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D ISC R E TE O R D ER  ON A D E FIN A B L E  SET A N D  
TH E N U M B E R  OF M ODELS

In this paper there is considered a condition, which is similar to a 2-ary relation 
of following. We prove that a small theory, which has the formula called the 
quasi-successor has the maximum number of countable models.
Keywords: ordered structure, number of countable models.

In tr o d u c t io n

This paper is devoted on finding of a condition of m axim ality of the number 
of countable non-isomorphic models of complete theories w ith definable linear 
orders. The num ber of countable models of theories w ith an 0-definable linear 
order had been studied in the works [1]—[6] and others.

T he main t h eo r em

Further N  will be a countable saturated  model of a small theory T . We 
shall consider ordered theories and we shall suppose th a t <  is an 0—definable 
relation of a linear order.

The formulas of the first order will be often w ritten by the relations of 
definable sets.
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For example,

ж <  ф ^ )  = Уу(ф(у) ^  x  < y ) ,

x  €  ( в і , в2) = в і  < x  < @2,
ф(Ы) П Ө(Ы) = 0 =  N  |= Бх(ф(х) Л Ө(х)),

ф(Ы) <  Ө(Ы)+ =  N  =  Уі(Уу(Ө(у) у  < t )  Ух(ф(х) х  < t)).

For any A  с  N  (not necessary definable) we denote

A+ := {ү  €  N \Уа €  A  : N  =  a < ү };
A -  := {ү  €  N \Va € A  : N  =  ү  < a}.

D e f in i t io n  1. Let  A  с  B .  The set  A  is said to be convex in B ,  i f

V x , y  €  A (х  < у) ,  Vz  €  B  (х < z  < у  ^  z  €  B ).

If A  is convex in N , we say th a t A  is convex.

D e f in i t io n  2. For a formula ф ( х ,а )  a convex closure o f  ф is a formula фс, 
such that

фс( х , а )  := Зуі ,  Зу2( ф (у і ,а )  Л ф(у2, а )  Л (уі  < х  < у 2)).

D e f in i t io n  3. Let  p  €  51(A) be an 1-type. A  convex closure o f  p  is a type p c, 
such that

p c = {фс(х, a ) \ ф(х, a  €  p)} .

D e f in i t io n  4. Let  A  and B  с  N ,  and ф(х ,у )  be an A-definable 2-formula.
We say that ф(х , у)  is B-stable,  i f  V a  €  B ,  З71, ү2 € B  (ү1 < a  < ү 2), such
that

ү 1 <  ф (а , N ) <  ү2, and ф(a , N ) П B  = 0.

If B  = Q ( N ) and Ө is an A-definable 1-formula or B  = p ( N ) and p €  51(A)
is an one-type then we we say th a t ф(х, у)  is Ө-stable or p-stable.

D e f in i t io n  5. We say that  a B-s table 2-formula ф(х ,у )  is convex to the right 
on B ,  i f

М а т е м а т и ч е с к и й  ж у р н а л  2014. Том 14. № 3 (53)
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Va  €  B ,  У в  ( в  €  Ф(а, N ) ^  а  < в  А У ү  €  B ( a  < ү  < в  ү  € ф(а, N )).

If for Ө € F \ ( A ) , p  €  5 i(A ), we have B  = Ө ^ ) or B  = p ( N ), then we say 
th a t the 2-formula is convex to  the right on Ө ( х ) , or on p ( x ) .

D e f in i t io n  6. We say that a B-s table 2-formula ф(х ,у )  is convex to the left 
on B , i f

V a  €  B ,  У в ( в  €  ф(а, N )  ^  в  < a)  Л У ү  €  B ^  < ү  < a  ^  ү  € ф(а, N ) ) .

If for Ө € F 1( A ) , p  €  51(A), we have B  = Ө ^ ) or B  = p ( N ), then we say 
th a t the 2-formula is convex to  the left on Ө(х), or on p ( x ) .

The definitions 4, 5 and 6 generalize the notions for weakly o-minimal 
theories, defined in [7] and [8], and introduced in [9]. The other generalization 
of p-stability was represented in [10]. In this work instead of the notion “p- 
stable” the notion “p-preserving” is used.

D e f in i t io n  7. We say that a convex to the right 2-formula ф (х ,у )  increases 
on B , i f  Va,  в  €  B ,

( a  < в  ^  ф(в,  N )+ С ф ^ ,  N )+).

We are interested in the case, when в  €  ф ^ ,  N ).

D e f in i t io n  8. We say that  a convex to the left 2-formula ф(х ,у )  decreases on 
B ,  i f  Va,  в  €  B ,

(a  < в  ф ^ ,  N ) -  С ф(в,  N ) - ).

D e f in i t io n  9. We say that an A-definable increasing (decreasing) on B  2- 
formula  ф(х ,у )  is a quasi-successor on B ,  i f  V a  €  B ,  З в  €  ф ^ ,  N ) П B ,  such  
that

B  П ( ф ( в , N ) \  ф( a , N ) ) =  V.

If ф(х, у) is a quasi-successor denote

ф0( х , у )  := { х  =  у}; 
фп (х,  у) := З у і , З у „ - і (ф (х , у і )  Л ф(уі, у 2) А • • • А ф(уп - 1 , у )); 

ф- п (х,  у) := З х і , . . . , З х п - і (ф ( х і , х )  Л ф(х2 , х і )  Л • • • Л ф(у, х п - і) Л у  <
х  Л Л п=і хі  < х ) .

М а т е м а т и ч е с к и й  ж у р н а л  2014■ Том 14■ № 3 (53)



8 A .A . A l ib e k ,  B .S . B a iz h a n o v ,  T .S .  Z a m b a r n a y a

Let ф(х, y)  be a quasi-successor on B. Denote for a  €  B

VB^ ( a )  := {ү  €  B \ 3 n  €  Z, ү  € фп (а, N ) П B }.

T h e o re m  1. Let  A  be a f inite subset o f  N ,  p  €  5 i(A ), and ф (х ,у )  be an 
A-definable quasi-successor on p(x ) .  Then T  has 2Ш countable non-isomorphic  
models.

Proof. W ithout loss of generality we assume th a t ф(х,  y) is convex to the right 
on p ( x ) .

Let q (x , y )  := {x  < y }  U p(x )  U p(y)  U {y  €  фп ( х , N ) \ n  < w}  U 
{ R ( y , x ) \ R ( x , y )  is an A-definable convex to  the right on p  2-formula such 
th a t Vn < w, V a  €  p ( N ) ^ n ( a , N )  П p ( N )  с  R ( a ,  N ) }  U { L ( x , y ) \ L ( x , y )  
is an A-definable convex to  the left on p  2-formula, such th a t Vn < w, 
3 a i, a 2 € p ( N ), a i  <  фп ( а 2, N ) , a i  €  L ( a 2, N )},

The consistence of q(x, y)  is verified directly.
Let the tuple < a,  в  > realizes q(x, y ) . Then we fix this tuple until the end 

of the proof of the Theorem  1. Denote

(Vp A a ) , Ур,ф( в ) ) р(м) := {ү  €  p ( N ) \ V p j (a) < ү <  Ур,ф( в ) } .

Lem m a 1. Үүь ү2 € {Vp^ t( a ) ,V p^ ( e ))p{N),

tpc(Y i \A U {a ,  в }) =  tpc(Y2\A U {a ,  в }).

Proof o f  L em m a  1. Suppose th a t the conclusion of Lemma 1 is not true, 
i.e. 3 y i , y 2 €  (Vp,ф(a ) , V p,ф ( в ) ) р ^ ) and there exists an ( A  U {a ,  e})-definable 
formula, such th a t ү  €  H ( N , a , e )  < ү2. We can suppose th a t H ( N , a , e ) 
is convex. If it is not we can take an ( A  U {a ,  e})-definable formula, which 
determines the set ( H ( N a ,  в ) + ) - .

By the theorem  of compactness we can suppose th a t 
(*) there is an A-definable formula Ө ^ )  €  p  such th a t for every two 

elements a ' , в '  €  Ө ^ ) , a '  < в '  if V<g>,ф ( ^ )  < V<g>, ф ( в ' ) , then  3 y i , y 2 €
(V^e,ф ( и ' ) ^ ө ,ф(в ' ) )ө (N), such th a t Yi € H ( N , a ' , e ') < Y2 and ү2 € ф ( ъ , N ) . 

For k , n i } n 2 < w such th a t n i + n 2 < k  we denote 
Sk,m,n2 ( H ) ( x , y )  := (x  < y  Л y  €  фк ( x , N ) )  ^

3z i ,  3z2 (x  < z i  < Z2 < y  Л z i  €  фп і (x,  N )  Л y  €  фп2(z2, N )  Л 
Zi €  H ( N , x , y )  Л H ( N , x , y )  < Z2 Л Z2 €  ф ^  , N )).

М а т е м а т и ч е с к и й  ж у р н а л  2014- Том 14- № 3 (53)
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C la im  1. There exist two non-constant non-decreasing funct ions , s 1, s 2 : ш ^  
ш, such that 3 m  < ш, Vk > m,  V a ' , в '  €  ( a ,P )p (N ), for  which the following is 
true:

N  \ 5 k,Sl(k),S2(k) ( H ) ( a  , в  ) .

Proof o f  Claim 1. In the opposite case, by the theorem  of compactness, we 
obtain a contradiction w ith the definition of H ( x ,  a,  в ). □
Cont inuation of  the proof  o f  L em m a  1. We denote Щ ( х ,  a,  в )  := —H ( x ,  a,  в ) Л 
3у(ф(у,  х ) Л Н ( у ,  a ,  в ) ) .  It follows from the Claim 1 th a t H $(N ,  a,  в ) n p ( N ) = 0 
and H$(N ,  a ,  в )  П p ( N )  с  Ур,ф(ъ) for some € ( У р ф ^ У р ф в ^ ^ ) .

Then we denote

G 0(x, a ,  в )  := 3 z ( H ( x ,  a,  z) Л H$(z,  a ,  в ) ) ;

G 1(x, a,  в )  := 3 z ( H ( x ,  z, в )  Л H$(z ,  a,  в ) ) .

So, by (*) we have G 0( N , a ^ ) <  Vp,ф(ү$) , Урrf(a) < G 0( N , a ^ )+ and
Vp  ,ф Ы )  < G 1 (N ,  a,  в ) + , G 1(N ,  a,  в ) < Vp  ,ф(в) .

Let

Ho(x)  := —G o ( x , a,  в )  Л 3 у ^ 0(у, a ,  в )  Л ф(у, х ) ) ;

H 1(x) := —G 1( x , a,  в )  Л 3 у ^ ] _ ( у ,  a ,  в )  Л ф(у, х ) ) .

Then by the Claim 1 we have
H o N ^ ^ ) П p ( N ) = 0 and H o N ^ ^ ) П p ( N ) с  Vp,ф(ү0) for some ү0 € 

(Vp,ф(a) ,  Ур,ф(Үо') )p(N) .
H 1(N ,  a,  в ) П p ( N ) = 0 and H 1(N,  a,  в ) П p ( N ) с  Ур,ф(ү1) for some ү 1 €

(Ур,ф(ү$), Ур,ф( в ))p(N)■
Thus, we have (**) a  < H 0( N ) < H ^ ( N ) < H 1( N ) < в ,
Y p ^ (a )  < Ур,ф(үо) < Ур,фЫ) < Ур,ф(ү1) < Ур,ф(в ) ,

H o ( N )  с  Ур,ф(үо) , H $ ( N )  с  Ур,ф(ү$), H 1 ( N )  с  Ур,ф(Ъ )■
Then we designate

Goo(x, a,  в )  

G 01(x, a,  в )  

G 10(x, a,  в )  

G 11(x, a,  в )

= 3 z ( H ( x , a , z )  Л H ^ z a ^ ) ) ;

= 3 z 1 , z 2 (H (x ,  z 1 , z2) Л H o (z 1 , a , в ) Л Щ (z 2, a , в )); 

= 3 z 1 , z 2 (H (x ,  z 1 , z2) Л Щ (z 1 , a , в ) Л H ( z 2a,  в )); 

= 3 z ( H ( x , z ^ ) Л H ^ z ^ ^ ))■

М а т е м а т и ч е с к и й  ж у р н а л  2014. Том 14. № 3 (53)



10 A .A .  A l ib e k ,  B .S . B a iz h a n o v ,  T .S .  Z a m b a r n a y a

So, by (**) we have Goo( N ^ ^ ) <  Ур,ф(үо), Vp^ ( a )  < G oo( N , a ,  в ) +  and 
Vp  , ф(үо) < G o l ^ ^ ^ ^ G o ^ ^ ^ )  < Vp , ф(Ъ ) ,

G w (N,  a ,  в )  < Vp,ф(үі) , Vp,ф(ү$) < G lo(N , a,  в )+ and 
V p M  < G n ( N , a ^ ) < Ц , ,ф(в ) .

Then by the Lemma 1 we have
H oo( N , a ,  в )  П p ( N ) = 0 and H oo( N , a ,  в )  П p ( N ) С Vp,ф(үт) for some

7 00 € (Vp,ф ^ ) ^ р ,ф Ү ) )  -  p ( N ) .

H o l ( N , a ,  в )  П p ( N ) = 0 and H ol ( N , a ,  в )  П p ( N ) С Vp,ф ^ п )  for some
7 01 € (Vp d (7o) ,Vp d (7<fi))p(N)

H lo( N , a ,  в )  П p ( N ) = 0 and H lo( N , a ,  в )  П p ( N ) С Vp^ ( 7 lo) for some 
7lo €  ( V p j Y i V p j Y ^ p N ) H u N ^ ^ )  П p ( N )  = 0 and H ^ N ^ ^ )  П 
p ( N ) С V p^ ( 7 n) for some ү п € (Vp,ф(7l),Vp,ф(в))p(N)■

Repeating this consideration ш times we obtain a countable num ber of A- 
definable formulas H $ ,5 €  2<ш such th a t for every т € 2Ш, т(n) €  {0,1} there 
is p T €  ^ ( A ) ,  one-type over A  which extends the following set of A-definable 
1 -formulas:

Гт(х) := { х  < H t(і) , . . . , т (п ) ( ^ а , в ) \ т (n  +  1) =  0}U
{ H t  (і),..,т (п)( х ,0£, в ) \т (n +  ^  =  1}.

This contradicts to our assum ption th a t T  is small. □
As a corollary of the proof of the Lemma 1 we obtain the following lemma.

Lem m a 2. For every 0 п :=< о і , . .  . , О п >, a  €  (Vp^(a) ,  Vp^([3 ))p(N),
1 < i < n;  such that  Vp, ^ ( a i ) < Vp^ ( a i+l ) (1 <  i < (n — 1)), f o r  every 7  €  N  
such that  tp (Y \A  U 0 п U {a ,  в } )  is isolated the following is true:

V7 l ,72 €  (Vp^, (a i) ,  V p ^ a ^ ) )  we have

tpc( 7 l \ A  U ап  U 7  U {a ,  в }) =  tpc(72\A  U a,n U 7  U { a , в } ) .

It follows from the Lemma 2 th a t any element 7  €  (Vp^ , ( a i ) ,Vp^ ( a i+l)) 
has a non-isolated one-type over A  U 7 п U 7  U {a ,  в } because it is irrational. 
Cont inuat ion of  the proof o f  Theorem 1. Let 2<ш be a set of all finite tuples of 
elements from {0,1}. Then for every n €  2<ш, n :=< n(1), n(2), ■ ■ ■, n(n)  > we 
denote l(n) := n . Let n = n  €  2<ш, then we say th a t n is less than  n  (n < n)  
if either n С n  Л n( l(n)  +  1) =  1, or 3i < m i n { l ( n ) , l ( n ) } , Vj  < i , n ( j ) =  
n ( j )  Л n(i)  =  0 Л n( i )  = 1.

М а т е м а т и ч е с к и й  ж у р н а л  2014■ Том 14■ № 3 (53)
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Let < a i , a 2, . . . ,  a n , . . .  >п <ш be an w-consequence of elements from p (N ), 
such th a t

Vp ^ (a ) < Vp ^ (a i) < Vp ^ (a i+i) < Ур,ф(в ) i ( i  — i — w ) ■

Then for every т € 2Ш we shall construct, by using of the Lemma 2, the 
countable model M T -< N  such th a t for every n  < w , a n € M T,

т(n ) = 0 in M T there is no element from (Vp^ (a 2n) , Vp^ (a 2n+i))p N̂),
and

т(n ) = 1 for any n € 2<ш, there exists an element a n ,n €
(V p ^ (a2n) , V p ^ (a2n+i))p(N) П M t , such th a t for every two n = n  € 2<ш if
n < n,  then Vp ^ (a n,n) < Vp ^ (a n,n) .

Construction of M T.
Let т € 2Ш. We shall construct M T as a union of increasing chain of finite

sets Mt =  Uт<ш B mi B m - i  с  A m с  B mi such th a t \Bto\) \Am\ <  w; \B m \
A m \ = m 2; t p (B m \  A m \A m ) is isolated and for every i — m  we have some fixed 
enum eration of F i (B i) , where F i (B i) is the set of all B i-definable 1-formulas. 

Step 0. We denote B 0 := A.  Fix some enum eration of F i (B 0) .
Step m  +  1. By the Lemma 2, and by using the approach in the choice of 

үп from the proof of the Lemma 1 we can determ inate

Am+i := B m  U {ai ,n\n € 2<ш, l (n) — m  + 1, т(i) = 1}.

For every k  < m  +  1 we denote B m+i>k := A m+i U {e m+iyk' \k '  < k } .
We define e m+ i,k. Let Өк, j(x ) be a 1-formula from F i (B k), such th a t 

Өm+1,k (N ) П B m+i k = 0 and j  is minimal with this property. Then take 
G (x ) -  an arb itrary  atom  from F i (B m+i ,k) (i.e. for every K (x ) € F i (B m+i ,k) 
if G (N ) П K (N ) = 0 then  G (N ) С K (N ) ), such th a t G (N ) С Өk, j(N ) , and 
arb itrary  element from e m+i k  € G (N ) . The existence of G (x ) follows from 
our assum ption th a t T  is small, and because B m+i>k is finite.

Then put B m+i := IJk<m+i B m+i k and fix some enum eration of F i (B m+i ) . 
Let us to  verify th a t MT  is model. Consider an arb itrary  MT -definable 1- 

formula ^ ( x , Y ) ,Y  € M T, such th a t N  |= 3x ^ ( x , Y ) . Then there exists k  < w 
such th a t ү  П (B k \  B k - i ) = 0. Thus, for some m  < w , k  < m  we have 
N  |= ^ ( e m,k , Y), в  € M T. This means [11] th a t M T -< N .

It is clear th a t if т  = т' € 2Ш, then in language L* := L  U A  U {a,  в } , 
M * Щl * M *,. So, because any countable model of T  can generate maximum

М а т е м а т и ч е с к и й  ж у р н а л  2014■ Том 14■ №l 3 (53)
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countable number of non-isomorphic models in language L*, T  has 2Ш countable 
non-isomorphic models. □
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Алибек А.А., Байжанов Б .С ., Замбарная Т.С. ФОРМ УЛАЛЫ  Ж И Ы Н - 
ДАҒЫ  Д И С К РЕ Т Т I Р Е Т  Ж Ә Н Е М О Д ЕЛ ЬД ЕР САНЫ

М ақалада eKi орынды iлесу қатынасына ұқсас ш арт қарастыры лады 
және де квази-ілесу деп аталатын формулаға ие кіші реттелген теорияда 
максималды саналымды модельдер саны бар екені дәлелденеді.

Алибек А.А., Байжанов Б.С., Замбарная Т.С. Д И С К РЕТН Ы Й  П О РЯ­
Д О К  НА Ф ОРМ УЛЬНОМ  М Н О Ж ЕС ТВ Е И ЧИ СЛО  М ОДЕЛЕЙ

В статье рассматривается условие, похожее на 2-х местное отношение 
следования и доказывается, что малая упорядоченная теория, обладаю­
щая формулой, называемой квази-следователем, имеет максимальное чис­
ло счётных моделей.
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Two-phase boundary value problem for the parabolic equations with two small 
parameters at the principle terms in the boundary condition is studied in the 
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the constant independent on the small parameters, an estimate of the time 
derivative of the solution at the small parameter in the boundary condition is 
obtained.
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1 Statem en t  o f  t h e  p r o b l e m . M ain  results

Let D 1 :=  R -  = { x  : X  €  Rn- 1 , x n < 0}, D 2 := R+ =  { x  : X  €  
Rn- 1 , x n > 0}, n  > 2, R  :=  { x  : X  € R n - l , x n =  0}, D pT := D p x (0 ,T ), 
p  =  1, 2 , R T := R  x  [0,T ], x  = ( x ' , x n ), x 1 = ( x 1} . . .  , x n - 1 ).

Consider the problem with the unknown functions v 1( x , t )  and v 2( x , t )

dtv 1 — a A v1 = 0  in D 1T , (1.1)
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E stim a tes  of th e  solution to  th e  singularly  p e rtu rb ed  problem 15

dtv 2 — Y ^  ai j  SXiXj v2 =  0 in D 2T, (1-2)
i,j=1

vp\t=0 =  0 in Dp, p  =  1, 2, (1.3)

(v1 — v 2)\xn=0 =  0 on R t , (1.4)

{ed tv 1 +  n d V T v 1 — h V T v 2) \x =0 =  ф(x ' , t ) on R T , (1.5)

where all coefficients are constant, a > 0 , d = (d ' ,dn ), d' = (d1, . . .  , d n - 1 ), 
h = (h', hn ), h' = (h 1, . . . ,  hn - 1 ), V T =  colon(dXl, . . . ,  dXn) — column-vector,
d h T = d 1h 1 +  . . .  +  dn hn - scalar product, A  =  dX21 +  . . .  +  d ‘l n , dt = d / d t ,
dXi = d / d x i , к > 0 and e > 0 -  small param eters,

n
ai j  = a j i , i, j  = 1 , . . .  ,n ,  ai j  j  > a0£2, £ €  Rn , a0 =  const >  0 .

i,j=1

This paper is a continuation of a previous one [1], where there was 
constructed the solution of the problem (1.1) -  (1.5) in the explicit form, the 
estim ates of Green functions were derived. Now we shall obtain the estim ates 
of the solution with the constant independent on the small param eters к  and e 
(Theorem 1.1), the estim ate of the tim e derivative e d tv 1\Xn=0 in the boundary 
condition (Theorem 1.2) in the Holder space.

This model problem is on the basis of the establishm ent of the unique 
solvability of the linear and free boundary problems for the parabolic equation 
with two small param eters in the boundary condition. The Theorems 1.1 and 
1.2 proved in this paper perm it also to  justify the convergence of the solution 
of the perturbed problem to the solution of the unperturbed one, to  obtain the 
existence, uniqueness and estim ates of the unperturbed problem w ithout loss 
of the smoothness of given functions.

We shall study the problem (1.1) -  (1.5) in the Holder space CX+1, l +l/2(QT ), 
l — positive non-integer, of the functions u ( x , t )  w ith the norm [2]:

\’A n + n = £  \ д Г  Г К  +  £  [дГ0 +
2mo+|m|<2+[l] 2г о + |г |= 2+[1]

*— * ( 1+а )
+  £  [дГ д Ы и Т  \ а  = l -  [l] €  (0 , 1), (1.6)

2го + |г | = 1+[1]
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16 G.I. B izhanova

where QT :=  Q x (0 , T ), Q is a domain in Rn , n  > 2 , m  = ( m 1, . . . ,  m n ), m i , 
i = 1 , . . . ,  n, — non-negative integers, \m\ = m 1 +  . . .  +  m n ,

о 2+l, 1+1/2 _
By C x t (Q t) we designate the subset of the functions u ( x , t )  €

(for [Z] =  0 the last sum is omitted).
We formulate the main results of a present work.

T h e o re m  1.1. Let  dn > 0, h n > 0, к €  [0, к0], e € (0, e0].
о 1+l, Ңг

For every funct ion ф (х ' , t )  €  C xj  t ( R t ), Z — positive non-integer, the
о 2+l,1+1/2 _

problem (1.1) -  (1.5) has a unique solution vp ( x , t )  €  C x t (D pt ), p  =
о 1+l, ̂

1 , 2 , e d tv 1\Xn=0 €  C x  t ( R t ) and it satisfies an estimate

where a constant  C 1 does not depend on к and e.

T h e o re m  1.2. Let  dn > 0, hn > 0, к €  [0, ко], e € (0, eo], Z = k  +  a,  
k  =  0 , 1, . . . ,  a  €  (0 , 1).

max
(x,t),(z,t)

v(x ,  t) — v(x ,  t 1)

\t — t 1 \a

C 2x+l’ 1+t/2(QT ), such th a t д ^ u \ t=0 =  0, k  = 0 , . . . ,  1 +  [Z/2].
The following lemma is valid.

о l,l/2 _
Lem m a 1 .1 . [3] In C x t (Qt ), Z — positive non-integer, the norm
defined by formula  (1.6) is equivalent to the norm

\\u\\^T =  sup t  l /2\u(x , t ) \  +
(x,t)£Qx

+
2mo+|m|=2+[l] 2mo+|m| = 1+[l]

2
(1.8 )
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E stim ates of th e  solution to  th e  singularly  p e rtu rb ed  problem 17

O 1+k+a, 1+ +
For every funct ion  ф (х ' , t )  €  C xj  t ( R t ) the t ime derivative

edtv i ( x , t ) \ X"=0 in the condition  (1.5) of  the problem (1.1) -  (1.5) satisfies 
an estimate

\£dtVl\ 1+к+в Ш +  ^  С 2£а/4\ф\ 1+k+a, l+fc+a €  (0 ,a / 2) , (1.9)
CX, t (Rt  ) Cx, t (RT)

where a constant C 2 is independent  on — and e.
In [1] under the conditions dn > 0, hn > 0, there was constructed the 

solution of the problem (1.1) -  (1.5) in the explicit form

vp ( x , t )  = - [  d r  I  ф(у' ,т)Gp(x '  — y ' , x n , t  — t ) d y ' , (1.10)
e J 0 J i " - 1

where

Gp ( x , t )  = K p ( x , a , t  — a)da,
0

K l ( x , a , t )  = —4a dt W  dXn r l (x — n — —d a , t  — Ti ) x
Jo J i " - 1 e

1 _ , Һа . I !
x ^ ^ \  2 ^ akndm r 2(n +  —  , Ti ) ln„=o dn =

V \ A n \ k=i

f  \  f  —xn  + Vn + —dn a / e  -=  / d ^   , :----------   e 4a(t-T1) x
Jo J  i " -1 (2^J a n ( t  — Ti) )n (t — Ti)

h  a / e 1 s "j=i (ni+hitT/s)(nj+hj a/^) i
x  n -------- = =  e 4T1 I 0 dn' ,  x n < 0 , (1.11)

(2^ r i ) nTi h "=0 n

K 2( x , a , t )  = —4a dTi dVn T i ( n  — —d a , T i ) x
Jo J i " -1 e

1 о / h a  . 1 , ,
akndxk r 2(x — V + — , t  — Ti ) IП" =0 dV =

Tnl k=i
Г A  y f / , — (n — K.da / ғ ). . —d n a / e  -  (n-Kd°-/s) xn  — Vn + K a / e

=  / d n  -— , .------e 4aT1  . -------------- x
J 0 J  i " - 1 ( V  anTi)nTi (2y /  n ( t  — Ti) )n (t — Ti)

М а т е м а т и ч е с к и й  ж у р н а л  2014■ Том 14■ № 3 (53)



18 G .I. B izhanova

1 '^i,j=1 aZj (xi - ni + hi^/^)(xj-nj + hj<r/e)
x  e 4(t-Ti) \ r. d n ' ,  x n > 0 , (1.12)\Vn=0 /> n - V )

where

1 x1 1 Si,j- = 1 a j'xixj
T 1 ( x , t )  = -— ---  e ia t , Г2(x, t) =  -— e 4t (1.13)

(2V a n t ) n (2V n t ) n

are the fundam ental solutions of the equations (1.1), (1.2 ) respectively, \ A n \ > 0 
-  determ inant of a m atrix  A n = { a j  }' ij=1, ai j , i , j  = 1 , . . .  , n ,  are the elements 
of the inverse m atrix  A- 1 .

