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ON THE NUMBER OF COUNTABLE MODELS OF
COMPLETE THEORIES WITH A PARTIAL ORDER

B. Baizuanov, F. KOBDIKBAYEVA, T. ZAMBARNAYA

Annotation. Given a formula ¢ defining a partial order on tuples of elements, we
introduce a notion of a ¢-chain, and prove that existence of an infinite discrete ¢-chain
in a small countable theory implies maximality of the number of countable models of
this theory.

Keywords. Partial order, number of countable models.

1 INTRODUCTION

Question on the number of countable non-isomorphic models of theories is
of a big importance in model theory. The two general steps in studying this
question are studying the spectrum of theories, and describing properties which
lead to non-isomorphism of structures.

In terms of counting spectrum countable theories are divided into natural
classes. The Vaught conjecture was solved for Wj-categorical (J.T. Baldwin,
AH. Lachlan [1]|), w-stable (S. Shelah, L. Harrington, M. Makkai [2]),
superstable theories of a finite rank (S. Buechler [3]), o-minimal (L. Mayer
[4]), quite o-minimal (S.V. Sudoplatov, B.Sh. Kulpeshov [5]), and weakly o-
minimal theories (A. Alibek, B.S. Baizhanov [6]). But in general this problem
is still unsolved.

A natural step towards the Vaught’s conjecture constitutes in finding
conditions, under which theories have continuum countable models. By
modifying the approach to linearly ordered theories given in [7], we move to
studying small countable theories with a definable partial order on tuples.
Using the construction from [8] we prove a theorem on a sufficient condition
of maximality of number of countable models of such theories.

2010 Mathematics Subject Classification: 03C64.
Funding: Komurer naykn Munucrepcrsa o6pasosanmua n nayku PK, I'pant Ne 5125 /GF4.
© B. Baizhanov, F. Kobdikbayeva, T. Zambarnaya2017.



6 B. Baizuanov, F. KOBDIKBAYEVA, T. ZAMBARNAYA

2 NUMBER OF COUNTABLE MODELS

Let T be a countable complete theory, ¢ be an element of some model of
T.

We say that a formula ¢(z,y,¢) (In(z) = In(y)) defines a partial order on
T, if for any M =T with c € M

M = Vavy(e(z,7,8) = T #7);

M |= Vavy-(p(z,9,¢) A p(3, 2, ¢));

M = Va?ngVE((gp(a;, y,¢) N\ (Y, Z, c)) — o(z, Z, E))

Given a formula ¢(Z, 7, ¢) which defines a partial order on T, a ¢-chain on

T is a totally ordered by ¢ subset of a model 9% of T' with 9 = 3237y ¢(Z, y, ¢),
and which is convex (by ) in 9.

Given a formula (Z) (may be with parameters) a convex-¢(Z,y,c)-
closure |7] of 9 is the formula

olz5.0)(F) = 301,30 <w<y1 ) A (G2)A
(W@h@@ T=41) A (p(@91,0) Vv xzyﬂ)
A convex-o(Z,y, ¢)-closure of a type p(z), is the type
Pozge) (@) = {855 .4.0(@) | ¥(@) € p}.

THEOREM 1. Let T be a small countable complete theory, 9t be a countable
model of T'. If there exists ¢ € M, and a formula ¢(Z,y, ¢) with In(z) = In(y) =
l, determining a partial order on T such that for any n € N there is a finite

discrete p-chain of length at least n, then T' has 2¥ countable non-isomorphic
models.

PROOF. First note that by compactness there exists an infinite discrete ¢-chain.
For convenience denote:

<"y = p(7,7,0);
x<*§—m< yVvVIT=1;
( ,g,¢) =x <* y/\—Elz(:L‘< ZNZ<*Y);
O(3,9) =7 =
n—1
")(z,7) == 3z1.. zn(zl_x/\zn:gA A 5(2i,Zit1));

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 4



s(7,9) == 321.. 3%, (51 = TAZ, = /_\ 5(zit1,2i)), where n € N\{0};

(@)T = (p(y) NG < T);
P(T)~ —3?/( () NT <*7).

For any natural number we can define a discrete chain of length greater
n—1
or equal to that number: ¢, (z,7,c) := 3z1...32, (El =ZANzZ,=yAN Nz <

=1
Zit1 /\Vé(g’: <*ZAZ <F g — I Tta(s(t, 2) As(z, tg))))
Let p(z,9,¢) = {¢Yn(Z,y,¢) | n < w}. For a tuple ( b) = p denote
YolZ, @, b,8) = 33—:1...3@3@1...3@”(@1 =aAy = /\( (T4, Tir1) A

$(Pit1,01)) ATp <* TAT <* y1> a formula saying that Z is an element between

a and b, but is not an i-th <*-successor (predecessor) of @ (b) for all i < n.

Let ¢(Z,a,b,¢) := {v.(Z,a,b,¢) | n < w}, it is a locally consistent, not
necessary complete type over {a,b,¢}.

Let 91 be an arbitrary countable saturated extension of 90(a, b, ), the prime
model over {a,b, ¢}.

For &, 3 € ¢(N) let Vym(a) := {y € ¢(N) | In € Z N = s (a,7)} be all
the elements from ¢(NN) that can be reached by use of finite s-steps from a.
Also denote (Vym(a), Vom(B)) := {7 € ¢(N) | Vgm(@) <~ < Vom(B)}-

Later on we will use the following notation @ := (@, b, ¢).

LEMMA 1. For all 41,72 € (‘/pgz(d), Vznym(li))) = q(N),
tps. (ml{a, b,¢}) = tpe.(32l{a, b, c}).

PRrROOF.

Suppose that the conclusion of the Lemma is not true, i.e. for some
1,92 € (Vpm(a), Vpm(b)), there exists an a-definable formula H such that
Y1 € H(N,a) <* 4,. Replace H by (H(N,a)")".

For k,n1,no < w such that n; + ny < k denote
Sknyme (H)(Z,7,a) = ((93 < g AsR(EL ) = T3, 350(E <z <P E <0

g A st (ja 21) A —s™? (227 Zj) A H(Zla z,y, E) N _'H(Zg, z,y, E) A 5(217 Z2, EL))) )
From the Compactness Theorem it follows that:

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 4



8 B. Baizuanov, F. KOBDIKBAYEVA, T. ZAMBARNAYA

Cram 1. There exist two non-constant non-decreasing functions,
51,82 : w — w, such that Im < w, Yk >m, Y&/, ' € (a,b)y(ny, for which the
following is true:

N >: Sk ,51(k), sz(k)(H)(a/wB/)'
Denote Hy(Z,a) := —~H(z,a) A 3y (s(y,z) A H(y,a)).
We have that H@( a)Nq(N) # 0 and Hg(N,a) Nq(N) = {vp} for some
Yo € (V q‘ﬁ b
Then denote

So, we have Go(N,a) < Vym(Y), Vpn(a) < Go(NV, a)™ and Vym(9p) <
Gl(Nv CNL)+,G1(N, d) < Vl-)ym b)

Denote
Ho(z) := =Go(z,a) A Iy(Go(y,a) A s(y,T));
Hy(7) := —G1(Z,a) A y(Go(y,) A s(F, T));
Goo(z,a) Jz(H(z,a,z,¢) A Hy(z,a));
Goi(z,a) = 3z1,z22(H(z, Z1,2Z2,¢) A Ho(Z1,a) N Hy(Z2,a));
Gio(z,a) = 3z1,22(H (T, z1,22) N Hy(Z1,a) A Hi1(Z2,4));
Gu(z,a) = 3z(H(x,zb,¢) A Hi(z,a)).

Repeating this consideration w times we obtain a countable number of a-
definable formulas Hs, 0 € 2<%, such that for every 7 € 2¥, 7(n) € {0,1} there
is ¢r € Sp({a}), which extends the following set of a-definable n-formulas:

Ir(z) ={x < Hrp(N,a) | 7(n+1) =0} U{H;p(z,a) | T(n+1) =1},

This contradicts to our assumption that 7" is small.
O
As a corollary to the Lemma 1 we obtain the following lemma.

LEMMA 2. For every a,, =< a1,...,0, >, &; € (Vom(a),Vpm(®)), 1 <
i < n; such that Vym(as) < Vom(auip1) (1 < @ < (n — 1)), for every
5 € N such that tp(y|{ab,c} U &) is isolated the following is true: Y1, 72 €
(Voo (@), Vp g(@iy1)),

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 4



tp* (AU a, Uy U@, 5}) = tp(n|AUan Uy U{a, B}).

Let 97 be an Rj-saturated extension of MU {a}.

Now for each sequence of zeros and ones, 7 := (7(1),7(2), ..., 7(4), ... )i<w,
we will use the construction from [8] to construct a countable model 9, < 9,
such that for any 7 # 7o, M, 2 M,,. Until the end of the proof fix such a
sequence, T.

Let B. = {é:', |r e Qic N}U{ﬁi | i € Nyn e {0,1}, and 7(i) =
0} U {f}l | i e N,ne€{0,1,2}, and 7(i) = 1} C q(N') be such that
Voo () < Voov(er,) < Voo (fay) < Voo (fa,) < Voov (€771), where i € N,
r<rg e Qre@ n <ng e {0,1,2} The union By := B' |J Vo (D)
beB’
is countable, so fix some enumeration B; = {b; | i < w}. Also denote by, :=
(b1, b2, ...,b,), n < w. For the constructed model M, we will have ¢(M;) = B-.

CONSTRUCTION OF M.

STEP 1. Denote by ®; the set of all a-definable 1-formulas, ®1 := {p} (z,a) | i <
w}. Choose the formula ¢}(z,a) € ®; with the smallest index i satisfying
N k= 3zpl(z,a). Since T is small, there exists a principal over @ subformula
<p1171(x,&) C ¢l(x,a), which, in its turn, has a principal subformula over
{@,b1}. Repeating this procedure, we obtain a locally consistent infinite
decreasing chain of principal over parameters formulas go},j (z,a, Bj): ..C
@i ni1 (N, a, bpi1) C @i n(N',a, b,) C ... € o} (N',@). Denote by d; realization
of this chain, which exists since the model DV is Ny-saturated.

STEP 2. Choose the formula ¢} (z,ad) € ®; which was not considered before
and having the smallest index i satisfying Y = 3z} (z,a), find a realization
d2 by analogy with d;.

Now take by and consider the set of all (@U{d;}U{b1})-definable 1-formulas
®y = {p?(x,d,d1,b1)|i < w}. Choose the formula p?(z,da,dr,b1) € ® which
was not considered previously and has the smallest index satisfying 9V
Jup?(x,d,b1,d1), and find a realization ds (existing since 9 is Ry-saturated)
of the following infinite decreasing chain of principal formulas (pﬁj (z,a,d, l;j):
.. C @?’n+1(m,&, di,bni1) C gpin(x,d,dl,l;n) C ... C *(x,a,dy,by).

Suppose by the end of the step k we constructed the following sets: for all
m, 1 <m <k, the sets Dy, := {d1,da, ...,d mr1ym } (it is possible that d; = d;

2

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 4



10 B. Baizuanov, F. KOBDIKBAYEVA, T. ZAMBARNAYA

for some ¢ and j such that 1 < i < j < (m—;l)m), the set of all a-definable 1-

formulas ®1, and for all m, 2 < m < k, sets of all ({a}UD,,—1 Ui)m_l)—deﬁnable
1-formulas, ®,,

STEP k+1. For each m, 1 < m < k, find a previously unused formula ¢ € @,

of a minimal index, definable set of which in the model 9V is nonempty. And find

realizations d (x+1)k m of corresponding infinite decreasing chains of principal
2

subformulas of the formulas ¢}" .

Denote by @1 the set of all ({a} U Dy, U by)-definable 1-formulas. And
find d(}c+1)k+k+1 by analogy with the construction above. Let Dy stand for
the set {dl,dg, . d(k+1)k+k+1}

Denote M, :={a}UB, U | D;.

i<w

Due to the condition of the theorem, for any realization 5 € q(N)\B
and any tuple b, the type tp(d/a, b n) is non-isolated. Also, by the choice of
d; 1= <d1~, da, ...,d;)i<w, we have that tp(d;/a, b, di— 1) is isolated, and so does
tp(di/a, by). Therefore, the Lemma 1 implies that the type tp(é/a, bn,d;) is not
isolated, and hence, that 0 is omitted in 91,.

The Tarski-Vaught criterion implies that the obtained model 97 is an
elementary submodel of V.

Now let us show that for any two different sequences of zeros and ones
71 and 7y the constructed models 9, and 9., are not isomorphic. Towards

a contradiction suppose that 91, = M., Take the smallest index ¢ for which

71(i) # 72(7). For simplicity suppose that i = 1 and that 0 = 71 (1) # 72(1) =1
We will use the construction of B, and B, which was mentioned above.
Note that under an isomorphism the set of realizations of a type maps into
the set of realizations of the same type. Also since ¢ is an isomorphism,
for any ¢1,¢2 € Q( ) M, F @(61’02) implies M, ): 90(0'(61)70-(52));
c1 ¢ ‘/:179317_1 (02) 1mphes U(Cl) ¢ Vpﬁ_rl( (02)); and ¢ € ‘/:179317_1 (52) implies
o(c1) € Vyon,, (0(¢2)). In other words, the Vj o, -neighborhoods are mapped
to Vg m,,-neighborhoods. Furthermore if there is no ¢3 € q(M;) with
Voo, (0(¢1)) <* &3 <* Vg, (0(¢2)), that is the Vo, neighborhoods of &
and ¢ are discretely ordered in terms of <*, then the neighborhoods of o(¢;)
and o(¢2) should also be discretely ordered in terms of <*. And the same holds
for densely ordered neighborhoods. Therefore (Vg am,, ( ) = (Vg ( i59))

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 4



11

o(Vgm,, (fH) = (Vgom,, (f3)) (since fi and f} are in the first two discretely
ordered neighborhoods). And we have a contradiction since (7_1(Vq,ng2 (f3))
should be in the dense interval of neighborhoods.
Since the number of different infinite sequences of zeros and ones equals
to 2¢, I(T'Up(a),w) = 2¥. Any model of the theory T' generates maximum w
countable non-isomorphic models of T'U tp(a), consequently, (T, w) = 2.
As an immediate corollary we have the following;:

COROLLARY 1. Let T be a small countable theory having a few number of
countable models. If there exists a formula ¢(Z,y,¢) determining a partial
order with an infinite @-chain, then this chain should be dense.
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HAJIACKAH TOJIBIK TEOPUAJIAPABIH CAHAJIBIMIbBI MO/IEJIb-
JEPIHIH CAHBI TYPAJIBI

Koprexaepzeri imminapa perTi aHbIKTaitThIH (0 hbopmyaack: Oepincia. Bi3
(-Tizberi YFBIMBIH €HTi3eMi3 KoHe IeKCi3 IUCKPETTIK -Tizberi 6ap HojaThiH
MTaFbIH CAHAIBIMIBI TEOPUSTHBIH CAHAIBIMIBI MOJEIbAEPIHIH CAHBI MaKCHUMAaI-
Jbl €KeHIH pJiesaeiiMis.
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»Kax. MBI BBOJIUM TIOHSATHE Q-TIENN U JIOKA3BIBAEM, UTO YUCJI0 CIETHBIX MOJIeei
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A NOTE ON THE INTRACTABILITY OF PARTITION,
KNAPSACK, SUBSET SUM AND RELATED PROBLEMS

VASSILLY VOINOV

Annotation. Results of an empirical investigation of the time-complexity of both
known and forgotten algorithms for solving partition, integer knapsack, subset sum, and
related problems — important for both academic researchers and industry practitioners
— are presented. The results obtained show that, contrary to prevailing opinion, the
above-mentioned problems are solvable in polynomial time on a standard personal
computer.

Keywords. Combinatorial optimization, Knapsack-like problems, P and NP classes.

1 INTRODUCTION

The following three classes of problems are usually considered in discrete
combinatorial optimization: P, NP and NP-complete. The last class includes
NP-hard problems that are at least as hard as the NP-complete ones. Karp [1]
was probably the first one to list 21 NP-complete problems. Garey and Johnson
[2] increased the list size of such problems to 320. Several problems from that
list, such as partition, knapsack, subset sum and packing are probably the most
interesting and important for academic researchers and industrial practitioners.

Two well-known basic techniques for solving those hard problems are
usually used — branch and bounds (BB) and dynamic programming (DP).
Both methods are search-based which means that they search for an optimal
solution from an exponentially large number of probable candidates. Because
of the principle on which they are based, both methods cannot be quick and
cost-effective. In spite of this, during the last 30 years, researchers have tried to
raise the performance of those algorithms as far as possible (e.g., see Andonov
and Rajopadhye [3]; Andonov et al. [4]; Babayev et al. [5]; Chvdtal [6]; Lodi
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et al. [7]; Mansini and Speranza [8]; Martello et al. [9]; Martello and Toth [10];
Pisinger |11]; Poirriez et al. [12]; Seong et al. [13]; He et al. [14]). In spite
of their efforts, it has to be noted that both BB and DP approaches usually
cannot find all the optimal solutions of a particular problem.

2 PRELIMINARIES

In this note, we analyze the time complexity of the enumerating (not
searching) algorithm proposed by Voinov and Nikulin [15]. We start by
considering the following linear Diophantine equation

a1s1 + agsse + -+ a8 =n, (1)

where, without loss of generality, a1 < as < --- < aj; a; > 0; s >0, © =
1,2,...,1; n > 0, all the variables involved being integers. The method of
Voinov and Nikulin [15] is based on the generating function for the number of
solutions of (1) proposed by Hardy and Littlewood [16]. Voinov and Nikulin
[15] showed that their approach permits them not only to define the number
of solutions of (1), but also to enumerate explicitly all the solutions, if they
exist. It was shown that the number of solutions equals

[all} [na;il;zl] [n—slal;;-—sg)ag}
RUES S SR SE 2
8l=0 817120 s2=0
if s1+s2+-- 45 < [n/ai] and (n—s;a;—- - -—s2a2)/a; is a nonnegative integer.

Otherwise the value of R, (1) is zero. Mahmoudvand et al. [17] used (2) only for
computing the number of solutions of equation (1). On the contrary, Voinov
and Nikulin [15] showed that all the solutions {s1, s, ..., s;} of equation (1) can

themselves be written as {O[n/al]*slf'"*sl,a‘il, ..,a;'}, where {s2, s3,..., 5} are
the sets of summation indices in (2) and s; = (n — s;a; — ... — s2a2)/a;. This
notation means that in a particular solution there will be [n/a;] —s1 —--- — s

zeros, s1 terms containing ap, S2 terms containing ag, etcetera.

For example, consider the equation 2s; + 3s2 + 5s3 = 6. Using (2), one
easily gets the following 2 solutions of this equation: {3,0,0} and {0,2,0}.
The second solution, e.g., can be presented as: {0!,2°,32,5°} =0+3+3 =6.
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3 ASSESSING THE TIME COMPLEXITY FOR PARTITIONING

Consider first the classical partition problem when in (1) a; = i, i =
1,2,...,1. To construct all the partitions of n Hankin [18] used the
lexicographical algorithm. Estimates of the time needed to obtain a particular
partition using the command parts(n) of the R-package "partitions" developed
by Hankin (henceforth, software) are presented in Fig. 1.
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yL=26-07n° - 4E-05n° + 0.0034n° - 0.1579n7 +3.6239n - 32.938
- R*=0.9999 i
y2 = 406015550 ¢
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Figure 1 — Empirical (due to Hankin (2006)) dependence of partitions’
computing time (solid line with black circles for assessed times)
on the size of the problem. The dashed
line corresponds to the exponential fit of data

Note that the R? for a polynomial fit is higher than that for an exponential
one and that the time complexity of the algorithm is O(n®). Hankin published
his result in 2006, but since then nobody has mentioned that his algorithm
is polynomial in time, that is the time needed for a particular partition is
bounded by a polynomial of n.

The application of the R-script developed in Voinov and Pya [19] for the
algorithm of the same problem given by (2) produced the results shown in
Fig. 2.

From Fig. 1 and Fig. 2, it follows that partition problem belongs to the
complexity class P because it can be solved in polynomial time and has
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Figure 2 — Empirical dependence of partitions’ computing time (solid line
with black circles for assesses times) on the size of the problem.
The dashed line corresponds to the exponential fit of data

complexity of O(n=? ). Hence, the partition is not NP-complete problem. These
results disprove the conclusion of Garey and Johnson (2], p. 91).

4 ASSESSING THE TIME COMPLEXITY FOR KNAPSACK AND SUBSET SUM
PROBLEMS

Since all problems of interest can be reduced to an equivalent problem
involving the enumeration of all nonnegative integer solutions of the equation
(1) with arbitrary positive integer coefficients a;, i = 1,2, ...,1, consider first
the following equation: 2s; + 3s2 + 5sg + 1654 = n. A modified R-function (to
be published elsewhere) of (Voinov and Pya [19]) was used for assessing the
time complexity of this equation (see Fig. 3).

One sees that the time complexity is O(n? ): hence, the problem belongs
to complexity class P. Note that the time shown in Fig. 3 corresponds to the
computing time for all solutions of the equation for a particular value of n
(e.g., taking n = 100, we find that there are 499 solutions).
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Figure 3 — Empirical dependence of computing time (solid line with black
circles for assessed times) on the size of the problem.
The dashed line corresponds to the exponential fit of data

Consider the following unbounded knapsack

maximize C = 200s1 + 201so + 202s3 + 20354 + 20455 + 20554 + 20657,
subject to 100s; + 101sg + 102s3 + 103s4 + 104s5 + 10586 + 106s7 < n, (3)
s; > 0, integers, 1 =1,...,7,

where p = (p1,p2, ..., p7) = (200,201, ..., 206) are profits, w = (w1, wa, ..., wy) =
(100,101, ...,106) are weights, and n is the capacity of the knapsack. Note that
weights and profits are strongly correlated (Pearson’s correlation coefficient is
1). According to Martello and Toth (|20], p. 91), "the optimal solution of such
problems appears to be practically impossible". Introducing a slack variable
(say sg) into the constraining function the problem reduces to the enumeration
of all nonnegative integer solutions of the linear Diophantine equation

100s1 + 101s9 + 102s3 + 103s4 + 104s5 + 10556 + 10657 + sg = n.

Applying the approach based on the formula in (2) and the software, the
empirical dependence of computing time on n for the problem in (3) is obtained,
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as shown in Fig. 4. Average percentage errors in the mean estimates of times
used for constructing this figure do not exceed 1%.
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Figure 4 — Empirical dependence of computing time (solid line with black
circles for assessed times) on the size of problem (3).
The dashed line corresponds to the exponential fit of data

In Fig. 4, one can see that the optimal solution of the problem is not only
possible but also easily obtained by the above approach. We also find that the
algorithm has polynomial time complexity of O(n?*). Note that the computing
time in Fig. 4 is the total time for all solutions corresponding to a particular
value of n. For n = 2299, e.g., there are 1616 optimal solutions of (3). One may
also conclude that the opinion of Martello and Toth (]|20], p. 91) is disproved
by this approach.

Out of the 1616 optimal solutions, consider two particular ones: s; =
(s1,82,...,87) = {1,0,0,0,6,15,0} and s; = {0,0,3,7,0,0,12}. One can easily
check that both of them are optimal solutions of (3) if n = 2299 (note
that > s;w;=2299). Let vector A = (a1, as,...,a7) = (1,2,...,7) and s(a;) =
pisi, i =1,2,...,7. Consider a sub vector A C A = (1,5,6) corresponding
to the solution s1. For this vector Y s(a) = 4499. At the same time for the

aCA’
solution so > s(a) =4499. The equality >  s(a) = >  s(a) confirms
aCA-A’' aCA’ aCA-A’'

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 4



A note on the intractability of partition, knapsack ... 19

the decision of Fig. 4 that the knapsack problem (3) is not NP-complete and,
hence, is solvable in polynomial time. Its time complexity is O(n*).

