t) ∈ C̃([0, T ], Rn) ñëåäóåò, ÷òî óðàâíåíèå
(38) èìååò åäèíñòâåííîå ðåøåíèå λ ∈ Rn(m+1)l, è ñïðàâåäëèâà îöåíêà

‖λ‖ = ‖[H−1Q∗(l)]−1F∗(dc , fc, p1(c), . . . , pm(c), l)‖ =

= max
r
‖xc(tr−1)‖ ≤ ‖xc(t)‖2 ≤ K max(‖dc‖, ‖fc‖1, max

i=1,m
‖pi(c)‖). (39)

Íåðàâåíñòâî (39) ñëåäóåò èç êîððåêòíîé ðàçðåøèìîñòè çàäà÷è (1)�(3). Òàê êàê ïî ïîñòðîåíèþ
fc(t) è ïî âûáîðó dc, p1(c), . . . , pm(c) èìååò ìåñòî íåðàâåíñòâî

max(‖dc‖, ‖fc‖1, max
i=1,m

‖pi(c)‖) ≤ (1 + ε/2)‖c‖,

òî èç (39) ïîëó÷èì îöåíêó ‖[H−1Q∗(l)]−1c‖ ≤ (1 + ε/2)K‖c‖. Ïîýòîìó ââèäó ïðîèçâîëüíîñòè
c ∈ Rn(m+1)l äëÿ ëþáîãî l ≥ l0(ε) áóäåò ñïðàâåäëèâà îöåíêà

‖[H−1Q∗(l)]−1‖ ≤ (1 + ε/2)K, (40)

ãäå K− êîíñòàíòà êîððåêòíîé ðàçðåøèìîñòè çàäà÷è (1)-(3), íåçàâèñÿùàÿ îò l, ò.å. îöåíêà (37)
ñïðàâåäëèâà ñ γ = (1 + ε/2)K. Äàëåå, ó÷èòûâàÿ, ÷òî

‖H−1Q∗(l)−H−1Qν(l)‖ ≤ ‖H−1‖ · ‖Q∗(l)−Qν(l)‖ ≤

≤ δl

h0
max

(
1,

hm+1

l
‖C0‖, max

i=1,m

hi

l
‖Bi‖

)[
exp

(αh0

l

)
−

ν∑

j=0

1
j!

(αh0

l

)j]
, (41)

è âûáèðàÿ l1 ≥ l0(ε), óäîâëåòâîðÿþùèì íåðàâåíñòâó

K(1 + ε/2)
δl1
h0

max
(

1,
hm+1

l1
‖C0‖, max

i=1,m

hi

l1
‖Bi‖

)[
exp

(αh0

l1

)
−

ν∑

j=0

1
j!

(αh0

l1

)j]
<

ε

2(1 + ε)
,

ïî òåîðåìå î ìàëûõ âîçìóùåíèÿõ îãðàíè÷åííî îáðàòèìûõ îïåðàòîðîâ [10, c.142] èìååì

‖[H−1Qν(l)]−1‖ ≤ K(1 + ε).
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Ïîýòîìó ìàòðèöà Qν(l1) îáðàòèìà è âûïîëíÿþòñÿ íåðàâåíñòâà

‖[Qν(l1)]−1‖ ≤ δl1
h0

(1 + ε)K,

qν(l1) =
δl1
h0

(1 + ε)K max(1,
hm+1

l1
‖C0‖, max

i=1,m

hi

l1
‖Bi‖)

[
exp

(αh0

l1

)
−

ν∑

j=0

1
j!

(αh0

l1

)j]
<

ε

2 + ε
< 1.

Òåîðåìà 3 äîêàçàíà.

Òå î ð åì à 4. Åñëè êðàåâàÿ çàäà÷à ñ èìïóëüñíûì âîçäåéñòâèåì (1)�(3) êîððåêòíî ðàç-
ðåøèìà ñ êîíñòàíòîé K, òî äëÿ ëþáûõ ε > 0, ν ∈ N ñóùåñòâóåò l = l(ε, ν), ïðè êîòîðîì
ìàòðèöà Qν(l) îáðàòèìà äëÿ âñåõ l ≥ l(ε, ν) è ñïðàâåäëèâà îöåíêà

‖[H−1Qν(l)]−1‖ ≤ (1 + ε)K. (42)

Äîêàçàòåëüñòâî. Ïóñòü êðàåâàÿ çàäà÷à (1)�(3) êîððåêòíî ðàçðåøèìà ñ êîíñòàíòîé K.
Òîãäà, êàê áûëî ïîêàçàíî ïðè äîêàçàòåëüñòâå òåîðåìû 3, äëÿ ëþáîãî ε > 0 ñóùåñòâóåò l0 =
l0(ε) > 0 òàêîå, ÷òî ïðè âñåõ l ≥ l0(ε) ìàòðèöà Q∗(l) îáðàòèìà è ñïðàâåäëèâà îöåíêà (40).
Âûáèðàÿ l = l(ε, ν), óäîâëåòâîðÿþùèì íåðàâåíñòâó

K(1 +
ε

2
)
δl

h0
max

(
1,

hm+1

l
‖C0‖, max

i=1,m

hi

l
‖Bi‖

)

exp

(αh0

l

)
−

ν∑

j=0

1
j!

(αh0

l

)j


 <

ε

2(1 + ε)
,

ïîëó÷èì îáðàòèìîñòü ìàòðèöû H−1Qν(l) äëÿ âñåõ l ≥ l(ε, ν) è îöåíêó (42). Òåîðåìà 4 äîêàçàíà.

Òå î ð åì à 5. Ïóñòü äëÿ íåêîòîðîãî ν ∈ N ñóùåñòâóåò l0 = l0(ν) òàêîå, ÷òî äëÿ âñåõ
l ≥ l0(ν), ïðè êîòîðûõ ìàòðèöà Qν(l) îáðàòèìà, åå îáðàòíàÿ óäîâëåòâîðÿåò îöåíêå

‖[H−1Qν(l)]−1‖ ≤ γ, (43)

ãäå γ − const, íå çàâèñÿùàÿ îò l. Òîãäà çàäà÷à (1)�(3) êîððåêòíî ðàçðåøèìà ñ êîíñòàíòîé
K = γ.

Äîêàçàòåëüñòâî. Ïóñòü äëÿ íåêîòîðîãî ν ∈ N ìàòðèöà Qν(l) îáðàòèìà ïðè âñåõ l ≥ l0(ν)
è èìååò ìåñòî îöåíêà (43). Òîãäà, ó÷èòûâàÿ, ÷òî

qν(l) = γ
δl

h0
max(1,

hm+1

l
‖C0‖, max

i=1,m

hi

l
‖Bi‖)

[
exp

(αh0

l

)
−

ν∑

j=0

1
j!

(αh0

l

)j]
= O

[(h0

l

)ν]
,

è âûáèðàÿ l̃ ≥ l0(ν), óäîâëåòâîðÿþùèì íåðàâåíñòâó qν(l) < 1, èç òåîðåìû 1 ïîëó÷èì êîððåêò-
íóþ ðàçðåøèìîñòü çàäà÷è (1)�(3). Ïðè ýòîì îöåíêà (19) ñïðàâåäëèâà äëÿ âñåõ l ≥ l̃. Çàìåíÿÿ
γν(l) íà γ δl

h0 , ïåðåõîäÿ â (19) ê ïðåäåëó ïðè l →∞ è ó÷èòûâàÿ, ÷òî lim
l→∞

Lν(l) = γ, èìååì

‖x∗‖2 ≤ γ max(‖d‖, ‖f‖1, max
i=1,m

‖pi‖),

ò.å. çàäà÷à (1)�(3) êîððåêòíî ðàçðåøèìà ñ êîíñòàíòîé K = γ. Òåîðåìà 5 äîêàçàíà.
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ÓÄÊ 539.3:534.1

ÐÅÀÊÖÈß ÓÏÐÓÃÎÃÎ ÏÎËÓÏÐÎÑÒÐÀÍÑÒÂÀ ÍÀ
ÁÅÃÓÙÓÞ ÂÄÎËÜ ÎÑÈ ÏÅÐÈÎÄÈ×ÅÑÊÓÞ ÍÀÃÐÓÇÊÓ

Â.Í. Óêðàèíåö

Èíñòèòóò ìàòåìàòèêè ÌÎèÍ ÐÊ
050010 Àëìàòû, óë. Ïóøêèíà, 125.

Ðåøåíà çàäà÷à î äåéñòâèè íà óïðóãîå ïîëóïðîñòðàíñòâî äâèæóùåéñÿ âäîëü åãî ñâîáîäíîé ïîâåðõ-
íîñòè îñè ñ ïîñòîÿííîé äîðåëååâñêîé ñêîðîñòüþ ïåðèîäè÷åñêîé íàãðóçêè.

Â õîäå ðåøåíèÿ âîëíîâûå óðàâíåíèÿ äëÿ ïîòåíöèàëîâ Ëàìå ïðèâåäåíû ê óðàâíåíèÿì Ãåëüì-
ãîëüöà, ðåøåíèÿ êîòîðûõ ïðåäñòàâëåíû â âèäå ñóïåðïîçèöèè ðÿäîâ Ôóðüå-Áåññåëÿ (çàäàííûõ ïî-
òåíöèàëîâ íàãðóçêè) è èíòåãðàëîâ Ôóðüå. Â îáùåì âèäå ïîëó÷åíû èíòåãðàëüíûå âûðàæåíèÿ äëÿ
îïðåäåëåíèÿ êîìïîíåíò íàïðÿæ¼ííî- äåôîðìèðîâàííîãî ñîñòîÿíèÿ ïîëóïðîñòðàíñòâà.

Ñ èñïîëüçîâàíèåì ïîëó÷åííûõ çàâèñèìîñòåé ïðîâåäåíî èññëåäîâàíèå äèíàìè÷åñêîãî âîçäåé-
ñòâèÿ äâèæóùåéñÿ íàãðóçêè, çàäàííîé ðàçíûìè ïîòåíöèàëàìè, íà ïîâåðõíîñòü ïîëóïðîñòðàíñòâà.

Çàäà÷à î ðåàêöèè áåñêîíå÷íîãî óïðóãîãî òåëà íà äâèæóùóþñÿ âäîëü îñè òî÷å÷íóþ íàãðóçêó
ðàññìîòðåíà â [1]. Â ñòàòüå [2] ïîñòðîåíî àíàëèòè÷åñêîå ðåøåíèå çàäà÷è î ïîäâèæíîé ïåðèî-
äè÷åñêîé íàãðóçêå â êðóãîâîì òîííåëå â óïðóãîì ïîëóïðîñòðàíñòâå. Èñïîëüçóÿ èäåþ [2], çäåñü
ïîëó÷åíî ðåøåíèå çàäà÷è î íàãðóçêå, äâèæóùåéñÿ ñ ïîñòîÿííîé äîðåëååâñêîé ñêîðîñòüþ âäîëü
îñè, ïàðàëëåëüíîé ñâîáîäíîé ïîâåðõíîñòè ïîëóïðîñòðàíñòâà.

