ISSN 1682—0525

MHMHHNCTEPCTBO OBPASOBAHUA I HAYKHI
PECIIVBJINKU KASAXCTAH

MATEMATUYECKUMN
KYPHAIJ

Tom 17 Ne 3(65) 2017

NueruryT MareMaTuku U MaTeMaTHIeCKOrO MOJCJIUPOBAHMST
AmaTbl



ISSN 1682—0525

Munucrepcrso obpaszoBanust u Hayku PeciiyOiinku Kazaxcran

MATEMATHKAJDBDEK MXYPHAIJ

MATEMATUYECKNUMN
KYPHAIJI

MATHEMATICAL JOURNAL

ToMm 17 Ne 3(65) 2017

HCTUTYT MaTeMaTUKA U MAaTeMaTHIECKOTIO MOJIEJIMPOBAHUS
Asmarbl



MunucrepctBo obpaszoBanus u Hayku PecnyOsimkun Kazaxcran

I/IHCTI/ITYT MaTeMaTUKH U MaTeMaTH4YeCKOI'0 MOJEe/JIMPOBaHUA

MATEMATUYECKUI XKYPHAJI

Tom 17, Ne3(65), 2017

ZKypnan Bbixoant 4 pasa B IO

N3maercs ¢ 2001 roza

Inasusiit peraxrop: M.A. Canpibekos
3amecruresns riaasnoro pegaxkropa: A.T. Acanosa

PenaknuoHnas KOJLIE€THs:
JILA. Anekceesa, /I.b. Bazapxanos, b.C. Baiixanos, I.I1. Buskanosa, H.K. Bues,
B.I". Bounos, H.C. Jlaup6ekos, M.T. JIxxenamuesn, [.C. Jlxxymabaes,

A.C. Dxymamunsaaes, T.II. Kanomenos, K. T. Mbmbaes, A.2K. Haitmanosa,
M. Orentaes, U.H. ITankparosa, M.I". I[Tepersirokun, 1.A. Taiimanos (Poccus),
M.N. Tney6eprenos, C.H. Xapun.

Oreercreenusiii cekperapsb: 2K. K. JIxobyraesa
Anpec penakiun:

Wucruryt mMaremaTunku U Maremarndeckoro moaemmupoBanns KH MOH PK,
ya. lymkuna, 125, Anvarsr, 050010,
res.: 8 (727) 2 72 46 32 (xomu. 308), dakc: 8 (727) 2 72 70 93,

e-mail: zhurnal@math.kz, mat-zhurnal@mail.ru, http://www.math.kz

2Kypuan 3apeructpuposas B Komurere cs3u, nudopmarnsanyn u nadopmannu Munucrep-
cTBa 110 uHBeCTUIUAM U pa3suruio Pecrybiauku Kazaxcran, Ceugerenncreo Ne 15579-2K or
25 cearabpsa 2015 r.

(© MWHcTuTyT MaTEMaTHKM M MaTeMaTudeckoro momenuposarns MOH PK, 2017 r.



COAEP2KAHUE

Tom 17 Ne 3(65) 2017

Professor Mukhtarbay Otelbaev (to his 75-th anniversary) ............................. 5
Axpimm A III. O Merose SUCKPETHBIX OPAUHAT JJis HeJIMHeHHOro ypaBHeHus BoJsbumana. 19
Acanopa A.T., HckakoBa H.B. O pa3pemmnMocTs ceMeiicTBa MepUoINnIecKiuX KPAeBbIX 33141
st mud bepeHImabHbBIX YPABHEHMI C 3AM1a3/IbIBAIOIINM APTYMEHTOM . ... ovvennnnnn... 38
Bunaiibexkos E.Bl. UccienoBanue eauHCTBEHHOCTHA PENIeHUI 0OpAaTHBIX 3a/1a9 MarHHUTOTEJI-
JIyPUYeCKOr0 30HAMPOBAHNUSA aCUMIITOTHIECCKIM METOMOM ..ot ttttrneeeneeeeennnnnnnn. 52
Bizhanova G.I. Solvability of the nonregular problem for a parabolic equation with a time
derivative in the boundary condition ......... ... .. ... . 62
Kaupibaii A.A., Oiinapos P., Temupxanosa A.M. OueHku uHTErpajbHBIX OIEPATOPOB C Ie-
PEMEHHBIMY TIPEIEIAMY JIT MOHOTOHHBIX (DYHKITHH .o\ttt 71
Mynbaev K.T., Darkenbayeva G.S. Monte-Carlo study for OLS estimators of coefficients of
the regression with slowly varying regressor ............ ... .. .. i .. 84
Peretyat’kin M.G. Fundamental significance of the finitary and infinitary semantic layers
and characterization of the expressive power of first-order logic ........................ 91
CaznpibexkoB M.A., Hmanbaes H.C. O6 ommoii 3amade, He o0iagaomeii CBORCTBOM Oa3uCHO-
CTU KOPHEBBIX BEKTODOB, CBHA3AHHOIN € BO3MYIULEHHBIM DEry/IsPHBIM OIIEPATOPOM KPATHOIO

IADDEPEHIMPOBAHIIT « « « o v ettt e ettt ettt e e e et a et e n et e e et anas 117
Ydyrys A.Zh. Analogue of Lizorkin type theorem for multiple Fourier series ........... 126

Oralsyn G. About a nonlocal initial boundary value problem for the time-fractional diffusion

CQUATION ..ttt e e e e 140




CONTENTS

Volume 17 No. 3(65) 2017

Professor Mukhtarbay Otelbaev (to his 75-th anniversary) ............................. 5
Akysh A.Sh. On the method of discrete ordinates for the nonlinear Boltzmann equation 19
Assanova A.T., Iskakova N.B. On the solvability of a family periodical boundary value
problems for differential equations with delayed argument ...................... .. ... 38
Bidaibekov E.Y. Research of uniqueness solutions of inverse problems ofa magnetically-
telluric probing by asymtotically method ......... ... .. ... 52
Bizhanova G.I. Solvability of the nonregular problem for a parabolic equation with a time
derivative in the boundary condition ......... ... .. . .. 62
Kalybay A.A., Oinarov R., Temirkhanova A.M. Estimates of integral operators with variable
limits for monotone functions ......... ... ... . 71
Mynbaev K.T., Darkenbayeva G.S. Monte-Carlo study for OLS estimators of coefficients of
the regression with slowly varying regressor ............. ... ... .. .. 84
Peretyat’kin M.G. Fundamental significance of the finitary and infinitary semantic layers
and characterization of the expressive power of first-order logic ........................ 91
Sadybekov M.A., Imanbaev N.S. On a problem not having the property of basis property of
root vectors, connected with the perturbed regular operator of multiple differentiation 117

Ydyrys A.Zh. Analogue of Lizorkin type theorem for multiple Fourier series ........... 126
Oralsyn G. About a nonlocal initial boundary value problem for the time-fractional diffusion

EQUATION .ttt 140



MATEMATUYECKUN YKYPHAJI

ISSN 1682-0525

MATEMATNYECKA{A 2KN3Hb

2017. — Tom 17, Ne 3. — C. 5-18.

PROFESSOR MUKHTARBAY OTELBAEV
(TO HIS 75-TH ANNIVERSARY)

Mukhtarbay Otelbaev is a
professor of the Department
of fundamental and  applied
mathematics of L.N. Gumilyov
Eurasian National University, the
director of Eurasian Mathematical
Institute at Gumilyov FEurasian
National University, the deputy
director of the Kazakhstan branch
of M.V. Lomonosov Moscow State
University, the Chief Researcher
of the Institute of Mathematics
and Mathematical Modeling,
the Laureate of the State Prize
of the Republic of Kazakhstan,
Doctor of Sciences in Physics and
Mathematics, the academician of

the National Academy of Sciences of the Republic of Kazakhstan. He was
born on October 3, 1942 in the village Karakemer of the Kordai district of the

Zhambyl region, Kazakhstan.

He started his labor life as a tractor-driver in his native village. After
graduating from the evening school in 1962 in the village Karakonyz (now
Masanchi), he entered Kyrgyz State University in Frunze (now Bishkek). In
1962-1965, he served in the Soviet Army. In 1965-1966 he worked as a teacher
of mathematics at Chapaev evening school in the village Karakemer of the

Kordai district of the Zhambyl region.

After that he continued studies at the Faculty of Mechanics and
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Mathematics of M.V. Lomonosov Moscow State University and graduated in
1969.

In the same year he entered postgraduate studies at the same faculty
under supervision of the famous scientists, Professors B.M. Levitan and A.G.
Kostyuchenko. In 1972 he defended the PhD thesis titled "About the spectrum
of some differential operators".

Since 1973 M. Otelbaev was in Alma-Ata, worked as a junior researcher,
a senior researcher, the head of a laboratory at the Institute of Mathematics
and Mechanics of the Academy of Sciences of the Kazakh SSR.

In 1978, he brilliantly defended the Doctor of Sciences thesis titled
"Estimates of the spectrum of elliptic operators and related embedding
theorems" at the Dissertation Council number 1 of the Faculty of mechanics
and mathematics of M.V. Lomonosov Moscow State University headed by
Professor A.N. Kolmogorov, a prominent mathematician, the academician of
the Academy of Sciences of the USSR.

In 1989, M. Otelbaev was elected corresponding member of the Academy
of Sciences of the Kazakh SSR, and in 2004 he became a real member of the
National Academy of Sciences of the Republic of Kazakhstan.

Professor M. Otelbaev is an expert in the field of functional analysis and
its applications, the author of 3 monographs and over 200 scientific papers
and inventions widely recognized both in Kazakhstan and abroad. More than
70 of his works were published in rating international scientific journals (with
the impact-factor Journal Citation Reports Web of Science or included in the
SCOPUS database).

His main works are grouped around the following fields:

Spectral theory of differential operators;

Embedding theory and approximation theory;

Separability and coercive estimates for differential operators;

General theory of boundary value problems;

Theory of generalized analytic functions;

Computational mathematics;
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To his 75-th anniversary 7

e Nonlinear evolutional equations;
e Theoretical physics;
e Other fields of mathematics.

Let us briefly tell about the main results of professor M. Otelbaev.

I. SPECTRAL THEORY OF DIFFERENTIAL OPERATORS

M. Otelbaev developed new methods for studying the spectral properties
of differential operators, which are the result of consistent and skilled
implementation of the general idea of the localization of the considered
problems. In particular, he invented a construction of averaging coefficients
well describing those features of their behaviour which influence the spectral
properties of a differential operator. This construction known under the
notation ¢* made it possible to answer many of the hitherto open questions of
the spectral theory of the Schrédinger operator and its generalizations.

The function ¢* and its different variants have a number of remarkable
properties, which allow applying this function to a wide range of problems. Here
we note some problems for the first time solved by M. Otelbaev by using the
function ¢* on the basis of sophisticated analysis of the properties of differential
operators.

1) A criterion for belonging of the resolvent of the Schrédinger type operator
with a non-negative potential to the class o,,(1 < p < o0) was found
(previously only a criterion for belonging to o was known) and two-sided
estimates for the eigenvalues of this operator were obtained with the minimal
assumptions of the smoothness of the coefficients.

2) The general localization principle was proved for the problems of
selfadjointness and of the maximal dissipativity (simultaneously with the
American mathematician P. Chernov) which provided significant progress in
this area.

3) Examples were given showing the classical Carleman-Titchmarsh
formula for the distribution function N(A) of the eigenvalues of the Sturm-
Liouville operator is not always correct even in the class of monotonic potentials
and a new formula was found valid for all monotonic potentials.

4) The following result of M. Otelbaev is principally important: for N(\)
there is no universal asymptotic formula.

MATEMATUYECKUI »KYPHAJI. — 2017. — T. 17, Ne 3
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5) From the time of Carleman, who found the asymptotics for N(\) and,
by using it, the asymptotics of the eigenvalues themselves, all mathematicians
started with finding the asymptotics for N(A) and as a result they could not
get rid of the so-called Tauberian conditions. M. Otelbaev was the first who,
when looking for the asymptotics of the eigenvalues, omitted the interim step
of finding the asymptotics for N () , which allowed getting rid of all unessential
conditions for the problem including Tauberian conditions.

6) The two-sided asymptotics for N(\) for the Dirac operator was for
the first time found when N_(\) and N4 () are not equivalent. The results
of M. Otelbaev on the spectral theory were included as separate chapters
in the monographs of B.M. Levitan and I.S. Sargsyan "Sturm-Liouville and
Dirac operators" (Moscow: Nauka, 1985), and of A.G. Kostyuchenko and I.S.
Sargsyan "Distribution of eigenvalues"(Moscow: Nauka, 1979), which became
classical.

Recently, M. Otelbaev, jointly with professor V.I. Burenkov, described
a wide class of non-selfadjoint elliptic operators of order 2/ with general
boundary conditions, whose singular numbers have the same asymptotics as
the eigenvalues of the Ith power of the Laplace operators with the Dirichlet
boundary conditions.

II. EMBEDDING THEORY AND APPROXIMATION THEORY

This field of mathematics has developed as a separate branch in the works of
S.L. Sobolev in 1930 s. Beginning with the works of L.D. Kudryavtsev (around
1960) a new era of weighted function spaces used in the theory of differential
operators with variable coefficients arises.

M. Otelbaev began research in this field being a mature mathematician and
managed to create a new method of proving embedding theorem which is, in
form and essence, a local approach to such problems according. In the theory
of weighted Sobolev spaces, most used weighted function spaces, M. Otelbaev
obtained the following fundamental results.

1) A criterion for an embedding and for the compactness of an embedding.

2) Two-sided estimates for the norm of an embedding operator.

3) Two-sided estimates for Kolmogorov’s width and for the approximation
numbers of an embedding operator, and a criterion for belonging of an
embedding operator to the classes op, (1 < p < 00). It turned out that one
of the variants of the function ¢* is an adequate tool for description of the

MATEMATUYECKUI »KYPHAJI. — 2017. — T. 17, Ne 3



To his 75-th anniversary 9

exact conditions ensuring an embedding. For applications it is particularly
important that all the estimates are given in terms of weight functions and
allow taking into account the characteristics of their local behavior.

III. SEPARABILITY AND COERCIVE ESTIMATES FOR DIFFERENTIAL
OPERATORS

The term '"separability" was suggested by the famous English
mathematicians Everitt and Geertz around 1970 s, who investigated the
smoothness of solutions to the Sturm-Liouville equation.

Soon after that, M. Otelbaev was involved in research on this topic. He
developed a method for studying the separability of more general, multi-
dimensional operators and variable type operators, as well for the smoothness
of solutions to nonlinear equations. In particular, by using this method one
can study the separability of general differential operators in weighted, not
necessarily Hilbert spaces. With his interest in solving problems in the most
general setting, M. Otelbaev obtained

1) weighted estimates not only of the derivatives of solutions of the highest
order, but also of intermediate derivatives for a wide class of linear and
nonlinear equations;

2) estimates of the approximation numbers of separable operators exact in
a certain class of coefficients.

IV. GENERAL THEORY OF BOUNDARY PROBLEMS

The classical formulation of the boundary value problem is as follows: given
an equation and boundary conditions, to investigate the solvability of this
problem and the properties of the solution, if it exists (in the sense of belonging
to a certain space). Beginning with M.I. Vishik (1951), there is another, more
general approach: given an equation and a space to which the right-hand side
and the solution should belong, to describe all boundary conditions for which
the problem is correctly solvable in this space.

In this problem as well, despite the numerous previous studies, M. Otelbaev
has obtained new results remarkable in depth and transparency. The rich
mathematical intuition, the depth of thinking and extensive knowledge,
coupled with rejection of traditional constraints on the considered operators
and spaces, allowed him to develop an abstract theory of extension and
restriction of not necessarily linear operators in linear topological spaces.
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Using this theory, M. Otelbaev and his students were the first to
describe all correct boundary value problems for such "pathological"
operators as the Bitsadze-Samarskii operator, the ultrahyperbolic operator,
the pseudoparabolic operator, the Cauchy-Riemann operator and others (For
some of them previously no correct boundary value problems were known!).
Moreover, considerations were carried out in non-Hilbert spaces of L, and C.
This theory also allowed describing the structural properties of the spectrums
of correct restrictions of a given differential operator.

V. THEORY OF GENERALIZED ANALYTIC FUNCTIONS

In the theory of generalized analytic functions, built by the well-known
scientist I.N. Vekua, a real member of the Academy of Sciences of the USSR,
the main facts are:

a) a theorem on the representation of a solution;

b) a theorem on the continuity of a solution;

¢) a theorem on the Fredholm property.

All other facts of the theory are deduced from a), b), and c¢). Various
authors have gradually widened the class of spaces in which the Vekua theory
was valid.

M. Otelbaev found the widest space among the spaces close to the so-called
ideal spaces, to which the coefficients and the right-hand side should belong,
so that the facts a), b) and ¢) remain valid.

VI. COMPUTATIONAL MATHEMATICS

M. Otelbaev proposed a new numerical method for solving boundary value
problems (as well as general operator equations). By using the embedding
and extension theorems, he reduced the considered boundary value problem
to the problem of minimizing a functional. The boundary conditions and
also nonlinearities are "hidden" in the integral expressions. Moreover, by this
method the problem of "the choice of a basis" was solved, in which many
prominent mathematicians have been interested for a long time.

The method of M. Otelbaev can be easily algorithmized and allows finding
the solution with the required accuracy. Moreover, the procedure of finding a
numerical solution is stable. Computer calculations conducted by his students
and students of Professor Sh. Smagulov showed the effectiveness of the method.

M. Otelbaev developed a method of approximate calculation of eigenvalues
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and eigenvectors of non-selfadjoint matrices, based on a variational principle.
The method reduces the problem to the analogous problem for self-adjoint
matrices, for which there is a well-developed theory. Unlike other methods, for
example, the maximum gradient method, this method

1) provides global convergence,

2) is convenient for calculating the initial approximation,

3) allows calculating the eigenvalues with the smallest real part,

4) can be used in the general case of a compact non-selfadjoint operator.

M. Otelbaev obtained a two-sided estimate for the smallest eigenvalue
of a difference operator which is important for computational mathematics.
Due to the need for cumbersome calculations, methods for parallelization are
actively developed in the world. M. Otelbaev offered an effective algorithm of
parallelization for approximate solutions of boundary value problems and the
Cauchy problem for various classes of differential equations.

In addition, Professor M. Otelbaev gave a new approximate method
for solving a linear algebraic system with a poorly conditioned matrix and
parallelizing the solution process.

VII. NONLINEAR EVOLUTIONAL EQUATIONS

In hydrodynamics for describing a laminar flow of an incompressible fluid,
as well as a turbulent flow the system of the Navier-Stokes equations is used.
However, mathematically, it is not well justified, since the existence of a global
solution has not yet been proved. Therefore, there are some doubts about the
rightness of using this system as a mathematical model.

M. Otelbaev managed to reduce the existence problem of a global solution
to the Navier-Stokes equation to other equivalent problems, in particular, to
the problem of the existence of the so-called "dividing function". He obtained
a criterion for strong solvability of nonlinear evolution equations, similar to the
Navier-Stokes equation, and also built the examples of equations not globally
strongly solvable to which the system of Navier-Stokes equations reduces.

A big resonance was the work of the professor M.Otelbaev, in which
he published a full proof of the Clay Navier-Stokes Millennium Problem.
The work was published in the Kazakhstan scientific journal "Mathematical
Journal"(No. 4, 2013) in Russian. In analyzing the work there was
found a mistake in calculating which was acknowledged by M.Otelbaev.
Notwithstanding that the proof was incorrect, it is generally recognized that the
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work of M.Otelbaev has brought a new push in the development of researches
on Navier-Stokes equation. In particular, after the publication of this work,
a change has been made to the statement of the problem by Clay Institute:
an additional condition of pressure periodicity has been added. Also basing
on the incorrect solving the problem by M.Otelbaev, Terence Tao published a
big work devoting to denial of the fact that the Navier-Stokes problem can be
solved in an abstract form.

VIII. THEORETICAL PHYSICS

M. Otelbaev obtained a number of interesting mathematical results in this
area. He

a) found explicit formulas for n-particle motion in the space (in the
framework of Einstein’s relativity theory);

b) derived an integral formula of the matter motion;

c¢) proposed a new transformation of the type of the well-known Lorentz
transformation which works both for v < ¢ and for v > ¢. If v < ¢ the Otelbaev
transformation coincides with the Lorentz transformation;

d) proved mathematically that the results of physics arising from the special
Einstein’s relativity theory one can obtain while staying within the classical
wave theory.

IX. OTHER FIELDS OF MATHEMATICS

The research interests of M. Otelbaev are extremely diverse. The following
topics complete their partial characterization.

1) M. Otelbaev chose a certain nonlinear integral operator, for which he
proved a criterion of continuity. This operator appeared to be an important
model in the theory of nonlinear integral operators, based on which one
can develop and test new methods. Due to this, M. Otelbaev together with
Professor R. Oinarov obtained a necessary and sufficient condition ensuring
the Lipschitz property (contractibility) of the Uryson operator in the spaces of
summable and continuous functions.

2) He investigated spectral characteristics and smoothness of solutions to
equations of mixed type. A criterion of coinciding of the generalized Neumann
and Dirichlet problems for degenerate elliptic equations was found.

3) In recent years, the problem of oscillatory and non-oscillatory solutions to
differential equations has become a fashionable topic in mathematics. Already
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in the late 80s, M. Otelbaev obtained a sufficient condition ensuring the non-
oscillation property of solutions to the Sturm-Liouville problem, close to a
necessary one.

4) M. Otelbaev studied the problem of controlling a laser heat source. He
showed that under the usual formulation, it does not even have a generalized
solution and proposed a new formulation of the problem in terms of "order"
and "admittance precision" for surface treatment. He proved the solvability of
this problem in such a formulation, and solved some optimization problems
without using the known methods of optimal control. In addition, jointly
with Professor A. Hasanoglu, he solved an inverse identification problem of
an unknown time source, on the bases of the measured output data, when the
boundary conditions are given in the Dirichlet or Neumann form, as well as in
the form of the final overdetermination.

Summing up the review of scientific creativity of M. Otelbaev, one should
note as characteristics features of his work the diversity of his scientific
interests, the fundamentality of research, the interest in solving problems in
the most general formulation and obtaining solutions of the level of a criterion.

A large number of publications of M. Otelbaev characterize his high
efficiency, diligence, and research productivity. He was a participant of a
number of international scientific conferences, which took place in Kazakhstan,
Russia, Ukraine, Poland, Czechoslovakia, Germany, Morocco, Turkey, Greece,
and Japan.

M. Otelbaev has carried out great work in preparing highly qualified
researchers and university teachers. Over 35 years he held lectures for
students of various universities of the Republic of Kazakhstan, organized a
series of seminars and study groups for graduate students, interns, master
and PhD students. The courses "Extensions and restrictions of differential
operators "The theory of divisibility,Embedding theorems "Modern numerical
methods and many others, developed by M. Otelbaev, are well known.

He has created a large mathematical school in Kazakhstan. 70 postgraduate
students have defended PhD theses under his supervision. 9 of them later
defended Doctor of Sciences theses.

M. Otelbaev made a significant contribution to organization and
development of science and education in Kazakhstan. In 1985-1986, he was
the rector of Zhambul Pedagogical Institute, from 1991 to 1993 organized and
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worked as the director of the new Institute of Applied Mathematics of the
Academy of Sciences and the Ministry of Education and Science of the Republic
of Kazakhstan in Karaganda, in 1994-1995, he was the head of a department
at Aerospace Agency of the Republic of Kazakhstan.

Since 2001 he is the deputy director of the Kazakhstan branch of
M.V. Lomonosov Moscow State University, and simultaneously the director
of Eurasian Mathematical Institute at L.N. Gumilyov Eurasian National
University.

For a number of years, M. Otelbaev is a member of the editorial boards
of the Kazakhstan scientific journal "Mathematical Journal published by the
Institute of Mathematics and Mathematical Modeling, of the "Proceedings
of the Academy of Sciences of the Republic of Kazakhstan. Series in Physics
and Mathematics" and of the international scientific journal "Applied and
Computational Mathematics"of the National Academy of Sciences of the
Republic of Azerbaijan. Since 2010 he is an editor-in-chief, together with
academician V.A. Sadovnichy and Professor V.I. Burenkov, of the "Eurasian
Mathematical Journal"(Included in the Scopus database), which is published
in English by Gumilyov Eurasian National University, together with M.V.
Lomonosov Moscow State University, the Peoples’ Friendship University of
Russia, and the University of Padua.

He was the chairman of the international scientific conference "Modern
Problems of Mathematics" , held at Gumilyov Eurasian National University in
2002, and was a member of program committees of 10 international scientific
conferences devoted to problems of mathematics and computer science held
at Kazakh National University, Karaganda State University, the Institute of
Mathematics of the Ministry of Education and Sciences of the Republic of
Kazakhstan, Pavlodar State University, and University Semei. In 2007, he was
elected the Vice-President of the Turkic World Mathematical society.

In 2004, Professor M. Otelbaev became a Laureate of the Economic
Cooperation Organization in the category "Science and technology". In 2006
and 2011, he was awarded the state grant "The best university teacher".

In 2007, Professor M. Otelbaev was awarded the State Prize of the Republic
of Kazakhstan in the field of science and technology.

Summing up the review of the scientific creativity of academician
Mukhtarbai Otelbaev, as characteristic features of his activity we can highlight
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the versatility of his scientific interests, the fundamental nature of research, the
desire to solve problems in the most general formulation and to bring decisions
to the level of criteria.

The great amount of the published works of M. Otelbaev characterizes his
high working capacity, hard work and scientific productivity.

Mukhtarbai Otelbaevich is in the prime of his creative power for active
scientific and scientific-organizational activities for the benefit of the society,
the development of science and mathematical education of the Republic of
Kazakhstan.

We congratulate on the anniversary of the remarkable man and the
outstanding mathematician — the academician of the National Academy of
Sciences of the Republic of Kazakhstan Mukhtarbai Otelbaevich Otelbaev and
wish him long years of fruitful creative work, happiness and great success!

Editorial board of "Mathematical Journal".
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C ceMumecsaToro TO/IA MPOITIIOTO CTOJETHST N3YTALTCS TEOPUsT CUCTEM -
depeHNInaTbHBIX YPABHEHW, HA3BIBAEMBIX JUCKPETHBIMU MOJIEISIMU HETUHEH-
moro ypasuerusa Bospivmana. Cpenn HEX MHUPOKO PACTPOCTPAHEHHBIMA STBJIS-
10Tcs qucKperHbie Monesin Kapiemana, bpoaysnna u logynosa-Cynranrasuna.
Hekoropbie u3 arux mojieseit 06J1a/ail0T OCHOBHBIME COJI€P?KATE/IbHBIMU CBOI-
CTBAMM TAaKUMM, KAK 3aKOHBI COXpPAaHEHWs MACChl, UMIIyJ/ibCa, SHepruu u H-
TeopeMa, IPUCYIIUMHE JIJIsi HeJIMHEIHOro ypaBHeHusi Bosbimana. OHako, 3Tu
MOJieJin He OBLIN TT0JTy YeHbI BCJIEJICTBUE IPUMEHEeHNs KyOaTypHbIX MOpMyJI Jjist
BBIUUC/IEHUST MHTETPAJIA CTOJIKHOBEHNUM, a, B OCHOBHOM, BBIBEJIEHBI HA (pu3nte-
CKOM YDPOBHE CTPOTrOCTH B pe3yJibTaTe JIOKAJN3AINKA HEKOTOPHIX MMapaMeTpos,
XapaKTepu3YIOIINX ra3, pACCMaTPUBAEMbIil B HEKOTOpOM oObeme. [losTomy mo-
CTAaBUTH BONIPOC O OJIM30CTH WX PEIIEeHNUI B MaTEMAaTUYECKOM CMBbIC/IE HeJIb3s,
TaK KaK 3TU MOJIEJU He sIBJISIOTCS CJIEJCTBUEM allpPOKCUMAIIMH CAMOTO YpPaB-
Henus BojbiMana.

B cBsa3u ¢ atum B cBoe Bpems ¥Y.M. Cyaranrasws mOCTaBUI BOTPOC:

Henp3sg jin mosiyunTh Takue HeJTHHEHHDbIE MOJEJIH METOJO0M JUCKDPETHBIX
opauHAT, IpuBAeKas Kybarypusie ¢popmynnr Beegernrnie, C.JI. CoboseBbim?

Ha sTor BOIpOC HaMu I0JIy4YeH HaCTUYHO IO0JIOXKHUTENbHBIN oTBeT. Hero-
CPEJICTBEHHO U3 HEJIMHEWHOI'0 ypaBHeHus BoJjibliMaHa BbIBEIEHBI HEJIMHERHbIE
CUCTEMbl YDABHEHU, HA3bIBAEMble HAMU CUCTEMAMM METO/A JUCKPETHBIX OP/U-
HaT JIJIsT HEJIMHEITHOTO ypaBHeHnsi boJiblMana, TaKk Kak OHW HailIeHbI C TPUMe-
HEHUEM MPOCTEHINX HHBAPUAHTHBIX KyOaTypHbIX (popmysa. Hamu Ob1in B3ATHI
KybaTypbl IMEIOIIINe TITIECTh U BOCEMb y3J10B. UTOOKI B TIOC/IEYIOIIEM KOHEYHbBIE
PEe3YAbTATH MOYKHO COMMOCTABUTH C IMIECTHIO U BOCBMUCKOPOCTHBIMU MOJIETISIMU
Bpoysna. B nrore onu mouT SKBUBAJIEHTHBI N3BECTHBIM CHCTEMAM JUCKPET-
HBIX cKopocreit Bpoayamia [2]. Ha gannom stame pazpaboTKu MBI HE CTABIIN
3a/ia49y O TOYHOCTH KyDaTyphl, OTJIOKNUB €€ Ha IOC/eYIOIINe UCCIIeI0BAHMS.