Consider below an instance of the subset sum problem (see Example 4.1
from Martello and Toth, [20], p. 111)

maximize C=41s1 +34s9 +2153+2054+855+7s¢+7s7+4sg+3s9+3s10,

subject to 41s1+34s2+2153+2054+8s5+7s6+7s7+4s8+3s9+3s10 < n, (4)
s; > 0, integers, ¢ =1,2,..., 10,

Applying the approach defined by the formula in (2) and above-mentioned
software the empirical dependence of computing time on n for problem (4) is
obtained as in Fig. 5. Average percentage errors in the mean estimates of times
used for constructing this figure do not exceed 1%.
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Figure 5 — Empirical dependence of computing time (solid line with black
circles for assessed times) on the size of the problem (4).
The dashed line corresponds to the exponential fit of data

In Fig. 5, one can see that all solutions of the problem are easily obtained
by the above approach. We see that the algorithm implemented is polynomial
in time with the complexity of O( n*). Note that the computing time shown
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in Fig. 5, as in previous case, is the total time for all solutions corresponding
to a particular value of n. For n = 50, e.g., there are 954 solutions of (4).
Out of those 954 solutions, consider two particular ones: s; =
(s1,s2,...,510) = {1,0,0,0,0,0,0,0,0,3} and so = {0,1,0,0,1,0,0,2,0,0}.
One can easily check that both are optimal solutions of (4) if n = 50 (note that
> siw; = 50). Let vector A = (1,2,...,10) and s(a;) = pisi, @ = 1,2,...,10.

Consider a sub vector A" C A = (1,10) corresponding to the solution
s1. For this vector > s(a) = 50. At the same time for the solution so
aCA’
> s(a) =50. The equality > s(a) = > s(a) theoretically confirms
aCA-A' aCA’ aCA —A'

the conclusion of Fig. 5 that the subset sum problem in (4) is not NP-complete.

Hence, it is solvable in polynomial time with the time complexity of O(n*).
Consider one more "hard" problem which is a generalization of the 0-1

subset sum problem of Chvédtal (|6], p. 1408) to the following unbounded one

10
maximize C = Zajsj,
j=1
10
subject to Z ajsj <, (5)
j=10
s; > 0, integers, i = 1,2, ..., 10,

where a; = 212492147 11, j=1,2,...,10. Applying the approach and software
used earlier the empirical dependence of the computing time on n for problem
(5) is obtained, as shown in Fig. 6. Average percentage errors in the mean
estimates of times used for constructing this figure do not exceed 1%.

One sees that the algorithm applied is polynomial in time with the
complexity of O(n*). Note that the computing time in Fig. 6 is the total time
for all solutions corresponding to a particular value of n. For n = 44031, e.g.,
there are 23 optimal solutions of (5). By the date it was known (Hirschberg and
Wong [21]) that knapsack problems are solvable in polynomial time only for
two-dimensional case. Garey and Johnson ([2], p. 247) consider that problems
of higher dimensionality can be solved by DP only in pseudo-polynomial time.
Our empirical results disprove their contention by showing that the algorithm
in (2) solves a knapsack problem of any dimensionality in polynomial time.
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Figure 6 — Dependence of computing time (solid line with black circles for
assessed times) on the size of problem (5). The dashed
line corresponds to the exponential fit of data

In this regard, it is worth noting that if the results obtained above are
true, then all other related problems such as 0-1 knapsack, bounded knapsack,
multiple knapsack, and the two and three-dimensional bin packing problems,
which can be reduced to the enumeration of all nonnegative integer solutions
of a linear Diophantine equation are also not NP-complete, and therefore, can
be solved in polynomial time.

5 CONCLUDING REMARKS

The results of this note can be summarized as follows:

— Solution of partition, knapsack, subset sum and related problems is
reduced to the enumeration of all nonnegative integer solutions of a linear
Diophantine equation,

— The enumerative algorithm proposed by Voinov and Nikulin [15] is more
effective, compared with the well-known searching algorithms, such as BB and
DP,

— The algorithm of Voinov and Nikulin [15] enumerates all optimal solutions
of partition, knapsack, subset sum, and related problems,
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— The algorithm of Voinov and Nikulin [15] solves the above problems in
polynomial time,

— Results obtained are in favor of the relation P = NP. If so, the theory of
NP-completeness needs to be thoroughly reformulated.
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Bowunor Bacwmit O HEPAZPEIINMOCTH IIPOBJIEM PARBUEHUIL,
VKJIAJIKI PAHIIA, CYMMUPOBAHIS ITOIMHOYKECTB I JIPYTUX
POJICTBEHHBIX 3ATAY

[Ipencrasiensr pe3yabTaThl SMIUPUIECKOTO AHAIN3A BPEMEHHON CIOXKHO-
CTU M3BECTHBIX U 3a0BITHIX AJTOPUTMOB JIJIsl PEITIeHNs TTPo0IeM pa30ueHns Ha-
TYPAJIBHBIX YUCE, YKIQJKU PAHIIA, Pa30UeHnit MHOXKECTB U CBA3aHHBIX C HUMU
npob.tem. [lorydenubie sMnupudecKrue pe3yabTaThl CBUAIETEILCTBYIOT, 9TO BCE
BBIIIEYIIOMAHY ThIE 33/[a9U Pa3PEMrMbl 3a MMOJUNHOMUAILHOE BPEMs HA, CTAH-
JTapTHOM TIepPCOHATBLHOM KOMIIBIOTEpE.

Kirouesnpre cimoBa. Kombunaropruasi onTtumusarnus, TpoOJIeMbl YKIAIKH
panma, kraccel P u NP.

Bonmos Bacumit BOJIIKTEY, PAHIT TOCEYJIEPI, IIIIKI YKITBIHTHI-
KTAPIBI KOCBIH/IBLIAY MOCEJIEJIEPIHIH »KOHE BACKA JIA YK-
CAC ECEITEP/IIH IEMIIMENITIHIITT TYPAJIBI

Harypan cangap/asr 6esikTey, paHii ToCey/Iepi, KUBIHAAPIbI DOTIKTEY Mo-
ceJiesIepiH YKOHE colapMeH OailIaHbICTBI ecenTepi Merryre apHa ran oearii
JKoHe YMBIT OOJIFaH aJrOPUTMAEPIIH YAKBITTHIK KYPIAEJLTTIHIH SMINPUKAILIK,
TaJIaybIHBIH HOTUYKEIEepPl YChIHBLIFAH. AJIBIHFAH SMIUPUKAJIBIK, HOTUXKEIED
JKOYaPBIIA afThLIFaH eCeNTepIiH OapJIbIFbl CTAHIAPTTHIK, AepbeCc KOMIILIOTEpIe
MTOJIMHOM/IBIK YaKbIT apaJibIFbIH/I MIENIETIHIINH afifaKTail/ibl.

Kinrrik ceznep. KombunaTOp/bIK THIMJILIEY, PAHIITHI TOcey Mocesieepi, P
xone NP kjaccrapsr.
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YUCJIEHHAS PEAJIN3AIINS OTHOTO AJITOPUTMA
HAXOXKJIEHUS PEINEHUS CIHEIUAJIBHON 3AJAYU
KOINU JJ1sI HEJIMHENHBIX UHTETPO-
MN®PEPEHINAJJBLHBIX YPABHEHUI ®PEJTOJIBMA

J1.C. I KYMABAEB, 9.A. BAKUPOBA, C.T. MBbIHBAEBA

AnHoTaumsa. Paccmatpusaertca cneymansHas 3agada Kown gns cuctem HenumHeliHbix
nHTerpo-and depeHnanbHbix ypaBHEHNT, BO3HMKAIOWAS NPW MPUMEHEHN METOAA
napaMeTpu3aunu K CUCTEME HeJINHERHbIX UHTErpo-AnddepeHLmnanbHbiX ypaBHEHUA
®pegronbma. Pa3paboTaH anropnTm HaxOXAEHUSI YNCIEHHOMO PELUEHUS paccMmaTpu-
BaeMoli 3aga4n.

KntoueBble cnoga. Henuneiinoe nnterpo-guddeperHumnansHoe ypagHeHme, cneumans-
Has 3agada Kowwn, yncnenHoe pelueHune, anropuTm.

1 TIOCTAHOBKA 3AJIAYU

Bompocsr pazpemmmocT n TOCTPOEHUS TPUOTHKEHHBIX METOI0B HAXO0XK 16~
HUsI PEIIeHNs HAYAJbHBIX U KPAEBBIX 34144 /I UHTETpO-TuddepeHnIiasbHbIX
ypasrenuit @peroapMa UCC/IeJOBAINCE BO MHOIEX paborax [1]-[7].

B [8]-[11] npemoxken meros nccieoBaHus U PeIIeHns JINHEHHO 1By XTO-
YeYHOM KPaeBoil 3a/1a4u Jjig UHTerpo-auddepeHInaibHbIX YPABHEHU, OCHO-
BAHHBIA HA, paS6I/IeHI/II/I MHTEPBaAJIa U BBEJCHUN JOIIOJTHUTE/IBHBIX ITapaMeTpPOB.
Ncxoanas 3a1a9a CBOIUTCA K SKBUBAJEHTHON MHOTOTOYEYHON KPaeBoil 3a1ade
C mapaMerpaMu Jijid CUCTeM JIMHEHHBIX WHTEerpo-auddepeHnnaibHbIX yPaBHe-
uanit. [Ipemraraercsa aaropuTM HAXOXKIEHNUS PEIIeHNs 33a9n ¢ TapaMeTpaMu,
e Ha KakKJIOM Iare Peraercs crennaabHas 3agada Ko s JuHefAHbIX
uHTerpo-auddepeHIuaj bHbIX yPABHEHNI IPU N3BECTHBIX 3HAYEHU X TTapaMeT-
DOB.
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B [12] nosyuensr jocrarouHble YCJIOBUSI CYIIECTBOBAHUS €JMHCTBEH-
HOTO pelleHns CrenuajgbHoil 3ajadu  Komm g HeJIUHEeHHBIX WHTErpo-
muddepennmranbabix ypasaeauit pearosibMa U yCTaHOBJIEHA, OIEHKA PA3HOC-
TH €€ PelleHuil IpPU COOTBETCTBYIOMIUX PA3IUIHBIM 3HAYEHUAM MTapaMeTpax.

[Menpio HacTOsimelr paboOThI SBIASETCA Pas3spabOTKa AJTOPUTMa, HAXOXKJIE-
HUsl YUCJEHHOIO pEIleHus CIenuaabHoil 3aja4dn Koiwm, Bo3HUKAIONEN Tpu
OPpUMEHEHNN MeTOda IIapaMeTpusalum K CUCreMe HeJIMHEeHHbIX UHTEerpo-
muddepennmaababX ypasaeruit Dpearosbpma BUIa

T

= fo(t,x) +/f1(t,s,:c(s))d5, x € R", tel0,T], (1)
0

dzx

dt

rae fo:[0,7] x R* — R™, f1:[0,T] x [0,T] x R"® — R™ uHenpepbIBHbI.
MMomary h>0: h=T (N =1,2,...) npoussogurcs pazbuenne [0,7) =

N

U [(r = 1)h,rh) u cyxenne dbynakunu x(t) wa r-biii marepsan [(r — 1)h,7h)

r=1

obosnavaercst yepes xr(t), r.e. x,(t) = x(t) npu t € [(r — 1)h,Th). B kavecrre

napamerpa A, OygeMm paccMaTpuBaTh 3Hauenue GyHKIuit x,(t) B HATATILHBIX

TOYKAX MOJAMHTEPBAJIOB U HA KAXKJIOM 7'-OM WHTEPBAJE MPOU3BEIEM 3aMEHY

up(t) = zp(t) — A, ¥ = 1, N. Torga cucrema (1) cBegercss K creruaabHOM

3aa4ue Komm

N Ik

dc;trzfo(t,ur+)\r)+z / filtss,ui(s)+25)ds, L€ [(r=1)h,h), (2)
T G-
w(r-1h =0, r=1N. ®)

Yepez C([0,T],h, R™) o6o3maumy mpocTpaHcTBO —CcHCTEM  (DyHKIHiT
ult] = (ur(t), ug(t),...,uy(t)), vae wu, : [(r —1)h,rh) — R"™ wuempepbis-
1,N, c¢ wopwmoii

Ha ¥ WMeerT KOHeYHBIH npexen  lim  wu,(t), r
t—rh—0

[ul]li = max ~sup  u,(t)].
r=1,N te[(r—1)h,rh)
Pemennem cnermanpuoii 3amaun Kommu (2), (3) sasagerca — cucrema

bynxmait  ult] = (ur(t),uz(t), ..., uy () € C([0,T],h, R™), kommonenTsi
KOTOPOii HenpephIBHO jindbepeHnnpyemMbl Ha CBOMX WHTEPBAJIAX OlpeleeHunst
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U yJIOBJIETBOPSIOT CUCTeMe HHTEerpo-auddepeHnnatbubix ypasuenuii (2) u na-
JaIbLHBIM yCIoBusaM (3).

_ Io sbibpannomy mary h>0:Nh=T, N €N, u zajannomy seKTopy
A= (A, A2, ., Ay) € R, pasenctavm:  xo(t) = A\, t € [(r — 1)h,7h),
r=1,N, zo(T) = XN na [0,7] onpejsesuM KyCOYHO-HENPEPBIBHYIO BEKTOD-

dbyuxmo xo(t).
Bzas uncsio p > 0, mocTponm MHOXKeCTBA

Go(p) = {(t,) -t € [0, 7], o = 2o ()| < p},
Gl(p) = {(tasax) te [OaT]78 € [OvT]> ”33‘ _370(8)” < ,0},
Sn(0,p) = {ult] = (ur(t), ua(t), ..., uy (t) € C((0, 71, h, B™) : Jul]llL < p}.

YcnoBuk A. @yukumm fo(t, z), fi(t,s,z) coorsercrBenno B Go(p), Gi(p)

8f0 (t7 iL‘)
HereprBHbI, nMerT HereprBHbIe YJaCTHBIE HpOI/I3BOﬂ;HbIe T 5
ofi(t, s, x)
——— U BbBIIIOJIHAIOTCA HepaBeHCTBa
ox
dfo(t,x afi(t, s, x
e P O P

rae Lo, L1 — moJ0KUTEILHBIE TUCTA.

TEOPEMA A [12, c. 44]. ITycTh BbImOIHSIIOTCS yeioBue A U HEpABEHCTBa

a) e[\ Th <1,

t
€L0h

5 o e su H / T,X dr+
) 1 —eloh [, Th T:l,iNte[(rfll))hﬂ“h) ol

)3

(r—1)h 7= 0n

jh
fl(T,S,Xj)deTH < p.

1

Torna cnenuanpHas 3a1ava Komm /1 cncreM HHTErpo-Tuggepennua babx

ypasuenuii (2), (3) upu A = X B Si(0,p) umeer equHcrBenHoe pernexune

a[t] = (al(t)vﬂQ(t)’ e 7aN (t))
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Crenmanbrast 3ajgada Komwu st cucreMm uHTErpo-andepeHima bHbIX
ypasuenuii (2), (3) mpu A = \ SKBUBaJIEHTHA CHCTEME WHTETPAJLHBIX YDaB-

HeHU
t

up(t) = / Fo(m, Ar + up (7)) dr+

(r—=1)h

t N jh
+ / Z / fl(r,s,xj +uj(s))dsdr, t € [(r —1)h,rh), r=1,N. (4)
(r—1)h 7= 1)h

Pemenue cnenmanbuoii 3agaun Komu (2), (3) onpegensiercs 1o cieayiomemy
AJITOPUTMY.

0,0

IIIAT 0. Hauansuoe npubsiuxkenne K pemennio (4) Bo3bMeM u! )(t) =0.C
MOMOIIBI0 UTEPAIIMOHHOTO MPOTECCa MOCTPOUM (DYHKITHOHATBHYIO ITOCTIE0Ba-
TEJIbHOCTh

¢
uldm (1) = / Fo(r, A 4+ ul%™) (7)) dr+
(r~1)h
t N dh
+ / Z fi(r, S,Xj)deT,t € l(r=1)h,rh), r=1,N, m=0,1,2,...,...
(r—1h =GR
U, IEPEXO/Is K TPENEIy pu m — 00, Haiigem u© [t].
IIIAT 1. Cregyroree npubsnzkenue perienvs (4) — cucremy yHKIHi u(V) [t] -
HAIEM 0 UTEPAIMOHHOMY IIPOIECCY: w0 (t) = u” (t),
¢
@) = [ folr X ufm(r)dr
(r=1)h
t N jh
+ / Z / fl(T,S,Xj +U§~O)(S))d8d7', te|[(r—1h,rh), r=1,N. (5)
(r=Dh I G=D)h

Hepexoxst B (5) K mpeseny mpu m — oo, naiigem wD[t]. 1 ..
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IIponoizkas npoecc, Ha k + 1-oM 11are B3sB 3a HaYAILHOE HPUOIUKEHUE
(k+1,0) py _, (K) " .
Uy (t) = up ' (t), mocnemymee npubauzkenue naiigem 1o (opayJe:

t
u£k+1’m+1)(t) = / fo(r, XT + uﬁkﬂm) (1))dT+

(r—1)h

t N b
+ / Z fl(T,S,Xj+U§-k)(S))deT,

(r—1)n =GR

te[(r—1)h,rh), r=1,N, k=1,2,..., m=0,1,2,....
CXOIUMOCTL  TPEIIOKeHHOTO aJfOPUTMA  yCTAHABIUBACT  CJIEIYIOIICe
yTBEpPXK/IeHre

TrEOPEMA 1. Ilycrs Bommosmsitorcs ycaoBuss Teopemsr A. Torma ompenesie-
Masl aJIrOpHTMOM 10CIe 0BaTe bHOCTS cucreM (yuknuii uF[t] upu k — oo
cxonuresa K ult] — equHCTBeHHOMY permnennto 3ajia4n (2), (3) u cupaBeiuBbI
OIleHKHT
Loh k
~ (6 LlTh)
Ila® ] = al]lh <

< 1 WV = O (6)

JOKABATENLCTBO. Ilpu npennosoxkenusax Teopemsl B [12, c. 48] mokazama
CITPABETMBOCTE OIIEHKH

[V = u W[ < (P L Th) [u[] = oD
Orcroma moyanm, 910
ut*P ) = w3 < [ = a2 D[ a2 utD

o D] = w4 ) = @ < [ L TR

+(ePP L TR P2 4 4 (ePoh L Th)FH + (eLthlTh)ﬂ ] = wOp;.
[TosTOMy MMeeT MecTo HepaBeHCTBO

(eloh Ly Th)*
1-— eLthlTh

[Tepexoas k upegesy upu p — 0o B (7), ycranosum ouenky (6).

Jult )] — u® [y < D] = w1 (7)
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2 AJICOPUTM HAXOXKJEHMS YWCJEHHOI'O PEIIEHMS CIHELWAJIbLHOWM
BAAYM KOIlM /14 HEJUHENHBIX HWHTETPO-IU®PEPEHIIUAJILHBIX
YPABHEHUM

OcHOBOII TIpeIaraeMoro aaropuTMa IBIgeTca 3aaa4a Ko 11 00bIKHO-

BeHHBIX JuddepeHnnaaIbHbIX YPABHEHUH HA MOAMHTEPBAIAX:

du,

dt

= f(t,u.), wu;[(r—1)h] =0, tel(r—1)h,rh), r=1,N.

s perienust roit 3aja4u ncnosbdyercs mero Pyrre-Kyrra gerseproro
OPSIAKA C marom hy = Nil’ Ny =2M, M € N:

ultt =l + Al 1=0,N; —1,

1
ufn =u,(7), 1= (r—1)h + lhy, Aui = 6[K{ + 2K§ + 2Ké + Kfl], (8)

rme K, KI, Ké, K! — n-BexTOpBI, OIpe/eseMble 0 CIeLyomuM (hopMyIam

Ki=m (fo (Tbulr)):
!

h1 K
Ké = h1<f0(7'l + o ufn + 71)>

h1 K}
K:l;) = hy <f0(Tl + o0 ufn + 72)>

Kfl = hl (f()(Tl + hl,ufn + Ké)),

u dopmymna Cumrmcona [13, ¢. 165]

N
Ikzz / fi(t, s,ugk)(s)+/\j)ds:
ACERI

w\f

N
> [Aultss X+ (G = DR) + it s, + 0l () +

Jj=1
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+4 3" filto s, 5+l (G — Dh+ (2p — b))+

p=1
M-1 N
+2 3 At s Ay +ul (G - D+ 2ph1))] k=0,1,.. (9)
p=1
Pemenne crnermansuoii 3amaun Komm (2), (3) mpu A\, = A, 7 = 1,N,

HaliJeM 110 CJICLYIOIIEeMY aJIlOPUTMY.
IITAr 0.a) 3a zaganbHOe IpUOINKEHNE K PelIeHno 3a1a4n (2), (3) Bo3pmeM

(0)

dbyuxun vy’ () =0, 7 =1, N, u o dopmyne Cummncona (9) Beraucgnm
N Ik
= Z / fl(t,s,xj)ds, te[(r—1)h,rh), r=1,N. (10)
=G0

6) Iloxcrasisasa 3madenume (10) Bo BrOpoe ciaraemoe mpasoii gactu (2),
nosyunM 3aaaun Kormm 771s 0OBIKHOBEHHBIX Aud DepeHnnaabHbIX ypaBHEHT
HA TIOMHTEPBAIAX:

dug,l)
dt

= folt, A+ uD) + Iy, t€[(r—1)h,rh), (11)

uM[(r—1)h) =0, r=T1,N. (12)

Pemast 3agaun Komm (11), (12) meromom Pynre-Kyrra 4-ro nopsijaka, onpese-

1 _
JIUM YUCJIEHHBIE PelleHust ul (t),r=1,N.

(1)

ITAr 1. a) UWcnonb3ys  3nadenust  cucrem  dbyHkuwmit up (t) na [(r —
1)h,rh), r =1, N, no dopmyne Cummncona (9) Berauncamm

N Jh
Z / tsu (8) + Aj)ds, te(r—1)h,rh), r=1,N.
j=1 —1)h

6) Pemas 3asaun Komm pns 06bikHOBeHHBIX qudepeHIMaIbHBIX yPaB-
HEHWl HAa TTOIWHTEPBAJIAX:
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du,(?)
dt

= folt,\r +uPD @) + I, te[(r—1)h,rh] (13)

uP[(r=1)h] =0, r=1N, (14)
o ¢opmyste (8) HAXOAUM UUCICHHBIE 3HAYECHUS (DYHKIIUIT u7(«2) (t),r=1,N.
[Mosropsas nponecc, na k-om niare ajropurma, ucnojb3ys dbopmyry (9),
BeraucanMm [, u permas 3aaaqu Ko /15t 00bIKHOBEHHBIX T depeHITnaTEHBIX
ypaBHEHU

du£k+1)

dt

= folt, A\ +ulEFV(@) + Iy, £ € [(r — 1, rh),

up[(r—1)h] =0, r=1,N,

. (k41 —
HAXOJAMM YUCJIEHHbIE 3HAYEHUsT (PYHKIUIT u1(n )(t), r=1,N.
YesoBusi Teopembr 1 06ecriednBaOT CXOAMMOCTD [IPE/IJIO2KEHHOTO A ITOPUT-
Ma HAXOXKJIEHUsI YUCJICHHOTO pelleHust crenuasbHoil 3aaun Komu (2), (3).

[MpuMEP. Ha orpeske [0,1] paccmorpum — mHenmHelHoe UHTErpo-
nuddepeniuanibaoe ypapaenne Opegaroabma

1
d
£:$2+0.2t2/ s)|ds + 1482 + f(t), x€R, tec[0,1], (15)
0
2 1
rae f(t) = 0.4t — 0.2 — 86,5 2,5 Lo

625 25 25
[Ipumensis Mero mapaMerpusanuu K ypasaenuto (15) mpu h = 0.125, mo-

JIYIUM CJEAYIONIYIO CIEuaIbHyIo 3amady Komm i HeJmHeHOTO WHTErpo-
muddepeHnnaabHOT0 YpaBHEHUS C TapaMeTPaMU:

jh
d;”z( +02t2z / 8) + A+
=1 1)n
+(uj(s) + Nj)?ds + 1482 + f(t), t€[(r—1)h,rh), (16)
u[(r—1)h] =0, r=1,8. (17)
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Ucnonp3yst mpejiozKeHHbI YNUCAIEHHBIN AJTOPUTM, HAWIEM PEIIeHus CIie-

nanpHoil 3ajaum Komm (16), (17) mpm A, = Ap, e A1 = 0, Ay =
—0.022, A3 = -0.038, Ay = —0.047, A5 = -0.05 X = -—0.047,
A7 = —0.038, \g = —0.0022. Pemenunem cnermanpuoit 3agaun Komm (16),

(17) mpu >TEX 3HAYECHHSIX IAPAMETPOB sBIAeTCs cucreMa yHKmmit Ult] =
(uy(t), ua(t), us(t), ug(t), us(t), ug(t), ur(t), us(t)), rme u,(t) = 0.2¢(t — 1) — A,
te[(r—1)h,rh),r=1,N.

