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МАТЕМАТИЧЕСКАЯ ЖИЗНЬ

PROFESSOR MUKHTARBAY OTELBAEV
(to his 75-th anniversary)

Mukhtarbay Otelbaev is a
professor of the Department
of fundamental and applied
mathematics of L.N. Gumilyov
Eurasian National University, the
director of Eurasian Mathematical
Institute at Gumilyov Eurasian
National University, the deputy
director of the Kazakhstan branch
of M.V. Lomonosov Moscow State
University, the Chief Researcher
of the Institute of Mathematics
and Mathematical Modeling,
the Laureate of the State Prize
of the Republic of Kazakhstan,
Doctor of Sciences in Physics and
Mathematics, the academician of

the National Academy of Sciences of the Republic of Kazakhstan. He was
born on October 3, 1942 in the village Karakemer of the Kordai district of the
Zhambyl region, Kazakhstan.

He started his labor life as a tractor-driver in his native village. After
graduating from the evening school in 1962 in the village Karakonyz (now
Masanchi), he entered Kyrgyz State University in Frunze (now Bishkek). In
1962-1965, he served in the Soviet Army. In 1965-1966 he worked as a teacher
of mathematics at Chapaev evening school in the village Karakemer of the
Kordai district of the Zhambyl region.

After that he continued studies at the Faculty of Mechanics and



6 PROFESSOR MUKHTARBAY OTELBAEV

Mathematics of M.V. Lomonosov Moscow State University and graduated in
1969.

In the same year he entered postgraduate studies at the same faculty
under supervision of the famous scientists, Professors B.M. Levitan and A.G.
Kostyuchenko. In 1972 he defended the PhD thesis titled "About the spectrum
of some differential operators".

Since 1973 M. Otelbaev was in Alma-Ata, worked as a junior researcher,
a senior researcher, the head of a laboratory at the Institute of Mathematics
and Mechanics of the Academy of Sciences of the Kazakh SSR.

In 1978, he brilliantly defended the Doctor of Sciences thesis titled
"Estimates of the spectrum of elliptic operators and related embedding
theorems" at the Dissertation Council number 1 of the Faculty of mechanics
and mathematics of M.V. Lomonosov Moscow State University headed by
Professor A.N. Kolmogorov, a prominent mathematician, the academician of
the Academy of Sciences of the USSR.

In 1989, M. Otelbaev was elected corresponding member of the Academy
of Sciences of the Kazakh SSR, and in 2004 he became a real member of the
National Academy of Sciences of the Republic of Kazakhstan.

Professor M. Otelbaev is an expert in the field of functional analysis and
its applications, the author of 3 monographs and over 200 scientific papers
and inventions widely recognized both in Kazakhstan and abroad. More than
70 of his works were published in rating international scientific journals (with
the impact-factor Journal Citation Reports Web of Science or included in the
SCOPUS database).

His main works are grouped around the following fields:

• Spectral theory of differential operators;

• Embedding theory and approximation theory;

• Separability and coercive estimates for differential operators;

• General theory of boundary value problems;

• Theory of generalized analytic functions;

• Computational mathematics;
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To his 75-th anniversary 7

• Nonlinear evolutional equations;

• Theoretical physics;

• Other fields of mathematics.

Let us briefly tell about the main results of professor M. Otelbaev.

I. Spectral theory of differential operators
M. Otelbaev developed new methods for studying the spectral properties

of differential operators, which are the result of consistent and skilled
implementation of the general idea of the localization of the considered
problems. In particular, he invented a construction of averaging coefficients
well describing those features of their behaviour which influence the spectral
properties of a differential operator. This construction known under the
notation q∗ made it possible to answer many of the hitherto open questions of
the spectral theory of the Schrödinger operator and its generalizations.

The function q∗ and its different variants have a number of remarkable
properties, which allow applying this function to a wide range of problems. Here
we note some problems for the first time solved by M. Otelbaev by using the
function q∗ on the basis of sophisticated analysis of the properties of differential
operators.

1) A criterion for belonging of the resolvent of the Schrödinger type operator
with a non-negative potential to the class σp, (1 ≤ p ≤ ∞) was found
(previously only a criterion for belonging to σ∞ was known) and two-sided
estimates for the eigenvalues of this operator were obtained with the minimal
assumptions of the smoothness of the coefficients.

2) The general localization principle was proved for the problems of
selfadjointness and of the maximal dissipativity (simultaneously with the
American mathematician P. Chernov) which provided significant progress in
this area.

3) Examples were given showing the classical Carleman-Titchmarsh
formula for the distribution function N(λ) of the eigenvalues of the Sturm-
Liouville operator is not always correct even in the class of monotonic potentials
and a new formula was found valid for all monotonic potentials.

4) The following result of M. Otelbaev is principally important: for N(λ)
there is no universal asymptotic formula.

Математический журнал. — 2017. — Т. 17, № 3
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5) From the time of Carleman, who found the asymptotics for N(λ) and,
by using it, the asymptotics of the eigenvalues themselves, all mathematicians
started with finding the asymptotics for N(λ) and as a result they could not
get rid of the so-called Tauberian conditions. M. Otelbaev was the first who,
when looking for the asymptotics of the eigenvalues, omitted the interim step
of finding the asymptotics for N(λ) , which allowed getting rid of all unessential
conditions for the problem including Tauberian conditions.

6) The two-sided asymptotics for N(λ) for the Dirac operator was for
the first time found when N−(λ) and N+(λ) are not equivalent. The results
of M. Otelbaev on the spectral theory were included as separate chapters
in the monographs of B.M. Levitan and I.S. Sargsyan "Sturm-Liouville and
Dirac operators"(Moscow: Nauka, 1985), and of A.G. Kostyuchenko and I.S.
Sargsyan "Distribution of eigenvalues"(Moscow: Nauka, 1979), which became
classical.

Recently, M. Otelbaev, jointly with professor V.I. Burenkov, described
a wide class of non-selfadjoint elliptic operators of order 2l with general
boundary conditions, whose singular numbers have the same asymptotics as
the eigenvalues of the lth power of the Laplace operators with the Dirichlet
boundary conditions.

II. Embedding theory and approximation theory
This field of mathematics has developed as a separate branch in the works of

S.L. Sobolev in 1930 s. Beginning with the works of L.D. Kudryavtsev (around
1960) a new era of weighted function spaces used in the theory of differential
operators with variable coefficients arises.

M. Otelbaev began research in this field being a mature mathematician and
managed to create a new method of proving embedding theorem which is, in
form and essence, a local approach to such problems according. In the theory
of weighted Sobolev spaces, most used weighted function spaces, M. Otelbaev
obtained the following fundamental results.

1) A criterion for an embedding and for the compactness of an embedding.
2) Two-sided estimates for the norm of an embedding operator.
3) Two-sided estimates for Kolmogorov’s width and for the approximation

numbers of an embedding operator, and a criterion for belonging of an
embedding operator to the classes σp, (1 ≤ p ≤ ∞). It turned out that one
of the variants of the function q∗ is an adequate tool for description of the
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exact conditions ensuring an embedding. For applications it is particularly
important that all the estimates are given in terms of weight functions and
allow taking into account the characteristics of their local behavior.

III. Separability and coercive estimates for differential
operators

The term "separability" was suggested by the famous English
mathematicians Everitt and Geertz around 1970 s, who investigated the
smoothness of solutions to the Sturm-Liouville equation.

Soon after that, M. Otelbaev was involved in research on this topic. He
developed a method for studying the separability of more general, multi-
dimensional operators and variable type operators, as well for the smoothness
of solutions to nonlinear equations. In particular, by using this method one
can study the separability of general differential operators in weighted, not
necessarily Hilbert spaces. With his interest in solving problems in the most
general setting, M. Otelbaev obtained

1) weighted estimates not only of the derivatives of solutions of the highest
order, but also of intermediate derivatives for a wide class of linear and
nonlinear equations;

2) estimates of the approximation numbers of separable operators exact in
a certain class of coefficients.

IV. General theory of boundary problems
The classical formulation of the boundary value problem is as follows: given

an equation and boundary conditions, to investigate the solvability of this
problem and the properties of the solution, if it exists (in the sense of belonging
to a certain space). Beginning with M.I. Vishik (1951), there is another, more
general approach: given an equation and a space to which the right-hand side
and the solution should belong, to describe all boundary conditions for which
the problem is correctly solvable in this space.

In this problem as well, despite the numerous previous studies, M. Otelbaev
has obtained new results remarkable in depth and transparency. The rich
mathematical intuition, the depth of thinking and extensive knowledge,
coupled with rejection of traditional constraints on the considered operators
and spaces, allowed him to develop an abstract theory of extension and
restriction of not necessarily linear operators in linear topological spaces.

Математический журнал. — 2017. — Т. 17, № 3
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Using this theory, M. Otelbaev and his students were the first to
describe all correct boundary value problems for such "pathological"
operators as the Bitsadze-Samarskii operator, the ultrahyperbolic operator,
the pseudoparabolic operator, the Cauchy-Riemann operator and others (For
some of them previously no correct boundary value problems were known!).
Moreover, considerations were carried out in non-Hilbert spaces of Lp and C.
This theory also allowed describing the structural properties of the spectrums
of correct restrictions of a given differential operator.

V. Theory of generalized analytic functions
In the theory of generalized analytic functions, built by the well-known

scientist I.N. Vekua, a real member of the Academy of Sciences of the USSR,
the main facts are:

a) a theorem on the representation of a solution;
b) a theorem on the continuity of a solution;
c) a theorem on the Fredholm property.
All other facts of the theory are deduced from a), b), and c). Various

authors have gradually widened the class of spaces in which the Vekua theory
was valid.

M. Otelbaev found the widest space among the spaces close to the so-called
ideal spaces, to which the coefficients and the right-hand side should belong,
so that the facts a), b) and c) remain valid.

VI. Computational mathematics
M. Otelbaev proposed a new numerical method for solving boundary value

problems (as well as general operator equations). By using the embedding
and extension theorems, he reduced the considered boundary value problem
to the problem of minimizing a functional. The boundary conditions and
also nonlinearities are "hidden" in the integral expressions. Moreover, by this
method the problem of "the choice of a basis" was solved, in which many
prominent mathematicians have been interested for a long time.

The method of M. Otelbaev can be easily algorithmized and allows finding
the solution with the required accuracy. Moreover, the procedure of finding a
numerical solution is stable. Computer calculations conducted by his students
and students of Professor Sh. Smagulov showed the effectiveness of the method.

M. Otelbaev developed a method of approximate calculation of eigenvalues
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and eigenvectors of non-selfadjoint matrices, based on a variational principle.
The method reduces the problem to the analogous problem for self-adjoint
matrices, for which there is a well-developed theory. Unlike other methods, for
example, the maximum gradient method, this method

1) provides global convergence,
2) is convenient for calculating the initial approximation,
3) allows calculating the eigenvalues with the smallest real part,
4) can be used in the general case of a compact non-selfadjoint operator.
M. Otelbaev obtained a two-sided estimate for the smallest eigenvalue

of a difference operator which is important for computational mathematics.
Due to the need for cumbersome calculations, methods for parallelization are
actively developed in the world. M. Otelbaev offered an effective algorithm of
parallelization for approximate solutions of boundary value problems and the
Cauchy problem for various classes of differential equations.

In addition, Professor M. Otelbaev gave a new approximate method
for solving a linear algebraic system with a poorly conditioned matrix and
parallelizing the solution process.

VII. Nonlinear evolutional equations
In hydrodynamics for describing a laminar flow of an incompressible fluid,

as well as a turbulent flow the system of the Navier-Stokes equations is used.
However, mathematically, it is not well justified, since the existence of a global
solution has not yet been proved. Therefore, there are some doubts about the
rightness of using this system as a mathematical model.

M. Otelbaev managed to reduce the existence problem of a global solution
to the Navier-Stokes equation to other equivalent problems, in particular, to
the problem of the existence of the so-called "dividing function". He obtained
a criterion for strong solvability of nonlinear evolution equations, similar to the
Navier-Stokes equation, and also built the examples of equations not globally
strongly solvable to which the system of Navier-Stokes equations reduces.

A big resonance was the work of the professor M.Otelbaev, in which
he published a full proof of the Clay Navier-Stokes Millennium Problem.
The work was published in the Kazakhstan scientific journal "Mathematical
Journal"(No. 4, 2013) in Russian. In analyzing the work there was
found a mistake in calculating which was acknowledged by M.Otelbaev.
Notwithstanding that the proof was incorrect, it is generally recognized that the
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work of M.Otelbaev has brought a new push in the development of researches
on Navier-Stokes equation. In particular, after the publication of this work,
a change has been made to the statement of the problem by Clay Institute:
an additional condition of pressure periodicity has been added. Also basing
on the incorrect solving the problem by M.Otelbaev, Terence Tao published a
big work devoting to denial of the fact that the Navier-Stokes problem can be
solved in an abstract form.

VIII. Theoretical physics
M. Otelbaev obtained a number of interesting mathematical results in this

area. He
a) found explicit formulas for n-particle motion in the space (in the

framework of Einstein’s relativity theory);
b) derived an integral formula of the matter motion;
c) proposed a new transformation of the type of the well-known Lorentz

transformation which works both for ν < c and for ν > c. If ν < c the Otelbaev
transformation coincides with the Lorentz transformation;

d) proved mathematically that the results of physics arising from the special
Einstein’s relativity theory one can obtain while staying within the classical
wave theory.

IX. Other fields of mathematics
The research interests of M. Otelbaev are extremely diverse. The following

topics complete their partial characterization.
1) M. Otelbaev chose a certain nonlinear integral operator, for which he

proved a criterion of continuity. This operator appeared to be an important
model in the theory of nonlinear integral operators, based on which one
can develop and test new methods. Due to this, M. Otelbaev together with
Professor R. Oinarov obtained a necessary and sufficient condition ensuring
the Lipschitz property (contractibility) of the Uryson operator in the spaces of
summable and continuous functions.

2) He investigated spectral characteristics and smoothness of solutions to
equations of mixed type. A criterion of coinciding of the generalized Neumann
and Dirichlet problems for degenerate elliptic equations was found.

3) In recent years, the problem of oscillatory and non-oscillatory solutions to
differential equations has become a fashionable topic in mathematics. Already
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in the late 80s, M. Otelbaev obtained a sufficient condition ensuring the non-
oscillation property of solutions to the Sturm-Liouville problem, close to a
necessary one.

4) M. Otelbaev studied the problem of controlling a laser heat source. He
showed that under the usual formulation, it does not even have a generalized
solution and proposed a new formulation of the problem in terms of "order"
and "admittance precision" for surface treatment. He proved the solvability of
this problem in such a formulation, and solved some optimization problems
without using the known methods of optimal control. In addition, jointly
with Professor A. Hasanoglu, he solved an inverse identification problem of
an unknown time source, on the bases of the measured output data, when the
boundary conditions are given in the Dirichlet or Neumann form, as well as in
the form of the final overdetermination.

Summing up the review of scientific creativity of M. Otelbaev, one should
note as characteristics features of his work the diversity of his scientific
interests, the fundamentality of research, the interest in solving problems in
the most general formulation and obtaining solutions of the level of a criterion.

A large number of publications of M. Otelbaev characterize his high
efficiency, diligence, and research productivity. He was a participant of a
number of international scientific conferences, which took place in Kazakhstan,
Russia, Ukraine, Poland, Czechoslovakia, Germany, Morocco, Turkey, Greece,
and Japan.

M. Otelbaev has carried out great work in preparing highly qualified
researchers and university teachers. Over 35 years he held lectures for
students of various universities of the Republic of Kazakhstan, organized a
series of seminars and study groups for graduate students, interns, master
and PhD students. The courses "Extensions and restrictions of differential
operators "The theory of divisibility,Embedding theorems "Modern numerical
methods and many others, developed by M. Otelbaev, are well known.

He has created a large mathematical school in Kazakhstan. 70 postgraduate
students have defended PhD theses under his supervision. 9 of them later
defended Doctor of Sciences theses.

M. Otelbaev made a significant contribution to organization and
development of science and education in Kazakhstan. In 1985-1986, he was
the rector of Zhambul Pedagogical Institute, from 1991 to 1993 organized and

Математический журнал. — 2017. — Т. 17, № 3



14 PROFESSOR MUKHTARBAY OTELBAEV

worked as the director of the new Institute of Applied Mathematics of the
Academy of Sciences and the Ministry of Education and Science of the Republic
of Kazakhstan in Karaganda, in 1994-1995, he was the head of a department
at Aerospace Agency of the Republic of Kazakhstan.

Since 2001 he is the deputy director of the Kazakhstan branch of
M.V. Lomonosov Moscow State University, and simultaneously the director
of Eurasian Mathematical Institute at L.N. Gumilyov Eurasian National
University.

For a number of years, M. Otelbaev is a member of the editorial boards
of the Kazakhstan scientific journal "Mathematical Journal published by the
Institute of Mathematics and Mathematical Modeling, of the "Proceedings
of the Academy of Sciences of the Republic of Kazakhstan. Series in Physics
and Mathematics" and of the international scientific journal "Applied and
Computational Mathematics"of the National Academy of Sciences of the
Republic of Azerbaijan. Since 2010 he is an editor-in-chief, together with
academician V.A. Sadovnichy and Professor V.I. Burenkov, of the "Eurasian
Mathematical Journal"(Included in the Scopus database), which is published
in English by Gumilyov Eurasian National University, together with M.V.
Lomonosov Moscow State University, the Peoples’ Friendship University of
Russia, and the University of Padua.

He was the chairman of the international scientific conference "Modern
Problems of Mathematics" , held at Gumilyov Eurasian National University in
2002, and was a member of program committees of 10 international scientific
conferences devoted to problems of mathematics and computer science held
at Kazakh National University, Karaganda State University, the Institute of
Mathematics of the Ministry of Education and Sciences of the Republic of
Kazakhstan, Pavlodar State University, and University Semei. In 2007, he was
elected the Vice-President of the Turkic World Mathematical society.

In 2004, Professor M. Otelbaev became a Laureate of the Economic
Cooperation Organization in the category "Science and technology". In 2006
and 2011, he was awarded the state grant "The best university teacher".

In 2007, Professor M. Otelbaev was awarded the State Prize of the Republic
of Kazakhstan in the field of science and technology.

Summing up the review of the scientific creativity of academician
Mukhtarbai Otelbaev, as characteristic features of his activity we can highlight
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the versatility of his scientific interests, the fundamental nature of research, the
desire to solve problems in the most general formulation and to bring decisions
to the level of criteria.

The great amount of the published works of M. Otelbaev characterizes his
high working capacity, hard work and scientific productivity.

Mukhtarbai Otelbaevich is in the prime of his creative power for active
scientific and scientific-organizational activities for the benefit of the society,
the development of science and mathematical education of the Republic of
Kazakhstan.

We congratulate on the anniversary of the remarkable man and the
outstanding mathematician – the academician of the National Academy of
Sciences of the Republic of Kazakhstan Mukhtarbai Otelbaevich Otelbaev and
wish him long years of fruitful creative work, happiness and great success!

Editorial board of "Mathematical Journal".
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ôîðìóëû, ìåòîä äèñêðåòíûõ îðäèíàò äëÿ íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà.

1. Ââåäåíèå

Êàê èçâåñòíî, â ðàáîòàõ Ñ. ×àíäðàñåêàðà, Ã.È. Ìàð÷óêà, Á. Äýâèñîíà,
Â.Ñ. Âëàäèìèðîâà ìåòîä äèñêðåòíûõ îðäèíàò áûë äîâåäåí äî áîëüøîãî
ñîâåðøåíñòâà â òåîðèÿõ èçëó÷åíèÿ è ïåðåíîñà íåéòðîíîâ (ñì., íàïðèìåð,
[1]). Âñòðå÷àþùèåñÿ òàì èíòåãðàëû ðàññåÿíèÿ â îáùåì ñëó÷àå ÿâëÿþò-
ñÿ îäíî-äâóõêðàòíûìè è èìåþò ïðîñòîé âèä, äîïóñêàþùèé ïðÿìîå ïðè-
ìåíåíèå ñîîòâåòñòâåííî êâàäðàòóðíî-êóáàòóðíûõ ôîðìóë. Îäíàêî, èíòå-
ãðàë ñòîëêíîâåíèé â íåëèíåéíîì óðàâíåíèè Áîëüöìàíà ñîäåðæèò äîâîëü-
íî ñëîæíûå êâàäðàòóðû è ðàñïðîñòðàíåíèå ìåòîäà äèñêðåòíûõ îðäèíàò ê
íåìó � çàäà÷à íåïðîñòàÿ.

Çäåñü ïîä ìåòîäîì äèñêðåòíûõ îðäèíàò äëÿ íåëèíåéíîãî óðàâíåíèÿ
Áîëüöìàíà ïîäðàçóìåâàåòñÿ ìåòîä, âîçíèêàþùèé â ðåçóëüòàòå íåïîñðåä-
ñòâåííîãî ïðèìåíåíèÿ êâàäðàòóðíûõ (êóáàòóðíûõ) ôîðìóë äëÿ âû÷èñëå-
íèÿ èíòåãðàëà ñòîëêíîâåíèé.

Keywords: Nonlinear Boltzmann equation, invariant cubature formulas, discrete

ordinates method for nonlinear Boltzmann equation.
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Ñ ñåìèäåñÿòîãî ãîäà ïðîøëîãî ñòîëåòèÿ èçó÷àåòñÿ òåîðèÿ ñèñòåì äèô-
ôåðåíöèàëüíûõ óðàâíåíèé, íàçûâàåìûõ äèñêðåòíûìè ìîäåëÿìè íåëèíåé-
íîãî óðàâíåíèÿ Áîëüöìàíà. Ñðåäè íèõ øèðîêî ðàñïðîñòðàíåííûìè ÿâëÿ-
þòñÿ äèñêðåòíûå ìîäåëè Êàðëåìàíà, Áðîäóýëëà è Ãîäóíîâà-Ñóëòàíãàçèíà.
Íåêîòîðûå èç ýòèõ ìîäåëåé îáëàäàþò îñíîâíûìè ñîäåðæàòåëüíûìè ñâîé-
ñòâàìè òàêèìè, êàê çàêîíû ñîõðàíåíèÿ ìàññû, èìïóëüñà, ýíåðãèè è H-
òåîðåìà, ïðèñóùèìè äëÿ íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà. Îäíàêî, ýòè
ìîäåëè íå áûëè ïîëó÷åíû âñëåäñòâèå ïðèìåíåíèÿ êóáàòóðíûõ ôîðìóë äëÿ
âû÷èñëåíèÿ èíòåãðàëà ñòîëêíîâåíèé, à, â îñíîâíîì, âûâåäåíû íà ôèçè÷å-
ñêîì óðîâíå ñòðîãîñòè â ðåçóëüòàòå ëîêàëèçàöèè íåêîòîðûõ ïàðàìåòðîâ,
õàðàêòåðèçóþùèõ ãàç, ðàññìàòðèâàåìûé â íåêîòîðîì îáúåìå. Ïîýòîìó ïî-
ñòàâèòü âîïðîñ î áëèçîñòè èõ ðåøåíèé â ìàòåìàòè÷åñêîì ñìûñëå íåëüçÿ,
òàê êàê ýòè ìîäåëè íå ÿâëÿþòñÿ ñëåäñòâèåì àïïðîêñèìàöèè ñàìîãî óðàâ-
íåíèÿ Áîëüöìàíà.

Â ñâÿçè ñ ýòèì â ñâîå âðåìÿ Ó.Ì. Ñóëòàíãàçèí ïîñòàâèë âîïðîñ:
Íåëüçÿ ëè ïîëó÷èòü òàêèå íåëèíåéíûå ìîäåëè ìåòîäîì äèñêðåòíûõ

îðäèíàò, ïðèâëåêàÿ êóáàòóðíûå ôîðìóëû ââåäåííûå, Ñ.Ë. Ñîáîëåâûì?

Íà ýòîò âîïðîñ íàìè ïîëó÷åí ÷àñòè÷íî ïîëîæèòåëüíûé îòâåò. Íåïî-
ñðåäñòâåííî èç íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà âûâåäåíû íåëèíåéíûå
ñèñòåìû óðàâíåíèé, íàçûâàåìûå íàìè ñèñòåìàìè ìåòîäà äèñêðåòíûõ îðäè-
íàò äëÿ íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà, òàê êàê îíè íàéäåíû ñ ïðèìå-
íåíèåì ïðîñòåéøèõ èíâàðèàíòíûõ êóáàòóðíûõ ôîðìóë. Íàìè áûëè âçÿòû
êóáàòóðû èìåþùèå øåñòü è âîñåìü óçëîâ. ×òîáû â ïîñëåäóþùåì êîíå÷íûå
ðåçóëüòàòû ìîæíî ñîïîñòàâèòü ñ øåñòüþ è âîñüìèñêîðîñòíûìè ìîäåëÿìè
Áðîäóýëëà. Â èòîãå îíè ïî÷òè ýêâèâàëåíòíû èçâåñòíûì ñèñòåìàì äèñêðåò-
íûõ ñêîðîñòåé Áðîäóýëëà [2]. Íà äàííîì ýòàïå ðàçðàáîòêè ìû íå ñòàâèëè
çàäà÷ó î òî÷íîñòè êóáàòóðû, îòëîæèâ å¼ íà ïîñëåäóþùèå èññëåäîâàíèÿ.

2. Ïîñòàíîâêà çàäà÷è è íåêîòîðûå ñâåäåíèÿ

Ðàññìîòðèì íåëèíåéíîå óðàâíåíèå Áîëüöìàíà [3] äëÿ òâåðäûõ øàðî-
îáðàçíûõ ìîëåêóë ñ ðàäèóñîì σ îòíîñèòåëüíî ôóíêöèè ðàñïðåäåëåíèÿ
f = f(t, x, v) :

∂f

∂t
+ (v,∇)f = σ2

∫
V3

∫
Σ+

(
f ′f ′

1 − ff1

)∣∣∣W ∣∣∣sin θ cos θdθdεdv1, (1)
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ãäå t � âðåìÿ; x = (x1, x2, x3) ∈ R3; V3 ≡ (−∞ < ξ < ∞, −∞ < ζ <
∞, −∞ < η < ∞); v = (ξ, ζ, η), v1 = (ξ1, ζ1, η1) ∈ V3 � âåêòîðû ñêîðîñòè
äâóõ ñòàëêèâàþùèõñÿ ìîëåêóë äî ñòîëêíîâåíèÿ; W = v1 − v � âåêòîð
îòíîñèòåëüíîé ñêîðîñòè; v′ = (ξ′, ζ ′, η′), v′1 = (ξ′1, ζ

′
1, η

′
1) ∈ V3 � âåêòîðû

ñêîðîñòè ïîñëå, ñòîëêíîâåíèè îïðåäåëÿåìûå ïîñðåäñòâîì äèíàìè÷åñêèõ
ñîîòíîøåíèé

v′ = v + α(α,W ), v′1 = v1 − α(α,W ), (2)

ãäå α � åäèíè÷íûé âåêòîð â íàïðàâëåíèè ðàññåÿíèÿ ìîëåêóë,

α =
(
sin θ cos ε, sin θ sin ε, cos θ

)
;

(θ, ε) ∈ Σ+ =
{
0 ≤ θ ≤ π

2
; 0 ≤ ε ≤ 2π

}
;

f = f(t, x, v); f1 = f(t, x, v1); f
′ = f(t, x, v′); f ′

1 = f(t, x, v′1).

Ïîíÿòèå êóáàòóðíîé ôîðìóëû, èíâàðèàíòíîé îòíîñèòåëüíî ãðóïïû
ïðåîáðàçîâàíèé, áûëî ââåäåíî Ñ.Ë. Ñîáîëåâûì â [4].

Çàïèøåì èíòåãðàë [5, ñ. 129]

I =

∫
Ω

ϱ(x) f(x) dx, (3)

ãäå x ∈ Ω ⊂ Rn, ϱ(x) � âåñîâàÿ ôóíêöèÿ.
Ôîðìóëà ∫

Ω

ϱ(x) f(x) dx ∼=
N∑
j=1

Cj f(x
(j)) (4)

íàçûâàåòñÿ èíâàðèàíòíîé êóáàòóðíîé ôîðìóëîé îòíîñèòåëüíî G, åñëè îá-
ëàñòü èíòåãðèðîâàíèÿ Ω è âåñîâàÿ ôóíêöèÿ ϱ(x) èíâàðèàíòíû îòíîñèòåëü-
íî G, ñîâîêóïíîñòü óçëîâ ôîðìóëû (4) ïðåäñòàâëÿåò ñîáîé îáúåäèíåíèå G-
îðáèò, ïðè ýòîì óçëàì îäíîé è òîé æå îðáèòû ñîïîñòàâëÿþòñÿ îäèíàêîâûå
êîýôôèöèåíòû, ãäå Cj � êîýôôèöèåíòû, x(j) � óçëû êóáàòóðíîé ôîðìóëû,
G � íåêîòîðàÿ ãðóïïà ïðåîáðàçîâàíèé ïðàâèëüíîãî ìíîãîãðàííèêà â ñåáÿ
ñ öåíòðîì â íà÷àëå êîîðäèíàò. Ïîäðîáíûå â [5], ïóíêò 7.
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3. Âûâîä ñèñòåìû óðàâíåíèé ìåòîäà äèñêðåòíûõ îðäèíàò ñ øå-

ñòüþ óçëàìè

Ïóñòü â íåêîòîðîì ôèçè÷åñêîì îáúåìå G íàõîäèòñÿ èçó÷àåìûé ãàç. Â
ïÿòèêðàòíîì èíòåãðàëå ñòîëêíîâåíèÿ â (1) ïåðâûå òðè � íåñîáñòâåííûå, à
â ðàáîòå [7] ïîêàçàíû ñõîäèìîñòü ýòèõ èíòåãðàëîâ è íåïðåðûâíàÿ çàâèñè-
ìîñòü ôóíêöèè ðàñïðåäåëåíèÿ f = f(t, x, v) îò íà÷àëüíîãî ñîñòîÿíèÿ ãàçà
è, áîëåå òîãî, ôóíêöèÿ ∥f(t, v)∥C(G) ïðè t → ∞ ñòðåìèòñÿ ê ôóíêöèè Ìàêñ-

âåëëà ∥f(v)∥C(G) = βe−αv2 , ãäå β, α � íåêîòîðûå ïîñòîÿííûå. Íà îñíîâå
÷åãî ìîæíî äîïóñòèòü, ÷òî ôóíêöèÿ ðàñïðåäåëåíèÿ íà÷àëüíîãî ñîñòîÿíèÿ
ãàçà ïðè |v| ≫ 1 ÿâëÿåòñÿ íè÷òîæíà ìàëîé âåëè÷èíîé. Òåì ñàìûì, ìû
âïðàâå ïðåäïîëîæèòü, ÷òî â îáëàñòè G-ñêîðîñòü âñåõ ìîëåêóë èçó÷àåìîãî
ãàçà èçìåíÿåòñÿ íà èíòåðâàëå [−u, u], ãäå u � ïîëîæèòåëüíàÿ ñêàëÿðíàÿ
âåëè÷èíà. Òîãäà "èñêàæåííîå" óðàâíåíèå Áîëüöìàíà (1) çàïèñûâàåòñÿ â
âèäå

∂f

∂t
+ (v,∇)f = σ2

∫
U3

∫
S2

(
f ′f ′

1 − ff1
)∣∣W ∣∣sin θ cos θdθdεdv1, (5)

îòêóäà ñ ïîìîùüþ çàìåíû ïåðåìåííûõ c = v/u è β = 2 cos2 θ − 1 èìååì

∂f

∂t
+ u(c,∇) f = S2

∫
K3

∫
S2

(
f ′f ′

1 − ff1

)
| W | dβdεdc1, (6)

α =

{√
(1− β)/2 cos ε,

√
(1− β)/2 sin ε,

√
(1 + β)/2

}
,

ãäå K3 = [−1, 1]3 � êóá ñ öåíòðîì â íà÷àëå êîîðäèíàò, ãðàíè êîòîðîãî
ïàðàëëåëüíû êîîðäèíàòíûì ïëîñêîñòÿì è íàõîäÿòñÿ íà ðàññòîÿíèè 1 îò
öåíòðà;

S2 =

{
−1 ≤ β ≤ 1; 0 ≤ ε ≤ 2π

}
−

åäèíè÷íàÿ ñôåðà ïàðàìåòðîâ ñòîëêíîâåíèÿ ìîëåêóë; çäåñü çà ôóíêöèåé
ðàñïðåäåëåíèÿ îñòàâëåíî ïðåæíåå îáîçíà÷åíèå f, êîòîðîå îòëè÷àåòñÿ îò
ïðåäûäóùåãî ìíîæèòåëåì u2, ïðè÷åì c ∈ K3, S = σu/2.

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 3



Î ìåòîäå äèñêðåòíûõ îðäèíàò ... 23

Îòìåòèì, ÷òî òàê êàê êóá è îêòàýäð äâîéñòâåííû äðóã ñ äðóãîì, òî
ãðóïïà âñåõ îðòîãîíàëüíûõ ïðåîáðàçîâàíèé êóáà â ñåáÿ ñîâïàäàåò ñ ãðóï-
ïîé O3G. Òîãäà ìû èìååì âîçìîæíîñòü ïðèìåíèòü äëÿ âû÷èñëåíèÿ èíòå-
ãðàëà â ïðàâîé ÷àñòè (6), èñïîëüçóÿ èíâàðèàíòíûå êóáàòóðíûå ôîðìóëû
(4) äëÿ êóáà.

Ñíà÷àëà ðàññìîòðèì ñëåäóþùóþ ïðîñòóþ èíâàðèàíòíóþ ôîðìóëó îò-
íîñèòåëüíî O3G [5]: ∫

K3

f(c)dc ≃
6∑

k=1

γk f(c
(k)), (7)

ãäå óçëàìè c(k) ÿâëÿþòñÿ âåðøèíû îêòàýäðà, ò.å. O3G(1, 0, 0)−O3G-îðáèòà,
ñîäåðæàùàÿ òî÷êó (1, 0, 0). Òî÷êè ýòîé îðáèòû èìåþò êîîðäèíàòû, êîòî-
ðûå ïîëó÷àþòñÿ èç êîîðäèíàò (1, 0, 0) âñåâîçìîæíûìè ïåðåñòàíîâêàìè è
èçìåíåíèÿìè çíàêîâ, à êîýôôèöèåíòû γ = 4

3 , äëÿ âñåõ k = 1, 6.
Äàëåå äëÿ îïðåäåëåííîñòè ïîëîæèì:

c(1) = (−1, 0, 0); c(2) = (1, 0, 0)

c(3) = (0,−1, 0); c(4) = (0, 1, 0)

c(5) = (0, 0,−1); c(6) = (0, 0, 1)

 , (8)

fk = f(c(k)), k = 1, 6.

Òîãäà èç (6), çàìåíÿÿ âíåøíèé èíòåãðàë êóáàòóðíîé ñóììîé (7), ïîëó÷èì

I(m) ≃ χ
6∑

k=1

∫
S2

f ′
m f ′

k | W (m)
k | dβdε− 4πχfm

6∑
k=1

fk | W (m)
k |, m = 1, 6, (9)

òàê êàê
∫
S2

dβ dε = 4π, ãäå

(
c(m)

)′
= c(m) + α(α,W

(m)
k )

(
c(k)

)′
= c(k) − α(α,W

(m)
k )

 , (10)

f ′
m = f

(
(c(m))′

)
, χ =

S2c

3
.

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 3



24 À.Ø. Àêûø

Ðàññìîòðèì èíòåãðàë â ñëó÷àå, êîãäà m = 1, k = 2 :

I
(1)
2 (f) ≃ χ | W (1)

2 |
∫
S2

f ′
1 f

′
2 dβ dε. (11)

Åñëè äëÿ âû÷èñëåíèÿ èíòåãðàëà (11) ïðèìåíèì ïðîèçâîëüíóþ êóáàòóð-
íóþ ôîðìóëó èç ìíîæåñòâà èíâàðèàíòíûõ êóáàòóðíûõ ôîðìóë îòíîñè-
òåëüíî O3G äëÿ ñôåðû S2, òî ìîæåò îêàçàòüñÿ, ÷òî çíà÷åíèÿ

(
c(1)

)′
,
(
c(2)

)′
àðãóìåíòîâ ôóíêöèè f íå ïðèíàäëåæàò ìíîæåñòâó O3G(1, 0, 0), êîãäà óç-
ëû (β, ε) ïðèíèìàþò çíà÷åíèÿ èç ñôåðû S2. Ïîýòîìó ïðèõîäèòñÿ ïðèìå-
íÿòü èíòåðïîëÿöèîííûå è ýêñòðàïîëÿöèîííûå ôîðìóëû ñîîòâåòñòâåííî
ïðè

(
c(1)

)′
,
(
c(2)

)′ ∈ K3 è
(
c(1)

)′
,
(
c(2)

)′∈K3. Âî èçáåæàíèå ýòèõ ïðîöåäóð,
óçëû îïðåäåëÿåìîé êóáàòóðíîé ôîðìóëû íà ñôåðå S2 íàõîäèì òàê, ÷òî-
áû àðãóìåíòû

(
c(1)

)′
,
(
c(2)

)′
ôóíêöèè f ñíîâà áûëè ýëåìåíòàìè ìíîæåñòâà

O3G(1, 0, 0), ò.å. (
c(1)

)′
,
(
c(2)

)′ ∈ O3G(1, 0, 0). (12)

Òîãäà ëåãêî çàìåòèòü, ÷òî íàì ïðåäñòîèò ïîñòðîèòü èëè íàéòè êóáà-
òóðíóþ ñóììó äëÿ òðèäöàòè èíòåãðàëîâ ïî S2 â çàâèñèìîñòè îò çíà÷åíèÿ
èíäåêñîâ m è k èç (9), ïðè÷åì ýòèì èíòåãðàëàì ìîãóò ñîîòâåòñòâîâàòü
òðèäöàòü ðàçëè÷íûõ êóáàòóðíûõ ñóìì, â êàæäîì ñëó÷àå óäîâëåòâîðÿþ-
ùèõ óñëîâèþ (12).

