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ON THE NUMBER OF COUNTABLE MODELS OF

COMPLETE THEORIES WITH A PARTIAL ORDER

B. Baizhanov, F. Kobdikbayeva, T. Zambarnaya

Annotation. Given a formula φ de�ning a partial order on tuples of elements, we

introduce a notion of a φ-chain, and prove that existence of an in�nite discrete φ-chain
in a small countable theory implies maximality of the number of countable models of

this theory.

Keywords. Partial order, number of countable models.

1 Introduction

Question on the number of countable non-isomorphic models of theories is
of a big importance in model theory. The two general steps in studying this
question are studying the spectrum of theories, and describing properties which
lead to non-isomorphism of structures.

In terms of counting spectrum countable theories are divided into natural
classes. The Vaught conjecture was solved for ℵ1-categorical (J.T. Baldwin,
A.H. Lachlan [1]), ω-stable (S. Shelah, L. Harrington, M. Makkai [2]),
superstable theories of a �nite rank (S. Buechler [3]), o-minimal (L. Mayer
[4]), quite o-minimal (S.V. Sudoplatov, B.Sh. Kulpeshov [5]), and weakly o-
minimal theories (A. Alibek, B.S. Baizhanov [6]). But in general this problem
is still unsolved.

A natural step towards the Vaught's conjecture constitutes in �nding
conditions, under which theories have continuum countable models. By
modifying the approach to linearly ordered theories given in [7], we move to
studying small countable theories with a de�nable partial order on tuples.
Using the construction from [8] we prove a theorem on a su�cient condition
of maximality of number of countable models of such theories.

2010 Mathematics Subject Classi�cation: 03C64.
Funding: Êîìèòåò íaóêè Ìèíèñòåðñòâa îáðaçîâaíèÿ è íaóêè ÐÊ, Ãðaíò � 5125/GF4.
c⃝ B. Baizhanov, F. Kobdikbayeva, T. Zambarnaya2017.
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2 Number of countable models

Let T be a countable complete theory, c̄ be an element of some model of
T .

We say that a formula φ(x̄, ȳ, c̄) (ln(x̄) = ln(ȳ)) de�nes a partial order on
T , if for any M |= T with c̄ ∈M

M |= ∀x̄∀ȳ
(
φ(x̄, ȳ, c̄) → x̄ ̸= ȳ

)
;

M |= ∀x̄∀ȳ¬
(
φ(x̄, ȳ, c̄) ∧ φ(ȳ, x̄, c̄)

)
;

M |= ∀x̄∀ȳ∀z̄
((
φ(x̄, ȳ, c̄) ∧ φ(ȳ, z̄, c̄)

)
→ φ(x̄, z̄, c̄)

)
.

Given a formula φ(x̄, ȳ, c̄) which de�nes a partial order on T , a φ-chain on
T is a totally ordered by φ subset of a modelM of T withM |= ∃x̄∃ȳ φ(x̄, ȳ, c̄),
and which is convex (by φ) in M.

Given a formula ψ(x̄) (may be with parameters) a convex-φ(x̄, ȳ, c̄)-
closure [7] of ψ is the formula

ψc
φ(x̄,ȳ,c̄)(x̄) := ∃ȳ1, ∃ȳ2

(
ψ(ȳ1) ∧ ψ(ȳ2)∧((

φ(ȳ1, x̄, c̄) ∨ x̄ = ȳ1
)
∧
(
φ(x̄, ȳ1, c̄) ∨ x̄ = ȳ2

)))
.

A convex-φ(x̄, ȳ, c̄)-closure of a type p(x̄), is the type

pcφ(x̄,ȳ,c̄)(x̄) := {ψc
φ(x̄,ȳ,c̄)(x̄) | ψ(x̄) ∈ p}.

Theorem 1. Let T be a small countable complete theory, M be a countable

model of T . If there exists c̄ ∈M , and a formula φ(x̄, ȳ, c̄) with ln(x̄) = ln(ȳ) =
l, determining a partial order on T such that for any n ∈ N there is a �nite

discrete φ-chain of length at least n, then T has 2ω countable non-isomorphic

models.

Proof. First note that by compactness there exists an in�nite discrete φ-chain.
For convenience denote:
x̄ <∗ ȳ := φ(x̄, ȳ, c̄);
x̄ ≤∗ ȳ := x̄ <∗ ȳ ∨ x̄ = ȳ;
s(x̄, ȳ, c̄) := x̄ <∗ ȳ ∧ ¬∃z̄

(
x̄ <∗ z̄ ∧ z̄ <∗ ȳ

)
;

s(0)(x̄, ȳ) := x̄ = ȳ;

s(n)(x̄, ȳ) := ∃z̄1...∃z̄n
(
z̄1 = x̄ ∧ z̄n = ȳ ∧

n−1∧
i=1

s̄(zi, z̄i+1)
)
;

Ìaòåìaòè÷åñêèé æóðíaë. � 2017. � Ò. 17, � 4
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s(−n)(x̄, ȳ) := ∃z̄1...∃z̄n
(
z̄1 = x̄∧ z̄n = ȳ∧

n−1∧
i=1

s̄(zi+1, z̄i)
)
, where n ∈ N\{0};

ψ(x̄)+ := ∃ȳ
(
φ(ȳ) ∧ ȳ <∗ x̄

)
;

ψ(x̄)− := ∃ȳ
(
φ(ȳ) ∧ x̄ <∗ ȳ

)
.

For any natural number we can de�ne a discrete chain of length greater

or equal to that number: ψn(x̄, ȳ, c̄) := ∃z̄1...∃z̄n
(
z̄1 = x̄ ∧ z̄n = ȳ ∧

n−1∧
i=1

z̄i <
∗

z̄i+1 ∧ ∀z̄
(
x̄ ≤∗ z̄ ∧ z̄ ≤∗ ȳ → ∃t̄1∃t̄2

(
s(t̄1, z̄) ∧ s(z̄, t̄2)

)))
.

Let p(x̄, ȳ, c̄) := {ψn(x̄, ȳ, c̄) | n < ω}. For a tuple (ā, b̄) |= p denote

γn(x̄, ā, b̄, c̄) := ∃x̄1...∃x̄n∃ȳ1...∃ȳn
(
x̄1 = ā ∧ ȳ1 = b̄ ∧

n−1∧
i=1

(
s(x̄i, x̄i+1) ∧

s(ȳi+1,ȳ1)
)
∧ x̄n <∗ x̄∧ x̄ <∗ ȳ1

)
a formula saying that x̄ is an element between

ā and b̄, but is not an i-th <∗-successor (predecessor) of ā (b̄) for all i ≤ n.
Let q(x̄, ā, b̄, c̄) := {γn(x̄, ā, b̄, c̄) | n < ω}, it is a locally consistent, not

necessary complete type over {ā, b̄, c̄}.
LetN be an arbitrary countable saturated extension ofM(ā, b̄, c̄), the prime

model over {ā, b̄, c̄}.
For ᾱ, β̄ ∈ q(N) let Vq,N(ᾱ) := {γ ∈ q(N) | ∃n ∈ Z N |= s(n)(ᾱ, γ̄)} be all

the elements from q(N) that can be reached by use of �nite s-steps from ᾱ.
Also denote

(
Vq,N(ᾱ), Vq,N(β̄)

)
:= {γ̄ ∈ q(N) | Vq,N(ᾱ) < γ < Vq,N(β̄)}.

Later on we will use the following notation ã := (ā, b̄, c̄).

Lemma 1. For all γ̄1, γ̄2 ∈
(
Vp,N(ā), Vp,N(b̄)

)
= q(N),

tpc≤∗(γ̄1|{ā, b̄, c̄}) = tpc≤∗(γ̄2|{ā, b̄, c̄}).

Proof.

Suppose that the conclusion of the Lemma is not true, i.e. for some
γ̄1, γ̄2 ∈

(
Vp,N(ā), Vp,N(b̄)

)
, there exists an ã-de�nable formula H such that

γ̄1 ∈ H(N, ã) <∗ γ̄2. Replace H by (H(N, ã)+)−.
For k, n1, n2 < ω such that n1 + n2 < k denote

Sk,n1,n2(H)(x̄, ȳ, ã) :=
((
x̄ <∗ ȳ ∧ ¬sk(x̄, ȳ)

)
→ ∃z̄1, ∃z̄2

(
x̄ < z̄1 <

∗ z̄2 <
∗

ȳ ∧ ¬sn1(x̄, z̄1) ∧ ¬sn2(z̄2, ȳ) ∧H(z̄1, x̄, ȳ, c̄) ∧ ¬H(z̄2, x̄, ȳ, c̄) ∧ s(z̄1, z̄2, ã)
))
.

From the Compactness Theorem it follows that:

Ìaòåìaòè÷åñêèé æóðíaë. � 2017. � Ò. 17, � 4



8 B. Baizhanov, F. Kobdikbayeva, T. Zambarnaya

Claim 1. There exist two non-constant non-decreasing functions,

s1, s2 : ω → ω, such that ∃m < ω, ∀k > m, ∀ᾱ′, β̄′ ∈ (ā, b̄)p(N), for which the

following is true:

N |= Sk,s1(k),s2(k)(H)(ᾱ′, β̄′).

Denote H∅(x̄, ã) := ¬H(x̄, ã) ∧ ∃ȳ
(
s(ȳ, x̄) ∧H(ȳ, ã)

)
.

We have that H∅(N, ã) ∩ q(N) ̸= ∅ and H∅(N, ã) ∩ q(N) = {γ∅} for some
γ∅ ∈

(
Vq,N(ā), Vq,N(b̄)

)
.

Then denote

G0(x̄, ã) := ∃z̄
(
H(x̄, ā, z̄, c̄) ∧H∅(z̄, ã)

)
;

G1(x̄, ã) := ∃z̄
(
H(x̄, z̄, b̄, c̄) ∧H∅(z̄, ã)

)
.

So, we have G0(N, ã) < Vq,N(γ̄∅), Vp,N (ā) < G0(N, ã)
+ and Vq,N(γ̄∅) <

G1(N, ã)
+, G1(N, ã) < Vp,N(b̄).

Denote

H0(x̄) := ¬G0(x̄, ã) ∧ ∃y(G0(ȳ, ã) ∧ s(ȳ, x̄));
H1(x̄) := ¬G1(x̄, ã) ∧ ∃y(G1(ȳ, )̃ ∧ s(ȳ, x̄));

G00(x̄, ã) := ∃z̄(H(x̄, ā, z̄, c̄) ∧H0(z̄, ã));

G01(x̄, ã) := ∃z̄1, z̄2(H(x̄, z̄1, z̄2, c̄) ∧H0(z̄1, ã) ∧H∅(z̄2, ã));

G10(x̄, ã) := ∃z̄1, z̄2(H(x̄, z̄1, z̄2) ∧H∅(z̄1, ã) ∧H1(z̄2, ã));

G11(x̄, ã) := ∃z̄(H(x̄, z̄, b̄, c̄) ∧H1(z̄, ã)).

Repeating this consideration ω times we obtain a countable number of ã-
de�nable formulas Hδ, δ ∈ 2<ω, such that for every τ ∈ 2ω, τ(n) ∈ {0, 1} there
is qτ ∈ Sn({ã}), which extends the following set of ã-de�nable n-formulas:

Γτ (x) := {x < Hτ�n(N, ã) | τ(n+ 1) = 0} ∪ {Hτ�n(x, ã) | τ(n+ 1) = 1}.

This contradicts to our assumption that T is small.
�

As a corollary to the Lemma 1 we obtain the following lemma.

Lemma 2. For every α̃n :=< ᾱ1, . . . , ᾱn >, ᾱi ∈ (Vp,N(ā), Vp,N(b̄)), 1 ≤
i ≤ n; such that Vq,N(ᾱi) < Vq,N(ᾱi+1) (1 ≤ i ≤ (n − 1)), for every

γ̄ ∈ N such that tp(γ̄|{āb̄, c̄} ∪ α̃n) is isolated the following is true: ∀γ̄1, γ̄2 ∈
(Vp,ϕ,(ᾱi), Vp,ϕ(ᾱi+1)),

Ìaòåìaòè÷åñêèé æóðíaë. � 2017. � Ò. 17, � 4



9

tpc(γ1|A ∪ ᾱn ∪ γ̄ ∪ {ᾱ, β̄}) = tpc(γ2|A ∪ ᾱn ∪ γ̄ ∪ {ᾱ, β̄}).

Let N′ be an ℵ1-saturated extension of M ∪ {ã}.
Now for each sequence of zeros and ones, τ := ⟨τ(1), τ(2), ..., τ(i), ...⟩i<ω,

we will use the construction from [8] to construct a countable model Mτ ≺ N′,
such that for any τ1 ̸= τ2, Mτ1 ̸∼= Mτ2 . Until the end of the proof �x such a
sequence, τ .

Let B′
τ =

{
ēir | r ∈ Q, i ∈ N

}
∪
{
f̄ in | i ∈ N, n ∈ {0, 1}, and τ(i) =

0
}
∪
{
f̄ in | i ∈ N, n ∈ {0, 1, 2}, and τ(i) = 1

}
⊆ q(N ′) be such that

Vq,N′(ēir1) < Vq,N′(ēir2) < Vq,N′(f̄ in1
) < Vq,N′(f̄ in2

) < Vq,N′(ēi+1
r ), where i ∈ N,

r1 < r2 ∈ Q, r ∈ Q, n1 < n2 ∈ {0, 1, 2}. The union Bτ := B′ ∪
b̄∈B′

Vq,N′(b̄)

is countable, so �x some enumeration Bτ = {b̄i | i < ω}. Also denote b̃n :=
⟨b̄1, b̄2, ..., b̄n⟩, n < ω. For the constructed model Mτ we will have q(Mτ ) = Bτ .

Construction of Mτ .

Step 1.Denote by Φ1 the set of all ã-de�nable 1-formulas, Φ1 := {φ1
i (x, ã) | i <

ω}. Choose the formula φ1
i (x, ã) ∈ Φ1 with the smallest index i satisfying

N′ |= ∃xφ1
i (x, ã). Since T is small, there exists a principal over ã subformula

φ1
i,1(x, ã) ⊆ φ1

i (x, ã), which, in its turn, has a principal subformula over
{ã, b̄1}. Repeating this procedure, we obtain a locally consistent in�nite
decreasing chain of principal over parameters formulas φ1

i,j(x, ã, b̃j): ...⊆
φ1
i,n+1(N

′, ã, b̃n+1) ⊆ φ1
i,n(N

′, ã, b̃n) ⊆ ... ⊆ φ1
i (N

′, ã). Denote by d1 realization
of this chain, which exists since the model N′ is ℵ1-saturated.

Step 2. Choose the formula φ1
i (x, ã) ∈ Φ1 which was not considered before

and having the smallest index i satisfying N′ |= ∃xφ1
i (x, ã), �nd a realization

d2 by analogy with d1.
Now take b1 and consider the set of all (ã∪{d̄1}∪{b̄1})-de�nable 1-formulas

Φ2 := {φ2
i (x, ã, d1, b̄1)|i < ω}. Choose the formula φ2

i (x, ã, d1, b̄1) ∈ Φ2 which
was not considered previously and has the smallest index satisfying N′ |=
∃xφ2

i (x, ã, b̃1, d1), and �nd a realization d3 (existing since N′ is ℵ1-saturated)
of the following in�nite decreasing chain of principal formulas φ2

i,j(x, ã, d1, b̃j):

... ⊆ φ2
i,n+1(x, ã, d1, b̃n+1) ⊆ φ2

i,n(x, ã, d1, b̃n) ⊆ ... ⊆ φ2
i (x, ã, d1, b̄1).

Suppose by the end of the step k we constructed the following sets: for all
m, 1 ≤ m ≤ k, the sets Dm := {d1, d2, ..., d (m+1)m

2

} (it is possible that di = dj
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for some i and j such that 1 ≤ i < j ≤ (m+1)m
2 ), the set of all ã-de�nable 1-

formulas Φ1, and for allm, 2 ≤ m ≤ k, sets of all ({ã}∪Dm−1∪b̃m−1)-de�nable
1-formulas, Φm.

Step k+1. For eachm, 1 ≤ m ≤ k, �nd a previously unused formula φm
im

∈ Φm

of a minimal index, de�nable set of which in the modelN′ is nonempty. And �nd
realizations d (k+1)k

2
+m

of corresponding in�nite decreasing chains of principal

subformulas of the formulas φm
im
.

Denote by Φk+1 the set of all ({ã} ∪ Dk ∪ b̃k)-de�nable 1-formulas. And
�nd d (k+1)k

2
+k+1

by analogy with the construction above. Let Dk+1 stand for

the set {d1, d2, ..., d (k+1)k
2

+k+1
}.

Denote Mτ := {ã} ∪Bτ ∪
∪
i<ω

Di.

Due to the condition of the theorem, for any realization δ̄ ∈ q(N ′)\B
and any tuple b̃n the type tp(δ/ã, b̃n) is non-isolated. Also, by the choice of
d̄i := ⟨d1, d2, ..., di⟩i<ω, we have that tp(d̄i/ã, b̃n, d̄i−1) is isolated, and so does
tp(d̄i/ã, b̃n). Therefore, the Lemma 1 implies that the type tp(δ̄/ã, b̃n, d̄i) is not
isolated, and hence, that δ̄ is omitted in Mτ .

The Tarski-Vaught criterion implies that the obtained model Mτ is an
elementary submodel of N′.

Now let us show that for any two di�erent sequences of zeros and ones
τ1 and τ2 the constructed models Mτ1 and Mτ2 are not isomorphic. Towards

a contradiction suppose that Mτ1

σ∼= Mτ2 Take the smallest index i for which
τ1(i) ̸= τ2(i). For simplicity suppose that i = 1 and that 0 = τ1(1) ̸= τ2(1) = 1.
We will use the construction of Bτ and B′

τ which was mentioned above.
Note that under an isomorphism the set of realizations of a type maps into
the set of realizations of the same type. Also since σ is an isomorphism,
for any c̄1, c̄2 ∈ q(Mτ1), Mτ1 |= φ(c̄1, c̄2) implies Mτ2 |= φ(σ(c̄1), σ(c̄2));
c̄1 ̸∈ Vq,Mτ1

(c̄2) implies σ(c̄1) ̸∈ Vq,Mτ1
(σ(c̄2)); and c̄1 ∈ Vq,Mτ1

(c̄2) implies
σ(c̄1) ∈ Vq,Mτ1

(σ(c̄2)). In other words, the Vq,Mτ1
-neighborhoods are mapped

to Vq,Mτ2
-neighborhoods. Furthermore if there is no c̄3 ∈ q(Mτ1) with

Vq,Mτ1
(σ(c̄1)) <

∗ c̄3 <
∗ Vq,Mτ1

(σ(c̄2)), that is the Vq,Mτ1
neighborhoods of c̄1

and c̄2 are discretely ordered in terms of <∗, then the neighborhoods of σ(c̄1)
and σ(c̄2) should also be discretely ordered in terms of <∗. And the same holds
for densely ordered neighborhoods. Therefore σ(Vq,Mτ1

(f̄11 )) = (Vq,Mτ2
(f̄11 ))
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σ(Vq,Mτ1
(f̄12 )) = (Vq,Mτ2

(f̄12 )) (since f̄
1
1 and f̄12 are in the �rst two discretely

ordered neighborhoods). And we have a contradiction since σ−1(Vq,Mτ2
(f̄13 ))

should be in the dense interval of neighborhoods.
Since the number of di�erent in�nite sequences of zeros and ones equals

to 2ω, I(T ∪ p(ã), ω) = 2ω. Any model of the theory T generates maximum ω
countable non-isomorphic models of T ∪ tp(ã), consequently, I(T, ω) = 2ω.

As an immediate corollary we have the following:

Corollary 1. Let T be a small countable theory having a few number of

countable models. If there exists a formula φ(x̄, ȳ, c̄) determining a partial

order with an in�nite φ-chain, then this chain should be dense.
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Áaéæaíîâ Á., Ê°áäiêáaåâa Ô., Çaìáaðíaÿ Ò. �AÒA� ÐÅÒÏÅÍ ÎÐ-
ÍAËAÑ�AÍ ÒÎËÛ� ÒÅÎÐÈßËAÐÄÛ� ÑAÍAËÛÌÄÛ ÌÎÄÅËÜ-
ÄÅÐIÍI� ÑAÍÛ ÒÓÐAËÛ

Êîðòåæäåðäåãi iøiíaða ðåòòi aíû©òaéòûí φ ôîðìóëañû áåðiëñií. Áiç
φ-òiçáåãi ´¡ûìûí åíãiçåìiç æºíå øåêñiç äèñêðåòòiê φ-òiçáåãi áað áîëàòûí
øa¡ûí ñaíaëûìäû òåîðèÿíû­ ñaíaëûìäû ìîäåëüäåðiíi­ ñaíû ìaêñèìaë-
äû åêåíií äºëåëäåéìiç.

Êiëòòiê ñ°çäåð. Iøiíàðà ðåò, ñàíàëûìäû ìîäåëäåðäi­ ñàíû.

Áaéæaíîâ Á., Êîáäèêáaåâa Ô., Çaìáaðíaÿ Ò. Î ×ÈÑËÅ Ñ×�ÒÍÛÕ
ÌÎÄÅËÅÉ ÏÎËÍÛÕ ÒÅÎÐÈÉ ÑÎ ÑÒÐÎÃÈÌ ÏÎÐßÄÊÎÌ.

Ïóñòü äaía ôîðìóëa φ, îïðåäåëÿþùaÿ ÷añòè÷íûé ïîðÿäîê ía êîðòå-
æaõ. Ìû ââîäèì ïîíÿòèå φ-öåïè è äîêaçûâaåì, ÷òî ÷èñëî ñ÷¼òíûõ ìîäåëåé
ìaëîé ñ÷¼òíîé òåîðèè, èìåþùåé áåñêîíå÷íóþ äèñêðåòíóþ φ-öåïü, ìaêñè-
ìaëüíî.

Êëþ÷åâûå ñëîâà. ×àñòè÷íûé ïîðÿäîê, ÷èñëî ñ÷¼òíûõ ìîäåëåé.
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A NOTE ON THE INTRACTABILITY OF PARTITION,

KNAPSACK, SUBSET SUM AND RELATED PROBLEMS

Vassilly Voinov

Annotation. Results of an empirical investigation of the time-complexity of both

known and forgotten algorithms for solving partition, integer knapsack, subset sum, and

related problems � important for both academic researchers and industry practitioners

� are presented. The results obtained show that, contrary to prevailing opinion, the

above-mentioned problems are solvable in polynomial time on a standard personal

computer.

Keywords. Combinatorial optimization, Knapsack-like problems, P and NP classes.

1 Introduction

The following three classes of problems are usually considered in discrete
combinatorial optimization: P, NP and NP-complete. The last class includes
NP-hard problems that are at least as hard as the NP-complete ones. Karp [1]
was probably the �rst one to list 21 NP-complete problems. Garey and Johnson
[2] increased the list size of such problems to 320. Several problems from that
list, such as partition, knapsack, subset sum and packing are probably the most
interesting and important for academic researchers and industrial practitioners.

Two well-known basic techniques for solving those hard problems are
usually used � branch and bounds (BB) and dynamic programming (DP).
Both methods are search-based which means that they search for an optimal
solution from an exponentially large number of probable candidates. Because
of the principle on which they are based, both methods cannot be quick and
cost-e�ective. In spite of this, during the last 30 years, researchers have tried to
raise the performance of those algorithms as far as possible (e.g., see Andonov
and Rajopadhye [3]; Andonov et al. [4]; Babayev et al. [5]; Chv�atal [6]; Lodi

2010 Mathematics Subject Classi�cation: 05A05, 05A15.
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et al. [7]; Mansini and Speranza [8]; Martello et al. [9]; Martello and Toth [10];
Pisinger [11]; Poirriez et al. [12]; Seong et al. [13]; He et al. [14]). In spite
of their e�orts, it has to be noted that both BB and DP approaches usually
cannot �nd all the optimal solutions of a particular problem.

2 Preliminaries

In this note, we analyze the time complexity of the enumerating (not
searching) algorithm proposed by Voinov and Nikulin [15]. We start by
considering the following linear Diophantine equation

a1s1 + a2s2 + · · ·+ alsl = n, (1)

where, without loss of generality, a1 ≤ a2 ≤ · · · ≤ al; ai > 0; si ≥ 0, i =
1, 2, ..., l; n > 0, all the variables involved being integers. The method of
Voinov and Nikulin [15] is based on the generating function for the number of
solutions of (1) proposed by Hardy and Littlewood [16]. Voinov and Nikulin
[15] showed that their approach permits them not only to de�ne the number
of solutions of (1), but also to enumerate explicitly all the solutions, if they
exist. It was shown that the number of solutions equals

Rn(l) =

[ n
al

]∑
sl=0

[
n−slal
al−1

]∑
sl−1=0

· · ·
[
n−slal−···−s3a3

a2
]∑

s2=0

1, (2)

if s1+s2+· · ·+sl ≤ [n/a1] and (n−slal−· · ·−s2a2)/a1 is a nonnegative integer.
Otherwise the value of Rn(l) is zero. Mahmoudvand et al. [17] used (2) only for
computing the number of solutions of equation (1). On the contrary, Voinov
and Nikulin [15] showed that all the solutions {s1, s2, ..., sl} of equation (1) can
themselves be written as {0[n/a1]−s1−···−sl , as11 , ..., asll }, where {s2, s3, ..., sl} are
the sets of summation indices in (2) and s1 = (n − slal − ... − s2a2)/a1. This
notation means that in a particular solution there will be [n/a1]− s1− · · ·− sl
zeros, s1 terms containing a1, s2 terms containing a2, etcetera.