IIposepum BeimOTHEHWE yeaoBust Teopembr A: Lo =0.1, L1 =1, p=1,

1
a) elohp Th = gesflo <1,

eLoh

6) 1— €L0hL1Th

|lul-]][1 = 0.8887 < p.

IITAr 0. a) Beibpas e (t) =0,r = 1,8, 1o dpopmyse Cummncona (9) Boraucaum
g b

In=>" / [\j + AJ]ds = —0.0328125.
T=-on

6) Pemas 3amaay Komu nus o6bikHOBEHHOTO uddepeHnuansHoro ypasHe-
HUS Ha TOJWHTEPBAJIAX:

du,(al)
dt

= (M) +1.42 + f(t) + 0282 - Iy, te[(r—1)h,rh),

Wl - )H =0, r=T3,
meronom Pynre-Kyrra uerBeproro nopsjka HaifjieM 4uC/IEHHbIE 3HAYEHUS
dbyukuMii ugl)(t). Yucmo pa3bueHuii Ha MOJAMHTEPBAJIAX BO3bMEM DABHBIM
N1 =2M, M = 2, c onurakoBbiM 1iarom hy = 0.03125.
IITAr 1. a) Ucnonb3ys 3uavennst cucrem QyHKIMi uﬁl)(t) na [(r — 1)h,rh),
r = 1,8, no dopmyne Cummncona (9) BeraucaIum
jh
1 1 2
[l (5) + Aj + (uS” (s) + A;)?]ds = 0.032002985.
)

(j-Dh

8
L=>Y
j=1
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6) Tloacrasnsis 3mauenue ] B ypasuenue (16), caosa momyunm 3amaqy Komm
JIJisE OOBIKHOBEHHOTO (b epeHinaabHOr0 YpaBHEHUS:

dug)
dt

= W) 41462+ f(t) + 022 I}, te[(r—1)h,rh),

uP[(r—1)h) =0, r=T1,3.

Pemaga 3amaay Komu mis o0bikHOBEHHOTO mudpdepeHInaaIbHor0 ypaBHEHU T
Ha TTOaNHTEpBaIaX MeTonoM Pyrre-KyTTa yeTBepTOro mopsika, HAXOINM UHC-
JIEHHBIE peleHns QyHKIUT u? (t). I T

B ciiepyromeit Tabsmie npuBeieHbl PE3Y/IbTATHI BhIYUCAEHUN 4-0i1 nrepa-
MU HAXOXKIEHUs YUCJIEHHOTo pemntenns 3aaa4n (16), (17)

Tabauma 1 — Pa3nocTh MKy TOYHBIM M UNCTEHHBIM PEIIeHUSIMA
sagaam (16), (17) He mpeswrmaer € = 0.3 - 1079

t 2(t) (amca. pem.) | ¢ z(t) (amea. pemr.) | ¢ z(t) (amcs. pemr.)

0.00000| 0.000000000000 0.34375| -0.007617187338 | 0.68750| 0.003906250124

0.03125| -0.006054687450 | 0.37500] -0.009374999783 | 0.71875| 0.006445312688

0.06250| -0.011718749900 | 0.40625| -0.001367187444 | 0.75000| 0.009375000253

0.09375| -0.016992187349 | 0.43750| -0.002343749888 | 0.78125| 0.003320312567

0.12500| -0.021874999797 | 0.46875| -0.002929687332 | 0.81250| 0.007031250135

0.15625| -0.004492187448 | 0.50000] -0.003124999775 | 0.84375| 0.011132812704

0.18750| -0.008593749896 | 0.53125| 0.000195312588 0.87500| 0.015625000276

0.21875| -0.012304687343 | 0.56250| 0.000781250117 0.90625| 0.004882812574

0.25000| -0.015624999790 | 0.59375| 0.001757812676 0.93750| 0.010156250149

0.28125| -0.002929687446 | 0.62500{ 0.003125000236 0.96875| 0.015820312728

0.31250| -0.005468749892 | 0.65625| 0.001757812562 1.00000] 0.021875000308
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EMEC OPEATI'OJIbBM UHTETIPAJIABIK-INOOEPEHIIMAJIIBIK TEH-
JIEVJIEPI YIIIH APHANBI KO ECEBIHIH, IIEIIIMIH TABYFA AP-
HAJITAH BIP AJITOPUTMIHIH CAHIBIK 2KY3ET'E ACBIPBIJIVHI

Co3pikThl emec PpearoapM UHTErPATILIK-TudOEepeHnaIIbK TeHIeyIep
JKyliecine TapaMeTpJsiey diCiH KOJIJaHy Ke3iH/e TYBIHZAUTHIH CHI3BIKTHI eMec
DpearoabM WHTErPAIIBIK-TudMEPEHITNAIILIK, TeHIEyIep Kyiieaepi yiria ap-
Haiter Ko ecebi KapacThIpbLIa bl. KapacThIPBLIBIT OTHIPFAH €CENTiH CAHIBIK
MIeITiMiH Ta0Y/IbIH aJTOPATMI YKACAJIFAH.

Kinrrik ce3nep. ChI3BIKTHIK, €MeC WHTETrPaJIIbIK- (D depeHIna bk TeH-
ney, apnaitbr Komm ecebi, CaHIbIK IIEITiM, aJrOPUTM.
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Dzhumabaev D.S., Bakirova E.A., Mynbayeva S.T. NUMERICAL
REALIZATION OF ONE ALGORITHM FOR FINDING A SOLUTION
OF SPECIAL CAUCHY PROBLEM FOR FREDHOLM NONLINEAR
INTEGRO-DIFFERENTIAL EQUATIONS

Special Cauchy problem for nonlinear integro-differential equations, which
arises when applying parametrization method to the system of Fredholm
nonlinear integro-differential equations is considered. The algorithm for finding
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Ob ACUMIITOTUKE I10 CITEKTPAJIbHOMY
IIAPAMETPY PEIIEHUN JU®PEPEHIINAJILHBIX
YPABHEHUI HA JEPEBE C YCJIOBUAMU KNPXTI'O®A B
ETO BHYTPEHHUX BEPIIINHAX

JI.K. ZKATICAPBAEBA, B.E. KAHTY>K1H, H. KOIIKAPBAEB

AHHOTaLuMsA. B paboTe cTpoATCA acMMNTOTWYECKW HE3ABUCUMBIE MO NapaMeTpy
peweHnst andpepeHLnanLHOro ypaBHeHsl BTOPOro NOpsiika Ha AepeBe C yCAOBUAMU
Kupxroca B €ro BHYTpeHHUX BepLUMHAX.

Kntouesble cnioBa. OpuentuposanHbiii rpad, ycnosus Knpxroda, rpad Tuna aepeso,
aCUMNTOTUHECKM HE3aBMCMMbIE MO NAPaMETPY peLUeHs, MaKCUMaslbHbIl OnepaTop.

1 BBEJEHUE

Wsgecrno [1], gro mis puddepenipaibHOro ypaBHeH st BBICIIEIO HOPsiiKa
Ha OTpE3Ke

n—1
y "M (@) + > pr(z)y W) = p"y(x), 0 <z < 1,
k=0

s .
B cekTope 0 < argp < o CyllecrByer dbyHIaMEHTATbHAS CUCTEMA, PEIEeHU
{yk(x,p),k =1,...,n}, KoTOpas yI0BIETBOPSIET IIPEIETbLHBIM COOTHOIIEHUIM

lim yk(xvlo)e_wkpx =1,

p—00
rJIe Wi, . . . , Wy, — Pa3JndHbIe KOpHU N-0ii crenenn n3 (—1). CMbIca 3T0ro yreep-
JKJIEHUS 3aK/I0UA€TCs B TOM, 9T pemenus {yx(x, p), k = 1,...,n} cocrasusior
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Funding: Komurer naykn Munrucrepcrsa o6pasosanusa n nayku PK, Ipant Ne 0757 /T ®4.
© JLK. XKancap6aesa, B.E. Kanryxun, H. Komkap6aes, 2017.
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He TOJILKO JIMHEHHO He3aBucuMyto cucremy Ha uaTepsase (0, 1), no u npegcras-
JITIOT ACUMITOTUYECKU JUHEHHO He3aBuCUMYIO cucTeMy. CyImecTByIoT mpuMe-
DB, KOIJIa HEKOTOPAsi CUCTEMA PelleHuil JMHeHHO He3aBUCUMa, HO ACHMIITO-
TUYECKN He sBjgercd Takopoit. K mpmmepy, npm n = 2, pi(x) = po(z) = 0
perienus {cos px, Sin pr} COCTABIAIOT JIMHEHHO HE3ABUCUMYIO CUCTEMY, HO MPU
p — 0O ACHMITOTHYECKH €08 pr = €% (14 0(1)), sinpr = L€ (14 o(1))
Mexy coboit 3aBucumbl. 1Ipu ucciieioBannm criekTpaabHbIX CBOUCTB Judde-
PEHIIMATLHBIX YPABHEHWIT BBICIIUX TOPSAIKOB C PEryJIapHBIMEA TIO0 Bupxrody
IPAHUYHBIMA YCIOBHAME 3(P(HEKTUBHO MCHOMB3YIOTCA ACHMITOTHIECKH He3a-
BUCWMBIE CUCTEMbI PENeHus .

Pabora nocssimena Jsinaeitabiv guddepennmnaibHbiM OlleparopamM Ha I'pa-
dax rTumna gepeso. CrnekrpanbHas Teopus Aud@EepeHuajIbHbIX OlepaTopPoB
Ha MHOTooOpasmsx Tuma cetu m3ydajach B paborax HO.B. Ilokoproro u ero
yuenukoB [2]-[6]. 113 mocieanux myGanKaruii, MOCBSINEHHBIX DA3INYHBIM aC-
IIeKTaM — Teopruu OOpaTHBIX 3a1ad Ha rpadax, 00paTuM BHUMAaHNE Ha PAOOTHI
[7]-[11]. Ormernm Hepasuue paborst [12], [13], B KOTOPBIX H3y4YeHBI HEKOTOPBIE
CIIEeKTpaJjbHbIE CBOMCTBA AuddepeHiinaabHbIX OMEPATOPOB HA MPOCTHIX T'Pa-
dax tuna 3Be37a. B macrosmeit pabore mia guddepennnaibHbIX ypaBHEHUIT
BTOPOT'O TIOpsjKa Ha rpade Tura jepeBo ¢ ycaoBusMmu Kupxroda B ero BHyT-
PEHHUX BEPIIUHAX CTPOSITCS aCUMITOTUIECKH HE3ABUCUMbBIE 110 IapaMerpy p
peIleHus.

2 OCHOBHBIE ITOHATUA

[Tycts 3aman rpad-mepeso S = {V,E}, rme V — MHOXKECTBO BEpIINMH Tpa-
da, & — mHOKECTBO ero ayr. OpueHTUPOBAHHBIN Tpad CUUTAETCS TEPEBOM,
ec/ii B Ka)KJ0# BepInHE, KPOMEe OJHOMW, TOJHKO OIHA BXOdAIas mayra. Bep-
IITTHA, KOTOPAsi He UMeeT BXOSIIUX YT, HA3bIBAETCS KOPHEM JIEPEBA U KOPHIO
npucBanBaeTcss Homep 0. BaskHBIM CBOMCTBOM JIepeBa sIBISIETCS TO, ITO OT KOP-
Hsl JIO JIOOOi BEPIIUHBI CYIIECTBYET €IUHCTBEHHBIN MAPIIPYT, COEIUHSIONTII

x [14]. Jdumra mMapmpyTa onpejessier BbICOTy BepiiuHbl rpada. BepumHs,
y KOTOPBIX OTCYTCTBYIOT HCXOLININE IyTH, HA30BEM IPDAHUIHBIMYU BEPITUHAMHI.
HeI‘paHI/I‘IHbIe BEePHINHBI 6yﬂeM Ha3bIBATHh BHYTPEHHUMU BEPIIUHAMMU. CHa,LIa.Ha,
ot 0 /10 p MpoHyMepyeM I'paHUYHBbIE BEPUIUHBI. 3aTeM OT P + 1 10 7 mpucBouM
HOMEpPa BHYTPECHHUM BEPIIUHAM 110 IPDUHIUITY: Y€M 60.HbH_Ie BbICOTQ BEPIIWHBI,
Tem Gosbiie ero HOMep. Uepes mj 00O3HAYMM KOJIMYIECTBO YT, MCXOISAIIAX
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n3 BepmmHel j. Jlyry, oKaHYMBAIONIyIOCS Ha BepIInHE j, 0003HAYNM Yepes €.
MaprpyT, ucXoadmuii n3 KOPHA W OKAHIYMBAIOMIUNCA Ha BepIInHe j, 0603HA-
4UM 4depe3 Sj, a ero Jumny — depes |s;| — 1. Berogy B pasnbreiinem canrae,
YTO U3 KOPHS UCXO/JUT TOJBKO OJIHA JIyTa.

3 OHPE,ZLEHEHI/IE MAKCHUMAJIBHOTI'O OIIEPATOPA HA JIEPEBE
Paccmorpum mpocTpaHcTBO
Ly(3) = [] La(e)
ecf

C dJIEME€HTaMHu

—

V(X) = [ye(z.),e € &7

(rne X = (2e,e € €) n [[.ce — /lexapToBO IPOM3BE/IEHNE HOAIPOCTPAHCTB) 1
C KOHEYHOU HOpPMOii

¥l = | 3 [ lostay) 2.

e]-GE €j
TouHO TakXKe CTaHTAPTHBIM 00PA30M BBOJINUTCS TTPOCTPAHCTBO

W5 (S) = [[Ws(e).
eef

Beegem muoxkectso dbyuxmmit D(Ayq,) C WQQ(%), 3JIEMEHTHI KOTOPhIX B KaK-

II0#1 BHyTpeHHeli BepIiiuae k = p+ 1, ..., r yIOBIETBOPSIOT yCaoBusaM Kupxro-
da [15]:
yk(1) = Ysik 0)=...= Ysmy .k (0), (1)
V(1) = 90, (0) + ..+, (0). 2
34€eCh Sik; - - - 5 Smy, & — HOMEPA ayT, ucxomsmux u3 sepimubl k. Oneparop Apage

¢ obnacteio onpenenenusa D(Angq,) u 3amaBaembrii muaeiiabivu auddepenmn-
AJTBHBIMU BBIPAYKEHUSIMU

—y (z;) + qi(zj)y;(z;) = p*yj(z)), e € E, 0 < mj <1, (3)

j=1...,7
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Ha30BE€M MaKCUMaJIbHBIM OIIEPAaTOPOM.

IIpu stom {g;(x;),z; €ej € £, 0 < xj < 1} — HabOp BeleCTBEHHBIX HEIIpe-
PBIBHBIX (DYHKIWI OOBIYHO HA3BIBAIOT MOTEHIIMAIaMU. 3aMETUM, 9TO 0bIee
KoJindecTBO ycjioBuit Kupxroda Bo BHyTpeHHUX BEPIIUHAX paBHO 2r —p — 1.

4 OCHOBHOW PE3VJILTAT

OcuoBHoii pesynbrar copmyaupyeM s ciaydas, Korga sce ¢;(z;j) = 0,
XOTs €ro JIeTKO nepedpa3upoBaTh jjisd ODIIEero Cirydas.

Hycts mpu 0 < xp41 < 1 pemenme ypi1(zpr1) = ePr+! ma gyre epiq
uzsecrHo. Kakoe BozJeiicTBHE OKa3bIBAET Ypi1(Tp41) HA JIPYyTUe JIYyIH, €C/IH
BBIIOJTHSIOTCS cooTHOMenus (1), (2), (3)7 lnade roBopst, Ha/10 HANTH peIIeHust
yj(z;) upn j # p+ 1 Ha ocraBIIMXCst Jjyrax, €/ BbIIOJHEHbl COOTHOLICHUS]
(1), (2), (3). Useectro [16], uro Ha jgepese st a060ro j # p + 1 cymecrsyer
euHCTBeHHbINH MapmpyT s; = {0,p + 1,...,j}. Bepumusl, Bxozsmue B s;,
obosnaunm uepes nij =0,ng; =p+1,..., 1 ; = J.

TEOPEMA 1. Ilycts j #p+1 . IIpu 0 < x; < 1 cupaBeamBo mpecTaBIeHHe
yj(x;) = etr(@itlsil=2) 1

s;]—2

—+ Z (—1)t Z Djl ... Djtiejlipx
t=1

[sj|—2>75t>5i—1>...>51>1

X cos p(J2 — j1) - .. cos p(jr — je—1) sin p(x; — jr + |s5| — 2). (4)

Yucma Dy, . .., Dys;|—2 y00HO0 nepeobosnaunts 1epes Di = Ongj»- - Dis;)—2 =
9|sj"j , mpuyeM gmcaa O1,...,0,,0p42,...,0, yroBaerBopaior mpu k = p +
1,...,r crexyrmommmM r — p COOTHOIITEHUSIM

mE —1=0s, +...+0s, , (5)
TJI€ S1ky - -+ Smy,k — HOMepa JyT, HCXOJSIINX U3 BEPIIMHBL k.

SAMEYAHUE 1. Ha kazkoif Jyre, Kpome JyTH €py1 , OOPeJeSeHO OJIHO THCIIO
0;,7 # p+ 1, cpean koTopbix p — 1 HE3ABHCHMBIX.

3AMEYAHUE 2. U3 jgokazarenbcrBa Teopembr 1 BHIHO, UTO Yy TBEPIXK IEHHE TEO-
pemsr 1 sierko cpopmynuposars u jjokazars npu ¢;(x;) € Cle;) Vj.
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5 JIOKABATEJBCTBO OCHOBHOW TEOPEMBI

BHaLIa.T[e opuBegeM JABE BCIIOMOTaTE/IbHBIE JIEMMBI, 3aT€M JJOKa2KeM OCHOB-
Hyto Teopemy 1 MeTOZOM MaTeMaTHUUYECKONW WHIYKIIUU. PaccMOTpuM J1epeBo,
n3obpazkennoe #Ha Puc. 1. KosmdecTtBo BepImuwH, MCXOAAMNX W3 BEPIIUHBL j,
mycTh paBHO m. ['parmunbie Beprmael gepesa (Puc. 1) 6yzem HymepoBaTh 0T
0 10 m, & COOTBETCTBYIOIINE AYTH — UEPES €1, €2, . . . , €. CUNTAEM, UTO HA JIyTe
e; 3aj1ano perrenne y(z) = P, B sepmmne j Boinosmsiorcs yesosug (2), (3).
Tpebyercs naiitn pemenns yi (1), y2(x2), ..., Ym(Tm) HA Ayrax ej,e9,...,en
ypasuenus (1).

Pucynox 1 — PacnipocTpanenne peneHus 1Mo AepeBy

JIEMMA 1. B ciygae gepesa, nzobpazkenuoro va Puc. 1, perenne numeer npes-
cTaBJIEHHE

ys(xs) = eiP@st1) _ A jelp sinprg, s=1,...,m, x5 € €. (6)
Ipuaem nocrosuusre Ay, As, . .., Ay VAOBJIETBOPSAIOT COOTHOIICHHIO
Al +As+ ...+ A, =m—1. (7)

JIOKABATE/ILCTBO JIEMMBI 1. Pemenns ypasnenus (1) mmem B Buge (6) ¢
HeKOTOpBIMU TocTostHEbIME A1, Ag, ..., Ay, VI3 Buma permennii (6) cpasy xe
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caeyer BeinosHeHne ycaosuit (2). Ocraercs npoBepUTH BBINOJHEHNE YCIOBHsI
(3). IlousaTHO, 9TO /IS BBIMOTHEHWs YCJI0BUs (3) JOCTATOYHO MOTPEOOBATH
coornomenue (7). Jlemma 1 nmosHOCTBIO jI0OKA3aHA.

Crhemytomag jiemma — mpoctoe obobrenne Jlemmbr 1.

JIEMMA 2. Ilycrs jnano gepeso, n3obpaxennoe na Puc. 1, m na gyre e; 3a/1a00
pemrerne y;(x) = eiple+1) _ Ajie’sinpx, x € ej. Torga ypaBuenune (1) na
JIyrax €g HMeeT PereHHe

sin px
ys(*TS):yj(iUs“‘l)—Bsy}(l) 58, s=1,...,m.

Ilpmyem uncaa By, Bo, ..., By, VIOBJIETBOPSIIOT COOTHOIIEHHIO
Bi+By+...+B,,=m—1.

[TocnemoBaTensuo mpumendd Jlemmbl 1 m 2, MOXKHO BBIUYHUCJUTL PACIIPO-
crpanenne GUKCHPOBAHHOTO perienust y(x) = e'P* Ha jyre epi1 BIOJb IPOH3-
BOJIbHOTO MapmpyTa s; = {0,p+1,...,j}.

JIOKA3BATEJILCTBO OCHOBHOW TEOPEMBI. [Iyis mo6oro j # p + 1 BeiGepem
mapmpyT s; = {0,p + 1,...,j}, aamea xoroporo pasna |s;j| — 1. Ha stom
MapIIpyTe S; BEPIINHY, KOTOpasi IPeIIeCTBYeT BepInHe j, 0003HAUNM depe3
k. Urak, mapmpyr npumer Bug s; = {0,p+1,...,k, j}. Cormacro unyknu-
OHHOMY TIPE/IIOJIOKEHNIO Ha JIyTe €} PEeIleHe UMeeT MPeICTaBIeHIe
yi(zg) = eP@Rtlssl=3) 4
lsj1—3 N
+ Z (—l)t Z Djl .. Djtz'ej”px
t=1 |Sj|732jt>jt71>...>j121
x cos p(j2 — j1) - - - cos p(jr — ji—1) sin p(zg — je + [s;| = 3).  (8)

YunrsiBas Jlemmy 2, pemrenue y;j(2;) Ha Iyre e; IpUIMeT BILT

sin px
yj(xj) :yk(xk+1) _Djtﬂy;c(l) P L.

IMoxcraBiss B 10c/I€/HEE COOTHOLIEHUE PaBEHCTBO (8), nmeem

yj(x;) = etP(@i+si|=2)
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lsj1—3

=+ Z (—l)t Z Djl R Djtiej”px
t=1

lsjl=3>je>je—1>..>j1>1
x cos p(j2 = j1) - - - cos p(jr — je—1) sin p(z; — ji + |85 — 2)—

. [s;]—3
SIN pT; | o(lss— oy
_p. 2P ip(]sil-2) _1)¢ . . jod1ip
Dj, ., ; e"P\s—) (—1) Dj, ...Djie’""x
t=1 |Sj‘732jt>jt_1>...>j121

X 05 p(ja — 1) - - 08 (G — o—1) sin p(|s;] — 2 — )

PackpeiBast ckoOku 1 ipuBO/isi 1OA00HbIE WieHbl, YOeXK1aeMCs B CIIPABE/JINBO-
cru dopmyas (4).

Coornomenus (5) mag wucen 6y, ...,0, TPOBEPSIOTCA TOYHO TaK¥kKe, KaK
JoKasbiBauCh coorromenns (7) mas ancen A, ..., Ay, .

Taxum obpazom, Teopema 1 mOTHOCTBIO JOKA3aHA.

BAMEYAHUE 3. Eciu B pemennn y(x) = €'’ p 3aMeHuTH HA —p, TO MOXKHO
HnoJ1yduTh €I1e OAHO aCUMIITOTHUYIEeCKN JIMHEITHO HEe3aBUCHUMOE perrienne.

6 ACHUMIITOTUKA PELIEHWI JNOPOEPEHIMAJIBHOI'O YPABHEHNA HA JIE-
PEBE

B gammom mymkTe paccmorpum 0O0mmit cirydaii, KOTa, IIOTEHITAAJIBI
{gj(xj),xj € e;} — HAGOp HempepbLIBHBIX BelecTBeHHBIX dyHKuil. B mannom
IyHKTe coxpaHsiorcs oboznavenust [Iynkra 4.

