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OB OITHOM ITOJIXO/AE K PEITEHNIO HEJTOKAJILHOM
3AJAYM JJISI CUCTEMBI TN®PEPEHIINAJIBHBIX
VPABHEHUII TUIIA AJIJIEPA

A.T. ACAHOBA

AHHOTaUMsA. PaccmaTpuBaeTcss HenokanbHas 3afada  Ans CUCTEMbl  Harpy>KeH-
HbiX AudbepeHUnanbHbiX YPaBHEHNI B 4HaCTHbIX MPON3BOAHBIX TPETHEro MNOPsiAKa
tnna Annepa. [na pewenns ykasaHHOW 3ajayqm npennaraetcst HOBbI NOAXOA,
OCHOBaHHbI/i Ha BBEAEHUN HOBbIX HENU3BECTHbIX (DYHKUMA B BUAE WHTErpasibHOro
cooTHowenmsi. Vlccneposan BOMpoC CyuiecTBOBAHMSI €4UHCTBEHHOrO KJIACCU4ECKOrO
PELLEeHNst HEeNOKaIbHOM 3a4a4u U MPEAJsIOKEHbI CNOCObbI NOCTPOeHUs ee npubankeH-
HbIX pelleHunid. YCTaHOBNeHbl AO0CTAaTOYHble YC/NIOBUSI OAHO3HAYHOW pa3peLinmocTu
HENIOKaNbHOI 3a4a4mM ANt CUCTEMbI HArpy>KeHHbIX AuddepeHLnanbHbix yPaBHEHNA B
4aCTHBIX MPON3BOAHBIX TPETHErO NOPsiAKa Tuna Asniepa B TEPMUHAX NCXOAHBIX JAHHBIX.

KntoyeBble cfioBa. VYpaeHenue Tuna Annepa, cuctema HarpyxeHHbix anddepeHrym-
ANbHbIX YPAaBHEHNIA B YACTHbIX MPON3BOAHbBIX TPETbErO NOPAAKA, HENOKANbHASA 3a4a4a,
pa3peLnmocTb, aJiropuTMm.

1 BBEJEHUE, TOCTAHOBKA 3AJAYN

B o6nactu Q = [0,7T] x [0,w] paccmarpuBaercsi HeJIOKAIbHAS 33298 JIIs
cucrembl audepeHInaIbHbIX YPABHEHUN B YaCTHBIX MIPOU3BOJHBIX TPETHEr0
mopsigKa Tuma Ajtepa

b
9u 0%u ou 0
ErorTie A(t,x)w + B(t,x)% + o /u(tw)dm +C(t,x)u+ f(t,z), (1)
u(0,z) = p(x),  xe€l0,w], (2)
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6 A.T. ACAHOBA

I e
+a4(t)w _ +as(ult,0) +as(u(t.w) = di(t), te[0.T], (3)

51(75)822(;2’93)‘3:0+52(t)82g(;@ xw+ﬁ3(t)aug;$) 0
+ﬂ4(t)87§;x) z:w+ﬁ5(t)u(t,0) + Bs(t)u(t,w) = do(t), te[0,T], (4)

rie u(t, z) = col(uy(t,x), ua(t, z), ..., un(t, ©)) — Hen3BecrHas byHKMs, (NXN)-
marpunst A(t, ), B(t,z), C(t,x) u n-Bekrop-byuxnusa f (¢, x) HENpEPHIBHBI HA
2,0 <a<b<w, n-ekrop-bynknus ©() ABaxK/bl HeNPepbIBHO nauddepen-
mupyema Ha [0, w], (n X n)-marpuns a;(t), Bi(t), j = 1,6, u n-BexTop-byHKIIEH
dj(t), j = 1,2, neupepbisro auddepenuupyemst ua [0, T].

Qyuxuus u(t, x) € C(Q, R"), nMerolas yacTHble TPOU3BOHbIE Oult, z) €
du(t, x) Oul(t, ) 82u(t, z)
c(Q,R"), ot e C(Q,R"), 57 € C(Q,R"), EpeT € C(Q,R"),
Pult,r)

ST € C(Q, R"), nazwpiBaercs Kjaaccuaeckum pemennem 3agaqau (1)—(4),
x

eciu OHa YJIOBJIETBODSIET CHCTeMe HArpyKeHHbIX ypasHenuii (1) g Bcex
(t,x) € Q, kpaeBomy ycaoBuio (2) ays Beex € [0,w] n HEJOKATBHBIM yCJI0-
BuaM (3), (4) ans Beex t € [0, 7.

Maremarnyeckoe MOJEIUPOBAHUE JIBUXKEHUST BIAM B 1104Be, (DU3UYECKHUX
[POIECCOB XUMMUK, OGHOJIOTUH ¥ JIP. TIPUBOAUT K WCCAELOBAHUIO HEJOKATBHBIX
3aJ[a4 sl CHCTeM HArpyKeHHBIX jinddepeHnnansbHbIX ypaBHEeHUH B 9aCTHBIX
npoussogubix Tuna Asuiepa [1]-[15]. Sagaua I'ypca n Hekoropsle THIBI HeJIO-
KAJIbHBIX 337149 /IS YaCTHBIX CJIyYaeB ypaBHeHUs THa AJuiepa, B OCHOBHOM,
HCC/IEJI0BAJIICH C TIOMOIIBI0 MeToja Pumana, riae or koadduimentos ypasue-
Hus TpeboBaIach HermpepbiBHas b dEepeHIIPYEMOCTh 110 OJHO WJIH JBYM IIe-
pemennbiM [6], [8]-[12], [14]-[15]. Tak:ke ucnoab30BaJIUCH METO/IBI KAYECTBEH-
HOIt Teopun b depeHaIbHbIX yPABHEHU U MaTeMaTHIecKoii (pu3uKu, npu
KOTOPBIX yUUTHIBAJIUCH Pa3/ndHble husndeckue coiicrsa u 3akoust [1]-[5], [7],
[13].

B nacrosiueiit pabore nccse/lyioTcs BOIpOCh! CyIIECTBOBAHUS K/IACCUIECKO-
IO eIeHnst HEeJIOKAIBHON 3a/1aun JJIst CHCTEeMbI Harpy KeHHBIX janddepeHin-

MATEMATUYECKHUI KYPHAJ. — 2018, — T. 18, Ne 2
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AJIBHBIX ypaBHeHI/Iﬁ B 9aCTHBIX ITPOU3BOJHBIX TPETHET O MOPAJIKa TUIIQ Aﬂﬂepa
(1)-(4) u cmocobul mocTpoenust ee HMpuOIMKeHHOTO pemtenus. [Ipegraraercs
HOBBIH II0/IX0/, JJ1d PELIeHUd YKa3aHHOM 33/4a4u, OCHOBAHHbIA HA BBEJEHUU HO-
BBIX Hem3BeCTHBIX (yHKIuii [16| uepe3 wHTErpabHOE COOTHOIIECHNE, CBA3BIBA-
olIee UCXOAHYI0 1 HOBble byHKIMU. B KagecTBe BCrioMorare/ibHOM 3a/1a49u pac-
CMOTpPEHA HEJIOKAJIbHAS 33/a4a JIJId CUCTEMbl HAI'PY2KEHHBIX TUIIePO0/InIeCKuX
ypaBHeHUI BTOPOro HOPA/IKa, yCTAHOBJIEHbL YCJIOBUA €€ OJHO3HAYHON paspeliu-
MocTu. TIpeamoken aaropuT™ HAXOXKIEHUsT TTPUOINKEHHOTO PENTeHnsT NCCe-
IyeMoii 3a/1aUn U JOKa3aHa ero CXOANMOCTh. [lo/ydens! JocTaTovHbIe YCIOBUS
CyIIIECTBOBAHUA W €IMHCTBEHHOCTHU KJIACCHIECKOrO PEIIeHns HEeJOKAJIbLHON 3a-
Jlavun Jijisi CUCTEMbl HArPYKEeHHBIX TuddepeHInaIbHbIX YPABHEHUI B 9aCTHBIX
IITPOU3BOJHBIX TPETHErO MOPAIKa THUIIA Aﬂﬂepa B T€pMUWHAX NCXOJHBIX JaHHBIX.
Pesynbrarsl JauHOl pabGoThl OBLIN YaCTUIHO aHOHCHPOBAHLI B [17].

2 CBE,ZLEHI/IE K SKBUBAJIEHTHON SAJAYE C ITAPAMETPOM

[Iycrs A(t) = u(t,0) u BBegEeM HOBYyIO HemsBecTHyI0 dbyHkuuio u(t,z). B
sagaue (1)-(4) ocymecrsum 3ameny dbyuknuu u(t, ) caemyomum 06pa3om:

xT

u(t, ) = A(t) + / at,e)de,  (t,x) € Q.

0

Torna 3amaga (1)—(4) mepexoauT K 9KBUBAJEHTHOI 3a/1a4e

20 U
gx(‘)t —A(t,x)gm—i-B t u+// (t,€)dédz+
/ (£, €)dE + (b — a)A(t) + C(t, A + f(£,), (5)
0
u(0,z) = p(x), x € [0,w], (6)
al(t)(%gﬁ w:0+a2(t)(%g3;x) x:w+a3(t)ﬂ(t,0) + ag(t)u(t,w)+

Fag(t) / AL O)dE + [as(t) + ag(INE) = du(t),  te[0,T],  (7)
0

MATEMATUYECKUNA KYPHAJI. — 2018. — T. 18, Ne 2



8 A.T. ACAHOBA

ou(t,x)
oz
o / At E)dE+ [B5(t) + Bo(®IND) = do(),  t€[0.T],  (8)

0

0T wt.0) + At )+

Bi(t)

\O) = 0(0). )
3;[er Y49T€HbI COOTHOIIIECHMA
wt0) =20, utw) =30+ [atods P a0,
0

O*u(t,z)  du(t,z) Pu(t,z)  d*u(t,z)
07~ 0w oator  owat @ (TEY

U yCJIOBHe coracoBanus JaHHBIX B Touke (0,0).
Pemennem 3amaun (5)—(9) masweiBaercs mapa dbyukuuii (u(t, z), A(t)), rue

t
dbynkumsa u(t, x) € C(£2, R) umeer 4acTHbIE TPOU3BO/HbBIE u@xw e C(Q,R"),
ou(t,x) o O%u(t, x) " .

mmeer nponssoguyio A(t) € C([0,T], R") : i ylOBIETBOPSIET CHCTEME HATDY-
JKEHHBIX runepbosimdeckux ypasHenuii (5) st Beex (t,x) € 0 n yciaoBusim
(6)—(9). ®ynkuusg u(t, x) onpenensercsa depes byHkuio u(t, ) U3 UHTErpaib-
HOI'O COOTHOIIEHNA

T

u(t,z) = A(t) + / ut,e)de,  (tz) € Q. (10)

0

Bamaun (1)—(4) u (5)—(9) sxeusasentusl. Ecau dyukung uw*(t, z) asagercs

KJjlaccuaeckuM perennem 3agaan (1)—(4), ro napa dyukunit (u*(t,z), \*(t)),

_ ou* (t,
rie u(t,x) = du(t, z) g Beex (t,x) € Q, A(t) = uw*(¢,0) maa Beex
t € [0,T], 6yner pemenuem zagaqau (5)—(9). 1 naobopor, ecin napa ¢yHkuii

(u**(t,x), \**(t)) sBstercst pemenunem 3agaqan (5)—(9), To dbynkumsa u** (¢, x),

MATEMATUYECKHUI KYPHAJ. — 2018, — T. 18, Ne 2
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ompegesideMad MHTEerPaJIbHBIM COOTHOIMIEHNEM

x

w(t, ) = AN(t) + /ﬂ**(t,g)dﬁ, (t,x) € Q,

0

Oyzer kiaccuueckuM pernenuneM 3aaa4au (1)—(4).

IIpu dbukcuposannom A(t) 3ama4a (5)—(7) gBigercsa HeJIOKAJBHOMN 3a1adeil
JUTS CUCTEMbI HAI'DYKEHHBIX TUIePOOJMYeCKUX YPaBHEHUI BTOPOrO MOPAIKA.
Henokansroe coorHomnienwe (8) Bmecte ¢ yciosreM (9) MO3BOJISAIOT OMPEEINTh
Hen3BeCcTHBIH mapamerp A(t).

Takum o6pazom, 3amaqy (5)—(9) MOXKHO TpaKTOBATH, KaK 3aJa9y yIPaB-
JIEHUS JIJIsl CUCTEMbI HATDYZKEHHBIX TUIEPOOINIeCKUX YPABHEHUH C YIPABJIs-
fomuM mapaMerpom A(t) mam o6paTHyIO 3aJa4y I CUCTEMBl HAIPYKEHHBIX
runepboIMIecKuX ypaBHeHuil ¢ Hen3ecTHOi dbyukrmeit A(t) [17].

3 HEJOKAJIBHASA 3AJIAYA JIJISI CUCTEMBI HATPY KEHHBIX THUIIEPBO-
JINYECKNX YPABHEHUIT BTOPOTO TTOPAIKA

Taxum o6pazom, ncxoanas 3aja4a (1)—(4) peaynmposana K 9KBUBAJIEHTHO
zazade (5)-(9), cocrosrmeil U3 HEJTOKATBLHOM 3aa<H IS CHCTEMBl HATDYZKEeH-
HBIX TUIEPOOIMYECKUX YPABHEHUIT BTOPOIO HOPsi/IKa ¢ HapaMeTpom u byHKIU-
OHAJILHBIX COOTHOIIEHWI OTHOCUTEBHO HmapamMeTrpa. B JanHoM pasjene OymayT
MPUBEJIEHBI YCIOBUS PA3PEITUMOCTH HEJIOKAIBHOM 3a/1a4u JJIsT CHCTEMBI HATDY-
JKEHHBIX TUTIEPOOINIECKUX YPABHEHUI BTOPOTO TOPSIKA B TepMuHax Ko du-
IIMEHTOB CHCTeMBI (5) M IPAaHUYIHBIX MaTpHIl ycaoBus (7).

Paccmorpum 3amaay

b x T
2 i
S = Aty g+ B )i [ [t gacdrrotes) [aoderpies)
a 0 0 (11)
u(0,z) = ¢(x), x € [0,w], (12)
al(t)w x:0+a2(t)au((£:x _ Fas(Ou(t,0) + aa(D(t,w)+
tas(t) / At E)de = D), te0,T), (13)
0

MATEMATUYECKUNA KYPHAJI. — 2018. — T. 18, Ne 2



10 A.T. ACAHOBA

e F(t,x) € C(Q,R"), D(t) € C1([0,T], R™).

[Iycrs p(t) = u(t,0) u B 3amage (11)—(13) ocymecrsum 3ameny u(t, ) cie-
aytonm obpazom: u(t, z) = u(t,z) + u(t) ana seex (t,z) € Q. Torga 3agaqa
(11)—(13) mepexoauT K CJepyIONIell SKBUBAIEHTHON 3aj1a9e:

b x x

0*u ou 0 N N

v A(t,az)% + B(t,x)u + n //u(t,&)d&da: +C(t,z) /u(t,&)d&l—
a 0 0

45 (b~ aPe) + [B(t, ) + C(t, w)lu(t) + F(1,), (14)
a(t,0) =0,  te0,T], (15)
u(0,2) = () —p(0),  x€[0,w], (16)
0P| baa) D] it +astt) [t s+
0
+los(t) + au(t) + as()wlp(t) = D(1), € [0,T]. (17)

C yuerom ycaosus (12) u cornacoanus ganubix B Touke (0,0) mosydnm

Pemennem 3zagaun (14)—(17) naswiBaercs unapa dbyuxuumit (u(t, x), u(t)),
ou

rae dyskuns u(t,z) € C(Q, R™) mMeer dacTHBIE TPOU3BOJIHBIE

- 2~
o, k), P01 o g pry, TEET) oo B, gy u(t) €
C([0,T], R™) nmeer mpou3BOHYIO ,[1,(15:37 € C([0,T],R") : u ynoBneTBopseT Cu-
creMe Harpy»KeHHbIx ypasHennii (14) nist Beex (t, z) € €2, yciaoBusiv Ha Xapak-
repuctukax (15), (16) u meroxanbuomy ycmosuio (17).

Bagaun (11)—(13) u (14)—(17) skeusanentasl. Ecau dbynkuns u*(t, )
SABJIsIeTCS  KjaccumaeckuM pernenreM 3agadn (11)—(13), To mapa dynkmit
(W (t,x), p*(t)), cme  u*(t,z) = u*(t,x) — a*(t,0) ana seex (t,x) € €,
p(t) = u*(t,0) ana seex t € [0,T], 6Gyger pemenuem 3amaun (14)—(17). U
Haobopor, ecsin napa Gyukuunii (W (¢, x), p**(t)) saBiasercs peuenuem 3ajaqu
(14)—(17), To dbyukums u**(t, x), onpemesnsieMmasi PaBEHCTBOM
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u(t @) = u(tw) + ()

nuist Beex (t,x) € €2, Gyaer kiaaccudecknm permennem 3ajaqn (14)—(17).

ITpu dbuxcuposanuom p(t) 3amaqa (14)-(16) asnsierca 3amaqeit I'ypca s
CHCTeMBI HArPyzKeHHDBIX TUIepOOIHnIecKuX ypasHeHuit. Bonpocsr paspermmmo-
cru 3aga4u ['ypea juts HarpyKeHHOro runepboIMyeckoro ypaBHeHusi Broporo
HopsiJika uccyeioBansl B padorax [8], [12], [15]. [Ipu npeamoioxkenusix 0THOCH-
TeJIHHO JAHHBIX 33/1a9N U YUINTHIBast HHTEIPAJIBHOE TIPEICTABICHIE HATDY7KEeH-
HBIX craraeMbix B cucreme (11), 3amaua T'ypca jis cuCTEMbl HArPYKEHHBIX
runepbosmdeckux ypapHernii (14)-(16): mveer eZMHCTBEHHOE KJIACCHIECKOE
perierne 1pu dbukcuposanuom fi(t) [18].

Myers 3(t,2) = 290 gy = PA0 2

9KBUBAJICHTHa CHUCTEME TPpEeX MHTETrPaJIbHBIX ypaBHeHI/Iﬁi

. Bamaga 'ypca (14)-(16) 6ymer

xT

alt.o) = [ {05 + Bt o)t ¢) e+

0

T

b & £
0 1 9.
at/O/ t£1d£1d§+/0tfo/ (1, 60)d6d + (b — a)i(t) +

x

+/w@@+0@g Jdep(t) /th@, (19)

0

v(t,x) = $(x) + o(r,z) + B(r, x)u(r, )}dT—i—

o\“

x

b =z b t
—l—a/o/ﬂ(t,f)d&dx—/go(x)da:—i—o/C( / u(r, &)dédr+

a

t t
+@ +/ ) + C(r, ) m+/F z)dr,  (20)
0 0

MATEMATUYECKUNA KYPHAJI. — 2018. — T. 18, Ne 2



12 A.T. ACAHOBA

T

it o) = 9la) — p0) + [ [ {4 3,0) + B(r€)a(r, &) Jarde
0 0

—i—xa/bjﬂt (t, &1 dgldf—x/go(é)%—i—o/xo/(?ﬁf j (1,&1)d& 1 drdé+
x ¢ x

+// (1,€) + O(1, )¢ de§+O/O/FT£de§

0 0

+

[Tponuddepentmposas coorromenne (17) 1o ¢ u mMOACTAB/SIA TPABYIO YaCTh
%u(t,x)

cucremsr (14) ByMecrTo “5 2= npn x = 0 n & = w, ¢ yyerom ycuosuit (15), (16),
HOJTY IIM

Q1(t)i(t) = —E1(t)u(t) — G1(t,u,v,w) + Hi(t, F, D), te[0,T], (22)

+ as(t) + aq(t) + ap(t)w,

Ei(t) = ai1(t)B(t,0) + ao(t)[B(t,w) + C(t,w)w] + d3(t) + du(t) + de(t)w,

G1(t,u,0, ) = [aa(t)B(t,w) + du(t)]a(t,w)+

Hi(t,F,D) = D(t) — a1 (t)F(t,0) — as(t)F(t,w).

Kak 610 ormeueno Bwiie, dynkums (i(t) ya0BIeTBOPSET HAYAJIBHOMY
ycaosuio (18).
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Cucrema ypasnennii (22) Bmecre ¢ ycnosuem (18) siBnsercs 3amaqeit Komm
JJIsl CHCTeMBI OOBIKHOBEHHBIX /i DepeHIalbHbIX YPABHEHHH IEPBOTO MOPS/T-
Ka oTHOCUTEbHO byHKInu [(t).

IIpu bUKCUPOBAHHBIX U, U, W ¥ CIPABEJINBOCTH BBIIIEIIPUBE/ICHHBIX TIPE/I-
LIOJIOXKEHUTT OTHOCHTEJIBHO UCXOJHBIX JIAHHBIX, & TakxKe obparumoctu (n X n)-
marpuipl Q1 (t) mia seex ¢ € [0, 7] 3anaga Komn (22), (18) umeer eauacTBEH-
HO€ DelleHHe.

CrpaBeyInBO yTBEP K IEHUE.

TEOPEMA 1. IlycTh

i) (n x n)-marpunsr A(t,z), B(t,x), C(t,z) u n-sekrop-pyukuus F(t,x)
renpepbiBabl Ha ) 10 < a < b < w;

ii) n-BekTop-hyHKIUA P(T) ABAKIBI HEIPEPHIBHO JMubdepenupyeMa Ha
[0,w], (n x n)-marpunsr o;(t), i = 1,6, i # 5, u n-sekrop-pyukums D(t)
HenpepbIBHO jugdepennupyemsr Ha [0, T;

iii) (n x n)-varpmma Q1 (t) = a1 () + a2 ()] U5 + as(t) + aa(t) + as(t)w

obparuma s Beex t € [0,T).

Torga HeIOKaabHAS 3a/4a9a JJIsT CACTEMbI HATPYKEHHBIX THIIEPOOINIECKHUX
ypaBuennii (11)—(13) umeer exurcTBeHHOE Kaccmueckoe perrnenne u*(t,x) €
C(Q, R") u cupaBejnBa OleHKa

H&ﬁ*(t, x) ‘

e |75 ) <

z€[0,w]

max( max_||u*(t,z)||, max
z€[0,w] z€[0,w]

) .
< Kmax((t% (), mas (6], max ID@),

rae K — nocrostHHAsT, KOTOPasT BEITHCASIETCST C TIOMOIIBIO KOI(D(DHIHEHTOR CH-
cremsr (11), rpanmunbix marput yeaouast (13) u uncen T, w, a,b.

JlokazaTeaIbCTBO TEOPEMBI aHAJOTUYHO CXeMe JI0KA3aTe/ThCTBA TeOPEMBI 2
u3 [18].
4 AITOPUTM HAXOK/IEHUSA PEIIEHUSA 3A1AYM (5)—(9)

IMponuddepentupyem coorromenue (8) mo ¢ u MOJACTABUB MPAaBYIO 9aCTh

0%u(t, )
cucrembr (5) BMECTO ~Hepr M= 0 n x =w, noxyanm
‘ _ Ou Ou
QQ(t)A(t) = _EQ(t))‘(t) _G2 <t7 u, 87557 E) +H2(t7 fa d2)7 te [07 T]7 (23)
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14 A.T. ACAHOBA

e Q2(t) = [Bi(t) + B2(t)](b — a) + B5(t) + Be(t),
By(t) = B1(t)C(t,0) + Ba(£)C (¢, w) + Bs(t) + Bo(t),

G (1,78, 92, 90) = (B (0)B(1,0) + Ba(0]i(1,0) + [82(1) Bt ) + a(D)ilh, )+
b x w
Iy [ [t edede + (5200 0) + (o) [ e, €)ds+

a 0 0

T B nAG©) + ) )

+[B1(t) + Ba(t)

%‘Q;

+H[B1(D)A(,0) + Bu(t)]

Tr=w

+0B3(t) dg,

du(t,0) au t W) [ ou(t,€)
g+ BT a(e) [ 2
0

Hg(t, f7 d2) - d2(t) - Bl(t)f(tv 0) - /82(t)f(t7w)'

Cucrema ypasrenwuii (23) Bmecre ¢ ycaosuem (9) siBisiercst 3aa4aeii Ko
JIJTs CHCTEMBI OOBIKHOBEHHBIX A epeHuaabHbIX yPaBHEHHIl I€PBOr0 OPSIi-
Ka oTHOCUTEIbHO dyHKuu A(t).

~ ou(t,z) Jdul(t,x
Ecim usBectna dynkims u(t, x) n ee IpoON3BOIHbIE ( ), (8t ), TO
x
u3 3agaun Komm (23), (9) naxogum dbyukuuio A(t) pis Beex t € [0,T]. Ecan
usBecTHa yHKIMA (1), TO U3 HEJOKAIBHOI 337241 JJisi CHCTEMBI HATPY XKeH-
HbIX runiepbosinueckux ypasuenuii (5)—(8) naxopum dbyukuuro u(t, x) s Beex
(t,z) € Q.

Ecmm ussecrunr dbynxmum u(t, z), A\(t), To 13 HHTErpaJbHOrO COOTHOIIEHUST

(10) onpenensiem ucxouyio HeuspecTHyto dynkuumio u(t,x).

Tak KaK HEM3BECTHLIMU ABJSIOTCA Kak (pyHknus u(t,z), Tak n QyHKIus
A(t), mpuMeHseTcss UTepaloOHHbI MeTosl U pemenue 3a1adu (5)—(8) — mapa
byuxunit (0*(t, z), \*(t)) onpenensiercs, Kak mpejest mocae10BaATeIbHOCTH Hap
dbynxmmit (a® (t, z), \F)(t, £)) no crexyromenmy amropurvy.

I-mar. Ucnonssyem snavenwe dbyuxmun u(t,z) npm t = 0. Tlomaras
- - ; ou(t, x) o0 (t, z) . ou(t, x)
= (0) = ) = ’ = ! =
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0O (t, x)
ot

u pemast 3a1aay Komm (23), (9), maxomum nepsoe npubmmzkenne A\ (t) s

Beex t € [0,7). I3 HemoKaIbHON 3a/aun JIJIg CUCTEMbl HATDYKEHHBIX THUIED-

6omaeckux ypasrennit (5)—(7) mpu A(t) = A (¢), A(t) = AV (t) onpenensiem

aM(t, ) mms Beex (t,x) € Q.

= 0 B mpaBoii yacTu cucreMbl gudepeHnuaabHbIX ypasHenuii (23),

2-mar. Ilonaras u(t,z) = uM(t,z), dult,z) _ ou (t x), dult, z) =

Ox Ox ot

ou M (t, )

ot
u pemmas 3ajgaay Komn (23), (9), maxomzum sropoe nputmmkenne A2 (t) s
Beex t € [0,T]. V3 menokaabHOf 3a1a4m JyTs CHCTEMbI HAT DY KEHHBIX THITep-
6ommaeckux ypapmennit (5)—(7) mpu A(t) = A2 (t), A\(t) = A?(t) onpemensenm
@ (t,z) pus Beex (t,x) € Q.

U rax nanee mo (k — 1)-ro mara.

B npasoii yacrtu cucrembl puddepennuanbabix ypasaenuit (23),

ou(t,z) ouk=V(t,z) ou(t,x) B
ox Ox oot

B mpaBoii yactu cucreMbl MuddepeHuaabHbIX ypaBHenuii (23)

k-mrar. Tonaras U(t, z) = u* =D (t, ),

outk=1 (¢, x)
ot

u perras 3agaqy Komm (23), (9), Haxonum k-oe npubiukenne AE) (1) st Beex

t € [0,T]. Uz menokanbHOi 3a/a4u Jjist CUCTEMbI HAIPYKEHHbBIX IHIepOO.In-

wecknx ypasuennii (5)—(7) mpu A(t) = AF)(t), A(t) = AF)(t) onpenensiem

a®) (t,z) nma Beex (tx) € Q k=1,2,....

5 YCJI0BUSA PA3PEIINMOCTU 3AMAYN (1)—(4)
Takum 06pa3oM, UTEPaAUOHHBIN TPOIECC CTPOUTCH B CJIEAYIOIIUM BUJIE:

T

uO(t, 2) = o(z), u® (t,z) = AP (1) + / a® (¢, €)de, (24)
0

rje 1ocjaeaoBarTe/ibabie npubsvkenns QyHKmit {)\(k) (t)} oupenensrorcs us
zagaun Kot 11t cucTteMbl OOBIKHOBEHHBIX nuddepeHimaabHbIX YPaBHEHUN

(23), (0) mpm A(t.x) = a*D(t,), du(t,x) _ am’f*l)(t,x); ou(t,x) _

ox ox ot
ouk—1) (t,z)

T s Beex (¢, z) € Q, a nocaemosarenbubie npubanKenns GyHK-
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wnit {aF) (¢, )} onpesensiorcs 13 HeOKAILHOMN 3a4adi JLlsl CHCTEMbI HAIPY-
JKeHHBIX rumepGosmaeckux ypasrennit (5)—(7) mpu A(t) = A®)(1), A(t) =
AE) (&) pas seex t € [0,T), k=1,2,3, ... .

Crieyromiee yTBepKIeHIe JaeT YCAOBHs CXOIUMOCTH IIPEJJIOXKEHHOTO aJl-
rOpUTMA U OJHO3HAYHON paspemmmocTu 3aaa4un (1)—(4) B TepMUHAX MCXOIHBIX
JIAHHBIX.

TrEOPEMA 2. Ilycrs

i) (n x n)-marpunst A(t,z), B(t,z), C(t,x) u n-sekrop-pyuknusa f(t,x)
HerpepsiBHBI Ha Q) 10 < a < b < w;

ii) n-Bexrop-pynknusa @(x) ABa KBl HENMPEPHIBHO audbpepennupyema Ha
[0,w], (n x n)-marpunst o;(t), 5i(t), i = 1,6, u n-Bekrop-pyuxmnun dy(t), da(t)
renpepbiBHO guchgpepennmupyemor va [0, T);

iii) (n x n)-marpuua Q1 (t) = [on(t) + o ()] 52 + as(t) + au(t) + as(t)w
obparuma, s Beex t € [0, T);

iv) (n x n)-marpuna Q2(t) = [B1(t) + B2(t)](b—a) + B5(t) + Bs(t) obparuma
st Beex t € [0, T).

Torna HenoKaIbHAS 334844 /I CHCTEMBI HATDYKEHHBIX JH(pdepeHnain-
HbBIX ypaBHeHI/H?'I B YaCTHBIX IIPDOU3BOJHBIX TPETHEro IIOPAJKa THIIA AJIJIepa
(1)—(4) mmeer enunCcTBeHHOE KJIaccuieckoe pemenne u*(t,z) € C(Q,R"),
KOTOPOMY CXOAMTCS TOCJA€J0BATENLHOCTH (DYHKI[HIH {u(k) (t,z)}, k = 1,2,...,
onpejesisieMast HTePAIHOHHBIM IIPOoIeccoM (24), rie mocsenoBaTebHbIe IPU-
Gummxenns {\F) (1)} u {u®) (¢, 2)} maxonsres us samaan ¢ napaverpon (5)—(8)
¢ IIOMOIIBI0 HOCTPOEHHOTO BBIIIE aJITOPUTMA.

HokazarenbcTBo Teopembl 2 MPOBOAMTCS Ha OCHOBE BBIMENTPUBEIEHHOTO
AJITOPATMA U PE3yJIbTATOB II0 HEJIOKAIbHOMN 3a/1a9e /I CUCTEMbI HArPyKEeHHbBIX
rutepOoIMIECKUX YPABHEHUIA.
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Acanosa A.T. AJIJTEP TEKTEC IN®OEPEHITNAIILK TEHIE-
VJIEP JKYIIECI YIIIH BEIJIOKAJI ECENTI HIENIYTE KATBHICTHL
BIP TOCLTT TYPAJIBI

Astep TekTec yrmiHMN perTi gepbec TYBIHIBLIBI KYKTeareH anddepeH-
MUAJIIBIK, TeHeyIep Kyiieci yImin Geitlokaa ecenm KapacThIphLIaabl. ATaaran
€CerrTi Ieryre apHaJFad, KaHa 0esrici3 MyHKIUIapabl THTErPAJIIBIK, KAThI-
HaC TYPiHJIe €HTi3yTe Heri3Je/reH *KaHa TOCLI YCHIHBLIAIbI. beitlokaa ecenTiy
JKAJIFBI3 KJIACCUKAJIBIK IerTiMinia 6ap 60/1ybl Moceeci 3epTTesie/li KoHe OHbIH
JKYBIK IIEMNMIEPiH TYPFBIZY KOJTAphl YCBIHBLIAABI. AJIiep TeKTec YITiHII
perti gepbec TYBIHABLIBI KyKTeared audepennuaiiblK TeHaeyaep kyiteci
yiriH 6efijiokast ecenTiy, GipMOH/II IeiIiM N HIH XKeTKITIKTI [maprTapsl 6a-
CTAINKBI OepiaiMaep TePpMUHIHIE TarafibIHIAIFaH.

Kirrrik ce3zmep. Annep TekTec TeH ey Iep, YIMHII peTTi gepbec Ty bIHIbLIbL
JKYKTereH auddepeHnnaiabK TeHaeyaep Kyiteci, 6eifokas ecerm, mermiim-
JUTK, aJITOPUTM.

Assanova A.T. ON ONE APPROACH TO THE SOLVING NONLOCAL
PROBLEM FOR A SYSTEM OF DIFFERENTIAL EQUATIONS OF
HALLAIRE TYPE

A nonlocal problem for the system of partial differential equations of third
order of Hallaire type. For solving this problem a new approach, based on
the introduction of new unknown functions in the form of integral relation, is
proposed. The question of the existence of a unique classical solution of the
nonlocal problem is investigated and methods for constructing its approximate
solutions are proposed. Sufficient conditions for the unique solvability of the
nonlocal problem for the system of the third order partial differential equations
of Hallaire type are established in the terms of the initial data.

Keywords. Equation of Hallaire type, system of loaded of third order partial
differential equations, nonlocal problem, solvability, algorithm.
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O CYIIIECTBOBAHUN m-ITAPAMETPUNYECKNUX
CYMMMPYEMBIX MHOTOOBPA3UI IJISI
PASHOCTHO-INMHAMNNYECKHNX CUCTEM

K.B. Banaes, I'K. Bacuinna, C.C. CJITAMYKAHOBA

AHHOTaLMA. [lokasbiBaeTca CywecTBOBaHMWE 21M-NapaMeTPUHECKMX CyMMUPYEMbIX
MHOroobpasuii Ansi pa3HOCTHO-ANHAMUNYECKNX CUCTEM.

KntoueBble cnoBa. PasHocTHO-gMHaMuyeckast cucrtema, Cymmupyembie MHoroobpa-
31ma.

1 BBEJEHUE

OCHOBHOIT 3aja4ueil KQ4eCTBEHHON TeOpUr JUHAMUYECKUX CUCTEM W/ Kac-
KaJI0B (B TOM 9YHC/I€ PA3HOCTHBIX JUHAMUYIECKIX CHCTEM) SIBJISETCA UX Pa3yM-
Has Kjaccudukaims. ITo mojoxkenne BrickasbiBaa C. CMmeits1 B cBoeit pabore
[1]. Oxro Bpemsi KazasioCh, YTO OTHONIEHWEM 3KBUBAJIEHTHOCTH, Ha KOTOPOM
JTOJIZKHA OCHOBBIBATHCS TaKas KIACCHMUKAINS, MOXKET CIYKHUTH TOMOJIOTHIe-
CKad 9KBUBAJIECHTHOCTbD. Hpeﬂ;CTaBHH.HOCB, 9TO €CJIr OTPaHUYUTBHCA ITOTOKaMM
WM KACKa/IOM B KOHEUHOMEPHBIX TPOCTPAHCTBAX W/ Ha KOHETHOMEPHBIX MHO-
roobpasmsax, TO BCIOAY TIOTHOE MHOXKECTBO B TPOCTPAHCTBE MTOTOKOB COCTABJISI-
eT TaK Ha3bIBaeMble IPYObIe TOTOKU, OCTAIONINECS TOTIOJIOTUIECKN SKBUBAIEHT-
HBIMU MCXOJHOMY TIPU MaJIbIX BO3MYHIICHUAX. OrJIHa.KO7 BIIOCJI€/ICTBUU BbIABU-
JI0Ch, 9TO 3T0 He Tak. ['pyOble moToku (kackaner) |1]-|5] me obpasyior BCioxy
IJIOTHBIE MHOYKECTBA B MPOCTPAHCTBE MOTOKOB (Kackaaos). [loaromy nonsrue
rpy6ocTH, a TeM CaMbIM, U [OHATHE TOIOJOIMYECKON SKBUBAJIEHTHOCTH OKa-
3a710Ch HA TIEPBBIN B3I/ MEHEe BaXKHBIM, U€M 9TO MPE/IN0/Iarajaoch BHATAE
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20 K.B. Banags, I''K. BAcujinda, C.C. CJIAMKAHOBA

OpiHako, mpU PaCcCMOTPEHUU JIOKAJIBHON 3ajiadu, T.e. MPU PACCMOTPEHUN
pasnocTHO-uHaAMuIeckoil cucremsl (PIC) He BO BCeil obacTu onpeesieHus,
a JIWIIb B JJOCTATOYHO MAJIOH OKPECTHOCTH TOYKY TOKOsI U KAKOT0-JIUOO0 Jpy-
rOro WHBAPUAHTHOTO MHOYKECTBA, MOHATHE TOMOJIOTUYECKON SKBUBAJIEHTHOCTH
JIaeT BO3MOYKHOCTH MPOBECTHU YIOBIETBOPUTEHHYIO KIACCU(PUKAIMIO SJIEMEH-
TAPHBIX TOYEK TOKOS U MHOTOOOpAa3nii.

[Ipenaraemasi paboTa MOCBAIEHA B OCHOBHOM 33JadaM JIOKAJIbHON TOTO-
JIOTHYECKOM 9KBUBAJEHTHOCTH Kackaja npeiacrasiaerabix PAC, ymrosiersBopsi-
IONUX YCJIOBUSIM CYIIECTBOBAHUSA U €JMHCTBEHHOCTHU pernenus. [lpu sTom pe-
3yJIBTATHI, MOJIYIEHHbIE PAHEe JIJIsT SJIEMEHTAPHBIX TOUYEK MOKOSI W 3aMKHYThIX
TPaeKToOpHii, 06001AIOTCA U HA TaKue HedjIeMEeHTAPHbIE TOUKU TTOKOS U MHOTO-
obpaswusi.

B pa6ore MeTomoM perieHnst IOCTABIEHHON 3a1a9W SIBJISETCST METOJ CPaB-
HEHUsl, UCTIOJIB3YIONINil paHee N3BECTHBIE, a TaKyKe HOBBIE, MOJyIeHHBIE B Pa-
0oTe MMCKPEeTHBbIE HEPABEHCTBA.

2 TIOCTAHOBKA 3AAYU

Paccmorpum pasnocrro-gunamudeckyio cucremy (PIC)

Tp4+1 = Axn + X(”? Ty Yn, Zn),
(1)

Znt1 = AM)zn + 2n + Z(Ny Ty Ynsy Zn),s

rae A = (0g;¢"% )T — JWaroHajibHas MaTPHUIA, Ty = Yn — M-MepHbIE BEKTOPHI
(uepra 0O3HAYAET KOMILIEKCHYIO CONPSKEHHOCTh), A(n) — k X k-marpuna, cob-
CTBEHHBIE YUCJIa KOTOPOU OT/Ie/IeHbI (TI0 MO/IYJII0) OT €THHUIIBI, CPETH KOTOPBIX
€CTb 110 MOJLYJIIO0 60/1bIe u MeHbine eauautbl, X (1N, Tn, Yn, 2n), Z (N Tr,y Yn,y 2n)
SBIASIOTCA (DYHKIIWAMU, YAOBIETBOPSIOMNMEI yCaOBUsM Jlummmra ¢ masioi
KOHCTAHTOH.

C 1OMOIIBI0 JUCKPETHBIX HEPABEHCTB JIOKA3BIBAETCST CYIECTBOBAHUE 21M-
napaMeTPUIecKuX cyMMupyeMbix muoroobpasuit st PIC (1); pesyabrarsl B
OTIPEJIEJIEHHOM CMBICJIe ABSIOTC 0000menusmu Ha P/IC HEKOTOPBIX pe3yiib-
taToB u3 [5], [8].