Èòàê, ìû èùåì äëÿ èíòåãðàëà (11) â ñëó÷àå m = 1, k = 2 êóáàòóðíóþ
ñóììó ñ óçëàìè, ñîîòâåòñòâóþùèìè óñëîâèþ (12) ñëåäóþùåãî âèäà:

I
(1)
2 ≃ χ | W (1)

2 |
N∑
j=1

γj f
′
1(αj) f

′
2(αj), ïðè÷åì, N ≤ 6. (13)

Çàïèøåì çàêîí ñîõðàíåíèÿ èìïóëüñà

c(1) + c(2) =
(
c(1)

)′
+

(
c(2)

)′
. (14)

Îòêóäà ñ ó÷åòîì (11) ïîëó÷èì òðè óðàâíåíèÿ ñ øåñòüþ íåèçâåñòíûìè
(
ξ(1)

)′
+

(
ξ(2)

)′
= 0(

ζ(1)
)′
+

(
ζ(2)

)′
= 0(

η(1)
)′
+

(
η(2)

)′
= 0

. (15)
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Î÷åâèäíî, ÷òî ýòà íåäîîïðåäåëåííàÿ ñèñòåìà èìååò áåñêîíå÷íî ìíîãî
ðåøåíèé. Ìû íàõîäèì òå, êîòîðûå óäîâëåòâîðÿþò óñëîâèþ (12). Êîëè÷å-
ñòâî òàêèõ ðåøåíèé ðàâíî ïÿòè è îíè çàêëþ÷åíû â ñëåäóþùåé òàáëèöå:

(15)

1 2 3 4 5(
c(1)

)′
(1, 0, 0) (0, 1, 0) (0,−1, 0) (0, 0,−1) (0, 0, 1)(

c(2)
)′

(1, 0, 0) (0, 1, 0) (0,−1, 0) (0, 0,−1) (0, 0, 1)

f ′
2 f2 f4 f3 f5 f6

f ′
1 f1 f3 f4 f6 f5

(16)

Äàëåå, âû÷èòàÿ èç ïåðâîãî óðàâíåíèÿ ñèñòåìû (10) âòîðîå, ïîëó÷èì
âåêòîðíîå óðàâíåíèå îòíîñèòåëüíî íåèçâåñòíîãî âåêòîðà α:

α
(
α,W

(m)
k

)
= 0.5[W

(m)
k −

(
W

(m)
k

)′
]. (17)

Äëÿ åãî ðåøåíèÿ â ñëó÷àå m = 1 è k = 2 èç (8) íàéäåì âåêòîð îòíîñè-
òåëüíîé ñêîðîñòè äî ñòîëêíîâåíèÿ

W
(1)
2 = (−2, 0, 0),

à âåêòîð îòíîñèòåëüíîé ñêîðîñòè ïîñëå ñòîëêíîâåíèÿ íàõîäèì, èñïîëüçóÿ
ðåøåíèÿ ñèñòåìû óðàâíåíèé (15) èç ïðåäûäóùåé òàáëèöû, ñîîòâåòñòâóþ-
ùèå íîìåðó 1: (

W
(1)
2

)′
= (2, 0, 0),

Èç íèõ íàéäåì
| W (1)

2 |=|
(
W

(1)
2

)′ |= 2. (18)

Òîãäà èç âåêòîðíîãî óðàâíåíèÿ (17) ïîëó÷èì ñèñòåìó èç òðåõ íåëèíåé-
íûõ óðàâíåíèé äëÿ îïðåäåëåíèÿ óçëîâ αj êóáàòóðíîé ôîðìóëû (13).

Ðåøèâ ýòó ñèñòåìó, ïîëó÷èì äâà ðåøåíèÿ

α1 = (1, 0, 0); α2 = (−1, 0, 0).
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Òîëüêî ÷òî íàéäåííûå óçëû ñîîòâåòñòâóþò äâóì ïðîòèâîïîëîæíûì âåð-
øèíàì îêòàýäðà, ò.å. ñîäåðæàòñÿ â îðáèòå O3G(1, 0, 0). Çíà÷åíèÿ ôóíêöèè,
f , ñîîòâåòñòâóþùèå ýòèì óçëàì, óêàçàíû â ïåðâîì ñòîëáöå òàáëèöû (16).

Òàêèì æå îáðàçîì ðåøàÿ âåêòîðíîå óðàâíåíèå (17) îòíîñèòåëüíî íåèç-
âåñòíûõ ïàðàìåòðîâ ñòîëêíîâåíèé, ñîîòâåòñòâóþùèõ îñòàëüíûì ÷åòûðåì
ðåøåíèÿì ñèñòåìû óðàâíåíèé (15) èç òàáëèöû (16), ïîëó÷èì

α3 =

(
1√
2
, 1√

2
, 0

)
; α4 =

(
− 1√

2
,− 1√

2
, 0

)

α5 =

(
1√
2
,− 1√

2
, 0

)
; α6 =

(
− 1√

2
, 1√

2
, 0

)

α7 =

(
1√
2
, 0 , 1√

2

)
; α8 =

(
− 1√

2
, 0,− 1√

2

)

α9 =

(
1√
2
, 0,− 1√

2

)
; α10 =

(
− 1√

2
, 0 , 1√

2

)



,

îíè ïðåäñòàâëÿþò ñîáîé ïðîåêöèè ñåðåäèí ðåáåð îêòàýäðà îïèñàííîé åäè-
íè÷íîé ñôåðû S2, ò.å. ÿâëÿþòñÿ òî÷êàìè îäíîé îðáèòû

O3G(
1√
2
,

1√
2
, 0).

Èòàê, íàéäåíû äåñÿòü óçëîâ êóáàòóðíîé ôîðìóëû (13) äëÿ âû÷èñëåíèÿ
èíòåãðàëà (11). Êàê áûëî îòìå÷åíî, îíè ñîäåðæàòñÿ â äâóõ îðáèòàõ O3G.
Çíà÷èò, èç òåîðèè èíâàðèàíòíûõ êóáàòóðíûõ ôîðìóë ñëåäóåò, ÷òî â íàøåì
ñëó÷àå êóáàòóðíàÿ ôîðìóëà äîëæíà èìåòü äâà êîýôôèöèåíòà. Àíàëîãè÷-
íîå âû÷èñëåíèå èç [5] ïîêàçûâàåò, ÷òî îíè ðàâíû. Òîãäà èíòåãðàë (11) ñ
ó÷åòîì (18) çàìåíÿåòñÿ ñëåäóþùåé êóáàòóðíîé ñóììîé ñ ïîñòîÿííûìè êî-
ýôôèöèåíòàìè γj =

4π
10 :

I
(1)
2 (f) ≃ 4π

5
χ
(
2f1 f2 + 4f3 f4 + 4f5 f6

)
, (19)

Èñïîëüçóÿ âûøå èçëîæåííûé ñïîñîá, íàéäåì êóáàòóðíóþ ñóììó äëÿ
èíòåãðàëà (9) ïðè m = 1 äëÿ îñòàëüíûõ çíà÷åíèé k = 3, 6:
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a) ñëó÷àé k = 3 èìååò êîëè÷åñòâî óçëîâ, ðàâíîå äâóì:

α1 =

(
1√
2
,− 1√

2
, 0

)
; α2 =

(
− 1√

2
,
1√
2
, 0

)
,

ïðè÷åì îíè ïðèíàäëåæàò îäíîé îðáèòå O3G( 1√
2
, 1√

2
, 0). Çíà÷åíèÿ ôóíê-

öèè f, ñîîòâåòñòâóþùèå ýòèì óçëàì, óêàçàíû âî âòîðîì ñòîëáöå òàáëèöû
(16). Èíâàðèàíòíóþ êóáàòóðíóþ ñóììó, ñîîòâåòñòâóþùóþ ýòîìó ñëó÷àþ,
ìîæíî íàéòè èç òàáëèöû, ïðèâåäåííîé â êîíöå êíèãè ([5], ñ. 312). Îêà-
çûâàåòñÿ, ýòà ñàìàÿ ïðîñòàÿ èíâàðèàíòíàÿ ôîðìóëà îòíîñèòåëüíî ãðóïïû
âðàùåíèé R3 âîêðóã îñè, ïðîõîäÿùåé ÷åðåç íà÷àëî êîîðäèíàò è òî÷êó α.
Â íàøåì ñëó÷àå ýòà ôîðìóëà çàïèñûâàåòñÿ â ñëåäóþùåì âèäå:

I
(1)
3 (f) ≃ 4

√
2πχf1f3, (20)

ïðè÷åì, àëãåáðàè÷åñêàÿ ñòåïåíü òî÷íîñòè ýòîé êóáàòóðíîé ôîðìóëû ðàâ-
íà åäèíèöå. Â ïðåäûäóùåì ñëó÷àå ìû ïðåäíàìåðåííî óìîë÷àëè îá àëãåá-
ðàè÷åñêîé òî÷íîñòè êóáàòóðíîé ôîðìóëû (19), çàðàíåå çíàÿ, ÷òî áóäåì
èìåòü äåëî ñ êóáàòóðíûìè ôîðìóëàìè íèçêîé òî÷íîñòè, òàê êàê ñóììàð-
íàÿ òî÷íîñòü îïðåäåëÿåòñÿ êóáàòóðíîé ôîðìóëîé ñ ìåíüøèì ÷èñëîì óçëîâ
è íèçêîé àëãåáðàè÷åñêîé ñòåïåíüþ òî÷íîñòè;

b) cëó÷àé k = 4. È â ýòîì ñëó÷àå êîëè÷åñòâî óçëîâ ðàâíî 2:

α1 =

(
1√
2
,− 1√

2
, 0

)
; α2 =

(
− 1√

2
,
1√
2
0,

)
,

ïðè÷åì îíè ïðèíàäëåæàò îäíîé îðáèòå O3G( 1√
2
, 1√

2
, 0), à àíàëîãè÷íî

ïðåäûäóùåìó êóáàòóðíàÿ ñóììà èìååò âèä

I
(1)
4 (f) ≃ 4

√
2 π χ f1 f4; (21)

c) â ñëó÷àå k = 5 òàêæå êîëè÷åñòâî óçëîâ ðàâíî 2:

α1 =

(
1√
2
,− 1√

2
, 0

)
; α2 =

(
− 1√

2
,

1√
2
, 0

)
,

òåì ñàìûì,
I
(1)
5 (f) ≃ 4

√
2 π χ f1 f5; (22)
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d) è, íàêîíåö, â ñëó÷àå k = 6 çàïèøåì:

α1 =

(
1√
2
,− 1√

2
, 0

)
; α2 =

(
− 1√

2
,

1√
2
, 0

)
è

I
(1)
5 (f) ≃ 4

√
2 π χ f1 f5. (23)

Òîãäà ïðè m = 1, ïîäñòàâëÿÿ â (9) âñå íàéäåííûå êóáàòóðíûå ôîðìóëû
(19)�(23), ïîëó÷èì

I(1) ∼=
4cS

15

(
f3 f4 + f5 f6 − 2f1 f2

)
, (24)

ãäå S = 4πS2 .
Òàêèì æå îáðàçîì, ïîâòîðÿÿ äîñëîâíî âñþ òåõíèêó âû÷èñëåíèÿ äëÿ

âñåõ îñòàëüíûõ çíà÷åíèé m = 2, 6, èìååì

I(1) ≡ I(2) ∼= 4cS
15

(
f3 f4 + f5 f6 − 2f1 f2

)
I(3) ≡ I(4) ∼= 4cS

15

(
f1 f2 + f5 f6 − 2f3 f4

)
I(5) ≡ I(6) ∼= 4cS

15

(
f3 f4 + f1 f2 − 2f5 f6

)


. (25)

Èç íåëèíåéíîãî óðàâíåíèÿ (5) ïðè êàæäîì c(k), èñïîëüçóÿ (3), à èíòåãðàë
â ïðàâîé ÷àñòè ñîîòâåòñòâåííî çàìåíÿÿ êóáàòóðíûìè ñóììàìè (24), (25),
ïîëó÷àåì íåëèíåéíóþ ñèñòåìó óðàâíåíèé ìåòîäà äèñêðåòíûõ îðäèíàò:

∂f2k−1

∂t
+ u

∂f2k−1

∂xk
=

4cS

15

3∑
m=1

(1− 3δmk )f2m−1f2m ≡ F2k−1,

∂f2k

∂t
− u

∂f2k

∂xk
= F2k ≡ F2k−1, k = 1, 2, 3; (26)

Îòêóäà, ñðàâíèâàÿ åå ñ øåñòèñêîðîñòíîé ìîäåëüþ Áðîäóýëëà, ïðèâåäåí-
íîé â [6], óñòàíîâèì, ÷òî åå ïðàâûå ÷àñòè îòëè÷àþòñÿ íåêîòîðûì ïîñòî-
ÿííûì ìíîæèòåëåì. Ýòî ïîêàçûâàåò ïî÷òè ýêâèâàëåíòíîñòü ýòèõ ñèñòåì
äðóã äðóãó.
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4. Âûâîä ñèñòåìû óðàâíåíèé ìåòîäà äèñêðåòíûõ îðäèíàò ñ âî-

ñåìüþ óçëàìè

Äàëåå ýòîò ìåòîä ðàñïðîñòðàíèì äëÿ àïïðîêñèìàöèè èíòåãðàëà ñòîëê-
íîâåíèÿ, èñïîëüçóÿ èíâàðèàíòíóþ êóáàòóðíóþ ôîðìóëó íà ñôåðå ñ âîñü-
ìüþ óçëàìè. Äëÿ ýòîãî, ïðèíèìàÿ âî âíèìàíèå ïðåäïîëîæåíèå î òîì,
÷òî ìîëåêóëû èìåþò îäèíàêîâóþ ìîäóëü ñêîðîñòè, çàïèøåì óðàâíåíèå
(1) ñôåðè÷åñêîé ñèñòåìå êîîðäèíàò îòíîñèòåëüíî ïåðåìåííûõ ñêîðîñòåé.
Ïîñëå òîãî óìíîæèì åãî íà c2 è ïðîèíòåãðèðóåì îò −u äî u è ââåäåì
âðåìåííîå îáîçíà÷åíèå:

f̃ =

u∫
−u

c2 f dc.

Îòêóäà, çà f̃ îñòàâëÿÿ ïðåæíåå îáîçíà÷åíèå f, çàïèøåì îäíîñêîðñòíîå
íåëèíåéíîå óðàâíåíèå Áîëüöìàíà

∂f

∂t
+ c(ω,

∂

∂x
) f = cσ2

∫
Ω

∫
Σ+

(
f ′f ′

1 − ff1

)
| W | sin θ cos θdθdεdω1, (27)

ãäå ω =
{√

1− µ2 cosφ,
√

1− µ2 sinφ, µ
}
� åäèíè÷íûé âåêòîð íàïðàâëåíèÿ

èç Ω, Ω =
{
−1 ≤ µ ≤ 1, 0 ≤ φ ≤ 2π

}
� åäèíè÷íàÿ ñôåðà,

| W |=
√

2(1− µ0), dω1 = dµ1dφ1, µ0 = µµ1+
√

1− µ2

√
1− µ2

1 cos(φ−φ1).

Îòñþäà ñ ïîìîùüþ çàìåíû ïåðåìåííîé β = 2 cos2 θ−1, êàê â ïðåäûäóùåì
ñëó÷àå, (27) ïåðåïèøåì â áîëåå óäîáíîì âèäå

∂f

∂t
+ c(ω,

∂

∂x
) f =

cσ2

4

∫
Ω

∫
S2

(
f ′f ′

1 − ff1

)
| W | dβdεdω1, (28)

Äëÿ âû÷èñëåíèÿ èíòåãðàëà â ïðàâîé ÷àñòè (28) ïî ñôåðå Ω âûáåðåì ñëå-
äóþùóþ èíâàðèàíòíóþ êóáàòóðíóþ ôîðìóëó îòíîñèòåëüíî ãðóïïû âñåõ
îðòîãîíàëüíûõ ïðåîáðàçîâàíèé îêòàýäðà O3G :
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∫
S2

f(ω)dω ∼=
8∑

k=1

γk f(ω
(k)), (29)

ãäå óçëàìè ω(k) ÿâëÿþòñÿ ïðîåêöèè öåíòðîâ äâóìåðíûõ ãðàíåé îêòàýäðà
O3 íà S2, ò.å.

O3G
{
1/

√
3, 1/

√
3, 1/

√
3
}
−

O3G � îðáèòà, ñîäåðæàùàÿ òî÷êó
{
1/

√
3, 1/

√
3, 1/

√
3
}
. Òî÷êè ýòîé îðáèòû

èìåþò êîîðäèíàòû, êîòîðûå ïîëó÷àþòñÿ èç êîîðäèíàò{
1/

√
3, 1/

√
3, 1/

√
3
}

âñåâîçìîæíûìè ïåðåñòàíîâêàìè è èçìåíåíèÿìè çíàêîâ, à êîýôôèöèåíòû
� ïîñòîÿííûå γk = π

2 äëÿ âñåõ k = 1, 8.
Ìíîæåñòâî óçëîâ êóáàòóðíîé ôîðìóëû îáîçíà÷èì ÷åðåç Ω8, òîãäà

Ω8 =

{ (
1/

√
3, π/4

)
;

(
1/

√
3, 3π/4

)
;

(
1/

√
3, 5π/4

)
;

(
1/

√
3, 7π/4

)
;

(
−1/

√
3, π/4

)
;

(
−1/

√
3, 3π/4

)
;
(
−1/

√
3, 5π/4

)
;

(
−1/

√
3, 7π/4

)
.

}
Çàìåòèì, ÷òî ýëåìåíòû ýòîãî ìíîæåñòâà ñîîòâåòñòâóþò ãðóïïå âñåõ îðòî-
ãîíàëüíûõ ïðåîáðàçîâàíèé îêòàýäðà â ñåáÿ:

O3G

{
1/

√
3, 1/

√
3, 1/

√
3

}
−O3G− ,

åñëè ó÷òåì çàäàíèå åäèíè÷íîãî âåêòîðà íàïðàâëåíèÿ

ω =

{√
1− µ2 cosφ,

√
1− µ2 sinφ, µ

}
.

Âíåøíèé èíòåãðàë â (28), çàìåíÿÿ êóáàòóðíîé ñóììîé (29), ïîëó÷èì

I(m)(f) ∼= χ
8∑

k=1

∫
S2

f ′
m f ′

k | W (m)
k | dβdε− 4πχfm

8∑
k=1

fk | W (m)
k |, m = 1, 8,

(30)
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òàê êàê
∫
S2

dβdε = 4π, ãäå χ = σ2cπ/8, fm = f(ω(m)), f ′
k = f

(
(ω(k))′

)
,

(
ω(m)

)′
= ω(m) + α

(
α,W

(m)
k

)
(
ω(k)

)′
= ω(k) − α

(
α,W

(m)
k

)
 . (31)

Íåòðóäíî ïîäñ÷èòàòü êîëè÷åñòâî âíóòðåííèõ èíòåãðàëîâ ïî ñôåðå S2

äëÿ âñåõ m, k = 1, 8. Îíî ðàâíî 56, ïðè | W
(m)
k |= 0, òàê êàê m = k.

Òåïåðü êàæäûé èíòåãðàë ïî ñôåðå S2 íåîáõîäèìî çàìåíèòü êóáàòóðíû-
ìè ñóììàìè òàê, ÷òîáû óçëû, ïîäëåæàùèå îïðåäåëåíèþ, ïî α îñòàâèëè

çíà÷åíèÿ ïåðåìåííûõ

(
ω(m)

)′
,

(
ω(k)

)′
íà ìíîæåñòâå óçëîâ Ω8 èñõîäíîé

êóáàòóðíîé ôîðìóëû. Òåõíè÷åñêàÿ òðóäíîñòü çàêëþ÷àåòñÿ â òîì, ÷òî óçëû
êóáàòóðíîé ôîðìóëû, ñîîòâåòñòâóþùåé êàæäîìó âíóòðåííåìó èíòåãðàëó,
îïðåäåëÿþòñÿ ïî ðàçíûì àëãîðèòìàì.

Èòàê, ðàññìîòðèì ïåðâûé èíòåãðàë â ñëó÷àå m = 1, k = 2 :

I
(1)
2 (f) ∼= χ | W (1)

2 |
∫
S2

f ′
1 f

′
2 dβdε, (32)

ãäå

f ′
1 = f

(
(ω(1))′

)
, f ′

2 = f

(
(ω(2))′

)
è ïîòðåáóåì âûïîëíåíèÿ óñëîâèÿ

(ω(1))′, (ω(2))′ ∈ Ω8. (33)

Òîãäà, ó÷èòûâàÿ çíà÷åíèÿ åäèíè÷íûõ âåêòîðîâ, ñîîòâåòñòâóþùèå m = 1
è k = 2,

ω(1) = (υ, υ, υ), ω(1) = (−υ, υ, υ),

ãäå υ = 1/
√
3, è èñïîëüçóÿ çàêîí ñîõðàíåíèÿ èìïóëüñà (14), ïîëó÷èì òðè
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ñêàëÿðíûõ óðàâíåíèÿ(
ξ(1)

)′
+

(
ξ(2)

)′
= 0(

ζ(1)
)′

+

(
ζ(2)

)′
= 2υ(

η(1)
)′

+

(
η(2)

)′
= 2υ


, (34)

ãäå ÷åðåç (ξ, ζ, η) îáîçíà÷åíû íåèçâåñòíûå êîìïîíåíòû åäèíè÷íûõ âåê-
òîðîâ (ω(1))′, (ω(2))′. Î÷åâèäíî, ÷òî ýòà ñèñòåìà èìååò áåñêîíå÷íî ìíîãî
ðåøåíèé. Ìû îïðåäåëèì âñåâîçìîæíûå ðåøåíèÿ ñèñòåìû óðàâíåíèé (31),
óäîâëåòâîðÿþùèå óñëîâèþ (30). Ðàññìàòðèâàåìîìó ñëó÷àþ ñîîòâåòñòâóåò
òîëüêî îäíî ðåøåíèå:(

ξ(1)
)′

= −
(
ξ(2)

)′
= −υ(

ζ(1)
)′

=

(
ζ(2)

)′
= υ(

η(1)
)′

=

(
η(2)

)′
= υ


èëè

(ω(1))′ = (−υ, υ, υ) =⇒ f2; (ω(2))′ = (υ, υ, υ) =⇒ f1,

ïðè÷åì, | W (1)
2 |= 2υ. Òåì ñàìûì, èç ñèñòåìû

α
(
α,W

(m)
k

)
= 0.5[W

(m)
k −

(
W

(m)
k

)′
] (35)

ïîëó÷èì ñèñòåìó òðåõ íåëèíåéíûõ óðàâíåíèé äëÿ îïðåäåëåíèÿ α :

α2
1 = 1

α1α2 = 0
α1α3 = 0

 .

Îòêóäà
α(1) = (−1, 0, 0); α(2) = (1, 0, 0).
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Òîãäà, èñïîëüçóÿ êóáàòóðíóþ ôîðìóëó èíâàðèàíòíóþ îòíîñèòåëüíî
ãðóïïû âðàùåíèé R3 âîêðóã îñè, ïðîõîäÿùåé ÷åðåç íà÷àëî êîîðäèíàò è
òî÷êó α, çàïèøåì ïðèáëèæåííîå âûðàæåíèå äëÿ èíòåãðàëà (29):

I
(1)
2 (f) ∼= 8πυχ2 f1 f2. (36)

Òåïåðü ðàññìîòðèì èíòåãðàë â ñëó÷àå m = 1, k = 3 :

I3
(1)(f) ∼= χ | W (1)

3 |
∫
S2

f ′
1 f

′
3dβdε, (37)

ãäå
f ′
1 = f

(
(ω(1))′

)
, f ′

3 = f
(
(ω(3))′

)
.

Òîãäà, îïÿòü èñïîëüçóÿ çíà÷åíèÿ åäèíè÷íûõ âåêòîðîâ ïðè m = 1 è k = 3 :

ω(1) = (υ, υ, υ); ω(1) = (−υ, −υ, υ)

è çàêîí ñîõðàíåíèÿ èìïóëüñà (12), èìååì(
ξ(1)

)′
+

(
ξ(3)

)′
= 0(

ζ(1)
)′

+

(
ζ(3)

)′
= 0(

η(1)
)′

+

(
η(3)

)′
= 2υ


. (38)

Èç áåñêîíå÷íîãî ÷èñëà ðåøåíèé ýòîé ñèñòåìû, òðåáóÿ âûïîëíåíèå ñëå-
äóþùåãî óñëîâèÿ:

(ω(1))′, (ω(3))′ ∈ Ω8,

âûäåëèì âîçìîæíûå òðè ðåøåíèÿ è ðàñïîëîæèì èõ â òàáëèöå.

(38)

1 2 3(
ω(1)

)′
(−υ,−υ, 0) (−υ, υ, υ) (υ,−υ, υ)(

ω(3)
)′

( υ, υ, υ) (υ,−υ, υ) (−υ, υ, υ)

f ′
3 f3 f2 f4

f ′
1 f1 f4 f2

(39)
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Óçëû α îïðåäåëÿåìîé êóáàòóðíîé ôîðìóëû äëÿ âû÷èñëåíèÿ èíòåãðàëà
(37), ñîîòâåòñòâóþùèå ðåøåíèþ ñèñòåìû (38), ïðèâåäåííîé â òàáëèöå (39),
íàõîäèì èç ðåøåíèÿ ñëåäóþùåé ñèñòåìû óðàâíåíèé:

2α

(
α,W

(1)
3

)
= W

(1)
3 −

(
W

(1)
3

)′
. (40)

Îòêóäà, ïîëüçóÿñü òåì, ÷òî

W
(1)
3 = (2υ, 2υ, 0); W

(1)
3 = (−2υ, −2υ, 0),

ïîëó÷èì

α1 = (1/
√
2, 1/

√
2, 0); α2 = (−1/

√
2, −1

√
2, 0).

Òàêèì æå îáðàçîì, ðåøàÿ (40) äëÿ îñòàëüíûõ äâóõ ðåøåíèé ñèñòåìû
óðàâíåíèé (38), ïðèâåäåííîé â òàáëèöå (39), îïðåäåëèì α :

α3 = ( 1, 0, 0); α4 = (−1, 0, 0),

α5 = ( 0, 1, 0); α6 = ( 1,−1, 0).

Íàéäåíû øåñòü óçëîâ îïðåäåëÿåìîé êóáàòóðíîé ôîðìóëû äëÿ âû÷èñëå-
íèÿ èíòåãðàëà (37), ïðè÷åì îíè ñîäåðæàòñÿ â äâóõ îðáèòàõ O3G, ò.å. êó-
áàòóðíàÿ ôîðìóëà èìååò äâà êîýôôèöèåíòà. È èíòåãðàë (37) çàìåíÿåòñÿ
êóáàòóðíîé ñóììîé ñ êîýôôèöèåíòàìè γj = 4π/6 :

I
(1)
3

∼= 4
√
2/3πυχ(2f1f3 + 4f2f4). (41)

Àíàëîãè÷íûì ñïîñîáîì íàõîäèì êóáàòóðíûå ôîðìóëû äëÿ îñòàëüíûõ
èíòåãðàëîâ ïðè k = 4, 8 :

I
(1)
4 (f) ∼= 4πυχ(2f1 f4);

I
(1)
5 (f) ∼= 4πυχ(2f1 f5);

I
(1)
6 (f) ∼= 4

√
2/3πυχ(2f1f6 + 4f2f5);

I
(1)
7 (f) ∼= 8

√
3/7πυχ(2f1f7 + 2f2f8 + 2f4f6 + 2f3f5);

I
(1)
8 (f) ∼= 4

√
2/3πυχ(2f1f8 + 4f4f5).

(42)
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Èç íåëèíåéíîãî óðàâíåíèÿ Áîëüöìàíà (28) ïðè ω(1), èñïîëüçóÿ (30), à èí-
òåãðàë â ïðàâîé ÷àñòè åãî ñîîòâåòñòâåííî çàìåíÿÿ êóáàòóðíûìè ñóììàìè
(30), (36) è (41), (42), ïîëó÷àåì ïåðâîå óðàâíåíèå ñèñòåìû óðàâíåíèé ìå-
òîäà äèñêðåòíûõ îðäèíàò:

∂f1
∂t

+ c(ω(1),
∂

∂x
) f1 = cSπ/14

(
f3f5 + f4f6 + f2f8 − 3f1f7

)
+

+cSπ
√
2/(6

√
3)
(
f2f4 + f2f5 + f4f5 − f1f3 − f1f6 − f1f8

)
;

Ýòèì ìåòîäîì äëÿ îñòàëüíûõ çíà÷åíèé m = 2, 8 ïîëó÷èì ñåìü óðàâíåíèé
ìåòîäà äèñêðåòíûõ îðäèíàò. Îáúåäèíÿÿ ïîëó÷åííûå óðàâíåíèÿ â îäíó ñè-
ñòåìó, îêîí÷àòåëüíî çàïèøåì

∂f1
∂t

+ c(ω(1),
∂

∂x
) f1 = cSπ/14

(
f3f5 + f4f6 + f2f8 − 3f1f7

)
+

+cSπ
√
2/(6

√
3)
(
f2f4 + f2f5 + f4f5 − f1f3 − f1f6 − f1f8

)
;

∂f2
∂t

+ c(ω(2),
∂

∂x
) f2 = cSπ/14

(
f1f7 + f3f5 + f4f6 − 3f2f8

)
+

+cSπ
√
2/(6

√
3)
(
f1f3 + f3f6 + f1f6 − f2f4 − f2f5 − f2f7

)
;

∂f3
∂t

+ c(ω(3),
∂

∂x
) f3 = cSπ/14

(
f1f7 + f2f8 + f4f6 − 3f3f5

)
+

+cSπ
√
2/(6

√
3)
(
f2f4 + f2f7 + f4f7 − f3f8 − f3f6 − f3f1

)
;

∂f4
∂t

+ c(ω(4),
∂

∂x
) f4 = cSπ/14

(
f1f7 + f2f8 + f1f5 − 3f4f6

)
+

+cSπ
√
2/(6

√
3)
(
f1f3 + f1f8 + f3f8 − f2f4 − f4f5 − f4f7

)
;

∂f5
∂t

+ c(ω(5),
∂

∂x
) f5 = cSπ/14

(
f2f8 + f1f7 + f4f6 − 3f3f5

)
+

+cSπ
√
2/(6

√
3)
(
f1f6 + f1f8 + f6f8 − f2f5 − f4f5 − f5f7

)
;

∂f6
∂t

+ c(ω(6),
∂

∂x
) f6 = cSπ/14

(
f2f8 + f1f7 + f3f5 − 3f4f6

)
+

+cSπ
√
2/(6

√
3)
(
f2f5 + f2f7 + f5f7 − f1f6 − f3f6 − f6f8

)
;

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 3



36 À.Ø. Àêûø

∂f7
∂t

+ c(ω(7),
∂

∂x
) f7 = cSπ/14

(
f2f8 + f3f5 + f4f5 − 3f1f7

)
+

+cSπ
√
2/(6

√
3)
(
f3f8 + f3f6 + f6f8 − f1f7 − f5f7 − f4f7

)
;

∂f8
∂t

+ c(ω(8),
∂

∂x
) f8 = cSπ/14

(
f1f7 + f3f5 + f4f6 − 3f2f8

)
+

+cSπ
√
2/(6

√
3)
(
f4f5 + f4f7 + f5f7 − f1f8 − f3f8 − f6f8

)
.

Ñðàâíèâàÿ ýòó ñèñòåìó ñ âîñåìèñêîðîñòíîé ìîäåëüþ Áðîäóýëëà èç ðàáîòû
[6], óñòàíîâèì, ÷òî åå ïðàâûå ÷àñòè îïðåäåëåíû ñ òî÷íîñòüþ äî ïîñòî-
ÿííîãî ìíîæèòåëÿ. ×òîáû ýòî óâèäåòü, íåîáõîäèìî çàìåòèòü ñëåäóþùèå
ðàñõîæäåíèÿ â îáîçíà÷åíèÿõ:

f1 = f̃2; f2 = f̃1; f5 = f̃4; f4 = f̃5.

Ó îñòàëüíûõ ôóíêöèé ðàñïðåäåëåíèÿ èíäåêñû ñîâïàäàþò, ãäå f̃ � ôóíêöèÿ
ðàñïðåäåëåíèÿ â ìîäåëè Áðîäóýëëà.
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Akysh A.Sh. ON THE METHOD OF DISCRETE ORDINATES FOR
NONLINEAR BOLTZMANN EQUATION

The possibility of obtaining non-linear model systems of equations from
nonlinear Boltzmann equation, using the simplest invariant cubature formulas
for the calculation of the collision integral, i.e. the simplest version of the
discrete ordinate method for the nonlinear Boltzmann equation is proposed.
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äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì. Ïîñòðîåíû àëãî-
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1. Ââåäåíèå, ïîñòàíîâêà çàäà÷è

Ìíîãî÷èñëåííûå çàäà÷è ïðèëîæåíèÿ òàêèå, êàê çàäà÷è ïîïóëÿöèîí-
íîé äèíàìèêè, óïðàâëåíèÿ òåõíè÷åñêèìè ñèñòåìàìè, çàäà÷è ôèçèêè, ìà-
òåìàòè÷åñêîé ýêîíîìèêè, ýêîëîãèè è äð. íàóê, âàðèàöèîííûå çàäà÷è, ñâÿ-
çàííûå ñ ïðîöåññàìè ðåãóëèðîâàíèÿ, çàäà÷è îïòèìàëüíîãî óïðàâëåíèÿ ñè-
ñòåìàìè ñ ïîñëåäåéñòâèåì ïðèâîäÿò ê êðàåâûì çàäà÷àì äëÿ äèôôåðåí-
öèàëüíûõ óðàâíåíèé ñ îòêëîíÿþùèìñÿ àðãóìåíòîì [1]�[3]. Îäíîé èç àê-
òèâíî ðàçâèâàþùåéñÿ îáëàñòåé òåîðèè äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
îòêëîíÿþùèìñÿ èõ àðãóìåíòîì ÿâëÿåòñÿ òåîðèÿ êðàåâûõ çàäà÷ äëÿ äèô-
ôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì [1], [3]. Ðàíåå â
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ðàáîòàõ [4]�[7] áûëè èññëåäîâàíû âîïðîñû ñóùåñòâîâàíèÿ, åäèíñòâåííîñòè
ðåøåíèÿ ïåðèîäè÷åñêîé êðàåâîé çàäà÷è äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ
óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì, à òàêæå ñïîñîáû íàõîæäåíèÿ
ïðèáëèæåííûõ ðåøåíèé óêàçàííîé çàäà÷è. Áûëè óñòàíîâëåíû äîñòàòî÷-
íûå óñëîâèÿ îäíîçíà÷íîé êîððåêòíîé ðàçðåøèìîñòè ïåðèîäè÷åñêîé êðàå-
âîé çàäà÷è äëÿ ñèñòåìû äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì
àðãóìåíòîì â òåðìèíàõ èñõîäíûõ äàííûõ. Ïðåäëîæåíû àëãîðèòìû ìåòîäà
ïàðàìåòðèçàöèè [8] íàõîæäåíèÿ ðåøåíèÿ ðàññìàòðèâàåìîé çàäà÷è è äî-
êàçàíà èõ ñõîäèìîñòü. Ïîëó÷åííûå ðåçóëüòàòû áûëè ðàñïðîñòðàíåíû íà
ïåðèîäè÷åñêèå êðàåâûå çàäà÷è äëÿ ñèñòåì íåëèíåéíûõ äèôôåðåíöèàëü-
íûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì [9]. Ïåðèîäè÷åñêèå êðàåâûå
çàäà÷è äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì íà-
õîäÿò øèðîêîå ïðèìåíåíèå â ðàçëè÷íûõ ïðèêëàäíûõ çàäà÷àõ [1]. Êàê áûëî
óñòàíîâëåíî ðàíåå, ðàçðåøèìîñòü íåëîêàëüíûõ êðàåâûõ çàäà÷ äëÿ ñèñòåì
ãèïåðáîëè÷åñêèõ óðàâíåíèé ñî ñìåøàííûìè ïðîèçâîäíûìè òåñíî ñâÿçà-
íà ñ ðàçðåøèìîñòüþ ñåìåéñòâà êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôå-
ðåíöèàëüíûõ óðàâíåíèé [10]. Àíàëîãè÷íî, óñëîâèÿ ðàçðåøèìîñòè ïåðèî-
äè÷åñêîé êðàåâîé çàäà÷è äëÿ ãèïåðáîëè÷åñêèõ óðàâíåíèé ñ çàïàçäûâàþ-
ùèì àðãóìåíòîì òàêæå ñâÿçàíû ñ ðàçðåøèìîñòüþ ñåìåéñòâà ïåðèîäè÷å-
ñêèõ êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ
çàïàçäûâàþùèì àðãóìåíòîì [1]. Ïîýòîìó â äàííîé ðàáîòå èññëåäóþòñÿ
âîïðîñû ñóùåñòâîâàíèÿ åäèíñòâåííîãî ðåøåíèÿ ñåìåéñòâà ïåðèîäè÷åñêèõ
êðàåâûõ çàäà÷ äëÿ îáûêíîâåííûõ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàç-
äûâàþùèì àðãóìåíòîì è ñïîñîáû íàõîæäåíèÿ åãî ðåøåíèé. Ïîñòðîåíû
àëãîðèòìû íàõîæäåíèÿ ðåøåíèé ñåìåéñòâ ïåðèîäè÷åñêèõ êðàåâûõ çàäà÷
äëÿ äèôôåðåíöèàëüíûõ óðàâíåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì è äîêà-
çàíà èõ ñõîäèìîñòü. Óñòàíîâëåíû óñëîâèÿ ðàçðåøèìîñòè ïåðèîäè÷åñêèõ
êðàåâûõ çàäà÷ äëÿ óðàâíåíèé ãèïåðáîëè÷åñêîãî òèïà ñ çàïàçäûâàþùèì
àðãóìåíòîì.