1. Ïîñòàíîâêà çàäà÷è. Ïóñòü â óïðóãîì ïîëóïðîñòðàíñòâå x ≤ h âäîëü îñè Z, ïàðàë-
ëåëüíîé ñâîáîäíîé ïîâåðõíîñòè, ñ ïîñòîÿííîé ñêîðîñòüþ c äâèæåòñÿ íàãðóçêà, çàäàííàÿ ïîòåí-
öèàëàìè

ϕ
(1)
j = Φ(1)

j eiξη, η = z − ct, j = 1, 2, 3. (1)

Äâèæåíèå ïîëóïðîñòðàíñòâà îïèñûâàåòñÿ ñèñòåìîé óðàâíåíèé

(λ + µ)grad div−→u + µ∆−→u = ρ
∂2−→u
∂t2

, (2)

ãäå ∆ � îïåðàòîð Ëàïëàñà, −→u � âåêòîð ñìåùåíèÿ óïðóãîé ñðåäû, λ, µ, ρ � åå ïàðàìåòðû Ëàìå.
Ãðàíèöà ïîëóïðîñòðàíñòâà ñâîáîäíà îò äåéñòâèÿ íàãðóçêè, òî åñòü ïðè õ = h

σxx = σxy = σxη = 0. (3)

Keywords: partial di�erential equation, periodic load, springy half-space
2000 Mathematics Subject Classi�cation: 74H35
c
 Â.Í. Óêðàèíåö, 2005.
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Ðåøåíèå óðàâíåíèé (2) èùåì â âèäå

−→u = −→u (r, θ, η) = −→u (x, y, η). (4)

Îáîçíà÷èì cp = [(λ + 2µ) /ρ]1/2 , cs = (µ/ρ)1/2 , è ââåäåì ÷èñëà Ìàõà : Mp = c/cp,
Ms = c/cs. Ñ ó÷åòîì ââåäåííûõ îáîçíà÷åíèé óðàâíåíèÿ (2) ïðåîáðàçóþòñÿ ê âèäó

(
1

M2
p

− 1
M2

s

)
graddiv−→u +

1
M2

s

∆−→u =
∂2−→u
∂η2

. (5)

Äëÿ ðåøåíèÿ çàäà÷è âîñïîëüçóåìñÿ ïîòåíöèàëàìè Ëàìå [3]:

−→u = gradϕ1 + rot
−→
ψ . (6)

Â öèëèíäðè÷åñêîé ñèñòåìå êîîðäèíàò ïîòåíöèàë −→ψ ìîæíî ïðåäñòàâèòü â âèäå [4]:
−→
ψ = ϕ2

−→eη + rot(ϕ3
−→eη), (7)

ãäå −→eη � îðò îñè η.
Èç (5) ñëåäóåò, ÷òî ïîòåíöèàëû óäîâëåòâîðÿþò óðàâíåíèÿì

∆ϕj = M2
j

∂2ϕj

∂η2
, j = 1, 2, 3. (8)

Çäåñü M1 = Mp,M2 = M3 = Ms.
Ïîòåíöèàëû ϕj áóäåì èñêàòü â âèäå

ϕj (r, θ, η) = Φj(r, θ)eiξη. (9)

Èç (8) âèäíî, ÷òî Φj óäîâëåòâîðÿþò óðàâíåíèÿì Ãåëüìãîëüöà

∆2Φj −m2
jξ

2Φj = 0, (10)

ãäå m2
j = 1−M2

j , ∆2 � äâóìåðíûé îïåðàòîð Ëàïëàñà.
Ïðåäñòàâèì Φj â âèäå

Φj = Φ(1)
j + Φ(2)

j . (11)

Çäåñü

Φ(1)
j =

∞∑
n=−∞

anjKn(kjr)einθ, (12)

Φ(2)
j =

∞∫

−∞
gj (ξ, ζ) exp(iyζ +

√
ζ2 + k2

j (x− h))dζ, (13)

Kn(kjr) � ôóíêöèè Ìàêäîíàëüäà, kj =
√

m2
jξ

2 , anj � çàäàííûå êîýôôèöèåíòû, gj(ξ,ζ) �
íåèçâåñòíûå ôóíêöèè, ïîäëåæàùèå îïðåäåëåíèþ.

Íåòðóäíî âèäåòü, ÷òî ñëàãàåìûå ðÿäîâ Ôóðüå-Áåññåëÿ (12) � ÷àñòíûå ðåøåíèÿ óðàâíåíèé
Ãåëüìãîëüöà � îïèñûâàþò èçëó÷àåìûå íà îñè âîëíû ïðè âûïîëíåíèè óñëîâèÿ

Re kj > 0. (14)
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Ïîäûíòåãðàëüíûå ôóíêöèè â ñîîòíîøåíèÿõ (13) � ïëîñêèå ãàðìîíè÷åñêèå âîëíû, îòðàæåííûå
ãðàíèöåé ïîëóïðîñòðàíñòâà è çàòóõàþùèå ïðè x → −∞, åñëè

Re
√

ζ2 + k2
j ≥ 0, Im

√
ζ2 + k2

j ≤ 0. (15)

Âîñïîëüçîâàâøèñü ïðåäñòàâëåíèåì [5], ðàçëîæèì (12) íà ïëîñêèå âîëíû:

Hn(kr)einθ =
1
πi

∞∫

−∞

(
ζ +

√
ζ2 − k2

k

)n exp
(
iyζ − x

√
ζ2 − k2

)
√

ζ2 − k2
dζ, (16)

Re
√

ζ2 − k2 ≥ 0, Im
√

ζ2 − k2 ≤ 0,

êîòîðîå ñïðàâåäëèâî ïðè x = r cos > 0. Çäåñü Hn(kr) � ôóíêöèÿ Õàíêåëÿ ïåðâîãî ðîäà.
Èñïîëüçóÿ èäåþ àíàëèòè÷åñêîãî ïðîäîëæåíèÿ, èç (16) ìîæíî ïîëó÷èòü

Kn(kr)einθ =
1
2

∞∫

−∞

(
ζ +

√
ζ2 + k2

k

)n exp
(
iyζ − x

√
ζ2 + k2

)
√

ζ2 + k2
dζ, (17)

Re
√

ζ2 + k2 ≥ 0, Re k ≥ 0, x > 0.

Ñîîòíîøåíèåì (17) ñëåäóåò ïîëüçîâàòüñÿ ïðè Mj < 1.
2. Ïðåäñòàâëåíèå ïîòåíöèàëîâ. Ðàññìîòðèì äîçâóêîâîé ñëó÷àé, íàèáîëåå òèïè÷íûé

äëÿ ïðàêòèêè, áîëåå òîãî, ïðåäïîëîæèì, ÷òî MR = c/cR < 1 (cR � ñêîðîñòü ðàñïðîñòðàíåíèÿ
âîëí Ðåëåÿ â ïîëóïðîñòðàíñòâå [3]).

Ïîäñòàâëÿÿ (17) â (11), ïðåäñòàâèì ïîòåíöèàëû â îêðåñòíîñòè õ = h â âèäå

Φj =

∞∫

−∞

[
e−xfj

2fj

∑
n

anjΦnj + gj(ξ, ζ)e(x−h)fj

]
eiyζdζ, (18)

ãäå fj =
√

ζ2 + k2
j , Φnj =

(
ζ+fj

kj

)n
, j = 1, 2, 3.

Âîñïîëüçóåìñÿ ãðàíè÷íûìè óñëîâèÿìè (3). Âûäåëÿÿ êîýôôèöèåíòû ïðè eiyζ è ïðèðàâíèâàÿ,
â ñèëó ïðîèçâîëüíîñòè y, èõ íóëþ, ïîëó÷èì ñèñòåìó òðåõ óðàâíåíèé, èç êîòîðîé îïðåäåëÿåì
gj(ξ, ζ):

gj(ξ, ζ) =
3∑

k=1

∆jk

∆
e−hfk

∞∑
n=−∞

ankΦnk. (19)

Çäåñü
∆ =

(
2ρ2

0 − β2
)2 − 4ρ2

0

√
ρ2
0 − α2

√
ρ2
0 − β2,

∆11 = ∆

2
√

ρ2
0−α2

− (2ρ2
0−β2)2

√
ρ2
0−α2

, ∆12 = −2ζ(2ρ2
0 − β2), ∆13 = 2ξ

(
2ρ2

0 − β2
)√

ρ2
0 − β2,

∆21 = −M2
s

m2
s
∆12, ∆22 = − ∆

2
√

ρ2
0−β2

, ∆23 = −4ξζ M2
s

m2
s

√
ρ2
0 − α2

√
ρ2
0 − β2,

∆31 = − ∆13
m2

sξ2 , ∆32 = ∆23
β2 , ∆33 = − ∆

2
√

ρ2
0−β2

+ (2ρ2
0−β2)2

√
ρ2
0−β2

,

α = Mpξ, β = Msξ, ρ2
0 = ξ2 + ζ2, ∆ =

(
2ρ2

0 − β2
)2 − 4ρ2

0

√
ρ2
0 − α2

√
ρ2
0 − β2,

ρ2
0 = ξ2 +

(
2
/
m2

S − 1
)
ζ2.
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Âûðàæàÿ êîìïîíåíòû íàïðÿæåííî-äåôîðìèðîâàííîãî ñîñòîÿíèÿ ïîëóïðîñòðàíñòâà ÷åðåç Φj

(18), ïîëó÷èì

ul =

∞∫

−∞

3∑

j=1

(
T(1)

lj F
(1)
nj + T(2)

lj F
(2)
nj

)
ei(yζ+ξη)dζ,

σlm

µ
=

∞∫

−∞

3∑

j=1

(
S

(1)
lmjF

(1)
nj + S

(2)
lmjF

(2)
nj

)
ei(yζ+ξη)dζ. (20)

Çäåñü l = x, y, η, m = x, y, η,

F
(1)
nj =

e−xfj

2fj

∑
n

anjΦnj , F
(2)
nj = e(x−h)fj

3∑

k=1

∆jk

∆
e−hfk

∑
n

ankΦnk,

T
(1)
x1 = −T

(2)
x1 = −f1, T

(1)
x2 = T

(2)
x2 = −ζ, T

(1)
x3 = −T

(2)
x3 = f3ξ,

T
(1)
y1 = T

(2)
y1 = iζ, T

(1)
y2 = −T

(2)
y2 = if2, T

(1)
y3 = T

(2)
y3 = −iξζ,

T
(1)
η1 = T

(2)
η1 = iξ, T

(1)
η2 = T

(2)
η2 = 0, T

(1)
η3 = T

(2)
η3 = −im2

sξ
2,

S
(1)
xx1 = S

(2)
xx1 = n2 + 2(f2

1 − ξ2m2
p), S

(1)
xx2 = −S

(2)
xx2 = 2ζf2, S

(1)
xx3 = S

(2)
xx3 = −2f2

3 ξ,

S
(1)
yy1 = S

(2)
yy1 = n2 − 2(ζ2 + ξ2m2

p), S
(1)
yy2 = −S

(2)
yy2 = −2f2ζ, S

(1)
yy3 = S

(2)
yy3 = 2ξζ2,

S
(1)
ηη1 = S

(2)
ηη1 = n2 − 2n1, S

(1)
ηη2 = S

(2)
ηη2 = 0, S

(1)
ηη3 = S

(2)
ηη3 = 2m2

sξ
3,

S
(1)
xy1 = −S

(2)
xy1 = −2f1ζi, S

(1)
xy2 = S

(2)
xy2 = −(f2

2 + ζ2)i, S
(1)
xy3 = −S

(2)
xy3 = 2f3iξζ,

S
(1)
ηy1 = S

(2)
ηy1 = −2ξζ, S

(1)
ηy2 = −S

(2)
ηy2 = −ξf2, S

(1)
ηy3 = S

(2)
ηy3 = n2ζ,

S
(1)
xη1 = −S

(2)
xη1 = −2f1iξ, S

(1)
xη2 = S

(2)
xη2 = −ξζi, S

(1)
xη3 = −S

(2)
xη3 = n2f3i,

n1 = (1 + m2
p)ξ

2, n2 = (1 + m2
s)ξ

2.

