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AHHOTaLuMA: PaHee aBTOpPOM MOKa3aHa OfIHO3HAa4YHas Pa3pelIMMOCTb KNacCUHeCKOro
pewenus 3agaqn [Jupuxne B LMINHAPNYECKOA 00nactm Ans  BblpOXKAAMOLWLMXCS
TPexXMepHbIX 3JINNTUHECKUX ypaBHennii. B pavHol paboTe HaiifeH HOBbIW Kjacc
BblPOXKAAOLWMNXCA TPEXMEPHbIX 3NJNNTNHECKNX ypaBHeHmﬁ, AN KOTOPbIX B UWJINH-
apudeckoii obnactm 3agada [dupuxne nmeeT eANHCTBEHHOE PELLEHME, NPU ITOM
NPUBOANTCA ero siBHbI BUA.

KntoueBble cnoBa: KoppekTHOCTb, BbIpoXAeHue, LuuauHapuuyeckas obnacts, nnoT-
HOCTb, CUCTEMbI (PYHKLTA.

1. BBEAEHUE

KoppekTHbIe TOCTAHOBKY KPAaeBbIX 3a7a4 Ha MJIOCKOCTH JJIsl SJLTHNTAYE-
CKUX yPaBHEHUIl METOIOM TEOPUH AHATUTUIECKUX (DYHKIMI KOMILIIEKCHOTO TIe-
pPeMeHHOro mpoBeieHs! B [1], [2].

[Tpu w3yueHMM AHAJIOTMIHBIX BOIPOCOB, KOTJA YHUC/I0 HE3ABUCHMBIX IIe-
pPeMeHHBIX GOJIbIIe JBYX, BO3HUKAIOT TPYJAHOCTU MPUHIUIHATHHOIO XapaKTe-
pa. Becbma npuBiekaTeibHbBIA 1 y100HDBIH METO/ CHHTYJISPHBIX MHTEIPATBHBIX
ypaBHEHUil TepsieT CBOIO CHUJIy U3-38 OTCYTCTBUS CKOJIBKO-HUOY/Ib TOJTHOM Teo-
PHUU MHOIOMEDHBIX CHHI'Y/ISPHBIX HHTErPa/IbHbIX ypasHenuii [3]. B [4] nokazana
OJIHOZHAYHAS PA3PENTMMOCTh KJIACCUIECKOTO perenns 3ajaqan Jlupux/ie B mu-
JIUHJIPUYIECKOH 00/IaCTH 7T BBIPOKIAIOIINXCA MHOTOMEPHBIX SJIIUITHICCKAX
YPaBHEHUI.

Keywords: Correctness, degeneration, cylindrical domain, density, functions system.
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6 C.A. AJIJIAIIIEB

B mammoit paboTe HaiimeH HOBBIN KJIACC BHIPOXKIAIOMINXCS TPEXMEPHBIX DJI-
JIUITUYECKUX YPABHEHU, [JId KOTOPBIX B IIJIHMHIPUIECKON 00JaCTH 3amada
Jlupuxiie KOppPEKTHA.

2. TTIOCTAHOBKA 3AJAYU U PE3YJIBTAT

[Tycrs Dg — nuiusjipuyeckas 00J1acTh €BKJIMI0BA IIPOCTPaHCTBA B3 Touek
((x1, z2, t), orpannuennas numuagpom I' = {(z,t) : |z| = 1}, miockocramu
t=pF>0ut=0,rue |z| - gmna Bekropa x = (21, z2). Yacru 31ux nosepx-
HoCTeil, obpasyonmx rpauniy dDg obnactn Dg, obosnaunm uepes I'g, Sz, So
COOTBETCTBEHHO.

B o6actu Dg paccMOTpUM BBIPOXK AAIOIIIECS] TPEXMEPHBIe SJIHITHIECKIe
ypaBHEHUHA

2 2
Lu = Z ki(D)ug,z; + uy + Z a;(x, t)ug, + b(x, t)us + c(x, t)u =0, (1)
i=1 i=1

riae ki(t) > 0 mpu ¢t > 0 u moryT obpamarscs B mynb npu t = 0, k;i(t) €
(o, 8)N 02((0aﬁ))7 i=1,2.

B nmanpHeitem HaM MOHAIOOUTCSA CBA3B JAEKAPTOBBIX KOOPIAWHAT X1, T2, t
C HOJgpHBIME T, 0,1 : 1 = rcosf, xo =rsing, r > 0,0 <60 < 27.

B kadecTse MHOroMepHOit 3ajaun JIupuxiie pacCMOTPUM CJIeLyOMLyTo.

3A1A4A D. Haiiti pemenne ypasrenns (1) B obmact Dg m3 kiracca
C(Dg) N C?(Dg), ynoBIETBOPAIONIEE KPACBBIM YCIOBUSIM

U 5 =¢(r,0), wu N =(t,0), wu s =7(r0), (2)

upu srom @(1,8) = (8, 6), ¥(0,0) = 7(1,0).

ycts a;(r,0,t), b(r,0,t), c(r,0,t) € C(Dg)NCY(Dg), i = 1,2, c(r,0,t) <
0, V(T‘, G,t) S Dﬁ.

Torma cupasejiuBa
TEOPEMA. Ecmir ¢(r,0), 7(r,0) € C(So) N C?(Sp), ¥(t,0) € C(I'g) N C*(Tp),
TO 3a/1a49a OJIHO3HAYHO PA3PEIIHMa.

Ormerum s1a Teopema upu ki (t) = k2(t) nonyuena B [4].

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 2



Koppexrrocts 3aaan Tupuxie ... 7

3. JIOKABATEJILCTBO TEOPEMBI

EuncrBennocts pemenns 3agaqn D ciemyer u3 npunmuna Xorda [5]. Te-
Ieph ImepexoanM K paszpermuMoctn 3agaun D. Ee perrenne B MOJIAPHBIX KOOP-
nuHATax Oy/eM MCKaTh B BUJE Psiaa

u(r,0,t) = uyo(r,t) + Z(uln(r, t) cos nf + uay,(r, t) sinnf), (3)

n=1

rae u1o(r, t), uin(r,t), uon(r,t) — GyHKIUE, KOTOPbIE YAy T OIIpeTeTeHbl HUKE.

IMoxcrasus (3) B (1), B HOISPHBIX KOOpAMHATAX Oy/eM MMeThb

sin2 0 cos? 6

u10r> + ka(2) <Sin2 Ourorr + U10r> + w0+
+ai(r,0,t) cos Quio, + a2(r, 6,t) sin Quig, + b(r, 0, t)uior + c(r, 0, t)uio+
+ > {kl (t) [0052 6(cos nbuypyr + sin nfugyp,ryr) + i
n=1

nsin260 . n sin 20 .
(sin nfuiyy — cos nbugy,) + ——5— (cos nbug, — sinnbuy,)—
r

Lu = ky(t) (cos2 Ouiorr +

(cos nbuip, + sin nbugy, )+

n2 sinQZ . .9 .
—72(cos nOuyy, + sin nbuay,) | + ko(t) [Sln 0(cos nOu1nry + sin nOugyyy )+
"
in 260 29
e (cos nbugp, — sin nbuyy,) + cos (cos nOu1p, — sin nQugy, )+
nsin 260 . 2

n .
5,3 (sinnbuy, — cosnfusgy,) — — cos? f(cos nhuy, + sin nﬁuQn)] + Uipet COS MO+
r r

nsin 6
+Uope sSin b + aq [COS 0(cos nbuin, + sin nbugy,) +

(sin nbuy, — cos n@uzn)} +

n cos .
(cos nbug, — sinnfuyy,) | +

+ag |sin O(cos nOu1y, + sin nfuaoy, ) +

+b(cos nBu1yt + sin nbugpt) + c¢(cos nbuy, + sin nfusgy,)} = 0.

(4)

Teneps nosyuennoe Boipazkenue (4) caavana ymuoxkum Ha p(f) # 0, a 3a-
Tem nipowaTerpupyem ot 0 10 27. Ilocjie Hec/10:KHBIX TPeobpa30BaAHUIT MOy IM

MATEMATUYECKUNA KYPHAJ. — 2017. — T. 17, Ne 2



8 C.A. AJIJIAIIIEB

pan

(k1 + ko)
2

ki1 —k 1
Mdlo (ull)rr - TU10> +

1
P10 <U1om~ + T“lOr) + prouiow + 5
2 [(kﬁl + kg)

o
+a10(7”, t)ul()T + +b1g (7“, t)ul()t + cip (7", t)ulo + Z
n=1 | j=1

2 pjn(”jnrr"‘

| n? (ky — ko) 1 n’
T g ﬁujn) + Pintjnt + de Wgner = g = 5 Uin +
(kQ — kl)n Ujn
+7 (anr - a

5 €jn o ) + ajn(r, t)ujm + bjn(’l", t)ant + Cjn(T‘, t)ujn:| } =0,

(5)

2 27 21
pin = [ p(0) cosnbdl, pa, = [ psinnbdb, di, = [ pcos26 cosnbdo,
0 0 0

2 27 21
don, = f pcos 20 sinnfdb, e;, = — f psin 20 sinnfdl, es, = f psin 26 cos nfdo,
0 0 0

21 27
a1n, = [ plai cosd + azsinf) cosnbdh, az, = [ plai cos + azsin ) sinndde,
0 0

21 21
bin = | pbcosnfdo, bay, = [ pbsinnfde,
0 0

2w

cin=[p [(al sin @ — as cos H)nsm nf
0

+ ccos nﬁ] do,

n cos nd

—I—CSinnG] dd,n=0,1,....
,

21
con=[p [(ag cos — aq sin 6)
0

Hasee paccmorpum Oeckonednyio cucremy AuddepeHnajibHbIX YPaBHEHUN

1 k1(t) + kao(t
E(t)p1o (ulorr + T“lOr) + prouior = 0, k(t) = 1()22(), (6)

1 Uil
k(t)pj1 <uj-ma + Uil — r]?> + prouji =
(k1 — k2)dio

= f (u107"7‘ -

u1o
T) — a1puior—
T

—bioU10t — C10U10,

MATEMATUYECKUIN KYPHAJ. — 2017. — T. 17, Ne 2



Koppexrrocts 3aaan Tupuxie ... 9

1 n?
k(@)pjn  Wjnrr + —tjnr = —5jn | + pjntijni =
ki —k 1
= _4( ! 5 2)dj Ujn—1rr — ;ujnflr_ (8)
n—1)2 ko —k1)(n—1 Ujn—1
_(Q)an_l) — ( 2 1)( )ejn—l (an—lr o ) -
T T T

—jn—1Ujn—1r — bjn—1tUjn—1t — Cjin—1Ujn—1, J = 1,2, n = 2,3, ...

Herpyano nokasars, aro ecin {uig, wjn}, j = 1,2, n=1,2, ... — pemenne
cucremsl (6)—(8), To ono saBAsETCA U perenneM ypaBHeHHUs (5).

Jlajiee, yauTbiBasi OPTOrOHAJIBHOCTH CUCTEM TPUTOHOMETPUYIECKUX (PYHK-
muit {1, cosnf, sinnd, n = 1,2, ...} ua orpeske [0, 27| [6] u3 kpaesoro yciosus
(2) B cuay (3) Gyaem umernb

u1o(r, B) = p10(r), uio(1,t) = 110(t), wio(r, 0) = 710(r), 9)
Ujn(r, B) = @jn(r), win(1,t) = ¢jn(t),
Ujn(r,0) =Tjn(r), j=1,2,n=1,2, ..., (10)
1 2m 1 2m 1 2
o0(r) = 5 [ 2000, vn0(0) = 5 [ 6(t.00d0. mo(r) = 5 [ 7(r0)a
0 0 0
2 2
Pin(r) = % / @(r,0) cosnbdl, Y1, (t) = % / U(t, 0) cos nbde,
0 0
1 2m 1 2
Tin(r) = = [ 7(r,0) cosnbdl, @a,(r) = — [ @(r,0)sinnddb,
3t !
27 2m
Yo (t) = 71T/¢(t, 0) sin nfdl, 1o, (r) = 711_/7'(7“, 0) sin nfdo.
0 0

Takum obpazom, 3aja4ua D cBesena k cucreme 3amad Jdupuxie majisg ypas-
nenuit (6)—(8) ¢ ganubivu (9) u (10). Teneps Gyuem HAXOAUTH PelIEHUs ITUX
3a/1a4.

MATEMATUYECKUNA KYPHAJ. — 2017. — T. 17, Ne 2



10 C.A. AJIJIAILIEB

HerpyuHo 3ameTuTh, 4T0 Kazxkj0e ypasHenue cucrembl (6)—(8) MoxkHO npej-
CTaBHUTbH B BH/JE

1 n?
Ek(t) (ufwr + ;uﬁr - rQun> + Upgt = fF(r,t), n=0,1,..., (11)

rae fn(r,t) onpemensioTcs M3 NpeAbLIyIINX yPaBHEHW 9TOH CHCTEMBbI, TIpH
stom fo(r,t) = 0.

B [4] nosyuen caepyromuii pesysibrar.
JIEMMA. Bazaun st ypasraennsi (11) ¢ kpaebivu yciaosusiviu (9) u (10) nume-
[OT €/IHHCTBEHHDIE DEIICHHS.

Cnenosarensno, caavana pemms 3agady (6), (9) (j = 1,n = 0), a
sarem (7), (10) (j = 1,2, n = 1) u m.ja., HaiigeM TNOCJI€I0BATEIHHO BCe
uio(r,t), ujn(r,t), 7=1,2, n=1,2, ...

Wrak, ToKa3aHo, 9TO
2

/p(H)LudH = 0. (12)
0
[ycrs f(r,0,t) = R(r)p(6)T(t), npuuem R(r) € Vi, Vp mnorna B Lo((0,1)),
p(0) € C*>((0,2m)) nnorua B Lo((0,27)), a T'(t) € V1, Vi nnorna B La((0, 3)).
Torma f(r,0,t) € V, V =V ®(0,27) ® Vi mnorua B Lo(Dg) Orcioga u u3 (12)
CJIeJIyeT, 9TO

/f(r,@,t)LudDg =0

Dg

Lu=0 VY(r0,t) € Dg.

Takum obpasom, perrernem 3agaun D spiagercs dyurnug (3), rae
u1o(r,t), ujn(r,t), j = 1,2, n = 1,2,..., ONPeAENTIOTCT N3 MPEABIAYIINX BY-
MEpHBIX 3a/1a4.

U3 reopun psiio Pypoe (cMm., Hanpumep, [7]) caenyer, uro ecau dbyHKIMs
u(r,0,t) € C(Dg) N C%*(Dg), To pax Oypwe u ee 1BazKIBI TPoHddOEpHIIPO-
BaHHbIE Psifbl 10 cucremam (ynakumit {cosnd, sinnf}, n = 1,2,... cxomsres
abCOTIIOTHO M PABHOMEPHO, & TAK¥Ke MMEIOT MECTO OIEHKN

o
luio| < oo,an]um] <o0,i=1,2; k=0,1,2.

n=1

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 2



KoppekTrocts 3agaan dupuxie ... 11

YunrbBag riaakocts koaddunmentos ypasnenus (1) m 3agaHHBIX Ipa-
HUYHBIX JIAHHBIX, /i pemenus u(r, §,t) nojgydaem Takue ke ONEHKH.

Orciona caemyer, aro psiz (3), a Takzke ABaxK 16l npogud GEepHIMPOBAHHBIE
ero pssbl CXOAATCsS abCOTIOTHO U PABHOMEPHO.

Buauut, nosyueHHoe pemenue (3) NPUHAAIEKUT HUCKOMOMY KJIACCY
C(Dg) N C%*(Dg). Paspemmmvocts 3aaun D yeranosena.

B [4] upuousitcst siBuble Bubl pernennii 3azgaq (11), (9) u (11), (10), wo-
9TOMY MOKHO 3aIMCaTh MPEJICTABIECHNS PEIeHrs U JIIs 38291 D.

Teopema moxkazana.

OTmernm, 9TO JAHHBI PE3YJIBTAT IS MOJIEJIBHOTO BBIPOKIAIOIIErOCST
TPEXMEPHOTO SJITUIITUIECKOTO YPABHEHUsI U3JI0KEH B [8].
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Aldashev S.A. CORRECTNESS OF DIRICHLET PROBLEM IN A
CYLINDRICAL DOMAIN FOR THREE-DIMENSIONAL DEGENERATE
ELLIPTIC EQUATIONS

Earlier, the author shows the unique solvability of classical solution of
Dirichlet problem in a cylindrical domain for three-dimensional degenerate
elliptic equations. In this study, we found a new class of three-dimensional
degenerate elliptic equations, for which in a cylindrical area the Dirichlet
problem has a unique solution. In this case its explicit form is obtained.

Angames C.A. ASTBIHIAJIFTAH YIII OSJIIIEMAI SJIJIUIITUKA-
JIBIK TEHJAEVJIEPTE HUJIMH/IP/JIIK OBJIBICTA JUPUXJIE ECEBI-
HUH KOPPEKTILIIT'T

ABTop OYPBIH MUINHIPJIIK OOJIBICTAFBI a3FBIHIAIFAH YIIT OJIMEMI SJIIUTI-
cTiK Tengeyaep yiiin Jupuxie ecebiHiH KIACCUKAIBIK MICMIIMIHIH HAKTHI IIe-
mMIIITiH KepceTkeH. By KyMbICTa a3FBIHIAJIFAH VI OJIMIEMIl DJIIATICTIK
TeHJIeyJIep/IiH KaHA KJachl TaObLIFaH, OJIap VIMNH MUJIXHAPJIK obabicta Jlu-
puxiie ecebiHin kKayrpi3 TmremiMi 0ap 60/1a7bI, OFAH KOCA OHBIH, aiffKbIH TYpi
KeJTipines.
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JIABHO BEyTCs WHTEHCUBHBIE MCCJIEIOBAHUS BJIUAHUSA dTUX (PAKTOPOB HA Ma-
TEMATUIEeCKUX MOJEJISIX M30TPOMHBIX W aHU30TPOMHBIX YOPYTUX cpen. Ho stn
MO/I€JTN HE YYUTHIBAIOT MHOTHE PeATbHBIE, CYIIIECTBEHHBIE JIJ15l TPAKTUKH, CBOT-
CTBA OKPYZKAIOIIET0 MacCHBa. TaKOBBIMU ABJSIOTCS, HAIPUMED, HAJININE TPYH-
TOBBIX BO/I, KOTOPOE OCJIOKHSAET CTPOUTENBCTBO M IKCILIYATAIUIO HA3EMHBIX U
[OJ[3EMHBIX COOPYZKEHU, BJIugeT Ha BeJIMYUHY U paclipesesieHne HalpazKeHui.

Mogenstmu, ¢ MOMOIIBIO KOTOPBIX yYUUTHIBAETCS BOJOHACHIIIEHHOCTH CJIa-
TaIOIIUX 3eMHYIO KOPY CTPYKTYDP, HAJU4Yne IIy3bIPbKOB I'a3a U T.J., ABJIAIOTCI
MHOT'OKOMIIOHEHTHBIE CPe/ibl. Paznoobpa3me MHOIOKOMIIOHEHTHBIX CPEJI, CJI0XK-
HOCTB TIPOIIECCOB, CBA3AHHBIX C UX jedopMariueil, IpuBogdT K HOJBIIOMY pa3-
JIMYAIO B METOJIMKE MX M3YyYEHUS U MOCTPOEHWU MOJesell, TPUMEHAEMbIX TPy
pellleHuy BOJIHOBBIX 3a/1ad.

[Mopucrast cpejia, HACBHIIEHHAsS YKUJIKOCTHIO WX T'a30M, C TOYKHU 3PEHUS
MEXaHWKHN CILTONTHON CPEeIbl, — 9TO, T0 CYIIECTBY, ABYX(a3Has CIIONIHAS CPe-
J1a, 0HOM u3 (ba3 KOTOPOH SABJIAIOTCS YaCTUIBI KUJAKOCTH (rasa), Apyroi —
TBep/Ible YACTUIBI CKejieTa, cpebl. CYIecTBYIOT Pa3InIHbIe MATEMATHIECKTE
MOJIE/IN TAaKuUX Cpej, pa3paboramubie pasmddbiMu aBropamu. Hawbosee us-
BecTHBIE M3 HUX — 910 Mogenan M. Buo [1], [2], ®penkens [3], B.H. Hukouna-
esckoro [4], JI.IT. Xopormyra [5]. OnHako, Kiacc pereHHbIX sl HUX 3339
OYeHb OTPAHUYEH W, B OCHOBHOM, CBSI3aH C TOCTPOEHUEM W WCCJIEIOBAHUEM
YACTHBIX PEINIeHuil 9TUX YpaBHEHWH Ha OCHOBE METOJOB TIOJHOTO W HEMOJHO-
ro pasjesieHnii IIepeMeHHbIX ¥ Teopuu crenuanbibix dyakuunii [6]. Ormernm
371eCh pabOTHI KA3aXCTAHCKUX MEXaHWKOB MTKOJIBI akagemMnka Epxanosa 2K.C.,
MCCJIEOBABIINUX TIPOECCHl AMPPAKIUI CEHCMUYIECKNX BOJIH Ha KPYTOBBIX TOH-
HeJIAX 1 TPyOONpOBOAX B ABYXKOMIIOHEHTHOM BOITOHACHIINIEHHOM cpeme buo u
BO3JIEHCTBIE JBUKYIIMXCSA TPAHCIIOPTHLIX HAIPY30K B HUX HA OKPYKAIOUIMI
maccuB [7]-[11].

B cBa3wm ¢ 3TuM akTyanbHOM dBisieTca pa3paborka 3dpHEeKTUBHBIX METOIO0B
peleHns KPaeBbIX 3a/ad JjId TAKUX CPeJ ¢ MPUMEHEHNeM COBPEMEHHBIX Ma-
TeMaTuIeCKux MerogoB. OIHUM M3 TAKMX METOJIOB ABJIAETCS MeToJ 00001eH-
HBIX (DYHKIWA, 6a3upyOMAiics Ha MTOCTPOSHUN (DyHTAMEHTATBHBIX PeITeHuit
yPaBHEHUl JBUKEHUS CPEJbl NPHU JEHCTBUM MMITYJIbCHBIX COCPEAOTOYEHHbBIX
HUCTOYHUKOB, OIMUCHIBAEMbBIX CHHIYJIIPHBIMU 0000IIEHHBIMU (DYHKITUAMU. 3HA-
HUE TaKUX PeIneHuil Mmo3BoJiser pemarb KPaeBble 3aJa4M /I TaKUuX CPejl B
OJTHOCBSI3HBIX W MHOTOCBSI3HBIX O0JIACTSIX CO CJOYKHOW reoMeTpueil TpaHull Ha
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[Ipeobpazosanne Pypoe DyHIAMEHTATBHBIX ... 15

OCHOBE TE€OPHUU TOTEHINAIA, METOAA 000DIEHHBIX (DYHKIUI, METO a TPAHUY-
HBIX 9JIEMEHTOB W T.II.

3J1ecb Ha OCHOBE TPsMOro npeobpaszopanusi ypbe ypaBHEHUI JIBUMKEHUS
cpensl M. bro mpum AeficTBUU MMITYJIbCHBIX COCPEIOTOYEHHBIX HMCTOIYHUKOB
crpourca npeobpazopanne Pypoe dynjgamenTaabubix perneduii. [Tockosbky
dbyHIaAMEHTATFHBIE PEIEHNsT YPABHEHUH OMPEIEIsIOTCS C TOYHOCTHIO 0 pe-
IIIeHNI OJHOPOIHOM CHCTEMBI ypaBHEHMIA, mX 06001mennoe mpeobpasopanne Dy-
pbe onpesiedeT Mesblii KJIacC OPUTHHAJIOB C PA3JIMYHBIMA aCUMIITOTUYCCKUMA
ceofictBamu. i Beigesiennst (pusnteckoro pyHIaMeHTaaIbHOTO PENIeHUs, VI0-
BJIETBOPSIIONIErO YCJIOBUSAM M3/aydenus (Tenzopa ['puHa), mpoOBOANTCS PeryJis-
pusarus 3Toro npeobpasosannsg. Iloctpoennas TpamcdopmanTta Pypbe 3TOr0
TEH30pa MO3BOJIAET CTPOUTH OPUTHHAJBI (DYHIAMEHTAJTBHBIX PEIEHNN B HECTA~
[IMOHAPHOM CJIyYae U MPU CTAITMOHAPHBIX TAPMOHUYECKUX KOJIe0aHUAX, a TaK-
2K€ JIjIs MPOCTPAHCTB Pa3HOl Pa3MEPHOCTH, YTO MMO3BOJISIET UCIOJIb30BATH UX
JlJIsl UCCJIe0BaHUS ILJIOCKOW U MPOCTPAHCTBEHHOI jiecbopmariuii gedpopmupye-
MbIX TBEP/bIX BOAOHACBIIIECHHBIX CPEI.

1. IIAPAMETPHI I YPABHEHUS JABUYKEHUS CPEJILI M. B1O

VpaBHeHns ABUKEHWS OJHOPOTHON M30TPOMHON JBYXKOMIIOHEHTHON Cpe-
et M. Buo onmmceiBaioTcst ciieayommeit cucTeMoii TunepboInaecKnx ypaBHeHn
BTOpOrO Topsiaka [1], [2]:

I (A + p) grad div u® 4+ pAu® + Q grad divu’ + F* (2,t) = p114i® + praii?,

(1)

Q grad divu® + Rgrad div uw + Ff (z,t) = p1oti® + pggﬁf7
rme * € RN, t — Bpems, u®(z,t) — BeKTOp mepeMeIneHuil yIpyroro ckKeieTa,
uf (2,t) — BekTOp mepememenmit KugkocTH. KOHCTAHTEI p11, P12, P22 UMEIOT
Pa3sMepHOCTD IVIOTHOCTH U CB3aHbI C INIOTHOCTBIO MACC Pg YACTHUIL, CIATAIOIINX
CKEJIET, U IJIOTHOCTBIO JKUJIKOCTU P COOTHOLICHUSIMU:

p11 = (1 —m)ps — p12, pa2 = mpy — p12,

e m — mHOPUCTOCTh cpejbl. KoHcTanTa npucoemHEeHHO IJIOTHOCTH P12 CBS-
3aHa C JUCIIEepPCHUell OTKJIOHEHUS MUKPOCKOPOCTEH YaCTHIl KUIKOCTHA B IIOpax
OT CpeJIHel CKOPOCTHU MOTOKA KUJIKOCTU U 3aBUCUT OT I'€OMETPUU 1OP. 3J1eCh
N — pasmepuocts npoctpamctsa. [Ipu N=1 ypaBHeHUs ONMUCHIBAIOT JHHAMUKY
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16 JILA. AJIEKCEEBA, E.B. KYPMAHOB

MTOPUCTBIX CTEPIKHEN, TIPH TLIOCKOH medbopmanmu N=2, ob1meit mpocTpaHCTBEH-
Hoit nedpopmaruu coorBercrByer N=3. [IpoBeieHHbIE HIXKE TTIOCTPOEHUS BEPHBI
U JIIsi TPOCTPAHCTB O0JIbIeli Pa3MEePHOCTH.

Koncranter A, ¢t — mapamerpsl JlamMe n30TpomHOro ympyroro ckejera, a @,
R xapaxrTepusyloT B3aumMO/e€lCTBHE CKeJIeTa C YKUJKOCTHI0 HA OCHOBE 3aKOHQ,
buo nnsa manpsxennii:

055 = (Aakuk + QakUk) 5@']’ + N (a,ul + 8jui) , (2)
o =—mp = ROU + Q0Oruy.

Bnech p(z,t) — nasiaenue B XKUIKOCTH, Of = %.

2. TIOCTAHOBKA 3A71AYM. TEH30P 'PUHA CPEALI Buo

Tenzop I'puna — 310 MmaTpuna GpyHaMEHTAJIBHBIX PEITeHMi
Uz, t) = {Uf (w,t)} (Lk=1,..,2N),

k-writ cTonberr KOTOpOil aBjisieTcs perrenneM cucreMbl (1) mpu eficTBuu mM-
My/IbCHOTO COCPEIOTOYEHHOT0 NCTOYHWKA, OTMCHIBAEMOTO CUHTY/ISIPHBIMEU 0000-
IMIEHHBIMU CHJIAMU C TTOMOTIBIO §-(DyHKIAN:

Fy=0(2)0(t)8", Fry=6()st)oly, j=1,..N, k=1,.2N.

IlepBbie N KOMIIOHEHT KaKJIOI'O CTOJIOIA OIUCHIBAIOT IEPEMEINEHUS yIPYToit
KOMTIOHEHTHI, caeaytorine N KOMIOHEHT ONPEIe/IsTiOT CMEIEHUsT KU TKOCTH.
st ero mocrpoenwst 3anuiiem ypasHenusi (1) MOKOMIOHEHTHO:
(A +n) Uyk,ji + ”Ui]?jj + QUJ"C,;;N + 5(@5@)5? = pllUiIgvtt +P12Uik+N (3)
QUE, + RUS TN +6(x) 6 (1) 68, v = praUF,ue +p2aUftY,
j=1..N, k=1,...,2N. 31ech 110 TOBTOPSIOIINMCS] WHIEKCAM BCIOJy TPO-
BOJINTCS TeH30pHasi cBepTka or 1 1o N. B mHaekcax mocJje 3amdToii mojpa-
3YMEBAIOTCA YaCTHBIEC TTPON3BOAHBIE TI0 COOTBeTCTByIOH_[efI HpOCTpaHCTBeHHOﬁ
MepeMEeHHO WU BPEMEHH.
Tenzop I'puna mo/12KeH yI0BIETBOPITH CJIEAYIOIIUM YCIOBUAM W3JIYICHUS:

Uz, t)=0 t <0, (4)
U(z,t) =0 t>c.
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3/ech ¢ — MaKCUMAIbHAA M3 TPEX CKOPOCTEH PACTPOCTPAHEHWsT BOJH B CpeJIe
buo, koTopbie paBHBI

a1+ o¢2—4a20¢3 a1—\/a2—4a2a3
C% == % ) C% = % o G3= L2t < (5)
Q2 @2 (011922—1012)

2 2
ar = (A+2p) peat+Rp11—2Qp12, a2 = pripz2—(p12)”, a3 = (A +2u) R—Q".

[TepBble aBE OMUCHLIBAIOT CKOPOCTHU PACIIPOCTPAHEHH JIBYX TUIIOB ITPOIOJIb-
HBIX BOJIH (IH/IATAIIHOHHBIE BOJTHBI ), KOTOPBIE PACITPOCTPAHSAIOTCA B ¢peje Buo.
Bropyo, 6oiee MeaIeHHYIO BOJHY HA3BIBAIOT BOJIHOI MEpEyNakoBKH. TpeThbs
CKOPOCTH COOTBETCTBYET MONEPEYHBIM BOJIHAM (BOJIHBI cABUra), npu pig = 0
OHA COBIAJAET CO CKOPOCTHIO PACHPOCTPAHEHHS MOMEPETHBIX BOJH B YIPYTOM
CKeJIeTe.

BBesem cKOpoCTH IPOIOIBHBIX BOJTH B YIIPYTOil KOMIIOHEHTE:
A+ 2u R

)

cr =4/ —.
P11 ! P22

Cg —

[TepBast CKOPOCTH COOTBETCTBYET MPOJOILHBIM BOJHAM B YIPYTOM CKEJIeTe,
BTOpad — B UJCaJbHON CXKUMaeMON KUIKOCTH.

Buanue Tenzopa ['puna mozsoager crpourh pemenus ypasHenuii (1) npu
[IPOM3BOJIBHBIX MACCOBBIX CHJIAX B BHJIE CBEPTOK B IPOCTPAHCTBE 00OOIIEHHBIX

byt
2N ' 2N ]
usi = Ul *Fj,  up=Y» Ul y*F;, i=1,.,N. (6)
j=1 7j=1

Tpebyerca nmoctpouts Ter3op I'puna jaa cpeast buo. [Iasg aToro ucmosb-
gyem amnmapar npeobpazopanus Pypre 00001eHHBIX DyHKITHI.

3. IIPEOBPA3BOBAHUE PYPHE ®YHIAMEHTAJIbHBIX PEMIEHUN U UX JIU-
BEPTEHIIUI

IIpamas u obparHas dpopmyasl npeodbpasoBannsg Pypbe s peryaspHBIX
dbyHKIUT TMEIOT B

PlEw) = [ o(x,t)e(Ea)ren gy

RN+1

o (2,1) = Gowmr [ P(wt) e (0D deda.

RN+1
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18 JILA. AJIEKCEEBA, E.B. KYPMAHOB

Itst 06001enubIx pyHKIIT

(f,9) = (£,9), (7)

rae & = (&1,...6N) ,w — napamerpsl npeobpaszosanuss Pypbe 10 KOOpAMHATAM
u Bpemenu, dr = dxi...dz . CpoiicTBa mpeobpazoBanus Pypbe MpOU3BOIHOIN:

0
& —i;, 5% —iw (8)

(%cj

MO3BOJISIIOT — mepeiiTi or  audbepeHnuanbueix  ypaBHenuit  (3) K - as-

—k
redpamvdecKuM TEeH30DHBIM ypaBHEHUSAM J1s TparchopmanTsl Pypre U

— () &84T — p ||5||2U§ — QU N+
+P11wzﬁ? + p12w2U?+N + 5;? =0,

~QegiaU; — R&UL, y + praw?Ts+
Fposw?Tho g+ 08y =0, jI=T,N, k=T1,2N

Cucremy ym00HO MPENCTaBUTH B BUIE

— (A + ) &0F — €17 UF — Q€05 + pr1w?UF + prow?UF, v + 6% =0,

(10)
—Q&;0% — RE;0% + prow?UF + poaw?UF, v + 65,y = 0,
e 0% = @U?, 49]/3 = QU?HV. OueBuno,
—i0F = F[O;Uf], —ibf = Fo;Uf, y]. (11)

ITockonbky Marpuiia dyHIaAMEHTAJIBHBIX PEIIEHN HEOHO3HAYHA, OIIpe/ie-
JITETCT C TOYHOCTBIO JO PeIleHns OJHOPOIHON CUCTEMBI YPaBHEHU!, pellenme
cucrembr (10) me saserca 0600meHHON (DyHKIUEH, HO ONpemesnsier Iebit
kjiacc hyHmaMenTanbubix perernit (1). g moctpoenus rersopa ['puna Tpe-
Gyercst perynsipuzanus pemennst cucrembl (10) B COOTBETCTBUU C yCa0BUAMU
N3y IeHU.
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4. ONPEAEJEHUE TPAHCO®OPMAHT JMBEPTEHLINI NEPEMELIEHWM
YIPYION M »KUJKON KOMIIOHEHTHI ®YH/IAMEHTAJIbHBIX PEILIEHUIA

Bsenewm ciaenmyrormmue yHKITAN:
1 1
=———— [k (§w) = , .
G llE)* — w? wi (cgugy\? —w2>

Jor (&, w) (12)
JIEMMA 1. Tpancgopmanrer Pypbe quBupreHimuit
—ieé( = F[ajU]k]v _Z.@%{ = F[ajUjk+N]

MOKHO HPEJCTABATH B CJAEJYIOIIEM BHJE:
mpu k=1,N
0% = —D1& (bs1 for (&, w) — bsafoz (€,w)),

9’]‘5 = —D1& (bifor (§,w) — brafor (§,w));
apu k = m
0% = —&_n D1 (b1 for (€, w) — byafoa (&, w)),
0f = —&k—nD1 (ds1 for (& w) — dsa for (&, w)) -
3/1ech KOHCTAHTBI BHIPasKafoTcs depes napaMerpbl cpeasl Buo ¢popmynamu:
Dy = {az (i - Cg)}_l ’
bs1 = p22 (¢} — i), bz = paz (¢} — 3)
bf1 = (,0120% - Q) ) bf2 = (plQC% - Q) )

ds1 = p11 (C% - Cz) , ds2 = p11 (C% - C?) .

JJOKABATENLCTBO. Cucremy (12) ymuokuM Ha &, CREDHEM T10 j U TOJTY9HM
CHCTEeMY W3 JIBYX ypaBHeHwuit [1s ompemesnenus 0F 0’;:

(prw? = A+ 20 IE)”) 05 + (pro? = Q€N 0% = —3%e,

(p1ow? = QUEI) 05 + (poo® — RIEI?) 05 = ~0kinse  (13)
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OmpemennTens 3TOW CUCTEMBI PaBEH
Do(€,w) = az (S [IE]* = w?)(e [I€]17 = o). (14)

[Mocrpoum pemenne (13) npu k& = 1, N (geiicTByiomas cuia B ynpyrom
CKeJjieTe):

(= 20 1P + p1iw?) 85 + (prows? = Q €)1?) 8 = —o¢;;,

2 2
(12w = QUEI) 0% + (pases® — RIEI?) 05 =0, k=12
Paspertiast 3Ty cucremy, ¢ yaeToM BBEJIEHHBIX 0003HAUEHUN MOy THM

g Gl RIED
" o (Gl - A7 - )

ag (¢f = 3) Gl —w?  (GlEIP - w?)

= —D1&(bs1.f11(€, w) — bsa fo2 (&, w)), (15)

! Ek(pr2w”® — Q|€]1%)

1™ g (PlER =) (@lIE? —w?)

_ &k { br1 B byo )
T—c3) el —w? )P - w?

= —D1&k(by1 f1r(&,w) — bpafo2(§,w)). (16)

IMoctpoum pemtenne (13) mpu k = N + 1,2N (zmeiicTByromias Cuia B KUIKO-
cTH):
(= +20)[[€]17 + pr1w®)85 + (pr20” — QIE]I*)8F = 0,

17
(pr2w® — QIEII*)0% + (p22w?® — R|IE)1*)0F = =35, v, 1o
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rne k=3,4, j=1,2,

B (e — QUE)

% =0 = IR - AIERE — )

_ &N ( p2ci—Q  prci-Q |
wr (D) NP —?  GIEP — )

= —&—ND1(bs1 for(&, w) — bpafoa (€, w)),

o NGO 2l + puw?)
By =05 = _

~az (lE]? ~ w?) (Bl - w?)

_ &N (011(0% —c)  pul(d—<) ) =
az (cf —a3) > —w? (€] — w?)

= —&—nD1(ds1 fo1 (&, w) — dsa fo2 (€, w)).

JlemMma jokasaHa.

JIEMMA 2. /lna k = 1, N umeer MeCcTo CeayIoIee pas3ioXKeHHe:

A &k
et~ w2 stfor — heafon = hesfos},

k
eif_é;k{h f —h f 1+ h f }
w2 —C§H§H2 T2 f2J02 fiJo1 f3J035,

riae

B — Dibsic? D1P22C%(C?_C%) By — Dibsac? D1P22¢§(C?—C§)
sl — s2 — (cg—cg) - (Cg_cg) )

(3—ct) = (g-<f)
2
. leflcf _ 9 Dibyy
2 (2-3)(3-a4) hyr = (c%—c? A CESE

h 3= pzzC§ Cf_cg

3 =

h _ lefgc% _ 02 lefg h Cg C§P12*Q)
Pr(E-d) T 2(E-a) T wa(d-d)(d-a)

CS —C1 0370
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JTOKA3ATEJILCTBO. Ucnonb3ys dopmysist Jlemmbr 1, nosyanm

0% = D&, bs1 _ bsa 1 _
(cBl€l1*—w?) (3gl*—w?) (BlelP—w?) ) (Blgl*—w?)
= D& bs1 it _ & _
(B3—c})w? \ (BlIEP—w?) (Blgl1*—w?)

b 2 2

_ 52 ) _ €3
(B—c3)w? \ (BliEl*—w?)  (cBllglI*—w?)
o bslc% . bs2C§ _ bs1 _ bs2 ﬁ
_Dlgk{(cg_c%)wngI (cg—cg)uﬂfOQ <(c§jc%) (Cgicg) w2f03 )
bs1 _ _ __bsa p22(cj—ci) _ paa(cj—c3) _
@-a)  (@a) ~ (2-a) (@-2)
poo{(d—c3)(c}—c3)}
p— pr— hSS'

(G—cf)(G—c3)

C yueroM BBeJEHHBIX 0003HATEHMI /1T KOHCTAHT, OTCIOA CAeAyeT IIepBasd
dopmyia JIeMMBbI.

Amamornumo J0Ka3BIBAETCSA BTOPas (GOPMYTIa JTEMMBEI.

JIEMMA 3. /lnss k = N + 1,2N umeer MecTo CAEIVIOIIEe PA3IONKEHHE:

ok §k—N
S — h/ f *h, f *h/ f }
2 { sl 01 s2 02 s3 03¢ >

(Bler? —w?)

ek

f - gk {h, B /
S = 5 AW for — Wyafoo — W3 fos}
(Blel? -w?)

IJie BB€/ICHbl KOHCTAHTDbI:

/ _ ch%bfl / _ chgbfg / _ Cgbfg _ 2 _

s1 — (Cg_C%)v 52 (cg_cg)’ s3 — OQ(Cg_C%)(Cg_C%)a bf3 = p12€3 Q,
/ _ leflc% / _ lefgcg h/ _ C2 bfl o bf2

L (g-a)” T (=) BT B\ (E-4) (3-4) )
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JOKABATEJIBCTBO.
ok b b
s — D _ f1 _ f2 1 —
@ler=or) — D1éke-n ((c%|5||2—w2) (c§5||2—w2)> (Aliel”—?)
b b
= D _ f1 — f2 =
18k-N (@llelP—w?)(BlelP—w?) — (Gl —w?)(AlEP—w?)
b c? c2
=D _ f1 1 _ 3
18- (@-)w? \ (GleP—w?) — (ZlEl*—w?)
by & _ &
(@-3)e? \ (GleP—?) ~ (BlEl*—w?)

2
1

_ beC% . bfl _ bfg é
o fo1 ~ (@ gju fo2 ((c%e%) <c§c5>>w2f°3 '

C yderom BBeeHHBIX 0003HAYEHUIT OTCIONA CJIelyeT mnepBast (POPMYJIa, JIEMMBbI.

AmnajornuHo moydaeM BTOPYIO pOPMYITY.

bric
== Dl&k*N { (Cgilc%

ok b 5
I S— = —D f1 _ f2 1 _
(w2=c3li€l) 18k ((c%||5||2—w2) (c§£||2—w2)> ChEES
b c2? 2
=D f1 : _ 2 B
18 { (3—cf)w? ((C%IIU—wQ) (c§||§||2—w2)>
_ bya C% o cg .

(B—c3)w? \ (BllEl*—w?)  (cBligl*—w?)
__ bicy __ bach (b b ) A
= Dlgk { (cg—c%)uﬂ fOl (cg—cg)uﬂ f02 (c%—c%) (cg_cg) w2 f03 )

(2~ Q) (pr3 Q) _ (3~ 3) (o2~ Q)

bypp b _ = I
(G—c) (E-a) (E-d) (3-4d) (3-)(E-4) 7
5. IIPEAICTABJ/IEHUE TPAHCO®OPMAHTH OYPHE Uf
TEOPEMA 1. Tparcpopmanra Pypbe U? uMeeT BHJT

j=1,N, k=1N,
U? = &€k B1fa1 + Bafor + B3 faz]) + %2225;?1303,
(19)

(pi1 — ) po 1

—k
N = &€kl far — 2 fae — V3 fas) Qaci o agcy w?
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j=1,N, k=N+1,2N,

7? = &i&k-nN [Bfo1 + Bafo2 + Bsfas] — &2 ]2+Nf037 20)
U§+N = §&k—N [11fa1 — v2f2e — v3fas] + (32272;)]0 3

e
D 2
B = 22 (a1 (3-33) - Zbp),
(32
B2 = % (;%bfz —dy (cf — c%)) ,
_ p22c3 B 9
Ps = a2(ﬂ11022—p%2)(%—C%)(cg—cg) (pzz bs — di (cf C3>) .
dy = (A4 p) p22 — Qp12) , do = (Qpaz2 — Rp12), d3 = (p11R — Qp12),
<Q1bf1 + q2p22 (C?c - C%)) ;

1)
Yo = ( ) (q1bg2 + q2p11 (3 — ¢2)),

_ chl
71 - g (C —C

B = ey (@b e (G- 3)).