In [1] there was obtained also the following estim ates of the kernels (1.11), 
(1.12) for к €  [0 , к0], e € (0 , e0] :

1 q1x2 ql 2̂
\ o f o m K , , ( x . a , t ) \  < C 3 , t 2.t M t 1 e ~ - w , (1.14)

t  1

where
2 =  _________ с0ҺП  q2 =  Cohn

41 2 (h2 +  K0d2 +  2к0 \d'h' \ ) , 42 2 ,

constant C 3 does not depend on e and к, constant c0 is from the estim ates

1
2k+

t  1
\d k д Г  Tp( x , t ) \ < C4 ,+ik+m e c0" , P = 1 ,2, c0 =  const >  0.

2 P r o o f  o f  T h eo rem  1.1.

In [4, 5] there was considered the problem with the unknown functions
u 1( x , t )  and u 2( x , t )  satisfying zero initial da ta

dtu 1 — ap A u p =  0 in D pT, p  =  1, 2 ,
T T (2.1) 

(u 1 — u 2)\xn=0 =  0 , ( e d t r n + b V  u 1 — c V  u 2)\xn=0 = <p(x , t )  on R t ,

where ap > 0 , p  =  1 , 2 , e > 0 is a small param eter.
For this problem the following theorem  is valid [5].

T h e o re m  2.1. Let  bn > 0, Cn > 0, 0 <  e <  e0.

М а т е м а т и ч е с к и й  ж у р н а л  2014. Том 14. № 3 (53)



E stim a tes  of th e  solution to  th e  singularly  p e rtu rb ed  problem 19

о 1+l, i+i
For every funct ion  p ( x ' , t )  €  C xj  t ( R t ), Z — positive non-integer, the

о 2+l,1+l/2 _
problem (2.1) has a unique solution up ( x , t )  €  C x t (D pt ) ,  p  = 1 , 2 ,

о 1+l, ̂
e d tu 1 ( x , t )  €  C x  t ( R t ), and it satisfies the estimate

Ё  W d ?  +  \edtu1 \R1t+1) <  C . m R ^  (2 .2)JpT 
p=1

where a constant C 1 does not  depend on e.
The estim ate (1.14) of the Green functions K p of the problem (1.1) -  (1.5) 

does not depend on к, the Green functions of the problem (2.1) satisfy the 
same inequality [4, 5]. The theorem  2.1 for Z = a  €  (0,1) was proved in [4] by 
direct evaluations of the norms \up \D+ a  only with the help of the estim ates

of the Green functions, the estim ate of the norm \edtu 1 \R+l  follows from the 
second boundary condition. Further, in [5] there was proved Theorem 2.1 for 
any positive non-integer Z w ith the help of the estimetes derived in [4]. Thus, 
Theorem 1.1 is valid and the constant C 1 in the estim ate (1.8) does not depend 
on к  and e .

3 P r o o f  o f  T h eo rem  1.2

F irst, we prove the following lemma.

Lem m a 3.1. Let  the conditions o f  the Theorem 1.2 be fulfilled.
Then the derivatives o f  the funct ion  edtv 1( x , t )  \xn=0 f rom  the condition

(1.5) of  the problem (1.1) -  (1.5) m ay be represented in the fo r m

edmo dm' d m  \ xn=0 = —W (s)(x'  , t )  +  ( x f , t)  — W (s)(x ' , t ) ,  (3.1)

W i s)(x>,t) = -  f  dT [  d y  I  { ^ s ( y , r  — a) — <bs(y ' , r ) ) x
e J 0 JRn—1 J 0 (3.2)
x d V T K 1(x  — y ' , a , t  — t ) d a \x =0,

w 2s (x 1 , t )  = -  f  dT j  d y 1 f  (Ф s(y^т — a) — Фs ( y ' , t ) ) x
e J 0 JRn-1 J 0e J 0 J r "-1 J 0 (3.3)

x„=0 ,x h V T K 2(x  — y  ,a, t  — т) da
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20 G.I. B izhanova

]( x ' , t ) =  f  d r  I  <bs(y ' , r )K1 (x  — y ' , T , t  — t )  dy ' \x =0 =
J 0 JRn-1 "

= dT Ф(y ' , t  — t ) K 1 (x  — y ' , t  — t ,  t ) dy ' \x
J 0 JRn-1 "

Фа( г і , t) = д Г 0 д Г  y ( x ' , t),  2 m 0 +  \ m '  \ = s, s =  0 , 1,2 , . . .  , k ,  1 +  к, к =
0 , 1, . . .  , m '  = ( m 1, . . . ,  m n - 1 ).

Proof o f  L em m a  3.1. We differentiate the solution (see (1.10))

vp (x , t )  = 1 /e  f  dT (  <p(y',t — t )Gp(x  — y ' , t  — t ) dy',
J0 JR"-1

rt—r
Gp (x  — y ' , t  — t  ) =  / K p(x  — y ' , a , t  — t  — a)da,

0

of the problem (1.1) -  (1.5) and after the substitution t 1 = t  +  a  in the integral 
with respect to  t  we obtain

дГ дГ vp( x , t )  = 1 / e  [  dT f  дГ0дГ'ф(у' ,т)Gp(x — y ' , t  — t ) dy'  =
J 0 JR" - 1

= 1 /e  f dT j  dy'  f Ф3(у' ,т — a ) K p(x  — y ' , a , t  — t ) da, p  = 1, 2, (3.5)
0 Ri -  1 00 Ri -  1 0

Ф ^ ' ^ )  = д Г 0д Г ' p ( x ' , t ) ,  2 m 0 + \m'\ = s. 
From the condition (1.5) we find

в д Г 0 д Г  rJtv1\x, = 0 = Ф а ( ^ ^ )  — f a d V тд Г 0 д Г  v1 — h V T д Г 0 8 $  v ^  _  (3.6)
" xn —0

and applying formula (3.5) we represent the difference of the derivatives in
(3.6) in the form

(кгШтд Г д Г ' v1 — h V T д Г 0д Г v2) \x ,=0 =:

= : I ( x , t ) \ x =0 + w [ s\ x '  , t) — W2s) ( x ' , t )  + W (s\ x ' , t ) ,  (3.7)
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here the functions W (s ( x ' , t),  w 2 s) (x 1 , t) are determ ined by the formulas (3.2),
(3.3),

W (s\ x ' , t )  = f  dT f  Фs ( y ' , T ) d y ' x
J 0 jR "~1 (3 o)

f  Ж ( к 1 ' ( . )
x J  [ - d v x K 1 (x — y ' , a , t  — т) — h ’V'XK 2(x  — y ' , a , t  — т)

I ( x , t )  = (  dT f  <^s(y' ,T)dy'x
J0 J r "- 1

{ ж к 1
( —d V 'X K 1(x — y ' , a , t  — т)— h ’V'XK2(x  — y ' , a , t  — т)) da.

J 0 e e

(3.9)

We show th a t
I  ( x , t ) \ xn=0 = <^s(x',t),  (3.10)

then from (3.6), (3.7) the required formula (3.1) will follow.
Consider an integral (3.9). Let $ s(x ',t)  =  1, then

t г г ж кI i l l  к T / ,— y , a , t  —I ( x , t )  = dT dy'  —d ^ x K 1 (x — y ' , a , t  — т) d a —
J 0 JR"-1 J 0 e

— f  dT f  dy'  f  1  hV'T K 2(x  — y ' , a , t  — т) da. (3.11)
J 0 J r ."- 1 J 0 e

As in [1] we integrate (3.11) w ith respect to  y', п' ,т1 and т applying the 
formulas

f t ab  -  , a2 , -  —  , (a + b) (a+b)2I _e 4(t-T1) 4t1 dT1 = ±—--2 І e 4t , a >  0 , b >  0 ,
'0 4 ^ n ( t  — т1)3/ 2т'1 /2 2 t3/ 2

I* a -  a2 2 _Z2 a
— — --------—^ e  4(t-T) dT = e z dZ := erfc— F , a >  0 ,

І0 2y /n ( t  — т)3/2 2yf t2 V t

( 2 V n t ) n-1  -  A - T 1] i
" — 1

М а т е м а т и ч е с к и й  ж у р н а л  2014■ Том 14■ № 3 (53)



22 G .I. B izhanova

where A - i i is a m atrix  of (n  — 1)-o rder obtained from a m atrix A - i , in which 
the n - th  line and n -th  row are crossed out, \A—i \ =  det A - i  =  1/\A n \, then 
we obtain

-X"+Kd" 71/e + hnQ2/e

— Г™ r ^  J \ A " M - - . 1 . , ,daI ( x ,  t) | 0 =  —d V T  f  erfs--------- — ------  \I\A" \ A-  11 0V J f ІХ"=0 e X J 0 2 \ f t  І71=72=7 IX"=0

Kd"71/e + X" +h" 72/e

—1  k V X  Г  erfs—  I a  0 =
e J 0 2y/t  l71=72=7 lX"=0

-X"+Kd"71/e + h"72 /e

f  f  ^  V\A"\'A- - 1\ 1 ,  ,— / d71 erfs-------------------- ^ --------------1 da  | „ —
J 0 71 2y/ t  l71=72=7 X"=0

+ h"7Kd"71/e + Xrt+hrt72/e

d f  J \A"\\A--1\ , d ,d72 erfs--------------V-------------- | da  | „72 2 \ f t  71 =72 =7 X"=0

Kdr 7/e + hr 7/e
rж d „ Va V\Ar\\A-11\

=  — — erfs--------------- ^ ---------- da =  erfc 0 =  1 (3.12)
J 0 da  2лД

here dn > 0 , h n > 0 , erfs Z satisfies an estim ate erfc Z < л/ 2  e- ^2/2, Z >  0 . 
Thus, for Ф . ^ ' , ^  = 1 due to  (3.6), (3.7), (3.12) the formula (3.1) is proved.

o a,a/2
Let Ф .^ ',  t) be the function from the Holder space C X t ( R t ), a  €  (0,1). 

We represent the potential I ( x , t )  determ ined by (3.9) as follows:

I  ( x , t )  = J-]_(x,t) + Ф3( ^  , t )  dT dy'  x
J 0 i i r-1

г ж . — 1 ,
x  ( —dV'T K i (x — y ' , a , t  — т)  h ’V'T K 2(x  — y ' , a , t  — т))  da, (3.13)

0 e e

f t  г гж — 1
J i ( x , t ) =  dT (Ф.(у ' ,т) — Ф .^ ',  t)) d y ' I  (—dV'T K i  h V X K 2) da,

.'0 J i "-1 J 0 e e
(3.14)

0
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where as it was proved for Фа = 1

f  d ^  dy'  f  ( —d V T K 1 — 1  h V T K 2) da\  =0 =  1, (3.15)
0 Rn - 1 0 e e xn=0

th a t is the second term  in the right -  hand side of (3.13) goes to  Ф ^ ' ^ )  as
x n  ̂ °.

We show th a t J 1 ( x , t )  \x, = 0 =  0. We can see th a t

{ ^  к { ^
— d V T K 1(x  — y ' , a , t  — t ) da  = — да1 K 1 da,

J  0 e J  0
r tt  1 rt t

-  hV'T K 2(x  — y ' , a , t  — t ) da  = да1 K 2 da,
0 e 0

here

T, f , f t T  , f  —xn  + Пп + к&,na 1/ e  — (x-v'- n - "lie)2
K 1(-) = d n  ------.    -e 4a(t-T-T1) x

J 0 JR"-1 (2 у /  an ( t  — t  — T1))n (t — t  — T1)

hna2/ e 1 £ " j=1 aij (ni + hi"1/e)(nj +hj"1/e)
x -  n  ---------;------e 4T1

(2V n n )nT1 у Д Щ
0 dr/' =n,=0, '

"1="1="

f t—T d_ f  —xn  + ^ n a 1/ e 1 — (n-Kd"1/e)1
І0 T1J r , - 1 ( 2 J M T i ) nT1 e “П x

x /  , hna2 /e ----------------- x (3.17)
л / \An\ ( 2 л / n ( t  — T — T1))n (t — T — T1)

Y^ij=1 aij (xi - Vi- ni+hi"1/e)(xj - Vj- nj + hj"1/e)
)dn 'x e 4(t-T-T1) x, = 0, nn=0,

(in the last exponent we added variable xn  for the sake of convenience to do 
not divide the sum '^П^=\ = ^П,- ^  +  2'£'n-i'^j=n + ^ i , j=n ),

t s / s  f  t - T [  ^ n a 1 / e  -  (v-Kd"1/s)1 xn  — Пп + h n a 2/ e
K 2(-) = d n  . . .------ e 4aT1  . = ---------------------  -x

J0 J R " - 1(2\ / anT1)nT1 (2 у / n ( t  — T — T1))n (t — T — T1)

1 T."j=1 aij (xi - Vi- ni+hi"1/e)(xj - Vj- nj +hj" /e)
e -  4(t-T-T1~) 0 0 dn ' .  (3.18)Vn=0,Vn = 0, ' v J

"1="1="
X
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Comparing the formulas (3.17) and (3.18) we can see th a t

( K  — K 2)|x."=0 =  »• (3Л9)

so due to (3.19), (3.16) we obtain formally

^  ̂ ^ x K 2) \xn =0 da   1 ( d&1 K 1 d&2 K 2 ) I =0 2=0
f  ж к 1 f°°

( - d V Tx K — h V Tx K 2 ) \x =0 da  =  ( —dCT1 K 1 — da2 K2)  \ 01=02=0 da  =
J 0 e e " J  0 x" =0

гж ГЖ
= — (do1 K 1 + да2K \ j  \ 01=02=0, da = — daK 1 \x da  =  0 . (3.20)x =o x =

We shall show th a t an integral J 1( x , t )  (see (3.14)) converges uniformly 
with respect to  ( x , t )  €  D 1T. Applying the inequalities (1.14) for K 1,

\ <^s(y', T) — <^s(x', t) \ < ^ s ]  g  (  \ x '  — y'  \a + (t — T )a / 2)

and
\Г\Ye- 2  < CYe- 2 / 2 , ү  >  0, (3.21)

then integrating with respect to  y  and a  we derive

^  r* r \x ' — y ' a  + (t — T )a/2 Гж q1(x' - y') Я20
\ J 1 \ <  C ^ . f R )  dT 1 x  y  \ + (1±1 > dy'  e -  ^  da  <

2(t — т У

< C 2e ( ! +  ea/2) [Ф,] a  j ‘ (t — dy - a/ 2 < c 3e [Ф,] R ^ 2.

Thus, in the integral J 1( x , t )  we can make use of the identity (3.20) and 
for the integrals J 1, I  determ ined by (3.13), (3.14), (3.15) we have got

J 1 (x,  t) 0, I ( x ,  t) $ s (x',  t) as x n 0

and from the formulas (3.7), (3.6) we obtain formula (3.1): edm odm dtv 1 \xn=0 =  
—W <f ) (x ' , t )  + W ( s) (x ' , t )  — W ( s)(x ' , t ) .

We transform  the function W (s\ x ' , t )  defined by (3.8). As it is seen from 
the formulas (3.20), (3.19)

^ d V 1, K 1 (x  — y ' , a , t  — т) — 1̂ hV'T K 2(x  — y ' , a , t  — т))  \x =0 =
e (3.22)

= = =  —da K 1 ,
01=0==0 xn=0

= — (da1 K 1 +  da2 K 0
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moreover, function W (s\ x ' , t )  converges uniformly in R t  thanks to  the density 
Ф. satisfying an estim ate \ФДу', т)\ <  та/2 < a a/2 , a  €  (t , to ), so we can write

W (s\ x ' , t )  = — [  dT [  Ф.(у ' ,т)dy'  f  d7 K i ( x  — y ' , a , t  — t )  da\ =0
J 0 J l " -1 J t "

and after integrating with respect to  a  we shall have formula (3.4).
We point out th a t we could not apply formula (3.20) in (3.11) (in the case 

Ф. =  1) because an integral (3.11) is a potential of double layer and it has a 
jum p as x n ^  0 . □

Proof  o f  Theorem 2.2. Due to  Lemma 1.1 we shall estim ate the norm

\\edtvi\\ 1.k . e 1+k+e := sup t -(l+k+fi)/2\edtVi\ +
Cx+ +P' 2 (Rt  ) ( X ' , t ) R

+ • £  iedm° s m ' d t v ^ R T .  +  £  и г  dm'd,v i
2m0+\m'\ = i+k 2m0+\m'\ = i+k ( . )

г—л , ( 1+e )
+ £  и г  от d v i i i  •

2то + \т ;\=k

where by Lemma 3.1 e d ^ 0d™'dtv i \X"=0 = —W (s\ x ' , t )  + W (s\ x ' , t )  — 

W (s\ x ' , t ) ,  potentials W ^ f ) are determ ined by the formulas (3.2) -  (3.4), 
s =  2 m 0 + \m'\.

The density in the potentials W ( s  is Ф ^ ' , t) = dt™0d ™ y ( x ' , t),  s = 2 m 0 +
O i+k+a, 1+k+a

\m'\, Ф0 =  ф(x ' , t ) €  С  X' t ( R t ), к =  0 , 1 , . . .  , and Ф ^ (x ' , t )  €
O a,a/2 O i+a, 1+ a

C x' t ^ ^ , фk ( x , t )  €  С  X' t ( R T ) .
For the function ф(x ' , t ) we have the following estimates:

. /  / / \ i  1 + a
\ ^ ( y  , т — a) — ф(у , т) \ < M 0 a ~ , к  =  0 ,

k-1+a
\^ (y  , т — a) — ф (у , т )\ <  M k  aT  2 , к = 1, 2 , . . . ,  (3.24)

.......  1 + k + a г [ 1 + k ] ]( 1 + k + a _ [ 1 + k ])
Ш , т ) \ <  M k  T — , M k  = d  2 V] R  [ 2 ]), к = 0 , 1 , . . . .

The functions Ф ^ , Фk satisfy the inequalities
. 1+a—j I I 1+a—j

\ ф д+і  (y  ,T) \ < N k+j T , \ <&k+j (y  ,T  — a) — ф д+і  (y  ,T) \ < N k+j a  ,
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[ / ] ( 1+a - j ) ,
N k+j = [dr ° dm Ф  R  ^  2 m 0 + \m  \ = k + j ,  j  =  0 , 1  (3.25)

Comparing the functions W [ s  and W [ s  determ ined by the formulas (3.2),
(3.3) we can see th a t they are similar. So for definiteness, we shall estim ate 
the functions w [s  both w ith w 3 s  .

F irst, due to  (3.23) we estim ate modulo of dtv 1 \xn=0, th a t is \W 1(0)\ and 
\ W30)\ with Ф0 =  ф.

Consider the potential W [0\ x ' , t ) .  Applying an estim ate (1.14) for K 1,
(3.24) for ф, using an inequalities a 1/2 < т1/2 and

q^02 q^02
a a/2e ^2^ )  <  C a/ 2ea/2Ta/4e ^ 2(- ), (3.26)

which follows from (3.21) and integrating with respect to y  and a  we shall 
have for k  = 0

rt /-Т 1+a q202
к

' e Jo ^  J 0 (t — T )3/2'
\W [0\ x ' , t ) \  < C4M 0 — I dT I — -3/ - e s2(t-T) da  <

к f t  T 1/2 Г  q2 02
< ъ щ ^ 2 1  dT l  ^ ^  da  <

/0 і* T 1/2 /0 1 + a/2
< C 6MoKoea/2 —------ a / . dT < C 1MoKoea/2t  2 ,

J 0 (t — т) 1-a14

\ w [ ° ( x ' , t)\ < C j M o ^ ^ t ^ T ^ , в  €  ( 0 , a / 2 ) ,  k  =  0. (3.27)

For k  = 1 , 2 , . . . ,  taking into account (3.24), the estim ates a 1-a/2 < т1-a/2 
and (3.26) we obtain

, . к rt T k—2+^ + 1- a /2 /• т q^02
\ w 1 ( x ' t )  \ < C8M k ea / 2 — -------— —  dT a a/ 2e - da  <

e Jo (t  — т )3/2 Jo

k+1
/0 f  T 2 k + 1 + a/2

<  C M k к 0еа/2 --------— J -  dT = C 1o M k к 0еа/2t ~ *—
Jo (t — T ) 1-a/ 4

\ w ( 0)( x ' , t ) (0)\ < C 1o M k к 0еа /Н k+ + T ^ , в  €  ( 0 , a / 2 ) ,  k  = 1 ,2 , .
(3.28)
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The function W ( 0  satisfies the same estim ate as W ( 0  (without к 0). 
Consider potential W ( 0 (x ' , t )  defined by formula (3.4). W ith  the help of 

the estim ates (1.14) for K 1, (3.24) for ф and integrating w ith respect to y'  we 
find + 1 + k + a 1 1

(0) , />t t ^ ^ ___ q1T
\ Wo ( x ' , t) \ < C u M k  e e1(t-T) dT.

0 t  — T

Applying the inequality (3.21) and integrating w ith respect to  t  we obtain

r t 1+k
\ W (0) \ < C12Mkea/2 t  TT 2) 1-a/4 dT < C u M k e a/2t ^ t ^ , (3.29)

в  €  ( 0 , a / 2 ) .
Gathering the estim ates (3.27) -  (3.29) we have got

1 + к + в ( 1 + k + a )
\eдtv l  \ < C u t f y ] ttRT ea/2(1 + к 0), в  €  ( 0 , a / 2 ) .  (3.30)

Now we estim ate the Holder constants in (3.23) w ith respect to  t. We 
compose the differences letting t 1 < t

△ p j  := W ( k+j) (x ' , t )  — WP,k+j)( x ' , t 1), p  = 1, 3, j  =  0,1,

о j+a, Ца
with density Фk+j €  C x' t ( R t ), j  =  0,1.

( k+j)We represent the potential W 1 in the form 

W (k+3\ x ' , t )  = к  j  dT [  dy'  j  (Фк+j( y ' , t  — t  — a) — Фк+ j ( y ' , t  — t ) )  x
e J0 JR"-1 J0

xd V 'T K 1(x  — y ' , a , T ) da \x =0,

then

△ 1,j = к  I  dT I  dy'  [  (Фk+ j( y ' , t  — t  — a) — Фk+j(y ' , t  — t ) )  x
e J t1 JR"-1 J0

xd V 'T K 1(x  — y ' , a , T ) d a \x =0+

+ к [  dT j  dy'  j  (фk+j(y ' , t —T —a ) ^ k + j (y ' , t —T)) d V 'T K 1 ( )  d a \x =0+
e J 0 JR"-1 J t1-T "

М а т е м а т и ч е с к и й  ж у р н а л  2014. Том 14. № 3 (53)



28 G .I. B izhanova

+ — f  dT f  dy'  f  K j ( y ' , t , t i , T , a ) d V X K i ( ^ )  d a , X (3.31)
e J t1 J i "-1 J 0 "

where

K  i,j = Фд+і  ( y ' , t —T —a) — Фд+і  ( y ' , t —т ) — Фд+і  ( y ' , t i  —t —a) + Фk+j ( y ' , t i  —t  ),

K 2,j = W ( k+j ) (x ' , t )  — W ( k+j) ( x ' , t i )  =

= f  dT f  Фk+j( y ' , t  — т) K i ( x  — y ' , t  — t , t ) \X"=0d y '+
J t1 J i "-1

+ [  dT f  K 2, j ( y ' , t , t i , T ) K i ( x  — y ' , t  — T,T)\X"=0dy '+
J0 J i " -1

+ [  dTi [  dT f  Фk+j( y ' , t i  — т)дт1 K i ( x  — y ' ,T i  — t , t ) \ x " =0 dy',  (3.32)
J t1 J0 J i "-1

where K 2,j = Фд+і(y ' , t  — т) — Фд+ ( y ' , t i  — т).
We evaluate \ K l j \  = \ K l j \ө\ K l j \1-Ө. Letting Ө = l+a / L j j , j  =  0 ,1, and 

applying an inequality (3.25) for Фk+j we have got

\ ̂  i,j \ =

= \ (Фk+j(y' ,  t —T —a ) —Фk+j(y', t i —T —a))  +  ̂ k + j ( y ' , t i —т) —Фk+j(y', t —т) ) \Өx

^ k + j  (y ' , t —T —a ) — Фk+j (y ' , t —T ̂  +  ^Д+^' (y' , t i —T) Фk+j (y ' , t i —T —a ) ) \i Ө < 

< C i 5(Nk+j( t  — t i ) ^ )Ө( N k + ja ^ )І-Ө =  C i N k + j ( t  — t i ) ^ a a/4 ,
(3.33)

here t l < t, a  > 0 .
Consider the difference (3.31). Applying an estim ate (1.14) for K l , (3.25) 

for Фj , and (3.33) and integrating with respect to  y'  we shall have

— ( /’t Гt — T a  1+2 j ч' а̂2
\Ki, j \  < C i 6 N k + j J  dT J  T3/ 2 e - d a +
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1 + a/1-j , , 1 + a/1-j , , 1 + a/1-j
We make use the inequality a  1 < (t — t ) 1 <  (t — t 1) 1 in

the first integral and (3.26) in all ones and integrate with respect to  a,

1 + a/1-j ( l dT
j0 t  1-a/4

!л /  1 + a/1-j { dT
\ △ 1,j \ < C 17N k+j ( (t — t 1) 1 J 0 T 1-a/ 4 +

r ty1 dT f t -T  1+ j + a/1 1 + a/1-j f t1 dT \
+І  1 da + (t — V 1 J0 T - f i ) ,

and

rt1 dT І'1 T 1 | j + a/1 . . 1 + a/1-j f ty1 dT

„  Г da + {‘ — t1]^  I t -/
\△hj\  = \ W ((k+j ) (x ' , t )  — W ((k+j ) ( x ' , t 1)\ <

< C18Nk+j ̂ 0ea/4(t — t1) (ta/8 + t a/4) <

< C19N k+j к0ea/4(t — t1) t ^ (t a/ 8 +  t a/4)

[W i k+3)]<l R T r l) =  m ax \ △ u \ \ t  — t 1 \- <

I . [ r ] ( 1+a-j  )
< C20K0ea/4 [дГ0д Г  ф] R  \  (3.34)

where 2 m 0 + \m'\ = k  + j ,  в  €  ( 0 , a / 2 ) ,  j  =  0 ,1, △  1,j := W (k+j \ x ' , t )  — 

W ( k+j ) ( x ' , t 1).

