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100028, Kaparanma, yia. Yuusepcurerckas, 28, e-mail: akishev@ksu.kz

OILIEHKU JIMHENHbLIX IIOIIEPEYHUKOB KJIACCOB
B CUMMETPUYHOM IIPOCTPAHCTBE

B cTathe paccMOTpeHBEI CHMMETPHYIHOE MPOCTPAHCTBO MEPHOAWIECKAX PYHK-
nrii MHOTHX TepeMeHHBIX W Kiacc HuKombckoro-Becosa B 3TOM TpocTpaH-
cTBe. JloKa3aHBI ONEHKN CBepXY AWHENHOTO MoNlepeIHNKa Kiacca HuKombcKoro-
Becopa mo mopme mpocTpancTBa JlopeHTa.

KantoueBrie cioBa: cummempuuroe npocmparcmseo, xaace Hurxoavcrozo-Beco-
60, AUHETHDIT NONEPETHUK.

BBEJIEHUE

ITycts R — m - MepHOE €BKJIMI0BO TPOCTPAHCTBO TOUEK T = (X1, ..., Lm)
¢ BemecTBeHHbIME Koopmumartamu; [ = {& € R™; 0 < z; < 1; j =
1,...,m} —m - MepHBIil KyD.

Banaxoro npocrpancteo X uzmepumbix 1o Jlebery na I pyHxiuii Ha3bI-
BacTCA CI/IMMGTpI/ILIH]:—IM7

1. ecu uz roro, uro | f(x)| < |g(@)| mouru Berony Ha [™ u g € X ciaenyer,
aro f€ X u || fllx = llgllx;

2. u3 f € X u pasaousmepumoctu byukiwmii |f(2)| u |g(z)| cnemyer, aro
ge X ullfllx = llgllx (em. [1], c. 123).

Baeck u B nanpreiimeM || f||x osnauaer Hopmy snementa f € X.

© T. Axwumres, 2014.
Keywords: symmetrical space, Nikol’ski-Besov class, the linear width.
2010 Mathematics Subject Classification: 42A10.
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6 I Akumen

ITycts Ye(t) — xapakTepucrudeckas byHKImst MHOXKecTBa € C 7. OyHK-
mnst o(pe) = ||xe||x HaseBaerca dyunamentanbHoil DyHKIME TPOCTPAHCTBA
X, tne pe — mepa Jlebera muoxkectsa e. Takum obpazom, pyHIaMeHTaIbHAS
dbyuknus cuvmMeTpuaHOTO MpocTpancTsa X ecth dymrkuua o(t) = |[x[o.qllx
onpeaenennas Ha orpeske [0, 1]. Oynmamentanbuyo GbyHKImo ©(t) cummer-
PUYHOTO MPOCTPAHCTBA MOXKHO CUUTATH BOTHYTOI, HEYOBIBAIOIIEH, HEMPEPHIB-
Hoit Ha [0, 1] dyukuueit, npraem ©(0) = 0 (ewm. [1], ¢.137). Takne pynknum Ha-
spiBatorcst @ - pynknuavu. danee, X (@) o3HagaeT CHMMETPUYTHOE TTPOCTPAH-
¢TBO ¢ (pyHIaMeHTATbHON (DyHKIHEN (©.

Bynem paccmarpuBarh cenapabesibHbIE CHMMETPHYHBIE TPOCTPAHCTBA 1-
nepuoandecknx GyHkiwmii. [Ipumeps cenapabesbHbIX CUMMETPUYIHBIX MPO-
CTPAHCTB:

1. Ly(T™) = Ly — upocrpanctso Jlebera ¢ nHopmoit (cm. [2])

1/q
1= ([ emoras) . 1<q< s

m

Baeck u B gambreiimem 17 = [0, 27|,
2. Ilpocrpanctso Jlopenna Lgo(1T™) ¢ HopMmoii

0 [/t o 1/6
1f1lq0 = {a/ (/ f*(T)dT> t9<q_1>_1dt} < +oo,
o \Jo

1 <g< 400, 1< < +too, rue f*(7) — HEBO3pACTAIONIAS EPECTAHOBKA
dbyukmm | f(272)| (em. [1], c. 83).

Hns mawnoit dyukmmm ¢(t), ¢ € (0, 1] momoxum @(t) = ﬁ7 te (0,1 u
ap = lim My By = Tim @
i—0 (1) =0 (1)

U3BecTHO, 9TO [7151 JIIOOOTO CHMMETPHYHOTO TpocTpaHcTBa X () CripaBeinBeI
nepasenctsa 1 < a, < B, < 2.
Oynkuus f € Ly (1T™) = L (1T™) paznaraerca B pag Pypee

f@rz) ~ Y an (£ eIz e,

nez™m
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OrneHKy JTHHEHHBIX TOMEPEYHUKOB KJIACCOB 7

rae an( f) — xoaddunuenter Pypre byuxmun f € Ly (1) mo KparHoii Tpu-
rosoMeTpuyeckoil cucreme {42 1, i 7™ — mpocTpPaHCTBO TOUYEK n3 R™
C HEJIOUUCIeHHBIME KOOPauHaTamu. [1o10Kum

5S(f7 E) _ Z ak(f)ei<k,2wf>7

kep(s)

m
rie <g7'@> - Z Y;iZj, s :071727"'7
j=1

p(s) ={k=(k1,....km) €Z™: 21 <|kj| <2 j=1,....,m}.

Ilycts X (p) — cuMmmerpudnoe npoctpanctso u 1 < o, < [, < 2,
1 <6 <oour>0.Paccmarpusaiores knacesl Hukosckoro, becosa ([2], [3])

Bro—{1ex(0): (X 2 ||5s(f)||§<>1/9 <1},

S€Z+

i~ { £ e Xt s sup 27 Dl <1
SEL
[TpuBeneM onpejeseHne JTUHEHHOrO0 MOMepeYHNKa, KOTOPBIl ObLT BBEICH
B.M. TuxomuposeiM [4].

ONPEAEJEHUE. [Iycme W — mmnoorcecmso 6 danaxosom npocmpancmee X.
Tozda aunetinnti nonepewnur mhoorceemea W e npocmpancmee X (06osna-
wemea Ayp(W, X)) onpedeasemen cozaacho dopmyne

Au(W, X) =inf sup ||/ — Afllx,
A rew

ede inf Gepemca no ecem deticmeyrowum 6 X aunetinvim onepamopam A, pas-
MEPHOCTID 0BAGCTIU 3HAY%EHUT, KOMOoPHT e npesviuaem M.

i)+

B omromeprom cry4ae a71st xkmacca Cobosesa Wy mpu yemosun 1 > (
H3BECTHA CJIEAYIOMAs OIEHKA

=3 =

1

M (W, Lg) = M6
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8 I Akumen

rae ay = max{a,0}. D1o coorHomenne B caydae 1 < ¢ < p < 0o yCTAHOBIEHO
B paborax B.M. Tuxomuposa [4], aBcaygasx 1 <p<¢<2, 2<p<qg<oo
— P.C. Ucmarunosa [5], B.E. Maitoposa [6].

B MHOrOMEpHOM CJIy4ae OINEHKH JIMHEHHBIX MOMEPETHUKOB JIJist KJIACCOB
Cobonesa Wy, Hukonbckoro Hy, Becosa B, nonyunmn B.H. Temnsxos [7],
.M. Taznees [8], 9], A.l. Uzaax [10], A.C. Pomanrok [11], [12], I.B. Bazap-
xaHoB [13].

ey macToaAmell cTaThu HAUTH ONEHKW JUHEHHOTO MONEPEYHUKA BBITIE
onpesesentoro kiacca Bl g B npocrpancrse Ly (T).

Yepes C(p,q,r,y) 0003HAUUM MOJOKUTETBHBIE BEIUIUHBI, 3ABUCSIIIE OT
YKA3aHHBIX B CKOOKAX MapaMeTpoB, BOOOITE FOBOPst, PA3JIMYHbIE B PA3HbIX (HhOp-
mynax. 3amnck A (y) = B (y) o3Havaer, 94T0 CyMECTBYIOT NOJOXKUTETBHBIE [0~
crosimubie C, Cy takue, uto Cp - A(y) < B(y) < Cy - A(y).

1 BCMTOMOTATENBHBIE YTBEPXAEHM A

Cuadana npuBeseM HEKOTOPBIE JIOMOJIHUTENbHBIE 0D03HAUEHUsT U BCIIOMO-
raTeabHble YTBEPKICHNS.
IIycrs

— MOJMHOM O KPATHOIl TPHTOHOMETPHYECKOH cucTeMe nopsgaka n; € N mo
nepeMenHoit x;, j = 1,...,m. 31ech HepaseHcTro |k| < 7 noHUMAETCH B TOM
cumbicie, uto |kj| < nmj ansg Beex j =1,...,m.

ITycrs 1" 0bosmamaeT mpoctpancTso R ¢ HOpMOit

m

_ 1 _
7l = (3" lay") 7, 1< p < Hoo, Nallyp = max Jayl,p = +oo

=1

u B — enuundmbii map B [y’
B nasbHaeiimiem OyieM OJIB30BATHCS CJIEAYIONIUME YTBEPXK IEHUSAMU.

JIEMMA 1. (em.[14], aemma 4). ITycmo danor O-gdynxuuu ¢1(x) u ¢2(x), x €
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OrneHKy JTHHEHHBIX TOMEPEYHUKOB KJIACCOB 9

(0,1] u By, < agy. To2da dna Pyrryuu

da(z)
9(%) _ ¢1(m)7 VIS (07 1]7
0, z=0

cywecmeyem P-gynxuua 01(x), daa xkomopot g, > 1 u 01(x) = 0(zx), x €
[0, 1].

JIEMMA 2. [Tyemo X (), Y (¥) — cummmepunnoe npocmpancmea u 1 < By <
ap. Tozda das mobozo mpuzonomempuueckozo nosunoma Tn evinosnsemecs
HEPAGEHCTIE0
m -1
1/1(1_[]':1 Us )
m -1
@(Hj:l Us )
okazaTenbcTBO TeMMBI 2 IpHBeIeHO B [15].

JIEMMA 3. ([8],]9]). Hycmv 5 € N™, f € X(p(5)), Mg € Zy, Mg < 285D =
HT:l 2%, Tozda npu 1 < p,q < 400 cywecmsyem aunetinoiti onepamop Ay,
I(p(s)) — (p(8)), pasmeprocmo obaacmu 3nauenuti KOMOPO2o He NPECHIULG-
em Mg u maxotl, wmo

(5,1) (5,1) sIy(i_1
1 = Aage fllg = A, (B2, 271 )290670 1)

JIEMMA 4. (em. [16], [17]). HTycmoy M <m, 1 <p <2<g < +o0, 1/p+1/q¢>
1. Tozoa

[Tally <C 175l

" m 1_1 . 11 M
)\M<Bp,lq)xmax{mp q, mln{l, ma M 2} 1_E}'

2. OCHOBHGBIE PE3VYJBTATEI

TreOPEMA 1. Hycmv X(p) — cummempuywnoe npocmpancmeo, Lqr — npo-
empancmeo Jlopenya u logy B < 1/q < 1/2 < logyay, < logy B, < 1,
l<T<00, 1<0< 00, zde¢(t):ﬁ, tc(0,1).

Ecaulogy B, —1/q < r/m, mo

1
2
Mt (Bxo)y,» <Oy
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10 I, Akumes

Hoxkasameavcmeo. Ilycts f € By p. Jlna wucina M € N Beibepem HaTypasibHOE
quCIIo0 1 TaKoe, 4ro 27 < M < 2(nthm

Beenem o6osnavenne My = 25 ecmm s = 0,1,....,n u M, =
[28(mte)g=sma) ooy s =4 1,n+2,....

Us yenosus logy B —1/q <r/m, cnenyer, uro B, C Lq -(I™). HeticTsn-
TEJIBHO, B CUJTY CBO#CTBA HOPMbI U HEPABEHCTBA PA3HBIX METPUK B CHMMETDH-
HOM TTPOCTPAHCTBE (CM. JJEMMa 2) HOJTydnM

9] —S

1fllg.r <ZII5 Ngr < C Z ||5 Nlix-

o ¥
Hasnee, npumensis HepapeuctTBo L'ejibiepa Oyaem nMeThb
1

00 , . 1/6 , > 2—sm(%+a) '~ 1/6
< 87 I
- <c{ 2t} S Cogem) b

s=0 s=0

rne 1/0 + 1/60' = 1. U3 ycnosus log, B, — 1/q < r/m, ciaexyer, 910 paz

=\ 27

cxopurest. Crnenosarensuo [ € Ly-(1™). DruM 10Ka3aHo, 49TO ng C
Ly -(1™).

CorytacHo JiemMe 3 Jiiist KaykI0ro qucia Mg cymecTByeT JuHEHHBIH Hempe-
PBIBHBI oniepaTop A py,, /I KOTOPOTO BEPHO YTBEDPXK/IEHNE ITOH JeMMbl. Pac-
CMOTPUM JIMHEHHDBIN HenPepBIBHLIN omepaTop Ay panra M, aeiicTByiomuit Ha
dbyrrumio [ € By, 1o Gopmyie

A f(z Z A, 05

Bribepem uucio gg > g > 2. Toraa, Kax u BbIIIIe, MOXKHO JOKa3aTh, 4T0 BY 4 C
Lgo(T™). Hoatomy f — Apyf € Lgo(T™). Tax kax ¢ < qo, 10 Ly (T™) C
Lgr(T™) m

I/ = Asefllgr < CNS = Ana fllgo-

MATEMATUYECKUI *KYPHAJ 2015. Tom 15. Ne 1 (55)



OrneHku JTMHEHHBIX TOMEPEYHUKOB KJIACCOB 11

Tenepr npumensiem teopemy JInrtabsyaa — [aan (em. [2], C. 54) :

If = Amfllgr <CNF = Arrfllgo <

1/2
< < D 18s(f) = A0 (f)|2> llg0- (1)

s=n—+1

Tak xak 2 < go < +00, TO B CHIIY HepaBeHCTBA MuHKOBCKOTO 13 (1) momydnm

o 1/2
If = Aaefllgr SC( > 116:0) = Aa,8e(f )||q0> :

s=n+1

Bribepem umciio p, takoe, uto log, B < 1/py < 1/g0 < 1/q < 1/2. Torua s
CUJIY TOro, 4T0 logy Bz = 1 —logy a, mmeem logy ar, = 1 —logy B > 1 — 1/py =
1/po > 1/2. llo nemme 3 cpaBeyinBO HEPABEHCTBO

55(f) — A < O, (BE™ 127255 |5
105(f) = Ant, 05 (o M\ Bpo 5l o0 {|6(f)lpo-

IToaromy

- 1/2
sm 81 mi—i2
||f—AMf||q,Tgc< > N (BT )2 e w) ll5<f>||§o> -

s=n+1

o nemme 4 .
N, (BE" 27 ) < o2t MR,

’"qo

[Toaromy
oo ) 1/2
sm sm 1 _ Ly
||f—AMf||q,Tsc< S (2w E) e ||6s<f>||§0> -
s=n—+1

o 1/2
Sml
_ c( > oMit2 P0||53(f)||;2)0> :

s=n+1

MATEMATUYECKUHA KYPHAN 2015. Tom 15. Ne 1 (55)



12 I, Akumes

1
Tax kax logy oy, > 5g» TO IIPHMEHHA HEPABEHCTBO PA3HBIX METPUK J/If TPH-
TOHOMETPUYECKHUX MOJMHOMOB B CHMMETPHIHOM MPOCTPAHCTBE (CM. JieMMa 2),
MOJTY YU M

_sm

- 1/2
||f—AMf||q,Tsc< > Mt (ﬁf”ésm”%) -

s=n—+1

- 1/2
c< 3 Mﬁ(ﬁfﬂ&(m&)

s=n—+1

g nodoit pynkuun f € B ,.
Bsenem obo3nauenne

0o . ) 1/2

_ -1 2

J1 = < Y M <W) ||5s(f)llx> :
s=n+1

VunrsiBas 3uauenue qncen M, = [2707 )27 Gynen nvers

00 | ) 1/2
> 2 (=) ||5s(f)||§<> .

s=n—+1

(mta)
Jp <27 <

Tak kak log, 8, < r/m, 10 BbIOEpeM umcio @ > 0 Taxoe, uto log, B, <
r/m— «/2 < r/m. Caegosareabno, mo jgemme 1 1js hyHKIHH

cymecrsyer ¢ — dyukiua g; takas, 410 g =< ¢(1) u oy, > 1. [loaromy

72_Sm<%+%> <C —smyg—smE

an§§<3+oo gp(z—sm) B anS;nLoogl(z )2 B
—nma(L+1)
<COg27me) N0 27 < Oy (27 27OE < CW

an<s<+oo

MATEMATUYECKUI *KYPHAJ 2015. Tom 15. Ne 1 (55)



OrneHku JTMHEHHBIX TOMEPEYHUKOB KJIACCOB 13

nyst Beex s > n. CaeaoBaTenbHo,

) 1/2
(Z 2sma(ﬁ)2||6s<f>n%(> <

s=n-+1

2—sm(i—%)

00 "
: < 2 <g0(TW;”))2<2ST||5S(f)||X)2> <

s=n—+1
r_a 1/2

2—nm(;—§) S sr
<07<Z 2 2||53(f)||§<> .

a @(Q—RW) s=n-1

Torna

r_ o e 1/2
(m+a) 2_nm<ﬁ_§>
Ji< oottt 2 252|15.( )12
e <s§n+:1 .0l

g moboit yuknun f € BY , npu ycnosun log, B, < r/m. CienosareibHo

o 1/2
_nm 27 sr
I = A fllar < C27F s < > 2 2||63(f)||§<>

s=n—+1

Anst moboit pyukuun f € B, upu yeaosun logy By < 7/m.
Iycrs 1 < 0 < 2. Toraa npuMenss mepasencTso Mencena (em. [2], ¢.125)

HOJLYy YUM

s=0

- 1/6
_nm 27 sr
If =M fllyr < C27 oy <Z2 9||58(f)||§<>

Anst moboit pyukuun f € By, upu yeaosun logy By < 7/m.
Iycrs 2 < 0 < +o0. Toraa nonaras 8 = 0/2, 1/8+1/8 = 1 u npumenss
HepaeeHcTBO lenbiepa, OyjeM uMeTh

0 1 2 V2 - v
<Z 2sma<m) ||5S(f)||§(> < <Z2379||53(f)||§<> x

s=n—+1 s=0

MATEMATUYECKUHA KYPHAN 2015. Tom 15. Ne 1 (55)



14 I, Akumes

1
o0 T [« 537
o—sm(—5) 28"\ 26
X < Z ( (2—sm) ) )
s=n—+1 ©
Tak xax logy B, < r/m —a/2 <r/m, 10 u3 geMMbl 1 cieayer, 4To
1
X o=sm(—5)\ 23\ 2F o—nm(—5F)
> () ) <Oy
s=n—+1 © ©

[Toatomy

a

( > 23””‘“(@)2”63@)”%() S (Z?S”‘)Hé ||X>
s=n+1

npu yciaosun logy B, < r/m. CrenosareibHo,

Gy 277G 5)

J <o
! p(27mm)

B ciaydae 2 < 0 < 400 s moboit gyukiun [ € B, upu ycaosun log, f, <
r/m. Torga
o—nr

Al <R
Hf Mf”% g0(2—nm)

B caydae 2 < ¢ < 400, ans 060 Gynkuun f € By, npu yenosuu logy 5, <
r/m.
Takum obpaszom,

2—7’L7‘

Al < BT
Hf Mf”% g0(2—nm)

Anst moboit gyukuun f € BY , upu yeaosuu logy B, < 1v/m, 2 < 0 < +oo.
CrnenoBaTeabHO,
2—nm(#+%)
SC—Fr——
7 p(277m)

npu ycaosun logy B, < r/m, 1 <60 < +oo. Teopema gokazana. O

)\M <B§(79>Lq,

MATEMATUYECKUI *KYPHAJ 2015. Tom 15. Ne 1 (55)



OrneHku JTMHEHHBIX TOMEPEYHUKOB KJIACCOB 15

TrEOPEMA 2. Hycmv X(p) — cummempuywnoe npocmpancmeo, Lqr — npo-
empancmeo Jlopenua u 1/q < logy g, logg ay, <logy B, <1, 1 <7 < o0,

1 <0< o0, 2dep(t) = ﬁ t€(0,1). Bcaul —1/q <r/m, mo

>.

[V

M (Bxg), . < oM Gn T~
q

Aoxasamesvecmeo. llycrs f € B . B cuny HepaBeHCTBa TPEYrOIbHUKA, JEM-
MbI 2 U HepaseHcTBa l'esibaepa Oynem uMerh

lar = 3 (S 1801y <

s=n—+1

= sro 0 Ve 2—sm(i+%) o v
<\ 2k ) (X (e ) | (1)
p(275m)
s=0 s=1
e 1/60+1/6' = 1.

Tak kak 1o ycaosuio reopemsl 1 —1/g < r/m u ussectHo, 4to logy f, < 1,
to log, By, < 1/q + r/m. llosTomy u3 nemmsl 1 cienyer, 4To

m

Z(W)O/ < +o0.

s=1

2—sm(i+%)

Torna us (1) nomyanm B g C Lg - (TT).
Teneps BeIGEpEM HUCTO Py TaKoe, 4o 1/q < 1/py < log, ap. Torna 1/py =
L —1/py > 1 —logyag = log, f,. /
Brune mbr nokasamu, uro BY g C Ly (1) n n3 nepasencrsa 1/q < 1/p,
caenyer, 4to Ly (1) C Lpg (T™). Cnenoparensro By o C Lpg (rm).
Ucnonbayst meMMy 2 MOXKHO J0KA3aTh, ITO

>

—sm/q |7 T
||f||q,Tsc{z(ﬁ) ||5s(f)||§<} . @)

s=0

Teneps x dyuxmmn f — Ay f € L, (I™) npumensiem Hepasenctso (2). Torma
0

s=0

0 /T
If = Anifllar <€ (Z 2= VOT16,(f) = Aaa 05 (NI, ) SC)
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16 I, Akumes

anee, moab3ydaCch JTEMMOI 3 IPU ¢ = Pp, TOTYIUM
18:00) = Aa, bl < Ao, (B2 )2 0010 5,1 .

ITosromy u3 HepaBeHCTBA (3) HAXOAUM

Al

1

ad Sm(%_fﬁ— sm 51T sm <LL/ T
||f—AMf||q,Tsc<zz SN (B )2 e >Ilpo> =
s=0

) 1/7
sm L_l sm 81 T
C<Z2 Go=a)™) (Bgo 712 )||5S(f)||p0> : (4)
s=0

Tenepns nmpuMmensieM gemMMmy 4 pu ¢ = pz). Torga uz (4) moayunm

o o 1/7
(= —Lyr (T o —INT T
If = Anifllgr < C <Z2 500 (2 ro M 2) ||6S(f)||po> -
s=0

1/7
. (Zzsml 2||5<>||;0> - )

Tak xax logy B, < 1/pog, TO

16s(N) lpo < CllIs(Hix-

IMosromy u3z (5) caemayer, 94To

1/7
If = Aufllgr <C <Z2sm UM s f )||§<> - (6)

Buauenns uncen Mg = [2m 257 noncrasum B (6)

~ 1/7
sm(1-L)r —n{m-+ta)osmo Z T
||f—AMf||q,TgO<§ 27T (gl >2ll5s<f>||x> -
s=0

o 1/7

ta sm(1=)7 (osma\ T o—srrosrt T

; (Z? (107 (gema) Gy-erry ||5s(f)||X> NG
s=0
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OrneHku JTMHEHHBIX TOMEPEYHUKOB KJIACCOB 17

Ecnu 7 < 0, 10 B cujty TOrO0, 9TO O YCJIOBUIO TeopeMbl 1/m > 1 —1/q, Beibepem
MOJIOKUTETBHOE YHCI0 (¢ Takoe, 910 1 — 1/q¢ < r/m — a/2 < r/m. Torna uz
HepaBeHcTBa (7), yanThiBast HepaBeHcTBO Mencena (cum. [2], ¢.125), momyanm

0

1/7
mta  _pm( L& i SrT T
1f = A fllgr < C27775% 27l =5 7110) <Z2 ||5s(f)llx> <

s=0

- 1/6
< TG (Z 2“9||5s(f)||§<>
s=0
Anst moboit pyukuun f € By, upu yenosun 7 <0, r/m >1—1/q.
Takum obpaszom

1 T 1
If = Aarfllgr < C27 T (8)
aag moboit byukun f € BYy o npu yenopnn 7 < 6, v/m > 1—1/q.
Ecnu 6 < 7, To npumensisi HepaBeHcTBo Lenbaepa ¢ mokasarenem 3 = 7/6,
1/6+41/5 =1, u3 nepasencrsa (7) momydnm

D=

1 1
_pmta ad s > —sm( T —a_141y:45 8
1f=Anrfllgr < C275 (Zz "||6s<f>||§<> (Zz (3 ”qW)
s=0

s=0
Bribpas uncia a: r/m — /2 —1+1/q > 0, nonyuum
S 1/6
pere r_a_q41
If = Aasfllgr < C27775° (Z 2“‘“’||6s<f>||§<> gl g 1)

s=0

nuig moboit dynkuun f € B, npn ycaosun 6 < 1, r/m > 1 —1/q. Cinenosa-
TENLHO,

S

> 9)

Anst moboit pyuxuun f € By, upu yenosun 6 <7, 7/m >1-1/q.
Takum 006pasom, u3 HepaseHcTs (8), (9) caenyer, 910

—nm( L4+
1f = Anr fllgr < C27mta

)

Q=
[l

sup || f — Anrfllgr < C27
fGBg(ye
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18 I, Akumes

st Beex 1 < 6 < 4oo, 1 <7 < 400, mpu yeaosuu r/m > 1 —1/q. Teopema 2
JIOKa3aHa. O

Pabora BeimosHena npu buHAHCOBOI momaepKke rpanrta 0740/1'd KH
MOH PK.
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Axkpimes . CUMMETPUAJIBIK KEHICTIKTEI'T KJTACTAPIBIH,
CBIBBIKTHIK KUMAJIAPBIH BATAJTAY

MakaJsaa KenaiHbBIMAJIbI HEPUOATHI (DYHKIUSAIAD/IBIH CHMMETPHSAIBIK, Ke-
HicTiri kome ocbl KeHicTikTeri Hukonbckuii-BecoB Kiackl KapacTBIPBLIFAH.
Hukonbcknii-BecoB KIACHIHBIH CHI3BIKTHIK, KHMAJIAPBIHBIH JIOpeHT] KeHiCTIriHig,
HOPMACHIH/IA XKOFapbIIaH Harajiay/iapbl TaAObLIFaH.

Akishev G. THE ESTIMATES OF THE LINEAR WIDTHS OF CLASSES
IN THE SYMMETRICAL SPACE

In this paper there are considered symmetrical space of periodic functions
of many variables and Nikol’ski-Besov class in this space. There are proved the
estimates from above of the linear widths of Nikol’ski-Besov class in the norm
of the Lorentz space.
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HEJIMHEMHOE BOCCTAHOBJIEHUE
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B pabore crpountcs HemHEHHBIH MeTOM TPUOINKEHHOTO BOCCTAHOB/IEHUST TICEB-
nonuddepeHIMIATBPHBIX OMEPATOPOB ¢ CHMBOJIAMH M3 CIIENHAJBHBIX KJIACCOB.
Jlatorcs ONEHKH TOrPEITHOCTH HA eIWHWYHBIX I[Mapax HTOAXOAANmX (yHK-
MHOHAJBHBIX TPOCTPAHCTB THma Hukombckoro-Becosa uw Tuma JlmsopkmwHa-
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BBEIEHUE

[Tycts N, Z, R, C — MHOMXKeCcTBa HATYpPAJbHBIX, IEJIBIX, IeHCTBUTEIBHBIX U

KoMILTeKCHBIX 4ncen coorBercTBenHo; Ng = N U {0}; Ry = (0, +o0); mus
m € Nz, = {1,2,...,m}; T™ = (R/Z)™ — m-mepusiii top. Insa z =
(@1, &m), Y= (Y1, .., Um) € R™ monoxum 2y = 21y1 + . .. + TmUm, ||2|| =

Vrex, |x) =z + .o 4 o]y |2 = max{|ak] 1 k € 2}
[Tycte S(R™) n S'(R™) — npoctpancTia llpapna npobubix dbyHkmii u
pacipezenennii ma R™ cootsercrsenno; f = Fp(f) u f = F,1(f) — npavoe
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Heuneiinoe Boccranorienue ncepiopudpepeHuaibHbx oneparopos 21

u obpaTHoe npeobpazopanus DPypre [ € S'(R™). Hamee, nycts S'(T™) —
IPOCTPAHCTBO 1-TIepHOANYecKux (10 BCeM NMEPEMEHHBIM) PacIpe/esennii, T.e.
coBokynHocTh Beex [ € S'(R™) rmakux, uto (f, (- + A)) = (f, ) nns Beex
v € S(R™) u mobeix A € Z™. Xopomo uzsectno, uro f € S'(T™), ecnin u
ToMBKO ecru supp f C Z™, T.e. pacupeernenne [ obpamaercs B 0 Ha OTKPBITOM
mHOKecTBe R7\Z™.

Paccmorpum rmapxmit cumsonr ¢ @ R™ x R™ — C (re. ¥(-, ) €
C*®(R™ x R™)) n rnagxuii nepuogndeckuii cumpon ¢ @ T™ x Z™ — C (re.
Y(-,&) € C°(T™) naa kaxmoro £ € Z™) u coorBeTcTByOMNe UM HOpMaib-
Hble nceBgonnddepeninanbubie onepatopsl (1110)

W(a, D)« f(x) — pla, D) f(x) = | FE(a,&)e? e dg,

Rm
o D) - o D _ TN 2mikx
U(x, D) : f(x) — ¥(x, D) f(z) Fw(x, §e ™.
gegm
BeesieM crienytormue Kiaaccel ciMBoJioB ("Tuma nmponssefenus” npu n > 2).
Gukcupyem n € N, n < m, u Bekrop m = (my,...,M,) € N* ¢ |m| = m
m=m,ectun=1,m=1=(1,...,1) € N ecmu n = m). llpeacraBum
r=(21,...,0n) ER™seuge x = (2},...,2"), tne 2’ = (Tw, 1 11,---,%k,) €
R™: kg = 0,k = m1+ ... + my; Ky = {kp—1 + 1,0k}, ¥V € 2. Hiist
A= (A1,..., Apy) € NJ monozkum
Al
o4 AA:ATlo...oA;‘{",

EREPSY o’
Oyl ... Opm

3J1eCh Aé" — KOHEYHasi pasHOCTDb MOPSIIKa A (¢ marom 1) mo k—ii mepeMeHHoi,
K € Zp,.