[Tycrs marpuna A(n) yjoBierBopsier ycjaoBusM ciedyomero ruua [9]: s
Vn, n € Z, cymecTByIOT orneparop mpoexkmuu P (P2 = P) U TIOCTOSIHHBIE S, P
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TaKwue, ITo '
|Z(n) - P-Z7'(n)| < sp?=3) n > j

(2)
|Z(n) - (I = P)- 27} ()| < p"=), j >m,

rae Z(n) — dbyngamenTaapbHas MaTPUIA CUCTEMbI
Znt1 = A(n)zn. (3)

ONPEAENEHUE 1. Orpanmuennsie dyuxmun (0, Tn,yn) @ Z X RF™ — RF
Ha3BIBAIOTCS cyMMupYyeMbivu MHOT00Opasusymu PIC (1), ecim 1151 HEKOTOPBIX
pemeranii P/IC

Tn+l1l = AIL'n +X(n7xn7yn790(n7xnayn))7 (4)

T, Yn, 2n ABIstIOTCs pemtenusvMu (1) B Z takmumu, aro sup {|z,|} < oo, rze
Zn = @(N, Tp,yn) Yn:n € Z.

TEOPEMA 1 (O cymecrpoanun pentennii PJIC). Paccmorpum cucremy
Tp+l = F(’I’L,Zlfn), (5)

rae F(n,x,) : Z x R' — R' — ¢pynxmnun rakme, aro

)

F(n,z')— F(n,2" )| <qla' — 2"

VnineZz',z' e RLO< g<1.
Torna npm HEKOTOPOM ng, Ny € Z, CYIIECTBYET €IUHCTBEHHOE DENICHUE
T, € R' PIIC (4), yoBrersopsromniee HAYaILHEIM YCIOBHIM Tpn, = T0.

JIOKABATELCTBO. W3-3a pekypcun sicuo, uro PIIC (4) umeer eqnHCTBEHHOE
perienne x(n) Takoe, 9To Tp, = Xo 41 n > ng. [lonoxknum s < ng. Paccmorpum
muoxkectso [ = {s,s+ 1,...,n0}.

ycts E — muoxectso Beex dbyaknmit X : I — R! taxoe, aro

|| = sup {|zn| - p" " n €T}, p<1—gq.

Onpegenum oneparop M na E ciemyromnmm o0pazoMm:

no—1

Ma(n) =20 — 3. (F(j.2(j) —2(j)), ne L.

j=n
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22 K.B. Banags, I''K. BAcujinda, C.C. CJIAMKAHOBA

Torma, ecu x1,x2 € E, T0o nmeem

PO [May(n) — Map(n)| < ¢ |1 (f) — za(5)| o/ "™,

"3 KOTOPOTO TOJIYyIUM

’Ml‘l—M$2| < |$1—$2‘

W3 Toro, ato p < 1 — ¢q, caenyer cxkuMaeMoOCTh omeparopa M B mpocTpaHcTBe
E. Tlosromy cyiiecTByeT eInHCTBEHHBIN 3jieMeHT © € F Takoit, uro Mz = z.
Yro jl0Ka3bIBAET TEOPEMY.

TEOPEMA 2. IIpemnonoxum, uro P/IC (3) yxosaersopsier yciaosuio (2) Ha Z.
Paccyorpum (yuxmmo Z(n, z,) : Z x R¥ — R* rakyio, uro

1Z(n,2(n))| <

)

Z(n,2) — Z(n, zu)‘ <p ‘z/ _p

z € RF i 25/8 < 1. Torna PIC

n»n

rien€Z, a,f>0, zn, 2

Zn+1 = A(n)zn + Z(n, 2n)

HMEeT eJHHCTBEHHOE OTPDAHHIEHHOE DEIEHHE Zn,N € Z.

JIOKA3BATEJBCTBO. O603uaunM depe3 C' MpOCTPAHCTBO OTPAHUIEHHBIX
bynxmmit 2, 1 Z — R¥ ¢ |z,] = sup{|za|},n € Z. Paccmorpum omepaTop
M, onpeensgeMbIii paBeHCTBOM

n—1

Mz, = Z Z(n)Z Y (s+1)Z(s, zs) ZZ PYZ Y s+ 1) Z(s,2).

S=—00

Orcrona MBI TTOJLy9nM

|Mz,| = Z asp?m=i=1) —i—Zozsp (G+1- ”)<

]_700
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re. M:C—-BcCC.Eum Z,Z" €C, o TTOJTY UM

’ " 2s - ’ 7
‘M z — Mz | < 62 z —z
I—p
N3 Toro, uro ffp% < 1, cnepyer, auro M — cxkumazormit oreparop. ITosromy

CYIIECTBYeT eIMHCTBEHHBIN 3eMenT 2, € C takoit, ato Mz, = z,. Orcioga
JIEFKO yOeUThCs, UTO Zy, sABJISETCs PeleHneM cucrembl (5).

JleficTBUTEIBHO, IYCTH 2, — HEKOTOPOE APyroe orpanunyenune pertenne PIIC
(5). Torma z, = Mz, — orpanudennoe pemenne P/IC (2). Kak m3Becrno u3
[9], exurcTBEHHOE OrpanuyuenHOe pererne (3) — 910 HyJeBoe perienne. Taknum
obpasoM, z, = Mz, mia wexkoropeix n € Z. [losromy PIC (5) umeer eaun-
CTBEHHOE OTPAHUIEHHOE PEIIEHNE.

TEOPEMA 3. ITycrs P/IC (1) X yposrersopsier HEpaBeHCTBY

| X (n, 71,91, 21) — X(n, 22,92, 22) — Ax1 + Ama| < Ly |71 — 22| + L2 |21 — 29/,

(6)
A(n) co cBoeii obparuoii marpuueii ¥Yn € Z ypopaerBopser ycioBuio (2) u
Gbynkmun Z(n,x,y, z) Takue, 9TO BBIIOJHIETCSI YCIOBHE

| Z(n, 21,91, 21) — Z(n, T2, Y2, 22)| < L3 (|v1 — 22| + |21 — 22]) (7)

Y (n, @1, Y1, 21, %2, Y2, 22) 1 | Z] < .
T ¥n € Z  (Tn,Yn) € R™™, 2, € R*. Torga, ecn

- 1 1-pk (1—pk)p
k<l Li<-, Ls< ————, L3 < ————,
P LS S TR T TRl
10 cymecrsyer ¢pyuxnug ¢ : Z x R*™ — RF mmoroo6bpasns cucremsr (1)
KOTOPAst YJOBJIETBOPSET CJAECHAYIOUIHM YCIOBHSIM:

2L« 8LL3

’gD(?’L,J,’n,yn)‘ < 1_ pr; ’SO(n:ml’yl) - 80(7%302792)’ < 1—7p7‘]{7

|x1 — 22

JIOKABATEJBCTBO. PaccMoTpuM mpocTpaHCcTBO

B={o(n,z,y)}: Zx R*™ — R*
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24 K.B. Banags, I''K. BAcujinda, C.C. CJIAMKAHOBA

TaKoe, ITO

2La 8LL;

|g0(n,x,y)| < 1 pT; |QD(7’L, xlvyl) - QD(TL, x27y2)| < d|$1 - 1’2| 7d =

1—p2e
IIycts M — onepatop Ha B, onpeje/ieHHblll CAeAyomuM 00pa3om:

n—1

Me(n,z,y) = > Z)pZ~ (57123, n2(5),9(7)s v, ms 2(5), 9(5)),

j=—o00

(G, 2 (), y(5),yGoma (7). y())) = D Z(n)(I = P)Z71(j + 1),
j=n

vae (4, n,x(5),y(7)), y(J,n, 2(4),y(4)) — peenne PIAC
CC]+1:Am'J+X(],$(j),y(j),([?(]),$(]),y(j)) (8)

rakoe, uro x(n) = x,y(n) = y. Jdokaxem, 4r0o 3Hauenue oneparopa M npu-
wagexut B. JleficrBuTeanbHO,

n—1 [e's)
. , 2L
2(n—j—1) 2(—n+j+1)
Mtp(n,w,y)ﬁ‘z Lp*n a+ZLP Ma<i—=. 0
J=—0 J=n
Ecmm x1,y1, T2, y2 € R?™, u3 (7) MBI mMeeM
|M(p(n7 xhyl) - M@(”u $27y2)‘ S
n—1 A
< >0 LI L2021 (5) — @)+
Jj=—00
+\<p(j,:r1(j),y1(])) - (p(jv $2(]),y2(]))|+
+ Y LpU T Ly (2 (§) — 2o (5)
j=n
He(d 21(3), y1(5)) — (4, 22(5), y2 (7)), (10)
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rae x,(n) = z,, y(n) =y, v=1,2. Jlna moboro pemenus z(j,n,z,y),
y(j,m,z,y) PIC (8) Beinonngercs

n—1
2(j) = x4+ Y (= A)a(r) = X(1,2(r),y(7), (7, 2(7), y(7))))
=1

j—1

2(j) =+ Y (X(r,2(r),y(7), p(r,2(r),y(7))) = (I = A z(r)).  (11)

=1

[Mosromy u3 (6) u ¢ € B jist j < n 0OJTyIuM

[21(7) — 22(4)| = |21 — 22| +

T

n—1
+ Y (Lnfar(r) = 2a(7)| + Lz p(r, 21(r), y1(7) = p(r 22(7), 2(7))]) <
=j

n—1
< |zo(7) = 22(T)| + D (L + Lad) |1 (7) — 2(7)]
=i
rae d = 18552314'

N3 ycnopuit Teopemsr umeem L1 + Laod < % [TosToMy m3 mocseHero coot-
HOIIEHW S TTOJIYIUM

n—1
1 Ly + Lod
- < (- Bt it L - ,
jz1(s) —22(s)] < 5 I +L2d(x1 z2)+ E 1L, Lyd |21(7) — 22(7)|
T=j+1

ITo Jlemme 1 u3 [3| Vn > s umeem

- 1 L1+ Lod
- 11! —r-1)<
[z1(7) $2(J)\_17L17L2d(371 $2)T:1[ +1L1L2d} (n—7-1)
1 Ly + Lod
< - it B L PP 12
ST, = Lpd x2|eXp<1—L1—L2d>(n T (12)
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Teneps paccmoTpuM caydait n < j. DTO JaeT

j—1
|21(j) = 22 (4)| < |21 — @l + Y (L1 + Lad) [21(7) — wa(7)] -

T=n

ITo roit ke Jlemme 1 u3 [3] mosyunm

i
j21(7) — 2(4)| < la1r — wa| ] (L1 + Lod]” " <

< |z1 — za|exp (L1 + Lad) - (j — n). (13)
Ucmons3ysa (10)-(12), moxyanm

[Mp(n, z1(n), yi1(n)) — Me(n, za(n), ya(n))| <

LLy4q) nl Snmi1) 2L + Lod ,
B G 1) B SN E n : et M — i1
ST Lpa p P\ T op, —pa) MU

j=—00
(0%
1 2L + Lod
2(j+1-n) _ AT RY ) i1
—I-Zp eXp(l—QL1—L2d>(j+ n)

j=n
" rak xax Ly + Lod < % u p'l < 1, uMeer MecTO CJIeIyIoIlee HEPABEHCTBO:

4LL3
1 — p2e

[Mo(n, x1(n),y1(n)) — Me(n, 22(n), ya(n))| < (1+d) |21 — o] . (14)

Takuwm obpaszom, u3 (7), (12) caenyer, uro M u3 B.
Teneps jgokaxkem, uro M — cxkumarowuii oneparop. Paccmorpum jase yHk-
mnu 1, e € C. Iycts

$1(]) = $1(ja @1) = :E1(j,n,:n,y),

5132(]) = x2(j7 (102) = IEQ(j,?’L,LL‘, y)

ABJIAIOTCA PEITECHUAMMN

z(j+1) = Ax(j) + X (G, 2(7), y(5); 14, 2(5), 9(4)))
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2(j +1) = Az(4) + X (G, 2(5), y(5); 9204, 2(3), y(4)))-
Coorsercreenno u3 (6) u (10) mma n > j moxydnm

n—1

j21(5) = 22(7)| <Y (L |21(7) = 22(7)| + La(ipr — ¢2)) -

T=1

[Monoxus |p1 — po| = sup{\cpl —@al,n € Z (x,y) € R2m}, u3 p1,p2 € C
nMeeM

|(701 (T’ x1T, le) - 902(7—) €T2T, y27—)| < |(101 (7_7 1T, le) - 302(7-7 xaT, yQT)| +

+lo1(T, 217, y17) — (T, w27, y27)| < C - |w1(7) — 22(7)| + |01 — 2] -

(15)
Eciu nonoxum Ly = Ly + LoC, mo nostyvaum
[71(j) — 22(j)] <
n—1
< Laler(f) —w2(i)|+ Y Laloa(r) — 22(7)| + La o1 — af (n — j).
T=5+1
Tak xkak Ly < 1, umeem
. -1
. . Lalpr— ol (n—j) | N 3
z1(7) —22(7)| < + z1(7) — 22(7)] -
[21(5) — 22(9) s X g ) - a)

CrietoBaTe/ibHO,

Lop™ 7 Y n — j)

PP e (5) = @2(4)] < 1, o1 — 2| +
I n—1
4 S
11 D P T e () — (7).
3 r—j+1

Yuureisast, 1o exp (—(n — j)Inp) > 1+ (n — ) Inp~! mm To xe camoe

P (n — j) < i, oy

P @ () — 22(4)| <
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<Lt T B ) - )
=~ (1—Ly)npt 1L '
ITpumensst Jlemmy 1 u3 [10], umeem
o . . Lop™! 4 )
n>j:p" I () - 2())] < (I—Lolp ! (¢1 — p2) exp 1-1, (n—j—1).
(16)

N3z (6) u (11) gt n < j ybeaumcst, 9T0

7j—1
[21(7) = 22()] < Y Luler(7) = wa(r)|+Lz (7, 21(7), 91(7)) = 2(7, 22 (1), 92 ()| .

CaemoBarenbHo, o Jlemmve 1 u3 [10] u paccyzkgast Kak BBIIe, MOJTYIUM

—n+j+1 ’xl(

p 3) =225 < == (b1 — p2) exp((j — n)La).

Orcrona, uz (12),(13),(16) u u3 Hepasencrsa p exp 15}54 < pl umeem

2LL2L3p3(1 + C) 2LL3
1—Ly)(1—pe)lnp=t 1—p?

‘M(pl(nvxlayl)_M(P2(n7$27y2)’ < ( ’@1_S02"

2LLs _ 1
W3 Toro, uro T2 <z™m pk < 1, momyaum

2LL2L3(1 =+ C) < 1
(1 —Lg)(1 - pk)lnp=t ~ 4lnp~!

1
< 1
Orciona moaygaem, uro M — cxumaromuii oneparop. Ilosromy cymiectsyer
epuncreennoe ¢ € C rakoe, uro My = . D10 nokaseiBaer, 4ro ecau r(n)
ABJIAIOTCA pemenusaMu T, + 1 = Az, + X (n, Tn, Yn, ©), TOTAQ Ty, Yn, @ 9B-
asaorcs pemenusvu cucrembl (1). Ilycrs Teneps Ty, Yn, 2, B Z Takue, 410
sup {|zn|,n € Z} < a. Torga no Teopeme 2 umeem z, = ©(n, Tp, yp). Ciaeno-
BarebHo, GyHKuuu @(N, Ty, Ypn) ABAAIOTCI CYyMMUPYEMBIMU MHOr000pa3usMu
PIIC (1). Teopema nokazana.
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Bamaes K.B., Bacwmma I'K., Crnamxanosa C.C. AWNBIPBIMJIBI-
JUMHAMUKAJIBIK 2KYUEJIEP YIIIH m-IIAPAMETP/IIK KOCBHIH/IbI-
JIAHATHIH KOIIBEMHEJIEPAIH BAP BOJIVEI TYPAJIBI

AMBIPBIMIbI- IMHAMUAKAJBIK, »KYyienep yiiH 2m-napaMerp/iik KOCbIH/IbLIa-
HaTBIH KembeliHenepair 6ap 60JIybl JoJIe I IeHe .

Kinrrik cezuep. ARbIpbIMbI-MHAMUKAJIBIK, »KYiie, KOCbIH/IblJIAHATHIH KO-
nbeiinesiep.

Bapaev K.B., Vassilina G.K., Slamzhanova S.S. ON EXISTENCE
OF m-PARAMETRIC SUMMABLE MANIFOLDS FOR DIFFERENCE-
DYNAMIC SYSTEMS

The existence of 2m-parameter summable manifolds for difference-
dynamical systems is proved.

Key words. Difference-dynamical system, summable manifolds.
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O KOHYCAX MOHOTOHHKBIX ®VHKIINN HA
IIOJIO2KNUTEJIBHOI I10JIVOCH

H.A. BokAeB, M.JI. ToJibAMAH, I".2K. KAPIIBITUHA

AHHOTaALMA. PaccMaTpuBaloTCA pPasfNMyHbie KOHYCbl MOHOTOHHBIX (DYHKUMA Ha
MONOXUTENBbHON NoNyocu. YCTaHABNNBAIOTCA YCNOBUS MOTOYEYHOrO U MOPSIAKOBOrO
HaKPbIBaHMNSI PACCMATPNBAEMbIX KOHYCOB MPU OTHOLUEHWW OMPEAESIEHHOrO NOpPsiAKa.

Kntouesble cnoBa. KoHychl ybbiBarowmx nepecTaHOBOK, HAKPbIBAHME KOHYCOB, Mepe-
CTAHOBOYHO MHBAaPUAHTHbBIE MPOCTPAHCTBA, DaHax0Bbl PYHKLMOHAIbHbIE MPOCTPAHCTBA.

1 BBEJIEHUE

Pa6oTa mocssiimena nuccae0BaHuio CBORCTB KOHYCOB MOHOTOHHBIX (DYHKITHH
Ha TOJIOYKUTEJBLHON moJiyocu. [Ipu mcciaemoBaHuy BOMPOCOB BJIOKEHWS MPO-
CTPaHCTBA MOTEHIMAJIOB B IEPECTAHOBOYHO WHBAPUAHTHBIE TIPOCTPAHCTBA BO3-
HUKAET HEOOXOMMOCTb PACCMOTPEHMS KOHYCOB yOBIBAIOIINX TIEPECTAHOBOK JI/TsT
norenruayios [1]-[5]. B repmunax Biedenus Takux KOHYCOB MOKHO CHOPMYJIH-
POBAaTh KPUTEPUU BJIOZKEHUA ITOTCHIMAJIOB B IIEPECTAaHOBOYHO MWHBAPWAHTHBIC
npocTpascTBa. OTMETHM, YTO KOHYChI YOBIBAIONIUX MME€PECTAHOBOK ITOTEHIHA~
JIOB YCTPOEHBI JOBOJIBHO CJI02KHO. 1109TOMYy akTyasien BOnpoc 06 MX KBUBA-
JIEHTHBIX OIIMCAaHUAX B 60.]166 TTPO3PAYHBIX TEPMHWHAX.

IIpuBenem HeoOXognMMbIE B JAIbHENIIIEM TOHATHS DaHAX0Ba (DYHKITTOHATIb-
HOTO TTPOCTPAHCTBA, TIEPECTAHOBOYHO MHBAPUAHTHOTO MPOCTPAHCTBA, W TIOPS/I-
KOBOT'O HAKPBIBAHUS KOHYCOB HEOTPHUIATETHHBIX M3MEPUMBIX (DyHKIHA. MbI
onmpaemcst Ha nouaTusi, Beefernbie B kanrax C.[. Kpeiina, FO.U. TTerynuna
u E.M. Cemenosa 6] u K. Bennerra u P. [Ilaprmun [7], a Tak:ke HA MOHATHSI,
npusejenHsle B pabore [5].

[Tycts (S, X, pt) ecTb IPOCTPAHCTBO ¢ Mepoii. 31ech X — o-aarebpa Mo MHO-
ZKeCTB MHOXKECTBa S7 Ha KOTOPBIX OIpee/ieHa HEeOTPpUIaTe/IbHad 0-KOHEeYHAad,

2010 Mathematics Subject Classification: 46E30, 42A16.
© H.A. Bokaes, M.JI. Tonpaman, I'.2K. Kapmbirnaa, 2018.



32 H.A. BokaAgB, M.JI. T'oJibAMAH, [".2K. KAPIIBIITUHA

o-ajgutuBHas mepa p. depes Lo = Lo(S,%, 1) 0603HAIMM MHOXKECTBO fi-
U3MEPHUMBIX BEIIECTBeHHO3HAMHBIX (DyHKITHIIL

f:S—=RLf={f€Ly:f>0}.

OnPEARAEHUE 1 (em. [4]). Orobpaskenne p : L§ — [0, 00] maspisaetcs ¢ymk-
nuonansHol HOpMoIi (kpaTko: ®H), ecimn mas Beex f,g,fn € Li, n € N
BBITIOJIHEHBI YCJ/IOBUS:

(P1) p(f)=0= f =0, u— mourn Bcrogy (Kparko: p— ILB);

plaf)=ap(f),a>0;p(f +g) < p(f) + p(g) (csoiicrsa Hopmbr);

(P2) f<g, (u—mB.)= p(f) <plg) (MoHOTOHHOCTH HODMEI);

(P3)  fut f= p(fn) = p(f)(n — o0) (cpoiicTso Party);
(P4) 0<p(o) <oo= [ fdu<cop(f),f € L (noxansmas narerpupye-

MOCTB);

(P5) 0 < pu(o) < oo = p(xs) < oo (koneunocrs @H jyisi xapakrepucti-
yeckux Qyukiuii (Xs) MHOKECTB KOHEUHOIH MEDHI).

3necy fn T f osmauaer, uro f, < f"“’nhi%o fo=1Ff (u— m.B).
ONPEJAENEHUE 2. ITycrs p ectb @PH. Muoxecrtso X = X (p) ¢ynknuii uz Ly,
st koropeix p(|f|) < oo, HaspiBaercss 6aHAXOBBIM (DYHKIIHOHAJIBHBIM I1IPO-
crparcrBoM (kpatko: BOII), mopoxenasiv ®H p. /Lna f € X momaraem

1£1lx = p(I£])-

HyCTb Ha Lg BBE€IEHBI OTHOIMEHUA YaCTUIHOTO MOPAJKA U 9KBUBAJICHTHOCTHU!
f < g co cBoiicrBamMu TpamzuTHBHOCTH, T.€. f < f,

=<9, g=<h=f=<h fmg&f<g=</f

CuauraeM, 9T0 OTHOIEHHE TOPSIIKA MOYUHEHO MOTOYETHON OIEHKE [-T1.B.,
T.€.

1) f<g, (p—mB.)=f=<g 2) fulf = [fal [

Bnece fnl f osmagaer, uto f, < fny1; f = [suplfn, Te. fn < f, n €N,
H,eCﬂan-<f, neN,to f<F.

Bazoswiit npumep oraomenus nopsizka: f < g < f < g, pus= p(f) <
p(g)-

MATEMATUYECKHUI KYPHAJ. — 2018, — T. 18, Ne 2



O KoHyCcax MOHOTOHHBIX (DYHKIIUIL ... 33

Hac 6yayT maTepecoBaTsh OTHOIIEHUST TOPSIKA, CBI3aHHBIE C YOBIBAIOITNMUI
mepecranoBkamu yuknnit. Obozunaunm s f € Lo

Ary) =pfzeS: [f(@)[>y}, yel0,00)
Jleberosa dyuxmusa pacapeaenenns. depe3 Ly 0bo3HaYNM MHOXKECTBO (DyHK-

it f € Lo, mnst Koropeix A¢(y) He TOXKIecTBeHHA OECKOHEYHOCTH, T.e.

°
Jyo € [0,00) : Ap(yo) < oo. Husi f € Lo BBemeM yOBIBAIOILYIO [EPECTAHOB-
Ky f*, Kak IpaByro obpaTHyio (DyHKIHIO K yObIBarommeil (hyHKIHA Ay, T.e.

fr(t) =inf{y € [0,00) :  Af(y
Nseectro, uro 0 < f* |; f*(t +0) =

|fl, e pn{t € Ry« f*(t) >y} = Ap(y),
nmeem Af(y) — 0,(y — +00) & |f(x)

<t}, te Ry =(0,00).

(t),t € Ry; f* paBHomMepHMa c

)
[
y € [0,00), kpome Toro, ayst f € LO
< ,(u —m.s.) ma S. Onpegennm

OTHOIIIEHUS TOPsiIKA i (DYHKIUE U3 L

1) f=ge [f)<g"(t); te0u)), (1)
2) f=ge [ [fldr< [ gidr; te(0,u(S)). (2)
[re=]

Otrnomenns (1) u (2) mOAYINHEHDBI TTOTOYEYHOl OIEHKE (i-T1.B. JKBUBAJIEHT-
HOCTH QyHKIMI B cMbIcae oTHOmeRns (1) 03HAYaeT UX PABHOM3MEPUMOCTb.

OUPEAENEHUE 3. Ilyctp p ectb pyurruonaspuas Hopma. CKazkeMm, 4ro p
COIIACOBAHA ¢ OTHOLIEHHEM HOpsKa <, ecan i f, g € L, f < g umeem

p(f) < p(g).
Ormernm, uro mo cpoiictBy (P2) sobas ®H cornacoBana ¢ mMOTOYEUHOL
OIIEHKOH

f<g (u—mn.8.)= p(f) < p(g)

OUPEAENEHUE 4. @®H p Ha3pIBaeTCcsl MEPECTAHOBOYHO HHBAPHAHTHOMH, €CJIH
OHa corviacoBaHa ¢ oTHouleHneM ropsijka (1), r.e.

[ <g" = p(f) <pl9)

MATEMATUYECKUNA KYPHAJI. — 2018. — T. 18, Ne 2
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BOIT X = X(p), nopoxaennoe nepecranoBouno uapapuantaoii ®H p,
Oy/1leM Ha3bIBATH I1€PeCTAHOBOYHO HHBAPUAHTHBIM IIPOCTPAHCTBOM (KDPATKO:

TTHII).

[Iycrs T € (0,00]. Yepes Q(T') oboznaunm muokecrBo dbyHKIuil @ Ha
R4+ = (0,00) co croiicTBamn

1) 0<p(t) b olt+0) = (), Ofsod5<oo; L€ (0.7);

2) ecmm T <oo,To ¢(t)=0, telT, o).

(3)

Ipu n € N, p € Q(T) BBesem dynkmn

e(t), 0<71<t,
(1), t< T < o0

folt,7) = p(max{t, 7}) = {

©(2™t), 0<7<t,
e(2"T), t<T < o0;

folt,7) = p(max{2"t,2"7}) = {

t

folt,m) = %Ofso(é)dé, 0<7<t,;
);

o(T t<T<o00.

Ormernm, uro npu T < 0o
folt,7) =0, t>T, T €Ry fo(t,7) =0, t >27"T, 7 € R;.

Mycrs E(R.) ects TIAT ¢ sopmoii || - HE(R+)7 E/(R, ) — acconummpoBammnoe
ITUAIT (em. [7]),

EYRy) = {g EE*Ry): 0<gl; glt+0)=g(t), te R+}
unpu T < 00

BH0,T) = {g cB*Ry): g(t)=0, tell, oo)} .

MATEMATUYECKHUI KYPHAJ. — 2018, — T. 18, Ne 2
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Bsemem komycer neorpuriarenbabix Gyukimit Ha Ry :

K(T) = K, 5(T) =3h(t) = higit) == / folt,g()dr = g€ BHO.T) : (7)

K(T) = Ko,p(T) =qh(t) = h(g;t) :—/ﬂo(t, 7)g(r)dr: g€ BH0.T)p; (8)

K(T) = K, 5(T) =5h(t) = h(g;t) := [ fo(t,7)g()dr G € E*(0,T)y, (9)
cHAD/IMB MX MOJIOXKUTENBLHO OJHOPOAHBIME (DYHKIIMOHAIAMHU (COOTBETCTBEHHO )
pK(T)(h)=inf{HgHE: g € EX(0,T); h(g;t) = h(t), t€R+}; (10)
pr(h) =it {|lgllz: g€ EYO.T); hgit)=ht), teRy}; (1)

pic(h) =int {[lgllz §€ EX0.T); h(gt)

h(t), teR+}. (12)

B dyukuuonase (10) nuxknsas rpans 6epercs 110 Bcem pyHKuusaM g € E*L(O, T),
JIIs1 KOTOPBIX mipesicrasienue h(g;t) B Bume narerpamna (7) coBmagaer ¢ Jannoi
dbyukuneit h € K(T'). Anasornuno norumatorca dysxmmonans (11), (12).
[MonoxkuTebHAS OHOPOAHOCTE (DYHKIMOHAIOB 03HadaeT, uro h € K(T), a >
0= pgr)(ah) = apgr)(h); amamornano nisa pg u pi.
BAMEYAHUE 1. st ¢ € Q(T') cupaBeyinBbl HepaBeHCTBA
1 [t
<ot o< [ et teRy. (13)

Hosromy )
ﬁp(t,T) < folt,m) < fot,7), t,7eR,4. (14)

MATEMATUYECKUNA KYPHAJI. — 2018. — T. 18, Ne 2
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SAMEYAHUE 2. Bcromy B gaHHOH pabore Mbl TpebyeMm, 4To0ObI Mpu JHOOOM
t € Ry mo nmepemMeHHOH T HMEJIH MEeCTO BKIOYECHHST

folt,) € E'(Ry), fo(t,) € E'(Ry), folt,) € E'(Ry). (15)

B caygae T < oo ycmosug (15) Beimosaens: fjist 6ot ¢ € Q(T) u upu
mobom TIATT E(Ry), t.x. B srom ciayaae 0 < fo(t,7), fo(t,T), ﬁp(t, T) — orpa-
HUYEHHBIE yObIBafomume (hyHKIMA MEPEMEHHOi 7 ¢ KOMIAKTHBIM HOCHTEJIEM.

Taxue dbyuxuuu npunagnexar Li(Ry) N Lo(Ry4) a, 3nauur, n jrobomy
NI E'(Ry).

B ciyuae T = 0o kaxmoe u3 ycuopuit (15) 9KBUBAJEHTHO TOMY, UTO MPH
teR,

@(T)X(t,00) (T) € E'(RY). (16)
U3 ycnosuit (15) caepyror onenku npu t € Ry:
0 <h(t) <[ fo(t;) | 3w,y Pr (1) (M), B € K(T); (17)
0 < A(t) <l folt. ) lprm, ) PRy (B), € K(T); (18)
0 < h(t) <|| fot.) I e,y Piry (), b€ K(T). (19)

Heticreurensuo, qna h € K(T) wu3 npencrasnenuss (7) 10 HEPABEHCTBY
Tenpaepa ciemyer, uTo

0 < A(t) S|l folts) lpm )l 9 5,y Yo € B0, T).

Tlepexoast Kk mykHed rpany 1o Beem ¢ € EY(0,T), ans xkoropeix h(g;t) =
h(t) momyunm, B cumy (10) mepasercTBo (17). AHAJOIMYHO BBIBOJATCS Hepa-
sercrea (18) u (19).

BAMEYAHUE 3. 3 onenok (17)-(19) ciesyer HEBBIPOXKIEHHOCT (DyHKIIHOHA-
108 (10)~(12). Heiicrsurensno, ecmn h € K(T) st pgry(h) =0, To u3 (17)
caeqyer, uro h(t) = 0,t € Ry. Auamormuno aus h € K(T) uh € K(T).

2 O HAKPBIBAHMHM KOHYCOB MOHOTOHHBbIX ®YHKLIWA HA [10JIOXKMK-
TEJIBHOWM T[TOJIYOCHU

Cnenys [5|, mpusemem ompejesienne mopsiakos. Ilycrs Ha moaMHOXKECTBE
£ C La' (Ry) BBEAEHO OTHOLIEHME YACTUYHOIO IOPSIKA <, HOJAYMHEHHOE 110-
TOYEUHOI OIleHKe MouUTH BCIOAY: hi,he € £, h1 < hg n.B. Ha R, Bieuer, uTo
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h1 < ho. Ilycte K, M C £ — HEKOTOpBIE KOHYChI, CHAOXKEHHBIE HEBBIPOXK JIEH-
HBIMH TIOJIOXKUTEIHHO OJHOPOIHBIMEI (DYHKIIMOHATIAMA PK U P)

OUPENEJEHUE 5. Konyc M nopsijikoBo HakpbiBaer koHyc K nipu orHOniennn
mopsiika < ¢ KoHcraHtamu HakpeiBanus co € (0,00), ¢ € [0,00), econ jist
Jir060it hy € K nasigercs hg € M, rakas 4ro

par(h2) < copr(h1); hi < ha + cipi(h1). (20)

B ciyuae, Korj1a OTHOIIIEHUE TTOPSIIKA OTPEJIE/ISIeTCS TIOTOYEYHOM OTIEHKO1,
MBI TOBOPUM O TIOTOYEYHOM HAKPBIBAHUU KOHYCOB C KOHCTAHTAMU HAKPBIBAHUS
Cpo,C1.

O6oznauenus: K < M — konyc M mopsinkoBo HakpbiBaer KoHyc K; K ~
M & K < M < K — nopsaakoBas SKBUBAJIEHTHOCTL KOHYCOB.

OUPEAEJEHUE 6. Koryc M morouedno makpeiBaer KOHyC K ¢ KoHCTaHTaMI
vakpeiBanus ¢y € (0,00), ¢ € [0,00), ecan gus joboii hy € K naiinercs
ho € M, takast 9T0

pr(he) < copr(hr), () < ho(t) + cipi(h1)  (m.5.). (21)

[Toroueunoe makpwBanue: K < M, morodedras SKBUBaJEeHTHOCTH: K =2 M.
IIpu orHOMIEHNHN TOPSIIKA, TOAINHEHHOM TOTOYEYHON OIEHKE, NMeeM

K<M=K<M, K~M-= K=~ M. (22)

Hac Oymer mHTEpecoBaTh, B TEPBYIO OYEPEb, OTHOIIEHUE MOPSIIKA C TIO-
TOYEUHOH ONEeHKOoi: ana fi, fo € Lg(RJ'_) nveeMm f1 < fo < f1 < fo m.B. Ha
R,.

Paccmorpum Takke MuOKeCTBO £ DyHKIHH f € LS‘ (Ry), g KOTOPBIX UX
J1eberoBel (DyHKIIMK PACIIPE 1€/ IEHIS

Ar(y) = p{z € Ryt (z) >y}, y € [0,00),

He TOXKJIeCTBEHHbI OeckoHedHocTH, T.e. Jyg € [0,00) : Af(yo) < co. dus f € £
BBeJEeM yOBIBAIOILYIO IIEPEeCTaHOBKY f*, KaK IpaByio 0OpaTHYI0 (DYHKIHIO K
yObiBatommeit pyHknmuu Ay, T.e.

f@t) =infly €[0,00): Ap(y) <t}, teRy.
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Ounpesenum ornomenne nopsaaka g fi, fo € L(Ry): camraem, uro fi <

fa, ecrm
t
/fde <
0

OHO TOTYMHEHO OTHOIIEHHUIO IMOPAIKA C IIOTOYEIHON OITeHKOII:

fz*d’r, t e R+. (23)

o _

0<fi<fy me.uHa Ry= f<f5 meua Ri=(23).

[Ipuesem pesyibTaT O B3AUMHOM TOTOYEYHOM HAKDBIBAHUU KOHYCOB
K(T), K(T), K(T).
TEOPEMA 1.

1. B obo3nauennsx u ycaoBusax (3)—(15) cipaBeinBer HOTOY€IHbIE HAKPBI-
BaHHUA

(4): K(T) < K(T); K(T) < K(T) (24)

¢ koHcranramu HakpbiBauus co(A) <1+e Ve > 0; ¢1(A) =0.
2. Ilyctp, BBIMONHEHBI yCJOBHS 9acThH 1 W €me CymecTBYET IOCTOSHHAs
¢ € [1,00) Takas, uro

o(t) < cp(2"t), te (0, 27T) (25)

(npu T" = oo B (25) npu mrobom t € Ry). Toryga cupaseqinBo norodedHoe
HaKPBIBAHHE

(B) : K(T) < K(T) (26)

¢ KoHcTraHTamu HakpbiBaHus co(B) < 2™ || oan ||,
e1(B) =0, cenn T = ot (B) =| fo2"T, ) e, ccan T < 0. (27

Brecw (oang;T) = g(2"7), T € Ry — omeparop pacrsxenns, || ogn || —
HopMa omeparopa oon : E(Ry) — E(RL).
3. IlycTp BpIDOIHEHBI YCJIOBHSA JacTd 1 u
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TOF,H& nMeeTr MeCTO IMOTOYeYHOe HaKpPbIBAHHUE

(D) : K(T) < K(T) (29)
C KOHCTaHTaMW HaKpPbIBaAHUS
co(D) < (14+¢)A, Ve > 0; (30)

c1(D) =0, ecin T = o0; ¢1(D) =|| fo(T,") I 6/r,) ecmT <oo.  (31)

SAMEYAHUE 4. B ycaouax gactu 3 Teopembr 1 crpapegmuBa orenka (25)

¢ mocrostaHOl ¢ = 2" A, H COOTBETCTBEHHO HMeeT MecTO HakpbiBaHue (26) c

ronctanTamn makpeisanns co(B) < Ap22" || o9n || m ¢1(B) suaa (27).
IIpuBeeM pe3yIbTaT 0 mopsAKoBoM HakpeBanmu kKomycos K (T), K(T).

TEOPEMA 2. B oboznauenusx u ycaosusx (3)—(15) cupasemgimso nopsiakoBoe
HAKDBIBAHHE

(E): K(T) < K(T) (32)
IIpu OTHOIIIECHUH IOPsIIKa ( 23) C KOHCTaHTaMH HaKPbIBAHHS
co(E) 22" [ ogn |l; c1(E) =0. (33)

CHEACTBUE 1. B yciaoBusix gacru 3 Teopembr 1 mveer MecTo morodedHast
9KBHUBAJIEHTHOCTH KOHYCOB

K(T) = K(T) = K(T). (34)
HeiictBuressHo, ¢ yaeroM 3amedannst 4 nMeeM HaKPbIBAHUSI
K(T) < K(T) < K(T),

KOTOpBIE BMECTe C HAaKpbIBanueM (24) maror sxsusasenTHOCTH (34).

CHEACTBUE 2. B ycaoBusix ygactu 2 Teopembr 1 mmeer MecTo moTodedHast
9KBHUBAJICHTHOCTb KOHYCOB

K(T) = K(T). (35)

Omna cremyer w3 nakporBanmii (24) u (26).
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CHEACTBUE 3. B yciaoBusix Teopembr 2 mmeer MeCTo mOPsIIKOBast 5K BUBAJICHT-
HOCTBH KOHYCOB

K(T) ~ K(T) (36)

[IpH OTHOIIEHUH TOpsaKa (23).
Dro caexyer uz ucrovednoro Hakpeiganusg K (T) < K(T') n nopsiakoBoro
HaKpBIBAHUS (32).

3 JTOKABATEJLCTBO TEOPEM 1 11 2
3.1 JIOKA3BATEJIBCTBO TEOPEMH 1, YACTH 1

Jokaxkem nepBoe HakpbiBauue (24). s heK (T ) pu JF000# TOCTOSTHHOI
¢ > 1 nafiztem dyuxiuio § € EY0,T) Takyio, aro h(t) = h(g;t), t € Ry u
H g HE(R+ < CPR(r )(h) (cae. (8), (11)). Iomoxmm h(t):= h(g;t) re. h(t) =

[ £o(t. 7)) € KT prcer() <113 e, (e (7), (10)). Tipn azosc

(14) cJiejlyeT HepaBeHCTBO

/ folt,T)g d7'</ fo(t,m)g(T)dr = h(t), t € Ry,

kpowme Toro, pr(r)(h) <[ § ||E(R+)§ CPK(T)(h)-

Dru onenku goxazpisaior Hakpbisanue K (T) < K(T) ¢ koncranTamn Ha-
kpoiBanus co(A) > 1 — mobas; ¢1(A) = 0.

AHAIOrI4HO I0KA3bIBAETCS BTOpoe HakphiBanme B (24): K (T) < K(T) ¢ a-
KHMMWU YK€ KOHCTaHTaMW HaKpbIBaHUs (MCII0/Ib3yeM BTopoe HepaseHCTBO B (14)).