Ïðè ïîñòðîåíèè âîëí, îòðàæ¼ííûõ îò ïîâåðõíîñòè (13), ìû âîñïîëüçîâàëèñü ïðåäñòàâëå-
íèåì ðåøåíèÿ â âèäå èíòåãðàëà Ôóðüå, ÷òî âåðíî ëèøü â òîì ñëó÷àå, åñëè ïîäûíòåãðàëüíûå
ôóíêöèè èíòåãðèðóåìû íà (−∞,∞), à äëÿ ýòîãî äîñòàòî÷íî, ÷òîáû ∆(ρ0) 6= 0. Ïîñêîëüêó, êàê
èçâåñòíî, ôóíêöèÿ Ðåëåÿ ∆(ρ0) èìååò òîëüêî äåéñòâèòåëüíûå íóëè, òî ∆(ρ0) = 0 ïðè ρ0 = ξMR.
Èç ñîîòíîøåíèÿ ρ0 = (ξ2 + ζ2)1/2 ïîëó÷èì ∆(ρ0) = 0 ïðè ζ = ±ξ(MR − 1)1/2. Òî åñòü, åñëè
MR < 1, òî ∆(ρ0) 6= 0 ïðè ëþáûõ ζ, ÷òî ñîîòâåòñòâóåò ðàññìàòðèâàåìîìó ñëó÷àþ.

3. Ðåçóëüòàòû ðàñ÷åòà. Â êà÷åñòâå ïðèìåðà ðàññìîòðèì ïîëóïðîñòàíñòâî èç àëåâðîëèòà
(ν = 0, 20, µ = 2, 532 · 103) ÌÏà, ρ = 2, 5 · 103 êã /ì3 . Âäîëü îñè, ïàðàëëåëüíîé ñâîáîäíîé ïî-
âåðõíîñòè è çàãëóáëåííîé íà h=1ì, ñ ïîñòîÿííîé äîðåëååâñêîé ñêîðîñòüþ ñ=100 ì/ñ äâèæåòñÿ
ïåðèîäè÷åñêàÿ íàãðóçêà, çàäàííàÿ ïîòåíöèàëàìè (1), (12). Ïðèíèìàåì ξ = 2π, òîãäà ïåðèîä
T = h.

Èññëåäóåì äèíàìè÷åñêîå ïîâåäåíèå ñâîáîäíîé ïîâåðõíîñòè ïîëóïðîñòàíñòâà ïðè âîçäåé-
ñòâèè ïîäâèæíûõ íàãðóçîê, çàäàííûõ ñëåäóþùèìè ïîòåíöèàëàìè:

a) Φ(1)
1 ñ îòëè÷íûì îò íóëÿ òîëüêî êîýôôèöèåíòîì a01 = 1;

á) Φ(1)
3 ñ îòëè÷íûì îò íóëÿ òîëüêî êîýôôèöèåíòîì a03 = 1.

Íà ðèñ. 1,2 â ñå÷åíèè η = 0 èçîáðàæåíû ýïþðû íîðìàëüíûõ íàïðÿæåíèé σyy, σηη è ñìåùåíèé
ux, uy íà ïîâåðõíîñòè ïîëóïðîñòðàíñòâà. Êðèâàÿ 1 ñîîòâåòñòâóåò ñëó÷àþ âîçäåéñòâèÿ íàãðóçêè,
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Ðèñ. 1: Íîðìàëüíûå íàïðÿæåíèÿ íà ãðàíèöå ïîëóïðîñòðàíñòâà
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Ðèñ. 2: Ïåðåìåùåíèÿ íà ãðàíèöå ïîëóïðîñòðàíñòâà
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çàäàííîé óñëîâèåì à), êðèâàÿ 2 � óñëîâèåì á). Èç àíàëèçà ïîëó÷åííûõ ðåçóëüòàòîâ ìîæíî
ñäåëàòü ñëåäóþùèå âûâîäû

1. Êðèâûå 1 è 2 íîñÿò ÿðêî âûðàæåííûé ëîêàëüíûé õàðàêòåð. Íàèáîëüøèå çíà÷åíèÿ σyy, σηη

è ux èìåþò ïðè y = 0, à uy � ïðè y = ±0.4T (ïðè y = 0, uy = 0). Ïðè÷åì, ïðåîáëàäàþùåå
âîçäåéñòâèå íà ïîâåðõíîñòü îêàçûâàåò íàãðóçêà, çàäàííàÿ ïîòåíöèàëîì Φ(1)

3 .
2. Ñ óâåëè÷åíèåì |y| ïðîèñõîäèò áûñòðîå çàòóõàíèå íàïðÿæåíèé è ïåðåìåùåíèé è ïðè |y| =

T èìè ìîæíî ïðåíåáðå÷ü. Òàêèì îáðàçîì, äèíàìè÷åñêîå âîçäåéñòâèå äâèæóùåéñÿ íàãðóçêè íà
ïîâåðõíîñòü ïðàêòè÷åñêè îùóòèìî ëèøü â ïðåäåëàõ|y| 6 T.

ïîòåíöèàëû Ëàìå, óðàâíåíèÿ Ãåëüìãîëüöà, ôóíêöèè Ìàêäîíàëüäà.
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Ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ óñòîé÷èâîñòè è íåóñòîé÷èâîñòè ñòàöèîíàðíûõ êîëåáàíèé íåëèíåé-
íîé ñèñòåìû ñïåöèàëüíîãî âèäà ñ ìåäëåííî ìåíÿþùèìèñÿ êîýôôèöèåíòàìè.

Äàííàÿ ðàáîòà ÿâëÿåòñÿ ïðîäîëæåíèåì ðàáîòû àâòîðîâ è ïîñâÿùåíà âîïðîñó îá óñòîé÷è-
âîñòè ñòàöèîíàðíûõ êîëåáàíèé.

Â èññëåäîâàíèè óñòîé÷èâîñòè ïî Ëÿïóíîâó ôóíäàìåíòàëüíûå ðàáîòû ñäåëàíû ìàòåìàòè-
êàìè Êàçàíñêîé øêîëû: Í.Ã.×åòàåâûì, È.Ã.Ìàëêèíûì, Ã.Â.Êàìåíêîâûì è Ê.Ï.Ïåðñèäñêèì.
Ñëåäóåò îòìåòèòü, ÷òî À.Ëÿïóíîâûì áûëà ïîñòàâëåíà çàäà÷à î íåîáõîäèìûõ è äîñòàòî÷íûõ
óñëîâèÿõ óñòîé÷èâîñòè ïî ïåðâîìó ïðèáëèæåíèþ è äàíî ïîëíîå åå ðåøåíèå äëÿ ïåðèîäè÷å-
ñêèõ äâèæåíèé. Îí ðàññìîòðåë òàêæå ñëó÷àé, êîãäà ïðè èññëåäîâàíèè óñòîé÷èâîñòè íåëüçÿ
îãðàíè÷èâàòüñÿ ïåðâûìè ïðèáëèæåíèÿìè, à íåîáõîäèìî ïðèíèìàòü âî âíèìàíèå ÷ëåíû âûñ-
øèõ ïîðÿäêîâ. Ýòè ñëó÷àè áûëè íàçâàíû êðèòè÷åñêèìè èëè îñîáåííûìè. Ãëàâíûå òðóäíîñòè â
ìåòîäàõ À.Ëÿïóíîâà è Í.×åòàåâà îá óñòîé÷èâîñòè äâèæåíèÿ çàêëþ÷àþòñÿ â îòñóòñòâèè âû÷èñ-
ëèòåëüíûõ àëãîðèòìîâ äëÿ ïîñòðîåíèÿ ôóíêöèé Ëÿïóíîâà è ×åòàåâà. Â ðàáîòå Ã.Â.Êàìåíêîâà
[1] äàíû ðåøåíèÿ çàäà÷ óñòîé÷èâîñòè â ðàçëè÷íûõ êðèòè÷åñêèõ ïî Ëÿïóíîâó ñëó÷àÿõ, èññëåäî-
âàíû çàäà÷è îá óñòîé÷èâîñòè äâèæåíèÿ â ñëó÷àÿõ, áëèçêèõ ê êðèòè÷åñêèì; ðàññìàòðèâàþòñÿ
òàêæå ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé, îïðåäåëÿþùåå óðàâíåíèå, êîòîðîå èìååò ïî
êðàéíåé ìåðå îäèí ìàëûé âåùåñòâåííûé êîðåíü èëè ïàðó êîìïëåêñíûõ êîðíåé ñ ìàëîé âåùå-
ñòâåííîé ÷àñòüþ, íå ïðèìåíÿÿ êëàññè÷åñêîãî îïðåäåëåíèÿ óñòîé÷èâîñòè, äàííîãî Ëÿïóíîâûì.
Îí òàêæå èññëåäîâàë ïðîáëåìó äâóõ íóëåâûõ êîðíåé îïðåäåëÿþùåãî óðàâíåíèÿ ñ îäíîé ãðóï-
ïîé ðåøåíèé. Â ìîíîãðàôèè îäíîãî èç àâòîðîâ äàííîé ðàáîòû [2] áûë ïðèìåíåí êðèòåðèé
Ã.Êàìåíêîâà îá óñòîé÷èâîñòè êîëåáàíèé ñóùåñòâåííî íåëèíåéíûõ ñèñòåì, à òàêæå ðàññìîò-
ðåí âîïðîñ îá óñòîé÷èâîñòè äâèæåíèÿ íåêîòîðûõ ñóùåñòâåííî íåëèíåéíûõ ñèñòåì, ó êîòîðûõ
Keywords: Liyapunov' s function, nonlinear system, oscillation
2000 Mathematics Subject Classi�cation: 42A16
c
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ïðàâûå ÷àñòè ñèñòåìû îáðàùàþòñÿ â íóëü òîëüêî â òî÷êå xs = ys = 0. Ýòà òî÷êà áóäåò åäèí-
ñòâåííîé îñîáîé òî÷êîé ñèñòåìû, åñëè X

(m)
s0 , X

(m+1)
s0 , . . . Y

(m)
s0 , Y

(m+1)
s0 îáðàùàþòñÿ â íóëü òîëüêî

ïðè xs = ys = 0.
Ðàññìàòðèâàþòñÿ äâèæåíèÿ, îïèñûâàåìûå ñèñòåìàìè ñî ìíîãèìè ñòåïåíÿìè ñâîáîäû ñ ìåä-

ëåííî ìåíÿþùèìèñÿ êîýôôèöèåíòàìè [1�3]:

ẋs = X
(m0)
s0 (xs, ys) + µX(xs, ys, τ, µ),

(1)

ẏs = Y
(m0)
s0 (xs, ys) + µY (xs, ys, τ, µ), s = 1, 2, ..., n

ãäå ïðàâûå ÷àñòè îáðàùàþòñÿ â íóëü ïðè xs = ys = 0, à X
(m0)
s0 , Y

(m0)
s0 � îäíîðîäíûå ìíîãî-

÷ëåíû, íå ñîäåðæàùèå ëèíåéíûõ ÷ëåíîâ îòíîñèòåëüíî xs, ys, ïðè÷åì

X
(m0)
s0 (xs, ys) =

m0∑

p=0

Aspx
m0−p
s yp

s ,

Y
(m0)
s0 (xs, ys) =

m0∑

p=0

Bspx
m0−p
s yp

s .