Q@ =—p Hf”QQ +(Qp11 — A+ 1) p12), @2 = (puR— Qpra) — || R,

B = ey I = 1%

aras(

HOKA3ATE/ILCTBO. Tpaucdopmanty Terszopa ['puHa MOXKHO ONpeeuTh U3
ypasaenuii (12), 3anucas ux B Buje

—k —k
Cﬂwaﬁ+pwﬁ>U‘+ﬂmﬁUﬂN::«A+ka+Q%>®—ﬁk (21)
p12w U + p2ow U]+N = (QGk + R«9f> & — ]+N’

r7le TIpaBasi 9acTh ypaBHEHWI ompejeneHa Boimre. OTCI0a TOJYIUM I | =

N, k=1,N:

% Ds1j0 + Dpj05 + Dy Dsoj0f + Dy + Dy, -
a 2(,2_ 21en2) JEN o, 2 2qen2)
oW (w —c5 ||€]| ) QoW (W —c3 €l )

Ds1j = (A + p) p22 — Qp12) &w?,  Dy1j = (Qpaz — Rpi2) &w?,
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Dazj =~ €% Q& + Qo1 — (A+ 1) pr2) €00”,
Do = (p11R — Qpi2) £w? — w|€]® RE;,
Doy = (5§+NP12 — 5;?,022) w?, (23)
Dozj = (M [ p11w2> 0 N — p1aw?o}.

Jist BOCCTAHOBJIEHIMS OPUIMHAJIA AHAJIOIMYHO UCIIOJIb3YEM PA3/I02KEHUE HA 11PO-
creie 1pobu kaxaoro caaraemoro B (20). as sroro socmoansyemcs Jlemmoii

1:

i D8O+ a0} + (6 e — S
J
s (w2 = 1))

_ A §k d2§g &c

5 {hs1for — hsafoa — hs3fos} +
Qa9

5 {hp2fo2 — hyrfor + hysfos} +
p226®  p1ad®, d1£;€, | D1c2bsit D1 c3bs
+<a; T e o= 0 |ty Jo g foe

p2203(0f - 03) ] dejfk [ch2bf2
)fo

042(03 - C%)(C3 ) aw? (03 2)

Jo2—

chlbfl f01 C%(C%pm - Q)
(E-) az (5 — cf) (e} — c3)

[)22(5;»C /3125;?+N Dl)OQQC% 2 2 da
_ — == |d — — b
+< a s Jos = &%k 5 2w?(c§ — ¢f) ey — <) p2z ! fort

D1 paac? d
1 22 2 2) ( 2 bet — dl(Cf - C2)> f02+

fos |+

o2 )
asw?(c5 — c5) \ p22

2
+ 522632)( o (Cb(mzcg — Q) —di(cf - C§)> Jost

asw?ag (c3 —cf)(cs —c3) \ p22

ok &%
+ <p22 p12a]+N) fo3 = &&k[B1fo1 + Bafor + B3 foz]+

a2
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a2 (6%

p226%  p1ad —k
+< i J-I—N)ng:Uj'

s j=1,N, k=N +1,2N

o &0+ a8+ (ullglP — pnw?) oF, - prawot

J+N =
ax? (B lE)* - w?)

_ 1&&—N {hs1for — hs2 fo2 — hss foz}+

Qow?

QQEka {hsifor — hyafor — hysfoz} +

po q1&iék-nN D101bf1
Jo1—

1 2
+—F & — 1) —

203 Qo ciw? ow?

_ Dicibys for A3t(p12c3 — Q)
as (5 — cf)(c3 —c3)
02&i&k—n | Dictba
+ ) 7 2
Qow (c5 — 1)

fo3 |+

Dipricy(cs — c?)
(3 —c3)

for =

C3,011(Cf )

2

1 15
- f03(C§,011 —p) - —— =
Q2 (C3 - 01)(63 - Cz) asc} 2

a203 aaciw?

Jo3

ch%
aow?(c3 — c3)

2
D102

Y% (b + gep1a (R — ¢2)) for—
w2 (F — gy bz a2pul(e; — ) fon

= &i&r—n| (q1bp1 + q2bst) for —

2

3 2 2 2

- ;s — Q)+ c3—¢C +
0420.]20[2 (Cg — C%)(CQ 62) ((h(pl? 3 ) qull( 3 s))f03]

3 2

1
+a262 fos (G3pi1 — ) — = &i&h—nN 1 f21 — Y2 fo2 — 3 fas] +
3

agc3w2

I

2

1 2
+—F c —p) - —=
(mcg fo3 ( 3P11 M) 22

w?’
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6. O BOCCTAHOBJIEHUU OPUI'MHAJIOB ®YHIAAMEHTAJIbHBIX PEIIEHW

TTockombky mocTpoeHHas TpancdopMmanTa onpenesiser (pyHIaMEHTATHHBIE
peIleHns ¢ TOYHOCTBIO JIO0 PeINIeHUsl OJHOPOIHON CHCTEMBbl ypaBHEHWH, sl
BOCCTAHOBJIEHUS OPUTHWHAJIA CJIEIyeT HUCIOJIb30BATH YCJIOBUSA W3JIy9IEHUsI, KO-
TOPBIM JIOJIZKEH YJIOBJAETBOPATH TeH30p I'prHa U]’»“(x, t):

k _ .
UJ($,t)—O, t<0,

U]]-“(x,t) =0, |z| > max{cit, cat,cst}, t > 0.

Bamernwm, uto seejsennbie B (12) dyukuun for (§,w) asagiorea TpancdopMan-
tavmu Oypbe pyHITaMEHTATBHBIX PEIIeHUil BOTHOBOTO YPABHEHU ST

52Dy,
o2

— A, = 6(2)(1),

dbyHIaAMeHTATBHBIE DeIIeHHsI KOTOPOTo, YAOBJIETBOPSIOIINE YCIOBUIM U3y de-
HUA
Qop(x,t) =0 mpu ¢t <O0ul|z| > ct,

xopomto u3BecTHbl. Oynkimsam for(§,w) ¢ TakKUM Ke HOCHTENEM 110 BPEMEH!
COOTBETCTBYIOT CBEPTKU II0 BPEMEHMU:

Dop(z,t) = Prx(x,t) % H(t), Pix(z,t) = Pox(x,t) ¢ H(t),

riae H(t) — dyukuua Xesucaiina, npeobpasosanue @ypbe KOTOPOR Onpe/ieisi-
eTCst Yepe3 peryaspusanuio OyHKInT %:
1

B (@)= T

(24)

Bus stux dyukimit 3apucut ot pazmeproctu npocrpancrsa N. Ha stom mbr
OCTAHOBHMMCH B IIOC/E/YIOIIel CTaThbe i HPOCTPAHCTB pasmepHoctun N =
1,2, 3.
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Alexeyeva L.A., Kurmanov E.B. FUNDAMENTAL AND GENERALIZED
SOLUTIONS OF MOTION EQUATIONS OF TWO-COMPONENT BIOT’S
MEDIUM

1. FOURIER TRANSFORM OF FUNDAMENTAL SOLUTIONS AND
THEIR REGULARIZATION

The two-component Biot’s medium, containing an elastic and a liquid
components are considered. To determine solutions of the motion equations
of this medium, the generalized Fourier transform of fundamental solutions
are constructed. They describe the motion of a medium under the action
of impulsive lumped sources. To construct Fourier transform, the divergent
method has been used, which allows, at first to determine the transformant
of the divergence of displacements of elastic and liquid components, and
then to obtain a solution of the system in the Fourier space. Since the
fundamental solutions of differential equations are determined up to the
solutions of a homogeneous system, their generalized Fourier transform defines
the class of originals with different asymptotic properties. To isolate a physical
fundamental solution that satisfies to radiation conditions, the regularization
of this transformation has been performed. The restoration of the original
depends on the dimension of the space (N = 1,2,3) and will be proposed in
the continuation of this article.
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Aekceea JI.A., Kypmanos E.B. M. BIIO EKIKOMIIOHEHTTI OP-
TACBIHBIH, KO3FTAJIBIC TEHAEYIHIH ®YHIAMEHTAJI/Ibl KOHE
2KAJITIBIJTAHFAH MMEINIMAEPI. 1. ®YHIAMEHTAJIIBI TTEIIIM-
JAEPIIH ®YPBE TYPJIEHAIPYI 2KOHE OJIAP/IbIH PET'YJIAPU3AIIN-
SACHI

CeprimMzi »koHe CyibIK KOMIIOHEeHTTEpAeH Typarbin M. Bro ekikoMmonent-
Ti opTachkl KapacThipbliagbl. OChl OPTAHBIH KO3FAJIBIC TEHJEYJIED KYHeciHi
IITENTM/IEPIH TYPFBI3Y MAKCATBIH/Ia UMITYJIBCT] MMTOFBIPJAHTaH MIBIFY KO3/IeP/IiH
ocepi Ke3iHeri OpTaHbIH KO3FAJIBICHIH CAMATTANTHIH (OYHIAMEHTA I IIEIITiM-
nepain, Oypbe KajmmbuIaHFaH TYPAEHAIPYl Typroi3buiagnl. Pypbe Tpancdop-
MAaHTACBIH TYPFBI3Y VIMH aJIAbIMEH CYUBIK *KoHE CepIiM/ii KOMIOHEHTTEPIIH
AyBICTBIPYJIAP JIUBEPIEHIUs/IADBIHBIH TPAaHCPOPMATAIAPHIH AHBIKTAYTA, OaH
keitin @ypbe Gelinesiepiniy, KeHiCTIriH/e XKYyiie/ie MIeNiMiH TyPFbI3yFa MYyMKiH-
JiK OepeTiH JUBEPTEeHTTI d7iC KOJAJAHBLIAL. TeHmeyaepain dyHIaMeHTAIIbI
meriMaepi GipTexTi TeHjgeyep KyHeciHiH Tmiermimaepine geRiHTI IOJITIKIEH
AHBIKTATATBIHABLIKTAH, oapAbliH Pypbe KaambLIaHFaH TYPJIEHIIPYl opTypJi
ACUMIITOTUKAJIBIK KacueTTepi 6ap TymHyCKaIap blH TyTacTail Oip K/IachbliH aHbI-
kraiiner. Coyneneny (I'puH TE€H30PBI) MAPTHIH KAHAFATTAHIBIPATHIH (DU3UKA-
JIBIK, (DYHIAMEHTAIIbI IemiM/l 66T aLy VIMH OChl TYPJICHIIPY/IiH PeryJisd-
pu3anuachl Kypriziared. TymHyckanbl KaiiTa KaJaOoblHA KeATIPY ECEeNTiH oJI-
meMirrine 6aityIaHbICTBl 2KOHE OChl MAKAJIAHBIH, YKAJFACHIH/A YCHIHBLIATHIH
00IaT5I.
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AnHoTauusa: Viccneayetca nuHeliHas HenokanbHas KpaeBas 3ajada ANs WHTErpo-
andpdepeHymanbHbiX  ypaBHeHUiA cobonesckoro Tuna. PaccmaTtpuBaemas 3apgaqa
CBEJIEHa K 3KBUBANEHTHON 3ajadve Ansi runepbosnyeckoro ypaBHeHUs C napamerpamu
N WHTErpasibHbiMn YyC/a0BUAMMN. ﬂpep,naraeTcsl AJITOPUTM  HAaXOXAEHUA peweHns
NOSIYYEHHON 3KBUBANEHTHON 3aAa4X U YCTAHOBJEHbI YCAOBUS €ro CXOAMMOCTM.
Monyyenbl ycnoBmst paspewiMocTy HENOKasbHOW KPAeBOW 3ajayu ANS UHTErpo-
anddepeHunantHbix ypaBHeHUii COBONEBCKOrO TUNa B TEPMUHAX UCXOAHBIX AAHHbIX.

Kntouesble cnoBa: Wuterpo-guddepeHunansHoe ypasHeHne cobonesckoro Tuna,
HENOKaNbHas 3a4adva, aAropuTM, NapameTp, PaspewnmMocTb.

1. BBEAEHUE, TTOCTAHOBKA 3AJTAYU

IIpu wuccnenoBanmu pa3/MYHBIX POIECCOB XWMUU, OMOJIOruu, (PU3MKH,
JUHAMUKE II03€MHBIX T'DYHTOBBIX BOJI, 9KOJIOIHH, (DHHAHCOBON MaTeMaTH-
K1 1 JAp. BO3HUKAIOT KpPaeBbl€ 3a/a4n C HEJIOKAJIbHBIMU YCJIOBUAMMU JIJIA
nHTErpo-anddepeHImaIbHbIX YPABHEHUI B YaCTHBIX MTPOU3BOIHBIX TPEThe-
r0 U YETBEPTOrO MOPSIKOB. BONPOCH CyIECTBOBAHUS, €JUHCTBEHHOCTH De-
MMIEeHWsT HEJOKAJIBHBIX 3a7ad [Jid WHTEerpo-audOepeHnnaibHbX yPaBHEHUN
rUnepOoINIecKOro THIA PACCMATPUBAINCHL B paborax [1]-[8]. Ycramosiensr
ycCiioBud DPA3PEMINMOCTU 3a/a9 C HEJOKAJbHbIMU YCJIOBUAMU JJIsd WHTETPO-
muddepeHnuaabHbIX yPABHEHU T THIIEPOOJINIeCKOT0 THIIA TPETHEro U YeTBep-
TOTO TTOPAJIKOB. OTMeTI/IM7 YTO MU3BECTHBIEC METO/AbI DEIMICHUNA KPaCBBIX 3aJa4
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JUIsT ypaBHEHWH B YACTHBIX MPOM3BOAHBIX HE BCErVIa TPUMEHUMBI K HCCIIe-
JIOBAHUIO HEJIOKAJbHBIX 33/a9 C WHTErPAJbHBIMU YCJIOBUSAMU [IJisi WHTErPO-
muddepennnraabHbIX ypaBaenuit runepbouaeckoro tumna. [losromy Bo3nnkaer
noTPebHOCTh MOIM(DUKAIINN U3BECTHBIX METO/IOB U pa3paboTKU HOBBIX IM0JIXO-
JTOB DEITIeHns] HEJOKAMbHBIX 33/[a9 ¢ WHTErPAJbHBIMA YCJIOBUSAMEU. JacTo mc-
[0/Tb3yeMbIM U HauboJjIiee eCTECTBEHHBIM IIOX0/IOM SIBJIIETCS CBEJIEHUE HMCCJIe-
JLYEMBIX 33/1a9 K U3BECTHBIM KPAEBBIM 3a/1a9aM JIJisi TUIePOOIMIeCKUX ypaBHe-
HU BTOPOTO TIOPSITIKA, TSI KOTOPBIX Pa3pabOTAHBI METOIHI PEITIEHN ST, YCTAHOB-
JIEHBI YCJOBHUSI PA3PEIUMOCTH, U3YI€Hbl KATEeCTBEHHBIE CBOWCTBA PEIIeHu u
T.71. Ha coBpemerrom sTame akTyaabHOCTH TPHOOPETAIOT HETOKATBHBIE 3a,adH
C WHTErPAJbHBIMU YCAOBUSMU I UHTErpO-IuddepeHInaj bHbIX YPABHEHTT
B 4acTHBIX npou3Bogubx [3]-[8]. B pabore [9] mcciemosanack HemokasibHast
KpaeBas 3aja4ya C WHTErPAJbHBIM YCJIOBUEM IO OJHON M3 MEPEMEHHBIX JIJIs
CHUCTEMBI TUIIEPOOTMIECKUX YPABHEHUI CO CMEITAHHON MPOU3BOIHON. YCTAHOB-
JIEHbI HEOOXO/IMMbIE U JIOCTATOYHBIE YCIOBUS KOPPEKTHON pa3pemuMOCTU WC-
CemyeMoil 33/1a91 B TEPMUHAX UCXOMHDBIX JAHHBIX W TPE/IOYKEHBI aJITOPUTMBI
ero Haxoxjaenus. B paborax [10], |11] paccmoTpena HemokaabHAs 3a7ada C
WHTErpajbHBIMA YCJIOBUSAMY JIJI CUCTEMBI Tunepbondeckux ypasuennit. [1o-
JIY9IEeHBI TOCTATOYTHBIE YCIOBHUST CYIIECTBOBAHNS €MHCTBEHHOTO KJIACCHIECKOTO
PeITeHnsT UCCAeyeMO 3aja4n B TepMUHAX KOIDDUITMEHTOB CUCTEMBI U siIpa
MHTETPATHHBIX CTAaraeMbIX.

B macrosrieit pabore uccienyeTcs HeIOKAJIbHASA 3a7ada s WHTErPO-
b depeHIMaATbLHBIX YPABHEHNIT B YaCTHBIX MPOUW3BOIHBIX TPETHErO MOPSIKA
C WHTerpaJibHbIM ycaoBueM. Ha ocHoBe Meroja BBejeHUS (DYHKITHOHATHHBIX
napamerpos [12], [13] u pesynbraros pabor [10], [11] ycranosrens! yciaosust
OJTHO3HAYHON PAa3PENInMOCTH PACCMATPUBAEMOIl 331291 B TEPMUHAX UCXOTHBIX
JTAHHBIX.

PaccmarpuBaerca  HesloKajibHasg — KpaeBasg — 3ajada  JJjsd  WHTErpo-
muddepennraabHblX  ypaBHeHHil  cO0OJIeBCKOro — Tuma B objiactu

QO =[0,7] x [0,w]

Pu 0%u 0%u
iogz ~ A0 g5 + Bt ga-+

502 C(t, x)% + D(t,z)u+ f(t,z)+

ox

T 0u(r, ) ou(r, x)
+/0 [Kl(T, x)w + Ko(T, x)aT + K3(7,x)u(r, x)|dr, (1.1)

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 2



O paspemumMocTi HeJIOKAJILHOM KPaeBoii 3a/a4un st UHTerPo- ... 33

T
u(0, x) +/ u(T, x)dr = p(z), z € [0,w], (1.2)
0
u(t,0) = ¥1(t), t 0,77, (1.3)
aug(;;x) o Pa(t), te0,7], (1.4)

riae dyuxkuun A(t, x), B(t,x), C(t,x), D(t,z), Ki(t,z), Kaot,z), K3(t,z) u
f(t,x) menpepoiBabl Ha ), dynkuua ¢(r) ABaxKab HEOpepbIBHO auddepen-
nupyema Ha [0, w], dbyukuun ¥y (t), 1¥2(t) nenpepoiso quddepennupyembr Ha

T
[0, T] u ynosaersopsior yeaosuio cornacosanus 11(0) + / P (T)dT = ¢(0).
0

IMycrs C(2, R) — npocTpancTBo HenpepbiBHbIX Ha ) dynkmmit u(t,x) ¢
HopMoit ||ullo = max |u(t, ).

)

Oyukunsg  u(t,z) € C(Q,R"), wumeomas dYacTHbIE [POU3BOJI-
t

ou(t, ) Ju(t, ) O?u(t, x)
—_— Q —_— Q — Q
u(t, x u(t, x
92 e C(Q,R), 51522 € C(Q,R), mHa3plBaeTCsa  KJIACCHIECCKUM

pemernem  3agadn (1.1)—(1.4), ecam oHA  yJOBJIETBODPSIET  UHTEIDPO-
muddepeHmaibHOMY  YPABHEHWIO B YaCTHBIX Tpou3Bogabix (1.1), wHTe-
rpaiapHOMY yeaoBuio (1.2) n kpaeseim yemouam (1.3), (1.4).

B Paszgene 2 myrem BBeseHUMs JONMOMHUTENBHBIX (byHKIUi 3amaqa (1.1)—
(1.4) cBOAMTCS K HEJIOKAIBHOI 3a/1a4e Jisi TUIepOOTNIeCKOro YpaBHEeH s BTO-
pOTo opsiJiKa C NapaMeTpaMu U MHTerpajbHbIMU cooTHOIeHnsMu. B Paznerne
3 mosiydyeHHas 3a/iada MeTOJ0M BBejleHUsT (DYHKIMOHAJIBHBIX TapaMEeTPOB Iie-
PEXOJUT K SKBUBAJIEHTHOW 3ajiade, cocrosineil u3 3aja4u 'ypca s rurep-
bosmyecKuX ypaBHEHHUil ¢ mapamerpamu, 3ajadu Kommm s 0OBIKHOBEHHBIX
nuddepeHimaabHbIX YPaBHEHU U WHTErpaibHbIX cooTHorneruit. [Ipeamoxen
AJITCOPUTM [TOCTPOEHUs TPUOJINKEHHBIX PEIIEHU 10Ty YeHHON KBUBAJIEHTHOI!
zagauu. B Pazjesne 4 ycranosiienbl yCjaoBusi Pa3perImMOCTA HEJIOKAJIBLHON 3a-
ngaan (1.1)—(1.3) u cXoauMOCTh MPEIOKEHHOTO ANITOPUTMA.

2. TIEPEXO/I K HEJIOKAJIbLHOW 3AJIAYE JJIsl TUTIEPBOJIMYECKOTO YPAB-
HEHHUS C TAPAMETPAMU Y MHTEMPAJIbHBIMHA COOTHOIIEHUSIMUA

Ha ocuoBe BBejeHusi HOBOI HEM3BECTHOW (DYyHKIMM HUCC/ELyeMas 3a/1ada
CBelleHA K HEJIOKAJIHHOW KPaeBoil 3ajade st WHTErpo-anddepenna bHbIX
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rurepOOTMIECKUX YPABHEHUN U WHTErPAJIHHOMY COOTHOIIIEHUIO.

ou(t
Beogurca v(t,x) = u(t,z) n 3azaqa (1.1)-(1.4) nepexogur K HeJo-

ox

KaJIbHOU 33/1a1ue C UHTerpaJbHBIM YCJIOBUEM JIjisd MHTETPO-auddepeHninaabHbIX
ypaBHeHwuit runepboInIecKoro TUIa U WHTErPAIbHOMY COOTHOIIEHUTO

0%v v ov
MO = A(t7 :E)% + B(t> x)a + C(tv .%')’U + D(ta .%')’LL + f(ta .1‘)+
T
+/0 [Kl(T,:c)aU(a;’x) + Ko(1,2)v(1, ) + K3(7,x)u(T,z)|dT, (2.1)
T
w0,2)+ [ wradr=gla),  xe D, (2.2)
0
U(ta 0) = 77/)2(t)7 le [07T]a (23)
uto) =)+ [ oed (L) en (2.4)
0

Pemennem wmemokampHOW 3amaunm  (2.1)-(2.4) saBisercs mapa  yHKIHi
(v(t,z),u(t,z)), rae byuxuus v(t, ) € C’(Q,2R), MMeeT YaCTHBIE TPOU3BO/IHbIE
81}((91;36) € C(,R), ({%gfgx) € C(,R), agt(;’xx) € C(Q, R), ynoBaeTBops-
er unrerpo-auddepennuanbHoMy ypaBHeHuto runepbosmaeckoro tuma (2.1),
KpaesbiM ycsoBusiM (2.2), (2.3); dynkuns u(t, z) csasana ¢ dyukuueit v(t, )
MHTErPAIbHBIM COOTHOIIeHneM (2.4).

BsejeM Tenepsb crenua/bHbI HapaMeTp
T ov(T,x
/ [KI(T, x)((%) + Ko(r,2)v(r,x) + K3(7, 2)u(r, x) | dr = 0(x).
0
Torpa zagaua (2.1)-(2.4) nepexoaur K cjaeayiomeil HEJOKAILHOM 3ajaqe

JIJIs TUTIEpOOIMIECKOT0 YPABHEHUSA BTOPOTO MOPSIAKA C ABYMSI MTapaMeTpaMu u
WHTETrPAJbLHBIMU YCIOBUAMM

v = A(t m)@ + B(t az)@ +C(t,x)v+ D(t,x)u+ f(t,z) +0(x), (2.5)
otox " Oz ot ’ ’ ’ T
T
v(0, x) —i—/o v(r,x)dT = (), x € [0,w], (2.6)
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o(t,0) = alt), e (0,T], 2.7
ut) =)+ [ oed (o) e (2.8)
0
T ov(r,x)
0(x) = Kl(T,ZE)T—I—KQ(T, x)v(r,x) + Ks(r,x)u(r,z)|dr, (2.9)
0 i
z € [0,w].
Pemenunem nesokanbHON 33/a4n ¢ MHTErpaabHbIME yeaoBusMu (2.5)—(2.9)
apysiercst Tpofika dyukmuit (v(t, z),u(t,z),0(x)), tne dbynkuua v(t,x) €
C(Q, R), umeer 4acTHbIE HPOU3BOJHbIE 80(%2:6) C(2,R), 81)5;;3:) €

0?v(t, x)
C(,R), ———+
( ) otox
¢ mapamerpamu (2.5), Kpaesomy ycaosuio (2.6), narerpagsaomy ycaosuio (2.7);
dbyukuus u(t,x) casana ¢ dyakmueit v(t, r) THTErPATBLHBIM COOTHOIIEHUEM
(2.8), a napamerp @(z) onpeessiercst U3 HHTErpaIbHOrO cooTHOIEHUs (2.9).

€ C(Q, R), ynosiersopsier ruiep0oIM4ecKOMy YDABHEHUIO

K zamaue (2.5)—(2.9) npuMeHSIIOTCS pE3YIBTATHI, YCTAHOBJIEHHbIE Il HEJIO-
KaJIbHBIX KPa€BbIX 3a/Ja9 C UHTErPAJIbHBIMU YCJIOBUAMU IJIA CUCTEM FI/IHep60—
amdecKnx ypasuenmii [9]-[11].

3. CXEMA METOJA BBEJEHNA ©YHKINOHAJIBHBIX ITAPAMETPOB 1 AJIT'O-
PUTM

Merozom BBeseHus (DYHKIMOHAIBHBIX TapaMeTpoB 3a1ada (2.5)—(2.9) oy-
JIeT CBeJIEHa K 9KBUBAJICHTHOI 3a/1a4€, cocrodmmeit u3 3aaauun [ypca s runep-
BOIMIECKOr0o ypaBHEHUS ¢ HapaMeTrpamu, 3ajadn Komm /i 00bIKHOBEHHBIX
nuddepeHimaabHbIX YPABHEHUIT OTHOCUTE/IHHO BBEJIEHHOTO (PYHKIIMOHAIHHO-
ro mapamMerpa U UHTerpajibHbIX COOTHOIIeHuil oTHOCUTEbHO U(t, ), O(T).

IMycrs A(z) = u(0, x).

B szamaue (2.5)—(2.9) ocymecrBum 3ameny: v(t,xz) = v(t,x) + A(z), rue
U(t, ) — noBas memssecrnast pynkums. Torma 3amaqa (2.5)—(2.9) nepexoaur
9KBUBAJIEHTHON 3a/1a4e ¢ HeCKOJIbKUMU [apaMeTpaMu

0%v ov ov ~
5100 A(t,x)a + B(t, J:)E +C(t,z)v+ f(t,z)+
+A(t, 2)A\(x) + C(t, 2)\(z) + D(t, z)u + 0(x), (3.1)
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v(0,2) =0, z € [0,w], (3.2)
0(t,0) = a(t) — 12(0), te [07 T]? (3.3)
T
1+ T\ (x) —I—/ o(r,x)dr = o(z), x € [0,w], (3.4)
0

xT

uta) =)+ [ TeOdr [aod (o 6

0(z) = /0 ! [Kl (r,2) 85592 ) 4 Ko(r,2)i(r, x)] dr+

T .
—1—/ [Kl (1, 2) () + Ka(7, x)\(x) + Kg(T,J})u(T,ZI})] dr, z€[0,w]. (3.6)
0

Pemenuem 3agaun  (3.1)-(3.6) Oysem HasbiBarh verBepky hyHKumit
(v(t,z), AN(z),u(t,z),0(x)), tae dysxius v(t, x) € C’(Q,Rz), UMEET TaCTHBIE
o(t, x) Jv(t, x) 0°u(t, x)

e C( R), 5 € C(Q,R), 59 © C(2,R),
dbynkius  A(z) wenpepsisno auddepeniupyema  Ha  [0,w], dynknus
u(t,z) € C(Q,R), dyukiua 6O(x) menpepwBHa Ha [0,w] U ymIOBIETBOpS-
10T runepbomyeckoMy ypasHenuio (3.1), yCcaoBEsSM Ha XapaKTepUCTHKAX

IIPOU3BOJHBIE

(3.2), (3.3), dyuxmmonamssaoMy cooTHOmERNIO (3.4) W WHTErpATLHBIM
coorromernsaM (3.5), (3.6).
U3 ycnorust cornacosannst ganubix B Touke (0,0) BbhITekaer

A0) = 92(0),  telo,T). (3.7)

Bagaan (2.5)-(2.9) u (3.1)-(3.6) sksuBanentusl. Ecan Tpoiika dbynkumii
(v*(t,x),u*(t,x),0*(x)) asasiercs pemennem 3agaquu (2.5)—(2.9), To gersep-
ka dymkuumit (0*(t, x), A\ (z), u*(t,x),0%(x)), rme v*(t,x) = v*(t,xz) — \*(x),
A (x) = v*(0,x), 6yaer pemenunem 3anauun (3.1)—(3.6). O6parHoe Tak)ke Bep-
Ho. Eciin werBepka dbyukuuit (0¥ (¢, x), \**(x), u** (¢, z), 0**(x)) asagerca pe-
menweM 3agaun (3.1)—(3.6), To Tpoiika dbyukumii (v** (¢, ), w** (¢, x), 0**(z)),
onpejiesiteMast PAaBEHCTBAMU v (t,x) = v (t, x) + N (x), e

0"(0,2) = X (2), u™(t,2) = r(t) + /0 "ot e, (1) € 0,
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T v (. 1
0" (z) = /0 |:K1 (T, 1’)88(%’) + Ko (1, 2)v™ (1, 2) + K3(7, x)u™* (7, z) |dT,

Oyner permrennem 3amadn (2.5)-(2.9).

Bagaua (3.1)-(3.3) upu duxcuposannbix A(z), u(t,z), 6(r) asagerca 3a-
naueii ['ypca orrocurensro dyrkiym v(t, x) B obractu . Coorromnenne (3.4)
MO3BOJISIET OMPEIEIATh HEM3BECTHBI mapamMmerp A(z), a HHTerpaabHbIe COOTHO-
mennst (3.5), (3.6) — nenssecrunie dbynxknun u(t, x), 6(z), rae napamerp A(x)
YJOBJIETBOpseT yeaoBuio (3.7).

ou(t,z
Beegem HOBBIE HEN3BECTHBIE dbynknnu Vt,x) = é’ ),
x
0u(t,x
W(t,x) = (t,2) W 3amnuineM perieHue 3ajJadu Lypca B BHJE CHCTeMbI

ot

TpexX WHTerpaJibHBbIX YpaBHEHMUIl:

V(t,x) = ho(t) + /0 {A(T, )V (r,x) + B(r,z)W (7, z) + C(1,2)0(T, az)}dT—i-

+ / {A.2A@) + C(r, )M @) + D(r,2)u(r,2) + 0(z) + f(7,2) }dr, (3.5)
0
Wit.o) = [ {A®OVEE) + BEOWEE) + OOt b+
0
+ [ {A9XO +COMO + D ult. ) +00) + f(1.) Je, (39

Bt ) = o (t) — 16 (0) + /0 W (r, 2)dr. (3.10)

[Ipomuddepenimposas cootHotmenne (3.4) Mo , MOJTyIUM
) T
1+ T]A(z) = —/ Vira)dr+3(), zel0w].  (311)
0

Bagaua (3.11), (3.7) asasiercs 3amaqeit Komm nus o0bikaOBeHHBIX nuddepen-
[UAJTBHBIX YPABHEHUH OTHOCUTENbHO GyHKIUU A(T).
O6iee pemenne quddepennmanbaoro ypasuenus (3.11) Gyzer B Buje

1 T 1

)\(ZL’) = _m 0 ?)/(7', $)d7’ + H_iT(p(‘r) + 57 VIS [O,W], (312)
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rae C — nponssoibaas nocrosnas. Ilogcrasiss obimee perenue (3.12) B yciio-
Bue (3.7) mpu x = 0, moryaum

1 T

1T o(7,0)dT + L90(0) +C = 12(0),

14T
0TCIOJIA, C yueToM ycaoBus (3.3), onpejensiem C:

~ .
G =i || i ) - o)

Torua pemenue 3aza4uun Komn (3.11), (3.7) numeer Buj

1 T_ 1
A0 =~ [ A et b [
1
- — 1
bnta(0) - g (0), v e, (3.13)

Takum 06pa3oM, mMeeM B3aMKHYTYIO cucremy ypasmenuii (3.8)—(3.10),
(3.11), (3.13) u (3.5), (3.6) ;s omnpenenenus wemsBectHbix V(t,x), W(t,x),
o(t, ), Mx), Ax), ult,z), 0(z).

Ecin mssectrs A(x), A(x), u(t, ), 6(z), To u3 (3.8)—(3.10) maxozum dyHK-
wun V(t,x), W(t,z), v(t,z). Obparno, ecau ussecrubl dbyukunu V(t,z),
W (t,z), (t,x), To u3 (3.11), (3.13) moxem maiitu A(z), (), a u3 (3.5),
(3.6) onpepensiem u(t, z), 0(x). Hemssecrubivu apisiores kak V (¢, z), W(t, x),

o(t,x), Tak u Az), Mz), u(t,z), 0(z). TlosTOMy sl HAXOKIEHUS De-
menns 3a7a9u (3.1)—(3.6) wmCmosb3yercss MTEPAnMOHHBIA METOJ: <eTBEPKY
(U*(t, x), \*(z), u*(t,z), 0% (x)) onpenessiem, Kak 1pejes1 MOCIe0BaATETLHOCTH
@™ (t, ), A (x), u™(t, ), 00 (x)), m = 0,1,2,..., IO CIeIYIOMEMY AJIro-
puTMy.

O-mmar. 1) Iomarag B mpaebix vactax (3.11), (3.13) V(t,z) = 0, v(1,z) =
Yo(t) — hp(0) maxomum mauamsuee npubmaxernnss A0 (z), X0 (z) nns Beex

€ [0,w]. 2) U3 unrerpaasuoro coorsomenus (3.5) upu v(t,x) = o(t) —
9(0), Mx) = MNO(z) onpenensiem uO(t,z) aus seex (t,z) € Q. U3 un-
TerpasbHOr0 cooTHomenns (3.6) mpu v(t,z) = a(t) — ¢2(0), V(t,z) = 0,
Mz) = NO(z), Ma) = XO(2), u(t,z) = uO(t, z) onpegensiem 0O () pus
Becex ¢ € [0,w]. 3) U3 cucremn mHTerpanbubix ypasuenuii (3.8)—(3.10) mpu
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Mz) = AO(z), Mz) = AXO(2), u(t,z) = uO(t, z), 0(z) = 00 (z) naxommm
VOt 2), WO(t,2), 5O (¢, 2) s Beex (¢, x) € Q.

l-mar. 1) Tonaras B npassix gactsx (3.11), (3.13) V(t,z) = VO (¢, ),
o(t, ) = 0O (t, z), maxomum AV (), XD (z) anst Beex = € [0,w)]. 2) U3 unre-
rpasbaoro coornomenus (3.5) npu o(t,z) = 0O (¢, z), AMz) = AV (x) onpe-
nensiem uV(t,x) s Beex (t,x) € Q. 13 unrerpaaproro cooTsomenus (3.6)
upu o(t,z) = 0O(t,z), V(t,z) = VO(t,z), Az) = AD(z), Mz) = A\D(z),
u(t,z) = uM(t,z) onpenensiem 8 (x) jst Beex x € [0,w]. 3) U3z cucremsr
uHTerpanbHex ypasmennit (3.8)(3.10) mpu A(z) = A (z), A\(z) = AV (z),
u(t,z) = uV(t,z), 0(x) = 6D (2) maxomum v (¢, ), wWV (¢, 2), 7V (t, x) aa
Beex (t,x) € Q. U T 1.

m-mar. 1) Tonaras B npaseix gacrsx (3.11), (3.13) V(t,z) = Vm=1(t, z),
o(t,x) = 0D (t, z), maxomam A (x), A" () nna Beex z € [0,w]. 2) U3
MHTErpaIbHOro coornomenus (3.5) npu o(t, ) = 0D (t, ), A(z) = \™)(z),
onpenensiem u(™ (t,z) mus Beex (t,x) € Q. VI3 HHTErPATLHOTO COOTHOLIEHILS
(3.6) upu o(t,x) = v V(t,z), V(t,z) = Vim- 1>(t m) Mz) = AM)(2),
Mz) = X (2), u(t,z) = u™(t,z) onpesensen 6™ (x ) Il BCEX T €
0,w]. 3) U3 cucrempr uurerpanbubix ypasuennii (3.8)—(3.10) npu A(z) =
A (), Nz) = A(2), u(t,z) = u™(t,z), 0(x) = 00 () naxommum
o (), W (¢, ), W™ (¢, ) s Beex (tz) € Q m=1,2, ...

JlamubIit Moax0a pa3buBaeT Ha TPW ITAMA TMPOIECC HAXOMKICHUS PETeHnsT
sajaan (3.1)—(3.6) — werBepku dyukunii (v(t, z), AM(x), u(t, z),6(z)): 1) naxox-
JIeHne BBEJIEHHOTO (hyHKIMOHAIbHOrO napamerpa A(x) u3 zagaun Komm aist
OOBIKHOBEHHBIX JuhbepeHInaIbHBIX YPABHEHHIT; 2) HAXO0XK I€HIe HeN3BEeCTHON
dbyuxun u(t, x) u cnenuanbHoro napamerpa 0(x) U3 HHTErpaIbHBIX COOTHOIIE-
uuii (3.5 u (3.6) coorBercTBeHHO; 3) HAXOXK/IeHIe Hem3BecTHOI dyukuum v(t, )
¥ ee TPOM3BOMHBIX 13 3aa4u L'ypca st runepbo/indecKoro ypaBHEHUsI.

4. OCHOBHBIE YTBEPYK/IEHU 1

IIycrs
o= (;g?gglfl(t,w)l, B= (nax |B(t,z)|, x= (m?gglc(t @),

H=a+B+x, d= max [D(t,z),
(t,x)eQ

k1 = max |Ki(t,z)|, k= max |Ky(t,x)|, k3= max |K3(t,x)|.
1= )€Q| 1t @), ko (m)eg\ 2(t, )], k3 (M)EQ| 3(t, )|

,

VeioBus CIeayIOnero yTBEPKICHUST ABJIAIOTCS YCJAOBUSIMU CXOIUMOCTHU
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IPEJIJIOZKEHHOTO BhIIIIE aJIlOPUTMa, KOTOPBIE OJIHOBPEMEHHO JIAIOT yCJIOBUS Pa3-
permumocTu 33249 (3.1)—(3.6).
Cupaseinsa

TeEorPEMA 1. Ilycrs
1) ¢ynxnun A(t,x), B(t,x), C(t,z), D(t,x), f(t,x) HenpepriBHbI Ha ;
2) ¢ynknus ¢(x) aBaxkael HempepsiBHO guggepennupyema na [0,w],
Gbyuxnmun )1 (t), ¥o(t) menpeprsisro muppepennupyemsr wa [0,T] n yrosmie-

T
TBOPSIOT yCJIOBUIO COTJIACOBAHUS P1(0) + / P1(7)dT = ¢(0);
0

3) copaBeIHBO HEPABEHCTBO

max (T, w)

T {(a+x)T+d(1+2T)w+(1<;1+/£2)T(2—|—T)—|—/<a3(1+2T)w}eH(T+w) <1

Torna 3amaqa (3.1)-(3.6) numeer equHCTBEHHOE pelIeHHE.

JlokazaTenbCTBO TEOPEMBI TPOBOJAUTCS AHAJIOTMYHO JOKA3ATEIhCTBY TEO-
pembl 1 u3 [11| HA OCHOBE BBHIMIENPUBEIEHHOTO AJTOPUTMA.
U3 skeusanentrocty 33249 (3.1)—(3.6) u (1.1)—(1.4) BeITekaer

TEOPEMA 2. Ilycrs Bbiiosnenst yciaosusi 1)-3) Teopembr 1.
Torna 3amaqa (1.1)-(1.4) umeer equHCTBEHHOE KIACCHIECKOE DEIEHHE.
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Acanosa A.T., Amupb6aes X.A., Cabanaxosa A.Il. COBOJIEB TEKTEC
NHTETPAJIIBIK-IM®OEPEHIINAJIJIBIK TEH/JIEYJIEP YIIIH BEI-
JIOKAJI IETTIK ECEIITIH, INEIIIJIIMALIITT TYPAJIBL

CobosieB TeKTEC MHTErPAIABIK- TN MEPEHITHAIIBIK, TEHAeYIep YIITH ChI3bI-
KThI OeI0KaJI MEeTTIK ecemn 3epTresie/i. KapacThIphlIbIl OTBIPFAH eceml mapa-
nap OoJslaTeiH mapaMeTpsiepi 6ap rumepOoJIabIK TEHIEY VIIMH WHTErPAJIIBIK,
[apTTaphl Oap ecenke KeATipiaren. ABIHFAH Tapa-Tap eCenTiH MeniMia Tadby
aJ'IFOpI/ITMi YCBIHBLJIFQH 2KOHE€ OHBIH 2KWHAKTHIJIBITHI Ta,FafIbIHI[aJ[FaH. CO6OJI€B
TEKTEeC MHTEerpasIbIK-1uddepeHuaiIblK TeHaeyaep YIimu Oeifiokas meTTik
eCerrTiy meriaiMIiIiK mapTTapsl 6acTankbl OepigiMaep TepMUHIHIE ATbIHFAH.

Agsanova A.T., Ashirbaev Kh.A., Sabalakhova A.P. ON THE
SOLVABILITY OF A NONLOCAL BOUNDARY VALUE PROBLEM
FOR INTEGRO-DIFFERENTIAL EQUATIONS OF SOBOLEV TYPE

The linear nonlocal boundary value problem for the integro-differential
equations of Sobolev type is investigated. Considered problem is reduced
to equivalent problem for hyperbolic equation with parameters and integral
conditions. An algorithm for finding a solution of the equivalent problem is
proposed and the conditions of its convergence are established. Conditions of
the solvability of nonlocal boundary value problem for the integro-differential
equations of Sobolev type are obtained in terms of the initial data.
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Annotation: The article focuses on essential and inessential expansions of theories.

An essential expansion of a structure is obtained by adding a new predicate, which is
not definable by use of formulas with parameters from this structure. An inessential
expansion is a result of adding to a signature a predicate definable with parameters.
A specific example of an inessential expansion is an expansion via a constant element.
The main question is which properties can different types of expansions preserve. For
instance, the following properties are maintained for inessential expansion: w-stability,
stability, superstability, and model completeness. The first section is devoted to
preservation of model-completeness while expanding a weakly-o-minimal theory by a
convex unary predicate for the case when a cut defined by this predicate is quasi-solitary.
The proof is based on the approaches from [1] and [2]. In the second section we study
reduction of the number of countable models due to an inessential expansion. Basing on
the ideas from [3] we determine conditions under which the desired property takes place.

Keywords: Expansion of structure, model completeness, countable models.

1. INTRODUCTION

Expansion of structure by new relations brings change (unchange) of
properties held on this structure. There are two kinds of expansion: essential
and inessential. Consider model 9 = (M, Y). We say that expansion by P
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is essential if P(M) = A and A ¢ Def(9M), where Def(IM) = {p(M,a) |
a € M}. Otherwise if there exists ¢(x,y) such that p(M,a) = P(M), then
expansion is inessential. For instance, if we consider (N; <), theory of this
model is not model complete, but inessential expansion by the smallest element
brings model completeness.

Essential expansions are studied in firsts section. Essential expansions of
models of o-minimal theories was widely studied by D. Macpherson, D. Marker,
Ch. Steinhorn [1] and weakly o-minimal theories by B.S. Baizhanov [2]. They
proved, that essential expansions of o-minimal, weakly o-minimal theories by
convex predicate preserves o-minimality, weakly o-minimality.

Inessential expansions are studied in seconds section. The question on
change in a number of countable models under inessential expansion of theories
began to be studied with M. Benda [4]. In his work [5] R.E. Woodrow
constructed an example of a theory, which has four countable models, and
an inessential expansion of which has w models. M.G. Peretyatkin [6] gave
an example of a theory with three countable models, which has w countable
models in its inessential expansion. He also formulated a question on reducing
the number of countable models from w to a finite number. This question was
positively answered by B. Omarov [3|. He constructed examples of theories
with w and 2“ countable models which have w countable models by means of
an inessential expansion.

2. ESSENTIAL EXPANSIONS. MODEL COMPLETENESS

Consider 9, 91 structures of a signature . 9 is substructure of N
(denoted MM C MN) if for any quantifier free formula ¢(z1,....,z,) M =
o(my,....,my) <N = p(mi,...,my).

Consider M, N structures of a signature X. M is elementary submodel of
N (denoted M < MN) if for any formula ¢(x1,...,z,) M E (M1, ...,m,) <N
= o(mi,...,my).