Â îáëàñòè Ωτ = [−τ, T ] × [0, ω] ðàññìàòðèâàåòñÿ ñåìåéñòâî ïåðèîäè÷å-
ñêèõ êðàåâûõ çàäà÷ äëÿ ñèñòåìû ëèíåéíûõ äèôôåðåíöèàëüíûõ óðàâíåíèé
ñ çàïàçäûâàþùèì àðãóìåíòîì

∂v(t, x)

∂t
= A(t, x)v(t, x) +B(t, x)v(t− τ, x) + f(t, x), (1)

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 3



40 À.Ò. Àñàíîâà, Í.Á. Èñêàêîâà

(t, x) ∈ [0, T ]× [0, ω], v ∈ Rn,

v(z, x) = diag[v(0, x)] · φ(z), z ∈ [−τ, 0], x ∈ [0, ω], (2)

v(0, x) = v(T, x), x ∈ [0, ω], (3)

ãäå (n × n)-ìàòðèöû A(t, x), B(t, x) è âåêòîð-ôóíêöèÿ f(t, x) íåïðåðûâ-
íû íà Ω = [0, T ] × [0, ω] φ(t) � íåïðåðûâíî äèôôåðåíöèðóåìàÿ âåêòîð-
ôóíêöèÿ, çàäàííàÿ íà íà÷àëüíîì ìíîæåñòâå [−τ, 0] òàêàÿ, ÷òî φi(0) =
1, i = 1, 2, ..., n, τ > 0 � ïîñòîÿííîå çàïàçäûâàíèå,

∥A(t, x)∥ = max
i=1,n

n∑
j=1

∥aij(t, x)∥ ≤ α(x),

∥B(t, x)∥ = max
i=1,n

n∑
j=1

∥bij(t, x)∥ ≤ β(x),

ãäå α(x), β(x) � ïîëîæèòåëüíûå íåïðåðûâíûå íà [0, ω] ôóíêöèè.

Ðåøåíèåì ñåìåéñòâà êðàåâûõ çàäà÷ (1)�(3) ÿâëÿåòñÿ íåïðåðûâíàÿ íà
Ωτ , íåïðåðûâíî äèôôåðåíöèðóåìàÿ íà Ωτ\{0} âåêòîð-ôóíêöèÿ v(t, x), óäî-
âëåòâîðÿþùàÿ äèôôåðåíöèàëüíîìó óðàâíåíèþ (1) è èìåþùàÿ íà ëèíèÿõ
t = 0, t = T çíà÷åíèÿ v(0, x), v(T, x), äëÿ êîòîðûõ ñïðàâåäëèâû ðàâåíñòâà
(2), (3).

×åðåç C(Ω, Rn) îáîçíà÷èì ïðîñòðàíñòâî íåïðåðûâíûõ íà Ω ôóíêöèé
v : Ω → Rn ñ íîðìîé ∥v∥1 = max

(t,x)∈Ω
∥v(t, x)∥.

2. Ñõåìà ìåòîäà è ñâåäåíèå ê ýêâèâàëåíòíîé çàäà÷å

Âîçüìåì øàã h =
τ

l
: Nτ = T, l ∈ N, è ïðîèçâåäåì ðàçáèåíèå ñëåäóþ-

ùèì îáðàçîì:

[−τ, 0)× [0, ω]
∪

[0, T )× [0, ω] =
1∪

s=l

[−ts,−ts−1)× [0, ω]
lN∪
r=1

[tr−1, tr)× [0, ω],

ãäå t0 = 0,−ts = −sh, s = 1, l, tr = rh, r = 1, lN.

Ââåäåì ïðîñòðàíñòâî C(Ω, tr, R
nlN ) ñèñòåì ôóíêöèé v([t], x) = (v1(t, x),

v2(t, x), . . . , vlN (t, x))′, ãäå ôóíêöèè vr(t, x) íåïðåðûâíû íà [tr−1, tr)× [0, ω]
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è èìåþò êîíå÷íûé ëåâîñòîðîííèé ïðåäåë lim
t→tr−0

vr(t, x) ïðè âñåõ r = 1, lN

ñ íîðìîé ∥v([·], x)∥2 = max
r=1,lN

sup
t∈[tr−1,tr)

∥vr(t, x)∥.

Ñóæåíèå ôóíêöèè v(t, x) íà r-óþ ïîäîáëàñòü Ωr = [tr−1, tr) × [0, ω]
îáîçíà÷èì ÷åðåç vr(t, x), r = 1, lN. ×åðåç φs(t), s = 1, 2, ..., l, îáîçíà÷èì
ñóæåíèå íà÷àëüíîé ôóíêöèè φ(t) íà s-ûé èíòåðâàë [−tl−(s−1),−tl−s). Òîãäà
çàäà÷à (1)�(3) ñâåäåòñÿ ê ýêâèâàëåíòíîé ìíîãîòî÷å÷íîé êðàåâîé çàäà÷å

∂vr(t, x)

∂t
= A(t, x)vr(t, x) +B(t, x)vr(t− τ, x) + f(t, x), (4)

(t, x) ∈ Ωr, r = 1, l,

∂vr(t, x)

∂t
= A(t, x)vr(t, x) +B(t, x)vr−l(t− τ, x) + f(t, x), (5)

(t, x) ∈ Ωr, r = l + 1, lN,

vs(z, x) = diag[v1(0, x)] · φs(z), z ∈ [−tl−(s−1),−tl−s), (6)

x ∈ [0, ω], s = 1, l,

v1(0, x) = lim
t→T−0

vlN (t, x), x ∈ [0, ω], (7)

lim
s→ts−0

vs(t, x) = vs+1(ts, x), x ∈ [0, ω], s = 1, lN − 1, (8)

ãäå (8) � óñëîâèÿ ñêëåèâàíèÿ ðåøåíèÿ âî âíóòðåííèõ ëèíèÿõ ðàçáèåíèÿ
îáëàñòè Ω.

Ðåøåíèåì çàäà÷è (4)�(8) ÿâëÿåòñÿ ñèñòåìà ôóíêöèé v([t], x) =(
v1(t, x), v2(t, x), . . . , vlN (t, x)

)′ ∈ C
(
Ω, tr, R

nlN
)

ñ íåïðåðûâíûìè íà

[−tl−(r−1),−tl−r) × [0, ω] ôóíêöèÿìè vr(t, x), r = 1, l óäîâëåòâîðÿþùè-
ìè óñëîâèþ (6), ñ íåïðåðûâíî äèôôåðåíöèðóåìûìè íà Ωr ôóíêöèÿìè
vr(t, x), r = 1, lN , óäîâëåòâîðÿþùèìè ñèñòåìå äèôôåðåíöèàëüíûõ óðàâ-
íåíèé ñ çàïàçäûâàþùèì àðãóìåíòîì (4), (5) è óñëîâèÿì (7), (8). Íà ëèíèè
t = tr−1 äèôôåðåíöèàëüíûì óðàâíåíèÿì ñ çàïàçäûâàþùèì àðãóìåíòîì
(4), (5) óäîâëåòâîðÿåò ïðàâîñòîðîííÿÿ ïðîèçâîäíàÿ ôóíêöèè vr(t, x).

×åðåç λr(x) îáîçíà÷èì çíà÷åíèå ôóíêöèè vr(t, x), r = 1, lN, íà ëèíèè
t = tr−1 è íà êàæäîé ïîäîáëàñòè Ωr ïðîèçâåäåì çàìåíó ôóíêöèåé ur(t, x) =
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vr(t, x) − λr(x). Òîãäà çàäà÷à (4)�(8) ñâåäåòñÿ ê ýêâèâàëåíòíîé êðàåâîé
çàäà÷å ñ ïàðàìåòðîì

∂ur(t, x)

∂t
= A(t, x)(vr(t, x)+λr(x))+B(t, x)diag[φr(t−τ)]λ1(x)+f(t, x), (9)

(t, x) ∈ Ωr, r = 1, l,

∂ur(t, x)

∂t
= A(t, x)(ur(t, x)+λr(x))+B(t, x)(ur−l(t−τ, x)+λr−l(x))+f(t, x),

(10)
(t, x) ∈ Ωr, r = l + 1, lN,

ur(tr−1, x) = 0, r = 1, lN, x ∈ [0, ω], (11)

λ1(x) = λlN (x) + lim
t→T−0

ulN (t, x), x ∈ [0, ω], (12)

λs(x) + lim
t→ts−0

us(t, x) = λs+1(x), s = 1, lN − 1, x ∈ [0, ω]. (13)

Ðåøåíèåì çàäà÷è (9)�(13) ÿâëÿåòñÿ ïàðà
(
λ(x), u([t], x)

)
ñ ýëåìåíòà-

ìè λ(x) =
(
λ1(x), λ2(x), . . . , λlN (x)

)′∈ C([0, ω], RnlN ), u([t], x) =(
u1(t, x), u2(t, x), . . . , ulN (t, x)

)′ ∈ C
(
Ω, tr, R

nlN
)
, ãäå ôóíêöèè ur(t, x), r =

1, lN íåïðåðûâíû íà [−τ, T ] × [0, ω], íåïðåðûâíî äèôôåðåíöèðóåìû íà Ω
è ïðè λr(x) = λ∗

r(x) , λr−l(x) = λ∗
r−l(x), ur−l(t − τ, x) = u∗r−l(t − τ, x),

r = 1, lN, óäîâëåòâîðÿþò ñèñòåìå äèôôåðåíöèàëüíûõ óðàâíåíèé (9), (10)
è óñëîâèÿì (11)�(13).

Åñëè ïàðà
(
λ(x), u([t], x)

)
, ãäå λ(x) =

(
λ1(x), λ2(x), . . . , λlN (x)

)′
,

u([t], x) =
(
u1(t, x), u2(t, x), . . . . . . , ulN (t, x)

)′
� ðåøåíèå çàäà÷è (9)�

(13), òî ñèñòåìà ôóíêöèé v([t], x) = (λ1(x) + u1(t, x), λ2(x) +
u2(t, x), . . . , λlN (x) + ulN (t, x)))′ áóäåò ðåøåíèåì çàäà÷è (4)�(8). È, íà-
îáîðîò, åñëè ṽ([t], x) = (ṽ1(t, x), ṽ2(t, x), . . . , ṽlN (t, x))′ - ðåøåíèå çàäà÷è
(4)�(8), òî ïàðà (λ(x), ũ([t], x)) � ðåøåíèå çàäà÷è (9)�(13), ãäå λ(x) =(
ṽ1(t0, x), ṽ2(t1, x), ..., ṽlN (tlN−1, x)

)′
, ũ([t], x) =

(
ṽ1(t, x)− ṽ1(t0, x), ṽ2(t, x)−

ṽ2(t1, x), ..., ṽlN (t, x)− ṽlN (tlN−1, x)
)′
.

Â çàäà÷å (9)�(13) ïîÿâèëèñü íà÷àëüíûå óñëîâèÿ (11), êîòîðûå ïîçâîëÿ-
þò îïðåäåëèòü íåèçâåñòíûå ôóíêöèè èç ñåìåéñòâà èíòåãðàëüíûõ óðàâíå-
íèé Âîëüòåððà âòîðîãî ðîäà:
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ôóíêöèþ ur(t, x), t ∈ Ωr, r = 1, l, ïðè ôèêñèðîâàííîì λr(x) îïðåäåëÿ-
åì èç óðàâíåíèÿ

ur(t, x) =

t∫
tr−1

A(s, x)[ur(s, x) + λr(x)]ds+

+

t∫
tr−1

B(s, x)Φr(s− τ)λ1(x)ds+

t∫
tr−1

f(s, x)ds, (14)

ãäå Φr(t−τ) = diag[φr(t−τ)] � äèàãîíàëüíàÿ ìàòðèöà ðàçìåðíîñòè (n×n);
ôóíêöèþ ur(t, x), t ∈ Ωr, r = l + 1, lN, ïðè ôèêñèðîâàííûõ λr(x),

λr−l(x), ur−l(t− τ, x) îïðåäåëÿåì èç óðàâíåíèÿ

ur(t, x) =

t∫
tr−1

A(s, x)[ur(s, x) + λr(x)]ds+

+

t∫
tr−1

B(s, x)[ur−l(s− τ, x) + λr−l(x)]ds+

t∫
tr−1

f(s, x)ds, (15)

ãäå ïàðà (λr(x), ur(t, x)), r = 1, l óäîâëåòâîðÿåò (14), à ïàðà
(λr−l(x), ur−l(t, x)), r = l + 1, ..., l(N − 1), óäîâëåòâîðÿåò óðàâíåíèþ

ur−l(t, x) =

t∫
tr−l−1

A(s, x)[ur−l(s, x) + λr−l(x)]ds+

+

t∫
tr−l−1

B(s, x)[ur−2l(s− τ, x) + λr−2l(x)]ds+

t∫
tr−l−1

f(s, x)ds,

t ∈ [tr−l−1, tr−l), x ∈ [0, ω].
Â óðàâíåíèè (14) âìåñòî ur(s, x) ïîäñòàâëÿÿ ïðàâóþ ÷àñòü ýòîãî æå

óðàâíåíèÿ è ïîâòîðèâ ïðîöåññ ν (ν = 1, 2, ...) ðàç, ïîëó÷àåì ïðåäñòàâëåíèå
ôóíêöèè ur(t):

ur(t, x) = Dνr(t, t, x) · λr(x) + Eνr(t, t, x) · λ1(x) + Fνr(t, x, f(t, x))+
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+Gνr(t, x, ur(t, x)), t ∈ Ωr, r = 1, l. (16)

Àíàëîãè÷íî ïîñòóïèâ ñ ïðàâîé ÷àñòüþ ðàâåíñòâà (15) è ïðè ýòîì ïîäñòàâ-
ëÿÿ âûðàæåíèÿ ðàíåå íàéäåííûõ ôóíêöèé uil+j(t, x), t ∈ [til+j−1, til+j),
x ∈ [0, ω], i = 0, 1, ..., N − 2, j = 1, 2, ..., l, ïîëó÷èì ñëåäóþùåå ïðåäñòàâëå-
íèå äëÿ ôóíêöèé uil+j(t, x) âèäà:

uil+j(t, x) = Dν,il+j(t, t, x) · λil+j(x) + P i
ν,il+j

[
t, Eν,il+j(t, t− iτ, x)] · λ1(x)+

+

i∑
k=1

P k−1
ν,il+j

[
t,Hν,il+j(t, t− (k − 1)τ, x)+

+Pν,il+j [t,Dν,il+j(t, t− kτ, x)]
]
· λ(i−k)l+j(x)+

+

i∑
k=0

P k
ν,il+j

[
t, Fν,il+j(t, x, f(t, x)) +Gν,il+j(t, x, u(i−k)l+j(t− kτ, x)

]
, (17)

t ∈ [til+j−1, til+j), x ∈ [0, ω], i = 1, 2, ..., N − 1, j = 1, 2, ..., l,
ãäå

Dν,il+j(t, t− nτ, x) =

=

ν−1∑
k=0

t∫
til+j−1

A(s1 − nτ, x) . . .

sk∫
til+j−1

A(sk+1 − nτ, x)dsk+1 . . . ds1,

Hν,il+j(t, t− nτ, x) =

t∫
til+j−1

B(s1 − nτ, x)ds1 +
ν−1∑
k=1

t∫
til+j−1

A(s1 − nτ, x) . . .

. . .

sk−1∫
til+j−1

A(sk − nτ, x)

sk∫
til+j−1

B(sk+1 − nτ, x)dsk+1dsk . . . ds1,

Fν,il+j(t, x, f(t−nτ, x)) =

t∫
til+j−1

f(s1−nτ, x)ds1+

ν−1∑
k=1

t∫
til+j−1

A(s1−nτ, x) . . .

. . .

sk−1∫
til+j−1

A(sk − nτ, x)

sk∫
til+j−1

f(sk+1 − nτ, x)dsk+1dsk . . . ds1,
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Gν,il+j(t, x, uil+j(t− nτ, x)) =

t∫
til+j−1

A(s1 − nτ, x) . . .

. . .

sν−2∫
til+j−1

A(sν−1 − nτ, x)

sν−1∫
til+j−1

A(sν − nτ, x)uil+j(sν , x)dsνdsν−1 . . . ds1,

Pν,il+j(t, u(i−1)l+j(t−nτ)) =

t∫
til+j−1

B(s1−(n−1)τ, x)u(i−1)l+j(s1−nτ, x)ds1+

+
ν−1∑
k=1

t∫
til+j−1

A(s1 − (n− 1)τ, x) . . .

sk−1∫
til+j−1

A(sk − (n− 1)τ, x)×

×
sk∫

til+j−1

B(sk+1 − (n− 1)τ, x)u(i−1)l+j(sk+1 − nτ, x)dsk+1dsk . . . ds1,

Eν,il+j(t, t− nτ, x) =

t∫
til+j−1

B(s1 − nτ, x)Φj(s1 − (n+ 1)τ)ds1+

+
ν−1∑
k=1

t∫
til+j−1

A(s1 − nτ, x) . . .

sk−1∫
til+j−1

A(sk − nτ, x)×

×
sk∫

til+j−1

B(sk+1 − nτ, x)Φj(sk+1 − (n+ 1)τ)dsk+1dsk . . . ds1,

n = 0, i, i = 1, N − 1, j = 1, l, P 0[t, y] = y, P k(t, y) = P [t, P k−1[t, y]].

Ñóùåñòâîâàíèå ïðåäåëîâ lim
t→tr−0

Dνr(t, t, x), lim
t→tr−0

Fνr(t, x, f),

lim
t→tr−0

Eνr(t, x), lim
t→tr−0

Hνr(t, x) ñëåäóåò èç íåïðåðûâíîñòè φ(t) íà [−τ, 0] è

A(t, x), B(t, x), f(t, x) íà Ω (òåì ñàìûì è íà Ωr). Òàê êàê ôóíêöèÿ ur(t, x)
íåïðåðûâíà íà Ωr è ñóùåñòâóåò lim

t→tr−0
ur(t, x), òî äîîïðåäåëèâ ur(t, x) ïðè
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t = tr åå ëåâîñòîðîííèì ïðåäåëîì, ïîëó÷èì, ÷òî îíà íåïðåðûâíà è íà
[tr−1, tr]× [0, ω]. Îòñþäà è èç íåïðåðûâíîñòè A(t, x), B(t, x), φ(t) ñëåäóåò
ñóùåñòâîâàíèå ïðåäåëîâ lim

t→tr−0
Gνr(t, x, u), lim

t→tr−0
Pνr(t, x, u(t − τ, x)).

Ïåðåõîäÿ â (16), (17) ê ïðåäåëó ïðè t → tr − 0, íàõîäèì

lim
t→tr−0

ur(t, x) = Dνr(tr, t, x) · λr(x) + Eνr(tr, t, x) · λ1(x)+

+Fνr(tr, x, f(t, x)) +Gνr(tr, x, ur(t, x)), r = 1, l, (18)

lim
t→til+j−0

uil+j(t, x) = Dν,il+j(til+j , t, x) · λil+j(x)+

+

i∑
k=1

P k−1
ν,il+j

[
til+j ,Hν,il+j(t, t− (k − 1)τ, x)+

+Pν,il+j [t,Dν,il+j(t, t− kτ, x)]
]
· λ(i−k)l+j(x)+

+P i
ν,il+j

[
til+j , Eν,il+j(t, t−iτ, x)]·λ1(x)+

i∑
k=0

P k
ν,il+j

[
til+j , Fν,il+j(t, x, f(t, x))+

+Gν,il+j(t, x, u(i−k)l+j(t− kτ, x)
]
, i = 1, N − 1, j = 1, l. (19)

Ïîäñòàâëÿÿ â ãðàíè÷íûå óñëîâèÿ (12) è óñëîâèÿ ñêëåèâàíèÿ (13) âìåñòî
lim

t→tr−0
ur(t, x), r = 1, lN, è ur+1(tr, x) èì ñîîòâåòñòâóþùèå ïðàâûå ÷àñòè

(18), (19), ïîëó÷èì ñèñòåìó ëèíåéíûõ óðàâíåíèé îòíîñèòåëüíî íåèçâåñò-
íûõ ïàðàìåòðîâ λ1(x), λ2(x), . . . , λlN (x) âèäà(

I − PN−1
ν,lN [T,Eν,lN (t, t− (N − 1)τ, x)]

)
· λ1(x)−

−
N−1∑
k=1

P k−1
ν,lN

[
T,Hν,lN (t, t− (k − 1)τ, x)+

+Pν,lN [t,Dν,lN (t, t− kτ, x)]
]
· λ(N−1−k)l+l(x)−

(
I +Dν,lN (T, t, x)

)
· λlN (x) =

=

N−1∑
k=0

P k
ν,lN

[
T, Fν,lN (t, x, f(t− kτ, x)) +Gν,lN (t, x, u(i−k)l+l(t− kτ, x)

]
,

Eν,j(tj , t, x) · λ1(x) +
(
I +Dν,j(tj , t, x)

)
· λj(x)− λj+1(x) =
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= −Fν,j(tj , x, f(t, x))−Gν,j(tj , t, uj(t, x), j = 1, l,

P i
ν,il+j

[
til+j , Eν,il+j(t, t− iτ, x)] · λ1(x) +

(
I +Dν,il+j(til+j , t, x)

)
· λil+j(x)−

−λil+j+1(x) +

i∑
k=1

P k−1
ν,il+j

[
til+j ,Hν,il+j(t, t− (k − 1)τ, x)+

+Pν,il+j [t,Dν,il+j(t, t− kτ, x)]
]
· λ(i−k)l+j(x) =

= −
i∑

k=0

P k
ν,il+j

[
til+j , Fν,il+j(t, x, f(t−kτ, x))+Gν,il+j(t, x, u(i−k)l+j(t−kτ, x))

]
,

(20)
ãäå â ïîñëåäíåì âûðàæåíèè ñèñòåìû (20) ïðè i = 1, N − 2 èíäåêñ j = 1, l,
à ïðè i = N −−1 èíäåêñ j = 1, l − 1.

Çàïèøåì ñèñòåìó óðàâíåíèé (20) â âèäå

Qν(l, x)λ(x) = −F̃ν(f, l, x)− G̃ν(u, l, x), (21)

ãäå ìàòðèöà Qν(l, x) ðàçìåðíîñòè (nlN × nlN) ñîñòàâëåíà èç êîýôôèöè-
åíòîâ ïðè íåèçâåñòíûõ ïàðàìåòðàõ λr(x), r = 1, lN, ñèñòåìû ëèíåéíûõ
óðàâíåíèé (20),

λ(x) = (λ1(x), λ2(x), ..., λlN (x))′ ∈ C([0, ω], RnlN ),

F̃ν(l, x) =
(
−F̃ν,lN (T, x), F̃ν1(t1, x), F̃ν2(t2, x), ..., F̃ν,lN−1(tlN−1, x)

)′ ∈
∈ C([0, ω], RnlN ),

G̃ν(u, l) =
(
−G̃ν,lN (u, T, x), G̃ν1(u, t1, x),

G̃ν2(u, t2, x), ..., G̃ν,lN−1(u, tlN−1, x)
)′ ∈ RnlN ,

ãäå G̃ν,il+j(u, til+j , x) =

i∑
k=0

P k
ν,il+j [til+j , Gν,il+j(t, x, u(i−k)l+j(t− kτ, x))],

F̃ν,il+j(til+j , x) =

i∑
k=0

P k
ν,il+j [til+j , Fν,il+j(t, x, f(t− kτ, x))],

i = 0, N − 1, j = 1, l.

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 3



48 À.Ò. Àñàíîâà, Í.Á. Èñêàêîâà

3. Àëãîðèòì è îñíîâíîé ðåçóëüòàò

Òàêèì îáðàçîì, èìååì ñèñòåìó óðàâíåíèé (14), (15) è (21) äëÿ íàõîæ-
äåíèÿ ïàðû

(
λ(x), u([t], x)

)
, ãäå λ(x) =

(
λ1(x), λ2(x), . . . , λlN (x)

)′ ∈
C([0, ω], RnlN ), u([t], x) =

(
u1(t, x), u2(t, x), . . . , ulN (t, x)

)′
. Èñêî-

ìóþ ïàðó
(
λ(x), u([t], x)

)
íàéäåì, êàê ïðåäåë ïîñëåäîâàòåëüíîñòè(

λ(k)(x), u(k)([t], x)
)
, k = 0, 1, 2, . . . , ãäå λ(k)(x) =

(
λ
(k)
1 , λ

(k)
2 , . . . , λ

(k)
lN

)′ ∈
C([0, ω], RnlN ), u(k)([t], x) =

(
u
(k)
1 (t, x), u2(t, x)

(k), . . . , u
(k)
lN (t, x)

)′
, êîòîðûå

íàõîäÿòñÿ ïî ñëåäóþùåìó àëãîðèòìó.

Øàã 0. a) Ïðåäïîëàãàÿ îáðàòèìîñòü ìàòðèöû Qν(l, x) ïðè íåêîòî-
ðûõ ν, l äëÿ âñåõ x ∈ [0, ω], íà÷àëüíîå ïðèáëèæåíèå ïî ïàðàìåòðó

λ(0)(x) = (λ
(0)
1 (x), λ

(0)
2 (x), ..., λ

(0)
lN (x))′ îïðåäåëèì èç ôóíêöèîíàëüíîãî óðàâ-

íåíèÿ Qν(l, x)λ(x) = −F̃ν(l, x), òî åñòü λ(0)(x) = −[Qν(l, x)]
−1F̃ν(l, x).

b) Íà ïîäîáëàñòÿõ Ωr, ðåøàÿ çàäà÷ó Êîøè (9), (10) ïðè λr(x) = λ
(0)
r (x),

íàõîäèì u
(0)
r (t, x), r = 1, 2, ..., l. Çàòåì, ðåøàÿ çàäà÷ó Êîøè (10), (11), íà

ïîäîáëàñòè Ωr ïîäñòàâëÿÿ âìåñòî λr(x), λr−l(x), ur−l(t − τ, x) ñîîòâåò-

ñòâåííî λ
(0)
r (x), λ

(0)
r−l(x), u

(0)
r−l(t− τ, x), íàõîäèì u

(0)
r (t, x), r = l + 1, lN .

Øàã 1. a) Ïîäñòàâëÿÿ íàéäåííûå u
(0)
r (t, x) â ïðàâóþ ÷àñòü óðàâíå-

íèÿ (21), èç ôóíêöèîíàëüíîãî óðàâíåíèÿ Qν(l, x)λ(x) = −F̃ν(f, l, x) −
G̃ν(u

(0), l, x) îïðåäåëÿåì λ(1)(x) ∈ C([0, ω], RnlN ).

b) Íà ïîäîáëàñòè Ωr, ðåøàÿ çàäà÷ó Êîøè (9), (11), ïðè λr(x) = λ
(1)
r (x),

íàõîäèì u
(1)
r (t, x), r = 1, l. Ïîäñòàâëÿÿ âìåñòî λr(x), λr−l(x), ur−l(t− τ, x)

ñîîòâåòñòâåííî λ
(1)
r (x), λ

(1)
r−l(x), u

(1)
r−l(t − τ, x) è ðåøàÿ çàäà÷ó Êîøè (10),

(11) íà ïîäîáëàñòè Ωr íàõîäèì u
(1)
r (t, x), r = l + 1, lN .

È òàê äàëåå. Ïðîäîëæàÿ ïðîöåññ, íà k-ì øàãå ïîëó÷àåì ñèñòåìó ïàð

(λ
(k)
r (x), u

(k)
r (t, x)).

Äîñòàòî÷íûå óñëîâèÿ îñóùåñòâèìîñòè è ñõîäèìîñòè ïðåäëîæåííîãî àë-
ãîðèòìà, à òàêæå îöåíêó ðàçíîñòè ìåæäó òî÷íûì è ïðèáëèæåííûì ðåøå-
íèÿìè óñòàíàâëèâàåò

Òåîðåìà 1. Ïóñòü ïðè íåêîòîðûõ l, l ∈ N, è ν, ν ∈ N, ìàòðèöà Qν(l, x) :
RnlN → RnlN îáðàòèìà, x ∈ [0, ω], è âûïîëíÿþòñÿ íåðàâåíñòâà

a) ∥[Qν(l, x)]
−1∥ ≤ γν(l, x),
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b)qν(l, x)=γν(l, x)
1
ν!

(
α(x)τ

l

)ν
max

i=0,N−1

i∑
ρ=0

1
ρ! ·

(
β(x)τ

l

ν−1∑
k1=0

1
k1!

(
α(x)τ

l

)k1)ρ
, P (l, x) ≤

χ < 1,

ãäå P (l, x) = max

{
max
1≤j≤l

sup
t∈[tj−1,tj)

{
e

α(x)τ
l − 1 + β(x)τ

l e
α(x)τ

l ∥Φj(t− τ)∥
}
,

max
1≤i≤N−1,1≤j≤l

sup
t∈[til+j−1,til+j)

{
e

α(x)τ
l

i∑
k1=1

(
β(x)τ

l · e
α(x)τ

l

)k1
+ e

α(x)τ
l − 1+

+
(
β(x)τ

l e
α(x)τ

l

)i+1
∥Φj(t− (i+ 1)τ)∥

}}
.

Òîãäà ïîñëåäîâàòåëüíîñòü ïàð (λ(k)(x), u(k)([t], x)) ïðè k → ∞ ñõîäèòñÿ

ê (λ∗(x), u∗([t], x)) � åäèíñòâåííîìó ðåøåíèþ çàäà÷è (9)�(13) è ñïðàâåäëè-

âû îöåíêè:

∥λ∗(x)− λ(k)(x)∥ ≤ [qν(l, x)]
(k)

1− qν(l, x)
∥λ(1)(x)− λ(0)(x)∥ ≤

≤ [qν(l, x)]
(k)

1− qν(l, x)
γν(l, x)

1

ν!

(
α(x)τ

l

)ν

×

× max
i=0,N−1

i∑
ρ=0

1

ρ!

(
β(x)τ

l

ν−1∑
k=0

1

k!

(
α(x)τ

l

)k)ρ

M(l, x),

∥u∗([·], x)− u(k)([·], x)∥2 ≤ P (l, x)
[qν(l, x)]

(k)

1− qν(l, x)
γν(l, x)×

× 1

ν!

(
α(x)τ

l

)ν

max
i=0,N−1

i∑
ρ=0

1

ρ!

(
β(x)τ

l

ν−1∑
k=0

1

k!

(
α(x)τ

l

)k)ρ

M(l, x),

ãäå

M(l, x) = max
i=0,N−1,j=1,l

{[(β(x)τ
l e

α(x)τ
l

)i+1
sup

t∈[til+j−1,til+j)
∥Φj(t− (i+ 1)τ)∥−

−1 + e
α(x)τ

l

i∑
k1=0

(β(x)τ
l e

α(x)τ
l

)k1]·γν(l, x) τl ν−1∑
k1=0

1
k1!

(
α(x)τ

l

)k1
×

× sup
t∈[til+j−1,til+j)

∥f(t− iτ, x)∥
i∑

ρ=0

1
ρ!

(
β(x)τ

l

ν−1∑
k1=0

1
k1!

(
α(x)τ

l

)k1)ρ
+

+ τ
l e

α(x)τ
l

i∑
k1=0

(β(x)τ
l e

α(x)τ
l

)k1 sup
t∈[til+j−1,til+j)

∥f(t− iτ, x)∥
}
.
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Äîêàçàòåëüñòâî òåîðåìû îñíîâàíî íà âûøåïðèâåäåííîì àëãîðèòìå è
àíàëîãè÷íî äîêàçàòåëüñòâó òåîðåìû 1 èç [4] è òåîðåìû 2 èç [10].
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Àñàíîâà À.Ò., Èñêàêîâà Í.Á. ÊÅØIÃÓËI ÀÐÃÓÌÅÍÒI ÁÀÐ ÄÈÔ-
ÔÅÐÅÍÖÈÀËÄÛ� Æ�ÊÒÅËÃÅÍ ÒÅ�ÄÅÓËÅÐ �ØIÍ ÏÅÐÈÎÄÒÛ
ØÅÒÒIÊ ÅÑÅÏÒÅÐ �ÓËÅÒIÍI� ØÅØIËIÌÄIÃI ÒÓÐÀËÛ

Êåøiãóëi àðãóìåíòi áàð äèôôåðåíöèàëäû© òå­äåóëåð æ³éåñi ³øií ïå-
ðèîäòû øåòòiê åñåïòåð ºóëåòi çåðòòåëåäi. �àðàñòûðûëûï îòûð¡àí åñåïòi­
øåøiìäåðií òàáó àëãîðèòìäåði ò´ð¡ûçûë¡àí æºíå îëàðäû­ æèíà©òûëû¡û
äºëåëäåíãåí. Êåøiãóëi àðãóìåíòi áàð äèôôåðåíöèàëäû© òå­äåóëåð æ³éåñi
³øií ïåðèîäòû øåòòiê åñåïòåð ºóëåòiíi­ øåøiëiìäiëiê øàðòòàðû áàñòàï©û
áåðiëiìäåð òåðìèíiíäå òà¡àéûíäàë¡àí.

Assanova A.T., Iskakova N.B. ON SOLVABILITY OF A FAMILY OF
PERIODICAL BOUNDARY VALUE PROBLEMS FOR DIFFERENTIAL
EQUATIONS WITH DELAYED ARGUMENT

The family of periodical boundary value problems for the system of
di�erential equations with delayed argument is investigated. Algorithms
for �nding solutions of the considered problem are constructed and their
convergence is proved. Conditions of the solvability of family of periodical
boundary value problems for the system of di�erential equations with delayed
argument are established in the terms of the initial data.
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Àííîòàöèÿ: Â ðàáîòå Òèõîíîâà [1] ðàññìîòðåí âîïðîñ åäèíñòâåííîñòè ðåøåíèé
çàäà÷è îá îïðåäåëåíèè ýëåêòðè÷åñêîé õàðàêòåðèñòèêè ïðè íîðìàëüíîì ïàäåíèè
îäíîðîäíûõ âîëí â äèôôóçèîííîì ïðèáëèæåíèè, ïðè êîòîðîì òîêàìè ñìåùåíèÿ
ïðåíåáðåãàþò. Â íàñòîÿùåé ðàáîòå èññëåäóþò íåêîòîðûå îáðàòíûå çàäà÷è
ìàãíèòîòåëëóðè÷åñêîãî çîíäèðîâàíèÿ (ÌÒÇ) â äèôôóçèîííîì ïðèáëèæåíèè ïðè
íàêëîííîì ïàäåíèè íåîäíîðîäíûõ ïëîñêèõ âîëí ìåòîäîì ðàáîòû [1].

Êëþ÷åâûå ñëîâà: Îáðàòíàÿ çàäà÷à, ìàãíèòîòåëëóðè÷åñêîå çîíäèðîâàíèå, íåîä-
íîðîäíàÿ ïëîñêàÿ âîëíà, äèôôóçèîííîå ïðèáëèæåíèå, ïîëÿðèçàöèÿ âîëí, èìïå-
äàíñ, àäìèòàíñ, êóñî÷íàÿ àíàëèòè÷íîñòü, ñèíãóëÿðíîå âîçìóùåíèå, ðåãóëÿðíîå
âîçìóùåíèå, âûñîêèå è íèçêèå ÷àñòîòû.

I. Ðàññìîòðèì ìîäåëü áåçãðàíè÷íîé ñðåäû, çàïîëíÿþùåé âñå ïðîñòðàí-
ñòâî ïåðåìåííûõ x, y, z. Ñâîéñòâà ñðåäû, çàïîëíÿþùåé ïîëóïðîñòðàíñòâî
z ≤ 0, ñ÷èòàþòñÿ èçâåñòíûìè è õàðàêòåðèçóþòñÿ ïîñòîÿííûìè ε = const >
0, σ = const ≥ 0 è ìàãíèòíîé ïðîíèöàåìîñòüþ µ = 1. Â îáëàñòè z ≤ 0 ïà-
ðàìåòðû ε, σ çàâèñÿò òîëüêî îò êîîðäèíàòû z è íåèçâåñòíû, µ = 1. Íà
ïëîñêîñòè z = 0 ïàðàìåòðû ε, σ ìîãóò èìåòü êîíå÷íûé ðàçðûâ.

Áóäåì ñ÷èòàòü, ÷òî ïàäàþùàÿ íåîäíîðîäíàÿ ïëîñêàÿ âîëíà ÿâëÿåò-
ñÿ âîëíîé ñ ñîâïàäàþùèìè ôàçîâûìè è àìïëèòóäíûìè ôðîíòàìè â ãî-
ðèçîíòàëüíîé ïëîñêîñòè. È ñèñòåìó êîîðäèíàò âûáåðåì òàê, ÷òîáû îñü

Keywords: Inverse problem, magneto-telluric probing, inhomogeneous plane wave,

di�usion approximation, polarization of the wave, impedance, admittance, piecewise-

analyticity, singular perturbation, regular perturbation, high and low frequencies.

2010 Mathematics Subject Classi�cation: 35L05; 35L65; 35Q61; 35Q86; 35R30.
Funding: � 5736/ÃÔ4 Ìàòåìàòè÷åñêèå íàñëåäèÿ Àëü-Ôàðàáè â óñëîâèÿõ ñîâðåìåí-

íîãî îáðàçîâàíèÿ
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OX ñîâïàäàëà c íàïðàâëåíèåì ðàñïðîñòðàíåíèÿ â ãîðèçîíòàëüíîé ïëîñêî-
ñòè. Òîãäà ñèñòåìà Ìàêñâåëëà ðàñïàäàåòñÿ íà äâå íåçàâèñèìûå ñèñòåìû, è
ïëîñêàÿ âîëíà ïðåäñòàâëÿåòñÿ â âèäå ñóïåðïîçèöèè äâóõ ïîëÿðèçîâàííûõ
âîëí: ïàðàëëåëüíîé (ýëåêòðè÷åñêèé òèï âîëíû), ñîñòîÿùåé èç êîìïîíåíò
Ex, Ez, Hy, è ïåðïåíäèêóëÿðíîé (ìàãíèòíûé òèï âîëíû), ñîñòîÿùåé èç
êîìïîíåíò Ey, Hx, Hz [2]�[5].