For example, consider the equation 2s1 + 3s2 + 5s3 = 6. Using (2), one
easily gets the following 2 solutions of this equation: {3, 0, 0} and {0, 2, 0}.
The second solution, e.g., can be presented as: {01, 20, 32, 50} = 0+ 3+ 3 = 6.
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3 Assessing the time complexity for partitioning

Consider �rst the classical partition problem when in (1) ai = i, i =
1, 2, ..., l. To construct all the partitions of n Hankin [18] used the
lexicographical algorithm. Estimates of the time needed to obtain a particular
partition using the command parts(n) of the R-package "partitions" developed
by Hankin (henceforth, software) are presented in Fig. 1.

Figure 1 � Empirical (due to Hankin (2006)) dependence of partitions'

computing time (solid line with black circles for assessed times)

on the size of the problem. The dashed

line corresponds to the exponential �t of data

Note that the R2 for a polynomial �t is higher than that for an exponential
one and that the time complexity of the algorithm is O(n5). Hankin published
his result in 2006, but since then nobody has mentioned that his algorithm
is polynomial in time, that is the time needed for a particular partition is
bounded by a polynomial of n.

The application of the R-script developed in Voinov and Pya [19] for the
algorithm of the same problem given by (2) produced the results shown in
Fig. 2.

From Fig. 1 and Fig. 2, it follows that partition problem belongs to the
complexity class P because it can be solved in polynomial time and has
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16 Vassilly Voinov

Figure 2 � Empirical dependence of partitions' computing time (solid line

with black circles for assesses times) on the size of the problem.

The dashed line corresponds to the exponential �t of data

complexity of O(n≤5 ). Hence, the partition is not NP-complete problem. These
results disprove the conclusion of Garey and Johnson ([2], p. 91).

4 Assessing the time complexity for knapsack and subset sum

problems

Since all problems of interest can be reduced to an equivalent problem
involving the enumeration of all nonnegative integer solutions of the equation
(1) with arbitrary positive integer coe�cients ai, i = 1, 2, ..., l, consider �rst
the following equation: 2s1 + 3s2 + 5s3 + 16s4 = n. A modi�ed R-function (to
be published elsewhere) of (Voinov and Pya [19]) was used for assessing the
time complexity of this equation (see Fig. 3).

One sees that the time complexity is O(n3 ): hence, the problem belongs
to complexity class P. Note that the time shown in Fig. 3 corresponds to the
computing time for all solutions of the equation for a particular value of n
(e.g., taking n = 100, we �nd that there are 499 solutions).

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 4



A note on the intractability of partition, knapsack ... 17

Figure 3 � Empirical dependence of computing time (solid line with black

circles for assessed times) on the size of the problem.

The dashed line corresponds to the exponential �t of data

Consider the following unbounded knapsack

maximize C = 200s1 + 201s2 + 202s3 + 203s4 + 204s5 + 205s6 + 206s7,

subject to 100s1 + 101s2 + 102s3 + 103s4 + 104s5 + 105s6 + 106s7 ≤ n, (3)

si ≥ 0, integers, i = 1, ..., 7,

where p = (p1, p2, ..., p7) = (200, 201, ..., 206) are pro�ts, w = (w1, w2, ..., w7) =
(100, 101, ..., 106) are weights, and n is the capacity of the knapsack. Note that
weights and pro�ts are strongly correlated (Pearson's correlation coe�cient is
1). According to Martello and Toth ([20], p. 91), "the optimal solution of such
problems appears to be practically impossible". Introducing a slack variable
(say s8) into the constraining function the problem reduces to the enumeration
of all nonnegative integer solutions of the linear Diophantine equation

100s1 + 101s2 + 102s3 + 103s4 + 104s5 + 105s6 + 106s7 + s8 = n.

Applying the approach based on the formula in (2) and the software, the
empirical dependence of computing time on n for the problem in (3) is obtained,
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as shown in Fig. 4. Average percentage errors in the mean estimates of times
used for constructing this �gure do not exceed 1%.

Figure 4 � Empirical dependence of computing time (solid line with black

circles for assessed times) on the size of problem (3).

The dashed line corresponds to the exponential �t of data

In Fig. 4, one can see that the optimal solution of the problem is not only
possible but also easily obtained by the above approach. We also �nd that the
algorithm has polynomial time complexity of O(n4). Note that the computing
time in Fig. 4 is the total time for all solutions corresponding to a particular
value of n. For n = 2299, e.g., there are 1616 optimal solutions of (3). One may
also conclude that the opinion of Martello and Toth ([20], p. 91) is disproved
by this approach.

Out of the 1616 optimal solutions, consider two particular ones: s1 =
(s1, s2, ..., s7) = {1, 0, 0, 0, 6, 15, 0} and s2 = {0, 0, 3, 7, 0, 0, 12}. One can easily
check that both of them are optimal solutions of (3) if n = 2299 (note
that

∑
siwi=2299). Let vector A = (a1, a2, ..., a7) = (1, 2, ..., 7) and s(ai) =

pisi, i = 1, 2, ..., 7. Consider a sub vector A
′ ⊆ A = (1, 5, 6) corresponding

to the solution s1. For this vector
∑

a⊆A
′
s(a) = 4499. At the same time for the

solution s2
∑

a⊆A−A′
s(a) = 4499. The equality

∑
a⊆A′

s(a) =
∑

a⊆A−A′
s(a) con�rms
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the decision of Fig. 4 that the knapsack problem (3) is not NP-complete and,
hence, is solvable in polynomial time. Its time complexity is O(n4).

Consider below an instance of the subset sum problem (see Example 4.1
from Martello and Toth, [20], p. 111)

maximize C=41s1 +34s2 +21s3+20s4+8s5+7s6+7s7+4s8+3s9+3s10,

subject to 41s1+34s2+21s3+20s4+8s5+7s6+7s7+4s8+3s9+3s10 ≤ n, (4)

si ≥ 0, integers, i = 1, 2, ..., 10,

Applying the approach de�ned by the formula in (2) and above-mentioned
software the empirical dependence of computing time on n for problem (4) is
obtained as in Fig. 5. Average percentage errors in the mean estimates of times
used for constructing this �gure do not exceed 1%.

Figure 5 � Empirical dependence of computing time (solid line with black

circles for assessed times) on the size of the problem (4).

The dashed line corresponds to the exponential �t of data

In Fig. 5, one can see that all solutions of the problem are easily obtained
by the above approach. We see that the algorithm implemented is polynomial
in time with the complexity of O( n4). Note that the computing time shown
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in Fig. 5, as in previous case, is the total time for all solutions corresponding
to a particular value of n. For n = 50, e.g., there are 954 solutions of (4).

Out of those 954 solutions, consider two particular ones: s1 =
(s1, s2, ..., s10) = {1, 0, 0, 0, 0, 0, 0, 0, 0, 3} and s2 = {0, 1, 0, 0, 1, 0, 0, 2, 0, 0}.
One can easily check that both are optimal solutions of (4) if n = 50 (note that∑

siwi = 50). Let vector A = (1, 2, ..., 10) and s(ai) = pisi, i = 1, 2, ..., 10.
Consider a sub vector A

′ ⊆ A = (1, 10) corresponding to the solution
s1. For this vector

∑
a⊆A′

s(a) = 50. At the same time for the solution s2∑
a⊆A−A

′
s(a) = 50. The equality

∑
a⊆A

′
s(a) =

∑
a⊆A

′−A
′
s(a) theoretically con�rms

the conclusion of Fig. 5 that the subset sum problem in (4) is not NP-complete.
Hence, it is solvable in polynomial time with the time complexity of O(n4).

Consider one more "hard" problem which is a generalization of the 0-1
subset sum problem of Chv�atal ([6], p. 1408) to the following unbounded one

maximize C =
10∑
j=1

ajsj ,

subject to

10∑
j=10

ajsj ≤ n, (5)

si ≥ 0, integers, i = 1, 2, ..., 10,

where aj = 212+21+j+1, j = 1, 2, ..., 10. Applying the approach and software
used earlier the empirical dependence of the computing time on n for problem
(5) is obtained, as shown in Fig. 6. Average percentage errors in the mean
estimates of times used for constructing this �gure do not exceed 1%.

One sees that the algorithm applied is polynomial in time with the
complexity of O(n4). Note that the computing time in Fig. 6 is the total time
for all solutions corresponding to a particular value of n. For n = 44031, e.g.,
there are 23 optimal solutions of (5). By the date it was known (Hirschberg and
Wong [21]) that knapsack problems are solvable in polynomial time only for
two-dimensional case. Garey and Johnson ([2], p. 247) consider that problems
of higher dimensionality can be solved by DP only in pseudo-polynomial time.
Our empirical results disprove their contention by showing that the algorithm
in (2) solves a knapsack problem of any dimensionality in polynomial time.
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Figure 6 � Dependence of computing time (solid line with black circles for

assessed times) on the size of problem (5). The dashed

line corresponds to the exponential �t of data

In this regard, it is worth noting that if the results obtained above are
true, then all other related problems such as 0-1 knapsack, bounded knapsack,
multiple knapsack, and the two and three-dimensional bin packing problems,
which can be reduced to the enumeration of all nonnegative integer solutions
of a linear Diophantine equation are also not NP-complete, and therefore, can
be solved in polynomial time.

5 Concluding remarks

The results of this note can be summarized as follows:
� Solution of partition, knapsack, subset sum and related problems is

reduced to the enumeration of all nonnegative integer solutions of a linear
Diophantine equation,

� The enumerative algorithm proposed by Voinov and Nikulin [15] is more
e�ective, compared with the well-known searching algorithms, such as BB and
DP,

� The algorithm of Voinov and Nikulin [15] enumerates all optimal solutions
of partition, knapsack, subset sum, and related problems,
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� The algorithm of Voinov and Nikulin [15] solves the above problems in
polynomial time,

� Results obtained are in favor of the relation P = NP. If so, the theory of
NP-completeness needs to be thoroughly reformulated.
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Âîèíîâ Âàñèëèé Î ÍÅÐÀÇÐÅØÈÌÎÑÒÈ ÏÐÎÁËÅÌ ÐÀÇÁÈÅÍÈÉ,
ÓÊËÀÄÊÈ ÐÀÍÖÀ, ÑÓÌÌÈÐÎÂÀÍÈß ÏÎÄÌÍÎÆÅÑÒÂ È ÄÐÓÃÈÕ
ÐÎÄÑÒÂÅÍÍÛÕ ÇÀÄÀ×

Ïðåäñòàâëåíû ðåçóëüòàòû ýìïèðè÷åñêîãî àíàëèçà âðåìåííîé ñëîæíî-
ñòè èçâåñòíûõ è çàáûòûõ àëãîðèòìîâ äëÿ ðåøåíèÿ ïðîáëåì ðàçáèåíèÿ íà-
òóðàëüíûõ ÷èñåë, óêëàäêè ðàíöà, ðàçáèåíèé ìíîæåñòâ è ñâÿçàííûõ ñ íèìè
ïðîáëåì. Ïîëó÷åííûå ýìïèðè÷åñêèå ðåçóëüòàòû ñâèäåòåëüñòâóþò, ÷òî âñå
âûøåóïîìÿíóòûå çàäà÷è ðàçðåøèìû çà ïîëèíîìèàëüíîå âðåìÿ íà ñòàí-
äàðòíîì ïåðñîíàëüíîì êîìïüþòåðå.

Êëþ÷åâûå ñëîâà. Êîìáèíàòîðíàÿ îïòèìèçàöèÿ, ïðîáëåìû óêëàäêè
ðàíöà, êëàññû P è NP.

Âîèíîâ Âàñèëèé Á�ËIÊÒÅÓ, ÐÀÍÖ Ò�ÑÅÓËÅÐI, IØÊI ÆÈÛÍÒÛ-
�ÒÀÐÄÛ �ÎÑÛÍÄÛËÀÓ Ì�ÑÅËÅËÅÐIÍI� Æ�ÍÅ ÁÀÑ�À ÄÀ ��-
ÑÀÑ ÅÑÅÏÒÅÐÄI� ØÅØIËÌÅÉÒIÍÄIÃI ÒÓÐÀËÛ

Íàòóðàë ñàíäàðäû á°ëiêòåó, ðàíö ò°ñåóëåði, æèûíäàðäû á°ëiêòåó ìº-
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òàëäàóûíû­ íºòèæåëåði ´ñûíûë¡àí. Àëûí¡àí ýìïèðèêàëû© íºòèæåëåð
æî´àðûäà àéòûë¡àí åñåïòåðäi­ áàðëû¡û ñòàíäàðòòû© äåðáåñ êîìïüþòåðäå
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ÊÎØÈ ÄËß ÍÅËÈÍÅÉÍÛÕ ÈÍÒÅÃÐÎ-
ÄÈÔÔÅÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ ÔÐÅÄÃÎËÜÌÀ

Ä.Ñ. Äæóìàáàåâ, Ý.À. Áàêèðîâà, C.Ò. Ìûíáàåâà

Àííîòàöèÿ. Ðàññìàòðèâàåòñÿ ñïåöèàëüíàÿ çàäà÷à Êîøè äëÿ ñèñòåì íåëèíåéíûõ

èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, âîçíèêàþùàÿ ïðè ïðèìåíåíèè ìåòîäà

ïàðàìåòðèçàöèè ê ñèñòåìå íåëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé

Ôðåäãîëüìà. Ðàçðàáîòàí àëãîðèòì íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ ðàññìàòðè-

âàåìîé çàäà÷è.

Êëþ÷åâûå ñëîâà. Íåëèíåéíîå èíòåãðî-äèôôåðåíöèàëüíîå óðàâíåíèå, ñïåöèàëü-

íàÿ çàäà÷à Êîøè, ÷èñëåííîå ðåøåíèå, àëãîðèòì.

1 Ïîñòàíîâêà çàäà÷è

Âîïðîñû ðàçðåøèìîñòè è ïîñòðîåíèÿ ïðèáëèæåííûõ ìåòîäîâ íàõîæäå-
íèÿ ðåøåíèÿ íà÷àëüíûõ è êðàåâûõ çàäà÷ äëÿ èíòåãðî-äèôôåðåíèöàëüíûõ
óðàâíåíèé Ôðåäãîëüìà èññëåäîâàëèñü âî ìíîãèõ ðàáîòàõ [1]�[7].

Â [8]�[11] ïðåäëîæåí ìåòîä èññëåäîâàíèÿ è ðåøåíèÿ ëèíåéíîé äâóõòî-
÷å÷íîé êðàåâîé çàäà÷è äëÿ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé, îñíî-
âàííûé íà ðàçáèåíèè èíòåðâàëà è ââåäåíèè äîïîëíèòåëüíûõ ïàðàìåòðîâ.
Èñõîäíàÿ çàäà÷à ñâîäèòñÿ ê ýêâèâàëåíòíîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å
ñ ïàðàìåòðàìè äëÿ ñèñòåì ëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíå-
íèé. Ïðåäëàãàåòñÿ àëãîðèòì íàõîæäåíèÿ ðåøåíèÿ çàäà÷è ñ ïàðàìåòðàìè,
ãäå íà êàæäîì øàãå ðåøàåòñÿ ñïåöèàëüíàÿ çàäà÷à Êîøè äëÿ ëèíåéíûõ
èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé ïðè èçâåñòíûõ çíà÷åíèÿõ ïàðàìåò-
ðîâ.

2010 Mathematics Subject Classi�cation: 45J05.
c⃝ Ä.Ñ. Äæóìàáàåâ, Ý.À. Áàêèðîâà, C.Ò. Ìûíáàåâà, 2017.
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Â [12] ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ ñóùåñòâîâàíèÿ åäèíñòâåí-
íîãî ðåøåíèÿ ñïåöèàëüíîé çàäà÷è Êîøè äëÿ íåëèíåéíûõ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé Ôðåäãîëüìà è óñòàíîâëåíà îöåíêà ðàçíîñ-
òè åå ðåøåíèé ïðè ñîîòâåòñòâóþùèõ ðàçëè÷íûì çíà÷åíèÿì ïàðàìåòðàõ.

Öåëüþ íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ ðàçðàáîòêà àëãîðèòìà íàõîæäå-
íèÿ ÷èñëåííîãî ðåøåíèÿ ñïåöèàëüíîé çàäà÷è Êîøè, âîçíèêàþùåé ïðè
ïðèìåíåíèè ìåòîäà ïàðàìåòðèçàöèè ê ñèñòåìå íåëèíåéíûõ èíòåãðî-
äèôôåðåíöèàëüíûõ óðàâíåíèé Ôðåäãîëüìà âèäà

dx

dt
= f0(t, x) +

T∫
0

f1(t, s, x(s))ds, x ∈ Rn, t ∈ [0, T ], (1)

ãäå f0 : [0, T ]×Rn → Rn, f1 : [0, T ]× [0, T ]×Rn → Rn íåïðåðûâíû.
Ïî øàãó h > 0 : h = T (N = 1, 2, . . .) ïðîèçâîäèòñÿ ðàçáèåíèå [0, T ) =

N∪
r=1

[(r − 1)h, rh) è ñóæåíèå ôóíêöèè x(t) íà r-ûé èíòåðâàë [(r − 1)h, rh)

îáîçíà÷àåòñÿ ÷åðåç xr(t), ò.å. xr(t) = x(t) ïðè t ∈ [(r − 1)h, rh). Â êà÷åñòâå
ïàðàìåòðà λr áóäåì ðàññìàòðèâàòü çíà÷åíèå ôóíêöèé xr(t) â íà÷àëüíûõ
òî÷êàõ ïîäèíòåðâàëîâ è íà êàæäîì r-îì èíòåðâàëå ïðîèçâåäåì çàìåíó
ur(t) = xr(t) − λr, r = 1, N. Òîãäà ñèñòåìà (1) ñâåäåòñÿ ê ñïåöèàëüíîé
çàäà÷å Êîøè

dur
dt

= f0(t, ur+λr)+

N∑
j=1

jh∫
(j−1)h

f1(t, s, uj(s)+λj)ds, t ∈ [(r−1)h, rh), (2)

ur[(r − 1)h] = 0, r = 1, N. (3)

×åðåç C([0, T ], h,RnN ) îáîçíà÷èì ïðîñòðàíñòâî ñèñòåì ôóíêöèé
u[t] = (u1(t), u2(t), . . . , uN (t)), ãäå ur : [(r − 1)h, rh) → Rn íåïðåðûâ-
íà è èìååò êîíå÷íûé ïðåäåë lim

t→rh−0
ur(t), r = 1, N, ñ íîðìîé

∥u[·]∥1 = max
r=1,N

sup
t∈[(r−1)h,rh)

∥ur(t)∥.

Ðåøåíèåì ñïåöèàëüíîé çàäà÷è Êîøè (2), (3) ÿâëÿåòñÿ ñèñòåìà
ôóíêöèé u[t] = (u1(t), u2(t), . . . , uN (t)) ∈ C([0, T ], h, RnN ), êîìïîíåíòû
êîòîðîé íåïðåðûâíî äèôôåðåíöèðóåìû íà ñâîèõ èíòåðâàëàõ îïðåäåëåíèÿ
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è óäîâëåòâîðÿþò ñèñòåìå èíòåãðî-äèôôåðåíöèàëüíûõ óðàâíåíèé (2) è íà-
÷àëüíûì óñëîâèÿì (3).

Ïî âûáðàííîìó øàãó h > 0 : Nh = T, N ∈ N, è çàäàííîìó âåêòîðó
λ̃ = (λ̃1, λ̃2, . . . , λ̃N ) ∈ RnN , ðàâåíñòâàìè: x0(t) = λ̃r, t ∈ [(r − 1)h, rh),

r = 1, N, x0(T ) = λ̃N íà [0, T ] îïðåäåëèì êóñî÷íî-íåïðåðûâíóþ âåêòîð-
ôóíêöèþ x0(t).

Âçÿâ ÷èñëî ρ > 0, ïîñòðîèì ìíîæåñòâà

G0(ρ) =
{
(t, x) : t ∈ [0, T ], ∥x− x0(t)∥ < ρ

}
,

G1(ρ) =
{
(t, s, x) : t ∈ [0, T ], s ∈ [0, T ], ∥x− x0(s)∥ < ρ

}
,

Sh(0, ρ) =
{
u[t] = (u1(t), u2(t), . . . , uN (t)) ∈ C([0, T ], h, RnN ) : ∥u[·]∥1 < ρ

}
.

Óñëîâèå A. Ôóíêöèè f0(t, x), f1(t, s, x) ñîîòâåòñòâåííî â G0(ρ), G1(ρ)

íåïðåðûâíû, èìåþò íåïðåðûâíûå ÷àñòíûå ïðîèçâîäíûå
∂f0(t, x)

∂x
,

∂f1(t, s, x)

∂x
è âûïîëíÿþòñÿ íåðàâåíñòâà

∥∥∥∂f0(t, x)
∂x

∥∥∥ ≤ L0, (t, x) ∈ G0(ρ),
∥∥∥∂f1(t, s, x)

∂x

∥∥∥ ≤ L1, (t, s, x) ∈ G1(ρ).

ãäå L0, L1 � ïîëîæèòåëüíûå ÷èñëà.

Òåîðåìà À [12, ñ. 44]. Ïóñòü âûïîëíÿþòñÿ óñëîâèå A è íåðàâåíñòâà

à) eL0hL1Th < 1,

á)
eL0h

1− eL0hL1Th
max
r=1,N

sup
t∈[(r−1)h,rh)

∥∥∥ t∫
(r−1)h

f0(τ, λ̃r)dτ+

+

t∫
(r−1)h

N∑
j=1

jh∫
(j−1)h

f1(τ, s, λ̃j)dsdτ
∥∥∥ < ρ.

Òîãäà ñïåöèàëüíàÿ çàäà÷à Êîøè äëÿ ñèñòåì èíòåãðî-äèôôåðåíöèàëüíûõ

óðàâíåíèé (2), (3) ïðè λ = λ̃ â Sh(0, ρ) èìååò åäèíñòâåííîå ðåøåíèå

ũ[t] = (ũ1(t), ũ2(t), . . . , ũN (t)).
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Ñïåöèàëüíàÿ çàäà÷à Êîøè äëÿ ñèñòåì èíòåãðî-äèôôåðåíöèàëüíûõ
óðàâíåíèé (2), (3) ïðè λ = λ̃ ýêâèâàëåíòíà ñèñòåìå èíòåãðàëüíûõ óðàâ-
íåíèé

ur(t) =

t∫
(r−1)h

f0(τ, λ̃r + ur(τ))dτ+

+

t∫
(r−1)h

N∑
j=1

jh∫
(j−1)h

f1(τ, s, λ̃j + uj(s))dsdτ, t ∈ [(r − 1)h, rh), r = 1, N. (4)

Ðåøåíèå ñïåöèàëüíîé çàäà÷è Êîøè (2), (3) îïðåäåëÿåòñÿ ïî ñëåäóþùåìó
àëãîðèòìó.

Øàã 0. Íà÷àëüíîå ïðèáëèæåíèå ê ðåøåíèþ (4) âîçüìåì u
(0,0)
r (t) = 0. Ñ

ïîìîùüþ èòåðàöèîííîãî ïðîöåññà ïîñòðîèì ôóíêöèîíàëüíóþ ïîñëåäîâà-
òåëüíîñòü

u(0,m+1)
r (t) =

t∫
(r−1)h

f0(τ, λ̃r + u(0,m)
r (τ))dτ+

+

t∫
(r−1)h

N∑
j=1

jh∫
(j−1)h

f1(τ, s, λ̃j)dsdτ, t ∈ [(r−1)h, rh), r = 1, N, m = 0, 1, 2, ..., . . .

è, ïåðåõîäÿ ê ïðåäåëó ïðè m → ∞, íàéäåì u(0)[t].

Øàã 1. Ñëåäóþùåå ïðèáëèæåíèå ðåøåíèÿ (4) � ñèñòåìó ôóíêöèé u(1)[t] �

íàéäåì ïî èòåðàöèîííîìó ïðîöåññó: u(1,0)r (t) = u
(0)
r (t),

u(1,m+1)
r (t) =

t∫
(r−1)h

f0(τ, λ̃r + u(1,m)
r (τ))dτ+

+

t∫
(r−1)h

N∑
j=1

jh∫
(j−1)h

f1(τ, s, λ̃j + u
(0)
j (s))dsdτ, t ∈ [(r − 1)h, rh), r = 1, N. (5)

Ïåðåõîäÿ â (5) ê ïðåäåëó ïðè m → ∞, íàéäåì u(1)[t]. È ò.ä.
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Ïðîäîëæàÿ ïðîöåññ, íà k + 1-îì øàãå âçÿâ çà íà÷àëüíîå ïðèáëèæåíèå
u
(k+1,0)
r (t) = u

(k)
r (t), ïîñëåäóùåå ïðèáëèæåíèå íàéäåì ïî ôîðìóëå:

u(k+1,m+1)
r (t) =

t∫
(r−1)h

f0(τ, λ̃r + u(k+1,m)
r (τ))dτ+

+

t∫
(r−1)h

N∑
j=1

jh∫
(j−1)h

f1(τ, s, λ̃j + u
(k)
j (s))dsdτ,

t ∈ [(r − 1)h, rh), r = 1, N, k = 1, 2, ..., m = 0, 1, 2, ....

Ñõîäèìîñòü ïðåäëîæåííîãî àëãîðèòìà óñòàíàâëèâàåò ñëåäóþùåå
óòâåðæäåíèå

Òåîðåìà 1. Ïóñòü âûïîëíÿþòñÿ óñëîâèÿ Òåîðåìû À. Òîãäà îïðåäåëÿå-

ìàÿ àëãîðèòìîì ïîñëåäîâàòåëüíîñòü ñèñòåì ôóíêöèé u(k)[t] ïðè k → ∞
ñõîäèòñÿ ê ũ[t] � åäèíñòâåííîìó ðåøåíèþ çàäà÷è (2), (3) è ñïðàâåäëèâû

îöåíêè

|∥u(k)[·]− ũ[·]∥1 ≤
(eL0hL1Th)

k

1− eL0hL1Th
∥u(1)[·]− u(0)[·]∥1. (6)

Äîêàçàòåëüñòâî. Ïðè ïðåäïîëîæåíèÿõ òåîðåìû â [12, ñ. 48] äîêàçàíà
ñïðàâåäëèâîñòü îöåíêè

∥u(k+1)[·]− u(k)[·]∥1 ≤ (eL0hL1Th)∥u(k)[·]− u(k−1)[·]∥1.

