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ẋ = A(t)x+B(t)u+ µ(t), t ∈ I = [t0, t1],
Ì�WKÍ

@ c 4I;�0�<�MR>�5Ñ8¾@�=�2�<�5676>�5

(x(t0) = x0, x(t1) = x1) ∈ S0 × S1 = S ⊂ R2n,
Ì�yFÍ

���������������������! ���"¥#&%�'�(���) +.-�/	021®3�5768/	021æ9�+ ;>=�?�@



â¼:64I;	<�=�7603>?2�@�A�]t5ÑB�MR@�A�4�23eI0�^�@�AF<�5�0T:64�2�É�03@3@b;pPXPXP Ï

:6465oGI;K=�56J6565ÁÈÇ;	nb2�<�M�fo2�a34I;	G656J�0�G656^

x(t) ∈ G(t); G(t) = {x ∈ Rn/ ω(t) ≤ L(t)x+ l(t) ≤ ϕ(t), t ∈ I}, Ì�¿FÍ
56G6AF0�a34I;K=�]�G6M�fÑ2�a34I;	G656J�0�G656^

gj(x, u) ≤ cj , j = 1,m1; gj(x, u) = cj , j = m1 + 1,m2,
Ì�À+Í

gj(x, u) =

t1
∫

t0

[< aj(t), x > + < bj(t), u >]dt, j = 1,m2,
Ì�ÄFÍ

5p@½2�a34I;	G656J�0�G65�03>iGI;qn3GI;bJ�0�G6567o8+:64I;	<�=I0�G6567

u(t) ∈ U(t) = {u(·) ∈ L2(I,R
m)/ u(t) ∈ V (t) ⊂ Rm :kP <�PX¹

t ∈ I}. Ì ¶ Í
ã eI03@�]

A(t)
¹
B(t) ä >,;	A�4656É6Må:�2�4¾7+e c 2�< n × n

¹
n × m
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@ c 8F@32�J6G�2	jrG�0�:64�0�4�M"<�G6M{>�5oæ�=I03>?0�G6A�;�>�5k¹ l(t) ¹ t ∈ I, ä 56n3<F03@�A�GI;	7&<F0 c AF2�4hjÈ½8+G c É6567 s× 1

@ c 8¾@32�J6G�2	jrG�0�:64�0�46M"<�G�MR>�5Hæ�=I03>?0�G6A�;�>�5k¹ ω(t), ϕ(t), t ∈ I, ä nK;Kje�;	G6G6MR0�G�0�:64�0�46M"<�G6MR0�<F0 c AF2�46j�È½8+G c É6565 s×1
¹
aj(t), bj(t), j = 1, m2

nK;Ke�;	G6G6MR0
c 8F@32�J6G�2	jrG�0�:64�0�46MR<�G6MR0R<F0 c AF2�4hj�È½8+G c É6565Ê:�2�4+7+e c 2�< n×1

¹
m×1

@32�2�A�<F0�AF@�A�<F03Ghj
G�26¹

cj
¹
j = 1,m2 ä 56n3<F03@�A�G6MR0½:�2�@�AF2K7hG6G6MR0�¹ V (t), t ∈ I, ä nK;Ke�;	G6G�2�0½<�M":68 c =I2�0nb;�> c G68+AF2�0Á>�G�2Kvq03@�A�<F29<

Rm ¹ U = U(t)
¹
t ∈ I, ä nK;Ke�;	G6G�2�0Á<�M":68 c =I2�0ÑnK;Kj

> c G68+AF2�0m>�G�2Kvq03@�A�<F2o56n L2(I,R
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çmè é )+*,)+ê,)I- .�) W¾ë?ì�í�î�ï&ðFñ�ò¾ó�ô3îIõ�ö�ïIõ

u(t) ∈ U, t ∈ I ÷ ñIõ�ò�õ3ô	ø	ù	ï�ú`ú¼ò¾ó�õ�ûFúmø�òIï�ü
í�ï�í3úuõ�ý½þ ÿ ��� ï��púmø��+ûFï

x0 ∈ Rn ôpúmø��+ûFð
x1 ∈ Rn ñ�òIï	�?ï�ûFí3ï�òIø�ô	ó�ö�ö�þ�


t0,
t1 > t0

ïÔðFí�î�ø�ô	ï
��
Cÿ�� ��� ÿ�� � ÷ úmø&í3ï�í3úuõ�ý½óLÿ ��� ñ�òIïEðFí�î�ø�ô	ï
��
Cÿ�� ��� ÿ�� � ö�ó��	þ,ô	ó��
õ�úuí��ÁðFñ�ò¾ó�ô3î
�Iõ�ý½ø�� ÷ óÊðFñ�ò¾ó�ô3îIõ�ö�ïIõ u(t), t ∈ I,

� ñ�òIø��rò¾óbý{ý½ö�þ1ý_ðFñ�ò+ó�ô3îIõ�ö�ïIõ�ý��
ì�í�î�ï

u(t) = u(x(t), t) ∈ U,
úmø¼ðFñ�ò¾ó�ô3îIõ�ö�ïIõ

u(x, t)
ö�ó��	þ,ô	ó�õ�úmí��&ñ�ø��	ï���ï�ø	ö�ö�þ1ý��

çmè é )+*,)+ê,)I- .�) y�ë��TðFí3ú! 
t0
� �?ï�ûFí3ï�òIø�ô	ó�ö�ó ÷ óÆô�õ�î�ï��+ï�ö�ó t1 öIõ"�?ï�ûFí3ï�òIø�ô	ó��

ö�ó#�$�Tó�ò¾ó
(u(t), x(t, u)), t ∈ I,

í3ø	ø	úuô�õ�úmí3úuô	ðFü&%mó��Ëö�ó�ï+ýTõ�ö� ('uõ�ý½ð)�	ö�ó��hõ�ö�ï�ü
t1 ÷ ðFù	ø�ô3îIõ�úuô	ø�ò���ü&%mó��dÿ ����� ÿ�� � ÷ ö�ó��	þ,ô	óFõ�úuí��Hò�õ*'uõ�ö�ïIõ�ý+�	ó�ù	ó��+ïLø	ñ�úmï+ý½óbî� Fö�ø����ø-,	þ?í3ú¼òIø	ù�õ*��í3úuô	ï
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u(t) ∈ U(t), t ∈ I,

ûFø	úmø�òIø�õ
ñIõ�ò�õ3ô	ø	ù	ï�ú ú¼ò+ó�õ�û�úuø�òIï�üOí3ï�í3úuõ�ý½þOÿ ��� ï��Eö�ó��+óbî� Fö�ø�� úmø��+ûFï

x0 = x(t0) ∈
S0 ⊂ Rn ôpý½ø�ýTõ�ö�ú ô�ò�õ�ýTõ�ö�ï

t0
ôÆúmø��+ûFð

x1 = x(t1) ∈ S1 ⊂ Rn ÷ t1 > t0,ñ�òIï32Kúmø�ýxò�õ*'uõ�ö�ïIõTí3ï�í3úuõ�ý½þxÿ ���
x(t) = x(t; t0, x0, u) ÷ x0 ∈ S0 ÷ x1 = x(t1) ∈

S1 ÷ ö�ó�
6ø	ù	ï�úmí�� ö�óEý½ö�ø�4sõ�í3úuô�õ
G(t) ⊂ Rn �65"ù	ø�î� Eò�õ*'uõ�ö�ï
�\í3ï�í3úuõ�ý½þ ÿ ���

ô	þ?ñ�ø�î�öIõ�ö�þiï�ö�úuõ7�rò+óbî� Fö�þ,õ½ø��rò+ó�ö�ï��hõ�ö�ï
�Ëÿ98 � ÷ ÿ;: � �
/ Þ * ÞkákÞ`y�ë�0Tó���úmï9ñ�ø��	ï���ï�ø	ö�ö�ø�õuðFñ�ò+ó�ô3îIõ�ö�ïIõ

u(x, t) ∈ U
ù3î
�Ví3ï�í3úuõ�ý(þØÿ ���

ñ�òIïÑðFí�î�ø�ô	ï
��
9ÿ�� ��� ÿ�� � �
/ Þ * ÞkákÞ ¿�ë1�TðFí3ú! 

t0
� �	ó�ù	ó�ö�ö�þ<�9ý½ø�ýTõ�ö�ú ô�ò�õ�ýTõ�ö�ï ÷ ô�õ�î�ï��+ï�ö�ó t1 > t0

öIõ
�?ï�ûFí3ï�òIø�ô	ó�ö�ó#�=0Tó���úmïdñ�òIø��rò¾óbý{ý½ö�ø�õtðFñ�ò¾ó�ô3îIõ�ö�ïIõ

u(t) ∈ U,
ûFø	úmø�òIø�õ&ñIõ�ò�õ3ô	ø��

ù	ï�ú[ú¼ò¾ó�õ�ûFúmø�òIï�ü`í3ï�í3úuõ�ý½þ_ÿ ��� ï��&ö�ó��+óbî� Fö�ø��Ôúmø��+ûFï
x0 = x(t0) ∈ S0

ô>�	ó��
ù	ó�ö�ö�ðFü úmø��+ûFð

x1 ∈ S1
�	óuû3ò+ó�ú!�+ó���'uõ3õ½ô�ò�õ�ý6�

t1∗ − t0
ñ�òIïpðFí�î�ø�ô	ï
��
Ëÿ�� ��� ÿ�� � ÷��ù�õ

t1∗
� ö�ó�ï+ýTõ�ö� ('uõ3õ?�	ö�ó��hõ�ö�ïIõ

t1
�

ã ;Ke�;3J65ØW ä ¿97+<�=I7+»(AF@�7|; c A�8¾;K=�]�G6MR>�5 c ; c e6=�7s>,;	AF03>,;	A�56J�03@ c 2�^|AF032�46565
8+:64I;	<�=I0�G6567µ¹�A�; c 5Ce6=�7C4�0�lm0�G6567 >�G�2�a35hfC:6465 c =�;Ke�G6M�f nK;Ke�;3Jk}�8+:64I;	<�=I0�G65�0
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N�;�@3@3>?2�A�465I> 56G6AF0�a34I;K=�]�G6M{0 2�a34I;	G656J�0�G6567 Ì�À+Í�¹ØÌ�ÄFÍ�Psº�<F0�eID3> <F0 c AF2�4hj

È½8+G c É656» η(t) = (η1(t), . . . , ηm2
(t))

¹
t ∈ I,

@�=I0�e�8+»¼Åq5�>V2�B�4I;	nb2�>"}

ηj(t) =

t
∫

t0

[< aj(τ), x(τ) > + < bj(τ), u(τ) >]dτ, j = 1,m2, t ∈ I.
ÌrÏ�Í

Z(ntÌrÏ�Í�@�=I0�e�8F0�A�¹6J6AF2

η̇ = A0(t)x+B0(t)u(t), t ∈ I,
Ì�ÒFÍ

η(t1) = c, c ∈ Ω1 = {c ∈ Rm2/ cj = cj − dj , j = 1,m1, cj = cj ,

j = m1 + 1,m2, dj ≥ 0, j = 1,m1}, η(t0) = 0.
Ì�ÕFÍ
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â¼:64I;	<�=�7603>?2�@�A�]t5ÑB�MR@�A�4�23eI0�^�@�AF<�5�0T:64�2�É�03@3@b;pPXPXP Õ

º�<F0�eID3>i@�=I0�e�8+»¼Åq5�0(<F0 c AF2�46M|5p>,;	A�4656É6MT}

ξ =

(

x
η

)

, A1(t) =

(

A(t) Onm2

A0(t) Om2m2

)

,

B1(t) =

(

B(t)
B0(t)

)

, µ1(t) =

(

µ(t)
Om21

)

a�eI0
Okq ä :64+76>?2�8+ab2	=�]�GI;	7p>,;	A�4656É�;m:�2�4+7+e c ; k × q

@(G68K=I0�<�MR>�5pæ�=I03>?0�G6A�;�>�5

A0(t) =







a1(t)PPP
am2

(t)






, B0(t) =







b1(t)PPP
bm2

(t)






, t ∈ I,

ä >,;	A�4656É6M|:�2�4¾7+e c 2�< m2 × n
¹
m2 ×m

@32�2�A�<F0�AF@�A�<F03G6G�26P
/10�:�0�46]&@32�2�A�G�2�lm0�G�5�0tÌ�WKÍ ä Ì ¶ Í�nK;	:656lm0�AF@�7p<u<�5heI0

ξ̇ = A1(t)ξ +B1(t)u+ µ1(t), t ∈ I,
Ì�Wb×FÍ

ξ(t0) = ξ0 =

(

x(t0)
η(t0)

)

=

(

x0

Om21

)

, ξ(t1) = ξ1 =

(

x(t1)
η(t1)

)

=

(

x1

c

)

,
Ì�W�WKÍ

(x0, x1) ∈ S0 × S1, ξ(t0) = ξ0 ∈ S0 ×Om21, ξ(t1) = ξ1 ∈ S1 × Ω1,
Ì�WbyFÍ

Pξ(t) = x(t) ∈ G(t); P = (In, Onm2
), u(t) ∈ U(t), t ∈ I,

Ì�Wb¿FÍ
a�eI0

In ä 0�e�56G656J6G�;	7q>,;	A�4656ÉI;R:�2�4+7+e c ; n×n ¹ A1(t)
¹
B1(t) ä >,;	A�4656É�MË:�2�4¾7+e c 2�<

(n+m2)× (n+m2), (n+m2)×m
@32�2�A�<F0�AF@�A�<F0�G�G�26¹

µ(t) ä 56n3<F03@�A�G�;	7H<F0 c AF2�4È½8+G c É6567H:�2�4+7+e c ; (n+m2) × 1,
È½8+G c É6567 η(t), t ∈ I, ä 4�0�lm0�G65�0T8+4I;	<�G�0�G6567Ì�ÒFÍ�¹6>�G�2Kvq03@�A�<F2

Ω1
56n½8¾@�=I2�<�56^ËÌ�ÕFÍ�P

ã ;�>?0�A�5�>"¹KJ6AF2¼@32�2�A�G�2�lm0�G6567HÌ�WKÍ ä Ì ¶ Ík4I;	<�G�2�@�5h=�]�G6MsÌ�Wb×FÍ ä Ì�Wb¿FÍ�P�/12�a�e�;RnK;Ke�;3J65W ä ¿q4I;	<�G�2�@�5h=�]�G6M`@�=I0�e�8+»¼Åq5�>9nK;Ke�;bJI;�>"}
/ Þ * ÞkáµÞ

1′.
0Tó���úmï9ñ�òIø��rò¾óbý{ý½ö�ø�õuðFñ�ò¾ó�ô3îIõ�ö�ïIõ

u(t) ∈ U(t), t ∈ I ÷ ûFø	úmø�òIø�õñIõ�ò�õ3ô	ø	ù	ï�ú ú¼ò¾ó�õ�ûFúmø�òIï�ü í3ï�í3úuõ�ý½þåÿ �(A�� ï��Æö�ó��+óbî� Fö�ø��iúmø��+ûFï
ξ0 = ξ(t0) ∈

S0 ×Om21
ôqý½ø�ýTõ�ö�úåô�ò�õ�ýTõ�ö�ï

t0
ôÊúmø��+ûFð

ξ1 = ξ(t1) ∈ S1 × Ω1, t1 > t0,
ñ�òIï

2búuø�ý ò�õ*'uõ�ö�ïIõ&í3ï�í3úuõ�ý½þåÿ �(A�� �?ðFö�û(��ï
�
ξ(t) = ξ(t; t0, ξ0, u), t ∈ I,

úmó�ûFó�� ÷�+úmø
Pξ(t) ∈ G(t) ÷ t ∈ I

�
/ Þ * ÞkáµÞ

2′
ë)0Tó���úmïoñ�ø��	ï���ï�ø	ö�ö�ø�õRðFñ�ò¾ó�ô3îIõ�ö�ïIõ

u(Pξ, t) = u(Pξ(t), t) ∈ U
ù3î
�
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Wb× · P ¸qP�¸{^�@b;	a�;K=�5�0�<�¹IZuP º(P · 0�<�46»¼a356G

í3ï�í3úuõ�ý½þxÿ �(A�� ñ�òIïÑðFí�î�ø�ô	ï
��
9ÿ �(����� ÿ ��B*� �
/ Þ * ÞkákÞ

3′
ëC0Tó���úmïoñ�òIø��rò+óbý{ý½ö�ø�õ{ðFñ�ò¾ó�ô3îIõ�ö�ïIõ

u(t) ∈ U,
ûFø	úmø�òIø�õ¼ñIõ�ò�õ3ô	ø	ùKï�ú

ú¼ò¾ó�õ�ûFúmø�òIï�üií3ï�í3úuõ�ý½þCÿ �(A�� ï��Tö�ó��+óbî� Fö�ø��Húmø��+ûFï
ξ0 ∈ S0×Om21

ô��	ó�ù	ó�ö�ö�ðFü
úmø��+ûFð

ξ1 ∈ S1×Ω1
�	óTû3ò¾ó�ú!�+ó���'uõ3õ"ô�ò�õ�ý6�

t1∗−t0
ñ�òIïuðFí�î�ø�ô	ï
��


Pξ(t) ∈ G(t) ÷
t ∈ [t0, t1∗ ] ÷

��ù�õ
t1∗

� ö�ó�ï+ýTõ�ö� ('uõ3õ?�	ö�ó��hõ�ö�ïIõ
t1
�

D - Ý )�E é Þ êGF�-$Hq)JI é Þ '�- )�-�.LK
M½=�7½4�0�lm0�G6567TnK;Ke�;bJ65Ç8+:64I;	<�=�7603>?2�@�A�5q5ÇB�MR@�A�4�2beI0�^�@�A�<�5�7ÇG�032�B3f+23e�5�>�M9@�=I0�j

e�8+»¼Åq5�0ÆAF032�4�03>�M 2d@�<F2�^�@�A�<¾;Kfs4�0�lm0�G656^s56G6AF0�a34I;K=�]�G�2�ab2i8+4I;	<�G�0�G6567ONÇ4�0�e6j
ab2	=�]F>,;Ô:�0�46<F2�ab294�2be�;Ô56nÆ4I;�B�2�A UXW�W�¹(WbyKY�P�N?;�@3@3>?2�A�465�> 56G6AF0�a34I;K=�]�G6M{0Æ8+4I;	<�j
G�0�G6567p@�=I0�e�8+»¼Åm0�ab2m<�5he�;h}

Ku ≡
t1

∫

t0

K(t0, t)u(t)dt = a, t ∈ I = [t0, t1],
Ì�W�À+Í

a�eI0
K(t0, t) = ‖Kij(t0, t)‖

¹
i = 1, n

¹
j = 1,m ä 56n3<F03@�A�GI;	7L>,;	A�4656ÉI;H:�2�4¾7+e c ;

m × n
@ c 8F@32�J6G�2	jrG�0�:64�0�46MR<�G6MR>?5Ëæ�=I03>?0�G6A�;�>�59:�2

t
:6465ËÈ½5 c @�5�4�2�<¾;	G6G6M�f t0,

t1, u(·) ∈ L2(I,R
m) ä 5�@ c 2�>,;	7EÈ½8+G c É6567µ¹ K : L2(I,R

m) → Rn ä 2�:�0�4I;	AF2�4k¹
a ∈ Rn ä nK;Ke�;	G6G6M"^Ñ<F0 c AF2�4kP
P ) Û é )RQ ÞCW¾ëTSTö�úuõ7�rò¾óbî� Fö�ø�õ(ð3ò¾ó�ô	öIõ�ö�ïIõuÿ � 8 � ñ�òIïtî�ü&,	ø�ýU�?ï�ûFí3ï�òIø�ô	ó�ö�ö�ø�ý

a ∈
R
ï+ýTõ3õ�ú`ò�õ*'uõ�ö�ïIõ½úmø���ù	óÊïÁúmø�î� FûFøuúmø���ù	ó ÷ ûFø���ù	ómý½ó�ú¼òIï���ó

C(t0, t1) =

t1
∫

t0

K(t0, t)K
∗(t0, t)dt

Ì�WbÄFÍ

ñ�ø�ò���ù	ûFó
n×n

�Iô3î
�Iõ�úmí��Áñ�ø�î�ø�4 ï�úuõ�î� Fö�øqø	ñ�ò�õ�ù�õ�îIõ�ö�ö�ø�� ÷ ��ù�õ)V � �	ö�ó�ûtú¼ò+ó�ö�í7�ñ�ø	ö�ï�òIø�ô	ó�ö�ï
� ÷ t1 > t0
�

P ) Û é )RQ Þ_y�ë��TðFí3ú! Áý½ó�ú¼òIï���ó
C(t0, t1)

ñ�ø�î�ø�4 ï�úuõ�î� Fö�øÑø	ñ�ò�õ�ù�õ�îIõ�ö�ó#�XW6ø���ù	ó
ø�,�%uõ3õ"ò�õ*'uõ�ö�ïIõ(ï�ö�úuõ7�rò+óbî� Fö�ø���ømð3ò+ó�ô	öIõ�ö�ï
�9ÿ � 8 � ï+ýTõ3õ�úOô	ï�ù

u(t) = K∗(t0, t)C
−1(t0, t1)a+v(t)−K∗(t0, t)C

−1(t0, t1)

t1
∫

t0

K(t0, t)v(t)dt, t ∈ I,

Ì�W ¶ Í
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â¼:64I;	<�=�7603>?2�@�A�]t5pB�MR@�A�4�2beI0�^�@�A�<�5�0Ç:64�2�É�03@3@b;oPXPXP W�W

��ù�õ
v(·) ∈ L2(I,R

m)
� ñ�òIø	ï���ô	ø�î� Fö�ó��O��ðFö�û(��ï
� ÷ a ∈ Rn � ñ�òIø	ï���ô	ø�î� Fö�þ<�

ô�õ�û�úuø�òY�
N 0�lm0�G6567o8+4I;	<�G�0�G6567ËÌ�W�À+Í�2�B	=�;Ke�;	»(At@�=I0�e�8+»¼Åq5�>�5Ñ@�<F2�^�@�A�<¾;�>�5k}
WKÍÑÈ½8+G c É6567 u(t)

¹
t ∈ I,

2�:64�0�eI0�=�7603>,;	7gÈT2�4�>�8K=I2�^åÌ�W ¶ Í�¹(>?2Kvq0�AsB�M"A�]
:64�0�eI@�A�;	<�=I0�GI;|<x<�5heI0C@�8h>?>�M

u(t) = u1(t) + u2(t)
¹
t ∈ I

¹Ta�eI0
u1(t) =

K∗(t0, t)C
−1(t0, t1)a

¹
t ∈ I, ä JI;�@�A�G�2�0 4�0�lm0�G65�0\56G6AF0�a34I;K=�]�G�2�aK2_8+4I;	<�G�0�j

G6567 Ì�W�À+Í�¹
u2(t) = v(t) − K∗(t0, t) · C−1(t0, t1)

t1
∫

t0

K(t0, t)v(t)dt
¹
t ∈ I

¹

∀v(·) ∈ L2(I,R
m) ä 2�B�Åm030Ç4�0�lm0�G65�0q2be�G�2�4�23e�G�2�ab2&56G�AF0�a34I;K=I]�G�2�ab2&8+4I;	<�G�0�G6567

t1
∫

t0

K(t0, t)u2(t)dt = 0
Ù

yFÍ È½8+G c É6565 u1(·) ∈ L2(I,R
m)
¹
u2(·) ∈ L2(I,R

m)
2�46AF2�ab2�GI;K=�]�G6MT¹FA�P 0�P

u1 ⊥
u2 : < u1, u2 >L2

= 0
Ù

¿FÍqÈ½8+G c É6567 u1(t) = K∗(t0, t)C
−1(t0, t1)a

¹
t ∈ I, ä 7h<�=�760�AF@�7V4�0�lm0�G65�03>

56G6AF0�a34I;K=�]�G�2�ab2Ê8+4I;	<�G�0�G6567ËÌ�W�À+Í�@T>�56G65�>,;K=�]�G�2�^ÑG�2�4�>?2�^Ñ<
L2(I,R

m)
P

Z I�[Æ) Ü�Ý ' Û ' Þ -�. ) é )�\Æ)�- .LK
N 0�lm0�G65�0½e�5�ÈTÈT0�4�0�G6É65I;K=�]�G�2�ab2u8+4I;	<�G�0�G6567ËÌ�Wb×FÍ�5�>?030�At<�5he

ξ(t) = Φ(t, t0)ξ0 +

t
∫

t0

Φ(t, τ)B1(τ)u(τ)dτ +

t
∫

t0

Φ(t, τ)µ1(τ)dτ, t ∈ I,

a�eI0
Φ(t, τ) = θ(t)θ

−1
(τ)

¹
θ(t) ä È½8+Ghe�;�>?0�G6A�;K=�]�GI;	7Ñ>,;	A�4656ÉI;Ê4�0�lm0�G656^p=�56G�0�^hjG�2�^p2be�G�2�4�23e�G�2�^Á@�5�@�AF03>�M
ẏ = A1(t)y

P6Ó½2�@ c 2	=�] c 8 ξ(t1) = ξ1
¹hAF2

ξ1 = ξ(t1) = Φ(t1, t0)ξ0 +

t1
∫

t0

Φ(t1, t)B1(t)u(t)dt+

t1
∫

t0

Φ(t1, t)µ(t)dt.

zRAF@�»"e�;p@�=I0�e�8¾0�A	¹kJ6AF2p5�@ c 2�>?2�0t8+:64I;	<�=I0�G65�0 u(t) ∈ U(t)
7h<�=�760�AF@�7E4�0�lm0�G65�03>

56G6AF0�a34I;K=�]�G�2�ab2Ê8+4I;	<�G�0�G6567

t1
∫

t0

Φ(t0, t)B1(t)u(t)dt = a = Φ(t0, t1)ξ1 − ξ0 −
t1

∫

t0

Φ(t0, t)µ1(t)dt.
Ì�WKÏ�Í

���������������������! ���"$#&%�'�(���) +.-�/	021®3�5�6 /	021æ9�+ ;>=�?�@



Wby · P ¸qP�¸{^�@b;	a�;K=�5�0�<�¹IZuP º(P · 0�<�46»¼a356G

P ) Û é )RQ Þd¿�ë]�TðFí3ú! uý½ó�ú¼òIï���ó

W (t0, t1) =

t1
∫

t0

Φ(t0, t)B1(t)B
∗

1(t)Φ∗(t0, t)dt

ñ�ø�ò���ù	ûFó
(n+m2)× (n+m2)

ñ�ø�î�ø�4 ï�úuõ�î� Fö�øuø	ñ�ò�õ�ù�õ�îIõ�ö�ó#�^W6ø���ù	óuðFñ�ò+ó�ô3îIõ�ö�ïIõ
u(·) ∈ L2(I,R

m)
ñIõ�ò�õ3ô	ø	ù	ï�ú ú¼ò+ó�õ�ûFúmø�òIï�ü_í3ï�í3úuõ�ý½þgÿ �(A�� ï��Êî�ü&,	ø��Ëö�ó��+óbî� (�

ö�ø��Ëúmø��+ûFï
ξ0 ∈ Rn+m2

ô&î�ü&,	ø�õtûFø	öIõ*�+ö�ø�õtí3ø	í3úmø7��ö�ïIõ
ξ1 ∈ Rn+m2

úmø���ù	óÑï
úmø�î� FûFøÊúmø���ù	ó ÷ ûFø���ù	ó

u(t) ∈ Λ = {u(·) ∈ L2(I,R
m)/ u(t) = v(t) + T1(t)ξ0 + T2(t)ξ1+

+N1(t)z(t1, v) + µ2(t), ∀v, v(·) ∈ L2(I,R
m)}, Ì�WbÒFÍ

��ù�õ

T1(t) = −B∗

1(t)Φ∗(t0, t)W
−1(t0, t1), T2(t) = B∗

1(t)Φ∗(t0, t)W
−1(t0, t1)Φ(t0, t1),

N1(t) = −B∗

1(t)Φ∗(t0, t)W
−1(t0, t1)Φ(t0, t1), µ2(t) = −B∗

1(t)Φ∗(t0, t)

×W−1(t0, t1)(

t1
∫

t0

Φ(t0, t)µ1(t)dt),

�?ðFö�û(��ï
�
z(t, v) ÷ t ∈ I,

� ò�õ*'uõ�ö�ïIõ(ù	ïR�L�,õ�ò�õ�ö���ï�óbî� Fö�ø���øuð3ò¾ó�ô	öIõ�ö�ï
�

ż = A1(t)z +B1(t)v, z(t0) = 0, v(·) ∈ L2(I,R
m).

Ì�WbÕFÍ
_�õ*'uõ�ö�ïIõ�ù	ïR�L�?õ�ò�õ�ö���ï�óbî� Fö�ø���ø¼ð3ò¾ó�ô	öIõ�ö�ï
�Ñÿ �(A�� ÷ í3ø	ø	úuô�õ�úmí3úuô	ðFü&%uõ3õ�ð�ñ�ò+ó�ô��îIõ�ö�ï�ü

u(t) ∈ Λ ÷ ø	ñ�ò�õ�ù�õ�î
�Iõ�úmí��Áñ�ø>�?ø�òFý½ð	îIõ

ξ(t) = z(t, v) + E1(t)ξ0 + E2(t)ξ1 + µ3(t) +N2(t)z(t1, v), t ∈ I,
Ì�y�×FÍ

��ù�õ

E1(t) = Φ(t, t0)W (t, t1)W
−1(t0, t1), E2(t) = Φ(t, t0)W (t0, t)W

−1(t0, t1)Φ(t0, t1),

µ3 =

t
∫

t0

Φ(t, τ)µ1(τ)dτ − Φ(t, t0)W (t0, t)W
−1(t0, t1)

t1
∫

t0

Φ(t0, t)µ1(t)dt,

N2(t) = −Φ(t1, t0)W (t0, t)W
−1(t0, t1)Φ(t0, t1), t ∈ I.
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â¼:64I;	<�=�7603>?2�@�A�]t5pB�MR@�A�4�2beI0�^�@�A�<�5�0Ç:64�2�É�03@3@b;oPXPXP Wb¿

`tøKûFó���ó�úuõ�î� Fí3úuô	ø(�IST; c @�=I0�e�8¾0�Am56n½AF032�4�03>�MgW�¹+56G6AF0�a34I;K=�]�G�2�0½8+4I;	<�GI0�G�5�0ÊÌ�WKÏ�Í
5�>?030�At4�0�lm0�G65�0½AF2�a�e�;m5pAF2	=�] c 2ÊAF2�a�e�;h¹ c 2�a�e�;u>,;	A�4656É�;pÌ @3>"P1Ì�WbÄFÍ�Í

C(t0, t1) =

t1
∫

t0

K(t0, t)K
∗(t0, t)dt =

t1
∫

t0

Φ(t0, t)B1(t)B
∗

1(t)Φ∗(t0, t)dt = W (t0, t1)

:�2�4¾7+e c ; (n + m2) × (n + m2)
7h<�=�760�AF@�7V:�2	=I2Kvu56AF0�=�]�G�2Ô2�:64�0�eI0�=ID�G6G�2�^k¹,a�eI0

K(t0, t) = Φ(t0, t)B1(t)
¹
t ∈ I

P · =I0�eI2�<¾;	AF0�=�]�GI26¹¾>�G�2Kvq03@�A�<F2
Λ 6= Φ

¹�a�eI0
Φ
j1:68¾j

@�AF2�0Ç>�G�2Kvq03@�A�<F26P�Z(nTAF032�4�03>�M`yu@�=I0�e�8F0�A�¹�J6AF2Ê2�B�Åm030½4�0�lm0�G65�0T56G6AF0�a34I;K=�]�G�2�ab2
8+4I;	<�G�0�G6567ÔÌ�WKÏ�Í�5�>?030�AÊ<�5he9Ì @3>"PkÌ�W ¶ Í�Í

u(t) = B∗

1(t)Φ∗(t0, t)W
−1(t0, t1)a+ v(t) −B∗

1(t)Φ∗(t0, t)W
−1(t0, t1)

×
t1

∫

t0

Φ(t0, t)B(t)v(t)dt, ∀v, v(·) ∈ L2(I,R
m),

Ì�yhWKÍ

a�eI0
a = Φ(t0, t1)ξ1 − ξ0 −

t1
∫

t0

Φ(t0, t)µ1(t)dt
P

N 0�lm0�G65�0{e�5�ÈTÈT0�4�0�G6É65I;K=�]�G�2�ab2m8+4I;	<�G�0�G6567LÌ�WbÕFÍ,>?2KvuG�2q:64�0�eI@�A�;	<�56A�]u<q<�5hj
eI0

z(t, v) = Φ(t, t0)z(t0) +

t
∫

t0

Φ(t, τ)B1(τ)v(τ)dτ =

t
∫

t0

Φ(t, τ)B1(τ)v(τ)dτ,

a�eI0
z(t0) = 0

P · =I0�eI2�<¾;	AF0�=�]�G�26¹

z(t1, v) =

t1
∫

t0

Φ(t1, t)B1(t)v(t)dt = Φ(t1, t0)

t1
∫

t0

Φ(t0, t)B1(t)v(t)dt
Ì�y�yFÍ

Z¼n&Ì�yhWKÍ�¹ Ì�y�yFÍ�@�=I0�e�8¾0�A�¹6J6AF2Ê5�@ c 2�>?2�0T8+:64I;	<�=I0�G65�0 u(t) ¹ t ∈ I,
2�:64�0�eI0�=�760�AF@�7Ñ:�2

ÈT2�4�>�8K=I0ÊÌ�WbÒFÍ�P
Ó(8F@�A�]

u(t) ∈ Λ
P"/ 2�a�e�;94�0�lm0�G65�0Áe�5�ÈTÈÇ0�4I0�G�É65I;K=�]�G�2�ab2V8+4I;	<�G�0�G6567gÌ�Wb×FÍ

>?2bvuG�2u:64�0�eI@�A�;	<�56A�]t<u<�5he�0ÊÌ�y�×FÍ�P�/ 032�4�03>,;meI2 c ;	nK;	GI;hP
�
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ST; c @�=I0�e�8F0�AV56nLAF032�4�03>�M ¿h¹�>�G�2Kvq03@�A�<F2V<F@30�f\<F2�nb>?2bvuG6M�f 8+:64I;	<�=I0�G656^k¹
c ;	vme�M"^Ææ�=I03>?0�G6A c 2�AF2�4�2�ab2t:I0�4I0�<F2be�56AHA�4I;�0 c AF2�4656»Ø@�5�@�AF03>�M Ì�Wb×FÍ"56n

ξ0
<
ξ1,2�:64�0�eI0�=�760�AF@�7\:�2ËÈT2�4�>�8K=I09Ì�WbÒFÍ�P=M½=�7i4�0�lm0�G6567CnK;Ke�;3J65_WVÌ�=�5�B�2ÔnK;Ke�;bJ65_W
′
Í

@�=I0�e�8F0�AÊGI;	^6A�5p8+:64I;	<�=�0�G�5�0
u(t) ∈ U × Λ

56n½:�0�4�03@30�J�0�G6567Ñ>�G�2Kvq03@�A�<
U
5

Λ
P

· =I0�eI2�<¾;	AF0�=�]�G�2�¹µG�032�Bbf¾2be�5�>?2H4I0�lq56A�]Ñ@�=I0�e�8+»¼Åq5�0Çe�<F0mnK;Ke�;bJ65k},WKÍR:�0�4�03@30�j
J�0�G65�0

U
5

Λ ä G�0�:68F@�AF2�0L>�G�2bvm03@�A�<F29A	P 0�P
U ∩ Λ 6= Φ

Ù"yFÍuGI;	^6A�5 AF2�J c 5\56n
>�G�2bvm03@�A�<¾;

Σ = U ∩ Λ
¹ c 2�a�e�; Σ 6= Φ

P
N 0�lm0�G6567p8 c ;	nK;	G6G6M�fpnK;Ke�;3JÁ>?2�a38+A&B�M"A�]&@�<F0�eI0�G6M c 4�0�lq0�G65�»_@�=I0�e�8+»¼Åm0�^

2�:6A�5�>�56nK;	É65�2�G6GI2�^ÑnK;Ke�;bJ65k}�>�56G65�>�56n3564�2�<¾;�A�]&È½8+G c É65�2�GI;K=

I(v, u, x0, x1, d, w) =

t1
∫

t0

[|v(t) + T1(t)ξ0 + T2(t)ξ1 +N1(t)z(t1, v)+

+µ2(t) − u(t)|2 + |w(t) − L(t)Pξ(t) − l(t)|2]dt→ inf
Ì�y�¿FÍ

:6465p8F@�=I2�<�567+f

ż = A1(t)z +B1(t)v, z(t0) = 0, v(·) ∈ L2(I,R
m),

Ì�y	À+Í

x0 ∈ S0, x1 ∈ S1, d ∈ D = {d ∈ Rm1/ d ≥ 0}, Ì�y�ÄFÍ

u(t) ∈ U(t), w(t) ∈W (t) = {w(·) ∈ L2(I,R
s)/ ω(t) ≤ w(t) ≤ ϕ(t),

:kP <�PX¹
t ∈ I}.Ì�y ¶ Í

ã ;�>?0�A�5�>"¹�J6AF2

T1(t)ξ0 = T1(t)

(

x0

Om21

)

= (T11(t), T12(t))

(

x0

Om21

)

= T11(t)x0;

T2(t)ξ1 = T2(t)

(

x1

c

)

= (T21(t), T22(t))

(

x1

c

)

= T21(t)x1 + T22(t)c =

= T21(t)x1 + (Σ1(t),Σ2(t))

(

c1 − d
c2

)

= T21(t)x1 − Σ1(t)d+ T22c;

E1(t)ξ0 = (E11(t), E12(t))

(

x0

Om21

)

= E11(t)x0, E2(t)ξ1 = (E21(t),

E22(t))

(

x1

c

)

= E21(t)x1 + (F1(t), F2(t))

(

c1 − d
c2

)

= E21(t)x1 − F1(t)d+

���������������������! ���"¥#&%�'�(���) +.-�/	021®3�5768/	021æ9�+ ;>=�?�@



â¼:64I;	<�=�7603>?2�@�A�]t5pB�MR@�A�4�2beI0�^�@�A�<�5�0Ç:64�2�É�03@3@b;oPXPXP WbÄ

E22c, c = (c1, c2, . . . , cm2
).

/10�:�0�46]t2�:6A�5�>�56nK;	É65�2�G6GI;	7pnK;Ke�;bJI;pÌ�y�¿FÍ ä Ì�y ¶ Í�nK;	:656lm0�AF@�7

I(v, u, x0, x1, d, w) =

t1
∫

t0

[|v(t) + T11(t)x0 + T21(t)x1 − Σ1(t)d+ µ4(t)+

+N1(t)z(t1, v) − u(t)|2 + |w(t) − L(t)P [z(t, v) + E11(t)x0 + E21(t)x1−
−F1(t)d+ µ5(t) +N2(t)z(t1, v)] − l(t)|2]dt→ inf

Ì�yFÏ�Í
:6465o8¾@�=I2�<�567+f

ż = A1(t)z +B1(t)v(t), z(t0) = 0, v(·) ∈ L2(I,R
m),

Ì�y�ÒFÍ

u(t) ∈ U(t), x0 ∈ S0, x1 ∈ S1, w(t) ∈W (t), d ∈ D,
Ì�y�ÕFÍ

a�eI0
µ4(t) = µ2(t) + T22(t)c

¹
µ5(t) = µ3(t) + E22(t)c

P
Ó(8F@�A�]

θ(t) = (v(t), u(t), x0, x1, d, w(t)) ∈ X = L2(I,R
m)×U×S0×S1×D×W ⊂ H =

= L2(I,R
m) × L2(I,R

m) ×Rn ×Rn ×Rm1 × L2(I,R
s),

q(t) = (θ(t), z(t1, v), z(t, v)),

F0(q(t), t) = |v(t) + T11(t)x0 + T21(t)x1 − Σ1(t)d+ µ4(t) +N1(t)z(t1, v)−
−u(t)|2 + |w(t) − L(t)P [z(t, v) + E11(t)x0 + E21(t)x1 − F1(t)d+ µ5(t)+

N2(t)z(t1, v)] − l(t)|2.
/12�a�e�;{2�:6A�5�>�56nK;	É65�2�G6GI;�7qnK;Ke�;3JI;qÌ�yFÏ�Í ä Ì�y�ÕFÍ1>?2Kvq0�A(B�M"A�](@3ÈT2�4�>�8K=�564�2�<¾;	GI;¼@�=I0�je�8+»¼Åq5�>V2�B�4I;	nb2�>"}6A�4�03B�8¾0�AF@�7p>�56G65I>�56n3564�2�<¾;	A�]HÈ½8+G c É65�2�GI;K=

I(θ) =

t1
∫

t0

F0(q(t), t)dt→ inf
Ì�¿�×FÍ

:6465o8¾@�=I2�<�567+f

ż = A1(t)z +B1(t)v, z(t0) = 0, θ(t) ∈ X ⊂ H, t ∈ I.
Ì�¿hWKÍ
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W ¶ · P ¸qP�¸{^�@b;	a�;K=�5�0�<�¹IZuP º(P · 0�<�46»¼a356G

P ) Û é )RQ ÞCÀ�ë?�TðFí3ú! 
S0 ⊂ Rn ÷ S1 ⊂ Rn ÷ U(t) ⊂ L2(I,R

m)
� ø��rò+ó�ö�ï��hõ�ö�ö�þ,õ

ô	þ?ñ�ðFû	î�þ,õ1�	óbý½ûFö�ðFúmþ,õ¼ý½ö�ø�4sõ�í3úuô	ótïÁñ�ðFí3ú! ÷ û3òIø�ýTõ½úmø���ø ÷
d ∈ Dρ0

= {d ∈ Rm1/ d ≥ 0, |d| ≤ ρ0}, v(·) ∈ Lρ
2(I,R

m) = {v(·) ∈ L2(I,R
m)/

‖v‖ ≤ ρ}, W (t0, t1) > 0,��ù�õ
ρ0 > 0 ÷ ρ > 0

�"ù	ø	í3úmó�úmø��+ö�ø-,	ø�î� ('mïIõa�+ï�í�î�ó#�
W6ø���ù	ó

��� �?ðFö�û(��ï�ø	ö�óbî
I(θ) ÷ θ ∈ X1 = Lρ

2(I,R
m)×U ×S0 ×S1 ×Dρ0

×W �Iô3î
�Iõ�úmí��
ô	þ?ñ�ðFû	î�þ1ý�b
� � �?ðFö�û(��ï�ø	ö�óbî

I(θ) ÷ θ ∈ X1
ù	ø	í3úmïR��ó�õ�ú ö�ïc4 öIõ*�+�rò+ó�ö�ïxö�ó9ý½ö�ø�4sõ�í3úuô�õ

X1 ⊂ X ⊂ H ÷ I(θ∗) = I∗ = infθ∈X1
I(θ) ÷ θ∗ ∈ X∗ ⊂ X1

b
B*� ù3î
�pí3ð(%uõ�í3úuô	ø�ô	ó�ö�ï
�Ññ�òIø��rò+óbý{ý½ö�ø���øTðFñ�ò¾ó�ôbîIõ�ö�ï
�ÑöIõ�ø�,�
6ø	ù	ï+ý½øÇïoù	ø	í3úmó�úmø��
�
ö�ø ÷ �+úmø�,	þ I(θ) = 0, θ∗ ∈ X∗

�
`tø	ûFó��	ó�úuõ�î� Fí3úuô	ø(�+ST; c @�=I0�e�8F0�AT56nR8F@�=I2�<�567uAF032�4�03>�MT¹ X1 ä 2�a34I;	G656J�0�G6G�2�0R<�M�j:68 c =I2�0TnK;�> c G68+AF2�0Ç>�G�2Kvm03@�A�<F2&< H PI/ ; cÑc ; c È½8+G c É6567 F0(q, t) ≥ 0

7h<�=�760�AF@�7
c <¾;Ke�4I;	A�56J6G�2�^mÈT2�4�>?2�^Ç2�A�G�2�@�56AF0�=�]�G�2 q ¹3AF2R2�GI;":64�0�eI@�A�;	<�5�>,;R<R<�5heI0 F0(q, t) =

q∗Q(t)q + 2q∗a(t) + b(t)
¹
t ∈ I

¹6a�eI0
Q(t) = Q∗(t) ≥ 0

¹
t ∈ I

P�/12�a�e�; ∂2F0(q,t)
∂q2 =

2Q(t) ≥ 0
¹
t ∈ I

P · =I0�eI2�<¾;	AF0�=�]FG�26¹
F0(q, t)

7h<�=�760�AF@�7p<�M":68 c =I2�^ÑÈ½8+G c É65�0�^Ñ2�A�j
G�2�@�56AF0�=�]�G�2t:�0�4�03>?0�G6G�2�^

q, z(t, αv1 + (1 − α)v2) = αz(t, v1) + (1 − α)z(t, v2)
¹

t ∈ I
P1/ ; cÔc ; c F0(αq1 + (1 − α)q2, t) ≤ αF0(q1, t) + (1 − α)F0(q2, t)

¹
t ∈ I

¹
∀q1, q2

¹ ∀α ¹ α ∈ [0, 1]
¹6AF2

I(αθ1 + (1 − α)θ2) =

t1
∫

t0

F0(αq1(t) + (1 − α)q2(t), t)dt ≤ α

t1
∫

t0

F0(q1(t), t)dt+

+(1−α)

t1
∫

t0

F0(q2(t), t)dt = αI(θ1)+(1−α)I(θ2), ∀θ1, θ2 ∈ X1, ∀α, α ∈ [0, 1].