TEOPEMA 2. IIycTh Ha Jyre epi1 pemenne Ypi1(Tpr1) = ePor+l [1 +o <%>}

npu p — oo . Torga npu Imp < 0 u j # p+ 1 na gyre ej pemenns y;(x;)
sagaqn (1), (2), (3) umeror upu p — 0O ACUMIITOTHYECKOE [IPEJICTABICHHE

X > Dy, ... Dy, [1—1—0(2)} (9)

[sj|—2>5t>4i—1>...>51>1
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JTOKABATEJILCTBO. @opmysna (9) nonyuaercs u3 npeacrasienus pemenns (4)
BLIHECEHHEM 3a CKOOKY Muozkurens (% t51=2) y ofpeunennem B ckobkax B

o (i) BCEX TeX CJlaraeMblX, KOTOPbIE CO/lepzKaT %. HeiicrBuTeibHO,

;-2
yj(:nj) = eip($j+‘sj|_2) + Z (—1)t Z Djl N Djtiejlipx
t=1 [sj|—2>jt>jt—1>...>51>1
X cos p(j2 — j1) - .. cos p(je — ji—1) sin p(z; — ji + |sj| — 2) =

Isj|—2
— etr(xitlsil=2) 4 Z (—1)t Z Dy, ... Djtiejlipx
t=1

[sj|—2>5t>4i—1>...>51>1

eir(i2—i1) 4 g—ip(ja—i1) etPlt—=jt—1) | g=ip(jt—jt—1)

X . X
2 2
etp(xj—jetls;j|=2) _ o—ip(z;—jetls;|—2)
X
27
Eciu I'mp < 0, To iImp > 0. Ilycrs p = a+ bi, tie b < 0. CpaBauM 3HavUEHUS
etP(@itlsil=2) g o=ip(zitlsi|=2)  Topga |eiﬂ(xj+|8j|—2)‘ - ’ei(a+bi)(xj+|8jl—2)‘ —
e V@it 1=2) | eteleitlsil=2)| = |gilatbi)le;tsi=2) | = o=b(@iHsi1=2) - Orcrona
caenyer, uro e P@itsil=2) > eb(@i+15i1=2) ppy b < 0. Cneposarenbo,
lsj|—2
yj(x]) = ezp(zj+‘sj|_2) + Z (_1)tx
t=1
% Z Dj, ... Djte(j1+j2_j1+jt_jt71+17j_jt‘HSj|—2)ip><
[sj|l—2>5t>5s—1>...>51>1
1 + e~ 2ip(2—51) 1 4+ e 2ip(t—je—1) 1 — e—2ip(zj—je+ls;|=2)
2 LY 2 M 2 h—
) ‘Sjl_Q (_l)t )
= etr(@i+lsi|=2) 4 Z o Z D; _”Djtew(ijSj\—?)X
t=1

[sj|—2>7t>5—1>...>51>1

x (14 e—2ip(j2—j1)) (14 e_QiP(jt_]‘tfl))(]_ _ e—QiP(xj—jt-f-\Sﬂ—?)).
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Takum 06paszoM, pemenue y;(;) 3anuIercs B BUJE

sj1—2

(—1)°
5 > Dj, ... Dj,x

yj(z;) = eir(xj+lsj|=2) [1 +
t=1 [sj|—2>jt>jt—1>...>51>1

x (14 e—2ip(j2—j1)) (14 e_QiP(jt_jtfl))(l _ e—2iP($j—jt+|Sj—2))] =

) |Sj —2 (_1)t
— eir(wj+lsj|=2) <1 + Z > Z Dj, .. 'Djt> X
t=1 [sj|—2>7e>5—1>...>51>1

efd)

[IPUMEP. Boramcanm acMMOTOTHYECKN HE3ABUCHMBIE TI0 MApaMeTpy p perre-
Hust auddepeHnuaabHbIX YpaBHEeHU I

Teopema jokazana.

—yj(xj) = p*yj(a), ¢j € E, 0 < xj < 1, (10)
j=1,2,3,
C paCHa,HaIOHII/IMI/ICH KpaeBbIMI/I YCJIOBI/IHMI/I
y1(1) — hya (1) = 0,
ys(1) + Hya(1) = 0,
y3(0) +~y3(0) = 0,

(11)

rie h, H,v — ¢pukcupoBatHbie JefCTBATEIbHBIE YUCIIA.
Cornacuo dopwmyse (6) ypasuerne (10) Ha myrax ej, ez B ciydae Jepesa,
n3o0parkenHoro wa, Puc. 2, mmeer pemenune

yi1(z1) = @1 tl) _ g et sin pxy, T € eq,

ya(x9) = etP@2tl) _ g ioip gin pra, To € es,
T7e TIOCTOsTHHBIE 61, 02 YIOBIETBOPSIOT COOTHOIITEHITO

01 +6,=1.
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Pucynox 2 — Wnnfoctpatus mpuMepa

Orciona 01 = 1 — 05. Ecian nepeobosnaunts 0 = 01, To 02 = 1 — 0. Ilocrpoum
ob1riee perrerHue Ha JIyrax €1, €, €3,

yi(x1) = A (eip(zlﬂ) — fie' sin pml) +B (e*i”(mlﬂ) + fie" sin px1> , (12)
x1 € ey,
ya(2) = A(e@2F) — (1 —0)ie™ sin pxy) + B(e ™2 4 (1 — 0)ie ™ sin pas),
T € e,
y3(z3) = Ae'PT3s 4 BeTPT3 g4 € eg.

s dynkrmii (12), Beraucss ycaosus (11), moaydanm cucremy ypaBHEHi
oTHocuTensHO A, B, 6 :

A (ipe%" — Bipe®” cos p) + B (—z’pe_%p + Bipe=" cos p) — (13)
—hA (¥ — 0ie” sin p) — hB (™ + fie""sin p) = 0,
A (ipe%p — (1 — @)ipe” cos p) + B (—z’pe_%p + (1 — 8)ipe " cos p) +
+HA (e%p — (1 —6)ie’sin p) + HB (e_%p + (1 — )ie " sin p) =0,
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YA+ B)+ip(A— B) = 0.

[Ipunnvast B = T7A, u3 Tperbero ypasnenuns cucreMbl (13) maxomum

o+
T=- .
w =

Torpa nosyunm cucreMmy JTMHERHBIX OJJHOPOHBIX yPaBHEHUI OTHOCUTEHLHO Af
n A, ee zanmIneM B MATPUYHOM BHJIE

i(e" — e~ ") (—pcos p + hsin p) e?P(ip — h) — Te 2P (ip + h)
i(e?? — e ") (pcosp+ Hsinp) e*P(ip+ H) —1e 2P(ip— H)— | x
—i(e? — 1e~")(pcos p + H sin p)

y A0\ (0
A ) \0)°
O6o3HaYUM MATPHUILy CUCTEMbBI Yepe3

i(e? — Te~")(—pcos p + hsin p) e?P(ip — h) — Te 2% (ip + h)
Q= ie”—7e )(pcosp+ Hsinp) e*P(ip+ H) — e 2P(ip— H)—
—i(e? — 1e~")(pcos p + H sin p)

YTBEPXKJEHUE 3. CobcrBeHHbIE 3HAYEHHS TUDGHEPEHITHATBHOIO OITEPATOPA,
ompese/IeHHOro Ha rpage, nzobpaxkennom na Puc. 2, ¢ rpanngabpiMu ycjioBusi-
mu (11), coBnagaror ¢ Hynasmu onpeaeantes det@Q(p).

CranmapTHBIM 00pPa30M JIOKA3BIBAETCS CYIIECTBOBAHNE DECKOHETHOTO UHC-
na Hyseit onpegennrenst detQ(p) [1].
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Karmcapbaesa JI.K., Kanryxxun B.E., Komkapbaes H. AFAIIITA AHBI-
KTAJITAH 2KOHE OHBIH, IIIKI TOBEJIEPIHIE KHNPXI'O® IIIAP-
ThIMEH BEPLIT'EH INOOEPEHIIMAJIIABIK TEHAEVJIEP IITEIIIM-
JIEPIHIH, CIIEKTPAJUIBIK IIAPAMETP BOWBIHIIIA ACHUMIITOTHU-
KACHI TYPAJIBI

2KywmbicTa ararmnTa aHBIKTAIFAH >KoHE OHBIH imKi Tebenepinge Kupxrod
MApThIMEH OepijireH ekiHmi perTi auddepeHuaiablK TeHIEYIH TapaMeTp
OOMBIHIITA, ACUMIITOTUKAJIBIK, TOYEJICI3 IIeNniMIePl TYPFBI3bLIAIbI.

Kinrrik ceznep. bBarmapnanran rpad, Kupxrod maprrapsbi, arair TeKTec
rpad, mapamerp OOMbIHIITA ACHMITOTHKAJIBIK TOYEJICI3 MIeniMAeD, MaKCUMaIb-
JIBL OTIEPATOP.

Zhapsarbayeva L.K., Kanguzhin B.E., Koshkarbayevn N. ON THE
ASYMPTOTICS WITH RESPECT TO THE SPECTRAL PARAMETER
FOR SOLUTIONS OF DIFFERENTIAL EQUATIONS ON A TREE WITH
KIRCHHOFF CONDITIONS AT ITS INTERNAL VERTICES

In this paper asymptotically independent solutions of second-order
differential equation on a tree with Kirchhoff conditions at its internal vertices
are constructed.

Keywords. Directed graph, maximal operator, graph of tree type, Kirchhoff
conditions, asymptotic independent solutions with respect to parameter.

2Kamncapbaesa JI.K.

Kazaxckuit mamponanbubiil yauBepcurer nMenn aab-Papabu
050010, Anmarer, Kazaxcran, np. an-®Papabwu, 71

E-mail: leylazhk67@gmail.com

Kanryxwun B.E.

Kazaxckuil HarmoHAIBLHBIN yHUBEpCUTET nMeHn aab-DPapadbu
050010, Anmarer, Kazaxcran, np. an-®apabu, 71

E-mail: kanguzhin53@Qgmail.com

Komxkapbaes H.
Kazaxckuit namponanpubiilt yuusepcurer nMenu anb-Papabu
050010, Anmarer, Kazaxcran, np. aa-®Papabu, 71

Crartps nocrynuia B pegakmuio 12.07.2017

MATEMATUYECKUN KYPHAJI. — 2017. — T. 17, Ne 4



MATEMATUYECKUN YKYPHAJI ISSN 1682-0525

2017. — Tom 17, Ne 4. — C. 50-61.
MPHTHU 27.29.25, 27.33.19, 27.41.19

ON THE METHOD FOR SOLVING LINEAR
BOUNDARY-VALUE PROBLEM FOR THE SYSTEM OF
LOADED DIFFERENTIAL EQUATIONS WITH MULTIPOINT
INTEGRAL CONDITION

ZH.M. KADIRBAYEVA

Annotation. A linear boundary value problem for the system of loaded differential
equations with multipoint integral condition is considered. The method of
parameterization is used for solving the considered problem. The linear boundary
value problem for the system of loaded differential equations with multipoint integral
condition by introducing additional parameters at the loading points is reduced to
equivalent boundary value problem with parameters. The equivalent boundary value
problem with parameters consists of the Cauchy problem for the system of ordinary
differential equations with parameters, multipoint integral condition and continuity
conditions. The solution of the Cauchy problem for the system of ordinary differential
equations with parameters is constructed using the fundamental matrix of differential
equation. The system of linear algebraic equations with respect to the parameters
are composed by substituting the values of the corresponding points in the built
solutions to the multipoint integral condition and the continuity condition. Numerical
method for finding solution of the problem is suggested, which based on the solving
the constructed system and Runge-Kutta method of the 4-th order for solving Cauchy
problem on the subintervals.

Keywords. Loaded differential equation,integral condition, parameterization method,
fundamental matrix.

In recent years the intensive research of the loaded differential equations
connected with various applications of problems associated with the loaded
equations is observed. The problem of long-term forecasting and regulation of
level of ground waters and soil moisture [1]-[3]|, modeling of the processes of
transfer of particles, some problems of optimal control belong to problems of
application described by these equations [3], [4]. We will note that the loaded
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differential equations describe processes with residual effects where the state
of the process at some point or some time can affect the entire process [2].
Such equations can be used to describe processes in biology, ecology, and
underground fluid dynamics.

A numerical method for solving systems of loaded linear nonautonomous
ordinary differential equations with nonseparated multipoint and integral
conditions is offered in works [4]-[6]. This method is based on the convolution
of the integral conditions to obtain local conditions. This approach allows one
to reduce solving the original problem to the solving a Cauchy problem for the
system of ordinary differential equations and linear algebraic equations.

One of the constructive and effective methods for solving two-point
boundary value problems for ordinary differential equations is parameterization
method [7]. This method, except the proof of the unique solvability of the
investigated problem, gives algorithm of constructing approximate solutions
converging to its exact solution. In [8] parameterization method is developed
for multi-point boundary value problems for the systems of ordinary differential
equations, effective conditions of solvability are established and constructive
algorithms of finding the solution are constructed.

Coefficient criterion of the unique solvability of linear two-point boundary
value problem for the systems of loaded differential equations are found on the
based of parametrization method and algorithms for finding solutions of this
problem are constructed in works [9], [10].

In the present paper we consider a linear boundary-value problem for the
system of loaded differential equations with a multipoint integral condition

m

— = Aoz + > At)z(6;) + f(t), t€(0,T), zeR", (1)
=1

T
Byz(0) + B1x(61) + Bax(T) + / M(t)x(t)dt = d, d e R", (2)
0

where (n x n)-matrices A;(t), j = 0,m, M(t) and n-vector-function f(t) are
continuous on [0, 7], By, k = 0,2, are constant (n X n)-matrices, 0 = y < 01 <
0y <...<0,="T.
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The solution of the problem (1), (2) is a continuously differentiable vector
function z(t) on [0, 7] which satisfies the system of loaded differential equations
(1) on [0,7] and the multipoint integral condition (2).

In contrast to the previously investigated papers [9]-{12], in the present
paper the right end of the interval [0,77] is also the load point, i.e. the point
t="1T.

Interval [0, 7] is partitioned into the parts by the loading points:

m
0,7)= U [0r-1,06r).

r=1
Introduce the following spaces:

C(]0,T],R™) is the space of continuous functions z : [0,7] — R™ with the
norm [[z[[y = max [[z()][;

t€[0,T]

C([0,7],0,R™) is the space of function systems x[t] =
(x1(t), z2(t), ..., xm(t)), where z, : [0,_1,0,) — R™ are continuous and
have finite left-sided limits liemoxr(t) for all »r = 1,m with the norm

t—0, —
|z[l2 = max  sup [z, (t)]].

r=1mte(f,_1,0r)

Let x,(t) be the restriction of function z(t) to the r-th interval [0,_1, 6,), i.e.
xr(t) = x(t) , for t € [6,—1,0,),r = 1, m. Introducing the additional parameters
Ar = 2p(0—1), 7 = 1,m, Apt1 = Tm(0), and performing a replacement of
the function w,(t) = z,(t) — A, on each r-th interval, we obtain the boundary
value problem with parameters

m
du,

dt = AO(t) [ur(t) + )\r] + ; Ai(t)AH-l + f(t)a te [97"—17 97")7 (3)
up(0r—1) =0, r=1,m, (4)
m O
Bod+ Buat Bodnn + Y. [ M@la(®) +Mde=d, (5)
k:19k71
Ap + t_l}}gm Up(t) = App1, p=1,m. (6)

—
The solution of the problem (3)—(6) is a pair (A, u[t]) with elements
A= ()\17>\2a"'7Am+1) S Rn(m+1)7 U[t] = (Ul(t),UQ(t),,Um(t)) €
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c([0,7],0,R™),  where wu,(t) are continuously differentiable on
[0,-1,0.), 7 = 1,m, and satisfy the system of loaded differential equations
(3) and the conditions (4)—(6) at A, = X, r =1,m + L.

The number of entered parameters will be one more than the number of
unknown functions. This is due to the fact that in the given scheme of the
parametrization method one more parameter is added at the point ¢ = T or
t = On.

Problems (1), (2) and (3)—(6) are equivalent. If z*(f) is a solution
of the problem (1), (2), then the pair (A, u*[t]) where \* =
(x*(00), z*(01), ..., x*(Om)), u*[t] = (2*(t) — x*(6p)), x*(t) — 2*(61), ..., x*(t) —
x*(0—1) is a solution of the problem (3)-(6). Conversely, if the pair
(N, @ft]), with elements A = (A, Az, .sAmgr) € RO g =
(a1 (t), uz(t), ..., um(t)) € C([0,T7],0,R™) is a solution to problem (3)—(6), then
the function z(t) defined by the equalities #(t) = u,(t)+ A, t € [0—1,0;), 7=
1,m, Z(T) = A1, is a solution of the original boundary value problem (1),
(2).

Using the fundamental matrix ®(¢) of differential equation % = A(t)x

on [0y-1,0,) we reduce the Cauchy problem for the system of ordinary
differential equations with parameters (3), (4) to the equivalent system of
integral equations

un(t) = (1) / @*1(7){A0(T)AT + ZAZ'(T))\Hl}dT—l—
0r_1 i=1

1,m. (7)

Solving (7), we find a representation of u,(t) in terms of A € R™™+1D and f(¢).
Substituting them into (5) and (6) yields a system of algebraic equations for
finding the unknown parameters A,, r=1m+1:

BoA1 + BiAs + Bo g1+
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o) ¢ m
Y / (e / & (1) [ Ao(r) A + 30 i) A dr + At =
k=1g,_, Orp—1 =1
A ¢
—i-3 [ Mo / &1 (7) f(r)drdt, (8)
k=lg,, Or—1

Op

—-a(6,) [ ®'@)fndr, p=Tm. ©)

0p1

Denote the matrix corresponding to the left-hand side of the system (8), (9)
by Q«(0), the system can be written as

Q.(0)A = —F,(0), XeRmD, (10)
where
m O t
—d+ Y, [ M@®)®@®) [ & 1(r)f(r)drdt
k=16;_, Ok 1
01
FL(6) = B(60) [ 97 () ()i
s
<I>(9m)0f &1(7) f(r)dr

It is not difficult to establish that the solvability of the boundary value problem
(1), (2) is equivalent to the solvability of the system (10). The solution of
the system (10) is a vector A\* = (A}, 5, ..., \ipyq) € R?™+D consists of the
values of the solutions of the original problem (1), (2) in the initial points of
subintervals, i.e. A\ = 2*(0,—1), r=1,m+ 1.
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Further we consider the Cauchy problems for ordinary differential equations
on subintervals

L — a4 PO, 0) =0, r=Tm, (1)

where P(t) is either (n x n)-matrix, or n-vector, both continuous on [,_1, 6,],
r = 1,m. Consequently, solution of the problem (11) is a square matrix or
a vector of the dimension n. Denote by a,(P,t) the solution of the Cauchy
problem (11). Obviously,

ar(P,t) = B(t) / O (P P(F)dr, te (b1 0,), r=Tm,  (12)
Or—1

where ®(t) is a fundamental matrix of differential equation (11) on the r-th
interval.

We offer the following numerical implementation of the algorithm based on
Runge-Kutta method of 4-th order and Simpson’s method.

I. Suppose we have a partition 0 =0y < 01 < 03 < ... < Opp1 < O, =T.
Divide each r-th interval [0,_1,0,), = 1,m, into N, parts with the step
h, = (0, — Or,l)/]\/ff. Assume on each interval i@T,l, 0,) the variable 0 takes
its discrete values: 6 = 0,1, 0 =0,_1 + hy, ..., 0 = 0,1 + (N, — 1)h,, 0 = 6,,
and denote by {6,_1,60,} the set of such points.

II. Solving Cauchy problem for the ordinary differential equations

d

dfi/ :Ao(t)z+Al(t), 2(97«_1) :0’ iZO,m, r= 1’m,
dz
o =AMz f0), 2(0-) =0, r=Tm,

by using again Runge-Kutta method of the 4-th order, we find the values of
(nxn)-matrix a,(A;, ), i = 0,m, and n-vector a,(f,0) on {6,_1,60,},7 =1, m.
III. Applying Simpson’s method on the set {6,_1,0,}, we evaluate the

definite integrals

0, 0,
il — / M(r)dr, mh(Ay) = / M(r)al (A, 7)dr, i = 0,m,
97-71 07“71
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/M Yar (f,7)dr, r =T,

IV. Construct the system of linear algebraic equations with respect to
parameters

QUON=—F(6), ANeR™™ D h=(h,ho,hmsr). (1)

From it was the system of algebraic equations (13) we find Ab € Rr(mAD),

As noted above, A" = (A X\b .. AR ) € R™m+1) components are values
of the approximate solution of the problem (1), (2) in the starting points of
subintervals: th(HO) = )\’f , whr (01) = )\]5 oo (0) = AP

V. To define the values of approximate solution at the remaining points of
the set {6,_1,6,}, we solve Cauchy problems

d " 7
= Aoz + Y ANy + f(), t€[6m1,6,), r=Tm,  (14)
j=1

dt

x(0,—1) = /\E, r=1,m. (15)

The numerical solving the problem (1), (2) will be determined by applying
Runge-Kutta of the 4-th order method for numerical solving the Cauchy
problem (14), (15).

To illustrate the proposed approach for the numerical solving linear
boundary-value problem for the system of loaded differential equations with
multipoint integral condition (1), (2) on the basis of parameterization method,
let us consider the following example.

ExamPLE. Consider on [0, 7] the linear boundary-value problem for the system
of loaded differential equations with a multipoint integral condition

W Atr+ > A (02(0) + F(H), te(O.T), zeR:  (10)

T
Byz(0) + Bix(61) + Box(T) + /M =d, d € R% (17)
0
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1
1 o _(t -1 _ 2e3 + 38 ¢
Here 0; =5, O=T =1, M(t)= < 0 , d= _% +376% 7

1 2 2 —6 -1 9
BO_(_5 1)7 B1_<7 3 ) BQ_(O _1)5
£(t) = et—etsint—sint—t2—3t—te% — 2cost
—t4—2t3+t2—e%—%et—e '

In this example the matrix of differential part is variable and the construction of
fundamental matrix breaks down. We use the numerical implementation of the
algorithm of parametrization method. We provide the results of the numerical
implementation of algorithm by partitioning the subintervals [0,0.5], [0.5, 1]
with steps h; = hg = 0.05.