Let (M;=, <, ...) be ordered structure. Formula U (x, y) is said to be convex
to the right, if =V, y(z <y AU(z,y)) = Vz(z < z <y — Ulx, 2)).

A partition of an ordered structure M into two convex subsets C' and D
(C < D;CUD = M) is said to be (C; D)-cut in A. If C' has supremum or D
has infinum in AU{—o00, 00}, then (C; D)-cut is said to be rational. Otherwise
(C; D)-cut is irrational. Sometimes, by (C; D)-cut we understand the following
set of formulas : {¢c <z < d;ce C,d € D}.
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Let p € S1(A). We say that a formula ®(z;y;a); a € A is p-preserving if
for any « |= p, there exist 1,72 |= p, such that

< ®(M';a;a) < s.

Let p € S1(A) be a non-algebraic type. We say that p is semi-quasisolitary to
the right (left) if there is the greatest p-preserving convex to the right (left)
2-A-formula F(z;y;a)(G(x;y;a));a € A.

Let p € S1(A). We say that p is quasisolitary if it is semi-quasisolitary to
the right and to the left.

Let p € S1(A) be quaisolitary type. We say that p is solitary if greatest
convex to the right and to the left formula E(z,y,a) =z = y.

THeEOREM 1 (B.S. Baizhanov)[2]. Let T be a weakly o-minimal theory, p €
S1(A) is quasisolitary to right iff p is quasisolitary to left.

THEOREM 2 [MMS]|[1]. Any expansion of a model of weakly o-minimal theory
with solitary type by unary convex predicate is weakly o-minimal.

Suppose M := (M;X) is a model of weakly o-minimal theory, IMMT :=
(M;%7F), where ¥t := Y U P!, T is theory of 9. If expansion by unary
convex predicate is inessential, then it preserves model completeness. Consider
sufficient expansion P!(z), as it is not definable in 90 at least one of the ends
goes through cut.

Claim: For any ¢ (x1,x2, ..., x,) of theory TT and aq,as, ...,a, € M, s.t.
MT = ¢ (ay,as,...,a,) there exists K+ (21,2, ..., 7pn,y) of theory T and
a € N\M s.t. M* = ot (ay,az,...,a,) < N Ky (a1, az, ..., an, ).

Essential convex expansion always go through irrational cut, as it is not
definable in language of initial model. Expansion of model by convex predicate
can be considered step by step as expansion through each cut. Without loss
of generality we can consider such expansion, that next sentence holds true
VaVy(P(x) Ny <z — P(y)).

THEOREM 3. M := (M;X) is a model of weakly o-minimal, model complete
theory. Expansion of model M by unary predicate MT = (M; %), where
Yt = XU {P'}, TT is theory of M*. Consider two model of theory T
£ = (L; ) and MT, such that MT C £F; If PL(x) goes through solitary
type then M+ < £,

PROOF OF THEOREM 3. Let U(x,y) be convex to the right formula.
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CraAiMm: If expansion as in theorem, then next sentence holds on theory
TY - 3z(P(x) AV (z < 2 — Jy(U(2,y) A=P(y))).

PROOF OF CLAIM: Suppose in contrary, that the sentence does not belong T,
then
TH = Vz(P(z) A3z (x < 2/ AVy(=U(2,y) vV P(y))).

Consider formulas H;(z;) := Hi—1(xi—1) A (zi—1 < x; — Vy(U(zi,y) A P(y)),
where Ho(z) := P(z) AVy(U(z,y) A P(y)). The set {H;} is consistent, thus it
is partial type. If we make a completion of this type to type ¢, then P(x), goes
through type ¢, realization of this type will be «, such that M™* = Vy(U(a, y) A
P(y)), so we have P(z) goes through non-solitary type, but by conditions P(z)
goes through solitary type. Contradiction.

For any ¢*(Z) of theory T and a € M, such that M = pT(a) there
exists K +(Z,y) of theory T and o € N\M such that M = ¢t (a) < N

@ n ~
K ,+(a, ). The same holds for £+: £ |= o1(b) & N = K+ (b, o). P(x) goes
through the same type in 9™ and £7. K+ (Z, ) is the same formula for both
O and £. Whenever we consider a € M M* |= p*(a) & N | K +(a,0) &

£+ = o (a), thus T is model complete. O

THEOREM 4. M := (M;X) is a model of weakly o-minimal, model complete
theory. Expansion of model 9 by unary predicate M* := (M;X"), where
vt = YU {P'}, T is theory of M*. Consider two models of theory T+
£+ = (L;31) and IMM™T, such that M C £F. Then under the restriction on
signature ¥ M < £; If P'(x) goes through quasisolitary type then 9T < £+,

PROOF OF THEOREM 4. Let E(z,y) be greatest p-preserving formula. Then
for any convex to the right formula U(z,y), such that E(M’,a) C U(x,y) next
sentence holds true on theory T

T 323y (P(y) A E(x,y) ANy <y — F2(=P(2) NU(Y, 2)).

Suppose in contrary, that this sentence doesn’t hold on theory 7", then we get
p-preserving formula E'(M’,a) such that E(M’,a) C E'(M’,a), thus E(z,y)
is not greatest p-preserving formula, so we get contradiction.

For any ¢t (Z) of theory T* and a € M, such that M+ = ¢T(a) there

exists K+ (Z,y) of theory T and o € N\M such that M* |= p*(a) < N |=
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K+ (a, ). The same holds for £7: €% = ¢1(b) <> N = K+ (b, ) P(x) goes
through the same type in M* and £7. K+ (Z, a) is the same formula for both
O and £. Whenever we consider a € M Mt = p*(a) & N | K+ (a,a) &

£1 = pT(a), thus T is model complete. O

3. INESSENTIAL EXPANSIONS. NUMBER OF COUNTABLE MODELS

Until the end of this section, let T be a countable complete theory.

Let p(Z), ¢ (y) € S (A) be two types over a subset A of some model of T'. We
say that the type p (%) is not almost orthogonal to the type ¢ (7), p(Z) L* q(3),
if there is a formula ¢(Z,y,a), a € A, such that for some (equivalently, for any)
model M |= T realizing p(z) with A C M, for some (equivalently, for any)
realization @ € p(M), 0 # ¢ (&, M, a) C q(M).

A family T" of non-principal 1-types over () is said to be independent, if for
any n < w, for any finite subfamily I' := {pi(x1), p2(x2), ..., pn(zn)} C T,
and any type pp+1(zn+1) € T'\ I, every expansion r(z1, T2, ..., xn) € Sp(T) of

U pi(zi) to a complete n-type is almost orthogonal to the type ppi+1(znt1),
1<i<n

r(x1, @2, ooy Tn) LY pry1(Tpg1)-

Fact 1. Let p(z), q(y) € S(A) be two types over a subset A C N of a countable
saturated model M |= T. If the type q(y) is non-principal, and p(z) L q(y),
then for any realization 7 of the type p(Z) any expansion ¢'(§,7) of q(3) to a
complete type over (AU {%}) is non-principal.

PrOOF OF FAacT 1. Towards a contradiction, assume that the type ¢'(7,%)
is principal. Then there exists a formula (7,a,5) € ¢ (y,7%) with a
which generates the type ¢'(7,7%). Since ¢'(7,5) D q(7), we have ¢
¢ (N,%) D ¥(N,a,7) # 0. Therefore, by the definition, p(z) L% ¢(y
is a contradiction. O
During the proof of the main theorem we will use the following criterion.

THEOREM 5 [7] (Tarski-Vaught criterion). Let 21 and B be two L-structures,
with A C B. Then the following are equivalent:

i) the structure 2 is an elementary substructure of B;

ii) for any formula v (z,y) of the language L and any a € A, if B |= 3z
Y(z,a), then B = 1(d,a) for some d € A.

The next theorem, and especially the corollaries 1 and 2 were initiated by

[3].
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THEOREM 6. Let T be a small countable complete theory, and let I' =
{p1(x1),p2(x2), ..., pn(zn), ... }ncw be a countable family of non-principal 1-
types pi(x;) € S1(T). If " is independent, then the number of countable non-
isomorphic models of the theory T is continuum, I(T,w) = 2%,

PROOF OF THEOREM 6. To prove the theorem we will use a method described
in [8].

Denote by 91 an Ny-saturated model of T'. During the proof, for an arbitrary
infinite sequence of zeroes and ones, 7 := (7(1), 7(2), ..., 7(¢), ...), 7(7) € {0, 1},
we construct a countable model 9, < 9 such that M, = p;(x;) if and only
if 7 (i) = 1. Obviously, for different 7 # 7o the models M, and M, will be
non-isomorphic, which will imply continuum countable models.

Take a realization a; € pi(N). By the Fact 1 any completion ry(z1, z2) of
p1(21)Upa(z2) is non-principal. Let ag be a realization of ro(a1, x2). Repeating
this construction we obtain a set A := {aj,as,..., apn,ant1...} consisting of
exactly one realization of each type in I', such that a, 1 € rni1(a, ..., an, N),
and rp41(21, ..., Tpp1) € Sp+1(T) is a non-principal complete expansion of
T (X1 ey Tn) U Dpg1 (Tnt1)-

Until the end of the proof fix a sequence 7 and denote I'; := {p; € " :
7(i) = 1}, and A; := {a; € A: 7(i) = 1} (may be finite or empty). For
convenience of the proof we change enumeration of A;: let by := a;, where 7
is the smallest index such that a; € A7, and, continuing by analogy, b, := a;,
where j is the smallest index of a; € A; which was not considered before. Let
B := {b1,ba,..., by, ...}, and for n < w denote b, := (b1, ba, ..., by).

Construction of M.

STEP 1. Denote by ®; the set of all (-definable 1-formulas of the theory
T, ®; = {p}(z) : i < w}. Choose the formula ¢!(r) € ®; with the
smallest index i satisfying M | 3wyl (z). Since T is small, there exists a
principal over () subformula, cp}’l(:n) C ¢} (x), which, in its turn, has a principal
subformula over {b; }. Repeating this procedure, we obtain a locally consistent
infinite decreasing chain of principal over parameters formulas goil’j(x,l;j):
€ @l 1 (N bny1) C© @f (N b)) C o © 9 (N,b1) € @f(N). Denote by
d; realization of this chain, which exists since the model 9 is N;-saturated.
STEP 2. Choose the formula ¢} (z) € ®; which was not considered before and
having the smallest index i satisfying M = Jzp!(z), and find a realization da
by analogy with d;.
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Now take by and consider the set of all ({d;} U {b;})-definable 1-formulas
Dy = {p?(w,d1,b1) : i < w}. Choose the formula ¢F(z,d;,b;) € Po
which was not considered previously and has the smallest index satisfying
N |= Jzp?(x, b1, dy), and find a realization d3 (existing since N is Ny-saturated)
of the following infinite decreasing chain of principal formulas 4,0127 j(a:, di, Bj):
- ¢?7n+1(x’ di, bn+1) - ¢12,n($7d17 bn) c..C 9012(1‘7 d17 bl)-

Suppose by the end of the step k£ we have constructed the following sets:
for all m, 1 < m < k, the sets Dy, := {d1,da, ..., d m+1ym } (it is possible that

2

d; = dj for some ¢ and jsuch that 1 <7 < j < @), the set of all ()-definable
1-formulas @4, and for all m, 2 < m < k, sets of all (D,,—1 U b,,—1)-definable

1-formulas, ®,,.

STEP k+1. For each m, 1 < m < k, find a previously unused formula ¢;" € @,
of a minimal index, set of realizations of which in the model 91 is nonempty.

And find realizations d 41k m of corresponding infinite decreasing chains of
2

principal subformulas of the formulas ¢;” .
Denote by @1 the set of all (Dy U by)-definable 1-formulas. And find
by analogy with the construction above. Let Dy stand for the

d@ﬂcﬂ

set {dla d27 ceey d<k+21)k+k+1}‘

Denote M. := BU | D;.

The Tarski—VaughtzEL;iterion implies that the obtained model 97 is an
elementary submodel of 91. Also, due to the choice of d; and the Fact 1, all the
types from I'\I'; are omitted in 9. O

For every model 9t of the theory 7" we denote D (M) :={p:p € S(T), pis
realized in M}. D (M) is called a finite diagram of the model I [9)].

COROLLARY 1. Let T be a small countable complete theory, and I' be a
countable independent family of non-principal types from S1(T') such that for
any two non-isomorphic countable models 911 and My of T' either

i) there exists a type p(x) € ', such that there is no bijective elementary
embedding from p(M7) onto p(Ms); or

ii) the number of countable non-isomorphic models M’ =T with D(M') N
I'=D(M;) NI =D(Mz) NI is finite.

If there exists a type q(y) € S1(T"), which is powerful over the family T,
then the number of countable models of the theory T can be reduced by an
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inessential expansion of T'.

COROLLARY 2. Let T be a small countable complete theory, and let I' =
{p1(x1),p2(x2), ..., pn(zn), ... }ncw be a countable family of non-principal 1-
types pi(x;) € S1(T) such that

i) for any i >0, pi(w;) L* pit1(wit1);

ii) for any natural k, for all i, i1,i2,...,ix € N with iy, < i (1 <m < k),
any expansion of |J p(z;,) to a complete n-type is almost orthogonal to

1<m<k

the type pi(x:), r(ziy, Tig, ..., T4y, ) L pi(2s).

Then T has at least w countable non-isomorphic models.
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Baiizxkarnos B.C., Baiiskarnos C.C., Caittaybait H.E., Yumberbaes O.A.,
Bambapuag T.C. PETTEJITEH TEOPUAJTAPIATHI BIP-OOPMYJIAJIAP
2KOHE BIP-TUIITEP

2KymbicTa Teopusiap/IblH eJieysi KoHe ejieyci3 OalbITysapbl KapacTbl-
pbutaibl. KypbuibiMHBIH, €jieysl 0alibITybl — OCbl CHUT'HATYPAJIArbl [1apamerp-
Jiepi 6ap dopmyrasap KOMeriMeH aHBIKTAIMANTHIH YKAHA TMPEINKATTHI KOCY
HOTHXKeCl 60/bIT TabbLTa b, Kieyci3 6aitbiTy curaaTypara mapameTrpJsiepi 6ap
dopmyIaTapMer aHbIKTAIATHIH TPEIUKATTHI KOCY apKbLIbI aIbHA 6. Eieyci3
OaNBITYIBIH CUITATTHI MBICATBI KOHCTAHTAJBIK, OAWBITY Jeyre Oosaabl. BacTe
Mocesie OaflbITyIapAbIH, Op ajlyaH TypJiepi Ke3iHje CaKTaIaThbIH KacUeTTepi
TaraifibIHIay/JaH TYPaJIbl. MbIcasbl, T€OPUIap/IbIH e1eyci3 OalbITybl Ke3iHie
TEOPUAHBIH, TYPAKTBLIBIFBI, W-TYPAKTHLIBIEEI, CYIePTYPAKTHLIBIFLI, TOYE/IIi/Ti-
ri, CoHmaii-aK MOJEbIiH TOJBIKTBIFB cakTaaa bl. 2KyMbICTRIH OipiHIm OeJi-
Mi TEOPHUSLIAPIbIH, MOJEIbIIK TOJBIKTHIFBIH 9JICI3 O-MUHUMAJIIbBI TEOPUTHBIH,
KYPBIJIBIMBIH JIOHEC Oip OpBIH/BI IPEeIUKATIIeH OalbITy Ke3iHJeri cakTaJIybl-
Ha apHaJFaH, OyJ1 Karjailjla OChl MPEAUKATIIEH AHBIKTAJIATHIH KUMa, KBA3W-
JKAJIFBI3 THT 60JTbIT Tabblta el Tomengemec |1] men |2|-abim Tocinmepine Heris-
nmesemi. Eximmi 6estiMae TeoprsaIapabiH eaeyci3 OalbITyhl Ke3iHIeri cCaHaaIbiM-
JIBI MOJZIE/IIEPiH, CAHBIHBIH, a3af0bl TypaJibl afiTbuiran. OFaH KOca Tajalr eTij-
reH KACHUETTIH OpPBIHIAIYBIH KAMTAMACHI3 €TeTiH MAapTTap aHBIKTAJIFAH, 0JIap
B. Omaposrsin [3] enberingeri niesiapiabiy Herisinje ajabHFaH.
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Baitzkaros B.C., Baitxkanos C.C., Caitnaybait H.E., YMmberbaes O.A., 3am-
6aprag T.C. OJAMH-®OPMY/IbI 1 OJNH-TUIIBI B YIIOPAJTOYEHHBIX
TEOPUAX

B pabore paccmaTpuBaioTCa CyIECTBEHHBIE W HECYIIECTBEHHBIE Oborare-
Hust Teopuii. CyiecTBeHHOE 000TAIEHNE CTPYKTYPBI — PE3YIbTAT T00ABIEHUS
HOBOT'O TIPEINKATA, HEOMPEIEJMMOTO TP TOMOIIHU (DOPMYJI C TapaMeTpaMu u3
9TOl curHaTyphl. HecyrmecTBenmnoe oboralmenne moydaeTcs T00aBJIeHueM K
CUTHATYPE TPeIuKaTa, ONPEIeTUMOT0 C apaMerpaMiu. XapaKTePHbIM TpUMe-
POM HECYIIECTBEHHOTO 0DOTAIEHNs ABIACTCS KOHCTAaHTHOEe oborarenne. [tas-
HBIfT BOIPOC 3aKJ/IOYA€TCsl B YCTAHOBJIEHWN CBOMCTB, KOTOPbBIE COXPAHAIOTCS
[IpPU pa3JNYIHBIX BHAax oboramennii. HampuMmep, mpu HecymecTBeHHOM 060Ta~
[IEHUU TEOPUil COXPAHAIOTCA CTaOUIbHOCTD, W-CTaOUIbHOCTD, CyIepCcTabuib-
HOCTH, 3aBUCAMOCTH, a TaKKe MOjejbHasg mosHoTa. llepBas wacts paboThi
MOCBAIIEHA COXPAHEHUIO MOJIETHHON MOJHOTHI TEOPHUil TPH OOOTAIIEHUN BhI-
MYKJIBIM OTHOMECTHBIM TTPEANKATOM CTPYKTYDPbI C.J'[a60 O-MUHUMAJILHOM Teopun
JUTST CTydast, KOT/Ia CeUeHne, OMpPeeIeHHOe ITUM TIPEINKATOM, IBJISETCA KBA3HU-
opmHOUHBIM THIOM. JloKazareancTBo Gasupyercst Ha noaxonax u3 [1] u [2]. Bo
BTOPO# YACTH TOBOPUTCS 0O YMEHBIEHUH YNCIA CUETHBIX MOJEeil pu Hecy-
IeCTBEHHOM oboratenuu Teopuit. [Ipu 3ToM onpejieieHs yeaosus, 6yrarogapst
KOTOPBIM 00ECTIEUNBACTCS BBITIOJTHEHNE TPEOYEeMOro CBONCTBA, MOy IeHHbIE Ha
ocHose uyeit u3 paborsr B. Omaposa [3].

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 2



MATEMATUYECKUN YKYPHAJI ISSN 1682-0525

2017. — Tom 17, Ne 2. — C. 53-70.
VIK 517.977

06 YCTOMYNBOCTU OJHOTO KJIACCA
KOMIIVIEKCHBIX PASHOCTHO-/IMHAMUWYECKUNX
CUCTEM

K.B. BATAEB!, C.C. CTAMYKAHOBA?

'MHcTuTyT MaTeMaTuKL 1 MaTEMaTMYECKOrO MOAEMPOBAHUS
050010, Anmatsl, yn. Mywkuna, 125, e-mail: 'v_ gulmira@mail.ru

2XKeTbicycknii MocymapcTeenHblii yHusepcuteT um. V. Xarncyryposa
040000, TangbikopraH, yn. Xancyryposa, 187 a, e-mail: beksultan.82e@mail.ru

AHHOTaumsa: Wccnegosana 3agada 06 yCTOWYMBOCTU  KOMMJIEKCHOW Pa3HOCTHO-
ANHAMNYECKON CUCTEeMbl 1 pelleHa 33aAadva CTPYKTYpM3aummn pPe30HAHCHbIX MHOXECTB
3apaHHoOl  cucTembl. [na NMHeRAHbIX 4YacTell [JAHHOW CUCTEMbI MOCTPOEHbI MO-
JNHOMUANIbHbIE  CYMMBbI. VlCI'IOJ1b3y$1 OTpPE30K d)opmanbﬂoro psiga B Ka4decCTee
d)yHKLU/IVI J'I;myHosa, nccnenoBaHbl KA4Y€CTBEHHbIE CBOWCTBA KOMMJIEKCHbBIX Pa3HOCTHO-
ANHAMUYECKMX CUCTEM 1 ee YCTOWYMBOCTb.

KntoueBble cnosa: KomnnekcHas pasHOCTHO-AMHAMUYECKAs CUCTEMA, MOSIMHOMUANb-
Has cymma, yHkuyus JlsnyHosa.

1. BBEAEHUE U TTIOCTAHOBKA 3ATAYU

st KOHCTPYUPOBaHUS yCTOWYUBOCTH MArHUTHOM OYTHIJIKK JIJ1si ATOMHOI'O
YCKOPHUTEJ/IS B HaYaJ e IATUIECATHIX 10/10B mpoiioro Beka C. M. Yiamom ObLin
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oz pykoBogcTeom X. Mupa u U. I'pymosckoro [3].

DT Ke 334N I MHOTOMEPHBIX CIYYIaeB C HATAIA CEMUIECSITOTO TOIA
MPOIILIOTO BEKA UCCTAEAYIOTCA HAMU U OBLIN 3aMEYEHBI 33/a9U YCTONIUBOCTH
pasHocTHO-uHaMmrdeckux cucrem (PZIC) B MHOroMepHOM Cilydae ¢ HOsiBI€HH-
em B PZIC pe3onamnca. 9T0 OpOAMIO 33129y O CTPYKTYPU3AIIUN PE3OHAHCHBIX
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MHOXKECTB, SBJISIIONILYIOCS OJHOM M3 TPYAHBIX 33/la4 B TEOPUH yCTOWIUBOCTHU
PIIC.

B macrosimeit pabore paccMarpuBaeTCs KOMILIEKCHAsSE — Pa3HOCTHO-
munammdeckas cucrema (KPIIC) Buna

Zn+1 = Azp + f(ZnaEn)7 (1)

rae A — KoMmILIeKcHas [ X [-MaTpuiia, 2z, — KOMILIEKCHBIA [-MepHBI BEKTOD,
f(2zn,Zn) — ronomopduas 1o zp, Z,, l-mepaast BeKTOp-yHKIIUSA, PA3I0KEHUE
KOTOpOﬁ HE COAEPXKUT MOCTOAHHBIX 1 JIMHEMHBIX YJIEHOB. Hpeﬂ;HO.}IaFaeTCH, qTo
MaTpuia A mMeer m, o MOJIYJIIO PABHBIX eIMHUTIE, KOMIIJIEKCHBIX COOCTBEHHDBIX
YHUCEsI, & OCTAJbHBIE ' = | — M 10 MOJLYJIIO MEHbBIIE € JUHUIIBI.

K PIC (1) moxer ObITH CBejieHa Jit0basi JefiCTBATEbHAS TOJIOMOpPdHAs
PIIC, cooTBercTByMOmast KPUTHIECKOMY CAy4ai0 M-Tap KOMILIEKCHO COIpsi-
JKEHHBIX COOCTBEHHBIX JHCEJI 10 MOJIYJII0 PABHBIX eauHuIe [4].

Uccnenopanne nunrepecyiorieit Hac PIIC B meiicTBuTe/bHON 001aCTH BOCXO-
qut K paboram [1|-]3], [5] xax amckpermeiit ananzor paborst A. Ilyankape [6],
AM. JIsanynosa 7] u I.I. Manskuna [8] upu m = [ = 1. IIpu m > 1 uccie-
nosauue P/IC (1) smauurensuo ycnoxugercsa |9|-[11]. Jdomommmrensno Bo3-
HUKAIOT cuenuduieckue 0COOEHHOCTH MHOIOMEPHOI'O0 KPUTHYECKOrO CJIydas,
CBsI3aHHBIE C BOBMOXKHBIM cyinecTeoBanneM B PJIC BHyTpeHHEr0 pe3oHaHca

ONPEAENEHUE 1. Bygem rosopurs, uro KPJC (1) obnamaer BHyTpeH-
HHM PE30HAHCOM, €CJH CYIIeCTBYeT TaKOH IeJIOYHCJIEeHHbIH BeKTOp k =
(k1,k2,..., ky) ¢ B3AHMHO MIPOCTHIMH KOMIIOHEHTAMH, JJIST KOTOPOTO CIIPABEJI-
JINBO CpaBHEHHE

(k, ) = 0mod (2r), ||kl = kj; (|A-e¥])=0, (2)
j=1

e 9ncjao k — nopsiioK BHYTPDEHHEIO PE30HAHCA.

B paborax [4], [11] 651710 pe1okeHo 0600IIeH e OMICAHHOTO BBIIIIE METOA
Ha HePe30HAHCHbIE U pe3oHaHcHble JeiicrBuresnbhbie PJIC. O6obiienue Broporo
meroza Jlsmynosa ma Tot ke kiracc PJIC 6p10 gamo B [10].

[esbio HAaCTOSIIIEH PAOOTHI ABJIAETCS PACIHPOCTPAHEHHE BBIIIE YKA3AHHBIX
MeTo0B uccaenosanus na kommaekcubie PJIC Buga (1) kak B HEpE30HAHCHBIX,
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TaK W B PE30HAHCHBIX CIydasiX. ByJaeM MCrnoab30BaTh OCHOBHBIE TIOHATHS BTO-
poro Metoja JISamyHoBa JiJist KOMILIEKCHBIX cucTeM A depeHnnajbHbIX ypaB-
HeHuil, BBesleHHbIe B [12]-[14].

OTHOCHTEIBHO COOCTBEHHBIX umces e marpuisl A GygeMm mpenosarars
TOJIBKO CJiejytoniee. Ecu cpejyu HUX eCTh KpaTHble, TO MM COOTBETCTBYIOT
POCTBIE 3JIEMEHTAPHBIE JIEC/TUTE/IN.

IIpu caesaHHBIX TPEIIOTOKEHUIX MOYKHO CUYATATH, UTO MATPUIA HMeeT

07109HO- TNATOHATHLHBIN BT
A
B

u KPJIC (1) moxker ObiTh 3anmcana B BUJIE

Sn+1 =N + F (fmgTM Cm(?)a
Cn-i—l = BCn + P ("S?Mfina Cn:?n)a

roe A = (55jei9"f), Marpuiia B nopsinka r = [ — m umeer coOCTBEHHBIE UNC/IA
pi, |pjl <1, (, — r-MepHBI KOMIUTEKCHBI BEKTOP 2, = (&, ().
Byzsem mnpujepxkuBaThCsa Caeayromux obo3Hadenuit: (), — MHOXKECTBO M-
MEPHBIX BEKTOPOB C IE/JIBIMW HEOTPUIATEJIbHBIMU KOMIIOHEHTAMU, Ql — MHO-
l .
JKECTBO IeJbIX wucesn ||m| = > [mj|, m € Qm, 9 - dbopma j-ro mopsmka

J=1
B PA3JI0KEHUH S-Off KOMIIOHEHTHI TOJIOMOPQHBIH BeKTOP-dyHKIMu F' B psas.

Kosdbdurmentsr hopm 0603HaINM Temu ke, HO MajabiMu OykBamu. Tak 9410
J) p¢ed ~h =T
Fs( ) - E fp,q,h,Tgngn nsn»
lp+all+lIh+7ll=5

p,qEQt, h,Te€ Q;]", &b = Hjj\il fjl Yepes A o603na4uuM (PyHKINOHATHHBIE
pPa3HOCTU HEKOTOPOi (POPMBI j-T0O mopsijka Baob juHeitHoit vactu KP/C:

AW = @) (A&, AE,, B, BC,) — @Y (64,6, 6 o) - (3)

Torma kosddurmentsr Hopmbl o) 00pa3yioT j-yIo MPOU3BOJHYIO MATPU-
e A, koTopyio oboznaunm wepes A; |15]. Ee coberrennbie unciia x onpeje-
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JiAroTcs popmyJIoit

X = exp [(ZZ (pv — av) sou) + (hlnz) + (7 lnfv)] ; (4)
v=1

tie p g € Qi hor € QF, Ilp+all + R+ 7] = .

[Iycrs o = {a} — MHOXKECTBO 11€JI0UUCIEHHBIX DelleHuii ypapHenus (2).
Brigenum B 3TOM MHOXKECTBE KOHEUHBIN 0asmc a(i), e, M9 yepes KOTOpBIt
BBIpAXKAIOTCs ocTaabHble BeKTophl. B utore PIIC (3) byzer obramars g cyre-
CTBEHHO PA3JIMYHBIMU BHYTPECHHUMU DE3OHAHCAMU

(a(l), <p> = (mod?2r), ..., (a(g), cp) = 0(mod2m). (5)
Hepezonancurie KPIC cooTBeTcTBYIOT Cydaio, KOraa al®) = 0.

2. CTPYKTYPA PE3OHAHCHOT'O MHOYKECTBA

Paccmorpum MHOXKecTBa npon3BOAHBIX Marpur A; u npoussenem pasbue-
HUe ero Ha ocobble u HeocoObie MaTpuilbl. C 3TOM 1EBI0 PACCMOTPUM ypaBHE-
HuUue

x=1 (6)

U3 (4) merpysHO BBIBECTH, 9TO €Cau MOJuBeKTOp (P, q, h, 1) ynosaersopsier
ypasuenuio (6), To Heobxoaumo h = 7 = 0. [TosToMy 10CTaTOUHO pACCMOTPETH
ypaBHeHue

(p—q,¢) =0 (mod2r) . (7)

Bgesiem B paccMoTpeHMe MHOKECTBO OUBEKTOPOB (P, q):

I'={(p.g)/(p—a,0) =0(mod27),p,q € Q"}

Busekropst (p,q) € I' u camu muoxecrsa I', I'; Gynem masbiBarh peso-
HaucTHBIME. OueBnaHO, 9T0 A — 0cobas Marpua ToabKo Toraa, koraa I'; # 0.
BoIcHIM CTPYKTYpy pe30HAHCHOTO MHOXKeCTBa. IIpexke BCero sicHo, 9To
pesonancHbiMu OyyT GusexTopel Buga (p,p) € Lyjp C T, obpamarommue x
B €IMHAIY TOXKECTBEHHO TI0 (. ITO GUBEKTOPHI TOXKIECTBEHHOTO PE30HAHCA,
obpazyiomme miozkecrsa I'o C T, To = U2, 19, T, ={(p,p)/ ol = j}.
Ecmm KPIC (3) mepesonancuas, o I'g =T
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ITpu manuunun pesonancos (5) B I' BxoasT GUBEKTOPBI BHYTPEHHETO PE30-
HaHCA, yIOBJIETBOPSIONINE CPABHEHUO

(m(s), (p) = 0 (mod 27)
mpu HeKOoTopoM s = 1,2, ..., g.

Takum obpazom,
r=r,Jr...lrv,

re ) = {(p, Q)/p—q=vm®, veQ,v# 0} , mpuaem [ T = ¢
Badukcupyem Kakoii-mm6o n3 pe3oHaHCOB (5) M M3yYUM CTPOEHUE COOTBET-
crBytomero emy Muoxecrsa I'(®). Banumen ero B Buze

ré) = Jre, ol = {(p, 9) €T, |Ip+4] ZJ}-
=2

U monoxkuM Jijid onpeie/IeHHOCTH

mgs), ...,més) >0, mgjl, ...,ml(s) < 0.

[Tokarkem, 9To u3 HepaseHcTsa p — ¢ = vm'®) mpu dpukcnposanHOM v Cite-
JIyeT, 9TO

: (8)

minlp+ g =L, L= [m®
HeitcrBurensuo, npu v > 0 numeem

Pi=vm® +q;, ¢;>0, j=1,2,.,h,

Pr=vm® +q5, g5 = —vml, j=h41,

).
).

Yro u maer (8). Ilpu v < 0 paccyKjieHusi aHATOTMYHBI.

Otkyna

it = (o] -+l

+ ...+ ngf)

min||p]| = v ( | m{?
()
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IIpu v = +1 nmojsyumm OWUBEKTOPHI C MUHUMAJIBLHONW HOPMOI, MPWHA/I-
JIezKalme '®). Takux BEKTOPOB [IBA: (p(s),q(s)), (q(S),p(S)), rmue p(s) =

<m§s), ...,mﬁj),o, ...O), ¢®) = (O, ...0, —mzs_il, s —ml(s)) .

Orcroza ciemyer, 9To ng) =0upn2<j< mé) —1. 1 IepBOe HEIyCcToe
MHOYKECTBO UMeeT CIeYIONTNil BUT

s, = {(p<s>, q<s>) 7 (q<s>, p(s>)} _

ONPEAEJEHUE 2. Byaem ropopurh, uro I'* C ' sBasiercst moaoxkureibHbIM
baszmucom B I, ecotm 1r060ii ss1ement n3 1 aBisgercs guHeriHol KoMOHHAIIHEH HaT
Q7 snemenToB u3 I'*.

Ybeaumcsi, 9TO

r =15 <U an(s)) : (9)
s=1

[Mpex e Bcero BuHO, uro [ = Fgo) ={(e1,e1),...,(e,e))}, rae es — s-brit

OpT B Q?‘
Iycts (p,q) € T, C momompio (8) MOXKHO yOeaUTECS, TTO

p=vp® +p°, n=1vq¢® +p°, p°cQt. (10)

U3 (10) caeayer, uro (p, q) ectsb juHeiiHass KOMOUHAIIUS HAJT Qf 3/IEMEHTOB
u3 'S u FE:}S). Vuaurssas, aro IV T(®) = (), mosyuaem B kauecTse HCKOMOTO
6asuca (9).

13 (10) M0oKHO TaKKe BBIBECTH, ITO JII000I OGUBEKTOD U3 ') ymeer HODMY,
OIIpeJIeNIIEMY IO PABEHCTBOM ||p + ¢|| = v ||ms + 27| npu HEKOTOPBIX 3HAYEHNAX
j=0,1,2 ..uly=1,2 ...

Eciu nopsiziox pe3onanca 4eTHbBIN, TO HEMyCTBIMUA OYIyT TOJIBKO PE3OHAHC-
Hble MHOYKEeCTBa YeTHOTO ITOPSIKA

oo

s) __ (s)
P = U Tt oy
7=0
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Ecin ke pesonanc mederHslit, TO

it )
F(S) = U Fm(5)+2j U U 2m(s)+]
=0 =0

3. IIOJIMHOMUHAJIBHBIE CYMMBI JIMHEXHON PIC

Paccemorpum sunetinyio KPIAC

Ent1 = A&y; Cnt+1 = BGn (11)

u GyHKIMOHAILHBIE yDaBHEHUS BOJb pernenus (11)

OV (A&, RE,.,BGi, BE,) — @Y (60,8, Gus C) = ARV (64,66 C) = 0,
(12)
onpegensomme cymmbl PIC (11) B Buge dopm j-ro nopsiaxa.

JIEMMA 1. Ecin muoxecrso I'; # 0, ro KPJIC (11) umeer cemericrBo B Kade-
CTBE CYMMBI (hOpM j-TO MOPSIKA, NPEACTABIAEMOE B BHIE

oW = yEhe, Z hegl, (13)
"

(5)

rJe Yp,q — 1IPOU3BOJIbHBIE KOMILIEKCHBIE II0CTOsIHHbIE. e/ ’y( 3 = Yq,p» 1O o0)
— JEeHCTBATE/IbHBIE CYyMMBI.

JLOKA3ATEJIbCTBO. OueBuyno, aro KPIC &,11 = BE, He MOXKeT UMETH CyM-
MBI YKa3aHHOTO Buja. I103TOMY J0CTaTOYHO PACCMOTPETh MOJACUCTEMY &pt1 =
A&y, a Bmecte ¢ (12) caeqyer paccmarpuBaTh ypaBHEHMsI

BV (A&, AE,) — V) (64,E,,) = AP (60, E,) = 0. (14)

Ioacrasnas B (14) ¢ pjc)l, nMeeM

O (Aén, AL,) = (p,) expi [(P = 0) ] @p g (60, ) -
Otkyna ciaemyer, 9T0 @é{g apgorca cymmamu KPJIC Torjga u To/bKO TOT/Ia,
korga (p,q) € I';. ITosromy srobast cymma B Bujie pOPMBI J-I0 IOPsiiKa COJEp-
xurest B cemeiictse (13). Tocentee yTBepKieHne JIEMMBI OYE€BUIHO.
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[MonmaoMuanbabie cymmbl (11) MOTYT GBITH CKOHCTPYMPOBAHBI U3 CyMMBbI
o) IPH PAa3IUYHBIX j U Ipu KOTOpbix I'j # (). PaccMoTpuM MHOXKECTBO BCex
HO.}II/IHOMI/I&.H])HI)IX cymm S. OHO COIEPKUT TOJMHOXKECTBO S*, cocrosiiiee u3
cymm KPIIC <I>pq ¢ (p,q) € I'; . MuoxkecrBo S* obpazyer B S Gazuc B ToM
CMBICSIE, 9TO Jifobas cyMMma u3 S MOJUHOMUAIBHO 3aBUCAT OT CyMMBI 3 S*.
YUnThIBas CTPYKTYPY MHOXKECTBA S, MOXKHO YTBEP:KIATH, 4TO OO TOJTHU-
HOMuasbHast cymMmma (11) ecth mosimHOM OT ™M + 2g CyMMBI U3 MHOXKeCTBa

St = {wm, ...,wmn,gg@)gq“)}, s=1,..,g. (15)

s mepesonancusix KPIIC S* = {win, ooy Wimn}, Wen = Enan-

4. O ®OPMAJILHOM PANE Juid KPIC (3)

Paccmorpum dyHknmonabHbIe ypaBHEHUS

ADY) = G (64,6, s ) (16)

rie GY) — uspecrnas dopua.

JIEMMA 2. Ecsn muoxecrso I'; = (), To ypasrenne (16) nmeer eanacrennoe
pemrenne B Bige gopybr P9, Ipuaem, ecin GY) — geficreurensuas ¢opua,
10 n ®U) JIeHCTBUTE/ILHASI.

HokazarenscTBo coegyer u3 Teopemsl 1.3 [12] u ocHOBaHO Ha TOM, UTO B yCJIO0-
BUAX JIEMMbI TPOU3BOIHAA MATPUIA Aj MaTpunsl A meocobennast.

JIEMMA 3. Eciu muoxecrso I'j — (), 1o kakosa 6b1 Hu Oblia ¢popma G(j),
(4)

CYIIeCTBYIOT TaKHe (p g, YTO ypaBHEHHE

ADY) = Za(]) nan GV (60,600 Gar C) (17)

HMeeT CeMeHCTBO pelleHU,

J) = Z’ypq n7£ + CI)(J (En)gnagnacn) 9 (18)
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() ()

rie ’}/p’q — IPOU3BOJIBHBIE KOMITJIEKCHBIE TTOCTOSAHHBIE. @(‘7) n Oép7q OJTHO3HAYHO
onpenensiorcs ¢popmoii GY). Ipu sTom

all) = =G . (19)

Ecan GY) — geiicreurensras ¢dopma, To pu ’yg(,?,; = 71(0{ ()1 ¢dopma ®U) raxxe
JE€HCTBATE/IbHAS.

JTOKABATE/ILCTBO. Samumem ®U) B e
o0 =0 (&,,€,) + 0 (6. €,) + 2 (60,€1.Gn. C,) -

B rakom e Buze npeacrasum n dpopmy G, Vpasuenue (17) pacnagaercs na
TpPHU HE3aBUCUMBIX ypaBHEHUS

A@gj) = Z 041(1]721 72757(11 + G(()]) (gn’gn) ’ (20)
Lj

AeY) =GV (64,€,) (21)

A‘I’(Qj) = G(2j) (6ns€nrGnsCa) - (22)

Haxopg pemenusi ypasuenns (17), npujem K cucreme JMHEHHBIX HEOHO-
POJIHBIX yPaBHEHUI OTHOCUTETLHO Ko3(bduimenTos [ (j) dpopmbr ®U) ¢ marpu-
et Aj. YuanrsiBas, uro ypasuenne (17) pacnagaercs ma ypasaenns (20)-(21),
MOKHO yTBEPIK/IATh, 9TO MPOM3BOIHAS MaTpuia A; nveer OI0UHYIO CTPYKTY-

by,

A9 o o
J

A= o 4l o
0 0 AY

J
Ho Torga u Bce cobCTBEHHBIE YHCIA X MATPHITEL A; pAacIaIyTcs Ha TPU IPYTIIIHL,

S
COOTBETCTBYIOIINE MATPUIAM A§- )

X =expi((p—a),¢), p.a€Qh, Ip+al =14,

X = exp ((h,Inp) + (7,Inp)), h,7 € Q;, |[h+7| =j,
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XP =exp(i(p—a),¢) + (h,Inp) + (7,07,

Pa€Qh, hT€QF, Ip+all+ b+l =

(1)
J
u Ag.l) Heocobble n ypasHennst (21), (22) umeror oguHaKoBOe perienne (Cp. ¢

B, o) W G,

Jlemmoit 2). Ilpuaem @y 5 JIeHCTBUTENbHBI, €CTH TaKoBBl G

N3 dopmyst, onpesensionux 9ncia YO u @), caemyer, 9To MaTpumbl A

Paccmorpum ypasuenune (20). Iloraras G(()j) =2 Gﬁ,{&gﬁ,éﬁ, u3 (20) mo-
JIy 4UM

(expz' (p -9 (‘0) - ]‘) prq = G](J],()p (p7 Q) ¢ F]?
ORy = oy + Gy, (p.0) €T3

CJIQ,ILOB&TG.HBHO, €CJIN IIOJIOZKUTH

To ypasHenue (20) umeer perierne

Ad = 7 Gl ([expi[(p— q),¢] = 1] 2,53),
() ¢L;

a (16) nmeer pemenue
(i)(()J) _ (i)(()J) + (I)ga) + (I)%?).
) _ ) . ()

Ionarast ppq = Vpq upu (p,q) € I'j, n1e vp,q — IPOU3BOIBHBIE IOCTOSHHBIE,
[OJIyYUM MCKOMOE cemeitcTBo pernenuii. Kciun GU) - neficrBuTenbHas popma,
TO G}ﬁt)} = Gé{z), u TOTJa ag; = 6((1]7). Ecmm monoxuts ’yl()f,; = *I(,],,)l, 10 u ®U)
Oymer meiicTBuTebHOM hopmoii. Jlemma moKazaHa.

B ocmoBe mocTpoenust moMHOMUANBHBIX (DyHKIMHE JISmyHOBa JIEXKUT CTe-
AYIOIIee yTBEPIKIeHTE.

TEOPEMA 1. ITycrs Ty # (. Torna cymecrByer (popMasibHBIH psij

& =0 (&,,€,) + 0¥V (&,,€,, 60, Cp) + - (24)
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TaKoit, 4To ero popmasibHas pasHoCTh B cuiy (3) mMeer Buj

[e.9]

j=k+1

rie ! o3HAYAET, YTO CyMMHPOBAHHIE BEJETCS IO TEM j, , IS KOTOPBIX I'; #0.
@opusr DY) B (24) mmeror By (18) mpn I'; # 0, u ogHo3HAuHO Ompee-
sstorest upu L' # 0, rge ancaa ag ()1 — JimHeHHbIe (DYHKIUH ITPOU3BOJIbHBIX

(r)

IIOCTOSIHHBIX 7Yp g € T < J.

Ecmn 'ygq) = 71(9]7 ()1, 10 ® u A® — seticrBuTeIEHBIE DSIJIBL.
JTOKABATEJ/ILCTBO. Pacemorpum psi (24) n nonsiraemes: dpopmsr @) mogo-
6parb Tak, 4To0bl AP MMes 0 Kak MOXKHO 6oJsiee mpocTyio cTpykTypy. C 310ii

TeJIHI0 BO3bLMEM PsJT
o0

v = Z v (§nvgn7 Cnazn)
j=k+1
¥ pacCMOTPHUM ypaBHEHUE

AD =T (26)

13 (26) aast nocaesoBaTensoro ompeenenns dhopy &) mveem

o) = ¢l L g, (27)

Ipu j = k (27) nmeer sug A® = 0 u caegosarensno, F) — cymma mumeii-
noii wactu (16) (tax kak T'; # 0, To &) £ ().

W3 crpykTyp dhopmbl GU) u Jlemm 2 1 3 creyer, uro ypaBaerue (26) mpu
coorBercTByIoeM Bbibope WU nmeer pereHue rpu Beex j > k.