3.2 JIOKA3ATEJBCTBO TEOPEMHKI 1, YACTH 2
Mycrs h € K(T). Torma 3g € EY0,T): h(t) = h(g;t), || g HE(R+)§
2p (1) (h). Beenem
g(t) = 2"g(2"7) € E*(0,27"T). (37)

3aech ¢ € [1,00) — mocrosinHast u3 ycaosus (25).
Nmeem B cuny (7)

he K(T /f@ (t,7)g / 27", 27" ) g(T)dT =
0
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[e.e] 1 o0
/ 27", s) s)ds = / 27", 5)g(s)ds. (38)
c
0 0
O6o3naunm .
/ 5)ds € K(T), (39)
0

Torna B cuy (37)
P[((T)(il) <[l g HE(R”: 2" | o2n(g) ||E(R+)§
<2 || oo [l g |, 2™ 1l oan || prcery (). (40)

Baech o9n(g,s) = g(2"s); ogn : E(R,) — E(Ry) — orpanuveHnblii orme-
parop, || oan ||< 0. ) ] }
Wrax, nns moboit h € K(T) namun h € K(T') takyio, uro pg ) (h) <
copr () (h), T7e
co = C2n+1 ” ogn HE Ry.

Hasnee uz (38) u (39) caenyer, uro

1 o0
h(t) = -h(27"t) = - 27", 5)g(s)ds Vt e R4,
e
T.€.
1.
Eh(t) = h(2"t) = /f¢(2"t,7)g(r)d7,t eR,. (41)

IMokaxkem, uro npu t € (0,27"7T") Bepna ouenka s Bcex T € Ry

fo(2"t, 1) > %f¢(t,7). (42)

Heitcrurensho, npu t € (0,27"T) umeem

f(2 ) = {go(Q"t), 0<T§2nt}Z {;gp(t), 0<T§2”t}2

(1), T> 2" o(r), T>2"t
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42
fo(t, 7).
o o0
U3 (41) u (42) caenyer, 9ro %h )=>1 0/, T)dr = 1h(t), Te.
0
h(t) < h(t), t€ (0, 27"T). (43)
[Ipu T' = 0o 3T0 HEpaBEeHCTBO BepHO i Bcex t € R
IIycrs reneps T' < 0o. §
Ipu t € 27"T,T) umeem h(t) = 0 (k. fu(t,7) =0, 7€ R}) u B cuny
(17) upm Beex t € Ry
= il(t) + ClpK(T)(h). (44)

B(t) < h@T) <|| Fo27T) | ey Prccry (B)

Hepasencrso (43) upu T = 0o wiu (3.8) upu T < oo Bmecre ¢ (40) jpoka-

swiBaer (26)—(27).

JIOKABATEJBCTBO YACTU 3 TEOPEMBI 1
Mycrs h € K(T). Cormacuo (9), (12) aas moGoro € > 0 cymecrtsyer § €

EY0,T) rakas, |ro

R(t) = h(g;t) = / Fo 6 1§ s, € (1+ o ().
0

Oupegenum rorua h € K(T') dopmy.oii

h(t) = h(g;t) /fsotT p9(T)dT

Buech Ayg € EH0,T) u
pr(r)(h) <|| Apg ||E(R+): Al g ||E(R+)§ (1+ E)AQOpR'(T)(B)' (45)

Ormernm, uro Ay, > 1 B cuiy mepasencrsa (13), rak uro u3 (6) noayuaem

npu t € (0,7)

A < <
o(r), t<T<00

Jelt:7) < {90(7'), t<T <00
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Buauut, npu t € (0,7T)

h(t) = / ot m)a(r)dr < A, /0 " fat (e = h(t).  (46)

Ilostyaennnie onenku npu 1 = 0O JOKa3bIBAIOT HAKPLIBAHUE K (00) <
K (00) ¢ xorcranTavn nakpeiBarnst ¢g < (1+¢)Ay, ¢ = 0 (pn sobom € > 0).
ITpu T' < oo HepaBeHCTBO (46) HYKHO JOMOJTHATE COOTBETCTBYIOIIEl OIeH-
koit gaust t € [T,00). Hnst takux snadvennii ¢ mveem f,(t,7) = 0,7 € Ry,
tak uro h(t) = 0,t € [T,00). B Toxe Bpems g(7) = 0,7 € [T, 00), Tak uTO

~ T ~
h(t) = Offso(t, 7)g(T)dr.
B dopmyse (6) mpu 7 € (0,T),t € [T,00) yurem, uro ¢(§) = 0,§ € [T, 1],

TaK 9TO

fv(tv 7—) =

&+ | =
Nl =

T T
/ p(€)dt < / P(€)dE = Fo(T,7) = h(t) < h(T).
0 0

Orcrona u u3 (19) crenyer, uro npu ¢ € [T, 00)

b0 <U FoTo) gy Py () = BO+ 1| FoTo) ey £y ().
Bumecte ¢ mepasencrBoMm (46) 90 maer

h(t) < h(t)+ || (T, ) () PK(T)(B)J €Ry. (47)

W3 (45) u (47) crenyer nakpeiBanue (29) ¢ koncranramu HakpbBaaus (30),
(31).

3.3 JIOKA3ATEJIbCTBO TEOPEMBEI 2
st moboit h € K(T) maiinem g € EY(0,T) raxyio, aro (cm. (7), (10))
h(g;t) = h(t),t € Rysll g lpw )< 20k (1) (h).- (48)

TTonoxum

a(r) = 27g(2"r), TRy h(t) = h(g;1) = / ot 1)a(rydr. (49)
0
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Torpa 0 < g(7) |, g(r+0) =g(7), 7 €Ry; g(r) =0, 7€ [27"T,00)
(mocnennee, ecu T < 00), mpudeMm

19 =22 192" lpmn, < 22 oz I 9 g, < 2270 1 o2 Il piciry (B).
Taxum o6pasom, § € EH(0,27"T) u h(t) = h(g;t) € K(T), npudem
oy () <13 gy 227 1l oo || sy (). (50)
Hamee
0<hl: h(t+0)=h(t), teR, = h*=h;
0<hl; ht+0)="h(t), tcRy = (h)* =h.

[TosToMy /1 OKA3aTENbCTBA IOPAIKOBOTO HAKPBIBAHAS [IPYU OTHOIIEHUH
nopsizika (23) JO0CTATOUHO MPOBEPUTD, UTO

t t .
/hd£</ hd¢, teR,. (51)
0 0

Bumecre ¢ (47) sro nokaxer nakpbiBanue K (1) < K(T') ¢ xkoHcranramu
naxpeisats co(F) < 227 || oo |, e1(E) =0 (en. (30)).
Cornacuo (7) ps h € K(T)

1) = [ o= [ ([ remotmar) de -

t o)
:/ /f@(Q_"g,Q_"T)g(T)dT dg.
0 0

B urTerpase o & memaem sameny A = 27"E; d€ = 2"d\, B uHTErpase mo
T —3ameny s = 27 "7, dr = 2"d¢. Torma ¢ yuerom pasencrsa (46)

H(t) =2" / (/Ooo fo(N, 2—”7)9(7)617) d\ =
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27" [/ oo
= o2 fo(\,8)g(2"s)ds | d\ =
[\
27"t o) 27"t
:/ fo(N, 8)g(s)ds d)\:/h()\)d)\.
0 0 0

Urak, gis h € K(T) mantm b € K(T) Takyio, 9T0 ClpaBeInBa. ONeHKa
(47) n

t 27Nt
~ tv
O/h(g)dg: 0/ h()\)d)\g/o WA, tER,.

B xonme M1 yuim, 910 ﬁ()\) >0, € R;. Urak, cipaBe/[jIuBbl HEPABEHCTBA
(47) u (48), npuuem gz h € K(T),h € K(T) (48) coBuamaer ¢ ycioBue,
aro h < h npu oTHOIeHnn mopsaka (23). Tem cambiM J0Ka3aHO MOPSIKOBOE
nakpbisanue (30) ¢ KOHCTAHTAMU HAKDPbIBAHUSI

CO(E) S 22n+1 H gon H, Cl(E) =0.
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Bokaes H.O., Toasqvan M.JI., Kapmsiruna 2K, 2JKAPTBIJIAITI ©CTIH
OH KAFTBIHIA OPHAJTIACKAH MOHOTOHAbBI ®YHKIINATAPIBIH
KOHYCTAPHI TYPAJIBI

ZKaprbuiait ocTiH OH 2KarblH/d OPHAJIACKAH MOHOTOH/IbI (DYHKIUSIIAPIbBIH,
OPTYPJIi KOHYCTAphl KapacThIPbLIFAaH. AHBIKTAIFAH PETTIK KaThIHACKa Oaiiia-
HBICTBHI KAPACTBIPBLILIT OTBIPFAH KOHYCTAPIBIH HYKTEIK YKoHe PETTIK KOMKepi-
sy (kabbLTy) mapTTapsl TaraiibIH A raH.

Kinrrik  ce3nep. Kewmimesni aybICTBIPBIIBIMIAPALIH, KOHYCTapbl, KO-
HyCTap/IblH, KOMKepiiyaepi (KabblLay1apsl), ayblCThIPBLIBIM/IBI HHBAPUAHTTHI
keHicTikrep, banax pyHKIMOHAIIBIK KEHICTIKTEPI.

Bokaev N.A., Goldman M.L., Karshygina G.Zh. ON CONES OF
MONOTONE FUNCTIONS ON THE POSITIVE SEMIAXIS

Various cones of monotonic functions on the positive semiaxis are
considered. The conditions for the pointwise and ordinal covering of the cones
under consideration are established for a certain order.

Key words. Cones of decreasing permutations, covering cones,
rearrangement invariant space, Banach function spaces.
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POLYNOMIAL IN TIME NONNEGATIVE INTEGER
SOLUTIONS OF KNAPSACKS AND SIMILAR PROBLEMS IN
R: P=NP?

VASSILLY VOINOV, NATALYA PYA ARNQVIST, YEVGENIY VOINOV

"A new result is the well forgotten old one"(A Russian proverb)

Annotation. An R-package "nilde" [1] for the enumeration of all existing nonnegative
integer solutions of linear Diophantine equations and inequalities and related problems
is presented. The software uses the approach based on a generating function of Hardy
and Littlewood [2] introduced in 1966 and the algorithm proposed by Voinov and
Nikulin [3] in 1997. The package proves to be useful for solving 0-1, bounded and
unbounded knapsacks, subset sum problems, integer linear programs, partitioning of
natural numbers, etc. The main advantage of the proposed software is that it solves
all the above problems in polynomial time. Numerous examples illustrate applications
of the package. Strong theoretical and empirical arguments in favor of equality P=NP
are presented.

Keywords. Linear Diophantine equations, Combinatorial optimization, Polynomial in
time algorithms, Knapsack-type problems, P=NP.

1 INTRODUCTION

Three basic approaches for solving nonnegative integer combinatorial
optimization problems such as knapsack, subset sum, integer program, and
others are known. They are: Branch-and-Bound (BB) (see the classical book
of Martello and Toth [4], Babayev et al [5], Martello et al [6], Mansini and
Speranza [7], Martello and Toth [8], Seong et al [9], Lodi et al [10], and many
others), dynamic programming (DP) (Andonov et al [11]|, Poirriez et al [12],
and others), and hybrid BB and DP (He et al [13]). It has to be noted that

2010 Mathematics Subject Classification: 05A05, 05A15.
© Vassilly Voinov, Natalya Pya Arnqvist, Yevgeniy Voinov, 2018.
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both BB and DP approaches usually cannot find all existing optimal solutions
of a particular problem in polynomial time.

The other known but well forgotten method uses generating functions
(Voinov and Nikulin [3]). We revisit the algorithm for the enumeration of
all existing nonnegative integer solutions of a linear Diophantine equation
suggested by Voinov and Nikulin [3]. The authors of that paper published in
1997 erroneously thought (see [3], p. 159) that their algorithm is exponential
in time. More than 20 years later using preliminary scripts for the R-package
"nilde" Voinov [14| has empirically showed that the algorithm is actually
polynomial in time. Moreover, compared to BB and DP approaches this
algorithm being enumerative in its nature is able to find all existing solutions
of a problem.

Section 2 provides the main R-functions of the package "nilde" [1] with
applications.

The discussion and the overall conclusion are provided in Section 3.

2 BASIC FUNCTIONS OF "NILDE"

The R-package "nilde" provides routines for enumerating all existing
nonnegative integer solutions of a linear Diophantine equation. Based on
the implementation of that enumeration the package provides also functions
for partitioning of natural numbers, solving 0-1, bounded and unbounded
knapsacks, subset sum problems, integer programs, etc.

2.1 FUNCTION "GET.KNAPSACK"

This function solves the unbounded, bounded and 0-1 knapsack problems
that can be written mathematically as

maximize c1s1 + cess + -+ ¢Sy,
subject to a181 + ass2 + - - - + a;s; < n, (1)
s; > 0, integers, 1 = 1,2, ..., 1,

where a;, ¢ = 1,2,...,], and n are positive integers. The bounded knapsack
problem has additional constraints: 0 < s; < b;, 0 < b; < [n/a;], and integer.
The 0-1 knapsack problem arises when s; = 0 or 1.

The usage of the function is defined by "get.knapsack (objective, a,
n, problem="uknap bounds=NULL) where "objective" is the [-vector of the
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objective function to be maximized, a is the [-vector of weights, n is the
capacity of the knapsack, argument "problem" can be "uknap" (by default)
for the unbounded problem, "bknap" for the bounded knapsack, and "knap01"
for 0-1 problem.

Consider the most interesting, intriguing and important example of an
unbounded knapsack problem (UKP) known as "hard" intractable NP-
problem

maximize C = 200s1 + 201so + - - - + 20657,
subject to 100s; + 101sg + --- + 10657 < n, (2)
s; > 0, integers, 1 =1,...,7,

where p = (p1,p2, ..., p7) = (200,201, ..., 206) are profits, w = (w1, wa, ..., wy) =
(100,101, ...,106) are weights, and n is the capacity of the knapsack. Note that
weights and profits are strongly correlated (Pearson’s correlation coefficient is
1). Martello and Toth ([4], p. 91) noted that "the optimal solution of such
problems appears to be practically impossible".

The application of "nilde" for the problem in (2) if n=1999 (get.
knapsack(objective
=¢(200:206), a=c(100:106), n=1999, problem="uknap")) gives all 110 optimal
solutions of it. It is of great importance to note that several other known
approaches (BB, DP and a hybrid algorithm EDUK2 [12]) cannot find all
those solutions. The IBM CPLEX version 12.2.0.0 gives only 51 with C' =
3899 [15]. The EDUK2 and "pyasukp" give by one different solution each
({2,0,0,0,1,1,15} and {1,0,0,0,4,1,13} respectively) [16]. The R-package
"Rglpk" gives the unique solution {2,0,0, 1,0,0,16}. Note that all three single
solutions are optimal but different. At the same time all of them are in the list
of all 110 solutions that are easily and fast obtained by "nilde".

From the above it follows that BB and DP searching algorithms cannot
enumerate all optimal solutions of the problem in (2). On the contrary the
enumerative algorithm of "nilde" permits to get all optimal solutions. For
example, lines
b5<-get.knapsack(objective
=c(200:206), a=c(100:106), n=2999, problem="uknap")
b5$p.n
options(max.print=5E5)

MATEMATUYECKUN KYPHAJ. — 2018. — T. 18, Ne 2



50  VAssiLLY VOINOV, NATALYA PYA ARNQVIST, YEVGENIY VOINOV

print(b5)
enumerate on a standard PC 24,354 optimal solutions of (2) with C' = 5899
for 153.4 seconds (0.0063 sec. per one solution). Note that under the default
settings CPLEX 12.7.1 gives only one optimal solution {10,1,1,1,1,1,14} for
0.06 sec.

2.2 FUNCTION "GET.PARTITIONS"

This function solves the problem of additive partitioning of natural
numbers. It enumerates all partitions of a positive integer n on at most (or
exactly) M < n parts.

The usage of the function is defined by "get.partitions
(n,M,at.most=TRUE) where n is a natural number to be partitioned,
M, the number of parts of n, is a positive integer. If "at.most=TRUE then n
will be partitioned into at most M parts, if FALSE, then on exactly M parts.

For example, the line
b<-get.partitions(8,6,at.most=FALSE)
gives two solutions: {3,1,1,1,1,1} and {2,2,1,1,1,1}.

2.3 FUNCTION "GET.SUBSETSUM"

By default this function solves the following 0-1 subset sum problem. Given
the set of positive integers {a1,as,...,a;} and a natural number n, it finds all
non-empty subsets that sum to n so that each of the integers a;, ¢ = 1,...,1,
either appears in the subset or does not and the total number of summands
does not exceed M, M < [. The bounded option possesses the additional
constraints on the number of times the term a; can appear in the subset.

The usage of the function is defined by "get.subsetsum(a,n,M=NULL,
problem= "subsetsum01 bounds=NULL) where a is the [ - vector of positive
integers, | > 2, m is a natural number, M being a positive integer that
defines the maximum number of summands. The argument "problem" can
be "subsetsum01" (default) for a 0-1 subset sum problem or "bsubsetsum"for
a bounded option. The argument "bounds" is the [ — vector of positive integers
b; that defines the number of a; to appear in the subset.

Let one need to get all subsets for the vector a = {30, 29,32, 31,33} that
will be summed up to n = 91. The following lines:
b3<-get.subsetsum(a=c(30,29,32,31,33), M =5, n=91, problem="subsetsum01")
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b3
colSums(b3$solutions*c(30,29,32,31,33))
give only one solution {1,1,1,0,0}.

Since the subset sum problem is a particular case of the knapsack one
when profits equal to weights, the same result can be obtained using the
"get.knapsack" -function as follows:
b31<-get.knapsack(objective—c(30,29,32,31,33), a—c(30,29,32,31,33), n—91,
problem=
"knap01")
b31.

An example of a bounded problem is presented below:
b4 <-get.subsetsum(a=c(30,29,32,31,33), M =5, n=91, problem="bsubsetsum bounds
—c(1,2,1,3,4))
b4
colSums(b4$solutions*c(30,29,32,31,33)).

There are three solutions of the problem: {0,1,0,2,0}, {1,1,1,0,0}, and
{0,2,0,0,1}. Alternatively, one may get the same results as follows:
b41<-get.knapsack(objective=c(30,29,32,31,33), a=c(30,29,32,31,33), n=91, problem—
"bknap bounds=c(1,2,1,3,4))
b4l.

Consider the following 0-1 subset sum problem of Chvétal ([17], p. 1408)
that turns up to be "hard"for both BB and DP approaches

10
maximize C = Zaij,
j=1
10
subject to Zajsj <mn, (3)
j=1
s;i=0,1,i=1,2,..,10,

where a; = 212 + 2177 + 1, j=1,2,...,10.
The following lines:
b5<-get.subsetsum(a=c(4101, 4105, 4113, 4129, 4161, 4225, 4353, 4609, 5121,
6145), M=10, n=26582, problem="subsetsum01")
b5
colSums(b5$solutions*c(4101, 4105, 4113, 4129, 4161, 4225, 4353, 4609, 5121,
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6145))
easily and fast give one solution {0,0,1,0,1,1,1,1,1,0}. Replacing n by 26,583
one will get "no solutions".

2.4 FUNCTION "NLDE"

This function enumerates all existing nonnegative integer solutions of a
linear Diophantine equation (NLDE)

a181 +a289 + -+ QS = n, (4)

where a1 < ag < --- < aq, a; >0, n >0, s; >0, ¢ =1,...,], and all the
variables involved are integers.

The usage of the function is defined by "nlde (a, n, M=NULL, at.
most=TRUE, option=0)", where a is the [ > 2 — vector of positive integers
(coefficients of the left-hand-side of NLDE (4)), n is the positive integer, M <n
is the number of parts of n. The argument "at. most" can be TRUE for
partitioning of n into at most M parts or FALSE for partitioning on exactly
M parts. If the argument "option" is set to 1 (or any positive integer), then
only 0-1 solutions will be enumerated.

The solutions of the equation (4) represent a natural number 7 as a sum of
positive integers a;. that may, in particular, be prime numbers. For example,
the command nlde (a=c (2, 3, 5, 7, 11, 13, 17, 19), n=20, at most=T) produces
29 representations of n=20 as a sum of prime numbers.

3 A DISCUSSION AND CONCLUDING REMARKS

All results of the package "nilde" are based on the function of Hardy
and Littlewood [2] 1 = (2™ + 292 + - - - 4+ 290)["/ ] that generates all existing
nonnegative integer solutions of the equation in (4) and the technique of Voinov
and Nikulin [3] based on the results published in [18]. The most important point
of the above is that the algorithm of Voinov and Nikulin [3] (see, e.g., [14], p.
14) is a deterministic one. It produces absolutely all solutions of (4), if they
exist, or returns '"no solutions". It is naturally to assume that this algorithm is
polynomial in time. Using the instance given in (2) (the numerical example that
is considered in [17]| to be very hard for BB and DP approaches) Voinov [14],
p- 18 showed that the example is easily solved by "nilde" and that the time
complexity of the solution is approximately O(n?). It can also be empirically
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shown that the algorithm is still polynomial in time of complexity O(n?) if the
number of terms [ in (2) is considered as a size of the problem (see Figure 1).

time, sec

20

70

&0

30

40

30

20

10

y2 =0.0002e1.8472x
2 _
R*=0.9949 y2
yl=0.1203x% - 2.207x* + 16.086x% - 57.545x? + 100.2% - 67.442 I-'I
z _ ‘5’1 i
R*=1 ;
> 5 4 T T 1
Z 3 4 3 5] T

Figure 1 — Empirical dependence of computing time (solid line with

black squares for assessed times) on the number of terms in problem (2).

The dashed line corresponds to the exponential fit of data

At this point it is of interest to note that the number N of solutions of
the inequality 2221 a;s; < n, where a;’s and n being naturals and s; > 0 are
integers, in the most worst case is bounded above by a polynomial function
(n+a1+---+a) /(' TI'_, ai) (see formula (17) of Mahmoudvand et al. [21]).
Since the verification of candidates for a solution can evidently be done in
polynomial time, one may expect that there should be an algorithm (e.g., used
in "nilde") that solves the whole problem in polynomial time. Our numerical
example in (2) confirms this, because the empirical number of solutions in that
example is bounded above by the polynomial of order 4 (see Figure 2).

We may consider the above result as a weak theoretical justification of
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Figure 2 — Empirical dependence of the number of solutions of problem (2) on n.
The dashed line corresponds to the exponential fit of data
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the fact that "nilde" uses polynomial in time algorithm for solving linear
optimization problems in nonnegative integers.

The results of this note can be summarized as follows:

1) It is well known (see, e.g., [9]) that the performance of BB and DP
searching approaches for solving knapsack problems essentially depends on
the correlation of weights and values of items. On the contrary, there is
no such problem for R-package "nilde" (based on enumerative algorithm)
that is absolutely insensitive for that correlation. Actually, all "hard" linear
optimization problems in nonnegative integers are solved easily and fast.

2) It was shown numerically (see [14]) that partition, knapsack, subset sum
and related problems are solved in polynomial time.

3) Due to classical results of Karp [22] and Garey and Johnson [20] from
the above it follows that all NP-complete problems are solvable in polynomial
time, and, hence, P=NP.
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Bacunuit Bounos, Haranbsa [Iss A., Esremuit Bounos R-geri PAHEIITI
JKAVIFACTBIPY ECEIITEPIHIH »KOHE COFAH YKCAC MOCEJIEJIEP-
JITH, VAKBIT BOMBIHIIIA ITOJIMHOMJIBIK TEPIC EMEC BYTIH CAH-
JAbIK IIEIIIMIEPI: P=NP?

Co3uIKTHIK, o alnTThIK TeHaeyaep MeH TEeHCI3IIKTEPIiH KoHe COFaH VK-
cac ecenrepdin OypeIHHAH O0ap OapablK Tepic emec OYTIH CaHIBIK TITEITiMIePiH
canamasiayra apuasraH '"nilde" R-makeri ycwrabiiran. IIporpammanbik Kam-
cer3aauabpy 1966 xKbiabl enriziiren Xapaw Mes JIUTTABYATHIH TYBIHIAY B
dyuknusceiHa xoHe 1997 xbiibl Bounos men HukyinH yChIHFaH ajaropuTM-
re Herizzmesren Tociimi kosmanazgbl. [laker (-1, mekrTeysi »koHe MIEKTEYCi3
JKOJIKQIIIBIKTAP/IbI 2KAUFACTBIPY €CENTEPIiH IMemryre, KOCAIKbI KUbIHTBIKTap-
Iibl, OYTiH CAHBIK CHI3BIKTHIK, TPOTPAMMAJIAP/IbI KOCHIH/IBLIAY, HATYPAJl CaH-
Iapanl 0e/TKTey YIMH 2KOHe T.T. Maii1a/Ibl. YCHIHBLIBII OTBIPFAH IPOrPAMMAJIBIK,
KAMCBI3IAHILIPYIBIH HETI3T apTHIKIIBLIIBIFEL OJI YKOFAPBILA aTAJFaH eCenTep-
IIiH, OapJIBIFBIH TOJIMHOMIBIK YaKbIT apPaJIbIFbIH T Tiertesi. Kemreren Mmbicaigap
MMaKeTTIiH KOJIJAHBICTAphIH Kepceremi. P—=NP reririmin maiimzachiHa OaiibIIThI
TEOPUAIBIK, 2KOHE IMIUPUKAJIBIK, JIOJIE/IIED YChIHBLIFAH.

Kinrrik cezmep. Co3plKThIK JnodaHTThIK TeHjeyaep, KOMOMHATOPJIBIK,
OHTAMIAHIBIPY, YAKBIT OOMBIHINA ITOJUHOM/IBI AJTOPUTMIEDP, PAHENT Kalira-
CTBIPY TeKTec ecenTep, P=NP.
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Bacunuit Bounos, Haranbs Ils A., Esrennit Bounos ITOJIMHOMUA JIb-
HBIE 110 BPEMEHU HEOTPUIIATEJIbHBIE TEJIOYUCJ/IEHHBIE PE-
IMTEHNA 3AJAYN YKJIAIKU PAHITA U ITOJIOBHBIX ITPOBJIEM B R:
P=NP?

[Ipencrasmen R-maker "nilde" nng mepeducienusi BceX CYyIIECTBYIOITUX
HEOTPUIATEILHBIX TEJIOYNCJICHHBIX perteruil guneitabix JlnodanToBeix ypas-
HEHUIl U HEPABEHCTB U MOJOOHBIX 3a/1a4. [Iporpammuoe obecriedenne nCIo b
3yeT IMMOJXO0, OCHOBAHHBIM Ha mpou3BoAdlieil dyukiun Xapau u JlurtiaByma,
BBesennoit B 1966 romy, m aaroputMe, mpeaoxennoM BomraossiM n Hukymm-
veiM B 1997 roay. Ilaker mosiesen jyist pemenns 3aaad ykaagku (-1, orpanu-
YEHHBIX W HEOI'DAHUYEHHBIX PIOK3aKOB, CYMMUPOBAHUS IIOJIMHOXKECTB, II€JI0-
YUCEHHBIX JIMHEHHBIX [IPOrpaMM, pa3bueHuit HaTypa/ibHbix ducea u T.11. Oc-
HOBHOE IIPEMMYIIECTBO IIPEIOKEHHOI0 IIPOrPAMMHOI0 0DecriedeHusi COCTOUT
B TOM, UTO OHO PEIIAeT BCE BBIMIENEPEUNCACHHBIE 33a9N 328 MOJUHOMUATh-
HOe BpeMsi. MHOTOUYNC/IEHHBIE TPUMEPHI UJLIIOCTPUPYIOT TTPUMEHEHUsT TTaKeTa.
[IpencraBieHbl cepbe3HbIE TEOPETUUECKUE U SMIUPUIECKUE APTYMEHTHI B MTO/Th-
3y paserncta P=NP.

Kirouesnre cioBa. Jluneitnbie JlnodanToBbl ypaBHEHUS, KOMOMHATOpPHAS
ONTUMU3AIWS, TOJTUHOMUAJIbHBIC TI0 BDEMEHU aJI'OPUTMBI, 3a/a9U TUIlA YKJIa /-
Ku panna, P=NP.
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O I'NIAIKOCTHU PEIIIEHUY OTHON HEJIOKAJIBHO
KPAEBON 3AJTIAYM IJ11 MHOT'OMEPHOI'O YPABHEHU A
YAIIJIBITMHA B IIPOCTPAHCTBE

C.3. JIxkAMAJI0B, P.P. AlliypOB

AnHoTaumsa. B gawvoii paboTe npu BbLINOSHEHMM HEKOTOPLIX YCNOBMIA Ha KO3h-
CbVILWIeHTbI MHOFOMEPHOro ypaBHEHUSA l‘lal'lﬂblFVIHa AOKa3bIBAOTCA OAHO3HA4YHAsA
paspewnmMocTb W T[NafKOCTb pPEeLIeHUs OAHOW HENOKaNbHOW KpaeBoW 3ajaym C
NOCTOSIHHBIMUN KO3bdpuunentamu B npoctpancTeax Cobonesa.

KntoueBble cnoBa. MuoromepHblie ypaBHeHus YannbirnHa, ogHO3Ha4YHAst paspewiu-
MOCTb 1 rMafKoCTb peweHnst a npoctparcTteax Cobonesa.

1 BBEJAEHUE U TOCTAHOBKU 3AJIAYU

Kpaesnbie 3a/1a4u ¢ HEJTOKATBHBIMU YCJIOBUSIMU I YpaBHEHUS Yaripiruna
BIEPBbIE OBLIN IIPEIOKEHbI U u3ydenbl B pabore @ .M. Opankis npu usyde-
HUU Ta30/IMHAMUYECKOil 3a/1a4u 06 obrekanuu npodusieil TOTOKOM JT03ByKOBOit
CKOPOCTHU CO CBEPX3BYKOBOU 30HOM, OKAHYUBAIOLIEHCA IPAMbBIM CKAYKOM YILJIOT-
uennst |1]. C apyroit cropomsl, B oTawdane or 3aga4n lupnxiie, MMEHHO Takwe
33/1a9M, OXBATHIBAIOININE BCIO TPAHUILY, OKA3AJNCH KOPPEKTHBIMU /IS YpaBHe-
HUSI CMEITAHHOTO TUTIA TTEPBOTO POJA B YACTHOCTH /IS YPABHEHNsT JaIlIbITHHA.

D710 6bLI0 0OHApy:KeHO B pabore A.B. Bumanze [2|. Janee anamoruanbie
KpaeBble 33[a4 /ST YPABHEHUST CMEITAHHOTO THUIIA TIEPBOTO POj1a OBLIN U3y Ue-
uel B pabore T.ITI. Kanbmenosa [3]. Kak Gim3kue mo mocraHOBKe M3ydaeMbIX
3a/1a9 OTMeTHM Takzke pabotrs! [4], [5], [6], [7].

B mannoit paboTe 718 ypaBHEHUsT MHOTOMEPHOTO ypaBHeHUs arabriHa B
IPOCTPAHCTBE U3y4aeTCd KOPPEKTHOCTHh HEKOTOPO#l APYyroil HeJIOKaJIbHOU Kpa-
eBOIl 3a/Ia9N C MOCTOAHHBIMA KO3(MMUITIEHTAMA.

2010 Mathematics Subject Classification: 35M10,35M20.
© C.3. Ixamanos, P.P. Amypos, 2018.



60 C.3. IxkAMAJIOB, P.P. AlliyproB

n
IIycrs Q = [] (o, 5i), n—MepHbBIil TapaIeIenure/] eBKInJI0Ba IPOCTPAH-
i=1
crBa R™ Touex (Z1,...,2n), a1 <0< B1, 0 < a; <2 < B < 400 Vi=2,n.
O6oznaunm uepes @ = Q x (0,7) x (0,0) = Q1 x (0,¢) = {(z,t,y);x €
2,0 <y <l0<t<T < +o0} 061aCTh € KyCOIHO-TIAIKON TpaHUIIEH
0Q = 0Q1 x (0,£), 0Q1 = 902 x (0,T).
B obactu () pacemorpum guddepeHnnaarHoe ypaBHEHNE BTOPOTO TTOPSII-
Ka,

Lu=K(z) uy—(aij(z) Uwi)xj —a(z, t)uyy+o(z, t) u+c(z, t) u= f(z,t,y), (1)

snech x1 - K(x) > 0 nmpu 1 # 0, rne 1 € (a1, f1).

Bcrony Huke 1Mo mOBTOPSIIONIUMCS WHIEKCAM MIPEJITOIAraeTCs CyMMUPOBa-
Hre or 1 10 m m Oyaem mpeanosiaratb, 9T0 BCe (PYHKIUU, BCTPEYAONINECS B
CTaThe, BEIIECTBEHHO 3HAYHBIE U JIOCTATOYHO TJIA/IKUE.

[Ipeamnomoxkum

a;j(z) = aji(x), aij(ar) = a;i(Be) Vk=T,n;z € Q, £ € R, [¢* = éﬁ-

KpoMe TOro, IycTh BBITIOIHEHO 0THO U3 yeaoBmil A moboro &€ € R® wx € () :

(a) a;j(x)&& > aol€)?, rae ag — const > 0,

(b) aij(z)&&; < aql€|?, ae ag — const < 0.

Yepes W L(Q) (2 < | — marypanproe 9mC/I0) 0B03HAMHM MPOCTPAHCTBO
CoboJteBa €O CKATISAPHBIM IPOM3BEIEHUEM (, ); B HOPMOI H'HWZl(Q), wiQ)=
Ls( Q) — npocTpaHCTBO KBaJPATUIHO CYyMMUPYEMbIX (DYHKIIHIL.

[Ipu mosydeHNn pasIUYHBIX ANPHOPHBIX OIMEHOK MBI 9aCTO HCIOJIB3yeM
HepaperncTBo Ko ¢ o:

2 2
ou v
Yu,v >0Vo >0, uv-v<—+4—.
2 20
» 0Pu
JL1st IpOM3BOAHBIX IMOPAJKA P YIAO0OHO IpHHATH obo3Hauenme: DLu = ﬁ;
z

npu stom DY v = .
2 HEJTOKAJTbHASI KPAEBAS 3ATAYA

Haittu pemenue u(x,t,y) ypasuenus (1) m3 npocrpancrsa CoGosiea
Wi 2(Q) (m = 0,1,2,...), YOBIETBOPSIOEE HETOKATBHBIM KPACBBIM YCIO-
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BUAM
’YDfu‘tzo = Dfu|t:Ta (2)

nngl u‘fﬁi:OAi = Dgz u|$i=5i’ (3)

u(@,t,0) = u(z,t,0) =0, (4)

npu p=0,1; n; Vi = 1,n u v — HeKOTOpBIE IIOCTOSHHbIEC YUCIA, OTINIHEIE OT
HYJIsl, BEJIMYUHBI KOTOPBIX OyIyT yTOYHEHBI HUKE.

Panee omHo3Ha9Has Pa3pemmmMOCTh U TJIAAKOCTH PENIEHUs] HEJIOKATLHOL
Kpaesoii 3agaun (2)—(3) a1 ypaBHeHHs CMEIIAHHOTO THIa mepBoro pozga (1)
B ciayuae a(z,t) = 0 6buin u3ydens B paborax [4], [5]. B macrosieit pabore B
cayqae a(x,t) # 0 u npu BoinoHeHnn yeiosus (4) Ha pemntenun ypasuenus (1),
UCI0JIb3Yst pe3ysbrarsl pabor [4], [5], n3yvaercs ojHO3HAUHAS PA3PENTUMOCTD 1
IIAZKOCTD perennst 3a1a4u (1)—(4) B MmEOroMepHBIX npocTpancTBax Cobosena
Wrt(Q) (m=0,1,2,...).

Cuayasia paccmorpuMm ciydait m = 0.

3 EAVHCTBEHHOCTH PEIIEHUA 3AJIAYN

TEOPEMA 1. IlycTp BbIIOJIHEHDBI BbIIIEYKAa3aHHBIE YCIOBHUS Jijis KO3hpuiim-
enroB ypashenusi (1); kpome roro, mycrs 2c(z,t) + AK(x) > §1 > 0,
A c(x,t) —c(w,t) > 09 >0, X a(z,t) — ar(x,t) > 63 > 0 ama seex (w,t) € Q,
e A= Z2Inly| >0mu |y|>1Bcryraea) m A = Zlnly| <0 m |y] <1
B cayqae b), |n)| > 1,Vi =1,n, ¢ (z,0) < c(z,T), a (2,0) < a(x,T) aus

Beex x € Q. Torga mis mob6oit pyuknun f(x,t,y) € La(Q), ecnu cymectByer
pemrerne 3axaun (1)—(4) B npocrpancrse W3(Q), T0 0HO eamHCTBEHHO.

JOKABATEILCTBO. JlokazkeM eMHCTBEHHOCTH perenust 3agaqan (1)—(4) ¢ mo-
MOLIBIO MHTErpasa sHeprun. Ilycrs cymecrByer perienue 3agadu (1)—(4) u3

W (Q).

PaccmoTpum ToXK1ECTBO:
2(Luap(x7t)ut)0 = Q(fap(xat)ut)()a (5)

n R
rie p(z,t)=exp(—At—>_ Tiz;), rue A\, 7; (Vi = 1,n) — consts, rakue aro, A > 0
i=1

B ciayvae Bbinosinenue yciaosue (a), A < 0 B ciayuae soinosnenue yciaosue (b),
Ti > 0.
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B cuny ycaosuit Teopembr 1, maTerpupyst no 9actsiMm T0x1eCTBO (5), JIETKO
HMOJIYYHUTD CJICAYIOIEE TOXKIECTBO:

2/Lu-p(m,t)-utda:dt = /p(m,t){(Qa—i-)\K)-u?—i-)\aij uziugcj—i-(/\a—at)uz—l-
Q Q

+(Ae—¢)-u?} dedtdy — 7 /p(x, t) aijuy, ud x dtdy+
Q

+/ plx,t) {K(z )ut et — 20Uz, Ut Cp; + Qijle Uz, €4 + C- u? e+
oQ
+au§et — 2auyusey} ds, (6)

rne € = (eg, = cos(e, x;),e; = cos(e,t), ey = cos(e,y)) — eAUHNTHBINH BEKTOD
BHEIIHe HopMasn K rpaaune 0@, 0 < 7; = 9% In|n|,0<0; = (8 —a;) Vi =
1,n. Teneps paccmorpumM rpanuunbie nnrerpaibl. Tax kax u € Wo2(Q) yio-
BJIETBOPsieT KpaeBbIM ycaoBusaM (2), (3), To

/ plz, t){ K(z )ut et—0jjUz, Us, er+cu? et—i-au er—2 AUy, Ut €, —20Uyurey }t ds =
0Q

14
Zszz
— T2 ) x / e K @)ud(w,0,y) + ai (@) (2,0, y) Jdady+
0

/ e & e T) — el 0)u(w, 0, 4)+a(z, T)—alz, 0)Ju2(z, 0, ) }d wdy—
Q

-2 / AUy Uey ds — 2 - [e_TJ'BJ'UJQ- — e %] x
0Q

Bi—1Bj+1  Bn 4

T ¢
b B o
x/ / / ///e_ ei=Lii# umi(f,t,y)ut(f,t,y)dfdtdy:ZJi,
0 0 '

a1 1041 O i=1
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rae T = (Z1,...,Lj—1,05,Ljt1, ..., Tp), dT = dx1dxo,...,dxj_1dTjt1, ..., dTp,

Ji(i = 1,2,3,4) — rpanuvYHbIe WHTErpaJIbl. YUNTHIBag yCaoBusa Teopembr 1,
kpaesbie yciosust (2)-(4) u 42 = M| n? = 770
unterpajsl Ji, J3, Jy paBHBI Hy/IO, & TpaHUYHbIH uHTerpas Jo > 0. YcmoBus
Teopemsr 1 obecrieunBaioT HEOTPULATENBLHOCTH HHTErpaIa no obgacru (. Or-

, HOJIYYIUM, 9TO I'DaHUYIHbBIE

OpacbIBasi TOJIOKUTETHHBII TPAHUIHBIN HHTErpas B TOXK/AecTBe (6) 1 yIuThIBas
BbIIIECKA3aHHOe, 13 TOxAecTBa (6), npumensis Hepasencrsa Kommu ¢ o, nosy-
4uM CJle/lyIolllee HepaBEeHCTBO:

2 / Lu- p(z,t) - updxdtdy > / plx, ){(2a + NK(2)) - u? + Aa, u? +
oQ Q
+(ha—a) ud+ (Ae—c¢) w?} dwdtdy — o |jug | — (o) - |, (7)
rue ar = ap B Caydae a), ar = aj B caydae b); T = max{7y,..,Th}; 0 u
clo) = TQU?l”‘”j”C(Q) — k03 dunuentor HepasercTsa Kommmu ¢ o.