Ó½0�46<F2�0"8+A�<F0�4+vmeI0�G65�0RAF032�4�03>�MdeI2 c ;	nK;	G�26P¾º�AF2�4�2�0R8+A�<F0�4+vmeI0�G65�0RAF032�4�03>�MC@�=I0�j
e�8F0�Ao56nt@�=�;�B�2�^E:�2	=�8+G�0�:64�0�46M"<�G�2�@3A�5Ë@�G656n38ÆÈ½8+G c É65�2�GI;K=�; I(θ) GI;H@�=�;�B�2pB�5hjc 2�>�:I; c A�G�2�>C>�G�2bvm03@�A�<F0

X1
<Ê4�03È(=I0 c @�56<�G�2�>d:64�2�@�A�4I;	G�@�A�<F0

H
P

w½032�B3f+23e�5�>?2�@�A�]iA�4�0�A�]F0�ab2d8+A�<F0�4¾vmeI0�G6567sAF032�4�03>�M G�0�:�2�@�4�0�eI@�A�<F0�G�G�2i@�=I0�j
e�8F0�AE56npAF032�4�03>�M ¿Æ5

U
⋂

Λ 6= Φ (Φ = ∅), ;ÁeI2�@�A�;	AF2�J6G�2�@�AF] ä 56np8F@�=I2�<�567
I(θ∗) = 0

P6/ 032�4�03>,;qe�2 c ;	nK;	GI;hP
�
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â¼:64I;	<�=�7603>?2�@�A�]t5pB�MR@�A�4�2beI0�^�@�A�<�5�0Ç:64�2�É�03@3@b;oPXPXP WKÏ

Ú é Û E é Þ Q�Q¼- Û )JI è é Þ '6ê,)I- . )
ST; c @�=I0�e�8F0�Ao56nqAF032�4�03>�M_À�¹�:64�2�a34I;�>?>�G�2�0u8+:64I;	<�=I0�G65�0u>?2bvm0�AoB�M"A�]oGI;	^hj

eI0�G�2Ñ56n&8¾@�=I2�<�567
I(θ∗) = 0

¹
θ∗ ∈ X∗ ⊂ X1 ⊂ X ⊂ H

P Q,@�=�5
I(θ∗) = 0

¹1AF2
5�@ c 2�>?2�0T:64�2�a34I;�>?>�G�2�0T8+:64I;	<�=I0�G65�0T5�>?030�AÊ<�5he

u∗(t) = v∗(t) + T11(t)xo∗ + T21(t)x1∗ − Σ1(t)d∗ + µ4(t)+

+N1(t)z(t1, v∗) ∈ U(t), t ∈ I,
Ì�¿�yFÍ

;mÈ½8+G c É6567 x∗(t) 2�:64�0�eI0�=�760�AF@�7p:�2ÊÈT2�4�>�8K=I0

x∗(t) = P [z(t, v∗) + E11(t)x0∗ + E21(t)x1∗ − F1(t)d∗ + µ5(t)+

+N2(t)z(t1, v∗)] ∈ G(t), t ∈ I,
Ì�¿�¿FÍ

a�eI0
θ∗(t) = (v∗(t), u∗(t), x0∗, x1∗, d∗, w∗(t)) ∈ X∗P ) Û é )RQ Þ Ä�ëC�TðFí3ú! gý½ó�ú¼òIï���ó

W (t0, t1) > 0
�dW6ø���ù	óe�?ðFö�û(��ï�ø	ö�óbî ÿ�� B*�

ñ�ò�ïEðFí�î�ø�ô	ï
��
Cÿ���8 ��� ÿ���� � öIõ�ñ�ò�õ�òIþ,ô	ö�øtù	ïR�L�,õ�òIõ�ö���ï�òIð¾õ�ý ñ�øgf?ò�õ*'uõ ÷ �rò¾ó�ù	ïIõ�ö�ú��ðFö�û(��ï�ø	ö�óbî�ó

I ′(θ) = (I ′v(θ), I
′

u(θ), I ′x0
(θ), I ′x1

(θ), I ′d(θ), I
′

w(θ)) ∈ H

ôÇî�ü&,	ø��Æúmø��+û¾õ
θ ∈ X

ô	þ<�+ï�í�î
�Iõ�úmí��Lñ�ø>�?ø�òFý½ð	îIõ

I ′v(θ) =
∂F0(q(t), t)

∂v
−B∗

1(t)ψ(t), I ′u(θ) =
∂F0(q(t), t)

∂u
,

I ′x0
(θ) =

∂F0(q(t), t)

∂x0
, I ′x1

(θ) =
∂F0(q(t), t)

∂x1
,

I ′d(θ) =
∂F0(q(t), t)

∂d
, I ′w(θ) =

∂F0(q(t), t)

∂w
,

Ì�¿	À+Í

��ù�õ
z(t, v)

� ò�õ*'uõ�ö�ïIõmùKïR�L�,õ�ò�õ�ö���ï�óbî� Fö�ø���ø&ð3ò¾ó�ô�öIõ�ö�ï
�Cÿ���8 � ÷ óC�?ðFö�û(��ï
� ψ(t) ÷
t ∈ I,

� ò�õ*'uõ�ö�ïIõ½í3ø	ñ�ò��c4ih�ö�ö�ø��Ñí3ï�í3úuõ�ý½þ

ψ̇ =
∂F0(q(t), t)

∂z
−A∗

1(t)ψ(t), ψ(t1) = −
t1

∫

t0

∂F0(q(t), t)

∂z(t1)
dt.

Ì�¿�ÄFÍ

j"ò�ø�ýTõTúmø���ø ÷ �rò¾ó�ù	ïIõ�ö�ú I ′ (θ) ∈ H
ðFù	ø�ô3îIõ�úuô	ø�ò��Iõ�úOðFí�î�ø�ô	ï�üik½ï�ñ�'mï���ó

‖I ′(θ1) − I ′(θ2)‖ ≤ l‖θ1 − θ2‖, ∀θ1, θ2 ∈ X.
Ì�¿ ¶ Í

���������������������! ���"$#&%�'�(���) +.-�/	021®3�5�6 /	021æ9�+ ;>=�?�@



WbÒ · P ¸qP�¸{^�@b;	a�;K=�5�0�<�¹IZuP º(P · 0�<�46»¼a356G

`tø	ûFó��	ó�úuõ�î� Fí3úuô	ø(�"Ó(8¾@�A�]
θ(t) = (v(t), u(t), x0, x1, d, w(t)) ∈ X

¹
θ + ∆θ =

(v(t) + h(t), u(t) + ∆u(t), x0 + ∆x0, x1 + ∆x1, d + ∆d,w(t) + ∆w(t)) ∈ X
P

/12�a�e�;m:646564I;	Åm0�G65�0ÇÈ½8+G c É65�2�GI;K=�;u2�:64�0�eI0�=�760�AF@�7p:�2ÊÈT2�4�>�8K=I0

∆I = I(θ + ∆θ) − I(θ) =

t1
∫

t0

[F0(q(t) + ∆q(t), t) − F0(q(t), t)]dt,

a�eI0
q(t) + ∆q(t) = (θ(t) + ∆θ(t), z(t1, v) + ∆z(t1, v), z(t, v) + ∆z(t, v))

¹

|∆z(t)| ≤
t

∫

t0

‖Φ(t, τ)B1(τ)‖|h(τ)|dτ ≤ C1

t1
∫

t0

|h(t)|dt ≤ C2‖h‖L2
, t ∈ I,

C1 = sup ‖Φ(t, τ)B1(τ)‖
¹
t0 ≤ t, τ ≤ t1

¹
C2 = C1

√
t1 − t0

P
/ ; cEc ; c F0(q, t)

5�>?030�ApG�0�:64�0�46M"<�G6MR0Ê:64�2�56n3<F2be�G6MR0Ê:�2
q
5E:64�2�56n3<F23e�G6MR0

8KeI2�<�=I0�A�<F2�4¾7h»¼At8F@�=I2�<�56»`Î½56:6lq56ÉI;h¹6AF2

∆I =

t1
∫

t0

{h∗(t)[F0v(q(t), t) −B∗

1(t)ψ(t)]+

+∆u∗(t)F0u(q(t), t) + ∆x∗0F0x0
(q(t), t)+

∆x∗1F0x1
(q(t), t) + ∆d∗F0d(q(t), t) + ∆w∗F0w(q(t), t) +

8
∑

i=1

Ri,

Ì�¿FÏ�Í

a�eI0 |R| = |∑8
i=1Ri| ≤ ∑

∞

i=1 |Ri| ≤ C3‖∆θ‖2 P,/12�a�e�;L56nËÌ�¿FÏ�Ím@�=I0�e�8¾0�A	¹,J6AF2
a34I;Ke�5�0�G6A

I ′(θ)
2�:64�0�eI0�=�760�AF@�7i:�2EÈT2�4�>�8K=I0EÌ�¿	À+Í�¹,a�eI0

ψ(t)
¹
t ∈ I

jÇ4�0�lm0�G65�0
8+4I;	<�G�0�G6567ÔÌ�¿�ÄFÍ�P

Ó(8F@�A�]
θ1 = θ + ∆θ

¹
θ2 = θ

P�/12�a�e�;m56ntÌ�¿	À+Í�@�=I0�e�8¾0�A

I ′(θ1) − I ′(θ2) =
(

F0v(q(t) + ∆q(t), t) − F0v(q(t), t) −B∗

1(t)∆ψ(t),

F0u(q(t) + ∆q(t), t) − F0u(q(t), t),

t1
∫

t0

[F0x0
(q(t) + ∆q(t), t) − F0x0

(q(t), t)]dt,

t1
∫

t0

[F0x1
(q(t)+∆q(t), t)−F0x1

(q(t), t)]dt,

t1
∫

t0

[F0d(q(t)+∆q(t), t)−F0d(q(t), t)]dt,

���������������������! ���"¥#&%�'�(���) +.-�/	021®3�5768/	021æ9�+ ;>=�?�@



â¼:64I;	<�=�7603>?2�@�A�]t5pB�MR@�A�4�2beI0�^�@�A�<�5�0Ç:64�2�É�03@3@b;oPXPXP WbÕ

t1
∫

t0

[F0w(q(t) + ∆q(t), t) − F0w(q(t), t)]dt
)

5
|I ′(θ1) − I ′(θ2)| ≤ C4|∆q(t)| + C5|∆ψ(t)| + C6‖∆q‖,

‖I ′(θ1) − I ′(θ2)‖2
=

t1
∫

t0

|I ′(θ1) − I ′(θ2)|2dt ≤ C7‖∆q‖2 + C8

t1
∫

t0

|∆ψ(t)|2dt,
Ì�¿�ÒFÍ

a�eI0

|∆q(t)| ≤ |h(t)|+ |∆u(t)|+ |∆x0|+ |∆x1|+ |∆d|+ |∆w(t)|+ |∆z(t1)|+ |∆z(t)|,

‖∆q‖2 =

t1
∫

t0

|∆q(t)|2dt ≤ C(‖h‖2+‖∆u‖2+‖∆x0‖2+‖∆x1‖2+‖∆d‖2+‖∆w‖2).

/ ; cpc ; c

∆ψ̇(t) = F0z(q(t) + ∆q(t), t) − F0z(q(t), t) −A∗

1(t)∆ψ(t), t ∈ I,

∆ψ(t1) = −
t1

∫

t0

[F0z(t1)(q(t) + ∆q(t), t) − F0z(t1)(q(t), t)]dt,

AF26¹h:6465�>?0�G67h7o=I03>?>�8HÐµ4�2�G68¾2	=6=�;h¹�:�2	=�8+J65�>

|∆ψ(t)| ≤ C9‖∆q‖, t ∈ I.
Ì�¿�ÕFÍ

Z¼n�2�É�0�G�2 c Ì�¿�ÒFÍ�¹�Ì�¿�ÕFÍ�5�>?0303> ‖I ′(θ1)−I ′(θ2)‖ ≤ l3‖θ1−θ2‖
¹ ∀θ1, θ2 ∈ X

P3/ 032�4�03>,;
eI2 c ;	nK;	GI;hP

�M½=�7 4�0�lm0�G6567|2�:6A�5�>�56nK;	É65�2�G6G�2�^xnK;Ke�;3J65 Ì�¿�×FÍ�¹qÌ�¿hWKÍH@�A�4�2�5�>å:�2�@�=I0�eI2�<¾;Kj
AF0�=I]�G�2�@�A�5 {θn} ⊂ X1 ⊂ X

:�2Ê;K=�ab2�4656AF>�8�}

vn+1 = PL
ρ

2

[vn − αnI
′

v(θn)], un+1 = PU [un − αnI
′

u(θn)],

x0n+1 = PS0
[x0n − αnI

′

x0
(θn)], x1n+1 = PS1

[x1n − αnI
′

x1
(θn)],

dn+1 = PDρ0
[dn − αnI

′

d(θn)], wn+1 = PW [wn − αnI
′

w(θn)].

Ì�À¾×FÍ
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y�× · P ¸qP�¸{^�@b;	a�;K=�5�0�<�¹IZuP º(P · 0�<�46»¼a356G

n = 0, 1, 2, . . . , 0 < ε0 ≤ αn ≤ 2

l + 2ε1
, ε1 > 0

a�eI0
l = const > 0 ä :�2�@�AF2K7hG6GI;	7oÎ½56:6lq56ÉI;u56ntÌ�¿ ¶ Í�P

P ) Û é )RQ Þ ¶ ë6�TðFí3ú! Ñô	þ?ñ�ø�î�öIõ�ö�þ ðFí�î�ø�ô	ï
�Ëúuõ�ø�ò�õ�ý½þl8 ÷ ñ�ø	í�îIõ�ù	ø�ô	ó�úuõ�î� Fö�ø	í3ú! 
{θn} ⊂ X1

ø	ñ�ò�õ�ù�õ�î
�Iõ�úmí��Áí3ø	ø	úmö�ø�'uõ�ö�ï
�+ý½ïpï��Ñÿ98 A�� �&W6ø���ù	ó
��� ñ�ø	í�îIõ�ù	ø�ô	ó�úuõ�î� Fö�ø	í3ú! {θn} ⊂ X1

�Iô3î
�Iõ�úmí�� ý(ï�ö�ï+ý½ï��	ï�òIðFü&%uõ*� ÷
limn→∞ I(θn) = I∗ = infθ∈X1

I(θ)
b

� � ñ�ø	í�îIõ�ù	ø�ô	ó�úuõ�î� Fö�ø	í3ú! {θn} ⊂ X1
í�î�ó�,	øTím
6ø	ù	ï�úmí��&ûTý½ö�ø�4sõ�í3úuô	ð

X∗ ⊂ X1 ÷��ù�õ
vn npo−→ v∗ ÷ un npo−→ u∗ ÷ x0n nqo−→ x0∗ ÷ x1n npo−→ x1∗ ÷ dn npo−→ d∗ ÷ wn npo−→ w∗

ñ�òIï
n → ∞ ÷ θ∗ = (v∗, u∗, x0∗, x1∗, d∗, w∗) ∈ X∗ = {θ∗ ∈ X1/ I(θ∗) = I∗ =
infθ∈X1

I(θ)};B*� í3ñ�ò¾ó�ô�õ�ù3î�ïIô	óÇí�îIõ�ù	ðFü&%mó��oø��Iõ�ö�ûFóTí3ûFø�òIø	í3úmïtím
6ø	ù	ï+ý½ø	í3úmï.r
I(θn)−I∗ ≤ c0/n ÷

c0 = const > 0 ÷ n = 1, 2, . . . ;8 � �?ðFö�û(��ï
�
u∗(t) ∈ U

õ�í3ú! (ï�í3û�ø�ý½ø�õ�ñ�òIø��rò¾óbý{ý½ö�ø�õ,ðFñ�ò¾ó�ô3îIõ�ö�ïIõ�úmø���ù	ó{ïmúmø�î� (�
ûFøÇúmø���ù	ó ÷ ûFø���ù	ó I(θ∗) = 0 ÷ ��ù�õ u∗(t) ÷ t ∈ I,

� í�î�ó�,	øÇñ�ò�õ�ù�õ�î� Fö�ó��oúmø��+ûFómñ�ø	í�îIõ*�
ù	ø�ô	ó�úuõ�î� Fö�ø	í3úmï {un} ⊂ U

�
`tø	ûFó��	ó�úuõ�î� Fí3úuô	ø�P+Z(nqÌ�À¾×FÍ�@�8+J�D�AF2�>E@�<F2�^�@�A�<¾;½:64I2�0 c É6565tAF2�J c 5ÊGI;½>�G�2bvm03@�A�<F2
:�2	=�8+J65�>

< θn+1 − θn + αnI
′(θn), θ − θn+1 >H ≥ 0, ∀θ, θ ∈ X1.

Ì�À�WKÍ

z{AF@�»�e�;h¹6<ÊJI;�@�A�G�2�@�A�5k¹ c 2�a�e�; θ = θn ∈ X1
¹h5�>?0303>

< I ′(θn), θn − θn+1 >H≥ 1

αn
‖θn − θn+1‖2.

Ì�À¾yFÍ

/ ; cÔc ; c È½8+G c É65�2�GI;K= I(θ) :6465�GI;Ke6=I0�vu56A c =�;�@3@�8 C1,1(X1)
¹kAF2p@�:64I;	<F0�e6=�56<F2

G�0�4I;	<F0�G�@�A�<F2

I(θ1) − I(θ2) ≥< I ′(θ1), θ1 − θ2 > − l

2
‖θ1 − θ2‖, ∀θ1, θ2 ∈ X1.

z{AF@�»�e�;m:6465
θ1 = θn

¹
θ2 = θn+1

5�>?0303>

I(θn)− I(θn+1) ≥< I ′(θn), θn−θn+1 > − l

2
‖θn−θn+1‖, ∀θn, θn+1 ∈ X1.

Ì�À¾¿FÍ
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â¼:64I;	<�=�7603>?2�@�A�]t5pB�MR@�A�4�2beI0�^�@�A�<�5�0Ç:64�2�É�03@3@b;oPXPXP yhW

Z¼n&Ì�À¾¿FÍ�@(8+J�D�AF2�>|Ì�À¾yFÍ�:�2	=�8+J65�>

I(θn) − I(θn+1) ≥ (
1

αn
− l

2
)‖θn − θn+1‖2 ≥ ε1‖θn − θn+1‖2,

Ì�À�À+Í

a�eI0
1/αn − l/2 ≥ ε1

P�Z(nVÌ�À�À+Ít@�=I0�e�8F0�A�¹�J6AF2ËJ65�@�=I2�<¾;	7C:�2�@�=I0�eI2�<¾;	AF0�=�]�GI2�@�A�]
{I(θn)} @�A�4�2�ab2Æ8hB�M"<¾;�0�A�P?/ ; c9c ; c n3GI;bJ�0�G65�0oÈ½8+G c É65�2�GI;K=�; I(θ) 2�a34I;	G656J�0�G�2@�G�56n38F¹?AF2ÆJ65�@�=I2�<¾;	7d:�2�@�=I0�eI2�<¾;	AF0�=�]FG�2�@�A�] {I(θn)} @�f¾2be�56AF@�7µP · =I0�eI2�<¾;	AF0�=�]�G�2
lim

n→∞

[I(θn) − I(θn+1)] = 0
P6/12�a�e�; ‖θn − θn+1‖ → 0

:6465
n→ ∞ P

Ó½2 c ;	vm03>"¹�J6AF2&:�2�@�=I0�eI2�<¾;	AF0�=�]FG�2�@�A�] {θn} ⊂ X1
7h<�=�760�AF@�7Æ>�56G65�>�56n356468+»{j

Åq0�^kPFÓ½2�@ c 2	=�] c 8ÊÈ½8+G c É65�2�GI;K= I(θ) ∈ C1,1(X1)
7h<�=�760�AF@�7u<�M":68 c =�MR>"¹FAF2½G�032�B	j

f¾2be�5�>?2m5oeI2�@�A�;	AF2�J6G�2Ê<�M":�2	=IG6760�AF@�7pG�0�4I;	<F0�G�@�A�<F2

I(θ2) − I(θ1) ≤< I ′(θ2), θ2 − θ1 >, ∀θ1, θ2 ∈ X1.

Z¼nÇe�;	G6G�2�ab2tG�0�4I;	<F0�G�@�A�<¾;t:6465
θ2 = θn

¹
θ1 = θ∗ ∈ X∗ ⊂ X1

¹
X∗ 6= Φ

¹
θn ∈ X15�>?030�>

I(θn)−I(θ∗) ≤< I ′(θn), θn−θ∗ >=< I ′(θn), θn−θn+1 > − < I ′(θn), θ∗−θn1
> .

Z¼n&Ì�À�WKÍ�:6465
θ = θ∗

:�2	=�8+J65�>

< I ′(θn), θ∗ − θn+1 >≥
1

αn
< θn − θn+1, θ∗ − θn+1 > .

/12�a�e�;

I(θn) − I(θ∗) ≤< I ′(θn) − 1

αn
(θ∗ − θn+1), θn − θn+1 >≤ l1‖θn − θn+1‖

Ì�À¾ÄFÍ

a�eI0
l1 = const > 0

P+/ ; c&c ; c ‖θn − θn+1‖ → 0
:6465

n→ ∞ ¹FAF2Ç56nuÌ�À¾ÄFÍ,@�=I0�e�8F0�A�¹
J6AF2

lim
n→∞

I(θn) = I(θ∗) = I∗ = infθ∈X1
I(θ)

P<s�AF2Á2�n3GI;bJI;�0�A	¹�J6AF2Á:�2�@�=I0�eI2�<¾;Kj
AF0�=I]�G�2�@�A�] {θn} ⊂ X1

7h<�=�760�AF@�7p>�56G65�>�56n356468+»¼Åm0�^kP
Ó½2 c ;	vm03>"¹�J6AF2Ë:�2�@�=I0�eI2�<¾;	AF0�=�]�GI2�@�A�] {θn} ⊂ X1

@�=�;�B�29@�f+23e�56AF@�7 c AF2�Jhj
c 0 θ∗ ∈ X

P1ºg@b;�>?2�>seI0�=I0�¹ >�G�2Kvq03@�A�<F2
X1

@�=�;�B�2ÁB�5 c 2�>�:I; c A�G�26¹ {θn} ⊂ X1
P

· =I0�eI2�<¾;	AF0�=�]�G�26¹�:�2�@�=I0�eI2�<¾;	AF0�=�]�G�2F@�A�] {θn} ⊂ X1
5�>?030�Auf¾2�A	7HB�Ms23e�G68&:�23e�:�2	j

@�=�0�e�2�<¾;	AF0�=I]�G�2�@�A�] {θkm
} ⊂ X1

A�; c 8+»m¹µJ6AF2 θkm
−→ θ∗

:6465
m → ∞ ¹µ:64656J�D3>

���������������������! ���"$#&%�'�(���) +.-�/	021®3�5�6 /	021æ9�+ ;>=�?�@



y�y · P ¸qP�¸{^�@b;	a�;K=�5�0�<�¹IZuP º(P · 0�<�46»¼a356G

θ∗ ∈ X1
Pk/ ; cEc ; c {I(θn)} @�f+2be�56AF@�7 c I(θ∗) ¹µAF2 {I(θkm

)} A�; c vq0t@�f+23e�56AF@�7 c
I(θ∗)

P6Ó½2�@ c 2	=�] c 8pÈ½8+G c É65�2�GI;K=Á@�=�;�B�2u:�2	=�8+G�0�:64�0�46M"<F0�GÁ@�G656n38HGI; X1
¹6AF2

I(θ∗) ≤ limm→∞
I(θkm

) ≤ lim
m→∞

I(θkm
) = I(θ∗), θkm tvu−→ θ∗

:6465
m→ ∞.

z{AF@�»�e�;Æ5�>?0303>
limm→∞

I(θkm
) = I(θ∗) = infθ∈X1

I(θ)
P?Z(A�; c ¹?<L@�=�;�B�2L:64�0�j

eI0�=�]�G�2�^ÇAF2�J c 0 θ∗ :�2�@�=I0�eI2�<¾;	AF0�=I]�G�2�@�AF5 {θn} ⊂ X1
eI2�@�A�56a�;�0�AF@�7ÇG656vuG67h7Ta34I;	G6]

È½8+G c É65�2�GI;K=�; I(θ) GI;m>�G�2Kvq03@�A�<F0 X1
P

Z(n½G�0�4I;	<F0�G�@�A�<LÌ�À�À+Í�¹1Ì�À¾ÄFÍ�@�=I0�e�8¾0�A

an = I(θn) − (θ∗) ≤ l1‖θn − θn+1‖, an − an+1 ≥ ε1‖θn − θn+1‖2.
/ ; c 5�>92�B�4I;	nb2�>"¹¾J65�@�=I2�<¾;	7&:�2�@�=I0�eI2�<¾;	AF0�=�]�GI2�@�A�] {αn}

8KeI2�<�=I0�A�<F2�4¾760�Am8¾@�=I2�<�5hj
76>

an > 0, an − an+1 ≥ Aa2
n, n = 1, 2, . . . , A =

ε1
l21
.

Ì�À ¶ Í

M½=�7_J65�@�=I2�<F2�^ :�2�@�=I0�eI2�<¾;	AF0�=I]�G�2�@�AF5 {an},
8KeI2�<�=I0�A�<F2�4+7h»¼Åm0�^ G�0�4I;	<F0�G�@�A�<�8

Ì�À ¶ Í�¹6<F0�46GI;u2�É�0�G c ;

an <
1

An
, n = 1, 2, . . . , I(θn) − I(θ∗) ≤

c0
n
, c0 =

l21
ε1
.

Ó½2�@�=I0�e�G�030,8+A�<F0�4+vmeI0�G65�0,AF032�4�03>�M9@�=I0�e�8F0�A{56n,AF032�4�03>�MÔÀ�PbZ½@ c 2�>?2�0,:64�2�a34I;�>?> j
G�2�0�8+:64I;	<�=I0�G65�0�2�:64�0�eI0�=�760�AF@�7q:�2{ÈT2�4�>�8K=I0(Ì�¿�yFÍ�¹KA�4I;�0 c AF2�46567m@�5�@�AF03>�M Ì�WKÍµ:6465
8F@�=I2�<�567+fÔÌ�yFÍ ä Ì ¶ Í�2�:64�0�eI0�=�760�AF@�7p:�2uÈT2�4�>�8K=I0ÊÌ�¿�¿FÍ�P�/ 032�4�03>,;qe�2 c ;	nK;	GI;hP �

ÚÊÛ à .�w . Û - - Û )gI è é Þ '6ê,)I- .�)
Ó½2o:64�2�a34I;�>?>�G�2�>?8L8+:64I;	<�=I0�G656» Ì�¿�yFÍ½>?2bvuG�2pGI;	^6A�5Ô:�2�n356É65�2�G6G�2�0t8+:64I;	<�j

=I0�G65�0
u∗(x∗, t)

¹
t ∈ I

P
P ) Û é )RQ ÞËÏ6ë=�TðFí3ú! Êô	þ?ñ�ø�î�öIõ�ö�þËðFí�î�ø�ô	ï
�oúuõ�ø�ò�õ�ýO: ÷ � ÷ ïHñ�ðFí3ú! ÷ û3òIø�ýTõ{úmø���ø ÷���
x1∗ = R1x0∗ ÷ d∗ = R2x0∗ ÷ v∗(t) = H(t)x0∗ ÷ ��ù�õ R1, R2, H(t)

� ý½ó�ú¼òIï���þ
ñ�ø�ò���ù	ûFø�ô

n× n ÷ m1 × n ÷ m× n
í3ø	ø	úuô�õ�úmí3úuô�õ�ö�ö�ø�b

� �
I(θ∗) = 0

b
B*� ý½ó�ú¼òIï���ó

Σ(t) = P [Φ(t, t0)Γ(t) + E11(t) + E21(t)R1 − F1(t)R2+
+N2(t)Φ(t0, t1)Γ(t1)]

ñ�ø�ò���ù	ûFó
n× n

öIõ�ø	í3ø�,�ó�� ÷ ��ù�õ

Γ(t) =

t
∫

t0

Φ(t0, τ)B1(τ)H(τ)dτ, t ∈ I.
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â¼:64I;	<�=�7603>?2�@�A�]t5pB�MR@�A�4�2beI0�^�@�A�<�5�0Ç:64�2�É�03@3@b;oPXPXP y�¿

W6ø���ù	óÊñ�ø��	ï���ï�ø	ö�ö�ø�õ½ðFñ�ò¾ó�ô3îIõ�ö�ïIõTï+ýTõ3õ�úOô	ï�ù

u∗(x∗, t) = K(t)x∗(t) + µ6(t),

��ù�õ

K(t) = [H(t) + T11(t) + T21(t)R1 − Σ1(t)R2 +N1(t)Φ(t0, t1)Γ(t1)]Σ
−1(t)

µ6 = µ4 −K(t)Pµ5(t), t ∈ I.

`tøKûFó���ó�úuõ�î� Fí3úuô	ø(��â¼:64I;	<�=I0�G65�0
u∗(t)

¹
t ∈ I,

56nHÌ�¿�yFÍ�:64�0�eI@�A�;	<�5�>i<t<�5heI0Ç@�8h> j
>�M

u∗(t) = u∗(t) + µ4(t)
¹�a�eI0

u∗ = v∗(t) + T11x0∗ + T21(t)x1∗ − Σ1(t)d∗ +
N1(t)z(t1, v∗)

¹
t ∈ I

Ph¸{GI;K=I2�a356J6G�26¹�È½8+G c É656» x∗(t)
¹
t ∈ I,

56ntÌ�¿�¿FÍ�:64�0�eI@�A�;	<�5�>
<T<�5heI0

x∗(t) = x∗(t)+Pµ5(t)
¹�a�eI0

x∗(t) = P [z(t, v∗)+E11(t)x0∗ +E21(t)x1∗−
F1(t)d∗ +N2(t)z(t1, v∗)]

¹
t ∈ I

PhÓ(465H<�M":�2	=�G�0�G6565p8F@�=I2�<�56^oAF032�4�03>�MsÈ½8+G c É6565
u∗(t)

¹
x∗(t)

¹
t ∈ I,

:6465�>�8+AÊ<�5he1}

u∗(t) = [H(t) + T11(t) + T21(t)R1 − Σ1(t)R2 +N1(t)Φ(t0, t1)Γ(t1)]x0∗, t ∈ I,

x∗(t)={P [Φ(t, t0)Γ(t) +E11(t) +E21(t)R1 −F1(t)R2 +N2(t)Φ(t0, t1)Γ(t1)]}x0∗

= Σ(t)x0∗, t ∈ I.
/ ; cCc ; c x0∗ = Σ−1(t)x∗(t)

¹�AF2
u∗(t) = K(t)x∗ = K(t)[x∗(t) − Pµ5(t)] =

K(t)x∗(t) − K(t)Pµ5(t)
P�/ 2�a�e�;

u∗(t) = K(t)x∗(t) − K(t)Pµ5(t) + µ4(t) =
K(t)x∗(t) + µ6(t)

¹
t ∈ I

P6/1032�4�03>,;meI2 c ;	nb;	G�;hP
�

çuè Ý .$Q Þ êGF�- Û ) @ H Ü�Ý é Û *,)Rx Ü�Ý '�.�) ë�Ú é .$Q¼) é
Ó(8F@�A�]

t1∗ > t0 ä GI;	5�>?0�G6]�lm030Ên3GI;bJ�0�G65�0 t1, e6=�7 c 2�AF2�4�2�ab2 I(θ∗) = 0
:�465

t1 = t1∗
P�w½032�B3f+23e�5I>?2&GI;	^6A�5

u∗(t)
¹
t ∈ [t0, t1∗]

¹
x∗(t) = x∗(t, u∗)

¹
t ∈ [t0, t1∗],A�; c 2�0�¹6J6AF2

WKÍ
u∗(t) ∈ U(t)

¹
t ∈ [t0, t1∗]

Ù�yFÍ
x0∗ ∈ S0

¹
x1∗ ∈ S1

Ù�¿FÍ
x∗(t) ∈ G(t)

¹
t ∈ [t0, t1∗]

ÙhÀ+Í
gj(x∗, u∗) ≤ cj

¹
j = 1,m1

Ù
gj(x∗, u∗) = cj

¹
j = m1 + 1,m2

P
M½=�7(4�0�lm0�G6567½nK;Ke�;bJ65Ç2�:6A�5�>,;K=�]�G�2�aK2{B�MR@�A�4�2beI0�^�@�A�<�567TG�032�Bbf¾2be�5�>?2R4�0�lq56A�]

nb;Ke�;3J65p8+:64I;	<�=�7603>?2�@�A�5pe6=�7on3GI;3JI0�G�56^
t11, t12, . . .

¹6a�eI0
t1 > t11 > t12 > . . .

P
Ó(8F@�A�]p4�0�lm0�GI;onK;Ke�;3JI;o8+:64I;	<�=�7603>?2�@�A�5Ee6=�7LnK;Ke�;	G6G�2�ab2Ñn3GI;3J�0�G6567

t1 > t0
P

º�M{B�0�4I0�>
t11 = t1/2

P(Ó½2\56n�=I2bvm0�G6G�2�>�8_;K=�ab2�4656AF>�8xGI;Kf+23e�5�>
u∗(t)

¹
x∗(t)

¹
t ∈ [t0, t11]

P�Q,@�=�5Ve6=�7Ëe�;	G6G�2�^d:I;	46M n3GI;bJ�0�G65�0
I(θ∗) = 0

¹ AF2Æ<�MRB�0�4�03>_n3GI;Kj
J�0�G65�0

t12 = t1/4
59A�P e1P?ºØ@�=�8+JI;�0�¹,03@�=�59e6=�79nK;Ke�;	G6G�2�^d:I;	46M

I(θ∗) > 0
¹�AF2
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<�MRB�0�4�03>
t12 = 3t1/4

5ÔA�P e1P1Ó½2pe�;	G6G�2�^9@�f¾03>?0tJ�0�4�0�n c 2�G�0�J6G�2�0&J65�@�=I2Ñlu;	ab2�<
:�2	=�8+J65�>L:6465�B	=�56vmD�G6G�2�0{4�0�lq0�G65I0"nK;Ke�;3J65&2�:6A�5�>,;K=�]�G�2�ab2qB�MR@�A�4�23eI0�^�@�A�<F567ÊnK;Kj
e�;	G6G�2�^pAF2�J6G�2�@�A�5kP
Ú é .$Q¼) é P�ÖÑ56G65�>�56n3564�2�<¾;	A�]&È½8+G c É65�2�GI;K=

I(u, t1) =

t1
∫

0

1 · dt = t1 → inf
Ì�À+Ï�Í

:6465p8F@�=I2�<�567+f
ẋ1 = x2, ẋ2 = u, t ∈ I = [0, t1],

Ì�À¾ÒFÍ

x1(0) = x10, x2(0) = x20, x1(t1) = x11, x2(t1) = x21,
Ì�À¾ÕFÍ

u(t) ∈ U = {u(·) ∈ L2(I,R
1)/ − 1 ≤ u(t) ≤ +1

:kP <�PX¹
t ∈ I}. Ì�Ä�×FÍ

M½=�7&e�;	G6G�2�ab2Ê:6465�>?0�4I;u5�>?0303>

A =

(

0 1
0 0

)

, B =

(

0
1

)

, x =

(

x1

x2

)

, x0 =

(

x10

x20

)

x1 =

(

x11

x21

)

.

�"òIø��rò¾óbý{ý½ö�ø�õ&ðFñ�ò¾ó�ô3îIõ�ö�ïIõ���N�;�@3@3>?2�A�465�>_nK;Ke�;3J68Ô8+:64I;	<�=�7603>?2�@�A�59e6=�7Ô8+:64I;	<�j
=I0�G6567ÔÌ�À¾ÒFÍ�@ c 4I;�0�<�MR>�5Ñ8F@�=I2�<�5676>�5ËÌ�À¾ÕFÍ�:6465

u(·) ∈ L2(I,R1)
P6Ó½2�@ c 2	=�] c 8

eAt =

(

1 t
0 1

)

= θ(t), θ
−1

(t) = e−At =

(

1 −t
0 1

)

Φ(t, τ) = eA(t−τ),

AF2

W (0, t1) =

t1
∫

0

e−AtBB∗e−A∗tdt =

(

t31/3 −t21/2
t21/2 t1

)

, t1 > 0,

W (0, t) =

(

t3/3 −t2/2
−t2/2 t

)

, W (t, t1) =

(

(t31 − t3)/3 (−t21 + t2)/2

(−t21 + t2)/2 t1 − t

)

,

W−1(0, t1) =

(

12/t31 6/t21
6/t21 4/t1

)

,

T1(t) = −B∗e−A∗tW−1(0, t1) =

(

12t

t31
− 6

t21
,

6t

t21
− 4

t1

)

,
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T2(t) = B∗e−A∗tW−1(0, t1)e
−At1 =

(

−12t

t31
+

6

t21
,

6t

t21
− 2

t1

)

,

N1(t) = −B∗e−A∗tW−1(0, t1)e
−At1 =

(

12t

t31
− 6

t21
, −6t

t21
+

2

t1

)

,

S½; c @�=I0�e�8¾0�AÊ56n½AF032�4�03>�M`¿h¹h8+:64I;	<�=I0�G65I0T2�:64�0�eI0�=�760�AF@�7p:�2uÈT2�4�>�8K=I0

u(t) ∈ Λ = {u(·) ∈ L2(I,R
1)/ u(t) = v(t)+T1(t)x0 +T2(t)x1 +N1(t)z(t1, v) =

v(t)+

(

12t− 6t1
t21

)

x10+

(

6t− 4t1
t21

)

x20+

(−12t+ 6t1
t31

)

x11+

(

6t− 2t1
t21

)

x21+

(

12t− 6t1
t31

)

z1(t1, v) +

(−6t+ 2t1
t21

)

z2(t1, v). ∀v, v(·) ∈ L2(I,R
1)}.

/ ; cpc ; c

E1(t) = eAtW (t, t1)W
−1(0, t1) =









t31 + 2t3 − 3t2t1
t31

t3 + tt21 − 2t2t1
t21

6t2 − 6tt1
t31

t21 + 3t2 − 4tt1
t21









,

E2(t) = eAtW (0, t)W−1(0, t1)e
−At1 =









−2t3 + 3t1t
2

t31

t3 − t1t
2

t21
−6t2 + 6tt1

t31

3t2 − 2tt1
t21









,

N2(t) = −eAtW (0, t)W−1(0, t1)e
−At1 =









2t3 − 3t1t
2

t31

−t3 + t1t
2

t21
6t2 − 6tt1

t31

−3t2 + 2tt1
t21









,

AF2

x1(t) = z1(t, v) + (
t31 + 2t3 − 3t2t1

t31
)x10 + (

t3 + tt21 − 2t2t1
t21

)x20+

+(
−2t3 + 3t1t

2

t31
)x11 + (

t3 − t1t
2

t21
)x21+

+(
2t3 − 3t2t1

t31
)z1(t1, v) + (

−t3 + t1t
2

t21
)z2(t1, v),
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x2(t) = z2(t) + (
6t2 − 6tt1

t31
)x10 + (

t21 + 3t2 − 4tt1
t21

)x20 + (
−6t2 + 6tt1

t31
)x11+

(
3t2 − 2tt1

t21
)x21 + (

6t2 − 6tt1
t31

)z1(t1, v) + (
−3t2 + 2tt1

t21
)z2(t1, v), t ∈ I.

a�eI0
ż1 = z2

¹
ż2 = v

¹
z1(0) = 0

¹
z2(0) = 0

¹
v· ∈ L2(I,R

1)
¹
t ∈ I = [0, t1]

P
M½=�7Á2�:64�0�eI0�=I0�G6567Á:64�2�a34I;�>?>�GI2�ab2H8+:64I;	<�=I0�G6567pe6=�79Ì�À¾ÒFÍ ä Ì�Ä�×FÍ{G�032�B3f+23e�5�>?2GI;	^6A�5Æ8+:64I;	<�=I0�G6567Á56nq:�0�4�03@30�J�0�G6567L>�G�2bvm03@�A�<

Λ
⋂

U
Pµz{:6A�5�>�56nK;	É65I2�G6GI;	7ÆnK;Kj

e�;3JI;ÊÌ�y�¿FÍ ä Ìry ¶ Í :6465tÈ½5 c @�564�2�<¾;	G6G�2�> x0 ∈ R2 ¹ x1 ∈ R2 5t2�AF@�8+AF@�A�<�565&ÈÇ;	nb2�<�M�f
5o56G6AF0�a34I;K=�]�G6M�fÑ2�a34I;	G656J�0�G656^ÁnK;	:656lm0�AF@�7o<Ê<�5heI0

I(v, u) =

t1
∫

0

|v(t) + T1(t)x0 + T2(t)x1 +N1(t)z(t1, v) − u(t)|2dt→ inf
Ì�ÄhWKÍ

:6465p8F@�=I2�<�567+f

ż1 = z2, ż2 = v, z1(0) = 0, z2(0) = 0, v· ∈ L2(I,R
1), u(t) ∈ U,

Ì�Ä�yFÍ

F0(q(t), t) = |v(t) + T1(t)x0 + T2(t)x1 +N1(t)z(t1, v) − u(t)|2,
a�eI0

q(t) = (v(t), u(t), z(t1, v))
PuST; c @�=I0�e�8¾0�Ag56n AF032�4�03>�M Äh¹

I ′(v, u) =
(I ′v(v, u), I

′

u(v, u))
¹6a�eI0

I ′v(v, u) =
∂F0

∂v
−B∗ψ(t) = 2[v(t)+T1(t)x0+T2(t)x1+N1(t)z(t1, v)−u(t)]−ψ2(t),

I ′u(v, u) =
∂F0

∂u
= −2[v(t) + T1(t)x0 + T2(t)x1 +N1(t)z(t1, v)].

Ó½2�@ c 2	=�] c 8 ∂F0/∂z = 0
¹6AF2

ψ̇1 = 0
¹
ψ̇2 = −ψ1

¹
ψ(t1) = −

t1
∫

0

∂F0

∂z(t1)dt =

−
t1
∫

0

2N∗

1 (t)[v(t) + T1(t)x0 + T2(t)x1 +N1(t)z(t1, v) − u(t)]dt
P

ÖÑ56G65�>�56n356468+»¼Åq5�0½:�2�@�=I0�eI2�<¾;	AF0�=I]�G�2�@�AF5 {vn}
¹ {un}

:6465�>�8+AÊ<�5he

vn+1 = vn−αnI
′

v(vn, un), un+1 = PU [un−αnI
′

u(vn, un)], n = 0, 1, 2, . . . .
Ì�Ä�¿FÍ

_,õ*'uõ�ö�ïIõ1�	ó�ù	ó��+ïEø	ñ�úmï+ý½óbî� Fö�ø���ø>,	þ?í3ú¼òIø	ù�õ*��í3úuô	ï
�Áñ�òIï
x10 = 1 ÷ x20 = x11 =

x21 = 0
�
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¸qP?º�MRB�0�4�03>_n3GI;bJ�0�G65�0
t1 = 8

P,N 0�lu;�03>g2�:6A�5I>�56nK;	É65�2�G6G68+» nK;Ke�;3J68sÌ�ÄhWKÍ�¹
Ì�Ä�yFÍ¼:68+AFD3> :�2�@�A�4�2�0�G6567Ë>�56G65�>�56n356468+»¼Åm0�^Ô:�2�@�=I0�eI2�<¾;	AF0�=�]�G�2�@3A�5 Ì�Ä�¿FÍ�PkwT;Kf+2	j
e�5�>

u∗(t) = v∗(t) =











−1,
03@�=�5

0 ≤ t < 17
8 ;

+1,
03@�=�5 17

8 ≤ t < 49
8 ;

−1,
03@�=�5 49

8 ≤ t ≤ 8.
n�G�;3J�0�G65�0

I(v∗, u∗) = 0
P

y(PIº�MRB�564I;�03>
t1 = 8/2 = 4

P�M½=�7pn3GI;bJ�0�G6567
t1 = 4

2�:6A�5�>,;K=�]�G�2�0q4�0�lm0�G65�0
nb;Ke�;3J65ËÌ�ÄhWKÍ�¹1Ì�Ä�yFÍ�:�2	=�8+J65�>V<Ê<�5heI0

u∗∗(t) = v∗∗(t) =











−1,
03@�=�5

0 ≤ t < 5
4 ;

+1,
03@�=�5 5

4 ≤ t < 13
4 ;

−1,
03@�=�5 13

4 ≤ t ≤ 4,

I(v∗∗, u∗∗) = 0
P

º(PIº�MRB�564I;�03>
t1 = 4/2 = 2

P�M½=�7pn3GI;bJ�0�G6567
t1 = 2

2�:6A�5�>,;K=�]�G�2�0q4�0�lm0�G65�0
nb;Ke�;3J65ËÌ�ÄhWKÍ�¹�Ì�Ä�yFÍ�:6465�>?0�AÊ<�56e

u∗∗∗(t) = v∗∗(t) =

{

−1,
03@�=�5

0 ≤ t < 1;

+1,
03@�=�5

1 ≤ t ≤ 2.

zR:�A�5�>,;K=�]�GI;	7LA�4I;�0 c AF2�46567Æe6=�7ÁnK;Ke�;bJ65iÌ�À+Ï�Írj�Ì�Ä�×FÍ{:64�5
I(v∗∗∗, u∗∗∗) = 0

nK;	:65hj
lq0�AF@�7

x1∗ =

{

1 − t2

2 , 0 ≤ t < 1;
t2

2 − 2t+ 2, 1 ≤ t ≤ 2,
x2∗ =

{

−t, 0 ≤ t < 1;

t− 2, 1 ≤ t ≤ 2,

s�A�5Ç4�0�n38K=�]	A�;	A�MV@32�<�:I;Ke�;	»¼A(@,4�0�n38K=�]	A�;	A�;�>�5k¹	:�2	=�8+J�0�G6G6MR>�5u@,:�2�>?2�Åq]�»V:64656Ghj
É656:I;m>,; c @�5�>�8h>,;uÎÊP · P�Ó½2�G6A�4¾7ha356GI;hP

/ Þ ßµêGz á )�- .�)
zRe�G�2�^o56nT@�=I2bvuG6M�fo5HG�0�4�0�lm0�G6G6M�fo:64�2�B	=I03>9AF032�46565p8+:64I;	<�=I0�G6567o7h<�=�760�A�j

@�7p@�8+Åm03@�A�<F2�<¾;	G65�0Ç4�0�lm0�G6567 c 4I;�0�<F2�^ÑnK;Ke�;bJ65Á2�:6A�5�>,;K=�]�G�2�ab2t8+:64I;	<�=I0�G6567Ñ:6465
GI;K=�56J6565&ÈÇ;	nb2�<�M�fu5Ê56G6AF0�a34I;K=�]�G6M�ft2�a34I;	G656J�0�G656^1P{M½=�7Ê4�0�lm0�G6567u:64�2�B	=I03>Ô@�8¾j
Åq03@�A�<F2�<¾;	G6567L4�0�lm0�G6567ÁG�032�Bbf¾2be�5�>?2o@32�n�e�;	G65�0u2�B�Åm0�^LAF032�46565Æ8+:�4I;	<�=�7603>?2�@�A�5
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e�56GI;�>�56J�03@ c 5hf&@�5�@�AF03>"P{Mq;	G6GI;	7Ê4I;�B�2�A�;½:�2�@�<�7hÅm0�GI;½4�0�lm0�G656» :64�2�B	=I03>E8+:64I;	<�j
=�7603>?2�@�A�5H@�=I2bvuG6M�fÊe�56GI;�>�56J�03@ c 5hfH@�5�@�AF03>Ë@ c 4I;�0�<�MR>�5&8¾@�=I2�<�5676>�5t5&2�a34I;	G65hj
J�0�G65676>�5kP
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D1 := R

n
− = {x : x′ ∈ R

n−1, xn < 0} 	 D2 := R
n
+ = {x : x′ ∈

R
n−1, xn > 0} 	 n ≥ 2 	 R := {x : x′ ∈ R

n−1, xn = 0} 	 DpT := Dp × (0, T ) 	
p = 1, 2 	 RT := R × [0, T ] 	 x = (x′, xn), x′ = (x1, . . . , xn−1) 
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(

u1 − u2

)

|xn=0 = 0
�! 

RT , 2 y 4
(

ε ∂tu1 + κb∇T u1 − c∇T u2

)

|xn=0 = Φ(x′, t)
�! 

RT , 2��.4')��� � � �
��� 1b� �H� 1 "$�  ��� �
� � 1b�! ��� �  � 	 b = (b′, bn), b′ = (b1, . . . , bn−1) 	 c = (c′, cn) 	
c′ = (c1, . . . , cn−1) 	 ∇T = colon(∂x1 , . . . , ∂xn) � 1b� � +%�  ��K� � 1 � � � 	 b cT =
b1c1 + . . .+bncn

� � 1 �
���
�]�%� � #�+ 1 � 	 ∆ = ∂2
x1

+ . . .+∂2
xn
	 ∂t = ∂/∂t 	 ∂xi = ∂/∂xi 	

bn > 0, cn > 0,

a
(p)
i j = a

(p)
j i , i, j = 1, . . . , n,

n
∑

i,j=1

a
(p)
i j ξiξj ≥ a0ξ

2, ξ ∈ R
n, p = 1, 2. 27�84

a0 = const > 0.
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∂tv2 −
n

∑

i,j=1

ai j ∂2
xixj

v2 = 0
"  

D2T , 2K´C4

vp|t=0 = 0
"  

Dp, p = 1, 2, 2 ¡ 4
(

v1 − v2

)

|xn=0 = 0
�! 