X(xs, ys, τ, µ), Y (xs, ys, τ, µ) � ôóíêöèè, àíàëèòè÷åñêèå îòíîñèòåëüíî xs, ys è µ , ïðåäñòàâè-
ìûå â âèäå àáñîëþòíî ñõîäÿùèõñÿ ðÿäîâ ïî öåëûì ïîëîæèòåëüíûì ñòåïåíÿì µ â èññëåäóåìîé
îáëàñòè èçìåíåíèÿ xs, ys, µ è äëÿ ëþáûõ τ â èíòåðâàëå [0,∞) :

X(xs, ys, τ, µ) = µXs1(xs, ys, τ) + µ2Xs2(xs, ys, τ) + . . . ,

Y (xs, ys, τ, µ) = µYs1(xs, ys, τ) + µ2Ys2(xs, ys, τ) + . . . ,

ãäå µ � ìàëûé ïîëîæèòåëüíûé ïàðàìåòð, τ = µt � ìåäëåííîå âðåìÿ, à

Xs1(xs, ys, τ), Ys1(xs, ys, τ), (i = 1, 2, ...)

� ìíîãî÷ëåíû îòíîñèòåëüíî xs è ys ëþáîé êîíå÷íîé ñòåïåíè mi ñ êîýôôèöèåíòàìè, ÿâëÿþùè-
ìèñÿ îãðàíè÷åííûìè ôóíêöèÿìè ïî τ ñ îãðàíè÷åííûìè ïî τ ïðîèçâîäíûìè ïðè÷åì

X(mi)
si (xs, ys, τ) =

mi∑

k
(i)
1 +...+k

(i)
n +e

(i)
1 +...+e

(i)
n =m0−1

A

(
k
(i)
1 ,...,e

(i)
n

)

si (τ)xk
(i)
1

1 . . . xk
(i)
n

n y
e
(i)
1

1 . . . ye
(i)
n

n ,

Y(mi)
si (xs, ys, τ) =

mi∑

k
(i)
1 +...+k

(i)
n +e

(i)
1 +...+e

(i)
n =m0−1

B

(
k
(i)
1 ,...,e

(i)
n

)

si (τ)xk
(i)
1

1 . . . xk
(i)
n

n y
e
(i)
1

1 . . . ye
(i)
n

n .

Äëÿ ñèñòåìû (1) â [3] ïðè íåêîòîðûõ îãðàíè÷åíèÿõ ïîëó÷åíû íåîáõîäèìûå è äîñòàòî÷íûå
óñëîâèÿ ñóùåñòâîâàíèÿ ðåøåíèé è ñïîñîáû èõ ïîñòðîåíèÿ. Â ñâÿçè ñ ýòèì äàííàÿ ðàáîòà ÿâëÿ-
åòñÿ åñòåñòâåííûì ïðîäîëæåíèåì ñòàòüè [3], ïîñâÿùåííîé ýòîìó æå âîïðîñó. Òàêèì îáðàçîì,
èññëåäóåòñÿ óñòîé÷èâîñòü ðåøåíèé ñèñòåìû (1) (ñì. [3]) α -ãî ïðèáëèæåíèÿ, íå ïðèâëåêàÿ ê
ðàññìîòðåíèþ óðàâíåíèÿ â âàðèàöèÿõ. Äëÿ ýòîãî ðàññìîòðèì êîðíè [3]

ρ
(i

(k)
1 )

1k , ρ
(i

(k)
2 )

2k , . . . , ρ
(i

(k)
n )

nk (2)
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èññëåäóåìîé ñèñòåìû (1) è ñ ó÷åòîì

ρ
′
s =

α∑

k=1

µk(−εs1)M̄
(s)
k Āsk

(
ρ
(i

(k)
s )

sk + εs1, τ
∗
)

+ µα+1Qs,α+1(. . .) + . . . ,

ρ
′
s =

α∑

k=1

µkε
M̄

(s)
k

s2 Āsk

(
ρ
(i

(k)
s )

sk − εs2, τ
∗
)

+ µα+1Qs,α+1(. . .) + . . .

ïåðåïèøåì èõ â ñëåäóþùåì âèäå:

ρ
′
s =

α∑

k=1

µk(−εs1)M̄
(s)
k Ãsk

(
ρ
(i

(k)
s )

sk + εs1, τ
∗
)

+ µα+1Qs,α+1

(
ρ
(i

(k)
s )

sk + εs1, τ
∗
)

, (3)

ρ
′
s =

α∑

k=1

µkε
M̄

(s)
k

s2 Ãsk

(
ρ
(i

(k)
s )

sk − εs2, τ
∗
)

+ µα+1Qs,α+1

(
ρ
(i

(k)
s )

sk − εs2, τ
∗
)

. (4)

Â ýòèõ ðàâåíñòâàõ çíàêè Ãsk


ρ

(
i
(k)
s

)

sk + εs1, τ
∗

 è Ãsk


ρ

(
i
(k)
s

)

sk − εs2, τ
∗

 îäèíàêîâû: èëè îáà

ïîëîæèòåëüíû èëè îáà îòðèöàòåëüíû, òàê êàê Ãsk ñîõðàíÿþò ïîñòîÿííûé çíàê è ñîãëàñíî [3]

ρ
′
s =

α∑

k=1

µk

[
ρs − ρ(i

(k)
s )

s (ρ(i
(k)
1 )

1k , . . . , ρ
(i

(k)
s−1)

s−1 , ρ
(i

(k)
s+1)

s+1,k , . . . , ρn,k(i(k)
n ), τ∗)

]M̄
(s)
k

Ā
(ρs,τ∗)
sk +

+µα+1Qs,α+1(. . .) + . . .

â ïðåäåëàõ ρs îò ρ
(i

(k)
s )

sk + εs1 äî ρ
(i

(k)
s )

sk − εs2, s = 1, 2, ..., n. ; Ïðè äîñòàòî÷íî ìàëîì çíà÷åíèè µ
çíàê ïðîèçâîäíûõ ρ

′
s êàê â (3), òàê è â (4) îïðåäåëÿåòñÿ ÷ëåíàìè α -ãî ïîðÿäêà ïî µ íåçàâèñèìî

îò ÷ëåíîâ µα+1 è âûøå. Òîãäà, åñëè Ãsk

(
ρ
(i

(k)
s )

sk + εs1, τ
∗
)

> 0, òî ρ
′
s < 0

è, åñëè Ãsk

(
ρ
(i

(k)
s )

sk − εs2, τ
∗
)

< 0, òî ρ
′
s > 0;

åñëè æå Ãsk

(
ρ
(i

(k)
s )

sk + εs1, τ
∗
)

< 0, òî ρ
′
s > 0

è, åñëè Ãsk

(
ρ
(i

(k)
s )

sk − εs2, τ
∗
)

> 0, òî ρ
′
s < 0.

Îòñþäà ìîæíî çàêëþ÷èòü, ÷òî ïðè Ãsk

(
ρ
(i

(k)
s )

sk , τ∗
)

> 0 ñòàöèîíàðíîå ðåøåíèå óñòîé÷èâî, à

ïðè Ãsk

(
ρ
(i

(k)
s )

sk , τ∗
)

< 0 íåóñòîé÷èâî. Ýòè óñëîâèÿ ìîæíî âûðàçèòü â âèäå òåîðåìû.
Òåîðåìà. Åñëè ñèñòåìà óðàâíåíèé (1) ïðè çíà÷åíèÿõ µ, óäîâëåòâîðÿþùèõ óñëîâèþ

1 +
α∑

k=1

µk

M
(s)
k∑

k
(s)
1 +...+k

(s)
n =m0−1

u
(k

(s)
1 ,...,k

(s)
n )

sk (θs, τ
∗)k(s)

s ρ
k
(s)
1

1 . . . ρk
(s)
n

n > 0,

òàêîâà, ÷òî ñîîòâåòñòâóþùèå ýòîé ñèñòåìå óðàâíåíèÿ [5]
α∑

k=1

µkQsk(ρ1, ρ2, . . . , ρn, τ∗) = 0

èìåþò âåùåñòâåííûå íåîòðèöàòåëüíûå êîðíè (2) íå÷åòíîé êðàòíîñòè, ðàâíîé M̄
(s)
k , è åñëè
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d
M̄

(s)
k Qsk(ρs,τ∗)

dρ
M̄

(s)
k

s

< 0 ïðè ρs = ρ
(i

(k)
s )

sk , òî ñòàöèîíàðíûå êîëåáàíèÿ, îòâå÷àþùèå êîðíÿì (2),

óñòîé÷èâû. Åñëè æå d
M̄

(s)
k Qsk(ρs,τ∗)

dρ
M̄

(s)
k

s

> 0 ïðè ρs = ρ
(i

(k)
s )

sk , òî êîëåáàíèÿ íåóñòîé÷èâû.
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ËÈÄÅÐÓ ÊÀÇÀÕÑÒÀÍÑÊÎÉ ÍÀÓÊÈ ÏÎÑÂßÙÀÅÒÑß

23 ìàÿ 2005 ã. íà 68-îì ãîäó æèçíè ñêîí÷àëñÿ âûäà-
þùèéñÿ êàçàõñòàíñêèé ó÷åíûé àêàäåìèê ÍÀÍ ÐÊ äîê-
òîð ôèçèêî-ìàòåìàòè÷åñêèõ íàóê ïðîôåññîð Óìèð-
çàê Ìàõìóòîâè÷ Ñóëòàíãàçèí. Èìÿ ýòîãî ÷åëîâåêà çàíè-
ìàåò äîñòîéíîå ìåñòî â ðÿäó ó÷åíûõ, âíåñøèõ çíà÷èòåëü-
íûé âêëàä â ðàçâèòèå íàóêè è îáðàçîâàíèÿ íàøåé ñòðàíû.