Potential W (k+j  satisfies the same estim ate as W <(k+jj  (w ithout к0). 
Consider the difference △ 2,j determ ined by (3.32), where △ 2,j =  

Фk+ j (y ' , t  — t ) — Ф ^ ( y ' , t 1 — t ) satisfies an estim ate

\ △ 2,j \ = \ △  2,j \ө \ △  2,j \1-Ө < C21Nk+j (t — t1) (t — T )a/4 , (3.35)

ө = j + + - , t 1 < ^  j  =  0 , 1
Now as above we apply the estim ates (3.25) for Ф^ , (1.14) for the kernel 

K 1 , (3.35) and integrating with respect to  y  we shall have

( r[ (t — T) q1(t-T)1
\ △ i j  \ < C22Nk+3 [ jf  ̂ T e ^  dT+

1 + a/1-j f  [1(t — T )a/4 ql (t-T )\  f  t1( t 1 — T) q1(T1-T )1 \
+ ( t —t{) 1 J  ------ t  e e1T dT+J d n j  ------- - 3/ 2 e e1T dTj.
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In the first and last integrals we make use of the estim ates

1 +а — j 1 + а/2 — j I а
(t — T) < (t — t 1) 2 (t — т)a/  , т €  ( t 1 , t ) ,

, , 1 + a -j , , 1 + a -j (T  — T )1+a/ 4 (T  — т)1+а/-
t  — t ) 2 <  (T1 — t ) 2 <  <  ( 1 )1 1 +а/2-j — 1 + а/2-j ^

(T1 — t ) 1-------^  (T1 — t1 )1------

Ъ  € ( t 1, t ) ,  т €  ( 0 , t 1) respectively, and in all integrals an inequality (3.26) 
then we obtain

( 1 + a/2- j  f t ( t -  T)a/4 ql(t-T)2
\ A 2,j\ < C23Nk+j[2( t  — h ) ^ ^  { } e dT+

Jt 1 T

+ f t dT1 ( t1 (T1 — T ) l +a/2 - dT\  <
4  (T1 — t 1) 1 - ^  Jo T3/2 e dT) <

< C2-Nk+j  (e<aj/ +  e№/4) (t — Һ )  2 (  J 0 ^1 -0 /8  +  e J 0 T 1 - a / - )  <

< C25Nk+jea/4(t —11) t a /8( 1 + e t a/8) < C26ea/4N k + j ( t —h ) ^ t ^ ,

W j R T - ) =  m ax \ A 2 j  \ \ t  — h  \-  ̂  <
3 tRT (x',t), (x',t1)&RT

; . [ * ] ( 1 + a-j  )
< C 2 ,e a/4 [emodm ф  R  (3.36)

where в  €  0 , a / 2 ) ,  2 m 0 + \m'\ = k  + j ,  j  =  0 ,1, △ 2j  := W [k+j \ x '  , t )  — 

w ( k+j) ( x ' , t 1). 
(1+k)Now we evaluate the Holder constants of the potentials Wp , p =

1, 3 with respect to  the spatial variables x '  w ith the density (x ' , t )  €
a a/2

C x' t ( R t ). For this we compose the differences with r = \x' — z'\

△3 := w ( l +k)(x ' , t )  — w { l +k)(z ' , t )  =

к rt
=  —  dT dy'  (Ф^ (y', t  — a) — (y', t )) ( d ' V y  — dndy^j x

e J0 J\y'-z'\<2r J0

x ( K 1 (x'  — y', yn, a , t  — t )  — K 1(z'  — y' ,  yn, a, t  — t ) J  \yn=0 d a +  (3. 37)

Т
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— f t f  f T f l n l
+ -  dT dy'  (Фі+k (y ' ,T  — a) — Фі+k ( y ' ,T )) y 2 ( x v — z„ ) x

e J0 J\y'-z'\>2r J0 J0 v=l

x d y v (d' V'yy — dndyJ  K i ( z '  — y'  + \ ( x '  — z'  ) ,yn ,  a , t  — т) ,У"=0 d \  da, 

here we have used an identity for convenience

d V X  K i ( x ' —y', xn,  a , t —т) \x"=0 =  —(d' V y  —dndy" ) K i ( x ' —y ' , y n , a , t —T )\y"=0,

K 4 := W ( 1+k)(x ' , t )  — W ( l+k)( z ' , t )  =

= [ dT j  Фі+k(y ' ,T )(K i(x '—y ' , y n , a , t —T ) —K i ( z ' —y ' , y n , a , t —T))I d y '—
J0 J\y'-z'\<2r V J y "=0

r t r r l n l
— / dT Фі+k(y ' ,T ) y ^ ( x v — z v) x  (3.38)

J0 J \ y - z ' \<2r J0 v=l

x d y v K i ( z '  — y'  + \ ( x '  — z ' ) , y n , a , t  — т \{yn=0d \ d y ' , 

in both differences we have applied the formula

K i ( x '  — y ' , x n ,  — K i ( z '  — y ' , z n ,  •)IZ"=0 =

i n -  iГ w-
— J 2 ( x v  — z v ) d yvK i ( z '  — y'  + X(x'  — z ' ) ,yn ,  ^

0
bv _  ^ v j ^ y ^ 1Лл ~ y  ~T''У-*' ~  y  =0 d ^

10 v=i

and rename xn  by yn for the convenience.
Consider K 3 defined by (3.37). We apply the inequalities (1.14) to  K l ,

(3.25) for Ф ^ ,  pass to the spherical coordinates letting p = \x' — y '\, p =
\z' — y'\ and p = \z' — y'  + \ ( x '  — z ')\ in the first, second and th ird  integrals
respectively, then we obtain

к /  f t  ( f3r r 2r 4 t-т a a/2 _42p2_ ^ а 2
\Кз\ <  C 28N i + k e  f J  dT^  J  + J  j p n - 2 dp J   -------"+2 e t-T S'2(t-T) da

rt гж рт aa/2 42 p 42 а

'0 (t — T) 2

2 P2 ч2а2
+ r  I dT I pn 2 dp I a  ' "+3 e -  *2it-T) da

'0 Jr J0 (t — T ) 2
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We make use of the estim ates

рП—̂  — в q2p2
1 - - в  e- —  < C 29, в  €  (0, a / 2 ) ,  ц  = 1, 0, (3.39)

(t — t У 2

in the two first integrals with ц  = 1 and in the last one w ith ц  =  0 and also
(3.26) and integrate w ith respect to  a , then we obtain

С dT /  ( f  f  )
\ Д 3 \ < C 30Nl+kno£a/2 а-2в ( ( + Jp l+e dp+

Jo ( t - т  ) l — 4 2 \ K Jo Jo '

+ r  J  p 2+e dp^ <  C 3lN l+k n oea/2t  r e , r  = \ x '  — z'  \ , в  €  ( 0 , a / 2 ) ,

and

\ w ( l+k)] (e)R = m a x  , \△ 11e  < C 32Ko£a / 2 \ d m ° d # ф ] ^  , (3.40) 
L l Jx' R T (x>,t),(z',t)eRT \X' — z ' \e ~  L t x ^ ^ r t '  v 7

where 2 m 0 + \m'\ = 1 + k, Д 3 := W (1+k\ x '  , t )  — W ( + k (z ' , t ) .

The difference w2,l + k (x ' , t )  — w2,l + k ( z ' , t )  is estim ated as Д 3 and 
subjected to  the inequality (3.40) (without к 0).

We evaluate the difference Д 4 (see (3.38)) w ith the help of the estim ates
(1.14), (3.25), (3.21), (3.39)

/  rt Ta /2 , !■3r ,'2r . _ q i ^ _
\Д 4 \ < C33Nl+k (  --------- + T dT(  +  /  ) p n - 2 e -  dp+

\ J o  (t — T) 2 V -Jo Jo 7

rt Ta/2 г ж 2̂ p2 gl t2 \
+ r  ----------—у dT pn - 2 e t-T ^2(t- T) d p )  <

Jo (t — т) ^  J r J  ~

< C 34N l +kea/2t r e , в  €  ( 0 , a / 2 ) ,  r  = \x' — z ' \ ,

[ W (1+k)] (eR  = m a x  . \ Д 4 \, . .  < C35Ko£a / 2 [dm°dtf 'ф](а/ 2), (3.41) 
L 3 i x /r t  (x,t) ,Z ,t ) R  \x' — z' \e ~  l t  x ^ i t R T ’ v 7

here 2 m o + \m'\ = 1 + k,  в  €  ( 0 , a / 2 ) ,  Д 4 := W (1+k\ x ' , t )  — W (1+k\ z '  , t) .

М а т е м а т и ч е с к и й  ж у р н а л  2014- Том 14■ № 3 (53)



E stim ates of th e  solution to  th e  singularly  p e rtu rb ed  problem 33

Remembering th a t edt™0dm 'd tv 1 \xn=0 = - W (s') ( x ' , t )  + W ^ s)(x ' , t )  +  

W (s\ x ' , t ) ,  s = 2 m 0 +  \m' \ , in the norm (3.23) of the derivative edtv 1 \xn =0 
we apply obtained estim ates (3.30), (3.34), (3.36), (3.40), (3.41) of the modulo 
\edtv1 \ and the Holder constants

[ w j R t  \  [ w t 4 R t № 1+к)] ^ , [ w t X R T

respectively, then we shall have

\ \ e d v \ \  1+k+oi+k+p < C 36(ea/4 + ea/2) (1 + ko) x
c '  (r t  )

x f  v  [dm0 dxm' v \ (a l 2) +  V  [dm0 d m ' ^ )(  E  [ d r  d m  Ф  ( R 2  +  E  \ d T 0 exm Ф  t j ) ’) ■
2mo+\m'\ = 1+k 2mo+\m'\=k

and

\edtu\ 1+k+p i+k+в < Сзтеа/ 4(1 + ko)\Ф\RT+k+a\  в  G (0, a / 2),
Cx' ’̂ T  (RT)

where the constant C 37 is independent on e and k. This is an estim ate (1.9) 
Theorem  1.2 is proved completely. □
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Биж анова Г.И. П А РА БО ЛА Л Ы Қ ТЕҢ Д ЕУ Л ЕР Ү Ш Ш  ЕЮ Ф АЗАЛЫ  
СИ НГУЛЯРЛЫ  Қ О БА Л Ж Ы ҒА Н  ЕС ЕП ТЩ  Ш Е Ш Ш Ш Щ  БАҒАЛАУ- 
Л А РЫ . II

Гельдер кеңістігінде ш екаралық ш арттағы бас мүшелеріндегі ею кіші 
параметрлерi бар параболалық теңдеулер үшін сызықтандырылған екіфа- 
залы ш еттік есеп зерттелінеді. Кіші параметрлерден тәуелсіз тұрақтысы 
бар есептің шешімінің бағалауы алынды, ш екаралық ш арттағы кіші пара- 
метрдегі шешімнің уақыт бойынша туындысының бағалауы тағайындал- 
ды.

Биж анова Г.И. ОЦ ЕНКИ РЕШ ЕН И Я  ДВУХФАЗНОЙ СИ Н ГУ Л Я Р­
НО ВОЗМ УЩ ЕННОЙ ЗАДАЧИ Д Л Я  П А РА БО ЛИ ЧЕСК И Х  УРАВНЕ­
НИЙ. II

Изучается двухф азная краевая задача для параболических уравнений 
с двумя малыми параметрами при старших членах в граничном условии 
в пространстве Гельдера. Получена оценка решения задачи с константой, 
не зависящей от малых параметров, установлена оценка производной по 
времени решения при малом параметре в граничном условии.
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В в е д е н и е

На сегодняшний день общепризнано, что основным инструментом ана­
лиза тепло-массообменных процессов является математическое моделиро­
вание. Перенос тепла, массы вещества, нейтронов и других субстанций 
описывается уравнениями в частных производных. Эти уравнения сов­
местно с дополнительными условиями локализации явления или процесса 
на пространственно - временных границах области (краевыми условия­
ми) отображают в аналитической форме изучаемый процесс и являю тся 
математическими моделями поставленных задач. Реализация модели (ин­
тегрирование соответствующих уравнений) позволяет получить картину 
распределения потенциалов переноса. Полученные модели и их решения 
дают возможность наиболее просто установить влияние как отдельных 
параметров, так и их комплексов (критериев) на ход процесса и на этой 
основе разработать инженерные методы расчета и оптимизации процессов.

В настоящее время все большее значение приобретают разработки, свя­
занные с созданием высокоэффективных технологий, с интенсификацией 
действующих производств при одновременном решении задач по повыше­
нию качественных характеристик производимых материалов. Например, 
одним из таких направлений, позволяющих интенсифицировать производ­
ственные процессы, снизить энергозатраты, является создание экономич­
ных диффузионных (тепло-массообменных) аппаратов и определение ре­
жимов их работы. Такие аппараты применяются в авиационной и космиче­
ской технике, энергетике химической, нефтеперерабатывающей, пищевой 
промышлености, в холодильной и криогенной технике, в системах отоп­
ления и горячего водоснабжения, кондиционирования, в различных теп­
ловых двигателях. С ростом энергетических мощностей и объема произ­
водства все более увеличиваются масса и габариты применяемых теплооб­
менных аппаратов. На их производство расходуется огромное количество 
легированных и цветных металлов. Уменьшение массы и габаритов тепло­
обменных аппаратов является актуальной проблемой, а наиболее перспек­
тивным путем решения этой проблемы является интенсификация тепло­
обмена. Наиболее перспективными материалами, позволяющими интенси­
фицировать теплоотдачу в десятки раз, являю тся пористые материалы. 
Кроме того, такие пористые материалы, как пенометаллы, относящиеся к 
сравнительно новому классу конструкционных материалов, сочетают в се-
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бе высокую жесткость, малый удельный вес и низкую теплопроводность. 
Это позволяет применять их как утеплители и звукоизоляторы (здесь ис­
пользуется их свойство гасить волны), в качестве заполнителей в тонко­
стенных балках для опорных индустриальных конструкций как удароза­
щищающие конструкции.

Д ля построения новых технологий, связанных с диффузионными про­
цессами, оказывается необходимым решение задачи о восстановлении па­
раметров, характеризующих свойства материала или процесса, необходи­
мых для получения финального состояния за конечный промежуток вре­
мени. Такие математические задачи называются обратными задачами тео­
рии начально-краевых задач для уравнений в частных производных.

В работе рассматривается одно семейство задач, моделирующих про­
цесс экстрагирования из твердых полидисперсных пористых материалов 
по заданным начальному и конечному (желаемому) состоянию. При их 
математической формулировке возникает обратная задача для уравнения 
диффузии, в которой вместе с решением уравнения требуется найти и 
неизвестную правую часть, зависящую только от пространственной пере­
менной. Спецификой рассматриваемого семейства задач является то, что 
система собственных функций оператора кратного дифференцирования, 
подчиненного краевым условиям исходной задачи, не обладает свойством 
базисности.

М атематическому моделированию нестационарных диффузионных 
процессов на основе обратных задач на сегодняшний день посвящено боль­
шое количество научных работ и математиков и технологов. Вопросы 
разрешимости различных обратных задач для параболических уравнений 
изучались во многих работах (см., например, [1-8]). В отличие от преды­
дущих работ, нами исследуется обратная задача для уравнения теплопро­
водности с краевыми условиями по пространственной переменной, при ко­
торых соответствующая спектральная задача для обыкновенного диф ф е­
ренциального оператора имеет систему собственных функций, не образу­
ющую базис. Наиболее близкими к тематике настоящей статьи являю тся 
наши работы [9-11].

1 П о с т а н о в к а  за д а ч и

В области Q =  {(x , t ) : 0 < x  < 1, 0 < t  < T } рассмотрим задачу о
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нахождении правой части f  (x) уравнения диффузии

u t(x ,  t) -  Uxx(x, t) = f  (x) (1)

и его решения u(x ,  t),  удовлетворяющего начальному и конечному услови­
ям

u(x ,  0) =  ф(x ), u ( x , T ) =  ф(x ), 0 <  x  < 1, (2)

и краевым условиям

u x (0 , t)  = u x ( 1 , t ) +  a u ( 1 , t ) ,  u (0 , t )  = 0, 0 <  t  < T.  (3)

П араметр a  — любое положительное число, а p ( x )  и ф(x ) — заданные 
функции. При a  =  0 краевые условия (3) хорошо известны и носят в 
литературе название условий Самарского-Ионкина.

В исследуемой нами модели уравнение (1) означает баланс массы в 
микропорах (в безразмерных переменных длина микропоры взята равной 
единице), а краевые условия (3) соответствуют переходу экстрагируемого 
целевого компонента на следующую стадию. Второе из граничных условий 
(3) моделирует взаимосвязь концентраций целевого компонента на грани­
цах макро - и микропор частиц. Начальные и конечные условия (2) мо­
делируют начальное состояние (количество целевой компоненты в начале 
процесса) и финальное (желаемое) состояние - финальную концентрацию 
целевой компоненты. В качестве управления выбирается внешнее воздей­
ствие, которое не зависит от времени и может изменяться в простран­
ственных координатах. В реальных задачах такое воздействие описывает 
влияние процессов в макропоре на процессы в микропорах.

В работе предыдущих авторов обратная задача (с простыми краевы­
ми условиями) решается численно методом Бубнова-Галеркина. Однако 
удачное применение этого метода зависит от выбора базисных решений, 
которые определяются граничными условиями. При граничных условиях 
(3), а такж е входных параметрах возникает необходимость выбора нового 
базиса. А для задач с неусиленно регулярными краевыми условиями такое 
возможно не всегда.

Применение метода Фурье для решения задачи (1)—(3) приводит к спек­
тральной задаче для оператора l, заданного дифференциальным выраже-
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нием и краевыми условиями

l(y) = - y " ( x )  = Xy(x) ,  0 < x  < 1,

y  (0) =  y  ( 1 ) +  а У(1) , У(0) = 0 -
(4)

Краевые условия в (4) являю тся регулярными, но не усиленно регулярны­
ми [12]. Система корневых функций оператора l является полной системой, 
но не образует даж е обычного базиса в L 2(0 ,1) [13]. Однако, как показа­
но в [14], на основе этих собственных функций может быть построен ба­
зис, позволяющий применить метод разделения переменных для решения 
начально-краевой задачи с краевым условием (3).

В [7-8] рассмотрены три частных случая обратной задачи (1)-(2), когда 
краевые условия являю тся неусиленно регулярными — случай периодиче­
ских краевых условий и случай условий типа Самарского-Ионкина (крае­
вые условия (3) при а  =  0). Однако методика исследования этих задач не 
может быть автоматически перенесена на задачи с краевыми условиями 
(3) при а  =  0. Это связано с существенным использованием в [7-8] базис- 
ности системы собственных и присоединенных функций соответствующей 
спектральной задачи для оператора кратного дифференцирования. В на­
стоящей работе предлагается использование методики работы [14] для ре­
шения обратной задачи (1)-(3). Отметим, что в наших работах [9-11] была 
использована несколько иная методика и получены близкие по содержа­
нию результаты.

2 П о с т р о е н и е  б а зи с а  и з  с о б с т в е н н ы х  ф у н к ц и й  за д а ч и  (4)

В этом пункте приведем необходимые нам для дальнейшей работы ре­
зультаты из [14]. Спектральная задача (4) имеет две серии собственных 
значений

Здесь вк  — корни уравнения tg  в  = а/2@, в  > 0, они удовлетворяют нера­
венствам п к  < вк  < п к  +  п / 2 ,  к  =  0,1, 2 , . . . ,  и для разности ёк = вк  — п к  
при достаточно больших к  выполняются двусторонние оценки

Х ^  = (2 п к )2, к = 1 , 2 , . . . ,  Xк2) =  (2вк )2, к  =  0,1, 2 , . . . .

2п к
а I1 — 2Лк)< ёк < 2п к

а
(1+ 2Лк) (5)
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Собственные функции задачи (4) имеют вид 

y k 1 (x) =  sin 2n k x ,  k  = 1, 2 , . . . ,  y k \ x ) =  sin x ,  k  =  0,1, 2 ,___

Эта система является почти нормированной, но не образует даж е обычного 
базиса в £ 2 (0 ,1). Построенная из нее вспомогательная система

Уо(х) =  Уо2)(х)(2во)- 1 , У2к(x) = y k \ x ) ,  

У2к— 1(х) =  ( y {k \ x)  -  y <k ) ( x ) )  (25k) - 1 , k  = 1, 2

образует базис Рисса в £ 2 (0 ,1), а биортогональной к ней является система

vo(x) = 2^ov02)(x),  V2k(x)  = v f \ x )  +  v k \ x ) ,

V2k- i (x)  = 25k v (k )(x),  k  = 1, 2 , . . . ,  

построенная из собственных функций сопряженной к (4) задачи

v k \ x )  = c k 1 cos(2nkx +  Yk), k  =  1 ,2 , . . . ,  

v k 2 (x) = C k 2 cos(pk (1 -  2x) ) ,  k  =  0 ,1 ,2 , . . . .

(j)Константы Ck  выбираются из соотношения биортогональности

{y{k ) , v k )) = 1, 3 = 1 2 .
Если y ( x )  €  C 2[0,1] и удовлетворяет краевым условиям (4), то ее ряд 

Фурье по системе { y k (x)} сходится абсолютно.
Нетрудно вычислить, что

yo(x) =  - X o )Уo(x),  y'2k(x) = - ^ ik 1y2k(x),

\ (2) -  \ (1) (6)
y2k -i(x) =  - X k  y 2k - i (x) -  k 25 k y 2k ( x ) .
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3 П о с т р о е н и е  ф о р м а л ь н о г о  р е ш е н и я  за д а ч и  (1 )-(3 )

К ак  следует из раздела 2, любое решение u ( x , t ) , f  (x)  задачи (1)-(3) 
представимо в виде биортогональных рядов:

ГО ОО
u ( x , t )  = Y ^  Uk(t )yk(x) ,  f  (x) = Y ^  f k yk (x ) ,  (7)

k=0 k=0

где Uk(t) = ( u ( x , t ) , v k ( x ) ) ,  f k  = ( f  (x ) ,v k (x ) ) .
Подставляя (7) в уравнение (1), в начальные и конечные условия (2), с 

учетом (6), для нахождения неизвестных функций Uk(t) и коэффициентов 
fk  получаем следующие задачи:

u0(t) + A02)uo(t) = fo, uo(0) = фо, u o ( T ) = фо; (8)

Uf2k - l ( t )  + A k 2 u 2k - l ( t )  = f 2k - l ,  u2k - l (0 )  = Ф2̂ 1 , u 2k - l ( T ) = f a k - l '; (9)

m  A(2) -  A(1)
u2k ( t ) +  A ^ W  (t) =  k ох k u 2k - l ( t )  + f 2k , u 2k (0) =  <f2k , u 2k ( T ) = ф2k ,

2Ok
(10)

где ф^,,фk — коэффициенты Фурье разложения функций ф ^ )  и ф ^ )  
в биортогональный ряд по системе {y k (x)}: фk = (ф(x ) , v k (x)),  фk =  
(ф(x) ,Vk (x)).

Решение задач (8) и (9) существует, единственно и может быть выпи­
сано в явном виде:

-*02)t,„ , 1 -  e Х° '  и  ,-л02)T/ \ —\ (̂ t  1 — e 0 /  —\ (̂ t  \
uo(t) = e л° фо +------------- (2T [фо — e X° Фо) ,

1 — e - ло T v '

A  (фо — e x° )тфо^ ;
-I — \ (2)t1 — e ло 1

_ n (2 ),
, Ч - \ ( 2)f 1 — e Лк 1 (  -\(2)T \

u 2k -  l ( t ) = e к ф2k - 1 + \ ^ k  - 1 — e к ф2k - 1 )
1 — e -  лк T v y

f 2 k - l  =  Ak (2) ( ф2k - l  — e- k  )т ф2k - l )  , к = 1, 2 , . . . .
1 л  т У /

(11)

л(<2̂т1 -  e- ^k 1
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Подставляя найденные функции (11) в правую часть уравнений (10), по­
лучим, что задача (10) такж е имеет единственное решение, и оно записы­
вается в виде

\(2)+ \(1) +_ Л(і), 1 — e- A k \  e -A k t — e- x k t
и 2к(t) =  e k ф2к + -----І2к + ---------- ф2к-1 +

k4 t f + e- л ^ t — e- л (1)t 

Х(1 ~ Һ к + 2^
j .  р - л(2)т ф { x (2) x(1) 1 e -л^1)t e - л ( 2)t e - л ( 1)t '+ ү2к-1 — e k ф2к-1 J Xk — Хк 1 — e k e k — e kJ  Хк2) — Х ^  1 — e - Л ? t e- Л ? t — e ^ 1 1

1 — e - ^ 2) T \  25к Х ^  26к J

Х(к1] ( /  _ Л(2) T \  e - ^ )T — e - W T \

Һ к  = 1 ~ Л Р Т {  У 2 к-1  — e k Ф2к - V  2бк ф2к- 1 ]  +

J. Р-Л{? Т ф { Х(2 Р-Л{? T р - Л ^ Т  }+ J 2к-1 — e k ф2к-1  J Хк — Хк + Хк e k — e k I
1 — e ~ ^ )T \  28к 1 — e - ^ T 2^к j

(12)

Подставляя функции (11) и (12) в ряды (7), получаем формальное ре­
шение задачи.

4 О с н о в н а я  т е о ре м а

Д ля завершения исследования необходимо (аналогично методу Фурье) 
обосновать гладкость полученного формального решения и сходимость 
всех полученных рядов. Сформулируем основной результат работы.

Т е о р е м а . Если  ф(х),  J ( x )  €  C 4[0,1] и функции  ф(х),  J ( x ) ,  ф" (x),  J " ( x )  
удовлетворяют краевым усло ви ям  (4), то сущес т ву ет  единственное  
классическое решение u ( x , t )  €  C X t  (^ )  , f  (x) €  C [0,1] задачи (1)-(3).

Доказательство .  Так как ф ' (x ), J " ( x )  €  C 2[0 ,1] и удовлетворяют крае­
вым условиям (4), то (см. п. 2) они разлагаю тся в абсолютно сходящиеся 
ряды Фурье по системе { у і (x )} . Отсюда и из (6) имеем абсолютную и
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равномерную сходимость рядов

ф" (x) = — Х02)фоУо(х) — ^  {xk1)^ 2k V2k (x)  +  xk2)^ 2k- 1 y2k- 1 (x}}
k=1

X(2) — x(1)
k 2 - k Ф 2 -  V2k( x ) ,

(13)

k=1

ф" ( x ) = — x02VoVo(x) — xk1}̂ 2k V2k (x) +  x k 2'ф2k - l V 2k - l ( x ) }
k=1

~  X(2)   x (1)X) k ад k ф2k-lV2k(x )
k=1 k

(14)

Легко видеть, что ^X ^ 2 — X ^ j  / 25k = 4 n k  +  25k. Поэтому из (11), (12) 
с учетом (5) несложно получить равномерные по k  оценки

\u 2k-1( t) \ < С  ( ^ 2 k - l\  +  \ f a k - 1 1) )

\u 2k (t ) \ < С  ( \<f2k \ +  ^2k-1  \ +  \ ̂ 2̂k \ +  ^ k - l D  J 

\ u 2k-1(t) \ < С  ( \ ф 2 -  \ +  \ ф2 -  \ ) \ Ak ] \,

\ u 2k (t) \ < С  ( \ \ +  \ ф2k—1 \ +  \ ̂ k  \ + \ ф2 -  \ ) \Xk2) \ ,

\ f 2k-1 \ < С  ( \ ф2k-1 \ +  \ ̂ k - l  \) \ ̂  \,

\ f 2k \ < С  ( \ ф2k \ +  \ ф2k— 1 \ +  \ф2k \ +  \ ̂ k - l  \ ) \ Xk ) \ •

Отсюда, из абсолютной сходимости рядов (13) и (14) следует сходимость 
рядов )7) и принадлежность решения задачи (1)-(3) классам u ( x , t )  €  
С Ц  Р  , f  (x) €  С [0,1].