2. IIOCTAHOBKA 3AJIAUU M HEKOTOPBLIE CBEJIEHUS

Paccmorpum Henmueiinoe ypasHenue Bosbivana [3] st TBepapix mapo-
00pa3HBIX MOJIEKYJI C PAJUYyCOM O OTHOCUTEJHHO (DYHKIIUU PACIPE/IETEHUS

f=fltzv):

Tewwg=o [ [(rr-in)w

—= sin 0 cos 8dfdedvy, (1)
Vs 3+
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rae t — Bpems; x = (x1,x9,23) € R3; V3 = (00 < £ < 00, —0 < ( <
00, —o0o < n < oo);v=(£ ¢, n), v1 = (&, (1, m) € V3 — BEKTOPBI CKOPOCTH
JIBYX CTAJKUBAIOIIUXCS MOJIEKYJ J0 CTOJKHOBeHus; W = w1 — v — BEKTOp
orrOCHTEMBHON cropocTm; v = (&, ¢!, 1), v} = (&, {{, n}) € V3 — BeKkTOpHI
CKOPOCTH HOC/I€, CTOJKHOBEHUH OIpeesseMble MOCPEJICTBOM JMHAMUIECKIX
COOTHOIIIECHUM

v = v+ Oé(Oé, W): vll == Oé(Oé, W)v (2)

rjle @ — eJMHUYHbBIN BEKTOD B HAIIPABJIEHUN PACCETHUS MOJIEKYI,

a= (sin@cosa, sinfsine, cos 6);
(0,5)€Z+:{0§9§g; 0<e<or);

f :f(ta:E?U); fl :f(tvxvvl); f/ = f(t,:l?,’(),); f{ :f(t7$7vll)‘

IlongaTtne xkybaTypHO#t (DOPMY/IBI, WHBAPUAHTHONW OTHOCUTEIHHO TPYIIIIEI
npeobpazosanuii, 66110 BBegeHo C.JI. CoGoseBsim B [4].
Bauumem unrerpas |5, ¢. 129]

1= [ o) f(a) o (3)

Q

rae x € Q C Ry, o(z) — BecoBast byHKIUSA.
Dopmyia

N
/ o@) f(z) dz = 3 C; f(a) (4)
j=1

Q

Ha3bIBAETCS] MHBAPUAHTHOI KybaTypHOil popmysioit oTHocuTebHO G, eciin 06-
nacTh uaTerpupoBanudg §) u Becopas QyHKIWs 0(T) NHBAPUAHTHBI OTHOCUTE b
1o GG, cOBOKynHOCTD y37108 hopmysisl (4) npeacrasiasier coboit 00beunenne G-
opOuT, Mpu 3TOM y3/1aM OJIHOI 1 TOii 2Ke OPOUTHI COTIOCTABJISIOTCS OMHAKOBBIE
koapdunmentsl, rae C — koadpdunnenTsr, z() — y3J1bl KybaTypHO (hOpMYyJIbI,
GG — HeRoTOpas Tpymnmna mpeobpa3oBaHuii TPABUILHOTO MHOTOTPAHHUKA B CeOs
C LeHTPOM B Haudase KoopauHar. [Toapobueie B [5], myHkT 7.
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3. BbIBOZL CUCTEMBI YPABHEHWM METOJA NJNCKPETHBIX OPAVWHAT C IIE-
CTBIO Y3JIAMU

[Iycts B HekoTopoMm dusnveckoMm obbeme G HAXOAUTCS U3ydaeMblii ra3. B
NATUKPATHOM MHTErpaJie CTojKHoBeHus B (1) nepsbie Tpu — HECOOCTBEHHBIE, &
B pabore |7] moKa3aHbl CXOAUMOCTH STUX WHTErPAJIOB M HENPEPbIBHAS 3aBUCH-
mocTh (yakimu pactupegenenus [ = f(t, x,v) 0T HAYATBHOTO COCTOSIHUS Ta3a
u, 6osree Toro, bynxrmus || f(t,v)||c(q) mpu t — co crpemurcsa K bynkrmm Makc-
serna || f(v)llc@) = Bev* rne B, o — HekoTopble mocTomHHble. Ha ocHoBe
9€ro MO2KHO JAO0IIyCTUTDL, 9TO d)yHK]_[I/IH pacupejgeieand Ha9a/JIbHOT'O COCTOAHUA
raza npu |v| > 1 gBjagerca HUYTOXKHA MaJjol BeauduHOi. Tem caMbiM, MbI
BIIPABE HPEJIIOI0KUTh, 9TO B 00s1acTn G-CKOPOCTH BCEX MOJIEKYJI U3Y4aeMOr0
rasa M3MEHSIeTCsl HA MHTEPBAIE [—U,u|, T/Ie U — TOJOKUTEThHAS CKATIPHAS
pesmunaa. Torma "mnckarkenuoe" ypasuenne Bosbmvana (1) 3amuceiBaercs B
BUJIE

or + (v, V)f = 02//(f’f{ — ff1)|Wsin 6 cos fdfdedvy , (5)

ot
Us So

OTKy/Ia C TIOMOTIBIO 3aMeHBI IepeMeHHBIX ¢ = v/u u 3 = 2cos? § — 1 mmeem
g _ &2 rel
s rue ) f =& [ [(fR=rn) W dsdeder, (0

K3 Sa

a= {\/(1 —f)/2cose, /(1 —f)/2sine, /(1 +B)/2},

rie K3 = [—1, 1]3 — Ky0 ¢ HEeHTPOM B Hadaje KOOD/UHAT, 'PAHU KOTOPOIrO
rapaJuieibHbl KOOPAUHATHBIM TIJIOCKOCTAM M HaXOJATCHd Ha paccrogauu 1 or
LIEHTPA;

522{—1§,3§1; 0§5§27r}—

euHUYHAdA Cdepa MapaMeTpoB CTOJKHOBEHUS MOJIEKYJT; 371eCh 3a (pyHKIueit

pacupesesieHus OCTaBAEHO NpexxHee obo3HadeHue f, KOTOPOe OTJIMYAETCA OT

npebIyIero MuoKuTeIeM U2, pidem ¢ € K3, & = ou/2.
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Ormernm, 9T0 Tak Kak KyO W OKTa3Jp JABONCTBEHHBI JAPYT C APYTOM, TO
rpynmna BCeX OPTOTOHAJIBHBIX TTpeobpa3oBanuilt Kyba B cebs COBIAIAET C IPYII-
110)71 03G TOFIL& MbI UM€€M BO3MOXKHOCTH IIPUMEHUTDH IJId BBIYUCJICHUA UHTE-
rpasa B mpaBoii gactu (6), UCIOIb3ys HHBAPUAHTHBIE KybaTypHBIEe (hOPMYIIBI
(4) st kyba.

CuayaJia pacCMOTPHUM CJIEYIOIIYIO IPOCTYI0 NHBAPUAHTHYIO (DOPMYJIY OT-
nocuresnsno O3G [5]:

6
[ e S 1), (7)
Ks k=1

e yanamu c\®) apisiorcs Bepmmusl okraspa, r.e. O3G(1,0,0) —O3G-opbura,
copepxamas Touky (1,0,0). Touku 310l OPOUTHI UMEIOT KOOPAMHATHI, KOTO-
pele nosryqarorca n3 Koopgauuar (1,0,0) BCeBO3MOKHBIMU MEPECTAHOBKAMA 1
M3MEHEHUsSIMU 3HAKOB, a KO3 PuuuenTo: y = %, Jutst Beex k= 1,6.

HaJstee it OTIPee/IeHHOCTH TTOJI0XKUM:

D =(=1,0,0); ¢® =(1,0,0)
0(3) = (07 _150)7 6(4) = (07 170) ’ (8)
6(5) = (0,0, —1), 0(6) = (0507 1)

fi = f(c®),k=T]6.

Torga u3 (6), 3amensis BHenHUiT uaTerpas KybdarypHoii cymmoit (7), nosyunm

6 6
I~ S / o F AW | dde — dnxfm > fie | W™ |, m =16, (9)

Tak kKaKk [ dff de = 4m, roe
Sa

(™) = ™) 4+ afa, Wém))
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Paccmorpum maTErpas B ciiydae, Korjga m =1, k=2

IO = x | WiV / £ f dp de. (11)
Sa

Ecnu st Beraucienns uarerpasia (11) npuMeHnM Ipou3BOJIbHYIO KybaTyp-
HYI0O (GOPMYJTy M3 MHOMKECTBA WHBAPHAHTHBIX KyOATYPHBIX (POPMYJ OTHOCH-
resibHO O3G 11st cepbl 59, TO MOYKET 0Ka3aThCsl, UTO 3HAUEHUSI (c(l))/, (0(2)),
aprymentos dbyuknuu f we npunajaiexkar muoxectsy O3G(1,0,0), korma ys3-
ael (,€) npuanmaror 3Hauenns u3 cdepbr Sa. [losromy nmpuxogauTes npume-
HATH WHTEPIOJIANMOHHBIE U IKCTPAOJISIHOHHBIE (DOPMYJIBI COOTBETCTBEHHO
npu (c(l))/, (0(2))/ € Ksm (c(l)),, (0(2))/€K3. Bo uszbexanne stux mporemyp,
Y3JIBI OTIpeIeIigeMoit KybaTypHoit ¢popmysasl Ha cdepe Sy HAXOAUM TaK, UTO-
ObI apryMeHTHI (c(l))/, (0(2)), dyukiuu f cHOBa OBLIN 9JIEMEHTAMU MHOXKECTBA,
03G(1,0,0), Te.

(DY, () € 05G(1,0,0). (12)

Torja jierko 3aMeTuTh, YTO HaM MPEJCTONT MOCTPOUTH WM HalTH KybDa-
TYPHYIO CyMMY JJIsT TPUTIATA WHTETPAJIOB 10 S92 B 3aBUCHMOCTH OT 3HAUEHUS
urgekcos m u k u3 (9), npuuem 3TUM MHTErpasaM MOryT COOTBETCTBOBATH
TPUAIATH PA3IUYHBIX KyOATypPHBIX CYMM, B KaXKJOM C/Iy4dae y/IOB/IETBOPSIO-
mux ycsiosuio (12).

Uraxk, bl umem g uarerpaia (11) B cayaae m = 1, k = 2 kybaTypHyIo
CYMMY C y3JIaMH, COOTBETCTBYIONMMHU yCa0BHIO (12) cieyromero Buia:

N
Iél) ~ x| W2(1) | nyj f1(aj) fo(@;), mpuaem, N <6. (13)
j=1

3anuireM 3aKOH COXPAHEHUS NMITYJTbCA
D 4 2 = (c(l) )’ + (0(2) )’. (14)

Otkyna ¢ yaerom (11) moydumM Tpu ypaBHEHUS C MIECTHIO HEU3BECTHBIMIE

(5(1) )’ + (5(2) )’
() + (@Y
(h0Y + (4@ =

0
0o . (15)
0
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OueBnHO, 9TO 9T HETOOTPETETCHHAS CHCTEMA NMEET DECKOHETHO MHOTO
perenwii. Mbl HAXO UM T€, KOTOPBIE yI0BAeTBOPsioT ycaosuio (12). Kommue-
CTBO TAKWX PEIIEHUil PABHO IMATU W OHU 3aKJIOYEHbI B CJIEAYIONIeH Tadule:

(15)
1 2 3 4 5
(™) 1(1,0,0) | (0,1,0) | (0,—1,0) | (0,0,—1) | (0,0,1)

(c®)" ] (1,0,0) | (0,1,0) | (0,—1,0) | (0,0,—1) | (0,0,1) (16)
f f2 fa f3 Is fe
fi fi I3 Ja fe f5

Hasee, Boramrast u3 mepBoro ypasHenus cucrteMmbl (10) BTOpOeE, mOSIyUnM
BEKTOPHOE YPaBHEHWE OTHOCUTEILHO HEM3BECTHOTO BEKTOPA (v

a(a, wy™) = 05w — (™). (17)

Hns ero pemenus B caydae m = 1 u k = 2 u3 (8) naiigem BeKTOp OTHOCH-
TEJILHOH CKOPOCTH 0 CTOJKHOBEHHS

wit = (=2,0,0),

a BEeKTOP OTHOCHUTETBHOMW CKOPOCTH TOCJIE CTOTKHOBEHUST HAXOANM, NCIOTIb3Ys
perrienus cucreMbl ypasuenuii (15) w3 mpeabiayieii TabIuIbl, COOTBETCTBYO-
e HOMEDY 1:

(wiMY = (2,0,0),

W3 mux maiigem

Wi = (W) =2 (18)

Torga u3 BekTOpHOrO ypasueunus (17) mosmydnm cucremy u3 Tpex HeauHed-
HBIX ypaBHEHUIl /sl OIIpe/ieIeHus y3/I0B «; KybaTypHoit dbopmyst (13).
Permus a1y crucremy, mojiyuanM JiBa perieHust

a1 = (1,0,0); a9 =(-1,0,0).
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TO.H]E)KO qTo Ha.ﬁ;[eHHbIe y3Jibl COOTBETCTBYIOT JABYM IIPOTUBOIIOJJIO?KHBIM BEP-
[ITHAM OKTa3/Ipa, T.e. cojgepxkarcs B opbure O3G(1,0,0). Suavenus dbyukium,
f, coorBeTcTByIOIME TUM y3/1aM, yKA3aHbI B IIEPBOM CTO/1011e Tabuib (16).

Takuwm ke 06pa3oM perras BeKTOpHOe ypaBHenue (17) OTHOCHTEIbHO HEem3-
BECTHBIX ITapaMeTpPOB CTOHKHOBGHI/Iﬁ, COOTBETCTBYIOIIUX OCTAJIbHBIM Y€ThIDEM
pereHusaM cucreMbl ypasaernit (15) w3 Tabmurpst (16), moryanm

= (G- 0)s a=(-F%0)
a9:<;§,o,_;§>; mo:(_;ﬁ,o,k)

OHU TPEJICTABISIOT cOO0# MPOEKIINU Cepe/inH pebep OKTadapa OMUCAHHON e/Tu-
HUYIHOM cdepbl So, T.€. SIBJISIIOTCS TOYKAMU OJHONW OPOUTHI

L1y
V2' V2

Urak, naiigenns gecars y3a08 Kybaryproit hopmysnst (13) mis Beraucaenns
narerpasa (11). Kak 6b110 oT™Medeno, onn cogepzxkarcs B AByx opburax O3G.
SHaYNT, N3 TEOPUY WHBAPUAHTHBIX KyDATYPHBIX DOPMYJI CIEAYET, 9TO B HAIITEM
caydae KybarypHas GopMyia TOIKHA UMETh JABa Ko durmenta. AHATOrnd-
HOe Bbluucaenue u3 [5] mokassiBaer, 4ro ouu pasubl. Torga murerpan (11) ¢

yaerom (18) 3amensercs ciemyrormeil KybaTypHOl CyMMOIi ¢ TIOCTOSTHHBIMUA KO-

acpdburmentamu v; = 15 :

O3G( )-

() = T (20 fo + 4Fs fat 4fs o), (19)

Ucnosp3ys Bbilie n3/I02KeHHbIH Ciocob, Haiijem KybaTypHYIO CyMMYy s

naTerpasa (9) mpu m = 1 gys ocraapHbIX 3HaUeHUi kK = 3, 6:
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a) ciydail k = 3 uMeeT KOJMYECTBO y3/10B, PABHOE JBYM:

1 1 ' 1 1
2= (7)== (7 m)
IpUYeM OHU MPUHAJJIEKAT OJHOI opbure OgG(% ,% ,0). Bnauenns pynk-
1 f, COOTBETCTBYIOIIME STUM y3JaM, YKa3aHbl BO BTOPOM CTOJIOIE Tab InIbI
(16). UuBapuanTHyO KyOATYDPHYIO CYMMY, COOTBETCTBYIOILYIO 9TOMY CJIydalo,
MOXKHO HaiiTh u3 Tab/auilbl, npuBejeHHoil B kouie kuuru ([5], c. 312). Oka-
3BIBAETCS, TA CaMasi MPOCTasi THBApUAHTHAs (HOPMY/Ia OTHOCUTEIBHO TPYIIITHI

Bpamennit 3 BOKPyr ocu, IPOXOISIeil 1epe3 HA9Ia/I0 KOOPJAUHAT U TOYKY (.
B namem ciaygae ata popmysia 3anuchbIBaeTCA B CAEAYIOIMIEM BUJIE:

LV(f) ~ 421X fi fs, (20)

npuyeM, ajirebpanveckas CTeleHb TOYHOCTHU 3TON KybaTypHoil (popMysibl pas-
Ha ejuHUIE. B npempiayinem ciydae Mbl IPEIHAMEPEHHO yMOJI9a/in 00 aared-
pamdeckoii rounoctu Kybdaryproit dopmysnl (19), 3apanee 3uas, 4To Oyaem
UMEThH JIeI0 ¢ KybaTypHbIME (hOPMYIAMU HU3KONH TOUYHOCTH, TaK KaK CyMMAap-
Has TOYHOCTD OTPEIEIsIeTCs KyOaTypHO (hOPMYJIOit C MEHBIITUM 9UCIOM Y3JI0B
U HU3KOH ajarebpandeckoil CTEMeHbI0 TOUYHOCTH;

b) cnyuait k = 4. U1 B 310M CIy4ae KOJUYECTBO y3/10B PABHO 2:

11
7 0), a aHAJIOrUIHO

npuyYeM OHHM IpuHAjIexkar oxHoil opoure O3G( 5075

S

NpeJbLIyIeMy KybaTypHas CyMMa UMeeT BU/L
I(f) ~ av2mx fi fu: (21)
¢) B caydae k = 5 TakKe KOJUIECTBO y3/I0B PABHO 2:
1 1 1 1
ap = 77_770; Qg = _777707

V() = av2rx fi fs; (22)

T€M CaMbIM,
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d) u, nakonen, B ciyuae k = 6 zanumewm:

1 1 1 1
““(@‘ﬂ”)’ “*(‘ﬁ’ \/§’0> "
IV =4V2mx fi fs. (23)

Torga mpu m = 1, mogcrasiags B (9) Bce HaiimenHble KybarypHble (hOPMYIIbI
(19)—(23), nosyunm

10 2 T s fo-2n ), (24)

rae S = 47&? |
Takum ke 00pa30M, TOBTOPAST AOCJIOBHO BCIO TEXHWKY BHIYUCJICHUS ISt

BCEX OCTAJILHBIX 3HaUeHnii m = 2,6, nMmeeMm

10 =10 = 45(ffust fy fs—2f1 1)

~
©
Il
=
S
1

SS(fifa+fsfo—2fsfr) - (25)

=
G
I
=
=
%

S (fofat =215 fo ) |

13 nesuneitnoro ypasuenus (5) npu xaxaom ¢¥)| ucnonssys (3), a narerpan
B IIPaBOii YaCTU COOTBETCTBEHHO 3aMeHss KybaTypHbIMu cymmamu (24), (25),
HOJIy4aeM HEJIMHERHYIO CUCTEMY yPABHEHMH METOJa JMCKPETHBIX OPJIMHAT:

Ofop—1 8fzk L 4eS &
- +u o mgl 1 —30") fam—1fom = Fok—1,
Of ok 8f2k
=For, = For_1, k=12 3; 2
at a$k 2k 2k—1, ) 737 ( 6)

Orkyna, cpaBHUBAs ee ¢ MIECTUCKOPOCTHONW Moeabio Bpojysiuta, npuseaeH-
HOiT B [6], ycTaHOBUM, YTO €e mpaBble YACTH OTIUIAIOTCS HEKOTOPBIM ITOCTO-
SIHHBIM MHOXKHUTEJIEM. DTO MOKA3BIBAET MOUTH IKBUBAJEHTHOCTH ITUX CUCTEM

APYT ApYyTYy.
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4. BBIBOJI CUCTEMBI YPABHEHUI METO/JA JUCKPETHBIX OPAUHAT C BO-
CEMbBIO V3JIAMU

Jasjiee 3T0T METO, PACHPOCTPAHUM JIjist AIIITPOKCUMAILIMY UHTEIPAJIA, CTOJIK-
HOBEHUSI, MCIOJIb3ys WHBAPUAHTHYIO KybaTypHyio (bopmysy Ha cdepe ¢ BOCh-
MBIO y3jamu. [y 3TOro, mpuHMMasg BO BHUMAaHWE TIPEIOJIOXKEHWE O TOM,
9TO MOJIEKYJIbI UMEIOT OAMHAKOBYIO MOJYJ/Ib CKOPOCTHU, 3allUIIEeM YypaBHEHNE
(1) chepuaeckoit cucreme KOOPAUHAT OTHOCUTETHHO MEPEMEHHBIX CKOPOCTEd.
[Tocste Toro ymuoXKuM ero Ha A n OPOUHTErpUupyeM OT —U J0 U W BBEIEM

BpeMeHHOe 0003HAUEHHe:
u
f= / ¢ f de.
—Uu

Otkyma, 3a f ocraBngs mpexmHee obo3HAUEHWE f, 3amUITEM OJTHOCKOPCTHOE
HesjinHeiiHoe ypaBHeHnne Bosibiivana

% + e(w, 8833) f= 002//(f’f{ - ff1> | W | sin 0 cos 0dOdedw;,  (27)

Q »+

rjuew = {\/ 1 — p2cosp, /1 — p2sinp, u} ~ eIMHNYHBII BEKTOD HAIIPABJICHUS

u3 2, Q= {—1 <wpu<l 0<p<27m } — equanyHas cdepa,

| W = V2(1 — o),  dwi = dprdepy, pro = ppa+v/1 — p?y/1 — i3 cos(p—ep1).

OTCIo/Ia ¢ TTOMOIIHIO 3aMeHBI epeMenHoit 3 = 2 cos? f — 1, Kak B IpeIblayIem
ciydae, (27) mepemnuiieM B 60Jiee yI0OHOM BUIE

0.2
oo 1= [ [(rai-an) 1wl dsdean, 2s)

s Bramcienns: waTerpasa B mpasoil dactu (28) mo cdepe (2 BpibepeM cire-
JIYIOIIYI0 MHBAPUAHTHYIO KyOaTypHYIO (DOPMYJLy OTHOCHUTE/ILHO I'PYIIIIbI BCEX
OPTOTOHAILHBLIX Mpeobpazosanmii okrasapa O3G :
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8
[ F)do= 3" ), (29)
Sy k=1

rje ysJjamu w(k) ABJIAIOTCA IIPOEKLIUYU LEHTPOB JIByMEPHbIX I'DAaHell OKTa’s/Apa
03 Ha 52, T.€.

03G{1/x/§, 1/V/3, 1/\/§}—

O3G — opbura, comepzKaIas TOIKY {1 /V3,1/v/3,1/V/3 } Toukwm 3T0i1 OPOUTHI
UMEI0T KOOP/AUHATBI, KOTOPbIC ITOJIYy41al0TCd U3 KOOPpAUHAT

{1/v3,1/v3, 1/v3}

BCEBO3MOYKHBIMU TEPECTAHOBKAMY W M3MEHEHUSIMU 3HAKOB, & KOIMDQUITHEHTHI
— HOCTOSTHHBIE Vg = 5 [ Beex k = 1,8.
MHuOoXKecTBO y3/10B KybaTypHOil (hopMy/sl 0603HAINM 1depes {1g, Tora

{13 = { (1/v3, w/4);  (1/V/3, 3n/4); (1/V3, 57/4); (1/V/3, Tn/4);

(—1/V3, m/4);  (=1/V3, 37/4); (=1/V3, 57/4);  (—~1/V/3, 77r/4).}

BaMeTI/IM, Y9TO 3JIEMEHTHI 9TOTO MHO2?KECTBaA COOTBETCTBYIOT T'DYyTIIE BCEX OPTO-
TOHAJBHBIX MPeobpa30BaHUI OKTA3Ipa B cebs:

030{1/\/3, 1/V3, 1/\/5} — 03G —,
€CJIN y9TeM 3a/JaHne €IUHUIHOTO BEKTOPA HAIIPABJICHUA

w= {\/1 — p2cosp, /1 — pu2sinp, u}.

Buernuit uarerpan B (28), 3amensist KybarypHoit cymmoit (29), nosydnm

8 8
() =y / P o | W™ | dde — amxfn S i [ WP | m = T8,
k=1

k=1 52
(30)
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tak kax [ dfBde = 4w, vne x = olen/8, fm = f(W™), fl = f((w(k)),>v

So
/
<w(m)> = wm 4 a(a,W,ﬁm)>
/
<w(k)> = wk a(a,W,gm))

Herpynno nojcunrars KOJMYECTBO BHYTPEHHUX MHTErPAJIOB 110 chepe So
s Beex m,k = 1,8. Ono pasuo 56, mpu | W,gm) |= 0, tak kak m = k.
Terneps Kakblit HHTErpaJ M0 cdepe Sy HEOOXOAUMO 3aMEHUTh KyOaTypHBI-
MH CYMMAaMH TaK, 9TOOBI y3JIbl, IOJJIEXKAINe ONPeIeeHnI0, 0 (¢ OCTaBUIIN

/! /
3HAYEHUS TepeMeHHbBIX <w(m)> , <w(k)> HA MHOXKECTBE y3JI0B {13 MCXOIHO

Kybarypnoit popmyibl. TexHnaeckas TPYIHOCTD 3aKII0IAETCSI B TOM, ITO Y3J/IbI
KybaTypHO#l (POPMYJIbl, COOTBETCTBYIOIIEN KAXK/IOMY BHYTPEHHEMY MHTETPAJLY,
OTIPENIEISTIOTCS TI0 PA3HBIM AJTOPUTMAM.

Wrak, paccMoTpuM TepBbIit mHTErpaJ B ciaydae m = 1, k=2

1) 2 | Wi | / £l £ dpde, (32)
So
rie
fl= f(<w<1>>'), f= f<<w<2>>’>
)41 HOTpe6yeM BBIIIOJIHEHU A yCHOBI/IH
(WM, (W®) € . (33)

Torma, yanThIBas 3HAUEHUS €IMHUTIHBIX BEKTOPOB, COOTBETCTBYIomue m = 1

nk=2,

w® = (v,v,0), w) = (—v,v,v),

e v = 1/4/3, u uCIomB3ys 3aKOH COXpaHenus: UMITyIbca (14), moxyanm Tpi
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CKaJIAPDHBIX YPaBHEHUA

€ - (e -
<C<1)>’ N <§(2)>/ — o b (34)
(nu))/ + <n<2>>, —

rae vepes (€, ¢, 1) 0603HAYEHBI HEU3BECTHBIE KOMIIOHEHTBHI €JIMHUIHBIX BEK-
ropos (WD), (w?). OueBnano, uTo 9Ta CHCTEMA HMeeT GECKOHETHO MHOTO

pemienuii. Mbl onpeiesimm BCEBO3MOXKHBIE DelleHus: cucremMbl ypasienuii (31),
yaosnersopsomme yeaosuio (30). PaccmarpuBaemomy ciiydaio COOTBETCTBYET
TOJIBKO OJTHO PeIICHHE:

it
(w(l))’ = (—v,v,v) = fo; (w(2))/ = (v,v,v) = fi,

npudeM, | W2(1) |= 2v. Tem cambiM, U3 CUCTEMBI
e, ™) = 0.5 — (W™ (35)

MOJIYYUM CHCTEMY TpeX HeJMHEeUHBIX yPaBHEHUi I olpejle/IeHus o :

a? =1
a1y = 0
ajiy = 0

Orkyna
oV =(=1,0,0; o?=(1,0,0).

MATEMATUYECKUI YKYPHAJ. — 2017. — T. 17, Ne 3



O Mmerojie JUCKPETHBIX OPAUHAT ... 33

Torma, ucrnonb3ya Kybarypuyo GopMysly WHBAPUAHTHYIO OTHOCUTETHHO
CpyHnbl Bparenuit K3 BOKPYT OCH, IPOXONIMAIIEil depe3 HadaaI0 KOOPAWHAT U
TOUKY (v, 3anuineM npub/IMKEHHOE BbIpazkenue jiist uarerpaaa (29):

LV(f) 2 8rux2 fi fo. (36)
Teneps paccMoTpuM mHTETpas B ciaydae m = 1, k=3 :
B = x| W | [ 1 fidsde, (37)
Sa

rie
f=rwhy), fi=f(w®)).

Torja, OnsiTh UCIOJIB3Ysl 3HAYEHUsT IMHUIHBIX BEKTOPOB pu m = 1l u k =3 :

w(l) = (Uv v, U); w(l) = (_Ua -V, U)

U 3aKOH COXpaHeHus uMiysibca (12), mveem
/ !/
<5<1>> + <§(3>> _
/ !/
<C(1)> n (¢(3>) 0 Y. (38)
/ /
() + () -

W3 6eckoHEIHOTO YHUCIa PEIIeHuil 3TOM CucTeMbl, TPeOys BBHITIOJTHEHUE CJIe-

JYIOIIEro yCIOBUSL:
(w(l))/’ (w(3))/ € Qs,

BbIIEJIUM BO3MOZKHBIEC TPU PEHICHUA U PACIIOJIO2KUM HUX B Ta6m/1ue.

(38)
1 2 3
(W(l)), (—v,—v, 0) | (—v,v,v) | (v,—v,v)
(w(3))’ (v, v, v) (v, —v,v) | (—v,v,0) (39)
f3 f3 fa f4
fi fi Ja fa
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Vaabr a0 onpejessieMoit KybaTypHoit hOPMYJIbI I/ BBIYUC/IEHUS WHTEIPAJIA
(37), coorBercTByIomue pemenuio cucremsl (38), npusegennoit B Tabute (39),
HaXO/[MM U3 PelleHus CJIeAYIOeil CuCTeMbl ypaBHEeHUA:

!/
% (Q,W;D) — - < §1>> . (40)

Orkyna, m0Jb3ysCh TE€M, 9TO
Wi = (20, 20, 0); WY = (=20, =20, 0),
IOy YUM
a1 = (1/vV2, 1/v2, 0);  az = (-1/V2, —1V2, 0).

Takum xke o6pazom, pemasi (40) st OCTATBHBIX JBYX PEIeHU CHCTEMBbI
ypasuenuii (38), npusenennoit B Tabmmne (39), onpenennm o

a3 = (L 07 0)7 Q4 = (_]—7 Oa 0)7
a5:(0, 1, O); a6:(1,—1, O).

Haitiens! mects y3/10B omnpejesnsgeMoil KybarypHoil (popMyJ/ibl Jijid BbIYUC/IE-
Hust uarerpana (37), upuuem onu cogepzxkarca B asyx opburax Os3G, r.e. Ky-
Garypuast hopmyna nmeer asa Kodddunuenrta. I narerpan (37) samensiercs
Ky6aTypHOii cymmoit ¢ Koapdurmentamu y; = 4m/6 :

IV = 4V2/3n0x(2f1 f3 + Afa f4). (41)

AHATOrHYIHBIM CITOCOBOM HAXOINM KyOATypHBIE (DOPMYJIBI JIJIsT OCTATBHBIX
uHTErpaJjos npu k = 4,8 :

1V(f) = amox (21 fa);
Iél)(f) = drox(2f1 f5):

IO (f) = 42 3rux (21 fo + Afofs); w

IV (f) 22 83/ Trox (211 fr + 2fafs + 2fufs + 2f3fs);
IV(f) = 4v2/3nux (21 fs + Afafs).
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113 neqmmeiinoro ypasuenns Boabmvana (28) npr w| ncnomszys (30), a un-
Terpas B IpaBoii 4aCTh ero COOTBETCTBEHHO 3aMeHssl KyOaTyPHBIME CyMMaMHU
(30), (36) u (41), (42), noayvaem nepsoe ypaBHEHHE CUCTEMbl yDaBHEHUi Me-
TOJIa JIUCKPETHBIX OP/MHAT:

68];1 + (W )f1 = cST/14(f3f5 + fafs + fofs — 3f1f7)+

+cS7r\/§/(6\/§)(f2f4 + fofs + fafs — fifs — fifs — fifs);

ODTHUM METOIOM I OCTAIbHBIX 3HAYEHU m = 2, 8 MOJIydInM CeMb YpaBHEHHIA
MeTO/a IUCKpeTHBIX opauHaT. OObeuHsIsI IOy YeHHbIe YPABHEHUS B OJIHY CH-
CTeMy, OKOHYATEJIbHO 3aIUIIeM

68];1 + ( )fl_0577/14(f3f5+f4f6+f2f8—3f1f7)
+cS7T\/§/(6\/§)(f2f4 + fofs + fafs — fifs — fife — fifs);
Ot ew®, ) = eSmPA(fifr + fofs+ Fuds — 3Dads)

ot
+cS7r\/§/(6\/§)(f1f3 + f3fe + fife — fafa — fofs — fof7);

8]:53 + c(w! )f3—057/14(f1f7+f2f8+f4f6—3f3f5 +
+cSm@/<6x/§> (fofa+ fofr + fafr — fafs — fafs — faf1);
a";”‘ +c(w® 8‘1) fa=cSt/14(f1fr + fofs + fifs — 3fafe)+

dfs

o T e(w!' )f5—6577/14(f2f8+f1f7+f4f6—3f3f5 +

+cSw\/§/(6\/§)(f1f6 + fifs + fefs — fofs — fafs — [5/7);

(98'};6—1-6( ’aax)f(j:CSW/14(f2f8+flf7+f3f5—3f4f6+

)
)
)
)
+csmfz/(6\/§> (fifs + fufs + fafs — fafs — fafs — faf7);
)
)
)
+cSTV2/(6V3) (fofs + fofr + fsfr — fifs — fafs — fefs);
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8(‘;;7 + (W, 38:1;) fr=cSm/14(fofs + fafs + fafs — 3fifr)+

+eSTV2/(6V3) (fsfs + fafe + fofs — fufr — fsfr — fafr);

88? + c(w®), 3856) fs = eSm/14(f1fr + f3fs + fafe — 3fafs)+

+eSTV2/(6V3) (fafs + fofr + fsfr — fifs — fafs — fofs)-

CpaBHUBAs 3Ty CUCTEMY C BOCEMUCKOPOCTHON MOe/ b0 Bpoysiita u3 paboTs!
[6], ycTamnoBuM, 4TO ee HpaBble YACTH OMPEJETEHBl ¢ TOYHOCTHIO 0 TOCTO-
SIHHOT'O MHO2KUTEJIg. dTOOBI 5TO yBUIETH, HEOOXOUMO 3aMETUTDH CJIEyIOINe
pPacxXoXKIeHrs B 0003HAYEHUIX:

fi=fs f=h f=fs f1=fs

VY ocTanbHBIX (BYHKITHH pacpeeieHns WHIeKCH COBIAIAIOT, re f — pyHKIus
pacupejenenus B Mojenn bpomysiuia.
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Akysh A.Sh. ON THE METHOD OF DISCRETE ORDINATES FOR
NONLINEAR BOLTZMANN EQUATION

The possibility of obtaining non-linear model systems of equations from
nonlinear Boltzmann equation, using the simplest invariant cubature formulas
for the calculation of the collision integral, i.e. the simplest version of the
discrete ordinate method for the nonlinear Boltzmann equation is proposed.