Ñòàíîâëåíèþ è ðàçâèòèþ íàóêè â Êàçàõñòàíå ñïîñîá-
ñòâîâàëî îáðàçîâàíèå â 40-õ ãîäàõ Àêàäåìèè íàóê Êàçàõ-
ñêîé ÑÑÐ. Ìàòåìàòè÷åñêàÿ íàóêà ñòàëà èíòåíñèâíî ðàçâè-
âàòüñÿ ñ ñîçäàíèÿ â àêàäåìèè ñåêòîðà ìàòåìàòèêè è ìåõà-
íèêè è ëàáîðàòîðèè ìàøèííîé è âû÷èñëèòåëüíîé ìàòåìà-
òèêè, íà áàçå êîòîðûõ â 1965 ãîäó áûë îòêðûò Èíñòèòóò
ìàòåìàòèêè è ìåõàíèêè. Âûäàþùèåñÿ ó÷åíûå Ì.Â. Êåë-
äûø, Í.Í. Áîãîëþáîâ, È.Ì. Âèíîãðàäîâ, À.À. Äîðîäíè-
öûí, À.Í. Òèõîíîâ, Ñ.Ë. Ñîáîëåâ, Ñ.Ì. Íèêîëüñêèé, È.Í.
Âåêóà, Ì.Ñ. Ëàâðåíòüåâ, Ã.È. Ìàð÷óê, Í.Í. ßíåíêî, Ñ.Ê.
Ãîäóíîâ îêàçàëè ñóùåñòâåííóþ ïîääåðæêó â äåëå ïîäãî-
òîâêè êàäðîâ è ôîðìèðîâàíèè îñíîâíûõ íàó÷íûõ íàïðàâ-
ëåíèé èíñòèòóòà. Â îðãàíèçàöèè êàçàõñòàíñêîé ìàòåìàòè-

÷åñêîé íàóêè íåîñïîðèì âêëàä êàçàõñòàíñêèõ ó÷åíûõ: Ê.Ï. Ïåðñèäñêîãî, Î.À. Æàóòûêîâà,
À.Ä. Òàéìàíîâà, Æ.Ñ. Åðæàíîâà, Ò.È Àìàíîâà, È.È. Êèìà è ìíîãèõ äðóãèõ ìàòåìàòèêîâ è
ìåõàíèêîâ, ïðîøåäøèõ ïîäãîòîâêó â êðóïíûõ íàó÷íûõ öåíòðàõ ÑÑÑÐ è óñïåøíî ïåðåíÿâøèõ
ýñòàôåòó ïðåäûäóùåãî ïîêîëåíèÿ ó÷åíûõ. Â ýòîì ðÿäó îñîáîå ìåñòî çàíèìàåò Ó.Ì. Ñóëòàíãà-
çèí.

Ó.Ì. Ñóëòàíãàçèí ðîäèëñÿ 4 îêòÿáðÿ 1936 ã. â ï. Êàðà-Îáà Óðèöêîãî ðàéîíà Êóñòàíàéñêîé
îáëàñòè. Âûïóñêíèê ìåõàíèêî-ìàòåìàòè÷åñêîãî ôàêóëüòåòà Êàç.ÃÓ èì. Ñ.Ì. Êèðîâà (1953�
1958 ãã.), íà÷àë ïðåïîäàâàòåëüñêóþ è íàó÷íóþ äåÿòåëüíîñòü òàì æå, ãäå ïðîðàáîòàë äî 1978
ãîäà, ïðîéäÿ ïóòü îò àññèñòåíòà, äî çàâåäóþùåãî êàôåäðîé âû÷èñëèòåëüíîé ìàòåìàòèêè. Â
1966 ãîäó Ó.Ì. Ñóëòàíãàçèí çàùèòèë êàíäèäàòñêóþ äèññåðòàöèþ íà òåìó "Ìåòîä ðàñùåïëå-
íèÿ äëÿ êèíåòè÷åñêîãî óðàâíåíèÿ ïåðåíîñà" (ñïåöèàëüíîñòü 01.01.07 � âû÷èñëèòåëüíàÿ ìà-
òåìàòèêà), âûïîëíåííóþ ïîä ðóêîâîäñòâîì àêàä.ÀÍ ÑÑÑÐ Í.Í. ßíåíêî. Çàùèòà äîêòîðñêîé
äèññåðòàöèè "Ìåòîä ñôåðè÷åñêèõ ãàðìîíèê äëÿ íåñòàöèîíàðíîãî êèíåòè÷åñêîãî óðàâíåíèÿ ïå-
ðåíîñà" (ñïåöèàëüíîñòü 01.01.02 � äèôôåðåíöèàëüíûå óðàâíåíèÿ è ìàòåìàòè÷åñêàÿ ôèçèêà)
ñîñòîÿëàñü â 1972 ã. â Èíñòèòóòå ìàòåìàòèêè Ñèáèðñêîãî îòäåëåíèÿ Àêàäåìèè íàóê ÑÑÑÐ (íà-
ó÷íûå êîíñóëüòàíòû Ã.È. Ìàð÷óê è Ñ.Ê. Ãîäóíîâ). Â 1974 ã. îí ñòàë ïðîôåññîðîì, à 1983 ã.
áûë èçáðàí àêàäåìèêîì ÀÍ ÊàçÑÑÐ.

Ñ 1978 ïî 1989 ãã. Ó.Ì. Ñóëòàíãàçèí ðàáîòàë äèðåêòîðîì Èíñòèòóòà ìàòåìàòèêè è ìåõàíèêè
ÀÍ ÊàçÑÑÐ. Íà ýòîì ïîñòó âíåñ áîëüøîé âêëàä â ðàçâèòèå ôóíäàìåíòàëüíûõ è ïðèêëàäíûõ
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èññëåäîâàíèé. Ïîä åãî ðóêîâîäñòâîì áûë îðãàíèçîâàí ìîùíûé Âû÷èñëèòåëüíûé Öåíòð êîë-
ëåêòèâíîãî ïîëüçîâàíèÿ. Â ýòè ãîäû èíñòèòóò äîñòèã íàèáîëüøåãî ðàñöâåòà è çàíÿë ïåðåäîâûå
ïîçèöèè â ìèðîâîé íàóêå.

Ñ 1985 ã. îí àêàäåìèê-ñåêðåòàðü Îòäåëåíèÿ ôèçèêî-ìàòåìàòè÷åñêèõ íàóê, ÷ëåí Ïðåçèäèóìà
ÀÍ ÊàçÑÑÐ, çàòåì âèöå-ïðåçèäåíò (1986�1988 ãã.) è ïðåçèäåíò ÀÍ ÊàçÑÑÐ (1988�1992 ãã.)
è ÍÀÍ ÐÊ (1992�1994 ãã.). Ñ 1996 ïî 1998 ïåðâûé çàìåñòèòåëü ìèíèñòðà - âèöå-ïðåçèäåíò
Ìèíèñòåðñòâà íàóêè � Àêàäåìèè íàóê ÐÊ. Â 2002�2003 � âèöå-ïðåçèäåíò ÍÀÍ ÐÊ.

Â äîëæíîñòè ïðåçèäåíòà Àêàäåìèè íàóê ïðîÿâèëñÿ òàëàíò Óìèðçàêà Ìàõìóòîâè÷à, íå
òîëüêî êàê êðóïíîãî ó÷åíîãî, íî è êàê âûäàþùåãîñÿ îðãàíèçàòîðà íàóêè. Èì ñîâìåñòíî ñ âå-
äóùèìè ó÷åíûìè Êàçàõñòàíà áûëè îïðåäåëåíû ãëàâíûå íàïðàâëåíèÿ íàó÷íûõ èññëåäîâàíèé,
ïîñòàâëåíû êîíêðåòíûå íàó÷íûå çàäà÷è äëÿ ðåøåíèÿ ñîöèàëüíûõ, ýêîíîìè÷åñêèõ, ýêîëîãè÷å-
ñêèõ è äð. àêòóàëüíûõ äëÿ ðåñïóáëèêè ïðîáëåì, ïðèâëå÷åíû ñàìûå âûñîêîêâàëèôèöèðîâàííûå
êàäðû äëÿ èõ ðåøåíèÿ.

Óìèðçàêó Ìàõìóòîâè÷ó âñåãäà áûëè ïðèñóùè òàêèå êà÷åñòâà, êàê òðóäîëþáèå, òðåáîâà-
òåëüíîñòü, ãîñóäàðñòâåííûé ïîäõîä ê äåëó. ßñíî ïîíèìàÿ àêòóàëüíîñòü ðàçâèòèÿ êîñìè÷åñêîé
îòðàñëè íàó÷íûõ èññëåäîâàíèé äëÿ ÐÊ, îí ñòàë îðãàíèçàòîðîì Èíñòèòóòà êîñìè÷åñêèõ èññëå-
äîâàíèé (ÈÊÈ) è åãî áåññìåííûì äèðåêòîðîì ñ 1991 ã. Ïîä åãî íåïîñðåäñòâåííûì ðóêîâîäñòâîì
â 1994 ãîäó â ÈÊÈ áûë îðãàíèçîâàí Öåíòð ïðèåìà è îáðàáîòêè ñïóòíèêîâîé èíôîðìàöèè.

Ìíîãîñòîðîííèå íàó÷íûå ñâÿçè ñ âåäóùèìè íàó÷íûìè öåíòðàìè ìèðà áûëè óñòàíîâëåíû
Ó.Ì.Ñóëòàíãàçèíûì â ðåçóëüòàòå ìíîãîëåòíåãî òðóäà â îáëàñòè ìàòåìàòè÷åñêîé òåîðèè ïåðå-
íîñà èçëó÷åíèé. Îí ñîçäàòåëü êàçàõñòàíñêîé íàó÷íîé øêîëû â ýòîé îáëàñòè íàóêè. Íàó÷íûå
ðåçóëüòàòû àêàäåìèêà Ñóëòàíãàçèíà ïîëó÷èëè ïðàêòè÷åñêîå âîïëîùåíèå ïðè ðàñ÷åòå ÿäåðíûõ
ðåàêòîðîâ, ðåøåíèè çàäà÷ àòìîñôåðíîé îïòèêè, äèñòàíöèîííîãî çîíäèðîâàíèÿ. Èì îïóáëèêî-
âàíî áîëåå 300 íàó÷íûõ ðàáîò, 10 ìîíîãðàôèé, ïîäãîòîâëåíî 6 äîêòîðîâ è áîëåå 30 êàíäèäàòîâ
íàóê. Çà öèêë ðàáîò ïî òåîðèè ïåðåíîñà â 1987 ã. îí áûë óäîñòîåí Ãîñóäàðñòâåííîé ïðåìèè
ÑÑÑÐ, â 1989 ã. ïðåìèè Àêàäåìèè íàóê ÑÑÑÐ è ×åõîñëîâàöêîé àêàäåìèè íàóê â îáëàñòè åñòå-
ñòâåííûõ íàóê. Îí ëàóðåàò Ïðåìèè "Òàðëàí-2002".

Ïî ïðèãëàøåíèþ âåäóùèõ çàðóáåæíûõ íàó÷íûõ öåíòðîâ è óíèâåðñèòåòîâ Óìèðçàê Ìàõìó-
äîâè÷ ÷èòàë ëåêöèè â Êàðëîâîì óíèâåðñèòåòå (Ïðàãà), â Ïàðèæñêîì óíèâåðñèòåòå, â Ìåæ-
äóíàðîäíîé ìàòåìàòè÷åñêîé øêîëå èì. Áàíàõà (Ïîëüøà), â Ñòýíôîðäñêîì è Ìýðèëåíäñêîì
óíèâåðñèòåòàõ (ÑØÀ), â Êèîòî óíèâåðñèòåòå â ßïîíèè.