Так как система {Vk (x )} образует базис Рисса пространства L 2(0 ,1), то 
любое решение задачи (1)-(3) из данного класса представимо рядами (7). 
Из однозначности построения решений (11), (12) задач (8)-(10) следует 
единственность решения задачи (1)-(3). Теорема доказана полностью. □
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5 З а к л ю ч е н и е

Таким образом, в работе нами показана корректность обратной задачи 
процесса диффузии, рассмотренного в отдельно взятой микропоре. В каче­
стве управления выбрано внешнее воздействие, которое не зависит от вре­
мени и может изменяться в пространственных координатах. В реальных 
задачах такое воздействие описывает влияние процессов в макропоре на 
процессы в микропорах. Результат настоящей работы дает возможность 
построения математической модели процесса диффузии целевой компо­
ненты из полидисперсных пористых материалов, учитывающей совмест­
ное и взаимное влияние процессов в макро- и микропорах.
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Оразов И., Садыбеков М.А. А Қ Ы РҒЫ  ҚАЙТА А Н Ы ҚТАЛЫ М ДЫ  
К Е РІ ЕСЕП Н ЕГІЗІН ДЕГІ СТАЦИОНАРЛЫ Қ ЕМ ЕС ДИ Ф Ф У ЗИ Я Л Ы Қ  
П РО Ц ЕССТІ М АТЕМ АТИКАЛЫ Қ М ОДЕЛДЕУ ДІҢ Б ІР  ЕС ЕБІ ТУРА- 
ЛЫ

Бұл жұмыста қатты  полидисперсиялы кеуек материалдарды бастапқы 
және соңғы (қалаулы) күйлерінің берілген шамасы бойынша бөліп алу 
процесін моделдейтін есептердің бір топтамасы қарастырылады. Бұл есеп- 
тің математикалық тұж ырымдамасы диф ф узиялы қ теңдеудің кері есебіне 
әкеледі, мұнда есептің тек шешімін табумен ғана шектелмей, қосымша 
оның кеңістік айнымалыдан ғана тәуелді болатын белгісіз оң ж ақ  бөлі- 
гін табу талап етіледі. Қарастырылып отырған есептер топтамасының 
ерекшелігі бастапқы есептің ш екаралық ш артына тәуелді болатын еселі 
дифференциалдау операторының меншікті функциялар жүйесі базистік 
қасиетке ие болмайтындығында. Есептің классикалық шешімінің бар және 
ж алғы з екендігі дәлелденді.

Orazov І., Sadybekov M.A. ON A М АТИЕМ ЛТІСЛЬ M OD EUN G 
PROBLEM  OF NONSTAT!ONARY D!FFUS!ON PROCESS BASED ON 
TH E m V E R SE  PROBLEM  W !TH F m A L  OVERDETERM !NAT!ON

Іп the paper there і8 considered a set of the problems modelling the 
extraction process from solid polydisperse porous m aterials under the given 
values of the initial and final (desired) states. The m athem atical formulation 
of these problems leads to  the inverse problem for the diffusion equation, in 
which it is required to  find both together a solution of the equation and its 
right-hand side depending only on a spatial variable. A specific feature of the 
considered set of the problems is th a t the system of eigenfunctions of the 
m ultiple differentiation operator subjected to the boundary conditions of the 
original problem, does not have the basis property. R is proved the existence 
and uniqueness of the classical solution of the problem.
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predicate logic. S tarting from an input com putably axiomatizable theory T  
this construction yields a finitely axiom atizable theory F  together w ith a 
com putable isomorphism ^  : L ( T ) ^  L ( F ) of their Tarski-Lindenbaum 
algebras passing from complete extensions of theory T  to corresponding 
complete extensions of theory F  all model-theoretic properties w ithin the 
infinitary semantic layer MQL. Fundam ental nature as well as maximality 
of the infinitary layer MQL is established in the work [2]. A lthough there 
are weaker versions of the universal construction with a reduced or even 
om itted rigidity mechanism (thus controlling smaller layers of model-theoretic 
properties), nevertheless, all they represent large complexity in studying 
almost indistinguishable from th a t of any stronger version of the universal 
construction.

In the work, we present an even weaker version of the universal construction 
th a t is a simple enough consequence of the canonical construction Fc(m , s) 
described in [1], Ch.3. It is said to  be the canonical-mini construction, 
alternatively, universal-under-canonical construction. In Section 8 , we present 
a routine deduction of the canonical-mini construction from the canonical 
construction. The other parts of the paper represent auxiliary notions; they 
are included for the sake of completeness of the text. Principal advantage of 
the canonical-mini construction is th a t it is essentially simpler in studying 
in comparison w ith th a t of any normal version of the universal construction. 
Although the new construction supports not large semantic layer of model- 
theoretic properties, nevertheless, this construction represents a non-trivial 
statem ent and can find useful applications.

P r e l im in a r ie s .  We consider theories in first-order predicate logic with  
equality and use general concepts of model theory, algorithm  theory, and 
constructive models found in Hodres [3], Rogers [4], and Goncharov and Ershov 
[5]. Generally, incomplete  theories are considered. In the work, the signatures 
are considered only, which adm it a Godel numbering of the formulas. Such a 
signature is called enumerable.

A finite signature is called rich, if it contains a t least one n-ary predicate or 
function symbol for n  ^  2 , or two unary function symbols. A nulary predicate 
symbol is often said to  be a propositional variable. The following notations are 
used: FL(a)  is the set of all formulas of signature a , F Lk(a)  is the set of all 
formulas of signature a  w ith free variables x o , , Xk- i, SL (a)  is the set of all
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sentences (i.e., closed formulas) of signature a.  Let a  be a signature, and E  be 
a subset of SL(a).  Denote by [E]a a theory of signature a  generated by E  as a 
set of its axioms. There is another variant of the definition. Let E  Q SL (a)  be 
a set of sentences. By [E]*, we denote a theory of a signature a ' Q a  generated 
by the set E  as a set of its axioms, where a ' contains only those symbols from 
a  th a t occur in formulas of the set E .

We use C antor’s function c(x, y) = ( x 2 +  2 xy  +  y 2 +  3x +  y ) /2  presenting 
a one-one mapping from the set of pairs N xN  onto N, cf. [4] Sec.5.3. We 
use more common notation { x i , . . .  , x m ) for a m -ary com putable function 
presenting a one-one mapping from the set Nm onto N; for instance, in the 
case k  =  4, it is possible to define this function as follows: {x i,x 2,x 3,x 4) =  
c(xi, c(x2, c ( x 3, x 4))). By p n (x), we denote n th  partial com putable function in 
Kleene’s numbering, while ^ ( t )  denotes n th  partial function in com putation 
with an oracle X . Often we use binary universal com putable functions defined 
by the rules ( x ,y )  = <pn ( c ( x ,y )) and i£n(2) ( x ,y )  = ^ ^ ( c ( x , y ) ) ,  denoted

n ( x , y) and ^Ai(x, y) for short. By Wn , we denote n th  com putably enumerable 
set in P ost’s numbering, while denotes n th  com putably enumerable set in 
com putation with an oracle A, cf. [4] Ch.5, Ch.9. These universal numberings 
are defined by the following rules W n = D o m ( ^ n (x))  and W ^  = D o m ( ^ ^ ( x ) )  
for all n  E N and A  Q N.

The set of all finite tuples a  of the form a  = (ao, a i , . . a k - i),  a i  E {0,1}, 
k ^  0 , is denoted by 2<ш, while 2Ш is the set of all infinite tuples of the form 
a  = {a i ; i < u), a i  E {0,1}. We use symbol ^  for a partial order on the set 
2<ш U 2Ш defined by the rule: e ^  e e  is an initial segment of e ' . If Ф is a 
formula and a  E {0,1}, Фа means Ф for a  = 1, and —Ф for a  =  0. For a theory, 
c.a. means computably axiomatizable, while f.a. means finitely axiomatizable.

We denote by a ^  a fixed maximum large enumerable signature. Namely, 
signature a ^  contains countably many constant symbols, symbols of proposi- 
tional variables, and predicate and function symbols of each arity n  ^  1. It is 
supposed th a t each considered signature a  is a proper part of the «universal» 
signature a ^ . We use a fixed Godel numbering Ф^, k  E N, for the set of 
sentences of a fixed signature a, and Ф^°, k  E N, for the set of sentences of the 
infinite signature a ^ . An entry Nom Ф denotes the num ber of a sentence Ф in 
an accepted Godel numbering of the set of sentences.

Based on the Post numbering of the family of all com putably enumerable
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sets Wn , n  E N, we construct an effective numbering for the class of all 
com putably axiom atizable theories. There are two versions of indices. The 
first one represents c.e. indices of c.a. theories of a given enumerable or 
finite signature a . If a theory T  of signature a  is defined by the set of 
axioms {Фі | i E Wm}, the num ber m  is called a computably enumerable 
index  or simply c.e. index  of the theory T . The second version represents 
indices of c.a. theories of arb itrary  enumerable signatures, which are subsets 
of the «universal» signature a ^ . Given m  E N. Consider the set of axioms 
E  = {ФІГ I i E W m } and construct the theory T  =  [E]*. The num ber m  
is called a weak computably enumerable index  or simply weak c.e. index  of 
the theory T . As for a finitely axiomatizable theory F , it is defined by a 
finite system A  of axioms, and therefore, by a single formula Ф which is a 
conjunction of the formulas from A. A Godel num ber n  for this formula Ф is 
normally considered as a Godel number  or strong index  of the theory F .

Lem m a 0.1. There is an effective transformation fro m  c.e. indices o f  compu­
tably axiomatizable theories o f  a fixed enumerable signature a  to their weak c.e. 
indices .

Proof. Immediately. □
Normally, so-called static  m ethod of operating with signatures of theories 

is applied. According to  this m ethod, first, we fix a signature; then  we define 
a Godel numbering of the set of formulas; further, we describe a theory by 
enum erating its axioms; and finally, tu rn  to studying its properties. This 
m ethod is often applicable whenever we use normal c.e. indices of theories.

In contrary, while using weak indices of theories, we are forced to change 
the order of consideration applying a so-called dynamic  m ethod of operating 
with signatures. Having a weak c.e. index of a theory T , first, we enum erate 
formulas provable in T  obtaining its signature a  Q a ^ ; then, we have to  define 
a Godel numbering of the set of formulas of signature a  as well as its subsets 
SL (a ) ,  F Lk(a) ,  k  < u ,  etc., as needed; finally, we tu rn  to studying properties 
of the theory under consideration.

The following statem ent represents a technical basis for the dynamic 
m ethod.

Lem m a 0.2. Fix a Godel numbering ^ ^ ° ( x t ), t  E N, fo r  the set o f  all formulas of  
the m a x im u m  large signature a ^ . There are total computable functions f  (n , i )
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and h (n , k, i), such that, i f  n  is a weak c.e. index o f  a theory T  o f  signature a, 
we have:

(a) V Cf >(n i) (x f(n ,i)), i E N, represents a Godel numbering o f  the set o f  all 
form ulas o f  signature a,

(b) ^ ң п o i)(xh(n ,o , i)), i E N, represents a Godel numbering o f  the set SL (a)  
of all sentences o f  signature a,

(c) ^ht{n k i)(xh(n , k , i)), i E N, represents a Godel numbering o f  the set FLk (a)  
of all form ulas o f  signature a  with k  free variables, fo r  any fixed k, 1 ^  k  < u .

Proof. Immediately. □
Lemma 0.1 shows th a t the dynamic m ethod of operating with signatures 

can also be applied to the normal version of indices for c.e. theories of a fixed 
enumerable or finite signature a .

A statem ent concerning particular models of a complete theory.

C la im  0.3. Given a complete theory T  o f  an enumerable signature whose 
models are infinite. The following assertions are satisfied:

(a) [6]: T  has a prim e model ^  principal types fo rm  a dense subset in the
set o f  all types in L k ( T ) fo r  all k  satisfying 1 ^  k  < u,

(b) [7, 8]: in the case when T  has a prim e model N , the model N  is strongly 
constructivizable ^  T  is decidable and the set o f  all principal types o f  T  is 
computable ,

(c) [9]: in the case when T  has a strongly constructivizable prim e model N, 
the model N  has algorithmic dimension 1 relative to strong constructivizations  
^  the set o f  all atomic formulas o f  T  is computably enumerable ^  the set o f  
all atomic formulas o f  T  is computable,

(d) [6]: T  has a countable saturated model ^  the set o f  all types in L k ( T )
is at m ost countable fo r  all k  satisfying 1 ^  k  < u ,

(e) [10]: in the case when T  has a countable saturated model M ,  the model 
M  is strongly constructivizable ^  T  is decidable and the set o f  all types o f  T  
is computable.

We apply these statem ents further in Section 8 in considering preservation 
of the layer of model-theoretic properties involved in the canonical-mini 
construction.

Give some definitions concerning num erated Boolean algebras.
A Boolean algebra B  together with a num eration v  : N 01110  ̂ |B|, denoted by
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(B , v ), is said to be a numerated Boolean algebra if its signature operations are 
uniformly presentable by to ta l com putable functions on the v-numbers; i.e., if 
there are to ta l computable functions u ( x , y ), v ( x , y ), and w (x )  th a t represent 
operations in the Boolean algebra as follows for all i , j  £  N:

v( i)  U v ( j ) =  v (u (i , j )), (0 .1)

v( i)  n  v ( j )  = v ( v (i , j ) ) ,
— v  (i) = v  (w (i)).

A num erated Boolean algebra (B , v ) is called a c.e. Boolean algebra if the 
equality relation in B  is com putably enumerable in this num eration v ; i.e., 
there is a relation E ( x , y ) in E 0, such tha t, for all i , j  £  N

v (i) = v ( j )  °  E ( i , j )• (°-2)

Two num erated Boolean algebras (B i, v i) and (B2, v2) are called equivalent, 
or computably isomorphic, denoted (B 1 , v 1) =  (B2, v 2), if there is an
isomorphism ц  between B 1 and B 2 and two to ta l computable functions f  (x) 
and g(pc) such th a t the following diagram  is commutative:

N N <°'3>
"4 i1'2
В г  ^ B2

Introduce indices for num erated Boolean algebras.

D e f in i t io n  0 .A. Given a numerated Boolean algebra ( B , v ). A n  integer m  
is said to be a relativized characteristic index o f  the algebra (B , v ) in com­
puta tion  with an oracle A  if, by decoding the number m  as follows: m  =  
(m 1 , m 2, m 3, m 4), we obta^in fo u r  integers satisfying the following properties:

(a) functions u ( x , y ) = y mi ( x , y ), v ( x , y ) = p m2 ( x , y ), w (x )  = p ms (x)
realize all requirements posed in  (0 .1),

(b) func tion  ^m± ( x , y ) is a total func tion  having the domain  {0 ,1 }; 
moreover, the relation E ( x , y ) О  ^ 4 ( x , y ) = 1 realizes the requirement posed 
in  (0 .2).
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1 T able  c o n d itio n s  and  t h e  pa r a m e t r ic  St o n e  space

A propositional variable is a variable X  whose value can be either true or 
false. For brevity, the Boolean values «true» and «false» may be w ritten as 
1 and 0. The term  “propositional variable” is used as a synonym for “nulary 
predicate”.

Consider the following sequence of propositional variables

ff° =  { X q , X \ ,  X 2, , X k , . . .  ; к e  N}. (1.1)

It is said to  be a special propositional signature. By FRM(0 °), we denote the set 
of all formulas of signature 0° constructed w ith the only connective | called the 
Sheffer stroke. This connective is defined by the rule X I Y  ^  —( X  Л Y ). It is a 
known fact th a t the operation | represents a complete system for propositional 
logic. As for the connectives —, Л, V, and we consider them  as suitable 
Boolean expressions via the basic connective |.

We use C antor’s function c(x, y) presenting a one-one mapping from the set 
NxN onto N. Based on this prim itive recursive function, we define a m apping 
’nom ’ from the set of formulas FRM(0°) into the set of natural numbers by the 
following rule:

nom (X k) =  2 к, к e  N, (1.2)

n o m (^ '|^ ") =  2 c (n o m (f '), n o m (f")) + 1 , Ф',& "  e  FRM(a°).

It is possible to  check th a t the function ’nom ’ is a bijective mapping from 
FRM(0°) onto N. For к e  N, we denote P k  =  nom _ 1(k). As a result, we have 
obtained a sequence of propositional formulas

P k , к e  N. (1.3)

This sequence represents a Godel numbering of the set of all formulas of the 
propositional signature 0° .

In detail, the sequence of formulas (1.3) looks as follows:

P k ( X o , X i , . . . , X a), a =  а(к), к e  N, (1.4)

where а(к) is a prim itive recursive function such th a t all variables of the
formula P k  are contained in the list Xo, X i , . . . ,  X a^k); although, some of them
may be absent in the formula P k .
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Often, some expressions of a true-false type can be substitu ted  in formula 
P k  instead of its variables Xi, i ^  a(k). Particularly, we can consider the 
formula P k  as a truth-table condition  (or briefly tt-condition); for this, we 
should replace each of its variables X k , k ^  a(k), by elem entary tru th -tab le  
conditions of the form

Xk = «the set includes element k»; (1.5)

thereby, P k will tu rn  out to be applied to  an arb itrary  set A  Q N. The claim 
th a t tt-condition P k  is satisfied on A  is w ritten  as A  = P k . Alternatively, for 
a set A  Q N, we can count th a t an entry A  |= P k means a truth-value of the 
term  P k(X A (0 ),  . . . ,X A (a (k)) ) ,  where X a (x ) is a characteristic function of the 
set A  Q N. Thereby, we count th a t the same sequence (1.3) of propositional 
formulas represents a Godel numbering  of the set of all tt-conditions.

Let m  E N be an integer param eter. We introduce the following notation 
for a subset of the power-set P (N):

Q (m ) =  {A Q N | ( i k  E W m )[A = P k ]}. (1.6)

It is called the parametric S tone space, while the num ber m  is called its 
index. The set (1.6) is used as a technical tool for presenting Stone spaces 
of com putably axiom atizable and finitely axiomatizable theories.

Give a characterization of the param etric Stone space:

Lem m a 1.1. The following conditions are equivalent with each other fo r  all 
m  E N and A  Q N:

(a) A  E Q (m),
(b) ( i k  E W m )[A = P k ].

Proof. It is a direct consequence of definition (1.6). □

2 Ta rsk i-L indenbaum  a lg ebra s  o f  t h e o r ies

Let T  be a theory of signature a.  On the set of sentences SL(a),  an 
equivalence relation ^ t  is defined by the rule

Ф ^  T  Ь Ф ^  Ф,
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denoted by ~  for brevity. The logical connectives V, Л, and — generate Boolean 
operations U, П, and, respectively, — on the quotient set SL(0 ) / ^  by the rule

[Ф]~ U [&]„ =dfn [Ф V W}„, [Ф]„ n  [&]„ =dfn [Ф Л W}„,
— [Ф]~ =dfn [—Ф]~ ,
0 =dfn [(Vx)(x =  x)}^ ,  1 =dfn [(Vx)(x =  x ) ]_

It can easily be checked th a t, these operations are well-defined on the ^-classes;
i.e., these operations are defined independently of the choice of representatives. 

As a result, we obtain an algebra of the form

L(T) =  (SL(o) / ^  ; и, П, —, 0 ,1 ) .

In fact, this is a Boolean algebra. It is called the Tarski-L indenbaum  algebra 
of the theory T , denoted by L ( T ).

The set of ultrafilters of L ( T ) is said to be Stone space of theory T , denoted 
by S t(L (T )), or S t(T ) for short. By definition, its elements are ultrafilters of the 
Boolean algebra L ( T ) presenting complete extensions of the theory T . Thus, 
we have

S t(T ) =  { T 1 | T 1 is a complete extension o f T }.

Study generating sets of the Tarski-Lindenbaum  algebras of theories.
Let T  be a theory of signature o. A set G Q S L ( o )  is said to be a generating  

set  for the Tarski-Lindenbaum  algebra L ( T ), if any sentence Ф e  S L ( o )  is 
equivalent in T  to  a Boolean expression under sentences of the set G .

Give a criterion for a set of sentences to  be generating in a theory.

Lem m a 2.1. Let T  be a theory o f  signature o. A  set G Q SL (o)  is a generating  
set fo r  the Tarski-Lindenbaum algebra L ( T ) i f  and only i f  fo r  any subset G  Q 
G, the theory determined by the following set o f  sentences

T [G'] =  T  U GG U { —& | W e  G n G '}

is either complete or inconsistent .

Proof. The necessity is obvious.
Now, we prove the sufficiency. Assume, th a t T [G'] is either complete or 

inconsistent for any set G' <Z G, and let Ф be a sentence of signature o. Let us
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enum erate the set G  and present it in the form {Фі | i E N}. Consider the set 
D of all finite tuples of the form

( a o , a i , . . .  , a s - i ) ,  a i  E {0,1},

such th a t neither Ф nor its negation is provable in the theory T и { Ф ^ к | k  < s}; 
here, ordinary notations Ф0 = —Ф , Фi = Ф are applied.

Relative to  the natural lexicographic order, the set D is a 2-branching 
tree. Therefore, it cannot be infinite, since otherwise a tuple of length u  could 
be constructed whose finite initial segments belong to D . However, this tuple 
would determ ine a set G ' Q G  such th a t neither Ф nor its negation is provable 
in the theory T[G'\,  th a t contradicts the assumptions. Thus, the set D must 
be finite. Thereby, it is possible to  choose a natural k  exceeding length of any 
tuple in D .

Denote by Q  a disjunction of all those elem entary conjunctions of the form

C  (a) = Ф ^  Л Ф ^  A . . .  Л Ф— 1, a  =  { a o , . . . , a k - i ) ,  a i  E {0,1},

for which sentence Ф is provable in the theory T  U { C (a)}. It is obvious, th a t 
the sentence Q  has the form of a Boolean expression constructed from the 
sentences Фі , i E N. It is possible to  check th a t both  sentences Ф and Q  are 
either simultaneously true or false in each complete extension of T . Thereby, 
the sentence Ф is equivalent in T  to  the pointed out sentence Q .

Thereby, an arb itrary  sentence Ф is equivalent in T  to  a Boolean expression 
of sentences from G . By definition, this means th a t the G  is indeed a generating 
set for the Tarski-Lindenbaum algebra L ( T ).

Lemma 2.1 is proven. □
We are going to  describe a technical m ethod of constructing isomorphisms 

between the Tarski-Lindenbaum  algebras of com putably axiom atizable theori­
es.

Lem m a 2.2. Let T i  and T 2 be computably axiomatizable theories o f  signatures 
a i  and, respectively, a 2, while ү  : N ooto-> S L (a i ), i =  1, 2, be Godel numberings  
of their sets o f  sentences. Let also

{Фо,Ф і , . . . ^ k , . . .  ; k  E N }Q  S L (a i) ,  (2.1)

{Фо,Фі, . . . ^ k , . . .  ; k  E N} Q S L (a 2), (2.2)
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be computably enumerable sequences o f  sentences in these theories that repre­
sent generating sets in the Tarski-Lindenbaum algebras C (T \)  and L(T2).

The following assertions are equivalent:
(a) ^  £  FRM(a°)) [T1 b р г(Ф0, Ф1 Фа(г)) О  T 2 b р г(% , &1 , . . . ,

З Д ] ,
(b) partial mapping ц '  defined by the rule ц'(Фг) = &г, i £  N, can be 

expanded up to a computable isomorphism ц  between the numerated Tarski- 
Lindenbaum algebras (C (T i ) ,Y 1) and (С(^2),ү2) o f  these theories.

Proof. Implication (b )^ (a )  is obvious. For ( a )^ (b ) , we apply a known 
algebraic m ethod. The map ц '  pointed out in (b) establishes a one-to-one 
correspondence between the generating sequences (2.1) and (2.2). The partial 
mapping Ц' can be expanded up to an isomorphism between the algebras 
whenever the set of dependencies relative to  generating elements in the first 
algebra C (T \)  exactly coincides w ith th a t relative to corresponding generating 
elements in the second algebra C(^2)- Obviously, the pointed out algebraic 
condition is exactly equivalent to  the dem and given in P art (a). Thereby, 
an isomorphism ц  : C (T \)  -— L (T 2) expanding ц '  indeed exists. Having 
an initial correspondence Фг —  &г, i £  N, we can conclude th a t sentence 
P k (Фо, . . . ,  Фа(к)) of theory T1 m ust correspond to sentence P k (Фо . . . ,  Фа(к)) 
of theory T2 for all k  £  N; additionally, the closure operations under the 
equivalence relations —1 in T1 and —2 in T2 may be applied. Since the sequences
(2.1) and (2.2) are generating in corresponding Tarski-Lindenbaum algebras, 
we obtain finally the following presentation for ц,  for all sentences Ф £ S L (a \)  
and & £ SL(a2):

К[Ф ]~1 ) =  [&]~2 О  (3k )[  Ф - 1  P k  (Ф о , . . . ,Ф а(к)) Л P k  (Фо,...,&а(к)) - 2  & ].
(2.3)

From this, based on the fact th a t both  theories T 1 and T2 are com putably 
axiomatizable and both  sequences (2 .1) and (2 .2) are effective, it is possible to 
show th a t the isomorphism ц  is, in fact, computable.

Lemma 2.2 is proven. □

3 C o m pa ct  binary  t r e e s

The concept of a compact binary tree corresponds to  th a t introduced in 
[1], Ch.2.
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A full compact binary tree is a partially ordered set O  =  (N, of the form 
shown in Fig. 3.1. Particularly, we have the following relations between the 
elements: 1 ^  8 , 6 ^  6 , -<(6 ^  9), -<(9 ^  6), etc. Notice tha t, the basic relation 
^  is computable. The other natural relations and functions for trees described 
later are also computable.

There are two following natural operations on elements of a tree:

L (n )  = the left successor o f  element n,

R (n )  = the right successor o f  element n.

A tree is a set D C  N for which the following conditions are satisfied:

n  ^  m  A m  G D  ^  n  G D, fo r  all n , m  G N,

L (n )  G D  О  R (n )  G D , fo r  all n  G N.

Fig. 3.1 Full binary tree 

Three examples of trees are presented in Fig. 3.2, where (a) and (b) are
finite trees while the tree (c) is infinite.

(b)

23 24 
\ /

(a) 11 12
\ /

3 4 5 6
\ /  \ /

1 . . 2

(c)
\ /

13 14
\ /

6

0 0 0 
Fig. 3.2 Examples of trees

An element n  G D  such th a t L (n )  G D  is called a dead end  of the tree D. 
The set of all dead-end elements of a tree D  is denoted by Dend(D). A tree
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is called atomic  if, above each of its elements, there is a t least one dead-end 
element. All trees presented in Fig. 3.2 are atomic, while the full tree is not.

A chain  is a set n  Q N for which two following conditions are satisfied:

n  ^  m  Л m  e  n  ^  n  e  n , fo r  all n , m  e  N, 

n , m  e  n  ^  n  ^  m  V m  ^  n, fo r  all n , m  e  N.

A chain may be either finite or infinite. A finite chain whose maximal 
element is a is denoted by n[a]. It is uniquely determ ined by the maximal 
element a.

Consider two simple properties of trees and chains.

Lem m a 3.1. Let D  be a tree. The following assertions are equivalent:
(a) D  is computable,
(b) Dend(D) is computable.

Proof. If D  is computable, Dend(D) is also com putable by definition of this 
set. Conversely, suppose, th a t Dend(D) is computable. The following relation

x  e D  ^  x  e  Dend(D) V n[x] n  Dend(D) =  0

shows th a t D  is a com putable set. □
A chain n  is called a maxim al chain in a tree D, if n  Q D,  and no chain 

П  exists such th a t n  Q n '  Q D  and n  =  n ' . The set of all maximal chains of 
a tree D  is denoted by П (D), while the set of all finite maximal chains of this 
tree is denoted by П f m (D).