IIpuuewm, ecan I'; = 0, To MoxkHO mosoxknts ¥ = 0.

Ecmu xe I'; # (0, To (26) umeer pemenne npu ¥ = Zag% b el 041(7,3 =

Ly
—Gg 217070. CurenoBaTensno, dhopmbl D) MoxKHO mOCIEIOBATENBHO OIPEIEIUTH
Tak, 9Tobbl psiz (24) Baoas pemenns PIC (3) nmen nepsyio pa3sHOCTL B BUJIE
(25). Hockomneky npu I'; = () dbopwmsr ®U) mveror Buz (18), To U3 cTpyKTY-
()

pbt bopm GU) g (27) caepyer, uro agg — suHEdHbIe DYHKIUNA IPOM3BOJIBHBIX

MTOCTOSHHBIX ’yz(,ffl) y e <J.
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Moxno ybennThes, 9TO ecin 7,(,?2 = 751{1);, TO aj(,{z = af,{}, u psigel © uw AP
OyayT neiicrButensHbIMU. Teopema gokaszaHa.

Bamernm, uTo psiz (24) MOKHO NPEJCTABATL B BUJIE CyMMBI

> . _ _
¢ = Z’ylhqgnfn +@ (gnv ‘fm Cna Cn) )
T
A ()
rje ® OJJHOZHAYHO OILIPeJle/IserCs Yepe3 LOCTOsTHHBIE Yp,g-
J11060i1 0OTPe30K epPBOro CjIaraeMoro-CyTh MOJINHOMHUAJIbHAS CyMMa JIMHEel-
noii KPJIC u mozkeT ObITh BbIPAKEH KAk IIOJMHOM OT CYMMbI BXOAAIUX B S™*.

5. IIOMMHOMUANILHBIE ®VHKIINHN JIATTYHOBA

Paccmorpum psag (24), npeanonaras, aro k = 2:

o =0 (¢,,6,) + 2P (£,€,,60,C) (28)

1 OyZeM CcYuTaTh, 4To nocrpoennble ¢ u AP — geiictBurenbuble paapl. Ecan
m = 1, To unciaa oz;(,], 3 Oy/yT SKBUBAJIEHTHB! (DOKYCHBIM IIOCTOSHHBIM JIAmyHOBA
G B nockoit mpobaieme nienTpa u dokyca [4]. B muoromeprom ciryuae (m > 1)
STH IOCTOAHHBIE MBI TaK 2Ke Oy/leM Ha3bIBaTh HOCTOSHHBIME JlamyHosa. Cytre-
CTBEHHOM 0COOEHHOCTHIO MHOI'OMEDPHBIX IIOCTOSHHBIX JIsIyHOBA sABJISIETCS UX
3aBHCHMOCTD OT IPOU3BOJIBHBIX TTOCTOSHHBIX ’Yz()?(;- B 3aBucumMocTn ot cBoOiicTB
nocrosinabix JIsmynosa Bece KPJIC (3) moryT 6bITh pasburhl Ha jBa KJacca.

1. CymecTByeT Takoii BIOOD mapaMeTpoB 71(32 = ig‘f};, 9TO

a) oy =0 (V (p,q) €T),
6) @) - 3makomepemennas dopma.

2. Ilpu srobom BBHIOOPE LAPAMETPOB 71()?(3 = 7,(1{1),, yAoBjaeTBopstommx 10,
yciaoBre la HapyImaeTcs.

O6osnaunm wepes Vo, orpesok paga (28) mo dopm p-ro mopsaxa. Ero
Pa3HOCTHL BJIOL pemenns (3) nmeer By

m

AVQ,Z = Z Z Oénqéﬁgi + R;H—l (f’nagnv CmZn) = [AVZM] + R,lH-lv (29)
j=3 T,

rje 7,11 COBOKYIIHOCTH 4IeHOB 1OopgaKa > 1+ 1. Henocpeacrsennoe ucnosib-
3oBaHme moauHoMa Vs ;, B KadecTse pyHKINY JIATyHOBA OCIOKHACTCS TEM, ITO
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Vo, m AVa B 0biem ciaydae 1 # 0 MOryT 6bITh 3HAKOIIEDEMEHHBIMHE JINIIE OT-
HOCHTENIBHO &y, £,,. OBBIYHO B TAKOI CUTYAINH, TIPEXK I YeM IIPOBOUTE AHAJINS
YCTOWYMBOCTH, IPUMEHSIIOT PUHIUIIBL cBejerust [10)].

Omako, HA CaMOM J1ejie HeT HeOOXOIMMOCTH B IPUMEHEHNN TTPUHITATIA CBe-
JACHUA TIPU IIOCTPOCHUU €0 JJjid aHaJIN3a yCTOﬁqHBOCTH C IOMOIIIBIO JUCKPET-
HOTO aHajora reopem Jlamymosa [4].

JIEMMA 4. Ilocrosanere Jlamyrnosa a}(,{()l MHBapHaHTHEI OTHOCHTE/IBLHO ITPeod-
pa30BaHUsl, HCIIOJIB3YEeMOro B IPUHIHAIE cBegeHus [9).

JOKABATENBLCTBO. Ilycts @ — pan (29), mocroguusrii ayis KPIC (3). Torma
CHIPABEJJIMBO TOZKJECTBO

17
=3 > af)ere. (30)
j=3

B cooTBeTcTBUM C TPWHIUIIOM CBEIEHUST PACCMOTPUM (DYHKIIMOHATHHBIE
ypaBHEHUS

§(A&n) + F (s €y Cns C) * A+
+F (fn,gnagnaZn) = B, + P (fn,gnaCn7Zn) ’ (31)

KOTOpBIE JIOMYCKAIOT B Ka4eCcTBe peleHus (pOpMajbHbBIN Ps/l

G = (n:Co) = D¢V (€0,8,) -
Jj=2

Cnenaem B (3) 3ameny (, = N + ¢ (g’mgn) .
Torja mostyanm

bnt1 =N + F (0,6 + &1+ E) (32)

NMnt1 = X + p* (fmgn? s ﬁn)
Boiresum u3 (32) ykopouennyio KPJIC

Ent1 = Agn + F (gnv Env Cny Zn) (33)
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u ybemumces, uto nocrosuubie Jlanynosa aas PIAC (32) n (3) copmagator. C
9Toit nesibio paccmorpuM psag P, = @ (§n, &y Cns Cn) u BeruncauM AP, B cuiry
(33). VumrsBas, aro &,, &, obpamaer (31) B TOX1eCTBO, ByIeM MMETH

n
A, = Z Z ap,qggggu

j=3 T,
rae ozg()] Te e, uto u B AP. Jlemma jokazana.

Ecmu [AVa,] — 3nakoonpeenennslii moamaom, To Vo, orpe3ok psga Py,
spysiercsa dyuknueii Jlanyrnosa maa KPIAC (32).

N xorss AVa,, ue 6yser dopmasibno dbynkiueii JlsmyHnosa Jyis 1no/HOi
KP/C (3), Tem He MeHee, MBI MOXKEM C €€ MOMOIIBIO CEIATh 3aKJIIOUCHIHS
00 yCTOWIMBOCTH TOYHO TaKWe, Kak U ¢ MOMOIIbio P, VIMEeHHO 3TO U MO3BOJIs-
eT m3bekaTh MPUMEHEeHUsI TTPe0bpa30BaHMsl, TIPEYCMATPUBAEMOTO TIPUHITITOM
CBEJICHUS.

TEOPEMA 2. JList roro, uroosr KPJIC (3) obianana vezasucsimeii ot n ¢pop-
MasbHOH cyMmMori (28), HEOOXOUMO H JJOCTATOYHO, ITOOBI BEIDOPOM ITAPAMET-
posB 7&3 = 7((1]7,), Bce nocrossaAkIe JIamynoBa a](gj, ()1 MO>KHO OBII0 0OpaTHTH B HYIIb,
T.e. YTOOBI ObLJIa COBMECTHO CUETHAsI CUCTEMa yPaBHEHHUIT

af) =0, |lp+aql=3j, (pa)€Tly, j=34,... (34)

Ecm ipu srom ®2) — 3maxoonpenenennas popma, ro KPIC (3) yerofiunsa
1o Bupkrogy B siroboM KOHEYHOM HOpsiiKe, U yCTOHYnBa 1o JIamyHoBy, ecin
psia (28) cxoaures.

CdopmysinpoBatHasi Teopema, IPUBOAMT K MHOIOMEPHOMY aHaJiory npoo.ie-
MBI TIeHTpa 1 hOKyca, OJHOM U3 3a/1a9 KOTOPOTO SIBISIETCS BbIJIEIEHNEe KIacca
CHCTeM, ISl KOTOPBIX BBITOJHSETCS (34).

TpaHCHeHIeHTHBIH CIydail yeToHInBOCTH, OnpeensieMbrii yeaosusvn (34),
MOKeT OBITH JIBYX THUIIOB:

a) (34) BBIIOJIHSAETCS TOXK/IECTBEHHO IO ’y}(,fg,

6) (34) BbmosIHSIETCsSt TPK (DUKCUPOBAHHOM BBIGODE BCEX WJIM YACTH 7,&?3.

TpaHcIen/IeHTHBIE CITy9an YCTOWINBOCTH, n3ydasinuecs B [16], oTHoCsaTCS K
Tuiy a). MOKHO 0Ka3aTh, 4YTO K TOMY K€ TUILy OTHOCUTCsI U CJIydail, KOTOPbIi
xapakrepusyercs Haguanem y (3) m-— cymmbr

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 2



006 yCTOWIMBOCTH OJIHOTO KJIACCA KOMILIEKCHBIX ... 67

q)s = éngn + ¢)g3) (énagnvgnazn) =+ ey 8= 1>m' (35)

Ormernm 6€3 J0KA3ATENBCTBA CAEMLYIONMIl PE3YIbTAT.
TrOPEMA 3. Ecium mnpassie uwacrn KPJ/IC (3) — amanmrnyeckme QyHK-
mqun &, u, ecin B PIC wmer pesomancos (L,p) = 0(mod2m) makux dro

(3s) (34) (kj + b5, > 0), o y mee cymecrsyer ¢opmanbras cymma (28) u Hy-
JIEBOE peIlleHHe YCTOHIHBO, 10 KpaiiHeM Mepe, B JII000M KOHEIHOM IIOPSIIKE.

KPIC (3), yuosmersopsitome Teopeme 3, umeror cemeiicro cymm (35).
Kax caenyer u3 [4], B 9rom cayuae KPIIC (3) obiamaer cemeiicTBoM orpanu-
YEHHBIX perennii (mo Kpaiineii Mepe, (hbOpMATBLHBIM ), AHAJTOTHYHBIX CeMEHCTBY
nepuoauyecknx pemtennit A.M. JIsnyrosa [2].

Pacemorpum KPIIC 2-ro kiacca. s sroboii Takoit KPIC BeimosiasieTcs
ycaosue (ag, = 0). CymiecTByeT Takoe HaTyPAIbHOE fi, 9TO CUCTEMA JIMHEHHBIX
YpaBHEHUN

o) =0, llp+al =4 j=2.,p-1, (36)

(h)

JOTIYCKAeT OTHOCHUTENBHO 7p g HeTpuBmasibHoe pemienwe. Ho cmcrema (36)
HECOBMeCTUMA Mpu J = 2,3, ..., U.

Paccmorpum nosmnom V), — orpesok psga (28) o p-ro mopsaxa. B ka-
aecrse mapaverpos 7\ B Vo, BXOmuUT B cemeiicTBO pernennii cucrembl (36).
Torga nepsast paznocts (29) or monunoma Vs, GymeT uMers Buj

AVpy =Y alerel + R,y = [AVo,] + Rupa. (37)
I

Jlemma 4 u Teopema JIsmyroBa [5| NPUBOIAT K CIEAYIOMEMY DE3YJIBTATY.

TreoreEMA 4. Ilycrs P/IC (3) mpunajteskur THIy &, ¢ I€THBIM (1 = 2Ny,
IyCTh BBIOOPOM IIapaMeTPOB %(szq)’ 2 < h < p— 1, yIoBIETBOPSIIOIIAX TIPH
2 < h < p—1 cucreme (36), MOKHO JOOHTHCSI OIPEI€IEHHOI TTOJTOKHTEIHHOCTH
dopmer [AVa ).

Torma, ecim (2 oIpesieJIeHHO OTpuIjaTejabHo, To HysieBoe pernernune KPJ[C
(3) acummrormuecku ycTroHYMBO M HEYCTOHYMBO B HPOTHBHOM ciy4ae. Ecin
KPJIC (3) mepesonamcuasi, o duces ji Heobxomumo deroe (2 = Z;nzl VjWin,
a [AVah,] 3aBucur TONBKO OT Wjn, 49TO CJIEAYET U3 CIPYKTYDHI MHOXKECTB

T, I'*,S*.
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(h)

Ecau ygacrest BBIGOPOM 7p ¢ J10OUTHCST BHITIOJIHEHUsT He TOJIBKO (36), HO u
06pAIeHns B HyJIb GHCEN (g TIDA P 7 ¢, TO U B PE30HAHCHOM caydae [AV, ]
OyIeT 3aBUCETH TOJTBKO OT Win, -y Wy SAMETHM, 9TO MOCJIeHee TpeDOBaHIE
B MuoroMmepubix KPJIC zauactyio BemmosauMmo. Tak, eciu p = 2N mopsamok

MJIQIIIEr0 BHYTPEHHETO PE30HAHCA, TO HY’KHO J00MTHhCS OOpalleHus B HYJIb
(s)

p(s)

Ecim ke BB yKa3aHHABIE TPEOOBAHNS BBIIOTHEHEI, TO AHAJIN3 3HAKOOIIPE-

nenenroctn (opmbl [AV | IPHHIMIHAIBHO OCYIIECTBAM. DTOT AHAIA3 OC-
HoBaH Ha Teopema [lomms [17] 06 omHOPOIHBIX (hOpMAX OT MOJOKUTETHLHBIX

JIMIIB JIBYX 4ucest JIsmyHoBa, COOTBETCTBYIOMINX MHO)KeCTBY I’

HnepeMEeHHbBIX.
Y065 CIIMcaTh MPOIECC NCCIEI0BAHNS 3HAKAOIPEIEICHHOCTH Ha 3TOI TEO-
pemMe, pacCMOTPHUM COBOKYITHOCTH (pOpM

k
m
[AVik] = Y AVuggeh = [AVigs | D win
lp|=N+k j=1
“ (N+E)
Yepes Sy, 0003HAUNM CHCTEMY JIHEHHBIX HEPABEHCTB Oy >0, |pl| =

N+Ek, peQ (Sn). Henocpencreenunim cieacreuem reopembr [lomst sigsi-
eTCsT CeYIONAs JIEMMA.

JIEMMA 5. [lns toro, aro6sr V11| BeiOOpoM mapameTpoB 'y](fg Moria ObITh
OTIpeIeIeHO MOJIOKATETBHOMH, HEOOXOIHUMO H JOCTATOTHO, ITOOBI CYTIIECTBOBAJIO
TaKoe m, IpH KOTOPOM CHCTeMa JIMHEHHBIX HepaBeHCTB (Sy,) coBMecTHA.

JlemMa 5 ommchIBAET PEryJIPHBIN TPOIECC BHIOOPA mapaMeTpoB, obecrie-
IUBAONIUX 3HAKOONpeeeHHOCT [AV, ], OnHAKO, HEZOCTATKOM 9TOrO IPO-
oecCa ABJIAEeTCA TO, 9TO MBI HE MOXKEM yKaBaT]) BerHeﬁ T'PaHUIbBI 9UCJIa 11,
IprdeM 9Ta TPAHAINA He MOXKeT ObITh yKa3aHa IpPHHINNHAJILHO. Bee 310 mpu-
BOJAT K CJIEIYIOIIEMY.

TEOPEMA 5. Ilycres KPJ/IC (3) mpuHa IeKUT THITY (v, C Y€THBIM [i H IOYCTh
ad P Va2 K Vi

¢opma [AV,] 3aBucHT TOIBKO OT Wjp (MOXKET OBITH 3a CYET BHIOOPA MTapaMer-

DPOB '71(,2). /s roro, urober mosmnom AVy', yI0BIETBOPST OHOM W3 KJTacCH-

gyeckux reopeM JIsaiyHoBa, HEOOXOAUMO U JIOCTATOYHO, YTOOBI CyIIECTBOBAJIO
Takoe 4nucjao k, 4T0 cHucTeMa JIMHEeHHbIX HepaBeHCTRB (Sy,) cOBMECTHA.
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Ecnn npu sToM cpenn permeHmi 71(,?3 cucremnr (Sy,) HMEOTCS TaKue, 4TO
¢opma o(2) ompesieJleHHO OTpHIlaTe/IbHA, TO HYJI€BOEe pelleHne aCHMIITOTHIE-

CKHn yCTOI;'I‘IHBO u HeyCTOI;'IIH/IBO B IPOTUBHOM CJIy4ae.

TpeboBanme Y€THOCTH (4 SIBJISETCS CyIeCTBEHHBIM. Ecan (1 — HedeTHOe, TO,
KaK CJIeJlyeT U3 CTPYKTYPhbl PE30HAHCHBIX MHOXKeCTB, B PJ1C obsi3aTenbHo ecTh
BHYTPEHHUI PE30HAHC HEYETHOTO MOPsaka. B 3ToM ciydae ymaercs: uCIoJib30-
BaTh OTPE30K psija (24), B KOTOpoM L — MOPSIIOK BHYTPEHHETO PE30HAHCA JIJTsi
noctpoenus: pyHKImu Jeraesa.

IIpu nanuunu B KP/IC HeckobKUX BHYTPEHHUX PE30HAHCOB MHOT/IA, €710~
CO0OPA3HO UCIOIB30BATH IOJUHOMBI Vi, T1e k ciaeyer BolOpars Tax, 4TOOBI
®*) GL1 mo/mHOMOM OT BCEX CyMM, BXOAAMMX B Gasuc S*.
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Bamaes K.B., Cramsmanosa C.C. KOMILTEKCTI AIBIPBIM/IBIK-
IMHAMUKAJIBIK YKYWEIEPIIH BIP KJIACBIHBIH OPHBIKTHI/THL-
FBl TYPAJIBL

ZKyMbICTa KOMIIIEKCTI alibIPBIM/IBIK- IMHAMUAKAIBIK, 2KYHEHIH OPHBIKTHLIbI-
FBbI YKOHIH/JIET] ecell 3epTTe/IreH KoHe Oepijiren »KylieHiH pe30HAHCTHIK, YKUbIH-
JapblH KypbLibiMaay ecebi mremrisiren. Bepinren xkyitenid, CbI3bIKTBHIK 0OJIK-
Tepl VIIH ITOJAHOMIBIK KOCBIHABLIAD KypbLiraH. @opMasibl KaTapablH Y3i-
ria JIamyHOB (DYHKITMSCHI PETiHE TaliTaJaHbIl KOMILIEKCTI albIPBIMIBIK-
JUHAMUKAJIBIK KYHeaep iH CamajblK KaCHeTTepl KOHE OHBIH OPHBIKTHLIBIFBI
3epPTTEJITEeH.

Bapaev K.B., Slamzhanova S.S. ON STABILITY OF ONE CLASS OF
THE COMPLEX DIFFERENCE-DYNAMIC SYSTEMS

The problem of stability of the complex difference-dynamic system is
investigated. The problem of structuring resonant sets of the system is
solved. Polynomial sums are constructed for the linear parts of the given
system. Using the segment of the formal series as a Lyapunov function the
qualitative properties of complex difference-dynamic systems and its stability
are investigated.
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AHHOTauusA: Panee B paboTax aBTOpOB BbINO MOKA3aHO CyLWECTBOBaHME HETPUBU-
aQNbHbBIX pelleHunil AN OAHOPOAHOW rpaHWYHON 3ajaqu AN JIMHENHOrO ypaBHeEHUS
TENIONPOBOAHOCTM B BbIPOXKAAOLWNXCS (B CTENEHHOM NopsiAke) obnacTsx. YcraHoBneH
KNacC 3TUX HETPMBMAsIbHbIX peleHnid, bonee TOro, Cy>XeHne HalgEHHOro ksacca
obecne4nBano oTCyTCTBME HETPUBMANBLHBIX pewennii. B ganHoili paboTte, ocHoBbIBasiCh
Ha Halwnx NpeablAyLnX pe3ynbTaTax Ans JINHERHOro cny4asi, Mbl NOKasbiBaemM B
BblpOXAAtoLLelicsi 0bnacT CywecTBOBaHME HETPUBUANIbHBLIX PELIEHUNA A1 OfHOro
HEeJIMHEHOrO ypaBHEHUS TEMNJIONPOBOAHOCTM.

Kntouesble C/IOBa: YpaeHeHne TenJONpOBOAHOCTY, OAHOPOAHAS MPaHWYHAS 3a7aya,
HETPUBNAJIBHOE peLLEeHNE.

1. BBEAEHUE

B pa6ore B Geckoneunoit yriosoit obnactu G = {z,t|0 < z < t, t > 0}
06Cy 2K 1aI0TCs BONPOCHI CYIIECTBOBAHUS HETPUBUAJIBHOIO PEIIEHUST JIJIs CIIE/y-
IOIIEN TPAHWYHOW 3aJ1a9n

wi(z,t) = Wee(z,t) + w2 (2,t), {2,t} € G,
w(z,t)|g=0 = w(z,t)|z=¢ = 0.

(1)
C momortpio mpeobpazoBaHms

u(z,t) = exp{w(z,t)} — 1 (2)
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rpaHUYHALA 330293 (1) CBOJIMTCHA K JIMHEHHON OJTHOPOAHOW I'PAHUYHON 3a/a4e
JUId YPaBHEHUI TEIJIOIIPOBOJLHOCTH:

{ w (@, 1) = Uge (2, 1), {z,t} € G,
u(z,t)|z=0 = u(x,t)|z=t = 0.

(3)

2. CBEJEHUE TPAHUYHOI 3AJIAYN JJIS YPABHEHUMSA TEIJIONPOBO/IHO-
CTU K MHTETPAJILHOMY YPABHEHUWIO
Pemenne 3asaqau (3) umeM B Buie CyMMBbI TEIJIOBBIX HOTEHIMAJOB JIBOT-
Horo cyos |1]-]7]:

Nsgecrno [7], uro dbyukums (4) ynosiersopsier ypapuenuto (3) npu Jiio0bx
v (t) u ¢(t). Ucnonb3ys rpaandanbie ycaoBus u3 (3) U CBOHCTBA TEMJIOBBIX IMO-
TEHINAJIOB, UMEEM CJIEYIONIEe NHTErPAIHHOE YPABHEHNE OTHOCUTEILHO HEU3-
BecTHOl dbyukuun (t):

1 — Ko = (1) — /tK(t,Typ(T)dT —0, t>0, (5)
0
r1e
+7(t _17)1/2 exp {_t ; T}] )
V() = 2\1/7?0] . _TT)g exp{—él(;—_QT)} o (7) dr. (6)
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Hawmu panee 6b110 110ka3ano [3]-[6], uro nnrerpansuoe ypasuenne (5) HapsiLy
C TPUBHAJIBHBIM PEIICHUEM HMeeT W HETPUBUAILHBIC PEIICHUS ¢ TOYHOCTLIO 10
IIOCTOAHHOT'O MHOZKUTEJIA. A MMEHHO, CIIDaBe/I/INBa

TEOPEMA 1. O6uyee penienne ypasuenus (5) umeer Buj

o(t) =C - @o(t), C = const, (7)

¢0(t):\}£exp{—i}+\f [1—|—erf <*f)] (8)

B cremyrormem myHKTe MBI yTOUHSIEM KJIACC Pelenuii (§) HHTerpajbHOro
ypasuenust (5), KOTOPBIi Obl1 HAMM yCTaHOBJIEH panee B paborax [3]-[6].

e

3. KUJTACC PENIEHUIT UHTETPAJIbBHOTO YPABHEHUSA (5)

Brauasie ycraHOBUM CBOMCTBO MHTErpajibHOrO oneparopa K B ypaBHeHUn
(5). Beemem BecoBoii KJ1acc CyNIECTBEHHO OTPAHUYEHHBIX (hYHKITHI

Loo(Ry; 01(2)) = {¢| 61(t)p(t) € Loo(R4)}, (9)
e

(10)

12 ecm 0 <t <T,
01(t) = 1/2
TY2  ecmu T <t < +oo,

n T — Opom3BOJIBHOE HOJIOKUTEILHOE OTPAHMYEHHOE YHCI0. BBegeM BecoBoil
KJIACC CyIIECTBEHHO OrPaHMYeHHbIX (DyHKIUi (KI1aCC eIMHCTBEHHOCTH )

Loo(Ry 5 01(t,€)) = {o| 61(t,2)e(t) € Loo(R1)}, (11)
e

t/2=¢ eem 0 <t <T,
01(t,e) = (12)

TY2 ¢ ecom T < t < 400,

n T — TpOM3BOIBLHOE TIOJIOKNUTEIHHOE OTPAHNIEHHOE InCIo, € > 0.

JIEMMA 1. Hurerpanpusiii oneparop K B ypasnenun (5) sBIS€TCS Orpanu-
yeHHBIM B pocTpaHcTBe Loo(R1;01(1)), Te.

K € L (Loo(R4;61(t)); Loo(R4;61(2))) - (13)
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JLOKA3ATEJ/IbCTBO. Onennm narerpaibubiii oneparop K. [Tokaxkem, aro nme-
€T MEeCTO HEPABEHCTBO
1K < Loz + L1y (14)

rje uepes o) u L7 1np) 0003HAUEHDI HOPMbI CyZKEHUIl UHTEIPAJILHOIO Olle-
paropa K, IeficTBYIOIMNX COOTBETCTBEHHO B KJIACCAX

OO((Ov T)§ 91(t)), LOO((T’ +OO); th (t))

n JJid KOTOPBIX BEPHBI OIIEHKN

Loy < Iyo1) + L2,00,7)s (15)

t
s _1/5”/2 i =T
LOT) = T1/2(t — 1)3/2 PV =P 4 ”
0

¢1/2 tr t—r
L) = Q\f A2t ) 1 —exp TPy dr.

Ier gy < rimgy + Loyring) (16)

t
1 t (t+7)°
5L (1. mp) = W/@_T)weXp{ﬁl(t—T)}dﬂ
0

tT -7
Ly rmp) = Q\F/ 2 [1—exp{—t_TH exp{— }dT.

Tenepsr A5 mokazaTenbcTBa JleMMBbI 1 JOCTATOYHO MOKA3aTh OrPAHUYEH-

HOCTH MHTErpaJoB B NpaBbix vactax nepasencts (15)-(16). denaa samemny
— tain2 .

T = tsin” a B maTerpanax Iy o1 u Iy o) 13 (15), maeen:

re

rme

w/2

Lior < —= /exp{ \f tga) }d(\/i-tga):L (17)
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/2
2tsin « - cos a vt

doo = —. 18
OT)_2\F/t1/2sina-t1/200sa “ 4 (18)

Jlemast 3ameny 7 = tsin?

Ly (1, ing) n3 (16), nveem:

Iy (1.1nf) <f0// { \[ tga) }d(%ﬂtga) =1, (19)

By < f/texp{ T T

3 (17)-(20) crexyer uepasencrso (14), T.e. cnpasemmso yreepxaenne (13).

« B maTerpane Iy (7. r,p) W ONEHUBAs WHTErpas

JlemMma 1 mokazama.
W3 yreepxkaenus Jlemmbr 1 ciemyer CripaBeinBOCTh CAEAYIONINX JIEMM.

JIEMMA 2. Pemienme mHTErpajbHOro ypaBHeHHsS (5) NPHHAIEKHT KJIACCY
Loo(R4;601(t)), re.
01(t)o(t) € Loo(Ry). (21)

JIEMMA 3. [Lns uarerpaabaoro ypapuenus (5) npoctpanctso Lo (Ry;601(t, €))
SBJISIETCS KJIACCOM €JHHCTBEHHOCTH, T.€. B 9TOM Kjacce ypasHenue (5) mmeer
TOJIBKO TPHBHAJIBHOE DELICHHE.

4. KJIACC PEILIEHUI PAHUYHOII SAJAYN OJIsd YPABHEHNWA TEILJIOIIPO-
BOJIHOCTH (3)
Hnsa nansueitimero npeobpasyem npezcrasienue (4) pemrenus 3agaqm (3).
g sroit mesiu, nojcrasissa npeacrasienue dbyukuun v(t) (6) B (4), moaydaum:

3

O/ (z,t,7)p(7) dr, (22)

rae

Mz, t,7) = (:_t;g exp {— Efit*_:)j } + (:__:)3 exp {—H} . (23)
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t1/2, ecn 0 <t <T,
O2(t,e) = (24)

T1/2exp{—(i +e)t—-T)}, ecmT <t< oo,

n T — TpOM3BOIHLHOE TIOJIOKNUTEIHHOE OTPAHMIEHHOE Incao, € > 0.

JIEMMA 4. IIycrs Gor = {0 < z < t,0 < t < T}. Torga pemenne u(z,t)
rpaHHYHOI 3a/a4n (3) IPHHAJIEKHUT KIACCY

Loo(GO,T§ 92(1:, 6))

JOKABATENLCTBO. Tak xak {z,t} € Gor, T0 0 onpezgenennio (24) nmeem
o(t,e) = . OneruM perienue - na muoxkecrse G 7. ITokaxkem, 9410
O (t /2.0 p 22)—(23 Gor. I ,
MMeeT MEeCTO HEPABEHCTBO

4
”u(x7t)HLoo(G()’T;QQ(t,E)) < Zlk($’t)7 (25)
k=1

re

t1/2 I 1 (t — )2
0

IIpu nosryyennn Boipazkenuit (26)—(29) B npecrasienuu pernenus u(z,t) (22)—
(23) ucnonb30BaHbI CyeAyIOIUE TTPEOOPA30BAHNUS:

r+17=x4+t—(t—7), r—T=—1t+(t—7).
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ITokazkem orpaHudeHHOCTb HHTErpasos (26)—(29) na muoxecrse Go 7.
Jenas 3ameny T = tsin? o B marerpamax (26)—(29), 6yzem nMeTs:

1 2 — 22
Il(m,t)_mexp{é‘:t}x
/2 9
z+t T+t 1 2 — 22
x/exp{— <Mtga> }d(mtga> —4exp{ pr } (30)
0

t
t1/2 T+t 1
< dr =
IQ(x7t) — 4ﬁexp{ 2 }/7-1/2(t_7')1/2 T
0

JTt? exp{x+t}

w/2

ol () Ja(lrwe) - fem 252} 0

t
/2 t—x 1 V2 t—x
< — )
14(“”6’”—4\/7?“1’{ 2 }/71/2(1:_7)1/26” 1 eXp{ 2 }
0

(33)
U3 orpammuennoctn Ha MuOKecTBe G 7 MpaBbIX dacTeil coorHomenuii (30)-
(33) caemyer yreepxkaenne Jlemmbr 4.

JIEMMA 5. Iycts Grpnp = {0 <z <t, T <t < oo}. Torga pemenne u(z,t)
rpaHuYHOI 3a7a4n (3) NPUHAIIEKUT KIACCY

LOO(GT,Inf ; 62(t7 5))

JOKABATENLCTBO. Tak kak {x,t} € Gr, 1,5, TO IO oOmpezeenuio (24) nmeem

O5(t,e) = T/ % exp {— (i +5> (t — T)} .
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Ornennm pemtenne (22)-(23) va muoxectse G ryf. Iokaxkewm, 4ro mveer
MECTO HEPABEHCTBO

4
[w(@, ) Lo Gy s 0512y < D T2 (@, 1), (34)
k=1

re

Ji(z,t) = 4\1/7? exp{2$4+t St}O/tMGXp{ift—i_t’)j}dT, (35)
Jo(z,t) = 4\1/7? exp{2$4+t gt}o/t(t::-)l/?eXp{é(lft—th—j}dT’ (36)
J3(z,t) = 4\1/% exp{—2z4_t Et}jmexp{M}dT, (37)

Ji(z,t) = 4\1/% exp {_21-4— b_ &tt} (75_17)1/2 exp {—i”(”t__t: } dr. (38)

ITpu nosyvennn Boipazkenuii (35)—(38) B upeacrasiennu petenus u(x,t) (22)-
(23) mcnop30BaHbI CIIEIYIOIINE TTPEOOPA3OBAHMS:

o _

r+T7=x4+t—(t—-7), c—T=2—t+(t—71).

ITokazkem orpanudeHHOCTH WHTErpaaoB (35)—(38) Ha muOKecTBe G717 f -
Jemas 3ameny T = tsin? a B mnrerpamax (35)(38), Gyaem nvers:

Ji(z,t) < LN SR U
PN A VT

ol (i) Jal(rtwe) - S et} 0
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11/2 22 /2 " 2
J: t) < t —|—=t da <
e el 2 ) ol (222 ) Yo
0
4172 2
< VT exp{—it—et}, (40)

+1/2 2
<\/E4 exp{—jt—st}.

(42)

13 orpanmaennocTy Ha MHOKeCTBE G 1, TIPABBIX YacTeil cooTromennii (39)—

(42) cremyer yTBepxaerue JlemMbr 5.

13 yrBepxkaennii Jlemm 4 u 5 ciieryeT cipaBeInBOCTE CAeAYIONIEll Teope-

MBI.

TEOPEMA 2. Hapsiiy ¢ TpuBHAJIBHBIM PEIIEHUEM rpaHnYHas 3a1a4a (3) umeer

ceMeliCTBO HeTPpUBHAJ/IBHBIX DEIICHUH
{C - u(x,t), C = const # 0},

e
u(z,t) € Lo (G O2(t,€)),

oupesessieMoe coorHoueHusivu (22)—(23).

MATEMATUYECKUNA KYPHAJ. — 2017. — T. 17, Ne 2



80 M.T. JI>KEHAIMEB, M.I'. EPrASTMEB, M.I1. PAMA3BAHOB

TEOPEMA 3. I'panmunas 3amaqa (3) uMeerT TOJIHLKO TPUBHAJIBHOE DEHICHHE B
kaacce Loo(G; O2_1(t,e1,€2)), rae

tl/2—e1—ea ecm 0 <t <T,

T/2=e1=¢2 oxp {_ (% 4 52) (t — T)} , ecm T <t <400,
(43)

u T — mpou3BOJIBHOE TOJIOXKHUTEIRHOE OrpaHumdeHHoe Jucao, €1 > 0, €5 > 0.

Oo—1(t,e1,€2) =

5. OCHOBHOW PE3YJIbTAT JIJIsd HEJIMUHEMHOIO YPABHEHUW A

s YCTaHOBJIEHHBIX BBIIMIE TEOPEM U JIEMM CJIEyeT

TEOPEMA 4. Hapsiny ¢ TpuBna/ibHbIM perenneM rpanndHast 3aaqa (1) umeer
CeMelCTBO HeTpUBHAJIbLHBIX DELICHUH

{w(z,t) =In[l1+ C - u(z,t)], C = const # 0},
KOTOpOE OIpeJIeISIeTCs ¢ MOMOIIBIO TTpeobpasoBanus (2), rie
u(z,t) € Loo(G; Oa(t,€)).
JLnst perienust HEJIMHEHHOrO yPABHEHHST HMEEM:

exp{w(z,t)} — 1 € Loo(G; 02(t,€)).

6. SAKJIIOUEHUE

N3 yrBepxkuenus Teopembr 4 ciiemyer, 910 HEKOTOPbIE (DYHKIMOHAJIBI OT
HETPUBUAJIHHBIX PEIeHU HeJTMHEHHOTO yPABHEHUT JOTYCKAIOT POCT KaK B BEP-
IIIUHE YT, TaK U HA OECKOHEYHOCTH.

[Mopsiaxm pocra onpeensiorcss BecosbivMu dbyuxmusamu 01 (t), Oa(t, €).
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Kuenonues M.T., Eprasmes M.I'., Pamazanos M.bl. ChISBBIKTHI EMEC
BIP 2KBIJIVOTKIITIIITIK TEHJAEYIHIH TPMBUAJIJIBI EMEC HIEIIII-
MI TYPAJIBI

Byran meitin aBTOpIApABIH KYMBICTAPBIHIA CHI3BIKTHI YKBLIYOTKIBTIITITIK
TeHJIeyl YITH GIPpTeKTi IMeKapaiblK eCenTiH (I9peKeTiK perTe) a3rbIHIa/Ia-
THIH 00JIBICTA TPUBHAIIRI €MEC TIelTiMIePiHiH 0ap 60IaTHIHIBIFR KOPCETIITEeH.
Ocbl TpUBHAJIIBI €MEC TIEMTMIEPIiH KJIaChl aHBIKTAJIBIN, OYFaH KOCa, TaObI-
JIFAH KJIACTBIH TaPbLIYybl TPUBUAJIIHI €MEC I MIEeP/IiH KOKThIFbIH KaMTaMar-
ChI3 eTeTiH/ir KepceTijireH. By xkymbicTa OyraH JIeifiH ChI3bIKTHI 2KaFnail yImu
JKacaraH HOTUXKE/IePIMi3re cylieHe OThIPHII, 6i3 ChIBBIKTHI eMeC HIp KBLIYyOTKI3-
MIITiK TeHIeyiHiH TPUBHAJIIBI €MeC IIeIIiMIepiHiy 6ap 60IybIH a3FbIH I IATHIH
obJibicTa KOpceTemis.

Jenaliyev M.T., Yergaliyev M.G., Ramazanov M.I. ON A NONTRIVIAL
SOLUTION OF ONE NONLINEAR HEAT EQUATION

Earlier in the work of the authors it was shown the existence of non-trivial
solutions for the homogeneous boundary value problem for linear heat equation
in degenerating (in the power-law order) domains. The class of these non-trivial
solutions was stated, moreover, the narrowing of the found class provided of the
absence non-trivial solutions. In this paper, based on our previous results for
the linear case, we show in the degenerating domain the existence of nontrivial
solutions for a nonlinear heat equation.
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AHHOTaLMA: VsydeHa nuHeapusoBaHHas aByxdbasHas 3agada C ABYMsS MasbiMu
napaMeTpamu Ans cuctembl napabonuueckux ypasHeHuii. VcxogHas nenuneiinas
3apa4a co cBobOAHOM rpaHuLell onnucbIBaeT npouecc ¢as3osoro nepexoaa (nnaenexue,
3aTBEpAEBaAHME) BELLECTBA C MPUMECHIO HEU3BECTHONM KOHLEHTpauueii. B npoctpancTee
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oueHku, npoctpaHcTeo lenbaepa.

1. BBEJAEHUE. [IOCTAHOBKA 3AJIAYN. OCHOBHBIE PE3VJIbTATHI

B pannoit pabore uccienyerca aByxdasnas 3aja4a C JBYyMs MaJjbIMU 14~
pamverpamu k > 0, € > 0 npu cTapmux YjaeHAX B YCJIOBUAX COTPSIYKEHUS JI/TsT
CUCTEMBbI YpPaBHEHUIl TEIJIONPOBOIHOCTU. JTa 3aJa9a SBJISIETCS MaTeMaTHIe-
CKOIl MOJIEJIBIO, ONMUMCBIBAOMIEH TTporece (hba30BbIX MEPexXoIoB (MIaBIeHune, Kpu-
CTAJIN3AINIO) BEIECTBA, B KOTOPOM COJEPXKUTCS TPUMECEH C KOHIIEHTPAIIUSIMHU.
HewnszBecTHbIME SBJISIIOTCS TEMITEpATYPa W KOHIIEHTPAIINS B XKUJIKOH U TBEpI0i
dazax, a Takke rpanuia pasjena ¢as.

Bagaua nupu k = 1, € = 1 6bu1a uzyuena A.T. [Terposoii [1| B npocrpancTse
o2+a,l14a/2_
TFemvpepa C , ; (Djr), o € (0,1). Jluneapusosanuble 3a1a4u ¢ OJHUM U

JBYMsI MaJIBIMU [ADAMETPAME B I'DAHUYHBIX YCIOBUSAX IS HapaboIMuecKux
ypasuenuit Credana n Bepurnna nzyuanucs B paborax [2]-[4].

Keywords: Parabolic equations, small parameters, coercitive estimates, Holder space.

2010 Mathematics Subject Classification: 35K20, 35B45, 35B30, 35C15, 35R35.

Funding: PaGora Beimosnena B pamkax mpoekrta Ne 3358 /I'@4 o rpanToBoMy dbuHaHCH-
posanmuio MunncrepctBa obpa3osanusa n nayku Pecrybsmkn Kazaxcran.

© K.K. Txobynaesa, 2017.



84 K. K. JI>KOBYJIAEBA

0 241141/2__
Bagaga Oyuer usydena B npocrpancrse Lensuepa C , 4 (Djr), j = 1,2,

r7e | — 'ereoe moIoKUTEeNbHOE 9ncya0. JLloKa3aHbl CymecTBOBaHME, 6 TNHCTBEH-
HOCTB, OIICHKHU PeIlleHns 3a0a4l ¢ KOHCTAHTAMU He 3aBUCAIIAMUA OT MaJIbIX IIa-
paMeTpoB B pocTpaHcTBe Lesbaepa. DTo 1aeT BO3MOXKHOCTD Oy IUTh CYIIe-
CTBOBaHUE, €JMHCTBEHHOCTh U OIEHKU PEINIeHnil 3a1a9 6€3 moTepu TJIaJIKOCTH
zasanubiX Gyaknuiit npu £ =0, € > 0; Kk >0, e =0u kK =0, € = 0. Kpome
TOr'0, IOJIyYeHHBbIE Pe3yJbTaTbl IO3BOJIAT UCC/ICJ0BATh HEJUHEHHYIO Hepery-
JIAPHYIO 33J[a4y CO CBODOIHOM TpaHwiieil O IIaBjeHuN OWHAPHBIX CILIABOB C
JIBYMSI MaJIBIMU TTAPAMETPAMU JIJisl CUCTEMBI Tapab0/InIecKuX YpPaBHEHUIA.

Iycts Dy = {x | 2 < 0}, Dy = {z | x > 0}, Djr = D; x (0,T), j =
1,2, op = (0, 7).

Tpebyercst onpenennrs bynkmun u;(x,t), ¢j(x,t), j = 1,2, u (t), yno-
BJIETBOPAIONTHE MapabOIMIeCKIM YPABHEHIAM

8tUj - a‘JaguJ - ()éj¢/ = f]($7t> B DjT7 ] = 1721 (1)

ath - a’j+28§6]' - ijl = g](l‘,t) B Dij ] = 1’ 27 (2)
Ha4YaJ/IbHBIM yC.}IOBI/IS[M
¢l _o=0, wuil,_,=0, ¢l|_,=0 8 Dj, j=12 (3)

u yCaoBusM conpsizkenuns ua rpanune x = 0, t € (0,7)

(u1 —u2)|,_, = @1(b), (4)

(1 = )|, _o = @2(t), (c2 = 2ua)|,_o = @3(t), (5)
()‘1896“1 - )\28:10”2)’96:0 + ’ﬂb/ =q (t)7 (6)
(klazcl - k28x02)‘$:0 - 51[), = q2(t)7 (7)

rie Bce KO3(MUIMEHTH TIOCTOSHHLIE, Gj, Gjt2, Aj, kj, v >0, j=1,2, Kk, €
— monoxkuTenbubie; Oy = 0/0;, Oy = 0/0y, 0% = 0%/0,2, DF = d¥/dt*.

Bagaua (1)—(7) Obuia usyuena B upocrpancrse enbuepa [5]. Ilycrs | —
Heres0e moJIoknTeaproe ancno, o = — [I] € (0,1).
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0 24+L1+1/2 o 1+1/2
onC,  (Djr)ucC ; (or) bysem nonnmars 6GaHAXOBBI IPOCTPAH-

crra, dbynkmmit u(z,t) n ¥ (t), IMeImUX HOPMBI

2+(1]
ulZ = S g arulp, + Y (oo, + oo ) +
2mo+m=0 2mo+m=2-+[l]
mo am, 1:5%)
+ Z 070y u]t,D2T ) (8)
2mo+m=1+(]
14+[1/2]
m 1+[1/2 —
G2 = 3 DLy + (D), (9)
mo=0
e
[vlpy = sup o],
(CL’,t)EDT
[U (CY) — Sup ”U(x7t) - 'U(Z, t)‘ [U](Ol) _ Sup ’U(l‘, t) — U(x, t1)| .
x7DT (xvt)v(zvt)eDT |x - Z‘a ’ t7DT (-T,t)ﬂ(x,tl)EDT ’t - tl‘a
ol /2 o 141/2

Yepes C, ; (Dr)u C, (or) Gymem 0603Ha9aTH TOATPOCTPAHCTBO (DYHK-
it u(z, t), IpuHAIIeKAIIX Ci’ l{ 2 (D) 1 yI0BIETBOPAIONNX YCIOBHIM

Oful,_y =0, k=0,1,...,14[1/2].