Íà ïðîòÿæåíèè ìíîãèõ ëåò îí áûë ðåäàêòîðîì íàó÷íûõ æóðíàëîâ: "Äîêëàäû ÌÂÎèÍ è
ÀÍ ÐÊ", "Äîêëàäû ÍÀÍ ÐÊ" (1992, 1995, 1998�2004), "Èçâåñòèÿ Àêàäåìèè Íàóê ÊàçÑÑÐ"
íûíå "Èçâåñòèÿ ÍÀÍ ÐÊ", ñåðèÿ ôèçèêî-ìàòåìàòè÷åñêàÿ" (1987�1990, 2000�2002), "Âåñòíèê
ÀÍ ÊàçÑÑÐ", "Âåñòíèê ÍÀÍ ÐÊ" (1988�1990, 2003�2004ãã.). Îí ÿâëÿëñÿ ÷ëåíîì ðåäêîëëåãèé
ìíîãèõ ìåæäóíàðîäíûõ æóðíàëîâ, âîçãëàâëÿë Ìàòåìàòè÷åñêîå îáùåñòâî ÐÊ ñ ìîìåíòà åãî
îñíîâàíèÿ.

Â 1994 ã. Ó.Ì. Ñóëòàíãàçèí áûë èçáðàí ÷ëåí-êîððåñïîíäåíòîì Ðîññèéñêîé àêàäåìèè êîñìî-
íàâòèêè, ÷ëåíîì-êîððåñïîíäåíòîì Ìåæäóíàðîäíîãî ñîþçà íàó÷íûõ ðàáîòíèêîâ ðàäèî (URSI,
Áåëüãèÿ). Â 1994�2003 ãã. áûë ÷ëåíîì Óïðàâëÿþùåãî ñîâåòà Ìåæäóíàðîäíîãî èíñòèòóòà ïðè-
êëàäíîãî ñèñòåìíîãî àíàëèçà (IIASA, Àâñòðèÿ) îò Ðåñïóáëèêè Êàçàõñòàí, c 2002 ã. ÷ëåí Êàíàä-
ñêîãî íàó÷íîãî îáùåñòâà ïî äèñòàíöèîííîìó çîíäèðîâàíèþ. Óìèðçàê Ìàõìóäîâè÷ îñóùåñòâ-
ëÿë íàó÷íîå ðóêîâîäñòâî âñåõ êàçàõñòàíñêèõ ïðîãðàìì íàó÷íûõ èññëåäîâàíèé è ýêñïåðèìåíòîâ
íà áîðòó îðáèòàëüíîãî êîìïëåêñà "Ìèð" ñ ó÷àñòèåì êîñìîíàâòîâ Ò.Î. Àóáàêèðîâà è Ò.À. Ìó-
ñàáàåâà (1991, 1994, 1998 ãã.) è Ïðîãðàììû íàó÷íûõ èññëåäîâàíèé è ýêñïåðèìåíòîâ Ðåñïóáëèêè
Êàçàõñòàí íà áîðòó ìåæäóíàðîäíîé êîñìè÷åñêîé ñòàíöèè ñ ó÷àñòèåì Ò.À. Ìóñàáàåâà (2001 ã).
Íà áàçå Åâðàçèéñêîãî íàöèîíàëüíîãî óíèâåðñèòåòà èì. Ë.Ãóìèëåâà â Àñòàíå ïîä ðóêîâîäñòâîì
Ñóëòàíãàçèíà ñîçäàí ôèëèàë Èíñòèòóòà êîñìè÷åñêèõ èññëåäîâàíèé � Öåíòð êîñìè÷åñêîãî ìî-
íèòîðèíãà (2003ã.). Çäåñü âïåðâûå â Êàçàõñòàíå âíåäðåíà òåõíîëîãèÿ ïðèåìà, àðõèâàöèè è
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îáðàáîòêè äàííûõ âûñîêîãî ðàçðåøåíèÿ (5,6 ì) ñ èíäèéñêèõ ñïóòíèêîâ ñåðèè IRS íà îñíîâå
ëèöåíçèîííîãî ñîãëàøåíèÿ ñ Èíäèéñêèì êîñìè÷åñêèì àãåíòñòâîì. Ñåðòèôèöèðîâàíà ñòàíöèÿ
ïðèåìà äàííûõ àêòèâíîãî çîíäèðîâàíèÿ ñ êàíàäñêîãî ñïóòíèêà RADARSAT-1. Ïåðâàÿ êàçàõ-
ñòàíñêàÿ ñòàíöèÿ âêëþ÷åíà â ìåæäóíàðîäíóþ ñåòü ñòàíöèé ïðèåìà äàííûõ RADARSAT.

Ó.Ì. Ñóëòàíãàçèí èçáèðàëñÿ äåïóòàòîì Âåðõîâíîãî Ñîâåòà Êàçàõñêîé ÑÑÐ îäèííàäöàòîãî
ñîçûâà (1986�1990), íàðîäíûì äåïóòàòîì ÑÑÑÐ îò Êàðàãàíäèíñêîãî-Îêòÿáðüñêîãî íàöèîíàëü-
íî-òåððèòîðèàëüíîãî îêðóãà � 142 (1989�1991). Îí ÷ëåí Ñîâåòà ïðåçèäåíòîâ Àêàäåìèé íàóê
ÑÍÃ, ïðåäñåäàòåëü Êàçàõñêîãî ðåñïóáëèêàíñêîãî Ôîíäà ìèðà. Íàãðàæäåí îðäåíàìè Ëåíèíà
(1991 ã.), Òðóäîâîãî Êðàñíîãî Çíàìåíè (1987 ã.), ìåäàëüþ èì. Ñ.Ï. Êîðîëåâà (1986 ã.), ìå-
äàëüþ èì. Ï.Ë. Êàïèöû (1996 ã.), Áîëüøîé áðîíçîâîé ìåäàëüþ Ìåæäóíàðîäíîé Àññîöèàöèè
ó÷àñòíèêîâ êîñìè÷åñêèõ ïîëåòîâ (ASE) � çà êðóïíûé âêëàä â ðàçâèòèå êîñìè÷åñêèõ èññëåäî-
âàíèé â Êàçàõñòàíå (2001 ã.), þáèëåéíîé ìåäàëüþ ê 10-ëåòèþ íåçàâèñèìîñòè Êàçàõñòàíà (2001),
äâóìÿ ïî÷åòíûìè ãðàìîòàìè Ïðåçèäèóìà Âåðõîâíîãî Ñîâåòà Êàçàõñêîé ÑÑÐ (1982 ã., 1986 ã.),
ïî÷åòíîé ãðàìîòîé Ðîññèéñêîé Àêàäåìèè êîñìîíàâòèêè èì. Ê.Ý. Öèîëêîâñêîãî (2002 ã.). Â 2004
ãîäó îí áûë óäîñòîåí âûñîêîé ãîñóäàðñòâåííîé íàãðàäû � îðäåíà "Ïàðàñàò"çà âûäàþùèéñÿ
âêëàä â ðàçâèòèå íàóêè è ôîðìèðîâàíèå êîñìè÷åñêîé îòðàñëè â ÐÊ.

Ïðîÿâëÿÿ ãëóáîêèé ïîäõîä ê ñîöèàëüíî-ýêîíîìè÷åñêîìó ðàçâèòèþ Êàçàõñòàíà, àêàä. Ó.Ì.
Ñóëòàíãàçèí ðóêîâîäèë ðàáîòîé ïî ðÿäó ïåðñïåêòèâíûõ íàïðàâëåíèé, ñâÿçàííûõ ñ ïðîãðàì-
ìàìè óñòîé÷èâîãî ðàçâèòèÿ íàøåé ñòðàíû, ðåøåíèÿ àêòóàëüíûõ ïðèêëàäíûõ çàäà÷ ïî êîñ-
ìè÷åñêîìó ìîíèòîðèíãó ñåëüñêîõîçÿéñòâåííûõ óãîäèé â ðåãèîíàõ Ñåâåðíîãî, Öåíòðàëüíîãî
è Çàïàäíîãî Êàçàõñòàíà, ìîíèòîðèíãà ÷ðåçâû÷àéíûõ ñèòóàöèé è òåõíîãåííûõ âîçäåéñòâèé â
ðàçëè÷íûõ îáëàñòÿõ ðåñïóáëèêè ïî çàêàçàì çàèíòåðåñîâàííûõ Ìèíèñòåðñòâ, âåäîìñòâ è îá-
ëàñòíûõ àêèìàòîâ. Îí áûë èíèöèàòîðîì ðàçðàáîòêè Ãîñóäàðñòâåííîé Ïðîãðàììû ðàçâèòèÿ
êîñìè÷åñêîé îòðàñëè â ÐÊ íà 2005�2007 ãîäû, êîòîðàÿ óòâåðæäåíà óêàçîì ïðåçèäåíòà ÐÊ
Í.À. Íàçàðáàåâà îò 25 ÿíâàðÿ 2005 ã.

Ìå÷òîé åãî æèçíè áûëî æåëàíèå óâèäåòü Êàçàõñòàí êðóïíîé èíäóñòðèàëüíîé ñòðàíîé, âî-
îðóæåííîé ñîâðåìåííûìè äîñòèæåíèÿìè íàóêè è òåõíèêè. Îí ìíîãîå ñäåëàë äëÿ ýòîãî. Òÿæåëî
ïåðåæèâàÿ çà êàçàõñòàíñêóþ íàóêó, îêàçàâøóþñÿ â ïîñëåäíåå äåñÿòèëåòèå â çàòÿæíîì êðèçèñå,
îí äåëàë âñå, ÷òî áûëî â åãî ñèëàõ, äëÿ åå âûæèâàíèÿ.

Îí áûë âûñîêî ýðóäèðîâàííûì ÷åëîâåêîì, ñïîñîáíûì ðàçîáðàòüñÿ â ëþáîé íàó÷íî-òåõíè-
÷åñêîé ïðîáëåìå, áåçóñëîâíûì ëèäåðîì êàçàõñòàíñêîé íàóêè, ÷åëîâåêîì, ÷üèì ìíåíèåì è îò-
íîøåíèåì äîðîæèëè, à ñîâåòàì ñòàðàëèñü ñëåäîâàòü.

Ñ ãëóáîêèì óâàæåíèåì ê ñâåòëîé ïàìÿòè
Óìèðçàêà Ìàõìóòîâè÷à åãî êîëëåãè è ó÷åíèêè
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ÐÅÔÅÐÀÒÛ � ABSTRACTS

ÓÄÊ: 517.95 2000 MSC: 35L20
Abdikalikova G.A. On solvability of one the non-local boundary value problem//

Mathematical journal. 2005. Vol. 5. �. 3 (17). P.5�10.
A linear boundary value problem for the systems of hyperbolic equations is under consideration

by the parameterizations method. Su�cient coe�cients conditions of unique existence of a solution
of this problem are obtained by the parameterizations method as well as algorithm of �nding the
solution.

References � 7.

ÓÄÊ: 517.95 2000 MSC: 35L20
�áäiõàëû©îâà �.�. Ëîêàëüäû åìåñ øåòòiê åñåïòi­ øåøiìäiëiãi òóðàëû // Ìàòåìà-

òèêàëû© æóðíàë. 2005. Ò. 5. � 3 (17). Á.5�10.
Ãèïåðáîëàëû© òèïòi òå­äåóëåð æ³éåñi ³øií ñûçû©òû øåòòiê åñåï çåðòòåëãåí. Ïàðàìåòðëåó

ºäiñi àð©ûëû ©àðàñòûðûë¡àí åñåïòi­ øåøiìiíi­ áàð æºíå æàë¡ûç áîëóûíû­ êîýôôèöèåíòòiê
æåòêiëiêòi øàðòòàðû àëûí¡àí æºíå øåiìäi òàáó àëãîðèòìi ´ñûíûë¡àí.