Boibupas kosddumuenter Aap — o > Ag > 0, 01 — c¢(o) > §y > 0, u3
HepasencTsa (7) moayduM HEOOXOMMYTO TIEPBYIO AIPUOPHYIO OLEHKY

el < el F13,0) - (8)

Teneps jlokaxem euHcTBenHocTh pemenns 3aaan (1)—(4) uz W3(Q). Mycrs
cymectryior ui(z,t,y) w uz(z,t,y) — npa pemenns sazaun (1)-(4) mz WE(Q),
TOT/TA JIJIST U = U] — U2 M3 HEPABEHCTBA (8) mosryanm HuHIz,VQl(Q) < 0, u3 KOTOPOIt
caiejyer equHCTREHHOCTH permennst 3aaun (1)—(4) uz W2(Q).

Yepes ¢; 3/1eCh 1 j1amee 0003HAYUM TIOJI0KUTEIBHBIE, BOOOIIE TOBOPSI, Pas3-
HBIe ocTogAHHbIE. Teopema 1 mokasaHa.

s mokasarenscrBa paspemnmmoctn 3aga4du (1)—(4) cragana ucmonn3yem
meroy Pypwe. A umenno: pemenue 3azaqn (1)—(4) umem B Buje

u(z,t,y) = Zus<xvt)1/s(y)7 (A)
s=1

s

. 2
rae dyakmun Ys(y) = {\/%8111#31/}, ps = (%), s = 1,2,3, ..., apysmorcs pe-
menusgivu crekrpassbuoit 3aga4uu lrypma-JluyBuiuia ¢ yeioBusmu lupuxiie.
NsBectro, uto cucrema cobcrsennbix dhynknuii {Ys(y)} monmna B mpocrpancrse
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L5(0,¢) u B nem ob6pasyer oproHopmuposanusiii 6azuc (8], [9], [10], a mst ompe-
nemerns byaknun ugs(z,t), s =1,2,3, ..., moayunm B obmactn Q1 = Q2 x (0,7)
OECKOHEUHOE YMC/I0 CUCTEM YPABHEHMI CMEIIaHHOTO THIIA, BTOPOTO TOPSI/IKA!

Lus = K(x)ugy — (aij(x)uswi)xj + oz, t)ug+

+(C($7t) + a(mvt)/‘g)us = f8(1:7t)7

'YDtpU8|t:0 = Df u5|t:T’

—~
==~
S ©O
— —

. HP — P
nZ‘DIEi us |CEZ:C¥1 - 'DZ'Z us |I2:6’L7

—~
—_
—_

~—

l
snech fs(w,t) = \/%- [ f(z,t,y)sin psydy.
0

Ormernm, uro B paborax [4], |5] npu durcupoanHoM s B ciydae, KOrjaa
a(xz,t) = 0, npu BomoaHeHUn ycaoBusa Teopembl 1 ncciegoBana oJHO3HAUHAS
pazpermavocts 3agaun (9)—(11) B mpocrpanctee Wi 2(Q1) (m = 0,1, ...).

4 YPABHEHUWE TPETBETO [NOPAJKA C MAJIBIM ITAPAMETPOM

Paspemmmvocts 3agaqn (9)—(11) mokaxem meromamu "e — perynspusanun',
a mMenno: B obactu Q1 = Q x (0,7) paccMoTpuM ceMeficTBO GeCKOHEUHbBIX
YDABHEHWI TPETHEro TOPsijIKa ¢ MAIbIM MapaMeTPOM:

3

L5u37€ = —¢ 81:;75 + Lu&s = fs(x’t)’ (]_2)
7D3u5,5|t:0 = D:f] us,s|t:T7 q=0,1,2; (13)
nngz Us,elg,=a; = D% us,5|$i:5i7 p=0,1, (14)

e € — MaJjoe MOJOKHTeIbHoe yncao, Diw = %qzﬁj, q=1,2; Dgw = w.

HI/I)Ke HCIIOJIB3yEeM CHUCTEMbI ypaBHeHI/Iﬁ TPpeThero Mnmopga/jakKa C MaJibIM ITapa-
merpoM (12) B KadecTBe "€ — perynsapusupyomero” ypaBHEHUS JJIsl CHCTEMBbI
yPaBHEHUs! CMeLIaHHoro Tuia sroporo nopsyika (9) [4], [5], [11], [12].

Yepes W(Q1) nmxe Oymem 0603HAYATH MPOCTPAHCTBO BEKTOP-(DYHKIMUIT
{9,(2, 1)}, Taxmx, xkak {V4(z,t)}22, € W2(Q1), {Ust}5° € L2(Q1) m yro-
BJIETBOPSIONINX COOTBETCTRYOMMM yeaosusam (13), (14).

Hopwmy B 3TOM mpocTpaHCTBE OIPEIeNM CJIEIYIONUM 00pa3oM:

195113 1) = HﬁSH?/VQQ(Ql) + e Wt Ty -
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Ouesuzno, uro npocrpanctso W(Q1) ¢ 3amannoit HOpMOit siBasteTcst Gana-

xoBeIM [9], [10].

ONPENEJEHUE. Pemennevm 3amzaun (12)-(14) 6ynem HaspiBaTh BEKTOD-
dyurnuro {us(x,t)} € W(Qh), yaosrersopsiomiyro ypapaenuro (12).
TEOPEMA 2. IlycTp BBITOJIHEHDBI BHITNIEYKAa3aHHbBIE YCJIOBUS JJIs KO3hDHIn-
enTo ypasHenus (12); kpome toro, myctb 2a(x,t) + AK(z) > §1 > 0,
Ac(z,t)—ci(x,t) > 52 > 0, X a(z,t)—ay(z,t) > I3 > 0 g1 Beex (x,t) € Q, re
A=2ZInlyl >0u |y|>15cryuaea) n A = Zlnly| <0m |v| <18 cryqae
b), |nil > 1Vi=1,n, a(z,0) =a(z,T), c(z,0) =c(z,T), a(z,0) = a(z,T)
ana seex x € Q. Torga mra moboit pyrxmun fs(z,t) € Lao(Q1) Taxoii, aro
fst(z,t) € La(Q1), v fs(x,0) = fs(x,T), cymecrByer equrcrBeHHOE pellieHHe
sayaun (12)—(14) B npocrpancree W (Q1) u ansa pemenns 3agaqn (12)—(14)
CIIPABEJIUBBI CJIEJLYIOLIHE OLIeHKH:

2 2
1 <2 lfsllos

D) ellusetll + lluse

I1) e lluseuly + lluselly < esll fsllg + 1 fsllg)-

JIOKA3ATEJ/IbCTBO. CHauajia JOKaXKeM HIEPBYIO OIEHKY.

2/p(x,t)-L5u575 “Ug g drdt = 2/p(x,t) fsug o dxdt. (15)
Q1 Q1

Nuterpupys mo wactam toxaectso (15) m yuawrssas ycaosue Teopembr 2,
HETPY/HO MOJIYYIUTh 1) — MEePBYIO OIEHKY aHAJOTUIHYIO OlleHKe (8), 13 KoTopoit
cJie/lyer eIMHCTBEHHOCTH periernnst 3a1aan (12)—(14) npu durcupoBanHOM s.
Ternepsb JlI0KaKeM CHPaBEIJIMBOCTH BTOPOil OLEHKH.
JIJ1s1 3TOTO PACCMOTPUM TOXKIECTBO

—2/p(:v,t) Leug, - lug drdt = —2/p(x,t)'fs-€us75dxdt, (16)
Q1 Q1

— A
rae gus,s - (us,sttt - Aus,stt + fus,sx:r - Aus,st)'
Wurerpupyst mo gacrsam (16) ¢ yaerom ycaosuit Teopembl 2 1 KpaeBbIX yCJIOBHIi
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(13), (14), noayuum caemyromiee HePABEHCTBO:

2
2(fu bl 0,y 2 = [t [+ [ ol (24 )t
Q1
2
+Aag (ug,stx—i_uz,swz)}dxdt—i_bo Hus,g Hl + / p(a:, t)[(K(.’E) ug,stt_2aus,st us,ett+
01
+2ak’us,aazitus,atxj + 2aij$j Ug; Uit — 2(C + aug)us,a(us,att + us,axz))et_

2

)=o)

u

S €xx

u

S:Ett

2
usv‘E(Et ‘

2
|
0

_2aijus,5ttus,5xit el?i]ds - J(‘ 0

6
—c1(0) [lus |7 =" 5, (17)
i=1

rae J;(i =1,2,3,5,6) — maTErpasnl mo obracru, J4 — HATErpasl 10 TPaHUIE, o
i clo) = 72~ max{ laila b €1(0) = o~ max{llallon g i los @y
leller(gyys llall gy} — xoaddummenter nepasencrea Komm ¢ o. Beibupas ko-
sdbdurmenter Aay — 20 > A9 > 0, 61 — c¢(o) > Jp > 0, by = min{dp, Ao, d2 +
3 - (%)2} u yunTeiBast yciaosust Teopemer 2 m kpaeswle yciosus (13), (14),
noxyanm, uro Jy = 0,J; > 0(i = 1,2,3), uz nepasencrsa (17) momyunm
HEOOXOMMYIO BTOPYIO OIEHKY. V3 MmosydeHHBIX OIEHOK IOJIYYHM OJIHO3HAM-
HyIo paspemmmoctb 3ajaun (12)—(14) u3 npocrpancrea W(Q1). Teopema 2
JIOKa3aHa.
[Tepeiipem Kk jgokasarenbcrBy paspenmmmoctu 3agaqau (9)—(11).

5 CYIIECTBOBAHUE PEIIEHUS 3AJAUU

TEOPEMA 3. Ilycrs Bbinosinenst see yciaosusi Teopembr 2. Toryia perenue
sagaun (9)-(11) cymecrsyer n equncrenno B W2 (Q1).

JJOKABATELCTBO. Exuncreennocts pemenns 3agaqgu (9)-(11) B npocTpamn-
cree W3(Q1) noxaseisaerca anosornuno kak B Teopeme 1. Tenepn jjokaxem
cymecteoBanme pemenns 3agaqu (9)—(11) 8 Wi (Q1). s 9T0oro paceMoTpum
B obsiactu (1 ypasnenue (12) u xpaesbie yciaosusi (13), (14) upu € > 0. Tax
KaK BBIIIOJIHEHBI BCe YCa0BUsL TeopeMbl 2, TO CYIIECTBYeT € JUHCTBEHHOE pellle-
nue 3agaun (12)—(14) uz W(Q1) upu € > 0 u jig Hero cupapeJIuBbI 1Ep-
Bast u Bropast orenkn. OTcioa ciieyer, 9To U3 MHOXKECTBa BEKTOP-PYyHKIU
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{use(x,t)} € >0, npu GpUKCHPOBAHHOM § MOXKHO U3BJIEYb C1a00 CXOMSIITYOCS
HO/IIOC/IEIOBATEIBHOCTE (DYHKIWMI Takyto, 9o { Uuse, (z,t) } — us (x,t) nupn
g — 0B M/ugly

[Tokaxkem, uTo mpegenbHas GyHKIUA Us(T,t) YIOBIETBOPSET YPABHEHUIO
Lus = fs (ypasuenuto (9)) nouru scogy. B camom gesie, Tak Kak 10C/I€10-
BaTeNbHOCTD { Us ¢, (7,1)} cmabo cxomurea B W2(Q1), a moCie10BaTebHOCTD

Buse, (x,t . .
{ Fluse (@t) } pasHOMepHO orpannvena B Lo((Q)1) u oneparop L nuneiinblit, T0

ot3
nMeemM
Bu.. Pu.,
Lus — fs = Lus — Lu ¢, + giait;z =L(us—usg,)+e at?’el' (18)

U3 pasencrsa (18), mepexo/s k mpegeny mpu €; — 0 u npu GpUKCHPOBAHHOM S,
noyauM eguacTeennoe penrenne 3agaqan (9)—(11). Takum obpasom, Teopema
3 mokazama.

Teneps nepeiiiem K jlokazaresbCTBy paspemmmoctu 3aja4n (1)—(4).

TEOPEMA 4. Ilycrs Boimiosinensr Bce yciosusi Teopem 2 n 3. Torna perrrenne
sagaun (1)—(4) cymectsyer u equncrsenso B Wi (Q).
JJOKABATEJILCTBO. Ejuncrsennocrs pemenusi 3aga4u (1)—(4) B npocrpas-
cree W2(Q) nokaszano B Teopeme 1. Bo BTOPOM MyHKTE CTATHU Mbl J0KA3hIBa-
U OTHO3HAMHYTO pazpermMocTs 3agaxm (9)—(11) B mpoctpanctee Wi (Q1)
s pemenns 3aga9u (9)—(11) moxazana COOTBETCTBYIOMAS OIEHKA:

2 2
lusllwz gy < e I1fsllwa ) -

Tak kax cucrema COOCTBEHHBIX DYHKITUI {\/% sin p15y} mosHA B IpOCTpaHCTBE

L5(0,¢) u B mem o6pasyer OpTOHOPMHUPOBAHHBIA Ga3UC, UCHOIB3ys PABEHCTBA
[Mapcesanus-Crexaosa [9], [10] mias pemenus 3anaau (1)—(4), noayunm ciemy-
OTIHe OTIeHKM:

iz @) = D lusllivzon < s X fslliaony = cs-IIFIF- (19)
s=1 s=1

Orcrofia moTydnM CyIecTBOBAHUE €INHCTBEHHOTO perterns 3a1a9n (1)—(4) u3
npocrpancrsa W2(Q). Teopema 4 jjokazana.
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6 TVIAZIKOCTH PEIIEHUA

Tenepb 00paTMCs K MCCIEQ0BAHUIO [ KOCTH perienns 3ajaqn (1)—(4),
Korga m > 1. Huke 171 IPOCTOTEI IPEIONI0KIM, ITO KOI(DPUITHEHTHI ypaB-
nenus (1) 6eckoneuno quddepeHmpyeMbl B 3aMKHYTOi 00s1acTn Q.

TEOPEMA 5. Ilycts BBImONHEHBI yciaoBusi Teopembr 1, KpoMe TOTO, IMyCTh,
Dial_y = DngO‘l’t:T? Dicl_g = Dicl—y, Diali_y = Dial_p. f €
W?(@)? D:Sn f € L2(Q)a Dgf‘t:o :7'D2f|t:T’ (q:05152737"'7m)'
Torga cymecTByer, mpudyeM eJIUMHCTBeHHOE perenue 3agadn (1)—(4) B mpo-
crpancteax Cobomesa W QHQ(Q), rnem=1,2,3,....

JJOKABATEJILCTBO. OTMernm Tak ke, 9To B paborax |4, |5| mpu dpukcnposan-
HOM § B GoJiee obmeM ciayuae, Koraa a(x,t) = 0, u npu ocJabaeHHbIX YCIOBHIX
Ha KO3(DUIMERTHI ypaBHEHUsT CMEMIAHHOTO THMA BTOPOro mopsiiaka (9) wme-
CJIeTOBAHA TVIAIKOCTD peleHnst HeJOoKaIbHOI KpaeBoii 3amatn (9)—(11) B mpo-
crpancrsax CoboJiesa W2m+2(Q1), 1 <m € N, u 1oKazaHbl COOTBETCTBYIOIINAE

OITEHKU
2 2
luslliym+2(g,) < emts - 1 fslliymei g,y (m=1,2,34,...). (20)

AnanoruanbiMu paccykaeHusMu ipu (GPUKCUPOBAHHOM S, B ciry4dae a(x,t) # 0
JUTST PeITleHnsl HeJIOKaIbHOi KpaeBoit 3agaun (9)—(11), MoXKHO 10Ka3aTh anpwu-
opuble orenkn (20).

2 .
Tak kak cucTeMa cOOCTBEHHBIX (DYHKITHIT {\/; sin ,usy} MOJIHA B MPOCTPaH-

cree Lo(0,¢) u B HEM 06pazyeT OpTOHOPMUPOBAHHBIN GA3UC, UCTIOIb3Ys PABEH-
crea ITapcesans-Creksora [9], [10] st pemenns sagaqan (9)—(11), nosyuanm
CJIEJTYTOTIE OTEHKU:

oo
2 2
Hu||W2m+2(Q) :ZHUS|’WQW+2(Q1)<
s=1

o0
2 2
< Cm+3ZHf8HW2m+1(Q1):Cm+3 Hf”meH(Q) : (21)

s=1

Orcrojia 1osyduM CyIIeCTBOBaHUE U €/IMHCTBEHHOCTH perenus 3ajaqu (1)—(4)
U3 NPOCTPAHCTBA WQmH(Q), 1 <m € N. Teopema 5 ji0Ka3aHa.
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Toxamanos C.3., Amypoe P.P. KOIIO/IIIIEM/II YATL/IBITUH TEH/IE-
VI YIIIH KEHICTIKTETI BIP BEIIJIOKAJI IIETTIK ECEITTIH, IITEIIL-
MIHIH TETICTITT TYPAJIBI

By xywmeicra kenememai Yamasirua Tenaeyinig Koaddunmentrepi yimiu
6esriii 6ip mmaprTap opeiagaaranga Cobo/ieB KeHICTIKTepiHaeri TypakThl KO-
s dunmenTTi Geitaokasr 6ip METTIK ecenTin OipMOHII MIENTiIiMIiTir KoHe 1Te-
IIMIHIH TericTiri JojesaeHe/.

Kimrrik cesnep. Kenemmemai Haribirua terjeyiepi, CobosieB KeHiCTiK-
Tepiumeri 6ipMOHII IIeImiIiMIiIl 2KoHe IIemiMHIH TericTiri.

Dzhamalov S.Z., Ashurov R.R. ON THE SMOOTHNESS OF THE
SOLUTION OF A NONLOCAL BOUNDARY VALUE PROBLEM FOR THE
MULTIDIMENSIONAL CHAPLYGIN’S EQUATION

In the present paper under some conditions on coefficients of the
multidimensional Chaplygin’s equation, the unique solvability and a
smoothness of the solution of a nonlocal boundary value problem with constant
coefficients in Sobolev’s spaces are proved.

Keywords. Multidimensional Chaplygin’s equations, unique solvability and
smoothness of the solution in Sobolev’s spaces.
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OIEHKU PEINEHNSA MOJEJJbHON 3AJAYM IS
CHUCTEMGBI ITIAPABOJINYECKNX YPABHEHUN B
IIPOCTPAHCTBE I'EJIb/IEPA

7K. K. JI?2KOBYJIAEBA

AnHoTaums. Nsyyena mogensHas 3agada ans cucTembl napabonmyecknx ypasHeHuii.
NcxopHas HennHeliHasi 3agada co ceobopHoi rpaHuueli Tuna ProprHa onuceiBaeTt
npouecc unbTpauMm >XMAKOCTel M rasos B nopuctoli cpege. B npoctpancTee
renbp.epa [0Ka3aHbl CyuweCTBOBAaHWE, E€AWHCTBEHHOCTb W KOIPUUTUBHLIE OLIEHKN
peLleHusi C KOHCTAHTaMW, He 3aBUCSLWMIM OT MaJiblX MapamMeTpoB.

Kntouesble cnosa. lNapabonnyeckne ypaBHeHNs, Maible NapameTpbl, KO3PLUTUBHbIE
oueHku, npoctpaHcTeo lenbaepa.

1 BBEAEHUE. IIOCTAHOBKA 3AJIAYMN.

B pabore nsyuaaercs 3amgaqa tuma Oaopuna 118 CUCTEMBI TAPAOOTTIECK T
ypaBHEHMII B HpOoCTpaHcTBax lenbaepa. DTa 3aJada ABISETCT MaTeMaTHIe-
CKO MOMeIhi0, OTMMCHIBAIOIIEH TpoIece (GUILTPAINN KUIKOCTEH W Tas30B B
HOPUCTON CpeJie.

ﬂI/IHGf/iHbIQ 3aa491 C MaJIBIMU IMTapaMeTpaMu IIPU TPOU3BOJAHBIX IO BpEeMEHN
dbyuKIIH cBOGOIHOMN IrpaHuibl ObLIN U3yUensl B padorax [1]-[7]. B macrosmeii
CTaThe M3ydaercs 3a/a4a 0e3 TPOU3BOJMHBIX 110 BpeMeHu (OYHKIUU CBOOOIHOM
rpanuisl ¢(t) B npaBbix yactax ycaosuii (6), (7), Koropas COOTBETCTBYET BbI-
POKIEHHON HeJMHEHHOH 3a1a9e co CBOOOIHOM TpaHnIeil O MaaB/JIeHun OUHApP-
HBIX CILTABOB W B KOTOPOI CBODOHAS IPAHUIA 3a0A€TCAd KaK HedBHAA (PyHK-
nusi. B omuane or zagaq B [1]-[7], rae cBobognas rpanuna 3ajaHa B ABHOM
BUJIE.

2010 Mathematics Subject Classification: 35K20, 35B45, 35B30, 35C15, 35R35.
Funding: Pa6ora Bbmonaena no rpanty Ne AP05133898 KH MOH PK.
© K.K. Txobynaesa, 2018.
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Bajtaua co cBobOgHOM rpanutieil Tura OopuHa OyaeT n3ydena B IPOCTPaH-
02+L1+1/2
cree Tempgepa C' , 4 (Djr), j = 1,2, rae | — Heresoe molOXKHUTEIBHOE

qucs0. ByayT JgokazaHbl CyIIECTBOBaHME, €AMHCTBEHHOCTH, OLEHKH PEIIeHUsT
38791 ¢ KOHCTAHTAMHM, HE 3aBUCAIIAMEI OT MaJbIX IIapaMeTPOB B IPOCTPAaH-
crie lentbiepa. DTo gaeT HaM BO3MOXKHOCTh YCTAHOBUTH CYIIECTBOBAHUE, €/IMH-
CTBEHHOCTD U OICHKH PelIeHus 3a0a91 6e3 II0Tepr TIaJKOCTH 33 TaHHbIX (DYHK-
mitupu £k =0, e >0; k>0, e=0ur=0, e=0.

Iycts Dy = {x | 2 < 0}, Dy = {z | x > 0}, Djr = D; x (0,T), j =
1,2, op = (0, 7).

Tpebyercst onpenenurs bynxmun u;(x,t), cj(x,t), 7 = 1,2, u (t), yno-
BJIETBOPAIONIHE MapabOTMIeCKIM YPABHEHIAM

8tUj - a]aguj - ij’l// = fj(‘rat) B DjT7 .7 = 1727 (]-)

8756]' - a’jJFQGng - BJ¢/ = fj+2(x7t) B DjT7 ] = 17 2a (2)

Ha4Ya/IbHBIM YCJIOBUAM
¢l _o=0, wuil,_,=0, ¢|_,=0 B Dj, j=12 (3)

U ycJIoBUSM conpsizkenns Ha rpanute x = 0, t € (0,7)

(u1 —u2)|,_, = @1(b), (4)

(1 = mu)|,_o = @2(t), (c2 = 2u2)|,_, = @a(t), (5)
()\1836’&1 - I{)\anUQ)‘xZO =0 (t) + ligg(t), (6)
(k10zc1 — ekadyea)| o = g3(t) + ga(t), (7)

riae Bce KO3PPUIMEHTH TOCTOSHHEBIE, Gj, Gj12,05, Bj, Vj, Aj, k;j > 0, j =
1,2, k, € — monoxurensusie; O = 0/0;, 0y = 0/0y, 02 = 02/0,2, Df =
dF /dt".

Bagaua (1)—(7) mexxuT B OCHOBE pernenus: HeJMHEeRHOT 3312491 €O CBOOOIHOT
rpaHulieil Jijig CUCTeMbl TapaboMYecKuX ypaBHEHUil, B KOTOPOil CBODOIHAS
rPaHUI 33/[aeTCd KaK HesdBHAS (PyHKIHS.

Bagaua (1)—(7) byuer uzyuena B npocrpancrse [enbuepa [8]. Ilycrs [ —
Heres0e moJIoknTeaproe ancno, « = — [I] € (0,1).
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Tox C z—H 1t+l/2( i) un C ) Y2 (or) Gyaem moHMMaTh GAHAXOBBI TPOCTPAH-

cra dyuxmmit u(zx,t) u ¥ (t), I/IMeIOH_[I/IX HOPMBI

2411
1) mo am mo Qm mo Qm
a1 = 3 o arulp, + > (10roral), + ool )+
2mo+m=0 2mo+m=2+[[]
mo qm, 1(A5%)
+ S raral g,
2mo+m=1+(]
/2]
(132 = " D loy + (D102 02D, (8)
mo=0
rie
lvlpy = sup  [vl,
(I,t)GDT
a v(x,t) —v(z,t a v(z,t) —v(x,t
O C(C2) B V) R N ) R 000
(@), (z)eDr 1T — 2 T ) (at)eDr |t =t
ol, 1/2_

M 0603HAYATH MOANPOCTpaHCTBA (hyHKIWMHA u(T,t),

Yepes C, ; (D )

npunaiexanmx C. -

Oyme
t/ (Dr) u ya0BIETBOPSIONIX YCIOBUAM

Oful,_, =0, k=0,...,[1/2].

CupaBeinBa CIeyomas JeMMa.

JIEMMA 1. B mpocrpancrse ( 1), | — Heresoe mosoxKUTEIBHOE YHCIO,

|

, orpeJiesieHHast Mo ¢popmysie (8), SKBUBAJIEHTHA HOPME

=2)

HOpMa

141 (i,[
917, = sup ¢~ % gl + [P ]
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2 OCHOBHBLIE PE3VJILTATHI

TEOPEMA 1. Ilycts 0 < k < kg, 0<e<egmm 0 <Kk <Ky, 0<e<egym
BBIITOJIHAKOTCA yC.}IOBI/IH

ap —ag >0, ,Bj — Y0y > 0, Bgfj — Y3—j;0 > 0, 7=1,2.

ol, 1/2__ ol, 1/2__
Jlnst mobbix pynkmuii fj € C, 4 (DjT), fiv2 € Cp ¢ (DjT), J=12; ¢ €
o 1+1/2 o Mt
C, (or), k=1,2,3; 91,K92,93,694 € C ; (O1), 3ana49a (1)—(7) umeer eun-
02+l 1+1/2 0 2+L1+1/2
creennoe pemenne uj(x,t) € C , , (Djr),ci(z,t)eC,  (Djr), ¥(t) €
o 14+1/2
C , (Or) m ana perrenus cipaBeIABa OLEHKA

2
241 21
S (sl 5 + el ) + I <

Jj=1

2
SQ(Z(IM + | fi+2 |DT +Z|90 Cort/B 4 (9)
j=1

()
+|g1 +/~elg2|aT '+ 193! +<€|g4|oT2 ,

rJie IIOCTOAdHHAaA Cl HE€ 3aBHCHT OT K H €.

s ceenenus 3amaay (1)—(7) x Gosee ymobuoit (hopMe MOCTPOMM BCIIO-
moratesbble dynknyn Vj, Z;, j = 1,2, Kax pemenus CJIeJyI0Mux KPaeBblx
3a1a4:

0Vj(x,t) — a;03Vj(x,t) = fi(w,t) B Dyr, j=1,2,
Vil,_o=0 B Dj, j=12,
(Vi =Va)|,_y = ¢1(t),

8t21 (:E,t) — a38§Z1(m,t) = fg(l',t) B DlT,
Zi|,_g=0 B Di, Zs|,_,=w2(t)+mWi|,_,
BtZ2(x,t) — a48§Z2(ac,t) = f4<$,t) B DQT,
ZQ’t:O =0 B D2’ Z2’x:0 - 903(75) + 72‘/2’x:0’
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Kaxjas u3 9rux 3a1a4d B cuity [8] uMeer euHCTBEHHOE DellleHre

o 2+,1+1/2 024L1+1/2 )
V}‘(l‘,t)Ecx t (DjT)7 Zj(x,t)ECx t (DjT)7 ]:112a

YZIOBJIETBOPLIOTIEE OTEHKAM

2 l .

VIS < CoIBl B, + e l$H2), 5 =12, (10)
l [

1215 < O3(1£31%5),, + 12l D 4 w570, (11)
l l

122|570 < Cu(1£4l8) . + 1osl VD 4 1| 54D). (12)

C momompio 3amens B 3agaqe (1)—(7)

Uj(.’E,t):’U]( )+V( )+a]w(t)7 j:1727

¢i(t) = 23(0s0) + Zy(a,0) + Bb(t), J = 1.2, (13)

MBI IHOJY9HM 3aJady [l HAXOXKJCHHs HOBBIX HEHM3BECTHBIX (DYHKIIUiL
vj(z,t), zj(x,t), 7 =1,2, u(t):
ow; —a;02v; =0 B Djp, j=1,2, (14)
8th — aj+28§zj =0 B DjT7 7 =12, (15)
YOBJIETBOPSIONINX HYJIEBBIM HAYAILHBIM yCIOBUIM
U, _g=0, vjl,_,=0, zl|_,=0 B Dj, j=12 (16)
U yCJIOBUSM conpsikenus na rpanute x = 0, t € (0,7):
(v1 —v2)|,_y + (1 — a2)yp =0, (17)
(z1=m01)| g+ (B =) =0, (22—7202)|,_o+ (B2 —202)¢ =0, (18)
(AMOpv1 — KA20zv2)| = P1(t), (19)

(k10221 — eko0r22)|,_o = Pa(t), (20)
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1+1

rae 1(t) = gi(t) + rga(t) — (MVI — kA28 V2)|_ € C( (T7),

+

(I)Q(t) = gg(t) —l—z—:g4( ) (k:16 Z1 — €koOy ZQ)‘w —0 € C’ (O‘T) n

1+1 2
- l
\<I>1!3T2)§Cs<§:\fj\” +§j\sok|1+l/2>+|gl|w + lgal ) (21)
j=1

+1

)

ale” <06<Z\fj+2bﬂ+2\sok|1+l/2>+|gs|oT welaltt). @2
7=1

CupaBeyinBa Caeayomas JjeMMa.

JIEMMA 2. IIyctpb 0 < k < Ko, 0 < e < eggmmm 0 < Kk < Ky, 0 < e < g
o —ay > 0, ﬁj—’yjaj > 0, ,837]‘—’}/373‘043' >0, j = 1,2, | — Henesoe

IIOJIO?2KUTEJIbHOE YHUCJIO. +

Ipu mro6srx ®(t) € C’ (@r), j = 1,2, pemenne 3anaun (14)—(20) moxker
OBITH MIPEACTABICHO B BUJIE

t t—1

P(t) = 2( A1 2 /@2 dT/Fx(x—FJ,t—T—U)‘ _odo—
0 -

0
2(@ 4 Em t t—1
T \Wes \/ﬂ /(Dl dT/Fx:c+a,t—T—o)}_da,x>O, (23)
ko1 2=0
0 0
ki(Bi—mion) | _ka2(B t —
2(1]( 1 1/(%1061 +ekalBo— ’yzal ) T
vi(z, t)= . (1) (—z+v/ar0,t—7—0)|,_ do+
o 0 0
9 )\ t t—1
ajkA2(0n —
i kjl\/L 2 /‘1’2 dT/Fu(',t -7 = U)‘x:Oda’ x <0. (24)
0 0
k (/31—06271) ko(B2— Oéz’yz) t t—1
2&2( L )
v, t)=— Lz L /(I)l /Qz T4+/az0,t—7—0)| oeflo
01
0 0
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t t—1

2a2/\1 Ckg - 041 /
Do()dr | Top(-t —7 — do, 2
Forvar 2 TO it =7 =0l 25)

t—1

/ 3p(—x + v/ago,t — 7 — o)do+
0

zi(x, t)=

¢
2a3eka (162 — 7261)
P /<I>1(T)d7'

2a3<ﬁx\2(61—v1a2)+ 51 71041 t t—7

0

+ vea k <I>2 dT/ng(',t—T—J)dJ, x <0, (26)
01 )
ark t t—1
zo(x,t)= — 4 1(]5011% Ga1) /(I)l(T)dT / Lyp(x + Vaso,t — 7 — 0)do—
0 0
2, <,€>\2(,32—’72a2) 62 72011 ) t -
- vez Dy (T dT/P4x(',t—7’—Cf)dO‘, x>0, (27)
bor 0 0
rie
ko — Kk1)\2(ﬂ1 — ag71) n m/@)@(ﬁz - 04272)+

Vaszy/az Vaa/az
Eidi(Br — o) n €k2/\1(52 —172)
Vasy/ay Vaan/ay

_=zt
Li(z,t) = 2\/3”?6 it § =1 —4, — dyngaMeHTATIHHOE PEIEHne yPABHEHUS

(28)

tertonposoarocTn dyw — a;02w = 0, yI0BIETBOPSIONIEE OlEHKe

2

1 _ ==
|afaglrl($a t)| < (7 T12ktm © Bagt g =1—4. (29)
t 2

BAMEYAHUE. Kak Bugao u3z opmysr (28), Masbie napaMeTpel K U € COIEP-
JKaTcs B ko1, B 3HaMeHaTe X pemenns (23)-(27), Ho BeqmanHA ﬁ orpaHuye-

Ha, JefiCTBUTE/ILHO

k1 — 1 \/asy/
b > ALz am) L sy Ve,e>0.  (30)
Vazy/al kor = k1Ai(B1 —a1m)
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JTOKABATEJLCTBO JIEMMBI 2. B 3amaue (14)-(20) npumennm npeobpazosa-
¢
nne Jlamtaca o nepemensoii ¢t : F(p) = L[F] = /F(t)e_ptdt U I0CJIe HEKO-

0
TOpBIX mpeobpasoBanmii pemrenne 3agaun (14)—(20) B obmactu m306parkenuit
Jlammaca 3amnuimercss B BUIE

G (4 + %) 2 :p) (b +<2) 1)
V/Pko1 V/Pkot

k —viQ k —Yox =
~1:<< 1(51/%1 1) +e 2(53%2 2))(1)1(p) H\;‘L(al_az)ch( ))e 5,

v + <0,
VPko1 VPko1
B (k}l(ﬁi/jfyl) + €k2(ﬁf/—£272))&)1(p) )\1(%011)&)2(1)) 7,
V2= + e Ve x>0,
VPko1 VPko
ka(v182—281) F, M(Bi—maz) | M(Bi—ma1) ) F
3 a (bl(p) K a + a ¢2 (p) yu T
2= Vai + ( Ve Ve ) eV x<O0,
V/Pko V/Pkot
k1(B1yv2—Pan) § ( A2(Bo—y2a2) | Mi(Be—y20n) ) G
a 1 p) K a + a 2(]7) — /2
Zo= Vas + ( Va2 var ) B w50
VPkor V/Pko1

IIpumennm K pyHKITHIM 1;, V5, Zj, j = 1,2, bopMymnbl 06paTHBIX Ipeobpaso-
Banuit Jlamaca [9] upu x < 0:
t ¢

NG
Va© — _ (zz++ao)?

e - r+ \/aO' e 4da(t—0) do = 2a/axr(—x + \/(;0'7 t— g)dg’
VP / 2y/an(t —o)3

0

p t t—1

() - 2a/<1>] Jir [ Tu(z -+ Vot~ 7~ o)io =
0

0

¢
_ _ (—z+vao)?
:/(I)j(T)dT/ 5 v+ vao ¢ Tt do, j = 1,2,
0

wa(t — 7 —0)3
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u anasorngsbie npu x > 0. VI mbl nosyunm pentenue 3azaun (14)—(20) B Buge

(23)—(27).
3 JJOKABATEJHLCTBO TEOPEMHI 1

Mper cenn 3ajaay (1)—(7) k sxBuBasenTHOil 3aaue (14)—(20). dust poka-
sarenpcrBa Teopemsr 1 gis 3amatn (1)-(7) ycramoBuM cHadasa TeopeMmy st
sagaun (14)—(20).

TEOPEMA 2. Ilycth 0 < Kk < Kg, 0<e<egmm 0 < Kk <Ko, 0<e<¢egym

ar —op >0, Bj —vja; >0, B3 —y3—j0 >0, j=1,2.

141
2
t

[ns mobeix ¢yuknuii ;(t) € C (@r), j = 1,2, zagaua (14)-

0 2+L14H/2
(20) mmeer enmucrBemnoe pemenme vi(z,t) € C ., , (Djr), zi(z,t) €
0 24+L14/2 o 141/2
C. + (Djr), v(t)eC (1) u ara pemmeHns cupaBeJIHBa OLEHKA

2 Ly

(Lt
Sl 5E + 151 550) + [l < ¢y Z@ 520 =12 (31)

j=1
e nocrossanast Cg He 3aBUCHT OT K H €.
g nmoxazaTeabcTBa TeopeMbl 2 yCTAaHOBHM CHAYAJIA CIEAYIONIYIO JIEMMY.

JIEMMA 3. Ilycrs Bbimosanenst ycioBus Teopempr 2. Torma npou3BoJHbIE

1+l
8xvj(x,t)‘x:0,a zj(x,t)|z=0, j = 1,2, npunairexar npocrpancrBy C (1)

U IIOYUHAIOTCA OIlCHKaM

(1) SYIE N
|8$Uj(x7t)|27=0’UT2 < CQZ ’(I)j’UTQ , J=1,2,
j=1

1 !
|002j(, ) |2= 0|UT )<C'1()Z|q) lo2 ) , 7=12,
j=1

rae nocrosaabie Cy, Clg HE 3aBUCAT OT K 1 €.
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JOKABATE/IBCTBO. Paccmorpum, jj1st Ope/Ie/IeHHOCTH, TPOU3BOAHY IO (PYyHK-
i v (x, t),

Opvr (@, t)|__, = wi(t) + wa(t) + ws(t) +wa(t) =

z=0

2a1 (kl(ﬂi/—l1a1)+ak2(ﬂ\2/j2a1)> ) t t—T
as al
= ——_|o,(r)dr[C1p(a/ato, t—T—0)|
k’Ol ( \/CTIO/ 1(7—) 7;)/1 ( s aio T U)|x:0 o+

. ¢
+— [ &(7)(—z,t — T)}x: d7'> + (32)
/ :

t—1

@2(7)d7/1“1$(—x + Vao,t — 71— a)‘xzoda—i-
0

t
2a1/<;)\2(a1 — Ozg) _ 1
Vazkor \/ﬁo

ai
0

¢
1 .
+/<I>2(T)T1(—:U,t — T)‘$0d7'>, j=1,2.
OmnennM HOpMY TpOU3BOIHOI O, v1 (1, t)‘.r:()'
t
Temnosoit norerrman npocroro cos [ ®;(m)T(—z,t — T)‘xZOdT, j=1,2,
0

B dopwmyse (32) corsacHo obmmed Teopun [8] HpUHAIIEKUT MPOCTPAHCTBY
024114172

C . ¢ (Djr), | — Heteo0e MOIOKNTENLHOE YUCIIO0, U TTOAINHSIETCS OIEHKE
2
Z (3H _ COn S fuy 172 Ci2 3 (49
j=2,4 0l =94 0=

rae nocrosaaada C'lo HE 3aBUCHT OT K U €.
Onenum dbyukuuio wi(t) B (32), ana onpenenennoctu. [Ipoussens 3ameny
t—7—0=1—T] IO 0 ¥ TIOMEHSB MOPSIJIOK WHTEIPUPOBAHNS, TTOTYINM

ki(Bi—mion) | eka(Ba—vaa1)
O G i )

w1 X

ko1
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1—0

[*
j ﬂ

|®;(r1)| < M7 *, 176
(11 —0) —

|®j(r1 —0) —

IIpu [[] = 0 MBI mOJTy UM

t 1+a T

0

— @1 (1)|T12(—2 + Varo,t — 11

O\ﬂ

T 2 _ o2
—|—/ dT/e -n do
t—T1
0

)‘xzoda—i-

O (1)dm /Flm(—:z: + aio,t — 7'1)|m:0d0).

CiuM . o
< 1t
01

(34)

rae C14 HE 3aBHCHUT OT K U €, a BMECTO 71 Mbl CHOBa 3allMCaJid T.