Îòñþäà ïîëó÷èì, ÷òî

∥u(k+p)[·]− u(k)[·]∥1 ≤ ∥u(k+p)[·]− u(k+p−1)[·]∥1 + ∥u(k+p−1)[·]− u(k+p−2)[·]∥1+

+ . . .+ ∥u(k+2)[·]− u(k+1)[·]∥1 + ∥u(k+1)[·]− u(k)[·]∥1 ≤
[
(eL0hL1Th)

k+p−1+

+(eL0hL1Th)
k+p−2 + . . .+ (eL0hL1Th)

k+1 + (eL0hL1Th)
k
]
∥u(1)[·]− u(0)[·]∥1.

Ïîýòîìó èìååò ìåñòî íåðàâåíñòâî

∥u(k+p)[·]− u(k)[·]∥1 ≤
(eL0hL1Th)

k

1− eL0hL1Th
∥u(1)[·]− u(0)[·]∥1. (7)

Ïåðåõîäÿ ê ïðåäåëó ïðè p → ∞ â (7), óñòàíîâèì îöåíêó (6).
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2 Àëãîðèòì íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ ñïåöèàëüíîé

çàäà÷è Êîøè äëÿ íåëèíåéíûõ èíòåãðî-äèôôåðåíöèàëüíûõ

óðàâíåíèé

Îñíîâîé ïðåäëàãàåìîãî àëãîðèòìà ÿâëÿåòñÿ çàäà÷à Êîøè äëÿ îáûêíî-
âåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé íà ïîäèíòåðâàëàõ:

dur
dt

= f(t, ur), ur[(r − 1)h] = 0, t ∈ [(r − 1)h, rh), r = 1, N.

Äëÿ ðåøåíèÿ ýòîé çàäà÷è èñïîëüçóåòñÿ ìåòîä Ðóíãå-Êóòòà ÷åòâåðòîãî
ïîðÿäêà ñ øàãîì h1 =

h
N1

, N1 = 2M, M ∈ N:

ul+1
r = ulr +∆ulr, l = 0, N1 − 1,

ulr = ur(τl), τl = (r − 1)h+ lh1, ∆ulr =
1

6
[K l

1 + 2K l
2 + 2K l

3 +K l
4], (8)

ãäå K l
1, K

l
2, K

l
3, K

l
4 � n-âåêòîðû, îïðåäåëÿåìûå ïî ñëåäóþùèì ôîðìóëàì

K l
1 = h1

(
f0
(
τl, u

l
r

))
,

K l
2 = h1

(
f0
(
τl +

h1
2
, ulr +

K l
1

2

))
,

K l
3 = h1

(
f0
(
τl +

h1
2
, ulr +

K l
2

2

))
,

K l
4 = h1

(
f0
(
τl + h1, u

l
r +K l

3

))
,

è ôîðìóëà Ñèìïñîíà [13, c. 165]

Ik =

N∑
j=1

jh∫
(j−1)h

f1(t, s, u
(k)
j (s) + λ̃j)ds =

=
h1
3

N∑
j=1

[
f1(t, s, λ̃j + u

(k)
j ((j − 1)h)) + f1(t, s, λ̃j + u

(k)
j (jh))+
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+4

M∑
p=1

f1(t, s, λ̃j + u
(k)
j ((j − 1)h+ (2p− 1)h1))+

+2
M−1∑
p=1

f1(t, s, λ̃j + u
(k)
j ((j − 1)h+ 2ph1))

]
, k = 0, 1, .... (9)

Ðåøåíèå ñïåöèàëüíîé çàäà÷è Êîøè (2), (3) ïðè λr = λ̃r, r = 1, N,
íàéäåì ïî ñëåäóþùåìó àëãîðèòìó.

Øàã 0. à) Çà íà÷àëüíîå ïðèáëèæåíèå ê ðåøåíèþ çàäà÷è (2), (3) âîçüìåì

ôóíêöèè u
(0)
r (t) = 0, r = 1, N , è ïî ôîðìóëå Ñèìïñîíà (9) âû÷èñëèì

I0 =
N∑
j=1

jh∫
(j−1)h

f1(t, s, λ̃j)ds, t ∈ [(r − 1)h, rh), r = 1, N. (10)

á) Ïîäñòàâëÿÿ çíà÷åíèå (10) âî âòîðîå ñëàãàåìîå ïðàâîé ÷àñòè (2),
ïîëó÷èì çàäà÷è Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
íà ïîäèíòåðâàëàõ:

du
(1)
r

dt
= f0(t, λ̃r + u(1)r ) + I0, t ∈ [(r − 1)h, rh), (11)

u(1)r [(r − 1)h] = 0, r = 1, N. (12)

Ðåøàÿ çàäà÷è Êîøè (11), (12) ìåòîäîì Ðóíãå-Êóòòà 4-ãî ïîðÿäêà, îïðåäå-

ëèì ÷èñëåííûå ðåøåíèÿ u
(1)
r (t), r = 1, N.

Øàã 1. à) Èñïîëüçóÿ çíà÷åíèÿ ñèñòåì ôóíêöèé u
(1)
r (t) íà [(r −

1)h, rh), r = 1, N , ïî ôîðìóëå Ñèìïñîíà (9) âû÷èñëèì

I1 =

N∑
j=1

jh∫
(j−1)h

f1(t, s, u
(1)
j (s) + λj)ds, t ∈ [(r − 1)h, rh), r = 1, N.

á) Ðåøàÿ çàäà÷è Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâ-
íåíèé íà ïîäèíòåðâàëàõ:
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du
(2)
r

dt
= f0(t, λ̃r + u(2)r (t)) + I1, t ∈ [(r − 1)h, rh], (13)

u(2)r [(r − 1)h] = 0, r = 1, N, (14)

ïî ôîðìóëå (8) íàõîäèì ÷èñëåííûå çíà÷åíèÿ ôóíêöèé u
(2)
r (t), r = 1, N.

Ïîâòîðÿÿ ïðîöåññ, íà k-îì øàãå àëãîðèòìà, èñïîëüçóÿ ôîðìóëó (9),
âû÷èñëèì Ik,è ðåøàÿ çàäà÷è Êîøè äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ
óðàâíåíèé

du
(k+1)
r

dt
= f0(t, λ̃r + u(k+1)

r (t)) + Ik, t ∈ [(r − 1)h, rh),

ur[(r − 1)h] = 0, r = 1, N,

íàõîäèì ÷èñëåííûå çíà÷åíèÿ ôóíêöèé u
(k+1)
r (t), r = 1, N.

Óñëîâèÿ Òåîðåìû 1 îáåñïå÷èâàþò ñõîäèìîñòü ïðåäëîæåííîãî àëãîðèò-
ìà íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ ñïåöèàëüíîé çàäà÷è Êîøè (2), (3).

Ïðèìåð. Íà îòðåçêå [0, 1] ðàññìîòðèì íåëèíåéíîå èíòåãðî-
äèôôåðåíöèàëüíîå óðàâíåíèå Ôðåäãîëüìà

dx

dt
= x2 + 0.2t2

1∫
0

[x(s) + x2(s)]ds+ 1.4t2 + f(t), x ∈ R, t ∈ [0, 1], (15)

ãäå f(t) = 0.4t− 0.2− 896

625
t2 +

2

25
t3 − 1

25
t4.

Ïðèìåíÿÿ ìåòîä ïàðàìåòðèçàöèè ê óðàâíåíèþ (15) ïðè h = 0.125, ïî-
ëó÷èì ñëåäóþùóþ ñïåöèàëüíóþ çàäà÷ó Êîøè äëÿ íåëèíåéíîãî èíòåãðî-
äèôôåðåíöèàëüíîãî óðàâíåíèÿ ñ ïàðàìåòðàìè:

dur
dt

= (ur + λr)
2 + 0.2t2

8∑
j=1

jh∫
(j−1)h

[uj(s) + λj+

+(uj(s) + λj)
2]ds+ 1.4t2 + f(t), t ∈ [(r − 1)h, rh), (16)

ur[(r − 1)h] = 0, r = 1, 8. (17)
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Èñïîëüçóÿ ïðåäëîæåííûé ÷èñëåííûé àëãîðèòì, íàéäåì ðåøåíèÿ ñïå-
öèàëüíîé çàäà÷è Êîøè (16), (17) ïðè λr = λ̃r, ãäå λ̃1 = 0, λ̃2 =
−0.022, λ̃3 = −0.038, λ̃4 = −0.047, λ̃5 = −0.05, λ̃6 = −0.047,
λ̃7 = −0.038, λ̃8 = −0.0022. Ðåøåíèåì ñïåöèàëüíîé çàäà÷è Êîøè (16),
(17) ïðè ýòèõ çíà÷åíèÿõ ïàðàìåòðîâ ÿâëÿåòñÿ ñèñòåìà ôóíêöèé ũ[t] =
(ũ1(t), ũ2(t), ũ3(t), ũ4(t), ũ5(t), ũ6(t), ũ7(t), ũ8(t)), ãäå ũr(t) = 0.2t(t− 1)− λ̃r,
t ∈ [(r − 1)h, rh), r = 1, N.

Ïðîâåðèì âûïîëíåíèå óñëîâèÿ Òåîðåìû A: L0 = 0.1, L1 = 1, ρ = 1,

à) eL0hL1Th =
1

8
e

1
80 < 1,

á)
eL0h

1− eL0hL1Th
∥u[·]∥1 = 0.8887 < ρ.

Øàã 0. à) Âûáðàâ u(0)r (t) = 0, r = 1, 8, ïî ôîðìóëå Ñèìïñîíà (9) âû÷èñëèì

I0 =
8∑

j=1

jh∫
(j−1)h

[λj + λ2
j ]ds = −0.0328125.

á) Ðåøàÿ çàäà÷ó Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíå-
íèÿ íà ïîäèíòåðâàëàõ:

du
(1)
r

dt
= (u(1)r )2 + 1.4t2 + f(t) + 0.2t2 · I0, t ∈ [(r − 1)h, rh),

u(1)r [(r − 1)h] = 0, r = 1, 8,

ìåòîäîì Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà íàéäåì ÷èñëåííûå çíà÷åíèÿ
ôóíêöèé u

(1)
r (t). ×èñëî ðàçáèåíèé íà ïîäèíòåðâàëàõ âîçüìåì ðàâíûì

N1 = 2M, M = 2, c îäèíàêîâûì øàãîì h1 = 0.03125.

Øàã 1. à) Èñïîëüçóÿ çíà÷åíèÿ ñèñòåì ôóíêöèé u
(1)
r (t) íà [(r − 1)h, rh),

r = 1, 8, ïî ôîðìóëå Ñèìïñîíà (9) âû÷èñëèì

I1 =
8∑

j=1

jh∫
(j−1)h

[u
(1)
j (s) + λj + (u

(1)
j (s) + λj)

2]ds = 0.032002985.
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á) Ïîäñòàâëÿÿ çíà÷åíèå I1 â óðàâíåíèå (16), ñíîâà ïîëó÷èì çàäà÷ó Êîøè
äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ:

du
(2)
r

dt
= (u(2)r )2 + 1.4t2 + f(t) + 0.2t2 · I1, t ∈ [(r − 1)h, rh),

u(2)r [(r − 1)h] = 0, r = 1, 8.

Ðåøàÿ çàäà÷ó Êîøè äëÿ îáûêíîâåííîãî äèôôåðåíöèàëüíîãî óðàâíåíèÿ
íà ïîäèíòåðâàëàõ ìåòîäîì Ðóíãå-Êóòòà ÷åòâåðòîãî ïîðÿäêà, íàõîäèì ÷èñ-
ëåííûå ðåøåíèÿ ôóíêöèè u

(2)
r (t). È ò.ä.

Â ñëåäóþùåé òàáëèöå ïðèâåäåíû ðåçóëüòàòû âû÷èñëåíèé 4-îé èòåðà-
öèè íàõîæäåíèÿ ÷èñëåííîãî ðåøåíèÿ çàäà÷è (16), (17)

Òàáëèöà 1 � Ðàçíîñòü ìåæäó òî÷íûì è ÷èñëåííûì ðåøåíèÿìè
çàäà÷è (16), (17) íå ïðåâûøàåò ε = 0.3 · 10−9

t x(t) (÷èñë. ðåø.) t x(t) (÷èñë. ðåø.) t x(t) (÷èñë. ðåø.)

0.00000 0.000000000000 0.34375 -0.007617187338 0.68750 0.003906250124

0.03125 -0.006054687450 0.37500 -0.009374999783 0.71875 0.006445312688

0.06250 -0.011718749900 0.40625 -0.001367187444 0.75000 0.009375000253

0.09375 -0.016992187349 0.43750 -0.002343749888 0.78125 0.003320312567

0.12500 -0.021874999797 0.46875 -0.002929687332 0.81250 0.007031250135

0.15625 -0.004492187448 0.50000 -0.003124999775 0.84375 0.011132812704

0.18750 -0.008593749896 0.53125 0.000195312588 0.87500 0.015625000276

0.21875 -0.012304687343 0.56250 0.000781250117 0.90625 0.004882812574

0.25000 -0.015624999790 0.59375 0.001757812676 0.93750 0.010156250149

0.28125 -0.002929687446 0.62500 0.003125000236 0.96875 0.015820312728

0.31250 -0.005468749892 0.65625 0.001757812562 1.00000 0.021875000308
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Special Cauchy problem for nonlinear integro-di�erential equations, which
arises when applying parametrization method to the system of Fredholm
nonlinear integro-di�erential equations is considered. The algorithm for �nding
a numerical solution of the considering problem is elaborated.
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Àííîòàöèÿ. Â ðàáîòå ñòðîÿòñÿ àñèìïòîòè÷åñêè íåçàâèñèìûå ïî ïàðàìåòðó

ðåøåíèÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âòîðîãî ïîðÿäêà íà äåðåâå ñ óñëîâèÿìè

Êèðõãîôà â åãî âíóòðåííèõ âåðøèíàõ.

Êëþ÷åâûå ñëîâà. Îðèåíòèðîâàííûé ãðàô, óñëîâèÿ Êèðõãîôà, ãðàô òèïà äåðåâî,

àñèìïòîòè÷åñêè íåçàâèñèìûå ïî ïàðàìåòðó ðåøåíèÿ, ìàêñèìàëüíûé îïåðàòîð.

1 Ââåäåíèå

Èçâåñòíî [1], ÷òî äëÿ äèôôåðåíöèàëüíîãî óðàâíåíèÿ âûñøåãî ïîðÿäêà
íà îòðåçêå

y(n)(x) +

n−1∑
k=0

pk(x)y
(k)(x) = ρny(x), 0 < x < 1,

â ñåêòîðå 0 < arg ρ < π
n ñóùåñòâóåò ôóíäàìåíòàëüíàÿ ñèñòåìà ðåøåíèé

{yk(x, ρ), k = 1, . . . , n}, êîòîðàÿ óäîâëåòâîðÿåò ïðåäåëüíûì ñîîòíîøåíèÿì

lim
ρ→∞

yk(x, ρ)e
−ωkρx = 1,

ãäå ω1, . . . , ωn � ðàçëè÷íûå êîðíè n-îé ñòåïåíè èç (−1). Ñìûñë ýòîãî óòâåð-
æäåíèÿ çàêëþ÷àåòñÿ â òîì, ÷òî ðåøåíèÿ {yk(x, ρ), k = 1, . . . , n} ñîñòàâëÿþò

2010 Mathematics Subject Classi�cation: 34B45, 34B24, 34L20.
Funding: Êîìèòåò íàóêè Ìèíèñòåðñòâà îáðàçîâàíèÿ è íàóêè ÐÊ, Ãðàíò � 0757/ÃÔ4.
c⃝ Ë.Ê. Æàïñàðáàåâà, Á.Å. Êàíãóæèí, Í. Êîøêàðáàåâ, 2017.
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íå òîëüêî ëèíåéíî íåçàâèñèìóþ ñèñòåìó íà èíòåðâàëå (0, 1), íî è ïðåäñòàâ-
ëÿþò àñèìïòîòè÷åñêè ëèíåéíî íåçàâèñèìóþ ñèñòåìó. Ñóùåñòâóþò ïðèìå-
ðû, êîãäà íåêîòîðàÿ ñèñòåìà ðåøåíèé ëèíåéíî íåçàâèñèìà, íî àñèìïòî-
òè÷åñêè íå ÿâëÿåòñÿ òàêîâîé. Ê ïðèìåðó, ïðè n = 2, p1(x) = p0(x) = 0
ðåøåíèÿ {cos ρx, sin ρx} ñîñòàâëÿþò ëèíåéíî íåçàâèñèìóþ ñèñòåìó, íî ïðè
ρ → ∞ àñèìïòîòè÷åñêè cos ρx = 1

2e
iρx (1 + ō(1)), sin ρx = 1

2ie
iρx (1 + o(1))

ìåæäó ñîáîé çàâèñèìû. Ïðè èññëåäîâàíèè ñïåêòðàëüíûõ ñâîéñòâ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé âûñøèõ ïîðÿäêîâ ñ ðåãóëÿðíûìè ïî Áèðõãîôó
ãðàíè÷íûìè óñëîâèÿìè ýôôåêòèâíî èñïîëüçóþòñÿ àñèìïòîòè÷åñêè íåçà-
âèñèìûå ñèñòåìû ðåøåíèÿ.

Ðàáîòà ïîñâÿùåíà ëèíåéíûì äèôôåðåíöèàëüíûì îïåðàòîðàì íà ãðà-
ôàõ òèïà äåðåâî. Ñïåêòðàëüíàÿ òåîðèÿ äèôôåðåíöèàëüíûõ îïåðàòîðîâ
íà ìíîãîîáðàçèÿõ òèïà ñåòè èçó÷àëàñü â ðàáîòàõ Þ.Â. Ïîêîðíîãî è åãî
ó÷åíèêîâ [2]�[6]. Èç ïîñëåäíèõ ïóáëèêàöèé, ïîñâÿùåííûõ ðàçëè÷íûì àñ-
ïåêòàì � òåîðèè îáðàòíûõ çàäà÷ íà ãðàôàõ, îáðàòèì âíèìàíèå íà ðàáîòû
[7]�[11]. Îòìåòèì íåäàâíèå ðàáîòû [12], [13], â êîòîðûõ èçó÷åíû íåêîòîðûå
ñïåêòðàëüíûå ñâîéñòâà äèôôåðåíöèàëüíûõ îïåðàòîðîâ íà ïðîñòûõ ãðà-
ôàõ òèïà çâåçäà. Â íàñòîÿùåé ðàáîòå äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé
âòîðîãî ïîðÿäêà íà ãðàôå òèïà äåðåâî ñ óñëîâèÿìè Êèðõãîôà â åãî âíóò-
ðåííèõ âåðøèíàõ ñòðîÿòñÿ àñèìïòîòè÷åñêè íåçàâèñèìûå ïî ïàðàìåòðó ρ
ðåøåíèÿ.

2 Îñíîâíûå ïîíÿòèÿ

Ïóñòü çàäàí ãðàô-äåðåâî ℑ = {V, E}, ãäå V � ìíîæåñòâî âåðøèí ãðà-
ôà, E � ìíîæåñòâî åãî äóã. Îðèåíòèðîâàííûé ãðàô ñ÷èòàåòñÿ äåðåâîì,
åñëè â êàæäîé âåðøèíå, êðîìå îäíîé, òîëüêî îäíà âõîäÿùàÿ äóãà. Âåð-
øèíà, êîòîðàÿ íå èìååò âõîäÿùèõ äóã, íàçûâàåòñÿ êîðíåì äåðåâà è êîðíþ
ïðèñâàèâàåòñÿ íîìåð 0. Âàæíûì ñâîéñòâîì äåðåâà ÿâëÿåòñÿ òî, ÷òî îò êîð-
íÿ äî ëþáîé âåðøèíû ñóùåñòâóåò åäèíñòâåííûé ìàðøðóò, ñîåäèíÿþùèé
èõ [14]. Äëèíà ìàðøðóòà îïðåäåëÿåò âûñîòó âåðøèíû ãðàôà. Âåðøèíû,
ó êîòîðûõ îòñóòñòâóþò èñõîäÿùèå äóãè, íàçîâåì ãðàíè÷íûìè âåðøèíàìè.
Íåãðàíè÷íûå âåðøèíû áóäåì íàçûâàòü âíóòðåííèìè âåðøèíàìè. Ñíà÷àëà
îò 0 äî p ïðîíóìåðóåì ãðàíè÷íûå âåðøèíû. Çàòåì îò p+ 1 äî r ïðèñâîèì
íîìåðà âíóòðåííèì âåðøèíàì ïî ïðèíöèïó: ÷åì áîëüøå âûñîòà âåðøèíû,
òåì áîëüøå åãî íîìåð. ×åðåç mj îáîçíà÷èì êîëè÷åñòâî äóã, èñõîäÿùèõ
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èç âåðøèíû j. Äóãó, îêàí÷èâàþùóþñÿ íà âåðøèíå j, îáîçíà÷èì ÷åðåç ej .
Ìàðøðóò, èñõîäÿùèé èç êîðíÿ è îêàí÷èâàþùèéñÿ íà âåðøèíå j, îáîçíà-
÷èì ÷åðåç sj , à åãî äëèíó � ÷åðåç |sj | − 1. Âñþäó â äàëüíåéøåì ñ÷èòàåì,
÷òî èç êîðíÿ èñõîäèò òîëüêî îäíà äóãà.

3 Îïðåäåëåíèå ìàêñèìàëüíîãî îïåðàòîðà íà äåðåâå

Ðàññìîòðèì ïðîñòðàíñòâî

L2(ℑ) +
∏
e∈E

L2(e)

ñ ýëåìåíòàìè
Y⃗ (X⃗) + [ye(xe), e ∈ E ]T

(ãäå X⃗ = (xe, e ∈ E) è
∏

e∈E � äåêàðòîâî ïðîèçâåäåíèå ïîäïðîñòðàíñòâ) è
ñ êîíå÷íîé íîðìîé

||Y⃗ ||L2(ℑ) =

√√√√∑
ej∈E

∫
ej

|yj(xj)|2dxj .

Òî÷íî òàêæå ñòàíäàðòíûì îáðàçîì ââîäèòñÿ ïðîñòðàíñòâî

W 2
2 (ℑ) +

∏
e∈E

W 2
2 (e).

Ââåäåì ìíîæåñòâî ôóíêöèé D(Λmax) ⊂ W 2
2 (ℑ), ýëåìåíòû êîòîðûõ â êàæ-

äîé âíóòðåííåé âåðøèíå k = p+1, . . . , r óäîâëåòâîðÿþò óñëîâèÿì Êèðõãî-
ôà [15]:

yk(1) = ys1k(0) = . . . = ysmk,k
(0), (1)

y′k(1) = y′s1k(0) + . . .+ y′smk,k
(0). (2)

Çäåñü s1k, . . . , smk,k � íîìåðà äóã, èñõîäÿùèõ èç âåðøèíû k. Îïåðàòîð Λmax

ñ îáëàñòüþ îïðåäåëåíèÿ D(Λmax) è çàäàâàåìûé ëèíåéíûìè äèôôåðåíöè-
àëüíûìè âûðàæåíèÿìè

−y′′j (xj) + qj(xj)yj(xj) = ρ2yj(xj), ej ∈ E , 0 < xj < 1, (3)

j = 1, . . . , r,
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íàçîâåì ìàêñèìàëüíûì îïåðàòîðîì.
Ïðè ýòîì {qj(xj), xj ∈ ej ∈ E , 0 < xj < 1} � íàáîð âåùåñòâåííûõ íåïðå-

ðûâíûõ ôóíêöèé îáû÷íî íàçûâàþò ïîòåíöèàëàìè. Çàìåòèì, ÷òî îáùåå
êîëè÷åñòâî óñëîâèé Êèðõãîôà âî âíóòðåííèõ âåðøèíàõ ðàâíî 2r − p− 1.

4 Îñíîâíîé ðåçóëüòàò

Îñíîâíîé ðåçóëüòàò ñôîðìóëèðóåì äëÿ ñëó÷àÿ, êîãäà âñå qj(xj) ≡ 0,
õîòÿ åãî ëåãêî ïåðåôðàçèðîâàòü äëÿ îáùåãî ñëó÷àÿ.

Ïóñòü ïðè 0 < xp+1 < 1 ðåøåíèå yp+1(xp+1) = eiρxp+1 íà äóãå ep+1

èçâåñòíî. Êàêîå âîçäåéñòâèå îêàçûâàåò yp+1(xp+1) íà äðóãèå äóãè, åñëè
âûïîëíÿþòñÿ ñîîòíîøåíèÿ (1), (2), (3)? Èíà÷å ãîâîðÿ, íàäî íàéòè ðåøåíèÿ
yj(xj) ïðè j ̸= p + 1 íà îñòàâøèõñÿ äóãàõ, åñëè âûïîëíåíû ñîîòíîøåíèÿ
(1), (2), (3). Èçâåñòíî [16], ÷òî íà äåðåâå äëÿ ëþáîãî j ̸= p+ 1 ñóùåñòâóåò
åäèíñòâåííûé ìàðøðóò sj = {0, p + 1, . . . , j}. Âåðøèíû, âõîäÿùèå â sj ,
îáîçíà÷èì ÷åðåç n1j = 0, n2j = p+ 1, . . . , n|sj |,j = j.