Áèáë. � 7.

ÓÄÊ: 517.9 2000 MSC: 35D05, 35Q30
Abulkairov U.U. On unique solvability of a �ow problem for 2D and 3D Navier -

Stokes system. II. // Mathematical journal. 2005. Vol. 5. �. 3 (17). P.11�18.
Theorems of existence and uniqueness of strong solutions of two �ow problems for 2D � 3D

Navier - Stokes system with nonstandard conditions are received.
References � 2.

ÓÄÊ: 517.9 2000 MSC: 35D05, 35Q30
Àáûëêàèðîâ Ó.Ó. 2-3 °ëøåìäi Íàâüå - Ñòîêñ æ´éåñi ³øií à¡ó åñåáiíi­ áiðìºíäi

øåøiëói II // Ìàòåìàòèêàëû© æóðíàë. 2005. Ò. 5. � 3 (17). Á.11�18.
Åêi æºíå ³ø °ëøåìäi Íàâüå - Ñòîêñ æ³éåëåði ³øií åêi åñåïòåðiíi­ ê³øòi øåøiìäåðiíi­ áàð

æºíå æàë¡ûçäû¡û òóðàëû òåîðåìà äºëåëäåíäi.
Áèáë. � 2.



Ðåôåðàòû 111

ÓÄÊ: 004.3 2000 MSC: 65G40

Baymuhamedov M.F. Synthesis of Adaptive Automatization Learning System// Mathe-
matical journal. 2005. Vol. 5. �. 3 (17). P.19�24.

Principles of constructions of adaptive automatization management systems of the complex
objects are considered. An analytical model of the object is under control is proposed. The algorithms
for construction of the adaptive automatization learning system is given.

References � 3.

ÓÄÊ: 004.3 2000 MSC: 65G40

Áàéìóõàìåäîâ Ì.Ô. Àäàïòû àâòîìàòòàíäûðûë¡àí î©ûòó æ³éåñiíi­ ñèíòåçi//
Ìàòåìàòèêàëû© æóðíàë. 2005. Ò. 5. � 3 (17). Á. 19�24.

Ê³ðäåëi îáúåêòi ëåðäi áàñ© àðó æ³éåëåðií àäàïòèâòi àâòîìàòòàíäûðó ïðèíöèïòåði ©àðàñ-
òûðûë¡àí, ìàòðèöàëû© ò³ðäå îáúåêòi áàñêàðóäû­ àíàëèòèêàëû© ìîäåëi áåðiëãåí, î©ûòó æ³é-
åñiíi­ àäàïòèâòi àâòîìàòòàíäûðó æîáàëàó àëãîðèòìäåði êåëòi ðiëãåí.

Áèáë. � 3.

ÓÄÊ: 519.624 2000 MSC: 34B37

Bakirova E. A. On necessary and su�cient conditions of unique solvability of two
points boundary value problem for loaded di�erential equations.// Ìàòåìàòèêàëû© æóð-
íàë. 2005. Ò. 5. � 3 (17). Á. 25�34.

Two-points boundary value problem for loaded di�erential equations is investigated by parametri-
zation method. The coe�cient necessary and su�cient conditions of unique solvability of the problem
are established.

References � 4.

ÓÄÊ: 519.624 2000 MSC: 34B373

Áºêiðîâà Ý. À. Æ³êòåëãåí äèôôåðåíöèàëäû© òå­äåóëåð ³øií åêi í³êòåëi øåò-
òiê åñåïòi­ áiðìºíäi øåøiëiìäiëiãiíi­ ©àæåòòi æºíå æåòêiëiêòi øàðòòàðû òóðàëû//
Mathematical journal. 2005. Vol. 5. �. 3 (17). P. 25�34.

Æ³êòåëãåí äèôôåðåíöèàëäû© òå­äåóëåð ³øií åêi í³êòåëi øåòòiê åñåï ïàðàìåòðëåó ºäiñiìåí
çåðòòåëåäi. �àðàñòûðûëûï îòûð¡àí åñåïòi­ áiðìºíäi øåøiëiìäiëiãiíi­ êîýôôèöèåíòòiê ©àæåòòi
æºíå æåòêiëiêòi øàðòòàðû òà¡àéûíäàë¡àí.

Áèáë. � 4.

ÓÄÊ: 519.62 2000 MSC: 42À16

Ixsanov E.B. Su�cient conditions of existence of gamographic solution of Newton
nine-body problem// Mathematical journal. 2005. Vol. 5. �. 3 (17). P. 35�39.

A theorem of su�cient conditions of existence of gamographic solution of Newton nine-body
problem that is represented as two rotating squares with the same angular velocity is proved.

References � 5.
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ÓÄÊ: 519.62 2000 MSC: 42À16

È©ñàíîâ Å.Â. Íüþòîíäû© òî¡ûç äåíå åñåáiíi­ ãàìîãðàôèêàëû© øåøói áîëóûíû­
æåòêiëiêòi øàðòòàðû.// Ìàòåìàòèêàëû© æóðíàë. 2005. Ò. 5. � 3 (17). Á.35�39.

Áiðäåé á´ðûøòû© æûëäàìäû©ïåí àéíàëàòûí ©îñ êâàäðàò áåéíåñiíäåãi òî¡ûç äåíåíi­ Íüþ-
òîí åñåáiíi­ ãàìîãðàôèÿëû© øåøiìiíi­ áàð áîëóûíû­ æåòêiëiêòi øàðòû òóðàëû òåîðåìà äºëåë-
äåíåäi.

Áèáë. � 5.

ÓÄÊ: 517.925 2000 MSC: 34B40

Kokotova Eh.V. A approximation of bounded solution of the system of the linear
ordinary di�erential equations with unbounded coe�cients// Mathematical journal. 2005.
Vol. 5. �. 3 (17). Ð.40�43.

A problem of �nding bounded solutions of systems of linear ordinary di�erential equations
with unbounded matrix is investigated. Regular two points boundary value problems approximating
original problem are constructed. Interrelations of correct solvability of original and approximating
problems are established. Estimated of approximation is obtained.

References � 3.

ÓÄÊ: 517.925 2000 MSC: 34B40
Êîêîòîâà Å.Â. Êîýôôèöèåíòòåði øåêòåëìåãåí ñûçû©òû æºé äèôôåðåíöèàëäû©

òå­äåóëåð æ³éåñiíi­ øåêòåëãåí øåøiìií àïïðîêñèìàöèÿëàó. // Ìàòåìàòèêàëû© æóð-
íàë. 2005. Ò. 5. � 3 (17). Á.40�43.

Øåêòåëìåãåí ìàòðèöàñû áàð ñûçû©òû æºé äèôôåðåíöèàëäû© òå­äåóëåð æ³éåñiíi­ øåê-
òåëãåí øåøiìií òàáó åñåái çåðòòåëåäi. Áàñòàï©û åñåïòi àïïðîêñèìàöèÿëàéòûí ðåãóëÿðëû ©îñ
í³êòåëi øåòòiê åñåï ò´ð¡ûçûë¡àí. Áàñòàï©û åñåï ïåí àïïðîêñèìàöèÿëàóøû åñåïòi­ êîððåê-
òiëi øåøiëiìäiëiêòåði àðàñûíäà¡û °çàðà áàéëàíûñ òà¡àéûíäàë¡àí. Àïïðîêñèìàöèÿ áà¡àëàóû
àëûí¡àí.

Áèáë. � 3.

ÓÄÊ: 517.938 2000 MSC: 34D08
Kapshaev I.R. On the one singular property of perturbed linear systems of di�erential

equations.// Mathematical journal. 2005. Vol. 5. �. 3 (17). P.44�52.

A family of morphisms of vector strati�cation de�ned by the linear systems of di�erential
equations is investigated. It is proved that the this family of morphisms of vector strati�cation
is not sated.

References � 5.

ÓÄÊ: 517.938 2000 MSC: 34D08

Êàïøàåâ È.Ð. Ñûçû©òû© äèôôåðåíöèàëäû© òå­äåóëåðiíå ïàðàïàð àóûò©û¡àí
ñûçû©òû© äèôôåðåíöèàëäû© æ³éåëåðiíi­ ©àñèåòòåðiíi­ áið åðåêøåëiãi òóðàëû.//
Ìàòåìàòèêàëû© æóðíàë. 2005. Ò. 5. � 3 (17). Á.44�52.

Ìàòåìàòè÷åñêèé æóðíàë 2005. Òîì 5. � 3 (17)



Ðåôåðàòû 113

Ñûçû©òû© äèôôåðåíöèàëäû© òå­äåóëåðiíå ïàðàïàð äèôôåðåíöèàëäû© òå­äåóëåð æ³éå-
ëåðiìåí àíû©òàë¡àí ìåãçåìåëiê òåêøåëåðäi­ ò´ðïàòòû© ³éiði çåðòòåëãåí. Ê°ðñåòiëãåí ìåãçå-
ìåëiê òåêøåëåðäi­ ò´ðïàòòû© ³éiði ©àíû©©àí áîëìàéòûíäû¡û äºëåëäåíãåí.

Áèáë. � 5.

ÓÄÊ: 517.946 2000 MSC: 35M10, 35P15
Muratbekov M.B., Muratbekov M.M. Estimates of spectrum of one class of mixed type

operators // Mathematical journal. 2005. Vol. 5. �. 3 (17). P.53�60.
In this paper semi-periodical Dirichlet problem for one class of mixed type equations is studied.

Under some coe�cients conditions the following results are received: smoothness of solutions, two-
sided estimates of singular and eigne values.A problem of many gravitating bodies with isotrope
variable masses changing with di�erent temps on time is under consideration. Di�erential equations
of motion are obtained in barycentric coordinates. Invariants of center of mass are received.

References � 14.

ÓÄÊ: 517.946 2000 MSC: 35M10, 35P15
Ìóðàòáåêîâ Ì.Á., Ìóðàòáåêîâ Ì.Ì. Àðàëàñ òèïòi áið êëàñ îïåðàòîðëàðäi­ ñïåê-

òðiíi­ áà¡àëàðû. // Ìàòåìàòèêàëû© æóðíàë. 2005. Ò. 5. � 3 (17). Á.53�60.
Á´ë ìà©àëàäà àðàëàñ òèïòi áið êëàñ òå­äåóëåðãå àðíàë¡àí Äèðèõëå åñåái çåðòòåëåäi. Êî-

ýôôèöèåíòåðãå êåéáið øàðòòàð îðûíäàë¡àíäà êåëåñi íºòèæåëåð àëûí¡àí: øåøiìíi­ òåãiñòiãi,
ñèíãóëÿðëû æºíå ìåíøiêòi ñàíäàðäû­ åêi æà©òû áà¡àëàðû.

Áèáë. � 14.

ÓÄÊ: 517.956.3 2000 MSC: 35L20, 35L70
Ospanov M.N. Bounded solutions of a family of systems of di�erential equations and

their applications.// Mathematical journal. 2005. Vol. 5. �. 3 (17). P.61�67.
Su�cient conditions of existence of a unique bounded on the whole axis solution of a family of

system of ordinary di�erential equations with unbounded coe�cients and unbounded right side of
the equations are obtained as well as their estimates. The results are used for getting conditions
existence and uniqueness of bounded on the stripe solution of a system hyperbolic equations with
unbounded coe�cients and unbounded right side of the equations.