It is obvious th a t for any tree D , the following claims are satisfied:

(a) П (D) is infinite ^  D  is infinite, (3.1)

(b) П  ( D )  <  2^,

(c) П f in (D )| <  ш.

Let A  Q N. Denote by ClTree[A] the closure of A  up to a tree, i.e., ClTree[A] 
means a minimal tree D'  satisfying A  Q D '  . I n  the case of a singleton element, 
we use a brief entry D[a] instead of complete ClTree[{a}].
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23 24 
\ /
11 12 

\ /
5 6
\  /

1 2

О
Fig. 3.3 Closure operation of a singleton set upto a tree 

The following imm ediate formula takes place

D[a] = n[a] U N b (n [a] \ {0}), (3.2)

where a function Nb(x) pointing out a ’neighboring’ element is defined by the 
rule:

У =  N b(x) О  (y = x )  A (32) ( {x , y } = { R ( z ), L ( z )} ).

Notice th a t, Nb(0) is not defined. Fig. 3.3 presents a dem onstration of the 
formula (3.2) for a =  24.

Characterize the closure operation of an arb itrary  set A  C N up to a tree.

Lem m a 3.2. The following assertions are held:
(c) fo r  any set A C  N, a closure o f  A  up to a tree is defined,
(d) ClTree[A] =  (JaeAD [a], fo r  all A  C N,
(e) ClTree [ClTree[A]] =  ClTree[A], fo r  all A  C N,
(f) a set A  C N is a tree i f  and only i f  A  =  ClTree[A].

Proof. Immediately, by using the definition of a tree and the description of the 
closure D [a] up to a tree of a singleton {a}. □

We introduce some standard  numbering for com putably enumerable trees. 
Let W n , n  G N, be the standard  Post numbering of the family of all 

com putably enumerable sets, while W , n  G N, be the standard  numbering of 
the sets which are com putably enumerable with an oracle A  C N. Introduce 
the following notations:

Dn =dfn ClTree[Wn], n  G N, (3.3)

DA =dfn C lTreeW A ], n  G N, A  C N. (3.4)
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By Lemma 3.2 (e,f), these sets are trees, since they are constructed by the
closure operation up to a tree. They play the role of a universal com putable
numbering of the family of all com putably enumerable trees and, respectively, 
the family of all trees com putably enumerable with an oracle A . It follows from 
Lemma 3.2 (f) th a t all possible com putably enumerable trees are presented in 
the sequence (3.3), and all possible com putably enumerable w ith an oracle A  
trees are presented in the sequence (3.4).

By standard  m ethods of algorithm  theory, one can prove th a t there are 
to ta l com putable functions f (x ) and g (x ) reducing numberings (3.3) and (3.4) 
to standard  numberings of com putably enumerable sets and, respectively, sets 
com putably enumerable w ith an oracle, by the following rules:

D n =  W f  (n), fo r  all n  e  N, (3.5)

DA  =  W f {n), fo r  all n  e  N, A  Q N. (3.6)

In the case with an oracle, the reducing function g (x ) does not depend on the 
contents of an oracle A .

Now, we study the class of superatomic trees.
Consider the set П (D) of all maximal chains in an arb itrary  tree D. Let 

G  be a subset of П (D). A chain n  e  G  is called isolated in G, if there is an 
element t  e  n  such th a t n  is the only chain from G  passing through t. By G ' , 
we denote the set of all chains n  e  G  which are not isolated in G. By induction 
on ordinals, we define subsets n a (D) Q П (D) as follows:

no(D ) =  П  (D), 

n a+i(D ) = ( n a (D))',

П ү (D) =  П {П/з (D) | в  < ү} ,  i f  ү  is a limit ordinal.

The least a  such th a t n a + i(D ) =  n a (D), is said to  be rank o f  the tree D, 
denoted by Rank(D ). R ank o f a chain n  e  П (D), denoted by rank(n), is an 
ordinal a  such th a t n  e  n a ( D ) N n a+ i(D ). Clearly, the rank function in general 
is partially defined on the set П (D). A compact tree D  is called a tree with  
total rank function  or a superatomic tree, if the rank function is to tally  defined 
on the set П (D). In o ther words, a tree D  is superatomic whenever n a (D) =  0  
for some a .
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The following relations are imm ediate consequences of the definitions:

(a) (Va < Rank(V )) (En £ П (V ))  [ rank(n) =  a ], (3.7)

(b) Rank(V ) =  sup{rank(n)|n  £ П ™nk(V )} ,

where П rank(V) is the set of all chains in П (V )  for which the rank function is 
defined.

Specify some properties of the rank function on chains.

Lem m a 3.3. For any compact tree V ,  the set o f  chains n  £  П (V ) having rank  
is at m ost countable.

Proof. Let n  £  n a (V )  \  n a +1(V). By I (n ) ,  we denote the set of elements 
isolating chain n  in n a (V ) .  One can easily check th a t, if chains щ  and П2 have 
ranks, then I (щ ) П I (П2) = 0  is satisfied whenever щ  =  П2. Since the set N 
is countable, any set consisting of its nonempty pairwise disjoint subsets must 
be at most countable. □

Lem m a 3.4. R ank  o f any compact tree is a countable ordinal.

Proof. The statem ent is a consequence of Lemma 3.3 together w ith the 
properties (3.7)(a) and (3.7)(b). □

Lem m a 3.5. Let пг, i £  N be an infinite sequence o f  maxim al chains in a 
compact tree V .  Then, one can f ind  an infinite chain n* in V  such that there 
are infinitely m any chains in the given sequence passing through each o f its 
elements t  £  n * .

Proof. F irst, note an obvious fact th a t all chains m , i £  N, pass through 
the root 0 of the tree. Therefore, infinitely many of them  should pass either 
through L(0)  or through R(0).  Suppose, th a t it is the case for L(0).  Among 
the chains passing through L(0),  an infinite num ber of them  should pass either 
through L (L (0 ) )  or through R (L (0 ) ) .  Continuing this process for и  steps, we 
will construct a chain n * satisfying the required property. □

Lem m a 3.6. Let V  be a superatomic tree. Then, Rank(V ) is a non-limiting  
ordinal.

Proof. Assume, th a t V  is a superatomic tree. By virtue of properties (3.7), it 
is enough to show th a t, if ү  is a limiting countable ordinal, such th a t, for all
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в  < Y , there are chains of rank в  in П (D), the family must contain a chain of 
rank not less than  ү . Indeed, choose a sequence of chains n k , k  G N, in П (D) 
such th a t sup{rank(nk)|k G N} =  ү . By virtue of Lemma 3.5, we can construct 
a chain n* G n (D )  such th a t there are infinitely many chains of the sequence
nk  passing through each of its elements. Since the tree D  is superatomic, rank
of the chain n* m ust be defined. Moreover, we have rank(n*) ^  ү  by the 
definition. From this, we obtain Rank(D ) ^  ү  +  1, th a t is exactly w hat is 
required. □

Let us characterize superatom ic trees.

T h e o re m  3.7. Let D  be a tree. The following conditions are equivalent to each 
other:

(a) tree D  is superatomic,
(b) the set П (D) is no more than countable,
(c) the power o f  the set П (D) is less than 2Ш,
(d) each countable set G  C П (D) has an isolated chain,
(e) each set G C П (D) has an isolated chain.

Proof  is done by the following scheme: ( a ) ^ ( b ) ^ ( c ) ^ ( d ) ^ ( e )  ^ ( a ) .
The implication (a )^ (b )  is a consequence of Lemma 3.3.
The implication (b )^ (c )  is obvious.
For the proof of implication (c )^ (d ) , assume the opposite: let there is a 

countable set G C П (D) not having isolated chains. Then, the set of the form 
V  =  U {n ln  G G}  is a subset of D  and satisfies the following conditions

x  ^  y  A y  G V  ^  x  G V,

(Vx G V ) ( 3 y z  G V )[x ^  y  A x  ^  z A - ( y  ^  z) A - ( z  ^  y)].

Therefore, among subsets of V , there are 2Ш various infinite chains, and all of 
them  belong to П (D), th a t is impossible since this contradicts P art (c).

The implication (d )^ (e )  is true, since from any nonempty subset G C 
П (D) not having isolated chains, it is possible to choose a countable subset 
Go C G  in which there are no isolated chains.

The implication (e )^ (a )  is a consequence of the definitions. □

Lem m a 3.8. I f  D  is a superatomic tree, then D  is an atomic tree.
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Proof. Suppose th a t D  is not atomic. Then, there is an element к w ithout 
dead-end elements over it; thus, there are 2Ш chains in П (D) passing through 
к. By Theorem 3.7, this contradicts to the assum ption th a t D  is superatomic.
□

Consider some natural operations on the class of trees.
Define a to ta l computable function Em bTree(n, x) by the following scheme, 

for all n , x  e  N:

{Em bTree(n, 0) =  n,

Em bTree(n, L(x)) =  L(Em bTree(n, x)),

Em bTree(n, R (x ) )  =  R(Em bTree(n, x)).

It is possible to check tha t, for a fixed param eter n  e  N, the unary function 
Xx Em bTree(n, x) is an isomorphic mapping from the full tree D  =  N into the 
region { x \n  =4 x } °f the full tree.

( a )  ( b )

Fig. 3.4. Scheme of the sum operations on compact binary trees 

The direct sum  of two trees D i and D 2 is a set defined by the following rule

D i ® D 2 =  {0} U EmbTree(1, D i ) U EmbTree(2, D 2). (3.8)

It is possible to check th a t D i ® D 2 is indeed a compact tree. The tree D i ® D 2 
can be obtained by attaching isomorphic copies of the source trees D i  and D 2 
to the two dead-end elements of the three-element tree presented in Fig. 3.2 (b).

The direct sum  of a sequence of trees D k , к e  N, is a set of the following 
form:

0 keN Dk =  {0} U {2, 6 , . . . , t k  +  1 , . . .} U EmbTree(1, Do )U (3.9)

U EmbTree(5, D i ) U . . .  U Em bTree(tk, D k ) U . . . ,
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where tk = 2k+2 — 3. This tree is obtained by attaching isomorphic copies of 
the trees V k  to  subsequent dead-end elements of the infinite tree shown in Fig. 
3.2(c).

Schematic rules for both  types of the operation are shown in Fig. 3.4(a,b).

Lem m a 3.9. The following assertions take place:
(a) V 1 0  V 2 is a computably enumerable tree i f  and only i f  both V 1 and V 2 

are computably enumerable trees.
(b) Ө k€NV k is a computably enumerable tree i f  and only i f  V k , k  £  N, is 

a computable sequence o f  c.e. trees.

Proof. Immediately. □
Now, we consider some structural properties of the operations on the trees.

Lem m a 3.10. The following assertions hold:
(a) V 1 0  V 2 is an atomic tree i f  and only i f  both V 1 and V 2 are atomic  

trees.
(b) Ө k€NV k is an atomic tree i f  and only i f  all trees in the sequence V k , k  £  

N, are atomic.

Proof. By imm ediate check of the definition. □

Lem m a 3.11. The following assertions hold:
(a) tree V 1 0  V 2 is superatomic if  and only i f  both trees V 1 and V 2 are 

superatomic .
(b) tree ф k&4V k is superatomic i f  and only i f  all trees in the sequence V k ,  

k  £  N, are superatomic.

Proof. By imm ediate check w ith the help of characterization of superatomic 
trees given in Theorem  3.7. □

4 N atural binary  t r e e s  and in d ices  fo r  them

A set D  Q 2<ш is said to be a natural binary tree if the following conditions 
are satisfied:

(a) 0  £ D ,  (4.1)

(b) e £ D  О  (e0 £ D ) V (e l  £  D ) ,  fo r  all e £  2<ш.

It is possible to  check th a t an arb itrary  natural tree D  is closed downwards,
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and is semi-closed upwards; i.e., the following relations are satisfied:

(a) e ^  e' A e' G D  ^  e G D ,  (4.2)

(b) e G D ,  length(e) < k  < и  ^  (3e' G D ) ( e ^  e' A length(e') =  k ) .

Now, we consider natural trees jointly with the compact trees.
Hereafter, we will use a specified symbol D  for natural binary trees and 

another symbol D  for compact binary trees. A natural tree D  may be said 
to  be a tuple tree because it is formed by a tuple logical structure. As for 
a compact tree, it presents the structure of branchings in a more compact 
form; this explains the choice of the term . M ention th a t both  types of trees 
we are considering are supposed to be binary. Given a structure S  of some 
kind th a t can produce a tree. We denote by tree (S ) a natural tree, while by 
T ree(S ), a compact tree determ ined by the structure S . For instance, tree(B, v ) 
means a natural tree determ ined by a num erated Boolean algebra (B, v ), while 
Tree(B, v ) means a compact tree determ ined by the algebra (B, v ).

Let D  C 2<ш be a natural tree. A natural num ber n  is said to  be a
characteristic index of D, if n th  Kleene’s com putable function p n (x) is a 
characteristic function for the set Nom (D) of Godel numbers of the tree; i.e., 
the function ^ n ( x )  is to ta l and satisfies the following relation for all e G 2<ш:

M N o m (e ))  =  J1, i f  e G D ’
n 0 , i f  e G D.

We now tu rn  to  a relativized version. A num ber n  is said to  be a relativized  
characteristic index of a natural tree D  in com putation with an oracle A  C N, if 
n th  com putable function ^ ( x ) with an oracle is total; moreover, this function 
is characteristic for the set Nom (D).

Let us introduce the following notations for n  G N and A  C N:

D n is the natural tree with a characteristic index n ,  (4.3)

D A is the natural tree vjith a characteristic index n  under an oracle A .  (4.4)

Notice th a t, D n may be undefined for some n; the same concerns D f . As for 
indices for compact trees, they are defined for all n  and A  by rules (3.3) and
(3.4).
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5 C hains and  t h e  rank  fu n c t io n  in a natural  t r e e

We are going to  rewrite for natural binary trees all main concepts available 
for compact binary trees.

Definition of a natural binary tree is given in (4.1). Let D  Q 2<ш be a 
natural tree. An element e e  D  is called atomic  in the tree D  if it is indivisible 
upwards w ithin D; i.e., the following is satisfied:

(V6,Z e  2<ш)[e 4  5 Л e 4  Z Л 6,Z e  D  ^  6 4  Z V Z 4  5].

By A t(D ), we denote the set of all atomic elements in a natural tree D. A
natural tree is said to be atomic  if above each of its elements, there is a t least 
one atomic element.

A set of finite sequences e Q 2<ш is said to be a (natural) chain, if there is 
an infinite sequence e e  2Ш such th a t e consists of all finite initial segments of 
e ; i.e., the following equality is satisfied

e =  {6 e  2 <  | 6 4 ~e }. (5.1)

Obviously, the infinite sequence e in (5.1) is uniquely determ ined by the chain 
e , and conversely, the chain e is uniquely determ ined by the sequence e . In the 
case when (5.1) is satisfied, e is said to  be the limit  sequence of the chain e, 
denoted by lim e; as for the inverse passage e ̂  e, we use notation e =  chain( e ) 
in this case. A chain e in a natural tree D  is called isolated if there is 6 e  e 
such th a t 6 is an atomic element in the tree D . By definition, any chain in a
natural tree D  is its maximal chain.

The set of all chains of a natural tree D  is denoted by П (D), while the set 
of all isolated maximal chains of this tree is denoted by n iSO(D).  Let G  be a 
subset of П (D). A chain т e  G  is called isolated in G  if there is an element 
6 e  т such th a t т is the only chain from G  passing through 6 . By G ', we 
denote the set of all chains т e  G  which are not isolated in G . By induction 
on ordinals, define subsets n a (D) Q П (D) as follows:

no (D ) =  П  (D),  

n a+i(D )  = ( n a (D )),

П ү (D) =  П { Щ (D) | в  < ү } ,  i f  ү  is a limit ordinal.
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The least a  such th a t n a+1 (D ) = П а (D),  denoted by R ank(D ), is called rank 
o f the natural tree D . R ank  o f  a chain т £  П (D )  is an ordinal a , denoted 
ra n k (r ), such th a t т £ n a ( D ) ^ n a+1( D ) . Clearly, the rank function in general 
is partially defined on the set П (D).  A natural tree D  is called a superatomic  
tree, if the rank function is to tally  defined on П (D).  In o ther words, a natural 
tree D  is superatomic if n a (D ) = 0  for some a .

6 T r a n s f o r m a t io n s  b e tw e e n  B o o le a n  a l g e b r a s  a n d  t r e e s

We describe main types of transform ations needed for our main theorem.

(a) Transformation ct2Lk fro m  a complete theory to the Tarski-Linden-
baum algebra with k  free variables.

We advance concept of the Tarski-Lindenbaum  algebra given in Section 2.
Let T  be a complete theory of signature a  and k  be an integer; T  and 

k  represent a pair of input param eters of the transform ation. Fix a Godel 
numbering ү : N — - F Lk(a) .  On the set of formulas FLk(a) ,  we define an 
equivalence relation —t  by the rule

y (x)  I—T ф (х) О  T  b  (V x)[^(x )  ^  ф(х)],

denoted by -  for short. The logical connectives V, Л, and — generate Boolean 
operations U, П, and — on the quotient set FLk(a ) /^ .  As a result, we obtain 
an algebra of the form

L k (T )  = (FLk(a)/„  ; U, П, —, 0 ,1 ) , (6.1)

th a t, in fact, is a Boolean algebra. It is called the Tarski-Lindenbaum algebra 
of theory T  under formulas with k free variables х о , . . . ,  Xk- 1 , denoted by 
L k ( T ). The set of ultrafilters of the Boolean algebra Lk ( T ) is called Stone
space o f  d imension k  of theory T , denoted by S t ( L k ( T )), or S t k ( T ) for short.
By definition, its elements are ultrafilters of the Boolean algebra Lk ( T ); in 
model theory, these ultrafilters are said to  be complete types of T  with k  free 
variables х о , . . . ,  Xk- 1. Thus the whole transform ation looks as follows:

ct2Lk : ( T ,k )  —  L k (T )  = (FLk(a)/„  ; и , П, —, 0 ,1 ) . (6.2)

Formulate a main statem ent describing the transform ation:
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Lem m a 6.1. Transformation ct2Lk is uniformly effective. More precisely: there 
is a partial computable function  e ( x , z ) ,  such that, fo r  any n  G N, i f  n  is a 
relative characteristic index o f  a complete theory T  o f  signature a, e(n, k) is 
defined; moreover, the number m  =  e(n, k) is a relative characteristic index of  
the algebra (6.1) considered as a numerated algebra with a Godel numbering ү  
of the set F Lk(a) .

Namely, by decoding the number m ,  we obtain fo u r  numbers

e (n ,k )  =  m  =  {m 1, m 2, m 3, m 4) (6.3)

satisfying the following properties:
(a) functions y mi ( x ,y ) ,  фm2 ( x ,y ) ,  and фm3 (x) are total; moreover, they  

present signature operations U, П, and, respectively, — in numeration ү  o f  the 
algebra (6.1); i.e, the following relations are satisfied fo r  all i , j  G N:

Y(i) U Y ( j) ~  Y (lf  mi (i, j ) ) ,  (6 .4)

Y (i) П Y ( j) ~  Y (̂ m 2 ( i , j ) ) ,

—Y (i) ~  Y (¥ m 3(i) ) ;

(b) binary function  ( x ,y )  with an oracle A  is total and has the domain
{0 , 1}; moreover, this func tion  presents the equality relation in numeration ү
o f the algebra (6.1); i.e., the following relation is satisfied fo r  all i , j  G N:

Y (i) =  Y(j) О  < ( i , j )  =  1  (6.5)

Proof. Immediately, from the procedure of construction of the Tarski-Linden- 
baum  algebra th a t is effective in a characteristic index of the input theory T  
in com putation with an oracle. □

(b) Transformation b2n from  a Boolean algebra to a natural binary tree.

First, we consider this transform ation in a more common form.
Let (B, v ) be a num erated Boolean algebra, and G  =  {gi | i < и )  be a 

com putably enumerable in num eration v  sequence of elements of B  presenting 
a generating set for this algebra. We normally count th a t gi =  v (i), for all i G N; 
although, another form of this sequence G  is also adm itted, when needed.
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Consider the following transform ation (in fact, it is effective in relative 
indices):

(B, v) ^  D  =  tree(B , v ) =  {e e  2<ш | e =  (eo, . . . ,e k - i ) ,  §0° n  ... n  g—  =  0}.
(6 .6)

It can be easily checked th a t the set D  is a natural tree; moreover, this tree 
represents the algebra B  itself. Actually, this is a well-known construction used 
in applications in many works.

Now, we tu rn  to  a particular form of this transform ation.
Consider the Tarski-Lindenbaum  algebra Lk ( T ), (6.1), of a complete 

theory T  of signature o  under formulas with к  free variables x o , . . . ,  x k — i; by 
construction, it is a Boolean algebra. Fix a com putably enumerable sequence 
of formulas G  =  i ^ i ( x )  : i e  N), x  =  (xo, . . . ,  xk—i) presenting a generating 
set for the algebra L k ( T ). Normally, unless otherwise specified, we count th a t 
^ i ( x ) ,  i e  N, is a Godel numbering of the set F L k (o).

Consider the following transform ation

(Lk(T),ү ) ^  (6.7)

D  =  tree(Lk (T ), ү ) =

{e e  2 <  | e =  (eo , .. . , e k - i ) , T  ( 3 x ) ( ^ £o° (x) Л . . .  Л (x))}.

We can easily check th a t D  is a natural tree; in a known sense, it represents 
the Tarski-Lindenbaum  algebra L k ( T ). Obviously, this form of the operation 
is a particular case of the common form (6 .6).

Study main properties of the transform ation.

Lem m a 6.2. Transformation b2n is effective under the relative indices in 
computation with an oracle A .  M ore precisely: there is a partial computable 
func tion  e(x) such that, fo r  any natural n , i f  n  is a relative characteristic 
index o f  a numerated Boolean algebra ( L k ( T ) , ү ), e(n) is defined; moreover, 
e(n) is a relative characteristic index o f  the natural tree D  =  t r e e ( L k ( T ) ,ү ) ;
i-e-. D  =  D Atnl. c /-(4 .4).

Proof. Immediately, from the description of the transform ation of a num erated 
Boolean algebra to  a natural tree th a t is effective in corresponding indices. □

(c) Transformation n2c fro m  a natural tree to a compact tree.
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We are going to  describe a natural transform ation from the class of natural 
trees into the class of compact trees. Its idea is th a t only branchings are 
im portant, while any lengthy segment without branchings may be reduced. 
P art (a) in Fig. 6.1 represents a natural tree D  Q 2<ш m arking it with bold 
lines in the set 2<ш, while P art (b) dem onstrates the binary tree V  =  Tree(D) 
obtained by reducing any lengthy segment of D  w ithout branchings.

Turn to  a formal specification.
Let D  Q 2<ш be a natural tree. We are in a position to  describe an operation 

of tree transform ation

n2c : D  — V  = Tree(D ), (6.8)

It is called the compactification operation. Define a mapping A : D  —  N 
inductively as follows (this function may be partial):

A (0 )  =  0; (6.9)

A(e0) = l А (е )  i f  e0 £ D  Л e1 £  D,
I  L(A(e)),  i f  e0 ,e1  £  D  ;

A(e1) = i A ( e ,  i f  e0 £  D  Л e1 £  D,
I  R (A(e)) ,  i f  e0 ,e1  £  D .

After th a t, we put V  =  Tree(D) =djn A(D).  It is possible to check th a t the set 
Tree(D) is indeed a compact binary tree.

We now pass to  effectiveness of the operation.

Lem m a 6.3. Transformation n2c is effective under the relative indices in 
computation with an oracle A .  More precisely: there are partial computable 
functions e(x) and h (x ) ,  such that, fo r  any natural n , i f  n  is a relative 
characteristic index o f  a natural tree D , both e(n) and h (n )  are defined; 
moreover, the numbers m  = e(n) and m ,1 =  h (n )  satisfy the following  
properties:

(a) m  is a relative c.e. index o f  the target tree V ;  i.e., V  = Tree(D ) = V ^ ,
(b) m 1 is a relative index o f  the function  A(x), cf. (6.9), i.e., A(x) = (x)-

Proof. Immediately, from definition of the operation D  —  Tree(D) th a t is 
effective under corresponding indices in com putation w ith an oracle. Mention 
th a t the values of e(n)  and h(x )  do not depend on A  because these functions 
are built based on a relative version of s-m -n-Theorem . □
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\ /  \ /  \ /  \ /  \ /  \ /  \ /  \ /  
(0 , 0 , 0) (0 , 0 , 1 ) (0 , 1 , 0) (0 , 1 , 1 ) ( 1 , 0 , 0) (1 , 0 , 1 ) ( 1 , 1 , 0) ( 1 , 1 , 1 )

\  /  \  /  \  /  \  /

Fig. 6.1. Transformation scheme of a natural tree in compact tree

Describe a natural correspondence between the natural and compact trees. 
Let D  be an arb itrary  natural tree and D  be a compact tree, such th a t 

D  is related to D  by the compactification operation n2c . This transform ation 
defines a correspondence (6.9) between the trees

А : D  D, (6.10)

such th a t 0  is m apped by А in 0, each separate non-branching path  of the 
natural tree D  (linking two subsequent branchings) is m apped by А to an 
element a £ D \D e n d (D ) of the compact tree D, and each non-branching path  
of the tree D  (from a branching element to infinity) is m apped by А in an 
element a £ D  П Dend(D).

Moreover, the following general properties are held:

Lem m a 6.4. The mapping А pointed out in  (6.9) bijectively maps the maxim al 
chains o f  D  in the maxim al chains o f  D; moreover, isolated chains o f  D  are 
mapped in f in i t e  chains o f  D. Particularly, the following relations are held:

(a) п  is fin ite  О  т is isolated, whenever п  =  А(т) fo r  т £ П (D),
(b) D  is atomic i f  and only i f  D  is atomic,
(c) rank (n ) =  rank(T), whenever п  =  А(т) fo r  т £ П (D),
(d) Rank(D ) =  R ank(D ),
(e) D  is superatomic i f  and only i f  D  is superatomic.

Proof. Immediately, from the definition of the transform ation operations n2c 
given in (6 .8).

Lemma 6.4 is proven. □
To unify the terminology, in the case of natural trees, we often use an 

alternative term  a f in ite chain instead of an isolated chain .
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Transform ations (6 .6 ) and (6.7) provide a natural m ethod of presentation of 
Boolean algebras. Main disadvantage of natural trees is th a t only characteristic 
indices are available for them , not c.e. indices. On the other hand, main 
advantage of compact trees is th a t both c.e. indices and c.e. indices over an 
oracle are available for compact trees; however, compact trees have a more 
complicated relation w ith Boolean algebras.

7 A statem ent  pr e se n t in g  t h e  can on ical  c o n st r u c tio n

In this section, we present a main statem ent of the canonical construction. 
Here, Q (m )  means parametric S tone space w ith an index m, it is defined in
(1.6). Further, DSA means a c.e. tree with an index s in com putation w ith an 
oracle A , see (3.4).