Òåîðåìà 1. Ïóñòü j ̸= p+ 1 . Ïðè 0 < xj < 1 ñïðàâåäëèâî ïðåäñòàâëåíèå

yj(xj) = eiρ(xj+|sj |−2)+

+

|sj |−2∑
t=1

(−1)t
∑

|sj |−2≥jt>jt−1>...>j1≥1

Dj1 . . . Djtie
j1iρ×

× cos ρ(j2 − j1) . . . cos ρ(jt − jt−1) sin ρ(xj − jt + |sj | − 2). (4)

×èñëà D1, . . . , D|sj |−2 óäîáíî ïåðåîáîçíà÷èòü ÷åðåç D1 = θn3j , . . . , D|sj |−2 =
θ|sj |,j , ïðè÷åì ÷èñëà θ1, . . . , θp, θp+2, . . . , θr óäîâëåòâîðÿþò ïðè k = p +
1, . . . , r ñëåäóþùèì r − p ñîîòíîøåíèÿì:

mk − 1 = θs1k + . . .+ θsmk,k
, (5)

ãäå s1k, . . . , smk,k � íîìåðà äóã, èñõîäÿùèõ èç âåðøèíû k.

Çàìå÷àíèå 1. Íà êàæäîé äóãå, êðîìå äóãè ep+1 , îïðåäåëåíî îäíî ÷èñëî

θj , j ̸= p+ 1, ñðåäè êîòîðûõ p− 1 íåçàâèñèìûõ.

Çàìå÷àíèå 2. Èç äîêàçàòåëüñòâà Òåîðåìû 1 âèäíî, ÷òî óòâåðæäåíèå òåî-

ðåìû 1 ëåãêî ñôîðìóëèðîâàòü è äîêàçàòü ïðè qj(xj) ∈ C(ej) ∀j.
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5 Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû

Âíà÷àëå ïðèâåäåì äâå âñïîìîãàòåëüíûå ëåììû, çàòåì äîêàæåì îñíîâ-
íóþ Òåîðåìó 1 ìåòîäîì ìàòåìàòè÷åñêîé èíäóêöèè. Ðàññìîòðèì äåðåâî,
èçîáðàæåííîå íà Ðèñ. 1. Êîëè÷åñòâî âåðøèí, èñõîäÿùèõ èç âåðøèíû j,
ïóñòü ðàâíî m. Ãðàíè÷íûå âåðøèíû äåðåâà (Ðèñ. 1) áóäåì íóìåðîâàòü îò
0 äîm, à ñîîòâåòñòâóþùèå äóãè � ÷åðåç e1, e2, . . . , em. Ñ÷èòàåì, ÷òî íà äóãå
ej çàäàíî ðåøåíèå y(x) = eiρx. Â âåðøèíå j âûïîëíÿþòñÿ óñëîâèÿ (2), (3).
Òðåáóåòñÿ íàéòè ðåøåíèÿ y1(x1), y2(x2), . . . , ym(xm) íà äóãàõ e1, e2, . . . , em
óðàâíåíèÿ (1).

Ðèñóíîê 1 � Ðàñïðîñòðàíåíèå ðåøåíèÿ ïî äåðåâó

Ëåììà 1. Â ñëó÷àå äåðåâà, èçîáðàæåííîãî íà Ðèñ. 1, ðåøåíèå èìååò ïðåä-

ñòàâëåíèå

ys(xs) = eiρ(xs+1) −Asie
iρ sin ρxs, s = 1, . . . ,m, xs ∈ es. (6)

Ïðè÷åì ïîñòîÿííûå A1, A2, . . . , Am óäîâëåòâîðÿþò ñîîòíîøåíèþ

A1 +A2 + . . .+Am = m− 1. (7)

Äîêàçàòåëüñòâî Ëåììû 1. Ðåøåíèÿ óðàâíåíèÿ (1) èùåì â âèäå (6) ñ
íåêîòîðûìè ïîñòîÿííûìè A1, A2, . . . , Am. Èç âèäà ðåøåíèé (6) ñðàçó æå
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ñëåäóåò âûïîëíåíèå óñëîâèé (2). Îñòàåòñÿ ïðîâåðèòü âûïîëíåíèå óñëîâèÿ
(3). Ïîíÿòíî, ÷òî äëÿ âûïîëíåíèÿ óñëîâèÿ (3) äîñòàòî÷íî ïîòðåáîâàòü
ñîîòíîøåíèå (7). Ëåììà 1 ïîëíîñòüþ äîêàçàíà.

Ñëåäóþùàÿ ëåììà � ïðîñòîå îáîáùåíèå Ëåììû 1.

Ëåììà 2. Ïóñòü äàíî äåðåâî, èçîáðàæåííîå íà Ðèñ. 1, è íà äóãå ej çàäàíî
ðåøåíèå yj(x) = eiρ(x+1) − Ajie

iρ sin ρx, x ∈ ej . Òîãäà óðàâíåíèå (1) íà

äóãàõ es èìååò ðåøåíèå

ys(xs) = yj(xs + 1)−Bsy
′
j(1)

sin ρxs
ρ

, s = 1, . . . ,m.

Ïðè÷åì ÷èñëà B1, B2, . . . , Bm óäîâëåòâîðÿþò ñîîòíîøåíèþ

B1 +B2 + . . .+Bm = m− 1.

Ïîñëåäîâàòåëüíî ïðèìåíÿÿ Ëåììû 1 è 2, ìîæíî âû÷èñëèòü ðàñïðî-
ñòðàíåíèå ôèêñèðîâàííîãî ðåøåíèÿ y(x) = eiρx íà äóãå ep+1 âäîëü ïðîèç-
âîëüíîãî ìàðøðóòà sj = {0, p+ 1, . . . , j}.

Äîêàçàòåëüñòâî îñíîâíîé òåîðåìû. Äëÿ ëþáîãî j ̸= p + 1 âûáåðåì
ìàðøðóò sj = {0, p + 1, . . . , j}, äëèíà êîòîðîãî ðàâíà |sj | − 1. Íà ýòîì
ìàðøðóòå sj âåðøèíó, êîòîðàÿ ïðåäøåñòâóåò âåðøèíå j, îáîçíà÷èì ÷åðåç
k. Èòàê, ìàðøðóò ïðèìåò âèä sj = {0, p + 1, . . . , k, j}. Ñîãëàñíî èíäóêöè-
îííîìó ïðåäïîëîæåíèþ íà äóãå ek ðåøåíèå èìååò ïðåäñòàâëåíèå

yk(xk) = eiρ(xk+|sj |−3)+

+

|sj |−3∑
t=1

(−1)t
∑

|sj |−3≥jt>jt−1>...>j1≥1

Dj1 . . . Djtie
j1iρ×

× cos ρ(j2 − j1) . . . cos ρ(jt − jt−1) sin ρ(xk − jt + |sj | − 3). (8)

Ó÷èòûâàÿ Ëåììó 2, ðåøåíèå yj(xj) íà äóãå ej ïðèìåò âèä

yj(xj) = yk(xk + 1)−Djt+1y
′
k(1)

sin ρxj
ρ

.

Ïîäñòàâëÿÿ â ïîñëåäíåå ñîîòíîøåíèå ðàâåíñòâî (8), èìååì

yj(xj) = eiρ(xj+|sj |−2)+
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+

|sj |−3∑
t=1

(−1)t
∑

|sj |−3≥jt>jt−1>...>j1≥1

Dj1 . . . Djtie
j1iρ×

× cos ρ(j2 − j1) . . . cos ρ(jt − jt−1) sin ρ(xj − jt + |sj | − 2)−

−Djt+1

sin ρxj
ρ

[
eiρ(|sj |−2) +

|sj |−3∑
t=1

(−1)t
∑

|sj |−3≥jt>jt−1>...>j1≥1

Dj1 . . . Djtie
j1iρ×

× cos ρ(j2 − j1) . . . cos ρ(jt − jt−1) sin ρ(|sj | − 2− jt)

]
.

Ðàñêðûâàÿ ñêîáêè è ïðèâîäÿ ïîäîáíûå ÷ëåíû, óáåæäàåìñÿ â ñïðàâåäëèâî-
ñòè ôîðìóëû (4).

Ñîîòíîøåíèÿ (5) äëÿ ÷èñåë θ1, . . . , θr ïðîâåðÿþòñÿ òî÷íî òàêæå, êàê
äîêàçûâàëèñü ñîîòíîøåíèÿ (7) äëÿ ÷èñåë A1, . . . , Am .

Òàêèì îáðàçîì, Òåîðåìà 1 ïîëíîñòüþ äîêàçàíà.

Çàìå÷àíèå 3. Åñëè â ðåøåíèè y(x) = eiρx ρ çàìåíèòü íà −ρ, òî ìîæíî

ïîëó÷èòü åùå îäíî àñèìïòîòè÷åñêè ëèíåéíî íåçàâèñèìîå ðåøåíèå.

6 Àñèìïòîòèêà ðåøåíèé äèôôåðåíöèàëüíîãî óðàâíåíèÿ íà äå-

ðåâå

Â äàííîì ïóíêòå ðàññìîòðèì îáùèé ñëó÷àé, êîãäà ïîòåíöèàëû
{qj(xj), xj ∈ ej} � íàáîð íåïðåðûâíûõ âåùåñòâåííûõ ôóíêöèé. Â äàííîì
ïóíêòå ñîõðàíÿþòñÿ îáîçíà÷åíèÿ Ïóíêòà 4.

Òåîðåìà 2. Ïóñòü íà äóãå ep+1 ðåøåíèå yp+1(xp+1) = eiρxp+1

[
1 + o

(
1
ρ

)]
ïðè ρ → ∞ . Òîãäà ïðè Imρ < 0 è j ̸= p + 1 íà äóãå ej ðåøåíèÿ yj(xj)
çàäà÷è (1), (2), (3) èìåþò ïðè ρ → ∞ àñèìïòîòè÷åñêîå ïðåäñòàâëåíèå

yj(xj) = eiρ(xj+|sj |−2)

1 +

|sj |−2∑
t=1

(−1)t

2t
×

×
∑

|sj |−2≥jt>jt−1>...>j1≥1

Dj1 . . . Djt

[
1 + o

(
1

ρ

)]
. (9)
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Äîêàçàòåëüñòâî.Ôîðìóëà (9) ïîëó÷àåòñÿ èç ïðåäñòàâëåíèÿ ðåøåíèÿ (4)
âûíåñåíèåì çà ñêîáêó ìíîæèòåëÿ eiρ(xj+|sj |−2) è îáúåäèíåíèåì â ñêîáêàõ â

o
(
1
ρ

)
âñåõ òåõ ñëàãàåìûõ, êîòîðûå ñîäåðæàò 1

ρ . Äåéñòâèòåëüíî,

yj(xj) = eiρ(xj+|sj |−2) +

|sj |−2∑
t=1

(−1)t
∑

|sj |−2≥jt>jt−1>...>j1≥1

Dj1 . . . Djtie
j1iρ×

× cos ρ(j2 − j1) . . . cos ρ(jt − jt−1) sin ρ(xj − jt + |sj | − 2) =

= eiρ(xj+|sj |−2) +

|sj |−2∑
t=1

(−1)t
∑

|sj |−2≥jt>jt−1>...>j1≥1

Dj1 . . . Djtie
j1iρ×

×eiρ(j2−j1) + e−iρ(j2−j1)

2
. . .

eiρ(jt−jt−1) + e−iρ(jt−jt−1)

2
×

×eiρ(xj−jt+|sj |−2) − e−iρ(xj−jt+|sj |−2)

2i
.

Åñëè Imρ < 0, òî iImρ > 0. Ïóñòü ρ = a+ bi, ãäå b < 0. Ñðàâíèì çíà÷åíèÿ
eiρ(xj+|sj |−2) è e−iρ(xj+|sj |−2). Òîãäà |eiρ(xj+|sj |−2)| = |ei(a+bi)(xj+|sj |−2)| =
e−b(xj+|sj |−2) è |eiρ(xj+|sj |−2)| = |ei(a+bi)(xj+|sj |−2)| = e−b(xj+|sj |−2). Îòñþäà
ñëåäóåò, ÷òî e−b(xj+|sj |−2) > eb(xj+|sj |−2) ïðè b < 0. Ñëåäîâàòåëüíî,

yj(xj) = eiρ(xj+|sj |−2) +

|sj |−2∑
t=1

(−1)t×

×
∑

|sj |−2≥jt>jt−1>...>j1≥1

Dj1 . . . Djte
(j1+j2−j1+jt−jt−1+xj−jt+|sj |−2)iρ×

×1 + e−2iρ(j2−j1)

2
. . .

1 + e−2iρ(jt−jt−1)

2
· 1− e−2iρ(xj−jt+|sj |−2)

2
=

= eiρ(xj+|sj |−2) +

|sj |−2∑
t=1

(−1)t

2t

∑
|sj |−2≥jt>jt−1>...>j1≥1

Dj1 . . . Djte
iρ(xj+|sj |−2)×

×(1 + e−2iρ(j2−j1)) . . . (1 + e−2iρ(jt−jt−1))(1− e−2iρ(xj−jt+|sj |−2)).
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Òàêèì îáðàçîì, ðåøåíèå yj(xj) çàïèøåòñÿ â âèäå

yj(xj) = eiρ(xj+|sj |−2)

[
1 +

|sj |−2∑
t=1

(−1)t

2t

∑
|sj |−2≥jt>jt−1>...>j1≥1

Dj1 . . . Djt×

×(1 + e−2iρ(j2−j1)) . . . (1 + e−2iρ(jt−jt−1))(1− e−2iρ(xj−jt+|sj |−2))

]
=

= eiρ(xj+|sj |−2)

(
1 +

|sj |−2∑
t=1

(−1)t

2t

∑
|sj |−2≥jt>jt−1>...>j1≥1

Dj1 . . . Djt

)
×

×
[
1 + o

(
1

ρ

)]
.

Òåîðåìà äîêàçàíà.

Ïðèìåð. Âû÷èñëèì àñèìïòîòè÷åñêè íåçàâèñèìûå ïî ïàðàìåòðó ρ ðåøå-
íèÿ äèôôåðåíöèàëüíûõ óðàâíåíèé

−y′′j (xj) = ρ2yj(xj), ej ∈ E , 0 < xj < 1, (10)

j = 1, 2, 3,

ñ ðàñïàäàþùèìèñÿ êðàåâûìè óñëîâèÿìè

y′1(1)− hy1(1) = 0, (11)

y′2(1) +Hy2(1) = 0,

y′3(0) + γy3(0) = 0,

ãäå h,H, γ � ôèêñèðîâàííûå äåéñòâèòåëüíûå ÷èñëà.
Ñîãëàñíî ôîðìóëå (6) óðàâíåíèå (10) íà äóãàõ e1, e2 â ñëó÷àå äåðåâà,

èçîáðàæåííîãî íà Ðèñ. 2, èìååò ðåøåíèå

y1(x1) = eiρ(x1+1) − θ1ie
iρ sin ρx1, x1 ∈ e1,

y2(x2) = eiρ(x2+1) − θ2ie
iρ sin ρx2, x2 ∈ e2,

ãäå ïîñòîÿííûå θ1, θ2 óäîâëåòâîðÿþò ñîîòíîøåíèþ

θ1 + θ2 = 1.
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Ðèñóíîê 2 � Èëëþñòðàöèÿ ïðèìåðà

Îòñþäà θ1 = 1 − θ2. Åñëè ïåðåîáîçíà÷èòü θ = θ1, òî θ2 = 1 − θ. Ïîñòðîèì
îáùåå ðåøåíèå íà äóãàõ e1, e2, e3,

y1(x1) = A
(
eiρ(x1+1) − θieiρ sin ρx1

)
+B

(
e−iρ(x1+1) + θie−iρ sin ρx1

)
, (12)

x1 ∈ e1,

y2(x2) = A(eiρ(x2+1)− (1−θ)ieiρ sin ρx2)+B(e−iρ(x2+1)+(1−θ)ie−iρ sin ρx2),

x2 ∈ e2,

y3(x3) = Aeiρx3 +Be−iρx3 , x3 ∈ e3.

Äëÿ ôóíêöèé (12), âû÷èñëÿÿ óñëîâèÿ (11), ïîëó÷èì ñèñòåìó óðàâíåíèé
îòíîñèòåëüíî A,B, θ :

A
(
iρe2iρ − θiρeiρ cos ρ

)
+B

(
−iρe−2iρ + θiρe−iρ cos ρ

)
− (13)

−hA
(
e2iρ − θieiρ sin ρ

)
− hB

(
e−2iρ + θie−iρ sin ρ

)
= 0,

A
(
iρe2iρ − (1− θ)iρeiρ cos ρ

)
+B

(
−iρe−2iρ + (1− θ)iρe−iρ cos ρ

)
+

+HA
(
e2iρ − (1− θ)ieiρ sin ρ

)
+HB

(
e−2iρ + (1− θ)ie−iρ sin ρ

)
= 0,
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γ(A+B) + iρ(A−B) = 0.

Ïðèíèìàÿ B = τA, èç òðåòüåãî óðàâíåíèÿ ñèñòåìû (13) íàõîäèì

τ =
iρ+ γ

iρ− γ
.

Òîãäà ïîëó÷èì ñèñòåìó ëèíåéíûõ îäíîðîäíûõ óðàâíåíèé îòíîñèòåëüíî Aθ
è A, åå çàïèøåì â ìàòðè÷íîì âèäå i(eiρ − τe−iρ)(−ρ cos ρ+ h sin ρ) e2iρ(iρ− h)− τe−2iρ(iρ+ h)

i(eiρ − τe−iρ)(ρ cos ρ+H sin ρ) e2iρ(iρ+H)− τe−2iρ(iρ−H)−
−i(eiρ − τe−iρ)(ρ cos ρ+H sin ρ)

×

×
(

Aθ
A

)
=

(
0
0

)
.

Îáîçíà÷èì ìàòðèöó ñèñòåìû ÷åðåç

Q =

 i(eiρ − τe−iρ)(−ρ cos ρ+ h sin ρ) e2iρ(iρ− h)− τe−2iρ(iρ+ h)
i(eiρ − τe−iρ)(ρ cos ρ+H sin ρ) e2iρ(iρ+H)− τe−2iρ(iρ−H)−

−i(eiρ − τe−iρ)(ρ cos ρ+H sin ρ)

 .

Óòâåðæäåíèå 3. Ñîáñòâåííûå çíà÷åíèÿ äèôôåðåíöèàëüíîãî îïåðàòîðà,

îïðåäåëåííîãî íà ãðàôå, èçîáðàæåííîì íà Ðèñ. 2, ñ ãðàíè÷íûìè óñëîâèÿ-

ìè (11), ñîâïàäàþò ñ íóëÿìè îïðåäåëèòåëÿ detQ(ρ).
Ñòàíäàðòíûì îáðàçîì äîêàçûâàåòñÿ ñóùåñòâîâàíèå áåñêîíå÷íîãî ÷èñ-

ëà íóëåé îïðåäåëèòåëÿ detQ(ρ) [1].
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ON THE METHOD FOR SOLVING LINEAR

BOUNDARY-VALUE PROBLEM FOR THE SYSTEM OF

LOADED DIFFERENTIAL EQUATIONS WITH MULTIPOINT

INTEGRAL CONDITION

Zh.M. Kadirbayeva

Annotation. A linear boundary value problem for the system of loaded di�erential

equations with multipoint integral condition is considered. The method of

parameterization is used for solving the considered problem. The linear boundary

value problem for the system of loaded di�erential equations with multipoint integral

condition by introducing additional parameters at the loading points is reduced to

equivalent boundary value problem with parameters. The equivalent boundary value

problem with parameters consists of the Cauchy problem for the system of ordinary

di�erential equations with parameters, multipoint integral condition and continuity

conditions. The solution of the Cauchy problem for the system of ordinary di�erential

equations with parameters is constructed using the fundamental matrix of di�erential

equation. The system of linear algebraic equations with respect to the parameters

are composed by substituting the values of the corresponding points in the built

solutions to the multipoint integral condition and the continuity condition. Numerical

method for �nding solution of the problem is suggested, which based on the solving

the constructed system and Runge-Kutta method of the 4-th order for solving Cauchy

problem on the subintervals.

Keywords. Loaded di�erential equation,integral condition, parameterization method,

fundamental matrix.

In recent years the intensive research of the loaded di�erential equations
connected with various applications of problems associated with the loaded
equations is observed. The problem of long-term forecasting and regulation of
level of ground waters and soil moisture [1]�[3], modeling of the processes of
transfer of particles, some problems of optimal control belong to problems of
application described by these equations [3], [4]. We will note that the loaded

2010 Mathematics Subject Classi�cation: 34A99, 34B05.
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di�erential equations describe processes with residual e�ects where the state
of the process at some point or some time can a�ect the entire process [2].
Such equations can be used to describe processes in biology, ecology, and
underground �uid dynamics.

A numerical method for solving systems of loaded linear nonautonomous
ordinary di�erential equations with nonseparated multipoint and integral
conditions is o�ered in works [4]�[6]. This method is based on the convolution
of the integral conditions to obtain local conditions. This approach allows one
to reduce solving the original problem to the solving a Cauchy problem for the
system of ordinary di�erential equations and linear algebraic equations.

One of the constructive and e�ective methods for solving two-point
boundary value problems for ordinary di�erential equations is parameterization
method [7]. This method, except the proof of the unique solvability of the
investigated problem, gives algorithm of constructing approximate solutions
converging to its exact solution. In [8] parameterization method is developed
for multi-point boundary value problems for the systems of ordinary di�erential
equations, e�ective conditions of solvability are established and constructive
algorithms of �nding the solution are constructed.

Coe�cient criterion of the unique solvability of linear two-point boundary
value problem for the systems of loaded di�erential equations are found on the
based of parametrization method and algorithms for �nding solutions of this
problem are constructed in works [9], [10].

In the present paper we consider a linear boundary-value problem for the
system of loaded di�erential equations with a multipoint integral condition

dx

dt
= A0(t)x+

m∑
i=1

Ai(t)x(θi) + f(t), t ∈ (0, T ), x ∈ Rn, (1)

B0x(0) +B1x(θ1) +B2x(T ) +

T∫
0

M(t)x(t)dt = d, d ∈ Rn, (2)

where (n × n)-matrices Aj(t), j = 0,m, M(t) and n-vector-function f(t) are
continuous on [0, T ], Bk, k = 0, 2, are constant (n×n)-matrices, 0 = θ0 < θ1 <
θ2 < ... < θm = T .
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The solution of the problem (1), (2) is a continuously di�erentiable vector
function x(t) on [0, T ] which satis�es the system of loaded di�erential equations
(1) on [0, T ] and the multipoint integral condition (2).

In contrast to the previously investigated papers [9]�[12], in the present
paper the right end of the interval [0, T ] is also the load point, i.e. the point
t = T .

Interval [0, T ] is partitioned into the parts by the loading points:

[0, T ) =
m∪
r=1

[θr−1, θr).

Introduce the following spaces:
C([0, T ],Rn) is the space of continuous functions x : [0, T ] → Rn with the

norm ||x||1 = max
t∈[0,T ]

||x(t)||;

C([0, T ], θ,Rnm) is the space of function systems x[t] =
(x1(t), x2(t), ..., xm(t)), where xr : [θr−1, θr) → Rn are continuous and
have �nite left-sided limits lim

t→θr−0
xr(t) for all r = 1,m with the norm

||x||2 = max
r=1,m

sup
t∈[θr−1,θr)

||xr(t)||.

Let xr(t) be the restriction of function x(t) to the r-th interval [θr−1, θr), i.e.
xr(t) = x(t) , for t ∈ [θr−1, θr), r = 1,m. Introducing the additional parameters
λr = xr(θr−1), r = 1,m, λm+1 = xm(θm), and performing a replacement of
the function ur(t) = xr(t)− λr on each r-th interval, we obtain the boundary
value problem with parameters

dur
dt

= A0(t)[ur(t) + λr] +

m∑
i=1

Ai(t)λi+1 + f(t), t ∈ [θr−1, θr), (3)

ur(θr−1) = 0, r = 1,m, (4)

B0λ1 +B1λ2 +B2λm+1 +
m∑
k=1

θk∫
θk−1

M(t)[uk(t) + λk]dt = d, (5)

λp + lim
t→θp−0

up(t) = λp+1, p = 1,m. (6)

The solution of the problem (3)�(6) is a pair (λ, u[t]) with elements
λ = (λ1, λ2, ..., λm+1) ∈ Rn(m+1), u[t] = (u1(t), u2(t), ..., um(t)) ∈
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C([0, T ], θ,Rnm), where ur(t) are continuously di�erentiable on
[θr−1, θr), r = 1,m, and satisfy the system of loaded di�erential equations
(3) and the conditions (4)�(6) at λr = λ∗

r , r = 1,m+ 1.
The number of entered parameters will be one more than the number of

unknown functions. This is due to the fact that in the given scheme of the
parametrization method one more parameter is added at the point t = T or
t = θm.

Problems (1), (2) and (3)�(6) are equivalent. If x∗(t) is a solution
of the problem (1), (2), then the pair (λ∗, u∗[t]) where λ∗ =
(x∗(θ0), x

∗(θ1), ..., x
∗(θm)), u∗[t] = (x∗(t) − x∗(θ0)), x

∗(t) − x∗(θ1), ..., x
∗(t) −

x∗(θm−1) is a solution of the problem (3)�(6). Conversely, if the pair
(λ̃, ũ[t]), with elements λ̃ = (λ̃1, λ̃2, ..., λ̃m+1) ∈ Rn(m+1), ũ[t] =
(ũ1(t), ũ2(t), ..., ũm(t)) ∈ C([0, T ], θ,Rnm) is a solution to problem (3)�(6), then
the function x̃(t) de�ned by the equalities x̃(t) = ũr(t)+λ̃r, t ∈ [θr−1, θr), r =
1,m, x̃(T ) = λ̃m+1, is a solution of the original boundary value problem (1),
(2).