RT , 27µ84
(

ε ∂tv1 + κd∇T v1 − h∇T v2

)

|xn=0 = ϕ(x′, t)
�! 

RT , 2�3=¶84')��� � � �
��� 1b� �H� 1 "$�  ��� �
� � 1b�! ��� �  � 	 a > 0 	 d = (d′, dn), d′ = (d1, . . . , dn−1) 	 h =
(h′, hn) 	 h′ = (h1, . . . , hn−1) 	 � � � � �=� � � 	 � / ��� � �����b��� 1b�.� � #�"  � ���r� ���  � /7� � � � ��" �! ������ 1b� �H� 1 "$�  ���

aij
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 ������+  "�� 1b�X� � #�"  � ��� � §�"$� xn
� � 1 � � � 
 �����{� 1 �
���
���%� � #�+ 1 ���

b νT
0 = bn > 0 	 c νT

0 = cn > 0 �
� �  �� � 1 � �  %� �b# � / ��� � � � ��� �!�8�! �
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/7� � � ���!& � � "  ����� � � � ��� � � � a∆
"  �������b¢X+ � ��" �! 2   4�
�� � 	 '��,� � � �

dn > 0, hn > 0

"  ����� 1b�! #�"���" �! 2�3=¶84�
¬a� /7� � ��+ ��� ���,�����,� � "  � �b��+ � ��� �
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·m¸�¹�º\»�¹�¼ 3X½�¾�¿�À dn > 0, hn > 0, 0 < ε ≤ ε0, 0 < κ ≤ κ0 Á ¾�¿�À ϕ(x′, t) ∈
◦
C

1+α, 1+α
2

x′ t (RT ) Â α ∈ (0, 1) ÁÃ�Ä ¿HÅ�À Ä ¿,ÆbÇ!È É�ÀcÊ7Ç
ÅaÇ�Ë,À Ä ¿)Ì�Í�ÇXÎHÈ$¿HÏÑÐ�Ò�Ó!Ô�Ð�Õ8Ö�Ó Ä�× ÆmÀ Ä ¿eË�Ç!ÍHÏ
vp(x, t) =

1

ε

∫ t

0
dτ

∫

Rn−1

ϕ(y′, τ)Gp(x
′ − y′, xn, t − τ) dy′, 2�3C354

Ø Ä ¿�Í�¿
Gp(x, t) =

∫ t

0
Kp(x, σ, t − σ)dσ,

K1(x, σ, t) = ∂xng1(x, σ, t), K2(x, σ, t) =
n

∑

k=1

akn∂xk
g2(x, σ, t) 2�3=684

g1(x, σ, t) = −4a

∫ t

0
dτ1

∫

Rn−1

Γ1(x − η − κ

ε
dσ, t − τ1)
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× 1
√

|An|

n
∑

k=1

akn∂ηk
Γ2(η +

hσ

ε
, τ1)

∣

∣

ηn=0
dη′,

K1(x, σ, t) = −4a

∫ t

0
dτ1

∫

Rn−1

∂xnΓ1(x − η − κ

ε
dσ, t − τ1)

× 1
√

|An|

n
∑

k=1

akn∂ηk
Γ2(η +

hσ

ε
, τ1)

∣

∣

ηn=0
dη′

≡
∫ t

0
d τ1

∫

Rn−1

−xn + ηn + κdnσ/ε

(2
√

aπ(t − τ1))n(t − τ1)
e
− (x−η−κd σ/ε)2

4a(t−τ1)

× hnσ/ε

(2
√

πτ1)nτ1

1
√

|An|
e
−

∑n
i,j=1 aij(ηi+hiσ/ε)(ηj+hjσ/ε)

4τ1

∣

∣

ηn=0
d η′, xn < 0, 2�3 y 4

g2(x, σ, t) = −4a

∫ t

0
dτ1

∫

Rn−1

∂ηnΓ1(η − κ

ε
dσ, τ1)

× 1
√

|An|
Γ2(x − η +

hσ

ε
, t − τ1)

∣

∣

ηn=0
dη′,

K2(x, σ, t) = −4a

∫ t

0
dτ1

∫

Rn−1

∂ηnΓ1(η − κ

ε
dσ, τ1)

× 1
√

|An|

n
∑

k=1

akn∂xk
Γ2(x − η +

hσ

ε
, t − τ1)

∣

∣

ηn=0
dη′

≡
∫ t

0
d τ1

∫

Rn−1

κdnσ/ε

(2
√

aπτ1)nτ1
e
− (η−κdσ/ε)2

4aτ1
xn − ηn + hnσ/ε

(2
√

π(t − τ1))n(t − τ1)

× 1
√

|An|
e
−

∑n
i,j=1 aij(xi−ηi+hiσ/ε)(xj−ηj+hjσ/ε)

4(t−τ1)
∣

∣

ηn=0
d η′, xn > 0, 2�3��.4

Γ1(x, t) =
1

(2
√

aπt)n
e−

x2

4at , Γ2(x, t) =
1

(2
√

πt)n
e−

∑n
i,j=1 aijxixj

4t , 2�3=�84

|An| > 0 Ô©ÙX¿�ÀF¿HÍHÏ{Ê�Å × Å�ÀrÇ�Ë × Ï × ÀcÍHÊ�Ú An = {aij}n
i,j=1 Â aij Â i, j = 1, . . . , n Â × Í�¿

À Ä ¿{¿HÈ$¿HÏ_¿HÅ�À�Æ�Ç�Ë,À Ä ¿�Ê�Å�Û!¿HÍ�Æ=¿�Ï × ÀcÍHÊ�Ú A−1
n Á
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�
�
 y �

·m¸�¹�º\»�¹�¼ 6�½r¾�¿�À dn > 0, hn > 0, κ ∈ [0, κ0], ε ∈ (0, ε0] ÁÃ�Ä ¿ ÜC¿HÍHÅx¿HÈ Æ K1(x, σ, t) = ∂xng1(x, σ, t), K2(x, σ, t) =
∑n

k=1 akn∂xk
g2(x, σ, t) ÙX¿cÝYÅx¿�Ù0ÎHÞ_À Ä ¿eË�Ç!ÍHÏ{É.È × Æ02�3=684�ÔX2�3��.4�Æ × ÀcÊ�ÆcË�Þ�À Ä ¿{¿�Æ�ÀcÊ�Ï × ÀF¿

|∂k
t ∂m

x Kp(x, σ, t)| ≤ C1
1

t
n+2k+|m|+1

2

e−
q2
1x2

t
− q2

2σ2

ε2t , 2�3   4
Ø Ä ¿�Í�¿

q2
1 =

c2
0h

2
n

2(h2 + κ2
0d

2 + 2κ0|d′h′|) , q2
2 =

c2
0h

2
n

2
.

ß Ç!Å%Æ�À × Å�À C1 Ù8Ç
¿�ÆmÅ[ÇCÀ)ÙX¿FÌ%¿HÅ[Ù*Ç!Å ε
× Å[Ù κ Â ß Ç!Å%Æ�À × Å�À c2

0 Ê�Æ�Ë�Í�Ç!ÏàÀ Ä ¿£¿�Æ�ÀcÊ�Ï × ÀF¿�Æ£Ç�Ë
À Ä ¿eË�É.Å[Ù × Ï_¿HÅ�À × È�ÆbÇ!È É�ÀcÊ7Ç!Å%Æ�2�3=�84mÇ�Ë,À Ä ¿{¿�ábÉ × ÀcÊ7Ç!Å%Æ*2   4�Âe2F´C4

|∂k
t ∂m

x Γp(x, t)| ≤ C2
1

t
n+2k+|m|

2

e−c20
x2

t , p = 1, 2, c0 = const > 0. 2�35´C4
â Í�Ç=Ç�ËrÇ�Ë Ã�Ä ¿�Ç!Í�¿HÏãÕ Á �����)� � � +%��" �! 2�3C354 �
/ ����� �%� �!& � ��� 2   4F�[2�3=¶84 ' � � 1b�! ��� � + 1 ���b#')"����_�����r��� ��� �
/ � �
�%��� 1 � �  # ¯ � + � "$� � "  ��� � ���
� � ���  � /7� � ��� � �]"  � y � �  # �
�%�%��� "  %��
/ ����� �%� � � � � � � �
/S1b�{�Y �� � � �
� #%� � " � � ��" � � 
%ä � � � �5� � � 	 "  ������"  ��� � ���
� � 2�3 y 4H	�2�3��.4'��,� � #%�,+���� �
/ ����� /c� � �m+ ��� �

n
∑

k=1

akn∂xk
e−

∑n
i,j=1 aijxixj

4t =

−
n

∑

k=1

akn
1

4t

(

n
∑

j=1

akjxj +
n

∑

i=1

akixi

)

e−
∑n

i,j=1 aijxixj

4t =

= −xn

2t
e−

∑n
i,j=1 aijxixj

4t ,

n
∑

k=1

aknakj =

{

1, j = n,

0, j 6= n,

¬a�,��� � 'å��� � �)����� / +  �1 ��" �! � 2�3C354 � � ��"$� / � �������b¢X+ � ��" �! � 2   4�	�2K´C4 � �b� � � 1 ��" � � ����  # &x� +  # �
��� 1b�! #�"���" �! � 2Kµ84H	�2�3=¶84�
����� / +  �1 ��" �! 
v1(x, t)

� � ��"$�����b�p�����m��� � ���b¢X+ � ��" �! 2   4 #�+��m� � � / +  # � ���  � �
�� � � +���" �! Γ1(x− y′ − η − κ d σ/ε, t− τ − σ − τ1)
�
/ ���%"$�)�b¢X+ � ��" �! 2 ��� � � x− y′ =
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y   z{
 |H
%} "�~b� �  ��=� �

(x1 − y1, . . . , xn−1 − yn−1, xn)) 
 ¬¨�{��+ & ����"���+%��� Γ2(x, t)
"  � � �����£�b¢X+ � ��" �! 2K´C4� ������"  %� x 6= 0, t 6= 0 	 �����  '��,��� �
��� � � � �

∂tΓ2(x, t) =
(

− n

2t
+

1

4t2

n
∑

i,j=1

aijxixj

)

Γ2(x, t),

n
∑

p,q=1

ap q ∂2
xpxq

Γ2(x, t) = − 1

2t

n
∑

p,q=1

ap q ∂xq

(

n
∑

i=1

aipxi Γ2

)

= − 1

2t

n
∑

p,q=1

ap q

(

apq − 1

2t

n
∑

i,j=1

ai paj qxixj

)

Γ2 =
(

− n

2t
+

1

4t2

n
∑

i,j=1

aijxixj

)

Γ2

�  #
∂tΓ2 −

n
∑

p,q=1

ap q ∂2
xpxq

Γ2 = 0, x 6= 0, t 6= 0,

��� � �£"$� Γ2(x, t)
"$� �²� / +  # � ���  � �
� � � � +%��" �! «�
/ �����0�b¢X+ � ��" �! 2K´C4 �  # v2(x, t)� � ��"$�����b� 2K´C4H


�  �b¢X+ �
� "�� � 27µ84�æ (v1 − v2)|xn=0 = 0
& � 1b� ���b� �!&X� " � +�� � / ��� � ����� 1 � �  %� �b� �
/����� � �
� " � & � �b� η′ = x′ − ξ′, τ1 = t − τ2

"  ����� - � �  � � K1
�  # � ������"  %� xn = 0 
¬a� �%� �=� ����� � �r����� / +  �1 ��" �! � v1, v2

� � ��"$� / ��� 1b�! #�"���" �! 2�3=¶84�
�����
ϕ = 1.

¬a�p"  ��� � ��� ��� 2�3C354 ')"���� � �b� � � 1 ��� � y′, η′ �  # τ1
')"����������p��� ��� �
/����� /7� � ��+ ��� �

∫ t

0

a b

4
√

π(t − τ1)3/2τ
3/2
1

e
− a2

4(t−τ1)
− b2

4τ1 dτ1 =
(a + b)

2t3/2
e−

(a+b)2

4t , a > 0, b > 0,

∫ t

0

a

2
√

π(t − τ)3/2
e
− a2

4(t−τ) dτ =
2√
π

∫ ∞

a
2
√

t

e−ζ2
dζ := erfc

a

2
√

t
, a > 0, 2�3 ¡ 4

∫

Rn−1

e−
∑n

i,j=1 aijξiξj

4t dξ′ =
(2
√

πt)n−1

√

|A−1
n−1|

e
− |A−1

n |
|A−1

n−1|
ξ2n
4t

,

')��� � � A−1
n−1

"$� � � � � � "�§ �
/ (n−1) � � � #%� � �!& � � "  �b# / � � � � � � � � "�§ A−1
n 	 "  ')�%" 1 ������

n � ��� � "  � �  # n
� ��� � � ' �
� � 1 � � �����b# � +%� 	 |A−1

n | ç #%���
A−1

n = 1/|An| 
 ¬¨�

���������������������! ���"¹#&%�'�(���) +.-�/	021�3�5768/	021Ç9�+æ;>=�?�@



� ����"�� � ���b� �
/ ������� � � +%��" �! � � ��������"  %� + ���
������� � � ��+ � & �b# �%� �!& � ��� 
�
�
 y ´

� � "  � � +%�e��� � � |A−1
n | > 0, |An−1| > 0

& � ����� 1b�! #�"���" �! 27�84H
 ���X+�� 	 '��¥��� �
��� � � � �

v1(x, t) =
1

ε

∫ t

0
erfs

−xn+κdnσ/ε√
a

+ hnσ/ε
√

|An||A−1
n−1|

2
√

t − σ
dσ, xn < 0,

v2(x, t) =
1

ε

∫ t

0
erfs

κdnσ/ε√
a

+ xn+hnσ/ε
√

|An||A−1
n−1|

2
√

t − σ
dσ, xn > 0.

¬a� � � �%� �b���  � �  �H§ �%� �b����" �! ε ∂tv1 + κd∇T v1 − h∇T v2
"  ����� /7� � �

ε ∂tv1 + κd∇T v1 − h∇T v2 = J1 + J2, 2�3=µ84
')��� � �

J1 :=
(

ε ∂t + κd∇T +

√
a

√

|An||A−1
n−1|

h∇T
)

v1(x, t),

J2 := −
√

a
√

|An||A−1
n−1|

h∇T v1(x, t) − h∇T v2.

} � #%" � � 1 � 1 �
� 1 + ��� ��" �! �r'��,#%� � " � �

J1 = ε
(

∂t +
κdn

ε
∂xn + hn

√
a

ε
√

|An||A−1
n−1|

∂xn

)

v1(x, t)

= −
∫ t

0

d

dσ
erfs

−xn+κdnσ/ε√
a

+ hnσ/ε
√

|An||A−1
n−1|

2
√

t − σ
dσ = erfs

−xn

2
√

at�  #
J1 → 1 as xn → 0, 276C¶84

J2 := −hn

√
a

√

|An||A−1
n−1|

∂xnv1(x, t) − hn∂xnv2

= − hn

ε
√

π|An||A−1
n−1|

(

∫ t

0
exp

−(−xn+κdnσ/ε√
a

+ hnσ/ε
√

|An||A−1
n−1|

)2

4(t − σ)

dσ√
t − σ
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%} "�~b� �  ��=� �

−
∫ t

0
exp

−(κdnσ/ε√
a

+ xn+hnσ/ε
√

|An||A−1
n−1|

)2

4(t − σ)

dσ√
t − σ

)

�  #
J2 → 0 as xn → 0 276�354

¯ � � � 2�3=µ84e��276�354 '�� �!& � � "  */7� � ϕ = 1

(

ε ∂tv1 + κd∇T v1 − h∇T v2

)

|xn=0

≡
∫ t

0
dτ

∫

Rn−1

(

(

∂t+
κd

ε
∇T

x

)

G1(x
′−y′, xn, t−τ)−h

ε
∇T

x G2(x
′−y′, xn, t−τ)

)

dy′

= (J1 + J2)|xn=0 = 1, 276C684
��� � �e"$�]����� 1b�! #�"���" �! 2�3=¶84 "$��� � ��"$�����b# �
� � � 
 ���.+�� 	 ����� / +  �1 ��" �! � v1, v2

#%�H�  �b# & �
� /7� � ��+ ��� 2�3C354 �
� �,������� � � +%��" �! � �
/ ����� �%� �!& � ��� 2   4]��2�3=¶84 ')"���� ϕ = 1 


�����
ϕ(x′, t)

& �¦����� / +  �1 ��" �! i/ � � �è�����0�{�� � #%� � � ��� 1 � ◦
C

1+α, 1+α
2

x′ t (RT ) 	 α ∈
(0, 1) 
¬a�å��+ & ����"���+%���°����� / +  �1 ��" �! �

vp(x, t) = 1/ε
∫ t
0 dτ

∫

Rn−1 ϕ(y′, τ)Gp(x
′ −

y′, xn, t− τ) dy′ 	 p = 1, 2 	 "  � � ����� 1b�! #�"���" �! 2�3=¶84 �  # � � �%� �b���  �)����� � � ���  ��" �
� �� � /7� ��� � 'r� æ
ε ∂tv1 + κd∇T v1 − h∇T v2

= ϕ(x′, t)
∫ t

0
dτ

∫

Rn−1

(

(

∂t +
κd

ε
∇T

x

)

G1(·) −
h

ε
∇T

x G2(·)
)

dy′ + J3, 276 y 4

J3 =

∫ t

0
dτ

∫

Rn−1

(

ϕ(y′, τ) − ϕ(x′, t)
)

×
(

(

∂t +
κd

ε
∇T

x

)

G1(·) −
h

ε
∇T

x G2(·)
)

dy′. 276
�.4
ép+���� � 276C684 '��,� � � �

ϕ(x′, t)
∫ t

0
dτ

∫

Rn−1

(

(

∂t +
κd

ε
∇T

x

)

G1(·) −
h

ε
∇T

x G2(·)
)

dy′

→ ϕ(x′, t) � � xn → 0. 276C�84¬a����� �
��� ��� � '°��� � �r"  ����� /7� � ��+ ��� 276 y 4 J3 → 0 � � xn → 0 
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�
�
 y µ
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(

∂t +
κd

ε
∇T

x

)

G1 =

∫ t−τ

0

(

∂t +
κd

ε
∇T

x

)

K1(x − y′, σ, t − τ − σ) dσ,

')��� � �
K1(x − y′, σ, t − τ − σ) = −2

∫ t−τ−σ1

0
d τ1

∫

Rn−1

× −xn + κdnσ2/ε

(2
√

aπ(t − τ − σ1 − τ1))n(t − τ − σ1 − τ1)
e
− (x−y′−η′−κd σ2/ε)2

4a(t−τ−σ1−τ1)

× 1
√

|An|

n
∑

k=1

akn∂ηk
Γ2(η +

hσ3

ε
, τ1)

∣

∣

∣

ηn=0,
σ1=σ2=σ3=σ

d η′, xn < 0. 2K6   4
� ��"��r"$�r���b�  �/ � � � 276   4 '�� 1 �  � � �%� �b���  �r�����,#%� � " � � ��" � �b� �
/ K1

� � /7� ��� � 'r� æ
(

∂t +
κd

ε
∇T

x

)

K1 = −
(

∂σ1 + ∂σ2

)

K1

�  #�� � - "  %� "  � � � 1b1b� +  �r����� /7� � ��+ ���
n

∑

k=1

akn∂ηk
Γ2(η + hσ3/ε, τ1) = −hnσ3/ε

2τ1
Γ2(·)

"  ��� � ��� ��� & �¦���
� ���r')"���� � �b� � � 1 �r� � σ 	 �����  '������ �
��� � � � �
(

∂t +
κd

ε
∇T

x

)

G1 =

∫ t−τ

0

(

∂t +
κd

ε
∇T

x

)

K1(x − y′, σ, t − τ − σ) dσ

=

∫ t−τ

0
∂σ3K1 dσ = −2

∫ t−τ

0
d σ

∫ t−τ−σ1

0
d τ1

∫

Rn−1

× −xn + κdnσ2/ε

(2
√

aπ(t − τ − σ1 − τ1))n(t − τ − σ1 − τ1)
e
− (x−y′−η′−κd σ2/ε)2

4a(t−τ−σ1−τ1)

× 1
√

|An|
∂σ3

[

n
∑

k=1

akn∂ηk
Γ2(η +

hσ3

ε
, τ1) d η′

]∣

∣

∣

ηn=0,
σ1=σ2=σ3=σ

d η′

= −2

∫ t−τ

0
d σ

∫ t−τ−σ1

0
d τ1

∫

Rn−1
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%} "�~b� �  ��=� �

× −xn + κdnσ2/ε

(2
√

aπ(t − τ − σ1 − τ1))n(t − τ − σ1 − τ1)
e
− (x−y′−η′−κd σ2/ε)2

4a(t−τ−σ1−τ1)

× 1
√

|An|
h

ε
∇T

η

n
∑

k=1

akn∂ηk
Γ2(η +

hσ3

ε
, τ1) d η′

∣

∣

∣

ηn=0,
σ1=σ2=σ3=σ

d η′,

��� � �,'�� �
�%�%���0�  ©�!&X� " � +��r"$#%�  ��"�� � ∂σ3Γ2(η + hσ3/ε, τ1) = h/ε∇T
η Γ2(·) 
¬a��� � - � 1 � �  %� � �
/]� �
� " � & � �b� ξ′ = x′ − y′ − η′ 	 τ2 = t − τ − σ − τ1

"  �����
"  ��� � ���
� �p')"���� � �b� � � 1 �¥� � η′ �  # τ1

�  # �%� ����� � � ������� �%� � � " � +�� � ������� � � η′ �  # τ1"  ����� � # �
/ ξ′ �  # τ2 	 �����  '�� �!& � � "  

(

∂t +
κd

ε
∇T

x

)

G1 =

∫ t−τ

0

(

∂t +
κd

ε
∇T

x

)

K1(x − y′, σ, t − τ − σ) dσ

= −2

∫ t−τ

0
d σ

∫ t−τ−σ

0
d τ1

∫

Rn−1

−xn + κdnσ/ε

(2
√

aπτ1)nτ1
e
− (η′−κd′ σ/ε)2+(−xn+κdnσ/ε)2

4aτ1

× 1
√

|An|
h

ε
∇T

η

n
∑

k=1

akn∂ηk
Γ2(z, t − τ − σ − τ1)

∣

∣

∣

ηn=0
dη′, 2768´C4

')��� � � zµ = xµ − yµ − ηµ + hµσ/ε, µ = 1, . . . , n − 1, zn = −ηn + hnσ/ε.���! ��"$#%� � ��������� 1b�! # - � �  � � "  276
�.4
h

ε
∇T

x G2(x − y′, t − τ) =

∫ t−τ

0

h

ε
∇T

x K2(x − y′, σ, t − τ − σ) dσ,

')��� � � K2
"$�r#%����� � �£"  �b# & � 2�3��.4�
 ¬¨��� � - ��+���� �
/ ����� /7� � ��+ ��� �

h

ε
∇T

x Γ2(x − y′ − η + hσ/ε, t) = −h

ε
∇T

η Γ2(x − y′ − η + hσ/ε, t),

n
∑

k=1

akn∂xk
Γ2(x − y′ − η + hσ/ε, t) = −

n
∑

k=1

akn∂ηk
Γ2(x − y′ − η + hσ/ε, t),

�����  '���#%� � " � �
h

ε
∇T

x G2(x − y′, t − τ) =

∫ t−τ

0

h

ε
∇T

x K2(x − y′, σ, t − τ − σ) dσ
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� ����"�� � ���b� �
/ ������� � � +%��" �! � � ��������"  %� + ���
������� � � ��+ � & �b# �%� �!& � ��� 
�
�
 ��3

= −2

∫ t−τ

0
d σ

∫ t−τ−σ

0
d τ1

∫

Rn−1

κdnσ/ε

(2
√

aπτ1)nτ1
e
− (η′−κd σ/ε)2

4aτ1

× 1
√

|An|
h

ε
∇T

η

[

n
∑

k=1

akn∂ηk
Γ2(x− y′− η +hσ/ε, t− τ −σ− τ1)

]∣

∣

∣

ηn=0
dη′. 276 ¡ 4

��� � ���
� "  %� ����� - � �  � � � 2768´C4�	�276 ¡ 4 "  �����,"  ��� � ���
� J3
#%����� � �£"  �b# & � 276
�.4 '��1 �  ���b����� � �

(

∂t +
κd

ε
∇T

x

)

G1 −
h

ε
∇T

x G2 → 0 as xn → 0, x′ 6= y′, t 6= τ. 276Cµ84
ê � '°'��,��� � + � #*��� � 'å��� � �r� � 1 �*��� � �("  �  "  ��� � ���
� J3

1b�! .� � � � �b�r+  " /7� � � ���')"���� � �b� � � 1 �)� � x, t 	 �����  �/ � � �ã���%"$� �  # 276Cµ84 "��)')" ��� & � /c� ��� � '���#0��� � � J3 → 0 � �
xn → 0 
 ¬¨�,�b����"�� � ��� J3 


¯ � � ����� / +  �1 ��" �! ϕ(x′, t)
& � � �! %� "  %� � � ◦

C
1+α, 1+α

2

x′ t (RT ) 	 α ∈ (0, 1) 	 �����/c� ��� � ')"  %� �b����"�� � ���b� �
� � � �
� "$#

|ϕ(y′, τ) − ϕ(y′, t)| ≤ M1(t − τ)
1+α

2 , M1 = [ϕ]
( 1+α

2
)

t,Rt
, τ < t, 2 y ¶84

|ϕ(y′, t) − ϕ(x′, t)| ≤ M2t
α/2|x′ − y′|, M2 =

n−1
∑

µ

[∂xµϕ]
(α/2)
t,Rt

. 2 y 354

ä � � � �=� � � 	 '������ �
��� � � - ��+���� �
/ �  �b����"�� � ���
∫ t

0

1

(t − σ)3/2
e
− q2

2σ2

ε2(t−σ) dσ ≤ C3
ε

t
, 2 y 684

')�%" 1 �a"$� �!& � � "  �b# � / ��� � #%" � "$#�"  %���
/ �  "  ��� � ���
� "  � � �F' �*�! �b� �! �����£# � � � "  �
(0, t/2) �  # (t/2, t) 
%|  ������� � ���)"  ��� � ���
� '�� �
�%�%��� ������"  �b¢X+ �
� "���"$�b�

1

(t − σ)3/2
≤ 23/2

t3/2
, e

− q2
2σ2

ε2(t−σ) ≤ e−
q2
2σ2

ε2t , σ ∈ (0, t/2),

�  #�"  ��� � ��� ����')"���� � �b� � � 1 �r� � σ 	 "  ��������� 1b�! # �! ��'���+���� �  �b����"�� � ���

e
− q2

2σ2

ε2(t−σ) ≤ e
− q2

2t2

4ε2(t−σ) , σ ∈ (t/2, t)
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�  #�� � - � � 1 � �  %� � �
/S� �
� " � & � � q2t
2ε

√
t−σ

= ζ 
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i1 =

∫ t

0
dτ

∫

Rn−1

(

ϕ(y′, τ) − ϕ(x′, t)
)

∂tG1(x − y′, t − τ)dy′ =

=

∫ t

0
dτ

∫

Rn−1

dy′
∫ t−τ

0

(

ϕ(y′, τ)−ϕ(y′, t−σ)
)

∂tK1(x−y′, σ, t−τ−σ) dσ 2 yCy 4

+

∫ t

0
dσ

∫

Rn−1

dy′
∫ t−σ

0

(

ϕ(y′, t−σ)−ϕ(y′, t)+ϕ(y′, t)−ϕ(x′, t)
)

∂τK1(·)dτ =: i11+i12.

¬a�m� � - �m+���� �
/ �������b����"�� � ���b� 2�3   4 /7� � ����� - � �  � � Kj 	S2 y ¶84 /7� � ϕ 	 (t − τ −
σ)α/2 ≤ (t − τ)α/2 	 "  ��� � ��� ����')"���� � �b� � � 1 �p� � y′ �  # �
�%�%��� 2 y 684�	 �����  '��m��� �
���� � � �

|i11| ≤ C4M1

∫ t

0
(t − τ)α/2dτ

∫ t−τ

0

1

(t − τ − σ)3/2
e
− q2

2σ2

ε2(t−τ−σ) dσ ≤

≤ C5M1ε

∫ t

0

dτ

(t − τ)1−α/2
= C6M1ε0t

α/2. 2 y �.4
���! ��"$#%� � ����� � � ���  ��" �
� i12

#%����� � �£"  �b# & � 2 yCy 4�
 ¬¨��"  ��� � ��� ���£')"���� � �b� � � 1 �� �
τ 	 �
�%�%��� 2 y ¶84�	�2 y 354 /7� � ϕ 	�2�3   4 /7� � K1 	 �����  '�� �!& � � "  

|i12| ≤ C7(M1 + M2)

∫ t

0
dσ

∫

Rn−1

σ
1+α

2 + |x′ − y′|
(t − σ)

n+1
2

e
− q2

1(x′−y′)2
t−σ

− q2
2σ2

ε2(t−σ) dy′.

¬a� �
�%�%���0�  "  �b¢X+ �
� "�� �
|ξ|αe−ξ2 ≤ Cαe−ξ2/2, α ≥ 0, 2 y �84

�  #�"  ��� � ��� ����')"���� � �b� � � 1 �r� � y′ 	 �����  '���#%� � " � �

|i12| ≤ C8(M1 + M2)

∫ t

0

(t − σ)
1+α

4 ε
1+α

2 + (t − σ)1/2

t − σ
dσ ≤

≤ C9(M1 + M2)(ε
1+α

2
0 t

1+α
4 + t1/2). 2 y   4
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� ����"�� � ���b� �
/ ������� � � +%��" �! � � ��������"  %� + ���
������� � � ��+ � & �b# �%� �!& � ��� 
�
�
 � y

z � ����� � "  %� 2 y �.4�	�2 y   4 '��p�  #0�������b����"�� � ��� �
/ ����� � � ���  ��" �
� 2 yCy 4
|i1| = |i11 + i12| ≤ C10(M1 + M2). 2 y ´C4

ê � '°'����b����"�� � ���,����� ��� ���r��� � ���)"  276
�.4

i2 :=

∫ t

0
dτ

∫

Rn−1

(

ϕ(y′, τ)−ϕ(x′, t)
)(κd

ε
∇T

x G1(x− y′, t− τ)− h

ε
∇T

x G2(·)
)

dy′,

2 y ¡ 4��� � � Gj =
∫ t−τ
0 Kj(·, t − τ − σ)dσ 
� � �b����"�� � ��� i2

"��)"$�r��+�� 1 "$�  �r� �£1b�! ��"$#%� � ����� � � ���  ��" �
�

i2j :=
1

ε

∫ t

0
dτ

∫

Rn−1

(

ϕ(y′, τ) − ϕ(y′, t) + ϕ(y′, t) − ϕ(x′, t)
)

× 2 y µ84

×
∫ t−τ

0
∂xiKj(x − y′, σ, t − τ − σ)dσ, j = 1, 2, i = 1, . . . , n.

� � � &x�=� �)'��)� � - �r+���� �
/ �����)"  �b¢X+ �
� "���"$�b� 2 y ¶84�	�2 y 354 /7� � ϕ 	�2�3   4 /7� � Kj 	[2 y �84H	����� /7� ��� � ')"  %�,�! � æ (t−τ−σ)1/2 ≤ (t−τ)1/2,
�����  � / ��� � "  ��� � ��� ��"  %� ')"���� � �b� � � 1 �� �

y′
'�� �!& � � "  

|i2j | ≤ C11(M1 + M2)
1

ε

∫ t

0
dτ

∫

Rn−1

dy′
∫ t−τ

0

(t − τ)
1+α

2 + |x′ − y′|
(t − τ − σ)

n+2
2

×

× e
− q2

1(x′−y′)2
t−τ−σ

− q2
2σ2

ε2(t−τ−σ) dσ ≤

≤ C12(M1+M2)
1

ε

∫ t

0
((t−τ)

1+α
2 + (t−τ)1/2)dτ

∫ t−τ

0

1

(t−τ−σ)3/2
e
− q2

2σ2

ε2(t−τ−σ) dσ,

�  # �
�%�%��� "  %� �  �b����"�� � ��� 2 y 684 '������ �
��� � � � �

|i2j | ≤ C13(M1 + M2)(t
1+α

2 + t1/2), |i2| ≤ C14(M1 + M2). 2��X¶84
¯ � � ����� � � ���  ��" �
� J3 = i1+i2

"  276 y 4 #%����� � �£"  �b# & � ����� /7� � ��+ ��� � 276
�.4�	�2 yCy 4H	
2 y ¡ 4 #�+��£� � �����_�b����"�� � ���b� 2 y ´C4�	e2��X¶84 '��£� � � � �%� �5� �b#a��� � ��� � � ��� ��� � �ë"  276
�.41��! .� � � � �b�)+  " /7� � � ��� ')"���� � �b� � � 1 �)� � x, t 	 �  #0��� �  %- �)� � 276Cµ84

J3 → 0 as xn → 0. 2���354
���������������������! ���"$#&%�'�(���)Ý+.-�/	021�3�5q6 /	021Ç9�+æ;>=�?�@



�C� z{
 |H
%} "�~b� �  ��=� �

���X+�� 	 '��£���b�{��� � � & � 276C�84 �  # 2���354 �  �H§ �%� �b����" �! 276 y 4 �8� �b�,� � ϕ(x′, t) � �
xn → 0.

��� � �S"$�S����� 1b�! ��� � + 1 ���b# / +  �1 ��" �! � v1 	 v2
� � ��"$� / ���
� � � ����� 1b�! #�"���" �! 2�3=¶84�	" 
 �������b��� / +  �1 ��" �! � �
� ��������� � � +%��" �! ©�
/ ����� �%� �!& � ��� 2   4F�[2�3=¶84�
 �

â Í�Ç5Ç�Ë�Ç�Ë Ã�Ä ¿�Ç!Í�¿HÏ(ì Á ¬¨� �!& � � "  �������b����"�� � ��� 2�3   4 /7� � ����� - � �  � � � Kj 	 j = 1, 2 
���! ��"$#%� � ����� / +  �1 ��" �! �

vj(x, t) =

∫ t

0
dτ

∫

Rn−1

ϕ(y′, τ)dy′
∫ t−τ

0
Kj(x − y′, σ, t − τ − σ)dσ, j = 1, 2,

K1(x, σ, t) = ∂xng1(x, σ, t), K2(x, σ, t) =
n

∑

k=1

akn∂xk
g2(x, σ, t).

����� / +  �1 ��" �! �
v1 	 v2

� � ��"$� / � �������b¢X+ � ��" �! � 2   4H	)2K´C4�	 � � '�� 1 �  i� ��� � "$# �
/ �����#%� � " � � ��" � � ∂2
xn

gp(x, σ, t) �  # �!& � � "  

|∂k
t ∂m

x Kp(x, σ, t)| ≤ C14+p|∂k1
t ∂s′

x′∂ν
xn

gp(x, σ, t)|, p = 1, 2,

')��� � � ν = 0, 1 	 �  # 2k1 + |s′| + ν = 2k + |m| + 1 
¬a���b����"�� � ���,�����,#%� � " � � ��" � �b�

I := ∂k1
t ∂s′

x′∂ν
xn

g1(x, σ, t),

/7� � #%�H�  "����  �b��� 	 ��� � �

g1(x, σ, t) = −4a

∫ t

0
dτ1

∫

Rn−1

Γ1(x − η − κ

ε
dσ, t − τ1)

× 1
√

|An|

n
∑

k=1

akn∂ηk
Γ2(η +

hσ

ε
, τ1)

∣

∣

ηn=0
dη′,

¬a�©#�" � "$#%� �  "  ��� � ���
� ')"���� � �b� � � 1 �_� � τ1
"  � � �F' �¨�! �b� �! ������# � � � "  �

(0, t/2) �  # (t/2, t) 	 "  �����0��� 1b�! #í"  ��� � ���
� '���� � - � 1 � �  %� � �
/ ����� � �
� " � & � �b�
τ1 = t − τ2 	 η′ = x′ − ξ′ �  # �%� �b��� � � �m����� �%� � � " � +��  �� � � ��" �! � �
/ τ1, η′

"  ����� � #�
/
τ2, ξ′ �  #0�����  #�"�î�� � �  ��" � ��� g1(x, σ, t) � ����+%�£"  %� k1 ≥ 1

I = − 2a
√

|An|

∫

Rn−1

∂k1−1
t

[

∂s′
x′∂ν

xn
Γ1(x − η − κ

ε
dσ,

t

2
)
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/ ������� � � +%��" �! � � ��������"  %� + ���
������� � � ��+ � & �b# �%� �!& � ��� 
�
�
 �X�

×
n

∑

k=1

akn∂ηk
Γ2(η +

hσ

ε
,
t

2
)
∣

∣

ηn=0
dη′ + ∂ν

xn
Γ1(η

′ − κ

ε
d′σ, xn − κ

ε
dnσ,

t

2
)

×∂s′
x′

n
∑

k=1

akn∂ηk
Γ2(x

′ − η′ +
h′σ
ε

, ηn +
hnσ

ε
,
t

2
)
∣

∣

ηn=0
dη′

]

− 4a
√

|An|

∫ t/2

0
dτ1

∫

Rn−1

[

∂k1
t ∂s′

x′∂ν
xn

Γ1(x − η − κ

ε
dσ, t − τ1)

×
n

∑

k=1

akn∂ηk
Γ2(η +

hσ

ε
, τ1)

∣

∣

ηn=0
dη′ + ∂ν

xn
Γ1(η

′ − κ

ε
d′σ, xn − κ

ε
dnσ, τ1)

×∂k1
t ∂s′

x′

n
∑

k=1

akn∂ηk
Γ2(x

′ − η′ +
h′σ
ε

,−ηn +
hnσ

ε
, t − τ1)

∣

∣

ηn=0
dη′

]

.

| / k1 = 0 	 '������ �
��� � � � � �! ��� �����,��� 1b�! #0"  ��� � ���
� ')"���� � �b� � � 1 �r� � τ1
�  # η′ 
¬a� � � "  � � +%�£��� � � /7� � ����� / +  �1 ��" �! Γ2(x, t)

#%�H�  �b# & � 2�3=�84 '��¦� � � �������� � ���_�b����"�� � ��� � � /7� � Γ1(x, t) � / +  # � ���  � �
� � � � +%��" �! i�
/ � ��� � �{�b¢X+ � ��" �! 2   4H	" 
 � 
�2�35´C4

|∂k
t ∂m

x Γp(x, t)| ≤ C2
1

t
n+2k+|m|

2

e−c20
x2

t , p = 1, 2, c0 = const > 0.

� � �
����� 	 ����� 1b� ��� 1 "$�  ��� aij �
/ ������"  .� � � ����� � � � "�§ A−1 � � ��"$� / � ����� 1b�! #�"���" �! �
27�84 ')"���� � 1b�! ��� �  � a1 > 0

"  ����� � # �
/ � 1b�! ��� �  � a0 > 0 	 � � '�� 1 �  � � �
� + � ���

e−
∑n

i,j=1 aijxixj

4t ≤ e−a1
x2

4t . 2��X684
¬a��#�"�î�� � �  ��" � ��������� / +  �1 ��" �! Γ2 	 �
�%����� 2��X684 �  # �  "  �b¢X+ �
� "�� � 2 y �84H	 �����  '�� �!& � � "  �  �b����"�� � ��� 2�35´C4 /7� � Γ2 
ê � '°'��,� � - ������� 1b�{�] �� � � �
� #%� � " � � ��" � � �
/ Γ2(η + hσ/ε, τ1)

n
∑

k=1

akn∂ηk
Γ2(η + hσ/ε, τ1)

∣

∣

ηn=0
= −hnσ/ε

2τ1
Γ2(·),

���������������������! ���"$#&%�'�(���)Ý+.-�/	021�3�5q6 /	021Ç9�+æ;>=�?�@



�   z{
 |H
%} "�~b� �  ��=� �

#�"�î�� � �  ��" � ��� Γp
')"���� � �b� � � 1 � �! t 	 x′ 	 xn 	 η 	 � � �
� + � ���r������" � #%� � " � � ��" � �b�]')"����_�������� ��� �
/ �����,�b����"�� � ���b� 2�35´C4H	 �����  +���"  %� ������� � & � � /7� � ��+ ���
∫ ∞

−∞

1

2
√

a1a2πτ1(t − τ1)
e
− (xi−ηi)

2

4a1(t−τ1)
− (ηi−zi)

2

4a2τ1 dηi =

=
1

√

a1(t − τ1) + a2τ1

e
− (xi−zi)

2

4(a1(t−τ1)+a2τ1)

"  ��� � ��� ����')"���� � �b� � � 1 �r� � η′ 

|  �����r"  ��� � ���
� ')"���� � �b� � � 1 �e� � τ1

'��r� � - �r+���� �
/ �  "  �b¢X+ �
� "�� � 1/(t− τ1) ≤
2/t 	 τ1 ∈ (0, t/2) �  # � /7� � �m+ ��� 2�3 ¡ 4H	 "  ��� � ��� ���_')"���� � �b� � � 1 ��� � τ1 	 �����  '���!& � � "  

|I| ≤ C17
1

t
n+2k1+|s′|+ν

2

e−c20
(x−lσ)2+λ2σ2

t , l = (
κd′ − h′

ε
,
κdn

ε
), λ =

hn

ε
. 2�� y 4

')��� � � C17
# � �b�  �� �r#%� � �  # �! κ, ε 
¬a���b����"�� � ��� �  �H§ � �! �  �¥"  2�� y 4�
 ¬�"����©�����,��� ��� �
/ �������{�� � #%� ���  #0ï � +  %�"  �b¢X+ �
� "���"$�b�r'����  #

2σ|
∑

xili| ≤ δx2 +
l2σ

δ
.

��������"  %�
δ = (λ2/2 + l2)/(λ2 + l2)

'��,��� �
��� � � � �

e−c20
(x−lσ)2+λ2σ2

t ≤ e
−c20

λ2x2

2t(λ2+l2)
−c20

λ2σ2

2t = e
−c20

h2
nx2

2t(h2
n+κ2d2

n+(κd′−h′)2)
−c20

h2
nσ2

2ε2t . 2��C�.4
¬a���b����"�� � ��� � ��+%�

S := h2
n + κ2d2

n + (κd′ − h′)2 = h′2 + h2
n + κ2d2 − 2κd′h′

"  ������#%�  �� �£"  � � � � �
/ �  �H§ � �! �  �r"  2��C�.4�
¬a� 1 �  ���b����� � � S
"$� � ��+%� �
/ �����{��¢X+ �
� ��� �  # 1b�! � � "  h2

n > 0 	 � � S > 0/7� �¥�
��� κ ∈ [0, κ0]
�  # �
� & "�� ���
���0� � ��"���" � � κ0 


| / d′h′ = d1h1 + . . . + dn−1hn−1 ≤ 0 	 �����  

0 < S ≤ h′2 + h2
n + κ2

0d
2 + 2κ0|d′h′|. 2��X�84

���������������������! ���"¹#&%�'�(���) +.-�/	021�3�5768/	021Ç9�+æ;>=�?�@



� ����"�� � ���b� �
/ ������� � � +%��" �! � � ��������"  %� + ���
������� � � ��+ � & �b# �%� �!& � ��� 
�
�
 �.´

| / d′h′ > 0 	 �����  
0 < S ≤ h′2 + h2

n + κ2
0d

2. 2��   4
���X+�� 	 �
�%�%��� "  %� ������"  �b¢X+ �
� "���"$�b� 2��X�84�	�2��   4 "  �����_�H§ � �! �  ��� 2��C�.4�	�2�� y 4 '��#%� � " � �,�����,�b����"�� � ���b�

e−c20
(x−lσ)2+λ2σ2

t ≤ e−q2
4

x2

t
−q2

2
σ2

ε2t ,

')��� � �

q2
4 =







c20h2
n

2(h2+κ2
0d2+2κ0|d′h′|) , if d′h′ ≤ 0

c20h2
n

2(h2+κ2
0d2)

, if d′h′ > 0
,

q2
4 ≥ q2

1,

q2
1 :=

c2
0h

2
n

2(h2 + κ2
0d

2 + 2κ0|d′h′|) , q2
2 =

c2
0h

2
n

2
�  #

|I| := |∂k1
t ∂s′

x′∂ν
xn

g1(x, σ, t)| ≤ C17
1

t
n+2k1+|s′|+ν

2

e−q2
1

x2

t
−q2

2
σ2

ε2t .

� ������� & � � "  %� ��� � � |∂k
t ∂m

x K1(x, σ, t)| ≤ C15|∂k1
t ∂s′

x′∂ν
xn

g1(x, σ, t)| �  # 2k1 +
|s′| + ν = 2k + |m| + 1 	 ν = 0, 1 	 '��,��� �
��� � � � � �  �b����"�� � ���

|∂k
t ∂m

x K1(x, σ, t)| ≤ C18
1

t
n+2k+|s|+1

2

e−q2
1

x2

t
−q2

2
σ2

ε2t

')"����m����� 1b�! ��� �  � C18
"  #%� � �  #%�  � �! κ, ε 	 " 
 � 
 �������b����"�� � ��� 2�3   4 /7� � K1(x, σ, t).

|  �����,� � ���,� �  % � � '�� �!& � � "  �  �b����"�� � ��� 2�3   4 /7� � K2(x, σ, t) 
 �

���%"$��' � � - ' � �_��+ �%� � � ���b# & � ����� � ���  ��ð ¶8´   y8ñ z�¯ �
/ ����� ��� �£�£"������b� �
/
� 1 "��  �1 �b� �
/ ����� ä "  "$��� ��� �
/ � #�+ 1 � ��" �! �  # � 1 "$�  �1 � �
/ � � � + & � " 1,�
/Sò � ~ � - ����� �  


ó¦ô�õ�ö�÷Xø�õ[ù\÷Xø

3�} � ~ �
� " � }�
 �{
%� ��� / �  �%� �!& � ��� ñCñ é �!- ��� # � � ê°ú �%�.�m
%� � � 
 ��
8�*3=µ ¡   
X� ð
3C3C
.�¦û\
 y � ´.