[Tpwu [I] > 1 npumennm HEPABEHCTBO

e < Clem€? v >0,

TOTAA

t
015M T
lw1(t)]
0

t
141 2
—I-/ T* dT/e_‘l(t—T)da < CIGM(tlTH
t—T1 ko1
0

A 2
/Je B do+

+t1+%) ClGM 1”(1+\/7 (35)
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rae Cg HE 3aBUCUT OT K U €.
OnennM  KoHcTaHTy lenpiaepa crapiieii OpPOM3BOAHON, [JIsl  3TOrO

DFwy(t), k= [%H] MOTEHIMAJ TPOMHTErPUPYEM 10 9acTaM Kk pas, TOTIa
Ofwi(t) =
20 *F1b1—n101) 6k2(52 “/2@1) t t—7
Vs
= o <I> )dT|T1(—x++/a U,t—T—O’)‘x:OdO'. (36)
0 0
i [
Tak xak ®1(7) € C (G7), T0 ®(7) := DE®(7) € C ~ (or), k=
[%l] s ymobersa 0603Haq1/1M a=1-1], g = %l — [171 OYEBUJIHO
1+ a, [17“] — gerHoe yucjo uiu 0,
b= « [LH} — HEYETHOE YUCJIO
Y 2 .

CupaBeyiuBbI CIeyoIIe HEpaBeHCcTBa npu t1 < i
2 2 — 1p18/2)
|(t) = @(t1)] < N(t —11)°2, |@(t)] < Nt"2, N =[9]3/7.  (37)

Paccmorpum mpoumssoanyio (36), moMeHsieM TOPSIZIOK MHTErPUPOBAHMS,
IPOM3BENEM 3aMeHy t — T — 0 = t — 71 B HHTerpaJjie o T W 3aluIleM IIpO-
u3BOHYI0 OFw (1) B Coleyiomem Bue:

2, (kl(ﬁl—’hal) + 6k2(ﬂ2—72a1))

Ofwn (t) = — kot Tt

0
t T1
+/d71/<1>(t—a)Flz(—x+\/cho,t—ﬁ)‘z:OdJ)
0 0

Cdopmupyem paszHOCTb TPOU3BOIHOMN 8fw1(t), TTOJIOXKUB JIsT OTIPEIesIeH-
moctu 0 <t <t < T,

2 k1(51—71a1) + eka(B2—y201)
Az&fwl(t)—aflwl(tl)z ( Vas Var ) X

ko1
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t1 T t
X (/dT/ (1—0)—P(t1 — 0)]da/8t2I’1z(—a: + Vaio,ta — T)‘xzodtz-i-
0 t1

t T

+ / dT/ T—0)—®(t—0)lz(—2+aio,t — 7')|z:0d0'—|—
t1 T t

+/dT/<I>(t1 - o)do’/@tQle(—x—i— Vaio,ty — T)‘x:(]dtz—}—
0 0 t1

t T
+/dT/CI>(t — o) l1z(—2 4+ ajo,t — T)‘I0d0'> ,
t1 0
r7ie BMECTO T| MBI BalNCAJIH T.
Ouennm A, ucnonbzyst popmysist (29) u (37), 6yaem nversb

T
Cy7N (t1 — 5/2 2
A< =7 (/dtg/ i n) /e T do+

—7)
2 0
t t1 T

t T
+— )B/2 2 d o
—|—/<T)d7'/e 4<t27>da—|—/dt2/T/(tl—a)ﬁﬂe 4t2—7) do+
t—T1 (ta — )2

t1 0 t1 0 0

t T
t— 6/2 _ 0_2
+/d71/(75(7)6 4(t_7)d0'>.
— T
t1 0

B mepBoM u BO BTOpOM HHTerpaje MpPOMHTErPUPYEM IO 0 U HCIIOJIb3yeM
nepasencrsa (t; — 7)%/2 < (ty — 7)%/2 8 nepsom, (t — 7)%/2 < (t — t1)%/? Bo
sropoM, (t; — 0)?/? < (t; — 7)8/2 B Tpervenm u (t — 0)%/? < t9/2 B mocnenmem
UHTEerpaJie, Torga Mbl IIOJIyIUM
CigsN L+5

C C
(t—t1) 2, [PFwn ()2 < 8 [@0)P/D < 19|<I> 5B, (38)
ko1 ko1

Al <

rie nocrosiiias Clg He 3aBUCUT OT K U E.
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13 omenox (34), (35), (38) caemyer, uro cormacuo Jlemme 1 wi(t) €

(@7) n

141
02
C ¢
+l) 021

(A
[w1(t)|o ~ < Coollwi(t )”Ut !‘I) ! : (39)

rae nocrosaaada Coi HE 3aBUCHT OT K U E.
Kaxk sugao u3 dopmysst (32), moreniman ws(t) takoit xe, kak wi(t). Io-
9TOMY OH IIOJ[YMHSAETCs Takoil ke onenke (39)

022 )

ws ()| < r%| (40)

rae nocrogunas Cag He 3aBUCHT OT K U €.
13 dopmyast (32): Spvr(x,t)| _ := wi(t) +wa(t) +ws(t) +ws(t) u onenox
(33), (39), (40) u (30) maa koi Gyzem nmers

C 1 1
10001 (2, 8) oo | < %Z@m «mZ@b%

rae nocrogaaad Coy He 3aBUCHT OT K U €.
1
t

Amnanoruuno nokaseiBaercs, 9ro Jyv2|z—0, Oz21|e=0, Or22|z=0 € C' ; (G1)

1+l) 1+l 1+l)

1+1
10pvslamolS ) < Cos|®;(8)]52 1002 amol S 2

< Col®i(t)or” ', G =1,2.

O

ITo Jlemme 3 mpoussozaast OpVj|p—0, 0x2j|z=0,J = 1,2, IpHHAIEKUT TIPO-
1+l
CTPAHCTBY C (UT), TOT/Ia IO TeopeMe o caefax PyHKIui obieit Teopun ma-
02+, 141/2__
paboimuecKux ypaBHeHmil Mbl mmeeM, 4uro vj(z,t)eC , , (Djr),zi(x,t)€
024+, 141/2
Oa: t (DjT)7]:1727H

+1 1+l
03 24 <Cor 0,0 (2, ) ol | < Cosl ()15,

17+l)

(14t
1251+ < OB, Dlamolor? | < Caol®;(0)l67 ' j = 1,2,
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U3 ycnoswuit (17) Berrekaer, uro dyuknust ¥(t) = (v1 — v2)|g=0 NpuUHAIIEKNUT
o 1+1/2
upocrpancrey C' ; (O7) ¥ HOJUUHSETCS OLEHKe

1+l

@I < O Z\J o <GszZ|<I> Ol .

rae nocrostuable Cos—C'so He 3aBUCAT OT K, €, a1 — g > 0. Hrak, MBI JoKa3an
Teopemy 3 u mepasencTso (31). O

JJOKABATEJILCTBO TEOPEMBI 1. U3 dhopmys (13)
uj(z,t) = vj(z, t)+Vj(z, t)+a;(t), cj(z,t) = zj(x, t)+Z;(x, t)+69(t), j = 1,2,

Ha ocHoBanuu Teopembl 2 u onenok (31), (10)—(12), (21), (22) aus dyukuwii
Vi(z,t), j =1,2, Zi(z,t), Zo(z,t) u ®;(t), j = 1,2, moxyaum Teopemy 1 u
oneHky (9). O
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Dzhobulaeva Zh.K. THE ESTIMATES OF THE SOLUTION OF
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EQUATIONS IN THE HOLDER SPACE

There is studied the model problem for the system of the parabolic
equations. The original nonlinear free boundary problem of Florin type
describes the process of filtration of liquids and gases in the porous medium.
There are proved in the Holder space the existence, uniqueness and uniform
coercive estimates of the solution with respect to the small parameters.
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ON A CLASS OF INVERSE PROBLEMS ON A SOURCE
RESTORATION IN THE HEAT CONDUCTION PROCESS
FROM NONLOCAL DATA

G. DILDABEK, M.B. IVANOVA

Annotation. In this article we consider an inverse problem for one-dimensional heat
equation with involution and with periodic boundary conditions with respect to a
spatial variable. This problem simulates the process of heat propagation in a thin closed
wire wrapped around a weakly permeable insulation. The inverse problem consists in
the restoration (simultaneously with the solution) of an unknown right-hand side of the
equation, which depends only on the spatial variable. The conditions for redefinition
are initial and final states. Existence and uniqueness results for the given problem are
obtained via the method of separation of variables.

Keywords. Inverse problem, heat equation, equation with involution, periodic boundary
conditions, method of separation of variables.

1 INTRODUCTION

The problems that imply the determination of coefficients or the right-hand
side of a differential equation (together with its solution) are commonly referred
to inverse problems of mathematical physics. In this paper we consider one
family of problems implying the determination of the density distribution and
of heat sources from given values of initial and final distributions. This problem
simulates the process of heat propagation in a thin closed wire wrapped around
a weakly permeable insulation. The mathematical statement of such problems
leads to an inverse problem for the heat equation, where it is required to find
not only a solution of the problem, but also its right-hand side that depends
only on the spatial variable.
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In this paper, we will consider the inverse problem close to that investigated
in [1], [2]. Together with the solution it is necessary to find an unknown right-
hand side of the equation. The equation contains the usual time derivative
and an involution with respect to the spatial variable. In contrast to [1], we
investigate the problem under nonlocal boundary conditions with respect to
the spatial variable. The conditions for overdetermination are initial and final
states.

The second of the main differences in the investigated inverse problem being
studied is that the unknown function enters, both in the right-hand side of the
equation, and in the conditions of the initial and final overdetermination.

Let us consider a problem of modeling the thermal diffusion process which is
close to that described in the report of Cabada and Tojo [2], where the example
that describes a concrete situation in physics is given. Consider a closed metal
wire (length 27) wrapped around a thin sheet of insulation material in the
manner shown in Figure 1.

d(—m) = P(mm)

d(—x) D(x)

o (0)

Figure 1 — The closed metal wire wrapped around
a thin sheet of insulation material

Assuming that the position x = 0 is the lowest of the wire, and the
insulation goes up to the left at —m and to the right up to 7. Since the wire is
closed, points —7 and 7 coincide.

The layer of insulation is assumed to be slightly permeable. Therefore, the
temperature value from one side affects the diffusion process on the other side.
For th2is reason, the standard 2heabt equation is modified and to its right-hand
side g%(m,t) a third term E%T?(—x,t) (where |e| < 1) is added. Here ®(x,t)
is the temperature at point x of the wire at time t.
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Thus, this process is described by the equation
Oy (x,t) — Ppy (2, 1) + Ppy (—2,t) = f (2) (1)

in the domain Q@ = {(z,t): -7 <z <m, 0<t<T} Here f(z) is the
influence of an internal source that does not change with time; ¢ = 0 is an
initial time point and ¢ = T is a final one.

As the additional information we take values of the initial and final
conditions of the temperature

D (2,0)=¢(x), ®(x,T)=1v(zx), z€[-mmn| (2)

Since the wire is closed, it is natural to assume that the temperature at the
ends of the wire is the same at all times:

¢ (—m,t) = (m,t), t €[0,7]. (3)

Since ®(z,t) is the temperature at point = of the wire at time ¢, average
temperature along the entire length of the wire at time ¢ can be calculated from
—~ T
formula ®(t) = [ @ (&,t) d€. If additional heating (cooling) is applied through
—T
the boundary point x = —m, then the average temperature of the wire ®(t)
increases (decreases). The greater the importance of this heating (cooling), the
faster the average temperature of the wire ®(¢) changes.
Consider a process in which the temperature at one end at every time point
t is proportional to the change speed of the average value of the temperature
throughout the wire. Then,

™

@(—W,t)zvi/ O (&, t)dE, t€]0,T]. (4)
Here ~ is a proportionality coefficient.

Thus the investigated process is reduced to the following mathematical
inverse problem: Find the right-hand side f(z) of the heat equation (1), and
its solution ®(x,t) subject to the initial and final conditions (2), the boundary
condition (3), and condition (4).
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2 REDUCTION TO A MATHEMATICAL PROBLEM

Condition (4) is significantly nonlocal (i.e. values of the unknown function
over the entire domain are used). The integral along inner lines of the domain
is present in this condition. Using the idea of A.A. Samarskii, we transform
this condition. Taking into account Eq. (1) from (4), we get

B (omt) =7 [ {Bec(6.6) —ebec (~6.6)+ £ (@)}, € 0.7).
Hence
® (. 0) =11 = )0 (m.8) = @ (-m )]+ [ F©) e, e 0.7).
Let us introduce the notations
) =(ot) = [ F©de )

Then in terms of a new function u(z, t) we get the following inverse problem:
In the domain Q2 = {(z,t): —7w <z <m, 0 <t <T} find the right-hand side
f(z) of the heat equation with involution

up (2,1) — Ugy (2,1) + Uy (—,t) = [ (x), (6)

and its solution u(x,t) satisfying the initial conditions
U (JJ,O) = ¢ (ﬂl‘) -7 f (5) dg? T e [_ﬂ-a 7T]7 (7)

and the final conditions

(e, T) = (@) —~ [ f(€)de, z e |—m ) (8)

—T

and the boundary ones

te0,T]. 9)

{ Uy (=7, t) — uy (m,t) — au (m,t) =0,
u(—m,t) —u(mt)=0

)
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Where ¢(z) and ¢ (x) are given sufficiently smooth functions; € is a nonzero
real number such that |e] < 1; and a = ﬁ

In the physical sense, the second of conditions (9) means the equality of the
distribution densities at the ends of the interval. And the first of conditions (9)
means the proportionality of the difference of fluxes across opposite boundaries
to the density value at the boundary. We note that in [1] the Dirichlet boundary
conditions u (—m,t) = u (m,t) = 0 were used instead of condition (9).

The well-posedness of direct and inverse problems for parabolic equations
with involution was considered in [3]-[5].

The solvability of various inverse problems for parabolic equations was
studied in papers of Anikonov Yu.E. and Belov Yu.Ya., Bubnov B.A., Prilepko
AL and Kostin A.B., Monakhov V.N., Kozhanov A.l., Kaliev 1. A., Sabitov
K.B. and many others. These citations can be seen in our papers |[6],
[7]. In [1] there are good references to publications on related issues. We
note [8]-[29] from recent papers close to the theme of our article. In these
papers different variants of direct and inverse initial-boundary value problems
for evolutionary equations are considered, including problems with nonlocal
boundary conditions and problems for equations with fractional derivatives.

In this paper we shall use a spectral problem for an ordinary differential
operators with involution. Such and similar spectral problems were considered
in [30]-42].

DEFINITION 1. By a regular solution of the inverse prob]em (6)-(9) we mean a
pair of functions (u(z,t), f(x)) of the class u(z,t) € C>}(Q), f(z) € C|—m, 7]
that inverts Eq. (6) and conditions (7)—(9) into an 1dent1ty.

DEFINITION 2. By a generalized solution of the inverse problem (6)-(9) wi
mean a pair of functions (u(z,t), f(x)) of the class u(z,t) € W22 "Qnc (Q )
f(x) € Lo(—m,m) that satisfies Eq. (6) and conditions (7)—(9) almost
everywhere.

When one uses the method of separation of variables to solve the problem,
a spectral problem appears, which is mentioned in the next section.
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3 SPECTRAL PROBLEM

The use of the Fourier method for solving problem (6)-(9) leads to a
spectral problem for an operator £ given by the differential expression

LX (2)=-X"(z)+eX" () =X (z), —m <z <, (10)

and the boundary conditions

X' (—7)—X'(7) —aX (7) =0,
{ > (11)

X (—m)— X (m)

where A is a spectral parameter.

The spectral problems for Eq. (10) were first considered, apparently in [38].
There was considered a case of Dirichlet and Neumann boundary conditions,
and cases of conditions in the form (11) for a = 0. Here we consider the case
a # 0. We assume that a > 0.

A general solution of Eq. (10) we represent in the form:

X (z) = Asin (pz) + Bcos (poz) /‘1:\/1’ “2:\/2’

where A and B are arbitrary complex numbers. Satisfying the boundary
conditions (11) for finding eigenvalues, we obtain equations

a

sin (pim) =0, tan (ugm) :2—,@.

Therefore, the spectral problem (10)—(11) has two series of eigenvalues
Mg = (1+e)k? keN;

Mo =(1—¢)(k+6)% keNg=NU{0};

a

kE+1

with corresponding normalized eigenfunctions given by

Where(Sk—O( >>0,as/<;—>oo,

1
Xiq (z) = ﬁsin (kx) , ke N; Xpo(z) =vgcos((k+ k) z) , k€ Ny. (12)
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Here vy, is a normalization coefficient:

a2

(k -+ 05) |a2 + (k + 6;)° WZ] '

v, 2 = | cos ((k + &) ) ||%2(—7rﬂr) =mt

LEMMA 1. The system of functions (12) are complete and orthonormal in
Ly (—m, ).

PrROOF. We note that the system of eigenfunctions (12) does not depend on
the parameter €. Only the eigenvalues of problem (10)-(11) depend on e.

In the case when € = 0, system (12) is a system of eigenfunctions of the
classical Strum-Liouville problem

X" () =AX (z), —-T <z <,

with the self-adjoint boundary conditions (11).
Consequently, system (12) forms the complete orthonormal system in
Lo (—m, ), that is, is the orthonormal basis of the space. O

4 UNIQUENESS OF THE SOLUTION OF THE PROBLEM

Let the pair of functions (u(x,t), f(x)) be a solution of the inverse problem
(6)—(9). Let us introduce notations

ug; (t) = /7r w(z,t) Xi,i () dz, fr; = ! f(@) Xk, (x)de, i=1,2. (13)

—T

We apply the operator % to uy; (t). Then, using Eq. (6), by integrating by
parts, we obtain the problem

u;m- (t) + )\k,iuk’i (t) = fk,iy 0<t< T, 1= 1, 2, (14)
Uk, (0) = i — opi, ©=1,2, (15)
Uk, (T) = Yny — onyy  1=1,2. (16)

Here we use notations

ki = () Xp,i (z) dz, Py = Y(x) X, (v) de,

—T —T
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™

Ok,i =" f(§)d§ Xii (z) de.

-

It is easy to see that the function 4y (t) = (Ak,i)_lfm is a partial solution
of the inhomogeneous equation (14). Therefore, we obtain a unique solution of
the Cauchy problem (14)—(15) in the form

up,i (t) = | Pryi — Ok — Jri e~ it 4 Ihi . (17)
Ak ki

Since |e| < 1, a > 0, we have \;; > 0 for all k,i. Consequently,
1—e T > 1 ¢ 22T 5 0 for all the values of the indexes k,i.  (18)
Therefore, using the condition of "final overdetermination" (16), we get

iy — Pp e~ il
1 —e Ml

Jri = Aeji — AkiOki- (19)

LeMMA 2. Ifa > 0, then the generalized solution (u(x,t), f(x)) of the inverse
problem (6)—(9) is unique.

PROOF. Suppose that there are two generalized solutions of the inverse problem
(6)-(9): (ui(x,t), f1(z)) and (ue(x,t), f2(x)). Denote

u(a,t) =ui (z,1) —ug (2,), [(z)=fi(z)=f2(2).

Then the functions u(x,t) and f(z) satisfy Eq. (6), the boundary conditions
(9) and the homogeneous conditions (7) and (8):

u(w0) == [ 1©d welmm

uw. )= [ f©de, welmal

Therefore, by using the notations (13) from (19), we find

™

Jri = —AkiOki = — Ak iY [ d¢ | Xp(x)de.

-
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Since

™

M [ Xi(@)de = [ (=X @)+ X (o)} do =

= (1 =) {Xp, (=) = Xy (m) } = a(l — &) X (7)),
this gives
s =—alt=2) (v [ 1€ d€) i ). (20

Since Xy 1 (m) = 0, then for ¢ = 1 from Eq. (20) we have f;; = 0.

For the generalized solution of the problem (6)-(9) it is necessary that
f € Ly (—m, ). From this, by virtue of Parseval’s equality for orthogonal bases,
we have that

S el < IF1? < o0 (21)
k=1

is necessary.

Since a(l —¢) # 0,

X2 (1) = v cos ((k+ o) ), klglolo v = lim d; =0,

1
ﬁ7 k—oo
then Eq. (20) and inequality (21) are possible only at (7 716 d§) = 0.

Hence we obtain fi 2 = 0.
Therefore, using this result, from (17) and (19) we find

upi (t) = / u(z, 1) Xy (x)dz =0, fri= [ f(2)Xpi(2)dz =0
for all values of the indexes k € N for ¢ = 1 and k € Ny for ¢ = 2. Further, by
the completeness of system (12) in Lo (—m,7) we obtain

u(z,t)=0, f(z) =0 V (z,t) € Q.

The uniqueness of the generalized solution of the inverse problem (6)-(9) is
proved. [
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COROLLARY 1. Ifa > 0, then the regular solution (u(x,t), f(x)) of the inverse
problem (6)—(9) is unique.

5 CONSTRUCTION OF A FORMAL SOLUTION OF THE PROBLEM

As the eigenfunctions system (12) forms the orthonormal basis in
Ly (—m,m), then the unknown functions w(z,t) and f (z) can be represented
as

chl ) Xk (z +ZUk2 ) Xk2 (), (22)

me k1 ( +ka2 k2 ( (23)

where uy 1 () and ug 2 (t) are unknown functions; fi 1 and f; 2 are unknown
constants.

Substituting (22) and (23) into Eq. (6), we obtain the inverse problems
(14)—(16). If the constants oy ; are assumed to be given, then the solutions of
these inverse problems exist, are unique and are represented by formulas (17)
and (19). Substituting (17) and (19) into series (22) and (23), we obtain a
formal solution of the inverse problem (6)—(9).

Let ¢(z),¢(z) € W3 (—m, ) and satisfy the boundary conditions (11).
Since Ap; > 0, then
> |

k=1

wk i (ﬁk,iei)\k T

G_Ak*iT

2
< CLUBIR 3y + 9By ) 7= 1,2

Therefore, from the analysis of formula (19) it is easy to see that in order
for the formal solution (22) of the problem (6)-(9) to be a generalized solution,
it is necessary that

lim )\k’,io-k:,i = 0, 1= 1, 2, (24)
k—o0

holds.
As above, we calculate

i =al1=2) (7 [ £©d€) X o),
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where X 1 () =0 and
1
Xpo(m) =vicos((k+ ) 7)), im vy = —, lim 0 = 0.
’ k—o0 T k—oo

Thus, (24) holds if and only if 03,; = 0 for all values of the indexes k,i.
This is possible only in the case

r©de=o, (25)

Thus, condition (25) is a necessary condition for the existence of the
generalized solution of the inverse problem (6)—(9). In this case, problems (6)-
(9) and (1)—(4) coincide. Indeed, from (25) and Eq. (1) we have

0= [ r@de= [ wiende— [ {oeeen v (-6 e

For the first integral we apply condition (4), and calculate the second
integral. Then we obtain

1
(1 —¢)

This means that the boundary conditions (4) and (9) coincide. Hence, the
problems (6)-(9) and (1)-(4) also coincide.

Thus, in what follows we shall consider problem (1)-(3) with the boundary
condition

0=(1—¢) [@x (—m,t) — By (m,t) + o (—W,t)] .

O, (—m,t) — D, (m,t) — ad (—m,t) = 0. (26)

Thus, in what follows we will consider the inverse problem (1)—(3), (26).
Similarly, as before, the formal solution of this problem can be constructed
in the form of series

D (2,t) = Z Q1 () Xpp () + Z Dy () Xk 2 (2), (27)
k=1 k=0
f(z) = Z JreaXe (z) + Z fr2Xkp (2), (28)
k=1 k=0
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where s ;
i (t) = <¢k,¢ — )\]“> et 4 % , (29)
ki ki
Pri — Prae” T
Jhi = ki 11 — ejkk,iT (30)

In order to complete our study, it is necessary, as in the Fourier method,
to justify the smoothness of the resulting formal solutions and the convergence
of all appearing series.

6 MAIN RESULTS

Here we present the existence and uniqueness results for our inverse
problem.

THEOREM 1. Let a > 0.

(A) Let ¢(z),v(x) € W2 (—m,m) and let the functions ¢(z),v(z) satisfy the
boundary conditions (11). Then for a real number € such that |e| < 1 the
inverse problem (1)—(3), (26) has a unique generalized solution, which is stable
in norm:

194117, 0) + 19aall7, () + 1F 1175 nmy <

< CLUBlmmy + 12 (31)

where the constant C' does not depend on ¢(z) and (x).

(B) Let ¢(z),(z) € C* [—n, 7] and the functions ¢(x),¥(x) and ¢ (), " (x)
satisfy the boundary conditions (11), then for a real number € such that |e| < 1
the inverse problem (1)—(3), (26) has a unique regular solution.

PRrROOF. Since |e| < 1, a > 0, we have A\ ; > 0 for all k,i. Consequently, there
exists a constant 8 > 0, such that for all the values of the indexes k, i we have

1—e il >1 02T > 35,

Since Ap; > 0, then e Ml < e il < 1, Therefore, from representations
(29) and (30) we get estimates

| Ak.il
B

| fral < {Iékl + [Vr,i

}s (32)
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s (8)] < (1 N ;) {160l + nal} (33)

where the constant 8 does not depend on the indexes k, ¢ and on the functions
b(x) and ().

As proved in Lemma 1, the eigenfunctions system (12) forms the
orthonormal basis in Lo (—7, 7). Therefore, we have an expansion

¢ ()= ppaXp1 (2) + D br2Xpa2 ().
k=1

k=0

Taking into account Eq. (10), we obtain

—¢" (z) +e¢" (—x) = Z A 10k1 Xk (2) + Z Ae20k2 Xk 2 ().
k=1

k=0

From this, by Parseval’s equality, it is easy to obtain an estimate

Sl 8l + 3 Pl okl <21+ 16715, rmy - (B8
k=1 k=1

Similarly, for the coefficients of the expansion

Y (r) = Z¢k,1Xk,1 (z) + Z VY2 X2 (7)
k=1

k=0

we have the inequality

Do el [+ wal® [n2l* < 2 (1+ %) W'H;(_mﬂ) - (35)
k=1 k=1

Now, from (32), (34) and (35) we see that the series (28) converges and the
estimate

1+¢e?
HfH%Q(*ﬂ’:“) = 27 {H¢,/Hi2(—7rv7r) + Hw”Hig(—Wﬂr)} (36)

holds.
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Taking into account Eq. (10), from (27) we obtain
Dy (z,1) + ePpy (—a,t) =

= Me1®ri () X1 (@) + > M 2Pra(t) Xp2 (). (37)
k=1 k=0

Substituting the value (—z) instead of =, we find

@, (—x,t) + ePyy (2,t) =

Z—Z)\kl@m()Xm +Z)\k2q>k2( ) Xk,2 (). (38)
k=1 k=0
Here we use the properties X1 (—z) = —Xp1(x), Xpo(—2) = X2 (2)

obtained from the explicit form (10) of the eigenfunctions.
Multiplying Eq. (38) by ¢ and summing with Eq. (37), we have

(—14€%) P (,) = (1-8) > M1 @it () X1 (2)+(14) Y A2 Pro(t) X2 ().
k=1 k=0

Since |e| < 1, from this, by Parseval’s equality, we find

Hq)g;m ('7 t) H%2(_7T77T)

2Z\>\k2| | 2(2)]

for each t € [0,T]. Integrating this equation with respect to ¢ € [0,7], taking
(33) into account, we have

8T 2\2 [
[ e (1 + B> > {Z Nl {y¢k7i\2 + |7/1k,i|2}}.
i=1 (k=1

Hence, using (34) and (35), we obtain

1+ 27
H(I):cm”Lg < 16Tﬁ (1 + B) {H('b//HiQ(—ﬂ',ﬂ') + }|¢//H312(—7T,7T)}' (39)
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Now we can easily obtain an estimate for W; (z,t) from Eq. (1). This fact
together with (36) and (39) gives the necessary estimate (31) for the solution.

From the obtained estimates it also follows that in the constructed by us
formal solution of the inverse problem all the series converge, they can be
term-by-term differentiated, and the series obtained during differentiation also
converge in sense of the metrics Lo.

From (27) and (33), by using the Holder’s inequality, it is easy to justify
the inequality

2 7112 7112
s 19 0P < C {1 + 19
which justifies the continuity of ® (x,t) in the closed domain €.

From the representation of the solution in the form of series (22), (23) and
inequalities (32), (33) it is easy to justify the estimates

[@aa (2, )] + @t (2, )] + | f (@) < C D Il {Iwil + 9wl - (40)
k=1

Let ¢(x),(x) € C*[~7, 7] and let the functions ¢(x), ¥(z) and ¢”(z), ¥"(x)
satisfy the boundary conditions (11), then the number series in the right-hand
side of (40) converges. Therefore, in such case the constructed by us formal
solution gives the regular solution of the inverse problem (1)-(3), (26).

The uniqueness of this constructed solution follows from Lemma, 2.

The Theorem is completely proved. [J
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Tunma6ex T., Msamosa M.B. JIOKAJUIBI EMEC JEPEKTEPMEH
BEPLITEH »KBLIYOTKI3TIIITIK IIPOIIECC KO3IEPIH KAJIIIBIHA
KEJITIPY KEPI ECENTEPIHIH BIP KJTACHI TYPAJIBL

Ochl MaKaJIa/a MHBOJIIONUSIBI YKoHe KEHICTIKTErl alHBIMAJIBICHIHA KAThHI-
CThI TIEPUOJITHI MIEKAPAIBIK MAPTTHI DIPOJIIIIEM Il KBLIYOTKI3TIMT TeHAeyl YImiH
6ip Kepi ecen KapacThIPBLIFaH. By ecem — oJICi3 OTKI3eTiH OKIIAYIaYITBIHBIH,
CHIPTHIHAH OPAJIFAH JKIHIMIKE TYHBIKTAIFAH CHIMIAFbl KBLIYIBIH Tapay IPo-
IeciH YKcaThI KepceTei. Kepi ecen TeHey/IiH TeK KEHICTIKTIK affHbIMAJIbIFa
Toyesi 6oaThin Oerici3 on xxak Gesirin (memivmven 6ip mesrie) Tabyman
Typaabl. KaiiTa aHbIKTay MIAPTTaphl PeTiHge OACTAIKDI YKOHE COHFBI XKafTaiibl
asibiaraH. Bepiiren ecentid, mermimining 6ap 00J/Iybl KOHE OHBIH KAJIFbI3/IbIFbI
afHBIMAJIBLIAP/Ib] aXKbIPATy 9JICIMEH AJIBIHFAH.

Kinrrik cesmep. Kepi ecer, *KBIIYOTKIZMINTIK TEHAEYi, THBOJIIOINAILI TEH-
) )
Jiey, TEPUOATHIK, TEKAPAJIBIK, MAPTTAP, alfHBIMAJIBLIAPIbI aXKbIPATy dJIiCI.
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Hunmadex ., Usamosa M.B. OB OJJHOM KJ/IACCE OBPATHBIX 3A-
JAY BOCCTAHOBJIEHNA NCTOYHUKA ITPOLECCA TEILJIOIIPO-
BOJHOCTU 110 HEJIOKAJIBHBIM JAHHBIM

B s1oit craTrhe paccmarpuBaercs ogHa oOpaTHAS 334a9a IS OHOMEPHOTO
yPaBHEHUH TeIJIONPOBOJHOCTHI C UHBOJIIOIUEN U C IEPUOANYICCKUMU I'PDAHNIHDI-
MU YCJIOBUSIMA OTHOCHUTEJHHO MPOCTPAHCTBEHHON MEPEeMEHHOM. DTa mpobiema
UMUTUPYET OPOIECC PAaCIpPOCTPAHEHNd TeIla B TOHKON 3aMKHYTOM IIPOBOJIOKE,
0bepHyTOI BOKPYT C1abo mporumaemoit n3osmnun. ObpaTHast 3a/1a9a COCTOUT
B BOCCTAHOBJIeHUN (OJHOBPEMEHHO C DEeIleHHeM) HEM3BEeCTHON MPABOW dacTh
yPaBHEHWs, 3aBUCHINEH TOJBKO OT NPOCTPAHCTBEHHON ITEPEeMEHHO. YC/I0BUs-
MU TIepeoIpe/ie/IeHns SIBASIIOTCA HadaabHOe U KOHETHOe cocTosdnmsd. Pe3ympra-
ThbI CyHICCTBOBAHUS U €IMHCTBEHHOCTH JJIl JTAHHOM 3a/1a49U 110JIy YeHbl METOJ0M
pasjie/leHud IepeMeHHbIX.

Krouesnre ciiopa. ObpaTHas 3a/1a9a, ypaBHEHNE TEILIOTPOBOIHOCTH, YPaB-
HEHWe C WHBOJIIONNE, TepNo/InviecKre TPaAaHNIHbIE YCIOBUS, METO/T Pa3/leIeHNs
epeMeHHBIX.
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ACHUMIITOTUKA COBCTBEHHBIX 3HAYEHUN
OITEPATOPA /JIBYXKPATHOI'O /INOOEPEHIIMPOBAHNA
C PEI'VJIZIPHBIMMUT 110 BUPKI'O®Y
IF'PAHNYHBIMU YCJIOBUAMU HA TPA®E-3BE3/1E

JILK. 2KAnicArBAEBA, B.E. KAHIY»>KUH, A.A. CEUTOBA

AHHOTauusA. B paboTte gns onepatopa pAByxKpaTHOro paunddepeHunpoBaHnsa Ha
rpacbe-3Be3ne BblAeneHbl HeBblpoXaeHHbie no B.A. MapyeHnko u perynsipHbie no
Bupkrody kpaesbie ycnosusi. 3aTeMm CTPOUTCS aCUMMNTOTUKA COOCTBEHHBIX 3HAYeHW
onepaTopa ABYXKpaTHOro AudepeHLnpoBaHns Ha rpace-3Be3ae C peryasipHbIMuU Mo
Bupkrody kpaesbimMu ycnoBusiMu n gokasaHa MosHOTA CUCTEMbI KOPHEBbIX (OYHKL Wi
paccmaTpueaemoro onepaTopa B npoctpatcTee L2 (). Onepatop ¢ HEBbIPOXAEHHBI MY
FPaHNYHBIMU YCIOBUSIMU MOXET UMeTb HenosHyto B L2 () cuctemy kopHesbix dyHK-
unii. B To e Bpemsi onepaTop ¢ perynsipHsiMu no Bupkrody rpaHnyHbIMu ycnosusimu
nmeet nonnyto B L2(S) cuctemy kopHesbix dyHkumii. [prnsegersr nnnoctpatueHblie
npuMepsl.

Kntouesble cnoBa. Perynsphbie no Bupkrody rpaHudHbie ycnosus, cobcTeeHHble 3Ha-
yeHus, ycnosust Kupxroda, rpad-3sesga, acumnroTumka.
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Paccmorpum creyroryto 3aa4y Ha COOCTBEHHBIE 3HAYEHUS [IJ1si CUCTEMBI
nuddepeHInaIbHbIX YPABHEHMI:

_y;ln-l—l(xm-i-l) = p2ym+1(-75m+1), 0 < amer <1,
_ym(xm) = prm(xm)’ 0< Ty < 17 (]-)

—y) (z1) = pPyr(z1), 0 <2y < 1
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¢ ycaoBusiMu Brja (a)

merl(l) = yl(o) = .= ym(o)v (2)

u ycnaosusimu suga (b)

Us(y1,¥2, -+, Ym+1) = (3)

2
- . -
= Z [asjygj ‘(1) + as(2+j)y§j ") +...+ agam—a+ Y5 D (1)+
j=1

+as(2m+j)y££:_%) (0):| =0,s=1,....,m+1.

Marpury u3 kKoadbdurnmentos yciaosuii Buga (b) obosnaunm uepes A,

ai a2 ... Q12m+1 a1, 2m+2
a1 a2 ... G22m+1 a2,2m+2
A= . . _ . . :
Um+1,1 Am+1,2  --- Om4+12m+1  Am+1,2m+2
riae asp — HEeKOTOpbIE, 6])IT]:) MOZKeT, KOMIIJIEKCHbIE 4YHuCJIa. C‘{I/ITa,eM, qTo

rank A =m + 1.

Cornacho pesysbraram pabor [1], [2] 3azaqa (1), (2), (3) moxker GbiTh MH-
TEPIPEeTUPOBAHA, KaK 33/1a4a Ha COOCTBEHHBbIE 3HAUEHWsI OIIepaTOpa JBYXKpPaT-
noro puddepeniuposanus na rpade-zsesae S = {V, }.

3mecy V mpencTaBasSeT MHOXKECTBO BEPINNH, 3aHyMepoBaHHBIX OT 0 110
m + 1, a MHOXKeCTBO £ 03HAUAET MHOXKECTBO IIyT €1, ..., ¢en [3]. Ha kaxmoit
JyTe e; BBITOIHsIETCsT 0AHO 13 AnddepeHImatbHbix ypasHernii cucremsr (1).
Bepmmna m+1 € V nazniBaeTcss BHyTpeHHeH BepIInHON rpada-3Be3bI. YCI0-
Bug Buja (a) 03HAYAIOT, YTO BO BHYTDPEHHEH BEPIIMHE BBIMOTHSIOTCA 3aKOHDI
Kupxroda [4]|. Bepmmuer 0,1,...,m Ha3bIBAIOTCA MPAHUIHBIME BEPITHHAMI
rpada-3se3apt (Puc. 1). Venosus suga (b) npegcrasasior HabOp TpaHUYHBIX
yeaosmit. Ilpn m = 1 3amaga (1), (2), (3) coBmamaer c¢ 3amaqeii [IIrypma-
JlmyBuiasa

—u' (z) = pPu(z), 0 <z <2, (4)
2 2
Uj(u) = agu®™D0) + Y ajuu1(2), j=1,2. (5)
k=1 k=1
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1@ 2 @
5]
0 g
e -®
em em—l
] P
bied m-1

Pucynox 1 — I'pad-3Be3aa

B srom caywae marpuma A npumer Bug

A— ( ailp a2 aiz G4 > ) (6)

a1 a2 a3 G24

Cornacno monorpadun B.A. Mapuenko [5] yciaosusi (5) HasbiBaiorcst HeBbI-
POKJEHHBIMA IPAHNYHBIME yCAOBUAMH, €C/IH BBIIOTHEHO OJHO M3 CJIEAYIONIIX
TpeboBaHMIA:

1)Asy #0, 2)A34 =0, A1g+ Aa3 # 0, 3)A34 =0, A1g+ A3 =0, Ao #0.

Brech A;j o3radaer MuHOP MaTpPHIbl (6), COCTABIEHHBI 13 CTOIOIOB MATPH-
upl A ¢ HoMepaMmu @ U j.

B nepsoit yactu ganHoil paboThl ONpPeseaeHbl HEBLIPOXK IeHHbIe 110 B.A.
Map4eHKo TpaHUYHBbIE YCIOBHUS JIJIsi OTlepaTopa JABYyXKpaTHOTO auddepentu-
poBaHus Ha rpade-3Be3e.

B monorpadpun M.A. Haiimapka [6] cpenu ycioBuit Buga (5) BBIJe/IEHBI
perysisipabie 10 bupkrody kpaesbie yciaoBusi. B macrosieit pabore mjis ore-
paropa JByxkpartHoro JuddepeHiupoBanus Ha rpade-3Be3/e BblJIeJEeHbl pe-
ryJisipable 110 Bupkrody Kpaesbie yCaoBusl. 3aT€M BbIYUC/IEHA, ACUMIITOTHKA
COOCTBEHHBIX BHAYEHHUI OmepaTopa IBYXKPAaTHOTO auddepeHimpoBanns Ha
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rpade-3Be3/1e C PEryJSAPHLIMEU 110 BUPKrody KpaeBbIMM yCAOBUSAMW U JI0Ka-
3aHa MOJHOTA CHCTEMbI KOPHEBBIX (DYHKIHMII paccMaTpUBAEMOrO OlepaTopa B
upocrpancree La(S).

B nacrogmieit pabore BapbUPYIOTCs TOJNBKO Ipanndnbie yceaosus tuma (b).
B pa6ore M.I. Basropogsero [7] u3ydeHbl HOPMUPOBAHHbIE KDAEBbIE YCJIO-
Bust jiyist gudbbepeHnuaibHbIX ypaBHeHuii Ha rpadax, Korjia BapbupyTcsa Kak
ycnoBust tuna (a), rak u ycaosus tuna (b). B ro xe Bpems B monorpadun
FO.B. Tlokoproro [8] crasuiack 3amada wcciaenosanust auddepeHiagibHbIX
omepaTopoB Ha rpadax, KOrJa BapbUPYIOTCS TOJIBKO YCAOBUS B TPAHUYIHBIX
BeprmHax. Tak 9TO JaHHAS CTaThs COOTBETCTBYET MpPOD/IeMe, TOCTABIEHHON B
monorpadun [5].