Using the fundamental matrix Φ(t) of di�erential equation
dx

dt
= A(t)x

on [θr−1, θr) we reduce the Cauchy problem for the system of ordinary
di�erential equations with parameters (3), (4) to the equivalent system of
integral equations

ur(t) = Φ(t)

t∫
θr−1

Φ−1(τ)
{
A0(τ)λr +

m∑
i=1

Ai(τ)λi+1

}
dτ+

+Φ(t)

t∫
θr−1

Φ−1(τ)f(τ)dτ, t ∈ [θr−1, θr), r = 1,m. (7)

Solving (7), we �nd a representation of ur(t) in terms of λ ∈ Rn(m+1) and f(t).
Substituting them into (5) and (6) yields a system of algebraic equations for
�nding the unknown parameters λr, r = 1,m+ 1 :

B0λ1 +B1λ2 +B2λm+1+
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+

m∑
k=1

θk∫
θk−1

M(t)
{
Φ(t)

t∫
θk−1

Φ−1(τ)
[
A0(τ)λk +

m∑
i=1

Ai(τ)λi+1

]
dτ + λk

}
dt =

= d−
m∑
k=1

θk∫
θk−1

M(t)Φ(t)

t∫
θk−1

Φ−1(τ)f(τ)dτdt, (8)

λp +Φ(θp)

θp∫
θp−1

Φ−1(τ)
[
A0(τ)λp +

m∑
i=1

Ai(τ)λi+1

]
dτ − λp+1 =

= −Φ(θp)

θp∫
θp−1

Φ−1(τ)f(τ)dτ, p = 1,m. (9)

Denote the matrix corresponding to the left-hand side of the system (8), (9)
by Q∗(θ), the system can be written as

Q∗(θ)λ = −F∗(θ), λ ∈ Rn(m+1), (10)

where

F∗(θ) =



−d+
m∑
k=1

θk∫
θk−1

M(t)Φ(t)
t∫

θk−1

Φ−1(τ)f(τ)dτdt

Φ(θ1)
θ1∫
θ0

Φ−1(τ)f(τ)dτ

. . . . . . . . .

Φ(θm)
θm∫

θm−1

Φ−1(τ)f(τ)dτ


.

It is not di�cult to establish that the solvability of the boundary value problem
(1), (2) is equivalent to the solvability of the system (10). The solution of
the system (10) is a vector λ∗ = (λ∗

1, λ
∗
2, ..., λ

∗
m+1) ∈ Rn(m+1) consists of the

values of the solutions of the original problem (1), (2) in the initial points of
subintervals, i.e. λ∗

r = x∗(θr−1), r = 1,m+ 1.
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Further we consider the Cauchy problems for ordinary di�erential equations
on subintervals

dz

dt
= A0(t)z + P (t), z(θr−1) = 0, r = 1,m, (11)

where P (t) is either (n×n)-matrix, or n-vector, both continuous on [θr−1, θr],
r = 1,m. Consequently, solution of the problem (11) is a square matrix or
a vector of the dimension n. Denote by ar(P, t) the solution of the Cauchy
problem (11). Obviously,

ar(P, t) = Φ(t)

t∫
θr−1

Φ−1(τ)P (τ)dτ, t ∈ [θr−1, θr), r = 1,m, (12)

where Φ(t) is a fundamental matrix of di�erential equation (11) on the r-th
interval.

We o�er the following numerical implementation of the algorithm based on
Runge-Kutta method of 4-th order and Simpson's method.

I. Suppose we have a partition 0 = θ0 < θ1 < θ2 < ... < θm−1 < θm = T .
Divide each r-th interval [θr−1, θr), r = 1,m, into Nr parts with the step
hr = (θr − θr−1)/Nr. Assume on each interval [θr−1, θr) the variable θ̂ takes
its discrete values: θ̂ = θr−1, θ̂ = θr−1 + hr, ..., θ̂ = θr−1 + (Nr − 1)hr, θ̂ = θr,
and denote by {θr−1, θr} the set of such points.

II. Solving Cauchy problem for the ordinary di�erential equations

dz

dt
= A0(t)z +Ai(t), z(θr−1) = 0, i = 0,m, r = 1,m,

dz

dt
= A0(t)z + f(t), z(θr−1) = 0, r = 1,m,

by using again Runge-Kutta method of the 4-th order, we �nd the values of
(n×n)-matrix ar(Ai, θ̂), i = 0,m, and n-vector ar(f, θ̂) on {θr−1, θr}, r = 1,m.

III. Applying Simpson's method on the set {θr−1, θr}, we evaluate the
de�nite integrals

mhr
r =

θr∫
θr−1

M(τ)dτ, mhr
r (Ai) =

θr∫
θr−1

M(τ)ahr
r (Ai, τ)dτ, i = 0,m,
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mhr
r (f) =

θr∫
θr−1

M(τ)ahr
r (f, τ)dτ, r = 1,m.

IV. Construct the system of linear algebraic equations with respect to
parameters

Qh̃
∗(θ)λ = −F h̃

∗ (θ), λ ∈ Rn(m+1), h̃ = (h1, h2, ..., hm+1). (13)

From it was the system of algebraic equations (13) we �nd λh̃ ∈ Rn(m+1).

As noted above, λh̃ = (λh̃
1 , λ

h̃
2 , . . . , λ

h̃
m+1) ∈ Rn(m+1) components are values

of the approximate solution of the problem (1), (2) in the starting points of

subintervals: xh̃r(θ0) = λh̃
1 , x

h̃r(θ1) = λh̃
2 ,...,x

h̃r(θm) = λh̃
m+1.

V. To de�ne the values of approximate solution at the remaining points of
the set {θr−1, θr}, we solve Cauchy problems

dx

dt
= A0(t)x+

m∑
j=1

Aj(t)λ
h̃
j+1 + f(t), t ∈ [θr−1, θr), r = 1,m, (14)

x(θr−1) = λh̃
r , r = 1,m. (15)

The numerical solving the problem (1), (2) will be determined by applying
Runge-Kutta of the 4-th order method for numerical solving the Cauchy
problem (14), (15).

To illustrate the proposed approach for the numerical solving linear
boundary-value problem for the system of loaded di�erential equations with
multipoint integral condition (1), (2) on the basis of parameterization method,
let us consider the following example.

Example. Consider on [0, T ] the linear boundary-value problem for the system
of loaded di�erential equations with a multipoint integral condition

dx

dt
= A0(t)x+

2∑
j=1

Aj(t)x(θj) + f(t), t ∈ (0, T ), x ∈ R2, (16)

B0x(0) +B1x(θ1) +B2x(T ) +

T∫
0

M(t)x(t)dt = d, d ∈ R2. (17)
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Here θ1 = 1
2 , θ2 = T = 1, M(t) =

(
t −1
0 1

2

)
, d =

(
2e

1
2 + 56

3 − e

−61
12 + 7e

1
2

)
,

A0 =

(
sin t 1
0 t2

)
, A1(t) =

(
t 4
1 et

)
, A2(t) =

(
0 cos t
1 t

)
,

B0 =

(
1 2
−5 1

)
, B1 =

(
2 −6
7 3

)
, B2 =

(
−1 9
0 −1

)
,

f(t) =

(
et − et sin t− sin t− t2 − 3t− te

1
2 − 2 cos t

−t4 − 2t3 + t2 − e
1
2 − 1

4e
t − e

)
.

In this example the matrix of di�erential part is variable and the construction of
fundamental matrix breaks down. We use the numerical implementation of the
algorithm of parametrization method. We provide the results of the numerical
implementation of algorithm by partitioning the subintervals [0, 0.5], [0.5, 1]
with steps h1 = h2 = 0.05.

Solving the system of equations (13), we obtain the numerical values of the
parameters

λh̃
1 =

(
2.00000006
−0.99999997

)
, λh̃

2 =

(
2.64872131
0.24999998

)
, λh̃

3 =

(
3.71828174
1.99999992

)
.

We �nd the numerical solutions at the other points of the subintervals using
Runge-Kutta method of the 4-th order to the following Cauchy problems

dx̃r
dt

= A0(t)x̃r +
2∑

j=1

Aj(t)λ
h̃
j+1 + f(t), t ∈ [θr−1, θr), r = 1, 2,

x̃r(θr−1) = λh̃
r , r = 1, 2.

Exact solution of the problem (16), (17) is x∗(t) =

(
1 + et

t2 + 2t− 1

)
.
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The results of calculations of numerical and exact solutions at discrete
points are presented in the tables

t x̃1(t) x∗1(t) x̃2(t) x∗2(t)

0 2.00000006 2 -0.99999997 -1
0.05 2.05127115 2.0512711 -0.89749998 -0.8975
0.1 2.10517097 2.10517092 -0.78999998 -0.79
0.15 2.16183429 2.16183424 -0.67749999 -0.6775
0.2 2.22140281 2.22140276 -0.55999999 -0.56
0.25 2.28402547 2.28402542 -0.4375 -0.4375
0.3 2.34985885 2.34985881 -0.31 -0.31
0.35 2.41906759 2.41906755 -0.17750001 -0.1775
0.4 2.49182474 2.4918247 -0.04000001 -0.04
0.45 2.56831222 2.56831219 0.10249998 0.1025
0.5 2.64872131 2.64872127 0.24999998 0.25
0.55 2.73325305 2.73325302 0.40249997 0.4025
0.6 2.82211883 2.8221188 0.55999997 0.56
0.65 2.91554085 2.91554083 0.72249996 0.7225
0.7 3.01375272 3.01375271 0.88999996 0.89
0.75 3.11700002 3.11700002 1.06249995 1.0625
0.8 3.22554092 3.22554093 1.23999995 1.24
0.85 3.33964682 3.33964685 1.42249994 1.4225
0.9 3.45960306 3.45960311 1.60999994 1.61
0.95 3.58570959 3.58570966 1.80249993 1.8025
1 3.71828174 3.71828183 1.99999992 2

For the di�erence of the corresponding values of the exact and constructed
solutions of the problem in the example, the following estimate is true

max
j=0,20

∥x∗(tj)− x̃(tj)∥ < 0, 00000009.
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�àäûðáàåâà Æ.Ì. Ê�ÏÍ�ÊÒÅËI ÈÍÒÅÃÐÀËÄÛ� ØÀÐÒÛ ÁÀÐ
Æ�ÊÒÅËÃÅÍ ÄÈÔÔÅÐÅÍÖÈÀËÄÛ� ÒÅ�ÄÅÓËÅÐ Æ�ÉÅËÅÐI
�ØIÍ ÑÛÇÛ�ÒÛ ØÅÒÒIÊ ÅÑÅÏÒI� ØÅØIÌIÍ ÒÀÁÓ �ÄIÑI ÒÓ-
ÐÀËÛ

Ê°ïí³êòåëi èíòåãðàëäû© øàðòû áàð æ³êòåëãåí äèôôåðåíöèàëäû©
òå­äåóëåð æ³éåñi ³øií ñûçû©òû øåòòiê åñåï ©àðàñòûðûëàäû. �àðàñòû-
ðûëûï îòûð¡àí åñåïòi øåøó ³øií ïàðàìåòðëåó ºäiñi ©îëäàíûëàäû. Ê°ï-
í³êòåëi èíòåãðàëäû© øàðòû áàð æ³êòåëãåí äèôôåðåíöèàëäû© òå­äåóëåð
æ³éåñi ³øií ñûçû©òû øåòòiê åñåï æ³êòåëó í³êòåëåðiíäå ©îñûìøà ïà-
ðàìåòðëåð åíãiçó àð©ûëû ïàðà-ïàð ïàðàìåòðëåði áàð øåòòiê åñåïêå êåë-
òiðiëåäi. Ïàðà-ïàð ïàðàìåòðëåði áàð øåòòiê åñåï æºé äèôôåðåíöèàëäû©
òå­äåóëåð æ³éåñi ³øií ïàðàìåòðëåði áàð Êîøè åñåáiíåí, ê°ïí³êòåëi èí-
òåãðàëäû© øàðòûíàí æºíå ³çiëiññiçäiê øàðòûíàí ò´ðàäû. Ïàðàìåòðëåði
áàð æºé äèôôåðåíöèàëäû© òå­äåóëåð æ³éåñi ³øií Êîøè åñåáiíi­ øåøiìi
äèôôåðåíöèàëäû© òå­äåóäi­ ôóíäàìåíòàëäû© ìàòðèöàñûíû­ ê°ìåãiìåí
ò´ð¡ûçûëàäû. Ò´ð¡ûçûë¡àí øåøiìíi­ ñºéêåñ í³êòåëåðäåãi ìºíäåðií ê°ï-
í³êòåëi èíòåãðàëäû© øàðò©à æºíå ³çiëiññiçäiê øàðòûíà ©îÿ îòûðûï, ïà-
ðàìåòðëåðãå ©àòûñòû ñûçû©òû© àëãåáðàëû© òå­äåóëåð æ³éåñi ©´ðûëàäû.
�àðàñòûðûëûï îòûð¡àí åñåïòi øåøóäi­ ©´ðûë¡àí æ³éåíi æºíå iøêi àðà-
ëû©òàðäà¡û Êîøè åñåïòåðií 4-ðåòòi Ðóíãå-Êóòòà ºäiñií ©îëäàíûï øåøóãå
íåãiçäåëãåí ñàíäû© ºäiñi ´ñûíûëàäû.

Êiëòòiê ñ°çäåð. Æ³êòåëãåí äèôôåðåíöèàëäû© òå­äåó, èíòåãðàëäû©
øàðò, ïàðàìåòðëåó ºäiñi, ôóíäàìåíòàëäû© ìàòðèöà.
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ÊàäèðáàåâàÆ.Ì. Î ÌÅÒÎÄÅ ÍÀÕÎÆÄÅÍÈß ÐÅØÅÍÈß ËÈÍÅÉ-
ÍÎÉ ÊÐÀÅÂÎÉ ÇÀÄÀ×È ÄËß ÑÈÑÒÅÌ ÍÀÃÐÓÆÅÍÍÛÕ ÄÈÔÔÅ-
ÐÅÍÖÈÀËÜÍÛÕ ÓÐÀÂÍÅÍÈÉ Ñ ÌÍÎÃÎÒÎ×Å×ÍÛÌ ÈÍÒÅÃÐÀËÜ-
ÍÛÌ ÓÑËÎÂÈÅÌ

Ðàññìàòðèâàåòñÿ ëèíåéíàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåìû íàãðóæåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ìíîãîòî÷å÷íûì èíòåãðàëüíûì óñëîâèåì.
Äëÿ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è ïðèìåíÿåòñÿ ìåòîä ïàðàìåòðèçà-
öèè. Ðàçáèåíèåì èíòåðâàëà òî÷êàìè íàãðóæåíèÿ è ââåäåíèåì äîïîëíè-
òåëüíûõ ïàðàìåòðîâ ëèíåéíàÿ êðàåâàÿ çàäà÷à äëÿ ñèñòåìû íàãðóæåííûõ
äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ìíîãîòî÷å÷íûì èíòåãðàëüíûì óñëîâèåì
ñâîäèòñÿ ê ýêâèâàëåíòíîé êðàåâîé çàäà÷å ñ ïàðàìåòðàìè. Ýêâèâàëåíòíàÿ
êðàåâàÿ çàäà÷à ñ ïàðàìåòðàìè ñîñòîèò èç çàäà÷è Êîøè äëÿ ñèñòåìû îáûê-
íîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïàðàìåòðàìè, ìíîãîòî÷å÷íî-
ãî èíòåãðàëüíîãî óñëîâèÿ è óñëîâèÿ ñêëåèâàíèÿ. Ðåøåíèå çàäà÷è Êîøè
äëÿ ñèñòåìû îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ ïàðàìåòðà-
ìè ñòðîèòñÿ ñ ïîìîùüþ ôóíäàìåíòàëüíîé ìàòðèöû äèôôåðåíöèàëüíîãî
óðàâíåíèÿ. Ïîäñòàâëÿÿ çíà÷åíèÿ â ñîîòâåòñòâóþùèõ òî÷êàõ ïîñòðîåííî-
ãî ðåøåíèÿ â ìíîãîòî÷å÷íîå èíòåãðàëüíîå óñëîâèå è óñëîâèå ñêëåèâàíèÿ,
ñîñòàâëÿåòñÿ ñèñòåìà ëèíåéíûõ àëãåáðàè÷åñêèõ óðàâíåíèé îòíîñèòåëüíî
ïàðàìåòðîâ. Ïðåäëîæåí ÷èñëåííûé ìåòîä ðåøåíèÿ ðàññìàòðèâàåìîé çà-
äà÷è, îñíîâàííûé íà ðåøåíèè ïîñòðîåííîé ñèñòåìû è ìåòîäå Ðóíãå-Êóòòà
4-ãî ïîðÿäêà òî÷íîñòè äëÿ ðåøåíèÿ çàäà÷ Êîøè íà ïîäèíòåðâàëàõ.

Êëþ÷åâûå ñëîâà. Íàãðóæåííîå äèôôåðåíöèàëüíîå óðàâíåíèå, èíòå-
ãðàëüíîå óñëîâèå, ìåòîä ïàðàìåòðèçàöèè, ôóíäàìåíòàëüíàÿ ìàòðèöà
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Àííîòàöèÿ. Ðàíåå àâòîðîì áûëà ïîêàçàíà ðàçðåøèìîñòü ìíîãîìåðíûõ ãèïåðáî-

ëè÷åñêèõ óðàâíåíèé ñ âûðîæäåíèåì òèïà è ïîðÿäêà â öèëèíäðè÷åñêîé îáëàñòè.

Â äàííîé ðàáîòå ïîêàçàíà åäèíñòâåííîñòü êëàññè÷åñêîãî ðåøåíèÿ çàäà÷è Äèðè-

õëå äëÿ ìíîãîìåðíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ âûðîæäåíèåì òèïà è ïîðÿäêà.

Êëþ÷åâûå ñëîâà. Åäèíñòâåííîñòü, âûðîæäåíèå, öèëèíäðè÷åñêàÿ îáëàñòü, ñèñòå-

ìû ôóíêöèé, êðàåâûå óñëîâèÿ, êîýôôèöèåíòû ðÿäà.

1 Ââåäåíèå

Èçâåñòíî, ÷òî äëÿ óðàâíåíèé â ÷àñòíûõ ïðîèçâîäíûõ ãèïåðáîëè÷åñêîãî
òèïà êðàåâûå çàäà÷è ñ äàííûìè íà âñåé ãðàíèöå îáëàñòè ñëóæàò ïðèìåðîì
íåêîððåêòíî ïîñòàâëåííûõ çàäà÷ [1], [2]. Â [3], [4] ïîêàçàíû êîððåêòíîñòü
çàäà÷è Äèðèõëå â öèëèíäðè÷åñêîé îáëàñòè äëÿ âûðîæäàþùèõñÿ ìíîãî-
ìåðíûõ ãèïåðáîëè÷åñêèõ óðàâíåíèé. Â [5] äëÿ ìíîãîìåðíûõ ãèïåðáîëè÷å-
ñêèõ óðàâíåíèé ñ âûðîæäåíèåì òèïà è ïîðÿäêà â öèëèíäðè÷åñêîé îáëàñòè
ïîêàçàíà ðàçðåøèìîñòü çàäà÷è Äèðèõëå, à â äàííîé ðàáîòå äîêàçûâàåòñÿ
åäèíñòâåííîñòü å¼ ðåøåíèÿ.

2 Ïîñòàíîâêà çàäà÷è è ðåçóëüòàò

Ïóñòü Ωβ � öèëèíäðè÷åñêàÿ îáëàñòü åâêëèäîâà ïðîñòðàíñòâà Em+1 òî-
÷åê (x1, ..., xm, t), îãðàíè÷åííàÿ öèëèíäðîì Γ = {(x, t) : |x| = 1}, ïëîñêî-
ñòÿìè t = β > 0 è t = 0, ãäå |x| � äëèíà âåêòîðà x = (x1, ..., xm). ×àñòè
ýòèõ ïîâåðõíîñòåé, îáðàçóþùèõ ãðàíèöó ∂Dβ îáëàñòèDβ, îáîçíà÷èì ÷åðåç
Γβ, Sβ, S0 ñîîòâåòñòâåííî.

2010 Mathematics Subject Classi�cation: 35R12.

c⃝ Ì.Í. Ìàéêîòîâ, 2017.
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Â îáëàñòè Dβ ðàññìîòðèì âçàèìíî-ñîïðÿæåííûå óðàâíåíèÿ

Lu ≡ g1(t)∆xu− g2(t)utt +
m∑
i=1

ai(x, t)uxi + b(x, t)ut + c(x, t)u = 0, (1)

L∗υ ≡ g1(t)∆xυ − g2(t)
∂2υ

∂t2
−

m∑
i=1

aiυxi − b̄υt + dυ = 0, (1∗)

ãäå gj(t) > 0 ïðè t > 0 è îáðàùàþòñÿ â íóëü ïðè t = 0, gj(t) ∈ C([0, β]) ∩
C2((0, β)), j = 1, 2, ∆x− îïåðàòîð Ëàïëàñà ïî ïåðåìåííûì x1, ..., xm, m ≥
2, à d(x, t) = c−

m∑
i=1

aixi − bt − g′′2(t), b̄(x, t) = b(x, t)− 2g′2(t).

Óðàâíåíèå (1) ãèïåðáîëè÷íî ïðè t > 0, à âäîëü ïëîñêîñòè t = 0 èìååò
ìåñòî âûðîæäåíèå åãî òèïà è ïîðÿäêà.

Â äàëüíåéøåì íàì óäîáíî ïåðåéòè îò äåêàðòîâûõ êîîðäèíàò x1, ..., xm, t
ê ñôåðè÷åñêèì r, θ1, ..., θm−1, t, r ≥ 0, 0 ≤ θ1 < 2π, 0 ≤ θi ≤ π, i =
2, 3, ...,m− 1.

Â êà÷åñòâå ìíîãîìåðíîé çàäà÷è Äèðèõëå ðàññìîòðèì ñëåäóþùóþ çà-
äà÷ó.

Çàäà÷à 1. Íàéòè ðåøåíèå óðàâíåíèÿ (1) â îáëàñòè Dβ èç êëàññà
C1(D̄β) ∩ C2(Dβ), óäîâëåòâîðÿþùåå êðàåâûì óñëîâèÿì

u
∣∣∣
Sβ

= 0, u
∣∣∣
Γβ

= 0, u
∣∣∣
S0

= 0. (2)

Ïóñòü
{
Y k
n,m(θ)

}
� ñèñòåìà ëèíåéíî íåçàâèñèìûõ ñôåðè÷åñêèõ ôóíêöèé

ïîðÿäêà n, 1 ≤ k ≤ kn, (m − 2)!n!kn = (n + m − 3)!(2n + m − 3), W l
2(S),

l = 0, 1, ..., � ïðîñòðàíñòâà Ñîáîëåâà.
×åðåç ãkin(r, t), akin(r, t), b̃kn(r, t), c̃kn(r, t), d̃kn(r, t), ρkn îáîçíà÷èì êîýô-

ôèöèåíòû ðÿäà

f(r, θ, t) =
∞∑
n=0

kn∑
k=1

fk
n(r, t)Y

k
n,m(θ)

ñîîòâåòñòâåííî ôóíêöèé ai(r, θ, t)ρ(θ), ai
xi
r ρ, b̄(r, θ, t)ρ, c(r, θ, t)ρ, d(r, θ, t)ρ,

ρ(θ), i = 1, ...,m.
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Ïóñòü
ai(r, θ, t)

g2(t)
,
b(r, θ, t)

g2(t)
,
c(r, θ, t)

g2(t)
∈ W l

2(Dβ) ⊂ C(D̄β), l ≥ m + 1, i =

1, ...,m. Òîãäà ñïðàâåäëèâà

Òåîðåìà. Åñëè âûïîëíÿåòñÿ óñëîâèå

cosµs,nβ
′ ̸= 0, s = 1, 2, ..., (3)

òî ðåøåíèå Çàäà÷è 1 òðèâèàëüíîå, ãäå µs,n � ïîëîæèòåëüíûå íóëè ôóíêöèè

Áåññåëÿ ïåðâîãî ðîäà J
n+

(m−3)
2

(z), β′ =
β∫
0

√
g1(ξ)
g2(ξ)

)dξ, n = 0, 1, ....