���������������������! ���"$#&%�'�(���)Ý+.-�/	021�3�5q6 /	021Ç9�+æ;>=�?�@



� ¡ z{
 |H
%} "�~b� �  ��=� �

6{� � # - � � " 1 � �r
 �{
pü  �����a� � � � � & " � "�� � �
/ ����� � �  � ���
�  ��! ��� � ��" �! �
��� / � �b�&[� +  # �
���m�%� �!& � ����� ñCñ � � ��� �
�%�%� " 1 � ��" �! � �
/%/ +  �1 ��" �! �
���  �
��� ��"$��� � ����� �%� �!& � ������
/ � � ������� � ��" 1 �
��� � � ��" 1 � 
.� ê �5�8� ��" & " � � - 	�3=µ ¡   
��_ûS
 ¡ � � 3C3C3C
y } "�~b� �  ��=� � z{
 |H
]� � � +%��" �! ý�
/ ������"  "���" �
� ��&[� +  # �
��� � �
� +�� �%� �!& � ���þ')"����
� ��"����©#%� � " � � ��" � �*"  ����� 1b�! Cÿ + � � ��� 1b�! #%"���" �! «/7� � �����*��� 1b�! # � � #%� �¦���
��� &[� � " 1�b¢X+ � ��" �! ��"  ������'���" � �.���b#0�{�� � #%� � � ��� 1 � ñCñ � � � � & ��� " �  �
� "�~ 
X�*3=µCµ
��
.�£�{
   	 ð
3C
X��û\
   6 � µC6�27�  �� � "$���0� ���  � � 
�æ�� � � û ����� � � & + � � ä � ��� 
 ��
X�*3=µCµC��
.�£�{
   	 ð 3C
.��û\

��3 � ´!�84H


��} "�~b� �  ��=� � z{
 |H
�� � � +%��" �! a�
/ �������m+ � ��"$#�"����  ��" �! �!� �P' �
� � � � ��� � ��� / �  �  #
¯ � � � "  �%� �!& � ����� /7� � �����¤��� 1b�! # � � #%� �²���
��� &x� � " 1 �b¢X+ � ��" �! �²"  ����� &[� +  #%�b## � � � "  "  �����©'���" � �X���b#��{�� � #%� � � ��� 1 � ñCñ � � � � & ��� " �  �
� "�~ 
]�°3=µCµC��
]�i�{
�´.	ð 6�
%��û\
��   � ´   2c�  %� � "$����� ���  � � 
�æ�� � � û ����� � � & + � � ä � ��� 
���
%��3=µCµ   
��¦�{
[´.	 ð 6�

�_ûS
�6�35´ � 6
��354H


�{} "�~b� �  ��=� � z{
 |H
��)� � � �! % " -X�=� �{
 ��
)ü  ����� / � �b� &[� +  # �
���«�%� �!& � ����� /7� ������ ���
��� &x� � " 1 �b¢X+ � ��" �! � ñCñ � � � � & ��� " �  �
� "�~ 
���6C¶C¶C¶�
[�0�{
S3=6�	 ð   
[�*û\
 y � �X�
2c�  %� � "$���*� ���  � � 
�æ[� � � û ����� � � & + � � ä � ��� 
���
��¦6C¶C¶�3C
��_�{
�3=6�	 ð   
��_ûS
�µ
�Xµ � µ ¡ 354H
  } "�~b� �  ��=� � z{
 |H
 ú  " /7� � �þ�b����"�� � ���b� �
/ �����*� � � +%��" �! � � ����� � "  � �
� �P' � �� � � ��� � ��� / �  �%� �!& � ��� ')"���� � ��� �
���Y���
��� ������� � ñCñ ä � ����� 
 ~b�X+ �  �
� 
x�*� � � � � � 	
6C¶C¶C��
��8�{
���	 ð 3C
��_ûS
�3=µ � 6 ¡ 


´�} "�~b� �  ��=� � z{
 |H
�� � � +%��" �! à�
/ � � � #%� ���%� �!& � ��� � � ��� ���b#�� � ��"  %� + ���
�����
� � � ��+ � & �b# 	 / � �b� &x� +  # �
��� 	p� ��� / �  � �.� � �%� �!& � ����� ñCñ�� �
� "$� - "  � + 1 �  
 �����£"  

û�üpä�|H

�{6C¶C¶ ¡ 
!���{
 y   6�
!�mûS
   � � µ�3m2c�  %� � "$����� ���  � � 
�æ�� � + �  �
� �
/ ä � ��� 
.� 1 "$�  �1 �b� 

�¦6C¶C¶Cµ�
����{
�3=�Cµ�	 ð ��
��_û\
%�X6C¶ � � y �84H
¡ } "�~b� �  ��=� � z{
 |H
.ü  �����¥� � � +%��" �! � �
/ ����� � "  � �
� / � �b� &[� +  # �
�����%� �!& � ����� �
/
� ��� / �  � �.� �{')"���� � ��� �
���Y���
��� ������� � 
�| ñCñ ä � ���H� 
 ~b�.+ �  �
� 
[�*� � � � � � 	�6C¶�3=6�
��
�{
�3=6�	 ð 3C
��_ûS
�6
� � y ´.


� ¿ ß ¿HÊ�Û!¿�Ù¦ì
	 Á Ö�� Á Õ�

����������������� 
 �£
����! "� �$#&% � %('*),+.-0/!12-43�%(-  �5�6 |87 -09 |;:��=<>� %('? ��7 �@3�%2A  %2'B)=#!� � %2CD'FE �!7 - ? - � + | / 6 - 6 |8G�|87,| /H� � E � % � 3 �% �! ' 
%|
6JILK ��M��
N�O.P�QR��M�STST��UVOXW���Y[Z]\�Q I N I M%"���^ I_ILK " K "�Q�"�`���M���Z I STM%"&W���Ma`���M�� �WT��N"�
N�O.PbS ILc ^ ILd N I Ma\�Q�"�� I M K "��bQ ILK ��M��
N�OeYLO.fVO.P�S�����^�O$M�OgN�UV��� ILK "ih2��f
�
N�O

���������������������! ���"¹#&%�'�(���) +.-�/	021�3�5768/	021Ç9�+æ;>=�?�@



� ����"�� � ���b� �
/ ������� � � +%��" �! � � ��������"  %� + ���
������� � � ��+ � & �b# �%� �!& � ��� 
�
�
 �Xµ

I Y I `jf I M�STS I N�"k� I ^�" 
 -0Y I `�SC" c Q I Q�"iZS"=��l�P�O.�mS�\�M�^ I P�n�M�OgN�UV��� 
 -0Y I `�SC" c �@M����h d � K�o ��p�YLO.��O c W���UL�
N"� d N"��M�Oq��M�����STOgN�UL��� 

���������������r� 
 �£
 #!s�- 7 9 �t - 6 - 7�� Au12v�3!w :��=<>7 #!x ? ��7 �@3�%2A  �

7 #Dv$# <>G 3=yJ- 7�7 #!x <>� 1 �4z�� 1(%2A ���! "� �$#&% ��z - ? 9 � we3  "� v 7 - �
7=� x 
�|

� f d|{ � I S�Y}pRN���� I ��M���f~������������p�^�� d�� h2��fV����pRf
�
^"� { �(YV�(YL���TWT�~^�����l��VM������ o�I l^�N�p�`���M���WT��N�� {�I Y K � �2d M����T� I ����l�Y�^�� d Z�p(Z0�
N�O$Z��2`���M���Z I STM���Z���`�M��2YLST��M�Q�� �
{ N I ��� � �a�VM������ { ���TZ d Y�N����T��� 
g� �TYLSTM�� I ���aM I Q I ��� I f
�
^"� { ���ap��T���TZ��T��^ IC
30YLST��������N I ��Oq� o�I � K ��h d � K�o ��l��@M�������f
�
^"� { � 


���������������������! ���"$#&%�'�(���)Ý+.-�/	021�3�5q6 /	021Ç9�+æ;>=�?�@



���������	��
��	
������������������������������������! #"%$!&�'!��()�+*-,	.0/2143�5768.0/21�9:*<;>=�?A@	1

B-CEDGF-HJILK F	M�F-HON-K P

QR� ST��SVU!W>X!U�Y
ZA[�\A]_^>]_`J]badcfehgjiO]lk�a�mEiO]_^onA\piO[�qrgjiO]lk�a�mEiO]_^on7iOs!gjctq	a�s ^>[JuTcfehgwvyx�cfe)z|{
}2~0}	}���}J�J��� �E�O���	�J�+���f���-� ��������� ���L�	~J�-�����E�0� �_�J��� �	�t�-�	�t��� ���4�2�O���-��� �A�	�

�j� � ¡£¢¥¤£¦L§¨�E© ª¬«R¢�­¯®|¦L°�ªr­#«¥ª�±4¦L§²¦O©T³<®|¢R¡´�
� ¡£¢R�T¢R¡E© ¦	¢�­µ¢�®¶©¥·�ª:·%¸%� ªp¡£¹%ª ¢R§²ªE© ¡£¦	«º� ¡£¢R»R�j»T¦O±�¦O©E¸
°�¦	³+© ¡£¦L»T¼¯© ¦	¢�­¾½¿�j� �¥±�¦	«w�r© ¦	¢�­#³À¦O­Á�T¼�°�¦O©T³¿Â)�j«R«¥ªp�¥©h�£­#«¥ª

³+�j§²�¥±�¦O­#¹Ã�£­�°Ã§²ªp°�¦	«w�£±Ä¦O­%Å%ª ³+© ¦	¹��r© ¦	¢�­#³

ÆrÇtÈOÉ�Ê�Ë ÌÎÍ7ÏrÇtÐ-Ñ	Ë Ê�ÒtÓ�ÏrÓ�Í7Ô0Ë Í�ÕGÏ�ÇtÌdÖ	× Í7ÏEÒtØhÙ2Ð2ÏbË È2Í7ÏbÏEË ÈOÔLÒ�Ë Ú7Í7Ï ÇtÈ-Ñ¯Í7Ï�Ê�Ë ÌdÇ�Ê�Í¥Ê�Û2Í
È0Ð2ÌhÙJÍ�Ó|ÒtØ¿Í�ÓbÓ�ÒtÓVË Ê�Í7ÌÎÏ|Ë È£ÚAÇtÏbÍEÒtØÜÓfÇ�Ó�ÍEÍ7ÔLÍ7ÈLÊ�Ï7ÝßÞyØ Ê�Í7È£Ï�ÇtÌÎÖ2× Í7ÏÎÛ-ÇAÔLÍpÒ�È2× Éjà7Í�Ó�Ò
Í�ÓbÓ�ÒtÓdË Ê�Í7ÌÎÏ|ÇtÈ-Ñ�Û2Í7È2Ú7ÍpÚ7× ÇtÏbÏbË ÚAÇt×yÌÎÍ�Ê�Û2Ò0Ñ	ÏhÒtØ¿Í7Ï�Ê�Ë ÌdÇ�Ê�Ë Ò�È£Ç�Ó�ÍrË È-ÇtÖ2Ö2× Ë ÚAÇtÙ2× Í�Ý�áßÛ2Í
Ï�ÇtÌÎÍ¯ÏbË Ê�Ð-Ç�Ê�Ë Ò�È<Ë Ï£ÒtØ Ê�Í7È<Í7È2Ú7Ò�Ð2ÈOÊ�Í�Ó�ÍAÑâË È<ÇtÚ7Ú7Í7Ö	ÊfÇtÈ2Ú7ÍãÏ�ÇtÌÎÖ2× Ë È2äåÇtÈ-ÑâÌÎÍAÑ	Ë ÚAÇt×
Ë È0ÔLÍ7Ï�Ê�Ë äLÇ�Ê�Ë Ò�È2Ï7ÝçæoÊVË ÏVè0È2ÒAÕ+È£Ê�Û-Ç�ÊdÊ�Û2ÍEÛOÉ	ÖJÍ�Ó�ä�Í7Ò�ÌÎÍ�ÊbÓ�Ë ÚEÖ	Ó�Ò�Ù-ÇtÙ2Ë × Ë Ê_É%Ñ	Ë Ï�ÊbÓ�Ë Ù2Ð	Ê�Ë Ò�È
ÚAÇtÈÀÙJÍ�Ð2ÏbÍAÑ�é|Ù2Ð	ÊjÇtÖ2Ö	Ó�ÒAê	Ë ÌdÇ�Ê�Í�Ú7Ò�È	ëJÑ	Í7È2Ú7Í�× Ë ÌÎË Ê�Ï�ØìÒtÓ%Ç¾Ö	Ó�Ò�ÖJÒtÓbÊ�Ë Ò�ÈÀÒtØEÊ�Û2Ë Ï
Ñ	Ë Ï�ÊbÓ�Ë Ù2Ð	Ê�Ë Ò�È�é�Ê�Û-Ç�ÊÎÚAÇtÈ£ÏbÒ�ÌÎÍ�Ê�Ë ÌÎÍ7Ï|ÙJÍpÙJÍ�ÊbÊ�Í�Ó|Ê�Û-ÇtÈjÍ�ê2ÇtÚ�ÊdÒ�È2Í7Ï7é�ÕßÍ�Ó�ÍrÐ2È2è0È2ÒAÕ+È�Ý
áßÛ	Ó�Í7ÍVÈ2Í�ÕíÌÎÍ�Ê�Û2Ò0Ñ	Ï�ØìÒtÓ|Ú7Ò�È2Ï�ÊbÓ�Ð2Ú�Ê�Ë È2ärÊ�Û2Ò�ÏbÍpÇtÖ2Ö	Ó�ÒAê	Ë ÌdÇ�Ê�ÍÎ× Ë ÌÎË Ê�Ï|Ç�Ó�ÍVÖ	Ó�Ò�ÖJÒ�ÏbÍAÑ�Ý
î Ö2Ö2× Ë ÚAÇ�Ê�Ë Ò�È2Ï+ÒtØ�Ê�Û2Í7ÌÀÇ�Ó�Í�Ñ	Ë ÏbÚ7Ð2ÏbÏbÍAÑ�Ý
ï)Í�É0ÕßÒtÓfÑ	Ï7ðòñOófô2õföl÷OõbøtùdõfúlöfûlüÃýtûìþ�ú>öfûlÿ��0ú>ûlø�� � � ø��ßõfö����Jý	��ôLô2õfö
�fôLô-öbø��tûìù
�tú_õ
ü�ø����!ýOõ��Jüfõ � ûìùhûìúìþ � ö��tö�õhõ���õ��2ú>þ��

�������������! #"$��%&���
'�(*),+.-0/21�341�5.687�6:9;),(=<$6:)>3�/21�+?),1�/A@B(DC
5.68(D1�5.687�6E/A34(.@F@G9H98+I7�7�68(.9H6:@,JK3�+.9H9H6H3�3�6H3

/2(L)M7�),(.-I@BNPO2QR3�68OA68981�6H-RC
/21�5.@B+I1=7�68SIOT)B9H68NU68(G1D3�),NPSIOA6WV4'�(R1�5I/A3=9;)B3�6*1�5?6XS�@B/2(G1
6H3�1�/2NY),1�@B7!@,JI1�5.6KS�),7�),NU681�687�@,JI3�+.9H9H6H3�3�C
/2O2OZ<�6\[;687�@I];1�5?),1#/A3�1�@^@_@BSI1�/2NP/A3�1�/A9W],),(.-:1�5.6
9H@B(.3�1�7�+.981�/A@B(`@,J49H@B(0a?-I68(.9H6U/2(^1�687�bW),OA3:/A3:(.6H6H-I6H-dc2egf�V#h45.6P3�),NU6P3�/21�+?),1�/A@B(M@G9H98+I7�3;]

Ú
© i Ý j4Ý,j�Ò�Ë È2Ò�ÔJéWk�l;m�n0Ýï)Í�É0ÕßÒtÓfÑ	Ï7ð$oqp,rWsTtWo�s�uqvws�x�tBp,y,s�z�{Hu�swt;|gz�rgtZs�}�s&~Ws��,pWs � �,p,�D�,pWs
p��gsTt,���,pWs_}�u��gsTtBp,x
s&~,�8�,��srgtBpB�q~,p���p,x
s&~,�8�,��s\rgtZs�}�s&~,� � tZs�}�{8pWs\z�~B�8y�|�pk�l;m�ldÆrÇ�Ê�Û2Í7ÌdÇ�Ê�Ë Ú7Ï��0Ð2Ù��_Í7Ú�Ê���× ÇtÏbÏbË ë-ÚAÇ�Ê�Ë Ò�È�ðZ�8k��.kg�OéW�8k���m�l	éW�glg�?�g�



� SISI7�@;�0/�NY),1�6�9H@B(0a?-I68(.9H6�O2/2NP/21�34J�@B7�)FSI7�@BS�@B7�1�/A@B(�V2V2V �0e

J�@B7:6g�.),NPSIOA6W]$/2(�98O2/2(I/A9;),O\/2(GbZ6H3�1�/2�^),1�/A@B(.3Uc ��f�]�),(.-�)B9H9H68SI1�),(.9H6U3�),NPSIO2/2(I�Mc ��f�V$��),(GQ
7�6H3�+IO21�3 J�@B7
9H@B(.3�1�7�+.981�/2(I�P¡¢6g�.)B981g£¤),(.-D),SISI7�@;�0/2NY),1�6:98@B(Ia?-I68(.9H6¢/2(^1�687�bW),OA3¥J�@B741�5.6
<I/2(.@BNP/T),O¦SI7�@B<?),<I/2O2/21�Q§-0/A3�1�7�/2<I+I1�/A@B(.3�),7�6�¨G(.@;C
(©c ªB«�¬�f�V�­.@B7*1�5.6�5GQGS�687��Z6H@BNU681�7�/A9
SI7�@B<?),<I/2O2/21�Q*-0/A3�1�7�/2<I+I1�/A@B(

P (X = x; M) =

(

M
x

)(

N − M
n − x

)

(

N
n

) ,

max {0, n − N + M} ≤ x ≤ min {M, n} , ® e�¯
@B(IO2Q>6g�.)B981w9H@B(0a?-I68(.9H6_/2(^1�687�bW),OA3 ),7�64¨G(.@�C
(*c °0]Ie;±�f�VW­.@B7 ),(P+ISIS$687w9H@B(0a?-I68(.9H6_O2/�NP/21
² ³&´gµ
J�@B7�1�5.6¥S?),7�),NU681�687

M ¶ V ·FVZ¸¥@B5I7�),(*c2e;±�f.3�+I�W�Z6H3�1�3�1�@�a.(.->1�5.646g�.)B981\3�@BO2+I1�/A@B(@,J�1�5.6:6H¹^+?),1�/A@B(
x
∑

j=0

(

U(x)
j

)(

N − U(x)
n − j

)

(

N
n

) = αu. ® �Z¯

'�(D1�5.6¦9;)B3�6:C
5.68(
αu

/A3�9�5.@W3�68(X/2(º)B-0bW),(.9H6W]?6H¹^+?),1�/A@B( ® �Z¯47�6H¹^+I/27�6H3¢)F(.@B(I/2(G1�68�W7�),ObB),O2+.6
@,J
U(x)

],C
5.687�6;)B3
U(x)

3�5.@B+IOA-><$6
)EC
5.@BOA64(^+IN><�687;VZ»E3�+?),O2O2Q
U(x)

/A3\9�5.@W3�68(
1�@P<�6�1�5.6�3�NY),O2OA6H3�1�/2(^1�68�W7�),O�bW),O2+.6�@,J

U(x)
3�+.9�5*1�5?),1�1�5.6�OA6gJ�1�«q5?),(.-X3�/A-I6�@,J ® �Z¯¥/A3O26H3�3 1�5?),(�@B7¥6H¹^+?),O?1�@

αu

V^h45.6_OA@�C¥68749H@B(0a?-I68(.9H6�O2/2NP/21
L(x)

/A3w1�5.6_OT),7��Z6H3�1 /2(G1�68�W7�),O
bB),O2+.6�3�+.9�5D1�5?),1

n
∑

j=x

(

L(x)
j

)(

N − L(x)
n − j

)

(

N
n

) ≤ αL.

¼¥@B1�5½<I/2(.@BNP/T),O�),(.-¾5^QGS$687��Z6H@BNU681�7�/A9dSI7�@B<�),<I/2O�/21�Q½-0/A3�1�7�/2<I+I1�/A@B(.3�),7�6¿S?),7�1�/A98+IOT),7
9H)B3�6H3 @,J�1�5.6_À�Á@BO2QG)�-0/A3�1�7�/2<I+I1�/A@B(#V � SISI7�@;�0/�NY),1�6_9H@B(0a?-I68(.9H6�/2(^1�687�bW),OA3\J�@B7w1�5.6_À�Á@BO2Q^)
-0/A3�1�7�/2<I+I1�/A@B(�1�5?),1¢9;),(º<$6¦+.3�6H-X1�@�3�@BO2bZ6F),<�@�bZ6¦SI7�@B<IOA68NU3¢5?);bZ6¦<�6H68(�SI7�@BS�@W3�6H-º/2(
c�eWegf�V�Â!6g1K)
S�@BSI+IOT),1�/A@B(>/2(.98O2+.-I6H3

N
/2(GbZ@B/A9H6H3;VBÃ^+ISIS$@W3�6w1�5.6\(G+IN><�687�@,J.687�7�@B7!/21�68NU3!/2(

1�5I/A3¥S$@BSI+IOT),1�/A@B(D/A3
M
V0­.@B741�5.6E7�),(.-I@BNÄ3�),NPSIOA6¢@,J

n
/21�68NU34C
/21�5.@B+I1
7�68SIOT)B9H68NU68(^1;]

1�5.6F(G+IN¦<$687¦@,J
687�7�@B7:/21�68NU3
x
/2(�1�5.6P3�),NPSIOA6W]��W/2b^68(`)�1�@B1�),Ow(^+IN><�687>@,J

M
687�7�@B7

/�1�6gNU3;]\/2(d1�5.6=S�@BSI+IOT),1�/A@B(ÅJ�@BO2OA@;C_3P1�5.6=5GQGS�687��Z6H@BNU681�7�/A9*SI7�@B<?),<I/2O2/21�Qd-0/A3�1�7�/2<I+I1�/A@B(
�������������������������� ã"%$!&�'!��(À*-,	.0/21 3�5�6Ä.0/21¿9:*<;>=�?A@



�W� ÆPV ÇFV0Çw@B/2(.@�b

® e�¯gV?'qJ x = 0
].1�5.68(º1�5.6¦98OT)B3�3�/A9;),OK6H3�1�/2NY),1�@B7

M̂
@,J

M
C
/2O2O�<�6
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M̂ = E(M |x) =
N
∑

M=x

MP (M |x), ® �Z¯
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P (M |x) = P (X = x; M)/

N
∑

M=x

P (X = x; M)
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P (X = x; p; λ) =

(

n
x

)

p[x;λ](1 − p)[n−x;λ]

1[n;λ]
; x = 0, 1, ..., n; p ∈ P ⊂ (0, 1),
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p + λ(n − 1) >
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L11(X) =

(

t + 0.5Au2
ε −

√

(t + 0.5Au2
ε )

2 − t2

1 + Au2
ε

)

N, ® �Z¯

U11(X) =

[

min

(

1;
t + 0.5Au2

ε +
√

(t + 0.5Au2
ε )

2 − t2

1 + Au2
ε

)]

N, ®�Ù ¯

�������������������������! #"%$!&�'!��(â*-,	.0/21 3�5768.0/21¿9:*<;>=�?A@



� SISI7�@;�0/�NY),1�6�9H@B(0a?-I68(.9H6�O2/2NP/21�34J�@B7�)FSI7�@BS�@B7�1�/A@B(�V2V2V �W�

C
5.687�6
t = X/n

]
A = (N − n)/(n(N − 1))

]
uε = 1.645
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L11(x) = 0

[L11(x)]
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L21(X) =
[

max
(

0; sin2
(

arcsin
√

t − uε

2

√
A
))]

N, ®qÛ ¯

U21(X) =
[

min
(

1; sin2
(

arcsin
√

t +
uε

2

√
A
))]
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L2(X) =
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[L21(x)] = 0

[L21(x)]
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U2(X) = [U21(x)] + 1
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L31(X) =

[

max

(

0,
X

n
− uε

√

X(n − X)(1 − n/N)

n2(n − 1)
+
√

Ψ(X)

)]

N, ® °Z¯

U31(X) =

[

min

(

1,
X

n
+ uε

√

X(n − X)(1 − n/N)

n2(n − 1)
+
√

Ψ(X)

)]

N, ® e;±Z¯
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Ψ(X) =
(n − 1)(1 − n/N)2

16n3(n − 1.5)
if X = 0, 1 or X = n − 1, n,

),(.-
Ψ(X) =

(

X(n − X)(1 − n/N)

n2(n − 1)

)2

− η,

C
5.687�6

η = A2

(

X(X − 1)(n − X)(n − X − 1)

n(n − 1)(n − 2)(n − 3)
+

1

N

(

1 − 1

N

)

X(n − X)

n(n − 1)

)
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/�Jw� ≤ X ≤ n − 2
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L3(X) =

{ ±0]P/�J
[L31(x)] = 0

[L31(x)]
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U3(X) = [U31(x)] + 1
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WYXOZC[�XO\1]_V W¢VC^G_:ýa`Fb�cedgfh^G_:ýa^Gikj�`FlF]?m?j�]Yn9b�]wý�m?`pogdp^G_rqYdp]K«

s ý
'tm\¡¢'tu:'tirlFmvn9lhn9mxwF`po s ^yqFzõ'tukc9_F`F_Fc\ý_ýa^G_¢ý�^{i}|÷¡g^G_~z~c_«
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�����8/��������./��¦�S���§�C�E[���[�¥E�C�./��¦���E�S�>�O�E��£?�E�C�/�E�C�¨¤/XE�'�����©�1 �[��>��XO[C�a[ª�����C�'��«
�C�«�����W/�[����	¤S�E¡����'�������a�¬���'�O�����C�C�����a�­ ��./����S���I/p�1�E���O£?�EZ�����VYfp ��®X/���a[��'�EZ
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^	���/��£?���C���a�C�/�a�§���C�����C����X/£°���/�C��³4���a�H�E�������W/��I/����G/�[§���EZ��'���'�E[C�4¡���¤/XE�'�E�/�a[0«
���a¡��§¤/�D���H/��./q]/���'�EZ��'�9X/���G�E�������W/��I/����������H/C�C��XO��XO�C±C�C³=���>/�[#]O�E�C�C���E�/�/�Y�����C�/�a�
�� ��-�;�����E�����'�E[-�;�E�����a���E��¤/XE�'�E�/�a[#]��1�4�a�6�1�O£?���'�E¡��­�;���C�E�����'�E�C��¤/�D���H/��8/�²
¤/XE�C����VCn9�����1�4�a�*�1�O£?���'�E¡����;���C�E�����'�E�S������´��C�4¡��=�E�C[�����¡��E[*���k�;�E���p ��./��
´����a[C�Y�C����V%n��'�E�S���a�-�4XE�C�'�E[C�����/�E�C���O�����C�Y�'�E[C¡��E[#V
WYXOZC[�XO\µ]_V W¢V	lFm?`F�vdp`p�%`:ýa]?dp¶YuF^G]·lFm?]�fh]?dp^ f;n s ýen9WY]?mxuhn_«

s ýa`yfpdho¸lFmvn9lhn9m?wF`F`¹j�`FlF]?m?j�]Yn9b�] ýam?`pºF] s �gngj�n»m'c s lFm?]�fh]K«
dF]?uF`po}WY]?mvn�o¢ýau=n s ýa`37'lFm?`Fb�]?ug]xuF`po}W¬m?]?WY`p�%`po9¼F]'WY^G��n9mvn9ºE«
upn9b½�Fneu:ýamvnedh]�`~b�]�fh`FwF`Fu s �F`g¼~` sas dp]�f;n9WYc9uF`pog¼
b-[�XO��X;���E²=���������SXO�C�­���O����£?�E�/�C�C\��E¾9�*X/¤O���E²�±C�­���D��XO\/�Y¿6��À����SXO\3�6XO±���[C�0«

\��E¾9��ÀC���D��X9XO�=��¤/XOÀC[C�Y¿p�C�4[C�C�SXO\e\9�D���4À��O�?���D���C��¿h�D���4À��O��\.V�ºp�O���SXe�FX/¤O���E²�±�XO\
�����/Á-�SXE��Á/�4X6[C������\/���3XO�=��¤/XOÀC[����1���4[C�C�/��]��#]��D���D��XO\��E�S�D��Á/[�XI]#���'�O�����CÀ������C���
£°�D�SX����¨XO±���[C�C�ª[�����X��C¿4X���³�Â=���WV s �SXOZ¦�=�6���O£°XOZª���C�/���E±C����ZªÀ��O���SX	���O�����C�0«
\��E¾9�S�¢³�\A\/��¤/XO��XOÀC[�X/£¬��XO[C�/��XE���;�	£°�D���C±C�C[����C��¿������D���D��XO\��E[C�C³4¿�V�`g²�\S�����/[�XI]
ÀC�SXg���C�����C����X/£°���/�C��À�������X/�����O���C���D���D����[C����\S����X�³��/[�X/���/�*£°X��;���p������XE��Á/²�XO\��E�/ÁB«
�¢³�]Y[�XH�C�C��¤E���C²��C�S�D��Á/[C���	�C���D���D���µ��X/���SXO\S���C[�X/���/�­�C��³¬�C��XO��XO�C±C�C�­�C²	Ã��SX,«
��X6���O���C���D���D����[C�C³�]��4XO�SXO��X/�*£°X��;���-�C[�XO�¢�%�6¤O�a�/Á6���4ÀC�;�W]�À���£­�SXOÀC[C���W]#¤O�a���
[����C²�\S�����/[C�¦V�lg���D�C��X��;��[C�­�/�C�A[�XO\/�Y¿>£°���SX��'�h�C��³A�SXO��XI]4ÀC�SX/¤O�¬��X/���/��XO�C�/Á3�S�
�C�C��¤E���C²��C�S�D��Á/[C�e�p�C���D���D����V�l9����£°��[���[C�C³6��¿>X/¤/���4�;����[C��V
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κ > 0, ε > 0
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κ, ε
0�_I5�+�A�>R8I5�q65�+�>�2rXKZ!/10;OI0�B(?10�LI2�5�/;D�0�A�-�B�-�/$n�8�-�B(8I5�qs>4N
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κ → 0, ε > 0; κ > 0, ε → 0>
κ→ 0, ε→ 0
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DI+I0�7¹Q(8�-�+�>�_I5�7ºO�8�>
κ =

1, ε = 1
:�M�LE-»>I.(.TL�5TD�0�?@-�+�-½¼sX ¾EX ¿t5�/$8I0�?10�7ÁÀ�ÂTÃH?½0
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¿uJ1.�/$n
Ω1 = (0, ρ0), Ω2 = (ρ0, b), 0 < ρ0 < b, b > 0, ΩjT = Ωj ×

(0, T ), j = 1, 2, σT = (0, T ), χ(λ)
ËéQ�LE-�DIA�-�2v.�8I5�B�-�i�3m-�2HbtJU+�A�_�>�2r`18�-�?$+�-�2

5�D�>�+�>�_I5ÕO�8�>
|λ| ≤ δ0

>c+�J�LIiêO�8�>
|λ| ≥ 2δ0

>v>I<'5�i�3m-�2v0�_I5�+�A�J
|dmχ/dxm| ≤

Cmδ
−m
0 , δ0 = const > 0.ë�8I5(:�J15�/1.�2�+�-�7�/$>ebtJU+�A�_�>�>

vj(x, t), zj(x, t), j = 1, 2,
>
ψ(t),

J�D�0�?�L�5�/$?10�N
8@24i�3s>I5uO�-�8�-�:$0�LI>�FI5(.(A�>I<CJU8�-�?$+I5�+�>�2�<

Lj(x, t, ∂t, ∂x)(vj , ψ) := ∂tvj − aj(x, t)∂
2
xvj − bj(x, t)∂xvj − dj(x, t)vj

−βj(x, t)χ(x− ρ0)Dtψ = fj(x, t)
?

ΩjT , j = 1, 2,
f¨Â�j

Lj+2(x, t, ∂t, ∂x)(zj , ψ) := ∂tzj − aj+2(x, t)∂
2
xzj − bj+2(x, t)∂xzj − dj+2(x, t)zj

−βj+2(x, t)χ(x− ρ0)Dtψ = gj(x, t)
?

ΩjT , j = 1, 2,
f�Ê1j

+�-(F�-�LIn$+�M^<CJ@.TL�0�?$>�2�<

ψ
∣∣
t=0

= 0, vj

∣∣
t=0

= 0, zj

∣∣
t=0

= 0
?

Ωj , j = 1, 2,
f�å1j

Q�8E-�+�>�F�+�M^<CJ1.TL�0�?$>�2�<

v1
∣∣
x=0

= p1(t), v2

∣∣
x=b

= p2(t), t ∈ σT ,
fhæUj

z1
∣∣
x=0

= q1(t), z2
∣∣
x=b

= q2(t), t ∈ σT ,
f�ì1j

>�J1.TL�0�?$>�2�<C.(0�O�8U24ls5�+�>�2;+�-6Q(8�-�+�>�_I5
x = ρ0

(v1 − v2)
∣∣
x=ρ0

= η0(t), t ∈ σT ,
f�·1j

(zj − γj(t)vj)
∣∣
x=ρ0

= ηj(t), j = 1, 2, t ∈ σT ,
f�¸$j
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(λ1(t)∂xv1 − λ2(t)∂xv2)
∣∣
x=ρ0

+ κDtψ = ϕ1(t), t ∈ σT ,
f�í1j

(k1(t)∂xz1 − k2(t)∂xz2)
∣∣
x=ρ0

− εDtψ = ϕ2(t), t ∈ σT ,
f�ï1j

Q�D�5
aj(x, t) ≥ d0 = const > 0, aj+2(x, t) ≥ d0 = const > 0

?
ΩjT , j =

1, 2, λj(t) ≥ d1 = const > 0, kj(t) ≥ d1, j = 1, 2, κ > 0, ε > 0
<=-�LIM^5

O�-�8�-�<'5�/$8�Mk`
∂t = ∂/∂t, ∂x = ∂/∂x, Dt = d/dt.ðt5�8I5�B

C1, C2, ...
:�J�D�5(<g0$:$0�B(+�-
F�-�/$ncOI0�L�0
lm>�/15TLIn1+�M^5kA40�+I.�/�-�+�/$MkX

ñ -�<'5�/$>I<�`�F�/10
χ(x−ρ0) = 0

O�8�>
|x−ρ0| ≥ 2δ0

?ÕJU8E-�?$+I5�+�>�2USHf¨Â�jT`4f�Ê1jTX ñ -�DE-�N
F�-]f¨Â�jaò�f�ï1j 24?�LI2�5�/1.�2mLI>�+I5
-�8�>�B
0�?@-�+I+I0�7vB�-�DE-(F�5T7v+I5TLI>�+I5�7�+I0�7vB�-�DE-(F�>v.�DI?$J4<K2
<=-�LIM^<K>gO�-�8�-�<'5�/$8�-�<K>C?ÍJ1.TL�0�?$>�2US\+�-[.�?10$:$0
DI+I0�7gQ(8�-�+�>�_I5$`KA40�/10�8�-�2W0�O�>I.�M�N
?@-�5�/;O�8I0�_I5(.(.]bd-�B
0�?$M�SÍOI5�8I5TSU0(D�0�?WfhO4LE-�?�L�5�+�>I5$`YA�8�>I.�/$-�L�LI>�B�-�_�>�ikju?15�365(.�/$?@-4`
.(0(D�5�8Ul6-�365�Q
0RO�8�>I<'5(.�nIX ñ D�5(.�n

v1(x, t)
>
v2(x, t)

Ëó/15(<KOI5�8�-�/$JU8�-Glm>4DIA40�79>
/$?15�81D�0�76bd-�B1`

z1(x, t)
>
z2(x, t)

ËºA40�+�_I5�+�/$8�-�_�>�2dO�8I>I<'5(.T>s?Õlm>4DIAU0�7s>d/$?15T8@D�0�7
bd-�B�-�Sm.(0$0�/$?15�/1.�/$?15�+�+�0�`

ψ(t)
ËébtJU+�A�_�>�2r`10�O�>I.�M�?@-�i�3m-�2c.�?10$:$0(DI+�JUiºQ(8�-�+�>�_�J1`

AU0�/10�8�-�2;8�-�B�D�5TLI2�5�/]è(/$>�bd-�B(MkX
Z!/�-ôB�-�DE-
F�-õ:�J�D�5�/ö>�B(JUFI5�+�-ô?õO�8I0$.�/$8�-�+I.�/$?@-�S÷¾U5TLIn�D�5�8�-4Xøðt5�8I5�B

C
2+α,1+α/2
x t (ΩjT ), α ∈ (0, 1)

0$:$0�B(+�-(F�>I<ùO�8I0$.�/$8�-�+I.�/$?10úbtJU+�A�_�>I7
v(x, t).u+I0�8I<'0�7

|v|
(2+α)
ΩjT

:= |v|ΩjT
+ |∂xv|ΩjT

+ |∂2
xv|ΩjT

+ |∂tv|ΩjT
+ [∂2

xv]
(α)
x,ΩjT

+[∂2
xv]

(α/2)
t,ΩjT

+ [∂xv]
(1+α)/2
t,ΩjT

+ [∂tv]
(α)
x,ΩjT

+ [∂tv]
(α/2)
t,ΩjT

, j = 1, 2,

Ĉ
1+α/2

t (σT )
5�.�/$núO�8I0$.�/$8�-�+I.�/1?10pbtJU+�A�_�>�7

ψ
/�-�A�>4Sr`;F�/10

(κ + ε)Dtψ ∈
◦

C
(1+α)/2

t (σT ), ψ ∈
◦

C
1+α/2

t (σT ),
-6+I0�8I<=-m0�O�8I5TD�5TLI2�5�/1.�2�bd0�8I<KJ�L�0�7

|ψ|
Ĉ

1+α/2
t (σT )

:= |ψ|(1+α/2)
σT

+ |(κ+ ε)Dtψ|
( 1+α

2
)

σT ,

B�D�5(.�n
|v|ΩjT

= max
(x,t)∈ΩjT

|v(x, t)|,

[v]
(β)
x,ΩjT

= max
(x,t),(z,t)∈ΩjT

|v(x, t) − v(z, t)|

|x− z|β
,

[v]
(β)
t,ΩjT

= max
(x,t),(x,t1)∈ΩjT

|v(x, t) − v(x, t1)|

|t− t1|β
, β ∈ (0, 1).
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¶u8�-�5�?@-�2�B�-�DE-
F�-m.uDI?$J4<K2�<=-�LIM^<K>�O�-�8�-�<'5�/$8�-�<K>\X�X�X ·$ï

ðt5�8I5�B ◦

C
2+α,1+α/2

x t (ΩjT ),
◦

C
1+α/2

t (σT ),
◦

C
(1+α)/2

t (σT ), α ∈ (0, 1),
:�J@N

D�5(<ù0$:$0�B(+�-(F�-�/$nVO�8I0$.�/$8�-�+I.�/$?@-úbkJU+�A�_�>�7
v ∈ C

2+α,1+α/2
x t (ΩjT )

>
ψ ∈

C
1+α/2

t (σT ), (κ + ε)Dtψ ∈ C
(1+α)/2

t (σT )
`�J�D�0�?�L�5�/$?10�8U24i�3s>I5,J1.TL�0�?$>�2�<

∂k
t v

∣∣
t=0

= 0
>
Dk

t ψ(t)
∣∣
t=0

= 0, k = 0, 1.û O�8I5TD�5TLI>I<9:1-�+�-�S@0�?$M»O�8I0$.�/$8�-�+I.�/$?@-]btJU+�A�_�>�7YX�¿uJ@.�/$n

B(ΩT ) :=
◦

C
2+α,1+α/2

x t (Ω1T ) ×
◦

C
2+α,1+α/2

x t (Ω2T ) ×
◦

C
2+α,1+α/2

x t (Ω1T )

×
◦

C
2+α,1+α/2

x t (Ω2T ) ×
◦̂

C

1+α/2

t (σT )
5(.�/$n]O�8I0$.�/$8�-�+I.�/$?@0]?15�A�/10�8;òvbtJU+�A�_�>�7

w =
(v1, v2, z1, z2, ψ)

.u+I0�8I<'0�7

‖w‖B(ΩT ) =
2∑

j=1

(
|vj |

(2+α)
ΩjT

+ |zj |
(2+α)
ΩjT

)
+ |ψ|(1+α/2)

σT
+ |(κ+ ε)Dtψ|

(1+α)/2
σT

,
f¨Â
ü1j

H(ΩT ) :=
◦

C
α,α/2

x t (Ω1T ) ×
◦

C
α,α/2

x t (Ω2T ) ×
◦

C
α,α/2

x t (Ω1T ) ×
◦

C
α,α/2

x t (Ω2T )

×
◦

C
1+α/2

t (σT ) ×
◦

C
1+α/2

t (σT ) ×
◦

C
1+α/2

t (σT ) ×
◦

C
1+α/2

t (σT ) ×
◦

C
1+α/2

t (σT )

×
◦

C
1+α/2

t (σT ) ×
◦

C
1+α/2

t (σT ) ×
◦

C
(1+α)/2

t (σT ) ×
◦

C
(1+α)/2

t (σT )
ËpO�8I0$.�/$8�-�+I.�/$?10

?15TAI/10�8�òcbtJU+�A�_�>�7
h = (f1, f2, g1, g2, p1, p2, q1, q2, η0, η1, η2, ϕ1, ϕ2)

.u+I0�8I<'0�7

‖h‖H(ΩT ) =
2∑

j=1

(
|fj |

(α)
ΩjT

+ |gj |
(α)
ΩjT

+ |pj |
(1+α/2)
σT

+ |qj |
(1+α/2)
σT

)

+
2∑

k=0

|ηk|
(1+α/2)
σT

+
2∑

j=1

|ϕj |
(1+α)/2
σT

.
f¨Â$Â�j

Æ J�D�5(<WO�8I5TDIOI0�LE-�Q(-�/$nI`IF�/10m?$M�OI0�LI+I5�+�MÏ.TL�5TDIJUi�3s>I5tJ1.TL�0�?$>�2rý
-1j
aj(x, t), aj+2(x, t), bj(x, t), bj+2(x, t), dj(x, t), dj+2(x, t), βj(x, t),

βj+2(x, t) ∈ C
α,α/2
x t (ΩjT ), γj(t) ∈ C

1+α/2
t (σT ), λj(t), kj(t) ∈

C
(1+α)/2

t (σT ), j = 1, 2, α ∈ (0, 1);þ j (
βj+2(x, t) − γj(t)βj(x, t)

)∣∣
x=ρ0

≥ d2 = const > 0, j = 1, 2, t ∈ σT ,(
β5−j(x, t) − γ3−j(t)βj(x, t)

)∣∣
x=ρ0

≥ d3 = const > 0, j = 1, 2, t ∈ σT .
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ÿ����������	�ºÂ�
	��
������
0 < κ ≤ κ0, 0 < ε ≤ ε0 �������������� !��� 
�� ���"���$#&% ')(+*,'�-. �$#/��021���354 
 ��6�7���8 fj(x, t), gj(x, t) ∈

◦

C
α, α/2

x t (ΩjT ), pj(t), qj(t) ∈
◦

C
1+α/2

t (σT ), ηk(t) ∈
◦

C
1+α/2

t (σT ), k = 0, 1, 2, ϕj(t) ∈
◦

C
(1+α)/2

t (σT ), j =
1, 2, α ∈ (0, 1)

(:9�;"<�;"=$;?>A@B'�C?>,D!' �$E� � �  < ��� ��� �" !�����" �FG !HI !���� vj(x, t) ∈
◦

C
2+α,1+α/2

x t (ΩjT0)
(
zj(x, t) ∈

◦

C
2+α,1+α/2

x t (ΩjT0), ψ(t) ∈
◦

C
1+α/2

t (σT0), (κ +

ε)Dtψ ∈
◦

C
(1+α)/2

t (σT0), � < �$#��� �JB� � �KF ; �" < ����� ; ��7� !��6 ;

‖w‖B(ΩT0
) ≡

2∑

j=1

(
|vj |

(2+α)
ΩjT0

+ |zj |
(2+α)
ΩjT0

)
+ |ψ|(1+α/2)

σT0
+ |(κ+ ε)Dtψ|

(1+α)/2
σT0

≤ C1

( 2∑

j=1

(
|fj |

(α)
ΩjT0

+ |gj |
(α)
ΩjT0

+ |pj |
(1+α/2)
σT0

+ |qj |
(1+α/2)
σT0

)

+

2∑

k=0

|ηk|
(1+α/2)
σT0

+

2∑

j=1

|ϕj |
(1+α)/2
σT0

)
, j = 1, 2,

J <  ���� ��� ��#���� ; # C1 �� 9�; ��� � � � � � κ � ε -
. ��6 ;)9�; �  L� ����� ��� - îd0�A�-�ls5(<,.�JU365(.�/$?10�?@-�+�>I5�8I5�q65�+�>�29B�-�DE-
F�>PO�8�>POI0$<'0�3s>
OI0$.�/$8I0$5�+�>�2;8I5�Q(J�LI248�>�B�-�/10�8�-;À ì�Ã�X

¿t0�A�8I0$5(<�0$:�LE-�.�/$n
Ω
>�+�/15�8�?@-�LE-�<K>

K
(i)
δ = (ξi−δ, ξi+δ), K

(i)
2δ = (ξi−2δ, ξi+

2δ), 0 < δ < δ0,
.Õ0$:�3s>I<G_I5�+�/$8I0$<

ξi.
¿uJ@.�/$n

ζi(x), µi(x)
Q�LE-�DIAI>I5�.�8I5�B�-�i�3s>I5

btJU+�A�_�>�>Y`'OI0
DIF�>�+I5�+�+�M^5�OI0�A�8�M�/$>IiÁ0$:�LE-�.�/$>
Ω
/�-�A�>I5$`!F�/10

ζi(x) = 1,
5(.TLI>

|x− ξi| ≤ δ
>
ζi(x) = 0,

5(.TLI>
|x− ξi| ≥ 2δ,

>;0$:�LE-�DE-�i�3s>I5k.�?10�7I.�/$?@-�<K>

∑

i

ζi(x)µi(x) = 1
>

|Dmζi|, |D
mµi| ≤ Cm,iδ

−m.

¿uJ1.�/$nGOI8�>
i ∈ N1

>�+�/15�8�?@-�LIM
K

(i)
δ

.(0(D�5�8Ul6-�/\/10�F�A�J
ρ0,

O�8�>
i ∈ N2

>

i ∈ N3
>�+�/15�8�?@-�LIM

K
(i)
δ

O�8I>I<KM�A4-�i�/CAºQ(8�-�+�>�_I5G0$:�LE-�.�/$>
x = 0

>
x = b.(0$0�/$?15�/1.�/$?15�+�+I0I`UO�8�>

i ∈ N4
>�+�/15�8�?@-�LIM

K
(i)
δ

_�5�L�>�AU0$<W.(0
D�5�8@lm-�/1.�2v?
Ω1 ∪Ω2.ñ -�<'5�/$>I<�`
F�/10�?^JU8�-�?$+I5�+�>�2USvf¨Â�jT`@f�Ê1j

0 ≤ χ(x−ρ0) ≤ 1
O�8�>

i ∈ N1
>
χ(x−ρ0) =

0
O�8�>

i ∈ N2 ∪N3
`
δ0 ≤ δ.
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¶u8�-�5�?@-�2�B�-�DE-
F�-m.uDI?$J4<K2�<=-�LIM^<K>�O�-�8�-�<'5�/$8�-�<K>\X�X�X ¸UÂ

û O�8I5TD�5TLI>I<C8I5�Q(J�LI248�>�B�-�/10�8
<
bk0�8�<KJ
LE0�7

<h = {<1h, <2h, <3h, <4h, <5h} =

{ ∑

i∈N

µi(x)v1,i(x, t),
∑

i∈N

µi(x)v2,i(x, t),

∑

i∈N

µi(x)z1,i(x, t),
∑

i∈N

µi(x)z2,i(x, t),
∑

i∈N1

µi(x)ψi(t)

}
,

f¨Â
Ê1j

Q�D�5
N := N1 ∪ N2 ∪ N3 ∪ N4,

btJU+�A�_�>�>
vj,i(x, t), zj,i(x, t), j = 1, 2, ψi(t)J
DE0�?�L�5�/$?10�8@24i�/6+�J�L�5�?$M^<\+�-
F�-�LIn$+�M^<\DE-�+�+�M^<\>�0�O�8I5TD�5TLI24i�/1.�2HA4-�AH8I5�q65�+�>�2

<'0(D�5TLIn$+I0�7ºB�-�DE-
F�>ê.(0�O�8@24l65�+�>�2¹O�8�>
i ∈ N1

` OI5�8�?10�7¹A�8�-�5�?10�7ºB�-�DE-
F�>ºO�8�>
i ∈ N2 ∪N3

>;B
-�D�-(F�>�¶t0�qs>;O�8�>
i ∈ N4.Â$Xg¿uJ@.�/$n

i ∈ N1.
¿u8I0�>�B(?15TD�5(< O�8I5(0$:�8�-�B
0�?@-�+�>I5ÁA40$0�8@DI>�+�-�/

x =
Y −1

i (y) : x = y + ρ0.
Z!/10 O�8I5(0$:�8�-�B
0�?@-�+�>I5ùOI5�8I5�?10(DI>�/ 0$:�LE-�.�/$>

x < ρ0
>

x > ρ0
?