ONPEJAENEHUE 1. ITyemv t = (t1,...,t,) € R = (Ky,...,K,) € N™.
Tozda

1) cumeon (x, &) npunadsescum xaaccy W™ = WRNR™) ecay dan aroboux
AENT ¢ A\ S Ky, k € Ry, V € 2y, up € NI natidemes nocmoannas ¢y, > 0
MaKas, “mo

020k, O < exp [T L+ 1ENYTN 26 e R™

VEZn
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22 J1.B. Bazapxanos

ii)  nepuoduneckuti cumeon Y(x,€) npunadaesrcum waaccy WA =

WA T ecqu dna mobvoir N € NI ¢ Ay < Ky, k € Ry, V € 2y, u jt € NP
natidemca nocmoannas ¢y, > 0 maxas, “mo

A2k, ) < expe [T+ 1NN, 2 eTm ez

vEZy,

Ormerny, aTo pn N = 1 Kiace cumposos W™ ecrn mspecTHbIH Kiace
JI. Xepmangepa S, KoTopblit urpaeT BayKHYIO poJib B Teopun auddpepeniu-
AJIbHBIX OMEPATOPOB ¢ MepeMeHHBIMI KoadbduimeHTaMu; ¢M., Hanpumep, [1].
[Mpu n = m > 2 11 Kjacchl cofepKar cumpoiibl 1110 cMmemannoro Tuma.
B neckonbko Gosee obmem caydae 1 < n < m rtakue [0 ecrecTBeHHBIM
00pa30M BOZHUKAIOT B CBA3M (PYHKIMOHATLHBIME IIPOCTPaHCTBaMK "THIIa Mpo-
usBesenus" | cM., HampuMep, [2]-[6], [7, ch. 11, §5.20-5.23, ch.III, §5.27].

Uz kmacca W'R™(I™) ¢ HOMOMIBIO JONONHUTENBHBIX YCIOBHI ITIAKOCTH
BhLIENM Kiaace WEYR™ (™),

ONPEAENEHUE 2. [lyems 1 < 9 < o0; t = (t1,...,t,) € R?, v =
(V1,...,00) € RN € = (e1,...,60) € [0,1]% & = (Ky,...,K,) € N*. To-
2da

i) cumson ¥(x, &) € WA npunadaesrcum xaaccy WEGA™ = PuRmRm),
ecau 0asn ot A € Ni* ¢ A\, < Ky, Kk € Ky, V € 2y, u 1 € N§° u 106020
z C 7,(2 # @) natidemca nocmoannad cy,(z) > 0 maxaa, wmo (z =z, \ 2)

02084 (, €) | B3| < exp(z) [J (1 + v [y~ Hows

vez

[T+ pperppemre el g ¢ e R™
VEZ

ii) nepuoduueckuti cumeon P(x, &) € WR™ ppunadaeorcum waaccy

\T!;%ﬁm = WLYANT™), ecau dan a6z X € NJ* ¢ A\ < Ky, k € Ky, V € 7y,
u € N§¥ u 06020 2 C 2(2 # D) natidemes nocmoannas cx,(z) > 0 maxas,
wmo

A28 (x, €) | BL 5|l < explz) [J (1 + [yt X T Hover

vEz

ana Bekropa ¢ = (a1,...,an) € R" w2z C z,(z # @) depes a, 0603HATAEM BEKTOD
(ay : v € z7)
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[T e ms1l,  wermeeczm

VEZ

Uz My
oo P

(31ech Hopma || - | B
(¥ :vezn)).
B macrogmeii pabore cTpoNTCs HEJMHEHHBIH MeTO/ MPHOINKEHHOTO BOC-

(I, &, I™ )|l mpumensierca no "mepemennoit” x” =

cratnopienns [1/10, KOTOpEIil 1aeT XOPOIYIO MOrPENTHOCTh TPHOINKEHUS 15T
kaxkgoro [1/1O ¢ cumBosom n3 kiacca \I!:_%ﬁm (cM. Ompefienenne 2 HiKe) Ha
9JIeMEHTaX MOJXOAAMNX (DYHKIMOHATIBHBIX TpOCTpaHcTB Thia Hukomabckoro-
Becosa B;(T™) n tuna Jlnsopkuna-Tpubena Ly 7(T™).

1(DyHKHHOHAﬂbem]HPOCTPAHCTBA

Iycrs Ly(I'™) (1 < p < 00) — HPOCTPAHCTBO H3MEPUMBIX (QYHKI[HIL
[ I™ — C, cymmupyeMbIX B cTeneHH p (OpH p = 0O CYIIECTBEHHO Orpa-
Hndennbix) Ha I, co cramnaprroit Hopmoit || f | Ly(I™)||; smecs I € {R,T};
L, = L,(R™), L, = L,(T™). dcuo, uro nust f € Ly (C S'(R™)) ug € Iy
(c&(T™))

F& = [ f@e e e R, Ge) - / g(2)e " de € € T,
R™ m

Hanee, £, = £,(N7) (1 < ¢ < 00) — HPOCTPAHCTBO YUCIOBLIX MOCTIEI0BATENb-
HOCTeH (o) = (Ga)aens C KOHEUHOH HOPMOIT

I(aa) gl = (D jaal9) " (1 < g < 00), [[(@a) [ Locl| = sup(laal = o € Nj).
aeNy

Ly(Lyp(I™)) (coormercrBenno, L,(I";£,)) — mpocTpancTBo (DyHKINOHAIBHBIX
nocneopaTebroctelt (ga(2)) = (ga())aenz, © € I, ¢ Konednott Hopmoit

[1(gar) [ £g(Lp (TN = [[(llgar [ Lp(@™) 1) [ £ |

(COOTBGTCTBGHHO7

1) [ Lp(T™; £q]l = lI(gal-)) [£qll T Lp(T™)])-

Temneps onpegennm (mM—KparHoe) pasbuenne eaununbl Ha R™. Bribepem
dbyuxmun ngy € SR™) (v € z,) Takue, o 0 < 7§ (£¥) < 1, &Y € R™;
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no (5”) =1, ecan €] < 15 1 () = = 0,ecmit €] > 3/2 (v € 2n). Hoio-
KnuM 1Y (5”) = ( LYy — my (EY); ny (f”) = (2 Jtleny j € N, Toraa
{17(€"), j € No}

— rajKoe pazbuenne enuuuiel (o "Kopumopam" ) va R™ (v € z,,), a

{7704 H 7704,, 7 (alv s Oén) € Ng}

— (m — xparHoe) rajKoe pasbuenne exuHuUIb Ha R
(m — kparHoe) p B
Haxoner, BBegeM omeparopbl AL = ALF - §/(R™) — S/(R™) u Al =
AZT L S(T™) = S/(T™) caenyomum o6paso:

AL(fyx) = AR(f ) = F () (@) = na + f(2)

(cBepTKa MOHMMAETCsT B CMBICTIE TEOPUH paciipe/le/IeHuil ),

AL(f2) = AT (fox) = Y Tl (P

gezm

ONPEAENEHUE 3. [Iycms § = (51,...,8,) €RY, 1 <p,qg <oo; 1€ {R,T}.
I. IIpocmpancmeo muna Huxoavcrozo-Becosa By (I™) cocmoum us ecex
pynxyut [ € Ly(I™), daa komopour Koneuna nopma

IF1 By 1| = (122 AL, 2)) | Lg(Lp(@T™)]]-

II. [pocmpancmeo muna Jlusopxuna-Tpubean L7 (I™) (p < oo) cocmo-
um us scex gynkyut f € Ly(I™), daa xomopvir Konewna nopma

IFI L@ I = (2 AZS,2)) | Lp(T™5 ) -

Edururrvie wapve BEPHI™) w LIPHI™) smuzx npocmpancme 6ydem nazvieamo

kaaccamu muna Huxoavekoeo-Becosa u Jlusopruna-Tpubeas coomeememeen-
. sm s5m m sm 5m m

no; noaooicum padu xpamxocmu Aj = AZRR™) ATT = AZ(T™), 2de

Ae{B,B,L,L}.
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2 HPELLBAPI/ITEI[beIE CBEJAEHWA: HAWJIYYHIINE N-4JIEHHBIE IIPU-
BJINYKEHWA 1 2KAJAHBIE AJI'OPUTMDI

[Tycts X — 6anaxoBo mpocTpatcTBo ¢ HOpMoit || - | X||, & = (¢, 11 € T) —
cucteMa smeMeHToB 13 X ( J — (cueTHOe MHJIEKCHOE) MHOXKeCTBO). Bemmanna

on(f, &, X) =inf{||f =Y e¢ | X[||c,€C(1el), ICT: tT=N}
1€T

Ha3bIBAETCs HAWIy MM N-4JIeHHBIM NpHOInzKeHneM sieMenTa f € X 1o cu-
creme ¢ (N € Ny). dnsa maoxectBa ' C X momoxum

O-N(Fv(I)7X):Sup{O-N(qu)7X)|f€F}' (1)

OTMmeTM, 4To BlIepBble HauaydIe N-djieHHble TPUOINZKEHIsT 3JIEMEHTOB
f runbbeprosa npocTpancTBa Lo 10 OPTOHOPMHUPOBAHHOMY Ga3UCY MOSIBUINCH
B pabore [8]: UMeHHO B TePMHMHAX THX BeTUINH (HPOPMYIUPYETCs U3BECTHBIN
kputepuit C.b. CreuknHa abcoJIOTHON CXONUMOCTH psifia U3 KoM PUITHEHTOR
Oypre asiemenTa [ 1m0 aToMy Hazucy.

Wcenenosannio Hauaydmux N-4IeHHBIX TPUOIHMKEHU 1 pasindHbIX He-
JIMHEHHBIX METOMOB MPUO/IMKEHUsT JJisi TeX WM HHBIX MHOXKECTB (KJIaccoB
dyukmmit) F, cucrem (6asncos, ciaosapeii, ...) ® u obbemmomux (pyHKIHO-
HAJIbHBIX) TPOCTPAHCTB X M COOTBETCTBYIOIMINX METOIOB BOCCTAHOBJICHUS OIle-
paTopoB MocesMeHo MHoTo pabot. ObcrosTenbhble 0630pel 9], [10], [11] u Mo-
Horpadiust [12] moKaswIBAIOT, YTO HHTEpeC K HeJMHEHHO MpobieMaTHKe B Teo-
puM NpUGINKEHUI He 0CTabeBaeT, TaM ¥Ke TPUBEIEHb JOCTaTOYHO MoApobHasT
HUCTOPHS Bolipoca u obmupHasi 6ubiuorpadus.

B nacrosieil paboTe JaloTces MPUIOKEHHs ONEHOK HAMMYdImuxX N -4IeHHbIX
npubkenuii (1) 1 OMeHOK MOIPETHOCTH TaK Ha3bIBAEMbIX YKAIHBIX aJITOPUT-
MOB JIJIsl KJTacCOB TMaIkux pyHKIuil F' o crucreme BCIIECKOB B KJIACCH YECKUX
QYHKIMOHATBHBIX MPOCTPAHCTBAX, MOJYUEHHBIX aBTopoM [13] K mpubimken-
HOMY HEJIMHEHHOMY BOCCTAHOBJIEHUIO MCEB 10N pepeHIalbHBIX OlIEPATOPOB.
A wMeHHO, TOYHBIE B CMBIC]IE€ MOPsiiKa OlleHKH BennauH (1) B caydae, Korja
X = L(T%) (1 < r < 00) — (1eBeropo) GpyHKIHOHATLHOE TPOCTPAHCTEO
Ha k-MepHOM Tope, & = W™ — m-KpaTHas cHCTeMa MNEPUOIUSHPOBAHHBIX
BemieckoB Meiiepa (eM. pasmen 3), a F — dyHKIMOHAIbHBIE KJIacChl THIIA
Huxkonbsckoro-Becosa BZS,Z”‘(']I‘]“) wnn tuna Jlusopkuna-Tpubemns LZS,Z”‘(']I‘I“) (eMm.
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pazgen 2, Onpenenenne 3) u3z [13] TpUMeHSIOTCS K BOCCTAHOBJICHUIO MCEBIIO-
JudpepeHIuaIbHbIX OTIEPATOPOB U3 KJIACCOB \Ifz%ﬁm.

Hanomuum onpejiesienue KpaTHOM CHCTEMbI I€PHOJM3HPOBAHHBIX BCILIEC-
koB W™ (cum. [13]). lycts ¥(1) — HederHas Geckoneuno nudrpepeHnnpyemast
dyukuus, paguas 7/4 npu 7 > /3 u —x/4 upu 7 < 7w/3. Hanee, (1) —
deTHas1 (BYHKIAS, 38 aBaeMast (POpMYIToi

w/4+ 7T —m), ecnm T € [21/3,47/3];
Y(1) = 7/4—=H5 —7), ectm T € [4n/3,87/3;
0, ecan T € [0,27/3) U (871/3, 00).

Torna

wO(t) = / 1 os(tr) cos((r))dr
0

™

8n/3
wh(t) = 1 / cos((t —1/2)7) sin(w(7))dr

T Jor/3

— COOTBETCTBEHHO MacIrabupytomas (byHKIUsA U Bemeck Meiiepa (em. [14,
ch.2,812, ch.3,82]).

[Tonoxkum
EF = BF(0) = {0, 1}%, BF(1) =8\ {(0,...,0)};

Ak, §) = ZF, Ak,j) =Z*N[0,27 — 1], j € No;

ompenemuaM byakmun w* : RF — R (¢ = (11,...,1) € B¥) cremyromum
obpazoM:

wh(x) = wr () X - X wr(ag),
u ajee

wi(a) = w'(2’x)  (j € No),

wix(x) = 2jk/2w;(:v — 279N = 2R 2P — \) (N e ZF, § e Ny),

u onpeneauM pyHKITHU 'J);./\ : TF = R creayomum o6pasoM :

Wiy () = 2% 2wi (e —277\) (A€ Ak, j), j € No, ¢ € E),
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rie h:TF = C — nepuoguzanygd pyHKInn h RF - C:
Z hax—
€7k
Torna
— {Wy | A € Ak, §),0 € B*(signj), j € No}
— (k’—MepHaH) cncreMa (IepHOANBHPOBHHEIX) BCIeckoB Meitepa.
Haxkowerr, BBeJieM (m-KpaTHYIO) CHCTEMY BCITecKoB W™

WE=WMg. ..o W =
{wia(x) = ’&7;11/\1(:101) X oo X 1172:; w(@®) | A€ /~\(m a), L € E™(a), a € N[},

saeck E™(ar) = {t € B¥ : ¥ € E™(signw), v € m,}, Am,a) = A e
ZF | N € A(my,, o), v € 7, }. Beegem onepatopst AY (o € NP : st f € Ly

Bt = X X @) e - [ @) @) de

L€B™ (o) AeA(m,a)

HyCTb 5 = (S1,.-..,8,) € R}, m = (mq,...,my) € IN". Ilomoxum
S = p-3V € 7Zp; He orpaHMuMBag oOIMHOCTH, GyleM NpeosaraTh, HTo
¢ = mln{g,, lvez}=¢=...=¢ <, VE17z,\2z, sl HEKOTOPO-
ro W € Zy,.

Hanee 6ygeM mcnob3oBaTh 3HAKH < U < HOPAIKOBOIO HEPABEHCTBa U
paBeHcTBa @ i dyakmmit F: Ry — Ry w H @ Ry — Ry mumem F(u) <
H(u) mpm u — oo, ecam Haijigercs takas Koncranta C' = C(F, H) > 0, uro
BepHo HepageHcTBo F(u) < CH(u) nnsa u > ug > 0; F(u) = H(u), ecan
ogHoBpeMenHo F(u) < H(u) n H(u) < F(u).

Beiony muke v = min{p, ¢}, log — sro morapudm mo ocHoBanuio 2.

Omnpenenum bysrimo (p, ¢, 7) mag 1 < p,q,r < 00 CIEAYIOMAM 06pazoM:

1 2 1

W ——;, eCJIn 1<7”<OO,
1 _
+—1, ectu r=1, u < o0,

s(p,q.r) =
1
W ecin p <r — o0,
0, ecsim r=1,u=00 WIN 7 =P = 00.
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B Teopeme A u Bcex Moc/eAyIONUX TeopeMax B ciydae, korga F = L (re.
st Kiaccos Jlnzopkuna-Tpuberist), 6ymem npeanoaraTh, He OroBapuBasi 3To
0cobo, 4To p < 0.

TeEOPEMA A. Ilyems 1 < p,q,r < oo; s € R} maxot, wmo ¢ > <(p,q,7);
I € {B,L}. Toeda sepro coommnowenue

JN(i‘zS)Zza W™, L,) = N_g(logN)<w_1)<<+%_%>7 ecn 1 <7 < oo.

Do HacTh TeopeMsl 5.1 u3 [13].

[Tycrs 3™ — MHOXKECTBO BCEX MOJIYOTKPBITHIX JTHAIHYECKIX TTapaJiie/en-
nenos u3z R™ suga

P=Pl ={zecR': 2% 2-Xec[0,1)"} (a € NJ,\ € Z™);

P ={PeP"|Pclo,D)f}.
Haaum Gosiee y06HyI0 3/1ech HyMepaIuio BCIIECKOB U3 wm [OCPEICTBOM
mapaJiIeNienuneoB u3 P, a UMEeHHO, TOOKIM
Wh =Wy, ecmn 1 € E™(ap), P=P% L™
3aech ap = o qna P = P73 . [lycrs

Jlal ={(t, P) |t € E™ (), ap = a} (o € INF).

HAemo, aro ana f € El

Ai(fay= 3 [fbwb= Y, > [pup.
LEE™ (o) Ap =

(¢,P)eT|a]

KnodeByto posih TpH MOCTPOSHAN XOPOITHX HETHHEHHBIX METOJOB BOCCTA-
Hopnenns [1J10 urpaior nBa BapnanTa Tak Ha3BIBAEMBIX "JKaJHBIX" a/IroOpHUT-
MOB, uMeHHO, GE%(-, W™) u GV(-, W™). Otmernm, 9o KajHble (greedy) ajro-
PUTMBI 3aHUMAIOT BaXKHOE MECTO Cpeli HEeJTUHEHHBIX METONOB MPUOINKEHHS:

BeCcbMa TIOJTHOE TIPEJICTaBICHNE O HIX JaeT HelaBHuil 0630p [11] n Mmonorpadus
[12].
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Pacemorpum cienyromuit Bapuant "xkagaoro" (greedy—type) anropurma

Gc’a(~,Wm) (em. [15, §82,3], [11]). @urcupyem uucio a € R; nua f € Ly
[IEPECTABUM OCJIEN0BATELHOCTD

(fpIP[*| P e P, e E™(ap))
B yOBIBAIOITIEM TTOPSIKE

AP = [ | P(2)]* =

Onpepenum ajs [ € Ly CyMMy
A7 = (4) =)
GR' W™ = 2 Ip(y TGy N €N
j=1

s MHOXKecTBa, FcC Er MIOJIOYKUM
GR (W™, Ly) = sup { || f = GRS W™ | Lol | [ € F}.

TeOPEMA B. [13, teopema 7.1] HHyemv 1 < p,q,r < o0, p* < r < o0; a >
—1/2; 6 € (0,1); s € R} maxod, wmo

max{1 -1 —qa,(a+ 1) -1}, ecau 1 < 00,
11 1y/1 1 _
s> max{y —5—a(atz)(z-1)+5} ecauw p<r=oo

i-aq, ecau U = 00;

F € {B, L}.Toz0a enpasedrusv, ouenku
gjc\}&(F;,Zz, W™, L,) < N~5(log N)W_l)(ng%_%)7 eciau 1 < 00,

G5 (B, W™, Too) < N™F5(log M) @~V 1170) - ecmn p < oo,

G (B, W™, L) <€ N=S(log )@~ 061D

[Tycts 1 < v < oo. Pacemorpum reneps "L,—kanubiii" (L,—greedy) as-
roput™ GV(-, W™), KoTopblil onpefienisgercs: cieayomum obpasom (cM. [15, §§1—

3], [11]).
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Jlasi f € Ly nepectaBuM M0CIIe[0BATENLHOCTD (I fpw | Lo |PeP™, 1€
E™(ap)) B yOBIBaAIOIEM HOPSIIKE

1] el 42] 207
||fP[1] P[] | L || > || P[2] p[Q] | Lv” >

Omnpenenum gs [ € Ly CyMMY
v m ¢[4] ~L[ ]
GY(f,W™) § fpf]] Py N €N

s MHOXKecTBa FC Er MIOJIOZKUM
G (F, W™, Ly) = sup { || =GR ([, W™) | Lol | € F}.

Acno (em. [15], a rakxe memmy 6.1 n3 [13] ), aro anropntmer GY n G% ¢

a = % — % TECHO CBA3aHBbI.

Cupasennusa,

TrEOPEMA C. [13, Teopema 7.2] 1 < p,qg < 00, 1 < v < o0, p* < r < o005
6 €(0,1); s € RY maxot, wmo

max{L — 1 (Z 1)1}, ecau 1 < 00,

¢>¢ max{1 -1 1114+ 1 ecru p<r=oo,

u v’ P
0, ecau Pp=1r = 0ox;

I € {B, L}.Tozda svinoansomes oyenku

QN(F;Z”‘,W”‘ L) < N_g(logN)w_l)(ng%_%), ecu 7 < 00,

~ ) )
gN(F;ZL: W™, Loo) < N5 (log N)<w_1)<<_5+1_%>, ecn p<oo, (2)

GBS WM, Loo) < N=S(log )&= DEH=3), (3)

coq?
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TeEOPEMA D. [13, Teopema 7.3] 1 < p,g < 00, 1 < r < o0, s € R} maxot,
4mo

1 2 1
WE—;, ecaAU 1<7”<OO,
> %—1, ecau =1, u < o0,
0, ecau T =1, U= ox;

F € {B, L}.Toz0a enpasedrusv, ouerku

gf\[(i‘;?a W™, L,) < N~(log N)<w_1)<<+%_%>, ecmn 1 <r<oo; (4)

GN(Eym W™, L) < N=S(log N) &~ D6E+1=3), (5)

3 KOHCTPYKIIVA HEJUHENHOIO METOIA BOCCTAHOBJEHUA [1/10

[MocTpoum pns f € El clleyiomye MeTonbl BoccTanosaennd 1110 1;:

S]c\}a(lzv fv Wmv LE) - {/;(Dv m)G%a(fv £E), (6)
SR, f, Win, ) = 9(D, 2) G (f, ). (7)

1 0003HAYUM qepes

G (s Fs Wi, L) = sup{ [ 0D, @) f = S§ (&, f, W) | L, ||| f € Fy " .
8

G (b, F, Win, L) = sup{||(D, 2) f — S% (b, fs Wi, ) | L[| f € FSY (9)

norpermHocTn MeTo/10B (6) n (7) cooTBeTCTBEeHHO Ha MHOMKecTBe F' C L.
HaxkoHerr, BBeJleM BeTHIHHY

O-N({/;v fv Wmva) = ian ||’(Z(D,£E)f —’(Z(D,LE)ZCZQOZ |E7“||

{c.}CC{th YW HI<N 1T

U MOJ0XKUM Jjist [ C ET

O-N({/;v F, Wm, ET) = Sup{O'N(’(Z, fv Vv/mv ET) | f S F}
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AcHo, 9To

O-N(vav WvaT) < g]c\}a(vav WvaT) (10)
"

O-N(vav WvaT) < g}}V(vav WvaT) (11)

4 OUEHKM MOIPEHTHOCTU

3nectk dopmynupyeTcas U 0OCyXKIaeTcss OCHOBHOM pesysibrar paboTbl —
oreHKH TorpemuocTn (8) u (9) MeTon0B HeMmHeHOTO BoccTaHoBnenud (6) n
(7) coorercTBenHo Ha Knaccax Byp* u L 7" B Merpuke L, [/ HEKOTOPBIX cO-
OTHOIMEHNH MexKIy napaMeTpaMu s,p,q,r,m (s € R, 1 < p,q,r < 00, m =
(my,....,mp) € N* k =mq+ -+ my): Bcrydae 1 < r < 00 9T0 TOUYHBIE B
CMBICTIe TIOPsiiKa OIEHKH, a B caydae r € {1,00} — OIEHKH CBEpXY.

TEOPEMA 1. Ilyems s,v € R}t € R?; 1 < p,q,r,0 < 0o makue, wmo
s—t=v—-1,0 >0;¢ € 0,1y 8 = m+1(1 = (1,...,1) € N?). Toeda
CNPABEOAUBDL CACOYIOULUE YMBEPAHCOCHU,

I. llyemo 1 <r < o0, 1 <p,q,0 < oco. Tozda dan wbozo nepuoduneckozo
CUMBOAL Y € \I!:_%ﬁm 6EPHA OUEHKA

(TN(J: ﬁ;Zz,VV/m,Er) <<{/; N_g(logN)<‘“_1><<+%—%);

boaee Moo, Hatidymea cumsoav Y, Y* \I!:_%ﬁm maxue, 4mo

N (0,5 Wi, L) =5, N™5(log N)@Di+570), (12)

3decv u nuorce F € {B,L}.
II. Kpome mozo, 0aa 06020 cumeona i € \I!z_%ﬁm BEPHDL OUEHKU

- — (w=1)(s+1-q)
on (¥, Fpg's Wi, L1) <z (N)_<<log N) )

3,}1er U HIKEe 0003HAYEHHS <<J u XJ IOAYEPKHBAKT, YTO KOHCTAHTEI B OIpeAc/ICcHHN

< W X 3aBHCAT OT 1.
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IIT. yeme 1 < p < o0. Toeda das 2106020 cumeoaa 1/1 € \I!t” AW gepnm
oUeHKY

(w=1)(st1-1)
N i L) < () 1o ) |

u daa arobozo 6 € (0,1)

s (@-D(s—E 41-1)
N F i L) 5 (V)15 (o ) ,

6 nocaconem CAYHae NOCIMOAHRAA 3aA6UCUTI EWE 0N d.

5 CXEMA JOKABATEJIbCTBA TEOPEMBI 1

KrrodeBbIME MHIpeIMeHTaAME J10Ka3aTeIbCTBa T€OPEMBbl 1 ABIAIOTCA HMPH-
BOJMMBbIe HIKe TeopeMbl 2, 3 u 4, a Takyke TeopeMmsl A, B, C u D us paznena
3.

[lar 1. Ha sTom mare ycranapnusaercs , uto [IJ10 1/1(:10 D) ¢ cumBosoM u3
\I!t” AW JelicTBYeT HEMPepPBIBHO U3 Fog B Fp ™, snecs I = {B, L} B 607ee 06-
meM KOHTEKCTe, HexKeJll TpebyeTcs a1 ,ZLOKaSaTeJH)CTBa Teopemsr 1. NmenHo,
BepHa

TeOPEMA E. [16] Hyemo s € R}, t € R} maxue, wmo t <s5; v € R}; 1 <

p,q, 9 < o052 € (0,1 R e N” maxot, wmo & > m. Iycmoe danee cumson

Y € Ptyhm (nepuo&u%ecmtu CUME0A 1/1 € \I!t” vAM ) Tozda 110 ¥(x, D) (coom-

sememeento, nepuoduveckuds [T70 1/1(:10, D)) asasemes nenpepulenbim us By g
6 By '™ (coomeemcmeeﬂﬂo u3 Eﬁm Eﬁ;tm) u npu p < oo us Li% 6 Ly t™

(coomeemcmeeﬂﬂo u3 LE‘“ 6 L5 tm) ecal 0as Kaotcdozo V € Zp GOINOANEHO

00HO U3 CACOYIOULUL YCAO0BUL!

i) s, —t, <wy;

ii) s, =ty =y, &, <1, ¥ <q < oo

iii) sy —t, =v,, &, =0=qg=1.

OTmernM, 9T0 B HemepuomuieckoM ciaydae ¢ 8 = (00,...,00), t = 0 s1a
TeopeMa ToJIydeHa B [5].

[ar 2. 3eck ycTaHABIMBAETCS CBA3D MEKJLY MOTPEMTHOCTLIO METO/IOR (8),
(9) Boccranosyienust [110 ¢ cumBosiom u3 \I!“’ AM pa kmacce F;;‘q“ " COOTBET-
CTBYIOIMUMHE OIEHKAMHU MOTPENTHOCTH KA HBIX aJlOPUTMOB.
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TEOPEMA 2. IIyemo s,v € R}, t € R"; 1 <9 < oo makue, wmo s —t = v —
1L,o>0;2€[0,1]"; R=m+1(1=(,...,1) e N*). [lyemv 1 < p,q,r < o0,
p*<r<oo;a>—1/2;6€(0,1); s € R} maxod, wmo

max{1 -1 —q (a+ 1)L -1}, ecau 1 < 00,

g > max{%—%—a,(aJr%)(%—l)Jr%}, ecau p <1 = 00,

1—q, ecau U = 00;

F € {B,L}. Tozda dan awoboz0 nepuoduueckozo cumeoaa 1; € \T!;%ﬁm BepPHDL
OUEHKY

g]c\}a(lz, ﬁ;g”‘,ﬁm,ir) <7 Q;&(ﬁggtm,wm,ir), ecau T < 00,
G Fp W™, Loo) <5 G (Fp "™ W™, Lsg),  ecau p < o0,
G (0, B, W™, Loo) <5 GV (BSE™, W™, L),

TEOPEMA 3. Ilyemv s,v € R}, t € R"; 1 < 9 < oo mawue, wmno s —t =
v=1,0>0€ 0,1 RB=m+1(1=(1,...,1) e N*). Ilyemov 1 < p,q < o0,
L <v<oo, pf <r<oo;de(0,1); s€RY maxot, wmo

max{%—%,(%—l)%}, ecau 1 < 00,
§ > max{%_%a(%_l)%ﬂ%}, ecat p <1 = oo,
0, ecau P =1 = oo,

F € {B,L}. Tozda dan aobozo nepuoduueckozo cumeoaa 1; € \T!;%ﬁm BepPHbL
OUEHKY

GR (0, Byt W™, L) <5 GR(F5 ™ W™, L), ecau 1 < oo,
G (0. Fy W™, Lie) < GR (B33! ™ W™, Lg),  ecau p < oc,
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TEOPEMA 4. Ilyemv s,v € R}, t € R?; 1 < 9 < oo makue, wmo s — t =
v—1,0>0;2€[0,1]"; R=m+1(1=(1,...,1) e N*). llyemv 1 < p,q < o0,
1 <r<oo, s € Ry maxod, wmo

1 2

1
W’E—;y ecaAU 1<7”<OO,

> -1, ecau T =1, u < o0,

0, ecau T =1, U= ox;

I e {B,L}. Toeda dan mobozo nepuoduueckozo cumeona 1; € \T!;%ﬁm

OUEHKU

GepHbL

GN (W, Fapt, W™, L) <5 G (F3 g™ W™, L), ecan 7 < o0,

G (0, Fy i W™, Loo) < G (F3 g™ W™, L), ecau p < o0,

Gh (0, BI W™, Loo) <5 Gy (BISE™ W™, Loo).