3. Äîêàçàòåëüñòâî Òåîðåìû. Ðàññìîòðèì çàäà÷ó (1),(2) è äîêàæåì,
÷òî åå ðåøåíèå íóëåâîå. Äëÿ ýòîãî ñíà÷àëà ïîñòðîèì ðåøåíèå çàäà÷è Äè-
ðèõëå äëÿ óðàâíåíèÿ (1*) ñ äàííûìè

v
∣∣∣
Sβ∪Γβ

= 0, v
∣∣∣
S0

= τ(r, θ) = τ̄kn(r)Y
k
n,m(θ), k = 1, kn, n = 0, 1, ..., (4)

ãäå τkn(r) ∈ V, V � ìíîæåñòâî ôóíêöèé τ(r) èç êëàññà C1((0, 1))∩C2((0, 1)).
Ìíîæåñòâî V ïëîòíî âñþäó â L2((0, 1)) ([6]). Ðåøåíèå çàäà÷è (1*),(4) â

ñôåðè÷åñêèõ êîîðäèíàòàõ áóäåì èñêàòü â âèäå

v(r, θ, t) =
∞∑
n=0

kn∑
k=1

v̄kn(r, t)Y
k
n,m(θ), (5)

ãäå v̄kn(r, t)− ôóíêöèè, êîòîðûå áóäóò îïðåäåëåíû íèæå.
Â ñôåðè÷åñêèõ êîîðäèíàòàõ óðàâíåíèå (1*) èìååò âèä

L∗v ≡ g1(vrr +
m− 1

r
vr −

δv

r2
)− ∂2

∂t2
(g2v)−

−
m∑
i=1

ai(r, θ, t)vxi − b(r, θ, t)vt + d(r, θ, t)v = 0, (6)

δ ≡ −
m−1∑
j=1

1

gjsinm−j−1θj

∂

∂θj

(
sinm−j−1θj

∂

∂θj

)
,

g1 = 1, gj = (sinθ1...sinθj−1)
2, j > 1.
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Èçâåñòíî ([7]), ÷òî ñïåêòð îïåðàòîðà δ ñîñòîèò èç ñîáñòâåííûõ ÷èñåë
λn = (n + m − 2), n = 0, 1..., êàæäîìó èç êîòîðûõ ñîîòâåòñòâóåò kn îð-
òîíîðìèðîâàííûõ ñîáñòâåííûõ ôóíêöèé Y k

n,m(θ).
Ïîäñòàâèâ (5) â (6), à çàòåì óìíîæèâ ïîëó÷åííîå âûðàæåíèå íà ρ(θ) ̸=

0 è ïðîèíòåãðèðîâàâ ïî åäèíè÷íîé ñôåðå H èç Em, äëÿ v̄kn ïîëó÷èì ([4])

g1(t)ρ
1
0v̄

1
0rr − g2(t)ρ

1
0v̄

1
0tt +

(
m− 1

r
g1(t)ρ

1
0 −

m∑
i=1

)
v̄10r − b̃10v̄

1
0t + d̃10v̄

1
0 +

+

∞∑
n=1

kn∑
k=1

{
g1(t)ρ

k
nv̄

k
nrr − g2(t)ρ

k
nv̄

k
ntt+

(
m− 1

r
g1(t)ρ

k
n −

m∑
i=1

akin

)̄
vknr − b̃knv̄

k
nt +

+

[
d̃kn − λn

ρkn
r2

g1(t) +

m∑
i=1

(−ãkin−1 + nakin)

]
v̄kn

}
= 0. (7)

Òåïåðü ðàññìîòðèì áåñêîíå÷íóþ ñèñòåìó äèôôåðåíöèàëüíûõ óðàâíå-
íèé

g1(t)ρ
1
0v̄

1
0rr − g2(t)ρ

1
0v̄

1
0tt +

(m− 1)

r
g1(t)ρ

1
0v̄

1
0r = 0, (8)

g1(t)ρ
k
1 v̄

k
1rr − g2(t)ρ

k
1 v̄

k
1tt +

(m− 1)

r
ρk1 v̄

k
1r −

λ1

r2
g1(t)ρ

k
1 v̄

k
1 =

= − 1

k1

(
−

m∑
i=1

a1i0v̄
1
0r − b̃10v̄

1
0t + d̃10v̄

1
0

)
, n = 1, k = 1, k1, (9)

g1(t)ρ
k
nv̄

k
nrr − g2(t)ρ

k
nv̄

k
ntt +

(m− 1)

r
g1(t)ρ

k
nv̄

k
nr −

λn

r2
g1(t)ρ

k
nv̄

k
n =

= − 1

kn

kn−1∑
k=1

{
−

m∑
i=1

akin−1v̄
k
n−1r − b̃kn−1v̄

k
n−1t +

+

[
d̃kn−1 +

m∑
i=1

(−ãkin−2 + (n− 1)akin)

]
v̄kn−1

}
, k = 1, kn, n = 2, 3... . (10)

Ñóììèðóÿ óðàâíåíèå (9) îò 1 äî k1, à óðàâíåíèå (10) � îò 1 äî kn, çàòåì
ñëîæèâ ïîëó÷åííûå âûðàæåíèÿ âìåñòå ñ (8), ïðèõîäèì ê óðàâíåíèþ (7).
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Îòñþäà ñëåäóåò, ÷òî åñëè
{
v̄kn
}
, k = 1, kn, n = 0, 1, ..., � ðåøåíèå ñèñòå-

ìû (8)�(10), òî îíî ÿâëÿåòñÿ è ðåøåíèåì óðàâíåíèÿ (7).
Íåòðóäíî çàìåòèòü, ÷òî êàæäîå óðàâíåíèå ñèñòåìû (8)�(10) ìîæíî

ïðåäñòàâèòü â âèäå

g(t)(v̄knrr +
(m− 1)

r
v̄knr −

λn

r2
v̄kn)− v̄kntt = fk

n(r, t), (11)

ãäå g(t) =
g1(t)

g2(t)
, fk

n(r, t) îïðåäåëÿþòñÿ èç ïðåäûäóùèõ óðàâíåíèé ýòîé ñè-

ñòåìû, ïðè ýòîì f1
0 (r, t) ≡ 0.

Äàëåå, ó÷èòûâàÿ îðòîãîíàëüíîñòü ([6]) ñèñòåì ñôåðè÷åñêèõ ôóíêöèé
Y k
n,m(θ) èç êðàåâîãî óñëîâèÿ (4), â ñèëó (5) áóäåì èìåòü

v̄kn(r, β) = v̄kn(1, t) = 0, v̄kn(r, 0) = τ̄kn(r), k = 1, kn, n = 0, 1... . (12)

Â [4] ïîêàçàíî, ÷òî çàäà÷à (11), (12) îäíîçíà÷íà ðàçðåøèìà, åñëè âû-
ïîëíÿåòñÿ óñëîâèå (3).

Ðåøèâ çàäà÷ó (8), (12) (n=0), à çàòåì (9), (12) (n=1) è ò.ä., íàéäåì
ïîñëåäîâàòåëüíî âñå v̄kn(r, t), k = 1, kn, n = 0, 1....

Òàêèì îáðàçîì, ðåøåíèå çàäà÷è (1*), (4) â âèäå (5) ïîñòðîåíî.
Ó÷èòûâàÿ ôîðìóëó 2J ′

ν(z) = Jν−1(z)− Jν+1(z) ([9]), îöåíêè ([8], [9])

Jν(z) =

√
2

πz
cos
(
z − π

2
ν − π

4

)
+ 0

(
1

z3/2

)
, ν ≥ 0,

|kn| ≤ c1n
m−2,

∣∣∣∣∣ ∂q

∂θqj
Y k
n,m(θ)

∣∣∣∣∣ ≤ c2n
m
2
−1+q,

c1, c2 = const, j = 1,m− 1, q = 0, 1, ... ,

à òàêæå îãðàíè÷åíèÿ íà êîýôôèöèåíòû óðàâíåíèÿ (1*), êàê â [3], [4] ìîæ-
íî ïîêàçàòü, ÷òî ïîëó÷åííîå ðåøåíèå (5) ïðèíàäëåæèò êëàññó C1(D̄β) ∩
C2(Dβ).

Äëÿ âçàèìíî-ñîïðÿæåííûõ îïåðàòîðîâ L̄, L̄∗

L̄ ≡ g(t)∆x −
∂2

∂t2
+

m∑
i=1

āi
∂

∂xi
+ b̃

∂

∂t
+ c̄,
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L̄∗ ≡ g(t)∆x −
∂2

∂t2
−

m∑
i=1

āi
∂

∂xi
− b̃

∂

∂t
+ d̄,

L̄ = g2(t)L, L̄∗ = g2(t)L
∗, g(t) = g1(t)/g2(t),

ai(r, θ, t)

g2(t)
= āi(r, θ, t),

b̄(r, θ, t)

g2(t)
= b̃(r, θ, t),

c(r, θ, t)

g2(t)
= c̄(r, θ, t),

d(r, θ, t)

g2(t)
=

d̄(r, θ, t), i = 1,m, èìååò ìåñòî ôîðìóëà Ãðèíà ([10])∫
Dβ

g2(t)(υLu− uL∗υ)dDβ =

∫
Dβ

(υL̄u− uL̄∗υ)dDβ =

=

∫
Dβ

([
υ
∂u

∂N
− u

∂υ

∂N

)
+ uυQ

]
ds, (13)

ãäå
∂

∂N
= g1t

m∑
i=1

cos
(
N⊥, xi

) ∂

∂xi
− cos

(
N⊥, t

) ∂

∂t
,Q =

m∑
i=1

āi cos
(
N⊥, xi

)
+ b̃ cos

(
N⊥, t

)
,

à N⊥ � âíóòðåííÿÿ íîðìàëü ê ãðàíèöå ∂Dβ.
Èç (13), ïðèíèìàÿ âî âíèìàíèå îäíîðîäíûå ãðàíè÷íûå óñëîâèÿ (2) è

óñëîâèÿ (12), ïîëó÷èì ∫
S0

τ(r, θ)ut(r, θ, 0)ds = 0. (14)

Ïîñêîëüêó ëèíåéíàÿ îáîëî÷êà ñèñòåìû ôóíêöèé {τ̄kn(r)Y k
n,m(θ)} ïëîòíà â

L2(S0)([6]), òî èç (14) çàêëþ÷àåì, ÷òî ut(r, θ, 0) = 0 ∀(r, θ) ∈ S0.
Ñëåäîâàòåëüíî, â ñèëó åäèíñòâåííîñòè ðåøåíèÿ çàäà÷è Êîøè ([10]):

L̄u = 0, u(x, 0) = 0, ut(x, 0) = 0 âûòåêàåò, ÷òî u(x, t) = 0 ∀(x, t) ∈ Dβ.
Òàê êàê g2(t)Lu = L̄u = 0 è g2(t) > 0 ïðè t>0, òî áóäåì èìåòü Lu = 0

è u(x, t) ≡ 0 â Dβ .
Òàêèì îáðàçîì, Òåîðåìà äîêàçàíà.
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Earlier, the author showed solvability of multidimensional hyperbolic
equations with degeneracy of type and order in a cylindrical domain. In
this paper we show singularity of classical solution of Dirichlet problem for
multidimensional hyperbolic equations with degeneration of type and order.
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SIGNATURE REDUCTION PROCEDURES AND THE

UNIVERSAL CONSTRUCTION AS TRANSFORMATION

METHODS IN FIRST-ORDER COMBINATORIAL APPROACH

M.G. Peretyat'kin

Annotation. The work develops proposed earlier �rst-order combinatorial approach

that represents a conceptual basis for studying isomorphism type of generalized

Tarski-Lindenbaum algebras of predicate calculi of �nite rich signatures under �nitary

and in�nitary semantic layers. Technical conditions specifying status of the �nite

signature reduction procedures and the universal construction are given. Two kinds

of semantic types are introduced, and operations on the types are de�ned within the

�rst-order combinatorial approach.

Keywords. First-order logic, model-theoretic property, Tarski-Lindenbaum algebra,

semantic type, signature reduction procedure, universal construction of �nitely

axiomatizable theories.

Results of the works [1] and [2] describe some special methods
of constructing computable isomorphisms between the Tarski-Lindenbaum
algebras of predicate calculi PC(σ1) and PC(σ2) of �nite rich signatures σ1
and σ2. Finite-to-�nite signature reduction procedure is involved in the main
construction of the work [2]; it would be natural to call these transformations of
theories as methods of �nitary �rst-order combinatorics. On the other hand, an
available version of the universal construction of �nitely axiomatizable theories
is involved in the proof of the main statement of the work [1]; thus, it would
be natural to call these transformations of theories as methods of in�nitary
�rst-order combinatorics. It is important that the pointed out classes of
transformations of theories preserve de�nite semantic layers of model-theoretic
properties. Methods of �nitary �rst-order combinatorics preserve a semantic
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layer called �nitary, while methods of in�nitary �rst-order combinatorics
preserve a semantic layer called in�nitary.

The works [3], [4], and [5] represent a conceptual framework of the �rst-
order combinatorics. The main goal of this approach is to characterize the
structure of the Tarski-Lindenbaum algebras of predicate calculi of �nite rich
signatures. In this paper, we present key technical speci�cations for the �rst-
order combinatorial approach. The status of the �nite signature reduction
procedures and the universal construction of �nitely axiomatizable theories
in the framework of the �rst-order combinatorial approach is speci�ed. The
concept of a semantic type is introduced, and the most important properties of
such types are considered in the context of the �rst-order �nitary and in�nitary
combinatorial approach.

Preliminaries. We consider theories in �rst-order predicate logic with
equality and use general concepts of model theory, algorithm theory,
constructive models and Boolean algebras that can be found in [6], [7], and
[8]. Generally, incomplete theories are considered. In this work, we consider
just signatures admitting Godel's numberings of formulas. Such a signature
is called enumerable. A �nite signature is called rich if it contains at least
one n-ary predicate or function symbol for n > 2, or two symbols of unary
functions.

For a constant symbol c that is not in σ, statement "all σ-symbols are
de�ned c-trivially"means the following set of formulas:

(a) (∀x1 . . . xn)¬P (x1, . . . , xn), Pn∈σ,
(b) (∀x1 . . . xm)

(
f(x1, . . . , xm)=x1

)
, fm∈σ,

(c) a=c, for each constant symbol a∈σ.

For a signature σ and a unary predicate U1 ̸∈ σ, statement "all σ-symbols
are de�ned trivially outside U(x)" means the following set of formulas:

(a) ¬U(xi) → ¬P (x1, . . . , xi, . . . , xn), Pn∈σ, 16 i6n,
(b) ¬U(xj) → f(x1, . . . , xj , . . . , xm)=x1, f

m∈σ, 16j6m.

The following notations are used: FL(σ) is the set of all formulas of
signature σ, FLk(σ) is the set of all formulas of signature σ with free variables
x0, . . . , xk−1, SL(σ) is the set of all sentences of signature σ. By GR, we denote
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the Graph theory of signature σGR = {Γ 2} de�ned by axioms (∀x)¬Γ (x, x)
and (∀x)(∀y)[Γ (x, y) ↔ Γ (y, x)], while GRE denotes an extension of GR de�ned
by extra axioms (∃x, y)Γ (x, y) and (∃x, y)

[
(x ̸= y) ∧ ¬Γ (x, y)

]
. For a theory,

c.a. means computably axiomatizable, while f.a. means �nitely axiomatizable.
Let σ be a signature and Σ a subset of SL(σ). We denote by [Σ]σ a theory

of signature σ generated by Σ as a set of its axioms. There is one more version
of the de�nition. Let Σ ⊆ SL(σ) be a set of sentences. We denote by [Σ]⋆

a theory of signature σ′ ⊆ σ generated by Σ as a set of its axioms, where
σ′ contains only those symbols from σ, which occur in formulas of Σ. By
σ∞, we denote a �xed (very large) enumerable signature containing countably
many constant symbols, symbols of propositional variables, and predicate and
function symbols of each arity n > 1. It is supposed that each considered
signature σ is a part of the universal signature σ∞. By S, we denote the set
of all possible enumerable signatures σ ⊆ σ∞.

We use a �xed Godel's numbering Φk, k ∈ N, for the set of sentences of a
�xed signature σ, and Godel's numbering Φ∞

k , k ∈ N, for the set of sentences of
the universal enumerable signature σ∞. By using Post's numberingWn, n ∈ N,
for the family of all computably enumerable sets, we organize an e�ective
numbering for the class of all computably axiomatizable theories. Two versions
of indices are possible. The �rst one presents c.e. indices of c.a. theories of an
enumerable or �nite signature σ. If a theory T of signature σ is de�ned by
axioms {Φi | i ∈Wm}, the number m is called a computably enumerable index

or simply c.e. index of T . The second version represents weak indices of theories
of di�erent enumerable signatures σ ⊆ σ∞. For a given m ∈ N, we consider
a set of axioms Σ = {Φ∞

i | i ∈ Wm} and construct theory T = [Σ]⋆. The
number m is called a weak computably enumerable index or simply weak c.e.

index of the theory T . As for �nitely axiomatizable theories, any such theory
F is de�ned by a �nite system A of axioms and therefore, by a single formula
Φ which is a conjunction of formulas in A. If a f.a. theory F of signature σ is
de�ned by an axiom Φm, the number m is called Godel's number or simply
strong index of F . For a given m ∈ N, we consider an f.a. theory F = [Φm]⋆.
This number m is called a universal Godel's number or simply universal strong

index of the theory F . By T σ{n}, we denote a theory of signature σ with c.e.
index n, while T ⋆{n} is a theory with weak c.e. index n. Furthermore, by F σ{n}

we denote a f.a. theory of signature σ with Godel's number n, while F ⋆{n} is
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an f.a. theory with weak strong index n.

Initial de�nitions concerning main concepts of �nitary �rst-order
combinatorics, are given in [3] and [5]. We use a de�nition of the operation
of a Cartesian extension of a theory and a Cartesian interpretation, as well as
a scheme of layers relevant in the combinatorial approach, in the work [9]. By
ACL, we denote the layer of model-theoretic properties preserved by all possible
Cartesian interpretations between computably axiomatizable theories.

Lemma 0.1. Given a theory T of an enumerable signature σ and a sequence

of ∃ ∩ ∀-formulas κ ∈ κC(σ). Special Cartesian-quotient interpretation

IT,κ : T � T ⟨κ⟩ is e�ective, model-bijective, and isostone. In particular,

the interpretation IT,κ determines a computable isomorphism µT,κ : L(T ) →
L(T ⟨κ⟩) between the Tarski-Lindenbaum algebras; moreover, it preserves

semantic layer ACL.

Proof. By applying De�nition 1.A(C) and Lemma 1.1 from [9]. �
Remark 0.2. In this paper, we systematically use e�ective methods based
on computable procedures for any object involved in our constructions. For
this, we introduce either c.e. indices or G�odel numbers for all types of objects
involved in the constructions. Moreover, the object yielded by a construction is
always meant as de�ned by a single c.e. index coding a computable presentation
of the object.

1 Finitary combinatorics and the finite signature reduction

procedure

First, we formulate the main statement in a compact form:

Theorem 1.1 [Finite-to-�nite signature reduction statement: a compact form].
Given two �nite rich signatures σ1 and σ2. E�ectively in their G�odel numbers,

it is possible to construct a sentence ψ of signature σ2 and a sequence of

∃ ∩ ∀-formulas κ = ⟨φm1
1 , ..., φms

s ⟩ of signature σ2 together with an algebraic

isomorphism PC(σ1) ≈a PC(σ2)[ψ]⟨κ⟩.

Now, we give an extended form of the same statement.

Theorem 1.2 [Finite signature reduction procedure: a standard form]. It is

possible to determine in a regular way the operator of the following form

Redu : TSϕ × σFinRich → TSϕ × ICartesϕ,
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called the �nite signature reduction procedure, where σFinRich is the set of

all �nite rich signatures σ ⊆ σ∞, TSϕ is the set of all theories of any �nite

signatures σ ⊆ σ∞, and ICartesϕ is the set of all Cartesian interpretations

between theories of �nite signatures. Moreover, all requirements listed below

are satis�ed.
Let T be a theory of a �nite signature τ and σ be an arbitrary �nite rich

signature. Applying the mapping Redu we obtain

Redu(T, σ) = (S, I),

where S is a theory of signature σ, while I is an interpretation of T in S, such
that the following assertions are satis�ed:

Reference_Block (1.1)

(a) I is an ∃ ∩ ∀-presentable Cartesian interpretation of theories (thereby,

the interpretation I de�nes a computable isomorphism µ : L(T ) → L(S)
preserving model-theoretic properties of the semantic layer ACL),

(b) T is c.a. ⇔ S is c.a.; in the case when T is a c.a. theory, c.e. indices of

both S and I are found e�ectively in a pair of parameters consisting of a

c.e. index of the input theory T and a G�odel number of the target �nite

rich signature σ,

(c) T is f.a. ⇔ S is f.a.; in the case when T is a f.a. theory, both a G�odel

number of S and a c.e. index of I are found e�ectively in a pair of

parameters consisting of G�odel numbers of the input theory T and the

target �nite rich signature σ.

End_Ref

Proofs of Theorem 1.1 and Theorem 1.2 are given in [9].
By speci�cation, starting from a pair of input parameters (T, σ), the

procedure Redu yields a theory S together with an interpretation I de�ning
a computable isomorphism µ : L(T ) → L(S) between the Tarski-Lindenbaum
algebras. A simpler record S = Redu(T, σ) is also possible, assuming that the
interpretation I and isomorphism µ is omitted in the context.

Now, we pass to some generalization of the signature reduction statement.
It represents a special method of reduction of �nitely axiomatizable theories
to the graph theory GRE controlled by a level parameter.
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The following technical statement takes place:

Lemma 1.3 [Parameterized Signature Reduction Statement]. Let σGR = {Γ 2}
be the signature of the graph theory GRE. There exist an e�ective sequence of

sentences

θk, k ∈ Nr{0, 1},

of the signature σGR and a procedure RedLev with two parameters

RedLev(e, T ), e ∈ N, T is a theory of a �nite signature,

satisfying the following properties. Given an integer parameter e > 2 (called

the level parameter) and a �nitely axiomatizable theory F of a �nite signature

σ. E�ectively in e and F , a pair of objects

(H, I) = RedLev(e, F )

is constructed by the procedure RedLev of the following form:

H is a �nitely axiomatizable theory of signature σGR = {Γ 2},
I is a Cartesian interpretation of F in H.

Particularly, I determines a computable isomorphism µ : L(F ) → L(H)
preserving model-theoretic properties of Cartesian semantic layer ACL (the
more, any smaller layer L ⊆ ACL).

Moreover, the following assertions hold:

Reference_Block (1.2)

(a) GRE ⊢ θk+1 → θk, for all k ∈ Nr{0, 1},
(b) H is an extension of the theory GREe = GRE ∪ {θe},
(c) H ⊢ θe ∧ ¬θe+1,
(d) GREω = GRE∪

{
θ2, θ3, .., θk, ... ; k ∈ Nr{0, 1}

}
is a complete decidable

theory without �nite models.

End_Ref

Proof. Use construction presented in main stage fP-to-Graph in the proof for
signature reduction procedure in Theorem 1.2. It is possible to modify forms of
coding con�gurations such that they become depending on the level parameter
e, cf. Section 5 in [2], or Section 4.2 in [10]. �
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2 Infinitary combinatorics and fixation of the status of the

universal construction

By MQL, we denote the in�nitary semantic layer consisting of model-
theoretic properties that are preserved by any quasiexact interpretation
between c.e. theories. The layer MQL is controlled by a standard version FU of
the universal construction of �nitely axiomatizable theories, cf. [11].

Description of the construction FU represents a sophisticated text that
turns out to be di�cult for reading and understanding. There are some weaker
versions of the universal construction with a simpli�ed or even omitted rigidity
mechanism, thus, controlling smaller layers of model-theoretic properties.
However, the di�culty of studying these constructions is practically the
same as in the case of construction FU. There is even a weaker version FC◦
of the universal construction that is described in [12]. Construction FC◦ is
obtained as a routine corollary of the canonical construction presented in
[11, Ch. 3]. Therefore, FC◦ is said to be the canonical-mini construction,
or universal-under-canonical construction. Canonical-mini construction has a
standard formulation of the universal construction supporting a relatively
small layer of model-theoretic properties. At the same time, the canonical-mini
construction is signi�cantly easier to understand than any normal version of the
universal construction. Moreover, while studying canonical-mini construction
no necessity to be familiar with the technically complicated de�nition of a
quasiexact interpretation. On the other hand, a particular method of compact
binary trees is required for the canonical-mini construction, while any normal
version of the universal construction does without this method. Finally, we
notice that the Hanf construction H (cf. either [13, Th. 1] or [11, Sec. 6.1])
can also be considered as a (weakest) release of the universal construction
controlling an empty semantic layer of model-theoretic properties.

In this paper, we suppose that a �xed release of the universal construction
is accepted, denoted by U, that can control a sublayer

MQL ⊆ MQL (2.1)

of the in�nitary layer MQL. Moreover, we also suppose that the construction
U is given by its primitive form Û without the e�ectiveness requirement in the
passage from an input computably axiomatizable theory to the target �nitely
axiomatizable theory. In the paper, statements depending on the universal
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construction are marked with [U].
The pointed out primitive form Û of the construction U is presented by:

Statement 2.1 [Generic universal construction: a primitive form]. The

following assertion holds for the sublayer MQL of the layer MQL:

(∀ c.a. theory T )(∃ f.a. theory F )
[
T ≡MQL F

]
, (2.2)

where T ≡MQL F means that there is a computable isomorphism µ : L(T ) →
L(F ) between the Tarski-Lindenbaum algebras preserving all model-theoretic

properties within the pointed out layer MQL.
A more common normal formulation of the universal construction U:

Statement 2.2 [Generic universal construction: a normal form]. Given an

arbitrary computably axiomatizable theory T and a �nite rich signature σ.
E�ectively in a weak c.e. index of T and a G�odel number of σ, one can construct

a �nitely axiomatizable theory F = U(T, σ) of signature σ together with a

computable isomorphism µ : L(T ) → L(F ) between the Tarski-Lindenbaum

algebras preserving all model-theoretic properties within the layer MQL ⊆
MQL.

The case MQL = ∅ in Statement 2.1, as well as in Statement 2.2,
corresponds to the Hanf construction (called earlier as Hanf's Localized

Statement), [13]. Obviously, the Hanf construction is a particular case of the
universal construction corresponding to the case of an empty layer of the
controlled model-theoretic properties.

Lemma 2.3. The following assertions hold:
(a) For a �xed semantic layer MQL ⊆ MQL, primitive form (2.2) of the

universal construction is an immediate consequence of its normal form with

this layer MQL.
(b) Having any version of the universal construction in a primitive form

(2.2) that controls a semantic layer MQL ⊆ MQL, we can deduce a normal

form of the universal construction presented in Statement 2.2 with this layer

MQL, restoring by that the missing e�ectiveness requirement, as well as the

possibility to have a given �nite rich signature.

Proof. Part (a) is obvious, while proof of Part (b) is given in Section 4.
Earlier, we �xed a sublayer (2.1) of the in�nitary semantic layer that is

controlled by a primitive form (2.2) of the universal construction. Having this
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convention accepted, by virtue of Lemma 2.3, we will also have Statement 2.2
presenting a normal version of the universal construction with the layer (2.1).

3 Properties of effective numberings of the classes of theories

As a result, we have introduced c.e. indices and G�odel numbers for the
following classes of theories:

Reference_Block (3.1)

(a) F σ{k}, k ∈ N, the set of all f.a. theories of a �xed �nite signature σ,

(b) F ⋆{k}, k ∈ N, the set of all f.a. theories of all possible �nite signatures,
(c) T τ{k}, k ∈ N, the set of all c.a. theories of a �xed enumerable or �nite

signature τ ,

(d) T ⋆{k}, k ∈ N, the set of all c.a. theories of all possible enumerable

signatures.