2 BABUCUMOCTD PEIIEHUI CUCTEMBL JU®OEPEHIINAIBHBEIX YPABHE-
HUIT (1) € YCJIOBUAMHU (2) OT CHEKTPAJIBHOI'O TAPAMETPA

B pabore [1] mokazano ciejyioriee yTBepK ieHIe.

YTBEPWKIAEHUE 1. IIyeth Ymi1(Tma1) = €PPm+ npu Ty € emy1. Torma
perrerne cucrempl (1) ¢ ycnoBusmu (2) ompenensercs: mo ¢popmymam

ys(xs) = €7 — Biie' sin pay, w5 € e, s=1,...,m, (7)
npudeM nocTossHHbIe By, Ba, . .., By, V/OBJIETBOPSIIOT COOTHOIIEHHIO
Bi+By+...+By,=m-—1, (8)

a 6 oCmaAbHOM — NPOU3BOADHDIE.

VTBepKIAEHUE OCTAETCS CIPABEJINBBIM, €C/IN P 3aMEHUTH Ha, —p. LIpu 910oM
nabop uucen By, B, ..., By, He MeHgeTCH.

3 HEBBIPOXKJIEHHBIE 11O B.A. MAPYEHKO KPAEBBIE YCJIOBUSA BUJIA
(3)
B gaHHOM myHKTE MTOJIOKHUM 1M = 2 U ONPEIeIUM HEBBIPOXK JeHHbIe 110 B.A.

Map4eHKO KpaeBble yCJIOBHS.
Obiee pemmenne nepsoro ypasaenusi cucrembl (1) uveer Bu

sin pr3
y3(z3, p) = ay cos pr3 + Oész, (9)
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rae vy 1 (‘g — IIPOU3BOJIBHBIE BEJIMYMHDBI, HE3aBUCAIIINE OT T3.
Torga cornacHo yTBEpKIeHUIO yHKTa 2 s hysknuit yi(x1, p), y2(z2, p),
yaosaerBopsromux (1), (2), mosyanm cregyronue mpeCcTaBIeHus:

y1(z1,p) = a1 (cos p(z1 + 1) + Sisinpsin pzq) +
T sinp(z1+1) 8 COSpsinpxl ’
P A (10)
y2(x2, p) = ai (cos p(x2 + 1) + P2 sin psin pxa) +
sin p(za+1) sin pza
vy (e, g pingr)
mpuyeM 9ducyia 51 u S YIOBAETBOPSIOT COOTHOIIEHUTO

p1+ P2 = 1.

Bsenem BekTOp f(p), oTIpejieJIeHHbI 0 (hbopMmyJTe

rae

t1(x1,p) = cosp(x1 + 1) + By sin psin pzy,
to(xg, p) = cos p(xa + 1) + P2 sin psin pzo,
t3(z3, p) = cos pxs.

Jlerko mpeobpa3oBaTh BEKTOD f(p) K CJIEIYIOIIEMY BULY:

cos2p | [ %— %cosZp
%—G—%COSQ,O —%—F%COSQ,O
- 1 0
Tlp) = —psin2p + o 1psin2p (11)
—%psin?p —%psinQp
A R Y
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3neck yureno, aro o = 1 — 1. Y100HO BBecTH 00603HAYEHUS

cos2p ] i %— %cos2p
%+%0082p —%—F%cosZp
= 1 = 0
Tolp) = —psin2p n Tilp) = $psin2p
—%psinQp —%psinQp
L 0 ] L 0 i}

Amnasoruuno sextopy T (p) oupesenuy sexrop E(p) o dopuyie

re

_ sin plzi+1) 5 Cospsinpazl
p p

sinp(xg +1 sin pxg
7’2(902,P):p(p)—52COSP pp ;
sin pxs
m3(x3,p) = ; -

Tl(xlu p)

Bexroper Ro(p) 1 Bi(p) onpesensorcs o ananornu ¢ sektopamu Ty(p) u

B sin 2p B %511'12,0 T
lsi’rlep 7151[)112;)
2 Op 2 0 P
EO = u El =
(°) cos 2p (p) % + %cos 2p
—%—i—%cost —%—%cost
1 0
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CupaBeJinBO BEKTOPHOE PABEHCTBO
R(p) = Ro(p) — B1R1(p). (12)

Teneps noncrasum npexacrasiaenus (9) u (10) B rpanmumse ycmosus (3). B
pesy/bTaTe MOJLy9uM CJIeIY IOy CUucTeMy anrefpandecKux ypaBHEHU, 3amu-
CaHHYI0 B MaTPUYHO-BEKTOPHOMN (hopme:

a [Afo(p) + 51Af1(p)} +as [Aéo(p) — BAR(p)| = 0. (13)

3mecy A — 3amammasg MpPAMOYTONIBHAS MaTpuia pasmeproctn 3 X 6. Ctpoknm
MaTpuibl A yao0HO 0003HAYATEL Yepes di, de, 43, TAe d; — i-ad CcTpoka. V3 cu-
crembr (13) MCKIIOYMM HEM3BECTHBIE (v] M (9. B pe3ysbTaTe moyuanm CucreMmy

JBYX ypaBHEHUN

ﬁlfo(ﬂ) + B Th (p)

—

7 :O) k:2,3 14
kIo(p) + frarTi(p) (14)

R
R

a
a

U3 cucrempl (14) a0 MCKII0UMTL HEM3BECTHBIN napamerp 1. s sroro cha-
vasa nepermmmenm (14) B cremytomem Bue:

+ (15)

517}(0) 511’?1(0)
axlo(p) dapkt

tak xax T1(p)cosp = Ry(p)psin p.
Uckmouas u3 cucrembl (15) Besmauny (1, NOIyYuM PaBEHCTBO

T2 €2
73 €3
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rie

517j1(P) @1 Ro(p)

EL = . —
apTi(p) drRo(p)

[Ipasyto gacts paserctsa (16) o6brano oboznauaioT uepes A(p) U HA3LIBAIOT
XapakTepucTudecknm onpejeanrenem 3agaqau (1), (2), (3) nupu m = 2.

i = det {( Z; ) (fo(mlﬁo(p))} , k=23,

TIPEJICTaBSIET OTIPEAETUTEND TPOU3BEIEHNS JIBYX MATPHUI], TO BEIUYUCIUM €0 C
momotbio (popmyias Bure-Kommu. CrHagaia paccMOTpUM MaTpHILY pa3sMepHO-
ctu 6 X 2:

Tak kak

[ cos 2p sin2p 1
1+ lcos2p 152y
2772 27 p
= 5 1 0
| Th(p)I Folp)| = |
—psin2p cos 2p
—%psin2p —%—I—%cost
. O 1 -
" BBIYUCJINM €€ MUHOPBI Pa3MEPHOCTU JBa:
sin 2 sin 2
mig = — 2pp7 mi3 = — pp) mig =1,
sin 2
mis = 5 — 5 C082p, Mmig = COS2p, M3z = — ,07
2 2 2p

1 1 1 1
mog = = + =cos2p, maos =0, mog= =+ = cos?2p,

2 2 2 2
1
ms4 = COS 2p, mss = —5 + 5 COs 2,0, mge = 1,
1 1
M5 = 5P sin2p, mae = —psin2p, mse = —Epsin 2p.
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Caeposarenbio, npu k = 2,3 MOXKHO 3alUCATH [IPEJICTABACHUE It Y

Vi = hgk)psin 2p + hgk) cos2p + hgk)sm;p + hflk), (17)
re
VR
O LA 4 A+ L LA 4 a4 LY

1 1k
La Al Lap)

k
hg>:_2

1 k
S A5 + Al -

Teneps BoraucauM € upu k = 2, 3. i 3T0ro cocraBuM MaTpHIly pasMep-
woctu 6 X 2:

[ 3 — 3c082p sin 2p 1
—%+ 3 cos2p %—SHLZP
7 3 0 0
TR = |, ¢
5psin2p cos 2p
—%psin2p —%+%cos2p
0 1

1 BBIYHUCJ/IIM BCE€ €€ MUHOPBI BTOPOI'O IIOpAJIKa:

3sin 2 3sin4 1 1
sinzp oS P) s = 0, m14:—§+50082p,

A~

mi2

T4 8 p
. 11 3 A 1 1
m15:—§+50052,0—§cos4p, m16:§_§C082pa
Moz =0, Moy = 3 %COS 2p+ 20054:"7
R 1 1 . 1 1 N
m25:—§Cos2p+§, m26=—§+§‘305297 s =0,

3 1
s =0, 1hse =0, 71y = gpsinélp - Zpsin 2p,

1
Mag = §psin 2p, Msg = —§psin 2p.
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CocraBum mMaTpuily pasmeproctu 6 X 2:

[ cos 2p %Sirfp ]
3+ 3cos2p —%—Smfp
7 5 1 0
To(p)|Fa(p)] =
[ 0PI Fa(p) —psin2p %—i— %cos2p
—%psian —%—%COSZL)
- O O -
U BBIYUC/UM BCE €6 MUHOPBI BTOPOTO MOPSIKA!
5 3sindp 1sin2p . 1sin2p
mig = —= - = , Miz=—= )
12 8 i, 13 2
5 1 n 1 5 5 1 1 5 3 4
14 = = + = COS Mis = —— — = COS2p — — COS
MT T IOREs s = g T g SRS T g CORE
- 1sin2p

1 5 1 1
oy = — + = cos2p + gcos4p, mas = 5 §COSQPa

_1+1 5 .11 5
5 T 300820, Thas = —5 — 5 cos2p,

3 3
msg =0, 1y = Zpsin2p—|— gpsinélp, mye =0, 156 = 0.

Haxommm paszHoCcTin MUHOPOB My, W Mip:

. . sin 2p . . 1sin2p
mi2 —Mmi2 = y M1z —MmMi3 = 5 )
2 p
Thig —mig = —1, 1My5 — hys = cos 2p,
1sin2p

mlﬁ_m16:§_§COS2p7 Mo3 — Moz = — = ,

2 p
M24 — oy = —C0S2p, Mo — Thgs = 1,

MATEMATUYECKWI KYPHAJ. — 2018, — T. 18, Ne 2



AcuMmiroruka coOOCTBEHHBIX 3HAYEHUIT OIIEpaTopa. ... 117

. 5 1

Mae — 26 = ) + B cos 2p,
. . 1 1

m3q — M3q = 573 cos 2p,

. y 11 . §
M35 — g5 = 5 + 50082[7, mae — ge = 0,
1
Mas — Mgy = —psin2p,  1hye — Tye = 2P sin 2p,
1
’I”h56 — ?7‘L56 = —§psin 2,0.

CaegosarenbHo, npu k = 2,3 MOXKHO 3alIUCATH OKOHYATEILHOE MIPE/ICTABICHUE
IS Ef:

2
er = g psin2p + g8 cos 2p + ¢{ SH; P + g, (18)
e
k oL ow 1 %
g1 = AL + AL - §A26),
k 1 & 1 &
A )l )

B = A® 4 A(k) 1 Ag;)?

g = —Af) + Ag@‘) +A%) - *A(k) - *A(k) + A:(a5)

Teneps Mbl roToBel Beraucutb A(p). [logcrasum B (16) coorromenus (17) u

(18) mpu k = 2,3. O6oznauum s1(p) = psin2p, sa(p) = cos2p, s3(p) = @,
s4(p) = 1. B pesysbrare mosmydanm
Al — | 72(P) 22(p) S k Sk(l)) o1 0y sk(p)
D= 3500 =s(0) o

BEIVY 3\p Zk 1 k Sk(p) Zk:lgk Sk(p)
nJjim

A(p) = fip? cosdp + fapsindp + f3cosdp+ (19)

. sin 2
+fapsin2p + f5cos2p + fo Pyt
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rae fi, fa,..., fr BeIpaXKaiorcst 4epes {h§-2),g,(€2),hg.?’),gl(f)7 j=1,...,4, k =

1,... ,4} B BUJEe CyMM OIpeJennTeseil Buga
(2) (2)
"y |
hj 9k

YTBEPXKAEHUE 2. Xapakrepucruueckuii onpeaesmnreis A(p) 3agaum va cob-
crernbie 3Hadennsi (1), (2), (3) npu m = 2 umeer Buzg (19), rae koahuin-
eHTHI f1, fa, ..., f7 BoIpaskaroTcs dyepe3 MHHODLI BTOPOrO MOPSIIKa MaTPHILI

a1 a2 a3 G4 Q15 16
A=\ a1 a2 a3 ax azs ax
as1 as2 G33 G314 G35 (36

K mpumepy npuBemem dopmyity s koagdunuenta fi:

2 2 2 9 9 5
f=-i| g AL B A Ayl B A A
161 Ay Agg 16 | Ay Asg 16 A0 Al

Cnemys B.A. MapueHko BBeJieM OTpeIeIeHue.

ONPEAENEHUE 1. I'panmynsie ycaoBus (3) mpu m = 2 HA3BIBAIOTCS] BHIPOXK-
gerasiva, ecan fi = ... = fg = 0. B npoTuBHOM CIyYae rpaHUYIHBIE YCIOBHS
(3) 6ymem Ha3bIBATH HEBBIPOXK JEHHBIMH.

puMEP 1. Tlyete m = 2 u Ui(y1,y2,¥3) = y1(1), U2(y1,92,93) = y1(1),
Us(y1,vy2,y3) = y2(1). B sTom ciyaae marpuna A npumer Bug

A=

S O =
_= o O
o O O
o = O
o O O
o O O

1 0
Iopu4ieM BCE€ MHHODPBI BTOPOI'O IIOPAJKa MATPHIT <O 0

000 0
0010)"
0

in i 1
Ly (w1,p) = 0, ya(wa,p) = BT

ys(xs3, p) = Bg%, riie B2 — TPOM3BOJIbHAS TIOCTOSTHHAS.

100 000
01 00O0O

B srom ciyuae A(p) =

) PaBHBI HYJIIO0, KpOMeE A%) # 0, Ag) #
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PaCCManHBaeM]ﬂe B JJaHHOM TpUMEpEe TPDaHUYHbIC YC/JIOBUA ABJIA-
IOTCS  HEBLIPOKJIEHHBIMH. 3aMeTHM, 9TO CIEKTp 3aadd  — JIUCKpeT-
HBIA, {(nTr)Q,n =1,2,.. .}, cucrema cobcrBennbix dbynkmuii {yi(z1,n) =0,
ya2(z2,n) = (—1)"sinnnxe, y3(rs,n) = sinnmrs, n=1,2,...} He aBagerca
noHOM cucremoit B npocrpancree Lo(S). Paccmarpusaemas 3agaua Ha co0-
CTBEHHBIE 3HAYEHMS Ha rpade-3Be3/1e B HEKOTOPOM CMBIC/IE SKBUBAJTECHTHA CJIe-
aytomeit 3aja4e na coberBentbie 3nadenns ua orpeske [0, 2]:

—u" (z) = pPu(z), 0 < 2 < 2, u(l) =0, u(2) = 0. (20)
HeiicrBurenbro, mockonbky Yyi(x1,p) = 0, TO gocrarodno 06O3HAYUTH
u(z, p) = y3(zs,p) upu 0 < z < 1, u(z, p) = ya(ze — 1,p) npu 1 < z < 2.

Bamaua (20) paccmarpusaercsa na orpeske [0, 2], a KpaeBble yca0Bus 3a/1a-
HBI B TOuKax £ = 1 u x = 2. [loaToMy ee cnekTp JAUCKPETEeH, OTHAKO, CUCTEMA
cobcTBeHHbIX (DYHKIMIT HE ABAAETCs MOMHON B npocTpancTse Lo (0, 2).

ITpuMEP 2. Iycrs m = 3 u Ui (y1, Y2, y3, Ya) = y1(1), U2(y1, Y2, y3, ya) = y1(1),
Us(y1,Y2,y3, ya) = y2(1), Us(y1,Y2,y3, ya) = y5(1). B srom ciaywae marpura A
HpI/IMeT BI/LZ[

o o O
o O O

A=

o O O
O = O O
o O O O
O O = O
_ o O O
o O O O

0 0

B pannom npumepe A(p) = 0, y1(z1,p) = 0, y2(z2, p) = 0. Taxke Mmox-

HO 3ameTuth, uTo Y3(0,p) = 0, ya(1,p) = 0. CregoBarenbHO, TPOU3BOILHOE

A\ = p? sBisiercs COGCTBEHHBIM 3HAYEHMEM pacCMaTpuBaeMoil 3aaauam. Coob-

crBennble GyHKIMH cooTBercTByomue A = p?, mmeror sua (0,0, 8sin p(xs +

1), Bsin pxy4). Paccmarpusaemas 3a1a4a Ha COOCTBEHHBIE 3HAYEHUs Ha Tpade-

3Be37Ie 9KBUBAJIEHTHA CJIEIYIONIEH 3aatue Ha COOCTBEHHbIE 3HAYCHUS Ha, OTPE3-
ke [0,2]:

—u (z) = pPu(x), 0 < = < 2, u(1) = 0. (21)

HeticrBurenbao, mockonbky yi(x1,p) = y2(x2,p) = 0, TO HOCTATOYHO TOJIO-

Kuthb u(z, p) = ya(xa,p) ipu 0 < z < 1, u(z,p) = y3(rs—1,p) npu 1 <z < 2.

SAMEYAHUE 1. H3joxeHue mpebLIyIIero MarepuaJa IIPOBEJEHO MPH 1M =
2. Ilpesioxennas cxema paclHpOCTPAHSIETCH Ha HPOU3BOJIBHOE HATYPaJIbHOE
qICII0 M.
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SAMEYAHUE 2. Mogugumupys Ilpumep 2, MOXKHO DOJIydnTh 3a]a9y Ha COO-
CTBEHHBIE 3HAYEHUs HA rpahe-3Be3/1e ¢ MyCTHIM CIEeKTPOM.

ITpuMep 3. Ilycte m = 5 u Ui(y, 92,93, 94,45, %6) = yi(1),
Ua(y1,92, Y3, ¥4, Y5, 6) = y1(1), Us(y1, 92,93, ¥4,95,56) =  y2(1),
U4(917212’y3;y47y5ay6) = yé(l)a U5(y172/27y3ay472/5>y6) = y6(0)7
Us(y1,Y2,Y3,Y4,Y5,Y6) = y3(1). Dra 3amaua Ha COOCTBEHHBIE 3HAYEHUS

Ha rpade-3Be3/1e IKBUBAJEHTHA 3a/atde Ha COOCTBEHHbIE 3HAYEHNS HA OTPe3Ke:
" 2
—u () = p-u(z), 0 <z <2, u(0) =0, u(2) =0, u(l) =0.

Ilongrno, yro paccMarpuBaeMas 3aja4a Ha cOOCTBEHHbIEe 3HaYeHusd Ha rpade-
3Be3/ie HEBLIPOXKIEHA, TTOCKOIBKY CIIEKTP AUCKPETEH.

Crerka momuduriupyst [Tpumep 3, MOKHO MOy IUTH BHIPOKIECHHYIO 33029y
Ha cOOCTBEHHBIE 3HAUYEHHS Ha rpade-3Be37e, KOTopas SKBUBAIECHTHA CJIEIYIO-
et 3ajia4e Ha COOCTBEHHBIE 3HAYCHUS:

—u' () = pPu(x), 0 < = < 2, u(0) =0, u(v/2) =0, u(2) = 0.

CuekTp nocieaneii 3aga4m — mycroe MHOKECTBO. CJ1e0BaTENIBHO, B 9TOM CJIy-
Jae XapaKTePUCTUIECKU OIpeaeuTe b 3aJa4Ul Ha COOCTBEHHbBIE 3HAYEHUS Ha
rpade-38e3/1e IpeJICTaBAgeT NoCTOAHHYI0 (hyHKImIo, To ecth A(p) = const.

4 PETVJISIPHBIE IO BUPKIO®Y KPAEBBIE VCJIOBUSA BUJIA (3)

B npegpiaymem nynkre npu m = 2 JaHO IPEACTABIEHIE XaPaKTEPUCTUIe-
CKOTO ompesenuTesa 3amadn (1), (2), (3):

A(p) = fip? cosdp + fapsindp + f3cosdp+
sin 2
Py fr,

+fapsin2p + f5cos2p + fe

rje K03 PUIUeHTs! f; 3aBUCAT OT MHHOPOB BTOPOTO IIOPAIKA MATPHIBI A.
Caenyst Bupkrody [6], maum onpe/iesienne peryisipHbIX KpaeBbIX yCJI0BUii.

ONPEAEJNEHUE 2. I'panmyansie ycaoBus (3) npu m = 2 HA3BIBAIOTCS PEry/Isp-
HbIMH 110 Bupkrogy KpaeBbIMH YCIOBUSIMH, €CJIH BBIIOJIHIETCS XOTS ObI OJTHO
U3 caexyomux TpeboBaHmii:

1)f1 7&07
2)f1 :Oa f2 #07
3)f1=0, f2=0, f3 #0.
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[Mpumepr 4. Mycte m = 2, Ui(y1,y2,y3) = y1(1), Ua(y1,v2,y3) = wo(l),

Us(y1,y2,y3) = y3(0). B sarom ciryaae fi = ... # 0, To ecTh paccMaTpuBaeMble

B 93TOM IIpUMepe I'PaHUYIHBIC yC.HOBI/IH ABJIAIOTCA perﬂHprIMI/I 110 BHpKFOdDy
B 3akrouennn npuBeseM OCHOBHOI pe3yabTaT paGoTHI.

TrOPEMA 1. Bagaua (1), (2), (3) npu m = 2 ¢ peryaspubivu 110 Bupkro-
&by KpaeBbIMH YCJOBHSIMH HUMEET IOJIHYI0 CACTEMY KOPHEBBIX (DYHKIIHI B IIPO-
crpancrse Lo(S), 60oee Toro cobcrsennsie 3uavenns 3agaqun (1), (2), (3), 3a-
HYMEpPOBAHHBIE B IIOPS/IKE HEYOBIBAHHS HX MOJLYJIEH, YIOBI€TBOPSIOT IPEIETb-

HOMY COOTHOLIEHHIO
An 1

im —— = —.

n—oo (nm)? 16

[TpuBeenHas TeOpeMa JOKA3BIBACTCA IO TOI Ke CXeMe, IO KOTOPOi JoKa-
sana Teopema 1.3.1 uz monorpaduu [5].
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Karmcapbaesa JI.K., Kawryxkun B.E., CeuroBa A.A. BUPKI'O®
BOIBIHIIA PEI'VJIAP/IBL IHMEKAPAJIBIK HIAPTTAPBEI TI'PA®-
KYJIIBI3JIA BEPIJITEH EKI ECEJII INOOEPEHIIMAJIIABIK OIIE-
PATOPIbIH MEHIIIKTI MoHAEPIHIH ACUMIITOTUKACHI

2KymbicTa rpad-KyAapI3/1a aHBIKTAIFAH eKkiecesi nuddepenimaiay ome-
parops! yuria B.A. Mapuenko 6oiibiaina assinOaran Koue Bupkrod Goiibiaia
PEryISp/bl IeKapaablK ImapTTapbl 6esin anbiaaabl. CoHbIMEH KaTap rpad-
xyner3ga Bupkrod OolibiHIIA PEry/ispJibl MIEKAPAJIBIK MapTTapbl OepiareH
ekiecesi mguddepennuaniay onepaTOpPbIHbIH MEHINKTI MOHJIEpiHIH aCHMIITO-
TUKACHI TYPFbI3bLIAIbI 2KOHE KAPACTHIPBLIBII OTBIPFaH OEPATOPILIH TYDIpIiK
dynkumanap xymitecinin Lo () KeHICTIrIHIE TOMBIKTBIFEL Jo/1e el A3bIH-
Garan mekapasblk maprrapmen epiaren oneparopasid, Lo () kenicriringe To-
JIBIK, eMec TYOipsik dyHkiusaaap xKyiieci 6ap 6osa anaasl. bipak Bupkrod
OOMBIHINTA PETyJIap/Ibl MIeKAPAJIBIK IapTTapbiMen Oepiaren omepatop Lo(S)
KeHicTiriHge ToablK TYOipaik dyHKIuaaap xyiecime me Oomaasl. 2KymbicTa
KOPHEKi MBICAJITApD KeJITipiareH.

Kinrrix cezzep. Bupkrod OofibiHIa peryssip/ibl MIEKAPaAJIbIK IIapTTap,
MeHIikTi MoHzep, Kupxrod maprrapsl, rpad-KyJab3, aCUMITOTHKA.
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Zhapsarbayeva L.K., Kanguzhin B.E., Seitova A.A. ASYMPTOTICS OF
EIGENVALUES OF DOUBLE DIFFERENTIATION OPERATOR WITH
BIRKHOFF REGULAR BOUNDARY CONDITIONS ON GRAPH-STAR

In this paper nondegenerated by V.A. Marchenko and Birkhoff regular
boundary conditions for double differentiation operator on a graph-star are
highlighted. Moreover asymptotics of eigenvalues of double differentiation
operator on graph-star with Birkhoff regular boundary conditions are
constructed and the completeness of the system of root functions of considering
operator in the space Lo(S) is proved. An operator with nondegenerated
boundary conditions may have non complete system of root functions in La(<).
At the same time an operator with Birkhoff regular boundary conditions has
complete system of root functions in Ly (). Illustrative examples are presented.

Key words. Birkhoff regular boundary conditions, eigenvalues, Kirchhoff
conditions, graph-star, asymptotics.
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ON ZEROS OF A QUASI-POLYNOMIAL OF EXPONENTIAL
TYPE CONNECTED WITH A REGULAR THIRD ORDER
DIFFERENTIAL OPERATOR

N.S. IMANBAEV

Annotation. In this paper we consider the spectral problem for a third-order differential
operator with regular boundary conditions of periodic type. Adjoint operator and
characteristic determinant of the spectral problem are constructed. The characteristic
determinant will be an entire analytic function in the quasipolynomial form of
exponential type. Zeros of the entire function that are adequately eigenvalues of the
original operator are found.

Keywords. Spectral problem, third order differential operator, regular boundary value
conditions, zeros of an entire function, quasi-polinomial.

1 INTRODUCTION

In the space Ly (0, 1) we consider an operator Lo, generated by the ordinary
differential equation

(u) =" (z) + P (2) v (z) + Py () 0 () + Ps (z) u () (1)
and the boundary conditions
Up(w)=u(0)=0, Us(u)=u(l) =0, Us(u)=u' (0) —u' (1) =0. (2)

Let Ly be an operator in Ly (0,1), given by the expression (1) and the
boundary conditions (2), where U; (u), Ua (u), Us (u) are linear forms, that
are regular by G.D. Birkhoff [1], [2]. The important result, established by
Birkhoff, consisted in estimating the resolvent of a regular differential operator
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University-2017" of the Ministry of Education and Science of the Republic of Kazakhstan.
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and in establishing the asymptotic behavior of spectrum. In the monograph of
M.A. Naimark (3], p. 67), a subclass of regular boundary conditions, so-called
strongly regular boundary conditions, is distinguished, where it is noted that
for an odd-order equation all regular conditions are strongly regular. Therefore,
according to [3], the boundary conditions (2) are strongly regular boundary
conditions.

2 ADJOINT PROBLEM

We consider a case when Pj (x) = P, (z) = P3 () = 0, that is
Lou=1(u)=u" (z). (3)

Using integration by parts, we obtain the Lagrange formula:

/l (u) v (x)dz + /u () I* (v)dx = u” (1) v (1) —u” (0) v (0)—
0 0

— [ ©) = v D] - (0) + w (1) v (1) ~ u (0) 0" (0).
Here * (v) is the adjoint differential expression:
F(v)=—v"(z),0<z<1. (4)

Consequently, the operator L which is adjoint to the operator Ly, is given
by the differential expression (4) and boundary conditions

Viw)=v(1)=0, Va(v)=v(0)=0, V3(v) =2 (0) =2 (1) =0. (5)

3 STATEMENT OF THE PROBLEM AND THE MAIN RESULT

In this paper we consider a spectral problem close to the investigation [4]:
Lou=1(u) =u" (z) = -du(z), 0<x<1 (6)

with the boundary conditions (2).
In [4] stability questions of basis properties of root vectors of a n-th order
differential operator under integral perturbation of boundary condition are
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investigated. And also in [5] these questions were studied for the Sturm-
Liouville operator, with integral perturbation of one of boundary conditions of
the antiperiodic type.

The adjoint problem has the following form:

Liv=101"(v) =" (z) = (x),0<x <1 (7)

with the boundary conditions (5).

In the case when A = 0, representing the general solution of (6) in the
form u (z) = ax® + bz + ¢, and satisfying the boundary conditions (2), we have
u(z) = 0. That is, A = 0 is not eigenvalues of the operator Ly. Consequently,
A = 0 is a regular point and belongs to the resolvent set of the operator Lg,
that is 0 € p(Lg). Then there exists an inverse operator (Lo — AE) ™", where
F is a unit operator.

In the case A # 0, general solution of the equation (6) can be represented
by the formula

3
u(z) = Z Cjekj %x,
j=1

where (ki %)3 =\

Hence, it follows, that k:? =1;5=1,3, ie.

V3 1 V3
—, k3= —= —i—.
2 2 2
Satisfying the general solution of the equation (6) by the boundary conditions
(2), we obtain a linear system with respect to the coefficients Cj:

Ci+Cy+C3=0,
Cref 2 + Cyek? 2 + Cyeks (- 0,

Crk /N (1 el Bﬁ) + Coka /N (1 k2 %) 4 Caks I/ (1 _ ks 5’5) —0.

Its determinant will be the characteristic determinant of the problem (6), (2):

1
klzl,k2:—§+i

1 1 1
A ()\) _ ek’l X €k2 I eks I

klx?ﬁ(l — ekl%) k2%<1 — e’”%) kg\%\(l — ek3%>
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Whence by standard computations and transformations the characteristic
determinant of the problem (6), (2) reduces to the form:

A ()‘) = \?ﬁ ((k?g — k:g) ek 2 + (kl — k2) e(kz—&—kl)%_'_ (8)

+ (ks — k1) €2 VA 4 (kg — ky) elhsth) VA
+ (kl — k‘g) ek3 % + (]{2 — kg) e<k2+k3)\3/x> .
Let us formulate the obtained result in the form of a theorem.

THEOREM 1. The characteristic determinant of the spectral problem (6), (2)
can be represented in the form of the exponential quasipolynomial (8), where
k1 =1, ky = —% + i@, ks = —% — i@, and is an entire analytic function of
the variable .

The connection between zeros of quasipolynomials with spectral problems is
reflected in [6]-[10]. The papers [3] and [11]-[13] are devoted to the investigation
of zeros of entire functions, having an integral representation and coinciding
with quasipolynomials.

Consider a problem of zeros distribution of the entire function

AN

VA

on the complex plane A. Thus, we consider the distribution of zeros of the
quasipolynomial

Ay (N) =

Ay (N) = (k — ks) e VA 4 (ky — k) etk VAL

(ks — k1) @2V 4 (kg — ky) B TRD YA 4 (k) — oy Fs VA
¥ (ko — k) elkatka) VA — 9)

Conjugate indicator diagram of the function Ay (\) will be a right hexagon
on the complex plane A. Sides of the hexagon consist of the following segments:

(ki, ks + k1) s (ks, k3 + k1) 5 (ko + ks, ks3) ;
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(2, ko + k3) 5 (Ko, ko + k1) ; (k2 + k1, k1)

where the bar denotes complex conjugation, and are commensurable numbers,
that is, they satisfy the conditions: there exists d such that

ki — (ko + k3) = S1d, (ko + k1) — (k2 + k3) = Sad, kg — (k2 + k3) = S3d,

(k3 + k1) — (k2 + k3) = Sad, k3 — (kg + k3) = Ssd,

S; are some natural numbers.

Along the ray, perpendicular to the segment that passes through the points
(1?1, ks + k:l), there lie zeros of the quasipolynomial e*! 2 + elkstk) %, which
are the majorizing exponents from (9).

Rays, which are perpendicular to the indicator diagram, are called critical.
According to the result of the monograph [7], the critical rays on the plane A
are exactly six, that is, arg VA = 5T 5,n=0,1,2,4,5.

Similarly, along the other rays, the corresponding exponential
quasipolynomials in (9) will be majorized. We multiply both sides of
the equation (9) by e~ (k2+ks) \SF’\, according to the commensurability condition,
k1 — (k2 + k3) = Sid, instead of (ko + k1) — (ko + k3) we put Sad, ..., instead
of k3 — (ko + k3) we put Ssd. Then

(ko — k3) esld% + (k1 — k2) eSzd% + (ks — k1) es3d%+
(ks — Fr) €593 4 (g — ko) €559V 4 (hy — kig) = 0.
We denote AV by Z. Therefore:

1 1
iv/3- 25 + 3 (3—z\f3> 7% -2 (3+N§) 755

—% <3+i\/§>ZS4+%(3—i\/§> 7% +iV3 =0,

This is an algebraic equation, it has exactly as many solutions as the greatest
degree of the equation. Denote this degree by m = max (51, S2, S3, 54, 55) . Let
Z1, Za, ..., Zm be a solution of the algebraic equation. Now we find +/\ from
the equation:

3
eV = 25 = Mim),
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Lned% = LpzjdV\ = Lpzj = In|z;| +i (Arg (z) + 27k)

 k=0,+1,£2,..; j=(1,m),

%jk _ In|z;| +1 (A?;lg (zj) + 27k)
(In || + i (Arg (=) + 2k))’”

Ak = 5 L k=0,41,42, .. j = (1;m).

Thus, we have

PROPOSITION. 1. Here infinitely many eigenvalues of the operator Ly exist.
2. Distance between two neighboring eigenvalues of one series (j is a constant)
is exactly equal to %.

3. Eigenvalues of each series lie on the rays, perpendicular to the segment that
contain the numbers

(ki ks + k1) ; (ks ks + k1) (k2 + ks, ks)

(ko ko + k3); (Ko, k2 + k1) 5 (k2 + ki, k1) -

In particular, we consider in detail each case of finding zeros of the entire
function (8):
P VA plkatkn) VA _

that is

1_,v3)3
i3e‘%+(—2—i\/§)e(2 2) 5,

2v/3 -4 . 237 ]
m _ In )3-1-\/51' +rarg (3+\/§i) n 2kt

_<%+§> —(%+Z~§>7

k=0, +1, £2, £3, ...

2
from (8) do not contribute to these rays.

Similarly,
. 3
iv3eV 4 <2 - \/§> L) VR g

_1,.v3)3
They coincide with zeros (—3 — z@) e( PR >ﬁ +iv3e™ \3&. Other terms
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2v3 | 2v/3i )

5 — ln‘s—\/ﬁz" waryg (3—\/§¢) 2ki
A = 1 :v3 1, V3’
2 TS 2 Ty

where £k = 0,+£1,+£2,43, ..., which adequately coincide with zeros eks VX +
e(k2+k3)\3/x

Quasipolynomials, coinciding along the imaginary axis:

B (3 +i\/§> e(f§+i73)%+ <3 B \/§> L)X _ 0,

have the same zeros /Ay = In (% - @z) + 2kmi, k=0, £1, £2, £3, ....
In this case, representatives of the other series do not contribute. And
|d| = 1,7 = (1,6).
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Wvan6aes H.C. YIIIHIII PETTI PETYJISAP/IB IIOOEPEHIINAL-
JTBIK OITEPATOPMEH BAIJIAHBICKAH 9KCIIOHEHIIMAJIIB TEK-
TEC KBA3UIIOJIMHOMHBIH HOJIJIEPI TYPAJIBL

By xyMmbicTa IEpHOATHIK TEKTEC PEryadapbl IMIETTIK ITapTTapMeH Depif-
TeH VImHI peTTi auddepeHnnaigbK OTepaTop YIMH CIeKTPAIIBIK eCcen Ka-
pacTeIpbliaabl. CHEKTPAIILIK €CElTiH TYHIHIeC OmepaToOphbl MEH XapaKTepn-
CTUKAJIBIK, AHBIKTAY bIIITbI KYPBLIFAH. XaPAKTEPUCTUKAJIBIK AHBIKTAY BITI DKCII0-
HEHIIUAJIIbl TEKTEeC KBa3WIOJUHOM TypiHmeri OyTin (yukiusa 6osager. ByTin
byHKIUAHBIH HOJIAEP] TaObLIbII, OJaP/IbIH KAPACTHIPBLIbII OTBIPFAH YITIHIIL
perTi auddepeHInaIIbIK, OIepaTOPIbIH MEHIIKTI MoHIePi 00TaTBIHABIFLI CH-
TTaTTaJFaH.

Kinrrik ceszep. CuexkrpasiblK ecerl, yimiHm perrti auddepeHnuaiibk,
omepaTop, KYMIEATIITeH Peryasap bl IMeTTiK MapTTap, OYTiH QyHKITAITIapIbIH
HOJIJIePl, KBA3UIIOJIUHOM.
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Nwmambaes H.C. O HYJIAX KBASUIIOJINMHOMA SKCIITOHEHIIAJIb-
HOT'O TUIIA, CBA3AHHOI'O C PEI'VJIAPHBIM JNO®OPEPEHIINA/Ib-
HBIM OITEPATOPOM TPETBHEI'O ITIOPAIKA

B pabore paccmarpuBaeTcst ciekTpaabHas 3aa9a 1T AnddepeHnaabHo-
0 OIepaTopa TPEThEro MOPAaKa C PeryasdpHBIMU KPAEBBIMU YCJIOBUAMU MEPU-
OMYIECKOTO THTAa. [10CTPOEH COTPSIXKEHHBIN OTTePaTOP W XapPaKTEPUCTUIECKIIT
OTIPeIeINTED CIIEKTPAJILHOM 3a1a49r. XapaKTepUCTHIECKIil OIIpeIe/InTe b 0y-
JIeT T1eJION aHAIUTUIECKON (DyHKIIMEel B BU/Ie KBA3UIIOJIMHOMA SKCIIOHEHIIAAIb-
Horo tuma. Haiimens! Hymu 1meioit pyHKITHN, KOTOPbIE SIBJIAI0TCSI COOCTBEHHBIMUI
3HAQUEHUSIMU UCXO/HOT'O OllEpaTOpa.

Krouesnre ciaoBa. CriekTpasibHas 3a1a4a, qudepeHnnaabHbIil orepaTop

TpeThbero TMOPSAIKa, YCUJIEHHO pPeryjJspHble KpaeBble yCJI0BUSA, HYJIN IEJIbIX
bYHKINH, KBA3UTIOIUHOM.
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ON HARDY AND RELLICH TYPE INEQUALITIES FOR
THE GRUSHIN OPERATOR

T.SH. KALMENOV, B.M. SABITBEK

Annotation. In this paper we use the properties of the fundamental solution to prove
versions of inequalities of Hardy and Rellich type for known two-tier operator Grushin.

Keywords. Hardy inequality, Grushin operator, Rellich inequality.

1 INTRODUCTION

In the recent paper [1] by Ruzhansky and Suragan it was proved that
improved versions of Hardy’s and Rellich’s inequalities as well as of uncertainty
principles for sums of squares of vector fields on bounded sets of smooth
manifolds under certain assumptions on the vector fields, in particular, the
obtained results were valid for sums of squares of vector fields on Euclidean
spaces and for sub-Laplacians on stratified Lie groups. The main ingredient in
their proof was to use properties of the fundamental solution of the differential
operators. In this paper we follow their ideas, that is, by using properties of the
fundamental solution, we prove versions of Hardy and Rellich type inequalities
for the well-known two step Grushin operator. The obtained results remain
unchanged for higher step Grushin operators since their fundamental solutions
are known in an explicit form (see [2]).