Axpim .11 BEMICBI3BIKTH BOJTBIIMAH TEHIEYI YIIITH JTIC-
KPETTI OPIMHATAJIAP DIICI TYPAJIHI

Beiicb3bikTer BosibiiMan TeHeyiHEH KAKTHIFBICY/IAD WHTErPAJIbIH €CEITey-
re apHaJIFaH KapalailblM HHBAPHAHTTHIK KyOATypaJiblK (POpMy/Iaaapabl KOJI-
JlaHA OTBIPBII, OEHCHIBBIKTHI MOJIE/IIIK TEHJEYIeD Kyieaepin aay MyMKiHir
KOPCeTL/IreH, arau, 0elChI3BIKTE BoibIMaH TeH eyl VIIiH JUCKPeTTI OpIuHa-
Tajap dJICIHIH KapamaiibiM HYCKACH! YCHIHBLIFAH.
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paborax [4]-[7] 6bLaM Hcce0BaHBl BOIPOCH! CYIECTBOBAHUS, €JMHCTBEHHOCTH
PEIleHns TePpUOINIeCKOll KPaeBoil 3a/1a4uu [ijisi CUCTeMBbI TuddepeHinaabHbIX
yPaBHEHUI C 3aIa3/bIBAIONIAM APTYMEHTOM, 8 TaKKe CIOCOObI HAXOXKIEHUs
npubJIMKEHHBIX PEelIeHuil YKAa3aHHON 3a/a4uu. BbLIn yCTaHOBJIEHBI JTOCTATOY-
Hbl€ YCJ/IOBUA OJHO3HAYHON KOPPEKTHOHU Pa3peliuMOCTU LIEePUOIUYEeCKONR Kpae-
BOI 3a/1a4u [/ CUCTEMBI TupPePEHITUATBHBIX YPABHEHUN C 321123/ IbIBAIOIIIM
apryMeHTOM B TEPMUHAX MCXOJAHBIX JaHHbIX. [Ipe/jioxKenb! ajaropurMbl MeTo1a
napaverpusanyn [8] HAXOXK/eHWs peleHnsi paccMaTpUBaeMoil 3aJadn u J1o-
Ka3aHa MX CXOAUMOCTh. [lojyueHHbIe pe3yabTaThl OBLIN PACIPOCTPAHEHBI HA
MepUOINYIeCKre KPAaeBble 33a4n /I CACTEM HEeIWHEHHBbIX muddepeHiimaib-
HBIX ypaBHeHUii ¢ 3ama3/piBaomum aprymentoum [9]. [lepuogndeckne Kpaesbie
3aja4un /i TUIePOOTMIECKUX YPABHEHUI C 3AMa3/IbIBAIOMINM aPI'yMEHTOM Ha-
XOJIAT MUPOKOE PUMEHEHNE B PA3INIHBIX PUKJIATHBIX 331a9ax [1]. Kak 66110
YCTAHOBJIEHO PaHee, Pa3PEITUMOCTh HEJIOKAJIbHBIX KPAEBBIX 3a/a4 Jjisd CUCTEM
runepboTMYecKnX YPaBHEHUI CO CMEITAHHBIMU [TPOU3BOJHBIMUA TECHO CBsI3a-
Ha C Pa3permMOCThI0 CEMENCTBA KPAEBBIX 33184 I OOBIKHOBEHHBIX audde-
peHrmanbHeix ypasuernuii [10]. Amasorndno, ycaoBusg paspermMOCTH I€PUO-
JUYIeCKON KpaeBoil 331a4un Jijist TUTIepOOINIeCKUX YPABHEHUI C 3aMa3/IbIBAO-
IIAM apPryMEHTOM TaK’Ke CBSI3aHBI C PA3PENINMOCTHIO CEMECTBa TePUOanTe-
CKUX KPAaeBBbIX 33J1a4 JJisi OOBIKHOBEHHBIX TudDepeHInaaIbHbIX YPaBHEHUN C
sanazzpiBaommy aprymearom [1]. Tlosromy B naxnOit pabore mucciaepyoTcs
BOIIPOCHI CYIIIECTBOBAHUS €JUHCTBEHHOTO PEIEHNs CeMeiCTBa TTepUOINIeCKIX
KPaeBbIX 33/1a4 JI/id OOBIKHOBEHHBIX IuddepeHInaabHbIX YPABHEHUN C 3a11a3-
JIBIBAIOIIUM apTYMEHTOM U CIIOCOOBI HaxXoXK ieHusi ero pernennii. [locTpoensb
AJITOPUTMBI HAXOXK/ICHUS PEINIeHU CeMeWCTB MEPUOIUIECKUX KPAEBBIX 33,129
Jutsd iupdpepeHIna bHbIX yPaBHEHNI C 3aI1a3/IbIBAIONINM apPIyMEHTOM U JI0Ka-
3aHA UX CXOAUMOCTH. YCTAHOBJIEHBI YCJOBHUS PA3PEIIUMOCTH IIEPUOIAIECKAX
KpaeBbIX 33Ja4 /I YpPaBHEHUIl ruiep0o/IndecKoro THUIAa C 3ala3 [bIBAOIIIM
ApPTYMEHTOM.

B obnactu Q7 = [—7,T] x [0,w] paccMarpuBaercss ceMeiicTBO mepuomde-
CKUX KPAEBBIX 3314 JIIsl CUCTeMbI JINHEHHBIX TuddepenuaabHbIX ypaBHeHni
C 3amas3/BIBAIONIAM apTyMEHTOM

ov(t, )

prank A(t,z)v(t,z) + B(t,z)v(t — 7, x) + f(t,x), (1)
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(t,z) € [0,T] x [0,w], ©ve€ R,
v(z,x) = diag[v(0,x)] - o(2), z€[-1,0], z€l0,uw], (2)

v(0,2) = v(T,x), z € [0,w], (3)

rae (n x n)-marpunst A(t,x), B(t,x) n Bekrop-byukuus f(t,x) Henpepbis-
el Ha ) = [0,7] x [0,w] ¢(t) — menpepsiBHO muddepennupyemMas BEKTOD-
dbynkius, 3a1annas Ha HadaTbHOM MHOKecTBe [—T,0] Takas, uro ;(0) =
1, =1,2,...,n, 7 > 0 — mocrosiHHOE 3amna3ahIBaHIe,

IA(t, @)l = max Y [lai;(t, 2)]| < a(x),

i=1,n =1

n
IB(t,2)|| = max )~ [|bi (t, )| < B(x),
=ln,o
rie a(x), B(x) — nosmoxurenbuble HenpepbiBable Ha [0, w] dyHKIMN.

Pemennem cemeiictBa kpaeBbix 3a1ad (1)—(3) sBisercs HempepbIBHAS Ha
Q., nenpepwisao auddepennupyemas ua Q. \{0} Bekrop-bynkunsa v(t, z), ymo-
BeTBopsionas muddepeniaibaoMy ypasaernio (1) u uMerormas Ha JTUHUAX
t =0, t =T zuauenus v(0,z), v(T,x), AyIst KOTOPBIX CIPABEIJIMBBI PABEHCTBA
@), (3).

Yepez C(£2, R™) 0603HaYMM TPOCTPAHCTBO HENPEPBIBHBIX Ha 2 dbyHKImii
v:Q — R" c uvopwmoii ||v|l1 = max |lv(t, ).

(t,z)eQ

s

2. CXEMA METOJA 1N CBEJEHHNE K SKBUBAJIEHTHON SAJJAYE

-
Bosbmem mar h = 7 : Nt =T, |l € N, u npouseesiem paszbueHue CJjieayio-

M 0OPa3OM:
1 IN

[—7,0) x [0,w]J[0,T) x [0,w] = |J[~ts, —ts—1) X [0,w] U [tr=1,%r) X [0,w],

s=l r=1
rne to=0,—ty = —sh, s=1,1, t, =rh, 7 = 1,IN.
Bsegem npocrpanctso C(Q, t,, R™V) cucrem dyuxuuii v([t], z) = (v1(t, z),
va(t,z),...,un(t, ), rtne dbynxmunm v, (¢, x) HenpepbIBHL HA, [t,—1,t,) X [0, W]

MATEMATUYECKUI YKYPHAJ. — 2017. — T. 17, Ne 3



O paspemmumocTy cemeiicTBa MepuoJInIecKuX KPaeBbiX 3a/a4 ... 41

U UMEIOT KOHEeYHbBIH JeBoCcTOponHmit mpegesn  lim v, (t, ) npu Bcex r = 1,IN
t—t,—0

¢ nopmoit [|v([-], z)|l2 = max  sup v, (¢, 2)]].
r=LIN t€[t,_ytr)

Cyxenue dbyuknuu v(t,x) #a r-yio nogobmacrs Q. = [t,_1,t,) X [0,w]
obosznaunm vepes v (t,x), r = 1,IN. Yepes @4(t), s = 1,2,...,1, 0603naunm
cyzKeHHe HadaIbHOl hyHKIHE (1) Ha s-bIit HETEPBAT [—t_(s_1), —t;—s). Torma
samava (1)-(3) cBemercs K 9KBHBAJEHTHOI MHOTOTOUETHOI KpaeBoii 3aate

o (t, x)
ot

(t,z) € Qp, =11,

= A(t,z)v.(t,x) + B(t,x)v.(t — T, 2) + f(t,x), (4)

vy (t, x)
ot

(t,z) € Qp, =1+ 1,IN,

= A(t,x)v.(t,x) + B(t,x)v,—(t — 7,2) + f(t,x), (5)

US(Z7 1‘) = diag[vl (07 x)] ’ SOS(Z)7 z € [_tlf(571)7 _tl*S)v (6)

z € [0,w], s=1,1,

v1(0,2) = lim wupn(t, ), x € [0,w], (7)
t—=T—0
lim vs(t,z) = vsp1(ts, x), z € [0,w], s=1,IN —1, (8)

s—ts—0

rae (8) — ycsioBusi CKJIeMBaHUS PENIeHWs] BO BHYTPEHHUX JIMHUAX Da3OueHmst
obmactu ).

Pemennem 3samaun (4)—(8) asngercs cucrema dyukumit v([t],z) =
(vl(t,x), va(t, ), . . .,UZN(t,."L‘))/ S C(Q,tT,R”lN) C HempepbIBHBIME Ha
[~ti—(r—1), —ti—r) X [0,w] byukmmavm v.(t,z), r = 1,1 yI0BIETBOPSIONIH-
mu yeaoBuio (6), ¢ mempepwiBao audepennupyembivu Ha ), DYHKIHAMEI
ve(t,z), r = 1,IN, ynosnersopsiomumu cucreme auddepeHnnaibHbIX ypas-
HeHHil ¢ 3anasapiBaomuym aprymenToM (4), (5) u ycaosuam (7), (8). Ha sunun
t = t,—1 nuddepeHnuanbLHBIM YPABHEHUAM C 3aIla3/IbIBAIOIIAM apry MEHTOM
(4), (5) yaosierBopsieT mpaBOCTOPOHHSsI NPOU3BoAHAst DyHKIWMH Uy (t, T).

Yepes A\, (x) o6oznauum suwavenue dynkuuu vy (t,x), r = 1,IN, na juaun
t = t,_1 n Ha Kax 10t momob1acTu £, mponseeem 3ameny bynkumeit u, (t, x) =
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vp(t,x) — Ap(x). Torpa 3amaua (4)—(8) cBemercss K IKBUBAJIEHTHON Kpaepoii
3aJja4de ¢ mapaMeTpoM

Ou,(t, x)

ot = A(t7 x)(vr(t7 x)'i_/\r(z))'i_B(t? z)diag[(Pr(t_T)])\l (x)+f(t7 IL’), (9)

(t7x) G Q?"’ r= ]‘7l’

P At ) 1) + M)+ Bl 2) = 7,2) 4 A, ) + (1, 2),
(t,z) € Qp, r=1+1,IN, 1o
w(to1,2) =0, r=TIN, zcl0,ul], (11)

M) = Aw(@) + lim ux(te), €0, (12)

As(z) +  lim Ous(t, z) = Ast1(x), s=1,IN —1, z € [0,w]. (13)

t—ts—
Pemennem sagaun (9)—(13) seaserca mapa (A(z),u([t],x)) c saementa-
v Az) = (M(2), )\z(x),...,)\lN(x))le C([0,w], RPN, w([t],z) =
(ul(t,m),uQ(t,x), .. .,ulN(t,x))/ € C(Q,tT,R"lN), rae dyskmmn u,(t,x), r =
1,IN wmenpepoisabl va [—7,T| X [0,w], Henpepoisao muddepernupyembr Ha 2
u opu A\ (x) = Ni(x) , M—(x) = AN (2), uer(t — 72) = i) (t — 7, 2),
r = 1,IN, ynosnersopsior cucreme muddepennuanbabix ypasuennii (9), (10)
u ycaosusim (11)—(13).

Ecm nmapa (A@),u([t],z)), rae Az) = (Mi(z), Xa(2),..., \n(2)),
u([t],z) = (wt,z),ust,z),... ..., wn t,x))l — pemenne 3agaan (9)—
(13), to cucrema byt v([t],x) = (M(z) + wi(t,x), Ao(z) +
ug(t, ), ..., \n(z) + wn(t,x))) Gyner pemenuem szamauum (4)—(8). U, ma-
obopor, ecim O([t],z) = (V1(t,x),v2(t,x),...,un(t,x)) - pemenne 3amaqam
(4)—(8), To mapa (A(z),u([t],z)) — pemenue zamaun (9)—(13), rme A(z) =
(’171(150,1’),@/2@1,%), ...,5[]\[(75”\7_1,:17))/, ﬁ([t],:c) = (51@,.%) —51(750,27),52(15, :E) —
52(751, l’), ...,’leN(t, :L‘) — ’17”\7(15”\[_1, LU)),

B zamaqe (9)—(13) nosBuuck Hadaabable ycaosusd (11), KoTopble mo3BOJIs-
IOT OIIpee/InTh HEU3BECTHDIE (byHKHHI/I 13 CeMeuncTBa UHTEI'PaJIbHbIX ypDaBHE-

/

unit Boswreppa BTOPOTO poma:
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dynkumio u,(t,x), t € Q,, r= 1,1, npu dpukcuposannom A\, (x) onpezens-
eM U3 ypaBHEHHS

t
up(t,7) = / A5, 2)[un(5, 2) + Ar(2)]ds+

¢ ¢

+ / B(s,z)®,(s — 7)\1(x)ds + / f(s,x)ds, (14)

tr—1 tr—1

rie O, (t—7) = diag[p,(t—T)] — quaronanbuast MaTpuia pasmMepHocTu (1 X n);
dynkmmio u,(t,x), t € Q., r = 1+ 1,IN, npu dukcupoBanubx A (),

Ar—i(x), ur—i(t — T, ) oupejeisieM U3 ypaBHeHUsi

up(t,7) = / A5, 2)[un(5, ) + Ar(2)]ds+

tr—1

" / B(s, 2)[tr1(5 — 7,2) + Ay_y()]ds + / f(s.)ds,  (15)

rme mapa  (A(z),ur(t,2)), r = 1,1 ynomersopger (14), a mapa
Ar—i(z),up—y(t,z)), m=14+1,...,I(N — 1), yuoBiaersopsier ypaBHEHUIO

t
vy (1) = / A3, 2)tr1(5,7) + Ars(2)]ds+
tr1-1
+ / B(s,x)[ur—o1(s — T, 2) + Ap—gi(x)]ds + / f(s,x)ds,

tr—1—1 tr—1-1

~+

t e [tr—l—lvtr’—l)a S [0,&)].
B ypasuennu (14) Bmecro ur(s,x) nojcrapisis IPaBylo 4acTh 9TOIO 2Ke
yPaBHEHHs U HOBTOPHB porecc v (v = 1,2, ...) pa3, IoJy9aeM IpeICTaBIeHue

dbynxnun u,(t):
up(t,z) = Dyp(t,t,x) - Ne() + Epp(t, t,x) - M (x) + Fup(t, x, f(t,x))+
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+Gop(t, x, up(t, x)), teQ., r=1,L (16)
AHaIoruYHO MOCTYTIUE ¢ MPaBoil 9acThio paBencTra (15) u HpI/I 3TOM TIOJICTAB-
7551 BBIDAKEHUs paHee HaigeHHBbIX GyHKIWMA Ui4j(t, ), t € [titrj—1,tisrs),
z€[0,w],i=0,1,.... N =2, j =1,2,...,], mosyunm cJeyiomee mpegacTasie-
Hue jas GyHKRumit w4 ;(t, ¢) Buga:

it (t, @) = Dy (6,1, 2) - N () + Pl [t EBuags (8t — im,2)] - M (2)+

+ZP5ui] [t, Hy gy (t,t — (k — D)7, 2)+
+P1/1l+] [t Dl/zlJr]( — kr, x)]] 'A(ifk)lJrj('r)—’_

7
+ Z PziilJrj [t7 Fu,ilJrj(ta xz, f(ta I‘)) + Gl/,’il+j(t7 €, u(i—k)l—i—j(t - kTa x)]v (17)
k=0
tc [t’il+j717til+j)7 U [O,W], 1=1,2,...N—-1, j=1,2,...,1,
rie
Dl/,ilJrj(t: t— nr, 1’) =

t Sk
v—1
= Z / A(sy —n1,x) ... / A(Skr1 —n7,x)dSgy1 - - - ds1,
k=0 tiltj—1 til4j—1

t

Hy, 4t t —nr,x) = / B(s1 —n1,x)ds; + Z / (s1 —nm,z)...

tit4j—1 k=1 til4j—1

/ A(sk —nt, ) / B(sgy+1 — nt,z)dsg1dsy . . . dsq,

Lil4j—1 Lilyj—1

Foavj(t,z, f(t—nT,x)) /fsl—m'xdsl—i—z /Asl—m':z:)...

zl+] 1 k=1 t1l+] 1
Sk—1 Sk
/ A(sg —nr,x) / f(sk41 — n7,x)dsg1dsy . . . dsq,
Lil+j—1 tityj—1
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t
Gty (8,0, ity (¢ — n7, ) = / A(si —nr,z)...
t

ilj—1

Spy—2 Sy—1

/ A(sy—1 —nT1,x) / A(sy — T, x)uiyj(Sy, x)ds,ds,—1 .. . ds1,
tir4j—1 tityj—1

Py,¢z+j(t7U(Fl)lﬂ(t—m')): / B(Sl—(”—1)7,33)“(1'71)1“(31—nﬂl’)dsﬁ-

til+j—1
—{—Z / A(s1 — (n—1)1,2) / A(sy — (n— 1), 2) X
k=1 tzl+] 1 zl+] 1
sk
/ B(sgr1 — (n— )7, 2)ug_1)4;(Sk+1 — n7, x)dsp i 1dsg . . . dsq,
ti4j—1

t
E,qvj(t,t —n7,2) = / B(s1 —nt1,2)®j(s1 — (n+ 1)7)ds1+

til4i—1

+Z /Asl—m'm /A Sk — NT, T)X

k=1 tzl+] 1 ZZ+J 1
Sk
X / B(sg+1 —n7,2)Pj(sk+1 — (n+ 1)7)dspq1dsy . . . dsq,
til+j—1

n=0,i,i=1,N—1,7=1.1, Plt,y] =y, Pk(t,y) = P[t, P*"1[t,y]].

CymecrroBanue IIPEICTIOB lim D, (t,t,z), lim F,.(t,z, f),
t—t,—0 t—t,—0

lim E,.(t,z), lim H, (¢, ) cregyer uz nHenpepsisaoctu ¢(t) Ha [—7,0] u
t—t,—0 t—t,-—0

A(t,z), B(t,z), f(t,z)naQ (rem cambiv u Ha ;). Tak kax dyuxuus u,(t, )
HeIpepbIBHA Ha (2. U CyIIECTBYeT , litm . ur(t, ), To noonpenenus u,(t, x) upn
—tp—
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t = 1, ee JIEBOCTODOHHUM IIPEJEJIOM, IMOJYINM, UTO OHA HENPEPHIBHA W HA

[tr—1,tr] X [0,w]. Orcioma u u3 menpepwisaoctu A(t, z), B(t,z), ¢(t) ciemyer

cymecrBoBanue upenenos  lim G (t,z,u), lm P,.(t,x,u(t — 7,2)).
t—t,—0 t—tr—0

ITepexons B (16), (17) k upeueny upu t — t, — 0, HaxogU™M

lim Our(t x) = Dyp(tr, t,z) - Mp(x) + Epr(tr, t,x) - A (2)+

t—ty—

Byt 7, (1, 2)) + Gor (b, 3, ur(8,2)), 7 = 1, (18)

im  wyqj(t, ) = Dyjirj(tigj, t,2) - Xigj(x)+

t—ti14;—0
Z Pyt Hyaj(tt — (k= 1) z)+
+Pyit4jlt, Dyiigj (6 =k, 2)]] - Mgy () +
+B, i [ty Buatyj(t, t—ir, )] Z it it Pt (t @, f(E,2))+

+Gyityj(t z ugysj(t —kr,x)], i=1,N -1, j =1,1. (19)
Mopcrasass B rpannunble ycaosus (12) u ycaosus ckiensanus (13) Bmecto

lim Ou,«(t x), r = 1L,IN, v up41(ty, ) UM COOTBETCTBYIOIIME TIPABBIE YACTH
t—rt,—

(18), (19), mosyunm cucTeMy JMHEHHBIX yPABHEHWIT OTHOCHTEIHHO HEN3BECT-
HBIX TapaMeTpoB Ai(x), Az(x), ..., \n(z) Buga

(I- PVNlNl[T E,n(t,t— (N — )7, 2)]) - M(2)—

Z PyN (T Hyn(t,t — (k= 1)7,2)+
+P,in[t, Dyan (t,t — k7, 2)]] - Av—1—kyi () — (I + Dogn (T, t,2)) - Miv(2) =

nyilN [Ta Fl/,lN(t? x, f(t - kT? $)) + GV,ZN(t’ L, u(i—k)l+l(t - kT? IE)] )

[l
IMT

E,jvj(tj, t, l’) - A ({L‘) + (I + D,/,j(tj, t, l’)) . )\J(l‘) — )\j+1({L‘) =
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= —F,,J(tj,l‘,f(t,l‘)) - G,,,j(tj,t,uj(t,x), j = 1,l,

sz,z'z+j (tirgjs Bvrrg(tt —im, @)] - X () + (I 4 Dyrgj(tisg, t,@)) - Mg () —
_>\zl+]+1 Z szl}r] 45> uzl+j (ta t— (k - 1)7_7 $)+
+P, Jil+j [t D, 'Ll+j( — kr, x)]] ’ )‘(ifk)H»j(x) =

= Z ZH_] titrgs Pyt (tz, f(E—kT,2))+G i (t T, ui— )H_j(t—/m',x))],

(20)
rze B nocaeaHeM soipaxkennu cucrembt (20) npu i = 1, N — 2 ungexc j = 1,1,
anput =N — —1uugexc j = 1,1 — 1.

Banumem cucremy ypasaenuii (20) B Buje

Qu(l, 2)\(=x) = —F,(f,1,z) — G, (u,1,z), (21)

rae marpuna @, (I, x) pasmepuoctu (nlN x nlN) cocrasiena u3 ko3bduu-
€HTOB IIpU HEM3BECTHBIX mapaMerpax Aq(r), 7 = 1,IN, cucreMbl JUHEHHBIX
ypasuenuii (20),

Mz) = (M (2), Ao (), ..., \iv (2)) € O ([0, w], R™M),

Fy(l,x) = (~F n(T, ), Fi(t, @), Falta, ), oo, Fyin-1(tinv-1,7))" €

€ C([0,w], R™N),

Gl/(ua l) - (_éll,l]\/(uv Ta :B)u él/l (U, tl) I),

GVQ(ua l2, .'L'), ey GV,ZN—I(“) UN-1, .’,U)), € RnlN7

7
e G (u, iy, ) = Z Pf,ilﬂ [tirrjs Gt (t T, u— gy (= k7, 2))],
k=0

Fu,il+j(tzl+ja ) Z Py 7,l+j[ il+3 FI/,il""j(t? T, f(t - kT? l’))],

i=0,N—1,j=T1,L1.
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3. AJIPOPUTM M OCHOBHOW PE3YJIBTAT

Taxkum 06pazom, umeem cucremy ypasuenuii (14), (15) u (21) jis Haxox-
permst maper (A@),u([t], ), rae Az) = (A(2),Aa(z),..., \n(z)) €
C([0,w], R™Y), u([t], m) = (w(tz), w(t,z),...,un(t, x))/ Hcko-
MYIO napy (A=), u(

) HaI/I,D;eM KaK IIpeaesr II0C/JIeJ0BaTEJIbHOCTHI
(AB (2),u®([t],2)), k= 0,1,2,..., e A®(z) = WF AP AR e
(o, ]R"IN, w(H ) = (u(t2),ua(t,2) W, u (£, 7)), xoropre

HAXOJIATCS IO CJIEYIONIEMY AJTOPUTMY.

Iar 0. a) Ilpexnonaras obparumocts Mmarputbl @, (I, ) mpu HEKOTO-
peix v, | maa Becex x € [0,w], HavaabHOE NPUOIMKEHHE N[O MApaMeTpy

A0 (z) = ()\go) (z), )\go)(:v), . )\l(?v) (x)) ompenenum u3 OYHKIMOHATLHOTO yPaB-
nernst Q, (1, 2)A(z) = —F, (1, 2), 10 ects A (2) = —[Q, (I, 2)] L F, (I, z).

b) Ha nogobuacrsx €2y, pemas 3agaay Kommu (9), (10) upu A (x) = A0 (x),
HAXOIIM u&o)(t,m), r=1,2,...,1. Barem, pemas 3amaqy Kommu (10), (11), va
noxobactu ), mogcrasiasas BMecto A (z), A—i(x), up—_;(t — 7,2) coorBer-
creenio A\ (x), )\(0_) (), u (0) 2,(t = 7, x), maxomum ne (t,x), r=1+1,IN.

Hlar 1. a) IloxcraBiss HaiijgeHHbIE u( )(t, X) B IpPaByl0 4aCTh ypaBHE-
mns (21), w3 yrkmmonansaoro ypasrenus Q, (L x)A(z) = —F,(f,1,z) —
G, (u,1, ) onpesensiem NV (z) € C([0,w], RMY).

b) Ha nogo6macru §),, pemas 3amaay Kommu (9), (11), npu A\ (z) = )\S)(a:),
(1)

naxoum Uy (t, ), v = 1,1. Hoacrasss smecto A (), Ar_y(7), up_(t — T, )

coorsercrenmo AL (x), )\gl(w), ufi)l(t — 7,2) u pemas 3agady Kommu (10),

(11) ma momobractu €2, HAXOIM u,(})(t, x), r=1+1,IN.
N rak panee. Ilpogoskasi mporecc, Ha k-M IMare moJydaeM CHCTEMY Iap
A @) (8 )).

JlocraTodHble YCIOBUS OCYIIECTBUMOCTH U CXOQMMOCTH IPEII0KEHHOI0 aJl-

ropuT™Ma, a TaK>Ke€ ONEHKY PAa3HOCTU ME2K/Yy TOYHbIM U HpI/I6.HI/I)KeHHbIM perie-
HUAMU yCTaHABJINBAECT

TEOPEMA 1. Ilycts npum mexoropeix I, | € N, u v, v € N, marpuna Q,(l, ) :

RN — RN o6parmma, © € [0,w], u BBIIOMHAIOTCS HEPABEHCTBA

a) [[1Qu (L, )]l < 7 (1, @),
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aolt, o) (255)" max S 4 (20 5 gt (20m) Y P, <

=0,N—1 p=0 k1=0
x <1
_ al)r ﬂ(w)f olo)r
rne P(l,x) = max{ max sup e -1+ ||‘I> t—"7)| ¢,
1<J<lt€[] 1,t5)
a(z)T ( a(z)T k1 a(z)T
max sup {e 7 Z(@'e I ) +e T —1+
1<Z<N 1 1<j<l te[t Itj— 17t1l+j) k1=1

#(2e ) o - i 1}

Tora mocreqoBarenpaocts map (AF) (x), u®) ([t], ) mpu k — oo cxomurea
& (A\*(2),u*([t], z)) — equncrBennomy pemennto 3anaun (9)—(13) u cupasem-
BBI OIEHKH:

2)](8)
m V(@) - 2@ <
1

(g, (1, 2)] %) afx)T\"”
el “%( z )

IA*(@) = A ()| <

<>z<z<>>

Mz)= _max {[(HPETE)Tsup (= (4 1)7) -

=0,N—1,j=1,1 t€ltiitj—1,tit;)

a(z)T )T a(z)‘r k r v-1 alz)r k1
—14+e 7 Z_ (/3( ) 1] fyy(l,x)jkz k%'( (l) ) X

1=0

X sup | f(t —iT,z) Z pl(ﬁ(wT;Z: %(a(f)T)kl)p+

t€[tiryj—1,ti4j

> (ST s = ino)l).

k1=0 t€[ti45—1,ti+j)

a(z)T
1

+7e
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JokazaresbCcTBO TEOpeMbl OCHOBAHO Ha BBIIIENPUBEEHHOM aJlOPUTME U
AHAJIOTUIHO JI0KA3aTebCTBY TeopeMbl 1 u3 [4] u Teopemsr 2 u3 [10].
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AcamoBa A.T., Uckaxosa H.B. KEIIII'YJII APTYMEHTI BAP JU®-
OEPEHIUAJIZIBIK 2KYKTEJI'EH TEH/IEVJIEP YIIIH I[TEPMO/ATHI
MIETTIK ECEIITEP OVJIETTHIH, ITEIILIIMIITT TYPAJIBI

Kermiryni aprymenti 6ap auddepennuaigpik TeHIeyAep XKyiteci yIimu me-
PUOATHI IETTIK ecenTep dyaeTi 3epTTesei. KapacThIpbLIbIT OTHIPTaH eCenTin
merriMaepia Taby aaropuTMaepi TYPFBI3BLIFAH KOHE 01D/ IBIH KUHAK THITBIFBI
mostengenren. Kerrmirysi aprymenti 6ap auddepernuaiibk TeHaeyiep xKyieci
VIIH TePUO/THI MIETTIK €CenTep dYIETIHIH M IiMIIK mapTTapbl 0aCcTanKbl
OepiyliMjiep TEpMUHIHJIE TaraiiblHIAIFaH.

Assanova A.T., Iskakova N.B. ON SOLVABILITY OF A FAMILY OF
PERIODICAL BOUNDARY VALUE PROBLEMS FOR DIFFERENTIAL
EQUATIONS WITH DELAYED ARGUMENT

The family of periodical boundary value problems for the system of
differential equations with delayed argument is investigated. Algorithms
for finding solutions of the considered problem are constructed and their
convergence is proved. Conditions of the solvability of family of periodical
boundary value problems for the system of differential equations with delayed
argument are established in the terms of the initial data.

MATEMATUYECKUI »KYPHAJN. — 2017. — T. 17, Ne 3



MATEMATUYECKUN YKYPHAJI ISSN 1682-0525

2017. — Tom 17, Ne 3. — C. 52-61.
VIK 517.958:5

NCCJIEJJOBAHUE EAMHCTBEHHOCTHU PEILIEHUN
OBPATHBIX 3AJTAY MATHUTOTEJIJIVPNYECKOTI'O
3O0HIMPOBAHUA ACUMIITOTUYECKVM METO/I0M

E.bl. BUgAMBEKOB

Kazaxckuii HauMoHaNbHBIA Nefarormyecknii yHnBepcuTeT nmernn Abas
050010, Anmartst, np. [JocTsik,13, e-mail: esen bidaibekov@mail.ru

AnHoTtauyus: B pabote TuxoHosa [1] paccmMoTpeH BONPOC eAMHCTBEHHOCTU PeLLeHN i
3a4a4m o6 onpeaeneHnn 3NEKTPUHECKON XapaKTEPUCTUKU MNPy HOPMaabHOM MajeHun
OLHOPOAHBIX BOJMH B Andddy3MOHHOM NpubavXeHun, npn KOTOPOM TOKaMU CMELLEHUS
npenebperator. B Hacrosweid pabote uccneaytot HekoTopbie obpaTHble 3agaqu
MarHuToTennypuyeckoro 3oHanposatusi (MT3) B guddysnoHHom npubavxenun npu
HaKJIOHHOM NafEeHN HEOAHOPOLHBIX MIOCKUX BOJSH MeToaoM pabots [1].

Kntouesble cnosa: ObpaTHas 3agada, MarHUTOTENlypUHeCKoe 30HAMPOBaHNE, HEoA-
HOPOAHAsH MIOCKasl BOMHA, AN dY3NOHHOE NpubNNKEHNe, NONSPU3aLNsa BOJH, UMMe-
[aHC, afMUTaHC, KyCOYMHAsi aHaNUTUYHOCTb, CUHIYISIPHOE BO3MYLLEHWUE, PEeryisipHoe
BO3MYLEHNE, BbICOKME N HU3KNE HaCTOThI.

I. PacemoTpum Momens 6e3rpaHnaHON Cpe/ibl, 3alOTHSIONIE Bce TPOCTPaH-
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OX coBmajajia ¢ HanpaBaeHeM PACIPOCTPAHEHUs] B TOPU30HTAIBHOM TLIIOCKO-
ctu. Torma cuctema MakcBesia pacnagaeTcs HA TBe HE3ABUCHMbBIE CUCTEMBI, 1
IJIOCKAs BOJIHA IPEJCTaBIdeTCa B BU/JIe CYNEPHO3UIAN JIBYX IIOJIAPU30BAHHBIX
BOJIH: TIAPAJLIETBHON (3JIEKTPUIECKUIl TUI BOJIHBI), COCTOSIIEH 13 KOMIOHEHT
E,, E,, Hy7 U LEePLUEeHIUKYJIAPHONR (MarHMTHbH‘/’I THUII BO.HHI)I), cocrodieit n3
komnonent Fy, H,, H. |2]-5].