D
(i)
1 = { y | y < 0}

>
D

(i)
2 =

{ y | y > 0}
.(0$0�/$?15T/1.�/$?@5�+�+I0�XE¿t0�L�0�lm>I<

ζi(x)fj(x, t), ζi(x)gj(x, t)
∣∣
x=Y −1

i (y)
=

fj,i(y, t), gj,i(y, t); ζi(x)ηk(t), ζi(x)ϕj(t)
∣∣
x=ρ0

= ηk,i(t), ϕj,i(t), k = 0, 1, 2, j =

1, 2,
>�O�8I0
D�0�LIlm>I<9btJU+�A�_�>�>

fj,i, gj,i
+�J�L�5(<g?

D
(i)
j .û O�8I5TD�5TLI>I<WbtJU+�A�_�>�>

ṽj,i(y, t), z̃j,i(y, t), j = 1, 2, ψi(t)
A�-�Av8I5�q65�+�>I5u.TL�5TN

DIJUi�365�7�B�-�DE-(F�>�.(0�O�8U24ls5�+�>�2;?
D

(i)
jT , j = 1, 2

ý

∂tṽj,i − aj(ρ0, 0)∂
2
y ṽj,i − βj(ρ0, 0)Dtψi = fj,i(y, t),

f¨Â
å1j

∂tz̃j,i − aj+2(ρ0, 0)∂
2
y z̃j,i − βj+2(ρ0, 0)Dtψi = gj,i(y, t),

f¨Â�æUj

ṽ1,i − ṽ2,i = η0,i(t), t ∈ (0, T ),
f¨Â
ì1j

(z̃j,i − γj(0)ṽj,i)|y=0 = ηj,i(t), j = 1, 2, t ∈ (0, T ),
f¨Â
·1j

(λ1(0)∂yṽ1,i − λ2(0)∂yṽ2,i)|y=0 + κDtψi = ϕ1,i(t), t ∈ (0, T ),
f¨Â�¸$j

(k1(0)∂y z̃1,i − k2(0)∂y z̃2,i)
∣∣
y=0

− εDtψi = ϕ2,i(t), t ∈ (0, T ).
f¨Â
í1j

*P8�-�:$0�/15]À ·�ÃYD�0�A4-�B�-�+�-m/15(0�8I5(<=-4X
ÿ����������	�CÊ�
2��
������

0 < κ ≤ κ0, 0 < ε ≤ ε0 �������������$#�0 ��� # 
�� ���"���$#
βj+2(ρ0, 0) − γj(0)βj(ρ0, 0) > 0,

�������������������������� È"%$!&�'!��( *-,	.0/21¿3�5�6 .0/21ó9:*<;>=�?A@



¸�Ê ÇÁXI¶mX4îkls0$:�J�LE-�5�?@-

β5−j(ρ0, 0) − γ3−j(0)βj(ρ0, 0) > 0, j = 1, 2.

. �$# ��021���3 4 
 ��6�7���8 fj,i(y, t) ∈
◦

C
α, α/2

x t (D
(i)
jT ), gj,i(y, t) ∈

◦

C
α, α/2

x t (D
(i)
jT ), ηk,i(t) ∈

◦

C
1+α/2

t (σT ), k = 0, 1, 2, ϕj,i(t) ∈
◦

C
(1+α)/2

t (σT ), j =
1, 2,

9�;"<�;"=$;M>A@"N!'OCP>A@"Q!' �$E� � �  < ��� ��� �" !�����" RFG !HI !���� ṽj,i(y, t) ∈
◦

C
2+α,1+α/2

x t (D
(i)
jT )
(
z̃j,i(y, t) ∈

◦

C
2+α,1+α/2

x t (D
(i)
jT ), ψi(t) ∈

◦

C
1+α/2

t (σT ), (κ +

ε)Dtψi ∈
◦

C
(1+α)/2

t (σT ), � < �$#��� !J�� � �KF ; �" < ����� ; ��7� !��6 ;
2∑

j=1

(|ṽj,i|
(2+α)

D
(i)
jT

+ |z̃j,i|
(2+α)

D
(i)
jT

) + |ψi|
(1+α/2)
σT

+ |(κ+ ε)Dtψi|
(1+α)/2
σT

≤

≤ C2

( 2∑

j=1

(
|fj,i|

(α)

D
(i)
jT

+ |gj,i|
(α)

D
(i)
jT

)
+

2∑

k=0

|ηk,i|
(1+α/2)
σT

+
2∑

j=1

|ϕj,i|
(1+α)/2
σT

)
,
f¨Â
ï1j

J <  ���� ��� ��#���� ; # C2 �� 9�; ��� � � � � � κ � ε -
*�.(5�J1.TL�0�?$>�2Cë 5(0�8I5(<KMVÊÍ?$M�OI0�LI+�24i�/1.�2gD�LI2gB�-�DE-(F�>½f¨Â
å1jdË f¨Â
í1j6?G.�>4LIJ

J1.TL�0�?$>�7eë 5(0�8I5(<KM Â$`�OI0�è(/10$<KJ�O�8�>I<'5�+�>I<ºëa5(0�8I5(<KJÍÊ]A[B�-�DE-(FI5�f¨Â
å1j�ËÄf¨Â
í1jT`�>
<KMçOI0�LIJUF�>I<�`rF�/10;btJU+�A�_�>�>

ṽj,i(y, t), z̃j,i(y, t), j = 1, 2, ψi(t)
0�O�8I5TD�5TL�5�+�M >

J�D�0�?�L�5�/$?10�8@24i�/v0�_I5�+�AU5vf¨Â
ï1j O�8�>
i ∈ N1.Ê4Xu¿uJ1.�/$n

i ∈ N2 ∪ N3.
¿u8I0�>�B(?15TD�5(< O�8I5(0$:�8�-�B
0�?@-�+�>I5gAU0$0�8@DI>�+�-�/

x =
Y −1

i (y) : x = y
O�8�>

i ∈ N2
>
x = b − y, i ∈ N3

`YO�8�>Rè(/10$<Ï0$:�LE-�.�/$n
x < bOI5�8I5�74D�5�/H?

D
(i)
2 := {y : y > 0}.

ÈdJU+�A�_�>�>
ṽj,i(y, t), z̃j,i(y, t),

0�O�8I5TD�5TLI>I<PA�-�A
8I5�q65�+�>�2�OI5�8�?10�7;A�8�-�5�?10�7�B�-�DE-(F�>

∂tṽj,i − aj(ξi, 0)∂
2
y ṽj,i = fj,i(y, t)

?
D

(i)
2T ,

ṽj,i

∣∣
t=0

= 0, ṽj,i

∣∣
y=0

= pj,i(t), t ∈ (0, T ), j = 1, 2,

f�Ê$ü1j

∂tz̃j,i − aj+2(ξi, 0)∂
2
y z̃j,i = gj,i(y, t)

?
D

(i)
2T ,

z̃j,i
∣∣
t=0

= 0, z̃j,i

∣∣
y=0

= qj,i(t), t ∈ (0, T ), j = 1, 2,

f�Ê4Â�j

Q�D�5
fj,i(y, t), gj,i(y, t) = ζi(x)fj(x, t), ζi(x)gj(x, t)

∣∣
x=Y −1

i (y)

O�8I0
D�0�LIls5�+�Mé+�J@N
L�5(<g?

D2
`
pj,i(t), qj,i(t) = ζi(x)pj(t), ζi(x)qj(t)

∣∣
x=Y −1

i (y), y=0

X
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¶u8�-�5�?@-�2�B�-�DE-
F�-m.uDI?$J4<K2�<=-�LIM^<K>�O�-�8�-�<'5�/$8�-�<K>\X�X�X ¸�å

å4X$¿uJ1.�/$n
i ∈ N4.

ÈdJU+�A�_�>�>
vj,i(x, t), zj,i(x, t), j = 1, 2,

24?�LI24i�/1.�268I5�q65�+�>4N
5�<WB�-�DE-
F�>�¶t0�qs>YX ñ D�5(.�nm?10�B
<'0�lm+�MÏÊ6.TLIJUF�-�2r`4AU0�Q�DE-

K
(i)
2δ ∩K

(k)
2δ 6= ∅, k ∈ N1>

K
(i)
2δ ∩K

(k)
2δ = ∅.

*9OI5�8�?10$<g.TLIJUF�-�5�?6O�8�-�?10�7�FE-�.T/$>�JU8�-�?$+I5�+�>�2�:�J�D�5�/].(0(D�5�84N
l6-�/$n1.�2;btJU+�A�_�>�2

ψk

∂tvj,i − aj(ξi, 0)∂
2
xvj,i = ζi(x)fj(x, t) + βj(ξi, 0)χ(ξi − ρ0)Dtψk

?
R

1,

vj,i

∣∣
t=0

= 0, j = 1, 2,
f�Ê$Ê1j

∂tzj,i − aj+2(ξi, 0)∂
2
xzj,i = ζi(x)gj(x, t) + βj+2(ξi, 0)χ(ξi − ρ0)Dtψk

?
R

1,

zj,i
∣∣
t=0

= 0, j = 1, 2,
f�Ê$å1j

?106?$/10�8I0$<C.TLIJUF�-�5
χ = 0,

>;<KMêOI0�LIJUF�>I<gB�-�DE-
F�>�¶t0�qs>;?$>4DE-

∂tvj,i − aj(ξi, 0)∂
2
xvj,i = ζi(x)fj(x, t)

?
R

1, vj,i

∣∣
t=0

= 0, j = 1, 2,
f�Ê�æUj

∂tzj,i − aj+2(ξi, 0)∂
2
xzj,i = ζi(x)gj(x, t)

?
R

1, zj,i
∣∣
t=0

= 0, j = 1, 2,
f�Ê$ì1j

Q�D�5kbtJU+�A�_�>�>
ζjfj , ζjgj

O�8I0
D�0�LIls5�+�M»+�J�L�5(<g?
R

1.û O�8I5TD�5TLI>I<�btJU+�A�_�>�i
ψk, k ∈ N1,

?^B�-�DE-(F�-�Svf�Ê$Ê1jT`@f�Ê$å1jTX û /$+I5(.(5(<;Ad<K+I0�ls5TN
.T/$?$J

N0 ∈ N1
>�+4D�5�AU.�M

j ∈ N4
/15TScqm-�8I0�?

K
(j)
2δ

D�LI2cAU0�/10�8�M�S
K

(k)
2δ ∩K

(j)
2δ 6= ∅.*9.�>4LIJ]A40�+I5�F�+I0$.�/$>�OI0�A�8�M�?@-�i�3s>4Sv>I+�/15�8�?@-�L�0�?]<K+I0
l65(.�/$?10

N0
.(0
D�5�8@lm>�/mA40�N

+I5�F�+I0$5tF�>I.TL�0m>�+4D�5�A4.(0�?IXI¿t0�L�0�lm>I<

ψk(t) =

∑
j∈N0(k)

ψj(t)ζj(ξj)

∑
j∈N0(k)

ζj(ξj)
,

Q�D�5
ψj(t), j ∈ N0(k) ⊂ N1

`�+�-�74D�5�+�MçA4-�AÍ8I5�q65�+�>I5sB�-�DE-(F�>e.(0�O�8U24ls5�+�>�2Cf¨Â
å1j
ò[f¨Â
í1jTX

ñ -�DE-(F�>�f�Ê$ü1jYòcf�Ê$ì1ja0
DI+I0�B(+�-(F�+I0t8�-�B(8I5�qs>I<KMêÀ ì�Ã�`�>4Sd8�5Tq65�+�>�26OI0
DIF�>�+�24i�/1.�2
0�_I5�+�A4-�<

|ṽj,i|
(2+α)

D
(i)
2T

≤ C3

(
|fj,i|

(α)

D
(i)
2T

+ |pj,i|
(1+α/2)
σT

)
, i ∈ N2 ∪N3,

f�Ê$·1j

|z̃j,i|
(2+α)

D
(i)
2T

≤ C4

(
|gj,i|

(α)

D
(i)
2T

+ |qj,i|
(1+α/2)
σT

)
, i ∈ N2 ∪N3,

f�Ê1¸$j
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O�8�>
K

(i)
2δ ∩K

(k)
2δ 6= ∅, k ∈ N1, i ∈ N4,

|vj,i|
(2+α)

D
(i)
2T

≤ C5

(
|ζi(x)fj |

(α)

D
(i)
2T

+ |Dtψk|
(1+α/2)
σT

)
,

f�Ê$í1j

|zj,i|
(2+α)

D
(i)
2T

≤ C6

(
|ζi(x)gj |

(α)

D
(i)
2T

+ |Dtψk|
(1+α/2)
σT

)
,

f�Ê$ï1j

B�D�5(.�nt<KMW>I.�OI0�LIn$B(J@5(<Í/�-�A�l65�0�_I5�+�A�J�f¨Â
ï1jrD�LI2
Dtψk

`�?
C

α/2
t (ΩT )

`�>6O�8�>
K

(i)
2δ ∩

K
(k)
2δ = ∅, k ∈ N1, i ∈ N4,

|vj,i|
(2+α)

D
(i)
2T

≤ C7|ζi(x)fj |
(α)

D
(i)
2T

,
f�å$ü1j

|zj,i|
(2+α)

D
(i)
2T

≤ C8|ζi(x)gj |
(α)

D
(i)
2T

,
f�å4Â�j

j = 1, 2.ë -�A�>I< 0$:�8�-�B
0$<�` <KM 0�O�8I5TD�5TLI>4LI> btJU+�A�_�>�>
vj,i(x, t) =

ṽj,i(y, t)
∣∣
y=Yi(x)

, zj,i(x, t) = z̃j,i(y, t)
∣∣
y=Yi(x)

, i ∈ N1 ∪ N2 ∪ N3, ψi(t), i ∈ N1>
vj,i(x, t), zj,i(x, t), i ∈ N4,

>v/15(<W.
-�<KM^<\OI0$.�/$8I0�>4LI>�8I5�Q(J
L�2U8I>�B�-�/10�8Gf¨Â
Ê1jTX
�Ì�Mº?$?10
DI>I<g+I0�8I<KJeÀ ì�Ã

{w}B(ΩT ) =
4∑

k=1

sup
i∈Nk

‖ωi‖B(K
(i)
2δT )

{h}H(ΩT ) =
4∑

k=1

sup
i∈Nk

‖hi‖H(K
(i)
2δT )

f�å$Ê1j

Q�D�5�+I0�8I<KM
‖w‖B(ΩT ), ‖h‖H(ΩT )

0�O�8I5TD�5TLI24i�/1.�2�bk0�8I<KJ�LE-�<K>Gf¨Â
ü1jT`rf¨Â$Â�jTX û /1<'5TN
/$>I<�`'F�/10Í+I0�8I<KM f�å$Ê1jsè(A�?$>�?@-�L�5�+�/$+�Mú+I0�8I<=-�<

‖w‖B(ΩT ), ‖h‖B(ΩT )
.(0$0�/$?15�/�N

.�/$?15�+�+I0;À ì�Ã�X

ST���U�	�¹Â�
�V �� LF ; � �BF < : H(ΩT ) → B(ΩT ) #����$#� ��� #��"JWF ; ��� =  !�����XEZY
{<h}B(ΩT ) ≤ C9{h}H(ΩT ).

û :�8�-�/$>I<'.�2mA6B�-�DE-
FI5kf¨Â�jYòcf�ï1jT`�AU0�/10�8�JUi¹<KMWB�-�O�>�q65(<Í?t0�OI5�8�-�/10�8I+I0�7cbk0�84N
<'5

Aw = h,
Q�DE5v0�OI5�8�-�/10�8

A
0�O�8I5TD�5TLI2�5�/1.�2g?$M�8�-�ls5�+�>�2�<K>C?�L�5�?$M�S\F�-�.�/�2US

JU8�-�?$+I5�+�>�7\f¨Â�jT`af�Ê1j >�J@.TL�0�?$>�7\fhæUj=òÍf�ï1jTX û FI5�?$>4DI+I0
A : B(ΩT ) → H(ΩT ).
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¶u8�-�5�?@-�2�B�-�DE-
F�-m.uDI?$J4<K2�<=-�LIM^<K>�O�-�8�-�<'5�/$8�-�<K>\X�X�X ¸�ì

S[���U�	�CÊ�
2� F��\��021���E h ∈ H(ΩT )
� �KF ; �" < �������UF ; �" !� ��� ���

A<h = h+ Ph,

J <  Ph = {P1h, P2h, P3h, P4h, 0, 0, 0, 0, 0, P5h, P6h, P7h, P8h} ] �"JWF ; ����^=  �������8_���� LF ; � �BF`�5�KF�� ��� F ; � ��� �" H(ΩT ) a Pjh, Pj+2h, P4+jh, j =
1, 2, P7h, P8h ���KFG <  L�$#�0 ��� #b4��BF�E 
 � ; Ec� >,N�N!' ^ >,NedA'
. �)6 ;)9"; �  L� ����� ��� - ¿t0(D�.�/$-�?$>I<çbtJU+�A�_�>�>

<jh =
∑
i∈N

µi(x)vj,i(x, t), <j+2h =
∑
i∈N

µi(x)zj,i(x, t), j = 1, 2,
>
<5h =

∑
i∈N1

µi(x)ψi(t),
0�O�8I5TD�5TLI2�5(<KM^5cbk0�8I<KJ@N

LE-�<K>\f¨Â
Ê1jT`�?6L�5�?$M^5tF�-�.�/$>;JU8�-�?$+I5�+�>�7Wf¨Â�jT`Yf�Ê1j >�J@.TL�0�?$>�7\fhæUj!ò[f�ï1j

Lj(∂t, ∂x, x, t)(<jh,<5h) ≡

∑

i∈N

µi(x)Y
(−1)
i (x)

(
∂tṽj,i(y, t) − aj(ξi, 0)∂

2
y ṽj,i(y, t)

)

−
∑

i∈N1

µi(x)βj(ρ0, 0)Dtψi + Pjh = fj(x, t) + Pjh,

Lj+2(∂t, ∂x, x, t)(<j+2h,<5h) = gj(x, t) + Pj+2h,
Q�D�5

Pjh = −
∑

i∈N

[
bj(x, t)

(
∂xµi(x)vj,i(x, t) + µi(x)∂xvj,i(x, t)

)

+dj(x, t)µi(x)vj,i(x, t)

]
− aj(x, t)

∑

i∈N

(
∂2

xµi(x)vj,i(x, t)+ 2∂xµi(x)∂xvj,i(x, t)

)

−
∑

i∈N

µi(x)[aj(x, t) − aj(ξi, 0)]∂
2
xvj,i(x, t)

−
∑

i∈N1

µi(x)[βj(x, t)χ(x− ρ0) − βj(ρ0, 0)χ(ρ0 − ρ0)]Dtψi, j = 1, 2,
f�å$å1j

Pj+2h = −
∑

i∈N

[
bj+2(x, t)

(
∂xµi(x)zj,i(x, t) + µi(x)∂xzj,i(x, t)

)
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+dj+2(x, t)µi(x)zj,i(x, t)

]
−aj+2(x, t)

∑

i∈N

(
∂2

xµi(x)zj,i(x, t)+2∂xµi(x)∂xzj,i(x, t)

)

−
∑

i∈N

µi(x)[aj+2(x, t) − aj+2(ξi, 0)]∂
2
xzj,i(x, t)

−
∑

i∈N1

µi(x)[βj+2(x, t)χ(x− ρ0) − βj+2(ρ0, 0)χ(ρ0 − ρ0)]Dtψi, j = 1, 2.
f�å�æUj

îs-�L�5(5$` OI0
D�.�/�-�?$>I<½8I5�Q(J�LI248�>�B�-�/10�8
<jh, <j+2h, j = 1, 2,

?[J@.TL�0�?$>I5ef�¸$jTX
f�F�>�/$M�?@-�2r` F�/10[btJU+�A�_�>�>

vj,i(x, t), zj,i(x, t), j = 1, 2,
24?�LI24i�/1.�2R8I5�q65�+�>I5(<

B�-�DE-(F�>[.(0�O�8@24l65�+�>�2Rf¨Â
å1j!òÍf¨Â
í1jT`�+�-�S@0
DI>I<

(
<j+2h− γj(t)<jh

)∣∣
x=ρ0

=
∑

i∈N1

µi(x)
(
zj,i(x, t) − γj(t)vj,i(x, t)

)∣∣
x=ρ0

=
∑

i∈N1

µi(x)Y
−1
i (x)

(
z̃j,i(y, t) − γj(0)ṽj,i(y, t)

)
+ Pj+4h

= ηj(t) + Pj+4h, j = 1, 2,

Pj+4h = −
∑

i∈N1

µi(x)[γj(t) − γj(0)]vj,i(x, t)
∣∣
x=ρ0

, j = 1, 2.
f�å$ì1j

¿t0(D�.�/$-�?$>I<R/15�OI5�8�nd8I5�Q(J�LI248�>�B�-�/10�8
<jh, <j+2h, j = 1, 2,

>
<5h

?kJ@.TL�0�?$>�2
f�í1jT`af�ï1j!>[-�+�-�L�0�Q(>�F�+I0]O�8I5TDIM�DIJU365(<KJHOI0�LIJUF�>I<

(
λ1(t)∂x<1h− λ2(t)∂x<2h

)∣∣∣
x=ρ0

+ κDtψ

=
(
λ1(t)∂x

∑

i∈N1

µi(x)v1,i(x, t)−λ2(t)∂x

∑

i∈N1

µi(x)v2,i(x, t)+κ
∑

i∈N1

µi(x)Dtψi

)∣∣∣
x=ρ0

=
∑

i∈N1

µi(ρ0)ζi(ρ0)ϕ1(t) + P7h = ϕ1(t) + P7h,

P7h =
∑

i∈N1

(
λ1(t)∂xµi(x)v1,i(x, t) − λ2(t)∂xµi(x)v2,i(x, t)

)∣∣∣
x=ρ0

+
∑

i∈N1

(
µi(x)[λ1(t) − λ1(0)]∂xv1(x, t)
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−µi(x)[λ2(t) − λ2(0)]∂xv2(x, t)
)∣∣

x=ρ0
,

f�å$·1j
(
k1(t)∂x<3h− k2(t)∂x<4h

)∣∣∣
x=ρ0

− ε<5h

=
(
k1(t)∂x

∑

i∈N1

µi(x)z1,i(x, t)−k2(t)∂x

∑

i∈N1

µi(x)z2,i(x, t)−ε
∑

i∈N1

µi(x)Dtψi

)∣∣∣
x=ρ0

=
∑

i∈N1

µi(ρ0)ζi(ρ0)ϕ2(t) + P8h = ϕ2(t) + P8h,

P8h =
∑

i∈N1

(
k1(t)∂xµi(x)z1,i(x, t) − k2(t)∂xµi(x)z2,i(x, t)

)∣∣∣
x=ρ0

+
( ∑

i∈N1

µi(x)[k1(t) − k1(0)]∂xz1,i(x, t)

−
∑

i∈N1

µi(x)[k2(t) − k2(0)]∂xz2,i(x, t)
)∣∣∣

x=ρ0

.
f�å1¸$j

¿t0(D�.�/$-�?$>I<Í8I5�Q(J�LI248�>�B�-�/10�8
<1h, <3h

?�Q(8�-�+�>�F�+�M^5�J@.TL�0�?$>�2sB�-�DE-(F�>m>sJUF�>4N
/$M�?@-�2r`�FI/10�btJU+�A�_�>�>

ṽj,i(y, t), z̃j,i(y, t), j = 1, 2,
24?�LI24i�/1.�2d8I5�q65�+�>I5(<ÍOI5�8�?10�7

A�8�-�5�?10�7;B�-�DE-
F�>\f�Ê$ü1jT`af�Ê4Â�j�.(0$0�/$?15�/1.�/$?15�+�+I0�`�OI0�LIJUF�-�5(<

<jh
∣∣
x=0

=
∑

i∈N2∪N3

µi(x)vj,i(x, t)
∣∣
x=0

=
∑

i∈N2∪N3

µi(x)Y
(−1)
i (x)ṽj,i(y, t)

∣∣
y=0

=
∑

i∈N2∪N3

µi(x)ζi(x)pj(t) = pj(t), j = 1, 2,

>�-�+�-�L�0�Q(>�F�+I0

<j+2h
∣∣
x=0

=
∑

i∈N2∪N3

µi(x)zj,i(x, t)
∣∣
x=0

= qj(t), j = 1, 2.

�

S[���U�	�Cå�
2g/
�� ���"���$#h3 �  !�BFG AEc� @I< �$# t ≤ t1
� �KF ; �" < ����� ; ��7� !��6 ;

{Ph}H(Ωt) ≤ q{h}H(Ωt),
f�å$í1j

J <  q ∈ (0, 1).

�������������������������� È"%$!&�'!��( *-,	.0/21¿3�5�6 .0/21ó9:*<;>=�?A@



¸�í ÇÁXI¶mX4îkls0$:�J�LE-�5�?@-

. ��6 ;)9�; �  L� ����� ��� - Î 0�Q�LE-�.�+I0]0�O�8I5TD�5TL�5�+�>�iç+I0�8I<KM,f�å$Ê1j!>I<'5(5(<

{Ph}
H(K

(i)
2δt)

=

4∑

k=1

sup
i∈Nk

( 4∑

j=1

|Pjh|
(α)

K
(i)
2δt

+

2∑

j=1

|Pj+4h|
(1+α/2)

K
(i)
2δt

+|P7h|
(1+α)/2

K
(i)
2δt

+ |P8h|
(1+α)/2

K
(i)
2δt

)
.

¿u8�>�0�_I5�+�AU5k+I0�8I<KM
{Ph}H(Ωt)

>I.�OI0�LIn$B(J@5(<g+I5�8�-�?15�+I.�/$?@-

|aj(x, t) − aj(ξi, 0)| ≤ C10(δ
α + tα/2), j = 1, 2,

|βj(x, t)χ(x− ρ0) − βj(ξi, t)χ(ξi − ρ0)| ≤ C11

(
δα + tα/2 + δ/δ0

)
, j = 1, 2,

|γj(t) − γj(0)| ≤ C12t
α/2, j = 1, 2, δ > 0.it5�OI0$.�8I5TD�.�/$?15�+�+�0ú0�_I5�+�>�?@-�2 +I0�8I<KM btJU+�A�_�>I7

Pjh, Pj+2h, Pj+4h, j =
1, 2, P7h, P8h,

0�O�8I5TD�5TLI2�5(<KM�S�bk0�8I<KJ�LE-�<K>Rf�å$å1j!òÍf�å1¸$jT`�OI0�LIJUF�>I<

|Pjh|
(α)

K
(i)
2δt

+ |Pj+2h|
(α)

K
(i)
2δt

≤ C13

[(
t(1+α)/2 + t1+α/2

)(
1 +

1

δα
+

1

δ
+

1

δ1+α

)

+
t1+α/2

δ2

(
1 +

1

δα

)
+

(
t1/2 + t

)(
1 +

1

δ

)
+

t

δα

+
(
δα + tα/2

)(
1 + tα/2 +

tα/2

δα

)
+ tα/2

](
|vj,i|

(2+α)

K
(i)
2δt

+ |zj,i|
(2+α)

K
(i)
2δt

) f�å$ï1j

+C14

[(
δα + tα/2 + δ/δ0

)
+ tα/2

(
1

δα

(
tα/2 + δ/δ0

)
+ 1 +

δ1−α

δ0

)]
|ψi|

(1+α)/2
σT

,

|Pj+4h|
(1+α/2)

K
(i)
2δt

≤ C15t

(
1 + tα/2 + t1+α/2

)
|vj,i|

(2+α)

K
(i)
2δt

, j = 1, 2,
fhæ@ü1j

|P7h|
(1+α)/2

K
(i)
2δt

+ |P8h|
(1+α)/2

K
(i)
2δt

≤ C16

(
1 + t(1+α)/2

)(
t1/2

δ
+ t(1+α)/2

) 2∑

j=1

(
|vj,i|

(2+α)

K
(i)
2δt

+ |zj,i|
(2+α)

K
(i)
2δt

)
.

fhæIÂ�j
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¶u8�-�5�?@-�2�B�-�DE-
F�-m.uDI?$J4<K2�<=-�LIM^<K>�O�-�8�-�<'5�/$8�-�<K>\X�X�X ¸�ï

¿�8I>I<'5�+�242;A;btJU+�AI_�>�2�<
vj,i, zj,i, j = 1, 2, ψi

?�f�å$ï1j NufhæIÂ�j�0�_I5�+�A�>Wf¨Â
ï1jT` f�Ê$·1j
N�f�å4Â�jT`I:�J�D�5(<W>I<'5�/$n

{Ph}H(Ωt) ≤ k(t, δ, δ0){h}H(Ωt),

Q�D�5
k = C17

[(
t(1+α)/2 + t1+α/2

)(
1 + 1

δα + 1
δ + 1

δ1+α

)
+ t1+α/2

δ2

(
1 + 1

δα

)

+
(
t1/2 + t

)(
1 + 1

δ

)
+ t

δα +
(
δα + tα/2

)(
1 + tα/2 + tα/2

δα

)
+ tα/2

+ t

(
1 + tα/2 + t1+α/2

)
+

(
1 + t(1+α)/2

)(
t1/2

δ + t(1+α)/2

)]

+ C18

[(
δα + tα/2 + δ/δ0

)
+ tα/2

(
1
δα

(
tα/2 + δ/δ0

)
+ 1 + δ1−α

δ0

)]
.

*�0�B(n1<'5(<
δ0 = δ1/2 `!OI0(D�:$5�8I5(< δ ≤ δ∗,

B�-�/15(<
t ≤ t1

/$-�A�>I<K>º<=-�LIM^<K>Y`
F�/10$:�MÏ?$M�OI0�LI+�2UL�0$.�nH+I5�8�-�?15�+I.�/$?10

k(t, δ, δ0) ≤ q, q ∈ (0, 1),
/10�Q�DE-]O�8�>

t ≤ t1OI0�LIJUF�>I<
{Ph}H(ΩT0

) ≤ q{h}H(ΩT0
)
, 0 < q < 1. �

S[���U�	�êæG
Ugj
�� ���"���$#h3 �  !�BFG AEc� @k< �$# t ≤ t1
��
�l  ��� � 
  � �"JWF ; ��� =  !������8

�KF ; ����8&��1BF ; � ����8m���� LF ; � �BF A−1
r = <(I + P )−1 : H(Ωt) → B(Ωt), J <  I ]

 < ����� = ����8T���� LF ; � �BF ( � 9�;"<�;"=$;n>A@"N!' ^ >A@"Q!' �$E� � � FG !HI !���� w(x, t) ∈ B(Ωt1)
-

. �)6 ;)9"; �  L� ����� ��� - Ì�M»>I<'5(5(<9B�-�DE-(F�J
Aw = h

X�¿t0
D�.�/�-�?$>�?
<h

?1<'5(.�/10
w
`IOI0�N

LIJUF�>I<
A<h = h+ Ph

X û :$0�B(+�-
F�>I<
h+ Ph = h1

`�Q�D�5
h1 ∈ H(Ωt1)

XEÎ 0�Q�LE-�.�+I0
0�_I5�+�AU5\f�å$í1j6è(/10eJU8�-�?$+I5�+�>I5�>I<'5(5�/\5TDI>�+I.�/$?15�+�+I0$5�8I5�q65�+�>I5

h ∈ H(Ωt1)
`'A40�N

/10�8I0$5kOI0
DIF�>�+�2�5�/1.�2[0�_I5�+�A45
{h}H(Ωt1 ) ≤

1
1−δ2

{h1}H(Ωt1 )
D�LI2�LIiu:$0�Q
0c?15�A�/10�8�-

h1 ∈ H(Ωt1)
X

it0W/10�Q�DE-g.�JU365(.�/$?$J@5�/C0�Q(8�-�+�>�FI5�+�+�M�7Ï0$:�8�-�/$+IM�7»0�OI5�8�-�/10�8
(I + P )−1 ?

O�8I0$.�/$8�-�+I.�/$?15
H(Ωt1)

X�¿t0
D�.�/�-�?$>I?
h = (I + P )−1h1

?HJU8�-�?$+I5�+�>I5
A<h = h1

`
<KMÏOI0�LIJUF�>I<9/10�l6D�5(.�/$?10

A<(I + P )−1h1 = h1
D�LI2;LIiu:$0�Q
0

h1 ∈ H(Ωt1)
>4LI>

A<(I + P )−1 = I
X

û /1.�i�DE-Í.TL�5TDIJ@5�/�`KF�/10e0�OI5�8�-�/10�8
A
>I<'5(5�/eO�8�-�?$M�790$:�8�-�/$+�M�7C0�Q(8�-�+�>�FI5�+4N

+�M�7,0�OI5�8�-�/10�8
A−1

r = <(I + P )−1 `d> B�-�DE-
F�-
Aw = h

>I<'5(5�/½8I5�q65�+�>I5
ω = (v1, v2, z1, z2, ψ) ∈ B(Ωt1)

D�LI2�A4-�l6D�0�Q
0]?15�A�/10�8�-
h ∈ H(Ωt1)

X
�¿t0�LIJUF�>I<C0�_I5�+�A�JH8I5�q65�+�>�2�B�-�DE-(F�>\f¨Â�j!ò[f�ï1j�<'5�/10
D�0$<po -
J�D�5�8�-4X

S[���U�	�Wì�
qgr
�� ���"���$#h3 �  !�BFG AEc� @�< �$# t ≤ t0 FG !HI !���� 9�;"<�;"= �s��� <�= ���$#� ��� #
�)7� !��6� 

‖w‖B(Ωt0) ≤ C19‖h‖H(Ωt0 ).
fhæ@Ê1j
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í$ü ÇÁXI¶mX4îkls0$:�J�LE-�5�?@-

. ��6 ;)9�; �  L� ����� ��� - ¿uJ@.�/$n
vj,i(x, t) = µi(x)vj(x, t), zj,i(x, t) = µi(x)zj(x, t), j = 1, 2, ψi(t) = µi(x)ψ(t),

btJU+�A�_�>�>
vj,i, zj,i

0�O�8I5TD�5TL�5�+�M»?
K

(i)
2δ × (0, t1), i ∈ N

`4O�8I0
D�0�LIlm>I<C>4S�+�J�L�5(<

D
(i)
jT

X
* B�-�?$>I.�>I<'0$.�/$>o0�/Ï8�-�.�OI0�L�0
l65�+�>�2,>�+�/15�8�?@-�LE-

K2δ
?

Ω
D�LI2 bkJU+�A�_�>�7

vj,i(x, t), zj,i(x, t), j = 1, 2, ψi(t)
>�BmB�-�DE-
F�>9f¨Â�j^ò\f�ï1j�<'0�lm+I0HOI0�LIJUF�>�/$n�<'0�N

D�5TLIn$+�JUiÏB�-�DE-
F�J�.(0�O�8@24l65�+�>�2r`IOI5�8�?$JUiÏA�8�-�5�?$JUi½B�-�DE-(F�JH>�B�-�DE-
F�J�¶t0�qs>YX
fu<K+I0
lm>�<eO�-�8�-�:$0�LI>�FI5(.�AI>I5ÕJU8�-�?$+I5�+�>�2�f¨Â�jT`�f�Ê1j >]J@.TL�0�?$>�2mB�-�DE-
F�>[f�·1jaòHf�ï1j

+�-6.�8I5�B�-�i�3sJUi½btJU+�AI_�>�i
µi(x)

X
¿uJ1.�/$n

i ∈ N1
X ¿u8I0�>�B(?15TD�5(<,O�8I5(0$:�8�-�B
0�?@-�+�>�2¹AU0$0�8@DI>�+�-�/

x = Y −1
i (y) :

x = y + ρ0,
> D�LI2,btJU+�A�_�>�7

ṽj,i(y, t) = vj,i(x, t)
∣∣
x=Y −1

i (y)
, z̃j,i(y, t) =

zj,i(x, t)
∣∣
x=Y −1

i (y)
, j = 1, 2, ψi(t)

OI0�LIJUF�>I<ºB�-�DE-(F�Je.(0�O�8@24l65�+�>�2G.6+�J�L�5�?$M^<K>
+�-(F�-�LIn$+�M^<K>�DE-�+�+�M^<K>

∂tṽj,i − aj(ξi, 0)∂
2
y ṽj,i − βj(ξi, 0)χ(ξi − ρ0)Dtψi

= fj,i(y, t) + Y −1
i (y)Fj,i(x, t)

?
D

(i)
jT , j = 1, 2,

∂tz̃j,i − aj+2(ξi, 0)∂
2
y z̃j,i − βj+2(ξi, 0)χ(ξi − ρ0)Dtψi

= gj,i(y, t) + Y −1
i (y)Fj+2,i(x, t)

?
D

(i)
jT , j = 1, 2,

(
z̃j,i − γj(0)ṽj,i

)∣∣
y=0

= ηj,i(t) + Y −1
i (y)Hj,i(x, t)

∣∣
y=0

, j = 1, 2,
fhæ@å1j

(λ1(0)∂yṽ1,i − λ2(0)∂yṽ2,i)|y=0 + κDtψi

= ϕ1,i(t) + Y −1
i (y)H3,i(x, t)

∣∣
y=0

,

(k1(0)∂y z̃1,i − k2(0)∂y z̃2,i)|y=0 + εDtψi

= ϕ2,i(t) + Y −1
i (y)H4,i(x, t)

∣∣
y=0

,

Q�D�5sbtJU+�A�_�>�>
fj,i(y, t) = fj,i(x, t)

∣∣
x=Y −1

i (y)
, gj,i(y, t) = gj,i(x, t)

∣∣
x=Y −1

i (y)

O�8I0�N
D�0�LIls5�+�M»+�J�L�5(<g?

D
(i)
jT , ϕj,i(t) = ζi(x)ϕj(t)

∣∣
x=ρ0

, j = 1, 2,

Fj,i(x, t) = [aj(x, t) − aj(ξi, 0)]µi(x)∂
2
xvj(x, t) + [βj(x, t)χ(x− ρ0)

�������������������������! #"%$!&�'!��( *-,	.0/21¿3�5768.0/21ó9:*<;>=�?A@



¶u8�-�5�?@-�2�B�-�DE-
F�-m.uDI?$J4<K2�<=-�LIM^<K>�O�-�8�-�<'5�/$8�-�<K>\X�X�X í4Â

−βj(ξi, 0)χ(ξi − ρ0)]Dtψi + aj(x, t)

(
2∂xvj(x, t)∂xµi(x) + vj(x, t)∂

2
xµi(x)

)

+bj(x, t)

(
µi(x)∂xvj(x, t) + vj(x, t)∂xµi(x)

)
+ dj(x, t)vj,i(x, t), j = 1, 2,

Fj+2,i(x, t) = [aj+2(x, t) − aj+2(ξi, 0)]µi(x)∂
2
xzj(x, t) + [βj+2(x, t)χ(x− ρ0)

−βj+2(ξi, 0)χ(ξi − ρ0)]Dtψi + aj+2(x, t)∂xµi(x)

(
2∂xzj(x, t) + zj(x, t)∂xµi(x)

)

+bj+2(x, t)

(
µi(x)∂xzj(x, t) + zj(x, t)∂xµi(x)

)
+ dj+2(x, t)zj,i(x, t), j = 1, 2,

Hj,i(x, t) = [γj(t) − γj(0)]vj,i(x, t), j = 1, 2,

H3,i(x, t) = −

(
[λ1(t)v1(x, t)−λ2(t)v2(x, t)]∂xµi(x)+ [λ1(t)−λ1(0)]∂xv1,i(x, t)

−[λ2(t) − λ2(0)]∂xv2,i(x, t)

)
,

H4,i(x, t) = −

(
[k1(t)z1(x, t)− k2(t)z2(x, t)]∂xµi(x) + [k1(t)− k1(0)]∂xz1,i(x, t)

+[k2(t) − k2(0)]∂xz2,i(x, t)

)
.

fhæ@å1j òdB�-�DE-
F�-k.(0�O�8U24ls5�+�>�2r`@A40�/10�8�-�2c.(0�Q�LE-�.�+I0sëa5(0�8I5(<'5uÊt0
DI+I0�B(+�-(F�+I0s8�-�B�N
8I5�qd>�<=-s>HD�LI2�5(5u8I5�q65�+�>�2�.�O�8�-�?15TD�LI>�?@-]0�_I5�+�A4-;f¨Â
ï1jTX�Î=LE5�DE0�?@-�/15�L�n$+I0�`I8I5�q65TN
+�>I5uB�-�DE-
F�>\fhæ@å1j OI0(D�F�>�+�2�5�/1.�2;+I5�8�-�?15�+I.�/$?$J

2∑

j=1

(
|ṽj,i|

(2+α)

K
(i)
2δT

+ |z̃j,i|
(2+α)

K
(i)
2δT

)
+ |ψi|

(1+α/2)
σT

+ |(κ+ ε)Dtψi|
(1+α)/2
σT

≤ C20

2∑

j=1

(
|fj,i|

(α)

K
(i)
2δT

+ |gj,i|
(α)

K
(i)
2δT

+ |Y −1
i (y)Fj,i|

(α)

K
(i)
2δT

+ |Y −1
i (y)Fj+2,i|

(α)

K
(i)
2δT

fhæ$æUj

+|Y −1
i (y)Hj,i|

(1+α/2)
σT

+ |Y −1
i (y)Hj+2,i|

(1+α)/2
σT

)
.
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í$Ê ÇÁXI¶mX4îkls0$:�J�LE-�5�?@-

¿uJ1.�/$nÏ>�+�/15�8�?@-�L
K

(i)
2δ

O�8�>I<KM�A4-�5�/½A Q(8�-�+�>�_�-�<
x = 0

>
x = b

O�8�>
i ∈ N2 ∪ N3.

¿u8I0�>�B(?15TD�5(<ÏO�8�5�0$:�8E-�B(0�?@-�+�>I5HAU0$0�8@DI>�+�-�/
x = Y −1

i (y) : x = yO�8�>
i ∈ N2

>
x = b − y, i ∈ N3.

ë 0�Q�DE-ÏD�LI2 btJU+�A�_�>�7
ṽj,i(y, t) =

vj,i(x, t)
∣∣
x=Y −1

i (y)
, z̃j,i(y, t) = zj,i(x, t)

∣∣
x=Y −1

i (y)
, j = 1, 2,

OI0�LIJUF�>I<éOI5�8�?$M^5
A�8�-�5�?$M^5tB�-�DE-
F�>

∂tṽj,i − aj(ξi, 0)∂
2
y ṽj,i = fj,i(y, t) + Y −1

i (y)ζi(x)Fj+4,i(x, t)
?

D
(i)
2T ,

fhæ@ì1j

∂tz̃j,i − aj+2(ξi, 0)∂
2
y z̃j,i = gj,i(y, t) + Y −1

i (y)ζi(x)Fj+6,i(x, t)
?

D
(i)
2T ,

fhæ@·1j

ṽj,i(y, t)
∣∣
t=0

= 0, ṽj,i(y, t)
∣∣
y=0

= pj(t), j = 1, 2,
fhæU¸$j

z̃j,i(y, t)
∣∣
t=0

= 0, z̃j,i(y, t)
∣∣
y=0

= qj(t), j = 1, 2,
fhæ@í1j

Q�D�5dbtJU+�A�_�>�>
fj,i(y, t) = fj,i(x, t)

∣∣
x=Y −1

i (y)
, gj,i(y, t) = gj,i(x, t)

∣∣
x=Y −1

i (y)
, j =

1, 2,
O�8I0
D�0�LIls5�+�>�5k+�J�L�5(<W?

D
(i)
2T

`

Fj+4,i(x, t) = aj(x, t)[2∂xvj(x, t) + vj(x, t)∂xµi]∂xµi + bj(x, t)[µi∂xvj(x, t)

+vj(x, t)∂xµi] + dj(x, t)vj,i(x, t) + [aj(x, t) − aj(ξi, 0)]µi∂
2
xvj(x, t) j = 1, 2.

Fj+6,i(x, t), j = 1, 2,
0�O�8I5TD�5TLI2�5�/1.�2;/�-�A;ls5$`�A�-�A;btJU+�A�_�>�>

Fj+4,i
X

t=.TLI>[>�+�/15�8�?@-�L
K

(i)
δ

_I5TLI>�AU0$<¹.(0(D�5�8Ulm>�/1.�2[?
Ω1 ∪ Ω2,

/�X 5$X
i ∈ N4

`�/10mD�LI2
btJU+�A�_�>�7

vj,i(x, t), zj,i(x, t) = Y −1
i (y)vj,i(x, t), Y

−1
i (y)zj,i(x, t), j = 1, 2,

OI0�N
LIJUF�>I<gB
-�D�-(F�>�¶t0�qs>Yý�O�8�>

K
(i)
2δ ∩K

(k)
2δ 6= ∅, k ∈ N1

∂tvj,i − aj(ξi, 0)∂
2
xvj,i = ζi(x)fj(x, t) + βj(ξi, 0)χ(ξi − ρ0)Dtψk

+Fj+8,i(x, t), j = 1, 2,
?

R
1, vj,i

∣∣
t=0

= 0, j = 1, 2,

fhæ@ï1j

∂tzj,i − aj+2(ξi, 0)∂
2
xzj,i = ζi(x)gj(x, t) + βj+2(ξi, 0)χ(ξi − ρ0)Dtψk

+Fj+10,i(x, t), j = 1, 2,
?