Â îáëàñòè z ≥ 0 òîêàìè ñìåùåíèÿ, ïî ñðàâíåíèþ ñ òîêàìè ïðîâîäèìî-
ñòè, ïðåíåáðåãàåì. Òîãäà â ñëó÷àå ïåðïåíäèêóëÿðíîé ïîëÿðèçàöèè ýëåê-
òðè÷åñêàÿ êîìïîíåíòà Ey = u ïëîñêîé âîëíû â ñëîèñòîé ñðåäå óäîâëåòâî-
ðÿåò óðàâíåíèþ

u′′ + (iωσ + λ2)u = 0, z ≥ 0, (1)

ãäå λ � ïàðàìåòð, â îáùåì ñëó÷àå êîìïëåêñíûé, õàðàêòåðèçóþùèé ãîðè-
çîíòàëüíóþ íåîäíîðîäíîñòü íàêëîííî ïàäàùåé ïëîñêîé âîëíû. Ïðè ýòîì
íà ïîâåðõíîñòè z = 0 cëîèñòîé ñðåäû îòíîøåíèå ãîðèçîíòàëüíûõ êîìïî-
íåíò ïîëÿ, ò.å. àäìèòàíñ,

1

z1(ω)
= −Hx(0, ω)

Ey(0, ω)
=

u′(0, ω)

iωu(0, ω)
=

1

iω
f(ω). (2)

Èññëåäîâàíèå çàäà÷è îïðåäåëåíèÿ ïàðàìåòðîâ ñðåäû áóäåì âåñòè, êàê
â ðàáîòå [1], â ïðåäïîëîæåíèè êóñî÷íî-àíàëèòè÷íîñòè σ(z) > 0 ïðè äîïîë-
íèòåëüíîì óïðîùàþùåì ïðåäïîëîæåíèè, ÷òî σ(z) = σ0 = const, íà÷èíàÿ
ñ íåêîòîðîé ãëóáèíû z : z ≥ z0. Îòìåòèì, ÷òî â ñèëó íåïðåðûâíîñòè êà-
ñàòåëüíûõ êîìïîíåíò ýëåêòðîìàãíèòíîãî ïîëÿ íà ïîâåðõíîñòÿõ ðàçðûâà
ôóíêöèè íåïðåðûâíû è óñëîâèåì èçëó÷åíèÿ íà áåñêîíå÷íîñòè áóäåò óñëî-
âèå

u(z, ω) → 0, z → ∞, (3)

åñëè Imλ2 ̸= −iωσ0.

Ëåììà 1. Ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèþ (3), ñóùå-

ñòâóåò è ôóíêöèÿ f(ω) îïðåäåëåíà îäíîçíà÷íî.

Äåéñòâèòåëüíî, åñëè ââåñòè îáîçíà÷åíèÿ

A1(z, λ/
√
ω) = Re

√
−iσ(z)− λ2/ω, A1(z, λ/

√
ω) > 0,

A2(z, λ/
√
ω) = Im

√
−iσ(z)− λ2/ω,
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òî îáùåå ðåøåíèå óðàâíåíèÿ (1), óäîâëåòâîðÿþùåå óñëîâèþ (3), â îáëàñòè
z ≥ z0 èìååò âèä

u(z, ω) = C exp{−
√
ω[A1(z0, λ/

√
ω) + iA2(z0, λ/

√
ω)]z},

ãäå C � ïðîèçâîëüíàÿ ïîñòîÿííàÿ. Ïðîäîëæàÿ ýòî ðåøåíèå íà îòðåçîê 0 ≤
z ≤ z0 (êàê çàäà÷ó Êîøè ñ äàííûìè î òî÷êå z = z0), ïîëó÷èì, ÷òî ôóíêöèÿ
u(z, ω) îïðåäåëåíà ñ òî÷íîñòüþ äî ìíîæèòåëÿ ïðîïîðöèîíàëüíîñòè C, ÷òî
è äîêàçûâàåò ëåììó.

Î÷åâèäíî, ÷òî óñëîâèÿìè u(0, ω) = 1 è (3) ðåøåíèå îïðåäåëÿåòñÿ îäíî-
çíà÷íî. Ïîýòîìó ìîæíî ïîëîæèòü u′(0, ω) = f(ω).

Òåîðåìà 1. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ îáðàòíàÿ çàäà÷à (1)�(3) èìå-
åò íå áîëåå îäíîãî ðåøåíèÿ ïðè âûñîêèõ ÷àcòîòàõ ω è ïðè íèçêèõ, åñëè

λ = ωλ0, λ � ëþáîå êîìïëåêñíîå ôèêñèðîâàííîå ÷èñëî.

Äîêàçàòåëüñòâî. Ïóñòü uk(z), k = 1, 2, ÿâëÿþòñÿ ðåøåíèÿìè óðàâíåíèÿ
(1) ñ óñëîâèÿìè u(0, ω) = 1 è (3) ïðè σ = σk(z) è fk(ω) = u′k(0, ω), k =
1, 2. Ïîêàæåì, ÷òî åñëè èìååò ìåñòî σ1 ̸= σ2, òî f1(ω) ̸= f2(ω). Âíà÷àëå
äîêàæåì òåîðåìó äëÿ âûñîêî÷àñòîòíûõ çîíäèðîâàíèé. Ïîëîæèì

u(z, ω) = exp{−
√
ω

z∫
0

[ρ(ξ, ω) + iφ(ξ, ω)]dξ}. (4)

Ïîäñòàâëÿÿ (4) â (1) äëÿ ôóíêöèè ρ, φ, èìååì ñèñòåìó óðàâíåíèé

µρ2 = ρ2 − φ2 + µ2Reλ2, ρ(z0, ω) = A1(z0, λµ),

µφ1 = 2φρ+ µ2Imλ2 + σ, φ(z0, ω) = A2(z0, λµ), (5)

µ = 1/
√
ω,

ãäå z ìåíÿåòñÿ îò z0 äî íóëÿ. Äëÿ äàëüíåéøåãî íàì íåîáõîäèìî àñèìïòî-
òè÷åñêîå ïîâåäåíèå ôóíêöèé ρ(z, ω), φ(z, ω) ïðè áîëüøèõ çíà÷åíèÿõ ω.

Çàäà÷à (5) ÿâëÿåòñÿ çàäà÷åé ñèíãóëÿðíîãî âîçìóùåíèÿ ñ ìàëûì ïàðà-
ìåòðîì µ [6]. Äëÿ èññëåäîâàíèÿ çàäà÷è (5) âîñïîëüçóåìñÿ òåîðåìîé Òè-
õîíîâà [6]. Äîñòàòî÷íî ïðîâåðèòü óñëîâèå óñòîé÷èâîñòè êîðíÿ, òàê êàê
îñòàëüíûå óñëîâèÿ ýòîé òåîðåìû âûïîëíåíû.
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Âûðîæäåííàÿ ñèñòåìà [6]

ρ2 − φ2 = 0,

2ρφ+ σ = 0

èìååò äâà êîðíÿ: ρ̄ = A1(z, 0) =

√
σ(z)
2 , φ̄ = A2(z, 0) = −

√
σ(z)
2 ; ρ̄ =

A1(z, 0), φ̄ = A2(z, 0). Ïåðâûé èç ýòèõ êîðíåé äëÿ ïðèñîåäèíåííîé ñè-
ñòåìû [6] ÿâëÿåòñÿ àñèìïòîòè÷åñêè óñòîé÷èâûì ïî Ëÿïóíîâó âëåâî îò z0.
Ñëåäîâàòåëüíî, ρ̄ = A1(z, 0), φ̄ = A2(z, 0) ÿâëÿåòñÿ óñòîé÷èâûì êîðíåì.
Îòìåòèì, ÷òî òàê êàê íà÷àëüíûå äàííûå ρ(z0, ω), φ(z0, ω) ïðè µ→ 0 ñîâ-
ïàäàþò ñî çíà÷åíèÿìè ρ̄(z0) = A1(z, 0), φ̄(z0) = A2(z, 0), òî óñëîâèå ïðè-
íàäëåæíîñòè íà÷àëüíûõ çíà÷åíèé îáëàñòè âëèÿíèÿ êîðíÿ âûïîëíåíî.

Ïîëîæèì

ρ(z, ω) = A1(z, 0) + ρ̂(z, ω), φ(z, ω) = A2(z, 0) + φ̂(z, ω), (6)

ãäå ôóíêöèè ρ̂, φ̂ îáëàäàþò ñëåäóþùèìè ñâîéñòâàìè: åñëè zk (k = 0, 1, ...)
� òî÷êà ðàçðûâà ïåðâîãî ðîäà ôóíêöèè σ(z) è â èíòåðâàëàõ zk+1 < z ≤ zk
íåò äðóãèõ òî÷åê ðàçðûâà, òî íàéäóòñÿ òàêèå γk è Nk, ÷òî

|ρ̂(z, ω)| ≤ Nk, |φ̂(z, ω)| ≤ Nk, zk −
γk√
ω

≤ z ≤ zk,

|ρ̂(z, ω)| = O

(
1√
ω

)
, zk+1 ≤ z ≤ zk −

γk√
ω
.

Ñëåäîâàòåëüíî, äëÿ ôóíêöèè

W (z, ω) =

z∫
0

[ρ̂(ξ, ω) + iφ(ξ, ω)]dξ (ρ̂ = φ̂ = 0, z ≥ z0)

èìååò ìåñòî îöåíêà

W (z, ω) = O

(
1√
ω

)
, 0 ≤ z <∞.

Óìíîæàÿ óðàâíåíèå (1) ïðè u = u1, σ = σ1 íà u2, à ïðè u = u2, σ = σ2
íà u1, âû÷èòàÿ èõ è èíòåãðèðóÿ îò íóëÿ äî ∞, ïîëó÷èì

u′1u2 − u′2u1
∣∣∞
z=0

= u′2 − u′1
∣∣
z=0

= iω

∞∫
0

σ̃(ξ)u1(ξ)u2(ξ)dξ =
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= f2(ω)− f1(ω) = f̃(ω), σ̃(z) = σ2(z)− σ1(z).

Ìû ñòðåìèìñÿ ïîêàçàòü, ÷òî f̃(ω) ̸= 0, åñëè σ1 ̸≡ σ2. Ïóñòü σ1 ≡ σ2 äëÿ
0 ≤ z ≤ z1 è σ1 ̸≡ σ2 â èíòåðâàëå z1 ≤ z ≤ z2, ïðè÷åì â ýòîì èíòåðâàëå
îòñóòñòâóþò òî÷êè ðàçðûâà êàê ôóíêöèè σ1(z), òàê è σ2(z).

Ïðåäïîëîæèì, ÷òî

σ̃(z) = a(z − z1)
n +D(z)(z − z1)

n+1,

ãäå ôóíêöèÿ D(z) îãðàíè÷åíà â (z1, z2), a � ïîñòîÿííàÿ, íå ðàâíàÿ íóëþ.
Âåäåì îáîçíà÷åíèÿ

ρj(z, ω) = A
(j)
1 (z, 0) + ρ̂j(z, ω), φj(z, ω) = A

(j)
2 (z, 0) + φ̂j(z, ω), j = 1, 2,

A(z) = [A
(1)
1 (z, 0) +A

(2)
1 (z, 0)] + i[A

(1)
2 (z, 0) +A

(2)
2 (z, 0)],

W̃j(z, ω) =W1(z, ω) +W2(z, ω), B(z) =

z∫
0

A(ξ)dξ,

Wj(z, ω) =

z∫
0

[ρ̂j(ξ, ω) + iφ̂j(z, ω)]dξ, j = 1, 2.

Òîãäà, âîñïîëüçîâàâøèñü ïðåäñòàâëåíèÿìè (4), (6) è èñïîëüçóÿ òåîðåìó
î ñðåäíåì, èìååì

J =

∞∫
0

σ̃(ξ)u1(ξ)u2(ξ)dξ = exp{−
√
ω[B(z1) + W̃ (z̄, ω)]}×

×

{
an!

[A(z1)
√
ω]n+1

+ q(z, ω)

}
+ V (z, ω),

q(z, ω) = D(z∗)
(n+ 1)!

[A(z1)
√
ω]n+2

, z1 ≤ z̄, z∗ ≤ z2,

ν(z, ω) = −exp{−
√
ω[B(z2) + W̃ (z̄, ω)]}×

×

{
a

n+1∑
j=1

[n!/(n+ 1− j)!](z2 − z1)
n+1−j

[A(z2)
√
ω]j

+
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+D(z∗)

n+2∑
j=1

[(n+ 1)!/(n+ 2− j)!](z2 − z1)
n+2−j

[A(z2)
√
ω]j

}
.

Îòñþäà èìååì àñèìïòîòè÷åñêóþ îöåíêó

J = O
(
e−

√
ωRe B(z1)

)
, Re B(z) =

z∫
0

(√
σ1(ξ)

2
+

√
σ2(ξ)

2

)
dξ,

èç êîòîðîé ñëåäóåò, ÷òî f̃(ω) ̸≡ 0.
Ïðè íèçêî÷àñòîòíûõ çîíäèðîâàíèÿõ, ïîëîæèâ λ = λ0ω äëÿ ôóíêöèè

ρ, φ, èìååì ñèñòåìó óðàâíåíèé

ρ′ =
√
ω(ρ2 − φ2) + (

√
ω)3Reλ20, ρ(z0, ω) = A1(z0,

√
ωλ0),

φ′ = 2
√
ωρφ+ (

√
ω)3Imλ20 +

√
ωσ, φ(z0, ω) = A2(z0,

√
ωλ0). (7)

Çàäà÷à (7) ÿâëÿåòñÿ çàäà÷åé ðåãóëÿðíîãî âîçìóùåíèÿ ñ ìàëûì ïàðàìåò-
ðîì

√
ω [3]. Ñîîòâåòñòâóþùàÿ âûðîæäåííàÿ çàäà÷à èìååò ðåøåíèå ρ̄(z) =

A1(z0, 0), φ̄(z) = A2(z0, 0). Ïîýòîìó

ρ̄(z) = A1(z0, 0) + ρ̂(z, ω), ρ̂(z, ω) = O(
√
ω),

φ̄(z) = A2(z0, 0) + φ̂(z, ω), φ̂(z, ω) = O(
√
ω).

Â ýòîì ñëó÷àå èíòåãðàë J âû÷èñëÿåòñÿ, êàê âûøå, ëèøü ñ òîé ðàçíèöåé,
÷òî A(z) ≡ A(z0), W̃ (z, ω) = O(

√
ω) è J = O

(
1

(
√
ω)n+1

)
, èç êîòîðîé òàêæå

ñëåäóåò, ÷òî f̃(ω) ̸≡ 0.

II. Ïóñòü â îáëàñòè ïàðàìåòð èìååò âèä

σ = diag(σ1, σ1, σ2), (8)

σi, i = 1, 2, � êóñî÷íî-àíàëèòè÷åñêèå ôóíêöèè è σi = σ0 = const, íà÷èíàÿ
ñ ãëóáèíû z0.

Ðàññìîòðèì âîïðîñ î åäèíñòâåííîñòè îïðåäåëåíèÿ σ â îáëàñòè z ≥ 0 ïî
èçâåñòíûì èìïåäàíñàì ïåðïåíäèêóëÿðíîé è ïàðàëëåëüíîé ïîëÿðèçàöèè.

Â ýòîì ñëó÷àå îáðàòíàÿ çàäà÷à ðàñïàäàåòñÿ íà ïîñëåäîâàòåëüíî ðå-
øàåìûå îáðàòíûå çàäà÷è. Â ñëó÷àå ïåðïåíäèêóëÿðíîé ïîëÿðèçàöèÿõ ïî
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èìïåäàíñó z⊥(ω) = −Hx(0,ω)
Ey(0,ω)

íàõîäèòñÿ σ1, â ñëó÷àå ïàðàëëåëüíîé ïîëÿðè-

çàöèè ïðè èçâåñòíîì σ1 íàõîäèòñÿ σ2 ïî èìïåäàíñó z∥(ω) =
Ex(0,ω)
Hy(0,ω)

. Ïåðâàÿ

çàäà÷à ïîëíîñòüþ ñîâïàäåò ñ çàäà÷åé, ðàññìîòðåííîé â ï.I.
Â ñëó÷àå ïàðàëëåëüíîé ïîëÿðèçàöèè èìååì óðàâíåíèå

u′′ − σ′1
σ1
u′ +

(σ1
σ2
λ2 + iωσ1

)
u = 0 (u ≡ Hy). (9)

Ïðè ýòîì

Z∥(ω) =
Ex(0, ω)

Hy(0, ω)
= − u′(0, ω)

σ1(0)u(0, ω)
= − 1

σ1(0)
ψ(ω) (10)

è èìååò ìåñòî Ëåììà 1 îòíîñèòåëüíî óðàâíåíèÿ (9) ñ óñëîâèåì (3), à òàêæå
è Òåîðåìà 1 îòíîñèòåëüíî îáðàòíîé çàäà÷è (9), (10), (3), çàêëþ÷àþùåéñÿ
â îïðåäåëåíèè σ2(z) ïðè èçâåñòíîì σ1(z).

Ââåäåì îáîçíà÷åíèÿ

h(z) = exp
(
−

z∫
0

(σ′1(ξ)/σ1(ξ))dξ
)
, g(z) = σ1(z)/σ1(z).

Óìíîæàÿ óðàâíåíèå (9) íà h(z), à çàòåì óìíîæàÿ åãî ïðè u = u1, g = g1
íà u2, à ïðè u = u2, g = g2 íà u1, äàëåå âû÷èòàÿ îäíî óðàâíåíèå èç äðóãîãî
è èíòåãðèðóÿ îò íóëÿ äî ∞, ïîëó÷èì

(u′2 − u′1)|z=0 =

∞∫
0

g̃(ξ)h(ξ)u1(ξ)u2(ξ)dξ = ψ̃(ω),

g̃ = g2 − g1, ψ̃ = ψ2 − ψ1. (11)

Ðåøåíèå óðàâíåíèÿ (9) èùåì â âèäå (4). Òîãäà èìååì çàäà÷ó ñèíãóëÿð-
íîãî âîçìóùåíèÿ:

µρ′ = ρ2 − φ2 +
σ′1
σ1
µρ+ µ2gReλ2, ρ(z0, ω) = A1(z0, µλ),

µφ′ = 2ρφ+
σ′1
σ1
µφ+ µ2gImλ2 + σ1, φ(z0, ω) = A2(z0, µλ)
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� âûðîæäåííàÿ çàäà÷à, êîòîðàÿ ñîâïàäàåò ñ âûðîæäåííîé çàäà÷åé äëÿ çà-
äà÷è (5) ïðè σ = σ1. Äàëüíåéøåå äîêàçàòåëüñòâî Òåîðåìû 1 îòíîñèòåëüíî
çàäà÷è (9), (10), (3) ïðè âûñîêèõ ÷àñòîòàõ ïðîâîäèòñÿ, êàê â ï.I. Î÷åâèäíî,
÷òî íàëè÷èå ôóíêöèè h(ξ) â ôîðìóëå (11) íå âëèÿåò íà äîêàçàòåëüñòâî.

Ïðè íèçêî÷àñòîòíûõ çîíäèðîâàíèÿõ èìååì çàäà÷ó

ρ′ =
σ′1
σ1
ρ+

√
ω(ρ2 − ω2) + (

√
ω)3Reλ20,

ρ(z0, ω) = A1(z0,
√
ωλ0),

φ′ =
σ′1
σ1
φ+

√
ω2ρφ+ (

√
ω)2Imλ20 +

√
ωσ1,

φ(z0, ω) = A2(z0,
√
ωλ0),

� âûðîæäåííàÿ çàäà÷à, êîòîðàÿ èìååò ðåøåíèå

ρ̄(z) = −φ̄(z) =
√
σ0
2
exp

( z∫
z0

(σ′1/σ1)dξ

)
.

Äàëüíåéøåå äîêàçàòåëüñòâî, êàê â ï.I, íî

A(z) = [ρ̄1(z) + ρ̄2(z)](1− i).

Òàêèì îáðàçîì, îêîí÷àòåëüíî èìååì.

Òåîðåìà 2. Ïðè ñäåëàííûõ ïðåäïîëîæåíèÿõ îòíîñèòåëüíî ôóíêöèé

σi, i = 1, 2, çàäà÷à îïðåäåëåíèÿ ïàðàìåòðà σ â ñëó÷àå ñðåäû ñ àíèçîòðî-

ïèåé âèäà (8) èìååò íå áîëåå îäíîãî ðåøåíèÿ ïðè âûñîêèõ ÷àñòîòàõ ω è

ïðè íèçêèõ, åñëè λ = ωλ0, λ0 � ëþáîå ôèêñèðîâàííîå êîìïëåêñíîå ÷èñëî.
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Bidaibekov E.Y. RESEARCH OF A UNIQUENESS OF SOLUTIONS
OF INVERSE PROBLEMS OF MAGNETO-TELLURIC PROBING BY
ASYMTOTIC METHOD

In the work of Tichonov A.N. [1] there was examined a question of
a uniqueness of solutions of the problem of determining of the electrical
characteristics at normal incidence of homogeneous plane waves in di�usion
approximation, when the displacement currents are neglected. In this paper
some inverse problems of magneto-telluric probing (MTP) in di�usion
approximation at inclined incidence of inhomogeneous plane wave by method
of work [1] are studied.

Áèäàéáåêîâ Å.Û. ÌÀÃÍÈÒÒIÊ-ÒÅËËÓÐÈßËÛ� ÇÎÍÄÒÀÓÄÀ�Û
ÊÅÐI ÅÑÅÏÒÅÐÄI� ØÅØIÌÄÅÐIÍI� ÆÀË�ÛÇÄÛ�ÛÍ ÀÑÈÌÒÎ-
ÒÈÊÀËÛ� �ÄIÑÏÅÍ ÇÅÐÒÒÅÓ

À.Í. Òèõîíîâòû­ [1] æ´ìûñûíäà áiðòåêòi æàçû© òîë©ûíäàðäû­ ©à-
ëûïòû ©´ëàóû êåçiíäå ýëåêòðëiê ñèïàòòàìàíû àíû©òàó òóðàëû åñåïòi­
øåøiìäåðiíi­ æàë¡ûçäû¡û ìºñåëåñi û¡ûñó òî¡û åëåíáåéòií æà¡äàéäà ©à-
ðàñòûðûë¡àí. Àòàëìûø æ´ìûñòà, ìàãíèòòiê-òåëëóðèÿëû© çîíäòàóäû­
(ÌÒÇ) êåéáið êåði åñåïòåði äèôôóçèÿëû© æóû©òàóäà áiðòåêòi åìåñ æàçû©
òîë©ûíäàðäû­ ê°ëáåé ©´ëàóû êåçiíäå [1] æ´ìûñûíäà¡û ºäiñiìåí çåðòòå-
ëåäi.
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Annotation: There is studied the problem for the parabolic equation with a time

derivative in the boundary condition. The case when the zero order compatibility

condition of the boundary and initial data is not ful�lled is considered. It is proved

that the problem has a unique solution containing the singular and regular ones which

belong to the weighted and classical H�older spaces respectively.
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boundary data, unique solvability, H�older space.

1. Introduction. Statement of the problem. Main result

When we study the boundary value problems in the H�older space
C

2+l,1+l/2
x t (ΩT ), l � positive noninteger, we should require the ful�llment of

the compatibility conditions of the initial and boundary data, this guarantees
the continuous of the solutions and all their derivatives of the acceptable orders
and the boundedness of the H�older constants of the highest derivatives in the
closure of the domain ΩT .

The compatibility conditions are the functional identities on the boundary
of a domain at the initial moment connecting all given functions of the problem.

Let the boundary value problem be the mathematical model of a real
physical process which begins at t = T ∗ > 0. If this process goes continuously,
then for every initial moment T0 > T ∗ the compatibility conditions on the
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boundary of a domain at the initial moment t = T0 will be ful�lled. If we
study the process from the very beginning or from the moment when the
characteristics of the process (given functions, coe�cients, parameters) have
jump-like changes, then the compatibility conditions are not full�lled, but the
process will go and the problem may have solution.

Thus, the problems with the incompatible initial and boundary data also
have the physical sense.

In [1]�[3] there were considered the model (with constant coe�cients) one
dimensional �rst, second boundary value problems, the conjunction problem
and a problem with a time derivative in the boundary condition for the heat
equations with the incompatible initial and boundary data. Multidimensional
problems with incompatible conditions on the boundary at the initial moment
were studied in [4], [5].

This paper is a continuation of the previous one [3]. We shall study the
problems with the arbitrary coe�cients depending on the variables x and t.

Let D := R1
+ = {x : x > 0}, DT := D × (0, T ), Dδ0 := (0, δ0), δ0 > 0

Dδ0 T := Dδ0 × (0, T ), D′ := D \Dδ0 , D′
T := D′ × (0, T ), σT := (0, T ).

Consider the problem with the unknown function u(x, t)

∂tu− a1(x, t) ∂
2
xu− a2(x, t) ∂xu− a3(x, t)u = f(x, t) in DT , (1)

u |t=0= u0(x) in D, (2)(
∂tu− b1(t) ∂xu+ b2(t)u

)
|x=0= φ(t), t ∈ σT . (3)

Here a(x, t) ≥ d0 = const > 0 ∀(x, t) ∈ DT ; b(t) ≥ d1= const > 0 ∀t ∈ σT ;
∂k
t = ∂k/∂tk, ∂k

x = ∂k/∂xk, Dt = d/dt, k = 1, 2, ....

Let α ∈ (0, 1). We shall study the problem (1)�(3) in the classical and
weighted H�older spaces. We determine them.

By C
2+α,1+α/2
x t (DT ) we shall denote the Banach space of the functions

u(x, t) with the norm [6]

| u |(2+α)
DT

= | ∂2
xu |DT

+ | ∂tu |DT
+ | ∂xu |DT

+ | u |DT

+
∑

2j0+j=2

(
[∂j0

t ∂j
xu]

(α)

x,DT
+ [∂j0

t ∂j
xu]

(α/2)

t,DT

)
+
[
∂xu

]( 1+α
2

)

x,DT
,
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where | υ |DT
= sup

(x,t)∈DT

| υ |,

[υ]
(α)
x,DT

= sup
(x,t),(z,t)∈DT

| υ(x, t)− υ(z, t) |
| x− z |α

,

[υ]
(α)
t,DT

= sup
(x,t),(x,t1)∈DT

| υ(x, t)− υ(x, t1) |
| t− t1 |α

.

By C2+α
α (Dδ0 T ) we shall denote the Banach space of the functions u(x, t)

with the norm [7]

| u |C2+α
α (Dδ0 T ) = | ∂2

xu |DT
+ | ∂tu |DT

+ | ∂xu |DT
+ | u |DT

+
∑

2j0+j=2

(
[(x2 + t)α/2∂j0

t ∂j
xu]

(α)
x,Dδ0 T

+ [(x2 + t)α/2∂j0
t ∂j

xu]
(α/2)
t,Dδ0 T

)
+[(x2 + t)α/2∂xu]

( 1+α
2

)

t,Dδ0 T
(4)

+
∑

2j0+j=2

(
[∂j0

t ∂j
xu]

(α)
x,D′

T
+ [∂j0

t ∂j
xu]

(α/2)
t,D′

T

)
+ [∂xu]

( 1+α
2

)

t,D′
T

.

As it is seen from the formula (4) the H�older constants of the highest
derivatives of the function u(x, t) have the singularity in the vicinity of a
boundary x = 0 and an initial moment t = 0.

By C
1+α
2 (σT ) we denote the classical H�older space of the functions u(t)

with the norm
| u |(

1+α
2

)
σT = |u|σT +

[
u
]( 1+α

2
)

σT
.

Now we determine the compatibility condition of zero order for the problem
(1) � (3) [6].

From the equation (1) we �nd the time derivative

∂tu = a1(x, t)∂
2
xu+ a2(x, t)∂xu+ a3(x, t)u+ f(x, t),

and substitute it into the boundary condition (3)(
a1(x, t)∂

2
xu+ a2(x, t)∂xu+ a3(x, t)u+ f(x, t)− b1(t)∂xu+ b2(t)u

)
|x=0 = φ(t),
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then letting t = 0 and applying the initial condition (2) we shall have

a1(0, 0)u
′′
0(0)+a2(0, 0)u

′
0(0)+a3(0, 0)u0(0)+f(0, 0)−b1(0)u

′
0(0)+b2(0)u = φ(0).

This identity is the zero order compatibility condition for the problem (1)�(3).
We denote

A0 := φ(0)−
(
a1(0, 0)u

′′
0(0) + a2(0, 0)u

′
0(0) + a3(0, 0)u0(0) + f(0, 0)

−b1(0)u
′
0(0) + b2(0)u(0, 0)

)
. (5)

We can see that nonful�llment of the compatibility condition of zero order
means that A0 ̸= 0, and if A0 = 0, then the compatibility condition of zero
order takes place.

We shall consider the case when A0 ̸= 0.

Theorem 1. Let α ∈ (0, 1), a1(x, t), a2(x, t), a3(x, t) ∈ C
α, α/2
x t (DT );

b1(t), b2(t) ∈ C
1+α
2 (σT ), b(t) ≥ b0 = const > 0 ∀t ∈ σT .

For every functions u0(x) ∈ C2+α(D), f(x, t) ∈ C
α, α/2
x t (DT ), φ(t) ∈

C
1+α
2 (σT ) do no satisfying on the boundary x = 0 the compatibility condition

of zero order (i.e. A0 ̸= 0, where A0 is determined by formula (5)), the

problem (1)-(3) has a unique solution u(x, t) = V (x, t) + v(x, t), such that

V (x, t) ∈ C2+α
α (Dδ0 T ), v(x, t) ∈ C

2+α,1+α/2
x t (DT ), ∂tv(x, t) ∈ C

1+α, 1+α
2

x t (σT ),
and the estimates for the singular and regular solutions are ful�lled

|V |C2+α
α (Dδ0 T ) ≤ C1|A0| (6)

|v|(2+α)
DT

+ |∂tv(0, t)|
( 1+α

2
)

σT ≤ C2

(
|u0|(2+α)

D + |f |(α)DT
+ |φ−A0|

( 1+α
2

)
σT

)
(7)

2. Proof of theorem 1

For to extract the singular solution of the problem (1)�(3) we consider the
auxiliary problem

∂tV − a1(x, t) ∂
2
xV − a2(x, t) ∂xV − a3(x, t)V = 0 in DT , (8)

V |t=0= 0 in D, (9)(
∂tV − b1(t) ∂xV + b2(t)V

)∣∣
xn=0

= A0, t ∈ σT . (10)
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We can see that for this problem (8)�(10) the compatibility condition of a
zero order is not ful�lled.

On the basis of solving of this problem there is a model one with unknown
function V0(x, t)

∂tV0 − a1(0, 0) ∂
2
xV0 = 0 in DT ,

V0 |t=0= 0 in D, (11)(
∂tV0 − b1(0) ∂xV0

)∣∣
xn=0

= A0, t ∈ σT .

In [3] with the help of Laplace transform there was constructed the solution
of the problem (11) in the explicit form

V0(x, t) = A0

∫ t

0
erfc

x+ b(0)σ

2
√

a(0, 0)(t− σ)
dσ, (12)

where

erfcz :=
2√
π

∫ ∞

z
e−ζ2dζ

is an integral of probability.
This function and it's derivative ∂xV0(x, t) are continuous in DT , but the

derivatives

∂tV0(x, t) = a(0, 0)∂2
xV0(x, t) = A0erfc

x

2
√

a(0, 0)t
−A0J(x, t),

J(x, t) =
b(0)√
a(0, 0)π

∫ t

0

1√
t− σ

e
− (x+b(0)σ)2

4a(0,0)(t−σ)dσ

are bounded, but discontinuous functions at the point x = 0, t = 0 and their
H�older constants are singular in the vicinity of the boundary x = 0 and initial
moment t = 0. Really, by the direct evaluations of the function V0(x, t) we can
obtain the estimates

|∂tV0(x, t)− ∂tV0(x, t1)|
|t− t1|α/2

≤ C3|A0|
1

(x2 + t)α/2
, (x, t), (x, t1) ∈ Dδ0 T , (13)

|∂xV0(x, t)− ∂xV0(x, t1)|
|t− t1|

1+α
2

≤ C4|A0|
1

(x2 + t)α/2
, (x, t), (x, t1) ∈ Dδ0 T , (14)
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|∂tV0(x, t)− ∂tV0(z, t)|
|x− z|α

≤ C5|A0|
1

(x2 + t)α/2
, (x, t), (z, t) ∈ Dδ0 T , (15)

here α ∈ (0, 1), δ0 = const > 0. The derivative ∂2
xV0(x, t) satis�es the

same estimates as ∂tV0(x, t). From the estimates (13)�(15) it is seen that the
expressions in the left hand sides are bounded in D′

T by the value

C6 |A0|
1

(δ20 + t)α/2
≤ C6 |A0|

1

δα0
= C7|A0| in Dδ0 T ,

here C6 =max(C3, C4, C5).
From (13)�(15) we shall have

[(x2 + t)α/2∂tu]
(α/2)
t,Dδ0 T

, [(x2 + t)α/2∂2
xu]

(α/2)
t,Dδ0 T

, [(x2 + t)α/2∂tu]
(α)
x,Dδ0 T

,

[(x2 + t)α/2∂2
xu]

(α)
x,Dδ0 T

, [(x2 + t)α/2∂xu]
( 1+α

2
)

t,Dδ0 T
≤ C8|A0|. (16)

The estimates (16) show that the H�older constants have the singularity of
the order (x2 + t)−α/2 at x = 0, t = 0. We point out also that x is a distance
from the point x and a boundary x = 0.

Thus, the function V0(x, t) belongs to the weighted H�older space
C2+α
α (Dδ0 T ) .
With the help of the solution (12) of the model problem (11) by standard

Schauder method of the covering of the domain D by the intervals of the small
length and partition of a unit subordinated to this overlapping of domain
we prove that the solution of the problem (8)�(10) belongs to the space
C2+α
α (Dδ0 T ) and satis�es an estimate (6)

|V |C2+α
α (Dδ0 T ) ≤ C1|A0|.

Now in the problem (1)�(3) we make the substitution

u(x, t) = V (x, t) + v(x, t),

and obtain for the function v(x, t) the problem

∂tv − a1(x, t) ∂
2
xv − a2(x, t) ∂xv − a3(x, t) v = f(x, t) in DT , (17)

v |t=0= u0(x) in D, (18)
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(
∂tv − b1(t) ∂xv + b2(t)v

)
|x=0= φ(t)−A0, t ∈ σT . (19)

For the problem (17)�(19) the compatibility condition is ful�lled. Really,
remembering that

A0 := φ(0)−
(
a1(0, 0)u

′′
0(0) + a2(0, 0)u

′
0(0) + a3(0, 0)u0(0) + f(0, 0)

−b1(0)u
′
0(0) + b2(0)u0(0)

)
,

from the boundary condition (19) we shall have(
a1(x, t) ∂

2
xv + a2(x, t) ∂xv + a3(x, t) v + f(x, t)− b1(t)∂xv + b2(t)v

)∣∣
x=0

= φ(t)−A0,

then letting t = 0 we obtain

(a1(0, 0)u
′′
0 + a2(0, 0)u

′
0(0) + a3(0, 0)u0(0) + f(0, 0)− b1(0)u

′
0 + b2(t)u0(0)

)
= φ(0)−A0.

This identity is the compatibility condition of the zero order for the problem
(17)�(19). Due to this and the conditions of the theorem 1 it follows [8] that the

problem (17)�(19) has a unique solution v(x, t) ∈ C
2+α,1+α/2
x t (DT ), ∂tv(0, t) ∈

C
1+α
2 (σT ) and it satis�es an estimate (7)

|v|(2+α)
DT

+ |∂tv(0, t)|
( 1+α

2
)

σT ≤ C2

(
|u0|(2+α)

D + |f |(α)DT
+ |φ−A0|

( 1+α
2

)
σT

)
.

Remembering that u(x, t) = V (x, t) + v(x, t) we obtain theorem 1. �
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Èçó÷àåòñÿ çàäà÷à äëÿ ïàðàáîëè÷åñêîãî óðàâíåíèÿ ñ ïðîèçâîäíîé ïî
âðåìåíè â ãðàíè÷íîì óñëîâèè. Ðàññìàòðèâàåòñÿ ñëó÷àé, êîãäà íå âûïîë-
íåíî óñëîâèå ñîãëàñîâàíèÿ ãðàíè÷íûõ è íà÷àëüíûõ äàííûõ íóëåâîãî ïî-
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1. Ââåäåíèå

Ïóñòü I = (a, b), −∞ ≤ a < b ≤ ∞, 1 < p, q < ∞,
1

p
+

1

p′
è
1

q
+

1

q′
. Ïóñòü

ω è v � íåîòðèöàòåëüíûå, èçìåðèìûå è ï.â. êîíå÷íûå íà I ôóíêöèè òàêèå,
÷òî ω−q′ , ωq, vp

′
è v−p′ ëîêàëüíî ñóììèðóåìû íà I.