[Tar 3. Teneps (B Bumy TeopeM 2, 3, 4 u mHepasercts (10), (11)) mas mosy-
YeHusi TpebyeMbIX OIEHOK CBEPXY IOTPeInHocTH Boccranopnenus 1110 ¢ cum-
BOJIOM W3 KJIacca, \T!;%ﬁm 0CTaeTcsi IPUMEHNTh OIEHKH CBEPXY U3 TeopeM A,
B, Cu D nna xiaccos Ef,_qtm u if,;tm B METPUKE L. [Tpu monyyenuu oreH-
Ku cHu3y B (12) crposttes npobHbie DYHKIME U HCTIOIB3YETCs OlleHKa CHU3Y B
Teopeme A.
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Basapxanos /I.B. TICEBIOANPPEPEHLIMAIIMNK OITEPATOPJIAP-
JIBI CHI3BIKTH EMEC KAJIIIBIHA KEJITIPY

ZKyMbIicTa cHMBOJITApBI apHAYJIBI KJacTapra YKaTaThiH nceBnonuddepen-
UAJIABIK ONePaTOPIap/Ibl XKYBIKTAIl KAJIIIbIHA KEJITIPY/AlH ChIZBIKTHI eMec dici
kypoliran. Hukonbckuii-bBecop xone Jluzopkun-Tpubenb TekTec JTafibIKThI
dyHKIUsIap KeHicTikrepinin 6ipik mapapblHia CHMBOJIIAD KJIacTapbl MEH
dyHKIUsIap KeHICTIKTEpiHiH mapaMeTpliepi apachiHaarbl Keiibip KaTbiHacTap
yIIiH KaTe ik 6arajapbl ajbIlHFAH.

Bazarkhanov D.B. NONLINEAR RECOVERY OF PSEUDO-
DIFFERENTIAL OPERATORS

In the paper there is constructed nonlinear method for approximate
recovery of pseudo-differential operator with symbols from special classes.
The error bounds on unit balls of appropriate function spaces of Nikol’skii-
Besov type and Lizorkin-Triebel type are given for certain relations between
parameters of symbol classes and function spaces.

MATEMATUYECKUIA KYPHAN 2015. Tom 15. N 1 (55)



ISSN 1682-0525. MATEMATUYECKHWN KYPHAJ. 2015. Tom 15. Ml (55). C.38-56

VIIK 510.67

B.S. BazHANOV, N.S. TAZABEKOVA, A.D. YERSHIGESHOVA, T.S. ZAMBARNAYA

Institute of Mathematics and Mathematical Modeling of MES RK
050010, Almaty, Pushkin str., 125, e-mail: baizhanov@hotmail.com,
tazabekova.nargiz@gmail.com, aisha.yershigeshova@gmail.com, t.zambar@gmail.com

TYPES IN SMALL THEORIES

In this paper quasi-neighborhoods, neighborhoods, their properties and con-
nection with each other are studied. Also we are going to describe how
orthogonality of types connected with definability of quasi-neighborhoods.
We study the relations of weakly orthogonality and almost orthogonality
of types and relation of them with the concept as the weakly and strongly
convergence of formula to type. In the theorem 4 there is proved that some
applied conditions with orthogonality save the property of non-homogeneity
and keep the number of countable, non-isomorphic models. For any model 90t
of a theory T', D(IM) is called to be a finite diagram of 9, it is the set of
all types that realized in 9T [1]. We prove that if there is a counterexample
to Vaught’s conjecture then there is a finite diagram with w; countable non-
isomorphic models
Keywords: neighborhood, orthogonality of types, convergence of formula to a
type.

INTRODUCTION
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understanding of Vaught’s conjecture through notions of orthogonality of types
and of neighborhood in types.

The notion of orthogonality of types was introduced in [7], definition of
semi-isolation — in [4]. In the work [5] the notion of quasi-neighborhood for
1-types in weakly o-minimal theories was given.

1 TYPES: ORTHOGONALITY OF TYPES AND NEIGHBORHOODS IN TYPES

DEFINITION 1. [4] Let 9 be a model of theory T, @ and b be tuples in M,
A C M. The tuple a semi-isolates the tuple b over the set A, if there exists a
formula @(a,y) € tp(b/Aa) for which @(a,y) F tp(b/A). In this case we say
that the formula p(a, ) (with parameters in A) witnesses that b is semi-isolated
over a with respect to A.

We say that a isolates b over the set A if the formula p(a,y) is principal
(isolating).

DEFINITION 2. [8, 4] Let p = p(Z) and ¢ = q(y) be some (may be incomplete)
types over the set A C M in a model M of a theory T. A formula o(2,y) with
parameters in A is (p,q)-preserving, (p,q)-semi-isolating or (p — q)-formula
if for any realization a of p w(a,y) F q(y) holds.

A formula (2, y) is (p < q)-formula if (Z,y) is both a (p — q)-formula
and (p < q)-formula.

If p = q then a (p,q)-preserving formula called p-preserving or (p — p)-
formula.

DEFINITION 3. |5, 9 Let p(Z) be some (may be incomplete) n-type over a set
A C M in a model MM of a theory T', B be a set in the model M. A quasi-
neighborhood of B in p is the set QVpon(B) of all tuples ¢ € M such that
there exists a tuple b € B and (tp(b/A), p)-preserving formula ©(Z,7) with
M = w(b, ).

In particular, a quasi-neighborhood of @ in p is the set QV, omm(a) =
p(M)| there exists a p-preserving formula ¢(, ) such that b € (a, M
p(M)}.

It is easy to see that QV,gn(a) consists from elements from p(M) which
are semi-isolated by a.

We will show some properties of quasi-neighborhoods in the following
lemma.

{be
) C
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LEMMA 1. [5, 6] Let T be a model of theory T, @ and b be tuples from M,
p,q € S(A).

1) a € QVip@) m(a). )

2) a semi-isolates b if only if b € Qth@’fm(d),

3) If b€ QVpan(a) and ¢ € QVyam(b) then ¢ € QVyon(a).

4) If b € QV,an(a) then QV,a(b) € QVy om(a).

Proof. 1) QVipa)m(a) = {b € tp(a) | there exists tp(a)-preserving formula
¢(2,y) such that = ¢(a,b)};

Let ¢(a, M) be a formula # = a. Then a € QVjpa) m(a).

2) From definition we know that a semi-isolates b if (a,y) F tp(b/A).

Let QVy, (@) = {a € tp(b) | there exists {p(b)-preserving formula ¢(Z, 7)
such that & € p(a,b)}, p(z,7) is tp(b)-preserving which means that for any
realization b of tp(b) (b, 7) F tp(b).

3) Let QVpon(a) = {& € p(M) | there exists p-preserving formula ¢(z,y) :
a € pla, M) Cp(M)} and

QV,om(b) = {8 € q(M) | there exists q-preserving formula (¥, 2) : 3 €
©(b, M) € q(M)}.

In case b € QV, 9n(a) for some (¢p(a), p)-preserving formula ¢y (z, ) follows
that b € ¢1(a, M) C p(M); and in case ¢ € QV, 9n(b) for some (p, g)-preserving
formula (7, Z) follows that & € o (b, M) C q(M).

So, b semi-isolates ¢ by formula @o(b, M). Let

p(M) = () H(M); q(M) = (") ©(M)

Hep Oeq

Since @a(b, M) C (M), for any ©(y) € ¢(M) M |= Vilpa(b,y) — O(7)]
and let denote it by Keo(b) ([@2(b,7) — 0(y)] = Ke(b)).
Thus {Ke(z) | © € ¢} C p(2).

By virtue of b semi-isolated over a, for any H(M) € p(M)
(x) M |= Ve (a, ) — H(T)].
Let R(a,y) = 3x|p1(a, )& s (2, 7)]. Since M = [p1(a, b)&pa(b, €)] then

E R(a,c).
We need to prove that R(a, M) C g(M). This means ¢ € QV, m(a).
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Let ¢y be an arbitrary tuple from R(a, M) then = R(a, c¢o); then for some
bo M = [ip1(a, bo)&p2(bo, )]

By virtue of (x) M |= Vy[p2(bo, 7)) — O@)];

For all ©(y) € q(M) wa(by, M) C ©(M) then

pa(bo, M) C () O(M

Ocq

Thus 2 (bo, M) C q(M).
Then ¢y € ¢(M) by virtue of ¢y is arbitrary R(a, M) C g(M).
4) Follows from prove of 3). O

DEFINITION 4. [8, 5] Let p(Z) be some (may be incomplete) n-type over a set

A C M in a model M of theory T, B be a set in the model M. A neighborhood

of B in p is the set V,om(B) of all tuples ¢ € M such that M |= p(¢) and

there exists a tuple b € B and (tp(b/A) < tp(e/A))-formula ©(Z, ) with M =
(b, ).

In other words, a neighborhood of B in p is the set V, m(B) = {¢ € M|
M |= p(e) and Ib € B and there exists a formula (2, 9) such that o(b, ) F
tp(c/A), o(x,c) F tp(b/A) and M |= (b, )}

In particular, a neighborhood of @ in p is the set Vygon(a) =
{b € p(M)| there exists a (tp(b/A) « tp(a/A))-formula ¢(Z,y) such that b €
¢(a,b) C p(M)}.

And you can see that V), gn(a) consists from all elements b such that a semi-
isolates b and b semi-isolates a. The next lemma follows from definition 4 and
consideration like in lemma 1.

LEMMA 2. [5] Let M be a model of theory T, A C M; a, b, ¢, d be tuples from
M; p,qe S(A). & € V,m(y) is an equivalence relation on the set of realizations
of p.

1)a€Vp@m(@. ) )

2) a is realization of p, b is realization of q. If a € Vy,.9n(b) then b € Vyon(a).

3) Let B be some set in M. If d € Vyon(B) and ¢ € Vygn(d) then ¢ €
Vaom(B).

Facr 1. V(@) C QVp (@)
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Proof is obvious. O

DEFINITION 5. A quasi-neighborhood of a tuple a in p is called definable if
there exists a formula ¥(Z,y) such that QVpon(a) = ¥(a, M).

THEOREM 1. [5] Let 9 be a saturated model of theory T, A C M, p € S(A),
a € p(M), QVpon(a) be definable quasi-neighborhood, and T € QV, on(y) is not
an equivalence relation. Then T has the strict order property.

Proof. At first let us introduce the notion of the strict order property in this
meaning. Let Let 9 be a model of a theory T', p € S(A), a1, aa, ..., an € p(M),
the strict order property on quasi-neighborhoods is

o QVpor(as) € QVpom(@s1) € .. QVpon(an) < - ..

Since 90 is saturated then it is homogeneous, so there is automorphism
g : M — M such that g(a1) = a2,g9(a2) = as,... and Vb € QV, 9x(a1), g(b) €
QVpon(az). So we can see that there can’t be case like this: QVp () <
QVpam(y) and QV, an(8) & QVpam(7) but QV, an(a) N QVp an(B) = 0. [

COROLLARY 1. Let 9 be a model of theory T, a be a tuple from M, p € S(A),
QV, (@) be definable quasi-neighborhood and T doesn’t have the property of
strict order. Then quasi-neighborhood of a tuple a in the type p equals to
neighborhood of the tuple a in the type p.

Proof. From theorem 1 follows that € QV, o(y) is an equivalence relation,
so it is symmetric. Then QV), gp(a) = Vp 9n(a). O

DEFINITION 6. [8] Let 9 be a model of theory T, p is called social type if
QV, (@) is non-definable for at least one tuple a which realizes p.

NOTE 1. Let 9 be a model of theory T, p € S(A), a be realization of p. If
QV, (@) is non-definable for one a then it is non-definable for each other
realization of p.

Proof is obvious. O

DEFINITION 7. [8] Let M be a model of theory T, p is called quasi-solitary type
if QV, (@) is definable for at least one tuple a which realizes p.
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THEOREM 2. Let M be a countable saturated model of a small theory T,
A Cfinite M, v € S(T(A)), Vym(a) — non-definable for some (any) realization
a of p. If for any for any n < w for any tuples a, ..., an from p(M) such
that for any i,j (1 <i#j<n)

Vpan(aw) N Vpom(@y) = 0, Vpon(@) N Vpam(a) = 0

there is no formula Y(Z, &, . . ., &) such that (M, &y, ..., o) C Vpon(a) then
I(T,w) > w.

Proof. Let find w-sequence < &, a2, ..., Qn, . . . >n<w With the next condition:
Vay, € p(M) @ an ¢ Vpm(aa,ao,...,0n—1). It is possible to find such w-
sequence in M because 91 is saturated model of a small theory.

From condition of theorem it follows that

Voom(@1, a2) = Vpon(@1) U Vp on(a2).

Then by induction we prove that

Vo(an, @z, .. o) = | Vim(aw).

Consider prime model 9t,, over |J,.,, @& U A. So, we have at least countable
set of non-isomorphic countable models of T(A) because every 9, contains
exactly n non-definable classes of equivalence on set of realizations of p in 977,,.

O

DEFINITION 8. [7] Let 9t be a model of theory T, p(z),q(y) € S(T). We say
that p is weakly orthogonal to q (p LY q) if p(@) U q(y) is complete type.

DEFINITION 9. Let 9 be a model of theory T, p,q € S(T). We say that p is

not almost orthogonal to q (p L q) if there exists formula ©(2,y) for some
a € p(M) such that § # o(M,a) C g(M).

Now, let us look at properties of these two relations between types and
consider some examples.

PROPERTIES: Let p(2), ¢(y) € S(T'), then
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1. If type p(@) is weakly orthogonal to type ¢(y), then they are almost
orthogonal, respectively.

2. In o-minimal theories notions of weakly and almost orthogonality on the
set of 1-types are coincide, p(x) L% q(y) < p(z) LY q(y)

3. The binary relation of not weakly orthogonality on the set of types S(T")
is symmetric.

4. If for some(equivalent to any) & from the realization of type p(90) there
exists € ¢(9M) such that & semi-isolates 3, then type p(z) is not almost
orthogonal to ¢(y).

5. The relation of not almost orthogonality is transitive but not necessarily
symmetric.

6. If type p(2) is powerful over type ¢(y), then at least p(Z) is not weakly
orthogonal to ¢(y), because of the formula F(z,y) that extends p(2) Uq(y) by
F(z,y) and =F(z, 7). And not almost orthogonal due to existence of nonempty
formula H(a, ) C q(9MN) for o € p(9N).

THEOREM 3. Let 99T be a model of theory T, & be some tuple in M, p and ¢
be types from S(A). If p L% q, QVpon(@) is non-definable then QVyom(&) is
non-definable too.

Proof. Let Qprgm(d) = {a; € p(M) | a; € ¥(a, M) C p(M)} and Qqugm(d) =
{a; € p(M) | a5 € d(a, M) C q(M)}.

We assume on contrary that QV,gn(a) is non-definable and QV,gn(a) is
definable.

By definition 9 for every tuple a; € QVpom(a) exists formula ¢;(M,a;) C
q(M). From our assumption follows that

¢la, M) = Jo;(a;, M)

and QOZ'(M, dz’) - (]5k(dk,M).

Let consider some a; € ¥i(ai, M) and as € (az, M). We know that
’(/Jl(dl,M) mwg(dg,M) = . And ’(/Jl(M, dl) N ’(/JQ(M, dg) 75 ?.

Let ’(/Jl(M, dl) N ’(/JQ(M, dg) = ’(/Jg(M, dg). It means that as € '(/Jl(dlyM) N
Wa(agz, M). So we have contradiction. O

COROLLARY 2. Let 9 be a model of theory T, & be some tuple in N, p and ¢

be types from S(A). If p X% q and ¢ L% p then QVpon(@) is definable if only if
QVyon(@) is definable.
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Proof is like in theorem 3. O
ExaMmPLE 1. There exist principal type p(x) and non-principal type ¢(y) such
that p /¥ ¢. Theory T with signature > =<=, <, P, > where:

. " <" is a dense linear order without endpoints

. Let us consider predicates FP; as coloring of elements and every element
has its color, such that —3x(F;(z) A Pj(x)),i # 7

. Between any two elements there exists another one with its own color F;:
VeVy(e <y — Jz(z <z Az <y A Fi(2)) .

So, in the issue, we have the linear order with infinitely many colored and
colorless elements.

As a principal type we take the set of atomic formulas formulas {P;(x)} U
{=P;i(z)]l < i< w} = p(zr) and as non principal {-F;(z)i<w} = q(y). So, we
can extend p(z) U ¢(y) as p(z) U ¢(y)U {z < y} and p(x) U q(y)u {y < z},
which implies that p(x) U ¢(y) is not complete 2-type and p(x) L q(y).

Fact 2. Let p(x), q(y) € S(T). If there exists a model MM of theory T where
M = p(z) and formula H(Z,y) such that I € p(M) and O # H(a, M) C
q(9M) holds, (p(x L% q(y)) then it is true for all models M of theory T where
M |= p(2).

Proof. By definition of not almost orthogonality, there is a formula H(z,y)
realization of which is in ¢(9) ( H(a, M) C ¢(M)). And type is ¢(M) =
NO(M)peq, that is our formula H(a, M) lie in every formula H(IM). We can
rewrite this fact as |= Vy(H (&, y) — 0(y)), name this condition as Ky(a), and
note that Ky(Z) € p(Z).

Now take of € p(S). For every formula 6 € ¢(9V) it is true that M |=
Kp(a/). Then in 9 true also M |= Vy(H (!, 5) — 0()). Formula H (a/, ) is
a subset of every realization of formula #(9") . So, we have our formula in every
O-formula, and intersection of them is exactly ¢(90) = |= IH (&, M) C ¢(IM)
for any 0V | p(z). O

THEOREM 4. Let 9 be a countable, non-homogeneous model of a small theory
T, M be aw;-saturated model (M < N) and p(x) € S(T') be a non-isolated type
such that p(x) is weakly (almost) orthogonal to any non-isolated type from the
finite diagram of M(D(M)) and for any q(x,y) € D(M), such that there exists
a €M, gIN,a)yn M =0, for any B € M for p' € S(ap), for ¢'(x,a, B) such
that p C 9/, ¢ C ¢’ we have ¢/ L% ¢/(x,a,3). Then the following conditions
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hold:

1) There exists a countable elementary extension I < M(M, p(c)) < N, such
that M(M, p(¢)) is also non-homogeneous.

2) For any non-homogeneous countable ' 2 M, with equal finite diagrams
D(IM) = D(M') we have M(M, p(€)) 2 N(M', p(c)).

Proof of this theorem is based on S.V.Sudoplatov’s construction in his
theorem [6] which states that every countable model of a small theory can be
represented as an increasing chain of prime models over some finite tuples.

We shall use implicitly 5 simple facts without special mentioned.

1. Let p,q € S(A),p be isolated, ¢ be non-isolated. Then p 1% q.

2. Let p,q € S(A), q be non-isolated, A be finite set in small theory. Then
p L% qiff for ¢ |= p for any ¢ € S(Ac) such that ¢(Z) C ¢'(x,¢) we have ¢'(Z, ¢)
is non isolated.

3. 1f tp(ed|b) L@ q(,b)

q(z, b). Equlvalently If tp(c
tp(ed|b) L* q(,0).

4. Let T be small, then for any formula (2, b) there is subformula (2, b)
such that (7, b) detemines isolated type over b.

5.Letb € M,¢c € N\M,yo(x,b,e) determine isolated type over b, ¢(x, ) €
D(M). Then the following holds.

If g(N,b) N M = 0 then 1o(N, b,¢) C g(N,b) or ¥(N, b, &) Ng(N,b) = 0.

In fact, we used the condition of almost orthogonality in formulation of
theorem by next manner: tp(e|b) L% q(x, b) implies ¥o(N,b,¢) N q(N,b) = (.

Let 9t be a countable model of a small theory 7" and its elementary
extension 91, wy-saturated model of T, ¢ = p, ¢ € N. We will construct an
elementary chain € of prime models 9(a;) over tuples a;, ¢ € w, such that
MM, p(€)) = UicwM(a;).

We shall construct € inductively and at some step k, some finite sequence
of tuples ag, . .., a, will be defined, and each such a tuple will be connected to
a finite set X¥, 0 < i < n, such that unions of these sets by all k with respect
to fixed ¢ will define universes of models 9M(a;). If a tuple a; is not defined
before the step k then the sets Xf are supposed to be empty for any k < i.

We start with enumerating all elements of 9t: let this set be M = {b; | k €
w}. We shall construct three families of sets:

a) { Dg| Dy, contains the elements from N\ M obtained on the step k, k < w};

is non-isolated, tp(dle) is isolated then tp(elb) L@
|b) L% g(x,b) is non-isolated, tp(d|e) is isolated then
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b) {SMS}C =S, 1 UDkE<w,So=MU E};

¢) {Bi|By is the set of Sg-formulas with one free variables with at least one
parameter from Dy, k < w}.

At the initial step, we fix the tuple ap = bo¢ and for the formulas from
By having the minimal number and satisfying 9t = Jxp,(x, én) we find a
realization d,, of a family of decreasing sequence of principal complete types
e, b, b1, - by bigr, €) C i, bo, by, L b )
| < w containing ¢(z, by, ¢). Now we let X = {bo, dp,} U C.

Assume, at the step k& we have formed the sets S, 51, 53,..., 5. If at this
step some realization appears somewhere out of our model 90 i.e. dl(k) €
M(c)\M, then we form a new set Siy1 and add realization to this set.

Suppose that at step & we have already found tuples do, ..., a, (n < k) and
have formed two families of finite sets {XF[i <n <k}, {DI(k)|j <k, i <n}
and two families of infinite sets {S;|j < k}, {B;]j < k} satisfying the following
conditions:

(1) Ua; C Uaiy1, @ <n, Ua, C MUen XF,

(2) {bo,...,bp}UC C X} :

(3) XFCXF,, i<n;

(4) Dy = Us<,, Dilk), Di(k) € XF, Di(k) = U<, DI (K), DI (k) = {df(k)}.

For any j < k for the formulas ¢p(z,¢n) € B; we chose at
step k, which is minimal with respect to m and is not considered
before and satisfies 91 |= drym(x,én), we have found realizations
d(k) € N\M of a family of decreasing sequence of principal complete
types pi(x, Xjﬂf_l U {bg, brt1,---s karl} Ul<j, i<n Di(k])) D
Py, Xﬁ_l U {bk, bty - bktts Dkig1} Ul<j, i<n Di(k])) containing
©m(2,¢n) so that for any tuple a; with ¢, € XF~! and for any tuple
de XF1u Ui<s i<n DY(k) the type tp(d/a;) is principal; this realization is
added to the minimal set X¥ with respect to i such that ¢, € XF1.

At step k + 1, we consider the elements by 1. If it belongs to X then the
sequence dyg, . .., G, remains the same and we construct sets Xf“ by adding
to X* the elements d?(k + 1) satisfying the conditions (3) and (4) for k + 1
instead of k.

If bey1 ¢ X7 and starting from some g < n, all types tp(b,a;), b € XFU
{bry1} are principal, we do not extend the sequence dao,...,a, and add the
element byy1 to the set X[ as well as to all consequent sets XF, i < i < n.
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Then we obtain sets X! by adding the elements d{(k; + 1) satisfying the
conditions (3) and (4) for k£ + 1 instead of k.

If some type tp(b/an), b € XF U {by,1} is not principal, we add to the
sequence dg, .. ., 0, & tuple a,y1 consisting of all elements of the set (X* U
{bey1}) N(M UE). Then we add this set to the (initially empty) set X* ; and
form the set Xf“, 0 <i < n+1, by adding a realization d{(kﬂrl) of a family of
decreasing sequence isolated complete types {pi(@, XU {br 1, bry2, ..., by }U
Ui<s, i<nta DYk +1))|l < w} containing the minimal (with respect to m in By
) formula ¢, (2, ¢y,) € B; which was not considered before and contains only
elements of X and satisfying 9 = 3z (2, &n), such that for any tuple a;
with ¢, € X[ and for any tuple d € X[ U Uc; icnyy Dilk + 1) , the type
tp(d/a;) is principal. We add the element d{ (k) to the minimal (with respect
to i ) set X{ﬂ and also to the consequent sets such that ¢, € Xf, i <ji<n.

Now we let Xﬁﬂ = X U {be1} UNDry1

By construction, the set X; = Ukewa are the universes of prime models
M(a;) over tuples a;.

Non-homogeneity of model in the elementary extension is guaranteed by
our by choose of d] (k).

And now, let we have two countable, non-homogeneous, non-isomorphic
models M, M’ and by this way we can construct D(¢) and M (¢) with saving

the non-homogeneity and pairwise non-isomorphism. O

DEFINITION 10. [10] We say that an A-definable formula ¢(z,y) converges
weakly to a type q(@) € S(A) and write WEC(p(x,y),q(2)), if, for every
O € q, there exists a € A, such that ¢(Z,a) divides O(N).

We say that an A-definable formula ¢(2,y) converges strongly to a type
q(z) and write STC(H(2,y), (X)) if, for every © € q , there exists a € A such
that ¢(N,a) C O(N). We usually omit & in the notation q(Z).

DEFINITION 11. [10] Let I' be a nonisolated and consistent set of A-definable
formulas. We say that T is a quasimodel set(finitely satisfiable in works of S.
Shelah) if, for every formula © € T, there exists a € A such that N = O(a).

Fact 3. [10] Let ' be a nonisolated quasimodel set of formulas over A. Assume
that T is closed under formation of finite conjunctions. The I' can be extended
to a quasimodel types over A.
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Proof. For every A-definable formula Q(y), at least one of the sets I'()U{Q(v)},
I'(y) U{—=Q(y)} is a quasimodel set. O

Fact 4. [10] Let g € S(A).

1. If there is an A-definable formula ¢(@,y) such that WEC((x,y),q)
holds then there exists a finitely satisfiable type r € S(A) such that, for every
a € r(N), the formula ¢(x, &) divides g(N), i.e., r L* q.

2. If r € S(A) for some finitely satisfiable type r L q then W EC(¢(Z,7), q)
holds for some A-definable formula ¢(z,y)

Proof. 1. Denote by I' the following set of A-definable formulas:

{K(©)(®) | © € ¢, K(©)(y) := 3w[p(x,y) A O()] A Fx[=¢(x,5) A O(x)]}-

It is clear that I' is finitely satisfiable set; moreover, I' is closed under
formation of finite conjunctions. By Assertion 1 there exists a finitely satisfiable
type r € S(A) extending I'. Hence, for every 4 € r(N) C I'(N), the formula
o(x, @) divides g(N). Therefore, ¥ £ ¢ and, consequently r L* q.

2. Let &« € r(N) and let @ £* q. Then, for some formula ¢(z,y), the
formula ¢(2, &) divides ¢(V). Hence, ¢(z, @) divides O(N) for every ©(z) € q.
This means that N = K(©)(a). Therefore, we have K(0)(y) € r. Since r is
a finitely satisfiable type, there exists a € A such that N = K(©)(a). Thus,
WEC(¢(2,9), q) holds. O

2 ON A THEOREM ON SIMULTANEOUS OMITTING AND REALIZING TYPES
AND ITS APPLICATIONS

Let T’ be a countable complete theory.

THEOREM 5. [11] Let {p; € S(T)|i <w} and {¢ € S(T)|i < w} be two
countable sets of non-principal types. If for every n < w there is a model
M, =T, in which p; are realized and q; are omitted for all i < n, then there
is a countable model M |= T, such that all p;, 1 < w are realized and all g,
i < w are omitted in .

Proof. Consider T1 = T'Up1(c1) .. .Upp(cn)U. .. — a consistent set of formulas
of the language L(T) U {¢]i < w, }, all ¢ has no common elements. We need
to show that for any i < w all extensions of ¢;(;) are not principal over 7;.
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Suppose by a contradiction, that there exists ip, such that ¢, is a principal
consistent set, that is, there exists a formula ¢(z,a), a = (¢, . .., ¢;, ), such that
for any ¢ € ¢i, T F Va(o(x, a) — ¥(zx)). Therefore, TUp;, (¢, ) ... Ups (i) F
Va(p(x,a) = v(x)), m > k.

The formula 3 x¢(x,a) need to be a logical consequence of the theory
TUpi(ciy) - Upi, (i), m > k.

But then beginning from i the type g;, need to be realized in the models
M, n > ik, what contradicts to the hypothesis of the Theorem. ]

THEOREM 6. If the number of different finite diagrams of T is greater than w,
then I(T,w) = 2%.

Proof. Denote the set of all finite diagrams of all models of T" by A:
A={D|3IMe Mod(T),D(M) = D}.

LEMMA 3. Let |S(T)| = w, |A| > wy, then there exists a type po, such that
|Ao| > w1 and |Ay| > wy, where

Ao = {D(M) | po € D(M) € A};
Ay = {DEN) | po € D(M) € A}.

Proof. Let p1,p2, ..., Dn, - .. be a list of all non-principal types from S(7T). For
any n a type p, divides the set A into two parts, Aén) and Aﬁ”% where

ALY = (D) | pn € DEAM) € A};
AP = (D) | pn & DEAM) € A},

Assume that the Lemma is not true. Then, for any n, |AJ”| < w or |A] <
w.

Let B, = A%, if |A{”| < w; B, = A7, if A1) < w.

Since for any n |B,| < w, |U, <, Bal < w. And therefore [A\ |
wy. Take two different elements Dy and Dy from A\ |J
type pm, such that p,, € Dy and pp, € Do.

There may be two cases:

1. By, = Aém)’ In this case, pm € Dy € Aém> = By, But D1 € A\U,,<,, Bn,
therefore, D1 € B,,. And we obtain a contradiction.

n<w B”| =

<. Bn. There is some
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2. B, = A<1m>. In this case, p,, &€ Dy € A<1m> = By, But Dy € A\ U, <, Bn:
therefore, Dy € B,,. And we obtain a contradiction. O

In order to proof the Theorem 6 consider two cases:

1. |S(T)| > w. In this case |S(T")| = 2%, I(T,w) = 2%.

2. |S(T')| = w. Consider an arbitrary listing ¢1,%o,...,tn,...; tn € S(T) of
all non-principal types from S(7').

We will construct a tree by the following steps:

Step 1. By the Lemma 3 we will find the smallest number m, such that

() | L, € D(M) € A}
() | L, € D(MM) € A}
Ao| > wr, |[A1] > wr.

A= {®
A ={®
|

Step k-1. On this stage we will have 2¥~1 disjoint sets A, with |A;| > w1,
where 7 € {0,1} and length of 7 is equal to k — 1.
Step k. For any 7 let m; be the smallest with the property

Ay = {DM) | ty, € D) € A},
Ary = (D) | tm, €D(M) € Ar);
|A7'0| > W1, |A7'1| > wi.

On this step we have 2¥ sets, each of which has cardinality greater or equal
to wy, and for any 71 # 72, Ay, NA,, = 0.

Each branch of 2“ branches of the obtained tree, will be characterized
by a sequence tm,tm, ;... b, s of types, which we can divide according
to belonging of the type t,,, to the finite diagrams of the set A, into two
sequences: Po, Ply-- -, Pk, ---and ¢o, 1, ..., Qr, . - - - Iftmri = pg, then, beginning
from ¢ there are models 90, = T', n > i, such that the type py is realized in
all My, If Ly, = gk, then, beginning from 7 there are models M, =T, n > i,
such that the type ¢i is omitted in all these models.

Therefore, by the Theorem 5 there is a countable model 90, which will
realize all the pr and omit all the gx. And all models corresponding to the
different branches of the tree will be non-isomorphic since they differs in the
collections of types. Thus, there are 2“ countable non-isomorphic models. [
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COROLLARY 3. If there is a countable complete theory T with I(T,w) = wi,
then there is a finite diagram D € A, such that D = D(9M;), M; € Mod(T),
1< Wwi.

That is, there are at least wy models of 7" with the same finite diagram D.
Proof. By the Theorem 6 we have

Al >w= I(T,w) =2%.
Therefore,
T, w)<2¥=|Al <w.