Solving the system of equations (13), we obtain the numerical values of the

parameters

Vi 2.00000006 Vi 2.64872131 N 3.71828174
=1 —0.99999997 /)’ 72 7 \ 0.24999998 /' 73 7 \ 1.99999992 /-

We find the numerical solutions at the other points of the subintervals using
Runge-Kutta method of the 4-th order to the following Cauchy problems

dz,

dt

2 ~
= Ao, + Y Aj N + f(t), tEB1,60,), r=T72
Jj=1

o

Fo(0_1) = N, r =T,

t
Exact solution of the problem (16), (17) is *(¢) = < .2 _1;;:_ 1 >
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The results of calculations of numerical and exact solutions at discrete

points are presented in the tables

t 1 (1) 1 (t) Lo(t) 5(t)

0 2.00000006 2 -0.99999997 -1

0.05 2.05127115 2.0512711  -0.89749998 -0.8975
0.1  2.10517097 2.10517092 -0.78999998 -0.79
0.15 2.16183429 2.16183424 -0.67749999 -0.6775
0.2  2.22140281 2.22140276 -0.55999999 -0.56
0.25 2.28402547 2.28402542 -0.4375 -0.4375
0.3  2.34985885 2.34985881 -0.31 -0.31
0.35 2.41906759 2.41906755 -0.17750001 -0.1775
0.4  2.49182474 2.4918247  -0.04000001 -0.04
0.45 2.56831222 2.56831219 0.10249998  0.1025
0.5 2.64872131 2.64872127 0.24999998 0.25
0.55 2.73325305 2.73325302 0.40249997  0.4025
0.6 2.82211883 2.8221188  0.55999997  0.56
0.65 2.91554085 2.91554083 0.72249996  0.7225
0.7  3.01375272 3.01375271 0.88999996 0.89
0.75 3.11700002 3.11700002 1.06249995 1.0625
0.8  3.22554092 3.22554093 1.23999995 1.24
0.85 3.33964682 3.33964685 1.42249994  1.4225
0.9 3.45960306 3.45960311 1.60999994 1.61
0.95 3.58570959 3.58570966 1.80249993  1.8025
1 3.71828174 3.71828183 1.99999992 2

For the difference of the corresponding values of the exact and constructed
solutions of the problem in the example, the following estimate is true

max |z*(t;) — Z(t;)| < 0,00000009.
§=0,20
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Kaapipbaesa K.M. KOITHYKTEJII THTETPAJIIBIK IITAPTHL BAP
JKYKTEJTEH JUOOEPEHIINAIIBIK TEHIEV/IEP JKYIEJIEPI
YIITH CBI3BIKTHI IIETTIK ECEINTIH IIEIIIMIH TABY OJIICI TV-
PAJIBI

KemmykTesi wHTErpaiablk mapThl 6ap KyKTeareH auddepeHinaaabiK
TeHJEeY/Iep JKyieci VIMiH CBI3BIKTHI IMeTTIK ecel KapacThIPbLIaIbl. KapacTsi-
PBLIBIT OTBLIPFAH €CEeNTi IeNTy YIMH mapaMeTpsaey oici Koamranbliaasl. Ker-
HYKTEJI MHTErPAJIIbIK IIapThl 0ap KyKTeareH gudepeHnnaiibK TeHIeyaep
JKyliecl VITH CBI3BIKTHI IMETTIK ecel YKYKTeJIy HYKTeJepiH/Ie KOCBHIMITA Ia-
pamMerpJep eHrily apkbLIbl Iapa-map mapamerpsepi 6ap merTik ecenke KeJ-
tipineni. [lapa-nap mapamerpJiepi 6ap merTik ecen xkoii guddepennuaIbK
TeHeyIep Kyleci yinin napamerpsiepi 6ap Komm ecebinen, komayKTe/i wH-
TerpaJIIbIK IMAPTHIHAH 2KoHe Y3iaicci3aik mapTelHaH Typasabl. [lapamerpiepi
6ap xoit muddepeHnmanIbK TeHaeyaep xyieci ymin Komm ecebimin mrernrimi
muddepeHnraaabik TeHAeyAiH DyHIaMEHTAIIBIK MATPUIIACKIHBIH KOMETiMeH
TYPTBI3bLIAIBI. T YPFBI3BIIFAH TIENMHIH CoifKeC HYKTeIeperi MoHIepiH KO-
HYKTEJ WHTEerPaJIbIK IMapTKa *KOHEe Y31IICCI3MIK MapThiHa KOS OTBIPHIT, MMa-
paMeTpJiepre KaThICThI ChI3BIKTHIK aareOpaibiK TeHIEY e XKYiieci KYpblIaIbl.
KapacToIpblabill OTBIPFaH €CeMTi ety KypPblIfan KyiieHi kone imki apa-
aeikTapmarsl Komm ecentepin 4-perti Pynre-KyTTa o/iciH KOJIIAHBI IIETTYTe
HEri3/Ie/INeH CAaH/IbIK, DJ1ICl YChIHBLIAJIbI.

Kinrrik ceznep. 2Kykrenren muddepeHnnaagblK TeHIeY, HHTEIPAJIBIK
IapT, mapamerpJiey d/1ici, dyHIaMeHTAIIbIK, MATPUIIA.
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Kasup6aesa K. M. O METO/IE HAXOZK IEHIIS PEIIEHIS TMTHE-
HOIT KPAEBOII 3AIAYN JIJIsI CUCTEM HATPYZKEHHBIX JINOOE-
PEHIINAJIBHBIX YPABHEHIIT C MHOTOTOYEYHBIM NHTETPA/Th-
HBIM YCJIOBUEM

PaccmarpuBaercs muHeiiHast KpaeBas 3a/1a4da, Jjis CUCTEMbl HATPYKEHHBIX
muddepeHImaabHbIX YPABHEHUN C MHOTOTOYEIHBIM WHTEIPAIBHBIM YCIOBUEM.
g perrenust paccMaTpUBaeMoOil 3aa9Yu TPUMEHSIETCS MeTO]] IapaMeTpu3a-
. Pa,36I/IeHI/IeM WHTEPBaJIa TOYKaMHW HATIPDYKEHUAd U BBEACHUEM [OIIOJIHU-
TeJIbHBIX [TapaMeTpPOB JIMHEHHAA KpaeBas 3a/1a4a JiJisi CUCTEMbI HAIPYKEHHBIX
nuddepeHImaabHbIX YPABHEHU C MHOTOTOYEYHBIM UHTEIPAJIbHBIM yYCIOBUEM
CBOJIUTCY K YKBUBAJEHTHOI KpaeBoil 3ajia4e ¢ napaMerpamMu. DKBUBAJIEHTHAS
KpaeBas 3a/a9a C mapaMeTpaMu COCTOUT nU3 3aaa4n Kot [t cucreMbl 00BIK-
HOBeHHBIX JuddepeHnuanbublX ypaBHEHU C IapaMeTpaMu, MHOIOTOYEYHO-
0 WHTETrPaJbHOTO YCJIOBUS U YCJIOBUS CKjenBaHus. Pemenue 3amaun Korn
[T CUCTEMBbI ODBIKHOBEHHBIX nuddepeHnnaabHbiX yPaBHEHNH C mapaMerpa-
MU CTPOUTCST C TIOMOIIBIO (DYHIAMEHTATBHON MATpUIlbl 1uddepeHInajabLHOr0
YpaBHEHUA. HO;[CTaB.HSIH 3HaYCHUA B COOTBETCTBYIOIIUX TOYKaX IMOCTPOEHHO-
T'0 peIleHus B MHOTOTOUEYHOE NHTErPAIbHOE YCJIOBUE U YCJAOBUE CKJIEUBAHUSI,
COCTABJISIETCS CUCTEMA, JIMHEHHBIX aJre0pPandecKnxX ypaBHEHUI OTHOCUTEIHHO
mapaMerpoB. IlpemioxeHn YuCAEHHBIN METO[| PelleHusl PACCMATPUBAEMON 3a-
Jlavn, OCHOBAHHBIN Ha PelleHnu 1ocTpoeHHoit cucremsl u Merojie Pynre-Kyrra
4-ro mopsiJiKa TOYHOCTH [Ijis pelrenus 3a7a4 Komu Ha 1o uHTepBaJiax.

Kirouesnre cioa. Harpyxennoe muddepennnaibHOe ypaBHEHUWE, WHTE-
rpajibHOE YCJIOBUE, METO/] IIapaMeTpu3anuu, pyH/1aMeHTaIbHasd MATPHUIA
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EJMHCTBEHHOCTD PEIIEHN A 3AJAYN JNPUXJIE
J1JIsI MHOTOMEPHBIX 'MIIEPBOJIMYECKNX YPABHEHUI
C BBIPO2K/IEHUEM THIIA 1N ITIOPAJKA

M.H. MANKOTOB

AHHoTaums. Panee asTopom 6bina nokasaHa paspeLiMMOCTb MHOFOMEPHBIX runepbo-
JINYECKNX YPABHEHWI C BbIPOXAEHMEM TUMNA W MOPSifKA B LUAMHAPUYECKON obnacTtu.
B panHoli paboTe nokasaHa eAMHCTBEHHOCTb KIACCUHECKOro pewenns 3agaqm dupu-
XN1€ AN MHOTOMEPHBbIX rnepbonmnyYecknx ypaBHEHNA C BbIPOXKAEHMEM TUMNA 1 NOPSILKA.

KntoueBble cnoBa. EQMHCTBEHHOCTb, BLIPOXKAEHME, LUANHAPUYECKas 0bnacTb, cncte-
Mbl (PYHKLWIA, KpaeBble YCI0BUs, KOIPPULNEHTbI psaaa.

1 BBEIEHUE

W3BecTHO, 9TO /1151 ypaBHEHUII B YACTHBIX IPOU3BOHBIX TUIEPOOTMIECKOTO
THITAa KPAEBBIE 3314491 C TAHHBIMU Ha, BCEW TPaHUIIE 00TACTH CIy?KAT IIPUMEPOM
HEKOPPEKTHO IocTaBIeHHbx 3a1a4 |1], |2]. B [3], [4] moxazame!r KoppekTHOCTD
gajaan Jlupuxie B NAIUHAPUIECKON 007aCTH I BBIPOK TAIOIIAXCSI MHOTO-
MepHBIX Tunepboanaecknx ypasuennii. B [5| qst MHOTOMEPHBIX rumepbonte-
CKUX YPAaBHEHUI C BBIPOXKIEHNEM THUIIA U MOPSIKA B IMIUJINHIPUIECKON 001aCTH
MOKa3aHa Pa3pemmMocTh 3agaan npnxie, a B JaHHON paboTe JOKA3LIBACTCS
€JTMHCTBEHHOCTDH €€ PeIeHus.

2 ITOCTAHOBKA 3AJIAYN U PE3VJILTAT

[Iycrs Qg — muamaapryYecKas 001aCTh eBKIN0Ba IPOCTPAHCTBA Ky, 1 TO-
9eK (Z1,...,Tm, t), orpanndennas mumuaapom I' = {(x,t) : |z| = 1}, wiocko-
cravu t = 8> 0ut =0, rae |z| — gmua BekTopa © = (21, ..., Tppy). JacTu
9TUX LOBEPXHOCTeI, 0bpasyiomux rpauuty 0Dg obnactu Dg, 0603HaInM Yepe3
I'g, Ss, So coorBercrBeHHO.

2010 Mathematics Subject Classification: 35R12.
© M.H. Maiikoros, 2017.
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B obmactn Dg paccMOTpUM B3aMMHO-CONPAKEHHBIE yPaBHEHUS

Lu = gi()Au — go(tuee + Y _ ai(m, ), + b(w, t)ug + c(z,)u =0, (1)
=1

82

L*v Egl(t)A ( 8t2

Z Vg, — bug + dv = 0, (1%)

rae gj(t) > 0 mpu t > 0 u obpamatorcs B Hyas upu t = 0, g;(t) € C([0,5]) N
C?((0,8)), j =1,2, A,— oneparop Jlamaaca mo nepeMeHHBIM T1, ..., Ty, M >
m —
2,ad(x,t)=c— > aig;, — bt — g4(t), b(z,t) = b(z,t) — 2¢5(t).
i=1
Ypasuenne (1) runep6osmano npu t > 0, a Baoab miockoctu t = 0 uveer
MECTO BBIPOXK/IECHHE €r0 THIA W HOPAIKA.
B panpueiiem HaM y00HO IEPERTH OT JEKAPTOBBIX KOOPIAUHAT X1, ..., Ty, T
K cdepuueckuM 7,01, ...,0,_1,t, 7 > 0,0 < 01 < 27,0 < 0; < w0 =
2.3, ...,m— 1.
B kauecrse MHOromepHoii 3ajauu JIupuxjie paccMOTPUM CJIeJLYIOLLYIO 3a-
J1ady.
3A/1A4A 1. Haiitu pemenne ypapnenns (1) B obmactn Dg m3 kiacca
CY(Dg) N C?*(Dg), yaoBieTBopaioNee KpaeBbIM yCIOBUM

= 0. 2)

IIycre {Yéfm(@)} — CUCTeMa JINHEeITHO He3aBUCUMBIX cepriecKuX OyHKIUI
mopagka n, 1 < k < ky, (m —2)Inlk, = (n+m — 3)!(2n +m — 3), Wi(S),
l=0,1,.., - npOCTpaHCTBa CoboJiesa.

tIepe3 ak (r,t), ak (r,t), bE(r 1), & (r,t), dE(r,t), p&  oBosHAMIM KO3]-
durmenTs psiga

f(r,0,t) = ZkartYk 0)
n=0 k=1

coorsercrBenno dyuxmuit a;(r,0,t)p(0), a; 7 p, b(r,0,t)p,c(r,0,t)p,d(r,0,t)p,
p0), i=1,...m
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a; (T7 0, t) b(ﬁ 0, t) C(’I”, 0, t)

2@) 7 gt) T gt
1,...,m. Torma crpaBeminBa

[Tycrs € Wi(Dg) € C(Dg),l > m+1,i =

TEOPEMA. Ecim BbIoTHAETCS yCa0BHE

cos s B #£0, s=1,2,..., (3)

10 peuienue 3ajgadn 1 TPUBHAIBHOE, IJIE [is n — II0JIOXKUTE/IbHBIC HYJIH (DYHKITHH

Beccens mepsoro pona J () 3 (2), B/ = f dE, n=0,1,..

3. JIOKABATEJILCTBO TEOPEMHI. PaCCMOTpI/IM sagaqay (1),(2) u mokaxkewm,
4TO ee pemenne Hysnesoe. s 3Toro cHavasa nocTpouM pemienune 3aaaqn u-
puxjie nig ypasaenus (1%) ¢ qanabiMu

=7(r,0) =7 (")Y;F(0), k=Tk,, n=01,., (4

=0,v

d
SBUFB So

rie 7 (r) € V, V — mmoxectso dbymkmmii 7(r) uz xkmacca C1((0,1))NC?((0,1)).
Muoxecrso V mioruo sewoay B Lo((0,1)) ([6]). Pemenue 3amaun (1%),(4) B
cdepruecknx KoopauHaTax Oy/1eM UCKATh B BUJIE

oo  kn

v(r,0,t) ZZ rtYk (9), (5)

n=0 k=1

rie 0F (r,t)— dbyHKIHE, KOTOPBIE GY/IyT OIpe/Ie eHEl HEZKe.
B cdepuueckux koopaunarax ypasuenue (1*) umeer suj

. m—1 v 0?
L*v = g1(vpr + , Ur_ﬁ)_@

(g2v)—
a;i(r,0,t)vg, —b(r,0,t)ve + d(r,0,t)v =0, (6)
i=1

m—1
1 0 0
s=-S— 9 (gpmi-lg, L
jz; gjsin™=I-10; 00; <Sm 790 >

g1 =1, gj = (sinfy...sinf;_1)?, j > 1.
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Nssecrno ([7]), uro cuekrp omeparopa 0 COCTOMT M3 COOCTBEHHBIX HHUCEJI
A = (n+m —2),n = 0,1..., KaxKJI0My U3 KOTOPBIX COOTBETCTBYET kj, Op-
vk
TOHOPMUPOBaHHBIX cobcrsennbix dynkmumit Y7, (6).
[Moxcrasus (5) B (6), a 3aTeM yMHOXKUB TOJIyYeHHOE BbipazkeHue Ha p(f) #

k

0 u npounTerpuposas 1o eauanaHoi cepe H uz Ey,, nias v, noayanm ([4])

m

_ _ m—1
gl(t)P(l)Utl)rr - 92(t)P[1)'U(1)tt + ( , gl(t)ﬂtl) - Z) UOr bOUOt + do”o
i=1

oo knp m
kb (m—1 k k
+ ZZ{QI :On nrr - 92(t):0nvntt+< r g1 (t)pn - Z ain) bn nt T

n=1k=1

&0+ it endo| 0@

i=1

Tenepr paccmorpum OGeckoHEUHYIO cucTeMy audOepPeHnaIbHBIX yPaBHE-
HUi

~ ~ (m—1) _
91(£)PoT0rr — 92(1) P00 + = 91(t) poT0, = 0, (8)
_ _ m — 1 _ )\1 _
91 ()Yt — go(t) photy, + (r)p'fv'fr — o1 (t)phor =
1
= _kil Z alovo,r. bov()t + dOUO n = ]., k = ]., kl, (9)
=1
B (m—1) B A B
NPT = 920 + 91 (DT — “501 (D050, =

n 1 m
_ 1k =k
- a in— n 1r = bn—lvn—lt +

k=1 =1

1+Z ak o+ (n—1)ak )]@ﬁ_l},k_Lkn,n_z,g.... (10)

Cymmupys ypasuenue (9) or 1 10 k1, a ypasuenune (10) — or 1 10 ky, 3aTem
CJIOJKUB TOJIy9YeHHBIE BhIpayKeHust BMecTe ¢ (8), mpuxoum K ypasHeHuio (7).
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Orcroma cieyer, 9o ecjiu {172} ,k=1,k,, n=0,1,..., — peuenue cucre-
Mol (8)—(10), To ono sABAsETCS U pertenneM ypasHenus (7).

Herpyauo 3amernts, uto kaxkjoe ypashenue cucrembl (8)—(10) moxkHO
[PEJICTABUTDH B BUJE

B (m—1)_ Py B
g(t)(v'rlirr + 77}27“ - ﬁv'rli) - vfztt = fﬁ(?",t), (11)

91(t)

rae g(t) = )’ fE(r,t) onpenensmorca U3 mpeaBIAYIIX ypaBHEHHIT STOM CH-

crembl, ipu sTom fo (r,t) = 0.
Haree, yanrbiBasg oproronagbHocts ([6]) cucrem cdepuaeckux byHKIwin
Y,f’m(ﬂ) u3 Kpaesoro ycsosus (4), B cuy (5) Oyuem umernb

o*(r,B) = o%(1,t) = 0,57 (r,0) = 7*(r), k =1, kn, n =0, 1.. (12)

B |4] mokazano, ¥ro 3amaga (11), (12) ogmosnauna paspermnMa, e BbI-
nosiHsiercs yeaosue (3).

Pemme zamaqy (8), (12) (n=0), a 3arem (9), ( 2) (n=1) n m.nx., Haiigem
nocienoBaTenbuo Bee X (r,t), k=1, k,, n=0,1..

Takum o6pasom, pemtenne 3agaun (1%), (4) B

e (5) mocTpoeno.
(191), omerx ([8], [9])

2 7r m 1
_ ]~ _r,_T — >
Ju(2) cmos(z 5Y 4)+0<z3/2>’ v >0,

BT
Vunrssas dopmyny 2J),(z) = Jy—1(z) — Jy4+1(2)

_ 04
|k3n| <cn™ 2; WYrﬁm(G) <02n2 1+q
J
c1,co=const,j=1,m—1, ¢=0,1,.

a Tak>Ke OrpanndeHns Ha KO3(MUINEHTH yPaBHEHUS (1*) kak B [3], [4] mox-
HO TOKa3aTh, UTO MoJyuenHoe pemrenue (5) mpunastexur kiaccy C1(Dg) N
C?(Dg).

i1t B3anMHO-COIIPAZKEHHBIX oneparopos L, L*

_ 0
L=gt)A, 8252 Za, +b——i—c
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_ 0? L9 -0 -
L :g(t)Ax—atQ—Zlai—bw,

L= gs(t)L,L* = ga(t)L*, g(t) = g1 (t)/92(t),

ai(r,0,t) _ b(r,0,t) ~ c(r,0,t) _ d(r,0,t)
= ai(r,0,t), = b(r,0,t), = ¢(r,0,t), ———= =
I T R AT
d(r,0,t), i = 1, m, umeer mecto dopmyna [puna ([10])
/gg(t)(vLu —ulL*v)dDg = /(Uiu —ulL*v)dDg =
Dg Dg
ou ov
= / ([UaN - u@N) —}—UUQ] ds, (13)
Dg

e

8?\7 = glticos (NL,x,) 82: — CoS (N{t) aat’Q =
i=1 !

m
Zdi cos (NL,iL‘i) + bcos (NL,t) ,
i=1

a N1 — BHyTpeHmHsiST HOpMAJTh K TPAHMWIE 0Dg.
"3 (13), nmpuarMast BO BHUMaHUE OJHOPOJIHBIE TPAHWYHBIE YCa0BUs (2) u
ycaosust (12), moayanm

/T(r, O)u(r,6,0)ds = 0. (14)
So

TTOCKOTBKY JIHHelHAsT 060/109Ka, ciHcTeMbl (byHKImit {7F (T)Yf’m(ﬂ)} IJIOTHA B
L3(S0)([6]), To u3 (14) zakmogaem, uato u(r,0,0) = 0VY(r,0) € Sp.

CuriesloBaTe/ibHO, B CUJLy eJMHCTBEHHOCTH perenus 3agadn Komm ([10]):
Lu =0, u(z,0) = 0, u(z,0) = 0 BrrTexaer, uro u(z,t) = 0 V(x,t) € Djg.

Tax kak g2(t)Lu = Lu = 0 u go(t) > 0 upu t>0, 10 Gygem umers Lu = 0
u u(z,t) =08 Dg.

Takum obpazom, Teopema goxazana.
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Maikotov. M.N. UNIQUENESS OF SOLUTION OF DIRICHLET
PROBLEM FOR MULTIDIMENSIONAL HYPERBOLIC EQUATIONS
WITH DEGENERACY OF TYPE AND ORDER

Earlier, the author showed solvability of multidimensional hyperbolic
equations with degeneracy of type and order in a cylindrical domain. In
this paper we show singularity of classical solution of Dirichlet problem for
multidimensional hyperbolic equations with degeneration of type and order.

Keywords. Uniqueness, degeneracy, cylindrical domain, system of functions,
boundary conditions, coefficients of the series.

Maiikoros M.H. TEI'I MEH PETI BOIBIHIIA ©3TEIIEJEHTEH
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Results of the works [1] and [2] describe some special methods
of constructing computable isomorphisms between the Tarski-Lindenbaum
algebras of predicate calculi PC(o1) and PC(o2) of finite rich signatures o
and o9. Finite-to-finite signature reduction procedure is involved in the main
construction of the work [2]; it would be natural to call these transformations of
theories as methods of finitary first-order combinatorics. On the other hand, an
available version of the universal construction of finitely axiomatizable theories
is involved in the proof of the main statement of the work [1]; thus, it would
be natural to call these transformations of theories as methods of infinitary
first-order combinatorics. It is important that the pointed out classes of
transformations of theories preserve definite semantic layers of model-theoretic
properties. Methods of finitary first-order combinatorics preserve a semantic
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Transformation methods of theories in first-order combinatorics 71

layer called finitary, while methods of infinitary first-order combinatorics
preserve a semantic layer called infinitary.

The works [3], [4], and [5] represent a conceptual framework of the first-
order combinatorics. The main goal of this approach is to characterize the
structure of the Tarski-Lindenbaum algebras of predicate calculi of finite rich
signatures. In this paper, we present key technical specifications for the first-
order combinatorial approach. The status of the finite signature reduction
procedures and the universal construction of finitely axiomatizable theories
in the framework of the first-order combinatorial approach is specified. The
concept of a semantic type is introduced, and the most important properties of
such types are considered in the context of the first-order finitary and infinitary
combinatorial approach.

PRELIMINARIES. We consider theories in first-order predicate logic with
equality and use general concepts of model theory, algorithm theory,
constructive models and Boolean algebras that can be found in [6], [7], and
[8]. Generally, incomplete theories are considered. In this work, we consider
just signatures admitting Godel’s numberings of formulas. Such a signature
is called enumerable. A finite signature is called rich if it contains at least
one n-ary predicate or function symbol for n > 2, or two symbols of unary
functions.

For a constant symbol ¢ that is not in o, statement "all o-symbols are
defined c-trivially"means the following set of formulas:

(a) (V.%'l - xn)—!P<1‘1, - ,.’L‘n), Preo,
®) (Vzy.. xm)(f(azl, . ,xm):x1), fmeo,
(c) a=c, for each constant symbol a €o.

For a signature o and a unary predicate U' & o, statement "all o-symbols
are defined trivially outside U(z)" means the following set of formulas:

(@) “U(x;) = =P(x1,..., %4 ...,Tpn), P"€0, 1<i<n,
® U(z;) = f(x1,..., 25, ..., 2m) =21, fM€0, 1<j<m.

The following notations are used: FL(o) is the set of all formulas of
signature o, FLi (o) is the set of all formulas of signature o with free variables
xo,...,2Tx—1, SL(0) is the set of all sentences of signature o. By GR, we denote
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the Graph theory of signature o, = {I"?} defined by axioms (Vz)-I'(x,x)
and (Vx)(Yy)[['(z,y) <> I'(y, )], while GRE denotes an extension of GR defined
by extra axioms (3z,y)I'(z,y) and (3z,y)[(x # y) A =['(z,y)]. For a theory,
c.a. means computably axiomatizable, while f.a. means finitely axiomatizable.

Let o be a signature and X' a subset of SL(c). We denote by [X]7 a theory
of signature o generated by X' as a set of its axioms. There is one more version
of the definition. Let X C SL(0) be a set of sentences. We denote by [X]*
a theory of signature ¢/ C o generated by X as a set of its axioms, where
o’ contains only those symbols from o, which occur in formulas of X. By
0>, we denote a fixed (very large) enumerable signature containing countably
many constant symbols, symbols of propositional variables, and predicate and
function symbols of each arity n > 1. It is supposed that each considered
signature o is a part of the universal signature ¢*°. By &, we denote the set
of all possible enumerable signatures o C ¢*°.