End_Ref

Lemma 3.1. The following assertions hold:
(a) collection (3.1)(a) represents a computable sequence of all possible, up

to an algebraic isomorphism, �nitely axiomatizable theories of a �xed �nite

signature σ.
(b) collection (3.1)(b) represents a computable sequence of all possible, up

to an algebraic isomorphism, �nitely axiomatizable theories of arbitrary �nite

signatures.

Proof. Immediately. �
Lemma 3.2. The following assertions hold:

(a) collection (3.1)(c) represents a computable sequence of all possible, up

to an algebraic isomorphism, computably axiomatizable theories of a �xed

enumerable or �nite signature τ .
(b) collection (3.1)(d) represents a computable sequence of all possible, up

to an algebraic isomorphism, computably axiomatizable theories of arbitrary

enumerable signatures.

Proof. Immediately. �
An e�ective reduction of G�odel numbers to other types of indices is possible.

Lemma 3.3. There are general computable functions f1(σ, x), f2(τ, σ, x), and
f3(x) with τ ∈ σEnum, σ ∈ σFin, and x ∈ N, such that we have for all n ∈ N:
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(a) F σ{n} ≈a F
⋆{f1(σ, n)},

(b) F σ{n} ≈a T
τ{f2(τ, σ, n)}, whenever σ 6 τ (see de�nition for 6 in [9]),

(c) F ⋆{n} ≈a T
⋆{f3(n)};

moreover, c.e. indices of algebraic isomorphisms in (a), (b), and (c) are found

e�ectively in τ , σ, and n.

Proof. By de�nition, �nitely axiomatizable theory F σ{n} is de�ned by an
axiom Φn. E�ectively in σ and n one can �nd an integer m such that Φ∞

m

represents the same theory as an axiom in another system of numbering of
theories. Thereby, we have obtained instructions for the function f1(σ, n). Parts
(b) and (c) are proved by similar schemes.

Lemma 3.3 is proved. �
In this subsection, we consider some computational properties for the

numberings of the classes of c.a. and f.a. theories introduced in (3.1).

Lemma 3.4 [E�ective cylinder property]. Each of the numberings (a), (b),
(c), and (d) in (3.1) is cylindric. More precisely, there are total computable

functions fk(n, i), gk(n, i, x), k = 1, 2, 3, 4, satisfying for all n, i:

fk(n, 0) = n, fk(n, i) < fk(n, i+ 1), k = 1, 2, 3, 4,

such that, the following properties are held for all n, i ∈ N and all signatures

τ ∈ σEnum and σ ∈ σFinRich:

(a) F σ{n} ≈a F σ{f1(n, i)}; moreover, the function λxg1(n, i, x) represents

this isomorphism,

(b) F ⋆{n} ≈a F ⋆{f2(n, i)}; moreover, the function λxg2(n, i, x) represents

this isomorphism,

(c) T τ {n} ≈a T τ {f3(n, i)}; moreover, the function λxg3(n, i, x) represents

this isomorphism,

(d) T ⋆{n} ≈a T ⋆{f4(n, i)}; moreover, the function λxg4(n, i, x) represents

this isomorphism.

Proof. (a) Let σ be a �nite rich signature and Φi, i ∈ N, be a G�odel numbering
of SL(σ). By de�nition, formula Φn is an axiom of theory F σ{n}. Consider the
following formula

Φ(k) = Φn ∧ (∃x)
[
(x = x) ∧ (x = x) ∧ ... ∧ (x = x)︸ ︷︷ ︸

k times

]
. (3.2)
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Choose k such that G�odel number m of formula (3.2) satis�es m > n. Then,
theory F σ{m} de�ned by formula (3.2) as an axiom coincides with F σ{n}. Based
on this construction, we obtain instructions for computing functions f1 and
g1. Part (b) is proved by a similar method. Now, we pass to Part (c). By
de�nition, {Φi | i ∈ Wn} is a set of axioms of theory T σ{n}. Based on the
known properties of Post's numbering of c.e. sets, we can e�ectively �ndm > n
such that Wm = Wn, thus, theory T

σ{m} will coincide with T σ{n}. Based on
this method, we can construct the functions required in (c). Part (d) can be
proved by a similar method. �

In the following statement, for simplicity, we count that signatures τ and
σ are parameters that are given by a c.e. index and, respectively, by a G�odel
number.

Lemma 3.5 [E�ective bijection property]. There are computable functions

pi, fi, i = 1, 2, 3, (whose arguments are seen below) satisfying the following

properties for all τ ∈ σEnumRich, σ ∈ σFinRich, and n, x ∈ N:
(a) λxp1(σ, x) : N → N is a permutation of N for all σ,

(a′) T ⋆{n} ≡MQL F σ{p1(σ, n)}; moreover, λxf1(σ, n, x) represents a

computable isomorphism µ : L(T ⋆{n}) → L(F σ{p1(σ, n)}) of this similarity,

(b) λxp2(τ, σ, x) : N → N is a permutation of N for all τ, σ,

(b′) T τ {n} ≡MQL F σ{p2(τ, σ, n)}; moreover, λxf2(τ, σ, n, x) represents a

computable isomorphism µ : L(T τ {n}) → L(F σ{p2(τ, σ, n)}) of this similarity,

(c) λxp3(σ, x) : N → N is a permutation of N for all σ,

(c′) F ⋆{n} ≡ACL F σ{p3(σ, n)}; moreover, λxf3(σ, n, x) represents a

computable isomorphism µ : L(F ⋆{n}) → L(F σ{p3(σ, n)}) of this similarity.

Proof. (a) A passage from F σ{n} to T ⋆{m} is provided by Lemma 3.3(a,c). A
back passage is ensured by an accepted version of the universal construction
controlling semantic layer (2.1). Lemma 3.4 provides cylindric properties for
these numberings. By applying method of proof of the known Myhill Theorem
in algorithm theory, [6, Sec. 7.4], we will construct the demanded permutation.
The obtained permutation preserves semantic layer MQL because we have
applied Statement 2.2 of the universal construction.

(b) A passage from F σ{n} to T τ {m} is provided by Lemma 3.3(b); possible,
�nite signature reduction procedure should be used in addition. A back
passage is ensured by an accepted version of the universal construction. Based
on cylindric properties, by applying Myhill's method, we can construct the
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required permutation. The obtained permutation preserves semantic layer
MQL because we have applied Statement 2.2 for the universal construction.

(c) A passage from F σ{n} to F ⋆{m} is provided by Lemma 3.3(a). A back
passage is ensured by the �nite-to-�nite signature reduction procedure. Based
on cylindric properties, by applying Myhill's method, we can construct the
required permutation. Obtained passage preserves semantic layer ACL because
we have applied Theorem 1.1 for the �nite signature reduction procedure in
the transformation. �

4 Effectiveness of the universal construction

Now, we pass to the Proof of Part (b) of Lemma 2.3.
First, we introduce an operation with a sequence of theories. We use

sequence T ⋆{n}, n ∈ N, including all, up to an algebraic isomorphism, c.a.
theories, cf. (3.1)(d). Let T ⋆{n} has signature σn. It is possible to assume that
σn ∩ σk = ∅ for all n, k such that n ̸= k. Consider the following new signature

σ′= {Z0
i | i ∈ N} ∪{U1, c} ∪ σ0 ∪ σ1 ∪ . . . ∪ σk ∪ . . . ,

where Z0
i , i ∈ N, are symbols of nulary predicates (propositional variables). It

is assumed that the symbols U , c, and Zi, i ∈ N, do not belong to σ0 ∪ σ1 ∪
... ∪ σk∪ ....

We are going to construct a theory T u
c.a. of signature σ

′ called a simplest

direct product of the sequence T ⋆{n}, n∈N, denoted

T u
c.a. =

⊗̆[EQ]

n∈N T ⋆
{n}. (4.1)

For comparison purposes, we use an alternative notation TEQ
c.a. for this theory.

Theory T u
c.a. is de�ned by the following set of axioms (Ax-0):

1◦. U(x) ↔ (x ̸= c),

2◦. (∃x)U(x),

3◦. Zn → ¬Zk, n, k∈N, n ̸= k,

4◦. Zn → (all axioms of T ⋆{n} are satis�ed on U(x)), n∈N,
5◦. Zn → (outside U(x), σn-symbols are de�ned trivially), n∈N,
6◦. ¬Zk → (all σk-symbols are de�ned c-trivially), k∈N.
Mention that, the term "de�ned c-trivially" is explained in Preliminaries.
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Remark 4.0. Later (in a further article devoted the combinatorial approach)
we are planning to describe a common version of the operation of a direct
product of a sequence of theories. The version we present in (4.1) via (Ax-0)
plays the role of the simplest realization of a natural idea to link a sequence of
theories together. Mnemonic entry

⊗̆[EQ]

i∈N (...) for this operation can be applied
to an arbitrary sequence of theories, although we are interested with just the
case presented in (4.1).

Lemma 4.1. The following assertions hold:

(a) theory T u
c.a. =

⊗̆[EQ]

n∈N T ⋆{n} is computably axiomatizable;
(b) for any n ∈ N, theory T u

c.a. ∪ {Zn} is algebraically isomorphic to a

singleton extension T ⋆{n}⟨c⟩ of the theory T ⋆{n};
(c) there is a computable isomorphism µn : L(T ⋆{n}) → L(T u

c.a. ∪ {Zn})
preserving model-theoretic properties within the semantic layer ASL.

Proof. Part (a) is a consequence of the fact that the sequence T ⋆{n}, n ∈ N,
is computable. Part (b) is checked immediately. Statement of Part (c) is a
consequence of Part (b). �

Now, we turn immediately to prove Part (b) of Lemma 2.3.
Applying primitive form (2.2) of the universal construction to the theory

T u
c.a., we �nd a �nitely axiomatizable theory F ∗ = Û(T u

c.a.) together with a
computable isomorphism

µ∗ : L(T u
c.a.) → L(F ∗) (4.2)

preserving model-theoretic properties of the accepted in�nitary layer MQL.
Denote Ẑi = µ∗(Zi), i ∈ N. The e�ectiveness requirement is obtained as an
immediate consequence of the universality property for theory T u

c.a. stated in
Parts (a)�(c) of Lemma 4.1. Namely, we have to perform the following chain
of transformations:

T ⋆
{n}

α
7→ T u

c.a.+ {Zn}
β7→ Û(T u

c.a.)+{Ẑn}︸ ︷︷ ︸
S

γ7→ Redu(S, σ), (4.3)

where Redu(S, σ) is an application of the �nite-to-�nite signature reduction
procedure. By Lemma 4.1(c), passage α in chain (4.3) de�nes a computable
isomorphism between the Tarski-Lindenbaum algebras preserving properties
of semantic layer ASL ⊇ MQL, while passage γ, by Theorem 1.1, de�nes
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a computable isomorphism preserving semantic layer ACL ⊇ MQL. As for
passage β, by construction, it is obtained by a restriction from isomorphism
(4.2), thus, β also de�nes a computable isomorphism between corresponding
Tarski-Lindenbaum algebras preserving the layer MQL. It is possible to check
that all parts involved in the chain (4.3) are built e�ectively in n and σ yielding
a �nitely axiomatizable theory �tting to formulation of Statement 2.2. Thereby,
the summary transformation (4.3) can play the role of a normal form of the
universal construction preserving the semantic layer MQL.

Part (b) of Lemma 2.3 is proved. �

5 Introduction in semantic types

From the point of view of a semantic layer L, any computably axiomatizable
theory T can be characterized via a 3-tuple =L(T ) =

(
L(T ), γ, ξ

)
where(

L(T ), γ
)
is the Tarski-Lindenbaum algebra of theory T with Godel's

numbering γ, while ξ is a mapping from Stone space St(L(T )) in the power-
set P(L) = {K|K ⊆ L} which is de�ned as follows: for any theory T ′ from
St(L(T )) we put

ξ(T ′)={p∈L | T ′ has the property p}.

Actually, so de�ned tuple (L(T ), γ, ξ) represents a complete abstract
description of theory T from the point of view of semantic layer L. This tuple
=L(T ) is called the generalized Tarski-Lindenbaum algebra of theory T under
semantic layer L.

Generalizing the situation, we introduce a special class of objects for
presentation of isomorphism types of the generalized Tarski-Lindenbaum
algebras under semantic layer L of model-theoretic properties. Namely, we
consider an arbitrary 3-tuple of the form B = (B, ν, ξ), where (B, ν) is a
computably enumerable Boolean algebra, while ξ is a mapping from Stone
space St(B) in the power-set P(L). So de�ned tuple (B, ν, ξ) is called a semantic
type under layer L, or simply a semantic type.

Let B1 = (B1, ν1, ξ1) and B2 = (B2, ν2, ξ2) be two semantic types under a
layer L. The types B1 and B1 are said to be isomorphic or equivalent, written
B1 ≡L B2, if there is a computable isomorphism µ : (B1, ν1) → (B2, ν2) such
that for any ultra�lter F1 ∈ St(B1) and corresponding ultra�lter F2 ∈ St(B2),
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F2 = µ(F1), the following equality takes place:

ξ1(F1) = ξ2(F2). (5.1)

Notice that, computability of the isomorphism µ requires that there are
some general computable functions f(x) and g(x) for which the following
diagram is commutative:

(5.2)

while an extra condition (5.1) is meant abstractly; that is, none supporting
e�ective method is supposed to verify validity of the condition.

We say that theory T has semantic type B = (B, ν, ξ) or that the semantic
type B is realized in theory T if (L(T ), γ, ξ) and (B, ν, ξ) are isomorphic
according to the de�nition given above.

It is possible to see that the concept of a semantic type together with
the equivalence relation for such objects are in exact correspondence with the
relation of semantic similarity of theories under a semantic layer. Namely, the
following statement takes place:

Lemma 5.1. Let T and S be theories of enumerable signatures and L be a

semantic layer. The following assertions are equivalent with each other:
(a) T and S are semantically similar under L,
(b) =L(T ) ≡L =L(S).

Proof. Immediately, from de�nitions. �
The set of all possible abstract semantic types has the power of the

continuum. This makes an obstacle for de�nition of the concept of an index
for such objects. However, for isomorphisms of semantic types, indexes can be
de�ned.

Let B1 = (B1, ν1, ξ1) and B2 = (B2, ν2, ξ2) be two abstract semantic types
under a semantic layer L, and let µ be a computable isomorphism between
B1 and B2 for which diagram (5.2) is commutative with the function f(x) =
λxφn(x) which should be total, where φn is nth function in Kleene's numbering
of all partially computable functions (a suitable computable function g(x) for
the back passage can then be found in a standard way). If so, the number n is
called a c.e. index or simple index of the isomorphism µ.
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A number of operations similar to those on c.e. Boolean algebras are
de�ned on the class of semantic types. Operations of factorization, restriction
on an element, the direct product of two types, and the direct product of a
countable computable sequence of types are de�ned. In the last operation, we
use the concept of computability of a sequence of types in some narrow sense.
Namely, a sequence of semantic types Bn = (Bn, νn, ξn), n∈N, is said to be
basically computable, if the corresponding sequence of c.e. Boolean algebras
Bn = (Bn, νn), n ∈ N, is computable (computability does not concern the
function ξ).

We pass to the operations in detail.
We start with the operation of restriction on an element. Consider a

semantic type B = (B, ν, ξ) under a semantic layer L, and let a = ν[n0]
be an element in B. Denote by (B, ν, ξ)[a] a semantic type (B′, ν ′, ξ′), where
(B′, ν ′) = (B[a], ν[a]), while ξ′ is the restriction of ξ up to Stone space of the
restricted algebra de�ned as St(B[a]) = {F ∈ St(B) | a ∈ F}. So de�ned
function ξ′ is denoted by ξ[a]. Thus, the operation as a whole has the following
form

(B, ν, ξ)[a]=(B[a], ν[a], ξ[a]).
One can check that, if the source type B corresponds to a theory T , its
restriction B[a] corresponds to a �nitely axiomatizable extension of the theory
T .

Turn to the quotient operation. Consider a semantic type B = (B, ν, ξ),
and let F be a �lter of the Boolean algebra B. Denote by (B, ν, ξ)/F a semantic
type of the form (B′, ν ′, ξ′) where (B′, ν ′) is the quotient of (B, ν) modulo F ,
while the assignment function ξ′ is de�ned by the following rule

ξ′(F ′)=ξ(F ′), for F ′∈St(B/F)={F ′∈St(B) | F ⊆ F ′}.

So de�ned function ξ′ is denoted by ξ/F. This is simply a restriction of ξ on
the subspace of St(B) de�ned by the �lter F . Then, the quotient operation as
a whole has the following form

(B, ν, ξ)/F=(B/F, ν/F, ξ/F).

One can check that, if the source semantic type B corresponds to a theory T ,
then the quotient type B/F corresponds to an extension of T de�ned by this
�lter F considered as an extra set of axioms.
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Some natural relation between the two operations:

Lemma 5.2. Let B = (B, ν, ξ) be a semantic type under a semantic layer L
and a be an element of B. Suppose that F is a principal �lter of B generated

by a; i.e., F = {c ∈ B | a ⊆ c}. Then, we have B/F ≡L B[a].

Proof. Immediately, from elementary properties of Boolean algebras. �
Now, we de�ne the operation of ð direct product of two semantic types.
Let B1 = (B1, ν1, ξ1) and B2 = (B2, ν2, ξ2) be two semantic types under a

semantic layer L. De�ne some new semantic type

B = (B, ν, ξ)=(B1, ν1, ξ1)⊗ (B2, ν2, ξ2) = B1 ⊗B2

under the same semantic layer L as follows. We put (B, ν)=(B1, ν1)⊗ (B2, ν2),
while the assignment function ξ is determined by the rule

ξ(F)=

{
ξ1(F), if F ∈St(B1),

ξ2(F), if F ∈St(B2).

So de�ned operation B1⊗B2 is called the direct product of the semantic types
B1 and B2, while the function ξ is called the direct product of functions ξ1
and ξ2, using for this an entry ξ=ξ1 ⊗ ξ2. The idea of the assignment function
in the operation ⊗ is based on the following algebraic relation

St(B1 ⊗ B2) = St(B1) ∪ St(B2)

Thus, the two given assignment functions ξ1 and ξ2 de�ned on the disjoint parts
St(B1) and St(B2) of St(B) are simply assembled in one function ξ = ξ1 ∪ ξ2.

We pass to a more complicated operation of the direct product of a sequence
of semantic types. Let Bn = (Bn, νn, ξn), n ∈ N be a basically computable
sequence of semantic types under a semantic layer L, while P a complete
theory of an enumerable signature that is used as an additional parameter in
the operation.

Let us de�ne a new semantic type

(B, ν, ξ)=
⊗[P ]

n∈NBn =
⊗[P ]

n∈N
(
Bn, νn, ξn

)
(5.3)

as follows. We put (B, ν)=
⊗

n∈N(Bn, νn); moreover, the appointment operation
ξ is de�ned by the following rule

ξ(F)=

{
ξn(F), if F∈St(Bn), n∈N,
prop(P ) � L, if F = F̂, F̂ = Filter{−1i | i ∈ N},
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where prop(P ) is set of model-theoretic properties connected with the complete
theory P . An idea behind the appointment function in operation

⊗
for a

sequence of semantic types is based on the following algebraic relation for
Boolean algebras

St(
⊗

i∈NBi) =
∪

i∈N St(Bi) ∪ {F̂},

where F̂ is a new ultra�lter appearing in the operation of the direct product of a
sequence of algebras. The appointment functions ξi provide natural de�nitions
for the appointment function ξ on ultra�lters in the members of the sequence. A
special value ξ(F̂) is required because any of functions ξi, i∈N does not de�ne
value for ξ on the �lter F̂. An alternative entry

⊗[K]

i∈NBi with a parameter
K, K ⊂ L, is possible that directly represents model-theoretic properties
appointed to the special ultra�lter F̂.

In addition to the operations over types we have introduced, a method of
splitting and pasting of the sequences of semantic types is often applied. Given
a basically computable sequence of semantic types

Bi, i ∈ N. (5.4)

Fix a computable function d(x) satisfying 0 = d(0) < d(1) < d(2) < ... <
d(k) < ..., and construct a new sequence B′

t, t ∈ N, of types obtained by
the operation of �nite pasting of adjacent members in the initial sequence as
follows:

B′
t =

⊗d(t+1)−1
i=d(t) Bi, t ∈ N. (5.5)

We say that sequence (5.5) is built from the sequence (5.4) by a �nite gluing

procedure. Similarly, we say that the sequence (5.4) is obtained by a �nite

splitting procedure from the sequence (5.5).

The following interdependencies between the operations exist.

Lemma 5.3. Let L ⊆ ASL be a semantic layer and P be an arbitrary complete

theory of an enumerable signature. Then, for any semantic types under the

semantic layer L the following relations are satis�ed:

(a) (B1, ν1, ξ1)⊗ (B2, ν2, ξ2) ≡L (B2, ν2, ξ2)⊗ (B1, ν1, ξ1),

(b)
(
(B1, ν1, ξ1)⊗ (B2, ν2, ξ2)

)
⊗ (B3, ν3, ξ3) ≡L

(B1, ν1, ξ1)⊗
(
(B2, ν2, ξ2)⊗ (B3, ν3, ξ3)

)
,

(c) (B, ν, ξ) ≡L (B, ν, ξ)[a]⊗ (B, ν, ξ)[−a], for any a∈B,

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 4



88 M.G. Peretyat'kin

(d)
⊗[P ]

n∈N(Bn, νn, ξn) ≡L (B0, ν0, ξ0)⊗
⊗[P ]

n∈Nr{0}(Bn+1, νn+1, ξn+1),

(e)
⊗[P ]

n∈N(Bn, νn, ξn) ≡L
⊗[P ]

n∈N(Bf(n), νf(n), ξf(n)),
for any computable sequence of semantic types and any computable

permutation f of the set N,
(f)

⊗[P ]

n∈N(Bn, νn, ξn) ≡L
⊗[P ]

n∈N(B′
n, ν

′
n, ξ

′
n),

whenever the latter sequence is obtained by a �nite computable

splitting procedure from the former one.

Proof. Immediately, based on de�nitions of the operations. �

6 Two classes of semantic types for first-order combinatorics

It is not di�cult to show that there are semantic types that are not
realized in any �rst-order theory. The term abstract semantic type is often
used when we want to emphasize that its assigning function is not limited to
the condition of realizability in a theory. In �rst-order combinatorial approach
we are developing, the classes of types realized in computably axiomatizable
and �nitely axiomatizable theories are of particular importance. The restriction
to consider only the types realized in theories does not give any advantages
in comparison with the study of the theories themselves. On the contrary, a
comprehensive study of a wider class of abstract semantic types will be more
fruitful, and some of the results thus obtained can be applied to theories.

Introduce the following notations for classes of semantic types:

A(L), is the set of all abstract semantic types under the layer L,

E(L), is the set of all computably axiomatizable types under L,

F(L), is the set of all �nitely axiomatizable types under L.

We use simpler notations A, E , and F , considering that semantic layer L
is de�ned in the context. Obviously, inclusions F ⊆ E ⊆ A take place.

Lemma 6.1 [U]. Any E-type under layer MQL ⊆ MQL, cf. (2.1), is an F -type

under MQL.
Proof. Immediately, from Statement 2.1. �

Although we cannot de�ne indices for the set of all abstract semantic types,
nevertheless, it is possible to de�ne indices for semantic types in the classes F
and E .
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Given a semantic layer L ⊆ AL. If a semantic type B∈E(L) is presented
in computably axiomatizable theory T ⋆{n} with an index n, the number n is
said to be an E-index of this type B, symbolically B = E∗{n}. Similarly, if a
typeB∈F(L) is presented in �nitely axiomatizable theory F⋆{n} having G�odel
number n, the number n is said to be an F-index of this type B, symbolically
B = F∗{n}. We often use common term index instead of either F -index or
E-index whenever kind of the type is clear from context.

We introduce de�nitions for universal semantic types.

Definition 6.A. Given a semantic layer L of model theoretic properties (the
value ACL is meant for L by default, when it is not de�ned evidently in the
statement). Semantic F -type B = (B, ν, ξ) is called weakly F-universal under
L if any F -typeB′ under L can be presented in the formB[a] for some a ∈ |B|.
Furthermore, the F-type B = (B, ν, ξ) is called F-universal under L if it is
weakly F -universal under L; moreover, a transition from an index of B′ to the
element a is performed e�ectively, i.e., there are computable functions g(n)
and h(n, t) satisfying to the following properties:

F⋆{n} ≡L B[ν(g(n))], for all n ∈ N; moreover, the function

(λt)h(n, t) represent this computable isomorphism.

(6.1)

Definition 6.B. Given a semantic layerM of model theoretic properties (the
value MQL is meant for M by default, when it is not de�ned evidently in the
statement). Semantic E-type B = (B, ν, ξ) is called weakly F -universal under
M if any F-type B′ under M can be presented in the form B[a] for some
a ∈ |B|. Furthermore, the E-type B = (B, ν, ξ) is called F-universal under M
if it is weakly E-universal underM ; moreover, a transition from an index of B′

to the element a is performed e�ectively, i.e., there are computable functions
g(n) and h(n, t) satisfying to the following properties:

E⋆{n} ≡M B[ν(g(n))], for all n ∈ N; moreover, the function

(λt)h(n, t) represent this computable isomorphism.

(6.2)

We mention some elementary properties of the introduced concepts.