And so, we have |A] < w.

Suppose that the Corollary 3 is not true. Then, for any finite diagram D;
{2z [ A= T,D(A) = Di}| < w.

Therefore, | Up,ea{®~ | 2 |=T,D(2) = D;} | <w, what contradicts to
our assumption that I(T,w) = w;. O

It is obvious, that

ProOPOSITION 1. If in a small countable theory T for any finite set of non-
principal types

{p1(@1),...,pn(@n)|ps € S(T),n <w}, (pr1UpaU...Upp)(ZT1,%2,...,Tpn) IS a
complete type, then I(T,w) = 2%.

DEFINITION 12. Let I' be a locally consistent set of formulas, ¢ be a type from
S(T). The set T is said to be almost orthogonal to the type q (I' L% q), if any
extension of I' is almost orthogonal to the type q.

PROPOSITION 2. The types p and g are not almost orthogonal if and only if
there exists a formula ¢(2,y), such that for any model M =T realizing p, such
that for any & € p(M)

0 # oo, M) C q(M).

Proof. Proof of the necessity is obvious.
We know that 3a ¢(a, M) C q(M) = (e, 0(M). Therefore, ¢(a, M) C
(M) for all 0 € q. We have I |= Vy(o(a,y) — 0(y)) for all 6 € gq.
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Denote Vij(¢(a, §) — 0(y)) by Ko(a). Ko(a) € p.

Let, for some M = T, @ € p(M’'). Therefore, M |= Kp(@'). That is
M Vy(o(a,y') — 0(y)) for all 6 € q.

We have ¢(a/, M) C O(M') for all § € q. Therefore, ¢(a/, M') C
Moey OM') = g(M"). 0

PROPOSITION 3. If p and q are two types from S(T), such that p L* q. Then,
if some model M |= T realize the type p, then the type q is also realized in 9.

Proof. The Proposition states, that the realization of p in some model of T
implies the realization of ¢ in the same model. In other terms, p is powerful
over .

If the type p is realized in some model 9 |= T, then there is an element
a € p(M). By the definition of an almost orthogonality, there is a formula
&(T, 1), such that § £ ¢(a, M) C q(M), what means, that ¢(M) is not empty,
therefore ¢ is realized in 991. O

THEOREM 7. Let T' be a small countable theory, and {r;|i <w} be a countable
set of all non-principal types from S(T), then

(1) If for any ri # rs, ri L% rs, then (T, w) > w.

(2) If for any finite subset {riy,,...,ri, } of {ri}

(riy Urg, U oUr ) L%, k< w,
then I(T,w) = 2%.

Proof. (1) Take an arbitrary n € N. Since r, L% r;, Vi # n, i < w, realization of
rn does not imply realizations of r;. Therefore, by the Theorem 5, there exists
a model 9, realizing the only type r,.

Since Vn,m € N n # m impies 9, % M,,, there exists at least w non-
isomorphic models.

(2) Let 7 be a countable sequence of 0’s and 1’s. Divide {r;} into two ordered
sets, {p;} and {¢;}, such that r; = pg if 7(i) =0 and r; = qx if 7(3) = 1.

For any n € N take the finite parts of the sets {p;} and {¢:}: {p1,...,0n}
and {q1,...,¢n}. Take a prime model 90t,, over any extension of (p1 U...Upy,).
Since (p1U...Upy) L% qi, 1 < i < n, their realization does not imply realization
of the types ¢;, 1 < i < n. Therefore, there the model 91, will realize all p;,
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and omit all ¢;, ¢ < n. Then, by the Theorem 5, there is a model 971, realizing
all p; and omitting all g;.
For any 7 there is a model 9, constructed by the method described. And

all these models are not isomorphic, since they differs in at least one type.
Therefore, I(T,w) = 2¥. O

THEOREM 8. If the countable theory T is small, and {r; € S(T)|i <w} is a
countable set of all non-principal types such that ry L% rip1 and ripp L 7y,
then the number of countable non-isomorphic models of T is at least countable,
that is, I(T,w) > w.

Proof. We will construct a model 9, for every natural number n. If a model
9N; realize a type r;, then by the Proposition 3 it realizes all the types r;, j > 1.

The model 9, realize a type r1 and, consequently, all the types ry, i < w.
In the model 9%;, by the Omitting Types Theorem, the types r;, j < ¢ are
omitted, and, since r;4, L ry, the types r;, 7 > i are realized. [

CONCLUSION

In this paper quasi-neighborhoods, neighborhoods, their properties and
connection with each other are studied. And there given how neighborhoods
can affect to the number of pairwise non-isomorphic models. Also we are going
to describe how orthogonality of types connected with definability of quasi-
neighborhoods (B. Baizhanov, N.Tazabekova).

We study the relations of weakly orthogonality and almost orthogonality
of types and relation of them with the concept as the weakly and strongly
convergence of formula to type (B.Baizhanov). In the theorem (Theorem 4)
proved that some applied conditions with orthogonality save the property of
non-homogeneity and keep the number of countable, non-isomorphic models
(B. Baizhanov, A. Yershigeshova). We prove (Corollary 3) that if there is
a counterexample to Vaught’s conjecture then there is a diagram with wy
countable non-isomorphic models (B. Baizhanov, T. Zambarnaya).

The work was supported by grant 5125/GF 4 of Ministry of Education and
Science of the Republic of Kazakhstan.
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Baitxanos B.C., Tazabexkosa H.C., Epmuremosa A.Jl., 3ambapras T.C.
KILII TEOPUAJTAPIAYBI TUIITEP

Ocpl MaKaIa, 18 KBa3H-aiMaKTap, aliMaKkTap, OJaPALIH KACHeTTePi xKoHe 6ip
Oipimen Oaitnanbickl Kopceriiren. CoubiMeH Gipre TUITEP/IH OPTOTOHAJIBIFbI
MEH KBa3H-aiMaKTAPILIH AHBIKTAILIMIBITBI APACHIHIATB OAMIaHBIC CHIIATTAII-
LI

Biz Tunrepain oJci3 0PTOrOHANIBIK, OPTOTOHAJIBIK, JEPITIK KATBIHACTADBIH
JKDHE 0JIapAbIH (DOPMYJIAHBIH THITKE DJICI3 XKOHE KYIITI XKUHAKTHILIBIFBI CHAKThI
yrbIMJIapMEH DaiiyiaHbIChIH 3eprreiimiz. Toprinmi Teopemaia OPTOTOHAJ IBIFBI
fap keitbip Kommanbasnbl maprTap OIPTEKCI3AIK KACHETIH CAKTANTLIHBI, H30-
MOPMTHI €MeC KBHE CAHAILIMIBI MOIETbACPIIH CAHBIH OYPBIHFLIIA KAJIbI-
paTeinbl gonennenren. P mogeni ymrin D(9) axbIprel auarpaMmacse! gen 90T
JKysere achipbLiaThia D (D) GapbIK THIITEPIIH KUbIHBI aTanaasl [1]. Boor ru-
IIOTE3ACHIHA KaPChIMbIcaI Oap 00/1ca, OHIA W1 H30MOP(THI eMEC CAHAJBIMILI
MOZeILaepi 6ap aKLIPrbl AuarpaMma 0ap 60IaTHIHBL J8/Ie/IeHTeH.

Baitxanos B.C., Tazabexkosa H.C., Epmuremosa A.JI., 3ambapras T.C.
TUITBI B MAJIBIX TEOPUAX

B pabore paccMaTpUBAIOTCS KBA3U-OKPECTHOCTH, OKDECTHOCTH, UX CBOM-
CTBA ¥ CBsI3b MeX Iy HUMHU. TaKKe ONUCHLIBAETCS CBsI3b MEXKY OPTOrOHAIBHO-
CTBIO THIIOB U OIPEJIETUMOCTHIO KBA3H-OKPECTHOCTEI.

Mbl paccMOTPUM OTHOIMIEHUsI ¢1aboii U MOYTH OPTOrOHAJILHOCTH TUIIOB U
UX CBsI3b C TAKUMHE MOHSATHSIME, KaK Cj1adas U CUIbHAsI CXOJUMOCTH (POPMY-
Jbl K Tuiy. B Teopeve 4 I0Ka3BIBAETCS, YTO HEKOTOPBIE NMPHUKJIAJHBIE YCIO-
BHsl C OPTOTOHAILHOCTBIO COXPAHSIOT CBOUCTBO HEOMHOPOIHOCTH U OCTABJISIIOT
NPEXKHUM YUCJIO CYETHBIX Hen30MOPMHBIX Mojeseil. st moxenn 90 Teopuu
T, koneunoit muarpammoii 91 HassiBaercss MHOKecTBO D (), Beex TUTIOB, pe-
amusyomuxcesa B D [1]. JokasbiBaercs, 910 €C/iu CyMECTBYET KOHTPIIPHMED
K runorese Boora, Torma CymecTByeT KOHEYHAsl JUATPAMMA € W] CUETHBIMU
HEN30MOPMHBIME MOJIETISIMHU.
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Ha ocHoBe MomenupoBaHusl JIMHHLIX IO BPEMEHW BBIYHCJIEHHNH OTHOCUTENb-
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nragbHOe BpeMS Ha JeTEPMUHWPOBAHHBIX MaIMMAAX TBIOPHHATA, K I3BIKY TAaKUX
dopmyn. C apyroit CTOPOHBI, U3BECTHO, UTO SI3BIK OYIeBBIX GOPMYJ ¢ KBAHTO-
paMu SBJsIETCS TMOJHHOMHUAJIBLHO MOJHBIM B KJIACCe SI3LIKOB, PACIO3HABAEMBIX
C TOJMHOMHAJILHON MaMATHIO Ha 9TUX MAIIHHAX. DTO MO3BOJISIET JOKA3aTh Pa-
BEHCTBO KJACCOB, YIOMSHYTHIX B HA3BAHUU PAabOTHL

KntoueBrie cioBa: wodesuposarue Gopmyaamu, NOAUHOMUAALHAA CE00U-
MOCTD, IKCTOHEHUUAALHOIE BPEMEHHDIE BBIMUCACHUA, BBIMUCAEHUA C NOAUHO-
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PACIIO3HABAEMBIX C TTOJIHHOMUAJBHO OIPAHIMYEHHO TAMATHIO HA JETEPMUHUDO-
BAHHBLIX MAIMUHAX TBIOPHHITA. DTO, B YACTHOCTH, O3HAYAET, YTO JJisi BCIKOTO
sI3BIKA, TOTO KJIACCA MMEETCsl aJIFOPUTM, KOTOPBIH 38 MOJIMHOMHAJILHOE BPEMS
oT AuHBL BXOAa 1aéT (hopmyny Teopun Th(B), MOIEIUPYIONLY O BHIYUCTICHNS,
OTPaHUYEHHBIE 110 EMKOCTH JAHHBIM MHOTOYJIEHOM. [Ipu 9TOM CUMYIHPYIOTCS
JIOCTATOYHO JJIUTEIBHBIE BEIYUCIEHHS, TAK KAK TOJMHOMHUAIBHOE OIPAHUYEHIE
Ha MAMSATH MO3BOJIET MallinHe paboTaTh KCIOHEHIMATBHOE BpeMst (2, 3].

g peanmusanuy 3TOro MOACJINPOBAHUS DU JOKA3ATE/IbCTBE TEOPEeMbl 4.3
B [1] Crokmeitep u Meitep mpuMeHnIN BecbMa OCTPOYMHBIH mpuéM. OH MO3BO-
JgeT HAMCATH (POPMYITY MOTHHOMUATIBHO OTPAHNYCHHON NJIMHBL 1718 CHMYJId-
[UH SKCIOHCHIHAJIBHOIO KOJIMYeCTBa MAr0B MAMIMHbL T BIOPHHTA DU YCIOBUH,
YTO OAMH €€ Mmar OnuceBaeTcsa (popMyIoil MOTMHOMHUAIBHOM AnuHbL. OQUH mar
paboThl MaImMHBl Moesupyercs B [1] mo meroay Kyka — BeimosnunMoil opmy-
70t MCYNCIIeHNsT BBICKA3BIBAHMNI, TOJ00HO TOMY Kak B [4] ommceiBalorcs Jeii-
CTBHA HEJICTEPMHHHDOBAHHBIX MAIIMH TBIODHHIA 33 IOJIMHOMHUAJIBHOE BPEMdA
npu noKazaTenbeTee N P-NOTHOTE 33891 O BBITOJTHIMOCTH.

MBI IpUMEHNM 9TO KPAcuBoe MocTpoeHue u3 [1|, HO MomeaupoBaTh MmAaru
paboTel MamuHbl Oynem Gojee cioKHbIME (hopmytamu Teopun Th(B), nmero-
IMIMHU CMEHY KBAHTOPOB. DTO YCJIOXKHEHUE BBIZBAHO TEM, YTO OLMUCAHUE PADOTHI
MaIKUHBI 10 MeTony KyKa — o4YeHb JJIHHHOE, OHO TOPa3/0 OOJIbIe, YeM JJIHHA
TOU YaCTH JIEHTHI, [JI€ MPOU3BOAATCS BhIUNC/IeHusd. HelicTBuTe/bHO, B hopMyie
Kyka nmeercsa noadopmysia n3 oaHOH TPONO3UINOHAIBHON nepeMenHoi C; ¢,
KOTOpas MPUHUMAET 3HAUYEHUE «UCTHHHOY», €CJIH -4 f9eiKa B MOMEHT BPEMEHU
{ comepxut cumBoJ pabodero andasnra X; (CM., HAIPUMED, T0KA3ATEIbCTBO
reopembl 10.3 B [3]). Onnako Takoii mpocToii (akT, 9TO0 B KAKOH-TO MOMEHT
{ HAYAJBHBIN KYCOK JIEHThI JAuHbl L + 1 COMEPXKUT TOJILKO CUMBOJIBI X, KO-
jupyercst popmyioit, comnepxKareit oparMent Jyiunbl 20 4 1 6e3 yuéra JnHbI
nngexcos: Co ot ACr04A .. . ACL ot COKPATHTD 9Ty 3alUCh HET BO3MOKHOCTH,
JIazKe MCIOJIb3ys KBAHTOD BCEOOIMHOCTH, TAK KAK €0 HeJIb3sd IPUMEHUTh K HH-
JIEKCAM, OCTABasiCh B PAMKAX TEOPHH IEPBOTO Mopsaka. Takum obpasom, Jjis
ONuCaHus pabOThI MAITMHBI HA TOJIOCE IKCIOHEHIIHATBHOM TUPUHBI TPeDyeTCs
dopmyna Kyka Takke IKCIIOHEHITHAJIBHON JJTHHBI.

Brixos 6611 HajiieH B [5|: TaM IpeTIOKEHO KOANPOBATH IBONYHYIO 3aINChH
HOMEDA siueiiki HAbOPOM 3HAYEHWH CNENHANbHBIX MEPEMEHHBIX 10, - . ., Ltm,
rie m+ 1 > logy L (em. 1. 2.2 w0 5.2). DT0 MO3BOJSET OINCATH OJMH IMAr pa-
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0OTHI MAIMHBI C IKCIOHEHIIHAIBHON EMKOCTHON CJIOXKHOCTBIO (HPOPMYIIOi 1o-
JUHOMUAAILHON AnuHbl. OCHOBHAS HesT TAKOTO COKPAIIECHUS 3aKII0YAeTCd B
TOM, 9TO HaTa bHAsT KOH(MUTYPAIAST U YCIOBHE OKOHTAHNST PAbOTHI sIBIISTIOTCS
MOJHHOMAATHHO KOPOTKAMH, W TPH SKCTOHEHITHATLHO MHPOKOH TTOJI0CE BCETO
BBITHCJIEHHST HA KAXKOM €ro Iare MeHsIeTCsT BCETO JINIh O/THA KJIeTKA JIEeHTHI.

B urore mosmydaercs, aro teopusi Th(B) mOJIHHOMHATBLHO MOJMHA B KIACCE
EXP, Te. B KJacce sI3BIKOB, KOTOPbIE PACIIO3HAIOTCS JTETEPMUHUPOBAHHBIMU
MamrHaMi THIOPUHTA 38 SKCITOHEHITHATLHOE BPEMsI OT JJTHHBI BXO/IA 1, TOUHEe
3a BpeMs, He mpeBocxofsmee exp(2, f(n)), tne f ecrb MHOTOUNEH, (DUKCHDPO-
BAHHBIH 15T JAHHOTO PACITIO3HABAEMOTO sI3bIKA. TeM caMbIM yCTAHABINBACTCS
paBeHcTBO KnaccoB P-space u £€XP Ha 0OCHOBAHUK TOTO, YTO BCE sI3LIKH 000MX
KJIACCOB TTOJIHHOMHUANBHO CBOJATCA K a3bIKy BOK.

B 10 ke BpeMsi, KOHCTPYKIMs MOAeTupyomux GhopMmys u3 3amerku 5| oy-
JIeT 3aMEeTHO W3MEHEeHa, JJIsT BO3MOYKHOCTH BOCTIONB30BATHCS MOAMMDUITMPOBAH-
HBIM MeTOmOM u3 [1] u usbexkarh TPYAHOCTEH, BOSHUKAIOIINX MPH MOMBITKAX
MOJTHOTO ODOCHOBAHUS AJEKBATHOCTH TPEIJIOKEHHOTO B [5] cmocoba cumyiis-
[UH SKCIOHEHIIMAILHOIO BPEMEHH PabOThl MAIMHBI, U TOTOMY B 1. 2.2-3.2
9TH (DOPMYJIBI OTIUCHIBAIOTCST HE3ABUCUMBIM OT paboThl [5] crocobom.

3amMerunM, 4T0 MeTO 1 mocTpoeHus (popmy Kyka co3mapajics st Onucanus
PaboOTHI HEJETEPMUHUPOBAHHBIX MAMAH THIOPHUHTA, HO MPUTOAHA ST TOTO U
KOHCTPYKIust Teopembl 4.3 B [1]. A ommceiBaeMoe HUKE MOAETUPOBAHUE ISt
9THX TeJIel TPUCTOCODUTE MOKA, HE YIAJ0Ch.

1 HEOBXO,ZLI/IMBIE COIVIALIEHUWA U ©OPMVYJIMPOBKA PE3VYJILTATA

B stom paziese B sBHOM BUJIE OTOBAPHBAIOTCS OIPDAHMYEHIS HA MCIOJIb3Y-
eMble MarmuHbl ThiopuHra, 0coO0eHHOCTH X PabOTHI, CIOCOD 3AMCH HX KOMaHJ
u opmys Teopun OyJIEBBIX AJIredp. DTH COTVIAINIEHUS ABISIOTCH BAXKHBIMH Jie-
TAJIAMU TIPH JOKA3ZATEIbCTBE OCHOBHON TEOpeMbI 1, XOTs HEHOH YCI0XKHEHUsI
JIOKA3aTEIBCTRA 000 U3 ITUX OIPAHUYEHHH MOMXKHO ONYCTHUTh.

1.1 O MAmMHAX ThIOPUHIA U 3ANMCHU BYJIEBBIX ©OPMYJA. Bceiomy nanee
PACCMATPHUBAIOTCH TOJBKO JIETEPMHUHUPOBAHHBIE MAIMUHBI C (DUKCHPOBAHHBIM
pabouum ajadaBuToM HE3 TOMOJHUTEBHBIX OrOBOPOK. CHUTAETCS, YTO MOJIETH-
PyeMble MAITHHBI UMEIOT JIMIb OJHY PAbOYYIO JIEHTY, TAK KaK [ePEJEIKa 1POo-
rpaMMBL MHOTOJIEHTOYHOH MAIIHMHBI B O,ZLHOHGHTOLIHbel BapuaHT OCyHnieCTBUMa
32 MOJIMHOMUAJIbHOE BPEMS OT JJIMHBI ITPOIPAMMBI, U BPEMS pabOThI MAITHHbI
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IIPH 3TOM BO3PACTAET TOXKE MOJIMHOMUAIBHO [2, 3.

JlenTa marmuHbl HeCKOHEYHA TOJBKO BIPABO, MMEHHO B STOM BHJE MAIHU-
HBI 9acTo 1 paccmarpuaiorcs [1]-[4]. Kpome Toro, rakme MarmmHbl Mo3BOISOT
MOJIEJIUPOBATH TOJIMHOMUAJIbHBIE BRIYUCIEHUS HA MAIMHAX C JBYXCTOPOHHEH
JIEHTOH 38 MOJIMHOMHUAJIBHOE BpeMs. OHOCHOBAHHE HTOrO IIPOIIE TOrO, YTO Je-
JIaeTCs B CJIy4ae IIepexola OT ABYXJIEHTOYHON MAIIUHBI K OJHOJICHTOYHOM.

Komannsr mamus ThiopuHra — OJZHOTAKTHBIE, T.€. UMEIOT B ¢;0x — ¢4/3,
a He JBYXTAKTHBIE ¢;0x — ¢;57, toie a € A, f,v€ AU{R, L} n A — paboumit
asncpaput. Kciu naxke cuuTaTh HCIOJIHEHHE NBYXTAKTHON KOMAHIbLI 38 OJHH
mar, T0 Pa3HUIA BO BPEMEHH PAOOTHI MOIYYAETCH JIMHEHHOI.

MamiuHa HaunHaeT PadoOTy BO BHYTPEHHEM COCTOSIHHH (1, U €CJIM OHA Pac-
HO3HAET BXOJ, TO IPUXOJUT JINOO B JOMYCKAIOMEE COCTOAHIE — (o = Gyes, JTUOO
B OTBEPraloIee — 2 = (no-

Mamiutbl ThiOpHHTA HE TONAAAIOT B CUTYAIIMIO, KOT/IA MAIIMHA OCTAHOBH-
JIaCh, HO OTBET €€ He Onpeneén. A UMEeHHO, OHH He IILITAIOTCH BLIATH 34 JIEBLIil
Kpail JICHTBI 1 HE COJIePKaT BUCAYNX BHYTPEHHUX COCTOAHUI ¢, 171 KOTOPBIX
J # 0,2 u ecTh KOMAaHIB! ¢ KOHIOM ... — @;[3, HO HET KOMAHJ C HAYAJIOM
q;0 — ... XOTd Ob1 11 onuoro o€ A. 1loNbITKY BLIATH 38 JIEBLIH Kpail JeHTL
OJIOKUPYIOTCS BBEJIEHUEM JOMOJHUTEILHOIO CHMBOJIA *, KOTOPBIM MOMEYaET-
¢s JIEBBIN Kpail JEHTBI, W 3aMeHOM KOMaHI ¢;* — L Ha ¢;* — g;*. Buca«ane
BHYTPEHHHE COCTOAHHA JINKBUIUPYIOTCA JONUCHIBAHIEM KOMAHI (0 — ;0.

s Toro, uTobbl HMETH BO3MOXKHOCTD IPUMEHATH B (DOPMYJIaX KOHCTAHTHI,
Jaiee UCTIOMb3YIOTCT UCKTI0YnTebHO (hopmysbl Teopun Th(B), a He s3bIKa
BOK. Xora qopMasibHbIil MEPEXO)] MEXKIY ITHUMEU SA3BIKAMEU TPOCT: €CJH T —
dopuvysia BOK uz omHoll 1pono3uinoHaibHOR TepeMenHoil, 1o x = 1 — coot-
BeTcTBYyMOmAs et popmyna Th(B) ¢ npenMeTHON TepeMeHHOH -, 1 00PATHBI
MEPEXOJ] TIOUTH TAK XK€ ITPOCT.

st dopmyn reopun Th(B) sadukcupyem ciaenyomuii aadasaT:  a) cur-
HaTypHBIe cuMBOJIBI N, U, C,0,1 1 3HAK PAaBEHCTBA A, ©) JATHHCKHE OYKBBI
— NIt YKA3aHUsT BUOB PEIMETHBIX MEPEMEHHBIX; B) apabckue mudpsl 1 3a-
nsTass — JJIs 3alUCH WHIEKCOB; T) JIOTMYECKUEe CBA3KH —, A, \V, —; 1) 3HAKH
KBaHTOPOB V, J; €) BCIOMOTaTeNbHBIE CHMBOJIBL: (,).

[IpuopuTter CBA30K U ONEPANMil WM €r0 OTCYTCTBUE HE HMEET 3HAUYECHIUS,
TaK KaK Pa3HUIIA B JjiHE (POPMYJI B STUX CJIYUASX OJYyUAETCs JTHHEHTHOM.

[TporpaMMBr OTHOMEHTOUHBIX MaIMuH ThiOprHTa ¢ padounM anadasutom A
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CUYUTAOTCSA 3AIUCAHHBIMU CHMBOJIAME 3TOr0 ajihaBura, a Tak>Ke, ¢ HCIOIb30-
BaHUEM CUMBOJIOB ¢, R, [, =, apabckux nudp u 3angToii.

1.2 OCHOBHASI TEOPEMA U ER CJIEJICTBUE.

TEOPEMA 1. Jhoboti asvik xaacca £X P noaunomuaabio mpanchopmupyemcs
K A3BIKY Popmys meopun deyrasemenmnots 6yaesoti anrzebpol B.

JlokazaTenbCTBO TEOPEMBI 1 OMUCHIBAETCA B pazjenax 2-b.

CnenctBUE 1. Kaacew P-space uw EXP cosnadarom.

Joxasameavcmeo. N3sectro, uto Knace £X P cogepkut B cede Kimacce P-space
[2, 3]. Cormacuo Teopeme 1 Beakmii a3bIK Knacca £X P MOTMHOMUATIBHO CBONT-
cs1 K s13bIKy (popmyan Teopun Th{B), a 3TOT I3bIK — MOJTHHOMUATBHO TOJTHBIN B
knacce P-space mo ynomsinyToii Beime Teopeme Crokmeiiepa—Meiiepa [1, 2| u
BBUJIY OTMEYEHHO BBIITIE SKBUBATEHTHOCTH €r'0 936Ky BOK. 910 03HaqaeT, B
YaCTHOCTH, IPUHAIEKHOCTD si3bika T h{B) knaccy P-space. Takum 06pazom,
ycTaroBIeHo obpaTtHoe Braodenne EXP C P-space. O

2 HAYAJO TOKA3ATEJLCTBA TEOPEMBI 1

Ilycte sizpix L jiexxkur B kjnacce EXP. o onpenesnenuio 310 03HAYAET,
9TO UMEETCsT MAIKMHA ¢ TTPorpaMMoil Pr, Bpemsi paboThl KOTOPOil Ha Bxome X
orpanmdeHo BennanHoil exp(2, mr(|X|)) Ans HEKOTOPOTO MHOTOWIEHA My, U
9Ta MAIMHA JO0MYCKAET BXOJ TOTJAA U TOJIBKO TOTMA, KOTJAA OH MPHHAIICIKUT
L. Bnech u Beroay nanee | M| o3nagaer anuay oobekta M.

Hnst nokasarenbeTBa TeopeMbl 1 JOCTATOYHO MOJTMHOMHUATIBHO TpaHchOp-
MUPOBATH YTOT IPOU3BOJILHO BHIOPAHHBII A3bIK L K 3bIKY (DOPMYII, T.€. IPOMO-
JIeTUPOBATH PAbOTy OJHOM MAIMUHbI Pr, 33 SKCIOHEHIIMAIbHOE BpeMst. OIHAKO
MBI B COCTOSIHUH JIOKA3aTh DOJIbINEE, 8 MMEHHO, OYJIET OMUCAH AJrOPUTM, KOTO-
PBIiT 15T KasK 010 MHOTOUIeHa M 110 11060i mporpamme P mamuab ThiopuHra
1 BCAKOMY BXOAy X CTPOUT 3aMKHYTYI0 (hopmyny (mpemnoxenne) 2, (X, P)
curHaTyphl HysieBoii aysrebpol B, 00/1a1a10My0 CBOHCTBAME:

(a) cywecmeyem marxoti MHOZ0UAEH Gm, WMo Oas 6cex X u P dopmyra
Qn(X, P) ecmpoumea sa epema, ne npesocxodauee gm(|X|,|P|);

(6) ecau B = Qn(X, P), mo mawuna Toropunea ¢ npozpammots P donycka-
em 6x0d X ne 6oaee, wem 3a exp(2, m(| X|)) wazos, a xoz2da B = —Qn (X, P),
ama mawuna omaepeaem 6x00 X uau deaaem boaece exp(2, m(|X|)) wazos.
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Takum obpazom, (akTuyeckn OyJIeT JA0KA3aHa MOJUHOMHAJbHAS CBOJIHU-
MOCTB SI3BIKOB NpPobaemb, JONYCKanLA 6 0MeedEnnoe 6pems, 8 NMEHHO, T3BIKOB

AK,, = {{X, P) | mawuna Toropunza ¢ npoepammoti P donyckaem

uenouky X 6 npedeaax epemenu exp(2, m(|.X|))}

K A3bIKY OyseBbIx hopmyn. Hazpanue n 0603HadeHNE 3TUX 93BIKOB CHENUAIHHO
BBIODAHBI TAK, YTOOBI TOIIEPKHYTH UX CXOACTBO CO 3HAMEHHUTHIM MHOXKECTBOM
npobieMmbl ocTaHoBku — K.

CHagaia MBI TOCTPOUM OY€HD JTHHHBIE (POPMYIIBI, MOJETUPYIOIIHE BHITIC-
JICHUST W UMEIOIIHEe OTPOMHOE KOJIMYECTBO «JTUIMTHUX> MEPEMEHHBIX, U TOJBKO
MOC/Ie TOTO KaK yOeauMcsi B aJ€KBATHOCTH 3TOTO MOJETUPOBaHUS (TPEITOKe-
uue 3(B) Hike), mozaboruMest 0 KOPOTKO 3amiCH MOCTPOEHHBIX (DOPMYIL, 9TO
OyJer rapaHTHPOBATH MOJMHOMHUATBHOCTE MOCTPOECHHUS ITHX (DOPMYJI.

ITepen mocrpoeruem hopmyisl 2, (X, P) K nporpamme P IOMHCHIBAIOTCS
KOMAHIBI LOA0CMO20 x0oda BUma (o — qra, tae k € {0(yes), 2(no)}, a € A,
BBITIOJTHSAST KOTOPBIE, MAIIMHA HE MEHsET KOH(DUTYPAIUIO HA JICHTE.

2.1 JOTIONHUTEJBHBIE COTJIAIIEHUS. [ Ty4Inero BOCIPUSTHS BBOIATCS

CTENYIOMME COKPATIIEHUST:
1) kpome OOBIYHBIX CKODOK B JJTMHHBIX (POPMYJIaX MPUMEHSIIOTCS KBAIPATHBIE
u urypubie; 2) cumraercs, 9to N U A (&) CBA3BIBAIOT CUIbHEEe, YeM U u
V= 3)ax<y=a~0Ay~1; 4) (ao,...,qm)<(Bo,...,0n) — cpaBHeHue
HabOPOB B JieKcuKOTpahuaeckoM mopsiake: ap < foV {ao= o Al <1 V(o =
BrA(ae<f2V(ae=f Alas<fs...))}

Vropsinodentblit HAGOP (PUKCHPOBAHHOM ITUHBL (L, . . . , Xyy) 0003HATACT-
¢ kKak Z. EcrecTBenno, 9To «popMyaay I~ 0003HATAET CUCTEMY PABEHCTR:
2o R QA . . . ATy R Q. HADODBI IEPEMEHHBIX € ABYMS HHJIEKCAMHU OYIyT BCTPE-
Y4TBCA TOJBKO B TAKOM BHJE, KOTHQ MEPBLIH HHAECKC (DUKCHPOBAH, HAIIPHMED,
(Uk0, - - -, Uk,m), TAKOH HAOOD 0003HAUAETCS KAK Uk.