CropaseanBa CIeIyomast JeMMa.

o (141)/2
JIEMMA 1. B npocrpaucrse C' , (1), | — Henemoe nomoxure/ibHOE IUCIIO,

HOpMa, |¢| 1+/2) , orpesiesienrast o ¢popmyiie (9), SKBUBAJIEHTHA HOPME

H-1151)

9l = s ' ol + H“WMLQ (10)
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Cdopmynupyem 0CHOBHBIE Pe3yJIbTaThl PA0OTHI.

TEOPEMA 1. Ilycts 0 < k < kg, 0<e<eomm 0 <Kk <Ky, 0<e<egym
BBIITOJIHAKOTCA yC.}IOBI/IH

pi = B —vjo >0, pjye = B3—j —y3—ja; >0, j=1,2. (11)

Ol7 1/27 Ola l/27 017“
st mobbrx pynknuii fj € Cy ¢ (Djr), 95 € Cyp ¢ (Dj7), ¢ € C : (or), j=
o 14+1/2
1,2, ppeC, (@r), k=1,2,3,3axa4a (1)—(7) umeer euHCTBEHHOE pEIIICHIE
0241 1+1/2__ 0 241,1+1/2 0 141/2
Uj($,t) 615 x t (DjT); Cj(.ilf,t) € C x t (DjT)v 1/}( ) € C t (UT)v (H—i_

03
e € C \(Gr) u mis penenns cripaBeInBa OLNEHKA,

[\

I ) 14
S Ul S5 + 1 50) + IS5 4+ (5 + ) ) <
7=1

2
! ! (4
sq(Z(|f]~|331T+rgj|§>§T+|qj|aﬁ >+Z|<P ,1“/2)7 (12)

=1

Ijie 11OCTOAdHHAasA Cl He 3aBHCHT OT K H E.

TEOPEMA 2. Ilycte Bomosnennr ycaoBusa Teopembr 1. Torma mpon3BoiHbIe
kY (t) m e/ (t) B ycnosmsix (6), (7) samaun (1)-(7) ynosaersopsier HepaBer-
cTBaM

(1+[l]+

)
R (O)lor * ) <Cok*T (Z\fwﬂ{jw\1“/2+\q1|w2 ). ()

(1+[l]+5)

£/ (Dlo (DgJ\Dﬂ +Z|¢k| ) gl ), (1)

e B € (0, «), nocrostarabie Co, C's HE 3aBUCAT OT K H €.
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ITpeobpaszyem 3amaqy (1)—(7) K SKBUBAIEHTHON C OJHOPOJHBIME yDaBHE-
mauavu (1), (2) u ycroBuamu (4)—(6). s sroro mocTponmM BCroMoraTe/bHbIE
dbynxmun Vj, Z;, j = 1,2, Kak penrenus CjaeAyIOIMnX KPaeBbIX 3a/a4:

0 Vj(z,t) — ajﬁgv}(m,t) = fj(z,t) B Djr, j=1,2,
Vil,_,=0 B Dj, j=12, (15)

(i = 10)|,_o = #1(0), (MdeVi — X Va)|,_g = an(0):

8tZ1(x,t) — a38§Zl(x,t) = gl(a:,t) B D1T7
Zl‘t:O =0 = Dl’ ZZ‘JCZO = QDQ(t) + rylvl‘x:(]’
OrZa(x,t) — ag0?Zs(w,t) = go(x,t) B Do,
Zyl,_y=0 B Day Zo| _,=w3(t) +72V2|,_,

Bagaga (15) aisercs 3agadeii conpsizkenus, a (16), (17) — nBe mepBble Kpa-
esble 3aaun. Kaxas u3 srux 3aga4 B cuiy [5], [6] nmeer exuncTBenHOE pe-

(16)

(17)

nieHue

0 2HL141/2 0 2HL141/2 ‘
‘/}(xvt) €cC, (DjT)7 Zj('r7t) €eC, (DjT)7 J=12, (18)

YAOBJIETBOPHIOIIEE OI[EHKAM

2+1) N
‘V ’(D]T = (’fJ’DlT + ’901’3%1:”/2) + ’ql‘UTZ )7 J=12, (19)

2 l [ 2 l
215 < O (191l + 1ol YD 4 1| 54D, (20)

2 l l 2 l
12250 < Co (g2l + sl 5D + 11| 54D). (21)

B zamave (1)-(7) npoussenem 3ameny

uj(@,t) = vj(z, 1) + Vi(z,1) + 59 (t), 7 =1,2,

() = 2j(a.t) + Zi( ) + Bi(t), § = 1,2, (22)

U MBI TIOJTy9HM 3a/ady I Haxoxaenus Gyskumii vj(x,t), zj(x,t), j=1,2, u
¥ (t), yIOBIETBOPSIIOMNX YPABHEHUSIM TEILIONPOBOJHOCTH
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815’[)]' — ajagvj = 0 B DjT’ j = 1, 2, (23)
Ozj — ajy2032j =0 B Djr, j=12, (24)

HyJIeBbIM Ha4vaJIbHBIM yCJIOBI/IHM
w\tzozo, vj\t:():o, zj\tzozo 8 Djr, j=1,2, (25)

U ycJIoBusM conpsikenus Ha rpanutne x =0, ¢ € (0,7):

(v1 —v2)|,_ + (a1 — a2)yp =0, (26)

(21 = mv1) |, + 110 =0, (22— Y202)|,_o + patp =0, (27)

(Alaxvl - A28xv2)‘ ot ﬁw/ = 07 (28)

(k10221 — kalr22)| w o(), (29)

e O(t) = go(t) — (k10: 21— k202 Z2) |, Co‘ (UT): i = Bi—vje, j=1,2,

2
r¢>|02><c(2|gj| S +Z|¢k|<1+’/2) (30)
i=1

CupageymBa ciaegyomas Jlemma 2.

JIEMMA 2. Ilycts 0 < k < Ko, 0 < e < eggmumm 0 < k <Ky, 0 e< gy m
= Bj — oy >0, ,L‘J+2 /83] Y3—jo >0, 7 =1,2.

IIpu Jro6oii ®(t) € cl t ( or), | — Here/10e moJI0KUTETbHOE YHCII0, DEIIeHHE
sajadn (23)—(29) moxer O6bITb IPEICTABICHO B BHJIE

t —
P(t) = /<I> /Fw a t—7— O‘)‘ odo, x>0, (31)
0 0
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t t—T
Aa(ap — o) i
Ul(m,t):2a1< NG > O(1 T/Flm(—x—i—ko\/aa,t—T—U)da—i-
0 0
t
\/a/i)(T)Fl( —z,t— T)dT, x <0, (32)
0

t

Al — _
vg(x,t):2a2</;'; 131»]{:00‘2) O(1 /Qx x—i— \FUt T—O’)d0'+
0 0

,2
”\ﬁ Py (z,t — 7)dr, = > 0, (33)

t

)\1 )\2 -
1+ )
zl(x,t):2a3<( : 2 ,YIKM)/(I) / 33—}— ,/ 30,t—7—0)do+
0

ko
0
2
%,{\F/ )ls(—,t—7)dr, © <0, (34)
A1 A2 t t—T1
T M3+ =2
zg(x,t):—2a4<(\/7 koﬁ ) ’Ysz)/(I) dT/Du :L’—i— \ﬁa t—7—0)do+
0 0
2
VQH\/»/ z,t —7)dr, x>0, (35)

rae

ko = k(k171/Vas + kay2/v/as) + (M /a1 + A2 /V/az), (36)
1= kadopia/\/ag\/as +kidip /v azy/ar + ke s /v/asy/ar + ki dapa /v az/az,
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2
_z
Li(z,t) = 3 \/;We dait 4§ =1 — 4, — byngaMeHTaJIbHOE pellleHre yPaBHeHUS

reronposoaHocTn dyw — a;02w = 0, yI0BIETBOPSIONIEE OlEHKe

2

1 _ &
\6;‘36;”&(:3,75)\ < Csme 8ait g =1—4. (37)
t— 2

JJOKABATEJLCTBO JIEMMBI 2. IIpuvennm k 3a1aqge (23)-(29) npeobpaszosa-
uue Jlamraca mo mepemenHoit t

F(p) = L[F] = / F(t)e Pdt,
0

U [OCJIe HEKOTOPBLIX IpeoOpasoBanuii perrenne 3agadn (23)-(29) B obsactn
n3o00paxkennit Jlamraca 3anuinercss B BUje

( +2%) 2(p)
&= va Va2

kO(ko\f +p)

~ \}\2*(041—012)‘1)(19) \/Tx_'_ Kr/P o (p) VBT

U = e —————eV 1" 1 <0,
T k(BB D) ko(£/P +p)
A ~
o \ﬁl(al - Oz2)¢’(p)e ng N kP ®(p) = Za 250
ko(#5v/P + 1) ko(45v/P +p) ’ ’
& ®
:271 _ VIK\/]E ‘I’(p) e\/%x (\/*:LL1 + WN4) ( )e\/gm’ T < 07
ko(#£ /P +p) ko(45v/P+p)
~ A A 3
5, — Y2k/D P(p) e_ﬁx N (\/7;*1”3 + \/T%“?)q)(p)e— ﬁ””) 25 0.
ko(£5+/P +p) ko(f5+/P +p)

IIpumennm K pyHKITIM {/;, vj, Zj, j = 1,2, bopmynbl 06paTHBIX Ipeobpa3o-
sauwuit Jlamnaca 7] npn x < 0:
N

t ¢
va® —r+b _ (ca+bvao)?
j_ NG = 5 T p \/&03 e %l-9) do = 2a / 0, (—x + by/ao,t — o)do,
p p -
/ ar(t — o) ,
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t—1

() !
<I>(p)€7 = 2a/<1>(7‘)d7 / 0, T (—z + by/ao,t — 17— 0)do =
0

0

ar(t—7—0)3

t —
_ b _ (—z+byao)?
Z/CI)(T)dT/ 5 z +byao e dalt-m-o) do,
0

B(p)dy— VT = /@(T)r(—x,t—r)df—

0
—x + (~z+by/ao)?
(T)dT / r b\/a(]' e falt-t—o)

:2/<I>(T)F(—:B,t—7)d7' NG N T Ta(t=m=0) do

u axasorndasie mpu « > 0. U1 mbI nosmyanwm pemtenne 3axaqn (23)-(29) B Buge

(31)-(35).

/
]

2. IOKABATEJBCTBA TEOPEM 1 1 2

TEOPEMA 3. Ilycth 0 < k < kg, 0<e<egpum 0 <k <Ky, 0<e<gom
i = Bj =i >0, pjyo = P3-j —y3-ja; >0, j=1,2.
141

o 1L
JLst mo6oit pyakimn O(t) € C : (or) 3anaqa (23)—(29) umeer exquHcTBEH-
0 2+1141/2__ 0 241141/2__
noe pemrernne vi(x,t) € C, 4 (Djr), zj(z,t) € C, + (Djr), ¥(t) €
ol141/2 o B
C , @), (k+e)W € C (Fr) u ans pements cupapeIHBa ONEHKA

V]

2 l 2 l
S (o B 4 1220 4 [l 4 [k + )57 < Colel ), (39)
7=1

rae nocrogaanasa Cy He 3aBHCHT OT K H €.

st jokazaresbersa 310 TeopeMbl yeraHOBUM CHa4aJ1a ciedyontyio Jlem-
MY.
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JIEMMA 3. B yciosusx Teopembt 3 ipoussostbie 0305 (2, 1)) |z=0, 0225 (2, )| 2=0
Gyuknmii vj(x,t), zj(z,t), j = 1 2, onpenerennsx mo gopmymam (32)-(35),

IpHUHAa/IeXKaT [IPOCTPAHCTBY C (UT) U HOJYUHSIIOTCS OLlEHKaM

1+ ) 1+l
’8 ’U](.CC t)’z O‘O'T < CIO‘q)’JT ) (39)
92, Olaolo? ) < Cull ), =12, (40)

rue nocrosiuabie Crg, C11 HE 3aBUCAT OT K H €.

JOKABATEJ/IbCTBO. ljis1 onpeie/IeHHOCTH PACCMOTPUM [IPOU3BO/IHYIO (DyHK-
o v1
aa;vl (x7 t)|a::0 -

t T1

) im, ﬁ@(ﬁ—a)—@(ﬁ)]rlm(—ﬁg)\/aavt_ﬁ)da‘x:o_

0 0

_9 <)\2(041—a2
=2a
Vazko

7 Vazko

(cm. dbopmynnr (32), (33)). dnst moxazarenscrsa JleMmbr 3 cornacHo onpesesie-
Huio HopMbl (10) orernumM HOpMY Tpou3BOHON Oyv1 (2, t)|z=0. g sroro npu-
MEHMM HEPABEHCTBA

t
2k -
B o\/671</\2(041 az) _)/cb 71)1a( w+kﬂ\/aﬁ’t_ﬁ)dﬁ’x—0
: _
0

141 1+l)

|(I)(7—1)| S MTIQ ’ rue |<I>|<7T ’

|€e s < C e €2 4 >0, (41)
t 2, .2 2
_(ualo) +z _ ozt
[ e S e < SR, (42)
-0
0
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Torja Oyaem umers npu [I] =0

C M / 7 2o
13 lta = o, —
|8xvl($7t)|z:0| < o 2 e 5071 do4
t - T1 3/2
0
t 2.2
KTy
T2 Ti/ko —7z
1 —
+k0/3/26 ko (t Tl)dﬁ), (43)
(t — 7’1)
0
B II€PBOM MHTErPaJI€ TOMEHAECM IMOPAJOK MHTEI'PUPOBAHUA U IIPOU3BEIECM 3aMe-
HY Wﬁiﬁ = 2z, (t:f—% = dffo, a BO BTOPOM HHTEerpaJie BOCIIO/Ib30BABIINCH

HEPABEHCTBOM (42), MBI TIOJTyIuM

t

1+1
a tTtk 1
0201 (2, ) |e=0] < C14M(/01;1d0 ot D) < CysMt's (44)
0
rae C'\5 HEe 3aBUCUT OT K W €.
IIpu [[] > 1 MBI mosTyanm
t l 1 T1 2 92 141
1 _ e £ tho
_ol < M kgt=m1) ) <
|0zv1(, )| 2=0| < Ci6 ko/ t—n 3/2d71/06 0 do + ot ) S

0 0

t 2 2 141
1 i1 1 R TE TP t2 thy 14
<C M(—t do [—— ¢ #5t-0 g )<C Mt (45
=G 7 20/‘7 U/(t_Tl)g/ze ’ 1+ ot ) S M (45)

rae C'17 He 3aBUCUT OT K U €.

Ounennm koncrauTs! l'esibepa craprmeii mpoussoanoii. s 5T0r0 mepekn-
HeMm npousBouyo 070 Ha O(7)

aznoaacvl (:1:7 t) |x:0 =

t

/\2(0&1—042 >/ /
:2a1< - — i(T)dT Flm x—i— \/ ayo,t — T—O’)dO"
v agk
0 0
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¢
/ le —z,t— T)dT‘xZO, (46)
0

14+a

pi(t) := DFo(t) € C', (o) mpu [I] = 2k — werrom, (47)

R

pa(t) = DFLB(t) € O (@) upu [I] = 2k + 1 — uerno, (48)
1

k=0,..[%], a=1-[]€ (0,
o 2+g¢7i
Tak kak p;(t) € C', = (or), i = 1,2, To qs 51TUxX QYyHKIWI CIpaBe/IUBLI
CJIeSIyIOIIe HepaBeHCTBa 1Ipy £ < T :

~— &

2+a7i)

pi(t) — pilt)] < Mt — 1) 757", [pi(t)] < L M= [pilor ?

, (49)

1 = 1,2, KoTopbIMHU MBI Oy/IeM TOJIB30BATHCS B JAIbHEHIIIEM.

B zaBucumocTn or 3H8H€HI/I$I nokasaresd | HaM HeoOXOIMMO OIEHHTEL HOP-
Mt |90 D01 (2, 8) o= 0\< )y |80 0,01 (2, )| omo| 2.

Paccmorpum npoussoanyio (46). B dopwmyse (46) MOMEHSIEM TTOPSAIOK WH-
TerpUpPOBaHUsI, IPOU3BEJIEM 3aMeHy t —T 40 = T| B HHTerpaJe 1o T U 3alluiieM
npon3BoHy0 0, '°0,v1 B BUE

9,0 Opv1 (2, 1)]z=0 =
\ ( t t
a1 — ag)
:2a1< 2 >/da/[pi(ﬁ—O’)—pi(t—a)]rlxm(- t—Tl)dTl} T
k ’ =0
Vazko )

g

t
pz‘(t—a)da/ﬂm(',t—ﬁ)dﬁ‘x:o

e}

Ao — ag) L
2
+ a1< \/@ko k:2

o

Bo BTOPOM WHTErpaJsIe BOCIOIb3yeMcst pasencTBom 0211 Ha, —a—l%@ﬁfl, j=1,2,
U TIPOMHTETPUPYEM TIO T|, TOTA TOJTYIHM

alnoaxvl (5177 t) |x=0 =
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t

Ao — a2)
:2a1< NG >/d7/pl T—0)—pi(t—0)|T1(,t —T)dC”xzo"‘
0

t

1 )\Q(Oél—ag )/
+—=2a - — i(t —o)[1(-,t —o)do 50
ai 1( Vazko Op i =0 (50)

rie i = 1,2, mo = [1F], a Bmecro 71 MBI cHOBa 3ammcam T

Ilpunas 0 < t1 < t < T, gast openeseHHOCTH, W BOCIIOJIb30BABIINACH POP-
mystoit (50), 3anumem pasHocTh mpousBoaHOi J; 00,1 (2, t)|z=0 B BUIE

Ai: 8{”08xv1(9:,t) — 8;?08x?)1<2?,t1)‘$:05

=24, (AQ(\O/‘L;:Q - >(/d¢/ (1 — 0) = pi(t — 0)T1aa (-, t — 7)|a—odo+

t1 T t
+/d7’/[pi(7'—0') —pi(tl —U)]do‘/atzr1zx(',t2 —T)’xz()dtg—i-
0 0 t1
t t1
+/pi(t — U)Fl(-,t — U)’xzodO' + /[pl(t — O‘) —pi(tl — O')]Fl(',t — t1)|x:0d0'—|—
0

t1
t1 t
+/pi(t1 — J)d0/8t2rlx$(-,t2 — T)z()dt2>.
t1

0

s onmenkn A; ucronp3yem HepasercTsa (37) u (49), Torma 6ymem nmernb

2+o¢ i 2 2
ClgM t — T 2 —52
T a2
|A ’ < t 3/2 ¢ +
—T)
1 2+a i T 2 2 t 24a—i 2 2

t
th—7) 2 T Tossns (t—o) 2 -4
+ [ dt dT/e 4’“0“2‘”da+/e o277 do 4
/ 2/ (ty —7)%/2 (t —o)l/2
0 0

t1 t1
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2 2
t t g
1 202 1

t __pie?
14+a—1d 7”7 24a—i e 4k(2)(t2*‘7)
+(t—t 2 e M- tl)da—!—/t —0) 2 /dt .
(t—t1) / (t1 — o) o

0 0 t1

[Tpumenus mepasenctsa t; — 7 < t3 — 0 BO BTOpOoM, t — 0 < ¢t —t1, 1/(t —
o) > 1/(t —t1) B Tperbem, u (t1 — o) < t; < ty B HOCJIEIHEM MHTErpajax u
IIPOUHTErpUPOBAaB IIEPBLIl U YeTBePThId NHTEerpaJsbl, HailgeM

2 2

t to —_prom
Ci19M; 24a—i / 2+a—i / e 4kg(i2—0)

Al <——(t—t1) = 2 de | S ao ).
‘ ‘ ko <( 1) 2 2 / (to — 0)3/2

t1

Bocnosb3oBasimucs B unrerpase 1o o ouenkoit (42) [8] mosyanm

(2+a i

|A@’ § CgoMi(t—t1)2+g_i, [8{”08$U1($,t)|z 0] ) < CgoMl, 1= 1 2 (51)

2
tO’T

31ech nocrosiuHas Cop HE 3aBHCHUT OT K, €.
U3 ouenok (43), (45), (47)-(49), (51) caexyer, uro cormacuo Jlemme 1
141

Op1 |33:0 eéT(ET) u

1+l)

2 < opla)r ), (52)

|0zv1(,1)|2= olaT

rae IMOCTOAHHAaA 021 HE 3aBHCUT OT K,E. Ananormano JOKa3bIBaCT-

o 1+ 1+l
cst, 910 Dyvalym0, 0y2ilem0, Opz2lemo  €C T (@) m |Opvalae o\aT <
() (£ SRR
C22‘®< ) or ‘8 Z]‘w 0’0'T < C 3|(I)( ) or » J = 112 O
ZLOKABATEHL,CTBO TEOPEMBI 3. Tlo Jlemme 3 mpoussomnas O,v1(z,t)|z—0,

1+l
NPUHA/JIEKUT [NPOCTPAHCTBY C (JT), TOTJa IO TeopeMe O CJeJax

dbyukimit obmeit Teopum TAPAOOJMIECKUX yPABHEHUIH MBI HMEEM, YTO
0 24L141/2_ 0 24114+1/2_" . (2+l)
vi(z,t) € C» ¢ (Djr),7(,t) € C ¢ (Djr),d = 1,2, m vy
(43 (F 2+l 1+l)
Coal O, Dlamolo | < CoslB(D)]o .| J| ) < Cogl (2, D] aolbr”
+1
Caor|®(t) STT ), j = 1,2. 3 pasencrsa (26) BbITEKAET, 4To (byHKImst P(t

o 141/2 (1+1/2)
npuHaIeRNT poctpaictBy C' ; (7)) v nojuwnnsiercst ouenke [i)(t ) or <

IN

IN
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1+l)

(2+1) 5
ot ;\ 1550 < Conl@(t)]67

, a n3 pasencts (28), (29) 6ymer cie-

+ !

J0BATh, qTo k' (t) E 5’ (1), 5?/)() € COJ'tT(ET) |“¢()(2) <
)

+
C30|P(t)| oy (3 , ey (t )|UT < C31|®(t )|JT ), rje nocrosinabie Coy—C3) He 3a-
BHCAT OT K, €. I/ITaK MBI jtokasanu Teopemy 3 u HepaBencTBo (38). O

JIOKABATEJIbCTBO TEOPEMBL 1. U3 dopmy (22):
wj(x, t) =vj(z, 1)+ Vj (2, ) +aib(t), ¢j(x, t) = zj(x, t)+ Zj (2, ) +6;4 (1), j = 1,2,

u Ha ocHoBauuu Teopembl 3 u onenok (38) u (19)—(21), (30), mis dyakuUMiE
Vi(z,t), j=1,2, Zi(z,t), Za(x,t) n ®(t) momy«anmm Teopemsr 1. O

Tenepr mokazkem Teopemy 2. YcranoBuM cHadasa Teopemy 4 masd 3amadn
(23)-(29), k koropoit mbl cBemu 3aga4dy (1)—(7).

TEOPEMA 4. ITycrb 0 < k < kg, 0 < e <egomm 0 <k < kg, 0<e<egynu
pi = Bj —via; >0, pjpe = Bs—j —y3—jo; >0, j=1,2.

1+k+&
Ipu moboit (t) € Ct (@r), k= 0,1,... , Torna npoussoaubie k' u
ey’ B ycaosusx (28), (29) zanaum (23)—(29) ymoBaeTBopsaioT HEpABEHCTBAM

1k+) 1k+a

! (0] 2 < Coar ™2 |05, 2, B € (0,0), (53)
k+ﬁ) 1 k+a
\E”l/f ( )|UT < C33E z ’(D‘UT ) /B € (0,0J), (54)

rie nocroaaueie C3o, C33 HE 3aBUCAT OT K H €.

JIOKABATEJILCTBO. Paccmorpum 3amaqy (23)-(29). Mer mocTpounu ee pere-
ure B ssBHOM Buje (31)-(35). 113 yemosum (28) u (29) maiizem

li’lp/(t) = _(Alaxvl - )\285137)2) ‘ngv (55)

Ewl(t) = (/ﬁ@le — k‘gazZQ) ‘z:() — @(t). (56)

BoruncianM npomsBoaHbie ()\18361)1 — )\28331)2) (klale — kg@ng)

|ac:0’ ‘x:O :

()\1690121 — )\281’[)2) ‘x:(] =
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=2\a ]()\2(31»;0&2 (Q/ dr I‘lm( ﬂc+ \ﬁat 7-)\ da—l—wl()>

¢
2M\1ky/
—I—IkCLl/@(T)I‘M(—:L‘,t —7)| dr—
0

x=0 7—) ‘(L':O

2ok /
dr — 22V02 /@(T)ng(:n t
ko
0

t T
pr | Ar(ar —az) / / 1
-2 — P | R 7 yL— — -
)\QGQ(kg + NG )0 (T)dﬂ;) 2wz (T + kO\/CZQO't T)‘x_OdO'
Kk Ml —«
_2)\2a2(:2 L Ml ;mo 2)>w3(t), (57)
rie

= /dr/ T—0)— D(7)|T1pz(—2x + kﬂo\/cho,t - T)’x:oda’ (58)

0

_ /dT /[@(r — ) = () Tl + /a7yl (59)
0 0

B dopmyse (57) npounrTerpupyeM mepBbIil  YeTBEPTHINH HHTETPAJIBI [0 0, YU~

w/ax u\/
o Fl:ca; FQ;m: - FQJ?O’

ThIBas paBeHCcTBa ['1,, = —

T

/Flm(—x—}—'u\/aa, t—7) ‘ _do =
kO x=0

0

1
Tie(—z+ 2 Jaro, t—7)| do =
M\F Opl'12(—2 o a o T)}I_O o

ko

n
M\F[F“( , —T)\:C:O—rlx(—x+k—0¢aﬂt—7)|x:0},

T

14 ko 7
Doga(—z+-—+/azo, t— do =——= [0sl2p(z+-—\/azo, t—7)| _ do =
0/2 ( a:—{—ko aso T)’xzo o M\/@(}/ 2 (m—l—ko axo T)lz_o o

ko I
= ,U\/> {F2$( T)\FO—F2x($+k*0\/672717t_7>‘x:0}‘
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[Mogcrasus 911 Beipaxkenus B (57) u npumensis bOPMyJIbl CKAIKa MOTEHIINATA
JOBOWHOTO CJIOSA

D(t
O(7)z(— t—T)dT%Q npu x — 0,
2@1

o _

t
k — e k
0 /<I>(7'1) (2) e 1at=-"dr — 0
0

®(t) wpuz — 0,

dayy/may(t —7)3 2un/ay

t
D(t
/@(T)ng(x,t —7)dT — _2) upu z — 0,
2a2
0

mpu x — 0,

t
x = ko
e dao(t=1) dry — O(t
0/ Vmag(t —7)3 214/ a3

IIOJIY9UM

(M1 — XoBpwo) |, =

_ )\1]{50 ()\2(0[1 — a2) MH) )\11{
pyai\ - Jasko Fov/ar

L (& J Aulen —aw) a2))><1>(t)+

koyaz  pyfaz \k3  \Jarko

+2)\1a1 ()\2 (3;72_]{00[2) /Z;:) (wl (t) + w9 (t)) -
—2X9a9 (Zlg + W) (’w3<t) + w4(t)), (60)

rae wi(t), ws(t) onpegenens no dopmymam (58), (59) u

wo(t

t

/ Nl ia(— -+ L farr, e — r)r, (61)
0

0
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wy(t) I‘gx:n—i— \/77' t—T)dr. (62)

M\F

IMoxcrasus Beipaskenne (60) B dopmyiay (55), MbI oIy IUM

R (1) = —2A1al(w — ) () + () +
+2A2a2(‘;’§ + Al(j%_ko‘”)) (w3(t) + wa(t)). (63)

AHaJIOrMYHO HAXOIUM

(k18221 — koOpzo)|,_, =

A A
_ ]{31’71]6 4 ]{31]{?0 <\/;T,U'1 + \/C%luél _ ’Ylﬁﬂ>+
koy/az — py/az ko k2

A A2
k koko [ JacHs t Jas k2
272K I 2K0 (ﬁ Vazhe 72&“))(1)@)—1—

koyvas — pn/as ko kg
)\1 >\2
a1'u1+ az'u4_’Ylf‘GM
2k (2 - 2 ) (ws () + we(t))+
)\1 )\2
ar M3 + az M2 R
] o [ (IO RN ) (64)

re

ws(t) = / dr / @7~ 0) = (1) Tase(~a + 10t = )],y (65)
0 0

We

t
/ "Tsa(—a + L agr, t = r)ar, (66)
0
0
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T

wi(t) = / ir / 87 0) = V(W aaal + £ a0t = 7)],_ydo,  (67)
0

0

/ Plaala + o/, t = )dr (68)
0

13 dopmya (56) u (64) maxomum

e!(t) = 27€1a3( rm i WM ’YWM) (ws(t) + we(t))+

ko 2
A1 A2

T3 T a2 K
+2hpay (L — B (wr (1) + ws(1)). (69)

0 0
Pacemorpum dyukimn wi(t) u wa(t). Mbl JOKHBL OIEHUTH HOPMbI 9THX

o (14+k+8)/2

$dyHKIWMIT B IpOCTpanCTBe C ; (or), B € (0,a), a€(0,1), k=0,1,....

ITo Jlemme 1 Ham jocrarouno ouenuts Hopmy (10) Bmecto HopMmbl (9).
Onenum HOpMy morenrmasa wi(t). s 5TOro mcmosb3yeM HEpaBeHCTBO

o (1+k+a)/2
(37) mst T'y(x,t) m onenkn st yukunm O(t) € C 4 (o1):
1+a
o) —a(r—o) < M7 E L P EED (70)
034MU7' 2 npu k>1,
B()| < MtT5™, M = [DP®]T ) = [(1+k+a)/2.  (71)
Torga ipm k = 0 MBI OIyunM
t T 1+a u202
2 T
|w1 ’ < C35M/d7'/ t—T 3/26 Ak (- )dO' (72)
0 0
anpu k> 1
t T kolta 1202
oT
|'LU1 ’ < 036M/d7'/ 3/2 4k2(t ™) do. (73)
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B (72) npumensisn nepasencrsa (41) u o(HA/2 < 748)/2 < (1482 5 ¢
(0, ), u uaTErpUpYs MO 0, GyJEM UMETH

t
a=B d a=B
w1 (t)] < CsrMby? kot / = COsMky® kot 2t . (T4)
0

Harnee,

a—B 148 a—8

Ao —« K 1 o8
2200 (SR 22 2o —og) L) wi(t)] < Csopun(t)] < Cuoko ™ 12 4% (75)

v asko k2
k—14+a k—1+a

B (73) (k > 1) ucnonn3yem nepasencrBa 7 2 < t 2 u (41), 3arem
1=(a=8)/2 < 71=(a=P)/2 < 1=(2=F)/2 5 € (0,a), u mpounTErpHpPOBAB 10 0,
Haaem

¢
+B 75
(0] < Cudty ™ ¢ [T Cubly kot . (76)
0 (t—m7) =S
0TCIOA
Ao — « K @B 14k48 a—B
v (G ) < coky T T
0
riae M — koncranra [énpuepa uz (71).
Omnenka Moxyns GyHKIN wa(t) TPOU3BOUTCA AHATIOTHIHO
i 1+kta 2 2
t—7) 3 & (t—7)
lwa(t)] < 044Mk0/(7->2€ W dr <
T
0
t
< C45Mk0
0
a—pB o—
< CiMky? 5247 Be(0,a), k=0,1,2,.... (78)

B zaBucumocTu 01 YerHocTH M HedeTHOCTH dncia k nokazaresnnb [éiabaepa
crapieit nponssogroi dyrkunn P (t) uz (70) n (71) Gymer pasabiM:
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o (14+2m+a)/2 o (1+a)/2
1) npa b = 2m — sernon ()EC (Gr)uDpemec,  (or)
o (2+2m+a)/2
2) nupu k = 2m + 1 — nmeuernom P(t) € Ct (57) u Dm+1®( 1) e
a/2
C . (o1), m=0,1,..., [1+k+a]
O6o3HagnM

pi(t) ;== D"®(t) wpm k= 2m, po(t) := D"T'®(t) mwpm k=2m+1, (79)
24a—1
SO)
rorma pi(t) € C, (0r), i = 1,2, u ayist HUX CipaBeIMBBI HEpaBeHcTBa (49).
MBI MOKeM TIpeICTaBuThL npon3Boaubie dbynknuit ki)' (t), i’ (t) B bopmy-
nax (55), (56) caemyromem o6pazom:

1+k
[H5+2]

K'Dt ¢(t) = _()‘18:(:1}1 - >\28xv2)|x:07

[1+k+ﬁ]
EDt 2 1/J(t) = (klale - kanZQ)’x:() —pi(t), 1= 1, 2.

Torga, ucnos3ys obozuadenus (79) n MponsBes MPeodPA3OBAHUS, KAK B

(57)—(63), moryaum

Ltk+d Mo — K
Dy h0e) =~ (RS2 ) 1) + o)+
k Mo —«
(D g ) o

14k
[(FH542)

rje wj(t) =D, wj(t), j=1-4,

t—71

t
:/dT1 / pi(t—m —0)— pi(t—Tl)]Flm(—x—{—kﬂo\/cha,ﬁ)}I:Oda
0 0

t

wa(t) =

u\f pi(t — 11)le(— fU*l—kﬂO\/CTl(t—Tl),Tl)‘x:OdTl,

0 = / / pi(t — 11 — o) — pi(t — 71)|Toz(z + kﬂo\/@o, Tl)‘mzodd.
0
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’LZ)4( ﬂ\/» FQI(I’—F \/77'( )7’1)‘m:0d7'1

[1thtB)
Ananorununo, saxogum €D, ?

Y(t) = (k10x21 — k20r22)|w=0 — pi(t), i = 1,2.
Teneps onenum KoHCcTauThl L €n1bepa. s sroro chopmupyem pa3HocTH,
HOJJI0KUB t > 17 :

A]’ = —2\a1 (M — &) (TI}j(t) - lf}j(tl)), 71=12,

NCT:
)\ ( t t—m
« [0
A1:—2)\1a1< 2\/17]{;02 </j7’1 [p, t T —0 ) pl(t 7-1)]1“19“( Tl)‘z Od o+
0

t1 t1—71

+/7‘1 / AT 14 (- 1) |,_gdo+

0 0
+/’7’1 / [pi(t—ﬁ 0)pi(t7'1)]1“1m(-,7'1)|x:0d0), (81)
0 t1—71

vae Ay = pi(t — 711 —0) —pi(t — 1) —pilts — 71 —0) +pi(t1 —71), i =1,2;
t

)( / i(t—Tl)I’lx(—x—#—k%\/a(t—ﬁ),Tl)‘xzodﬁ—}-

t1

A :2)\1190@()\2(@1—&2) K
T N

t1
+/A2le(—x+]:g\/a(t1 —71), 1) ,_odm+
0

t1

—|—/pl'(t—7'1)d7‘1/(_Mk\o/a)rlxx(—l‘—l-Iif)\/a(tz—Tl),Tl)|I:0dt2>, (82)

0 t1

rie O, Dia(—2 + £/a1(te — 1), )|, = — % Traw (5 71)] o
Ao =pi(t—7) —pi(ti — 1), i =1,2.
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OunenuM pasHocTu |A]| = ‘Aj|6‘Aj|1_65 J =1,2. Baas 0 = gig Z? B e

(0,), i = 1,2, u ucnonb3ysi HepasencTsa (49) g1 p;, Mbl UMeeM

|Ar| = |(pst — 71 — 0) = pilts — 71 — o)) + (pi(ts — 71) — pi(t — 711))|" x
<|(pi(t =11 — o) = pi(t = 71)) + (pi(ts — 71) — pi(tr — 11 — o))" ¥ <

<C47( (t— 1) z_i)a(Mia“S"')l*eg

< CusMi(t —t1) 75 10“5‘3; (83)
+a—i a—i a—1 1—6
‘A2‘<C49< (t—tl 2 ) t—T = —i—(tl—T)HT)) <
a— 2—|—,8—z

< CpMi(t—t) 2 (t—7)F", 0= - Be(0a), i=12 (84)

2+«
snecs 0 > 0, t1 <t, t1,t € (0,7).

Paccmorpum pasnocts (81). Bocnonbsyemcs nepasencrsamu (37) ans Iy,
(49) mas p; u (83), Torga MBI IOy InUM

1 =Tl - 2+8—i 2 2 1 =T 24a-i 1202 )

B8
Tt —t s -
+/d7‘1 / oz ( 3/21) 2 . 4k(2)7'1d0-+/d7—1 / %6 W31 o

T
0 0 0 t1—71

B nmepBoM m mocsieiHeM mHTErpasax IpUMEHIM HepaBeHcTBa o 2 < (t—
24B—i 248—i
2

7‘1)T < (t —tl)

u (41) m UHTErpUpPys 1O 0, TMOJTY INM

¢
) +B—i dr
|Aq| = |w1(t) — w1 (t1)] < C51Mk’0 (t_tl) 2 /1—(«1—16)/4 =
0

a=B 4
< CouMiky? 5T (t—t) 5, i=1,2,
n
2+B8—1 5 ta—i
[01(t)]or® < Cs3M; k T (85)
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roe 5 € (O,CY), 1=1,2, t1 <t t1,t € (O,T]
Paccmorpum pasuocts Ag, koTopas 6biia onpezenena B (82). Iloce mpu-
meHenusi HepaseHcTs (37), (49) u (84) Haiigem

3 2fa—i 2., 32
t—7) 2 -G
’AQ’SCMMZ'(/(;_)Q kg dri+
1
t1
t1 a—p8 o ) t
24p—i [ (t—T1) 2 et 1 t1—7'1 =
t—t 2 - 4kj dri — — [ dt
+e—) [T neg ) )
0

0

. s
Bocnosbzyemcs onenkavu (t —711) 2 < (t — t1)2+2 ,T1 € (t1,t),

Ita—i 2+a—i to —T1 T2
> < (tg—m) 2 < (—Z—,g7 ty € (t1,1), 71 € (t1,1),

(t1 — 1)

B [IEPBOM W MOCJIEJJHEM WHTErpajaX COOTBETCTBEHHO, 3aTeM, MPUMEHsIS Hepa-
BercTBO (41) BO BCex mHTErpasax, Toraa 0yg1emMm uMeTh

a=8 —i d dt d
Ao < CssMiky?  (t—t1)"'7 L = 1 :
0o '1 b2 0o 1
7 TIOCJI€ WHTETPUPOBAHUS TOJTYIAM
B (2+/3—i) a— (2+a 1)
[w2 (t)]O'T ? < C’561470 2 t [pl]UT ) (86)

snech 0 > 0, t1 <t, t1,t € (0,7].
Cobupast omnenkn (77), (78), (85), (86), mbrl HOJ‘[y‘II/IM orerkn HOpM (10)
1+kY48

1+k+5
dymannt wi(®)un(t) < s Ol > ) < Cooky™ @5y ), G = 1.2.B
1+k (a8
cmity Jlemmer 1 Gymem umers |wj(t)|or * < Cxrky, 5 |Ploy 2 7, 7 = 1,2.

Torga uz dopmysst (63) k' (t) = —2)\1a1(/\2$%k2‘2) ‘]:'S) (w1 (t) +wa(t)) +

2002 (‘]z—g + %) (w3(t) + wa(t)) Gyner caenosars ouenxa (53):

1+k+B)

R O ) < kg ® Bon® ), Be(0,0), te (0,T],  (87)
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rae nocrosuabie Csg, Cs7, C30 HE 3aBHCAT OT K, €,
ko ompenensiercs dbopmyiioii (36):

ko = kbi1+eba, by = (k:lﬁ/l/\/CTg—l-kz”yQ/\/a) >0, by = ()\1/\/(714-)\2/\/@) >0

k+ ) 1+ k+a) 1+k+a)

|k (t )\UT < C32ko |‘1>|aT = Cio(kby +by) T !‘PloT

B nepasenctse (86), ycTpeMuM € K HYJIIO, W MBI IIOJTY THM

k+/3)

a— 1+k+a
RO T ) < Cror T (Bl T ), B e (0,a), t e (0,T],

rae nocrosuaaa Csg = C39b1 nHe 3aBUCHT OT K.
L4kt s
1 )

Anasormano rakxke gokasvisaem |£(t) e,
JIOKABATE/ILCTBO TEOPEMBI 2. I3 Teopemsr 4 u mepasencts (53), (30) st

dbyuxun ®(t) Borrekator onenku (13), (14) u, cregosarensuo, Teopema 2.

ArTop BRIpaXKaer rIybokyio OaaromapHocTh mpodeccopy M. Bukanosoii
3a BHUMAHWE U MTOMOIIb IPU HAMUCAHUE TOH PabOTHI.
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Tsxobynaesa JK. K. TAPABOJIAJIBIK TEHIEYJIEP YKYIECI YIIIIH
TYUIHIECY ITAPTTAPBHIH/IA EKI KIIII ITIAPAMETPI BAP EKIDA-
3AJIBIK ECENTIH ITEIIIMIHIH BATATAYJTAPEHL

ITapabomanasik TeHaeyrep Kyiieci yimiu exi i mapamerpi 6ap ChI3bIKTaH-
IBIPLLIFAH eKiba3asblK eceml 3epTTe ial. AIFalIKbl epKiH MeKapaibl CHI3LIKCHI3
ecen KOHIEHTPaIusChl 6e/rici3 60/1aThiH KOCTAChl 0ap 3aTThiH (pa3aJIblK aybi-
cy (basKy, KaTar) mporecia cunartaiiasl. [eabaep KenicTiriage mentimuiyg 6ap
001y BI, KAJFBI3IBIFDI XKOHE IIEITIMHIH Killli TTapaMeTPJIeP/IeH TOYEICI3 KOIPIn-
TUBTIK Oara/ayaapbl To/IeIIeH/T.

Dzhobulaeva Zh.K. THE ESTIMATES OF THE SOLUTION OF THE
TWO PHASE PROBLEM WITH A TWO SMALL PARAMETERS IN THE
CONJUGATE CONDITIONS FOR THE SYSTEM OF THE PARABOLIC
EQUATIONS

There is studied the linearized two phase problem with a two small
parameters for the system of the parabolic equations. The original nonlinear
free boundary problem describes the process of phase transition (melting,
solidification) of substance with the admixture of unknown concentration. In
the Holder spaces there are proved the existence, uniqueness and coercitive
estimates of the solution with the constants not depending on a small
parameters.
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FREE COMMUTATIVE MEDIAL ALGEBRA AS MODULE
OF SYMMETRIC GROUP

BEKZAT K. ZHAKHAYEVH?2

! Institute of Mathematics and Mathematical Modelling
050010, Almaty, Pushkin str., 125, e-mail: bekzat22@hotmail.com

2Suleyman Demirel University
040900, Kaskelen, Abylai khan st., 1/1

Annotation: An algebra (A, -) with identities a-b=b-a, (a-b)-(c-d) = (a-d)-(c-b)
is called commutative medial. In this work we give description of multi-linear part of
free commutative medial algebras as module over symmetric group.

Keywords: Free algebra, module structure, rooted tree, Young subgroup, induced
representation.

1. INTRODUCTION

An algebra (A,-) is called commutative medial, if for any a,b,c € A the
following identities are hold

a-b=b-a, (a-b)-(c-d)=(a-d)-(c-b).

One of main problems of algebra concern construction of free algebras.
Module structures of multi-linear parts of free algebras over symmetric groups
are important ingredients of operads theory. For some cases these structures
are known. Let us remind some such results.

Let F2ss0c FZnb and F® are multi-linear parts of free associative, free
Zinbiel and free Leibniz algebras with n generators, respectively. Then F%%°¢,
FZnb and Fl¢® as S,-module are isomorphic to regular module of S,,.

Keywords: Free algebra, module structure, rooted tree, Young subgroup, induced
representation.
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If FY is a multi-linear part of free Lie algebras, then F'¢ as S,-module is
studied in [1], [2].

In [3], [4] are studied module structures of multi-linear parts Flcom  Frov
of free bicommutative and Novikov algebras, respectively.