Ìíîæåñòâî âñåõ èçìåðèìûõ íà I ôóíêöèé f òàêèõ, ÷òî

∥f∥p,v ≡ ∥vf∥p =

 b∫
a

|vf |p


1
p

< ∞,
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îáîçíà÷èì ÷åðåç Lp,v ≡ Lp(v, I).
Ïóñòü M ↓ è M ↑ � ñîîòâåòñòâåííî ìíîæåñòâà íåâîçðàñòàþùèõ è

íåóáûâàþùèõ íà I ôóíêöèé.
Äëÿ èíòåãðàëüíûõ îïåðàòîðîâ

K−f(x) =

β(x)∫
α(x)

K(s, x)f(s)ds, (1)

K+f(x) =

β(x)∫
α(x)

K(x, s)f(s)ds (2)

ðàññìîòðèì íåðàâåíñòâà

∥ωK−f∥q ≤ C∥vf∥p, f ∈ M ↓, (3)

∥ωK+f∥q ≤ C∥vf∥p, f ∈ M ↑, (4)

ãäå íà ãðàíè÷íûå ôóíêöèè α è β íàêëàäûâàþòñÿ ñëåäóþùèå óñëîâèÿ:
(i) α(x) è β(x) � äèôôåðåíöèðóåìûå è ñòðîãî âîçðàñòàþùèå ôóíêöèè

íà I;
(ii) α(x) < β(x) äëÿ ëþáîãî x ∈ I è lim

x→a+
α(x) = lim

x→a+
β(x) = a,

lim
x→b−

α(x) = lim
x→b−

β(x) = b.

Â ñëó÷àå, êîãäà K(x, s) ≡ 1, îïåðàòîð (1) îáîçíà÷àåòñÿ

Hf(x) =

β(x)∫
α(x)

f(s)ds (5)

è íàçûâàåòñÿ îïåðàòîðîì Õàðäè-Ñòåêëîâà [1].
Â ïîñëåäíèå äåñÿòèëåòèÿ íà÷àëèñü èíòåíñèâíûå èññëåäîâàíèÿ âîïðî-

ñîâ îãðàíè÷åííîñòè è êîìïàêòíîñòè îïåðàòîðîâ (5), (1) è (2) â âåñîâûõ
ïðîñòðàíñòâàõ Ëåáåãà [1]�[6] è áàíàõîâûõ ôóíêöèîíàëüíûõ ïðîñòðàíñòâàõ
[7].

Îñíîâíûì ìåòîäîì â ýòèõ èññëåäîâàíèÿõ ÿâëÿåòñÿ áëî÷íî-
äèàãîíàëüíûé ìåòîä Áàòóåâà-Ñòåïàíîâà [6], âïåðâûå ïîÿâèâøèéñÿ â
[8].
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Îïåðàòîðû âèäà (1) è (2) âñòðå÷àþòñÿ â ðàçëè÷íûõ çàäà÷àõ (ñì., íà-
ïðèìåð, [9], [10]).

Ñ íà÷àëà 90-õ ãîäîâ ïðîøëîãî ñòîëåòèÿ, â ñâÿçè ñ õàðàêòåðèçàöèåé
îãðàíè÷åííîñòè è îöåíêàìè íîðì êëàññè÷åñêèõ îïåðàòîðîâ â âåñîâûõ ïðî-
ñòðàíñòâàõ Ëîðåíöà, ñòàëî áóðíî ðàçâèâàòüñÿ èññëåäîâàíèå íåðàâåíñòâ òè-
ïà (3) è (4) äëÿ ðàçëè÷íûõ êëàññîâ îïåðàòîðîâ íà ìíîæåñòâå ìîíîòîííûõ
ôóíêöèé [11]�[14]. Ïî÷òè ñ ìîìåíòà âîçíèêíîâåíèÿ çàäà÷è èññëåäîâàíèÿ
âåñîâûõ íåðàâåíñòâ äëÿ îïåðàòîðîâ íà êîíóñå ìîíîòîííûõ ôóíêöèé îñíîâ-
íûì ìåòîäîì èçó÷åíèÿ òàêèõ îöåíîê ñòàë "ìåòîä ðåäóêöèè", ñóòüþ êîòîðî-
ãî ÿâëÿåòñÿ ñâåäåíèå äàííîãî íåðàâåíñòâà íà êîíóñå ìîíîòîííûõ ôóíêöèé
ê íåêîòîðîìó íåðàâåíñòâó íà ìíîæåñòâå íåîòðèöàòåëüíûõ ôóíêöèé.

Âïåðâûå â ðàáîòå Å. Ñîéåðà [11] áûë óñòàíîâëåí ìåòîä ðåäóêöèè íåðà-
âåíñòâà òèïà (3) äëÿ ëèíåéíûõ ïîëîæèòåëüíûõ îïåðàòîðîâ íà ìíîæåñòâå
íåâîçðàñòàþùèõ ôóíêöèé ê íåêîòîðîìó íåðàâåíñòâó äëÿ íåîòðèöàòåëüíûõ
ôóíêöèé. Ýòîò ìåòîä â ìàòåìàòè÷åñêîé ëèòåðàòóðå íàçûâàåòñÿ "ïðèíöèï
äâîéñòâåííîñòè Ñîéåðà" (äàëåå äëÿ êðàòêîñòè "ïðèíöèï Ñîéåðà"). Â ðà-
áîòàõ [12], [14] äàíî ðàñïðîñòðàíåíèå ýòîãî ïðèíöèïà äëÿ íåóáûâàþùèõ
ôóíêöèé.

Â íàñòîÿùåå âðåìÿ èçâåñòíî ìíîãî ðàáîò, óñòàíàâëèâàþùèõ íåðàâåí-
ñòâà òèïà (3) è (4) äëÿ ðàçëè÷íûõ êëàññîâ îïåðàòîðîâ ñ ïîìîùüþ ïðèíöèïà
Ñîéåðà (ñì., íàïðèìåð, [15]�[18]).

Íåäàâíî, ðàçâèâàÿ ïðèíöèï Ñîéåðà, â ðàáîòå À. Ãîãàòèøâèëè è Â.Ä.
Ñòåïàíîâà [19] ïðåäñòàâëåí ìåòîä ðåäóêöèè, ïîçâîëÿþùèé ñâîäèòü âåñî-
âûå íåðàâåíñòâà äëÿ ïîëîæèòåëüíûõ, íåîáÿçàòåëüíî ëèíåéíûõ îïåðàòî-
ðîâ íà êîíóñå ìîíîòîííûõ ôóíêöèé ê íåêîòîðûì âåñîâûì íåðàâåíñòâàì
íà ìíîæåñòâå íåîòðèöàòåëüíûõ ôóíêöèé.

Õîòÿ, êàê ñêàçàíî âûøå, îãðàíè÷åííîñòü îïåðàòîðîâ (1) è (2) èç Lp,v

â Lq,ω èçó÷åíà äîñòàòî÷íî õîðîøî, íåðàâåíñòâà âèäà (3) è (4) èññëåäîâà-
íû òîëüêî äëÿ îïåðàòîðà Õàðäè-Ñòåêëîâà [5], [20]. Êîãäà ôóíêöèÿ K(·, ·)
çàâèñèò îò îáåèõ ïåðåìåííûõ, çàäà÷à äëÿ ìîíîòîííûõ ôóíêöèé îñòàåò-
ñÿ îòêðûòîé. Çàäà÷à îñòàåòñÿ íåèññëåäîâàííîé äàæå â òîì ñëó÷àå, êîãäà
ôóíêöèÿ K(·, ·) óäîâëåòâîðÿåò óñëîâèþ ðàáîò [1]�[5], â êîòîðûõ ïîëó÷åíû
êðèòåðèè îãðàíè÷åííîñòè îïåðàòîðîâ (1) è (2) èç Lp,v â Lq,ω.

Â äàííîé ðàáîòå ïðåäñòàâëåíû êðèòåðèÿ âûïîëíåíèÿ íåðàâåíñòâ (3)
è (4), êîãäà ôóíêöèÿ K(·, ·) óäîâëåòâîðÿåò áîëåå ñëàáîìó óñëîâèþ, ÷åì â
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ðàáîòàõ [1]�[5].
Â íàññòîÿùåé ðàáîòå ñîîòíîøåíèå A << B îçíà÷àåò A ≤ cB, ãäå êîí-

ñòàíòà c > 0 ìîæåò çàâèñåòü òîëüêî îò íåñóùåñòâåííûõ ïàðàìåòðîâ, ïðè-
÷åì A ≈ B âìåñòî A << B << A.

2. Èñïîëüçóåìûå ïîíÿòèÿ è óòâåðæäåíèÿ

Â ñòàòüå ìû îïóñêàåì äîêàçàòåëüñòâà îñíîâíûõ ðåçóëüòàòîâ, òàê êàê
ðàáîòà èìååò îïèñàòåëüíûé õàðàêòåð. Îäíàêî, â äàííîì ðàçäåëå ìû ïðèâî-
äèì "ïðèíöèï Ñîéåðà" è íåêîòîðûå óòâåðæäåíèÿ, êîòîðûå èñïîëüçóþòñÿ
â ýòèõ äîêàçàòåëüñòâàõ, ñ öåëüþ ïðîèëëþñòðèðîâàòü ðàçâèòèå èññëåäîâà-
íèÿ ðàññìàòðèâàåìîé çàäà÷è.

"Ïðèíöèï Ñîéåðà" çàêëþ÷àåòñÿ â ñëåäóþùåì [11], [19]. Ïóñòü 1 <

p, q < ∞ è Tf(x) =
b∫
a
G(x, s)f(s)ds, G(x, s) ≥ 0. Òîãäà íåðàâåíñòâî

∥ωTf∥q ≤ C−∥vf∥p, f ∈ M ↓ (6)

ýêâèâàëåíòíî íåðàâåíñòâó

 b∫
a

 x∫
a

T ∗g(s)ds

p′

V −p′

− (x)vp
′
(x)dx


1
p′

+

(
b∫
a
T ∗g(s)ds

)
(V−(b))

1
p

≤

≤ C̃−

 b∫
a

(g(x)ω−1(x))q
′
dx


1
q′

(7)

äëÿ g ≥ 0, à íåðàâåíñòâî

∥ωTf∥q ≤ C+∥vf∥p, f ∈ M ↑ (8)

ýêâèâàëåíòíî íåðàâåíñòâó

 b∫
a

 b∫
x

T ∗g(s)ds

p′

V −p′

+ (x)vp
′
(x)dx


1
p′

+

(
b∫
a
T ∗g(s)ds

)
(V+(a))

1
p

≤
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≤ C̃+

 b∫
a

(g(x)ω−1(x))q
′
dx


1
q′

(9)

äëÿ g ≥ 0, ãäå

V−(x) =

x∫
a

v−p′(t)dt, V+(x) =

b∫
x

v−p′(t)dt,

V−(b) = lim
x→b−

V−(x), V+(a) = lim
x→a+

V+(x).

Ïðè ýòîì íàèìåíüøèå êîíñòàíòû â (6) è (7), â (8) è (9) ýêâèâàëåíòíû, ò.å.
C∓ ≈ C̃∓.

Èç ëåìì 2.1 è 2.2 ðàáîòû [1] ñëåäóåò

Ëåììà A. Ïóñòü 1 < p ≤ q < ∞. Òîãäà äëÿ íîðìû Lp,v → Lq,ω îïåðàòîðîâ

H+f(x) =

α(x)∫
a

f(s)ds, H−g(s) =

b∫
β(s)

g(x)dx

èìåþò ìåñòî ñîîòíîøåíèÿ

∥H+∥ ≈ sup
t∈I

 b∫
t

ωq(x)dx


1
q

 α(t)∫
a

up
′
(s)v−p′(s)ds


1
p′

,

∥H−∥ ≈ sup
t∈I

 t∫
a

ωq(x)dx


1
q

 b∫
β(t)

up
′
(s)v−p′(s)ds


1
p′

.

Ïðèâåäåì èç [6] îïðåäåëåíèÿ êëàññîâ ÿäåð îïåðàòîðîâ (1) è (2) è ðå-
çóëüòàòû äëÿ ýòèõ êëàññîâ.

Ïóñòü ôóíêöèÿK+(·, ·) ≥ 0 îïðåäåëåíà è èçìåðèìà íà ìíîæåñòâå Ω+ ≡
Ω+
α,β = {(x, s) : a < x < b, α(x) ≤ s ≤ β(x)} è íåóáûâàþùàÿ ïî ïåðâîìó

àðãóìåíòó.
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Äëÿ öåëîãî n ≥ 0 îïðåäåëèì êëàññû O+
n (α, β(·),Ω+). Êëàññ

O+
0 (α, β(·),Ω+) ñîñòîèò èç ôóíêöèé âèäà K+(x, s) ≡ K+

0 (x, s) = v(s) ïðè
âñåõ (x, s) ∈ Ω+. Ïóñòü îïðåäåëåíû êëàññû O+

i (α, β(·),Ω+), i = 0, 1, ..., n−1,
n ≥ 1. Ôóíêöèÿ K+(·, ·) ïðèíàäëåæèò O+

n (α, β(·),Ω+) òîãäà è òîëüêî òî-
ãäà, êîãäà ñóùåñòâóþò îïðåäåëåííûå è èçìåðèìûå íà Ωa,b = {(x, z) :
a < z ≤ x < b} ôóíêöèè K+

n,i(x, z) ≥ 0, i = 0, 1, ..., n − 1, è ôóíêöèè

K+
i (·, ·) ∈ O+

i (α, β(·),Ω+), i = 0, 1, ..., n− 1, òàêèå, ÷òî

K+(x, s) ≡ K+
n (x, s) ≈

n∑
i=0

K+
n,i(x, z)K

+
i (z, s), K+

n,n(x, z) ≡ 1 (10)

ïðè
a < z ≤ x < b, α(x) ≤ s ≤ β(z),

ãäå êîíñòàíòû ýêâèâàëåíòíîñòè â (10) íå çàâèñÿò îò x, z è s.
Ïóñòü òåïåðü ôóíêöèÿ K−(·, ·) ≥ 0 îïðåäåëåíà è èçìåðèìà íà ìíîæå-

ñòâå Ω− ≡ Ω−
α,β = {(x, s) : a < s < b, α(s) ≤ x ≤ β(s)} è íåâîçðàñòàþùàÿ

ïî âòîðîìó àðãóìåíòó. Îïðåäåëèì êëàññû Ω−
n (α(·), β,Ω−), n ≥ 0. Ê êëàññó

Ω−
0 (α(·), β,Ω−) îòíåñåì âñå ôóíêöèè âèäà K−(x, s) ≡ K−

0 (x, s) = u(x) ïðè
âñåõ (x, s) ∈ Ω−. Ïóñòü îïðåäåëåíû êëàññû O−

i (α(·), β,Ω−), i = 0, 1, ..., n−1,
n ≥ 1. Òîãäà ôóíêöèÿ K−(·, ·) ïðèíàäëåæèò êëàññó O−

n (α(·), β,Ω−) òîãäà
è òîëüêî òîãäà, êîãäà ñóùåñòâóþò ôóíêöèè K−

i,n(z, s) i = 0, 1, ..., n − 1,

îïðåäåëåííûå è èçìåðèìûå íà ìíîæåñòâå Ωa,b, è ôóíêöèè K−
i (x, z) ∈

O−
i (α(·), β,Ω−), i = 0, 1, ..., n− 1, òàêèå, ÷òî

K−(x, s) ≡ K−
n (x, s) ≈

n∑
i=0

K−
i (x, z)K−

i,n(z, s), Kn,n(·, ·) ≡ 1 (11)

ïðè
a < s ≤ z < b, α(z) ≤ x ≤ β(s),

ãäå êîíñòàíòû ýêâèâàëåíòíîñòè â (11) íå çàâèñÿò îò x, t è s.
Îòìåòèì, ÷òî Ω+

α,β = Ω−
β−1,α−1 .

Ïîëîæèì

A+
1 ≡ sup

z∈I
sup

y∈∆−(z)


z∫

y

ωq(x)

 β(y)∫
α(z)

Kp′(x, s)v−p′(s)ds


q
p′

dx


1
q

,
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A+
2 ≡ sup

z∈I
sup

y∈∆−(z)


β(y)∫

α(z)

v−p′(s)

 z∫
y

Kq(x, s)ωq(x)dx


p′
q

ds


1
p′

,

A−
1 ≡ sup

z∈I
sup

y∈∆+(z)


y∫

z

ωq(s)

 β(z)∫
α(y)

Kp′(x, s)v−p′(x)dx


q
p′

ds


1
q

,

A−
2 ≡ sup

z∈I
sup

y∈∆+(z)


β(z)∫

α(y)

v−p′(x)

 y∫
z

Kq(x, s)ωq(s)ds


p′
q

dx


1
p′

,

ãäå ∆+(z) = [z, α−1(β(z))], ∆−(z) = [β−1(α(z)), z].

Òåîðåìà A− [6]. Ïóñòü 1 < p ≤ q < ∞. Åñëè ÿäðî îïåðàòîðà (1) ïðèíàä-
ëåæèò êëàññó O−

n (α(·), β,Ω−)
∪

O+
n (β

−1, α−1(·),Ω−), n ≥ 0, òî îïåðàòîð (1)
îãðàíè÷åí èç Lp,v â Lq,ω òîãäà è òîëüêî òîãäà, êîãäà A−

1 < ∞ èëè A−
2 < ∞,

ïðè ýòîì ∥K−∥ ≈ A−
1 ≈ A−

2 , ãäå ∥K−∥ � Lp,v → Lq,ω � íîðìà îïåðàòîðà

(1).

Òåîðåìà A+ [6]. Ïóñòü 1 < p ≤ q < ∞. Åñëè ÿäðî îïåðàòîðà (2) ïðèíàä-
ëåæèò êëàññó O+

n (α(·), β,Ω+)
∪

O−
n (β

−1, α−1(·),Ω+), n ≥ 0, òî îïåðàòîð (2)
îãðàíè÷åí èç Lp,v â Lq,ω òîãäà è òîëüêî òîãäà, êîãäà A+

1 < ∞ èëè A+
2 < ∞,

ïðè ýòîì ∥K+∥ ≈ A+
1 ≈ A+

2 , ãäå ∥K+∥ � Lp,v → Lq,ω � íîðìà îïåðàòîðà

(2).

3. Îñíîâíûå ðåçóëüòàòû

Ïîëîæèì

A−
0 ≡ sup

z∈I

 b∫
β(z)

V −p′

− (t)vp
′
(t)dt


1
p′
 z∫

a

ωq(x)

 β(x)∫
α(x)

K(s, x)ds


q

dx


1
q

,

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 3



78 À.À. Êàëûáàé, Ð. Îéíàðîâ, À.Ì. Òåìèðõàíîâà

A−
1 ≡ sup

z∈I
sup

y∈∆+(z)


β(z)∫

α(y)

V −p′

− (t)vp
′
(t)

 y∫
z

ωq(x)

 t∫
α(x)

K(s, x)ds


q

dx


p′
q

dt


1
p′

,

A−
2 ≡ sup

z∈I
sup

y∈∆+(z)


z∫

y

ωq(x)


β(z)∫

α(y)

 t∫
α(x)

K(s, x)ds


p′

V −p′

− (t)vp
′
(t)dt


q
p′

dx


1
q

,

A+
0 ≡ sup

z∈I

 α(z)∫
a

V −p′

+ (t)vp
′
dt


1
p′
 b∫

z

ωq(x)

 β(x)∫
α(x)

K(x, s)ds


q

dx


1
q

,

A+
1 ≡ sup

z∈I
sup

y∈∆−(z)


z∫

y

ωq(x)


β(y)∫

α(z)

 β(x)∫
t

K(x, s)ds


p′

V −p′

+ (t)vp
′
(t)dt


q
p′

dx


1
q

,

A+
2 ≡ sup

z∈I
sup

y∈∆−(z)


β(y)∫

α(z)

V −p′

+ (t)vp
′
(t)

 z∫
y

 β(x)∫
t

K(x, s)ds


q

ωq(x)dx


p′
q

dt


1
p′

,

A−
3 ≡ (V−(b))

− 1
p

 b∫
a

ωq(x)

 β(x)∫
α(x)

K(s, x)ds


q

dx


1
q

,

A+
3 ≡ (V+(a))

− 1
p

ωq(x)

 β(x)∫
α(x)

K(x, s)ds


q

dx


1
q

.

Îòìåòèì, ÷òî V 1−p′

− (b) = V 1−p′

+ (a) = 0 ïðè
b∫
a
vp

′
(t)dt = ∞.

Îñíîâíûå ðåçóëüòàòû èìåþò ñëåäóþùèé âèä.
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Òåîðåìà 1. Ïóñòü 1 < p ≤ q < ∞. Åñëè ÿäðî îïåðàòîðà (1)
ïðèíàäëåæèò êëàññóO−

n (α(·), β,Ω−)
∪

O+
n (β

−1, α−1(·),Ω−), n ≥ 0, òî íåðà-
âåíñòâî (3) äëÿ îïåðàòîðà (1) âûïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà

A−
0 +A−

1 +A−
3 < ∞ èëè A−

0 +A−
2 +A−

3 < ∞, ïðè ýòîì C ≈ A−
0 +A−

1 +A−
3 ≈

A−
0 + A−

2 + A−
3 , ãäå C � íàèìåíüøàÿ ïîñòîÿííàÿ â (3).

Òåîðåìà 2. Ïóñòü 1 < p ≤ q < ∞. Åñëè ÿäðî îïåðàòîðà (2)
ïðèíàäëåæèò êëàññóO+

n (α(·), β,Ω−)
∪

O−
n (β

−1(·), α−1,Ω+), n ≥ 0, òî íåðà-
âåíñòâî (4) äëÿ îïåðàòîðà (2) âûïîëíåíî òîãäà è òîëüêî òîãäà, êîãäà

A+
0 + A+

1 + A+
3 < ∞ èëè A+

0 + A+
2 + A+

3 , ïðè ýòîì C ≈ A+
0 + A+

1 + A+
3 ≈

A+
0 + A+

1 + A+
3 , ãäå C � íàèìåíüøàÿ ïîñòîÿííàÿ â (4).

Îòìåòèì, ÷òî â äîêàçàòåëüñòâå Òåîðåìû 1 èñïîëüçóþòñÿ óòâåðæäåíèÿ

äëÿ îïåðàòîðà K̂(t, x) =
t∫

α(x)

K(s, x)ds, êîòîðûå èìåþò ñàìîñòîÿòåëüíîå

çíà÷åíèå.

Ëåììà 1. Åñëè K(·, ·) ∈ O−
n (α(·),β,Ω−), n ≥ 0, òî K̂(·, ·) ∈

O−
n+1(α(·), β,Ω−).

Ëåììà 2. Åñëè K(·, ·) ∈ O+
n (β

−1,α−1(·),Ω−), n ≥ 0, òî K̂(·, ·) ∈
O−

n+1(β
−1, α−1(·),Ω−).

Äëÿ äîêàçàòåëüñòâà Òåîðåìû 2 èñïîëüçóþòñÿ àíàëîãè Ëåìì 1 è 2 äëÿ

îïåðàòîðà K̃(x, t) =
β(x)∫
t

K(x, s)ds.

Ëåììà 3. Åñëè K(·, ·) ∈ O+
n (α, β(·),Ω+), n ≥ 0, òî K̃(·, ·) ∈

O+
n+1(α, β(·),Ω+).

Ëåììà 4. Åñëè K(·, ·) ∈ O−
n (β

−1(·), α−1,Ω+), n ≥ 0, òî K̂(x, t) ∈
O−

n+1(β
−1(·), α,Ω+).

Â ðàáîòå [1] îãðàíè÷åííîñòü îïåðàòîðà (1) èç Lp,v â Lq,ω ðàññìîòðåíà,
êîãäà åãî ÿäðî K(·, ·) óäîâëåòâîðÿåò óñëîâèþ

K(s, x) ≈ K(s, z) +K(α(z), x), a < x ≤ z < b, α(z) ≤ s ≤ β(x). (12)
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Ïîëàãàÿ K−
1 (s, z) ≡ K(s, z), K−

0,1(z, x) ≡ K(α(z), x), K−
1,1(z, x) ≡

K−
0 (s, z) ≡ 1, èìååì K(s, x) ≡ K−

1 (s, x) ≈ K−
0 (s, z)K−

0,1(z, x) +

K−
1 (s, z)K−

1,1(z, x), ò.å. K(·, ·) ∈ O−
1 (α(·), β,Ω−). Òîãäà ïî Ëåììå 1 ïîëó-

÷àåì K̂(t, x) =
t∫

α(x)

K(s, x)ds ∈ O−
1 (α(·), β,Ω−) è

K̂(t, x) =

t∫
z

K(s, x)ds+

z∫
α(x)

K(s, x)ds ≈
t∫

z

K(s, z)ds+

+(t− z)K(α(z), x) +

z∫
α(x)

K(s, x)ds

ïðè a < x ≤ z ≤ b, α(z) ≤ t ≤ β(x). Ïîýòîìó â ñëó÷àå (12) êîíå÷íîñòü
âåëè÷èíû A−

1 èëè A−
2 ýêâèâàëåíòíà êîíå÷íîñòè âåëè÷èí

A−
1,1 = sup

z∈I
sup

y∈∆+(z)

 y∫
z

ωq(x)dx

 1
q

 β(z)∫
α(y)

 t∫
z

K(s, z)ds

p′

V −p′

− (t)vp
′
(t)dt


1
p′

,

A−
1,2 = sup

z∈I
sup

y∈∆+(z)

 y∫
z

ωq(x)Kq(α(z), x)dx

 1
q

 βz∫
α(y)

(t− z)p
′
V −p′

− (t)vp
′
(t)dt


1
p′

,

A−
1,3 = sup

z∈I
sup

y∈∆+(z)

 y∫
z

ωq(x)

 z∫
α(x)

K(s, x)ds


q

dx


1
q
 β(z)∫
α(y)

V −p′

− (t)vp
′
(t)dt


1
p

.

Èç Òåîðåìû 1 èìååì

Ñëåäñòâèå 1. Ïóñòü 1 < p ≤ q < ∞. Åñëè ÿäðî îïåðàòîðà (1) óäîâëå-
òâîðÿåò óñëîâèþ (12), òî íåðàâåíñòâî (3) âûïîëíåíî òîãäà è òîëüêî òîãäà,

êîãäà A− = {A−
0 ,A

−
1,1,A

−
1,2,A

−
1,3,A

−
3 } < ∞, ïðè ýòîì C ≈ A−, ãäå C � íàè-

ìåíüøàÿ êîíñòàíòà â (3).
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Â ðàáîòàõ [1]�[3] îãðàíè÷åííîñòü îïåðàòîðà (2) èç Lp,v â Lq,ω èññëåäî-
âàíà ïðè óñëîâèè, ÷òî åãî ÿäðî óäîâëåòâîðÿåò óñëîâèþ

K(x, s) ≈ K(x, β(x)) +K(z, s), a < z ≤ x < b, α(x) ≤ s ≤ β(z).

Ëåãêî âèäåòü, êàê è âûøå, K(·, ·) ∈ O+
1 (α, β(·),Ω+). Òîãäà ïî Ëåììå 3

èìååì

K̃(x, t) =

∫ β(x)

t
K(x, s)ds ∈ O+

2 (α, β(·),Ω
+)

è ∫ β(x)

t
K(x, s)ds ≈ K(x, β(z))(β(z)− t) +

β(z)∫
t

K(t, s)ds+

β(x)∫
β(z)

K(x, s)ds.

Òîãäà êîíå÷íîñòü âåëè÷èíû A+
1 èëè A+

2 ýêâèâàëåíòíà êîíå÷íîñòè ñëåäóþ-
ùèõ âåëè÷èí

A+
1,1 = sup

z∈I
sup

y∈∆−(z)

 z∫
y

ωq(x)Kq(x, β(z))dx

 1
q

 β(y)∫
α(z)

(β(z)− t)p
′
V −p′

+ (t)vp
′
(t)dt


1
p′

,

A+
1,2 = sup

z∈I
sup

y∈∆−(z)

 y∫
z

ωq(x)dx

 1
q


βy∫

α(z)

 β(z)∫
t

K(z, s)ds


p′

V −p′

+ (t)vp
′
(t)dt


1
p′

,

A+
1,3 = sup

z∈I
sup

y∈∆−(z)

 y∫
z

ωq(x)

 β(x)∫
β(z)

K(x, s)ds


q

dx


1
q
 β(y)∫
α(z)

V −p′

+ (t)vp
′
(t)dt


1
p′

.

Èç Òåîðåìû 2 ñëåäóåò

Ñëåäñòâèå 2. Ïóñòü 1 < p ≤ q < ∞. Åñëè ÿäðî îïåðàòîðà (2) óäîâëå-
òâîðÿåò óñëîâèþ (12), òî íåðàâåíñòâî (4) âûïîëíåíî òîãäà è òîëüêî òîãäà,

êîãäà A+ = {A+
0 ,A

+
1,1,A

+
1,2,A

+
1,3,A

+
3 } < ∞, ïðè ýòîì C ≈ A+, ãäå C � íàè-

ìåíüøàÿ êîíñòàíòà â (4).
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Annotation: In this paper we consider the simple regression model with a slowly
varying regressor in the presence of a unit root. We consider a more complex structure
of errors. The aim of this paper is to do Monte-Carlo simulations for OLS estimators
of coe�cients of the regression model and compare this study with theoretical results
obtained in [1]. Results of Monte-Carlo study for OLS estimators of coe�cients of this
regression model are provided.

Keywords: Monte-Carlo study, OLS estimator, slowly varying regressor.

1. Introduction

Let us consider the simple regression model with deterministic regressor
L(t)

yt = α+ βL(t) + ut, t = 1, ..., n. (1)

In case when L(t) is log(t), log(log(t)), 1/ log(t), etc., ut is stationary and
supposed to satisfy some regularity conditions, Phillips [2] showed that the
OLS estimator (α̂n, β̂n) is consistent and asymptotically normally distributed,
but the convergence rate is a�ected by the presence of the logarithmic trend.
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Also, Phillips relied on uniform strong approximation of partial sums by
Brownian motion, but the condition was rather restrictive and the proof
was partially insu�cient in dealing with slowly varying regressors. Later on,
Mynbaev [3] applied the central limit theorem based on his Lp-approximation
technique to make the proof rigorous under less stringent conditions. Phillips
and Perron [4] considered the problem of asymptotic distribution of the least
squares estimator in presence of a unit root (when the regression errors are
not stationary). Uematsu [5] obtained the asymptotic distribution of OLS
estimators when the regressor is slowly varying and errors have a unit root.
We consider a more complex structure of errors, while preserving the unit root
assumption and a slowly varying regressor, obtain the asymptotic distribution
for the OLS estimators (see [1],[6]) and con�rm the theoretical results with
computer simulations.

The aim of this paper is to do Monte-Carlo simulations for OLS estimators
α̂n, β̂n of the above regression model and compare this study with theoretical
results obtained in [5]. In Section 2 we give main de�nitions, describe regression
model, i.e. assumptions on the regressors and error term, and useful result on
asymptotic distribution of OLS estimators α̂n, β̂n. Section 3 consists of Monte-
Carlo study of OLS estimators α̂n, β̂n.

2. Main definitions, assumptions, useful result

Let us give the main de�nitions, assumptions on the regressors and the
error term of (1).

Definition 1. A positive function L on [A,∞), A > 0 is called slowly varying

(SV) if it satis�es, for any r > 0

L(rx)

L(x)
→ 1

as x→ ∞.

Definition 2. We say L = K(ε, ψε) if the function L satis�es all the following

conditions:

(i) The function L is SV and has Karamata's representation

L(x) = c exp

 x∫
B

ε(s)

s
ds


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for x ≥ B for some B > 0. Here c > 0, ε is continuous and ε(x) → 0 as x→ ∞.

This part of the assumption is shortened to L = K(ε).
(ii) The function |ε| is SV.
(iii) There exists a function ψε on [0,∞) called a remainder that satis�es

the following properties:

- the function ψε is positive, nondecreasing on [0,∞), ψε(x) → ∞, and
there exist positive numbers θ and X such that x−θψε(x) is nonincreasing on

[X.∞);
- there exists a positive constant c satisfying

1

cψε(x)
≤ |ε(x)| ≤ c

ψε(x)

for x ≥ c.

Assumption 1. L = K(ε, ψε), ε = K(η, ψη), η(n) = o(ε(n)).

Assumption 2. A linear process {vj}j∈Z is de�ned by

vt =
∑
j∈Z

cjet−j , t ∈ Z,

where cj is a sequence of numbers satisfying
∑
j∈Z

|cj | < ∞, and {ej}j∈Z is

a martingale di�erence sequence such that e2j are uniformly integrable and

E(e2j |Ft−1) = σ2e for all t. Here {Ft} is an increasing sequence of σ-�elds and
Z is the set of all integers.

Assumption 3. The process {ut} possesses a unit root under the null

hypothesis ρ = 1 in

ut = ρut−1 + vt,

where vt is the same linear process as in Assumption 2.

So, we consider the following regression model

yt = α+ βL(t) + ut, t = 1, ..., n,

where L(t) and ut are supposed to satisfy Assumptions 1 and 3, respectively.
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One of the useful results is the following: for the OLS estimators α̂, β̂ of
coe�cients in (1) we use expressions from ([7], Section 3.1)

β̂ − β =

n∑
t=1

(
L(t)− L̄

)
ut

[
n∑

t=1

(
L(t)− L̄

)2]−1

, (2)

α̂− α = ū− L̄
(
β̂ − β

)
, (3)

where ū, L̄ are sample means.
Now we formulate the result for which we consider the Monte-Carlo study

in the next section. Let σ2 =

(
σe
∑
i∈Z

ci

)2

.

Theorem 1. (Theorem 3 in [1]) If L satis�es Assumption 1, 0 < θ < 1 and ut
satis�es Assumption 3, then(

ε(n)√
n
(α̂− α)

L(n)ε(n)√
n

(β̂ − β)

)
d−→ N

(
0, 2

27σ
2

(
1 −1
−1 1

))
.

3. Monte-Carlo study

We implement ε(n)√
n
(α̂− α), L(n)ε(n)√

n

(
β̂ − β

)
for four types of slowly

varying functions L(t) = log(t), L(t) = log(log(t)), L(t) = 1
log(t) , L(t) =

1
log(log(t)) and two types of coe�cients ci = 1

i2
and ci = 1

(i+i2)2
. The �t

quickly improves as the number of iterations and the number of observations
increases. These are shown in Figures 1-4 for a(n) = ε(n)√

n
(α̂− α), b(n) =

L(n)ε(n)√
n

(
β̂ − β

)
, where L(t) = log(t), numbers of iterations are equal to 1000

and 10000, the number of observations is equal to 200. Based on Theorem 1, we
expect this to work for all types of slowly varying functions and any absolutely
convergent coe�cients. As you can see in these �gures, a(n), b(n) have Normal
law of distribution. And the parameters of this distribution are the following:
1) mathematical expectation tends to zero; 2) variation tends to 2

27σ
2 as the

number of iterations and observations are increase. Thus, the the theoretical
results seem to hold in practice. By using Kolmogorov-Smirnov Test for Testing
the null hypothesis that the a(n), b(n) data come from normal distribution,
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against the alternative hypothesis that the cumulative distribution function of
the data is not from the normal distribution, MatLab program returned value
of h = 0 indicates that test fails to reject the null hypothesis at signi�cance
level 5%. The cdf of b(n) is shown in Figure 5.

b(200), number of iterations=1000
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Figure 1 � Histogram of b(200)

and its theoretical distribution

(red line) with 1,000 number of

iterations

b(200), number of iterations=10000
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Figure 2 � Histogram of b(200)

and its theoretical distribution

(red line) with 10,000 number

of iterations

a(200), number of iterations=1000
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Figure 3 � Histogram of a(200)

and its theoretical distribution

(red line) with 1,000 number of

iterations

a(200), number of iterations=10000
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Figure 4 � Histogram of a(200)

and its theoretical distribution

(red line) with 10,000 number

of iterations

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 3



Monte-Carlo study ... 89

-0.03 -0.02 -0.01 0 0.01 0.02 0.03
0

0.1

0.2

0.3

0.4

0.5

0.6

0.7

0.8

0.9

1

Empirical CDF

Figure 5 � CDF of b(200), where number of iterations 1,000
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Ìû­áàåâ �.Ò., Äàðêåíáàåâà Ã.Ñ. ÁÀßÓ �ÇÃÅÐÅÒIÍ ÐÅÃÐÅÑÑÎÐ-
ËÀÐÛ ÁÀÐ ÐÅÃÐÅÑÑÈß �ØIÍ ÊÊÁ ÁÀ�ÀËÀÓËÀÐÛÍÛ� ÌÎÍÒÅ-
ÊÀÐËÎ ÇÅÐÒÒÅÓËÅÐI

Á´ë ìà©àëàäà áiç áiðëiê ò³áiðãå èå æºíå áàÿó °çãåðåòií ðåãðåññîðû áàð
©àðàïàéûì ðåãðåññèÿëû© ìîäåëüäi ©àðàñòûðàìûç. Áiç ©àòåëiêòåðäi­ ê³ð-
äåëiðåê ©´ðûëûìûí ©àðàñòûðàìûç. Ìà©àëàíû­ ìà©ñàòû ðåãðåññèÿ ìî-
äåëiíi­ ÊÊÁ áà¡àëàóëàðû ³øií Ìîíòå-Êàðëî ñèìóëÿöèÿëàðûí îðûíäàó
æºíå íºòèæåëåðäi [1] æ´ìûñûíäà àëûí¡àí òåîðèÿëû© íºòèæåëåðìåí ñà-
ëûñòûðó áîëûï òàáûëàäû. Ðåãðåññèÿ ìîäåëiíi­ êîýôôèöèåíòòåðiíi­ ÊÊÁ
áà¡àëàóëàðû ³øií æ³ðãiçiëãåí Ìîíòå-Êàðëî çåðòòåóiíi­ íºòèæåëåði êåë-
òiðiëãåí.