[Tpu moxacuére AAMHB HOPMYIILI TPUMEHSIETCST TTPABUIIO: JUTHHA HAbOpa T
pasaa m+1 maoc M — KOJIMYECTBO CHMBOJIOB, YIACTBYIOMUX B 3AMUCH WH-

nexcoB 0,...,m. A |¥=a|<M+3m+3, ecnun Habop & COCTOUT M3 KOHCTAHT,
a ecnu 310 — HADOD MEpeMEHHbIX, T0 |TAa|<2M +3m+3.
Uszsectro, uto ecin (V)2 = (Y0,.-.,Ym)2 — JABOMYHAS 3AMKCH HATY-

panbrOrO umena t < exp(2,m), To uncna t+1 u t—1 BRIpAXKaATCS B BUJE
M2+ 1=(0B Y1 Ym=1"Yms s Vm=2B Yim—1" Vs Vm—1D Yy Ym®1)2 1
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@2=1=(02Cn - CYn1CYms - -+ Ym—2BCYm—1-CYmy Yin—1BCYm,
Ym@®1)2, COOTBETCTBEHHO, IJIe OMepallns M 3alNCcaHa KAK yMHOXKEHHE: X - Y=
zxNy, u xdy=x CyUCx- y. HemMHOTO B APYIOM BHJIE 3AIMUCH MOMTOOHBIX
dopmyn conepxures B [6] — npumep 4 B § 2 riaBe 1.

ponanas 3anmuchk HATYPAJbHOTO 4dncia ¢ obo3Havaercd Kak (1)q.

2.2 OCHOBHBIE U BCIIOMOTATE/IbHBIE IIEPEMEHHBIE. JjIsg MomenupoBanus
paborsl mammubl Tbiopuara P Ha Bxome X 3a mepseie 1 = exp(2, m|X|)
maroB JOCTATOYHO OMUCATHL €€ JelCTBUsS Ha IoJioce MUPUHONH B 1’ KIETOK.
Beuay sToro momepa sideek Ha JIeHTe KOIUPYIOTCS MOCPEICTBOM HAGOPOB 13
IEPEMEHHBIX BHIA <HUKC»: Ty = (X40,...,%em) Amuusl m +1=m(|X])+1.
ITepsoiit unmekc t (usem) 0boO3HATAET HOMED IIAra, MOCIE KOTOPOTO BO3HUK-
Jia paccmarpuBaemas Koudurypanus Ha Jienre. Takum obpazom, (opmysia
Tp A = X0 R QQ...Ttm N Qyy 3373ET HOMED (&)2 B JBOMYHOI cHCTe-
M€ CUHCJICHUS HY>KHOU A9¢iKH B MOMCHT BPEMEHU T.

Yucno r noabupaercd HACTOALKO OOJILIMNM, 9TOOBI B ABOMYHON CHCTEME
CUNCIIEHNsT MOYKHO OBITIO 38MACATHL BCE HOMEDPA BHYTPEHHUX COCTOSHUI MATH-
bl P, ncnonnays r cuMmBosnos 0 w1, ¥ IPU 9TOM 3aKOIMPOBATH TAKUME K
Habopamu Bce cuMBOJIBI anpaButa A, T.e. ecnu SE€ A, 10 ¢ff = (¢fo, ..., cBr_1)
— uabop HyJel U eqUHUI JJIMHBL 7, KOAUPYOmuii 3.

3annch B Kakoi-TO sielike cuMBoOsIa £ nocue mara ¢ obosnasaercs ¢op-
MYJIOi fy &2 ce, Tie f; — HADOP TePEeMEHHBIX JJIUHBI r. A OTAeTHHON sSUeiike ¢
HOMEPOM, JTBOMYHAS 3AIUCH KOTOPOTO ([1)2, KOTJIA B HEll moc/ie mara ¢ 3anucaH
CHMBOJI £, COMOCTABISIETCS K6asuypashenue (uau kiaysa) nseta t:

Y(i—e) = Tl — fines = (XpoR U0 N ..o A Zpm R fb,) —
= (fromcso N A frr1meEr).

Habopbl u3 mepeMeHHBIX ¢ JJIUHBI ' yHOTPEOASTIOTCS s YKA3AHUST HO-
MEPOB BHYTPEHHUX COCTOSHUI MAIMTHHBI, a HAOGOPHI cTt — 14 3aUCH KOJOB
CHMBOJIOB, CTOSAINUX B 0003peBaeMoOil TOIOBKOH KJIETKE, B JAHHBIH MOMEHT .
Homep i=(d)2 BHYTPEHHETO COCTOSIHUS ¢; U 0D03DEBAEMBIil TOJIOBKOH CHMBOJI
(¢ BMECTE C HOMEPOM (@2 TOW KJETKH, [JI€ OH CTOWUT, IPEJCTABIACTCA JIJId IMAara
t B BUIe oaHON T-hopmyan 1BETA,

(e, (1)2,8) = dimca N Gro ANGimE = (diprcag ... A
/\Cltyr_l %COér_l) (qt70%50 AN AN /X %57«_1) A (Z@O ~E NN ztymwgm).
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B nienom T4 popMyna — yeaoBHE HA TPAMEHHMOCTH KOMAHIB (i —> . . . WJIH,
AHBIMH CJIOBAMH, MatMep T 3aMyCKa MMEHHO YTOH KOMAaH IBI, KOT/Ia TOJTOBKA
HABEJEHA HA TUEiKy ¢ HOMepoM (€)s.

OcHOBHBIE IIEpEeMEHHBIE T, %; U {, ft,cTt BBEJEHBI ¢ GOJIBITUM H30OBITKOM
JTst obIerdenns M0KA3aTEILCTBA, HO B WTOTOBBIE MOAETHPYIONHE (DOPMYIILI
BOIIyT TOJBKO T€ U3 HUX, ¥ KOTOPbIX t =0 win t =T = exp(2, m). Habopsr
OCHOBHBIX TTEPEMEHHBIX HMEIOT PA3HYIO JJINHY, HO 3TO HE TPUBEAET K My TAHUIIE,
TaK Kak y HaDOPOB M3 «HKCOB» M «3€TOB» JIJINHA, Beeraa Oyaer m+1, a 'y Habo-
POB U3 «KI0», «3]» U «19» — r. Habopbl KOHCTAHT WM APYTUX MEPEMEHHBIX
MOTYT ObITH TOXKE Pa3HOH JJIMHBI, HO TAKO# HAbOP OyAeT Bcerna OJHO3HAYHO
MPUBI3aH K OJHOMY W3 ITHX.

OcranbHble TEPEMEHHbIE — BCIIOMOTATENbHEBIE, OHH OMHUCHIBAIOTCS M0 Mepe
nX TosgBJIeHns. VX 3amada — OFHOZHAYHO ONMPENEJUTh 3HATEHHST OCHOBHBIX
mepeMeHHbIX TBeTa ¢+ 1, TPy yCIoBUH, 9TO BEAYIIHE MEPeMeHHble 1BeTa, t
AMeN <«paBUIbHBIEe» 3Ha4UeHus. [Ipuuém sra mepenada J0KHA 41eKBATHO
COOTBETCTBOBATH TOi KOManae M (k), koropast npumensiercst Ha mare ¢+ 1.

JIEMMA 1. (A) Bes yuéma undexcos kaaysv, 6uda (U — B) umerom dauny ne
boaee, wem Am-+4r+10; a matimepn (T-gopmyan,) — ne boace wem Am+8r+12.

(B) (0, -, ) < (o -, G| 10 maxc{ (00, - )] [(Bos - o)

(C) Ecau nabop (t)2 umeem dauny nopadka a smecme ¢ UHOECKCaMU, Mo
deounnas sanuch wucea L1 mpebyem dopmyas daunv, nopadka a’.
Hoxasamesvemeo. (A,B) B zamnck Takux KBazuypaBHEHHil BXOAUT M0 m+ 1
MEPEMEHHBIX BUJIA X U U; 7 IEPEMEHHBIX Buja [ 1 KOHCTAHT u3 Habopa cf;
mAr+1 KOHWBIOHKIUI U CTOJIBKO 2Ke CUMBOJIOB PABEHCTBA U OJ(HA UMILTHKAIIUS.
AHAJTIOTHYHO CUNTACTCH ITHHA T-DOPMYJ H HEPABEHCTBA & < 3.

(C) Cormacuo dopmynam . 2.1 B mBouwnoi 3anucu uucen t+1 umeercs
CTOJIBKO K€ Pas3psnoB, 9o u B (t)o — m+1, u m-+1 < a, HO mepBbIii ceBa
paszpsiji COAEPXKUT TEPM JIJTMHBI MOPsiIKA G, OCTAIbLHBIE Paspsiibl — Kopoue. [

3 ®OPMVJIBI, OIMMUCBIBAIOIIUE AEACTBUS MAIIUHbI

ITo mporpamme P noctponm suadame dopmyry & (P), xoropas omucni-
BAeT OJUH mar paboThl MAIMHLI P TPUMEHEHNH €€ K KOH(UTYDAINH, BO3-
HUKIEH Ha KaKoM-TO mare t. 3arem onuimeM (pOpMyIaMu JeiCTBUs MAIIHHBI
38 9KCIIOHEHIIHATBHOE BpeMsi, MoAuduImpyst Meron us [1].
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3.1 ONMCAHWE AENCTBUSA KOMAH/. st onucanus paborsl Ha mare t+1 ko-
manast M (k) =gq;ac— q; 3 ¢ nomepom k, tne € A, € AU{R, L} (B ToM 4ncie u
KOMaH I X0JI0CTOTO X0/1a U3 HaYa/ia pas/ena 2), IpuMeHsieTcs cieyiomas ¢hop-
mysia @g(k) co cBODOIHBIMU OCHOBHBIMU HEPEMEHHBIMU  Tt, i, Zt, A, [ty Tit1,

th+1,/Z\t+1ydt+1 " ft+1 :
wi(k) = Yu {m(a, (i)2,u) — [A’m(ﬂ) &
& YR{I¥MB) — [A%(k, B) & w1 (R, ()2, GBI} }-

ITepBas m-hopmyna meera t UrpaeT posib TaiiMepa U «3aMyCKACT» BBITOJI-
HEHUE KOMAHIBI ¢ HAYAJIOM @i — ... TIPH YCJIOBHH, 9TO TOJOBKA OCMAT-
puBaer KJIeTKy ¢ HoMepoM (). Homep stueiiku, KoTopyto Oymer 0603peBarh
FOJIOBKA IOCJIE BBIOJTHEHMsT KoMau el M (k), onpesensiercss mo MeTacuMBOJY
Be{R, L}UA wnabopy u crexyomnm obpazom:  u(R)=(u)2+1, u(l)=
(w)2—1 wmmpu A u(p)=u.

Gopmyma ['"(5) umer ToT cumBoI b, HA KOTOPBI OYIET HABEIEHA TOJOB-
Ka Toc/ie BeImoyiHeHus: KoMauabl: a) npu € {R, L} sra dopmyna «HaxX0muT>
TOT CHMBOJI, 9TO 3AIMCAH CIPABA WM CJI€BA OT 0003PEBAEMOIl sTICHKHU B MO-
went £ TUH(B) = Zy~u(8) — finh = (W) —h); 6)anpuScA
HCKATH HIHYEro He HYXKHO: Twr(3) = havef.

Dopmyna A™"(uw) MeHsIeT IBET 3AINCH B siUeiiKaX, OTIHIHBIX OT (U)s:

A" ) = Vw3 g{-w~u — [Yi(W0— k) A V1 (0—3r)] }-

Gopmyma A**(k, ) npu € A craBur cumBon § nBera t-+1 B KneTky (U)2:
Ak B = Y1t — B);  ampum € {R,L} ona craBut Tyma « (Toxe
ngera t+1): Ak, 5) = Y1 (Uu— ).

Bropasi m-dopmyia, msera ¢ + 1, HABOJAUT FOJOBKY Ha siYeiiKy ¢ HOMEPOM
(u(/3))2, a BHYTPEHHEE COCTOSIHIE MAITMHBI MEHSIET HA J.

JEvMA 2. (A) Tpu B € A dopmyan TU™(B), ma(h, (7)2,0(8)) u ¢i(k)
umeem oauny nopaoka O(| Y1 (W—Ge)l)-
(B) IIpu BE{R, L} daunve smux gopmys — nopadka O(m-|Wi11(W— G)l).

Hoxasameavemeso. (A) Cornacuo jnemme 1(A) mauna Taiivepos nseta ¢ (Tex,
9TO BXOAAT B 3amnch GHopmyn pq(k) NEPBBIME) HMEET TOT YK€ MOPSJIOK, 9TO
W JUTMHA KJIay3bl BUIAA Wiyl (W — Jk), €CIU HE CUATATH JUIMHY HHIEKCOB. C

MATEMATUYECKUHA KYPHAN 2015. Tom 15. Ne 1 (55)



66 1.B. Jlatkuu

y4ETOM JJIMHBI HHAEKCOB Aj1Ha 000ux (OPMYJ BO3PACTAET B YHC/I0 Pa3, HE
IPEBOCXO/ISAIIEE BEININHY, Tponopinonaabayo max{ [lgm|+[lg(t+1)], [lg(r—
D1+gt+10)7, Ng(r—1)]+[lg k] }. Ocranbubie dpparmentsr hopmynst (k) B
9TOM CJIyIae UMEIOT JJINHY TOTO YK€ MOPSAIKA WK OHH KOPoUe, 9eM | q1(W —
Jk)|, mosTomy 1 Bes popmynta i(k) mMeer TOT XKe TOPSAIOK JITHHBL

(B) B stom ciyuae sakmodnTenbhbie T-hopMyibl (1sera t+ 1) B 3amncu
(k) n xkBaguypasuenne uz ['“%([§) sHaUMTETHHO JIMHHEE OIEHEHHBIX BBIITIE,
TAK KAK B HUX BXOJSAT PABEHCTBA BUIA %1~ (U)ot u Xy~ (U)2t1. TToaromy
Ha ocHOBaHWUHU JjieMMbl 1(C) anuHa TakuX TaiiMepOB W Kjay3 MMeEeT BepXHEil
onenkoil Besmanuy O(m - Y1 (W — G)|). Ocranbuble KoMoHeHTH Y (k)
3HAYUTETHHO KOPOUE. O

3.2 ONMNCAHUE OJTHOTO IIATA PABOTHL 1IycTh N — 9nCI0 KOMAH,T MaITIHBI
P Bmecte ¢ 100aBIEHHBIME XOJIOCTOTO X0 U3 Hadasia pazzaena 2, Bcd popMyna
O (P) mveer Bu:

OO PY T, Gr1) = N ook G Torr),
0< k< N

rae  Yr = (T, Gty 2t,de, ft), Yer1 = (@1, Ger1, 241, deg1, fey1) — Ba Kop-
TeXKa JJIMHBL 2m+37r+2 u3 cBOOGONHBIX EPEMEHHBIX 3TOH (DOPMYJIbI.
Oboznaunm gepes (P) HGeckBaHTOPHYIO 9acTh (MaTpuity) dopmyssr O.

JIEMMA 3. (A) Hpu Zi# i kaaysa (i —€) ucmunma ne3asucumo om 3ha-
YEHUA ft B wacmnocmu, npu Ti AW wat Tipl W UCMURKO KEA3UYPASHEHUE
coomeememaylouezo ueema, exooiuee 6 sanuct (A*™(W)).

(B) IIpu nodzodswets xoncmanme Dy | (PY(Te, Goy1)| < D1-| Pl Jos(N)].

Hoxasameavemeo. (A) B arux ciydasx B Kiay3ax JIOXKHBI TTOCBLIKH.

(B) Canrast, 910 KOIM4IeCTBO KOMaH B mporpammve P, qucio N —2, — He
HyJI€BOE, 0UeBUAHBIM Obpazom nmeeMm N - [lg N < Dy - |P|, n mosTomy BepHa
OllEHKA, NpUBEAEHHAS B (DOPMYIUPOBKE JIEMMBI. O

3.3 ONMCAHWUE DKCIOHEHIMAJILHOT'O YUCJA IIATOB MAIIMHBI U KOHDU-
rypanumil. deiicteusim mammuer P 33 e(s) =exp(2, §) MAaros comoCTaBIsiiOTCS
bopmymsr D (P (7, Vite(s+1)), OMPEIENEHHBIE TIO WHITYKIIHH:

o~

ITVavh {[(rmd A Tab) V (0RE A bxTesin)] — OO(P)(@, b)),

MATEMATUYECKUI *KYPHAJ 2015. Tom 15. Ne 1 (55)



Cosra/ieHue KJIacCOB 3314, PEMAEMbIX JETEPMUHUDOBAHHBIME 67

rae , 573 — 1abOPLI HOBLIX BCIOMOTATEILHBIX IePEMEHHDIX.

VTBep:KIEHHE O TOM, UTO [OC/Ie [Mmara ¢ Ha JIEHTe PACCMATPUBAEMON MaIu-
HbI 3aucana Hekas Kouduryparus L (MoxeT ObITh U HE PeajibHast ), KOTJIa Ha
JIEHTE B si9eiikax ¢ HoMepamu ([i)2 CTOAT CUMBOJIBI £([1), 0003peBaeTCs KIeTKa
¢ HoMepoM (7])2, ¥ MEXAHU3M [OTOB UCIOJIHUTL KOMAHLY ¢ —. . ., KOIAUDYETCs
crenyiomeii hopmysnoit meera ¢ (Hamomuum, ato T'=exp(2,m)):

VLO@) = mlon (2,0 & N wlii—~=(m),

0< (f)o< T
¢ 2(m+1)+3r cBobogHbIME TIEPEMEHHBIMU  {; = (X¢, Gt, 2t, A, [ft)-
4 MOAEJIUPOBAHUE OJJHOTO IITATA PABOTHI

[HocTpoennbie 70 3roro (GopMyasl OBUIM MPOCTO COMOCTABJEHLI OIpe-
JEJTEHHBIM YacTAM [POrPAMMbl WJIM HEKOTODPBLIM IPOIEccaM, a YTBEPXKIaTh,
YTO OHH YTO-TO MOJEIUPYIOT, T.€. CTAHOBATCH HCTUHHBIMU WM JIOXKHBIMH B
3aBUCHMOCTH OT PEAJIbHOCTH OIHUCHIBAEMOTO siBJIEHHUsI, ObLJIO HEJIB3S.

4.1 OJIHOBHAYHOCTb MOJEJIUPOBAHUA

IIPEAJIOKEHUE 1. (A) Hycms xongueypauus K(t+1) eosnukia us xongu-
eypayuu K(t) 6 pesyavmame deticmeuti mawunw, P. Tozda umeromes makue
ocobbie nauenud nepemennuixr Y, wmno WK () uemunna, u npu a06wix
SHAMEHUAT NEPEMENHNT Ti i1 vcmunnocmo gopayave DO (P)(Gr, Tip1) caedy-
em us uemunnocmy WK (t4+1)(Yi1)-

(B) Ecau dopmyaa

QX P) (@, Gier) = [YK () (Ge) & O (P) (G, 1)) = VK (E+1) (T

MOo2COECMBERHO UCTIUHHG Ha aazebpe B, mo mawuna P na waze t +1 nepe-
pabamwisaem kongueypayuro K(t) 6 K(t+1).

oxasamenvemso. Jlokaxkem 00a yTBEPKIEHUS Mapa/lIeSIbHO: TOAOEPEM TaKKe
suauenus cBoboAHLIX nepementnix hopmyist O (X, PY(T, Gir1), aT0 dopmy-
na T =[VK(t) & & (P)] - WL(t 1) craner 10:KHOii, eciii KOHDUTYPaIs
L(t +1) ornmmuna or peanbro Bosuukmeil K (¢ +1) na mare ¢ 1. Tem cambim
MBI JoKaykeM TyHKT (B) mpennoxenusi. Ho BHauane Gynem BrIGHPATH 3HAUE-
HUsI [T IEPEMEHHBIX 13 Habopa ¥, a 3areM, Noabupasi 3HAUECHHs 1151 COOTBET-
CTBYIOIIX TepeMenHbIX mseta ¢+ 1, yeumnm, ato dopmyast OO (P (T, Jig1)
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n WK(t+1)(Yiy1) craHOBATCS OJTHOBPEMEHHO MCTHHHBIMU HJIH JIOKHBIMH B
3aBHCHMOCTH OT BBIODAHHBIX 3HAYCHUI EPEMEHHBIX.

IIpn 3HAYEHHIAX NEPEMEHHBIX df = CCv, §i = (i)2, Zt =1, rae ()2 — HOMED
TON gA4YelKU, 8 (¢ — DTO TOT CUMBOJ, KOTODPBLIIl OCMaTpUBAETCA IOJIOBKOHN 10
ucnoHernst Komauael M (k) =g, — .. ., npuMennmoii K koudurypanun K (1),
nctuaHa m-hopmyna m(a, (1)2,7), BXoagmas B 3annck WK (1). Pacemorpum
dopmyny @¢(l), coorBercTBYIOMYI0 Kakoii-ro komauae M(l) =g — .... Dra
dopmyna copep:KuT B KauecTse nochliku Taiimep (0, (b)2, U), KOTOPWIi npu
BBIODAHHBIX 3HAYCHUSIX TEPEMEHHBIX df, Gy M Z¢ UMeeT BUI ca & cl A (i) ~
(b)a A Tj &~ U. OueBugno, 9TO ecnu « #£ 6 wau i # b, unm U #£ 7, T0 914
m-hopmyna — J0xHa, a Best () — uctunHa.

Urak, nycrs @¢(k) coorBercrByer komanae M (k) =g — ¢;03, a u =17).
Honoxum dep1=c\, Grr1="_(4)2, Zt41="1(5), tae (7(5))2 — 310 HOMED KIIET-
KH, KOTOPYIO OyAeT 0003peBaTh IOJI0BKA MaIlinHa, & A — TOT CUMBOJI, KOTOPbI
OHa TaM YBHJIHT 10C/e BbinosiHeHus Komanapl M (k). Tlpu stux & n seibpan-
HBIX BHAYEHUAX i1, i1, 2e41 T-popmyna w1 (A, (4)2, (B), Bxonamasn B
sarmuch WK (L +1), cranosutcs uctunnoit, a B me1(h, (§)2, U(B)), crosmeit B
zakmoYeHnn v (p¢(k), COMHEHNE BBI3BIBAET JIUIb PABEHCTBO dpy1 A hy.

Omnpenennm T =7(3), Tak Kak u=1), y Marpunsl (A™™(u)) mo semme 3(A)
HCTHHHO KBasWypaBHeHue mpeta t npu Beex W # 1, 7(5), a 8 WK (t) nesicna
mums knaysza Y ((8) — A) mpu 8 € {R, L} nmn (] — «) npu unom fS.
IMonoxus renepsb f; u g pasubiMu cA, korma (3 € {R, L}, u paBHbIMH cx B
IPOTHBHOM CJIy4ae, MOJIy9IaeM HCTHHHOCTD BCEX JOMYCTUMBIX KBA3HYPABHEHHI
nera t y (A""(u)), a Takxke cnopHoil knaysel B WK (), MOCKONBKY y HAX
CTAHOBSITCS] MCTUHHBIMEU U MOCBIIKH, U 3AKTIOYCHUS.

Ipu h # cA qoxna dopmyna  I(3), pasuas ((8) — E) npu
Be{R, L}, umu h~cf npu (€ A Cnenosarensho, uctunna sest (o¢(k)).
Kornma h = ¢cA, T0 cTaHOBUTCH MCTHHHON 3aKIIOYUTENbHASA T-(POPMYJia, KOTO-
pas BxoauT Takxke n B WK (t+1).

Ecnu B «nenpasumbnoin> dopmyne WL(E +1) omudka conepKuTcs TOIbKO
B 3aliCH TaiiMepa, TO ONPEAeTnM Xy =17 U fipg =co wmn  fipg=cf B
3aBUCHMOCTH OT 3Ha4eHust (. A KOTrJa TaM HMEETCsl «HENPABUIbHASY K/Iay3a
Yir1(l — p), ¥ KOTOPOii p € A OTIMYHO OT «HACTOSAIIEr0» &, TO NOJOKHM
Zip1=[1 1 frp1=cd. Kax u Beime, onupasich Ha jgemmy 3(A), ybexknaemest B
HCTHHHOCTH KBasnypasHeHuil npera t+1 B dopmynax (A" (w))y u A*"(k, 5),
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crenoBarenbHO, neTHHHOCTH Beeil (¢ (k)); Mo TeMm ke mpUYMHAM HCTHHHBI U
Bce knaysel B WK (141).

B nrore nosyvaem, 9T0 IpH STOM BBIGOPE 3HAMEHNIT OCHOBHBIX [IEPDEMEHHBIX
ucTHHEBL mobbie hbopmyasl @i (k), suaunt uctunna Bea ®O(P). Tak kax B
QO(X, P)(i, iy 1) HCTHHHBI I TOCHUTKA, I 3aKTiOYenne, a K (t +1) ormmama
or L(t +1), To «uenpasunbhasi> (opmyna iy — JOXKHA.

Beuy Toro, aro koudurypanns L(i+1) MOKET OTIHIATHCA OT HACTOSITIE
B JIIOOOM MECTe, TIOJYHIaeTcs JOKA3aHHBIM TakxKe W MyHKT (A). O

4.2 JIOCTATOYHOCTH MOJEJIMPOBAHUSA. JoKaxkeM yTBep:KJeHue 00paTHOE
K npemoxkennio 1(B).

IIPEAJIOKEHUE 2. [Tycmb wongueypauua K(t+1) sosnuraa na aewme no-
cae waza t+1 us konbueypauuu K(t) 6 pesyavmame pabomov, mawunv, P
na exode X . Tozda na 6yresoti arzebpe B moorcdecmeenno ucmunna Gopmyaa

QOX, P) (G, Ger)-

Aoxasameavemeo. llyers  M(k) = ¢ — ¢; 8 — 910 Ta KOMaHIA, KOTODAd
nepesoauT Koudurypanuio K(t) 8 K(t+1), n ¢¢(k) — HanucanHas 1o 31Ot
KoMamHe dopmyna mara t+1. Dra dopmyna — crnencTeue u3 (I><O>(P).

Bamennwm (k) rkoubiorkimeil hopmyn ¢ (k)([), Kaxkaasd 13 KOTOPBIX MO~
JIYUAETCs M3 Heé 3aMEHOi YHUBEPCATBHBIX TIEPEMEHHBIX U UX BCEBO3MOXKHBIMI
KOHKPETHBIME 3HadeHnsMn. JIwobas dopmymna (k) () conep:KuT moceaKy —
dopmymy dy = ca A Gi ~ ()2 A Z¢ & [I, ONHA W3 KOTOPBIX BBUIY MPUMEHUMOCTH
xomaraer M (k) k xoudurypamnn K(t) mpn G=f=17u i= (), coBnasa-
er ¢ T, 0,7), sxonsmeit 8 WK (t). [osromy, uz WK (1) u i (k)(1) cnenyer
VK(t) & A™"(n) & VR{T(B) () — [A*(k, B)([1) & mey1((h, (7)2, T(B))]}-

Gopmymna A7) HAYMHAETCS ¢ KBAHTOPOB V ), 3aMEHUM €€ 9KBHBAJICHT-
HOIl KOHBIOHKIIHEIH, TTIOJICTABUB BMECTO TIEPEMEHHBIX I BCE MX MOMYCTHMbIE 3HA-
yenud. 1pu mob60oM 3Havennn I UMeeTcst eIUHCTBEHHOe 3HaUYenne Habopa me-
PEMEHHBIX (j, TP KOTOPOM Kjaysza (W — §i) Bxoaut B opmyny WK (1).
IopcTapsst 9T 3HAYEHUS §j HA CBOM MECTA, MOJIYIMM BCE KJIAY3bI, KPOME
omuoit, hopmyer WK (t41).

Benencreue npumennmoctn koMauael M (k) x xoudurypammn K (t) npu
noaxonsameM sHatenun h gopmyina D*(3)(7]) coBnagaer ¢ HEKOTOPOil Kiay-
30it, Bxomsimeit B WK (1), mub0o cTaHOBUTCS HCTUHHOI: E%cﬁ. B mobom cayaae
dopmyma A (k, 8)(7)) comepKUT B SIBHOM BHJE HEIOCTAIONEE TOKA KBA3ZH-
ypasuenne 1 (7— ...) n3 WK(t+ 1), a HabOp h MOTYHAET KOHKPETHOE
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suauenne. [loacrasus 510 3HAUEHHE B 3aKMOYNTENbHYIO T-hopmyny y ¢i(k),
noJTydaeM Hy»KHbIH Taiivmep mey1(h, ()2, (8)) n3 WK (t+1). O

5 IIOCTPOEHUE ®OPMVJIBI {1, (X, P)

5.1 MOAEJIWPOBAHUE SKCIIOHEHIIMAJBHBIX BBIUYMCAEHNNA. Omnpenennm
bopumymsr QX P) (i, Vite(s))> MoJenupytomue paboty e(s) =exp(2, s) ma-
roB Mamuubl P Ha Bxoge X, KOrJa OHA TpuMeHsiercst K Korduryparmun K (t):

QI (X, P)(e, Tryee) = (WK (1) & O(P)] — WK (1 +e(s)).

IIPEAJIOKEHUE 3. ycmo t,$>0 maxue, wmo t+e(s)<T.

(A) Ecau mawuna P nepepabamuisaem sa e(s) wazos xondueyparuto K(t)
6 K(t+e(s)), mo natidymea maxue 0cobbie 3HAYEHUA NEPEMEHHBIT Ui, “IMO
gopmyaa WK (1) (Ut) ucmunna, u npu moouis Yy e sy us ucmunnocmu WK (t+
e(8)) (Uige(s)) credyem ucmunnocms (I><S>(P)(ﬂt,ﬂt+e<s)),

(B) ®opmyaa Q9 (X, P) (T, Utte(s)) MOdICOECMGENHO UCTIUNNA Ha 6YACEOT
anzebpe B mozda u moavko mozda, xozda mawuna P nepepabamuisaem 3a e(s)
wazos Kondueypauuo K(t) 6 K(t+e(s)).

Hoxasameavemeo. Uanykius nio s. Ilpu s =0 nyskr (A) caemyer uz mpesio-
xernng 1(A), a nyukr (B) — u3 npennoxennit 1(B) n 2.

Hnst  moxazaTenbcTBa WHAYKIMOHHOTO Tepexona 3amuimeM  (opMymy
(I><S+1>(P)(ﬂt,ﬂt+e<s+1)) B DKBUBAJIEHTHOM, HO JJTMHHOM BUJIE:

o~ -~

IT{Vavo[(ira A Tab) — B9 (P)@, )} &
&VaV[([Tma A bxTiieern) — 9P, )]}

Orcioza cpa3y BbIBOIUTCSH

Esq1 = 3@{@@( ) (G, 1) &) (P P)(@, Yeye(s11)) }-

C apyroit cTOPOHBI, KayKaas W3 JABYX UMILTHKAIMI, BXOASIMAX B 9KBHBAJICHT-
HYIO IIHHEYIO 3amich popmytsr PG (X, P)(7:, Utte(s+1)), MOKET OBITH JI0K-
Ha TOJIbKO MPH BEPHBIX PABEHCTBAX B €€ MOChLIKE. U3 aT0ro ciemyer, 9To 31a
dopmyna PaBHOCUIBHA Zgyq.