In [5] module structures of multi-linear part F$°™ of free anti-commutative
algebra for 1 < n < 7 are constructed. In [6] trace formulas for multi-linear
parts of free anti-commutative algebra F 2™ and for free commutative algebra
E5°o™ are calculated.

In [7] trace formulas for multi-linear parts of free right-symmetric algebra
F,*™ and for free right-commutative algebra EF"°°™ are constructed.

In this paper we consider multi-linear part F"“ = Fmulti(X) of free
commutative medial algebra F'(X) as Sp,-module. We suppose that a main
field K is a field of characteristic 0.

Let M(T) be module constructed by medial commutative tree T

TEOPEMA 1. If T is a com-medial tree with n leaves, then as S,-module
M(T) = M),
where M) is permutation module for partition w(T) - n.

We show that M(T) is a module induced by trivial module of subgroup
generated by weight w(T"), namely,

M(T) = Ind$ | (1s,y)).

where 1g, ;. is trivial module of Sy, (7). Definitions of medial commutative tree
T and their weight w(T") will be given below. Details on permutation modules
see [8], [9], [10], [11] and group of automorphisms of rooted trees see [12].

2. BASE OF FREE COMMUTATIVE MEDIAL ALGEBRA

DEFINITION 1. A planar rooted tree is called binary if each vertex has out-
degree 0 or 2.

Vertex of binary tree with out-degree 0 is called leaf and vertex with out-
degree 2 is called inner.

Number of leaves of binary tree T is called order of binary tree and denoted
by |T.
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EXAMPLE 1. Let |T| = 4. Then
T = \>V— non binary tree,
T = \>>{binary tree, T\g){binary tree.

All binary trees have levels and leaf-levels. For example, let given

T = Ty =

)

then 77 have 3 levels and 3 leaf-levels, T have 2 levels and 1 leaf-level.

DEFINITION 2. A binary tree is called commutative-medial or shortly com-
medial if the following conditions are hold:

e for any inner vertex its subtrees of depth 1 are ordered from the left to
the right

e for any inner vertex its subtrees of depth 2 are ordered from the left to
the right.

EXAMPLE 2. There are 9 com-medial trees with 7 leaves. They are
T:&/TS \;/>}>/ \\Tg/\>.}/
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Now we will fill leaves of com-medial tree T, |T| = n by elements
(generators) of X = {ay,az2,...,an}.

FILLING RULE

oa; <aj, <--<a;,,l <k<n, ifa;,a,,...,aq; lies in one leaf-level of

com-medial tree
Denote by B, set of labeled above the rule all com-medial trees with n
leaves by X = {a1,az,...,a,}.

EXAMPLE 3. Let n =4 and X = {a,b,¢,d},a < b < ¢ <d. Then
c d b d b c c d a d a c
b c d a c d
a a a b b b
B4:{ ) ) ) ’ ’ )
a d a d a d b c a c a b
c b d a b c
c c c d d d

a b c d
I

Let X = {a1,a9,...,a,} be a set of generators and F(X) be a free
commutative medial algebra on X and F/"**(X) be multi-linear part of F(X).

Let T be a com-medial unlabeled tree with n leaves. We define left action
of S,, on the space F™"(X) in a natural way. Denote by M (T) a S,-module
generated by T. For example, if o = (123)(45) € S5 and m = (a5 - ((a1 - a2) -
(az - asq))) € Fr(X), then

o(m) = (as - ((az - a3) - (a1 - as))).

3. COLORING OF LEAVES

Now we color the leaves of com-medial tree by the following algorithm
e all leaves in one leaf-level have same color,
e cach leaf-level has distinct colors.
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ExaAMPLE 4. Let

T —
and Q = {a,b,c,d} be a set of colors. Then

or color(T) = {a,b,3c,2d}.

Therefore we can correspond for each com-medial tree its color, that is, if
T is a com-medial tree with [-leaf-levels and Q = {c1, co, ..., ¢} is set of colors,
then

color(T) = {kic1, kaca, ..., ki },
where k; is multiplicity of color ¢; € €.

DEFINITION 3. Let T be a com-medial tree and color(T) =
{k1c1, kaca, . .., ki }. Weight of com-medial tree T is defined by

w(T) =w({kicr, kaca, ..., kia}) = sort(ky, ko, ... k).

EXAMPLE 5. Let

and Q = {a,b,c,d}. Then

w(T) = (3,2,1,1).
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Let us present labeled com-medial trees in following form
L(ay,ag,...,ak;b1,b9,...,b;5...5¢1,¢2,...Cm),

where a1, as, . .., ai are leaves in first leaf-level, b1, bo, . . ., b; are leaves in second
leaf-level and etc.

JIEMMA 1. Let « € S, 8 € Sy, ..., v € Sm. Then

L(aa(1), Qa(2)s - - - > Qa(k)i b(1)s Da2)s - - s DAY -+ + 5 Cy(1)s Cy(2)s - + - Cy(m)) =

L(ay,ag,...,ak;b1,b9,...,b;5...5¢1,¢2,...Cm).

PrOOF. It is enough to consider labelled com-medial tree T' in the following
form

where [ = 2" and k = 271,

It is sufficient to prove the following equality
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Let us use induction on [.
Base of induction.
Let | =2

(araz) = com = (agay).

Let Il =4

(a1a2)(agay) = com = (agaq)(aszas) = com = (aza1)(agas) =
= medial = (aga3)(asa1) = com = (agaz)(asa1) = com = (azaz)(aiaq).

Step of induction.
Assume that the proposition is true for I = 271 i.e.
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where [ = 271 and k = 2" 2.
We have
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I

where ¢ =27, 1=2""1 k=2"2and p=3.2""2

a2

= medial =
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= by assumption =

= medial =
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4. PROOF OF THEOREM 1

Let T be a com-medial tree with n leaves. By Lemma 1 all possible
permutations of leaves in one leaf-level do not destroy base rule. Leaf-levels
and leaves in leaf-level generate weight of T, w(T). Therefore group of
automorphisms of a com-medial tree 1" is S, () and S,,(7) is Young subgroup
of S,,. Therefore, S,,-module structures of M (T') are calculated by formula

M(T) = Ind3y | (s,y)).

where 1g, ., is trivial representation (or trivial module) of S,r) and we are
known that

T) ~ Sn
M) o~ IndSw(ﬂ(lSw(T))
is a permutation module for partition w(T) Fn. O

EXAMPLE 6. Let n = 7. Then
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S
e

w(Ty) = (2,1,1,1,1,1),w(Ty) = (4,1,1,1),w(T3) = (3,2,1,1),

w(Ty) =(3,2,1,1),w(Ts) = (4,2,1),w(Ts) = (3,2,1,1),
W(T7) = (4,3),w(Ty) = (3,2,2),w(Ty) = (6,1).
Therefore

M(T}) = MELLLLY o g@2LLLLY) g 4622 111) gy 56(22.2.1) g 5931111 g
©15532LD 51056322 i 1156330 @ 105E LD @ 209%2D) ¢ 95E3) g
310841 ©1056? @ 556D g 5O,

M(Tg) ~ M(4’1’1’1) ~ 5(4’1’1’1)@25(4’2’1)@5(4’3)@35(5’1’1)@35(5’2)@35(6’1)@5(7),

M(T3) = MG2LD & gB21L1) 3 6(32.2) 4966331 g4 111 gy o421 g3 5(43) gy

@351 @ 4562 @ 3561 ¢ 5N,

M(Ty) = MG2LY o gB21L1) 5 6(3:2.2) 49 6(3:31) g4 111 g4 (421 3,36(4.3) gy
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@351 @ 4562 @ 3561 ¢ (),

M(T5) o~ M(4,2,1) o~ S(4,2,1) @ 5(4,3) D 5(5,1,1) D 25(5,2) D 23(6,1) D 5(7)’

M(Tg) = MG2LD ~ gB21L1) 56322 496331 g4 111 g4 6421 gy3543) g

3561 @ 4562 ¢ 3561 ¢ (),

M(Ty) = M®3) = g43) gy §3:2) gy g(6.1) gy (7),

M (Tg) = M©®22) = §3.225,6(33.1) 506(421) 095143 3, 5(5:1.1) ,36(5.2) 09,56 gy §(7)
M(Ty) = MOV = g6.1) ¢ g0,
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2Kaxaes B.K. CBOBO/IHA{ KOMMYTATUBHO-ME/INAJIBHAS AJI-
I'EBPA KAK MO/IYJIb CUMETPUYECKOI I'PYIIIIEI

Anrebpa (A, -) Ha3BIBAETCA KOMMYTATHBHO-MEIHATBHOMN, €CJIN OHA y/IOBJIe-
TBOpSIET Creytonme ToxaecTsa a -b =b-a, (a-b)-(c-d) = (a-d) - (c-b).
B wmacrosimeit pabore maercst onmMcaHWsT MOMWINHEHHON YacTh CBOOOIHBIX 12
KOMMYTATHBHO-MEJMAIbHBIX airedp Kak MO/ HaJ[ CUMMETPUIECKONH IPyIl-
I10U.

Kaxaes B.K. EPKIH KOMMYTATUB-MEJIVAJIIBI AJITEBPA CUM-
METPULAJIBIK TOIITBIH MOAYJII PETIHIE

(A,-) anrebpacbl KOMMYTaTUB-MeMaJ/Ibl JIENl aTajajibl, erep ajaredpaja
a-b="b-a, (a-b):-(c-d) = (a-d)-(c-b) Tene-renaikrepi opwrHmaICa.
2Kympicta 12 epkiH KOMMYTATHB-MEIUAIBI AJreOpAIapIbIH MOJUCHI3BIKTHI
OeJIiTiHIH CUMMETPHUSIBIK TONTHIH, YCTIHIEr MOY/b PETIHIEri CHUIaTTaMachl
bepisei.
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AHHOTaumA: PaccmaTprsaeTca kiacc peryaspHbix cnialinos, obobwatowmx, B 4acT-
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MonyyeHna oueHka NPuBAMIKEHUS NHTEPMNONALVOHHBIMI NOKANbHBIMU CnnaliHamu Ha
KNacce HenpepbiBHO-AnddepeHynpyembix yHKUNA.

KntoueBble cnoBa: PerynspHbie cnnaiibbl, 0606LieHHbIe CRaiitbl, OLEHKN npubanke-
HUS.

1. BBEAEHUE

Tepmun "peryaspusiit craita" Brepsble nosisuiicss B pabore [llabaxa
(Schaback, [1]). v 6pl1a paccMOTpeHa HHTEPIIOIANMOHHAS 3a4a%a [T 00X
HEJIMHEHHBIX KJIACCOB CILIAMH-QYHKIINI, KOTOPbIE CPeIu MPOYUX COMEpPIKAT
HEKOTOPBIE SKCIIOHEHIHAIbHBIE, TPUTOHOMETPUYECKHEe, PAIMOHAIbHbIE (DYHK-
muu U ux KomOuuarmu. Pasnuanbie CBOWCTBA TAKWX PEryJsPHBIX CILIANHOB
U uX Opuaoxkenus paccmarpuBanuch Apuarom (Arndt, [2]-3]), Beprepowm
(Werner, [4]), Bepuepom u Jlos6om (Werner, Loeb, [5]) u apyrumu asropamu.
[Toszxke aBropom |[6]-[7| 6BLIH paccMOTPEHBI pery/sgpHbIe CILIARHBI (C Ipyru-
MU YCJIOBUSIMU PErYJIIPHOCTH ), 0000MIAI0NIMMY, B 4aCTHOCTH, DAIMOHAJIBLHBIE
crnafinel Tmara ¢ apymst momocamu. (Spéath H., [8, § 6.4] ). B pa6ore [9] 66112
HCCIeIOBAHA 3314498 alllIPOKCUMAIINY HEMPEPBIBHBIX MEPUOINIECKUX (DYHKITHI
0000IIIEHHBIMU THTEPTIOIANMOHHBIMI TAPADOJINIECKUMU CILIAfHAME, Ompese-
nenueivMu B [10]. B macrosimmeit pabore paccMaTpUBAaeTCS KJIACC PEryIsiPHBIX
CITaiiHOB, 0600IIAIOIIMX, B YACTHOCTH, KJIACC pAIMOHAIbHBIX crtaitnos [1lmsra
¢ omumMm mostiocoM (Spéath H., [8, § 6.3] ). ITomyuena orenka npubInKeHwsI WH-
TepnoaanuoHabIME peryasapabivu crtaiinavu (MIPC) ma kaacce HEMpepbIBHO

muddepeHnupyeMbix OYHKIAI.
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2. OnpPEJEJIEHUE UPC

[Tycrs C'" — xyacc dyHKiuii, HEMPEPHIBHBIX BMeCTe C Tr-0if MPOM3BOJIHO
ma orpeske [0,1] (r = 0,1,..;C% = C),C" — coorsercTByIommii K1acc 1-
nepuoanieckux dbyukuuii. Ha orpeske [0,1] 3agaauv pasbuenue:

H,={0=zy<z1 <..<x, =1}

ONPEAEJEHUWE 1. Peryasipapiv criaiinom o paszouennto H, #azoBem pyHK-
mmro Sy (z) € O, mmeronyro Ha Kax1oM IPOMEXKYTKe [T, Tiy1] caegyiommii
BH:

S, (x) = A; + Byt + Cit? + Dju,(t), (1)

e t = (x — ;) /hi, hi = xip1 — x4, A;, Bi, Ci, D; — Bemecrennbie kKo3¢gu-
mmentsr, u;(t) — 3aganasie ¢pynxmmn n3 C? yroprersopsone Ce yIommmM
ycI0BHSAM (DEryIsipHOCTH):

a) BTOphIe mponsBoaHKIe Uy (t) MoroToHHT Ha [0, 1],

6) u; (t) ToxmectBenHo He paHbl KoHcTaHTe Ha, [0, 1].

Kaxnoit dynkmun f € C (umm f € 5) IIOCTABUM B COOTBETCTBHUE €€ WHTEP-
nossmonHb peryispusii crraitn (MPC) S, (f,z) € C1, ocymecrsiasrommmit
(0,1) — maTepnossanuio, T.e. crraiin (1) Takoit, 910

5P (i) = f(@i) = f, (2)
migat=0,1,...nuj=0,1.

3. BCITOMOTATEJIbHBLIE PE3YJILTATHI

Beenem obo3nauenunda:

A =2(ui(1) = u;(0)) = (u;(1) +u;(0)), (3)

Bi(t) =1+ % 2(ui(t) = wi(1) + u;(0)(1 = 8)” +uy()(1 = £7) |, (4)

7

@i(t) = [ui(1) — w; ()] + [wi(0) —us(D)] (1 — ) +uy(D(t — 1),  (5)

Di(t) = [ui(1) — wi(t)] + [ui(0) — w;(1)] (1 = £3) + w;(0)t(1 —t).  (6)
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Ormerum ciaeayromue COOTHOIIIEHNA:

pi(t) —i(t)

A =i (7)

wi(t) ,
Ai - t(l - Bz(t)) -

¥i(t)

(1 - 0)B:() + P

= Wi(t) i=0,1,..,n—1). (8)

Brimuiiem HEKOTOPBIE CBONCTBA BBIIEYKAZAHHBIX (DYHKITHIA.

CBONCTBO 1.

Bi(0) =0, Bi(1) =1, Bi(0) =0, Bi(1) =0,
0<Bt) <1 (i=0,1,...,n—1).

s nokasarenncrea Cpoiicra 1 3amernm, aro dbynknuu [5;(t) MoHOTOH-
HBI, T.e. UX TPOU3BOJIHBIE HE MEHSIOT 3HAK, B MPOTUBHOM CJIyYae BTOPbIE TIPO-
u3Boubie dyukumit 5;(t), a crenosarenbuo, u dynkuumit u;(t) He MOryT OBITH
MOHOTOHHBI, YTO MTPOTUBOPEYUT YCJIOBUIM peryssipaoctu u3 Ompemesenus 1.

AHamoruaHo MOryT OBITH JOKA3AHBI CJIEYIONUE CBOCTBA.

CBOWICTBO 2.

!

©i(0) =0, @i(1) =0, ©;(0) = A;, p;(1) =0,

wi(t)

<
0< A,

<t1—t) (i=0,1,...,n—1).

CBOWICTBO 3.

$i(0) = 0, ¥;(1) =0, ¥;(0) = 0, ¥;(1) = A;,
V;(t)
A;

tt—1) < <0(i=0,1,....,n—1).

4. OIEHKA MPUBINYKEHNST HA KJIACCE C'!

TEOPEMA 1. Ilyers f € C! (mmm f € 51) u crnaiia Sy (f, x) ymosrersopser
yeaosusm (2). Torna Ha KazK[0M 0TPe3Ke [Tj, Tiy1] CHPABEIIMBO HEPABEHCTBO

< W) hiw(f ki) < 2 hiw(F o), (9)

Sulf,) = f(a) :
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re w(f', hi) — Moayas menpeposrOCTH NPoU3BoANOI (yukimm f, Wi(t) onpe-
nerena B (8), t = (x — x;)/hi.

JOKABATEILCTBO. U3 yenoBuit (2) onpemenum K03(DOUIHEHTHI CILTaiiHa;

A = All |:fi (21%'(1) - U;(l) - U;(O)> — u;(0) (2fi+l - fi/-l-lhi - fz'/hi)]’ (10)

B [(2%-(1) = 2ui(0) = wi(1)) fihi +u(0) (2fi + fiyahi - 2fi+1)] (1)

Ci=7 [(fm - fi) (u)(0) — wy(1)) + (ua(1) — ws(0)) (fis — )i +
H) = faa0m]. (12)
D; = Alz [2 <f1'+1 - fi) — fihi — fz‘l+1hi]~ (13)

Torma cmaita Sy, (f, ©) MoKeT OBITH IPEJICTABIEH B BAJIE:

Su(f.x) = Fi (L= B0) + fiwn B0+ Fm 2D 1 g P

rie dbyuxmun F;(t), ¢i(t),)i(t) n A; onpenenenst B (3)—(6).
Hcnosb3yst npesicTaBieHust

fi = fl@) + f (&) (@i —x) = f(x) — f (E)thi, & € [, Tipa,

fir1 = F@) + f () (@ir1 — @) = f(@) + F () (1 = )ha, mi € [, 2i41],

OlleHuM YKJIOHEHue

Su(f.x) = f(@)| = hi |£ () (1 —t) Bi(t) —
~F@ -+ £ 80 g g, 0L (15)
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TMockombky (1 — ) B;(t) = 0, (1 — Bi(t))t <0, %A(t) >0, sz(t) < 0 (em

CaoiicTBa 1-3), TO, IpUMeHsIS TEOPEMY O TPOMEXKYTOUHBIX 3HAUCHUSIX, IMEEM

ro) [a-os0 + 20

= hy;

Sn(frx) = f(x)

~rwy |- syt - 20| (16

YunrbiBag coornomenue (8), nosyvaem

’ /

= h; f(0:) — f (v)

S.(f.2) - F(@) <hm@kmwuvm.un

Wio)

N3 (8) u (7) Takke cremyer, ITO
2Wi(t) = (1 =) Bi(t) + ¢ (1 = Bi(1)) + (1 — 1), (18)
orkyja u u3 Cpoiicrea 1

(19)

| Ot

2’Wi(t)’ <14t(1—1t) <

N3 (17) u (19) caenyer yreepxaenne TeopeMmsi.

5. OLIEHKA HA KJIACCE W1HY

Iycre WIHY — xnace dymkmuit f € C!) y KOTOpBIX IpOH3BOIHAS
f'e HY rne HY — xnacc dbynkuuii g(t) € C' ¢ MojLyTeM HEPEePLIBHOCTH, HE
NPEBOCXOSIINM 33 JAHHOTO BBITYKJIOTO MO/LyJIs1 HenpepbisaocTn w(t), t € [0, 1],

) (20)

T.e.
t —t

|9(t') = g(t")| < w(

upu seex t',t" € [0, 1].
Hosyanm orerky cun3y st byrkmmit n3 kaacca W LH Y,
[octponM Ha [X4, Ti4+1] caeayontyo dyHKI0O

Lw(2t —2ay), t € [z, 2 + 4],
i) = I%w(2a:i+hi—2t), t€[$i+}%,xi+3%],
f§w(2t72xi *hi), t e [$Z + 7’,1E1+ 4’],
—%w(2$i+2hi—2t), te [l’i-f—%,xiﬂ],
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U3 cpoiicTs Mojysist HenpepbiBHOCTH (CM., Hanpumep, [11, § 4.2]) scuo, uro

gi (t) € HY.
Torma s dyaxkmmm

fz(w) _ fgl dt le [$z7$z+1]

O B OCTAJIbHBIX TOUKax oTpe3ka [0, 1]

nmMeem

71
1 1
ill = fi =2 Sw(2t —23;)dt = S
15 = £ (w4 3 =2y di=3 [z
0

rae z = 2t — 2x;.

Orcrona
h/2
1
|Sn(fs2) — f(z)|| = m?XHSn(fi,I) — filz)|| = 3 / w(z) dz,
0

e h = max h; u, B CHIy BBIYKJIOCTA BBEPX MOJIYJ/Isl HEIIPEPBIBHOCTH,
K2

h/2

|Sn(f,2) = f2)]| = ;/w(z)dz > Zw(Z) > %w(ﬁ).
0

Orenka cBepxy cpasdy caeayer n3 Teopemsbr 1.

6. IIPUMEPHI

1) Ecin B3aThb u; = t3, TO MOMyYEM OOBIYHBIE KYOUUECKHe CILTAHEL.

2) Ipwu
k
= Z dij(t
j=1

oJTyJaeM mapaboIndecKre CIIAfiHbBI C JOMOJHATEILHBIMU Y3/IaMHU.

(21)

(22)
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3) Ipu
k
3
wit) =Y dij(t — o)}
j=1
[OJIydaeM KyOUdecKue CIUIafiHbl ¢ JOMOTHUTEIbHBIME Y3IaMH.
4) Tlpm
43
ui(t) =
14 pst
noJiygaeM parponaibble craiast Hlnsra ¢ ogaum nomocom [8, §6.3].
MOKHO PacCMOTPETh TaKzKe Ciepyomue (pyHKIHI:
5) ul(t) =vt+a;, a; >0,
6) ui(t) = In(t+ a;), a; >0,
7) ui(t) = et
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Crarps nocrynuia B pegakmuro 30.09.2016

blemaryios M.P. PETVJISIPJIBI CILTAIIAPIBIH BIP KJIACBIMEH
JIOKAJIZIBL 2KYBIKTAY TYPAJIbBI

Peryngpasl crmaaiiHaapabiH, KIaChl KapacThIPBLIAILI, OyIap, aTam aiTcax,
KyOTBIK crtaitagapaer, 6ip mostocti [lnaTTin panmonasn crutaliHgapbiH KOHE
Tarbl 0acka CILIadHIapabl KAJIBLIANIRI. Y 3igiccis muddepennmraanaThiH
byHKIUsIIAP KIACHIHA WHTEPIOIANUAIBIK PEry/IsipJIbl JOKAJIbI CIIaiHIap-
MEH KYBIKTAy/IbIH OaraJaybl aIbIHFAH.

Ismagulov M.R. ON LOCAL APPROXIMATION OF ONE CLASS OF
REGULAR SPLINES

The class of regular splines generalizing such cases as cubic splines, rational
splines with one pole and others is considered. The error estimate by local
interpolating regular splines on the class of continuously differentiable functions
is obtained.
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Mutpomnosbckoro, I'.II. Xomer, M.U. I'poMak mis mccieoBaHus MePUOIATIE-
CKUX PEIeHul runepbonIecKnx ypaBHeHn ObLIN TPUMEHEHbBl aCUMIITOTHYE-
cKme MeTo/bl. [l permenns mepuognIecKnX KPAeBbIX 3a/1a¢ I THIEPOOTH-
YeCKuX ypaBHEHUII BTOPOro HOpsjka ObLiu npuMeHeHbl MeTon Pypbe, MeTos
TOCTIEIOBATETHPHBIX TTPUOIMKEHU, METOABI PYHKITMOHATBHOTO AaHAIN3a, BAPHU-
anuoHHbIH MeTox u nip. JlanbHeiiiee pa3BuTe Teopus HEJIOKAIbHBIX KPAEBbIX
3a/a4 i CUCTEM ruiiepOOIMIeCKUX yPABHEHUN CO CMEMIAHHON TPOU3BOIIHON
mosryuanita B paborax J.C. Ixxymabaesa, A.T. Acanosoit n ux ydeankos. A.T.
Acanosoit [1], [2] na ocHoBe MeToma mapamerpusarmu, npesioxkenaoro 1.C.
Joxymabaeseim [3], [4] auist u3ydenns: u pereHnst KPaeBbIX 3aad JJist CUCTEM
OOBIKHOBEHHBIX M epeHInaIbHbIX yPaBHEeHMIt, ObLT pa3paboTanH MeTo/ BBe-
mernst (PyHKIMOHATHHBIX TapaMeTPOB IS MCCJIETOBAHUS KPAEBBIX 337ad C
JIAHHBIMU HA, XapaKTEPUCTUKAX JJIs CUCTEM TUIEepOOJMIeCKUX YpPaBHEHU CO
CMELIAHHON IIPOU3BO/IHOM.

Ha Q = [0,w] x [0,7] paccMaTpuBaeTcs mOMyTIepHOAIIecKas KPaeBasd 3a-
Jlava [T HeJIMHEITHOTO THIIEPOOTMIeCKOTO YPABHEHNS C ABYMS HE3aBUCHMBIME
[epeMEeHHbIMU:

0%u ou Ou
aa0i = (0% 50 ) 0
u(z,0) = u(x,T), z € [0,w], (2)
u(0,t) = (1), te[0,T], (3)

rme f: Q x R — R — menpepeisrag na ), 1(t) — menpepssro muddepentm-
pyemas na [0, T] u ynosnersopsiomas yciaosuio ¥ (0) = (1) dbyaxnum.

o) t
Oynxnus u(z,t) € C(§2), mmeromas JacTHbIE TPOU3BO/HbIE ({)u((;;;)
— Ou(x,t —_ O%u(x,t _
€ C(Q), M € C(Q), g;g’t) € C(f)), Ha3pIBAETCA KJIACCHIECKUM pelre-

nueM sagaan (1)-(3), ecom ona ynosiersopser ypasrennio (1) npu seex (z,t) €
€ Q u BbImosIHEHBI Kpaesble ycuoBus (2)—(3).
ou(z,t ou(x,t
want) | Oule
Ox ot

u 3azady (1)—(3) cBegem Kk ciemyiomeli SKBUBAJIEHTHON 3ajade:

Beesiem HoBbie HensBecTHbie DyHKIMN U(X, t) =

ov
5 = (x,t,u(z,t), w(x, t),v), (4)
v(z,0) =v(x,T), z€][0,w], (5)
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u(e, t) = (t) + /0 " o(E e, wlz,t) = B(t) + /0 Cu(e e, (6)

Tpoiika byukumit {u(x,t), w(z,t),v(z,t)}, nenpepbiBubix Ha (), HazbBa-
erca pemrenneM 3ajaun (4)-(6), ecimn dbynkmua v(x,t) € C(Q) nmveer mempe-
peiBHYIO Ha () IPOM3BOIHYIO 110 t U YAOBJIETBOPSET CEMEACTBY HEePHOMUECKIX
Kpaesbix 337134 (4), (5), vae dysxmmm u(x, t), w(z,t) ceasans ¢ v(z,t), 8”595?75)
dynkumonanbabiMu cooTHOmenusMu (6).

Bagaan (1)-(3) u (4)-(6) SKBHBAJEHTHBI B TOM CMBICJIE, UTO €CJIH
tpoitka {u(x,t),w(z,t),v(x,t)} Gyser pemennem 3amaun (4)—(6), To dyHk-
nust u(z,t) asiagerca pemenueM 3agadn (1)—(3) u, maobopor, eciu TPoOHKa
{u*(z,t),w*(z,t),v*(x,t)} — pemenne 3anaun (4)-(6), To u*(x,t) Gyaer pe-
mennem 3azaqan (1)—(3).

B pa6ore [5] mo/ydeHbl JOCTATOYHBIE YCIOBUS CYIIECTBOBAHMS HU30JIUPO-
BAHHOI'0 PELIeHUd IIOJIYIIePUOANYEeCKON KPaeBoil 3a1a4u i HeJIUHEeHHOro I'u-
1ep6OTMYEeCKOr0 YPABHEHNST CO CMEIIAHHO IPOM3BOJHON HAa OCHOBE METOJA
napamerpusanuu, a B pabore [6] moxmdukaunus merosa soMaHbix itnepa
IpUMEeHSAeTCs /I Haxoxkpenus pemtenus (1)—(3). YcranoBseHs! 10CTaToqHbIE
YCJIOBUS CYILIECTBOBAHUSI U30JIMPOBAHHOIO DEIICHUS 33/1a9i U OLEHKH Pa3HO-
CTH MEXKJy PermeHneM ¥ HadaabHbIM mnpubjrmkenuem. B nacrosimeit pabore
JIOKA3BIBAETCS CXOANMOCTD MOANDUKAIIMI METOIa MeTO/[a JIOMAaHbIX Diiaepa K

perennio 3aaaqan (1)—(3).

2. CXOJAUMOCTb MOJIMOUKALINM METOJA JIOMAHBIX DIJIEPA

Yro6b! H0Ka3aTh CXOAUMOCTH MOAUMUKALMU METO/1a METO/1a JIOMaHbIX Jii-
w ho
=—,m=1,2,...,
mNg m
orpe3ok [0, w]| pazobbem Ha MmNy dacTeil 1 Ha KAXKJIOM IIare perraeM Iepuojiu-
YeCKre KPAeBble 33/1a4u JIjid OOBIKHOBEHHBIX JnddepeHiinaabHbIX YyPABHEHUIA.

Oyuxun v (1), 9O (1), uO(t), wO(t) onpesennm pasencrsamu:

Jiepa K perennio 3aa4au (1)—(3), Bosbmenm mar h =

WO =0, 190 =0, wO@) =), wO)=4t), tel0,T]
U pelrasg NepuoguvecKyio KpaeByro 33139y

do®)
dt

= f(0,t,u®(£),w® (1),vM), t € [0, 7], vV (0) = vM(T).
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naiinem yuxmio v (1), Tlo v (1), 9M (t) oupesemnm byukimn:
uD(t) = (1) + (), w(E) =) +hreD(t), te0,T].
Oynxnuio v (1), nafizem pemas 1epPHOAMIECKYIO KPAEBYIO 33,13y

dv@
dt

= f(h,t,uM(t), 0wV (2),0?), t € [0,7], v (0) = o(T).

o v (t), 9 (t) m v (t), ¥3)(t) onpegemnm bymrn:
u® () = (1) + hpV (1) + 0P (@), te (0T,

w® () = () + h[oD (1) + 0@ @)], ¢ € [0,7T].
Cunras nzsecrupivu v (1), u® (), w®(t), bdysxumo v+ (1) maxomuwm, ue-
PHOJUIECKYIO KPAEBYIO 3313y
doli+1)
dt

= f(iho, t,u(t), wD(t), v *), ¢t e]0,T],

o (0) = (T, i =T, N.

Oyuxmmr w (1), w D () mo v+ (1), 90+ () ompenenmm papercTBaME

i+1
WD) = () + thU el0,7], i=1,N,
‘ z+1
w (@) = +hz e0,T]), i=T1,N.

Pacemorpum cucreMy mepuogudecKux KpPaeBbIxX 3a/a9 J1Jist OObIKHOBEHHBIX
nuddepeHIuaIbHbIX yPaBHEHW

do+1) v

= fliht ot +hz (£) +hYy o000 (7)
j=0
oD (0) = v H(T), € [0,T], i = T, mNo. ®
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Ha Q nocrpoum dyHKImm

Up(z, +hz D(t) + 0D (t)(z — (i — 1)h),x € [(i — 1)h,ih), (9)

i—1
Wi(z,t) = d(t) + b > 09 (&) + O (t)(x — (i — 1)h),z € [(i — 1)h,ih), (10)
j=1

x—(i—1)h
h h
Bssas B kauecTBe HavasbHOro npubamxkenus {Up(x,t), Wi(z,t), Vi(x,t)}
pemenue 3a1aun (4)-(6) Haiizem Kak npejen nocaegs0BaTeIbHOCTH TPOEK
{u®) (z, 1), w® (z,1), V) (z,8)}, k =1,2,3,..., OIpeseseMbIX [0 CIeIYIOMIe-
My aJIFOPUTMY

Vi(z, t) = oD (2) +oOO L e (i — Dhyih).  (11)

1-mmAr. A) ®yskmmo v (x,t) maxommw, perrmas kpaesyio 3amzady (4), (5)
npnu u(m,t) - Uh(wvt)7 w(x7t) - Wh('r?t)
B) HepBble npubmmxkennss  u(z,t), w(zr,t)  omnpemensiorcsa  4epes

v (z,1), v ( t) paBeHCTBaMH: uWD(z,t) = Pt)+ [yoW(Etdé n
wl(,8) = (1) + 5 o (€ 1)de.
2-1IAT. A) Pemras kpaeByto 3azady (4), (5) mpu u(z,t) = ulV(z,1),
w(z,t) = w(l)( t) maxomum dyuxmmo v (z, t)
B) qepe:a ol (x t) onpegeJmM bynxmmmn u? (z, ¢ )+ fo 2(&,t)dE n
w® (e, 1) = (1) + [ o) (€ D).

HpO,ZLOJDKaH porecc, Ha k- oM mare aJropuTMa IoJIydaeM CHCTEMY TPOEK
{u(k)(x,t),w(k)(x,t), v(k)(m,t)}, k=1,2,3,...
Beenem cremyronme 0603HATCHH:

i) = ma {] (s 6) S 0D (D0 + 3 600,06 ()~

Jj=1

~(ihb() £ b i V9 (), 9() + h igﬁ)( DO 1 L ()t

+h§v<ﬂ<> <>+hz (), 0 <>>—f<<z'—1>h,-,w<->+hi§v<ﬂ‘><->,

J]= J]=

¢(~)+hl§ rioet
J

=1

0 (), 0 (-))Ih} + 2L3(2) [0V () = v ()]

ih—x
“h

+
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+2(Ly (x) + Lo()) max (0@ ()l1, [0O ()] )h € [(i = Dhih), i= TN,
(v, z) = max ('y, 1+ fng(x)) [L1( )+ La(x ] (x) = (1 + 2yL3(x )) (x)
dn() = max(y, 1 + 2yLs(x))dL (), By(z) = 3hm ( max. o)1,

e [60() 1) + mave [ a0, 7 (). € [l - i),
i=1,No

max (557, (7)) = max (|[V(C=0mha) () - v(e=Dmra= |,

[V (= Dme+d) () — V((s—l)m-i-j—l)(.)Hl)’ e(ho) = [I£(((s = V)ym + j)h, () +

+hj§ v(k)(‘),d}(-) + hjil @(k)(.% ﬂf/(s%)(.) + %ﬂ'—l)"/(sﬂ)(.))_

k=1 k=1
CH((s— Dm ot j— D () + b z O0),40) + 'S 60 (), I ()
k=1

+=G=D ) () [y, A = max <7, 14 7L3(h0)) [Ll(ho) n LQ(hO)},

N s N B 1
B = Amax (5(() ’J),5§ ’J)>h “+ max (’}/, 2+ ’ng(ho)) . [Ll(ho) + Lg(ho)] J m
<l — (G = D ([VED) 1 [P )) + ma (5,24 TLa(ho) )

)L Ly(ho) ™Y VD () — VD () 4+ max (5, 1+ FLa(ho) ) (ho).
CupasemimBa

TEOPEMA. Ilycrs mpu mekoropom Ny, (hg = w/Ny) 3anaua (7), (8) umeer
pemenne {VV (1), VA ()., VNotD (1)}, prmomnserca ycnosne A o mmo-
axecrse G H CI€yIONIHE HEPABEHCTBA:

T
1)‘/0 fv(:n,t,u,w,v)dt‘ >0 >0 mra mobeix (x,t,u,w,v) € G%O;

2)[B+ARAM ] (1+AR) ¥+, (2)+cn (v, 2) By(z) exp (/Ox Ch(%ﬁ)dﬁ) < 1),
3)[B + AhAD] (1 + Ah) " w + By(x) - exp (/Om cn (s f)dé) < p2,n(T)-

Torga a) sanada (1)=(3) B S(Un(w,t), po,p,(2)) HMeeT enuncrsenHOE pe-
w

menune u*(x,t), 6) ans moboro N = mNo,m = 1,2,3,...,(h = N)’
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138 C.C. KABJIPAXOBA

sagada (7),(8) mveer equncrsennoe pemrenne {v(M(t), ... v™NoHD ()Y e
{v® @)} € (Vi (k — 1)k, 1), prg ((k — 1)R)), k =1,2,...,mNo + 1 u cupase-

J1JINBbI OIICHKN

s ([ (2,) = Ui, s | ) = W) ) <

< Bufa) e ( [ a4, (12)

Vi), < dule) + enr0Buta) e [ enn ). (13

HOKABATEJLCTBO. Ilpm mpemnonoxkenmsx TeopeMbl TOKaXKeM, UTO s
.HIO6OI‘O m € N uepuopnueckas Kpaepas 3agada (7), (8) umeer perienus
{oW (), v (1), ..., 0N ()}, Uz (7), (8) npu i = 1 nosjyumm nepuoude-
CKYIO KPAEBYIO 3aJ1ady

dv@
dt

= f(h,t, () + o (t), 9 (t) + hoM (1), v (0) = v@(T).

Yro6er maiiti dyskmuo v?)(t) B kavecTBe HAUATHHOTO TPUO/IIKEHNST BO3b-

sest Vi (h,t), 1 e v@0(t) = Vi (. t) = %V(” (t) + yw%»
0 0

Tockoubky ho = mh, o v20)(t) = iV(Q) (t) + m7_11/(1)(25). Tak kak ycJio-
Bus Teopembl obecrieanBarOT BbIHOJIHTg{HH yCJI0BUH TJZLOKaJ'[bHOI‘O BapUAHTA TEO-
pemsl Anamapa |7), To zanaua (7), (8) upu i = 1 8 S(Vie(h,t), p1,n,) uMeer
mzosmposammoe pemenne v (t) u cnpaseTuBa oneHKA

AY = [P =o®O Ol <7630 ) = £ (k- () +hoM (), () + D (),

WO < F(T SR (o) + L O] VO 1+ 7 e [ (o) + L 0)]
VOO 4+ - 2 [Lgho) + Lo()] [V () = VO ()t

+%Hf(mh7 () + hV(l)(-),@b(-) + hV(l)(-), %V@)(-) + Ev(l)(.))_

m
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—F (9 + BV, B0+ RO, V@) + Ly () ot

F 270, 90) + RO, 9 +AVO), V() + Ty ()) -

—F () + VOG0 + AT, V) + T Iy ) (14)

Haiizem v®)(t). B xadectBe HauabHOro mpubmmkenns BossMeM Vi, (2h,t), T
e. ) 0

(3,0) t) = 2h. 1) = — (2) t m—2a90) t).
V() = Vi (20,1) = —VEI(E) + ——— V(1)

NmeeT MecTo ceayronias OIeHKa:

A = [000) =B <

<FN0EOC) = f (R () + W), () + koD (), 030 () |1 <
2(m —2)h

<H{ 2B 0) + LarolIVO Ol +

[L2(0) + La(ho)]x

XTI + 2 b2 010) + = L (ho) | IV () = VO () 1+

B[P L0 La(ho) | IVO -V OOl T2 [1(0)+ Laho)]

m— 2 m

<[V -V OO+ [ 2 L1 (o)t 2 L1 (0)] e84 Ealho) + ™2 1a(0)] x
X A2 (mb, 6 mAY D), ) +mbT O ), VO ()~ f(2h, - 9 )+
FmhV O () 50) 4 mbV O (), VA4
FZ 250, 90) + RO + oD (L )+

PR () + 0@ ()], %V@)(-) + mT_QV(l)(-)) — f(2h, - () +

FmhV (), 0) +mhv O (), 2V + T2y as)
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Torga ans pasnocreit A = o0+ D (1) — w010 (#)]|, AP = [[o0) ()~

(i . : . —1
—0U0 ()1, 5 =1,2,3,...,m, rae vUTLO(t) = Vi (jho,t) = %v@)(m

+WV(1) (t), cupaBejBa OlEeHKA

AU = max (AP, AY)) < max (1, 1+ §L3(h0)) [Ll(ho) + Lg(ho)} - hx

j—1
X Zmax (A(()k), Agk)) 4+ max (1, 1+ A’?Lg(ho)) [Ll(ho) + LQ(ho)] - hx
k=2

xmase (V) = VOO, V() = VO 1) + max (1,2 -+ TLs(ho) ) x

- fm = = DA [La(o) + La(ho)| max (VO ()1, VO () +

LMD ) V) - VOt

+ max (1 2+ ’ng(ho))
+ max (1, 1+ ﬁLg(ho))g(ho).
Takum obpazom, myig jgoboro s = 1, Ng, j = 2,3, ..., uMeeM OIEHKY

Alls=Dm45) _ oo (Hv((s—l)mﬂ')(.) _ ,U((s—l)m+j70)(.)”1,

Hi}((s—l)m—i-j)( ) (s 1)m+j,0) ( )H >

(s—=1)m+j—1

< max (5, 1+ §L3(h0)) [Ll(ho) + Lg(ho)} “h- Z AR
k=1

+ max (5,1+7L3(h0)) [Ll(h0)+L2(h0)} max (5< 2 >) ho o+

+ max (57 2+ 7L3(h0)> [Ll(ho) + Lz(ho)} 7:1 ! [m—(j —1)] - hx

i (VD) 1, VD)) + ma (7,24 T Es(ho) )2+ - La(ho) x

m

x;‘il)llV(S“)(') — VD) + max (’i, 1+ &’Ls(ho))é?(ht)) =
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(s—1)m+j—1
=B+A-h- > AW (16)
k=1

U3 onenkn (16) mosydamm

AG=DmH) < [B+ ARAD] (14 AR, s=T,No+1,j=T,m. (I7)

Teneps ycranosum onenku ||V (x, ) — Vi ()i, |Un(z, ) — Uno () ]]1,
HWh(xv ) - Who(')Hl'

Ecma z € [((s —1)m+j— 1)h, ((s - l)m—i—j)h), s =1,Np, j = 1,m, o
dbynkuun Uy (x,t), Wy (z,t), Vi (z,t) nmeror Bug

Vh(a:, t) _ ,U((s—l)m-i-j—f—l) >

Xa:—((s—l)m—i—j—l)h s—1ym+j)h—=z

! 4 o(G=Dmd) ) (( : (s
(s—1)m+j—1
Un(z,t) =0t +h Y o)+
k=0
oM @)z — ((s = Dm + j — 1A, (19)
(s—1)m+j—1
Wi(z,t)=v@®) +h > oF)+
k=0
+0=Dm) (1) [z — ((s — )m + j — 1)), (20)

st ymxrmm u (), w®(-) meer MecTo cregyomas ormeHKa

max ([|u®”(-) = ()|, [0 () = ()y) <

< ho Y max (oD ()1, |69 ()[1) < ho Y max (|[o () — oD ()]s,
j=1 j=1

[69() =M () ) + ho Y max (Jo ), 9D (). (21)

Jj=1
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YuureiBas seipaxkenusi (18) u onenky (21), nmeem

[Va(z, ) = Vi ()l <

r—((s=1)m+j—1)h

h
1)m—|—j))h—x‘ <
N <

< max (A<<8—1>m+j+1>, A(S_l)m+j)) < [B+4nAW)(1+ AR)*.  (22)

< ||v(s—1)m+j+1)(') N U((S_l)m+j+1’0)(')||1‘ ‘+

_‘_”U((s—l)m—f—j)(') - U<S_1)m+j)70)(')”1) ((s —

Yuaursisas (19), (20), (21), mosyunm onenky s pasuocreit Uy (x,t) —Up, (2, 1)
n Wh(a:,t) — Who(:v,t) :

max (||Un(, ) = Uno (@, )1, [Wa(@, ) = Wig (@, ) 1) <

< [B+ ARAD] (1 4+ AR) ™ - ((s = Dym + j)h + mEz.