References � 6.

ÓÄÊ: 517.956.3 2000 MSC: 35L20, 35L70
Îñïàíîâ Ì.Í. Äèôôåðåíöèàëäû© òå­äåóëåð æ³éåëåði ºóëåòiíi­ øåêòåëãåí øå-

øiìäåði æºíå îëàðäû­ ©îëäàíûìäàðû.// Ìàòåìàòèêàëû© æóðíàë. 2005. Ò. 5. � 3 (17).
Á.61�67.

Î­ æà¡û ìåí êîýôôèöèåíòòåði øåêòåëìåãåí äèôôåðåíöèàëäû© òå­äåóëåð æ³éåëåði ºó-
ëåòiíi­ á³êië îñüòåãi øåêòåëãåí øåøiìiíi­ æàë¡ûç áîëóûíû­ æåòêiëiêòi øàðòòàðû àëûí¡àí
æºíå îíû­ áà¡àñû òà¡àéûíäàë¡àí. Íºòèæåëåð î­ æà¡û ìåí êîýôôèöèåíòòåði øåêòåëìåãåí ãè-
ïåðáîëàëû© òå­äåóëåð æ³éåñiíi­ æîëà©òà¡û øåêòåóëi øåøiìiíi­ æàë¡ûç áîëóûíû­ øàðòòàðûí
òàáó¡à ïàéäàëàíûë¡àí.

Áèáë. � 6.
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ÓÄÊ: 517.9215.8 2000 MSC: 35À05, 35Ê20
Sakhauyeva M.A. On asymptotic behavior of a solution of one-dimensional two-phase

degenerated Muskat-Verigin problem. // Mathematical journal. 2005. Vol. 5. �. 3 (17). P.68�
74.

Asymptotic behavior of a solution of one-dimensional two-phase degenerated Muskat-Verigin
problem for large time is studied.

References � 7.

ÓÄÊ: 517.925.8 2000 MSC: 35À05, 35Ê20
Ñàõàóåâà Ì.À. Áið °ëøåìäi åêi ôàçàëû© Ìàñêåò-Âåðèãèí °çãåøåëåíãåí åñåïòåð

øåøiìiíi­ àñèìïòîòàëû© ñèïàòòàìàñû.// Ìàòåìàòèêàëû© æóðíàë. 2005. Ò. 5. � 3 (17).
Á.68�74.

Óà©ûòòû­ ³ëêåí ìºíäåði ³øií áið °ëøåìäi åêi ôàçàëû© Ìàñêåò-Âåðèãèí °çãåøåëåíãåí åñåï-
òåð øåøiìiíi­ àñèìïòîòàëû© ñèïàòòàìàñû çàðòòåëãåí.

Áèáë. � 7.

ÓÄÊ: 517.956 2000 MSC: 37Ñ75
Sambetova A.A. A special boundary value problem for biparabolic equation with

nonconstant or varying coe�cients // Mathematical journal. 2005. Vol. 5. �. 3 (17). P.75�81.
In this article the existence of a solution of boundary value problem for biparabolic equation

with nonconstant or varying coe�cients is proved by constructing special potentials.
References � 4.

ÓÄÊ: 517.956 2000 MSC: 37Ñ75
Ñàìáåòîâà À.À. Êîýôôèöèåíòòåði àéíûìàëû áèïàðàáîëàëû© òå­äåó ³øií åðåê-

øå øåêàðàëû© åñåï. // Ìàòåìàòèêàëû© æóðíàë. 2005. Ò. 5. � 3 (17). Á.75�81.
Ìà©àëàäà êîýôôèöèåíòòåði àéíûìàëû áèïàðàáîëàëû© òå­äåó ³øií øåêàðàëû© åñåïòi­ øå-

øiìiíi­ áàð áîëóûí àðíàéû ïîòåíöèàëäàð ©´ðó æºíå îëàðäû­ ©àñèåòòåðií êåëòiðó àð©ûëû
äºëåëäåíãåí.

Áèáë. � 4.

ÓÄÊ: 517.946 2000 MSC: 35A20, 35A25, 35C05
Talipova M.Zh. On existence of normal solutions of nonhomogeneous systems of

second order partial di�erential equations // Mathematical journal. 2005. Vol. 5. �. 3 (17).
P.82�86.

The nesessary conditions of existence of normal solutions of nonhomogeneous systems of second
order partial di�erential equations are established by Frobenius-Latysheva's method. The require-
ments for recursive systems de�ning of unknown coe�cients of normal solutions under which these
conditions are also su�cient are found.

References � 4.

ÓÄÊ: 517.946 2000 MSC: 35A20, 35A25, 35C05
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Òàëèïîâà Ì.Æ. Åêiíøi ðåòòi äåðáåñ òóûíäûëû áiðòåêòi åìåñ äèôôåðåíöèàëäû©
òå­äåóëåð æ³éåñiíi­ ©àëûïòû øåøiìiíi­ áàð áîëóû // Ìàòåìàòèêàëû© æóðíàë. 2005.
Ò. 5. � 3 (17). Á.82�86.

Ôðîáåíèóñ-Ëàòûøåâà ºäiñiìåí åêiíøi ðåòòi äåðáåñ òóûíäûëû áiðòåêòi åìåñ äèôôåðåíöèàë-
äû© òå­äåóëåð æ³éåñiíi­ ©àëûïòû øåøiìi áîëóûíû­ ©àæåòòi øàðòòàðû òà¡àéûíäàëäû. �à-
ëûïòû øåøiìíi­ áåëãiñiç êîýôôèöèåíòòåðií àíû©òàéòûí ðåêóððåíòòi æ³éåëåðãå òàëàïòàð òà-
áûëäû, ñîíûìåí ©àòàð á´ë øàðòòàð æåòêiëiêòi áîëàäû.

Áèáë. � 4.

ÓÄÊ: 519.624 2000 MSC: 34B37
Tleulesova A.B. On a correct solvability of two-points boundary value problem with

impulse in�uence. // Mathematical journal. 2005. Vol. 5. �. 3 (17). P.87�95.
Linear two-points boundary value problem with impulse in�uence for a system of ordinary

di�erential equations is considered.
The necessary and su�cient conditions of correct solubility of the problem correct solvability are

established.
References � 10.

ÓÄÊ: 519.624 2000 MSC: 34B37
Òiëåóëåñîâà À.Á. Åêi í³êòåëi èìïóëüñòiê ºñåði áàð øåòòiê åñåïòi­ êîððåêòi øåøi-

ëiìäiëiãi òóðàëû // Ìàòåìàòèêàëû© æóðíàë. 2005. Ò. 5. � 3 (17). Á.87�95.
Êºäiìãi äèôôåðåíöèàëäû© òå­äåóëåð æ³éåñi ³øií ñûçû©òû© åêi í³êòåëi èìïóëüñòiê ºñåði

áàð øåòòiê åñåï ©àðàñòûðûëàäû. Áåðiëãåí åñåïòi­ êîððåêòi øåøiëiìäiëiãiíi­ ©àæåòòi æºíå æåò-
êiëiêòi øàðòòàðû òà¡àéûíäàë¡àí.

Áèáë. � 10.

ÓÄÊ: 539.3:534.1 2000 MSC: 74H35
Ukrainets V.N. Response of springy half space on running along axis periodic load.

// Mathematical journal. 2005. Vol. 5. �. 3 (17). P.96�102.
It's solved f problem of in�uence of periodic load on the springy half-space that is running along

a free surface of the axis of the half-space with constant velocity.
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Ñòàòüè, íàïðàâëÿåìûå â "Ìàòåìàòè÷åñêèé æóðíàë", äîëæíû óäîâëåòâîðÿòü ñëåäóþ-

ùèì òðåáîâàíèÿì:

1. Ñòàòüÿ ìîæåò áûòü ïðåäñòàâëåíà â ïîëíîì îáúåìå èëè â âèäå êðàòêîãî ñîîáùåíèÿ íà
ðóññêîì èëè àíãëèéñêîì ÿçûêàõ.

2. Ñòàòüÿ ïðåäñòàâëÿåòñÿ â äâóõ ýêçåìïëÿðàõ è ÿâëÿåòñÿ îðèãèíàëîì äëÿ ïå÷àòè. Â ëåâîì
âåðõíåì óãëó íåîáõîäèìî óêàçàòü èíäåêñÓÄÊ, äàëåå íàçâàíèå ñòàòüè è ôàìèëèè àâòîðîâ
ïî àëôàâèòó.

3. Ê ñòàòüå ïðèëàãàþòñÿ â äâóõ ýêçåìïëÿðàõ íà êàçàõñêîì, ðóññêîì è àíãëèéñêîì ÿçûêàõ
(äëÿ ñòàòüè íà àíãëèéñêîì ÿçûêå òîëüêî íà àíãëèéñêîì): íàçâàíèå ñòàòüè; ôàìèëèè è èíè-
öèàëû àâòîðîâ; êëþ÷åâûå ñëîâà; àâòîðåôåðàò ñ óêàçàíèåì èíäåêñà 2000 Mathematics
Subject Classi�cation.

4. Êðîìå òâåðäûõ êîïèé íåîáõîäèìî ïðåäñòàâèòü â ðåäàêöèþ äèñêåòó ñ ïîäãîòîâëåííûì â
LATEXtex-ôàéëîì ñòàòüè èëè ïåðåñëàòü åãî ýëåêòðîííîé ïî÷òîé e-mail: journal@math.kz
(ñì. îáðàçåö îôîðìëåíèÿ ñòàòüè â http://www.math.kz/ â ðàçäåëå "Ìàòåìàòè÷åñêèé
æóðíàë").

5. Îáúåì ñòàòåé (ñòàíäàðòíûé ôîðìàò â LATEX) íå äîëæåí ïðåâûøàòü 10 æóðíàëüíûõ ñòðà-
íèö (íå áîëåå 20 ìàøèíîïèñíûõ ñòð. ÷åðåç 2 èíòåðâàëà), êðàòêèå ñîîáùåíèÿ � 3 æóð-
íàëüíûå ñòðàíèöû (íå áîëåå 6 ìàøèíîïèñíûõ ñòð. ÷åðåç 2 èíòåðâàëà). Îáúåì ðåôåðàòà
� íå áîëåå 1/4 ñòð. (0,5 ìàøèíîïèñíîé ñòð.).

6. Íóìåðîâàííûå ôîðìóëû ñëåäóåò ïèñàòü â îòäåëüíîé ñòðîêå.

7. Ñïèñîê ëèòåðàòóðû ñîñòàâëÿåòñÿ ïî ïîðÿäêó ññûëîê â òåêñòå. Ïðè ññûëêå íà ìîíîãðàôèþ
íåîáõîäèìî óêàçàòü ñòðàíèöó (íàïðèìåð, [1, ñ.45]). Ññûëêè íà íåîïóáëèêîâàííûå ðàáîòû
íå äîïóñêàþòñÿ. Ñïèñîê ëèòåðàòóðû ïðèâîäèòñÿ â ñëåäóþùåì âèäå.
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