ITycts mamuna P 3a e(s) maros nepepabarbiBaer koudurypanuio K(t) B
K(t +e(s)), aeé — B K(t+e(s+1)).
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13 mocsutkn dopmyasr QST (X PY(7, Vite(s41)) BBIBOMUTCH Zgi1, a U3
neé cenyior dopmyasr O (PY (T, To) n 9 (P) (T, Utte(s4+1)) TPH MOAXOs-
MEeM 3HAYEHUN TMEPEMEHHBIX U. 110 WHIYKIMOHHOMY [DPEJINOJIOKEHUIO TYHKTA
(B) uz nmepoit uz vux u WK (t) () cnenyer WK (t+e(s))(Vo), a uz Heé u Bropoi
— UK (tt+e(s+1)) Ui pe(s+1)), 9TO JTOKAZBIBACT HHYKIHOHHBIH NIEPEXOJT MYHKTA
(B) B onHy cTOpoHYy.

ITycts Teneps koudurypanun L(t +e(s+1)) u K(t +e(s+1)) — pasmua-
ubl. [lo MHAYKIHOHHOMY OpeANnosoxkenuio nyukra (B) npu mHekoTopbix
UL, Yrpe(st1) Popuymna WK (te(s)) & ®)(P)] — WK (t+e(s+1)) uctumma, a
(WK (t+e(s)) & B (P)] — WL(t+e(s+1)) noxua. 3naunt, y BTOpoil hopimy-
1 sakyodenne WL (E+e(s+1))(Yiqe(s41)) TOXKHO, & TOCHLTKA HCTHHHA, T.€. HC-
tiaasr &) (P)(Ty, Uite(s+1)) 1 WK(t+e(s))(¥1). Us netunnocTn moceHeit
u WK (t)(Vp) mpu 0cobOM Uy, CYMECTBOBAHHE KOTOPOTO TapaHTHPYET WHIYK-
IOHHOE Tpeanoozkenne nyukta (A), caeayer nerunnocts OO (P) (T, 7).
Crenosarensro, y mvmmnkamn | [ WK (1) & &Y (P)] — W L(t+e(s+1))} (o,
Utte(s4+1)) TOCHUTKA HCTHHHA, & 3AKTOYEHHAE — JIOZKHO, TOITOMY OHA HE MOYKET
ObITH TOXKAECTBeHHO ncTunHOi. [lyukr (B) mokasaH.

IMockonbky KoHburyparus L(t+ 1) MoxkeT oTmngaThes OT HACTOSAMICH B
KAKOM YTOIHO MECTe, JJisi OKOHIAHUST TOKA3ATEIBLCTBA MyHKTa (A) 10CTATOTHO
B3Th 3HAYEHUs] U] OCOOLIMHU, IPUMEHUB HHIYKIMOHHOE IPEANoIoKeHne. [

5.2 KOPOTKAHA 3ATINCH HAYAJILHON KOHOUTYPAITUU U YCJIOBUS OKOHYA-
HUS PABOTHI. BBUIY HaAU4UMsI KOMaH] XOJOCTOTO XOJa W3 Hadaaa pasznena 2,
YTBEPXKJEHHE O TOM, 4TO MammuHa P jonyckaer xon X ne Gonee, yem 3a
exp(2, m) maroB, MOYKHO 3AMKMCATH COBCEM KOPOTKO — OJMHOI OECKBAHTOPHOI
dopmynoit npera T: y(w) = G ~ 0. dnuna 310ii GOPMYIB Ge3 HHIEKCOB
pasra 3r. Sanuck nepsoro mHAekca 1’ 3annmaer [lg7'| paspsamos (MHIEKCH!
3aMUCHIBAIOTCS B IECATHYHON 3aIUCH, a He B JBOUYHOI), Tae lgm =log,,m,
a [A] ozHavaeT HAMMEHBITIEE TIEI0€ TUCI0, HE MEHbITee AeiiCTBUTETBHOTO THC-
na A. Tak kak MakcnMmasabHas JAJIHHA BTOPBIX MHAEKCOB paBHa [lg(r—1)], o
(@)l <3r- (g 7T+ Ng(r—1)1).

Beenéunasi B m. 3.3 dopmyna WK (t) mas onucanust KOH(DUTYPAITUH, BO3-
HUKINEH [ocje mara ¢ HOMepoM ¢, O4YeHb JJIMHHAS — JUIMHHEE, YeM 1M -
exp(2,m). Ho naganpuasi KoHpUTrypamus COCTOUT M3 3amucu Bxoga X, KO-
Topblil 3aHUMaeT |X| KJIETOK cmpaBa OT Kpas JIGHTBI, Kyla HABEIEHa To-
JIOBKA, 8 OCTaJbHasl 4acTh JIEHTHI — IyCTasl, HAUMHAs ¢ sAYEHKH ¢ HOMEPOM
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| X |+1=(7)2+1. Ucxoas n3 storo, HavanbHyo kKoHGuUrypanuio K (0) Ha jgeHTe
MOXKHO OIHCATH KOPOTKOH yHHUBEpCAIbHOMN (HopMyIIoil:

X(0) = mo(x, (1)2,0) & N do(@—a(n) & Viio[io>7 — vo(Tio—A)),
0<(@aIX|

rae A — cUMBOJT yCTOl KJIETKH, * — CUMBOJT IEBOTO KPast JICHTHI, & 1)) — 310
CHMBOJI, CTOSATIMI B dg4eiike ¢ HoMepoM (1), u m-popmyna mpera 0 03HAYACT,
YTO B HYJIEBOE BPEMs MEXaHU3M I'OTOB K HUCIIOJHECHUIO KOMaHABI (§1%* — .. . a
T'OJIOBKA, MalIllUHbI HAXOANTCA B KpaﬁHeM JIEBOM ITOJIOYKCHUU.

JIEMMA 4. (A) Qopmyan, x(0) u WK(0) — sxsusarenmibl.
(B) |x(0)(10)| < D2 - | X]| - |20 (g — A)| npu nodxodaweti xonemanme D.

Hokasamenvemeso. (A) Becksantopras gacth (popmyasl x(0) mpocto coBnama-
et ¢ HaganbHbIM (hparmenToM (opmyisl WK (0). Tlocie 3aMerbl BTOpoit dacTu
dopmynet x(0), HaunHAOMElCA ¢ KBAHTOPOB Vi, Ha PABHOCHUIBHYIO €if KOH'Db-
IOHKIIMIO TTOSIBJISIIOTCS OCTaTIbHBIE Ki1ay3bl 13 WK (0).

(B) Cornacuo nyuxram (A) n (B) memmer 1 niuHa CHCTEMBI HEDABEHCTB
Uy >4 UMeeT TOT ¥XKe MOPsifoK, 9To U |Yo(Uy — A)|, AmMHA KBAHTOPHOI MpH-
CTABKH HEMHOTO MeHbIne. 3Haunt, [Vipltp > — to(up — A)|| nmeer ToT xKe
nopsiJIoK, 910 1 |1o(Up — A)|. Iockoasky B 3amucek x(0)(yo) BxonsT emé | X |[+1
knaysa Buga Yo(— a(n)) u taitmep, JIUHBI KOTOPHIX 110 jeMMe 1(A) umeror
TOT K€ TMOPSJOK, 910 n [o(Up — A)|, To mmmua Beeit dopmymsr x(0)(yo) He
npesocxonut Da - | X| - [¢o(to — A)| s HekoTODOIT KOHCTAHTE Do, O

5.3 MOJEMUPYIOMAS ®OPMYIIA O (X, P). [Tomoxxnm

(X, P) = Vo, r { | x(O)G) &
& 30V Vb . I0V@Y0 { A [@amas ATomb) V()

1<s<m

V(@ A by b)) = BO(P) @, b)Y — x(@) @)}

371eCh JJI KPATKOCTH U €UHO0Opasus 3alMCH PABEHCTB BHYTPH <«OOJBIIOLN»
KOHBIOHKITHH BBEJIEHBI 0003HAYEHUS Umt1 =40, Omt1 =Y T-

JIEMMA 5. @opmyaa Qn(X, P) obaadaem ceoticmeom (6) us navana pasoeia
2, m.e. ona ucmurHe Ha obysesott aszebpe B mozda u moavko moezda, xozda
Mmawuna P donycxaem exod X 6 npedesax T wazos.
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Hoxasameavemeo. 1lycts O = @S(as,asﬂ,@,&il) 0603HAYAET TUIBIOHKINIO
paBeHCTB (Ggt1 A ls AU bg) V (Vs ®Us A bs = bgy1). Torma ucnonn3ys goro-
BOPEHHOCTH 1. 2.1 0 TOM, UYTO KOH'BIOHKIIUS CBA3LIBAET CUJIbHEE YeM UMITJINKA-
A, ¥ TTPOHOCST KBAHTOPKI depe3 MoAMOPMYIbl, B KOTOPHIX HET COOTBETCTBY-
IOIUX MEPEMEHHBIX, TOJYYaeM, 9TO Ta 9acTh (opmyasr O, (X, P), KoTopas
CTOUT B DOJIBINNX KBAAPATHBIX CKOOKax B (1), pABHOCHIbHA KAXKIOH U3 TPEX
cIe Iy X hopMyJI:

X(O)Ho) & Y @V by ... ITYEY 0] A Os = OO(P)(@1,b1) )

1<s<m

VK (0)(To) & ITnY @Y b . .. IV @1V b1 (O = (Ot — (.. —
— (01 = 2ONP) (a1, b1))..)));

UK (0)(T0) & 30 @Y by (O — I 1Y 1Y b1 (O — (.. —
— ANV a Vb1 (01 —» 2O(P) (G, b)) ...))).

Cornacuo onpejenennio hopmya EI@SVESVBS(@S - <I><S_1>(P) (asﬁs))
«cBopaumBaetcsy 10 OO (P) (G, begr). Tosromy Best O (X, P) paBHOCHIL-
na Vo, QT[(\I/K(O) & (I><m>(P)) — X(w)]7 W HA OCHOBaHUM npeioxkerns 3(B)
u jgeMMbl 4(A) MOXKHO yTBepKAaTh, 4T0 (1) — Momenupyomas dopmyta. O

5.4 BPEMSI HAMMUCAHUS ©OPMYIB O, (X, P). Onucanue MoJeIupyomei
dopmymst O, (X, P) B sBHOM Brje (1) AaéT anropnT™ €€ HOCTPOEHH s, OCTAETC s
JI0Ka3aTh CBOiCTBO (a) U3 Havama pasaena 2. Ipexne uem 06OCHOBBIBATD T10-
JIMHOMHUATHHOCTh AITOPUTMa, yoeauMest BHadase, 9to dopmyna O, (X, P) B
Bujie (1) nMeer MOIMHOMUATIBHYIO JITHHY.

JIEMMA 6. Cywecmeyem xonemanma D > 0, ne sasucawan om P u m(n),
ymo 0as 6cex docmamouno OAurrmr X umeem Mecmo

m(|X|) < [Qn(X, P)| <D - |P|-[m(|X])]**,
dna 6cAK020 nanepéd sadannozo £>0.

Hoxasamesvemeo. MuOTHE KOMIIOHEHTHI MoJenupytomeii (opmyier (1) yxe
OIEHUBAJINCH TI0 XOJY WX MOCTPOEHWsi, HO OUEHKH WX JJIHH JEJAJUCh TIPH
YCTIOBHH, 9TO 9TH MOAMOPMY/IBI 3AMUCAHBI ¢ TTOMOIIBI0 OCHOBHBIX TEPEMEHHBIX
(%, Gt, 21, CTt, fA,g>7 KOTOpBIe ObLIN 0003HaYEHbI B 11. 3.2 Kak Y. OJHAKO B 3aI1Ch
nozadopmyn uz O (P) (51,31) BXOJIAT He OHH, 8 (hParMeHThl HabOPOB U1 1 317

MATEMATUYECKUHA KYPHAN 2015. Tom 15. Ne 1 (55)



74 1.B. Jlatkuu

T.€. TIEPBBIE 1M+ 1 NEPEMEHHBIX B HAOOPE @1 UIPAIOT POJIb Ty, & B HAOODE b —
POJIb T¢41; BTOPBIE 7' IEPEMEHHBIX B (] MTOCTABIEHBI BMECTO (, a B by — BMeCTO
Ji+1 n T.0. Pagymeercs, srta 3aMeHa HUKAK HE BIANSET HA JUIHHY TexX (OpMy,
Ky/Jla OHH BXOJAT, €CJIN He YIUTHIBATH WHIEKCH. [IJTMHBI MHIEKCOB IPH 3TOM
3aMETHO M3MEHMJINCH, NMEHHO [OITOMY DaHee NMPH OleHKe JAMnH (HOPMyYTT OHH
YIUTBIBAINCH JINIIb HESABHO, HampuMmep, B semMmax 1(C) u 2(A).

TTepBbIE MHAEKCH! Y IEPEMEHHBIX BUAOB G 1 by HE PEBOCXOAAT 2, IOITOMY
nx jgiauHa [1g2]=l. BTopble MHAEKCH y 9THX NMEPEMEHHBIX HMEIOT BEPXHIOI
onenky jqumabl F = [lg(2m+3r+2)]; HO BTOpbIE HHIEKCHI Y EPEMEHHBIX Yo
nokopode — oHn He Oosee Fy = max{[lgm], [lg(r—1)]}; npnuém B 3amuch
HabOPOB KOHCTAHT MHAEKCH He BXoaaT. llpm mmmaubix X gnciao m = m(|X|)
craner 6ombime r—1, a I, Eo < [lgm]+1. Tosromy 1o memvam 1(A) u 2 nnna
Tex KBasumypasHeHmii u taiimepos u3 moadopmya x(0)(Go) n O (P) (a1, by) B
(1), B KoTOpBIE HE BXOAAT HAOOPHI U(/3), He mpeBocxoasaT Dz - m - ([lgm]+2),
a JJIMHa TeX KJay3 W TaiiMepos, rae ecth Habopsl U(5) — e Gomee Dy - [m -
(Mgm] +2))? npu moaxoaamux xouctantax Ds n Dy. o memme 2 |p(k)| <
Ds - [m - ([lgm]+2)]?, no yxe, npu Apyroit konctante Dy 0 npu JIHHABIX X .

Cucrema paBeHCTB B (1), 00bennHéHHas «GOJBINOIT» KOHBIOHKINEH, HMeEeT
JumHy nopsaka m - [m - ([lgm]+2)|, n npuMepHO Ta XKe JIINHA Y KBAHTOPHOI
MPUCTABKH TEPE 3TOH KOHBIOHKIHEH. 3aMeTnM, 4To JIst Beakoro & >0 mpu
Gosbmx m cupasentuso ([lgm]42)? <mf; u Bee koncTanThl Dy, KOTOPHIE MO-
SBIJINCH MPH TOKA3ATETHCTBE 3T0i temmMbl 1 jiemMm 3(B) u 4(B), 3asucsar tosb-
KO OT CTPYKTYPbI COOTBETCTBYIOMMX 10AMDopMyn ¥ §,, (X, P) 1 OTHOIMIEHNIO nX
JUTHH K JJTHHE Beeit 91oit hopmysel, Tak Kak |P| MoroTOHHO 3aBucHT OT 7. Ha-
npumep, o jgemme 1(A) Taiimeps! AHMHHEE COOTBETCTBYIOMUX Kay3 He Dosee
9eM BIIBOE, U oaToMy Do u3 temmbl 4(B) we bomee necsatu. OTciona Ha OCHOBA-
run nemm 3(B) i 4(B) oxondatensno mveem |Q, (X, P)| <D - |P| - [m(]X])]?T=.

O

CHEACTBUE 2. Cywecmeyem makas xowcmanma Dy, ., wmo npu ecex X u
P eepro |Qun(X, P)|< D - |P| - [m(IX]]*"*.

Loxasameavcmeo. COrmacHo TeMMe MPH JAHHBIX 1M 1 £ MOYKET OBITh JHIIb KO-
HETHOE 9YHCJIO0 1enovek X, /[JIsi KOTOPBIX HAPYIIIEHO YKA3aHHOE B (DOPMYIHPOB-
Ke JIeMMbl HepaBeHcTBo. 3uauut otnommenue | |Qn (X, P)|/(|P|- [m(1X])]?19)]
JIOCTHTAET HA TAKUX X MAKCHMAJIbHOrO 3HaUeHus. |loHaTHO, 9T0 OHO U TOANT-
cd Ha poJib Dy, .. O
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CHENCTBUE 3. Jaa ka2tcdo2o muozovuiena m(n) natioémes maxot Muo20AeH
Im, wmo oaa ecex X u P epema nocmpoenusa dopmyave Qo (X, P) ne npesoc-
xodum gm(|X|,|P|).

Hoxasameavemeo. Otiennm BHaUaste BpeMs Hamucauusi (opmyibl O, (X, P)
MHOTOJIEHTOYHOU MarmuHoi Teiopunra P ¢ padounm ajidaBuToOM, BKJIIOYAIO-
meM B cebd BCe CUMBOJIBI €CTECTBEHHOIO A3bIKA II. 1.1.

IlycTe Ha BXOJHOI JIEHTE MAIMUHBI JIAHBI 1enoYka X u nporpamma P. 3a
OJIMH TIPOXOJT BJOJIb ITOIl 3aINCH MarmnHa P) MOKET onpenenuTsb AanHy | X|
Bxosa X, MakcuMasbHbIil HoMep U BHyTpeHHHX cocrosinuii B P n |A| — xonn-
YeCTBO PA3JIMYHBIX CHMBOJIOB, YIACTBYIONINX B 3IIUCH HENOYKN X U KOMaHIAaX
nporpammbl P. Berancaenne semnann r < logy(U+14|A|), m=m(|X|) n nx
JIeCATHIHOM 3aIHUCH TPeOYeT MOJNHOMHUATIBHOTO YHCJIA IMAT0B 10 CPABHEHUIO C
|P| u |X|. Hanee Py onars, nsurasck Baojb samucu X u P, numer sHavase
dopumyiy x(0)(7o), 3arem &0 (P)(@y, b)) u maxonen Q,,,(X, P). [lonarro, 410
BCE 9TO 3aiiMET BpeMsi, He mpeBocxoasiiee P, (| X, |P|) ans HEKOTOPOTO MHO-
ro4IeHa Pr,(n). OJHOTEHTOUHBIH BapuaHT P Mammubel P 9TH Ke JeicTBus
coepmuT 3a BpeMs ¢, (| X[, |P|), kotopoe mmeet sua O([py, (| X, |P)))?) [3]. O

ABTOp ry6oKO TPU3HATEIEH PEIEH3EHTY, COBETHI 1 TOAPOOHbIE 3aMEUAHNST
KOTOPOTO MO3BOJIMJIN 3aMETHO YAYUIHUTL TEKCT U CHIENATh €ro OoJjiee JOCTYII-
HBIM JIJIs BOCIPHSATHS.
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Jarknr W.B. SKCIHOHEHUWAJBI KYMBIC YAKBITHl YKOHE
JKAJIBITA TTIOJIMHOMUAJIABI IIEKTEYJIEPI BAP JETEPMUH/IEJI-
I'EH AJITOPUTMAEP APKBIJIBI IIEHIJIETIH ECEINTEP KJIACTA-
PBHIHBIH, YIJIECYI

Exi anementTi Oyiabmik ajredpaHblH, KbhICKA (DOPMYJIaIapbIHA KATBICTHI
yakbIT OOHBIHITA y3aK ecenTeyaepii MOJesey HeriziHae 3KCIOHEHIIHA b
YaKbIT apaibifbiHaa ThIOPHHT JeTEPMUHJIETEH MAIMTHHACHIH/IA TAHBIT OiieTiH
Ke3 KeJINeH TiJAiH OchIHAal dopMysianap TijiHe MOJIHHOMUAT I KEITIplIeTiH-
Jiri gosenaeneni. Kkinimmi karbiHaH, KBAHTOPJILI OYJIbAiK (PopMyJ/iaiap Tijii oCcbl
MaITHHAIAPIA TOINHOMUAAIILI KA, IbIMEH TAHBII OieTiH Tiaep KIACBIHIA, I0-
JIMHOMHUAJIJIBI TOJIBIK, D0JIBIN TabbLIATBIHLIFEL DT, By XKyMbIC aTaybiHaa
AN TBIIFAH KJIACTAPIbIH, TEHITIH JI9Je/Aeyre MyMKiHIiK bepeni.

Latkin 1.V. THE COINCIDENCE OF THE CLASSES OF PROBLEMS
SOLVABLE BY DETERMINISTIC ALGORITHMS BOUNDED BY
EXPONENTIAL TIME AND POLYNOMIAL SPACE.

Based on the simulation of computations, which are the exponential time
length, by the boolean formulae that have the polynomial length, we prove
that every one of the languages which are recognizable by the deterministic
Turing machine in the time bounded exponential is polynomial reducible to
the language of the boolean formulae with quantifiers. It is well known that
the language of these formulae is polynomial complete in the class of languages,
which are recognizable by the deterministic machine in polynomial space. Thus
these complexity classes mentioned in the title coincide with each other.
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ON THE SOLVABILITY OF A NONLOCAL BOUNDARY
VALUE PROBLEM FOR THE LAPLACE OPERATOR WITH
OPPOSITE FLOWS AT THE PART OF THE BOUNDARY

In the present paper we investigate a nonlocal boundary problem for the
Laplace equation in a half-disk, with opposite flows at the part of the boundary.
The difference of this problem is the impossibility of direct applying of the
Fourier method (separation of variables). Because the corresponding spectral
problem for the ordinary differential equation has the system of eigenfunctions
not forming a basis. A special system of functions based on these eigenfunctions
is constructed. This system has already formed the basis. This new basis is
used for solving of the nonlocal boundary value problem. The existence and
the uniqueness of the classical solution of the problem are proved.

Keywords: Laplace equation, basis, eigenfunctions, nonlocal boundary value
problem.

1 STATEMENT OF THE PROBLEM

Our goal is to find a function u(r,8) € C°(D) N C?(D) satisfying in D the
equation

© M. Sadybekov, G. Dildabek, A. Tengayeva, 2014.
Keywords: Laplace equation, basis, eigenfunctions, nonlocal boundary value problem.
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Au =10 (1)
with the boundary conditions
U(Ty O) — 07 re [07 1]7 (3)
O 0y = — 2% 2y 1 au(r ), 7 e (0,1) (4)
80 ) - 80 ) ) ) )

where D = {(r,0): 0<r<1,0<0 <7} a<0; f(6) €C?0,7], f(0)
J10) = =f'(m) + af(m).

In [1], [2] the problem for equation(1) with the boundary conditions(2), (3)
was investigated but instead of (4) they used the condition of equality of the

flows 5 5
(A (i
%(7’7 O) - —9(7"7 7T)7 re (07 1) (5)

In [3], [4] the same problem for the Helmholtz equation was investigated.
The well-posedness of the boundary problem for equation(1) with boundary
conditions (2), (3) and the condition

%(72 0) = %(T’,ﬂ') + au(r,m), re€(0,1). (6)

was investigated in [5], [6].

In [7] the same problem was investigated for the Helmholtz equation. The
conditions of the well-posedness of the problem were found and the existence
of the classical solution was proved in all the mentioned works. The existence
and the uniqueness of the solution of the problems were proved by applying
the method of separation of variables. In case of the boundary condition (5)
the proof is based on the basis property of the special function systems of
the Samarskii-lonkin type in L,. Under the boundary conditions (6) in case
of o £ 0 it is impossible to use directly the Fourier method of the separation
of the variables. Because the corresponding spectral problem for the ordinary
differential equation has the system of eigenfunctions not forming a basis.

The problem (1)-(4) considered in the present work has the same property:
it is impossible to use directly the Fourier method of the separation of the
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variables. The goal of the work is to prove the well-posedness of the formulated
problem.

2 THE UNIQUENESS OF THE SOLUTION
THEOREM 1. The solution of the problem (1)—(4) is unique.

Proof. Suppose that there exist two functions uq(r, ) and ua(r, 0) satisfying
the conditions of the problem (1)—(4). We show that the function u(r,0) =
ui(r,0) — ua(r, 0) is equal to 0.

Consider the function

U(r,0) =u(r,0) —u(r,m —0)

in Dy ={(r,0) :0<r<1,0<0<m/2}. It is easy to see that

AU = 0;
U(r,m/2) = 0;
2—%(7"70)+04U(7°,0):0at0<7°<1;

U(1,0) =0 at0<0<r/2.

Since & < 0, then U = 0 in Dy by the maximum principle and the Zaremba-
Giraud principle [8, p. 26] for the Laplace equation. This means that u(r,8) =
u(r,m — 0), in particular u(r,0) = u(r,7) = 0 at r € [0,1]. The equality
u(r,0) = 0 in D follows from the uniqueness of the solution of the Dirichlet
problem for the Laplace equation.

The proof of the theorem is complete.

3 FORMING THE BASIS

If solutions of equation (1) satisfying the conditions (3), (4) will be sought
in the form of

u(r,0) = R(r)p(0),

then R(r) = rV*, Rev/A > 0 and for the function w(f) we get a spectral
problem
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—"(6) = Mp(0), 0 <0 < m;
(7)
©(0) =0, ¢'(0) = —¢'(7) + ap(m).

This problem has two groups of eigenvalues. All the eigenvalues are simple
and the corresponding system of eigenfunctions does not form the basis in
L2(0, ) [9]. Therefore the further usage of the method of the separation of the
variables turns out to be impossible.

In [10] the spectral problem

—9"(0) = A3(), 0 <0 < T;
(8)
9(0) = 0, 9'(0) = 9'(r) + ad(n).

was considered.

The system of eigenvectors of the problem (8) does not form a basis
[9] inl2(0,7). But a special system of functions built with help of these
eigenfunctions will form the basis. And this fact was applied for the solution
of the nonlocal initial-boundary problem for the heat equation. In paper [10]
one family of problems simulating the determination of the temperature and
density of heat sources from given values of the initial and final temperature is
similarly considered. This fact was also used in [5], [6] in proving the existence
of the solution.

Let us present the facts necessary for further work. The problem (7) has
two groups of eigenvalues )\ECD = (2k+1)2% k=0,1,2,..., )\}C2> = (26p)?%, k =
0,1,2,.... Herein g are roots of the equation

cot fr = /28, 5 >0,

they satisfy the inequalities 2k+1 < 28, < 2k+2, £ =0,1,2,.. ., and two-side
estimates are carried out for o = 8 — k — 1/2 where k is large enough

o 1 o
(11— SRS 9
(2k;+1)< 2k:+1><5k< (2k + 1) ()
The eigenfunctions of the problem (7) have the form
e (0) =sin ((2k +1)0), k=0,1,2,...; ¢2(0) = sin (26x0) , k = 0,1,2, ...
(10)
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LEMMA 1. The system of eigenfunctions {QOECD(G),QOES)(G)}ZO:O of the problem
(5) has the form (10). This system is complete and minimal, almost normed
but does not form even an ordinary basis in L2(0, 7).

Proof. The completeness and minimality of the system follow from the regu-
larity of boundary conditions of the spectral problem (5). The limitation of
norms is easily checked by direct calculation. However the properties of the
completeness and minimality are not enough for the basis property.

Really, consider scalar multiplications of pairs of eigenfunctions

(@2”7 ¢§€2>), By direct calculation, we find

o @\ 7. .  wsin (20m) 2k 41
(gpk , O )/o sin((2k + 1) 0) sin (28x0) d0 = > 20 2k 1100

Taking into account that ‘@ECDH = /7/2, and klim ngf)H = /7/2, we get
—00
that the angle between the normed eigenvectors tends to zero:

(1 (2)
lim | 2k Pk _—
ko0 ng(l) g0(2)H

k k Lo (0,7)

Such systems can not form the unconditional basis. Lemma is proved.

It is necessary to note the fact that the system of eigenfunctions (10) does
not have the basis, also follows from more general facts [9].

Now from elements of the system (10) we construct a new system which
will be a basis in Ly(0, 7).

oar (0) = 01 (0),
k=0,1,2,.... (11)
ean1(0) = (62 () =0l (0)) 200,

Let us show that the constructed system is a Riesz basis in Ly(0,7). The

problem _
" (0) =X (0), 0< 0 <T;

$(0) +¢(x) =0, ' (7) +arp (m) =0
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is conjugated to the problem (7). The system of the eigenfunctions of this
problem is biorthogonal to the system (10):

w0y = ) {cos (2k+1)0) + sin ((2k + 1) 9)} L k=0,1,2,...,

o
2k +1

1/1,22) (9) = C’,i2> {cos (20510) — % sin (2ﬁk0)} , k=0,1,2,....
k

The constants C’,ij ) are taken from the biorthogonal relations (gpg >,1/J,<€j >) =
1, j = 1,2. Since we will not use the explicit form of the biorthogonal system,
then we do not present here the explicit form of constants C’,i] ),

The biorthogonal system to (11) has the form:

Yok (0) = 07 (0) + 0 (),

w2k+1 (9) - 2616’(/]](@2) (9) ) k= 07 17 27 s

This system is constructed from the eigenfunctions of the problem conju-
gated to (7).
Let us show that the constructed additional system has the basis property.

LEMMA 2. The system of functions {¢ (0) } g forms a Riesz basis in Lg (0, ).

Proof. Since this system is constructed from the eigenfunctions of the problem
with regular boundary conditions and with the help of non-degenerated linear
combinations, then the completeness and minimality of the system do not
change.

Let us prove asymptotic quadratic closeness of the system {p (6)} 7, to
the system forming the Riesz basis. As such we choose the system of eigen-
and associated functions of a problem of the Samarskii-lonkin type:

—w" (0) = w(0), 0< 0 <m;

w(0) = 0, w (0) +w' (r) = 0.
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The boundary conditions of this problem are not strengthened regular. All the
eigenvalues of this problem, except zero values, are multiple: )\ECD = )\22) =
(2k+1)2, k =0,1,2,.... The eigenfunctions way and the associated functions
waky1 of the problem form the Riesz basis in L2 (0,7) and have the form:

war =sin((2k+1)0), k=0,1,2,...; wapr1 = Ocos((2k+1)0) .

We need to show that the series converges

o
> llpr — wi]l? < oo,
k=0

It is evident that o — wer = 0. For odd numbers we have:

ot — sin (2510) —2s(15n ((2k +1)0) B smé(é;&)ecos (2411 6,)0).
k k

Thus it is not difficult to get the estimate |@ory1 — worr1| < Cdg. From
here and from the asymptotics (9) for o we have the asymptotic inequality
lpor+1 — wart1| < C1/k where C does not depend on k.

The obtained inequality provides the quadratic closeness of the system
{vr (0)}i2, and the Riesz basis {wy (6)}5-,. Lemma is proved.

Further on, by standard methods it is not difficult to justify that if the
function f(6) € C?[0, 7] and satisfies the boundary conditions of the problem
(7), then its Fourier series by the system {(y, (0)},-, converges uniformly.