R
1, zj,i

∣∣
t=0

= 0, j = 1, 2,

f�ì$ü1j

>�O�8�>
K

(i)
2δ ∩K

(k)
2δ = ∅

∂tvj,i(x, t) − aj(ξi, 0)∂
2
xvj,i(x, t) = ζi(x)fj(x, t) + Fj+12,i(x, t)

?
R

1,
f�ì4Â�j

vj,i(x, t)
∣∣
t=0

= 0, j = 1, 2,
f�ì$Ê1j
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¶u8�-�5�?@-�2�B�-�DE-
F�-m.uDI?$J4<K2�<=-�LIM^<K>�O�-�8�-�<'5�/$8�-�<K>\X�X�X í$å

∂tzj,i(x, t)− aj+2(ξi, 0)∂
2
xzj,i(x, t) = ζi(x)gj(x, t) + Fj+14,i(x, t)

?
R

1,
f�ì$å1j

zj,i(x, t)
∣∣
t=0

= 0, j = 1, 2,
f�ì�æUj

Q�D�5

Fj+8,i(x, t) = aj(x, t)[2∂xvj(x, t) + vj(x, t)∂xµi]∂xµi + bj(x, t)[µi∂xvj(x, t)

+vj(x, t)∂xµi] + dj(x, t)vj,i(x, t) + [aj(x, t) − aj(ξi, 0)]∂
2
xvj,i(x, t)+

+[βj(x, t)χ(x− ρ0) − βj(ξi, 0)χ(ξi − ρ0)]µi(x)Dtψk(t), j = 1, 2,
f�ì$ì1j

Fj+12,i(x, t) = aj(x, t)[2∂xvj(x, t) + vj(x, t)∂xµi]∂xµi + bj(x, t)[µi∂xvj(x, t)

+vj(x, t)∂xµi]+dj(x, t)vj,i(x, t)+[aj(x, t)−aj(ξi, 0)]∂
2
xvj,i(x, t), j = 1, 2,

f�ì$·1j

Fj+10,i(x, t), Fj+14,i(x, t), j = 1, 2,
0�O�8I5TD�5TLI2�5�/1.�2r`IA�-�ARf�ì$ì1jT`af�ì$·1jTX

ik-�0$.�+I0�?@-�+�>�>\8�-�:$0�/$MVÀ ì�Ã OI5�8�?$M^5]A�8�-�5�?$M^5cB�-�DE-(F�>ºfhæ@ì1j�òWfhæ@í1ju>RB�-�DE-(F�>
¶u0�qs>êfhæ@ï1jtò9f�ì�æUjd0
DI+I0�B(+�-(F�+I0Í8E-�B�8�5Tqs>I<KMdX îtLI2R>4S\8I5�q65�+�>�7g.�O�8�-�?15TD�LI>�?$M
0�_I5�+�A�>

|ṽj,i|
(2+α)

K
(i)
2δT

≤ C21

(
|fj,i|

(α)

K
(i)
2δT

+ |Y −1
i (y)Fj+4,i|

(α)

K
(i)
2δT

)
, j = 1, 2, i ∈ N2 ∪N3

|z̃j,i|
(2+α)

K
(i)
2δT

≤ C22

(
|gj,i|

(α)

K
(i)
2δT

+ |Y −1
i (y)Fj+6,i|

(α)

K
(i)
2δT

)
, j = 1, 2, i ∈ N2 ∪N3,

O�8�>
K

(i)
2δ ∩K

(k)
2δ 6= ∅, k ∈ N1, i ∈ N4,

|vj,i|
(2+α)

K
(i)
2δT

≤ C23

(
|fj |

(α)

K
(i)
2δT

+ |βj(ξi, 0)χ(ξi − ρ0)Dtψk|
(α)

K
(i)
2δT

+ |Fj+8,i|
(α)

K
(i)
2δT

)
,

|zj,i|
(2+α)

K
(i)
2δT

≤ C24

(
|gj |

(α)

K
(i)
2δT

+ |βj+2(ξi, 0)χ(ξi − ρ0)Dtψk|
(α)

K
(i)
2δT

+ |Fj+10,i|
(α)

K
(i)
2δT

)
,

O�8�>
K

(i)
2δ ∩K

(k)
2δ = ∅, k ∈ N1, i ∈ N4,

|vj,i|
(2+α)

K
(i)
2δT

≤ C25

(
|fj |

(α)

K
(i)
2δT

+ |Fj+12,i|
(α)

K
(i)
2δT

)
,

|zj,i|
(2+α)

K
(i)
2δT

≤ C26

(
|gj |

(α)

K
(i)
2δT

+ |Fj+14,i|
(α)

K
(i)
2δT

)
.
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í�æ ÇÁXI¶mX4îkls0$:�J�LE-�5�?@-

ÉK-�.(.(<'0�/$8�>�<CB�-�DE-
F�J�.(0�O�8@24l65�+�>�2\fhæ@å1j
(i ∈ N1)

`�0�_I5�+�>I<C+I0�8I<KMÏbtJU+�A�_�>�7
Fj,i, Fj+2,i, Hj,i, H3,i, H4,i

/$-�A\ls5$`aA�-�A\O�8�>RD�0�A4-�B�-�/15TLIn1.�/1?15cL�5(<'<KMoå4X ëa0�Q�DE-
<KMºOI0�LIJUF�>I<

|Fj,i|
(α)

K
(i)
2δT

≤ C27

[
tα/2 + t1/2 +

(
1 + tα/2 +

tα/2

δα

)(
δα + tα/2 +

t

δ2
+
t1/2

δ
+
t

δ

)

+t(1+α)/2
(
1+

1

δα

)]
|vj,i|

(2+α)

K
(i)
2δt

+

[(
1+tα/2

)(
t+δα+tα/2+δ/δ0

)
+tα/2

]
[Dtψi]

(α/2)
σT

,

|Hj,i|
(α)

K
(i)
2δT

≤ C28t
(
1 + tα/2 + t1+α/2

)
|vj,i|

(2+α)

K
(i)
2δT

, j = 1, 2,

|H3,i|
(1+α)/2

K
(i)
2δT

≤ C29

(
1 + t(1+α)/2

)(
t1/2

δ
+ t(1+α)/2

) 2∑

j=1

|vj,i|
(2+α)

K
(i)
2δT

.

¼Õ+�-�L�0�Q(>�F�+I0c0�_I5�+�>�?@-�i�/1.�2;+I0�8I<KM
Fj+2,i(x, t), j = 1, 2, H4,i(x, t).¿t0(D�.�/$-�?$>I<9OI0�LIJUFI5�+�+IM^5s0�_I5�+�A�>[è(/$>4S�btJU+�A�_�>�7;?c+I5�8�-�?15�+I.�/$?10efhæ$æUjT`IOI0
D�N

:$5�8I5(<
δ0, δ

>
t ≤ t2

/�-�A�>�<K>�<=-�LIM^<K>Y`IF�/10$:�Mê?$M�OI0�LI+�2UL�0$.�nc+I5�8�-�?15�+I.�/$?10

‖wi,j‖B
K

(i)
2δt

≤ C30‖h‖H
K

(i)
2δt

+ q‖wi,j‖B
K

(i)
2δt

, q ∈ (0, 1),

0�/1.�i�DE-6OI0�LIJUF�>I<

‖wi,j‖B
K

(i)
2δt

≤
C31

1 − q
‖h‖H

K
(i)
2δt

, i ∈ N1.
f�ì1¸$j

ëa0�F�+I0R/�-�A�>I5;l65;0�_I5�+�AI>Y`=A�-�AÏf�ì1¸$jT`=+�-�74D�5(<éD�LI2CbtJU+�A�_I>�7
wi,j

O�8�>
i ∈

N2 ∪N3 ∪N4
D�LI2

t ≤ t3
`4+�-m0$.�+I0�?@-�+�>�7�AU0�/10�8�M�S;:�J�D�5(<g>I<'5�/$n

4∑

k=1

sup
i∈Nk

‖wi‖B(K
(i)
2δt)

≤ C32

4∑

k=1

sup
i∈Nk

‖hi‖H(K
(i)
2δt)

, t ≤ t0 = min(t1, t2, t3),
f�ì$í1j

Q�D�5
wi = µiw, hi = µih.f�F�>�/$M�?@-�2r` F�/10\?\>�+�/15�8�?@-�L�5

K
(i)
δ

.�8I5�B�-�i�3m-�2¹btJU+�A�_�>�2
µi(x)

8�-�?$+�-
1
`

OI0�LIJUF�>I<
µi(x)w ≡ {µiv1, µiv2, µiz1, µiz2, µiψ} = w ≡ {v1, v2, z1, z2, ψ}

O�8�>
x ∈ K

(i)
δ .

ëa0�Q�DE-6>�Bd0�_I5�+�A�>\f�ì$í1j�:�J�D�5�/c.TL�5TD�0�?@-�/$n]+I5�8�-�?15�+I.�/$?10

4∑

k=1

sup
i∈Nk

‖wi‖B(K
(i)
δt )

≤ C32

4∑

k=1

sup
i∈Nk

‖hi‖H(K
(i)
2δt)

≤ C33

4∑

k=1

sup
i∈Nk

‖h‖
H(K

(i)
2δt)

,
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F�-m.uDI?$J4<K2�<=-�LIM^<K>�O�-�8�-�<'5�/$8�-�<K>\X�X�X í$ì

>�?].�>4LIJ�0�O�8I5TD�5TL�5�+�>�2;+I0�8I<»f�å$Ê1j

{w}B(Ωt) ≤ C34{h}H(Ωt), t ≤ t0.
f�ì$ï1j

û /1.�i�DE- +�- 0$.�+I0�?@-�+�>�> è(A�?$>�?@-�L�5�+�/$+I0$.(/$> +I0�8I< ? f�ì$ï1j +I0�8I<=-�<
‖w‖B(Ωt), ‖h‖H(Ωt),

OI0�LIJUF�>I<C0�_I5�+�A�JGfhæ@Ê1jTX
�. �)6 ;)9"; �  L� ����� ��� �  !�BFG LEc� @�- Ì�M\D�0�A4-�B�-�LI>c.�JU365(.�/$?10�?@-�+�>I5�8I5�q65�+�>�26B�-�DE-(F�>f¨Â�j=òÍf�ï1j!?6LE5�<'<'5kæI`I-m5�Q(0]0�_I5�+�A�JvË,?6L�5(<'<'5sìdD�LI2

t ≤ t0
X

ÅuB60�_I5�+�A�>Cf�ì$ï1j�?H.�>4LIJ�LI>�+I5�7�+I0$.�/$>ÍB�-�DE-
F�>gf¨Â�j�òef�ï1j^.TL�5TDIJ@5�/H5TDI>�+I.�/$?15�+4N
+I0$.�/$nÍ5(5c8I5�q65�+�>�2GD�LI2

t ≤ t0.
¿u8I0
D�0�LIl6-�2\8I5�q65�+�>I5vB�-�DE-(F�>WOI0

t
A�-�A\?WÀ ì�Ã�`

OI0�LIJUF�>I<g/15(0�8I5(<KJeÂ�D�LI2
T > 0

X
�

ÉK-�:$0�/$-^?$M�OI0�LI+I5�+�-ÕO�8�>dOI0
D�D�5�8UlmAU5 Q(8�-�+�/�-�ü1¸�å$·�u�¾ È»¶t0$<K>�/15�/$-^+�-
JUA�>sÌ�>4N
+�>I.�/15�8I.�/$?@-]0$:�8�-�B
0�?@-�+�>�2;>�+�-
JUA�>;ÉK5(.�O�J4:�LI>�A�>[¶k-�B�-�S@.�/$-�+YX

STvXwx�����xwGy����
Âk¿t5�/$8I0�?@-d¼sX ¾�X�zk0�A�-�LIn$+�-�2v8�-�B(8I5�qs>I<'0$.�/$n6/15�8I<'0(DI>IbkbtJUB(>I0�+I+I0�7vB�-�DE-(F�>

Î!/15(bd-�+�-{uKudîk>�+�-�<K>�A4-].�O4L�0�qs+I0�7�.�8I5TDIMdX4ò�Â
ï$í$Ê4X4òv* M�OYXIì$í4X4òHÎ�XYÂ
ì$·�N�Â
·$å4X
ÊI| Ø~}�����áIÔ
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ü4`$� Â
Ê4X�� XYÂ
å�æ@ì�N�Â
å$í$í4X
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+I5Hlm-�L�µ(M�B;:$0�LIJUM
D�¶(L�5TL�D�5�+4DIØ�`�0�+�M2´;A40�è(8�_�>�/$>�?$/$Ø�A[:1-�µ�-�LE-
JUMr³h²48�M�L�DIMkX
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`(y) ≡ −y′′(x), 0 < x <
π

2
,

π

2
< x < π, (1)

�?>,�����(+�-<'���%�!#"���+��,0,'��
y(0) = 0, (2)

y
(π

2
− 0
)

= y
(π

2
+ 0
)

−
∫ π/2

0

(

−y′′(x)
)

σ(x)dx−
∫ π

π/2

(

−y′′(x)
)

σ(x)dx, (3)
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y′
(π

2
− 0
)

= y′
(π

2
+ 0
)

+ αy
(π

2
− 0
)

, (4)

y(π) = 0, (5)/�$��
σ(·) ∈ L2[0, π]. � ��'N�(����'.�1�,����),�,� α 6= 4/π
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σ(·) ≡ 0, α = −1,
��)��(���
�����

L
��>,+��,+&��"��(4,���(4¢��)��(���
�����,%

£¤��%E��'¥���^¦§�,%E+��1","�0���)�������67$��(4,4���'�%�$���9 9 �(���(4,:,����"�;�4,-<'¨+�-.���
6��(4,����'

−y′′(x) + δ(x − π

2
)y(x), 0 < x < π, (6)
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∞
∑

n=1

(

λn − n2 − 1

π
+ (−1)n 1

π

)
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q(·) ∈ C1[0, π]
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∞
∑

n=1

(

λn − n2 − 1

π

∫ π

0
q(x)dx

)

=
1

2π

∫ π

0
q(x)dx − q(0) − q(π)

4
.
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∑

n=1

(

λn − n2 + b2n

)

= 0,
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q(·) ∈ L1. � $���!(; bk =

1/π
∫ π
0 cos kxdu(x),

�
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[0, π],
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∞
∑

k=1

(

λk − k2 + b2k

)

= −1
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h2
j ,
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σ(x) =

{

0, 0 < x < π/2;
π − x, π/2 < x < π.

(7)
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n → ∞
∑

λk∈int γn

λk −
∑

(2k+1)∈int γn

(

(2k + 1)2 +
4(2 − απ)

π2

)

, (8)
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γn
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n + 1/2.

ÏµÐ�Ñ}Ò�Ð�Ó<ÔÕ�&Öµ× Ø�Ù�Ú7Û
L Ü¼Ý
Þ�ßPàEá Ú Ý	à�â�ã Ø�ä àEá Ú7å Ý�æ	Ý²â
ç�è�è¥ßPà�ß å�é ç�à�Ý�ã
á å çEê,ë Ù Ý
ì

Ý Ú ã�ß Ú7Ù�Ú ã Ø�í.î ç�ï¢ð
á�â
á�ñ1ß5òzó	ô�Ü�òPõ#ô�ë.ç¿æ^à&á å ç�ñ å á3ê¿è Ø�å�ä�é çEê σ(·) Þ�à�ß(â Ù�Ú á�ã
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2

(

2−απ
π

)2
.
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D(λ) =
sin

√
λπ√

λ

{

1 − α

2
√

λ
tg

√
λπ

2
+

λ
√

λ

2∆(λ) sin
√

λπ
2

∫ π

2

0

sin
√

λt√
λ

σ(t)dt

}

+

+
sin

√
λπ√

λ

{

λ

2∆(λ)

∫ π

π

2

cos
√

λ(t − π

2
)σ(t)dt+
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+
λ(
√

λctg
√

λπ
2 − α)

2∆(λ)

∫ π

π

2

sin
√

λ(t − π
2 )√

λ
σ(t)dt, (9)

æ	â�ß ∆(λ) = 1 − λ
∫ π

π

2

cos
√

λ(t − π
2 )σ(t)dt.
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Ý ÷ ßPöÌö ø ó�ú � � 0 < x < π/2
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y(x) =
sin

√
λx√

λ
. � 2 %�!#"���+��,0ý©g®�«Â��'N����'

y
(π

2
+ 0
)

=
sin

√
λπ
2√

λ
+ c,

/�$��
c =

∫ π
0 (−y′′(x)) σ(x)dx. � 2§%&!#"���+��,0ý©q°E« )��
"�%E�,��'

y′(
π

2
+ 0) = cos

√
λπ

2
− α

sin
√

λπ
2√

λ
.

�}�
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π/2 < x < π

y(x) =

(

sin
√

λπ
2√

λ
+ c

)

cos
√

λ(x−π

2
)+

(

cos

√
λπ

2
− α

sin
√

λπ
2√

λ

)

sin
√

λ(x − π
2 )√

λ
.
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4,��%
c
´

c =

∫ π

0

(

−y′′(x)
)

σ(x)dx = λ

∫ π

0
y(x)σ(x)dx = λ

∫ π

2

0

sin
√

λx√
λ

σ(x)dx+

+λ

∫ π

π

2

{(

sin
√

λπ
2√

λ
+ c

)

cos
√

λ(x − π

2
)+

+

(

cos

√
λπ

2
− α

sin
√

λπ
2√

λ

)

sin
√

λ(x − π
2 )√

λ
σ(x)dx.
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c =
1

∆(λ)

{

λ

∫ π

2

0

sin
√

λx√
λ

σ(x)dx +
λ sin

√
λπ
2√

λ

∫ π

π

2

cos
√

λ(x − π

2
)σ(x)dx

}

+
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+

λ

(

cos
√

λπ
2 − α

sin
√

λπ

2√
λ

)

∆(λ)

∫ π

π

2

sin
√

λ(x − π
2 )√

λ
σ(x)dx.
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y(x) =
sin

√
λπ
2√

λ
cos

√
λ(x − π

2
) +

(

cos

√
λπ

2
− α

sin
√

λπ
2√

λ

)

sin
√

λ(x − π
2 )√

λ
+

+
cos

√
λ(x − π

2 )

∆(λ)

{

λ

∫ π

2

0

sin
√

λt√
λ

σ(t)dt +
λ sin

√
λπ
2√

λ

∫ π

π

2

cos
√

λ(t − π

2
)σ(t)dt

}

+

+

λ

(

cos
√

λπ
2 − α

sin
√

λπ

2√
λ

)

∆(λ)

∫ π

π

2

sin
√

λ(t − π
2 )√

λ
σ(t)dt cos

√
λ(x − π

2
).

� 2 %&!#"���+��,0²©g¬�«Â��'N����'

y(π) = 2
sin

√
λπ
2√

λ
cos

√
λπ

2
− α

sin2
√

λπ
2

λ
+

+
cos

√
λπ
2

∆(λ)

{

λ

∫ π

2

0

sin
√

λt√
λ

σ(t)dt +
λ sin

√
λπ
2√

λ

∫ π

π

2

cos
√

λ(t − π

2
)σ(t)dt

}

+

+

λ

(

cos2
√

λπ
2 − α

sin
√

λπ

2√
λ

cos
√

λπ
2

)

∆(λ)

∫ π

π

2

sin
√

λ(t − π
2 )√

λ
σ(t)dt.

� 2v)���!	"��	$�4��(/��8!�������4���¸7�(4,�,0�4��()���!(���#$�!(��+��(4�4��8!#"��#$�%��(��9µ����'�%�"��±©gº�« � ¦ ��'N'¥��­$���>1�
2��
4�� �
��}�
>¡>1�
>¡/����
4,�,�,4��
0¯9§%E4,>,:,�,0

σ(·) ��),���#$��#"��(4��¿+¿+��1$��¨©���«#�Ê��� ∆(λ) =

1 − λ
∫ π
π/2 cos

√
λ(t − π/2)σ(t)dt = cos

√
λπ
2
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−y′′(x) = λy(x),
π

2
< x < π,

y(π) = 0,
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y′(
π

2
) = 0.
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λ

∫ π

π

2

cos
√

λ(t − π

2
)σ(t)dt =

∫ π

π

2

(

− d2

dt2
cos

√
λ(t − π

2
)

)

(π − t)dt =

=
√

λ sin
√

λ(t − π

2
)(π − t)

∣

∣

∣

π

π

2

− cos
√

λ(t − π

2
)
∣

∣

∣

π

π

2

= 1 − cos

√
λπ

2
. (10)

λ

∫ π

π

2

sin
√

λ(t − π
2 )√

λ
σ(t)dt =

∫ π

π

2

(

− d2

dt2
sin

√
λ(t − π

2 )√
λ

)

(π − t)dt =

= − (π − t) cos
√

λ(t − π

2
)
∣

∣

∣

π

π

2

−
sin

√
λ(t − π

2 )√
λ

∣

∣

∣

∣

∣

π

π

2

=
π

2
−

sin
√

λπ
2√

λ
. (11)
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D(
√

λ) =
sin

√
λπ√

λ
− α

sin2
√

λπ
2

λ
+

cos
√

λπ
2

∆(λ)
·
sin

√
λπ
2√

λ

(

1 − cos

√
λπ

2

)

+

+

(

cos2
√

λπ
2 − α

sin
√

λπ

2√
λ

cos
√

λπ
2

)

∆(λ)

(

π

2
−

sin
√

λπ
2√

λ

)
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√
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D(
√

λ) =
sin

√
λπ
2√

λ
+

π

2
cos

√
λπ

2
− απ

2

sin
√

λπ
2√

λ
.
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D(
√

λ) =
π

2
cos

√
λπ

2

(

1 +

(

2

π
− α

)

tg
√

λπ
2√
λ

)
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D(z) =
π

2
cos

zπ

2

(

1 +

(

2

π
− α

)

tg zπ
2

z

)

. (12)
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(

1 +
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2
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) tg zπ

2

z
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−

2
(

2−απ
π

)

2πi

∮

γn

tg
πz

2
dz =

8(2 − απ)

π2

∑

(2k+1)∈intγn

1;

(2−απ)2

π2

2πi

∮

γn

tg2 πz
2

z
dz = −

(

2 − απ

π

)2

.
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∮

γn

tg
πz

2
dz =

= 2

(

2 − απ

π

)

lim
zk→(2k+1)

∑

(2k+1)∈int γn

4

π
=

8(2 − απ)

π2

∑

(2k+1)∈int γn

1.
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(2−απ)2

π2

2πi

∮

γn

tg2 πz
2

z
dz =

=
(2 − απ)2

π2
lim

zk→(2k+1)

∑

(2k+1)∈intγn

d

dz

(

(z − (2k + 1))2
sin2 πz

2

z π2

4 cos2 πk

)

=

= 4
(2 − απ)2

π4
lim

zk→(2k+1)

∑

(2k+1)∈intγn

d

dz

(

sin2 πz
2

z

)

=
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= −8
(2 − απ)2

π4
lim

zk→(2k+1)

∑

(2k+1)∈intγn

1

z2
= −

(

2 − απ

π

)2

,

/�$��
∞
∑

k=0

1

(2k + 1)2
=

π2

8
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2
∑

λk∈int γn

λk = 2
∑

(2k+1)∈int γn

(2k + 1)2 +
1

2πi

∮

γn

z2d ln

(

1 +

(

2

π
− α

)

tg zπ
2

z

)

=

(13)

= 2
∑

(2k+1)∈int γn

(2k+1)2− 1

2πi

∮

γn

2z

[

(

2

π
− α

)

tg zπ
2

z
−
(

2

π
− α

)2 tg2 zπ
2

2z2

]

dz+o(1)
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2
∑

λk∈int γn

λk = 2
∑

(2k+1)∈int γn

(2k+1)2+
8(2 − απ)

π2

∑

(2k+1)∈int γn

1−
(

2 − απ

π

)2

+o(1).

(14)
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È � É^h Ê
h�É]E�=,D6A�9FBCU�;$L�H�Ë1h Ì\h � Dgl0@�SZ;$LoD0H,Írh Ê
h�ÎRGv=,D6U�9�D$BCL

kVA�;$X<;r=,D6:Cn,B�>�Drn�>�MÏP,D$KCA�;<M0NOBCQ)=,D$9F;$AFGYM0L$>�M0~�A�K�MÏI�=�B�n�LoD6=�@�A�B�>�sFP�GÐS�@�H,DÒÑ�BCP0c
AF=,Dg>�sFP�;FBÒSZBVK�A�;�:gD6P�@�S�D6~�A�=�BC:VEg>�s6A$D6AFGyLFA�;$=�;$X<;\@�AF=�BCAFs�BCXV;�=,D6:Cn,B�>,;$L�h

j';rLFA�;$=�;FS^=,D6:Cn,B�>,B
@�KVK�>,B�n�E�~�A�K�MÏL�;$I�=�;FKCG�;OKCE�NOBVKCAFL�;$LoD6P�@�@)@�Xt>�Dgn�U0;FKCAF@
=�BCqOBCP�@�Q�I�;6>�E�I�BC=�@,;Vn�@�W�BVKCU0;$QÏ:gDgn�D<W�@\z4@�=�@0l�>,Bvn�>�M�;<n�P�;$X<;4U0>�D$KVK<D
LFGv=�;g[On�Dgc
~�Nr@0loK�M�P�B�>�@�P�BCQ�P�G'l]E�=,D6LFP�BCP�@�Q]P�BCU0>�D$KVKC@�W�BVKCU0;$Xg;ÏAF@�I,D0h�j�AF=�BCAFs�BVS|=,D6:Cn,B�>,B
@�:VE�W,D6~�A�KtMm;$Ñ�BCP�U�@mI�;$I�BC=�BCW�P�@�U0;$L]I�;�ÌJ;6>,SZ;$X<;$=�;$LFEmS�P�;<[OBVKCAFL�H!KCLFM0:gD6P�P�G'lmK
=�BCqOBCP�@�M�S�@�LFGvqOBCE�U�D6:gD6P�P�;$QÓ:gDgn�DVW�@�h

8ÐA�SZBCAF@�SvH�W�A�;4;$Ñ�BCP�U�@ÔI�;$I�BC=�BCW�P�@�U0;$LrI�;4ÌJ;6>,SZ;$X<;$=�;$LFE�S�P�;g[rBVKCAFL�H�KCLFM0:<D6P�c
P�G'l|KÓ=�BCqOBCP�@�M�S�@�H³SZ;$XVE�A`9$GvAFs^@�KCI�;6>�sF:<;$LoD6P�GÕn�>�M|;$I�=�B�n,B�>,BCP�@�MYK�U0;$=�;FKCAF@
K�l�;Vn�@�SZ;FKCAF@`I�=�@�96>�@�[OBCP�P�G'l^=�BCqOBCP�@�Q^=,D$KVKVS�D6AF=�@�LoDFBVSZ;$QÖ:gDgn�DVW�@`UmA�;$W�P�;FS�Eoh
× BVS^K<D$S�G.SvH0;$Ñ�BCP�@�LoD6MÏI�;$I�BC=�BCW�P�@�U�@)S�P�;g[rBVKCAFL�H0KCLFM0:gD6P�P�G'l�KÐ;F96>�D$KCAFsF~Ø;$I�=�B�c
n,B�>,BCP�@�M�A�;$X<;\@0>�@Ó@�P�;$X<;\n�@�Ù4Ù4BC=�BCP�Ñ�@,Dg>�sFP�;$X<;Ô;$I�BC=,D6A�;$=,D0H�S�G�P�BJA�;6>,sFU�;�I�;6c
>�E�W,D$BVS�A�;$P�U�@�B�l0D6=,D6U�A�BC=�@�KCAF@�U�@Ö;F9$=,D6AFP�;$X<;]UmP�BVS�E�;$I�BC=,D6A�;$=,D0H�P�;�@^96>�@�[OB
Ú ;$I�=�@�U0D Ú D$BVS�KtM Ú L�;$I�=�;FK<D$S�@ÓI�=�@0>,;<[OBCP�@�Q�h

� D$KVKVSZ;$AF=�@,S�:gDgn�DVW�E

Lu = −
∂2u

∂y2
+

s
∑

k=0

(−1)kRk



y,

2π
∫

0

u(x, y)dx





∂2k+1u

∂x2k+1
+

+
m
∑

k=0

(−1)kBk



y,

2π
∫

0

u(x, y)dx





∂2ku

∂x2k
+ λu = f ∈ L2(Ω), (1.1)

∂iu

∂xi
|x=0=

∂iu

∂xi
|x=2π, i = 0, 1, 2, ..., 2s, s ≥ m, (1.2)

u(x, 0) = u(x, 1) = 0, (1.3)
Xtn,B

Ω = {(x, y) : 0 < x < 2π, 0 < y < 1}, λ ≥ 0,
@�U�;$k<Ù4ÙJ@�Ñ�@�BCP�AFGÛE�=,D6LFP�BCP�@�M

Ü aFhbagÝ³I�;Vn�W�@�P�@�S|K�>,B�n�E�~�Nr@�S�;$XV=,D6P�@�W�BCP�@�M�SvÞ
i0) Rk(y, z), k = 0, 1, 2, ..., s, (Rk(0, z) = 0, z ∈ C, C ß U0;FS�I0>,BCU�KCP,D6MI0>,;FKCU�;FKCAFs�H

k = 1, 2, ..., s), Bk(y, z), k = 0, 1, 2, ..., m, (Bk(0, z) = 0, z ∈
C, k = 1, 2, ..., m)

U�EoKV;$W�P�;6c¥P�BCI�=�BC=�GvL�P�G.Br@];$XV=,D6P�@�W�BCP�P�GÐBOÙJE�P�U�Ñ�@�@ÓI�;Ô;F9F;6c
@�S�D6=�XVE0SZBCP�AFD$S�@

R0(y, z) ≥ δ0, B0(y, z) ≥ δ > 0;
i00) Rk(y, z) > 0 (k = 1, 2, ..., s)

I�=�@
y 6= 0, z ∈ C

@]I�=�@]U�D6[On,;FS
z ∈ CP�B4E09$GvLoD6~�AÔP,D�;$AF=�BC:VU�B

[0, 1], Bk(y, z) > 0 (k = 1, 2, ..., m)
I�=�@

y 6= 0, z ∈ C@)I�=�@�U0D6[On,;FS
z ∈ C

P�B
E09$G.LoD6~�A\P,D\;$AF=�BC:VU�BÔ_ à0Hba�fiá
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8?KCE�NOBVKCAFL�;$LoD6P�@�@�@]D6I�I�=�;$U�KC@�S�D6A�@�LFP�Gvl�KCL�;$Q�KCAFLoDgl�=�BCqOBCP�@�Qmhbhbh ÈFÈ

i000) lim
y→0

Rk(2y,z)
Rk(y,z) < ∞

I�=�@)L�KVB�l
z ∈ C (k = 1, 2, ..., s),

lim
y→0

Bk(2y,z)
Bk(y,z) < ∞

I�=�@�L�KVB�l
z ∈ C (k = 1, 2, ..., m).

â ����*��,+.� a �.ã4ä�åVæOç�è6éZê�ë�ì�í,îCí�é|ä�å�ì�ë$è6ï�ð
i0) − i000) ñvò ë$ó�ô6õÔêFö,ï λ ≥ 0

åVä�÷\îCø
åCæ�è6äoî�æùö�îCú\îCí�ï,îÐû6õ$ô6õ$ü�ï�ý¢þ ñ þ�ÿ���ý¢þ ñ �Cÿ\ï]ôVì�ð#í,îVó�ëOåVêFö�õFè$îCôVì�ï,è6õÔë��,îCí���õ

‖u(x, y)‖C([0,1],L2) + ‖u(x, y)‖1,2 ≤ c‖f‖2,ó�ô$î��
	��
�Ôê�ë6åVæOëVð�í�í�ë$îJü�ï�å¢ì�ë��xí,î
û6õFè6ï�å�ð�÷\îVîÒë6æ
u(x, y) ñ

� ��+���&�������� a ���
ûrä�å¢ì�ë$è6ï��
i0)− i00)

è6ï�ô6í�ë��!ü�æOë���ë������Zï���ï,î�í�æ\é^äVöoõFè6í,îCí�ï�ð
ýeþ ñ þ�ÿJè6é1ö,ë��Yô6õ��væOå�ðÔæ\ë�ì�ç���ë
êFö,ï y = 0 ñ�� ì,îCô6ë$è6õ$æ\î¢ì�ç�í�ë��%ë6æOå
�vô6õ
ïÔï0û
ë��6÷\î��æ\îCëtö,ï�ïÓè6é1ö,ë��Yô6õ��v÷Oï! �å�ð#äVöoõFè6í,îCí�ï��Óå�ì,îCô6äoîCæ���ü�æOë�è6é1ö,ë��Yô$îCí�ï,î"��ë����#�Zï���ï�ø
î�í�æ\ë6è\äVö�õFè6í,îCí�ï�ð`ý¢þ ñ þ�ÿ\í,îÒèVì�ï�ð,îCæ í�õÔó¥ö�õ$í�ï�ü�í�é�î4ä�å¢ì�ë$è6ï�ð ñ
$,n,BVKCs

C([0, 1], L2(0, 2π)) ß I�=�;FKCAF=,D6P�KCAFL�;�H�I�;6>�E�W�BCP�P�;FB.I�;$I�;6>�P�BCP�@�BVSmS�P�;6c[rBVKCAFLoD}P�BCI�=�BC=�GvLFP�GvlÕÙJE�P�U�Ñ�@�QÕP,DùI�=�;FSZBC[\E�AFU0B
[0, 1]

KV;{:VP,DVW�BCP�@�M�S�@TL
L2(0, 2π)

;$AFP�;FKC@�A�B�>�sFP�;�P�;$=�S�G

‖u(x, y)‖C([0,1],L2) = sup
y∈[0,1]





2π
∫

0

|u(x, y)|2dx





1/2

,

‖·‖1,2 ß P�;$=�S�D
LJI�=�;FKCAF=,D6P�KCAFL�B"%³;F9F;6>,BCLoD W 1
2 (Ω), ‖·‖2 ß P�;$=�S�D
I�=�;FKCAF=,D6P�KCAFLoD

L2(Ω)
h

& BC=�BC:
L
;F9F;$:VP,D<W�@�SØ;$I�BC=,D6A�;$=�H�KV;F;$AFL�BCA�KCAFLFE�~�Nr@�Q^:gDgn�DVW�B Ü aFhbagÝ ß Ü aFh '�Ý�h)(
:A�BC;$=,BCS�GYaxK�>,B�n�EoBCA6HgW�A�;�S�P�;g[rBVKCAFL�;

M = {u ∈ D(L) : ‖Lu‖2+‖u‖2 ≤ T}
U�;FS�c

I,D6U�AFP�;OL
L2(Ω)

h0Ì4D6U�@�:VL�BVKCAFP�;�H�I�;$I�BC=�BCW�P�@�U�@ÓI�;\ÌJ;6>,SZ;$X<;$=�;$LFE�U0;FS�I,D6U�AFP�;$X<;
S�P�;<[OBVKCAFLoD

M
H�A�BVSÖ9F;6>,BVBFH0U0;$Xtn�DO;$P�;\KC;<n,BC=�[\@�A\=�BCqOBCP�@�M�E�=,D6LFP�BCP�@�M

Lu = f
H

l�D6=,D6U�A�BC=�@�:VE�~�AÔKCU0;$=�;FKCAFsÏK�l�;Vn�@�SZ;FKCAF@ÓI�=�@�96>�@�[rBCP�P�Gvl)=�BCqOBCP�@�Q�h
* ;O;$I�=�B�n,B�>,BCP�@�~

k
c¥I�;$I�BC=�BCW�P�@�U0;FS�I�;OÌJ;6>,SZ;$X<;$=�;$LFE)S�P�;g[rBVKCAFLoD\É L\I�=�;6c

K�AF=�D6P�KCAFL�B
L2(Ω)

P,D6:VGvLoD$BCA�K�M)L�B�>�@�W�@�P,D

dk = inf
{yk}

sup
u∈M

inf
ϑ∈yk

‖u − ϑ‖2,

Xtn,B
{yk} ß S�P�;<[OBVKCAFL�;ÒL�KVB�l�I�;Vn�I�=�;FKCAF=,D6P�KVAFL L2(Ω)

HF=,D6:<SZBC=�P�;FKCAF@�U0;$A�;$=�G'l�P�B
I�=�BCL�;FK�l�;Vn�M0A

k
h

���������������������! ���"$#&%�'�(���) +.-�/	021©3�5�6 /	021ð9�+ ;>=�?�@



a<àFà É^h Ê
h�ÉÓE�=,D6A�9FBCU0;$L�H�Ë�h Ì\h � Dgl0@�SZ;$LoD0H,Írh Ê
h�ÎRGv=,D6U�9�D$BCL

â ����*��,+.�,+��vã4ä�åVæOçÏè6éZê�ë�ì�í,îCí�é�ä�å¢ì�ë$è6ï�ð#æ\îCë�ö�î.-JéÛþ ñvò ë$ó�ô6õ\ôVì�ð]ê�ë6ê,îeö�îCü�í�ï�ø��ë$è
dk(M)

ê�ë�/4ë�ì�-Jë$ó�ë�ö,ë$è6ä0-Jí�ë���îCåVæ\è6õ
M

åVêFö�õFè$îCôVì�ï,è6é|ë��,îCí���ï

c
1

k
2s+1

2

≤ dk ≤ c
1

k1/2
, k = 1, 2, ...,

ó�ô$î
c > 0

í,î
û6õFè6ï�åVï�æ ë6æ
k ñ

132 �1���)4����%���!3|*���5#�����)476���/�-86���*���������&��,�1 ��84|"$�%����&��:9���*���3%/��
��/<;p��2r*��>=^���)?A@#��Bo���C;{/�������4����)B��{-�*o�����������); ���� %/����1�%��&����1 !�)Bo�
�%�)6��

� D$KVKVSZ;$AF=�@,S�:gDgn�DVW�E
Lu + λu ≡

≡ −
∂2u

∂y2
+

s
∑

k=0

(−1)kRk(y)
∂2k+1u

∂x2k+1
+

m
∑

k=0

(−1)kBk(y)
∂2ku

∂x2k
+ λu = f ∈ L2(Ω),

(2.1)

∂iu

∂xi
|x=0=

∂iu

∂xi
|x=2π, i = 0, 1, 2, ..., 2s, s ≥ m, (2.2)

u(x, 0) = u(x, 1) = 0, (2.3)
Xtn,B

Ω = {(x, y) : 0 < x < 2π, 0 < y < 1}
h

206�*�������/�������� a �ED.ä�í�����ï�ð
u ∈ L2(Ω)

í�õgû6é�è6õ�î�æ\åtð#åVï�ì�ç�í�é�-�ö�îCú\îCí�ï,î.-Øû6õ$ø
ô6õ$ü�ïùýGF ñ þ�ÿ���ýGF ñ �Cÿ��rîCå�ì�ïÛåVä�÷\îCåVæ\è6äoîCæ ê�ë6å�ì,îCô6ë6è$õ$æ\îeì�ç�í�ë6åVæOç

{un} ⊂ C∞
0,π(Ω)æOõ���õ<ðH�xü�æOë

‖un − u‖2 → 0, ‖(L + λE)un − f‖2 → 0
êFö,ï

n → ∞,

ó�ô$î
C∞

0,π(Ω)
�I-Jí�ë���îCåVæ\è6ë"�$îCå
�Fë6í,îCü�í�ë6øiô6ïJ����îeö�îCí���ïFö,äoî.-Jé) K�Zä�í�����ï��H�1ä�ôgë$èVì,îCø

æ\è6ë�ö0ð��v÷Oï! ]ä�å¢ì�ë$è6ï�ðL-ÕýGF ñ þ�ÿ���ýGF ñ �Cÿ ñ
jTn�Dg>�sFP�BCQ�qOBVSÕKCW�@�AFD$BVSvH�W�A�;

Rk(y) (k = 0, 1, ..., s), Bk(y) (k =
0, 1, ..., m) ß ÙJE�P�U�Ñ�@�@�H!P�BCI�=�BC=�GvLFP�GÐB�P,D];$AF=�BC:VU0B [0, 1]

@^Egn,;$L$>,BCAFL�;$=�M0~�Nr@�B
E�K�>,;$LF@�M�S

i) Rk(y), k = 0, 1, 2, ..., s, (Rk(0) = 0, k = 1, 2, ..., s), Bk(y), k =
0, 1, 2, ..., m, (Bk(0) = 0, k = 1, 2, ..., m)

U�EoKV;$W�P�;6c¥P�BCI�=�BC=�GvL�P�G.B]@ ;$XV=,D6P�@0c
W�BCP�P�G.B4ÙJE�P�U�Ñ�@�@)@

R0(y) ≥ δ0, B0(y) ≥ δ > 0;
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8ØKCE�NOBVKCAFL�;$LoD6P�@�@Ó@ÓD6I�I�=�;$U0KC@�S�D6AF@�LFP�G'lÓKCL�;$Q�KCAFLoDgl)=�BCqOBCP�@�Qmhbhbh a<à0a

ii) Rk(y) > 0 (k = 1, 2, ..., s)
I�=�@

y 6= 0
@ÛP�B]E09$GvLoD6~�A`P,D^;$AF=�BC:VU�B

[0, 1], Bk(y) > 0 (k = 1, 2, ..., m)
I�=�@

y 6= 0
@)P�BJE09$GvLoD6~�A\P,D\;$AF=�BC:VU�BÔ_ à0Hba�fiá

iii) lim
y→0

Rk(2y)
Rk(y) < ∞ (k = 1, ..., s), lim

y→0

Bk(2y)
Bk(y) < ∞ (k = 1, ..., m).

â ����*��,+.� ' �.ã4ä�åVæOç)è6éZê�ë�ì�í,îCí�é|ä�å�ì�ë$è6ï�ðNM ÿ��OMPM ÿ ñvò ë$ó�ô6õ�êFö,ï λ ≥ 0
ôVì�ð�ì��Q�6ë��

f ∈ L2(Ω)
åVä�÷\îCåVæ\è6äoîCæ è

L2(Ω)
îCô6ï�í�åVæ\è$îCí�í�ë$î]åVï�ì�ç�í�ë$î�ö�îCú\îCí�ï,î�û6õ$ô6õ$ü�ï

ýRF ñ þ�ÿ���ýGF ñ �Cÿ\ï]ôVì�ð#í,îVó�ë\åVêFöoõFè$îCôVì�ï,è6õÏë��,î�í���õ

‖u‖C([0,1],L2) + ‖u‖1,2 ≤ c‖f‖2,

ó�ô$î
c > 0

�Ôê�ë6åVæOëVð�í�í�õ<ðH��í,î
û6õFè6ï�å�ð�÷Oõ<ðuë6æ
u(x, y).

â ����*��,+.�TS��xã4ä�åVæOç�è6éZê�ë�ì�í,îCí�é`ä�å�ì�ë$è6ï�ð3M ÿ��OMPMPM ÿ ñ�ò ë$ó�ô6õrôVì�ðÏì��Q�6ë�� f ∈ L2(Ω)åCä�÷\îCåVæ\è6äoîCæTîCô6ï�í�åVæ\è$îCí�í�ë$îråVï�ì�ç�í�ë$î�ö�îCú\îCí�ï,îJû6õ$ô6õ$ü�ïÛýGF ñ þ�ÿ���ýGF ñ �Cÿ u ∈ L2(Ω)ïÓôVì�ð#í,îVó�ë\åVêFö�õFè$îCôVì�ï,è6õÔë��,îCí���õ
s
∑

k=0

∥

∥

∥

∥

Rk(y)
∂2k+1u

∂x2k+1

∥

∥

∥

∥

2

2

+
m
∑

k=0

∥

∥

∥

∥

Bk(y)
∂2ku

∂x2k

∥

∥

∥

∥

2

2

+

∥

∥

∥

∥

∂2u

∂y2

∥

∥

∥

∥

2

2

+ ‖u‖2
2 ≤ c‖f‖2, (A)

ó�ô$î
c > 0

�Ôí,î
û6õFè6ï�å�ð�÷Oõ<ð�ë6æ
u(x, y)

ê�ë6åVæOëVð�í�í�õ<ð ñ
zJ>�M�n,;$U0D6:gD6A�B�>�s�KVAFLoDrA�BV;$=�BVS,'0H S KCP,D<W,Dg>�D4n,;$U0D6[OBVS^P�@�[OBVK�>,B�n�E�~�Nr@�BÐ>,BVS�c

S�G4h
U �,+
+.� a ��ã4ä�åVæOçOè$éZê�ë�ì�í,îCí�émä�å�ì�ë$è6ï�ðVM ÿ���MPM ÿ ñZò ë$ó�ô6õ4ôVì�ð�è6å<îW u ∈ D(L)

åVêFöoõ$ø
è$îCôCì�ï,è$õÔë��,îCí���õ

‖u‖2 ≤ c‖Lu‖2,ó�ô$î
c > 0

�Ôê�ë6åVæOëVð�í�í�ë$îJü�ï�å�ì�ë���í,î
û6õFè6ï�å�ð�÷\îVîÒë6æ
u(x, y).

X ë���õgû$õ$æ\îeì�ç�åVæ\è6ë�ì,îY-I-Jé}þ ñ � D$KVKVSZ;$AF=�@�S?U�LoDgn�=,D6AF@�W�P�E�~ Ù4;$=�S�E
< Lu, u >n�>�M

u ∈ C∞
0,π(Ω)

h
jÛKC@0>�E Ü + h + Ý³@ Ü + h '�Ý

< Lu, u >=

∫

Ω

∣

∣

∣

∣

∂u

∂y

∣

∣

∣

∣

2

dxdy

+

∫

Ω

s
∑

k=0

(−1)kRk(y)
∂2k+1u

∂x2k+1
udxdy +

∫

Ω

m
∑

k=0

Bk(y)

∣

∣

∣

∣

∂ku

∂xk

∣

∣

∣

∣

2

dxdy. (2.4)
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a<à + É^h Ê
h�ÉÓE�=,D6A�9FBCU0;$L�H�Ë�h Ì\h � Dgl0@�SZ;$LoD0H,Írh Ê
h�ÎRGv=,D6U�9�D$BCL

juKC@0>,E
EoK�>,;$LF@�M Ü + h + Ý%LFA�;$=�;FBxK�>�D6XVD$BVSZ;FBxL Ü + h S Ý%=,D6LFP�;.P�Eg>�~Ohgj#kVA�;FS]SZ;<[\P,;
E09FB�n�@�AFs�KtM4I�E�A�BVS)@�P�A�B�XV=�@�=�;$LoD6P�@�MÒI�;vW,D$KCA6M�Svh�(JKCI�;6>�sF:VEFM4P�BC=,D6L�BCP�KCAFL�;�ÌJ;$qr@0c
Ê³E�P�M0U�;$L�KCU0;$X<;\@�P�BC=,D6L�BCP�KCAFL�;ÔÌJ;$qr@ÓKKZ

ε
Z$H�@�:J=�D6L�B�P,K�AFLoD Ü + h S Ý³I�;6>�E�W�@�S

c(ε, δ)‖Lu‖2
2 ≥ ‖uy‖

2
2 + ‖u‖2

2. (2.5)

8ÐA�KC~'n�DOLFGvA�BCU�D$BCA
‖u‖2

2 ≤ c‖Lu‖2
2

H0X�n,B
c = c(ε, δ).jYKC@0>�E�P�BCI�=�BC=�GvLFP�;FKCAF@]P�;$=�S�GyI�;FK�>,B�n�P�M0MÓ;$Ñ�BCP�U�D\KCI�=,D6L�B�n�>�@�LoD\n�>�M)L�KVB�l

u ∈ D(L)
h![4BVSZS�D�a�n,;$U0D6:gD6P,D0h

�

U �,+
+.�\+���ã4ä�åVæOçÓè6éZê�ë�ì�í,îCí�é�ä�å¢ì�ë$è6ï�ð]M ÿ��OMPM ÿ ñÐò ë$ó�ô6õ)ôVì�ð^è6å<îW ]�Zä�í�����ï�� u ∈
D(L)

åVêFö�õFè$îCôVì�ï,è6õÔë��,îCí���õ

‖u‖1,2 ≤ c‖Lu‖2,

ó�ô$î��
	��
�Ôê�ë6åVæOëVð�í�í�ë$îJü�ï�å�ì�ë ñ
X ë���õgû6õ$æ\îeì�ç�åVæ\è6ë\ì,î.-I-Jé7F h � D$KVKVSZ;$AF=�@,S KCU�Dg>�M0=�P�;FBRI�=�;$@�:VL�B�n,BCP�@,B
< Lu, ux >

n�>�M
u ∈ C∞

0,π(Ω)
hO^�W�@�AFGvLoD6M%H�W�A�;

uyyux = (uyux)y −uyuxy,
@�SZBVBVS

∫

Ω

∂2u

∂y2
uxdxdy = 0. (2.6)

zrDg>,BVBFH�@�P�A�BCXV=�@�=�E�M)I�;\W,D$KCAgM�SvH�P�BCAF=�Egn�P�;�I�;6>�E�W�@�AFs�H�W�A�;
∫

Ω

s
∑

k=0

(−1)kRk(y)
∂2k+1u

∂x2k+1

∂u

∂x
dxdy =

∫

Ω

s
∑

k=0

Rk(y)

∣

∣

∣

∣

∂k+1u

∂xk+1

∣

∣

∣

∣

2

dxdy.