B objsrtactu 2z > 0 Tokamu cMmelneHusi, 110 CPABHEHUIO C TOKAMU ITPOBOMO-
ctu, npenebperaem. Torga B ciydae HepUEHIUKYASPHON MOJIAPU3ALAN DJIEK-
TpudecKasg KOMHIOHeHTa, [, = u TI0CKOil BOJHBI B CJIONCTO! Ccpejie yJ0BIeTBO-
pdeT ypaBHEHUIO

u” + (iwe + Au =0, 2 >0, (1)

rJe A — mapameTp, B 00IeM Ciydae KOMILIEKCHBIN, XapaKTepu3yoIuii ropu-
BOHTAJIBHYIO HEOHOPOIHOCTH HAK/IOHHO IMAJAIleli mIockoit BotHbl. [Ipu s3Tom
Ha moBepxHOCTH 2 = 0 CIOMCTOU Cpeabl OTHOIIEHNE TOPU30HTAIBHBIX KOMIIO-
HEHT I10JId, T.€. aJIMUTAHC,

I HI(O,Z) u'(0,w) i)f(w)- 2)

z1(w) E,(0,w) iwu(0,w) i

HUccnepoBanue 3aa49u OnpejiesieHus 1lapaMeTpoB cpejibl Oy1eM BecTH, Kak

B pabote [1], B mpe/mno/ioxkeHnu KyCOIHO-aHATUTUIHOCTH 0(2) > 0 mpu 10101-

HUTE/IHLHOM YIPOIIAIONIEM TIPEJIOI0KEeHu, 9T0 0(z) = 09 = const, HadauHast

C HEKOTOPOil IIyOMHBI 2: 2 > Zp. OTMeruM, 9T0 B CHJIy HEIPEPBIBHOCTH Ka-

CaTeJIbHBIX KOMIIOHEHT 3JIEKTPOMATHUTHOIO TIOJIS HA MOBEPXHOCTIX Pa3phIBa

(byHKIMN HENPEPLIBHBI U YCJIOBHEM M3JIydeHnsl Ha GECKOHEUHOCTH OyIeT yCa0-
BUE

u(z,w) = 0, z — o0, (3)

ecin ImA? # —iwoy.

JIEMMA 1. Pemenne ypasuennsi (1), ynosiersopsiromiee yciaosuto (3), cyiue-
crByer u hyHkms f(w) ompegeseHa 0HO3HAYTHO.
JleficTBUTEILHO, €C/IH BBECTH 0603HAYEHMST

A1(z,\/Vw) = Rey/—io(z) — X2 Jw, A1(z,\/Vw) >0,
As(z, \/Vw) = Imy/—io(z) — N2 /w,
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T0 00mIee pemenue ypasuenus (1), yposaersopsiomee ycaosuio (3), B obmactu
Z > zg IMeeT BUJ

u(z,w) = C exp{—vw[A1(20, \/ VW) + iA2(20, \/VW)]2},

rjie C' — mpous3BOIbHAS TOCTOsTHHAS. [Ipomoszkast 9To perenne Ha 0Tpe3ok 0 <
z < 2 (xak 3agaay Komm ¢ qanHbIMEU 0 TOUKE 2 = Z(), TIOIy9InM, 9TO (DYHKIIUS
u(z,w) ompesesiena ¢ TOYHOCTBHIO 10 MHOKHUTEJIs Ipornopiuonabaoctu C) aro
" NOKa3bIBAELT JIEMMY.

Ouesuuo, uto yeaosusvu u(0,w) = 1 u (3) pemenne onpeessiercs oHO-
3nauno. [losromy moxuo nooxuts v (0,w) = f(w).

TEOPEMA 1. IIpu caenannpix npenotoxenusx ooparnas 3aaa4a (1)—(3) ume-
er He 60Jiee OJIHOrO DEIeHHs IIPH BBICOKHX 9aCTOTaX W H IPH HH3KUX, €CJIH
A =wly, A — 1060€ KOMILJIEKCHOE (DHKCUPOBAHHOE THCJIO.

JTOKABATENLCTBO. [Iycts ug(z), k = 1,2, aBasioTcst peneHusiMu ypaBHeHUST
(1) ¢ yenousivum u(0,w) = 1 u (3) upn 0 = op(2) u fr(w) = w,(0,w), k =
1,2. TlokaxkeM, 9TO eCJiU UMeeT MecTo 01 # o2, 10 fi(w) # fo(w). Buauasne
JIOKQzKEM TEOPEMY [IIsT BBICOKOYACTOTHBIX 30HupoBanuii. [lomoxum

(2, w) = exp{—v / P(E,w) + i€, w)]dE). (4)
0

Moacrasnsas (4) B (1) ans dbysknmuu p, @, UMeeM CUCTEMY yPaBHEHWI
pp® = p° — @* + i’ ReX?, p(z0,w) = Ay (20, Ar),
' = 20p + pPImA* + o, @(z0,w) = Aa(20, Ar), (5)
p=1/vw,

r7e 2 MEHSeTCd OT 2o J0 Hysd. ns manbaeinero HaMm HeoOXOAMMO aCUMIITO-
Tuveckoe nosejgerne GyHkmmit p(z,w), ¢(z,w) npu GONTBIIMX 3HAYEHUAX W.

Bagaua (5) aBasercs 3a1aueil CUHIYJISPHOIO BO3MYIIEHHs] ¢ MAJIBIM T1apa-
merpoMm p [6]. st uccaenosanusa 3amaun (5) Bocmosb3yemcs Teopemoii Tu-
xoHoBa [6]. JocrarouHo npoBepuTh ycsioBue yCTOHYMBOCTU KODHSI, TaK Kak
OCTaJIbHbIE YCIOBUST 3TOI TEOPeMbl BHITIOJIHEHbI.
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Beipox jennas cucrema [6]

PP — ¢ =0,
2pp+0 =0
umeer apa KopHs: p = Aj(z,0) = #, p = Ay(z2,0) = — 0(22); p =

A1(z,0), ¢ = Ay(z,0). Ilepsbiit u3 3TUX KOpHEH /g TPUCOEIUHEHHON CH-

crembl [6] siBJIsIeTCST ACMMIITOTHYECKN YCTOHYMBBIM 110 JIAIYHOBY BJIEBO OT 2.

Crenosarensuo, p = A1(z,0), ¢ = Aa(z,0) saBasercsa yCTONIUBBHIM KOPHEM.

OrmernM, 9TO TaK Kak HadaabHble JaHHble p(zo,w), ¢(20,w) npu g — 0 cos-

nazaoT co 3uadenusMu p(zg) = A1(z,0), ¢(z0) = A2(z,0), To ycaoBue mpu-

HaIJIC2KHOCTU Ha4aJIbHBIX 3HAYEHUNA O6ﬂaCTH BJINAHUA KOPHSA BBITTOJIHEHO.
ITooxknm

p(z,w) = A1(2,0) + p(2,w), ¢(z,w) = A2(2,0) + ¢(2,w), (6)

rie dbyHKIun P, ¢ 06JaA0T CIeayomuMa ceofictamu: ecau 2 (k= 0,1,...)
~ TOYKa Pa3phIBa MepBOro poja GpyHkmun o(z) U B MHTEPBAIAX 2K+ < 2 < 2
HeT IPYTUX TOYEK Pa3phbiBa, TO HAMIyTCsS Takue Vg U Nk, 94TO

|p(z,w)| < Ng, |p(z,w)| < Ng, zk—L<z<zk,
w

e
Yk

CnenoBarenbHo, s (byHKU;I/H/I

z

Wisw) = [[6w) +ip€w)lde (= =0, 2> )
0
MMeeT MeCTO OIEHKA
1
Vw
Ywmuoxkas ypasrenne (1) npu v = w1, 0 = 01 Ha Uz, a IPH U = Uz, 0 = 03
Ha U1, BblYUTad UX U UHTETPUPYA OT HYJId 10 OO, IMOJIyIUM

W(z,w):O< ),0§z<oo.

(e o]

g — | =y — ] = / 5 (€)ur (€yua(€)de =

0
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= fa(w) = fiw) = f(w), 6(2) = 02(2) — 01(2).
MBI CTpeMEMCs IOKa3aTh, 9To f(w) # 0, ecmm 01 # 09. [lycrs 0 = 09 aa
0 <z< 2z uoy # 09 BunrepBaie 21 < z < zo, IPUIEM B 3TOM HHTEPBAJIE
OTCYTCTBYIOT TOYKHM pa3pbiBa Kak GyHkmmn o1(z), Tak u 0a(z).
[Ipeanmonoxkum, 9To

5(2) =alz — 2)" + D(2)(z — z1)" 11,

rie dbyuknusa D(z) orpanudena B (21, 22), a — IOCTOSHHASL, HE DaBHAsI HYJIIO.
Begem obo3nauenus

pi(z,w) = AP (2,0) + pi(z,w), @i(z.w) = AP (2,0) + ¢;(z,w), j=1,2,

A(z) = [AV(2,0) + AP (2, 0)] + i[5 (2,0) + AP (2,0)],

z

Wi(zw) = Wi(z,w) + Wa(z,w), B(z) = / A(€)de,
0

z

%@Mz/%@m+MWwM&FﬂJ
0

Torpa, Bocosib30BaBmKCh npeacrapierausivu (4), (6) u ucnosb3yst reopemy
0 CPeJIHeM, NMeeM

o0

J>/%@m@w@@—wmw@mm+ﬁ@wnx

0

X{MT/!W + q(z,w)} +V(z,w),
(n+1)!

[A(z1) ]2
v(z,w) = —exp{—vw[B(z2) + W(Z,w)]}x

S [/ (1= ) (g — 20)"
X{a§: A2Vl

q(z,w) = D(2") 1 <7, 2" <,

_l’_
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. n+1)/(n+2—)(z0 — 2)" 277
+D(z)2[( +D/( ?:4(22)1)\/%22 1) }

Orcro/ia nMeeM ACUMIITOTUIECKYTO OLIEHKY

J = O(e~V@Re BGD) | Re B(z)_/z<\/012(§) +\/022(£)>d§,

0

u3 KOTopo#t cieayer, uro f(w) Z 0.
ITpy HU3KOYACTOTHBIX 30HANPOBAHUAX, MOJOKUB A = A\ow st (DYHKIUK
P, ©, IMeeM CHCTeMy ypaBHEHMIl

P/ = \/f;(/ﬂ - 902) + (\/(;)3R6)‘(2)7 p(z0,w) = Ai(20, \/‘;)‘0)7

¢ = 2vwpp + (VW) ImA§ + Vwo, p(z0,w) = As(z0, Vo). (7)

Bagaga (7) aBiagercs 3agadeil peryaspHOrO BO3MYIIEHHS ¢ MaJbIM MTapaMeT-
poum y/w [3]. CooTBeTCcTBYIOMAS BHIDOXKIEHHAST 3a/1a49a NMeeT permenne p(z) =
Ai1(20,0), ¢(z) = Az(20,0). HosTomy

p(z) = A1(20,0) + p(z,w), p(z,w) = O(\/(;)v

P(2) = A2(20,0) + 4(2,w), H(z,w) = O(\/(;)

B stom cryaae unterpast J BEIUUCISIETCS, KaK BBIIIE, JIUIIH C TOI pa3HUIei,

aro A(z) = A(z), W(z,w) = O(y/w) n J = O(W), 13 KOTOPOii TakKe

caenyer, uro f(w) # 0.

I1. Tlycts B obstacTu mapamerp WMeEeT BUJL
o = diag(o1,01,02), (8)

oi, © = 1,2, — Kycouno-anajuTUIECKNe PyHKINKN U 0; = 09 = CONSt, HAUUHAS
¢ TIyOUHBI 2.
Paccmorpum Bompoc 0 eiMHCTBEHHOCTH OPE/ie/ieHus: 0 B obaactu z > 0 1o
M3BECTHBIM MMIIEIAHCAM MMePIeHINKYISPHON 1 MapaJsieIbHON IOISpU3aIi.
B srom ciyuae obparnas 3ajada paciaaercs Ha IMOCIEI0BATEJHLHO Pe-
maemble obpaTHbIe 3a4a49u. B caydae MepIeHguKy/IsIPHON TOIIPU3AIUIX 110
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H: (0, "
nMIesancy z (w) = — E;gOZ; HAaXOJIUTCA 01, B CAyvae MapaieJbHON MoIapu-

E:(0
3alliy TIPU U3BECTHOM 0] HaXOJUTCs 02 10 UMIIETAHCY Z|| (w) = ngoﬁg' [lepBag
Yy k)

3a/ada MOJHOCTHIO COBIAJET C 3a/adeil, pacCMOTPEHHON B 11.].
B cnydae mapasienbHON TONAPU3ANNT UMEEM yPaBHEHTE

u” — a—iu' + (0—;)\2 + iw01>u =0 (u= Hy). 9)
IIpm sTom
B (0w) u'(0,w) 1
2= F 0w - au - oo @ (10)

u nmeer MecTo Jlemma 1 ornocuresnsHO ypasuenus (9) ¢ yciosueM (3), a Takxe
u Teopema 1 ornocuresnsHo obparsoit 3asa4du (9), (10), (3), 3akiarouaromeiics
B ornpejiesiennn 02(z) Tpu U3BeCTHOM 071(%2).

BseneMm obo3nauenunsa

h(z) = eap( ~ [(@1©)/01(€)d6). 9(2) = 1(2)/n (o).
0
Yuuoxag ypasuenue (9) va h(z), a 3aTeM yMHOXKasI €10 IPU U = U, § = g1

Ha U2, 8 IPU U = U2, § = g2 HA U], JAJIEE€ BBIYUTAS OJTHO YPABHEHUE U3 JIPYTOr0O
U UHTErpupyd OT HyJsd JO0 0O, HOJYyIUM

(th — 1) a0 = / G (E)ur (€)us(€)de = P(w),

0

g=92—9g1, ¥ =12 — 1. (11)

Pemmenne ypasuenuns (9) umewm B Buge (4). Torga nmeem 3a1ady CHHTYISD-
HOT'O BOBMYIIIECHUA:

/
g
pp' = p* — o>+ Ufup + pP2gReX?, p(z0,w) = A1(z0, pA),

/
g
e’ = 2pp + Uﬁw + 12gImA? + o1, p(20,w) = As(z0, t\)
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— BBIPOXKJIEHHA 3a/1a9a, KOTOPas COBMAAET C BHIPOKICHHON 3aadeit 1ist 3a-

naun (5) mpu o = o1. JanbHeiiee goka3areascTBO Teopembl 1 OTHOCHTETBEHO

sazaqn (9), (10), (3) npu BbICOKMX YacTOTAaX NPOBOANTCS, Kak B 11.1. OueBuaHo,

uyro Hasmuue dysxmuu h(€) B dopmyse (11) He Biuger Ha J0KA3aTEIbCTBO.
IIpu HUBKOYACTOTHBIX BOHAMPOBAHUIX UMEEM 3AATY

/
g
= ip +Vw(p? = w?) + (Vw)’ ReAd,

p(z0,w) = A1(20, VwAo),
/
g
¢ = —tp + Vw2pe + (V) ImAG + Vwor,
1
SO(Z07W) - A2(Z01 \/JAO)a
— BBIPOXK/JIEHHAs 33/1a4a, KOTOpasl UMeeT PelIeHue

p2) = —oe) = [ Fean| [ (ot/on)a

20

Janbreiiniee 10Ka3aTEIBCTBO, KaK B 1.1, HO

A(z) = [p1(2) + p2(2)](1 — i)
Takum 06pazoM, OKOHYATETHHO UMEEM.

TEOPEMA 2. Ilpu craenaHHBIX TPEANOJIOXKEHHSIX OTHOCHTEJIBHO (DYHKITHIT
oi, © = 1,2, 3agaga ompenenenus mapamMeTrpa ¢ B CAydae CPEAbI C aHU30TPO-
nmeit Buga (8) mmeer He 6osI€e OJHOIO PEIEHUsT MPH BBICOKUX YaCTOTAX W H
IIpH HU3KHX, €CJIH A = WAy, Ao — J000e (PpHKCUPOBAHHOE KOMILIEKCHOE IUCJIO.
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Bidaibekov E.Y. RESEARCH OF A UNIQUENESS OF SOLUTIONS
OF INVERSE PROBLEMS OF MAGNETO-TELLURIC PROBING BY
ASYMTOTIC METHOD

In the work of Tichonov A.N. [1] there was examined a question of
a uniqueness of solutions of the problem of determining of the electrical
characteristics at normal incidence of homogeneous plane waves in diffusion
approximation, when the displacement currents are neglected. In this paper
some inverse problems of magneto-telluric probing (MTP) in diffusion
approximation at inclined incidence of inhomogeneous plane wave by method
of work [1] are studied.

Bunaitbekos E.bBl. MATHUTTIK-TEJIJIVPUAJIBIK 3OHATAVIATBI
KEPI ECEIITEP/IH IEMIM/JIEPIHIH 2KAJIFBI3/bIFBIH ACIMTO-
TUKAJIBIK OAICIIEH SEPTTEY

A H. TuxonosrsiH [1] KymbIChbIHIa GIPTEKTI YKa3bIK TOJIKBIHIAPD/IBIH Ka-
JIBIITHI KYJIaybl Ke3iHJe SJIEKTPJIK CHMAaTTaMaHbl aHBIKTAY TYpPaJbl €CenTiH
eI MIEPIHIH YKAJTFBI3IBIFBI MOCEIEC] BIFBICY TOFBI €JIEHOEHTIH KAFJaii e Ka-
PACTHIPLUIFAH. ATaJMBIII XKYMBICTa, MACHUTTIK-TEJIYPUSIBIK 30HITAYILIH,
(MT3) keiibip kepi ecenrepi quddy3usiibiK KybIKTay1a 6IpTEKTI eMeC Ka3bIK,
TOJIKBIHIAD/IBIH, KO0l Kysaybl Kesinge [1] :KyMbICBIHIAFBI o/iciMeH 3epTTe-
JIeJIi.
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Annotation: There is studied the problem for the parabolic equation with a time
derivative in the boundary condition. The case when the zero order compatibility
condition of the boundary and initial data is not fulfilled is considered. It is proved
that the problem has a unique solution containing the singular and regular ones which
belong to the weighted and classical Holder spaces respectively.
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1. INTRODUCTION. STATEMENT OF THE PROBLEM. MAIN RESULT

When we study the boundary value problems in the Holder space
C;H’ltH/ 2(QT), [ — positive noninteger, we should require the fulfillment of
the compatibility conditions of the initial and boundary data, this guarantees
the continuous of the solutions and all their derivatives of the acceptable orders
and the boundedness of the Holder constants of the highest derivatives in the
closure of the domain Q7.

The compatibility conditions are the functional identities on the boundary
of a domain at the initial moment connecting all given functions of the problem.

Let the boundary value problem be the mathematical model of a real
physical process which begins at t = T™ > 0. If this process goes continuously,
then for every initial moment Ty > T the compatibility conditions on the

Keywords: Boundary value problems, parabolic equations, incompatible initial and
boundary data, unique solvability, Hélder space.

2010 Mathematics Subject Classification: 35K20, 35C05, 35A01, 35A02, 35B65.

Funding: The work is done by the grant Ne 3358/GF4 of the Committee of Science of
the Ministry of Education and Science of the Republic of Kazakhstan.

© G.I. Bizhanova, 2017.



Solution of the nonregular problem ... 63

boundary of a domain at the initial moment ¢ = Ty will be fulfilled. If we
study the process from the very beginning or from the moment when the
characteristics of the process (given functions, coefficients, parameters) have
jump-like changes, then the compatibility conditions are not fullfilled, but the
process will go and the problem may have solution.

Thus, the problems with the incompatible initial and boundary data also
have the physical sense.

In [1]-[3] there were considered the model (with constant coefficients) one
dimensional first, second boundary value problems, the conjunction problem
and a problem with a time derivative in the boundary condition for the heat
equations with the incompatible initial and boundary data. Multidimensional
problems with incompatible conditions on the boundary at the initial moment
were studied in [4], [5].

This paper is a continuation of the previous one [3]. We shall study the
problems with the arbitrary coefficients depending on the variables x and t.

Let D =Rl ={z:2 >0}, Dr:=D x (0,T), Ds, := (0, ), 6 >0
Ds,1 := Ds, x (0,T), D' := D\ Ds,, D}.:=D"x(0,T), or:=(0,T).

Consider the problem with the unknown function u(x,t)

O — a1 (z,t) O2u — as(x,t) Opu — az(z,t)u = f(z,t) in Dp, (1)
U |=0= wo(z) in D, (2)
(Btu - bl(t) Oz + bg(t)u) |$:0= (p(t), teor. (3)

Here a(x,t) > do = const > 0 V(z,t) € Dp; b(t) > di= const > 0Vt € o7;
oF = ok /otk, OF = 0% /oxk, Dy =d/dt, k=1,2, ...

Let a € (0,1). We shall study the problem (1)-(3) in the classical and
weighted Holder spaces. We determine them.

By C’iJra’tHa/Z(ﬁT) we shall denote the Banach space of the functions
u(z,t) with the norm [6]

| u gia):|8§U|DT+’8W|DT+|aIU|DT+‘U|DT

(a/2) (1)

+ (aﬂoaf + oo ]tDT>+[6xu]$75T,
2jo+j=2
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where [ v |, = sup |v],
(Z,t)EDT
v(z,t) —v(z,t
N L1 RGN
7 (‘rvt)r(zvt)eDT ‘ r—=z |
v(x,t) —v(z, b1
ViD= sup [ v@?) = vz, b) |
’ (@b).@t)epr  |t—t1]

By C%t%(Ds, 1) we shall denote the Banach space of the functions u(z,t)
with the norm [7]

| u |C§+Q(D50T) = | 83%“ |DT + | Oru |DT + [ Ozu |DT +[u |DT

3 (@ 02000, + (@ 0200k )

:L‘,D(SOT tyDéoT
2jo+j=2
o (1+a)
+H(@® + )P0, 5 (4)
a a/2 (42)
+ > (o), + [0kl + Bl
2jo+j=2

As it is seen from the formula (4) the Holder constants of the highest
derivatives of the function wu(x,t) have the singularity in the vicinity of a
boundary x = 0 and an initial moment ¢ = 0.

By CHTQ(ET) we denote the classical Holder space of the functions u(t)
with the norm

+a)

o (8

2
oT

= |t|ogp + [u]

Now we determine the compatibility condition of zero order for the problem
(1) - (3) [6]

From the equation (1) we find the time derivative
Oy = ay(x,t)0%u + ag(x, t)0pu + az(x, t)u + f(x, 1),
and substitute it into the boundary condition (3)

(a1(z, )P2u+ az(z,t)dpu+ az(z, t)u+ f(2,t) — bi(£)Opu+ ba(t)u)],_o = ¢(t),
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then letting ¢ = 0 and applying the initial condition (2) we shall have
a1(0, 0)ug (0)+az(0,0)up(0)+a3(0, 0)ug(0)+(0,0)—b1 (0)ug(0)+b2(0)u = ©(0).

This identity is the zero order compatibility condition for the problem (1)—(3).
We denote

Ap := ¢(0) — (a1(0,0)ug(0) + a2(0,0)un(0) + az(0,0)uo(0) + £(0,0)
—b1(0)ug(0) + b2(0)u(0,0)). (5)

We can see that nonfulfillment of the compatibility condition of zero order
means that Ag # 0, and if Ag = 0, then the compatibility condition of zero
order takes place.

We shall consider the case when Ag # 0.

THEOREM 1. Let o € (0,1), ai(z,t), ag(z,t), as(x,t) € Cf’a{Q(ET);
bi(t), ba(t) € C 2% (Tr), b(t) > by = const > 0Vt € 7.

For every functions ug(x) € C*t*(D), f(z,t) € C’?’a{2(ﬁT), o(t) €
c® (Gr) do no satistfying on the boundary x = 0 the compatibility condition
of zero order (i.e. Ay # 0, where Ag is determined by formula (5)), the
problem (1)-(3) has a unique solution u(x,t) = V(z,t) + v(x,t), such that

1+a71+704

V(z,t) € C2H(Dsyr), v(x,t) € C2F (D), du(x,t) € C, "2 (ar),
and the estimates for the singular and regular solutions are fulfilled

« Lo « o Lo
]2 4+ 10,0(0,8)]57 ) < Coljuol @ + 1) + 1o — AolS2 ) (7)

2. PROOF OF THEOREM 1

For to extract the singular solution of the problem (1)-(3) we consider the
auxiliary problem

OV —ay(z,t) 02V — ag(x,t) 0,V — as(z,t)V =0 in Dr, (8)
V |4—o=01in D, 9)
0V = b1(t) 8,V + ba(t)V)], _y = Ao, t € o7 (10)
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We can see that for this problem (8)—(10) the compatibility condition of a
zero order is not fulfilled.
On the basis of solving of this problem there is a model one with unknown
function Vy(z,t)
Vo — a1(0,0) 9*Vy = 0 in Dr,

Vo |t=0: Oin D, (11)

((’M/o — bl(O) 8;1;‘/[))} 0= Ao, teor.

Tn=
In [3] with the help of Laplace transform there was constructed the solution
of the problem (11) in the explicit form

Vo(z,t) = Ag | erfe

0 a0 =) (12)

where

2 (o]
erfcz 1= ﬁ/z e~ d¢

is an integral of probability.
This function and it’s derivative 0, Vp(z,t) are continuous in D7, but the
derivatives

@%@ﬁ:aﬁmﬁ%@ﬁ:Awﬁ;—i———%ﬂ%m

a(0,0)t

_ (z+b(0)0)?
e 4a(0,0)(t—o) do-

t
1) = b(0) / 1
va(0,0)r Jo Vt—o
are bounded, but discontinuous functions at the point z = 0, ¢ = 0 and their
Holder constants are singular in the vicinity of the boundary = = 0 and initial
moment ¢ = 0. Really, by the direct evaluations of the function Vj(z,t) we can
obtain the estimates

’at‘/E)(l', t) - at%(x7 tl)’
[t — t1]2/2

< CS|A0| (J),t),(.%‘,tl) EE&)Ta (13)

1
(22 4 t)a/2’

< CylAgl————,
It — ] 2" <Gl 0’(;1:2+t)a/2

(z,t), (z,t1) € Dy, (14)
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10:Vo(z,t) — 0 Vo(2,1)] 1
< C5|A0|W,

here a € (0,1), 6o = const > 0. The derivative 92Vy(x,t) satisfies the
same estimates as O;Vy(x,t). From the estimates (13)—(15) it is seen that the
expressions in the left hand sides are bounded in D/ by the value

‘$_Z|a (m,t),(z,t) 6550T7 (15)

1 1 —
Ay ————+ < Al — = Ag|lin D
Cs | Ao GCENLE < Cs | 0|(56y C7|Ao| in Ds,r,
here 06 :maX(C3, 04, 05)

From (13)—(15) we shall have

(22 + )20\, 122 + )22\ (22 + )/ 0u] %)

t,Dsy 17 z 70, Dsg 17 z,Dsy 17

14a
(@2 + 0°202)), L [@® + 020y 5 < Coldol. (16)

vaéoT’

The estimates (16) show that the Holder constants have the singularity of
the order (x2 +t)~®/? at x = 0, t = 0. We point out also that z is a distance
from the point z and a boundary x = 0.

Thus, the function Vy(x,t) belongs to the weighted Holder space
ng+a(D do T) :

With the help of the solution (12) of the model problem (11) by standard
Schauder method of the covering of the domain D by the intervals of the small
length and partition of a unit subordinated to this overlapping of domain
we prove that the solution of the problem (8)-(10) belongs to the space
C2+%(Ds, 7) and satisfies an estimate (6)

|V’C§+°‘(D50T) < Cq|Ap]-
Now in the problem (1)-(3) we make the substitution
u(z,t) = V(x,t) + v(z,t),
and obtain for the function v(z,t) the problem
O — ay(x,t) 8%v — ag(x,t) v — ag(x,t)v = f(x,t) in Dy, (17)

v |i=0= uo(z) in D, (18)
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(atv — bl (t) arv + bg(t)v) ‘1:0: go(t) — Ao, teor. (19)

For the problem (17)—(19) the compatibility condition is fulfilled. Really,
remembering that

Ao := ¢(0) — (a1(0,0)ug(0) + a2(0, 0)up(0) + az(0,0)uo(0) + £(0,0)

—b1(0)ug(0) + b2(0)uo(0)),

from the boundary condition (19) we shall have
(a1(z,t) O3v + a(z,t) Opv + as(z,t) v + f(z,t) — b1 (£)0yv + ba(t)v)|

= (t) — Ao,

=0

then letting ¢ = 0 we obtain
(a1(0,0) ug + a2(0,0) ug(0) + az(0,0) ug(0) + £(0,0) — b1 (0)ug + ba(t)uo(0))

=¢(0) — Ao.

This identity is the compatibility condition of the zero order for the problem
(17)-(19). Due to this and the conditions of the theorem 1 it follows [8] that the
problem (17)—(19) has a unique solution v(z,t) € C§+a’;+a/z(ﬁT), 0w(0,1t) €
CHTQ(ET) and it satisfies an estimate (7)

1+«

[0l 25 4 190(0, D)5 < CaljuolZ 4+ 1£15) + o — Aol )

(+5%)

Remembering that u(x,t) = V(z,t) + v(x,t) we obtain theorem 1. O

MATEMATUYECKUI YKYPHAJ. — 2017. — T. 17, Ne 3



Solution of the nonregular problem ... 69

REFERENCES

1 Bizhanova G.I. The solution in Holder spaces of boundary value problems for
parabolic equations in the discrepancy between the initial and boundary data //
Modern mathematics. Fundamental directions. — 2010. — V. 36. — P. 12-23 (English
transl.: Journal of Mathematical Sciences, Springer. — 2010. — V. 171, No. 14. — P.
9-21).

)2 Bizhanova G.I. Classical solution of a nonregular problem for the heat equations
// Mathematical Journal, Almaty. — 2010. — V. 10, No. 3 (37). — P. 37-48.

3 Bizhanova G.I., Shaymardanova M.N. The solution of the irregular problem for
a heat equation with a time derivative in the boundary condition // Mathematical
Journal, Almaty. — 2016. — V. 16, No. 1 (59). — P. 35-57.

4 Martel Y. and Souplet Ph. Small time boundary behavior of solutions of
parabolic equations with noncompatible data // Journal de Mathmatiques Pures et
Appliques. — 2000. — V. 79. — P. 603-632.

5 Bizhanova Galina I. Solution of the Multidimensional Problem for the
Parabolic Equation with Incompatible Initial and Boundary Data in the
Holder and Weighted Spaces // International Conference "Functional Analysis
in Interdisciplinary Applications"(FAIA2017), AIP Conference Proceedings 1880,
edited by Tynysbek Kal’'menov and Makhmud Sadybekov (American Institute of
Physics, Melville, NY , 2017). — 040011. — 2017. — P. 040011-1. — 040011-5. —
http:/ /doi.org/10.1063,/1.5000627.

6 LadyZenskaja O.A., Solonnikov V.A., Ural’ceva N.N. Linear and quasilinear
equations of parabolic type. — M.: "Nauka", 1967.

7 Lieberman G.M. Second order parabolic differential equations. — World
Scientific Publishing Co., Inc., River Edge, NJ, 1996.

8 Bizhanova G.I., Solonnikov V.A. On the solvability of the initial boundary
value problem for the second order parabolic equation with the time derivative in the
boundary condition // Algebra i analiz. — 1993. — V. 5, No. 1. — P. 109-142 (English
transl. St-Petersburg Math. J. — 1994. — V. 5, No. 1. — P. 97-124).

Received 25.09.2017

MATEMATUYECKUI »KYPHAJN. — 2017. — T. 17, Ne 3



70 G.I. BIZHANOVA

Buxanosa I.11. PABPEIIINIMOCTb HEPEL'YJIAPHOI 3AJTAYN 115
ITAPABOJIMYECKOI'O YPABHEHUSI C [TPOU3BO/IHOI 110 BPEME-
HI1 B TPAHIYHOM YCJIOBUUA

Nsyuaerca 3amaga gy nmapaboIMIecKOro ypaBHEHUsST C MPOU3BOIHON MO
BpEMeHU B TPAHUYHOM YCJIOBUU. PaccmarpuwBaercst ciiydaii, KOT/a HE BBITOJ-
HEHO yCJ/IOBHE COTJIACOBAHWA TPAHUYHBIX W HAYAJIBHBIX JaHHBIX HYJIEBOTO I10-
panka. /lokaspiBaercs, 9To 3a7a9a UMeeT eIUHCTBEHHOE PEIIeHne, COCTOAIIEee
U3 CUHTYJIAPHOIO U PEryadpHOrO PeIIeHnit, KOTOPble NPUHAJJIEKAT BECOBOMY
U KJACCUIECKOMY MpPOCTpaHCcTBaM l'ejibepa COOTBETCTBEHHO.