T h e o re m  7.1. [C anon ical c o n s tru c tio n , basic version] Effectively in a pair 
of natural numbers m , s and a Godel number g fo r  a finite rich signature o , one 
can construct a finitely axiomatizable model-complete theory F  =  Fc(m , s, o)  
of signature o  together with a computable sequence o f sentences Өп , n  e  N, of  
signature o , such that the fam ily  o f  extensions o f F  defined fo r  each A  Q N by

F [A] =  F  u  {Ө^і e  A } u  {-Өэ j  e  N \ A } ,  (7.1)

satisfies the following properties (presenting the canonical sem antic  layer M IL  
in P art  3, and the canonical basic sem antic  layer M IL  in P art 3(a-f)):

1. For any A  Q N, the theory F [A] is either complete or contradictory.
2. The theory F[A], A  Q N, is consistent i f  and only i f  A  e  O (m ).
3. For an arbitrary A  e  O (m ) ,  the following assertions ho ld :
(a) theory F [A] has a prim e model i f  and only i f  the tree DSA is atomic,
(b) a prim e model o f  theory F[A], i f  it exists, is strongly constructivizable i f  

and only i f  the set A  is computable and the fam ily  o f  chains П f in (D A ') 
is computable,

(c) a prim e model o f  theory F[A], i f  it exists and is strongly constructi­
vizable, has the algorithmic dimension  1 i f  and only i f  the tree DSA is 
computable,

(d) theory F [A] has a countable saturated model i f  and only i f  the thee DSA 
is superatomic,

(e) a countable saturated model o f  theory F[A], i f  it exists, is strongly
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constructivizable i f  and only i f  the set A  is computable and the fam ily  
of chains П ( V A ) is computable,

(f) theory F [A] is ш-stable i f  and only i f  the tree V A is superatomic.
A n  entry Fc(m , s) is used instead o f  Fc(m , s, a) when a  is clear from  context.

Proof: See detailed proof in [1] Ch. 3. □
In addition, we m ention three following statem ents

{F[A] I A  £ O (m )}  is the set o f  all complete extensions o f  F, (7.2) 

F [A] is decidable О  A  is computable, fo r  all A  £  O (m ) ,  (7.3)

F [A] b p , (Өо,. . . ,  Өа(і)) О  A |= р г, fo r  all A £ O (m );  (7.4)

they are simple corollaries of Part 1 and Part 2 of Theorem  7.1.
P art 1 together w ith Part 2 ensures th a t {F[A] | A  £ O (m )}  is a set 

of complete extensions of theory F . By construction, F [A] = F [A ]  for all 
A, A '  £  O (m )  such th a t A  = A ' . Let F '  be an arb itrary  complete extension 
of F . Obviously, F ^ о ] Q F '  is satisfied for some Aо Q N. Since theory F '  is 
consistent and complete, F ^ о ] must be consistent. By P art 1 we conclude th a t 
Aо £ О (m ).  Thus F ^ о ] and F ' are complete theories of the same signature
s.t. F ^ о ] Q F ' . This ensures their coincidence F ^ о ] =  F ' . Thereby, property
(7.2) indeed holds.

Prove (7.3). Suppose th a t A  £ O (m )  is com putable. Then F [A] is complete 
and com putably axiomatizable. Therefore, this theory is decidable by Janiczack 
Theorem. In the opposite case, if the set A  £ О (m )  is not computable, the 
reduction i £  A  О  T [A] b Өi shows th a t theory F [A] cannot be decidable. 

Now, we tu rn  to  proof of (7.4). By construction, we have

T [A] b Ө а , with a , =  < , f  ' £  , (7.5)
^  [0, i f  i £  A,

where ^ 1 =  ^ , and = —p.  Lemma 1.12 in [11], Ch.4, Sec.3 states th a t, for 
all су,о, . . . ,  a a(i) £  {0 , 1}

Хоа0, . . . ,  b ( P k  ( Х о , . . . ,  Xa(k)) ) a (7.6)

with a  =  the value of P k ( a о , . . .  , a a(k)). By substitu ting Өi instead of X ,  in
(7.6) and combining with (7.5), we obtain for all A  £ О (m )  and a о , . . . ,  a a(k) £
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{0 , 1}

F [A] b P k ^ o , . . . ,  Өа( ^ ) ) a , with a  =  the value o f  ’’A  |= P k ”.

Thereby, the desired statem ent (7.4) is indeed satisfied.
Notice th a t, the first integer param eter m  in Theorem  7.1 is an index 

for the space component controlling Stone space of the target theory, while 
the second param eter s is an index controlling model-theoretic properties of 
complete extensions of the theory (explanation of the notations: m  represents 
the m ain  index, while s represents a secondary index).

8 M ain  s t a t e m e n t  o f  t h e  c a n o n ic a l-m in i  c o n s t r u c t i o n

We formulate the main statem ent of this paper.

T h e o re m  8.1. [Canonical-m ini c o n s tru c tio n ]  Let T  be an arbitrary com- 
putably axiomatizable theory and o  be a f in ite  rich signature. Effectively in 
a weak c.e. index to o f  T , we can construct a finitely axiomatizable theory 
F  =  F c ° (T ,o )  o f  signature o  together with a computable isomorphism between 
their Tarski-Lindenbaum algebras ц  : L ( T ) ^  L ( F ) preserving the following  
layer o f  model-theoretic properties (called the canonical-mini sem antic  layer, 
denoted by M1L°):

(a) existence o f  a prim e model, its strong constructivizability, and the value 
o f its algorithmic d imension (relative to strong constructivizations);

(b) existence o f  a countable saturated model, and its strong construc- 
tivizability.

Proof. Our aim is to derive the claim of Theorem  8.1 from the main statem ent 
of the canonical construction Fc(m , s), cf. Theorem  7.1. First, we are going to 
choose, effectively from to , a pair of integer param eters (m , s ); then  we will 
show th a t the theory T  =  Fc(m , s, o)  satisfies the desired properties.

We assume th a t T  is a com putably axiomatizable theory defined by a weak 
c.e. index to. Index to allows us to  organize an effective enum eration of the set 
of sentences provable in T ; particularly, we can build an effective enum eration 
of signature oo Q o ^  of theory T . By using the dynamic m ethod for signatures, 
cf. Lemma 0.2, fix a Godel numbering

Фі , i e  N, (8.1)
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of the set of sentences SL(ao)- Obviously, the sequence (8 .1) represents a 
generating set for the Tarski-Lindenbaum algebra L ( T ).

Choice o f  the parameter m .  Since T  is com putably axiomatizable, the set of 
sentences { Р і | T  h  Р і (Фо, . . .  ,Ф а(і))} is com putably enumerable. Therefore, 
we can find, effectively from to, an integer m  £  N such th a t

Го =dfn {P i | T  h  Р і(Ф  o , ..  . ,Ф а(і))} =  {P i | i £  W m }.  (8 .2)

Thereby, the first param eter m  is chosen.
Notice th a t, relation (8.2) ensures the following equality:

T  =  Го. (8.3)

For an arb itrary  set A  Q N, we denote:

T [A] =  T  +  Гі[А], where Ei[A]  =  {Фі | i £  A }  U {-Ф ^  | j  £  N \ A } .  (8.4)

Obviously, the following property is satisfied:

(V complete extension T 'o f  T )(3A  Q N )( T [A] Q T ' ). (8.5)

Inductively by the length of a formula, it is possible to  prove th a t

Г і  [A] h (Рі(Фо, .. . ,Ф а(і)))а , with (8 .6)

a  =  the value o f  “A =  р і (Х 0, . . . ,  Ха(і))”, a  £  {0,1},

where Ф1 =  Ф and =  —Ф, cf. Lemma 1.12 in [11] Ch.1, Sec.4. By adding all
formulas of the form (8 .6) w ith a  =  1 (provable from Ti[A ]), we obtain a new
presentation for the theory

T [A ] =  T  +  T 2[A], where (8.7)

r2[A] =  {Р і(Ф  o , . . . ,  Фа(і)) | A =  Р і ( Х о , . . . ,  Х а{і))}.

Moreover, we obviously have

ri[A ] Q T 2[A]. (8 .8)
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The following dependencies also take place:

£ 2[A] U £ 2[A] =  F L (o o), £ 2[A] n  £ 2[A] =  0 , w h ere  (8.9)

£2  [A] =  { P j  ̂ o , . . . ,  Фф ')) | A =  P j  ( X o , . . . ,  X j } .

By construction, we have either P i  e  £ 2 [A] or —P i  e  £ 2[A] for each i e  N. 
Thereby, presentation (8.7) ensures th a t

T [A] is a complete theory whenever it is consistent. (8.10)

Additionally, relation (8.9) ensures validity of the following property:

(VA e  Q(m )) [T [A] b P ^ o , . . . ,  Фа{€)) &  A  |= P i ( X o , . . . ,  X ^ ) ] . (8.11)

Let us prove th a t the following relation holds for the sets introduced above:

A  e  Q (m) &  £o Q £ 2[A]. (8 .12)

F irst, we assume th a t A  e  Q (m ). Consider an arb itrary  Ф e  £o. By (8.2), 
we have Ф =  P k ° (Ф0, . . .  ,Фа(к0]) for some k0 e  W m . Since A  e  Q (m )  by 
assum ption, by virtue of definition (1.6), we conclude th a t (Ук e  Wm)A |= P k . 
Taking into account the fact th a t ^  e  Wm, we obtain A  |= P k 0( X o , . . . ,  X a(k°)); 
thus, by definition (8.7), we have P k 0^ o , . . .  ,Фа(һ°)) e  £ 2[A] th a t gives the 
desired inclusion Ф e  £ 2[A].

Now, assume th a t £o Q £ 2[A]. For all i satisfying T  b  P i ^ o , . . .  ,Ф ф )) ,  
by (8.3), we obtain Pi (Фo, . . . ,  Фа(і)) e  £o; by assum ption, we have P i (Фo , . . . ,  
Фф)) e  £ 2[A]; therefore, A  |= P i ( X o , . . . ,  XaW) by (8.7). Applying again (8 .2 ) 
we conclude th a t (Vi) [ i e  W  (m) ^  A  |= P i ( X o , . . . ,  Xa^))] th a t gives the 
desired inclusion A  e  Q (m ) by definition (1.6).

Thus, (8.12) is indeed satisfied.
Now, we are going to  show th a t

(a) A  e  Q (m ) ^  T [A] is consistent and complete, (8.13)

(b) A  e  Q (m ) ^  T [A] is contradictory.

We consider two following cases.
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Case 1 : A  £ O (m ) .  From (8.7), we have T [A] =  T  +  £ 2 [A]. Consider a 
finite set Л  = {Фо, . . . ,  $rt - 1 } Q £ 2 [A]. We are going to  show th a t T  +  A  is 
consistent. Let Ф be conjunction ФоЛ. . . Л &t - 1 . From Ф, £  £ 2 [A], i < t, by rule
(8.7), we obtain Ф £  £ 2 [A]. By (8.9), we have —Ф £  £ 2 [A], thus —Ф £  £ 2[A]. 
By (8.3) and (8.12), we have T  =  £о Q £ 2[A]; thus, —Ф £  T . From this, we 
conclude th a t T  +  Ф is consistent; thereby, T  +  A  is consistent as well. Applying 
M altsev’s Compactness Theorem, we obtain th a t theory T [A] is consistent. By 
virtue of (8 .10), this theory is complete.

Case 2 : A  £  O (m ).  In this case, by (8.3) and (8 .12), we obtain T  Q £ 2[A]. 
Let Ф be a sentence in T \ £ 2[A]. By (8.9), we have Ф £  £ 2[A]; thus, —Ф £  £ 2[A] 
by virtue of (8.9). As a result, we obtain Ф £ T  Q T [A] and —Ф £  £ 2 [A] Q 
T [A]. This shows th a t the theory T [A] is contradictory.

Thereby, both  implications (8.13)(a) and (8.13)(b) are indeed satisfied. 
Applying (8.5) and (8.13), we obtain the following principal property:

{ T [A] | A  £  О (m )}  is the set o f  all complete extensions o f  T. (8.14)

This property shows th a t the set O (m )  plays the role of a param etric
presentation for Stone space of the theory T  under consideration.

We also mention the following relation taking place for all A  £ O(m):

T [A] is decidable О  A  is computable. (8.15)

Indeed, if A  is computable, the theory (8.4) is com putably axiom atizable and
complete. By Janiczack Theorem, T[A] is decidable. Conversely, the relation

i £  A  О  T[A] b  Ф,, fo r  all i £  N,

shows th a t A  is com putable whenever T [A] is decidable, for all A  £ O (m ).  
Thereby, (8.15) is established.

The following more common property takes place:

there is an integer Sо s. t. func tion  (t) is characteristic fo r  (8 .16)
N o m ( T [A]) fo r  all A  £  O (m ); moreover, sо can be found  effectively 
f ro m  ^  (by definition, Sо is a relative characteristic index o f  T [A]).

Prove this statem ent. We use notations found in [4] Sec.9.2. For finite sets 
D u , D v Q N of natural numbers, we introduce a notation for the following
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primitive propositional formula:

Pu,v =  Л  Х і  л  Д  - X j .
іЕ-Du j£Dv

Let A  be an arb itrary  subset of N and Ф be a sentence of signature of theory 
T . By virtue of (8.14), theory T [A] is complete for all A  in Q (m ).  This means 
th a t either Ф or —Ф are provable in theory T [A]. Based on presentation of 
axioms for T [A] in the form (8.4), we obtain th a t there is a pair of finite sets 
D u and D v w ith D u П D v =  0  and a Boolean value a  £  {0,1} satisfying the 
following relation

T  h  (Pu,v (Фо, . . . ,ФаМ ) ^  , (8.17)

where =  —Ф and Ф1 =  Ф .
By construction, theory T  is com putably axiomatizable. Therefore, the set 

R  of all sequences (u , v , Nom & ,a)  satisfying condition (8.17) is com putably 
enumerable. Find an integer So such th a t

W s0 =  R  =  {{u ,v ,  Nom & ,a) | u, v, Ф, and a  satisfy  (8.17)}. (8.18)

By definitions in [4] Sec.1.8, the num ber So is exactly a Godel num ber of the 
Turing machine M  enum erating the set R. Obviously, such a machine is built 
effectively from an index of theory T . Thus, we can state  th a t

a value o f  the index  So is fo u n d  effectively from  to. (8.19)

From (8.17) and (8.18) we obtain the following presentation

T [A] h Фа О  (3u, v) [ (u ,v ,  Nom & ,a) £  R  Л D u Q A  Л D v Q N \  A  ].
(8 .20)

Consider the passage to a normalized set W s0 ^  Wp(s0), where both the term  
’normalized’ and the function p(x)  is defined in [4] Sec.9.2. By definitions (8.17) 
and (8.18), the set W s0 =  R  is regular relative to  the cases w ith consistent 
theory T [A], i.e., the value of a  depending on Ф in the left-hand side expression 
in (8.17) is uniquely determ ined whenever A  £ f2(m); as for the cases A  £  
Q (m ),  the value of a  in (8.17) w ith given Ф does not m atter for our purposes. 
By construction, the normalization procedure may not change ’correct’ cases 
involved in relation (8.17) with A  £  Q (m ).  Thus, we obtain finally the following
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new form of the relation which is a simple reformulation of (8 .20), for all 
Ф £ SL(a),  A  £  O (m ),  and a  £  {0,1}:

T  [A] b Фа О  (3 u ,v ) [  {u,v ,  Nom & ,a) £  W p ŝo) Л D u Q A  Л D v Q N \ A  ].
(8.21)

On the other hand, we have the following standard presentation for com puta­
bility w ith an oracle, cf. [4] Sec.9.2:

Pso(t) = a  О  (3u, v )[ { u , v , t , a ) £  W p ŝ0) Л D u Q A  Л D v Q N \ A ]. (8.22)

Combining relations (8.21) and (8.22) together, we obtain the following sum­
m ary statem ent:

T [A] b Фа О  pA0 (Nom Ф) = a, (8.23)

for all Ф £ SL(a),  A  £  O (m ),  a  £  {0,1}, th a t is exactly w hat is required for 
(8.16); moreover, an additional statem ent (8.19) is also established showing 
effectiveness of the presentation (8.16).

Choice o f  the parameter s . Main aim of the param eter s is to  control 
model theoretic-properties w ithin the layer M1L°. To choose s, we are going to 
m anipulate with the Tarski-Lindenbaum  algebras L k ( T [A]) of the theory T [A] 
under formulas w ith k  free variables Xо, x 1, . . . ,  xk- 1 for 1 ^  k  < ш.

We are in a position to  organize a com putation with a pair of input 
param eters A  and k , where A  plays the role of an oracle, while k  is a 
positive integer. A scheme below specifies both  param eters and objects in this 
com putation:

A n  input parameter A  Q N, a working parameter k  £  N \{ 0 } ; (8.24)

Schem e o f transformation :

A  —  by rule (8.4)

T [A] — by rule (6.2)

L k ( T [A]), 1 ^  k < ш —  by rule (6.7)

D (k^[A] = t r e e (L k ( T [A])), 1 ̂  k  < ш —  by rule (6.8)

V (k)[A] = T r e e ( D (k)[A]), 1 <  k < ш  —  by rule (3.9)

Result (final gathering) : V [ A ] =  0 V (k^[A].
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Objects involved in the com putation form a chain of transform ations from a 
given theory T [A] to its Tarski-Lindenbaum algebras Lk ( T [A]), then, to  normal 
trees, further, to compact trees, and finally, to  the direct sum of the obtained 
sequence of compact binary trees. The right-hand side of the scheme points out 
rules providing the transform ations a t each stage. Notice th a t, in the chain of 
transform ations as a whole, the set A  Q N plays the role of a free param eter, 
while к  plays the role of a tem porary bounded param eter; к  disappears a t the 
final stage having performed the role of an index in the sum operation of a 
sequence of compact binary trees.

Hereafter, we denote by M A  a Turing machine having Godel num ber p  in 
com putation w ith an oracle A  Q N, cf. [4] Sec.9.2, while M ^ ( . . .) means a 
result of com putation on this machine w ith the pointed out input param eters.

By statem ent (8.16), theory T [A] is presented by a com putable function 
^ A  (t) defined by an index so e  N in com putation with an oracle A. 
By definition, cf. [4] Sec.9.2, this means th a t machine M A  (x) computes 
characteristic function of the theory T [A] whenever A  e  Q (m ). Using M A  (x) 
as a subroutine, we can build a new Turing machine M A  such th a t M A  (к, x)  
computes characteristic function of the natural tree D (k)[A] for all A  e  
Q (m ). W hile programming for M A , we have to use internal details of the 
transform ation procedure from the Tarski-Lindenbaum  algebras to natural 
trees described in (6.7). In turn , the machine M A  can be extended to  a Turing 
machine M A such th a t M A  ( к ^ )  enum erates compact binary tree D (k)[A]; 
i.e., we have D (k)[A] =  { t  | M f 2 (к, t) j}  for all A  e  Q (m ). W hile programming 
for M A , we have to  use internal details of the transform ation procedure from 
natural trees to  compact trees described in (6 .8). Finally, the machine M A  
can be extended to  a Turing machine M A (having a Godel num ber s) such 
th a t M A (x) enum erates compact binary tree D[A] th a t was obtained at the 
final stage of the chain (8.24); i.e., the following equality takes place for all 
A  e  Q(m):

D[A] =  { t  | M A ( t )  j} .

On the other hand, we have { t  | M f ( t )  j}  =  W A  in accordance with the 
definition given in [4] Sec.9.3. Thus we obtain the following equalities for all 
A  e  Q(m):

D[A] =  0 D (k)[A] =  { t  | M f ( t )  j}  =  WsA . (8.25)

М а т е м а т и ч е с к и й  ж у р н а л  2014■ Том 14■ № 3 (53)



C a n o n i c a l  m i n i  c o n s t r u c t i o n  o f  f i n i t e l y  a x i o m a t i z a b l e  t h e o r i e s 8 3

Since set Wsr in (8.25) coincides w ith a tree D[A], closure of Wsr up to  a 
compact binary tree must coincide with the set W S  itself; thus, from definition 
(3.4), we obtain th a t D f  =  W f . From this, together with (8.25), we obtain 
finally

VA JD (k') [A], fo r  all A  £  Q (m ). (8 .26)0  1^ k < ^

A rgum entation above shows th a t s is found effectively from a week c.e. index 
to of the source theory T .

Thereby, the second param eter S is also chosen.
To this end, we have found a pair of integer param eters (m , S). Based on 

these param eters, we construct a finitely axiomatizable theory F  =  Fc(m , S, a). 
Now, our aim is to  define a com putable isomorphism x  : L ( T ) — L ( F ). Main 
idea is based on the fact th a t Stone spaces (7.2) and (8.14) of theories F  and 
T  are defined via the same param etric space Q (m ).

In accordance with Theorem  7.1, there is a com putable sequence of 
sentences Өі, i £  N, defined in theory Fc(m , s) th a t satisfies all conditions posed 
in the formulation of the canonical construction. Using generating sequence 
(8 .1) for L ( T ), first, we define a partial m apping

fx : Фі I—— Өі, i £  N. (8 .27)

The following chain of equivalences takes place for any Р і £  FRM(a°), i £  N:

T  h  р і (Ф0, . . .  ,Фа(і)) О  immediately

( V T ' £  S t(T ) ) T '  h  Р і (Фо, . .  .,Фа(і)) о  by (8.14)

(VA £ Q (m ))  T [A] h Рі(Фо, . . . ,  Фф )) О  by (8.11)

(VA £ Q (m ))  A  =  р і О  by (7.4)

(VA £  Q (m ))  Fc(m , s)[A] h Рі(Өо, . . . ,  Өа(і)) О  by (7.2)

( V F ' £  S t(Fc(m , s)) ) F ' h  р і (Ө0, . . . ,  Өа(і)) О  immediately

F c (m ,s )  h Р і (Өo, . . . ,Ө а(і)) .

Thereby, Lemma 2.2 is applicable ensuring th a t the mapping (8.27) can 
be extended to  a com putable isomorphism between the Tarski-Lindenbaum  
algebras

X : L ( T ) —  L (F ) .  (8.28)
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Moreover, ц  maps any complete extension T [A], A  £ O (m ),  of theory T  
in corresponding complete extension Fc(m ,s)[A ] of the target theory F  =  
Fc (m ,s ) .  Let us show th a t ц  preserves all model-theoretic properties w ithin 
the semantic layer M1L°.

In the chains of transform ations below, initially, we pass from a complete 
theory to  its Tarski-Lindenbaum  algebra under formulas w ith k  free variables 
by rule (6.2) for all k ; then we pass to  a natural binary tree by rule (6.7); after 
th a t, we apply the compactification operation passing to a compact binary 
tree by rule (6 .8). Finally, we gather all these compact trees together and 
analyze the family of chains of the sum m ary tree confirming preservation of 
the model-theoretic property under consideration. A ppropriate parts of Claim 
0.3 are used presenting known criteria of existence of prime and countable 
saturated  models as well as characterization of their algorithmic complexity. 
Both structural and algorithmic properties of the transform ations ct2Lk , b2n, 
and n2c  are also used, which are presented in Lemma 6.1, Lemma 6.2, and 
Lemma 6.3, as well as in Lemma 6.4.

F irst, we consider the property of existence of a prime model. Based on 
the Vaught criteria presented in Claim 0.3 (a), we have the following chain of 
equivalences:

T[A] has a prim e model О  (8.29)

( i k  £  N \{ 0 } ) ( Tarski-Lindenbaum algebra L k ( T [A]) is atomic) О

( i k  £  N \{ 0 } ) (D (k)[A] is atomic) О

( i k  £  N \{ 0 } ) (V (k)[A] is atomic) О

V ss is atomic О

Fc(m ,s)[A ] has a prim e model.

Now, we tu rn  to the property of strong constructivizability of a prime 
model. Assume th a t theory T [A] has a prime model N . The case when A  is 
not com putable is trivial because, in this case, by (7.3) and (8.15), both  theories 
T [A] and Fc(m ,s)[A ] are undecidable; thereby, each of them  does not have a 
s.c. prime model. Now, we consider the opposite case when A  is computable. 
Since T [A] is supposed to  have a prime model, all parts in the chain (8.29) 
must be satisfied. Based on these assum ptions together w ith Claim 0.3 (b), we
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have the following chain of equivalences:

T [A] has a strongly constructivizable prim e model &

N  is strongly constructivisable &

the fam ily  o f  principal types realized in  N  is computable &  

the sequence П iSO(D (k)[A]), к e  N \  {0 }, is strongly computable; i.e., 

there is a sequence o f numerations Vk : N ^  D (k)[A] such that the set 

{ (к , n , t ) | t  e  Vk(n)} is computable &

the sequence П fin (D (k)[A]), к e  N \  {0 }, is computable; i.e., 

there is a sequence o f numerations Vk : N ^  D (k)[A] such that the set  

{ (к , n , t ) | t  e  Vk(n)} is computably enumerable &  

n fin  (d A) is computable &

Fc(m ,s)[A ] has a strongly constructivizable prim e model.
(8 .30)

Further, we consider the property of algorithmic dimension of a prime 
model. Assume th a t a prime model N  of theory T [A] exists and is strongly 
constructivizable. In this case, the theory T [A] is decidable; thus, by (8.15), 
the set A  must be computable; moreover, all parts in the chains of equivalences 
(8.29) and (8.30) m ast be satisfied. Based on these assum ptions together with 
Claim 0.3(c), we have the following chain of equivalences:

T [A] has a strongly constructivizable prim e model o f  the d imension  1 &

N  has the algorithmic d imension  1 &

the fam ily  o f  atomic formulas o f  T h(N ) is computable &

the fam ily  o f  atomic nodes in  D (k)[A], к e  N \  { 0 }, is computable &

the fam ily  o f  dead-ends in D (k') [A], к e  N \  { 0 }, is computable &

the fam ily  o f  dead-ends in DSA is computable &

Fc(m ,s)[A ] has a strongly constructivizable prim e model o f  the d imension 1. 

Now, we tu rn  to  the property of existence of a countable saturated  model.
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Based on Claim 0.3(d), we have the following chain of equivalences:

T[A] has a countable saturated model О

( i k  £  N \{ 0 } ) ( Tarski-Lindenbaum algebra L k ( T [A]) is s

( i k  £  N \  {0})(D (k)[A] is superatomic О

( i k  £  N \  {0})(V (k)[A] is superatomic) О

V ss is superatomic О

uperatomic) О

(8.31)

Fc(m , s)[A] has a countable saturated model.

Finally, we tu rn  to  the property of strong constructivizability of a countable 
saturated  model. Assume th a t theory T [A] has a countable saturated  model 
M . The case when A  is not com putable is trivial because, in this case, by
(7.3) and (8.15), both theories T [A] and Fc(m , s)[A] are undecidable; thereby, 
each of them  does not have a s.c. countable saturated  model. Now, we consider 
the opposite case when A  is computable. Since T [A] is supposed to  have a 
countable saturated  model, all parts in the chain (8.31) must be satisfied. 
Based on these assum ptions together with Claim 0.3 (e), we have the following 
chain of equivalences:

T[A] has a strongly constructivizable countable saturated model О

M  is strongly constructivisable О

the fam ily  o f  all types realized in M  is computable О

the sequence П ( D (k)[A]), k  £  N \  {0}, is strongly computable; i.e.,

there is a sequence o f  numerations Vk : N — D (k') [A] such that the set

{ ( k ,n , t )  I t  £  vk (n)}  is computable О

the sequence П ( V (k  [A]), k  £  N \  {0}, is computable; i.e.,

there is a sequence o f  numerations Vk : N — V (k') [A] such that the set

{ ( k ,n , t )  I t  £  Vk(n)} is computably enumerable О

П ( V A) is computable О

Fc(m ,s)[A ] has a strongly constructivizable countable saturated model.
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This shows th a t, the obtained isomorphism x  indeed preserves all model- 
theoretic properties w ithin the layer M1L°.