Ìûíáàåâ Ê.Ò., Äàðêåíáàåâà Ã.Ñ. ÈÑÑËÅÄÎÂÀÍÈß ÌÎÍÒÅ-ÊÀÐËÎ
ÌÍÊ ÎÖÅÍÎÊ ÄËß ÐÅÃÐÅÑÑÈÈ Ñ ÌÅÄËÅÍÍÎ ÌÅÍßÞÙÈÌÈÑß
ÐÅÃÐÅÑÑÎÐÀÌÈ

Â ýòîé ñòàòüå ìû ðàññìàòðèâàåì ïðîñòóþ ðåãðåñèîííóþ ìîäåëü îáëà-
äàþùèì åäèíè÷íûì êîðíåì è ñ ìåäëåííî ìåíÿþùèìñÿ ðåãðåññîðîì. Ìû
ðàññìàòðèâàåì áîëåå ñëîæíóþ ñòðóêòóðó îøèáîê. Öåëüþ ñòàòüè ÿâëÿåò-
ñÿ âûïîëíåíèå ñèìóëÿöèè Ìîíòå-Êàðëî äëÿ ÌÍÊ îöåíîê ðåãðåññèîííîé
ìîäåëè è ñðàâíåíèå ðåçóëüòàòîâ ñ òåîðåòè÷åñêèìè ðåçóëüòàòàìè, ïîëó÷åí-
íûõ â [1]. Ïðèâåäåíû ïîëó÷åííûå ðåçóëüòàòû èññëåäîâàíèÿ Ìîíòå-Êàðëî
äëÿ ÌÍÊ îöåíîê êîýôôèöèåíòîâ ðåãðåññèîííîé ìîäåëè.
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in model theory widely uses a terminology connected with the model-theoretic
properties of complete theories, however, this term was not speci�ed in any way
yet. Thus, a necessity to give a de�nition to the concept of a model-theoretic
property becomes actual.

Combinatorics of a given type is characterized by a de�nite set of used
methods of transformation of theories and by the layer of those model-theoretic
properties which are preserved by these methods. Relation between the
accepted class of methods and the semantic layer of preserved model-theoretic
properties is a Galois's correspondance. Therefore, an inverse dependence takes
place between the set of methods and the volume of the layer of preserved
on them model-theoretic properties. Signature reduction procedures and
transformations by the universal construction of �nitely axiomatizable theories
are considered as combinatorial methods in predicate logic; these methods are
taken as a basis for the �rst-order combinatorics. For �nitary combinatorics,
we accept methods of transformation of �nite signatures and more general
methods of Cartesian extensions of theories, while for in�nitary combinatorics,
we accept methods of reduction of in�nite signatures to �nite ones as well
as transformations of theories by means of the universal construction. The
class of �nitary methods can separately be considered. As for the class of
in�nitary methods, its consideration requires adding the �nitary methods.
Notice that, the methods of reduction of in�nite signatures to �nite ones and
transformations by the universal construction are based on the computability.
On the other hand, the passage to a smaller class of computable methods
instead of the wider class of abstract methods leads to increase the layer of
preserved model-theoretic properties in view of the principle of an inverse
dependence. From this, we can conclude that it is preferable to restrict
ourselves with just computable versions of the methods for in�nitary �rst-
order combinatorics.

A natural problem arises to characterize the layer FinL of model-theoretic
properties preserved by �nitary methods of transformation of theories, and the
layer InfL of model-theoretic properties preserved by in�nitary and �nitary
methods of transformation of theories. A maximum fundamental choice is
realized by a so-called maximalistic approach whose essence is to accept the
class of all �nitary methods in de�nition of the layer FinL, and the class of all
in�nitary and �nitary methods in de�nition of the layer InfL. More productive
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pragmatic approach is based upon the restriction of the classes of methods
to minimum necessary sets so that to make the layers FinL and InfL as wide
as possible. However, the questions concerning the fundamental signi�cance of
the obtained layers FinL and InfL have to be considered separately.

In this work, we describe the operation of a Cartesian extension of a theory,
give a de�nition to the concept of a model-theoretic property, and specify in
detail the pragmatic approach that turns out to be the most adequate to
the real practice of investigations in model theory. Although the de�nition
of a model-theoretic property includes some informal parts, nevertheless, its
applications ensure exact mathematical statements. We consider some general
properties of semantic layers FinL and InfL of �nitary and in�nitary �rst-order
combinatorics and establish their fundamental signi�cance. As a key result, we
present characterization of an isomorphism type of the Tarski-Lindenbaum
algebra of predicate calculus of a �nite rich signature under the layers of
�nitary and in�nitary combinatorics. By pointing out an e�ective mapping
from the class of computably axiomatizable theories in the class of �nitely
axiomatizable theories, we obtain some substantial statement comparing these
classes of theories. This result can be considered as a solution of the common
problem on expressive possibilities of formulas of �rst-order predicate logic.

This work can be considered as an extended and advanced exposition of
the results presented in Section 3 and Section 4 in [2].

Preliminaries. We consider theories in �rst-order predicate logic with
equality and use general concepts of model theory, algorithm theory,
constructive models, and Boolean algebras that can be found in [3], [4], and
[5]. Special concepts used in this paper can be found in [1] and [2]. A signature
is called rich, if it contains at least one n-ary predicate or function symbol
for n > 2, or two unary function symbols. In the work, the signatures are
considered only, which admit G�odel's numbering of the formulas. Such a
signature is called enumerable. Generally, incomplete theories are considered.
For theories, c.a means computably axiomatizable, while f.a. means �nitely
axiomatizable.

There are two levels of de�nability in �rst-order logic. The �rst one is called
radically logical or brie�y model. It does not assume any limitation on the class
of used formulas. The second more delicate level is called algebraic. At this
level, ∃∩∀-type of �rst-order de�nability is used. In this work, we systematically
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follow the algebraic approach. If it is needed, all results in the article can be
transferred to the form corresponding the model-type de�nability.

1. Cartesian-type interpretations

We use a simplest concept of an interpretation of a theory T0 in the
region U(x) of a theory T1, [6]. Classes of isostone and model-bijestive
interpretations are introduced in [7]. In this section, we introduce a technical
class of interpretations presenting �nitary methods in �rst-order logic.

Given a signature σ and a �nite sequence of formulas of this signature of
either of the following forms:

(a) κ = ⟨φm1
1 /ε1, φ

m2
2 /ε2, . . . , φ

ms
s /εs⟩,

(b) κ = ⟨φm1
1 , φm2

2 , . . . , φms
s ⟩,

(1.1)

where φk is a formula with mk free variables, εk(ȳk, z̄k) is a formula with
2mk free variables such that Len ȳk = Len z̄k = mk; moreover, (1.1)(b) is
just a simpler notation instead of the common entry (1.1)(a) in the case when
εk(ȳk, z̄k) coincides with ȳk = z̄k for all k 6 s.

Starting from a model M of signature σ together with a tuple κ of any of
the forms (1.1)(a,b), we are going to construct a new model M1 = M⟨κ⟩ of
signature

σ1 = σ ∪ {U1, U1
1 , U

1
2 , . . . , U

1
s } ∪ {Km1+1

1 , . . . ,Kms+1
s } (1.2)

as follows. As the universe, we take |M1| = |M| ∪ A1 ∪ A2 ∪ . . . ∪ As, where
all speci�ed parts are pairwise disjoint sets. On the set |M|, all symbols of
signature σ are de�ned exactly as they were de�ned in M; in the remainder,
they are de�ned trivially; predicate U(x) distinguishes |M|; predicate Uk(x)
distinguishes Ak; the other predicates are de�ned by speci�c rules depending
on the case. In the case (1.1)(b), each predicateKk in (1.2) should be de�ned so
that it would represent a one-to-one correspondence between the set of tuples
{ā | M |= φk(ā)} and the set Ak = Uk(M1). Turn to the most common case
(1.1)(a). Denote by Equiv(εk, φk) a sentence stating that εk is an equivalence
relation on the set of tuples distinguished by the formula φk(x̄) in M. In this
case, (mk + 1)-ary predicate Kk should be de�ned so that it would represent
a one-to-one correspondence between the quotient set {ā | M |= φk(ā)}/ε′k
and the set Uk(M1), where ε′k(ȳ, z̄) = εk(ȳ, z̄) ∨ ¬Equiv(εk, φk). The aim of
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replacement of εk by ε′k using Equiv(εk, φk) is to provide total de�niteness of
the operation of an extension M⟨κ⟩ independently of whether the formulas εk
represent equivalence relations in corresponding domains or not. In the case
(1.1)(a), M⟨κ⟩ is said to be a Cartesian-quotient extension of M, while in the
case (1.1)(b), the model M⟨κ⟩ is said to be a Cartesian extension of M by a
sequence of formulas κ.

Expand the operation of an extension (initially de�ned for models) on
theories. Given a theory T and a tuple κ of the form (1.1). Using a �xed
signature (1.2) for extensions of models, we de�ne a new theory T ′ = T ⟨κ⟩ as
follows: T ′ = Th(K), K = {M⟨κ⟩ | M ∈ Mod(T )}. In the case (1.1)(a) it is
called a Cartesian-quotient extension, while in the case (1.1)(b) it is called a
Cartesian extension of T by a sequence κ.

Normally, we follow an algebraic approach; i.e., we consider passages T 7→
T ⟨κ⟩ for which the sequence (1.1) satis�es the following technical condition:

φk(x̄k) and εk(ȳk, z̄k) are ∃ ∩ ∀-presentable, for all k 6 s. (1.3)

Denote by κD(σ) and κC(σ) the sets of tuples of formulas of signature σ
of the forms, respectively, (1.1)(a) and (1.1)(b), while κD and κC are unions
of these sets for all possible (enumerable) signatures σ. We denote by κC∃∩∀
the set of all tuples (1.1)(b) satisfying (1.3), whileκD ε

∃∩∀ is the set of all tuples
(1.1)(a) satisfying (1.3).

In theory T ⟨κ⟩, the region U(x) represents a model of theory T .
Particularly, the transformation T 7→ T ⟨κ⟩ de�nes a natural interpretation IT,κ
of T in T ⟨κ⟩. It is called a special Cartesian-quotient interpretation. Similar
de�nition applies to the other case of the tuple κ; thereby, the concepts of
a special Cartesian interpretation is also de�ned. Considering theories up to
an algebraic isomorphism, we may use simpler term Cartesian-quotient or,
respectively, Cartesian interpretation.

Lemma 1.1. Given a theory T of an enumerable signature σ and a sequence
of formulas κ ∈ κD(σ). Special Cartesian-quotient interpretation IT,κ : T �
T ⟨κ⟩ is e�ective, model-bijective, and isostone. In particular, interpretation
IT,κ determines a computable isomorphism µT,κ : L(T ) → L(T ⟨κ⟩) between
the Tarski-Lindenbaum algebras.

The following statement is established based on �rst-order combinatorial
properties of Cartesian extensions of theories:
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Lemma 1.2. The following relation de�ned on the class of all theories

T ∼≃aS ⇔dfn (∃κ′κ′′ ∈ κC∃∩∀)
[
T ⟨κ′⟩ ≈a S⟨κ′′⟩

]
(1.4)

is re�exive, symmetric, and transitive (i.e., it is an equivalence relation).

Further properties of Cartesian-type extensions of theories and
interpretations can be found in [2] and [8].

Definition 1.A.We introduce the following notations for particular semantic
layers that are relevant in this direction:

(A) ASL= the set of model-theoretic properties p ∈ AL preserved by any
special Cartesian interpretation IT,ξ : T � T ⟨ξ⟩ for an arbitrary computably
axiomatizable theory T of an enumerable signature σ and an arbitrary �nite
tuple ξ = ⟨φ1, ..., φs⟩ of sentences of signature σ satisfying (1.3).

(B) MSL=ASL ∩ML.
(C) ACL= the set of model-theoretic properties p ∈ AL preserved by any

special Cartesian interpretation IT,ξ : T � T ⟨ξ⟩ for an arbitrary computably
axiomatizable theory T of an enumerable signature σ and an arbitrary tuple
ξ = ⟨φm1

1 , . . . , φms
s ⟩ of formulas of signature σ satisfying (1.3).

(D) MCL=ACL ∩ML.
(E) ADL= the set of model-theoretic properties p ∈ AL preserved by any

special Cartesian-quotient interpretation IT,ξ : T � T ⟨ξ⟩ for an arbitrary
computably axiomatizable theory T of an enumerable signature σ and an
arbitrary tuple ξ = ⟨φm1

1 /ε1, . . . , φ
ms
s /εs⟩ of formulas of signature σ satisfying

(1.3).
(F) MDL=ADL ∩ML.

Layer ACL is said to be the (algebraic) Cartesian semantic layer; it plays
the role of a pragmatic release of the �nitary semantic layer. By MCL we
denote its model version called the model Cartesian layer. Layer ADL is said
to be the (algebraic) Cartesian-quotient semantic layer; it plays the role of
a maximalistic release of the �nitary semantic layer. By MDL, we denote its
model version called the model-type Cartesian-quotient layer.

Fig. 1 presents a scheme of inclusions between the semantic layers and
corresponding similarity relations relevant for �rst-order combinatorics. Arrows
point out relatively stronger similarity relations and relatively wider semantic
layers of model-theoretical properties. Two relations ≈ and ≈a in the top are
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relations of isomorphism of theories, where ≈ means a model isomorphism
or simply isomorphism, while ≈a means an algebraic isomorphism or ∃ ∩ ∀-
presentable equivalence between theories. Although≈ and≈a are not similarity
relations, they are included in the scheme for the sake of completeness. The
entries ≡c, ≡ac, etc., are short forms for semantic similarity relations ≡MCL,
≡ACL with semantic layers MCL, ACL, etc., that were de�ned above. The
inclusions MDL ⊆ MCL and ADL ⊆ ACL are also valid although they are
not presented in the scheme in Fig. 1.

Figure 1 � Scheme of semantic layers of model-theoretic properties

The layer MQL consists of the model-theoretic properties preserved by all
interpretations in the class IQuasi ∪ICartes between computably axiomatizable
theories, where IQuasi is the set of all quasiexact interpretations, while ICartes
is the set of all Cartesian interpretations. The layer MQL is supported by a
regular version of the universal construction of �nitely axiomatizable theories,
[7].

The Hanf semantic layer HL is an empty set ∅. Corresponding semantic
similarity relation ≡∅, alternatively ≡h, is called Hanf's isomorphism because
William Hanf was the �rst investigator who studied such relations between
theories just in relation to the problem of expressive possibilities of �rst-order
logic, [9].
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2. A definition to the concept of a model-theoretic property

We are going to discuss approaches to the problem of classi�cation of
complete theories modulo coincidence of their model-theoretic properties.
Two complete theories are said to be equivalent if their real model-theoretic
properties are identical:

T1
MT≃ T2 ⇔dfn (∀ real model-theoretic property p)

[
T1 ∈ p ⇔ T2 ∈ p

]
. (2.1)

Accordingly, any classes of complete theories closed under
MT≃ are said to

be real model-theoretic properties. Thus, to de�ne the concept of a real
model-theoretic property it is necessary to �nd available dependencies (called
reasoning) between complete theories of the following form

T1 ≃x T2 ⇒ T1
MT≃ T2, (2.2)

that have signi�cance in the practice of working in model theory.
Two most important reasoning (for complete theories) are:

(a) T ≈aS ⇒ T
MT≃ S,

(b) T ⟨κ⟩=S ⇒ T
MT≃ S, for any κ ∈ κC∃∩∀.

(2.3)

General signi�cance of the reasoning (2.3)(a) is obvious. Argumentation
(2.3)(b) concerns virtual expansions of the universe which are just plain codings
for the initial universe; therefore, the pointed out sequence of implications
(2.3)(b) for all κ ∈ κC can also be considered as adequate to the common
practice of work in model theory. Methods of the work [10] represent a good
con�rmation to these implications. Notice that, lots of researchers follow a
naive approach considering any classes of complete theories, even if they are
not closed under isomorphisms of theories. To avoid this common irregular
situation, we will assume (by default) that any considered class of complete
theories �rst should be closed under algebraic isomorphisms of theories by the
rule, where C is the class of all complete theories:

p 7→ p∗ = [p]≈a = {T ∈ C | (∃T ′ ∈ p) [T ≈a T
′ ] }. (2.4)

This correction rule is said to be a normalization pre-stage in the de�nition we
are going to introduce.
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We give a generic de�nition to the concept of a model-theoretic property.

Definition 2.A [Generic definition of a model-theoretic property].
Initially, we have to point out a collection of relations of reasoning of the form
(for complete theories)

≃(i)
x , i ∈ I (2.5)

that we intend to accept as a basis (2.2) of the de�nition. The relation
MT≃, cf.

(2.1), is presented by the relation ≃∗
x obtained by the operation of closure of the

system of relations (2.5) up to an equivalence relation. Accordingly, the class
of all real model-theoretic properties is presented by the following expression:

AreaL = { p ⊆ C | p is closed under ≃∗
x }. (2.6)

To check up, whether a set p ⊆ C is a model-theoretic property, �rst, a
normalization pre-stage p 7→ p∗ should be performed; then, the condition
p∗ ∈ AreaL is to be checked. If the result is positive, we qualify p as a real
model-theoretic property; moreover, a specifying term "p is a model-theoretic
property up to the closure under isomorphisms" may be used. Otherwise, if the
test p∗ ∈ AreaL fails, p is quali�ed as a class that is not a real model-theoretic
property.

End of the de�nition.

Notice that, an inverse dependence of the set of real model-theoretic
properties on the accepted set of reasoning ≃(i)

x , i ∈ I, takes place. Indeed,
let the pointed out set de�nes an equivalence relation ≃∗

x playing the role
of the relation

MT≃, thus, de�ning the layer AreaL. Assume that, as the base
for a new de�nition, some larger set of reasoning ≃(i)

x , i ∈ I , I ⊇ I, is
taken. It is obvious that the inclusion ≃∗

x ⊆ ≃x must take place; i.e., each
class of the new equivalence ≃x consists of a number of classes of the initial
equivalence ≃∗

x. Thereby, we have AreaL ⊆ AreaL because AreaL consists of
the sets of complete theories closed under equivalence ≃x having larger classes
in comparison with those of the initial equivalence ≃∗

x.
The following (pragmatic) variant of the de�nition is �xed as preferable:

Definition 2.B [Pragmatic specification of the generic Definition 2.A].
As a set of reasoning, we accept the relation (2.3)(a) together with a series
of relations (2.3)(b) for all κ ∈ κC∃∩∀. The relation ∼≃a on the class of all
complete theories de�ned by expression (1.4) in Lemma 1.2 is the closure of
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this system of relations. Thus, within this approach, relation
MT≃ coincides with

∼≃a. Accordingly, in view of the scheme of semantic layers in Fig. 1, we obtain
the following chain of inclusions:

AreaL = ACL ⊆ ASL ⊆ AL. (2.7)

By default, we also suppose that, to apply De�nition 2.B for a set p ⊆ C, a
normalization transformation (2.4) should be performed initially.

End of the de�nition.

An important statement concerning di�erent versions of De�nition 2.A.

Lemma 2.1. Suppose that a variant α of de�nition of a real model-theoretic
property is chosen with reasoning consisting of the relation (2.3)(a) and a series
of relations (2.3)(b) for all κ ∈ κC∃∩∀ together with a de�nite set of additional
relations of the form (2.2). Then, the following chain of inclusions takes place:

AideaLα ⊆ AreaLα ⊆ ACL ⊆ ASL ⊆ AL, (2.8)

where the ideal semantic layer AideaLα corresponds to the potential possibility
of an extension of the accepted system of reasoning α with some new rules of
the form (2.2) that can appear and could be accepted in the future within the
system α.

Proof. From the principle of inverse dependence we mentioned earlier. �
The following systems of reasoning to the de�nition of the concept of a

real model-theoretic property are possible. Let an arbitrary set p ⊆ C be
given. At the naive approach, any set of complete theories is considered as
a model-theoretic property; the primitive approach requires that p should be
closed under isomorphisms of theories; the pragmatic approach, cf. De�nition
2.B, requires that p is closed under isomorphisms, Cartesian extensions, and
back transitions in the operation of Cartesian extensions of theories; at last, the
maximalistic approach requires that p is closed under isomorphisms, Cartesian-
quotient extensions, and back transitions in the operation of Cartesian-quotient
extensions of theories, i.e., the reasoning T ⟨κ⟩ = S ⇒ T

MT≃ S, for all κ ∈
κD ε

∃∩∀, is accepted that is wider in comparisons with (2.3)(b).
Notice that, some other approaches to the de�nition of the concept of a

real model-theoretic property are possible which can be based on some other
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principles di�erent from those accepted within the �rst-order combinatorial
approach we have described.

3. Signature reduction procedures jointly with the universal
construction

The works of L.Kalmar [11], R.LVaught [12, Sec. 4], and W. Hauf [13]
represent earlier signature reduction methods between �rst-order theories.
In this section, we describe a few signature reduction procedures based on
a collection of special transformations of theories. We call them elementary
transformations or stages. Actually, these transformations represent known in
the common practice signature reduction methods. Full scheme of interaction
between the elementary stages is shown in Fig. 2. There are three entries and
a single exit in the scheme.

Now, we pass to further details.
3.1 Finite-to-�nite signature reduction procedure. A theory of an arbitrary

�nite signature is transformed into a theory of any pre-assigned �nite rich
signature. This type of transformation is realized via an Entry1 in the scheme
in Fig. 2.

First, we formulate the main statement in a compact form:

Theorem 3.1 [Finite-to-�nite signature reduction statement: a compact form].
Given two �nite rich signatures σ1 and σ2. E�ectively in their G�odel numbers,
it is possible to construct a sentence ψ of signature σ2 and a sequence of
formulas κ = ⟨φm1

1 , ..., φms
s ⟩ of signature σ2 satisfying (1.3) together with an

algebraic isomorphism PC(σ1) ≈a PC(σ2)[ψ]⟨κ⟩.

Now, we give an extended form of the same statement.

Theorem 3.2 [Finite-to-�nite signature reduction procedure: a common form].
There is a regular transformation Redu : (T, σ) 7→ (S, I), where T is an
arbitrary theory of a �nite signature, σ is an arbitrary �nite rich signature,
S is a theory of signature σ, and I : T � S is an interpretation of T in S;
moreover, all demands listed below are satis�ed:

Reference_Block (3.1)

(a) I is an ∃ ∩ ∀-presentable Cartesian interpretation of theories (thereby,
the interpretation I de�nes a computable isomorphism µ : L(T ) → L(S)
preserving model-theoretic properties of semantic layer ACL ),
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(b) T is c.a. ⇔ S is c.a.; in the case when T is a c.a. theory, c.e. indices of
both S and I are found e�ectively in a c.e. index of the input theory T
and a G�odel number of the target �nite rich signature σ,

(c) T is f.a. ⇔ S is f.a.; in the case when T is a f.a. theory, both a G�odel
number of S and a c.e. index of I are found e�ectively in G�odel numbers
of the input theory T and the target �nite rich signature σ.

End_Ref

A sketch of proof to Theorem 3.1. For the sake of simplicity, we prove the
following more common statement:

(∃ κ ∈ κC∀∩∃ e�ectively in σ1 and σ2)(
∀ f.a. theory T ⊇ PC(σ1)

)(
∃ f.a. theory S ⊇ PC(σ2)

)[
T ≈a S⟨κ⟩

]
.

(3.2)

Then, Theorem 3.1 is a particular case of statement (3.2) with T = PC(σ1).
For signatures σ1 and σ2, σ1 is said to be covered by σ2, written σ1 6 σ2, if

there is a mapping λ : σ1 → σ2 such that for all s ∈ σ1 the following conditions
are satis�ed: (a) s and λ(s) are symbols of the same type (either predicates,
or functions, or constants); (b) arity of s 6 arity of λ(s), whenever s is either
a predicate or function symbol.

We start to prove (3.2). Given two �nite rich signatures σ1 and σ2 together
with a �nitely axiomatizable theory T of signature σ1. Our purpose is to
describe a procedure of reduction of the theory T to a theory of the pre-
assigned �nite rich signature σ2.

Based on the de�nition of a rich signature, we organize a signature
reduction procedure consisting of two parts. In the �rst part, a reduction to
any of three following "minimal" �nite rich signatures

ρ′ = {P 2}, ρ′′ = {f1, h1}, ρ′′′ = {g2} (3.3)

is performed, while in the second part, a routine passage from either ρ′ or ρ′′ or
ρ′′′ to the demanded �nite rich signature σ2 is performed depending on which
of the cases ρ′ 6 σ2 or ρ′′ 6 σ2 or ρ′′′ 6 σ2 takes place.

For the �nite-to-�nite case of reduction, we use a natural set of
transformations of theories consisting of �ve elementary transformations acting
along the passage 1-x-e in Fig. 2, cf. [7]. Their short speci�cations are given
below:
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Figure 2 � Signature reduction procedures jointly

with the universal construction

�nsig-to-fP � a transformation from a theory of a �nite signature to a theory
of a �nite pure predicate signature with predicates of arity > 1. An n-ary
function f(x1, ..., xn) is replaced by a (n+1)-ary predicate presenting graphic
of the function; a constant c is replaced by a unary predicate distinguishing an
element presenting the constant. Additionally, we should replace each nulary
predicate by a unary one. This transformation de�nes an algebraic isomorphism
of theories.

fP-to-Graph � a transformation from a theory of a �nite pure predicate
signature with predicates of arity > 1 to an extension of Graph theory GRE of
signature {Γ 2} obtained by addition axioms (∃xy)Γ (x, y) and (∃xy)¬Γ (x, y)
to Graph thepry GR. This transformation is a Cartesian extension of a theory,
thus, it de�nes a Cartesian interpretation.

Graph-to-2u � a transformation from a theory of signature {Γ 2} that is
an extension of Graph theory GRE to a theory of signature with two unary
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functions. This transformation is a Cartesian extension of a theory, thus, it
de�nes a Cartesian interpretation.

Graph-to-1b � a transformation from a theory of signature {Γ 2} that is
an extension of Graph theory GRE to a theory of signature with one binary
function. This transformation is a Cartesian extension of a theory, thus, it
de�nes a Cartesian interpretation.

Enrich � a transformation from a theory of a signature matching one of the
three cases (3.3) of a minimal �nite rich signature to a theory of a given �nite
rich signature. This transformation is an isomorphism of theories (notice that,
a problem to assign values to the constants possible in the target signature
σ2 is solvable because the extension of Graph theory GRE preceding the stage
Enrich has at least one distinguished element).

In the scheme, Entry1 requires (as an input) a theory of a �nite signature
and yields an output theory of the demanded �nite rich signature σ2. We de�ne
Redu as a composition of transformations of theories along the passage 1-x-e
in the scheme shown in Fig. 2. Each elementary stage is a Cartesian ∃ ∩ ∀-
presentable interpretation. Thereby, the full passage that is a composition of
these separate stages is also a Cartesian ∃ ∩ ∀-presentable interpretation.

Theorem 3.1 is proved. �
Theorem 3.2 is easily deduced from Theorem 3.1 by applying elementary

methods of c.e. Boolean algebras. �
Give a complementary statement.

Lemma 3.3. Finite-to-�nite signature reduction procedure we have described
in Theorem 3.1 and Theorem 3.2 represents a particular case of the operation
of a Cartesian extension of a theory.

Moreover, interpretation I : T � S involved have the following properties:
(a) I preserves all model-theoretic properties within the layer ACL,
(b) I preserves all model-theoretic properties within the real layer AreaL,

Proof. Immediately, from Theorem 3.1 and Theorem 3.2 together with
inclusions (2.7) in De�nition 2.B. �

3.2 In�nite-to-�nite signature reduction procedure.A theory of an arbitrary
enumerable signature is transformed into a theory of a pre-assigned �nite rich
signature. This type of signature reduction procedure is de�ned via an Entry2

in Fig. 2. It is realized by the stages acting along the passage 2-u-e including
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those listed in Subsection 3.1 together with two additional transformations
whose short speci�cations are given below, cf. [7]:

anysig-to-iP � a transformation from a theory of an arbitrary enumerable
signature (either �nite or in�nite) into a theory of an in�nite pure predicate
signature with predicates of arity > 1; it is analogous to stage �nsig-to-fP, but
with addition of a countable set of new trivially de�ned (dummy) predicates. A
thin point is that, if an input theory is c.a. and is given by its weak c.e. index,
the output theory is presented by a normal c.e. index. This transformation
de�nes an algebraic isomorphism of theories.

iP-to-Graph � a transformation from a theory of an in�nite pure predicate
signature with predicates of arity > 1 to an extension of Graph theory GRE

of signature {Γ 2} (main stage of the in�nite-to-�nite signature reduction
procedure). This transformation de�nes a quasiexact interpretation of theories.

We formulate the in�nite-to-�nite signature reduction procedure:

Theorem 3.3. Given a c.a. theory T and a �nite rich signature σ2. E�ectively
in a weak c.e. index of T , one can construct a c.a. theory S of signature
σ2 together with a quasiexact interpretation I : T � S; in particular, the
interpretation I de�nes a computable isomorphism µ : L(T ) → L(S) preserving
model-theoretic properties of the in�nitary semantic layer MQL.

Proof. Stage iP-to-Graph preserves layer MQL. Moreover, the other stages in
the passage 2-u-e, preserve its extension ACL ⊇ MQL, cf. Fig. 1 and Fig. 2. �

3.3 Transformation of theories for the universal construction. A c.a. theory
of an arbitrary enumerable signature given by its weak c.e. index is transformed
into a f.a. theory of a pre-assigned �nite rich signature yielding its G�odel
number. This type of transformation is de�ned via an Entry3 in Fig. 2. It
is realized by the stages acting along the passage 3-w-e including those listed
in Subsection 3.1 and Subsection 3.2 together with the following additional
transformation:

CA-to-FA � a transformation from a computably axiomatizable theory of
signature {Γ 2} extending Graph theory GRE into a �nitely axiomatizable
theory of a �nite pure predicate signature with predicates of arity > 1 (main
stage of the universal construction). An input theory is given by its c.e. index,
while the output theory is presented by its G�odel number. A standard release
of this transformation de�nes a quasiexact interpretation of theories, thus,
preserving the layer MQL. Notice that, a few simpli�ed versions of the stage
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CA-to-FA are available which preserve some proper sublayers of MQL.
We formulate the universal construction based on the stage CA-to-FA:

Theorem 3.4. Given a c.a. theory T and a �nite rich signature σ2. E�ectively
in a weak c.e. index of T , one can construct a f.a. theory F of signature
σ2 together with a quasiexact interpretation I : T � S; in particular, the
interpretation I de�nes a computable isomorphism µ : L(T ) → L(S) preserving
the in�nitary semantic layer MQL of model-theoretic properties (having a
simpli�ed version of the stage CA-to-FA, the layer of controlled properties may
be smaller ).

Proof. Both stages iP-to-Graph and CA-to-FA preserve layer MQL. Moreover,
the other stages in the passage 3-w-e, preserve its extension ACL ⊇ MQL, cf.
Fig. 1 and Fig. 2. �

layer MQL included in layer ACL, cf. Fig. 1, that is preserved by the other
stages in the passage 1-w-e in scheme presented in Fig. 2. �
Remark 3.5. It is possible to check that any complete theory of signature

σ∗ = {f1(x)}∪{U1
0 (x), ..., U

1
k (x), ...; k ∈ N}∪{X0

0 , X
0
1 , ..., X

0
k , ...; k ∈ N} (3.4)

is superstabe. On the other hand, by de�nition, any non-rich signature must be
a part of σ∗. Therefore, non-rich signatures cannot express some real model-
theoretic properties. This is an explanation to the fact that just �nite rich
signatures are involved in main statements of this paper.

4. Generalized Tarski-Lindenbaum algebra of the undecidable
predicate calculi

Now, we turn to principal statements characterizing the globalization
structure of �rst-order predicate calculus of a �nite rich signature under �nitary
and in�nitary semantic layers.

We list notations used below in the main statement:

• AL is the layer consisting of all model-theoretic properties of both model
and algebraic types,

• ACL is the Cartesian semantic layer playing the role of a pragmatic release
of the �nitary semantic layer, cf. Section 1,

• MQL is the model quasiexact layer, alternatively called the in�nitary
semantic layer, cf. Section 1,
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• MQL is a �xed sublayer of MQL supported by an accepted release of the
universal construction,

• PC(σ) is the predicate calculus of signature σ considered as a �rst-order
theory (de�ned by an empty set of axioms),

• (L(PC(σ)), γ, ξ) is the generalized Tarski-Lindenbaum algebra of
predicate calculus PC(σ); where γ is a �xed G�odel numbering of the
set of sentences of signature σ, while ξ : St(PC(σ)) → P(AL) is the
mapping assigning model-theoretic properties to complete extensions of
the theory PC(σ),

• F {n} is the �nitely axiomatizable semantic type with an index n,
• E {n} is the computably axiomatizable semantic type with an index n,
• The concept of an f -dense theory: a theory P of a �nite signature σ is
said to be f -dense under a semantic layer D if the following properties are
satis�ed: (a) theory P is complete and decidable, (b) for any Φ∈SL(σ)
satisfying P ⊢ Φ, a sentence Ψ ∈ SL(σ) and a computable isomorphism
µ can be found, satisfying the following properties: P ⊢ ¬Ψ , ⊢ Ψ → Φ,
and =L([Ψ ]σ) ≡D =L(GRE) by means of µ; moreover, both a G�odel number
of Ψ and an index of the isomorphism µ are found e�ectively in a G�odel
number of the sentence Φ,

• The concept of an inf-dense theory is a generalization of the concept of
an f -dense theory with using computably axiomatizable theories instead
of �nitely axiomatizable ones (details do not matter in this work).

We formulate the principal statement of the paper, cf. [14].

Theorem 4.1 [Globalization Theorem for First-Order Logic]. Let
σ be a �nite rich signature, and

=L
(
PC(σ)

)
=

(
L(PC(σ)), γ, ξ

)
be the semantic type of the predicate calculus of signature σ. Let L and K be
semantic layers s.t. L ⊆ ACL and K ⊆ MQL, P be an f-dense theory under the
layer L, and R be an inf-dense theory under the layer K. An extra demand
K ⊆ L is also accepted in Part (C) involving both layers L and K.

The following assertions take place:
(A) [Finitary Globalization] The following presentation takes place:

=L(PC(σ)) ≡L BACL
fin =dfn

⊗[P ]

n∈NF {n}, (4.1)
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(B) [Infinitary Globalization] The following presentation takes place:

=L(PC(σ)) ≡K BMQL

inf =dfn
⊗[R]

n∈NE {n}, (4.2)

(C) [Interference] Any computably axiomatizable semantic type under
L is �nitely axiomatizable under K. Moreover, there are total computable
functions q(n) and v(n, t), such that q is a permutation of the set N, and the
following similarity relations are held for all n ∈ N :

E {n} ≡K F {q(n)}; moreover, the function

(λt)v(n, t) presents an isomorphism

corresponding to this similarity relation.

(4.3)

Thereby, for an arbitrary f-dense under K theory S (that must automatically
be inf-dense under K ), the following similarity relation is satis�ed⊗[S]

n∈NE {n} ≡K
⊗[S]

n∈NF {q(n)}, (4.4)

such that corresponding Hanf's isomorphism µ maps member E {n} onto
member F {q(n)} for all n ∈ N, while a particular ultra�lter in the left-hand
side of (4.4) is mapped onto a particular ultra�lter in the right-hand side,

(D) [Finitary Add/Omit Members] Given an arbitrary �nitely
axiomatizable type B′ under the layer L and an integer k0 > 0. We have

BACL
fin =

⊗[P ]

n<ωF {n} ≡L B′ ⊗
⊗[P ]

k06m<ωF {m}; (4.5)

more precisely: having omitted a few product members and attached an extra
member in the sequence involved in the operation (4.1), it is possible to de�ne
a computable isomorphism µ preserving L between the latter semantic type
and the changed one, such that, a particular ultra�lter from the left-hand side
of (4.5) is linked by µ with that available in the right-hand side of (4.5),

(E) [Infinitary Add/Omit Members] Given an arbitrary computably
axiomatizable type B′′ under the layer K and an integer k0 > 0. We have

BMQL

inf =
⊗[R]

n<ωE {n} ≡K B′′ ⊗
⊗[R]

k06m<ωE {m}; (4.6)

more precisely: having omitted a few product members and attached an extra
member in the sequence involved in the operation (4.2), it is possible to de�ne
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a computable isomorphism µ preserving K between the latter semantic type
and the changed one, such that a particular ultra�lter from the left-hand side
of (4.6) is linked by µ with that available in the right-hand side of (4.6),

(F) [Effectiveness] Transformations presented in the parts of this theorem
are realized e�ectively in G�odel's numbers and/or c.e. indices of the objects
involved in the construction. We can e�ectively �nd G�odel numbers and/or c.e.
indices of all further objects appeared in the construction, such as c.e. index
of a function, G�odel number or c.e. index of a semantic type, c.e. index of a
computable sequence of semantic types, etc.

5. Statements characterizing the first-order combinatorics

First, we consider the �nitary �rst-order combinatorics.
5.1. Finitary case. A key result for the �nitary case is the fact established

in Lemma 2.1. It states that the �rst-order combinatorics controls all available
model-theoretic properties whenever we get out of the narrow framework of
a primitive approach. Namely, let either pragmatic approach or any of its
extensions is accepted. We then obtain from FinL = AreaL ⊆ ACL, cf. (2.7)
and (2.8), that pragmatic version ACL of the �nitary semantic layer includes all
available model-theoretic properties, ensuring maximality of the main results
obtained within the �nitary approach, such as, characterization of the power of
the �nite signature reduction procedures, description of an isomorphism type
of the Tarski-Lindenbaum algebras of predicate calculi of �nite rich signatures
under the layer ACL, etc. This de�nitely con�rms the fundamental signi�cance
of the semantic layer of �nitary �rst-order combinatorics.

Now, we turn to the in�nitary case of �rst-order combinatorics.