Bmxanopa [J. IINEKAPAJIBIK IIAPTTA VAKBIT BOIBIHIIIA
TYBIH/IBI BAP BOJIATBIH ITAPABOJIAJIBIK TEH/IEY YIIIIH PETY-
JIAPJIBI EMEC ECEIITIH, HITEIIIMLJIITT

[MTexkapapiK mapTTa yaKbIT OOMBIHINA TYBIHIAB Oap 00JAaTHIH mapabosia-
JIBIK, TeHey yiain ecern 3eprreminesni. [Ilekapaabik koHe OACTANKBI MIaAPTTAP-
JBIH HOJIIK PeTTi KeJICIMILIIK MapThl OPBIHAJIMAaFaH Ke3/Ieri KaFaai Kapac-
THIPBLIAAEI. ECenTiH, COMKECIHITE CATMAKTHI JKoHe KIACCUKAIBIK KeHICTiKTepre
JKAQTATBIH CHHTYJIAP KoHe PETY/Idap IMIENiMAepIeH TYPAThIH KaIFbI3 TIeTTi MiHiH
6ap OOATHIHIBIFB TJIETITEHET].
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IIycts [ = (a,b), —0o <a<b<oo,1<p, g<o0, —+— u—+—. Iycrs
p D q g

W M U — HEOTPUIIATEIbHBIE, N3MEPUMBbIE U T1.B. KOHeuHble Ha I (pyHKIUN Takue,
7 / )
aro w4, w?, vP u v™P jnokanbHO cymMmMuUpyeMbl Ha 1.
MHuoxkecTBO BCex uamepumbix Ha [ dyHKImil f Takux, 910
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oboznauum yepes Ly, = Ly(v, I).

I[Iycte M | mw M 1 — COOTBETCTBEHHO MHO?KECTBA HEBO3PACTAIOINIUX U
neyObiBatonux #a I OyHKIM.

Jl g mHTerpabHBIX OMEepPaToOpOB

B(x)
K_f(z) = / K (s,2)f(s)ds, 1)

a(x)

B(x)
K f(z) = / K(z,s)f(s)ds 2)

o)

PacCMOTPHUM HEPABEHCTBA

HWK—qu < CHUf”m feMl, (3)
|wK flly < Cllofllp, €M1, (4)

r/le Ha TpaHudHble (GYHKINE U  HAKIAJIBIBAIOTCS CJIETYIONINE YCIOBHUS:

(1) a(x) n f(x) — muddepernupyembie u crporo Bozpacratomme QyHKIIn
a I;

(17) a(z) < B(x) pis awboro x € I u lim+ alr) = lim+ B(x) = a,
r—ra r—a
lim a(x) = lim B(z) =b.
x—b~ x—b~

B cayuae, korma K(z,s) = 1, oneparop (1) obosnauaercs
B(z)
i) = [ Feis )
o(z)

u HazbiBaercs oneparopom Xapu-Creksosa [1].

B mocieHne gecaTuieTHs HadaJIuCh WHTEHCUBHBIE WCCJIEI0BAHKS BOIIPO-
COB OIpaHMYeHHOCTH M KoMuakTHocTu oneparopos (5), (1) u (2) B BecoBbix
npoctpancTBax Jlebera [1]-[6] u 6araxoBBIX (DYHKIIMOHATBHBIX TPOCTPAHCTBAX
[7].

OCHOBHBIM ~ METOJIOM B STUX WCCJIEJOBAHUIX  SBJIAETCA  OJIOTHO-
JuaroHasnbhblii Meroy Baryesa-Crenanosa [6], Buepsble nosiBusiuiicst B

[8].
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Omneparopsr Buga (1) u (2) BCTpedaloTcst B pa3/JMYHbIX 3aj1a49ax (CM., Ha-
npivep, [9], [10]).

C nmavasna 90-X TOJZOB MPONLIOrO CTOJIETHS, B CBSI3M C XapakTepusarueii
OrPaHUYEHHOCTH ¥ OIEHKAMHU HOPM KJIACCHYECKUX OIEPATOPOB B BECOBBIX MPO-
crpancrBax Jlopenia, crano 6ypHO pa3BUBATHCS UCCIIEI0BAHIE HEPABEHCTB TH-
na (3) u (4) 11 pasIUIHBIX KJIACCOB OEPATOPOB HA MHOXKECTBE MOHOTOHHBIX
dbyukuuit [11]-[14]. ITouru ¢ MOMeHTa BO3BHHKHOBEHUS 3a/adi UCCJIEJOBAHUA
BECOBBIX HEPABEHCTB J|JIsl OLEPATOPOB Ha KOHYCE MOHOTOHHBIX (DYHKI[HIl OCHOB-
HBIM METO/I0M M3y Y€HHsl TAKUX OLEHOK cTaJl "MeTos pepykiun', CyThio KOTopo-
O SIBJISIETCS CBEJIEHNE JJAHHOTO HEPABEHCTBA Ha KOHYCe MOHOTOHHBIX (DyHKIIN
K HEKOTOPOMY HEPABEHCTBY Ha MHOXKECTBE HEOTPHUIATETBHBIX (hyHKIIHIA.

Brepseoie B pabore E. Coitepa |11 6611 ycTaHOBIEH METO PEIYKIUN HEPa-
BeHCTBA THUMA (3) /IS TMHEHHBIX MOJOKUTENBHBIX OMEPATOPOB HA MHOYKECTBE
HEBO3PACTAIONNX DYHKIINI K HEKOTOPOMY HEPABEHCTRY /I HEOTPUTIATETHHBIX
dyHKINE. DTOT METOJT B MATEMATUIECKON JTUTEPATYPE HA3bIBAETCS 'MpUHIINT
nsoiicreennoctn Coitepa" (manee maa kparkocru "mpunnun Coitepa'). B pa-
6orax [12], [14] nano pacmpocTpaHeHue 3TOrO MPUHIUNA JJisi HEYOBIBAIOIINX
dbyHKIHIIL.

B macrosiee BpeMs U3BECTHO MHOTO paboT, YCTaHABIMBAIOIIUX HEPABEH-
crBa tuna (3) u (4) 115 PA3JIMIHBIX KJIACCOB OMEPATOPOB C TIOMOIIBIO TIPUHIIUTIA
Coitepa (cu., mampumep, [15]-[18]).

Henasuo, passusas npunnun Coiiepa, B pabore A. lorarwmeuan u B.JI.
CrenanoBa [19| mpezacraBien MeTo pemyKIu, MO3BOJISIONIN CBOIUTH BECO-
BbI€ HEPaBEHCTBaA AJid ITOJIOKUTEJ/IbHBIX, HeO6H3aTeﬂbHO JIMHEHBIX orepaTo-
POB Ha KOHYCEe MOHOTOHHBIX (DYHKIHH K HEKOTOPBIM BECOBBIM HEPaBEHCTBAM
Ha, MHOXKECTBE HEOTPUIATEIbHBIX (PYHKITHUIA.

XoTs, KaK CKA3aHO BbIIIe, OrPAHIYIEHHOCTL omeparopos (1) u (2) u3z Ly,
B Ly, u3ydena JI0OCTATOYHO XOPOIIO, HepaBeHcrsa Buja (3) u (4) ucciemosa-
HBI TOJILKO Jiyist oneparopa Xapau-Crekiosa [5], [20]. Korna dyukuua K(-, )
3aBucAT OT 00eMX NEPEMEHHBIX, 3aJ[a4a /i MOHOTOHHBLIX (DyHKIMII OocTaer-
Csl OTKPBITOl. 3ajada 0CTaeTCs HEUCCIEN0BAHHON JaKe B TOM CIydae, KOTaa
dbyuxmus K (-, -) ynosnaersopsier yeaosuio pabot [1]-[5], B KOTOpBIX mOTyUeHbl
KpUTepuu orpanudeHHocTn oneparopos (1) u (2) uz Ly, B L,

B gannoit paGore npejcraBieHbl KPUTEPUsl BbINOJHEHUs HEPABEHCTB (3)
u (4), korga dbyuxmus K (-, ) yaosaersopsier 6osee c1aboMy yCIOBUIO, 9€M B
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pa6orax [1]-[5].

B maccrosimeii pabore coornomenne A << B ozmauaer A < ¢B, rie KoH-
cranTa ¢ > 0 MOXKeT 3aBHUCETh TOJILKO OT HECYIIECTBEHHBIX MAPaMETPOB, IIPH-
qeMm A = B BmecTto A << B << A.

2. ICNOJIL3YEMBIE TOHATUS U YTBEPYK/IEHU S

B craTthe MBI omyckaem JI0Ka3aTe/IbCTBA OCHOBHBIX PE3Yy/JbTaTOB, TaK KaK
pabora umeer onucareabHbI xapakrep. OHaKO, B JIaHHOM Pa3/iejie Mbl IPUBO-
qum "mpuaiun Coitepa u HEKOTOPBIE yTBEpIK/I€HUsI, KOTOPbIE UCIIOJIb3YIOTCS
B 9THX JIOKA3aTEIbCTBAX, C IEJIBI0 MTPOULIIOCTPUPOBATH PA3BUTHE UCCIEI0BA~
HUS PACCMATPUBAEMON 33 AT,

"Mpunnun Coitepa' zakmouaerca B caepytomem [11], [19]. Iyers 1 <

b
p.g<oounTf(z) =[Gz, s)f(s)ds, G(x,s) > 0. Torna HEpaBeHCTBO

[wTfllg < C-|lvfllp, feM] (6)

9KBUBAJIEHTHO HEPABEHCTBY

b 7
<é / (9w (2))7 da (7)

a

ansg g > 0, a HepaBeHCTBO

[wT'fllq < Crllofllp, feM1 (8)

9KBUBAJICHTHO HEPABCHCTBY

3 =

0 \o (Vi (a))
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1
b q’
~ ’

<Cy /(g(fv)w‘l(w))qdar (9)

aast g > 0, roe

V_(b) = lim V_(z), Vi(a)= lim Vi(z).

z—b— z—at

[Tpu srom Hammenbime koucTanThl B (6) u (7), B (8) u (9) skBUBaJEHTHBI, T.€.
Cy =~ C+.
13 semum 2.1 u 2.2 paborsr [1] caexyer

JIEMMA A. Ilycte 1 < p < q < oo. Torya st sopMsl Ly, , — Ly, onepaTopos

a(z) b
H @) = [ fs)ds, 1ol = [ gloyis
a B(s)
HMEIOT MECTO COOTHOIICHHUST

b q [ aft) o

|HT|| ~ su? /wq(a:)dx u? (s)v " (s)ds ,

te

t a

Q|
4
\

t

|H™|| =~ sup /wq(x)da: /bup/(s)vp/(s)ds

tel
a (t)

IIpusemem u3 [6| onpenenenns kaaccos samep omeparopos (1) u (2) u pe-
3YyJIbTATHI JIJIsd 9TUX KJIaCCOB.

[Iycts dynxmus KT (-, ) > 0 onpe/enena u u3MepuMa Ha MHOKecTBe (21 =
Q;L,ﬁ ={(z,8): a<z<b a(r)<s<p(x)} n neybbiBaomas 10 nepBoMy
apTyMeHTY.
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Jns memoro m > 0 ompemenmnm  kiacest O (a, B(+), Q7). Knace
Of (o, B(-),QT) cocront mz dbymxmmit suza K (z,s) = K (z,8) = v(s) mpm
Beex (z,8) € QT [lycTh onpejiesieHbl Kaacchl O:‘(a, B(), 1), i=0,1,...,n—1,
n > 1. ®ynaxnua K1 (-, ) npunayrexur O (o, B(+), Q1) Torga u Tobko To-
IJa, KOrja CylIeCTBYIOT oupejeneHHble u usmepumbie Ha Q.5 = {(z,2) :
a < z <z < b} dysxnun K;i(aj,z) >0,7=0,1,....n — 1, u dysxnun
K () € Of (o, B(),QF), i = 0,1,...,;n — 1, Takume, uTO

Kt (x,5) = ZK+ z,2)K; (2,5), K, (z,2)=1 (10)

pu
a<z<z<b alxr)<s<pB(z),

rJle KOHCTaHThI 9kBuBasienTHoCcTU B (10) HE 3aBuUCAT OT T, 2 U S.

[Iycts Teneps dbyukmus K~ (+,+) > 0 ompesenena n usMepuma Ha MHOXKe-
cree 7 =Q 5 ={(z,5): a<s<b, als) <z < B(s)} u nesospacraiomas
no Bropomy aprymenty. Onpegennm kmaceot £, (a(+), 5,Q27), n > 0. K xnaccy
Qq (a(-), 8,9Q7) ormecem Bce dyukmnun Buga K~ (z,s) = K (z,s) = u(x) upu
Beex (x,s) € Q7. [Iycrs onpenenenst kxacest O; (af-), 5,927),1=0,1,...,n—1,
n > 1. Torna dyukuusa K~ (-, -) npunamaexur kiaccy O (a(-), 3,Q7) roraa
M TOJBKO TOTJA, KOIJa CyMECTBYIOT (DyHKIMN Kijn(z,s) 1 =0,1,...,n—1,
onpeJieJIeHHbIe W M3MepHMble Ha MHOXKecTBe ()yp, n byHKIMN K, (x,2) €
O; (a(-),8,927),i=0,1,...,n — 1, rakue, aro

K (z,s) = ZK z,2)K; ,(2,8), Kpn(,) =1 (11)

pu
a<s<z<b alz)<z<pB(s),

rJIe KOHCTAHTHI 9KBUBaeHTHOCTH B (11) He 3aBucaT ot x, t u s.
+ _ —
OrMmernmM, 9TO Qaﬂ = Qﬁ—l,a—l
TTomoxxum

q 1
? q

Af =sup sup /wq(w) / KP (z,s)v P (s)ds | dz | |,
z€l yeA=(z) .
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% e

el yeA—(z
zel y (2) al2) .

By) z %l
A =sup sup v (s) /Kq(zv,s)wq(:n)dw ds ,

7 =sup sup
z€l yeAt(z)

B
e
—
€
[}
—
N
—_—
X
3
w®
NG
4
<
—
8
~—
QU
8
’U\‘Q
QU
Va)
N——
Q=

) y
5 =sup sup v (2) /Kq(az, s)wi(s)ds
z€l yeAt(z) J

a(y)

b
N
o =
D
Q3
QU
8
;/
iy

rae AT (2) = [2,a71(B(2))], A (2) = [B7H(a(2)), 2]

TEOPEMA A~ [6]. IIyctp 1 < p < ¢ < oo. Ecim sipo oneparopa (1) npuna-
nexnr kiaaccy O (a(-),8,Q27)JOS (871, a7 1(-),Q7), n > 0, o oneparop (1)
orpanmded u3 Ly, B Ly, Tora n To/pKo0 TorMa, Korga Ay < oo mmm Ay < o0,

mnpu srom |K_|| = Al =~ A, , rae |[K_|| — Lpy — Lgw — HOpMA oneparopa

(1).

TEOPEMA AY [6]. ITycts 1 < p < ¢ < 0o. Ecm sippo onepatopa (2) npunas-
nexnt kiaaccy O (a(-), 8,27 JO, (871, a71(-),Q%), n > 0, 0 omeparop (2)
orpannden u3 Ly, B Lq ., TOr/1a 1 TOJIBKO TOT A, KOTAa Af < 00 HJIn A; < 00,
mpu srom ||Ki| ~ Af ~ AJ, rae |[K4|| — Lpy — Lgw — HOpMa omeparopa

(2)-
3. OCHOBHBIE PE3YJIbTATHI

TTosoxum

q

P’

b z B(x) !
Ay =sup /V__p,(t)vp/(t)dt /wq(x) /K(s,x)ds der |

zel
(2) a o(x)
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SR

y
A] =sup sup V:p/(t)vp/(t) /wq(aj) /K(s,x)ds d:n) dt
z€l yeAt(z)

z B(2) t v e
AJ =sup sup /wq(x) / K(s,z)ds V:p/(t)vp,(t)dt
z€l yeA+(z) .

Af =sup /Vgp/(t)vp/dt /wq(x) /K(:n,s)ds dz
zel

Q Q
~
N
N2
’S\
I3
S
= =
s —~
N2 =
=
)
\—/
Q=

LR

Bly) z [ B(x) !
A =sup sup V_;p/(t)vp/(t) / /K(m,s)ds wl(x)dx
z€l yeA=(z) y f

AJF_ V+

/—\ S
l\o
<
Q=

Ormernm, 91O V! p = + = 0 npwm fvp t)dt =

OcHoBHBIE PE3Y/IBTATHI UMEIOT cne;[y}onmﬂ BU/I.

: 8y) [ B) g v
AT =sup sup /wq(:c) / / K(z,s)ds Vgp,(t)vpl(t)dt dx
z€l ye A= (2) y

dt
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TEOPEMA 1. ITyctp 1 < p < q¢ < oo. Ecim  sapo oneparopa (1)
npuaagrexxkur xaaccy O, (a-), 3,27 )UJOF (B~ a"1(+),Q27), n > 0, 1o mepa-
BeHcrBo (3) st oneparopa (1) BbIIIOJIHEHO TOrga W TOJBKO TOIJIA, KOIJA
Ay +AT + A5 <oomm Ay +A; +A35 < oo, mpusrom C =~ Ay +A] +A; =
Ay + A + Ay, e C — nanmenbmias nocrosHuas B (3).

TEOPEMA 2. IIyctb 1 < p < ¢ < oo. Ecim sapo omeparopa (2)
npuaagrexur xaaccy OF (a(-), 3,27 )0, (B7(-),a ", QF), n > 0, 1o nepa-
BerctBo (4) s omeparopa (2) BbITOJHEHO TOrga W TOJBKO TOIZA, KOLJA
Al + AT + AT < oo wmr Af + AS + A, npu srom C =~ A + AT + A ~
Al + AT + A, rre C — manmenpmas noctosamas B (4).

OrmeruMm, 9TO B jJ0Ka3aTeabcTBe TeopeMbl 1 UCTOMB3YIOTCS YTBEPK ICHUS
t

as onepatopa K(t,z) = [ K(s,z)ds, KoTOpbie UMEIOT CAMOCTOATENHHOE
3HAYEHUE. o)

JIEMMA 1. Ecmn K(-,-) € O, (a(-),8,Q97), n > 0, 1o K(,-) €
Or:—i—l(a(')MBaQi)'

JEMMA 2. Ecm K(--) € OF (B La '(),Q7), n > 0, o K(-,-) €
Op1 (B~ a7 (),07).
Jlng nokazaresbeTBa TeopeMbl 2 nCoab3yioTca aHajaoru Jlemm 1 n 2 g
- B(z)
oneparopa K (z,t) = [ K(z,s)ds.
t

JIEMMA 3. Ecmn K(-,-) € Of(a,B(:),Q%Y), n > 0, 7o K(-,-) €
Op (e, B(-), 7).

JIEMMA 4. Eemn K() € O, (B7'(),a”,QF), n > 0, 1o K(z,t) €
01 (B7H(), 0, 2F).

B pa6ore 1| orpannvennocts oneparopa (1) u3 Ly, B Ly, paccMorpena,
korja ero sapo K (-, ) yJIoBaerBopsier ycJa0Buio

K(s,z) = K(s,2) + K(a(z),z), a<z<z<b, a(z)<s<px). (12)
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IMonaras K (s,z) = K(s,z), Kj,(z,) K(a(z),z), K (z,2) =

Ky(s,z) = 1, mveem K(s,z) = K _) ~ Ky(s,2)Kg,(z,7) +
Ky (s,2)Kq(, x) re. K(-,-) € Oy (a(),5,927). Torma no Jlemme 1 mosty-
qaem K (t,z) = stx)dSEO(()BQ)

a(z)

t

K(s,x)ds + /Z K(s,x)ds%/K(s,z)ds—F

o(z) z

=
P
\_@F
g
I
w—

+(t—2)K(a(z),z) + / K(s,x)ds

mpu a < = < 2z < b, a(z) <t < S(x). [lostomy B cayuae (12) xomednOCTH
BEJINYNHBI A; nJjim A; 9KBUBAJICHTHA KOHEYHOCTHU BEJINYUNH

o

Y q z P/
Aj, =sup sup /wq(ac)d:c / /K(s,z)ds V__pl(t)fup/ (t)dt ,
)

z€l yeAt(z

Y % Bz p’
A7, =sup sup /wq(:U)Kq(a(z),x)dm / (t — z)p,V:p/ (t)o” (t)dt
z€l yeAt(z)
z e(y)
1 1
Y z q B(z) p
Az =sup sup /wq(as) / K(s,z)ds | dx / V:p/(t)vp,(t)dt
ze€l yeAt(z) )
a(y

N3 Teopembr 1 nmeem

CaeacTBUE 1. Ilycrs 1 < p < ¢ < 00. Ecan sigpo oneparopa (1) yaosie-
rBopser yciaosuio (12), To HepaBeHCTBO (3) BBIIOJIHEHO TOT/Ia U TOJIBKO TOIJA,
korja A~ = {AavAl_,DAl_Q’Al_,B?A?:} < o0, upu srom C ~ A~ rue C — nau-
MeHbIIIast KOHCTaHTa B (3).
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B pa6orax [1]-[3]| orpanudennocrs oneparopa (2) u3z Ly, B Lg,, ucciaeno-
BaHa IPH YCJIOBHHU, UTO €r0 PO yAOBIETBOPSIET YCIOBUIO

K(z,s) = K(z,8(z)) + K(z,5), a<z<z<b ax)<s<p(z).

Jlerko Bujerb, kak u soie, K(-,-) € Of (o, B(+), Q7). Torga no Jlemme 3

nMeeM 5o
f((x,t) = K(z,s)ds € O;(mﬁ(-),Q"’)
t

B(z) B(2) B(z)
/t K(z,s)ds = K(z,08(2))(B(z) —t) + / K(t,s)ds + / K(x,s)ds.
t B(2)

Tor;ga KOHEYHOCTH BCJIMYNHDBI Af njin A; 9KBUBAJIECHTHA KOHEYHOCTHU CJIEYIO-
MUX BEJIMYINH

z i [ BW 4
AT, =sup sup / wi(z) K9z, B(z))dx / (B(z) =ty VP (£ ()dt
z€l yeA—(z)
Y o (z)
/ 5
y « [ By [ B P P
AT, =sup sup / wi(z)dx / / K(zs)ds | VP ()dt |
z€l yeA=(z)
z a(z) t
y () AN 7
ATy =sup sup /wq(m) /K(w,s)ds dx /V:pl(t)vp/(t)dt
z€l yeA—(z) ] ) ol2)

N3 Teopewmnr 2 cmemyer

CHEACTBUE 2. Ilycrs 1 < p < ¢ < 00. Ecam siapo oneparopa (2) yaosie-
TBOpsier ycaosuio (12), To HepaBeHcTBO (4) BBINOJIHEHO TOT/A W TOJIBKO TOIVA,
xorma AT = {Ag,Afl,AiQ,AIS,Ag} < o0, npu stom C' ~ At rre C' — nan-
MeHbInasi KoHcranra B (4).
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Kanpi6ait A.A., Oitnapos P., Temipxanosa A.M. IIIEKTEPI AITHBIMA-
JIBI BOJIATBIH MHTETPAJIABIK OITEPATOPJ/IAPIBly MOHOTOH/IBI
OVHKIINAJIAP YIITH BATAJTAYJIAPHI

Mounorouapl yHKIMsIAP KOHYCHIHIA IEKTEPl alHbIMAJIbI 00J/IATHIH WH-
TErpaJiJIblK, OIepaTOPJap/blH KEeHEeUTIATeH KJacTapbl YIIH TeHCI3TKTepIiH
OPBIHTATYBIH KAPAaCTHIPAMBI3.

Kalybay A.A., Oinarov R., Temirkhanova A.M. ESTIMATES OF
INTEGRAL OPERATORS WITH VARIABLE LIMITS FOR MONOTONE
FUNCTIONS

On the cone of monotone functions we establish the validity of inequalities
for a wide class of integral operators with variable limits.
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Annotation: In this paper we consider the simple regression model with a slowly
varying regressor in the presence of a unit root. We consider a more complex structure
of errors. The aim of this paper is to do Monte-Carlo simulations for OLS estimators
of coefficients of the regression model and compare this study with theoretical results
obtained in [1]. Results of Monte-Carlo study for OLS estimators of coefficients of this
regression model are provided.

Keywords: Monte-Carlo study, OLS estimator, slowly varying regressor.

1. INTRODUCTION

Let us consider the simple regression model with deterministic regressor
L(t)
y=a+BL{t)+u, t=1,..,n. (1)

In case when L(t) is log(t), log(log(t)), 1/log(t), etc., u; is stationary and
supposed to satisfy some regularity conditions, Phillips [2] showed that the
OLS estimator (dy,, 3,) is consistent and asymptotically normally distributed,
but the convergence rate is affected by the presence of the logarithmic trend.

Keywords: Monte-Carlo study, OLS estimator, slowly varying regressors.

2010 Mathematics Subject Classification: 62J05, 62J12

Funding: This research is financially supported by a grant from the Ministry of Science
and Education of the Republic of Kazakhstan (Grant Ne 4084/GF4).

© K.T. Mynbaev, G.S. Darkenbayeva, 2017.



Monte-Carlo study ... 85

Also, Phillips relied on uniform strong approximation of partial sums by
Brownian motion, but the condition was rather restrictive and the proof
was partially insufficient in dealing with slowly varying regressors. Later on,
Mynbaev [3]| applied the central limit theorem based on his Ly,-approximation
technique to make the proof rigorous under less stringent conditions. Phillips
and Perron [4] considered the problem of asymptotic distribution of the least
squares estimator in presence of a unit root (when the regression errors are
not stationary). Uematsu [5] obtained the asymptotic distribution of OLS
estimators when the regressor is slowly varying and errors have a unit root.
We consider a more complex structure of errors, while preserving the unit root
assumption and a slowly varying regressor, obtain the asymptotic distribution
for the OLS estimators (see [1],[6]) and confirm the theoretical results with
computer simulations.

The aim of this paper is to do Monte-Carlo simulations for OLS estimators
Qn, Bn of the above regression model and compare this study with theoretical
results obtained in [5]. In Section 2 we give main definitions, describe regression
model, i.e. assumptions on the regressors and error term, and useful result on
asymptotic distribution of OLS estimators &, Bn Section 3 consists of Monte-
Carlo study of OLS estimators du,, Bn.

2. MAIN DEFINITIONS, ASSUMPTIONS, USEFUL RESULT
Let us give the main definitions, assumptions on the regressors and the

error term of (1).

DEFINITION 1. A positive function L on [A, 00), A > 0 is called slowly varying
(SV) if it satisfies, for any r > 0

as r — oQ.

DEFINITION 2. We say L = K (e,.) if the function L satisfies all the following
conditions:
(i) The function L is SV and has Karamata’s representation

xT

L(x) = cexp /g(ss)ds

B
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for x > B for some B > 0. Here ¢ > 0, € is continuous and (x) — 0 as x — 00.
This part of the assumption is shortened to L = K (g).

(ii) The function |e| is SV.

(iii) There exists a function . on [0,00) called a remainder that satisfies
the following properties:

- the function 1. is positive, nondecreasing on [0,0),¢(x) — oo, and
there exist positive numbers 6 and X such that ~%).(x) is nonincreasing on
[X.00);

- there exists a positive constant c satisfying

1 c
ce (x> o

A
o
&
IN

for x > c.
AsSuMPTION 1. L = K(e,v¢), € = K(n,v,), n(n) = o(e(n)).
ASSUMPTION 2. A linear process {v;};ecz is defined by
vy = chet_j, te Z,
JEZ
where c¢; is a sequence of numbers satisfying Z lcj| < oo, and {e;}jez is
a martingale difference sequence such that ejz ]:153 uniformly integrable and

E(6?|St_1) = 02 for all t. Here {;} is an increasing sequence of o-fields and
Z is the set of all integers.

ASSUMPTION 3. The process {u;} possesses a unit root under the null
hypothesis p =1 in
U = put—1 + v,

where vy is the same linear process as in Assumption 2.

So, we consider the following regression model
y=a+ BL(t)+u, t=1,..n,

where L(t) and u; are supposed to satisfy Assumptions 1 and 3, respectively.
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One of the useful results is the following: for the OLS estimators &, B of
coefficients in (1) we use expressions from (|7], Section 3.1)

3-p=> (L(t) -

-1

&—azﬂ—i(,@’—ﬁ), (3)

where @, L are sample means.
Now we formulate the result for which we consider the Monte-Carlo study

2
in the next section. Let 02 = (ae > ci) )
icZ
THEOREM 1. (Theorem 3 in [1]) If L satisfies Assumption 1, 0 < 6 < 1 and w
satisfies Assumption 3, then

(il ) 2o s (2 31)

3. MONTE-CARLO STUDY

We implement % (& — ),
varying functions L(t) = log(t), L(t) = log(log(t)), L(t) = @ L(t) =
m and two types of coefficients ¢; = %2 and ¢ = G +22) The fit
quickly improves as the number of iterations and the number of observations
increases. These are shown in Figures 1-4 for a(n) = % (& —a), b(n) =

L(n)s

(5 B) for four types of slowly

% (ﬁ 6) where L(t) = log(t), numbers of iterations are equal to 1000

and 10000, the number of observations is equal to 200. Based on Theorem 1, we
expect this to work for all types of slowly varying functions and any absolutely
convergent coefficients. As you can see in these figures, a(n), b(n) have Normal
law of distribution. And the parameters of this distribution are the following:
1) mathematical expectation tends to zero; 2) variation tends to 2%02 as the
number of iterations and observations are increase. Thus, the the theoretical
results seem to hold in practice. By using Kolmogorov-Smirnov Test for Testing
the null hypothesis that the a(n), b(n) data come from normal distribution,
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against the alternative hypothesis that the cumulative distribution function of
the data is not from the normal distribution, MatLab program returned value
of h = 0 indicates that test fails to reject the null hypothesis at significance

level 5%. The cdf of b(n) is shown in Figure 5.

b(200), number of iterations=1000

-4 3 2 1 0 1 2 3 a

Figure 1 — Histogram of 5(200)

and its theoretical distribution

(red line) with 1,000 number of
iterations

12 a(200), number of iterations=1000

100

-150 -100 50 0 50 100 150

Figure 3 — Histogram of a(200)

and its theoretical distribution

(red line) with 1,000 number of
iterations

0 b(200), number of iterations=10000
4

350

300

250

200

150

100

50

-60 -40 20 0 20 40 60

Figure 2 — Histogram of 5(200)

and its theoretical distribution

(red line) with 10,000 number
of iterations

250 a(200), number of iterations=10000

300

250

200

150

100

-150 -100 50 0 50 100 150

Figure 4 — Histogram of a(200)
and its theoretical distribution

(red line) with 10,000 number
of iterations
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1

09

08

071

0.6

051

041

031

021

01r

-0.03 -0.02 -0.01 0 0.01 0.02 0.03

Figure 5 — CDF of 5(200), where number of iterations 1,000
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Meumgaes K.T., Japrencaesa I.C. BASIY ©3TEPETIH PETPECCOP-
JIAPBHL BAP PEI'PECCHS YIIIIH KKB BATAJTAVJIAPBIHBIH MOHTE-
KAPJIO 3EPTTEVY/JIEPI

Byn makanama 6i3 6ipsiik Tybipre ne xkome Oasiy ©3repeTin perpeccops: bap
KapamaibIM perpecCcrusiIbIK MOJIETbIl KapacThipaMbl3. bi3 KaTeaikTepain Kyp-
Je/TipeK KYPbLIBIMBIH KapacTbipaMbi3. MaKaaaHblH MaKCAThl PErpeccusi Mo-
neninin KKB 6aranaynapser yiria Moute-Kapio cumynanusiapbia OpbIHIAY
JKoHe HoTmKesiepil [1] KyMbIChIH/A aJIbIHFAH TEOPUS/IBIK HOTHXKEJIEPMEH Ca-
JIBICTBIPY GoJibitt TabbL1aab1. Perpeccus monestinin Koaddunuentrepinin KKB
Oarasiayapsl yirin kypriziniren Morre-Kapiio 3eprreyinin moruxkenepi Ke-
TipisireH.

Membaes K.T., lapkentaesa I.C. UCCJIEJOBAHN A MOHTE-KAPJIO
MHK OIIEHOK /1Jid PETPECCHUU C MEJJIEHHO MEHAOIITNMUNCA
PEI'PECCOPAMU

B sT0i1 cTaThe MBI pacCMATPHUBAEM IPOCTYIO PErPECHOHHYIO MOIAEIL 00Ia-
JIAIOIIUM eIUHUIHBIM KOPHEM U C MEJJIEHHO MEHSIIOIINMCS perpeccopom. Mabr
paccMmarpuBaeM OoJiee CIIOXKHYIO CTPYKTYpPy omubok. Llesbio cratbu gBiser-
csa Bermostaerne cumyssiiun Moute-Kapsio mia MHK onenok perpeccuonnoit
MOJIeJIN ¥ CPABHEHUE PE3y/IbTaTOB C TEOPETUIECKUMU PE3yJIbTaTaMu, MOy YeH-
ubix B [1]. IIpusenensr noiayvennsie pesysnbrarsl ucciaesosanns Mounre-Kapiio
g MHK ornenok koaduiimeHToB perpecCuonHoi MOIe .
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in model theory widely uses a terminology connected with the model-theoretic
properties of complete theories, however, this term was not specified in any way
yet. Thus, a necessity to give a definition to the concept of a model-theoretic
property becomes actual.