Let us consider vector fields { X1, X2} associated with the Grushin operator
on R? by the formulae

0 0
X 1= = and X2 =T,
Oz oy
2010 Mathematics Subject Classification: 35A23, 35H20.
Funding: The paper is financially supported by a grant No. AP05130981 from the

Ministry of Science and Education of the Republic of Kazakhstan.
© T.Sh. Kalmenov, B.M. Sabitbek, 2018.
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so that we have the following well-known step two Grushin operator
Lo =—-X?— X3
Then operator Lg has a fundamental solution
—LeT'(x,y) = 6(z —y),

where §(z — y) is the Dirac distribution.
The fundamental solution of step two Grushin operator Lg was found in
an explicit form by Biagi and Bonfiglioli [3] and Greiner [4]

D(z;y) = cv2 K (1 + L > ,

V(@F+yD)? + Az — y2)? 2 Y@+ 3)? + Az — 12)?

where K denotes the complete elliptic integral of the first kind, that is,

w/2
K(m) = /0 (1 —msin?(t))"2dt, for—1<m< 1.

This explicit formula plays a key role in our proofs (see, e.g. (4)). For simplicity,
we may write the fundamental solution as I'(z,y) = I'. We will also use the
notation of the gradient associated with the Grushin operator in the following
form

Vx = (X1, X2).

It is worth to mention that the two step Grushin operator is descended
from a sub-Laplacian on the three dimensional Heisenberg group (see, e.g. [5]
for Heisenberg group discussions). For further discussions on Grushin operators
and their fundamental solutions we refer to [6], [7] and [2] as well as references
therein. In addition, we refer recent papers [8] and [9] for analysis on Hardy
and Rellich type inequalities.

In Section 2 Hardy type inequalities and uncertainty principles for the
Grushin operator are analysed. In Section 3 Rellich type inequalities are given.

2 HARDY TYPE INEQUALITIES AND UNCERTAINTY PRINCIPLES

The proof of Theorem 1 relies on properties of the fundamental solution of
Lg.
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THEOREM 1. Let « € R, a > 2 — 3, B > 2. Then the following version of the
Hardy inequality is valid:

_o —2 2 a—z N
/F”\VXUPdMZ (BH;) /FQE\VfoBlZIuIQdu, (1)
2 RQ

for any u € C§°(R?), where Vx = (X1, Xa).

PrROOF OF THEOREM 1. Let (ﬁxf)g = X 1fX19 + XofXog for any
differentiable functions f and g. Setting u = d”q for some (real-valued)
functions d > 0, ¢, and a constant v # 0 to be chosen later, we have

2
(Vxwu= (Vxd'q)d g =Y Xp(dq)Xp(d'q) =
k=1
2 2
=72d" 2 (Xpd)?q® 4+ 29d Y Xpd Xpg + d*7 =
k=1 k=1
_ » _ 2
= d?(Vxd)d)g® + 2vd> 'q(Vxd)g + d*'(Vxq)g > _(Xrq)”.

k=1
Integrating by parts, we observe that
2y [ dtH 1 q(Vxd)qdp = /% AT g dp =
v/ q(Vxd)qdp o (Vx )qdp
R2 R2
-2+ / (Vxq?)d*+Hdp = —— / ¢*Led P dp
o+ 2y o+ 2y ’
R2 R2

where we note that later on we will choose v so that d**?Y = I'. Consequently,
we get

/ d“(%xu)udu:’yz/ da+27_2((%xd)d) du+ i / (Vxd* T du+
R2 R2 Oé+2")/ R2

+ / Ao (Vxq)qdp = +° / Ao 72(Vxd)d) ¢2dp—
R2 R2
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7 / q2ﬁgda+27d,u + da+2w(%xq)qdu >
o+ 2’7 R2 R2

> 2 da+2’y—2 o dd 2d _ Y / 2£ da+27d 9
7/]1@2 (Vxd)d) g”dp ot 2y e EC 14, (2)

since d > 0 and (Vxq)q = [Vx¢/2 > 0. On the other hand, it can be readily
checked that for a vector field X, we have

Y 2/ ja+2vy\ _ a+2y—1 _ 7 a+2v+8-2 2—8\\ _
X4d*™) =X [d¥7TT Xd) = ——=X(d¥7 X(d =
P ( ) =X( ) 55 ( (@)
Y

=573 (o + 2y + = 2)d*TH=3(Xd) X (d*P)+

T at2y+B—232( 2—B\ _
— 7 X“(d =
to 3 ( )

= (@ +2y+ B —2)d**172(Xd)*+

+Lda+27+ﬁ—2X2(d2—ﬁ)'
2-p
Consequently, we get the equality

) (l’+2y

= —(a+2y+ B - 2)d* 1 (Vxd)d - ﬁd‘”w‘%@dw. (3)

Since ¢? = d~*Yu?, substituting (3) into (2) we obtain

[ @xuudn = (12 =50+ 5-2) [ @2 xd)dydd-
R2 R2
—ﬁ (Led>P)do P22y,
R2
Taking d = Fﬁ, B > 2, concerning the second term, we observe that

a+B-—2

/(LGr)r“ﬁfu?dx _ <F(1€)> 2@ =0, a>2-8,8>2, (4)

RQ
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1
since I' is the fundamental solution to Lg. Thus, with d = T'2-3, 8 > 2,, we
obtain

175 @xudu = (2 = +5-2) 15 @70 . (3
R2 R2
Now taking v = 27@”‘, we obtain (1).
Theorem 1 implies the following uncertainty principles:

COROLLARY 1. Let 8 > 2. Then for any u € C§°(R?) we have

2
2 1 —2\? 1
/rfwxrzlﬁ\?ru\?dv IV xul?dv > (52) (E/\VXF21B|2\U|2CZV> . (6)
RQ 2

RQ
and also
2
r=2s _9\2 2
[t [ 1wz (552) (L) - )
Rz VX2 R2

PROOF OF COROLLARY 1. By taking o = 0 in the inequality (1), we get

25 2512|112 2
/ ['2-8|V xI'2=5 |?|u| dl// |V xu|“dv
R2 R2

9\ 2 7712
> (62> / F?Eﬁ|VXF2iB|2|u|2du/ wwgdu >
2 R2 R2 T2

2 2
() (L ca)
2 R

where we have used the Holder inequality in the last line. This proves (6). The
proof of (7) is similar.

3 RELLICH TYPE INEQUALITIES

In this section, we present a version of the Rellich inequality.
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THEOREM 2. Let « € R, 8 > o > 4—( and B > 2. Then the following version
of the Rellich inequality is valid:

Iz B
/ ————|Leul*du >
R2 ‘VXFQ ,3’2

L (B+a—225-0a)
- 16

D220 |V I'2=7 "l dp, (8)
R2

for any u € C$°(R?), where Vx is the gradient and Lg is the Grushin on R?
as defined in the introduction.

PROOF OF THEOREM 2.
A direct calculation shows that

k=1 25 k=1
2 2
= (0-2)(0-3)r¥F Y [xrea [+ @ _22)_(%_ Dpsir—1 3 (X079 () +

+
2- k=1
a— 4 2 1 o Bta—4
+(a—2) Drz=s ) X, D75 ) (X, [77) + 275 Ll =
k=1 N
a—4a _L — 2 Bta—4
— (B+a—4)(a—2T5F | VxTTF P + 2 25 LT

2-p
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That is,

B+

25 LoD, (9)

Q—s a—2 S - 2
LeT37 = (B+a —4)(a — 2)T27 |[VxI75[? + aiﬂr

As before we can assume that u is real-valued. Multiplying both sides of
(9) by u? and integrating over R?, since u is the fundamental solution of Lg
and 4+ a—4 >0, we get

/u Lel2=8dp=(L+a—4)(a—2) /F2B |V xT'2=%|u” dp. (10)
R2 R2

On the other hand, integrating by parts, we have
/UZLGPSE?’ dp = /P?E’LGu? dp = /F(;;(QuEGu+2]VXu|2)d,u, (11)
R2 R2 R2

Combining (10) and (11), we obtain

a— a—4
—2/F2—/§u£@,ud,u +B+a—-4)(a—2) /FM|VXF2—15|2 uwldp =
R2 R2

- 2/r?§yvxu12du. (12)
R2

By using (1), we establish

2 / P55 ulgudp + (B + o — 4)(a — 2) /ra VT2 [uf2dp >

R2 R2

—4 2 a—
> 9 (%) / I‘Q—g ’VXFQiB |2‘u|2 dp. (13)
R2

It follows that

a— - 4 - o=

2
R2 R2
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On the other hand, for any € > 0 Holder’s and Young’s inequalities give

a—2
—/FQ—ﬂu[,Gudu <
R2

1
2
a—2 . 1—‘27
< /F2§]VXI‘21/3|2u|2du / P rcuPdu
| T

< e/ ['2-8|VxI'2-%|%|ul du—l—/ —— | Lgul*dp. (15)
R2 4e R2 |vxrﬁ’2

s
Y Y

[N
IN

Inequalities (15) and (14) imply that

> (—4e* 4+ (B+a—4)(8 — a)e) / '2-5|VxI'2=5 |“|u|® dp.
R2
Taking € = W, we arrive at

[e3

[2-5 —4)%(B — a)? a-1 1
/ — | Lgul*dp > (Bra-4)(f-a) / I‘27§’VXI’2EB‘2W‘2 dp.
R? |V x['77 |2 16 R2
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XAPIU 2KOHE PJLJINX TEKTEC TEHCISIIKTEP
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TEpiH Maiijajana OThIPhII JIDJIe/eiMi3.

Kinrrix ce3nep. Xapau Tencizairi, I'pymun omeparopsi, Peminx TeHci3miri.
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B macrogrieit pabore MbI HCIOJIB3YEM CBOHCTBA (DyHIAMEHTAILHOIO pe-
MIeHUs JIjIs JIOKA3aTEIbCTBA BEPCUil HEPABEHCTB THIA Xapau u Pajummxa s
W3BECTHOTO JBYXCTYIIEHYATOro omepaTropa ['pymmuHa.
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YCJIOBUS PA3SPEIIINIMOCTI CMEIITAHHBIX 3AJIAY
JIJ1s1 YPABHEHU ITAPABOJINYECKOT' O BUJIA C
NHBOJIIOIIUEN

A.A. CAPCEHBU

AnHOoTaums. B pabote o0bCyxaaeTcs HEKOPPEKTHOCTb CMEWaHHbIX 3ajad  Ans
ypaBHeHusi napabonnyeckoro BuAa C uHBOMtOUMeld. HaliieHbl [OCTaTOYHbIE YCNOBUS
Ha HavanbHble AaHHbIE, KOrAa W3y4aemasl 3a4adqa UMEET EeANHCTBEHHOE pELLEHuE.
WNcnonb3ayerca metog Pypoe.

KntoueBble cnosa. Metog @ypbe, cMelwaHnHas 3ajada, MHBOMOLNA, COBCTBEHHbIE
dyHkumnm, basuc.

1 BBEJIEHUE

B nacrosmeit pabote 6yeT n3yueH BOIPOC pa3pernimMOCTy CJIETYOIIei 3a-
Jaun:

up(x,t) = uge(—x,t), —1<zx<1, t>0, (1)
u(—1,t) =0, ug (—1,t) =ugy (1,t), w(z,0)=¢(z). (2)

[Ipeo6pazosanue S dbyukuun f(x) uz xmacca Lo (—1,1) HasbiBaoT uH-
BOJIIOLIME, ec/iu (SQf) (z) = f(z). B wacrmocru, npeobpasoBanue B2
(Sf) () = f (—x) aBnsgerca unposonueii. Ypasaenue (1) Mbl Ha3bIBaEM ypaB-
HeHreM mapaboIMIecKoro Bua ¢ HHBo el /lannoe Ha3BaHue He UMeeT Hu-
4ero oOITero ¢ M3BECTHOM Kjaccuukalueil ypaBHEeHUI MaTeMaTHIeCKoi (u-
3UKU.

HeobGxopnmbiv ycaosrem cyinecrBoBanus perienns 3ajgaqan (1), (2) sasis-
eTCsl COTJIACOBAHHOCTH HAYATBHBIX JAHHBIX C ypasuenueMm (1) m KpaeBbiMu

2010 Mathematics Subject Classification: 35K20, 35D35; 34K08, 341,10, 46B15.

Funding: Pabora BeImosmHeHna mpu mozjepkke rpanTosoro ¢unancuposanns KH MOH
PK, rpaat Ne AP05131225.
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yenopusimu (2). ITostromy bl 6ymem Tpebosars, uro o (z) € C?[-1,1] u
p(—1) =0, ¢ (~1) =/ (1).

Byaem rosoputs, uro 3aaaua (1), (2) mocrasaena KOppekTHO, eciu 1) pere-
HII€ 33/1a91 CYIIECTBYET, 2) PeIleHne 33/1a4n eJNHCTBEHHO, 3) PeIleHne 3a1a9u
HENPEPBLIBHO 3aBUCUT OT HAYAJIBHBIX JIAHHBIX (yCTONUMBO).

[Tpumenenne metoma Pypre K 3agatde (1), (2) TPpUBOIUT K HECAMOCIIPSIZKEH-
HOW CIIEKTPaJIbHOM 3a/ia4ye ¢ MHBOJIIOIUEH

X" (—z) = AX (z), X (-1)=0, X'(~1)=X'(1). (3)

COHpH}KeHHaH CIIEKTPaJIbHAd 3a/a9a UMEeET BUT

Y (—z) =AY (2), Y'(=1)=0, Y(-1)=Y(1). (3%)

Bonpocam KOpPpeKTHOCTH CMeIIaHHBIX 3334 s JuddepeHnunagTbHbIX
ypaBHeHuil ¢ uHBOIIOLMEl nocBsmenbl paborsl [1]-[3]. B paborax [4]-[5] pac-
CMOTpeHBI OOpaTHBIE 33Ja4n [is ypaBHeHuil ¢ unposonueil. CrekrpaJibHble
3a/la4u ¢ MHBOJIOLMETT nccieoBanbl B paborax [6]-[15]. Cmemanubie 3a a4u
Juist ypaBHeHust BuJia (1) ¢ HECAMOCOIPSIKEHHBIMI KPACBBIME YCIOBUSIMHE, M0~
BH/IIMOMY, BIIEDBBIE DACCMATPHBAIOTCS B JIAHHON paboTe.

2 HEKOPPEKTHOCTL CMEIIAHHOW 3A7AYN (1), (2)

N3Bectno [6], 910 cekTpanbHas 3a1a9a (3)— HECAMOCONPSIZKEHHAS, TMEeT
JIBe cepui COOCTBEHHBIX 3HAUeHHil Ay = —k272, A\go = k?m2. WM coorser-
CTBYIOT COOCTBEHHBIE (DYHKITAN

Xo(x)=2+1, X}y (z)=sinkrz, k=1,2,..;
krx _ —krnx

Xk2 (.’L‘) = (—1) W—FCOS]WTI‘, k= ].,2, .y (4)

KoTopbie o6pasyior 6asuc Pucca B knacce Lo (—1,1) [6]. Buoproronasnsuo co-
[PsiZ2KEHHAs CUCTEMa COCTOUT U3 COOCTBEHHBIX (DYHKINI CIIEKTPAIbHOMN 3a1a49u
(3*) u 3anucoiBaercsa B Buje (6]

ekmv 4 efkwx

Yk]. (x) = (—1)km + Sink"ffl‘, k= 1,2, P

1
Yo (z) = 2 Yo (x) =coskmx, k=1,2,.... (4%)
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CobcrBennbie dyukIm Xg, Yy COOTBETCTBYIOT COOCTBEHHOMY 3HATEHWIO
A = 0. Beinucanusle cucTeMbl OMOPTOTOHAIBHBI B CMBIC/IE CKAJIIPHOTO TIPOU3-
BeJslenust npocrpancTsa Lo (—1,1):

(X0, Y0) =1, (Xp1,Yi) =1, (Xp2,Ya2) =1,

a BCe OCTajJbHbIE KOMOWHAITNN CKAJSIPHBIX MPOM3BEIEHUI 3JIEMEHTOB CUCTEM
(4), (4*) paBHubI HyITIO.

3/ech ke XoTuM 00pATUTh BHUMAHUE HA TO, YTO CIEKTpaJbHasd 3a1a9a (3)
nMeeT HECKOHETHOE YNCI0 OTPUITATETHHBIX COOCTBEHHBIX 3HAUEHNUI, OTIepaTOoOp
JIByKparHoro auddepennupoBanus B JieBoit vactu AudhepeHnmnaasbHOro ypas-
nenus (3) (mm oneparop asykparaoro quddepeHupoBanus 10 T B mMpasBoit
qactu JuddepeHnuaIbHoro ypasaerus (1)) He sSB/ISeTCs M0TyOrpaHIIeHHBIM.
B 9TOM IIpUHIUIIAJIbHAA PA3HUIA U3Yy1a€MOI'0 YPAaBHEHUA OT MHOI'MX JIDYT'UX
YPaBHEHUI.

CranmapTHBIM CIIOCOOOM BBITTUCHIBAETCS (DOPMATHLHOE PEITIeHNe CMEITaHHOM
sazaun (1), (2) B BUIE psiza

u(x,t) =Ap(x+1)+ Z Ape M sinkra+

Ak17#0
kekwx<_ e—kwx
+ Z Bk€_>\mt <(—1) m + COSk’]TI) y (5)

Ak2

re

1
kmrx —kmx
LE +e .
Ap = /So(x)((_l) b o kr + sinknx)dz,
-1

1

1
1
By = /gp(:n) cos krxdr, Ay = 2/¢($)daz.
1

-1
Ecmu dyuxnus ¢ () ne asrserca 6eckoneano muddepeHnupyeMoii, T.e. eciu
koo bunuentor Pypoe A dynkiun ¢ () He yOBIBAIOT € J0CTATOYHON ObICT-
poToii, To iepBoe ciaraemoe B (5) pacxoaurcst, T.K. App < 0. TTosromy, B ciryvae
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06IIMX HAYAIbHBIX JaHHBIX CMenanHas 3ajada (1), (2) moxker He UMeTh periie-
uus. B ciaygae cymecTBoBanus perennst oHO He 00J1a1a€T CBOHCTBOM YCTO-
YMBOCTH, T.€. HE 3aBUCUT HEIIPEPBIBHO OT HAYAJIbHBIX JaHHbIX. Hanpumep, Bo3-
MyIIeHue

—Ag1t

ugs (z,t) = ce sin krx

He TIpeBocxXoauT yucya € upu ¢ = 0, Ho Oymer 6o JiF000T0 HaIepe T 3aIaH-
noro uncaa Cy ais t = § npy J0CTATOYHO MAJIBIX € U 0 U JOCTATOYHO GOJIBIITOM
k. Takum obpazom, cmentannas 3a1ada (2) 1asd ypaBHeHUs 1apaboImaecKoro
Buja ¢ nasostonueii (1) nocrasnena nekoppekTHo. Tem He MeHee, Mbl IOKazKeM,
YTO pelleHrue N3y4aeMOil CMEIIaHHON 33/1a4u CYIIeCTBYeT U €JJUHCTBEHHO.

3 KJIACCHI PABPEIIMMOCTHU CMEIIAHHON 3A7A4YM (1), (2)
HpeyK;Le BCEro TMOKaKeM €IMHCTBEHHOCTH PEIIeH’ A CMEeIIaHHOMI 3a/1a49mn.

TEOPEMA 1. Ecin penienne cmemannoii 3agaqn (1), (2) cymecrByer, To oHO
€/IMHCTBEHHO.

JOKA3ATEJILCTBO. Ilycrs BbInosiHeHO ycioBue Teopembl. JIioboe perrenne
u(x,t) 3amaun (1), (2), kKak dyHKIWMa OT =, npeacTaBuMo B Bujie psiga Pypoe

u(z,t) =Ty (x+1)+ Z Tk (t) sinkwz+

Ar17£0
kekﬁm _ —kmz
+ Z TkQ (t) ((—1) m + COSkﬂ'm) s

Ak2

e 00
1
u(z,t) = ZT’“ (t) cos kmx + ZTkQ (t) sin (k + 2) -
k=0 k=0
o 6a3ucy Pucca

{Xi ()} ={Xo(z) =2 +1, X}, (z)=sinknz, k=1,2,..;
krx _ —krwx

X (1) = (~1)*——

P >y + COS]CT['%’, k= 1,2, } .
e — €

Tax Kak 3TOT PsiJ| CXOUTCA B CMBICJIE HOPMBI ipocTpancTia Lo (—1,1), To
OH CXOJIUTCA W B CMBICJIE CKAJIAPHOTO Npou3BeneHus. [loaTomy

kekﬁra: + e—k‘T(J?
Ty (t) = (u (z,t),(-1)" ——— + sinlmx), Tia (t) = (u(z,t), coskmz).
el —e
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Otu ABa PaBE€HCTBa 3allUIIIEeM BKPATIE B BUIE

Tp (t) = (u(,1), Yi (2)). (6)

O6e wactn ypasuenus (1) ymMHOXKas CKaJIsIPHO HA OMOPTOrOHAJIBHO COMPSIZKEH-
HyI0 cucremy Yy (), mosydaeM paBeHCTBO

(ut, Yi) = (uga (—2, 1), Yg).

IIpaByio 4acTh HOIyYeHHOIO PABEHCTBA JBa Pa3a HHTEIPUPYEM II0 YaCTdAM, a
B JIEBOWl 4aCTU HCHOJIb3yeM npasuio auddepeniupoBanus 1mo napamerpy t
MOJT 3HAKOM WHTErpasa. Y IuThiBasi ypaBaenue (3*), mosyanm cooTHOIIEHWTE
% (u,Yg) = A1 (u (z,t),Yy). B momyuennoe pasercrso mogcrasuM (6). B pe-
gysbTare moayaum 3agady Kommm mis 0bpikaOBeHHOTO AnuddepeHinnabHoTo
yPaBHEHHUs IepPBOTO HOPSIKA

Ty (t) = =Tk (1), Ti (0) = (@, Y2)

Hauwanbuoe ycnosue nostydeno u3 (6) nmpu ¢t = 0. B cuny eaunHcTBEeHHOCTH De-
mreanst 3aga9n Komm, T} () ompesensiorcss eMHCTBEHHBIM 00pa3oM. DTum
JTIOKA3bIBAETCS €IUHCTBEHHOCTD pemtenns 3agaqdn (1), (2). Teopema 1 mokasza-
HA.

IMokazkeM KJIACChI IOMYCTUMBIX HAYAIbHBIX (DYHKINI @ (), 115 KOTOPBIX
sagaqa (1), (2) umeer pemenne.

TEOPEMA 2. Ecin mauanbnas ¢yaknus @ (xr) sSBASETCS MTOJHHOMOM 110
cucreme { Xy, (z)} Buaa

k ek‘rrz _efkﬂ'

Ny Ny .
p(x)=Ao(x+ 1)+ > apsinkmx + > by ((—1) Sz v e coskmc),
k=1 k=1

To pemenne 3agaun (1), (2) cymecrByer, eJMHCTBEHHO H TIPEJCTABHMO B
BHIE

Ny
u(z,t) =Ap(z+1)+ Z Ape M sinkra+
k=1

krx _ _—k7wx

N2
_ €
+ Z Bke Azt <(_1)kekﬂ_ek7r + COSk?TIL’) s
k=1
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riae

ekﬂ _,e—kﬂ

1
knx —knx
A = /go(a:) ((-Ukw + sinkmc) de, k=1,2,..., Ny
—1

1
1
By, :/cp(:c) cos kmxdz, k=1,2,..,No; Ag= /so(w) dz.
-1 -1

JJOKABATEBLCTBO. CrpaBe/yInBOCTH TEOPEMbI BLITEKAECT U3 PABEHCTBA HYJIIO
koapdunmentor A, =0, k=N +1,..., By=0, k= No+1, ..., B cuny
6uoproronanbaoctu cucreMm { X} u {Y;}. Teopema 2 nokazana.

Tak Kak MHOXKECTBO MOJMHOMOB 1o cucreme { Xy}, obpaszyiomeii Gazuc
Pucca, scrogy mnorno B La(—1,1), To u3 Teopembr 2 BeITEKAET

TEOPEMA 3. MHOXKECTBO AOMyCTUMBIX Hava AbHBIX (hyHKIHI B Teopeme 2, s
KOTOPBIX CMemnanHas 3a1a4a (1), (2) paspemmwma, Beiogy mwiotHO B Lo (—1,1).

4 BA3UCHOCTH COBCTBEHHBLIX ®YHKIIUI
PaccvoTpnm cMmermanayio 3agatTy (2) JJ1d YpaBHEHUs C HENPEPBIBHBIM KO-
sbdunuentom g () :
u (T,t) = Ugg (—2,8) +q(x)u(z,t), —1<x<1l, ¢t>0. (7)

[Tpumenerue meroma Pypoe K 3amade (7), (2) IPUBOIUT K CIEKTPAILHOI 3a-
Jade C WHBOJIIOIAEH:

X" (—2)+q(2) X (z) = AX (), X (-1)=0, X' (-1)=X"(1). (8)
Oyukimeit ['puna kpaeBoii 3agaun (3) OygeM Ha3bIBATHL TAKYIO (DYHKIIUIO
G (z,t,\), aro dynkumst

1

u(z,t) :/G(x,t,)\)f(t)dt

-1
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ABJIAETCd PeLIeHueM KpaeBoil 3aja4u
—X"(—x) = AX (2) + f(z), X(=1)=0, X'(-1)=X"(1)

Jytst Jii000# Henpepbisnoit byukiuu f (). HenocpeacrBennoit mpoBepKoi MoxkK-
HO ybeauThest B Tom, uto dbyuknus ['puna kpaesoii 3agaun (3) nmeer Bug

a (:L' " )\) _ —4@'(80)_1 ' (eipt + e—ipt) (epx o e—px) +
N ey (o)
P4 e—P
—I—(Sp)_l% (e — e ) (eP” — e %) —
WPy e . : ,
—i(8p)71 (e te ) (e”’t + eﬂpt) (e”” + eil’”) +g(xz,t,\),

(=)

rie

—i [P +e ) (et —e ) (Pt —e P (et + e )t < —;
g (2, t,A) = — i €7t +e P (ePT —ePT) — (ert —e P e +e P, —x < t < x;
P i (eipx—l—e_ipx) (eipt—e_ipt) —(eP*—e P (ept+e_pt) ,t> .

C nomompio GyHKIUM ['prHA MBI MOXKEM HAMWUCATH, PAa3JI0YKEHWe IMPO-
u3BobHON dynkuun u3 kiaaccali(—1,1) mo cobcTBeHHBIM (DYHKIUIM CIIEK-
TpaJibHOIT 3aaun (3).

Homocamu dbynxmun puna (5) cayxar mymm dynxmnmit e — e P n e —
e P .

e —e P =0=e* =12p = 2kmi, pp = kmi, k=0,1,2, ...,

P —e P =0 = e? =12ip = 2kmi = ppo = kmw, k=0,1,2,...,

B xkowmmiekcHoit A-mtockoctu pacemorpum okpyxkuoctu Ck, k = 0,1,2, ..., ¢
obmuM eaTpom B Havase koopaunar: C : |p| = km + %.

DTH OKPY’KHOCTH HE TEePeCeKaloTcs U He MPOXOJAT YePe3 TOUKHU Pkl U Pk,
IIpu A = p? okpyxuoctu C) COOTBETCTBEHHO HePeXoadT B okpyzkuocTH Cj
B A-m1ockocTu. BuyTrpu kaxoi okpyxuoctu C, k # 0, comepKurcst 110 182
mostioca pyakiun I'pura. Okpyxku0cTh Cy COMEP:KUAT OIUH IIOJIIOC.

st Boimcannoit pynkuuu I'puna kpaesoit 3agaun (3) umeer mecro cie-
Iyrommii (paKkT, KOTOPHIH JIETKO BHITEKAET W3 ABHOTO Buaa dpyHkmn [puna.
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JIEMMA. /It pynxnuu 'puna kpaesoii 3aga4qn (3) cripasegiusa OreHKa
C - — — — —
Gt N < <e pollel=It | L g—po(2-|al |t||)>
p

JIsL JOCTATOYHO OGOIBIIEX |p|, JIesKaimux BHE MaJIbIX OKPECTHOCTEl TOYEK Pkl
u pr2, r/e
p = p1+ip2,
) _{ o1l if |oa] < lpal
pal, if |p2| <lp1l,
C' — HekoTOpAas HOCTOSHHAS.

st mo6oit dyuxiun f () € Ly (—1.1) yacTuvnbie CyMMbI pa3/I0ZkKeHusl 10
COOCTBEHHBIM (DYHKIMSM CIEKTPAILHOM 3a1a4u (3) MOXKHO 3aIucarh B BHJIE

Tm ( 2m/(Gxt)\ (t)dt | dX =
/( G (z,t,\) f(t)dt | 2pdp.
o

Hanee MengeM MOPANOK WHTETPUPOBAHUS W JJIsT BBIYUCJIEHUS WHTETPAJIA
o okpyxkuOCTH Cpy WCIOB3yeM TeOpeMy O BblueTax. 1orma pasjioKeHue Imo
6a3ucy Pucca nmpunumaer Bu

1

Um(f):—— /G x,t,\)2pdp | f(t)dt.

21

-1 e

O6o3uaunm uepes Gy (z,t, A) bynkiuio 'puna 3amaun (8), a G (x,t,\) ecrsb
dbyuknusa Ipuna 3amaqan (3). Tak kak mouru Bciony Ha uaTepsaje (-1,1)

9*G (—a,t, )
T G,
2 —
_W+q(;¢)(}($,t,/\) =AG (2,1, 1)),
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TO

H(Gy (2,1, A) — G (2,6, 0) X (G (2,6, A) — G (2,8, 0)) = —q (2) G (2,1, A) .

T=—21
Oyukuus Gy (x,t,\) — G (2,1, \) yJ0BIETBODSIET HECAMOCONPSIZKEHHbIM
KpaeBbIM ycjioBusM (8).
[TosTomy BHe mommocos dyukuuit G (z,t, \)u Gy (x,t, \) umeer MecTo mpes-
CTaBJICHTE

1
Gy (0t \)=G (£, \) /G 25,0 q(s) Gy (5,6, ) ds. (9)
—1

CrpasenBa CIeayomast

TEOPEMA 4. /lma Bcex 10cTaTo9HO OONBIIHX p, P # Pki, P 7 Pk2, PELICHHE
HHTErpaabHOrO ypasuenus (9) cymecrByer.

O6ozmaunm gepes

1
S 1) =~5r7 [ | [ Gatat \2000 | (1

211

-1 'm

YACTUIHBIE CYMMBI Pa3JIOKeHUs 10 COOCTBEHHBIM (DYHKIIUSIM CIEKTPaIbHOL
sagaqn (8).

[MocenoBaTebHOCTD Sy, (f) Ha30BEM PABHOCXOASINEH C TIOCIEI0BATETHHO-
CTBIO Oy, (f) Ha mpomexytke —1 < x < 1, ecn Sy, — 0y, — 0 paBHOMEPHO HaA
9TOM MPOMEXKYTKE IpU 1M — 00.

Cdopmynupyem Teopemy 0 paBHOCXOIAUMOCTH.

TEOPEMA 5. Lis smoboit pyusuun f (x) € Ly (—1,1) nocaegosareapaocts
Sm (f) paBHOCXOMMTCS ¢ MOCENOBATEILHOCTBIO O, (f )

HoxkazarenscrBa Teopem 4 m 5 ocuoBanbl Ha orenke dyakimu [puna
G (z,t,\), IPOBOAATCS NOBTOPEHUEM JIOKA3ATENIbCTBA AHAJOTUIHBIX TEOPEM U3
paborsl [15], Tak Kak ornenku dyHxipn ['puHa B paccMaTpUBaeMbIX CJIydIasx
cosuaaror. 113 Teopemsb 5 ciegyer 6aszucnocrs B La(—1,1) cucrembr coberBen-
HeIX (hyHKIMi ciekTpanbnoit 3agaun (8).
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TEOPEMA 6. Cucrema cobcTBeHHBIX (QyHKIHI CHeKTpaabHOi 3amaqdn (8) 06-
pasyer 6asuc npocrpanctsa Lo (—1,1).

JIOKABATENBLCTBO. g moboit dynkunu f(x) € Lo (—1,1) paccmorpum
pasHocts || f (z) — Sy (f)]| B embicsie HOpmBl ipocTpancTBa Ly (—1, 1). Tak kak

1f (@) = Sm (DI < 1 () = om (DI + lom (f) = Sm (NI,

rJe B MpaBoil JacTW TiepBoe claraeMoe Menbine 5 B cuiay OGasmcroctn Pucca
cucTeMbl COOCTBEHHBIX (DYHKIHMI CIIeKTpaIbHOil 3a1aun (3), BTopoe ciiaraemMoe
menbie 5 B cury Teopemst 5, To

1f (z) = Sm (F)]l <e.

B cuny npoussonbrocTn dynknuu f (x), mocseHee HEPaBEHCTBO O3HAYA-
er 6a3uCHOCTH COOCTBEHHBIX (DYHKIHIT crekTpasbHoii 3agadn (8). Teopema 6
JTOKA3aHa.

5 CMEIIAHHAS 3AJIAYA 1711 YPABHEHHUS C MEPEMEHHBIM KOR®®U-
LIMEHTOM

O6o3HaunM cucreMy cOOCTBEHHBIX (DYHKIIMI CIIEKTPAILHON 3a1aun (8) Je-
pe3 {yk (z)}, a GuoproronansHo conpsizKenuyio eii cucremy {zj (z)}.
CrpaBemynBa Ceyomast

TEOPEMA 7. Eciu B ypasuennu (7) koagdunuent q (xr) — HenpepsiBHAS DyHK-
nust, HadabHas (PyHKIms @ (T) SBASETCS MOJTMHOMOM BHJA

N
u(@,t) = aryy (x),
k=1

10 perenne 3aja4n (7), (2) cyuecrByer, eUHCTBEHHO U IIPEJCTABUMO B BUJIE

N

u(z,t) = (p,2K) e
k=1

f/\ktyk (.CU)

JI0Ka3aTeIbCTBO TEOPEMbI OUEBUJIHO.

B cuty mioTHOCTH MHOXKECTBa [OJIMHOMOB IO CHCTeMe, 00pa3syonieil 6asuc
B Kaacce Lo (—1,1), aus cmemannoii 3agauan (7), (2) cupasenimso yTBepx/ie-
ane Teopemsbl 3.
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PBI

WNusosrorusicsl 6ap mapaboJiaabiK TYPEri TeHIey YINiH apagac ecenTepIin,
KOWBLIBIMBI KOPPEKTLI eMec OOaThIHILIFH TAJKbLIaAHAIb. KapacThIphLILIT
OTBIPFAH €CeNTiH KAJFbI3 ImemntiMi 6ap 00Jysl yiniH GacTamkbl Oepimimaepre
KOUBLIATHIH KETKIIIKTI maprrap kearipiaren. @ypbe TOCiIi KOJITAHBLIFAH.

Kinrrik ce3nep. Pypbe Tociii, apajiac ecer, WHBOJIIONNSA, MEHIIKTI (PyHK-
nusiap, 0asmuc.

Sarsenbi A.A. A SOLVABILITY CONDITIONS OF MIXED PROBLEMS
FOR EQUATIONS OF PARABOLIC FORM WITH INVOLUTION

In the paper the ill-posedness of mixed problems for equations of parabolic
form with involution is discussed. Sufficient conditions for the initial data for
unique solvability of the mixed problem are found.
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O TOYHBIX KOHCTAHTAX JAJId METO/10B YE3APO
JI.I1. OAJTAJIEEB

AnHoTaums. Jaetca kpaTkuii 0630p pesynsTaTos aBTopa no npubnmxenunto dyHkyuii
cpegHumn Yesapo Ha knacc Cor. Ha knacce andpdeperympyembix yHKUN yCTaHOB-
NIEHbl AaCUMNTOTUYECKM TOYHbIE KOHCTAHTbI AJ151 BbICOKUX MOPSAKOB NMPpUBINKEHUSI.

KntoueBble cnoga. Pagsl Dypbe, nuHelinble METOABI CYMMUPOBAHNS, TPUrOHOMETpPU-
yeckasl cuctema, cymmsbl Hesapo.

Iycre f(x) € Cor ¢ nopmoit [|f(z)|| = max [f(x)],

—n<zx<mw

Lipra = {f(x) € Cor; |f(x+h) = f(z)| < A% 0 <a <1} (1)

Hutst cunryngpaoro waterpaJsa Deitepa

o(f0) =2 [ ra- R0 )

C IIOJIOZKHUTEJIbHBIM AJIPOM

1 /sin nt\?
- ()

21\ sin 5

crenenb npubsmKenusi ornocuresbHo Kiaacca Lipja C.M. Hukosbckum [1]
oTIpejieieHa CIey oM 06pa3oM:

2
A(a;n) = =M(a;n)
T
¢ anreOpAmIecKuM MOMEHTOM IOPSIIKA (v

M(a;n) = /07r tYFy,—1(t)dt. (3)

2010 Mathematics Subject Classification: 42A10.
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C.A. Tensikoekwuii [2], ucnosnb3ys (3), ykasas M0IHOE aCUMITOTHYECKOE Pas3-
noxenne qs (2). B cayaae o = 1 ono umeer Bujz

2logn 2 1
Alin) ~ =280 4 201 4y 4 log 2) =+
T on T n
2 = 2m —1 1
% {]‘ + (_l)n(]' - 22m)}32mn2m+1a n — o0, (4)
m=1
IPU 3TOM 7Y — HOCTOsiHHasA Jitiepa u Bay, ~ (—1)”%12((227:;12);1 o) Sgim, m =

1,2,... — ancma Bepryman 3], [4].

BamernM, UT0o paszsoxkenue (4) MOXKHO pPACCMATPUBATH KaK MOTHHHOE
ACHMIITOTHYECKOE pa3/ioykKenue cepx uiena mopsyaka O(n~!) B 3aBucmMocTn
OT YeTHOCTH WK HedeTHoCTH mapaverpa n. B [5], [6] 9.J1. Irapkom 6bL10 1a-
HO BayKHOE aCHMITOTHYECKOE PA3JI0XKEHUe IS 3TOW CTEeHu TMPUO/INKEHNS.
[Tpu 3TOM KOHCTAHTA, COJAEPXKAINAACA B OCTATOYHOM dUjeHe R,, mpuHUMaer
Pa3/IMIHbIC 3HAYCHUA B 3aBUCUMOCTU OT YETHOCTHU Ti:

21 2 1

A(l;n) =— g n Z(14~+41log2)— + Ry, R,=0(n"3), n— occ.
) T n

[Iycrs W(r), r = 1,2,..., — knacc nepuogudeckux byHKImit f, y KOTO-

PBIX IPOM3BOHAS MOPSAAKA T — 1 yjI0BI€TBOPSET yCa0BMIO JIummuia nepsoro
HOPSIKA:
FUD (@) = U Vy < o —yl.
Knace dynkumit, conpsokenubix ¢ dbyuxmuavu w3 W(r), obosaaanm uepes
W (r). B pabore [7] Haiigenbr acuMnTOTHYECKHE DA3JIOXKEHWsI TPU N —> OO Be-
JIMYIIH sup |f(x) — o, (f,2)|lc mpu n — oo, 7 > 2, B 3aBUCHMOCTH
few(r); few(r)

OT YETHOCTH 1, HEUETHOCTH T W OCTATKA TIPH JeJIeHUU ero Ha 4.

Apropowm [8], [9] ucciaeayrorcst anpokcHMaTHBHBIE CBOHCTBA cpeaux Jesa-
po (¢, B — cpennux), kak 06obmienust Merozaa (¢, 1)-@eiiepa. CpoiicrBa uncesn
Yesapo Al = (B+1)(B 4+ 2)...(8 + n)& moxno nairrn & [10]. Yroumsiorcs
pesyabrarsl 11JI. YibsgHOBa, HAXOAATCS aCUMITOTUYUECKHUE TOCTOSTHHBIE O0Jiee
BBICOKOI'O TIOpsiJIKa, yeM B paborax P. Tabepckoro (8 = 3,4,...) [11].

TreopPEMA 1 [8], [9].

Ei(op) = sup |f(z) —op(f,2)| =
f€Lip1
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261 2 4 1

= LR ) - )+ o), )
rae 3 3

—— - <wn )SQ(ﬁ—l) , 1< p<2, (6)

B—1 BB-1)1
u g 3=2,3,...
B—1
_ ANt
o(n.f) = 3 2 8)

TEOPEMA 2. C BbICOKOIT TOYHOCTBIO Onpeessier mopejenne Ey, (05), 0<a<
1, st mponsBoIbHBIX (HE 0bsi3aTebHO 1eabix) 3> 1 :

oy 1 T@B+H 1B L
Ea(an)_cosCgrr(»8+1—a)na+nAa+O<n'Y)’

2 2
’ = ISP S
7 =min(f,1+a), A 7T/ sin?t 2 T2 (1 — «)
0

B pab6orax |12|-[14] paccmarpuBaroTcs BOIPOCHI OI[EHOK KOHCTAHT Jlebera
JIMHENHBIX CPEeIHUX COnpsizkeHHbIX PsoB Dypoe.