(j —1)hx
xcmax ([[VED() = VO [VED () = VO )+

£ b max (VOO = VOO, VOO - VOO). (@3)

Tenepn yeranonm oneman  [v(z,) — Vi, ), () — Uil ],
|w* — Wh(z, )|
JI1s1 3TOT0 PACCMOTPUM MEPUOAMYECKYIO KPaeBYIO 3a/1a9y
ov
E = f(.’L‘,t, Uh(x,t),Wh(x,t),v), (24)
v(z,0) =v(x,T). (25)

Taxk kax yciaoBusi Teopembl 00eCreYMBAIOT BBIMIOJTHEHUE YCJIOBHUH yCHe-
HUs JIOKAJBHOTO BapmaHTa Teopembl Amamapa [7], To 3amaua (24), (25) B

S(Vh(x,t),pljh(:l:)) mveer m3ommposannoe pemenne v (z,t), koTopoe yio-
BaerBopsier ypasuenuto (4) npum u = Up(x,t), w = Wy(z,t) u Vi (z,t) onpege-
ngerca u3 pasenctsa (13), u copaseBa CIeIyIONAsa OIEHKA

max ([0 (2, -) = Vi, )1, ol (@, ) = Ve, 1) <
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< max (7,1 + 2’yL3)d;1l(9:) = dp(z). (26)

YuurbiBag oreHKy (26), moIyduM OIeHKY

ma ([ z.-) = Ui (o), D) = WG, )l ) < ma (| Cdh(©de,

0

/zdi<§>d§)+3hmax( max v ()1, max [O()]h) = Ba(x). (27)
0

i=1,N+1 i=1,N+1

Bosbmem

1

o () = en(r0)Ba() +e1, p§)() = Bu(a) /0 " en(1.€)dE + e,

rae gncaa €1 > 0,e9 > 0 COOTBETCTBEHHO YAOBIETBOPAIOT HEPABEHCTBAM

[B+ARAW] (14+AR) * +dy, () +cn (v, @) exp ( /0 ) Ch(%f)d§>'Bh(x)+5l < pra(),

B+ AhA(l)} (1+4. h)%w + exp (/x ch(%f)d£>3h(£€) +e2 < pop().
0

TlocTponm MHO>KECTBa,

S0 w0, p00)), 8 (w1 A0, S (), ).

[Tokazkem, 9TO
S(o00:p{0@) < (Vw0128 (400, @) ©

- S(Uh(x, t), pg,h(x)> ) S(w(l)(x, t), pé%(a:)) - S(Wh(az, t), pg,h(x)>.

)

JeitcTBUTEIBHO, €CIu

v(w,t) € S(v0(@, ), (@) ulw, 1) € S (uD(w,0), o) (@) ) wia,t) €

e 5(w (1), (@),
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TO, yUUTHIBAs HEPABEHCTBO (27) 10JIyYuM
max (||o(z, ) = Va(@, ), lor(e,) = Via(w, )l ) <
< max ([[o(@,) = v (@, )1, fes@, ) = v (@, ) ) +max (JVO (@, )

Vi) o (@, ) = Vi, ) 1) < o) (@) + max (oW () = Vi(z, ),

1o (2, ) = Vil 1) < dn(@) + en(y,2)Ba(@) + 61 < pa(e),  (28)

Ucnonb3ys HepaBeHCTBO (28), mveem
max(||u(z,-) = Un(x, )1, [w(z,-) = Wi(z,-)|h) < max(|lu(e,-) = UD(, )1,
lw(, ) —wM (@, ) |1) +max(u (@, ) = Un(@, ), o (2, ) = Wh(z,)|1) <

< pi (@) + Bu(w) < [1 + /Ox %(%5)614 Bp(z) + €2 < pau(z). (29)

Basis 3a mauansHoe mpubmmkenne v (z,t) n B MHOKecTBe S(v(l)(aj, t),
1
pg ,)L(:E)) BHOBb IIPUMEHsId YCHUJIEHHE JIOKAJbHOrO BapHaHTa TeopeMbl Aja-

Mapa, MOMydHM CyIMecTBOBaHIe m3osmpoBammoro pemrenms vl2)(z,t) € €
S’(M”(:ﬂ,lﬁ),pi%(m)) sagaan (4), (5) mpm u = uM (2, 1), w = wW (z,t) u ouen-
KY

||U(2) (fL', ) _U(l)(l'a )Hl < ’7|’Ut(1)($7 ) _f(:E? K u(l)(l‘a ')7 w(l)(x’ ')a U(l)(xa ))Hl <
< Vf(xa ) Uh('rv ')7 Wh(xv ')? v(l)(x, ))_f(xa ) u(l)(xv ')7 w(l)(.% ')7 v(l)(x7 ))Hl <

< y[Li() + La(@)] max([[ut) (z, ) = Un(@, )1, [0 (z,-) = Wiz, )1) <
< y[L1(2) + La(x)] Bu(2). (30)

VaureiBasi, 910 QyHKINAA v (z,t) ynosnersopsier auddepeHuaILHOMY
ypasuenmio (4), npu u = uM(z,t), w = w(z,t) u ucnonssys onenxy (30),
[IOJLY UM
2 1
o (. ) = o (@, )l <

< (Ln(@) + Lo(x)) max(|[u™ (2, -) = Up(@, )1, [N (2, -) = W (e, )[h)+
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+Ly(x)|[v® (2, ) = oW (@, )1 < (1+7Ls(2)) [L1(x) + La(x)] Bu(x). (31)
U3 onenok (30), (31) umeem

ma (62 @.) = o0 e, o, [0 ) = of 1) <

< max (7, 1+ ng(m)) [Ll(m) + LQ(:B)]Bh(x) = cp(7, z)Bp(z). (32)

Haiiermeie v (x, t), v§2) (x,t) moxcrapisig B HHTErpaJgbHble cOOTHOImEHNS (6)
U yunThIBag OUeHKy (32), momydnm

max(|[u® (2, -) — uM (@, )1, [0 (@, ) — 0D (z,)|1) <
< /0 max ([0 (&) — v (& 1, |02 (€, ) — ol (E, ) de <

< By(a) /0 " en(r E)de. (33)

Takum o6pazom, UMEET MECTO OIEHKA

max([Ju™ (2, -) = u® D (2, ), [lo® (2, ) = w* D (2, ) ]h) <

T &1 Ek—2
< By(x) /0 en(, €1)déy /0 en(v, E2)dés .. /0 e, Ex1)dEp1 <

1 T k-1
S M<A Ch(’%g)dé.) Bh(x)a k:2737"'7 (34)
max([[o® (g, ) = v D (E ), o (E ) — o E ) <
< L ' i) k=34
—Ch(%x)(k_g)l</0 Ch(’Y?é.) E) ) _37 yoe e (35)
peanonaras, aro ulk) (z,t), w® (z, t),v(k)(az,t), k=2,3,..., I3BECTHLL

1 yCTaHOBJIEHA OITECHKA

max(|[v® (z,-) = o® (2, )1, o (2, ) = oV (@, ) |1) < Balz)x

. /o max([[® D (€, ) = o@D (e, o V(e ) = o TP ), (36)
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caejytoiiee npubsvkenne 1o V' Haiijgem, perras ceMefiCTBO MEPUONYECKUX
KpPaeBBbIX 3334

av(k+1)
ot
o) (2,0) = o) (2, T), (2,1) € Q,

Oyaxmum uF D (2, t), w1 (2, 1) onpenensores 13 GyHKIHOHAILHBIX COOT-
HOIITEHUI

= f(a,t,u® (2,8),w (1), oY),

u®HD (@, 1) = (1) + / "ol e,
0
U)(k+1) (.%', t) = ¢(t) + / vlf(k+1) (57 t)d€7 k= 1’ 2’ e
0

BosteMpﬁ (2) = en(r.2) )( [ o) Buta) + e,

)
h (k —
( / cn(y d£> - Bp(z) + €2 m moCTpOMM MHOZKECTBA
0
S

s(v<k><x,t>,p§‘f,1< )-8 (1,00 @), (0P 1), o) (@)).

S moberx vz, 1) € S (00 (@.1). o (2)). u(ar1) € S (uP e, 1), o) ) ).
w(z,t) € S(w(k) (z,1), p(2k,)l(as)> axajornaro (28), (29) ycraHaBIMBarOTCA HEpa-

BEHCTBa, O6eCHqu/IB&IOLL[I/Ie COOTHOIIIECHU A
S(v ™ @, 0), @) € S(Valw, 1), pral@) ), 8 (v (@, 0), o () ) €

€ S(Un(a.1). pan(@) ). S (M (. ). o) ()) € S (Wil ) pan(e))-

BzsiB 3a nHavasnbHoe npubsnkenne QyHKIUIO v(k)(a:, t) u B MHOXKECTBE
S (v(k) (z,t), pﬁ{(w)) BHOBb IIPUMEHSs YCUJIEHUE JIOKAJTBLHOIO BAPUAHTaA TEOpe-
mbr Anavapa mprr u = u®) (z,t), w(z,t) = w® (z,t), moxyunu cymecrsosa-
ame m3ommposannoro pemtenns vt (z,t) € S(v( )(z,t), pg })L( )) [ToxcTas-

nas maiigenmeie v (2 1), v (2, 1) B dyrrmmonamsHoe coornomenne (6) u
OLIEHUBAsi UX PA3HOCTDH Jjisd Bcex k= 1,2,..., uMeem

max([[u"* (@, ) = u® (@, )1, o (@, ) — 0Bz, ) |h) <
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S/o max([lo® (&, ) = vV ), o (1) — oV ) )de (37)

U, aHAJIOTUIHO HepaBeHCTBY (36), misg Bcex k = 1,2,. .., mosyduM OIEHKY

max([[o®+ D (2, ) — o® (2, )11, [0 (@, ) = v (@, ) |1) < Bi(x)x

) /0 max([lo® (&, ) — v D& ), o€ ) — oV (e N)de. (38)
Yunreisast onenku (26), (27), (32)—(34), nosyuanm
max ([0 (2, ) = Vi (@, )1, [0 (@, ) = Via(, ) 1) < max (oD (2, ) -

k k
oW ()1, o8 (@) = o (2, )l + - max (0@ (2, ) — oD (@, )1,

1ot (2, ) — o (2, ) l1) + max (o (2, ) = Vi(z, ),
o 2. = Vi ) < doe) + Bl esp [ entr90d€). 9

max([|u* Y (z, ) = Up(a, )1, [lw ™ (@, ) = Wh(z,)[1) <
< max([[u** (@, ) = u® (@, )1, 0™V (@, ) = w® (@, )f) + -+

max([u® (@, ) w0z, Y, oz, ) — w , )lh) + max(u®(z, )~
Ui o) = Wil < Buta)exo ([ en(r.€)de). (40)

VunThiBas paBHOMEPHYIO HerpepbiBHOCTH byukmun f(z,t,u, w,v) wa Q u
crpykTypy dbynknuit dp(x), Bf(z), mpu h — 0 u3 onenok (37)-(40) mosy-
anm, uto nociegosarensuocts dynxmuit {uF) (z,t), w® (z, 1), v®) (z,1)}, k =
1,2,... ma Q paBHOMepHO cxoquTed K {u*(z,t), w*(x,t),v*(z,t)} — pemenmo
sagauan (1)—(3). Orcioma BeITEKAET, UTO MOJIYNEPUOAMIECKAs KPaeBasl 3a/1a9a
(1)—(3) umeer pemrerne u*(x,t). YcTaHOBUM CJIE/IyIOIINE OIEHKH, 00€CIeInBa-
forume npunaexuocts {u*(z,t), w*(z,t), v*(z,t)} k S(Upy(x,t), pop(z)) x
S(Who (:Ev t)a PQ,h(l‘)) X S(Vho (l‘, t)v pl,h(x)) :

H'U*(l', ) - Vho(x’ )Hl < Hv*(x> ) - Vh(x’ )Hl + HVh(wv ) - Vh0($, ')Hlv

max (|| (2, ) = Uno (@, ) 1, 0" (@) = Who ()11 ) <
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< maix ([[u (@,-) = Un(, )1, Jw* (@,) = W, )11 ) +

- max (U, ) = Ung (@, 1, Wiz, ) = W@, )lls ). (41)

IMoncrasnas omenkn (22), (39) u (23), (41) cOOTBETCTBEHHO B IMPABYIO IacTh
(41), nmeem
H’U*(.%', ) - Vho(xv )Hl =

< [B+ ARAW] (1 + AR) ¥ + dp(x) + cn(y, ) By(x) exp ( / " en(r, 5)dg),
0
maX(Hu*(x7 ) - Uho(xv ')Hlu Hw*(xa ) - Whoul) <
< [B+A-hAW] (14 A-h)"w+ By(x) exp (/ ch(’y,f)dg).
0
Teopema moxkazana.
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Kabdrakhova S.S. ON THE EXISTENCE OF A SOLUTION OF
SEMI-PERIODIC BOUNDARY VALUE PROBLEM FOR NONLINEAR
HYPERBOLIC EQUATION

Sufficient conditions are obtained that ensure the closeness of the
constructed triple of a function by modifying the Euler method to Exact
solution of semi-periodic boundary-value problem for nonlinear hyperbolic
equation with two independent variables.

Ka6apaxosa C.C. CBI3BBIKTBI EMEC T'NIIEPBOJIAJIBIK TEH/IEY
YIIIH KAPTBLJIAN EPUOATHI MIETTIK ECEIITIH HIEMIIMIHIH,
BAP BOJIVBI TYPAJIBI

Ditnep oiciHiH MOAU(MUKAIUSICH KOMErIMEH TYPFBI3bLIFaH (DYHKIUsLIAD
VIIITITIHIH TOye ICi3 eKi allHBIMAJIBICH 0Ap CBHI3BIKTHI €MeC TurepbosIaIbiK TEeH-
Jley VIMiH KapThLIail MepruoAThl MEeTTIK €CeNTiH M9 MIelTiMiHe *KaKbIHIBIFbI-
HBIH, Darajiay/1apblH KAMTAMACHI3 eTeTiH KEeTKIJIKTI TmapTTap aabIHFaH.
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QUOTIENT GROUPS BY THEM IN THE UPPER AND
LOWER CENTRAL SERIES OF THE COMPUTABLE GROUPS
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Annotation: We will be concerned with the complexity of computing the terms in
the upper and lower central series of a computable group; more precisely, we will
consider the problem of occurrence into commutants and terms in these central series
of constructive nilpotent groups. We also will investigate the computability of quotient
groups by these subgroups.
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One can find all other terms of the group theory and their definitions, which
are not explained here, in [1]-[5]; for background on Computability theory and
constructive algebras, we refer the reader to [6]-[7].

1. THE PRIMARY DEFINITIONS AND THE STATEMENT OF PROBLEM

1.1 GROUP THEORY

Let G be a group written multiplicatively. For x,y € G (the group and
its universe are designated by uniform sign), the commutator of = and y is
[z,y] = 27 'y lay. If H and K are subgroups of G, then [H, K] is the subgroup
generated by the commutators [h, k] with h € H and k € K, ie, [H, K| =
gr({[h, k] |h€e H, k€ K}). As usually, the entry H < G denotes that the H is
normal subgroup in the G.
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DEFINITION 1. The lower central series of a group G is G = 711G > %G >
v3G > ... defined inductively by y1G=G and ~;+1G=[vG,G|. A group G is
a class r nilpotent, if v,4+1G =1, and v.G# 1. The second term ~,G =[G, ]
is also named as the (first) commutant of the group G, and it is denoted by
G’; the i-th term v;G is sometimes termed the i-th central of the group G.

The simple commutators are defined inductively by [z1,z2,...,Zpt1] =
[[£1, 22, ..., Zpn), Tnt1]. A group G is nilpotent iff there is an r > 1 such that
[x1,x9,...,xp41]=1 for all zy,..., 2,41 €G. For the least such r, G is class r

nilpotent. Thus all groups that are the class no more than r nilpotent constitute
a variety M, of groups given by the identity [z1,22,...,2r41]=1[3].

For any normal subgroup H of a group G, there is a natural projection
7« G — G/H given by mg(g) = gH. The center of G, denoted C(G), is
defined by g€ C(G) iff gh=hg for all h€G. Since C(G) is a normal subgroup;
therefore taking the center of G/C(G) and pulling back to G by 715(16,), one
gets another normal subgroup of G.

DEFINITION 2. The upper central series of a group G is 1 = (G I (G <
(G ... defined inductively by (¢G=1 and (;11G = W&};(C(G/(QG))) The
i-th term (;G is sometimes termed the i-th hypercenter of the group G.

A group G is a class r nilpotent iff (.G = G, and r is the least number
with such property. It is well known, that if 1 =Gy G 4G2<... 4G, =G
is some central series of a class r nilpotent group G, then we have the following
scheme of inclusions:

GG < G < ... < ¢(1G <« GG
_— Il VI v Il N
1 = Gy < G <€ ... <« G < G = G (1
S Il VI VI Il =
Y1r1G < %G < .. < G a9 G

The class 1 nilpotent groups are exactly the abelian groups, so the nilpotent
class can be thought of as giving a measure of closeness to being abelian.

We recall that a periodic part TG of the group G is a set that consists of
the elements g € G for which there is an integer n > 0 such that g =1; the least
such n is called an order of element g. When the periodic part 7G is trivial,
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then the group G will named torsion-free. It is known that the periodic part
of a nilpotent group is a normal subgroup [1|-]3].

1.2 CONSTRUCTIVE GROUPS

Let G={(G,-,71,1) be a countable group. A mapping v : D — G of
the computable subset D of all natural numbers N onto universe G is called a
numbering of G, and a pair (G,v) is called an enumerated group.

DEFINITION 3. An enumerated group (G,v) is named constructive (or com-
putable numbered), if there are computable functions f,g such that for all
n,mé€ D, the equalities v(n)-v(m)=vf(n,m) and (v(n))~t=vg(n) hold, and
a set v1(1) is computable. If the set v~'(1) is computably enumerable, then
the numbering v will be positive. A numbering v of group G such that (G,v) is
constructive, is called a constructivization (or computable numbering) of the
group G. The group, which has a constructivization, is termed computable.

Let (G,v) be an enumerated group, M be a subset in G. This subset is
computable (or computably enumerable) if its numeral set v~ (M) is the same.

Given the computably enumerable (c.e.) subgroup H of the enumerated
group (G, v), one can define a numbering u of H with the help of computable
function f that enumerates the numeral set v~ '(H): pu(z) = vf(z). If the
numbering v is constructive, then so will be p [6]. Since the periodic part and all
terms of lower central series are computably enumerable in every constructive
group according to their definition, therefore these subgroups of the computable
group are the computable group.

If H < G, then for every numbering v of the GG, one can define a canonical
(or natural) numbering v/H of the quotient group G/H by (v/H)(m) =
v(m)/H for any m € N. The numbering v/H will be positive (computable),
when H is computably enumerable (computable) in G' under v [6].

1.3 PROBLEM DEFINITION

The problem of occurrence into the terms of the central series and the
computability of their quotient groups for constructive groups is interesting
because many algebraical properties of nilpotent groups are proved by
induction on class nilpotent. The terms of upper or lower series and factor
group by them are often considered for this purpose. It is quite natural to
expect that this method is applicable for the computable groups, too. These
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hopes are partly reasonable for R-groups with some additional conditions —
see [8]. Furthermore the scheme of inclusions (1) creates the illusion that the
ability to solve the problem of occurrence for any of the term of these central
series will enable us easily to solve such issues for the others.

It is true for finitely generated groups. Really, let (G, ) be such a positive
enumerated group. Then v/v,G is a positive numbering of the finitely genera-
ted nilpotent group G /v, G. Because the word problem for positive enumerated
finitely generated nilpotent groups is soluble, the group (G/v,G,v/7.G) is
constructive. Moreover, an element g of G belongs to center iff the equality
[g9,2] =1 holds for each generator = of G. Therefore, one can easily prove by
induction on parameter ¢ that the every term (;G in the upper central series
can be effectively calculated in computable finitely generated group G.

Thus, we focus our attention on infinitely generated nilpotent computable
groups. We know that the centrals of a constructive group are computably
enumerable. Furthermore, the hypercenters are H(l)—sets, because [g € (1G &
Vh(gh = hg)] & [g € (i+1G < Yh(|g, h| € (;G)] holds. Hence, the terms in the
upper and lower central series of a computable group have c.e. Turing degree.

DEFINITION 4. Let (G,v) be a numbered group and H CG. The Turing degree
of unsolvability of the set v~1(H) is called the algorithmic complexity of the
occurrence problem in the H in the group (G, v) and is denoted by T(G, H, v).

Everywhere in the sequel, by a degree of set we mean the Turing degree [7].
It is obvious that if the upper central series of a computable group G coincides
with its lower one, then T(G,~,G,v)=T(G,(,G,v)=0 for all n and every
constructivization v. In particular, this is true for free nilpotent groups.

Nevertheless, the complexity of the problem of occurrence into the centrals
and hypercenters is intricate enough in the general case.

TueoreMm 1 ([9]). For each natural number n > 2 there exists a torsion-
free nilpotent group G(n) of class n such that for each set of c.e. degrees
a = (ag,...,a,) there exists a constructivization v(a) of this group for wich

T(G(n),y2G(n),v(a)) = as,...,T(G(n),mG(n),v(a)) = ay.

THEOREM 2 (|9]). For each natural number n > 2 and an arbitrary set a =
(ag,...,an) of c.e. degrees there exists a computable nilpotent group G(a), of
class n, possessing the following properties:
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(i) T(G(a),v2G(a),v)=as,. .., T(G(a),wG(a),v)=a, for each constructi-
vization v of G(a); the quotient-group G(a)/7v;G(a) is computable iff a;=0;

(ii) for each c.e. degree b there exists a constructivization p of the group
G(a) such that T(G(a), 7G(a), u)=b, where TG(a) is the periodic part of G(a).
In particular, this group is non-autostable.

THEOREM 3 ([10]). Fix n > 2 and c.e. Turing degrees di,...,d,—1 and
€9,...,en. There is a constructive torsion-free group (G, «) which is class n
nilpotent with T(G,(;G,a)=d; for 1<i<n—1 and T(G,v;G,a)=c¢; for
2<i<n. Furthermore, (G, ) admits a computable order so this computational
independence property holds for computable ordered nilpotent groups as well.

There is the following comment in [10]: "The construction of G(a) in
Theorem 2 uses torsion elements and hence G(a) does not admit an order
(computable or otherwise). This observation raises the question of whether
one can obtain a similar result using a torsion-free nilpotent group, and if so,
whether such a group could admit a computable order (in some or possibly all
computable copies). Theorem 2 also raises the natural question of whether one
can obtain a similar result for the terms in the upper central series, and if so,
whether one can do it with a torsion-free (or possibly computably orderable)
nilpotent computable group".

Furthermore, it is rather easy to see that the computability of the members
of the lower central series is the necessary condition for the computability of
nilpotent product in many cases; for instance, the nilpotent product of infinite
cyclic group with the computable class two nilpotent group G(ag) constructed
in the proof of Theorem 2 is not computable for every ag > 0 [11].

1.4 THE MAIN RESULT

We will give a partial answer at the second question in [10] with the
following below theorem. But let us notice at the beginning that for every
constructivization of group G, the complexity of the occurrence problem
into a normal subgroup H cannot be equal to zero, if the H or the factor
group G/H is not computable. This observation necessitates of the following
definition. The tuple (dy,...,d,—1) of degrees is termed coordinated with the
set (a1,...,0n-1;01,...,0n—1) consisting of zeroes and unities, if for every
1<j<n—1, the condition aj=p;=0 <> d; =0 holds.
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THEOREM 4. Fixn>2 and a set (Q, E) =(a1,...,an-1; 51, .., PBn-1) of zeroes
and unities. Let dy,...,d,_1 and €2,...,€n be c.e. degrees such that the tuple
(d1,...,dn—1) coordinated with (@, 3). Then there exists a computable class n

nilpotent group H(d, é), possessing the following properties:

1) for every computable numbering v, T(H(d,e),~ H(d,é),v)=e; holds
for 2<i <n; the quotient-group H(d, 6)/% (d, é) is computab]e iff e;=0;

2) for every computable numbering v, T(H(d,é),(;H(d,é),a)=d; holds
for 1<i<n—1;

3) for each c.e. degree b, there exists a constructivization p of the group
H(d, &) such that T(H(d,é),7H(d,é), )=b; so this group is non-autostable;

4) if «j =1, then the hypercenter CjH(cZ, é) is non-computable; when f5; =1,
then factor-group H(d,¢é)/¢;H (d,é) is non-computable for 1<j<n-—1.

PROOF. See Sections 3-5. As in [9], [10], we break the proof of Theorem 4 into
smaller steps, using Proposition 2, its corollary (Subsection 2.3), and the fact
that a periodic part and the terms in the upper and lower central series interact
nicely with direct products: for any groups G and H, v;(G x H)=~,G x v;H
G(Gx H)=(G x (;H;and 7(G x H)=7G x TH.

Therefore, we will start with the constructing of group G, (d), which have
Properties 2) and 4) (Sections 3,4, and 5.2); then we will build a group G;(é)
with Property 1) and 3), modifying the consruction of group G(a) from [9].
Finally, we will ’assemble’ the group H(d, é) in Subsection 5.3.

2. NECESSARY INFORMATION FROM COMBINATORIAL GROUP THEORY

2.1 THE SYMBOL-COMBINATORIC AND NUMERIC APPROACHES TO THE
STUDY OF ALGORITHMIC PROBLEMS

Let M be a set of words over some alphabet A. A Gédel numbering of the
M is a biunivocal mapping v of the set M into the set of natural numbers N
such that one can effectively recognize if a given natural integer is the number
of an element of M, and from a number, one can recover the structure of the
corresponding word [6].

Let Gen(G) ={go, g1,...} be a set of the generators of the group G; and
Rel(G)={Ro(g), R1(g), ...} be a set of its defining relations; so the group G
has presentation

G = (Gen(G)|Rel(G)) = (g0, g1, - - - |Ro(9), B1(9), - - ), (2)
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— see [4]-[5] for further details. One can define the Gédel numbering of the set
of all word in an alphabet {go, gy, 91, 97 ', - - -}. Consider an inverse mapping
v(y) = ~v~1; it already is the numbering of the group G. Such a numbering
is named natural, constructed by Gddel numbering of the words in the given
presentation; or briefly, natural (Gédel) numbering of given presentation.

It is obvious that when the set Gen(G) is computable, in particular finite,
and the set Rel(G) is computably enumerable, in particular finite, then the
numbering v(y) will be positive. The word problem is soluble for given group
presentation (Gen(G)|Rel(G)) iff its natural numbering v(7) is constructive.
Therefore, it will be convenient for us to describe the group by specifying its
sets of generators and defining relations in order to obtain a numbering of
group with the requisite algorithmic properties as is done in [9], [10].

We will always consider the quotient-group G/N with the same set of
generators as the group G, but with ’additional’ defining relations. Namely,
if a group G has presentation of the kind (2), and N =grg{So(g9),S1(9), ...},
then G/N = (go,g1,-..|Ro(9), R1(g),---;S0(g,51(g),-..) hold [5]. So, every
word in the generators of group G can regarded as both an element of the G
and an element of its factor-group. We will always specify these cases below.

Nevertheless, we will apply the Hall-Witt commutator identities [1]-[5] as
a rule without special comment.

2.2 BASIC COMMUTATORS

We recall the definition of the basic commutators for the free (or free class
r nilpotent) group F on the set X ={zo, x1,22,...} [1], [5]. Fix an order on X,
for instance, xg<x1 <2< ....

We generate a set BC(X) = J;cy BCi(X) of basic commutators, assign
weights to these basic commutators and define an order on them. The weight
of a basic commutator c¢ is denoted by w(c).

1. The letters in X are the basic commutators of weight 1,1.e., BC1(X)=X.

2. Assume that the basic commutators of weight j <k have been defined and
we have produced an order of them. A commutator [c, d] is a basic commutator
of weight k+1 (i.e., [c,d] € BCy41(X)) iff (i) ¢ and d are basic commutators
and w(c)+w(d)=k+1; (i) d<c; (i) if c=[u,v], then v<d.

We assign <y, when x and y are the basic commutators, w(z) <k, and
w(y)=k+1. We define the order on the basic commutators of weight k+1 by
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e, d] <[u,v] & (¢,d) <jex (u,v), where <j¢, is the lexicographic order.

Let us notice that firstly, if [a, ()] = [a,b] is the basic commutator, then
for any j, the commutator of the kind [a,bU*V] = [[[a,b)],b] will be basic
too; we define [a,b(?)] = a; secondly, for Gédel numbering of group F, a
set of numbers of all the basic commutators and a set of numbers of basic
commutators of weight j are computable sets.

The following normal form theorem was stated for finitely generated free
nilpotent groups [1], |5], but it holds for infinitely generated groups too.

THEOREM 5 (|1], [5]). Let F' be a free class r nilpotent group on the set of
generators xg,T1,... with a fixed order on the basic commutators. Each y € F
can be uniquely written as a finite product ¢ -cj"™* --- ¢, where ¢; is a basic
commutator, ¢; <c;y1, and m; € Z\{0}. Furthermore, each lower central factor
~iF' /i1 F is a free abelian group on the basic commutators of weight 1.

2.3 AUXILIARY STATEMENTS

Let F' be a free nilpotent group; BC:;(X) be a set of the basic
commutators, whose weight is not less than j.

PROPOSITION 2.1 (The generalized Hall, Jr. theorem). Let BCy(R) be a set
BCy(X)Ngrr(R), where grp(R) is a normal subgroup generated by the subset
R in the F, and RC BC>;(X).

(i) If k > j > 2, then BCy(R) = {d|d € BCy(X) and record of d
contains some commutator ce R};  and BCi(R)=@ for k<j.

(ii) Each y € F/grp(R) can be uniquely written as a finite product c{™ -
"o, where ¢;e BC(X)\ BC(R); ¢;<ciy1; and m;€Z \ {0}.

(iii) Each lower central factor Hyp =~ (F/grr(R))/vk+1(F/grr(R)) is a free
abelian group on the set BCy(X) \ BCk(R).

PROOF. (i) We have g € grp(R) iff there are ¢1,...,c; € R and hy,...,h, € F
such that g:c}f1 .- Further, "=c-[c,h]; ¢ "=h"teth=[c,h] -7
A =c e, h@] e, kW] e, AP e k] and ¢ = hethl =
le,h] - [e, h®)] - [e, MW] 71 - [e, D] - ¢! (the products in the third and
fourth equations are finite because [z, y®]=1 for all k greater than or equal to
the class of the nilpotent group) — sees Subsection 11.1 in [1] or Lemma 2.4 in
[10]. Moreover, if h€ X and c€ BCss, then each commutator [c, h(¥)] is basic.
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(ii) and (iii). Let y be a word in the generators X. Consider this word
as an element of the free group F', then by Theorem 5, it can be uniquely
written in the form ¢ -¢}™ --- /™, where ¢; is a basic commutator, ¢; <cj41,
and m; €Z \ {0}. In accordance with homomorphism theorems, we have that
Hy =y, F /(Y1 F - (grr(R) N, F)). Thus, the Hy, arrises from the free abelian
group VxF/vk+1F, when all generators that belong to the set BCy(R) are
‘unwritten’ in the last group. It is clear that the remaining generators form a
free basis of the group Hj. Therefore, we can remain in the record of element

y only the basic commutators that do not belong to the BC(R).

We identify an external direct product Gy X ... X G with inner direct
product (as that is understood in [3]), specifically each efficient G; is identified
with its copy in the group G.

PROPOSITION 2.2. Let G be a direct product G1x...xGy; and H be a subdirect
decomposible subgroup in G, i.e., there exist subgroup Hy <Gy, ..., H, <Gy
such that H = Hy x ... X Hy. Suppose that A is a computable numbering of
G, and the numeral set A\~1(G;) of every multiplier G; is computable. Then
T(G,H,\) = sup{T(G;, H;, \;)|1 < i < k}, where \; = X\ | (A\"YG))) is the
restriction of numbering \; in particular, the complexity of periodic part and
each term in the lower and upper central series is the join of degrees the
corresponding subgroups in the G; for every such constructivization \.

PROOF. For each given element, whose number is m, one can effectively
find the numbers myq,...,mg such that Am = Amq - ... - Amy, since all
the set A~'(G;) are computable. These elements Amy, ..., Amy are found
unambiguously, because G1 X ... X Gy is the direct product. So, the problem
of whether an element belongs to the subgroup H reduces to k the questiens
of whether the element Am; belongs to subgroup H;.

COROLLARY 1. Suppose that H is a subdirect decomposible subgroup in a
group G =G1 % ... XGy. Let B; be a set of pseudo-generators of the group
G; for 1 < i<k, Le., B; = {b}n : h‘j e T;; Rl(m,]), h € yG; for bj ¢
(Gi; and h =1 for bj € (G;}, where R; is some predicat, T; is any set;
and B; contains a generating set {b;|j € T;} of group Gj. If p is computable
numbering of G and each of the numeral sets u~1(B;) is c.e., then T(G, H, ) =
sup{T'(Gi, Hi, ;)| 1 <i<k}.
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PROOF. Since the set of pseudo-generators for every subgroup Gj is c.e., one
can enumerate the whole of this subgroup and its complement; therefore each
numeral sets x4~ (G;) is computable.

3. COMPUTABLE GROUP, WHOSE FACTOR-GROUP BY THE LAST PROPER
HYPERCENTER IS NON-COMPUTABLE

THEOREM 6. For each natural r > 2 and every c.e. degree d, there exists
a computable metabelian class r nilpotent group G,(M) such that for each
of its constructivization \, T(G,(M),7G(M),\) =T (G (M),v;Gr(M),\) =
T(Gr(M),GGr(M),\) =0, where 1 < i < r—2, 2 < j < r; Nevertheless,
T(Gr(M),(-1Gr(M),\) =d, and a factor group G(M)/(—1G(M) is com-
putable iff d=0. However, the hypercenter (,_1G,(M) is a computable group.

PrROOF. Let U and W be infinite computable set, and F'(C, A) be a free class
7 nilpotent group on the set CUA, where A={a,|ncU} and C={z| ke W}.
We specify the following order on C'U A: 2, <z, <2, < ... < ajy<aj, < ....
Since F(C, A) is class r nilpotent, all commutators of weight > are equivalent
to the identity, so we consider only basic commutators of weight <r.

Let us consider the following set of the basic commutators:

R = {[an, am]|n,meU} U {[zn, z]|n, keW} U
U {¢| ¢ contains more than two different generators} U (3)
U {[d, e] | both d and e contains a generator from set A}.

It is easy to see that for ¢ > 2, BC;(H) = BC;(C,A)\ BC;(R) =
{[an, z,(:_l)ﬂ keW, neU} and BCy(H)=AU C; furthermore, the BC;(H) is
a basis of free abelian group +;H, /v;+1H, according to Proposition 2.1, where
H, = F(C,A)/grrc,a)(R).

LEMMA 1. Let (A) and (C) be subgroups, which are respectively generated by
the sets A and C' in the group H,.

(i) (A) and (C) are the free abelian group on the sets A and C, accordingly.
(ii)) The mutual commutant [A,C] of the subgroups (A) and (C) has trivial
intersection with each of these groups; and [A, C| = v9H, is abelian group.
(iii) For 1<i<r, Cr_is1Hy = H,.

Proor. (i) Consider a natural projection ¢ : H. — H,/grg, (C). According
to Subsection 2.1, we must add the defining relations {zj | k €N} to the set R
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in order to obtain a presentation of factor group H,/grg, (C). Now we apply
the Tietze transformations to obtained presentation [5]: firstly, we replace each
generator z; with 1 in all other relations, which contain this generators. All
these relations are the commutators, therefore they become trivial. Secondly,
we delete the trivial generators zx and trivial relations. Finally, we obtain that
the group H,/grp, (C) is isomorphic to A = (A|{[ai,a;]|i,j €U}), which is
free abelian group. It is isomorphic to the (A), because the ¢ images the latter
onto the A, and the ¢ | (A) is a biunique function.

The statement about the group (C) can be proved in a like manner.

(ii) We again consider a canonical homomorphism of the group H, onto its
quotient-group H,/[A, C]. Using the Tietze transformations, we obtain that
this factor group is isomorphic to (AU C'|{[a;,a;]|i,j € U} U{[zk, 2] | k, 1 €
W}) = (A) x (C). Hence, (A)N[A,C]=(C)N[A,C]=1 and 2H,<[A,C]. Tt
is easy to see that the last group is abelian.

(iii) According to scheme of inclusions (1), vi+1H, < (—;H,. Let g be
an element in v, H, \ vi+1H, for ¢ < r. By Proposition 2.1, there is a basic

(i—1

commutator h=[an, 2, )], which occurs in the record of ¢ and [h, z,(:_i)] #1.

Therefore, g, z,(ffi)] #1 too, and g¢ (,—;H,. Lemma is proved.

Let d be c.e. degree. We select so infinite a subset M in the set U that the
M belongs to the class IIY of the arithmetical hierarchy, has a degree d, and

U\ M is infinite [7]. There exists a biunique partially computable function f
that maps the set W onto the U \ M;so YneU(neU \ M < 35(f(j)=n)).

We suppose that r is the least element in M, and U N W = &. Let D,
be a subgroup (in the H,) that are generated by the set {[an,z,(:_l)]p”\ n #
r A f(k)#n} U {[ar, zlgr_l)]pk|k€W}, where py, is (k+1)-th prime number.

The D, is a subgroup in ~.H, < (1H,, therefore it is normal. Since
the subgroups (A) and (C) have trivial intersection with the mutual
commutant [A, C], these subgroups are isomorphically embedded into factor-

group G,(M) = H,/D,. According to usual algebraical practice, we will
identify the groups (A) and (C) themselves with their images in G,(M).

Since the 7, H, is a free abelian group on the set BC,.(H)={[an, z,gr_l)ﬂ ke
W, n € U} in accordance with Proposition 2.1(iii), and the group D, is
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generated by the degrees of these generators, therefore

7Go(M)= ] B wGr(M)=1G (M) x lan, 2 7V], (4)
f(k)#n n=F(k)

where B, = gr([an, z,ﬁril)])/([an, z,(ﬂrfl)]p") = Zp, forncUANKeEW An#

r A f(k)#n; and Bn’k:gr([ar,z,(:_l)])/([ar,z,(:_l)]pk) = Ly, for ke W.

LEMMA 2. Let r >3 and D,_1 be a subgroup (in G,(M)) generated by the
set {[an, 2 VP nr A f(k)#n} U {lap, 2f Pk €W Then (G(M)=
Dy_1 - %G (M) for r>2; (Go(M)=(A)M . ~Ga(M), where (A)M is the
subgroup generated by the set {a}" |ne M \ {r}}.

Proor. We show that the center of the group G,(M) contains all the
elements of the last central v,G,.(M) and D,_1 (or (A)M). Indeed, the equality

[[an,z,(:_z)]p",m] = [an,z,gr_Q)],x]p" holds, because H, is the class r nilpotent

group. Now for r >2 and n#r, if =2z, and n# f(k), then [a,, z,(;_2)], xPr =1,

since it is a relation of group G,(M); when x # 2, then the [an,z,(:q)],x]
contains three generators or two the entries of the generators from the set A,
and so it belongs to the set R. The case when n =1 is investigated similarly.
If r=2and neM \ {r}, then Vk(n# f(k)) holds; therefore, for every [,necU
and k€W, [an, a;]=[ab", zk] =[an, 2k]P" =1 are the relations of group G,(M).

Let g be an element of the (G,(M) and = be a generator. Then the
commutator [g,x] belongs to subgroup D, < v,.H,, if it is considered as an
element in group H,. Hence, g €~,_1H,. By Proposition 2.1, we can uniquely
write it through the basic commutators from BCs,_1(H): g=uv{" v/ - h,
where he~y,H,. We have [g,z]=[v]", 2] [v", x] =[v1, 2] - - - [vg, 2] ™.

Case r>2. If x# 2, where 2 is generator occurring in the record v;, then
the commutator [v;, 2] contains more than two generators or two the entries of
the generators from the set A, and so it equals to 1.

Let x =2z be included in two or more commutators v; and v;. When they
contain the different elements as the second generators, then between the basic
commutators [v;, z] and [v}, 2] will not occur nontrivial relations in accordance
with Decomposition (4). If the second generators are uniform, then v; and
v; will be equal too. Thus, for each v;, one can choose a generator = such
that the commutator [v;, z] is basic, and it is different from the other basic
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commutators [vj,z]. Therefore for these v; and z, the inclusion [g,z] € D,
implies [v;, z]% € D,. This means that either [v;, ] =[a,, z,(;_l)] and n#r for
f(k)#n or [v;, x]=]ar, z](ffl)]. Moreover, it follows from [v;, z|* € D,, (4) and
(5) that «; is divisible by py, or pg (briefly: p,|a; V pi|a).

Case 7 =2. When some v; is a, for n€ U \ M, then there is a natural k,
such that f(k)=n, and hence [g, zx] = [an, 2k]|* ¢ Da. If there are an ¢ and a
k such that v; =z, then f(k)=n, and so [g, an| = [an, zk] ™ ¢ D2 again, since
the function f: W — U \ M is total on the W. For v; =a,, we choose a k such
that pi { ai; now [g, zx] = [ar, 2k]™ ¢ D2 holds.

Thus, all the elements z; have infinite order in the factor group of Go (M) by
its center; and the element a,, has order p, in this factor group, iff ne M\ {r}.

COROLLARY 2. For every >3, G.(M)/CG,(M) = G,_1(M).

PROOF. In order to obtain a presentation of quotient-group G,(M)/(G,(M),
we must add the generators of the subgroup D,_1 - 7,G,(M) to the defining
relations of the group G,(M).

COROLLARY 3. For every r>2, G(M)/(—1G (M) = ((A)/(AM)) x (O).

PRrROOF. It is evident from the previous corollary and the last paragraph of
the lemma proof.

LEMMA 3. The group G,(M) has a soluble word problem, when it is presented

by the generating set AU C and the defining relations R U {[ay, z,(;_l)]p"\ n#

r A f(k)#n} U{|a,, z,(ffl)]pk |k €W} in the variety N,.

ProoF. Every word g in the generators a, and z; can be considered as an
element of the group H,. We can write it uniquely and effectively in the form
g =bchy...h,, where b€ (A), ce (C), and h; € v;H, is a finite product of
the integer degrees of the basic commutators from BC;(H). Moreover, g =1
iff b=1,c=1, and hg =hg= ...=h, =1. The first r equalities are verified
simply, because the (A),(C), and each v;H,/v;11H, (for 2<i<r—1) are free
abelian groups by Proposition 2.1 and Lemma 1(i). We have seen in the proof
of Lemma 2 that the question of whether h, belongs to the group D, reduces
to the verification of finite number of equations of the kind f(k)=n.

MATEMATUYECKUN KYPHAJ. — 2017. — T. 17, Ne 2



On the computability of the terms and their quotient groups ... 163

LEMMA 4. The quotient-group G,(M)/(,—1Gr(M) is non-computable, if d#0.

PROOF. It is easy to see that if G is a computable group and U is a computable
set, then Li(G;U) = {neU|Fy(yP» =1AVE(1<k<p,—1 = y* # 1))} isac.e.
set. However, we have L1 (Gr(M)/¢-1G,(M)) =M \ {r} by Corollary 3; and
the set M is the complement to computably enumerable,but non-computable
set, when the degree d is not equal to 0 [7]. Lemma is proved.

Notice that the product ¢,_1G(M)=(A)M -G, (M), is direct; a commu-
tant is a computable group, if so is the whole of group; and (A)M =gr({ah" |n¢€
MA\{r}}) 2 3w Z%) s computable, where Z*) = Z for each k. Therefore,
¢r—1Gr(M) is computable, since it is the direct product of computable groups.

Let A be a constructivization of group G,(M). We fix one of the A-numbers
of element a;, for example v. One can enumerate all the elements of the kind
z, - ho for pg { j and hg € 72G,(M), because they must obey the conditions:
[Av, (zi - ho)UIPE = 1, but [v, (zi - ho) (T )] # 1. Now, it is possible to
enumerate all the elements that are of the form a!, - h for p, 1 i and n # r,
where h €72G,.(M). To this purpose, we search a number & such that f(k)#n
for given n. Then the required elements commute with Av and [af, - h, (2], -
ho)"=VIPn =1, but [d, - h, (zi - ho)"~1)]#1, provided that p, 1 7.

It is obvious that [a}h, (ziho)(t_l)] = [an,z,(:_l)]ijt_l -g € 1G (M) \
Yi+1Gr(M) for some g €y 41G,(M). Hence, it is easy to obtain an algorithm
that enumerates all the elements, which of the form gh, where g¢~v11G, (M)
and h € 441G, (M), i.e., all elements, which are not included in the (¢+1)th
central of group G, (M), and so T(G, (M), v44+1G,(M),\)=0 for 1<t<r—1.