We use a fixed Godel’s numbering @, k € N, for the set of sentences of a
fixed signature o, and Godel’s numbering #7°, k € N, for the set of sentences of
the universal enumerable signature o°°. By using Post’s numbering W,, n € N,
for the family of all computably enumerable sets, we organize an effective
numbering for the class of all computably axiomatizable theories. Two versions
of indices are possible. The first one presents c.e. indices of c.a. theories of an
enumerable or finite signature o. If a theory T of signature o is defined by
axioms {®; | i € W,,}, the number m is called a computably enumerable index
or simply c.e. index of T'. The second version represents weak indices of theories
of different enumerable signatures o C o*°. For a given m € N, we consider
a set of axioms X = {®° | i € Wy,} and construct theory T' = [X]*. The
number m is called a weak computably enumerable index or simply weak c.e.
index of the theory T'. As for finitely axiomatizable theories, any such theory
F is defined by a finite system A of axioms and therefore, by a single formula
@ which is a conjunction of formulas in A. If a f.a. theory F' of signature o is
defined by an axiom @,,, the number m is called Godel’s number or simply
strong index of F. For a given m € N, we consider an f.a. theory F' = [®,,]*.
This number m is called a universal Godel’s number or simply universal strong
index of the theory F'. By T7n}, we denote a theory of signature o with c.e.
index n, while T*(n} is a theory with weak c.e. index n. Furthermore, by F'?{n}
we denote a f.a. theory of signature o with Godel’s number n, while F*(n} is
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an f.a. theory with weak strong index n.

Initial definitions concerning main concepts of finitary first-order
combinatorics, are given in [3]| and |5]. We use a definition of the operation
of a Cartesian extension of a theory and a Cartesian interpretation, as well as
a scheme of layers relevant in the combinatorial approach, in the work [9]. By
ACL, we denote the layer of model-theoretic properties preserved by all possible
Cartesian interpretations between computably axiomatizable theories.

LEMMA 0.1. Given a theory T of an enumerable signature o and a sequence
of 3 N V-formulas » € KC(o). Special Cartesian-quotient interpretation
It, : T »— T(x) is effective, model-bijective, and isostone. In particular,
the interpretation It ,, determines a computable isomorphism pr , : L(T) —
L(T{s)) between the Tarski-Lindenbaum algebras; moreover, it preserves
semantic layer ACL.

PRrROOF. By applying Definition 1.A(C) and Lemma 1.1 from [9]. O

REMARK 0.2. In this paper, we systematically use effective methods based
on computable procedures for any object involved in our constructions. For
this, we introduce either c.e. indices or Godel numbers for all types of objects
involved in the constructions. Moreover, the object yielded by a construction is
always meant as defined by a single c.e. index coding a computable presentation
of the object.

1 FINITARY COMBINATORICS AND THE FINITE SIGNATURE REDUCTION
PROCEDURE

First, we formulate the main statement in a compact form:

THEOREM 1.1 [Finite-to-finite signature reduction statement: a compact form)].
Given two finite rich signatures o1 and o9. Effectively in their G6del numbers,
it is possible to construct a sentence 1 of signature oo and a sequence of
I N V-formulas » = (p]", ..., p0") of signature o together with an algebraic
isomorphism PC(01) ~, PC(02)[¢](0).

Now, we give an extended form of the same statement.

THEOREM 1.2 |Finite signature reduction procedure: a standard form]|. It is
possible to determine in a regular way the operator of the following form

Redu: TG® x oFinRich — T&® x ICartes?,

MATEMATUYECKUN KYPHAJI. — 2017. — T. 17, Ne 4



74 M.G. PERETYAT’KIN

called the finite signature reduction procedure, where oFinRich is the set of
all finite rich signatures o C 0>, TG&? is the set of all theories of any finite
signatures o C 0™, and ICartes® is the set of all Cartesian interpretations
between theories of finite signatures. Moreover, all requirements listed below
are satisfied.

Let T' be a theory of a finite signature T and o be an arbitrary finite rich
signature. Applying the mapping Redu we obtain

Redu(T, o) = (S,1),

where S is a theory of signature o, while I is an interpretation of T in S, such
that the following assertions are satisfied:

Reference_Block (1.1)

(a) I is an 3 N V-presentable Cartesian interpretation of theories (thereby,
the interpretation I defines a computable isomorphism p : L(T) — L(S)
preserving model-theoretic properties of the semantic layer ACL),

() T is c.a. < S is c.a.; in the case when T is a c.a. theory, c.e. indices of
both S and I are found effectively in a pair of parameters consisting of a
c.e. index of the input theory T and a Gdidel number of the target finite
rich signature o,

(¢) T is f.a. & S is fa.; in the case when T is a f.a. theory, both a Gddel
number of S and a c.e. index of I are found effectively in a pair of
parameters consisting of Gédel numbers of the input theory T and the
target finite rich signature o.

End_Ref

PRrROOFS of Theorem 1.1 and Theorem 1.2 are given in [9].

By specification, starting from a pair of input parameters (7,0), the
procedure Redu yields a theory S together with an interpretation I defining
a computable isomorphism p : £(T) — L£(S) between the Tarski-Lindenbaum
algebras. A simpler record S = Redu(T, o) is also possible, assuming that the
interpretation I and isomorphism g is omitted in the context.

Now, we pass to some generalization of the signature reduction statement.
It represents a special method of reduction of finitely axiomatizable theories
to the graph theory GRFE controlled by a level parameter.
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The following technical statement takes place:
LEMMA 1.3 [Parameterized Signature Reduction Statement|. Let o, = {I'*}
be the signature of the graph theory GRE. There exist an effective sequence of
sentences

O, k€ N\{0,1},

of the signature o, and a procedure RedLev with two parameters
RedLev(e,T), e € N, T is a theory of a finite signature,

satisfying the following properties. Given an integer parameter e > 2 (called
the level parameter) and a finitely axiomatizable theory F of a finite signature
0. Effectively in e and F, a pair of objects

(H,I) = RedLev(e, F)

is constructed by the procedure RedLev of the following form:

H is a finitely axiomatizable theory of signature o, = {I'?},
I is a Cartesian interpretation of F' in H.

Particularly, I determines a computable isomorphism p : L(F) — L(H)
preserving model-theoretic properties of Cartesian semantic layer ACL (the
more, any smaller layer L C ACL).

Moreover, the following assertions hold:

Reference_Block (1.2)

(a) GREF 011 — O, for all k € N\{0,1},

(b) H is an extension of the theory GRE, = GREU {6},

() H b O A 01,

(d) GRE,, = GREU {92,93, vy Ok, o s k€ NNAO, 1}} is a complete decidable
theory without finite models.

End_Ref

ProoOF. Use construction presented in main stage fP-to-Graph in the proof for
signature reduction procedure in Theorem 1.2. It is possible to modify forms of
coding configurations such that they become depending on the level parameter
e, cf. Section 5 in [2], or Section 4.2 in [10]. O
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2 INFINITARY COMBINATORICS AND FIXATION OF THE STATUS OF THE
UNIVERSAL CONSTRUCTION

By MQ@L, we denote the infinitary semantic layer consisting of model-
theoretic properties that are preserved by any quasiexact interpretation
between c.e. theories. The layer MQL is controlled by a standard version Fu of
the universal construction of finitely axiomatizable theories, cf. [11].

Description of the construction Fu represents a sophisticated text that
turns out to be difficult for reading and understanding. There are some weaker
versions of the universal construction with a simplified or even omitted rigidity
mechanism, thus, controlling smaller layers of model-theoretic properties.
However, the difficulty of studying these constructions is practically the
same as in the case of construction Fu. There is even a weaker version Fc°
of the universal construction that is described in [12]. Construction Fc® is
obtained as a routine corollary of the canonical construction presented in
[11, Ch. 3]. Therefore, Fc® is said to be the canonical-mini construction,
or universal-under-canonical construction. Canonical-mini construction has a
standard formulation of the universal construction supporting a relatively
small layer of model-theoretic properties. At the same time, the canonical-mini
construction is significantly easier to understand than any normal version of the
universal construction. Moreover, while studying canonical-mini construction
no necessity to be familiar with the technically complicated definition of a
quasiexact interpretation. On the other hand, a particular method of compact
binary trees is required for the canonical-mini construction, while any normal
version of the universal construction does without this method. Finally, we
notice that the Hanf construction H (cf. either [13, Th. 1] or [11, Sec. 6.1])
can also be considered as a (weakest) release of the universal construction
controlling an empty semantic layer of model-theoretic properties.

In this paper, we suppose that a fixed release of the universal construction
is accepted, denoted by U, that can control a sublayer

MOL C MQL (2.1)

of the infinitary layer MQL. Moreover, we also suppose that the construction
U is given by its primitive form U without the effectiveness requirement in the
passage from an input computably axiomatizable theory to the target finitely
axiomatizable theory. In the paper, statements depending on the universal
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construction are marked with [U].
The pointed out primitive form U of the construction U is presented by:

STATEMENT 2.1 [Generic universal construction: a primitive form|. The
following assertion holds for the sublayer MOL of the layer MQL:

(V c.a. theory T)(3 f.a. theory F)[T =p01 F), (2.2)

where T =pro1, F' means that there is a computable isomorphism p : L(T) —
L(F) between the Tarski-Lindenbaum algebras preserving all model-theoretic
properties within the pointed out layer MOL.

A more common normal formulation of the universal construction U:

STATEMENT 2.2 [Generic universal construction: a normal form|. Given an
arbitrary computably axiomatizable theory T and a finite rich signature o.
Effectively in a weak c.e. index of T and a Gddel number of o, one can construct
a finitely axiomatizable theory F' = U(T, o) of signature o together with a
computable isomorphism u : L(T) — L(F') between the Tarski-Lindenbaum
algebras preserving all model-theoretic properties within the layer MQL C
MQL.

The case MQL = & in Statement 2.1, as well as in Statement 2.2,
corresponds to the Hanf construction (called earlier as Hanf’s Localized
Statement), [13]. Obviously, the Hanf construction is a particular case of the
universal construction corresponding to the case of an empty layer of the
controlled model-theoretic properties.

LEMMA 2.3. The following assertions hold:

(a) For a fixed semantic layer MOL C MQL, primitive form (2.2) of the
universal construction is an immediate consequence of its normal form with
this layer MQL.

(b) Having any version of the universal construction in a primitive form
(2.2) that controls a semantic layer MOL C MQL, we can deduce a normal
form of the universal construction presented in Statement 2.2 with this layer
MQL, restoring by that the missing effectiveness requirement, as well as the
possibility to have a given finite rich signature.

PROOF. Part (a) is obvious, while proof of Part (b) is given in Section 4.
Earlier, we fixed a sublayer (2.1) of the infinitary semantic layer that is
controlled by a primitive form (2.2) of the universal construction. Having this
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convention accepted, by virtue of Lemma 2.3, we will also have Statement 2.2
presenting a normal version of the universal construction with the layer (2.1).

3 PROPERTIES OF EFFECTIVE NUMBERINGS OF THE CLASSES OF THEORIES

As a result, we have introduced c.e. indices and Godel numbers for the
following classes of theories:
Reference_Block (31)

(a) F%ky, k € N, the set of all f.a. theories of a fixed finite signature o,

(b) F*iky, k € N, the set of all f.a. theories of all possible finite signatures,

(c) T7iky, k € N, the set of all c.a. theories of a fixed enumerable or finite
signature T,

(@ T*ky, k € N, the set of all c.a. theories of all possible enumerable
signatures.

End_Ref

LeMMA 3.1. The following assertions hold:

(a) collection (3.1)(a) represents a computable sequence of all possible, up
to an algebraic isomorphism, finitely axiomatizable theories of a fixed finite
signature o.

(b) collection (3.1)(b) represents a computable sequence of all possible, up
to an algebraic isomorphism, finitely axiomatizable theories of arbitrary finite
signatures.

Proor. Immediately. (]

LEMMA 3.2. The following assertions hold:

(a) collection (3.1)(c) represents a computable sequence of all possible, up
to an algebraic isomorphism, computably axiomatizable theories of a fixed
enumerable or finite signature T.

(b) collection (3.1)(d) represents a computable sequence of all possible, up
to an algebraic isomorphism, computably axiomatizable theories of arbitrary
enumerable signatures.

Proor. Immediately. U
An effective reduction of Gédel numbers to other types of indices is possible.

LeMMA 3.3. There are general computable functions fi(o,x), fo(7,0,x), and
fa(x) with T € dEnum, o € oFin, and x € N, such that we have for all n € N:
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(a) F%mny =q F*(fi(o,n)y,
(b) F%ny =4 T7(f2(7,0,n)}, whenever o < 7 (see definition for < in [9]),
(¢) F*ny =q T f3(n)y;
moreover, c.e. indices of algebraic isomorphisms in (a), (b), and (c) are found
effectively in 7, o, and n.

PROOF. By definition, finitely axiomatizable theory F?{n} is defined by an
axiom @,. Effectively in o and n one can find an integer m such that &,
represents the same theory as an axiom in another system of numbering of
theories. Thereby, we have obtained instructions for the function fi(o,n). Parts
(b) and (c) are proved by similar schemes.

Lemma 3.3 is proved. g

In this subsection, we consider some computational properties for the
numberings of the classes of c.a. and f.a. theories introduced in (3.1).

LemMA 3.4 |Effective cylinder property|. Each of the numberings (a), (b),
(¢), and (d) in (3.1) is cylindric. More precisely, there are total computable
functions fx(n,i), gr(n,i,2), k =1,2,3, 4, satisfying for all n, i:

fk(n70) =n, fk(nvl) < fk(nvz+ 1)5 k= 13273747

such that, the following properties are held for all n,© € N and all signatures
T € dnum and o € oFinRich:

(a) F7my =4 F7{fi(n,i)}; moreover, the function \xgi(n,i,z) represents
this isomorphism,

(b) F*iny =, F*{f2(n,q)}; moreover, the function Axgs(n,i,x) represents
this isomorphism,

(¢) TTiny =4 T7{fs(n,i)y; moreover, the function Axgs(n,i,z) represents
this isomorphism,

(d) T*ny ~q T*(fs(n,i)y; moreover, the function A\xgs(n,i,z) represents
this isomorphism.
PRrROOF. (a) Let o be a finite rich signature and @;, i € N, be a Gédel numbering
of SL(o). By definition, formula @,, is an axiom of theory F'?n;. Consider the
following formula

o™ =&, A (Fr)[(z=2)A(@=2) A A (2 =2)]. (3.2)

k times
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Choose k such that Godel number m of formula (3.2) satisfies m > n. Then,
theory F'?(m} defined by formula (3.2) as an axiom coincides with F'?(n;. Based
on this construction, we obtain instructions for computing functions f; and
g1. Part (b) is proved by a similar method. Now, we pass to Part (c). By
definition, {®; | ¢ € W,} is a set of axioms of theory T7n}. Based on the
known properties of Post’s numbering of c.e. sets, we can effectively find m > n
such that W, = W,,, thus, theory T m} will coincide with T (n}. Based on
this method, we can construct the functions required in (c¢). Part (d) can be
proved by a similar method. O

In the following statement, for simplicity, we count that signatures 7 and
o are parameters that are given by a c.e. index and, respectively, by a Godel
number.

LemMA 3.5 [Effective bijection property|. There are computable functions
pi, fi, © = 1,2,3, (whose arguments are seen below) satisfying the following
properties for all T € cEnumRich, o € oFinRich, and n,x € N:

(a) Azpi(o,z) : N — N is a permutation of N for all o,

(@) T*my =pmor F7pi(o,n)y; moreover, A\xfi(o,n,x) represents a
computable isomorphism p : L(T*ny) — L(F7p1(o,n)}) of this similarity,

(b) Azpa(1,0,2) : N = N is a permutation of N for all 7, o,

(b") TTny =mor F7pa(r,0,n)y; moreover, Az fo(T,0,n,x) represents a
computable isomorphism p : L(T7(ny) = L(F (p2(r,0,n)}) of this similarity,

(¢) Azps(o,x) : N = N is a permutation of N for all o,

(') F*my =acr F%ps(o,n)y; moreover, A\xfs(o,n,z) represents a
computable isomorphism p : L(F*ny) — L(F?(ps(o,n)}) of this similarity.
PROOF. (a) A passage from F7n} to T*{my is provided by Lemma 3.3(a,c). A
back passage is ensured by an accepted version of the universal construction
controlling semantic layer (2.1). Lemma 3.4 provides cylindric properties for
these numberings. By applying method of proof of the known Myhill Theorem
in algorithm theory, |6, Sec. 7.4|, we will construct the demanded permutation.
The obtained permutation preserves semantic layer M QL because we have
applied Statement 2.2 of the universal construction.

(b) A passage from F?{ny to T7¢m;} is provided by Lemma 3.3(b); possible,
finite signature reduction procedure should be used in addition. A back
passage is ensured by an accepted version of the universal construction. Based
on cylindric properties, by applying Myhill’s method, we can construct the
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required permutation. The obtained permutation preserves semantic layer
M QL because we have applied Statement 2.2 for the universal construction.
(c) A passage from F'7n} to F*my is provided by Lemma 3.3(a). A back
passage is ensured by the finite-to-finite signature reduction procedure. Based
on cylindric properties, by applying Myhill’s method, we can construct the
required permutation. Obtained passage preserves semantic layer ACL because
we have applied Theorem 1.1 for the finite signature reduction procedure in
the transformation. O

4 EFFECTIVENESS OF THE UNIVERSAL CONSTRUCTION

Now, we pass to the PROOF of Part (b) of Lemma 2.3.

First, we introduce an operation with a sequence of theories. We use
sequence T*(ny, n € N, including all, up to an algebraic isomorphism, c.a.
theories, cf. (3.1)(d). Let T*(n} has signature o,. It is possible to assume that
on Nog = @ for all n, k such that n # k. Consider the following new signature

o'={2YieN}u{U' c}UogUo1U...Uo U...,

where ZZQ, i € N, are symbols of nulary predicates (propositional variables). It
is assumed that the symbols U, ¢, and Z;, i € N, do not belong to oo U o1 U
...UopU ...

We are going to construct a theory T, of signature o’ called a simplest
direct product of the sequence T*ny, n €N, denoted

7 = QT . (4.1)

For comparison purposes, we use an alternative notation TE aQ for this theory.
Theory T, is defined by the following set of axioms (Ax-0):

1°. U(x) > (x # ¢),

2°. (F2)U(x),

3°. 2, — =2, m, kEN, n £k,

4°. Z, — (all axioms of T*(ny are satisfied on U(z)), n€N,

5°. Z, — (outside U(x), o,-symbols are defined trivially), n €N,
6°. =2, — (all o-symbols are defined c-trivially), k€ N.

Mention that, the term "defined c-trivially" is explained in Preliminaries.
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REMARK 4.0. Later (in a further article devoted the combinatorial approach)
we are planning to describe a common version of the operation of a direct
product of a sequence of theories. The version we present in (4.1) via (Ax-0)
plays the role of the simplest realization of a natural idea to link a sequence of
theories together. Mnemonic entry ®£€f§] (...) for this operation can be applied
to an arbitrary sequence of theories, although we are interested with just the

case presented in (4.1).
LeEMMA 4.1. The following assertions hold:

(a) theory T*, :®[EQ]T*{n} is computably axiomatizable;

(b) for any n € N, theory T, U{Z,} is algebraically isomorphic to a
singleton extension T*(ny{(c) of the theory T*(n};

(c) there is a computable isomorphism p, : L(T*ny) — L(T*, U{Z,})
preserving model-theoretic properties within the semantic layer ASL.
PROOF. Part (a) is a consequence of the fact that the sequence T*(n}, n € N,
is computable. Part (b) is checked immediately. Statement of Part (c) is a
consequence of Part (b). O

Now, we turn immediately to prove Part (b) of Lemma 2.3.

Applying primitive form (2.2) of the universal construction to the theory
T ., we find a finitely axiomatizable theory F* = U(TY,) together with a
computable isomorphism

Wi L(TY,) = L(FY) (4.2)

preserving model-theoretic properties of the accepted infinitary layer MOL.
Denote Z; = u* (Zi), i € N. The effectiveness requirement is obtained as an
immediate consequence of the universality property for theory T, stated in
Parts (a)—(c) of Lemma 4.1. Namely, we have to perform the following chain
of transformations:

Tmy & T4 {2, & 0T )+{Z,) 2 Redu(S,0),  (4.3)
—_—
S

where Redu(S, o) is an application of the finite-to-finite signature reduction
procedure. By Lemma 4.1(c), passage « in chain (4.3) defines a computable
isomorphism between the Tarski-Lindenbaum algebras preserving properties
of semantic layer ASL O MOL, while passage 7y, by Theorem 1.1, defines
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a computable isomorphism preserving semantic layer ACL O MQL. As for
passage 3, by construction, it is obtained by a restriction from isomorphism
(4.2), thus, 8 also defines a computable isomorphism between corresponding
Tarski-Lindenbaum algebras preserving the layer MOL. It is possible to check
that all parts involved in the chain (4.3) are built effectively in 7 and o yielding
a finitely axiomatizable theory fitting to formulation of Statement 2.2. Thereby,
the summary transformation (4.3) can play the role of a normal form of the
universal construction preserving the semantic layer MOL.

Part (b) of Lemma 2.3 is proved. O

5 INTRODUCTION IN SEMANTIC TYPES

From the point of view of a semantic layer L, any computably axiomatizable
theory T can be characterized via a 3-tuple £(T) = (L(T),7,€) where
(L(T),~) is the Tarski-Lindenbaum algebra of theory T with Godel’s
numbering v, while £ is a mapping from Stone space St(L(T)) in the power-
set P(L) ={K|K C L} which is defined as follows: for any theory 7" from
St(L(T)) we put

&(T)={peL | T has the property p}.

Actually, so defined tuple (L(T),7v,§) represents a complete abstract
description of theory T' from the point of view of semantic layer L. This tuple
£(T) is called the generalized Tarski-Lindenbaum algebra of theory T under
semantic layer L.

Generalizing the situation, we introduce a special class of objects for
presentation of isomorphism types of the generalized Tarski-Lindenbaum
algebras under semantic layer L of model-theoretic properties. Namely, we
consider an arbitrary 3-tuple of the form B = (B,v,§), where (B,v) is a
computably enumerable Boolean algebra, while £ is a mapping from Stone
space St(B) in the power-set P(L). So defined tuple (B, v, £) is called a semantic
type under layer L, or simply a semantic type.

Let B, = (B1,v1,&1) and Bo = (B2, v2,£2) be two semantic types under a
layer L. The types 81 and ®8; are said to be isomorphic or equivalent, written
$B1 =1, Bg, if there is a computable isomorphism p : (By1,v1) — (Bg, v2) such
that for any ultrafilter 7 € St(B;) and corresponding ultrafilter Fo € St(Bs),
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Fo = p(F1), the following equality takes place:
§1(F1) = &(F2). (5.1)

Notice that, computability of the isomorphism p requires that there are
some general computable functions f(z) and g(x) for which the following
diagram is commutative:

f (5.2)

while an extra condition (5.1) is meant abstractly; that is, none supporting
effective method is supposed to verify validity of the condition.

We say that theory T has semantic type B = (B, v, ) or that the semantic
type B is realized in theory T if (L£(T),~,§) and (B,v,&) are isomorphic
according to the definition given above.

It is possible to see that the concept of a semantic type together with
the equivalence relation for such objects are in exact correspondence with the
relation of semantic similarity of theories under a semantic layer. Namely, the
following statement takes place:

LEMMA 5.1. Let T and S be theories of enumerable signatures and L be a
semantic layer. The following assertions are equivalent with each other:

(a) T and S are semantically similar under L,

(b) £(T) =L £(9).

PRrROOF. Immediately, from definitions. (]

The set of all possible abstract semantic types has the power of the
continuum. This makes an obstacle for definition of the concept of an index
for such objects. However, for isomorphisms of semantic types, indexes can be
defined.

Let B; = (By,v1,£1) and By = (Ba, v2,&2) be two abstract semantic types
under a semantic layer L, and let p be a computable isomorphism between
B and By for which diagram (5.2) is commutative with the function f(z) =
Az oy (x) which should be total, where ¢, is nth function in Kleene’s numbering
of all partially computable functions (a suitable computable function g(x) for
the back passage can then be found in a standard way). If so, the number n is
called a c.e. index or simple index of the isomorphism p.
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A number of operations similar to those on c.e. Boolean algebras are
defined on the class of semantic types. Operations of factorization, restriction
on an element, the direct product of two types, and the direct product of a
countable computable sequence of types are defined. In the last operation, we
use the concept of computability of a sequence of types in some narrow sense.
Namely, a sequence of semantic types B, = (Bn, n,&n), n €N, is said to be
basically computable, if the corresponding sequence of c.e. Boolean algebras
B, = (Bn,vn), n € N, is computable (computability does not concern the
function &).