Lemma 6.2. The following statements are satis�ed:
(a) for any �nite rich signature σ, semantic F-type of predicate calculus

=L(PC(σ)) is F-universal under semantic layer ACL (the more, under any its

sublayer L ⊆ ACL),
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(b) semantic F -type =L(GRE) of theory GRE is F-universal under semantic

layer ACL (the more, under any its sublayer L ⊆ ACL),
(c) semantic E-type E u

c.a. = =L(T u
c.a.) is E-universal under semantic layer

MSL (the more, under any its sublayer K ⊆ MSL).

Proof. (a) Immediately, from Theorem 1.2; (b) immediately, from Theorem
1.3; (c) immediately, from Statement 2.1. �
Lemma 6.3. The following statements are satis�ed:

(a) any weak F-universal semantic F-type B under a semantic layer L ⊆
ACL is F -universal under L.

(b) any weak E-universal semantic E-type B under a semantic layer M ⊆
ASL is E-universal under M .

Proof. (a) Suppose that B is a weak F-universal semantic F-type. By
de�nition, there is an element a in B such that B[a] ≡L GRE. By applying
Statement 1.3, we immediately obtain the wished e�ectiveness property;
thereby, B is indeed an F-universal semantic type. (b) Suppose that B is
a weak E-universal semantic E-type. By de�nition, there is an element a in
B such that B[a] ≡L T u

c.a.. By applying Lemma 4.1, we obtain the wished
e�ectiveness property; thereby, B is indeed an E-universal semantic type. �

7 Representative computable sequences of semantic types

We introduce a few kinds of rich computable sequences of semantic types.
They are intended to be used in assembling universal semantic types.

A sequence Bn, n ∈ N, of F-types under a semantic layer L is called
computable if there is a general computable function f(x) such that Bn ≡L

F⋆{f(n)} for all n ∈ N. A sequence Bn, n ∈ N, of E-types under a layer L is
called computable, if there is a general computable function f(x) such that
Bn ≡L E⋆{f(n)} for all n ∈ N.

Two computable sequences Bn, n ∈ N, and B′
n, n ∈ N, of semantic types

under a semantic layer L are said to be equivalent, if there are two computable
functions p(x) and f(n, x), such that p(x) is a permutation of the set N, and for
all n ∈ N we have Bn ≡L B′

p(n); moreover, the function λt f(n, t) represents
this computable isomorphism.

Introduce a few classes of special computable sequences of semantic types.

Definition 7.A. A sequence of F-types Bn = (Bn, νn, ξn), n ∈ N, is called
F -rich under a semantic layer L, if it is computable and, e�ectively in an index,
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any F-type B under L can be presented as Bi[a] for some a ∈ |Bi| with i > k
for arbitrarily large k. A sequence of E-types Bn = (Bn, νn, ξn), n ∈ N, is
called E-rich under a semantic layer M , if it is computable and, e�ectively in
an index, any E-type B under M can be presented as Bi[a] for some a ∈ |Bi|
with i > k for arbitrarily large k.

Definition 7.B. A sequence Bn = (Bn, νn, ξn), n ∈ N, of F-types under a
semantic layer L is called uniformly F -universal under L, if it is computable
and the universality condition is satis�ed uniformly e�ective. E-types under a
semantic layerM is called uniformly E-universal under the semantic layerM , if
it is computable and the universality condition is satis�ed uniformly e�ective.

Definition 7.C. A computable sequence of F-types Bn, n ∈ N, is called F-
representative under a semantic layer L if the following conditions are satis�ed:
(a) the sequence has e�ective cylindric properties; (b) the sequence presents
e�ectively all possible F-types under L. A computable sequence of E-types
Bn, n ∈ N, is called E-representative under a semantic layer K if the following
conditions are satis�ed: (a) the sequence has e�ective cylindric properties; (b)
the sequence presents e�ectively all possible E-types under K.

Establish computability of the most important sets of semantic types.

Theorem 7.1. The following assertions hold:

(a) the set of all semantic types under an arbitrary semantic layer L, which
are types of �nitely axiomatizable theories of a �xed �nite signature σ, is
computable.

(b) the set of all semantic types under an arbitrary semantic layer L, which
are types of �nitely axiomatizable theories of arbitrary �nite signatures, is

computable,

(c) the set of all semantic types under an arbitrary semantic layer K,

which are types of computably axiomatizable theories of arbitrary enumerable

signatures, is computable.

Proof. For (a) and (b), consider the following sequences of semantic types:

(a) Fσ{n} = =L(F σ{n}), n ∈ N.
(b) F⋆{n} = =L(F ⋆{n}), n ∈ N,

(7.1)

By applying Lemma 3.1, we obtain exactly what is required.
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(c) Consider the following sequences of semantic types:

E⋆
{n} = =L(T ⋆

{n}), n ∈ N. (7.2)

By applying Lemma 3.2(b), we obtain exactly what is required. �
Theorem 7.2. The following assertions hold:

(a) for any semantic layer L ⊆ ACL, there is a computable F-representative

sequence of F-types under L; sequence (7.1)(a) provided that σ is a �nite rich

signature, as well as sequence (7.1)(b), satis�es this demand,
(b) for any semantic layer K ⊆ ASL, there is a computable E-representative

sequence of E-types under K; the sequence (7.2) satis�es this demand,
(c) any two computable F -representative sequences of F-types Bi, i ∈ N,

and B′, i ∈ N, under an arbitrary layer L are equivalent with each other,
(d) any two computable E-representative sequences of E-types Bi, i ∈ N,

and B′, i ∈ N, under an arbitrary layer K are equivalent with each other,
(e) any computable E-representatative sequence Bi, i ∈ N, of F -types

under a layer L is a F-representatative sequence of F -types under the layer

K = MQL ∩ L.
Proof. Parts (a) and (b) are proved based on Lemma 3.4 and Lemma 3.5.
Parts (c) and (d) are proved by a standard method similar to the proof used
in known Myhill's Theorem, cf. [6].

(e) By regular applying of Statement 2.2 presenting an e�ective version of
the universal construction that controls semantic layer (2.1). �
Exercise 7.3. Let Bi, i ∈ N, be a computable representative sequence
of semantic F-types under L ⊆ ACL. Show that there is a computable
permutation p of N such that we have uniformly e�ective

Bi ≡L F{p(i)}, for all i ∈ N. (7.3)

Conversely, availability of relation (7.3) with a computable permutation p(x)
ensures that Bi, i ∈ N, is a computable representative sequence of F -types
under L. Prove the same statement for sequences of E-types under any layer
K ⊆ ASL.

Hint. Use Theorem 7.2 together with de�nitions of indices for F -types and
E-types, cf. Section 6.

The following statement represents an e�ective version of Lemma 6.1.
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Theorem 7.4 [U]. Given semantic layers L and K such that L ⊆ ACL and

K ⊆ MSL. Let Fi, i ∈ N, be a computable F -representative sequence of F-

types under L and Ei, i ∈ N, a computable E-representative sequence of E-types
under the layer K. There is a computable permutation p : N → N together

with a computable function h(n, x) such that Fi ≡L∩K∩MQL Ep(i) for all n ∈ N;
moreover, the function λxh(n, x) represents an isomorphism for the pointed out

similarity relation.

Proof. Immediately, from Theorem 7.2(d,e). �

8 Two kinds of dense theories for first-order combinatorics

We introduce two key technical de�nitions.

Definition 8.A. Given a semantic layer E of model-theoretic properties (the
value ACL is meant for E by default, when it is not de�ned evidently in the
statement). A theory R of an enumerable signature σ, is called inf-dense under
the layer E if there is a computably enumerable set Σ ⊆ SL(σ), called a
framework for R, for which the following conditions are satis�ed:

(a) the theory R is complete and decidable,

(b) for any Φ ∈ SL(σ) satisfying R ⊢ Φ, there is a sentence Ψ ∈ SL(σ)
and a computable isomorphism µ having the following properties: R ⊢ ¬Ψ ,
Σ ⊢ Ψ → Φ, and =L([Σ ∪ {Ψ}]σ) ≡E =L(T u

c.a.) by means of µ; moreover, a
Godel's number of Ψ and a c.e. index of isomorphism µ are found e�ectively
from a Godel's number of the sentence Φ.

Definition 8.B. Given a semantic layer D of model-theoretic properties (the
value ASL is meant for D by default, when it is not de�ned evidently in the
statement). A theory P of a �nite signature σ, is called f -dense under the layer
D if the following conditions are satis�ed:

(a) the theory P is complete and decidable,

(b) for any Φ ∈ SL(σ) satisfying P ⊢ Φ, there is a sentence Ψ ∈ SL(σ)
and a computable isomorphism µ having the following properties: P ⊢ ¬Ψ ,
⊢ Ψ → Φ, and =L([Ψ ]σ) ≡D =L(GRE) by means of µ; moreover, a Godel's number
of sentence Ψ and c.e. index of isomorphism µ are found e�ectively from a
Godel's number of the sentence Φ.

The concepts of an f -dense and inf-dense theory we have introduced are
used in the subsequent as a source providing a collection of model theoretic
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properties assigned for special ultra�lters in the operation of direct product of
a sequence of semantic types.

Exercise 8.1. Given a rich computable sequence of semantic F-types together
with a complete theory P of a �nite signature. Show that theory P is f -dense
whenever semantic type (B, ν, ξ) =

⊗[P ]

n∈NBn =
⊗[P ]

n∈N
(
Bn, νn, ξn

)
is �nitely

axiomatizable.

Hint. Use De�nition 8.A together with description of the operation of direct
product of a computable sequence of semantic types. �
Exercise 8.2. Given a rich computable sequence of semantic E-types together
with a complete theory R of an enumerable signature. Show that theory R is
inf-dense whenever semantic type (B, ν, ξ) =

⊗[P ]

n∈NBn =
⊗[P ]

n∈N
(
Bn, νn, ξn

)
is

computably axiomatizable.

Hint. Use De�nition 8.B together with description of the operation of direct
product of a computable sequence of semantic types. �
Lemma 8.3 [U]. Let a theory P be f-dense under a semantic layer L. Then, P
is an inf-dense theory under any semantic layer K ⊆ MQL ∩ L.
Proof. This fact is a routine consequence of the two de�nitions. One can
check that the de�nition of an f-dense theory is obtained by way of strengthen
of some internal parts in the de�nition of an inf-dense theory. A �nite signature
is considered instead of an enumerable signature. A �nite (or even empty)
set of sentences is considered instead of a computable frame Σ. Apart from
that, we can apply the universal construction that provides the existence of
an equivalence =L(T u

c.a.) ≡MQL GRE [Θ] which is a similarity relation under the
semantic layer MQL, where GRE [Θ] is an appropriate �nitely axiomatizable
extension of the graph theory GRE. As a result, we obtain that the theory P
must be inf-dense under any semantic layer K ⊆ MQL ∩ L. �

9 Main transformations between the types and sequences

First, we consider a passage from types to sequences of types.

Lemma 9.1. If B is a week F-universal semantic F-type under a layer L, then
the sequence B[ν(n)], n ∈ N, is an F -rich sequence of F -types under L. The
same statement is valid for the case of E-types.
Proof. Immediately. �
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In the following statement, various schemes of transformations between
universal types and di�erent classes of rich computable sequences of semantic
types are collected.

Theorem 9.2. Transitions between di�erent types of sequences of types and

universal types are available in accordance with the scheme in Fig. 1.

Figure 1 � Passages between sequences of X-types, X ∈ {F , E}

A sketch of proof. By using standard methods of algorithm theory, [6]. For
instance, any uniformly X-universal sequence is X-rich that, while having an X-
rich sequence, by �nite gluing operation, we can transform it into a uniformly
X-universal sequence etc. Furthermore, having an X-universal semantic type
B = (B, ν, ξ), we can construct sequence of types B[ν(n)], n ∈ N, that is
obviously an X-rich sequence. As for the back passage marked with (∗), it is
both an important and an interesting problem how to construct a universal
type from a rich sequence of types.

Conclusion

It can be checked that if the semantic type of the product (5.3) is
�nitely axiomatizable and the corresponding sequence of types is rich (the
more uniformly universal or representative), then the special ultra�lter of
this product determines the f -dense theory; under the same conditions, if
the type is computably axiomatizable, then the special ultra�lter of this
product corresponds to the inf-dense theory. The inverse relationship also
holds. Namely, if the sequence is rich and the theory P in the product (5.3)
is f -dense or inf-dense, then this product de�nes a �nitely axiomatizable
or, respectively, computably axiomatizable type. The proof of these and a
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number of other statements requires complex techniques and a large number
of technical concepts.
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Ïåðåòÿòüêèí Ì.Ã. ÏÐÎÖÅÄÓÐÀ ÐÅÄÓÊÖÈÈ ÑÈÃÍÀÒÓÐ È ÓÍÈ-
ÂÅÐÑÀËÜÍÀß ÊÎÍÑÒÐÓÊÖÈß Â ÊÀ×ÅÑÒÂÅ ÌÅÒÎÄÎÂ ÏÐÅÎÁÐÀ-
ÇÎÂÀÍÈß Â ÊÎÌÁÈÍÀÒÎÐÍÎÌ ÏÎÄÕÎÄÅ ÏÅÐÂÎÃÎ ÏÎÐßÄÊÀ

Ðàáîòà ðàçâèâàåò ïðåäëîæåííûé ðàíåå êîìáèíàòîðíûé ïîäõîä ïåðâî-
ãî ïîðÿäêà, ïðåäñòàâëÿþùèé êîíöåïòóàëüíóþ îñíîâó äëÿ èññëåäîâàíèÿ
ñòðóêòóðû îáîáù¼ííûõ àëãåáð Òàðñêîãî-Ëèíäåíáàóìà èñ÷èñëåíèé ïðåäè-
êàòîâ êîíå÷íûõ áîãàòûõ ñèãíàòóð íàä ôèíèòàðíûì è èíôèíèòàðíûì ñå-
ìàíòè÷åñêèìè ñëîÿìè. Â íàñòîÿùåé ðàáîòå ïðèâåäåíû êëþ÷åâûå òåõíè÷å-
ñêèå ñïåöèôèêàöèè, îïðåäåëÿþùèå ñòàòóñ ïðîöåäóð ðåäóêöèè ñèãíàòóð è
óíèâåðñàëüíîé êîíñòðóêöèè êîíå÷íî àêñèîìàòèçèðóåìûõ òåîðèé â ðàìêàõ
êîìáèíàòîðíîãî ïîäõîäà ïåðâîãî ïîðÿäêà.

Êëþ÷åâûå ñëîâà. Ëîãèêà ïåðâîãî ïîðÿäêà, òåîðåòèêî-ìîäåëüíîå ñâîé-
ñòâî, àëãåáðà Òàðñêîãî-Ëèíäåíáàóìà, ñåìàíòè÷åñêèé òèï, ïðîöåäóðà ðå-
äóêöèè ñèãíàòóð, óíèâåðñàëüíàÿ êîíñòðóêöèÿ êîíå÷íî àêñèîìàòèçèðóå-
ìûõ òåîðèé.
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Ïåðåòÿòüêèí Ì.Ã. ÑÈÃÍÀÒÓÐÀËÀÐÄÛ ÐÅÄÓÊÖÈßËÀÓ Ð�ÑIÌI
ÌÅÍ �ÌÁÅÁÀÏ ��ÐÛËÛÌ ÁIÐIÍØI ÐÅÒÒI ÊÎÌÁÈÍÀÒÎÐËÛ�
Ò�ÑIËÄÅÃI Ò�ÐËÅÍÄIÐÓ �ÄIÑÒÅÐI ÐÅÒIÍÄÅ

Æ´ìûñ á´ðûí ´ñûíûë¡àí ôèíèòàðëû æºíå èíôèíèòàðëû ñåìàíòèêà-
ëû© ©àáàòòàð ³ñòiíäå à©ûðëû áàé ñèãíàòóðàëàð ïðåäèêàòòàðûíû­ åñåïòå-
óëåðiíi­ æàëïûëàí¡àí Òàðñêèé-Ëèíäåíáàóì àëãåáðàëàðûíû­ ©´ðûëûìûí
çåðòòåóãå àðíàë¡àí ò´æûðûìäàìàëû© íåãiçäi êåéiïòåéòií áiðiíøi ðåòòi
êîìáèíàòîðëû© òºñiëäi äàìûòàäû. À©ûðëû àêñèîìäàëàòûí òåîðèÿëàðäû­
áiðiíøi ðåòòi êîìáèíàòîðëû© òºñië øå­áåðiíäåãi ñèãíàòóðàëàðäû ðåäóê-
öèÿëàó ðºñiìäåðiíi­ æºíå ºìáåáàï ©´ðûëûìíû­ ìºðòåáåñií àíû©òàéòûí
íåãiçãi òåõíèêàëû© ñïåöèôèêàöèÿëàðû êåëòiðiëãåí.
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МАТЕМАТИЧЕСКАЯ ЖИЗНЬ

АЛЕКСАНДР АЛИПКАНОВИЧ ЖЕНСЫКБАЕВ
(к 70-летию со дня рождения)

21 августа нынешнего года ис-
полнилось бы 70 лет выдающему-
ся математику и крупному орга-
низатору науки Республики Ка-
захстан, действительному члену
НАН РК Александру Алипкано-
вичу Женсыкбаеву.

Александр Алипканович Жен-
сыкбаев родился 21 августа 1947
года в г. Бургас (Болгария) в се-
мье военнослужащего. В связи с
частыми переездами во время уче-
бы он сменил семь школ в Азер-
байджане, России, Украине. Тем

не менее, среднюю школу Александр Алипканович окончил с золотой ме-
далью.

В 1965 г. А.А. Женсыкбаев поступил в Днепропетровский государ-
ственный университет, который с отличием закончил в 1970 г. В том же го-
ду он поступил в аспирантуру ДГУ. Его научным руководителем по аспи-
рантуре был выдающийся советский математик Н.П. Корнейчук. Досроч-
но завершив работу над диссертацией (по специальности 01.01.01 – теория
функций и функциональный анализ), Александр Алипканович успешно
защитил ее в 1973 г. Основное содержание диссертации составили точные
оценки приближения классов непрерывных и дифференцируемых функ-
ций интерполяционными сплайнами минимального дефекта.

С 1973 г. А.А. Женсыкбаев – ассистент кафедры математического ана-
лиза ДГУ. В 1974 г. А.А. Женсыкбаев по приглашению академика АН
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КазССР О.А. Жаутыкова и тогдашнего ректора Казахского государствен-
ного университета им. С.М. Кирова академика АН Каз ССР У.А. Джолда-
сбекова переезжает в Алма-Ату и становится сначала старшим преподава-
телем, затем (через короткое время) доцентом кафедры математического
анализа Университета.

В апреле 1980 г. Александр Алипканович защищает докторскую дис-
сертацию на тему "Экстремальные свойства моносплайнов и наилучшие
квадратурные формулы" (специальность 01.01.01. – математический ана-
лиз) в Математическом институте им. В.А. Стеклова АН СССР. В дис-
сертации решена широко известная задача Колмогорова-Никольского о
наилучшей квадратурной формуле для классов Соболева. Методы, разра-
ботанные в диссертации для ее решения, нашли также важные примене-
ния при решении ряда других экстремальных задач теории интерполяции
функций, теории поперечников, теории квадратур и получили дальнейшее
развитие в работах многих математиков.

С 1981 г. по 2000 г. А.А. Женсыкбаев заведовал кафедрой матема-
тического анализа КазНУ им. аль-Фараби (до 1992г. – КазГУ им. С.М.
Кирова). В 1982 г. ему присвоено ученое звание профессора.

С 1994 г. по 1997 г. Александр Алипканович работал заместителем по
науке начальника Алматинского Высшего технического училища, где, в
частности, организовал адъюнктуру для подготовки специалистов высшей
квалификации.

С 1998 г. по 2000 г. Александр Алипканович – председатель ВАК РК.
С 2000 г. по 2006 г. А.А. Женсыкбаев – директор Института матема-

тики НАН РК.
С 1983 г. по 1992 г. А.А. Женсыкбаев был членом специализированно-

го совета по защите докторских диссертаций при Институте Математики
СО АН СССР (г. Новосибирск). Он также был экспертом INTAS (Brussels,
1994 г., Алматы 1996 г.) и научным руководителем международной про-
граммы INTAS, объединявшей ученых Германии, Испании, Казахстана,
России, Франции.

Александр Алипканович был одним из основателей и первым глав-
ным редактором "Математического журнала", издаваемого Институтом
математики (ныне Институтом математики и математического моделиро-
вания), членом редколлегии международного журнала "East Journal on
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Approximation", издававшегося в Болгарии (с момента его основания), чле-
ном Американского математического общества.

А.А. Женсыкбаев – признанный в мире специалист в области теории
функций и приближений, основатель школы по теории приближений и
сплайнов в Казахстане. Под его руководством защищено 10 кандидатских
диссертаций.

Александр Алипханович внес принципиальный вклад в теорию при-
ближений и теорию оптимального восстановления операторов.

В научном творчестве Александра Алипкановича можно выделить
(несколько условно) три периода.

Первый период (1970-1973 г.г.) посвящен, как уже было отмечено вы-
ше, экстремальным задачам приближения классов гладких функций ин-
терполяционными сплайнами получил свое логическое завершение в его
кандидатской диссертации, хотя Александр Алипканович и позднее об-
ращался к этой проблематике. В частности, в 1979 г. он получил тонкий
отрицательный результат: оператор сплайн-интерполяции не является экс-
тремальным в смысле линейного поперечника классов гладких периодиче-
ских функций одной переменной (Женсыкбаев А.А. Сплайн-интерполяция
и наилучшее приближение тригонометрическими многочленами // Матем.
заметки. – 1979. – Т. 26, № 3. – С. 355-366).

Второй период (1974-1990 г.г.) – экстремальные задачи теории квад-
ратур. Кульминация этого периода – уже отмеченная докторская диссер-
тация Александра Алипкановича. Но и позднее Александр Алипканович
получает ряд выдающихся результатов в этом направлении: в частности,
им решены известные задачи о нулях моносплайнов произвольной кратно-
сти и о наилучших гауссовых квадратурных формулах для слабых чебы-
шевских систем. Итоги этого этапа были подведены Александром Алипка-
новичем в его монографии "Сплайны в теории восстановления", которая
была написана по заказу Всесоюзного издательства "Наука" (г. Москва),
прошла полное рецензирование и корректуру, была включена в темплан
издательства на 1992 г., однако, так и не была опубликована в связи с
распадом Советского Союза. Позднее Александр Алипканович опублико-
вал ее в переработанном и дополненном виде в издательстве КазГосИНТИ
(Алматы) в 2001 г.

В третий период (1991-2009 г.г.) научные интересы Александра Алипка-

Математический журнал. — 2017. — Т. 17, № 4



102 АЛЕКСАНДР АЛИПКАНОВИЧ ЖЕНСЫКБАЕВ

новича, в основном, переключаются на многомерную теорию приближений
и родственные задачи оптимального восстановления операторов. Здесь им
также был получен ряд важных результатов: в частности, были разрабо-
таны новые оптимальные методы восстановления операторов на классах
функций многих переменных, новые многомерные аппараты интерполя-
ции и сглаживания – информационно-ядерные сплайны. Результаты этого
периода частично отражены в упоминавшейся монографии 2001 г. и до-
статочно полно освещены в монографии "Проблемы восстановления опе-
раторов" (Москва-Ижевск: РХД. – 2003 г.).

А.А. Женсыкбаев имеет свыше 90 научных публикаций, а также
3 монографии и 2 учебных пособия, изданные в Казахстане и Рос-
сии. Основные научные статьи Александра Алипкановича опубликова-
ны в ведущих советских (позднее российских) и международных мате-
матических журналах: "Доклады АН СССР", "Доклады РАН", "Успе-
хи математических наук", "Известия АН СССР, серия математическая",
"Analysis Mathematica", "Journal of Approximation Theory", "East Journal
on Approximations" и др. Он выступал с научными докладами на матема-
тических конгрессах (Варшава, Цюрих) и многих международных конфе-
ренциях (Казахстан, Россия, США, Франция, Испания, Югославия, Поль-
ша, Венгрия, Болгария, Индия и др.).

Большое место в жизни А.А. Женсыкбаева занимала преподаватель-
ская деятельность: с 1974 по 2000 г.г. Александр Алипканович читал лек-
ции в КазНУ им. Аль-Фараби (все основные курсы анализа, множество
специальных курсов), во второй половине 90-х – начале 2000-х – в КазН-
ПУ им. Абая (по совместительству математический анализ, спецкурсы), с
2000 по 2009 г.г. он читал лекции в КИМЭП (по совместительству). А.А.
был прекрасным лектором, умел увлечь студентов, щедро делился своими
идеями и замыслами с учениками и сотрудниками. Кроме того, Александр
Алипканович в разные годы по приглашению читал лекции в университе-
тах и научных центрах США, Франции, Испании, Польши, Пакистана.

Научные достижения, педагогическая и научно-организационная дея-
тельность А.А. Женсыкбаева получили высокую оценку. Александр Алип-
канович был избран члены-корреспондентом НАН РК в 1995 г., а в 2003 г.
стал ее действительным членом. В 1999 г. он был избран действительным
членом МАН ВШ. Александр Алипканович – лауреат Премии ВЛКСМ
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в области науки и техники (СССР, 1978 г.), кавалер ордена "Знак Поче-
та" (СССР, 1984 г.), лауреат международной премии им. Хорезми (ИР
Иран, 1999 г.). В 2000 г. Александр Алипканович был избран почетным
членом Американской Ассоциации научных советников. В 2001 г. его на-
градили юбилейной медалью, посвященной 10-летию независимости Рес-
публики Казахстан.

А.А. Женсыкбаев ушел из жизни 4 сентября 2009 года.
Светлая память об Александре Алипкановиче Женсыкбаеве будет все-

гда с нами – его друзьями, коллегами, учениками.
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àêòóàëüíîñòü, íîâèçíó ïîëó÷åííûõ àâòîðîì ðåçóëüòàòîâ.

Ñòàòüè æóðíàëà ðàçìåùàþòñÿ â ñâîáîäíîì äîñòóïå íà ñàéòå
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