8ÐA�KC~'n�D\KV;$X�>�D$KCP�;�E�K�>,;$LF@�M�S,_ Ý ß _`_ Ý³@�SZBVBVS
∫

Ω

s
∑

k=0

Rk(y)

∣

∣

∣

∣

∂k+1u

∂xk+1

∣

∣

∣

∣

2

dxdy ≥ δ0

∫

Ω

∣

∣

∣

∣

∂u

∂x

∣

∣

∣

∣

2

dxdy. (2.7)

a BCI�;FKC=�B�n,KCAFL�BCP�P�G.S�@]LFGvW�@�K�>,BCP�@�M�S�@]SZ;g[\P�;\E09FB�n�@�AFs�KtM%H�W�A�;
∫

Ω

m
∑

k=0

(−1)kBk(y)
∂2ku

∂x2k

∂u

∂x
dxdy = 0. (2.8)
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8ØKCE�NOBVKCAFL�;$LoD6P�@�@Ó@ÓD6I�I�=�;$U0KC@�S�D6AF@�LFP�G'lÓKCL�;$Q�KCAFLoDgl)=�BCqOBCP�@�Qmhbhbh a<àO'

× D6U�@�S�;F9$=,D6:<;FSvH�E�W�@�AFGvLoD6M Ü + h ��Ý ß Ü + h ��Ý�H�I�;6>�E�W�@�S

| < Lu, ux > | ≥ δ0‖ux‖
2
2.

8.A�KC~vn�D\K�>,B�n�EoBCA
‖Lu‖2

2 ≥ c‖ux‖
2
2, (2.9)

Xtn,B
c = c(ε, δ0)

h
8�9�b�B�n�@�P�M0M)P�BC=,D6L�BCP�KCAFLoD Ü + h d�Ý³@ Ü + h È Ý�H�9$Egn,BVSÖ@�SZBCAFs

‖u‖1,2 ≤ c‖Lu‖2,

Xtn,B
c = c(δ0, δ, ε)

h![4BVSZS�D + n,;$U0D6:gD6P,D0h
�� D$KVKVSZ;$AF=�@�S ;$I�BC=,D6A�;$=�H,;$I�=�B�n,B�>,BCP�P�GvQÓ=,D6L�BCP�KCAFL�;FS

lnu = −u′′ +

(

i

s
∑

k=0

n2k+1Rk(y) +
m
∑

k=0

n2kBk(y)

)

u

P,DÐS�P�;g[rBVKCAFL�B
C∞

0 [0, 1]
H6Xtn,B

C∞
0 [0, 1] ß S�P�;<[OBVKCAFL�;JÙJE�P�U�Ñ�@�QOKCU0;6>�s
E�X<;<n�P�;�=,D6:n�@�Ù4Ù4BC=�BCP�Ñ�@�=�E�BVS�G'l)@)Egn,;$L$>,BCAFL�;$=�M0~�Nr@0l)E�K�>,;$LF@�~

u(0) = u(1) = 0.a BCAF=�Egn�P�;OI�=�;$L�BC=�@�AFs�H0W�A�;rn�D6P�P�GvQ�;$I�BC=,D6A�;$=)I�=�@)LFGvI�;6>�P�BCP�@�@�E�K�>,;$LF@�@V_ Ý
n,;$I�E�KCU�D$BCA�:gD$S�GvU0D6P�@�BFhC$%D$S�GvU0D6P�@�B4AFD6U�[rB4;F9F;$:VP,D<W�@�S�W�BC=�BC:

ln
h

U �,+
+.� ' �vã4ä�åVæOç)è6éZê�ë�ì�í,îCí�é|ä�å�ì�ë$è6ï�ðAM ÿ��OMPM ÿ ñ'ò ë$ó�ô6õõ�ÿÛôVì�ðuè6å<îW A�Zä�í�����ï��
u(y)

ï0û
D(ln)

åVêFö�õFè$îCôVì�ï,è6é|å�ì,îCô6ä��v÷Oï,îÒë��,îCí���ïdc

‖u‖1,2 ≤ c‖lnu‖2, (2.10)

‖u‖C(0,1) ≤ c‖lnu‖2,

ó�ô$î
c > 0

�Ôê�ë6åVæOëVð�í�í�é�îJü�ï�å�ì�õ�e
��ÿÛë6ê,îeöoõ$æOë�ö

ln
í,î�êFö�îeö,é�è6í�ëOë���ö�õ$æOïL-}è

L2(0, 1) ñ
[4BVSZS�DK'Òn,;$U�D6:VGvLoD$BCA�K�M�A�;$W�P�;\A$D6U�[rBFH�U�D6U�>�BCSZS�G{aFh + @maFh 'r=,D$9F;$AFG{_ È fih

X ë���õgû$õ$æ\îeì�ç�åVæ\è6ë\æ\îCë�ö�îY-f���>g ñ * ;$LFA�;$=�M0MÏL�KVBÐLFGvU0>�Dgn�U�@�@Ï=,D$KVKCE�[On,BCP�@�M%H�U0;6cA�;$=�G.BO@�KCI�;6>�sF:<;$LoD6P�G}I�=�@#n,;$U�D6:gD6A�B�>�s�KCAFL�B�A�BV;$=�BVS�G aO=,D$9F;$AFG _ È fiH1I�;6>�E�W,D$BVS
n,;$U0D6:gD6A�B�>�s�KCAFLo;�A�BV;$=�BVS�Gf'0h

���������������������! ���"$#&%�'�(���) +.-�/	021©3�5�6 /	021ð9�+ ;>=�?�@



a<à S É^h Ê
h�ÉÓE�=,D6A�9FBCU0;$L�H�Ë�h Ì\h � Dgl0@�SZ;$LoD0H,Írh Ê
h�ÎRGv=,D6U�9�D$BCL

%³;$Xt>�D$KCP�;OE�K�>,;$LF@�M�S^A�BV;$=�BVS�G S LFGvI�;6>�P�M0~�A�KtMÏL�KVB�E�K�>,;$LF@�MÏA�BV;$=�BVS�GRaÐ=,Dgc
9F;$AÓ_ h�H,�gfiH�K�>,B�n,;$LoD6A�B�>�sFP�;�H,KCI�=,D6L�B�n�>,@�LoD�;$Ñ�BCP�U0D

(A)
h × BV;$=�BVS�D S n,;$U�D6:gD6P,D0h

�

iK2ù�,-)@#�����%���������������#�1���)4����%�,��3�*���5#�����)4�����/�������4����)4�"$�%����&��
* =�BC[On,BFHgW�BVS�n,;$U0D6:gD6AFs
A�BV;$=�BVS�E�aFH<I�=�@�L�B�n�BCS]P�BVKCU�;6>,sFU�;�L�KCI�;FSZ;$XCD6A�B�>�sFP�G'l

I�=�B�n�>,;<[OBCP�@�Q�h
� D$KVKVSZ;$AF=�@,SÖ>�@�P�BCQ�P�;FB4E�=,D6LFP�BCP�@�B

Lϑu = −
∂2u

∂y2
+

s
∑

k=0

(−1)kRk



y,

2π
∫

0

ϑ(x, y)dx





∂2k+1u

∂x2k+1
+

+
m
∑

k=0

(−1)kBk



y,

2π
∫

0

ϑ(x, y)dx





∂2ku

∂x2k
= f ∈ L2(Ω). (3.1)

U �,+
+.�jS��Jã4ä�åVæOç
ϑ ∈ C([0, 1], L2(0, 2π))

ïÖè6éZê�ë�ì�í,îCí�éØä�å�ì�ë$è6ï�ð
i0) − i00) ñ

ò ë$ó�ô6õ^ôVì�ð ì��Q�6ë�� f ∈ L2(Ω)
åVä�÷\îCåVæ\è6äoîCæ îCô6ï�í�åVæ\è$îCí�í�ë$î�ö�îCú\îCí�ï,î)û6õ$ô6õ$ü�ï

ýk� ñ þ�ÿ��.ý¢þ ñ FVÿ��Ðý¢þ ñ �Cÿ\ï]ôVì�ð#í,îVó�ë\åCêFö�õFè$îCôVì�ï,è6õÔë��,îCí���õ

‖u(x, y)‖C([0,1],L2(0,2π)) + ‖u(x, y)‖1,2,Ω ≤ c‖f‖2, (3.2)

ó�ô$î4ê�ë6åVæOëVð�í�í�õ<ð
c > 0

í,î
û6õFè6ï�åVï�æ ë6æ
u(x, y)

ï
ϑ(x, y) ñ

X ë���õgû6õ$æ\îeì�ç�åVæ\è6ëÓì,îY-I-Jéjg ñ * ;6>,;g[\@�S R̃k(y) = Rk

(

y,
2π
∫

0

ϑ(x, y)dx

)

(k =

0, 1, 2, ..., s), B̃k(y) = Bk

(

y,
2π
∫

0

ϑ(x, y)dx

)

(k = 0, 1, 2, ..., m)
h × ;$Xtn�D\:gDgn�D<W,D

Ü '0hbagÝ�H Ü aFh + Ý�H Ü aFh '�ÝÒKCL�;<n�@�A�KtM`U^:gDgn�D<W�B Ü + hbagÝ ß Ü + h '�Ý�H�X�n,B�ÙJE�P�U�Ñ�@�@ Rk(y), Bk(y):gD$SZBCP�BCP�G KV;F;$AFL�BCA�KCAFL�BCP�P,;ÛP,D
R̃k(y), B̃k(y)

h * =�@?kVA�;FS KV;$X�>�D$KCP�; EoK�>,;$LF@�M�S
i0)− i00

n�>�M
R̃k(y), B̃k(y)

LFGvI�;6>�P�M0~�A�K�MÏL�KVB�E�K�>,;$LF@�MÏA�BV;$=�BVS�Gl'0H0;$A�KC~'n�DÒLFG'c
A�BCU0D$BCAÔE�AFL�BC=o[On,BCP�@�BJn,;$U�D6:VGvLoD$BVSZ;$Q�>,BVSZS�G S h

�× D6U�@�S ;F9$=,D6:<;FSvHÒ:gDgn�DVW,D Ü '0hbagÝ�H Ü aFh + Ý�H Ü aFh '�Ý#@�SZBVBCAØB�n�@�P�KCAFL�BCP�P�;�B|=�BCqOB�c
P�@�B

u = L−1
ϑ f,

Egn,;$L$>,BCAFL�;$=�M0~�NOBVBù;$Ñ�BCP�U�B Ü '0h + Ý�h]8ÐW�BCLF@0n�P�;�HÓBVK�>�@
ϑ ∈

C([0, 1], L2(0, 2π))
H�A�;

u = L−1
ϑ f ∈ C([0, 1], L2(0, 2π))

h1Ê';6>,BVBrA�;$X<;�H1I�;FKCU0;6>�s$c
U�E

u = L−1
ϑ f,

A�;�n�>�M]I�=�;$@�:VL�;6>�sFP�;$QmÙJE�P�U�Ñ�@�@
ϑ ∈ C([0, 1], L2(0, 2π))

@�SZBVBVS
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8ØKCE�NOBVKCAFL�;$LoD6P�@�@Ó@ÓD6I�I�=�;$U0KC@�S�D6AF@�LFP�G'lÓKCL�;$Q�KCAFLoDgl)=�BCqOBCP�@�Qmhbhbh a<àFd

L−1
ϑ f ∈ D(L)

h * ;$kVA�;FS�EÓKCE�NOBVKCAFL�;$LoD6P�@�Br=�BCqOBCP�@�M�:gDgn�D<W�@ Ü aFhbagÝ ß Ü aFh '�Ý.kVU�LF@�LoDgc>,BCP�AFP�;OKCE�NOBVKCAFL�;$LoD6P�@�~yP,B�I,;Vn�LF@�[\P�;$Q�A�;$W�U�@);$I�BC=,D6A�;$=,D
L−1

ϑ

LrI�=�;FKCAF=,D6P�KCAFL�B
C([0, 1], L2)

A$h BFh1KCE�NOBVKCAFL�;$LoD6P�@�B�ÙJE�P�U�Ñ�@�@
u ∈ C([0, 1], L2(0, 2π))

AFD6U�;$Q�H1W�A�;
u = L−1

u f
h * =�@�kVA�;FS

u ∈ D(L)
H0I�;FKCU�;6>�sFU�E

L−1
u f ∈ D(L)

h
%�>,B�n,;$LoD6A�B�>�sFP�;�Hx:gDgn�DVW,D Ü aFhbagÝ ß Ü aFh '�ÝO@�SZBVBCAm=�BCqrBCP�@,B$HxBVK�>�@|;$I�BC=,D6A�;$= L−1

ϑ@�SZBVB�AÓP�BCI�;Vn�LF@�[\P�E�~pA�;$W�U�E�h)%ykVA�;$Q�Ñ�B�>�sF~{I�=�@�SZBCP�M�BVS�@�:VL�BVKCAFP�GvQmI�=�@�P�Ñ�@�I
Î}DVEgn,BC=,D0h
* E�KCAFs

S̄ = {ϑ ∈ C([0, 1], L2(0, 2π)) : ‖ϑ‖C([0,1],L2) ≤ A} ß q\D6=ÖLuI�=�;6cK�AF=�D6P�KCAFL�B
C([0, 1], L2)

H0X�n,B4Í ß I�=�;$@�:VL�;6>�sFP�;FB4I�;6>,;g[\@�A�B�>�sFP�;FBÒW�@�K�>,;�h
U �,+
+.� d �xã4ä�åVæOç�è6éZê�ë�ì�í,îCí�é`ä�å¢ì�ë$è6ï�ð

i0)− i00) ñ�ò ë$ó�ô6õrë6ê,îeöoõ$æOë�ö L−1
ϑ

ë6æOë��6ø
öoõ��YõFîCæm-Jí�ë���îCåVæ\è6ë

S̄
è�å<î��Vð ñ

z4;$U�D6:gD6A�B�>�s�KCAFLo;4>,BVSZS�GÛK�>,B�n�E�BCAÒ@�:.>,BVSZS�G S H�BVK�>�@ÔLÒU0D<W�BVKCAFL�B
A
LF:VM0AFsÒW�@�K�>,;

c‖f‖2
@�:4;$Ñ�BCP�U�@ Ü '0h + Ý�h

* E�KCAFs
K = {u ∈ C([0, 1], L2(0, 2π)) : u = L−1

ϑ f, ϑ ∈ S̄}.
U �,+
+.� � �'ã4ä�åVæOçÏè6éZê�ë�ì�í,îCí�éÖä�å�ì�ë$è6ï�ð

i0)− i00) ñ³ò ë$ó�ô6õ\ôVì�ð�ì��Q�6ë��n�Zä�í��O��ï�ï
u(x, y) ∈ K

åVêFö�õFè$îCôVì�ï,è6ë\í,îeö�õFè$îCí�åVæ\è6ë

‖u(x, y)‖C([0,1],L2) + ‖u(x, y)‖1,2 ≤ c‖f‖2,

ó�ô$î
c > 0

�Ôê�ë6åVæOëVð�í�í�ë$îJü�ï�å�ì�ë ñ
zÒ;$U0D6:gD6A�B�>�s�KCA�L�;\>,BVSZS�GØ�\K�>,B�n�E�BCA�@�:J>,BVSZS�G S h

U �,+
+.� h �poÓí�ë���îCåVæ\è6ë
K
��ë�-Jê�õ���æOí�ë�è\êFö,ë6åVæ�ö�õ$í�åVæ\è$î

C([0, 1], L2(0, 2π)) ñ
U �,+
+.� � �³ã4ä�åCæ\ç�è6éZê�ë�ì�í,îCí�é`ä�å�ì�ë$è6ï�ð

i0)− i00 ñxò ë$ó�ô6õrë6ê,îeöoõ$æOë�ö L−1
ϑ

í,îCêFö�îCø
ö�é�èFî�í ñ

qxAF@�>,BVSZS�Gùn,;$U�D6:VGvLoD6~�A�KtMmA�;$W�P�;ÓA$D6Um[OBFH�U0D6U�>,BVSZS�G + h + @ + h ')=,D$9F;$AFG
_ È fih
X ë���õgû$õ$æ\îeì�ç�åVæ\è6ëuæ\îCë�ö�î.-Jé}þ ñ %³;$X�>�D$KCP�;]>,BVSZS�D$Sùdgce�];$I�BC=,D6A�;$=

L−1
ϑ

LFI�;6>�P�B
P�BCI�=�BC=�GvL�BCP�@�I�BC=�BCL�;Vn�@�AÓq\D6=

S̄
L�KVBV9<M%h × ;$X�n�D�I�;�I�=�@�P�Ñ�@�I�EuÎ}DVEgn,BC=,D�;$I�B�c

=,D6A�;$=
L−1

ϑ

@�SZBVBCA�P�BCI�;<n�LF@�[\P�E�~?A�;$W�U�E
u(x, y)

L\q\D6=�B
S̄
hJqxA�;\;$:VP,D<W,D$BCA6H�W�A�;

:<Dgn1DVW,D Ü aFhbagÝ ß Ü aFh '�ÝÒn�>�M^>�~J9F;$QÖI�=,D6L�;$Q�W,D$KCAF@ f(x) ∈ L2(Ω)
@�SZBVBCAu=�BCqOBCP�@�B

u(x, y) ∈ S̄
H�I�=�@�W�BVSÖL�BC=�P,D\;$Ñ�BCP�U�D

‖u(x, y)‖C([0,1],L2) + ‖u(x, y)‖1,2 ≤ c‖f‖2.
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a<àF� É^h Ê
h�ÉÓE�=,D6A�9FBCU0;$L�H�Ë�h Ì\h � Dgl0@�SZ;$LoD0H,Írh Ê
h�ÎRGv=,D6U�9�D$BCL

× BV;$=�BVS�D�a�n,;$U�D6:gD6P,D0h
�

r 20s����! ��t6��)6���*��,&����� ����
dk(M)

6��vur��/x+��)Bo��*����,-Õ+����>=������%���
M = {u ∈ D(L) : ‖Lu‖2 + ‖u‖2 ≤ T}

zJ>�MÖn,;$U�D6:gD6A�B�>�s�KCAFLoDmA�BV;$=�BVS�G + P,D$SùP�BV;F9<lo;<n�@�S�G P�BCU0;$A�;$=�G.B�>,BVSZS�G @
;$Ñ�BCP�U�@�h

j³L�B�n,BVS�S�P�;g[rBVKCAFLoD

M̃c = {u ∈ L2(Ω) : ‖ux‖
2
2 + ‖uy‖

2
2 + ‖u‖2

2 ≤ c},

Ṁc−1 = {u ∈ L2(Ω) :
2s+1
∑

k=1

∥

∥

∥

∥

∂ku

∂yk

∥

∥

∥

∥

2

2

+
2s+1
∑

k=1

∥

∥

∥

∥

∂ku

∂xk

∥

∥

∥

∥

2

2

+ ‖u‖2
2 ≤ c−1}.

%xI�=,D6L�B�n�>�@�LFGØK�>,B�n�E�~�Nr@�B
>,BVSZS�G4h
U �,+
+.�`È��vã4ä�åVæOçÏè6éZê�ë�ì�í,îCí�é�ä�å¢ì�ë$è6ï�ð

i0)− i000) ñ'ò ë$ó�ô6õ\ôVì�ð]í,î���ë6æOë�ö,ë���ê�ë6øåVæOëVð�í�í�ë��
c > 1

�JåVêFöoõFè$îCôVì�ï,è6é{è��6ì��vü0îCí�ï�ð
Ṁc−1 ⊆ M ⊆ M̃c,

ó�ô$î
c > 0

�
ê�ë6åVæOëVð�í�í�ë$îJü�ïC�tì�ë ñ
U �,+
+.� a<à �!ã4ä�åVæOç4è6éZê�ë�ì�í,îCí�é]ä�å�ì�ë$è6ï�ð

i0)−i000) ñ�ò ë$ó�ô6õÐåVêFöoõFèFî�ôVì�ï,è6é#ë��,îCí���ï

c−1ḋk ≤ dk(M) ≤ cd̃k, k = 1, 2, ...,

ó�ô$î
c > 0

�Ôê�ë6åVæOëVð�í�í�ë$îJü�ïC�tì�ë ñ
8ÐI�=�B�n,B�>�@�SÛÙJE�P�U�Ñ�@�~

N(λ) =
∑

dk>λ

1
H�=,D6LFP�E�~RU�;6>�@�W�BVKCAFLFEÓI�;$I�BC=�BCW�P�@�U�;$L

dk(M),
9F;6>�sFqr@0l

λ > 0.

U �,+
+.� aFa ��ã4ä�åVæOçÒè6éZê�ë�ì�í,îCí�é#ä�å�ì�ë$è6ï�ð
i0)−i000) ñ�ò ë$ó�ô6õ
åVêFöoõFè$îCôVì�ï,è6õJë��,îCí���õ

Ṅ(cλ) ≤ N(λ) ≤ Ñ(c−1λ),

ó�ô$î
Ñ(λ) =

∑

d̃k>λ

1, Ṅ(λ) =
∑

ḋk>λ

1.

���������������������! ���"»#&%�'�(���) +.-�/	021©3�5768/	021ð9�+ ;>=�?�@



8ØKCE�NOBVKCAFL�;$LoD6P�@�@Ó@ÓD6I�I�=�;$U0KC@�S�D6AF@�LFP�G'lÓKCL�;$Q�KCAFLoDgl)=�BCqOBCP�@�Qmhbhbh a<à�h

qxAF@�>,BVSZS�G�n,;$U0D6:VGvLoD6~�A�K�M�A�;$W�P�;\A$D6U�[OBFH0U�D6U)>,BVSZS�G S @]dr=,D$9F;$AFG}_ba<àgfih
X ë���õgû$õ$æ\îeì�ç�åVæ\è6ë�æ\îCë�ö�îY-JéjF ñ (
:VL�BVKCAFP�;m_baFa�fiH1W�A�;Ïn�>�MuÙJE�P�U�Ñ�@�Q Ñ(λ), Ṅ(λ)K�I�=,D6L�B�n�>�@�LFGØ;$Ñ�BCP�U�@�Þ

c−1λ−2 ≤ Ñ(λ) ≤ cλ−2, (4.1)

c−1λ
−2

2s+1 ≤ Ṅ(λ) ≤ cλ
−2

2s+1 . (4.2)

* E�KCAFs
λ = d̃k

H<A�;$Xtn�D
Ñ(d̃k) = k

h * ;$kVA�;FS�EJ@�: Ü S hbagÝ1@ Ü S h + Ý�HgKV;F;$AFL�BCA�KCAFL�BCP�P�;�H
LFGvA�BCU0D6~�A�P�BC=,D6L�BCP�KCAFLoD

c−1 1

k
1

2

≤ d̃k ≤ c
1

k
1

2

c−1 1

k
2s+1

2

≤ ḋk ≤ c
1

k
2s+1

2

.

8.A�KC~vn�D.KZE�W�BCA�;FSÓ;$Ñ�BCP�;$U�HgI�;6>�E�W�BCP�P�G'l4L.>,BVSZSZBÐa<à0H<I�;6>�E�W,D$BVS)n,;$U�D6:gD6A�B�>�s�KCAFL�;
A�BC;$=,BCS�G + h

�

2r������2
� D$9F;$AFDÒI�;FKCLFM0NOBCP,DÒ@�KVK�>,B�n,;$LoD6P�@�~ØL�;$I�=�;FKV;$L�;rKCE�NOBVKCAFL�;$LoD6P�@�@�H0Xt>�Dgn�U0;FKCAF@

@|D6I�I�=�;$U0KC@�S�D6AF@�L�P�G'l|KCL�;$Q�KCAFLoDgl�=�BCqOBCP�@�Q|I�;6>�E�I�BC=�@�;Vn,@�W�BVKCU0;$Q|:gDgn�D<W�@�z4@0c
=�@0l�>,B�n�>�M�;Vn�P�;$X<;�U0>�D$KVK<DOP�B�>�@�P�BCQ�P�G'l�LFGv=�;<[On�D6~�Nr@0l�KtM�E�=,D6LFP�BCP�@�Q�P�BCU0>�D$K�c
K�@�W�BVK�U0;$X<;mAF@�I,D0hxj³GvI�;6>�P�BCP�P�G.BÓ@�KVK�>,B�n,;$LoD6P�@�M|I�;$:VL�;6>�M0~�A^KVÙ4;$=�S�Eg>�@�=�;$LoD6AFs
K�>�B�n,E�NÒ@,BJ; Ú P�;$LFP�G.B4=�BC:VEg>�s6A$D6AFG4Þ

c
P,D6Q0n,BCP�G n,; Ú A$D6A�;$W�P�GÐB�E Ú >,;$LF@�M`KCE�NOBVKCAFL�;$LoD6P�@�M`@^X�>�Dgn�U�;FKCAF@Ö=�BCqOBCP�@�Q
I�;6>�E�I�BC=�@�;Vn�@�W�BVKCU0;$Q�:gDgn�DVW�@Ûz4@�=�@0l�>,BÓn�>�MÛ;Vn�P�;$X<;^U0>1D$KCK<D^P�B�>�@�P�BCQ�P�G'lÛLFG'c
=�;<[On�D6~�Nr@0l�KtM)E�=,D6LFP�BCP�@�Q�P�BCU0>�D$KVKC@�W�BVKVU�;$Xg;�AF@�I,D0á

c�I�;6>�E�W�BCP�G{n�LFE Ú A�;$=�;$P�P�@�B);$Ñ�BCP�U�@`I�;$I�BC=�BCW�P�@�U�;$LuI�;]ÌJ;6>,SZ;$X<;$=�;$LFE`S�P�;6c
[rBVKCAFL�H�KCLFM0:gD6P�P�G'lÓK
=�BCqOBCP�@�M�S�@�LFGvqOBCE�U�D6:gD6P�P�;$QÓ:gDgn�DVW�@�h

U �!�%��*o�%��-�*o�

a
z4E09$@�P�KCU�@�Qxw h Írh?8 P�BCU�;$A�;$=�G'l n�@�Ù4Ù4BC=�BCP�Ñ�@,Dg>�sFP�;6ci;$I�BC=,D$A�;$=�P�Gvl
E�=,D6LFP�BCP�@�M�lÔI�=�;$@�:VL�;6>�sFP�;$X<;OI�;$=oM�n�U�DEyOy4É#D6A�BVS�D6AF@�W�BVKCU�@�Q�KV9F;$=�P�@�U�h ß a È h�'0h ß× h È à Ü a�' + Ý�H!z aFh ß %�h%a�c +O+ h
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a<àF� É^h Ê
h�ÉÓE�=,D6A�9FBCU0;$L�H�Ë�h Ì\h � Dgl0@�SZ;$LoD0H,Írh Ê
h�ÎRGv=,D6U�9�D$BCL

+ z4E09$@�P�KCU�@�Q\w h Írh'8�9m;<n�P�;$QYD$9FKCAF=,D6U�AFP�;$QÛA�BV;$=�BVSZBÓ@ BVBÓI�=�@0>,;<[OBCP�@0c
M�l�U#U�=,D$BCLFG.S :gDgn�D<W,D$S|n�>�MÓP�BCU0>�D$KC@�W�BVKCU�@0l]E�=�D6LFP�BCP�@�Q{yOy�É#D6A�BVS�D6AF@�W�BVKCU�@�Q
KV9F;$=�P�@�U�h ß a È � È h ß × hJh È Ü a + agÝ�HHz aFh ß %�h È a�c�aFa�h�h' � ;FS�D6P�U0; j
h Ì\h � D6:V=�BCqr@�SZ;FKCAFs XV=,D6P�@�W�P�G'l :gDgn�D<W n�>�M
n�@�Ù4Ù4BC=�BCP�Ñ�@,Dg>�sFP�;6c';$I�BC=,D6A�;$=�P�G'lÓE�=,D6LFP�BCP�@�Q]LFG.KV;$U�;$X<;ÔI�;$=�M�n�U0D|yOyÒz4@�Ù4Ù4B�c
=�BCP�Ñ�@,Dg>�sFP�G.B4E�=,D6LFP�BCP�@�M%h ß a È h$�0h ß × h%a S H!z �0h ß %�h%a<àF�0a�c�a<à ÈO+ hS wù=�W�E�U a h (\hÐ8 XV=,D6P�@�W�P�G'lÛ:gDgn�DVW�Dgl|n�>�M E�=,D6LFP�BCP�@�Q�KV;<n,BC=o[\D6Nr@0l L
Xt>�D6LFP�;$Q^W,D$KCAF@^;$I�BC=,D6A�;$=�G}LF@0n�D d2m+1

dt2m+1 + A
yOyÔz4@�Ù4Ù4BC=�BCP�Ñ�@,Dg>�sFP�G.BÔE�=,D6LFP�B�c

P�@�M%h ß a È h S h ß × h%a<à0H!z S h ß %�hCh$d È cYh$� + hd * M0AFU�;$L}%�h * h,8�U0;$=�=�BCU�AFP�G'l�U�=,D$BCLFG'l�:gDgn�D<W,DglÔn�>�M�E�=,D6LFP�BCP�@�Q�KV;FKCA$D6L$c
P�;$X<;)AF@�I,D�@�@0lu;F9F;F9$NOBCP�@�Q�Þ�D6LFA�;$=�BVÙ�h�hbhbh%U�h Ù�h ciSvh P�hbÞ1n�@�KVKVBC=�h ß a ;$L�;FKC@�9$@�=�KCU!Ha È � + h

�OÌ4Dg>�s�SZBCP�;$L × h Î h�8ùI�;6>�E�I�BC=�@�;Vn�@�W,BCKVU�;FQu:gDgn�DVW�BÒz4@�=�@�l�>,B4n�>�M];Vn,P�;$X<;
U0>�D$KVK<D�E�=,D6LFP,B�P�@�Q`KVSZBCq\D6P�P�;$X<;]AF@�I,DNyOy�z4@�Ù4Ù4BC=�BCP�Ñ�@,Dg>�sFP�G.BÏE�=,D6LFP�BCP�@�M%h ßa È h$�0h ß × h%a S H!z~'0h ß %�h,d S �gced S h�hhrÌ4Dg>�s�SZBCP�;$L × h Î hbH 8ÐA�B�>,9�D$BCL{É^h�8 Xt>�Dgn�U0;FKCAF@ =�BCqOBCP�@�M{n�>�Mp;Vn,P�;$X<;
U0>�D$KVK<DJLFGv=�;<[On�D6~�Nr@0l�KtM�kC>�>�@�I�AF@�W�BVKCU�@0l�E�=�D6LFP�BCP�@�QVyOyÐz4@�Ù4Ù4BC=�BCP�Ñ�@,Dg>�sFP�G.B
E�=,D6LFP�BCP�@�M%h ß a È hOh�h ß × h�a�'0H!z~h�h ß %�h�a +�SOS c�a + dFd0h�OÉÓE�=,D6A�9FBCU�;$L�É^h Ê
h³ÌJ;$kV=�Ñ�@�AF@�LFP�G.B�;$Ñ�BCP�U�@ n�>�M ;<n�P�;$X<;mn�@�Ù4Ù4BC=�BCP�Ñ�@0c
Dg>�sFP�;$X<;O;$I�BC=,D6A�;$=,DrLFG.KV;$U�;$X<;OI�;$=�M�n�U0D0yOyJz4@�Ù4Ù4BC=�BCP�Ñ�@,Dg>�sFP�G.B�E�=,D6LFP�BCP�@�M%h ßa È �0aFh ß × h%a�h�H!z d0h ß %�h,� È 'gc È à0aFhÈ ÉÓE�=,D6A�9FBCU�;$L\É^h Ê
hbH�ÉÓE�=,D6A�9FBCU0;$L\É^h É^hbH�8�KCI,D6P�;$L\Ì\h a h�8�9OD6I�I�=�;$U0KC@�S�Dgc
AF@�LFP�G'l KCL�;$Q�KCAFLoDgl =�BCqOBCP�@�M P�B�>�@�P�BCQ�P�;$X<;`E�=,D6LFP�BCP�@�M KVSZBCq\D6P�P�;$X<;`AF@�I,D:yOy
� E�P0n�D$SZBCP�A$Dg>�sFP�D6M]@ÓI�=�@�U0>�Dgn�P,D6M#S�D6A�BVS�D6AF@�U0D Ü É]Ë>^ÒÝ�h ß + àFàF�0h ß × h!a + H�z d0h
ß %�h È dgc�a<à�h�ha<à\ÉÓE�=,D6A�9FBCU�;$LÓÉ^h Ê
hbH�ÉÓE�=,D6A�9FBCU�;$LÓÉ^h É^h 8ÐÑ�BCP�U�@mKCI�BCU�AF=,D�;Vn�P�;$X<;)U0>�D$KVK<D
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� æOõFæOç6ð]ê�ë6åVæOä�ê�ï�ì�õÔè
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Ê�� � Ì"[4ÍI%�� � Î�� a z�( � ("��[ ��� % � Ê�� a � � Î � Î��eÉn� a � � Ê'Í � Ê.8I[�^"�
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ÁEÂJÃ�Ä2Ä-ÅeÆ�Ç-ÃeÈ\Å\ÉLÊ�Ë\ËLÅAÂ2Ì-ÉLÍÏÎÐÄ-ÅeË\ÑhÆ4Ò	ÓJÃeÍ7Í�Ô-Ç2Å\Í7ÉLÇ-Ã�Ä-Í7É\ËhÉ\Ì2ÔJÃ+Õ£Å\Ç2Ç	Ì
M

α
p,q Ö ÅA×0ËSÃ�ØÉ\ÑhËSÃeÙÐÚ)Ì2ÆnÒ	ÓJÃeÍ7Í�Ì2Û-Ê7Í7Ò	Ì-Ê�Ô-Ç2Å\Í7ÉLÇ-Ã�Ä-Í7É\ËSÃ)Õ£Å\Ç2Ç	Ì Ö Ì-Ü�Ý0ÛJÃeÙÐÉLÍÞÎ)Ì2×½Í�ËLÅeÆ-Í7É\ËSÃ0ßLà�ÅeØÒ	ÃeÜ�ÑhËSÃeÊ7ÉLÍÞÎqÌ2Ä-ÉLÊ7Ç	Ô-ÅeÓ-Î0á	Ì-ÅeÄ2ÄJÃeÎtÉLÊ7Å\Ç2Ê7â!Ã½É\Ì2ÔJÃãÕmÃeÇ	á2Ì2Ä-Ò0Ê�Ë\Ì2ÛJÃ0ß

äXÓ-ÙåÛ-Ê�Ë\Ñ+Ê½Í�Ó-ÅeËSÃ0æ!ç\èJé�ê�ëÐè0ìeí-ê�ëtîeìnï¡ékèLè-ð2ñhé�ò�é�òAótôÞí2í2õ�ôtç\èJé�ê�ëÐè0ìeí-ê�ëtîeìqë½ð2ç-ì
ï¡ékèLè-ð2ñ�î\ôÞótô�ê�ëtî\ôÞí2í2õ�ö°÷�ôÞëãé�ø¡ð2í2ëtôùè-ç-éÏú0û2ü-ð2ð2ñ)ð2í	ëtôùè-ç-éÏú	û2ü-ð-éAí2í	õ�ômëtô�ékè�ô�ý
÷Xõÿþ

���������	��

���
���������

0 ≤ λ ≤ n/p � 0 < p < ∞. ����������� �� �!"� �$# ��%"&"' �"� f ("�"� %*),+�-*.�/ � �
("��� ��� � )0%���� � � Mλ

p ,
.1�2- � f ∈ Lloc

p (Rn), � & � %�.�!"%*)3�2-*.2+���465$) � % ����7 )

||f ||Mλ
p
≡ ||f ||Mλ

p (Rn) = sup
x∈Rn

sup
r>0

r−λ‖f‖Lp(Br(x)) < ∞,

8 +*.1��� Br(x) 9;: ) � �<'�.�%"� ����7=� � � !"&�. x �>� ),+ � ��� ��7 r > 0. ? ) 7 .�� ��7  @.1�2- �
λ = 0

 A� � M0
p (Rn) = Lp(R

n)
 B.1�2- � λ = n/p � 0 < p < ∞

 A� � M
n/p
p (Rn) =

C
©
àtß äãß0DXÌ0E7Ãeâ�ÈLÃeÊ�ËSÃ Ö�FHGJILK ßMONQPJRASHTVU,W7æOXZYH[V[]\V^�_a`,b�cV\V_Ïñed1\Vf�\V[gb2h i jk\]lmXZYH[V[]\V^\ýano^V`�\<_a`,b�cV\V_Ïñp[]\gb2hOiqf0nr\V[s`,Y2h bHnoiaYHfutv\Vnqw,YLleñiqf0nr\V[s`,Y2h bHnoiaYHfxnqw0\]YH[]\Vte_

FHGJILGvy�zk{]| N~} zk{]� C W
�J�0�,�rN C {
��� z WgW � � C zk{]� S2��æ����2� K2G0Ö ���2�B� G
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L∞(Rn)
 �)�.1�2- � λ < 0 � - � λ > n/p

 A� � Mλ
p = Θ

 A�H+*.
Θ 9�7 % � /<.1��� ���;� �1.2�� & ���"� ),-*.�%"��%"���;%"�,-�4 # ��%"&"' �"� %*) R

n � � 7 �@�o�����2�� )0%"%*) �¡� )�¢ � ��) (�� � ��� 5 .�%*) � 8 ��!�.�% � 4 � %"��. �"(�� - � ' ��� %"%"���£� ����� ��� �¤("���0¥�2� � )0%���� � � ���"�"�¦�§� � � ¢ � ¢�5<.�% �"� �v¨©.�& � � ��� �v. � . 8 �,-��0��)0���ª+"- � &�-�)��1� � !�. ¥�2& � � ("��� ��� � )0%���� � � ���"�"� ¢���- �;(�� -���!�.�%"�¬«<�*­�®H¯0°$±*¯�²1²H³"´s¯� �µ �*¶�¯0°$±*¯0·*¯0®k¸ �¹"��º�»1»�®L¼k»$� ½ ¥]¾ �V��¿£!*)�����% � ��� �  � � )�¢ � ��.$� ¾ �@¢���- � (�� &") 8 )0% �<� - � /<.�% � . � %"��. �"(��0¥- � ' ��� %"% ���;( ) � �=&�-�)��1� � !�.1��& � � ("��� ��� � )0%���� � � ���"�"� +�- � �2-���!*) � q = ∞

(Mλ0
p , Mλ1

p )θ,∞ ⊂ Mλ
p ,

�k+*.
λ = (1−θ)λ0+θλ1

�0Àv+�%*)0& �©Á �JÂeÃs¯�Äk²1¸" ,µ �JÅvÆ"´oÇ � ÅZ�1È	»�É�¯x� Ê� ,Ë,��������)0% ����� - �  !"� � � � �$� &�-�46!�.�% � .Z��� ��� � � .� ���� .��

(Mλ0
p , Mλ1

p )θ,∞ 6= Mλ
p .

¿ (�� �2-*.2+�% � .x+ � )<+*.1� � � � -*.�� �"� ¢���- ("���,��� -*.�%u¢ � -�� :<���Ì� %"��. � .1�Z& � 8 ��!�. ¥% � 4 � ¢�5 � � ("��� ��� � )0%���� � � �"( )6� ���"�"�<�<� � � %"��. �"(�� - � ' ��� %"%"�p�$� ����� ��� � ��Í�)0&@ 
��("� �J)0% � . � %"��. �"(�� - � ' ��� %"%"���;� ����� ��� � - � &"),-���%"��� ("�*� �2� � )0%���� � � �"( )<� ���"�"�
LMλ

p,q

¢���- ��(�� -���!�.�% �>Î � �m�O¨�� � ���,-���)0% ��� � 7Ï� ¿�� �$�OÐe� � .�%"& ��� � 7 �	¿ � )�¢ �0¥��.Z� ÑJ�A¢���-�)©+ � &") 8 )0%*) 8 ) 7 &"%"��� � ����� : &"),-�� (���� ��� � )0%���� � LMλ
p,q � ��% � � � ��.2-���% �� .25<.1��� � .�%"% � � ��7 .�� � +�) ("�"�;#©� &�� �"����� )0%"% ��7£( ) � ) 7 .�� � . p

 �) ��7 .�%"% �  

(LMλ0
p,q0

, LMλ1
p,q1

)θ,q = LMλ
p,q ,

�k+*.
λ = (1 − θ)λ0 + θλ1

��¿Ò+�),-���%�. �": . 7£�3� )�¢ � ��.m� Ó,�
¢���- � ������)0% ��� -*.�% �  *!"� �
� . 8 �,-��0��)0� � %"��. �"(�� - � ' �"�Ô( ) � � � ¢�5 � �>- � &"),-���%"��� ("��� ��� � )0%���� � � �"( )�� ����¥
�"� LMλ

p,q(G, µ)
%*),+ 8 ),+�)0%"%"� 7¦("��� ��� � )0%���� ����7 � 7 . ����� ��)0&"/ . ��("� ��� � )�.���� �

("��� ��� � )0%���� ����7£� 8x� � ���;: &�),-��x "��� .��

(LMλ0
p,q0

(G, µ), LMλ1
p,q1

(G, µ))θ,q = LMλ
p,q(G, µ) ,

�k+*.
λ = (1 − θ)λ0 + θλ1

�
Àv+�%*)0& �©� . 8 �,-��0��)0� � %"��. �"(�� - � ' �"� +"- � &�-�)��1� � !�.1��& � � (���� ��� � )0%���� � � ���"�"�

� � ��� + � � � 8�� � ���Õ: &�),-��x � � ��� 8 � � � � ��7Ö��� 8 % � &�)�.�� ����("��� � � ¢ � %"��. �"(�� - ��¥' �"�Ì("��� ��� � )0%���� � Mλ
p

��×	-*.2+���.�� � � 7 .�� � ���� *!"� �m7 % � � � . ����("��� ���Ö+"- �Ì��("� .2+*. ¥-*.�%"% � � � &�-�)��1�J) # ��%"&"' ��� %*),-���%"��� ("��� ��� � )0%���� � %�.x%*),� � + � ��� ��� .�� ��� . : .�% �"�
� ��. ��7�� %*),� � � � � � &�-�)��1�J)��O× � � ��� '�.2-���4Ø¢���- �Ì��� .2+*.�% � %�.�& � � ����� . � ¢ � ¢�5<. ¥% � . ("�*� �2� � )0%���� � � ���"�"� Mα

p,q

 �� ����� ��� � )m& � � ����� � ��7 � � 8 - � / ��7Ò��( ��%"&"��.<½��
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� )0%"%"�v. ("��� ��� � )0%���� � ) � ¢0-�),+�)046� � %"��. �"(�� - � ' ��� %�%"� 7 � ����� ��� ����7 �pÀÛ� � .�� ��7
(�� �2-���/ � -�+ � &�) 8 )0%"%"� �Ü� %�.�& � � ������7 � 7 �v�2-*.©)0%*),- � � � %"��. �"(�� - � ' ��� %"% ��� ��. �0¥
� . 7 �Ý�u) � ' � %"&�. ��� !*)�+"- �>��� .2+*.�%"%"��� ("��� ��� � )0%���� �  � !*)�����% � ��� �  @+"- � &�-�)�� ¥� � !�.1��& � � ("��� ��� � )0%���� � � ���"�"�;�$( ��%"&���.xÞ��

ßÌà3á�â
ã�äBá�å


ãAäB��å
Mα

p,q

�Ò�@æçãA��â
è
ã�äB��å
���������

0 < p < ∞, 0 < q ≤ ∞, 0 ≤ α ≤ n/p
�
À ("� .2+*.2- ��7Ö� ¢ � ¢�5<.�%"%"�v.

("��� ��� � )0%���� � )$� �"( )<� ���"�"� Mα
p,q

&")0& 7 % � /<.1��� ���$� �1.2� � 8 7 . �"��7 ��� (��<é .1¢�.��1�
# ��%"&"' �"� f ∈ Lloc

p (Rn)
 J+"- � & � � ��� ��� & � %�.�!"%*)6�2-*.2+���465$) � % ����7 ) ("�"� q < ∞ :

||f ||Mα
p,q

=

( ∞
∫

0

(

t−α sup
x∈Rn

‖f‖Lp(Bt(x))

)q dt

t

)1/q

� �,�

�Ü("�"� q = ∞
% ����7 )

||f ||Mα
p,∞

= sup
x∈Rn

sup
t>0

t−α‖f‖Lp(Bt(x)).

? ) 7 .�� ��7  B!"� �Ü��� .2+*.�%"%"�v.3��)0& ��7=� ¢ � ) 8 ��7=("��� ��� � )0%���� � ) ��� - � 46��� �¤� ¢ � ¢ ¥5<.�% � . 7 &�-�)��1� � !�.1��& � � ("��� ��� � )0%���� � � ���"�"�£("�"� q = ∞
 O�0� .��

Mα
p,∞ = Mλ

p

�
ÀÛ� 7 .�� ��7 %�.�& � � ��� �v.Z� ����� ��� � ) ��� .2+*.�%"%"��� ("��� ��� � )0%���� � ��% ����7O��� � �,���
ê �*ë�ëvå ��ìmí]î ï�ðeñLò�ó

1 ≤ p0 < p1 < ∞ ôÛõ<ö Mα1
p1,q ↪→ Mα0

p0,q, ÷Hø�ù α0 = α1 −
n(p0−p1)

p0p1 úí]îrî ïZðeñLò�ó
0 < q0 < q1 ≤ ∞ ô	õ<ö Mα

p,q0
↪→ Mα

p,q1
.í]îrîrî ï>ûxü�ñ õ<ý p, p0, p1 ∈ [1,∞), q, q0, q1 ∈ [1,∞], 1/p = 1/p0 + 1/p1 ô

1/q = 1/q0 + 1/q1, α = α0 + α1, õ<ö fg ∈ Mα
p,q

ó ô	þ1ÿ*ö��xùxõ<ö�÷Hö,ô
||fg||Mα

p,q
≤ ||f ||Mα0

p0,q0
||g||Mα1

p1,q1

ø ò����0ñ ù�� � ü	� þ	
 ó�� f ∈ Mα0
p0,q0

ó
g ∈ Mα1

p1,q1
.