Combinatorics of a given type is characterized by a definite set of used
methods of transformation of theories and by the layer of those model-theoretic
properties which are preserved by these methods. Relation between the
accepted class of methods and the semantic layer of preserved model-theoretic
properties is a Galois’s correspondance. Therefore, an inverse dependence takes
place between the set of methods and the volume of the layer of preserved
on them model-theoretic properties. Signature reduction procedures and
transformations by the universal construction of finitely axiomatizable theories
are considered as combinatorial methods in predicate logic; these methods are
taken as a basis for the first-order combinatorics. For finitary combinatorics,
we accept methods of transformation of finite signatures and more general
methods of Cartesian extensions of theories, while for infinitary combinatorics,
we accept methods of reduction of infinite signatures to finite ones as well
as transformations of theories by means of the universal construction. The
class of finitary methods can separately be considered. As for the class of
infinitary methods, its consideration requires adding the finitary methods.
Notice that, the methods of reduction of infinite signatures to finite ones and
transformations by the universal construction are based on the computability.
On the other hand, the passage to a smaller class of computable methods
instead of the wider class of abstract methods leads to increase the layer of
preserved model-theoretic properties in view of the principle of an inverse
dependence. From this, we can conclude that it is preferable to restrict
ourselves with just computable versions of the methods for infinitary first-
order combinatorics.

A natural problem arises to characterize the layer Fing of model-theoretic
properties preserved by finitary methods of transformation of theories, and the
layer Inff of model-theoretic properties preserved by infinitary and finitary
methods of transformation of theories. A maximum fundamental choice is
realized by a so-called maximalistic approach whose essence is to accept the
class of all finitary methods in definition of the layer Fin£, and the class of all
infinitary and finitary methods in definition of the layer Inf£. More productive
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pragmatic approach is based upon the restriction of the classes of methods
to minimum necessary sets so that to make the layers Finf and Inf as wide
as possible. However, the questions concerning the fundamental significance of
the obtained layers Fing and Inf have to be considered separately.

In this work, we describe the operation of a Cartesian extension of a theory,
give a definition to the concept of a model-theoretic property, and specify in
detail the pragmatic approach that turns out to be the most adequate to
the real practice of investigations in model theory. Although the definition
of a model-theoretic property includes some informal parts, nevertheless, its
applications ensure exact mathematical statements. We consider some general
properties of semantic layers Fing and Infg of finitary and infinitary first-order
combinatorics and establish their fundamental significance. As a key result, we
present characterization of an isomorphism type of the Tarski-Lindenbaum
algebra of predicate calculus of a finite rich signature under the layers of
finitary and infinitary combinatorics. By pointing out an effective mapping
from the class of computably axiomatizable theories in the class of finitely
axiomatizable theories, we obtain some substantial statement comparing these
classes of theories. This result can be considered as a solution of the common
problem on expressive possibilities of formulas of first-order predicate logic.

This work can be considered as an extended and advanced exposition of
the results presented in Section 3 and Section 4 in [2].

PRELIMINARIES. We consider theories in first-order predicate logic with
equality and use general concepts of model theory, algorithm theory,
constructive models, and Boolean algebras that can be found in [3], [4], and
[5]. Special concepts used in this paper can be found in [1] and [2]. A signature
is called rich, if it contains at least one m-ary predicate or function symbol
for n = 2, or two unary function symbols. In the work, the signatures are
considered only, which admit Godel’s numbering of the formulas. Such a
signature is called enumerable. Generally, incomplete theories are considered.
For theories, c.a means computably axiomatizable, while f.a. means finitely
axiomatizable.

There are two levels of definability in first-order logic. The first one is called
radically logical or briefly model. It does not assume any limitation on the class
of used formulas. The second more delicate level is called algebraic. At this
level, ANV-type of first-order definability is used. In this work, we systematically
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follow the algebraic approach. If it is needed, all results in the article can be
transferred to the form corresponding the model-type definability.

1. CARTESIAN-TYPE INTERPRETATIONS

We use a simplest concept of an interpretation of a theory Ty in the
region U(x) of a theory Tj, [6]. Classes of isostone and model-bijestive
interpretations are introduced in [7]. In this section, we introduce a technical
class of interpretations presenting finitary methods in first-order logic.

Given a signature o and a finite sequence of formulas of this signature of
either of the following forms:

(@) 2= (" /e1, 052 [ea, ..., 05" [€s), (1.1)
M) = (1™, 052, ..., 00,

where ¢ is a formula with my free variables, ek (U, zx) is a formula with
2my, free variables such that Len g = Len Z; = my; moreover, (1.1)(b) is
just a simpler notation instead of the common entry (1.1)(a) in the case when
ek (Yk, Z) coincides with g, = zi for all k < s.

Starting from a model 9 of signature o together with a tuple s of any of
the forms (1.1)(a,b), we are going to construct a new model 2; = M(s) of
signature

o = o U{ULULUS,..., Uy U {K™MF L Kmstl) (1.2)

as follows. As the universe, we take |9t = || U A3 U Ay U ... U Ay, where
all specified parts are pairwise disjoint sets. On the set |9], all symbols of
signature o are defined exactly as they were defined in 907; in the remainder,
they are defined trivially; predicate U(z) distinguishes |9|; predicate Ug(x)
distinguishes Ay; the other predicates are defined by specific rules depending
on the case. In the case (1.1)(b), each predicate K}, in (1.2) should be defined so
that it would represent a one-to-one correspondence between the set of tuples
{a | M E ¢r(a)} and the set Ay = Ur(9M1). Turn to the most common case
(1.1)(a). Denote by Equiv(e, ¢r) a sentence stating that e is an equivalence
relation on the set of tuples distinguished by the formula ¢ (Z) in 9. In this
case, (my + 1)-ary predicate Kj should be defined so that it would represent
a one-to-one correspondence between the quotient set {a | M = ¢r(a)}/e}
and the set Up(91), where €}.(7, 2) = €x(y,2) V 2 Equiv(eg, ¢x). The aim of
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replacement of ¢ by €}, using Equiv(eg, ¢i) is to provide total definiteness of
the operation of an extension 9t(s) independently of whether the formulas e,
represent equivalence relations in corresponding domains or not. In the case
(1.1)(a), M(2) is said to be a Cartesian-quotient extension of 9, while in the
case (1.1)(b), the model M () is said to be a Cartesian extension of M by a
sequence of formulas .

Expand the operation of an extension (initially defined for models) on
theories. Given a theory T' and a tuple s of the form (1.1). Using a fixed
signature (1.2) for extensions of models, we define a new theory T = T'(5) as
follows: 77 = Th(K), K = {9M(30) | M € Mod(T)}. In the case (1.1)(a) it is
called a Cartesian-quotient extension, while in the case (1.1)(b) it is called a
Cartesian extension of T by a sequence .

Normally, we follow an algebraic approach; i.e., we consider passages 1" —
T'(») for which the sequence (1.1) satisfies the following technical condition:

or(Zk) and e (Yk, Zk) are 3N V-presentable, for all k < s. (1.3)

Denote by KD(o) and KC(o) the sets of tuples of formulas of signature o
of the forms, respectively, (1.1)(a) and (1.1)(b), while KD and KC are unions
of these sets for all possible (enumerable) signatures 0. We denote by KC3qy
the set of all tuples (1.1)(b) satisfying (1.3), while KD is the set of all tuples
(1.1)(a) satisfying (1.3).

In theory T(s), the region U(x) represents a model of theory T.
Particularly, the transformation 7"+ T'(sz) defines a natural interpretation Ir ;.
of T in T(x). It is called a special Cartesian-quotient interpretation. Similar
definition applies to the other case of the tuple s; thereby, the concepts of
a special Cartesian interpretation is also defined. Considering theories up to
an algebraic isomorphism, we may use simpler term Cartesian-quotient or,
respectively, Cartesian interpretation.

LEMMA 1.1. Given a theory T of an enumerable signature o and a sequence
of formulas » € KD(o). Special Cartesian-quotient interpretation I, : T —
T(50) is effective, model-bijective, and isostone. In particular, interpretation
It determines a computable isomorphism pr . : L(T) — L(T(»)) between
the Tarski-Lindenbaum algebras.

The following statement is established based on first-order combinatorial
properties of Cartesian extensions of theories:

MATEMATUYECKUI »KYPHAJN. — 2017. — T. 17, Ne 3



96 M.G. PERETYAT’KIN

LEMMA 1.2. The following relation defined on the class of all theories
TR,S g (35 € RCow) [ T() ma S(") | (1.4)

is reflexive, symmetric, and transitive (i.e., it is an equivalence relation).

Further properties of Cartesian-type extensions of theories and
interpretations can be found in [2] and [8].

DEFINITION 1.A. We introduce the following notations for particular semantic
layers that are relevant in this direction:

(A) ASL =the set of model-theoretic properties p € AL preserved by any
special Cartesian interpretation Ir¢ : T — T(&) for an arbitrary computably
axiomatizable theory T' of an enumerable signature o and an arbitrary finite
tuple £ = (@1, ..., ps) of sentences of signature o satisfying (1.3).

(B) MSL= ASLN ML.

(€¢) ACL =the set of model-theoretic properties p € AL preserved by any
special Cartesian interpretation I7¢ : T — T(§) for an arbitrary computably
axiomatizable theory T' of an enumerable signature o and an arbitrary tuple
€= (", ..., ¢T) of formulas of signature o satisfying (1.3).

(D) MCL= ACLN ML.

(E) ADL=the set of model-theoretic properties p € AL preserved by any
special Cartesian-quotient interpretation Ire : T »— T() for an arbitrary
computably axiomatizable theory T of an enumerable signature ¢ and an
arbitrary tuple £ = (]"Ye1,...,pT"es) of formulas of signature o satisfying
(1.3).

(F) MDL= ADL N ML.

Layer ACL is said to be the (algebraic) Cartesian semantic layer; it plays
the role of a pragmatic release of the finitary semantic layer. By MCL we
denote its model version called the model Cartesian layer. Layer ADL is said
to be the (algebraic) Cartesian-quotient semantic layer; it plays the role of
a maximalistic release of the finitary semantic layer. By MDL, we denote its
model version called the model-type Cartesian-quotient layer.

Fig.1 presents a scheme of inclusions between the semantic layers and
corresponding similarity relations relevant for first-order combinatorics. Arrows
point out relatively stronger similarity relations and relatively wider semantic
layers of model-theoretical properties. Two relations ~ and =2, in the top are
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relations of isomorphism of theories, where ~ means a model isomorphism
or simply isomorphism, while =, means an algebraic isomorphism or 3 N V-
presentable equivalence between theories. Although ~ and =z, are not similarity
relations, they are included in the scheme for the sake of completeness. The
entries =, =4, etc., are short forms for semantic similarity relations =1,
=4cr, with semantic layers MCL, ACL, etc., that were defined above. The
inclusions MDL C MCL and ADL C ACL are also valid although they are
not presented in the scheme in Fig. 1.

Algebraic isomorphism
Algebraic local isomorphism

Algebraic singleton similarity
MSL  Singleton similarity
Algebraic Cartesian similarity

p ic finitary 1
MCL  Cartesian similarity (Pragmatic finitary layer)

MQL Quasiexact similarity
(Infinitary layer)

HL Hanf’s similarity (Surface layer)

Figure 1 — Scheme of semantic layers of model-theoretic properties

The layer MQL consists of the model-theoretic properties preserved by all
interpretations in the class IQuasi UICartes between computably axiomatizable
theories, where IQuasi is the set of all quasiexact interpretations, while ICartes
is the set of all Cartesian interpretations. The layer MQL is supported by a
regular version of the universal construction of finitely axiomatizable theories,
[7]-

The Hanf semantic layer HL is an empty set &. Corresponding semantic
similarity relation =g, alternatively =, is called Hanf’s isomorphism because
William Hanf was the first investigator who studied such relations between
theories just in relation to the problem of expressive possibilities of first-order
logic, [9].
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2. A DEFINITION TO THE CONCEPT OF A MODEL-THEORETIC PROPERTY

We are going to discuss approaches to the problem of classification of
complete theories modulo coincidence of their model-theoretic properties.
Two complete theories are said to be equivalent if their real model-theoretic
properties are identical:

Ty = Ty <5 (V real model-theoretic property p) [Ty € p < Th € p|. (2.1)

Accordingly, any classes of complete theories closed under = are said to
be real model-theoretic properties. Thus, to define the concept of a real
model-theoretic property it is necessary to find available dependencies (called
reasoning) between complete theories of the following form

Th~Ty = T} ~ T, (2.2)

that have significance in the practice of working in model theory.
Two most important reasoning (for complete theories) are:

MT

(@ T=r,S = TS, (2.3)
® T)=5 = T=S, for any 3 € KCany.

General significance of the reasoning (2.3)(a) is obvious. Argumentation
(2.3)(b) concerns virtual expansions of the universe which are just plain codings
for the initial universe; therefore, the pointed out sequence of implications
(2.3)(b) for all > € KC can also be considered as adequate to the common
practice of work in model theory. Methods of the work [10] represent a good
confirmation to these implications. Notice that, lots of researchers follow a
naive approach considering any classes of complete theories, even if they are
not closed under isomorphisms of theories. To avoid this common irregular
situation, we will assume (by default) that any considered class of complete
theories first should be closed under algebraic isomorphisms of theories by the
rule, where C is the class of all complete theories:

prp=[pla, ={TeC|FTep)[T=T]} (2.4)

This correction rule is said to be a normalization pre-stage in the definition we
are going to introduce.
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We give a generic definition to the concept of a model-theoretic property.

DEFINITION 2.A [GENERIC DEFINITION OF A MODEL-THEORETIC PROPERTY].
Initially, we have to point out a collection of relations of reasoning of the form
(for complete theories)

~0 iel (2.5)

that we intend to accept as a basis (2.2) of the definition. The relation =, cf.
(2.1), is presented by the relation ~ obtained by the operation of closure of the
system of relations (2.5) up to an equivalence relation. Accordingly, the class
of all real model-theoretic properties is presented by the following expression:

Areal = {p C C | p is closed under ~}. (2.6)

To check up, whether a set p C C is a model-theoretic property, first, a
normalization pre-stage p +— p* should be performed; then, the condition
p* € Areal is to be checked. If the result is positive, we qualify p as a real
model-theoretic property; moreover, a specifying term "p is a model-theoretic
property up to the closure under isomorphisms" may be used. Otherwise, if the
test p* € Areal fails, p is qualified as a class that is not a real model-theoretic
property.

End of the definition.

Notice that, an inverse dependence of the set of real model-theoretic
properties on the accepted set of reasoning ~{’, i € I, takes place. Indeed,
let the pointed out set defines an equivalence relation ~% playing the role
of the relation =, thus, defining the layer AreaL. Assume that, as the base
for a new definition, some larger set of reasoning ~%, i € I*, I* D I, is
taken. It is obvious that the inclusion ~% C ~! must take place; i.e., each
class of the new equivalence ~f consists of a number of classes of the initial
equivalence ~*. Thereby, we have AreaLt C Areal because Areal" consists of
the sets of complete theories closed under equivalence ~% having larger classes
in comparison with those of the initial equivalence ~3.

The following (pragmatic) variant of the definition is fixed as preferable:

DEFINITION 2.B [PRAGMATIC SPECIFICATION OF THE GENERIC DEFINITION 2.A].
As a set of reasoning, we accept the relation (2.3)(a) together with a series
of relations (2.3)(b) for all » € KC3ny. The relation =, on the class of all
complete theories defined by expression (1.4) in Lemma 1.2 is the closure of
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this system of relations. Thus, within this approach, relation ™ coincides with
~,. Accordingly, in view of the scheme of semantic layers in Fig. 1, we obtain
the following chain of inclusions:

Areal = ACL C ASL C AL. (2.7)

By default, we also suppose that, to apply Definition 2.B for a set p C C, a
normalization transformation (2.4) should be performed initially.
End of the definition.

An important statement concerning different versions of Definition 2.A.

LEMMA 2.1. Suppose that a variant o of definition of a real model-theoretic
property is chosen with reasoning consisting of the relation (2.3)(a) and a series
of relations (2.3)(b) for all sz € KC3ny together with a definite set of additional
relations of the form (2.2). Then, the following chain of inclusions takes place:

Aideal™ C Areal™ C ACL C ASL C AL, (2.8)

where the ideal semantic layer AideaL™ corresponds to the potential possibility
of an extension of the accepted system of reasoning « with some new rules of
the form (2.2) that can appear and could be accepted in the future within the
system ov.

PROOF. From the principle of inverse dependence we mentioned earlier. U

The following systems of reasoning to the definition of the concept of a
real model-theoretic property are possible. Let an arbitrary set p C C be
given. At the naive approach, any set of complete theories is considered as
a model-theoretic property; the primitive approach requires that p should be
closed under isomorphisms of theories; the pragmatic approach, cf. Definition
2.B, requires that p is closed under isomorphisms, Cartesian extensions, and
back transitions in the operation of Cartesian extensions of theories; at last, the
maximalistic approach requires that p is closed under isomorphisms, Cartesian-
quotient extensions, and back transitions in the operation of Cartesian-quotient
extensions of theories, i.e., the reasoning T(x) = S = T = S, for all » €
KD+, is accepted that is wider in comparisons with (2.3)(b).

Notice that, some other approaches to the definition of the concept of a
real model-theoretic property are possible which can be based on some other
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principles different from those accepted within the first-order combinatorial
approach we have described.

3. SIGNATURE REDUCTION PROCEDURES JOINTLY WITH THE UNIVERSAL
CONSTRUCTION

The works of L. Kalmar [11], R.L Vaught [12, Sec. 4], and W. Hauf [13]
represent earlier signature reduction methods between first-order theories.
In this section, we describe a few signature reduction procedures based on
a collection of special transformations of theories. We call them elementary
transformations or stages. Actually, these transformations represent known in
the common practice signature reduction methods. Full scheme of interaction
between the elementary stages is shown in Fig.2. There are three entries and
a single exit in the scheme.

Now, we pass to further details.

3.1 Finite-to-finite signature reduction procedure. A theory of an arbitrary
finite signature is transformed into a theory of any pre-assigned finite rich
signature. This type of transformation is realized via an Entry1 in the scheme
in Fig. 2.

First, we formulate the main statement in a compact form:

THEOREM 3.1 [Finite-to-finite signature reduction statement: a compact form].
Given two finite rich signatures o1 and 9. Effectively in their Gédel numbers,
it is possible to construct a sentence v of signature os and a sequence of
formulas » = (", ..., 07") of signature oy satisfying (1.3) together with an
algebraic isomorphism PC(o1) =, PC(02)[¢](5).

Now, we give an extended form of the same statement.

THEOREM 3.2 [Finite-to-finite signature reduction procedure: a common form].
There is a regular transformation Redu : (T,0) — (S,I), where T is an
arbitrary theory of a finite signature, o is an arbitrary finite rich signature,
S is a theory of signature o, and I : T — S is an interpretation of T in S;
moreover, all demands listed below are satisfied:

Reference_Block (3.1)

(a) I is an 3 N V-presentable Cartesian interpretation of theories (thereby,
the interpretation I defines a computable isomorphism p : L(T) — L(S)
preserving model-theoretic properties of semantic layer ACL ),
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() T is c.a. < S is c.a.; in the case when T is a c.a. theory, c.e. indices of
both S and I are found effectively in a c.e. index of the input theory T
and a Gddel number of the target finite rich signature o,

(¢) T is f.a. & S is fa.; in the case when T is a f.a. theory, both a Gddel
number of S and a c.e. index of I are found effectively in Gédel numbers
of the input theory T" and the target finite rich signature o.

End_Ref
A SKETCH OF PROOF to Theorem 3.1. For the sake of simplicity, we prove the
following more common statement:

(3 5 € KCyn3 effectively in o1 and o3) (3.2)
(Vfa. theory T 2 PC(01)) (3f.a. theory S D PC(02)) [T ~q S0 |.

Then, Theorem 3.1 is a particular case of statement (3.2) with T'= PC(01).

For signatures o1 and o3, 07 is said to be covered by o9, written o1 < o9, if
there is a mapping A : 01 — o9 such that for all s € o1 the following conditions
are satisfied: (a) s and A(s) are symbols of the same type (either predicates,
or functions, or constants); (b) arity of s < arity of \(s), whenever s is either
a predicate or function symbol.

We start to prove (3.2). Given two finite rich signatures o1 and oy together
with a finitely axiomatizable theory T of signature o;. Our purpose is to
describe a procedure of reduction of the theory T to a theory of the pre-
assigned finite rich signature os.

Based on the definition of a rich signature, we organize a signature
reduction procedure consisting of two parts. In the first part, a reduction to
any of three following "minimal" finite rich signatures

pl = {P2}7 p” = {f17 h1}7 p”/ = {92} (33)

is performed, while in the second part, a routine passage from either p’ or p” or
p" to the demanded finite rich signature o9 is performed depending on which
of the cases p’' < o9 or p”’ < o9 or p” < oy takes place.

For the finite-to-finite case of reduction, we use a natural set of
transformations of theories consisting of five elementary transformations acting
along the passage 1-x-e in Fig.2, cf. [7]. Their short specifications are given

below:
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Entry 1 :

A theory of

a finite
signature

lﬁnsig—to-ﬂ’ anysig-to-iP

A theory of a
finite pure pre-
dicate signature

Entry 2 :
(@)

Entry 3 :
[©)

A theory of

an enumerable
signature

A c.a. theory of )
an enumerable
signatue

anysig-to-iPl

A theory of an

A c.a.th-y of an

Enﬁnite pure pre—] [inﬁmte pure pre-

dicate signature

dicate signature
J

IfP-to-Graph iP-to-Graphl

An extension of

Graph theory GRE

of signature {I"*}
@ ©

A c.a.extension of
Graph theory GRE]
of signature {I"°}

5 iP-to-Graph
- —

O

<
fP-to-Graph

Graph-to-2l‘1/ Iren wraph-to-lb CA-to-F Al

A theory of A theory of A theory of A f.a. theory of a
signature signature signature “~————| finite pure pre-

o' ={f"n'} o ={P?*} o ={g%} dicate signature

Enri% lEnricl’%‘,\nrich

A theory of the
demanded finite

rich signature

©
The target theory

Figure 2 — Signature reduction procedures jointly

with the universal construction

finsig-to-fP — a transformation from a theory of a finite signature to a theory
of a finite pure predicate signature with predicates of arity > 1. An n-ary
function f(x1,...,xy) is replaced by a (n + 1)-ary predicate presenting graphic
of the function; a constant c is replaced by a unary predicate distinguishing an
element presenting the constant. Additionally, we should replace each nulary
predicate by a unary one. This transformation defines an algebraic isomorphism
of theories.

fP-to-Graph — a transformation from a theory of a finite pure predicate
signature with predicates of arity > 1 to an extension of Graph theory GRE of
signature {12} obtained by addition axioms (3zy)I'(z,y) and (Fzy)-I'(z,vy)
to Graph thepry GR. This transformation is a Cartesian extension of a theory,
thus, it defines a Cartesian interpretation.

Graph-to-2u — a transformation from a theory of signature {I"?} that is
an extension of Graph theory GRE to a theory of signature with two unary
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functions. This transformation is a Cartesian extension of a theory, thus, it
defines a Cartesian interpretation.

Graph-to-1b — a transformation from a theory of signature {I"?} that is
an extension of Graph theory GRE to a theory of signature with one binary
function. This transformation is a Cartesian extension of a theory, thus, it
defines a Cartesian interpretation.

Enrich — a transformation from a theory of a signature matching one of the
three cases (3.3) of a minimal finite rich signature to a theory of a given finite
rich signature. This transformation is an isomorphism of theories (notice that,
a problem to assign values to the constants possible in the target signature
o9 is solvable because the extension of Graph theory GRE preceding the stage
Enrich has at least one distinguished element).

In the scheme, Entryl requires (as an input) a theory of a finite signature
and yields an output theory of the demanded finite rich signature oo. We define
Redu as a composition of transformations of theories along the passage 1-x-e
in the scheme shown in Fig.2. Each elementary stage is a Cartesian 3 N V-
presentable interpretation. Thereby, the full passage that is a composition of
these separate stages is also a Cartesian 3N V-presentable interpretation.

Theorem 3.1 is proved. O

Theorem 3.2 is easily deduced from Theorem 3.1 by applying elementary
methods of c.e. Boolean algebras. (]

Give a complementary statement.

LEMMA 3.3. Finite-to-finite signature reduction procedure we have described
in Theorem 3.1 and Theorem 3.2 represents a particular case of the operation
of a Cartesian extension of a theory.

Moreover, interpretation I : T — S involved have the following properties:

(a) I preserves all model-theoretic properties within the layer ACL,

(b) I preserves all model-theoretic properties within the real layer Areal,

PrROOF. Immediately, from Theorem 3.1 and Theorem 3.2 together with
inclusions (2.7) in Definition 2.B. O

3.2 Infinite-to-finite signature reduction procedure. A theory of an arbitrary
enumerable signature is transformed into a theory of a pre-assigned finite rich
signature. This type of signature reduction procedure is defined via an Entry2
in Fig.2. It is realized by the stages acting along the passage 2-u-e including
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those listed in Subsection 3.1 together with two additional transformations
whose short specifications are given below, cf. [7]:

anysig-to-iP — a transformation from a theory of an arbitrary enumerable
signature (either finite or infinite) into a theory of an infinite pure predicate
signature with predicates of arity > 1; it is analogous to stage finsig-to-fP, but
with addition of a countable set of new trivially defined (dummy) predicates. A
thin point is that, if an input theory is c.a. and is given by its weak c.e. index,
the output theory is presented by a normal c.e. index. This transformation
defines an algebraic isomorphism of theories.

iP-to-Graph — a transformation from a theory of an infinite pure predicate
signature with predicates of arity > 1 to an extension of Graph theory GRE
of signature {I"?} (main stage of the infinite-to-finite signature reduction
procedure). This transformation defines a quasiexact interpretation of theories.

We formulate the infinite-to-finite signature reduction procedure:

THEOREM 3.3. Given a c.a. theory T and a finite rich signature oy. Effectively
in a weak c.e. index of T, one can construct a c.a. theory S of signature
o9 together with a quasiexact interpretation I : T »— S; in particular, the
interpretation I defines a computable isomorphism y : L(T') — L(S) preserving
model-theoretic properties of the infinitary semantic layer MQL.

PRrROOF. Stage iP-to-Graph preserves layer MQ)L. Moreover, the other stages in
the passage 2-u-e, preserve its extension ACL O MQL, cf. Fig.1 and Fig.2.

3.3 Transformation of theories for the universal construction. A c.a. theory
of an arbitrary enumerable signature given by its weak c.e. index is transformed
into a f.a. theory of a pre-assigned finite rich signature yielding its Godel
number. This type of transformation is defined via an Entry3 in Fig.2. It
is realized by the stages acting along the passage 3-w-e including those listed
in Subsection 3.1 and Subsection 3.2 together with the following additional
transformation:

CA-to-FA — a transformation from a computably axiomatizable theory of
signature {I'?} extending Graph theory GRE into a finitely axiomatizable
theory of a finite pure predicate signature with predicates of arity > 1 (main
stage of the universal construction). An input theory is given by its c.e. index,
while the output theory is presented by its Godel number. A standard release
of this transformation defines a quasiexact interpretation of theories, thus,
preserving the layer MQL. Notice that, a few simplified versions of the stage
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CA-to-FA are available which preserve some proper sublayers of MQL.
We formulate the universal construction based on the stage CA-to-FA:

THEOREM 3.4. Given a c.a. theory T and a finite rich signature oo. Effectively
in a weak c.e. index of T, one can construct a f.a. theory F of signature
o9 together with a quasiexact interpretation I : ' ~— S; in particular, the
interpretation I defines a computable isomorphism i : L(T') — L(S) preserving
the infinitary semantic layer MQL of model-theoretic properties (having a
simplified version of the stage CA-to-FA, the layer of controlled properties may
be smaller).

PrOOF. Both stages iP-to-Graph and CA-to-FA preserve layer MQL. Moreover,
the other stages in the passage 3-w-e, preserve its extension ACL O MQL, cf.

Fig.1 and Fig. 2. (]
layer MQL included in layer ACL, cf. Fig. 1, that is preserved by the other
stages in the passage 1-w-e in scheme presented in Fig. 2. (]

REMARK 3.5. It is possible to check that any complete theory of signature
o = {fH @)Y {Ui (), ..., Ul(x), ... k e NJU{X, XV ..., XD, ...k € N} (3.4)

is superstabe. On the other hand, by definition, any non-rich signature must be
a part of o*. Therefore, non-rich signatures cannot express some real model-
theoretic properties. This is an explanation to the fact that just finite rich
signatures are involved in main statements of this paper.

4. GENERALIZED TARSKI-LINDENBAUM ALGEBRA OF THE UNDECIDABLE
PREDICATE CALCULI

Now, we turn to principal statements characterizing the globalization
structure of first-order predicate calculus of a finite rich signature under finitary
and infinitary semantic layers.

We list notations used below in the main statement:

e AL is the layer consisting of all model-theoretic properties of both model
and algebraic types,

e ACL is the Cartesian semantic layer playing the role of a pragmatic release
of the finitary semantic layer, cf. Section 1,

e MQL is the model quasiexact layer, alternatively called the infinitary
semantic layer, cf. Section 1,
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o MOL is a fixed sublayer of MQL supported by an accepted release of the
universal construction,

e P((0) is the predicate calculus of signature o considered as a first-order
theory (defined by an empty set of axioms),

e (L(PC(0)),7,&) is the generalized Tarski-Lindenbaum algebra of
predicate calculus PC(c); where 7 is a fixed Godel numbering of the
set of sentences of signature o, while § : St(PC(0)) — P(AL) is the
mapping assigning model-theoretic properties to complete extensions of
the theory PC(0),

e Z(ny is the finitely axiomatizable semantic type with an index n,

e &(ny is the computably axiomatizable semantic type with an index n,

e The concept of an f-dense theory: a theory P of a finite signature o is
said to be f-dense under a semantic layer D if the following properties are
satisfied: (a) theory P is complete and decidable, (b) for any ® € SL(0)
satisfying P = @, a sentence ¥ € SL(0) and a computable isomorphism
u can be found, satisfying the following properties: P = =¥, - ¥ — @,
and £([¥]7) =p £(GRE) by means of y; moreover, both a Gédel number
of ¥ and an index of the isomorphism g are found effectively in a Godel
number of the sentence @,

e The concept of an infdense theory is a generalization of the concept of
an f-dense theory with using computably axiomatizable theories instead
of finitely axiomatizable ones (details do not matter in this work).

We formulate the principal statement of the paper, cf. [14].

THEOREM 4.1 [GLOBALIZATION THEOREM FOR FIRST-ORDER LOGIC|. Let
o be a finite rich signature, and

£(PC(0)) = (L(PC(0)),7,€)

be the semantic type of the predicate calculus of signature o. Let L and K be
semantic layers s.t. L C ACL and K C MQL, P be an f-dense theory under the
layer L, and R be an inf-dense theory under the layer K. An extra demand
K C L is also accepted in Part (C) involving both layers L and K.

The following assertions take place:

(A) [FiniTARY GLOBALIZATION| The following presentation takes place:

£(PC(U)) =L %?%L =dfn ®[;€]N3?{n}, (41)
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(B) [INFINITARY GLOBALIZATION| The following presentation takes place:
£(PC(U)) =K %%?L —dfn ®[§€]N@(d{n}’ (42)

(C) |[INTERFERENCE| Any computably axiomatizable semantic type under
L is finitely axiomatizable under K. Moreover, there are total computable
functions q(n) and v(n,t), such that q is a permutation of the set N, and the
following similarity relations are held for all n € N:

&y =k F 1q(n)y; moreover, the function (4.3)
(At)v(n,t) presents an isomorphism
corresponding to this similarity relation.

Thereby, for an arbitrary f-dense under K theory S (that must automatically
be inf-dense under K ), the following similarity relation is satisfied

Qneném =k @pinZ @)y, (4.4)

such that corresponding Hanf’s isomorphism p maps member &in} onto
member 7 (q(n)y for all n € N, while a particular ultrafilter in the left-hand
side of (4.4) is mapped onto a particular ultrafilter in the right-hand side,
(D) [FintTaRy ADD/OMIT MEMBERS| Given an arbitrary finitely
axiomatizable type B’ under the layer L and an integer kg > 0. We have
ol =@ntwT 0 =1 B' O Q) e (i (4.5)

fin T Yn<w ko<m<w

more precisely: having omitted a few product members and attached an extra
member in the sequence involved in the operation (4.1), it is possible to define
a computable isomorphism p preserving L between the latter semantic type
and the changed one, such that, a particular ultrafilter from the left-hand side
of (4.5) is linked by p with that available in the right-hand side of (4.5),

(E) [INFINITARY ADD/OMIT MEMBERS| Given an arbitrary computably
axiomatizable type 8" under the layer K and an integer ko > 0. We have

MQL __ Rl — " [R] .
inf = newdiny =g B" ®@ ®k0<m<wé"{m}, (4.6)

more precisely: having omitted a few product members and attached an extra
member in the sequence involved in the operation (4.2), it is possible to define
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a computable isomorphism p preserving K between the latter semantic type
and the changed one, such that a particular ultrafilter from the left-hand side
of (4.6) is linked by p with that available in the right-hand side of (4.6),

(F) |[ErrECTIVENESS| Transformations presented in the parts of this theorem
are realized effectively in Godel’s numbers and/or c.e. indices of the objects
involved in the construction. We can effectively find Gédel numbers and /or c.e.
indices of all further objects appeared in the construction, such as c.e. index
of a function, Gédel number or c.e. index of a semantic type, c.e. index of a
computable sequence of semantic types, etc.