We pass to the operations in detail.

We start with the operation of restriction on an element. Consider a
semantic type B = (B,v,§) under a semantic layer L, and let a = v[ng]
be an element in B. Denote by (B,v,&)[a] a semantic type (B',v/,¢’), where
(B',v) = (Bla],v[a]), while £ is the restriction of & up to Stone space of the
restricted algebra defined as St(Ba]) = {F € St(B) | a € F}. So defined
function &’ is denoted by £[a]. Thus, the operation as a whole has the following
form

(B, v, §)[a] = (Bla], v[a], {[a])-
One can check that, if the source type 8 corresponds to a theory T, its
restriction Bla] corresponds to a finitely axiomatizable extension of the theory
T.

Turn to the quotient operation. Consider a semantic type B = (B,v,§),
and let F be a filter of the Boolean algebra B. Denote by (B,%,£) /r a semantic
type of the form (B',v/, &) where (B',v') is the quotient of (B,r) modulo F,
while the assignment function £ is defined by the following rule

E(F)V=E(F), for F eSt(B/r)={F eSt(B) | F C F'}.

So defined function ¢ is denoted by &/z. This is simply a restriction of £ on
the subspace of St(B) defined by the filter F. Then, the quotient operation as
a whole has the following form

(B.v.&) [r=(B/F,v[F,¢/F).

One can check that, if the source semantic type B corresponds to a theory 7',
then the quotient type B /r corresponds to an extension of T' defined by this
filter F considered as an extra set of axioms.
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Some natural relation between the two operations:

LEMMA 5.2. Let B = (B,v,£) be a semantic type under a semantic layer L
and a be an element of B. Suppose that F is a principal filter of B generated
by a;i.e., F = {c € B|a C c}. Then, we have B /r = Blal.

PRrROOF. Immediately, from elementary properties of Boolean algebras. U
Now, we define the operation of p direct product of two semantic types.
Let B1 = (B1,v1,&1) and Bo = (Ba, 12,£2) be two semantic types under a

semantic layer L. Define some new semantic type

B = (B,v,§)=(B1,v1,61) @ (B2, v2,&2) = B1 @ B

under the same semantic layer L as follows. We put (B,v)=(B1,v1) ® (B2, v2),
while the assignment function £ is determined by the rule

. 51(.7), iffESt(Bl),
§(F)_{@(F), if e St(Ba).

So defined operation B ® B, is called the direct product of the semantic types
B and ‘By, while the function £ is called the direct product of functions &;
and &9, using for this an entry £ =& ® £. The idea of the assignment function
in the operation ® is based on the following algebraic relation

St(By ® By) = St(B1) U St(Bs)

Thus, the two given assignment functions &; and &2 defined on the disjoint parts
St(B1) and St(Bz) of St(B) are simply assembled in one function & = &; U &s.

We pass to a more complicated operation of the direct product of a sequence
of semantic types. Let B, = (B, vn,&n), n € N be a basically computable
sequence of semantic types under a semantic layer L, while P a complete
theory of an enumerable signature that is used as an additional parameter in
the operation.

Let us define a new semantic type

(B, 1,6) =@ B, =L (B, v, &) (5.3)

as follows. We put (B, ) =@Q,,cn(Bn, Vpn); moreover, the appointment operation
¢ is defined by the following rule

£(5) = &n(S), if §€St(B,), neN,
\prop(P) I L, if § =5, § = Filter{-1; | i € N},
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where prop(P) is set of model-theoretic properties connected with the complete
theory P. An idea behind the appointment function in operation ) for a
sequence of semantic types is based on the following algebraic relation for
Boolean algebras

St(®ienBi) = Uien St(B:) U {1,

where § is a new ultrafilter appearing in the operation of the direct product of a
sequence of algebras. The appointment functions &; provide natural definitions
for the appointment function £ on ultrafilters in the members of the sequence. A
special value £(§) is required because any of functions &;, i €N does not define
value for £ on the filter §. An alternative entry ®yg\1§3i with a parameter
K, K C L, is possible that directly represents model-theoretic properties
appointed to the special ultrafilter 3.

In addition to the operations over types we have introduced, a method of
splitting and pasting of the sequences of semantic types is often applied. Given

a basically computable sequence of semantic types
B,, i € N. (5.4)

Fix a computable function d(z) satisfying 0 = d(0) < d(1) < d(2) < ... <
d(k) < ..., and construct a new sequence B}, t € N, of types obtained by
the operation of finite pasting of adjacent members in the initial sequence as
follows:

B, = @) Bi, teN. (5.5)

We say that sequence (5.5) is built from the sequence (5.4) by a finite gluing
procedure. Similarly, we say that the sequence (5.4) is obtained by a finite
splitting procedure from the sequence (5.5).

The following interdependencies between the operations exist.
LEMMA 5.3. Let L C ASL be a semantic layer and P be an arbitrary complete
theory of an enumerable signature. Then, for any semantic types under the
semantic layer L the following relations are satisfied:

(a) (Bi,v1,&) ® (B2, v2,&) =1 (B2, 12, &) ® (B1,v1, &),

(b) ((31, 11, &1) ® (Ba, V2,§2)> ® (Bs,vs,&3) =L

(Brv1, 1) © ((Bav2,€2) ® (B, v, ),
(C) (B’ Vﬂ&) =L (Ba Z/,f)[(l] ® (B’ V’é)[_a‘L fO?” any CZGB,
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(d) ®£gN(BTL’ VTL)&TL) =L (BO) VO?&O) ® ®E’EN\{O}<BTH‘17 Vn—&-lafn—&-l):

(e) ®£-EN(BTL3 Vn, fn) =L ®£1,2N(Bf(n)7 Vf(n)vff(n))a
for any computable sequence of semantic types and any computable
permutation f of the set N,

(F) Qen(Bns Vs n) =L Qlry (Bry, v, &),
whenever the latter sequence is obtained by a finite computable
splitting procedure from the former one.

PRrROOF. Immediately, based on definitions of the operations. (]

6 TWO CLASSES OF SEMANTIC TYPES FOR FIRST-ORDER COMBINATORICS

It is not difficult to show that there are semantic types that are not
realized in any first-order theory. The term abstract semantic type is often
used when we want to emphasize that its assigning function is not limited to
the condition of realizability in a theory. In first-order combinatorial approach
we are developing, the classes of types realized in computably axiomatizable
and finitely axiomatizable theories are of particular importance. The restriction
to counsider only the types realized in theories does not give any advantages
in comparison with the study of the theories themselves. On the contrary, a
comprehensive study of a wider class of abstract semantic types will be more
fruitful, and some of the results thus obtained can be applied to theories.

Introduce the following notations for classes of semantic types:

A(L), is the set of all abstract semantic types under the layer L,
E(L), is the set of all computably axiomatizable types under L,
F(L), is the set of all finitely axiomatizable types under L.

We use simpler notations A, £, and F, considering that semantic layer L
is defined in the context. Obviously, inclusions F C £ C A take place.
LeMMA 6.1 [U]. Any E-type under layer MOL C MQL, cf. (2.1), is an F-type
under MOL.

PrROOF. Immediately, from Statement 2.1. O

Although we cannot define indices for the set of all abstract semantic types,

nevertheless, it is possible to define indices for semantic types in the classes F
and £.
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Given a semantic layer L C AL. If a semantic type B € £(L) is presented
in computably axiomatizable theory T*(n} with an index n, the number n is
said to be an &-index of this type ‘B, symbolically B = £*n}. Similarly, if a
type B € F(L) is presented in finitely axiomatizable theory F*(n} having Godel
number n, the number n is said to be an F-index of this type B, symbolically
B = F*my. We often use common term index instead of either F-index or
E-index whenever kind of the type is clear from context.

We introduce definitions for universal semantic types.

DEFINITION 6.A. Given a semantic layer L of model theoretic properties (the
value ACL is meant for L by default, when it is not defined evidently in the
statement). Semantic F-type B = (B, v, ) is called weakly F-universal under
L if any F-type B’ under L can be presented in the form B[a] for some a € |B].
Furthermore, the F-type 6 = (B,v,§) is called F-universal under L if it is
weakly F-universal under L; moreover, a transition from an index of 28’ to the
element a is performed effectively, i.e., there are computable functions g(n)
and h(n,t) satisfying to the following properties:

Frmy =1 Bv(g(n))], for all n € N; moreover, the function (6.1)
(At)h(n,t) represent this computable isomorphism.

DEFINITION 6.B. Given a semantic layer M of model theoretic properties (the
value MQL is meant for M by default, when it is not defined evidently in the
statement). Semantic E-type B = (B, v, &) is called weakly F-universal under
M if any F-type B’ under M can be presented in the form %[a] for some
a € |*B|. Furthermore, the E-type B = (B, v,§) is called F-universal under M
if it is weakly £-universal under M; moreover, a transition from an index of 8’
to the element a is performed effectively, i.e., there are computable functions
g(n) and h(n,t) satisfying to the following properties:

Exmy =p Blr(g(n))], for all n € N; moreover, the function (6.2)
(At)h(n,t) represent this computable isomorphism.

We mention some elementary properties of the introduced concepts.

LEMMA 6.2. The following statements are satisfied:
(a) for any finite rich signature o, semantic F-type of predicate calculus

£(PC(0)) is F-universal under semantic layer ACL (the more, under any its
sublayer L. C ACL),
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(b) semantic F-type £(GRE) of theory GRE is F-universal under semantic
layer ACL (the more, under any its sublayer L C ACL),

(¢) semantic E-type &Y, = £(TY,) is E-universal under semantic layer
MSL (the more, under any its sublayer K C MSL).

PROOF. (a) Immediately, from Theorem 1.2; (b) immediately, from Theorem
1.3; (c¢) immediately, from Statement 2.1. O

LEMMA 6.3. The following statements are satisfied:

(a) any weak F-universal semantic F-type B under a semantic layer L C
ACL is F-universal under L.

(b) any weak £-universal semantic E-type B under a semantic layer M C
ASL is E-universal under M.

PROOF. (a) Suppose that B is a weak F-universal semantic F-type. By
definition, there is an element a in B such that ®B[a] =1 GRE. By applying
Statement 1.3, we immediately obtain the wished effectiveness property;
thereby, B is indeed an F-universal semantic type. (b) Suppose that B is
a weak £-universal semantic £-type. By definition, there is an element a in
B such that Bla] =1 T, . By applying Lemma 4.1, we obtain the wished
effectiveness property; thereby, 95 is indeed an £-universal semantic type. [

7 REPRESENTATIVE COMPUTABLE SEQUENCES OF SEMANTIC TYPES

We introduce a few kinds of rich computable sequences of semantic types.
They are intended to be used in assembling universal semantic types.

A sequence B,, n € N, of F-types under a semantic layer L is called
computable if there is a general computable function f(z) such that %8, =p
F*f(n)y for all n € N. A sequence B, n € N, of E-types under a layer L is
called computable, if there is a general computable function f(z) such that
B, =1 E*f(n)y for all n € N.

Two computable sequences B, n € N, and B/, n € N, of semantic types
under a semantic layer L are said to be equivalent, if there are two computable
functions p(z) and f(n,x), such that p(z) is a permutation of the set N, and for
all n € N we have B,, =, %;(n); moreover, the function At f(n,t) represents
this computable isomorphism.

Introduce a few classes of special computable sequences of semantic types.

DEFINITION 7.A. A sequence of F-types B,, = (B, vn, &), n € N, is called
F-rich under a semantic layer L, if it is computable and, effectively in an index,
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any F-type B under L can be presented as B;[a] for some a € |B;| with i > k
for arbitrarily large k. A sequence of E-types B, = (Bn,Vn, &), n € N, is
called &-rich under a semantic layer M, if it is computable and, effectively in
an index, any £-type B under M can be presented as B;[a] for some a € |B,|
with ¢ > k for arbitrarily large k.

DEFINITION 7.B. A sequence B,, = (By,,vn, &), n € N, of F-types under a
semantic layer L is called uniformly F-universal under L, if it is computable
and the universality condition is satisfied uniformly effective. £-types under a
semantic layer M is called uniformly €-universal under the semantic layer M, if
it is computable and the universality condition is satisfied uniformly effective.

DEFINITION 7.C. A computable sequence of F-types B,, n € N, is called F-
representative under a semantic layer L if the following conditions are satisfied:
(a) the sequence has effective cylindric properties; (b) the sequence presents
effectively all possible F-types under L. A computable sequence of E-types
B, n € N, is called E-representative under a semantic layer K if the following
conditions are satisfied: (a) the sequence has effective cylindric properties; (b)
the sequence presents effectively all possible £-types under K.
Establish computability of the most important sets of semantic types.

THEOREM 7.1. The following assertions hold:

(a) the set of all semantic types under an arbitrary semantic layer L, which
are types of finitely axiomatizable theories of a fixed finite signature o, is
computable.

(b) the set of all semantic types under an arbitrary semantic layer L, which
are types of finitely axiomatizable theories of arbitrary finite signatures, is
computable,

(c) the set of all semantic types under an arbitrary semantic layer K,
which are types of computably axiomatizable theories of arbitrary enumerable
signatures, is computable.

PRrROOF. For (a) and (b), consider the following sequences of semantic types:

(a) Fony=£(F%mny), n € N. (7.1)
) Frny=£(F*mny), ne€N,

By applying Lemma 3.1, we obtain exactly what is required.
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(¢) Consider the following sequences of semantic types:
EXmy =£(T*my), n e N. (7.2)

By applying Lemma 3.2(b), we obtain exactly what is required. O

THEOREM 7.2. The following assertions hold:

(a) for any semantic layer L. C ACL, there is a computable F-representative
sequence of F-types under L; sequence (7.1)(a) provided that o is a finite rich
signature, as well as sequence (7.1)(b), satisfies this demand,

(b) for any semantic layer K C ASL, there is a computable £-representative
sequence of E-types under K; the sequence (7.2) satisfies this demand,

(c) any two computable F-representative sequences of F-types B;, i € N,
and B', i € N, under an arbitrary layer L are equivalent with each other,

(d) any two computable E-representative sequences of E-types B;, i € N,
and B, i € N, under an arbitrary layer K are equivalent with each other,

(e) any computable E-representatative sequence B;, i € N, of F-types
under a layer L is a F-representatative sequence of F-types under the layer
K =MQLN L.

PrOOF. Parts (a) and (b) are proved based on Lemma 3.4 and Lemma 3.5.
Parts (c¢) and (d) are proved by a standard method similar to the proof used
in known Myhill’s Theorem, cf. [6].

(e) By regular applying of Statement 2.2 presenting an effective version of

the universal construction that controls semantic layer (2.1). O

EXERCISE 7.3. Let ‘B;, ¢+ € N, be a computable representative sequence
of semantic F-types under L C ACL. Show that there is a computable
permutation p of N such that we have uniformly effective

B; =1, Fip(i)y, for all i € N. (7.3)

Conversely, availability of relation (7.3) with a computable permutation p(z)
ensures that B;, ¢ € N, is a computable representative sequence of F-types
under L. Prove the same statement for sequences of £-types under any layer
K C ASL.

HinT. Use Theorem 7.2 together with definitions of indices for F-types and
E-types, cf. Section 6.
The following statement represents an effective version of Lemma 6.1.
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TueoreM 7.4 [U]. Given semantic layers L and K such that L C ACL and
K C MSL. Let F;, @ € N, be a computable F-representative sequence of F-
types under L and &;, 1 € N, a computable E-representative sequence of £-types
under the layer K. There is a computable permutation p : N — N together
with a computable function h(n, x) such that F; =pnxnMmoL Ep(i) for alln € N;
moreover, the function Axh(n, ) represents an isomorphism for the pointed out
similarity relation.

PROOF. Immediately, from Theorem 7.2(d,e). O

8 TWO KINDS OF DENSE THEORIES FOR FIRST-ORDER COMBINATORICS
We introduce two key technical definitions.

DEFINITION 8.A. Given a semantic layer E of model-theoretic properties (the
value ACL is meant for E by default, when it is not defined evidently in the
statement). A theory R of an enumerable signature o, is called inf-dense under
the layer F if there is a computably enumerable set X C SL(o), called a
framework for R, for which the following conditions are satisfied:

(a) the theory R is complete and decidable,

(b) for any @ € SL(0) satistying R + &, there is a sentence ¥ € SL(0)
and a computable isomorphism p having the following properties: R - =¥,
YFV¥ - & and £([X U{¥}|?) =g £(TY,) by means of u; moreover, a
Godel’s number of ¥ and a c.e. index of isomorphism pu are found effectively
from a Godel’s number of the sentence @.

DEFINITION 8.B. Given a semantic layer D of model-theoretic properties (the
value ASL is meant for D by default, when it is not defined evidently in the
statement). A theory P of a finite signature o, is called f-dense under the layer
D if the following conditions are satisfied:

(a) the theory P is complete and decidable,

(b) for any @ € SL(o) satisfying P F &, there is a sentence ¥ € SL(0)
and a computable isomorphism g having the following properties: P - -,
¥ — & and £([¥]?) =p £(GRE) by means of u; moreover, a Godel’s number
of sentence ¥ and c.e. index of isomorphism pu are found effectively from a
Godel’s number of the sentence @.

The concepts of an f-dense and inf-dense theory we have introduced are
used in the subsequent as a source providing a collection of model theoretic
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properties assigned for special ultrafilters in the operation of direct product of
a sequence of semantic types.

EXERCISE 8.1. Given a rich computable sequence of semantic F-types together
with a complete theory P of a finite signature. Show that theory P is f-dense
[P]

whenever semantic type (B,v,§) = @,,enBn = ®£§D€]N (Bn,un,ﬁn) is finitely
axiomatizable.

HinT. Use Definition 8.A together with description of the operation of direct
product of a computable sequence of semantic types. U

EXERCISE 8.2. Given a rich computable sequence of semantic £-types together
with a complete theory R of an enumerable signature. Show that theory R is
inf-dense whenever semantic type (B,v,§) = (X)E;]N%n = ®'E§D€]N (Bn,vn, &) is
computably axiomatizable.

HinT. Use Definition 8.B together with description of the operation of direct
product of a computable sequence of semantic types. U

LemMA 8.3 [U]. Let a theory P be f-dense under a semantic layer L. Then, P
is an inf-dense theory under any semantic layer K C MQOL N L.

PrRoOOF. This fact is a routine consequence of the two definitions. One can
check that the definition of an f-dense theory is obtained by way of strengthen
of some internal parts in the definition of an inf-dense theory. A finite signature
is considered instead of an enumerable signature. A finite (or even empty)
set of sentences is considered instead of a computable frame Y. Apart from
that, we can apply the universal construction that provides the existence of
an equivalence £(T}, ) =mqr GRE [©] which is a similarity relation under the
semantic layer MQOL, where GRE [©] is an appropriate finitely axiomatizable
extension of the graph theory GRE. As a result, we obtain that the theory P
must be inf-dense under any semantic layer K C MOL N L. ]

9 MAIN TRANSFORMATIONS BETWEEN THE TYPES AND SEQUENCES
First, we consider a passage from types to sequences of types.

LEMMA 9.1. If*B is a week F-universal semantic F-type under a layer L, then
the sequence B[v(n)], n € N, is an F-rich sequence of F-types under L. The
same statement is valid for the case of E-types.

PRrOOF. Immediately. (]
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In the following statement, various schemes of transformations between
universal types and different classes of rich computable sequences of semantic
types are collected.

THEOREM 9.2. Transitions between different types of sequences of types and
universal types are available in accordance with the scheme in Fig. 1.

X-universal
semantic type

Lemma QIﬂ(*) the aim of further studies

X-rich
sequence

gW splitting
splitting

uniformly X-universal =————> X-representative
sequence gluing sequence

Figure 1 — Passages between sequences of X-types, X € {F,E}

A SKETCH OF PROOF. By using standard methods of algorithm theory, [6]. For
instance, any uniformly X-universal sequence is X-rich that, while having an X-
rich sequence, by finite gluing operation, we can transform it into a uniformly
X-universal sequence etc. Furthermore, having an X-universal semantic type
B = (B,v,§), we can construct sequence of types B[v(n)], n € N, that is
obviously an X-rich sequence. As for the back passage marked with (x), it is
both an important and an interesting problem how to construct a universal
type from a rich sequence of types.

CONCLUSION

It can be checked that if the semantic type of the product (5.3) is
finitely axiomatizable and the corresponding sequence of types is rich (the
more uniformly universal or representative), then the special ultrafilter of
this product determines the f-dense theory; under the same conditions, if
the type is computably axiomatizable, then the special ultrafilter of this
product corresponds to the inf-dense theory. The inverse relationship also
holds. Namely, if the sequence is rich and the theory P in the product (5.3)
is f-dense or inf-dense, then this product defines a finitely axiomatizable
or, respectively, computably axiomatizable type. The proof of these and a
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number of other statements requires complex techniques and a large number
of technical concepts.
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Heperarekun M.I. ITPOHEILYPA PEAYKINN CUTHATYP U YHU-
BEPCAJIbHAA KOHCTPYKINA B KAYHECTBE METO10B ITIPEOBPA-
30BAHIA B KOMBMHATOPHOM ITOAXOJE ITEPBOT'O ITOPAJIKA

Pabora paszBuBaeT mpeioXKeHHBIN paHee KOMOMHATOPHBIN MTOIX0/T TTEPBO-
ro TOpA/Ka, [PEICTABILIONINI KOHIENTYAJIbHYI0 OCHOBY JIjis UCCJIEI0BAHUS
CTPYKTYpPBI 0000ménHbIX aarebp Tapckoro-Jlunmenbayva ucancjaeHnii mpeau-
KaTOB KOHEYHBIX DOraThiX CHUTHATYD HAJ (PUHUTAPHBIM 1 WHOUHATAPHBIM Ce-
MaHTUYIECKUMU CI0siMu. B HacTositeit paboTe NpuBeeHbI KI0UEBbIE TEXHUTE-
cKUe CreruduKaImi, Onpeae/saiolle CTaTyC MPOIeAyP PEeAYKIUNT CUTHATYD U
YHUBEPCAJTHHOM KOHCTPYKITUU KOHEYHO aKCUOMATU3UPYEMBIX TEOPUil B paMKax
KOMOMHATOPHOTO TTOAX0/Ia TIEPBOTO MOPSIIKA.

Krouespre ciaoBa. Jloruka mepBoro mopsijgka, TEOPETUKO-MO/IeTbHOE CBOI-
crBo, anredpa Tapckoro-Jlunmenbayma, ceMaHTHYECKUil THI, TIPOIEAyPa pe-
JIYKITUU CUTHATYP, YHUBEpCabHAd KOHCTPYKIIAS KOHEYHO aKCHOMATU3UPYe-
MbIX TEOPUI.
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eperarekua M.I. CUTHATYPAJIAPIABI PEAYKIINAJIAY POCIMI
MEH OMBEBAIlI KYPBILJIBIM BIPIHIII PETTI KOMBUHATOPJIBIK
TOCIJLAETT TYPJIEHAIPY 9 ICTEPI PETIHAE

2Kymbic OypbiH YChIHBLIFAH (PUHUTAPJIBI XKOHE WHMOUHATAPJIBI CEMAHTUKA-
JIBIK, KaDaTTap YCTiH/Ie aKbIPJIbl Oali CUTHATYPaJIap IPeINKATTaAPbIHBIH eCerTe-
yJiepiHiH kajanbuianaran Tapekuit-JIungerbaym aarebpaiapbiHbIH KYPBLIBIMbIH
3epTTeyre apHAJFAH TYKBIPBIMIAMAJIBIK HEri3mi KeiinTedTin OipiHmi perTi
KOMOWHATOPJIBIK, TOCLIIT JAMBITATBI. AKBIPJIBI AKCHOMIATATHIH TEOPUITAPIHIH
Oipiumi perTi KOMOWMHATOPJIBIK, TOCLT IEHOEPIHAErl CUrHATYpAIAPIbl PEIYK-
[UsLIay PoCciMepinin KoHe oM0Oebar KypbLIBIMHBIH, MOPTEOECIiH aHBIKTANTHIH
HEri3ri TeXHUKAJBIK, CIeIn(DUKANUAIAPHI KEITIPiIreH.