We can calculate that

—0l5 (0) = o (6),
(12)
1" (2) AP AW
— i1 (0) = A a1 (0) + g t—o (0) .

4 CONSTRUCTION OF THE FORMAL SOLUTION OF THE PROBLEM

Considering the section 3, we can write any solution of problem (1)-(4) in
the form of a biorthogonal series

w(r,0) =3 Re () or (6), (13)
k=0
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where

Rkw><uwf»¢%c»zz[fu<nen%<md&

Functions (13) satisfy the boundary conditions (3) and (4).

Substituting (13) into equation (1) and the boundary conditions (2), taking
into account (12), for finding unknown functions Rg(r) we obtain following
problems:

2
P RY 1 (1) 1 Ry (1) = A Rog1 () = 0,

(14)
P R (r) + Ry (r) — A B () = A2y
2%k 2k g Rak(r) = 26 2k+1(7),

with the boundary conditions Rg(1) = fr, where fr are the Fourier coeffi-
cients of the expansion of the function f(6) into the biorthogonal series by

{o (0)}0
The regular solution of (14) exists, is unique and can be written in the
explicit form:

ING)
Rop1(r) = farparVr
NG IN©) ING)
RQk(T’) = kaT’ Ak +f2k+1ﬁ (7’ Ak —7r Ak > .

Substituting (15) into (13), we obtain a formal solution of the problem:

(15)

u(r, 0) = S50 faer®*tsin ((2k +1)0) +
(16)
+ 200 fak 1 [r2% sin (28,0) — 2 sin ((2k + 1) ).

5 MAIN THEOREM

Here we state our main result.

TueoREM 2. If f(0) € C?[0,x], f(0) = 0, f/(0) = —f'(7) + af(m), then
there exists a unique classical solution u(r,0) € C°(D)NC?(D) of the problem

(1)~(4).
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Proof. The uniqueness of the classical solution of the problem follows from
Theorem 1. The formal solution of the problem is shown in the form of (16).
In order to make sure that these functions are really the desired solutions we
need to verify the applicability of the superposition principle. For it we need to
show the convergence of the series, the possibility of termwise differentiation,
and to prove the continuity of these functions on the boundary of the half-disk.

The possibility of differentiating the series (16) any number of times at
r < 1 is an obvious consequence of the convergence of power series and two-
sided estimates (9) for 0. Let us justify the uniform convergence of the series
(13) at r < 1. For this we use the sign of the uniform convergence of Weierstrass.
By direct calculation it is easy to see that the series (16) is majorized by
the series C1(|fo| + |fi| + |f2l + ...). This series converges [10] due to the
requirements of the theorem imposed on f(#). Since all the terms of the series
(16) are continuous functions, then the function w(r, ) is continuous in the
boundary domain D. The proof of the theorem is complete.

6 THE CONJUGATED PROBLEM: THE UNIQUENESS AND THE EXISTENCE
OF THE SOLUTION

Let us now formulate a problem conjugated to (1)-(4).
We look for a function v(r,0) € CY(D) N C?(D) satisfying the equation

Av =10 (17)
in D with the boundary conditions
v(1,0) = g(0), 0 <0 <m, (18)
v(r,0) +v(r,7) =0, r €0,1], (19)
%(r, ™)+ av(r,m) =0, r € (0,1), (20)

where g(0) € C?[0,7], g(0) +g(r) =0, ¢'(r) + ag(r) = 0.

We can easily verify the conjugacy of the problems (1)—(4) and (17)—(20)
by direct calculation. The uniqueness of the solution of the problem (17)-(20)
follows from the maximum principle and the Zaremba-Giraud principle [8, p.26]
for the Laplace equation. The existence of the solution and its representation
in the form of a biorthogonal series can be proved similar to Theorem 2.

Let us show this result without the proof.
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TueoreM 3. If g(0) € C?[0,7], g(0) = g(x), ¢'(x) + ag(x) = 0, then there
exists a unique classical solution v(r,0) € C°(D)YNC?(D) of the problem (17)-
(20).
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Cagpibekor M., Hinmebex I'., Temraesa A. JIAILJIAC OIIEPATOPBI
YIIIH IIEKAPAHBIH, BIP BJIII'HAE KAPAMA-KAPCBHI ATBIHIAP-
MEH BEPIJIT'EH BIP BEMJIOKAJI HIETTIK ECEITTIH HIEIILIIMILII-
I'T TYPAJIBI

KymbicTa 2xkapreiienrenexreri Jlammac reneyi yimin mexkapanbiy 6ip 6eJ1i-
ringe Kapama-Kapchl arblHIApMeH Oepinren 0ip OeiloKas IIeTTIK ecem 3epT-
Tenineni. Byn ecentin epexmeniri PypreHin allHBIMAJBIHLI aXKBIPATY DIIiCiH
TiKegel KOJIAaHYIbIH MYMKiH emecTtiri boJsibin Tabbuianel. by moacene, bepi-
reH ecernke Coikec koil nudGepeHnnaibK TeHIeyaep YImiH (aifiHbIMATBIHbL
aXKbIpaTy KesiHje naiina 60JaThiH) CIEKTPANIBIK, €CENTIH MEHITKTI MOHIePi
Kyiecinig 6a3uc KypaMalThiHABIFbIMEH DaiiIaHbICThI. 2IKyMBICTA OChHI MEHITTIK-
Ti (DYHKIHAIAPABI HETI3TE aja OTHIPHIN, 0A3UC KYPAlThIH apHAbLl (KOMEKITI)
dbyurnusiap xyiteci kypbiiansl. Ockl kaHa da3uc DeilyIoKa I METTIK ecenTi mme-
Iy YIMiH KOJJIAHBLIA L. Kcenris KaaccukaJbIK, merniMiniy 6ap 601ybl KoHe
JKATFBI3ALIFLI ADA€IIeHTEH.
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Caapibexos M., Jdunnmabex I, Ternraesa A. O PASPEIIINMOCTHU OJ-
HO HEJIOKAJIbHOW KPAEBOIW 3AJIAYU JIJIS OIIEPATOPA JIA-
IIJIACA C ITPOTUBOIIOJIOZKHBIMU TTOTOKAMU HA YACTU I'PA-
HULIHI

B pabore nccnenyercs onna HeJlOKaIbHas KpaeBas 3a/a4a /I YPaBHEHUsI
Jlammaca B MMOJIYKPyTeE, ¢ NPOTUBOIIOJIO?KHBIMHI ITOTOKaMU Ha YaCTU T'DaHUIBI.
OcobeHHOCTRIO TOH 38/1a4H ABJISIETCH HEBO3ZMOXKHOCTD MPIAMOTO MPUMEHEHU s
METOOa pa3aeJicHNd IIEePEMEHHBIX q)ypbe. STO BBIZBAHO TE€M, 9YTO COOTBETCTBY-
I0ITAasi CIEKTPAIbHA 3384 [ OOBIKHOBEHHOTO JuepeHnnanbHoro ypas-
HCHUIA (BOSHI/IK&IOH.IGFO IIpu METOOC Pa3dcICHUA HepeMeHHbIX) uMeeT CUCTeMy
cobcreennbix pyHKIMI, He obpazyoomux dazuc. B pabore, OCHOBBIBAsCH HA
9TUX COOCTBEHHBIX (DYHKIMSIX, CTPOUTCS CIENna bHast (BCIIOMOTaTe/IbHAS) CH-
crema pyHKIH, KOTOPas yxKe obpasyer bazuc. ITOT HOBbIH DA3KMC UCIIOJIB3Y-
eTcsT T PEmeHnsT HeJTOKaIbLHOM KpaeBoil 3amaqdn. JJokazansl cymecTROBaHIE
U €JUHCTBCHHOCTDL KJIaCCHYE€CKOT'O DEIIeHNdA 3ada49H.

MATEMATUYECKUI *KYPHAJ 2015. Tom 15. Ne 1 (55)



ISSN 1682-0525. MATEMATUYECKHWIA *KYPHAJL. 2015. Tom 15. Ne 1 (55). C.89-100

VIIK 517.95

B.T. TOPEBEK

Hremumym mamemamuru u Mamemamuseckozo modeauposanus MOH PK
050010, Anmarer, ya. [ymkuna, 125, e-mail: turebekb85@mail.ru

OYHKIINS T'PUHA
TPETBE KPAEBOW 3A/JTAYN B IITAPE

PaBoTa mocesimieHa UCCaelOBAHUIO BOIIPOCOB TTOCTPOEHUS SBHOTO BHUIa DYHK-
muu I'puHa TpeTbeil KpaeBoil 3agadm NI MHOTOMepHOro mapa. 1Ipu mocTpo-
eHnn 5Toil DYHKIUHU UCIOTB3YeTCs MpecTaBleHne QyHIAMEHTAIBLHOTO Pellle-
HUd ypaBHeHus Jlannaca B Buge psiga. [onydeno mHTerpaabHOE MPeCTaBIEHAE
dbyrknun ['puHa u 1/ HEKOTOPBIX 3HAYEHWI TaApPaMeTPOB 3a1a49H IIPeJICTaB/Ie-
HUS B 9JIeMeHTapHBIX OYHKIHAX.

Kuntouerie ciioBa: ypasrerue Ilyaccona, mpemoa kpaeead 360040, apMOHUNEC-
waa Pynryua, dyndamenmanvroe pewenue, gyrryua 'puna.

BBEJIEHUE

Bamaua dupuxme ans ypasHenns Ilyaccon
AU(LE) - f(iE), x €, U(iE) - w(m)7 x € 09,

B oOnactu £} C R™, n > 2, ¢ peryasipuoii rpanuneit 0L} siBjisercs KIacCHIECKOi
U XOPOINIO UCCTEeNOBAHHON 3ajateiil. [le pemenne CymecTByeT, eTUHCTBEHHO U
npejcTaBsercs ¢ noMompio byukinn 'puna Gp(x,y) B BUIE:

u(x) /GD(x,y)f(y)der/w
O

Ovy
80

Y(y)dSy.
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3pech u gajee % — IPOU3BOIHAS IO HANIPABIEHUIO BHEITHeH HopMann K 08). B

cnydae, korya §) = {x € R" : |x| < 1} sBAseTca eIMHAYHBIM mAapoM, (PDYHKIAST
I'puna 3amaun Jdupuxie MokeT OBITH OCTPOEHA METOIOM OTDAaKEHHI 1 HMeeT
Bz (cM. Hampuwmep [1], crp.51):

Go ) = - |- —¢ (abl - )]

THE Wy = 12&—71//22) — maomaas enuHudHOM cepbt B R™ a e (x —y) — dyuna-

MeHTaJIbHOE permenne ypaHenns Jlammaca:

( ) lnﬁ,nzz
elx—y) =
Y e -y, n =3

Hapany ¢ zanaqeit Jdupuxie, KIacCuieckoll W XOPOIIO UCCAETOBAHHON sB-
JisieTCd TPEThs Kpaepas 3ajad4a Jijis ypasuenus [lyaccona:

ou(x)
ov

Au(x) = f(x), x € Q, + au(x) = g(x), x € 0. (1)
Kaaccuueckum pemennenm zanaun (1) nazosem dynkimio u(z) € C?(Q) N
CY(Q), yaosnersopsiomyio yeaosuamM (1).
UsectHO crnenyiomee yrBep:xaenne (cM. [2])

TEOPEMA 1. Ilycmo pewenue sadawu (1) cywecmeyem. Tozda

ecau a > 0, mo ono eduHCMEERHO;

ecau a <0, mo

1) npu a — neuenoe, 0Ho eOUNCMEENHO;

2) npua=—m, m=0,1,..., 0ho cOUHCMBEHNO C MOYHOCTIBIO 00 2aPMO-
HUYECKUL TOAUROMOE CMENEHU M.

st nanbreiimero ncenenosanus 3aaa4qu (1) MbI BBOAUM MOHSATHE (DYHKIUH
I'puna. Kak BusiHO 13 yTBepKIeHuil Teopembl 1, nousrue dpyukiuu ['puna 3a-
naan (1), Kak B caydae Kiaaccuaeckoii 3amaan Jupuxie, MOXKHO BBECTH TOJTBKO
Aas caydaes a > 0 wim o < 0 1 a — HeneJqoe.

B macrostineit paboTe OCTPOEH sSIBHBII (MHTErPaIbHbI) Bu (hyHKIMN 1 pu-
Ha Gy (x,y) nasg cnydass n > 3 mpu ¢ > 0 wim a < 0 u g — Hemenoe. A
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TAKKe TPUBEIEHBI TPUMEDDI /5T YaCTHBIX CIYYIAEB 4, MPH KOTOPLIX (hYHKITHsT
G (2,y) MOXKeT OBITH TPEICTABICHA B TEPMUHAX JIEMEHTAPHBIX (DYHKIIHIL.

OTrMeTuM, 9TO B TOCTIEIHEE BPEMsi BO30OHOBHUJICH WHTEPEC K MOCTPOEHUIO B
saBHOM Buje Gbyukiwmii ['puna knaccndyeckux 3aaa4. B [3], [4] ¢ nomombio rap-
Moumvecknx dyuknuit ['puna zanau dupuxie, Heiimana u Pobuna nocrpoensr
dyukmun ['pura GUrapMOHMYECKUX W MOJUTAPMOHHYECKUX 3a7a4d lupuxe,
Heitmana n Pobuna B nBymeprom xpyre. B [5], [6], [7] mocTpoena B sBHOM BH-
ne ¢yuakius ['puna 3agaun Jupuxie st TOJATapMOHUYIECKOTO YPABHEHUS B
MHOTOMEPHOM Tape. 3aMeTHM TaKzXKe, 9TO MOCTPOCHUIO B sIBHOM BHJE (DyHK-
nnii 'puna 3ana+qn Pobena B kpyre nocesimens! padoTs! [2], [8].

1 ONPEAEJEHUE OYHKIWMN I'PUHA

[IpuBeniem cnenyiormee onpenenenne.
Oyukrueit ['puna 3amaqn (1) B obnactu ) HazeiBaercs Gyukuus G (2, y)
JIBYX TOYEK Z, Yy € {2 0bJaaiomas CBONCTBAMIE:

AGa(myy) :6(x—y), (LE,y) €,

a(;&cxyy)

v, +aGy(z,y) =0, y € 0.

Ecnu pemenune 3a1auu (1) CymecTByer, TO 3TO PEIIEHHE MOXKET OBITH MPe/I-
CTaBJIEHO B MHTEIPAJTBLHOM BHIE ¢ mOMOIIbIo (pyukuuu ['puna G, (x, y) mo dop-
myze (em.[9], ¢.286):

w@/ba%wﬂw@+/ba%wuw%y
Q o0

Iox dyuknueit I'puna sagaan (1) mouumaior [9, ¢. 286] GHYHKIHIO, UMEOIIYIO

IIpeacTaBJaCcHue
1
Ga,9) = — e (@ —y) +h(a,y)],

n

rae h (x,y) — rapmonndeckast B obactu € (pyHKIHS.

Xors onpenenenne dyuknnn ['pura 3ama4u (1) BBEICHO B MATEMATHIECKOI
JIUTEPATYPE, HO MOCTPOEHUE SBHOIO BUJA ITOH (DYHKINH SBJISETCH OTKPHI-
Toit 3aaueil. CymecTBYIOT pasndHbie cocoObl mocTpoenus (yukiuu ['puna
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KJIACCHYECKUX KPAeBbIX 3ajad. s MHOTMX BHIOB 00acTell OHA MOCTPOEHA B
SIBHOM BHJe. A st 337a9n (1) B MHOTOMEDPHBIX 001aCTAX MOCTPOeHNe (DYHK-
nun ['puHa siBasieTcs OTKPHITOI 3a/1a4eil. 31ech HMEIOTCs JINITh TPHMEDBI [Tt
npocreiimux obracreit — Kkpyr [8], muanHap [10], nomymaockoets [11] n .

2 BCIIOMOTATEJBHLIE PE3VJILTATEI
Crnenyromas temva JoKazana B pabore [12].

JIEMMA 1. Jaa dyndamenmanvrozo pewenus onepamopa Janaaca npun > 3
UMEIOM, MECTNO NPEJCMaABAEHUA

o] iy
1 Kl (3 ( @ ) (1) ( Y )
e(x—y) = — H — | H — |, |zl <ly|,
(2)

i
ede H ,<C> (-) — noanas cucmema 00HOPOOHBIT 2APMOHUMECKUT NOAUHOMOS CINE-
nenu k, 064a0a10WUT c60UCTEOM OPTMOHOPMUPOEAHHOCTIU:

1 i ;
— | 1) (@) HY) (@) dSs = 8:;0%m,
naQ

hi — Koauwecmeo smux noAuHOMO8, O5j, Opm — cumeosn, Kponexepa.
Hucmo hy onpenensercs no dopmyne (em. [13])

(2k +n—2) (k+n—3)!
El(n —2)!

hi =

JIEMMA 2. Jasa dynwuyut € (:E ly| — %) CNPABEDAUBO PAGERHCTEO

o] i
y ¥ Jy|* {2\ 0y
—= )=y N (S Y S
6(”0”' |y|> dhrn—z 2\ ) e\ ) @

k=0 i=1

Hoxasamenvemeo. oncrasnsas x = x |y|, y = % B dopmyy (2), mosyanm

k h
(o= ) 5 gy S (2,
ly] 2k +n — 2 |y/ |y||Ft"? oz |yl

k=0 i=1

MATEMATUYECKUI *KYPHAJ 2015. Tom 15. Ne 1 (55)



Oyuknua ['puna TpeThell KpaeBoil 3a1a4m B ape 93

[eS) n— h
o ( y/ 1yl ) = w7 2l S e ( 2 |y| )Hu) ( ylyl ) _
" \y/ Iyl L2k =2y SR \allyl ) R \yl 1yl
h
Z | y/* zk:H(z’)<£>H(i)<l>
2k +n—2 koA |z A\l )
JlemMma nokasana. O

3 OCHOBHBIE YTBEPXKAEHUS

TEOPEMA 2. Ilyemb a > 0 uau a < 0 u a — neueaoe, mozda dynxuua I'puna
sadavu (1) umeem eud
1) Ecau a >0, mo

1

Go(x,y) = Gp (z,y) + win/s <sw|y|—%>ds. (4)

0

2) Ecau a <0 u a — neyenroe, mo

]y g (2 @ (Y
2\ H A
ka;k ol ) e \Iyl)
1

oo (o) B ()0 ()] o

i
2de m = —[a] + 1, H,i) (\) — noanas cucmema 0OHOPOOHBIT 2APMOHUMECKUT
NOAUHOMOE cenen k.

Golz,y) = Gp(x,y) +

Loxasameavcmeo. Pyukimio G, (,y) OyaeM HCKATH B CIEAYIOMEM BH/IE:

Gal,9) = 5[ — ) + B,

n

rae pyukuus h (r,y) ABIsIeTCs TAPMOHUYIECKON U MO 2 U O Y, TPHIEM
I3, I3,
“ h -~ (2 _
( ot ) | ( ot ) (@—y)
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s maxoxknennst pynknun h (2,y) MBI HCIONB3YEM IIPECTABIEHNE ITOI
dbyukmun B Buze pana (2). Cormacuo semme 1 npm Beex |z < |yl < 1, s
dyukmun € (x —y) uMeer Mecto paBeHCTBO (2). Ecam npumeHuTh omepatop

% +a) k dyskunn £ (z —y), To B cuay pasencrsa (9) npu || < |y| < 1

HMEEM
o +ale(x—y)=
Oy v =

o] o
d 1 |2] ( x ) 0 ( y )
<<’9yy );02k+n—2|y|k+" Z || [y

=1

R

= @2-k-nta) |2 (2N 0 (Y
*Z 2k +n—2 k4+n—2 y m H7 V)

E—0 [yl i=1 9]

Ecmn |y| = 1, o

(@ v,

:i e Ha"ZH () () "

=0 |yl

Fapmonndeckyto by h (x,y), yaosreTBopsomyo ycaosuio (6), Oy-
JeM HCKATh B BUJIE PAIA

Zbk|$| lyl* ZH <|£> <><£>7

|yl

rae by — HeU3BECTHLIE TOCTOAHHBIE

[Tpumensis omepaTop (% + a) K yukuun b (x,y), nogayaum
4 4 - o (2 o (Y
—— ta hm,y<—+a> be |2|* |y |* H’(—)H’(—)
(g o) e = (i, 2 el 3 My )7y
= b (k -+ a) 2" [yl* ZH <| |>H,§"> <l>
k=0

|y
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Ecmn |y| = 1, o

(aiyy +a> h(x,y)

- ibk (k +a) |z* iH,i“ (%) oy <|z—|> (8)

lyl=1 k=0 i=1 ]

Ucnone3yst paBeHcTBo (6) ¢ yaeroMm paznoxkenuit (7) u (8), Haiigem

2-k—-n+a) 1

bk = = 2k +n—2 k:+a:

2-2k-ntkta) 1 1 1
2%k +n—2 k+a k+a 2k+n-—2
Taknm 00pa30M, HEN3BECTHAS TAPMOHNYIECKas (DYHKIHA HMEET BUL

>

e = 3 (7 - ) ot ZH () 7 (57)- @
OboznaunM

SRR () ()

=0 i=1

o] i
" [y|* @ (2N 0 (v
h2($7y)—§72k+n_2;}[k 2] Hy Tyl

Jlerko IIOKa3aThb, 9TO CIIPaBCAJINBO DaBEHCTBO

ha(og) = = (2l - L),

Hanee, s dyuximuu hy (x,y) B cayydae a > 0 nveem

iy (2,) = / st {e (sl = ) bas (10
0

re. byaxuus Gg (x,y) B 910M caydae nmeer Bux (4).
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FEcan a < 0 u a — Henenoe, To

hy
)" |yl* @2\ 0y
HY (= )Y (L
P2 e 2 ) B ()
e m = —lal + 1.

anee, 1y BTOPOTO CAATAEMOTO B TOCTEIHEM DPABEHCTBE UMEEM

i )" [yl iHu) <£> 7O (i) _
k k -
2o ke 5 () Gy

- / ( (selol — L) —kio|x|k|y|’“§;ff,i“ (&)uf (%)) (11)

B arom ciayuae st by (2, y) momydaem

m hy
Jz[* [y <z’><w> (z’)(y)
hi(ey) =Y === (=) B (= )+
) S kta =k \Jo) F \Jyl

L m i
[ (= (o= 2) = et o () (L))
0 o)~ 2T 2 I g ) Py

Cnemosarensho, ecin ¢ < 0 u a — Heneynoe, 10 mas pyukuun G, (x,y)
nmeer Mecto paseHcTBo (5). Teopema gokazaHna. O

4 3AMEYAHUS U [TPUMEPBI

SAMEYAHUE 1. Ommemum, 4mo 0ii4 HEKOMOPHLL KOHKPEMMHBIL 3HAMEHUL Na-

pamempa o evruucaechue unmezpanos (10) u (11) npusodum & ssemenmaproim
PYHKUUAM.
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BAMEYAHUE 2. Jas m066x (0adice ueavir) snaueruti napamempa & narodic-
denue unmezparos (10) u (11) mpebyem 00604510 CAONHCHBIT GbINUCACHUL.

SAMEYAHUE 3. ITycme a — ”7_2, n > 3. Tozda dynxuyusa I'puna sadavwu (1)

ACZKO B8BIYUCAAECTICA U npedcmawl.ﬂemc.ﬂ 6 sude

Galay) = - |9 = (all = L )]

Ommemum, ¥mo OaHHOE NPEJCMABAEHUE OUeHb noxodce Ha Pynruyulo I'puna
sadoqy dupuxae.

I[TPUMEP 1. B cayuae a = 3, n — wemnoe:

1

G (x,y) =Gp (LE,y) - 5 9 2n—2
o (20— 3) 2 2| y] - ]

B 2(n—2)(x,y) 1
wa (20 —2) (20 = 3) [a]* [y]*

B 2n—2_1 +
2ty -

1
+ X
wa (20— 1) (2n = 3) || [y/?

n—2

XZ (2n—1)...(2n — 2k — 1) 2™ [y[** e
0 (= 1) (n =k = 1) 2 (Jaf P~ (2,)?)

+(z,y) | +
|$|2 |y|2 oy 2n—2k—2
Iyl =g

y <1+ 2(n—2) <x,y>2> ‘ 2l Iyl® — (z.p)

1_<$7y)
w2l 2n = 3) (lef Iyl? = (2,)°)

Pl —(zw)?
L e <Hz<n—2><x,y>2>.

el fyl?
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I[TpuMEP 2. HHycms a = 2, n — newemnoe, mozda

1 1
G (%,y)ii(gl)($,y)'_ _ -1+
‘ o (20 =Dl | gy — g [

(@,9) = 28 (n — D)1 (2n — 2k — 3)! (Ja] Jy) 2
“no 0 (n—k — 1)1 (2n — 1! (|gg|2 |2 — (:E,y)2)

k+1

ol lyl* — ()

1
n—k—3

X

+ (z,y)
w1yl - |

Pabora Boimosnena npu (pUHAHCOBOHM MOAIEPKKE IPAHTOBOTO (DUHAHCHPO-
BaHHUS HAYYHO-TEXHHUYECKUX Iporpamm u npoekroB Komurerom nayku MOH
PK. ITpoexr Ne 0570,/T'®3, 2013r.—2015r.
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Tepebex B.T. ITAPIA BEPLJI'EH YIIIHIIT HIETTIK ECEITTIH,
I'PUH GYHKINACKHI

Byt xkymMbIc Kenememal mapaarsl yimidmi merTik ecenris I'pun dyHkiu-
sICBIHBIH, affKbIH TYPiH KYyPYy M9cesiecin 3eprreyre apHajran. Ocbl (DYHKIHSHbI
Kypy Kezinge Jlammac Tengeyinin ipreni memiminin KaTtap Typingeri kefrinte-
Meci KOIIaHbLIa bl ['piH (DYHKIMSACHIHBIH, HHTEIPAJALIK, KeilinTemMeci ajibiH-
FaH »KoHEe ecell napaMeTpJiepiHiy keiibip MoHaepine saemMenTap QYHKIHAIAD
APKBLIBI 2Ka3yFa 00JIATHIH BBl KOPCETIITEH.
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Torebek B.T. GREEN FUNCTION OF THE THIRD BOUNDARY VA-
LUE PROBLEM IN A BALL

The paper is devoted to the investigation of questions about constructing in
the explicit form of the Green function of the third boundary value problem in a
multi-dimensional ball. For constructing this function we use the representation
of the fundamental solution of the Laplace equation in the form of a series. An
integral representation of the Green function is obtained and for some values
of the parameters the problem is presented via elementary functions.
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XPOHUWKA

Bu/1b>XXAH MABINKOTUHOBWY AMEPBAEB

Ha 84 rogy Xu3Hu B . MockBe
CKOPOMOCTUXHO CKOHYaNca BUAHbIN
YUeHblli, JlaypeaT FocyaapCTBEHHOA
Mpemun CCCP, akagemunk Hauywmo-
HanbHOW Akagemun Hayk Pecny6-
nukn KasaxctaH, npodeccop Bunb-
XaH MaBnTnHoBMY AmMepbaeB —
rNaBHbIA Hay4Hblli COTPYAHUK WH-
CTUTYTa Npobaem MNPOeKTUPOBaHUS
B MWKPO3/eKTpOHUKe Poccuiickoii
Akagemnun Hayk.

BunbxaH MaBnOTUHOBMUY poO-
annca 25 anpend 1931r. B ropo-
pe TangbikypraHe Kasaxckoin CCP
B CEMbe W3BECTHOro MaTemaTuka-
negarora. Boicwee o6pasoBaHue no-
nyynn B cteHax Kasaxckoro [locy-

LapCTBEHHOTO YHuMBepcuTeTa, rae oH paboTtan accucteHTom ¢ 1954-1957 rogbl.
AcnupaHTypy 3akoH4un B 1960r. npu MatemMaTtnyeckoM UHCTUTYTe nUM. CTek-
nosa AH CCCP. o ero cnoeam, 34ecb OH MOJIy4Yn/ HacToslee maTemaTuye-
CKoe obpa3oBaHMe W cTaj nNpoheccnoHalibHbIM MaTteMaTUKOM, MU 6e3 maTtema-
TUKW OH Y)Xe He NpPefCcTaB/sfN CBOK XW3Hb. [1epBblii Cepbe3HbIil pe3ynbTaT no
mMaTteMaTuke OH Mony4ymn B 06/51aCTU YMC/IeHHOro obpalleHnsa npeobpasoBaHus
Nannaca B nepnog y4ye6bl B acnupaHtype (1958-1960 rr.) n pa6oTbl B J/labopa-
TOPUU MaWMWHHOW WU BbluncanTenbHol matemaTtukm AH KasCCP (1960-1965
rr.). 3gecb emy ypanoch paspaboratb MeTofbl BOCCTaHOBJ/IEHUA OpUrMHana ny-
TEM pas3fioXEeHUA ero B psAL MO OPTOrOHalbHbIM MHOrO4Y/ieHaM Ha KOHEYHOM
NpoMexyTKe.



102 Bunbxkan Masmotnaosnd AMmepbacn

Bunb:xkany MaBmoTHHOBIYY yaaeTcs paspaboTarh TEOPETHIECKYO OCHOBY
MOJYJIIpHOIT apudMETHKH B KOJIbIIE TJIABHBIX MJIEAJIOB, YXKe paboTas B Hayd-
HOM IEHTPe MUKPO3JEKTPOHUKHN B ropoje Mockse (3emenorpan) (1966-1971
rr.). UM cosznana ajrebpanveckasi KOHIEIIHs MapaJie/IbHbIX BBIYUCICHUI,
HPUHITUITBL ApH(PMETHIECKOTO CAMOKOPPEKTHPYIOIIETo KOJIUPOBAHUs. DTH pe-
3yJIBTATHI JIELJIN B OCHOBY €r0 NOKTOPCKOH Jinccepraiiuu "Brrduciienne B KOJIb-
e TJIABHBIX UJIEAJIOB U WX MPUJIOXKEHUS B BBIYUCIUTEIbHON TexHUKe".

AwmepbaesbiM B.M mpoBognanch paboThl Mo UCTONB3OBAHAIO MOIYISIPHOH
apuPMETHKH B aJIrOpUTMaX MU(POBaHUS [IyTeM pacliapaJijie/IiBaHus Ipolie-
Jyp apudMeTHIecKUX Ollepaliiii B BBIYHCJIUTEbHBIX cucTeMax. VM ObLn mc-
CJIeIOBaHbBI MOJIYJISIPHBIE BLIYUCIUTEIbHBIE CHCTEMbBI KaK ITPOTOTHII 11apaJlyie I b-
HBIX TOMOMOP(HBIX BBIUUCJIEHUN B KOJBIE NEbIX dnuces. PazBuriie 1ol njien
MPUBEJIO K pa3zpaboTKe HOBOW KOHIENIMH — MOCTPOEHHE WHTPOMOJIYJISPHBIX
BBIUUCIUTENBHBIX cucTeM. HTPpOMOAYNApHLIe BEIMUCAEHNS OTKPBIBAIOT MyTH
3(pdeKTUBHON peasu3alni IapaJurMbl TOMOMOPGHBIX 00JIAYHBIX BhIYHCIEHUH
Ha OJHOPOJIHOM BBIYUCUTENBHON cpeJie ¢ THOKUM YIpaB/IeHHEM HaIeXKHOCThIO
BBIYUCJIEHUI B I[€JIOM.