5. STATEMENTS CHARACTERIZING THE FIRST-ORDER COMBINATORICS

First, we consider the finitary first-order combinatorics.

5.1. Finitary case. A key result for the finitary case is the fact established
in Lemma 2.1. It states that the first-order combinatorics controls all available
model-theoretic properties whenever we get out of the narrow framework of
a primitive approach. Namely, let either pragmatic approach or any of its
extensions is accepted. We then obtain from Finf = Areal C ACL, cf. (2.7)
and (2.8), that pragmatic version ACL of the finitary semantic layer includes all
available model-theoretic properties, ensuring maximality of the main results
obtained within the finitary approach, such as, characterization of the power of
the finite signature reduction procedures, description of an isomorphism type
of the Tarski-Lindenbaum algebras of predicate calculi of finite rich signatures
under the layer ACL, etc. This definitely confirms the fundamental significance
of the semantic layer of finitary first-order combinatorics.

Now, we turn to the infinitary case of first-order combinatorics.

5.2. Infinitary case. Unlike the previous case, infinitary semantic layer
Inf€ does not coincide with the class of all model-theoretic properties. It
cannot include such properties as the existence of a finite model, countable
categoricity, non-two-cardinality of a theory, and many others. Immediate
listing of a number of model-theoretic properties preserved by the infinite-
to-finite signature reduction procedure, and the universal construction cannot
be considered as a characterization of this layer; this only shows that
the layer Inff is large enough. Sophisticated technical description of the
universal construction and complicated definition to the notion of a quasiexact
interpretation makes it difficult to understand which properties belong to
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the infinitary semantic layer Inf. Moreover, some arguments are required to
confirm that the layer Inff is not a casual thing, but it is an object of a
fundamental nature.

We pass to further claims concerning infinitary combinatorics.

5.2.1. Common significance of the semantic layer preserved by infinite-
to-finite signature reduction procedures. Laslo Kalmar, [11], was the first
investigator who described a signature reduction procedure in order to transfer
Church’s result about unsolvability of the predicate logic from one finite rich
signature to any other finite rich signature. Later, a great number of works
appeared, which used signature reduction procedures to solve various questions
concerning transformations of signatures of theories with preservation definite
model-theoretic properties. In particular, some infinite-to-finite signature
reduction methods were also considered. A principal problem in this case is to
obtain a characterization of the layer I2f£ consisting of those model-theoretic
properties which can be preserved by infinite-to-finite signature reduction
procedure. Another problem concerns the existence of a stand-alone most
advanced procedure preserving all properties of the layer I2f£. A common
practice of a great number of researchers for many decades concerning the
infinite-to-finite signature reduction procedures allows us to claim that the
semantic layer I2f€ represents a definite essence having a general meaning
for the logical community. Moreover, the particular results obtained in this
direction establish some borders of the semantic layer I2f£. This points out
that the semantic layer I2f£ has a common significance in logic.

5.2.2. Maximality of an available standard version of the universal
construction. Applying the criterion of comparison = modulo a representative
list R of model-theoretic properties, [1], [2], we obtain that semantic layers
Uni€ and MQL coincide with I2{€ NML, [1]. Since the universal construction
can be considered as an improved version of the infinite-to-finite signature
reduction procedure, it would be illogical to expect that there could exist a
version of the universal construction that preserves even more model-theoretic
properties. From this, it is possible to conclude that an existing standard
version of the universal construction, [7], has the maximum possible power.
Considering the equalities Unil = MQL = I2f€ NML modulo a representative
list R together with the general importance of the layer I2f£ preserved
by infinite-to-finite signature reduction procedures, we conclude that both
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the layer Uni preserved by the universal construction and the infinitary
semantic layer MQL preserved by the class of quasiexact interpretations have
a fundamental significance in practice of investigations in model theory.

5.2.3. Status of the universal construction. In the book [7], the universal
construction of finitely axiomatizable theories plays the role of a main result,
while all other results are applications of the universal construction. The
situation essentially changes within the context of the given combinatorial
approach. Now the main results are global isomorphisms and global formulas
presenting isomorphism types of the Tarski-Lindenbaum algebras of predicate
calculi of finite rich signatures under the finitary and infinitary semantic
layer. Moreover, these global statements are assembled from the local methods
provided with the universal construction. At the same time, the universal
construction itself is obtained as an immediate consequence of the pointed out
global formulas. Thus, in the context of the suggested combinatorial approach,
the universal construction performs an ordinary role of a technical method of
transformation of theories.

5.2.4. Relative independence of a sophisticated description to the universal
construction. An important feature of the suggested combinatorial approach is
that the necessity to study the complicated universal construction decreases.
The point is that, the assembly scheme for the global formulas representing
isomorphism types of the Tarski-Lindenbaum algebras of predicate calculi of
finite rich signatures can be based on any (even weak) version of the universal
construction. Respectively, a version of the universal construction which is
obtained as a consequence of the specified global formulas will have the same
power as the universal construction initially involved in the assemble. Thus,
in studying of the combinatorial approch, it is possible to manage a simpler
version of the universal construction and even maximum simple release of the
universal construction, [15], that does not use the concept of a quasiexact
interpretation. Existence of a weak release of the universal construction that
is simply understandable provides an initial basis for studying, without rigid
necessity to support on a complicated standard version of the universal
construction. Later, when the reader will wish to have the results in a maximum
strong form, it will be possible to start studying a (complicated) standard
version of the universal construction.

5.2.5. Status of the definition of a quasiexact interpretation. There is a close
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connection between the main stage of the infinite-to-finite signature reduction
procedure and that of a standard release of the universal construction. This
gives a good chance to introduce a new simple enough (understandable)
definition to the concept of a quasiexact interpretation. First, we have to
build a proof to the stage iP-to-Graph describing in detail properties of the
involved interpretation I ensuring preservation of model-theoretic properties
of the infinitary semantic layer. After that, we have to extract from the text a
description of the interpretation I in such a manner that it would be applicable
to both stages iP-to-Graph and CA-to-FA, cf. Fig. 3.

Description of Description of
the transformation the transformation
iP-to-Graph CA-to-FA
(main stage of the (main stage

_infinite-to-finite of the
signature reduction universal
procedure) construction)

3 A N
Y A y
(A definition to the —]

concept of a quasi-
\exact 1nterpretat10nJ

Figure 3 — Status of the definition of a quasiexact interpretation

5.2.6. Quick scheme for the infinitary semantic layer. As noted earlier, the
following equalities take place modulo the representative list

Uni€ Z MQL Z 12£€ NML,

thereby, characterizing the infinitary semantic layer MQL. In accordance with
[16], the following simpler rule for the infinitary semantic layer also takes place:

MQL = the set of all p € ML such that p is preserved
by any transformation T +— T(s) & SI
for an arbitrary sequence of formulas » € KC3ny
and an arbitrary computably axiomatizable theory T,

(5.1)

where SI is a complete theory of signature {<?,c} whose axioms describe a
successor relation with an initial element and without cycles. It seems, the
practical rule (5.1) is the simplest representation for the infinitary semantic
layer that allows us to give a preliminary estimate whether a fixed property p
belongs to the infinitary semantic layer MQL or not.
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6. EFFECTIVE MAPPING BETWEEN C.A. THEORIES AND F.A. THEORIES

The following fact is an immediate consequence of Theorem 4.1(C):
STATEMENT 6.1. There is an effective bijective mapping (relative to algebraic
isomorphisms of theories) from the class of all computably axiomatizable
theories in the class of finitely axiomatizabe theories preserving the infinitary
semantic layer MQL, cf. Fig 4. Moreover, this layer MQL is maximum possible
to be preserved in a such mapping; i.e., this layer cannot be extended in any
way.

c.a. theories

f.a. theories

Figure 4 — A scheme of embedding between the classes

Taking into consideration the maximality of the infinitary semantic layer
MQL established in 5.2.2, we can treat Statement 6.1 as an exact coincidence of
expressive possibilities of the classes of computably axiomatizable and finitely
axiomatizable theories within the framework of the infinitary semantic layer
MQL, i.e., we obtain some real characterization of what can be expressed by
finitely axiomatizable theories. Thus, Statement 6.1 can be considered as an
effective solution to the general question concerning the expressive power of
formulas of first-order logic.

7. CONCLUSION

William Hanf in [9] has solved the known problem of Alfred Tarski about
the isomorphism type of the Tarski-Lindenbaum algebra of predicate calculus
of a finite rich signature. A historical background to the Tarski problem
is discussed in the works [9], [17], [18], [19], [20], [21], and [22]. Results
of this paper solve a generalized Tarski problem characterizing the Tarski-
Lindenbaum algebra of predicate calculus of any finite rich signature with
the description of model-theoretic properties of complete extensions of the
predicate calculus considered as a theory with an empty set of axioms. As
an immediate consequence of these statements, we can deduce the most of
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currently available results on expressive power of first-order logic.

Summing up, it is possible to say that the definition to the concept of
a model-theoretic property together with its application to the globalization
formulas can be regarded as an attempt to solve the general question of
expressive power of formulas of first-order logic. The results can be of interest
in pure logic and model theory as well as in applied logic and some branches
of computer science.

REFERENCES

1 Peretyat’kin M.G. Introduction in first-order combinatorics providing a
conceptual framework for computation in predicate logic // Computation tools 2013,
TARIA. - 2013. — P. 31-36.

2 Peretyat’kin M.G. First-order combinatorics and model-theoretical properties
that can be distinct for mutually interpretable theories // Siberian Advances in
Mathematics. — 2016. — V. 26, No. 3. — P. 196-214.

3 Hodges W. A shorter model theory. — Cambridge University Press, Cambridge,
1997.

4 Rogers H.J. Theory of recursive functions and effective computability. —
McGraw-Hill Book Co., New York. — 1967.

5 Ershov Yu.L., Goncharov S.S. Constructive models. — Transl. from the Russian.
(English) Siberian School of Algebra and Logic. New York, NY: Consultants Bureau.
XII. - 2000. — 293 p.

6 Shoenfield J.R. Mathematical logic. — Addison-Wesley, Massachusetts, 1967.

7 Peretyat’kin M.G. Finitely axiomatizable theories. — Plenum, New York, 1997.
- 297 p.

8 Peretyat’kin M.G. Invertible multi-dimensional interpretations versus virtual
isomorphisms of first-order theories // Mathematical Journal. - 2016. — V. 16, No. 4.
- P. 166-203.

9 Hanf W. Model-theoretic methods in the study of elementary logic //
Symposium on Theory of Models, North-Holland, Amsterdam, 1965. — P. 33-46.

10 Taimanov A.D. Decidability of elementary theory of inclusion of spheres //
Algebra and Logic. — 1963. — V. 2, No. 3. — P. 23-27 (Russian).

11 Kalmar L. Die Ziiruckfiihrung des Entscheidungsproblems auf den Fall von
Formeln mit einer einzigen, bindren Funktionsvariablen // Composito Mathematica.
- 1936. — V. 4. — P. 137-144 (cf. Ref. 445 in Sect. 47 at: A.Church, Introduction in
Mathematical Logic, Vol. 1, Princenton, 1956).

12 Vaught R.L. Sentences true in all constructive models // J. Symbolic Logic. —
1961. — V. 25, No. 1. — P. 39-58.

13 Hanf W. Isomorphism in elementary logic // Notices of American Mathematical
Society. — 1962. — V. 9. — P.146-147.

MATEMATUYECKUI YKYPHAJ. — 2017. — T. 17, Ne 3



Fundamental significance of finitary and infinitary semantic layer ... 115

14 Peretyat’kin M.G. Global structure of predicate calculus in a finite rich
signature over finitary and infinitary lists of model-theoretic properties //
International Conf. Maltsev’s Readings. — Russia, Novosibirsk, 2-6 May 2010. — P.
22-23.

15 Peretyat’kin M.G. Canonical mini construction of finitely axiomatizable
theories as a weak release of the universal construction // Mathematical Journal.
—2014. — No. 3. — P. 48-80.

16 Peretyat’kin M.G. First-order combinatorics presenting a conceptual framework
for two levels of expressive power of predicate logic // Computation tools 2014, TARTA.
—2014. — P. 19-25.

17 Hanf W. The Boolean algebra of Logic // Bull. American Math. Soc. — 1975.
— V. 31. - P. 587-589.

18 Hanf W. and Myers D. Boolean sentence algebras: Isomorphism constructions
// J. Symbolic Logic. — 1983. — V. 48, No. 2. — P. 329-338.

19 Myers D. Lindenbaum-Tarski algebras // Handbook of Boolean algebras, Ed:
J.D. Monk, R. Bonnet. — Elsevier Science Publishers, 1989. — P. 1167-1195.

20 Myers D. An interpretive isomorphism between binary and ternary relations. —
Structures in Logic and Computer Science: A Selection of Essays in Honor of Andrzej
Ehrenfeucht, 1997. — P. 84-105.

21 Peretyat’kin M.G. Semantic universal classes of models // Algebra and Logic.
—1991. — V. 30, No. 4. — P. 414-434.

22 Peretyat’kin M.G. Semantic universality of theories over superlist // Algebra
and Logic. — 1992. — V.30, No. 5. — P. 517-539.

Received 30.07.2017

MATEMATUYECKUI »KYPHAJN. — 2017. — T. 17, Ne 3



116 M.G. PERETYAT’ KIN

eperarokua M.I. OUHUTAPJIBI 2KOHE NTHOMHUTAPJIBI CEMAH-
TUKAJIBIK KABATTHIH, IPTEJII MAHBI3/IBL/IBIT Bl 2KOHE BIPIHIIII
PETTI JIOTUKAHBIH ANKBIH KYIIIHIH CUITATTAMACHI

ZKymbic mpeukaTTap JOTUKACHIHBIH AKBIH MYMKIHIIKTEPIH 3epTTey YIMiH
KOHIIETITYAJIJIbl HETI3/ YCHIHATHIH OipiHIm peTTi KoMOWHATOPUKAFa apHAJIFAH.
Bipiami perri duHAUTADIBI KOHE WHMPUHUTAPIBI KOMOMHATOPUKA, DiCTEpiMEH
CaKTAJFAH CEMAaHTUKAJBIK KabaTTap MAaKCHMAaJIbl MYMKIH OOJIATBIHBI KOD-
CETIITeH KOHE COHJIBIKTAH 0JIap MPEIUKATTAP JOTUKACHIH/IA iPresi MaHbI3IbI-
JIBIKKA 1€ 60713161, OCBIHBIH HETI3iH/e eCENTe Tl aKCHOMATTAIFAH TEOPHULIAD
TabbIHAH AKBIPJIbI AaKCHOMATTAFAH Teopusijiap TabbiHA THiM/l OeitHesey KO-
JIbIMEH OipiHI perTi mpeauKaTTap JIOTMKACHIHBIH affKbIH KYIII TYpaJjbl MOCe-
Jieriniy Oesrisi Oip 2KaJIIbl MIETiMI AJIbIH /b

Teperstokun M.I. ®YHIAMEHTAJIBHAS 3HAUNMOCTL ®UHI-
TAPHOT'O U UHOUHUTAPHOI'O CEMAHTUYECKOI'O CJIOSI 1 XA-
PAKTEPU3AIINS BBIPABUTEIBHOI CUJILI JIOTUKU TIEPBOTO
ITIOPSIIKA

Pabora mocBsimiena KOMOWHATOPUKE MEPBOTO TOPSIKA, MTPEICTABISIONIE
KOHIIENTYAJIbHYI0 OCHOBY /I WCCJIEIOBAHUS BBIPABUTEIBHBIX BO3MOXKHOCTEIR
Jioruku npeaukaroB. [lokazano, 4To ceMaHTUYeCKUE CJIOW, COXPAHsIEMbIE Me-
TojamMu (PUHUTAPHON 1 MHPUHUTAPHON KOMOMHATOPUKY TIEPBOTO HOPSI/IKA, SIB-
JIAIOTCS MAKCUMAJIbHO BOBMOXKHBIMU U TIOSTOMY UMEIOT (DyHIaMEeHTAIbHOE 3HA-
YeHue B JIOTWKe npeankaroB. Ha 31oit ocHoBe myTém 3dpdekTuBHOro orodpa-
JKEHUS KJIACCa BBIYUCIUMO AKCHOMATU3IUPYEMBIX TEOPHUil B KJIACC KOHEYHO aK-
CUOMATU3UPYEMBIX TEOPUil TOJYIeHO HEKOTOpOoe o0Iee perieHne BOmpoca O
BBIPA3UTEILHON CUJIE JIOTUKU TPEIUKATOB MEPBOTO MOPSIKA.
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6a3uCHOCTY MPU HEKOTOPOM (C1aboM B ONMPEIEJEHHOM CMBICJIE) BO3MYIIEHUH
HCXOJIHOTO onepaTopa. Hampumep, Jyist cydasi CAaMOCOIPSIZKEHHOTO MCXOHOTO
orepaTopa aHaJornYHbIil Boupoc uccaeposaics B (1], [2], [3], a ais Hecamoco-
npszkennoro — B [4], [5], [6].

B macrogmeit pabore paccmarpuBaercs Oym3kast K ucciegosanusam 1], [4],
[7] cuexrpanbras 3axava:

l(u) = —u"(z) = Mu(z), 0<x<]l, (1)

<

g
I
S

(0) — /(1) — au(l) =0, a >0, 2)

&
—~
S
~
Il

1
u(0) = /p(:n)u(x)dx, p(x) € Ly(0,1), (3)
0

rje « > 0 — Tpou3BOJILHOE KOMILJIEKCHOE YUC/IO.

B [8] uccaiepoBanbl Borpock! yceroitunsocru (npu nzmenenun dbyHkunu p(z))
6a3UCHOCTH KOPHEBBIX BEKTOPOB CIEKTPAIbHOM 3ajadn, Korjga o = 0.

O6mien3BecTHBIM (PAKTOM SIBJISETCS TO, UTO CUCTEMA, KOPHEBBIX (DYHKIIHIA
00BIKHOBEHHOTO (DD EePEHITUATHEHOTO OIEPATOPA C TPOU3BOILHBIMU YCUIEHHO
PEryIIpHBIMU KPaeBbIMU ycjioBusiMu obpasyer 6asuc Pucca B mpocTpancrse
L2(0,1). B cayuae, KOryia Kpaesble yCJIOBHUs SIBJIAIOTCS PErYJIsIPHBIMU, HO HE
YCUJIEHHO PEry/IsipHBIMU, CBOCTBO OA3UCHOCTH CUCTEM KOPHEBBIX (DYHKITHII, B
OTJIMYUE OT CBOWCTBA, IMOJHOTHI, HE OMPENIE/IsieTCs JIayKe KOHKPETHBIM BUJIOM
KpaeBbIx ycaouii. Brepsoie sTot addexr 6pur 3ameden B.A. Unbuneiv 5] u
COOTBETCTBYIONINY TTPUMED OBLT MOCTPOeH st AudHepeHnmnaaIbHOTO OepaTo-
pa BTOPOTO TMOpsiKa, 00Iero suja. Kak moka3aHo, B 9TOM CIydae Ha HAJIUINE
cBOiicTBa HA3UCHOCTY TTIOMUMO KPAEBBIX YCJIOBU BJIUAIOT TaKKe 3HAUCHUS KO-
s dunmenTor andpepeHnaIbHOTo oneparopa. IIpruaem 3T0 CBOHCTBO MOXKET
MEHSIThCS TMPU CKOJIb YTOJHO MAJIOM U3MEHEHUU 3HAUeHUil K03 OUINEHTOB B
MEeTPHUKE TeX KJIACCOB, B KOTOPBIX 3aJaHbl 3TH KO3 MUIINEHTHI.

ITycts Ly — onmeparop B L2 (0, 1), 3amanustii Beipaskenunem (1) n "sBo3mymen-
ueivu" KpaeseiMu yerosusamu (2) u (3). Hepes Lo 0603HaUNM HEBO3MYIEHHDII
oneparop (cayuqait p(x) =0 ).

B mamux mpeapiaymux padborax |9]-[13] paccMorpensl pasmdHbie BapuaH-
Thl HHTEI'PAJIBHOIO BO3MYIIEHUS KPAEBBIX yCj0BUii. B arux padorax B mpejo-
JIOYKEHUH, 9TO HEBO3MYIIEHHBIH omepaTop Lg obJramaer cucremMoit COOCTBEHHBIX
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u npucoeaunennbix ynknuii (Cull®), obpasyromeit 6asuc Pucca B Lo(0, 1),
MBI IIOCTPOMIIN XaPaKTEPUCTUIECKHUIT OIPEETUTEND CIEKTPATBHON 331491 JI/Is
oneparopa L;. Ha ocuoBanmu mosyderHoit popMysibl JI€1a0TCs BBIBOIBI 00
ycroitauBocTu, ubo HeycroituuocTu cpoiicts 6a3ucuoctu Pucca Cull® 3aja-
YUY IIpU MHTErpaJibHOM BO3MYIIECHUN KPAaEBOT'O YCJIOBULL.

[IpuHIUNUATBHBIM OTJIMYUAEM HACTOAIEH pabOTBl ABASETCS TO, UTO Y
HeBo3MyIeHHON 3ajaun (1)—(3) cucrema cobcrBeHHBIX (BYHKUMIA LOJIHA, HO
He obpasyer Gasuca B L2(0,1) [14]. TTosromy ucronn3yemblii HaMu MeTOI U3
OPEBIIYINX paboT B JAHHOM CIydae He MOMKET OBITH IPUMEHWM.

2. XAPAKTEPUCTUYECKUN OINPEJEJINTEJIb CIIEKTPAJIBHOW SAJAYN

(1)—(3)

Kpaesnbie yciosus B 3amade (1)—(3) siBsiiorcst peryjsipHbIMU, HO HE yCH-
JeHHo peryaspabiMu [15]. Cucrema KOpHEBBIX (DYHKIHIT omepaTopa | SB/IIeTCst
HOJIHO#T cucTeMoit, HO He obpa3yer jaxke o6braHOro 6azuca B Lo(0,1) [14]. On-
HAKO, KaK MoKa3aHo B [16], Ha ocHOBe 3THUX COOCTBEHHBIX (DYHKIINIT MOXKET ObITH
NOCTPOEH 0a3UC, TMO3BOJISIIONMH TIPUMEHUTH METOJ, PA3JIEIeHUs TTEPEMEHHBIX
JJIs1 PEIlieHnsT HadaabHO-KPAeBOil 3a/[a4i ¢ KPaeBbIM yCIoBHEM (2).

[Tpeacrasnsis obmee pemenne ypasuenns (1) mo dopayie

u(z, \) = C} cos V Az + Cysin vz

W YJIOBJIETBOPsIst €10 KpaeBbiM yesioBusaM (2), (3), mosydaeM JUHEHHYIO CHCTEMY
OTHOCUTENHHO KO3pdummenTon C:

C1 (Vsin vV —acos V) + (VA (1 —cosvVA) —asinv) =0,
Cr (VAsin VA — acos V) + (VA (1= cosvVA) —asinv)) =0,

[osTomy xapakrepuctuueckuii onpegenurens 3agaan (1)—(3) uveer su

(4)

A(N) = (ﬁsinﬁ— Q CcOS \&) -Oflp(x)sin Vxdr—

VA (1= cosVA) — asiny/3) (1 - [ ) cos vAud ”
_( ( — €OS )—as1n >< —Dfp(ac)cos x x>

IIpu p(x) = 0 orcroga mHosydaercs XapaKTEPUCTUICCKHUI OILpPeiesin-
Tesb  Heo3mymignHoit 3azaun  (1)-(3). Ero obosnmaumm wepes Ag(A) =

\[\(1 —cosﬁ) — asin V.
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Pemas ypasuenne Ag(A\) = 0, umeem jse cepunm COOCTBEHHBIX 3HAYEHUIT
)\1(61) = (27rk:)2,k =1,2, ...,)\2.2) = (2Bk)2,kz = 1,2, ..., HeBO3MYIICHHOI 321291
(1)—(3). Buech By — KOpHU ypaBHEHUSsI

o
tan g = — > 0. 6
OHH ABIAIOTCS MOMOKUTEJIbHBIMA U YIOBJIETBOPSIOT HEPABEHCTBAM
T
mk < B <7rk+§, k=0,1,2,....

st pazuocru § = S — Tk Ipu JOCTATOYHO GOIBITUX k BHITTOJIHSIIOTCS JIBY-
CTOPOHHEE OINEHKH

o 1 o 1
— (11— — — — ).
2k < 27Tk> <O < 2k (1 * 27Tk) @

Cobcreennble GyHKImu HeBo3MyEHHOH 3aaun (1)—(3) mpu p(x) = 0 umeror
B,

u,gl)(x) =sin(2nkz), k=1,2,..,

u,g2)($) =sin(26kx), k=1,2,....

CobcrBernble (QyHKIMN COMPSIKEHHON K HEBO3MYIIEHHOM 3amade (1)—(3) mpu
p(z) =0: B
[+ (v) = A, v (1) + av(0) =0; v(0) —v(1) =0, (8)

KOTOPbIE UMEIOT BH/T

v,(gl)(x) = C’,gl) (cos(2mkz) — 52 sin(2mkx)), k=1,2,..,
v,(f) (z) = CIEQ) <C05(26k1‘) + 35, sin(2ﬁkx)) , k=1,2,..,

rre C(l), C,iz) BBIOMPAIOTCA M3 COOTHOIICHUS OMOPTOrOHAJIBHOCTH
1) A 2) (2
(u](~C ),U]i )) =1, (u,(f ),v,(C )) =1.

Orcroma ciemyer
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B pa6ore [16] nocrpoena BcriomorarenbHasi cucremMa, Koropast obpasyer 6asuc
B L2(0,1):

up(@) = ul) (x) - (260) ", uak(z) = uf (),
Uspo_r (2) = (u,(f)(x) - u;”(x)) C20)7Y k=1,2,...

Buoproronanbuoii cuctemoit K Heli IBIIETCI CUCTEMA

vo(x) = 2B0v (2), vk (x) = 012 (2) + v\ (=),
vop—1(x) = 25k”1(c2) (), k=12, ..,

IOCTpOeHHAs n3 COOCTBeHHBIX (DyHKIMi 3axa4n (8). PyHKINIO NpescTaBuM B
Bugie paga Pypre no BenomorarensHoit cucreme {vg(x)}:

p(x) = agvo(x) + Z avor () + bpvak—1(x)). (10)
k=1

Beraumcsmm naTErpastsl, Bxoasmme B (5):

1
2
/p z)sin Vzdz = Ag(N) - {ao . C’é2))\ﬁo2 +
0

— (2po)
Sacc Ly G wa»}
+) a —+ Yy — (G + :
R W G SRS T

e Ag(\) = VA (1 — cos \FA) — asinV/\;

1

p(@) =a M n o Ccos
0/p(l')COS\/X{L‘d£L'—ao)\_O(25O) (ﬁs VA — \f)+
ki : (1) (a (1—008\[\) +\F>\sinﬁ)+
~ o
+;(ak+bk(25k)))\_(2ﬁk) (ﬁsm\f—acosf )
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Ucnonb3yst mostyaennoe, onpeaeauTens (5) NpUuBOJUTCA K BULY

2
A1(A) = Ag(A) [—1‘*‘0‘2 ( ( - (21k7r)2 - C’(f)A (216k)2>_

(2) ()
) (it ) (B

1 2 1 (26k>c<2>
+ Z ( ( b a—rm? Ok A—(wk)Q) + 0507 :

e Ag(A) = VA (1 — cos \fA) — asin v/\. Belpazkenue B KBapaTHBIX CKOOKAX

o6oznaunm uepes A(N). Oynkiua A(N) npu A = (28;)? u A = (27k)? umeer
HOJTIOCA, TIEPBOTO mopsaaka, mosromy Ai(N) = Ag(N) - A(N\) asnserca nesmoit
AHAJTUTUIECKON (DyHKIMEN MepeMeHHOM .

Cuaywait mpocroii (hopmbl xapakrepuctuaeckoro onpegenntens (11) Buirs-
JIAT TaKKe, KaK B CIydae, Korjaa p(T) mpecTaBaseTcsa B BUIe KOHETHO CyMMBbI
B (10). Korzma cymecrsyer Takoit nHomep N, uto a = by, = 0 mna scex k > N.
B srom ciyuae dynxius A(A\) npunnMaer Buj

AN =140 3 [o (V5

- C ) 1 >

(2
= ko x—(2km)? ko x—
2500 . _ (250)0
bk}‘*@ﬂk)z +2<ﬂsmﬁ Q. COS ) (12)
N @)
1_ 1 2 1 )C,,
> jav (O sge + O smaar) + (2516)2} '

Uz dbopmynsr (12) zamernm, uto Aj(AL) = A;(A2) = 0 s seex k > N.
CiieioBaTe/IbHO, BCE COOCTBEHHbIE 3HAYEHUS /\Ilc,Ai,k > N HEeBO3MYIIEHHOM
sagaan (1)—(3) (p(z) = 0) aBasgoTCs COOCTBEHHBIMI 3HAYCHUSMU BO3MYIIEH-
noit sagaan (1)—(3). Kparnocers coberpennbix savennit Ap, A2,k > N co-
xpassiercs. 13 yciaoBus 6HOPTOrOHATIBHOCTH CUCTEMBI COOCTBEHHBIX (DYHKIIHI

{u,(gl)(x),uf)(m)} u { (1 )( ), vlg )(a:)} creyer

1 1
/p( ;C (z d:U:O,/p(az)u,(f)(x)dx:O, k> N.
0 0
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Takum 06pa3om, coOCTBeHHBbIE (DYHKITHT {u,(cl)(x), u,(f) (x)} ,k > N, mHeBo3my-

meénnoit 3agaan (1)—(3) (p(x) = 0) yAOBIETBOPSAIOT KPAEBBIM YCIOBUSAM BO3-
myménnoi 3aaaun (1)—(3). Urak, cucrema cobcrBenubix (byHKIMI BO3ZMYIEH-
Hoit 3amaun (1)—(3) u cucrema cOOCTBEHHBIX (DYHKITHIT HEBO3MYIIEHHOI 3a1a< 1
(1)-(3) (p(x) = 0) coBnagaror, KOTopbie HE 00PA3YIOT HA3UC, 338 UCKIIOYEHUEM
KOHEYHOI'0 9HCJIa IEPBBIX YJICHOB.

Orciona caemyer, 9170 cucTeMa COOCTBEHHBIX (DYHKIINI BO3MYIIEHHON 3a1a-
qu (1)—(3) Taxxke e sBisiercs 6azucom B Lo(0,1) B 3TOM 9acTHOM Cirydae.
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Cazapibexos M.A,| Nmanbaes H.C. ECEJIT JNOOEPEHITNAJIIAY/IBIH
TOJIKBITBIJIFAH PELYJISIPJIBL OIIEPATOPBIMEH BAMJIAHBICKAH
TYBIPJIIK BEKTOPJIAPHI BABUCTIK KACUETKE UE BOJIMANTHIH
BIP ECEBI TYPAJIBI

Bbyn makanaga peryaspJabl, 6ipak KyIIedTiiMeres pery/isipjibl TUTITeri WH-
TerpaJiIblK, TOJKBITBLIFAH IIETTIK mapTrapMen Oepiaren ecesi guddepeniin-
aJIijiay OTepaTOPBIHBIH CIIEKTPAJIILIK ecebi KapacToipbliran. EcenTin epekirmiii-
Il TOJIKBITBLIMAFAH €CeNTiH TYOIP/IiK BEKTOPJIAPBIHBIH KYiieciniy 6a3ucTiri Ka-
cueTiHiH 60JIMARTHIHABIFBIH/A Aeyre 6osiaabl. CIeKTpaIbIK eCenTiH, XapaKTe-
PUCTUKAJIBIK AHBIKTAYBINIBI Kypbutrad. 1y0ipiik dyuknusiap xKyiiecinin 6a-
BUCTIriHIH 60/IMaybl KACHETIHIH MIETTIK IIapTThIH HHTErPAJIIBIK TOJIKBITHLIYbI-
HA, KATBICTBI OPHBIKCHI3 00/IaTHIHBI KOPCETIITEH.