5.2. In�nitary case. Unlike the previous case, in�nitary semantic layer
InfL does not coincide with the class of all model-theoretic properties. It
cannot include such properties as the existence of a �nite model, countable
categoricity, non-two-cardinality of a theory, and many others. Immediate
listing of a number of model-theoretic properties preserved by the in�nite-
to-�nite signature reduction procedure, and the universal construction cannot
be considered as a characterization of this layer; this only shows that
the layer InfL is large enough. Sophisticated technical description of the
universal construction and complicated de�nition to the notion of a quasiexact
interpretation makes it di�cult to understand which properties belong to
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the in�nitary semantic layer InfL. Moreover, some arguments are required to
con�rm that the layer InfL is not a casual thing, but it is an object of a
fundamental nature.

We pass to further claims concerning in�nitary combinatorics.

5.2.1. Common signi�cance of the semantic layer preserved by in�nite-
to-�nite signature reduction procedures. Laslo Kalmar, [11], was the �rst
investigator who described a signature reduction procedure in order to transfer
Church's result about unsolvability of the predicate logic from one �nite rich
signature to any other �nite rich signature. Later, a great number of works
appeared, which used signature reduction procedures to solve various questions
concerning transformations of signatures of theories with preservation de�nite
model-theoretic properties. In particular, some in�nite-to-�nite signature
reduction methods were also considered. A principal problem in this case is to
obtain a characterization of the layer I2fL consisting of those model-theoretic
properties which can be preserved by in�nite-to-�nite signature reduction
procedure. Another problem concerns the existence of a stand-alone most
advanced procedure preserving all properties of the layer I2fL. A common
practice of a great number of researchers for many decades concerning the
in�nite-to-�nite signature reduction procedures allows us to claim that the
semantic layer I2fL represents a de�nite essence having a general meaning
for the logical community. Moreover, the particular results obtained in this
direction establish some borders of the semantic layer I2fL. This points out
that the semantic layer I2fL has a common signi�cance in logic.

5.2.2. Maximality of an available standard version of the universal
construction. Applying the criterion of comparison modulo a representative
list R of model-theoretic properties, [1], [2], we obtain that semantic layers
UniL and MQL coincide with I2fL ∩ML, [1]. Since the universal construction
can be considered as an improved version of the in�nite-to-�nite signature
reduction procedure, it would be illogical to expect that there could exist a
version of the universal construction that preserves even more model-theoretic
properties. From this, it is possible to conclude that an existing standard
version of the universal construction, [7], has the maximum possible power.
Considering the equalities UniL MQL I2fL ∩ML modulo a representative
list R together with the general importance of the layer I2fL preserved
by in�nite-to-�nite signature reduction procedures, we conclude that both
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the layer UniL preserved by the universal construction and the in�nitary
semantic layer MQL preserved by the class of quasiexact interpretations have
a fundamental signi�cance in practice of investigations in model theory.

5.2.3. Status of the universal construction. In the book [7], the universal
construction of �nitely axiomatizable theories plays the role of a main result,
while all other results are applications of the universal construction. The
situation essentially changes within the context of the given combinatorial
approach. Now the main results are global isomorphisms and global formulas
presenting isomorphism types of the Tarski-Lindenbaum algebras of predicate
calculi of �nite rich signatures under the �nitary and in�nitary semantic
layer. Moreover, these global statements are assembled from the local methods
provided with the universal construction. At the same time, the universal
construction itself is obtained as an immediate consequence of the pointed out
global formulas. Thus, in the context of the suggested combinatorial approach,
the universal construction performs an ordinary role of a technical method of
transformation of theories.

5.2.4. Relative independence of a sophisticated description to the universal
construction. An important feature of the suggested combinatorial approach is
that the necessity to study the complicated universal construction decreases.
The point is that, the assembly scheme for the global formulas representing
isomorphism types of the Tarski-Lindenbaum algebras of predicate calculi of
�nite rich signatures can be based on any (even weak) version of the universal
construction. Respectively, a version of the universal construction which is
obtained as a consequence of the speci�ed global formulas will have the same
power as the universal construction initially involved in the assemble. Thus,
in studying of the combinatorial approch, it is possible to manage a simpler
version of the universal construction and even maximum simple release of the
universal construction, [15], that does not use the concept of a quasiexact
interpretation. Existence of a weak release of the universal construction that
is simply understandable provides an initial basis for studying, without rigid
necessity to support on a complicated standard version of the universal
construction. Later, when the reader will wish to have the results in a maximum
strong form, it will be possible to start studying a (complicated) standard
version of the universal construction.

5.2.5. Status of the de�nition of a quasiexact interpretation. There is a close
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connection between the main stage of the in�nite-to-�nite signature reduction
procedure and that of a standard release of the universal construction. This
gives a good chance to introduce a new simple enough (understandable)
de�nition to the concept of a quasiexact interpretation. First, we have to
build a proof to the stage iP-to-Graph describing in detail properties of the
involved interpretation I ensuring preservation of model-theoretic properties
of the in�nitary semantic layer. After that, we have to extract from the text a
description of the interpretation I in such a manner that it would be applicable
to both stages iP-to-Graph and CA-to-FA, cf. Fig. 3.

Figure 3 � Status of the de�nition of a quasiexact interpretation

5.2.6. Quick scheme for the in�nitary semantic layer. As noted earlier, the
following equalities take place modulo the representative list

UniL MQL I2fL ∩ML,

thereby, characterizing the in�nitary semantic layer MQL. In accordance with
[16], the following simpler rule for the in�nitary semantic layer also takes place:

MQL the set of all p ∈ ML such that p is preserved
by any transformation T 7→ T ⟨κ⟩⊕ SI
for an arbitrary sequence of formulas κ ∈ κC∃∩∀
and an arbitrary computably axiomatizable theory T,

(5.1)

where SI is a complete theory of signature {▹2, c} whose axioms describe a
successor relation with an initial element and without cycles. It seems, the
practical rule (5.1) is the simplest representation for the in�nitary semantic
layer that allows us to give a preliminary estimate whether a �xed property p
belongs to the in�nitary semantic layer MQL or not.
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6. Effective mapping between c.a. theories and f.a. theories

The following fact is an immediate consequence of Theorem 4.1(C):
Statement 6.1. There is an e�ective bijective mapping (relative to algebraic
isomorphisms of theories) from the class of all computably axiomatizable
theories in the class of �nitely axiomatizabe theories preserving the in�nitary
semantic layer MQL, cf. Fig 4. Moreover, this layer MQL is maximum possible
to be preserved in a such mapping; i.e., this layer cannot be extended in any
way.

Figure 4 � A scheme of embedding between the classes

Taking into consideration the maximality of the in�nitary semantic layer
MQL established in 5.2.2, we can treat Statement 6.1 as an exact coincidence of
expressive possibilities of the classes of computably axiomatizable and �nitely
axiomatizable theories within the framework of the in�nitary semantic layer
MQL, i.e., we obtain some real characterization of what can be expressed by
�nitely axiomatizable theories. Thus, Statement 6.1 can be considered as an
e�ective solution to the general question concerning the expressive power of
formulas of �rst-order logic.

7. Conclusion

William Hanf in [9] has solved the known problem of Alfred Tarski about
the isomorphism type of the Tarski-Lindenbaum algebra of predicate calculus
of a �nite rich signature. A historical background to the Tarski problem
is discussed in the works [9], [17], [18], [19], [20], [21], and [22]. Results
of this paper solve a generalized Tarski problem characterizing the Tarski-
Lindenbaum algebra of predicate calculus of any �nite rich signature with
the description of model-theoretic properties of complete extensions of the
predicate calculus considered as a theory with an empty set of axioms. As
an immediate consequence of these statements, we can deduce the most of
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currently available results on expressive power of �rst-order logic.
Summing up, it is possible to say that the de�nition to the concept of

a model-theoretic property together with its application to the globalization
formulas can be regarded as an attempt to solve the general question of
expressive power of formulas of �rst-order logic. The results can be of interest
in pure logic and model theory as well as in applied logic and some branches
of computer science.
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Ïåðåòÿòüêèí Ì.Ã. ÔÈÍÈÒÀÐËÛ Æ�ÍÅ ÈÍÔÈÍÈÒÀÐËÛ ÑÅÌÀÍ-
ÒÈÊÀËÛ� �ÀÁÀÒÒÛ� IÐÃÅËI ÌÀ�ÛÇÄÛËÛ�Û Æ�ÍÅ ÁIÐIÍØI
ÐÅÒÒI ËÎÃÈÊÀÍÛ� ÀÉ�ÛÍ Ê�ØIÍI� ÑÈÏÀÒÒÀÌÀÑÛ

Æ´ìûñ ïðåäèêàòòàð ëîãèêàñûíû­ àé©ûí ì³ìêiíäiêòåðií çåðòòåó ³øií
êîíöåïòóàëäû íåãiçäi ´ñûíàòûí áiðiíøi ðåòòi êîìáèíàòîðèêà¡à àðíàë¡àí.
Áiðiíøi ðåòòi ôèíèòàðëû æºíå èíôèíèòàðëû êîìáèíàòîðèêà ºäiñòåðiìåí
ñà©òàë¡àí ñåìàíòèêàëû© ©àáàòòàð ìàêñèìàëäû ì³ìêií áîëàòûíû ê°ð-
ñåòiëãåí æºíå ñîíäû©òàí îëàð ïðåäèêàòòàð ëîãèêàñûíäà iðãåëi ìà­ûçäû-
ëû©©à èå áîëàäû. Îñûíû­ íåãiçiíäå åñåïòåëãiø àêñèîìàòòàë¡àí òåîðèÿëàð
òàáûíàí à©ûðëû àêñèîìàòòàë¡àí òåîðèÿëàð òàáûíà òèiìäi áåéíåëåó æî-
ëûìåí áiðiíøi ðåòòi ïðåäèêàòòàð ëîãèêàñûíû­ àé©ûí ê³øi òóðàëû ìºñå-
ëåíiíi­ áåëãiëi áið æàëïû øåøiìi àëûíäû.

Ïåðåòÿòüêèí Ì.Ã. ÔÓÍÄÀÌÅÍÒÀËÜÍÀß ÇÍÀ×ÈÌÎÑÒÜ ÔÈÍÈ-
ÒÀÐÍÎÃÎ È ÈÍÔÈÍÈÒÀÐÍÎÃÎ ÑÅÌÀÍÒÈ×ÅÑÊÎÃÎ ÑËÎß È ÕÀ-
ÐÀÊÒÅÐÈÇÀÖÈß ÂÛÐÀÇÈÒÅËÜÍÎÉ ÑÈËÛ ËÎÃÈÊÈ ÏÅÐÂÎÃÎ
ÏÎÐßÄÊÀ

Ðàáîòà ïîñâÿùåíà êîìáèíàòîðèêå ïåðâîãî ïîðÿäêà, ïðåäñòàâëÿþùåé
êîíöåïòóàëüíóþ îñíîâó äëÿ èññëåäîâàíèÿ âûðàçèòåëüíûõ âîçìîæíîñòåé
ëîãèêè ïðåäèêàòîâ. Ïîêàçàíî, ÷òî ñåìàíòè÷åñêèå ñëîè, ñîõðàíÿåìûå ìå-
òîäàìè ôèíèòàðíîé è èíôèíèòàðíîé êîìáèíàòîðèêè ïåðâîãî ïîðÿäêà, ÿâ-
ëÿþòñÿ ìàêñèìàëüíî âîçìîæíûìè è ïîýòîìó èìåþò ôóíäàìåíòàëüíîå çíà-
÷åíèå â ëîãèêå ïðåäèêàòîâ. Íà ýòîé îñíîâå ïóò¼ì ýôôåêòèâíîãî îòîáðà-
æåíèÿ êëàññà âû÷èñëèìî àêñèîìàòèçèðóåìûõ òåîðèé â êëàññ êîíå÷íî àê-
ñèîìàòèçèðóåìûõ òåîðèé ïîëó÷åíî íåêîòîðîå îáùåå ðåøåíèå âîïðîñà î
âûðàçèòåëüíîé ñèëå ëîãèêè ïðåäèêàòîâ ïåðâîãî ïîðÿäêà.
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áàçèñíîñòè ïðè íåêîòîðîì (ñëàáîì â îïðåäåëåííîì ñìûñëå) âîçìóùåíèè
èñõîäíîãî îïåðàòîðà. Íàïðèìåð, äëÿ ñëó÷àÿ ñàìîñîïðÿæåííîãî èñõîäíîãî
îïåðàòîðà àíàëîãè÷íûé âîïðîñ èññëåäîâàëñÿ â [1], [2], [3], à äëÿ íåñàìîñî-
ïðÿæåííîãî � â [4], [5], [6].

Â íàñòîÿùåé ðàáîòå ðàññìàòðèâàåòñÿ áëèçêàÿ ê èññëåäîâàíèÿì [1], [4],
[7] ñïåêòðàëüíàÿ çàäà÷à:

l(u) ≡ −u′′(x) = λu(x), 0 < x < 1, (1)

U1(u) ≡ u′(0)− u′(1)− αu(1) = 0, α > 0, (2)

U2(u) ≡ u(0) =

1∫
0

p(x)u(x)dx, p(x) ∈ L2(0, 1), (3)

ãäå α > 0 � ïðîèçâîëüíîå êîìïëåêñíîå ÷èñëî.
Â [8] èññëåäîâàíû âîïðîñû óñòîé÷èâîñòè (ïðè èçìåíåíèè ôóíêöèè p(x))

áàçèñíîñòè êîðíåâûõ âåêòîðîâ ñïåêòðàëüíîé çàäà÷è, êîãäà α = 0.

Îáùåèçâåñòíûì ôàêòîì ÿâëÿåòñÿ òî, ÷òî ñèñòåìà êîðíåâûõ ôóíêöèé
îáûêíîâåííîãî äèôôåðåíöèàëüíîãî îïåðàòîðà ñ ïðîèçâîëüíûìè óñèëåííî
ðåãóëÿðíûìè êðàåâûìè óñëîâèÿìè îáðàçóåò áàçèñ Ðèññà â ïðîñòðàíñòâå
L2(0, 1). Â ñëó÷àå, êîãäà êðàåâûå óñëîâèÿ ÿâëÿþòñÿ ðåãóëÿðíûìè, íî íå
óñèëåííî ðåãóëÿðíûìè, ñâîéñòâî áàçèñíîñòè ñèñòåì êîðíåâûõ ôóíêöèé, â
îòëè÷èå îò ñâîéñòâà ïîëíîòû, íå îïðåäåëÿåòñÿ äàæå êîíêðåòíûì âèäîì
êðàåâûõ óñëîâèé. Âïåðâûå ýòîò ýôôåêò áûë çàìå÷åí Â.À. Èëüèíûì [5] è
ñîîòâåòñòâóþùèé ïðèìåð áûë ïîñòðîåí äëÿ äèôôåðåíöèàëüíîãî îïåðàòî-
ðà âòîðîãî ïîðÿäêà îáùåãî âèäà. Êàê ïîêàçàíî, â ýòîì ñëó÷àå íà íàëè÷èå
ñâîéñòâà áàçèñíîñòè ïîìèìî êðàåâûõ óñëîâèé âëèÿþò òàêæå çíà÷åíèÿ êî-
ýôôèöèåíòîâ äèôôåðåíöèàëüíîãî îïåðàòîðà. Ïðè÷åì ýòî ñâîéñòâî ìîæåò
ìåíÿòüñÿ ïðè ñêîëü óãîäíî ìàëîì èçìåíåíèè çíà÷åíèé êîýôôèöèåíòîâ â
ìåòðèêå òåõ êëàññîâ, â êîòîðûõ çàäàíû ýòè êîýôôèöèåíòû.

Ïóñòü L1 � îïåðàòîð â L2(0, 1), çàäàííûé âûðàæåíèåì (1) è "âîçìóùåí-
íûìè" êðàåâûìè óñëîâèÿìè (2) è (3). ×åðåç L0 îáîçíà÷èì íåâîçìóùåííûé
îïåðàòîð (ñëó÷àé p (x) = 0 ).

Â íàøèõ ïðåäûäóùèõ ðàáîòàõ [9]�[13] ðàññìîòðåíû ðàçëè÷íûå âàðèàí-
òû èíòåãðàëüíîãî âîçìóùåíèÿ êðàåâûõ óñëîâèé. Â ýòèõ ðàáîòàõ â ïðåäïî-
ëîæåíèè, ÷òî íåâîçìóùåííûé îïåðàòîð L0 îáëàäàåò ñèñòåìîé ñîáñòâåííûõ
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è ïðèñîåäèíåííûõ ôóíêöèé (ÑèÏÔ), îáðàçóþùåé áàçèñ Ðèññà â L2(0, 1),
ìû ïîñòðîèëè õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñïåêòðàëüíîé çàäà÷è äëÿ
îïåðàòîðà L1. Íà îñíîâàíèè ïîëó÷åííîé ôîðìóëû äåëàþòñÿ âûâîäû îá
óñòîé÷èâîñòè, ëèáî íåóñòîé÷èâîñòè ñâîéñòâ áàçèñíîñòè Ðèññà ÑèÏÔ çàäà-
÷è ïðè èíòåãðàëüíîì âîçìóùåíèè êðàåâîãî óñëîâèÿ.

Ïðèíöèïèàëüíûì îòëè÷èåì íàñòîÿùåé ðàáîòû ÿâëÿåòñÿ òî, ÷òî ó
íåâîçìóùåííîé çàäà÷è (1)�(3) ñèñòåìà ñîáñòâåííûõ ôóíêöèé ïîëíà, íî
íå îáðàçóåò áàçèñà â L2(0, 1) [14]. Ïîýòîìó èñïîëüçóåìûé íàìè ìåòîä èç
ïðåäûäóùèõ ðàáîò â äàííîì ñëó÷àå íå ìîæåò áûòü ïðèìåíèì.

2. Õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü ñïåêòðàëüíîé çàäà÷è

(1)�(3)

Êðàåâûå óñëîâèÿ â çàäà÷å (1)�(3) ÿâëÿþòñÿ ðåãóëÿðíûìè, íî íå óñè-
ëåííî ðåãóëÿðíûìè [15]. Ñèñòåìà êîðíåâûõ ôóíêöèé îïåðàòîðà l ÿâëÿåòñÿ
ïîëíîé ñèñòåìîé, íî íå îáðàçóåò äàæå îáû÷íîãî áàçèñà â L2(0, 1) [14]. Îä-
íàêî, êàê ïîêàçàíî â [16], íà îñíîâå ýòèõ ñîáñòâåííûõ ôóíêöèé ìîæåò áûòü
ïîñòðîåí áàçèñ, ïîçâîëÿþùèé ïðèìåíèòü ìåòîä ðàçäåëåíèÿ ïåðåìåííûõ
äëÿ ðåøåíèÿ íà÷àëüíî-êðàåâîé çàäà÷è ñ êðàåâûì óñëîâèåì (2).

Ïðåäñòàâëÿÿ îáùåå ðåøåíèå óðàâíåíèÿ (1) ïî ôîðìóëå

u (x, λ) = C1 cos
√
λx+ C2 sin

√
λx

è óäîâëåòâîðÿÿ åãî êðàåâûì óñëîâèÿì (2), (3), ïîëó÷àåì ëèíåéíóþ ñèñòåìó
îòíîñèòåëüíî êîýôôèöèåíòîâ Ck: C1

(√
λ sin

√
λ− α cos

√
λ
)
+

(√
λ
(
1− cos

√
λ
)
− α sin

√
λ
)
= 0,

C1

(√
λ sin

√
λ− α cos

√
λ
)
+

(√
λ
(
1− cos

√
λ
)
− α sin

√
λ
)
= 0,

(4)

Ïîýòîìó õàðàêòåðèñòè÷åñêèé îïðåäåëèòåëü çàäà÷è (1)�(3) èìååò âèä

∆1(λ) =
(√

λ sin
√
λ− α cos

√
λ
)
·

1∫
0

p (x) sin
√
λxdx−

−
(√

λ
(
1− cos

√
λ
)
− α sin

√
λ
)(

1−
1∫
0

p (x) cos
√
λxdx

)
.

(5)

Ïðè p(x) = 0 îòñþäà ïîëó÷àåòñÿ õàðàêòåðèñòè÷åñêèé îïðåäåëè-
òåëü íåâîçìóù¼ííîé çàäà÷è (1)�(3). Åãî îáîçíà÷èì ÷åðåç ∆0(λ) =√
λ
(
1− cos

√
λ
)
− α sin

√
λ.
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Ðåøàÿ óðàâíåíèå ∆0(λ) = 0, èìååì äâå ñåðèè ñîáñòâåííûõ çíà÷åíèé

λ
(1)
k = (2πk)2, k = 1, 2, ..., λ

(2)
k = (2βk)

2, k = 1, 2, ..., íåâîçìóù¼ííîé çàäà÷è
(1)�(3). Çäåñü βk � êîðíè óðàâíåíèÿ

tanβ =
α

2β
, β > 0. (6)

Îíè ÿâëÿþòñÿ ïîëîæèòåëüíûìè è óäîâëåòâîðÿþò íåðàâåíñòâàì

πk < βk < πk +
π

2
, k = 0, 1, 2, ... .

Äëÿ ðàçíîñòè δk = βk − πk ïðè äîñòàòî÷íî áîëüøèõ k âûïîëíÿþòñÿ äâó-
ñòîðîííèå îöåíêè

α

2πk

(
1− 1

2πk

)
< δk <

α

2πk

(
1 +

1

2πk

)
. (7)

Ñîáñòâåííûå ôóíêöèè íåâîçìóù¼ííîé çàäà÷è (1)�(3) ïðè p(x) = 0 èìåþò
âèä

u
(1)
k (x) = sin(2πkx), k = 1, 2, ...,

u
(2)
k (x) = sin(2βkx), k = 1, 2, ... .

Ñîáñòâåííûå ôóíêöèè ñîïðÿæåííîé ê íåâîçìóù¼ííîé çàäà÷å (1)�(3) ïðè
p(x) = 0:

l ∗ (ν) = λν, v′(1) + αv(0) = 0; v(0)− v(1) = 0, (8)

êîòîðûå èìåþò âèä

v
(1)
k (x) = C

(1)
k

(
cos(2πkx)− α

2πk sin(2πkx)
)
, k = 1, 2, ...,

v
(2)
k (x) = C

(2)
k

(
cos(2βkx) +

α
2βk

sin(2βkx)
)
, k = 1, 2, ...,

ãäå C(1)
k , C

(2)
k âûáèðàþòñÿ èç ñîîòíîøåíèÿ áèîðòîãîíàëüíîñòè

(u
(1)
k , v

(1)
k ) = 1, (u

(2)
k , v

(2)
k ) = 1.

Îòñþäà ñëåäóåò

C
(1)
k = −4π

α
, C

(2)
k =

4π

α
+O

(
1

k

)
. (9)
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Â ðàáîòå [16] ïîñòðîåíà âñïîìîãàòåëüíàÿ ñèñòåìà, êîòîðàÿ îáðàçóåò áàçèñ
â L2(0, 1) :

u0(x) = u
(2)
0 (x) · (2β0)−1, u2k(x) = u

(1)
k (x),

u2k−1(x) =
(
u
(2)
k (x)− u

(1)
k (x)

)
· (2δk)−1, k = 1, 2, ... .

Áèîðòîãîíàëüíîé ñèñòåìîé ê íåé ÿâëÿåòñÿ ñèñòåìà

v0(x) = 2β0v
(2)
0 (x), v2k(x) = v

(2)
k (x) + v

(1)
k (x),

v2k−1(x) = 2δkv
(2)
k (x) , k = 1, 2, ...,

ïîñòðîåííàÿ èç ñîáñòâåííûõ ôóíêöèé çàäà÷è (8). Ôóíêöèþ ïðåäñòàâèì â
âèäå ðÿäà Ôóðüå ïî âñïîìîãàòåëüíîé ñèñòåìå {vk(x)}:

p(x) = a0v0(x) +

∞∑
k=1

(akv2k(x) + bkv2k−1(x)). (10)

Âû÷èñëèì èíòåãðàëû, âõîäÿùèå â (5):

1∫
0

p (x) sin
√
λxdx = ∆0(λ) ·

{
ā0 · C(2)

0

2β0

λ− (2β0)
2 +

+
∞∑
k=1

āk · C
(1)
k

1

λ− (2kπ)2
+

∞∑
k=1

C
(2)
k

λ− (2βk)
2

(
āk + b̄k(2δk)

)}
,

ãäå ∆0(λ) =
√
λ
(
1− cos

√
λ
)
− α sin

√
λ;

1∫
0

p (x) cos
√
λxdx = ā0

(2β0) · C(2)
0

λ− (2β0)
2

(√
λ sin

√
λ− α cos

√
λ
)
+

+

∞∑
k=1

āk
C

(1)
k

λ− (2kπ)2

(
α
(
1− cos

√
λ
)
+
√
λ sin

√
λ
)
+

+

∞∑
k=1

(
āk + b̄k(2δk)

) C
(2)
k

λ− (2βk)
2

(√
λ sin

√
λ− α cos

√
λ− α

)
.
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Èñïîëüçóÿ ïîëó÷åííîå, îïðåäåëèòåëü (5) ïðèâîäèòñÿ ê âèäó

∆1(λ) = ∆0(λ)

[
−1 + α

∞∑
k=1

(
ak

(
C

(1)
k

1
λ−(2kπ)2

− C
(2)
k

1
λ−(2βk)

2

)
−

− bk
2δkC

(2)
k

λ−(2βk)
2

)
+ 2

(√
λ sin

√
λ− α cos

√
λ
)
·
(
a0

(2β0)·C(2)
0

λ−(2β0)
2 +

+
∞∑
k=1

(
ak

(
C

(1)
k

1
λ−(2kπ)2

+ C
(2)
k

1
λ−(2βk)

2

)
+ bk

(2δk)C
(2)
k

λ−(2βk)
2

))]
,

(11)

ãäå ∆0(λ) =
√
λ
(
1− cos

√
λ
)
−α sin

√
λ. Âûðàæåíèå â êâàäðàòíûõ ñêîáêàõ

îáîçíà÷èì ÷åðåç A(λ). Ôóíêöèÿ A(λ) ïðè λ = (2βk)
2 è λ = (2πk)2 èìååò

ïîëþñà ïåðâîãî ïîðÿäêà, ïîýòîìó ∆1(λ) = ∆0(λ) · A(λ) ÿâëÿåòñÿ öåëîé
àíàëèòè÷åñêîé ôóíêöèåé ïåðåìåííîé λ.

Ñëó÷àé ïðîñòîé ôîðìû õàðàêòåðèñòè÷åñêîãî îïðåäåëèòåëÿ (11) âûãëÿ-
äèò òàêæå, êàê â ñëó÷àå, êîãäà p(x) ïðåäñòàâëÿåòñÿ â âèäå êîíå÷íîé ñóììû
â (10). Êîãäà ñóùåñòâóåò òàêîé íîìåð N , ÷òî ak = bk = 0 äëÿ âñåõ k > N .
Â ýòîì ñëó÷àå ôóíêöèÿ A(λ) ïðèíèìàåò âèä

A(λ) = −1 + α
N∑
k=1

[
ak

(
C

(1)
k

1
λ−(2kπ)2

− C
(2)
k

1
λ−(2βk)

2

)
−

− bk
2δkC

(2)
k

λ−(2βk)
2

]
+ 2

(√
λ sin

√
λ− α cos

√
λ
)
·
(
a0

(2β0)·C(2)
0

λ−(2β0)
2 +

+
N∑
k=1

[
ak

(
C

(1)
k

1
λ−(2kπ)2

+ C
(2)
k

1
λ−(2βk)

2

)
+ bk

(2δk)C
(2)
k

λ−(2βk)
2

]
.

(12)

Èç ôîðìóëû (12) çàìåòèì, ÷òî ∆1(λ
1
k) = ∆1(λ

2
k) = 0 äëÿ âñåõ k > N .

Ñëåäîâàòåëüíî, âñå ñîáñòâåííûå çíà÷åíèÿ λ1
k, λ

2
k, k > N íåâîçìóù¼ííîé

çàäà÷è (1)�(3) (p(x) = 0) ÿâëÿþòñÿ ñîáñòâåííûìè çíà÷åíèÿìè âîçìóù¼í-
íîé çàäà÷è (1)�(3). Êðàòíîñòü ñîáñòâåííûõ çíà÷åíèé λ1

k, λ
2
k, k > N ñî-

õðàíÿåòñÿ. Èç óñëîâèÿ áèîðòîãîíàëüíîñòè ñèñòåìû ñîáñòâåííûõ ôóíêöèé{
u
(1)
k (x), u

(2)
k (x)

}
è
{
v
(1)
k (x), v

(2)
k (x)

}
ñëåäóåò

1∫
0

p (x)u
(1)
k (x)dx = 0,

1∫
0

p (x)u
(2)
k (x)dx = 0, k > N.
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Òàêèì îáðàçîì, ñîáñòâåííûå ôóíêöèé
{
u
(1)
k (x), u

(2)
k (x)

}
, k > N, íåâîçìó-

ù¼ííîé çàäà÷è (1)�(3) (p(x) = 0) óäîâëåòâîðÿþò êðàåâûì óñëîâèÿì âîç-
ìóù¼ííîé çàäà÷è (1)�(3). Èòàê, ñèñòåìà ñîáñòâåííûõ ôóíêöèé âîçìóù¼í-
íîé çàäà÷è (1)�(3) è ñèñòåìà ñîáñòâåííûõ ôóíêöèé íåâîçìóù¼ííîé çàäà÷è
(1)�(3) (p(x) = 0) ñîâïàäàþò, êîòîðûå íå îáðàçóþò áàçèñ, çà èñêëþ÷åíèåì
êîíå÷íîãî ÷èñëà ïåðâûõ ÷ëåíîâ.

Îòñþäà ñëåäóåò, ÷òî ñèñòåìà ñîáñòâåííûõ ôóíêöèé âîçìóù¼ííîé çàäà-
÷è (1)�(3) òàêæå íå ÿâëÿåòñÿ áàçèñîì â L2(0, 1) â ýòîì ÷àñòíîì ñëó÷àå.
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Ñàäûáåêîâ Ì.À, Èìàíáàåâ Í.Ñ. ÅÑÅËI ÄÈÔÔÅÐÅÍÖÈÀËÄÀÓÄÛ�
ÒÎË�ÛÒÛË�ÀÍ ÐÅÃÓËßÐËÛ ÎÏÅÐÀÒÎÐÛÌÅÍ ÁÀÉËÀÍÛÑ�ÀÍ
Ò�ÁIÐËIÊ ÂÅÊÒÎÐËÀÐÛ ÁÀÇÈÑÒIÊ �ÀÑÈÅÒÊÅ ÈÅ ÁÎËÌÀÉÒÛÍ
ÁIÐ ÅÑÅÁI ÒÓÐÀËÛ

Á´ë ìà©àëàäà ðåãóëÿðëû, áiðà© ê³øåéòiëìåãåí ðåãóëÿðëû òèïòåãi èí-
òåãðàëäû© òîë©ûòûë¡àí øåòòiê øàðòòàðìåí áåðiëãåí åñåëi äèôôåðåíöè-
àëäàó îïåðàòîðûíû­ ñïåêòðàëäû© åñåái ©àðàñòûðûë¡àí. Åñåïòi­ åðåêøiëi-
ãi òîë©ûòûëìà¡àí åñåïòi­ ò³áiðëiê âåêòîðëàðûíû­ æ³éåñiíi­ áàçèñòiãi ©à-
ñèåòiíi­ áîëìàéòûíäû¡ûíäà äåóãå áîëàäû. Ñïåêòðàëäû© åñåïòi­ õàðàêòå-
ðèñòèêàëû© àíû©òàóûøû ©´ðûë¡àí. Ò³áiðëiê ôóíêöèÿëàð æ³éåñiíi­ áà-
çèñòiãiíi­ áîëìàóû ©àñèåòiíi­ øåòòiê øàðòòû­ èíòåãðàëäû© òîë©ûòûëóû-
íà ©àòûñòû îðíû©ñûç áîëàòûíû ê°ðñåòiëãåí.

Sadybekov M.A., Imanbaev N.S. ON A PROBLEM NOT HAVING
THE BASIS PROPERTY OF ROOT VECTORS, CONNECTED
WITH SOME PERTURBED REGULAR OPERATOR OF MULTIPLE
DIFFERENTIATION

In this paper we consider a spectral problem for a multiple di�erentiation
operator under an integral perturbation of boundary conditions of one type
which are regular, but not strongly regular. The feature of the problem is that
the system of root vectors of the unperturbed problem does not have the basis
property. A characteristic determinant of the spectral problem is constructed.
It is shown that the property that the system of root functions is unstable with
respect to the integral perturbation of the boundary condition.
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Annotation: In this paper we study the multipliers of multiple Fourier series for a

trigonometric system on anisotropic Lorentz spaces. In particular, there was obtained

the su�cient conditions for a sequence of complex numbers {λk}k∈Nm in order

to make it a multiplier of multiple trigonometric Fourier series from Lp,r[0; 1]
m to

Lq,r[0; 1]
m, p < q.

Keywords: Multiplier, multiple Fourier series, Lizorkin theorem, Lorentz space.

1. Introduction

The problem of Fourier series multipliers can be formulated by the following
way.

Let 1 < p < q < ∞, 0 < r ≤ ∞. It is said that the sequence of
complex numbers λ = {λk}k∈Z is a trigonometrical Fourier series multiplier
from Lp,r[0, 1] to Lq,r[0, 1], if for every function f ∈ Lp,r[0, 1] with Fourier series∑
k∈Z

f̂(k)e2πikx there exists a function fλ from Lq,r[0, 1] a Fourier series which

coincides with the series
∑
k∈Z

λkf̂(k)e
2πikx and an operator Tλ, Tλf = fλ is a

bounded operator from Lp,r[0, 1] to Lq,r[0, 1]. Our aim is to �nd characteristics
for a sequence λ = {λk}k∈Z , such that operator Tλ is bounded from Lp,r[0, 1]
to Lq,r[0, 1].

Keywords: Multiplier, multiple Fourier series, Lizorkin theorem, Lorentz space.
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The set mq,r
p,r of all multipliers from Lp,r to Lq,r is a linear normed

space with the norm

∥λ∥mq,r
p,r

= sup
f ̸=0

∥fλ∥Lq,r

∥f∥Lp,r

.

When p = q, we will denote this space by mp,r [1], [2].
Analogously the problem about Fourier transform multipliers can be

formulated as follows. Let 1 ≤ p ≤ q ≤ ∞, 0 < r ≤ ∞. It is said that φ is a
Fourier transform multiplier from Lp,r to Lq,r if there exists constant c > 0,
such that for every function f in the Schwartz space S the following inequality
holds

∥Tφ(f)∥Lq,r
≤ c ∥f∥Lp,r

, (1)

where Tφ(f) = F−1φFf , F and F−1 are the direct and the inverse Fourier
transforms in R. The set M q,r

p,r of all Fourier multipliers from Lp,r to Lq,r is
also a normed space with the norm

∥φ∥Mq,r
p,r

= ∥Tφ∥Lp,r→Lq,r
.

The set Mp,r
p,r we will denote by Mp,r. The well-known result on multipliers for

Fourier transform is the Lizorkin theorem.

Theorem A. Let 1 < p ≤ q ≤ ∞, A > 0, β = 1
p − 1

q . Assume that the

function φ is continuously di�erentiable on R/{0} and satis�es the following

conditions

|yβφ(y)| ≤ A,

|y1+βφ′(y)| ≤ A,

then φ is Fourier transform multipliers from Lp to Lq and ∥φ∥Mq
p
≤ cA.

The analogue of Lizorkin theorem for Fourier series was obtained in [3], [4].

Theorem B. Let 1 < p < q ≤ ∞, A > 0. If the sequence of complex numbers

λ = {λk}k∈N satisfy the following conditions:

sup
k

k
1
p
− 1

q |λk| ≤ A,

sup
k

k
1+ 1

p
− 1

q |∆λk| ≤ A,
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then λ is Fourier series multiplier from Lp to Lq and ∥φ∥mq
p
≤ cA.

Let f be a Lebesgue measurable function on R. The distribution function
is de�ned by

m(σ, f) = |{x ∈ R : |f(x)| > σ}| .
The function

f∗(t) = inf{σ ≥ 0 : m(σ, f) ≤ t}
is the non-increasing rearrangement of f.

The next result is a strengthening of Lizorkin theorem for Fourier series
multipliers in Lorentz space [3], [5].

Theorem C. Let 1 < p < q < ∞, 0 < r ≤ ∞, 0 < α < 1 − 1
p + 1

q , β =

α+ 1
p−

1
q . If the sequence of complex numbers λ = {λk}k∈N satisfy the following

conditions:

sup
k

k
1
p
− 1

q |λk| ≤ A,

sup
k

k1−α
(
mβ∆λm

)∗
(k) ≤ A,

where f∗ is the non-increasing rearrangement of function f , then λ is Fourier

series multiplier from Lp,r to Lq,r and ∥φ∥mq,r
p,r

≤ c(p, q, r, α)A.
Our aim is to prove analogue of Theorem C for multiple Fourier series

multipliers.

2. Auxiliary results

First we will consider the two-dimensional case. Further, this method will
be used for m−dimensional case.

Let 1 ≤ p = (p1, p2) ≤ ∞, function f(x, y) ∈ Lp([0; 1]
2), where the norm is

de�ned by the following way:

∥f∥Lp
=
∥∥∥∥f∥Lp1

∥∥∥
Lp2

.

Ëåììà 1. Let 1 ≤ p, q ≤ ∞, f ∈ Lp with respect to �rst variable and f ∈ X
with respect to second variable, then∥∥∥∥Sm1(f)∥Lq

∥∥∥
X

≤ cm
1
p
− 1

q

1

∥∥∥∥f∥Lp

∥∥∥
X
,

here Sm1(f) is partial sum of function f with respect to �rst variable.
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Ëåììà 2. Let 1 ≤ p, q ≤ ∞, f ∈ X with respect to �rst variable and f ∈ Lp

with respect to second variable, then

∥∥Sm2(f)∥X∥Lq
≤ Cm

1
p
− 1

q

2 ∥∥f∥X∥Lp
,

where Sm2(f) is partial sum of function f by second variable.