[Mockonwky (¢, B)-cpeaame (5 > 1) asasiorcs o6o6mennem (¢, 1)-cpeannx,
TO OBLIO OB €CTECTBEHHBIM OXKHUIATH, YTO PA3IUYNE B ACHMITOTUIECKUX KOH-
CTaHTaX Ha Kjaacce Lip /s 9e3apOBCKUX METOJ0B HACTYmuT "ayTh pambire’.
OkasbIBaeTcs, 9TO He TaK.

TEOPEMA 3. lmg f = 1,2... mpu n — 0O CHPaBEIIHBO ACHMITOTHYECKOE
DaBEeHCTBO

5-1
2 (Blnn p 1 B(B+1) lnn
B(B+1)(26+1) lnn+

6 n3

—ln2—C>+
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+%s@(ﬁ)} + 5(%) 9)
rae qist B =2,3,4...
BB-1)(B—2)  B(B—2 Ty 3842
w(f) = ( 3)6( )+ (12 ){(4B+2)<1n2+0—;k>— 2 }

(1) = In2+C — 2 s HEYBTHBIX M,
PUT 2 +C —§ i 4ETHBIX M.

C — nocrosinnas Diiepa.

Jlast moKa3aTe/IbCTBa TeopeMbl HaM HeO0OXOIUMO IPHUBECTH OHO BCIIOMOIa-
TeJIbHOE ACUMIITOTHIECKOE PABEHCTBO.

Bsenéwm cremytomme obo3HadueH s

1 1 1
S = + ot k=1,2,..., 8,
N R A e R e 7
- 1 1

CL = 4
n n—|—1+n—|—2+ +n+5’

1 1 1 L1 1

" n4+1l n+2 n+l1 n+B 7 n+B-1 n+p’

Cn = (n+1)(n+2)...(n+5)

I3 pexyppeHTHOTO COOTHOIIEHN S, CBA3BIBAIONIETO CTEMEHHBIE CYMMBI C dJIe-
MEHTaPHBIMUA CUMMETPUYECKUMU MHOTOYI€HAMA

Sy — Sk;—léyll + Sk;—26% + ...+ (—1)k k- 6'7];:‘ =0,

METO/IOM MaTeMaTUIeCKON WHAYKIIUN MOXKHO YCTAHOBUTDH CJIEAVIOIIEe aCHUMII-
TOTUYECKOE PABEHCTBO.

N K k(2B +k+1
c’bcﬁ{ LN )}m(nklw)’ (10)

Topk 2n 12n2
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rae, Kak OOBITHO,

p-1)..(B-k+1)
k!

k _
Cs =

Tak kak

o0 1
AZ
T ) i:]‘72""?6?
nzz

k=0
rie 7 = 1F + 28 + .+ BF a ancna Al — umncia Yesapo, To u3

BB+1) _ BE+(E+2)
9 s 12 — 6 ’

TOZB7 1 =

B 9aCTHOCTH, CJaeayeT

5;:51:?{1_W+U+(6+1)1. (%*56+2>}+0<7;>_

2n 12n2

HokazarenscTBo pasencTsa (10) B obimem Bujge JOBOJBHO TPOMO3IKO U TIOITO-
MYy HE TPUBOIUATCH.

[Mepeiiném k nokazarenscrBy Teopembr 3. Kak Buano u3 [7], siapo meroza
CYMMUPOBAHNS SIBJISIETCS IIOJIOKUATENBHLIM 11t 5 > 1, mosTomy

™ n 8
El(og) = i/t(; + Z Azﬂycosut)dt.

0 v=1 n

WaTerpupysa mo 9acTaM, MOIYIAM

4|72 1 (-1)" -1
By )1 B N N
E1(an)—ﬂ_{ - Aﬁ(An 112+An 332+ A+ A (5 ))} (11)

JlokazaTeabCTBO TEOPEMBI OyaeM BECTU OTAEIbHO JJIsi I6THBIX U HEIETHBIX N.

IIyctb n =2m—1, m = 1,2, ... . I3 onpenenennsd Ag cJjielyeT CIpaBeJINBOCTD

pas3JIoKeHns

Ag 1 ~1 22

% == 1 - Z/CQm—l + 14 CZm—l T e + ( )ﬁ 502,”,1 19 vV = 0, ,2m - 1,
A2m—1
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nosromy pasenctso (11) npumer Buj

Ei (o) { Z % +sz 127%_1 m+

1

+C3 (1434 .. +0@Cm—-1)—-Ch, (P +3F+. . +2m—1)2+ ..+

+C (1712 4 3°72) 4 (2m - 1)5_2)}' (12)
s (4)
o [e'e) 1
2 @R am o 2 BT - D (13)
k=m k=1

(cm. [4]), myTém 3/1eMeHTAPHBIX TPeoOpPABOBAHMIA IOy YaeM

1 1

2 E’”: 1 1 N
8 2k—1 T2 9m—1 2 (2m —1)2

(2m1— 1)3 (% - BZ) * O(%)’ (14)

~ A | 1| BnE2m 1) 3
1 _ = _
02’”—1;214—1_2{ om—1 Tam_1m2+0)

_BB+1) In@2m—1) 1 <ﬁ_5(5+1)(m2+0))+

2 2m—12 ' 2m- 1) 2
LBB+DE6+Y) m@m—1) 1 ((1n2+0)5(ﬁ+1)(25+1)_
6 Cm—1)3  2m-1) 6
1 1 1
B i, 2>)} ra(h). (15
Kpowme roro ([11], crp. 16), miast nenbix ¢ > 0 mMeer MecTo paBeHCTBO
= 24 1 _ _
;(2k—1)q:q+1nq“—2<§>2q L. By-n?t— (16)
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IpU UCITOJIB30BaHUN KOTOPOTO IMOC/JIeJHUM CJIara€MbIM B Hpa,BOfI qaCTu HeO6XO-
uMo 6paTs n? mwin nl.

13 (10) u (16) ycranosum k = 4,5, ..., 3,

2

2

3245
(e VP 2 ().

~ 3 1 1 1 3 )
C§m_1(1+3+.,,+(2m_1)):2/3{22m_1+(2m_1)2(1_ (6.+ ))+

3345
a5 e o).

Ck o (AR 43R 24 L 2m - 1)k 2 =

Cif1 1 1 k(B +1)
_2{k2m—1 * (2m—1)2<1_ 2(1<;—1)>Jr

1 RCESB+k+1)  K(B+1)
+(2m —1)3 (5 +1) iQ(k -1 2 *
(157 mm) o) o

YuunreiBast coornomenus (14), (15), (17)-(19), naitaém 3HaueHne KOHCTAH-

1 :
THI IPH 45— B paBexcTse (12):

c3 4 Cﬁ
{1462 +0)- 3+ L - 24w (P -

1
2m —1

RN

28 oSl

T 2m—1
k=1

MATEMATUYECKWI KYPHAJ. — 2018, — T. 18, Ne 2



O TOYHBIX KOHCTAHTAX ... 161

[Tpm sToMm, Kak u TIpK JOKa3aTeabCTBE TeopeMbl 3, MBI BOCIIOJIB30BAINCH (HOP-
myaoit ([11], cTp. 17)
n (_1)k+lcﬁ B n 1
N Z -

k
k=1 k=1

. ™ )
7 OYEBUIHBLIM COOTHOIICHUEM C] 4+ C, le = C’éﬁ .

VaureiBas €mg, 9ro kClg = ﬂclg %, TTOJTY IUM

g
21 [ B8+ 1)(1n2+0)—1+6+2(—1)k105(1—M)} -

™ (2m — 1)2 2 s (k
2 1 BB+1) (=1
Tr@em-12 2 {k:1k—(1n2+0)}.

[Ipomecc maxoxK eHMsT KOHCTAHTHI TPU m Pa3’06bEM Ha HECKOJIHKO YaCTeld.

[Tpex e BCcero

5
+1 S (1) = { 0_,1’ ﬁﬁ:ﬁf, 20)

Hagee, Tak Kak By = % TO

8

| 1 k—2
1 =28y + B(By = 5) + Gz + > (1) Ch (T (k — 2)32) -
k=4

1
1 =1
37 )
=9 BB-LB-2) (21)
{6, B=23,...
Hakonern, g = 2,3, ...
B k<M5+k+1) B
=1 vk 2 3B +2 k=1 vk
Syt T SRS e
k=2 k=2
B B-1
k B(35 +2) 1
+(48+2) Y=Lk = 48 + 2 Z 22
B+ kZQ Oﬁk_l 5 — BB+ )kzlk (22)
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N3 (20)—(22) BujHO, Y4TO KOHCTAHTHI IIPH m MMEIOT BIJ|, YKa3aHHBIN B

dbopmyme (11).
[Tycts Teneps n = 2m, m = 1,2, ... . Barom ciyuae pasenctso (11) mpumer

BUT

4 (72 1 1 1 1
Biof) = {5 - (A + Ay + o+ A ) =

mlg  4f \7Emolp2 (2m —1)2
- %{§ _; (2k — 1)2 +C2m; =1 O

+C3 (1434 .+ (2m—1) — .+ (=1 HCH (1P2 4+ (2m—1)P72). (23)
U3 [11] (crp. 17) u (13) caepyer

T meo P Ol o
I T e S
* (271n)3 (Um . 0)5(5; DEE+D) 5B>) } + 0(%), (25)
Ch - = 02;{271% - 22((@;;)12) +(B+ 1)%} - O(%). (26)
VI3 (16) crieayer )
Ch (1+..+2m—1)) =
- i st g} Ol @
Con (1H H3 et O Uk_z) B (Zg{ k i 1 % - 2(kk(—65(217)n)2
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1 k(358 4k +1) 1
- 1)~ 2 —(k=2)Bs) b+ 0( ). 28
+(2m)3(</3+ IS (k-2)Bs) } +0(- (28)
k=4,5,...,0.

U3 paznoxennit (14), (15), (17)—(19), (24)—(28) u pasencrsa (23) 3axJio-
qaeM, 9TO KOHCTAHTHI IIpU (2711)2' u (le—l)i’ 1 = 1,2, coBmajaioT g BCeX
B =1,2,.... o anajoruu ¢ MpeIBIIYIIUMA PACCYKICHUAMA HANIEM CYyMMBI

_%7 B = 17
(5 2+ Z )FC5(k - 2)> BE-1(B-2) 4 _
T7 B —_— 2’ 3’ ses o

IIpumensia jyuist nojcyéra OCTaBLHeI‘/’ICSI CyMMbl PaBEHCTBO (22) 3aKJII04aeM, 4To
B ciay4ae 5 = 1 MHOXHTEb IpH © )3 pased In2 4+ C — 6, a g f=2,3,.
MHOYKHUTETh> UMeeT BUj, yKasauubiii B dopmyne (9). Teopema pokazana moJi-
HOCThIO. Kak BuaHO U3 (hopMyIupoBKU Teopembl, At = 2,3, ... KOHCTaHTa
mpu # MPUHUMAET OJTHU U Te JKe 3HAYEHUs] HE3aBUCHMO OT TOTO SIBJISETCS JIN
N 9ETHBIM MJIU HEYETHBIM.
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PBI TYPAJIBI

Cor xy1ackiaa Yesapo opraraiapbl apKbLIbl (PYHKIIUSIHBI KaKbIHIATY 601
BIHITIA ABTOP/BIH HOTHUKEJEPIHIH KbICKAINA IToaybl KenTipiam. duddepen-
WA TaHBLIATEIH (DYHKITUIIAD KJIACBIHIA KYBIKTAYIbIH KOFaphl Jopekesepi
VITH aCUMIOTOTUKAJIBIK, 19/ KOHCTAHTAJIAD AHBIKTAIIHI.
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TPUTOHOMETPHUIBIK XKylie, Ye3ap0 KOCHIHABLIAPHI

Falaleev L.P. ON EXACT CONSTANTS FOR CESARO METHODS

A brief review of the author’s results on approximation of functions by
means of Cesaro averages to the class Cor is given. On the class of differentiable
functions asymptotically exact constants for high orders of approximation are
established.
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OB OTHOM TEOPEME O MVYJIBTUILJINKATOPAX
PATOB ®YPBHE B IIPOCTPAHCTBAX JIOPEHITA

A.2K. BIJILIPBLIC

AnnoTaumns. Vccnepytotca wmynbTunnukatops pspgos Pypbe B MpOCTpaHCTBax
Jloperua. lMony4eHbl AOCTaTOYHbIE YCNOBUSI A4St NOCAEAOBATENBHOCTM KOMMIEKCHBIX
ancen {Ai}rez, 4TOBbI BbITE MyNBTUNANKATOPOM TpUroHoMeTpuyeckoro psiga Pypbe
n3 npoctpanctea Ly [0;1] B8 Lg,-[0;1]. B aT0ii cTaTtbe npeacTtaBneHa Hoeasi Teopema
0 My/NbTUNANKATOPAX, KOTOPAsl [OMOJIHSIET U3BECTHbIE TEOPEMbI.

KntoueBble cnosa. Mynstunnukatop, pag Pypse, Teopema JInsopkuHa, npocTpaHCTBO
Jlopenua.

1 BBEJIEHUE

IMycrs 1 < p < g <00, A = { )\ }kez — TOCTEI0BATENTHLHOCTD KOMILTEKCHBIX
THCeL.

OUPEJNEJEHUE 1. Bygem rosopurs, uro X = { A }rez aBIsi€Tcss Myabrumim-
KaTOPOM TPHUTOHOMETpHYeCKHX psiioB DPypbe n3 npocrpancrsa Ly[0; 1] B npo-
crpancrBo Lg[0;1], ecmn mna smoboit ¢pyuknun f € L,[0;1] ¢ psgom @Pypse

f(k)e2mike HareTcs ukmusg [y € Lg|0;1] ¢ coorBercTByrommmM psgom
Yy q
keZ

Dypoe Y A f (k)e*™ =y ecomr oneparop T, Tof = f, ABIs€TCS OrpaHmIeH-
keZ
abim oneparopoum u3 Ly[0;1] B Ly[0; 1].

Bynem uckaTh ycioBug Ha TOCTEI0BATETBHOCTH A = { Ak }rez, TIPU KOTO-
peix omeparop Ty Gyger orpanmuenubiM u3 Ly[0;1] B Ly[0;1], me. A 6yzer
MYJIBTHILIAKATOPOM.

Keywords. Multiplier, Fourier series, Lizorkin theorem, Lorentz space.
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MmnozxkecTBo MmynpTUIIMKaTOpOB U3 L, B L, obo3naumMm depes mg , OHO

ABJIACTCH JIUHEHHBIM IIPOCTPAHCTBOM C HOPMOM

[ £21le
A =su L.
[Allg = sup 7
0 Ifllz,

OHUM U3 MEPBBIX PE3Y/IbTATOB, CBA3AHHBIX C MYJIBTHILTHKATOPAMHE PSAIOB
®ypse B npocrpancrsax Jlebera, sisiasiercs reopema M. Pucca [1]. On gokasasn
OrPaHMYIEHHOCTH ONEPATOPa YACTHUHON cyMMBbl Sp: ecmm 1 < p < oo, f €
L,[0;1], Torua

15w (Dllz, < €lflls,

CanenoBarennno, xapakrepucruaeckue pynknuu orpeska A = [—n;n| N Z as-
JIFIOTCS MyJIBTHILUIIKATOpaMu B mpocrpancTse Ly[0; 1]. 31ecs HOpMBI MyIbTH-
IIJIMKATOPOB OI'PaAHMUY€HDbI, & KOHCTaHTa C 3aBUCUT TOJIbBKO OT IIapaMeTpa p.

V3BecTHOE HEPABEHCTBO [JIsT PA3HBIX METPHUK B IIPOCTPAHCTBax Jlebera riia-
cut: ecmn 1 < p < g < oo, TOTIA

1_1
150 (P, < env e [1Sn(F)lz, -

[Ipumensis reopemy M. Pucca x npempigymemy anepaserctsy npu 1 < p <

q < oo, fe€Ly0;1], momyaaem ciremyromiee:

11
HSTL(f)”Lq Seneoa HfHLp~ (1)
Janum ompeiesienne MyIbTHILIHKATOPa TpeobpazoBanus Pypoe:

OnpPeEAEJNEHUE 2. ITycre 1 < p < g < 00. ToBOpsiT, 4T0 (DYHKIHUS (p SABJISIET-
¢ MYJABTHIIHKATOPOM IIpeobpasoBannii Pypre u3 L, B Ly, ecnn cymecTByer
koucranra ¢ > 0 Takasy, 4o jjs 000i pyuxunn f uz npocrpancrsa Illsapua
S’ BBIIOJIHSETCS HEPABEHCTBO

ITo (P, <clfllz,

rae T,(f) = F “loFf, F u F~! coorBercraento nmpsivoe n obparHoe mpeobpa-
3oBanns Pypoe B R :

(PO = 5= [ 1)

1o\ (z) := el e
(F1g)(z) /R g(€)eede
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CoBOKyIIHOCTBE BCEX MYJIBTHUILIMKATOPOB IpeobpasoBanus Pyprwe u3 L, B
L, o6o3naunm gepes My, KoTopas TakzKe IIPe/ICTaBIgeT cO60ii HOPMAPOBAHHOE
IPOCTPAHCTBO C HOPMOH

H‘PHM;,I = HTcpHLpg,Lq-

Baxuwivm pesyabraToMm Teopun psaioB Pypbe aBiageTcs Teopema Maprinake-
BUYA 0 MyJIbTUILIMKATOPaX |[2]. AHasior Teopembl MapiyuHkeBuda Jjist My/IbTH-
IMKaTOpoB mpeobpaszoanus Pypwe 611 qokazan C.I Muxmuasiv [3]. Yeo-
Bus Teopem Mapuunkesuda u Muxnna ne 3aBucar ot napamerpa p. B crarbsax
[4], [5], [6] E.A. Hypcyaranos nostyans ycJaoBust /15t MyIbTHILINKATOPOB PSJIOB
Oyphbe, CYIIECTBEHHO 3aBUCSIINE OT TapaMeTpa p.

Jlns kmaccor My, Koryia p W ¢ pas/esieHbl 9UCJAOM 2, M3BECTHa TeopeMa
JI. Xépmangepa [7]. B arom ciyuae B caenyromux cratbsx (4], [8] E.L. Hyp-
cynranoB u H.T. TrneyxanoBa mosyum/ivi HUKHUE W BEPXHUE OIEHKU HOPMBI
MYJIBTUILINKATOPOB, TJI€ BEPXHsis OIEHKA YIydIlIaeT TeopeMy XEpMaHJepa.

st mpeobpasoBanns Pypbe uzBectHa reopema JIu30pkuHa 0 MyJIbTUILIN-
karopax [9]:

TEOPEMA A. Ilycts 1 < p < q < 00, A4 > 0, B:%—% 1 DYHKIHT @

menpepoiBHO aucpepennmpyema na R/{0}. Eciau Bermonnsiores cuegyronue
VCJIOBHSI:

‘yﬁ so(y)( < 4,
‘y”%'(y)‘ <A,
TOI/1a @ ABIAETCA MYJAbTHIIHKATOPOM IpeobpasoBanusd Pypre n3 L, B Lg n

ol < cA.

Amnajior Teopembl JIM30pKUHA 0 MYJBTUILIAKATOPAX st PsifioB Pyphe ObLI
nostyden B pabore [10]:

TEOPEMA B. Ilycts 1 < p < q¢ < 00, A > 0. Ecim mocienoBareibHOCTH
KOMILTEKCHBIX 9uCeT A = { A }keN VAOBIETBOPSET CJAEAYIOUIHM YCIOBHSIM:

1 1
sup k# g < A,
k

1 1
sup k' TP e[ AN < 4,
k
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TOL/a A ABJIAETCA MY/IbTHIIIKATOPOM psazios Pypoe u3 Ly B Lg u || Al| g < cA.

IMycts f — usmepumas no Jlebery dynkius wa R. Oynknust pacrnpeesie-
HUS OTpeessIeTcs KaK

m(o, f) = {z e R: |f(z)| > o},

QyHKIA
) =inf{oc >0:m(o, f) <t}

SIBJISIETCS HEBO3PACTAIOIIET TTePecTaHOBKOM f.
Cueyromuii pe3yibTraT SaBJasieTcs yCUuIeHneM TeopeMbl JIM30pKuHa O MyJIb-
rumrkaropax st psios @ypee [11], [12]:

TEopEMAB.HyCTb1<p<q<oo,0<r§oo,0<a<1—}0+

%, B8 =a+ % — %. Ecyn mocsiefoBaTebHOCTD KOMILTEKCHBIX drces A = { Ak }reN
V/IOBJIETBOPSIET CJACYIOIAM YCIOBUSIM:

1 1
sup k» [ < A,
k

sip ke (mBA)\m)* (k) < A,

TOorzaa A ABJIAETCS MYJIbTHUIIJTHKATOPOM DAT0B (Pypbe U3 IIPDOCTPAHCTBa ﬂopeH—
na Ly, B Ly, n
HAHnﬂﬁ S(XP,QJ3Q)A-

2 BCIIOMOTATENLHLIE JIEMMEL

Iycrs Sq(f) = > fre?™kT _ qacruanas cymva GyHKIHE f 110 MHOXKe-
crBy @, riae @ — I/IH’];ESB&H u3 7.
JIEMMA 1. IIyctp 1 <p<qg<oo, 0<r <oo, f€Ly,, rorga

N

00 r

1—141 HSQ(JC)HLq 1

E n ? 28Up ——— — SCfLM
|Q‘ n H H D,

_ 1QI=n
n=1 Qe

rqe M — mHOXKEcTBO HHTEPBAJIOB U3 7.
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JIOKABATEJILCTBO. Vcnonb3ys nepasenctso (1), momyvaem

1 1
141 S 141 P q
Supnl p-i-q Sup H Q(f)HLq Scsupnl p-i-q Sup ‘Q| ”fHLp :CHfHLp-
neN Qzn Q) neN QI>n Q)
QeM QEM
Takum obpazom, mycTh 1 < pg < p1 < 00, Ozo:l—pio—i—%, alzl—p%—i—%,
TOr 1A
S,
Supnao sup H Q(f)HLq S CHfHLp 7
neN  leizn Q) 0
QeM
1So(f)llz
supn® sup ——= < ¢||fllL,. -
neN  jeizn Q) "
QeM
[Tpeacrasum dbyukmuio f = fo + f1, rue fo € Ly, fi1 € Ly,, Toraa
S, S, S,
ISo(Hles _ o, ISeUoll, , IS0,
@zn Q) Qzn Q| Qzn Q|
QeM QeM QeM
1
Caenaem 3ameny v(t) =te1-20, t € [1;+00), Torma nosydaem
S,
sup no1 sup M <
1<n<wv(t) QI=n |Q|
QeM
S, S,
s o g 190U, | S,
1<n<uv(t) Qe Q) n>1 jeize |Q)
QeM QeM
S, S,
<t sup 1% sup 150 (fo)llz, supn® sup 15a(f1)llz,
1<n<u(t)  l@izn Q) n>1 leizn Q)
QeM QeM

Tak kak 3TO HEPABEHCTBO BEPHO s JIOOOTO TpeacTaBaeHust (OYHKIIANW, TO
BEPHO CJIEIYIOIIee HEPABEHCTBO:

S
sy 152l
1<n<v(t) [QI>n ‘Q’
QeM
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1501z,

S,
< inf t sup n% sup M + sup n® sup 1]

T S=foth \ ign<oy QEe Q) n>1 (QI>n
QeM QeM

Jasee momyanm, 910

[ |S(fo)llz
9 inf [t sup n® sup = Llmey
</( f=f0+f1< 1<n<u(t) Q)

QI=n
0 QeM

N
S r
+supn™ sup 15{A)lz, Q(fl)HLq>> dt) >

n>1 lQl>n Q| t
QeM

oo . 1
S T
2 / 7% sup n* sup 1SQ(Allz, \ dt >
0 lsn<o(?) Q| t

|Q|>n
QeM

o ., 1
>C / u—0(e1—ao) sup 1! sup M @ .
1<n<u QI>n ’Q| u
0 QeM

. 1
279r(a17a0) sup n°l sup HSQ(f)HLq ir
1<n<2r jQizn Q) 2
QeEM

1
2 oo Sa(Nlz,\ 1Y
> ) Or(ar—ap)+ral s11 H Q q - —
- <Z< o Q] 2"

\
QeM

N S P N R S SN A R0 PAYAY
—c<2<2 S0 )2> —C<Z<‘“ PETa] )k)

=0 QeM k=1 QeM

e a = fag+ (1 —0)ag, 0 <0 <1, % = p% + 1p;19. Wcnonb3ys nHTEPIOISII-

OHHBIE CBO¥ICTBa mpocTpancTs Jlebera, mosryaaem

00 S f Lg Tl '
1So(f)l | <elfllz,..

kY sup —— 1
— ik |Q| k
= QeM

rea=1-— % + %. Yo m TpebOoBATIOCH JOKA3ATH.
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CaneactBue 1. Iycre 1 <p < g < oo, f € Ly, Toraa

00 2k+1_1

1,1 " )
ZQk(—;Jrg) Z fme2ﬂ'zmx < CHfHLp,l'
k=1 m=2k

Ly

HOKABATENBLCTBO. Ucnone3ya Jlemmy 1, momytaaem

1
, 1
o0
1-141 1S, | 1
clflz,, = norlasup ———= | —
" nz:l @n Q| n
QeM
oo 2k+1_q "
141 S 1
D e
k=0 n—ok YT "
" k+1
0 i1 S 2 —1
> Z2k(1 p-i-q)r sup H Q(f)HLq Z
=0 |QI>2k+1 Q| YL
- QeM n=2
, 1
> 1.1 S,
_ Z 2k<p,+q) sup 150 ()L, In2
k=0 |Q|>2k+1 |Q‘

QeM

—r ) ! | 3 (2006 P

k1 Q
SEaS
"
1 0
(ln2): Z 2k(§+%) sup 150(/)lly
20 e\ |Q|>2k Q]
QeM

CriefoBare/IbHO, BEPHO CJIEAYIONIEee HEPABEHCTBRO:

L
T

5 [0 g 152D, < C|fls,,-

]
i

bS]

Sl
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Hastee, eciu Bo3bMeM r = 1 u B KaueCcTBe MHOXKECTBO () BO3bMEM WHTEPBAJI
[2F: 2K+ 1], 1o mosTyumM HCKOMOE HepaBeHCTBO.

3 OCHOBHOW PE3VJILTAT

TEOPEMA 1. Ilyctp 1 < p < g < o0, 0 < r < o0, B> 0. Eciu nocaemno-
BATEJILHOCTH KOMILIEKCHBIX 4ucess X = { A }keN VAOBIETBODSET CJIEJLyIONHM
VCIOBHAM:

11
sup2k<1’ q>]/\2k+1_1\ < B,
k

<1 1 2k+l—2

k(i1

sup2 \r ¢ Al | < B,
w2670 Y

m=2k
TO N\ SABJIAETCS MyJIbTUIINKATOPOM psifoB Pypbe u3 Ly, B Ly, u

[Allngr < cB.

JOKABATE/IBCTBO. Paccmorpum HOPpMY CyMMBI psia

0 oo ||2kt1—1
§ :)\mame%rzma: S § : )\mame%mma: —
m=1 Lq k=0 m=2k Lq
oo |[|2ktt—2 m 2k+1_1
:§ : § : A/\m§ :a7~€2m’mﬁ+)\2k+1_1 § : are27r7,rx <
k=0 =2k =2k =9k
m=2 r=2 r=2 Lg
oo [|2Ft1-1 2k+1_2
< S apetrire S (Al + P | <
k=0 =2k =9k
r=2 L, m=2
2k+1_9
G0 (v
<sup2'\r ¢ AN, | + |/\2k+1_1| X
k m=2k
oo 2k+1_1
k(*%+%> 2miry
X E 2 g are < Bl fllzy.-
k=0 r=2Fk Lq
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IIycts 1 < pp < p < p1 <00, 1< q < qg < q < 00 Takue, 4TO
1 1 1 1 1 1
—— — =—-——-—=———.Torna

bo g P g PpP1 Q1

pp.1’

oo
Z A €T <cB|fl,
m=1 Lqg

o0
Z )\mame%rima: < cB ”fHLpl,l s

m=1 Lg,
1 1-6
Bozbmem 0 < 6 < 1 rakum 06pa3oM, 9T00bBI BBITIOJIHSIIOCH YCJIOBAE — = +
p bo
0
—. Torna
p1

1 1 1 1 1 1-6 1 1-6 0
= = =—+

a9 p pPo do Po n q0 q0 q1

[asee, BCIo/IB3ys HHTEPIOIAIMOHHYIO TEOPEMY [Is IpocTpancTs Jlopenma u
Jlebera [13], [14], nosyuum

oo
3" Amane?™e| < clp,q, 1Bl
m=1 Lg,r

CrejoBaresibHo,

0 .
Z )\mame%mmm
m=1

Lq,f‘

sup < c¢(p,q,7)B.

F40 £z,
Yo 1 TpeboBAIOCH JOKA3ATH.
ONPEAEJEHUE 3. IlociegoBaresbHOCTh KOMILIEKCHBIX ducesn a = {an}oo

Ha3bIBAETCST 0DOOIIEHHO-MOHOTOHHOI [15], ectn coiegyroriee HepaBEHCTBO BbI-
HOJIHSETCS JIJIST BCEX IIEJIBIX YHCEN T1:

2n—1

Z lay — apy1| < Clay],

v=n

rje KOHCTaHCTa C' He 3aBucur oOT n.

MATEMATUYECKUNA KYPHAJI. — 2018. — T. 18, Ne 2



174 A .ZK. BlJbIPBIC

CHEACTBUE 2. Ilycrs 1 < p < g < 00, 0 < r < 00, B > 0. Ecim nocre-
JI0BATEJIBHOCTh KOMILIEKCHBIX duces N = {Ag}reny 000OIIEHHO-MOHOTOHHA U
VJIOBJIETBOPSIET YCJIOBHIO

sup2 G5 pu < B,
k

TO \ ABIAETCA MYJIbTHIIAKATOPOM psaioB Pypbe u3 Ly, B Ly, u
[Allngr < eB.
SAMEYAHUE 1. CyigecrByer mocaen0BaTe/IbHOCTh A Takasi, 9To

2_k(11° ‘11), ecau m = 2~

0 68 OCTMAADBHBIT CAYHAAT,

AN, | =

VZIOBJIETBOPSIOIIasd yCJa0BHSIM TeopeMbl 1, HO He YOBIETBOPSIONTAs YCIOBHIM
Teopem B u B, 1.e. Haiigercs 10C/A€40BaATEJIbLHOCTD \ TaKast, 4T0

11
sup 2k<P q)]A2k+1_1| < 00,
k

11 2h -2
k(11
sng <P a E AN, | < o0,

m=2k

HO
1+1-1
supk P a|ANg| = o0,
k

sgp gl (mBA)\m>* (k) = +oo,

1,41 - 1_1
mel<a<l p+q,6 O A
SAMEYAHUE 2. CyiecTByer mocaea0BaTe/IbHOCTh A Takasi, 9To

2—kB k ok+1
AN — Skg—R(I—a) ecau m€[2 ,2 + ], kgk(],
m =

0 68 0OCMAADBHBIT CAYHAAL,
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yaoBJieTBopsroras ycaosusm Teopembr B, HO He yi10B/I€TBOPSIIONIAs YCIOBHIM
Teopem 1 u B, T.e. HalI€TCS MOC/I€/[0BATEILHOCTD A TaKasl, 4TO

11
sup 2k<P q)|/\2k+1_1| < o0,
k

sup k1 (mﬂA)\m)* (k) < oo,

k
1,41 - 1_1
el <a<l p+q,ﬁ—a+p 4 HO
2k+1_2
k(i1
sup 2 (P a Z ANy, | = +00,
k m=2k

1 1
sup k' T8 74| AN,| = +o0.
k
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blgepeic A.ZK. JIOPEHIL KEHICTIKTEPIHIAETT ®YPBE KATAPHI-
HbIH MYJIBTUILJINKATOP/IAPBL 2KATIJIBI BIP TEOPEMA

Jlopenr xemictikTepinmeri @ypbe KaTapJapbIHBIH MYJIbTUTLIAKATOPJIA-
pot 3eprrenred. {A;}rez Kommiekc cangap tisberiniy Ly, [0; 1] kericririnen
L +[0;1] enicririne rpuronoMerpusiiblk Pypbe KaTapbIHBIH MYIBTUIIIKATODPEL
00JTyBI YINH KONBLIATHIH KETKIIIKTI maprTap ajasiarad. by makamaga 6errii
TeopeMaJIapAbl TOJIBIKTBIPATHIH MYJIBTUILINKATOPIAD TYPAJbl XKaHA TeopeMa
YCBHIHBLIFAH.

Kinrrix ce3nep. Mynabrunnukarop, @ypbe KaTapsl, JIM30pKUH TeOpeMacHl,
Jlopenrr KericTiri.

Ydyrys A.Zh. ABOUT A THEOREM OF MULTIPLIERS OF FOURIER
SERIES ON THE LORENZ SPACES

We study the multipliers of Fourier series on the Lorentz spaces. The
sufficient conditions for the sequence of complex numbers {\}rez in order
to be the multiplier of the trigonometric Fourier series from the space L, [0; 1]
in Ly, [0; 1] are obtained. In this paper we present a new theorem on multipliers,
which completes the well-known theorems.

Keywords. Multiplier, Fourier series, Lizorkin theorem, Lorentz space.
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IIpasusa "MartemaTudeckoro >XypHaJia' Jijis aBTOpPOB cTaTeit

Ob6rme 1mo10KeHnsT

B "Maremarnaeckom kyprase" myOIuKYyIOTCS OPUTHHAJIBHBIE CTATBU IO
OCHOBHBIM pa3/iejiaM COBPEMEHHOI MaTeMaTuku: Teopus (PyHKIHiA, HyHKIINO-
HaJIbHBIN aHa 13, 00bIKHOBEHHBIE (DD EPEHInABHBIE YDABHEHUSI, YPABHEHUSI
C 9aCTHBIMHU TTPOU3BOIHBIMMT, AIredpa, MaTeMaTHIeCKasT JIOTUKA, TEOPUsT INCeT,
TeOMeTpHsl, TOTO/IOTUs, TEOPUsI BEPOATHOCTEN W MaTeMaTudecKasi CTATUCTHU-
K&, BEITUCINTEIbHAS MATEMATHKA, MATEeMATHIeCKasa PU3NKa, MATEMATHIECKOE
MOJIeJTUPOBAHME.

ZKypHas BBITyCKaeTCsT €:KeKBAPTATBHO, T€ThHIPE HOMEPA COCTABJISIIOT TOM.

Cratbs 1oKHA OBITH HANMCAHA HA BHICOKOM HAYYHOM YPOBHE, COJEPKATH
HOBBIE, YeTKO CHOPMYIMPOBAHHBIE MATEMATHIECKNE PEe3yJbTAThl U WX JOKAa-
3aTesbCcTBa. Bo BBeJeHUN HEOOXOUMO IPUBECTH UMEIOIIUECS PE3YJIbTaThl 110
TeMe TIPEJICTABIEHHON PabOThI, JATh KPATKOE COJEPYKAHIE CTATHY U OTPA3UTD
aKTyaJbHOCTb, HOBU3HY IOJIYYE€HHBIX aBTOPOM PE3Y/IbTaTOB.

Crarbu KypHaJa PasMeaTcs B CBODOJHOM JIOCTyIe Ha Caiire
www.math.kz Mucturyra MareMaTnku m MaTeMaTHIECKOTO MOIEINPOBAHUA,
ux pedepupytor HII HTU (Kasaxcran), Zentralblatt Math (I'epmanus).

B "Maremaruaeckom kypHaJie" mybmKyooTcst craTbu 06beMoM 10 25 Ky p-
HabHBIX cTpanuil. Ctarbu o6beMoMm Oojsiee 25 crpanull myOJUKYIOTCS IO CIie-
MHATHHOMY PEITIeHNI0 PEKOJIETuU KypHaaa. [[pmanMaioTcs cTaThbn, HAIN-
CAHHBIE HA KA3aXCKOM, PYCCKOM ¥ aHTVIHICKOM si3biKaX. CTaThu pereH3upyroT-
csl.

TpeboBarnst K 0DOPMIEHHIO CTATENH

1. Pykomuchk cTarhu [0KHA OBITH MTOATOTOBJEHA B M3MATEILCKON CUCTEME
ITEX-2e n ipecTaBieHa B BUIE JABYX TBEPABIX KOMHUI, a Tak>Ke B BUE tex u
pdf - daiiios Ha TFOO6OM /TEKTPOHHOM HOCUTEJIE WU TIPUCTAHA TI0 JTEKTPOHHOM
noure zhurnal@math kz, mat-zhurnal@mail.ru. Crarbs moJ12KHa OBITH TOJIIN-
cana BceMu aBTopamu. lIpaBuia odopmieHus PyKOIUCH U CTHIEBbIe (hailjbl
MOXKHO HaTH Ha caiiTe I/IHCTHTyTa MaTEMAaTUKHN U MaTeMaTHUYIeCKOI'O MOJEJIN-
posanus http://www. math. kz B pazgene "Maremarnaeckuii xypnas".

2. B sieBoMm BepxHeM yruty HeoOxojumo ykazarb Kjiaaccuduxkarop MPHTU. Ha
CJEAYIOMNX CTPOKAX I10 IEHTPY: HA3BaHUE CTATHbW; UHUIUAIBI U (DAMUINY AB-
TOpoB. B KoHIIE yKa3aTh MeCTO PAbOTHI, MOYTOBBIE /[PECA, OPIaHUBAIUN U TAK-
JKe 3JIEKTPOHHBIE aJpPeca aBTOPOR.



Ha ormenproM jmcre mpuiaraioTcs Ha3BaHue CTaThu, (DAMUINNA W WHUIU-
aJIbl aBTOPOB, KJ/II0UEBBIE CI0Ba, pedeparT Ha PYCCKOM, aHIVIMICKOM U Ka3ax-
ckom (st aBropos m3 Kaszaxcrana) sisbikax u unjekc Mathematics Subject
Classification 2010. Pecdepar mosKen oTpaxkarh COjepKaHNe CTATHU.

Tak»ke npeCcTaB/IdIOTCs CBeJleHUsi 00 aBTOpax, MeCTo PabOThI, MOYTOBBII

aJIpec C WHJIEKCOM [IOYTOBOIO OT/ejIeHNs, HOMED TejiedpoHa C yKa3aHUeM Kojia
ropojia, aJpec 3JIEKTPOHHONW MOYTHI.
3. Crimcok JuTepaTyphbl COCTABISETCST B TOpsiake IurupoBanus. CCBLIKA Ha
HEOMyOJTMKOBAHHBIE pAabOThI, PE3YIBTATHI KOTOPBIX MCIOJIB3YIOTCS B JTOKA3a-
TE/JIbCTBaX, HE JOIMYCKAIOTCHA. CHI/ICOK JIMTEPATYPHBI IPUBOJUTCA B CJIEAYIOIIEM
BHJIE:

JINTEPATYPA

1 Membaes K.T., Orentaes M.O. BecoBrie QpyHKIIMOHATBHBIE TPOCTPAHCTBA, U
cuekrp puddepennuanbabix oneparopos. — M.: Hayka, 1988. — 288 c. (a1 MoHorpa-
Qi)

2 Kencoikbae A.A. MoHoCILIaAHBI MUHUMAILHON HOPMBL X HAWIYYINAE KBaJl-
paryphble dopmynsl // Yemexu mareM. Hayk. — 1981. — T. 36, Bemr. (win Ne)4. — C.
107-159.

Pykommcu, He yaOBIETBOPSIONINE TEPEUNCIEHHBIM BBINIE€ TPEOOBAHWSIM, BO3BDa-
MAIOTCS aBTOpaM Ha odopMienne, mopaboTky. Pemakius ocrapisger 3a coboil mpaBo

HA OTKJIOHEHUE CTATbU, €CJIA €€ COJEPKAHME HE OTBEYAET TPEOOBAHUAM 2KYPHAJIA.
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