Furthermore, one can design an algorithm, which enumerates each subgroup
D1 - YymGr(M) for 3 < m < r, using the elements a?, - h and zi - hg and
checking the equality f(k) = n sometimes. Because this subgroup coincides
with the hypercenter (,—.,+1G, (M), which is the complement to c.e. set, we
have T(Gr (M), (r—m+1Gr (M), A) =0 for these m. A

We know how to list the elements of the kind al, - h or z, - ho, where i is
not divisible by p,. If the n ¢ M, then [al, - h, zl(:_l)]p" = [an,zlir_l)]ip" #1
holds for f(k) = n. Therefore, when n ¢ M, there exists an element g
such that [alh,g""D]P» # 1. Since the elements of the form [an,z,(:_l)]i =
[ h, (zxho) "~ Y], where f(k)=n and p,1{i, generate the difference between
G (M) and 7G-(M), we obtain that T'(G,(M),7G.(M),\)=0.
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Suppose, we can solve the question of whether any number belongs to the
set M. The occurence problem into the last hypercenter reduces to the same
questiens about the elements of the kind a’ h by Corollary 3. The element of
the form a’,h belongs to the (,_1G,(M) iff n¢ M \ {r}. So, in this case, this
hypercenter is c.e. subgroup, because it is generated by all such elements and
commutant, i.e., T(G.(M),(—1Gr(M),\) <7 d. Conversely, if we can solve
the question of whether the (,_1G,(M) contains the elements of the kind a,h,
then the set M is converted into computable.

4. THE COMPUTABLE NILPOTENT GROUP, WHOSE THE LAST PROPER
HYPERCENTERS ARE NON COMPUTABLE

The particular case of the following theorem was proved for r=2 in [12].

THEOREM 7. For each natural r > 2 and every c.e. degree e there exists
a computable metabelian class r nilpotent group G,(K) such that for each
of its constructivization \, T(G,(K),7G,(K),\) = T(G,(K),v;Gr(K),\) =

T(G.(K),(iGr(K),\) =0, where 1 < i < r—2, 2 < j <r. At the same
time, T(G,(K),(—1Gr(K),\) = e, and the last hypercenter (,_1G,(K) is
computable iff e=0, but the factor group by this hypercenter is a computable

group.

PROOF. Let us consider a free class r nilpotent group F(zp,yn,2r) on the
set {Tn, Yn, 2} for some k,n € N and define the following subset of the basic
commutators: S = {c|c contains generator y, twice} U {[Tn,Yn], [Tn,z2k]}.

Let E be a quotient-group of F(zn,yn,2k) by 9T F(an,y,z) (S)- As before
(see Lemma 1), it is sufﬁ(nently simply proved that the subgroup generated by

the set {,,yn} in the F is the free abelian group; each group viE/vi 1 E is

infinite cyclic, its generator is [y, Zl(c )] by Proposition 2.1.

We introduce the additional relations S = {ahznrrban, pr" xp PP
If B, p= E/grE( S), and ¢ : Eyy — Enx/97E, . (2) is a canonical homomor-

phism, then the subgroup generated by set {mn, yn} in E, } is isomorphically

2 _
mapped onto (T, Yn| [Tn, Yn], 2h2 P2 B 20 g Pyl which is the direct

product of the finite cyclic groups (z,) and (y,) with the amalgamated sub-
group generated by the element x,”*"*'yh>"; and so the orders of the elements

T, and y, are accordingly equal to p2p41p2, and an in group K, x, too.
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LEMMA 5. Each central v.E, . of group E,, j, is a cyclic group of order pay,.

PROOF. Really, [yn,z,(f_l)]m" = [yﬁ%,zl(f_l)] = [x%”“,zl(f_l)] = 1. Let us
show that [yn,z,(:fl)] # 1 for 1 < ¢ < r by induction on the parametr
c. This is true for ¢ = 1, because Ey,x/grE,,(2x) F yn # 1. Suppose
that this is true for ¢ = i. We have E,/97E, (2n) = (yn, 2| {yn>"} U
{d|d is basic commutator and contains generator y, twice}) in the variety
N, and also By 1/97E, , (Tn) FE [Yn, z,(;?)]m" =1. The subgroup H;, of group
Enk/97E, , (Tn), generated by the [yn, zl(j_l)] and zj is class r—i+1 nilpotent.

Let us consider the following (3 x 3)-matrices

R 1 YZi=1 0 R 1 0 0
Y=10 1 0)l: Z=|101 Z
0 0 1 00 1

over the ring Z,,, [Y, Z]. The group (17,2) is class two nilpotent and the
equalities YPm = ZPm = 1 hold, i.e., the stronger identities and relations
hold true in this group than in group H;. Therefore the mapping z, +—> 2,
[yn,Z;(j_l)] — Y extends to a homomorphism ¢ of the group H; onto (EA/, 2)

[5]. Hence, we obtain that

} - o 1 0 YZ 100
o 2 =0 ((yn, 28V, )=V, Z)=[ 01 0 |#[ 0 1 0
0 0 1 0 0 1

It follows from this that the inequality [y, z,(j)] #1 holds too.
LEMMA 6. For 1<m<r—1, (nEpr=97(xn) X Yr—ms1En k-

PRrROOF. It is obvios that (mEy k= gr(Tn) X Yr—m41En k. If an element g does
not belong to gr(zy) X ¥r—m+1En k, then one can simply prove that [g, z,gm)] #1,
using the inequalities [yp, z,gc_l)] #1 for 1<e<r.

COROLLARY 4. Every proper hypercenter (,FE,) contains only elements,
whose orders are the products of the different primes in the first degree.
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Let V and W be computable infinite sets, and (V @ V)N W =({2n|n €
Viu{2n+1|neV})NW=g2. We select such a c.e. subset K in V that has
given degree e; then for every natural number n, ne K iff (3j€ W)(g(j)=n),
where g is a biunique partially computable function from the W onto K |7].

Finally, we define the desired group G,(K) by a generator set, which is an
union of the sets {a,}, X ={z;|i €V}, Y ={y;|i €V}, and C={z| ke W},

and the following defining relations in the variety 91,:

{c]|c is a basic commutator, w(c) >2, and c is different from
[yn,zlij_l)] or [ar,z,gj_l)] for2<j<n, neV, and ke W} U (5)
U {the defining relations of all the groups E, ; for neV and ke W} U (6)
U {[ar, 20 VP EEWIU {[yn, 20 VI neV AkeW Ag(k)£n}. (7)

From this it follows that the relations {[a,, zy]|m eV} U {[ar, ym]|meV} U
{lzn, zml[n,m eV} ULlyn, ym|ln,m eV} U {[zn, ]| n, k €V} U{lan, 2] [n €
V ke W} U{[zn, 2zk]| n, k€ W} hold true in the G,(K), too.

It is easy to see that each subgroup B, i generated by the elements z,, y,,
and zj is isomorphic to group E, i for g(k) =n; and By = Ey /v Eng =

Enk/97E,  ([Yn, z,(ffl)]) for g(k)#n. Hence, we obtain that

%G (K) = [T (w2 "D x [ Aar "D/ (ar 20 V1%); (8)
neK,g(k)=n keW
%G (E) [71Gr(K) 2 T (s 2?1 % I (a2 (9)
neV,keWw kew
GoGr(K) = aGr(K) % [T (w2 VD) x [] (&), (10)
neV\K,keW neVv

for 2<j<r—1. Moreover,

G Gr(K)=2G(K) x [ T] (wa) - [T )] (11)

neV\K keV

In accordance with Decompositions (8),(9) and Lemma 5, the commutant
v2G,(K) contains only the elements, whose orders are either the products
of the various prime numbers in the first degrees or infinite. The orders of
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the elements in group [],cy (2n) are the products of the different primes
in the first degrees, too. However, an order of element vy, is p3, — see the
paragraph before Lemma 5. Therefore, the set Lo((—1Gr(K);V) = {n €
V | there exists an element y, in ¢,—1G,(K), such that its order equals to p3,}
coincides with V' \ K. At the same time it is clear that the set Lo(G, V) will
be c.e., if the group G and the set V are computable. Consequently, the last
proper hypercenter of G,(K) is non-computable, provided that e 0.

LEMMA 7. The group G,(K) has a soluble word problem, when it is presented
by the generating set {a,} UX UY U C and the defining relations (5)—(7) in
the variety N, i.e., its Gddel numbering is computable.

PROOF. Let us consider a word ¢ in the generators of the G, (K) as an element
of the group that has a presentation ({a, }JUX UY UC|defining relations (5)) in
the variety 91,.. The element g of this group can be represented as a product of
the powers of the basic commutators of the kind xz, 2, [ar, z,(fjfl)], [Yms zt(Jfl)]
for 1< j <r; and such a presentation can be done efficiently and uniquely by
Proposition 2.1. Now, a test for equality g =1 reduces to the questions about
the validity of relations of the kind panpan+1|an, m=0, pk|dk, - =0, p3,,|Bm,
P2m|¥mt, and g(t) = m according to Lemmata 5, 6, Corollary 4, Relations
(6),(7), and Decompositions (8)-(10). Lemma is proved.

It follows from Decomposition (11) that G,(K)/(-1Gr(K) = (a,) x (X) X

[T () X (C)ZZD 3 Zpypys i ® 3 Ly © > Z(k)a where Z") = 7, for
nek i€V nek " kew
each k. So, this factor group is isomorphic to c.e. subgroup of the computable

group Y Zpyippips © D Zyp @ Y Z®) | since the latter is the direct sum
i€V nev " keN
(in additive notation) of the computable sequence of computable groups [6].

Therefore, the quotient group G,(K)/(,—1G,(K) is computable too.

Let A be a constructivization of group G, (K). We fix one of the A-numbers
of element a, as in proof of Theorem 6. One again can enumerate all the
elements of the kind 2], - hg for pi 1 j and ho €72G,(K) as it is done there. In
addition, it is possible to enumerate all elements 2} and yl forn€V, pani1ty,
and pay, 1 7,1, based on the fact that only these elements have orders of pa,pan+1
and p3,, respectively. Now it is no longer difficult to build algorithms that list
every hypercenter (,,Gy(K) for 1<m<r—2 as well as all complements to the
periodic part and to each central in accordance with Decompositions (8)—(10).
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Hence, T(G,(K),7Gr(K),\) =T(G,(K), Y Gr, N =T(G(K),(nG(K),\) =0
for I<m<r—2and 2<y<r.

The problem of whether an element g belongs to the (,_1G,(K) reduces to
the questions of whether certain of the y, belong to this subgroup according to
Decomposition (11). Because the belonging y, € (,—1G,(K) is tantamount to
neV \ K and the set V is computable, we obtain T(G,(K), (;—1G(K), A) <
deg(K). The inverse inequality is also proved simply.

5. INDEPENDENCE OF THE COMPLEXITY OF THE OCCURRENCE PROBLEMS
INTO HYPERCENTERS AND CENTRALS FROM EACH OTHER

5.1 INDEPENDENCE OF THE COMPLEXITY OF THE STRUCTURES OF THE LAST
HYPERCENTER AND FACTOR BY IT FROM EACH OTHER

Let U, V and W be infinite computable sets such that V&V ={2n|n¢e
Viu{2n+1|neV}, U, and W are the pairwise disjoint subsets of N. We
define the sets A, C, X, and Y just as it is done in the proofs of Theorems 6
and 7. We after that choose a c.e. infinite subset K of the V and such a subset
M in the U that the subset U \ M is c.e. and infinite.

Let us consider a group G,(M, K), which is given by its presentation with
the generating set AUC U X UY and the union of the sets of defining relations
of groups G, (M) and G,(K) and the set {[an,Tm|neU,meV {|an,ym]|n€
U,meV} in the variety 0, — see Sections 3 and 4, or more precisely

Gr(M,K)=(AUCUXUY | (12)
R U {generators of group D,} U {Relations (6) and (7)}),

where R={c|c is a basic commutator; w(c) > 2; and ¢ is different from
[yn,z,(f_l)] or [am,z,(j_l)] for 2<j<r, meU, neV, and k € W}.

It is easy to see that its subgroups (A U C) and (X UY U {a,} U
C') generated by corresponding sets are isomorphic to G,(M) and G,(K)
respectively. In order to establish this point it is enough to consider
the natural homomorphisms of the G,(M,K) onto its factor-groups
G (M, K)/gra,ux)(XUY) and G.(M, K)/grq, (u,x)(A\{ar}) and to apply
the Tietze transformations to the obtained presentations of these quotient
group [5]. Therefore according to the usual algebraic practice, we identify the
groups G, (M) and G, (K) themselves with their images in group G,(M, K).
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Since G (M, K)=G,(M) - G,(K), we obtain immediately that

GaaGr(M K) =G (M K)x [ [] wn)-[[ 0] x [ (am)m. (13)

neV\K keV meM\{r}

The group G,(M, K) is computable, since its presentation (12) has soluble
word problem. Really, if g is a word in generators of this group, then we consider
it as an element of group (AU C U X UY |R) in the variety 9,. Then this
element can be uniquely represented as a product of the powers of the basic
commutators of the form z,, z;, [an, zl(f_l)], [Ym, zt(]_l)] for 1<j<r; and such a
presentation can be done efficiently by Proposition 2.1. A further verification
of the equality g=1 is also carried out as in the proof of Lemmata 3 and 7.

Let A be a constructivization of group G,(M, K). We fix one of the A-
numbers of element a, again as in proof of Theorems 6 and 7. One can again
enumerate all the elements of the kind 2 - ho for p; t j and hy €12G, (M, K). It
is possible after that to enumerate all the elements that are of the form al,-h for
Pm {4 and m#r, where h €72 G,. (M, K), as it is done there. In addition, one can
list all elements z7, and v, for n €V, GCD(pappant1,5) =1, and GCD(p3,,1) =
1, based on the fact that only these elements have orders of ps,p2,+1 and
p3,, respectively. Now it is no longer difficult to build algorithms that list
every hypercenter (,,G,(M,K) for 1 <m <r—2 as well as all complements
to the periodic part and to each central as in the proofs of those theorems.
Hence, we obtain that T'(G,(M, K),7G(M,K),\)=T(G.(M, K),v;G, \) =
T(GIM,K),(nG(M,K),\)=0 for 1<m<r—2and 2<j<r.

The problem of the occurence of any element to the last hypercenter
reduces to the same questiens about the elements of the kind a,h and 3,
according to Decomposition (13). It is easy to see, using this fact, that
T(Gr(M, K),G-1Gr(M, K), \) =sup(deg(M), deg(K)) =deg(M & K).

It follows from Decomposition (13) also that Lo((—1G(M,K);V)=(V\
K) (see the paragraph before Lemma 7), therefore the last proper hypercenter
of G, (M, K) is computable iff deg(K)=0. Again using this decomposition, we

obtain Gy (K)/G-1Gr(K) = (ar)x (X)X [] (yn)x(C)x T  (am)/(am)Pm.
nek meM\{r}

Hence, L1(G(M, K)/(—1G(M, K);U)=M\ {r} — see the proof of Lemma 4;

and the factor group (G(M, K)/(—1G(M, K) is computable iff deg(M)=0.
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5.2 INDEPENDENCE OF THE COMPLEXITY OF THE PROBLEMS OF
OCCURRENCE IN HYPERCENTERS FROM EACH OTHER

We now construct the group G, (d) possessing the properties 2) and 4) in
Theorem 4.

Let di,...,dp—1 be c.e. degrees such that the tuple (diy...,dn—1)
coordinated with the given set (a,8) = (a1,..., an—1;01,...,Bn-1) of
zeroes and unities. First, we choose the computable infinite subsets Us, ...,
Un,Va,...,Vy, and Wo, ..., W, of N such that the Us, ..., U,, Vo®Va,...,V, B
Vn, and Wy, ..., W, are the pairwise disjoint sets.

Second, if o, =, for 1 < r < n—1, then we take a subset M, in the
Ur+1 and a subset K41 in the V;.; so that the degree of both of these subsets
equals d,. When o, =0 and S, =1, i.e., the r-th hypercenter has a simple
structure, but the quotient group by it is complicated, then we select a subset
M, of degree d, in U,4+1 and a computable subset K1 in V,41. And vice
versa, for a,, =1 and B, =0, i.e., if the r-th hypercenter has a complicated
construction, but the quotient group by it is simple, we select a computable
subset M,4+1 in U,4+1 and a subset K,;; of degree d, in V, ;. However, the
K,41 and Uy41 \ My41 must be c.e. infinite sets in any case.

Then we construct the groups G, (M,, K,) for 2<r<n in exactly the same
way as described in Subsection 5.1, using the selected sets U, V., W,., M,., and
K, in the capacity of U,V, W, M, and K. Naturally, each of these groups has
its own computable set of generators that does not intersect the generating
sets of other groups.

Last we define G,(d) = [Lo<r<n Gr(M;, K;). This group is computable,
since it is the direct product of finite numbers of the computable groups [6].

We recall that r is the least element in the subset M, of the set U,.. Because
the sets Us,..., U, are the pairwise disjoint sets, we obtain that a; # a; for
2<i,7<n and i#j.

Let A be a computable numbering of group G, (d). We again fix one of the
A-numbers of each element a, for 2<r <n, for instance v, as it is done in proof
of Theorems 6 and 7 and in Subsection 5.1. One can afresh enumerate all the
elements of the kind zj, - ho for k€ W, p 1 j, and ho €72G,(M, K), since these
elements commute with ’else’s’ Av; (i.e., with those a;, for which i % r holds),
but [Avy, (21 - ho) T~ V]PE =1 and [Av, (2] - ho)""D]#1 hold. After that, it is
possible to enumerate all the elements that are of the form a}, - h for me U,

A
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Pm {1 and m#r, where h€ G, (M, K), as it is done in the proof of Theorem
6, because these elements are also permutable with ’else’s’ zi - hg. In addition,
one can enumerate all elements a:g and yff for t € V., GCD(papat+1,7) = 1,
and GCD(p3,,1)=1, based on the fact that only these elements have orders of
Darp2s+1 and p%t respectively.

We have learned how to enumerate the sets of pseudo-generators for each
direct efficient of the group G, (d) for given constructivization A. Therefore,
we obtain in accordance with Corollary 1 and the results of Subsecton 5.1
that T(Gu(d), 7Gu(d),\) = sup{T(G,(M;, K.), TG, (M, K;), \r)[2 < 7 <
n}= 0; T(Gu(df)\, viGu(d), N) = sup{T(G,(M,, K.),7;Gr, \)| 2 <7 < n} =0;
T(Gyu(d), (mGu(d), N) =sup{T(G(M;, K;), (nG (M, K, ), \)| 2 <7 <n}=dy
for I<m<n—1and 2<j<n.

5.3 THE ENDING OF THE PROOF OF THEOREM 4

We need some more details of the construction of the group G(a) in
Theorem 2. It is defined as the direct product of n—1 auxiliary groups H;
for 2 < j < n, the group H; is denoted as H(A’) for 2 < j < n—1 in [9],
and H, is G(A™) there; a degree of each c.e. set A’ equals to given degree
a;j. Every group H; is the direct product of groups H;(X;) and H;(Y}),
which are accordingly generated by the sets X, and Y}, with an amalgamated
central subgroup. All the set Xo,..., Xy, Y2,...,Y, are computable, infinite,
and pairwise disjoint. Each subgroup H;(Y;) is class j—1 nilpotent, and for j > 2,
its factor group H;(Yj)/v;H;(Y;) is free nilpotent; every susgroup H;(X;) is
class j nilpotent, and its factor group H;(X;)/v;Hy(Y;) is free nilpotent. The
periodic parts of all subgroups Hj(Y}) and H;(X;) coincide with their centers
and 7H;(X;)=~;H;(X;) for 2<k<n and 2<j<n—1; and if k> 2, then
THy (V) =vk—1Hg(Yx) holds, too — this is Corollary 3.2 in [9]. But 7H, (X)) is
a proper subgroup of (H,(X,) =y, Hy,(X,) =7,G(a) — this is used in the proof
of Property (ii) in Theorem 2 (Lemma 3.5 in [9]). Hence (G (a) =7G(a)-v,G(a),
and so T'(G(a), 7G(a), \) =0 for every constructivization of G(a).

Notice that the periodic part of all subgroups of the group G(a), including
it itself, consists of only the elements whose orders are the product of distinct
prime numbers. More precisely, the numbers of these primes constitute the
union of the infinite computable sets R?, ..., R™; 8?,..., 8™ T2, ..., T" ! that
are pairwise disjoint.
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Finally we begin to build the group H(c/i\, €) in Theorem 4. Let dy,...,dp—1

and ez, ..., e, be c.e. degrees such that the tuple (dy,...,dn—1) coordinated
with the given set (a, f)=(a1,..., n—1;P1,...,Pn—1) of zeroes and unities.
First, we choose the computable infinite sets R2,...,R";S%, ...,S™

T2, 7" YU, ..., Up, Vo ® Va,...,V, ® V,,, and Wa,..., Wy, that are
pairwise disjoint subsets of N. Then we construct a group Gy(d) just as
described in Subsection 5.2 for given di,...,d,—1 and (@, 3). Next we specify
a group Gl/@), whose generating set does not intersect the generating set of
group G,(d); this group G;(€) is defined as G(a) in [9] for a=e. However, we
single out one ’particular’ element, for instance x;,, in each generating set X,
and the same generator yy, , in every set Y for £>2.

Last we define H(d,¢) = GU(C/Z\) x Gy(e). It is computable, since so are its
direct multipliers.

Let A be a computable numbering of group H(d, ). We again fix one of
the A-numbers of each element a, for 2 <r < n, for example v,, as it is done
above in Subsections 5.1 and 5.2. We also choose one of the A-numbers of every
'particular’ generator z;, and a A-number of each element y; ,, for instance
uj and wy, correspondingly. Using these choosen A-numbers, one can afresh
enumerate the sets of pseudo-generators of every direct efficient G, (M,, K,)
of the group Gu(ci) as it is done above. Furthermore, one can also enumerate
the sets of pseudo-generators of each direct multiplier H; = H;(Y;) - H;(Xj),
because, firstly, any of the generators in Y3 has an order p; for t € R?> U S?;
secondly, each generator z in Xy is permutable with all of the Av,, Au;, and
‘else’s” Aw;, but [z, )\w,(ck_l)] #1 holds; thirdly, a statement similar to the second
is also true for all generators in Y; for j>3.

Consequently, we obtain in accordance with Corollary 4 that

~

T(H(d,2), 5H (d,), \) =sup{T (G (d), KG(d), 1); T(Gy(2), KG1 @), v)}

for every constructivization A of the H (CT, ), where xG is the periodic part, or
any central, or some hypercenter of a group G, and p and v are the restrictions
of numbering A; moreover, T(Gi(€),(nG(€),v) = sup{T (Hy, (mHy, )| 2 <
r<n}=0 for 1 <m < n-—1, since each center (H, = v, H,(X,) - TH,(Y})
is computable, and every factor H,/(H, is the direct product of two the free
nilpotent groups. This completes the proof of Theorem 4 on the basis of the
established above properties of groups G;(e) and G,(d).
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Notice that the proof, of property (i) in Theorem 2, given in [9] (see the
proof of Theorem 3.1 in [9]), can be significantly simplified, if we apply the
described method of the enumeration of the pseudo-generating sets for this
purpose. Furthermore, the generalized Hall, Jr. theorem (Proposition 1) is
enable to simplify the proof of Theorem 3 in [10] (it is Theorem 1.3 in [10]).
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Jlarkma W.B. ECEITEJIMII TOIITAPIBIH ZKOFTAPFHl 2KOHE
TOMEHI'T OPTAJIBIK KATAPJTAPBIH/IAYBL MYIIEJ/JIEP MEH OJIAP
BOWBIHIITA ®AKTOP TOIITAPIBIH, ECEIITEJIIMALIITT TYPAJIBI

bBizni ecemresiMii TONTAP/IBIH YKOFAPFHI KoHE TOMEHT1 OPTAJIBIK KaTapJsa-
PBIHIAFBI MYIIEIEP/Il €CEenTeY/IiH KYPAEIir KbI3bIKThpaThIH 001316l Hak Thi-
paK a#Tcak, KOHCTPYKTHUBTI HUJIBMOTEHTTI TOTITApIaFrbl OChl OPTAJBIK KaTap-
JIApJIBIH KOMMYTAHTTap MEH MYIIIeJepre eHy MacesesepiH KapacThIpaMbl3. Bi3
CcoHIai-ak, PaKTOP TOMTAP/IBIH OCHI ilMKi TOTTap OONBIHIIA eCenTeiMITiTiH
3epTTeiiMi3.

Jdarkna U.B. O BBIYNCJ/IUMOCTU YJIEHOB 11 ®AKTOP TI'PVIIII
IO HUM B BEPXHEM U HUXKHEM HIEHTPAJIBHBIX PATAX
BBIUNCJIMMBIX I'PVIIII

Hac 6yzer muTepecoBarh CI0KHOCTH BBIYUCEHUSI UJIEHOB B BEPXHEM U
HUKHEM I[EHTPAJbHBIX PAJIaX BBIUUCJAUMON Tpymmbl. TodHee, MbI paccMoOT-
puM Ipo0JIEMY BXOXK/IEHUS B KOMMYTAHTbhI U 9JI€HBI 9TUX [EHTPAJIbHBIX PSI/I0B
y KOHCTPYKTHUBHBIX HUJIBIIOTEHTHBIX TPYMI. MBI TakKe MCCIeIyeM BBIUNCIIU-
MOCTH (DAKTOP TPYIII 10 ITUM TOATPYIIIAM.
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1. BBEAEHUE

UccnenoBanuio pa3iudabiX BOHPOCOB s depeHinaabHbiX yPABHEHUNR C
MHBOJIOIMEl TOCBsIIIIeHO Hemano pabor (cm., wanpumep, [1]-[3]. Uccaenosa-
HUIO0 CIEKTPAIbHBIX CBOMUCTB JAudDepeHInaibHbIX 0MepaTOpPoOB ¢ WHBOJIOIN-
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YACTHBIX MPOW3BOJHBIX C WHBOJIIONNEH n3ydarorca B pabore [10]. B kauectse
MpUMepa BOSHUKHOBEHUS CIEKTPAIBHON 33,1841 1t fuddepeHnna bHbIX OIre-
pPaTOpPOB C MHBOJIIOIUEH MOYXKHO [IPUBECTH CJIEYIONIYIO 3aa4y. g ypaBuenus
rurepOOIMIeCKOro TUIA C WHBOJIIOIUENH

g (T,1) = Ugy (—,t), "1 <z <1, —c0o <t <T,
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Fourier method.
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PACCMOTPUM CMELIAHHYIO 3a/1ady
u(z,0) =@ (@), u (z,0) =0 (z), u(—=1,t) =0, uy (—1,t) = uy, (1,1).

Ucnonb3oranme Meroga Pyphe TPUBOINAT K MU3YyUEHWIO CIEKTPAIHHON 3a-
Jadn

X" (—z) = XX (z), (1)
X(~1)=0, X' (-1) = X' (1). 2)

BamMeTnM, 9TO KpaeBble YCI0BHs (2) SBIAIOTCS HecaMoconpsizkenHbiMu. [To-
9TOMY Cpa3y 2Ke BBIHIIEM COTIPSKEHHYIO CIIEKTPAJIBLHYIO 331349y

~Y" (=) = N?Y (), (1x)
Y (1) =0,V (=1) =Y (1). (24)

[Tpumenenue mMerona Pypre CTaABUT BOIPOC O BO3MOXKHOCTHU PA3/I0KEHUs HEKO-
TOPBIX 3a7aHHbIX DyHKIWHA ¢ () 1 1 () B cxoadamuiics pst 10 COGCTBEHHBIM
dyukumsam cnexrpaabnoit 3agaqau (1), (2). Xopomo ussecrHo, eciu cucrema
cobersennbix dbynkunii { X, (z)} cnekrpansroii 3amaqn (1), (2) obpasyer 6azuc
npoctpanctsa Lo (—1,1), To mobas hyHKIMs U3 3TOr0 KIacca pa3iaraercs B
cxomsruiicsa psag Pypwe 10 garHoit cucteme. [loaTomMy mepexoanm K u3yIeHuo
GasucuocTu cucrembl cobcTBenubIX dbyukmuit { Xy (v)} cnekrpanbuoii 3agaun

(1), (2).

2. TIOJIHOTA M BA3BMCHOCTH CUCTEM COBCTBEHHBIX ®YHKIIWI CIIEK-
TPAJIBHON 3AJ71AUU (1), (2)

Crektpanpaas 3amada (1), (2) nmeer nBe cepuu COOCTBEHHBIX 3HAUEHMIL:
2 2
A1 = —(km)7, A2 = (km)”. CoorsercrByiomasi UM cucrema COOCTBEHHbBIX
dbyHKIHMIT BHINUCBIBAETCS B BUJIE

kekwx _ e—kﬂ':c
ﬁﬁ-coskwx, k:1,2,} (3)

{Xo1=2+1, Xp=sinkrz, Xjo=(—1) km
ekm —

BroproronaspHO COmpsiZKeHHAsI CHCTeMa COCTOUT M3 COOCTBEHHBIX (DYHK-
it conpsizkenHoii 3agaqan (1%), (2*%) u umeer Buj

i ekﬂ':c +e—k7‘raz

km _ e*kﬂ'

1
{}/O: 57 Yyo=cos k’]T.’E, Y= (_1)
€

+sinkrz, k=1,2,..}. (4)
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TEOPEMA 2.1. Cucrema cobcrBenubrx ynkmuii (3) cnekrpasbHOii 3a1a4n
(1), (2) mosma B Ly (—1,1). Cucrema cobcrennbix ¢pyukimii (4) conpszkentoii
criekrpasibHO 3ajaun (1%), (2%) nmoana B Ly (—1,1).

JJOKABATEJBLCTBO. Ilycrs auist 060it dbyukunu f () € Ly (—1, 1) Boinosse-
uo ycqosue (f, Xp) =0, k=0,1,2,.... 910 3H29UT, 4TO

/f(x)(:r:+1)d:c:0, (5)

/f (z)sinkmxdr =0, k=1,2, ..., (6)
21
1

kekﬂ'm _67k7r:r
/f(.ZE) <(—1) ekﬂ'_e—lmr—l_COSkﬂ-x) dZE:O, ]{3:1,2, . (7)
-1

Tak kak

1 0

/f (z) sinkrzdr = / f (z) sin krxdz+

-1 -1

1 1
+ / f (z) sin krzdz :/ —x))sinkrzdr = 0
0 0

u cucrema {sinkmz}, k=1,2,..., nomna B Lo (0,1), To
f(@) = f(=z)=0. (8)
"3 (5) n (8) cremyer

1 0

/f(x)(xﬂ)dx:/f( ) (z+1 dx+/1f (z+1)d
0

-1 -1
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0 kekwx _ e—kﬂ'x

krx _ e—kTr:v

1
+ [ 1 (P e cosk ) =

ekwx _ e*kﬂ'm
(f (x) = f (==)) (—1)kmdm+

I
o _

+/(f (x) + f (—z)) cos kmxdx = 0.

0

Orciona B cuty (8) mosyuaem

1
/f () cos krxdr = 0.
0

(10)
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Tax kak cucrema {coskmx}, k = 0,1,2,..., nomua B Lo (0,1), To u3 pa-
sercts (9) u (10) caexyer Toxmectso f (z) = 0. AHAJIOIMYHO TOKA3BIBAETCA
nosinora cucrembl (4). Teopema 2.1 jokazana.

TEOPEMA 2.2. Cucrema cobcrBennbix pyHkuuii (3) crekrpasbroii 3agaqm (1),
(2) obpaszyer 6azuc Pucca B npocrpancrse Lo (—1,1). Cucrema co6cTBeHHBIX
Gyukumii (4) cnexrpanproii 3amgaun (1*), (2*) obpasyer 6aszuc Pucca B npo-
crpanctee Lo (—1,1).

JIOKABATENBLCTBO. g mokasarenscra 6asucuoctn Pucca cucremsr (3), B
custy reopembl H.K. Bapu [11], nocrarodno jgokaszars 6ecceneBocTh KaxK 10ii n3
cucrem (3) u (4), T.e. CIpaBeINBOCTH HEPABEHCTB

° o0 ekme _ o—kmw 2

Z|(f, sin kra)|? < oo, Z (f, (—1)ke,m_€_k7r—l—cosk:7rm> <oo, (11)
k=1 k=1

© 9 i kekﬂ':r _|_€—k7rz 2

;\(f, cos kmz)|"< oo, ; <f, (—1) ekﬂr_e_kﬂr—i—smkwx) < oo (12)

s moboit dynkmuu f(x) € Lo(—1, 1), ubo, ecim omna n3 GHOPTOroHAIL-
HO COTPSIKEHHBIX CUCTEeM OeccesieBa, TO JApyrasl THIsOepTOBa 1w, HA060POT. A
crcTemMa, KOTopasi siBIsSieTCs OJIHOBPEMEHHO OeccesieBOi U ruib0epTOBOM siBJIsi-
ercs 6asmcom Pucca. Otcroma ciemyer 6asucHocTh Prcca KaxKmoi m3 cucrem
(3), (4). ITepsbie u3 nepasencrs u B (11), u B (12) XOpOIIO U3BECTHBI, TAK KaK
OHU TIPEJICTABJIAIOT COO0i HepaBeHCTBO Beccesist /isi OpTOHOPMHUPOBAHHOI CH-
crembl. Jlokaxkem Bropoe Hepasencrso B (11), a Bropoe nepasencrso B (12)
JIOKA3BIBAETCS COBEPITIEHHO aHAIOTMYHO. Tak Kak

2

kekﬂ:p _ e*kﬂ‘x
, (-1)"————— + cosknzw <
‘ <f ( ) ekﬂ' _ e—kﬂ' + > —

_ 2
6k:7rac —e kmx 9
f T ——— + 2|(f, cosknz)]
7 BTOpOE CJIaraeMoe B TPaBoii 9acTu ecTh KodddurmeHTs Pypbe Mo OpTOHOP-
MI/IpOB&HHOﬁ cucreMe, TO HaM JJOCTATOYHO ITOKa3aTh CXOAMMOCTDb PAda

6k7ra: . 6—k7r:5 2
f’ ek‘ﬂ' _ efkﬂ'
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Paccmorpum obruit dsien 9Toro psijia v mpeodpasyem ero:
ekm’ —k7rz —k:7rcc
‘<f7 —e kT >' /f ek” “ekr ke 0% =
1 1
1 kmx —kmx
Bl Y —"— /f(:v)e dr — | f(x)e dx|| =

9 1
1
P —" [ / f(@)e*™ de + | f(x)e"™ dz—

0

0

1
_/f Yo kT g — O/f k”dx]

-1

0 1 0 1
2 [ k:ﬂ'a: kﬂ'x —kmx —kmx
< de+ [ f(z de — | f(x)e "™ dx — [ f(x)e dm] =
T e L
1 1
f(—a) - f(w)] e~z gy 4
!Vl /

Takum obpazom,

fz) = f(—:v)] e’”(w‘l)dx}‘.

ekmz _ e—sz
(f’ ekm _ o—km > <
k=1
o 1 1
2 </ [f(=2) — f@)le™ @ Dt
=1 ¢ € J
; 2
+/ [fle) - f<—x>]e’”<f—l>dx> - (14)
0

B pasbHeImnX pacCyzkKJeHnsX Mbl ONUpPaeMcsd Ha CaeAyommit dpakt u3
pa6orsr [12].
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JIEMMA 2.1 [12]. ITycrs f(z) € L2(0, 1) u

1 1
o= [ e Nedo, b = [ fa)e eV,
0 0

rie A — MpOU3BOJIbHOE KOMILIEKCHOE YHC/I0 C ITO0J0KHTEILHON BelleCTBeHHO
qacrbio (A = o +if3, « > 0). Torna pasr 3 |ax|®, 3 |be|* exonsres. Ha oc-
HOBAHUY 3TOH JIEMMBI MBI MOJIy9aeM CXOAUMOCTh psja (14) wmam, uto To *xKe
camoe, cxogumocTh psaaa (11). Dro ciaeayer usz Toro, u4ro OOl UIeH paga
(13) MakopupyeTcst CIeAyIOIUMA BeJTUIUHAMU:

2
<

ofl (=) = f@)] e D + f /(@) = f(~a)] eV

2
+2

2
<2

1
6f[f(—fff) — f(@)] e rda

,Of (@) — f(—a)] F D

Teopema 2.2 moka3zaHa.

Taxum 06pazom, 06yt dhynknuio f (z) u3 knacca Lo (—1,1) MmoxHO pas-
JIOXKWUTD B cxogaiuiics psag @ypbe mo cobcTBeHHbIM (DYHKIUAM CIEKTPAIbHOT
sagaun (1), (2).
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Capcenbu A.A. THBOJIFOIINSICHI BAP ©3-03IHE TYUIHIEC EMEC
CIHEKTPAJIIBIK ECEIITIH MEHIIIKTN ©YHKIUNAJTAPBIHBIH TO-
JIBIKTHIT'Bl MEH BASUCTII'T

KywmbicTa, MHBOTOMUSICHT Oap exiHmm perTi Gipemamemai anddepenimali-
IBIK TEHJeY VIIIH CIHeKTPAIIBIK €CElNTiH OPTOrOHAJIL eMeC MEHIMKTI (hyHK-
MUSITIAPBIHBIH TOJIBIKTHIFBI MEeH 0Aa3WCTITI KOpCeTiareH.

Sarsenbi AA. COMPLETENESS AND BASICITY OF
EIGENFUNCTIONS OF NONSELFADJOINT SPECTRAL PROBLEM
WITH INVOLUTION

In this work the completeness and basis property of non-orthogonal
eigenfunctions of the spectral problem for one-dimensional second order
differential equation with involution and nonselfajoint boundary conditions
are proved.
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B MOGI/I craThe [1] dopmymmporke Teopemsr 1 Bmecro “1 < pj < 4

pj « —
| pj,] = 1,...,m", momxmno ObITH “1 < p; < 2 < q; < _1 p],j
11 ,m. B mepBom CoolTHolmeHI/H/I 3TOI TeOpeMbI HponymeHm yCJIOBI/ISI rj >
p—j,]zl,...,mﬂ(rl——)q—j<(rj——) ,j=v+1,.

OTH HETOYHOCTH JIOMYIIEHBI TT0 BUHE aBTOPA. HI/I}Ke [IPUBE/IeHa UCIIPABJIEH-

nag (opmyauposka Teopemsr 1 [1].

|| IN

TEOPEMA 1. HyCTbl<pj<2<qj Shi, 1<6M.6%, 1< <o
j=1,. mnm]axqj 0<7“1+——pi1:...—7“1,+——p%<
7"1/+]_ + QU+1 pu1+1 S S Tm + q7m o me
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IIpasusa "MartemaTudeckoro >XypHaJia' Jijis aBTOpPOB cTaTeit

Oé61me 1mo10KeHns1

B "Marematudeckom kypHaJje" myOJUKYIOTCS OPUTHHAJIBHBIE CTATBU IO
OCHOBHBIM pa3ejaM COBPEMEHHON MaTeMaTwKu: Teopust PpyHKIui, dyHKINO0-
HAJILHBIN aHAJIN3, OOBIKHOBEHHBIE Tud depeHIrnaIbHbIe YPABHEHUS, YPABHEHUS
C YaCTHBIMU [TPOU3BOIHBIMHY, aaredpa, MaTeMATHIECKA JIOTUKA, TEOPHUs IUCET,
TEeOMETPHsI, TOMOJIOTHsI, TEOPUsT BEPOSITHOCTEN W MATEMATHIECKAsT CTATHCTHU-
Ka, BBIYUCJIUTEJIbHAA MaTEeMaTUKa, MaTeMaTU1I€CKaA (1)1/131/1}(3,7 MaTEMAaTU4YIECKOE
MOJIETMPOBAHIE.

2KypHast BBIyCKaeTCsT €:KeKBAPTATIBHO, I€ThIPe HOMEPaA COCTABJISIIOT TOM.

CraTtbs 10KHA OBITH HATTMCAHA HA BHICOKOM HAYJIHOM yYPOBHE, COIEPIKATDH
HOBbIE, 9€TKO C(OPMY/JIUPOBAHHBIE MATEMATUIECKUE PE3YJIbTATHI U UX JIOKaA-
3aTesbCTBA. Bo BBeJeHUM HEOOXOIMMO MPUBECTH UMEIOIINECS Pe3yIbTATHI 10
TeMe MPEJCTABICHHON PAbOThI, JaTh KPATKOE COJIEPKAHUE CTAThbU U OTPA3UTH
AKTYaJIbHOCTH, HOBU3HY TOJIYY€HHBIX aBTOPOM DE3IYIHTATOB.

Cratbm  KypHaJa pa3MemarTcs B CBOOOJHOM TOCTyme Ha cafire
www.math.kz MHcTuTyTa MaTeMaTHKM W MATEMATHYIECKOTO MOIETUPOBAHUS
MOH PK, unx pedepupyror HIT HTU (Kaszaxcran), Zentralblatt Math (Tep-
MaHWsI).

B "Maremarudeckom kypHase" mybJuKyo0TCs CTaThu 00beMOM 10 25 XKy p-
HabHBIX crpanull. Ctarbn 00beMoMm GoJsiee 25 crpaHull MyOJIUKYIOTCS 110 CIie-
MHATHHOMY PEIIeHNI0 PeIKOJIIETUN KypHaTa. [[pHHUMAIOTCS CTATHU, HAIN-
CaHHBIE Ha Ka3aXCKOM, DYCCKOM " AHIJVIMMCKOM SI3bIKaX. CTa,TI)I/I penen3npyroT-
cl.

TpeboBaHusi K 0O(pOPMIAEHHIO cTaTEl

1. Pykommch crathbn T0KHA OBITH TOATOTOBJIEHA B MB3ATENHLCKON CHCTEME
ITEX-2e n ipejcTaB/iera B BUIE JBYX TBEPJABIX KON, a TakyKe B BUe tex u
pdf - daiisios Ha TFOO6OM /IEKTPOHHOM HOCUTEJIE WU IIPUCTAHA TI0 3JIEKTPOHHOM
noure zhurnal@math kz, mat-zhurnal@mail.ru. Crarbs moJ12KkHa OBITH HOJIIN-
cana Bcemn aBropamu. [IpaBuia oopMIeHS PYKOIUCH W CTHIEBBIE (hailbl
MOXKHO Ha¥WTH Ha caiire I/IHCTI/ITyTa MaTE€MaTUKHN U MaTeMaTU4YeCKOro Mo/e-
mupoanug MOH PK http://www. math. kz B pasmene "Maremarudecknit
Kypraan".

2. B neBoM BepxueM yriry HeoOxoanmo ykazars nagexc Y IK. Ha cremyrommux



CTPOKAX IO MEHTPY: HA3BAHWE CTATHU; MHUINAIBI M (DAMUIAN aBTOPOB; MECTO
paboThI; TIOYTOBBIE JIpeca OPTAHU3AINE W TaKKe 3JEKTPOHHBIE aIpeca aBTO-
pOB.

Ha oTmespHOM JHCTe TPUIATAIOTCA HA3BaHWE CTATHU, (DAMUINN W WHUTIA-
aJIbl ABTOPOB, KJIOYEBBIE CJIOBA, pedepar Ha PYCCKOM, aHTJIHNACKOM M Ka3ax-
ckoM (s aBropoB m3 Kaszaxcrama) s3pikax u mugekc Mathematics Subject
Classification 2010. Pedepar j10/2KeH 0TPaKkaTh COJAEPKAHUE CTATHU.

Takrke TpeaCTaBISIOTCS CBeJEHUsT 00 aBTOPaxX, MECTO PabOTHI, TOYUTOBBIH

aJIpeC ¢ WHJIEKCOM MOYTOBOTO OTIENEHHNs, HOMep TejaedoHa ¢ YKa3zaHueM KoJa
ropoja, aapec 3JEeKTPOHHON TTOYTHI.
3. Crmcok JuTepaTyphbl COCTABIAETCA B TOpPsiake MuTupoBanusd. CCBLIKA Ha
HEOMyOTMKOBAHHBIE PAOOTHI, PE3YIBTATHI KOTOPBIX MCIIOJB3YIOTCA B JIOKa3a-
TEIbCTBAX, He JOMyCKAoTCa. CIUCOK JIMTEpaTyphl TPUBOIUTCSA B CJIEIYIOMIEM
BUJIE:
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Pyxomvcu, He ymaoBIETBOPSIOIINE TTEPEUNCTEHHBIM BBINNI€ TPEOOBAHWSIM, BO3BDa-
IMAIOTCA aBTOpaM Ha odopMieHne, T0paborKy. Pemakims ocraBisgeT 3a coboit mpaBo

HAa OTKJIOHEHWE CTATHHU, €CJIA €€ COMEPHKAHNE HE OTBEYAET TPEOOBAHUAM 2KYPHAJIA.
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