Sadybekov M.A., Imanbaev N.S. ON A PROBLEM NOT HAVING
THE BASIS PROPERTY OF ROOT VECTORS, CONNECTED
WITH SOME PERTURBED REGULAR OPERATOR OF MULTIPLE
DIFFERENTIATION

In this paper we consider a spectral problem for a multiple differentiation
operator under an integral perturbation of boundary conditions of one type
which are regular, but not strongly regular. The feature of the problem is that
the system of root vectors of the unperturbed problem does not have the basis
property. A characteristic determinant of the spectral problem is constructed.
It is shown that the property that the system of root functions is unstable with
respect to the integral perturbation of the boundary condition.
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Annotation: In this paper we study the multipliers of multiple Fourier series for a
trigonometric system on anisotropic Lorentz spaces. In particular, there was obtained
the sufficient conditions for a sequence of complex numbers {Ax}ren= in order
to make it a multiplier of multiple trigonometric Fourier series from L, -[0;1]™ to
L. [0;1]™, p<gq.

Keywords: Multiplier, multiple Fourier series, Lizorkin theorem, Lorentz space.

1. INTRODUCTION

The problem of Fourier series multipliers can be formulated by the following
way.

Let 1 < p < ¢ < o0, 0 < r < oo. It is said that the sequence of
complex numbers A = {A\x}rez is a trigonometrical Fourier series multiplier
from Ly [0, 1] to L, [0, 1], if for every function f € Ly, [0, 1] with Fourier series

S f(k)e2™k there exists a function fy from L,.[0,1] a Fourier series which

keZ

coincides with the series S Apf(k)e2™** and an operator Ty, Thf = fy is a
keZ

bounded operator from Ly, [0, 1] to Lg [0, 1]. Our aim is to find characteristics

for a sequence A = {A;}rez, such that operator T) is bounded from L, [0, 1]
to Lgr[0,1].

Keywords: Multiplier, multiple Fourier series, Lizorkin theorem, Lorentz space.
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The set m}; of all multipliers from L,, to L,, is a linear normed

space with the norm
[ERNIT

| Al par = sup 7 ——"=-.
e o 1l

When p = ¢, we will denote this space by my, [1], [2].

Analogously the problem about Fourier transform multipliers can be
formulated as follows. Let 1 < p < g < 00,0 < r < o0. It is said that ¢ is a
Fourier transform multiplier from L, , to L4, if there exists constant ¢ > 0,
such that for every function f in the Schwartz space S the following inequality
holds

ITe(Dlly, <clfll,, (1)

where T,(f) = F~loFf, F and F~! are the direct and the inverse Fourier
transforms in R. The set My of all Fourier multipliers from Ly, to Lg, is
also a normed space with the norm

”90||M;3;I = ||T<p||Lp,7.—>qu,.-

The set Mp, we will denote by M, . The well-known result on multipliers for
Fourier transform is the Lizorkin theorem.

THEOREM A. Let 1 < p<qg<oo, A>0, 3 =121—21 Assume that the
function ¢ is continuously differentiable on R/{0} and satisfies the following
conditions

Iy e(y)| < A,
ly P (y)] < A,

then ¢ is Fourier transform multipliers from Ly to Lq and ||| e < cA.
The analogue of Lizorkin theorem for Fourier series was obtained in [3], [4].

THEOREM B. Let 1 < p < g < oo, A > 0. If the sequence of complex numbers
A = {Ax tren satisfy the following conditions:

1 1
sup k# Ay < A,
k

1 1
sup k' TP e[ AN < 4,
k
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then A is Fourier series multiplier from Ly, to Lq and ||¢|| g < cA.
Let f be a Lebesgue measurable function on R. The distribution function
is defined by
m(o, f) = {z € R: |f(z)] > o}
The function
() =inf{oc > 0:m(o, f) <t}
is the non-increasing rearrangement of f.
The next result is a strengthening of Lizorkin theorem for Fourier series
multipliers in Lorentz space [3], [5].

THEOREM C. Let 1 < p < g < 00, 0 < r < o0, 0<a<1—%+%, B =
a—l—%—%. If the sequence of complex numbers A = {\i } ,en satisfy the following

conditions:

1 1
sup kv e |Ax] < A,
k

*
sup k17 (mﬂA)\m> (k) < A,
k
where f* is the non-increasing rearrangement of function f, then A is Fourier
series multiplier from Ly, to Lgy and || ,ar < c(p,q,7, a)A.

Our aim is to prove analogue of Theorem C for multiple Fourier series
multipliers.

2. AUXILIARY RESULTS

First we will consider the two-dimensional case. Further, this method will
be used for m—dimensional case.

Let 1 < p = (p1,p2) < oo, function f(z,y) € L,([0;1]?), where the norm is
defined by the following way:

11z, = |11,

Lp,

JIEMMA 1. Let 1 <p,q < oo, f € L, with respect to first variable and f € X
with respect to second variable, then

15 Pz, |, < emi ™ 151,

here Sy, (f) is partial sum of function f with respect to first variable.

X I
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JIEMMA 2. Let 1 < p,q < oo, f € X with respect to first variable and f € L,
with respect to second variable, then

1 1

S (Dllxlz, < Cmg Ml fllxll, »

where Sy, (f) is partial sum of function f by second variable.

JOKA3ATEJILCTBO. Using the representation of partial sum by the second
variable in the form of a convolution with the Dirichlet kernel and Young’s
inequality for convolutions, we obtain:

5 m(xll, = | [ #0000t - 10¢]

<
Lq

<

<[/ @)l | Dy — e

11

< @Oz, * 1Pmallp, <ems Ml fllxlyz,

1_1, 1
where1+a—5+;.

Lq

JIEMMA 3. Let pg # p1, 0 < 7 < 00, then
(159 lxllz,, - MGl ), =17,

where 0 < 0 < 1, %:lp;f+;%'

JJOKABATENLCTBO. The norm with respect to first variable ||f(z,y)|yx can
be considered as a function of one variable (y), then taking into account that
(Lpos Lp, )o.r = Lpr, we obtain the statement of this lemma.

JIEMMA 4. Let 0 < a1 <1, 0< 8 < 1,0 < 7,9 < 00, then

1
> H1Sma (Ol N1\ 7
5 (1 s Wl ) 1)
mo>k Mo k

k=1

o0 1Sz )l x |
<C / t=9 inf tsup sup e 3 Lq+
0 f=fo+f1 k me>k M
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1
1S (fo) I x| Tat\"
+ sup k% sup : 5 XLy — |

k mo>k My t

here0 <0 <1, a=(1-0)a;.

IIOKABATEJILCTBO. Let us make an arbitrary decomposition of f in the form
f = fo+ fi, where fo(z,y) € Ly, and fi(z,y) € L, with respect to second
variable y. Then

11:Sms (NIl §2mx(;_l;g)<wp\lIISmQ(fo)HXIILq N SupHISmQ(fl)HXIILq> .

su
b 3 3 3
mo>k mo mao>k mo mo>k mo

1
If we denote v(t) =te1, t > 0, then
H[Sma (Hllx]l, -

sup k% sup

1<k<uv(t) mo>k m§ B
[Sms (fo)ll x I 1Sma (1)l x I
<C| sup k“'sup e 3 Xl sup k™' sup 2 5 XLy <
<k<wv(t) ma>k my 1<k<o(t) ma>k My,
1S (o)l x 1S ()|l x
< C' | sup k“t sup 2 3 XLy + tsup sup e 3 XL .
E>1 ma>k mh k>1 mo>k m

Taking into account that the representation f = fy -+ fi is arbitrary, we obtain
that

sz(fl)
[o.¢]
/ t=% inf | tsup sup X La
0 f=fot+f1 k me>k mg

st

N
Lq dt S
k ma>k ms t) -

+ sup k%' sup

. 1
o dat\’
>C / 79 sup k* sup 3 XL | &0 =
0 1<k<v(t)  m2>k my 13
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| sz(f) T 1
o dt\’
=C al/ w9 sup kK™ sup 5 Xhe ) & >
0 1<k<u  mo>k my t
H Sﬂm(f) T 1
1/ & . xlz 1\"7
> Cof Z 2701 qup k* sup 3 ) = >
prt 1<k<2i  mo>k sy 2
‘ sz(f) T 1
>0 L ¥z 1\7
>C 2—9a12+za1 sup q il _
(Z:; < mo>2 my 7
‘ Sm2(f) T 1
> xllp,\ 1Y)7
=C k® sup ] -] .

The proof is complete.

JIEMMA 5. Let 1 <p<q<00, 0<7 <00, 0<a<l—i+l g—ati-

Then 1
- [ERGINANRY
(Z (k; e I [T

k=1 mao>k m2

1
7

JTOKA3ATEJILCTBO. Let 1 < r,q < oo, then 3C' > 0 :

11

H1Smz (NlIx I, < Cmg * I lx, - (2)

Let0<a§1_%’then%_é<ﬁza+%—%Sl—éandthereexists
po such that 1 <py<p, =1 -1

T po g
For r = pg we have

1 1

H1Sms (Dl Nz, < Cma® Il f Iz,

1S, (f)
sup sup 3
k mo>k moy

Ixllz
=< Clllfllxly,, -
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Further there exists p; such that p <p; <gq, a1 = p%) - p%’ then 8 = p% —% =
11
For r = p1, we receive
11
H1Sms (Nixc Nz, < Cmat Il F L, = Cmjy ! Az,
and
HSma (Nl x|l 1Sma (Nl x|l
sup k' sup g <sup sup o < CllIflxll,, -
k mo>k My E mo>k ms 1

Consequently we have

1Sy (f)

Ixllg
sup sup 7 < ClIflxly,,
k mo>k my 0
1[Sma (Nl x|l
sup k“! sup 3 1< CHHfHXHLp .
k ma>k my !

Moreover, according to previous lemma and Interpolation theorem for Lebesgue
spaces we get

= Sms (Dl N 1) 7
(Z (/-ca sup 3 x Lq) k) < C||HfHX||Lp,T

k=1 mo>k m2

for0<a§1—%.

Let1—%<a<1—%—1—%.Inthiscasewesetthat0<62§1—%and

applying previous steps we obtain

]
(Z(/{:O‘ sup ﬁXLq> ;) =la=a+0|=
k=1 mz2k My
0 Sm2(f) T %
= (Z(’fa% SUp Lq) 1) <
P me>k mg—l—a—f—;—g k
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- 1
Lg\ 1\~
= <C
3. MAIN RESULT

Let f(x1,...,xm) be a measurable on R™. The f*(t) = f*v*m(ty, ... tn)
means the non-increasing rearrangement first with respect to z; with fixed
others arguments, and then with respect to xo with fixed others arguments,
etc..

Let 1 < p = (p1,ee,pm) < 00,0 < 1 = (r1,...;mn) < 00. A function f
belongs to the Lorentz space Ly, [6], if f measurable on R™ and

o (e (L "\ di
= AN A (TR — .= <
=\ [ ([ (LD ttal) G52 <o

where r < 00,

ol
< <Z (ka sup a+1

X

1
_ mo>k q
k=1 m2

;

XLy,

The proof is complete.

moo1
||f||Lpoo = tsu:%thpz f*l;...,*m(t:l’ 7tm) < 00,
V=1

where r = (0, ..., 00).

Let E™ ={e = (e1,..,m): & =0 or g, =1,i=1,..,m}. Let e € E™,
then *. = (¢, ..., *c,,) is an operator, which is acting by the following rule:

fre = f(t), ore=0,
a f*(t)v ore =1,
freverem (ty b)) = (L fF e (). ) e (E).

TEOPEMA 1. Let 1 < p = (p1,--sPm) < ¢ = (q1y.e0sqm) < 00, 0 < 1 =
(r1yecytm) <00, 0 < v < 1 — % +é and 8 = a + % — %. If the sequence
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of complex numbers A\ = {A,},cym satisfy the following properties for every
ee ™

*e

sup [To5= | [Ts7 12Nl | (ks oo i) < 11, (3)
k€N 2y j=1

where A\ = Asl-"Aem)\sl,...,sm, Asi)\sl,...,sm = )\51,...,32'+1,...,sm_)\sl,...,si,...,sm
q?r
then A € mp, and H)\ng,; <c(p,q,r,a)p.

JOKABATENBLCTBO. Furthermore by tilde we denote elements from m — 1
dimensional spaces. Let us consider partial sum

n—e
Sn(fr) :H ) ANSY <
Ly e€EE™ k=(1—¢)n+e q1 qm
ni—el
e1€E ki=(1—¢e1)n1+e1 q1 q
ni1—e1
<l T Ao (&;(f)) <
e1€E ki=(1—¢e1)n1+e1 q q

ni1—e1 *eq Sm (S’;(f)>
B1 q
< ... Z Z <Sl Aax\k> (kl)igi) 5 <
e1€E ki=(1—¢e1)ni+e1 =F1 q
*eq Sm <Sl~c(f)>
1
< kel sP AN k kS n___
e e e |
geEm—1 L e1€EL k1 q
*61
<cll YD supkpe <s(f1 Ae)\k) (k1)||S(f) L <<
zegm-1 f M L 1 g

Plig;
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*eq *erm

< Csupker=m (| SANS ) (k)] )|\l <
fm L L
P aﬁ mai
<Cu Hf
Lp171 Lpm,1
Hence we get
[ 18ty |, < ol s, -,

Let 1 < po = (p,...0%,) < p < p1 = (pl,.pp) < 00, 1 < qo =
(@?,...¢%) <qg<aq =(q},....q},) <oobesuch that L - L =1_1_ 1 1

o B o . Po 9o P q p1 g1’
Let ps = (pl a-"aprr;n% qE = (ql a"'aqmm)v then
[Sn(f)llg. < Cepell Sz, , -
If 0 < 6= (61,...,0n) <1 besuch that L = L= 4 & then

1 1 1 1 1-60 6 1 1—-6 6
+

1
q P Po qo Do Do p1 qo qo q1

Further, using Interpolation theorem for anisotropic Lorentz spaces and
Lebesgue spaces with mixed norm [6], we get statement of theorem.

The following theorem was obtained for multipliers of multiple Fourier
series from Lp N M2 to L. We will say that f € M? if the Fourier coefficients
of function f are convex.

TEOPEMA 2. Let 2 < p = (p,...,p) < oo. If the sequence of complex numbers
{ Ak }kenm satisfy the following condition:

[e.o] /

o
A p
DD P AT G B
km=1 k=1 ][k
i=1

where %D + % = 1, then Mg is the multiplier of multiple Fourier series from

L,NM? to L,.
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PROOF. Let us consider m—dimensional case. Let multiple Fourier series of
function f is represented in trigonometric system. By using the following

estimate [8] for function f from M2
= &

Z Z Qky,... ko Hsm (kiz;)| < CH% Z szakl,...,km

km=1 k1=1 =1 km=1 k1=1i=1

we get

m=1 ki=1
1
P
= </ / Z Z Ay .. 7kas1n kix;) dml da:m> >
0 km=1  ki=1

></Dﬂ.../0ﬂﬁx1<[£:] [WZ]HM,QH >dx1 dxm> >

km=1 ki=1:1=1

00 0o m
Z(Z---Zﬂn <Z S [T, k)) >
Tm= ri=1i=1 km=1 ki=1i=1
r rom %

N
WE
™

=
~d
[N}

VR

NgE
]
—
=
=
N———
b
N—————
AV

IV
T
Mg
M
“"U
lO
/\
: 3
\M§
=
F
~_
=
~_
S =
IV

N
Il
—
g
~—_——
i~
3 =

0o o m 0o © fm
Z(ZZ 172 ... rm)p-~> ~ Z-~-Z<H2p'a2k1,...,2

rm=1 ri=1i=1
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[e.e] m
Let us denote g = > . Z v,k 11 sin(kiz;), and estimate
km=1  ki=1 i=1

o0 o0
IAlp < D7 D Aaky i ISk (9) 1 <

km=1 ki1=1

00 2nm+1 2n1+1

Z SN Y Ak Sk (9) ] <

Ny =0 n1=0 k,,=2"m k1=2"1

00 00 2”m+1 2n1+1 27zm+1 2n1+1
< g E I g g Akt om Hsm (kix; Hp E g Aak, . ke =
nm=0 n1=0 k,=27m k=271 =2nm  f;=2"1

2nm+1 2n1+1

e 0o m
= ZZ H2 F Z Z )‘kL kaSIH k‘l‘l HPHQP agnri ... 2nm

<
Nm=0 n1=0i=1 km=2nm ki=2"1
1
2nm+1 2n1+1 —/
=D IR 91 | EXID VIS SRR | CYERIT I
Nm=0 n1=01i=1 km=2"nm  k;=2"1
P\ b
(3 (2o o) )<
n1=0
2nm+1 2n1+1 %
SET( VR 1 I CEUID IR o W | CRTIES I
Ny =0 n1=0i=1 km=2"m ki1=2"1
00 00 p %
X Z . Z H2p a2"1 2n'm .
nm=0 n1=0
We get the following estimate by using theorem’s condition p > 2 :
£ GG d o
p — . ’
A Z ZHQ > ) Akh_,,kmﬂsm(z@mi)m...) <
Allp =0 n=0i=1 km=2nm k=2 i=1
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00 oo m 2nm+1 gnitl ﬁ
< ( > ZHQ‘”( o> |Ak1,,,_7km|p'>...> <

nm=0 n1=0i=1 km=27m k=271

1

00 2nm+1 gni+1 ’ =

< |)\k17 ; p )p
nm=0 n1=0ky,=2"m =2™1 H k;

=1
1

< ( 5 f;W)@o

km=1 k=1 ][] ki

It means that Ay is the multiplier of multiple Fourier series from L, N M 2 to
L,. The theorem is proved.
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blapipeic A.2K. ECEJII ®YPBE KATAPJIAPHI Y?IH JINSOPKUWH TEK-
TEC TEOPEMAHBIH AHAJIOI'bI

byn maxkanama TPpUTOHOMETPUSIBLIK Kyite GOHbIHITA ajabiHFaH ecemi Py-
pPbe KaTapJIapbIHBIH MYJIbTATLIUKATOPIAPBIH aHU30TPONTH JIOpeHt KeHicTirin-
ne KapacTblpambiz. Aran afitkanga, {Ag}renm KoMIutekc cammap Tiz6erinin
Ly, »[0;1]™ Jlopeni kenicririnen Ly, [0;1]™, p < ¢ kenicririne ecesi Tpuroxo-
MeTpusablK Pypbe KaTapaapbiHBIH MYJIbTUILINKATOPBIHA aHATYB! VITIH KO-
BLIATHIH KETKIJIIKTI maprrap TabbLIFaH.

blgpipeic A2K. AHAJIOI' TEOPEMBI TUITA JIM3OPKMHA JIJIA
KPATHBIX PAZ1IOB ®YPHE

B nmanmnoit crarbe Mbl n3ydaeM MyJIbTUILIAKATOPBI KPATHBIX PsigoB Pypbe
M0 TPUTOHOMETPUYECKOU CUCTeMe Ha aHU30TPOIHKIX MpocTpaHcTBax Jlopeniia.
B wyacTHOCTH, MOTyYeHB! JOCTATOYHBIEC YCJIOBUS HA IOCIEI0BATEILHOCTE KOM-
mIeKCHBIX ancesn {Ag}renm s TOrO, 9TO0OBI 3Ta MOCTIEA0BATETHHOCTEL CTa-
J1a MYJIbTHILIIKATOPOM KPATHBIX TPUTOHOMETPHUECKIX panos Pypbe U3 mpo-
crpancrsa Jlopenna Ly, ,[0; 1] B Ly »[0; 1]™, p < gq.
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ABOUT A NONLOCAL INITIAL BOUNDARY VALUE
PROBLEM FOR THE TIME-FRACTIONAL DIFFUSION
EQUATION
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Annotation: In this paper we discuss a method for constructing trace formulae for the
heat-volume potential of the time-fractional diffusion equation to lateral surfaces of
cylindrical domains and use these conditions to construct as well as to study a nonlocal
initial boundary value problem for the time-fractional diffusion equation.

Keywords: Time-fractional diffusion equation, fundamental solution, time-fractional
heat potential, layer potentials, nonlocal boundary condition.

1. INTRODUCTION

Let us consider the following one-dimensional potential

1
u(t) _/0 It =7l )z in 2= (0,1) W

where f is an integrable function in €. The kernel of the one-dimensional
potential is a fundamental solution of the second order differential equation,
that is,

—OPE(t—1)=06(t — 1), (2)

where E(t—7) = —|t — 7| and ¢ is the Dirac distribution. Hence the potential
(1) satisfies the equation

—0%u(t) = f(t), t € Q. (3)
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An interesting question having several important applications (in general) is
what boundary condition can be put on u on the boundary of €2 so that
equation (3) complemented by this boundary condition would have a unique
solution in £ still given by the same formula (1) (with the same kernel). This
amounts to finding the trace of the one-dimensional Newton potential (1) to
the boundary of €.

Simply, by using integration by parts, one obtains that boundary conditions
for the potential (1) are

u'(0) + /(1) = 0, =/ (1) + u(0) + u(1) = 0. (4)

Hence if we solve equation (3) with the boundary conditions (4), then we
find a unique solution of this boundary value problem in the form (1). This
problem becomes more interesting for PDE. The trace of the Newton potential
on a boundary surface appeared in M. Kac’s work [4], where he called it and the
subsequent spectral analysis as “the principle of not feeling the boundary”. This
was further expanded in Kac’s book [5] with several further applications to the
spectral theory and the asymptotics of the Weyl’s eigenvalue counting function.
Some results towards answering these questions can be found in papers of Kac
[4], [5], Saito [21], as well as in systematic studies of Kal’'menov and Suragan
[8], [9], [10], [11] and [22], see also Kal'menov and Otelbaev [6] for the more
general analysis. The analogues of the problem for the Kohn Laplacian and its
powers on the Heisenberg group have been recently investigated by Ruzhanksy
and Suragan in [?] as well as in [20] for general stratified Lie groups.

The main purpose of this paper is to construct trace formulae for the heat-
volume potentials of the time-fractional diffusion equation to piecewise smooth
lateral surfaces of cylindrical domains and use these conditions to construct
as well as to study a nonlocal initial boundary value problem for the time-
fractional diffusion equation. Consider

Qo = 0fu — Au= fin Q x (0,7), (5)

u(0,2) =0, z € 0, (6)

where Q C R" is a bounded domain with the boundary 09 € C'*7, 0 < v < 1,
A =37, 02 is the Laplacian and

ou(t, ) F(ll—a) /0 (t = 7)"4l (. 2)dr

MATEMATUYECKUI »KYPHAJN. — 2017. — T. 17, Ne 3



142 G. ORALSYN

is the fractional Caputo time derivative of order 0 < a < 1. Here I' is the
gamma function. We shall note that for a = 1 the fractional derivative coincides
with the standard time derivative.

For the convenience of the reader let us now briefly recapture the main
results of this paper. Thus, in this paper:

e We establish trace formulae for the time-fractional heat potential
operator

/Oth/QE(CC—y,t—T)f(T,y)dy

to the surface 9 x (0,7), where 02 is the boundary of the bounded
domain © C R”. Then we use this to introduce a version of Kac’s
boundary value problem, that is Kac’s principle of “not feeling the
boundary” for the time-fractional heat operator Qg ;.

In Section 2 we very briefly review the main concepts of potential theory
for the fractional diffusion equation and fix the notation. In Section 3 we derive
trace formulae and give the analogues of Kac’s boundary value problem for the
time-fractional diffusion equation in Theorem 1.

2. PRELIMINARIES

In this section we very briefly review some important concepts of the time-
fractional diffusion equation and fix the notation. For the general background
details on potential theory of the time-fractional diffusion equation we refer to
[12], [15] and [16] (see also [1]). The fundamental solution of the time-fractional
diffusion equation (5) can be given by

1
—d/2,a—11,.|—d 7720 2,—a(a,

E(CU,t) = 9<t)7T / ¢ ‘m’ H12 <4’1" t a‘ga:;/)ll)’(l,l)) , (7)
where H is the Fox H-function (see e.g. [17]) and 6 is the Heaviside step
function. It is constructed by taking the Laplace-transform in the time and
the Fourier-transform in the spatial variable of the time-fractional diffusion

equation
QatE(z,t) == (07 — Az)E(z,t) = (x, 1),

where (z,t) is the Dirac distribution at the origin, and by using the
inverse Fourier-transform of the Mittag-Leffler function. Heat volume potential,
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single and double layer potentials of the time-fractional diffusion equation,
respectively, can be defined by

(Oz1p) (1) = /0 /Q E(z — .t — 7)ply, 7)dydr, (8)

(Sp)(a.1) = /0 [ B =yt =)oty )y, (9)
and .

(Dp) (1) = /O [ 0,5 — .t = P)ply. )y, (10)

where 0, is the outer normal derivative on the boundary 02 of the bounded
domain €. Here we also recall Green’s formula (see, for example, [15]) for the
the time-fractional diffusion operator

T T
/ / (Ca,ruPrv — Prulq ,v) dedr = / / (uOn Prv — OpuPpv)dSdr,
0 Q 0 o2 (11)

where Pr is a time involution operator on the interval (0,7") and is defined by
setting

3. TRACE FORMULA AND INITIAL BOUNDARY VALUE PROBLEM

Let @ ¢ R% d > 2, be a bounded domain with Lyapunov boundary
0N € CHMN o< A< 1,and f € C(0,T) x Q) such that f(-,t) is Holder
continuous uniformly in ¢t € [0, 7] and suppf(-,t) C €2, t € [0,T]. Consider the
following time-fractional generalization of the heat potential (time-fractional
heat potential)

t
u(t) == 05 = / dr / Ew -yt — 1) f(ry)dy, 2 € 2, L€ (0,T), (12)
0 Q

where F is a fundamental solution of (¢ ¢. Here our aim is to find a boundary
condition for u on the boundary 92 of a bounded domain €2 such that with
this boundary condition the equation
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{Oa,tU(wvt)=f(fv,t>v in 2x(0,T), (13)

u(z,0) =0, z€q,

has a unique classical solution and this solution is the time-fractional heat
potential (12). This amounts to finding the trace of the integral operator in
(12) on 09.

A starting point for us will be that if f € C'(Q2 x (0,7)) such that f(-,t) is
Holder continuous uniformly in t € [0, 7] and suppf(-,t) C Q, t € [0,T], then
u defined by (12) is well defined and satisfies the initial problem (13) (see [13,
Theorem 2.4]).

Our main result for the time-fractional heat potential operator is the
following variant of Kac’s formula (see the discussion in the introduction of
[18] and |?]) for a case of setting of the time-fractional diffusion equation.

TEOPEMA 1. each f € C(2x (0,T)) such that f(-,t) is Holder continuous
uniformly in t € [0,T] and suppf(-,t) C Q, t € [0,T], the time-fractional heat
potential u = O;;f satisfies the following nonlocal boundary condition:

B u(x,t)
2

t
+ / dr OnE(x —y,t — T)u(y, 7)dSy
0 0N
t
—/ dT/ E(x —y,t —71)0yu(y, 7)dSy =0, (14)
0 oN

for allz € 02 and t € (0,T). Conversely, if u is a solution of the time-fractional
diffusion equation

Oa,tu = fv (15)
satisfying the initial condition
u|t=0 =0, on (16)

and the boundary condition (14), then it is given as the time-fractional heat
potential u = O;;f by formula (12) and it is unique.

CueactBui 1. It follows from Theorem 1 that the kernel E, which is a
fundamental solution of the time-fractional diffusion equation, is Green’s
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function of the nonlocal initial boundary value problem (14)—(16) in 2 x (0,T).
Therefore, the initial nonlocal boundary value problem (14)—(16) can serve as
an example of an explicitly solvable initial boundary value problem for the
time-fractional diffusion equation for any 0 < o < 1 (and independent of the
shape of the domain ().

PROOF OF THEOREM 1. By using Green’s formula (11), for any = € Q and
t € (0,T), we obtain

T—t
u(:L‘,T—t)—/O dT/QE(x—y,T—t—T)f(y,T)dy

T—t
= / d’i'/ E(.%' -, T—1t— T)Oa,Tu(:% T)dy
0 Q
T
= / d’T/ E(l‘ -y, T —1— 7_)<>a,7'u(yv T)dy
0 Q
T
= / dT/ <>O<,TE(x — Y, T = t)u(ya T — T)dy
0 Q
T
+/ dT anE(J: -y, T—1-— T)u(yv T)dSy
0 o0
T
— / dr E(x —y,T —t — 7)0pu(y, 7)dS,
0 oN
T
= u(y, T— t) + / dr 8nE($ - Y, T—1- T)u(ya T)dSy
0 o0

T
—/ dr [ E(z —y,T —t—71)0pu(y, 7)dSy,
0 [2}9]

for any z € Q and t € (0,7). That is, we have

T
/ dr OnE(x —y, T —t—1)u(y, 7)dS,
0 o0

T
- / dr E(x —y, T —t—1)0hu(y, 7)dS, =0, (17)
0 onN

MATEMATUYECKUI »KYPHAJN. — 2017. — T. 17, Ne 3



146 G. ORALSYN

for any z € Q and ¢t € (0,7). Since §(T' —t —7) =0 for T'— ¢t < 7, this means
T—t
/ dr OnE(x —y, T —t—7)u(y, 7)dSy
0 00

T—t
_ / dT/ Be =y, T — t — 7)wuly, 7)dS, = 0, (18)
0 o0

for any x € Q and t € (0,T). Therefore, denoting T' — ¢ by ¢, we obtain
t
/ dr OnE(x —y,t — T)u(y, 7)dSy
0 o0

t
- / dr E(x —y,t —7)0yu(y, 7)dSy =0, (19)
0 onN

for all t € (0,7) and x € €. By using the properties of the (time-fractional)
double and single layer potentials (see [12, Theorem 1] and [14, Theorem 2.1])
as = approaches the boundary 0f2 from the interior, from (19), we obtain

t
_ u(z, t) +/ dT/ OnE(x —y,t — T)u(y, 7)dSy
2 0 oQ

t
- / dr [ E(@ =yt —1)nuly, 7)ds, =0, (20)
0 o0

for all t € (0,7) and x € 09.

This shows that (12) is a solution of the initial boundary value problem
(15)-(16)-(14).

Now let us prove its uniqueness. If the initial boundary value problem has
two solutions u and wup, then the function w = u — u; satisfies

Qapw(z,t) =0, in Qx(0,7T), (21)
w(z,0) =0, ze€,
and the boundary condition (14), i.e.

~w(z,?)
2

t
+ / dr OnE(x —y,t—1)w(y, 7)dSy
0 o0

t
— / dr E(z —y,t —71)0pw(y,7)dS, =0, (22)
0 oN
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for all t € (0,7) and x € 0.
Since f = 0 in this case, instead of (19) we have the representation formula

t
w(z,t) = —/0 dr - OnE(x —y,t — T)w(y, 7)dSy
t
+ / dr [ E(w—y,t—1)0uw(y, )dS,, (23)
0 a0

for all t € (0,7) and x € €. As above, by using the properties of the double
and single layer potentials as 2 5 x — 92, we obtain

w(z,t)

—w(x,t) = — 5

t
+ / dr OnE(x —y,t —1)w(y, 7)dSy
0 o0
t
— / dr E(xz —y,t —7)0hw(y, 7)dSy, (24)
0 o0

for any x € 0Q and t € (0,7"). Comparing this with (22), we arrive at w(t, x) =
0, x € 99, t € (0,T), by uniqueness of the solution of the mixed Cauchy-
Dirichlet problem (see [13], see also [2] for more general discussions) we get
w=0,ie u= <>(;}5f- So we obtain the desired result.
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Opascerr I VAKBIT BOMBIHIIA BOJIIIEK PETTI ANOOYIIMI
TEHAEYI YIIIH BEMJIOKAJI BACTAITYBI INEKAPAJIBIK ECEIT TV-
PAJIBI

bi3z baxkputaiiTein gopMmyaanapabl KYpy OICIH TaJKbLIANMBI3 YaKbITTHI
besmekTiK auddYy3UATBIK TEHJAEYIIH KbLIY-KOJIEMIIK 9/IeYeTTi MUINHIPIIK
JIOMEHJIepIiH Oyitip/ik OerTepiH »Kacar, oJiapibl YKacay VIMH KOJJAHBIMbBI3
COHJIAM-aK HEJOKAJIbIbl DACTAIKBI MIEKAPAJIBIK €CEnTeP/Il 3ePTTey YaKbITThI
benriekTik nuddy3us TeHIeyi.

Opauicein I O HEJTIOKAJIBHOII HAYAJIBHO TPAHUYHON 3ATA-
Yl 1151 BPEMEHHO-®PAKIINMIOHHOI'O YPABHEHUA IO DY

Mpgr o6cy 2k 1aeM MeTo T IOCTPOeHUST (POPMYJI CAETOB [IJIA TIOTEHITHA TETLI0-
eMKOCTH YpaBHEHUS JAPOOHON CKOPOCTU OOKOBBIX TOBEPXHOCTSIX IUJIUHIPUTIE-
CKWX JJOMEHOB M WCTOJE30BATh 3TH YCJIOBUS JIJIsl TIOCTPOEHUS & TAK¥Ke N3y INTh
HEJIOKAJTBHY0 HAUATBHYIO KPAEBYIO 33/1a49y /ISl ypaBHEHNE APOOHONH CKOPOCTH.
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