Äîêàçàòåëüñòâî. Using the representation of partial sum by the second
variable in the form of a convolution with the Dirichlet kernel and Young's
inequality for convolutions, we obtain:

∥∥Sm2(f)∥X∥Lq
=

∥∥∥∥∥∥∥∥∫ 1

0
f(x, ξ)Dm2(y − ξ)dξ

∥∥∥∥
X

∥∥∥∥
Lq

≤

≤
∥∥∥∥∫ 1

0
∥f(x, ξ)∥X |Dm2(y − ξ)|dξ

∥∥∥∥
Lq

≤

≤ ∥∥f(x, ξ)∥X∥Lp
∗ ∥Dm2∥Lr

≤ cm
1
p
− 1

q

2 ∥∥f∥X∥Lp
,

where 1 + 1
q = 1

p + 1
r .

Ëåììà 3. Let p0 ̸= p1, 0 < τ ≤ ∞, then(
∥∥f(x, y)∥X∥Lp0

, ∥∥f(x, y)∥X∥Lp1

)
θ,τ

= ∥∥f(x, y)∥X∥Lp,τ

where 0 < θ < 1, 1
p = 1−θ

p0
+ θ

p1
.

Äîêàçàòåëüñòâî. The norm with respect to �rst variable ∥f(x, y)∥X can
be considered as a function of one variable (y), then taking into account that
(Lp0 , Lp1)θ,τ = Lp,τ , we obtain the statement of this lemma.

Ëåììà 4. Let 0 < α1 < 1, 0 < β < 1, 0 < τ, q ≤ ∞, then( ∞∑
k=1

(
kα sup

m2≥k

∥∥Sm2(f)∥X∥Lq

mβ
2

)τ
1

k

) 1
τ

≤

≤ C

(∫ ∞

0

(
t−θ inf

f=f0+f1

(
t sup

k
sup
m2≥k

∥∥Sm2(f1)∥X∥Lq

mβ
2

+
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+sup
k

kα1 sup
m2≥k

∥∥Sm2(f0)∥X∥Lq

mβ
2

))τ
dt

t

) 1
τ

,

here 0 < θ < 1, α = (1− θ)α1.

Äîêàçàòåëüñòâî. Let us make an arbitrary decomposition of f in the form
f = f0 + f1, where f0(x, y) ∈ Lp0 and f1(x, y) ∈ Lp1 with respect to second
variable y. Then

sup
m2≥k

∥∥Sm2(f)∥X∥Lq

mβ
2

≤2max( 1
q
−1;0)

(
sup
m2≥k

∥∥Sm2(f0)∥X∥Lq

mβ
2

+ sup
m2≥k

∥∥Sm2(f1)∥X∥Lq

mβ
2

)
.

If we denote v(t) = t
1
α1 , t > 0, then

sup
1≤k≤v(t)

kα1 sup
m2≥k

∥∥Sm2(f)∥X∥Lq

mβ
2

≤

≤C

(
sup

1≤k≤v(t)
kα1 sup

m2≥k

∥∥Sm2(f0)∥X∥Lq

mβ
2

+ sup
1≤k≤v(t)

kα1 sup
m2≥k

∥∥Sm2(f1)∥X∥Lq

mβ
2

)
≤

≤ C

(
sup
k≥1

kα1 sup
m2≥k

∥∥Sm2(f0)∥X∥Lq

mβ
2

+ t sup
k≥1

sup
m2≥k

∥∥Sm2(f1)∥X∥Lq

mβ
2

)
.

Taking into account that the representation f = f0+f1 is arbitrary, we obtain
that

(∫ ∞

0

(
t−θ inf

f=f0+f1

(
t sup

k
sup
m2≥k

∥∥∥∥∥
∥∥∥∥∥Sm2(f1)

∥∥∥∥∥
X

∥∥∥∥∥
Lq

mβ
2

+

+sup
k

kα1 sup
m2≥k

∥∥∥∥∥
∥∥∥∥∥Sm2(f0)

∥∥∥∥∥
X

∥∥∥∥∥
Lq

mβ
2

))τ
dt

t

) 1
τ

≥

≥ C

(∫ ∞

0

(
t−θ sup

1≤k≤v(t)
kα1 sup

m2≥k

∥∥∥∥∥
∥∥∥∥∥Sm2(f)

∥∥∥∥∥
X

∥∥∥∥∥
Lq

mβ
2

)τ
dt

t

) 1
τ

=
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= C

(
α1

∫ ∞

0

(
u−θα1 sup

1≤k≤u
kα1 sup

m2≥k

∥∥∥∥∥
∥∥∥∥∥Sm2(f)

∥∥∥∥∥
X

∥∥∥∥∥
Lq

mβ
2

)τ
dt

t

) 1
τ

≥

≥ Cα
1
τ
1

( ∞∑
i=1

(
2−θα1i sup

1≤k≤2i
kα1 sup

m2≥k

∥∥∥∥∥
∥∥∥∥∥Sm2(f)

∥∥∥∥∥
X

∥∥∥∥∥
Lq

mβ
2

)τ
1

2i

) 1
τ

≥

≥ C

( ∞∑
i=1

(
2−θα1i+iα1 sup

m2≥2i

∥∥∥∥∥
∥∥∥∥∥Sm2(f)

∥∥∥∥∥
X

∥∥∥∥∥
Lq

mβ
2

)τ
1

2i

) 1
τ

=

= C

( ∞∑
i=1

(
kα sup

m2≥k

∥∥∥∥∥
∥∥∥∥∥Sm2(f)

∥∥∥∥∥
X

∥∥∥∥∥
Lq

mβ
2

)τ
1

k

) 1
τ

.

The proof is complete.

Ëåììà 5. Let 1 < p < q ≤ ∞, 0 < τ ≤ ∞, 0 < α < 1− 1
p +

1
q , β = α+ 1

p −
1
q .

Then ( ∞∑
k=1

(
kα sup

m2≥k

∥∥Sm2(f)∥X∥Lq

mβ
2

)τ
1

k

) 1
τ

≤ C ∥∥f∥X∥Lp,τ
.

Äîêàçàòåëüñòâî. Let 1 ≤ r, q ≤ ∞, then ∃C > 0 :

∥∥Sm2(f)∥X∥Lq
≤ Cm

1
r
− 1

q

2 ∥∥f∥X∥Lr
. (2)

Let 0 < α ≤ 1 − 1
p , then

1
p − 1

q < β = α + 1
p − 1

q ≤ 1 − 1
q and there exists

p0 such that 1 < p0 < p, β = 1
p0

− 1
q .

For r = p0 we have

∥∥Sm2(f)∥X∥Lq
≤ Cm

1
p0

− 1
q

2 ∥∥f∥X∥Lp0
,

sup
k

sup
m2≥k

∥∥Sm2(f)∥X∥Lq

mβ
2

≤ C ∥∥f∥X∥Lp0
.
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Further there exists p1 such that p < p1 < q, α1 =
1
p0

− 1
p1
, then β = 1

p0
− 1

q =

α1 +
1
p1

− 1
q .

For r = p1, we receive

∥∥Sm2(f)∥X∥Lq
≤ Cm

1
p1

− 1
q

2 ∥∥f∥X∥Lp1
= Cmβ−α1

2 ∥∥f∥X∥Lp1
,

and

sup
k

kα1 sup
m2≥k

∥∥Sm2(f)∥X∥Lq

mβ
2

≤ sup
k

sup
m2≥k

∥∥Sm2(f)∥X∥Lq

mβ−α1
2

≤ C ∥∥f∥X∥Lp1
.

Consequently we have

sup
k

sup
m2≥k

∥∥Sm2(f)∥X∥Lq

mβ
2

≤ C ∥∥f∥X∥Lp0
,

sup
k

kα1 sup
m2≥k

∥∥Sm2(f)∥X∥Lq

mβ
2

≤ C ∥∥f∥X∥Lp1
.

Moreover, according to previous lemma and Interpolation theorem for Lebesgue
spaces we get( ∞∑

k=1

(
kα sup

m2≥k

∥∥Sm2(f)∥X∥Lq

mβ
2

)τ
1

k

) 1
τ

≤ C ∥∥f∥X∥Lp,τ

for 0 < α ≤ 1− 1
p .

Let 1 − 1
p < α < 1 − 1

p + 1
q . In this case we set that 0 < α̃ ≤ 1 − 1

p and
applying previous steps we obtain

( ∞∑
k=1

(
kα sup

m2≥k

∥∥∥∥∥
∥∥∥∥∥Sm2(f)

∥∥∥∥∥
X

∥∥∥∥∥
Lq

mβ
2

)τ
1

k

) 1
τ

= [α = α̃+ σ̃] =

=

( ∞∑
k=1

(
kα̃+σ̃ sup

m2≥k

∥∥∥∥∥
∥∥∥∥∥Sm2(f)

∥∥∥∥∥
X

∥∥∥∥∥
Lq

m
α̃+σ̃+ 1

p
− 1

q

2

)τ
1

k

) 1
τ

≤
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≤

( ∞∑
k=1

(
kα̃ sup

m2≥k

∥∥∥∥∥
∥∥∥∥∥Sm2(f)

∥∥∥∥∥
X

∥∥∥∥∥
Lq

m
α̃+ 1

p
− 1

q

2

)τ
1

k

) 1
τ

≤ C

∥∥∥∥∥
∥∥∥∥∥f
∥∥∥∥∥
X

∥∥∥∥∥
Lp,τ

.

The proof is complete.

3. Main result

Let f(x1, ..., xm) be a measurable on Rm. The f∗(t) = f∗1,...,∗m(t1, ..., tm)
means the non-increasing rearrangement �rst with respect to x1 with �xed
others arguments, and then with respect to x2 with �xed others arguments,
etc..

Let 1 ≤ p = (p1, ..., pm) < ∞, 0 < r = (r1, ..., rm) ≤ ∞. A function f
belongs to the Lorentz space Lp,r [6], if f measurable on Rm and

∥f∥Lp,r:=

∫ ∞

0
...

(∫ ∞

0

(
m∏
i=1

t
1
pi
i f∗1,...,∗m(t1, ..., tm)

)r1
dt1
t1

) r2
r1

...
dtm
tm


1

rm

< ∞

where r < ∞,

∥f∥Lp∞ := sup
ti>0

m∏
i=1

t
1
pi
i f∗1,...,∗m(t1, ..., tm) < ∞,

where r = (∞, ...,∞).

Let Em = {ε = (ε1, ..., εm) : εi = 0 or εi = 1, i = 1, ...,m}. Let ε ∈ Em,
then ∗ε = (∗ε1 , ..., ∗εm) is an operator, which is acting by the following rule:

f∗ε =

{
f(t), or ε = 0,

f∗(t), or ε = 1,

f∗ε1 ,...,∗εm (t1, ..., tm) = (...f∗ε1 (t1)...)
∗εm (tm).

Òåîðåìà 1. Let 1 < p = (p1, ..., pm) < q = (q1, ..., qm) < ∞, 0 < r =
(r1, ..., rm) ≤ ∞, 0 < α < 1 − 1

p + 1
q and β = α + 1

p − 1
q . If the sequence
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of complex numbers λ = {λk}k∈Nm satisfy the following properties for every

ε ∈ Em

sup
ki∈N

m∏
i=1

kεi−αi
i

 m∏
j=1

s
βj

j |∆ελs|

∗ε

(k1, ..., km) ≤ µ, (3)

where∆ελs = ∆ε1 ...∆εmλs1,...,sm , ∆εiλs1,...,sm := λs1,...,si+1,...,sm−λs1,...,si,...,sm

then λ ∈ mq,r
p,r and ∥λ∥mq,r

p,r
≤ c(p, q, r, α)µ.

Äîêàçàòåëüñòâî. Furthermore by tilde we denote elements from m − 1
dimensional spaces. Let us consider partial sum∥∥∥∥∥Sn(fλ)

∥∥∥∥∥
Lq

=

∥∥∥∥∥...
∥∥∥∥∥ ∑
ε∈Em

n−ε∑
k=(1−ε)n+ε

∆ελkSk(f)

∥∥∥∥∥
q1

...

∥∥∥∥∥
qm

≤

≤

∥∥∥∥∥...
∥∥∥∥∥ ∑
ε1∈E1

n1−ε1∑
k1=(1−ε1)n1+ε1

∆ελkSk1

(
Sk̃(f)

)∥∥∥∥∥
q1

...

∥∥∥∥∥
q̃

≤

≤

∥∥∥∥∥... ∑
ε1∈E1

n1−ε1∑
k1=(1−ε1)n1+ε1

∣∣∣∣∣∆ελk

∣∣∣∣∣
∥∥∥∥∥Sk1

(
Sk̃(f)

)∥∥∥∥∥
q1

...

∥∥∥∥∥
q̃

≤

≤

∥∥∥∥∥... ∑
ε1∈E1

n1−ε1∑
k1=(1−ε1)n1+ε1

(
sβ1
1

∣∣∣∣∣∆ελk

∣∣∣∣∣
)∗ϵ1

(k1) sup
m≥k1

∥∥∥∥∥Sm

(
Sk̃(f)

)∥∥∥∥∥
q1

mβ1
...

∥∥∥∥∥
q̃

≤

≤

∥∥∥∥∥ ∑
ε̃∈Em−1,k̃

sup
k1

kε1−α1
1

(
sβ1
1

∣∣∣∣∣∆ελk

∣∣∣∣∣
)∗ϵ1

(k1)
∑

ε1∈E1,k1

kα1
1 sup
m≥k1

∥∥∥∥∥Sm

(
Sk̃(f)

)∥∥∥∥∥
q1

mβ1

1

kε11
...

∥∥∥∥∥
q̃

≤

≤ c1

∥∥∥∥∥ ∑
ε̃∈Em−1

∑
k̃

sup
k1

kε1−α1
1

(
sβ1
1

∣∣∣∣∣∆ελk

∣∣∣∣∣
)∗ϵ1

(k1)

∥∥∥∥∥Sk̃(f)

∥∥∥∥∥
L
p1,

1
ε1

...

∥∥∥∥∥
q̃

≤ ... ≤
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≤ C sup
km

kεm−αm
m

(
...

(
sβ1
1

∣∣∣∣∣∆ελk

∣∣∣∣∣
)∗ε1

(k1)...

)∗εm

(km)

∥∥∥∥∥...
∥∥∥∥∥f
∥∥∥∥∥
L
p1,

1
ε1

...

∥∥∥∥∥
L
pm, 1

εm

≤

≤ Cµ

∥∥∥∥∥...
∥∥∥∥∥f
∥∥∥∥∥
Lp1,1

...

∥∥∥∥∥
Lpm,1

.

Hence we get ∥∥∥... ∥Sn(fλ)∥q1 ...
∥∥∥
qm

≤ Cµ
∥∥∥... ∥f∥Lp1,1

...
∥∥∥
Lpm,1

.

Let 1 < p0 = (p01, ..., p
0
m) < p < p1 = (p11, ..., p

1
m) < ∞, 1 < q0 =

(q01, ..., q
0
m) < q < q1 = (q11, ..., q

1
m) < ∞ be such that 1

p0
− 1

q0
= 1

p −
1
q = 1

p1
− 1

q1
.

Let pε = (pε11 , ..., pεmm ), qε = (qε11 , ..., qεmm ), then

∥Sn(fλ)∥qε ≤ Cεµ ∥f∥Lpε,1
.

If 0 < θ = (θ1, ..., θm) < 1 be such that 1
p = 1−θ

p0
+ θ

p1
, then

1

q
=

1

p
− 1

p0
+

1

q0
=

1

p0
+

1− θ

p0
+

θ

p1
+

1

q0
=

1− θ

q0
+

θ

q1
.

Further, using Interpolation theorem for anisotropic Lorentz spaces and
Lebesgue spaces with mixed norm [6], we get statement of theorem.

The following theorem was obtained for multipliers of multiple Fourier
series from Lp ∩M2 to Lp. We will say that f ∈ M2 if the Fourier coe�cients
of function f are convex.

Òåîðåìà 2. Let 2 ≤ p = (p, ..., p) < ∞. If the sequence of complex numbers

{λk}k∈Nm satisfy the following condition: ∞∑
km=1

...

∞∑
k1=1

|λk1,...,km |p
′

m∏
i=1

ki

...


1
p′

< ∞,

where 1
p + 1

p′ = 1, then λk is the multiplier of multiple Fourier series from

Lp ∩M2 to Lp.
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Proof. Let us consider m−dimensional case. Let multiple Fourier series of
function f is represented in trigonometric system. By using the following
estimate [8] for function f from M2

∣∣∣∣∣∣
∞∑

km=1

...

∞∑
k1=1

ak1,...,km

m∏
i=1

sin(kixi)

∣∣∣∣∣∣ ≤ C

m∏
i=1

xi

[
π

xm

]∑
km=1

...

[
π
x1

]∑
k1=1

m∏
i=1

kiak1,...,km ,

we get

∥f∥p = ∥
∞∑

km=1

...

∞∑
k1=1

ak1,...,km

m∏
i=1

sin(kixi)∥p =

=

(∫ π

0
...

∫ π

0

∣∣∣∣∣
∞∑

km=1

...

∞∑
k1=1

ak1,...,km

m∏
i=1

sin(kixi)

∣∣∣∣∣
p

dx1...dxm

) 1
p

≥

≥

(∫ π

0
...

∫ π

0

m∏
i=1

xp1i

( [
π

xm

]∑
km=1

...

[
π
x1

]∑
k1=1

m∏
i=1

kiak1,...,km

)p

dx1...dxm

) 1
p

≥

≥

( ∞∑
rm=1

...

∞∑
r1=1

m∏
i=1

r−p−2
i

(
rm∑

km=1

...

r1∑
k1=1

m∏
i=1

kiak1,...,km

)p

...

) 1
p

≥

≥

( ∞∑
rm=1

...

∞∑
r1=1

m∏
i=1

r−p−2
i

(
rm∑

km= rm
2

...

r1∑
k1=

r1
2

m∏
i=1

kiak1,...,km

)p

...

) 1
p

≥

≥

( ∞∑
rm=1

...

∞∑
r1=1

m∏
i=1

r−2
i

(
rm∑

km= rm
2

...

r1∑
k1=

r1
2

ak1,...,km

)p

...

) 1
p

≥

≥

( ∞∑
rm=1

...
∞∑

r1=1

m∏
i=1

rp−2
i

(
2m

m∏
i=1

ri

rm∑
km= rm

2

...

r1∑
k1=

r1
2

ak1,...,km

)p

...

) 1
p

≥

≥

( ∞∑
rm=1

...

∞∑
r1=1

m∏
i=1

rp−2
i (ar1,...,rm)

p ...

) 1
p

≈

 ∞∑
km=0

...

∞∑
k1=0

(
m∏
i=1

2
ki
p′ a2k1 ,...,2km

)p

...

 1
p

.
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Let us denote g =
∞∑

km=1

...
∞∑

k1=1

λk1,...,km

m∏
i=1

sin(kixi), and estimate

∥fλ∥p ≤
∞∑

km=1

...

∞∑
k1=1

∆ak1,...,km∥Sk1,...,km(g)∥p ≤

≤
∞∑

nm=0

...
∞∑

n1=0

2nm+1∑
km=2nm

...
2n1+1∑
k1=2n1

∆ak1,...,km∥Sk1,...,km(g)∥p ≤

≤
∞∑

nm=0

...

∞∑
n1=0

∥
2nm+1∑

km=2nm

...

2n1+1∑
k1=2n1

λk1,...,km

m∏
i=1

sin(kixi)∥p
2nm+1∑

km=2nm

...

2n1+1∑
k1=2n1

∆ak1,...,km =

=

∞∑
nm=0

...

∞∑
n1=0

m∏
i=1

2
−ni

p′ ∥
2nm+1∑

km=2nm

...

2n1+1∑
k1=2n1

λk1,...,km

m∏
i=1

sin(kixi)∥p
m∏
i=1

2
ni
p′ a2n1 ,...,2nm ≤

≤
∞∑

nm=0

...

( ∞∑
n1=0

m∏
i=1

2−ni∥
2nm+1∑

km=2nm

...

2n1+1∑
k1=2n1

λk1,...,km

m∏
i=1

sin(kixi)∥p
′

p

) 1
p′

×

×

( ∞∑
n1=0

(
m∏
i=1

2
ni
p′ a2n1 ,...,2nm

)p) 1
p

≤

... ≤

( ∞∑
nm=0

...

∞∑
n1=0

m∏
i=1

2−ni∥
2nm+1∑

km=2nm

...

2n1+1∑
k1=2n1

λk1,...,km

m∏
i=1

sin(kixi)∥p
′

p ...

) 1
p′

×

×

( ∞∑
nm=0

...
∞∑

n1=0

(
m∏
i=1

2
ni
p′ a2n1 ,...,2nm

)p

...

) 1
p

.

We get the following estimate by using theorem's condition p ≥ 2 :

∥f∥p
∥fλ∥p

≤

( ∞∑
nm=0

...
∞∑

n1=0

m∏
i=1

2−ni∥
2nm+1∑

km=2nm

...
2n1+1∑
k1=2n1

λk1,...,km

m∏
i=1

sin(kixi)∥p
′

p ...

) 1
p′

≤
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≤

( ∞∑
nm=0

...
∞∑

n1=0

m∏
i=1

2−ni

(
2nm+1∑

km=2nm

...
2n1+1∑
k1=2n1

|λk1,...,km |p
′

)
...

) 1
p′

≤

≤

( ∞∑
nm=0

...
∞∑

n1=0

2nm+1∑
km=2nm

...
2n1+1∑
k1=2n1

|λk1,...,km |p
′

m∏
i=1

ki

...

) 1
p′

≤

≤

( ∞∑
km=1

...
∞∑

k1=1

|λk1,...,km |p
′

m∏
i=1

ki

...

) 1
p′

< ∞.

It means that λk is the multiplier of multiple Fourier series from Lp ∩M2 to
Lp. The theorem is proved.
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Ûäûðûñ À.Æ. ÅÑÅËI ÔÓÐÜÅ �ÀÒÀÐËÀÐÛ�?IÍ ËÈÇÎÐÊÈÍ ÒÅÊ-
ÒÅÑ ÒÅÎÐÅÌÀÍÛ� ÀÍÀËÎÃÛ

Á´ë ìà©àëàäà òðèãîíîìåòðèÿëû© æ³éå áîéûíøà àëûí¡àí åñåëi Ôó-
ðüå ©àòàðëàðûíû­ ìóëüòèïëèêàòîðëàðûí àíèçîòðîïòû Ëîðåíö êå­iñòiãií-
äå ©àðàñòûðàìûç. Àòàï àéò©àíäà, {λk}k∈Nm êîìïëåêñ ñàíäàð òiçáåãiíi­
Lp,r[0; 1]

m Ëîðåíö êå­iñòiãiíåí Lq,r[0; 1]
m, p < q êå­iñòiãiíå åñåëi òðèãîíî-

ìåòðèÿëû© Ôóðüå ©àòàðëàðûíû­ ìóëüòèïëèêàòîðûíà àéíàëóû ³øií ©îé-
ûëàòûí æåòêiëiêòi øàðòòàð òàáûë¡àí.

Ûäûðûñ À.Æ. ÀÍÀËÎÃ ÒÅÎÐÅÌÛ ÒÈÏÀ ËÈÇÎÐÊÈÍÀ ÄËß
ÊÐÀÒÍÛÕ ÐßÄÎÂ ÔÓÐÜÅ

Â äàííîé ñòàòüå ìû èçó÷àåì ìóëüòèïëèêàòîðû êðàòíûõ ðÿäîâ Ôóðüå
ïî òðèãîíîìåòðè÷åñêîé ñèñòåìå íà àíèçîòðîïíûõ ïðîñòðàíñòâàõ Ëîðåíöà.
Â ÷àñòíîñòè, ïîëó÷åíû äîñòàòî÷íûå óñëîâèÿ íà ïîñëåäîâàòåëüíîñòü êîì-
ïëåêñíûõ ÷èñåë {λk}k∈Nm äëÿ òîãî, ÷òîáû ýòà ïîñëåäîâàòåëüíîñòü ñòà-
ëà ìóëüòèïëèêàòîðîì êðàòíûõ òðèãîíîìåòðè÷åñêèõ ðÿäîâ Ôóðüå èç ïðî-
ñòðàíñòâà Ëîðåíöà Lp,r[0; 1]

m â Lq,r[0; 1]
m, p < q.
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1. Introduction

Let us consider the following one-dimensional potential

u(t) =

∫ 1

0
−1

2
|t− τ |f(τ)dτ in Ω = (0, 1), (1)

where f is an integrable function in Ω. The kernel of the one-dimensional
potential is a fundamental solution of the second order di�erential equation,
that is,

−∂2
tE(t− τ) = δ(t− τ), (2)

where E(t−τ) = −1
2 |t−τ | and δ is the Dirac distribution. Hence the potential

(1) satis�es the equation

−∂2
t u(t) = f(t), t ∈ Ω. (3)

Keywords: Time-fractional di�usion equation, fundamental solution, time-fractional

heat potential, layer potentials, nonlocal boundary condition.

2010 Mathematics Subject Classi�cation: 26A33.
Funding: This research is �nancially supported by a grant from the Ministry of Science

and Education of the Republic of Kazakhstan (Grant � 0085/PTSF-14).
c⃝ G. Oralsyn, 2017.



On a nonlocal initial boundary value ... 141

An interesting question having several important applications (in general) is
what boundary condition can be put on u on the boundary of Ω so that
equation (3) complemented by this boundary condition would have a unique
solution in Ω still given by the same formula (1) (with the same kernel). This
amounts to �nding the trace of the one-dimensional Newton potential (1) to
the boundary of Ω.

Simply, by using integration by parts, one obtains that boundary conditions
for the potential (1) are

u′(0) + u′(1) = 0,−u′(1) + u(0) + u(1) = 0. (4)

Hence if we solve equation (3) with the boundary conditions (4), then we
�nd a unique solution of this boundary value problem in the form (1). This
problem becomes more interesting for PDE. The trace of the Newton potential
on a boundary surface appeared in M. Kac's work [4], where he called it and the
subsequent spectral analysis as �the principle of not feeling the boundary�. This
was further expanded in Kac's book [5] with several further applications to the
spectral theory and the asymptotics of the Weyl's eigenvalue counting function.
Some results towards answering these questions can be found in papers of Kac
[4], [5], Saito [21], as well as in systematic studies of Kal'menov and Suragan
[8], [9], [10], [11] and [22], see also Kal'menov and Otelbaev [6] for the more
general analysis. The analogues of the problem for the Kohn Laplacian and its
powers on the Heisenberg group have been recently investigated by Ruzhanksy
and Suragan in [?] as well as in [20] for general strati�ed Lie groups.

The main purpose of this paper is to construct trace formulae for the heat-
volume potentials of the time-fractional di�usion equation to piecewise smooth
lateral surfaces of cylindrical domains and use these conditions to construct
as well as to study a nonlocal initial boundary value problem for the time-
fractional di�usion equation. Consider

♢α,tu = ∂α
t u−∆u = f in Ω× (0, T ), (5)

u(0, x) = 0, x ∈ Ω, (6)

where Ω ⊂ Rn is a bounded domain with the boundary ∂Ω ∈ C1+γ , 0 < γ < 1,
∆ =

∑n
i=1 ∂

2
xi
is the Laplacian and

∂α
t u(t, x) =

1

Γ(1− α)

∫ t

0
(t− τ)−τu′τ (τ, x)dτ
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is the fractional Caputo time derivative of order 0 < α ≤ 1. Here Γ is the
gamma function. We shall note that for α = 1 the fractional derivative coincides
with the standard time derivative.

For the convenience of the reader let us now brie�y recapture the main
results of this paper. Thus, in this paper:

• We establish trace formulae for the time-fractional heat potential
operator ∫ t

0
dτ

∫
Ω
E(x− y, t− τ)f(τ, y)dy

to the surface ∂Ω × (0, T ), where ∂Ω is the boundary of the bounded
domain Ω ⊂ Rn. Then we use this to introduce a version of Kac's
boundary value problem, that is Kac's principle of �not feeling the
boundary� for the time-fractional heat operator ♢α,t.

In Section 2 we very brie�y review the main concepts of potential theory
for the fractional di�usion equation and �x the notation. In Section 3 we derive
trace formulae and give the analogues of Kac's boundary value problem for the
time-fractional di�usion equation in Theorem 1.

2. Preliminaries

In this section we very brie�y review some important concepts of the time-
fractional di�usion equation and �x the notation. For the general background
details on potential theory of the time-fractional di�usion equation we refer to
[12], [15] and [16] (see also [1]). The fundamental solution of the time-fractional
di�usion equation (5) can be given by

E(x, t) = θ(t)π−d/2tα−1|x|−dH20
12

(
1

4
|x|2t−α|(α,α)(−d/2,1),(1,1)

)
, (7)

where H is the Fox H-function (see e.g. [17]) and θ is the Heaviside step
function. It is constructed by taking the Laplace-transform in the time and
the Fourier-transform in the spatial variable of the time-fractional di�usion
equation

♢α,tE(x, t) := (∂α
t −∆x)E(x, t) = δ(x, t),

where δ(x, t) is the Dirac distribution at the origin, and by using the
inverse Fourier-transform of the Mittag-Le�er function. Heat volume potential,
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single and double layer potentials of the time-fractional di�usion equation,
respectively, can be de�ned by

(♢−1
α,tρ)(x, t) =

∫ t

0

∫
Ω
E(x− y, t− τ)ρ(y, τ)dydτ, (8)

(Sρ)(x, t) =

∫ t

0

∫
∂Ω

E(x− y, t− τ)ρ(y, τ)dydτ, (9)

and

(Dρ)(x, t) =

∫ t

0

∫
∂Ω

∂nE(x− y, t− τ)ρ(y, τ)dydτ, (10)

where ∂n is the outer normal derivative on the boundary ∂Ω of the bounded
domain Ω. Here we also recall Green's formula (see, for example, [15]) for the
the time-fractional di�usion operator∫ T

0

∫
Ω
(♢α,τuPT v − PTu♢α,τv) dxdτ =

∫ T

0

∫
∂Ω

(u∂nPT v − ∂nuPT v)dSdτ,

(11)
where PT is a time involution operator on the interval (0, T ) and is de�ned by
setting

P (T )v(τ) = v(T − τ).

3. Trace formula and initial boundary value problem

Let Ω ⊂ Rd, d ≥ 2, be a bounded domain with Lyapunov boundary
∂Ω ∈ C1+λ, 0 < λ < 1, and f ∈ C((0, T )× Ω) such that f(·, t) is H�older
continuous uniformly in t ∈ [0, T ] and suppf(·, t) ⊂ Ω, t ∈ [0, T ]. Consider the
following time-fractional generalization of the heat potential (time-fractional
heat potential)

u(x, t) := ♢−1
α,tf =

∫ t

0
dτ

∫
Ω
E(x− y, t− τ)f(τ, y)dy, x ∈ Ω, t ∈ (0, T ), (12)

where E is a fundamental solution of ♢α,t. Here our aim is to �nd a boundary
condition for u on the boundary ∂Ω of a bounded domain Ω such that with
this boundary condition the equation
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{
♢α,tu(x, t) = f(x, t), in Ω× (0, T ),

u(x, 0) = 0, x ∈ Ω,
(13)

has a unique classical solution and this solution is the time-fractional heat
potential (12). This amounts to �nding the trace of the integral operator in
(12) on ∂Ω.

A starting point for us will be that if f ∈ C(Ω× (0, T )) such that f(·, t) is
H�older continuous uniformly in t ∈ [0, T ] and suppf(·, t) ⊂ Ω, t ∈ [0, T ], then
u de�ned by (12) is well de�ned and satis�es the initial problem (13) (see [13,
Theorem 2.4]).

Our main result for the time-fractional heat potential operator is the
following variant of Kac's formula (see the discussion in the introduction of
[18] and [?]) for a case of setting of the time-fractional di�usion equation.

Òåîðåìà 1. each f ∈ C(Ω× (0, T )) such that f(·, t) is H�older continuous

uniformly in t ∈ [0, T ] and suppf(·, t) ⊂ Ω, t ∈ [0, T ], the time-fractional heat

potential u = ♢−1
α,tf satis�es the following nonlocal boundary condition:

− u(x, t)

2
+

∫ t

0
dτ

∫
∂Ω

∂nE(x− y, t− τ)u(y, τ)dSy

−
∫ t

0
dτ

∫
∂Ω

E(x− y, t− τ)∂nu(y, τ)dSy = 0, (14)

for all x ∈ ∂Ω and t ∈ (0, T ). Conversely, if u is a solution of the time-fractional

di�usion equation

♢α,tu = f, (15)

satisfying the initial condition

u|t=0 = 0, on Ω, (16)

and the boundary condition (14), then it is given as the time-fractional heat

potential u = ♢−1
α,tf by formula (12) and it is unique.

Ñëåäñòâèå 1. It follows from Theorem 1 that the kernel E, which is a

fundamental solution of the time-fractional di�usion equation, is Green's
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function of the nonlocal initial boundary value problem (14)�(16) in Ω×(0, T ).
Therefore, the initial nonlocal boundary value problem (14)�(16) can serve as

an example of an explicitly solvable initial boundary value problem for the

time-fractional di�usion equation for any 0 < α ≤ 1 (and independent of the

shape of the domain Ω).

Proof of Theorem 1. By using Green's formula (11), for any x ∈ Ω and
t ∈ (0, T ), we obtain

u(x, T − t) =

∫ T−t

0
dτ

∫
Ω
E(x− y, T − t− τ)f(y, τ)dy

=

∫ T−t

0
dτ

∫
Ω
E(x− y, T − t− τ)♢α,τu(y, τ)dy

=

∫ T

0
dτ

∫
Ω
E(x− y, T − t− τ)♢α,τu(y, τ)dy

=

∫ T

0
dτ

∫
Ω
♢α,τE(x− y, τ − t)u(y, T − τ)dy

+

∫ T

0
dτ

∫
∂Ω

∂nE(x− y, T − t− τ)u(y, τ)dSy

−
∫ T

0
dτ

∫
∂Ω

E(x− y, T − t− τ)∂nu(y, τ)dSy

= u(y, T − t) +

∫ T

0
dτ

∫
∂Ω

∂nE(x− y, T − t− τ)u(y, τ)dSy

−
∫ T

0
dτ

∫
∂Ω

E(x− y, T − t− τ)∂nu(y, τ)dSy,

for any x ∈ Ω and t ∈ (0, T ). That is, we have∫ T

0
dτ

∫
∂Ω

∂nE(x− y, T − t− τ)u(y, τ)dSy

−
∫ T

0
dτ

∫
∂Ω

E(x− y, T − t− τ)∂nu(y, τ)dSy ≡ 0, (17)

Ìàòåìàòè÷åñêèé æóðíàë. � 2017. � Ò. 17, � 3



146 G. Oralsyn

for any x ∈ Ω and t ∈ (0, T ). Since θ(T − t− τ) = 0 for T − t < τ, this means∫ T−t

0
dτ

∫
∂Ω

∂nE(x− y, T − t− τ)u(y, τ)dSy

−
∫ T−t

0
dτ

∫
∂Ω

E(x− y, T − t− τ)∂nu(y, τ)dSy ≡ 0, (18)

for any x ∈ Ω and t ∈ (0, T ). Therefore, denoting T − t by t, we obtain∫ t

0
dτ

∫
∂Ω

∂nE(x− y, t− τ)u(y, τ)dSy

−
∫ t

0
dτ

∫
∂Ω

E(x− y, t− τ)∂nu(y, τ)dSy = 0, (19)

for all t ∈ (0, T ) and x ∈ Ω. By using the properties of the (time-fractional)
double and single layer potentials (see [12, Theorem 1] and [14, Theorem 2.1])
as x approaches the boundary ∂Ω from the interior, from (19), we obtain

− u(x, t)

2
+

∫ t

0
dτ

∫
∂Ω

∂nE(x− y, t− τ)u(y, τ)dSy

−
∫ t

0
dτ

∫
∂Ω

E(x− y, t− τ)∂nu(y, τ)dSy = 0, (20)

for all t ∈ (0, T ) and x ∈ ∂Ω.
This shows that (12) is a solution of the initial boundary value problem

(15)-(16)-(14).
Now let us prove its uniqueness. If the initial boundary value problem has

two solutions u and u1, then the function w = u− u1 satis�es{
♢α,tw(x, t) = 0, in Ω× (0, T ),

w(x, 0) = 0, x ∈ Ω,
(21)

and the boundary condition (14), i.e.

− w(x, t)

2
+

∫ t

0
dτ

∫
∂Ω

∂nE(x− y, t− τ)w(y, τ)dSy

−
∫ t

0
dτ

∫
∂Ω

E(x− y, t− τ)∂nw(y, τ)dSy = 0, (22)
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for all t ∈ (0, T ) and x ∈ ∂Ω.
Since f = 0 in this case, instead of (19) we have the representation formula

w(x, t) = −
∫ t

0
dτ

∫
∂Ω

∂nE(x− y, t− τ)w(y, τ)dSy

+

∫ t

0
dτ

∫
∂Ω

E(x− y, t− τ)∂nw(y, τ)dSy, (23)

for all t ∈ (0, T ) and x ∈ Ω. As above, by using the properties of the double
and single layer potentials as Ω ∋ x → ∂Ω, we obtain

− w(x, t) = −w(x, t)

2
+

∫ t

0
dτ

∫
∂Ω

∂nE(x− y, t− τ)w(y, τ)dSy

−
∫ t

0
dτ

∫
∂Ω

E(x− y, t− τ)∂nw(y, τ)dSy, (24)

for any x ∈ ∂Ω and t ∈ (0, T ). Comparing this with (22), we arrive at w(t, x) =
0, x ∈ ∂Ω, t ∈ (0, T ), by uniqueness of the solution of the mixed Cauchy-
Dirichlet problem (see [13], see also [2] for more general discussions) we get
w ≡ 0, i.e. u = ♢−1

α,tf . So we obtain the desired result.
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