 ö0þ	������õ$ù ò ý ñ õ � ö ú �
´s���B���������

f ∈ Mα1
p1,q

�A� �"��7 .�% ��� %�. � ) � .�%���� ���;���»2-���+*. � ) �
("�"� % ��7 ) �Ü���$� % ��7 )0% � .� �!"� � |Bt(x)| ∼ tn

 (�� -���! ��7

||f ||Mα0
p0,q

=

( ∞
∫

0

(

t−α0 sup
x∈Rn

‖f‖Lp0 (Bt(x))

)q dt

t

)1/q

�������������������������! #"%$!&�'!��( *-,	.0/21¡3�5768.0/21X9:*<;>=�?A@



��%"��. �"(�� - � ' ��� %"%*) � ��. ��� . 7 )$� �"( )$�u) � ' � %"&�. ��� !*);�o�o� ���JÞ

≤

( ∞
∫

0

(

t−α0 sup
x∈Rn

‖f‖Lp1 (Bt(x))|Bt(x)|
1

p0
−

1
p1

)q dt

t

)1/q

∼=

( ∞
∫

0

(

t
−(α0−

n(p1−p0)
p0p1

)
sup
x∈Rn

‖f‖Lp1 (Bt(x))

)q dt

t

)1/q

= ||f ||Mα1
p1,q

,

!"� �$� 8 %*)J!*)�.�� � - � /<.�% � . Mα1
p1,q ↪→ Mα0

p0,q.� ´o´r�2�*× %�)1!*),-�) ( ������� q1 = ∞ � f ∈ Mα
p,q0

��� � &�)0/<. 7  "!"� � Mα
p,q0

↪→ Mα
p,∞

�

||f ||Mα
p,∞

= sup
t>0

t−α sup
x∈Rn

‖f‖Lp(Bt(x))

= (αq0)
1
q0 sup

t>0

( ∞
∫

t

τ−αq0
dτ

τ

)1/q0

sup
x∈Rn

‖f‖Lp(Bt(x)).

? ) 7 .�� ��7  "!"� � Bt(x) ⊂ Bτ (x)
 �.��2- � t ≤ τ

 "� � �k+�)

||f ||Mα
p,∞

≤ (αq0)
1
q0 sup

t>0

( ∞
∫

t

(

τ−α sup
x∈Rn

‖f‖Lp(Bτ (x))

)q0 dτ

τ

)1/q0

=

= (αq0)
1/q0 ||f ||Mα

p,q0
. � ½��

Î �2- � q1 < ∞
 �� � + � ����)0� � !"% �<��� � (�� -�� 8 ��� )0����� ��� %"��. �"(�� - � ' ��� %�%"� 7 %�. � ) ¥

� .2%*�2� ����7
||f ||Mα

p,q1
≤ (||f ||Mα

p,∞
)
1−

q0
q1 (||f ||Mα

p,q0
)

q0
q1

� %�. � ) � .�%���� ����7 � ½����"Í�)0& ��7£� ¢ � ) 8 ��7  Mα
p,q0

↪→ Mα
p,q1

.� ´o´o´r�2�v�©- � + � &") 8 )0��.2-������ � )Ò+ � ����)0� � !"% � + � )0/<+*� ��� � (�� -�� 8 ��� )0����� �Ï� ¢ � ¢ ¥5 .�%"%�� 7 %�. � ) � .�%���� ����7Ò���»2-���+*. � )�� é . 7O7 )<+ � &�) 8 )0%*)�� �

���3
�äB��á��
â������
��â

�
@å��ÝäB��â
á��*ëvå äB���@å�� å
á��
�

! 
�*���!"�å¬�!�����
á�â$#
ã�äBá�å�
�ãAäB�

Mα
p,q

�©- � + � &") 8 )0��.2-������ � ) � %"��. �"(�� - � ' ��� %"% ��� ��. ��� . 7 �=%*) 7¡(�� %*),+ � ¢ � ��� � ��)0& ¥/ . - � &"),-���%"� �¤� ) �"� )0%"� ��� .2+*.�%"%"��� ("��� ��� � )0%���� �  @& � � ��� � �¤� )��1� 7 )0� �"�"� )0-*� �
�������������������������� ª"%$!&�'!��( *-,	.0/21¡3�5�6 .0/21X9:*<;>=�?A@
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� � %,� �;��("� .2+*.2- � -*� � +"- � -�4�¢ � � � x ∈ R
n �2-*.2+���465 ��7Ô� ¢ � ) 8 ��7'&

||f ||LMα
p,q,x

=

( ∞
∫

0

(

t−α||f ||Lp(Bt(x))

)q dt

t

)1/q

,

.1�2- � 0 < q < ∞ � � � ¢��p!"% ���Ì7O� + ��#©� &")0' � . �;("�"� q = ∞
�

À6��% ��� %"� 7¦� . 8 �,-��0��)0� ��7 +�)0%"% ���¤� )�¢ � ��� ��� - � .���� � )0%*),- � � � %"��. �"(�� - � ' ��¥
� %"% ��� ��. ��� . 7 �¬�u) � ' � %"&�. ��� !*)<+"- �Ü("��� ��� � )0%���� � Mα

p,q

�
( ��â
á��*ëvå ��ìpûxü�ñ õ<ý 0 < α0 < α1 < n/p, 0 < β0 < β1 < n/q, 0 < p, q < ∞

ó
) ü�ñ õ<ý T * ò�ó�� ù ����+�� ö ) ùQÿ,��õ<öHÿ ú

ðeñLò�ó ø ò��;ò�-'. ö�÷Hö x ∈ R
n

||Tf ||LM
αi
p,∞,x

≤ Mi||f ||LM
βi
q,1,x

, i = 0, 1, � Þ��

õ<ö�÷Hø��
||Tf ||Mα

p,τ
≤ cM1−θ

0 M θ
1 ||f ||Mβ

q,τ
,

÷Hø�ù α = (1 − θ)α0 + θα1, β = (1 − θ)β0 + θβ1, 0 < τ ≤ ∞, 0 < θ < 1 ô ó c
��� �0ó�ñ1ó õ õ<ö ò ý�þ�ö3ö0õ ) ��ÿ,�/�xù�õ6ÿ*ö � p, β0, β1, θ ú
 ö0þ	������õ$ù ò ý ñ õ � ö ú

���������
f ∈ Mβ

q,τ
 (�� - � / ��7 γ = α0−α1

β0−β1
> 0.

��- � &")0/<+ � � �
x ∈ R

n � c > 0 ��("� .2+*.2- ��7Ò# ��%"&"' �"�

f0(y) =

{

f(y), y ∈ Bt(x), |Bt(x)| = ctγ ,

0, y /∈ Bt(x), |Bt(x)| = ctγ

�
f1(y) = f(y) − f0(y).

Í � �H+�) f(y) = f0(y) + f1(y), �Ì7 � ��7 .1. 7

||Tf ||Mα
p,τ

=

( ∞
∫

0

(

t−α sup
x∈Rn

‖Tf‖Lp(Bt(x))

)τ dt

t

)1/τ

=

( ∞
∫

0

(

t−α sup
x∈Rn

(
∫

Bt(x)

|T (f0 + f1)(y)|pdy

)
1
p
)τ dt

t

)1/τ

.
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¿¬� � -��Ì- � %�. � % � ��� � ��( . � )0� ��� ) T, ("�"��7 .�% ��� %�. � ) � .�%���� ��� � � %"& ��� ��& � � �  
(�� -���! ��7

||Tf ||Mα
p,τ

≤

(

∫

∞

0

(

t−α sup
x∈Rn

2(1/p−1)+(tα0t−α0‖Tf0‖Lp(Bt(x))+

+tα1t−α1‖Tf1‖Lp(Bt(x)))

)τ dt

t

)1/τ

≤ 2(1/p−1)+

( ∞
∫

0

(

t−α sup
x∈Rn

(

tα0 ||T (f0)||LM
α0
p,∞,x

+tα1 ||T (f1)||LM
α1
p,∞,x

)

)τ dt

t

)1/τ

,

�k+*.
a+ := max{a, 0}.

× � �H-�)���% � ���2- ����� 4 � Þ�� ��7 .1. 7

||Tf ||Mα
p,τ

≤ 2(1/p−1)+

(

∫

∞

0

(

t−α sup
x∈Rn

(

tα0M0||f0||LM
β0
q,1,x

+

+tα1M1||f1||LM
β1
q,1,x

)

)τ dt

t

)1/τ

. � ¾ �

× %*)1!*),-�) � '�.�% ��7 % ����7 �

||f0||LM
β0
q,1,x

=

ctγ
∫

0

s−β0‖f0‖Lq(Bs(x))
ds

s
+

∞
∫

ctγ

s−β0‖f0‖Lq(Bs(x))
ds

s
.

? ) 7 .�� ��7  B!"� � f0(y) = f(y)
 B.1�2- � s < ctγ � y ∈ Bt(x)

 ��("��� � �"� % ��7 �2-���!*)�.
f0(y) = 0

 ��2-*.2+ ��� )0��.2-���% �  

||f0||LM
β0
q,1,x

≡ J1(s) + ‖f‖Lq(Bt(x))

∞
∫

ctγ

s−β0
ds

s
,

�k+*.
J1(s) =

ctγ
∫

0

s−β0 ||f ||Lq(Bs(x))
ds

s
.
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Í
)0&;&")0&
Bt(x) ⊂ Bs(x)

 ".1�2- � t ≤ s
 �� �37 � (�� -���! ��7

‖f‖Lq(Bt(x))

∞
∫

ctγ

s−β0
ds

s
= ‖f‖Lq(Bt(x))

1

β0
c−β0t−β0γ =

= ‖f‖Lq(Bt(x))
β1

β0
c−β0+β1t−β0γ+β1γ

( ∞
∫

ctγ

s−β1
ds

s

)

≤ c1t
γ(β1−β0)

( ∞
∫

ctγ

s−β1‖f‖Lq(Bs(x))
ds

s

)

≡ c1t
γ(β1−β0)J2(s),

�k+*.
J2(s) =

∞
∫

ctγ
s−β1 ||f ||Lq(Bs(x))

ds
s � c1 = β1

β0
c(β1−β0).

� � � � ��7 �

||f0||LM
β0
q,1,x

≤ J1(s) + c1t
γ(β1−β0)

p J2(s).
� Ê��

� ),-*.1.� � '�.�% ��7 ||f1||LM
β1
q,1,x

 8 ) 7 .�� �"�  �!"� � f1(y) = f(y) − f0(y),

||f1||LM
β1
q,1,x

=

ctγ
∫

0

s−β1‖f1‖Lq(Bs(x))
ds

s
+

∞
∫

ctγ

s−β1‖f1‖Lq(Bs(x))
ds

s
= J2(s).

� Ë��

� �"��7 .�% ���;� '�.�%"& � � Ê��2 � Ë�� � � ¾ �� "¢��,+*. 7Ô��7 .����

||Tf ||Mα
p,τ

≤ 2(1/p−1)+

( ∞
∫

0

(

sup
x∈Rn

(

t−α+α0M0(J1(s) + c1t
γ(β1−β0)J2(s))

+t−α+α1M1J2(s)
)

)τ
dt

t

)1/τ

.

Í
)0& &")0&
−α + α0 = −(1 − θ)α0 − θα1 + α0 = θ(α0 − α1) � −α + α1 =

−(1 − θ)(α0 − α1)
 �� �

||Tf ||Mα
p,τ

≤ 2(1/p−1)+

( ∞
∫

0

(

sup
x∈Rn

(

tθ(α0−α1)M0(J1(s) + c1t
γ(β1−β0)J2(s))+
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+t−(1−θ)(α0−α1)M1J2(s)
)

)τ dt

t

)1/τ

.

�Z.2-�) � 8 ) 7 .�%"� ( . � . 7 .�%"% ��� ctγ = y � ��! � ��� � ) �  !"� � γ = α0−α1
β0−β1 > 0

 
(�� -���! ��7

||Tf ||Mα
p,τ

≤ 2(1/p−1)+

( ∞
∫

0

(

M0c
−θ(β0−β1)yθ(β0−β1)

y
∫

0

s−β0 sup
x∈Rn

||f ||Lq(Bs(x))
ds

s

+ c1M0c
(1−θ)(β0−β1)y−(1−θ)(β0−β1)

∞
∫

y

s−β1 sup
x∈Rn

||f ||Lq(Bs(x))
ds

s

+M1c
(1−θ)(β0−β1)y−(1−θ)(β0−β1)

∞
∫

y
s−β1 sup

x∈Rn

||f ||Lq(Bs(x))
ds
s

)τ
dy
y

)1/τ

.

� ),-*.1.� ("����� 8 � .2+*. 7 8 ) 7 .�%"� ( . � . 7 .�%"% ��� s = ty ����� %"��� � .�%"%�. 7>� %"��.�� � ),-*.� � � �k+�)

||Tf ||Mα
p,τ

≤

≤ 2(1/p−1)+

( ∞
∫

0

(

M0c
−θ(β0−β1)

1
∫

0

t−β0yθ(β0−β1)−β0 sup
x∈Rn

||f ||Lq(Bty(x))
dt

t

+c1M0c
(1−θ)(β0−β1)

∞
∫

1

t−β1y−(1−θ)(β0−β1)−β1 sup
x∈Rn

||f ||Lq(Bty(x))
dt

t

+M1c
(1−θ)(β0−β1)y−(1−θ)(β0−β1)

×

∞
∫

1

t−β1y−(1−θ)(β0−β1)−β1 sup
x∈Rn

||f ||Lq(Bty(x))
dt

t

)τ dy

y

)1/τ

.

� �"��7 .�% ���¦� ¢ � ¢�5<.�%"% � .¤%�. � ) � .�%���� ��� � � %"& ��� ��& � � �£("�"� 0 < τ ≤ ∞ ���! � ��� � ) �  *!"� � θ(β0 − β1) − β0 = −β, −(1 − θ)(β0 − β1) − β1 = −β,
¢��,+*. 7

��7 .����

�������������������������� ª"%$!&�'!��( *-,	.0/21¡3�5�6 .0/21X9:*<;>=�?A@



���JÓ �m� Ù$��Ú � �1) 7 ¢�)�. � )

||Tf ||Mα
p,τ

≤

≤ 2(1/p−1)+M0c
−θ(β0−β1)

1
∫

0

t−β0

( ∞
∫

0

(

y−β sup
x∈Rn

||f ||Lq(Bty(x))

)τ dy

y

)1/τ
dt

t

+2(1/p−1)+c1M0c
(1−θ)(β0−β1)

∞
∫

1

t−β1

( ∞
∫

0

(

y−β sup
x∈Rn

||f ||Lq(Bty(x))

)τ dy

y

)1/τ
dt

t

+2(1/p−1)+M1c
(1−θ)(β0−β1)

∞
∫

1

t−β1

( ∞
∫

0

(

y−β sup
x∈Rn

||f ||Lq(Bty(x))

)τ dy

y

)1/τ
dt

t
.

� ����� 8 � .2+ � ��% ��� ) 8 ) 7 .�%"� ( . � . 7 .�%"% ��� ty = s
 (�� -���! ��7

||Tf ||Mα
p,τ

≤ 2(1/p−1)

+M0c
−θ(β0−β1)

1
∫

0

1

t−θ(β1−β0)

( ∞
∫

0

(

s−β sup
x∈Rn

||f ||Lq(Bs(x))

)τ ds

s

)1/τ
dt

t

+2(1/p−1)+c1M0c
(1−θ)(β0−β1)

×

∞
∫

1

1

t(1−θ)(β1−β0)

( ∞
∫

0

(

s−β sup
x∈Rn

||f ||Lq(Bs(x))

)τ ds

s

)1/τ
dt

t

+2(1/p−1)+M1c
(1−θ)(β0−β1)×

×

∞
∫

1

1

t(1−θ)(β1−β0)

( ∞
∫

0

(

s−β sup
x∈Rn

||f ||Lq(Bs(x))

)τ ds

s

)1/τ
dt

t
.

Í
)0& ��7Ò� ¢ � ) 8 ��7  7 � (�� -���! � - �Ì� '�.�%"&"�

||Tf ||Mα
p,τ

≤ 2(1/p−1)+

(

M0c
−θ(β0−β1)||f ||

Mβ
q,τ

+
β1

β0
M0c

−θ(β0−β1)||f ||
Mβ

q,τ
+
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+M1c
(1−θ)(β0−β1)||f ||

Mβ
q,τ

≤

≤ c2

(

M0c
−θ(β0−β1) + M1c

(1−θ)(β0−β1)
)

||f ||
Mβ

q,τ
,

�k+*.
c2 = 2(1/p−1)+(1 + β1/β0)

�
0�)��1� 7O� � �"��7§# ��%"&"' � 4 ϕ(c) = M0c

−θ(β0−β1) + M1c
(1−θ)(β0−β1).

� � - � / ��7
c =

(

M0θ
M1(1−θ)

)
1

β0−β1 ,
� � �H+�)

ϕ = M1−θ
0 M θ

1

(

(

θ

1 − θ

)

−θ

+

(

θ

1 − θ

)1−θ
)

= c3M
1−θ
0 M θ

1 ,

�k+*.
c3 =

(

θ
1−θ

)

−θ
+
(

θ
1−θ

)1−θ �"Í�)0& ��7£� ¢ � ) 8 ��7  

||Tf ||Mα
p,τ

≤ c4M
1−θ
0 M θ

1 ||f ||Mβ
q,τ

,

�k+*.
c4
8 ) ��� � � �$� � -���& �$� � ( ) � ) 7 .�� ����� p, β0, β1, θ.
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ÌÀÒÅÌÀÒÈ×ÅÑÊÀß ÆÈÇÍÜ

ÌÓÑÀÕÀÍ ÌÓÐÀÒÁÅÊÎÂ
(ê 60-ëåòèþ ñî äíÿ ðîæäåíèÿ)

Â àâãóñòå ýòîãî ãîäà èñïîëíèëîñü
60 ëåò çàìå÷àòåëüíîìó êàçàõñòàíñêî-
ìó ìàòåìàòèêó, ïðîôåññîðó Ìóñàõàíó
Áàéïàêáàåâè÷ó Ìóðàòáåêîâó.

Ìóñàõàí Ìóðàòáåêîâ ðîäèëñÿ 25
àâãóñòà 1953 ãîäà íà ñòàíöèè Åñïå
Øóñêîãî ðàéîíà Æàìáûëñêîé îáëà-
ñòè. Â 1971 ãîäó îêîí÷èë ñ ñåðåáðÿ-
íîé ìåäàëüþ ñðåäíþþ øêîëó � 308
ãîðîäà Øó è ïîñòóïèë íà ìåõàíèêî-
ìàòåìàòè÷åñêèé ôàêóëüòåò Êàçàõñêî-
ãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì.
Ñ.Ì. Êèðîâà (íûíå ÊàçÍÓ èì. àëü-

Ôàðàáè).
Ïîñëå óñïåøíîãî çàâåðøåíèÿ ó÷åáû â óíèâåðñèòåòå â 1976 ãîäó îí áûë

íàïðàâëåí ïî ðàñïðåäåëåíèþ íà ðàáîòó â Æåçêàçãàíñêèé ïåäàãîãè÷åñêèé
èíñòèòóò. Â ýòîì èíñòèòóòå îí ïðîðàáîòàë äî 1985 ãîäà, ïðîéäÿ ïóòü îò
ðÿäîâîãî ïðåïîäàâàòåëÿ äî çàâåäóþùåãî êàôåäðîé ìàòåìàòè÷åñêîãî àíà-
ëèçà (1982 - 1985 ãã.).

Â 1979 ãîäó Ì. Ìóðàòáåêîâ ïîñòóïèë â î÷íóþ àñïèðàíòóðó Èíñòèòóòà
ìàòåìàòèêè è ìåõàíèêè àêàäåìèè íàóê ÊàçÑÑÐ. Â 1982 ãîäó äîñðî÷íî çà-
êîí÷èë àñïèðàíòóðó ñ óñïåøíîé çàùèòîé êàíäèäàòñêîé äèññåðòàöèè íà òå-
ìó "Î ãëàäêîñòè ðåøåíèé âûðîæäàþùèõñÿ ýëëèïòè÷åñêèõ è îäíîìåðíûõ
íåëèíåéíûõ óðàâíåíèé Øðåäèíãåðà". Íàó÷íûì ðóêîâîäèòåëåì ïî äèññåð-
òàöèè áûë ïðîôåññîð Ìóõòàðáàé Îòåëáàåâ � íûíå àêàäåìèê ÍÀÍ ÐÊ.

Â 1994 ãîäó íà ñïåöèàëèçèðîâàííîì Ñîâåòå Èíñòèòóòà ìàòåìàòèêè ÀÍ
ÐÊÌóñàõàí Ìóðàòáåêîâ óñïåøíî çàùèòèë äîêòîðñêóþ äèññåðòàöèþ "Òåî-
ðåìû ðàçäåëèìîñòè è ñïåêòðàëüíûå ñâîéñòâà îäíîãî êëàññà äèôôåðåíöè-
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àëüíûõ îïåðàòîðîâ ñ íåðåãóëÿðíûìè êîýôôèöèåíòàìè". Íàó÷íûì ðóêîâî-
äèòåëåì ïî äèññåðòàöèè áûë ÷ëåí-êîððåñïîíäåíò ÀÍ ÊàçÑÑÐ, ïðîôåññîð
Òûíûñáåê Êàëüìåíîâ � íûíå àêàäåìèê ÍÀÍ ÐÊ.

Ñ 1985 ãîäà Ìóñàõàí Áàéïàêáàåâè÷ ðàáîòàåò â ãîðîäå Òàðàç: â 1985-
1996 ãîäû çàâåäóþùèì êàôåäðîé "Àëãåáðà è ãåîìåòðèÿ" Æàìáûëñêîãî
ïåäàãîãè÷åñêîãî èíñòèòóòà, â 1996-2004 ãîäû çàâåäîâàë êàôåäðîé "Òåî-
ðåòè÷åñêàÿ ìàòåìàòèêà" Òàðàçñêîãî ãîñóäàðñòâåííîãî óíèâåðñèòåòà èì.
Ì.Õ. Äóëàòè.

Â 2004-2005 ãîäàõ Ìóñàõàí Áàéïàêáàåâè÷ óñïåøíî ðàáîòàë çàìåñòè-
òåëåì äèðåêòîðà Èíñòèòóòà ìàòåìàòèêè ïðè Åâðàçèéñêîì íàöèîíàëüíîì
óíèâåðñèòåòå èì. Ë.Í. Ãóìèëåâà â ãîðîäå Àñòàíà, íî, íå âûäåðæàâ êëèìà-
òà, âåðíóëñÿ â ðîäíîé Òàðàç.

Ñ 2005 ïî 2010 ãîäû ïðîôåññîð Ì. Ìóðàòáåêîâ çàâåäîâàë êàôåäðîé
"Ìàòåìàòèêà è ìàòåìàòè÷åñêîå ìîäåëèðîâàíèå" Òàðàçñêîãî èíñòèòóòà
Ìåæäóíàðîäíîãî êàçàõñêî-òóðåöêîãî óíèâåðñèòåòà èì. À. ßññàâè.

Ñ 2010 ãîäà ïî íàñòîÿùåå âðåìÿ Ìóñàõàí Áàéïàêáàåâè÷ ðàáîòàåò çàâå-
äóþùèì êàôåäðîé "Ìàòåìàòèêà è ìåòîäèêà ïðåïîäàâàíèÿ ìàòåìàòèêè"
Òàðàçñêîãî ãîñóäàðñòâåííîãî ïåäàãîãè÷åñêîãî èíñòèòóòà.

Ïðîôåññîð Ì.Á. Ìóðàòáåêîâ âíåñ çàìåòíûé âêëàä â îðãàíèçàöèþ è
ðàçâèòèå íàóêè è îáðàçîâàíèÿ â Êàçàõñòàíå. Â 2005-2007 ãîäû îí ÿâëÿëñÿ
÷ëåíîì ýêñïåðòíîé êîìèññèè ïî ñïåöèàëüíîñòÿì ìàòåìàòèêà è èíôîðìà-
òèêà ïðè Êîìèòåòå êîíòðîëÿ è àòòåñòàöèè ÌÎÍ ÐÊ. Ñ 2008 ïî 2010 ãîäû
� ÷ëåí ñïåöèàëèçèðîâàííîãî äîêòîðñêîãî Ñîâåòà ïðè Åâðàçèéñêîì íàöèî-
íàëüíîì óíèâåðñèòåòå èì. Ë.Í. Ãóìèëåâà.

Ïðîôåññîð Ì.Á. Ìóðàòáåêîâ îïóáëèêîâàë áîëåå 140 îðèãèíàëüíûõ íà-
ó÷íûõ ðàáîò, èç êîòîðûõ 20 ðàáîò ïåðåâåäåíû çà ðóáåæîì íà àíãëèéñêèé
ÿçûê. Â òîì ÷èñëå 16 ðàáîò îóáëèêîâàíû â âûñîêîðåéòèíãîâûõ æóðíàëàõ
ñ èìïàêò-ôàêòîðîì ISI (The Thomson Reuters Impact Factor). Èì òàêæå
âûïóùåíû 3 íàó÷íûå ìîíîãðàôèè è 4 íàó÷íî-ìåòîäè÷åñêèõ ïîñîáèÿ äëÿ
àñïèðàíòîâ, ìàãèñòðàíòîâ, ìîëîäûõ ó÷åíûõ è ñòóäåíòîâ ñòàðøèõ êóðñîâ.

Ïðîôåññîð Ì.Á. Ìóðàòáåêîâ â 2009 è 2013 ãîäû ïî ïðèãëàøåíèþ ïðî-
ôåññîðà H. Beger (Ãåðìàíèÿ) ïðî÷èòàë öèêë ëåêöèé ïî ïðîáëåìàì ñïåê-
òðàëüíîé òåîðèè äèôôåðåíöèàëüíûõ îïåðàòîðîâ ñìåøàííîãî òèïà â Freie
Universitat Berlin.

Êðàòêî îñòàíîâèìñÿ íà îñíîâíûõ íàó÷íûõ ðåçóëüòàòàõ ïðîôåññîðà
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Ì.Á. Ìóðàòáåêîâà.

I. Ñïåêòðàëüíàÿ òåîðèÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ãè-
ïåðáîëè÷åñêîãî è ñìåøàííîãî òèïîâ

Â 1953 ãîäó ñîâåòñêèé ìàòåìàòèê À.Ì. Ìîë÷àíîâ óñòàíîâèë êðèòåðèé
äèñêðåòíîñòè ñïåêòðà äèôôåðåíöèàëüíîãî îïåðàòîðà Øòóðìà�Ëèóâèëëÿ
â áåñêîíå÷íîé îáëàñòè. Ïðèìåðíî ñ ýòîãî âðåìåíè íà÷àëñÿ ïåðèîä èññëå-
äîâàíèé ñïåêòðàëüíûõ ñâîéñòâ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ýëëèïòè-
÷åñêîãî òèïà â íåîãðàíè÷åííûõ îáëàñòÿõ. Â íàñòîÿùåå âðåìÿ â ýòîì íà-
ïðàâëåíèè ïîëó÷åíû ðàçíûå îáîáùåíèÿ òåîðåìû À.Ì.Ìîë÷àíîâà â èññëå-
äîâàíèÿõ ìíîãèõ ó÷åíûõ (Áèðìàí Ì.Ø., 1961 ã., Ïàâëîâ Á.Ñ., 1973 ã.,
Ìàçüÿ Â.Ã., 1973 ã., Îòåëáàåâ Ì., 1973 ã., è äð.).

Îäíàêî ìíîãèå ãîäû àíàëîãè÷íûå ïðîáëåìû íå èññëåäîâàëèñü äëÿ äèô-
ôåðåíöèàëüíûõ îïåðàòîðîâ ãèïåðáîëè÷åñêîãî è ñìåøàííîãî òèïîâ. Âïåð-
âûå â êîíöå 1980-õ � íà÷àëå 1990-õ ãîäîâ ïðîôåññîð Ì.Á. Ìóðàòáåêîâ ïî-
ëó÷èë ïèîíåðñêèå ðåçóëüòàòû â ýòîì íàïðàâëåíèè. Îí äîêàçàë òåîðåìó,
â êîòîðîé óñòàíîâëåíû íåîáõîäèìûå è äîñòàòî÷íûå óñëîâèÿ äèñêðåòíîñòè
ñïåêòðà äèôôåðåíöèàëüíûõ îïåðàòîðîâ ãèïåðáîëè÷åñêîãî è ñìåøàííîãî
òèïîâ â áåñêîíå÷íîé îáëàñòè.

Ñ ïîìîùüþ ýòîé ìåòîäèêè åìó óäàëîñü âïåðâûå ðåøèòü ñëåäóþùèå
ïðîáëåìû:

X íàéòè àñèìïòîòèêè ðåøåíèé äèôôåðåíöèàëüíûõ óðàâíåíèé ñìåøàí-
íîãî è ãèïåðáîëè÷åñêîãî òèïîâ ñ ñèíãóëÿðíûìè êîýôôèöèåíòàìè;

X óñòàíîâèòü ïðèíàäëåæíîñòü ðåçîëüâåíòû äèôôåðåíöèàëüíûõ îïå-
ðàòîðîâ ãèïåðáîëè÷åñêîãî è ñìåøàííîãî òèïîâ êëàññó σp;

X äîêàçàòü ïîëíîòó ñèñòåìû êîðíåâûõ âåêòîðîâ âûøåóêàçàííûõ äèô-
ôåðåíöèàëüíûõ îïåðàòîðîâ.

II. Òåîðèÿ ðàçäåëèìîñòè ãèïåðáîëè÷åñêèõ è íåëèíåéíûõ
äèôôåðåíöèàëüíûõ îïåðàòîðîâ

Ïîíÿòèå "ðàçäåëèìîñòü" áûëî ââåäåíî â 1970 ãîäó â ñîâìåñòíûõ èñ-
ñëåäîâàíèÿõ èçâåñòíûõ àíãëèéñêèõ ó÷åíûõ Ýâåðèòòà è Ãèðöà ïðè äîêà-
çàòåëüñòâå ãëàäêîñòè ðåøåíèé óðàâíåíèÿ Øòóðìà�Ëèóâèëëÿ. Â ñåìèäå-
ñÿòûå ãîäû ïðîøëîãî ñòîëåòèÿ ìîëîäîé òîãäà Ìóõòàðáàé Îòåëáàåâ íà÷àë
èññëåäîâàòü ðàçäåëèìîñòü äèôôåðåíöèàëüíûõ îïåðàòîðîâ ýëëèïòè÷åñêî-
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ãî òèïà. Ïðîäîëæàÿ èññëåäîâàíèÿ ñâîåãî ó÷èòåëÿ, ïðîôåññîð Ì.Á. Ìó-
ðàòáåêîâ îäíèì èç ïåðâûõ ïðåäëîæèë íîâûé ìåòîä èññëåäîâàíèÿ ðàçäå-
ëèìîñòè ãèïåðáîëè÷åñêèõ è íåëèíåéíûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ.
Èì ñóùåñòâåííî ðàçâèò ìåòîä Ì. Îòåëáàåâà, ïîçâîëÿþùèé èçó÷àòü ðàçäå-
ëèìîñòü áîëåå îáùèõ, ìíîãîìåðíûõ îïåðàòîðîâ è îïåðàòîðîâ ïåðåìåííîãî
òèïà, à òàêæå ãëàäêîñòü ðåøåíèÿ íåëèíåéíûõ óðàâíåíèé. Â ýòîì íàïðàâ-
ëåíèè ïðîôåññîðîì Ì.Á. Ìóðàòáåêîâûì ïîëó÷åíû ïèîíåðñêèå, ãëóáîêèå
ôóíäàìåíòàëüíûå ðåçóëüòàòû.

III. Àïïðîêñèìàòèâíûå ñâîéñòâà íåëèíåéíûõ äèôôåðåíöè-
àëüíûõ îïåðàòîðîâ

Â òåîðèè ëèíåéíûõ îïåðàòîðîâ äëÿ ðåçîëüâåíò ëèíåéíûõ è ñàìîñîïðÿ-
æåííûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ èìåþò ìåñòî ñëåäóþùèå çàìå÷à-
òåëüíûå ñâîéñòâà:

à) n-îå ñîáñòâåííîå ÷èñëî óêàçûâàåò n-îå ïðèáëèæåíèå ðåçîëüâåíòû
êîíå÷íîìåðíûìè îïåðàòîðàìè;

á) ïðè n →∞ ñîáñòâåííûå ÷èñëà ðåçîëüâåíòû λn ñòðåìÿòñÿ ê 0;
â) ñ ïîìîùüþ ýòèõ ñîáñòâåííûõ ÷èñåë ìîæíî ïîñòðîèòü n-ìåðíûé ïðè-

áëèæàþùèé îïåðàòîð.
Â ñâÿçè ñ ýòèì âîçíèêàåò ñëåäóþùèé âîïðîñ: ìîæíî ëè äëÿ íåëèíåé-

íûõ äèôôåðåíöèàëüíûõ îïåðàòîðîâ íàéòè ÷èñëîâóþ ïîñëåäîâàòåëüíîñòü,
îáëàäàþùóþ âûøåïåðå÷èñëåííûìè ñâîéñòâàìè? Îòâåò íà ýòîò âîïðîñ ïðî-
ôåññîðîì Ì.Á. Ìóðàòáåêîâûì äàí â ñòàòüå, îïóáëèêîâàííîé â 1991 ãîäó
â æóðíàëå "Äèôôåðåíöèàëüíûå óðàâíåíèÿ".

IV. Èññëåäîâàíèÿ â äðóãèõ îáëàñòÿõ

Ïðîôåññîð Ì. Á. Ìóðàòáåêîâ ïðîâîäèò èññëåäîâàíèÿ è ïî äðóãèì íà-
ïðàâëåíèÿì. Ñëåäóþùèå òåìû äàþò íåïîëíóþ èõ õàðàêòåðèñòèêó.

I. Ñâîéñòâà âûðîæäàþùèõñÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ ýëëèïòè-
÷åñêîãî òèïà: ðàçäåëèìîñòü â âåñîâûõ ïðîñòðàíñòâàõ; äâóõñòîðîííèå îöåí-
êè ñîáñòâåííûõ ÷èñåë äëÿ îïåðàòîðîâ ñ ðàçëè÷íûìè êîýôôèöèåíòàìè.

II. Óñòàíîâëåíû ñïåêòðàëüíûå ñâîéñòâà ëèíåéíûõ íåêëàññè÷åñêèõ äèô-
ôåðåíöèàëüíûõ îïåðàòîðîâ; íàéäåíû àïïðîêñèìàòèâíûå (÷èñëîâûå) ñâîé-
ñòâà ðåøåíèé íåëèíåéíûõ íåêëàññè÷åñêèõ äèôôåðåíöèàëüíûõ óðàâíåíèé.

Çàêàí÷èâàÿ îáçîð íàó÷íîãî òâîð÷åñòâà Ì.Á. Ìóðàòáåêîâà, â êà÷åñòâå
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åãî õàðàêòåðíûõ ÷åðò ìîæíî âûäåëèòü ðàçíîñòîðîííîñòü åãî ìàòåìàòè÷å-
ñêèõ èíòåðåñîâ, ôóíäàìåíòàëüíîñòü çíàíèé, âûñîêóþ ðàáîòîñïîñîáíîñòü,
íàó÷íóþ ïðîäóêòèâíîñòü. Ìóñàõàí Áàéïàêáàåâè÷ âåäåò áîëüøóþ ðàáîòó
ïî ïîäãîòîâêå âûñîêîêâàëèôèöèðîâàííûõ íàó÷íî-ïåäàãîãè÷åñêèõ êàäðîâ.
Èì ïîäãîòîâëåíû 18 êàíäèäàòîâ íàóê è îäèí ÐhD äîêòîð.

Ñåãîäíÿ ñ óâåðåííîñòüþ ìîæíî óòâåðæäàòü, ÷òî â ã. Òàðàçå ñëîæèëàñü
íàó÷íàÿ ìàòåìàòè÷åñêàÿ øêîëà ïðîôåññîðà Ì.Á. Ìóðàòáåêîâà. Â ãîðîäå
â òå÷åíèå áîëåå 27 ëåò ðàáîòàåò ìåæâóçîâñêèé ãîðîäñêîé ìàòåìàòè÷åñêèé
ñåìèíàð ïîä åãî íàó÷íûì ðóêîâîäñòâîì. Íà ñåìèíàðå íàðàâíå ñ ó÷åíûìè
âåäóùèõ íàó÷íûõ öåíòðîâ ðåñïóáëèêè - ãîðîäîâ Àëìàòû, Àñòàíà, Øûì-
êåíò, Àêòþáå è ò.ä. âûñòóïàëè è âûñòóïàþò ñ äîêëàäàìè ïðåäñòàâèòåëè
íàó÷íûõ øêîë Ãåðìàíèè, Ðîññèè, Óçáåêèñòàíà, Áåëàðóññèè, Êèðãèçèè.

Ìóñàõàí Áàéïàêáàåâè÷ ÿâëÿåòñÿ îáëàäàòåëåì ãîñóäàðñòâåííîãî ãðàí-
òà "Ëó÷øèé ïðåïîäàâàòåëü Âóçà" (2007), íàãðàæäåí çíà÷êàìè "Îòëè÷íèê
ïðîñâåùåíèÿ ÐÊ" (2002) è "Çà çàñëóãè â ðàçâèòèè íàóêè Ðåñïóáëèêè Êà-
çàõñòàí" (2003). Îí � ëàóðåàò â íîìèíàöèÿõ "Îòëè÷íûé ïåäàãîã" àêèìà
ãîðîäà Òàðàç è "Íàóêà" àêèìà Æàìáûëñêîé îáëàñòè (2012-2013).

Â íàñòîÿùåå âðåìÿ ïðîôåññîð Ì. Á. Ìóðàòáåêîâ ÿâëÿåòñÿ îäíèì èç
òåõ âåäóùèõ ó÷åíûõ � ìàòåìàòèêîâ Êàçàõñòàíà, êîòîðûé, äåéñòâèòåëü-
íî, èìååò ñâîå íàó÷íîå íàïðàâëåíèå èññëåäîâàíèé ñîâðåìåííûõ ïðîáëåì
ìàòåìàòèêè è âíîñèò äîñòîéíûé âêëàä â ðàçâèòèå êàçàõñòàíñêîé ìàòåìà-
òè÷åñêîé íàóêè. Ìóñàõàí Áàéïàêáàåâè÷ íàõîäèòñÿ â ðàñöâåòå òâîð÷åñêèõ
ñèë, âåäåò àêòèâíóþ íàó÷íóþ è íàó÷íî-îðãàíèçàöèîííóþ äåÿòåëüíîñòü íà
áëàãî ðàçâèòèÿ íàóêè è ìàòåìàòè÷åñêîãî îáðàçîâàíèÿ Ðåñïóáëèêè Êàçàõ-
ñòàí.

Ìû ïîçäðàâëÿåì çàìå÷àòåëüíîãî ìàòåìàòèêà � ïðîôåññîðà Ìóñàõà-
íà Áàéïàêáàåâè÷à Ìóðàòáåêîâà ñ þáèëååì è æåëàåì åìó êðåïêîãî çäîðî-
âüÿ, äîëãèõ ëåò ïëîäîòâîðíîé òâîð÷åñêîé äåÿòåëüíîñòè, ñ÷àñòüÿ, áîëüøèõ
óñïåõîâ.

Ðåäàêöèîííàÿ êîëëåãèÿ "Ìàòåìàòè÷åñêîãî æóðíàëà"
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Ïðàâèëà "Ìàòåìàòè÷åñêîãî æóðíàëà" äëÿ àâòîðîâ ñòàòåé

Îáùèå ïîëîæåíèÿ
Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ îðèãèíàëüíûå ñòàòüè ïî

îñíîâíûì ðàçäåëàì ñîâðåìåííîé ìàòåìàòèêè: òåîðèÿ ôóíêöèé, ôóíêöèî-
íàëüíûé àíàëèç, îáûêíîâåííûå äèôôåðåíöèàëüíûå óðàâíåíèÿ, óðàâíåíèÿ
ñ ÷àñòíûìè ïðîèçâîäíûìè, àëãåáðà, ìàòåìàòè÷åñêàÿ ëîãèêà, òåîðèÿ ÷èñåë,
ãåîìåòðèÿ, òîïîëîãèÿ, òåîðèÿ âåðîÿòíîñòåé è ìàòåìàòè÷åñêàÿ ñòàòèñòè-
êà, âû÷èñëèòåëüíàÿ ìàòåìàòèêà, ìàòåìàòè÷åñêàÿ ôèçèêà, ìàòåìàòè÷åñêîå
ìîäåëèðîâàíèå. Æóðíàë âûïóñêàåòñÿ åæåêâàðòàëüíî, ÷åòûðå íîìåðà ñî-
ñòàâëÿþò òîì.

Ñòàòüÿ äîëæíà áûòü íàïèñàíà íà âûñîêîì íàó÷íîì óðîâíå, ñîäåðæàòü
íîâûå, ÷åòêî ñôîðìóëèðîâàííûå ìàòåìàòè÷åñêèå ðåçóëüòàòû è èõ äîêà-
çàòåëüñòâà. Âî ââåäåíèè íåîáõîäèìî ïðèâåñòè èìåþùèåñÿ ðåçóëüòàòû ïî
òåìå ïðåäñòàâëåííîé ðàáîòû, äàòü êðàòêîå ñîäåðæàíèå ñòàòüè è îòðàçèòü
àêòóàëüíîñòü, íîâèçíó ïîëó÷åííûõ àâòîðîì ðåçóëüòàòîâ.

Ñòàòüè æóðíàëà ðàçìåùàþòñÿ â ñâîáîäíîì äîñòóïå íà ñàéòå www.math.kz
Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëèðîâàíèÿ ÌÎÍ ÐÊ, èõ
ðåôåðèðóþò ÍÖ ÍÒÈ (Êàçàõñòàí), Zentralblatt Math (Ãåðìàíèÿ).

Â "Ìàòåìàòè÷åñêîì æóðíàëå" ïóáëèêóþòñÿ ñòàòüè îáúåìîì äî 25 æóð-
íàëüíûõ ñòðàíèö. Ñòàòüè îáúåìîì áîëåå 25 ñòðàíèö ïóáëèêóþòñÿ ïî ñïå-
öèàëüíîìó ðåøåíèþ ðåäêîëëåãèè æóðíàëà. Ïðèíèìàþòñÿ ñòàòüè, íàïè-
ñàííûå íà êàçàõñêîì, ðóññêîì è àíãëèéñêîì ÿçûêàõ. Ñòàòüè ðåöåíçèðóþò-
ñÿ.

Òðåáîâàíèÿ ê îôîðìëåíèþ ñòàòåé
1. Ðóêîïèñü ñòàòüè äîëæíà áûòü ïîäãîòîâëåíà â èçäàòåëüñêîé ñèñòåìå
LATEX-2å è ïðåäñòàâëåíà â âèäå äâóõ òâåðäûõ êîïèé, à òàêæå â âèäå tex è
pdf - ôàéëîâ íà ëþáîì ýëåêòðîííîì íîñèòåëå èëè ïðèñëàíà ïî ýëåêòðîííîé
ïî÷òå zhurnal@math.kz, mat-zhurnal@mail.ru. Ñòàòüÿ äîëæíà áûòü ïîäïè-
ñàíà âñåìè àâòîðàìè. Ïðàâèëà îôîðìëåíèÿ ðóêîïèñè è ñòèëåâûå ôàéëû
ìîæíî íàéòè íà ñàéòå Èíñòèòóòà ìàòåìàòèêè è ìàòåìàòè÷åñêîãî ìîäåëè-
ðîâàíèÿ ÌÎÍ ÐÊ http://www.math.kz â ðàçäåëå "Ìàòåìàòè÷åñêèé æóð-
íàë".
2. Â ëåâîì âåðõíåì óãëó íåîáõîäèìî óêàçàòü èíäåêñ ÓÄÊ, äàëåå èíèöèàëû
è ôàìèëèè àâòîðîâ â àëôàâèòíîì ïîðÿäêå, ìåñòî ðàáîòû ñ ïî÷òîâûìè àä-



ðåñàìè, à òàêæå ýëåêòðîííûå àäðåñà, çàãëàâèå ñòàòüè. Íà îòäåëüíîì ëèñòå
ïðèëàãàþòñÿ íàçâàíèå ñòàòüè, ôàìèëèè è èíèöèàëû àâòîðîâ, êëþ÷åâûå
ñëîâà, ðåôåðàò íà ðóññêîì, àíãëèéñêîì è êàçàõñêîì (äëÿ àâòîðîâ èç Êà-
çàõñòàíà) ÿçûêàõ è èíäåêñ Mathematics Subject Classi�cation 2010. Ðåôåðàò
äîëæåí îòðàæàòü ñîäåðæàíèå ñòàòüè. Òàêæå ïðåäñòàâëÿþòñÿ ñâåäåíèÿ îá
àâòîðàõ, ìåñòî ðàáîòû, ïî÷òîâûé àäðåñ ñ èíäåêñîì ïî÷òîâîãî îòäåëåíèÿ,
íîìåð òåëåôîíà ñ óêàçàíèåì êîäà ãîðîäà, àäðåñ ýëåêòðîííîé ïî÷òû.
3. Ñïèñîê ëèòåðàòóðû ñîñòàâëÿåòñÿ â ïîðÿäêå öèòèðîâàíèÿ. Ññûëêè íà
íåîïóáëèêîâàííûå ðàáîòû, ðåçóëüòàòû êîòîðûõ èñïîëüçóþòñÿ â äîêàçà-
òåëüñòâàõ, íå äîïóñêàþòñÿ. Ñïèñîê ëèòåðàòóðû ïðèâîäèòñÿ â ñëåäóþùåì
âèäå:

Ëèòåðàòóðà

1 Ìûíáàåâ Ê.Ò., Îòåëáàåâ Ì.Î. Âåñîâûå ôóíêöèîíàëüíûå ïðîñòðàí-
ñòâà è ñïåêòð äèôôåðåíöèàëüíûõ îïåðàòîðîâ. � Ì.: Íàóêà, 1988. � 288 c.
(äëÿ ìîíîãðàôèé)

2 Æåíñûêáàåâ À.À. Ìîíîñïëàéíû ìèíèìàëüíîé íîðìû è íàèëó÷øèå
êâàäðàòóðíûå ôîðìóëû // Óñïåõè ìàòåì. íàóê. � 1981. � Ò. 36, âûï. (èëè
�) 4. � Ñ. 107-159.

Ðóêîïèñè, íå óäîâëåòâîðÿþùèå ïåðå÷èñëåííûì âûøå òðåáîâàíèÿì, âîç-
âðàùàþòñÿ àâòîðàì íà îôîðìëåíèå, äîðàáîòêó. Ðåäàêöèÿ îñòàâëÿåò çà ñî-
áîé ïðàâî íà îòêëîíåíèå ñòàòüè, åñëè åå ñîäåðæàíèå íå îòâå÷àþò òðåáîâà-
íèÿì æóðíàëà.
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