Kinrrik ce3nep. bipinmi perTi JOTWKA, TEOPHUSILIK-MOJEIIIK KACHET,
Tapckuii-JIuamenbaym aaredpachl, CEMaHTHKAIBIK THUII, CUTHATYPAJIAPIALI Pe-
JYKIUSLIAY POCiMi, aKbIPJIbl aKCHOM/IAJATHIH TEOPHUsIap/IbIH oMbedban Kyphbl-
JIBIMBI.
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MATEMATUYECKAS 2KM3Hb

AJIEKCAHIP AJINITIKAHOBUY »KEHCBIKEAEB
(K 7O-JIETUIO CO JHSA POXKIEHWA)

21 aBrycra HBIHENTHETO I'0Jla UC-
MTOJTHIIIOCH OBbI 70 JIeT BBIIAIONIEMY-
CsI MATEMATUKY U KPYIHOMY Opra-
nusaropy Haykm Pecrnyonukn Ka-
3aXCTaH, JEeUCTBUTEILHOMY JIEHY
HAH PK Anekcannpy Ajunkano-
Buay 2KeHChIKOaeBy.

Anexkcaniap Aymmnkanosud 2Ken-
ceikbaeB pojmiicst 21 aprycra 1947
roga B 1. Byprac (Bosrapust) B ce-
Mb€ BOEHHOCJIyKalero. B cessu ¢
JACTBIMU [TEPEE3IAMU BO BPEMsI yUe-
OBl OH CMEHWJI CeMb IKOI B Asep-
Gaitzkane, Poccun, Ykpawmne. Tem
He MeHee, CPEJIHION MKOJTy Aslekcanap ATUIKAHOBAY OKOHYIII C 30JI0TON Me-
JAJIBIO.

B 1965 r. A.A. 2KenceikbaeB mocrynui B JlHenponerpoBckuii rocymaap-
CTBEHHbII YHUBEPCUTET, KOTOPHIH ¢ oTymaueM 3akoH4Im1 B 1970 r. B Tom ke ro-
gy ou moctynui B actmpanTtypy JI'Y. Ero Hay4abiM pyKOBOIUTEIEM 10 aCIIU-
panType 6611 Bbaomuiics coperckuii marematruk H.IT. Kopueituyk. docpou-
HO 3aBepiuB pabory HaJ auccepranueit (1o cnenuasabaoctu 01.01.01 — Teopust
dbyukuumit 1 dyHkumoHATBHBI aHaMN3), AsleKcaHap AJIMIKAHOBUY YCIIEITHO
samuTui ee B 1973 r. OCcHOBHOE COJIEprKaHKE JIUCCEPTALMI COCTABUIM TOYHBIE
OIEHKN TPUOJINIKEHNS KJIACCOB HEMPEPBLIBHBIX U AudDepEeHINPYEeMbIX (DYyHK-
Ui UHTEPIOJISIITUOHHBIMU CIIJIAHAMU MUHUMAJIBHOTO JleheKTa.

C 1973 . A.A. YKencoikbaen — acCUCTEHT Kadeaphbl MATEMATIIECKOTO aHa-
gusa AI'Y. B 1974 r. A A. 2Kencnikbaep 1o npuriamennio akaigemuka AH
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KazCCP O.A. 2KayTbIkoBa 1 TOTIAIITHEr0 peKTOPa Ka3axcKoro rocy1apcTBeH-
uworo yauBepcurera uMm. C.M. Kuposa akagemuka AH Kaz CCP Y. A. Jlxomnna-
cOekoBa repees3KaeT B AjMa-ATy U CTAHOBUTCSI CHAYAJIA CTAPIIUM [IPEIoIaBa-
TesieM, 3aTeM (dYepe3 KOPOTKOe BPEMsi) JOIEHTOM KadeIpbl MATEeMATHIECKOrO
aHaJin3a Y HUBEPCUTETA.

B ampesie 1980 r. Asekcanap AMUOKAHOBUY 3allMINAET JOKTOPCKYIO JIMC-
ceprainuio Ha TeMy "DKcTpeMasbHbIe CBOMCTBA MOHOCILIAHOB M HAMUJIYYIINE
kBajpaTypubie dhopmyas" (cnermanbrocts 01.01.01. — MmaremaTiaeckuii ana-
mu3) B Maremarnueckom uncruryre uM. B.A. Creknosa AH CCCP. B auc-
cepTanyy peliena IMUPoKo u3BectHas 3ajada Komamoroposa-Hukosbckoro o
HaWJIydIneit KpajparypHoit popmyite juist Kiaccos CobosieBa. Meropr, paspa-
OoTaHHBIE B JIUCCEPTAINU JIJIs €€ PEIIeHUs, HAIIJIN TaKyKe BaXKHbIe IIPUMeHe-
HUsI IPU PEIIEHNN Psijia IPYTUX IKCTPEMAJIbHBIX 33/1ad TEOPUHU UHTEPIIOJISIIII
(PYHKIMIA, TEOPUH MIONEPETHUKOB, TEOPUH KBAJIPATYP U IOy IU/IN JaIbHelIee
pa3BuTHEe B paboTax MHOTMX MAaTEMATHUKOB.

C 1981 r. mo 2000 r. A.A. 2Kencrikbaep 3aBejioBaj Kadeapoit Marema-
traeckoro ananusa KasHY nm. ans-®Papabu (mo 1992r. — Kasl'V um. C.M.
Kuposa). B 1982 r. emy npucBoeHo yueHoe 3BaHue Ipodeccopa.

C 1994 r. mo 1997 r. Anekcanap AMUTKAHOBUY PAbOTAJ 3aMECTUTEIEM TIO
Hayke HadaJbHUKa AJMATHHCKOIO BBICIIEro TeXHUYECKOTO YUWJININA, TJE, B
YaCTHOCTH, OPIaHU30BaJ & ILIOHKTYDY JJIs IIOJATI0TOBKY CHEIUAJINCTOB BbICIIE
KBaJIn(UKAIIN.

C 1998 r. mo 2000 r. Anekcanap Asmnkanosud — upejacenarens BAK PK.

C 2000 r. mo 2006 1. A.A. 2Kencwikbaes — qupekrop UHcTuTyTa MaTema-
tuku HAH PK.

C 1983 r. mo 1992 . A.A. KencoikbaeB ObLIT YIEHOM CIENUAIU3NPOBAHHO-
IO COBETa IO 3AIUTe JOKTOPCKUX guccepraruit npu Mucturyre Marematuku
CO AH CCCP (r. HoBocubupck). On Taxzke 6611 9xcrieprom INTAS (Brussels,
1994 r., Asmarer 1996 r.) ¥ HayIHBIM PYKOBOAUTEIEM MEKJLyHAPOJIHOI 1IPO-
rpammbl INTAS, o6benunspiieit yaenoix epmannn, Wcenannn, Kasaxcrana,
Poccun, ®@panrun.

Anekcannp AnmnkaHoOBEY OBLT OJHUM W3 OCHOBATETEH W MEPBLIM TJIAB-
HBIM peflakTopoM "Maremarutieckoro kypHaJa", uzgasaemoro VuacTuTyToM
MareMaTHKN (HbiHE THCTUTYTOM MAaTEMATHKH M MATEMATHIECKOTO MOJICJINPO-
BaHUs), WICHOM DEIKOJUIEIMH MeKIyHapoHoro Kyphaja "East Journal on
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Approximation", nuznasasmerocst B Bosirapun (¢ MOMEHTa €ro OCHOBaHUs ), 4jie-
HOM AMEPUKAHCKOIO MATEMATHIECKOIO ODIIECTBA.

A.A. JKeHcbikbaeB — IPU3HAHHBIA B MUDE CIEIUAJNCT B 00JIACTH TEOPUHU
dyHKIMT ¥ TpUOIMKEHUN, OCHOBATE/b IIKOJIBI 110 TEOPUU MPUOIUKEHUH U
crtaiinoB B Kazaxcrane. Ilox ero pykoBogcTBom 3amuinero 10 KaHAuIaTCKAX
JIUCCepTaIU.

AutekcaHip AJIMIIXaHOBUY BHEC NPUHIIANINAAJIBHBIA BKJIAJ B TEOPUIO IMPHU-
OJIM2KEHUT U TEOPUIO ONTUMAJILHOTO BOCCTAHOBJIEHUS OLEPATOPOB.

B mayunom TBOpuecTBe AJjtekcaHIpa AJIMIIKAHOBUYA MOXKHO BBIJIEIUTH
(HECKOJIBKO YCJIOBHO) TPHU HEPUOJIA.

[Tepsbriii nepuos (1970-1973 r.r.) nocesirieH, Kak yzxKe ObLIO OTMEYEHO Bbi-
11e, SKCTPEMAJIbHBIM 3aja4aM TPUOJIMKEHNs KJIACCOB TVIAJAKUX (DyHKIUH WH-
TEPIOJISIITUOHHBIMY CIIAHAMU TIOJIYYIUI CBOE JIOTUYIECKOE 3aBEPIINEHUE B €0
KAHIUJIATCKON Juccepranun, Xors Ajekcanap AJIMIIKAHOBAY U IIO3JHEE 00-
pammaJicsi K 3roit npobisiemaruke. B gactaocTn, B 1979 1. OH mOIy9us TOHKUI
OTPUIATEIBHBII PE3YJIBTAT: OTIEPATOP CILIANH-UHTEPIIOJISIIIAN He sIBJISIETCST SKC-
TPEMaJILHBIM B CMBICJIE JIMHEHHOTO IMOIEePeTHIKA KJIACCOB TIAJKUX IIEPUOITIe-
ckux yHKuuii oHoi nepemenHoii (2Kencpikbaes A.A. CrutaitH-MHTEpPIOJISIIINS
U HAWJTy dIliee TPUOJINKeHe TPUTOHOMETPpUIecKUMU MHOro4IeHamu // Marewm.
samerku. — 1979. — T. 26, Ne 3. — C. 355-366).

Bropoit mepuoz (1974-1990 r.r.) — sKcTpeMasbHBIE 3aa9U TEOPHH KBa/JI-
patyp. KyabMmuHaImst 31010 nmepuojia — y»Ke oTMedeHHasi JOKTOPCKAasl JTUCCep-
Tanusg Anekcanapa Anunkanosuda. Ho u nosanee Anexcanap AmmnkanoBud
MIOJIYYaeT Psifl BBIIAIOMINXCS PE3YJIBTATOB B 9TOM HAIPABJIEHUU: B YaCTHOCTH,
UM peIleHbl M3BECTHBIE 3aJIa7i O HYJISIX MOHOCILIAITHOB IIPOU3BOJILHON KPaTHO-
CTU U O HAWJIYYINNUX T'ayCCOBBIX KBaJPATYPHBIX (POPMYJIaxX JJisi CJabbiXx 1eObl-
meBckux cucreM. Mtoru 3Toro srama ObLIn mojiBe e bl AJtekcaHapoM AJuika-
HOBUYeM B ero moHorpadun "CrialiHbl B T€OpUM BOCCTAHOBJIeHUs1" | KOTOpas
6blIa HanmcaHa 110 3aka3y Bceecorosnoro mznaresbersa "Hayka" (r. Mocksa),
[POIILIA [TOJTHOE PElEH3UPOBAHNE U KOPPEKTYPY, Oblja BKJIIOYEHA B TEMILIAH
u3nareabcTBa Ha 1992 1., o/lHaKO, TaK W He ObLIa OMyOJIMKOBaHA B CBI3U C
pacmagom Coserckoro Coroza. ITozmgaee Astekcanap AJIMIIKAHOBUY OILYOJIHKO-
BaJI ee B IepepaboTaHHOM U JOTIOJHEHHOM BHjIe B n3narenbecTe Kazl'ocMHTU
(Asmarsr) B 2001 1.

B rperwnii mepuoy, (1991-2009 r.r.) HayuHble nHTEpPECH! AJlekcaHpa Ajmnka-
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HOBUYA, B OCHOBHOM, II€PEKJIIOYAIOTCS Ha MHOTOMEPHYIO TEOPUIO IIPUOJINKEH I
U POJICTBEHHBIE 38191 ONTUMAJIBHOI'O BOCCTAHOBJIEHUSI OIIEPATOPOB. 311€Ch UM
TakzKe ObLJI TIOJIYIeH Psi/i BAXKHBIX Pe3y/IbTaTOB: B YaCTHOCTH, ObLIN pa3pado-
TaHbl HOBBIE ONTHUMAJIbHBIE METO/IbI BOCCTAHOBJICHUSI OIEPATOPOB HA KJIACCAX
(PYHKIMIT MHOIUX IT€PEMEHHBIX, HOBBIE MHOIOMEDHBIE AIAPATHl HHTEPIIOJIS-
[N U CIVIAXKUBAHUs — HHPOPMAIIMOHHO-siJIepHbIe CIUTaiiHbl. Pe3yabraTsl 3T0r0
IIepHUoJia YaCTUIHO OTPAXKEHBI B yrioMuHaBIelics mounorpadun 2001 r. u mo-
CTATOYHO TOJTHO OCBelieHbl B MoHorpadun "TIpobieMbl BocCTAHOBIEHUST OTTe-
paropo" (Mocksa-Uxkesck: PX/I. — 2003 r.).

A.A. Kencwikbae mmeer cBbime 90 HaydIHBIX MTyOIUKAIMiL, & TaKXKe
3 moHorpadum u 2 yuebHBIX MMocobusi, m3gaHHble B Kaszaxcrane u Poc-
cun. OCHOBHBIE HaydHBble cTaTbu AJjiekcaHapa AJIMIKAHOBAYA, OIyOJIMKOBA-
Hbl B BEJYIIUX COBETCKUX (IIO3JHEE POCCUIICKHUX) M MEXKJ[YHAPOJHBIX MaTe-
marndeckux kypHasmax: "Jlokmager AH CCCP", "lokmaner PAH", "Vcme-
xu Maremarndecknx Hayk", "Nzsectus AH CCCP, cepusi maremarmdeckast",
"Analysis Mathematica", "Journal of Approximation Theory", "East Journal
on Approximations" u gp. OH BbICTYTAT ¢ HAYIHBIMA JOKIATAMU Ha MaTeMa-
Tuvyeckux Kourpeccax (Bapmasa, [{iopux) 1 MHOMMX MeXK/[yHAPOIHBIX KOH]E-
penrusix (Kazaxcran, Poccusi, CIIA, @pannust, Vcnanus, FOrocasust, [Tosn-
mra, Beurpust, Bosrapust, Uuaus u ap.).

Boubmoe mecro B xu3an A.A. 2KencoikbaeBa 3aHMMAaIa IPEIOIaBaTE b
ckast fedarebHOCTh: ¢ 1974 mo 2000 r.r. Ajekcasap AJIMITKAHOBUY UUTAJ JIEK-
mn B KasHY mm. Anp-®apabu (Bce OCHOBHBIE KypPChl aHAJN3a, MHOKECTBO
CIIEIUAJIbHBIX KYPCOB), BO Bropoii nosiosune 90-x — navase 2000-x — B KasH-
ITY um. Abast (110 COBMECTUTEIBCTBY MATEMATHIECKII AHAJII3, CIIEIKYPCHI), €
2000 o 2009 r.r. on unras jgexknun B KMIMDII (o coBmecturenseTsy). ALA.
OBLT IPEKPACHBIM JIEKTOPOM, YMEJ yBJIedb CTY/IEHTOB, IIE/IPO JIEJIIICA CBOUMU
UMY U 3aMBICTIAME C YIeHUKAMU U coTpyaankamu. Kpome Toro, Anekcamap
AJIMTIKAHOBHUY B PA3HbIE I'OJIBI 110 MPUTJIAIIEHUIO YUTAJ JIEKIIUU B YHUBEPCUTE-
Tax 1 HaydHbIX HeHTpax CIIA, ®pannun, Ucnanuu, [loasmm, [Takucrana.

Hayunbre ocTukenust, megarornvieckasi 1 Hay THO-OPTaHU3AIMOHHAST JIesi-
TesbHOCTE A.A. 2K eHchIKOaeBa MOy IIIN BHICOKYIO OIEHKY. AJlekcanap AJni-
KaHOBUY ObIT n3bpan wieHbl-koppectnorgearom HAH PK B 1995 1., a B 2003 1.
cTaJl ee JeMCTBUTEIbHBIM wieHOM. B 1999 r. on 6bL1 n30paH HeficTBUTETEHBIM
amerom MAH BII. Anekcannp Anmunkanosuu — jaypeat [Ipemun BJIKCM
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B obactu Hayku u texuuku (CCCP, 1978 r.), kaBasep opaena "3uak [Toue-
ra" (CCCP, 1984 r.), maypear mexjayHapomaHoii npemun um. Xopesmu (VP
Upan, 1999 r.). B 2000 r. Asnekcanap AnuikaHOBUY OblLI U30paH HOYETHBIM
qneHoM AmepukaHCKoi Acconmariuy HayIHBIX coBeTHHKOB. B 2001 1. ero ma-
rpajuan 0ouaeiinoit Memasbio, mocBsinerHoi 10-geTuio nezaBucumoctu Pec-
nyonku Kazaxcras.

A.A. ZKenceikbaen yimes u3 xusau 4 cenrsiopst 2009 roja.

Ceerast maMsaTh 06 Amekcanipe Anunkanosude 2Kencoikbaese 6yer Bee-
rIa ¢ HAMU — €r0 JIPY3bsaMU, KOJLIEraMU, YICHUKAMU.

WNBBPAHHBIE MTYBJIUKALUU A.A. 2KEHCHIKBAEBA

1 Toumble OIEHKM PaBHOMEPHOTO MPHUOIMKEHUST HEIPEPBIBHBIX MTEPUOTIECKUX
dyukuuit craiinamu r-ro nopsaaka // Maremarndeckne 3amerku. — 1973. — T. 13, Ne
2. — C. 217-228.

2 Ilpubnmxenne muddepeHIINPYEMbIX TEPUOAMIECKAX (DYHKIMI CIIAHAMEI 10
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IIpasusa "MartemaTudeckoro >XypHaJia' Jijis aBTOpPOB cTaTeit

Oé61me 1mo10KeHns1

B "Marematudeckom kypHaJje" myOJUKYIOTCS OPUTHHAJIBHBIE CTATBU IO
OCHOBHBIM pa3ejaM COBPEMEHHON MaTeMaTwKu: Teopust PpyHKIui, dyHKINO0-
HAJILHBIN aHAJIN3, OOBIKHOBEHHBIE Tud depeHIrnaIbHbIe YPABHEHUS, YPABHEHUS
C YaCTHBIMU [TPOU3BOIHBIMHY, aaredpa, MaTeMATHIECKA JIOTUKA, TEOPHUs IUCET,
TEeOMETPHsI, TOMOJIOTHsI, TEOPUsT BEPOSITHOCTEN W MATEMATHIECKAsT CTATHCTHU-
Ka, BBIYUCJIUTEJIbHAA MaTEeMaTUKa, MaTeMaTU1I€CKaA (1)1/131/1}(3,7 MaTEMAaTU4YIECKOE
MOJIETMPOBAHIE.

2KypHast BBIyCKaeTCsT €:KeKBAPTATIBHO, I€ThIPe HOMEPaA COCTABJISIIOT TOM.

CraTtbs 10KHA OBITH HATTMCAHA HA BHICOKOM HAYJIHOM yYPOBHE, COIEPIKATDH
HOBbIE, 9€TKO C(OPMY/JIUPOBAHHBIE MATEMATUIECKUE PE3YJIbTATHI U UX JIOKaA-
3aTesbCTBA. Bo BBeJeHUM HEOOXOIMMO MPUBECTH UMEIOIINECS Pe3yIbTATHI 10
TeMe MPEJCTABICHHON PAbOThI, JaTh KPATKOE COJIEPKAHUE CTAThbU U OTPA3UTH
AKTYaJIbHOCTH, HOBU3HY TOJIYY€HHBIX aBTOPOM DE3IYIHTATOB.

Cratbm  KypHaJa pa3MemarTcs B CBOOOJHOM TOCTyme Ha cafire
www.math.kz MHcTuTyTa MaTeMaTHKM W MATEMATHYIECKOTO MOIETUPOBAHUS
MOH PK, unx pedepupyror HIT HTU (Kaszaxcran), Zentralblatt Math (Tep-
MaHWsI).

B "Maremarudeckom kypHase" mybJuKyo0TCs CTaThu 00beMOM 10 25 XKy p-
HabHBIX crpanull. Ctarbn 00beMoMm GoJsiee 25 crpaHull MyOJIUKYIOTCS 110 CIie-
MHATHHOMY PEIIeHNI0 PeIKOJIIETUN KypHaTa. [[pHHUMAIOTCS CTATHU, HAIN-
CaHHBIE Ha Ka3aXCKOM, DYCCKOM " AHIJVIMMCKOM SI3bIKaX. CTa,TI)I/I penen3npyroT-
cl.

TpeboBaHusi K 0O(pOPMIAEHHIO cTaTEl

1. Pykomuchk ctarhu [0KHA OBITH MTOATOTOBJEHA B WM3MATEIbCKON CUCTEME
ITEX-2e n ipejcTaB/iera B BUIE JBYX TBEPJABIX KON, a TakyKe B BUe tex u
pdf - daiisios Ha TFOO6OM /IEKTPOHHOM HOCUTEJIE WU IIPUCTAHA TI0 3JIEKTPOHHOM
noure zhurnal@math kz, mat-zhurnal@mail.ru. Crarbs moJ12KkHa OBITH HOJIIN-
cana BceMu aBTopamu. llpaBuia odopmieHus PyKOIUCH U CTHIEBbIe (hailbl
MOXKHO Ha¥WTH Ha caiire I/IHCTI/ITyTa MaTE€MaTUKHN U MaTeMaTU4YeCKOro Mo/e-
mupoanug MOH PK http://www. math. kz B pasmene "Maremarudecknit
Kypraan".

2. B sieBom BepxHeMm yriiy HeoOxojuMo ykazarh Kjiaaccudurkarop MPHTU. Ha



CTENYIOMUX CTPOKAX TIO TEHTPY: HA3BAHWE CTATHU; MHUIUAILI U (DAMUINN aB-
TOpOB. B KoHIEe yKa3aTh MecTO pabOThI, TTOYTOBBIE ATPECA OPTAHUAIIH 1 TaK-
JKe 9JIEKTPOHHBIE aJ[peca aBTOPOB.

Ha oTmespHOM JHCTe TPUIATAIOTCA HA3BaHWE CTATHU, (DAMUINN W WHUTIA-
aJIbl ABTOPOB, KJIOYEBBIE CJIOBA, pedepar Ha PYCCKOM, aHTJIHNACKOM M Ka3ax-
ckoM (s aBropoB m3 Kaszaxcrama) s3pikax u mugekc Mathematics Subject
Classification 2010. Pedepar j10/2KeH 0TPaKkaTh COJAEPKAHUE CTATHU.

Takrke TpeaCTaBISIOTCS CBeJEHUsT 00 aBTOPaxX, MECTO PabOTHI, TOYUTOBBIH

aJIpeC ¢ WHJIEKCOM MOYTOBOTO OTIENEHHNs, HOMep TejaedoHa ¢ YKa3zaHueM KoJa
ropoja, aapec 3JEeKTPOHHON TTOYTHI.
3. Crmcok JuTepaTyphbl COCTABIAETCA B TOpPsiake MuTupoBanusd. CCBLIKA Ha
HEOMyOTMKOBAHHBIE PAOOTHI, PE3YIBTATHI KOTOPBIX MCIIOJB3YIOTCA B JIOKa3a-
TEIbCTBAX, He JOMyCKAoTCa. CIUCOK JIMTEpaTyphl TPUBOIUTCSA B CJIEIYIOMIEM
BUJIE:
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Pyxomvcu, He ymaoBIETBOPSIOIINE TTEPEUNCTEHHBIM BBINNI€ TPEOOBAHWSIM, BO3BDa-
IMAIOTCA aBTOpaM Ha odopMieHne, T0paborKy. Pemakims ocraBisgeT 3a coboit mpaBo

HAa OTKJIOHEHWE CTATHHU, €CJIA €€ COMEPHKAHNE HE OTBEYAET TPEOOBAHUAM 2KYPHAJIA.
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