Proof of Theorem  8.1 is complete. □

C o nclusion

In this work, we describe a construction called canonical-mini th a t actually 
represents a mini-version of the universal construction. It is defined by a 
standard  formulation for the universal construction supporting not so large 
layer of model-theoretic properties. Moreover, the canonical-mini construction 
turns out to be much simpler for understanding in comparison w ith any normal 
version of the universal construction.

High complexity of the universal construction represents a certain psycho­
logical barrier while studying results obtained on the base of this construction. 
The fact of availability of a mini-version of the universal construction th a t is 
more accessible for studying reduces this barrier. As for the results concerned 
with particular collections of model-theoretic properties, for such a result, we 
need to  apply a suitable version of the universal construction th a t supports this 
set of properties. In the other case of results of a common character, a subject 
of the statem ent is the layer of properties controlled by an available version of 
the universal construction. In this case, w ithout spending big efforts, we can 
first consider this result based on the mini-version of the universal construction. 
Subsequently, by a ttrac ting  some stronger (however, more complicated) version 
of the universal construction, we will be able to extend this result up to the 
infinitary semantic layer MQL  or maybe its large enough part.

A few open questions.

Q u estio n  9.1. Is there a routine consequence of the canonical construction 
presenting a weak release of the universal construction of finitely axiomatizable 
theories th a t can control the property “theory is w-stable”?

Q u e s t io n  9.2. Is there a release of the universal construction of finitely 
axiom atizable theories controlling some model-theoretic property p th a t is not 
included in the infinitary semantic layer MQL?
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Перетятькин М.Г. ӘМ БЕБАП Қ Ү РЫ Л Ы М Н Ы Ң  ӘЛСГЗ ТҮ РПА ТЫ Н 
ҮСЫ НАТЫ Н А Қ Ы РЛ Ы  АКСИОМ АЛАУШ Ы  ТЕО РИ Я Л А РД Ы Ң  КА- 
Н О Н Д Ы Қ  МИНИ ҚҮ РЫ Л Ы М Ы

Ж үм ы ста, ақырлы аксиомалаушы теориялардың канондық қүрылы- 
мының қолда бар нүсқасына сүйене отырып, 6 із канондық мини қүрылым 
деп аталатын осы қүрылымның белгілі бір әлсіретілген түрпатын шыға- 
рамыз. Ш ыққан қүрылым теориялық-модельдік қасиеттердің салыстыр- 
малы түрде кішігірім (дегенмен, тривиалды емес) семантикалық қабатын 
бақылай отырып, ақырлы аксиомалаушы теориялардың әмбебап қүры- 
лымының дағдылы түжырымдамасын иеленген. Осыған байланысты, ка- 
нондық мини қүрылым әмбебапты-ішкіканондық қүрылым деп те аталуы 
мүмкін. Канондық мини қүрылым инфинитарлы семантикалық қабаттың 
қандайда бір ішкіқабатын сүйемелдейді және әмбебап қүрылымның, түсі- 
нуге қолайлы әрі едәуір қарапайым дәлелдеумен тиімді түрде өзгешеле- 
нетін, жеңілдетілген нүсқасының рөлін атқара алады.

Перетятькин М.Г. КА Н О Н И ЧЕСК А Я МИНИ К О Н С ТРУ К Ц И Я  КО­
НЕЧНО АКСИ ОМ АТИЗИ РУЕМ Ы Х ТЕО РИ Й  П РЕД С ТА В Л Я Ю Щ А Я 
СЛАБУЮ  ВЕРСИ Ю  У Н И В ЕРС А Л ЬН О Й  К О Н С ТРУ КЦ И И

В работе, опираясь на существующую версию канонической конструк­
ции конечно аксиоматизируемых теорий, мы выводим некоторую ослаб­
ленную форму этой же конструкции которая называется канонической 
мини конструкцией. Полученная конструкция имеет стандартную форму­
лировку универсальной конструкции конечно аксиоматизируемых теорий, 
контролирующих сравнительно небольшой (тем не менее, нетривиальный) 
семантический слой теоретико-модельных свойств. Ввиду этого, канони­
ческая мини конструкция такж е может быть названа универсальной-под- 
канонической конструкцией. Каноническая мини конструкция, поддержи­
вающая некоторый подслой инфинитарного семантического слоя, может 
выполнять роль упрощенной версии универсальной конструкции, выгод­
но отличается от последней существенно более простым и доступным для 
понимания доказательством.
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R E C E N T  A C H IE V E M E N T S  IN  C H I-S Q U A R E D  T Y P E  
G O O D N E S S -O F -F IT  T E S T IN G

During last ten years much have been done for the theory and applications of 
widely used modified chi-squared type goodness-of-fit tests. In this account we 
briefly consider the main achievements in that direction emphasizing the input 
made by researchers from the Institute for Mathematics and Mathematical 
Modeling of the Ministry of Education and Science of the Republic of 
Kazakhstan.
Keywords: Modified chi-squared type tests, decomposition of tests, Wald’s 
method, vector-valued tests, tests for multivariate normality, misusing of 
Pearson’s sum.

1 H isto ry  and  in t r o d u c tio n

The famous chi-squared goodness-of-fit test has been discovered by Karl 
Pearson in 1900. If observations are grouped over r  disjoined intervals Д і and

(n)denoting N- J observed frequencies corresponding to a m ultinomial scheme 
and и р і (Ө) expected, the Pearson’s sum is w ritten

=  j r  ( N i n , ~  и ө ;т > 2 =  v (n)T ( ө ) ү (п)(ө), (i)
и Рі(ө)
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where V (n) (Ө) is a vector of standardized frequencies w ith components 

v(n) (Ө) = (N (n) -  и р і(Ө ))/(  ир і(Ө ))1/2, i = 1 , . . . , r ,  Ө e  Ө  С R s .

If the num ber of observations и  ^  to , the statistic (1) will follow in the limit 
the chi-squared probability distribution with r -  1 degrees of freedom. We know 
th a t this remarkable result is true only for a simple null hypothesis, when a 
hypothetical distribution is specified uniquely (a param eter Ө is considered 
to  be known). Up to  1934 Pearson believed th a t the limit distribution 
of the statistic (1) will be the same if unknown param eters of the null 
hypothesis are replaced by estim ates based on a sample. In view of this it 
is of interest to  reproduce the citation of Plackett [1], p.69, concerning the 
E.S. Pearson’s opinion: "I knew long ago th a t KP (Karl Pirson) used the 
’correct’ degrees of freedom for (a) difference between two samples and (b) 
m ultiple contingency tables. But he could not see th a t x 2 in curve fitting 
should be got asym ptotically into the same category". Plackett explained 
th a t this crucial m istake of Pearson aroused due to K arl’s assum ption "that 
individual norm ality implies joint norm ality". Fisher [2] clearly showed th a t 
the number of degrees of freedom of the Pearson’s test must be reduced 
by the number s of param eters estim ated by a sample. To this point it 
m ust be added th a t F isher’s result is true if and only if param eters are 
estim ated by the vector of frequencies (minimizing Pearson’s chi-squared sum, 
using m ultinomial maximum likelihood estim ates (MLEs), or by any other 
asym ptotically equivalent procedure (see, e.g., [3], p.74)). Such estimates 
based on a vector of frequencies, which is not in general the vector of 
sufficient statistics, are not asym ptotically efficient. Nowadays the Pearson’s 
test with unknown param eters replaced by estim ates Өп based on the vector 
of frequencies is known as Pearson-Fisher (PF) test

Х І Ф п )  =  r  ( N  ) -  r( ' ^ n))2 = Y (n)T(Өп ) Ү (п)(Өп). (2)
і_ 1 и Рі(Өп )

Dzhaparidze and Nikulin [4] proposed a modification of the standard Pearson’s 
statistic (DN test) valid for any square root of и  consistent estim ate Өп of an 
unknown param eter

и2(Өп) = Y (n)T (Өп)(і -  B n (B n  B n ) - 1 в п  ) Ү (п)(Өп), (3)
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where B n is an estim ate of the m atrix  B  with elements

b =  1 f  d f  (X, Ө) dx  i = 1 r i  =  1 s
к  у ш Һ  щ  d x  i = 1 , - , r , j = 1 , - - - , s ’

where f  (x,  Ө) is a hypothetical probability density function. This test being 
asym ptotically equivalent to  the Pearson-Fisher statistic in many cases is 
not powerful for equiprobable cells (see [5]) but is rather powerful if an 
alternative hypothesis is specified and one uses the Neym an-Pearson classes 
for constructing the vector of frequencies.

Even after F isher’s clarification many statisticians thought th a t applying 
Pearson’s test one may use estim ates (e.g., MLE) based on non-grouped (raw) 
data. Chernoff and Lehmann [6] showed th a t replacing unknown param eters 
in (1) by their MLEs based on non-grouped da ta  would dram atically change 
the limit distribution of Pearson’s sum. In this case it will follow a distribution 
th a t in general depends on unknown param eters and, hence, cannot be used 
for testing. In our opinion w hat is difficult to  understand for those who apply 
chi-squared tests is th a t an estim ate is a realization of a random  variable with 
its own probability distribution and th a t a particular estim ate can be too far 
from the actual unknown value of a param eter or param eters.

Thus a problem of deriving a test statistic which limiting distribution will 
not depend on param eters aroused. Several researchers showed th a t for location 
and scale families w ith proper chosen random  cells the limit distribution of 
Pearson’s sum will not depend on unknown param eters depending only on the 
null hypothesis. Being distribution free such tests can be used in practice, but 
for each specific null distribution one has to evaluate corresponding critical 
values. So, two ways of constructing distribution free Pearson’s type tests 
considered are: to  use proper estim ates of unknown param eters (e.g., based 
on grouped data), or to  use specially constructed grouping intervals. Another 
possible way is to modify the Pearson’s sum such th a t its limit probability 
distribution would not depend on unknowns. Later it was shown th a t the 
limit d istribution of a vector of standardized frequencies with any efficient 
estim ator (e.g., MLE or the best asym ptotically normal (BAN) estim ator) 
instead of unknown param eter would be m ultivariate normal and will not 
depend on the fact th a t boundaries of cells are fixed or random. Nikulin [7] 
using the above results and a very general theoretical approach (nowadays
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known as W ald’s method) solved the problem in full for any continuous and 
discrete probability d istribution if one will use grouping intervals based on 
predeterm ined probabilities to  fall into a cell. One year later Rao and Robson 
[8] using an heuristic approach obtained the same result for a particular case 
of the exponential family of distributions. Formally their result

Y іП(Өп ) = x n (Өп ) +  V (n)T(Өп ) В п (Зп -  J gn) - l B Tn V t n\ e n ), (4)

where J n and J gn =  B T B n are estim ators of Fisher information matrices J  for 
non-grouped and J g for grouped d a ta  correspondingly, is identically equal to 
th a t of Nikulin [7]. The statistic  (4) can also be presented as

Y і П(Өп) = V {n)T(Өn)(I -  B t J - 'b T ) -1 У (п)(Өп). (5)

The statistic (4) or (5), suggested first by Nikulin for testing the normality, 
will be referred to  in the sequel as Nikulin-Rao-Robson (NRR) test. Nikulin 
assumed th a t only efficient estim ates of unknown param eters (e.g., MLEs based 
on non-grouped d a ta  or BAN estim ates) are used for testing.

Hsuan and Robson [9] showed th a t a modified statistic would be quite 
different in case of using moment type estim ators (MMEs) of unknown 
param eters. They succeeded in deriving the limit covariance m atrix  for 
standardized frequencies Vi(On ), where Bn is the MME of Ө and proving the 
theorem  th a t a corresponding W ald’s quadratic form will follow in the limit 
the chi-squared distribution. Hsuan and Robson provided the test statistic 
explicitly for the exponential family of distributions when MMEs coincide with 
MLEs, thus confirming already known result of Nikulin. Hsuan and Robson 
were unable to  derive the general modified test based on MMEs Өп explicitly. 
This was done later by Mirvaliev [10]. Taking into account the input of Hsuan 
and Robson and Mirvaliev, we suggest calling this test as a Hsuan-Robson- 
Mirvaliev (HRM) statistic

Y 2П(Өп) =  x 2n ( K ) +  R 2n f i n )  -  я ПФп). (6)

Moore [11] based on W ald’s approach suggested a general recipe for 
constructing modified chi-squared tests for any square root of n  consistent 
estim ator, which actually is a slight generalization of Nikulin’s idea, since it 
includes also the case of fixed grouping cells, which is not im portant because
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nobody knows a ’priory how to partite  the sample space onto fixed cells if 
probability distribution to be tested is unknown. Moore has not specified those 
tests for a particular s jn  - consistent estim ator, but has noted th a t a resulting 
W ald’s quadratic form does not depend on the way of limit covariance m atrix 
inverting.

The im portant input to  the theory of modified chi-squared goodness-of- 
fit tests has been done by McCulloch [12] and Mirvaliev [10] who considered 
two types of a decomposition of tests. The first is a decomposition of a test 
on a sum of the DN statistic and asym ptotically independent on the DN test 
additional quadratic form. Denoting W,2f t )  = V (n)T(Ө )В (В ТB )-1 B TУ (га)(Ө) 
and РІ(Ө) = V (n)T(Ө )В (З  — Jg ) -1  В т У (п)(Ө) the decomposition of the NRR 
statistic (4) in case of MLEs will be

Y  іП(Өп) = иП(ө n) +  (W,2(0) +  P 2(0n)) ,  (7)

where U 2(dn ) is independent on ( W 2(d) +  Р 2(Өп)), and on W 2(e).  The 
decomposition of the HRM statistic  (6) is

Y 2П(Өп) = U&On) + № ( Ө )  + R l (Өп) -  Я І(Ө п)), (8)

where и ^ Ө п )  is independent on (Wп (Ө) + Rn(On ) — ОПФп)), but is asym­
ptotically correlated with Wnl(O). The second way decomposes a modified test 
on a sum of classical Pearson’s test and a correcting term , which makes it chi- 
squared distributed in the limit, and independent on unknown param eters (see
(4) and (6)). This representation for NRR statistic was first used by Nikulin. 
The case of MMEs was first investigated by Mirvaliev. The decomposition of 
a modified chi-squared test on a sum of the DN statistic and an additional 
term  is of im portance because the DN test based on non-grouped da ta  is 
asym ptotically equivalent to  the Pearson-Fisher’s (PF) statistic for grouped 
data. Hence, th a t additional term  takes into account the Fisher’s information 
lost due to  grouping. Later it was shown (Voinov et al [5]) th a t the DN part 
like the P F  test is in many cases insensitive to  an alternative hypothesis in case 
of equiprobable cells (fixed or random) and would be sensitive to  it for, e.g., 
non-equiprobable Neyman-Pearson classes. For equiprobable cells this suggests 
using the difference between a modified statistic and the DN part th a t will be 
the most powerful in case of equiprobable cells (McCulloch [12], Voinov et al
[5]).
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Ronald Fisher noted th a t "in some cases it is possible to  separate the 
contributions to x 2 made by the individual degrees of freedom, and so to 
test the separate components of a discrepancy". Cochran [13] wrote " tha t the 
usual x 2 tests are often insensitive, and do not indicate significant results when 
the null hypothesis is actually false" and suggested to  "use a single degree of 
freedom, or a group of degrees of freedom, from the to ta l x 2" , to  obtain more 
powerful and appropriate test. The problem of an im plem entation of the idea of 
Fisher and Cochran was th a t decompositions of Pearson’s sum and modified 
test statistics were not known at th a t time. Voinov [14] obtained explicitly 
a decomposition of Pearson-Fisher’s and Dzhaparidze-Nikulin’s statistics. A 
param etric decomposition of the NRR and HRM statistics were obtained by 
Voinov et al [15] explicitely.

Voinov and Pya [16] introduced new vector-valued goodness-of-fit tests 
(based, e.g., on above discussed components of statistics or on any combination 
of param etric and non-param etric tests) th a t in some cases provide a gain in 
power for specified alternatives.

2 E quivalence  o f  t h e  n r r  and  hrm  t est s

Consider the exponential family of distributions w ith density

f  (x; Ө) = h(x )  exp { £  Өj  x j  + V  ( Ө ) , x e X  С R 1 , (9)

where X  is open in R 1, X  =  {x : f(x; Ө) >  0}, and Ө e  Ө  С R s . The family 
in (9) contains, e.g., such distributions as Poisson, exponential, normal, and 
many others. Assume th a t the support X  does not depend on Ө, the s x s 
m atrix  w ith elements

h  =  i i  = 1 s
Ні j = -  З Ө д Ө ^  i , j  =  l , ■■■,ss

is positive definite on Ө, and the population moments m j (Ө) =  Е ө ( X j ), j  =  
1, . . .  , s,  exist.

Differentiating the equality f x&x f(x; Ө)ёх =  1 w ith respect to Өj we get 

( d f ( x '-e)-dx = m j m  + a- V ^  = 0.

x£X
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It follows th a t moments of the distribution in (9) are m j  ( Ө) = -  dVd j ) , j  =  
1, . .  . , s .  J

Consider a HRM statistic

y 2П(Өп) = х П(Өn) +  R 2n ( ^ )  -  я ПФп), (10)

where

R T ^ t ) =  V (n)T( Өп )С (У  -  C TC )- 1 C t У (п)(Өп), (11)

ЯПФп)  = V (n)T(Өп )А (С  -  B K -1 V )L - 1 (C  -  B K -1 V )t A V (t) (ө п), (12) 

C  is n s  m atrix  w ith elements

Cjk (Ө) 1
V p j (ө)

( \
J  x k f  (x; Ө)йх -  p j (Ө)ти(Ө)

Ц J
(13)

j  =  1, ■ ■ ■ k = 1 , . . .  , s,

V  is the s x s m atrix  with elements Vij = m ij  (Ө) -  m i ^ ) m j  (Ө), i , j  =  1, ■ ■ ■ , s,  
m atrix A  being A  =  I -  q q T +  C (V  -  C TC )-1 C t , K  is a s x  s m atrix 
w ith elements K ij  = f  x id f  (x; Ө)/дӨjdx,  i , j  =  1, ■ ■ ■ , s ,  and L is V  +  (C -
B K -1 V )t A (C  -  b k -1 v ).

In 2004 Voinov and Pya [17] proved the following

T h e o re m  1. A ssu m e conditions stated above hold. Then, fo r  the exponential
T (Өп) and H R M  Y 2 T (Өп)fam ily  o f  distributions in (9) the N R R  Y 1 T (Өп) and H R M  Y 2T  (өп ) statistics

are identical.

Proof. The complete proof of the identity Y  1П(Өп ) = Y 2П(Өп ) is given, e.g., in
[18], p. 102.

Since for the exponential family of distributions in (9) MMEs can typically 
be constructed easier than  MLEs, then due to  the identity Y  1П(Өп ) = Y 2П(Өп ) 
one may use the statistic in (4) or in (5) th a t com putationally is much simpler 
than  to  use the statistic  in (10) with too many matrices m anipulations.
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3 C o m po n e n t s  o f  c h i-sq u a red  test s

Decompositions of different chi-squared type tests th a t are im portant 
for constructing the most power tests are based on the specific linear 
transform ation described, e.g. in [18], p.14.

Let Z =  ( Z 1, . . . ,  Z r )T be a random  vector such th a t E Z  =  0, E (Z Z T) =  
D  =  (di j ), the rank R (D ) of D  being k  < r. Denote

Z (i) = ( Z 1j ■ ■ ■ , Z i)T ! D i = E ( Z (i)

di(j) =  C ov(Z i, Z(j)), d(i)j =  C o v (Z (i) ,Z j), i , j  =  1 , . . . , k .

Consider the linearly transform ed vector S(t) = (51 } , 5t )T w ith components

1
5i =

v /|D i-1 ||D i|
D i-1 Z (i-1)

d T Z ii( i -  1) i
, i = 1 , . . . , t ,  t  = 1 , . . . , R ( D ) .  (14)

The components of S(t) are all normalized and uncorrelated, i.e. E 5(t) =  
0, ^  {S(t)S(t)T } =  I t , where I t is the t x t  identity m atrix, and E ^ j  = 0, i =  j .

T h e o re m  2. The following decomposition o f  the quadratic fo rm  Z ^ D - 1 Z(t) 
holds:

Z (t)D -1Z(t) =  5f + ••• + S l , t  = 1 , . . . ,  R ( D ) .  (15)

C o r o l l a r y  1. Let a r  x r m atrix  D  be non-negative definite o f  rank k. Then

T T D -1 0
R D R T =  I fc, R TR  ' k 0

( D0 - ‘ 0 ) =  D

where R  =  (R^ .0), and  R& is a lower triangular m atr ix  with elements 

ru = ( l Di - 1 l / l Di \ ) l /2, i =  1 , . . . , k ,

rij =  —riidT(i_1)( D --1 )j , j  = 1, . . . , i  — 1. (16)
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In (16) ф і)j  denotes the j - th  column of the leading sub-m atrix of order 
i x  i of the m atrix  D .

The detailed proof of these im portant results is given, e.g., in the book [18], 
pp. 15-16.

The explicit decompositions of P F  (2), DN (3), NRR (5), and HRM (8) 
tests are all based on the Theorem 2. Decompositions of P F  and DN statistics 
obtained in [14] can be formulated as follows.

T h e o re m  3. Under the usual regularity conditions, the following decomposi­
tion o f  the D N  statistic holds:

и п (Өп) = 51(Өп) + + t f - s - M ,  (17)

where components 5і (Өп ) are independently distributed as x1 in the limit.

The explicit formulas for 5і (Өп ) are provided, e.g., in [18], p.23.
The P F  and DN statistics are asym ptotically equivalent and possess 

the same decompositions. The only difference is th a t the DN test uses any 
y^-consisten t estim ators based on the raw data, and the P F  test uses 
estim ators (e.g., MLEs Өп ) based on grouped data. T h a t is why the following 
decomposition of the P F  test holds:

х п (Ө п) = 5\Ф п )  + + 5t - s - 1  (Өп)-

Theorem  1 perm its to  decompose the NRR and the HRM quadratic forms
as

Y  ̂ п ф п  ) =  51ф п )  + ••• +  5Г-1( Өп) (18)

and

Y  ̂ п ф п ) =  51Фп)  +  • • • +  5‘І - 1 (^п)  (19)

respectively. Explicit formulas for 52ф п ) and 52(Өп ) are given, e.g., in [18], pp. 
38, and 100.

Decompositions (18) and (19) show th a t statistics Y  1п(Өп ) and Y 2?п (Өп ) 
possess in the limit the chi-squared distribution with r -  1 degrees of freedom. 
These facts can be considered as alternative proofs of the well-known results 
obtained previously by other means.
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Another im portant feature of decompositions of test statistics is th a t they
perm it to  realize the idea of Cochran [13] (see Section 1). Some numerical
examples are given in [14].

4 V e c t o r -valued  test s

Vector-valued goodness-of-fit tests were introduced by Voinov and Pya [16]. 
It was shown th a t such tests may possess noticeably higher power than  th a t 
of components of a vector implemented independently.

Consider the following artificial example of testing a simple null hypothesis 
versus a simple alternative:

Ho : P ( X  < x)  = F ( x ) ,  Ha : P ( X  < x)  = G(x) .

Let Y-T and Y^n be two independent statistics such th a t in the limit

P (Y in  < y\Ho) = P ( Y 22n < y\Ho) = P (x 4  < y),

P (Y in  < y\Ha) = P ( Y l  < y\Ha) = P ( x l ( 3 5 )  < y),

where x4  is the central chi-square random  variable with 4 degrees of freedom, 
and x 4 ( 3 5 )  is the non-central chi-square random  variable w ith 4 degrees of 
freedom and non-centrality param eter of 3.5.

Consider a two-dimensional vector-valued test V n =  (Yin ,Y i n )T  w ith the 
rejection region S 1 of the intersection-type, i.e. S 1 = (Yin > y 1) П (Y^n > y 1). 
Since Y-T and Y22n are independent and identically distributed, the probability 
of falling into S 1 under H 0 will be

P  {(Y in  > y i\H o)  n  (Yin > y i \ Ho) }  =  

= P (Y in  > y i \H o )P (Y in  > y i\H o) =  «2 =  a ,

where a 1 is the level of significance of any component Y T , i = 1,2, and a  is 
the size (or type I error) of the vector-valued test V n . Assume we wish to  use 
a  =  0.05, then a 1 = 0.2236, in which case the critical value y 1 of x 2 random 
variable will be y 1 =  5.69. In this case, the power of the vector-valued test V n 
is determined as

p ( V n e  S i \H a ) = p (Y in > y i \H a )P (Y in  > y i H ) =  0.343.
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At the same time, power of each component of У п for the same level of 
significance a  =  0.05 is

P ( Y l  > V2\Ha) = P ( Y l  > V2\Ha) = 0.282,

where y 2 =  9.49. Thus, we see th a t the power of У п is 1.216 times more than  
th a t of the components Ү 2п , i = 1,2,  implemented independently.

Consider the vector-valued test У п =  (ҮЩ, Ү2п)т w ith the rejection region 
S 2 of the union-type, i.e. S 2 = (ҮЩ > у з) U (ҮЩ > уз). Suppose we set again 
a  = 0.05. Then

P (У п  e  S 2\ H o ) =  P  {(Ү 2п >  Уз\Но) U (Ү22п >  уз\Но)}

=  P (Ү12п > УзНо)  + P (Ү2п > у з Н о )  — P Ү п  > У зН о ) P (Ү2п > V3\Но)

= 2 a 2 — a 2 =  0.05,

which means P (Үіп > у з \Но) = a 2 = 0.02532, and so у з = 11.1132. Since 
P (Ү-іп > 11.1132\Ha) =  0.19525, the power of У п for the rejection region of 
union-type is

P  (Уп e  S 2\Ha) = P  {(Ү2п > Уз \ Ha) U (ҮЩ > У з Н ) }

= P (Ү1п > У з т + P (Ү2п > Vз\Ha)—P ( Ү12п > У з Н ) P (Ү2п > У з Н )  = 0.352,

which is 1.25 times more than  the power of Ү ^ ,  i =  1,2,  implemented 
individually.

This simple artificial example shows th a t the use of a two-dimensional 
vector-valued test may result in an increase in power as compared to the power 
of individual components of the vector-valued statistic. This effect becomes 
even stronger for three-dimensional vector У п =  (ҮЩ, Ү22п , ҮІп )т. For example, 
the power of У п for the rejection region of union-type is 1.415 times more than  
the power of Үіп, i =  1,2,3,  implemented individually. Voinov and Pya [16] 
showed also th a t different param etric and non-param etric statistics can be 
combined in a vector.

Simulation studies showed th a t, when combining either correlated or 
uncorrelated nonparam etric or param etric tests with approxim ately the same 
power, vector-valued tests may gain power when compared w ith the power of 
components. Examples show th a t the power of vector-valued goodness-of-fit
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tests depends on the structure of the rejection region, correlation between the 
components of the test, and dimensionality of the vector. Unfortunately, by 
the date there is no theory of vector-valued tests, and, hence, there are no 
recommendations on optim al structure of tests.

5 W a ld ’s m eth o d  c o r r e c t e d

The general W ald’s m ethod for constructing modified chi-squared goodness- 
of-fit tests has been elaborated by Moore (Moore [19], Moore and Spruill 
[20], and Moore [11]). In 2013 Voinov [21] discovered a serious mistake in 
th a t theory showing th a t W ald’s type statistics will follow the central chi- 
squared distribution if and only if the limit covariance m atrix  of standardized 
frequencies will not depend on unknown param eters. In particular, it was shown 
th a t the goodness-of-fit statistic developed by Moore and Stubblebine [22] does 
not follow the chi-squared limit distribution, and, hence, cannot be used for 
testing m ultivariate normality.