Nwm raxeke 661710 BBejieHO MoHsATHE "JieBoobpaTuMoil 6uHapHOil onepaun’ |
KOTOpOe OBIJI0 HCITIOIB30BAHO TIPH CO3JAHIN OJIOUHBIX MHU(POB, YTO TO3BOJIIET
CYIMECTBEHHO MMOBLICHTH CKOPOCTE TMPOTEIyP MU POBaHNs, OPHEHTHPOBAHHBIX
Ha [apajijie]IbHYI0 U KOHBelepHyio 06paboTKy JIaHHBIX.

Bynyuu zapenyromum Jlaboparopueii MAMHHON U BBIYUCIUTEIbHON Ma-
temarnkn AH KasCCP (1962-1965 rr.) Busbkan MasmornHoBrnd Amepbaes
ObLI OJIHUM U3 OPraHU3aTOPOB coznanus B 1965r. UHcTuryTa MareMaruku u
MexaHnkn Axagemun Hayk Kazaxckoit CCP. Om, npopaboTas Bcero mecth Me-
csneB, 6pu1 npursaied B MockBy B LleHTp MUKDPOSJIEKTPOHUKY M YUaCTUs
B BIlepBhIe paspabarbiBaembix B CoBeTckoM cotoze DBM BBICOKO# 1Tpon3Bo/Iu-
TEeJILHOCTH Ha 0aze MOYIapHOi apudMETHKH.

Bunpxkan MaBmioTHHOBUY IBaXKJIbl BO3BpammaeTcd B UHCTUTYT MaTeMaTh-
KN W MexXaHuku. B mepswiit pas B 1971r. mo npurnamenuio [Ipesugnyma AH
KazCCP B kadecTBe 3aMecTuTesss JUpEKTOpa 10 HAayKe. 3JeCh OH OpPraHU-
30BBLIBAET Hay4dHbIe J1aboparopuu HOJBITHX CUCTEM, ONTHMAJIBHOIO KOJUPOBa-
HUs, MeTonoB onTuMusanun. OH u3bupaeTcst daeHOM-KoppecnongenTom AH
KazCCP, akTtupHO IpUHUMAET yYacTHe B CO3JAHUN BBIYUCIUTEIBHOTO [IEHTPA
KOJITEKTUBHOTO TOJIH30BAHUSI.
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B 1976r. 1o cemeiinbiM obcTosTeNIbcTBaM Bo3Bpaiiaercsd B MockBy, pabora-
eT TaMm XKe, B LlenTpe MukposaekTponuku. Bo BTopoil paz B 1988r. akageMuk
V.M. Cynranrasus, ctas [pesugentom AH KazCCP, npurnamaer airena-kopp.
AH KazCCP B.M. Amepbaesa B cBOI0 KOMaHIy B KadecTBe 4jieHa [Ipesnanyma
U aKaJeMUKa-ceKpeTapst oTle/ieHns (PU3NKo-MaTeMaTHIeCcKuX HayK. Bekope, B
1989r., Ha odepeIHBIX BhIGopax wieHoB Akagemun B.M. Amepbaer nsbupaercs
akagemMukoM AH KazCCP. B 1994r., mocne yxona ¥Y.M. Cynranrasnma ¢ mocTta
[Ipesunmenta, B.M. AMmepbaer Bozppallaercd CHOBa B MOCKBY.

OcHoBHBIE ero Hay4HbIe MybuKanun (6onee 150 crareit, Monorpaduwmii u mna-
TEHTOB) OTHOCATCS K 00J1aCTIM KOMITBIOTEPHOI anre6phl 1 u(POBBIX METOJ0B
00paboTKu CUT'HAJIOB, TEOPHH KOJHPOBAHUS, MaPaJIJIeSIbHBIX BBIYUC/IEHUH, 110~
MEXOYCTOHYHBOIO apu(pPMETHIECKOTO KOJUPOBAHUS, KpHUIITOrpauu, 4uceH-
HBIX METOJIOB HHTErpaJibHbIX MpeobpazoBanuii Jlaiaca, CBEpXTOYHBIX BBIYKC-
sennii. [log ero pykopogcTBoM 6BLIO 3aIUIEHO 0KOIO 30 KAHIAMIATCKUX U
JOKTOPCKUX JAUCCEPTAINH.

3a nuKJ pabor B 06J1aCTH PAKTHYECKOTO TPUJIOYKEHUS METO/IOB MOJIYJIsp-
HOIT apuPMETHKH B TEXHMIECKHUX CHCTEMAX B COCTABE ABTOPCKOTO KOJLJIEKTHBA
nosiydaer [ocynapereennyio npemuto CCCP. MMeer npaBuTeibcTBEHHBIE HAa-
rpajbl.

B Bunbxkane MaBIioTHHOBIYE COUETATIOCH PEJIKOE KAUeCTBO HE3AY P THOTO
VUEHOTO ¢ TaKOU deloBedecKoll IeHHOCThIO KaK TOTOBHOCTL OKa3aTh IOMOIID
U OTHOCHTBCS K JIIOJIsIM ¢ oHuMaHueM. C npucyineil eMy TpoHUIATEIbHOCTHIO
OH yMeJl 3aMedaTh MepPCIeKTUBHBIX MOJOIBIX COTPYIHUKOB. MHOTHMe M3 HUX
CTAHOBUJINCH €0 YIeHNKaMH, KOTOPLIX OH YUIUJI U OleKaJsa 0 MOC/IeIHNX THel
cBoell KW3HW. KXro aBTOPUTET MOMOTAJ UM B CJIOYKHBIE MOMEHTLI WX YKU3HU.
Haubosee ynoptble 3 ero y4eHUKOB CTaJIH W3BECTHBIMU YYE€HBIMHU.

CesATas mamMaTh o Bunbykane MapnotnHoBrde AMepbaeBe HaBCerIa ocTa-
HETCS B CEPAIIAX MHOTOYMCJIEHHBIX €0 YYEHUKOB U OJIMZKUX COPATHUKOB.

N. ITak, P. Busmes, C. Heicanbaera
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XPOHUKA

K CEMNWAECATUNETUNKO PAXNMBEPOAMNEBA
MAPATA NCNMTANTNEBUYA
AOKTOpa hu3snMkKko-maTeMaTMUecKUX Hayk, npodpeccopa,
KpynHoro cneuymanucta B o6nactTm kauecTBeHHOW Teopuwu

ovupdPepeHUManbHblX YPABHEHUNR N UX NPUTTOXEHUN

(30.01.1945 - 09.08.2008)

Paxumbepames Mapat Wcumra-

NMEBMY poaunca B ropoge 3aicaH

BocTouyHo-Ka3axcTaHCKOn obnacTu.

OTey — BOEHHOCAYXaLWWin, MaTb

— MefuuUMHCKas cecTpa, B CeMbe

WecTb cblHOBel, MapaT — 4yeTBep-

Tbii. B petcTBe, B CBA3M C Mepe-

BOA4aMu No cnyxb6e oTua, Xua u

yumnca B pasHblx ropojax Kasax-

ctaHa (YcTb-KameHoropcke, Kapa-

raHae, KokueTtaBe, [ypbeBe). Jli0-

6MMbIM MNpegmMeToM B LWWKOMAe Obl-

na maTtemMaTMKa, HO OH TaKXe ak-

TUBHO 3aHUMasICA CNOPTOM, HEOLHO-

KpaTHO no6expaan Ha pecnyb6nnKaH-

CKUX COpPEBHOBAHUAX MO CMNOPTUB-

HOl TMMHAcTWKe Cpegn HOHWUOPOB.

Hayan cBol TpyaoBylO [feATenbHOCTb B 1962 rogy nocsie OKOHYaHuUsA cpefg-

Heil wWkKonbl B I'ypbeBe. [Ba roga pabotan Ha 3/eKTPOCTaHLUN MOTOPUCTOM U
MallWHUCTOM KOT/a.

B 1964 rogy nocTynun Ha MeXaHWKO-MaTemMaTUyeckuin akynbTeT Moc-
KOBCKOr0 rocyfapCTBeHHOro yHusepcuteta um. M.B. JlomoHocoBa. Cneuu-
anusuposancs Ha kadegpe guddepeHumanbHbiX YpPaBHEHWIA N0O4 PYKOBOA-
cTBOM npodeccopa B.M. MunnuoHwmkosa. lNocfe 0KOHYaHUA YHUBeEpcUTeTa
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B 1969 rogy mo pekoMeHann kadeipbl TOCTYIHI B aCTHPAHTYPY OTIeIeHUsT
MaTeMaTukn Mex-maTa MIY. B yHuBepcuTeTe aKTWBHO 3aHMMajcs KaK Ha-
yuHOll, TaK U obmiecTBeHHON paboTol, CHa4Yajla B HHTEPHAIMOHAJIBLHOM CEK-
Tope KoMmuTeTa Komcomosia MI'Y, a zarem nBaKIbl usbupajics ceKpeTrapem
KOMCOMOJIBCKO}T opraumzannu Mexmata (1970-1972 rr.). B 1970 roxy »kennics
Ha CTyIeHTKe Mex-MaTa Anmekceeroit Jlioamuie Amekceesre. B 1974 rony y Hux
ponunachk noub Mapuna.

B acmupantype mon pykosoactBoMm B.M. Munmmornmukosa nu H.X. Pozosa
uM OblLiIa BBINOJNHEeHa KaHaugaTcKas guccepralus "O6 ycToiduBocT 0cobbIX
noKasarejiell 1 3aMbIKAHUH MHOYKECTBa JIMHEHHBIX CHCTEM C IKCIIOHEHIIHAJIb-
HOll nuxoToMuel", samuTa KOTOPOH cocrosiyiack B Mapte 1975 roga Ha nuc-
cepTanoHHoM coBeTe Mex-MaTa MI'W. Uszsectuwre yuennie [[.B. Anocos u
10.C.Bornanos — ero onmoHeHTHl — OY€Hb BBICOKO ONEHUJIM HAYYHbIE PE3YJIb-
TaTBl MOJIOJOTO YYEHOTO W B JaJibHEHIeM WX CBsA3bIBaJa Telljias JpyxKda u
COTPYJHUYECTRO.

[Tocne okonuanusa acnupantypsl B 1974 roay M.U.Paxumbepiues ObLt
pactpenenen 8 Uuctutyt maremarnkn n Mexannkn AH Kaszaxckoit CCP, rie
paboras cuadaja B gabopatopun JuddepeHInaibHbIX YpaBHEHNUIT (3aB. aKa/l.
AH KasCCP ZKayrteikos O.A.), a ¢ 1978 roga — B 1abopaTopui YHCICHHBIX
MeToJ10B Teoput epeHoca (3aB. akaj. AH KazCCP Cynranrasun Y.A.). C 1991
rofia ¢ obpasosanneM UuctutyTa Kocmndecknx nuccnenopannit HAH PK on —
3aBeyIoNuil 1abopaTopuu U 3aMecTUTe/h TUpeKTopa 1o Hayke. B 1996 roay
BepHysics B UHCTUTYT TeopeTHdecKoil M MPUKJIAIHONH MaTeMaTHku (Mo3IHee
neperMeHOBaHHBIH B VHCTUTYT MaTeMaTuKm), Tje 3aBeioBas Jaboparopueil
JMHAMHYECKUX CHCTEM JI0 TTOCJIENHUX THel cBoell *KU3HU.

HoKkTopekyio juccepranuio Ha TeMy " VCeTOHYHUBOCTE U paclipelie/ieHne 11o-
Kaszaresneil JIgnynopa" Omecrdame samuTia B Mapre 1992 roma B Muncke ma
JuccepTanuonHoM coseTe MucturyTta Matematnku AH Benmapycekoit CCP.
Hayunsiii koucyiabranT B.M. Musnonmuxos. Onnonents: FO.JI. Hamenkui,
H.A. Nso0b60s, E.JI. Tonkos, Begymas oprauuzaiusg — Cankt-lleTepbyprekmit
TOCYIapCTBEHHLIN YHUBEPCUTET.

Paxumbepnuessim M.U. onybiukoano Gosee 130 mayunwix pabor. Hau-
Hojiee CyIecTBEHHBIE HAyYHBIE PE3YJIbTATHI IOJYYEHbI B CJIEAVIONUX HAIpa-
BJICHUSX: 9KCIOHEHIMAJBHO JTUXOTOMIYeCKHe cucTeMbl [1, 2| u rpy6bie cBoii-
CTBa HEONHODOJHBIX JHHEHHBIX JuddepeHnnaababiX cucteM (3], Kpurepmit
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BeITOTHUMOCTH yeqnosus [leppona [20, 22, 26, 29, 31|; BBeneHUe U M3ydYeHNE
KJIACCOB JIMHEHHBIX CHCTEM C PA3JIMYHBIMU CBOHCTBAMH IpybOCTH acHMIITO-
THYECKOTO TOBEJICHNs UX perennii [23|, uccienoBanne MeHTPaJbHBIX MTOKA3a-
Tejlell KaK paspbIBHBIX (DYHKIMI mapaMeTpos cuctembl [10, 13|, msydenme
BOIIpOCa 0 OSPOBCKOM KjaccupuKanuyu nokazareneil JISnyHoBa Kak paspbiB-
uBIX pyHKOuit [11], onucanmne pacnpese/ieHns 3HadeHuil mokasaTeseii Jlsamy-
HOBa BOJIN3U X TOYEK Pa3spbIBOB KakK (DYHKIHI CHCTEMBI B PA3JIMIHBIX CHTY-
amusax. UM nano onncanne 3aMBIKaHUsT MHOXKECTBA JUHENHBIX CUCTEM C 9KCIIO-
HEHITMAJbHON JUXOTOMMENl B METPUYECKOM NIPOCTPAHCTBE, CUCTEM C PaBHO-
MepHOil MeTpuKoii [1, 2], omucano oTKpPBITOE SIPO MHOYKECTBA HEOJTHOPOIHBIX
CHCTEM, NMEIOIINX XOTs ObI 0JJHO orpaHuYeHHOe permente [3]; copmectro ¢ H.X.
PozoBeiM pemena 3asiatva pacnpenenenus nokKazaTesell JIamyHoBa mepuoande-
CKUX CHCTEM OTHOCHTEJIbHO MAJIbIX B CPEIHEM BO3MYITeHUH KoM DUITHEHTOR
cucremsl |6, 7]. st psjia cucTem perieHbl 3a7a91 O JIOKAJH3AIHH CIIEKTPa, T10-
KazaTeJeil Ha OCHOBe UX BEKTOPHOTO NMpeAcTaBaennd. UM ycTaHOBIeHa cTpoTast
MPUHAJIEXKHOCTh BTOpoMY Kjaccy Bspa nokasarteieil nunelinbix jnuddepen-
UaJbHBIX cucTeM ¥ ypaBHenuii [11, 34|. M3yueHbl sKCMOHEHIMAIBHO pas3/ie-
JIEHHbIE U PABHOMEPHO Hepas/le/IeHHbIE TOMOMOP(MUIMbI BEKTOPHBIX PaCCIIO-
eHUIl JIMHAMUYECKNUX CHUCTeM, BBEJEHO NOHATHE CUJILHO IOJIOKUTEJIbHOTO I0-
MoMOpHU3Ma U YCTAHOBJIEHA €'0 SKBUBAJIEHTHOCTH IKCIIOHEHITHAIBLHOM pasJie-
JIEHHOCTH € MHJEKCOM n-1 (N-pasMepHOCTh BEKTOPHOTO PACCIOCHMUsT), a JIJIs N-
k -oii BHemHell cTenieHn roMoMOphU3Ma IKBIUBAJIEHTHOCTh 9KCIOHEHIHATbHOH
paszfieneHHOCTH ¢ HHAEeKcoM k [19, 20, 26, 29|; nomyuensl Ko punneHTHBIE
NIPU3HAKU SKCIIOHEHIIUAJBLHON DPa3JIeJIeHHOCTH JIMHEHHBIX CHUCTEM IITPOU3BOJIb-
HOTO WHEKca [22]; mokasaHo, 4TO 3aMBIKAHHE MHOYKECTBA CHCTEM C 3KCIO-
HEHITHAJIBHOM BJIM30CThIO COBIAJIAET ¢ MHOXKECTBOM PaBHOMEPHO HEpas3JieJieH-
HBIX cucTeM [4, 23]. UM mostydeHbl pacnpe/iesiennst mokasatesei JIsimyHoBa mist
JIMHEHHBIX pacIIupeHnii THHAMUYIECKOH cucTeMbl Ha Tope [16, 24| u coBmect-
Ho co T.M CMupHOBBIM Ta Ke 3aJa4a peIleHa JiJisi HePHOJUIECKUX ATITPOK-
CUMAIHii 9PronIecKuil TUHAMUYIECKOH cucTeMbl Ha Tope [25]. VeraHoBIEHBI
HEOOXOIUMbIE U JOCTATOYHBIE YCJIOBUS PABHOMEPHON SKCIOHEHIIMAILHON pas-
JE€JEHHOCTHU JIMHEHHOro pacIIupeHnd JIMHAMUYeCKol cHCTeMbl Ha BEKTOPHOM
paccyioeHuM B TEPMHHAX NOCJONHONH CHILHONU IOJOKUTEIbHOCTH ceMelicTBa
ABTOMOP(DI3MOB,TOPOXKIAIONIEro THHAMUYIECKYIO crcreMy |27]; HalimeHbl mo-
CTaTOUYHBIE YCJIOBUA YCTONYUBOCTH CTAPITIEro IoKazaTesls ceMelicTBa aBTOMOpP-
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Jbu3MoB BeKTOpHOTO paccioerns [19]; ycTaHOBIEHBI THIINYHBIE CBOHCTBA OHO-
IIapaMeTPHIeCKOTo ceMelicTBa JINHEHHBIX quddepeHInaabHbIX ypaBHEHNIT TPH
6udypKanmsax IKCIOHEHINAIbHON yeroitunBoctn [30|; HajileHB! ycmoBus pas-
PEIIMOCTH KPaeBBIX 3ajad sl THHEHHBIX JuddepeHnnanbHbIX ypaBHeHM
IIpu uX BoaMyIneHnn [35].

[Tox Bausituem Y.M. CysnTaHrasuta U B COTPYJHUYECTBE ¢ HUM CYITIECTBEH-
HBIE PE3YJIBTATHI MOJYYEHB COBMECTHO ¢ uxX yueHukamu Llaem M./, Kanpiba-
eBoit A.A. Mpy M3y4IeHNN CBOHCTB JUCKPETHLIX ypaBHeHnit BombiMana B mpo-
CTPAHCTBEHHO OMHOPOJIHOM CAydae, UCC/IeIoBaHa YCTONIMBOCTDL IMOJIOXKEHUSI
paBHOBeCHd, JJAHO OMUCaHNe MHBAPUAHTHBIX MHOXKECTB, YCTAHOBJIEHLI YCIOBUS
Tornojiorundeckoit u nudpdepeHupyeMoil IKBUBAJIEHTHOCTH ITPOCTPAHCTBEHHO
OJTHOPOJHBIX Mojienteit [9, 17, 26, 32]; coBmectro ¢ [Tankparosoit U.H. uccnemno-
BaHbI 61Dy PKAIHOHHBIE CBOWCTBA MHOTOMEPHBIX AHAJOTOB HEJIMHEHHBIX JIOTH-
CTHYECKUX ypaBHEHWH, JaHO OIMCAaHHe CTPYKTYPhl MHBAPHAHTHBIX MHOYKECTB
JUCKPETHOTO aHaJIoTa HeIWHEHHOTO JOTUCTUYECKOrO PasHOCTHOTO VpaBHEHUS
[33]; paspaboTaHbl HEKOTOPBIE MaTEMATHIECKHE MOJETH GHOTOTHIECKUX IOy -
nanuit, KoTopble HAIIN TpUMeHeHNe PN PelleHnn psfa TPUKIAIHLIX 337084,
B YACTHOCTHU, IPHU U3yUeHUN IUHAMUKH TOMYJANAN CAWrakoB W capaHdd Ha
teppuropun Kazaxcrana u ap.

Muoro BpeMeHU OH VJeJNsiyl IPernoiaBaTe/bCKoll Jledre/ibHOCTH. BoJiee
rpuanaru jet (¢ 1975 roga) mo cOBMECTHTENBCTBY MpeNoaBa Ha MeXaHUKO-
MaTeMaTH4YecKoM ¢akysbrere KazaxcKoro rocylapcTBEHHOTO yHHBEpPCHTETA
(KasHY um. anp-®apabu). Ilog ero pyKOBOJICTBOM 3AIUIIEHO 7 KaHIUIAT-
ckux juccepranuit. [locrosstHHO 3aHUMasICcs HaydHOU sKciiepTuzoit: uyien [Ipe-
sugnyma BAK PK (1998-2000), 4ien auccepTalHOHHOTO COBETa IO 3allli-
Te JOKTOpckux Juccepranuii npu Macturyre maremaruku MOH PK, ¢ 2001
mo 2004 — zamecTuTenb npencenarens, ¢ 2004r. mo 2008 r. — mpeacena-
ek sToro cosera. C 1978 rona pedepent pedpeparuBHbix KypHajor "P2K
Maremarnka", "Mathematical Review "(unen AMS ¢ 1978 r.), mocTosiHHBII
penensenT XKypuanos "Huddepennmansibie ypasuenus", "Ussectuas HAH
PK. Cepus duznko-maremarudeckas"u Jp. Bbl oHUM U3 OPraHU3aTOPOB U
3aMeCcTHTE/IeM TVIaBHOTO penakrTopa "MareMaTudeckoro xKyphaJja'.

Mapat McuMmranmneBnd Bcera aKTHBHO 3aHHMAJICS HAYIHO-OPTraHU3aTOP-
cKoil mesgrenbHocThIO. B 1996—97 T, mcnonngan oba3aHHOCTH aKa IeMIKa-CeKpe-
tapst Ornenenns dpusnko-Marematndecknx nayk HAH PK. C 1997 mo 2004
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. SABJISJICS TIpelcenaTesieM CeKInU (PU3NKO-MATEMATHUECKUX HaykK paboueil
rpynnsl Bricmeit HayYHo-TeXHAMYecKoi KoMuccnu npu lIpasurensctee PK. B
1997-1999, 2000-2002, 2003-2005, 2006-2008 TT. — Hay4IHBINl PYKOBOAUTEND
pecnybIuKaHCKUX IporpaMM (hyHIAMEHTAJbHBIX HccaeqoBanuii 1o nudde-
PEHITHAJIBHBIM YPaBHEHHUSAM U YPABHEHHAM MaTeMATHYECKONH (PUIUKH.

3a HAYYHO-TIEIArOTHYECKYIO U HAYUIHO-OPraHU3aTOPCKYIO JIesdATe/IbHOCTE B
2005 roay on 6bL1 Harpaxk el menasnbio Pecniybnuku Kazaxcran "Epen enberi
ymin".

B xwusnu Mapar VcumrajiueBud 6bL1 3aMedaTeIbHBIM YEJIOBEKOM, BbICO-
KOUHTEJJIUTEHTHBIM, JIOOPBIM, OT3BIBYUBBIM, BCEIJI8 TOTOBBIM IIOMOYb U CJIOBOM
U JIeJIOM, 1 B TO YK€ BPeMs IPUHIUIHAJIBLHBIM U TBEPJBIM, KOTJa TOTo Tpebo-
BaJIu 00cTOsITeNIbCTBA,. CBET/as MaMsdaTh 0 HEM — KPYITHOM YY€HOM U II€JIarore,
MPEKPACHOM OPraHU3aTOPE U PYKOBOJIUTENIE — HABCEI I OCTAHETCH B CEPJIIax
BCEX, C KEM OH COIPUKACAJICH B TeUeHIe CBOel SPKOil U MHOTOT'DAHHOM HAYYHOI,
eJaroruveckoil U obIMecTBEHHON JIesiTeIbHOCTH.

Penaxmuonnas kojuterus "Maremarudeckoro kypHaja"
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Hudpdepenn. ypapaenus. — 1994. — T.30, Ne7.— C. 70-72.

23 06 9KCIOHEHIHAJIBHON Pa3JeeHHOCTH JIMHEHHBIX cucTeM juddepen-
UaJbHBIX ypaBHeHuit // Yemexu marem. Hayk. — 1994. — T.49, Ned.— C. 141.
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HeHMs1 BosibIMaHa B TPOCTpaHCTBEHHO ofiHOpoaHoM ciy4dae // Mspectuss MH-
AH PK. Cepusi dpusz.-matr. — 1997. — Ne5. — C. 24-33 (coBm. ¢ Kanbibaeoit
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Ilpasuaa "Maremarudeckoro »KypHaJja" Jijisi aBTOpOB cTaTeii

Obugue noAoHCEHUA

B "MatemaTnueckoM kypuase" myOIMKyIOTCS OPUTHHAJLHLIE CTATHH IO
OCHOBHBIM pas/iefiaM COBPEMEHHO! MaTeMaTHKu: Teopusd (MYHKIWIA, DyHKITIO-
HAJILHBIN aHATN3, 0OLIKHOBEHHBIE MDhepennnatbibie YpaBHeHns, YpaBHEH s
€ YaCTHBIMU MTPOU3BOJHBIMI, AIrebpa, MaTeMaTHIecKad JOTUKa, TEOPUS TUCET,
reOMeTpHs, TONOJIOTH, TEOPUS BEPOATHOCTEN W MaTeMaTHdecKas CTATUCTH-
KA, BEIYUCANTENbHAS MATEMATHKA, MaTeMaTnIecKad (DU3NKA, MATEMATHIECKOe
MojienpoBanue. ?KypHaJ BBIYCKAETCd €KeKBapTaIbHO, YeTHIPDE HOMEDA CO-
CTABJASIOT TOM.

Crarbg noyxkHa ObITH HATMCAHA HA BLICOKOM HAYYHOM YPOBHE, COJIEDKATD
HOBBIE, 9ETKO C(POPMYNUPOBAHHBIE MATEMATUYECKHE PE3YIHTATHI U UX JIOKA-
3aTeNbeTBA. Bo BBeneHNM HEOOXOAMMO MPUBECTH UMEIOMUEc Pe3YIbTATHI MO
TeMe TIPEeJICTaBIeHHON PAabOTHI, JIATh KPATKOE COJEepyKaHNe CTATbU U OTPA3UTh
AKTYaJbHOCT, HOBU3HY ITOJYUYEHHBIX ABTOPOM PE3YJIbLTATOB.

Crarby »KypHaJa pa3Memaiorcd B CBODOJIHOM JOCTyIe Ha caiiTe
www.math.kz Uncruryra mMareMaTnkyn 1 MaTeMaTUYECKOTO MOJENTUPOBAHUS
MOH PK, ux pedepupyior HLI HTU (Kazaxcran), Zentralblatt Math (Iep-
MaHNs).

B "MaremarniyeckoM XKypHuase" TyOJIuKyIOTCS CTATh 00EMOM 10 25 Ky p-
HAJIBHBIX cTpaHul. Ctarbu 0bbeMoM Gojiee 25 cTpaHul] nydJIUKYIOTCH O CIie-
MIAJBHOMY PeIeHnIo PeKOJJIErnn »KypHana. |IpuHnMalorcsa cTarby, HATM-
CaHHBbIE Ha KA3aXCKOM, DYCCKOM M aHTVIMHCKOM 3bIKax. CTaThbU PENeH3uPYIOT-
csl.

Tpebosarus x oopmaenuio cmameti

1. Pykomnuck ctarbu J02KHA ObITH MOATOTOBJIEHA B M3AATEILCKON CHCTEME
TREX-2e n npescTaBaeHa B BUJE ABYX TBEPIBIX KO, a TaAKXKe B BHUIE teX U
pdf - daitnos Ha 10060M TEKTPOHHOM HOCHTEIE MM MIPUCIAHA, 0 3JIEKTPOHHON
moure zhurnal@math.kz, mat-zhurnal@mail.ru. Crarba momxHa, OBITL IOIIN-
cana Bcemu apropamu. llpaBusia odopmieHus PyKOIUCH U CTHJIEBbIE (hail/ibl
MOXKHO HaiiTu Ha caiite MHCTUTYTa MATEMATHKH W MATEMATHIECKOTO MOJIETH-
posanust MOH PK http://www.math.kz B pazaene "Maremarndeckuii xKyp-
Has'".

2. B 1eBoM BepxHeM yriry HeoOXOIMMO yKa3arh nHaeke YK, nanee maunuans
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u paMUind aBTOPOB B aJihaBUTHOM HOPsiKE, MECTO PABOTHI ¢ MOYTOBBIMHU A~
pecamu, a TaKKe 3JEKTPOHHBIE aJIpeca, 3ariaaBue ctaTbi. Ha oTnenbHOM ucTe
MPUJIATAIOTCS HA3BAHME CTAThH, (DAMUINM W MHUIMAJIBI ABTOPOB, KJIIOYEBBIE
cnoBa, pedepar Ha PYCCKOM, aHIIHICKOM M Ka3axCcKoM (1s1 aBropos u3 Ka-
3axcrana) si3bikax u nHAeke Mathematics Subject Classification 2010. Pedbepar
JIOJIZKEH OTPaXKATh COJIEPXKAHUE CTAThU. TaKXKe MPEICTABISAIOTCH CBeJeHs 00
ABTOPAX, MECTO PAOOTHI, MOYTOBBIH aJPEC C WHIEKCOM MOYTOBOTO OTIAETEHIUS,
HOMeD TeedoHa ¢ YKa3aHueM KoJa Topoja, aJapec JEeKTPOHHOM MOYTHI.

3. Cnmcok JinTepaTypbl COCTABISAETCS B MOPsaKe murTupoBaHusd. CCbIIKH HA
HEONyOJIMKOBAHHBIE PAOOTHI, PE3YILTATH KOTOPBIX HCIOIB3YIOTCA B JOKA3a-
TEeJBCTBAX, HE NONYCKaTCsd. CHHCOK JINTEPATYPbl IPUBOAUTCH B CJETYIOIMIEM
BH/IE:

JIUTEPATYPA

1 Muiubaes K. T., Orendaes M.O. BecoBbie hyHKIIMOHATBHBIE TPOCTPAH-
crBa u ciekTp Jguddepennuanbubix oneparopos. — M.: Hayka, 1988. — 288 c.
(n1s1 MmoHOTpaAdMii)

2 ZKencwikbaer A.A. MonocriaitHbl MUHIMATBHON HOPMbI U HAMJTY YITTHE
KBaaparyphbie hopmyier // Vemexu marem. Hayk. — 1981. — T. 36, Bbin. (uan
Ney4. — C. 107-159.

Pyxomucu, He ya0BJETBOPSIONINE EPEYUCIEHHBIM BbIE TPEOOBAHUAM,
BO3BPAINAIOTCH aBTOPaM Ha odopMiieHne, 10paboTKy. Penakiius ocTaBiser 3a
c000ii MpaBO HA OTKJIOHEHWE CTATBU, €CJIM €€ COAEP:KAHNE HE OTBEYaeT Tpebo-
BAHUSAM KYpPHAJIA.
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