The M oore’s theory can be briefly summarized as follows. Let X 1 X n 
be independent identically d istributed random  variables, and we intend to test 
the composite null hypothesis H 0 th a t the distribution function of X i belongs 
to  a param etric family of F ( x ,  Ө) continuous distribution functions, where Ө =  
(Ө1, . . . ,  Ө а ^  €  Ө  С R s . Chi-squared tests of fit for H 0 are based on frequencies 
N n , the number of observed values of X 1, . . .  , X n th a t fall into r  intervals Ij 
such th a t I i П Ij =  0 for i =  j  and I 1 U • • • U Ir =  R 1, i , j  =  1 , . . .  , r .  Since 
expected probabilities р і (Ө) =  J r  d F( x ,  Ө) to fall into an i-th  interval depend 
on unknown param eter Ө, it can be estim ated from d a ta  by any л/n-consisten t 
estim ator Өп = Өn ( X 1, . . . ,  X n ). Denote Ү (п\ Ө )  the r-vector of standardized 
frequencies w ith components = [N( n  — пр і (Өп)]/[пр і (Өп)]1/2, i =
1 , . . .  ,r.  Moore and Spruill [20] showed th a t the vector V (n)( Өп) asym ptotically 
follows a m ultivariate normal distribution N r (0, X), where 0 is a zero r- 
vector and X is a positive definite covariance m atrix. The covariance m atrix  X  
essentially depends on the way of the param eter Ө estim ation. W ald’s [23] idea 
was as follows. Let X  possess the N r (p,  X) distribution and is nonsingular of 
rank r, then  the quadratic form (X  — f i )T X - 1 (X  — ц )  will be d istributed in the 
limit as chi-squared with r  degrees of freedom, X l  . Nikulin [7] was first who 
used this idea, standardized frequencies, and MLE Өп of Ө for testing univariate 
norm ality when the m atrix  X is singular of rank r — 1. At this point it is of
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im portance to  note th a t in this case the limit covariance m atrix  of standardized 
frequencies is a certain m atrix  th a t does not depend on param eters. Moore [11] 
generalized W ald’s approach and developed the m ethod of the construction of 
modified chi-squared goodness-of-fit tests valid for any л/n-consisten t estim ator

n .
The M oore’s [11], p.134, theory is based on the

T h e o re m  4. A ssu m e that the limit distribution o f  V (n)(Өп) follows N r (0, X) 
with rank o f  X being r — 1, then the W ald’s method statistic Yn (Өп) =  
V (n)T (Ө n ) X _ V (n)( Ө n) is invariant under the choice o f  matr ix  generalized 
inverse X _ .  I f  Ho is true, the Yn (Өп) will follow X r - \  distribution in the limit.

In the proof of this theorem  Moore [11], p.132, referred to  his lemmas 1(b) 
and 2(a). Consider the Lemma 1(b) of Moore [11] in more detail. The K hatri’s 
Lemma 9 (K hatri [24], and Rao [25]) is formulated as below.

Lem m a 1. Let  y  : n  x  1 be normal with mean zero and the covariance matrix  
а 2В  and let the rank o f  В  be r. Then, a necessary and sufficient condition fo r  
y T G y / a 2 to be distributed as x 2 is G  =  В _ , where G  is a sym m etric  matrix.

It is of great im portance to note th a t in this Lemma it is assumed th a t 
the m atrix  В  is certain, do not depending on unknowns. To apply this Lemma 
for y  =  V (n)( Өп) we have to set a 2 = 1. From this it follows th a t the limit 
covariance m atrix  of the vector of standardized frequencies should not depend 
on Ө. It follows also th a t in the Theorem  4 of Moore [11] we have to  add a 
necessary additional condition th a t the m atrix  X does not depend on and 
formulate it as

T h e o re m  5. A ssu m e that the limit distribution o f  V (n)(Өп) follows N r (0, X) 
vjith rank o f  X being r — 1, that  th e  m a tr ix  X d o e s  n o t d e p e n d  o n  Ө,
then the W ald’s method statistic Yn (Өп) =  V (n)T(Өn)X _ V (n)(Өп) is invariant  
under choice o f  X _ . I f  H 0 is true, the Yn (Өп) will follow X l - 1 in the limit.

Proof. If one takes into account the necessary bold faced additional condition, 
then the Theorem  5 immediately follows from Lemmas 1 and 2(a) of Moore 
[11], p. 132.

Several examples of the application of the Theorem 5 for testing the 
univariate null hypotheses, when the additional condition of Theorem 5 is
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hold autom atically, have been given in Voinov [21]. The serious problem 
aroused in an a ttem pt to apply the NRR W ald’s type test for m ultivariate 
norm ality developed by Moore and Stubblebine [22]. An inspection showed 
th a t, for example, in two-dimensional case the limit covariance m atrix  S  =  
I -  q q T -  B J -1 B T of the standardized frequencies V n (Өп ) for equiprobable 
cells can be w ritten down as S  =  I — q q T — B Q B t , where q  is the r-vector 
with components 1 / y/r,  and

B  Q B T = r[4af1a^2 — 3 a iia 1 2a22 + v f 2] 

(&11&22 — &22)2

d21 d 1d2 ■■■ d 1dr \
d2d1 d2 ■■ d2dr

dr d 1 dr d2 d.2 )

where di, i =  1, . . .  , r,  are constants th a t depend only on ends of grouping cells. 
From the last equation we see th a t the limit covariance m atrix  S  =  I — q q T — 
B J -1 B T of the standardized frequencies V n ( Өп ) for equiprobable cells depends 
on unknown param eters of S , and, hence, due to the Theorem 5, the limit 
distribution of the NRR statistic Yn (Өп ) =  V (n)T^ n) S - V (n) ( Өп ), where S ­
is the estim ator of S - , cannot follow in the limit the chi-squared probability 
distribution x 2- 1 , will depend on unknown param eters, and, hence, cannot be 
used for testing in principle. A simulation study in [21] fully confirmed this. 
From the above it became clear why Moore and Stubblebine [22], p.723, wrote 
th a t it is com putationally complicated to  use NRR test for MVN (multivariate 
normality) in practice.

6 N e w  t e st s  fo r  t h e  t w o -dim ension al  c ir cu la r  and  g en era l

MULTIVARIATE NORMALITY

McCulloch [12] showed th a t a modified chi-squared test can be represented 
as a sum of DN test Un and asym ptotically independent on it S 2n statistic. 
He noted also th a t Sn  test for equiprobable grouping cells will possess higher 
power than  the initial modified test. Using a simulation study, Voinov et al
[5] showed th a t this effect works for many univariate tests. It was naturally  to 
expect th a t this rule will also work for m ultivariate tests.

Following Moore and Stubblebine [22] consider testing for bivariate circular
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normality. The hypothesized probability density function is

f  ( x , y \ Ө) = ( 2 n a 2) -1 exp I  — [(x — V 1)2 + (x  — ш ) 2] ^  , (20)

where Ө = (ц,1 ,ц,2, а 2)т. Using a random  sample ( Х 1, Ү 1) , ..., ( Х п ,Ү п ) , the 
MLEs of ц 1, ^ 2, and a 2 can be obtained as X  = ^^Y^j -1 X j , Ү  = 1 Y j - -1 Y j , 
and

п п

S  ^  ( X — X  )2 + T . W  — n 2
[j=1 j=1

If сі =  —2 log(1 — i / r ) ,  i =  1 , . . .  , r  — 1, cr =  + ro , then  the probability to fall
into a cell will be р)іп = 1 /r .

Denoting

У п /  (М Ы - n M   ̂ (N r „ - n ^ \  T = {]<l1 , ^ . . , N r )T ,
\ y / n / r  y / n / r  I

where Njn_, j  =  1, . . . , r ,  is the num ber of distances [(X-j, — X ')2+ (Үі —
Y ) 2] / S 2 th a t fall into the interval [cj- 1 , Cj ) , j  =  1 , . . .  ,r,  the NRR statistic is 
easily derived as (see, e.g., [18], p.42)

r /  r \  2
Y 2  =  E N 2 + --------- r —  v  , (21)

і=1 4 — r v i 'і=1 '
=1

where v  =  2 [(1 — r )  log (1 — r )  — (1 — log (1 — ^-1 )] , i =  1 , . . . , r .  In
this case the DN statistic is

r
U 2n =  V  N 2 — ( V  N  щ \ / Y v 2. (22)

r r 2 r

Y N 1:— ( E N / Y vb  
=1 =1 =1

Subtracting и п  from Y ^  we get the new test for the two-dimensional circular 
norm ality as

4 ( Z  N v V

S 2n =  T  /  r . (23)
4 — r Z v 2) ) Z  v 2

=1 =1
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Our simulation study shows th a t for the null hypothesis in (20), and 
the alternative to  be the two-dimensional standard  logistic distribution with 
independent components, the power of Sn  test in (23) almost does not depend 
on r , and is noticeably higher than  the power of Yn2 in (21). At the same time 
we noticed th a t the DN test in (22) possesses almost no power.

Consider now a construction of a W ald’s type chi-squared goodness-of-fit 
tests for the composite null hypothesis th a t a set X 1, . . . ,  X n of n  independent 
identically d istributed (iid) p-dimensional random  vectors does not contradict 
the following joint probability density function

f  (x lӨ) = (2п ) p/2|X| 1/2 exp — 2 (x — P ) X (x — P ) (24)

where Ц is a p-vector of means and X is a positive definite p x  p  covariance 
m atrix. Let a hypothesized vector of unknown param eters be

ө = (V1 > Ц■p, a 11, a 12, a 22, •a 1j, a 2j, a j j aPP
T

The MLE Өп of Ө is the vector (XX, S)T , where X  is the vector of sample means, 
and S is the covariance m atrix. Given 0 n , and constants 0 <  c0 < ••• < cr = ж, 
where ci are i / r  points of x 2(p) distribution, the r  equiprobable (pin(0n ) = 1 /r)  
grouping cells were defined by Moore and Stubblebine [22] as

Е іп(Өп) =  {X  € R p : Ci_1 < ( X  — X ) T S - 1 ( X  — X )  < a }  , i =  1 . , r.

It was also shown in [22], p.720, th a t the limit covariance m atrix  of the vector
V n ^ n )  of standardized frequencies w ith components Vi = (N in — n / r ) / \ J n / r ,
where observed frequency N in is the num ber of random  vectors X 1, . . . ,  X n
falling into Е іп(Өп), i =  1 , . . .  ,r,  is X 1 =  I — q q T — B J _ 1B T . In this expression
В  is the r x  m  m atrix  with elements B ij  = (pi (Ө)) 1/2дp i (Ө)/дӨj,  i =

r, j  =  1 , . . .  , m ,  q  is r-vector with entries 1/ y / r ,  m  = p  + p(p + 1) / 2 , 
X-1  0

0 Q _ 1
Explicit expressions for the m atrix  Q are given in [26]. Using X 1 and the 
Theorem 4 of Section 5 Moore and Stubblebine [22], p.722, derived the NRR 
statistic as

ү 2 ( Өп) =  VT (Өп ) V n ( K )  +  VT ( ^ ) B n ( J n  — вП  B n ) _ 1B Tri V n (  Өп), (25)

1, . . . ,

and J is the Fisher information m atrix  for one observation.
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where B n and J n are MLEs of B  and J . Based on incorrect Theorem  4 w ith the 
necessary condition om itted (see Section 5) Moore and Stubblebine [22], p.722,
erroneously decided th a t the NRR test in (25) will be invariant and distributed
in the limit as x%- 1 . In Section 5 we have shown th a t in two-dimensional case 
the statistic in (25) will be chi-squared distributed only for a diagonal m atrix 
S  of the null hypothesis. Our intensive simulation study showed th a t for any 
dimensionality p  the statistic in (25) will be chi-squared distributed in the limit 
if and only if S  is a diagonal m atrix.

We succeeded in deriving explicit expressions for NRR Y 2, DN Un , and S 2n 
if S  is a diagonal m atrix  of any dimensionality. They are:

Y 2 =  V -  V 2 + 2p r ( E  Vidi ?  (26)
Yn ^  V  + 1  — 2p r ^ d 2 ’ (26)

U2 =  E  Vi2 — ^  ( £  Vidi )2> (27)di2

and

s 2 = Vidi)2 (28)
n ( i — 2p ^ d 2) j :  d.2’ 1 J

if di = (Cp/ 21e-C i- l /2 — Cp/ 2e-Ci/2)bp/ 2 , where bp = [p(p — 2 ) ... (4)(2)]-1 if p  is 
even, and bp = ( 2 / n ) 1/ 2[p(p — 2 ) ... (5)(3)]-1 if p  is odd (see [22], p.720).

The above results for testing the MVN null hypothesis w ith a diagonal 
covariance m atrix  S  suggest the following procedure: 1) produce the Karhunen- 
Loeve transform ation of a sample d a ta  th a t will diagonalize a sample covariance 
m atrix, and 2) use the statistics Yn2, Un2, and Sn  as defined in formulas
(26), (27), and (28). Let Ф =  [e1 e 2 ■■■ ep] be a m atrix  whose columns 
e 1, e 2, ■ ■ ■ ep are orthogonal normalized eigen-vectors of S , then the Karhunen- 
Loeve transform ation will be Y i =  Фт Х і; i =  1 , . . .  ,n .  From this it follows 
th a t tests in (26), (27), and (28) with frequencies N in , i =  1 , . . . , n ,  defined 
by the number of observed vectors Y 1,...,Y n th a t will fall into intervals 
Ё іпФ п) =  {Y  € R p : Ci-1 < ( Y  — Y ) T S - 1 ( Y  — Y )  < Ci}, i =  1 , . . . , r ,  
where S y is the sample covariance m atrix  of Y b  ..., Y n , can be used. So are 
new tests for MVN suggested.
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A detailed derivation of the explicit expressions (26), (27), and (28) for 
the new tests is given in [26]. Since the limit covariance m atrix  of V n ((}n ) does 
not depend on unknown param eters of the hypothetical null MVN distribution, 
then from the Theorem 5 of Section 5 it immediately follows th a t statistics (26), 
(27), and (28) are invariant and, hence, can be used for hypotheses testing.

From the theory of quadratic forms it is known th a t if Y  ~  N (p,  X), 
where X is a positive definite m atrix, then the two quadratic forms Y TA Y  
and Y TB Y  are d istributed independently if A X B  =  0. Since asym ptotically 
V n ( Өn) ~  N (0, I — B J _ 1B T), and

{I — B (B T B )_ B T }{I — B J _ 1B T }{B [(J — B T B )_ 1 +  (B T B )_ ]B T } =  0,

then independence of Un and Sn  follows, and, hence one may use Sn  on its 
own right. The detailed derivation of this result is given in [26].

In [26] we have shown also th a t under any alternative lim P (ҮЩ >

xOtr_ 1) = 1, where X2a r _ 1 is a critical point of the chi-square distribution 
with r — 1 df (degrees of freedom). In other words, the probability to  fall into 
rejection region under any alternative tends to one, if the sample size increases 
unboundedly. From this it follows consistency of УЩ. Consistency of Un and 
S n2 is proved analogously.

An intensive simulation study conducted in [26] showed th a t (at least 
w ith respect to  Pearson Type II alternative distribution, Student t  w ith 10 
df, Khinchine, and several m ixtures of normal m ultivariate distributions) the 
power of S n , like in the univariate case, is significantly higher than  th a t of Un 
and is noticeably higher than  th a t of У 2. It was shown also th a t the power of 
Sn  is comparable w ith the power of the well-known tests of Henze and Zirkler
[27], Royston [28], Szekely and Rizzo [29], and Doornik and Hansen [30].

At the same tim e it has to  be noted th a t the application of Sn2 test is much 
simpler th an  im plem entations of tests introduced in [27-30]. This simplicity 
is evident, because we have a simple explicit expression for S n2 statistic th a t 
follows in the limit the well known chi-squared distribution w ith one degree 
of freedom, and so there is no need to  conduct simulations to  define critical 
values of tests.

It has to  be added also th a t the test S n2 is much more stable as compared 
to  tests in [27-30], because the variance of it, which is 2, is always smaller than  
th a t of other tests.
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7 21-ST CENTURY’S MISUSING OF THE CLASSICAL PEARSON AND POWER-
DIVERGENCE TESTS

Moore and Stubblebine [22] considered a possibility to  use the classical 
Pearson’s test for testing the m ultivariate norm ality (MVN). Using the 
fundam ental result of Chernoff and Lehm ann [6] they show th a t under the 
null hypothesis of MVN the Pearson’s statistic w ith param eters estim ated by 
MLEs based on raw da ta  for equiprobable fixed grouping cells will follow the 
weighted sum of two independent chi-squared random  variables with r — 2 
and 1 degree of freedom, where r  stands for the number of equiprobable fixed 
grouping cells. This result has not been taken into consideration by Cardoso 
De Oliveira and Ferreira [31], and Batsidis, M artin, Pardo, Zografos [32], who 
consider tests for MVN based on unbiased estim ates th a t are asym ptotically 
equivalent to  MLEs. The authors of those papers erroneously decided th a t their 
tests approxim ately follow the chi-squared distribution with r — 1 degrees of 
freedom in asymptotic.

Consider a construction of a chi-squared type goodness-of-fit test for 
the composite null hypothesis th a t a set X 1, . . . ,  X n of n  iid (independent 
identically distributed) p -dimensional random  vectors does not contradict the 
joint probability density function (24). The unbiased estim ator Өп of Ө is the 
vector (X , S )T , where X  = Y j_ _ 1 X j / n ,  and S =  Y j ' _ 1( X j —X ) ( X j —X )T/ ( n — 
1) .

Cardoso De Oliveira and Ferreira [31] considered the squared radii 

r j  = ( X j  — X ) T S _ 1(X j — X ) ,  j  =  1 , . . . , n .

It is known th a t if X j follows (24), then statistics

b ( X j ) = (n  — 1)2 r2 , j  =  1, - - - , n , (29)

follow the beta-distribution w ith param eters p / 2  and (n — p  — 1) /2  (Gna- 
nadesikan and K ettering [33]). Define grouping cells Е і (Өп) =  {X € R p : 
ci_ 1 < b ( X i) < ci }, i =  1 , . . . , r ,  and expected cell probability p , , ^ n ) =  
к # . ) f  (Х|Ө n )dx.  Let ends of equiprobable grouping cells be 0 =  co < c1 <

■ ■ ■ < c r = 1, where a ,  i = 1 , . . .  , r  — 1, is the i / r  point of the beta-distribution 
w ith above param eters. If N i denotes the num ber of b ( X j ), j  =  1 , . . .  , n ,  falling
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in Е і (Өп ), and, since the expected frequency equals to п р і (Өп ) = n / r ,  then 
the statistic of Cardoso De Oliveira and Ferreira [31] Z , th a t actually is the 
classical Pearson’s sum, will be

r
Z  = Y ^  г (Щ — n / r ) 2/ n .  (30)

=1

For brevity, in the sequel we shall denote this test as the CarFer’s statistic. 
Note th a t N ,  i =  1 , . . .  , n ,  depend on unbiased estim ators X  and S of ц  and 
X, and th a t those estim ators are based on the non-grouped (raw) data.

Cardoso De Oliveira and Ferreira [31] have not taken into account this 
fact as well as the Moore and Stubblebine [22] results about limiting null 
distribution of (30) who have proved th a t this distribution is not chi-squared 
but is a weighted sum of chi-squared random  variables. Strictly speaking, 
Moore and Stubblebine [22] obtained their result for MLEs of ц  and X. But, 
since in this case MLEs and unbiased estim ators are asym ptotically equivalent, 
the Moore and Stubblebine [22] theory can also be applied for the statistic (30). 
One needs only to derive correct weights for the sum of chi-squared random 
variables.

Under the regularity conditions of Moore and Spruill [20], p.602, which hold 
in our case, the r-vector У п (Өп ) of standardized frequencies with components 
V (Өп ) = ( N  — n / r ) / \ J n / r ,  i =  1 , . . . , r ,  follow asym ptotically the r- 
dimensional m ultivariate normal distribution N r (0, X v) w ith 0-vector of means 
and the covariance m atrix

Xv =  I — q q T — B J -1 B T. (31)

Moore and Stubblebine [22], p.720, justified this result for MLEs of ц  and X. 
Since unbiased estim ators of ц  and X are asym ptotically equivalent to their 
MLEs, the formula in (31) is valid in our case as well. Thus the asymptotic 
null distribution of Z  is determ ined by the eigen-values of the m atrix  (31). The 
rank of B  and also rank of B J -1 B T is 1. From the above it follows th a t eigen­
values of (31) are r — 2 1’s, one 0 and 0 <  Л < 1 which is nonzero eigen-value
of B J -1 B T . The explicit expression for Л  is given in [34] as

r
Л = 1 — 2 r p y ^ d 2,

=1
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where

)2 ) ( (n 1 )2 (n — 1)pbp
di =  ̂ ':jn— L c i - ' ) — cpr‘ e x p { — c) 2nP/2

bP = [p(p — 2) . . .  (4)(2)] 1 if p  is even, and bp = ( 2 / n ) 1/2[p(p — 2) . . .  (5)(3)] 1 
if p  is odd.

T h e o re m  6. The limit null probability distribution function  o f  the CarFer’s 
statistic Z  is

F  (z) = v n r n r  — 2 ) 2 ) 7  ( 1 ' 2 k )  1 ' l )  ' r >  2  (32)

where i ( s , x )  = f 0  t s -1 e - t dt, s > 0, is the incomplete gamma-function.

Proof. Since eigen-values of S^ =  I — q q T — B J -1 B T are r — 2 1’s, one 0 
and 0 <  Л <  1, the limit null distribution of the CarFer’s quadratic form will 
be the same as th a t of X  + A Y , where the probability density function of X  
is f  (x) = Xr- 2 (x) = x (r-4)/2e - x / 2 /  \2(r-2')/ 2T( ( r  — 2 ) / 2 )] , x  > 0, and the 
probability density function of Y  is f  (y) = x 2(y) = e -y /2 / yj2ny,  y  > 0. Due 
to the independence of X  and Y  the limit null probability distribution function 
of Z  will be

z/Л z

F ( z )  = P ( Z  < z ) =  f  f  f  ( x ) f  ( y )dxdy  = f  f  ( y )dy f  f  ( x )dx

х + Л у ^  0 0

1 ( 1  z  \  ( r  — 2 z(1 Л) 7 (’—  A . r >  2 .\ 2  2 Л J  \  2 ’ 2 J  ’/ n T ( ( r  — 2) /2)  4 2 , 2 k )  7 \  2 ’ 2 /

The corresponding probability density function is

f  (z) = x 2 ( z / A )  7  ( r — 2  z )  +  x r - 2 ( z ) 7  ( 1  z )  r > 2 (33)
f  (z) A T ( ( r  — 2)/ 2)  4  2 , 2 ) +  / П 4  2 , 2 ^  , r > 2 . ( )

The intensive simulation study performed in [34] clearly shows th a t the 
limit distribution of the CarFer statistic Z  actually follows (33), and not to 
x ‘2- 1 as it was announced in [31]. In our opinion, if the simple null hypothesis
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were the beta-distribution with known param eters p /2  and (n — p — 1) / 2 , then 
indeed the statistic Z  would follow in the limit the chi-squared probability 
distribution w ith r —1 df. But the authors of [31] intended to  test the hypothesis 
(24) with unknown (hence, to  be estim ated by raw data) param eters of ц  and 
X. Because of this, due to  the theory of Chernoff and Lehmann [6], and Moore 
and Stubblebine [22] the CarFer statistic Z  cannot in principle follow the chi- 
squared probability distribution w ith r — 1 df. Actually, the simulation study 
in [34] shows th a t the limit distribution of Z  in many practical situations can 
be well approxim ated by the chi-squared probability distribution with r — 2 df, 
and not by x 2- 1 .

Moreover, th a t simulation study showed th a t if the CarFer statistic Z  will 
be used correctly, e.g., w ith critical values defined by (33), then  the power of 
Z  will still be much smaller than  th a t of the well-known tests of Henze and 
Zirkler [27], Royston [28], Szekely and Rizzo [29], and Doornik and Hansen [30]. 
From all these it follows th a t the CarFer statistic Z  cannot be recommended 
for applications.

Based on results of [31] Batsidis et al. [32] suggest to use the family of 
power divergence statistics

^  О і ^ (%L) — 1^ , —̂  <  A <  x>, A = —1 ,0,

Z  (A) =  { 2 £  Е і  log % , A = —1, (34)
і=1

X(X+1) ^ ^ і E=1

2 E  Оі  log % ,  A = 0,
=1 i

where Оі and Е і are the observed and expected frequencies for the i- 
th  equiprobable interval i =  1 , . . . , r .  Particular values of a param eter A 
correspond to: CarFer chi-squared test (A =  1) considered in detail before, 
likelihood ratio test (A =  0), Freeman-Tukey statistic (A =  —0.5), modified 
chi-squared test (A =  —2), and Cressie-Read statistic (A =  2/3). The authors 
of Batsidis et al. [32], p. 2256 announced th a t under the same procedure as 
in Section 7 the limiting null distribution of Z(A)  will follow the chi-squared 
distribution with r — 1 degrees of freedom. We have already shown th a t this 
is not true if A =  1. The same conclusion can be made for other values of A. 
To avoid theoretical work for deriving the limit null distributions of Z(A)  for 
different A , we investigated simulated critical values of Z(A)  having compared
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them  with those for the chi-squared distribution with r — 2 and r — 1 degrees 
of freedom. This study showed th a t the histograms of simulated values of Z(X)  
are well approxim ated by the chi-squared distribution with r — 2 df (not r — 1 
df as it was announced in Batsidis et al. [32], p. 2256). It was shown also 
th a t the power of such power-divergence tests (at least with respect to some 
alternatives close to  MVN) is much lower than  th a t for other well-known by the 
date tests for MVN. Once again, we have to  conclude th a t power-divergence 
tests of Batsidis et al [32] cannot be considered as "necessary" and, hence, are 
not recommended for applications.
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Воинов В.Г. ХИ-КВАДРАТ Т Е К Т Е С  К РИ Т Е Р И Й Л Е Р КӨМ ЕГІМ ЕН 
КЕЛІСІМ  ТЕС ТІЛ ЕУ Д ЕГІ Қ А ЗІРГІ Ж Е Т ІС Т ІК Т Е Р

Соңғы он ж ы лда кең түрде пайдаланатын хи-квадрат тектес келісім- 
нің түрлендiрiлген критерийлерінің теориясы мен қолданыстары үшін көп 
нәрсе жасалды. Бұл шолуда біз осы бағыттағы басты жетістіктерді, Қа- 
зақстан Республикасы Білім және ғылым министрлігі М атематика және 
математикалық моделдеу институтының ғалымдарының үлесін атап көр- 
сете отырып, қысқаш а қарастырамыз.

Воинов В.Г. СО ВРЕМ ЕННЫ Е Д О С Т И Ж Е Н И Я  В ТЕС ТИ РО ВА Н И И  
СОГЛАСИЯ С ПО М ОЩ ЬЮ  К РИ Т Е РИ Е В  ТИПА ХИ-КВАДРАТ

В последние десять лет много было сделано для теории и приложе­
ний широко используемых модифицированных критериев согласия типа 
хи-квадрат. В этом обзоре мы кратко рассмотрим основные достижения 
в этом направлении, подчеркивая вклад ученых Института математики и 
математического моделирования Министерства образования и науки Рес­
публики Казахстан.
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